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Abstract
The transport of macromolecules between the nucleus and cytoplasm is controlled by nuclear pore complexes (NPC) that permeate the nuclear envelope.
The NPC allows small (∼ 5 nm diameter) molecules to passively diffuse in and
out of the nucleus but hinders the transport of larger material through the
presence of sticky intrinsically disordered proteins (FG Nups) that occlude the
inner pore channel. Through complexation with nuclear transport receptors
(NTRs), which have an affinity to the FG motifs in the Nups, large cargoes are
able to overcome the NPC permeability barrier. Our physical understanding
of how FG Nups and NTRs give rise to selective transport remains incomplete.
In this thesis, the behaviour of FG Nups and NTRs is probed using coarsegrained physical modelling approaches that treat the FG Nups and NTRs in
a rather minimal fashion, and that are implemented in computer simulations
and analytical models. By treating the FG Nups as homopolymers and comparing simulations with various experimental data it is here found that they
behave very similarly to idealized polymer chains. Secondly, when this model
is extended to recently developed biomimetic nanopores it can account for the
morphology as seen in those experiments. In this nanopore system, the resealing dynamics of the FG Nups were three orders of magnitude faster than
typical transport event times (∼ 1 ms). The homopolymer model is further expanded to include various NTRs in an FG Nup polymer film, and simulations
reveal the emergence of phase separation of different NTRs at physiologically
relevant densities. Finally, the roles of sequence and surface heterogeneity of
the FG Nups and NTRs on binding, diffusion in an FG Nup melt, and up-
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take in a nanopore are explored using modelling approaches that account for
such heterogeneity at minimal complexity. Overall, this thesis makes progress
towards a minimal model of the NPC.

Impact statement
The results that I present in this thesis will make a significant contribution
to the research literature regarding nucleocytoplasmic transport and the biophysics of the NPC. Specifically, the minimal modelling approach used here
and the finding that the FG Nups in the NPC behave close to idealized polymers will provide a plausible, yet simple, foundation for future modelling approaches and efforts to analyse and intepret experimental data. Other results
of the thesis will inspire future experiments and theoretical investigations, that
will futher explore the conclusions of the here presented theoretical work.
Importantly, the results and models presented in this thesis can be extracted and applied to other relevant systems that are of interest to the soft
matter physics community. For instance, the modelling approaches can be
used to investigate other intrinsically disordered proteins, polymeric macromolecules, and/or the constituents of other biological or non-living systems.
Of particular interest, is that the general physical principles extracted
from the models could be helpful in the design of artificial nanoscale molecular
machines that mimic the NPC. As speculative examples, such machines could
be: highly specialised ultra-filtration pores used in industry; polymeric solutions or nanofiber networks with particular medical functions; polymer films
with tunable properties that coat other small scale materials or devices.
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Chapter 1

Introduction
One of the defining features of eukaryotic cells, found in protozoa, fungi, plants
and animals, is the presence of an organelle known as the cell nucleus [1].
The cell nucleus has an approximate diameter of 5 µm and its inside, the
nucleoplasm, is physically separated from the rest of the cell, the cytoplasm,
by two adjacent lipid bilayer membranes with a combined thickness of ≈ 80 nm,
defining the nuclear envelope. Contained inside the cell nucleus, amongst other
things, is the genetic information of the organism (1.5 × 107 -5 × 109 base pairs)
organised in multiple DNA molecules, and it is also where DNA replication and
RNA synthesis occurs [2]. Contrastingly, the translation of RNA into protein,
another important cellular process, occurs on ribosomes in the cytoplasm.
Thus, in order to remain alive, it is vitally important for the cell to allow
exchange of biological material between the nucleoplasm and the cytoplasm.
This exchange occurs through nuclear pore complexes (NPCs), hourglass-like
structures, that are embedded in the nuclear envelope (see Figure 1.1 (left)).
There are ∼ 103 functioning NPCs in the envelope of a typical human cell
nucleus [3].
Essentially, the NPC is a large proteinaceous macromolecular transporter
that allows the passive diffusion of small molecules (diameters . 5 nm) but,
due to the presence of unfolded/intrinsically-disordered nuclear pore proteins,
hinders the passage of larger molecules unless they are bound to proteins called
nuclear transport receptors (NTRs) [4]. Through the process of nucleocyto-
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plasmic transport, the NPC can efficiently shuttle cargoes in and out of the
nucleoplasm despite opposing concentration gradients which, thermodynamically, requires the consumption of external energy provided by guanosinetriphosphate (GTP) hydrolysis [5, 6]. In the following sections the structure,
function, and behaviour of the NPC and its components will be introduced in
more detail, including an outline of the techniques used to probe them.

1.1

Structure of the nuclear pore complex

Figure 1.1: Illustration of a nuclear pore complex. The cell nucleus is covered
in nuclear pore complexes that perforate the nuclear envelope (left). A close
up of a nuclear pore complex highlights its prominant structural features, such
as the cytoplasmic filaments (yellow) and the nuclear basket (red), including
the presence of intrinsically disordered nuclear pore proteins (FG Nups, green)
that occlude the inner channel (right).1
Despite the difficulty in resolving the structure of the NPC, due to its
size and complexity, various methods have revealed an unprecedented
amount of detail regarding its mass and architecture.

Such methods in-

clude electron microscopy, cryoelectron tomography, X-ray crystallography,
co-immunoprecipitation, fractionation, and mass spectroscopy [7–13]. The
1 Image

shown here is an adaptation, by Luke Davis, of an svg made by Mike Jones
https://en.wikipedia.org/wiki/File:NuclearPore.svg. Image license: CC BY-SA 2.5.
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size of the NPC varies between species, with invertebrate/yeast NPCs being
smaller than those of vertebrates, but its overall dimensions lie within a range
' 70 − 120 nm for its outer diameter, ' 30 − 50 nm for its height, and between
' 30 − 60 nm for the diameter of the inner channel [4, 14]. The overall mass
of an isolated yeast NPC – not including transport receptors and cargoes – is
52.3 MDa, which is almost half that of the human NPC (110 MDa) [13, 15].
In the case of yeast, ≈ 70% of the NPC mass comes from the structural architecture; the cytoplasmic, inner scaffold, and nucleoplasmic rings that are
anchored to the nuclear membrane; the eight cytoplasmic filaments (arranged
symmetrically) and one nuclear basket that protrude into the cytoplasm and
nucleoplasm respectively [4, 13, 16, 17].
There are ∼ 30 types of nuclear pore proteins of which half make up the
structural units just outlined and the other half make up the rest of the NPC
mass, where the latter are located in the central channel [13]. Whilst different
species typically have different types of nuclear pore proteins, the overall structure is highly conserved accross NPCs [18]. For the centrally located nuclear
pore proteins, they are attached to the inner wall of the central channel and
consist of intrinsically disordered regions containing hydrophobic Phenylalineglycine (FG) motifs, including FG, FxFG, and GLFG, that are separated by
hydrophilic spacer sequences [19, 20] (see Figure 1.1 (right)). These FG nuclear
pore proteins/nucleoporins (hereafter called FG Nups), with sequence lengths
of ∼ 200 − 700 amino acids, emanate from the inner wall and collectively block
the passage of large molecules. Due to their disordered/unstructured nature,
quantification of FG Nup structure and morphology have eluded traditional
structural techniques, that depend on ensemble averaging, often appearing as
lobes/unresolved clumps using those methods [10, 13, 15, 21, 22].

1.2

Nucleocytoplasmic transport

The NPC architecture is but one, albeit large, cog in the machinery of nucleocytoplasmic transport. As mentioned earlier, to translocate across the NPC,

1.3. In vitro FG Nup assemblies

14

macromolecular cargoes (with diameters & 5 nm) required forming a complex
with NTRs (also referred to as karyopherins, importins, exportins, or transportins). Incidently NTRs are, themselves, able to shuttle between the nucleus
and cytoplasm [23, 24]. The cargoes contain specific amino acid regions that
NTRs recognise: for nuclear import the cargoes must express a nuclear localisation sequence/signal (or NLS) [5, 25, 26] and for export they must express
a nuclear export sequence/signal (NES) [4, 5, 27]. The NLS and NES on the
cargo interact with HEAT-repeat sequence motifs on the NTRs, e.g., the NTR
importin-β has ' 19 HEAT repeats, which allows the cargo to bind with the
NTR at multiple sites [28]. NTRs contain hydrophobic pockets that have a
predominantly weak affinity to the FG motifs in the FG Nups, with fast “on”
and “off”-rates, allowing the NTRs (and attached cargoes) to move through
the FG Nup barrier [29, 30]. Exactly how the NTRs and cargoes go through
the FG Nup barrier still remains not well understood.
If an NTR-cargo travels from the cytoplasm into the nucleoplasm, what
stops it from simply diffusing back into the cytoplasm? Once in the nucleoplasm, Ran Guanine Nucleotide Triphosphate (RanGTP) binds to the NTR
and separates it from the cargo through a conformational change, this then
results in an NTR-Ran complex and a freely diffusing cargo [31]. This NTRRan complex can then either return to the cytoplasm or bind, via an NES, to
a cargo ready for export. Once the NTR-Ran-cargo complex reaches the cytoplasm GTP hydrolysis of Ran by RanGAP frees the cargo, leaving RanGDP
and a free NTR. This hydrolysis of Ran results in a Ran gradient with more
RanGDP in the cytoplasm and RanGTP in the nucleoplasm, and this irreversible process keeps the cytoplasmic and nucleoplasmic volumes away from
chemical equilibrium, hence enabling the directionality of transport [4, 6, 32].

1.3

In vitro FG Nup assemblies

As briefly mentioned above, the FG Nups lining the inner channel of the NPC
contain “sticky” hydrophobic (FG) motifs that cause them to attract one an-
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Figure 1.2: Illustrations of in vitro FG Nup assemblies that contain a free
isolated FG Nup (top left), free FG Nups in a solution (top right), FG Nups
grafted/attached to a planar surface (bottom left), and FG Nups grafted onto
solid nanopores (bottom right).
other and, collectively, form an occlusion barrier to inert molecules. Additionally, the FG motifs – as well as other amino acids in the Nup sequence –
act as binding spots for the nuclear transport receptors which are essential for
facilitated transport [33–36]. Despite an overwhelming consensus on the importance of FG Nups, their precise morphologies and behaviour require further
elucidation. Discerning the physical nature of FG Nups in the NPC is vital
in understanding how the NPC and nucleocytoplasmic transport work. Since
traditional structural methods (in vivo) are less effective in probing specific
properties of FG Nups, due to their unstructured nature and the presence of
other proteins, more effective techniques and environments have come to the
fore. In vitro environments/assemblies containing only FG Nups are probed,
where the physical/chemical conditions can be more reliably controlled (see
Figure 1.2) [35].

Isolated FG Nups
The simplest of these assemblies are those containing isolated FG Nups (or very
dilute concentrations thereof), where the conformational properties of the FG
Nups are ascertained from techniques such as Förster resonance energy trans-
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fer (FRET), dynamic light scattering (DLS), size exclusion chromatography,
gel filtration, and small-angle X-ray scattering (SAXS) [20, 37–41]. Generally,
when converting the raw data obtained from these techniques to meaningful physical sizes/conformational quantities, concepts from classical polymer
physics are used [35, 36]. The FG Nup is presumed to behave like a floppy
string, dancing between many different conformations, of which its dimensions
can be characterized by the spatial distribution of the residue positions [42–
44]. Typical quantities that are reported are: the end-to-end distance RE
quantifying the distance between two fluorophores at the ends of the FG Nup
(derived from FRET), the radius of gyration RG which is the average distance
between the centre of mass and all constituent residues or monomers (derived
from SAXS), and the hydrodynamic (Stokes) Rs radius which is the radius
of a sphere that has the same diffusion coefficient as the FG Nup (derived
from DLS). These measurements do carry certain caveats, for example singlemolecule sizes from FRET are very sensitive to changes in the Nup sequence
(especially close to where the fluorophores are placed), but RG measurements
from SAXS – which includes information from all the residues – does not show
such a strong dependence on changes to the Nup sequence [40].
Using the polymer dimensions {RE , RG , Rs } obtained from singlemolecule experiments, one can assess the interaction regimes of the FG Nups
(and other disordered proteins) through appropriate polymer scaling laws,
e.g., RG ∝ N ν where N is the number of monomers and ν is the scaling exponent [42, 45]. When ν ≈ 3/5 the polymer behaves like a self-avoiding random
walk, where steric and other repulsive interactions dominate; when ν ≈ 1/2 the
polymer behaves like a random walk (or Gaussian chain), where the repulsive
and attractive interactions are balanced; when ν ≈ 1/3 the polymer behaves
like a compact globule, where the attractive interactions dominate [44]. For
different FG Nups, present in human or yeast NPCs, the scaling exponent
was found to be ν ≈ 0.5 ± 0.1 ranging between slightly extended and slightly
collapsed conformations [40, 46]. The extended-collapsed spectrum in FG
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Figure 1.3: Conformational regimes for different FG Nups (taken from [20]).
The measured Stokes radius divided by the Stokes radius calculated for a
random walk/relaxed chain based on its chain length plotted as a function of
the charged-to-hydrophobic amino acid ratio. FG Nups with low (blue box)
or high (red box) charge content are shown alongside a straight line (green).
Nups originates from differences in sequence composition, which can be neatly
encapsulated into the ratio of charged to hydrophobic amino acids in the
FG Nup, where more charged amino acids (or less hydrophobic amino acids)
result in more extended conformations (see Figure 1.3) [20, 47]. The steric
repulsion, arising from the short ranged inter-atomic repulsion, and electrostatic repulsion, where the overall energetic effects of the latter increases with
more charged residues, leads to non-nearest neighbor residues “preferring” to
be further apart. When more hydrophobic residues are introduced into the
sequence they will “prefer” to come together rather than be surrounded by the
solvent. Thus, through the perspective of simple/classical polymer concepts,
isolated FG Nups can – in some sense – be thought of as basic polymers that
assume conformations ranging from entropic/extended conformations to more
compact conformations largely determined by their sequence composition.
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Bulk solutions of FG Nups
Although it is useful, as a first step, to characterize the morphology and behaviour of FG Nups on the single-molecule level, they are present in large
numbers (∼ 150 copies) and are densely packed (∼ 100 − 300 mg/ml) in the
NPC inner channel. Thus, it is appropriate to examine macroscopic systems
consisting of many FG Nups to probe the collective effects that may arise
due to intermolecular interactions on top of the intramolecular interactions
occuring in a single FG Nup (see Figure 1.2 (top right)). Indeed, such experimental examinations revealed that purified FG Nups can form stable hydrogels
(networks of crosslinked polymers) through a process known as freeze-drying
[48–51]. These FG hydrogels permit entry to NTRs such as Importin-β and,
a smaller protein, NTF2 [52], whilst forming a barrier to more inert macromolecules [50]. The formation of dense aggregates and reproduction of a basic
selectivity barrier are largely due to the cohesive interactions between the large
number of FG motifs in the system, as evidenced by the reduction in aggregation and permeability properties of the gel when the FG motifs are replaced
by more polar residues [50, 53]. Furthermore, later experiments showed that
FG Nups spontaneously form dense aggregates (rich phases of FG Nups surrounded by a more dilute phase) independent of the artificial freeze drying
methods [54]. This phenomenon, often termed liquid-liquid phase separation
(LLPS), is pervasive in biology [55]. These self-assembled FG Nup aggregates could also replicate basic properties of the NPC permeability barrier,
also showing that the size of the NTR/cargo and effective affinity with the
FG Nups regulates entry into the aggregates [54]. Thus, experiments on bulk
solutions have revealed the importance of collective cohesive interactions between the FG Nups and have provided a basis for hypotheses regarding the
“spontaneous” formation of a selective polymer barrier at the centre of the
NPC.

1.3. In vitro FG Nup assemblies
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FG Nup polymer films
Probing a dense solution of free FG Nups enables some quantification of the
collective effects arising between many FG Nups, but such systems do not
take into account the grafting/attachment of the Nups that is exhibited in the
NPC. Naturally, systems incorporating the attachment of FG Nups at densities
similar to the NPC have been investigated experimentally in the literature, primarly focussed on systems consisting of FG Nups that are attached to a planar
surface where the control of FG Nup attachment and use of imaging techniques
are more manageable [51, 56–65] (see Figure 1.2 (bottom left)). Additionally,
less cohesive FG Nups can be studied in the planar systems, whereas in the
bulk solution systems they would not form stable enough gels. FG Nup planar
films are similar to the polymer brushes that have been extensively studied in
the polymer physics literature, and thus, as is the case for single FG Nups,
classical polymer physics can be used to assess and analyse resulting experimental data from these systems [42, 44, 66–71]. Specifically, ignoring cohesive
interactions, the physical behaviour of a polymer brush/film is largely dictated
by the grafting distance dg between the polymers: if dg is less than the typical
radius of gyration RG then the polymers will interact, the polymers will then
extend away from their attachment points due to steric interactions; however,
if dg > RG then the polymers will not be bumping into each other and will
assume mushroom-like conformations (similar in morphology to an isolated
polymer in solution).
Experiments on FG Nup polymer films usually measure the film thickness, the height above the grafting surface that presents a boundary between
the FG Nup mass and the solution above it, using atomic force microscopy
(AFM), quartz-crystal microbalance with dissipation monitoring (QCM-D),
spectroscopic ellipsometry (SE), or surface plasmon resonance (SPR). Film
thickness measurements are usually reported with the assumption that the
layer of protein is homogeneous parallel to the surface, but care must taken
when accounting for any lateral inhomogenieties. Such experiments have found
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that multiple FG Nup film systems behave like polymer brushes when indented
by a sharp tip (as in AFM) [57, 62]. The grafting in the polymer films hinders the rapid formation of aggregates, as seen for some centrally located FG
Nups such as Nup100/116 and its functional homolog Nup98 in bulk solutions
[29, 49, 53, 54]. In another study, it was observed that the kinetics of FG Nups
binding to a supported lipid bilayer is highly dependent on FG Nup cohesiveness [51]. Nup98-Glyco, which is known to be very cohesive, displayed fast
binding to the surface (and lower film thickness) whilst Nsp1 (less cohesive)
and Nsp1-FILV (non-cohesive) showed reduced binding rates (and higher film
thicknesses) [51]. This observation highlights that increases in intermolecular
cohesion can overcome entropic effects in the film.
When NTRs/cargoes were added to the FG Nup films, it was experimentally observed that inert macromolecules do not penetrate the FG Nup layer
whilst NTRs could, consistent with experiments in bulk solutions [58, 62–64].
At some critical concentration of NTRs, some experiments detected substantial changes in film morphology, e.g., large film thickness reduction or swelling
[57, 62, 63], whereas others did not [51, 58, 64]. This discrepancy in film
measurements is probably down to differences in FG Nup cohesion, grafting
density, concentration and sizes of NTRs, and other effects (such as interactions with the substrate) [64]. What is now emerging from these experiments,
despite these differences, are general behaviours of FG Nups in contact with
NTRs. At low concentrations, the NTRs do not cause swelling of the layers,
but fill the space between the FG Nups. Increasing the concentration further
leads to increased penetration of the FG Nup film, that, in turn, causes significant swelling where the film height surpasses its value when NTRs were
not present. Most studies align with this behaviour, with small discrepancies
on the degree of collapse and swelling [51, 58–64]. Most studies of FG Nup
films and NTRs are restrained to probing one type of NTR, as it is currently
difficult to reliably assess the morphologies/packing of different types of NTRs
within the FG Nup layer.
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Figure 1.4: Artificial nanopore environments for FG Nups and NTRs. a)
Solid state nanopores that are made from ablating material: (i) Polycarbonate
nanopores with FG Nups covering inside and entry points (taken from [72]);
(ii) Solid state silicon-nitride (SiN) nanopores with FG Nups filling the cavity
(taken from [78]). b) Biological nanopores built from the bottom up using
DNA origami where the control over FG Nup copy number and placements is
vastly better than the solid state nanopores (a) ((i) is taken from [77] and (ii)
is taken from [76]).

FG Nup biomimetic nanopores
FG Nup nanopores represent a much closer analogue, as compared to FG Nup
polymer films, to the pore setting depicted in the NPC: FG Nups attached
to the inside of an artifically made cylinder/hole with spatial dimensions that
are comparable to the inner NPC channel (Figure 1.2 (bottom right)). The
nanopores are either: carved out – using electron-beams for example – regions
of a block of material or built from the bottom up using programmable biological “lego” blocks [72–78]. Not only do these biomimetic nanopores provide a
test system to understand how a cylindrical grafting geometry affects the behaviour of FG Nups and NTRs, but they also act as templates for the design
of artificial selective-transport/filtration machines.
Initial works include the development of solid state polycarbonate
nanopores (diameters ∼ 30 nm) that were covered in a monolayer of FG
Nups, filling the inside of the pore but also covering the two entry points (see
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Figure 1.4a)i)) [72]. This nanopore permitted the translocation of NTRs and
cargo-complexes, but restricted the passage of inert – but of similar size –
proteins such as bovine serum albumin (BSA); the primary factors of selectivity were found to be the dimensions of the pore defined by its diameter and
axial length which determine the packing of FG Nups in the channel. More
recent attempts include solid state silicon-nitride (SiN) nanopores, again with
FG Nups filling the cavity and also partially outside the channel (see Figure
1.4a)ii)) [75, 78]. Through measuring disturbances in conductance, it was
observed that these SiN FG Nup nanopores promoted the passage of NTRs
(such as Importin-β) but restricted the passage of more inert molecules, in
agreement with the polycarbonate nanopores [75]. A later study demonstrated
the replication of the selective barrier using an artificially designed FG Nup
“NupX”, based on sequences from many centrally located FG Nups, which is
a step towards designing – de novo – artificial nanopore filters that mimic the
NPC [78].
Whilst solid state nanopores reproduce important aspects of NPC permeability, in accordance with FG Nup bulk solutions and polymer films, there is
a substantial lack of control of FG Nup copy number and their placements in
the pore. Such parameters greatly dictate the behaviour of the FG Nups, and
without precise knowledge of the density and distribution of the FG Nups, it
is difficult to obtain any precise understanding. This inspired the development
of nanopores that could precisely control the FG Nup number and placement,
based upon nanopores built from programmable DNA origami [76, 77] (see
Figure 1.4b)). The DNA origami pore investigated in [77] was filled with Nsp1
(a well studied FG Nup) and a mutant, inhibiting the FG motifs in Nsp1, with
the resulting morphological and conducting properties of the FG Nups being
measured. Unlike the solid state nanopores, the selective properties of the pore
system in [77] have not been shown to mimic those in the NPC, since it has
thus far been more challenging to carry out macromolecular transport measurements through the DNA origami pores. In a similar DNA origami system,
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which is further investigated in this thesis, the pore was filled with Nsp1 and,
separately, Nup100 (slightly more cohesive than Nsp1) and their morphological properties were quantified [76]. In the same system the dynamics of the
FG Nups were probed using AFM and compared to intact NPCs [79].

1.4

Qualitative pictures of the NPC permeability barrier

Various intepretations and qualitative pictures of FG Nup morphology and
behaviour have emerged from in vitro experiments. The “virtual gate” model
proposes that steric (“repulsive”), rather than cohesive, interactions dominate
the morphology of the FG Nups [80]. In this model, it is postulated that the
FG Nups assume rather extended conformations where they explore a large
volume of the central conduit. Small (. 5 nm) molecules are able to passively
diffuse through the pore as they can fit between the Nups, hence incurring a
small entropic cost for entry. However, larger molecules do not fit between the
Nups and when translocation through the channel they cause compaction of
the Nups, leading to an entropic penalty for entry. NTRs that bind to cargoes,
perform the role of compensating the entropic penalty of entry with favourable
binding, which grants the NTR-cargo entry into the pore [29].
Alternatively, the “selective phase” model [49] asserts that FG Nups are
predominantely cohesive and, when grafted in numbers in the inner channel,
they form a cohesive meshwork. The meshwork contains gaps that allow small
molecules to passively diffuse through, whereas, larger molecules cannot travel
through these gaps nor enlarge them, this is due to the cost of breaking the
strong cohesive binding links between the FG motifs in the Nups. NTR-cargoes
compete with the FG Nup motifs for the FG binding sites, gradually melting
through the meshwork [53].
Other models have been proposed such as the “reduction of dimensionality” model [81], which postulates that the FG Nups form a polymer brush
where FG Nups line the inner wall of the NPC leaving the center void of
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Nups. The diameter of this ‘void’ is finely tuned so that small molecules easily
diffuse through whilst hindering the transport of larger molecules. The transport barrier arises due to the entropic penalty in compressing the polymer
brush. NTR-cargoes are able to adsorb onto the surface of the polymer brush
and travel along its surface through transient FG-NTR binding, this reduces
the dimensionality of diffusion from three-dimensional (in all directions) to
two-dimensional (only along the pore wall) [56, 82, 83]. The “forest model”
proposes that the like-charge-regions in the FG Nup sequence cause the FG
Nups to stretchout towards the center of the pore, where regions high in hydrophobic amino acids stick to one another forming a polymer gel. The forest
model allows multiple transport pathways for small molecules and facilitated
NTR-cargoes [20, 22, 83, 84].
Overall, these pictures (and others) can be categorized into those that
place more importance on entropic/steric effects, such as the “virtual gate”
and “reduction of dimensionality” models, over those that assume cohesive
interactions dominate, such as the “selective phase” and “forest” models.

1.5

Physical modelling of FG Nups and NTRs

Quantitative modelling can help to further intepret experimental data and
throroughly assess the qualitative pictures that emerge from them. Various
modelling techniques have been used to investigate – in silico – the NPC and,
more specifically, of the FG Nups and NTRs, including molecular dynamics (MD) [30, 75–77, 85–110], Monte Carlo (MC) [111–113], classical density
functional theory (DFT) [64, 112–115], self consistent field theory (SCFT)
[96, 101, 105, 109, 116–118], diffusion equation approaches [119–123], and others, e.g., [6, 124] (for reviews see [35, 36, 125]). With the choice of modelling
technique/method comes with a choice of coarse-graining, i.e., how to treat
the FG Nups, NTRs, and other relevant components. The amount of coarsegraining lies on a spectrum where, on one extreme, atomistic details of the
system are explicitly accounted for, and, on the other extreme, almost all spe-
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cific detail is “smeared” out leaving only a couple of model parameters (see
Figure 1.5).

Low coarse-graining

High coarse-graining

Figure 1.5: Diagram depicting the spectrum of coarse-graining of the FG
Nups and NTRs used in modelling approaches. On one side of the spectrum
the amino acid sequence of the FG Nups are treated explicitly using available
atomistic force fields (left), and on the other side such details are mapped onto
simple homopolymer models (right). Left snapshot is from an equilibrated
molecular dynamics simulation of the NPC inner channel (taken from [102])
and the right snapshot is from an equilibrated Monte Carlo simulation (taken
from [113]).
All-atom simulations, which explicitly account for the atomistic details in
FG Nups and NTRs (including the solvent), have provided some insight into
the in vitro experiments. For example, all-atom MD simulations in [89, 90]
probed the sizes of many surface-grafted Nsp1 and an isolated Nsp1,and found
that the effect of higher density and grafting caused the surface-grafted Nsp1 to
have a larger RG as compared with that of the isolated protein. Additionally,
these systems replicated the inclusion of NTRs into FG Nup films and the
exclusion of more inert proteins.
Using longer timescale all-atom simulations (under the TIP4P-D water
model), another study [104] assessd the binding and unbinding mechanisms
of NTF2 with short FSFG constructs FSFG2 and FSFG6 , containing 2 and 6
FSFG motifs respectively. They observed that the FG repeats behaved like
entropic springs with persistence lengths between 0.6-0.7 nm, which is roughly
equivalent to the length of 2 amino acids, as observed in fluorescence exper-
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iments of Nup153 [56]. More interestingly, they observed that FG repeats
transition rapidly between interacting sites on an NTR through sliding in and
out of interaction ‘pockets’ on the NTRs surface, providing a microscopic mechanism for the fast association and dissociation rates between FG motifs and
NTRs as seen in experiment [29, 30]. This ‘slide and exchange’ mechanism
for FG-NTR binding could provide a microscopic explanation for how NTRs
actually move through a collection of highly dynamic yet cohesive FG Nups.
Despite these insights, all-atom simulations come with a number of
caveats: 1) due to the sheer number of constituent particles (per molecule)
in the simulation (& 105 ), and hence computational complexity, the simulation studies are restricted to small system sizes and short (∼ 10 − 1000 ns)
timescales; 2) many all-atom simulations require a well-chosen initial condition
to obtain reasonable results; 3) the interaction force fields and solvent models
used are not standardised and, coupled with the large numbers of particles,
restrict exploration of parameter space.
In order to reduce computational cost – as in all-atom simulations –
but still retain a large amount of detail, approaches that introduce further
coarse-graining, on the level of a single amino acid, emerged in the literature and have been largely successful in reproducing experimental findings
[95, 97, 100, 102, 108]. Firstly, the FG Nup is modelled as a sequence of
spherical beads (representing any of 20 amino acids), with mass, charge, and
hydrophobicity; nearest-neighbour bonding interactions are based on matching Ramachandran data whereas longer ranged interactions, e.g., electrostatic
π − π interactions, are based on matching single-molecule dimensions (such
as RG ) [20, 94, 97]. Using experimentally determined FG Nup locations in
the inner channel [13], such parameterized “one-bead-per-amino-acid” models
predicted the distribution of FG repeats in the channel, finding a ‘dohnut’-like
distribution where the center of the channel is not necessarily the densest region [97]. Additionally, by varying the density of FG Nups in the pore and
changing the sequence of the Nups such models predicted, in agreement with
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similar experiments, the necessary ingredients to reproduce a viable transport
barrier, with a maximum Nup density of ∼ 300 mg/ml in the pore [97, 100].
Furthermore, the roles of concentration and amino acid sequence have been
shown to regulate the gelation point for FG Nup bulk solutions [108]. Finally,
such models can help to elucidate the roles of NTR surface properties on the
energetics of entry into a pore of FG Nups, where binding sites that are closer
to each other on the NTR reduces the energetic barrier [102].
Whilst retaining a sufficiently large amount of information regarding the
FG Nups, i.e., accounting for the properties of every amino acid, the “onebead-per-amino-acid” models typically require the setting of many (∼ 10 − 20)
interaction parameters based on, like the all-atom approaches, specific forcefields [94, 97]. Despite the reproduction of experimental findings (see, for
examples, [75, 77]), confirming the validity of the force fields, the overall behaviour of the system is highly dependent on the choice of force field (which
is not standardized). Additionally, with a larger parameter space, it is much
harder to avoid issues of overparameterization. More importantly, having a
large parameter space, that is restricted to specific force-fields, makes it difficult/cumbersome to explore a small set of governing principles that could
reveal more generic physical behaviour. One may presume such generic physical behaviour because NPCs in different species exhibit similar functionality,
with similar but not identical protein sequences.
Initially motivated by the search for general physical principles governing the function of the NPC, minimal biophysical models were developed.
Typically, these models treat the FG Nups as simple flexible homopolymers, each bead being identical and representing a number of amino acids,
and NTRs/cargo as featureless spheres [64, 96, 101, 105, 109, 112–114, 116–
118, 126]. Typically, the excluded-volume interactions and cohesive interactions between FG Nups are determined by one essential interaction parameter respectively, with the bead radius R determining excluded volume and
a cohesion strength (or solvent quality)  determining the attractive interac-
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tions (with a pre-defined range) [64, 112, 113]. Using some techniques, such
as SCFT, both excluded volume and cohesion are controlled by one interaction (“Flory”) parameter denoted by χ [101, 116, 118]. The interactions are
either combined through a pair potential, with short-range repulsion imposing excluded-volume and longer-ranged negative potential well for cohesion,
or treated separately through independent terms in the system free energy
[64, 112, 116, 118]. For FG Nup - NTR and NTR-NTR interactions similar,
approaches to that of FG Nup - FG Nup interactions are used.
An example of this homopolymer approach showed that metastable states
can arise in a system of sticky FG Nup polymers grafted to the inside of
a cylinder [112], a prediction was later vindicated by AFM experiments on
biomimetic nanopores [76] and - with some additional caveats - intact NPCs
[79, 127]. Another theoretical study, based on a homopolymer model, consisdered the binding, absorption/adsorption, of two NTRs (NTF2 and Importinβ) to films consisting of Nup98-Glyco, Nsp1, and short synthetic polypeptides
with FSFG motifs [64]. Surprisingly, when the binding isotherms and film
thicknesses from simulations were directly fitted, with at most two free parameters, to the experimental data they were in excellent agreement. On top
of this, due to the minimal computational complexity of the model, the physical interaction regimes of the system could be extensively explored and it was
found that the absorption/adsorption of importin-β was sensitive to changes in
polymer cohesiveness. Another polymer model, using experimental film data
for Nup62, Nup98, Nup153, and Nsp1, arrived at the semi-quantitative result
that morphologies of FG Nups lie between an extended/entropic brush and a
highly compact film [116]. Alongside the in vitro experiments, the homopolymer models are building a convincing case that FG Nup cohesion is tuned
so that, collectively, FG Nups behave in a regime between entropically dominated states and enthalpically dominated states [35, 51, 64, 116]. However,
the generality of these results still requires further confirmation.
As another measure of consistency of the homopolymer models, they
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should be largely consistent with higher resolution models (such as the “onebead-per-amino-acid” model). Indeed, this is generally true with both modelling approaches coming to the same conclusions about FG Nup morphology
and its dependence on density, grafting, cohesion (however that is defined),
and geometry [64, 75–77, 97, 102, 116, 126]. In MD simulations, complementing experiments on FG Nups grafted in DNA origami nanopores, both the
detailed model and homopolymer model found similar Nsp1 morphologies in
the pore [76, 77]. Another, more quantitative example is that both the more
detailed model in [102] and the more coarse-grained model of [126] observed a
roughly quadratic scaling of the energy barrier with the NTR radius, which is
also corroborated by another study [118].
This success of the more simplified models suggests that, at least to some
extent, the NPC selective barrier can be described and understood in terms of
conceptually simple polymer and statistical physics. However, there are many
different models available and some are only being applied to one specific
setup or aspect of the NPC. What is needed is a general unifying theoretical
framework, which can explain experiments ranging from single FG Nups to FG
Nups and NTRs in a pore geometry. This being said, all models and theories
have their limitations, either theoretical or empirical in nature, which need to
be systematically assessed.

1.6

Aims and outline of the thesis

Following a general description of the theoretical methods used in this thesis
(Chapter 2), this thesis aims to accomplish the following:
1. To conduct a systematic assessment, using homopolymer models, of the
cohesiveness regime of FG Nups, i.e., whether entropic (steric) effects or
cohesive effects or a combination of both dominates, bringing together
data from isolated FG Nup and polymer film assemblies. This will help
further understand the salient physical interactions that govern FG Nups
and therefore the selective barrier in the NPC (Chapter 3).
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2. To further explore the morphology, dynamics, and thermodynamical behavior of FG Nups grafted in nanopore geometries where analogous experiments are able to precisely control the number and placements of
FG Nups. As the homopolymer models are sufficiently simple, one can
explore timescales not accessible to higher resolution models, such that
mesoscale as well as microscopic polymer dynamics can be investigated
(Chapter 4).
3. In the context of different NTRs in a system of grafted FG Nups, the
effects of crowding still require a systematic study, as here done using
the homopolymer approach (Chapter 5).
4. The success of the homopolymer models raises the question of the roles
that heterogeneity, in the FG Nup sequence and on the surface of
NTRs/cargoes, play in regulating FG Nup and NTR binding. Heterogeneity, incorporated at minimal complexity, will be explored focussing
on single-molecule binding, diffusion of an NTR in a solution of FG Nups,
and uptake of NTRs in an FG Nup filled nanopore (Chapter 6).
Lastly, I will present a conclusion and summary of the results chapters
and provide ideas for future work (Chapter 7).

Chapter 2

Methods
To predict the equilibrium structure, dynamics, and thermodynamics of proteins and/or biomolecules, such as FG Nups and NTRs, physical models coupled with mathematical or computational methods are used. In general, these
physical models treat the proteins and/or biomolecules as consisting primarily
of spherical particles that interact with other particles, with the form of the
interaction usually depending on the relative distances between these particles.
The particles can represent individual atoms, amino acids, or larger groups of
amino acids or molecules. Adjusting the level of detail regarding the description of the particles, where atomistic descriptions represent the finest level of
detail, is called coarse-graining.
Since the equilibrium structure and dynamics of a system can be respectively understood from the spatial coordinates of the particles and the time
sequence of those coordinates, molecular dynamics (MD) is an appropriate
framework to use. Despite the colossal amount of information made available
through MD, and despite a continuous increase in computational power, it
can, however, quickly become costly in terms of time and resources for large
and complex systems. Classical density functional theory (DFT) is a theoretical method that does not keep track of the particle coordinates and their
time evolution, its only direct output being a distribution of the particle coordinates, and therefore does not suffer the setbacks of MD. While standard –
equilibrium – DFT cannot provide information on dynamics, it provides direct
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access to thermodynamic information through the ‘model’ free energy of the
system. DFT also has its logistical setbacks: it is generally harder to setup
than MD and more simplifying assumptions have to be made to reduce its
implementation time.
On top of the direct simulation methods, it is often useful to use a much
more simplified description of the system that is solvable in an analytical
model. This allows one to further extract general principles that could be
governing the physical system.
In this thesis both MD and DFT are used to investigate the consequences
of physical models of the FG Nups and NTRs, supplemented by analytical
models. MD is described first, DFT second, and then the analytical models.

2.1

Molecular Dynamics (MD)

In an MD simulation (considering a canonical ensemble) there are N particles
each having a position ri , mass mi , and momentum pi (i = 1, 2, . . . , N ) defined
in a simulation box [128]. This system obeys a Hamiltonian [129]
H({r}, {p}) = E({p}) + U ({r}),

(2.1)

where {r} and {p} are, respectively, the sets of particle positions and
momenta, E({p}) =

p2i
i=1 2mi

PN

is the total kinetic energy, and U ({r}) is the

total potential energy describing the interactions between the N particles.
After deciding the form of U ({r}) one prepares the initial configuration
where each particle is placed at some pre-defined ri and given some pi = mi vi ,
i
where vi = dr
dt is the velocity of particle i and t is time. The positions are chosen

to avoid unstable simulation runs, which can occur if there is significant overlap
of the particles, leading to divergent hard-core repulsion. The initial velocity
components for each particle are drawn uniformly between an arbitrary interval
[−1/2, 1/2], and are then rescaled such that

PN

i=1 pi

= 0 [128]. Additionally,

the components of the velocities are rescaled so that the following relation –
in accordance with the equipartition theorem – is true
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1 2
1 2
1 2
1
h mvx,i
i = h mvy,i
i = h mvz,i
i = kB T,
2
2
2
2
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(2.2)

where h. . .i denotes an average over equilibrium configurations of the
system and kB is Boltzmann’s constant. From this relation it follows that
the instantaneous temperature (showing only the x-component for brevity) is
T (t) =

2
mi vx,i
(t)
i=1 kB Nf

PN

where Nf = 3N − 3 ≈ 3N is the number of degrees of free-

dom, where the approximation is valid for N >> 1. The desired temperature
T is achieved through rescaling all the velocities by a factor (T /T (t))1/2 .
Once the initial positions and velocities have been set, the next instance of
the system is determined by the forces on the particles. The force, on particle
i, is computed according to Newton’s second law of motion
Fi = mi

∂U (ri )
d2 ri
=−
.
2
dt
∂ri

(2.3)

If there are N particles in the simulation box the future position of particle i is computed, through pair-wise forces, from the positions of the other
N − 1 particles.

One must do this computation for every particle which

leads to N (N − 1) force computations. One can use Newton’s third law, i.e.,
Fij = −Fji , where i and j label two distinct particles, and compute a pairwise distance only once which leads to N (N − 1)/2 (O(N 2 ) complexity) force
computations. This is very time consuming and in general special algorithms
are used to speed up this part of the computation such as the use of neighbour listing: generating and maintaining arrays of particles that are within a
specified distance from the other particles.
Once the total forces acting on all the particles are known one can advance
the system in time. Since these computations are performed numerically, time
is sliced into discrete time steps δt. The time step must be chosen so that
sudden ‘hard-core’ overlapping of the particles does not occur. In this thesis,
the future position of particle i is found via the Verlet algorithm (showing the
x-component, the same form applies to the other components)
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(2.4)

where the x-component of acceleration ax,i is found through Newton’s
second law Fx,i /mi = ax,i [128, 130]. The above equation is symmetric in
time, through the roles of r(t + δt)x,i and r(t − δt)x,i , which makes the Verlet algorithm time-reversible and hence respects the implicit time-reversibility
inherent in Newton’s equations.
The calculation of forces and updating of positions repeats for a specified number of timesteps Nt . Normally one wants to study the properties of
the system in its most occurring state, which happens when it is in thermal
equilibrium [130]. The equilibrium of a system in MD occurs when a suitably
chosen observable X fluctuates around a constant value. This value is the
ensemble average < X >≈

1 PNt δt
t=0 X(t).
Nt

In a solution, a particle is buffeted many times, in a random manner,
by solvent molecules which cause the particle to move erratically. This is
the origin of Brownian motion. As a result, particles tend to feel a frictional
force as they travel through the solution. In Langevin dynamics the solvent
molecules are implicitly taken into account via stochastic and frictional terms
in the force equation, leading to an acceleration of particle i given as
Fi
γ dri Pi (t)
d2 ri
=
−
+
,
dt2
mi mi dt
mi

(2.5)

where Fi is the force determined by the pair-wise interactions, γ is the
friction coefficient where the larger its value the greater the influence of the
surrounding solvent, and is defined as γ = 6πηRi , where η is the viscosity of the
solution and Ri is the radius of the particle [130, 131]. Pi (t) is a fluctuating
force representing the random collisions of the solvent with particle i, it has
first and second moments
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< Pi (t1 ) > = 0

(2.6)

< Pi (t1 )Pi (t2 ) > = 2γkB T δ(t1 − t2 ),

(2.7)

where δ(. . .) is the delta function.
The MD scheme just described is implemented using the open source
Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) suite
(Version 2016) [132], where the specifications of the system and its time evolution are contained in an input script. Individual simulations are typically run
on single processors on a Linux computer cluster.

2.2

Density Functional Theory (DFT)

Consider a ν-component system consisting of N =

Pν

i=1 N

(i)

particles with

positions distributed according to ρ(i) (r) for i = {1, . . . , ν} and is described by
a dimensionless grand free energy functional Ω[{ρ(i) }] given as
βΩ[{ρ }] = βF[{ρ }] + β
(i)

(i)

ν Z
X

d rρ (r)
3

(i)



(i)
Vext (r) − µ(i)



,

(2.8)

i=1
(i)

where β = 1/kB T , Vext (r) is the external potential, and µ(i) is the chemical
potential for species i. The intinsic free energy functional F can be decomposed
into ideal and excess parts:
βF = βFid + βFexc .

(2.9)

The ideal contribution contains no information about interactions between
the constituent particles, it is solely of entropic origin derived from an ideal
gas. This ideal part is analytically known and is given as [133]

Fid = β −1

ν Z
X
i=1

drρ(i) (r)(ln(λ3 ρ(i) (r)) − 1),

(2.10)
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where ln(. . .) is the natural logarithm and λ =

q

h2 β
2πm
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Broglie wavelength.
In this thesis a general system will consist of N (P ) polymers each comprised of M beads that are bonded to form a linear chain and N (F ) =

Pν−1
i=1

N (i)

fluid particles chosen from ν − 1 species. For further clarity regarding labelling:
the label denoting the beads of the polymer is given by ν, whilst the free particles are denoted by labels 1, . . . , ν − 1. A mean field w(r) is introduced to
reduce the many-body interactions involving polymer beads in the system to
that of interactions with a single potential (that best represents the many-body
interactions). The canonical partition function in this case is given by:

ZC [w(r)] =



Z
1 Z N
N
(3)
dr
exp
−βU
(r
)
−
drw(r)ρ̂
(r)
N !λ3N

where U (rN ) is the total potential energy and ρ̂(3) (r) =

(2.11)

PN (3) PM
i=1

j=1 δ(r −

r(ij) ) (where r(ij) denotes position of the jth bead belonging to polymer i).
This results in a free energy functional given as

βF =

ν Z
X

drρ (r) ln(λ ρ (r)−1)−N
(i)

3 (i)

(3)

ln(ZC [w])−

Z

i=1

drw(r)ρ(3) (r)+βFexc .
(2.12)

This leaves the excess term to deal with, which introduces physical constraints into the system over the ideal case. When modelling real atoms and
molecules it is important to take into account that particles cannot travel
through each other (excluded-volume), a simple starting point is to treat them
as hard spheres (HS) interacting via a pair potential

VHS (rmn ) =




∞

rmn ≤ d = 2R



= 0

otherwise,

(2.13)

where rmn is the distance between the centres of the particles m and n, d
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is the particle diameter, and R is the particle radius. Excluded-volume reduces
the number of possible states of the system (the partition function). To account
for this reduction one can use Rosenfeld’s fundamental ‘measure’ theory [134].
The formulation begins with the Mayer function fmn = exp (−βVHS (rmn )) −
1 concerning particles {m, n} and after performing a cluster expansion the
following is obtained

n
m
n
− fmn (r) = ω3m ⊗ ω0n + ω0m ⊗ ω3n + ω2m ⊗ ω1n + ω1m ⊗ ω2n − ω m
2 ⊗ ω1 − ω1 ⊗ ω2 ,

(2.14)
where ω are weight functions and ⊗ represents a convolution in the r
coordinate.
The three dimensional weight functions are given by:

ω3 (r) = Θ(R(i) − r),

(2.15a)

ω2 (r) = δ(R(i) − r),
r
ω 2 (r) = δ(R(i) − r),
r

(2.15b)

ω1 (r) = ω2 (r)/(4πR(i) ),

(2.15d)

ω0 (r) = ω2 (r)/(4π(R(i) )2 ),

(2.15e)

ω 1 (r) = ω 2 (r)/(4πR(i) ),

(2.15f)

(2.15c)

where Θ(. . .) is the Heaviside function, {ωα (r), ω α (r)} are the scalar and
vectorial weight functions respectively, and i = {1, . . . , ν}. Integrating ωα with
respect to r gives the fundamental geometrical measures of a sphere: volume
when α = 3, surface area when α = 2, mean radius of curvature when α = 1,
and Euler characteristic = 1 when α = 0.
Using equations 2.15 one can compute the weighted densities for a particle
of species i = {1, . . . , ν} given as
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dr0 ρ(i) (r0 )ωα (r − r0 ),

(2.16)

where, for α = 3, n3 (r) is the packing fraction of spheres in a defined
volume.
In order to account for the bonding of beads in a polymer, an additional
term to the excess free energy is added. Thus, the total excess functional is

βFexc = βFHS + βFCH =

Z





CH (3)
dr φW B ({n(i)
(nα (r)) ,
α (r)}) + φ

(2.17)

where the white bear functional is given by [135]

φW B = −n0 ln(1 − n3 ) +

n1 n2 − n1 · n2
n3 + (1 − n3 )2 ln(1 − n3 )
,
+ (n32 − 3n2 n22 )
1 − n3
36πn23 (1 − n3 )2
(2.18)

and the chain functional by [136]



φCH =



1−M
n0 1 −
M


n22
n22

!

ln 



2

n2 R(1 − nn22 )

2



n2 R2 (1 − nn22 ) 

1
2
2 
.
+
+
1 − n3
2(1 − n3 )2
18(1 − n3 )3 
(2.19)

attractive interactions are inplemented using the random phase approximation based on a defined pair potential u(ij) (rmn ) between particles m amd n
belonging to species i and j respectively. The total grand free energy functional
is then given as
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βΩ[{ρ }] =
(i)

ν−1
XZ
i=1
ν Z
X

+β

drρ (r)(ln(λ ρ (r) − 1) − N
(i)

3 (i)



(i)

d3 rρ(i) (r) Vext (r) − µ(i)

(3)

39

ln(ZC [w]) −

Z

drw(r)ρ(3) (r)



i=1
ν Z Z
1X
+β
ρ(i) (r)ρ(i) (r0 )uii (r − r0 )drdr0
2 i=1

+β

ν−1
ν Z Z
X X

ρ(i) (r)ρ(j) (r0 )u(ij) (r − r0 )drdr0

i=1 j=i+1

+

Z





CH (3)
(nα (r))
dr φW B ({n(i)
α (r)}) + φ

(2.20)

To find the set of density distributions and the mean field in the equilibrium state, the following Lagrange equations must be solved self-consistently

δΩ
= 0,
δw
δΩ
= 0,
δρ(i)

(2.21)
i = 1, . . . , ν − 1,

(2.22)

Substituting equation 2.20 into the above results in

ν Z
X
βδΩ Z
ρ(i) (r)u(iP ) (r − r0 )dr0
= dr[−w(r) + c(3) (r) + β
δw
i=1



(3)



+β Vext (r) − µP ]

δρ(3) [w(r)]
= 0,
δw(r00 )

(2.23)

ν Z
X
βδΩ
(i)
(i)
3 (i)
= c (r) + ln(λ ρ (r)) + β
ρ(j) (r)u(ij) (r − r0 )dr0 + β Vext (r) − µ(i)
(i)
δρ
j=1



= 0,



(2.24)

where c(i) is the one-body direct correlation function which is given by
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(i)

δFexc [ρ(i) ] X Z 0 δ(φW B + φCH ) δnα (r0 )
=
dr
.
c (r) = β
(i)
δρ(i) (r)
δρ(i) (r)
α
δnα
(i)

(2.25)

For the fluid particles one can decompose the chemical potential into two
terms


µ

(i)

= −β

−1

ln 



1
(i)
λ3 ρbulk

 + µ(i)

exc ,

i = {1, . . . , ν − 1},

(2.26)

(i)

where ρbulk is the bulk density of the fluid particles of species i, specified
(i)

as input into the theory, and µexc is the excess chemical potential due to
the interactions. Using equations 2.24 one can specify equations for the fluid
density profiles and polymer mean field given as

w(r) = c

(3)

(r) + β

ν Z
X

(3)
ρ(i) (r)u(i3) (r − r0 )dr0 + βVexc
(r),

(2.27)

i=1


(i)

(i)
ρ(i) (r) = ρbulk exp βµ(i)
exc + c (r) − β

ν Z
X


(i)
ρ(j) (r)u(ij) (r − r0 )dr0 − βVexc
(r) ,

j=1

(2.28)
where µ(3) = 0 (since there is no polymer number exchange for all cases
explored in this thesis). In order to solve these equations iteratively and selfconsistently, it is useful to invoke a fictitious time variable t to evolve the
solutions. This is expressed by the following

ν Z
X
∂w(r)
(3)
= −w(r) + c(3) (r) + β
ρ(i) (r)u(iP ) (r − r0 )dr0 + βVexc
(r),
∂t
i=1

(2.29)

∂ρ(i) (r)
= −ρ(i)
∂t

(i)

(i)
+ ρbulk exp βµ(i)
exc + c (r) − β

ν Z
X


(i)
ρ(j) (r)u(ij) (r − r0 )dr0 − βVexc
(r) ,

j=1

(2.30)
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which can be discretized and solved numerically. The polymer density
function ρ(3) (r) can be computed as follows
(3)

ρ

(r) =

R M −1
0

ds dr0 G(r0 , r, s)G(r, r0 , M − s)
R
dr0 G(r0 , r0 , M )
R

(2.31)

where s labels a point on the polymer contour, r0 is the starting position
of the polymer, and G(x, y, m) is a path propagator from x to y in m steps
and is found via the Fokker-Planck equation
!

b 2
∂G(x, y, m)
=
∇ − w(y) G(x, y, m),
∂s
6

(2.32)

where b is the bond length. The Fokker-Planck equation is solved numerically using the Crank-Nicolson method, where the tridiagonal matrix method
is used to solve the resulting set of simultaneous equations [137].
The DFT scheme is implemented using an original C++ code and was
run on single processors on a Linux computer cluster.

2.3

Analytical calculation for sequence-specific
binding affinities

To elucidate the effects of sequence heterogeneity on binding affinity between
a patterned polymer (A) and a particle (B), I adapted an analytical theory,
based upon a cluster expansion-variational method, that takes into account
sequence heterogeneity [138, 139].
Motivated by [138], the theory is derived in its most general form where
the patterned polymer and particle consist of, respectively, N A and N B conn

A
stituent monomers with coordinates are defined through RA = rA
1 , . . . , rN A

n

o

o

B
B
and RB = rB
1 , . . . , rN B , respectively. Later on, N = 1 will be imposed to

simplify the calculation and to replicate the uniform particle model as described in the Chapter 6. The patterning of the polymer and particle are
n

A
defined, respectively, through S A = sA
1 , . . . , sN A

o

n

o

B
and S B = sB
1 , . . . , sN B ,

where s = 0, 1 with 0 and 1 representing non-cohesive and cohesive beads.
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When N B = 1 one sets S B = {1}.
The binding affinity between the two molecules A and B is characterized
through the dissociation constant KD (in units of mol·nm−3 ) which, in the
dilute limit, can be defined as
KD =

(1 − PAB ) 1
,
PAB NA V

(2.33)

where PAB ≡ PBA is the binding probability, V is the system volume, and
NA is Avogradro’s number. The unbound probability, 1 − PAB , can be written
as
1 − PAB =

V QA QB
,
QAB

(2.34)

where Qi , i = A, B, AB, are the configurational partition functions [138]
defined as

i
i
1Z
Qi =
D[Ri ]e−βH [R ] , i = A, B,
V Z
A
B
A
A
B
B
AB
1
D[RA ]D[RB ]e−β(H [R ]−H [R ]−U [R ,R ]) ,
QAB =
V

where D[Ri ] ≡
R

R QN i

i
s=1 drs ,

(2.35)

with i = A, B, is an integration over all config-

urations, β = 1/kB T , Hi [Ri ] (i = A, B) is the Hamiltonian, and U AB [RA , RB ]
is the intermolecular interaction energy between A and B given as

U

AB

[R , R ] =
A

B

B
A
N
X
XN



AB
AB
Vab
rab



,

(2.36)

a=1 b=1
AB = |rA − rB | is the distance between monomer a on A and
where rab
a
b
AB is the interaction energy between those monomers
monomer b on B and Vab

[138]. Hence, making use of the relation for the second order virial coefficient
B2 = V − QAB /QA QB , one obtains [138, 140]
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V QA QB
V QA QB
1−
KD =
QAB
QAB


−1

1
NA V

=
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V /(V − B2 )
1
1
=−
.
1 − (V /(V − B2 )) NA V
NA B2
(2.37)

Using equation 2.35, the second virial coefficient can also be written as

B2 = V

Z





D[RA ]D[RB ]P A [RA ]P B [RB ] 1 − exp(−βU AB [RA , RB ]) , (2.38)

where P i [Ri ] is the probability distribution for molecule i. The cluster
expansion of exp(−βU AB [RA , RB ]) is given by

exp(−βU

AB

[R , R ]) = exp(−β
A

B

A
B
N
XN
X





AB
AB
Vab
rab
),

a=1 b=1
A

=

B

N
YN
Y

(fab + 1) ,

a=1 b=1

= 1+

A
B
N
XN
X

a=1 b=1



+ O f3


fab +

A
N
X

B
N
X

fa0 b0 fab −

a0 >a=1 b0 >b=1



A
B
N
XN
X

2
fab
,

a=1 b=1

(2.39)


AB r AB ) − 1 is the Mayer function [138]. One can
where fab ≡ exp(−βVab
ab

introduce the Fourier representation of the Mayer function as
fab =
where fˆ(k)
h

i
ab

Z

d3 k h ˆ i
f (k) exp(ik · r),
ab
(2π)3

(2.40)

is an element of an N A × N B matrix. Substituting equa-

tion 2.39 into equation 2.38 results in

B2 = −

A
B
N
XN
Xh

a=1 b=1

1
fˆ(0) −
2
i

Z

h
i
d3 k
ˆ(k)P̂ B (−k)fˆ(k)T P̂ A (−k) − fˆ(k)fˆT (−k) ,
Tr
f
(2π)3
(2.41)
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where Tr [. . .] denotes the trace (double sum over indices), “T” superscript
h

i

is the transpose, and P̂ i (k)

= D[Ri ]P i [Ri ] exp(ik · (ria − rib )) is the Fourier
R

ab

transform of the intra-molecular monomer-monomer correlation function. The
detailed derivation from equation 2.39 to equation 2.41 is explicitly given in
the supplementary information of [138].
The attractive interaction between cohesive bead a on A and b on B is
implemented by the Morse potential

ij ij
ij
ij
βVab
(rab ) = ij sia sjb exp −2α(rab
) − 2 exp −α(rab
)











(2.42)

,

where ij is the dimensionless cohesive energy between a cohesive monomer
on molecule i and a cohesive monomer on molecule j and α is the decay length.
As a starting point, the molecules A and B are first treated as ideal-chains of
Kuhn length li leading to correlation functions
(kli )2 |a0 − a|
P̂ (k) 0 ≈ exp −
,
aa
6

h

i

!

i

(2.43)

where i = A, B. When the condition N B = 1 is imposed the correlation
h

function will be set to P̂ B (k)

i
a0 a

= 1 (rigid body condition). After performing

a high temperature expansion of the Mayer-function (see below), the second
virial coefficient, B2 , is then given by

A

B

XN
X
15πAB N
B
sA
B2 = −
a sb −
3
α
a=1 b=1


Z

576α6 (AB )2 k 2 5α2 + 2k 2
(4α4 + 5α2 k 2 + k 4 )4

2

A
N
X

B
N
X

A B B
sA
a0 sa sb0 sb

a0 ,a=1 b0 ,b=1

(klA )2 |a0 − a|
(klB )2 |b0 − b|
exp −
exp −
dk, (2.44)
6
6
!

!

with the first term being the cohesive mean field contribution and the second term accounting for sequence-specific intermolecular cohesive correlations.
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However, equation 2.44 does not yet account for intra-molecular excluded volume and cohesive interactions, in order to do so a variational approach was
used, as previously done in [139].
First the Hamiltonian for a polymer whose N monomers interact with
each other through excluded volume and cohesion is defined as

!2

Z L
Z τ
h
i
3ZL
dr(τ )
βHT =
dτ
+l
dτ
dτ 0 ω(τ, τ 0 )δ r(τ ) − r(τ 0 ) +
2l 0
dτ
0
0
Z L
Z τ

dτ
dτ 0 sτ sτ 0 (exp (−2α(|rτ − rτ 0 |)) − 2 exp (−α(|rτ − rτ 0 |))) , (2.45)
2
l 0
0

where τ is the contour variable along the polymer, L = N l is the contour length, and ω(τ, τ 0 ) is the dimensionless excluded volume parameter.
The Hamiltonian HT , describing all the intra-molecular interactions, can be
mapped to an ideal-chain Hamiltonian H 0 with a renormalized Kuhn length l0
written as
dr(τ )
3 ZL
dτ
βH = 0
2l 0
dτ
0

!2

,

(2.46)

where one imposes that the mapping does not change the configurational
properties, e.g., the radius of gyration RG , up to first perturbative order in
H 0 − HT . After performing this re-normalization procedure, whose details can
be found below, one obtains an equation for the ratio of the renormalized Kuhn
length for monomers m and n on the same polymer to the actual Kuhn length
0
defined as xm,n = lm,n
/l.

In order to determine xm,n through equation A.14 one must first determine the monomer-monomer dimensionless excluded volume parameter ωm,n
(defined in equation 2.47 below). ωm,n is first determined by assuming that it
does not depend on the sequence (homo-polymer) and then by switching off
intramolecular cohesion, i.e.,  = 0, resulting in
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ωm,n =

2

2 3/2
(n − m) (xm,n − 1)
3π

r

3lxm,n Ω

1
(lxm,n
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(2.47)

,

)5

where Ω is defined as

Ω=

M
X




q=m+1

m
X



(m − p) 2 

p=n (q − p)

5/2

+

M
X



n−1
X


q=m+1



p=1



(m − n) 2 

(q − p)5/2






q−1
m
X
X
1 
(q − n) 2 


√
+
+
. (2.48)
5/2
q=n p=1 (q − p)
q=n+1 p=n q − p
m
X

n−1
X

Note that this only applies to molecule A, i.e., the patterned polymer, and
not molecule B (the particle) as it will be assumed B consists of one bead only.
The parameterization procedure for molecule A is as follows: (i) First simulate
a polymer with no intra-molecular cohesion (corresponding to sequence F1A,
as defined in Chapter 6) and calculate its radius of gyration. (ii) Compute the
radii of gyration for various values of the averaged excluded volume parameter
2 = 1/N 2
hωi using RG

2
2
m>n h(rm − rn ) i = |m − n|l xm,n ,

P

finding the hωi that

reproduces the RG from simulation. (iii) Then simulate polymers with different
number of cohesive blocks (sequences F1A - F6A, again, as defined in Chapter
6) and calculate their radii of gyration. (iv) Calculate RG ’s from theory using
ωm,n = hωi in equation A.14 in addition to switching on cohesion, i.e., || > 0,
to numerically determine the best match intra-molecular cohesion parameter
0 . (v) Finally, determine each xm,n . The resulting second virial coefficient,
after setting N B = 1, then becomes
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A

X
15πAB N
B2 = −
sA −
α3 a=1 a


Z

576α6 (AB )2 k 2 5α2 + 2k 2

2

(4α4 + 5α2 k 2 + k 4 )4


exp −

A
N
X

A
sA
a0 sa

a0 ,a=1
2 0
xA
a0 ,a (klA ) |a − a|

6


 dk,

(2.49)

where the first term is the mean field contribution and the second term
is the contribution from monomer-monomer correlations. Equations 2.49 and
2.37 are then used to determine the KD ’s. The subsections below provide
explicit mathematical details regarding the cohesive factors in B2 and in determining xA
a0 ,a above.

2.4

Derivation of the lattice binding model

To describe the single-molecule binding between a heteropolymer with a patterned sequence, consisting of Ncoh cohesive units, and a patchy NTR that
is decorated with binding sites, I have developed an analytical statistical mechanical model. In this model, one considers a closed system volume V which
is discretized into M voxels (small cubes) of volume vvox , such that the centres
of the voxels form a three-dimensional lattice. The cohesive units making up
a patterned polymer and the cohesive units making up a patchy-particle are
confined to a sub-volume V 0 < V , that is assumed, for simplicity, to be the
same size for the polymer and particle and just large enough to be comparable
to their overall size. These two sub-volumes are able to move around in the
system volume, and when the polymer and particle volumes are not overlapping the polymer and particle do not interact, i.e., only interacting when their
volumes overlap.
The sub-volume is made up of M 0 = M V 0 /V ≡ V 0 /vvox voxels, which are
occupied by Ncoh polymer units and N particle units in the respective polymer
and particle sub-volumes. For simplicitly, the polymer units are assumed un-
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correlated, i.e., are randomly distributed amongst the M 0 lattice sites, whilst
the particle units are assumed fixed in place (but equidistantly distributed
amongst the M 0 lattice sites). When the sub-volume containing the polymer units and the sub-volume containing the particle units overlap, individual
binding events can occur through polymer and particle units occupying the
same lattice site. The chance that m < N polymer units become bound is
weighted according to the Boltzmann factor exp(−β0 m), where β ≡ 1/kB T
and 0 < 0 (units of kB T ) is the binding energy between one polymer unit and
one particle unit.
Thus, the partition function of the entire system can be written as

Z = Z0 + Z1 ,
M/M 0
=
2

!


 N
M0
M X
M0 − N
+
Ncoh
M 0 n=0 Ncoh − n
!

!

N
n

! n
X
m=0

!

n −β0 m
e
, (2.50)
m

where Z0 and Z1 are the number of possible microstates of the system
when the two sub-volumes are non-overlapping and overlapping respectively
and n is the number of lattice sites occupied by both polymer and particle
units (when the sub-volumes overlap).
Focussing on the first term (corresponding to Z0 ): the first factor is
the number of ways of placing the non-overlapping polymer and particle subvolumes in the system volume and the second factor is the number of ways
of arranging the Ncoh polymer units in the polymer sub-volume (consisting of
M 0 sites).
Now focussing on the second term (corresponding to Z1 ): the first factor
is the number of ways of placing the “overlapping” sub-volume (containing the
polymer and particle units) in the system volume, the first binomial coefficient
is the number of ways of arranging the Ncoh −n free polymer units amongst the
remaining M 0 −N sites in the sub-volume, the second binomial coefficient is the

2.4. Derivation of the lattice binding model

49

number of ways of arranging the n polymer units onto the lattice sites occupied
by the particle units, the second sum (over m) is there to account for any
other requirement for the units being bound, e.g., orientational/conformational
alignment of the binding sites, the third binomial coefficient is the number of
ways of arranging m bound polymer units amongst the n overlapping sites,
and the last factor is the Boltzmann weight for a polymer unit and particle to
be in the bound state. Further on, the KD expression will be derived without
the sum over m.
Evaluating the sums in equation 2.50 and simplifying results in



Z=

M (M



− M 0)

M0
Ncoh



0
−N
+ 2M 0 MNcoh
2 F1





h

−Ncoh

0
, −N ; γ; 1 + e−β

i

,

2M 02

(2.51)

where 2 F1 [a, b; c; d] is the Gauss hypergeometric function, and γ = 1+M 0 −
N − Ncoh . The probability that at least one polymer unit is bound to a particle
unit P1 (defining the bound state for the system) is given as

P1 =

  0

 
N
M −N Pn
n −β0 m
M PN
n=1 n Ncoh −n
m=1 m e
M0

Z

,

(2.52)

which, when the sums are evaluated, is also expressed as

P1 =

M 0 −N
−β0 )
Ncoh −1 (2 F1 [−Ncoh , −N ; γ; 1] − 2 F1 −Ncoh , −N ; γ; 1 + e

 0 
 0

h
i .
−N
−β0
Ncoh (M 0 − M ) NMcoh − 2M 0 MNcoh
F
−N
,
−N
;
γ;
1
+
e
2 1
coh

2M 0 γ





h

i

(2.53)

Therefore, the probability that no polymer units are bound (defining the
unbound state for the system) is then P0 = 1 − P1 . From the ratio of the
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unbinding and binding probabilities for the two molecules the dissociation
constant KD can be written as

KD =

1

P0
NA V P1

(2.54)

1/NA V is in units of concentration mol·nm−3 , where NA is Avogadro’s
constant. Note that in the dilute limit approximation, where P0 is close to
1 (but still less than 1), equation 2.54 practically gives the same result as
KD =

P02
NA V P1
1

suggested by the law of mass action [141, 142] . Substituting

equation 2.53 into equation 2.54 results in

KD =

(M 0 − M )Γ(M 0 ) − 2Γ(γ + N )Γ(γ + Ncoh ) Ã


2NA V γΓ(γ + Ncoh )Γ(γ + N ) Ã − B̃



,

(2.55)

Ã = 2 F̃1 [−Ncoh , −N ; γ; 1] ,
0i

h

B̃ = 2 F̃1 −Ncoh , −N ; γ; 1 + e−β ,

where Γ(n) = (n − 1)! is the Gamma function and
2 F1 [a, b; c; d] /Γ(c)

2 F̃1 [a, b; c; d]

=

is the regularized hypergeometric function.

Setting N = 1, i.e., assuming the patchy-particle to be one cohesive unit
in equation 2.55 and imposing the dilute limit M 0 >> M results in

0

0

0

eβ M
eβ
eβ
KD =
=
=
,
2NA Ncoh V
2NA Ncoh vvox 2NA Ncoh

(2.56)

where the last equality results from setting vvox = 1 (in units of volume).
Hence, the KD ∝ 1/Ncoh relationship arises.
Now, the result with the simplifying assumption that a polymer and particle are bound when they are overlapping, as opposed to taking into account
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any extra requirements for being bound (i.e., the sum over m in equation 2.51),
will be derived. Similar to before, the partition function for the entire system
can be written as

Z = Z0 + Z1 ,
M/M 0
=
2


 N
M X
M0
M0 − N
+
Ncoh
M 0 n=0 Ncoh − n

!

!

!

!

N −β0 n
e
,
n

(2.57)

where the variable m is omitted. Evaluating the sums in equation 6.13
and simplifying results in



Z=

M (M



− M 0)

M0
Ncoh



0
−N
+ 2M 0 MNcoh
2 F1





h

−Ncoh

0
, −N ; γ; e−β

i

,

2M 02

(2.58)

where 2 F1 [a, b; c; d] is the Gauss hypergeometric function, and γ = 1 +
M 0 − N − Ncoh . Equation 2.58 is almost identical to equation 2.51 except the
0

0

last variable in the hypergeometric funtion is e−β rather than 1 + e−β . The
probability for binding is then given by

P1 =

  0

N
M −N
M PN
−β0 n
n=1 n Ncoh −n e
M0

(2.59)

Z

which can then be evaluated to give

P1 =

M 0 −N
−β0 − 1
Ncoh −1 2 F1 −Ncoh , −N, γ, e
 0 
 0

h
i .
−N
−β0
− M 0 ) NMcoh + 2M 0 MNcoh
2 F1 −Ncoh , −N, γ, e

2M 0 γ


Ncoh (M





h

i



(2.60)
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As before, evaluating KD = (NA V )−1 P0 /P1 (where P0 = 1 − P1 ) results in

0

KD =

0

−M )Γ(M )Γ(γ)
2 + (M
Γ(γ+N )Γ(γ+N )
coh

2NA V



h

i

.

−β − 1
2 F1 −Ncoh , −N, γ, e
0

(2.61)

Next, setting N = 1 (as before) leads to

0

eβ M
.
KD =
2NA Ncoh V

(2.62)

where the last approximation is for M >> Ncoh (true for dilute limit approximation). Hence, one obtains the same relationship as in equation 2.56.

Chapter 3

Nuclear pore polymers behave
like ideal-chains
The contents of this chapter has also been published in a peer-reviewed journal: Luke K. Davis, Ian J. Ford, Anđela S̆arić, and Bart W. Hoogenboom.
Intrinsically disordered nuclear pore proteins show ideal-polymer morphologies
and dynamics. Phys. Rev. E., 101, 022420, 2020.

3.1

Introduction

For a long time, there have been conflicting views on the dominant interactions pervading FG Nup assemblies, and these views continue to define the
interpretation of experimental data. On the one hand, repulsive interactions
have been postulated to result in entropic polymer-brush behaviour of FG
Nups [60, 62, 126]. On the other hand, cohesive (i.e., attractive) interactions
can cause FG Nups to form hydrogels in vitro [50, 53, 54]. The combined effects of repulsion, cohesion, grafting, and nanopore confinement lead to a rich
landscape of possible polymer behaviour [51, 107, 112, 114].
Recently, more nuanced views regarding FG Nup interactions have
emerged, substantiated by computational models of FG Nups at different levels of coarse graining. By defining FG Nups down to their specific amino acid
composition, such models can relate, e.g., FG Nup behaviour to their chemical
composition and can explore the effects of mutations [95, 98, 108], with the
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important caveat that the results critically depend on a large number of parameters describing the various sizes, charges, and hydrophobicities of the amino
acids. Complementarily, at a coarser (“mesoscale”) level, FG Nups have been
modelled as homogeneous polymers (homopolymers) where the electrostatic,
hydrophobic, and hydrophilic interactions are incorporated into one essential
interaction parameter [64, 116]. Remarkably, these coarser models have reproduced key functional properties of FG Nups, with and without nuclear
transport receptors, as observed in experiment [64, 116].
This strongly suggests that NPC transport functionality may be generically understood in terms of mesoscale polymer physics. These and other
studies have also indicated that FG Nup assemblies display aspects of both
entropic and cohesive physical behaviour [51, 64, 116]. Furthermore, there is
experimental evidence that isolated intrinsically disordered proteins, including
FG Nups, show properties that are close to those of “ideal” polymers [40, 143],
typically characterized by a radius of gyration scaling of RG ∝ N 1/2 , N being
the number of monomers, where repulsive and attractive interactions balance
such that the polymer behaves as if no excluded-volume or other larger-range
intramolecular interactions are present [42].
In this chapter, the ideal-polymer hypothesis is tested using experimental
data on 27 purified FG domains that are either isolated or attached to planar surfaces at physiological densities (FG Nup assemblies) [20, 37, 62–64].
Specifically, FG Nup morphologies found in experiment are compared with
computational predictions on polymer behaviour from assemblies containing
repulsive, cohesive, and ideal polymers. Importantly, how these behaviours
translate into the physical properties of polymers in a context that is relevant
to NPC transport functionality is elucidated.
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Simulation details

Molecular Dynamics (MD)
Following previous work [64, 112, 113], FG Nups are modelled as polymers
consisting of N identical beads with diameter d and bond length r0 , both set
to 0.76 nm. This choice in polymer model yielded a predicted persistence
length of the approximate size of one amino acid (0.38 nm), which agrees
with experimental data on FG Nups and other disordered polypeptide chains
[56, 144]. In addition, this choice resulted in a total excluded volume that
approaches the excluded-volume of an FG Nup (i.e., the sum of the van der
Waals volumes of its amino acids, overestimating it by ∼ 20% on average, see
Table 3.1). Bonds were implemented using a harmonic potential Ubond (r) =
1
2
2 k(r − r0 )

with a spring constant k = 500 kB T /nm2 where r is the distance

between the centres of two beads.
To capture excluded-volume effects between amino acids and the cohesion arising from attractive –mainly hydrophobic– interactions, a combined
(piecewise) pair potential between polymer beads was implemented. In this
combined approach excluded-volume and cohesive interactions were modelled
by separate pair potentials so that they can be changed independently. The
excluded-volume interaction is the Weeks-Chandler-Andersen (WCA) potential given by

Uvol (r) =


 


12  σ 6

σ

4LJ
− r
+ LJ ,
r

r ≤ d,




0,

d < r,

(3.1)

1

where LJ = 500 kB T is the interaction strength and σ = 2− 6 d; the addition
of LJ to the potential ensured that Uvol (r = d) = 0.0 kB T . The cohesive
interaction is based on an infinitely ranged attractive pair potential

U (r) =




0,

r < d,
pp exp



−



d−r
λ



d ≤ r,

(3.2)
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where pp is the cohesion strength and λ is the decay length [112, 145] which
was set to λ = 0.76 nm. No two beads interact beyond the chosen cutoff distance rc = 1.52 nm, as it is not computationally feasible to have an infinitelyranged potential in MD. In order to ensure the continuity of the pair potential
at rc , the potential given by equation 3.2 was truncated and shifted using
Uatt (r) = U (r) − U (r = rc ) −



dU (r)
dr


r=rc

(r − rc ) [130] where Uatt (r) is the re-

sulting cohesive pair potential given by

pp
r
Uatt (r) = −
exp 1 −
A
d






r(r − rc )
1
1−
− ,
rd
e




(3.3)

where e is Euler’s number and A = 1 + (d/l)2 − 1/e, where l = 1.0 nm is the
unit of length. This ensured that the minimum of Uatt (r = d) = pp . Thus, the
total bead-bead pair potential, Upp (r), with well depth pp is then given as





Uvol (r) − pp ,





Upp (r) = Uatt (r),







0,

r < d,
d ≤ r < rc ,

(3.4)

rc ≤ r,

where the minimum of Uvol (r) is bought down to pp to ensure continuity at
r = d (Figure 3.1a).
MD simulations were performed according to Chapter 2 using the LAMMPS
package (2016) [132].

Specifically, the polymer system was subjected to

Langevin dynamics at a constant temperature, T , by implementing the NVE
(constant number of beads N, constant volume V, constant total energy E)
time integration algorithm in combination with a Langevin thermostat. The
simulations were performed with dimensionless parameters with T = 1 and
γ = 1, where γ is the friction coefficient, and a simulation timestep of δt = 0.002.
At least 8 × 106 timestpes were used to equilibrate the simulations, where equilibration was verified by inspection of the radius of gyration.
To simulate an isolated polymer in the solvent the first bead was initially
placed at the origin of a box, with side length 600 nm with periodic boundary
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Figure 3.1: Defining and quantifying the interactions between polymer beads.
a) Plot of the total pair potential energy, Upp (r), between two polymer beads,
with a diameter of 0.76 nm, at a centre-to-centre distance r, shown for various cohesion strengths pp . b) The dissociation constant KD between two
individual polymer beads as a function of pp , for three choices of the dimerization cut-off: the maximum inter-particle separation at which two beads are
considered a dimer. For all choices of the dimerization cut-off, the number of
simulation trajectories containing dimers was > 2000.
conditions. For these simulations a polymer started in an extended conformation where beads formed a straight line.
To simulate a polymer film, initially the first bead of each polymer was
fixed to a specific point, r⊥ = (x⊥ , y⊥ , z⊥ = 0.0 nm), on a triangular lattice
in the x − y plane, where {x⊥ , y⊥ } represents a unique (for each polymer)
vertex on the lattice. To approximate infinite extension in the {x, y} directions
periodic boundary conditions were imposed. The hardness of the surface is
implemented through a bead-surface interaction given by

Usur (∆r⊥ ) =



12 
6 


σ
σ

4LJ
− ∆r
+ LJ ,
∆r

∆r⊥ < d,




0,

∆r⊥ ≥ d,

⊥

⊥

(3.5)

where ∆r⊥ is the distance between a bead to the nearest point on the surface
passing through the grafting points. Polymers were grafted onto the surface
at a density of 3.3 polymers per 100 nm2 , which is in the range of the grafting
density of a yeast NPC that is thought to be 3.1 to 4.1 polymers per 100 nm2
(i.e. 5.2 - 6.9 pmol per cm2 ) [64]. The surface area was set to 545 nm2 and 18
polymers were used. In order to speed up the equilibration process the initial
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condition was generated using a short MD simulation where polymer beads
were attracted to the surface.
Model parameterization. To set the cohesion strength pp for polymers with lengths corresponding to FG Nups (Table 3.1) we performed MD
simulations of single polymers with pp = (0.0, 0.2, 0.4, 0.6, 0.8, 1.0) kB T . We
computed the ensemble averaged Stokes radius RS , the radius of a sphere that
has the same diffusion coefficient as the polymer, from simulations run for
68 µs, using the HYDRO++ program (version 10) [146] assuming a temperature of 20.0 ℃, a solvent viscosity of 0.01 gcm−1 s−1 , and solution density of
1.0 g/cm3 . In order to find the pp for a particular FG Nup in this model, we
interpolated the calculated Stokes radii as a function of pp and solved for the
pp that yielded the experimental Stokes radius.
Model validation. To validate the parameterized model polymer films
at cohesion strengths pp =( 0.0, 0.2, 0.4, 0.6, 0.8, 1.0) kB T were simulated
and the model film thickness predictions were made by numerically solving
R zκ
0

ρ(z)dz/

R∞
0

ρ(z)dz = κ, where κ is the chosen fraction of beads and zκ is

the distance above the surface that contains κNp N beads. The film thickness
is calculated with κ = 0.95 ± 0.05, similar to previous comparisons between
computational and experimental data [64]. The max height used for the density
profile was 250 nm with 0.5 nm/bin for the histogramming. To obtain the film
thickness at the NPC grafting density from the experimental data, the datasets
were fitted, for a range of grafting densities, to a function Z(D) = ADB , where
Z is the thickness, D is the grafting distance between polymers, and {A, B} are
fitting parameters. It was assumed that the average film thickness goes to zero
for D  1 nm. The experimental film thickness at the NPC grafting distance
is then defined as Z(DH ) where DH =

r

1.15·103
6g

is the grafting distance, g =

5.4 pmol/cm2 is the approximate NPC grafting density, and the numerical
factors convert g to a grafting distance on a triangular lattice in units of nm.
Calculating the file compressibility. To quantitatively compare polymer film and pore assemblies, a measure of bead compaction that could be
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implemented in the same way irrespective of geometry was utilized. The measure is the file compressibilty quantity which represents how much a data file
containing bead coordinates can be losslessly compressed [147]. To compute
the file compressibility the minimum volume of a box, V0 , that contained all
polymer beads in a system with pp = 0.0 kB T had to be calculated first. V0
was then discretized into cubes with side length l = 0.76 nm. For a simulation
run at a certain pp , every 0.34 µs the simulation box was raster scanned to
check if a cube was inside a bead (= 1) or not (= 0), and a file was generated containing all the states of the cubes. These files were then losslessly
compressed using the bzip2 facility [148] and the average of the file sizes,
%ave (pp ), were computed. The file compressibility parameter was defined as
% = (%ave (pp ) − %min )/(%ave (0.0) − %min ), where %min is a reference compressed
file size of a maximally ordered file containing a sequence of 0s only. For all
cases the total number of characters in the uncompressed state file was V0 /l3 .
Calculating mass density. To compute the mass density, ρ0 , in units
of mg/ml in the polymer film assemblies the following formula was used

ρ

0

 R

Z
2
ρ(z)dz
0
 B,
=

(3.6)

ZA2

where Z is the height (nm) above the grafting surface containing 95%
of the polymer beads, A is the area (nm2 ) of the grafting surface, and B
= 110 × 1.6605 × 10−27 × 1024 × 103 = 182.655 is a constant containing unit
conversions and the average molecular weight of one amino acid (110 Da).
Calculating the second virial coefficient.

Consider two beads,

treated as weakly attractive (pp ≤ kB T ) hard spheres, interacting with a pair
potential given by equation 3.4. The second virial coefficient per bead, B2 (pp ),
is given as


B2 (pp ) = 2π b +
≈ 2π b +

Z rc
r0

Z rc
r0



r2 (1 − exp (−Uatt (r)/kB T )) dr ,
r

2 Uatt (r)

kB T

!

dr ,

(3.7)
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where b = r03 /3, r0 = d is the contact distance between two beads, and rc is the
cut-off of the attractive potential (= ∞ for infinite ranged potentials) [149].
The second virial coefficient per polymer is calculated as N B2 (pp ), where N
is the number of beads in one polymer.

Intentionally left blank

Protein
volume (nm3 )
9.1
15.3
15.3
15.2
19.3
19.4
20.7
18.5
18.4
20.5
21.7
22.3
24.8
23.8
27.9
27.8
36.7
40.9
40.6
45.1
44.7
48.9
57.0
55.7
54.9
57.4
72.1
a

Polymer
volume (nm3 )
10.8
17.0
17.2
19.7
21.72
21.8
22.4
24.3
24.6
27.5
27.7
29.2
31.9
32.3
32.3
36.4
43.0
49.4
50.6
56.9
57.1
63.2
66.3
69.1
69.9
70.4
82.6
b

C/H
ratio c
1.31
1.27
0.95
0.08
1.0
0.89
1.35
0.14
0.13
0.03
0.14
0.14
0.14
0.14
1.4
0.0
1.1
1.22
0.69
0.2
0.2
0.11
1.08
0.5
0.11
0.93
1.11

Single polymer
RS (nm) pp (kT)
2.68
0.50
4.4
-d
3.13
0.47
2.71
0.69
3.66
0.42
2.98
0.60
3.91
0.36
2.84
0.72
2.69
0.93
3.7
0.49
2.82
0.85
3.19
0.61
3.24
0.63
3.4
0.60
4.3
0.42
5.98
0.15
6.53
0.19
5.54
0.40
5.6
0.40
4.65
0.50
6.79
0.38
5.1
0.48
4.87
0.49
7.9
0.28

Polymer film
Source
Thickness (nm) pp (kT)
[20]
5.68
0.54
[63]
[20]
[20]
[20]
[20]
[20]
[20]
[20]
4.62
0.91
[62]
[20]
[20]
[20]
2.64
1.10
[62]
9.03
0.47
[63]
11.01
0.44
[64]
[20]
[20]
[20]
16.22
0.41
[64]
5.24
0.72
[62]
[20]
[20]
10.31
0.50
[62]
[20]
27.09
0.34
[64]
[37]

b Sum

of Van der Waals volumes for each specific amino acid [150].
of bead volumes. A diameter of 0.76 nm is used for all calculations.
c Based on the same amino acid classification as used in [20].
d Experimental Stokes radius is slightly overestimated due to polydispersity [63].

a Sum

Table 3.1: Characterisation, and experimental dimensions (Stokes radius RS and film thickness), of the resulting cohesion
strengths (pp , from MD) for all FG Nups used in this work.

No. of
amino acids
Nsp1
95
Nsp1p-5FF
150
Nup60
151
Nsp1n
172
Nup100s
190
Nup145Ns
191
Nup116s
196
Nup42
212
Nup49
215
Nup62
240
Nup145N
242
Nup57
255
Nup1c
279
Nup214
282
Nsp1p-12FF
283
Reg-FSFG
315
Nup2
376
Nsp1m
431
Nup159
441
Nup98-Glyco
496
Nup98
498
Nup116m
551
Nup1m
578
Nup153
602
Nup100n
609
Nsp1
615
Nup2p
720

FG Nup
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Density Functional Theory (DFT)
To investigate the equilibrium properties of planar assemblies of FG Nups a
1D version of DFT was formulated (based on Chapter 2), this version consists of polymers grafted onto a flat surface that has infinite extension. The
determining coordinate was therefore the height z above the grafting surface.
In this formulation the total intrinsic free energy is given as F = Fid +
{Fvol + Fatt + Fsur + Fmf }, where Fid is the free energy functional describing a chain of N non-interacting point-like beads in a mean field w(z), and
excess terms representing excluded-volume, attractive, surface, and compensating mean field interactions respectively. Fid is defined by the Hamiltonian
H0 =

N
−1
X

h(ri+1 , ri ) + kB T

i=0

N
X

w(zi ),

(3.8)

i=1

where h is a function (and r is the magnitude of bead separation) that imposes
a rigid bond length of r0 between beads in a chain.
Fvol is the free energy functional imposing the excluded volume interactions between beads. To impose the excluded volume interactions, fundamental
measure theory is used such that
Fvol =

Z

(φwb + φch ) dz,

(3.9)

where φwb is the white bear functional (see equation 2.18) and φch is the chain
connectivity functional (see equation 2.19). The sets of the 1D scalar {nα }
and vector {nα } weighted densities are respectively are given by
nα (z) =

Z

ρ(z 0 )ωα (z − z 0 )dz,

α = 0, 1, 2, 3,

(3.10a)

nα (z) =

Z

ρ(z 0 )ω α (z − z 0 )dz,

α = 1, 2,

(3.10b)

where ρ(z) is the one dimensional number density, ωα and ω α are the 1D
geometrical weight functions of a sphere [151] given as w2 (z) = 2πRΘ(R − |z|),
w2 (z) = 2πzez Θ(R − |z|), w3 (z) = π(R2 − z 2 )Θ(R − |z|), w1 (z) = w2 (z)/(4πR),
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w1 (z) = w2 (z)/(4πR), w0 (z) = w2 (z)/(4πR2 ), where ez is a unit vector, R is
the particle radius, and Θ(. . .) is the Heaviside function.
The cohesive term in the free energy, Fatt , is given by
βZ Z
⊥
(z − z 0 )dzdz 0 ,
ρ(z 0 )ρ(z)Uatt
2

Fatt =

⊥ (z) =
where β = 1/kB T and Uatt

R∞ R∞

−∞ −∞ Uatt (r)dxdy

(3.11)

(integrated over an infi-

nite grafting area) with r being the magnitude of vector separation between
beads, and Uatt is given by equation 3.3.
The free energy term representing the interactions between beads and the
surface is given as
Fsur = β

Z

ρ(z)Usur (z)dz,

(3.12)

with Usur as given as

Usur (z) =


 
 6 


σ 12
σ

4LJ
−
+ LJ ,
z
z

z < d,




0,

z ≥ d,

(3.13)

where σ = 2−1/6 d. The mean field energy, Fmf , is the dimensionless free energy
term that compensates for the introduction of a mean field and is given as
Fmf =

Z

w(z)ρ(z)dz,

(3.14)

To incorporate a number of polymers, Np , one multiplies F0 by Np and interprets ρ(z) as the number density of Np N beads. To compute ρ(z) required the
solution of the 1D diffusion equation for a random walk with contour length
N r0 in the presence of an external field w(z) (see equation 2.32 ) [112]. w(z)
is optimized through a discrete update rule
wn+1 (zj ) = wn (zj ) + ∆t(−wn (zj ) + µn (zj )
+β

M
X
i

⊥
ρn (zi )Uatt
(zi − zj )∆z + βUsur (zj )),

(3.15)
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where n is an index representing the current iteration, ∆t is the update
timestep, {i, j} are labels denoting discrete space, µ is the functional derivative of Fvol with respect to ρ(z), and M is the total number of discrete spatial
points (along the z axis). To ensure the stability of the update rule the following parameters were used: M = 1024 and ∆z = zmax /M (zmax = 100 nm
so that polymer beads were well within the spatial domain), ∆t= 0.001, and
the initial mean field was set to zero for all z. Convergence was obtained when
wn+1 (zj ) − wn (zj ) ≤ 10−7 for all j.

3.3

Results

FG Nups are modelled as freely jointed polymers consisting of N identical
beads where one bead represents two amino acids (Figure 3.2a). FG Nup
excluded-volume (repulsive) and cohesive interactions are modelled through a
short-ranged pair potential (equation 3.4) with a minimum value of pp , which
is a measure of the cohesion strength between polymer beads. Thus defined,
pp is a phenomenological parameter capturing the general cohesive properties
of FG Nups arising from the different attractive interactions between the amino
acids. The attractive interactions explored here are generally weak, with an
approximate dissociation constant KD ∼ 0.1 M between two beads, as here
found for 0.0 kB T ≤ pp ≤ 1.0 kB T (see Figure 3.1b).
Using an approach previously reported in the literature [94], the physiologically relevant pp was determined by calculating hydrodynamic (Stokes)
radii of specific FG constructs using MD simulations, and by comparing these
with experimental data [20, 37, 62, 63] (see Table 3.1 for FG Nups used and
resulting pp values).
Qualitatively, at pp = 0.0 kB T (no cohesion) a polymer is in a swollen
state; for 0.0 < pp < 1.0 kB T polymers adopt morphologies that become increasingly compact with increasing pp ; and at pp = 1.0 kB T (“high cohesion”) a polymer forms a tight ball-like morphology (Figure 3.2b). When all
bead-bead interactions are nullified (ideal polymer), the polymer sizes lie –
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Figure 3.2: Parametrization of the polymer model by comparison with experimental Stokes radii [20, 37, 62, 63]. a) Illustration of the polymer model
(MD). b) MD snapshots of a polymer (N = 300 beads) as a function of pp ,
alongside an ideal polymer. c) Experimental Stokes radii (circles) plotted
against FG Nup sequence lengths (see Table 3.1), compared with MD data
(diamonds) alongside power law fits of the simulation data (solid and dashed
lines).
as expected – between the predictions for polymers with no cohesion (only
excluded-volume) and high cohesion (with excluded-volume).
The average of the single-polymer parametrized pp values (see Table 3.1)
yields hpp iF G = 0.5 ± 0.2 kB T (mean ± standard deviation, see Figure 3.2c).
Remarkably the experimental data points for polymers with cohesion strength
hpp iF G coincide with the data from ideal polymer simulations (Figure 3.2c).
This is a manifestation of polymer behaviour that typically occurs at Θ-point
conditions [42]. Comparing the simulations for hpp iF G with those for ideal
polymers, one finds similar scaling exponents for Stokes radii (Table 3.2) that
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are slightly less than the scaling exponents for RG , as is known for finite length
polymers [152].
Interaction
regime
pp = 0.0 kB T
pp = hpp iF G
pp = 1.0 kB T
Ideal
Experiment

RS = A0 (NAA )ν
RG = A0 (NAA )ν
A0 (nm)
ν
A0 (nm)
ν
0.26 ± 0.02 0.55 ± 0.01 0.22 ± 0.05 0.61 ± 0.03
0.47 ± 0.04 0.38 ± 0.02 0.4 ± 0.1 0.38 ± 0.04
0.63 ± 0.05 0.27 ± 0.01 0.54 ± 0.05 0.24 ± 0.02
0.35 ± 0.03 0.42 ± 0.01 0.25 ± 0.04 0.48 ± 0.03
0.2 ± 0.3
0.5 ± 0.2
-

Table 3.2: Fitting parameters {A0 , ν} for RS and RG using a power law fit
to MD simulation data for different values of pp and for ideal polymers, as well
as to the experimental data. Here, NAA is the number of amino acids. Note
that the obtained values of the scaling exponent ν do depend on the choice
of A0 (here left as a free fitting parameter). The uncertainties represent 95%
confidence intervals.
Importantly, the match between the mean FG Nup behaviour – with
hpp iF G – and ideal polymer behaviour is robust against the choice of coarsegraining. Using a model (with a bead size of 0.57 nm) with lower estimates
of the protein volume and persistence length of FG Nups, one finds a smaller
hpp iF G = 0.26 ± 0.06 kB T , yet for this hpp iF G there remains an excellent
match with the ideal polymer prediction (Figure 3.3). Generally, to match
the experimental data, the FG Nup swelling due to excluded-volume interactions (Figure 3.2b) needs to be counteracted by intramolecular cohesion.
As a consequence, overestimates of protein volume, and hence of excludedvolume, led to larger pp values in the comparisons with the experimental data.
FG Nup domains with higher charged/polar content appear more extended
[20], which in our analysis translates into smaller pp values. Specifically, the
coarse-grained model using a bead size of 0.76 nm generally overestimated the
total volumes of the FG Nups (sum of Van der Waals volumes of the amino
acids) (Figure 3.4a)), and this overestimation was positively correlated with the
charged/hydrophobic ratio of those sequences (Figure 3.4b). Next, it was found
that the cohesion strength pp , as calculated to match the dimensions of the FG
Nups, negatively correlated with both the ratio of the Van der Waals volumes
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Figure 3.3: Further quantification of single-molecule morphologies. a) Comparing the Stokes radii RS to the radius of gyration RG for various interaction
regimes as calculated from MD simulations of polymers with a bead diameter
of 0.76 nm. b) Comparing Stokes radii from MD simulations to experiments,
as in Figure 3.2c but here using a bead diameter of 0.57 nm, i.e., a polymer
with a predicted persistence length smaller than that for FG Nups (0.29 nm)
and with an excluded volume that underestimates that of FG Nups by ≈ 30%.
The beads interacted through an attractive pair potential, as given in equation 3.3, with d=0.57 nm and with a cut-off range rc = 1.52 nm. In this model
hpp iF G = 0.21 ± 0.06 kB T . As for the model discussed in the main text, the
behaviour for this hpp iF G closely matched the predictions for ideal polymers.

to the polymer volume calculated in simulations and the charged/hydrophobic
ratio (Figure 3.4c,d). Thus, the ratio of experimental Stokes radius to that
calculated from a polymer at the mean cohesion strength showed similar dependence on the volume overestimation and the charged/hydrophobic ratio
(Figure 3.4e,f). Therefore an alternative explanation of the greater extension
of FG Nups with greater number of charged amino acids could be based on
the larger excluded volume of these specific domains, i.e., without needing to
take into account explicit electrostatic interactions. This suggests that the
attractive and repulsive effects of various numbers of hydrophobic, charged,
and hydrophilic amino acid regions, defining the heteropolymer nature of FG
Nups [20] can be suitably captured in the homopolymer model with varying
values of one cohesion interaction parameter.
The hypothesis that FG Nups behave similarly to ideal-polymers is, in
addition to the single-molecule analysis, tested against experimental data on
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FG Nups that are attached, at physiological densities, to a planar surface
(polymer film) [62–64] (see Figures 3.5 and 3.6). In order to make a comparison
between the experimental data and the theoretical model, film thicknesses
corresponding to a grafting density of ≈ 3.2 polymers/100nm2 were extracted
from the experimental data (Figure 3.5).
As was similarly shown for single polymers, increasing the cohesion
strength from pp = 0.0 kB T to pp = 1.0 kB T causes the polymers to condense, in this case towards the attachment points (Figure 3.6a). MD simulations for the mean cohesion strength hpp iF G = 0.5 ± 0.2 kB T yielded FG Nup
film thicknesses (Figure 3.6b, green shading) that are in agreement with the
experimental data, with the exception of three data points. One data point
(Nup214, blue symbol, 282 amino acids) has a film thickness that is less than
the experimental Stokes radius and another data point (Nup62, blue symbol,
240) has a resulting pp that is almost double its pp from the single-molecule
parameterization, putting into question the assumption of lateral homogeneity
that underpins the experimental analysis for those source data [62], and the
third anomalous data point is for non-glycosylated Nup98 (blue symbol, ≈ 500
amino acids) [62] for which the – physiologically relevant – glycosylated version
(Nup98-Glyco, black symbol, ≈ 500 amino acids) yields a three times higher
film thickness [64]. With these three exceptions, experimental and computational data for hpp iF G again show close agreement with the predictions for
ideal polymers.
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Figure 3.4: Effects of excluded volume and ratio of charged/hydrophobic
residues in the model. a) Ratio of FG Nup volume, sum of the Van der
Waals volumes of the amino acids, to the model polymer volume (sum of bead
volumes) Vbreal /Vbmodel as a function of sequence length. b) This Vbreal /Vbmodel
is here shown to correlate with the ratio of charged to hydrophobic amino acids
in these sequences, classified in line with previous work [20]. c) When Vbreal is
larger compared with Vbmodel , a smaller pp is found. d) A similar dependence
is found as a function of the charged/hydrophobic ratio of the FG Nups. e,f)
Ratio of the experimental Stokes radii and the Stokes radii predicted for hpp i,
as a function of Vbreal /Vbmodel (e) and of the charged/hydrophobic ratio (f).
The solid lines are linear fits, and the grey shadings are the corresponding
95% mean prediction bands.
It was then investigated how the functionally relevant properties in a polymer film assembly, containing one type of FG Nup (N = 300 beads), depend
on changes in the molecular interactions. Firstly in the pp range relevant for
FG Nups, it is observed that the computed film thickness (Figure 3.6c) shows a
steep change (≈ 4 − 5 fold decrease in thickness) from a swollen polymer film to
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Figure 3.5: Interpolation of the experimental data from FG Nup films, to
estimate the film thickness for a grafting distance/density that corresponds to
the NPC (3.2 polymers/100 nm2 , or 5.4 pmol/cm2 ). Data were fitted with a
power law, with 95% mean prediction bands (green shading).
a compact film. This is confirmed by other measures of film compaction, such
as the file compressibility and mass density, where the file compressibility has
been used to quantify order in non-equilibrium and equilibrium many-body
systems [147, 153]. The file compressibility is the ratio of the losslessly compressed size (in Bytes) of a file containing the MD bead coordinates divided by
the losslessly compressed size (in Bytes) for a non-cohesive reference system
(pp = 0.0 kB T ), and the mass density is calculated by converting the units
of number density within the film thickness to mg/ml assuming a molecular
weight of 220 Da for a polymer bead (see Simulation details). Both the film
thickness and file compressibility hardly change for pp > 1.0 kB T , due to the
intense packing of the polymer beads (see also Figure 3.6a). The mass density
of the FG Nups, in the relevant pp range, is consistent with the FG Nup mass
density in the NPC (∼ 100 − 300 mg/ml), as previously estimated using simulations which model the geometry of the nuclear pore scaffold, and the FG
Nups down to the amino acid level [97].
To complement the previous analysis using MD simulations, classical density functional theory (DFT) is utilized to further probe the equilibrium molec-
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Figure 3.6: Comparing the parameterized polymer model with planar assemblies of FG Nups. a) MD snapshots of polymers (N = 300 beads) grafted
onto a surface (at a density of 3.2 polymers/100 nm2 ) for various interaction regimes. b) Experimental film thicknesses (circles) plotted against
FG Nup sequence lengths. MD simulation data (diamonds) are shown for
pp = {0.0, hpp iF G , 1.0} kB T alongside ideal polymer data. c) Measures of
compaction as a function of pp (MD, see main text). The mass density range,
from a simulated NPC, is shown in orange shading [97].
ular interactions within a polymer film assembly. In DFT FG Nups of the same
type are described as ideal-polymer chains interacting with a mean field that
is optimized to best represent the net effect of excluded-volume, cohesion, and
attachment of the FG Nups to a planar surface [112]. With an equivalent polymer model, DFT yields film thicknesses that are in good agreement with the
MD simulations (Figure 3.7), and allows us to quantify the effect of molecular
interactions via the mean field per polymer in the film (mean interaction field)
(Figure 3.8). For low cohesion strengths the mean interaction field is positive
and has a parabolic dependence on the height from the surface z, similar to
a potential barrier, and for higher cohesion strengths the mean interaction
field is negative and has a potential well shape. One inteprets the sign of the
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Figure 3.7: Benchmarking DFT against MD film data for the thickness of
FG Nup films, as a function of cohesion strength pp . The bands denote a
tolerance of ±5% of the total number of beads. DFT thicknesses at pp > 0.8
kB T were unavailable for N = 250 and 300 beads, since the dense packing
complicated the convergence of the DFT calculations.
mean field per polymer as the prevalence of either repulsive interactions (positive sign) or attractive interactions (negative sign) at a particular z, with the
zero-crossing representing the Θ-point (balancing of repulsive and attractive
interactions).
By integrating the mean interaction field over all space and multiplying
by kB T leads to the mean field energy, which goes from positive to negative
values upon an increase in pp (see Figure 3.9a), due to the accumulation
of cohesive interactions. By varying the grafting density, from a sparse film
to a densely grafted film, the mean field energy changes magnitude where
more dense packing generally increases the excluded volume interactions and
the cohesive interactions (as due to the increased concentration of available
binders). Naturally, this effect is reproduced by varying the chain length N
(Figure 3.9b). Overall, the ideal polymer behaviour, where excluded-volume
and cohesion balance out, is neatly articulated via the zero-crossings of the
mean field energy in DFT and of the second virial coefficient calculated from
the interaction pair potential, in the relevant range of pp (Figure 3.9 a,b, and
c).
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Figure 3.8: DFT equilibrium mean fields w(z) for polymer films comprising
polymers at various cohesion strengths pp . We show the mean fields just
above the grafting plane . The mean field energy per polymer follows by the
integration (over z) of w(z)ρ(z), divided by the number of polymers Np and
multiplied by kB T (see equation 3.14).
The DFT results here shown for the polymer film assemblies thus further
highlight the overall balance between repulsive interactions, that tend to cause
extension/expansion of the FG Nups, and of attractive interactions, that lead
to the compaction of FG Nups (Figure 3.9d).

3.4

Conclusion

In conclusion, the single polymer and polymer film investigations reveal that
FG Nup morphologies do not agree with predictions for purely entropic behaviour, dominated by (repulsive) excluded-volume interactions, nor with
predictions for gel-like, strongly condensed behaviour governed by (attractive) cohesive interactions.

This is fully consistent with previous studies

[40, 51, 64, 116]. More surprisingly, one finds that, on average, FG Nup morphologies are consistent with the predictions for polymers that are characterized by the balance of repulsive and cohesive molecular interactions, i.e., the
FG Nups on average behave like ideal polymer chains, that are at or close to
their Θ-point in physiological buffer solutions.
The success of the minimal modelling approach used here, which was able
to unify and describe data from various independent experiments containing
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Figure 3.9: Planar assemblies of FG Nups adopt morphologies that balance
excluded-volume and cohesive interactions analysed by DFT. a) The mean
field energy (see Equation 3.14, multiplied by kB T ) divided by the number
of polymers as a function of pp for a range of grafting densities (N = 300
beads). b) Same as (a) but for various polymer lengths and for a physiological
grafting density of 3.2 polymers per 100 nm2 . c) The second virial coefficient
per polymer (not per bead) as a function of pp calculated from the bead-bead
pair potential. d) An illustration of the balance between excluded-volume and
cohesive interactions for FG Nups.
different types of FG Nups that are either isolated or grafted in numbers onto a
planar surface, suggests that the governing physics behind FG Nup behaviour
can be understood in terms of relatively well-known polymer physics. The
exploration of this physics was achieved by approximating the FG Nups as
homopolymers, reducing the large parameter spaces that are typical of allatom or amino-acid level models to just a couple of interaction parameters
that encapsulate the appropriate molecular interactions. This has facilitated a
mapping of FG Nup properties onto the generic framework of polymer physics.
Taken together, this physical picture reconciles previous – apparently contradictory – identifications of FG Nup assemblies as “entropic brushes” or
“gels”, and provides a minimal conceptual framework with which to interpret
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the transport selectivity of the NPC.
The results so far have referred to isolated FG Nups and FG Nups grafted
in planar assemblies, as these are commonly used and well controlled in vitro
systems to study their properties. To better approximate the actual geometry
of the NPC, in the next chapter, the effects of confining the FG Nups to a
nanopore environment are explored using the same minimal approach that
was developed and outlined in this chapter.
.

Chapter 4

Nanopore confinement of
nuclear pore polymers
Several results in this chapter have also been published in peer-reviewed journals; (1) P.D. Ellis Fisher, Q. Shen, B. Akpinar, L. K. Davis, K. K. H.
Chung, D. Baddeley, A. S̆arić, T. J. Melia, B. W. Hoogenboom, C. Lin, and
C. P. Lusk,. A Programmable DNA Origami Platform for Organizing Intrinsically Disordered Nucleoporins within Nanopore Confinement. ACS Nano,
12, 2, 1508-1518, 2018, and (2) Luke K. Davis, Ian J. Ford, Anđela S̆arić,
and Bart W. Hoogenboom. Intrinsically disordered nuclear pore proteins show
ideal-polymer morphologies and dynamics. Phys. Rev. E., 101, 022420, 2020.
The experimental data presented in this chapter was generated and analysed by collaborators at Yale university (Patrick D. Ellis Fisher, Qi Shen)
and a colleague in the Hoogenboom lab (Bernice Akpinar). I performed and
analysed the coarse-grained molecular dynamics simulations.

4.1

Introduction

The previous chapter concerned the physical properties of single, isolated,
FG Nup sequences and those attached to planar surfaces (polymer films) using minimal polymer models. Such investigations are helpful in establishing
generic physical properties of FG Nups, e.g., that they can be suitably treated
as Θ-point (close to “ideal”) polymer chains. However, it remains to be es-
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tablished how these properties translate to FG Nups that are grafted in the
approximately cylindrical geometry of the NPC. Specifically, there is not a
general consensus on how FG Nups spatially organize within nanopore confinements that mimic the NPC inner channel, on how cylindrical attachment
– along with overall density and stoichometry – affects this spatial organization, and on how the resulting morphologies depend on the type of FG Nup
(as different types of FG Nups reside in the NPC [154]). Inspired by previous
successes of polymer models in describing FG Nup behaviour in polymer film
asesemblies [64, 116], I next aimed to address the questions above by applying
similar polymer models to FG Nups grafted in a pore geometry.
Such an investigation is also motivated by previous experiments on in-vitro
solid-state nanopores that are typically covered in one type of FG Nup and, encouragingly, have reproduced salient features of NPC transport [72, 73, 75]. In
such experiments, FG Nup behaviour can be inferred from permeability measurements of ions and other small molecules that travel through the nanopores.
However, previous experimental setups could not precisely control the attachments of the FG Nups and thus resulting in a large uncertainty regarding FG
Nup densities and their geometrical arrangement. These aspects appear to be
particularly important to the overall behaviour of the FG Nups, as physical
modelling approaches have predicted qualitatively different behaviours dependent on the exact geometry housing the FG Nups [112, 114].
Recently, DNA technology [155] (specifically DNA origami) approaches,
that enables the control over the folding of a long single-stranded DNA (ssDNA) into a pre-designed shape [156, 157], have led to the developments of
DNA origami nanopores that can allow for precise control over the anchoring
of FG Nups in an NPC mimicking nanochannel [76, 77]. These advancements
thus facilitate more specific investigations regarding the effects of grafting and
packing of FG Nups, in a physical environment that more closely resembles
the NPC.
As a case in point, DNA origami nanopores known as “NuPODs”
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Figure 4.1: (Left) Illustration of the DNA origami nanopores known as
NuPODs, with FG Nups (dark green) attached to DNA handles (light green),
shown here attached to a supported lipid bilayer (light blue). (Right) Diagram
showing the dimensions of the DNA origami scaffold of the NuPOD, showing
also the FG Nups (dark green), MBP (dark grey), and DNA handles (red).
Image courtesy of Adrian Hodel, Bernice Akpinar, and Patrick Fisher.
(Nucleoporins Organized on DNA) provide a solid foundation for physical
modelling approaches (see Figure 4.1 (left)) [76]. With an inner diameter of
46 nm and a height of 14 nm the NuPOD cylinder mimics the native ∼ 40 nm
NPC channel [10] (Figure 4.1 (right)). Within the cylinder are 16 DNA double helices and 21-nucleotide ssDNA handles (DNA handles for short) that
protrude inwards from the inner wall in up to four layers, providing attachment points for the FG Nups. The 7 nm long DNA handles are flexible, but
much less so than a typical FG Nup, and are able to rotate around their anchor points located on the surface of the inner DNA origami scaffold. Thus,
the effective diameter of the FG Nup attachment points inside the NuPOD is
between 32-46 nm.
Most of the NuPOD cylinders satisfy the 8-fold symmetry of the NPC
through the anchoring of 8, 16, 24, or 32 DNA handles arranged in 1, 2, 3, and
4 layers of 8, respectively. To accommodate up to 48 FG Nups (the number
of Nsp1 in the NPC of budding yeast)[21], the NuPOD could be configured
– within the constraints of the scaffold strand length – to have 12 DNA handles per layer. The 48-handle cylinder has an FG Nup grafting density of
∼ 0.03 nm−2 , being comparable to previous studies of FG Nup polymer film
assemblies [51, 58, 60, 62, 64] and can house physiologically relevant concen-
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trations of FG motifs (100-200 mM) [158–160].
Thus, using the NuPOD system as an experimental “test” system, this
chapter explores the morphological and dynamical effects of confining FG Nups
in cylindrical pores using a minimal polymer model. Additionally, the conclusions of the previous chapter, that FG Nups can be suitably described as
Θ-point polymer chains, are further tested and explored.

4.2

Simulation details

MD simulations were performed according to Chapter 2 using a combination of
an NVE (constant number of particles N, constant volume V, constant energy
E) time integration algorithm and a Langevin thermostat, with the LAMMPS
package (version 5 Nov 2016) [132].

a)

b)

Figure 4.2: Snapshots of MD equivalent coarse-grained DNA NuPOD cylinders. a) Snapshots of the inner grafting NuPOD (x48) system with the coarsegrained DNA origami scaffold (dark grey) and the coarse-grained DNA polymer
(FG Nup) attachment handles (red) that are anchored to the scaffold (purple).
b) The same as (a) but for the outside grafting NuPOD (x48) system. Each
snapshot is accompanied with a scale bar representing 10 nm.
The DNA origami ring was modeled as an open cylinder comprised of
neighboring spheres with diameter = 2.0 nm and arranged as to mimic the experimental setup, with the sphere centers positioned along a cylinder of radius
23.9 nm and height 9.0 nm, and of a radius of 29.9 nm and height 11.5 nm
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for the inside and outside grafted NuPODs, respectively (see Figure 4.2). The
cylinder was kept fixed (relative to the origin) throughout the simulation and
was excluded from the integration scheme. The DNA handles were modelled
as stiff chains of beads with diameter = 2.2 nm, connected by stiff harmonic
springs (stiffness 500 kB T /nm2 ) and angular potential (stiffness 500 kB T /rad2 ,
where rad is 1 radian) between nearest neighbors. The handles were kept fixed
at one end at specific points along the inner cylindrical wall, as defined by
the respective NuPOD configurations, and were free to rotates around that
anchor.
As was done previously, FG Nups were modelled as flexible homopolymer
chains consisting of N beads connected by stiff harmonic springs, where each
bead corresponded to two amino acids (bead diameter = 0.76 nm), a choice
that yielded the correct persistence length of the FG Nups. Individual FG
Nup polymers had one bead (1st bead) that was attached to the tip of a DNA
handle via a stiff harmonic spring. Maltose-binding protein (MBP), that was
used in the NuPOD experiments to help visualise the FG Nups, was modelled
as a sphere with a diameter of 4.83 nm to match its approximate absolute
volume (PBD ID: 1OMP)[161, 162]. The MBP sphere was attached to the
free-end (N th bead) of the FG Nup polymer via a stiff harmonic spring.
The ring, DNA handle rods, FG Nup polymers and MBP all experienced excluded-volume (short-range repulsive) interactions, implemented
through the Weeks-Chandler-Anderson (WCA) potential (truncated and
shifted Lennard Jones potential, retaining only the positive potential) here
implemented as

Uvol (r) =


 
 6 


σij 12
σ

4LJ
− rij
+ LJ ,
r



0,

0 ≤ r ≤ 21/6 σij ,
r

> 21/6 σ

(4.1)

ij ,

where r is the distance between two particles i and j with respective diameters di and dj , and σij = 12 (di + dj ), and LJ is the excluded-volume interaction strength set to 500 kB T . Additionally, an attractive/cohesive FG Nup
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polymer-polymer (pp) interaction was implemented with a roughly exponential
decay (dropping to zero at a center-to-center distance of rccoh = 2σij = 1.56 nm
here) with strength pp (in units of kB T ). Specifically, the cohesive poten

tial was based on Ucoh (r) = −pp exp −

r−σij
λ



, with λ = σi j = 0.76 nm here,

which was truncated and shifted according to Ucoh (r) − Ucoh (r = rccoh ) − (r −
rccoh )



dUcoh (r)
.
dr
r=rccoh



Thus, the total FG Nup interactions are implemented

through a piece-wise potential given as




U

U (r) = 

vol (r) − pp ,

coh
coh
coh (r) − Ucoh (r = rc ) − (r − rc )


U

r ≤ 21/6 σij


dUcoh (r)
,
dr
r=rccoh



21/6 σij < r ≤ rccoh .
(4.2)

Mapping of simulation time-scales. To map the simulation timestep
to a time scale relevant to real FG Nups, the diffusion coefficient, D, from
simulations of 20 isolated beads (of radius R = 0.38 nm) was computed and
compared them with calculated diffusion constants for an alanine-proline dimer
[163]. A straight line (with zero y-intercept) was fitted to the MSD which gave
D = (6.429 ± 0.002 nm2 )/6∆t where ∆t is the unknown unit of time. The unit
of time was obtained, ∆t, via the Einstein-Stokes relation: D =

kB T
6πηR ,

where

kB is Boltzmann’s constant, T is the temperature, η is the viscosity, and R is
the radius of the bead. Using kB T = 4 pNnm and η = 8.90 × 10−10 pNs/nm2
for water at room temperature implied that the unit of time of the simulations
was ∆t = 1.707 × 10−9 s. This produced a translational diffusion constant of
D = 0.627 × 10−9 m2 s−1 for a bead which is comparable to diffusion constants
calculated, from all-atom MD simulations with explicit solvent, for an alanineproline dimer [163]. The elapsed simulation time is given by t = Ns × δt × ∆t
where δt = 0.002 is the LAMMPS time step and Ns is the number of iterations
for which a configuration of the system is recorded.
Pore resealing simulations. To investigate the parameterized model
in a dynamic setting, the dynamic behaviour of polymer pore assemblies was
probed through performing ‘resealing’ simulations, where a hole (void of poly-
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mer beads) with diameter dhole is made at the centre of the polymer-coated
pore and ‘resealing’ begins when this constraint is removed. The initial hole
was created through a simulation where a cylinder with radius dhole /2 and
length L = 200 nm was dragged through the polymers inside the pore. The
cylinder was a continuum, i.e., not constructed of point like beads, and the
distance between a bead and the cylinder was defined as the distance from the
bead to the nearest point on the surface, therefore the force the surface exerted
on the bead was along the direction that is normal to the surface at that point.
The cylinder was placed at an initial height so as not to make contact with
any bead, and with its axis permanently aligned with the pore scaffold. The
centre of the cylinder was then incrementally moved towards the origin. The
cylinder and beads interacted through excluded-volume only using the WCA
(Uvol ) pair potential. Whilst the cylinder was moving an external constraint
was imposed to force polymer beads to within the axial dimensions of the pore
scaffold, without causing overlapping between beads. The simulation imposing
the constraints was run for 0.34 µs and then a second simulation, marking the
beginning of resealing, was performed with the artificial cylinder and external
constraints removed. The resealing of the pore is quantified through a central
density, i.e., the number of beads in a circle of radius 5 nm located at the
origin, which was computed every 0.34 µs, and the data was fitted to a relaxation function ρ(t) = ρ0 (1 − exp (−t/τ )), where ρ is the central density, ρ0
the equilibrium central density, t is time, and τ is the resealing time: the time
taken for the central density to reach ≈ 0.63ρ0 .

4.3

Results

In order to make reliable conclusions about FG Nup behaviour in a nanopore
environment, it was important to ensure the simulated nanopore system is
within reasonable agreement with experiment [76]. Thus, the simulated coarsegrained NuPOD system explored here (see Simulation details 4.2) was directly
compared to the experimental NuPOD system. In the experimental NuPOD
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system, the DNA origami cylinders were functionalized with purified FG domains derived from S. cerevisiae Nsp1 and Nup100 (orthologues of metazoan
Nup62 and Nup98 respectively), which represent the two major FxFG and
GLFG repeat classes respectively. Importantly, Nsp1 and Nup100 have similar molecular masses but differ in their sequence composition, which allowed
for an experimental investigation into the morphologies of two different types
of FG Nup that are confined in a cylindrical environment.
In simulations, Nsp1 and Nup100 are modelled as coarse-grained flexible homopolymer chains that experience excluded-volume and cohesive intramolecular polymer interactions. The excluded-volume interaction parameters, such as the non-overlapping bead size and bond length, were set to
match the persistence length of typical FG Nups (see Simulation details 4.2).
Based on experiments of FG Nup polymer films, the intramolecular cohesive
interaction strength pp was scaled so that film thicknesses as calculated in
MD simulated polymer films matched experiments [64] (see Figure 4.3). The
cohesion strength for Nsp1 (pp = 0.40 kB T ) was found to be slightly lower
than that for Nup100 (pp = 0.43 kB T ), meaning that it is less cohesive, but
both parameters are in the range where the film thickness is most sensitive to
changes in pp (between a fully extended film and collapsed film). This observation is consistent with Chapter 3, where FG Nups were found to lie between
excluded-volume dominated and cohesion dominated regimes.
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b)

Figure 4.3: MD parameter settings for intramoleculer cohesive interactions
occuring in a Nup100 polymer film and an Nsp1 polymer film. a) MD snapshots of equilibrated simulations of FG Nup polymer film assemblies. The
grafting density was set at 5.5 pmol/cm2 (≡ 3.3 polymers per 100 nm2 ) to
replicate conditions that applied for the experimental data [64]. Given the
available data, glycosylated Nup98 was used to set pp for Nup100. Horizontal
bars mark the film thicknesses containing 90%, 95%, and 99% of the total number of beads. b) MD film thicknesses (using the 95% threshold) as a function
of pp , compared with the experimental film thicknesses (horizontal bars) for
the corresponding FG Nup films [64].
Having set the interaction parameters, the resulting FG Nup arrangements from MD largely agree with those observed in the transmission electron
microscopy (TEM) data as a function of FG Nup numbers, that are made
clearer by the MBP proteins that are attached to the end of the FG Nup
domains (see figure 4.4). In particular, the larger spread of Nsp1, as compared to the Nup100 variant, was observed in both the simulations and the
experiments. This difference between Nsp1 and Nup100 is entirely consistent
with previous experiments [51, 58], including those that were used to set the
interaction parameters here [64], showing that Nsp1 is generally less cohesive
than Nup100 and thus takes up more volume. Reassuringly, this observation
did not significantly depend on the presence of the MBP (see Figure 4.5).
Next, the effects of nanopore confinement on the morphologies of the
FG Nup domains was investigated by comparing NuPODs with 48 FG-MBP
domains attached to the inner wall of the DNA origami cylinder to those
with 48 FG-MBP Nup domains attached on the outside of the cylinder. For
brevity, the inside attachment Nupod system is denoted as [In] and the outside
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Nup100

Nsp1
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Nup100

Nsp1

Figure 4.4: Morphology of FG domains (with MBP) inside the NuPODs
as a function of handle numbers. a) Negative-stain TEM (top) showing the
presence of protein clumps upon an increase in handle number in the MBPNsp1 NuPODs, accompanied by snapshots of MD simulations (bottom) where
FG domains are modelled as coarse-grained homopolymers (blue) with MBP
attached to the free end (grey). The DNA handles are shown as semi-flexible
rods (red). Arrows highlight MBP located outside the inner channel. b) Same
as (a) but for the MBP-Nup100 (green) NuPODs. Experiments (TEM) were
performed by Yale collaborators Patrick Fisher and Qi Shen.
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Figure 4.5:
MD snapshots of FG domains (without MBP) inside the
NuPODS as a function of handle numbers (see Figure 4.4).
one as [Out]. The difference in surface grafting density between [In] and [Out]
NuPODs was ∼ 30%.
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As observed before, the FG domains formed a dense clump at the center of the [In] NuPODs, with the Nup100 domain forming a more condensed
clump as compared to the less cohesive Nsp1 system as shown by TEM, MD,
and AFM imaging (see Figure 4.6a). In the AFM imaging, there appeared
to be difficulties in resolving less dense regions of FG domain condensation,
presumbably due to the invasiveness of the imaging technique. Despite this,
the AFM data highlighted that the central condensate formed in the Nup100
[In] system was dense enough that the AFM tip detected mass protruding out
from the inner channel. The MD simulations explicitly show the existence of
many small clumps for both Nup100 [Out], and to a lesser extent Nsp1 [Out],
that is less obvious in both the TEM and AFM images. This is generally
due to the grafting of polymer chains on a surface with positive curvature,
where the number of polymer-polymer contacts/interactions reduce going further away from the surface, leading to separate condensates that are analogous
to the “mushroom-regime” in planar polymer films. Overall, there is an excellent agreement between the TEM and MD data, with the exception that
the Nup100 [Out] system showed greater polymer extension as compared to
the equivalent Nsp1 [Out] system which was not observed in the MD data (see
Figure 4.6b).
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b)

Figure 4.6: Inside or outside attachment of 48 FG domains to the DNA
origami cylinder affects overall polymer morphology. a) (Top) Negative-stain
TEM images showing resulting configurations of FG domains in the shown
NuPOD systems. (Middle) Snapshots from equilibrated MD simulations for
the same NuPOD systems as probed using TEM. Arrows highlight chosen MBP
moeties. (Bottom) Higher magnification of AFM images and height profiles (as
measured across the center of the pore) of the same NuPOD systems as above.
The AFM images were acquired at 10-70 s per frame. Color scale corresponds
to 0-24 nm. b) Measurements of protein extension by TEM and radial extent of
MBP from the central axis in MD simulations for various NuPODs, with dotted
lines representing the inner and outer DNA scaffold walls. TEM error bars are
the standard deviations (N = 96, 66, and 100 particles for the MBP [Out],
MBP-Nsp1 [Out], and other systems respectively). MD diameters include
95% of MBP moieties with error corresponding to 90-99%. TEM experimental
data (and images) were generated by Patrick Fisher and Qi Shen, and AFM
experimental data (and images) were generated by Bernice Akpinar.
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Thus far, it has been shown that the experimental data are in reasonable
agreement with the predictions of a coarse-grained homopolymer model, with
interaction parameters set through comparisons with independent experiments
on FG Nup polymer films, and including the nanopore environment at minimal
complexity. In this case, the morphological effects of FG domains subject to
nanopore confinement was largely consistent as compared between experimental data (TEM and AFM) and MD simulations. This provides further evidence
that a minimal modelling approach can provide meaningful predictions about
FG Nup behavior, in accordance with previous findings on FG Nup polymer
films [64, 116].
To further understand the experimental data above and to test the Θpoint polymer picture outlined in the previous chapter, an exploration of the
relevant parameter (and phase) space was conducted. Notably, the cohesion
parameter pp was varied in NuPOD systems containing 48 polymers (chain
length = 600 amino acids). Through exploring a range of cohesion strengths
pp = {0.0, hpp i = 0.5, 1.0} kB T , with hpp i being the mean cohesion strength as
found from matching the dimensions of simulated polymers to that of isolated
FG Nup domains. In this range the polymer morphology abruptly switched
from mostly occupying the space outside of the pore to forming a central clump
in the pore (see Figure 4.7a). For the case of no cohesion, there is a large
entropic cost in confining polymers to the inner pore channel. For cohesion
strengths pp ≥ hpp i the cohesive interactions are strong enough to overcome
this entropic cost, with further increases in cohesion causing the polymers
to become very densely packed. In the previous chapter, it was found that
FG Nups behave like ideal polymers (or equivalently at the Θ-point). More
broadly, the FG Nup morphologies appeared to lie between the predictions
for the no-cohesion and high-cohesion cases. It is noted that, for cohesive
strengths pp ≥ 1.0 kB T the resulting polymer morphologies were dependent
on the initial conditions, where starting from an initially diffuse setup the
polymers rapidly aggregated and remained largely fixed (see Figure 4.7b).
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b)

Figure 4.7: Change in pore morphology as a function of the intramolecular
cohesion strength, as shown through snapshots of equilibrated MD simulations.
a) MD snapshots of polymers in a pore (polymers in blue; inner NuPOD
scaffold in grey; grafting handles in red) for various interaction regimes (48
polymers, N = 300 beads). b) MD snapshots of polymers in a pore for different
values of the cohesion strength, starting from two different initial conditions:
(i) Polymers initially placed in a condensed configuration (top) (ii) Polymers
initially placed in an extended/diffuse configuration (bottom).
As was done for the polymer films, the change in polymer compaction was
further quantified via the file compressibility parameter (defined in section 3.2):
measuring the amount of compression of a file containing the bead coordinates
(normalized to the case with no cohesion). Additionally, to provide a measure
of the spatial compaction of the polymers, analogous to the thickness in the
polymer films, the radial and axial extensions were plotted (see Figure 4.8).
Gratifyingly, the order-disorder spectrum as a function of pp was similar to
that in the polymer films, albeit more abrupt, where the different measures
of polymer compaction showed the greatest change within the mean cohesion
strength range (from single polymer simulations). The radial and axial extension measurements show that the polymers rapidly change conformation,
switching from occupying diffuse states outside the pore to more condensed
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states inside the pore, within minor changes in cohesive strength (±0.2 kB T )
[112, 124]. Interestingly, for the cohesion strengths as parameterized based on
comparison with the polymer films for Nsp1 and Nup100 (pp = 0.4, 0.42 kB T ),
it was found that the FG Nups have collapsed intro a more condensed, compact
arrangement, but only just so. This implies that FG Nup interactions might
be finely tuned so as to cause sufficient condensation to fill the pore, without
the cost of extreme aggregation that occurs from higher cohesion strengths
[164].
b)

Figure 4.8: Quantification of polymer compaction in the polymer pore assembly. a) File compressibility, measure of lossless compression of a binary
version of the bead coordinates, plotted as a function of pp . b) Polymer
extension in the pore as a function of pp . The red (radial) and purple (axial) bands denote the extension thresholds that contain 90%-99% of the total
number of polymer beads.
The polymer systems investigated thus far in this thesis have contained
only type of FG Nup/domain. However, it is known that the NPC contains
many different types of FG Nups with varying cohesiveness [20]. Therefore,
to see whether the polymer compaction of a cohesive polymer was affected
by the inclusion of a less cohesive polymer, a binary polymer pore assembly
was investigated, with the pore containing 24 polymers with one pp that is
varied and 24 non-cohesive polymers, i.e., with pp = 0.0 kB T (see Figure
4.9). The presence of the non-cohesive polymers had a negligible effect on the
morphology of the cohesive polymers.
So far, it has been observed that FG Nup morphologies on average re-
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Figure 4.9: Incorporating polymers with no cohesion, but with excludedvolume interactions still present, into a polymer pore assembly does not change
the morphology of the cohesive polymers as compared with pores containing
cohesive polymers only. (Top) MD snapshots of cohesive polymers (blue) (24
polymers, N = 300 beads). (Bottom) MD snapshots of a binary mixture of
24 cohesive polymers (blue) and 24 non-cohesive polymers (orange) (N = 300
beads).
semble those of ideal polymers, that they are at the transition between two
(extreme) regimes of behaviour, and that within this transition region, it is possible to have large conformational changes for small perturbations in molecular
interactions. This latter finding is of significant physiological relevance, as it
provides a mechanism by which FG Nup assemblies in the NPC may open and
close [112] to facilitate the transport of large cargoes at millisecond time scales
without compromising the permeability barrier.
To explore the resealing dynamics of the polymer barrier, i.e., how fast
and by how much polymers fill the center of the nanpore following a perturbation: holes of 10, 20, and 30 nm in diameter were initially created in the
coarse-grained NuPOD systems (see Figure 4.10). In this system, FG Nup
resealing of the pore can be characterized by two regimes depending on the
cohesion strength pp (Figure 4.10b,c). For pp ' 0.4 kB T , the center of the
pore reaches a maximum polymer density that is approximately double that
for pp < 0.4 kB T , where polymers rapidly extend away from their attachment
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points (see Figure 4.11). To further probe the dynamics the resealing time τ ,
the time taken for the central density to reach ≈ 65% its equilibrium (starting
compact) value (Figure 4.10c). Notably, for polymers in the mean cohesion
hpp i regime, the resealing time for “large cargoes” (exceeding 10 nm diameter
[35, 36]) is similar to that of ideal polymers, albeit that the central density
remains at a relatively lower level for the ideal-polymer case (see also Figure
4.11). This implies that the similarity to ideal-polymers also extends to aspects
of the dynamic behaviour of FG domains. As shown here, the resealing times
are on the microsecond time-scale, much faster – as needed to inhibit the crossing of inert molecules – than the millisecond time scale for transport events,
and in agreement with previous simulations [165]. Additionally, a sharp transition in the resealing time was observed occuring at 0.3 kB T < pp < 0.4 kB T ,
which falls in the relevant pp range where a drastic change in polymer structure and the Θ-point polymer behaviour are observed. Whilst the origin of
this behaviour is not investigated here, it is symptomatic of critical slowing
down of the molecular dynamics during a phase transition, where the system
becomes highly correlated [166–168].
Overall one can see that, in the physiologically relevant range, a small
change in the cohesiveness can drastically change polymer morphology, which
would contribute to the ease of the opening and closing of the pore. Contrastingly, the time scale of the polymer dynamics is not greatly affected by changes
in the cohesiveness (≤ 1.0 kB T ), assuring the fast resealing of the barrier and
the rapid transportation of biomolecules.
Finally, it was investigated how cohesive interactions between FG Nups
affect dynamics at the molecular and sub-molecular length scale. Nuclear magnetic resonance spectroscopy indicates fast (picosecond-nanosecond time scale)
FG Nup residue dynamics [29, 30], presumbably indicative of entropically dominated FG Nup behaviour. To probe the equivalent bead-bead dynamics, simulations of isolated polymers were performed and the durations of bead-bead
contacts, i.e., the elapsed time during which the centers of adjacent beads
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Figure 4.10: FG Nup dynamics on the mesoscale and molecular scale. a)
In silico polymer resealing in a NuPOD. The arrow represents 34 µs (or 107
timesteps) of simulation time, pointing to resulting MD snapshots. b) The
number of beads in a central circular cross-sectional area (5 nm radius) as
a function of time, where the pore begins with a hole, 30 nm in diameter,
at its centre. The cohesion strength colour bar represents the range pp =
0.0 − 0.8 kB T (with 0.1 kB T increments). Lines represent fits using ρ(t) =
ρmax (1 − exp(−t/τ )), where ρmax is the maximum central density and τ is the
resealing time (N = 300). c) τ as a function of pp alongside resealing times
for ideal polymers (dashed). d) Distribution of contact durations for a single
isolated polymer (N = 300 beads).
(excluding nearest bonded neighbours) are within the range of the attractive
pair potential (Figure 4.10d). Of note, the relevant time scales appear robust
against changes in the cohesion strengths, due in part to the relatively weak
(pp ≤ 1.0 kB T ) interaction strengths explored here. The strong dependence
of the collective FG Nup morphology on pp is due to the rapid accumulation
of many weak individual bead-bead contacts upon a moderate increase in pp ,
which can be attributed to the higher local bead concentration for higher cohesion strengths. Overall, individual FG Nups exhibit fast dynamics (picosecond
time-scale) at (sub-)molecular length scales, characteristic of their “entropicspring” nature. At larger length scales FG Nup assemblies, dominated by the
collective FG Nup molecular interactions, exhibit microsecond dynamics with
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Figure 4.11: Time series of MD snapshots taken of the resealing pore simulations for different interaction regimes. The shown “equilibrium” snapshot for
high polymer cohesion strength pp ≥ 1.0 kB T , where the polymers remained
close to the inner wall of the cylinder, was not observed during the simulation
times explored here.
enhanced resealing (due to cohesion) which is of sufficient speed to maintain
the transport barrier.

4.4

Conclusion

In summary, the DNA origami – bottom up – engineering approach, developed
by our Yale collaborators, has been used to probe the collective properties of
a precisely controlled amount of FG Nup domains that are confined within a
cylindrical geometry that mimics the native NPC inner channel. This technology has provided an experimental platform to investigate how FG Nup
morphology and dynamics are affected by nanopore confinement at physiologically relevant densities. Using two FG Nup domains Nsp1 and Nup100, the
former being less cohesive than the latter, the experiments were also able to
allude to the roles of FG Nup cohesiveness in a pore assembly.
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In brief, the experiments with 48 FG domains revealed the presence of
a central dense clump of FG domains, Nsp1 pore being less dense than the
Nup100 assembly, when they are attached to the inner walls of the cylinder.
Thus, a stripped-down NPC mimic containing only one type of FG Nup grafted
at physiologically relevant densities in a nanopore, was able to recapitulate
the occlusion of the pore. Additionally, the inside-versus-outside attachments
neatly showed the effects of pore confinement on FG Nup morphology, as
was exemplified by the enhancement of condensation of Nup100 FG domains
when they are attached to the inner walls, in agreement with polymer physics
[112, 114].
Importantly, the coarse-grained MD simulations facilitated the interpretation of the experimental data, reproducing the morphological effects of
nanopore confinement as observed in TEM and AFM, with the exception of
the greater extension of Nup100 when attached to the outside of the cylinder. While higher-resolution modelling approaches may take into account the
chemical heterogeneity within FG Nups [95, 97], a good quantitative agreement with the protein extensions as seen in the TEM data could be obtained
by modelling the FG Nups as flexible homopolymers with one essential interaction parameter (pp here). This indicates that minimal complexity treatments
of the FG Nups can reproduce the experimental data, suggesting that rather
generic polymer physics can be used to understand FG Nup behaviour in physiologically relevant settings.
Thus, to delve deeper into the physics behind the experiments and to
make future predictions, further MD simulations were performed exploring
the dependence of FG Nup morphology and dynamics on changing various parameters that could not be reliably done in the experiments. By investigating
changes as a function of polymer cohesion strengths, it was found that, through
minor increases in cohesion strength, the FG Nups rapidly switched between
highly extended conformational states to dense condensation in the pore (see
also [112]). The sensitivity on the cohesion parameter is greater in a nanopore
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environment than observed in the polymer film simulations. Overall, the results on the NuPODs were found to be consistent with the “ideal-polymer”
picture, as demonstrated for the isolated and polymer film cases. The polymer
morphologies as seen in the ideal-polymer pore assemblies resembled that of
the FG Nup domains, albeit more so with Nsp1 than Nup100. Again, this suggests that FG Nup assemblies can be characterized by the balance of repulsive
and cohesive molecular interactions.
The FG Nup mesoscale dynamics (microseconds) are also in agreement
with predictions for ideal polymers, and are of such speed that FG Nup assemblies can reseal the barrier after transport events, which occur on millisecond
timescales. Additionlly, the rapid movement of FG Nups on the molecular scale
– maintained through a large range of cohesion strengths – will facilitate the
uptake and release of nuclear transport receptors and associated cargoes [169],
whereas the accumulation of many weakly cohesive interactions facilitates the
tight sealing of the NPC transport barrier.
Taken together, the minimal physical modelling approach of the FG Nups
developed in the previous chapters is of sufficient complexity to describe and
understand the collective behaviour of FG Nups subject to nanopore confinement. In order to further develop this approach and incorporate another
salient component of NPC transport, the nuclear transport receptors (NTRs),
assemblies of FG Nups and NTRs are investigated in the next chapter.

Chapter 5

Molecular crowding effects in
nuclear pore polymer and
transport receptor film
assemblies
5.1

Introduction

Thus far, the focus of this thesis has been on the unfolded/disordered nuclear
pore proteins (FG Nups) that line the inner NPC wall. In the previous chapters, it was found that a minimal homopolymer model could well describe the
morphological and dynamical properties of FG Nups in different assemblies.
However, for a model to faithfully capture the salient components of the NPC,
it must account for the nuclear transport receptors (NTRs) that are present
in high numbers (∼ 20–100) within its inner channel [80, 170].
The physical behavior of NTRs in FG Nup assemblies has been extensively
studied, with FG Nup planar assemblies providing particularly well-controlled
model systems [58–60, 62, 64, 116]. In such studies, the main findings are: 1)
that NTRs bind to FG Nup assemblies in a rather generic way, irrespective of
the exact type of FG Nup or NTR, suggesting that generic physical principles
underly their behaviour [64, 116]; 2) NTRs readily penetrate the FG Nup films,
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with only limited effects on the collective morphology of the FG Nups (little
swelling or compaction) [58, 62–64, 116]; 3) that such systems can replicate the
basic selective mechanism in the NPC, i.e., inert proteins (such as BSA) tend
to not penetrate the collective FG Nup phases but NTRs do, consistent with
experiments on bulk solutions of FG Nups and NTRs [54, 171]; 4) the number
of transport proteins in the FG Nup films can vary by orders of magnitude
as a function of NTR numbers in solution above the film, in a highly nonLangmuir manner, where complex many-body interactions preclude the use
of simple one-to-one binding models [58, 60, 62–64, 116]. The latter point
highlights the importance of the balance of FG Nup attachment density, FG
Nup-NTR affinities, and NTR concentrations, where minor changes in this
balance can lead to qualitatively different binding behaviours [35, 64, 116].
Overall, this raises the question of how binding of a specific NTR depends on crowding in the NPC, e.g., with cargoes and other types of NTRs.
Specifically, how does increased molecular crowding of different NTRs affect
the absorption numbers and spatial distributions of the NTRs within an FG
Nup film? In this chapter I aim to provide predictions of how the binding
of one type of NTR might be affected by other types, in a way that can be
tested for planar assemblies of FG Nups. Such predictions may help intepret
the results of current and future experiments (of in-vitro assemblies and real
NPCs) that do include more than one type of NTR [63, 172].
In order to explore the effects of mixed NTR crowding, this chapter is
concerned with a ternary mixture containing two different NTRs and one type
of FG Nup. Mean field theory (DFT) is used coupled with a minimal “homopolymer” coarse-grained model, extending the simple approach presented
in the previous chapters and also in [64, 113].

5.2

Simulation details

Building upon the methods outlined in section 2.2 and used in Chapter 3 (see
also [64, 113]), classical density functional theory (DFT) is used to model the
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FG Nup-NTR planar assembly. Specifically, DFT is used to model a ternary
mixture, i.e., a ν-component system with ν = 3, containing two types of particles (NTRs and/or Cargoes, ν = 1, 2) and one type of polymer (FG Nup, ν = 3)
that is attached in numbers to a planar surface. In this system, there are up to
2 different types of free particles (components ν = 1, 2) whose numbers are N (i) ,
diameters are d(i) , and chemical potentials are µ(i) , where i = 1, 2. In addition
to the free particles there are N (3) = 260 flexible homopolymers each consisting
of M = 300 beads, where each bead has a diameter of d(3) =0.76 nm (corresponding to two amino acids per bead). This choice of M and d(3) produces
the approximate contour and persistence length of an Nsp1 FG domain [64].
The polymers are attached uniformly to a flat surface of area A = 88.622 nm2 ,
resulting in an attachment/grafting density of ≈ 3.3 polymers/100 nm2 , which
is in line with the densities in the native NPC and in in-vitro experiments [64].
It is assumed that the system is translationally symmetric along the directions
parallel to the grafting surface, resulting in a 1D DFT theory where the densities only vary as a function of the height above the surface z (as was done in
Chapter 3).
This allows one to write a grand potential free energy functional that
describes the entire system as a sum of terms

Ω = Fideal-gas + Fideal-polymer + Fmean-field + Fexternal + Fexchange ,
+ Fintermolecular-cohesion + Fhard-sphere ,

(5.1)

where β = 1/kB T . As explicitly explained in Chapter 2: the Fideal-gas is
the free energy term of an ideal gas, Fideal-polymer describes the ideal polymer free energy (also used in Chapter 3), Fmean-field is the mean field term
due to the introduction of a polymer mean field (also used in Chapter 3),
Fexternal accounts for the excluded volume of the flat surface (also used in
Chapter 3), Fexchange accounts for the exchange of NTRs in the Grand ensemble, Fintermolecular-cohesion is the free energy contribution from intermolecular
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attractive (“cohesive”) interactions (also used in Chapter 3), and Fhard-sphere
accounts for the intra- and intermolecular excluded volume interactions, including polymer chain connectivity (also used in Chapter 3). Thus, based on
equation 2.20, the dimesionless grand potential can be written explicitly as

βΩ[{ρ(i) }] =

2 Z
X

dzρ(i) (z)(ln(λ3 ρ(i) (z)) − 1) − N (3) ln(ZC [w]) −
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(5.2)

where ρ(i) (z) is the number density profile of component i, λ is the thermal
de Broglie wavelength, ZC is the partition function of an ideal polymer (see
(i)

equation 2.11), w(z) is the polymer mean field, Vext (z) is an external potential,
uij (z) is a pair potential defined between components i and j, {φW B , φCH }
are the White bear (hard-sphere) and chain connectivity functionals given by
equations 2.18 and 2.19 respectively, and nα are the weighted densities (see
(i)

equation 3.10b). Note that {nα (z)} is the set of all weighted densities.
The hardness of the flat surface is imposed via a Weeks-ChandlerAnderson potential
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≥ d(i) ,

where ext = 20 kB T and σ = 2−1/6 d(i) . The intramolecular and intermolecular cohesive interactions are based upon the Morse potential
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−α(r−d(ij) )



,

(5.4)

where r is the distance between two particles of type i and type j, (ij)
is the cohesion strength, α = 6.0 nm−1 is the decay, and d(ij) = 12 (d(i) + d(j) ).
The potential is then integrated over the plane, henceforth only depending on
z, and shifted such that u(ij) (z ≥ 2d(ij) ) = 0 kB T so as to keep the cohesive
interactions short ranged.
To find the set of density distributions – for the particles and polymer
– and the polymer mean field in the quilibrium state the following equations
must be solved self-consistently

3 Z
X
βδΩ Z
ρ(i) (z)u(i3) (z − z 0 )dz 0
= dz[−w(z) + c(3) (z) + β
δw
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δ
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(5.6)

represents a functional derivative with respect to x

and c(i) is the one-body direct correlation function given by
(i)

δFexc [ρ(i) ] X Z 0 δ(φW B + φCH ) δnα (z 0 )
=
dz
.
c (z) = β
(i)
δρ(i) (z)
δρ(i) (z)
α
δnα
(i)

(5.7)

For the free particles on can decompose the chemical potential into two
terms


µ(i) = −β −1 ln 

1
(i)
λ3 ρbulk


 + µ(i)

exc ,

i = {1, 2},

(5.8)

(i)

where ρbulk is the bulk density of the free particles of component i and
(i)

µexc is the excess chemical potential due to the intra- and intermolecular inter-
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actions. One can solve equations 5.6 self-consistently by invoking a fictitious
time variable t where the solutions are found through an iterative procedure.
This is expressed by the following

3 Z
X
∂w(z)
(3)
(3)
= −w(z) + c (z) + β
ρ(i) (z)u(i3) (z − z 0 )dz 0 + βVext (z),
∂t
i=1

∂ρ(i) (z)
= −ρ(i) (z)+
∂t

(i)

(i)
ρbulk exp βµ(i)
exc + c (z) − β

3 Z
X

(5.9)


(i)

ρ(j) (z)u(ij) (z − z 0 )dz 0 − βVext (z) ,

j=1

(5.10)
where the polymer chemical potential µ3 has been set to zero as no polymer exhange occurs. Finally, discretizing space (z) into L slices of thickness
∆z and discretizing fictitious time then yields the resulting expressions which
are solved numerically

wn+1 (zj ) = wn (zj ) + ∆t(−wn (zj ) + c(3) (zj ) + β

3 X
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(3)
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(5.11)
(i)
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n (zj ) − ∆tρ (zj ) + ∆tρbulk exp(βµexc + c (zj )

−β
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X

(i)

ρ(m) (zk )u(im) (zk − zj )∆z − βVext (zj )).

(5.12)

m=1 k=0

The simulation parameters used here were L = 1024, ∆z = 0.117 nm, and
∆t = 0.002 including the same parameters used to solve the polymer number
density as given in Chapter 3 (or equivalently found in [173]).

5.3

Results

The parameterization and validation of the here presented modelling approach
are facilitated by experimental data on FG Nup-NTR polymer film assemblies,
where the macroscopic binding between one type of FG Nup and one type of
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NTR was probed [64]. Specifically, the experiments comprised of a polymer
film consisting of FG Nup (Nsp1) domains, attached to a flat surface at physiologically relevant densities (≈ 3.3 polymers/100 nm2 ), interacting with one of
the two following different NTRs: NTF2, and Importin-β (Imp-β). To explore
the effects of mixed crowding, where both NTRs are present in the system, a
classical density functional theory (DFT) approach was applied to a minimal
coarse-grained model. In this model, Nsp1 is treated as a cohesive and flexible
homopolymer consisting of 300 beads of diameter 0.76 nm (2 amino acids per
bead), resulting in the approximately correct persistence length for FG Nups.
The NTRs are modelled as uniformly cohesive spheres, of which further details
are given below.
First, the DFT polymer-polymer cohesion strength  was set so as to reproduce the experimental thickness of Nsp1 assemblies that were grafted onto
a flat surface at similar densities, as was done previously [64, 76] (see figure
5.1). The resulting cohesion strength is  = 0.275 ± 0.025 kB T , which corresponds to a film thickness of 26 ± 2 nm. It is noted that this cohesion strength
for Nsp1 is ≈ 70% of the value as was found for the molecular dynamics (MD)
model that recapitulated the morphology of Nsp1 nanopores [76] (Chapter 4).
Given the differences in pair potentials and simulation techniques used, this
may be considered a rather good agreement. In any case, the two parameterized cohesion strengths both lie in the – respective – order-disorder transition
regions where Θ-point behaviour dominates (see Chapter 3).
Thus, having set the parameter corresponding to Nsp1 cohesiveness, it was
then investigated whether the polymer film would exclude inert molecules, a
property that has been observed for Nsp1 domain assemblies [54, 171]. The
inert molecules are modelled as non-cohesive spheres of diameter d, and their
inclusion/exclusion in the film is quantified – thermodynamically – through
the potential of mean force W (z) given as
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Figure 5.1: Setting the polymer-polymer cohesion parameter  through comparison of film thicknesses as calculated from DFT, i.e., the height including
95% of polymer density, with the film thickness of an Nsp1 film assembly as
derived from experiment (25.9±0.5 nm) [64]. The attachment density of Nsp1
to the flat surface in DFT was set so as to best match the density used in
experiments (4.9 pmol/cm2 ≈ 3.3 polymers/100nm2 ). The vertical dotted line
corresponds to the extrapolated  = 0.275 kB T .
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where i denotes the particle type, c(i) (z) is the one-body direct correla(i)

tion function, Vext (z) is the external potential, ρ(3) (z) is the polymer number
(i)

density, u(i3) (z) is the polymer-particle cohesive pair potential, and µexc is
the excess chemical potential (here set to 0 kB T , see section 5.2 for details)
[174, 175]. For the inert molecules, the polymer-particle attraction (third term
in equation 5.13) is nullified.
As expected, non-cohesive particles of increasing diameter (d =
1.0, 2.0, 4.0, and 6.0 nm) experience a greater potential barrier upon entry
into the polymer film (see Figure 5.2). Specifically, particles with a diameter (1.0 nm) that is similar to the polymer bead size, barely experiences an
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Figure 5.2: Potential barriers for non-cohesive particles with varying diameters d to enter the Nsp1 polymer film. The potential barriers are quantified through DFT potentials of mean force W (z) (PMF) as a function of the
height above the flat surface z. The concentration of the particles in the solution is 10.0 µM for all panels. The polymer-polymer cohesion strength is
 = 0.275 kB T , as set through comparison with an experimental Nsp1 film.
exclusion barrier (except when very close to the flat surface, as is expected
due to the hard-core repulsion), meaning that the free energy cost of inserting
this particle into the film is minimal, permitting passive diffusion into, and
out of, the polymer film. A minor increase in the magnitude of the barrier
is observed going from d = 1.0 to 2.0 nm. However, going from a particle
diameter of d = 2.0 to 4.0 nm results in a ∼ 6−fold increase in the exclusion
barrier (≈ 10 kB T difference at z = 10 nm). The largest potential barrier is
for a non-cohesive particle with the largest diameter (d = 6.0 nm), with an
energetic cost of ≈ 30 kB T to place it at z = 10 nm compared to the energy
far above the film. Overall this shows that a simple Nsp1 film can at least
replicate some of the characteristics of a permeability barrier as seen in the
NPC; the exclusion of inert molecules depending on molecular size [176].
Having shown that the parameterized polymer model for Nsp1 is reasonable, the focus is shifted to the NTRs NTF2 and Imp-β, which are modelled as
uniformly cohesive spheres of diameters d1 = 4 nm and d2 = 6 nm respectively,
as was done previously [64]. The cohesive properties refer to the attraction
between the NTRs and FG Nups, mainly arising from the hydrophobic pockets/grooves on the former and the hydrophobic FG motifs on the latter. The
cohesion strengths 1 and 2 between Nsp1-NTF2 and Nsp1 - Imp-β, respec-
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DFT

DFT

Figure 5.3: Setting the polymer-particle cohesion strengths {1 , 2 } through
comparison of DFT particle binding (to an Nsp1 polymer film) isotherms
with binding isotherms of NTF2 (left) and Importin-β (right) as derived
from experiments [64] (top). Concomitant film thicknesses as found in DFT
and experiment (bottom). The experimental Nsp1 surface attachment densities were 4.9 pmol/cm2 and 5.1 pmol/cm2 for NTF2 and Importin-β respectively. The parameterized cohesion strengths 1 = 2.4 ± 0.1 kB T and
2 = 2.3 ± 0.1 kB T correspond to the modelled NTF2 and Importin-β particles
respectively. Filled bands denote a tolerance of ±0.1 kB T in the polymerparticle cohesion strengths.
tively, are set by comparing absorption profiles/isotherms as calculated in DFT
to those measured in experiment [64] (see Figure 5.3). DFT computes the total amount of NTRs in the film Γ(i) , i = {1, 2}, (in units of pmol/cm2 ) as the
total NTR density within the film thickness τ , defined as the height above the
surface containing ≈ 95% of the total polymer density, divided by the area A
NTR in film = Γ [ρ (z); τ ] = A
(i)

(i)

−1

Z τ
0

ρ(i) (z)dz,

(5.14)

where ρ(i) (z) is the number density of the NTR of type i. By fitting one
essential interaction parameter for each NTR, the DFT absorption isotherms
are in excellent agreement with experiment (Figure 5.3 (top)), as was similarly
accomplished by a similar DFT model (where polymers were attached to the
base of a cylinder) in [64]. The resulting parameterized cohesion strengths are
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Figure 5.4: Increasing NTR concentration increases packing and filling up of
the potential well within the Nsp1 film, for systems containing on type of NTR
only. Equilibrium DFT packing fractions πd3 ρ(z)/6, where ρ(z) is the number
density and d is the particle diameter, as a function of the height z above the
flat surface for NTF2 (left) and Importin-β (right), at various concentrations
(top). Accompanying potentials of mean force W (z) (bottom), for the same
systems on the top row.
1 = 2.4 ± 0.1 kB T and 2 = 2.3 ± 0.1 kB T for NTF2 and Imp-β respectively.
One might notice that 1 ≈ 2 for the two NTRs. However, these cohesion
strengths might not be directly comparable as they implicitly depend on the
interaction distance cut-offs, which are different for the two NTRs (larger for
the Imp-β particle). The cohesive interaction distance cut-off is proportional
to the diameter of the particle, in line with the excluded-volume interaction
range being proportional to the diameter of the particle (see equation 5.4).
Of note, the concomitant film thicknesses from DFT – as a function of NTR
concentration – are also in good agreement with experiment (Figure 5.3 (bottom)).
At this point, all the essential interaction parameters , 1 , and 2 have
been set through quantitative comparisons between DFT and experiment (Figures 5.1 and 5.3). Next, the effects of crowding of one type of NTR on the
system are investigated. Crowding is quantified through two observables: (i)
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the packing fraction πρ(z)d3 /6, where ρ(z) is the number density of a particular NTR, and (ii) the potential of mean force (PMF) W (z) of a particular NTR,
in the presence of other NTRs and the FG Nups (see Figure 5.4 and equation
5.13). For high crowding, one expects the packing fraction of a particular NTR
to increase in magnitude and for the PMF to become more positive, which is
intepreted as a greater potential barrier. It is observed that both NTF2 and
Imp-β display higher levels of packing, and higher amplitude density oscillations, within the Nsp1 film upon increasing their respective concentrations
(Figure 5.4 (top)). The density oscillations arise from layering/ordering effects mainly caused by packing against a hard planar wall, where particles –
thermodynamically – prefer to pack closer to a flat surface; the layering of hardspheres next to a planar wall is a well known phenomenon [174, 177, 178]. As
is expected, in both systems, the maximum observed packing fraction (' 0.15)
was located close to the surface (z ≈ 4 nm for NTF2 and z ≈ 6 nm for Imp-β)
(at 10 µM). The fact that the maximum peak is located a diameter away from
the surface can be explained as due to the range of the hard-core repulsion
of the surface, for a specific NTR particle, for simplicity, being determined
by the diameter of that particular NTR (see equation 5.3). For the here chosen particle sizes (for the NTRs), it is expected that the packing fraction and
PMF will be largely dictated by the interactions with the polymers and the
crowding of other NTRs, with less significant effects arising from the particular
implementation of the surface hardness. Additionally, it was observed that the
density oscillations for the Imp-β particle had greater amplitudes as compared
with the NTF2 particle (for the same concentration above the film), which
is expected due to the Imp-β being larger in size and thus experiences more
pronounced layering effects [179].
Interestingly, for both NTF2 and Imp-β, the PMFs decrease in magnitude
(but remain negative within the bulk of the film) upon an increase in NTR
concentration (Figure 5.4 (bottom)). Specifically, increasing the concentration
in solution from 0.01 to 10.0 µM results in an approximate two fold decrease
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in the absolute value of the PMF (|∆W (z)| ≈ 4 − 5 kB T ). The intepretation of
this finding is that, at higher levels of packing in the film, it is – thermodynamically speaking – more favourable for an NTR to leave the polymer film once in
the film, or, equivalently, less favourable for an NTR to enter the polymer film
when in the solution above it. This effect primarily comes from the increased
filling of space between the Nsp1 polymers, which indirectly inhibits further
absorption of NTRS.
Finally, mixed crowding effects are investigated in a system containing
NTF2 and Imp-β NTRs and an Nsp1 polymer film (see Figures 5.5 and 5.6).
The packing fractions and potentials of mean force W (z) are probed, as was
done before in a system with one type of NTR present, but this time keeping
the amount of one NTR fixed at a physiologically relevant concentration [64]
(1 µM) whilst varying the concentration of the other NTR (Figure 5.5a). Remarkably, increasing the amount of NTF2 from 0.01 µM to 10.0 µM, at a fixed
amount of Imp-β, results in the depletion of Imp-β and changes the distribution
of Imp-β within the Nsp1 polymer film (Figure 5.5a (top)). Specifically, going
from 0.01 to 0.1 µM of NTF2 increases its highest density peak (at z ≈ 4.0 nm)
whilst reducing the density peak of Imp-β by ' 2-fold (at z ≈ 6.0 nm), whereas
the amount of Imp-β at the top of the film (at z ≈ 25.0 nm) remains unchanged. Additionally, the density oscillations of Imp-β within the film, which
are evident at 0.01 µM of NTF2, smooth out upon increasing the amount of
NTF2 to 0.1 µM. This shows that the presence of NTF2 directly modulates
the distribution of Imp-β within the film. Interestingly, increasing NTF2 from
0.1 µM to 1.0 µM (same amount of Imp-β) results in further depletion of Impβ closer to the surface, causing a demixed phase in the film. That is, there
is an NTF2-rich phase closer to the surface and an Imp-β rich phase closer
to the top of the film. When considering binary systems of hard-spheres with
different diameters subject to packing between planar walls, ignoring any attractive interactions between them, typically, one observes the larger particles
packing closer to the wall, as compared with the smaller particles [179]. This
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Figure 5.5: Phase separation in a ternary FG Nup-NTR polymer film assembly. a) DFT Packing fractions and accompanying potentials of mean force
(PMFs) for Nsp1 polymer films in the presence of NTF2 and Importin-β (Impβ). The concentration of NTF2 is increased from 0.01-10.0 µM (left to right
panels), whilst the concentration of Imp-β is fixed at 1.0 µM. The cohesion
strengths used here are { = 0.275, 1 = 2.4, 2 = 2.3} kB T for the Nsp1-Nsp1,
Nsp1-NTF2, and Nsp1 - Imp-β interactions respectively. b) Cartoon visualisation of the data from (a) depicting the increasing concentration of NTF2
pushing Imp-β to the top of the Nsp1 layer, also resulting in some expulsion
of Imp-β from the film into the bulk.
effect is due to the overall system entropy loss per unit area being less when
the larger particles, rather than the smaller ones, pack closer to the surface.
Hence, the observation that the NTF2 particle remains closer to the surface
is probably due to the cohesive interactions with the polymers, not due to
the size difference with the Imp-β particle, a finding that largely corroborates
another theoretical study investigating a binary mixture of attractive particles
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[179]. Further increases in NTF2 concentration (to 10 µM) leads to a drastic
(∼ 3-fold) drop in absorbed Imp-β, with the NTF2 occupying nearly all of the
film.
Throughout the changes in amount of NTF2, the density of the polymers
did not show significant change. The modulation of Imp-β via changes in NTF2
numbers is also articulated in terms of the PMF W (z), where the square-well
like PMF of Imp-β at 0.01 µM of NTF2 is gradually shifted into a PMF with
a pronounced well located at z ≈ 25.0 nm, i.e., at the surface of the film, with
the formation of a barrier to enter the rest of the film (Figure 5.5a (bottom)).
Upon increasing the concentration of NTF2, it was observed that the decrease
in magnitude of the NTF2 PMF in the mixed NTR system was slightly less
than was observed in a system containing NTF2 only (Figures 5.4 (bottom)
and 5.5 (bottom)). This could be due to the absorbed Imp-β at the top of
film obstructing the NTF2 particles, that are already in the film and largely
present beneath Imp-β, thus being obstructed from leaving the film (Figure
5.5b).
It was then investigated whether any interesting behaviour resulted from
varying the amount of Imp-β, with the NTF2 concentration set at 1.0 µM
(see Figure 5.6a). No significant change to the Nsp1 or NTF2 packing (or
PMF) was observed upon increasing the concentration of Imp-β in solution
from 0.01-1.0 µM (see also Figure 5.6b). This negligible change to the binding
of NTF2 seems to contrast the experimental results shown in [63] where they
claimed to observe “dramatic” changes in the dissociation of NTF2 from the
film upon varying the amount of absorbed Karyopherinβ1 (similar to Imp-β).
Recently, atomic force microscopy (AFM) experiments, where a sharp tip
is raster scanned across a sample to build an image, on isolated Xenopus laevis
NPCs have been conducted to probe the effects of nuclear transport receptors
(and other important molecules) on the morphology of the transport barrier
[172]. These experiments found that inclusion of small molecules, such as Ran,
and NTF2 (at 0.7 µM) hardly affected the height/stiffness measurements at
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Figure 5.6: Increasing Importin-β (Imp-β) concentration negligibly affects
NTF2 in the Nsp1 film. a) DFT packing fractions against the height above
the flat surface z for Nsp1, NTF2, and Imp-β. The concentration of Imp-β is
increased from 0.01-10 µM (left to right panels) whilst the NTF2 concentration
remains fixed at 1.0 µM. b) Cartoon illustration visualising the data in (a)
depicting the undetectable change in the packing/morphology of the NTF2 in
the presence of increasing Imp-β molecules.
the center of the NPC, whilst the addition of Imp-β (at 1 µM) did (see Figure
5.7). Specifically, from adding Imp-β, it was found that the center of the NPC
became full of protein and was significantly stiffer (as evidenced by an increased
height detected in AFM, Figure 5.7(D,H)). The modelling results shown here
could be an explanation for this observation, albeit only tentatively: the NTF2
prevents the complete absorption of the Imp-β in the pore, leading to Imp-β
sitting on top of the occlusion mass which, due to its size, causes a significant
increase in stiffness as the AFM tip scans over the pore. One should note that
the presence of Ran or any chemical energy in the AFM experiments could
play significant roles in the behavior of Imp-β, as was shown elsewhere [170].

5.4

Conclusion

In summary, quantitative predictions were made regarding the effects of crowding, based on a minimal coarse-grained model implemented in a mean-field
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Figure 5.7: Atomic force microscopy (AFM) experimental data on the effects
of NTRs on Xenopus laevis NPCs (in solution). A-D) Images from a video
sequence of the cytoplasmic side of the nuclear envelope, where, step-by-step,
many of the proteins (and energy) required for the “classical” import cycle
of nuclear localisation sequence (NLS) proteins are added to the system. A)
Cytoplasmic nuclear envelope in import buffer. B) After addition of the Ranmix (1x) and energy mix (1x). C) NTF2 (0.7 µM) is added. D) Imp-β
(1 µM) is added and all NPCs fill with protein. E-H) Rotationally averaged
height profiles of the cross-correlation averaged NPCs from the images in (AD), respectively, showing a filling of the pore lumen and some increase in the
pore rim height upon incubation with Imp-β. Shaded areas are the standard
deviation of the profiles. Scale bars: 600 nm (A-D); 300 nm (I); 100 nm (J
and K). colour scales: 150 nm (A-D); 80 nm (I-K). This image was taken
(unadapted) from [172], with permission. Data generated and analyzed by
George Stanley.
theory, which treats FG Nups as sticky homopolymers and NTRs as sticky
spheres. Firstly, the three interaction parameters in the model were parameterized using experimental data for Nsp1 film assemblies including the presence
of one type of NTR (NTF2 or Imp-β).
Based on the parameterized model, it was shown that increased crowding
of one type of NTR results in a shallower potential well within the film, this
implies that individual NTRs will have a small potential barrier to overcome
leaving the film in the presence of more NTRs. The origin of this effect is
due to an interplay between the further occupation of volume within the film
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(entropic) and the increased competition for binding sites. This result has
important implications for the NPC: when there is large influx of material into
the NPC from either the cytoplasm or nucleoplasm, the exchange of material
should be faster since the increased crowding effects will reduce the potential
barrier to leave the pore. Thus, the NPC could perform more efficiently with
higher numbers of NTRs/cargo. This, however, remains a conjecture since the
dynamic consequences of this phenomenon in an NPC geometry have not been
explicitly explored here.
Finally, it was found that due to an increase in the bound NTF2, the
amount of absorbed Imp-β was reduced and its distribution within the film was
changed. For similar – physiologically relevant – concentrations of the NTRs,
phase separation/demixing within the layer was observed, with an NTF2-rich
phase at the bottom of the film (where the polymer packing is higher) and an
Imp-β-rich phase at the top of the film (where the polymer packing is lower).
From these investigations, based on a planar polymer film, it is difficult to
assess how this behavior translates to an NPC-like geometry, however, the
approach used here could be extended to investigate crowding in a pore system.

Chapter 6

Accounting for nuclear pore
polymer sequence patterning
and transport receptor surface
heterogeneity
This chapter is based upon a recently submitted manuscript: Luke K. Davis,
Anđela S̆arić, Bart W. Hoogenboom, and Anton Zilman. “Physical modelling
of multivalency in the nuclear pore complex”. bioRχiv, 2020.10.01.322156,
2020.

6.1

Introduction

In the previous chapter the crowding effects of two different types of NTRs in
a polymer film assembly were explored using a “homopolymer” model, where
the NTRs were treated as uniformly cohesive spheres. However, in real NPCs,
NTRs are decorated with hydrophobic grooves that have an affinity to the hydrophobic motifs on the FG Nups, which enables the cargo-complex to overcome the free energy costs of entry [86, 180]. Thus, at least at face value,
the interactions between an FG Nup and NTR are intrinsically heterogeneous.
Whilst there is a consensus regarding the importance of FG Nup-NTR interac-
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tions in NPC functionality, there is an incomplete mechanistic understanding of
the exact roles these heterogeneous interactions play in facilitated transport.
The main obstacles to this understanding are: 1) an incomplete quantification of FG Nup sequence-specific effects on the selective barrier; 2) a relative
scarcity of quantitative data regarding multivalent interactions between FG
Nups and NTRs; 3) a difficulty in determining the factors leading to high
specificity of NTRs to the FG Nups whilst maintaining fast unbinding kinetics; 4) conflicting microscopic and macroscopic binding data on FG Nup and
NTR interactions, where relatively weak per FG-motif binding (with dissociation constant KD ∼ 10 mM) is observed in single-molecule studies [30, 169]
as compared with strong FG Nup-NTR binding (KD . 10 µM) as found using
other techniques [58, 78, 181–184].
Physical modelling can aid in the interpretation of experiments, incorporating FG Nup and NTR heterogeneity at various levels of detail
[64, 78, 97, 102, 107, 109, 113, 116, 124, 173]. Modelling approaches accounting for the properties of each amino acid and have reproduced elements of FG
Nup morphology and FG Nup - NTR interactions, but require a calibration
of many (& 20) interaction parameters which poses the risk of overfitting. In
addition, having a large parameter space makes it difficult to identify/explore
the roles of a few key physical elements. In contrast, minimal physical modelling approaches based on a few interaction parameters, determining overall
cohesion and repulsion, can help to interpret and understand current experimental observations and explore the possible outcomes of future experiments
using the smallest set of governing principles. Since both higher resolution and
more coarse-grained modelling approaches aim to describe the same system,
they serve complementary purposes. Here the focus is on minimal-complexity
models. The simplest of these models treats FG Nups as homopolymers and
NTRs as uniform/isotropic particles. With experimentally determined parameter choices, these have seen surprising success in qualitatively and quantitatively reproducing binding behaviour in FG Nup and NTR in-vitro assemblies
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[64, 76, 116, 173]. The success of these homopolymer models suggests that
many key features of NPC transport can be described by mesoscopic polymercolloid physics, and naturally raises the question of the roles of FG Nup and
NTR heterogeneity have on NPC functionality.
In this chapter, modelling approaches are presented that explore the roles
of FG Nup sequence patterning, surface heterogeneity (or “patchiness”) of
NTRs, and multivalency in regulating FG Nup-NTR binding and associated
binding kinetics, and their effects on the equilibrium diffusion of an NTR in
an FG polymer melt. Additionally, the uptake of patchy NTRs in an NPC
mimicking nanopore is explored. Throughout the chapter analytical models
are used and developed to further understand data from experiments and simulations.

6.2

Simulation details

Coarse-grained model. Intrinsically disordered proteins that contain hydrophobic FSFG repeats that are separated by neutral regions containing other
amino acids [169] are modelled as freely-jointed heteropolymers (see Figure
6.1). To minimize the complexity of the model only two types of beads, cohesive and non-cohesive, are included and it imposed that all polymer beads
have the same size, as is commonly done in homopolymer models [64, 116, 173].
To examine the effects of a particular choice of the monomer size, d, different
bead sizes are explored ranging from the approximate diameter of an amino
acid (1apb, d =0.38 nm) to 2 amino acids (2apb, d=0.76 nm) and finally to
that of 4 amino acids (4apb, d=1.02 nm, i.e. in between the size of 4 close
packed amino acids and a straight line of 4 amino acids). Two neighbouring
polymer beads are connected by a stiff harmonic spring defined by the potential U (r)bond = 21 k(r − d)2 , where k is the bond strength and r is the distance
between two neighbouring monomers.
The size and binder coverage of a nuclear transport receptor are incorporated in a similarly minimal fashion. In this model, a nuclear transport
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receptor is treated as a rigid body composed of a sphere of diameter d00 that
has N spheres (“patches”) of diameter d0 = 0.38 nm (where d00 > d0 ) fixed at
specified points on its surface.
Excluded volume interactions between all constituent particles are implemented via the Weeks-Chandler-Anderson potential

Uvol (r) =


 


12  σ 6


4vol σr
− r
+ vol ,

0 ≤ r ≤ r0 ,




0,

r0 < r,

(6.1)

1

where vol = 250 kB T is the interaction strength, σ = 2− 6 r0 , and r0 is the
distance at which the excluded volume interaction acts. The addition of vol
to the potential ensures that Uvol (r = r0 ) = 0.0 kB T . An additional cohesive
interaction of strength  is imposed between cohesive polymer beads and an
additional cohesive interaction of strength 0 between cohesive polymer beads
and cohesive patches on the particle through the Morse potential




φ(r) =  e−2α(r−r0 ) − 2e−α(r−r0 ) ,

(6.2)

which is truncated and shifted to ensure continuity in both the potential
and force for r ≤ 2r0 , where 2r0 is the cut-off of the cohesive interaction. The
resulting cohesive pair potential is then given by

Ucoh (r) = c e(α(−2r−3r0 ))) (−2e(α(4r0 +r)) +,
e(α(5r0 )) + e(α(2r+r0 )) (2rα − 1 − 4αr0 ),
+ e(α(2r+2r0 )) (2 − 2rα + 4αr0 )),

0 ≤ r ≤ 2r0

(6.3)

where α = 6.0 nm−1 is the decay of the Morse potential and c = {A, A0 0 },
in which A and A0 are constants, re-corrects the minimum of the potential,
that is initially set through either of the two interaction parameters {, 0 }, due
to the truncation and shifting procedure. Combining the pair potentials for
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excluded volume Uvol and cohesion Ucoh then leads to the overall interaction
given by






Uvol (r) + Ucoh (r),





U (r) = Ucoh (r),






0,

0 ≤ r ≤ r0 ,
(6.4)

r0 ≤ r ≤ 2r0 ,
r > 2r0 .

Relevant length scales for the different polymer and particle models are
given in Table 6.1.
r0 (nm)

PCP

PS

PS’

PB (1apb)

PB (2apb)

PB (4apb)

PCP
PS
PS’
PB (1apb)
PB (2apb)
PB (4apb)

0.38
1.69
2.69
0.38
0.57
0.7

1.69
3
1.69
1.88
2.01

2.69
5
2.69
2.88
3.01

0.38
1.69
2.69
0.38
-

0.57
1.88
2.88
0.76
-

0.7
2.01
3.01
1.02

Table 6.1: Values for the distance r0 , used to define the excluded volume and
cohesion interactions, for various combinations of bead sizes used in MD simulations: PCP = Patchy-particle cohesive patch (diameter = 0.38 nm), PS =
Patchy-particle spacer (diameter = 3 nm), PS’ = Patchy-particle space (diameter = 5 nm), PB (1apb) = patterned polymer bead in the one bead per amino
acid coarse graining (diameter = 0.38 nm), PB (1apb) = patterned polymer
bead in the two beads per amino acid coarse graining (diameter = 0.76 nm),
and PB (1apb) = patterned polymer bead in the four beads per amino acid
coarse graining (diameter = 1.02 nm). The values of r0 are calculated as the
average of the two diameters. Where no simulations are performed that would
include the interactions between a chosen combination of two beads, either
patchy-particle or patterned polymer, a ‘-’ is used.
Simulation details.

MD simulations were performed using the

LAMMPS package [185]. The patterned polymer and patchy-particle system were subjected to dynamics at a constant temperature, T , through the
implementation of the NVE (constant number of particles N, constant colume
V, constant total energy E) time integration algorithm with a Langevin thermostat. This combination results in the total force F acting on a particle as
given by
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F = Fc + Ff + Fr ,

(6.5)

where Fc is the conservative force due to the inter-particle pair potentials,
Ff = −(m/γ)v is the frictional drag force, and Fr ∝

r

mkB T
δtγ

is the force due

to solvent particles at a temperature T randomly colliding with the particle.
Simulations were performed with dimensionless parameters with T = 1 and γ =
1, where γ is the friction coefficient, and a simulation timestep of δt = 0.002τ0 ,
where τ0 = 1.707 × 10−9 s is the unit of time as defined in the supplementary
information of previous work [173] (see also Chapter 3). The patchy-particle
was treated as a rigid body so that the resultant force and torque of the body
is the sum of the forces and torques of the constituent particles.
To simulate a single polymer (of total volume v) and a single particle (of
total volume v 0 ), they were initially placed in a box, with periodic boundary
conditions, of size L3 where typically L3 > C(v + v 0 ), with C > 80 (corresponding to L > 20 nm). Next, a simulation run for 5 × 106 timesteps was performed
to equilibrate the system, which was checked upon inspection of the total energy, a further 30 × 106 timesteps were used for data analysis.
To simulate a bulk system consisting of Np polymers, and Mp particles both at packing fractions η in a periodic box of length L = 40 nm,
Np = ηL3 /Vpol-beads polymers and Mp = ηL3 /Vpar-beads particles were initially
placed in a cubic box of length L0 = 120 nm (centered about the origin), where
Vpol-beads is the sum of constituent bead volumes of the patterned polymers
and Vpar-beads is the sum of constituent bead volumes of the patchy-particles.
Then, in order to shrink the box to a volume of L3 to obtain a relatively high
density (and the desired packing η), an initial run was performed which applied
an external force pushing all beads to the centre of the box whilst avoiding
particle overlaps. After this, a simulation was performed to reduce the box
length from L0 to L and allow the system equilibrate (20 × 106 timesteps),
checked upon inspection of the total energy.
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To simulate a pore system containing Np = 112 polymers and Mp = 80
particles, simulations – in a periodic box of size L3 = 120 × 120 × 75 nm3 –
of pores with only polymers present were performed and equlibrated. Next,
Mp /2 particles were added on one side of the pore (z > 50 nm) and Mp /2
particles on the other side (z < −50 nm). The simulations were then run for
20 × 106 timesteps for further equilibration.
Calculating the dissociation constant KD and off-rate koff from
simulation The dissociation constant between one patterned polymer, defined
by a sequence of cohesive and non-cohesive blocks, and one patchy-particle was
computed using the relation [141]

KD =

N0
NA N1 (V − VD )

(6.6)

where NA is Avogadro’s constant, N1 is the number of occurences of at
least one cohesive bead on the patterned polymer being in the cohesive range
2r0 of a cohesive bead on a patchy-particle (defining the bound state), N0 is the
number of occurences where no cohesive beads on the patterned polymer are
in the cohesive range 2r0 of a cohesive bead on a patchy-particle (defining the
unbound state), and VD is the dimerization volume approximated as 34 π(N +
Nm )(2r0 )3 , where N and Nm are the number of particle patches and cohesive
polymer beads respectively. Note that for simplicity the sum of all spherical
volumes is used whilst ignoring any overlap in the potential ranges between
beads. The units of KD are here given as mol·nm−3 (which can be converted
to molars (M) using 1 nm−3 ≡ 10−24 liters). To calculate the dissociation
constant between a patterned polymer and uniform particle, the volume of
the spacer bead comprising the uniform particle is used (see Table 6.1 for the
relevant r0 ).
To calculate the off-rate the standard definition koff = t−1
res is used, where
tres is the time spent in the bound state. The definition of the bound state
is the same as is used for the KD calculation. In practice the residence time
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is computed as tres = nbound δt where nbound is the number of consecutive MD
frames that the two molecules are in the bound state and δt is the simulation
timestep.
Calculating the instantaneous diffusion coefficient from simulation First the time-averaged mean squared displacement M SD was computed using the freud package [186] and calculated according to M SD(m) =
1 PNt −m−1
(r(k + m) − r(k))2 ,
Nt −m k=0

where m denotes the current discrete sim-

ulation time, Nt is the total number of time-frames, k is an index over the
time-frames, and r is the position of the particle. The instantaneous diffusion
coefficient is then given as D(t) = M SD(t)/6t where the time is calculated as
t = mδt.
Calculating the cumulative density function from simulation
and derivation of the mobility models The cumulative density function
CDF (r, t) is the probability that a particle, starting from the origin, is within
a sphere of radius r at time t. CDF (r, t) is calculated by counting the number of absolute displacements |r(ti+n ) − r(ti )| < r, where n is the discrete time
interval, in a single trajectory and normalizing the count by the total number of considered time points, then averaged the result over five independent
runs (based on a similar procedure [187]). To characterize the type of diffusion as observed in simulations a fit to the calculated CDFs is done using the
two mobility models. One model is based on normal diffusion defined (in d
dimensions) by a probability distribution P (r, t) given as
−d/2

P (r, t) = (4πDt)

r2
exp −
,
4Dt
!

(6.7)

where D is the diffusion coefficient. The CDF (r, t) is then
CDF (r, t) =

Z r
0

P (r, t)dVd (r),

where the ‘volume’ element is dVd (r) =

2π d/2 rd−1
Γ(d/2) dr

function. Setting d = 3 and integrating results in

(6.8)
and Γ() is the Gamma
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CDF (r, t) = Erf √
exp −
,
4Dt
2 Dt
πDt
!

!

(6.9)

where Erf() is the error function. The two mobility model is defined by
two diffusion coefficients D1 and D2 , where D1 > D2 , of defined weighting
0 ≤ w ≤ 1 such that the resulting model is

r
r
r2
−√
exp −
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4D1 t
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Results

Minimal-complexity models account for NTF2 binding to short
FSFG containing sequences. To develop and test minimal-complexity
models for how NTRs bind to FG domains, we referred to experiments on
the 1:1 binding of NTRs – specifically of NTF2 – to short (≈ 120 amino acids)
FSFG-containing sequences [169]. These sequences contained various patternings of cohesive (sticker) blocks consisting of cohesive FSFG with 2 flanking
–non-cohesive– amino acids on either side, and non-cohesive spacer blocks consisting of 11 non-cohesive amino acids. In addition, each FSFG block could be
substituted with a non-cohesive SSSG alternative. The different sequences are
schematically depicted in Figure 6.1a. Briefly, in these sequences, the amount
and relative locations of the cohesive blocks were systematically varied; in the
experiments, NMR was used to measure the respective KD s for NTF2 binding
to the various sequences (with additional validation by calorimetry) [169].
These sequences are modelled as beads-on-a-chain with different levels of
coarse-graining (1, 2, and 4 amino acids per bead), where the sequence heterogeneity is incorporated at minimal complexity using appropriate alternations of
cohesive (for FSFG-containing blocks) and non-cohesive (for the other blocks)
beads. Given that NTF2 has at least two FxFG binding sites [33], NTF2 is
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Particle Model
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Cohesive
patch
Cohesive interactions
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ε
Figure 6.1: Set up of the physical model used in this work. a) Polymer sequences comprised of three types of (amino-acid containing) blocks that mimic
synthetic protein sequences for which experimental data are available [169]. b)
NTF2 is modelled as a patchy particle and the polymer sequences as chains
with cohesive and non-cohesive beads.  and 0 define the attraction strength
between cohesive beads with the chain, and between these cohesive beads and
the cohesive patches on NTF2, respectively. c) MD snapshots of unbound and
bound NTF2 with an F6A polymer (4 amino acids per bead).
treated as a sphere – of diameter 3 nm – with two cohesive patches. The intraand intermolecular affinities in this system are defined, respectively, by the
strength of interactions between the cohesive beads on the chain, , and by
the strength of interactions between the cohesive beads on the chain and the
cohesive patches on the NTR, 0 (see Figure 6.1b). The cohesiveness between
the patches on the NTF2 and the cohesive beads in the polymer allow the two
molecules to bind in the simulations (Figure 6.1c).
In accordance with previous findings that native and synthetic FG Nup
domains behave similarly to Θ-point homopolymers [40, 64, 109, 116, 143,
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173], where intramolecular repulsion balances intramolecular attraction, the
polymer-polymer cohesion strength  = 4.75 kB T was set such that the F6A
chain is at the Θ-point (see Figure 6.2 (a,b)). The decision to set  based
upon the sequence with six cohesive blocks (F6A) was made as it more closely
resembles the symmetry of a homopolymer chain as compared to the other
sequences. This leaves a single free parameter, the polymer-particle attraction
strength 0 , to adjust dissociation constants KD from MD simulations to those
derived from experiment (see Figure 6.3a). In MD, KD is essentially computed
in the Boltzmann approach, from counting the number of unbound states to
bound states that occur in a single, long, simulation trajectory [141, 142, 173]
(see Simulation details). The implication of the definition of the dissociation
constant used here is that the computed single-molecule binding properties are
valid close to the dilute limit, where local density fluctuations are negligible
and binding events typically include only one polymer and one particle (consistent with experiment) [142, 169]. Encouragingly, such one-parameter fits
are sufficient for the simulations to quantitatively reproduce the behaviour of
KD as a function (i) of the number of FSFG motifs in the sequence and (ii) of
the separation of two FSFG motifs along the chain. Moreover, this agreement
was robust against the level of coarse-graining of the protein sequences, with
concomitant adjustments of  and 0 which were parametrised by the Θ-point
for F6A and by the best match with experimental KD curves, respectively.
The binding affinities (KD ) exhibited greater sensitivity to changes in 0 for
higher resolution (less coarse-graining) polymer models (see Figure 6.3a). For
computational convenience, the coarsest model used here, a polymer with 4
amino acids per bead (4apb) will be the used for the rest of this chapter.
For this model, how NTF2 binding depended on the intra-polymer cohesion parameter  was also investigated. For the sequence with a single cohesive
block (F1A), the choice of  should not – and does not – affect KD . For sequences containing ≥ 2 cohesive blocks, KD decreases (hence binding affinity
increases) upon increasing  (see Figure 6.3b). This may be attributed to the
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Figure 6.2: Setting the polymer cohesion parameter. a) MD snapshots of
F6A polymers at various bead sizes (e.g. 1apb = 1 amino acid per bead) and
cohesion strengths. MD snapshots of Ideal polymers, with no excluded volume
or cohesion, are also shown for comparison. b) Ratio of the radius of gyration
RG to the Stokes radius RS as a function of polymer intramolecular cohesion
strength . Horizontal lines denote the size ratio corresponding to an ideal
polymer with the respective bead sizes.
higher local concentration of particle binding sites as the polymer assumes
more compact conformations. For the case of F6A, however, KD increases
(hence binding affinity decreases) when  is increased beyond the Θ-point
( ≥ 4.75 kB T ). This increase in KD can be explained by the preference for
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Cohesive block distance (AA)
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b)
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Figure 6.3: Setting the polymer-particle cohesion parameter. a) Parameterization of the particle-polymer cohesion strength 0 , shown for different
choices of polymer bead size, using NMR data on the dependence of KD on
the number of cohesive blocks (left) and on the separation of two blocks along
the sequence (right) [169]. Shaded bands denote 0 ± 0.25kB T . b) KD as a
function of , based on simulations with 4 amino acids per bead, with a fixed
0 as determined in (a). The Θ-point (vertical dashed line) and inset snapshots
refer to the F6A sequence.
cohesive beads on the polymer to remain bound to one another, gradually
forming a tightly bound globule with the non-cohesive polymer regions covering it, thus reducing the accessibility of available binding sites for NTF2 (see
Figures 6.2 and 6.3b). Accordingly, for such high intra-polymer cohesion, the
KD s also go up with an increasing number of cohesive blocks for F3A–F6A,
inverting the trend observed below the Θ-point (Figure 6.3b). Overall, this
decrease in polymer-particle affinity will be defined by the increased polymer
cohesion and by the entropic cost of confining non-cohesive regions [5, 188].
Having thus established a coarse-grained model that accounts for
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sequence-dependent variations of how NTF2 binds to FSFG-containing sequences, it was next investigated how much of the surface heterogeneity
(for NTF2) and sequence heterogeneity (for the FSFG-containing sequences)
needs to be accounted for to quantitatively account for the experimental data.
Firstly, to probe changes to surface heterogeneity the proximity of the two
cohesive patches on the NTF2-mimicking particle was varied, through the
angle θ. We observed little change in the resulting KD until the patches were
very close, i.e., for θ / π/5 (≡ 36◦ ) (see Figure 6.4a). For θ / π/5, the binding
became so strong that NTF2 was hardly released from the polymer sequences
in simulations; this strong binding is attributed to the increase in binding
energy when a polymer block binds to two NTF2 patches simultaneously.
This strong binding was also articulated in the reduction in polymer size (the
radius of gyration RG ) for sequences with increasing amounts of cohesive
blocks in the sequence. For larger values of θ, with weaker binding, there was
an initial mild shrinkage with the number of cohesive blocks, followed by a
more pronounced expansion (size increase < 10%). Such expansion of polymer
size upon binding has also been observed in experiments on NTF2 binding to
similar FG domains [41], providing further support for the model.
Noting that a major change in KD was not observed with minor variations
of the position of the patches on NTF2 (for θ > π/5), a fitting of the experimental data ignoring surface heterogeneity altogether was then attempted,
i.e., modelling NTF2 as a homogeneous/uniform cohesive sphere (of the same
size as the non-cohesive bead in the patchy-particle above). In the case of
the uniform particle model of NTF2, the cohesive interaction – as imposed
through a pair potential – is between the centre of the large bead (≈ 8 times
larger than the cohesive NTF2 patch) and the centre of the cohesive polymer
bead, with an interaction cutoff distance that is ≈ 3-fold larger than the interaction cutoff distance in the patchy-particle model. As before, 0 is adjusted
to best reproduce the variation of KD with the number of FSFG blocks and
with their separation along the sequence, resulting in a value of 0 = 5.0 kB T

6.3. Results

129

for the uniform NTF2 model (Figure 6.4b). These results suggest that surface
heterogeneity per se is not a relevant factor to determine binding of NTRs to
short FG domains, as long as the overall affinity of the NTRs to the FG domains is in the appropriate range. This is largely consistent with experimental
observations, which indicate that there are multiple ways to tune NTR surface
properties to achieve similar transport properties [189].
Analytical models quantitatively describe effects of multivalency. To explore how the heterogeneity in the polymer sequence dictates
the binding affinities as observed in the experimental data, an analytical theory that enables quantification of sequence-specific effects on binding was used
[138, 139] (see Chapter 2 for mathematical details). In line with the results
above, the NTF2 was treated as a uniform particle (one bead) binding to a
patterned polymer defined by a patterning of cohesive and non-cohesive beads.
Intra- and intermolecular interactions were incorporated in an approximation
of the second virial coefficient B2 via two terms. The first term is based on a
mean-field contribution, where the heteropolymer is approximated as a smearing of an uncorrelated set of Ncoh cohesive monomers that has an effective
affinity of strength ∝ 0 Ncoh and range determined by the pair potential (see SI
Table 1), for the NTF2 particle only. The second term is sequence-specific and
is based on second-order correlations arising between the polymer monomers
and also between the polymer monomers and the NTF2 particle. Thus, the
intramolecular polymer correlations implicitly depend on the intra-polymer
cohesion strength  and on an excluded volume parameter ω accounting for
the finite size of the polymer beads; and the correlations between the NTF2
particle and cohesive monomers of the polymer depend on 0 . In its simplest
form, B2 is given as (as explicitly shown in the chapter 2)
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Figure 6.4: Effects of surface heterogeniety on a nuclear transport receptor.
a) Effects of varying the patch-patch proximity on binding affinity and polymer size (as measured by the radius of gyration RG ). b) Effects of surface
heterogeneity on the particle and sequence heterogeneity in the polymer using
simulations and polymer analytical models. For the patchy particle simulations θ = π rads (≡ 180◦ ) is used. In the uniform particle cases the particle
interacts with the cohesive polymer beads through its center of mass. As is
shown, the cohesion strengths in all cases are set to best match experiments
[169]. c) Comparing the kinetics between the best match (of the experimental
data) uniform particle and patchy particle model used in simulations. The
off rate was calculated as koff = htres i−1 , where htres i is the ensemble averaged
interaction residence time.
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where si encodes whether a polymer bead i is cohesive si = 1 or noncohesive si = 0 (with Ncoh =

i=1 si ),

PNm

Nm is the total chain length (Ncoh +

Nnon-cohesive ), d is the bond length, x is a renormalization factor of the bond
length that corrects the Gaussian (ideal polymer) correlations for intramolecular excluded volume (dependent on the excluded volume parameter ω) and
intramolecular cohesion (dependent on ) [139], and the integral is over the
wave number k defined as the inverse monomer-monomer distance. The explicit forms of η and κ are explicitly given in Chapter 2. To calculate the
dissociation constant (in units of mol·1 nm−3 ) between one polymer and one
particle, we use the dilute limit approximation (details in Chapter 2)

KD =

P0
V /(V − B2 )
1
1
[c] =
=−
,
P1
1 − (V /(V − B2 )) NA V
NA B2

(6.12)

where P1 = is the binding probability, P0 = 1 − P1 is the unbinding probability, [c] = 1/NA V is the concentration, NA is Avogadro’s number, and V is
the system volume [138, 140, 142]. Here, the ratio of the unbinding to binding
probabilities (KD ∝ P0 /P1 ) is used to calculate dissociation constants, as in
the Boltzmann approach, which is practically the same as using KD ∝ P02 /P1 ,
suggested by the law of mass action, when in the dilute limit where P02 ≈ P0
(for P0 close to 1) [141, 142]. The last equality states that KD ∝ −B2−1 which
is also a reasonable assertion in the dilute limit [138, 140, 142].
The intra-chain interaction parameters {, ω} can be estimated based on
a matching of RG between the heteropolymer theory with those calculated for
the simulated sequences (as was similarly done in [139]); and the polymerparticle cohesion strength 0 is left as a fitting parameter to describe KD as
a function of the number of cohesive blocks. With such parametrization, this
analytical heteropolymer model accurately describes the experimental data as
a function of the number of cohesive blocks (Figure 6.4b). For comparison, KD
was recalculated without the second term in equation 6.11, with no dependence
on {, ω}, and thus approximating the heteropolymer as a smearing of a set of
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NMR
Experiment
Lattice binding model

ITC

Figure 6.5: Functional fits to the experimental data of synthetic FSFG
sequences binding to the nuclear transport receptor NTF2 (data source [169]).
(Top) Fits to the NMR data set and (bottom) fits to the ITC data set. The
solid orange line is a fit to the data using the KD as derived in the lattice
binding model (equation 2.62) with Ncoh as given on the x-axis and 0 is left
as a fitting parameter. The dashed line is a one parameter fit (where A is a
fitting constant) representing the strictly KD ∝ 1/Ncoh relationship as seen in
the comparison of the mean-field theory with experiments.
uncorrelated monomers. Remarkably, this much simplified model reproduces
the experimental data equally well as the heteropolymer model (Figure 6.4b).
As per equations 6.11-6.12, the latter agreement implies that one can describe
the increase in polymer-particle affinity with increasing numbers of cohesive
blocks in the polymer using a simple approximate relation KD ∝ 1/Ncoh . Indeed, the binding trends as seen in experiments can be well-fitted to a function
KD (Ncoh ) = A/Ncoh , with A being a fitting constant (see Figure 6.5).
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Understandably, the mean-field theory (based on the first term in equation
6.11) could not reproduce the trends in KD with the distance between (a
constant number Ncoh = 2 of) cohesive blocks being varied along the sequence.
However, the heteropolymer theory – including second-order correlations only
– correctly predicts an increase of KD , though of smaller magnitude than the
experimental (and MD) data (Figure 6.4b, bottom). This provides a rigorous,
physical, explanation of why binding affinity increases when the FSFG motifs
are bought closer together on the sequence, the spatial correlations between
the motifs are higher which results in an increase in local concentration of
motifs around the NTR [169].
Effect of NTR surface heterogeneity on unbinding kinetics. Although the most simplified models above accurately describe binding equilibria, it remains unclear to what extent NTR surface heterogeneity needs to
be incorporated in a model to account for (un)binding kinetics. To address
this question, the off-rate koff = hτres i−1 was calculated from MD simulations,
where hτres i is the ensemble-averaged time over which the binding patches
of the NTR remained in the interaction range of at least one cohesive bead
on the patterned polymer (Figure 6.4c). This results in predicted residence
times of hτres i < 1 µs. With KD ∼ 1 mM as above, such residence times imply on-rates kon ∼ 1 nM−1 s−1 that are consistent with estimates based on
stopped-flow experiments [30]. One observes that the off-rates for the uniform
NTF2-equivalent particle (for Ncoh ≤ 3) are an order of magnitude faster than
that for the NTF2 with two separate binding patches, and are at least three
times greater (for Ncoh > 3), despite both particles having calculated KD values that match the same experimental data (see Figure 6.4b). This implies
that the more the NTR-FSFG affinity is smeared out accross the NTR surface,
the easier it is to unbind the NTR from the FG motifs for a given equilibrium
binding constant. In other words, by relying on more spread-out and weaker
interactions, FG motifs can achieve the same thermodynamic selectivity for
NTRs as would result from having fewer but stronger interactions, yet allow
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for faster off-rates. This provides at least part of the explanation for the "transport paradox" [36, 181], where many but weak binding spots allow FG motifs
in the NPC to have high selectivity for NTRs, yet still facilitate fast off-rates
and hence fast transport.
Accounting for more complex FG sequences and NTRs. Having
established the coarse-grained models by comparison with experimental data
on short FSFG-containing sequences and NTF2, MD simulations for a more
complex FG sequence and more complex NTRs were then carried out (Figure
6.6a). Specifically, a longer (≈ 720 amino acid) sequence was developed with
a distribution of 18 FSFG cohesive blocks that is consistent with native Nsp1,
an FG Nup that recapitulates salient features of the NPC selective barrier in
artificial NPC mimics [72, 76, 77]. For NTRs, the choices were NTF2 as well as
Karyopherin-95 (Kap95, or Importin-β), an important and extensively studied
cargo-carrying NTR. Kap95 is modelled as a patchy-particle (size ≈ 5 nm) with
N cohesive patches embedded on its surface, with N ranging between 4 and 10
as is expected for Kap95 based on structural data and simulations [86, 87, 180]
(Figure 6.6a). To further probe the effects of surface heterogeneity, and of the
proximity of cohesive patches, two Kap95 models were used: one with the
N patches equidistant from one another over the whole surface (Kap) and
another with the same number of N patches spread equidistantly on one half
of its surface (Kap_half).
For simplicity, a rather generic nature of the interactions between FSFGs
and between FSFG and binding patches on NTRs are assumed, hence the
same  = 4.75 kB T and 0 = 8.0 kB T was used as that was used for the coarsest
model of the short FSFG sequences and patchy NTF2 (see Figure 6.1), and 0 =
5.0 kB T was used for the uniform NTF2 particle as before. Firstly, considering
the 2-patch NTF2 particle (with θ = π rads), no significant drop (of ≈ 0.2 mM
difference) in KD was observed going from the F6A (with Ncoh = 6) to the
Nsp1-like sequence (with Ncoh = 18) (see Figure 6.6b), whereas with a scaling
KD ∝ 1/Ncoh , one would expect a 3-fold drop in KD . This observation could
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Figure 6.6: Single-molecule binding predictions for an Nsp1-like FSFGsequence and NTR particles with varying surface properties, based on coarsegrained MD simulations. a) Illustration of the particle models for NTRs and
the Nsp1-like sequence. Kap95 is modelled as a particle with N binding patches
uniformly distributed on its surface (Kap) or a particle with N patches uniformly distributed on one half of its surface (Kap_half). The Nsp1-like sequence is built from the polymer building blocks shown in Figure 6.1a (with
Ncoh = 18 cohesive blocks). (Inset) MD snapshots of Nsp1 binding with selected NTR models. b) KD predictions for Nsp1 and the NTR models, with
 = 4.75 kB T for polymer – FSFG-FSFG – cohesion and 0 = 8.0 kB T for
polymer-particle cohesion (with 0 = 5.0 kB T for the uniform NTF2 particle
so as to match the KD s of the NTF2 patchy particle with the short sequences
(Figure 6.4b)). c,d) Fitting the KD data from MD simulations (b) with the
analytical lattice binding model, where the Ncoh = 18 polymer cohesive blocks
and cohesive particle patches interact within a sub-volume of a lattice. e,f)
When 0 is adjusted to yield the same, within standard deviation (grey band),
KD s (as determined by MD simulations) for N = {2, 4} as N = 10 in the
Kap model (e), the off-rate increases with N (f). In (e,f) 0 = 10.45, 9.55, and
8.0 kB T for N = 2, 4, and 10 patches respectively.
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be due to the patchy NTF2 (2 patches) not being able to make as efficient
use of cohesive blocks when the latter become abundantly available, i.e., the
binding patches on NTF2 start to saturate. Reassuringly, this observation
is supported by experiment where an equivalent F12A sequence (12 blocks)
exhibited a KD that was similar in value to the F6A sequence [169]. It is
worthwhile to note that whilst the Nsp1-like sequence contains more cohesive
blocks, it is also 6 times longer than the F1A-F6A sequences and contains a
few larger non-cohesive spacer regions that might contribute to some reduction
in binding affinity, due to entropic effects. Such saturation is much less of a
limitation on a uniformly cohesive NTF2 equivalent, which indeed shows an
≈ 3-fold increase in affinity to the Nsp1-like sequence as compared with the
F6A sequence, consistent with the scaling KD ∝ 1/Ncoh . This indicates the
limitation of the uniform-NTR approximation: it overestimates the binding of
NTF2 to long FG domains when there is a large (& 10) excess of FSFG motifs
that can access the NTR.
For the Kap95 models, using a constant 0 = 8.0 kB T as noted above, one
observes a decrease in KD (increase in overall binding energy) upon increasing
in N . Apart from depending on the number of binding sites N on an NTR, KD
also depends on the distribution of these sites over the surface for the Kap95
model particles. Such dependence is rather pronounced when comparing the
Kap and Kap_half models. As observed when bringing the binding sites of
NTF2 in close proximity (Figure 6.4a), a significantly stronger binding when all
N binding sites are located on one side of the NTR (Kap_half) was observed
as compared with the case where these binding sites are distributed uniformly
over the whole surface (Figure 6.6b) [87]. For the Kap and Kap_half particle
with N = 4 patches the KD is comparable to that of patchy NTF2, despite
having a twofold increase in patch numbers. This observation is the result of
the difference in sizes between Kap95 and NTF2 particles, which provides the
rationale as to why larger NTRs require more cohesive binding spots [86].
Encouraged by the previous success of the analytical models, an attempt
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was made to describe the Kap and Kap_half data using the inverse relationship (KD ∝ 1/N ) that would result from a mean-field treatment of the particle
patches (see first term of B2 in equation 6.11). It was found that the simple fitting function KD (A, N ) = A/N (A being a fitting constant), that well
described the experimental and simulation trends of KD on the number of
cohesive polymer blocks (Figures 6.4b and 6.5), resulted in a poor fit to the
Kap95 simulation data (see Figure 6.6(c,d)).
Therefore, an analytical model was developed that could describe both
the KD dependence on Ncoh , as seen in the polymer data, and N , as seen in
the Kap95 data (see Chapter 2 for a complete derivation). In this model one
considers a system volume V where the Ncoh cohesive units in the polymer and
the N cohesive units on the particle each occupy a sub-volume V 0 , which is
assumed – for simplicity – to be the same for both (see SI Figure 3). Again, for
simplicity, the volume V is discretized into M small cubes of volume vvox whose
centers form a cubic lattice. In the model, henceforth called the lattice binding
model, the polymer cohesive units are assumed uncorrelated and can occupy
any of the M 0 = (M V 0 )/V sites within V 0 ; the particle units are assumed fixed
relative to one another (analogous to the Kap model in simulations) and are
symmetrically distributed amongst the M 0 sites. The polymer and particle
units can only interact with one another when their respective sub-volumes
overlap, when an individual polymer unit occupies the same lattice site of a
particle unit it is considered to be bound. Hence, the partition function for
this system is given by

Z = Z0 + Z1
M/M 0
=
2

!

N
M0
M X
M0 − N
+ 0
M n=0 Ncoh − n
Ncoh

!

!

!

N −β0 n
e
,
n

(6.13)

where Z0 is the number of non-interacting microstates, and Z1 is the

6.3. Results
a) Lattice system volume V

b)

138
c)

Non-interacting

Interacting

M voxels of
volume vvox

Polymer volume V'

Particle volume V'

Interaction volume V'

System volume V

d) (i)

Polymer volume V'

(ii)

Particle volume V'

(iii)

Interaction volume V'

Binding
event

Free
voxels

Uncorrelated polymer sites
occupying Ncoh of M' voxels

Fixed particle sites
occupying N of M' voxels

Combined polymer and particle
sites occupying the same volume

Figure 6.7: Visualising the lattice binding model. a) System volume V
is discretized into M = V /vvox voxels whose centres form a three-dimensional
lattice. b) State of a non-interacting system. The polymer and particle are
treated as sub-volumes of the system (blue and orange respectively). Since the
polymer and particle volumes are not overlapping, they are not interacting.
The sub-volumes are able to move freely through the volume V . c) State
of an interacting system. The polymer and particle interact only when their
respective volumes overlap. d) (i) Ncoh cohesive (with respect to the particle
units) polymer units can only occupy lattice sites within a sub-volume V 0 < V
(blue) which is itself free to move around the volume V . (ii) Particle units
are fixed within a separate volume (orange) to the polymer units but of the
same size V 0 . (iii) State of an interacting system. The polymer and particle
sub-volumes overlap, where the uncorrelated polymer units and fixed particle
units are able to interact by occupying the same voxel. The cohesive strength
between a polymer and particle unit is given by 0 .
number of interacting microstates. The first binomial coefficient
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M M −M
is the number of ways of placing the non-overlapping polymer
( 2M
0 ) M0

and particle sub-lattices (each consisting of M 0 voxels) in the system lattice
(M ); the second binomial coefficient is the number of arrangements of the
Ncoh units in the polymer sub-lattice; the M/M 0 factor is the number of ways
of placing the overlapping (polymer and particle) sub-lattice in the system
lattice; the third binomial coefficient is the number of arrangements of the
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Ncoh − n unbound polymer units amongst the M 0 − N free sites; the fourth
binomial coefficient is the number of arrangements of the n bound polymer
units amongst the N particle units; the last factor is the Boltzmann weight
for the system energy E = 0 n (in units of kB T ). The probability that at least
one polymer unit is bound is

P1 =

  0

N
M −N
M PN
−β0 n
0
n=1
n Ncoh −n e
M

Z

(6.14)

,

and thus the probability for no polymer units being bound is simply P0 =
1 − P1 . Using the relation KD = (NA V )−1 P0 /P1 (as in equation 6.12) one
obtains, for arbitrary Ncoh and N , an equation for KD given as (details in
Chapter 2)

0
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(6.15)

where Γ(x) is the Gamma function, 2 F1 [a, b; c; d] is the Gauss hypergeometric function, and γ = 1 + M 0 − N − Ncoh . As a first test for consistency, it
was checked whether equation 6.15 reproduced the KD ∝ 1/Ncoh relationship
as shown before. Indeed, by setting N = 1 in equation 6.15 one obtains

0

eβ
KD =
.
2NA Ncoh vvox

(6.16)

where the approximation M 0 >> M is valid in the dilute limit. Next, a one
parameter fit of equation 6.15 to the Kap and Kap_half simulation data was
made, by setting Ncoh = 18 (for the Nsp1-like sequence), and it was found
that it reasonably describes the observed trends (Figures 6.6c,d). It was also
checked that the results from the lattice binding model were robust against
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changes to the simplified assumption of how the polymer and particle units
bind, i.e., by accounting for a microscopic probability of the units becoming
bound (see Chapter 2).
Overall, the fits to the Kap95 data implies an approximately linear relationship of the overall binding energy with N . So if there are sufficient
FSFG motifs, a larger number N of NTR binding sites appears to result in an
equivalent increase of the number of cohesive polymer beads that are bound
to the NTR. Comparing the data in Figure 6.6b with other experiments, one
notes that the N = 10 result (KD = 24 µM) is in relatively good agreement
with experimental affinities measured for FG Nups and importins KD ' 4 µM
[181, 182].
As was the case for NTF2 (Figure 6.4c), one finds that for NTRs with
more spread out binding sites the unbinding off-rates koff are higher when
comparing NTR models that yield similar KD s. That is, if the respective 0 s
are increased for the N = 2 (0 = 10.45 kB T ) and N = 4 (0 = 9.55 kB T ) Kaps
in order for them to have the same KD as the N = 10 (0 = 8.0 kB T ) particle
(Figure 6.6e), the koff increases with N (Figure 6.6f). This confirms the result
that to facilitate fast kinetics in spite of having strong binding, it is beneficial
for NTRs to have many weak binding sites on their surface rather than a few
stronger ones.
Diffusion of NTRs in a polymer melt. Following the success of the
models in replicating experimental data on single NTRs binding to single FG
domains, and having used this to study binding equilibria and unbinding kinetics, it was next considered how the findings above translate to the dynamics on NTRs in a system containing many FG domains. Understanding how
“patchy” NTRs and cargoes travel through dense polymeric mediums, such as
in the NPC, is an open problem (see [104, 190, 191] for related work). Such
considerations are faciliated by available experimental data concerning NTF2
diffusing in a bulk solution of F6A [191]. Specifically, the simulations comprise of one NTR diffusing in a bulk solution (polymer melt) of synthetic FG
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sequences (F1A-F6A) at a physiologically relevant packing fraction (≈ 0.1)
[64, 97]. To verify that the diffusion measurements can be solely attributed to
the movements of the NTR particle relative to the polymer melt, and not any
co-diffusing polymers that could be stuck to it, it was tested whether specific
polymers showed a significantly higher number of binding events to the particle (as would be the case if particular polymers were stuck to the particle). It
was observed that the NTR particle uniformly sampled the polymer binding
sites, thus ensuring that particular polymers were not stuck to the particle (see
Figure 6.8).
Having demonstrated that the diffusion of NTRs could be measured with
respect to a polymer melt, the dynamics of the patchy and uniform NTF2
model particles were investigated. Somewhat intriguingly, the instantaneous
diffusion coefficients for the patchy NTF2 particle are typically about 4-fold
larger (Figure 6.9a) than for the uniform particle, in spite of having – for
similar KD s – lower koff s in the single-molecule simulations (Fig. 6.4c). This
may be related to the results in Figure 6.6b, which showed that the presence
of a larger number of FSFG motifs (18 for the Nsp1-like sequence instead of
1-6 for the synthetic sequences) resulted in significantly tighter binding for the
uniform NTF2 model. Indeed, a two-fold increase in the number of individual
– FSFG-particle – binding events for the uniform particle as compared with the
particle with 2 patches was observed, which one can attribute to the spreading
out of NTR affinity through increased numbers of weak binding sites (see SI
Figure 4). This implies that, for the polymer densities and polymer-particle
size ratios explored here, there is a dynamical cost in binding to large numbers
of FSFG motifs in the melt that is analogous to increased friction/drag on the
particle, and could provide a physical reason as to why NTRs are not totally
covered in binding sites.
As for NTF2, one finds for Kap95 that a higher koff in the single-molecule
simulations (Figure 6.6c,d) does not translate into substantially faster diffusion in the polymer melt, as illustrated for the Kap95 models for N = 4 and

6.3. Results

142

6000

Patchy NTF2
Uniform NTF2
Kap (N=4)
Kap (N=10)

5000

Count

4000
3000
2000
1000
0

0

50

100

150

200

Polymer patch ID

250

300

Figure 6.8: Histogram data showing the number of occurences that a specific
cohesive polymer bead (of the F6A sequences) is bound to a particle (within
the appropriate pair potential interaction range), for a system containing one
particle and many FSFG polymers at a packing fraction 0.1. If polymer were
permanently stuck on the particle during the simulation, very large count peaks
would be observed in the data, the relatively uniform sampling as shown here
highlights that the particle is indeed binding with many polymers throughout
the simulation. The smaller peaks shown for the Kap models, may be due
to the particle residing for a relatively longer duration at a particular point
in the simulation box. The data also shows higher counts for particles with
more patches. Error bands are the standard deviation from averaging over
5 simulation runs. The polymer block ID’s are ordered by polymer, where 6
polymer block IDs correspond to a single polymer (using the 4 amino acids
per bead coarse-graining).
N = 10 patches with matching single-molecule KD s (Figure 6.9b). For both
Kap particles it was observed that their dynamics become slower (≈ 2 − 3fold difference) upon increasing the number of cohesive polymer blocks from
1 to 6 and they tend to be slower than patchy NTF2, but are comparable to
the uniform NTF2 model. Satisfyingly, the diffusion coefficients for the NTR
models (∼ 10 µm2 /s ≡ 10−7 cm2 /s) are in general agreement with previous
experimental data (at similar FG densities as in the NPC) [181, 191–193]. It
appears that with an appropriately chosen single-molecule KD , the unbind-

6.3. Results

143

ing kinetics does not seem to matter too much for the diffusion in the melt.
However, the unbinding kinetics might seem to matter more at the peripheries
of the NPC, in which faster off-rates could determine faster cargo detachment
from the mass of FG Nups occluding the pore (this is not explored here).
Diffusion in crowded biological environments as well as in crowded polymer melts can often be characterized as anomalous (non-Fickian), arising from
the steric, repulsive, and/or attractive interactions between the molecular components [194–196]. Of relevance, many molecules in the cytoplasm and cell nucleus have been shown to diffuse anomalously (subnormally) [197, 198]. Since
the instantaneous diffusion coefficients decrease with lag time (Figure 6.9),
one can infer that the NTRs show subnormal diffusion in the polymer melt
consisting of FSFG sequences. This can be further analysed via the cumulative density function CDF(r, t), which is the probability of finding a particle
– starting at the origin r = 0 at time t = 0 – at a distance r after a time t.
Next, the CDF(r, t) data were fitted to a one-mobility and to a two-mobility
model, where the latter is defined by two separate ordinary diffusion coefficients [187, 199–202]. The two-mobility provides more degrees of freedom and
may therefore expected to better fit the data: If that is the case, it should be
regarded as an indication of deviations from predictions for normal diffusion,
not necessarily as an indication for the presence of two discrete modes of diffusion. Indeed, as expected based on the variation of the instantaneous diffusion
coefficients with lag time in Figure 6.9a, the computed CDFs are better fitted
with a two-mobility, BiGauss, anomalous diffusion model (with two parameters) than with a simple one-mobility, Gauss model (with one parameter) that
applies for normal diffusion (see Figures 6.9(c,d) and SI for details).
Interestingly, one finds that the patchy NTF2 deviates most from a onemobility model but can be described well using a two-mobility model with
a fast diffusion coefficient (D1 ) that is ≈ 4 − 5 times greater than the slower
one (D2 ), with both fast and slow diffusion playing significant roles (35% fast,
65% slow) (see SI Table 2). Remarkably, the predicted (at t = 1 µs) fast (D1 =
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Figure 6.9: Equilibrium dynamics of a single nuclear transport receptor in
a bulk solution of various synthetic FG protein sequences. a) Instantaneous
diffusion coefficients for patchy (left) and uniform (right) NTF2 particles, with
equivalent single-molecule dissociation constants for the F1A-F6A sequences,
as a function of (lag) time. Bands are standard deviations from 5 independent
runs. b) Same as (a) but for the Kap model with N = 10 and 4 with respective
cohesion strengths of 0 = 8.0 kB T and 9.0 kB T that give equivalent dissociation
constants for the short F1A-F6A sequences. c) Cummulative distribution
functions (CDF) for patchy and uniform NTF2 for the selected sequence (F6A)
alongside two fits: one using a single mobility model (Gauss) and the other a
two mobility model (BiGauss). d) Same as (c) but for the Kap models. For
both (c) and (d) the CDFs are for t ≈ 10−2 µs (main panels) and t ≈ 100 µs
(inset panels).
{25.7, 21.7} µm2 /s) and slow (D2 = {5.5, 5.1} µm2 /s) diffusion coefficients for
patchy and uniform NTF2 particles respectively lie close to the experimentally
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determined diffusion coefficients ({Dfree = 23 ± 10, Dbound = 5.6 ± 2.2} µm2 /s)
as found for an NTF2 particle diffusing between a solution of F6A sequences
(relating to Dbound ), and a reservoir of inert polymers (relating to Dfree ) [191]
(see Table 6.2). Also, the predominance of the slower diffusion (> 60%) observed in simulations is also corroborated by the predominance of bound diffusion in the same experiments. Specifically, one can interpret the faster diffusion
coefficient D1 to represent unbound diffusion, when the NTF2 particle is free
of FSFG motifs, and the slower diffusion coefficient D2 represents bound diffusion, with the caveat – mentioned above – that this is unlikely to be a sharp
distinction.
Expectedly, the two Kap particles (N = {4, 10}) did not show significantly
different behaviour, as is observed in the instantaneous diffusion coefficients,
and showed minor deviations from the one-mobility model. For both Kaps
(N = {4, 10}) it was found that the slow diffusion coefficient D2 is similar in
value to the one-mobility diffusion coefficient, with a large portion (≈ 70 −
80%) of the diffusion arising from D2 , but still a non-negligible portion of
faster diffusion (D1 ) arose from the two-mobility fits. It is noted that the
size could also be contributing to the slower diffusion (as compared with the
t = 10−2 µs
D (µm2 /s)
D1 (fast) (µm2 /s)
D2 (slow) (µm2 /s)
w (slow)
t = 100 µs
D (µm2 /s)
D1 (fast) (µm2 /s)
D2 (slow) (µm2 /s)
w (slow)

NTF2-p NTF2-u Kap (N = 4)
16.4
12.3
6.9
43
26.0
15.4
9.2
7.9
5.4
0.65
0.65
0.77
NTF2-p NTF2-u Kap (N = 4)
10.5
6.6
3.7
25.7
21.7
8.1
5.5
5.1
2.7
0.61
0.82
0.71

Kap (N = 10)
5.4
11.1
4.5
0.82
Kap (N = 10)
3.3
6.4
2.4
0.68

Table 6.2: Best fit mobility parameters for particles diffusing in a bulk
solution of the F6A sequence as found using two mobility models, Gauss and
BiGauss, defined by one diffusion coefficient D and two diffusion coefficients
D1 , D2 respectively. Note: NTF2-p = Patchy NTF2 and NTF-u = Uniform
NTF2.
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NTF2 models). In all cases, it is observed that the diffusion coefficients for
the mobility models are largely consistent with the independently calculated
instantaneous diffusion coefficients. This analysis highlights that the dynamics
of NTRs in a heterogenous melt could potentially involve a range of diffusion
types, including fast (free/unbound) and slow (bound) diffusion.
Uptake of NTR particles in a patchy-polymer pore assembly Finally, to see how the single-molecule results translate to a more physiologically
relevant assembly, NTR uptake was investigated in a system comprising of
an NPC-mimicking cylindrical pore (20 nm radius and 40 nm in length) containing 112 Nsp1-like polymers (∼ 8 MDa) attached to the inner walls and 80
NTRs (see Figure 6.10a). Uptake was quantified through the effective potential Ueff (z) = −kB T ln (ρ(z)/ρbulk ), where z is the position along the axial axis
of the pore, ρ(z) is the number density of the NTRs, and ρbulk is the density
of NTRs measured in the regions outside the pore that are void of polymers.
As was observed in the binding of the NTF2 model particles to the Nsp1like sequence (Figure 6.6b), the uniform particle model exhibited ≈ 3-fold
higher affinity (lower Ueff , higher uptake) as compared with the patchy NTF2
(see Figure 6.10b). Again this is due to the ability of the uniform particle to
make use of more available FSFG motifs, as it is completely covered in cohesive spots, whereas the patchy NTF2 (two patches) is more limited in this
respect. For the patchy NTF2 the overall potential well depth within the pore
was relatively low / 0.5 kB T , indicating close to passive permeability [126].
For the Kap95 patchy particle models, where in the single-molecule binding simulations the KD decreased upon increasing the number of cohesive
patches from N = 4 to 10 (for the same 0 = 8.0 kB T , Figure 6.6(b,c,d)), the
effective potential decreased upon an increase in N (Figure 6.10c). For the
N = 4 case, the effective potential was positive (potential barrier) indicating
a reduced uptake of the NTR particle despite the single molecule KD s being
similar to the patchy NTF2 particle, where in that case resulted in a negative
potential (potential well). This can be explained as due to the larger size of the
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Figure 6.10: Uptake of NTRs in a cylindrical pore assembly filled with
Nsp1-like sequences. a) Snapshots of equilibrated MD simulations of pores
containing 80 Kap (N = 10, top) and 80 patchy NTF2 (below). b) Effective
potential for inserting patchy NTF2 and uniform NTF2 particles using the
cohesion strengths (0 = 8.0, 5.0 kT respectively) that were adjusted to match
single-molecule KD s from experiments. c) Effective potential for inserting
Kap particles with N cohesive sites and Kap_half particles with Nhalf cohesive sites. d) Equivalent to (c) but using a homopolymer model of Nsp1 and
uniform model for the Kap particles, where the polymer intramolecular cohesion strength was 0.4 kB T , where the particle-polymer cohesion strength is
varied instead of the number of cohesive sites as done in (c). Data for (d) was
generated by Tiantian Zheng at the University of Toronto (unpublished), and
is used with permission.
Kap particle, where the entropic insertion cost is generally higher in a pore assembly (due to inceased polymer confinement), and again further demonstrates
why larger cargoes tend to have more binding sites. The difference between
the uptake of Kap and Kap_half models was less obvious as compared to the
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single-molecule KD s, and any difference became smaller for growing N .
Lastly, the model used here, which does account for the sequence and
surface heterogeneities in FG Nups and NTRs respectively, was compared to
an independent model treating the Nsp1 as a homopolymer and the Kap95
NTR as a uniform sphere (with bead sizes matching the patchy model, see
Figure 6.10d). For an honest comparison, effective potentials were computed
in this independent model using the same pore geometry, polymer numbers,
NTR numbers, and other properties of the system. Overall, for suitably chosen
particle-polymer cohesion strengths, the homopolymer model produced similar
effective potentials, albeit smoother, as computed in the patchy model. The
overall values of the well depths or barriers from the patchy model, upon linear
increases in N , could be reproduced in the homopolymer with linear increases
in the particle-polymer cohesion strength. The minor discrepancies in the
shapes of the potentials are due to the more extended conformations assumed
by the patchy polymers.

6.4

Conclusion

In summary, a physical picture of patterned FG sequences interacting with
heterogeneous NTRs has been presented. Firstly, the minimal coarse-grained
model is in excellent agreement with recent experimental binding data on the
level of single-molecules, by only fitting one interaction parameter [169]. Additionally, it was found that this agreement was maintained even when the
surface heterogeneity of the NTR was ignored. This is consistent with previous observations on NTR uptake in surface-grafted FG domain assemblies
as described by mean-field homopolymer models [64, 116], and provides a
foundation for other computational studies that made similar assumptions
[76, 109, 112, 113, 173, 203]. However, it was found that the uniform NTR
model exhibited much faster binding kinetics (with a high “off” rate ∼ 106 s−1
and “on” rate ∼ 109 M−1 s−1 ) than the 2-patch model – for the same dissociation constant– owing to a greater spread of the cohesion over the particle.
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This suggests that care must be taken when inferring kinetic properties from
homopolymer type modelling.
Using analytical theories, one based on a sequence-specific polymer theory
and the other based on a statistical mechanical lattice binding model, the roles
that sequence heterogeneity of the FG sequences have on FG-NTR binding
were confirmed: that the overall number of cohesive blocks largely dictates
binding affinity with variations in the exact distances between those blocks
being of lesser importance. These theories provide a physical picture and
mathematical framework to understand single-molecule binding of patterned
polymers and heterogeneous nanoparticles.
Furthermore, predictions on the binding of a more realistic FG sequence,
based on Nsp1, with NTRs, based on Kap95, having more complex surface
patterning were made. It was found that an NTR that is larger than NTF2
but with more cohesive patches resulted in a similar overall binding affinity
to the FG sequence, highlighting a possible reason for why larger cargoes,
e.g., importin-β, have more FG binding grooves/spots to compensate for its
size [86]. Overall, the number of binding patches on the NTR is critical: one
observes a change from ∼ 1 mM to ∼ 10 µM in the FSFG-NTR binding affinity
upon doubling the number of particle cohesive patches.
The theoretical results here have potential implications on the large differences between single-molecule KD s as inferred from various experiments,
including FSFG constructs and native FG Nups, with values including ∼ 1 mM
[30, 169], ∼ 10 µM [78, 181, 182], and . 10 µM [58, 78, 183, 184]. One can reconcile these affinity differences through varying degrees of multivalency, where
moderate increases in available binding sites results in large increases in affinity. As such, care must taken in inferring single-molecule binding affinities
from macroscopic systems where collective effects, such as the non-linear dependence of dissocation on the binding site concentration, will carry over into
any extrapolated single-molecule binding constant.
Through exploring the diffusion of an NTR in an FG polymer melt it
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was found that the observations from single-molecule kinetics do not necessarily carry-over to macroscopic systems. Specifically, one does not observe
an increase in macroscopic diffusion coefficient upon spreading out the cohesion on an NTRs surface, through more patches, despite this leading to higher
koff s in the single-molecule simulations. For the NTRs explored here, generally fast (∼ 1 − 50 µm2 /s) diffusion in the FSFG polymer melt is observed,
in accordance with previous experimental data [181, 191–193]. These findings
suggest that the macroscopic diffusion of NTRs could be due to a combination of fast and slow modes, with the important caveat that there are many
different physical regimes that affect diffusion and it is not known which one
is directly relevant to the NPC. Whilst the precise microscopic mechanism of
NTR motion in an FG polymer melt has not been explored here, it is expected
that the macroscopic picture developed here can also be fully reconciled with
microscopic pictures of motion such as the “slide-and-exchange” mechanism
[104]. One can speculate that whilst the overall diffusion in a dense melt is not
greatly affected by changes in the surface properties of the NTR, they may be
of particular importance at the nucleoplasmic and cytoplasmic entry points of
the NPC where high specificity (KD and kon ) governs uptake and fast unbinding kinetics (koff ) governs release (although cargo transport may not need the
NTRs to be released from the NPC).
Lastly, a pore system containing a physiologically relevent density of FG
Nup-like patterned polymers and number of NTRs (patchy particle) was explored. Increased uptake within the pore was observed with NTRs having
greater surface coverage of binding sites (with the same microscopic affinities),
and that a sufficient number of binding sites (in this case ∼ 6) is required for an
NTR like Importin-β (Kap95) to enter the FG Nup mass in the pore. This is
entirely consistent with independent higher resolution simulation results, where
greater uptake was observed for model NTRs with binding sites that are closer
to one another on the surface, revealing that both the number and proximity of patches regulate uptake of NTRs [102]. An independent homopolymer
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model, which ignores the heterogeneity of the FG Nups and NTRs, could reproduce the increase in uptake with linearly increasing NTR binding sites as
observed in the “patchy” model with appropriate linear increases in polymerparticle cohesion strengths. This latter finding is in agreement with previous
chapters based on homopolymer descriptions of macroscopic assemblies of FG
Nups and NTRs, that a homopolymer description is valid for macroscopic considerations. However, as the above results show, some subtleties arising from
sequence-specific and multivalency effects on the single-molecule binding cannot be wholly reproduced with simple homopolymer models. Lastly, whilst
the patterning of polymers explored in this chapter was restricted to cohesive
FSFG motifs and non-cohesive (non-hydrophobic) spacer regions, the model
can be expanded to include charged (electrostatic) interactions that are present
in native FG Nups and are known to affect the uptake of NTRs [95].
Overall, this chapter has presented a minimal yet adaptable physical
framework that sets a solid foundation to further explore specific physical questions regarding selective transport in the NPC, whilst also elucidating future
design principles for the components of artificial transport nanomachines.

Chapter 7

Conclusions and outlook
In this thesis I have undertaken a theoretical physics approach in trying to
understand the molecular interactions that define the transport selectivity of
the nuclear pore complex (NPC), a large macromolecular machine that selectively controls the transport of material between the cell nucleus and the
cytoplasm. The essential components of the NPC are the sticky intrinsically
disordered proteins called FG Nups and the sticky nuclear transport receptors
(NTRs). It is difficult to probe these components using traditional methods in
vivo, due to the highly fluctuating/disordered nature of the FG Nups and presence of many different proteins in the NPC. Therefore, as an alternative route
to understanding the NPC, in vitro assemblies of FG Nups and NTRs have
been experimentally probed in the past decades. Supplementing the in vitro
experiments, are modelling approaches that have been able to describe and reproduce key experimental datasets. Quite generally, modelling approaches to
the NPC lie on a spectrum defined by two extremes: on the one hand, models
may prioritise the retention of atomistic and/or residue specific information
of the FG Nups and NTRs through a large number of simulation parameters;
on the other hand, models may prioritise a minimalistic “homopolymer” approach (with a small parameter space) so as to describe the experiments with
the smallest number of physical “ingredients”. Without underrating the value
and importance of more detailed, finer-grained models, one may say that the
minimalistic approach has seen surprising success in describing and explaining
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a multitude of experimental data in the literature.
Despite the success of physically modelling, there are still open questions,
uncertainties, and lack of systematic analysis regarding how FG Nups and
NTRs facilitate a functional transport barrier in the NPC. Four of these were
outlined in section 1.6 and formed the aims of this thesis:
1. To systematically assess the dominant interaction regime governing FG
Nup assemblies using a minimal homopolymer model.
2. To demonstrate whether a simple polymer model could reproduce experimental FG Nup morphology and behaviour in a nanopore setup where
the numbers of FG Nups are precisely controlled, and to provide further
predictions regarding dynamics.
3. To explore the effects of crowding of more than one type of NTR, and
make predictions that can be tested by future experiments (thus providing another means of checking the consistency of a minimal homopolymer
model approach).
4. To systematically explore the importance of heterogeneity of the FG
Nups and NTRs and whether this can be suitably accounted for using a
homopolymer model approach.
In chapter 3, a homopolymer (coarse-grained) model of the FG Nups was
used to explore independent experimental datasets regarding the morphology
of ∼ 27 FG domains that were either isolated or grafted in numbers on a
planar surface. Taking into account only two types of interactions, excluded
volume (repulsive) and cohesion (attractive), such a model could account for
the experimental data. Remarkably, it was also found that, on average, FG
Nups can be considered to behave very much like idealized polymer chains
characterized by Θ-point conditions. This means that the dominant interaction
regime for FG Nups is neither the entropic (steric interactions dominate) or
more cohesive (attractive interactions dominate) regimes, but, instead, that
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FG Nups are characterized by a balance between these interactions. In this
regime, the FG Nups are particularly sensitive to changes in intermolecular
interactions (e.g., temperature and/or solvent quality).
In chapter 4, the same homopolymer model could qualitatively and quantitatively describe changes in the morphology of FG Nups as a function of copy
number in an experimental biomimetic nanopore assembly. As with the chapter that came before it, this provided additional evidence of the viability of
modelling FG Nups as homopolymers. Furthermore, by exploring the dynamics of resealing, currently beyond the timescales available to experiments, such
model nanopore systems demonstrated similarities with ideal polymer chains,
consistent with chapter 3. The simulations revealed resealing timescales three
orders of magnitude faster than transport events in the NPC (∼ 1 ms). It was
found that for resealing the channel of the pore to a sufficiently high density,
to aid in maintaining the transport barrier, it is important that the cohesive
interactions between the FG Nups are neither too weak (highly entropic) nor
too strong but somewhere between the two.
In chapter 5, the homopolymer model was extended to include NTRs so
as to theoretically explore the effects of mixed NTR crowding in an in vitro FG
Nup assembly consisting of FG Nups attached to a hard surface. Whilst modelling approaches and experiments have been conducted to explore one type of
NTR, there is currently a lack of robust data regarding the inclusion of two or
more NTRs. Interestingly, the model predicted that at physiologically relevant
concentrations of NTF2 and Importin-β, there is phase separation, with two
distinct regions of NTRs within the film. Furthermore, it was observed that
the distribution of Importin-β within the FG Nup layer was modulated by the
amount of absorbed NTF2, and that this relationship was one way, i.e., the
distributon of NTF2 within the film was not affect by changes in the amount
of Importin-β. The results of this Chapter may be tested by future in vitro
experiments.
In Chapter 6, the roles of heterogeneity in FG Nups and NTRs was ex-
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plored using a “patchy” model that accounted for such heterogeneity at minimal complexity. In this model FG Nups were treated as flexible polymers
(as in the homopolymer model), but now consisting of a patterning of two
types of monomers, one cohesive and the other non-cohesive. The NTRs were
treated as patchy particles, with the cohesive patches embedded on the surface
of a larger non-cohesive sphere. As with the homopolymer model investigated
in Chapter 5, there are only two cohesion parameters, one accounting for cohesion between the FG Nups and the other accounting for cohesion between
th FG Nups and NTRs. With the cohesiveness between FG Nups based on
the ideal-polymer result shown in the chapters before this, and leaving the
FG Nup-NTR cohesion strength as fitting parameter, the model is found to
be in excellent agreement with experimental data on the binding between FG
sequences and NTRs. It was found that an NTR with many weaker binding sites spread over its surface exhibited fast (un)binding kinetics, compared
with NTRs with fewer and strong binding sites. This partly explains how
weak multivalent interactions could help foster fast transport in the NPC. Using statistical mechanical toy models, the heterogeneous nature of the binding
interactions was further elucidated and simple relationships were extracted,
such as KD ∝ 1/NFG , where NFG is the number of FG motifs in the FG Nup.
The model was then extended to NTRs diffusing in an FG polymer melt, with
calculated diffusion coefficients agreeing with those found in experiments. It
was also found that NTR surface heterogeneity may not play a significant role
for NTR diffusion in a dense FG melt, but is speculated to be important for
the release of NTRs (and cargoes) at the NPC peripheries. The model was
then extended to a pore geometry mimicking the NPC, and it was found that
uptake of NTRs is regulated by surface coverage in accordance with previous studies. In this macroscopic system, an independent homopolymer model
could largely reproduce the effects of modulating the NTR surface coverage by
changing the cohesion parameter.
Taken together, the results of this thesis reveal that simple physical de-
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scriptions of FG Nups and NTRs, implemented through various analytical and
computational methodologies, are able to not only describe a wide range of experimental data, but also to provide a coherent conceptual framework to form
a basic understanding of them. Whilst a strict homopolymer model is sufficient
to describe macroscopic morphologies and behaviour of FG Nups and NTRs
in various geometries, it is slightly limited in accounting for subtle features
regarding single-molecule binding, particularly kinetics. A slightly more complex model, that does take into account the salient features of heterogeneity (at
minimal complexity) seems to be able to account for these subtle phenomena
on the single-molecule level, and can reproduce some known macroscopic effects (e.g., in bulk and pore geometries). This model is still much simpler than
those that account for the particulars of each residue in an FG Nup. I believe
that a model of this nature, with a complexity between the homopolymer and
one-bead-per-amino-acid models, will form a likely candidate for a unifying
model that could, in principle, be used to describe a plethora of phenomena
arising between FG Nups and NTRs.
In the future, one could further compute the physical consequences of
the model in Chapter 6 by performing simulations of patterned polymers and
patchy NTRs in a film assembly, ensuring that it can account for the known
experimental data and make future predictions to be compared with future
experiments. Furthermore, it would be interesting to extend the bulk diffusion
simulations in Chapter 6 by systematically assessing the diffusion of NTRs in
a cylindrical tube (with grafted patterned polymers) and test how the conclusions would change in this geoemtry. Furthermore, regarding the mechanisms
of diffusion of NTRs and cargoes through the NPC, one could systematically
obtain the regime of diffusion (normal, sub-diffusive, or super-diffusive) as a
function of packing fraction and molecular interactions in a relevant geometry.
Additionally, in the homopolymer model and in the patchy model, one could
further explore the crowding effects presented in Chapter 5 by exploring dynamical/kinetic effects, such as NTR (and cargo) dwell/escape times in/from
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the film. The phase separation of two NTRs in an FG Nup finding in Chapter 5 could be further explored/tested in a pore geometry such as the DNA
origami nanopore as presented in Chapter 4, this could be in a system more
accessible to experimentalists. Finally, it would be highly interesting to further
develop the models and findings in this thesis to investigate cargo transport.
A different direction could involve performing artificial evolution on candidate
(simulated) NTRs and FG Nups, where the placement of binding sites on the
former or patterning of cohesive blocks on the latter could be optimized to
enhance particular transport properties.
In terms of methodology, one could extend the equilibrium classical density functional theory (see Chapter 2) to dynamical density functional theory,
which will enable a wider range of physical questions to be answered using
this method. Also it could be possible to model the nonequilibrium effects
arising from cellular fluctuations or the active processes in nucleocytoplasmic
transport through advancements in nonequilibrium molecular dynamics and
nonequilibrium theories. The analytical theories that are used and developed
in this thesis can also be further explored and developed to incorporate more
details/physical scenarios that relate to the NPC.
In the long-term, I believe that the minimal-modelling approach utilized
in this work coupled with higher resolution modelling and more sophisticated
experiments will help build a consensus regarding the physics of the NPC, ultimately leading to highly realizable artificial transport machines. Furthermore,
inverse-design approaches to replicating (and improving on) NPC functionality
using simulations and the plethora of optimization techniques now available
to the scientist will likely form a large part of future computational research
in this field.
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Appendix A

Mathematical details for the
sequence-specific analytical
theory
A.1

Mathematical details for interaction factors in B2

Fourier transforming equation 2.42 and integrating using spherical coordinates
gives

h

i

V̂(k)

Z ∞ Z π Z 2π 




ij
ij
ij i j
= sa sb
exp −2α(rab
− r0ij ) − 2 exp −α(rab
− r0ij ) ,
ab
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ij
ij 2
ij
exp ik · rab
cos(φ) sin(φ)(rab
) dθdφdrab





48πij sia sjb 5α5 + 2α3 k 2


=−

(4α4 + 5α2 k 2 + k 4 )2



,

(A.1)

with k ≡ |k|. Next, under the assumption of weak interactions, a high
temperature expansion to the Mayer function is performed leading to
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and integrating using spherical coordinates leads to
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(A.4)

which directly enters equation 2.44.

A.2

Mathematical details for incorporating
intra-molecular correlations

Let χ be an observable that stores information about the configuration of the
polymer, and whose ensemble average with respect to HT is given by
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hχiT = hχi0 + hχi0 hH 0 − HT i0 − hχ(H 0 − HT )i + O((H 0 − HT )2 ),

(A.5)

where h. . .i is the ensemble average computed over configuration space.
The condition that hχiT = hχi0 to first order implies that hχi0 hH 0 − HT i0 =
hχ(H 0 − HT )i0 . Here, the square of monomer-monomer distance is used as the
variable χ = (r(τ2 ) − r(τ1 ))2 such that

h(r(τ2 ) − r(τ1 ))2 i0 hH 0 − HT i0 = h(r(τ2 ) − r(τ1 ))2 (H 0 − HT )i0 ,

(A.6)

which determines a renormalised Kuhn length for each monomer-monomer
pair l0 (τ2 , τ1 ). Placing equations 2.45 and 2.46 into equation A.6 gives
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(A.7)
. Using properties of the ideal-chain [139] the left-hand side of equation
A.7 reduces to
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additionally the excluded volume terms, the first two terms on the right
hand side of equation A.7, can be written as [139]
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. The cohesive terms, the last two terms on the right hand side of equation
A.7, can be simplified also. One can define

exp (−2αr) − 2 exp (−αr) = 48π
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(A.10)

which results in the last two terms of equation A.7 being expressed as
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. Performing the configurational integrals on the left hand side of equation
A.11 using an ideal-chain Hamiltonian [139] results in
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(A.12)
. Then making use of the identity

!
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erf 
√
− πα e 6
6
which one can use to simplify the computation of equation A.12. The polymer is then discretized, where the continuous contour variables {L, τ2 , τ1 , τ 0 , τ }
are replaced with the discrete variables {M, m, n, p, q} respectively. One can
also define xm,n = l0 (m, n)/l, which is the ratio of the renormalized Kuhn length
for monomers m and n to the actual Kuhn length l, therefore the equation that
fully determines xm,n is given as
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where Ωcoh
m,n (M, xm,n , l, α) is
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C(p, q, xm,n , l, α) is defined as
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