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Abstract

INTRODUCTION: Coarctation of the aorta (CoA) is a 
congenital malformation consisting in a severe narrowing of 
the upper descending aorta, that generates a localised 
pressure drop. After surgical repair, patients may present 
residual and/or recurrent haemodynamic problems. This 
thesis quantitatively compares the outcomes of surgery 
performed by end-to-end anastomosis (E/E), Gore-tex graft 
interposition (GGI) and Gore-tex graft aortoplasty (GPGA) with 
pre-operative and control conditions.
METHODS: Magnetic resonance imaging (MRI) was used to 
acquire morphology and blood velocities from swine models 
acutely and at four-months post-operatively. The aortic wall 
mechanical properties were assessed from mechanical tests 
on the tissues of these animals. The data were analysed and 
partly used to create computational fluid dynamics (CFD) 
models comprising a rigid-wall simulation of healthy 
descending aorta with realistic geometry and inflow data; MRI- 
based compliant-wall simulations of the repairs with 
multiscale-approach active afterload; compliant-wall axi- 
symmetric models of the pre- and post-operative conditions 
with multiscale active body circulation response.
RESULTS: These different approaches yielded information on 
local haemodynamics and pressure/power losses; the 
evolution of diagnostic parameters as the radio-femoral 
gradient; the systemic impact of localised surgery; the effects 
of collateral circulation; the aortic wall mechanics and the 
effect of tissue interfaces. From the engineering viewpoint 
methodologies were developed for arterial geometry 
reconstruction, the use of MRI blood velocity datasets in CFD, 
the creation of complex models including fluid-structure 
interaction alongside multiscale coupling. An index for power 
dissipation and a model for suture line stiffness were also 
proposed. As a result of this study, E/E appears to be 
quantitatively most similar to the healthy state. 
CONCLUSIONS: It is hoped that this thesis will contribute to 
both clinical research and to Bioengineering applications. 
Further study and increased computer power could allow for 
the use of better approximations to the real material 
characteristics in CFD simulations.
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B1 : Coarctation of aorta and aortic arch reconstruction

Fig. B1.1 Schematic representation o f coarctation of the aorte
Fig. B1.2 Schematic representation of the procedure for the aortic arch reconstruction by end-to-end

anastomosis
Fig. B1.3 Schematic representation of a Gore-tex graft interposition
Fig. B1.4 Schematic representation of the procedure for the aortic arch reconstruction by Gore-tex

patch aortoplasty

B2: Magnetic Resonance Imaging

Fig 82 .1 Spins in phase (left) and out of phase (right)

Fig 82.2 Relaxation of the magnetisation components.decay of and M y , and recovery of M ^

Fig 82.3 Signal demodulation and filtering
Fig B2.4 Spin echo experiment
Fig 82.5 Inversion recovery experiment
Fig 82.5 Acquisition and k-space filling
Fig 82 .7 Filling of one iine in a 3D k-space
Fig. 82.8 Tl-weighted TFE with IR pre-pulse
Fig. 82.9 T2-weighted TFE
Fig. 82.70 FFE sequence

B3: Segmentation of medical images

Fig. 83 .1 Thresholding: by finding an appropriate splitting signal intensity in the image histogram,
pixels corresponding to the regions-of-Jnterest can be isolated (green).

Fig. 83.2 Region growing: a seed is chosen inside the object (left), and the algorithm assigns all 
neighbouring pixels of the same intensity to the same class (right).

Fig. 83.3 Mimics: Thresholding (left); region growing (right). The yellow class is the final 
segmentation after region growing.

B4: Mathematics for physical modelling

Fig B4.1 4-node 20 quadrilateral with continuous pressure (left) or discontinuous pressure (right)
Fig 84.2 8 -node brick with continuous pressure (left) or discontinuous pressure (right)
Fig. 84.3 Close circuit (left) and open circuit (right) implementations of multiscale models.

01 : Morphology, velocity and pressure measurements

Fig. 01.1 Surgical view of end-to-end anastomosis in CoA 1
Fig. C l.2 Surgical view of Gore-tex patch graft aortoplasty in CoA2
Fig. C l.3 Surgical view of Gore-tex graft interposition in CoA4
Fig. C l.4 MRI derived pre-operative anatomy of CoA l
Fig. C l.5 MRI derived post-operative anatomy of CoAl
Fig. C l .6  MRI derived pre-operative anatomy of CoA2
Fig. C l.7 MRI derived post-operative anatomy of CoA2
Fig. C l.8 . MRI derived pre-operative anatomy of CoA4
Fig. C l.9 MRI derived post-operative anatomy of CoA4
Fig. C l. 10 MRI derived pre-operative anatomy of CoA5
Fig. C l. 11 MRI derived post-operative anatomy of CoA5
Fig. C l.12 MRI derived pre-operative anatomy of CoA6

Fig. C l.13 MRI derived post-operative anatomy of CoA6 . The cavity seen in the bottom image
corresponds to a clot positioned as shown by the arrow.



Fig. C1.14 MRI derived pre-operative anatomy of C0A8

Fig. C1.15 MRI derived post-operative anatomy of C0A8

Fig. C1.16 MRI derived pre-operative anatomy of CoA9
Fig. C1.17 MRI derived post-operative anatomy of CoA9
Fig. C1.18 MRI derived axial velocity profiles in the descending aorta for synchronic case C0A I. Line

plots are along an antero-posterior diameter. Three-dimensional plots refer to the instant 
of peak velocity.

Fig. C1.19 MRI derived axial velocity profiles in the descending aorta for synchronic case CoA2. Line 
plots are along an antero-posterior diameter. Three-dimensional plots refer to the instant of 
peak velocity.

Fig. C1.20 MRI derived axial velocity profiles in the descending aorta for synchronic case OoA4. Line 
plots are along an antero-posterior diameter. Three-dimensional plots refer to the instant of 
peak velocity.

Fig. C1.21 MRI post-operative axial velocity profiles in the descending aorta for diachronic cases.
Line plots are along an antero-posterior diameter. Three-dimensional plots refer to the 
instant of peak velocity.

Fig. C1.22 MRI derived antero-posterior velocity profiles in the descending aorta for the synchronic
cases, plotted along a right-left diameter.

Fig. C1.23 Schematic representation of secondary motion in the descending aorta
Fig. C1.24 Pressure waveforms from catheterisms in post-operative cases.
Fig. C1.25 Measured pressures in post-operative cases: average values (dots), and maximum and 

minimum values (bars).
Fig. C1.26 Ascending-descending aortic pressure drop. Differences between the means (squares), 

maximum values (diamonds) and minimum values (triangles).

C2: Realistic geometrical modelling

Interpretation of the MR images. View from the feet heard-ward. (RA: right atrium; RV: right 
ventricle ; PA .pulmonary artery ; Tr : trachea)
Part of 90 slice dataset showing slices from the brachiocephalic vessel level (top images) 
on to the descending aortic levei (bottom images).
Original polylines (left) and result of contour line filtering (right).
Result of lofting and simplification on the descending aorta contours and surface 
rendering.
Result o f complete model generated by  patching a grid
Result of lofting and simplification on the descending aorta contours and surface 
rendering.
Different side views of the model before and after the surface filtering 
Views of the model before and after the surface filtering from above and beiow.

Detail o f the descending aorta before and after the surface filtering.
Original endothelial surface (left) and offset surface (right) representing the outside of the 
vessel wall.
Thick-wall model of the aortic arch and descending aorta.

C3: Ex vivo assessment of aortic wall mechanical properties and estimation of 
suture line stiffness

Specimen derived from CoA4 
Samples dissected from an aortic specimen 
Mechanical testing apparatus
Locations o f samples. Vessel wall is unwrapped to show the inside face 

Maxwell model o f viscoelasticity with a spring of stiffness k and a dashpot of viscosity 
Relaxation test results truncated along the t axis. The lines are symbol-coded according to 
location (PP= ♦ ,  PD1 =■ , PD2=D, D = ^ ,  L = + , M = x ,  R = * ) .
Failure tensile test results. Acronyms fo r the sample positions are shown by the curves. 
Comparison of sample thickness for different specimens and locations 
Linearisation and estimation o f f ^ .
Physiological working-point Young moduli for the different samples 
Comparison of time constants for different specimens and locations 
A suture line can be seen as the parallel! o f two rigidities: the arterial wall matrix and the 
suture thread.
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Fig. C2.1

Fig. C2.2

Fig. C2.3
Fig. C2.4

Fig. C2.5
Fig. C2.6

Fig. C2.7
Fig. C2.
Fig. C2.9
Fig. C2.10

Fig- C2.11

Fig. C3.1
Fig. C3.2
Fig. C3.3
Fig. C3.4
Fig. C3.5
Fig. C3.6

Fig. C3.7
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Fig. C3.9
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Fig. C3.12



C4: MRI-based rigid wall model of descending aorta with realistic geometry 
and inflow data

Fig. C4.1 Descending aorta model with hexahedrai mesh 
Fig. C4.2 Views of the computational mesh
Fig. C4.3 Comparison between measured inlet velocity components. The mean velocities over the

inlet section are plotted against time. The secondary components are not negligible.
Fig. 04.4 Inlet mesh nodes superimposed on a phase image. Each and every node falls within the 

aortic lumen and the lumen ttoundary are as closely matched as possible.
Fig. 04.5 Comparison between measured and imposed data along the y-diameter of the section.

Plots are for peak systole (left) and mid-deceleration (right) and refer to the head-to-feet 
velocity component.

Fig. 04.6 Comparison between the measured and imposed values of mean velocity over the inlet 
section during the cardiac cycle.

Fig. 04.7 Spatial orientation and temporal position of the plots in Fig. 04.8a and 04.8b
Fig. 04.8a Flow field plots during the cardiac cycle
Fig. 04.8b Transverse Flow field plots during the cardiac cycle
Fig. 04.9 Inlet-outlet pressure gradient during cardiac cycle and polynimial fitting.
Fig. 04.10 Power loss during cardiac cycle
Fig. 04.11 Peak (peak systole) wall shear stress distribution

C5: MRI-based FSI models of reconstructed aortic arches with active 
afterload

Multiscale coupling of three-dimensional model with a lumped parameter net working as 
an active afterload
Three-dimensional model of aortic arch and descending aorta with uniform wall (HUW) 
Three-dimensional model of aortic arch and descending aorta with EjE repair. Suture line 
mesh shown in the bottom image.
Three-dimensional model of aortic arch and descending aorta with GGI-S repair. Suture 
and Gore-tex graft meshes are shown in the bottom images.
Three-dimensional model of aortic arch and descending aorta with GPGA repair. Gore-tex 
patch mesh shown in the bottom image.
Three-dimensional model of aortic arch and descending aorta with GGI repair. Gore-tex 
graft mesh shown in the bottom image.
Linearised mechanical properties used for the 3DM.
Block diagram of the LPM afterload (R: viscous resistances, C: compliances, L: 
intertances, U: pressure generators)
Longitudinal blood velocities in the HUW modei 
Secondary velocities in the HUW model 
Longitudinal blood velocities in the E/E modei 
Secondary veiocities in the E/E model 
Longitudinal blood velocities in the GGI-S model 
Secondary velocities in the GGI-S model 
Longitudinal blood velocities in the GPGA model 
Secondary velocities in the GPGA modei 
Longitudinal blood velocities in the GGI model 
Secondary velocities in the GGI model
Comparison of vortex permanence time in the sagittal and coronal planes 
Comparison of ascending aortic pressure in the different models 
Comparison of the inlet cross-section variations during the cardiac cycle for the different 

models
Comparison of the outlet flow waveform in the different models 
Comparison of the femoral arterial and thoracic aortic waveforms in the different models 
Example of local pressure drop waveform and sixth-order polynomial fitting. HUW case 
shown.
Comparison of iocal pressure drop waveforms in the different models.
Comparison of power loss in the different models.
Peak (peak systole) wall shear stress in the HUW model 
Peak (peak systole) wall shear stress in the E/E model 
Peak (peak systole) wall shear stress in the GGI-S model 
Peak (peak systole) wall shear stress in the GPGA model

11

Fig. C5.1

Fig. C5.2
Fig. C5.3

Fig- C5.4

Fig. C5.5

Fig. C5.6

Fig. C5.7
Fig. C5.8

Fig. C5.9:
Fig. C5.10
Fig. C5.11
Fig. C5.12
Fig. C5.13
Fig. C5.14
Fig. C5.15
Fig. C5.16
Fig. C5.17
Fig. C5.18
Fig. C5.19
Fig- C5.20
Fig. C5.21

Fig. 05.22
Fig. 05.23
Fig. 05.24

Fig. 05.25
Fig. C5.26
Fig. 05.27
Fig. C5.28
Fig. 05.29
Fig. 05.30



Fig. C5.31 Peak (peak systole) wall shear stress in the GGI model
Fig. C5.32 Peak (systoiic deceleration) von Mises stress in the HUW model
Fig. C5.33 Peak (systolic deceleratiori) von Mises stress in the E/E model
Fig. C5.34 Peak (systolic deceleration) von Mises stress in the GGI-S model
Fig. C5.35 Peak (systolic deceleratiori) von Mises stress in the GPGA model
Fig. C5.36 Peak (systolic deceleratiori) von Mises stress in the GGI model
Fig. C5.37 Comparison o f peak dispiacements in the four model

C6: Multiscale model of CoA and its repairs, and interaction with the rest of 
the body

Fig. 06.1 Multiscale model: a lumped parameter net (LPM) describing the circulatory tree and an
axi-symmetric model of the descending aorta (ASM).

Fig. 06.2 Axi-symmetric models of the descending aorta. (W: vessel wall, B; blood, F: fibrotic tissue, 
S: sutures, G; Gore-tex)

Fig. 06.3 Linearised mechanical properties used for the ASM.
Fig. 06.4 Examples of sensitivity analysis results.: peak systolic outlet profile (left) and peak systolic

radial displacement along the wall (right).
Fig. 06.5 Block diagram of the LPM (R: viscous resistances, 0 : compliances, L: intertances, D:

localised disturbances, X: mass-free valves, U: pressure generators)
Fig. 06.6 Flow field in the HUW model with no collaterals (NO). The plots start just before the

cardiac systole (top) and run through the cycle to end diastole (bottom), as shown in the 
top left graph.

Fig. 06.7 Flow field in the HUW model with mild presence of collaterals (O). The plots start just
before the cardiac systole (top) and run through the cycle to end diastole (iDOttom), as 
shown in the top left graph.

Fig. 06.8 Flow field in the HUW model with good presence of collaterals (00). The plots start just
before the cardiac systole (top) and run through the cycle to end diastole (bottom), as 
shown In the top left graph.

Fig. 06.9 Flow field in the O0A6 O model with no collaterals (NO). The plots start just before the
cardiac systole (top) and run through the cycle to end diastole (bottom), as shown in the 
top left graph.

Fig. 06.10 Flow field in the O0 A6 O model with mild presence of collaterals (O). The plots start just
before the cardiac systole (top) and run through the cycle to end diastole (bottom), as 
shown in the top left graph.

Fig. 06.11 Flow field in the O0A6 O model with good presence of collaterals (00). The plots start just 
before the cardiac systole (top) and run through the cycle to end diastole (bottom), as 
shown in the top left graph.

Fig. 06.12 Flow field in the O0 A8 O model with no collaterals (NO). The plots start just before the
cardiac systole (top) and run through the cycle to end diastole (bottom), as shown in the 
top left graph.

Fig. 06.13 Flow field in the O0A8 O model with mild presence of collaterals (0). The plots start just 
before the cardiac systole (top) and run through the cycle to end diastole (bottom), as 
shown in the top left graph.

Fig. 06.14 Flow field in the O0A8 O model with good presence of collaterals (00). The plots start just 
before the cardiac systole (top) and run through the cycle to end diastole (bottom), as 
shown in the top left graph.

Fig. 06.15 Flow field in the E/E model with no collaterais (NO). The piots start just before the cardiac
systole (top) and run through the cycle to end diastole (bottom), as shown in the top left 
graph.

Fig. 06.16 Flow field in the E/E model with mild presence of collaterals (0). The plots start just before 
the cardiac systole (top) and run through the cycle to end diastole (bottom), as shown in 
the top left graph.

Fig. 06.17 Flow field in the E/E model with good presence of collaterals (00). The piots start just 
before the cardiac systole (top) and run through the cycle to end diastole (bottom), as 
shown in the top left graph.

Fig. 06.18 Flow field in the GGI model with no collaterals (NO). The plots start just before the cardiac
systole (top) and run through the cycle to end diastole (bottom), as shown in the top left 
graph.

Fig. 06.19 Flow field in the GGI model with mild presence of collaterals (O). The plots start just before
the cardiac systole (top) and run through the cycle to end diastole (bottom), as shown in 
the top left graph.
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Fig. C6.20 Flow field in the GGI model with good presence of collaterals (CG). The plots start just 
before the cardiac systole (top) and run through the cycle to end diastole (bottom), as 
shown in the top left graph.

Fig. C6.21 Vortex endurance in the cardiac cycle is shown by the horizontal bars for EjE and GGI
Fig. 06.22 Quantification of flow in proximal descending aorta (aortic arch), distal descending aorta

(thoracic aorta), and collectively in the collateral circulation: with lesser (0 ) and greater 
(CO) abundance of collaterals. Percent increase in proximal descending aortic flow 
correlates with the abundance of collaterals and the severity of stenosis.

Fig. 06.23 Average flow in the intercostal arteries. After surgery the flow reverses to positive as in the 
healthy subject irrespective of the abundance of collaterais or surgical technique.

Fig. 06.24 Oomparison between average flow In the collaterals for the control case and the post
operative models

Fig. 06.25 Oomparison of the pressure differences between femoral and radial peak systolic
pressures in the healthy subject, in OoA and after repair, with variable collateralisation.

Fig. 06.26 Oomparison between aortic, femoral and radial pressures in the healthy subject, with no
collaterals and with abundance of collaterals.

Fig. 06.27 Pulsation domain analysis of the Subclavian vs. Aortic arch, and Thoracic aorta vs. Aortic 
arch pressure transfer functions.

Fig. 06.28 Oomparison between aortic, femoral and radial pressures in the healthy subject, in OoA
and after repair.

Fig. 06.29 Pressure drop waveforms during one cardiac cycle, plotted fro different degrees of 
collateralisation. Only the plots for O0 A6 O and CoABO models are labelled, as no real 
distinction can be made between HUW, E/E and GGI.

Fig. 06.30 Decrease in power losses after surgical correction
Fig. 06.31 Oomparison between the E/E and GGI techniques and normality.
Fig. 06.32 Times of occurrence of maximal dissipation.
Fig. 06.33 Oomparison of WSS distributions in the various models at time when it is maximal. All have 

mild presence of collaterals (0) apart from standard HUW-NO. Pre-operative (top); post
operative (bottom)

Fig. 06.34 Post-operative von Mises stresses along E/E-0 and GGI-0 compared
Fig. 06.35 Principal stress components in the E/E model, x is the axial direction and y  is the radial

one. The plots refer to the instant of maximal stress value.
Fig. 06.36 Principal stress components in the GGI-S model, x is the axial direction and y  is the radial 

one. The plots refer to the instant of maximal stress value.
Fig. 06.37 Principal stress components in the GGI model, x is the axial direction
Fig. 06.38 Shear stress concentration in the wall in the presence of a GGI. This is present during the 

whole length of the cardiac cycle with variable intensity.
Fig. 06.39 Displacement of the Internal wall along the ASM: Maximal value (systolic deceleration - left)

and in diastole (right).
Fig. 06.40 Displacement of the internal wall during the cardiac cycle: at half-length (top) and at the

outlet section (bottom).
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Tab B2.1 1sotopes used in MRI
Tab B2.2 Typical values of T̂  and Tg at 1.5T, 37°0.
Tab B2.3 Guidelines for generating tissue contrast

Tab. 01.1 Animal experiment log including types of measurements carried out 

Tab. 03.1 Locations represented for each specimen
Tab. 03.2 Values o f physiological working-point Young moduli for the different samples.
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To Otta

That all things are not the same is the nature of things.

(Mèngzl)

A  chyn chwannockct vu ef y welet yr hyn a weles ac y denessawd nes nes. 

And so desirous was he of seeing what he saw that he approached nearer and nearer.

(Seint Greal 56.10)

5 3 3 6  0m o3(î)OO3go), Q bm gAg&ôb 0 0 0 0 3 3 0 6 0 0 0 0 ), y m o ^ n o g jA o  

ib^B-O^b^BQOO Qto 2»̂‘b<n0go).

Gather your wits, observe life, weigh everything up and down and measure it.

(OavaxiSvili)

#  #  #  ^
Only after weighing it will you know its exact weight.

(Mèngzl)

Those who succeed in a work 
without having thought about it cannot be wise men.

(Sakya Pandita)
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Research questions in Congenitai Heart Disease

The important role played by haemodynamics in determining a patient’s state in the 

context of pathological or post-surgical circulatory conditions has long been recognised. 

Anomalous blood vessel connections, stenoses, aneurysms, partial or total occlusions, 

compromised vessel wall properties can all severely impair the normal blood flow patterns, 

flow repartition and pressure and energy drops. More subtly, endothelial physiology can 

also be affected as a result of disturbed blood motion and the vessel wall functionalities may 

be prejudiced.

In light of this, it is fundamental to be able to assess qualitatively and quantitatively 

the amount of disturbance caused by disease primarily, and also by the modifications 

introduced at the time of surgery or interventional cardiology through resections, 

reconstructions, graft insertion and the deployment of implants and biomedical devices. A 

quantitative analysis of haemodynamics could lead to a different kind of classification of 

disease severity and of surgical efficacy.

The objective of this thesis is the study of blood motion and vessel wall mechanics in the 

reconstructed aorta. Surgical treatments of this kind are necessary in the case of congenital 

heart disease (CHD), when the aorta is obstructed, e.g. due to a severe stricture (coarctation) 

or an interruption in the vessel continuity. The existence of different techniques for this type 

of repair, the relative frequency of their application with respect to other procedures, and the 

recurrence of post-operative problems impose that studies in this field be continued and a 

deeper insight be gained in their comparative advantages.

Bioengineering contributions and the computationai approach

Although the value of clinical investigation in this respect is remarkable, there are 

instances in which this approach cannot suffice, given the insurmountable limits posed by 

ethics and by the state of current measurement techniques. Especially when faced with very 

complex diseases, it is very difficult for a researcher to be able to collect reliable 

measurements for all the variables of interest in all the implicated districts. In fact, this task 

can often become impossible even in relatively simple settings when the accuracy and 

resolution requirements are high, mainly due to the characteristics of the available machinery 

or the long acquisition times.

When clinical tests fail to describe circulatory variables in an acceptable way for the 

needs of a certain research, or when it is impossible to simulate particular physiological or 

anatomical conditions', when abstraction from subject Individuality is required or a validation
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of uncertain clinical results is sought, computational modelling can be an alternative path 

which can help shed light on obscure areas in the physiology and surgery of blood 

circulation.

General bibliographical references on recent results of Haemodynamics

The work done in the last twenty-five years by biomedical scientists in the field of 

Haemodynamics an in particular Computational Fluid Dynamics (CFD) is remarkable and 

many steps forward have been taken thanks to the collective endeavours of skilled and 

creative groups internationally.

I shall only mention a few articles here as a general reference to various aspects of this 

art, but more extensive bibliography will be found quoted in the chapters of this thesis.

The first and most widespread applications of fluid dynamics to biology have been in the 

field of atherosclerosis and ageing.’"* The major interest in the study of regions of disturbed 

flow has followed as a consequence of such works. Early in vitro work by Ku and Giddens® is 

a proof of this. Perktold’s group in Graz was among those that opened the path to CFD in 

this type of studies with investigations of aneurysm flow’* ” and carotid bifurcation.’  ̂Leading 

authorities on this subjects are currently Xu and Long’*"’* at Imperial College, and Steinman’®" 

“ in Canada.

The aorta (or better its districts), is another region of the circulatory tree to have been 

given the most attention through the years, due to its intrinsic importance as the main artery 

of the human body. Most literature refers only to the physiological condition of the aortic 

flow, ‘̂̂ “  as the very good paper by Wood, Weston and Gosman,“  which also draws 

inspiration from the excellent MRI studies conducted by Kilner and Mohiaddin.'’®̂  ̂ An 

interesting example of an article dealing with the effects of a common ageing-related 

pathology like aneurysm was published by Di Martino, Guadagni and Redaelli from Milan.*’

Papers such as those mentioned collectively demonstrate the amount of interdisciplinary 

knowledge and of very different practical skills necessary to create good fluid dynamic 

models of the blood circulation. Some technical aspects of this knowledge are briefly 

discussed hereafter, with examples of their applications taken from the literature.

The asymmetry that may arise by considering the blood vessels in their full three- 

dimensional nature (i.e. not allowing for simplifications such as axi-symmetry or planarity) 

may change the haemodynamics radically. Some have tried to study this effect using simple 

pipe-like models that have the advantage of avoiding too many geometrical complications 

and to concentrate on the issue of three-dimensionality. A good example is a paper on aortic 

arch curvature by Yamaguchi’s group “  on the other hand, MRI image processing is
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particularly useful for producing smooth models of realistic anatomies, which are needed for 

some types of CFD simulations. It is vital to have reliable methods for image segmentation 

and good criteria for establishing accuracy during acquisition and post-processing. This 

research topic is currently pursued in parallel by MRI technicians and clinicians, and by 

biomedical engineers.'^'^

The use of MRI in connection to biomedical CFD calculations can actually help far 

beyond the mere acquisition of data on the geometrical domain. It can contribute to the 

determination of the boundary conditions (BCs) of the problem.

Many have tried to establish how to obtain good BCs from classic clinical 

measurements*’̂  or have proposed approximate solutions making very strong assumptions 

as to the nature of the pressure waveforms and the velocity profiles on the borders. This 

strongly theoretical approach is nicely exemplified by an old paper on inlet flows by Fung’s 

group, from the time when CFD was yet to bloom.*

The advent of phase-contrast MRI, as well as providing medics with a new tool for clinical 

investigation, has made it possible to gain information on blood velocity and blood flow from 

non-invasive routine investigations.'^'” Particularly interesting in this respect are the 

aforementioned papers by Kilner and Mohiaddin of the early '90s. MRI scanners are now 

capable of mapping the three components of the velocity vector in every sample volume of 

blood tissue in a body slice and encoding them in a convenient digital format that can be 

postprocessed and used as BC by fluid-dynamicists. This CFD practice is becoming 

increasingly widespread but nice papers on the imposition of MR-derived boundary 

conditions were published by Long which are still worth considering.*"* The duration of the 

scan is still an obstacle, however, and it carries with it the necessity to work with images 

which are not entirely satisfactory in terms of spatial definition. The velocity can often only be 

sampled on a too coarse grid and there is therefore a need to interpolate the measurements 

in order to obtain a useful velocity profile to impose as a condition on the model. Moreover, 

with velocities as well as in the case of the geometrical domain, there is a loss in the signal, 

produced by noise and artefacts and very difficult to control, which poses questions about 

the accuracy of the data used for the calculations. This is still a matter of concern for the 

specialists in this field and literature is being produced on this topic by both clinical'” and 

CFD scientists®'* (particularly by Xu’s®° ®® and Steinman's* *  groups, again).

Pressure waveforms can also be used as BCs and help control the solution in terms of 

flow separation among the outlet branches or to fix a reference pressure inside the model. 

While the sphygmomanometer can give an idea of the systolic, diastolic and mean blood 

pressures, and Doppler ultrasound provides data for fairly efficient predictions of pressure 

drops, the methods generally available in hospitals for the measurement of pressure 

timecourses tend to be invasive, but very accurate (pressure gauge catheterisation). There 

are, however, techniques based on plethismography,®  ̂applanation t o n o m e t r y , o r  mixed 

methods*"* sometimes involving wave propagation theories,*"^  ̂ that allow us to record or
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predict pressure distal and central waveforms non-invasively. An interesting paper by 

Ursino’s group at Bologna presents a mathematical model of pressure measurement/®

In the last ten years or so, CFD specialists in the biomedical field also began to consider 

ways of taking into account the properties of the vessel wall and its motion in order to 

improve the similitude of the mathematical models with the in vivo reality (FSI; Fluid-Structure 

Interaction). Many have imposed the wall motion by taking data from clinical imaging, thus 

using geometrical domains that change in time during the calculation/*-^® However, the 

current aim is towards a coupled simulation of the equations of the fluid and the wall models. 

Some trials have already been undertaken.^® A compromise is the iterative solution of the 

fluid and the structural subsystems in several steps. During these steps, the partial solution 

of one subsystem is alternately passed over as a boundary condition on the other, until both 

subsystems converge to a single solution.^

Early examples of CFD simulations including vessel wall mechanics (FSI) were proposed 

by Perktold, with Rappitsch^® and with Friedman and collaborators^. More recently the 

abovementioned paper by Di Martino, Guadagni and Redaelli®̂  applies the same 

methodology to the complex case of an aortic aneurysm. Also in the aortic district Leuprecht 

and Perktold employed shell models for the wall modelling.®® If one chooses to impose the 

domain motion, the structural part of the problem is not treated but its solution in terms of 

wall displacement, is provided by clinical imaging. However, if equations for the wall are 

included in the model, it becomes essential to estimate (if possible, non-invasively) the wall 

mechanical properties that are parameters in these equations and, of course, boundary 

conditions for the solid. There is fairly extensive literature covering those issues.^* The 

aortic tissue is treated as a matter of particular interest for the overall importance of the 

vessel.®®"®®

Very recently the work done on multiscale modelling in fluid dynamics by Quarteroni’s 

group is finding application in the medical field and is providing an alternative to the use of 

clinically-derived boundary conditions. Furthermore, multiscale models make it possible to 

investigate the impact of local fluid dynamics on larger systems. Some items of literature 

dealing with aspects of this methodology are being published by Formaggia, Veneziani, and 

bioengineers from Politecnico di Milano (Pietrabissa, Migliavacca, Dubini, Laganà).®^

Recent reviews of the different obtainable results of CFD applied to the biomedical field 

were published by Liepsch,®* and by Steinman, Vorp and Ethier.®® A nice technical analysis in 

two parts of the CFD-FSI methodologies was proposed by Zhao, Xu and Collins.®®-®̂

Scale: requirements and limitations of the computationai approach in CHD

The formulation of mathematical models is based on the use of certain governing 

equations and the assignment of appropriate conditions that describe univocally the 

research question. In the case of blood circulation the elements that play a role in the
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problem definition greatly depend on the scale of the model required: at nano-level, electrical 

charges, molecular structure and substrate characteristics; at micro-level, cellular and 

macromolecular mechanical properties. Considering larger scales at tissue-level (and 

occasionally organ-level), the tissue global mechano-physical properties become important 

as well as the geometry, the mutual position of different tissues and the interactions with 

neighbouring anatomical structures. Finally, at body-level, very often only averaged 

properties for relatively large structures, roughly the size of major blood vessels, organs or 

circulatory districts can be accounted for; geometrical factors often have to be neglected 

altogether, or largely approximated.

Congenital heart disease (CHD), is the general name given to all affections of the 

cardiovascular system that originate from genetic disorders. Some defects are isolated, but 

more frequently they are parts of complex anomalies or syndromes.

Very often cardiovascular malformations need surgical or interventional correction. In 

both cases, the procedures involve manipulation of cardiovascular structures at organ level, 

and possibly the substitution or reinforcement of the native tissue with biological or synthetic 

devices. Once the operation is completed, the local anatomy is expected to have its 

physiological functionality restored and the local problem should be solved. There are 

however many aspects of these procedures that are not completely understood. For 

example, the role played by pre-operative adaptation to the malformation on the post- 

surgical condition; the biological/biochemical effect of tissue manipulation; the influence of 

local intervention on the global body circulation. Some of these problems may be tackled 

utilising computational methodologies that concentrate primarily on tissue-organ-body level.

The simulations contained in this thesis deal with the effects of surgical procedures at 

local organ level and with the impact of local modifications on the system.

At these scales blood vessel segments, circulatory districts, or the whole blood 

circulation can be modelled, naturally with different degrees of detail. Hence the need for 

specific conditions for these types of problems.

For the tissue-organ level, axi-symmetric and 3D models are often the best choice. 

Physical parameters, such as the blood density and its elastic or visco-elastic characteristics, 

must be chosen. When modelling CHD repairs, analogous characteristics are also required 

for the graft materials employed. All these parameters can be determined by physical 

examination, mechanical testing, or can often be derived from the published literature. 

Moreover, boundary and initial conditions have to be selected. For these types of problems 

boundary conditions are generally in the form of velocity profiles on the inlets, and pressures 

on the outlets, or, alternatively, pressures on both inlets and outlets. Furthermore, if apart 

from the blood motion, the interaction between the vessel wall and the fluid is also modelled 

(FSI), then displacement and/or velocity conditions may be necessary to limit the structure 

deformation and roto-translation. Obviously, all these conditions must be determined for the 

specific problem, mainly by clinical measurements, which in some occasions can be
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problematic, especially if there are non-invasiveness constraints. The use of magnetic 

resonance imaging (MRI) was recently recognised as one of the best methods for acquiring 

velocity data and realistic geometrical (anatomical) information at the same time. For this 

purpose Doppler ultrasound may also be useful in certain settings. As for the pressure 

waveform acquisition, catheterisation is frequently the only option, even though alternative 

non-invasive techniques such as applanation tonometry may be considered in particular 

cases.

The difficulty of acquiring reliable boundary and initial conditions is one of the limitations 

of computational methodologies together with a strong dependence on computer power 

availability. On the other hand, the use of CFD definitely cuts down on the number and 

extent of measurements required to characterise a certain haemodynamics state because, 

apart from the boundary and initial conditions, all the other variables of interest can be 

calculated. An attempt to free CFD modelling of the limitations imposed by boundary 

condition acquisition is the use of multiscale computing, in which parts of the system beyond 

the boundaries of the tissue-organ model are also accounted for, generally by a body-scale 

representation.

Body scale models are useful not only in the context of multiscale methods but also as 

full models in their own right, when the research object corresponds to some very extended 

portion of the circulatory tree. These models are generally based on the definition of 

equations dependent on time alone (OD) or, at most, on time and a longitudinal dimension 

along the blood circuit (ID), the parameters in these equations are global quantities 

describing the viscous resistance encountered by blood in its movement through the 

compartments of the circuit; the inertia that, at various locations, opposes variations in blood 

speed; the compliances of the vessel walls, and so on. Such a model may or may not require 

any boundary conditions, depending on whether it is an open- or a close-circuit. The 

problem here lies in the estimation of all the parameters needed, which is ultimately based 

on clinical measurements and their mathematical elaboration. Computation time is generally 

not an issue in this type of models, and the main drawback is the limited detail provided, 

although it may well be sufficient for several applications.

CFD simulations of vascular surgery conducted using the various types of approaches 

described can be found in the literature. A good work showing the advantages of 

computational methods for the comparison of surgical techniques was published by Taylor’s 

group at Stanford.®® Another nice article of this kind always on adult surgery but using OD 

technology, was published by Pietrabissa’s and Menicanti’s groups.®®

There is extensive literature about CFD methodologies for the assessment of surgical 

corrections, also in paediatric cases. Particular attention is given to congenital heart disease. 

This corpus may be used as a guide, not only in the choice of the appropriate computational 

strategy, but also in the way of drawing conclusions about surgical performance from the
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simulation outcomes; in particular, a number of studies have been done on the Fontan type 

operations by the Politecnico di Milano group in collaboration with Great Ormond Street 

H o s p i t a l , a n d  by other groups.’®®"'̂ ® 

In relation to coarctation of the aorta and aortic arch reconstruction it is possible to find 

both clinical and computational results. Some of these specifically deal with tissue properties 

and wall d e f o r m a t i o n . A m o n g  these a paper by McGiffin ’̂  ̂ is particularly interesting 

because of the computational approach, though the methodology only includes structural 

mechanics and does not comprise fluid dynamics. Another paper by Smaill, of the same 

group, analyses this issue by an in vitro technique.^^®

Others are concerned with haemodynamics and circulatory physiology. There are also 

few CFD papers about the consequences of coarctation or aortic grafting, mainly using a OD 

approach.
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Coarctation of the aorta 

and aortic arch reconstruction

Congenital Heart Disease is the name given to 
anatomic defects of the heart and great vessels 
produced at various stages of foetal development 
and present at birth. Their incidence is 1 every 120 
live births. They may occur isolated or as parts of 
genetic syndromes. Coarctation of the aorta is a 
localised congenital stricture of the aorta that may 
cause sudden heart failure, cardiovascular 
collapse and severe metabolic acidosis on closure 
of the ductus. Older children may develop upper- 
body hypertension and absolute systemic 
hypertension with subsequent morbidity and 
mortality from cardiovascular disease, if 
coarctation is left untreated. Management includes 
different types of surgical repair.
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B1. Medical background

B1.1 Coarctation of the aorta {Fig. B1. 1)

B1.1.2 Natural history

Constriction of the aortic lumen may occur anywhere along its length but is most 

commonly situated between the origin of the left subcalvian artery and the insertion of the 

ductus arteriosus (isthmus region). Uncommonly, coarctation occurs more proximally 

between the left common carotid and the subclavian arteries or, rarely, in the lower thoracic 

and abdominal aorta. The aortic lumen may be atretic, but in coarctation the aortic walls are 

in continuity, as distinguished from the situation in aortic arch interruption, in which a short 

distance separates the aortic ends.

Coarctation of the aorta (CoA) was first described by Morgagni in 1760. More thorough 

investigations during the early 1900s led to the first operation on a patient, which was 

performed by Crafoord in October 1944.

CoA occurs in about 5-8% of all patients with congenital heart disorders (CHD), i.e. 

approximately 0.1% of all the newborn. It is twice as common in males as in females, 

although the lesions occur frequently in patients with gonadal dysgenesis. CoA often occurs 

in combination with other cardiovascular defects such as ventricular septal defect (VSD) or 

abnormal valves (commonly bicuspid aortic valve).

Fig. B1.1 Schematic representation of coarctation of the aorta
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Clinical manifestations depend on the site and extent of obstruction and the presence of 

associated cardiac anomalies. Aneurysmal arterial dilatations of the circle of Willis, produces 

a high risk of sudden rupture and death. Other chief hazards resulting from severe 

hypertension inciude the development of cerebral aneurysm and haemorrhage, rupture of 

the aorta, left ventricular failure and infective endocarditis. Most untreated patients will die 

before 50 years of age.

B1.1.2 Diagnosis

Most children and young adults with isolated coarctation are asymptomatic. Headache, 

epistaxis, cold extremities and claudication with exercise may occur. The origin of such 

affections is generally imputed to the cardiovascular system only when a heart murmur or 

hypertension in the upper extremities and absence, marked diminution or delayed pulsation 

in the femoral arteries are detected on physical examination. The collateral vessels may be 

enlarged and pulsatile and can be palpated in the intercostal spaces in the axillae, or 

between the scapulae. The upper extremities and thorax may be more developed than the 

lower extremities. A mid-systolic murmur over the anterior part of the chest, back, and 

spinose processes may become continuous if the lumen is sufficiently narrowed that a high 

velocity jet across the stenosis persists during the whole cardiac cycle. Additional systolic 

and continuous murmurs over the lateral thoracic wall may reflect increased flow through 

dilated and tortuous collateral vessels. The electrocardiogram reveals left ventricular 

hypertrophy of varying degree. Roentgenograms may show a diiated left subcalvian artery 

high on the left mediastinal border and a dilated ascending aorta. Indentation of the aorta at 

the site of coarctation and pre- and post-stenotic dilatation (the “3” sign) along the left 

paramediastinal shadow are almost pathognomonic. Notching of the ribs, an important 

radiographic sign, is due to erosion by dilated collateral vessels. Two-dimensional 

echocardiography from para- or suprasternal windows identifies the site and length of 

coarctation, while Doppler studies record and quantify the pressure gradient. Trans- 

oesophageal echocardiography and magnetic resonance imaging or digital angiography 

allow visualisation of the length and severity of the obstruction and the associated collateral 

arteries. In adults cardiac catheterisation is indicated primarily to evaluate the coronary 

arteries.

Patients with coarctation of the aorta should be diagnosed at a young age before 

hypertension develops. Unfortunately, the diagnosis of coarctation may be missed because 

some children are asymptomatic or the physical findings, while present, may be subtle. 

Consequently, patients may present in later childhood with hypertension. Occasionally adults 

will present with undiagnosed coarctation of the aorta.
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B1.2 Aortic arch reconstruction

The management of native CoA is usually surgical. Resection and end-to-end 

anastomosis (E/E) or subclavian flap angioplasty (SFR) are employed commonly, although it 

may be necessary to use a tubular graft (GGI), patch (GPGA), or by-pass conduit if the 

narrowed segment is long.

Only E/E, GGI, and GPGA will be described here, as they are relevant to the study 

contained in this thesis. Extracts will be used from chapter 17 of the textbook: Stark, J., de 

Levai, M.R., Surgery for Congenital Heart Defects. Saunders: 1993 (608 pages).

B1.2.1 Surgicai approach

“A f u l l  la tera l thoracotomy incision is made through the fou rth  intercostals space. The 

left lung is retracted anteriorly and in ferio rly  by a moist sponge. A  long incision is made in 

the mediastinal p leura over the upper descending aorta  posterior to the vagus nerve and is 

extended superiorly over the left subclavian artery, liga ting  and divid ing the superior 

intercostals vein in the process. Stay sutures are then places on the anterior edge o f  the 

p leu ra l incision. Care must be taken not to damage the vagus nerve. The stitches are 

anchored to the thoracotomy retractors. The ductus arteriosus is often patent; some degree o f  

tubular hypoplasia o f  the aortic isthmus is almost a constant feature in these infants. The 

ductus arteriosus is then dissected The areolar tissue is separated from  the la tera l and  

in fe rio r surfaces o f  the ductus by sharp dissection. The dissection on its medial aspect is 

fac ilita ted  by the use o f  a blunt tissue dissector to open the fib rous layer and pass a heavy 

braided s ilk  ligature around the ductus which is then securely tied ju s t before the vascular 

clamps are applied. ”

B1.2.2 Choice of the appropriate technique

“Several techniques fo r  repairing coarctation o f  the aorta  in infancy have been described. 

There is no consensus about the preferred technique. We believe that optimally the diseased 

segment o f  the aorta should be removed and therefore resection and end-to-end anastomosis 

is our technique o f  choice. However, because the anatom ical situations vary, the technique 

should be suited to each individual patient. With a long hypoplastic d istal segment the 

subclavian f la p  technique may be pre ferred  [ . . . ]  Aortoplasty w ith prosthetic patch is a quick 

and simple procedure; unfortunately, a considerable number o f  late aneurysms have been 

reported with the use o f  this technique. ”
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Fig. B1.2 Schematic representation of the procedure for the aortic arch reconstruction by

end-to-end anastomosis

B1.2.3 End-to-end anastomosis {F ig .B i.2 )

After ventilating the lungs for 1-2 minutes, “ clamps are applied on the aorta from  the 

surgeon's side. [ . . . ]  Dissection and mobilisation o f  the aorta is performed, with special 

attention to the well-developed collateral circulation. The easier dissection is performed firs t; 

the left subclavian artery, the adjacent aorta, the coarctation, and the ligamentum arteriosum  

or ductus arteriosus are mobilised. The proxim al dissection is carried up to and sometimes 

beyond the left carotid artery in order to provide adequate mobilisation o f  the arch. [ ...] The 

post-stenotic segment is then mobilised; great care is taken not to injure the intercostal 

vessels, which are dilated, are thin-walled, and bleed briskly i f  injured. Some o f  these vessels 

may require division, but should be preserved whenever possible. The intercostal vessels jus t 

distal to the coarctation often may be occluded without interfering with the approximation o f  

the ends o f  the aorta while the anastomosis is being performed, because they usually run 

upward. The distal dissection is carried to the level o f  the th ird  o r fou rth  p a ir  o f  intercostal 

vessels, and beyond i f  necessary, to provide adequate mobilisation. We prefer, i f  possible, not 

to occlude, or to only pa rtia lly  occlude the left subclavian artery in order to allow  some 

collateral flo w  to the lower part o f  the body. The coarcted segment is then resected. I t  may be
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necessary to enlarge the proxim al orifice by a cut back toward o r into the origin o f  the left 

subclavian artery. The second assistant standing to the righ t o f  the surgeon holds the two 

clamps about 2cm apart. Various types o f  .suture techniques and .suture materials have been 

described. The author currently uses an overhan, non-everting, over-and-over running stitch 

with 7-0 polydioxanone (PDS), Maxon, o r Prolene sutures in infants and 4-0 o r 5-0 sutures in 

children. The f irs t suture is placed from  inside into the medial aspect o f  the distal aorta and is 

anchored with a rubber-shod clamp. The other needle is then passed from  inside to the 

outside o f  the proxim al aorta. The entire posterior suture line is performed before the clamps 

are approximated and the two ends pulled together. I f  PDS or Maxon is used, only about h a lf  

o f  the posterior anastomosis is completed before the ends are pulled together. I f  the 

anastomosis is performed with Prolene, three o r fo u r interrupted sutures are usually used 

anteriorly. "

B1.2.4 Gore-tex graft interposition {Fig. B1.3)

When the distance between the two ends of the resected aorta is excessive and 

mobilisation is insufficient to pull them together and suture them directly, it may be necessary 

to interpose a length of synthetic tubing. The material generally used nowadays is Gore-tex, 

although Dacron grafts are also possible.

B1.2.5 Gore-tex patch aortoplasty {Fig. B1.4)

“ I t  is an easy operation that does not require such an extensive dissection as do some o f  

the other techniques. The ductus arteriosus o r ligamentum arteriosum is ligated and divided

Fig. 81.3 Schematic representation of a Gore-tex graft interposition
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Fig. B1.4 Schematic representation of the procedure for the aortic arch reconstruction

by Gore-tex patch aortoplasty

and vascular damps are placed. The aorta is then opened longitudinally; [ ...] in many 

patients, there is an intim ai shelf o f  tissue at the site o f  the coarctation, and it [ . . . ]  may [. ..] 

be carefully excised. Excision o f  this she lf is a subject o f  controversy; too radical excision is 

blamed fo r  the development o f  late aneurysms, and fa ilu re  to excise it is blamed fo r  recurrent 

coarctation. [ ... ] We excise the she lf very carefully, try ing not to damage the posterior wall. 

The incision in the de.scending aorta should extend well below the coarcted segment in order 

to avoid residual coarctation. [ . . . ] A generous Gore-tex patch is sutured in place to widen the 

aorta. The patch must extend from  well above to well below the coarctation. "

B1.3 The collateral circulation

The collateral circulation between the pre- and the post- stenotic aortic tracts is one of 

the major features of CoA. When it is well developed it is responsible for some of the classic 

signs of the disease, such as parascapular pulsation and rib notching. Its size and 

extensiveness increase with age.

The inflow to the collateral system is mainly from the branches of both subclavian 

arteries, particularly the internal mammary, vertebral, costocevival and thyrocervical trunks. 

The outflow is primarily into the upper descending aorta and mainly from the first two pairs of 

intercostal arteries distal to the stenosis (third and fourth intercostal arteries). These are
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enlarged and carry reversed flow (from the subclavian arteries to the descending aorta). Flow 

returns to the normal direction immediately after repair.

B1.4 Post-operative complications

The major post-operative complications are listed hereafter.

Recoarctation occurs in a number of patients regardless of the surgical technique 

employed for the repair. It appears to be more frequent in patients who underwent surgery at 

a very early age. Overall incidence is between 11 % and 42%. Post-surgical re-coarctation 

may be successfully treated with percutaneous balloon dilatation or is re-operated.

Paraplegia is a rare but very serious complication and occurs in 0.41% of cases.

Aneurysms can develop at the site of repair as late as 20-25 years after surgery. They 

frequently lead to death if left untreated. True aneurysms occur particularly in connection 

with GPGA. False aneurysms can be mycotic and occur with GPGA and GGI but generally 

not with E/E. In the case of GGI they occur more frequently at the proximal suture.

Paradoxical hypertension occurs in up to 30% of all patients. The incidence of 

permanent post-operative hypertension seems to be related to the age at surgery (duration 

of pre-operative hypertension) and children who underwent operation before 5 years of age 

are less affected.
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Magnetic Resonance Imaging

MR! (Magnetic resonance Imaging) is a non
invasive diagnostic technique that produces 
digitalised images of internal body tissues 
structures. It is based on nuclear magnetic 
resonance of atoms within the body induced by 
the application of radio waves.

The magnetic resonance phenomenon is the 
response of electrons or nuclei to various discrete 
radiation frequencies as a result of space 
quantisation in a magnetic field.
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B2.1 Historical background

Felix Bloch and Edward Purcell, were awarded the Nobel Prize in 1952 for independently 

discovering the magnetic resonance phenomenon in 1946. Between 1950 and 1970, NMR 

was developed and used for chemical and physical molecular analysis. In 1971 Raymond 

Damadian showed that the nuclear magnetic relaxation times of healthy tissues are different 

from those of the same tissues when affected by tumours, thus motivating scientists to 

consider magnetic resonance for diagnostic purposes. Hounsfield introduced the X-Ray- 

based computerised tomography (CT) in 1973: it was a period when hospitals were willing to 

spend large amounts of money on medical imaging hardware. That same year, Paul 

Lauterbur first demonstrated Magnetic resonance imaging on small test tube samples. He 

used a back projection technique similar to the one used in CT. In 1975 Richard Ernst 

proposed a type of magnetic resonance imaging based on phase and frequency encoding, 

and the Fourier Transform. This is the fundamental technique of current MRI. Two years later, 

Raymond Damadian was able to use MRI for the whole body. Again in 1977, Peter Mansfield 

invented the echo-planar imaging (EPI) technique. This technique will be developed in later 

years to produce images at video rates (30 ms / image). Edelstein and his collaborators 

produced images of the body using Ernsts technique in 1980. A single image could be 

acquired in approximately five minutes by this technique. By 1986, the imaging time was 

reduced to about five seconds, without sacrificing too much image quality. The same year, 

the NMR microscope was being developed, which allowed approximately 10 mm resolution 

on approximately one cm samples. In 1987 echo-planar imaging was used to perform real

time movie imaging of a single cardiac cycle. In this same year Charles Dumoulin was 

perfecting magnetic resonance angiography (MRA), which allowed imaging of flowing blood 

without the use of contrast agents. In 1991, Richard Ernst was rewarded the Nobel Prize in 

Chemistry for his achievements in pulsed Fourier Transform NMR and MRI. In 1993 

functional MRI (fMRI) was developed. This technique allows the mapping of the function of 

the various regions of the human brain. Six years earlier many clinicians thought echo-planar 

imaging's primary applications was to be in real-time cardiac imaging. The development of 

fMRI opened new applications for EPI in the mapping of the brain structures responsible for 

thought and motor control. In 1994, researchers at the State University of New York at Stony 

Brook and Princeton University demonstrated the imaging of hyperpolarised ^ ^ e  gas for 

respiration studies. MRI research continues.
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B2.2 Nuclear magnetic resonance

For background and details concerning the aspects of spin physics involved in the 

magnetic resonance phenomenon, refer to appendix A1: Spin Physics at the end of this 

book.

B2.2.1 Effects of resonance

Consider a set of nuclei in equilibrium under the influence of a static magnetic field Bz. If 

a secondary field oscillating at the Larmor frequency of our nuclei is turned on, this will 

inevitably disturb the equilibrium. Let us call the secondary field a radio-frequency pulse 

(RPR), since the Larmor frequency of hydrogen at all field strengths in clinical MRI falls into 

the radio frequency band of the electromagnetic spectrum.

Choosing a RPF that oscillates at the Larmor frequency means that the nuclei are 

exposed to a resonating radiation and are therefore liable to interact with it and undergo 

transitions. This means that the longer the RPR is on, the larger is the number of nuclei 

whose spin state will go from parallel to anti-parallel. What we see macroscopically is the 

magnetisation vector tilting away from the direction of Bz.

There is another important effect of resonance: the presence of a secondary oscillating 

field implies that the spins will re- orient and follow the rotation of the RPR. This means that 

after a certain time all the spins will be rotating at the Larmor frequency and in phase, that is 

to say all at the same point of their precessional path at any given time {Fig B2.1). 

Macroscopically this entails that the transversal components of the magnetisation will be 

maximised, because all the nuclear magnetic moments will sum up.

Fig B2.1 Spins in phase (left) and out of phase (right)
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B2.2.2 Bloch equations

Say the duration of the RFP is t , then the magnetisation will rotate by a flip angle 

i9 = away from Bz. For instance, we call a 90° pulse a RFP of such duration as to flip 

Mz from the direction of Bz into the plane perpendicular to it. When the desired RFP duration 

has elapsed, Br^ is switched off. At this point a relaxation process needs to take place in 

order to recover the magnetisation equilibrium position under the influence of Bz alone. This 

process id described by the Bloch equations and is the very foundation of magnetic 

resonance. Bloch’s assumption is that spins relax at different rates in the z-direction and in 

the xy-plane, but always following first-order kinetics. The rates are designated asl/2 j and 

I/T 2 , respectively. With Brp- switched off, the following equations can be written to describe 

relaxation (see A1.8.11 ) :

dM M
 L  =  B ^ ----------- B2.2.2.1

dt " " r ,
dM. M . -  Mr,

dt 7;

where M q is equal to M ^ (t ). The solution is:

t

M J fy  = M q sin cod e

M J t )  =  Mq QOSCOjt e B2.2.2.2

iQ
I

/  I =  / W „  L Z n S f t K l  t '

r
> 1\ - e

\  J

As can be noted in Fig B2.2 A/^and M ^  are have a phase difference of ;r /2 . After

Fourier transform they give rise to the real and imaginary parts of the magnetic resonance 

spectrum.

The assumptions of the Bloch equations are models of the ways in which the energy 

stored during the RFT is dissipated. The two relaxation time constants Tj and T2 account for 

different effects, i.e. spin-lattice dissipation and spin-spin dissipation.
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My

tTj

Fig B2.2 Relaxation of the magnetisation components: 

decay of M^and M y , and recovery of
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B2.2.3 Ti recovery

The protons in the collection we are considering can be considered to be in thermal 

contact with the lattice of nearby atoms. The thermal motion present in the lattice can 

account for changes in spin energy. In particular, this means that a single nuclear spin can 

interact with the lattice through exchanges of energy quanta. The Tj recovery is the 

macroscopic effect, observable in relation to the entity of longitudinai magnetisation, of 

energy transfers from the single nuclei to the iattice surrounding them. In MRI terminology we 

talk about spin-lattice relaxation.

B2.2.4 T2 and T2 * decays

Each nucieus in the set not only experiences the external magnetic field that we impose, 

but also the local magnetic fields generated by the spins of their neighbours, in general the 

superposition of these local contributions will be a different value of field strength from place 

to place in the sampie and form an instant of time to the next. This implies that the actual 

precessional frequencies of the single nuclei will differ one from the other. As the RFP is 

terminated, spins that were in phase and precessing at the same pulsation due to 

resonance, will start to process a little faster or a little slower depending on the local fields 

they experience and so end up more and more out of phase. This dephasing produces 

macroscopicaliy what we describe as T2 transverse magnetisation decay. The process is a 

spin-spin relaxation.

In practice, however, the decay we measure for transverse magnetisation does not 

depend completely upon spin-spin interactions. The inhomogeneities of the external field 

cause different regions of the sample to feel different field strengths as well. This has a 

dephasing effect analogous to the one just discussed.

The sum of the spin-spin relaxation {T2) and of the relaxation depending on field 

inhomogeneities {T2 ) is generally referred to as decay.

B2.2.5 Signal detection

Signal detection in the case of MRI is based on Faraday’s law of induction;

dd>
emf = -------- B2.2.5.1

dt
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where emf \s the electromotive force (voltage) and the flux of a certain magnetic field B 

through the detection coil is:

0 =  IJ  B^dS B2.2.5.2
coil area

The induction of a voltage between the ends of the coil implies that there will be a current 

flowing along its turns. The signal that is measured in MRI is proportional to emf.

Now, a reciprocity principle can be demonstrated stating that the flux through the 

detection coil due to the magnetisation is equal to the flux through the magnetisation coil due 

to the detection coil field. The entity we named magnetisation coil is actually the current 

density circulation associated with the presence of the magnetisation vector:

(^ d ) = V  X M { f j )  B2.2.5.3

So, generates a magnetic field that produces a certain current in the detector 

coil. Seen the other way around, we may say that such current 1  ̂ flowing in the detector coil 

generates a magnetic field B^ that, in the spatial position where the magnetisation is located 

gives rise to a current density equal to .

The measured emf can be expressed, by virtue of this reciprocity relation, as:

emf = JJJd^r  ̂ B2.2.5.4
sample ^

■p̂ /
where - - -  depends only on the geometry of the detector coil and on the distance of

the coil from the sample.

The signal Is proportional to emf and the proportionality coefficient depends on the 

amplifier gain and other factors. When the time derivative in B2.2.3.4 is evaluated, the 

longitudinal magnetisation component results to be negligible in comparison with the 

transverse ones (1). Moreover, with the hypothesis, valid in most cases, that the Larmor 

frequency is much larger than the typical values of MTj and l/T^, the signal can be 

expressed as:
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demodulated ___|_

ÔÛ)

demodulated ___|_

œ

andfiltered ^

Fig B2.3 Signal demodulation and fittering

sm(^y^/ +  (95^(r)-^Z^o(r)) B2.2.5.5
scprtple ^  ̂

The signal is generally demodulated in order to avoid the rapid oscillations at the 

pulsation . Demodulation consists in the multiplication by a sinusoid or cosinusoid with a 

pulsation of or near it. Suppose the chosen pulsation is Q  = + S û ), then the signal 

after demodulations will oscillate with two frequencies: Sco and + S g) ,  one much

smaller than and one larger. Low-pass filtering will eliminate the higher one {Fig 82.3).

The multiplication by a sinusoid brings up the real part of the signal; that by a cosinusoid, the 

imaginary part. So the signal can be written also like:

Soco), J lJ r fV  B2.2.5.6
sample ^

Under the hypothesis of homogeneous fields (independent of position) and ignoring 

relaxation effects and amplification the strength of the signal is

= B2.2.5.7

where is the sample volume. Since is proportional to it is possible to

increase the signal by employing stronger steady fields. The signal also depends on the 

Larmor frequency, that is to say on the nucleus species. The signal strength relative to the 

nuclear species excited, from quantum mechanical considerations results to be:
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N r  = \ r f ( ^ r j { l  +  l)  B2.2.5.8

where a  is the natural abundance, r  is the relative abundance of the species in the body 

and /  is the spin quantum number. The reason why hydrogen is so favoured in MR! is evident 

from B2.2.5.8 and Tab B2.1.

Nuclei a r Net Spin X(MHz/T) M / M / H )

'H 1.0 1 1/2 42.58 1.0
31 p 1.0 8.5x10"^ 1/2 17.25 5.7x10®

^Na 1.0 9.1 xia^ 3/2 11.27 8.5x1 a®
3.7x10-^ 0.5 5/2 -5.77 5.4x10®

lep 1.0 4.5x1 O'* 1/2 40.08 3.8x10®

Tab B2.1 1sotopes used In MRI

B2.2.6 Free Induction Decay

Free Induction Decay (FID) is the simplest MRI experiment. It is associated with the 

transversal magnetisation decay after the application of a 90° pulse. The curves are similar to 

the ones in Fig 82.2, but the actual signal shape depends on the chosen demodulation 

frequency. If So) is zero, i.e. the demodulation frequency is the Larmor frequency, then the 

signal does not oscillate, but will only show the T2 envelope. Otherwise, there will be low 

frequency oscillations.

It is important to note that in general the signal will actually represent a faster decay than 

72, and in particular it will have a time constant T2*. The difference between the two is both 

machine and sample dependent. FID is sometimes used to calibrate the magnet, tune RFP 

coils and to optimise system response.

B2.2.7 Spin echo and T? measurement

To discuss the spin echo phenomenon it is practical to define a new reference frame, 

rotating around the z-axis together with the RFP. So in this frame the Bj^ will actually lie in a 

fixed direction in the transverse plain. The rotating frame will be referred to by the primed 

coordinates x’, y’, z'=z.

The spin echo experiment is composed as follows {Fig 82.4). A first 90° pulse is applied 

along the x’-axis. This flips the magnetisation into the transverse plane in the direction of y’.
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After the pulse the transverse magnetisation undergoes a T2 decay. During this decay the 

spins gain a phase

~T  0 < / < r B2.2.7.1

At time r  a 180® pulse is applied along the y’-axis. This pulse rotates all the spins around 

the y’-axis in a way that they end up still lying in the transverse plane but on the opposite 

side of the y’-axis. Those that were moving away from the y’-axis gaining phase in the 

clockwise direction will still be rotating in the clockwise direction, but, being on the opposite 

side of the y’-axis, will now be moving towards the y’-axis itself. Analogous considerations 

can be made for the spins moving counter clockwise. So just after the 180° pulse, i.e. at time

the phase will be

B2.2.7.2

and still accumulating according to B2.2.7.1. This means that after a time rthe spins will be 

back in phase along the y’-axis.

180^

90^

TE

RF "A

V

z'=zy
c

Fig B2.4 Spin echo experiment
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The magnetisation will be thus restored to a maximum at time TE =  2 r  (echo time). The 

value of this maximum will not however be the initial one, but one decreased according to a 

T2 decay. The signal can be measured at TE.

Imagining now to repeat the measurement with a different choice of timing /  of the 180° 

pulse, we could have a second signal measurement at a different time TE\ This will enable 

us to give an estimate of T2.

^  ^ ------7 B2.2.7.3
'  \niS{TE)IS{TE'))

Alternatively, in the same experiment, after the 90° pulse, not one but a series of 180° 

pulses can be applied, e.g. at r, 3r, 5r, 7r,... (repetition time TR-2rb\A could be different) 

and readings of the signal can be performed e.g. at 2r, 4r, 6 r, 8 r,... The estimate then could 

be even more accurate, as it is based on more measurements. The limit on the possible 

number of repetitions lies in the eventual signal loss, due to the decay. Therefore a correct 

choice of TE and TR is essential.

B2.2.8 Inversion recovery and Ti measurement

Inversion recovery is an experiment performed for the measurement of Tj. It is devised in 

the following way. First 180° pulse is given that inverts the sign and orientation of the 

longitudinal magnetisation:

B2.2.8.1

Subsequently the magnetisation vector starts to relax to its original equilibrium position. 

During this period the longitudinal magnetisation decreases till it vanishes on crossing the 

transverse plane and then grows again towards the equilibrium value {Fig 82.5).

= 0 < t< T I  B2.2.8.2

At time TI occurring before the complete recovery, a 90° pulse is used to tip the 

longitudinal magnetisation into the transverse plane. At this time, therefore, the transverse 

magnetisation assumes the value M ^ {T I)  and a decay starts:
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-Mo

J1
180' 90'

Fig B2.5 Inversion recovery experiment

,-«-n)/r; _ j |g-«-n)/ r; B2.2.8.3

As usual this is proportional to the signal. The measure can be carried out noticing that: 

^ 4 , - 0  = ^ . ‘” 2 B2.2.8.4

So, varying T I until the signal becomes zero gives a way of determining the value of Tj.

B2.3. Magnetic Resonance Imaging 

B2.3.1 Signal and effective spin density

Under the hypothesis of homogeneity and choosing a proportionality constant K  

(“aleph”), expression B2.2.5.6 can be re-written as an equation:

B2.3.1.1
d  sample
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Now, let us consider an experiment in which a 90° pulse tips the longitudinal 

magnetisation into the transversal plane providing an initial signal. Given B2.2.8.5 this initial 

transversal magnetisation can be written as:

4 V z;r
B2.3.1.2

kT

where N{r)  is the number of protons per unit volume, a quantity that depends in 

general on the position in the sample that we are considering. In turn we can use B2.3.1.1 

and B2.3.1.2 to express the signal in terms of an effective density p{r):

SQ) = J J Irf V p{r)  B2.3.1.3
sample

with

/? (r) = 1 B2.3.1.4
kT

The usefulness of such a device will be clear from the next section.

B2.3.2 Gradients and the A:-space

Imagine having a gradient Gz superimposed on the static field Bzo- The total field will be

B ,{z ,t )=  B2.3.2.1

With such a field, there will be a spectrum of Larmor frequencies, depending on the z- 

coordinate.

B2.3.2.2

This means that also the signal will contain a spectrum whose frequencies depend on z. 

Moreover, spins will accumulate a phase, depending on what position they occupy along z:

t
</>G(z,t)=-^dTO)(j{z,T) B2.3.2.3
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So the signal under these conditions, with Q  = and precession pulsation 

can be expressed as

S{t) = jdz  p{z) B2.3.2.4
sample

or alternatively as

S{k) = jdz  p(z) B2.3.2.5
scatq>le

where the spatial frequency is defined as 

/
k(t) = ^ j d r G ^  ( r )  B2.3.2.6

S(k) is actually the Fourier transform of the spin density p(z). So, we have established

a way of determining the spatial dependence of spin density by evaluating the inverse

Fourier transform of the sample signal:

p(z) = jdJt S(k) B2.3.2.7

where the integration is extended to all sampled values in the k-space.
This process can be extended using three gradients, in order to obtain the spin density 

dependence in all three coordinates:

p{x,y,z) =  J IJ dkjkydk^ S{k^,ky,k^) B2.3.2.8

B2.3.3 Gradient echo

A gradient is an inhomogeneity of the magnetic field. As such it is a source of dephasing 

of type T2 . According to B2.3.2.3, after the decay has started, changing the sign of the 

gradient has the effect of inverting the sense in which phase is being accumulated by the 

spins. This results in a rephasing and eventually in an echo. At time TE, as it happens for the
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spin echo, the magnetisation reaches a maximum whose value depends on the pure T2 

decay.

B2.3.4 Encoding and ^-space filling

Imagine a 2D experiment. Gradients Gx and Gy are employed to determine the source

spin density p {x ,y ). The ^-space corresponding to the scanned surface will be itself 2-

dimensional, with coordinates kx and ky. A way of filling the A:-space with data sampled 

during the experiment is shown in Fig B2.6. The two axes are called frequency encoding axis 

and phase encoding axis. These names stem from the choice of space filling strategy we 

make and consequently from the way the gradients are utilised in the acquisition process.

In this example Gy is employed for phase encoding. First of all, a RFP flips the 

longitudinal magnetisation into the transverse plane, thus creating an initial signal. The 

starting value of ky is nought, which corresponds to the first line in A-space. Gx is used as the 

reading gradient and it frequency encodes the x-locations of the spins. To do this it samples 

the signal during time Ts, which corresponds to acquiring values to fill the first row. These 

values will all be labelled by the same ky but will have different and increasing kx. We have 

obtained data sufficient to reconstruct a projection of the surface on a line along x;

*S'(à: ,̂0) = J dxdy p(x , B2.3.4.1

whose inverse Fourier transform gives:

P w (^ ) = = ^ d y p {x ,y )  B2.3.4.2

Now, after the reading gradient has been switched off, a Gy pulse of length ty will cause 

a phase increment according to B2.3.2.3 and a corresponding step as in B2.3.2.6. This

means that we move up one row in ^-space. The easiest way to fill this line is to use a 

negative reading gradient, so that we can move towards decreasing kx. The reading phase 

and frequency encoding will last again an interval Ts after which a new Gy pulse will get us to 

the next row up. When the whole A:-space is filled we have:

s(k^,ky)=^ dxdy p(x, B2.3.4.3
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Fig B2.6 Acquisition and k-space fiiiing
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and consequently:

p (x ,y )  =  jd ky B2.3.4.4

The extension to a 3D sample can be made in two different ways, i.e. by 3D imaging or 

by multi-slice 20 imaging, as explained in section B2.3.6.

B2.3.5 Slice selection

In order to perform any data acquisition, one must find a way of defining the region of the 

body that is going to be scanned. In order to do this, we can subject to the magnetic 

resonance process only that region, so that only the spins in that region will be excited and 

that only those spins will give rise to the magnetisation and the signal. In practice, a slice (or 

a slab) must be selected. The axis along which it is selected can be the z-axis (transverse 

slices), the x-axis (sagittal slices), the y-axis (coronal slices) or any combination of the 

previous. Say z is chosen as the slice selection axis. Applying a Gz gradient, the Larmor 

frequency throughout the sample will become a function of z:

/ ( 4  -  /o
Z7T

B2.3.5.1

Therefore the frequencies in a slice of thickness Az centred on the plane where Gz is 

zero will be in the range A f  =  [ / ’( -  Az/2), / (A z /2 ) ] .  This means that it is possible to restrict 

excitation exclusively to the spins in that slice by employing a RFP with central frequency 

and bandwidth:
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B W  =  = — G M  B2.3.5.2
I n

So slice thickness is a function of Gz and RFP bandwidth.

In order to select the slice with precision, the RFP must have non-zero intensity only for 

frequencies in A/". This means that, in the frequency domain, its anaiytic form is

R F P ( /)=  re c t( //A /') . Consequentiy, the RFP waveform to be empioyed in the time 

domain wiii be given by the inverse Fourier transform of the former, i.e. 

RFP (t) oc sinc(;rA/'/) . Now, obviously the sinc(-) function is ultimately damped to zero only

at infinity, whereas the RFP has a finite length . This implies that the A f  interval of 

frequencies wili not be matched perfectly, and therefore spins outside the wanted siice may 

be excited. The higher the number of sinc(-) zero crossings ), the better the match. So 

an important parameter for the accuracy of slice selection is:

=  mod(A/^ B2.3.5.3

B2.3.6 3D imaging vs. multi-slice 2D imaging

There are two main encoding techniques that aliow coverage of a 3D volume. The basic 

difference between them resides in the use of the siice selection gradient. For 3D imaging a 

thick siab corresponding to the whoie voiume is excited in one go; on the contrary, in muiti- 

siice 2D imaging successive slices are excited at consecutive times.

Let the x-gradient perform the same reading function as in section B2.3.4. As before, the 

y-gradient is used for the phase encoding in the slice plane and the z-gradient for the slice 

selection. In order to be able to fill a three-dimensional ^-space, though, the z-gradient is 

aiso used for the phase encoding in the axial direction {Fig. 82.7).

During frequency encoding the two phases associated with the y- and z- gradients 

remain fixed and a line of A:-space in the kx is fiiled. in conventionai imaging, generaliy one 

such line is coliected after each RFP, because of the time constraint dictated by the T2-  or 

Z2*-clriven signal loss. So we may imagine the sequence depicted in Fig 82.7 is repeated 

every TR. in this hypothesis the lines would be all filled from left to right one every TR  A 

great variety of sequences can be designed, that allow A:-space filling along different paths. 

The essentiai requirement is that each and every lattice point of the A:-space volume-of- 

interest is visited during the sampiing. in our example the total scan time so depends on TR 

and on the number of lines in directions ky and kz\
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Fig B2.7 Filling of one line In a 3D k-space

B2.3.6.1

If the scan Is repeated in order to increase signal-to-noise ratio by averaging, the total 

scan time will also depend on the number of acquisitions:

B2.3.6.2

Both 3D and multi-2D techniques use gradients in a similar way for the encoding, but, as 

was said earlier, the RFP excites the sample differently.

3D imaging uses the same broad bandwidth pulse, to excite the whole slab repeatedly. 

After every RFP the acquisition takes pace with different phase gradient settings, so that k- 

space can proceed. There are several advantages in using this method. First, the possibility 

to change the number of phase encoding steps means that very thin slices {partitions) 

can be reconstructed from the slab, without limitations on the amplitude or duration of the 

RFP. Second, partitions can be adjacent, in contrast with multi-2D, where the RFP leaks into 

neighbouring slices and there is always a slice gap in practice (see section B2.3.5). Third, 

larger bandwidths mean shorter RFP durations , and allow decreasing TE. Fourth, a 

shorter TE and high resolution achievable in the partition encoding direction help reduce 

signal loss due to T2* dephasing. Fifth, signal-to-noise ratio can be enhanced even for thin 

slices, although at the expense of increased imaging time.
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Multi-slice 2D imaging uses a narrow bandwidth pulses to excite consecutively different 

slices in the volume-of-interest. This is generally accomplished by repeating slice-selection 

(z-gradient) and RFP excitation a number of times during one TR. After the initial exciting 

pulse and the following acquisition of a kx line, the time between TE and TR is employed for 

selecting consecutive slices in the volume and exciting them with bandwidths centred at the 

frequencies corresponding to their position along z. Meanwhile, the phase encoding y- 

gradient setting does not change. So, the kx lines having the same kŷ  although belonging to 

a number of different slices, are filled during one TR. After the necessary number of 

repetition times, the two-dimensional A:-spaces of all the slices will be filled. This technique 

has a disadvantage: if the exciting pulse of the preceding slice has leaked into the current 

one, the spins of the current slice that have been excited together with the preceding slice 

may not have recovered their equilibrium and are therefore not ready for a new excitation. 

So, they do not give any signal during the acquisition of the current slice. This phenomenon 

produces gaps between the slices, so parts of the volume are not imaged.

B2.3.7 Contrast

Hydrogen is the source of signal in the MAI experiments that we are considering. In the 

human body hydrogen atoms can be found in all types of tissues. The density of hydrogen 

atoms is however different in different tissues. Moreover, inside the molecules that constitute 

such tissues hydrogen interacts with different atoms and is surrounded by different 

environments. Due to this variety of local conditions the spin-spin and spin-lattice interaction 

characteristics are tissue dependent, and so are also the relaxation constants Ti and T2. 

When we talk about differences, we automatically imply the idea of contrast. Signal contrast is 

what ultimately allows one to distinguish separate elements in the image, i.e. the anatomical 

structures, in our case. Now consider the contrast between tissues A and B. From the 

solution of Bloch equations at echo time we can define it as:

B2.3.7.1

Evidently, signal contrast between different tissues mainly arises from differences in the three 

factors just mentioned: proton density Pq, Ti and T2. Generally speaking Ti and T2

contrasts are based on differences in tissue water contents. This means that, when Tj- or T2- 

weighting is employed, tissues will look different in the MAI images and stand out one 

against the other depending on their respective contents of water (Tab 62.2).
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Tissue T] (ms) T2 (ms)
Grey matter 950 100
White matter 600 60

CSF 4500 2200
Fat 250 60

Muscle 900 50
Blood 1200 100-200*

Tab B2.2 Typical values of Tj and T2 at 1.5T, 37°C. 
Higher value for arterial blood, lower value for venous blood.

Weighting

Spin densitypQ-weighting takes place when the Tj- or T^weighting components are 

minimised. Given B2.3.7.1, the appropriate choices to obtain that would be

-teItI 1

B2.3.7.2
-miT,

In practice, if we have an idea of what tissues we are imaging, /?q-weighting occurs 

when TE  is kept much shorter than the shortest T2* and TR much longer than the longest T /.

Ti-weighting is a very powerful means for the delineation of different tissues because the 

range of different T; in the body is very large. Tissues with shorter T / will give rise to higher 

signal because they are faster in recovering longitudinal relaxation. Minimising the T2- 

weighting, by keeping TE  short as in B2.3.7.2, gives us

C m = {P ca - B2.3.7.3

The maximum of this function with respect to TR provides the second condition for an 

optimal Tj-weightlng.

T R ^  =

In -  In [POA^

< T\b j U m  J
J  \_

\T \b T̂ a j

B2.3.7.4
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With a very different TR it may happen that the effect of the concurring pQ-weighting is

felt as a decrease in overall contrast (e.g. when imaging tissues with shorter Tj, and lower 

spin density against tissues with longer Tj and higher spin density). At a particular value of 

TR the two tissues can even be iso-intense and show no contrast at all.

T2*-weighting is particularly helpful in the clinical imaging of diseased tissues, as those 

very often show an increased T2 with respect to the normal ones. Given B2.3.7.2, the 

influence of Tj-weighting is minimised by keeping TR long. The contrast expression 

becomes:

B2.3.7.5

from which a condition on TE  can be derived, that minimises the interference of p^ 

weighting

In

TE k.T Ib j
-  In

opt B2.3.7.6

A summary of the weighting techniques just discussed is given in Tab 82.3.

Type of contrast TR TE

-weighting As long as possible As short as possible

Ty-weighting On the order of 7; As short as possible

72*-weighting As long as possible On the order of 7^*

Tab 82.3 Guidelines for generating tissue contrast
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B2.3.8 Fast imaging techniques

The fast techniques introduced here are only the ones used for this thesis. The names of 

these techniques vary greatly according to the scanner producing company one considers. 

Since the scanners used for this study were all Philips 1.5T machines, the titles of the sub

sections follow the Philips nomenclature. Notice for example that by the name of “field echo” 

a gradient echo is intended.

The idea behind fast gradient-echo techniques is to try and decrease the scanning time 

as much as possible. This is mainly achieved using four expedients:

1. Fractional echo: only a fraction of the received echo is sampled (feasible because 

of the symmetry of the echo about TE and symmetry of ^-space along frequency 

axis). It improves TI weighting and decreases the T2 effect.

2. Fractional RF: only a fraction of the RF pulse is included in the pulse cycle

because of the symmetry in the pulse.

3. Fractional NEX: the number of excitations is reduced, so only a portion of k-

space is used (e.g. Va NEX, % NEX). Actually the number of phase encodes Ny is 

reduced and not the NEX. Reconstruction is based on the inherent symmetry of k- 

space along the phase axis. Generally slightly more than half of A:-space is used 

{overscan) for phase correction. The centre of ^-space is usually included 

because it contains the strongest signal. Fractional NEX increases speed because 

scan time is proportional to Ny.

4. Increase in BW: an increase in bandwidth results in a decrease in sampling time.

The trade-off is a reduction in SNR, since SNR is proportional to 1/(BW)^ .̂

Turbo Field Echo (TFE)

TFE is sometimes described as a prepared gradient echo in MRI physics books or 

named TurboFLASH in Siemens nomenclature. It is a gradient echo sequence with very 

short TR (—6ms) and TE, preceded by a contrast preparation pulse. This pre-pulse is used 

to improve contrast, as it could be sub-optimal in techniques that employ ultra-short TRs.

r/-weighted images are obtained by using an inversion-recovery pre-pulse (180®) (or a 

saturation pre-pulse of 120®).This method is similar to an inversion-recovery technique, as it 

provides increased TZ-weighting and allows suppression of various tissues depending on 

the length of the preparation time.

72-weighting is achieved by changing the preparatory phase to a 90®-180®-90® set of 

pulses, but this sequence is extremely sensitive to motion. For this reason we actually 

employed TZ-weighted sequences.
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Fig. B2.8 TJ-weighted TFE with IR pre-puise

180'
90' 90'

RF

TBPreparation time

Echo

BA

Sign

Fig.B2.9 T2-weighted TFE

Fast Field Echo (FFE)

The phenomenon known as magnetisation steady state arises when TR is shorter than the 

TI and T2 times of imaged tissues. Under these conditions there is no time for the 

magnetisation to decay completely before the pulse sequence is repeated. The residual 

magnetisation (which is maintained using a TR of 20-50ms in conjunction with flip angles of 

30°-45°) adds up to the transverse magnetisation created by the next RF pulse, thus 

increasing the length of the vector in the x-y plane. This implies that T2* is enhanced and 

contrast is affected in a way that tissues with a long T2 (e.g. blood) appear bright in the 

image.
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Fig. B2.10 FFE sequence

In order to keep the magnetisation coherent (in phase) a rewinding gradient is applied. This 

corresponds to reversing the slope of the phase encoding gradient after readout. The 

magnetisation rephrases by the start of the next repetition so that tissues with a long T2 can 

produce high signal.

Given their characteristics, sequences that exploit this principle, like FFE, are often used for 

angiographies and flow measurements.

B2.3.9 Flow measurements

Only cine-phase contrast MR! will be discussed here, as this is the methodology used for 

this study.

Phase contrast MR-Angiography (PC-MRA)

PC-MRA is based on the fact that phase gain of blood flowing through a magnetic 

gradient is related to its velocity. If we write for the readout gradient an expression similar to 

B2.3.2.2, we have:

A). =  / G ^ x B2.3.9.1
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In the hypothesis that blood velocity v is constant (which is acceptable for short time 

intervals) position at time t  can be expressed as x - v t ,  and thus B2.3.9.1 becomes:

(O x -y G ^ v t  B2.3.9.2

The phase gain between time 0 and time t is therefore:

t t J
^ = J codt = yG xvj td t = — yGxVt^ B2.3.9.3

0 0 ^

So, phase is proportional to velocity, which implies that knowing phase at all times 

makes it possible to work out the velocity. Phase is also proportional to time squared for 

moving fluid. If the tissue is stationary ( v = 0), however, phase is linearly related to time and 

this allows us to discriminate between still and moving elements in the image.

Let us analyse the PC-MRA pulse sequence. Immediately after the RF excitation pulse, 

spins are in phase (initial condition). Next, a bipolar gradient of a given strength is applied. 

The two lobes of the gradient have the same intensity and duration, but have opposite sign. 

After the first lobe of the bipolar gradient both stationary and flowing spins undergo phase 

shifts, but these shifts occur at different rates. After the application of the second lobe, only 

stationary spins return to their initial phase, whereas moving spins retain some phase.

If the bipolar pulse were the only source of phase in an image, then a measurement 

carried out at this point would be sufficient to provide the velocity component in the readout 

direction. However phase images may have spurious errors due to field inhomogeneities or 

RF penetration effects. These background phases are independent of the bipolar gradient 

pulse and have to be eliminated.

In order to achieve this, a second acquisition is carried out, in which the bipolar gradient 

is applied with opposite polarity. This produces opposite phase shifts in the flowing spins 

with respect to the initial condition. Stationary spins will have again zero-phase after the 

second lobe. By subtracting this second acquisition from the first, we can remove the phase 

signal deriving from the spurious sources and from the stationary spins, whereas the flowing 

spin shifts will have doubled magnitude.

As a result, a phase-contrast sequence produces, for each velocity component two 

images: an un-subtracted one called modulus image and a subtracted one (which contains 

only the velocity information) called phase image.
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Cine

Cine, as in Cine-PC-MRA, is a method of collecting data continuously throughout the 

cardiac cycle. Data from each slice is acquired at different points during the cycle and can be 

reconstructed into a loop to show the movement of the anatomical structures. Cine is usually 

performed during a gradient echo sequence (we generally used FFE) and EGG or peripheral 

gating must be applied. This gating does not trigger the acquisition (which is continuous as 

we said), but is purely employed by the system to mark phases of the cardiac cycle while 

scanning, so that data can be sorted during post-processing and the Images can be 

reconstructed across the cardiac cycle (we generally reconstructed around 30 images per 

cardiac cycle). The effective TR in a Cine scan is calculated as the chosen sequence TR 

multiplied by the number of slices to be imaged (we generally Imaged only 1 slice at a time, 

so our effective TR coincided with the sequence TR). The maximum number of Imaged 

phases Is then the R-R Interval In the ECG divided by the effective TR. In order for Cine to 

work at Its best the number of reconstructed phases should not exceed that of the Imaged 

phases.
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Segmentation 

of medical images

Segmentation is a primary task of image 
processing having the purpose of isolating parts of 
the image that share some characteristic. Applied 
to  medical MR images, for example, it helps 
investigating presence and location of different 
tissue types. Image segmentation techniques, like 
thresholding  and region growing, offer a method 
for perform ing these tasks by dividing images into 
groups of pixels, which are connected to  each 
other. The information obtained by segmenting 
medical images can be used to reconstruct the 
geometry of anatom ical structures.
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B3.1 Introduction

Today, Medicine widely employs and greatly benefits from diagnostic imaging. Magnetic 

resonance imaging (MRI), computed tomography (CT), Doppler ultrasound, and other 

imaging techniques constitute an effective means for non-invasively scanning human 

anatomy.

The increasing number of medical images used in the daily routine, made it necessary to 

devise computerised methodologies for image processing and analysis. In particular, 

algorithms for the delineation of anatomical structures and other regions of interest are 

known as image segmentation algorithms and play a vital role in numerous biomedical 

applications.

The main aim of segmentation is to recognise inhomogeneous regions within an image 

as distinct and belonging to different objects. The segmentation stage is generally 

independent from the actual identity of the objects, which can be labelled later. It is designed 

to locate objects consisting of pixels having some common characteristic. This often means 

using grey levels inhomogeneity as a means of identifying separate regions.

Different segmentation algorithms seem to be more appropriate for different specific 

applications or imaging modalities, and their final performance is dependent on the presence 

of imaging artefacts such as noise, partial volume effects, and motion.

Moreover, segmentation tends not to perform particularly well if the grey levels of 

different objects are very similar, leading to misclassification of pixels to objects that, 

according to the human eye, should not contain them. Image enhancement techniques can 

be used to try and improve image appearance, emphasising the salient features of the 

original image and simplifying the task of image segmentation.

Currently no single segmentation method yields acceptable results for every medical 

image. Methods do exist that are more general and can be applied to a variety of data. 

However, those tailored for particular applications often achieve better performance by taking 

into account prior knowledge. Selection of the best approach to a segmentation problem can 

therefore be quite challenging. The most utilised methods available are histogram 

thresholding, edge based segmentation, tree/graph based approaches, region growing, 

clustering, probabilistic or Bayesian approaches and neural networks for segmentation. A 

review of different approaches to segmentation may be found in works by Pavlidis\ Haralick 

and Shapiro ,̂ Pham et al.^
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B3.2 Image segmentation

B3.2.1 Segmentation and labelling

Medical images are 2-D or 3-D graphic representations of physical measurements 

carried out on a subject for clinical or scientific purposes. Sometimes they are acquired 

continuously as on an X-ray film, or in discrete space as in the case of MRI. In discrete 

images each measurement is assigned a discrete position called a pixel in 2-D images and a 

voxel in 3-D images. The measured data, i.e. physical quantities like radiation absorption in 

X-ray imaging, acoustic pressure in ultrasound, RF signal amplitude in MRI, are stored pixel 

by pixel (voxel by voxel) in the form of image intensities.

Image segmentation is the subdivision of an image into generally non-overlapping areas

which are homogeneous with respect to some attribute such as grey intensity or 

texture. '̂*’® The segmentation problem is defined as:

Given image I , determine the sets A,̂  cz I , such that

K
/ =  U 4  B3.2.1.1

k = l

where Aĵ  n A j  = 0  for k ^ l , and each Af̂  is connected.

The expected result is a number of sets that correspond to distinct anatomical structures 

or regions-of-interest. A characteristic function

/ \ f 1 if  i^Af^

decides whether location i e I  has to be included in set A,̂  or not.

In the more general instance that the sets may not necessarily be connected, the 

segmentation problem takes the name of pixel classification and the sets A  ̂ are called

classes. Pixel classification rather than classical segmentation is often the purpose of 

medical image processing, because the occurrence of disconnected parts of the image 

belonging to the same tissue or organ is quite frequent. Often, the total number of classes 

K  in pixel classification is assigned based on prior knowledge of the anatomy. Otherwise its 

evaluation may pose serious problems.®
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After the classification step has been successfully performed, the procedure of matching 

each of the isolated regions or classes with a specific anatomical entity is calied labelling, in 

some cases automated labelling systems are avaiiable.

B3.2.2 2-D and 3-D images

Segmentation of 2-D and 3-D images may involve different algorithms if more than bare 

signal intensity is used to isolate one image region from the next. For example, there are 

segmentation techniques, like region growing that also employ spatial information, as the 

vicinity of different pixels. In the case of MR datasets this can mean vicinity within one siice or 

verticaiiy between a pixel in one siice and pixels in the neighbouring ones. 2-D algorithms are 

normaliy utiiised for 2-D images and 3-D aigorithms for 3-D images. However, 2-D methods 

are aiso appiicable sequentially to the slices of a 3-D image^""°with advantages particuiariy in 

terms of ease of implementation, lower computational complexity, and reduced memory 

requirements. Also for the user this approach can be beneficial as certain structures are 

sometimes more straightforwardly identifiable along 2-D slices.

B3.2.3 Partial volume effects

in medicai imaging, and in MRi in particular, due to the physical mechanisms exploited 

for generating the measured signal form the tissues, it happens quite frequently that adjacent 

but distinct anatomical structures concur in producing the signai intensity stored in one 

group of pixels or voxels. These mixed contributions bring forth intensity biurring artefacts at 

the interfaces which are commonly referred to as partial volume effects. With a normal (hard) 

segmantation process, each pixel has to fall into one definite object domain. Therefore 

different structures are separated at the boundaries between pixeis that belong to different 

classes. However there is a different methodology called soft segmentation, by which object 

boundaries may not foliow the pixel boundaries. For this purpose, the two-valued 

characteristic function B3.2.1.2, can be generaiised to a continuous membership funotion̂ ^

Z k ( } )  such that:

0 <  Zk (0  -  1 y ô r every i B3.2.3.1

and

fo r  every i B3.2.3.2
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where the value of Xk (0 refers, at each location i e  I , to the contribution of class .

Overlapping occurs at all locations where Xk (0  > 0 for more than one class. Membership

functions can be derived using fuzzy clustering and classifier algorithmŝ -̂̂ ®, statistical 

algorithms in which case the membership functions are probability functionŝ -̂̂ ®, or they can 

be computed as estimates of partial volume fractions.^® Soft segmentations based on 

membership functions can be easily converted to hard segmentations by assigning a pixel to 

its class with the highest membership value.

B3.2.4 Manual interaction

In many segmentation methods a certain degree of manual interaction by the user is 

required. Apart from its being often time consuming, the other obvious disadvantage of 

manual interaction is that the experiment reproducibility is decreased. Given this, it is 

however important to be aware of the fact that manual interaction is a very powerful means 

for improving accuracy because it allows to take advantage of the prior knowledge of an 

operator. There is therefore a trade-off between reproducibility and accuracy in the amount of 

interaction included. This amount varies from completely manual delineation of the 

anatomical structures, to the selection of seed points for a region growing algorithm (section 

3.2). Algorithms that utilise manual interaction can also be vulnerable to reliability issues. 

However, even “automated” segmentation methods typically require some interaction for 

specifying initial parameters that can significantly affect performance.

B3.3 Thresholding and region growing

Only histogram thresholding and region growing will be described here, for two reasons. 

First, because they are, together with deformable models, the preferred techniques for the 

segmentation of cardiovascular structures in medical images. Second, because they are the 

algorithms upon which the methodology used in this work is based.

B3.3.1 Histogram thresholding

The term thresholding refers to the action of determining a splitting value of signal 

intensity (the threshold) in a scalar image histogram, such that pixels having higher 

intensities are separated from those having lower intensities. If the choice of the threshold is 

appropriate, the pixels belonging to the region-of-interest are assigned to one class { k =  )̂ 

and the background ones to another { k =  0). The object of the segmentation can thus be 

isolated {Fig. B3.1).

The basic algorithm is therefore:
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250 400 748 007 1245

Fig. B3.1 Thresholding: by finding an appropriate splitting signal intensity in the image histogram, 

pixels corresponding to the regions-of-interest can be isolated (green).

Zx 0) = 1 {ob jec t) i f  J ( j )  > J ,

X q ( / ) =  1 {background ) otherw ise

where j ( i )  is the intensity value at location / ,  and J is the threshold.

This method has the drawback of including separated regions, which correctly lie within 

the limits specified, but do not belong to the selected object.

If more than one threshold is chosen, then this process is called multithresholding^^ and 

more than two classes can be created.

Thresholding is usually a manual process, which, for scalar images, consists in visually 

assessing the result of segmentation and in changing the threshold until the optimal 

performance is achieved, A first guess of a good threshold could be for instance the mean 

intensity value of the image. A better choice would be a histogram-derived threshold, i.e. the 

intensity is chosen at which a minimum or a flex of the histogram occurs. This method 

includes some knowledge of the distribution of the image, and will result in less 

misclassifi cation.

Isodata algorithm  is an iterative process for finding the threshold v a lu e .F i r s t  segment 

the image into two regions according to a temporary chosen threshold value. Then calculate 

the mean value of the image corresponding to the two segmented regions { k  =  ̂ and k  =

0). Calculate a new threshold value from as the mean of the sum of the means.

J th.new B3.3.1.2

Repeat until the threshold value does not change any more. Finally choose this value for 

the threshold segmentation.
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The triangle algorithm is also histogram based. Draw a line between the maximum value 

of the histogram and the minimum value and calculate the distance d  between

the line and the histogram. Then take as the second lower value in the histogram,

calculate d  and repeat increasing until . The threshold value for the

segmantation will be the , for which the distance d  is maximised. This method is 

particularly effective when the pixels of the object we seek make a weak peak. These 

methods can be automised.

Although simple, thresholding often proves a very effective segmentation method, 

provided that the different anatomical structures represented in the image have well- 

contrasting intensities. If the greyscale values in the image are two homogeneous, 

thresholding does not work very well. Other problems can sometimes arise, especially in MR 

images, when large (or long) organs are imaged. These problems depend on the fact that, if 

tissue stimulation cannot be delivered evenly to the whole mass of the organ, the signal 

acquired will have different intensities for a same tissue in different parts of the image. This 

effect corrupts the image histogram and makes it difficult or impossible to find the right 

threshold for the segmentation. For this reason different sections of the same organ may be 

wrongly assigned to different classes. In order to overcome this problem variations on 

classical thresholding have been proposed for medical image segmentation that incorporate 

information based on local intensities^® and connectivity. “

A survey on thresholding techniques is provided in.̂ ^

B3.3.2 Region growing

Region growing is also based on signal intensity, but uses connectivity or the presence 

of edges as an additional characteristic for pixel classification. -̂^̂

The basic idea of region growing is, given a starting point inside the object (the seed), to 

expand the segmented region by sequentially including all neighbouring pixels that have the 

same (or similar) intensity {Fig.3.2). The seed must generally be assigned by the operator by 

picking a single pixel in the image. The boundaries of the object are found when, moving 

away from the seed layer by layer the pixel intensities become contrastingly different.

The basic algorithm is therefore:

1) Fix “seed points”; each of these points initially represents a region that will expand

2) Repeat until no changes occur

Consider all unlabeled pixels that are neighbors of existing regions, and identify the 

one pixel that is most similar to a neighboring region 

If the degree of similarity is sufficiently good, expand this region to contain the new 

pixel

3) Group any remaining pixels into “background" region(s)
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Fig. B3.2 Region growing: a seed Is chosen Inside the object (left), and the algorithm assigns all 

neighbouring pixels of the same Intensity to the same class (right).

When using region growing algorithms dim ensionality is an im portant factor, as in 2-D 

images the neighbours are the four p ixe l or eight p ixe l neighbourhood of the seed in the 

plane, while in 3-D the connectivity extends to the adjacent pixels in the slices above and 

below as well. Therefore the choice of 2-D or 3-D m ethods for the segm entation of 3-D 

images may lead to different results.

The great advantage of region growing is its sim plicity and its straightforwardness. The 

fundamental disadvantage is its dependence on manual interaction for the initial 

determ ination of the seed, as different choices could theoretically lead to  different 

segm entation outcomes. Other problem s may derive from  noise and from partial volume 

effects. Noise can add spurious intensity values inside the area of interest that may result in 

holes in the segmented area. The blurred boundaries caused by partial volume effects, 

instead, can cause distinct regions to  become connected. Methods based on topo logy 

invariance^^ or fuzzy algorithms'^ have been devised to decrease the occurrence of these 

artefacts.

There are also so-called spiit-and-merge  algorithms based on region growing. The basic 

idea o f region splitting is to break the image into a set of d isjo in t regions which are coherent 

within themselves: Initially take the image as a whole to be the area o f interest. Look at the 

area of interest and decide if all pixels contained in the region satisfy som e sim ilarity 

constraint. If they do then the area of interest corresponds to a region in the image. 

Otherwise split the  area of interest (usually into four equal sub-areas) and consider each of 

the sub-areas as the area of interest in turn. This process continues until no further splitting 

occurs. In the worst case this happens when the areas are just one pixel in size. This is a 

div ide-and-conquer or top-down  method. If only a splitting schedule were used then the final 

segmentation would probably contain many neighbouring regions that have identical or 

sim ilar properties. Thus, a m erging  process is used after each split which com pares adjacent 

regions and m erges them if necessary.

Often region growing is used as one step of more complex segmentation procedures.
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B3.4 Segmentation and contour extraction with Mimics

B3.4.1 Segmentation

Mimics 7.0 (Materialise, Leuven, Belgium) is a comm ercial segm entation software that 

was used for the treatment of anatom ic MR images in the course of th is research job. The 

segmentation technique is based on the successive use of thresholding and region growing.

Thresholding is implemented as the first step o f the segmentation process. It includes 

the possibility of setting two threshold values and such that classification is

defined by the constraints:

Z, ( 0 = 1  (object) i f  < J ( i ) <

%o ( 0 = 1  {background  ) otherw ise
B3.4.1.1

The threshold values must be set manually and the user receives interactive feedback by 

the real-time segmentation updates during the search.

After this first phase, various entities in the im age will have been assigned to the object 

class. In the case of cardiovascular MRI, the b lood vessels stand out because blood 

contrasts with the surrounding tissues. If the aim is segm enting one particular blood vessel, 

this aim cannot generally be achieved by the thresholding step alone. All b lood vessels will in 

fact give the same signal intensity and will therefore be assigned to the same class.

Because after thresholding some holes may be present inside the object class and due 

to partial volume effects some distinct entities may appear joined, Mimics implements a 

draw-eraser tool that can be manually used to  define contours better or fill unwanted gaps.

Fig. B3.3 Mimics: Thresholding (left); region growing (right). The yellow class is the final 

segmentation after region growing.
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The use of this tool needs care because it introduces manual interaction and worsens 

reproducibility, but is an invaluable help for obtaining the best result from the segmentation 

process by including the operator’s knowledge and visual perception.

At this stage a region growing approach is followed for isolating only the object-of-interest. 

By selecting a seed in one of the entities in the object class, the operator gives way to the 

final segmentation process. The pixels near the seed are included in a new class on the 

basis of connectivity and of their belonging to the same initial class of the seed. Other entities 

initially assigned to the object class during thresholding are now excluded from the new 

class because they are disconnected. The new class will therefore only contain the object-of- 

interest {Fig. 83.3).

The region growing algorithm included in Mimics 7.0 has a 2-D and a 3-D version. These two 

modalities can be used alternatively during segmentation, according to which of them 

appears more appropriate for the current task. Often, the 2-D slice by slice approach, 

although time intensive, tends to give better results in the case of medical images, where the

3-dimensional shape of the anatomical structures may be quite complex.

B3.4.2 Contour extraction

Once the image segmentation is completed. Mimics can calculate automatically the 2-D 

contours of the segmented object in the form of polylines. The vertices of these polylines 

seem to be identified by taking into account both the segmentation boundaries and the 

actual greyscale values of the pixels. The polylines follow the object contours with sub-pixel 

definition as vertices are found in different positions inside the pixels and the polylines 

themselves do not necessarily go along the pixel boundaries but often cross them.

The polylines obtained in this way can be exported in IGES format.
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Mathematics 

for physical modeiiing

Mathematical m odelling is the 
description of physical phenom ena by 
means of sets of equations, initial conditions 
and boundary conditions. Mathematical 
models can be used to  visualise, estimate or 
predict events or physical quantities that are 
difficult to observe and can help investigate 
and understand the com plexity of nature. 
When the equations of a mathematical 
model are too com plicated to  be solved 
analytically, an approximate solution can be 
generated through numerical calculation. 
This chapter describes m odelling with 
lumped parameters, axi-symmetric and 
three-dimensional field equations and the 
use of m ultiscale approaches.
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B4.1 Historical background

The history of Hydraulics starts in ancient Greece and is strewn with the names of more 

recent scientists of the stature of Stevin, Leonardo, Galilei, Mariette, Boyle, Pascal, 

Descartes, Bernoulli, Euler, Poisson, Navier, Stokes, Reynolds, Froude, Prandtl and 

uncountable others. So many years of research produced detailed qualitative descriptions of 

the fluid motion and fundamental mathematical models to describe their Statics and 

Dynamics. Most of these models are still used today and all together constitute the 

foundations of the modern developments. Many of the essential phenomena described in 

these models are governed by differential equations and their solutions can be obtained 

analytically only in very simple cases. By the turn of the twentieth century, the development 

of closed form analytical solutions for field problem concerning various aspects of Physics 

had reached a highly mature stage and it was being realised that a large class of problems 

still remained which were not amenable to exact analytical solution methods. This gave birth 

to a variety of approximate semi-analytical techniques on the one hand and to the 

development of numerical solution procedures on the other. Among the numerical 

techniques for solving field problems, finite difference based methods were the first to 

develop, because of their straightforward implementation. Although the finite difference 

formulation is relatively simple, the severe limitation faced in the pre-second world war era 

was that calculations had to be performed manually. Meanwhile, studies over the 

uniqueness, existence and stability of numerical solutions to partial differential equations 

were being conducted and papers were being published on the subject. Some of the people 

involved were Courant, Friedrichs, Lewy and Von Newman. With so much of a basic work 

having been accomplished prior to 1950 on the basic numerical methods, iterative schemes 

and numerical stability, the progress on numerical simulation was accelerated by leaps and 

bounds after the discovery of the electronic computers in the late fifties.

The full-fledged development of the Finite Element Method (FEM) was first introduced by 

Clough in 1960. Since then, the method has made rapid strides for the modeling of structural 

engineering problems and fluid flow and heat transfer modelling in recent years.

Although in the early simulation methods for viscous incompressible flow, vorticity and 

stream function were the calculated variables, and the late sixties, simulations in terms of 

primitive variables (velocity components and pressure) began. Pioneering work in this 

direction was performed by Harlow and Welch and Harlow and Amsden at Los Alamos. 

In the late seventies and eighties considerable interest has been evinced on the techniques 

for handling flows in arbitrary shaped geometries. Research is still being conducted on these 

methods and several complex flow situations are being simulated using them.

Although a large volume of research publications have appeared in recent years on 

numerical flow simulation, the potential for further research is expanding at an ever
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increasing rate. In the decades to come, it appears that many more powerful algorithms will 

be evolved and several complex flow/heat transfer problems will be successfully simulated.

B4.2 Computational Fluid Dynamics

Computational Fluid Dynamics (CFD) has grown from a mathematical curiosity to 

become an essential tool in almost every branch of fluid dynamics, from aerospace 

propulsion to weather prediction. CFD is commonly accepted as referring to the broad topic 

encompassing the numerical solution, by computational methods, of the governing 

equations which describe fluid flow, the set of the Navier-Stokes equations, continuity and 

any additional conservation equations, for example energy or species concentrations.

As a developing science. Computational Fluid Dynamics has received extensive attention 

throughout the international community since the advent of the digital computer. The 

attraction of the subject is twofold. Firstly, the desire to be able to model physical fluid 

phenomena that cannot be easily simulated or measured with a physical experiment, for 

example weather systems or hypersonic aerospace vehicles. Secondly, the desire to be able 

to investigate physical fluid systems more cost effectively and more rapidly than with 

experimental procedures.

There has been considerable growth in the development and application of 

Computational Fluid Dynamics to all aspects of fluid dynamics including haemodynamics, 

which is the subject of this thesis. Moreover, under the name CFD one should include now 

also fluid-structure interaction (FBI) simulations in which not only the equations governing the 

fluid are solved, but also those that describe the deformable solids interacting with the fluid.

The numerical methods used in CFD simulations are based on spatial and temporal 

discretisation. Accordingly, a grid, which is generally referred to as the mesh, is used to 

discretise the volume-of-interest, i.e. to divide it into elements. These elements are defined 

with reference to the nodes of the mesh. The physical and structural properties of the 

substances represented (in our case blood and vessel walls) are assigned to the 

corresponding sets of elements in this mesh. Boundary and initial conditions that specify the 

particular problem to be solved are assigned on the nodes. This special discretisation 

reduces the field problems to problems with a finite number of degrees of freedom, but 

entails the approximation that the solution will be available only at a discrete number of 

points in the volume. The method includes also a discretisation in time that is needed for the 

time-integration schemes. The density or refinement of the space and time discretisations is 

the key to the level of accuracy. High refinement is however related to high simulation times 

and in the extreme to the impossibility for the machine to provide a solution. Variable node 

density can be generally assigned in order to achieve greater accuracy in the portions of the 

volume that are most interesting to monitor or in which the solution has particularly steep
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gradients. Another factor that carries along a trade-off between computer resources and 

solution accuracy is the choice of the model scale. For many problems it is possible to 

conceive models in OD, 1D, 2D, 2.5D (axi-symmetric) and 3D. The higher the dimensionality 

the higher is the cost. Also the method reliability depends on the type of problem. CFD- 

predictions, for the simple fact that they involve the use of models are never absolutely 

reliable. In particular problems may arise when the boundary conditions are based on too 

much guesswork or the geometry is too simplified or the material properties are not 

accurately represented. The level of assumptions that is acceptable must be decided on the 

basis of the scientific knowledge of the relative importance of different aspects of the 

problem, but this knowledge as a pre-requisite is sometimes not available. In addition to this 

errors may derive from the fact that the available computer power may be too small for high 

numerical accuracy expected. Notwithstanding these drawbacks, CFD reliability is presently 

greater for laminar flows rather than turbulent ones; for single-phase flows rather than multi

phase flows; for chemically inert rather than chemically reactive materials; for single chemical 

reactions rather than multiple ones; for simple fluids rather than complex mixtures.

B4.3 Fluid motion

Refer to appendix A2: Fluid Equations for more details.

B4.3.1 Momentum and continuity equations

The flow of most fluids may be modelled mathematically by means of two equations. The 

continuity equation requires that the mass of fluid entering a fixed control volume either 

leaves that volume or accumulates within it. It is a scalar mass conservation equation. The 

momentum equation, a vector equation, is the fluid dynamic equivalent of Newton’s second 

law and represents the momentum conservation.

They are in particular valid on any fixed spatial domain ^ Q , which is for all times of 

interest inside the portion of space filled by the fluid, i.e c  Indeed, in most cases the 

flow motion is studied in a fixed domain (usually called computational domain) embodying 

the region of interest. The incompressible Navier-Stokes equations in a fixed domain, are, for 

any (g I, the system of equations

Uj j  = 0  in
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where u is the fluid velocity, p  its density, p  the pressure, p  the fluid viscosity and /  is a 

vector of volume forces.

Furthermore, we need to prescribe the initial conditions of the fluid velocity, for instance

u ( t - 0 x̂ ) = U q(x )  x e ^ Q ,  B4.3.1.2

The boundary conditions are of two types:

an appiiedstresses condition (or Neumann boundary condition):

T • « = - p r i  +  2 p  s(w)' n  =  t  ̂ on <z5^Q B4.3.1.3

where T  is Cauchy’s stess tensor , n is the normal univector, F ” is a measurable subset

(possibly empty) of the whole boundary d^O . , and s(w) =  +  (Vw)^ ) is the strain rate)iy empty) ot the whole boundary c 12, and s{u) =   ̂

tensor,

and a prescribed veiocity (or Dirichiet boundary condition)

u = U  o n T ^  B4.3.1.4

where F ^ i s a  measurable subset of d^Çl (which may be empty).

B4.3.2 Constitutive model of the fluid

The response of the fluid to an external application of force depends on the 

characteristics of the fluid. While its density, that reflects its inertial behaviour, appears 

explicitly in equation 3.1.21, the viscosity is hidden inside the Cauchy stress term and needs 

to be defined in order to understand how stress is exchanged between layers of fluid and 

how energy is dissipated.

By expanding the expression of the stress tensor, we can isolate the isotropic and 

deviatoric components:

Ty = -p S y  B4.3.2.1
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In the case of incompressible fluids the deviatoric component, which describes the viscous 

characteristics of the fluid, takes the form:

T u = 2 f iS y  B4.3.2.2

All relations that contain a viscosity independent of strain rate have ty linear with respect 

to Sy. The corresponding fluids are called Newtonian fluids.

B4.3.3 The Finite Element Method for CFD problems

FEM method is a way estimating the solution of a partial differential equation system by 

solving a finite-dimensional algebraic system whose matrices are derived from the differential 

operators of the original equations.

A form of the discretised matrix representation of the problem in which the coefficient 

matrices have a physical meaning (although not completely accurate), is the following:

MÛ + Du 4- N(u)u -  Cp = F
B4.3.3.1

C u = G

where M  is the fluid mass matrix, N,D and C are respectively the convective, diffusive and 

divergence matrices, F represents external body forces and G is a sparse vector.

Penalty function approach

The penalty approach consists in a weakening of the continuity constraint. The full 

system has continuity equation:

V -w  = 0 B4.3.3.2

which corresponds to Galerkin FEM:

= G B4.3.3.3

where the -vector G lives only on the boundary and is thus quite sparse. If it were not so 

the mass would not be conserved, and the problem would include sources or sinks.
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The penalty method solves a perturbed system in which mass is not completely 

conserved:

V ‘U = - e p  <-> C ^ p U p - G ^ s p B4.3.3.4

where e is called the penalty parameter, which is very small typically of the order of 10 ® to 

10 ®. Using this device, the pressure can be expressed in terms of velocity using B4.3.3.4 and 

can be eliminated from the Galerkin FEM equations that thus become a function of velocity 

alone. Pressure information can be retrieved at the end by using B4.3.3.4 again.

B4.3.4 Mesh elements and shape functions

Mesh elements

We shall give here an overview solely of the element types that are used for the 

simulations included in the thesis. The 2D elements are used to discretise surfaces, i.e. those 

defining the boundaries of 3D models or those that constitute the domain of 2D or 2.5D 

models. The 3D elements are used to discretise the domain of 3D models.

NB: In all the graphs the pressure nodes are indicated by a cross, and the velocity 

nodes by a dot. Furthermore, the ordering of the shape functions follows the ordering of the 

nodes as shown I the corresponding graphs.

4-node quadrilateral (Fig B4.1)

These elements are 2D quadrilateral elements defined by the position of their corners. 

The velocity nodes are at the corners. This means that the velocity shape functions are bi

linear and have the form:

B4.3.3.5

The shape functions are given in terms of the element’s natural coordinates (-1 < r  <1, 

-1< 5 <1, -1< / <1). Each shape function is calculated by multiplying the equations of the two 

element sides that converge in the corresponding node. For instance, the shape function 

associated with the first node is derived from the equations of the sides: \ - r  =  0 and 

1 - 5  = 0 . The coefficient (in this case 1/4) is chosen for normalisation.
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S = 1 S = 1

Fig B4.1 4-node 2D quadrilateral with continuous pressure (left) 

or discontinuous pressure (right)

Two pressure discretisations are possible with this element: a bilinear continuous 

approximation in the case the pressure nodes are also in the corners {i// =  ç ) ]  or a

piecewise constant discontinuous approximation ( ^  =  1), in which case the pressure degree 

of freedom is associated with the element centroid. In the first case we have an equal-order 

approximation, while in the latter we have a mixed interpolation (see below).

8-node brick (Fig B4.2)

In a way analogous to the formulation of the 4-node quadrilateral, the shape functions for 

these 3D elements are tri-linear for the velocity:

(p =

- ( l  +  r ) ( l - s ) ( l - ï  

| ( l - r ) ( l  +  5 ) ( l-<  

i ( l  +  r )( l + s ) ( l - r

^ ( l  + r ) ( l - s ) ( l  + r 

i ( l - r ) ( l  + s)(l + f

i ( l  + /-)(l +  i ) ( l  +  <

B4.3.3.6
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Fig B4.2 8-node brick with continuous pressure (left) 

or discontinuous pressure (right)

Again two pressure discretisations are possible: tri-linear continuous {i// =  ç>), or 

piecewise constant discontinuous ( ^  =  1), in which case the pressure degree of freedom is 

associated with the element centroid.

Element natural coordinates and physical coordinates

We have expressed the shape functions through element natural coordinates. In order to 

perform the integration and derivation operations involved in the evaluation of the matrix 

coefficients it is necessary to use Jacobian matrices that map the natural coordinates to the 

physical ones.

Equal-order vs. mixed interpolation

While in equal-order interpolation, <p and ly are polynomials of the same degree, with 

mixed interpolation q> generally has a higher degree. The latter choice may be driven by the

consideration that involves a higher-order operator than Vpdoes and so higher 

polynomials are needed to provide a sufficiently accurate description of velocity.

Continuous vs. discontinuous pressure

Since the weak formulation involves integration of V p , the resulting weak form does not 

contain any derivative of pressure. This means that pressure can be interpolated using 

piecewise functions that are not -continuous. Such discontinuous interpolations are quite 

popular/useful. An advantage is that only they can assure an element-level mass balance. A 

disadvantage is that they do not possess uniquely defined pressures on the element 

boundaries. They are dual or sometimes multi-valued in those nodes. The continuous 

interpolation methods are also quite popular.
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B4.3.5 Solution strategy

The equation system obtained as explained in the previous sections needs to be solved. 

The solution strategy adopted in our case is a segregated algorithm with pressure projection 

and the time integration is produced by an Implicit Backward Euler scheme. The segregated 

algorithm works out a current solution at each timestep, as explained next.

Given an initial or guess solution u® (which we set to zero velocity for rigid wall 

simulations and was instead the solution of the associated Stokes problem in FBI cases), 

the following seven steps are iterated until convergence:

1. Solve pressure equation for p (iteration count goes from i to i+1/2)

2. Relax pressure via:

3. Solve x-momentum equation for UjcWith relaxation terms in a^, using latest pressure 

solution and obtaining

4. Solve y-momentum equation for Uy with relaxation terms in a  y , using latest pressure 

solution p'^  ̂ and obtaining

5. Solve z-momentum equation for Uz with relaxation terms in , using latest pressure 

solution p'^  ̂ and obtaining

6. Solve pressure equation for a pressure correction vector Ap

7. Mass adjust velocity field (according to incompressibility constraint) making use of 

calculated A p , by irrotational projection onto a divergence-free subspace. Thus the

final guess is obtained.

8. convergence is checked by comparing final guess at iteration /+ ! guess at iteration

/.

When convergence is reached within the timestep after a certain number of iterations of 

these eight steps, timestep is incremented during the time-integration with the Implicit 

Backward Euler:

, ,« + 1

M - -------- — +  -C p "^ ' =
A r

B4.3.5.1
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The timestep increment A /” changes from timestep to timestep, as we generally used a 

variable timestep approach. The amount of change is determined by considering the ratio of 

truncation errors in the solutions of consecutive timesteps.

B4.4 Vessel wall modelling

Refer to appendix A2 for more details.

B4.4.1 Vessel wall mechanics

The vessel wall is a very complex structure made up of different layers and disparate 

biological and biochemical elements at the micro and nano-scale. However, it globally 

behaves as a soft viscoelastic solid (see also chapter C3).

For such a mechanical system Newton’s Law can be written as:

d
= (7y j  +  p  %  in  ̂Q (i)  B4.4.1.1

where d̂  = x, -  jc,.q is the displacement (and jc,o the stress-free position), and is the

solid volume. This equation becomes the continuum equilibrium equation when 

displacements vanish. Attached to B4.4.1.1, we have equilibrium conditions on the boundary

^ r(r )= a ^ Q (/):

<yyHj on (f) B4.4.1.2

with the subset of where traction boundary conditions are defined;

and imposed displacements:

d i { t )= d i { t )  onY"^ (/) B4.4.1.3

with the subset of "̂ F where displacement boundary conditions are imposed.

Note that these equations are obviously defined on time-dependent (moving) domains. 

This observation becomes important in the treatment of problems in which solid structures 

interact with fluids, as explained later in this chapter.

The initial conditions for the problem are in the form:
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dX0)=d^lO

dt
fO

t=0

in ' a  

in

(i.e. ' n ( o X n j B4.4.1.4

B4.4.1.5

B4.4.2 Constitutive model of the vessel wall

In all instances within this work, tissue viscoelasticity was neglected and the constitutive 

model chosen was always a linear elastic one. This also implies that in our model the strain- 

displacement relationship is linear as well. Furthermore elasticity law

B4.4.2.1

is particularised, so that Dÿki (Hooke’s elasticity tensor) always represents homogenous 

isotropic materials and therefore contains only two independent constants. Young modulus 

E  and Poisson’s ratio v. The resulting constitutive model is extremely simplified, but should 

be appropriate under the physiological working conditions simulated (see also chapter C3). 

The explicit form of the elasticity relation 5.2.1 is thus:

1 - V V V 0 0 0

V \ - v V 0 0 0
(Tyy V V \ - v 0 0 0 yy

E 0 0 0
l - 2 v

0 0 ^ zz

(l +  v /X l-2 1 /)
0

2
\ - 2 v

0
Ï  xy

0 0 0

0 0 0

2
\ - 2 v

y  yz

0 0
2 _

B4.4.2.2

B4.4.3 Matrix formulation

The field equation B4.4.1.1 can be weakened, discretised and finally expressed in matrix for 

to be solved via FEM. Details can be found in appendix A2.

Defining nodal acceleration as:

a =
dt^

B4.4.3.1
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with , the discretised displacement vector, we obtain the matrix expression:

'  M„a + Z „(d )- F f  -  T„ = 0 B4.4.3.2

B4.4.4 Time integration

For the structural computation a Bossak integration scheme was employed. This is a 

modification of the Newmark algorithm that possesses damping properties while retaining 

second-order accuracy. It is based on the following equations:

«̂+1 +Ard^ + - ( A r ) ^ a „  +^(A /)^(a„^i - a „ )

= d .+ A f [ ( l -y X + y a .^ , ]  

'M a „ ^ , + Z „ ( d „ , , ) = ( F r + T j , , ,

B4.4.4.1

1

4

 ^ (Xn < 0
3

We have been using this algorithm with no damping.

B4.5 Fluid-Structure Interaction

The acronym FSI refers to mathematical models that incorporate the mechanics of fluids 

and (generally deformable) solids in contact with them. All the theory discussed in sections 

84. 4 and 84.5 above is the foundation of FSI modelling, which thus results in very complex 

systems of governing equations. The possible strategies for obtaining a global solution of an 

FSI problem are diverse and range from coupled to uncoupled approaches. The coupled 

algorithms are the most commonly adopted and, among them, a type of iterative method 

was used for the FSI models in this thesis.
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B4.5.1 Adaptation of the fluid and vessel wall models 

Fluid motion

The momentum and continuity equations as introduced in section 3 do not contain any 

term account for a moving or time-changing domain In FSI models the eventuality

that the fluid volume of interest may vary shape and position in time is certainly present, as 

deformations of the solid are likely to reflect on the boundaries shared with the fluid. For this 

reason, the fluid problem equations 3.2.1-3.2.4 must be re-written as;

dt

U j j = 0  i n ^ Q { t )

u{t =  0 , x )= U q(x ) B4.5.1.2

-  pn-\-2 ju^{u)'n  = 7̂  on r e /  B4.5.1.3

ü = Ü  on r ^ ( r ) , / e /  B4.5.1.4

where u is the domain velocity. This obviously entails a modification of the FEM version of 

the problem as well, and, in particular, of its matrix formulation 4.1.27, that now takes the 

form:

MÙ -f Du -f- N(u -  u)u -  Cp = F
B4.5.1.5

C^u = G

Since the solution will be reached using a loose coupled approach it is necessary to

rearrange the terms of these global equations so that they are explicit in the purely fluid

unknowns. To do this let us express the u , ù , F and G vectors in a more transparent way:

u = [^u ^u ^u]^

Ù = f^ù  ^ ù T
B4.5.1.6

F = ['"F ^F "'Ff

G = [ ''G  ° G  " 'G f
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where superscript F  is associated with^Q(/) or D  is associated with r ^ ( / ) ,  and W

is associated with i.e. the wetted surface of the solid body. This is possible, holding

compatibility conditions ^ u = ^ u  and ^ù = ^ ù  on r^ (? ).

As a result we obtain a partition of equations 6.1.5:

Trfd FW D
+ dfd DW D

"®M "^ M " ù WW D '"u
+

' ^ N F W ^ - c ’ ^F~
+ dfn ddn D W ^

- ""c P = ^F
W D-^ '"u

'"c] = '’G
»-G

B4.5.1.7

That can be rearranged as required to evaluate the fluid variables:

FF Tt.m F , F F t \ F . .  , F F tl̂t F , .  FF ,

■°ù '
- [™ D  ' * d 1

■^û‘
- f ^ N  ” ^n ]

■^û‘

/ ù L J / u L J / u B4.5.1.8

and also to determine the load applied by the fluid onto the elastic body along (/)  :

wF = [ '^ M  " ’ M  “^ m ]

r F • 1 r  F  1U u

+  ["^N ’™'n ] " Û

fF •u U

+

u

+ [ ^ D D

W

u

u

B4.5.1.9
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Vessel wall mechanics

No changes are needed in equation B4.4.3.2, as all the useful terms were included from 

the start, so the treatment of chapter B4.4 is perfectly adequate for FSI.

B4.5.2 Fluid domain remeshing

The remeshing procedure is based on the assumption that the fluid mesh behaves like a 

pseudo-elastostatic entity, with its own rigidity matrix, independent of the rigidity of the fluid 

whose geometrical domain it represents. This matrix is defined as the table of rigidities of the 

single elements. According to the assumption a nodal displacement will generate a quasi

elastic response in the neighbouring elements according to their rigidities. The deformations 

of these cause in turn new nodal displacements and so remeshing diffuses through the 

mesh, producing a new current configuration.

Ultimately nodal displacements on the boundaries of the fluid mesh are driven by the 

deformation of the adjacent solid.

The element stiffness is defined according to the current distortion of element el by 

means of a normalised scalar parameter:

B4.5.2.1

where i is the iteration count and 0 represent the initial mesh.

The element Young modulus is then:

Ee, =  B4.5.2.2

where is a reference elasticity modulus (we used ImmHg ) and « is a constant (2,in our 

case).

Quality parameter O'^/for element el is evaluated as follows:

For quadrilateral elements: by drawing the element diagonals, four overlapping triangles are

formed, each defined by two sides and one diagonal of the 

quadrilateral. For each of these triangular sub-elements, a 

quality parameter can be calculated as the ratio between the 

radius of the smallest circumscribed circle and that of the largest

inscribed circle. for the whole quadrilateral element

coincides with the largest quality parameter just calculated for 

the sub-elements.
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For brick elements: the brick is subdivided into eight non-overlapping tetrahedral.

For each of these tetrahedral sub-elements, a quality parameter 

is evaluated as the ratio between the radius of the smallest 

circumscribed sphere and that of the largest inscribed sphere.

for the whole brick element is chosen as the largest quality

parameter just calculated for the sub-elements.

B4.5.3 Coupling

The overall strategy followed in solving the FSI problem is a coupled iterative algorithm, 

which can be divided into 6 steps as follows:

1. Initialize CFD, OSD (Computational Structural Dynamics), and CMD (Computational 

Mesh Dynamics) solvers.

2. Begin time loop.

3. C FD :

a) Impose initial conditions and boundary conditions on and and 

transfer-compatibiiity conditions on F ^  (/).

b) Solve for the fluid velocity and pressure fields in

c) Calculate the traction vector at the wetted surface, =  - T ^ .

4. CSD:

a) Apply external loads and fluid traction, .

b) impose initial conditions and boundary conditions on‘̂ F(^).

c) Integrate the equations of motion to yield the elastic body displacement,

veiocity, and acceleration vectors d, d and a.

d) Calculate displacement field at the wetted surface, ^d , and update the 

surface location.

5. CMD :

a) Choose the proper mesh dynamic parameters.

b) Solve for the mesh according to the pseudo-elastic body displacements at

the wetted surface (*^d ).

c) Update the mesh geometry.

d) Calculate the mesh velocity field.

6. End time loop.
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B4.6 Lumped parameter models

B4.6.1 introduction

Zero-dimensional models, also called lumped parameter models (LPM) are very 

simplified representations of (in this case) fluid dynamic systems. Their development is a 

response to the need of modelling vast tracts of the blood circulation, which could not 

possibly be studied with dimensional models, due to the huge computing power required.

A lumped parameter model neglects spatial distributions (for example velocity fields), but 

concentrates on averaged variables and their variations in time. In this way one would not be 

able to know, for instance, how pressure varies on the wall of a particular vessel, but could 

study the pressure pulsatility in an averaged position within the vessel. In this way each 

vessel included in the model loses all geometrical specifications, and can be seen as a block 

in the circuit having globally some particular characteristics.

In a fluid dynamic system the characteristics generally accounted for in each vessel- 

block are:

1. its hydraulic resistance due to blood viscosity;

2. its hydraulic resistance due to mainly geometrical factors (such as abrupt variations 

in size or shape occurring within it);

3. the compliance of its wall;

4. the inertia of the blood it contains;

Each of these are the global result of effects that, in actual reality, depend on geometrical 

factors as well as physical, and may have a spatial distribution.

There are vessels in which, however, some of these characteristics may not be very 

important, and for this reason the corresponding parameters can be excluded in the 

corresponding block.

Let us concentrate on each of these parameters separately and understand how they are 

calculated in our models.

B4.6.2 Parameter expressions

Viscous resistance may be expressed using Poiseuille's relation for cylindrical vessels, 

that is to say:

B4.6.1.1
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where is blood viscosity, /  is the length of the vessel considered and a  is its radius. As

an approximation this same expression was here held valid also for non-strictly-cylindrical 

vessels.

Local disturbances to the fluid dynamics (abrupt section changes, sharp bifurcation, etc.) 

cause streamline flow to be abandoned in very restricted zones. The presence of micro

currents is in turn associated to the generation of an obstacle to the flow, that is a resistance. 

Hydrodynamics writes the following equation for a localised pressure drop:

AP — p k   B4.6.1.2
2

which shows the typical dependence on the square of velocity. In fact, the higher the 

kinetic energy, the greater the possibility of an interaction between the irregularities of the 

vessel and the streamlines. Equation B4.6.1.2 can be re-written as a function of flow:

Q B4.6.1.3
2 „ 4271 a

This gives a definition of the local resistance:

D =  B4.6.1.4

D  results to be a function of length to the (-4). In fact ^ is a shape coefficient, 

independent of length as long as shape does not vary with dimensional changes.

Capacitance accounts for the way the mechanical properties of vessel walls affect the 

haemodynamics. It is a dynamic parameter whose definition stems from the mass 

conservation principle. If we assume the vessel to be a thin wall circular cylinder, made of an 

elastic linear material and that wall thickness is w, the usual expression for compliance is:

C = f  B4.6.1.5
l E w

If we assume the Ew product between Young’s modulus E  and vessel wall thickness w 

to be constant all over the scaling range, we have a length exponent of (+4) for capacitance.
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This is the value used in our model. In reality, E  tends to increase during growth with the 

ever-developing tissue organisation, while w  is proportionally greater in children than in 

adults, since the vessels are smaller in size. Its absolute value however increases or keeps at 

least constant. In the light of this, the length exponent might be slightly less than four. 

Imprecision in the evaluation of capacitance could lead to erroneous pulsatility values, but 

should not affect flow repartition.

Inertance is another dynamic parameter governing the inertia of the fluid. Unlike 

capacitance, it therefore depends on the physical properties of blood. Its expression is easily 

deducible from the fundamental principle of Dynamics, that the driving forces always equal 

the inertial forces. If a pressure difference accounts for the driving force, we shall have:

A P ‘ A =  mv B4.6.1.6

where v is acceleration. Now, the fluid sample mass m can be written as:

m -  p V  = p A l B4.6.1.7

while the velocity v will be, as usual, written in terms of flow Q\

v = —  B4.6.1.8
A

Substituting expressions B4.6.1.7 and B4.6.1.8 into B4.6.1.6 and neglecting the non-linear 

effect of section dependence on time, we immediately obtain:

AP — Q  B4.6.1.9
A

Thus, the blood inertance for a circular cylindrical vessel will be defined as follows:

P = B4.6.1.10
n  a

Other parameters that are included in some blocks are valves, variable elastances and 

pressure generators. Valves are modelled using conditions on flow subject to the verification 

of inequalities on flows or pressures. Variable elastances are expressed as the inverse of
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capacitances and are found in the heart blocks. Pressure generators are time-variable 

elements also found in the heart blocks.

B4.6.3 Model formulation

The model equations are written adapting electric network theory to fluid systems by 

identifying the following analogies between fluid dynamic and electric parameters:

Pressures Voltages

Flows Currents

Volumes Charges

Resistances (R) Resistances

Local disturbances (D)

Inertances (L) Inductances

Capacitances (C) Capacitances

Valves (X) Diodes

Pressure generators (U) Voltage generators

The resulting model is a system of ordinary non-linear differential equations governed by 

the lumped parameters, to be solved in pressures and flows (and occasionally mean 

velocities, volumes, etc).

The solution can be obtained numerically by applying a time integration scheme as a 

Backward Euler or a Runde-Kutta, for instance.

B 4.7 M ultiscale com puting

B4.7.1 introduction

The use of multiscale computing (MSC) in the study of localised defects of the circulatory 

tree could be very far-reaching. This approach is comparatively new and was applied to the 

congenital heart disease field only in a limited way so far, although its utility will probably 

make of it an important and widespread tool in the future. By coupling models of different 

dimensionality, it is possible to study the detailed local characteristics of fluid and wall 

mechanics, while keeping an eye on the macroscopic system as well. In this way one can 

monitor the alterations induced in different and distant circulatory districts by changes in
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local geometry or tissue properties. Vice versa, macroscopic variations in the circulation can 

cause the working conditions to become different in the circumscribed domain of interest, 

and this type of phenomena can also be taken into account.

Generally speaking, high-dimensional models (3D, axi-symmetrc, 2D) should be 

reserved to the local district, as they make it possible to observe some characteristics of the 

spatial distribution of the mechanical variables of interest; conversely, it is possible to resort 

to models of lower dimension (1D, lumped parameters) for the rest of the system, where one 

could be contented with mainly monitoring time changes of spatially averaged physical 

quantities.

A number of applications of this methodology are possible in the Bioengineering field. Its 

importance in the study of surgical procedures has already been outlined, without even 

considering the related industrial relevance as, for instance, in the design of minimally 

invasive tools, medical imaging equipment, navigation tools and computer simulation 

packages. In the field of Physlopathology MSC can be applied to transport phenomena at the 

nano- and micro- scales that affect biology on an organ or systemic level (as in the case of 

drug activity, material surface treatments or cell cultures). Also in Innovative material design 

MSC is a useful tool.

B4.7.2 Method

The theoretical basis of the method, as applied to CFD and FSI, is fully treated in various 

papers by Alfio Quarteroni’s group (see Bibliography at the end of this chapter), which also 

analyse in depth the mathematical aspects of well-posedness and local-in-time existence of 

solutions to multiscale problems. Readers interested in more such details may refer to those 

papers directly.

The multiscale simulations presented in this thesis contain couplings of lumped 

parameter models (LPM) with axi-symmetric or three-dimensional models. The coupling is 

practically achieved through home-written FORTRAN subroutines that transfer iteratively the 

solution of one subsystem to the next. The method is in fact based on the exchange of partial 

solutions and their imposition as boundary conditions.

There are two specific implementations of this idea in the simulations presented here: a 

closed circuit and an open circuit one {Fig. B4.3).

In the closed circuit setting, the local model (LM) receives boundary conditions in terms 

of inlet and outlet pressures on the fluid portion (Neumann), both calculated by the global 

net (GN). GN conversely receives inlet and outlet flow waveforms, both calculated by LM. No 

boundary condition has to be introduced from outside the coupled model, as one subsystem 

is sufficient to produce at each timestep suitable boundary conditions for the other. Open 

circuit models need extra boundary conditions for the boundaries that are not shared by both 

subsystems. In our version, LM receives an inlet velocity waveform (Dirichiet),
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Fig. B4.3 Close circuit (left) and open circuit (right) implementations 

of multiscale models.

and an outlet pressure calculated by GN (Neumann). GN on the other hand receives an 

outlet pressure and an inlet flow calculated by LM.

B4.7.3 Implementation

For a start, the nodes on the shared boundaries (where coupling takes place) are 

selected on the LM.

After the LM solver has completed a computation timestep and the LM-time has been 

updated, GN updates its time to the LM-time and evaluates the flows at the shared 

boundaries by numerical integration of the velocities calculated for the selected nodes on the 

boundary areas.

Using these flows the GN subroutine containing the equations for the net calculates the 

pressures on the shared boundaries for the needed timestep and passes them to LM.

In this way a new LM computation iteration can be started with updated boundary 

conditions. At the end of this computation, the LM-time is newly updated and the process 

iterated until the desired number of timesteps or a certain end-time is reached.

A technical problem derives from the use of variable-timestep algorithms in the LM 

solver. When convergence is not reached within an LM iteration, the LM solver automatically
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repeats the iteration with a decreased timestep. If the timestep is decreased it can happen 

that the net is not ready to provide LM with adequate pressures for the current instant in LM- 

time. For this reason a check must be included on the difference between GN-time and LM- 

time. In particular, flow computation by the GN can only proceed when LM-time is greater 

than GN-time at the beginning of the GN phase. If these two times are found to be equal on 

inspection, than the computation does not carry on, and the pre-calculated values of 

pressures are passed to LM. Finally, if LM-time is less than GN-time, the calculation takes 

place, but with the pre-stored flows, starting at the previous LM-time and with the decreased 

timestep. In this way the coupling works perfectly at all iterations.
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Morphology, velocity 

and pressure 

measurements

In vivo experiments are invaluable tools for 
acquiring information about biological systems. 
Morphology, velocity and pressure are the most 
important basic variables that characterise 
cardiovascular physiology and are therefore 
assessed also in the daily clinical routine.

In a research set-up, in vivo experiments not 
only give direct knowledge about the single 
subject under study, but can be useful for 
determining statistical occurrences of physio- 
pathological phenomena in different subjects.

Moreover the data gathered through in vivo 
observations can be employed as boundary 
conditions for the development of mathematical 
models.
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C1.1 Animal study protocol

C1.1.1 Animal experiment log

The measurements described in this chapter and in chapter 03 were derived from an 

animal study conducted specifically for this research in collaboration with Skejby University 

Hospital in Arhus, Denmark. The study is essentially divided into two parts: a synchronic 

assessment and a diachronic assessment. Four healthy sows weighing 40 kg were recruited 

for the synchronic assessment. For the diachronic assessment five healthy sows were 

recruited. These weighed 5-10 kg at the start of the evaluation period and were bred up to 

30-40 kg by the end of the assessment.

The study took 14 months overall. Two animals died soon after surgery, one in each 

assessment group. Tab. 01.1 shows the experiment log and the type of measurements 

carried out on each subject. Letters “a” and “b" in the codes indicate the pre-operative and 

post-operative phases, respectively.

Code Type o f  Experim ent Date M R l Pressure Mech.Test

^ A lb  Synchronic study: 40 kg , E/E
Apr 02 
Apr 02

y
y y

S a z C Synchronic study; 40 kg , GPGA
May 02 
May 02

y
y y y

Synchronic study: 40 kg , E/E May 02 
May 02

y

^ M b  Synchronic study: 40 kg , GGI
May 02 
May 02 y y y

CoASa Nov 02 y y
CoASb Diachronic study: 5kg-30kg, E/E Mar 03 y y y

CoA6a Diachronic study: 5kg-30kg, GGI Nov 02 y y
CoA6b (completely clotted) Mar 03 y y y

(Diachronic study: 5kg, GPGA) Nov 02 
Nov 02

y y

CoASa Mar 03 y y
CoASb Diachronic study: lOkg-40, GPGA Jul 03 y y y

CoA9a Mar 03 y y
CoA9b Diachronic study: lOkg-40, GPGA Jul 03 y y y

Tab. C1.1 Animal experiment log including types of measurements carried out
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C1.1.2 Synchronic acquisition protocol

Each animal in the synchronic cohort was anaesthetised and scanned in order to acquire 

MR images of the aorta and the brachiocephalic vessels. Subsequently they underwent 

surgery for diverse types of aortic arch repair and were scanned again. Finally, for the 

surviving subjects, pressure measurements were carried out and the aorta was resected and 

transported to Politecnico di Milano, Italy, for mechanical testing (see chapter C3).

The single procedures were as follows.

Anaesthesia

During the imaging sessions the animals were kept anaesthetised according to the 

following protocol.

They were premedicated at Skejby Hospital animal care-facilities and then transported to 

the research laboratory. Premedication was midazolam (dormicum) im, 0.5mg/kg and 

ketaminol (ketalar) 15mg/kg. At the research laboratory anaesthesia was then induced by a 

additional dose of midazolam (dormicum) im, 0.5mg/kg and ketaminol (ketalar) 15mg/kg. 

The piglets were then intubated (single endotracheal tube) and connected to a ventilator set 

at 35-45breath/min, FI02 50%, FiN02 50% (1,2 1+ 1,2 I) and isoflurane 1.5-2%. Relaxation 

was induced with pankuronium (pavulon) 0.4 mg/kg/h. Fentanyl (haldid) iv was given 

50ja,g/kg/h. Continuous EGG monitoring, pulse-oximetry and expiratory 0 0 2  (regulating the 

mechanical ventilation to Fe02 4-6%) was established and measurements were taken 

throughout the experiment.

Surgery

All sows underwent a lateral left thoracotomy. The aorta was exposed. Vascular clamps 

were applied to the aorta right after the take off of the left subclavian artery and 5cm further 

downstream.

End-to-end resection: 3cm length of the aorta at the level of the arterial ligament was 

resected. The ends were anastomosed using a continuous 6-0 

prolene at 2/3 of the circumference and interrupted 6-0 prolene at 

the anterior 1/3 of the circumference {Fig. C1.1).

Interposition graft: 3cm length of the aorta at the level of the arterial ligament was

resected. 3cm of a 16mm Gore-tex tube was sutured in using 

continuous 6-0 prolene {Fig. C1.2).

Patch repair: Aorta was opened longitudinally and an eye shaped (2.5cm long

and 1.5cm wide) piece of aorta was resected. The hole was 

covered with a piece of Gore-tex patch material cut out in the 

same shape and sutured in using 6-0 Gore-tex suture.
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Fig. C1.1 Surgical view of end-to-end anastomosis in C0A I

Fig. C1.2 Surgical view of Gore-tex patch graft aortoplasty in CoA2

Fig. C1.3 Surgical view of Gore-tex graft interposition in CoA4
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MR angiography

Philips scanner 1.5T was used for the MR acquisition. The anatomical information was 

acquired through a high resolution 3D TFE sequence. The scans comprise ascending aorta, 

aortic arch, thoracic descending aorta and a part of the brachiocephalic vessels.

The approximate sequence parameters used are as follows:

Scout Anatomy

Rough localizer for anatomy scan and 

flow scans.

Scan duration: around 30 s.

Number of slices: 54 

Balanced TFE technique 

Scan resolution (x, y): 192, 96 

Reconstructed resolution (x,y): 256,256 

Scan mode: 3 stacks (AP, RH, RL) 

NSA:2

FOV (ap, fh. rl): 320, 320,133.6 

Slice thickness: 5.0 mm 

Slice gap: 2.56 mm

Scan duration: around 7 minutes

Number of cardiac phases: 1

Number of slices: 90

Balanced TFE technique

Scan mode: 3D

Scan resolution (x,y): 256,146

Scan percentage: 80

Reconstructed resolution: 256, 256

Number of averages: 3

FOV (ap, fh, rl): 260,108, 235

Slice thickness: 2.4 mm

Water fat shift [pixels]: 0.28

Cardiac frequency: 100-150 (depending on subject)

SPIR (Spectral Presaturation with inversion recovery)

Cardiac synchronisation: retrospective

In order to improve on signal, a local flexible cardiac radiofrequency coil was strapped 

on the chest of the animal. Artefact reduction and signal-to-noise ratio improvement were 

obtained through the use of a navigator that selects acquisitions by neglecting instants of 

high respiratory movement (track, type lead (NAV applied before the acquisition), position: 

diaphragm). Other types of movement artefacts were avoided thanks to the anaesthesia.

MR velocimetry

Velocity mapping was based on an FFE sequence with encoding velocity set to 150cm/s 

for the axial component and to 40cm/s for the secondary components to ensure a high 

signal-to-noise ratio. Cardiac RF coil and navigator were used for these scans as well.

The velocity mapping was carried out for the ascending aorta distal to the sinus of 

Valsalva, for the brachiocephalic vessels (only 2D) and for the descending aorta, both slightly 

distal to the subclavian artery and in the thoracic compartment.

In the aortic compartments velocity mapping was obtained twice: in transverse planes 

and in planes orthogonal to the vessel axis. The approximate technical parameters of the
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scans were as follows:

256

Ascending aorta Inlet

Scan duration: 5min 30 sec.

Number of cardiac phases: 25 

FFE technique 

2D scan mode

Scan resolution (x,y): 192,154 

Scan percentage: 80% 

Reconstructed resolution (x, y): 256,

Number of averages; 3

FOV (ap, fh, rl) [mm]: 361, 4.0, 400.0

Slice thickness [mm]: 4.0

Water Fat shift [pixels]: 0.21

Flow compensation: yes

VENC [cm/s]: 150, 40, 40

Brachiocephalic vessels

Scan duration; 5 min. 28 sec.

Number of cardiac phases: 25 

FFE technique 

2D scan mode

Scan resolution (x,y); 192,154 

Scan percentage: 80%

Reconstructed resolution (x,y): 256, 256

Number of averages: 3

FOV (ap, fh, rl) [mm]: 253, 4, 320

Slice thickness [mm]: 4.0

Water Fat shift [pixels]: 0.68

Flow compensation: yes

VENC [cm/s]: 130, 40, 40

Descending aorta Inlet Descending aorta outlet

Scan Duration: 5min. 20 sec. 

Number of cardiac phases: 28 

FFE Technique 

2D scan mode

Scan resolution (x,y): 192,154 

Scan percentage: 80%

Recon resolution (x,y): 256, 256 

Number of averages: 3 

FOV (ap, fh, rl) [mm]: 253, 4.0, 320 

Slice thickness [mm]: 4.0 

Water Fat shift [pixels]: 0.21 

Flow compensation: yes 

VENC [cm/sec]: 150, 40, 40

Scan duration: 3 min 45 sec 

Number of cardiac phases: 28 

FEE technique 

Scan mode: 2D 

Scan resolution (x,y): 192,153 

Scan percentage: 80 %

Recon resolution (x,y): 256, 256 

Number of averages: 2 

FOV (ap, fh, rl) [mm]: 260, 4, 206 

Slice thickness [mm]: 4 

Water Fat shift [pixels]: 0.21 

Flow compensation: yes 

VENC [cm/sec]: 150, 40,40

All cine-PC scans were reconstructed for each measured velocity component to 30 heart 

phases/beat with a phase window of 0.04 beats. All the reconstructed stacks naturally 

comprise both a phase and a modulus image.

Pressure measurements

The pressure measurements were obtained from the open chest of the animals using a 

needle catheter. The analogical signal was digitalised using a ADC-1 (X) dual channel 

oscilloscope (Pico Technology Ltd, St Neots, UK) alongside an EGG tracing and acquired
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through the PicoLog Data Acquisition Software (Pico Technology Ltd, St Neots, UK).

C1.1.3 Diachronic acquisition protocol

Each animal in the diachronic cohort was anaesthetised and scanned in order to acquire 

MR images of the aorta and the brachiocephalic vessels. Subsequently pressure 

measurements were carried out and they underwent surgery for diverse types of aortic arch 

repair. Then the subjects were closed, cured and grown for around 4 months. The surviving 

subjects were scanned again, new pressure measurements were carried out and the aorta 

was resected and transported to Politecnico di Milano, Italy, for mechanical testing (see 

chapter C3).

The single procedures were as follows.

Anaesthesia

Anaesthesia is as for the synchronic cohort (see section C1.1.2).

Surgery

All sows underwent a lateral left thoracotomy. The aorta was exposed. Vascular clamps 

were applied to the aorta right after the take off of the left subclavian artery and 5cm further 

downstream.

End-to-end resection: 1cm of the aorta at the level of the arterial ligament was resected.

The ends were anastomosed using a continuous 6-0 prolene at 

2/3 of the circumference and interrupted 6-0 prolene at the anterior 

1/3 of the circumference.

Interposition graft: 1cm of the aorta at the level of the arterial ligament was resected.

1cm of a 6mm (diameter) Gore-tex tube was sutured in using 

continuous 6-0 prolene.

Patch repair: Aorta was opened longitudinally and an eye shaped (1cm long

and 0.4cm wide) piece of aorta was resected. The hole was 

covered with a piece of Gore-tex patch material cut out in the 

same shape and sutured in using 6-0 Gore-tex suture.

The thoracotomy was closed in layers using vicryl and PDS (polydiaxonone). For 

postoperative pain relieve the piglets flunixin im 4 mg/kg and fentanyl (haldid) 50 pg/kg. For 

prophylaxis against infection the animals received iv cefuroxim (zinacef) 0.2 g three times 

daily at the day of surgery and oral pivampicilline (pondocillin) 350 mg twice daily for the first 

14 days.

The sows were then bred at the animal farm for the next 4 months.
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MR angiography

Philips scanner 1.5T was used for the MR acquisition. The anatomical information was 

acquired through a high resolution 3D TFE sequence. The scans comprise ascending aorta, 

aortic arch, thoracic descending aorta and a part of the brachiocephalic vessels.

The approximate sequence parameters used for the pre-operatory scans are as follows:

Scout

Anatomy

1.67x3.33x5.00 mm resolution 

1.25x1.25x5.00 mm reconstructed 

resolution 

Scan percentage: 50%

96 TFE factor

288,8 ms TFE shot duration 

272.1 ms TFE acq duration 

min. Water Fat shift (pixels): 0.209 

FFE: TR/TE (ms) : 2.8/1.2 

3-stacks

2 NBA (Number of signal averaging)

FOV: 320 mm

RFOV (Rectangular Field of View :̂ 100 

192 matrix scan 

256 recon. Matrix 

50 % scan percentage 

18 slices

5mm slice thickness 

Scan Mode: M2D (Muiti 2D)

Contrast enhancement: FFE 

Fast Image mode: TFE 

Flip angle: 50°

TR: shortest

SMART: yes (Serial Motion Artifact Reduction 

Technique)

At the time of the pre-operative scans, the animals were laid inside a head or knee 

radiofrequency coil (depending on their size) In order to improve on signal. For the grown up 

animals in the post-operative phase, a flexible cardiac coil was used. Artefact reduction and 

signal-to-noise ratio improvement was obtained through the use of a navigator that selects 

acquisitions by neglecting instants of high respiratory movement. Other types of

1.37x1.37x1.4 mm resolution 

1.37x1.37x1.4 mm recon resolution 

Scan percentage: 100%

TFE shots: 612

TFE shot duration (ms) 252.4 ms

TFE shot duration (ms) 124.3 ms

340 ms trigger delay

FFE: TR/TE(ms): 4.1/2.1

1.4 mm slice thickness

3D scan mode

FFE technique

Balanced contrast

TFE factor: 30

Flip angle: 90°

TR: shortest 

Volume shimming’

SPIR

T2 prep: 50ms /  4 refocusing pulses 

Cardiac (triggering): EGG 

R-R window %: 5, 5 ^

Single HP, trigger delay 340ms 

No flow compensation 

NSA1

’ Shimming involves a preparation phase in which small gradient amplitudes are used which optimize the main magnetic 
field homogeneity. The small gradient remain present during subsequent preparation phases and during the scan.
2 5 , 5  means that an RR interval which is shorter than 95% or longer than 105% of the running average RR interval will be 
deemed to be arrhythmic.
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movement artefacts were avoided thanks to the anaesthesia. The parameters used for post

operative scans are as for the synchronic scans.

MR velocimetry

Velocity mapping was based on an FFE sequence with encoding velocity set to 150cm/s 

for the axial component and to 40cm/s for the secondary components to ensure a high 

signal-to-noise ratio. The head or knee RF coil and the navigator were used for these scans 

as well.

The velocity mapping was carried out for the ascending aorta distal to the sinus of 

Valsalva, for the brachiocephalic vessels (only 2D) and for the descending aorta, both slightly 

distal to the subclavian artery and in the thoracic compartment.

In the aortic compartments velocity mapping was obtained twice: in transverse planes 

and in planes orthogonal to the vessel axis. The approximate technical parameters used for 

the pre-operative scans are similar for all locations:

0.78x0.98x4.00 mm resolution

0.59x0.58x4.00 mm rcon resolution

scan percentage: 80

TR/TE: 9.1/4.0

FOV: 150 mm

RFOV: 80%

192 matrix 

256 recon matrix 

2D scan mode 

FFE technique 

Partial echoes: 1 

Flip angle: 45 deg

TR: shortest

Cardiac synchro: retrospective, ECG

R-R window %: 10,20

20 heart phases

flow compensation

3NSA

SMART: yes

PC flow directions: RL-AP-FH 

AP VENC [cm/sec]: 40 

RL VENC [cm/sec]: 40 

FH VENC [cm/sec]: 150

All cine-PC scans were reconstructed for each measured velocity component to 30 heart 

phases/beat with a phase window of 0.04 beats. All the reconstructed stacks naturally 

comprise both a phase and a modulus image.

Pressure measurements

The pressure measurements were obtained following the same methodology used for 

the synchronic study.
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C 1 .2 M orphological survey

The results o f image segmentation on the MR dataset can be displayed in three-dimensional 

views by exploiting the Mimics (see background chapter B3) inbuilt rendering tool. The 

follow ing images help understand the changes brought forth by reconstructive surgery in the 

geometrical conform ation of thoracic aorta. For each of the com ple te  cases we included pre- 

and post-operative angiographies. The rendering quality is not perfect but im portant features 

of each case are clearly visible.

CoAl {Fig. C1.4 - Fig. C1.5)

The main difference between the healthy configuration and the operated one is a slight

Fig. C1.4 MR! derived pre-operative anatomy of C0A I

Fig. C1.5  tVlRI derived post-operative anatom y of C 0A I
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Fig. C1.6 MR! derived pre-operative anatomy of CoA2

I

Fig. C1.7 l\ARI derived post-operative anatomy of CoA2

narrowing of the blood vessel between the end of the aortic arch and the start of the 

descending aorta. This narrowing inevitably affects the curvature o f the arch, but the effect is 

fairly limited.

CoA2{Fig. C1.6- Fig. C1.7)

The side views do not show  any particular d ifference between the pre-surgical and the 

post-surgical anatomies. The antero-posterior and postero-anterior views however 

demonstrate a d iscrete indentation at the proximal end of the descending aorta in the post

operative setting, which is not present pre-operatively. This indentation, far from being 

wedge-like or having an intrusive aspect, appears as a shallow  trough and its edges are not 

visible but rather m ingle with the surrounding tissue. The origin of this difference is surely in 

the patch, given the location of the indentation.
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Fig. C l.8 . MR! derived pre-operative anatomy of CoA4

I
Fig. 01.9 MR! derived post-operative anatomy of CoA4

CoA4 {Fig. 01.8 - Fig. 01.9)

The im pact o f surgery in this case is quite striking. Immediately after surgery the shape, 

position and size of the Gore-tex tube used for the reconstruction are clearly distinguishable 

from MR angiography. The interposition of this graft induces shape changes in the vessel 

wall.

Proximally it is possible to  see a point-like indentation in correspondence of the suture 

line. This carries along a slight narrowing of the lumen w ith respect to  the healthy setting and 

an increase in arch curvature. Furthermore the external side o f the curve near the start of the 

descending tract becomes raised and takes on the appearance of a b lunt corner.

Distally there is also a local indentation in the area corresponding to the distal suture line. 

This indentation is shallower than the proximal one and m ostly concentrated on the patient’s
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right side of the vessel wall.

CoAS {Fig. C1.10- Fig. C1.11)

After a few months of the surgical intervention no special evidence comes from the MR 

angiography to  show  that the vessel is not a native one. The E/E reconstruction suture 

stitches were evidently entirely included in the vessel wall m atrix and wrapped in endothelial 

tissue at the tim e of the second scan.

The only particular feature o f this post-operative case is that the isthmus region is rather 

straight and tubular, but there is visual evidence that the  same characteristic was also 

present in the pre-surgical configuration and should therefore be considered as native.

C0A6 {Fig. 01.12 - Fig. 01.13)

The post-operative anatomy of this aorta compared to all the others appears at first sight 

to be amply swollen. The only normally-sized part is the isthmus. The ascending aorta in 

particular is very enlarged. The descending aorta seems to  be bulg ing out on the posterior

Fig. 01.10 MR! derived pre-operative anatomy of CoA5

Fig. 01.11 MR! derived post-operative anatomy of CoA5
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Fig. C1.12 MR! derived pre-operative anatomy of C0A6

Fig. C1.13 MRI derived post-operative anatomy of C0A6  

The cavity seen in the bottom image corresponds to a clot positioned as shown by the arrow.
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C1. Morphology, velocity and pressure measurements

side, and only regains a normal cross-section around the distal end of the region shown. 

The MRI evidence displayed a com pletely dark lumen in correspondence of the stretch of 

descending aorta distal of the region shown. Dissection confirmed that the lumen was almost 

entirely obstructed by a rigid blood clo t in that area. The clo t form ed inside the artificial graft 

material. The position of the graft relative to  the vessel moved away from the isthmus area 

during growth, w ith the result that it was found close to  the diaphragm  level after four 

months.

The swelling o f the proximal aorta must depend on the obstruction. Evidence of tissue 

hyperplasia was also found on dissection (see also chapter C3).

C0A8 {Fig. C1.14- Fig. C1.15)

The post-operative findings in this case evidence som e degree of narrowing in the repair 

region. The shape of the indentation is consistent with the synchronic results of CoA2. Again 

the patch is visible as a shallow trough whose edges are blended with the surrounding tissue

Fig. C1.14 MRI derived pre-operative anatomy of C0A8

Fig. C 1.15  M R I derived post-operative anatom y of C 0 A8
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and this is particularly appreciable in the anterior view. Long the frontal margin o f the patch a 

localised swelling can be observed. This is a new form ation as nothing sim ilar can be seen in 

the pre-operative image. The MRI dataset shows a b lood-like nature of the content of such 

swelling, and a slight degree of throm bosis was seen on dissection. The structure appears to 

be a small aneurysm, which is a not completely atypical com plication of Gore-tex patch 

aortoplasty.

CoA9 {Fig. C1.16- Fig. C1.17)

This case confirms again the presence of a m inor residual narrowing associated with 

mid-term assessment of patch aortoplasty. The narrow ing is here alm ost completely 

balanced by a contralateral displacem ent o f the vessel, so that the actual cross section 

remains pratically constant.

Fig. C1.16 MRI derived pre-operative anatomy of CoA9

Fig. C 1 .1 7  M R i derived post-operative anatom y of CoA9
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C1.3 Velocimetric survey

The m ost relevant results of MR cine-phase-contrast velocimetry are shown next. This 

type of technique makes it possible to  assess with a certain precision (see also chapter C4) 

the mean velocity waveform and the velocity profile at chosen sections along the blood 

vessel. The graphs plotted here refer to the descending aorta distal of the repair, which 

appears to  be the most interesting location for the evaluation of the effects of surgery (see 

also chapter C5). The profile plots are colour-coded w ith respect to  phases o f the cardiac 

cycle. These phases are named with the letters b to  f and reference should be made to 

chapter C4 for the exact tim ing of each one.

Axiaf velocity profiles

Fig. C1.18, Fig. C1.19, and Fig. C1.20, show pre- and post-operative measurements on 

the axial com ponent of the descending aortic b lood velocity for the synchronic cases. 

Differences exist in general between the two settings in each figure and these m ust need be 

related to  the sheer effects of surgery. The m ost relevant m odifications affect the profile skew 

in all cases, while other specific characteristic of each case are maintained.

—— b[mm/s]

200

100

26 [pixels]-100

-200 -

-300 -

-400

-500

CoA1a

[mm/s]

300
200
100

-100 - 

-200 - 

-300 ■ 
-400 - 
-500 - 
-600 -

0
[pixels]

C o A lb

Fig. G 1.18 M R I derived axial velocity profiles in the descending aorta for synchronic case CoA 1. Line

plots are along an antero-posterior diam eter. Three-dim ensional plots refer

to the instant of p eak  velocity.
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Fig. C1.18 is amongst the most interesting of the series because it refers to the animal 

subject which was used for the MR-based mathematical simulations of chapters C4 and C5. 

In particular it is interesting to note that the almost plug-like profile of instant b develops into 

a skewed one by c and d. The skew is towards the back wall. Velocities fluctuate between 

positive and negative values at f and become positive again at e. All of these features can be 

seen in the simulation results. Also the secondary peak observed in c and d towards the 

anterior wall is picked up by both MR measurements and the simulation results, even though 

the shape is not perfectly identical. The E/E anastomosis appears to have the effect of 

enhancing the skew in this case and speed seems to be generally higher in the post 

operative setting than in the pre-operative one. An increase in speed was revealed by 

numerical simulations in ring-like repairs (see chapters C5 and C6) as opposed to the patch 

repair with which it decreases (see chapter C5).

The same is visible here. Looking at Fig. C1.20 (which refers to a GGI repair) it is 

possible to appreciate that peak velocities are higher in the post-operative scenario than in 

the pre-operative one. The opposite happens with a patch repair as demonstrated by Fig. 

C1.19.

Fig. C1.19 also shows the effect of a patch repair in limiting the normal velocity skew. 

This is also confirmed by the numerical simulations in chapter C5.
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Fig. C 1 .19  M R I derived axial velocity profiles in the descending aorta for synchronic case CoA2. Line

plots are  along an antero-posterior diam eter. Three-dim ensional plots refer

to the instant o f p ea k  velocity.
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CoA4a
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Fig. C l.20 MRI derived axial velocity profiles in the descending aorta for synchronic case CoA4. 

Line plots are along an antero-posterior diameter. Three-dimensional plots refer 

to the instant of peak velocity.

It is unfortunately difficult to draw any conclusions about the effect of GGI on velocity 

skew by looking at Fig. 01.20, since th is characteristic is only very slightly present even in 

the pre-operative configuration in this particular subject (CoA4).

Plots in Fig. 01.21  show the m id-term outcom e of the procedures. Unfortunately, the 

protocol followed during this investigation did not allow us to retrieve information on pre

operative grown-up scenarios for the d iachronic cases. If we accept that the com m on 

characteristics of the pre-operative synchronic cases are representative for the age-group, 

we have to consider as normal at least that a certain b lood velocity skew exists. As we have 

just seen from the synchronic cases E/E appears to  increase the skew immediately after the 

operation, whereas G PGA seems to  dim inish it. As it happens, plots in Fig. 01.21  

demonstrate that, whatever the repair technique a certain skew exists at m id-term follow-up. 

This seems to  suggest that the normal flow conditions are regained at som e level with 

growth. In particular we have two cases of normalisation o f the skew after G PGA shown by 

CoA8b and CoA9b. These share many characteristics with each other and also with CoASb 

(E/E). CoA6b does not yield much useful information due to the presence of the clot. It is 

interesting to note, however, that velocity is not zero in this area, but is particularly high 

especially in diastole. The profile is very incoherent. It is surely evidence of massive 

disordered recirculation and maybe of turbulence. This may pose questions on the role of
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Fig. C1.21 MRi post-operative axial velocity profiles in the descending aorta for diachronic cases.

Line plots are along an antero-posterior diameter. Three-dimensional plots refer

to the instant of peak velocity.
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Fig. C1.22 MRI derived antero-posterior velocity profiles in the descending aorta 

for the synchronic cases, plotted along a right-left diameter.

this type of motion in favouring the growth of the thrombus, or the opposite.

Antero-posterior velocity profiles

Shown in Fig. C1.22 there are plots of one of the secondary components of motion for 

the pre- and post-operative synchronic cases: the antero-posterior component is the most 

telling one, as both the annular recirculation around the vessel wall and the double vortex 

arising from the arch curvature have a strong impact on that (see also chapter C4 for details 

and references). Graphs in Fig. C1.22 are velocity profiles along a diameter of the 

descending aorta, perpendicular to the antero-posterior direction.

It is clear that in CoA1a, CoA2a, CoA4a, and CoA4b there is a visible trace of blood 

movement towards the posterior wall. This motion is registered in the positive values found
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P o s t e r i o r  w a l l

A n t e r i o r  w a l i

Fig. C1.23 Schematic representation of secondary motion in the descending aorta

during systole (b, c, d) and accounts for the skew existing in the axial profiles (see above). In 

CoAla the double vortex is still present at the distance from the arch where the measurement 

was taken. This is particularly evident at instant d, where a central region of positive velocity 

is present and negative values are registered near the walls. In accordance with the 

schematic representation of Fig. C l.23 the negative peak on the right is deeper than the one 

on the left where the discordant flows generate a minor recirculation.

In all cases the graphs of Fig. C1.22 show the presence of a clockwise rotating vortex 

(particularly in diastole) that is represented by the strongly skewed profile with positive 

values on the left and negative values on the right. This vortex is the in-plane result of the 

hélicoïdal motion typical of thoracic aortic haemodynamics (again see chapter 04 for details 

and references).

It is interesting to notice that surgery acts differently in the different cases. The E/E repair, 

represented by CoA2b shows little variation in absolute velocity intensity from the pattern 

described for CoAla, but the antero-posterior motion disappears. The G PGA (CoA2b) has 

much lower peak velocities especially in the positive range and at instant d. This is perfectly 

in line with the decrement of secondary motion found for G PGA from numerical analysis 

(chapter C5). Considering case CoA4b, on the contrary, a marked increase in secondary 

motion is evidenced which perfectly corresponds to the findings of the mathematical model 

of GGI in chapter C5.

The post-operative results for the diachronic cases, show general normalisation of these 

effects with respect to the pre-operative synchronic ones, with a similar trend as the one 

found for the axial component.
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C1.4 Blood pressure survey

The measured pressure waveforms for the ascending and descending aorta in post- 

surgical configurations are shown in Fig. C1.24. These plots demonstrate the great variability 

of the aortic pulse in different subjects.

The wave shape never changes much going from the ascending to the descending 

aortic location in any case. This could be considered as a positive result, in that the repair 

does not affect the pulse propagation at least qualitatively. However, it must be remembered 

that CoA6b is a failed repair due to the clotting of the Gore-tex graft: the measurement taken 

immediately proximally of the thrombus, however, does not show evidence of this problem.
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Fig. C1.24 Pressure waveforms from catheterisms in post-operative cases.
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In all Other cases pressure was gauged distally of the repair site, which could not be 

done in CoA6b for technical problems. Different considerations may have arisen from 

considering a distal measurement also in this case.

In CoA2b, Coa4b and particularly in CoASb an augmentation peak can be seen at or 

before the absolute waveform maximum. This characteristic mark depends of altered 

reflection sites along the arterial system. Some authors try to study its occurrence alongside 

coarctation of aorta or its repairs  ̂as it seems to be an index of cardiac morbidity.

It is also interesting to note the similarity in the pulses of the two diachronic G PGA cases 

CoASb and CoAQb. This shape is not found in any other subject, but it would be difficult to 

draw any conclusion or establish any correlations on the basis of so few observations.

Fig. C1.25 shows the measured maxima, minima and mean values for each of the 

waveforms just discussed. The mean values vary from case to case, but are maintained 

roughly between 85 and 100 mmHg which can be considered physiological. Also the 

absolute values of maxima and minima fall in quite a normal range, even in CoASb. The 

mean values corresponding to the ascending aorta are always higher than the 

corresponding descending aorta ones, except in CoASb, which is a particular case.

Fig. C1.25 concentrates on the maximum-to-maximum, mean-to-mean and minimum-to- 

minimum pressure drops between the ascending and descending aorta. Consistently with 

what we just said, most points fall in the negative quadrant, CoASb being the main exception. 

Apart from this case, the highest pressure drops occur in CoA4b, which is a synchronic GGI. 

No evidence can be given on mid-term evolution for the GGI because that would be CoASb. 

No great differences are evident between E/E and GPGA repairs, especially with respect to 

the minimum-to-minimum and mean-to-mean drops. The maximum-to-maximum drop is 

higher in CoASb, and quite strangely it is negative. This could be related to an energy loss 

brought about by the aneurysmatic formation seen in the anatomical survey {Fig. C1.15).
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Fig. C1.25 Measured pressures in post-operative cases: average vsdues (dots), 

and maximum and minimum values (tmrs).
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Fig. C1.26 Ascending-descending aortic pressure drop. Differences between the means 

(squares), maximum vaiues (diamonds) and minimum values (triangles).

Conclusions

The MRI techniques used for this study proved adequate for the assessment of both 

anatomy and blood velocity in porcine subjects of different age groups.

The collected data seem to suggest that surgery has a significant effect on vessel 

geometry and on haemodynamics in the early post-operative period. In particular GGI and 

GPGA generate local modifications in the wall geometrical continuity. Ring-like repairs (E/E 

and GGI) have the effect of increasing axial blood velocity at short term, whereas GPGA has 

the opposite effect of decreasing it. GGI furthermore induces larger secondary motion, 

whereas GPGA seems to limit that.

From the mid-term evaluation it appears that geometry discontinuity is mostly resolved in 

E/E. GPGA is generally still visible after four months in the shape of a gentle indentation in all 

cases under study. One GPGA case presented a small aneurysmatic formation next to the 

repair site. The velocity field characteristics show normalisation after four months and 

substantial similarity with controls.

Pressure measurements (taken intra-operatively via a needle probe) confirm 

normalisation in the mid-term configurations and suggest that GGI may induce a greater 

pressure drop immediately after surgery than other techniques.
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Realistic 

geometrical modelling 

of thoracic aortic anatomy

Cardiovascular structures in the human body 
generally have very complex and irregular shapes. 
This characteristic has important consequences 
on the development of haemodynamics. It is 
important to produce detailed models of 
cardiovascular geometry based on reliable clinical 
imaging. The use of MRI data combined with 
graphic design techniques makes it possible to 
obtain three-dimensional representations of 
anatomical structures that can be employed for 
direct viewing or in the set-up of mathematical 
models of the vascular blood dynamics.
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C2.1 Introduction

The use of realistic geometries in the formulation of mathematicai models of the blood 

circulation is certainiy very advantageous when the scope of the models is the investigation 

of some particular cardiovascular environment with specific anatomical characters. This is 

not always appropriate though, or rather, it is important to estimate how much a very detailed 

anatomical particularisation serves the purposes of the study, in fact, due to the variability of 

the anatomy from person to person, a great detail in defining the geometrical domain of a 

model implies some degree of restriction in the validity of its outcomes to the individual case.

Idealised computational volumes made up of simple shapes, pipe-like blood vessels with 

perfectly circular or elliptical cross-sections, symmetry, planarity are ail very strong 

simplifications of the reality. The utilisation of such assumptions can sometimes be 

instrumental for preserving a wide applicability of the results, but the approximations are 

inevitably large as well.

The use of clinical imaging for acquiring direct anatomical information is of invaluable 

help in extracting the specific features of local cardiovascular districts. This information can 

be employed as a guide in the composition of simplified models (for instance in selecting 

correct distances, angles, curvatures, etc.), or else for the actual creation of a realistic 

geometries.

MRI is an extremely powerful means of anatomical assessment (see also chapter Cl). It 

gives a three-dimensional description of cardiovascular structures (obtained with great 

precision and non-invasively) which includes all the main characteristics of the analysed 

organs. Models generated by fully exploiting an MRI dataset are likely to represent reality 

accurately and are therefore very suitable for the study of compartments, in which 

haemodynamics is thought to be affected by geometry in an important way.

MRi-based models of the aortic arch and descending aorta have the great advantage of 

taking into consideration two major elements of the aortic anatomy: tapering  ̂ and out-of- 

plane curvatures.^ Both are likely to have significant effects on the final flow field.

The use of MRI-based models in this thesis is justified by the need to investigate the 

relative importance of sheer geometry on haemodynamics, relative to the superimposed 

effects of surgery in repaired aortas. For this reason, a good estimation of all the geometrical 

parameters is paramount. In practice, the use of a realistic geometry rather than a simplified 

one, limits the process of pre-seiection of the “relevant” anatomical details to be included in 

the model. A sceptical attitude is thus safeguarded, in which the outcomes tell what 

geometrical factors prevail. Needless to say, knowledge of this would be greatly increased 

by comparing results obtained for different individuals. This was not unfortunately possible in 

the course of this work and remains as something interesting to be considered in future.
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C2.2 From MR images to 3D surface models

MR datasets were obtained as explained in chapter 01. From background chapter 

B2 it is known that these images are colour-coded (for example in the greyscale, as here) as 

a function of hydrogen content and magnetisation recovery times. This means that elements 

of different grey value belong to different tissues. The MR sequence was adjusted in order for 

blood to appear in white.

Looking at MR images a trained eye can recognise anatomical structures with relative 

ease. An example of interpretation of such images is given in Fig. C2.1. These pictures show 

two transversal sections through the thorax of one of the sows in our cohort (see chapter 

01). The left image is taken above the heart and clearly shows two white spots, 

approximately circular in shape. These correspond to transversal sections of the 

brachicephalic vessel lumina. The picture on the right is a slice taken at a lower level, 

through the heart, and shows two almond shapes of white, representing sections of the 

ascending and descending aorta. In both images orientation is as follows: anterior: up, 

posterior: down; left: right, right: left; feet: towards the reader, head: away from the reader.

The images of Fig. C2.2 show part of a 90 slice MR dataset of the aortic arch and 

descending aorta. The images from the middle of the second to the middle of the third row 

show the arch of aorta. In these sections the two almond shapes representing the ascending 

and descending aorta, merge into one oval or bilobate contour. This strong variation in the 

representation of different parts of a single blood vessel depends on the fact that the slices 

are not taken cross-sectionally to the vessel, but perpendicularly to the longitudinal body 

axis. All the images of Fig. C2.2 have the same orientation as detailed for Fig. C2.1.

Fig. C2.1 1nterpretation of the MR images. View from the feet heard-ward. 

(RA: right atrium; RV: right ventricle ; PA -.pulmonary artery ; Tr : trachea)
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C2. Realistic geometrical modelling of thoracic aortic anatomy

Fig. C2.2 Part of 90 slice dataset showing slices from the brachiocephalic vessel level (top images) 

on to the descending aortic level (bottom images).
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The images in Fig. C2.2 are a typical example of the MR imaging employed for creating 

the geometrical domains used in the CFD models of this thesis. The methodology employed 

for converting the raw MR data into a suitable format is completely based on the use of 

commercial software for the image segmentation, the surface reconstruction, and the volume 

meshing.

Image segmentation was obtained under Mimics 7.0 (Materialise, Leuven, Belgium), as 

explained in detail in background chapter 83. For the surface reconstruction Rhinoceros 1.0 

(Robert McNeel & Associates) was used, and GAMBIT (Fluent Inc, Lebanon, USA) for the 

meshing.

Segmentation and contour filtering

The image segmentation, carried out by a coupled thresholding and region growing 

algorithm produces a set of equally spaced contours in the form of polylines. These can be 

exported into Rhinoceros in IGES format and re-elaborated in this environment with 3D-CAD 

design techniques.

The stack of these contours is affected by errors in both in-plane and axial alignment. 

Such errors principally derive from the finite pixel density in the original MR images and from 

the segmentation process. Some error may also be present due to imaging artefacts intrinsic 

in the MR imaging process, as respiratory effects, for example. As explained in chapter Cl, 

great care was taken in avoiding them.

Fig. C2.3 Original polylines (left) and result of contour line filtering (right).
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C2. Realistic geometrical modelling of thoracic aortic anatomy

In order to get rid of these errors a filtering process is needed. This was achieved in two 

steps, the first carried out on the simple contours, and the second during the final surface 

reconstruction phase.
The two images in Fig. C2.3 show the original contours obtained by segmenting the MR 

data and the result of the first filtering step. The polylines in the left image are very irregular 

present many indentations. Most of these are noise to be eliminated. Low-pass filtering is 

obtained by automatically selecting ten points along the line (no manual intervention), and by 

fitting a third-degree closed polynomial through this set. This is done for all contours.

The use of a third-degree polynomial is preferred because it allows for both curvatures 

and flexes, but is low enough to avoid instability or spurious oscillations in the resulting 

curve.

Descending aorta model
Although the human eye can see beyond the mere juxtaposition of contour lines and 

imagine a solid volume contained inside, for the purposes of CFD modelling the volume has 

to be fully described by the surfaces that enclose it.
Given a set of contours across the axis of a tubular structure CAD systems like 

Rhinoceros have the capability of draping the set with a surface thereby defining the volume 

in a suitable way. This process is called lofting. Lofting produces a surface that closely

Fig. C2.4 Result of lofting and simplification on the descending aorta contours 

and surface rendering.
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matches all the selected contours. This surface Is quite irregular and carries along the noise 

depending on the imperfect axial alignment of the contour lines. A second filtering step is 

therefore needed and it is carried out via a surface simplification.

At the set-up of this instruction it is possible to select the degree of the final surface and 

the number of circumferential and axial control points to be used. The choice of these 

parameters should be considered with care.

In the case of the descending aorta model created for this thesis fifteen control points 

were used axially and ten circumferentially and a surface of third-degree in both directions 

was created. These options were preferred for the following considerations. First, using ten 

control points and a third-degree fitting circumferentially reflects the choices made in the first 

filtering step: no further filtering is therefore added circumferentially. Second, using fifteen 

control points and a third-degree fitting axially automatically implements the axial filtering. In 

particular, the third-degree approximation was selected for the same reason described above 

in relation to the first filtering step. The number of fifteen control points seemed to give a 

comparatively good visual result, but could have been different.

The process described is totally automatic, once the filtering parameters are selected, 

and the reproducibility is therefore complete.

Aortic arch and descending aorta modei

Producing an aortic arch and descending aorta model from the same MR dataset is a 

more complex operation. The main reason is the added difficulty of inccorporating 

branchings (the brachiocephalic vessels) and the curvature of the aortic arch. In particular 

the curvature is a problem because the arch is described by contours that are not cut across 

the vessel axis, but lie almost parallel to it. These contours correspond to the single oval or 

bilobate structure seen in the second and third rows of Fig. C2.2. The loft command cannot 

be used in these circumstances and other methods must be conceived.

In case the branchings are included, the easiest way of producing the surface is to create 

a grid by connecting all the contours vertically. In doing this, care must be taken to draw in 

the single oval contour region a number of lines that is the sum of the lines in the two upper 

vessels. The sum must be preserved also in the ascending and descending aorta tracts 

collectively. Then a surface is created covering the grid in the single oval band, and one 

each for the two upper vessels, the ascending aorta and the descending aorta. At this point 

there is a gap of one slice thickness between the upper vessels and the central band, and 

between the central band and the ascending and descending aorta tracts. These gaps must 

be filled by patching. In this phase, the presence of the vertical lines ensures that surface 

continuity is preserved also in the derivatives and the connection is smooth. This method is 

quite time intensive and not completely reproducible but delivers nice results (see Fig. C2.5).
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C2. Realistic geometrical modelling of thoracic aortic anatomy

Fig. C2.5 Result of complete model generated by patching a grid

Another method was devised, which is much more straightforward, but can be used 

preferably when the brachiocephalic vessels are not included in the model. This method will 

be explained in greater detail, as some of the models used in the actual simulations of this 

thesis were generated according to it. It is based on the idea of employing the loft command 

even for the arch. As already stated above this cannot be done using the original set of 

curves. The only way to achieve this is therefore to create from the existing unsuitable 

contours, new suitable ones.

This was done by cutting the contours in the single oval band with a set of ten planes. 

The prerogative of these planes is that they are far from being parallel to the vessel axis, even 

though they need not necessarily be perpendicular to i t . Fig. C2.6 shows the set of planes 

used in this example and the next steps in the algorithm.

By intersection between each of the planes and the contour curves ten sets of coplanar 

points are obtained. These points can be joined by curves (e.g. ten third-degree interpolating 

polynomials) which become a set of new contours with adequate characteristics for the use 

of the loft command in Rhinoceros.

The number of planes used here reflects two needs: first, it has to be sufficiently large to 

build a representative set of contours; it has to be sufficiently small to avoid intersection of 

the contours at the internal curve radius. The number of ten was optimal here, but can 

certainly vary, for instance for aortas with different curvatures. The use of relatively small 

numbers of contours implies that a filtering process is applied in the axial direction of the 

vessel along the arch. Any further filtering will therefore be unnecessary.
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C2. Realistic geometrical modelling of thoracic aortic anatomy

Fig. C2.6 Result of lofting and simplification on the descending aorta contours 

and surface rendering.

Unfortunately, reproducibility issues arise in the phase described, due to the arbitrary 

choice of intersecting planes. This is the major limitation of this method.

Once the new set of contours is ready, the loft command can be used. Fig. C2.7 and 

Fig. C2.8 show, from different angles, the result of a lofting process. For each view a couple 

of images are shown: the one on the left represents the result prior to surface simplification 

(second filtering phase); the one on the right is the final outcome after simplification.

A detail of the model before and after simplification is displayed in Fig. C2.9. The 

posterior side of the descending aorta is the part of the model in which some degree of
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Fig. C2.7 Different side views of ttie model before and after ttie surface filtering
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§

Fig. C2.8 Views of the model before and after the surface filtering from above and below.

undulation persists after simplification. This is perfectly reasonable and consistent with 

natural anatomy: that is the region of the vessel surface from which most of the collateral 

vessels depart. The filtering process obtained by surface simplification gets rid of noise and 

alignment errors, but preserves the characteristic features of the imaged blood vessel.

Eliminating spurious surface corrugations of the computational volume is very important, 

as they can affect haemodynamics and especially wall shear stress concentration.

In the case of the aortic arch and descending aorta model a further step was added. This 

geometry was intended for a fluid-structure-interaction study (see chapter C5). It was 

therefore necessary to include a representation of the vessel wall in the computational 

domain. For the purpose of this study it was decided that a constant thickness approximation 

could be sufficient. The MR images produced for this thesis have an extremely good quality 

in terms of blood visualisation, but are not as efficient in displaying the vessel wall section. A 

constant wall thickness of 1.6mm was used throughout. This was carried out under
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Fig. C2.9 Detail of the descending aorta before and after the surface filtering.

Rhinoceros by exploiting the surface offset function that resizes a surface at a certain 

distance from the original one and by trimming the ends. The result of this operation can be 

seen in Fig. C2.10. Although the resizing operation modifies the topological surface 

description and includes a higher number of control points in certain areas, the surface is 

always parallel to the original one. This can be appreciated looking at Fig. C2.11 where also 

a final coloured rendering of the model is shown.

Fig. 02.10 Original endothelial surface (left) and offset surface (right) 

representing the outside of the vessel wall.
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Fig. C2.11 Thick-wall model of the aortic arch and descending aorta.

Conclusions

The methods described in this chapter are instrumental for the generation of 

representative models to be used in the CFD simulations presented in this thesis. The aim of 

their development is not an absolute accuracy in portraying reality, but rather the production 

of models that include specific characteristics of the aortic anatomy, without the need of too 

much guess-work. The MR-based CFD simulations compared in the next chapters are all 

derived from one geometrical model, in which the mechanical properties of the vessel wall 

are suitably varied. No comparisons with models deriving from different subjects or produced 

in different ways are attempted. For this reason a certain and not very well estimated degree 

of irreproducibility was accepted. The problem of accuracy and reproducibility in the field of 

MR-based CFD is a very serious and important one and has been very seriously treated by 

leading groups in the art like Dr. Xu’s at Imperial College®"̂  and Dr. Steinman’s at the John P. 

Roberts Research Institute in Ontario,®'’® whose work I certainly recommend for reference 

and as benchmark.

Given these limitations, I still believe the results obtained in the way described and only 

using commercial software should be adequate for the purposes of this thesis. All the 

principal features of the aortic arch are accounted for, notably tapering and out-of-plane 

curvatures. Furthermore a reasonably precise detail of the main surface irregularities is 

included, while, at the same time, an effort was made to filter out all spurious corrugations.
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C2. Realistic geometrical modelling of thoracic aortic anatomy

CFD papers including MR-based geometries of the aortic arch have been published by 

major groups that use much less accurate and realistic geometries/^
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E x  v iv o  assessment 
of aortic wall mechanical 
properties and estimation 

of suture line stiffness

Arteries are complex structures at the micro
scale. The peculiar arrangement of their 
components gives them special mechanical 
characteristics, which closely relate to the 
channelling and contention functions that they are 
designed to carry out. Diseased blood vessels 
may present impaired mechanical properties, 
inconsistent with their function. Moreover, surgical 
interventions on the arterial wall may bring forth 
modification in its tissue characteristics and the 
addition of synthetic materials of different types 
can have implications on haemodynamics and 
blood vessel wall behaviour.
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C3.1 Background

Acquiring a precise scientific knowledge of the biomechanical characteristics of arterial 

walls has been recognised as a central issue in the study of the circulatory functionality in 

both physiological and pathological conditions. The results obtained in this field of research 

favoured a better understanding of the modifications that age or disease produce in arteries 

and improved the diagnosis and treatment of atherosclerosis, hypertension, aneurysms, and 

vascular stenoses, among others.

In the bioengineering field, reliable estimates of the viscoelastic characteristic of arterial 

tissues made it possible to produce, accurate models of vessel wall structure and the 

development of computational models of the vascular mechanics comprehensive of fluid- 

structure interaction effects. Equations for the wall are present in these models alongside the 

relations describing haemodynamics, and therefore it becomes essential to estimate (if 

possible, non-invasively) those mechanical properties of the blood vessel wall that are 

parameters in these additional equations. There is fairly extensive literature covering those 

issues. The aortic tissue is treated as a matter of special interest for the overall importance 

of this particular vessel.  ̂ Some works deal specifically with wall properties in patients with 

CoA or repaired CoA.’ -̂̂ ®

The methodology employed for the aortic tissue characterisation in the present study 

involves relaxation and failure tensile stresses and off-line pseudo-statistical analysis of the 

results.

03.2 Mechanical testing

C3.2.1 Objectives and protocol limitations

The inclusion of this chapter derives primarily from the desire to make use of a dataset, 

that was put together as a collateral investigation during an animal study conducted in 

collaboration with Skejby University Hospital in Arhus, Denmark. From the start, the main aim 

of such study was not tissue characterisation, but the collection of MR images and velocity 

mappings from in vivo porcine models of repaired CoA. Consequently, the protocol was not 

systematically devised on the basis of a large enough cohort of experimental subjects as to 

allow a true statistical analysis of the mechanical measurement results. However, since the 

animals had to be sacrificed at the end of the imaging sessions, it was decided that using 

their tissues for mechanical assessment of the aortic wall properties was an invaluable 

opportunity and certainly a matter of great methodological interest. Therefore, a collaboration
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was set up with Politecnico di Milano, Italy, where mechanical test machines were made 

available and the tissue property assessment was included in the experimental protocol.

Given these limitations, the conclusions drawn here cannot be considered conclusive, in 

general. Some trends seem to arise from the study, none the less, and the methodological 

description of the process intends to be an example of how the determination of certain 

parameters for fluid-structure interaction models can be derived from direct ex vivo 

investigation.

C3.2.2 Experimental set-up

Synchronic and diachronic groups

The study comprises two groups of healthy sows of Danish breed. The animals in the 

first group (SYNCH -  3 subjects) were all around 40kg in weight, underwent a surgical 

operation and were put down on the same day. The animals in the second group (DIACH -  4 

subjects) weighed 5-10kg at the beginning of the study, underwent a surgical operation and 

were then let to grow for 3-4 months, up to a weight of around 30-40kg, before being 

sacrificed. See also section 01.1.

One pig in each group received an end-to-end anastomosis (E/E) (CoAl in SYNCH; 

CoA5 in DIACH). One pig in each group received a Gore-tex graft interposition (GGI) (CoA4 

in SYNCH; CoA6 in DIACH). One pig in SYNCH and two in DIACH received a Gore-tex patch 

graft Aortoplasty (GPGA) (CoA2 in SYNCH; CoA8 and CoA9 in DIACH).

Anaesthesia and surgicai procedures

For complete information about these issues please refer to section Cl .1,

Resection of the aorta and sampie preservation

The sows were put down by a potassium chloride injection, bled out and the aorta from 

its root to the diaphragm was cut out together with the roots of the brachiocephalic vessels.

The specimens were preserved in a plastic bag under saline. The bag was stored under 

ice in an insulated box until the mechanical tests were carried out. Transfer of the specimens 

to Milan was finalised in the shortest possible time and processing took place within 24 hours 

(within 60 hours only for CoAS and CoA6 because of aviation disruption).

Sampie preparation

Just before the mechanical tests were carried out, the aorta specimens were carefully 

cleared of all the excessive fat, fibrous tissue and adhesions that remained on the outside 

and did not belong to the vessel wall proper {Fig, C3.1). They were opened longitudinally all 

the way along the midline on the internal curve of the arch using a surgical scalpel, so that
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Fig. C3.1 Specimen derived from CoA4

Fig. C3.2  Sam ples d issected from an aortic specim en
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the vessel wall could be unwrapped on the cutting board. Dog-bone samples (5cm long, 

4mm wide in the central area) were dissected from the specimen using a fixed-gauge cutting 

template [Fig. C3.2). For each sample, thickness was measured through a manual calliper. 

Given the difficulty of ensuring a good contact and at the same time no indentation when 

dealing with tissues as soft as arterial wall, these data are likely to be affected by a significant 

error.

Test protocol

An MTS SYNERGIE 200H S/N 261701/30 electromechanical testing machine controlled 

by MTS TEST WORKS software and equipped with an MTS 200 H S/N 21279 load cell (end 

scale 100 N) was employed for the mechanical measurements. The test machine makes use 

of pneumatic grips to hold the sample under study {Fig. C3.3).

The testing procedure devised for this study consists of three steps: pre-conditioning, 

relaxation test and failure tensile test. Before the pre-conditioning phase the sample 

thickness was measured with a manual calliper. The samples were positioned between the 

pneumatic grips and pre-loaded at 0.01 N. Subsequently, using the manual calliper, the 

initial length was measured as the distance between the fixtures. The crosshead 

displacement readout was set to zero at this load level.

Pre-conditioning: loading-unloading cycles were applied until the response did not 

change any more and the stress-strain curves overlapped. The 

loading speed was 20mm/min and the stress endpoint was set at 

10OkPa. Generally 4 loading-unloading cycles were necessary.

Relaxation test: the initial ramp speed used was 100m m/m in and the stress

100N load cell

Pneumatic gips

PC with acquisition 
software

Fig. C 3 .3  M echanica l testing apparatus
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endpoint was set at lOOkPa. After reaching this value of stress, 

displacement was kept constant and the test was protracted until 

no change in stress occurred. This generally took around 120s.

Failure tensile test: The actuator speed was set to 20mm/min. The sample was

subjected to traction while crosshead displacement and load were 

monitored. The test end was determined by the sample rupture.

C3.2.3 Sample classification

Tested samples have been classified according to their animal of origin (CoA1-CoA9, 

and hence the SYNCH or DIACH group and the type of surgery), according to the direction 

of their principal dimension with respect to the specimen (Circumferential or Longitudinal) 

and according to the location in the unwrapped specimen from which they have been 

dissected; peri-proximal (PP), peri-distal (PD), distal (D), left (L), mid (M) or right (R). The 

locations are defined as in Fig. C3.4. The classification is shown in Tab. C3.1, in which the 

samples present for each specimen are listed. As it appears the table is quite sparse. This 

depends on the fact that, due to the particular specimen characteristics, samples could be 

dissected only from a discreet number of locations. Dimension of the specimen, position of 

the repair site and distribution of the collateral vessel lumina played a major role in limiting 

the number of possible locations. Indeed the sheer scarcity of data makes it impossible to 

set up a true statistical analysis of the samples. A pseudo-statistical analysis will be 

attempted anyway, primarily out of methodological interest.

Head

site of repair

PDl

PD2

Feet

Fig. 3.4 Locations of samples. Vessel wall is unwrapped to show the inside face

142



C3. Ex vivo assessment of aortic wall mechanical properties and estimation of suture line stiffness

CIrcum

PP

CIrcum

PDl

CIrcum

PD2

CIrcum

D

Longit

L

Longit

M

Longit

R

E/E CoAl - y - y y - y

SYNC GPGA CoA2 - y - y y - y

GGI CoA4 y y - y y - y

E/E CoA5 - y - - y y y

DIACH
GGI C0 A6 - y y y y y -

GPGA CoA7 y - - y y - y

GPGA C0A8 y - - y y - y

Tab. C3.1 Locations represented for each specimen.

C3.2.4 On-line results of mechanical testing

Relaxation tests

Generally speaking, relaxation test curves in the stress vs. time (cpf) plane are made up 

of two phases. An initial interval, during which stresses grow very fast, is called the loading 

phase. In this phase the samples are stretched until a preset value of specific load (lOOkPa in 

our case, as detailed in the test protocol above) is registered. At this point the final length is 

maintained, and the second phase starts. This represents the viscoelastic relaxation of 

stresses when strains are kept constant. Biomechanically, such relaxation depends on the 

gradual rearrangement of the fibrous components of the arterial wall matrix (collagen fibres 

in particular). One can imagine that, under the applied tension, these fibres tend to untangle 

and align as much as possible along the force lines. This process can be described

Fig C3.5 Maxwell model o f viscoelasticity with a spring of stiffness k 

and a dashpot of viscosity rj
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Fig. C3.6 Relaxation test results truncated along the t axis. The lines are symbol-coded 

according to location (PP= ♦ ,  PD1 =■, PD2=D, D= ▲ , L = + , M = x ,  R = * ) .
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analytically, in simplified terms, using some simple lumped parameter model of viscoelastic 

behaviour, such as the Maxwell model {Fig. C3.5). The basic equation of the relaxation 

phenomenon is an exponential relation as:

de

dt
A  ̂ d(T a

- 0  = ---------+ — ->  cr = c r a exp
k dt ?i \  '’ r  J

C3.2.4.1

where = 77/A: is the relaxation time constant.

Graphs in Fig. C3.6 display the measured œt curves obtained for the various samples of 

each specimen. From these curves values of the relaxation time constant for the various 

samples can be derived. Such time constant can be defined as the time distance between 

the beginning of the relaxation phase and the instant in which the tangent to the curve at the 

beginning of the relaxation phase intersects the asymptote of the exponential stress decay. 

This calculation can be carried out off-line.

Failure tensile tests

Failure tensile tests on viscoelastic materials ideally give monotonically growing curves in 

the stress vs. strain (cpg) plane. Experimental curves may look slightly different from the 

theoretical ones, in that a yield value of stress can be sometimes seen, after which 

mechanical properties appear to decay and curves may plateau for a certain interval before 

rupturing of the sample. This effect is really unrelated to the nature of viscoelastic response, 

but is due to advancing fractures in the sample that tear fibre after fibre, thus progressively 

decreasing the resisting section of the sample. Parts of the experimental curves after the 

yield stress have therefore little meaning. The pre-yield interval gives a record of the 

instantaneous stress generation due to an increasing sample deformation. The varying 

steepness of the curve in this region is a measure of the strain-related changes in stiffness. 

The tangent to the ff-s curve is point-by-point the instantaneous Young modulus. It can be 

appreciated that the viscoelastic characteristic for arterial walls has a two-phase pattern, in 

which at low strains the tissue looks broadly less stiff than at high strains. This effect depends 

on the complex and inhomogeneous nature of the wall itself. At low strains one component 

of the arterial tissue is mainly recruited to withstand the traction, to which the sample is 

subjected: and this is elastine. When strain increases, collagen fibres that have gradually 

untangled and aligned with the force direction take over and make the tissue stiffer and able 

to bear the growing load. This marks the onset of the second phase. The physiological 

working conditions of the normal aortic wall fall into the elastine-dominated phase.

Graphs in Fig. C3.7 show the results of the tensile tests on the samples that were 

examined. At a first look, the samples cut in the axial direction appear to be more fragile, and

145



C3. Ex vivo assessment of aortic wall mechanical properties and estimation of suture line stiffness

[kPa]
C o A l

1800 - 
1600 - 
1400 - 
1200 - 

1000 - 

800 - 
600 ■ 
400 - 
200 -

0 0.2 0.4 0.6 0.8 1 t%]

[kPa]
CoA2

1600

1400

1200

1000

800
PD!

600

400

200

0 0.2 0.4 0.6 0.8 11 [%]

[kPa]
3000

2500

2000 -

1500

PDl1000

500

1 [%]0 0.2 0.4 0.6 0.8

[kPa]
CoAS

1800
1600
1400
1200
1000

800
600

PD!

400
200

0.40 0.2 0.6 0.8 11 [%]

[kPa]
CoA6

1800
1600
1400
1200
1000
800
600
400
200

PD2

0 0.2 0.4 0.6 0.8 1 [%]

[kPa]
1800
1600
1400
1200
1000
800
600
400
200

0 0.2 0.4 0.6 0.8 11 [%]

[kPa]
CoA9

1800
1600
1400

1200
1000
800
600
400
200

0 0.2 0.6 0.80.4 11 [%]

Fig. C3.7 Failure tensile test results. Acronyms for the sample positions are shown by the curves.
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the transition between the elastine phase and the collagen phase occurs for them at lower 

strains. This accounts for tissue orthotropy and, teleologically, for the fact that arterial walls 

are specially designed to resist primarily an excess pressure from within the blood vessel 

mostly affecting the circumferential direction.

Sample thickness

The distribution of measured thickness in the samples studied is shown in Fig. C3.8. The 

scatter plot demonstrates that in the considered set it is constantly verified that more 

proximal locations correspond to thicker samples. It also appears that the right side of the 

wall is generally thicker than the left. There does not seem to be substantial difference in the 

values for the SYNCH and DIACH groups. The only subject that falls above range is C0A6. 

This sow had a particular history. It belongs to the DIACH group and was randomised for a 

GGI repair. After the four-month period between surgery and the conclusion of the case the 

Gore-tex tube used for the operation became completely occluded by a hard blood clot. 

Furthermore, the occluded graft was found displaced to the level of the diaphragm, which 

did not correspond anymore to the original site of repair at approximately 2cm, distal of the 

left subclavian root. In spite of the complete occlusion of the aorta, the animal was still 

thriving at the time of the second scan and showed no sign of suffering, thanks possibly to a 

good development of the collateral system, which, however, could not be assessed. This 

particular condition may well have produced a change in the mechanical properties of the 

artery, and possibly the observed relative hyperplasia.

Considering all the samples, the overall average thickness is 1.93mm.
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Fig C3.8 Comparison of sample thickness for different specimens and locations

147



C3. Ex vivo assessment of aortic wall mechanical properties and estimation of suture line stiffness

C3.2.5 Off-line results of mechanical testing

Physiological working-range Young modulus

Curves in Fig. C3.7 are visualisations of continuous distributions of Young moduli as a 

function of stress/strain working-points. Most of the information contained in those curves 

corresponds to non-physiological conditions, however, and does not represent the 

behaviour of the aortic wall tissue during normal life.

The physiological range of stress values in the aortic wall is obviously different from 

individual to individual. The literature accordingly gives different values for the circumferential 

stress; Holzapfel and Weizsacker found 0-0.25MPa for the 0-200mmHg pressure range in the 

rat abdominal aorta;® Lang et al. use a value of 0.0666MPa for human proximal thoracic 

aorta, which is considered physiological.® All of this is consistent with a very simple 

calculation that can be carried out using a generalised form of Laplace’s equation for a 

cylindrical vessel of finite thickness w:

< 7  =

P 'r
w

C3.2.5.1

which yields a hoop stress value <7 = 0.06MPa for radius r = 9mm, mean pressure p = 

lOOmmHg and w = 2mm.

We chose here to linearise the curves in Fig. C3.7 in the interval for a  = 0.06-0.08MPa. This 

was done by curve fitting in Excel. The angular coefficient of the resulting line was taken as 

the physiological working-range Young modulus Ep̂ ,. As an example. Fig. C3.9 shows this 

procedure for CoAl.
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Fig. C3.10 Physiological working-point Young moduli for the different samples

All the Young modulus values found are gathered in Fig. C3.10 and Tab. C3.2. Differences 

between the SYNCH and DIACH groups are not significant. There is, on the contrary, a 

significant difference between the means of the circumferential samples (0.419 ± 0.77 MPa, 

mean ± SD) and of the longitudinal ones (0.902 ± 0.378 MPa) with a p-value<0.007 (t-test 

with 6 d.o.f.). This is a reflection of the orthotropy of the arterial wall. There also appears to 

be a significant difference between the left longitudinal and the right longitudinal locations 

(p<0.032, F-test with 1,4 d.o.f.), and this effect is not significantly affected by differences 

between the specimens.

CIrcum
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CIrcum

PDl

CIrcum

PD2

CIrcum

D

Longit

L

Longit

M

Longit

R

E/E CoA1 - 337.97 - 417.49 1038.3 - 756.89

SYNC GPGA CoA2 - 351.89 - 578.04 1919.4 - 1418.1

GGI CoA4 387.31 465.75 - 371.60 803.27 - 748.45

E/E CoA5 - 438.64 - - 1234.4 735.94 749.26

DIACH
GGI CoA6 - 419.86 465.17 451.13 725.55 385.35 -

GPGA CoA7 561.69 - - 374.35 959.71 - 541.59

GPGA CoA8 308.3 - - 360.21 790.01 - 732.06

Tab. C3.2 Values of physiological working-point Young moduli for the different samples.
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Quite surprisingly, given our restricted number of samples, the overall average value of 

Epw derived from the data collected matches very closely the one published by Lang et aP 

(human). We estimated 0.6609 ± 0.3641 MPa comparable with their 0.7059 ± 0.4091 MPa.

Relaxation time constant

The relaxation time constant was defined in section C3.2.4 above. This parameter is a 

measure of the time needed for the energy accumulated during deformation to be released 

by viscous dissipation. High values of characterise tissues that behave similarly to elastic 

materials and are able to store the energy for all the time strain is maintained. Shorter 

relaxation times correspond, conversely, to tissues with a strong viscous connotation. The 

relative weight of tissue viscosity and stiffness establishes the value of

In our study the relaxation time was estimated from the graphs in Fig. C3.6 for all the 

samples under study and the results of these calculations are shown in Fig. C3.11. As it 

appears, relaxation times for the specimens in DIACH are less spread relative to the sample 

location. Furthermore, the average values in the different specimens are significantly higher 

for SYNCH (5.221 ± 1.832 s, mean ± SD) than for DIACH (2.184 ± 1.216 s) with p<0.005 (t- 

test with 4 d.o.f.). Age cannot be an important factor in causing this difference, since all the 

subjects in either group were sacrificed approximately at the same age. Sex has no influence 

(the subjects were all females). Diet was also similar for all. It could be inferred that this effect 

is at least partially due to chronic post-surgical adaptation. In particular the two G PGA cases 

in DIACH have distinctly lower values than all the other specimens. The mean ± SD values
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Fig G3.11 Comparison of time constants for different specimens and iocations
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for the four specimens in DIACH are respectively: CoA5: 3.384 ± 0.346 s; C0A6: 3.189 ± 

0.246 s; C0A8: 1.006 ± 0.251 s; CoA9: 0.908 ± 0.072 s. Grouping CoA5 with C0A6 and the 

two GPGA samples C0A8 and CoA9 together, the difference between the two sets is 

significant with p < 0.001 (t-test with 2 d.o.f.). As in the other cases, although the significance 

is high, it needs to be remembered that the number of samples is very restricted and no 

certain trends can be taken for granted. If the present effect were to be verified by analyses 

on larger populations, it would suggest that GPGA has a greater impact on the wall 

properties than other operations, and somehow enhances the viscous character of the aortic 

tissue.

Excluding specimens C0A8 and CoA9 the overall difference between SYNCH and DIACH 

is still significant with p<0.01 (t-test with 3 d.o.f.).

Sample location does not seem to be related to differences in relaxation constant.

C3.2.6 Homogenised Young modulus of a suture line

The typical suture used for the repair of aortic coarctation is a running suture. The 

mechanical characteristics of the suture as a whole are difficult to establish via a tensile test 

such as the one used for the aortic wall, primarily because, during traction, the very thin and 

stiff suture thread would cut through the wall tissue matrix and tear it apart.

In order to obtain an estimate of the suture Young modulus, therefore, we can take 

advantage of a simplified model of the suture in which the arterial tissue and the suture 

thread are seen as two rigidities working in parallel, as shown in Fig. C3.12. The same figure 

also shows a drawing of one running suture stitch.

This approach yields a homogenised Young modulus, which is a weighted average of

ooo

a

%

ihr

Fig. C3.12A suture line can be seen as the parallel of two rigidities: the arterial wall 

matrix and the suture thread.
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the two rigidities. The weight is provided by the relative share of the wall cross-section 

occupied by the two elements. In a running suture the thread connects the two edges of the 

dissected blood vessel twice per stitch {Fig. C3.12), so the homogenised suture Young 

modulus can be expressed as:

E^, = C3.2.6.1
^ao

where is the Young modulus of the aortic tissue, is the vessel wall cross section, 

is the thread cross section and is the number of suture stitches. Â f̂  ̂ does not 

appear at denominator, as it is generally negligible compared to A^ .

Prolene (polypropylene monofilament -  non-absorbable thread) is generally used for this 

type of suture, and most commonly Prolene 6.0 (380pm0). The thread rigidity is 

Eth = 2279MPa in both cases.^® Using the values A ^  = 124mm^, E^  ̂= 0.7MPa and =

25 we obtain: E^, = 105MPa.

This value was be used for the FSI simulations contained in this thesis.

Conclusions

Mechanical tests were carried out on aortic tissue specimens resected from experiment 

animals (sows) just after surgery or four months following an aortic arch repair. The quantity 

of data collected are insufficient to draw statistically significant conclusions on the 

viscoelastic behaviour of reconstructed aorta, due to the limited number of samples.

This chapter, however, shows a methodology for this type of analysis and the results of 

the pseudo-statistical assessment that was conducted bear a close similarity to some of the 

available values in the literature: in particular the estimated working range Young modulus of

0.6609 ± 0.3641 MPa.

Apparently no significant differentiation in wall rigidity exists between synchronic and 

diachronic cases. Tissue orthotropy is evidenced. A rigidity difference between the left and 

right side of the vessel wall was also found.

Inspection of the relaxation time constant suggests that a difference exists between 

synchronic and diachronic samples, the latter having more of a viscous character. In 

particular GPGA would seem to enhance a viscous behaviour.

A homogenisation model of the suture line rigidity was also proposed and a value of 

lOSMPa is proposed for the typical suture used in this type of operation in children.
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MRI-based rigid wall model 
of descending aorta 

with realistic geometry 

and inflow data
The fluid dynamics of descending aorta is very 

complex. This complexity derives from local 
geometry and upstream flow conditions. A way of 
taking both aspects into account in a 
mathematical simulation is to employ a detailed 
set of measured data to define the domain and the 
boundary conditions. Such a method produces a 
good estimate of the real haemodynamics but 
currently still poses serious challenges due to its 
very high time cost.
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C 4 .  M R I - b a s e d  r i g i d  w a i i  m o d e l  o f  d e s c e n d i n g  a o r t a  w i t h  r e a l i s t i c  g e o m e t y  a n d  i n f l o w  d a t a

C4.1 Introduction

The study of cardiovascular biomechanics took a leap forward since the introduction and 

development of methodologies for the use of MRI-derived geometrical and velocimetric data. 

These methodologies consent the definition of very detailed and anatomically realistic 

computational domains and the imposition of realistic boundary conditions, such as blood 

velocity or wall displacement.

The advantages of this kind of approach are obvious, given the technical properties of 

magnetic resonance imaging: limited need for a priori assumptions; intrinsic non 

invasiveness of the measurements necessary to build the model; perfect knowledge of the 

mutual localisation of anatomical structures; multi-dimensional information on punctual 

velocity intensities and trajectories; standardisation and reliability of the measurements.

There are also disadvantages, as was briefly mentioned in the thesis introduction. Most 

importantly, patient-specificity, which can naturally be a much sought-after feature, is in some 

cases an obstacle to the general characterisation of a certain phenomenon. Great detail in 

the acquisition of geometry and velocity carries along a strong particularisation of the model 

to the attributes of a single research subject. This type of models can prevent the investigator 

from making a distinction between the effects of purely individual traits and those that are a 

common mark of the fluid dynamics under study. Certainly this uncertainty can be resolved 

by comparison between a number of models derived from different sources, but the 

computational effort may in some instances become unsustainable.

The choice of creating a fully MR-based model in this chapter stems from a twofold 

interest. The first is directly connected to the overall purpose of this work; the second 

answers a methodological curiosity about the use of realistic 3D velocity data as boundary 

conditions for CFD.

Primarily anyhow, the need was felt for a comprehensive simulation that took into 

account all the anatomy and the velocity information that were available on a particular 

subject. This simulation only includes the descending aorta and is not compliant, but due to 

the use of a three-dimensional velocity dataset as inlet condition it is able to account for the 

upstream haemodynamics. In particular the effects of the ascending aorta flow profile and 

the presence of branchings along the aortic arch surely have an importance and are not 

neglected here.

The models contained in the following chapters of this thesis were generated in order to 

investigate particular aspects of blood-wall interaction, the effect of tissue interfaces and the 

impact of local changes on the body circulation. Due to the complexity of these questions, 

the inclusion of complete MR-derived velocity information in those models was essentially 

impossible with our computer power limitations. Comparison with the present simulation was 

imagined as the best way to ascertain what differences could be expected in models that do
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not take into account the physiological shape of ascending aortic blood velocity or the 

presence of the brachiocephalic outlets from the arch.

Apart from the usefulness of this approach in producing a benchmark for other 

simulations, the present simulation poses an extremely intriguing methodological question 

for an engineer. The treatment of clinically-derived velocity and their imposition as boundary 

conditions in a CFD model is a complex problem. Particularly when the model is rigid and 

wall displacement is not included, there is a need for specific hypotheses in order to be able 

to use the measurements effectively. To this subject is devoted section 04.3.3 of this 

chapter. Although the problem has already been very successfully solved by many authors 

(see thesis Introduction) it was very interesting and rewarding for me to tackle it personally. 

More study in this sense could make the method proposed here more flexible and 

reproducible, but I think that it serves well at least the aims of the present study.

C4.2 The descending aorta model

The MRI dataset used for this model derive from an animal study conducted by the 

author in collaboration with Skejby Hospital in Arhus, Denmark. The subject selected for this 

MRI acquisition was a healthy 40kg sow. A Philips scanner 1.5T was employed. The 

geometry was acquired by a TFE sequence (TR=6.91ms, TE=2.3ms, slice thickness 1.5mm, 

FoV=118x118, flip angle 30°, image size=256x256). The velocity mapping was based on an 

FFE sequence (TR=9.57ms, TE=4.6ms, slice thickness 3.0mm, FoV= 119.5x150, flip angle 

45°, image size=256x256, 25 images in a cardiac cycle). The encoding velocity was set to 

150cm/s for the axial component and to 40cm/s for the secondary components to ensure a 

high signal-to-noise ratio. No aliasing was present.

Region growing segmentation of the MR images was performed using Mimics 

(Materialise N.V., Leuven, Belgium), while geometrical modelling was made using CAD 

system Rhinoceros (Robert McNeel & Associates, Seattle, USA). The geometric dataset 

comprises the whole aortic arch with its branches and the thoracic descending aorta, but for 

this model solely the descending aorta was reproduced.

The TFE data used to reconstruct the geometry refer to a time average of the shape of 

the vessel during the cardiac cycle. This is an inherent result of MR imaging.

The CFD mesh, consisting of linear hexahedral elements, was generated with GAMBIT 

(Fluent Inc, Lebanon, USA). The optimal mesh refinement could not be established through a 

sensitivity analysis due to the prohibitively long computational times. For this model a 

30,000-element mesh was thought to be appropriate and was practically used.

The mesh is more refined along the model contour in order to provide higher precision in 

the evaluation of the haemodynamics within the boundary layer {Fig. C4.1 and Fig. C4.2).
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Fig. C4.1: Descending aorta model with hexahedral mesh

C 4.3  Boundary Conditions

C4.3.1 Mathematical model

The equations governing the fluid are the Momentum and Continuity equations as given 

in B4.3.1.1. In this form they are defined on a fixed boundary and the momentum equation 

comprises convective, pressure and viscous terms. Since the wall is considered rigid in this 

model, it was assigned no explicit geometrical domain and consequently wall mechanics 

was not included. The model is therefore simplified and is treated as a purely fluid-dynamic 

one. For this type of problem Dirichlet and Neumann constraints can be imposed as in 

B4.3.1.2 and B4.3.1.3.

A Dirichlet boundary condition in the form of an MRI-derived time-dependent velocity 

profile was assigned on the inlet surface, as explained in detail in the next section. 

Briefly, (7(jc,/), i.e. the measured velocities in the MRI dataset, were imposed node by node 

on the inlet.

The outlet boundary condition is not assigned, and no reference pressure or stress 

vector 7̂  was included. This choice was made in order to ease the computation, and the

assumption was considered acceptable, given that the wall is rigid. If it were not rigid, the 

absolute value of hydrostatic pressure (even neglecting the viscous components of the
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Fig. C4.2 Views of the computational mesh
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stress) would be fundamental in determining the wall structural load and, consequently, its 

deformations and dynamics.

The problem was weakened and discretised using a Finite Element approach (FEM -  see 

background chapter B4) for the numerical integration by solver FI DAP (Fluent Inc, Lebanon, 

USA).

C4.3.2 Dirichlet boundary condition: three velocity components

The presence of the aortic arch has important consequences on the development of the 

blood flow field in the descending aorta. The blood leaving the heart towards the systemic 

circulation, due to the vessel curvature starts rotating about the vessel axis in a helicoidal 

motion and at the same time is pushed and skewed towards the upper wall by a centrifuge 

force. The flow approaching the descending aorta is therefore not purely axial and not purely 

parabolic. It has a skewed velocity profile characterised also by secondary motion. If the 

secondary components were negligible, we could be satisfied only taking into account the 

skewed axial velocity. However, looking at the measured velocity waveforms in our study, it 

can be noted that both secondary components are quite relevant, up to 15% of the axial one 

during the systolic part of the cardiac cycle and even more in diastole {Fig. C4.3).

In this model, therefore, all three components of the incoming velocity are used as inlet 

Dirichlet conditions. This allows the simulation to take into consideration the full effect of the 

upstream conditions, and the shape of the aortic arch in particular.

C4.3.3 Treatment of the velocity data

The velocity information contained in a cine phase-contrast MR dataset is generally 

stored in digital image format where the greyscale values of the image pixels are proportional 

to the measured velocity components. This type of images are called phase images, to 

distinguish them from the corresponding modulus images that mainly contain anatomical 

information. In particular, our dataset is a 3D mapping, i.e. for every sampling time point it 

contains three phase images (plus one modulus image), each encoding for one component 

of the blood flow velocity (axial, antero-posterior and left-right). The measurement was 

reconstructed for 27 time points per cardiac cycle, which gives a total of 81 images. All of 

these refer to the inlet section of our model. Each image has a matrix of 256x256 pixels and 

a 65,535 tones greyscale (encoded as UNSIGNED SHORT). The aortic lumen lies in the 

central region of each image, and during the cardiac cycle (i.e. along the 27 image triplets) it 

translates and deforms with respect to the pixel matrix. The FEM model we produced 

(section 2 above), however, has fixed boundaries and does not move in space. Therefore it 

was necessary to find a way of mapping the velocity values occurring within the deforming 

and moving aortic lumen of the dataset onto the fixed model mesh.
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Fig. C4.3 Comparison between measured inlet velocity components. 

The mean velocities over the inlet section are plotted against time, 

The secondary components are not negligible.

As an underlining hypothesis for this we assumed that the aortic lumen would stretch in the 

plane with two degrees of freedom, would translate rigidly with respect to the pixel matrix, 

but would not twist or rotate. In this way, the lumen area can vary, but the types of 

deformation permitted are limited. This assumption is acceptable because, with the patient 

lying still inside the MR scanner it is unlikely that the aorta may be subjected to a torque. The 

main interactions would in fact derive from the inner pressure of the blood that dilates it and 

from movements of the surrounding tissues that displace it.

Using this idea, the model inlet nodes were superimposed on each of the dataset images. 

The set of nodes was then manually moved and stretched in order for its boundaries to 

match as well as possible the lumen boundaries in that particular frame and care was taken 

that, at the same time, each and every mesh node fell within the vessel lumen {Fig. 04.4). 

Should this fail to happen, some random values from the surrounding tissues would be 

assigned as a blood velocity boundary condition, which would introduce artefacts. For this 

reason, the matching procedure was carried out looking at the modulus image 

corresponding to each time point, which gives higher visual contrast at the tissue interfaces. 

This method ensures that all velocity values extracted from the phase images and used in the 

FEM simulation are valid values. It does not guarantee, however, that frame after frame the
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Fig. C4.4 Inlet mesh nodes superimposed on a phase image. Each and every node falls within the 

aortic lumen and the lumen boundary are as closely matched as possible.

velocity assigned to each mesh node come from exactly the same control volume in the 

blood stream. This approximation is acceptable for two reasons: first, under the assumption 

we have made concerning the lumen deformations, the node set and the lumen image 

deform similarly and therefore the data will be picked if not from the very same control 

volume, at least from a congruous one; second, big differences between neighbouring pixels 

will be smoothed out anyway by the interpolation step described next.

Since the number of nodes is much higher than that of the pixels included within the 

aortic lumen and since their positions do not match in general those of any single pixels, it is 

necessary to interpolate between the velocity values at the pixels (that are a discrete function 

of space), in order to obtain a continuous function that describes the velocity profile for each 

image. In this way there will be a velocity value for each mesh node, whatever the position of 

the node in the plane. MatLab (The MathWorks Inc, Natick, MA, USA) was employed to 

interpolate the pixel values by a third-order polynomial in two space variables and produce 

the nodal values corresponding to each phase image in the dataset.

All the input data produced was stored in three 664x27 matrices, one for each velocity 

component. Each of the 664 rows corresponds to one of the 664 nodes on the inlet section 

mesh; each of the 27 columns corresponds to one of the sampling time points in the cardiac 

cycle.

The three components of the upstream velocity thus ordered were imposed as inlet BCs 

through a house-written FORTRAN subroutine that passed them on to the fluid dynamics 

solver.
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Since the columns of the velocity matrices are only 27, a time interpolation step is 

needed in order to provide the solver with a Dirichlet condition for every timestep during 

computation. If we fix the row corresponding to the /-th node, the velocity value to assign for 

time T e (fy, fy+t ) is found by piecewise linear interpolation between the values found in 

columns j  and y+1 on row /.

This methodology ensures that a nodal velocity value is passed on to the solver for every 

inlet node and for every timestep.

Two points should be noted concerning the accuracy of the data used as boundary 

conditions. First, the velocity values that are imposed on the 2-dimensional inlet section of 

the model derive from MRI signal coming from a 3mm thick tissue slab. This means that in 

each pixel of the phase images the velocity values are proportional to the integral of blood 

particle velocities over the local voxel centred on the Image plane, and are therefore an 

average of velocities in the plane but also upstream and downstream of it. This means that 

we are actually imposing as boundary conditions velocities that do not exist in reality. This is 

a problem that is inherent in the MRI acquisition technique and cannot be completely 

overcome. In fact making the tissue slice thinner, implies reducing the signal, i.e. decreasing 

the signal-to-noise ratio. Consequently, the quantity and quality of information derived from 

the scan would be diminished. Second, handling the dataset as explained introduces 

approximations. In particular, the manual superposition of the mesh nodes onto the imaged 

aortic lumen is a source of non-reproducibility for the scheme. The interpolation steps, 

although automatic and completely reproducible, constitute a sort of low-pass filtering, which 

can be beneficial in reducing unwanted noise, but can arguably modify the usable 

information.

In order to quantify at least how different the imposed velocity profile is from the 

measured one, we compared the two. Graphs in Fig. C4.5 show differences in two separate 

moments of the cardiac cycle: peak systole and mid-deceleration. The plots represent head- 

to-feet velocity profiles along the adimensionalised y-diameter of the inlet section. 

Qualitatively, the profile shape is reproduced, although not perfectly. Differences over the 

curve integrals remain below 2% at peak systole and below 1% during the deceleration 

phase. The diameter had to be adimensionalised in order to make the comparison more 

accurate, given that the measured profiles derive from images in which the aortic lumen size 

is a function of time.

A further check was made on the average velocity, which is shown in Fig. C4.6. Also in 

this case it is confirmed that the difference between the curve integrals is around 1.5%. Since 

in this set of measurements the aortic lumen size varied by 3% during the cardiac cycle, the 

difference on the volume flow should be less than 4.5%, which can be considered quite 

reasonable.
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Fig. C4.5 Comparison between measured and imposed data along the y-diameter of the section. Plots 

are for peak systole (left) and mid-deceleration (right) and refer 

to the head-to-feet velocity component.

<v>
[mm/s]

350
300
250

 Imposed
— Measured200

150
100

0 0.2 0.4 0.6 0.8

Fig. 04.6 Comparison between the measured and imposed values of mean velocity 

over the inlet section during the cardiac cycle.

C4.4 Results

A pulsatile flow simulation (maximum Reynolds: 500 ca.) was carried out on the 

descending aorta model for one and a half cardiac cycles. Unfortunately, the computation 

turned out to be very time-consuming, which made it impossible to simulate a longer interval. 

Blood was modelled as a Newtonian fluid with a density of 1060 kg/m  ̂ and a viscosity of

0.003 Pa s. The model was extended downstream by a whole length so that border effects 

should not be felt in the volume of interest. Laminar flow was assumed and the solution was 

obtained using Finite Element Method based commercial software FIDAP (Fluent Inc, 

Lebanon, USA).
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C4.4.1 Flow field

Due to the highly non-symmetrical and non-pianar geometry of the model and of the 

imposed velocity profiles, the computed velocities present very complex patterns with 

vortices and recirculations in all planes at various instants of the cardiac cycle. This is a 

further proof of the importance of secondary components in the thoracic aortic flow, and 

supports the choice to include them as boundary conditions for this problem.

Fig. C4.8a and Fig. C4.8b show some result plots. The orientation and temporal position 

of the plots is specified in Fig. C4.7.

Let us first look at the plots of Fig. C4.8a. During systolic acceleration, blood rushes into the 

descending aorta at an angle, as a result of the geometry of the arch upstream (a). 

Consequently, the velocity profile is skewed towards the posterior region (b, c, d). This is in 

accordance with previous findings.  ̂  ̂ After the systolic peak, when the flow starts 

decelerating, recirculation movements along the axial direction begin to appear (b, c, d). 

They are mainly concentrated in the central and right areas of the flow and slowly move 

downstream. The first of these recirculations arises near the inlet and consist of a vortex 

slowly rotating towards the right-posterior quadrant (b). As this is carried downstream, it 

develops in a more complex vortex structure in the centre and anterior of the blood vessel (c, 

d).’ All of this happens before flow reversal. During flow reversal some particles, especially in 

mid-stream take a retrograde course moving upstream and posteriorly (e). The profile skew 

is much less evident at the following low velocities and remains so through diastole (f, g).

os [S]0 0.2 0.4 0£

l e f t

Posterior

Anterior
J^feght

Fig. C4.7 Spatial orientation and temporal position of the plots in Fig. C4.8a and C4.8b
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Fig. C4.8b Transverse Flow field plots during the cardiac cycle
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While all the above happens along the blood vessel axis, secondary fluid motion takes 

place at lower velocities in the orthogonal plane {Fig. C4.8b). Starting with flow deceleration 

(c), the high velocity particles from near the posterior wall slowly swirl clockwise. This annular 

motion encircles the central region of the flow and corresponds to the already described 

helicoidal aortic floŵ '̂̂  that persists at least during early diastole. In the centre of the stream 

a double vortex pattern arises in the early deceleration phase (c) with an antero-posterior 

axis.256 Yhg left vortex slowly disappears until also the central region follows the annular 

motion of the peripheral fluid layers (d, e) and a mainly single-vortex pattern is left.

C4.4.2 Pressure drop

Since no physiological pressure waveform was imposed as boundary condition on the 

model, the absolute pressure values computed are of no great interest. However, this 

simulation can provide an estimate of the pressure drop along the represented region of 

descending aorta. The graph in Fig. C4.9 shows the variations in pressure drop during a 

cardiac cycle. The calculated waveform is strewn with peaks and troughs that depend on the 

particular measured mean flow waveform that was imposed at the inlet and on the complex 

flow field described in the previous section. When fitting the calculated waveform with a six- 

order polynomial, the higher frequency oscillations are filtered out and the main pressure 

gradient pattern is revealed. This has an obvious relationship to the flow waveform and, in 

particular, maxima and minima precede in phase the corresponding ones in the flow tracing. 

Their relative position and amplitude is physiological.  ̂ The type of pressure drop waveform 

found is characteristic of pulsatile flows, for which simple Poiseuille’s equation does not hold, 

and is found in all arterial environments.^

AP
[m tnH g]

3.0

2.5

2.0

1.5

0.5

0.0
0.6-0.5

- 1.0

-1.5

AP
 Curve fitting

^ t

[s]

Fig. C4.91niet-outlet pressure gradient during cardiac cycle and polynimial fitting.
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C4.4.3 Power losses

The hydraulic power loss across the model was evaluated by the following definition of 

dissipated power;

C4.4.3.1

with (/ )1&  ) M/z/Z? / = in, out
V 2 J

C4.4.3.2

Power losses are here strongly related to the pressure gradient, as apparent from 

comparing the bottom graph of Fig. C4.10 with Fig. C4.9. In particular losses as high as 

14.4mW occur during early systole. This value is very elevated compared to the rest of the 

cycle.

It is important to introduce a new quantity that we shall name flow-balanced maximal 

power loss index (A). This will be used to compare the various models contained in this 

thesis independently from their incoming flow, and is defined as:

A = C4.4.3.3

where („,ax is the time at which maximal dissipation occurs. For this model A = 0.31 mJ/cm .̂

Using an index related to the maximal loss in the cardiac cycle is consistent with the 

clinical practice of employing the peak Doppler velocity and a simplified Bernoulli formula to 

evaluate the local pressure drop (for example in the vena contracta of a stricture), which is 

then understood to be an indicator of power loss.

A W
[mW]

— Power loss
— Average

0.4 0.6 0.8

Fig. C4.10 Power loss during cardiac cycle.
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C4.4.4 Wail shear stress

Waff shear stress (WSS) is another parameter whose distribution varies during the 

cardiac cycle. The colour-coded plots in Fig. C4.7t show the peak distribution occurring just 

after peak systole.

During the whole length of the cyde the distal regions appear to be subjected only to 

very moderate shear, compared to that experienced by the inlet area. The proximal part of 

the model shows the highest values of shear but their intensity and circumferential location 

are a function of the heart phase. The left-posterior and right-posterior areas, adjacent to the 

inlet are initially affected by moderately high shear. As systole proceeds and reaches its 

maximum V\^S concentrates very much in the posterior region and its intensity peaks. At this 

time {Fig. C4.11), another high shear area is visible along the anterior wall, and two 

secondary peaks are seen as spots on the right wall more distally. The posterior localisation 

of the highest shear is not preserved during the rest of the systole, but as the intensity 

decreases the influenced area gradually broadens left and right due to the swirling motion of 

the high velocity particles, and it starts invading the anterior part of the vessel. The most 

elevated WSS begins to be centred in the anterior quadrant. The maximum value of shear 

stress registered was 5.1 Pa, mainly axial. The minimum value was 0.6 Pa. Both are in the 

same range as calculations found in the literature for the aorta.'*

Conclusions

The type of simulation carried out rn this chapter has methodological implications and 

will be considered particularly as an instrument of comparison.

It provided a pretext for developing and employing a scheme for handling MRI data and 

using them in the set-up of a CFD simulation. In particular, the algorithm that was devised for 

treating velocity data as boundary conditions is a tool that could also be employed in future 

for more complex simulations, when greater computing power becomes more readily 

available.

The simulation results of this section, although not directly useful for clinicians and 

surgeons at this stage, constitute a set of data with which the results of the next chapters, 

obtained using different techniques, can be compared. This study contains information 

especially about the role played by geometry, realistic velocity boundary conditions and their 

interaction on the development of descending aortic haemodynamics. Subsequently the 

effect of vessel wall mechanics, of tissue interfaces and of the interaction of local 

haemodynamics with the overall blood repartition will be studied, but the effect of 3D-velocity 

inlet conditions will be neglected. For this reason the outcomes of this section represent a 

relevant step in a CFD-based investigation of aortic fluid dynamics.
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Fig. C4.11 Peak (peak systole) wall shear stress distribution
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According to the computational results of this section, the descending aortic flow in the 

porcine model employed is characterised by a skew that concentrates high velocities mainly 

in the posterior-right quadrant for most of the cardiac cycle, with diphasic exit profile during 

deceleration and oscillating exit profile during diastole, in both sagittal and coronal views. 

Secondary motion is represented by two counter-rotating vortices during deceleration and a 

helicoidal swirling motion in the outer layers that extends to the rest of the lumen during 

diastole.

The pressure drop across the model follows a physiologic pattern with fringes caused by 

the axial vortices and has a peak value of around 2.5 mmHg.

A flow-balanced maximal power loss index (A) was defined, whose value is 0.31 mJ/cm® 

in this case.

Wall shear stress principally acts longitudinally but is affected by the swirl starting from 

the deceleration phase. The highest values are registered in the posterior region with an 

intensity of around 4.7 Pa, mainly axial. The minimum value was 0.6 Pa.
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MRI-based FSI models 
of reconstructed 
aortic arches with 
active afterload

Using a fluid-structure interaction (FSI) approach 
in modelling repaired blood vessels provides an 
opportunity to study the effects of different materials 
interacting with the native tissues. Furthermore, when 
FSI is coupled with the MRI-based reconstructions, 
the geometry of the surgical repairs can be 
accounted for and rendered in good anatomical 
detail. A multiscale technique is used in this chapter 
to mimic the physiological active afterload. This 
grants the possibility of looking at variations induced 
in peripheral districts by the different aortic arch 
reconstructions.
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C5.1 Introduction

Surgically reconstructed configurations of the aortic arch and proximal descending aorta are very 

complex haemodynamic and structural systems, in which the blood flow interacts vwth tissues of 

different mechanical properties and moves inside a three-dimensional and asymmetric anatomy, itself 

subject to movement and deformation.

The possibility of taking into considerations all these different aspects is potentially provided by the 

FSI approach. Difficulties arising in the formulation of an FSI model of such complexity as the one 

described have mainly to do with the identification of appropriate boundary conditions, and generally 

with the commercial availability of limited computing power. These issues lead to the need of accepting 

a certain number of approximations at the current stage, but do not prevent us from reaching clear and 

well-founded results.

This chapter describes the outcomes of FSI simulations devised for the direct comparison of 

different surgical techniques used in the reconstruction of the aortic arch and proximal descending 

aorta. The use of an open lumped parameter net (LPM) for the imposition of outlet conditions on the 3D 

models (3DM) provides the system with an afterload stage able to react in an active way to the 

variations occurring from one type of model to the next. It also allowed us to look into the influence of 

localised changes on the haemodynamic conditions of peripheral districts.
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C5.2 Multiscale models

A system of ordinary non-linear differential equations is solved for the LPM by a FORTRAN 

subroutine while at the same time a finite element software solves in the 3D1VI the Continuity and 

Momentum equations for the fluid and the wall dynamics equations.

As the LPM and the 3DM do not form a close circuit, boundary conditions are necessary for the 

two subsystems {Fig. C5.1). In particular we gave a Drrichlet condition on the inlet of the 3DM and a 

baseline præsure for the LPM, as detailed later in this chapter.

C5.2.1 Three-dimensional models

3DM for a healthy subject {HUW - Fig.C5.2), for the E/E repair {Fig.C5.3), for the GGI repair (GG/-S - 

Fig.C5.4) and for the GPGA repair (Fig.C5.5) were created. Another model not including sutures was 

generated for GGI {GGI - Fig.C5.6). All of these 3DM include compliant wall {Fig.CS.T) with inserts of 

different materials representing the arterial wall, the Gore-tex graft and the suture lines.

Mechanical pmperties

Values of aortic wall properties as found in the literature (Young modulus: O.TMPa; density: 

1000kg/m®)’ could not be used for these models. The reason for this is, that, based on preliminary 

simulation trials, the mathematical coupling between solid and fluid equations seenns to become too 

strong, the numerical algorithm strives to solve the system also for very small timesteps (lO'̂ s), and 

computational time grows to be impossibly long.

We therefore used a Young’s modulus of 7MPa and a density of 10OOOkg/m®. The tissue is quasi- 

incomprœsible, with a Poisson ratio of 0.45. The Gore-tex properties were found in literature ,̂ but the 

density was again increased to 10000kg/m .̂ The elastic modulus is SOMPa and the Poisson ratio 0.3. 

The suture properties result from homogenisation (chapter 03) of the aortic wall and thread 

characteristics (Prolene 6.0)̂ , and take into account the type and the number of suture stitches 

normally employed (25 running suture stitches). The elastic modulus used is 105MPa, and the Poisson 

ratio 0.3. The density is again 10000kg/m® See Fig. 2.6. Blood is a Newtonian fluid with a density of 

1060kg/m® and a viscosity of 0.003Pa s.

The change of mechanical properties in the tissues modelled implies that absolute values of 

displacement, strain and stress will not be valid approximations of the real ones. Nevertheless, since 

the mechanical properties, however wrong, do not change from one model to the next, acceptable 

predictions should be obtained by comparison of the different set-ups.

Geometry

The geometries of aortic arch and descending aorta are also the same for all models. This 

approach was chosen in order to set aside all diversities that might derive from specific individual 

anatomies. This study is devised as a comparison between possible outcomes of different surgical
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Fig. C5.3 Three-dimensional model of aortic arch and descending aorta

with E/E repair. Suture line mesh shown in the bottom image.
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Fig. C5.4 Three-dimensional model of aortic arch and descending aorta with GGI-S repair. Suture and 

Gore-tex graft meshes are shown in the bottom images.
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Fig. C 5.5  Three-dim ensional m odel of aortic arch and  descending aorta

with GPGA re p a ir . Gore-tex patch  m esh shown in the bottom image.

179



C5. MRI-based FSI models of reconstructed aortic arches with active afterload

iLU U i-M -' -T I 1 ■ ' ; :

Gore-tex graft

Fig. C 5.6  Three-dim ensional m odel of aortic arch and  descending aorta

with G G I re p a ir . Gore-tex graft m esh shown in the bottom image.
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Fig. C5.7 Linearised mechanical properties used for the 3DM.

corrections on the same patient. The anatomical model was derived from an MRI dataset obtained from 

a healthy 40kg sow of Danish breed.

In order to simplify the model and make the use of FSI possible, the common carotid and 

subclavian arteries were not included. The overall geometry is therefore that of an irregularly shaped 

pipe, bent in three dimensions. The wall thickness is a constant, equal to 1.6mm.

Boundary conditions

Boundary conditions on the fluid domain of the 3DM are an inlet velocity waveform (Dirichlet 

condition) and a variable outlet pressure actively calculated by the LPM (see background sections B4.6 

and B4.7).

The imposed velocity waveform was obtained from the same animal dataset as the geometry. The 

velocity measurement actually corresponds to the end of the aortic arch and not to its start. Although 

during the MRI scan we also acquired the velocity waveform in the ascending aorta, we decided to use 

the distal arch one as inlet condition. The reason for this was to assign an average flow through the 

operated areas that is consistent with the physiologic one. Given that the brachiocephalic vessels 

(which drain about a third of the cardiac output) were not included in the model, if we had used the 

ascending aorta waveform, we would have largely overestimated the descending aortic flow in our 

model. Only the axial velocity component was used here, since we assumed that the presence of the 

arch would create an acceptable degree of secondary motion in the distal arch and descending aorta. 

The imposed profile is flat, as it is likely to be (approximately)in the proximal ascending aorta^  ̂and 

corresponds, at every instant, to the average velocity on the inlet section. This choice avoids errors 

deriving from imposing in the ascending arch a skewed profile, which is typical of the proximal 

descending aorta.

Solution strategy

The fluid motion and the wall dynamics are solved with a coupled iterative fluid-structure
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interaction (FSI) scheme (see background section B4.5). The wall and the fluid meshes are fixed axially 

at both ends of the 3DM. The number of mesh elements is around 45000. For the solution the 

commercial software FIDAP (Fluent Inc, Lebanon, NH, USA) was used.

C5.2.2 Lumped parameter active afterload

Baitding blocks

The LPM includes 9 blocks accounting for districts of the systemic circulation {Fig. C5.7 and Fig. 

C5.8).

The lumped parameter net used in this chapter is a section of the one used in chapter C6 where 

details of its development are given. Here the LPM is however scaled so that it reproduces the 

characteristics of a typical 3 year-old child (weight: 14 kg, height 0.95 m, BSA: 0.59 n f , CO: 1.71/min, 

Aortic pulse: 109/68 mmHg). The subject was thus chosen, in order to match the measured CO and 

obtain realistic pressure values..

The net has here primarily the function of providing the 3DM with an active afterioad that 

approximates the physiological one. Different local haemodynamic conditions affect the input of the 

net. The net therefore calculates different waveforms in the distal circulatory districts, which in forn are 

fed back to the 3DM through changes in its outlet pressure boundary condition.

Bountiary conditions

The inlet boundary condition to the LPM is the flow leaving the 3DM. This flow is evaluated by 

numerically integrating the velocity profile on the model outlet at every tim^tep.

The outlet boundary condition on the LPM is a fixed pressure of 4mmHg corresponding to the right 

ventricle seen as an infinite reservoir located at a suitable hydrostatic altitude. Although this pressure is 

fixed, the upstream variables are free to change in time, since the net is made up of a sufficient number 

of active stages. Assuming tfre rigfff atrial pressure to be constant is a very acceptable approximation 

anyway, also from the point of view of normal physiology.

initiai conditions

The initial conditions are particularly important in Ihe set-up of this type of simulations, because the 

very severe time-cost of the numerical solution binds us, with the current technology, to simulating only 

one cardiac cycle. This means that there is no way for the combined system to reach a global 

convergence after a few cardiac cycles.

Imposing a set of initial conditions that very closely resemble the convergence solution at the start 

of the cardiac cycle is the best way of ensuring that the solution obtained in the first cardiac cycle is as 

simitar as possible to the convergence one.

We estimated this s^ of values by running simulations of 15 cardiac cycles on the LPM alone, 

giving as inlet condition a flow curve similar in values and timings to the inflow of the 3DM, We then 

took the final end-diastolic values of the LPM state variables as initial conditions for the afterload net

1S2



C5. MRI-based FSI models of reconstructed aortic arches with active afterload

Right
atrium

Inferior
Vena

_£âïi_

RC
Internal
organs

Veins
RCL

Lower
body

1

Velocity profile

Three-dimensional
model

Thoracic
aorta

AbdmnI
aorta

RCL

Femoial
artery

RCL

-ower b 
arteries

RC

F i g .  C 5 . 8  B l o c k  d i a g r a m  o f  t h e  L P M  a f t e r l o a d  

( R :  v i s c o u s  r e s i s t a n c e s ,  C :  c o m p l i a n c e s ,  L :  i n t e r t a n c e s ,  U :  p r e s s u r e  g e n e r a t o r s )

Then at least two main assumptions were needed for the initial conditions on the 3DM. First, 

the end-diastolic geometrical configuration should be similar to the configuration we obtained 

from the MRI images. This is reasonable because the expected maximal deformation in the 

cardiac cyde is only a few percent anyway, and because the MRI angiography portrays an 

average configuration during the heartbeat, which is biased towards the diastolic configuration, as 

diastole lasts longer. The second assumption is on flow. Blood speed would have to be fairly low 

along the whole vessel, but again, this is quite reasonable, because at end-diastole the pulse 

wave would have left the computational domain and the flow would have reached a quasi

constant and low-speed condition throughout.

What could not be guaranteed is the initial shape of the velocity profile. However, given the initial 

conditions, we set the FSI algorithm to solve the associated Stokes problem (in which the non

linear advection term in the momentum equation is neglected) on the whole fluid domain first, and 

then to use the results of this as initial condition for the velocity field at the start of the actual 

simulation. This preliminary step at least avoids starting computation with an empty 3DM or with
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completely Still blood.

C5.3 Results

Multiscale simulations (maximum Reynolds: 500 ca) coupling the 3DM and the LPM were run 

for one cardiac cyde. The results we obtamecf are in terms of flow and pressure curves in the 

compartments of the LPM, while for the 30M part we derived the flow field, pressure. Shear 

stresses and wall strœses

C5.3.1 Flow flotd

Visualisation of the computed velocity fields shows some important differences among 

the various models presented. These differences are exclusively dependent on the material 

properties of the wall. In fact no other param^er was varied between one model and the 

next. The tissue characteristics influence both directly and indirectly the blood motion: 

directly by providing localised wave reflection s it^  and tracts of l̂ æs compliant boundary for 

the fluid; indirectly by modifying the outlet flow and consequently the boundary condition on 

LPM, which in turn generates the outlet pressures for the 3DM.

It is important to remember that, although the differences are quite clearly appreciable in 

the model configurations created here, they would probably become even more significant, 

were the tissue mechanical properties to reflect the real ones more closely. In particular the 

higher wall density hinders wail motion by increasing its inertia, and the greater stiffness 

given to the aortic tissue definitely lessens its deformability. Especially this latter aspect must 

have serious consequences because the greatest strains (and stresses) occur right at the 

tissue interfaces, given the much more compliant behaviour of native aorta (see also chapter 

G6).

Although local defcwmation a t the tissue interfaces is lilrely to play e  role in the formation 

of velocity “jets” across the stiffer sections (chapter C6), increased local axial speed in the 

circular repairs compared with the control or GPGA is seen nevertheless. This is perfectly in 

line with experimental results by Verdonck’s group® that show intensification of measured 

Doppler velocities in aortic phantoms ringed with stiffer materials. Possibly this result would 

stand out even more if it had been possible to use at least a correct Young's modulus for the 

aortic tissue.

Another important outcome in the comparison of the surgical techniques we have taken 

into account is the evidence of a higher flow disturbance in Gore-tex interposition than with 

other repairs.

A detailed description of the local flow fields is found next. The graphs to which reference 

is made in the course of such descriptions represent mid-sagittal (top) and mid-coronal
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(bottom) sections in the odd-numbered figures, and transversal sections cut across the 

model at half height in the even-numbered figures. The letters Identifying the cardiac phases 

are defined in the same way as in chapter C4.

HUW {Fig. C5.9 and fig. C5.10)

in early systole the velocity profile is skewed towards the inner curve along the arch. However 

the exit profile is flat At systolic peak veiocitiœ are generally higher but no great alteration in the 

pattern appears. It is at phase c (deceleration) that things start to change: a skew develops 

especially in the lower half of the model. Furthermore, whilst the flow iS skewed towards the inner 

curve in the ascending aorta, the skew is markedly posterior near the outlet. In is possible to see 

flow detachment near the frontal wall in the post-ductal region. In phase d , velocities are low near 

the frontal wall of descending aorta and the exit profile appeare slightly bicuspid in the sagittal 

view. In version is negligible. Starting from phase e and through diastole velocities are 

everywhere low.

In the coronal plane, the exit velocity profile appears definitely bicuspid in d, with high values 

near the walls and a central window of low speed. The diastolic flow is slightly skewed towards 

the patient's right.

In the transversal view, the secondary motion looks particularly intense in instants c and d, 

with formation of two counter-rotating vortices separated along the antero-posterior plane. The 

intensity and pattern definition increases going from c to d, while the axial speed decreases. This 

configuration ultimately turns into a single counter-clockwise slow-rotating vortex (0, persisting 

through diastole, especially near the centre.

ElE {fig. C5.11 and Fig. €5.12)

The general aspect Is similar to the HUW case. At instant c, the recirculation in the post-ductal 

flow detachment area is more defined. In the exit region the secondary motion appears stronger. 

This effect persists in phased, where It gerrerates an almost tricuspid outlet profile. At instant e, 

there is flow reversal near the walls In the descending aorta. This complec pattern is preserved 

during diastole and ultimately produces a flow profile skewed towards the posterior wall even In 

the last phases of the cardiac cycle, where recirculation at the anterior wall is also present.

In the coronal view, the bicuspid outlet profile at d is present also In this configuration. Some 

flow reversal is visible during phase e also hr this view, but it is not confined only near tfre wall. It 

rather appears to fluctuate along the exit section. In diœtole a bicuspid patter is also shown in 

this plane and vel ocities tend to be higher than In H UW. The transverse motion is most similar to 

the one already described for HUW above.

GGI-S {Fig. C5.17 and Fig. C5.13)

A general remark about this model is that tfie flow field appears more complex, particularly in 

diastole.

In frame b and c higher velocities are registered than in HUW or E/E.. The post-ductal flow
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separation area is well defined, and likewise the skew towards the backwall. During deceleration 

phase d, some streams of flow originating from the post-ductal separation area accelerate 

towards the outlet, whilst the separation area enlarges and etarts to occupy the centre of the 

vessel. This parallel movement gives rise to a  singularly shaped bicuspid profile. During flow 

reversal the velocity field is extremely complex. In the distal region flow is reversed near the wall 

and also near the vessel axis. In the post-ductal area blood is drawn from the slow-moving 

separation area and funnelled in a comparatively strong upsfream current along the Gore-tex 

interposition midline, which also sucks in fluid from the distal region. The remaining blood inside 

the Gore-tex graft almost stops. Due to this motion, even the ascending aortic tract is affected 

and a recirculation starts in proximity of the upper wali. This very slow and incoherent vortsc 

resolves in the next phase (f) although the lines of flow do not regain a parallel motion yet. An 

area of slow recirculation fills the centre of the post-ductal region while flow starts moving 

downstream near the wall. This motion generates a tricuspid profile at the outlet, still preserving a 

skew towards the posterior wall. Before the end of the cardiac cycle, although velocltiœ decrease 

consistently, sparse recirculation can be still appreciated in the distal portion of the model.

In the coronal vieŵ  the complexity of phases e and f is re-affirmed. The main upstream 

current through the repair site appears wide and coherent. It generates a recirculation in the 

centre of the vessel, more distally. Lines of flow escape towards the outlet on both sides of it, but 

those on the patient’s rigtit cross over to the left hand side and partly join the recirculation. On the 

patient’s right, a backward motion is wsible distally along the wall. The outlet profile is penta- 

phasic and characterised tiy secondary cxamponents, especially on the patient’s left.

In the transversal plane most features of the HUW and E/E are retained here, but, secondary 

velocities are generally higher and vort©( permanence is longer.

GPGA {Fig. 05.15 and fig. 05.16)

The flow pattern In the GPGA case is Intermediate between the GGI and HUW ones. The 

velocities are generally low, though, and the secondary components almost seem to 

disappear completely, especially in diastole.

The ejection phases correspond closely to the GGI case, although, particularly at c it is 

evident that the current speed is greatly limited with respect to any other setting. The 

enlargement of the post-ductal separation area and the acceleration of some lines of flow 

originating at the frontal wall are a recognisable feature of GGf. Starting at flow reversal (e) 

and through diastole, velocities become extremely low in both the sagittal and coronal 

planes and the flow profile almost flattens.

In the transversal view the main counter-rotating vortices of the systolic phase are 

present even though only just appreciably. The dïætolic counter-clockwise motion is 

practically lost.
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Fig. C5.14: Secondary velocities in the GGI-S model
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Fig. C5.18: Secondary velocities in the GGI model
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Fig. C5.19: Comparison of vortex permanence time 
in the sagittal and coronal planes

GGI {Fig. 05.17 and Fig. 05.18)

This case bears much resemblance to the GGI-S one already discussed. We plotted the 

vectors slightly longer in Fig. C5.7 7 than in the other images of the series, so that the GGI(-S) flow 

pattern could be appreciated, since it is the most complex one,

Based on the descriptions of these different flow fields , the most relevant flow 

disturbances appear to be located in the descending aorta, and frequently distal of the repair 

sites. These disturbances mainly consist of flow detachment from the walls, recirculations and 

retrograde flows. An area of slow recirculation is present in all models at the anterior wall in the 

post-ductal area. This is probably due to the specific anatomy used. Nevertheless this effect is 

somewhat increased by the presence of ring-like repairs (E/E or GGI). These same types of 

repair also have the effect of increasing the flow speed, as already mentioned. Putting the 

repair techniques side by side, it appears from a mere analysis of the velocity vector field that 

GPGA generates less flow disturbance than E/E, and in turn E/E generates less flow 

disturbance than GGI(-S). Vortex residence time in the post-operative models can be a 

measure of the disturbance caused by the surgical inserts {Fig.05.19). In E/E vortices arise 

just after the deceleration phase (small post-ductal vortex), expand during deceleration and die 

out at flow reversal. In GGI(-S) models vortices also commence after the deceleration phase as 

a small post-ductal vortex, but they develop greatly during deceleration and  flow reversal, and 

then slowly disappear in late diastole. The overall vortex endurance is definitely longer in GGI. 

Also the vortex intensity and extent are much greater in GGI(-S) than in any other configuration 

. On the contrary GPGA seems to have the effect of decreasing all sorts of vortex activity (in all 

planes) and to lower the velocities in general. It would be very interesting to investigate further
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into this aspect when it becomes possible to run simulations of this sort with the correct 

physical properties for the modelled materials.

C5.3.2 Pressures

Blood pressure in the 3DM is calculated backwards along the model starting from a base 

pressure imposed on its outlet by the LPM. The value of this pressure in the various sections of 

the aortic arch and descending aorta depends, apart from this base pressure, also on the 

degree of pressure drop generated by the different models and on the amount of blood 

flowing through the control volume.

Fig. C5.20 compares the pressure waveforms at the 3DM inlet section (corresponding to 

the ascending aorta somewhat distal of the sinus of Valsalva), as computed for the various 

settings. It appears from these graphs that there is a small difference between two groups of 

models: in fact GPGA and GGI seem to be characterised by slightly higher ascending aortic 

pressure then HUW, F/F and GGI-S.

The explanation of this effect lies in the evidence of greater wall deformations near the 

inlets of the models that present higher pressures compared to the others {Fig. C5.21). This 

evidence has haemodynamically a twofold Implication. First, it is known from Hydraulics that in 

pipe sections of larger diameter fluid speed is lower and pressure is higher: this fact is not 

really significant here, however, since velocities imposed on the inlet section are the same in 

all cases. Second, and more important: since inlet velocity is imposed as Dirichlet condition, 

rather than flow, an expansion of the inlet cross-section implies a proportional increase in flow 

{Fig. C5.22). This second effect, and the only reasonable one, provides the immediate 

explanation for the pressure difference.
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Fig. C 5.20: Com parison o f ascending aortic pressure in the different m odels
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Fig. C5.21: Comparison of the inlet cross-section variations 
during the cardiac cycle for the different models

The extra blood volume flowing through the 3DM, augments the average flow input into the 

LPM. The active afterload reacts to this increase in inflow by generating higher pressures 

across the net and ultimately imposing a higher base pressure on the 3DM outlet. This 

explanation is confirmed by the fact that, following a transitory phase (early systole), the 

pressure difference between the two groups of simulations remains essentially constant. It 

corresponds, as expected, to the general increase in mean blood pressure in the system.

Pressure in the femoral artery is shown together with the thoracic aortic one in Fig. 5.23 for 

the various configurations. As it is evident from visual inspection the differences between

<?
[ml/s]

90 

80 i 
70 I 

50 I 
50 

40 ; 

30 - 
20 1 

10 4 

0
-100:0

E/E
GGI-S
GPGA
GGI
HUW

0.2 0.4 0.6

Fig. C5.22: Comparison of the outlet flow waveform
in the different models
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Fig. C5.23: Comparison of the femoral arterial and thoracic aortic 
waveforms in the different models

one model and the next are very small. The femoral waveforms are consistent with physiology, 

in the sense that they possess peaks that are slightly higher than the corresponding aortic 

ones and have a delay with respect to them depending on the wave propagation inside the 

circulatory tree.

The radial arterial waveform could not be plotted against the femoral one, because upper 

body compartments were not modelled in this type of simulation. The comparison between 

radial and femoral pressures could have been interesting in the light of the clinical practice of 

monitoring their difference as an index in the diagnosis of CoA. This aspect will be taken into
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account in the next chapter, where models including both districts are presented. Here we can 

at least show that post-operative femoral pressures are similar in all models,

C5.3.3 Local pressure drop

An important index in the evaluation of arterial constrictions Is the local pressure drop, 

also found, in the medical literature under the name of trans-stenotic pressure gradient This 

parameter was also discussed earlier in section C4.4.2. From the graph shown in fig. C5.24 it 

is evident that the local pressure drop varies during the cardiac cycle. The use of a  sixth-order 

polynomial fitting curve helps enhancing the main characteristics of the tracing. The pressure 

wave generated by the heart reaches first the prodma] measurement site and than the distal 

one. By measuring the pressure at both ends of the stenosis simultaneously it is shown that it 

peaks at the proximal section first and at the distal one later. This means that when the distal 

pressure reaches Its maximum the proximal one has already started decreasing. This 

generates a negative pressure drop that is responsible for the flow deceleration in the second 

half of the systolic phase. Any secondary peak produces a similar effect and the existence of 

“bumps” in the pressure drop waveform corresponds to oscillations in the pressure tracing. 

The flow waveforms closely reflects the cyclic variations in pressure drop.

The general shape of the calculated local pressure drop across the repair site is 

physiological (see section C4.4.2).

Comparing the results for the different models (see Fig. 05.25) it appears that the 

absolute values of pressure drop across the repair site are similar in all settings and show no 

particular diversity from the control case. There are minor differences in secondary peaks.
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0.6 0.60.2
t

ts]

fig . Cb.24: Example of local pressure drop wavefam and sixth-order 
potynomiai fitting. HUW case shown.
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Fig. C5.25: Comparison of local pressure drop waveforms in the different models.

particularly at the absolute maximum, at the beginning o f the pressure-reverse phase and in 

mid-diastole. The repair that appears to  be more sim ilar to  the HUW standard is E/E. The ones 

showing greater differences are GGt and GPGA, and especially GGI.

C5.3.4 Power losses

The hydraulic power losses occurring in the  3DM were calculated fo r all types  of models. 

The flow-balanced maximal power loss index A  was defined in equation C4.4.3.3. This index is 

suitable for the com parisons of these models: a lthough the inlet flow  is im posed, the maximum 

power loss can occur at different tim es and with different instantaneous flows in different 

models. Furthermore, using this index makes it easier to  compare the results shown here 

particularly with those presented later in chapter C6.

The calculated values of A in the different conditions modelled are plotted in Fig.C5.26. 

Com paring the results, it would appear that the best-perform ing technique is E/E, on the basis 

of a better sim ilarity with control HUW. The highest power loss is generated in connection with 

the patch repair GPGA. Both models of the GGI reconstruction are intermediate, but the 

presence of the  suture lines seems to  have the  effect of increasing dissipation. It is im portant 

to stress, however, that all differences are quite s ligh t and do not exceed 4%.

Although the definition of power loss used in this work only directly involves physical 

quantities (like pressures and flows) that are strictly related to the fluid portion, m odifications of 

the mechanical properties of the wall definitely have an ind irect impact. This im p lies a caveat in 

using non-com pliant m odels for the evaluation of energy dissipation in cardiovascular 

environment. In relation to this, it is im portant to  keep in mind that the wall
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Fig. C5.26: Comparison of power loss in the different models.

characteristics used for the 3DM of this chapter are not perfectly physiological. The wall is 

heavier and stiffer than in reality and this is likely to play a role in this context. Comparison with 

different simulations including correct wall density and Young modulus, as the ones found in 

chapter C6, can help shed light on this point.

C5.3.5 Wall shear stress

Calculated WSS patterns are reasonably similar in the different models {Rg. C5.27 - Fig. 

C5.31).

The high WSS areas are generally concentrated along the distal inner curvature of the 

arch. In particular a line-shaped region at the centre of the arch and a larger spot on the 

patient’s left next to the midline are interested try this phenomenon. Shear stress concentrates 

in these areas mostly during late systolic acceleration, but the onset is anticipated by around 

0.04 s in repaired conditions with respect to HUW. The local stress concentration fades a w ^  

during the second part of the deceleration phase in all cases. Tfiere is another area of high 

WSS that is found at the patient's right side of the ascending aortic wall. This is not present in 

GPGA. Its onset occurs during the early deceleration phase, later in EJE and GGf than in HUW 

(by about 0.04 s) . The duration of this event is almost four times longer in E/E and GGJ than in 

HUW.

The main area of low WSS is found at a slight protrusion of the anterior wall of descending 

aorta, in correspondence of a flow recirculation area. Another smaller low WSS

203



C5. MRI-based FSI models of reconstructed aortic arches with active afterload

WSS ( P a )

1 - 0 . 3 7 3 E  + 01  

- 0 . 3 2 9 E + 0 1  

- 0 . 2 8 5 E + 0 1  

1 -0 .  2 4 1 E + 0 1  

0 . 1 9 7 E + 0 1  

r -0  . 1 5 3 E  + 01 

h o . 1 0 9 E + 0 1  

0 . 0 6 5 E + 0 1 iiil

Fig. C 5 .2 7  Peak (peak systole) w all shear stress in the H U W  m odel
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Fig. C 5 .28  Peak (peak systole) wall shear stress in the E/E m odel
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Fig. C 5 .29  Peak (peak systole) wall shear stress in the G G I-S  m odel
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Fig. C 5.31  P eak (peak systole) wall shear stress in the G G I m odel
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area is likewise found in a minor protrusion of the posterior wall a little distal of the former one.

The direction of the WSS vectors is mainly axial, but the effect of the hélicoïdal flow is 

clearly visible especially in the proximal part of descending aorta. In this area the vectors take 

on a hélicoïdal direction themselves and appear to be swirling around the vessel wall.

The maximum registered values of WSS are 4.2 Pa for HUW, 4.3 Pa for E/E, 4.5 Pa for 

GGf-S, 4.6 Pa for GPGA and 4.7 Pa for GGf. The lowest values never during the cycle exceed 

2. t Pa in HUW and E/E, 2.0 Pa in GGf-S, 1.5 Pa in GPGA and 1.3 Pa in GGf.

C5.3.6 Stress inside the wall

The quantitative evaluation of the stress patterns in the aortic wall can only be approximate 

with the models presented in this chapter. The reason is the imprecise characterisation of the 

aortic tissue, that was made both more rigid and heavier for the sake of reducing the 

computational load.

Due to the higher density and stiffness modulus utilised, the aortic wall has here an 

increased inertia that limits its motion, and a decreased ability to deform under applied 

external forces. In linear elastic materials as the ones used for all the tissues included in the 

3DM, the internal stresses are directly proportional to the deformations, and for this reason the 

absolute stress values calculated here are not assumed to match the actual ones. As a 

consequence of linearity, however, we may expect that at least the location and, to a certain 

extent, the relative intensity of stress concentration will be representative.

Furthermore, since the mechanical properties, however wrong, do not change from one 

model to the next, the geometries of aortic arch and descending aorta are also the same for all 

models, and all models are linear, acceptable predictions should be obtained by comparison 

of the different set-ups even in the case of wall stress.

Fig. C5.32 to Fig. C5.36 show von Mises stress distribution in the aortic wall for alt of the 

modelled cases. As a general observation the highest concentration occurs on the patient’s 

left side of the vessel, particularly in the frontal area and approximately for the whole vessel 

length. In the control case HUW it is possible to note that the isthmus region is characterised 

by a relative attenuation of this main stress concentration. The effect of suture lines in this area 

enhances this trend by increasing the stress concentration right by the sutures and unloading 

the surrounding tissue (especially in E/E) by a shielding action. The stress concentration at the 

suture appears to be quite severe. Mo shielding appears to derive from the use of Gore-tex 

alone as in GGt and GPGA, but this may depend on the comparatively small difference in 

stiffness between the native tissue used here and the Gore-tex (compare results in chapter 

C6). On the contrary, in these same two models stress concentration seems to be strongly 

increased near the ascending aortic root (see section C5.3.2 above).
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High stress in this area is found to a lesser extent also in the other settings. Other regions of 

stress concentration occur on the right side, especially along the posterior wall in 

correspondence of wall indentations and near the outlet (for comments on this see next 

section C5.3.7).

C5.3.7 Wall deformation

In a similar way as it happens for the wall stresses it is also impossible to consider as 

correct the absolute values of wall displacements and deformations. These are generally 

expected to be larger than the ones calculated with the present models.

However invoking the model linearity we may still compare the wall displacements 

between one case and the next.

It is natural to expect that the circular repairs will constrain wall expansion under the blood 

hydrostatic push more than the patch. Circular bands of stiffer materials can in fact enforce a 

ringing effect on the vessel In a much more effective way by limiting outward radial motion in 

all direction. The patch only makes one side of the vessel stiffer and therefore expansion is still 

allowed along most of the circumference.

Simulation results are shown in Fig. C5.37. These results refer to the phase of maximal 

expansion in which the ringing force also reaches a maximum.

HUW shows the normal displacement pattern. Deformation is very small in the ascending 

aorta and along the arch of aorta. Starting from the isthmus area displacement vectors very 

gradually and smoothly increase until they reach a maximum on the outlet section. Apparently 

wall displacement occurs more posteriorly than in any other direction. This may not be 

completely true in a normal anatomical environment due to the possible restraining action of 

the spine and intervening soft tissues. We can anyway believe that the posterior one is the 

preferred expansion direction, since the back wall receives the main kinetic load from the 

incoming skewed systolic flow. The fact that the maximal displacement values are reached on 

the outlet section may depend on the displacement boundary conditions imposed, which do 

not limit movement in the radial direction. This could be avoided by adding an exit tract of the 

same tissue properties as the native aorta, which would naturally solve the problem. This is 

surely an implementable improvement for future models of this kind. More likely, displacement 

would plateau to some slightly lower value a little before the outlet. If this is true stress 

concentration in this region would also be affected (limited).

As expected GGI(-S) impose a strong constraint on wall displacement whose values are 

decreased particularly in the isthmus area. The effect of E/E is visible but mild. GGI and 

especially GPGA increase deformations at the ascending aortic inlet.
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Conclusions

This chapter was conceived as an investigation of the interrelationship between anatomy, 

tissue mechanics and haemodynamics. The difficulty of the aim unfortunately imposed 

strong limitations in the actual implementation of the models. In particular the native wall 

density and Young modulus had to be greatly approximated. On the linearity of the models 

we based the assumption that a comparison between different cases would yield useful 

information, in spite of the limitations.

The model formulation is very modern and includes MR-based geometry and inlet 

condition (average velocity), fluid-structure interaction and an active afterload imposed with 

multi-scale computation techniques.

The calculated flow field on the outlet section reflects very closely the one measured and 

described in chapter 01, and the one calculated in chapter 04. This confirms that imposing 

secondary motion and a perfect axial profile as inlet conditions is not absolutely necessary in 

the present circulatory district.'* This fact may depend on the presence of the arch that 

generates secondary flows automatically. The flow field in the descending aorta comprises 

the posterior skew and the crossing fast stream from the anterior to the vessel centre (early 

deceleration) that were also found in the model of chapter C4. The main difference between 

the models of these two chapters lies in the fact that the skew is not only posterior but also to 

the right in the model of chapter C4. This must depend on some difference in the inlet 

velocities imposed and may derive in C4 from events occurring upstream, notably the 

branchings corresponding to the brachiocephalic vessels (that are not included in C5). 

These have indeed been reported to have the effect of generating an asymmetry in distal 

aortic arch flow.®

Evidence was found that ring-like repairs increase velocity whereas GPGA appears to 

limit it. At least the former finding is confirmed by measurement (chapter C l) and literature 

data®. Furthermore there is evidence that vortex presence is more intense in GGI. Secondary 

motion is similar to the measured one and the calculated one (chapter 04), is enhanced by 

GGI and decreased by GPGA.

The pressure drop along the models is similar in all settings and have a maximum 

systolic value of 4.2 mmHg, which is consistent with chapter 04.

The power loss index is for these models In the range 0.51-0.53 mJ/cm®. The highest 

value corresponds to GPGA. GGI has an intermediate effect, while E/E generates power 

losses that are only slightly greater than in the control case.

High wall shear stress is concentrated at the inner side of the arch and in the proximal 

descending aorta. Minimum values are registered in local protrusions of the anterior wall. 

The absolute calculated values are in the physiological range, according to the literature.
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WSS vector direction is mainly axial but shows a swirling pattern in the proximal and central

tracts of the descending aorta.

Stresses inside the wall peak in a longitudinal strip on the patient’s left side of the vessel, 

particularly in the frontal area and approximately for the whole vessel length. There is stress 

concentration at the suture lines and apparently a concurrent shielding action that unloads 

the surrounding tissue in the isthmus in ring-like repairs. No shielding is present in GPGA , 

but rather a stress concentration by the ascending aortic root.

Wall displacement is found to be particularly restrained by E/E and GGI, due to their

ringing action, as would be expected intuitively.

It must be remembered that, due to the imprecise tissue characterisation, the absolute 

values derived from the calculations in this chapter cannot be completely relied upon (in 

particular those directly concerning the wall), but differences in the absolute values are 

expected to be of the same sign as the actual ones.
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Multiscale model of CoA 

and its repairs, 
and interaction with 

the rest of the body

The presence of aortic coarctation not only 
affects local haemodynamics, but also has 
important effects on the rest of the blood 
circulation, which may become life-threatening, in 
certain cases, and call for surgical repairs. The 
repairs themselves alter local wall and fluid 
mechanics, and so it is interesting to try and 
evaluate in what way and to what extent this 
happens. The use of a multiscale approach that 
incorporates both the local site and the rest of the 
blood circulation can help shed light on this type 
of interaction and on the system feedback.
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C6.1 Background

In order to acquire a global vision of the effect of a local pathological state in the proximal 

descending aorta and of aortic arch reconstruction, one should be able to consider the 

impact that these circumscribed anomalies have on the circulatory system as a whole. The 

task is a particularly challenging one, whatever clinical, in vitro or computational methodology 

we wished to employ. Particularly in the computational field it is a fact that none of the 

traditional approaches would be capable of bringing forth a satisfactory solution, mainly due 

to the insurmountable limitations of present day computational power.

Only high dimensional models (3D or axi-symmeric) could give a reasonable description 

of the localised variations in the models, thus enabling us to differentiate between them 

without making too many assumptions. On the other hand, building a solvable 3D model of 

the whole cardiovascular system is currently unthinkable.

A new approach, as the use of multiscale computing (see background section B4.7) 

provides a compromise and a way out. It allows high detail in the representation of local 

pathological or post-surgical conditions and an overall vision of the rest of the circulation.

Here the choice fell on axi-symmetric models (ASM) for the modelling of CoA and of the 

reconstructed aorta, and a lumped parameter network (LPM) for the rest of the body 

circulation.

C6.2 Multiscale models

A system of ordinary non-linear differential equations is solved for the LPM by a 

FORTRAN subroutine while at the same time a finite element software solves in the ASM the 

Continuity and Momentum equations for the fluid and the wall equilibrium equations.

As LPM and ASM form together a close circuit {Fig. C6.1), no boundary conditions are 

necessary, other than those exchanged between the two subsystems (see B4.7).

C6.2.1 Axi-symmetric models

ASM were preferred in this study for two main reasons. First, they are a good 

compromise between the need to provide proper spatial description of the variables of 

interest and to control computational time-intensiveness; second, they do not include 

subject-specific anatomy and limit geometric complexity, and this allows the effects of 

localised changes in shape and tissue properties to become isolated from other contributions 

and easier to analyse and compare.

ASM for a healthy subject {HUW), for two degrees of CoA {C0A6O and C0A8O), for the E/E 

repair and for the GGI repair {GGI-S) were created {Fig.C6.2). Walls are compliant {Fig.C6.3).
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In spite of our ex vivo assessments, the aortic wall properties are taken from the literature for 

the statistical considerations expressed in chapter C3. The value of 0.7 MPa for the elastic 

modulus was used  ̂ (McGiffin at ai. used 0.6MPa).^ The tissue is quasi-incompressible, with a 

Poisson ratio of 0.45. In the C0A6O and C0A8O models the stricture region has an elastic 

modulus of 1.07 MPa to take into account the higher stiffness of the fibrotic tissue. The Gore- 

tex properties were found in literature .̂ The elastic modulus is SOMPa and the Poisson ratio 

0.3. The suture properties result from homogenisation (chapter C3) of the aortic wall and 

thread characteristics (Prolene 6.0)3, take into account the type and the number of suture 

stitches normally employed (25 running suture stitches). The elastic modulus used is 

105MPa, and the Poisson ratio 0.3. The density is 1000 kg/m^for all solid tissues. Blood is a 

Newtonian fluid with a density of 1060 kg/m® and a viscosity of 0.003 Pa s.

For all models the length is 160 mm, the radius is 8.75 mm and the wall thickness is 

2 mm.

In addition to the models shown in Fig. C6.2, another GGI model was created, identical to 

GGI-S but with no sutures (substituted by aortic tissue). This is referred to as GGI model.
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GGI(-S),HUW C0A6O C0A8O E/E

W B

Fig. C6.2 Axi-symmetric models of the descending aorta. 

fW; vessel wall, B; blood, F; fibrotic tissue, S; sutures, G; Gore-tex)
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Fig. C6.3 Linearised mechanical properties used for the ASM.

Boundary conditions on the fluid domain of the ASM are in the form of inlet and outlet 

pressures that are calculated by the LPM (background section B4.7). The fluid motion and 

wall dynamics are solved with a coupled iterative fluid-structure interaction (FSI) scheme. The 

wall and the fluid meshes are fixed axially at both ends of the ASM. Mesh elements are on 

average 800. This value was chosen after sensitivity analysis; Fig. C6.4 shows some results 

for HUW. Outlet velocity profile was used to estimate error in the fluid computation, internal 

wall displacement for the structural part. A model of 800 elements was compared with one of 

400 (0.5:1) and one of 1200 (1.5:1). The 400-element model underestimates velocities in the 

boundary layer by up to around 20% and also spuriously overshoots in the adjacent layer. 

Errors in wall displacement do not exceed 1 % in this same case. Results for 800 elements 

and 1200 elements substantially overlap for both the fluid and structural parts.

Commercial CFD solver FI DAP (Fluent Inc, Lebanon, NH, USA) was used for the solution.
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Fig. C6.4 Examples of sensitivity analysis results.: peak systolic outlet profile (left) 

and peak systolic radial displacement along the wall (right).
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C6.2.2 Lumped parameter net

The LPM includes 25 blocks accounting for districts of the systemic, the pulmonary and 

the collateral circulations, and for the heart {Fig. C6.1 and Fig. C6.5).

The lumped parameter net is mostly derived from our previous work that, in turn, made 

reference to the literature®. The heart model has parabolic active curves for the ventricles 

(accounting for Starling law) and linear active curves for the atria. The passive curves are 

exponential in all cases. The net is completely parametrical and can be scaled according to 

the body surface area (BSA), as described later in this section.

The subject modelled is atypical 12 year-old child (weight: 40 kg, height: 1.50, BSA: 1.35, 

CO: 3.5 l/min. Aortic pulse: 110/68 mmHg, Radial pulse: 118/68). The subject was selected in 

order to match the weight of the sows from which other models in this thesis are derived and 

ensure comparability.

Three varieties of the LPM were created, with increasing abundance of collateral circulation: 

no collaterals (/VC), collaterals (C), many collaterals (CC). No lumped parameter block 

accounting for the collateral circulation was included in NC. For C and CC the differences 

were modelled by assigning to the more developed collateral circulation a smaller value of 

hydraulic resistance in the corresponding lumped parameter block. Each of these LPM 

varieties was coupled with each of the ASM in the MSG simulations. The LPM was solved 

independently of the ASM, to test its accuracy. In this simulation a lumped parameter RL 

block was used in place of the ASM. The circuit, being thus closed, did not require any 

boundary conditions. The predicted curves show good qualitative and quantitative similitude 

with literature measurements.

For the MSG simulations the inlet and outlet flows are given as boundary conditions on 

the LPM. Such flows are obtained as the spatial averages of the ASM solution on its outlet 

and inlet, respectively.

LPM parameters and differential scaling

Scaling is the technique of applying certain coefficients to the parameters governing a 

given system and transforming them according to changes in dimensions and/or shape. The 

scaling approach has been widely used to establish a correlation among adult subjects of 

different species, and only more recently was it employed to study the anatomical evolution 

of a subject during growth. This latest application is the one employed here.

Human body tends to grow without keeping the same proportions among its segments. 

This fact can be experienced by anybody in everyday life: children usually have larger heads 

and shorter legs compared to adults. This observation led us to leave behind all previous 

approaches to scaling, and to look for a more characterising fourfold set of coefficients, one
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set for each differently growing part of the body: the head, the torso, the legs and the heart. 

This method we named differential scaling.

Only a very brief account of this technique will be given here, as it is thoroughly explained 

in our Tesi di Laurea.*

The equations governing scaling are called allometric equations®. An allometric equation 

may be written in various ways, but all must relate the changes in the parameters to be 

scaled to an independent variable, which describes the growth of the whole body or of some 

part of it. Two are the most common possible choices applying to this purpose: the body 

mass and the body surface area {BSA). If we call X this variable, be it Wb or BSA, the 

general form of the allometric equation is:

Y = k ’ X "  C6.2.2.1

or, equivalently:

y = i 'o - C6.2.2.2

This second expression C6.2.2.2 has the advantage of substituting the constant A: with a 

combination of two known quantities, that is, the parameter value Yq at a reference value of 

X, i.e. X q.

If we are now able to express the evolution of a simple geometrical parameter (e.g. a 

length) as a function of the independent variable X, this done, we shall have the key to build 

the entire model. In fact, given the functional expression of the physiological parameters to be 

dealt with (say a hydraulic resistance), length will be, in general, part of this expression. If so, 

in order to obtain the scaling of the parameter, it will be sufficient to apply the length scaling 

as many times as the power with which the length enters the expression. The important 

underlying hypothesis is obviously that all quantities unrelated to length keep constant 

throughout. Things will appear more evident in the application below. For the time being, let 

us remember that it is paramount to be able to express correctly the relationship of length to 

X

At this point it seemed appropriate to introduce differential scaling: since lengths evolve 

in different ways according to the body segment considered, the scaling coefficients needed 

to relate these evolutions to a single variable X  will have to be different, since the value of X is 

a property of the body as a whole. As we said above, we could choose X  to be related, 

instead, to the growth of only a segment of the body. This choice would not unfortunately
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change things: this segment would grow differently from the other ones and so differential 

scaling should be used anyway.

In sum, in order to produce our set of scaled parameters we shall need in principle:

1 ) The functional expressions for the parameters to be scaled in the form:

Y, =  Y^l) C6.2.2.3

with i running down the parameters;

2) A set of equations like:

l j = l j { X )  C6.2.2.4

one for every body segment j  considered as growing independently.

These two groups of equations, combined in the appropriate way, will enable us to generate 

the complete set of exponents etj in expression C6.2.2.2, i.e. the scaling coefficients. 

Equation group (1) corresponds to the parameter expressions we talked about in section 

B4.6.2 By looking at those we can determine relative length powers. The exponents are 

shown in Tab. C6.1.

In equations C6.2.2.4 instead, we assumed parameter X  to be the body surface area

{BSA) and we tried to write relations of the form C6.2.2.2, in which Y and Yo are pure lengths

{Ij and loj). The fundamental data needed were:

a. The reference value Igj for they-th body section;

b. The reference value BSAo\

c. The law with which BSA varies during growth;

d. The laws with which /y vary during growth.

D C L Areas Volumes

-3 -4 +4 -1 +2 +3

Tab. C6.1 Length powers corresponding to the fluid dynamic 

And geometric parameters of a LPM
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Point (c) is a request for some correspondence rule of the form;

BSA = BSA(Age) C6.2.2.5

whereas point (d) required an expression like 2.16 or 2.17:

I j  = l j { A g e )  C6.2.2.6

I j  = I j {BSA) C6.2.2.7

Let us assume that C6.2.2.7 can be obtained in any case (e.g. by inverting expression 

C6.2.2.5 and substituting into C6.2.2.6). Point (a) and (b) did not have to be dealt with any 

further, since, given C6.2.2.5 and C6.2.2.7, reference parameters can be made out, according 

to their definitions, as:

BSAç, =  BSA(Ag6Q ) C6.2.2.8

Iqj = I j {BSAq)  C6.2.2.9

Expressions C6.2.2.8 and C6.2.2.9 now directly give two parameters of allometric 

equation C6.2.2.2 for length. The third and last parameter, i.e. exponent e,y, was be obtained 

using remaining expressions C6.2.2.5 and C6.2.2.7. This can be done in the following way:

hfirst of all let us build a pair of suitable dependent and independent variables, say —
h j

and ^SÀ respectively. This can be done right away by coupling C6.2.2.7 with C6.2.2.9 and

C6.2.2.5 with C6.2.2.8. Now, if we plot one against the other, we shall have a relation of the 

type:

I -  (  b s a '̂

BSA^
C6.2.2.10

which is exactly equation C6.2.2.2, provided we can assume function /  to be a certain 

unknown power of the independent variable. Under such hypothesis, the last step was to fit 

equation C6.2.2.10 with a curve of the power type, that is something like:
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y  = U ’ X  ̂ C6.2.2.11

If coefficient a  is approximately equal to one, b is the scaling coefficient for length.

The particular relations C6.2.2.5 and C6.2.2.7 used were found in the literature. We actually 

found four relations of type C6.2.2.5 and four of type C6.2.2.7, each being representative of 

one of the differently growing parts of the body that we identified. Only the scheme, on which 

differential scaling is based, was given here for completeness, since this technique was used 

in this work only to determine the parameters of the LPM corresponding to a 12-year-old 

child. Details of the actual relations used and of the allometric equation coefficients can be 

found in our Tesi di Laurea.

C6.3 Results

Multiscale simulations (Reynolds 1200-2800 in the ASM) coupling the ASM and the LPM 

were run for three cardiac cycles. The results we obtained are in terms of flow and pressure 

curves in the compartments of the LPM, while for the ASM part we derived the flow field, 

pressures, shear stresses and wall stresses and strains. Only the variables that we believe to 

be of interest for the clinical problem are presented here.

C6.3.1 Local flow field

The flow field looks differently in the various models. This is a first efect of the diverse 

local conditions met by the bloodstream in a normal, pre-operative and post-operative 

environment.

Generally speaking, haemodynamics appears to be appreciably affected by changes in 

both geometrical factors and wall mechanical properties. The latter, of course, entail also 

shape variations due to the different deformative behaviours of the materials included in the 

model, and this effect cannot be separated or considered independently. HUW is, in this 

respect, isolated from the other models, as it contains only one type of material and has a 

uniform geometry.. It is therefore a good standard of comparison not only from the clinical 

viewpoint (it is the analogue of a control subject), but also from the modelling one.

The images shown in this section depict the velocity vectors inside the ASM. However, 

the effect of changes in collateral circulation development (i.e. the interaction with different 

global circulatory conditions) are also taken into account. They prove to have significant 

influence on the local flow field, not only in relation to the sheer velocity magnitude but also to 

the shaping of the vector field.
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It is Important to notice that the top left graph in each image is not related to the specific 

simulation, but is just a uniform way of indicating the position of the snapshots in the cardiac 

cycle.

HUW

The uniform wall model outcomes represent a very streamlie motion with no particular 

disturbances or recirculations. Due to the frequency of the cardiac cycle the flow never 

develops completely and the velocity profile mostly appears slightly flattend.

There are differences arising from the degree of presence of collateral vessels, 

particularly in the flow reversal interval. A definite backward motion is detactable in the NC 

model {Fig. C6.6), where, at the end of systole, the lines of flow near the wall start to reverse 

their motion, followed then by the rest of the flow. A complete flow reversal is achieved for a 

short interval, in which the velocity profile is skewed towards the wall.

This effect is not seen in the presence of collateral vessels. Backward motion occurs only 

in the external flow layers in C {Fig. C6.7), so that inlet or oulet flows averaged on the lumen 

section never become negative. In the outer layers however, velocity has still an opportunity 

of increasing to a certain extent.

In the third model, CC {Fig. C6.8), also this event is minimised and becomes a very 

negligible feature. When the collateral circulation is well developed, therefore, the descending 

aortic fluid dynamics would simply appear as a unidirectional accelerated motion.

By comparison with MRI measurements and simulation results in chapter C4, we may 

assume that a certain degree of flow reversal, also appreciable looking at the average 

velocity, is indeed present in the considered region of thoracic aorta. This implies that we 

shall regard the hiUW-NC model as our standard, i.e. as representative of a healthy subject. It 

might be argued that accounting for a certain (small) occurrence of collateral vessels would 

represent reality in a better way, since flow reversal appears to be slightly overestimated in 

HUW-NC] however, given natural inter-subject variability, this aspect could be considered 

secondary to the need of making model comparison as straightforward and informative as 

possible in the light of the general intendment of this thesis. Therefore we decided to keep 

the NC-C distinction clear-cut.

C0A6O

The general characteristic of flow in this non-extreme stenosis is the great variability in the 

post-stenotic velocity profile. During systole it appears quite flat. As speed decreases, it 

develops in a quasi-parabolic shape in early diastole with flow reversal near the wall. In late
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VELOCITY{cm/s
- 0.776E+02- 0.679E+02 0.582E+02 0.485E+02 0.388E+02 0 .291E+02 0.194E+02 0.970E+01
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Fig. C6.6 Flow field in the FlUW model with no collaterals (NC). The plots start just before the cardiac

systole (top) and run through the cycle to end diastole (bottom), as shown In the top left graph.
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VELOCITY(cm/s)
- 0.673E+02- 0.589E+02 -0.505E+02 
-0.420E+02- 0 .336E+02- 0 .252E+02 -0.168E+02 -0.841E+01

. i  t  ̂^

Fig. C6.7 Flow field in the HUW model with mild presence of collaterals (C). The plots start just before

the cardiac systole (top) and run through the cycle to end diastole (bottom), as shown in the top left

graph.
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VELOCITY(cm/s)
0.564E+02 
0.494E+02 
0 .423E+02 
0 .353E+02 
0 .282E+02 
0 .212E+02 
0 .141E+02 
0 .705E+01

-JL. -'X V -X

^  It. ‘ii. ^  'a- V. :±. ^  ?l_ ^  It, ^  ^  *;â --i. it, a. X X
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Fig. C6 .8  Flow field in the HUW model with good presence of collaterals (CC). The plots start just before

the cardiac systole (top) and run through the cycle to end diastole (bottom), as shown in the top left

graph.
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VELOCITY(cm/s)
0.203E+03 0.178E+03 0.152E+03 0.127E+03 0.102E+03 0.762E+02 0.508E+02 0 .254E+02

Fig. C6.9 Flow field in the C0A6 O model with no collaterals (NC). The plots start just before the cardiac

systole (top) and run through the cycle to end diastole (bottom), as shown in the top left graph.
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VELOCITY (cm/s)
0.147E+030.128E+03O.llOE+030.916E+020.733E+020.550E+020.366E+020.183E+02

Fig. C6.10 Flow field in the C0A6O model with mild presence of collaterals (C). The plots start just

before the cardiac systole (top) and run through the cycle to end diastole (bottom), as shown in the top

left graph.
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VELOCITY(cm/s)
0 .117E+03 0 .102E+03 0 .878E+02 0.732E+02 0 .585E+02 0 .439E+02 0.293E+02 0 .146E+02

Fig. C6 .11 Flow field in the C0A6 O model with good presence of collaterals (CC). The plots start just

before the cardiac systole (top) and run through the cycle to end diastole (bottom), as shown in the top

left graph.
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diastole it is different still, showing highest velocities in the centre of the vessel lumen and a 

secondary peak near the wall. Although these features are present irrespective of the degree 

of collateralisation, other distinctions can be made that are dependent on it.

NC in particular shows a very complex motion {Fig. 06.9). Recirculation is present during 

the whole cardiac cycle, persisting especially near the wall. This vortex acts as a confinement 

for the flow during systole, so that a jet is formed in the centre of the lumen. During flow 

reversal a threefold vortex pattern arises. This is partially carried upstream even beyond the 

stenosis point, and there it lingers recovering slowly.

In C (Fig. 06.10) velocities are comparatively lower even though they remain much higher 

than in HUW. The vortex pattern found in NO is here simplified and the resulting flow is more 

uniform. Recirculation even ceases briefly during diastolic acceleration.

With a larger amount of collaterals (CC -  Fig. 06.11) speed decreases further. The vortex- 

free spell in diastolic acceleration is slightly longer and the biphasic velocity profile of late 

diastole is less evident.

Quite reasonably, all of this points to the fact that in the presence of good collateral 

development local haemodynamics in a pathologically stenosed vessel tends to normalise 

and to approach the physiological conditions. However, as we shall see in the next sections, 

the extent of this similarity is quite relative and, local flow fields of the types just described 

result to be coupled to clearly abnormal scenarios at the body scale.

CoASO

O0A8O represents a far more severe degree of coarctation. The effects of this stricture on 

the local flow field differ from the O0A6O case in a significant way.

Particularly evident in the NO model {Fig. 06.12) is a wide post-stenotic region of quasi

stagnation, characterised by extremely low negative velocities. This resides near the vessel 

wall for the whole duration of the cardiac cycle, apart from a brief recirculation event in the 

systolic acceleration phase. Consequently, the lumen cross-section is effectively reduced to 

30-40% for a long downstream segment, in which the flow assumes the shape of a jet of 

variable intensity. In the pre-stenotic stretch the velocity profile appears slightly flattened and 

constantly positive.

With a certain degree of collateralisation, as shown in C {Fig.06.13), the quasi-stagnation 

region is replaced by a vortex, at least during part of the cardiac cycle. Specifically, a 

reasonable post-stenotic recirculation builds up near the vessel wall on systolic acceleration. 

This effect slowly relaxes during systolic deceleration and becomes a minor feature by the 

diastolic phase.

In 0 0  {Fig. 06.14), apart from the systolic recirculation, a large slow-moving vortex arises 

during diastole. At the same time the downstream velocity profile acquires a biphasic pattern 

similar to the one found in the O0A6O models. Upstream flow reversal, that was
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VELOCITY(cm/s)
- 0 .258E+03
- 0 .226E+03- 0 .193E+03- 0 .161E+03- 0 .129E+03- 0 . 967E+02- 0 . 644E+02- 0 .322E+02

Fig. C6.12 Flow field in the CoASO model with no collaterals (NC). The plots start just before the cardiac

systole (top) and run through the cycle to end diastole (bottom), as shown in the top left graph.
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VELOCITY(cm/s)
-0.192E+03 0 .168E+03 0 .144E+03 0.120E+03 0.961E+02 0 .721E+02 0 .481E+02 0 .240E+02

s.

Fig. C6.13 Flow field in the CoASO model with mild presence of collaterals (0). The plots start just before

the cardiac systole (top) and run through the cycle to end diastole (bottom), as shown in the top left

graph.
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VELOCITY{cm/s
-0.159E+03 -0.139E+03 -0.119E+03- 0.991E+02 -0.793E+02 -0.595E+02- 0 .396E+02 -0.198E+02

Fig. C6.14 Flow field in the CoASO model with good presence of collaterals (CC). The plots start just

before the cardiac systole (top) and run through the cycle to end diastole (bottom), as shown in the top

left graph.
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completely absent with a lesser amount of collaterals, appears here to take place, although 

very mildly.

As far as can be inferred from these simulations, the effect of collateralisation is to modify 

the velocity field in such a way that it takes on characteristics typical of less severe 

coarctations, and this is completely in line with what one would sensibly expect.

E/E

E/E is a first example of repaired coarctation. It is interesting to notice that maximal speed 

values are generally higher than in the HUW-NC control case, but significantly lower than in 

the pre-operative models. Velocity plots only show major disturbances localised near the 

suture line. The entity and typology of such disturbances is dependent on the amount of 

collaterals present.

In the absence of collateral circulation (A/C - Fig. 06.15) it is possible to appreciate the 

formation of a post-stenotic vortex near the suture line. During flow reversal this vortex is 

displaced towards the centre of the lumen, where velocities are lower, by a fast-moving 

backward current along the wall. A slight retrograde motion continues in the exterior fluid 

layers through diastole.

Model C {Fig. 06.16) does not differ much from NO but recirculation occurs to a lesser 

extent. In fact, the vortex dissolves during diastole allowing a quasi-parabolic flow to develop. 

Moreover, current speed at this level of collateralisation is perfectly comparable with 

normality.

Considering the 0 0  case {Fig. 06.17) we observe a continuation of the same trend. 

Vortex formation, although present, is minimised and invests only the late systolic and flow 

reversal phases of the cardiac cycle.

GGI

GGI is a particularly complex model, considered the plurality of tissues present, all having 

different mechanical properties. Generally their interaction results in a flow pattern analogous 

to the one found for E/E. The major instances of disturbed motion occur here in the region of 

the distal suture and their intensity is modulated by the degree of collateralisation.

In NO {Fig. 06.18) it can be noted how the distal vortex has a greater impact than in E/E. 

Not only does it have a longer permanence, but it also invests a much wider region of the 

stream, so much so that at its maximum, during flow reversal, it fills the whole vessel lumen.

When this happens the downstream flow near the vessel axis almost comes to a halt, 

until the vortex is flushed away by incoming accelerating positive flow. All of this occurs at the 

distal suture, while the region adjacent to the proximal one is constantly
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VELOCITY (cm/s)
- 0.922E+02 0.807E+02- 0.691E+02 -0.576E+020.461E+02 0.346E+02 h 0 .230E+02 0.115E+02

- 1

- t  -i -.

Fig. C6.15 Flow field in the EfE model with no collaterals (NC). The plots start just before the cardiac

systole (top) and run through the cycle to end diastole (bottom), as shown in the top left graph.
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VELOCITY(cm/s
0 .785E+02 0.687E+02 0 .589E+02 0 .491E+02 0 .392E+02 0 .294E+02 0 .196E+02 0.981E+01

i!: ^

Fig. C6.16 Flow field in the E/6 model with mild presence of collaterals (C). The plots start just before

the cardiac systole (top) and run through the cycle to end diastole (bottom), as shown in the top left

graph.
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VELOCITY(cm/s)
0.665E+02 0.582E+02 0.498E+02 0.415E+02 0.332E+02 0 .249E+02 0.166E+02 
0.831E+01

1 L L L L L L L V ................     I  ' ' ' ' ‘ L V L L < L v L S.

V V V V V. V V ». >.>.VVVV«. V V »■ V «>.. V

J

viii • :

V. k L t L V &. t. L S. k L L Lk'

Fig. C6.17 Flow field in the E/E model with good presence of collaterals (CC). The plots start just

before the cardiac systole (top) and run through the cycle to end diastole (bottom), as shown in the top

left graph.
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VELOCITY(cm/s)
0.988E+02 0.865E+02 0.741E+02 0.618E+02 0.494E+02 0.371E+02 0.247E+02 0.124E+02

Fig. C6.18 Flow field in the GGI model with no collaterals (NC). The plots start just before the cardiac

systole (top) and run through the cycle to end diastole (bottom), as shown in the top left graph.
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VELOCITY (cm/s
- 0 .827E+02  ̂0.723E+02- 0.620E+02 -0.517E+02 h 0.413E+020 .310E+02 h 0 .207E+02 0.103E+02

Fig. C6.19 Flow field in the GGI model with mild presence of collaterals (C). The plots start just before

the cardiac systole (top) and run through the cycle to end diastole (bottom), as shown in the top left

graph.
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VELOCITY{cm/s
- 0.686E+02- 0.600E+02- 0.515E+02- 0.429E+02 -0.343E+02- 0 .257E+02 -0.172E+02
0.858E+01

\  V -V -^

Fig. C6.20 Flow field in the GGI model with good presence of collaterals (CC). The plots start just before

the cardiac systole (top) and run through the cycle to end diastole (bottom), as shown in the top left

graph.

247



C6. Multiscale model of CoA and its repairs, and interaction with the rest of the body

characterised by a very streamline motion and no particular event upsets the flow in that area.

The flow field in C {Fig. C6.19) is dominated again by an important recirculation pattern in 

the distal tract. In this model, however, the vortex remains closer to the wall and, during 

diastole, is transported downstream by the current. On the whole, residence time is 

nonetheless comparable with the one evaluated for NC.

No modification of great relevance to the overall picture ensues from a further increase in 

the amount of collateral vessels, as exemplified in CC {Fig. C6.20). A primary difference lies 

essentially in the intensity of the disturbance, which appears notably reduced in this setting.

Based on a comparison of the presented computational results, the major flow disturbances 

appear to arise, if at all, in the distal region of any model and mainly consist of flow 

detachment from the wall and recirculation. The C0 A6 O and CoASO models show what 

surgeons call the post-stenotic dilatation and can otherwise be defined as a Venturi pressure 

recovery (Figs. C6.9 to C6.14). The same effect can also be seen, to a lesser extent, in the 

post-operative results {Figs. C6.15 to C6.20) distal of the repair. Putting the two repair 

techniques side by side, it appears from a mere analysis of the velocity vector field that E/E 

produces flow disturbances of lesser extent and intensity compared to GGI. Vortex residence 

time in the post-operative models can be a measure of the disturbance caused by the 

surgical inserts. In both E/E and GGi models vortices arise during the deceleration phase, 

continue during flow reversal and disappear in late diastole. The overall vortex endurance is 

however longer in GGI {Fig. C6.21).

■aGore-tex Interp

I

End-to-End

t
0 0.45 0.750.15 0.3 0.6

Fig. 06.21 Vortex endurance in the cardiac cycle is shown 

by the horizontal bars for E/E and GGI
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C6.3.2 Collateral flow

In CoA, the development of a collateral circulation provides a by-pass through which part 

of the oxygenated blood coming from the left ventricle can reach the distal compartments of 

the body. The abundance of collateral vessels is particularly important when the aortic 

stenosis is very severe. There is in fact a good correlation between presence of collaterals 

and percent increase flow in the distal thoracic aorta compared to the proximal thoracic 

aorta.7- ® This can be clearly appreciated in Fig. C6.22. Another good correlation can be 

noted between the percent flow increase in the distal thoracic aorta and the severity of the 

stenosis. This observation is also backed up by literature data.  ̂ The flow waveforms 

pertaining to the aortic arch and thoracic aorta match well the trends shown by MRI 

measurements as reported in the literature.  ̂ ® The graphs in Fig. C6.22 also propose a 

quantification of the collective collateral flow, which is a difficult parameter to be measured 

clinically. Fig. C6.23 and Fig. C6.24 show that both E/E and GGI interventions succeed in 

reversing the flow direction in the intercostal collaterals. As expected, this is negative in the 

pre-operative cases and positive in the post-operative and in the healthy subject. Moreover, 

the flow reversal seems to take place irrespective of the abundance of collaterals.
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F i g .  C 6 . 2 2  Q u a n t i f i c a t i o n  o f  f l o w  i n  p r o x i m a l  d e s c e n d i n g  a o r t a  ( a o r t i c  a r c h ) ,  d i s t a l  d e s c e n d i n g  a o r t a  
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Fig. C6.23 Average flow in the intercostal arteries. After surgery the flow reverses to positive as in the 

healthy subject irrespective of the abundance of collaterals or surgical technique.
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Fig. C6.24 Comparison between average flow in the collaterals for the control case 

and the post-operative models
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C6.3.3 Pressures

Pressure measurements have often been used for evaluating clinically the severity of 

CoA. However, this may not be a reasonable choice. In particular, several papers have 

demonstrated that there is no significant correlation between arm-leg pressure gradient and 

percent stenosis.^This is shown quite nicely in Fig. C6.25. With an 80% stenosis and no 

collaterals {C0A8O-NC) there is a 21.2 mmHg difference between the maximal systolic values 

of radial and femoral pressures. In the healthy case the peak difference is only -3.6mmHg. 

The abnormality found for C0A8O-NC is certainly present at a lesser degree when the stenosis 

is less severe {C0A6O-NC: 2.3 mmHg); however, even with the 80% stenosis, when the 

abundance of collaterals is greater {C0A8O-CC) the evidence given by the arm-leg gradient is 

much less manifest. In fact not only is the absolute value of the pressure drop decreased 

(0.74 mmHg), but it is also negative, as in the healthy condition. This implies that the arm-leg 

pressure difference may not be the best indicator of CoA severity if there is no estimate of the 

collateral circulation development.

After repair the pressure waveforms do not show any particular difference with respect to 

the normal subject and both surgical techniques give approximately the same outcome. In 

terms of sheer radial-femoral pressure drop, the control/post-surgical settings produce values 

dependent on the collateral abundance, as shown in Fig. C6.25. This dependence is worth a 

few remarks. In particular it is interesting to note that the pressure drop magnitude
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Fig. C6.25 Comparison of the pressure differences between femoral and radial peak systolic 

pressures in the healthy subject, in CoA and after repair, with variable collateralisation.
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Fig. C6.26 Comparison between aortic, femoral and radial pressures in the healthy subject, 

with no collaterals and with abundance of collaterals.

decreases moving from NC on to C, and increases shifting from C to 00. The explanation lies 

in the changes in blood flows and pressures occurring in the arch of aorta, descending aorta 

and brachiocephalic circulation.

Let us first consider a closed subsystem made up of solely the blocks called Aortic 

arch, Subclavian, Thoracic aorta and Collaterals in Fig. 06.4. Take an imposed pressure wave 

at Aortic arch as the subsystem input and consider two transfer functions: Subclavian 

pressure vs. input, and Thoracic aorta pressure vs. input. The first one is a 3-zero, 5-pole 

function of frequency for any value of collateral abundance; the second one is a 0-zero, 2- 

pole function for NO, and a 5-zero, 7-pole function for 0  and 00. Outside this subsystem no 

alterations to the LPM occur proceeding from NO to C and to CC. The transfer functions 

between Subclavian and Upper body arteries and between Thoracic aorta and Femoral artery 

will therefore be substantially unchanged.

Case C is characterised by a discrete collateral flow going from the descending aorta 

towards the subclavian (and hence towards the radial artery). This flow is not actually 

physiologic, but is due to the absence of the distal mammary artery in the model. It 

constitutes a shunt short-circuiting the two compartments so that the radial pulse is more
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Fig. C6.27 Pulsation domain analysis of the Subclavian vs. Aortic arch, 

and Thoracic aorta vs. Aortic arch pressure transfer functions.

directly driven by the aortic one. The radial pressure peak thus decreases from 114.7 to 111.8 

mmHg and tends to the aortic one. This is displayed by the first two graphs in Fig. C6.26. 

Looking at Fig. C6.27 it is indeed evident that the subclavian pulse is less distorted with 

respect to the input in the C setting than with NC. The flow through the abdominal aorta 

(towards the femoral compartment) undergoes a very slight increase that corresponds to an 

increase in the mean femoral pressure from 92.44 to 92.61 mmHg. The change of collateral 

resistance from infinity to a finite value, however, also affects the dynamic performance of the 

system and has the effect of shifting and attenuating the wave frequencies, resulting in a 

lowering of the femoral peak pressure by 4 mmHg. This is understandable considering Fig. 

06.27, since the thoracic pulse is more distorted with C than with NC. On the whole the peak- 

to-peak difference between radial and femoral pressures is decreased by roughly 1 mmHg. 

Going from C to CC the dynamic effects of the change are less relevant because the 

collateral resistance only becomes three times lower (rather than infinitely lower). In fact to a 

slight increase of abdominal flow corresponds an equally slight increase in the mean and in 

the peak femoral pressures. The shunting action of the collateral bed is increased by the 

greater abundance and the radial peak pressure is accordingly further decreased from 11.8 

to 110.1 mmHg (thus approaching the aortic value of 109.2 mmHg). As can be seen from Fig. 

C6.27 the increase in collateral abundance works more effectively against distortion in 

Subclavian than for distortion in Thoracic aorta. The change in resistance results this time in 

an overall increase of radial-femoral drop, which, however, may not be physiologic.

On the basis of this discussion one can also easily read most of the graphs of Fig. C6.28. It is 

nonetheless interesting to comment briefly on the CoAdO and C0A8O cases, as these escape 

the regular behaviour of the others. Irrespective of its disparity in radial-femoral drop, C0A6O 

appears to have a wave shape very similar to the HUW case. The major difference lies in the 

height of the femoral pressure peak, which is considerably lower in C0A6O, accounting for
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in CoA and after repair.

254



C6. Multiscale model of CoA and its repairs, and interaction with the rest of the body

the positive radial-femoral drop. The mild coarctation appears to affect more the maximal 

pressures than the waveform in general. On the other hand, a more severe stricture brings 

about a stark blunting of the femoral pressure waveform, in particular when collateralisation is 

scant. This blunting involves most of the cardiac cycle and is especially noticeable during the 

systolic and early diastolic phases, and it is responsible for the severe radial-femoral drop.

C6.3.4 Local pressure drop

Plots in Fig. C6.29 show the local pressure drop waveform during the cardiac cycle. The 

absolute values of the pressure drop appear to be quite elevated, but this partly depends on 

the total length of the ASM between whose extremities they were calculated. More interesting 

to analyse are the differences existing between normality, pre- and post-operative conditions.

At a first glance it is evident that both types of operation successfully bring this 

parameter to behave in a way very consistent with a normal state: not only do the waveforms 

for HUW, E/E and GGI practically overlap, but also follow the physiological pattern previously 

discussed in chapter C4. No significant differentiation can therefore be made between the 

two surgical techniques in relation to the parameter in question, and, as far as this is 

concerned both seem to perform equally well.

A comparison of normality graphs with the pre-operative ones suggests that the 

pathological state induced by a stenosis may be evidenced quite clearly by local pressure 

drop vs. time plots.

Particularly in the NC environment the differences are very promptly noticeable, and a clear 

distinction can also be made between coarctations of various degrees of severity. Here, in 

fact, with a stenosis of 60%, the pressure drop waveform roughly follows the normal four- 

phasic pattern, although with the appearance of fringes due to the complex velocity field and 

with comparatively higher absolute values throughout. On the contrary, a more severe 

stenosis, as shown by the C0A8O model, induces a complete loss of the natural poly-phasic 

behaviour. This is replaced by a mono-phasic positive pulse decaying towards diastole with 

higher frequency oscillations superimposed. Furthermore, the absolute magnitude of the 

pressure drop is greatly increased with respect to the control case.

Considering the C plots of Fig.C6.29, these observations continue to hold true in general. 

The existing differences, particularly between C0A6O and normality, appear to be less 

evident, though. The sheer wave amplitude difference is reduced and, contextually, the 

normality plots become characterised by minor oscillations that make them look quite similar 

in shape to the C0A6O one. Discrepancies become even more blurred with increased 

collateralisation. The graphs of type CC show very little distance between the C0A6O and 

normality waveforms and also the plot representing C0A8O takes on a poly-phasic course
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Fig. C6.29 Pressure drop waveforms during one cardiac cycle, plotted fro different degrees of 

collateralisation. Only the plots for C0A6 O and C0A8 O models are labelled, 

as no real distinction can be made between HUW, E/E and GGI.
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and loses its characteristic pattern. In the light of this, the diagnostic relevance of local

pressure drop plots may fade when collateral vessels are abundant.

C6.3.5 Power losses

The hydraulic power losses occurring across the ASM were calculated for all types of 

models. The flow-balanced maximal power loss index A was defined in equation C4.4.3.3. 

This index is particularly important in the evaluation and comparison of the power losses 

occurring in the models of this chapter, as the working conditions vary from model to model 

due to the LPM feedback. In particular, the inlet blood flow and consequently the incoming 

power are different. Hence the need for a flow-balanced index.

The calculated values of A in the different conditions are plotted in Fig.C6.30 and

Fig.C6.31.

As envisaged, the energy losses drastically decrease after surgery and are brought to 

levels comparable with the physiological ones {Fig. C6.30). In particular the E/E technique 

appears to perform better than GGI(-S) in this sense, minimising the residual dissipation {Fig. 

C6.28).

It is interesting to notice that, although the power loss is strongly dependent on the local 

pressure drop, the maximal loss occurs with a relative delay. As an example the HUW case is 

shown in Fig. C6.32. Incidentally, this fact is sufficient to explain, at least intuitively, the 

behaviour of A as a function of collateral abundance in Fig.C6.31. In fact, due to the delay, 

the pressure drop registered at the time of maximal power loss is highest for NC and lowest 

for C. Of course, the effects of inflow and outflow should also be allowed for, and likewise the 

fact that, due to a slight difference between the two, power loss is not strictly proportional to 

pressure drop. These considerations are nonetheless a matter of secondary importance.
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Fig. 06.30 Decrease in power losses after surgical correction.
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Fig. C6.32 Times of occurrence of maximal dissipation.

C6.3.6 Wall shear stresses

Pre-operatively, in both C0A6O and C0A8O, the wall shear stresses (WSS) are very high. 

They appear to be particularly concentrated in the stenosis area and, less importantly, 

downstream from it. The highest values pertain, as expected, to the severe stenosis case, 

where the blood is channelled as a jet through the stricture, giving rise to strong viscous 

friction. After surgical correction the overall entity of the WSS decreases notably irrespective 

of the technique used. However, different stress distribution patterns discriminate between 

them.
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Fig. C6.33 Comparison of WSS distributions in the various models at time when it is maximal. 

All have mild presence of collaterals (C) apart from standard HUW-NC. 

Pre-operative (top); post-operative (bottom)

In the E/E model the highest values, are reached in close proximity of the suture line and 

especially on the upstream side of it. The downstream tail disappears completely and the 

overall WSS magnitude in this configuration is extremely small.

In the GGI, the WSS distribution peaks near the proximal suture and a plateau follows 

along the Gore-tex insert, where the absolute stress value remains comparatively high. Past 

the distal suture WSS suddenly drops from the plateau to very small figures and then slowly 

recovers to a value analogous to the one found at the proximal end of the model.

The plots in Fig. 06.33 show the typologies of behaviour just described, in the case of 

mild presence of collaterals (C), and at the instant of the cardiac cycle when the maximum
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value of WSS is reached (systolic deceleration). Only these conditions are shown, because it 

is presumed that the mild collateral setting is the most representative of the average condition 

of the subject in his mid- and long-term post-operative life.

C6.3.7 Stress inside the wall

The FSI approach made it possible to visualise and study the behaviour of the vessel wall 

subjected to the loading caused by the blood flowing inside it. Although the data are 

available for all simulations, reference will be made here only to the post-operative cases 

because our main aim is to discriminate between the E/E-C and GGI(-S)-C repairs. The 

reason for this choice is the same mentioned in the previous section.

The graphs in Fig. 06.34 represent the distribution of von Mises stresses along the ASM 

at the instant of their maximum (systolic deceleration). While in the healthy vessel wall there is 

no stress concentration, it is evident that the introduction of different tissues with abrupt 

changes of mechanical properties produces high stresses at the interfaces. The highest 

values are registered in correspondence of the Gore-tex interposition models. E/E maximal 

von Mises stress is in fact some 14% lower than the GGI-S. Comparing the GGI-S with the 

GGI model, it appears that the latter has peaks 17% lower than the former. This is a 

quantitative confirmation of the intuitive idea that the use of smaller and softer suture lines is 

advantageous in terms of vessel wall stress.
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Fig. 06.34 Post-operative von Mises stresses along E/E-C and GGI-C compared 

with normality HUW-NC. The plot refers to the stress maximum during the cardiac cycle.
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Fig. C6.35 Principal stress components in the E/E model, x is the axial direction 

and y is the radial one. The plots refer to the instant of maximal stress value.
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Fig. C6.36 Principal stress components in the GGI-S model, x is the axial direction and 

y is the radial one. The plots refer to the instant of maximal stress value.
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Fig. C6.37 Principal stress components in the GGI model, x is the axial direction 

and y is the radial one. The plots refer to the instant of maximal stress value.
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Fig. C6.38 Shear stress concentration in the wall in the presence of a GGI. This is present 

during the whole length of the cardiac cycle with variable intensity.

By separating the principal stress components, it appears that cr̂  (where x is the axial 

direction) has particularly elevated values compared to the others {Fig. C6.35, Fig. C6.36 and 

Fig. C6.37). This means that the sutures are subjected to an axial load, which Is the one that a 

healthy aortic wall is less prepared to withstand given its orthotropic mechanical behaviour 

(see also chapter C3).

Zooming in on a 2D plot of the shear stresses in the GGI-S wall, a region of stress 

concentration in the outer layer of the wall is evidenced. This area is very neatly localised just 

upstream of the proximal suture {Fig. C6.38). Its position is stable during the whole length of 

the cardiac cycle and corresponds to the area where late formation of false (suture line) 

aneurysms is more likely to occur with this type of surgery.A  correlation is though difficult to 

affirm with our data.

C6.3.8 Lumen patency

The major purpose in reconstructing an aortic arch is re-gaining complete patency of the 

vessel lumen. This parameter, although purely anatomical, is therefore important in 

determining the final success of the treatment. Looking at our models it is possible to 

monitor the radial aortic wall displacement and to compare the post-operative behaviour with 

a normal condition.

Fig. 06.39 shows the instantaneous configuration of the endothelial surface at 

systolic deceleration and during diastole. It is evident that post-operatively the central region 

of the ASM is affected by the presence of materials with different mechanical properties. In 

particular, the tissue distensibility is reduced and consequently a slight residual stricture
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Fig. C6.39 Displacement of the internal wall along the ASM; 

Maximal value (systolic deceleration - left) and in diastole (right).
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Fig. C6.40 Displacement of the internal wall during the cardiac cycle: at half-length (top) 

and at the outlet section (bottom).

results. This effect is maximal during the ejection phase and produces a central lumen cross- 

section smaller by 21.29% in E/E, by 21.54% in GGI-S and by 21.55% in GGI, relative to HUW. 

This constriction is not at all insignificant geometrically. Notice that to this reduction we could
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also add that caused by the portion of suture line thickness invading the lumen in the real 

operation (which is not modelled here).

At the same time instant the scenario is very different near the outlet section of the 

ASM. In fact, the vessel lumen is here larger in the post-operative configurations than in the 

control, precisely by 0.11% in £/£, 0.16% in GGI-S, and by 0.15% in GGI. This is a 

compensatory effect linked to the pressure recovery relative to a pulsatile flow within a ringed 

compliant tube.

It is also interesting to note the minor wall extroflections in proximity of the suture lines 

occurring in all models.

Fig. C6.40 displays the time course of the endothelial surface displacement in the central 

region of the vessel and near the outlet. Looking at the bottom graph it is confirmed that at 

the outflow section the lumen cross-section differences are minimal. The top two graphs, on 

the contrary, clearly point out the disproportion existing between the post-operative settings 

and the control in connection to the wall displacement pulsation. The difference is more than 

an order of magnitude. The ringing action of the sutures and prosthetic inserts severely limits 

the movement of the wall, its pulsation and ultimately modifies the pressure wave 

propagation in and along the wall.

Conclusions

This chapter investigated the interaction of different tissue properties and different 

degrees of local indentations with the circulatory system beyond. In particular the role of a 

collateral circulation and the development of radial-femoral pressure drops were analysed.

A methodology was developed, which relies on the use of simple axi-symmetric models 

for the descending aorta and of a lumped parameter net for the rest of the blood circulation.

The use of good approximations for the mechanical properties of different wall tissues 

was possible and therefore the results of these simulations can also help understand better 

the outcomes of chapter 05 (and partially improve on those). For all the space-dependent 

variables an exact distribution could not be determined, as realistic geometrical information is 

not included in these models (which is their main limitation). With regard to this aspect the 

information deriving from chapter 05 is certainly complementary.

The calculated flow field shows the impact of realistic wall deformations. Evidence 

concerning the increase in blood velocity entailed by stiff ringing is confirmed for both E/E 

and GGI. Since the aortic tissue is very soft compared to the prosthetic materials, the effect of 

ringing results in substantial point-like indentations at the suture lines. These indentations 

behave like localised section changes and, on one hand enhance the velocity increase, on 

the other produce downstream flow separation and vortex formation. Longer and more 

intense vortex permanence is seen again in GGI compared to E/E. The main effects of
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coarctation are jet creation along the midline and massive downstream vorticity. In case the 

coarctation is mild vortices may extend backwards during flow reversal and diastole, and 

invade the pre-stenotic tract.

There appears to be a correlation between presence of collaterals and percent increase 

flow in the distal thoracic aorta compared to the proximal thoracic aorta. Another correlation 

seems to exist between the percent flow increase in the distal thoracic aorta and the severity 

of the stenosis. These observations are supported by data found in the literature. A 

quantification of the collective collateral flow, was also attempted.

Radial-femoral pressure drop is very large particularly with severe stenosis and few 

collaterals. However, when collateralisation is abundant, this effect is marginal or disappears, 

which seems to suggest that radial-femoral pressure drop is no good parameter to evaluate 

the severity of an aortic coarctation.

Local pressure drop results suggest that the pathological state induced by a stenosis 

may be evidenced quite clearly by local pressure drop vs. time plots. E/E and GGI seem to 

perform equally well in correcting excessive pre-operative pressure drops. Absolute values of 

this parameter are higher in these simulations compared to the ones found in other chapters 

mainly due to the length of the segment considered, and partly to the greater native vessel 

compliance which has the effect of increasing pressure phase differences by lowering 

pressure wave conduction speed.

Energy losses drastically decrease post-operatively compared to their values in the 

presence of coarctation, and are brought to levels comparable with the control ones. E/E 

appears to perform better than GGI in this sense, minimising the residual dissipation. Control 

values of the power loss index are around 1 mJ/cm®, which is higher than in other 

simulations. The reason for this is similar to that given in relation to the local pressure drop.

Apart from the control case, high wall shear stress mostly concentrates in the central area 

of the vessel, in correspondence of the coarctation or the repair sites. Maxima are reached at 

the suture lines (principally the proximal one in GGI). Only with coarctation the absolute 

values exceed the normal range. Distally of the repair site, regions of very low shear can be 

found, that correspond to flow separation areas. Both high and low values are more extreme 

in GGI than E/E.

Stresses inside the wall peak at the suture lines and apparently exert a concurrent 

shielding action that unloads the surrounding tissue. In general axial stresses seem to be 

prominent.

In post-operative cases vessel patency is decreased with respect to the control by up to 

21% at the repair site in all models. A compensatory effect linked to the pressure recovery 

acts in the opposite way in the distal region. The residual stenosis is very mild compared to 

the pre-operative settings but is evident, as it is also evident from the MR evidence shown in 

chapter Cl for synchronic cases (particularly in GGI).
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Discussion 

& clinicai correiations

Discussion on methods

The use o f b ioengineering m ethodologies in the case o f CoA and arch reconstructions  

dem onstrated to be a valuable research tool, able to show  a variety o f results in the 

explanation o f pre- and post-operative Biomechanics.

The efficacy o f using com m ercia l software for the generation o f geom etrical m odels and  

for the extraction o f MR-derived velocity boundary conditions appears adequate. The running  

time o f certain simulations in FIDAP was however excessively long and prevented sensitivity 

checks, the use o f more appropriate material properties, and the possib le  treatment o f extra 

cases o f interest in 3D (like, fo r example, a GPGA m odel includ ing sutures). As a p ro o f o f the 

solid ity o f the m ethod employed, however, the results found using different strategies 

throughout the thesis are always coherent, predictive and agree with pub lished evidence by 

different authors and with clin ica l measurements.

The developm ent o f linking subroutines was necessary in certain cases, particularly for 

the treatment o f phase-contrast images and their im position as boundary cond itions (chapter 

C4), and in the preparation o f multiscale simulations (chapters C5 and C6). More  

programming, especia lly fo r generating home-written segmentation algorithms or more 

effic ient fluid-structure solvers w ould  have probably been useful, but essentially incom patible  

with the timeframe and the objectives o f this thesis. This study has in fact a strong m edica l 

connotation, and results relative to many different questions were expected: this always 

im posed great attention to the general scheme and made it im possible to linger too long on 

restricted, a lbe it interesting, m ethodologica l details. O f course, much o f the p ractica l work 

went into developing a consistent research method, but this task had to be brought forward in 

paralle l on very d ifferent fronts.

Some m ethodologica l results appear to be particularly interesting, and  are lis ted  

hereafter, under the corresponding chapter number.

C1. The porcine m odel appears to be a good  one, as app lied to the study o f thoracic  

aorta. The m ost striking anatom ical difference between swine and human is the presence  

o f only two brachiocephalic vessels d irectly branching out o f the arch o f aorta (humans
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generally have three). In spite of this, predictions obtained using models derived from MR 

studies on sows match evidence found by clinical researchers in human subjects. 

Moreover, the sows employed for the animal experiments showed good physical 

resistance and survived surgery in most cases.

C2 . Surface generation for the geometrical modelling of the aortic arch from MR-derived 

transversal contours can be obtained by a lofting process. This can be done after 

extracting quasi-cross-sectional contours from the original transverse ones. The 

methodology Is not completely reproducible at this stage, but further study could certainly 

improve on that and assess the actual rendering accuracy.

C3. The use of direct mechæiical testing on the aortic tissue seems to have the capacity

of determining statistical classes of data and differentiating between location- and 

orientation-dependent characteristics of the sample. The scant number of available 

specimens prevented us from achieving a reliable statistical analysis, but interesting 

results would probably be gained with a more representative cohort. Also considering the 

mechanical properties, porcine models appear to be good ones for the study of human 

aortic tissues. A simple homogenisation model for the characterisation of suture line 

stiffness was also proposed. This model depends on the number and type of stitches and 

can be easily employed for the estimation of rigidity with different types of sutures.

C4. Models of the descending aorta including MR-based velocity inlet conditions can

fully represent the complexity of the aortic flow field. The use of secondary velocity 

components appears to be essential in this type of set-up, as the intensity of transverse 

motion cannot be neglected in this compartment.

C5. The imposition of secondary motion along with the flat inlet profile does not seem to

be of paramount importance when the aortic arch is modelled and the main focus of 

attention is the descending aorta. The presence of the arch appears to be sufficient to 

generate the systolic and diastolic transverse velocity patterns described in the literature 

and visible in the MR-derived model of chapter C4. On the other hand, not including the 

upper vessels seems to affect the direction of blood flow skew. In accordance with the 

findings of several authors  ̂maximum instantaneous wall shear stress calculated with this 

compliant model was found to be lower (by 17.6%) than that calculated with the rigid one 

(04).

06. Axi-symmetric models, compared to realistic ones, still pick up the main alterations 

derived from tissue interfaces and have the advantage of being simple enough to have 

short computation times. They obviously cannot account for geometrical factors typical of
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the aortic anatomy, but, when coupled to a lumped parameter net behave consistently in 

determining aortic and collateral flow repartition and pressures across the global 

circulation. Even though resuite are not completely comparable due to the very different 

geometry, wail shear stress was found even lower here than in the less compliant models 

of chapters C4 and C5.

Given the results of this thesis and the limitations that had to be accepted, I believe that 

there is still much space for improvement particularly with respect to a better tissue 

characterisation (visco-elasticity, orthotropy, correct density and rigidity, ..), which may have 

great importance in determining the exact intensity and direction of the wall stresses.

As for the muitiscale models, interesting steps forward include the introduction of gravity, 

oxygenation, and the study of exercise conditions.

Clinical correlations 1 : coarctation of aorta

One 3D FSI model of aortic coarctation by DeGroff, et a!/ was found in the literature. In 

spite of its three-dimensional resolution this model has too many approximations and a very 

limited significance. First of ail the anatomy used has a very short aortic arch, that arguably 

may not consent a sufficient development of secondary motion. The vessel cross-section is 

circular, which could be an acceptable assumption; the coarctation site (unusually distal and 

non-compliant) is modelled by a step-like lumen reduction, which is however not acceptable,

in my opinion: the localised energy loss is too concentrated and the computed jet

conformation cannot be trusted. The boundary conditions are also very questionable: a plug 

flow with simplified waveform on the inlet, and a fixed pressure on the outlet. Furthermore, the 

paper claims that coarctation reduces reverse flow in diastole, but no flow reversal Is imposed 

on the inlet (inlet diastolic flow is set to zero). No post-stenotic dilatation is evidenced by this 

work.

In this thesis coarctation of the aorta was only treated in chapter C6, as the main focus of 

the study is on the post-operative conditions. This means that all strictly anatomical factors are 

neglected (axi-symmetry hypothesis). In spite of this limitation, some useful clinical results 

were found, particularly in connection with the collateral circulation.

a. Complex flow separation patterns are often present downstream of a stricture 

region. This is a general result verified even for mild vessel stenoses  ̂and is also true in 

coarctation. We found that when stenosis is mild vortices can be transported into the pre- 

stenotic area during flow reversal. This does not happen in severe coarctation where, on 

the contrary, proximal flow reversal is eliminated. The effect of coarctation on the local

flow field is visibly limited when collateralisation is abundant. Our model describes a
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symmetrical coarctation. If the stricture is asymmetrical, it can be inferred, on the basis of 

Long’s findings'*, that post-stenotic vortices should be less stable and shorter-lasting, 

particularly those corresponding to ring-like flow separation areas.

b. Collateral vessels are important in coarctation. Without adequate collateralisation a 

consistent radial-femoral pressure drop develops. In the presence of collaterals this effect 

is strongly reduced, so that radial-femoral gradient does not appear to be a good 

estimator of coarctation severity when the degree of collateralisation is unknown. Mean 

collateral flow in coarctation is reversed (from the subclavian to the descending aorta) 

and helps perfuse the thoracic aorta and the rest of the system. According to Engvall, et 

al. (and to good sense) collateral resistance has the greatest importance in this respect, 

while its compliance has little effect  ̂ (and is not taken into account in our models). 

Volume flow in the thoracic aorta is lower than in controls  ̂but the presence of collaterals 

appears to be positively correlated with the percent increase in distal thoracic aorta 

compared to the proximo thoracic aorta. The percent increase in distal thoracic aortic 

flow due to the collateral circulation is also in positive correlation with stenosis severity.

c. Local pressure drop measurement appears to be a good index of coarctation 

severity, although also in this case collateral abundance partly masks the effect of the 

stenosis. Measurements conducted very close to the two ends of the stricture should be 

better for assessing the pressure drop. For example Doppler measurements in 

correspondence of the vena contracta should be adequate.

d. Hydraulic power losses are strongly dependent on the presence of collaterals, 

especially when coarctation is severe. When it is mild, an increase in collateral 

abundance does not significantly improve energy conservation beyond a certain extent.

e. Wall shear stress peaks at the instant of maximum flow and in correspondence of the 

narrowest section. A region of low shear stress develops 1-2 diameters distal from it in 

correspondence of recirculation areas. More distally a secondary high shear stress region 

is evidenced by calculations. According to Long, in the case of an asymmetric coarctation 

the wall shear stress oscillation amplitude should be larger than in this axi-symmetric 

case/

Clinical correlations 2: reconstructed aortic arch

Different common procedures employed for the surgical repair of aortic arch anomalies

were compared utilising MR measurements of experiment animals, mechanical assessment of
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porcine aortic tissue and computational methodologies. The main findings of this thesis on

that subject are listed hereafter.

a. MR-based evidence shows that surgery has a significant effect on early post-surgical 

anatomy. GGI and GPGA generate local modifications to the vessel geometrical 

continuity, especially in correspondence of the suture lines. At four months post- 

operatively no particular sign of the EJE or GGI repairs remain in the geometrical aspect of 

the vessel wall. GPGA can still be seen as a mild indentation.

b. Blood velocity is higher in ring-like repairs (E/E, GGI) than in control subjects and 

jets in the distal segment occur. This can be seen both from MR velocity mapping and 

from calculation. The effect is due to the presence of stiffer tissue restraining the normal 

vessel deformation under the hydraulic push. GPGA appears to lower velocities instead, 

both axially and transversally. These stark differences seem to become less evident at four 

months.

c. Vortex formation occurs in all repairs to a greater extent than in controls. In 

particular GGI increases transversal blood motion and produces intense and long-lasting 

recirculation during the deceleration phase and in diastole, in accordance with MR 

findings by Bogren, et a l/

of. Local pressure drop, as calculated from mathematical models, always seems to be

very similar irrespective of the type of operation employed, and absolutely comparable

with normality. Results of needle catheter measurements suggest (on the basis of

extremely poor evidence, though) that GGI might produce a slightly larger gradient.

e. Peak power losses seem to be largest in GPGA, probably due to its effect on blood 

velocity. E/E maximises energy conservation. GGI is always the halfway solution but works 

better when suture lines are kept as compliant as possible (e.g. by using few stitches or 

thinner thread). The difference between pathological conditions and post-operative ones 

is important, particularly when collateralisation is scant, and confirms the positive effect of 

surgery. Distinctions among different repairs are subtle, on the other hand, and absolute 

values of power loss are similar.

f. The effect of arch reconstruction on collateral flow is mainly to invert the direction

of perfusion in the intercostal arteries and reconcile it with normality. This post-operative 

flow reversal appears to take place irrespective of collateralisation abundance. It should 

be noted that a precise choice was made in modelling the collateral circulation by a one- 

parameter block. By doing so, collateral abundance is controlled by just one resistance in
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the model and its effect can be studied in a very straightforward manner. This 

simplification entails an imperfect but acceptable description in the post-operative cases. 

The following considerations apply: first, collaterals were principally included for the study 

of the pre-operative state, since they have the fundamental task of helping perfuse the 

post-stenotic districts. They tend to have a reduced importance in uncomplicated post

operative physiology. Second, given their function they tend to be mainly developed 

between the subclavian artery and the proximal post-stenotic thoracic aorta. The distal 

mammary artery could therefore be functionally neglected in this respect.

g. Radial-femoral pressure drop is normalised after the operation and slightly 

negative (peak-to-peak), which is in line with clinical findings.  ̂The absolute value of this 

drop does not seem to depend on the type of repair. Conversely, it seems to correlate 

with the degree of collateralisation. For this reason it is probably not suitable as an index 

of recoarctation even though it was reported by Tarkka,dt al., that collateral flow 

progressively decreases after repair (canine mode/)/

h. Peak wall shear stress (WSS) in the repair area of the vessel are mainly due to the 

residual stenoses induced by suture stiffness. High values of this type are anyway 

drastically lower than those related to coarctation and tend to be asymmetrically 

distributed, with top values on the proximal side of the (proximal) suture. This effect is 

stronger in GGI than in E/E. Distal to the repair region areas of low shear are caused by 

flow separation. Apart from these shear concentrations, high WSS areas are generally 

located along the distal inner curvature of the arch and the overall pattem is similar to the 

control condition. High shear in the ascending aorta occur later in E/E and GGI than in 

controls.^° Low shears are found in correspondence of wall protrusions and are very 

geometrically driven. The general direction of shear stress is axial, but vectors appear to 

be swirling around the vessel wall especially in the proximal part of descending aorta, as 

an effect of the helicoidal flow.

i. Present findings concerning the mechanical properties of the aortic wall are not 

statistically significant, but further studies may confirm what follows. Post-operatively 

native aortic tissue is still orthotropic with a greater rigidity in the longitudinal direction. 

Moreover, the left side of the vessel seems to be more rigid than the right one. At four 

months aortic tissue appears to have developed increased viscous behaviour (especially 

with GPGA) but has comparable rigidity. Brili, et al. actually suggest that the age at 

surgery is the main factor determining impairment of tissue distensibility and therefore that 

coarctation rather than its repairs may have an effect.^  ̂Our piglets were just weeks old at 

surgery and had no coarctation prior to it anyway. Overall rigidity was estimated at
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0.6609±0.3641 MPa. Suture line homogenisation yields a Young modulus of 

approximately 105 MPa.

j. Structural calculation shows that suture lines act as wall stress concentrators and 

simultaneously exert a shielding action on the surrounding tissue. Highest stresses are 

longitudinal and occur on the proximal side of the (proximal) suture in ring-like repairs. 

Stress shielding may not be present in GPGA, although the absence of suture lines in this 

model could be the cause of this difference. The suspect that suture lines may have an 

important structural function also derives from another observation. Several papers Insist 

that stress concentrate in GPGA in the area opposite the patch. This result is not seen 

in our calculations. An analogous difference is seen in the literature by confronting two 

works by the same group.^ ’̂̂  ̂Both papers analyse the effects of GPGA: the computational 

study does not include sutures and finds no stress concentration at the tissue interface; 

on the contrary, the in vitro model (that obviously has sutures) evidences strain 

concentration in the same areas. Apart from these surgery-derived effects, stress tends to 

be higher in the frontal region of the vessel wall and approximately for the whole vessel 

length.

k. Axi-symmetric models suggest that using E/E or GGI with a Gore-tex tube of exactly

the same diameter as the unstressed aorta produces a residual stenosis of up to around

20% in working conditions just after surgery. This condition probably relaxes with time, 

judging from the anatomical evidence derived with MRI at four months. It is indeed true 

that E/E and GGI restrain wall expansion more than GPGA, although the presence of a 

patch may flatten^̂  the area next to it and the wall may increase its curvature on the 

opposite side to compensate for this lumen reduction. This effect is also seen in our 

animal series. The presence of stiff tissue in ring-iike repairs also generates a dynamic 

obstruction that modifies pressure wave conduction along the wall. This can be seen by 

the fact that the ratio between residual stenosis diameter and patent diameter is different 

in systole and in diastole.^

i. The possible formation of true aneurysms in connection with GPGA is seen in one of

the animal models utilised. The explanation of this event cannot be given in terms of

stress concentration looking at our computational model. More telling results could 

possibly be obtained by including a suture line. Formation of false aneurysms at the 

proximal suture of a GGI is also reported in literature. The presence of particularly high 

shear stress within the wall in this area, may partly explain this occurrence: the tissue is 

subjected to a force that tries to slide one tissue layer with respect to the next. Some 

fibres can break and channels where Infections can grow may be created.
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Most of the results of this work directly refer to early post-operative conditions. Great care 

must be taken in drawing definitive conclusions on long-term outcomes from those results. 

The information contained in this thesis may nonetheless help understand the origin and 

evolution of certain observed phenomena. A general limitation of the computational models 

presented is that geometries do not include the specific characters of early post-operative 

anatomy (indentations, etc.). On one hand, this is a disadvantage, because reality is not fully 

rendered in the model and important aspects may have been disregarded; on the other, two 

main advantages can be appreciated: first, models of different operations can be obtained 

from the same patient without the need for assumptions as to the final shape of the 

corrections not performed on the patient; second, the sheer effect of different tissue 

properties can be studied, uncoupled from the geometrical factors.
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A1.1 Quantum mechanics

Hamiltonian mechanics

The Hamiltonian description of physical phenomena is alternative to the Lagrangian one. 

Whereas Lagrangian mechanics uses position and velocity as canonical variables, in the 

Hamiltonian perspective the velocity is replaced with the momentum. Under such hypothesis 

a new quantity is defined as a substitute for the Lagrangian: the Hamiltonian of the system. 

This can be obtained from the Lagrangian through a Legendre transform:

L{x,x,t)  = T {x ,x , t ) -V (x ,x , t )  A1.1.1

H { X j , P j , t ) ^ Y j ^ i P i A1.1.2
i

If the transformation equations defining the generalised coordinates are independent of t, 

it can be shown that H  is equal to the total energy E =  T +  V.

The canonical equations of motion become:

ÔH . dH . dH dL
 — ~ P i \  ------~ Xj \  ------ —-------- A1.1.3
dxj dpj dt dt

Quantum Mechanics

Quantum mechanics or quantum physics is a theory formulated in the first half of the 

twentieth century which successfully describes the behavior of matter at small distance 

scales. It explains and quantifies three effects that classical physics cannot account for:

1. The values of some measurable variables of a system, most notably the total 

energy of a bounded system, can attain only certain discrete values determined 

by the system. (The smallest possible jumps in the values of those observables 

are called "quanta" (Latin quantum, quantity), hence the name quantum 

mechanics.)

2. Matter, classically described purely in terms of discrete particles moving in definite 

trajectories, exhibits properties of waves (wave-particle duality).

3. Certain pairs of observables, for example the position and momentum of a 

particle, can never be simultaneously ascertained to arbitrary precision 

(Heisenberg's uncertainty principle).

In quantum mechanics, the instantaneous state of a system is described by a wave 

function (generally represented by the g reek letter tp) which encodes the probability 

distribution of all measurable properties, or observables. Quantum mechanics only makes
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predictions about these probability distributions, and does not assign definite values to the 

observables. The wavelike properties of matter are explained by the interference of wave 

functions.

Wave functions can change as time progresses. For example, a particle moving in empty 

space may be described by a wave function that is a wave packet centred around some 

mean position. As time progresses, the centre of the wave packet changes, so that the 

particle becomes more likely to be located at a different position.

Some wave functions describe probability distributions which are constant in time. Many 

systems that would be treated dynamically in classical mechanics are described by such 

static wave functions. For example, an electron in an unexcited atom is pictured classically 

as a particle circling the atomic nucleus, whereas in quantum mechanics it is described by a 

static probability cloud surrounding the nucleus.

When a measurement is performed on an observable of the system, the wavefunction 

turns into one of a set of wavefunctions called eigenstates of the observable. This is known 

as wavefunction collapse. The relative probabilities of collapsing into each of the possible 

eigenstates is described by the instantaneous wavefunction just before the collapse. 

Consider the above example of a particle moving in empty space. If we measure the 

particle's position, we will obtain a random but definite value x. In general, it is impossible for 

us to predict with certainty what such value x will be, although it is probable that we will 

obtain one that is near the center of the wave packet, where the amplitude of the wave 

function is large. After the measurement has been performed, the wavefunction of the particle 

will have collapsed into a (eigen)state that is sharply concentrated around the observed 

position X.

During a measurement, the eigenstate to which the wavefunction collapses is 

probabilistic. The probabilistic nature of quantum mechanics thus stems from the act of 

measurement.

The postulates of Quantum mechanics are a concise formulation of all that was 

explained in this paragraph and constitute the basis on which the theory develops:

1. The state of a quantum-mechanical system at time t is represented by a unit 

vector, called a state vector or ket | y/(t)}, in a complex separable Hilbert space.

2. An observable corresponds to a Hermitian linear operator in that space (in writing, 

operators are marked by a the corresponding observables are not). Each 

operator A has an associated set of eigenvalues a, and eigenvectors | y/). a, are 

real, since the operators are hermitian.

Â\(pi) = ai\(!>i) A1.1.4
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3. The State ket o f any system, can be expanded in term s of the  e igenvectors o f any 

hermitian operator:

= AI.1,5
i

where the expansion coefficients represent the projections of the state vector onto 

each basis set eigenvector. The bra (i//k\ corresponds to the complex conjugate 

of the ket | if/k >•

4. When a system is in a state | the only possible result of the measurement of an 

observable is an eigenvalue Uk of the corresponding operator. The measurement 

produces the state to collapse onto the corresponding eigenstate |^> with 

probability equal to the square of the expansion coefficient

+00

dxdydz = |ctl A1.1.6

1 A1.1.7
k

5. After the measurement is conducted, the state is | ^ ) .  Once we know that

I {j/} has collapsed onto j ^ ) ,  all subsequent measurements will give the same

result.

6. There is a distinguished observable H, known as the Hamiltonian, related to the

total energy of the system. The time evolution of the state vector j if/ (t)> is given 

by the Schrodinger equation:

h d

2;r dt = A'' '' 8

where V is the potential energy operator.

The solutions of this equation are the vector states | y/ (t)>, that can be 

represented by a linear combination with coefficients Ck of the orthonormal basis 

vectors | ^  (t)>, which are themselves solutions of the equation:

\'t') = Yĵ k\<l>t) AI.1.9
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Observables and operators 

Quantisation

Quantisation is a mathematical procedure for writing out the operators in a way suitable 

for the quantum mechanic description.

Let us write a wave equation for a free particle in 1-D, using classical notions, but 

including the relations between wave and particle properties that apply to wave (particles) 

moving freely through space:

h
E  = hv A1.1.10

with Plank constant h = 6.62606876(52) x 10^ J s. Classically, a wave of definite 

wavelength A and frequency xis described by a harmonic function like:

4^(jc,r)= /4-exp 2m
^ X ^ vt

À,

Now, substituting the properties 2.1.10, we obtain:

/4 -exp I tt

Ih
i(px -  Et) A I.1.12

Thus, our wave with definite wavelength and frequency also corresponds to a particle 

with definite momentum and energy.

Note that, given 2.1.12, the following relations hold:

I n  dx
A1.1.13

, A A i p  = E'V 
I n  dt

A1.1.14

For a non-relativistic particle, T=p /2m is the kinetic energy and so, using 2.1.13, we can 

re-write 2.1.14 as:

2n dt dx^
A1.1.15
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What we have actually done in the last rearrangement is to treat the expression

h d
-  i  as an “analogue” of p. In actual fact, we have found a position representation for

2ti dx

the momentum operator. We also found, with 2.1.15 the position representation for the 

kinetic energy operator. We can add that the position representation of the position operator 

is X  That of the total energy operator, as we have seen, is the Hamiltonian (postulate 6). 

Summarising we have:

x - x  p = - i —
I tt dx

h d

A1.1.16

f  =  H =  ^  2 ^ 2 + ^
%m7T dx Zmn dx

These operator representations of the observables have important properties. First of all 

they are hermitian and so they enter in characteristic equations whose eigenvalues are real 

(postulate 2). They are used in the quantum mechanical wave equations and can be used to 

predict the expectation values of the observables in a certain state y/, e.g:

l//{x) A1.1.17

Commuting operators and the generalised Uncertainty principle

Operators Â  and B are said to commute if:

I A A I A A A A

A , B j = A B  — BA = 0 A1.1.18

A fundamental property can be proven in relation to this: Â  and B  share all eigenstates if 

and only if they commute.

This characteristic entails the possibility of measuring observables simultaneously. In 

fact, say a measurement of A yields an eigenvalue af. then, after the measurement the state

|y/) will have collapsed onto the corresponding eigenstate = Now measure B. 

This will give the value bi, corresponding to the shared eigenstate. All of this happened 

without any further change in state, which remains | ̂ )  = | A ) ' ' ®- simultaneously.

On the contrary, Heisenberg’s Uncertainty Principle states that it is not possible to have 

simultaneous knovWedge of the values of A  and B, if their operators do not commute. The
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variance expectation value for an observable A is:

{ { a â Y ) = { { â - {â ) Y ) = { â ^)-{â y A I.1.19

It can be shown that:

AAAB > — 
2

[ X b \

An important example is:

A1.1.20

r  . A a ) (  . h _  1 . h
X

I n  dx) L 'In d X j
X

~  2 I n
_h_

A1.1.21

So, position and momentum cannot be measured simultaneously with complete 

precision. Another important remark is that operators that commute with the Hamiltonian 

relate to physical quantities that are conserved.

Degeneracy and state labelling

Degeneracy of a state occurs when to a particular eigenvalue correspond more than one 

eigenstate. In the case of the free particle in 1-D an eigenvalue-eigenstate equation for the 

Hamiltonian can be written as:

I// = Elf/
%mn^ dx^

The eigenvalues are given by:

E  =

A1.1.22

A1.1.23
%mn^

where k  is an arbitrary real called the wave number. Each eigenvalue has two eigenstates:

(^W  = “ 7=

Jkx

-ikx
A1.1.24
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In this case, when we measure E, we still do not have a way of distinguishing onto which 

state the wavefunction has collapsed.

More in general, if for a certain operator we have at the same time that

À a )  = a \a)
' , 2.1.25

A \p )  = a \p )

in order to label the state uni vocally we have to find a second operator B  that commutes 

with À, and such that

E \P )  = b , \ p )

If we can find one such operator, then \ a )  and |/?) represent two different quantum

states. So the states are differentiated by means of measurement and we can label 

degenerate eigenstates by a non-degenerate eigenvalue of an operator that commutes with 

the one that has the degenerate eigenvalue.

Going back to our example, we could use the eigenvalues of p  to label the eigenstates, 

since

Ip, .^ 1 = 0  and p  =  — k
^  J 2;r

A1.1.27

And we can write:

A1.1.28

wherep  and - p  are related to k and -  k, respectively.

E  and p  are in actual fact quantum numbers that define the state of the system.
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Discrete energy levels, quantisation and transitions

In the case of a free particle we have seen that k can assume any real value and 

consequently E  can assume any positive value. The energy spectrum is therefore 

continuous. This however does not always happen. Let us consider, for example, the simple 

case of a harmonic oscillator, i.e. of a particle of natural pulsation û)q subject to an elastic 

force in one direction. The potential energy in this case is:

mcOr 

~2
A1.1.29

Schrodinger equation is therefore:

+ t// =  0 A1.1.30

This gives a discrete set of possible energy levels:

{  2 /”

« = 0, 1, 2,... A1.1.31

The levels, in this case, only depend on one quantum number n and are equidistant. 

There are much more complicated examples.

In order for a particle to undergo a transition from one energy level to the next, particular 

conditions need to be fulfilled. As a first approximation, if the variation in the Hamiltonian is

V

n =  2

El =

5 hcpQ
2 2n

3 h(Dç̂  
2 In

1 hcô
2 iTT

Fig. A1.1 Discrete energy levels for the harmonic oscillator
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small, we can use a perturbation approach to decide what such conditions are. The time 

dependent Schrodinger equation can be written as:

W « H ^  A1.1.32

Say the energies of the initial and the final states are Ej  and Ef, and the corresponding 

unperturbed wavefunctions, solution of the Hamiltonian eigenvalue-eigenvector equation, are 

if/i and [j/f (where the subscripts are equivalent to the quantum numbers labelling the 

states). Then the corresponding time-dependent wavefunctions have the form:

A1.1.33

2nE, '^nE,
where <y/ =  —- — and (ûj = — - —  are the natural pulsations. In the presence of

pertubation W  the wavefunction can be expressed by the superposition of the states:

"PW = a, (< )+ « /(< )'* '/ (0  A1.1.34

The weights a, and a j are time-dependent as the transition varies state composition in 

time, and all other weights are zero initially, a j can be expressed as:

a (f) = -  j  dt Wfl (f)a. A1.1.35
^ 0

where the transition pulsation is:

2 n [ E f - E , )
(Of,= — ^ ------   A1.1.36

h

and the transition matrix element is:

A1.1.37

The transition probability is proportional to \a f f .  It can be shown that this probability is 

high only if the perturbation contains the transition pulsation cofi, and that the transition
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occurs exactly at this pulsation (Bohr’s condition on frequencies). However not all transitions 

are possible, even at the right frequency. There are selection rules dependent on the sign of 

the transition matrix element and on the change of parity of the wavefunction during the 

transition. These decide if the transition is possible or not. The selection rules are generally 

expressed in the form of conditions on the change of quantum numbers during the transition. 

Although far from comprehensive, what has been said here on this issue should be sufficient 

for our scopes.

A1.2 Zeeman effect

In the absence of the magnetic field, electron energy levels in a hydrogen atom (for 

which the Hamiltonian contains a central force potential) depend only upon one quantum 

number n, and the emissions occur at a single wavelength.

We call Zeeman effect the property of matter that, when an external magnetic field is 

applied, sharp spectral lines, corresponding to the Bohr emission frequencies, split into 

multiple closely spaced lines. First observed by Nobel Price winner Pieter Zeeman in 1897, 

this splitting is attributed to the interaction between the magnetic field and the magnetic 

dipole moment associated with the orbital angular momentum. This interaction generates an 

extra term in the electronic Hamiltonian, and is responsible for a different energy quantisation 

and for the arising of additional transition frequencies.

During subsequent studies of the influence of a magnetic field on alkali metal spectra, 

scientists met some inexplicable deviations from the behaviour described by Zeeman. While 

the Zeeman effect in some atoms (e.g., hydrogen) produced the usual equally-spaced triplet, 

in other atoms the magnetic field split the lines into four, six, or even more lines and some 

triplets showed wider spacings than expected. These deviations were labelled the 

"anomalous Zeeman effect" and were very puzzling to early researchers.

With the inclusion of an additional electron spinning movement in the total angular 

momentum, this discrepancy could be solved and the other types of multiplets formed part 

of a consistent picture. However, the nature of this “spin” was not initially understood.

Sodium doudlft 7mc s^.irp triplet

Field mmi n m
lllll lllllll»’- ■lllllll lllllllllll"-

Fig A1.2 The anomalous Zeeman effect

286



C4. MRI-based rigid wall model of descending aorta with realistic geometry and inflow data

A1.3 The spin

In 1924, Wolfgang Pauli introduced what he called a "two-valued quantum degree of 

freedom" associated with the electron in the outermost shell of an atom. This allowed him to 

formulate the Pauli exclusion principle, stating that no two electrons can share the same 

quantum numbers.

Pauli's "degree of freedom" then corresponded to a new quantum number, but it was not 

clear to what observable this was related. Ralph Kronig, one of Landé's assistants, suggested 

in early 1925 that it was produced by the self-rotation of the electron. When Pauli heard 

about the idea, he criticised it severely, noting that the electron's hypothetical surface would 

have to be moving faster than the speed of light in order for it to rotate quickly enough to 

produce the necessary angular momentum. This would violate the theory of relativity. Largely 

due to Pauli's criticism, Kronig decided not to publish his idea. Eventually the "two-valued 

quantum degree of freedom" came to be called a particle’s spin.

According to the current views the spin is an intrinsic angular momentum associated with 

quantum mechanical particles. Unlike classical "spinning" objects, which derive their angular 

momentum from the rotation of their constituent parts, spin angular momentum is not 

associated with any rotating internal masses. For example, elementary particles such as the 

electron possess spin angular momentum, even though they are point particles.

When applied to spatial rotations, the principles of quantum mechanics state that the 

observed values of angular momentum (which are eigenvalues of the angular momentum 

operator) are restricted to integer or half-integer multiples of h/2n. This applies to spin 

angular momentum as well. Furthermore, in 1940, Pauli proved the spin-statistics theorem, 

which states that particles with integer spin correspond to bosons, and particles with half

integer spin correspond to fermions. Therefore electrons, and also protons and neutrons all 

have spins of ± 1 /2 .

A1.4 Nuclear shell model

The nucleons (i.e. the protons and the neutrons) are held tight together to form the 

nucleus of an atom by the strong force, which is a much more powerful interaction than the 

Columbian potential that acts on the electrons. Nevertheless, how these particles are 

grouped, in what measure they collide, and which space they are likely to fill is dependent on 

rules very much akin to the ones that describe the much sparser distribution of the electron 

clouds around the nucleus.

In fact, dense-gas type models of nuclei with multiple collisions between particles did not 

fit the data, and remarkable patterns in the stability of nuclei suggested the existence of a 

shell structure.
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The restrictions on possible interactions are again based upon the Pauli exclusion 

principle process, where two fermions cannot occupy the same quantum state. If there are 

no nearby, unfilled quantum states that are in reach of the available energy for an interaction, 

then the interaction will not occur. This is a essentially quantum idea for which there is no 

real classical analogue.

The evidence for a kind of shell structure and a limited number of allowed energy states 

suggests that a nucleon moves in some kind of effective potential well created by the forces 

of all the other nucleons. This leads to energy quantisation in a manner similar to the 

harmonic oscillator potential. Since the details of the well determine the energies, much effort 

has gone into construction of potential wells for the modelling of the observed nuclear 

energy levels. Modern shell model calculations frequently use the Woods-Saxon form of the 

shell model potential.

This potential is relatively flat inside the nucleus and falls gradually to zero at the nuclear 

surface. Solving for the energies from such potentials gives a series of energy levels like 

those in Fig A1.3 but no potential seems to predict the energy levels exactly, unless the spin- 

orbit interaction is taken into account. This component splits the levels by an amount that 

increases with orbital quantum number. This leads to the overlapping levels.

The shell model for the nucleus tells us that nucleons, just like electrons, fill orbitals. 

Atoms whose total number of protons and neutrons equals 2, 8, 20, 28, 50, 82, or 126 (the 

so-called magic numbers) are particularly stable. The same atoms are in fact those for which 

all orbitals are filled.

A1.5 Nuclear spin

We said already that, nucleons, being fermions, have half-integer spins. Their spin, as it 

happens for the electrons, can pair up when the orbitals are being filled, and can 

consequently add up or cancel out.

It is common practice to represent the total angular momentum of a nucleus by the

symbol/and to call it nuclear spin. For electrons in atoms we make a clear distinction 

between electron spin and electron orbital angular momentum, and then combine them to

give the total angular momentum /  , but nuclei often act as if they are a single entity with 

intrinsic angular momentum, so we do not make such distinction. The regular patterns 

described in Tab 2.5.1 support the suggestion that the angular momenta of nucleons tend to
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Fig A1.3 Nuclear shell energy levels

form pairs. The nuclear spin magnitude is given by

h

I n
A1.5.1

where /  is called the nuclear spin quantum number.

The possible number of spin states is always 2/+1, and each of them gets a different 

magnetic quantum number rtij, so that

mI - ^ ~ 2 ) , - / A1.5.2

Mass number (A) Atomic number (Z) Net spin I

odd
even
even

even/odd
even
odd

1/2, 3/2, 5/2,. 
0

1, 2, 3,...

Tab 2.5.1 Guidelines for determining nuclear spins
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The magnitude of the z-component of the spin is quantised according to rrij

h
1 =  ifij A1.5.3

= I n  '

SO, if /  = ^  the spin only has two possible orientations with respect to z.

Notice also that 4  is always smaller than , so the spin can never be oriented as z.

A1.6 Nuclear magnetic moment

Associated with each nuclear spin is a magnetic moment. It is common practice to 

express these magnetic moments in terms of the nuclear spin and of a unit called a nuclear 

magneton, which has a value of

fjf, = 5.05M0-^V/7’ = 3.152-10"*eF/7’ A1.6.1

where e is the proton charge and nip is its mass.

In this way, the nuclear magnetic moment can be written in the form

ju = y l = g f i ^ l  A1.6.2

where y is the gyromagnetic ratio and g is the nucleon g-factor (g = 5.5856912 for

protons and g  = -3.8260837 for neutrons).

If we take the z-component of the nuclear magnetic moment we have:

AI.6.3

A1.7 Interaction of a nucleus with the magnetic field

Since a nucleus with a net nuclear spin possesses also a magnetic moment, it is capable 

of interacting with an external magnetic field. In particular, the energy developed by the 

interaction is

E = —fl ' B 2.7.1
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if the magnetic induction field has only one component of strength Bz then, the energy 

expression will become

h
E = = -B^ — r  m,

I n
A1.7.2

Hence the energies of the mi allowed spin states are proportional to the projection of the 

spin onto the magnetic field direction.

Now, if the conditions for a transition from a spin state to another are present, such 

transition will occur with an energy change of

A1.7.3

and at a frequency, called the Larmor frequency, of

|A£| B, , .
= ~ Y  = l ^ n m n - m , 2 ) A1.7.4

In the special case of a nucleus with 7=1 (e.g. hydrogen) the transition between the two

possible states takes place with -  mj2 ) = =  1 .

In this case the two energy levels correspond to the orientations of the spin with respect to 

the magnetic field, i.e. with z-component parallel (higher energy) or anti-parallel (lower 

energy) to Bz-

B,

T  -h /A n

Fig A1.4 Larmor precession of the spin vector I  in magnetic induction fieid Bz
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Expressing 2.7.4 in terms of pulsation, we obtain the Larmor equation:

C0j^=yB^ A1.7.5

It is important to note that the Larmor pulsation depends not only on the magnetic field, but 

on the properties of matter as well, expressed through the gyromagnetic ratio.

As long as the magnetic field is interacting with the nucleus, the Larmor frequency is 

the natural frequency of the spin state. This means that, while the Iz component of the spin 

h h
remains fixed at +  —  o r  , the spin vector processes around z with angular frequency4;r An
equal to the Larmor pulsation [FigAIA).

A1.8 The magnetisation vector

If instead of one nucleus we have a collection of nuclei, it is possible to extend what we 

said so far and to state corresponding bulk laws.

When we turn on our magnetic field, the spins in our collection that were initially 

randomly distributed, will all orient according to the direction of the magnetic field and start 

their precession at the Larmor frequency {FigAl.5).

Let us refer again to the case of hydrogen nuclei. The relative number of spins that will 

orient parallel and anti-parallel to the field depends on the energy difference between the two 

states, and is equal to the ratio of the probabilities that a nucleus finds itself in either state. 

This ratio follows the Boltzmann statistic. So if the total wavefunction is

=  Al.8,1

then the relative number of nuclei in the states is:

I'fpar
1 2
a1 par

1 2
Ŷ anti

= exp
2nkT

A1.8.2

I n  kT 2n
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Say the total number of protons is a million, that they are at 37°C and that the field 

strength is 1.5T. The protons parallel to the field are only 4.94 more than those which are 

anti-parallel. This means that

N  - N  = - ( y V  + Nmr a»/, ^ I  par 2 2^AT A1.8.3

Macroscopically the spin summation over all the others averages down to zero, and so 

the net bulk spin in z-direction will be the summation of only 4.94 proton spins every million 

in our example, i.e.

2 27tkT ■ 4 [ 2 ^  kT
A1.8.4

Using 2.8.4 as an expression of the bulk spin we can draw an expression also for the 

bulk magnetisation vector:

= y J . = —N  
" 4

B.̂
kT

A1.8.5

More in general, the bulk spin and the magnetisation vector will be:

M  = Y,J2 = YJ A1.8.6

Fig A1.5 Orientations of a collection of nuclei before 

and after turning on a magnetic field
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The magnetisation vector, having the nature of a magnetic moment, will interact with the 

imposed magnetic field B.. The way of this interaction is described classically by the 

equations;

6/M

~di~
= M  x /B A1.8.7

that for the case B = B,k , become:

6/M,

dt
= r M B ^

6/M^ 6/M,

dt
= 0 A1.8.8

Their solution is:

M ^{t) = M  ̂ {0) cos cod -  M  COB

M^,(/) = -M_^ (0) sin / + M ^ (0) cos 6y /̂ 

M X r )  = M ,(0 )

A1.8.9

that represents a precession around the z-axis with pulsation equal to the Larmor 

pulsation cOĵ  = yB , .

Now let us imagine turning on a second magnetic field oscillating with pulsation 

cOj in a plane orthogonal to B̂

Brf = Bj^ cos cod i + Bf^ sin 6ŷ  A j A1.8.10

R̂F

Fig A 1.6  Magnetisation precessing around both B ^ a n d  B ^ p .
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In these circumstances, 2.8.8 become

dM
dt

dt
dM^

dt

= sino^/)

= coscoJ A1.8.11

= y(^ ̂ xBrf sin o) t̂ -  M  Bj^ cos^y r̂)

and the solution, with initial condition M{0) = M^k , is

M ^ { t )  - M q sin COj^t sin COĵ t

M y { t )  = MQsincoj^t cos(o^t A1.8.12

M ^ (0  = M q cosry^r

with (Oj^ = yBj^p. This means that now M  processes at the same time around .6̂  with 

pulsation and around with pulsation . The composed motion is shown in Fig 

A1.6.

This effect is very important for the practice of nuclear magnetic resonance (see 

introduction).
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A2.1 Fluid motion

A2.1.1 Derivation of the Navier-Stokes equations

The flow of most fluids may be modelled mathematically by means of two equations. The 

continuity equation requires that the mass of fluid entering a fixed control volume either 

leaves that volume or accumulates within it. It is a scalar mass conservation equation. The 

momentum equation, a vector equation, is the fluid dynamic equivalent of Newton’s second 

law and represents the momentum conservation.

Lagrangian and Eulerian viewpoints

The motion itself is described by a family of mappings JUt which associate the position x 

of a fluid particle at time t e I  to a point ^ e ^Qq, ^ Oo being the domain occupied by the 

fluid at the reference initial time (q. More precisely, we denote with t the portion of space 

occupied by the fluid at time t and we indicate with jCf the mapping

x (t,^ )=  A2.1.1.1

which will be denoted Lagrangian mapping at time /. We assume that is continuous 

and invertible in ^Qq, with continuous inverse. We call ^Qq the reference configuration, while

is called current (or spatial) configuration. The position of the material particle located at 

the point x in the current configuration is a function of time and of the position of the 

same material particle at the reference time. We may thus relate the variables (t, x) to (t,(^ ). 

The former couple is referred to as the Eulerian variables while the latter are called the 

Lagrangian variables. It is worthwhile to point out that when using the Eulerian variables as 

independent variables, we are concentrating our attention on a position in space x e 

and on the fluid particle, which, at that particular time, is located at x. When using the 

Lagrangian variables as independent variables (Lagrangian frame) we are instead targeting 

the fluid particle labelled ^ (that is the fluid particle which was located at position ^ at the 

reference time). We are following the trajectory 7^ of fluid particle ^ e defined as

T^= { ( t ,x ( t ,^ ) ) , te / } .  A2.1.1.2

Being the mapping surjective, a quantity associated with the fluid may be described as 

function of either the Lagrangian or the Eulerian variables, depending on convenience. We
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will In general use the same symbol for the functions which describe the evolution of the 

same quantity in the Lagrangian and in the Eulerian frame, unless the context needs 

otherwise. In the latter case, we will mark with the hat symbol a quantity expressed as 

function of the Lagrangian variables, that is, if / :  /  x -» IR we have the equality

f  with x =  A2.1.1.3

We will often use the following alternative notation

f = f o Z t ,  or / = / o £ ^ - ^  A2.1.1.4

with the understanding that the composition operator applies only to the spatial variables. 

The symbol V  is used exclusively to indicate the gradient with respect to the Eulerian variable 

X. When we need to indicate the gradient with respect to the Lagrangian variable ^ we will 

use the symbol V^, i.e.

V  /  = y Æ L g  A2.1.1.5

The same convention applies to other spatial differential operators (divergence, 

Laplacian etc.) as well. In the following we will put /  x =  {(r, x), te l, jcgQJ.

The material derivative

We can relate time derivatives computed with respect to the different frames. The

material (or Lagrangian) time derivative of a function/ which we will denote 5 L ,  is defined
Dt

as the time derivative in the Lagrangian frame, yet expressed as function of the Eulerian 

variables. That is to say, i f / :  /  x R and /  = /

4 = £ t - \x ) .  A2.1.1.6
Dt Dt dt

Therefore, for any fixed ^e ^Qq we may also write
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A2.1.1.7
Dt at

by which we can observe that the material derivative represents the rate of variation of/  

along the trajectory T̂ .

By applying the chain-rule of derivation of composed functions, we have

^  =  ^  +  K - V /  A2.1.1.8
D t dt

A quantity which satisfies

—  = 0 A2.1.1.9
dt

is called stationary, and a motion for which

du
—  = 0  A2.1.1.10
dt

is said a stationary motion.

The continuity equation

As we said the continuity equation is a mass conservation equation and can therefore be 

derived from the general principle that mass is neither created nor destroyed during motion. 

Given any material volume Vt c  the following equality holds

d
A2.1.1.11

We can apply Reynolds transport theorem, obtaining

= 0 A2.1.1.12

By assuming that the terms under the integral are continuous, the arbitrariness of Vt 

allows us to write the continuity equation in differential form
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—  = ~ V ’ pu  A2.1.1.13
dt

In these cases for which we can make the assumption that p  is constant (like for blood 

flow), we obtain

V -w  = 0 . A2.1.1.14

The momentum equation

The momentum equation is also a conservation law. Being an extension of Newton’s law 

F^m a, in order to derive it we need to express all the forces and inertial terms that act on the 

control volume of fluid.

Body forces can be expressed as

JJJ P Â . A2.1.1.15

defining a vector field ^  =  / x  >• IR̂  that can be called specific body forces (like a

weight per unit mass).

Surface forces in an analogous way can be written as

JJ A2.1.1.16
r;

where is a vector field = /  x IR called applied stresses and is a measurable

subset of the boundary d^Q^.

Internal stresses, which are the reaction to the applied forces and act to maintain the

material continuity during motion can be expressed as

Jj tXt,x,n) A2.1.1.17
ÔV,

where t. is the Cauchy stress. The Cauchy stress is defined as a vector field 

.̂ = /  X ^ n ,x  (R̂ , with iiSj =  { « G IR̂  : |«| =  1} having the properties that, its integral
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on the boundary of the control volume is equivalent to the resultant of the material 

continuity forces acting on (3.1.17) and that

t , = t ^  on d ^ V , n T ^  A2.1.1.18

This definition of Cauchy stress that coincides with Cauchy principle is of fundamental 

importance because it states that the only dependence of the internal forces on the geometry 

of dVfis through n.

Now the momentum equation can be finally written as:

jjj - )̂ = jjj 7é (^-^) +  jJ ^ A2.1.1.19
V. y, àV,

or using the more common Cauchy stress tensor T

JJJ p û  =JJJ p A  +  j j  (T « ) A2.11.20
V, V, dV,

I

nvoking again the transport theorem and then the divergence theorem, and rearranging, it is 

possible to get rid of the integrals (as is arbitrary) and obtain the final expression for an 

incompressible fluid ( V  • w = 0 ):

p ^ - \ -  p { u ' V ) u - p f j ^ + V  ' T  A2.1.1.21

A2.1.2 Constitutive model of the fluid

The response of the fluid to an external application of force depends on the 

characteristics of the fluid. While its density, that reflects its inertial behaviour, appears 

explicitly in equation A2.1.1.21, the viscosity is hidden inside the Cauchy stress term and 

needs to be defined in order to understand how stress is exchanged between layers of fluid 

and how energy is dissipated.

First of all we can expand the expression of the stress tensor and separate the isotropic 

and deviatoric components:
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T̂ . — — p S y  +  T y  A2.1.2.1

The isotropic component corresponds to the pressure /? while the deviatoric one 

accounts for the shear stress. The viscous behaviour of the fluid fins an expression in the 

deviatoric component and the constitutive model of the fluid is the specific law that relates 

the deviatoric stress tensor Ty (shear stress) to the strain rate Sy with

îj A2.1.2.2

The relationship, valid for viscous fluids is:

T,j = 2psy  + ^k,k^ij A2.1.2.3

where p  is the dynamic viscosity and (the bulk viscosity) is proportional to p  . This 

expression in the case of incompressible fluids can be simplified, and takes the form:

T i j= 2 p S y  A2.1.2.4

In these equations, the viscosity can itself be a function of temperature, species 

concentration, position, time, and/or strain rate. For inviscid fluids Ty is simply zero because

/ /  =  0 . All relations that contain a viscosity independent of strain rate have Ty linear with

respect to Sy. The corresponding fluids are called Newtonian fluids.

Different laws can be written for non-linear viscosities like the power law, which is 

sometimes used for biological fluids as well

P  = P qK/'*~^ A2.1.2.5

with = ^SySy and K a constant. In this case p  is generally referred to as the apparent 

viscosity.

Blood can be generally regarded as a Newtonian fluid for high shear rates. For low shear 

rates, the red blood cells tend to form agglomerates called rouleaux and the characteristics 

of blood tend to deviate from those of a Newtonian fluid. A non-Newtonian empirical law that 

describes blood rheology is Casson law:
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+  A2.1.2.6

It is a plastic relationship in which r^is the yield shear stress and rj represents the 

residual viscosity.

A2.1.3 Initial and boundary conditions

The set of differential equations formed by the continuity equation and the momentum 

equations in the form derived in the previous section provides the Navier-Stokes equations 

for incompressible fluids.

They are in particular valid on any fixed spatial domain ^ Q , which is for all times of 

interest inside the portion of space filled by the fluid, i.e c  Indeed, in most cases the 

flow motion is studied in a fixed domain (usually called computational domain) embodying 

the region of interest. The incompressible Navier-Stokes equations in a fixed domain, are, for 

any te l, the system of equations

+ = P f i  A 2 1 3 1

Uj j  = 0  in ^ Cl

Furthermore, we need to prescribe the initial conditions of the fluid velocity, for instance 

= 0,j:)= Wo(x) x e ^ Q .  A2.1.3.2

The principal unknowns are the velocity u and the pressure p .

We proceed by identifying the area of interest and a domain, which will contain that area. 

Taking the example of a blood vessel, this domain will extend into the vessels upstream and 

downstream to a certain distance from the area of interest. For obvious practical reasons we 

will need to limit the domain at certain sections. Inside such domain, the Navier-Stokes 

equations are valid, yet in order to solve them we need to provide appropriate boundary 

conditions.

The classic boundary conditions mathematically compatible with the Navier-Stokes 

equations are applied stresses and prescribed velocities.

303



A2. Fluid equations and Finite Element Method

We have already implicitly introduced the applied stresses condition (or Neumann 

boundary condition) when discussing the Cauchy principle (A2.1.1.18). With the current 

definition for the Cauchy stresses it becomes

T •« = -/>« + 2 / / s(w) '«  = Fg on cid^Q  A2.1.3.3

where r ” is a measurable subset (possibly empty) of the whole boundary d ^ Q ,  and 

s(w) = ^ (vm  + (Vw)^ ) is the strain rate tensor.

The prescribed velocity (or Dirichlet boundary condition) is given by imposing a velocity 

field on , a measurable subset of (which may be empty). This means that a vector 

field (7: 7 X IR̂  is prescribed and we impose that

u = U  o n T ^  A2.1.3.4

Since U j j  = 0  in it must be noted that if F^ = then at any time Ü  must 

satisfy the following compatibility condition

I I  (7 -«  = 0 A2.1.3.5
dCl

Clearly for a proper boundary condition specification we must have F ^  u  F ^  = d ^ Q .

Said that, the choice of the actual conditions to be applied is normally driven by physical 

considerations. The problem of choosing physical boundary conditions for haemodynamic 

models is still open in many cases, due to the complexity of the problems and is a constant 

subject of research.

A2.2 The Finite Element Method for CFD problems

A2.2.1 The Galerkin FEM

The Galerkin method is a way estimating the solution of the partial differential equation 

system by solving a finite-dimensional algebraic system whose matrices are derived from the 

differential operators of the original equations.

The type of solution that we obtain for our original problem depends on the class of 

mathematical functions among which the solution of the approximate system is sought. The
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Galerkin method requires that the solution be found in a certain functional space, otherwise 

the equations of the approximate system would have no meaning. Let us introduce briefly the 

typologies of spaces that come into play.

Functional spaces

The Banach spaces are the large class of vector spaces on which the operator “norm" 

I I is defined and that are complete with respect to the norm.

The Hilbert spaces H  are Banach spaces that have an inner product (•,•) from H  x  / / - >  

(R. The norm in this case is given as ||jc||̂  =  jc)^ .

The Lebesgue spaces are equivalence classes of Lebesgue-measurable

functions, which contain /?-integrable functions for 1 < p <  oo. They are Banach spaces 

whose norm is defined as

IH U )= [ j l" r ] '

Notice that Z,^(^(^)is a Hilbert space with respect to inner product:

( / . g )  =  J / g  and l|/||on = ( / , / )  A2.2.1.2

where the 0 subscript to tne norm is for consistency with the I iT  norms later.

A l l  H i l b e r t  s p a c e s
A l l  B a n a c h  s p a c e s

A ll Sobolev spaces

G a le r k in  F i n i t e  E le m e n t  M e t h o d

Fig A2.1 Functional space of the Galerkin FEM
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The Sobolev spaces are also equivalence classes of Lebesgue-measurable 

functions. They contain functions u of L ^(^ q ) that have m derivatives, 0 < \ a \ < m  ,

also inZ,^(^n).

The spaces of interest for the formulation of the Galerkin weak formulation of the Navier- 

Stokes equations (see Fig A2.1) are the Sobolev spaces ir '(p = 2 ).  These are also Hilbert 

spaces with inner product and norm

( / . g L  = and 11/111,,̂  = ( / , g l / a  =  E K /
\a\<m \a\<m

% A2.2.1.3
o/ q

Obviously we have q ) = q ).

Continuous formulation of the weak form

Let us go back to the incompressible Navier-Stokes equations and their inlet and 

boundary conditions:

+  ^ 2 . 1 . 4

U j j = 0  in

ï i { t  = 0 ,x ) -U q {x )  x g ^ Q  A2.2.1.5

-  p n  +  2 j u s ( u ) ' n  =  7  ̂ o n  A2.2.1.6

i i  = U  o n  T ^ , t  e l  A2.2.1.7

We assume that / /  is a bounded strictly positive function, precisely we assume that 

there exist two constants Po> 0  and ju^> 0  such that \ f t  e  I  , P q < j u <  almost

everywhere in Q . Furthermore, it is necessary that u F ^  =d^Q . .

In the case of a Dirichlet problem, the boundary datum has to satisfy the compatibility

relation J*(7-« = 0 \ / t  e l .

Q

Now, given this type of model we can try and obtain a weak form of it. If we take two 

testfunctions v e V  and q , whose characteristics are not yet determined, it is formally

possible to write, using internal products:
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 ̂dû 
----
 ̂  ̂ ^ A2.2.1.8

+ p ((« . V )w, V) + 2 J/ / s(u) :s(v) -  (p, V • V) =

= p ( / , v ) +  j ( - p n  +  2ju s (u ) ’ f iy v
da

(V -M ,^ )  = 0 A2.2.1.9

We have exploited the Identity J / /s(w) : Vv = Jps(w) ;s(v) , which derives from the
Q Q

symmetry of s(w). The boundary term may now be split into two parts

j { -  pn +  2ju s(w)-rt)-V =  j { -  pn +  2 p  s(w)-«)*v +  v A2.2.1.10
dCi r"

We note that the contribution from the Neumann boundary is now a given datum, while 

contribution from the Dirichlet boundary can be eliminated by appropriately choosing the test 

space V . By inspection, we may recognise that all terms make sense if we choose as test 

function spaces

F  = ^ e / / ' { ' ' n]lvl^„ = 0}

Q = { q e  n }  with =  0 i f  r ' ’ = ô ''n }  A2.2.1.11
Q

and if we seek, at each time t, the velocity in

V g = ^ ^ H ' { ’’ d ) , ü \ ^ ^ = ü }  A2.2.1.12

and the pressure in Q.

Finally, the weak form of the Navier-Stokes problem A2.1.3.1, reads:

Find, V t e 1 , ii{ t)e  and p { t )e  Q such that

À - A  + p{(û-  v)«, v )+  2 f AS(«) :s(v) -  O ’ , V  • v)  =  p (7 ,  v )+  f F, • V
y dt J ^ ^

( v -«,?)=0

A2.2.1.13 
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Numerical approximation

Suppose has been discretised via a mesh of finite elements in which there are 

velocity nodes, where includes nodes in and on while

comprises the nodes on , and rip pressure nodes (in and on d^Yl).  Associated

with each node in , is a velocity test function (in the a  -direction) , and with each

node in rip a pressure test function These test functions are the finite-dimensional

equivalent of v e and q e L ^ (^ q ) above. Using linear combinations of these test

functions (or basis functions) it is possible to interpolate the unknowns over the nodes in 

which the solution is going to be calculated (n^for ü  and rip for p  ). Thus,

"a =  » . + X " < 9  = » . + C )  » . A2.2.1.14
M

with 0^  A2.2.1.15
y=i

and

P = 'Z P jV̂ j = ¥  P  A2.2.1.16
M

where is the nodal value of the approximate solution at they-th node, is the nodal 

value of the prescribed velocity U^aX the y-th node, etc. Notice that, by convention, 

summation does not occur on the indices in brackets. Using the vector representations, 

is an -vector of basis functions for the a  -direction; is an -vector of nodal values of 

, etc.

From A2.2.1.13, by substituting v g / / ^ ( ^ q ) and with their finite

dimensional equivalents, expanding the inner products and inserting A2.2.1.14- A2.2.1.16, 

we obtain the following statement of the Galerkin FEM equations in vector representation:
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A \ p 9 , . ) 9 l n ^  + \ p

+ I  a^(„) d 0 l^
p-

dxp dxp
\u^ +

9w. f  ^P(,) 
dx„ J' j

- +

r" \  P /
dXp dx^ SXf ax„

J r
dxP 7

- 1
aw

w-
iP)

dx,

A2.2.1.17

A2.2.1.18

Note that now only one time derivative of the unknowns is left. This is dealt with by 

selecting an appropriate temporal integration scheme that gives a numerical approximate at 

discreet instants.

Matrix representation

The FEM equations can be rendered in matrix representation, which displays the 

dimensionality of the system. Let us define some matrices:

5^,(«)

ÔX,

dx,

K« "I M dx„ dXn

~ \ P

^ Îl2 L ,f,T
dx^

(«aX «a

(««X rip 

{n^x rip

(M«x Up)

A2.2.1.19

A2.2.1.20

A2.2.1.21

A2.2.1.22

A2.2.1.23

A2.2.1.24

A2.2.1.25
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r"

+ M,

dt  ̂ dx 

(« a X l )

(M ,x1)
dx,

dXp dxp dXp dx^

A2.2.1.26

A2.2.1.27

The resulting system in 3D is:

0 0 0
0 M , 0 0
0 0 Ms 0
0 0 0 0 J .

+

+

2Kj 4- Aj -i- Bjj K j2 +B]2 ^13 ®13 C,' “1
K 21 + B 21 2K 2 + A 2 + B22 ^23 ®23 C2 "2

®31 K 32 + B32 2K 3 + A 3 B33 C,
.  c f C: Cl 0 J .

+

+

0 0 o' ■«.1 Fi
0 0 0 u. F2

0 0 0 «3 F3

0 0 0 0 J . G A2.2.1.28

To give the expression more of a physical meaning (although not completely accurate), 

the super-matrices can be renamed and the expression re-written as a system:

MÙ + Du + N(u)u -  Cp = F 

C u = G

A2.2.1.29

where M  is the fluid mass matrix, N,D and C are respectively the convective, diffusive 

and divergence matrices, F represents external body forces and G is a sparse vector.

The matrix coefficient evaluation can be carried out once the mesh discretisation is 

defined and consequently the form of the basis functions. This will be the subject of the next 

section. For the moment, let us assume that the basis functions {shape functions) are known.
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Every coefficient of the matrices can be evaluated by numerical quadrature of the integrals. 

Any integral of a function of x, y, z can be reduced to an integral of functions of r, s, t over 

the finite element (-1 < r  <1, -1 < 5 <1, -1 < <1 ).

1 ] ]III drdsdt =  A2.2.1.30
-l-l-l »=l 7=1 *=1

where the weighting coefficients the abscissae (y;,^y depend on the

particular quadrature used.

A2.2.2 Boundary conditions 

Neumann boundary condition

The imposed external stresses are contained in matrix and on the base of this the 

Neumann boundary conditions can be assigned.

= J A 2 . 2 . 2 . 1

The surface element can be expressed as

d r  =  . / i j f  drds A2.2.2.2

r  and s being the element coordinates, and Jacobian matrix:

X / N dx dx dy dy dz dz , ^
J = (g{, ); gij = — T—  + — —  + — ^  with 7 , =  r  and 772 =  s A2.2.2.3 

5 7 ,  5 7  5 7 ,  5 7  dij, 57

Then, the integral A2.2.2.1 can be directly evaluated for a given element.

The terms ty in A2.2.2.1 are Cauchy stresses and contain both a hydrostatic pressure

and a deviatoric viscous part. In many practical cases the viscous component is negligible. 

Hence we have

=  J  A2.2.2.4
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A2.3 FEM for structural dynamics 

A2.3.1 Continuous formulation of the weak form

The wall dynamics are described by Newton’s law (see introduction):

where is the displacement (and x.  ̂ the stress-free position), represents the

external forces, and  ̂Q (r) is the solid volume.

Now, as we did for the fluid, we can obtain a weak form of A2.2.1.4. If we take a test 

functions w e V  whose characteristics are not yet determined, it is formally possible to write, 

using q )  internal products:

j p w  ~(fQ+ jV w :T d Q =  jp w - ^ /d n +  j  vP fr fT  A2.3.1.2
s q  sj j  r "

where T is Cauchy’s stress tensor, represents the body forces, f  the tractions on the

boundaries, and r*^is the subset of where traction boundary conditions are defined

(" r ( 0 = ô " o ( 0 ) .

By inspection, we may recognise that all terms make sense if we choose as test function 

space

f r  =  {w €  ^1^, =  0 } A2.3.1.3

with the subset of “̂ F where displacement boundary conditions are imposed, and if we 

seek, at each time t, the velocity in

= = d \  A2.3.1.4

Finally, the weak form of the Navier-Stokes problem A2.3.1.1, reads:
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Find, \ / t  e } ,  d{t)G W^such that

J p W '^ ^ d Q +  JVw: TdQ=  J pw^ f  dQ + ^ w-t dT A2.3.1.5

A2.3.2 Discretisation

Suppose*  ̂Qhas been discretised via a mesh of finite elements in which there are 

m^+r^  = M  displacement nodes, where includes nodes in and on while

comprises the nodes on Associated with each node in m^, is a displacement test

function (in the a  -direction) . These test functions are the finite-dimensional equivalent

of vP G q )  above. Using linear combinations of these test functions (or basis functions) 

it is possible to interpolate the unknowns over the nodes in which the solution is going to be 

calculated (m^for d). Thus,

d„ -  d^  ̂ A2.3.2.1
7=1

with d^ ~^ j^ cg  Cj  ̂ ~C{a)^a  A2.3.2.2
7=1

where the symbols are used in accordance with section A2.2.1.

From A2.3.1.2, by substituting vPg / /^('^q ) with its finite-dimensional equivalent, 

expanding the inner products and inserting A2.3.2.1 and A2.3.2.2, we obtain the following 

statement of the Galerkin FEM equations in vector representation;

I P Ïa U  J = J PC,a,'fa J C,aX ̂
dt 4  dXp

A2.3.2.3

Note that now only one time derivative of the unknowns is left. This is dealt with by 

selecting an appropriate temporal integration scheme that gives a numerical approximate at 

discreet instants.
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Matrix represer)tation

The FEM equations can be rendered in matrix representation, which displays the 

dimensionality of the system. Let us define some matrices:

M „ =  ( 1 x m j  A2.3.2.4
Q

Z a ( d ) =  f - ^ < T  ( I x m j  A2.3.2.5
4  dXf

F “  =  J / j4 )  " 4  A2.3.2.6

" T„ =  I  Cia) %  ^  (1 X ">a ) A2.3.2.7

where, loosly, is the wall mass matrix, Z^(d ) ,  is the elasticity matrix, represents

external body forces and  ̂ represents the forces exchanged on the wetted surface.

Notice that the elasticity matrix is implicitly dependent on displacement through the 

constitutive model and the strain-displacement relationship, which in the most general case 

are both non-linear. Linearity is assumed in our model.

The final matrix expression is therefore:

s M .  0  +  Z „ ( d ) - F r  - T „  =  0 A2.3.2.8
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