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Abstract

A theoretical study on the coupled electron-nuclear dynamics of HD+ molecular

ion under ultrashort, intense laser pulses is performed by employing a well-established

quasiclassical model. The influence of laser carrier-envelope phase on various channel

(H+D+, D+H+ and H++D+) probabilities is investigated at different laser field intensi-

ties. The carrier envelope phase is found to govern the dissociation (H+D+ and D+H+)

and Coulomb explosion channel (H++D+) probabilities. The kinetic energy release

distributions of the fragments are also found to be sensitive to the carrier-envelope

phase of the laser pulse. Our results are in agreement with the previously reported

quantum dynamical studies and experiments.

1. Introduction

One ultimate goal of chemical dynamics is to control the outcome of a chemical reaction to

drive it to a desired final state.1 With the recent advancement in the laser technology, highly

intense laser pulses with femtosecond (1 fs = 10−15 s) to attosecond (1 as = 10−18 s) time

duration are readily available and have opened the possibility to achieve this. These ultrashort

laser pulses are an ideal tool to probe the electron and nuclear dynamics in real-time.2,3

Since the magnitude of the optical field of these intense laser pulses are comparable to that

of internal coulomb field of molecules, thereby a variety of processes such as above-threshold

dissociation(ATD),4 bond softening(BS),5 bond hardening,6 Coulomb explosion(CE)7 are

initiated upon exposure to these intense pulses. In ATD, the molecule absorbs more photons

than are required to overcome the bound energy barrier. The additional energy appears as

the signature peaks in the kinetic energy release (KER) spectra of the dissociated fragments.

BS describes when a molecule’s bond ‘softens’ in the strong laser field and the molecule

dissociates. Bond hardening is the process in which an unstable ion or molecule becomes

stable upon exposure to ultrashort laser pulse. Dota et al. experimentally observed this

bond hardening phenomena for tetramethyl silane.6 In CE, multiple electrons eject from the
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molecule resulting in the formation of a charged molecular cation. Strong coulomb repulsion

causes the molecular cation to undergo rapid dissociation. The KER spectra of the dissociated

fragments can provide a detailed information about all these processes.

The ultrafast dynamics in atoms and molecules, can be governed by modulating the

various laser parameters as controlling knobs, such as, intensity, chirp, pulse duration, and

pulse shape etc. With the modern laser technology, it is now possible to generate ultrashort

laser pulses consisting of only a few optical cycles. With these laser pulses comprising a few

optical cycles, the oscillating carrier electric field plays an important role. The temporal offset

between the maximum of the optical cycle and the maximum of the pulse envelope is termed

as the carrier-envelope phase (CEP) of the pulse. By a careful choice of laser CEP, it is now

possible to control the outcome of the laser-matter interaction on the sub-femtosecond time

scales because now the dynamics of the irradiated system is governed by the instantaneous

magnitude of the laser pulse and not by the peak intensity of the pulse envelope, which is kept

unaltered.8 Effect of CEP of laser pulses have been demonstrated in several studies such as

control of electron emission from atoms,9,10 electron localization in molecular dissociation,11,12

and directional fragmentation of molecules.13 Therefore, CEP of few-cycle pulses plays a

crucial role in strong-field control and opens a new prospect to control the ultrafast dynamics

with the precision of several hundreds of attoseconds.14–16

An accurate description of these strong field processes can be obtained by solving the

time-dependent Schrödinger equation taking into account both the electronic and nuclear

degrees of freedom. Although much progress has been made in this direction, solving the

time-dependent Schrödinger equation for more than two electron system initially bound

to the nucleus is still challenging. Some approximate quantum mechanical methods have

also been developed in the past decades, such as the multi-configurational time-dependent

Hartree-Fock,17,18 time-dependent density functional theory;19,20 but their implementation
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to polyatomic molecules is still somewhat expensive. Therefore, alternative approaches are

necessary to simulate the laser driven atoms and molecules. One alternative method is to

use classical mechanics with the quantum nature of the particles to carry out the dynamics.

When a molecule is irradiated with a strong laser field with intensity above 1014 W/cm2,

the energy levels can be shifted comparable to the field-free energy level differences and

therefore, the discrete character of energy levels is washed out. Thus, classical models often

work well and is able to interpret several strong field experiments.21,22 Classical methods

also bear several advantages over quantum methods, such as the coupled classical Hamil-

ton’s equation of motion being ordinary differential equations instead of partial differential

equations as in the time-dependent Schrödinger equation, can be solved easily for a large

number of interacting particles. The correlated electron nuclear motion which is very difficult

to treat quantum mechanically, can be easily treated by classical mechanics. Since a classical

trajectory contains the information of the position and momentum of a particle at any time,

therefore, the dynamical processes can be analyzed later in detail by back analysis of the

individual trajectories. Specific reaction pathway can be easily identified and the probability

of that pathway can be obtained by comparing the trajectories leading to a specific reaction

pathway with the total number of trajectories evolved. One such quasiclassical method is

the fermionic molecular dynamics (FMD) method. The FMD model was first introduced by

Kirschbaum and Wilets et al.23 and further developed by Cohen.24 In the FMD model both

electrons and nuclei are treated as a point particles; and a non-classical momentum-dependent

pseudopotential (VH) is added to the usual Hamiltonian to stabilize the system.25 VH mimics

the effect of Heisenberg uncertainty principle which demands that a particle can not be

localized in position and momentum simultaneously. FMD model has already been extensively

applied to study the laser-induced dynamics of atoms,22,26 molecules,27 clusters28 and atom-

ion collision processes.29–31 Within this quasiclassical method, Huang et al. have investigated

the electron momentum distribution from H+
2 by a circularly polarized laser pulse.32 By back

analysis of the trajectories, they showed that most of the electrons are emitted with a time
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lag of hundreds of attoseconds. This delayed emission of the electron was observed in an

earlier experiment.33 Lötstedt et al. applied the FMD model to simulate the dissociation and

ionization dynamics of D+
3 and found an interesting high energy dissociation channel (D+

3 →

D+ + D+ + D) which will be difficult to trace through quantum mechanical simulations

using finite-sized grid for wave packet propagation.34 Quantum dynamical methods can also

track these high energy channels, but at the expense of much higher computational cost with

increasing grid size. Dey et al. recently applied the FMD model to study the CEP effect on

the ionization dynamics of carbon atom.35 They have observed the angular distribution of

ejected electrons to be significantly affected by the CEP of the laser pulse. Experimentally,

Paulus et al. also showed that the direction of electron emission from photoionized Ar and

Kr atoms can be controlled by varying the laser CEP.9,36

In the present work, we have implemented this well-established quasiclassical FMD method

to study the influence of CEP of an ultrashort laser pulse on the electronic and nuclear

dynamics of HD+ molecule. We performed full dimensional calculations on HD+ taking into

account the different initial vibrational states and various laser intensities. Since the effect of

CEP of ultrashort, intense field on the ultrafast dynamics of HD+ in presence of competing

dynamical processes (dissociation, Coulomb explosion) within the framework of a quasiclas-

sical model is not studied yet, in this article we mainly address the following questions: Is

there any CEP effect on the various channel probabilities and nuclear KER distribution for a

randomly oriented HD+ molecule taking into account the full dimension? Is it possible to

explain the influence of CEP on the coupled electron-nuclear motion quasiclassically? How

the quasiclassical results differ from the quantum mechanical and the experimental results?

The rest of this paper is organized as follows. In Sec.II, the FMD model is briefly described

along with the numerical simulation details. Sec.III presents the results and are discussed in

details. Sec. IV summarizes and concludes this paper.
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2. Theoretical Model and Simulation Details

The field-free Hamiltonian in FMD model for a HD+ ion is given by32,37 (atomic units are

used throughout unless stated otherwise):

H = 1
2pe

2 + 1
2mb

pb
2 + 1

2mc

pc
2 − 1

rbe
− 1
rce

+ 1
rbc

+ 1
µber2

be

f(rbe, pbe; ξH) + 1
µcer2

ce

f(rce, pce; ξD) + 1
µoer2

bc

f(roe, poe; ξ1)
(1)

where

f(r, p; ξ) = ξ2

4α exp

α
1−

(
rp

ξ

)4
 , (2)

The seventh, eighth and ninth terms in the Hamiltonian are the model pseudopotentials.

These repulsive pseudopotentials simulate the Heisenberg uncertainty principle and thereby

prevents the electron from visiting regions of classical phase space that are forbidden quantum

mechanically (if the condition |r||p| > ξH is violated). This constraint is approximated by

potentials of the form r−2
ij f(r, p; ξ), where f is a monotonically decreasing function.23 For large

inter particle distances (r) and momenta (p), the values of these pseudopotentials become

very small and therefore they hardly affect the dynamics. These additional potentials improve

the ground state energy of the molecular ion. The FMD ground state energy of HD+ ion

is -0.6032 a.u., which is in excellent agreement with the quantum mechanical equilibrium

ground state Born-Oppenheimer energy of -0.5979 a.u. Whereas, we noted an equilibrium

internuclear distance of 2.3214 a.u. compared to the benchmark quantum value of 2.0548

a.u.38

The label e stands for electron, o represents the midpoint of the two nucleus, b and

c stands for H and D nucleus, respectively. The following abbreviations are used: pe, pb

and pc are the momentum of electron, H and D nucleus, respectively. The reduced mass
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µij = (mimj)/(mi +mj) withmo = mb+mc, relative distance rij = rj−ri and the relative mo-

mentum pij = (mipj−mjpi)/(mi+mj). Here i and j denotes any pair of e, b, c and o. The con-

stant parameters of the model potentials are chosen as α = 4.0, ξH = ξD = 0.9428, ξ1 = 0.90,

following Ref.[32]. The proton mass mb = 1836.1527, deuteron mass mc = 3670.4830 and

electron mass me = 1 are used.

The dynamics of the system is followed by numerically solving the coupled Hamilton’s

equations of motion

dri

dt
= ∂H

∂pi

,
dpi

dt
= −∂H

∂ri

+ ZE(t, ri)

dre

dt
= ∂H

∂pe

,
dpe

dt
= −∂H

∂re

−E(t, ri)

(3)

for nuclear charge Z, in the presence of the laser electric field, E(t) given by

E(t) = x̂E0e
−2 ln 2(t−t0)2/τ2

cos(ω0(t− t0) + φ) (4)

with the laser field strength E0, angular frequency ω0, laser pulse duration τ and the CEP

of the pulse φ. The laser pulse is assumed to be x-polarized. The carrier wavelength was

chosen to be 790 nm (ω = 0.058) with a pulse width (FWHM) of 7.1 fs.39 The dc component

of the laser pulse is negligibly small (< 10−8 relative to E0) for all CEP values.

In FMD model, the Hamiltonian defines the total energy of the system which depends on

the position and momentum of the particles. Ground state energy of the system is obtained

by minimizing the system Hamiltonian with respect to the position and momentum of all the

particles. With an initial guess of the position and momentum of the particles, we minimized

the Hamiltonian following the downhill simplex method40 to obtain the exact ground state

configuration of the molecular ion. The minimization algorithm was repeated several times

with different initial positions and momenta to ensure the attainment of the global minima.
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The minimized position and momentum of the particles and the ground state energy of the

molecular ion were found to be in a good agreement with earlier reported results.41 For

instance, we obtained a ground state configuration corresponding to the initial optimized

geometry for the position coordinates of the H and D nuclei at (1.1607, 0, 0) and (-1.1607, 0,

0), respectively, with X-axis as the initial molecular axis. Field free trajectories were then run

with this optimized geometry to ensure the stability of the ground state molecular ion against

pre-dissociation and auto-ionization. The simulation mainly consists of three steps: Sampling

of the initial conditions, temporal evolution in the presence of laser light, and identification

of the final state. For sampling of the initial configurational space, we applied the following

procedure.34 Since the system is stationary, we first imparted an extra vibrational energy

(e.g., zero-point energy to reach v = 0 state) to the model ion. Then, one field-free trajectory

is runned with the initial vibrational state energy for the optimized geometry by ensuring that

the energy and the total angular momentum of the ion are conserved. We then choose the

position and momentum of the particles at any instant of time along the field free trajectory (to

be specific, we choose 100 random points) and applied random rotation matrices to generate

an ensemble of the randomly oriented molecules. On each and every point, we applied the

random rotation matrices 120 times. Since, the FMD Hamiltonian is invariant with respect

to overall rotation, H(re,pe, rb,pb, rc,pc) = H(Ω1re,Ω1rb,Ω1rc,Ω2pe,Ω2pb,Ω2pc), where

Ω1 and Ω2 are two sets of rotation matrices, it does not alter the energy of the system but

simply rotates the entire molecule with a random angle with respect to the internuclear axis

(X-axis). After rotation, the new coordinates act as the initial condition for the trajectories

in the presence of laser field. Thereby, sampling of the initial conditions are done with the

random rotation matrices. In this way, we obtained an initial ensemble of 12000 randomly

oriented molecules with the same initial energy but different positions and momenta. The

laser polarization vector (along X-axis) remains unaltered for every run. Although, the

angle between molecular axis and laser polarization vector is not explicitly defined in the

Hamiltonian, it can be obtained with the knowledge of the new rotated coordinates. Time-
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evolution of the system was then performed by integrating the Hamilton’s equations of

motion using an adaptive fifth-order Runge-Kutta solver. The total simulation time for each

trajectory was 2000 a.u., which is sufficient for the identification of the final state. The error

bars in the plots represent the sampling errors calculated by34

σj =
√
nj(ntot − nj)

n3
tot

, (5)

where nj is the number of trajectories in the jth channel and ntot is the total number of

trajectories.

3. Results and Discussion

3.1. Temporal Evolution of the Dynamical Channels

The different dynamical channels are defined as follows:

HD+ + nh̄ω → HD+ (Survival) rbc < 9.5, εi < 0

HD+ + nh̄ω →



H +D+ (Dissociation-1) rbc > 9.5, εi < 0, rbe < rce

D +H+ (Dissociation-2) rbc > 9.5, εi < 0, rbe > rce

H+ +D+ + e (Coulomb explosion) rbc > 9.5, εi > 0

HD+ + nh̄ω → HD2+ + e (Ionization) rbc < 9.5, εi > 0.

At the end of the simulation, the four dynamical channels, namely, survival (HD+ +nh̄ω →

HD+), dissociation (HD++nh̄ω → H+D+ and H++D) and Coulomb explosion (HD++nh̄ω →

H+ + D+ +e) are possible. At the final time, the ionization channel (HD+ +nh̄ω → HD2+ +e)

will not be observed because HD2+ ion will eventually explode and lead to Coulomb explosion.

The bond was assumed to be dissociated when the internuclear distance rbc becomes greater

than a cut-off value of 9.5 a.u.42 The molecular ion is considered to be ionized when the
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electron energy εi becomes greater than zero. The electron energy εi consists of the kinetic

energy of the electron, potential energy of the electron-nucleus attraction and the auxiliary

potential. To simulate a real experimental situation of randomly oriented molecules in the gas

phase, the initial angle between the molecular axis and the laser polarization axis was selected

randomly. 12× 103 trajectories were run to calculate the probabilities and the convergence

of the probability values were ensured up to 4 digits from decimal. It is worth pointing out

that the processes are occurring in the multiphoton regime and the binding energy of HD+

molecule defined as the least energy required to produce a free electron and two nuclei, in

the presence of the field, all infinitely far from each other is calculated to be 0.6032 a.u.
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Figure 1: Time evolution of the probabilities of survival, Coulomb explosion, dissociation
and ionization for the v = 0 state of HD+ molecular ion in the presence of 7.1 fs laser field of
790 nm wavelength.

Fig.1a and Fig.1b show the temporal evolution of various channel probabilities of HD+

(v = 0) molecular ion at laser intensities of 4× 1014 W/cm2 and 7× 1014 W/cm2, respectively.

We have ensured the convergence of our results with respect to the total propagation time.

Overall, Fig.1 indicates that the ionization channel is first turned on, reaches a maximum

value, and then rapidly decreases. This phenomena can be explained in the following way.

As the molecular ion absorbs energy from the laser pulse, it ionizes to form HD2+. During

this short period of time, the nuclei do not have enough time to get separated. When the

ionization is at its peak value, the two ionic cores explode rapidly due to Coulomb repulsion,
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and at the same time, the Coulomb explosion channel starts to increase with time and

reaches the same peak value as that of the ionization channel. Finally, the ionization channel

completely disappears. At the maxima of the ionization channel, the dissociation channel also

appears along with the Coulomb explosion channel. Two types of mechanisms are possible

for the dissociation channel. First, the direct dissociation where a molecule absorbs enough

energy to reach the dissociation limit (H+D+ or D+H+). Second, the electron gets ionized at

first, and then after a certain time delay, it can get recaptured by either of the ionic cores.

These two distinct dissociation mechanisms can be distinguished by the KER spectra of the

fragments, which we will discuss later. The qualitative behavior of the channels’ temporal

evolution is the same for both the laser intensities (as indicated in Fig.1 (a)and (b)), but

at a higher laser intensity, the ionization channels’ peak rises, which results in the higher

probability of the Coulomb explosion channel at the final time.

3.2. Initial Vibrational State and Intensity Dependence

We have studied the effect of initial vibrational states and laser pulse intensities on the dy-

namical channel probabilities and also compared our quasiclassical results with the quantum

mechanical results of Ref.39 Calculations were performed on the v = 0, 3, 6 and 9 initial

vibrational states of HD+ molecular ion and laser peak intensity of 1× 1014, 2× 1014, 4× 1014

and 7× 1014 W/cm2 were chosen. Laser pulse CEP value was taken to be zero. Fig.2(a)-(d)

shows the probabilities of survival, dissociation, and Coulomb explosion as a function of

the vibrational states of randomly oriented HD+ molecule, at different laser intensities. We

have considered four initial vibrational states from v = 0 to v = 9 because we are mainly

interested to investigate the vibrational states which have a sufficient energy gap. Fig.2

clearly indicates this initial vibrational state dependency on the various channels by simply

considering four states up to v = 9 having significant energy gap. Since 12× 103 trajectories

were run at each initial vibrational state and at each laser intensity, we aimed to obtain

maximum physical insight at the expense of minimum computational resources. The total
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Figure 2: Vibrational state dependence of the probabilities of survival, dissociation and
Coulomb explosion of HD+ molecular ion in presence of 7.1 fs laser field of 790 nm wavelength
at different intensities, considering a randomly oriented sample (Panels (a)-(d)) and an aligned
molecule (Panel (e)) with respect to the laser polarization axis. Laser pulse CEP value was
taken to be zero. The statistical error bars are smaller than the symbol size.
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dissociation probability shown in Fig.2 consists of the probability of both the pathways,

H+D+ and D+H+. It is clear from Fig.2 that the total dissociation and Coulomb explosion

channels are strongly dependent on the initial vibrational state and the intensity of the

laser pulse. For instance, at a low intensity of 1× 1014 W/cm2, shown in Fig.2a, both the

dissociation and Coulomb explosion channels increase with increasing the initial vibrational

state. However, the dissociation probability is higher than the Coulomb explosion probability

for all the initial vibrational states at low intensity. As the intensity of the laser pulse

increases, the Coulomb explosion channel starts to dominate. When the intensity reaches

the value of 4 × 1014 W/cm2, for all the initial vibrational states, the Coulomb explosion

channel dominates over the dissociation. Quantum mechanically, this trend in dissociation

yield (HD+ + nh̄ω → H+D+ and H++D) can be explained by adiabatic Floquet potential

analysis in terms of bond softening and above-threshold dissociation. Whereas, the Coulomb

explosion fragmentation channel can be explained by the charge-resonance enhanced ioniza-

tion (CREI) model.43 The total probabilities calculated by the quasiclassical FMD model

are qualitatively in agreement with the quantum mechanical results. For the vibrational

ground state, quantum calculations showed a significant Coulomb explosion probability at an

intensity of 7× 1014 W/cm2. Whereas, in our calculation it is observed at 4× 1014 W/cm2

intensity. For v = 3 state, quantum calculations showed a significant Coulomb explosion

channel to start at 4× 1014 W/cm2 intensity, whereas, we noted the same at 2× 1014 W/cm2

intensity. Quantum calculations reported the onset of the dissociation channel at 4× 1014

W/cm2 intensity for v = 0 state, in contrast to the same at 2×1014 W/cm2 intensity obtained

in our computations. Therefore, for lower vibrational states (v = 0, 3), the dissociation

and Coulomb explosion channels start at lower intensities in FMD calculations as compared

to quantum mechanical calculations. But, for higher vibrational state (v = 6, 9), both

dissociation and Coulomb explosion channels are consistent with the quantum mechanical

results. Fig.2(e) shows the dynamical channel probabilities for the molecule aligned with the

laser polarization axis at 7×1014 W/cm2 intensity and it can be directly compared with Fig.2
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of Ref.[39]. By aligned molecules we actually meant a perfectly aligned initial orientation

of the internuclear axis along the polarization vector of the radiation field. Experimentally

this can be difficult to achieve, but theoretically it can be realized. For higher vibrational

states (v = 3, 6, 9), Coulomb explosion and dissociation channels show similar behavior as

the quantum mechanical results. Quantitatively, for instance, the quasiclassical Coulomb

explosion and dissociation probabilities for v=6 are 0.6346 and 0.1572, respectively, whereas

in the quantum calculation, these are ∼ 0.7598 and ∼ 0.1459, respectively. Therefore, for

higher vibrational states our results for the aligned molecule are in good agreement with

the quantum mechanical results. However, there is a noticeable difference between the two

for the ground vibrational state. For v = 0 state, we noted nearly equal probability for

both dissociation (0.0482) and Coulomb explosion (0.0377) channels, whereas, quantum

mechanically a much higher Coulomb explosion channel probability (0.4865) is observed than

the dissociation channel probability (0.2410). The main difference between the quantum

and quasiclassical results arise for the lower vibrational states. We can thus conclude from

the quasiclassical FMD model that the discrete character of the low-lying vibrational states

is poorly described since FMD allows a continuum of such states to exist. Although, with

a Franck-Condon averaging of initial vibrational states a quantitative agreement with the

quantum mechanical results can be achieved.

To obtain a further understanding of the competition between dissociation and Coulomb

explosion channels, we report the CEP averaged dissociation and Coulomb explosion yields

from the initial ground vibrational state of HD+ in Fig.3. From Fig.3, it is clear that

up to about 3 × 1014 W/cm2 intensity the dissociation channel dominates over Coulomb

explosion. Same trend have been observed with the Franck-Condon (FC) averaging of the

initial vibrational states by quantum mechanical calculations. Quasiclassically, the maximum

total dissociation probability from v = 0 state is found at 4× 1014 W/cm2 with a value of

0.10, whereas, quantum mechanically FC averaged total dissociation probability is about
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Figure 3: Intensity dependence of the CEP averaged probabilities of the dissociation and
Coulomb explosion channels from v = 0 state of HD+ ion. The statistical error bars are
smaller than the symbol size.

0.27 at the same intensity. In our quasiclassical calculation, maximum Coulomb explosion

probability is 0.34, whereas, previously reported quantum mechanical Coulomb explosion

probability is about 0.45 at the intensity 7× 1014 W/cm2. It is important to point out from

Fig.3 that if the CEP of the pulse is not fixed, then the molecules have an equal probability

of dissociating in H+D+ and D+H+.

3.3. Carrier-Envelope Phase Dependence on Different Channel

Probabilities

Here we examined the CEP effect on the two dissociation channels H+D+ and D+H+ and

on the Coulomb explosion channel ( H++D+). We performed the calculations at nine dif-

ferent values of CEP ranging from 0 to 2π at a different values of laser intensity. Same

laser pulse parameters were taken as in the calculation of total channel probabilities. The

dissociation channel probability of HD+ ion at different values of CEP are shown in Fig.4.

From Fig.4, it is clear that both the dissociation channels are dependent on the CEP of
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Figure 4: CEP dependence on the dissociation channels of HD+ ion under 7.1 fs (790 nm)
laser pulse from the v = 0 state. Statistical errors bars are included (see Eq. (5) for details).

16



the laser pulse. With an intensity of 1× 1014 W/cm2 , the H+D+ channel is maximum at

φ = 0 and minimum at φ = π. Whereas, the D+H+ channel is minimum at φ = 0.25π and

maximum at φ = π. The maximum difference between the two dissociation channels is found

at the CEP value of φ = π. At φ = 0, H+D+ channel probability is higher than D+H+

channel, but at φ = π these channel probabilities get reversed and further retained the same

behavior at CEP = 2π. Fig. 4 also depicts that the CEP effect also depends on the intensity

of the laser pulse. For 2 × 1014, 4 × 1014 and 7 × 1014 W/cm2 intensities, the maximum

difference between the two dissociation pathways are found at CEP = 1.5π, 0.75π and 1.75π

respectively. By a careful choice of the CEP and the intensity, one of the dissociation channel

can be made dominant over the another, which is not possible when the CEP of the pulse

is averaged out (Fig.3). The effect of CEP on the branching asymmetry of H+D+ and

D+H+ channels can be understood by following the electron dynamics of the dissociating

HD+ molecule. For small internuclear separation, the intramolecular potential barrier is low,

and the electron can freely move between the two nuclei. As the internuclear separation

increases, the potential barrier between the two nuclei also increases, and the electron gets

eventually trapped on either of the nuclear cores. Since, the intramolecular motion of the

electron is controlled by the laser CEP (instantaneous magnitude of the pulse) rather than

the intensity profile, the rapid directional motion of the electron is governed by the CEP.44

Quasiclassically, the observed CEP effect on the dissociation channels in Fig. 4 is very small

and quite different from the quantum mechanical results. One possible reason for the origin

of this difference is due to the orientation of the molecule; previously, an oriented HD+

molecule was considered. Rathje et al. experimentally observed the CEP effect on H+
2 aligned

∼25◦ with respect to the laser polarization.45 In our calculations we used randomly oriented

molecule which might decrease the CEP effect.46 A second possibility for the disagreement

with the quantum-mechanical results is the poor description of the discrete character of

the initial vibrational states in this quasiclassical FMD method. This is a limitation of the

FMD model since it allows a continuum of such states and the CEP effect is dependent on
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the initial vibrational state of the molecule and on moving to the higher vibrational states,

the effect of CEP decreases. A third possibility is due to the limitation of any classical

model, where if the pulse length is very short, then the uncertainty principle will come

into play. Following the relation, ∆E ≥ 2π/tpulse, if the pulse length tpulse is very short,

a broadening of the energy levels ∆E will occur, ultimately leading to the overlapping of states.

At higher laser pulse intensities, CEP effect is observed on the Coulomb explosion channel

(H++ D+) and is shown in Fig.5. Coulomb explosion channel shows oscillatory behavior
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Figure 5: CEP dependence on the Coulomb explosion channel (H+ + D+) of HD+ from the
v = 0 state. Statistical errors bars are included (see Eq. (5) for details).

with the CEP of the laser pulse. Since the Coulomb explosion probability is minimal at the

intensity of 2× 1014 W/cm2, so the observed CEP effect on this channel is also less at this
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intensity. On increasing the laser intensity, the Coulomb explosion probability increases, so

the observed CEP effect is also significant at higher intensities. For an intensity of 4× 1014

W/cm2, maximum Coulomb explosion probability is found at φ = 1.5π and minimum at

φ = π, whereas, for intensity 7 × 1014 W/cm2, the maxima and minima is observed for

φ = 0.25π and 0 respectively.

3.4. KER Distributions of the Dissociated Fragments

Another quantity which is sensitive to the CEP of the laser pulses is the KER of the

fragments. Fig.6(a) reports the CEP averaged kinetic energy distribution of the H+D+ and

D+H+ channels at a peak intensity of 4× 1014 W/cm2. The KER of a particular channel is
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Figure 6: (a) CEP averaged KER distributions for the dissociation channels of HD+ molecular
ion with 0.2 eV resolution at an intensity of 4× 1014 W/cm2. The errors are in the range of
± 0.0006, (b) variation of electron energy with time, (c) a particular example of a trajectory
indicating the recollision mechanism.

defined as the sum of the kinetic energy of both the nucleus in that channel at the end of the

simulation,

KER = p2
b

2mb

+ p2
c

2mc

(6)

where pb and pc represents the final momentum of the H and D nucleus respectively, mb and

mc represents the mass of H and D nucleus, respectively. The kinetic energy of the electron
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is not included in the definition of KER as we are mainly interested in nuclear kinetic energy

spectra. The first peak (at ∼ 0.58 eV ) mainly arises due to bond softening (BS) dissociation

pathway, as suggested in the previous studies.11,47 Both the channels also consists of another

peak (at ∼ 8.0 eV ) in their KER spectra. Quantum mechanically, this kind of high energy

peak is explained by the “frustrated tunneling ionization mechanism” in which one electron

first tunneled from the attractive Coulomb potential and then recaptured by the parent atom

to form a highly excited neutral atom.48 As classical mechanics is unable to explain tunneling;

therefore, in our classical FMD model, the first step can be understood as over the barrier

ionization. For the confirmation of recollision mechanism, we back analyzed the trajectories,

which generates such high energy fragments. The temporal evolution of electron energy

and the variation of electron-H nucleus distance (rbe) for a particular trajectory is shown in

fig.6(b) and 6(c), respectively. The electron energy plot indicates the ionization of electron at

first, following which, it is recaptured at a later stage. Fig.6(c) shows that at the time of

the peak intensity of the laser pulse (at ∼ 750 a.u. ), electron ejects and decelerates by the

electric field then return back to the H-nucleus. This recollision of electron to the nucleus

generates the highly excited neutral atom and shows a high energy peak in their KER spectra.

It can be inferred from the KER spectra of the dissociation channel that the dissociation

does not take place on a single ground state potential. The two peak structure indicates that

an excited state is also involved along with the ground state potential; dissociation on the

ground state potential results in the low KER fragments, whereas, dissociation on the excited

state results in the high KER fragments.

In Fig.6(a), the KER distributions for the H+D+ and D+H+ channels shows almost identical

behavior on CEP averaging. To understand the CEP effect on the KER, we evaluated the

channel asymmetry parameter (A) defined as

A = PA − PB
PA + PB

(7)
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Figure 7: Channel asymmetry parameter (A) as a function of laser CEP for HD+ ion in
presence of 7.1 fs pulse of 4× 1014 W/cm2 intensity at two different energy ranges. Statistical
errors bars are included (see Eq. (5) for details).

where PA and PB are the dissociation yields of H+D+ and D+H+ channels respectively. Fig.

7 reports the asymmetry parameter (A) at some fixed CEP values and for two different KER

ranges. This covers the entire kinetic energy range. A clear CEP effect on the dissociation

yields of the two channels is noted. For the lower energy range (0 - 4.5 eV), the channel

asymmetry parameter (A) shows a relatively smaller variation with the laser CEP compared

to the higher energy range (4.5 - 10 eV). For the KER range (4.5 - 10 eV), the D+H+ channel

probability is higher than H+D+ channel at CEP values of 0, π, and 2π, whereas, for the

rest of the CEP values, H + D+ channel dominates over D + H+ channel. The higher energy

fragments (∼ 0.8 eV) of the molecular ion are more sensitive to the CEP than the lower

energy fragments (∼ 0.58 eV). It is clear from Fig.7 that for different energy ranges, the

dissociation channel probabilities (H + D+ and D + H+) respond in a different way to the

CEP of the laser pulse.

For the ground vibrational state of the molecular ion, the Coulomb explosion channel

starts to dominate over the dissociation channel from 4× 1014 W/cm2 intensity (see Fig. 2c).

Therefore, we calculated the kinetic energy distribution of the fragments in the Coulomb
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Figure 8: KER distribution of the Coulomb explosion channel for HD+ ion with 7.1 fs laser
pulse of 4× 1014 W/cm2 intensity. The errors are in the range of ±0.0043.

explosion channel at an intensity of 4× 1014 W/cm2, as shown in Fig.8. The KER spectra of

HD+ contains only a high energy peak (at ∼ 8.0 eV) as expected. The probability of the

Coulomb explosion channel is sensitive to the CEP (Fig.5), but in the KER spectra, a notable

CEP effect is not found.

A pronounced CEP effect is noted in the probability and KER of the dynamical channels

under the influence of 7.1 fs laser pulse as discussed above. In particular, Fig. 4 clearly

demonstrates how the dissociation pathways H+D+ and D+H+ can be controlled by varying

the laser CEP. Since the CEP controls the waveform of the electric field under the pulse

envelope, one expects a larger CEP effect for even shorter laser pulses. Thereby, we repeated

our calculations with a shorter pulse (4 fs FWHM) and found an enhanced CEP dependency

on the dissociation probability than the 7.1 fs pulse. Fig. 9 shows the variation of dissociation

probability of H+D+ and D+H+ with CEP for a 4 fs pulse, starting from the v = 0 state of

HD+ ion. The difference between the two dissociation channel probabilities for 4 fs pulse

is quite significant than for 7.1 fs pulse (see Fig.4d). The maximum difference between the

two channels are at CEP values of 0 and 2π. For CEP values of 0, 0.25π and 0.5π, H+D+

channel is larger than D+H+, whereas, for CEP values 0.75π, π and 1.25π, the preference of
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Figure 9: CEP dependence on the dissociation channels of HD+ ion under 4 fs (790 nm) laser
pulse from the v = 0 state. Statistical errors bars are included (see Eq. (5) for details).

the channels to dissociate gets reversed. H+D+ channel again starts to dominate over D+H+

channel for CEP values 1.5π, 1.75π, and 2π. Therefore, we can conclude that a larger CEP

control of the ultrafast dynamics of HD+ can be achieved with shorter laser pulses than with

larger pulses.

4. Conclusions

In summary, we have theoretically studied the dissociation and ionization dynamics of a

randomly oriented HD+ molecule under ultrashort (7.1 fs) laser pulse (790 nm) with different

laser intensities. We employed a well established quasiclassical FMD method to model the

dynamics. We reported the temporal evolution of various dynamical channel probabilities and

discussed how the molecular ion responds to laser pulse in time. The influence of intensity

and initial vibrational states of HD+ on the dissociation (H+D+ or D+H+ ) and Coulomb

explosion channels (H+ + D+ ) for CEP = 0 are reported. At low laser intensities (1× 1014

and 2 × 1014 W/cm2 ), the dissociation channel dominates over the Coulomb explosion
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channel, and the dissociation probability increases on increasing the initial vibrational states.

At higher intensities (4× 1014 and 7× 1014 W/cm2 ) Coulomb explosion channel contributes

mostly. The CEP effect on the channel probabilities and KER distribution of the dissociation

and Coulomb explosion are also investigated. The dissociation and Coulomb explosion

probabilities are found to be sensitive to the CEP of the laser pulse. Although the CEP

averaged probabilities of H+D+ and D+H+ channels are same, but they differ from each

other at fixed CEP values. CEP dependence on different channel probabilities is further

affected by the laser field intensity. Therefore, through a careful choice of laser CEP and

intensity, one of the channels can be made dominant. The effect of CEP is clearly visible in

the channel asymmetry parameter as a function of the KER of fragments. KER spectra of the

Coulomb explosion channel is not much affected by the laser CEP. Our results with the FMD

model are qualitatively in agreement with the quantum calculation. The difference mainly

arises due to our consideration of a randomly oriented molecule in space (with respect to the

laser polarization axis), in contrast to an aligned molecule used in the quantum calculation.

We also examined how the effect of CEP varies with the pulse width of the laser pulse.

CEP effect on the dissociation probabilities for 4 fs pulse is found to be larger than for

the 7.1 fs pulse, which again confirms that for shorter pulses the CEP effect is more significant.

This study also confirms that the CEP effect can be explained quasiclassically. In the

strong field, the ionized electron is accelerated classically by the laser field. The action

accumulated by the electron can reach extremely large value compared to the value of h̄. A

large action ensures that we can treat the quantum particles classically.49 In FMD, there is

no restriction on the dimensionality of the system and can be used to simulate the polyatomic

molecules in intense laser field. Each trajectory is calculated independently from another,

so a large number of trajectories can be easily parallelized by running the trajectories on

many processors simultaneously. Moreover, FMD method is a good alternative for the

photo-induced dynamical study of polyatomic molecules within certain limitations, e.g., it is
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unable to explain quantum mechanical phenomena like diffraction, interference and tunneling

which are completely inaccessible to FMD. We believe that our results will stimulate more

detailed experiments on the effect of CEP of an ultrashort intense laser pulse on molecular

systems.
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