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Abstract
The aim of the thesis is the software processing of data acquired by PASIN2 (Polarimetric
Airborne Scientific Instrument, mark 2). It is a 150-MHz coherent pulsed synthetic aperture radar
(SAR) for 3D imagery beneath the ice thickness of the Antarctic, designed and operated by the
British Antarctic Survey (BAS) to map the overflown regions of the continent in a single pass.
In conventional single SAR imaging (2D), along-track and range coordinates are obtained.
For 3D mapping, the remaining across-track angle dimension is estimated after processing
several SAR images, exploiting the multiple-input multiple-output (MIMO) capabilities, with 8
underwing elements (4 below each wing) switching between transmit- and receive-modes, and
4 receive-only below the fuselage. The array is non-uniformly distributed along the wing
orientation, perpendicular to the aircraft trajectory. Using Matlab® software, the off-line
processing of PASIN2 data consists firstly in amplitude, phase and delay calibration of the
different channels; secondly, single SAR imaging resulting from Backprojection algorithm,
assuming homogeneous ice medium, and electromagnetic propagation based on refraction and
diffraction according to the surveyed area; and finally, the direction of arrival estimation, by
combining the available images and applying a high-resolution non-linear technique called
MUSIC. To deal with the spatial distribution of PASIN2 array, a pre-processing has been
implemented to improve MUSIC outputs.
The results lead to 3D map estimations of the bedrock, ice-water interface or subglacial
channels, correcting the topography regarding models in which a vertical direction of arrival was
wrongly assumed. These observations will be used by environmental scientist to design,
optimise or validate climate models. The thesis is framed within a major project of the Natural
Environment Research Council (NERC) called ‘Ice shelves in a warming world: Filchner Ice Shelf
System, Antarctica’ (NERC reference NE/L013770/1), in which UCL and BAS participate, among
others.
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Impact statement
The increasing concern about Climate Change, now called Climate Crisis by many, has raised
the attention to glacial regions. Knowledge of past and present conditions in Polar areas,
Himalaya and high latitudes of Eurasia and America are of major importance, in order to
develop, validate and refine models for predicting the evolution of global environment, in short
and long term. In this sense, the relevance of Earth observation is clear from the wide
international collaborations and sharing of data and knowledge, within the scientific community
and the society at large.
Antarctica, the surveyed land in this thesis, is one of the focus of interest. Among the reasons
are the sensitivity to temperature changes regarding other areas, the multiple environmental
indicators on past Earth (back to 800 kyears), and the amount of ice as a source of fresh water
(around 60% of total in our planet). These, together with being a remote continent, highlight the
idea of a connected Earth, and hence the anthropologic factors affecting current and future
conditions in a very short time-scale compared to the geological eras. The continent is
permanently covered by ice on a 98% of its extension, with a maximum (estimated) ice thickness
of about 4.8km.
The aim of the thesis is to contribute to accurate ice-thickness estimation of Antarctic
glaciers. The analysed glaciers are ice sheets, grounded-bottom ice masses; ice streams, limited
to regions with fast-flowing ice; and ice shelves, sea-floating glaciers attached to grounded ice,
which buttress the ice discharge from ice streams into the sea. The ice bottom profiles in
grounded glaciers allow the cartography of the continental ground. Even it has been extensively
mapped after past and ongoing international projects, there are still regions lacking accurate
observations or with ambiguous estimations, due to the data collection or the sparsely gridded
areas the results are interpolated from. One of the outcomes of the ice thickness estimations is
the total volume of ice and the proportion below sea level, which are mean values, and hence a
more precise re-estimation of ice profiles would not lead to new insights. However, the local
physical processes involving ice masses are greatly affected by its thickness or ground elevation,
following non-linear relations. For instance, the mere sign of the ground-slope in the limit of
afloat and grounded ice regions affect the ice-shelf evolution, such that the thinning rate
increases and the grounding line retreats with a positive feedback, process known as marine icesheet instability. Another example is the ground profile below ice stream regions, because it
affects geometrically the ice deformation (strain) rate and allows to infer past flowing
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conditions. Therefore, coarse thickness estimations can make wrong assumptions about ice
shelves, ice streams and ice strain-rates. This affects the modelling of basal sliding and flow
speed and direction, in past, present and future regimes.
The techniques and algorithms developed can also be applied in other scientific fields. For
example, those based on propagation through different media and instruments made up by a
non-linear distribution of antennas.
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1

Introduction

The thesis is framed within a major project from the Natural Environment Research Council
(NERC) called “Ice shelves in a warming world: Filchner Ice Shelf System, Antarctica” (NERC
reference NE/L013770/1): participants include British Antarctic Survey (BAS), National
Oceanography Centre (NOC), University of Exeter, Oxford University and the German partner
Alfred Wegener Institute (AWI). In this project, the near-future effect of the Filchner Ice Shelf
System on the global sea level will be analysed and modelled, through the collection of
atmospheric, oceanographic and ice data. The goal of this thesis, as appears in the project’s
description, is “to add value to the survey by exploiting the 3D potential of the acquired data
and producing a seamless swath image of the ice bed”.

1.1 Overview

Interest in Polar Regions has greatly increased in the last decades. Besides the eagerness for

exploring these lands in the beginning of the 20th century, the scientific community started
paying attention because it is the natural environment less affected by human footprint.
Moreover, social concern about the Arctic and Antarctic raised from the ‘80s on, when studies
revealed the mechanisms and consequences the massive use of chemical products has on the
atmosphere, coining the names of “Ozone Hole” and “Global Warming”. Polar Regions retain
not only the influence of human species on the near ecologic system, but also a record of the
extensive scope of their actions due to atmospheric phenomena and oceanic circulation. Ice
beneath the surface holds a detailed history of the conditions on Earth from hundreds of
thousands of years ago: in Antarctica, the oldest climate record obtained by ice-core drilling is
about 800 ka [1] (1 ka = 1000 years), whereas in the Arctic it is about 120 ka [2]. These ice-core
samples, together with the systematic measurements of ice flow speed, surface elevation and
bottom profiles evidence the rate of the Global Warming. Antarctica, with an isolated climate
and a population of around just 4,000 people during austral summer, is the continent preferable
for being surveyed.
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Figure 1-1. Ice thickness profile in Dome A, East Antarctica. Radar image (top) and interpretation (bottom). Original
images from [5], reprinted with permission from American Association for the Advancement of Science (AAAS).

Antarctica is a continent that has 98% of its territory covered by ice [3], with an area of
13,924,000 km2 including ice shelves (floating ice), and 12,295,000 km2 for only grounded ice
sheets [4]; this is compared to the 10,180,000 km2 of Europe. The mean ice thickness is 1937 m
and 2126 m, respectively with and without ice shelves, and the mean ground elevation (bed)
profile is 82.8m below sea level [4]. The deep-ice sounding techniques of radar and seismologic
instruments have coarsely mapped the continent beneath the visible ice surface, revealing
features like lakes, ice and water streams, valleys, mountain ranges and even volcanos [5].
Estimations of the ground relief, called bedrock, beneath a maximum thickness of about 4.8km
in Antarctica [4], and 3km in the Arctic [2], along with the thickness of floating ice, make it
possible to calculate the total volume of ice. Bed-elevation, ice thickness and surface velocity,
are used by scientists to elaborate and contrast models to relate the different glacial processes
and predict the environment future behaviour. Taken as a whole, these results deliver hardhitting data comparable to those for ozone depletion and climate change in last century, like for
example that the Antarctic ice-melting would provoke a rise of about 58m in the sea level [4]. In
2013 an international project called BEDMAP2 [4] compiled all recorded measurements of ice
thickness. It was described by the authors as a “suite of gridded products describing surface
elevation, ice-thickness and the seafloor and subglacial bed elevation of the Antarctic south of
60°S” [4]. It is widely used by the scientific community, improving the original BEDMAP1 [6], in
year 2001. An updated map of bedrock elevation for the key fast flowing areas of the continent,
called BedMachine Antarctica [7], was released in December 2019. BedMachine used a
conservation of mass approach, combining spatially continuous measurements of ice surface
velocity with irregular measurements of ice thickness, to produce an improved grid of bed
elevation.
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1.1.1 Radar surveys
Airborne radar surveys permit a wide coverage of the Antarctic continent to be sampled.
However, yet even with the international collaboration between research groups, only 33% of
the 5km cells produced by the BEDMAP2 grid contain a measurement [4]. Although active radars
can operate under different weather conditions and day and night, for safety reasons it is usually
permitted to fly only under visual flight rules. The extremely low temperatures during the
Antarctic Winter hinders the practical coverage, because the lving conditions of the radar
operators in the non-permanent bases settled between surveys. Therefore, the revisit time is
practically restricted to be annual, compared to the spaceborne instruments or in-situ,
automatic sensors; the latter can obtain several measurements per day [8]. There are two main
advantages of aerial platforms regarding satellites: first, the possibility of adapting or improving
the on-board equipment, an important factor in an environment like Antarctica, where the
strategy for the data collection might be differential; and second, surface clutter and ambiguities
are more severe in spaceborne sensors due to its height. In this sense, for a given resolution
requirement, Synthetic Aperture Radar (SAR) [9], [10] allows a size of antenna smaller than the
length needed for a physical array, that would not be realisable for an aerial platform. Moreover,
the along-track resolution is ideally independent of the distance to the target. The targets are
all those electromagnetic(EM)-wave scatterers of interest. A scatterer can be informally defined
as matter that redirects the impinging EM waves transmitted from a source, and hence can be
detected by the radar when the EM wave travels directly or indirectly towards the radar, with
enough power strength to be above the sensitivity of the receiver. Those scatterers of interest
are considered as targets, and clutter otherwise. In 2D-SAR, the targets (or scatterers) are
resolved in both range and along-track spatial domains: considering range-domain as the radial
dimension perpendicular to the trajectory of the radar-hosting moving platform, range is
obtained by echo-delay timing, whereas along-track coordinate is based on the synthetic array
formation, assembled with the many locations the radar is moving while transmitting and
receiving. The expected returns from surface, englacial and ice-base scatterers, permit specific
data collection and processing schemes, that improve the resolution regarding a fixed radar
location. For 3D location, the third dimension to resolve is the across-track angle, i.e.
perpendicular to the radar trajectory. The problem of SAR system whose acquisition geometry
is not side-looking (towards port or starboard), is that it is symmetric regarding the along-track
axis, and hence it does not distinguish within the angular beamwidth from left (port in
navigation) to right (starboard) hemispheres: the across-track dimension is ambiguous. Due to
the high absorption losses in ice, to enhance the backscattering response the acquisition
geometry is for nadir by pointing the antenna beam towards the vertical, meaning the scattering
direction is assumed to be also from the vertical, which might not be the case. When using a
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Figure 1-2. Elevation angles from the point of view of the radar. Icescatterers locus with the same round-trip delay (dashed).

single antenna that does not resolve the across-track ambiguity (with a beam pattern pointing
vertically), echoes from a locus of targets with different depths and across-track coordinates
arrive within the same time-bin as for a target in the vertical (nadir) at an equivalent depth.
Therefore, a wrong equivalent nadir depth will be assigned to this group of scatterers. This
problem is shown in Figure 1-2, with the dashed locus with the same colour having the same
equivalent vertical depth, obtained by considering the propagation by refraction due to the
change of refraction index from air to ice, assuming an ideal model of two media. Strong signals
from off-nadir surface reflections can mask the bottom of interest when having the same
propagation delay (Figure 1-2), i.e. same equivalent depth. However, this surface reflections
imping from great incidence directions of arrival, and hence the transmission antenna pattern
attenuates its strength. As will be explained in next sections, the equivalent depth is one of the
factors limiting the accuracy of the instrument with a single antenna, rather than its range
resolution. This justifies the use of an across-track array mounted along the wing directions, so
port and starboard hemispheres can be resolved. On the other hand, for covering the areas
under study, a radar trajectory grid has to be planned, with orientations and separations
between passes logistically constrained. With the across-track array, several locations in the
across-track angles can be determined, increasing not only the number of estimations but
importantly the accuracy of the measured ice thickness, compared to the case of a single
antenna.

1.1.2 PASIN2 instrument
PASIN2 is an airborne pulsed (active) SAR with a carrier frequency of 150 MHz, bandwidth
of 13 MHz. With this bandwidth, the finest resolution is 11.5 m in free space and 6.5 m in ice. It
transmits with a fundamental pulse repetition frequency of 15.625 kHz, with folded dipoles as
radiating elements, lined up along the wing direction. In total there are 12 antennas: 8 used for
transmitting and 12 for transmitting/receiving. A group of four TX/RX (transmitter and receiver)
antennas is deployed under the port wing, and an identical four TX/RX under the starboard. The
third group of elements is under the aircraft’s belly, with 4 RX-only antennas, enclosed within a
radome. Antenna polarization can be changed manually, remaining fixed during a flight. The
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Figure 1-3. Twin-Otter aircraft with mounted dipoles under the wings and in the radome under the
fuselage, during season 2016/2017 [11]. Picture provided by BAS.

aircraft is a DHC-6 Twin Otter, operated by BAS, with a typical survey-flight range of 1000 km. In
Figure 1-3 is a picture of the platform, during an Antarctic field mission in season 2016/2017
[11]. The attenuation of the signal in the ice medium, from 10 dB/km to 20 dB/km [7], [12], is
high compared to the air absorption. This attenuation variation depends on the temperature
range, ice impurities and water content. Since the goal is a thickness of ice about 5km, the
resulting two-way absorption is expected to be from 100 dB to 200 dB. With such attenuation,
direct returns from the ice surface can mask reflections from the bedrock and internal layering,
even in cases where the direction of arrival from surface is far from the main beam. The use of
an array of antennas for transmitting and receiving, a MIMO (multiple-input, multiple-output)
set-up, allows, firstly, the selection of the main angle of arrival and at the same time the rejection
of directions that can mask the desired returns; and secondly, the estimation of multiple
directions of arrival (DoA) within a single time-bin, thereby significantly improving the
performance for 2D and 3D imaging. Since each of the two TX groups works as a whole, and each
of the 12 RX channels individually receive and store, there are up to 24 channels (for a single
emitted pulse with common parameters), for which complex coefficients (amplitude and phase)
can be applied for beamforming. The port and starboard transmitter arrays are pointing to
opposite directions, and ideally their null directions are different, so there should not be blind
spots if the array elements are uniformly excited in transmission. Beside the cancelation of
directions of arrival by beamforming, the amplitude of the sidelobes can also be reduced by
windowing the array channels. However, because PASIN2 array is not uniformly distributed, the
windowing is not ideal, requiring a pre-processing for achieving an equivalent uniform array and
optimizing the windowing.
MIMO capabilities require the knowledge of the amplitude and phase coefficients of the
array, to control the direction of the main beam and to minimize the secondary side lobes of the
pattern. However, since the aircraft suffers from changes in altitude and attitude, mainly in roll
and pitch rotations, GPS and IMU instruments must be added to the system and be synchronized
with the radar, to compensate off-line the phase variations caused by the shift in the relative
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Figure 1-4. Calibration and 3D processing paths.

positions of the antennas. Before processing, the possible non-linear distortions induced on the
transmitted or/and received pulse can be corrected, to provide the expected design parameter
of the pulse, like the resolution and the peak and integrated sidelobe ratios (PSLR and ISLR,
respectively). This correction is applied as an amplitude and phase adjustment for all the
frequencies of the pulse for each channel and can be considered as an intra-calibration, since it
is not relative to the other channels or pulses. The use of a MIMO configuration for improving
the sensing implies a more complex design of the radar system, not only because it increases
the number of elements, but because it requires that relative amplitude, phase and delay (APD)
of each of the TX/RX units are known. The correction of the APD imbalance is the intercalibration, and must be done together with the intra-calibration. In contrast to phase,
imbalance in the transmitted/received amplitude can be relatively easily corrected, what makes
the phase correction a major design problem. The fact that up to now PASIN2 does not have an
inflight internal calibration procedure, together with the lack of stability in the flight-to-flight
phase mismatch, constitutes an unresolved problem that limits the performance of the system.
During the austral summer 2016/2017 field session, two flights specially designed for calibration
were performed above the sea close to the British base called Rothera. Because a calm sea acts
as a mirror reflector, APD mismatch can be measured for each flight separately using the strong
reflection from sea surface, and then compared to measure the flight-to-flight difference. At the
same time during these flights specific roll and pitch rotations of the aircraft body were
performed, to measure the antenna pattern in TX mode and RX differences among receivers.
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Figure 1-5. Across-track direction of arrival and topography correction.

After channel calibration, the 3D image processing is carried out. First, 2D SAR image
formation for every channel must be performed. Range (distance) dimension is processed pulse
by pulse, using chirp-compression, a correlation-like operation based on the time reallocation
of the transmitted frequencies within the pulse bandwidth. For along-track processing (the
synthetic aperture), among the algorithms that make use of the whole antenna beamwidth, the
Back-Projection (BP) [13] is chosen because of its capabilities to carry out the motion
compensation (MoCo) and flexibility regarding scatterer selection and changes in the
electromagnetic (EM) wave propagation geometries, like refraction or scattering models. After
all channels are processed, each with an output in form of a 2D SAR image, the images are
combined to resolve the across-track direction of arrival (DoA), by implementing the non-linear
estimation algorithm called MUSIC [14], which has high-resolution capabilities for several DoA
per time bin, even for a limited number of inputs. With the DoA angles for each along-track
coordinate and equivalent depth, an across-track correction is applied and the true bottom
profile is estimated. These processes are graphically described in Figure 1-4 and Figure 1-5,
including calibration, 2D-SAR processing (range and along-track), across-track DoA, and
transformation into a real-world coordinates domain.

1.1.3 Contributions
The contribution of this thesis to the field of radio glaciology extends to three themes: SAR
image processing, antenna array calibration and image interpretation. Within the SAR image
processing theme, there is the development of a novel rapid estimation of the path followed by
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the EM waves from radar to target, under a pure refractive propagation model. It saves
computational time in one of the bottlenecks of the processing chains, and with an accuracy
that can be selected according to the number of iterative steps. After the analysis of the
processed radar data and SAR images, it was observed that in some regions there was a clear
defocusing of bottom profiles, with a sign of defocusing opposite to the expected given the
conventional approximations (small-angle approximation, SAR response for off-nadir targets,
etc). This led to the proposition of an EM-wave propagation model specifically for regions with
crevassed surfaces or enhanced strain rates within the internal layers. The model is based on
diffraction at the air-ice interface, followed by pure refraction within the ice medium, along an
orientation plane that can be oblique to the initial incidence plane in air medium. This model
improves the focusing of the bottom profile, regardless of the across-track location of targets.
The second group of contributions made by this thesis is to array calibration. The PASIN2
array of antennas is not uniformly distributed, with three linear subarrays of different axis
orientation, not within the same plane. In addition, the high-resolution MUSIC algorithm was
chosen to obtain direction of arrival estimations. However, this algorithm was originally
designed for uniformly distributed arrays, and then its optimal performance requires the
linearization and uniformization of the array, implemented as a preprocessing prior to the
direction of arrival estimation. Along a flight, relative phases between channels might suddenly
change due to sampling desynchronization. Hence a calibration scheme is suggested for nominal
data takes.
The third theme is the interpretation of radar data, SAR images and mapping. The main
analysis procedure is based on the Doppler decomposition into bands. In particular, the total
Doppler bandwidth of range-focussed SAR data (before or after along-track processing) is split
into non-overlapped sub-bands, coded as red (R), green (G) and blue (B) components that will
be calibrated and later added, to be represented as an RGB coloured image, back in its alongtrack domain. The RGB slices distinguish the uniform-scattered bed, as it would have a white
colour, from internal layers characterised by a perpendicular back-scattering, with red, green or
blue colour. Certain internal layers are not well focussed, because of their slope or deformation
due to strain rate, but even in these cases, the RGB Doppler decomposition makes it possible to
estimate their slope, useful in applications for tracking the slope of internal layers. In addition,
the decomposition clearly delimits the lateral margins of ice streams, because of the very
different Doppler signatures of ice streams compared to the much slower neighbouring ice.
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1.1.4 Outline
The thesis is organised as follows. The remaining sections of Chapter 1 cover the main glacial
concepts and physic processes, emphasizing those of interest to radar sensing and related to
image interpretation. A literature review about instrumentation and data processing concludes
Chapter 1. Chapter 2 describes the radar system, PASIN2, with a hardware overview,
characteristic parameters, constraints and the data processing steps. Chapter 3 covers interchannel calibration techniques and results: with a calibration flight, for antenna pattern
estimations in amplitude and phase; and with nominal imaging flights, for flight-to-flight
calibration. Current limitations and approaches to improve the accuracy and beamwidth are also
detailed. Chapter 4 describes the synthetic aperture component for along-track focussing,
formulating the Backprojection processing algorithm and the analysis of radar data and SAR
images by Doppler bands decomposition. This analysis proved to be successful in identifying and
classifying internal layers and bed profiles. The first sections of Chapter 4 compare the cases of
airborne 3D ice-sounding through two propagation media and the conventional surface-imaging
with a single uniform medium, pointing out similarities and particularities. Next, a new method
is developed for fast estimation of the path followed by EM waves from radar to target, one of
the main bottle-necks in processing. Chapter 4 concludes with examples of processed 2D-SAR
images and Doppler band decompositions. Chapter 5 is dedicated to the direction of arrival
(DoA) estimation, by conventional beamforming or MUSIC algorithm, in both along- and acrosstrack domains. Applying these techniques in along-track can reduce clutter and improve
sensitivity to bottom echo-returns. For DoA detection with a single receiver (element), a data
collection mode in which the aircraft has controlled rotation angles as it flies, is also suggested.
3D mapping is also included within this section, as it is closely related to the DoA estimation.
Chapter 6 contains the results and interpretations of the processed surveys, it concentrates on
ice streams and ice shelves, as areas of primary importance to the sponsoring NERC project. The
outcomes of Chapter 6 are a model of EM-waves propagation that improved the along-track
focussing regarding the pure, ideal refraction; the possibility of Doppler band decomposition for
delimiting the cross-sectional areas in fast ice-streams; and the suitability of polarimetric
capabilities. Finally, the thesis concludes with Chapter 7, that includes the conclusions and future
research intentions.

1.2 Glaciers

Antarctica can be geographically divided into three regions: East Antarctic Ice Sheet (EAIS);

West Antarctic Ice Sheet (WAIS), separated from EAIS by the Transantarctic Mountains; and the
Antarctic Peninsula (AP), a mountainous region located between WAIS and South America. The
bed profile of EAIS is mainly above sea level, unlike for WAIS, meaning the glaciers in the latter
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are more sensitive to the impact of warmer sea than for EAIS. The total continental area below
sea level is a 44.7% [4]. The potential contribution to the sea level rise of each region is 52.2 m
for EAIS, 5.3 m for WAIS and 0.3 m for AP [7]. Ice density increases with the depth due to
compaction (typically from 350 kg·m-3 to 900 kg·m-3 [15]), but it is always lower than for sea
water, and hence the melting of grounded ice has the potential of rising the sea level, after
accounting for the volumes of firn (shallowest layers, with high air concentration) and ice below
the flotation surface (in case the bed rests under sea level) [4], [16]. The melting of ice below
sea level and ice shelves does not contribute (by itself) to sea level rise as much as ice above sea
level, but it should be considered in short and medium terms. The volumes depend on the
variations in sea water density and temperature after mixing with the melted ice and the heat
exchange with air temperature [17].
According to [18], a glacier “refers to all ice bodies originating as accumulations of snowfall:
mountain glaciers and icefields, small ice caps, continental ice sheets, and floating ice shelves”,
then not considering other ice masses resulting from calving. The main types are the ice sheets,
extensive grounded ice masses (Figure 1-6(a), in white); ice streams [19], where ice flows at rates
from 5m/year to greater than 1 km/year [20]-[22] (Figure 1-6(d), from MEaSUREs Program),
seawards discharging ice from the ice sheets; and ice shelves (Figure 1-6(a), grey), floating ice
masses attached to the grounded glaciers by means of the ice streams, and hence typically with
high rates of flowing ice (Figure 1-6(d)). Surface elevation, ice thickness and bottom (bed)
elevation are in Figure 1-6(c), (e) and (f), from BEDMAP2 project. Maps in Figure 1-6 (except (d))
were created with a free Geographic Information System (GIS) called Quantarctica [23], “a
collection of Antarctic geographical datasets for research, education, operations, and
management in Antarctica” to “explore, import, visualize, and share Antarctic data” working on
QGIS [24]. Quantarctica is developed by the Norwegian Polar Institute (NPI), and it has been
used along the thesis.
The ice thickness changes conforming to the annual mass balance [18]. Thickness increases
after snow by precipitation [25], [26] (Figure 1-6(b)) and freezing of water beneath ice shelves
or grounded ice. However, thickness decreases due to ablation, mainly in lower latitudes of the
ice sheets and ice shelves, in surface processes like melting, evaporation or calving; and basal
melting, caused by friction of ice with the bottom interface, high pressure because the weight
of ice thickness columns, or the exchange of heat with the warmer bed or water. The main
mechanism for maintaining mass balance is the ice flow, in form of ice streams, which start close
to the major ice divides (“areas of zero surface slope in the ice DEM” [20], black borders in the
inner of Figure 1-6 (d)), with an increasing ice-flux seawards, as different tributaries feed a main
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 1-6. Antarctic maps, available from Quantarctica software [23]: (a) Grounded glaciers (white) and ice shelves
(gray), showing the locations of the processed surveyed regions in red dots, for Recovery Ice Stream (ReIS), English
Coast (EC) and Rothera Station (RS); (b) snow accumulation (m/year), from ALBMAP project [25], [26]; (c) surface
elevation (m, above sea level), from [4]; (d) flow speed (m/year), from MEaSURES Program [20]-[[22]], including ice
divides in black; (e) ice thickness (m), from [4]; and bed elevation (m, above mean sea level), from [4].

stream trunk. Wind redistributes surface snow in ice sheets, although usually its mean effect is
zero. The total contribution of the previous effects, causes mass balance regimes that greatly
vary across the continent, requiring regional models and surveys for understanding each distinct
region.
The main regions of interest today are the ice streams. With higher ice flux (Figure 1-6(d),
[20]), they are responsible for the greater ice discharge from ice sheets, and then have a key role
in the changing mass balance and related sea level. Grounding lines (or zones or transitions),
which set the limits of grounded and afloat ice by separating the ice streams from the ice shelves,
are critical areas of study. However, these regions cannot be studied separately, they are
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(a)

(b)

Figure 1-7. Grounding lines: (a) Hypothesis for ice-shelf channel formation by subglacial water conduits: Subglacial
water conduits, by R. Drews et al. [30]; (b) Instability scenarios: Marine Ice Sheet Instability, by Frank Pattyn [34].
Both images are licensed under Creative Commons CC BY 4.0. http://creativecommons.org/licenses/by/4.0/.

connected by physical principles, as ice shelves act with buttressing forces against the ice flow
from the ice streams [27]. Ice-shelf retreat will imply a rise in the sea level because the discharge
of flowing ice from the streams would increase. Ice shelves are characterised by a thickness
gradually reduced from the grounding line to the ice front, whereas having an approximately
constant elevation above sea level (Figure 1-6(c), with the ice shelves in Figure 1-6(a) in grey).
Despite the accumulation of snow due to the precipitation and the ice stream, melting along the
base of the ice shelves occurs due to the warmer sea water, mixing due to tidal forces [28] and
sometimes the existence of subglacial water channels or conduits flowing seawards from
beneath the grounded ice [29]. A representation of the water conduits and ice-shelf surface and
bottom channels is in Figure 1-7(a) [30]. The ice-shelf front (the termination in sea) can also be
calved after the appearance of surface and bottom crevasses [31]. At these lower elevations,
surface on the ice-shelves can be melted after being warmed by wind (even during the Antarctic
winter [32]). Both effects reduce the buttressing on the ice stream and thus increase seawards
the ice-flow, that will cause the longitudinal stretching of the ice shelf, thinning it [18] (p. 385),
[27]. Ice-shelf melting and stretching trigger the inland retreating of the grounding line.
In grounded ice masses, gravitational forces drive the ice flow downwards, following the
direction of the ice-surface slope, with a factor called driving stress, proportional to the ice
density, thickness and the surface slope (and negligibly the bed slope) [18] (pp. 295-296). If the
underlying ground (bed) profile is such that the slope is inland-upwards, the grounding line
retreat (inland shift) will cause the ice thickness decreases in the new grounding line location,
reducing the driving stress, and hence the ice-flowing, without further affecting the ice shelf.
However, in case the bed profile is inland-downwards, after the grounding line retreats the
thickness will increase, rising the driving forces and contributing to stretch the ice-shelf
thickness, what, in turns, will cause the retreat of the grounding line, augmenting the ice
thickness on its vertical, and so on. This positive feedback is called “marine ice-sheet instability”
(MISI) [33], [34], represented in in Figure 1-7(b). Because it depends on the mere bed slope, an
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inaccurate estimation of thickness (assuming exact surface elevation) can lead to opposite
assumptions for modelling the region, with the consequent errors in mass balance and sea level
predictions. In this sense, the goal of the thesis is to improve the bed location in grounding lines,
after solving the direction of arrival ambiguities.
Ice mass conservation is a key principle in glacial modelling, because with sparse thickness
measurements it greatly improves maps of bed topography for mapping Greenland [36] and
Antarctica [7], and also allows to estimate the basal melting [35]. In ice streams, the mass
conservation balances the net ice-accumulation on surface, the basal melting and the ice flux
per transversal area along the ice streams. Ice-flow, following the direction of downwardssloping ice surface, is not uniform across the area perpendicular to its direction, and hence it
needs to be considered in mass conservation accounts. Ice-flow is the result of the combination
of velocity due to basal (bottom) sliding and the strain rates (deformation) within the ice
thickness, existing a relation from surface to basal velocities [18] (p. 310), through ice thickness.
As surface velocities are accurately and systematically measured with interferometric radars
[20], knowledge of the thickness allows an accurate estimate of the whole vertical profile of the
englacial ice flux. The overall effect of driving stress (pushing ice downwards) and basal stress
(resistance to driving) on the strain rates, makes the vertical velocity-profile depends
approximately on the fourth power of thickness [18] (pp. 309-310), and the total flux on the fifth
power of the thickness. Hence, ice flux is very sensitive to thickness estimations. The relative
sensitivity between two parameters, say y and x, defined as the ratio of the relative variation in
y to the relative variation in x, is given by
y
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with ∂(·)/∂(·) the partial derivative. In effect, if parameters y and x are related by y = k·xa, where
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For the ice flux, related to thickness by its fifth power, the relative sensitivity implies that a
relative error in thickness is multiplied by five in the relative error of ice flux [18] (pp. 309-310).
As will be explained in later sections, ice thicknesses estimated with radar, when the direction
of arrival of echoes is not assessed, can have significant relative errors, which are amplified in
the evaluation of other parameters.
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Strain rates in ice can be estimated through ice thickness (with the third power) [18], but is
more accurately derived from surface velocities [37]. High strain rates deform the internal layers
and, above a critical threshold, produce surface and bottom crevasses [31]. Internal layers occur
as a result of the deposition of ice with different dielectric properties, and when buried can be
observed in radar images as profiles with varying intensity, typically following the elevations of
surface or bed. Internal layers can be used as isochronous lines for dating or spatially relating
glacial features. With relatively high surface velocities not due to basal velocity, the internal
layers experience high strain rates, deforming the internal layers along- and across-flow [38],
[39]. This usually results in modulating and folding the vertical profile, until the layers cannot be
traceable nor distinguishable (disrupted, or buckled). The technique “Internal Layering
Continuity Index” (ILCI) [40], [41], measures the horizontal continuity analysing the vertical
variation of the internal layer intensity, comparing different depth sections for assessing the
changes in flow speed and direction along time, also achieved by internal layer tracing [42]. Bed
and internal layer profile can also be parametrised, directly on the SAR image, with Fourier
Transforms [43], [44], for measuring roughness and its variation. The slopes of internal layers
can be extracted, by applying Radon Transform on the SAR images [45]. Improvements for SAR
imaging of steep internal layers have been also developed [46], testing the possible interval of
slopes by iteratively modifying the phase regarding the standard point target processing; the
phase that locally optimizes the SAR image is the corresponding to the slope of the internal layer
under test.
Ice flow is highly influenced by basal water that lubricates the ice bed interface and produces
basal sliding. Due to frictional heat in ice stream regions of high basal drag, or basal water at
depths with a temperature above the pressure melting point, there is a subglacial hydrologic
system, with lakes distributed across the whole continent [47]. Large subglacial lakes can be
identified from smooth, flat surfaces on the ice sheets. Ice streams with high flow speeds might
be underlaid by lakes and water channels transferring water by draining and filling cycles,
according to seasonal regimes, as happens along Recovery Ice Stream [47]-[52] (ReIS); this ice
stream is a focus of this work. Knowledge of these water networks are important, because one
of the reasons for ice streams to cease is water piracy [19], that is, the rerouting of water such
that it stops flowing below one ice stream and diverts to another region, increasing the sliding
and creating or favouring other ice stream, through gates between adjacent ice-streams [51].
These subglacial water channels, running along the bed, exit the ice streams at the grounding
line, melting the bottom of the ice shelves, as a channelized water plume is formed when the
fresh, cold water from the channel, encounters the salty (denser), warmer sea water [29], [53].
This concentrated melting weakens the ice shelf [54],[55], affecting the grounding line. Another
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effect of the warmer water plume is the appearance of bottom crevasses, as a result horizontalstretching [54]. Running along the ice shelf bottom, the rising buoyant water plume refreezes,
as the pressure melting point (temperature) increases due to the thickness and pressure
decrease, fully or partially closing (healing) the crevasses [54].
Glacial landforms such as drumlins, moraines and eskers [56], [57], arise as a consequence
of glacial advance, retreat or flow. They influence the ice flow as grounding-line wedges, and
also are important for inferring the ancient flow direction of ice streams in areas close to the
grounding line transitions, in regions where the internal layers are so disrupted that they cannot
be traced [42]. These landforms can form conduits that favour the driving of water to create
subglacial channels [30]. The landform profiles are difficult to obtain without identifying the
direction of arrival of radar echoes, and therefore, 3D radar imaging (2D bed mapping) offers a
new insight regarding 2D imaging (1D elevation profile).
Antarctic (and Arctic) maps are based on the compilation of measurements from different
sensors into regular grids, and also on estimations for those grid cells that were not sampled.
For example, the ice thickness grid in Bedmap2 [4] uses the interpolation method called
Topogrid, whereas BedMachine also considers the mass conservation principle [7]. However, no
matter the method, the more the measurements and accuracy, the better. From the point of
view of radar sounding, the improvement arises not just from wider frequency bandwidths but
from the data collection and processing strategies, as with PASIN2, with across-track arrays and
directions of arrival estimations. In addition, refined models of EM wave propagations as shown
in this thesis, which depend on the surveyed areas, contribute to improve the detail of bottom
profiles.

1.3 Processed surveyed regions

Rothera station and the nearby sea were chosen for calibration and test purposes, as it is

the main base of BAS scientists and engineers that operate the radar. It is located on Adelaide
island, in the West of the Antarctic Peninsula. Figure 1-8(a) shows the calibration flight track,
labelled as F31, collected on 22th January 2017; and Figure 1-8(b) is the digital elevation model
(DEM), with an orthophoto, both provided by BAS.
Recovery Ice Stream (ReIS) was one of the surveyed areas by BAS during the 16/17 campaign
[11]. It is one of the main flowing glaciers, draining a basin area (where ice is caught and added
to its stream [42]) such that it could contribute to a sea level rise of 6.15m, and contains an ice
volume of 2.580.000 km3, i.e. 11.5% of the total in EAIS and 9.9% of the continent [7]
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(a)

(b)

Figure 1-8. Rothera station (RS): (a) surveyed track during 16/17 season, on 22th January
2017, labelled as F31; (b) Orthophoto on digital elevation model, provided by BAS.

(supplementary information). Its driving characteristics were studied in [50]-[52], analysing the
region upstream of the grounding line (towards the ice divide), including the subglacial lakes
network. For this thesis, the collected radar data in the downstream region (towards the sea)
were analysed and processed. The area includes the downstream tributary ice stream, called
Blackwall [7] (supplementary information), [52]; a corner where the ice flow is rerouted,
narrowed and accelerated; the important grounding line transition; and the Filchner Ice Shelf,
with subglacial channels along flow direction. The trajectories followed by the radar are shown
in Figure 1-9(a-c), with the grounded regions and ice shelves (a), the ice flow [20] (b) and
thickness [4] (c). The data take included along- and cross-flow directions, which were obtained
not only to characterise better the glacier for modelling, but also to validate the algorithms for
the across-track direction of arrival estimations. The analysis of radar data in this heavily
crevassed region allowed the improvement of the assumed EM propagation based on pure
refraction. The new model presented in this thesis is based on diffraction at the air-ice interface,
followed by refraction parallel to a particular incidence plane within the ice medium. As a result,
the along-track focusing of the bottom profile was improved.
The other processed area is the English Coast, in the West of the Antarctic Peninsula, with
ice flowing towards Alexander Island [58] into George VI Ice Shelf. A particularity of this ice shelf
is that it is not marine-terminated (terminated in the sea) [59], but ground-terminated, joining
the coasts of the Antarctic Peninsula and Alexander Island. In particular, the data processed
belonged to the region close to Spaatz and De Atley islands. The data were collected in
polarimetric mode, with the antennas of the port and starboard sides installed with different
orientations. This revealed variations in the bottom profile depending on the polarization mode,
with terraced profiles [60] and basal water. The aircraft trajectories are in Figure 1-9(d-f),
corresponding to the flight labelled as F26, on 20th January 2017.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 1-9. Processed surveyed regions, dotted in Figure 1-6(a): (a)-(c) Recovery Ice Stream (ReIS); (d)-(f)
English Coast (EC). (a),(d), grounded glaciers (white) and ice shelves (grey); (b),(e), flow speed (MEaSUREs
[20]), with colour code in the bottom; and (c),(f), ice thickness (Bedmap2 [4]), with colour code in the bottom.
Maps available from Quantarctica software [23].

1.4 Electromagnetic propagation

Firstly, the main concepts in electromagnetic waves propagation in ice medium are
mentioned.

1.4.1 Absorption losses
The frequencies used for ice thickness and deep internal layer measurements range from 1
MHz to 1 GHz, where absorption losses remain low and approximately stable from 100 KHz to
200 MHz [61], [67]. The link between dielectric absorption LAB and conductivity σI is developed
in [62], and particularised for the ice medium values LAB results [61]

LAB dB / km = 0.912 ×s I mS / m .

(1-3)

In [61], [63], conductivity has been modelled according to temperature and ice impurities.
Figure 1-10 [63], plots the conductivity values and attenuation relation from (1-3). The total
attenuation has been shown to depend on the accumulation rate, the thickness and the bedrock
conditions. The absorption increases when the basal ice is warm and the ice on top is close to
melt [64]. Values of the one-way losses vary from 5 dB/km to 25 dB/km [63], [64], although
values from 10 dB/km to 20 dB/km are usually used for performance designs [65], [7].

1.4.2 Propagation velocity
Propagation velocity in ice, ci, is expressed in terms of the light speed in vacuum, c0, and
refractive index ni. If the effect of dispersion and losses are neglected [66], the refractive index
can be approximated to the square root of the relative permittivity ξi, with an error in the
estimated velocity less than 0.1% [67]. Thus,
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Figure 1-10. Attenuation (one-way, dB/Km) and conductivity depending on temperature and
impurities in ice. Original image from [63]. Copyright 2007 by the American Geophysical Union,
permission conveyed through Copyright Clearance Center, Inc.

ci =

c0
c
= 0 .
ni
xi

(1-4)

The refractive index can be modelled empirically with a linear dependency on the ice density δ
[66], [67] as

ni = 1+ Kn × d , Kn = 0.85m3kg -1 ,

(1-5)

xi =1+ Kx ×d , Kx = 2.36m3kg-1 .

(1-6)

or, after linearizing [66],

These approximations are shown in Figure 1-11 [66], where the refractive index and relative
permittivity are plotted against the density (ρ (kg/m3) in the image). Measurements from
different authors (labelled as C, K and W) are included. With a density of solid ice of 0.917 kg/m 3,
the refractive index is 1.78, the relative permittivity approximately 3.17 and the speed of light
in ice is therefore 168.5 m/μs. These values agree with field measurements at -25 °C at 100 MHz.
Temperature variations from 0 °C to -50 °C are estimated to give a difference in the velocity of
1m/μs, whereas frequency variations from 30 MHz to 300 MHz suppose an approximated
increment of 0.6 m/μs [67], making possible to assume an error of ±0.5 m/μs depending on
temperature and ±0.3m/μs on frequency.
Temperature at the firn (shallowest ice) in the ice sheets ranges between mean annual
values of -60 °C and -20 °C, depending on the region [18]. Temperature also varies within the ice
column according to its depth. Seasonal variations of 40 °C are observed within approximately
15 m of the firn, whereas in deeper regions the temperature is stable. Closer to the bottom, the
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Figure 1-11. Refractive index variation (n, continues line) against density (ρ [kg/m3]). Dashed line is the relative
permittivity ξ=n2. C, K and W labels are measurements from different authors. Republished with permission of ©
2017 Royal Society, from [66]; permission conveyed through Copyright Clearance Center, Inc.

temperature increases above -10 °C, because of the ice pressure, basal friction and thermal
conduction from warmer bedrock.
From the surface to the bedrock or ice/water interface, the density of the medium increases
because the air concentration diminishes (more present in the precipitating snowflakes) and the
ice becomes more compact due to gravity pressure. In the shallowest layer, known as firn, which
extends down to about 150 m depth, the medium is a mixture of ice and air and the propagation
velocity is higher, decreasing with the depth, until solid ice region is reached and a constant
velocity can be expected [67]. This is shown in Figure 1-12, with a density increase from 0.3 to
0.917 kg/m3, measured from borehole on the regions of Ross Ice Shelf (RIS), Vostok and Central
Greenland (CG). However, this model does not take into account the effect of the warming
bedrock, which may contribute to increase the density due to the ice melting on the ice/bed
interface, in a similar effect to the absorption variation detailed in [64], and hence introduce
velocity variations because the density might be closer to the water value.

1.4.3 Firn correction
For simplicity, a uniform propagation velocity (equal to the speed in solid ice) is used for
depth estimation, so a depth correction, called the firn correction, must be made to account
with the low-density firn. For a given echo delay, since in firn the speed of light is higher, using
the uniform model means an underestimation of the depth, and hence the mentioned
correction must account for an equivalent air-gap. For example, corrections due to the density
profiles of Figure 1-12 are +7 m (RIS), +10 m (CG) and +15 m (Vostok) [67]. Again, these
corrections don’t consider the effect of the bedrock on warming ice on its top, which would
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Figure 1-12. Firn density profile measured from borehole, In Ross Ice Shelf (RIS), Central
Greenland (CG) and Vostok. Republished with permission of © IOP Publishing Ltd, from
[67]; permission conveyed through Copyright Clearance Center, Inc.

produce an increment in the density, reducing the velocity, and probably for ice thickness
estimations they could mean a self-compensation of the higher velocity in shallow layers.

1.4.4 Internal layer reflections
Surface, internal layers and ice/bed interface (bedrock or sea ice) are detected by the
amplitude reflection coefficient Γ, or the power reflection coefficient R=|Γ|2, for a wave
travelling in medium 1 and normal incidence on medium 2:

G=

x1 - x2
x1 + x2

=

n1 - n2
n1 + n2

(1-7)

Variations in the complex relative permittivity can be produced from variations in density
profiles, anisotropies and conductivities [67].
For an air/ice interface, using (1-5) and density profiles from Figure 1-12, approximating a
density of 0.3 kg/m3 for soft snow and n=1.78 for solid ice, results in R ranging from -18 dB to 11 dB respectively. For an ice/water interface, with melted ice at 0 °C and ξ2=88, gives R=-3.3
dB. For sea water, a good conductor up to 800 MHz, a total reflection can be assumed. Igneous
and metamorphic rocks have an R from -14 dB to -10 dB, while quartzite and dry sandstones
vary from -25 dB to -16 dB. These and other values are given in [66], [67], and are the expected
reflections coefficients when the range resolution of the transmitted pulse is high enough to
detect such discontinuities, or the penetration depth is short compared to the thickness of the
second medium. When the change in one medium has a certain thickness, giving the effect of
being inserted within another uniform material, the total reflection coefficient will depend on
the thickness and wavelength, since a second reflection from the bottom interface will interfere
with the top reflection.
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1.5 Radar literature review

Radar, sonar and lidar have been extensively used for imaging beyond the range of human

sight in planetary sounding, to map the topology of the terrain in applications for geology,
archaeology, bathymetry, desert sounding and exploration of planets in the Solar System.
The transparency of shallow ice to electromagnetic waves was suggested and evidenced
during 1920s and 1930s, whereas for deep ice it was accidentally found in the ‘50s, with the use
of radar altimeters in aircrafts and ionospheric studies in Antarctica [68]. Radio-echo sounding
for glacial surveys was exhaustively developed during the ‘60s. In 1963, international
collaborations [69] led to tests for comparing seismic and gravimetric techniques to radio-echo
soundings, from Amory H. Waite’s altimeter SCR 178 at 440 MHz [70], and Stanley Evans’s radar
SPRI (Scott Polar Research Institute) Mark I at 35 MHz [71]. One of the first airborne campaigns
was in 1966 with SPRI Mark II radar [72], with folded dipoles as antennas and a maximum
expected detection depth of 5 km. Continuous navigation data such as terrain clearance,
heading, air temperature and pressure were also recorded. The detected received signals were
continuously recorded in a 35 mm film, with a dynamic range of 10 dB, such that the operators
had to manually adjust the system gain to be above the detection threshold the film and avoid
the saturation; the gain should also be manually annotated for calibrating the detections. SPRI
Mark IV [73] included the automatic annotation of time and gain, and allowed for switching the
antenna beam direction by 15° towards port or starboard; the antenna radiations patterns were
measured by rolling the aircraft above calm sea or sea ice, a technique used in this thesis. During
the ‘70s, different instruments such as altimeters and magnetometers were integrated in the
surveys, with complete navigation systems for aircraft positioning. One of the most important
international collaborations was between SPRI (UK), the US National Science Foundation
Division of Polar Programs (NSF-DPP) and the Technical University of Denmark (Danmarks
Tekniske Universitet, DTU) [74]. These surveys and others from the ‘70s, whose archived
englacial profiles were optically recorded in films, have been recently digitally scanned in high
resolution [75], and linked with modern results provide a valuable resource for comparing
present and past glacial conditions.
Until the first extensive utilization of radio-echo sounding for ice sounding in the ‘60s,
seismic and gravimetric techniques were used, with the latter still being applied to zones not
reached by radar, as in some areas for thickness estimation data in BEDMAP2 [4]. Currently,
seismic methods are commonly used, since the waves penetrate through any underlying water
and allows the detection of the bottom of subglacial lakes or sea water under the ice-shelves.
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In the sections that follow, the state-of-art regarding SAR for ice-sounding will be explained,
relating the existing SAR instruments to PASIN2 characteristics. Particular properties that include
frequency bands, antennas, pulse-types, and calibration are shown. This is followed by signal
processing aspects, such as radiation pattern estimation, array beamforming, direction of arrival
estimation, SAR image processors and time-frequency distributions for signal analysis.

1.5.1 Frequency bands
Together with the aforementioned frequencies for bedrock detection, other bands are used
for detecting shallow internal layers and ice surface. The Centre for Remote Sensing of Ice Sheets
(CReSIS), at the University of Kansas, has developed a series of airborne radars specialised for
different depths [76]: ice surface elevation (altimeter), with frequencies from 12 GHz to 18 GHz;
near-surface layers and ice-shelves thickness (called snow radar), with 2 GHz to 8 GHz; and
frequencies from 600 MHz to 900 MHz for detecting the first 100 m of ice layers (called
accumulation radar). MCoRDS4 [65], an airborne SAR at 320 MHz also designed and operated
by CReSIS, could detect a bedrock at over 4 km depth. POLARIS (POLarimetric Airborne Radar
Ice Sounder) [77], a SAR instrument developed by the Danmarks Tekniske Universitet (DTU) for
ESA, working at 435 MHz, was designed to have enough sensitivity to detect thickness of 4 km.
A ground-based radar at 300 MHz, with a maximum range of 2 km, was developed by UCL and
BAS [7]. Despite the higher attenuations when as the carrier frequency increases, smaller
wavelengths allow reduced antenna sizes, a key point for mounting and adapting them (or their
radomes) to the aircraft hull, which is one of the main restrictions. As well as a higher gain given
the antenna size, a higher frequency results in an improved along-track resolution, and also
higher range resolution for a given percentage bandwidth.

1.5.2 Airborne and spaceborne radars
Spaceborne SAR systems are also used as altimeters for floating ice (sea ice or ice shelves)
thickness imaging. This is achieved by relating the elevation above sea level (freeboard snow
and ice) to its depth by means of the densities of snow, ice and sea water. For example, the
Cryosat altimeter mission conducted by ESA, operates at 13.575 GHz [78]. In these altimeters,
the along-track resolution is obtained with unfocused SAR (without phase nor delay corrections)
approximately within the first Fresnel region, in which both the aperture and resolution lengths
are equal [79], or for higher resolution with focused SAR [80]; the across-track dimension is
beam-limited [79]. Lower frequencies for ice penetration would mean an increase in the
antenna size for a given gain, resulting non-practical for a satellite. Spaceborne SAR has the
advantage of flying over repeatable trajectories with very low deviations, the ideal case for
comparing among different measurements. As a downside, it lacks of the flexibility of airborne
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(or ground) instruments, which allows the modification of any part of the system for adding
improvements or corrections.

1.5.3 Antennas
As radiating elements, CReSIS use horn antennas in the FMCW airborne radar for the 2-8
GHz snow radar and the radar altimeter from 12 GHz to 18 GHz, while Vivaldi antennas or
elliptical dipoles are chosen for the accumulation radars from 600 MHz to 900 MHz [76].
Regarding their deep-ice sounder MCoRDS, planar or folded dipoles are used [65], [76],
depending on the aircraft used and on the other radars mounted, since they operate several
instruments together. Patch antennas were chosen in POLARIS [77], mounted under the
fuselage [81]. Apart from the individual radiation pattern performance, the choice of antenna
has two important effects: the mutual coupling from element to element and a major influence
on the aerodynamics. The latter might invalidate completely the design if not taken into account
from the beginning, as it supposes a restriction, not a trade-off.
PASIN, with wired folded dipoles under the wings, has the advantage of an equivalent back
reflector, adding 3 dB to the antenna gain (in the direction perpendicular to the wing, 6 dB
improvement in field strength) since the separation between dipole and wing is a quarter of the
wavelength, that is 0.5 m at 150 MHz. For aerodynamic purposes, the aircraft wings have an
upward angle from the horizontal (dihedral angle) of approximately 3.5° and moreover they are
not perfectly straight, so the main direction of the radiation is slightly deviated from nadir
direction (when null roll rotation), around 5° after pattern simulation and measurement. PASIN’s
belly antennas (within a radome), do not have the benefit of any back reflection from the hull
structure, as in other airborne radars with cased patch or planar dipoles. A negative effect of the
external transmitters and receiver elements is the high coupling because of the wing and aircraft
body reflections. This even happens when the dipoles are fixed and oriented along the wing
dimension, meaning an ideally null coupling from dipole to dipole, since that direction coincides
with the null in the isolated beam pattern. However, radiation from other directions occurs
because of the reflections from the aircraft structure (mainly wings, struts and body) that results
in an important overall coupling regardless the dipole orientation.

1.5.4 Pulse and FMCW
Frequency-modulated continuous-wave radar (FMCW) are used for high bandwidth systems
(of the order of GHz) in the snow and altimeter radars of CReSIS, giving advantages over the
pulsed radar in the power efficiency and reduced data rate for the analogue-digital converter
(ADC). A stepped-frequency chirp is used for the accumulation radar (750 MHz bandwidth) [76].
Pulsed-radar are use in the VHF and P-frequency bands for MCoRDS, POLARIS and PASIN, for
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bandwidths of 30 MHz, 85 MHz and 13 MHz, respectively. In PASIN, a pulsed-radar has the added
advantage of less direct coupled signal from TX to RX elements, produced mainly by aircraft
reflection. Chirped pulses are used for relaxing power requirements, because they distribute the
pulse energy across a pulse length much greater than the resolution width after processing.

1.5.5 Calibration
Amplitude and phase channel mismatch between the different channels and their temporal
drifts need to be measured, preferably within the data take. This is done with calibration signals
through special calibration loops, with common paths to those followed by the nominal
transmitted and received pulses. After combining the calibration signals, a replica of the
transmitted and received chirped-pulse is achieved with amplitude and phase distortions within
the frequency bandwidth and compressed pulse peak drifts. In an L-band airborne SAR design
by INTA (National Institute of Aerospace Technology) this strategy is followed [82], as well as in
POLARIS, where two switches are used to directly reroute the pulses from the transmission to
the reception path [77]. To avoid antenna pattern distortions, is important to know how the
amplitude and phase antenna coefficients are drifted, and thus the transmit/receive modules
(TRM) need to be checked. For this, TerraSAR-X and PAZ spaceborne SARs in X-band, respectively
developed by the German Aerospace Center (DLR) and Hisdesat, command a sequence of pulses
coded with phases of ±90°, with a particular combination for each TRM. Cross-correlating the
sum of all the internally-routed sequences with one of the codes, gives the amplitude and phase
drift for the antenna coefficient corresponding to that code [83], [84]. In TerraSAR-X also
different calibration loops are used to estimate a replica of the chirped-pulse [85]. PASIN2 does
not include dedicated calibration schemes within the electronics, here this task is done off-line,
using either signals coupled directly from transmitter to receiver, or reflections from smooth ice
surfaces or beneath ice shelves. The relative peaks of these signals are compared between
channels in the imaging data take for data take drifts and flight-to-flight variations, having as
references the amplitude and phase imbalances measured with the calibration flights.

1.5.6 Antenna pattern validation
In addition to knowing the antenna coefficients, a measure of the antenna pattern under
real operation is strongly recommended because of the influence of the aircraft hull reflections
on the pattern. For MCoRDS, patterns are measured in-flight with the peak amplitudes of surface
reflections from the Ice Ross Shelf [86], with the assumption of a perfectly smooth surface. A
sequence of pulses is transmitted, either by switching on only one of the antennas for an
individual element pattern, or all for the array diagram. Then by roll and pitch rotations of the
aircraft (ranging from -60° to +60°, and -3° to +12°, respectively), along- and across-track
patterns are estimated, the latter corresponding to the array beamformer. The results were
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compared with a simulation using Ansys HFSS software [87] and a 3D model of the aircraft (as a
perfect electric conductor, PEC). For PASIN2, special calibration flights were performed during
the 2016/17 Antarctic field missions, but in this case above the Southern Ocean close to Rothera
Base, not above an ice-shelf. Sea clutter may influence the measurements, but at least the
surface slope and roughness uncertainties were reduced. Roll angle interval was from -25° to
+25°, with slight pitch variations (typically between +5° and +7°). This roll angle interval is not
enough, because the across-track direction of arrival estimation is ideally limited to ±35° when
wing elements are used, and ±90° only with belly elements.

1.5.7 Beamforming
To establish the location of a scatterer in the across-track plane (perpendicular to the flight
direction, whose dimension is obtained by Doppler-processing), polar coordinates (angle and
range, Figure 1-2) are used. Range is given by the distance from the radar to the scatterer, and
the angular location is fixed by the across-track array, using pattern synthesis or beamforming.
The beam-steering (BS) technique maximizes the signal from the desired direction of arrival
(DoA), without considering other angles. The BS applies the conjugate of the expected phase at
each element, for a signal from the wanted DoA. In a uniformly spaced linear array, the BS output
is analogous to the Fourier Transform of a signal made up with uniform amplitude and phases
given by the relative delays of a signal impinging from the wanted DoA. Angular leakage can be
improved by windowing the element coefficients, at the expense of losing angular resolution.
In an array of N elements, the BS condition of maximum received signal from only one DoA
leaves N-1 more possibilities to adapt the angular reception (and transmission). These can be
accomplished by setting nulls at the peaks and following order derivatives of the pattern, at
certain angles. This method is called Null-Steering (NS). Although NS cancels signals from specific
directions, noise is amplified in those angles, which is known as noise scaling [77], [88] .
Another technique is an algorithm proposed by Capon [89], initially for seismic detection
and later for spectral estimation [90]. Like BS and NS, it maximizes the signal impinging from the
desired DOA, but this time adding the condition of minimal variance (power) at the output of
the beamformer, the reason why this method is also known as Minimum Variance Distortionless
Response (MVDR). It models the whole signal space with the autocorrelation matrix of the
received data, formed by the signal from the desired DOA along with interferences from other
angles and noise. Depending on the noise model and the interferences, a different set of
coefficients will be obtained, and hence a pattern. For example, in the presence of white noise,
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the coefficients would be those of the BS [88], while if there are interferences from a group of
angles mixed with white noise, a compromise between BS and NS is achieved, called OptimumBeamformer (OB) [88]. These methods have been used in simulations and real data in [77] and
[91]. In MVDR, instead of using a model of signals for the autocorrelation matrix, the latter can
be calculated directly from the received data.
In the literature, NS and MVDR are only applied in the across-track dimension. With the
synthetic array in the along-track dimension, and processing with a squinted aperture, NS and
MVDR could permit a reduction in the strong returns from nadir direction. Depending on the
SAR processor, this might be computationally expensive, like for example for the Backprojection
algorithm, since each scatterer would require a different null-steering set of coefficients, that
requires the inverse of a matrix.

1.5.8 Direction of arrival estimation
In order to calculate the antenna coefficients for across-track beamforming, an estimation
of the angle or arrival of the interferences must be performed. The high ice propagation losses
compared to free space, mean that scattering from a given ice depth and angle of arrival may
be obscured by surface clutter at a direction in which the time delay from a surface return is
equivalent to that from the wanted reflector. Although the propagation time is the same,
surface clutter suffers less losses along its path, and the received signal might be higher than
from the wanted target [92], [93]. If these interference signals arrive from angles where the
antenna amplitude pattern coincides with a grating lobe, which happens in cases where the
antenna elements are separated more than half a wavelength, the signal-to-clutter ratio (SCR)
will be low. These likely interfering DoA’s can be calculated if the TX and RX antenna patterns
are known, together with estimations of the surface slope.
Received data can be also used to determine the main clutter DoA, for example with the BS
method, applied to different angles. With the MVDR technique mentioned in section 1.5.7, after
applying a different set of antenna coefficients for each of the angles within the across-track
aperture, a full angular diagram with the corresponding power is obtained, with the highest
peaks related to the likely clutter DoA.
Another popular algorithm is called MUSIC (MUltiple SIgnal Classification) [90], [94], which
is based on the decomposition of the received data into the subspaces of signals and noise. Since
these subspaces are orthogonal, the projection (dot product) of any arriving signal on the noise
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subspace will result in a null. The inverse of this projection will be the power estimation (nonlinear) assigned to each DoA.
In addition to antenna pattern synthesis, DoA estimations are used for bed-rock
tomography. In [95], ice 3D tomography was demonstrated for the first time, with MIMO 3D icesounding SAR on a ground vehicle. In this publication, MUSIC is used with two expected main
signals for each depth range, that may occur in the absence of layover, a distortion typical of
radar that causes an object to appear closer than it is really found. The first time DoA estimations
were used in airborne SAR was for a 150 MHz multichannel system developed by the CReSIS,
using the Maximum-Likelihood algorithm (ML; this name is assigned to the Capon beamformer
in [94], but is different from the method today known as ML) [12]. For this same radar, MUSIC
was also used in [92].

1.5.9 SAR processors
Algorithms initially designed for an array of sensors in seismic processing were later adapted
for SAR imaging, such as Backprojection (BP) and Omega-K (ω-K). Another algorithm broadly
used, directly conceived for a SAR framework, is Chirp-Scaling (CS) [96]. Basic versions of ω-K
and CS obtain images in 2D, with range (also called distance, across-track or fast-time) and alongtrack (azimuth or slow-time) dimensions. They assume a straight track with constant velocity
and height, assigning to each scatterer a range-Doppler response (within the synthetic aperture)
that depends only on its range. CS and ω-K need a preprocessing step called motion
compensation (MoCo), a key procedure to correct phase and distance due to radar location
deviations from the ideal track. MoCo can be performed with different degrees of accuracy,
either correcting cross- and along-track location errors, or corrections based on a mean scene
range (first-order MoCo) or better range approaches (second and higher order). Then, across
the synthetic aperture, since scatterers in the same closest range are consider to have the same
range-azimuth response, a block image can be processed. The BP algorithm differs by
considering each scatterer as unique, with range-azimuth responses that depend on the
particular radar locations within the synthetic aperture. These locations are obtained from
aircraft positioning and rotations, using the GPS and Inertial Mesurement Unit (IMU). BP does
not need any MoCo preprocessing, because the deviations from a straight uniform trajectory
one are included in the unique range-azimuth responses, even if the trajectory is not rectilinear
nor have constant speed. Since BP processes each scatterer individually, it is much slower than
the block processors ω-K and CS, although the latter require MoCo, which should be added when
comparing processing times. As an upside, BP is highly accurate because it considers the real
radar trajectory. In fact, BP might be considered equivalent to the highest MoCo order as
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possible. ω-K is used by CReSIS in their multifunction radars [65], and also in a 210 MHz MIMO
3D ice-sounding SAR on a ground vehicle [95]. BP is the processor chosen by DTU for POLARIS
[97], and by the University of Kansas for a 150 MHz multichannel ice-sounding airborne SAR [12].
Other kinds of processor use a narrow synthetic angular aperture, in order to avoid a highdemanding range-migration compensation (needed for wide apertures) and process by blocks
(increasing efficiency), by either performing a coherent summation of pulses without phase
compensation (unfocussed SAR), correlating along-track with a range-dependant function
(focussed SAR 1-D) or adding range-migration compensation to the latter (focussed SAR 2-D).
The focussed SAR 1-D technique was applied for the first time in [98] for a 150 MHz airborne
SAR flown over Greenland. PASIN also used these methods [99], as well as the Institute for
Geophysics of the University of Texas, for their 60 MHz airborne radar with a two-element array
of flat dipoles [100].
One of the main difficulties in ice-sounding, is to analyse the Doppler processing
performance, that is the along-track dimension. Regarding surface-sensing SAR, even if
calibration targets are not deployed on ground, it is relative common to use opportunity
reflectors, point-like scatterers which measure the performance of the Doppler focussing. In icesensing, there is a lack of these reflectors, and therefore it is difficult to estimate how good the
processing was (how well the SAR response from a point scatterer is focussed to a point). For
this purpose, in this thesis a RGB representation of SAR images that assigns each colour to a
Doppler band with different centre and bandwidth, has been applied. When the image is not
perfectly focussed, scatterers are visible in red, green and blue separate zones. This new
representation makes it possible for the fast identification of processing errors. In addition, it
allows the identification of the bed-rock from the double-bounce of surface reflections.

1.5.10 Time-Frequency analysis distributions
In SAR signals, time and frequency domains appear mixed due to the range-azimuth
dependencies. Time-Frequency (TF) distributions are signal analysis techniques that jointly use
the time and frequency domains to represent the signal in a 2D space, instead of the
conventional 1D along time or frequency (spectrum). TF distributions are very convenient for
SAR analysis, calibration and processing, not only because the pulse sent is usually a chirp,
defined by an unequivocal frequency at each instant, but due to the fact that in azimuth
dimension the signals for an isolated point scatterer are also chirp-like (a Doppler frequency at
each look angle).
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The most straightforward joint TF representation of a signal is the spectrogram (SP), which
consist of the squared modulus of the Fourier Transform of a windowed signal, using a window
centred at each of all the instants under analysis. Depending on the nature of the window, a
different time-frequency resolution is achieved, thus creating an infinite possible number of
spectrograms. This makes it difficult to interpret correctly the spectrogram output without first
providing information about the window type.
The Wigner-Ville distribution (WVD) [101], [102] overcomes this difficulty, because it does
not use a window, as it is based on the definition of the conventional spectral density. The latter
is calculated as the Fourier Transform of the autocorrelation of a signal, and then having two
integrals: the first for the autocorrelation, and the second for the Fourier Transform. WVD is
obtained by eliminating the first integral, and thus can be regarded as an instantaneous spectral
density. The benefit over the SP are various: its unique representation and interpretation, higher
resolution, the possibility to calculate the modulus of the signal (in time and frequency domain),
the instantaneous frequency and the group delay, obtained by respectively integrating along the
time or frequency axes of the WVD. The main disadvantage is the appearance of cross-terms,
which do not represent real TF energy content and may lead to a misunderstanding of the
analysis. WVD is the basis of a family of TF distributions called Cohen’s General Class, since they
can be obtained by convolving the WVD with a 2D kernel function. The kernel function can be
designed ad hoc to filter out the cross terms, whose shape depends on the signal under test.

1.6 Summary

The motivation and content of the thesis have been introduced in this chapter. The main

characteristics of PASIN2 were explained, showing the challenges, capabilities, data processing
flow and outputs. The key glacial features that can be observed with PASIN2 were presented,
such as bedrock profiles near the grounding lines, ice-shelf bottoms and internal layers. The
need for high accuracy in the spatial allocations was emphasized, because the glaciologic
interpretations are very sensitive to errors in these measurements. The particularities of EM
englacial propagation were also described, together with a review of existing instruments and
procedures for glacial surveys, including calibration, processing and analysis of data.
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2

Radar Instrument

Most typical SAR application measures the scattering of Earth’s surfaces, from forest and
vegetation to ground, depending on the carrier frequency and the polarization, considering the
propagation medium across the SAR aperture is uniform. For these scenarios, several strategies
exist for improving the along-track performance and the beamforming in the plane orthogonal
to the track direction, together with a great variety of processing algorithms. For airborne or
satellite SAR ice-sounding applications, at least two homogeneous layers of air and ice need to
be taken into account, adding complexity to conventional SAR algorithms. Each medium has a
related propagation velocity characterised by a different refractive index, and EM-wave
refraction at their interface has to be considered. For 3D remote-sensing, at least three
conditions must exist to uniquely locate each scatterer.
PASIN2 is an airborne pulsed SAR at f0=150MHz (wavelength λ0=2m, in vacuum) and 13MHzbandwidth chirps, mounted in a Twin Otter platform owned by BAS, it can be operated together
with a set of geophysical instruments like additional radars, sensors for magnetic and gravity
field detection, lidar, and cameras.

2.1 Ice-sounding

Because of the presence of at least two different mediums (free space and solid ice),

refraction has to be considered for ray-tracing from radar (or antennas) to deep scatterers. As
will be shown in chapter 4 (SAR Processing), given a radar location, EM waves from the radar to
the points in 3D space with the same Doppler frequency define a conical surface in free space,
whose vertex is the radar position and is symmetric regarding the aircraft direction (X axis).
When the rays imping on the surface, they refract, distorting the cone. In the same way, the
locus in free space of the scatterers with the direction of arrival located by means of the acrosstrack processing is approximately again a cone. However, in this case the symmetry is regarding
the main direction of the across-track array (Y axis), and also deformed when penetrating into
the ice medium. Due to the lack of symmetry of the across-track array in X and Z directions, the
latter locus is not a perfect cone, although it will be considered as such for a better
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(a)

(a)

(b)

(b)

(c)

Figure 2-1. Cones with same Doppler frequency (green) and same angle regarding across-track
beamforming (blue). Axes are centred in mass centre of TX antennas (under the wings). 3D
view (a), starboard view (b) and front view (c).

(a)

(b)

Figure 2-2. Angular coordinates from the point of view of the TX centre: elevation ε<0 (a) and azimuth α<0 (b).
Ice-scatterers locus with the same round-trip delay (dashed magenta) and distance (dashed red).

understanding. These cones are displayed in Figure 2-1, with the Doppler cone in green and the
across-track cone in blue. The intersection of both cones is symmetrical regarding a plane at the
radar height, but this ambiguity is clearly neglected, since the antenna beam is pointing
downwards to Earth. The bottom half intersection is fully resolved by the distance detected by
the range processing, using the transmitted pulse location.
Concerning the range calculation from radar to scatterer, the different wave velocities in
free space and ice makes that time (delay) and distance are not related by the same surface loci.
The equal-distance surface is a sphere, whereas the equal-time surface is deformed according
the elevation angle. In Figure 2-2 is a plot of the 2D views of the points with same distance
(dashed red) and time delay (dashed magenta), with perspectives for appreciating the elevation
ε<0 (Figure 2-2(a)) and azimuth α<0 (Figure 2-2(b)) angles. The range, the Doppler frequency and
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the across-track angle loci intersection determines unequivocally a single point below the radar,
and is the basis for the 3D tomography.

2.2 Antenna array

PASIN2 has 12 antenna elements: 8 underwing-antennas switching between transmit (TX)

and receive (RX), and 4 belly pod-antennas as RX only. The TX/RX elements are folded dipoles of
length 0.38λ0, installed a quarter wavelength under the wings, 4 at each side (port and
starboard) and separated by a distance of 0.8λ0. The 4 RX-only are printed end-loaded dipoles
within a radome attached to the fuselage, with a separation of 0.5λ0, and are referred as belly
elements. The radiation pattern of belly elements was designed to be the same as port and
starboard, but with smaller beamwidth in across-track direction. The antenna locations are
constrained by the platform certification and frequency band. The 12 elements are independent
when acting as RX, whereas the 4 port and starboard elements, with the same expected
excitation coefficients, are driven simultaneously in each section, effectively operating as 2
independent TX-array. Thus the set up achieves 24 non unique phase centres (2TX, 12RX). The
wings, with a slope of approximately σ = 3.5°, act as a plane reflector for port and starboard
elements, and hence the TX pattern of each array section points towards different across-track
directions. Wing dipoles are not located along a horizontal line, but the elements closer to the
tips are at a slightly higher position. Belly dipoles, which only work as RX, are shifted relative to
the wing elements, in the vertical and along-track dimensions. For the polarimetric mode, the
antenna orientation must be manually changed before taking off, in port and starboard
elements, so the polarization is unaltered during the flight. Due to aerodynamic constraints, the
antennas are always horizontally oriented, changing from along-track (V) to along-wing (H)
orientations. Figure 2-3 shows a laser-scanned 3D model of the aircraft, with its antenna
locations and separation irregularities regarding the expected differences of 0.8λ0 and 0.5λ0. The
inset of Figure 2-3 is a picture with the folded dipoles under port wing with across-track
orientation (H).
The folded dipole directivity is 2.15 dBi, plus 3 dB in the case of the port and starboard
elements due to the wing reflector, giving 5.15 dBi. In transmission, the 4-element array adds
6dB to the overall gain, making 11.15 dBi for the transmitter. Each TX side has an estimated
along-track pattern (elevation in track direction) of 35° beamwidth (±17.5° around nadir) limited
by the received scattering from bedrock (as observed from raw data in range-Doppler domain,
as shown in Figure 4-19), having each dipole a simulated 3dB-beamwidth close to 100°.
Regarding the across-track pattern (elevation perpendicular to track direction), the TX arrays
have a 3dB aperture of 16°, from simulations and measurements, whereas after beamforming
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Figure 2-3. Cartesian axis orientation according to radar velocity. Dipole locations are marked in red.

simulation with 12 RX the across-track pattern has a 3 dB beamwidth of 6°. Table 2-2 lists some
of these parameters.
Spherical (distance, elevation, azimuth) and cartesian (X, Y, Z) coordinate axes are used,
depending on which is more suitable to certain SAR parameters. In cartesian, Z axis corresponds
to the height, positive from Earth’s centre; X corresponds to the along-track dimension, positive
to the sense of aircraft bearing, and Y is perpendicular to the plane XZ, positive towards port
side. The along-track orientation follows the course orientation, so it is not oriented to the
aircraft nose (heading), only coinciding when course and heading are identical (yaw rotation is
0°). These orientations are shown in Figure 2-3. The centre of the cartesian coordinates will
change depending on the purpose of the calculations, being either the scatterer or aircraft (also
called platform) location. Regarding spherical coordinates, they are used to calculate the
expressions of the Doppler frequency and rate, as well as the view angle for the across-track
beamforming. Taking the origin as the aircraft centre, it allows a relationship between the
antenna pattern (element and array factor) and SAR parameters. The measured antenna
locations in cartesian coordinates PM,n (with z=0 corresponding to the bottom of the aircraft
tyres, and (x,y)=(0,0) the crossing point between wing axes and fuselage) need to be corrected
with the lever arms PLA, to obtain the positions PRC,n regarding the aircraft rotation centre, as
x RC ,n

y RC ,n

z RC ,n

T

= xM ,n

y M ,n

z M ,n

T

- x LA

y LA

z LA

T

, 1 £ n £ 12 ,

(2-1)

for each of the twelve antennas. The locations before and after correction, are in Table 2-1,
including the phase centre for the transmitter arrays in port and starboard, estimated as the
mean locations of port and starboard elements.
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Table 2-1. Antenna locations before and after lever arm corrections, for individual elements and phase centres of
transmitter arrays.

Lever arm
Antenna
RxP1
RxP2
RxP3
RxP4
TxPort
RxB5
RxB6
RxB7
RxB8
RxS9
RxSA
RxSB
RxSC
TxStarboard

Cartesian coordinates
x(m)
y(m)
z(m)
x(m)
y(m)
z(m)
-2.323m
0.012m
1.435m
before lever arm correction
after lever arm correction
0.010
8.3751
2.614
2.333
8.3631
1.179
-0.010
6.7651
2.548
2.313
6.7531
1.130
0.003
5.1653
2.454
2.326
5.1533
1.019
0
3.5400
2.356
2.323
3.5280
0.921
0.0008
5.9614
2.4930
2.3237
5.9494
1.0580
-2.915
1.469
0.85
-0.592
1.4570
-0.585
-2.915
0.500
0.85
-0.592
0.4880
-0.585
-2.915
-0.505
0.85
-0.592
-0.5170
-0.585
-2.915
-1.469
0.85
-0.592
-1.4810
-0.585
0
-3.5100
2.356
2.323
-3.5220
0.921
-0.005
-5.1295
2.454
2.318
-5.1415
1.019
-0.003
-6.7403
2.548
2.320
-6.7523
1.113
0.005
-8.3695
2.614
2.328
-8.3815
1.179
-0.0008
-5.9373
2.4930
2.3222
-5.9493
1.0580

2.3 Transmission and reception

The transmission method is time-division multiplexing with a system pulse repetition

frequency SPRF = 15.625 kHz, and a receiving window of TRXW = 64 μs, coinciding with the
inverse of SPRF, i.e., full cycle. The maximum number of preprogrammed alternating
transmissions is 8, which defines the TX side and pulse type, and are referred to waveforms. The
pulse parameters are the duration, bandwidth and phase. Each waveform is transmitted
sequentially, interleaving the others until the same is again transmitted. In the 2015/2016
season, the number of used waveforms was NW = 4 (out of the maximum 8), whereas during
2016/2017 it was NW = 5. The transmitted signals are generated with an arbitrary waveform
generator (AWG), directly tuning the carrier frequency of f0=150 MHz. The AWG has two
separated outputs, for port and starboard, and each splits into four with separate low pass
filters, power amplifiers and antenna elements. TX and RX modes are controlled by a switch
connecting their independent paths to the corresponding antenna. The belly elements are
always in RX mode, as are the opposite-to-transmitter-side elements while the involved
waveforms have the same transmitter array. In reception, after a low pass filter, each channel
is digitized with an analog-to-digital converter (ADC) at Fs=120 MHz rate, using a Pentek 71660
4-channel 16-bit digitizer running in a custom FPGA. The digitization results in a demodulation,
reallocating the spectrum between (-Fs/2, +Fs/2) at ±f0,R

f0, R = mod f0 , Fs = 30 MHz .

(2-2)
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After digitizing, echoes from the same waveform within the transmitted sequence are stacked
(summed) by a fixed amount of NST = 25. The resulting data are stored in one of the three 1 TB
unit, one each for port, belly and starboard sections. Assuming a nominal aircraft speed v0 = 60
m/s, for a single waveform (TX side and pulse type), the storing rate per section of 4 channels is
0.6 GB/km. A quick-look of the radar data can be displayed in real-time for the operators. The
effective pulse repetition frequency PRF depends on the system PRF (SPRF), the number of
transmitted waveforms NW and the stacking factor NST as

PRF =

SPRF
.
NW × NST

(2-3)

Transmitted waveforms are chirps with linear frequency modulation, windowed in the time
domain. The bandwidth is limited to 13 MHz, whereas the duration is 1 µs or 4 µs. Because ADC
outputs present an offset level, different at each receiver due to a bias current or voltage at the
ADC input, to filter this and other common interference sources the 4µs-pulses are transmitted
in 2 different waveforms (out of the maximum 8), one shifted 180° with respect to the other (0π modulation). In the off-line processing, received signals from both waveforms will be
subtracted, cancelling the common sources and increasing the SNR by 3 dB, with a coherence
interval of 128 µs, or 8 mm for an aircraft speed v0.

2.4 Positioning and attitude data
Global Positioning System (GPS) and Inertial Measurement Unit (IMU) devices are integrated
to obtain geographic coordinates (latitude, longitude and elevation) and rotation angles (roll,
pitch and yaw), sampled at 10 Hz. For surface mapping and terrain clearance measurement, it is
used a near-infrared scanning lidar (Riegl LMS-Q240i), with a maximum range of 650 m and 2
mm accuracy.
Geodetic latitude (°), longitude (°) and height (in meters, m) above the reference ellipsoid
are calculated with the WGS84 system. The geodetic latitude is the angle between the equatorial
plane and the normal to the ellipsoid at the measuring point, whereas the geocentric latitude
measures the angle regarding the segment crossing the Earth centre. These geodetic
coordinates are converted [103, Sec. 4.1.3, pp. 96-97], [104] to the geocentric, cartesian system
Earth-Centered, Earth-Fixed (ECEF), also called Conventional Terrestrial System or EarthCentered Rotational (ECR), with axes XCF(m)-YCF(m) in the equatorial plane, and ZCF(m) axis
perpendicular, pointing to North. ECEF is a family of coordinate systems, to which belongs the
International Terrestrial Reference Frame (ITRF). Finally, the geocentric (global) coordinates, are
transformed to the local system East North Up (ENU) [103, Sec. 2.5, pp. 51], [104], also called
Local Level System (LLS) or Local Tangent Plane (LTP), whose centre (0,0,0) is a given reference,
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Up(m) is normal to the ellipsoid and positive towards zenith, and East(m)-North(m) plane is
tangential to the ellipsoid, each positive as indicated by the name, according to the orientation
of the ellipsoid. The reference for the ENU centre is the geodetic latitude and longitude of the
aircraft, at the instant corresponding to centre of the scene to be processed, and zero height
above ellipsoid. This enables the ENU system to be tangent to ellipsoid. Z coordinate will be the
height above ellipsoid. Due to the large path followed by the aircraft, the radar data are
processed in along-track blocks, and many scene centres can be chosen during the processing,
providing smaller ENU spaces.
Roll, pitch and yaw aircraft rotation angles [105] measured by the IMU follow the right-hand
rule convention for flying vehicles. The rotation axes have the same direction than the cartesian
system of section 2.2 (x>0 for forwards along-track, y>0 for portwards across-track, and z>0
above aircraft). However, the across-track axes in aerial navigation are opposite, with z>0
pointing downwards, and y>0 pointing to starboard. Roll is a rotation around the X axis (alongtrack, x>0 forwards), positive angle of rotation according to right-hand rule; pitch around Y axis
(across-track, y>0 portwards), positive angle with the left-hand rule; and yaw around Z axis
(across-track, z>0 upwards), positive angle with the left-hand rule. This means the pitch and yaw
rotation matrices must change the angle sign compared to conventional matrices. The rotations
are extrinsic [105], with the rotation axes invariant after each rotation (unlike intrinsic rotation):
the first rotation is roll, then pitch, and finally yaw (following navigation convention). The
antenna locations (Table 2-1) after aircraft rotations, referenced in the aircraft-centred, alongtrack-oriented (course-oriented), cartesian coordinate system explained in section 2.2, need to
be converted to ENU system (ellipsoid-fixed). This is done with the aircraft bearing at each
transmission instant, for knowing the aircraft axes orientation regarding the East and North axes
of ENU system.
GPS/IMU data, originally sampled at 10 Hz, are interpolated to the effective pulse repetition
frequency of the waveform (i.e., after stacking) before radar data processing. GPS/IMU and
radar data need a common reference time to relate their data. During the calibration flight, the
aircraft rotations could be estimated by radar data processing. When the estimations are
compared against the values provided by the GPS/IMU, it was observed that there was a
constant delay of the radar data relative to the positional data of approximately 1 s. The offset
was corrected by delaying this gap within the GPS/IMU data.
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2.5 Pulse stacking

The received echoes for each transmitted pulse are not stored individually, but a number

NST = 25 of received traces are accumulated (stacked) for each waveform, along the interleaved
sequence of NW different waveforms, with the purpose of improving the signal-to-noise ratio
(SNR). The pulse repetition frequency of each waveform before stacking is SPRF/NW, and after
stacking is PRF. For optimal accumulation, within the 1/PRF interval, a coherence along-track
length must be ensured. With a nominal aircraft speed v0 = 60 m/s, and PRF = 125 Hz (from
(2-3), for NW = 5), the coherence length is v0/PRF = 0.48 m. Within this interval, the phase
differences from each radar location to the scatterers under test (point or extended) must be
small enough to avoid destructive interference [106]. With a coherence interval of 1/PRF = 8 ms,
the aircraft rotations are small enough to be considered in the stacking constructive/destructive
integration. A change of phase due to reflection is expected to be constant along the coherence
length of 0.48 m. The closer the range of the scatterer, the greater the phase differences, so that
the most sensitive regions are the shallow internal layers and glacial firn. These regions are
characterised by reflecting the EM waves perpendicularly to their depth profile. For a flat surface
and height above surface (terrain clearance), if the slope of the internal layer or bottom is β and
its backscattering is perpendicular, the only EM path difference between the radar locations is
due to the round-trip in the ice medium, because in the free space region the path is identical
(assuming the air/ice interface and aircraft trajectory are parallel). Let λ0 = 2 m the wavelength
in vacuum, c0 the speed of light, the ice refractive index nR = 1.78, and β = asin(1/nR) ≈ 34° the
maximum incidence angle in ice imposed by Snell’s law. The pulse-to-pulse phase step φW for a
waveform (with NW = 5) is, in degrees

æ N ö æn ö
jW (°) = 360°× 2 × v0 × ç W ÷ × ç R ÷ × sin b » 6.9° .
è SPRF ø è l0 ø

(2-4)

For NST stacked pulses, the total phase difference is φST

jST (°) = NST -1 × jW (°) » 165.1°

(2-5)

less than 180°, and hence within the margin for constructive interference. For β = 0, the stacking
has total coherence (φW = 0), and the normalized output summing all pulses is NST, the ideal case
for maximum improvement of SNR. For β ≈ 34°, with partial coherence, the total phase
difference φST is uniformly distributed among NST pulses, and the stacking results in the
summation of complex exponentials, as (with φW and φST in radians)
( NST -1)/2

å

p=-( NST -1)/2

e

jjW × p

( NST -1)/2

1
= å cos jW × p »
jW
p =- ( NST -1)/2

jST /2

ò

-jST /2

cos j dj =

sin jST / 2
. (2-6)
jW / 2
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The coherence factor (CST), is calculated as the ratio of partial to total coherence summations
as (with φW and φST in radians)

sin NST -1 ×jW / 2 sin jST / 2
1 ( NST -1)/2
CST =
× å cos jW × p »
»
NST p=-( NST -1)/2
NST jW / 2
jST / 2

(2-7)

and the total gain (GST) due to stacking

GST = CST NST »

sin NST -1 ×jW / 2

jW / 2

.

(2-8)

Therefore, for a worst-case scenario in PASIN2, it results CST = 0.66 (-1.8 dB) and GST = 16.5 (12.2
dB), compared to NST = 25 (14 dB).

2.6 First point delay

The electronic paths and trigger delays cause a common delay of the received pulses

regarding their expected location. This delay is constant for all channels and waveforms.
Likewise, the half width of each waveform has to be additionally considered, because the pulse
processing (by chirp compression) is designed not to shift the phase centre of the pulse, and
hence, the peak response will be at the centre of the received pulse, that is, half width away
from the rising flank. These delays, when combined, must be considered for a correct range
determination. With H the terrain clearance, c0 the speed of light, TP the pulse width and TRF
the rising flank delay, the peak response is located (in time) at

t = TRF +

TP 2H
+
.
2 c0

(2-9)

This can be measured after compressing the received echoes and hence TRF can be estimated.
In PASIN2, it results TRF=1.4 μs. It was also measured with the direct signals from transmitter to
receivers, received without being reflected on the interface nor englacial scatterers, and then
H=0 m. For the maximum pulse width of 4 μs, the total correction delay is TRF + TP/2 = 3.4 μs,
meaning a reduction of 286.5 m in the maximum detectable ice thickness.

2.7 System parameters

In Table 2-2 are indicated the nominal parameters used in the whole instrument, with

measurements and simulations.
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Table 2-2. Main system parameters.

Parameter
Radar
wavelength (λ0)
carrier frequency (f0)
bandwidth (BW)
duration (TP)
sampling frequency (Fs)
sampling frequency IQ (FsIQ)
system PRF (SPRF)
receiving length (TRXW)
transmitted waveforms (NW)
2015/16:

transmitted waveforms (NW)
2016/17:

range stacking (NST)
waveform PRF (PRF)
Antennas
wing elements
length
diameter
folding distance
polarization
power
dihedral angle (σ, slope)
belly elements
orientation
TX: 4-elements arrays
gain
along-track aperture (Ω)
across-track aperture, 3dB
RX: elements
gain, wing
gain, belly
across-track apert. (12 RX’s)
Platform
speed (v)
height (H)
Environment
air refractive index (n0)
ice refractive index (nR)
maximum incidence angle in ice
maximum detected ice thickness

Value
2m
150 MHz
13 MHz
1 μs, 4 μs
120 MHz
60 MHz
15.625 KHz
64 μs
4:
4µs TX-Port array (0-phase)
4 µs Starboard (0)
1 µs Port (0)
4 µs SC dipole (0)
5:
4 µs TX-Port (0-phase)
4 µs Starboard (0)
4 µs Port (π)
4 µs Starboard (π)
1 µs Port (0)
25
156.25Hz (NW=4), 125Hz (5)
folded dipoles
0.385λ0
6.9 mm
105.9 mm
along-wing (H);
along-track (V)
500 W
±3.5°
printed dipoles
0°
2 (independent)
11.15 dBi
≈ 35°
≈ 13° (3 dB);
≈ 25° (10 dB)
12 (independent)
5.15 dBi
2.15 dBi
≈ 6°

Comments

Maximum (9% fractional)
nominals
real domain
IQ domain, Fs/2
full cycle (TRXW = 1/SPRF)
cyclic, interleaved (up to 8)
TX side - pulse

cyclic, interleaved (up to 8)
TX side - pulse

fixed
SPRF/(NW·NST)
8, horizontally oriented
from laser scanning
from laser scanning
from laser scanning
manually, fixed during flight
opposite in port and starboard
4, within radome
separated: port, starboard
limited by scattering
from calibration flight
8 below wings, 4 in belly
3dB, beamforming simulation

50-60 m/s
>100 m

nominal

1
1.78
≈ 34°
≈ 5 km

nominal
nominal
arcsin(1/nR)
((TRXW - TRF - TP/2)·c0/2 - H)/nR
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Parameter
Range
resolution (δR), in air
resolution (δR), in ice
Along-track
Doppler bandwidth (BD)
Resolution (δa)
Across-track
Direction of arrival beamwidth

Value

Comments

≈ 11.6 m
≈ 6.5 m

c0/(2·BW)
c0/(2·BW·nR)

≈ 33 Hz
≈ 1.7 m

4v·sin(Ω/2)/λ0
v/BD

±35° (wing elements);
±90° (belly)

wing element separation≈0.8λ0
belly element separation≈0.5λ0

2.8 Pulse distortion

Nonlinearities in RF electronics cause the amplitude and phase system response to be

different for each of the frequencies of the transmitted pulse. The most important effect is the
phase distortion, which causes a varying group delay within the pulse bandwidth, and as a
consequence, the lack of synchronization. This will lead to a leaked response in the form of
elevated sidelobes after processing, since the frequencies will not be focussed to the same
instant. In contrast, amplitude distortions are not harmful unless they occur in a wide interval
of frequencies. In case a spurious tone is present within the pulse bandwidth of the received
signal, either directly located or after sampling due to aliasing, this frequency can be discarded
without any noticeable effect, although again, in case its bandwidth is small enough to be
considered as a pure tone. The pulse distortion is measured with radar data from the air/ice
interface of an ice shelf.

2.8.1 Distortion model
The measurement and correction of nonlinearities is called intra-calibration. They are
estimated for a given pulse in a given channel (any TX/RX combination of the MIMO scheme),
regardless of the others. In short, it is a relative measurement from frequency to frequency
within a pulse. The phase distortion is estimated by comparing a range-processed received pulse
(that is, after correlating with the nominal conjugate function), with an ideal processed version.
Since the latter has all frequencies concentrated on the same instant (i.e., focussed by rangecompression), it is enough to measure the group delay of the processed received pulse. To have
a good estimation, the received pulse must be as clear as possible, what means coming from a
point-like target or from a flat surface. This is not always the case in ice-sounding, since the
surface may be dominated by crevasses. However, interfaces like air-ice, air-sea and sea-ice are
appropriate for this purpose.
The group delay τgd is estimated through the derivative of the spectral phase ϕf. It is usually
approximated by means of a polynomial, to get the dominant dispersion order. In that sense, it
could be estimated with a bandwidth wider than the nominal pulse to be transmitted, to have a
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(a)

(b)

(c)

Figure 2-4. Group-delay error estimation with a 4th degree polynomial, transmitting from port (left and middle) and
starboard (right) sides a pulse of 4 μs (left, right) and 1 μs (middle) all with 13 MHz, and receiving from all channels.

wider frequency range to carry out the fitting. This characterization of the group delay takes as
a reference the zero frequency. With N the polynomial degree, the group delay is

t gd f = -

N
1 df f f
» å cn f n .
2p
df
n =1

(2-10)

The characterised group-delay is then converted back to spectral phase, in order to perform
the correction in spectral domain with a multiplication (convolution in time domain), adding the
correction to the nominal reference pulse. The result is a new reference, that is the product of
the nominal and the correction. Calling Hpc (pulse-calibration) the correction function
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2.8.2 Results
The phase and amplitude characterization can be different for each channel. Also, in order
to check whether it is only frequency dependant (regardless the pulse duration), it is measured
for a different set of pulses. In the displayed results, a mean reflection from sea-ice interface
along a data take were used. Figure 2-4 contains an example of the group-delay polynomial (4th
degree) estimation for each of the 12 RX channels and several waveforms, receiving from all
antennas: TXP1234 means transmitting from port side (antennas labelled as 1, 2, 3 and 4);
TXS9ABC, from starboard (antennas 9, A, B and C); C13, the bandwidth in MHz; and L4 or L1, the
pulse length in μs. Port transmissions with 4μs (left plot) and 1μs (middle) behave in a similar
manner as expected, since the transmission behaviour should be independent of the pulse,
whereas starboard differs. Analysing each receiver given a TX side shows that they have the
same distortion, meaning that the distortion source is the TX side. Figure 2-5 compares a single
range-processed reflection (transmitting from port antennas a pulse of 13 MHz and 4 μs,
receiving on all antennas) with 60 MHz sampling, without (top) and after (bottom) intracalibration correction. Sidelobes are better balanced after the correction. Belly antennas have 6
dB less amplitude, due to the lack of a reflector wing, as port and starboard have.
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Figure 2-5. Single range-processed reflection from sea-ice interface, before (top) and after (bottom) intrapulse correction, transmitting from port side a pulse of 4 μs and 13 MHz, receiving from all antennas.

Figure 2-6. Time-frequency representation (Wigner-Ville), of the pulse received from P1 in Figure 2-5.

It is important to note that even when considering a group delay distortion, which strictly is
linear and temporal invariant (it is defined by a convolution operation, since it represents a
temporal shift, constant for a given frequency throughout the whole data take), the distortions
can also be due to modulation, which means a shift in frequency domain. This happens because
for a chirp with unlimited bandwidth (and duration), the result of both a modulation and a
convolution is only differentiated by a constant phase along the chirp. Thus, if only the output is
observed, there is an uncertainty about the dominance between modulation and convolution.
This allows to consider only the group delay distortion.
For intra-pulse calibration purpose, it is helpful to analyse the signals in the joint timefrequency domain. It gives an overview of the distortions to assure that they are constant during
the receiving time, and with enough signal-to-clutter (SCR) and signal-to-noise (SNR) ratios. In
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Figure 2-6 is shown the time(horizontal)-frequency(vertical) representation of the channel
corresponding to TX from starboard side and RX in port antenna 1 (the closest to the wing tip)
of a 4 μs and 13 MHz pulse. This shows how the imbalance in Figure 2-5 occurs: the compressed
waveforms are not symmetrical, with the right secondary sidelobe increased because negative
frequencies are delayed by 20 ns (as indicated in Figure 2-4) and their amplitude is higher, as
shown in the imbalanced spectrum of Figure 2-6.
Group delay distortion is shown to be dependant only on the transmission chain, thereby
making it possible to perform identical correction for any of the receivers. Spectral amplitude
presents also variations, although these have a minor effect compared to the phase distortions.
Because of the lack of a calibration network, each data take (flight) requires a clear (specular)
reflection to carry out these analyses, and thus they are difficult to be applied throughout the
radar data. However, to achieve that the furthest sidelobes of near-range scatterers have less
effect on the long-range ones, it could be possible to add a time-varying correction in the group
delay to lower these harmful sidelobes (even at the expense of increasing the nearer ones).

2.9 Analog-to-digital converter errors

In Figure 2-7 is shown the histogram (%) of the far-range amplitude of the received echoes

immediately after digitalization (ADC), without any processing or IQ conversion, for all
combinations of the used TX, RX and pulse type in the calibration flight. For the same RX channel,
the histograms have the same mean value, only differing in the variance that depends on the
transmission side. This suggests a DC noise or ADC imbalance.
In the sampling process, a 1-sample advance has been observed, originated in the pulse
stacking step or in the ADC. It is due to a loss of synchronization between the sampling and the
recording: either a correct sampling, but wrongly allocating these samples in a previous memory
position; or, alternatively, a delay in the sampling, but allocating the samples in the a priori
memory position. A recovery of the advance has been also detected, and also subsequent
advancing, with or without a previous recovery. The advance (or delay) of one sample is
measured as a phase variation

360°× f0 / Fs = 450° º 90°

(2-12)

(or -90° for the delay). This phase difference is great enough to be considered in the phase
calibration steps, as explained in Section 3.4 and Figure 3-16. Because this phase variation is not
sudden but gradual, the shift is expected to occur in the pulse stacking step, with some of the
stacked pulses experiencing the delay, until all of them have the same, and hence the overall
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Figure 2-7. Histogram (%) of the digital amplitude levels of far-range received signals, far all channels and pulses.

phase changes gradually. If, initially, all the samples corresponding to the receiving window of a
transmitted pulse (TRXW · Fs = 7680 samples) are properly sampled and stored in memory, after
the advance by one sample, the first sample of the current pulse is stored in the location
originally dedicated to the last sample of the previous pulse, whereas the last sample of the
current pulse is stored in the location for the before last sample. Thus, if the next pulse is
sampled and recorded properly, the position for the last sample of the previous pulse will be
empty, without storing any value. After the stabilization of this advance, in the last position of a
pulse is always recorded the first sample of the next pulse, without any location remaining
empty. In the same way, if a recovery starts happening, the sample echoes from a pulse are
sample and recorded properly, and accordingly, the last position for the previous pulse will be
empty again. Because the digitised samples have an offset level after the ADC, and as when
nothing is recorded the value is zero, the analysis of last samples allows to identify the moments
of advances or recoveries: when a zero value is found, an advance or recovery is happening.

2.10 Radar data processing

Radar data is digitized at 120 MHz after amplification and bandpass filtering, then pre-

stacked and saved with a time stamped header that identifies the transmitted waveform and
receiving channel. Before the along-track SAR processing and across-track beamforming, the
received echoes from a transmitted pulse must be processed. The processing steps below are in
sequential order, but not always applied:
1. digitalization errors correction, such as ADC offsets and bit errors;
2. channel delay correction;
3. conversion to in-phase and quadrature (IQ) format, demodulating;
4. Doppler filtering, for ambiguity reduction;
5. range compression, with an equalized waveform for distortion correction;
6. amplitude and phase correction in range domain;
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7. summation of data for different channels, for either beamforming before SAR
processing, or adding constructively the waveforms with π-modulation;
8. range compression with nominal waveforms, if not performed with calibrated ones;
9. back-scattering correction, accounting for propagation losses and angular incidence
correction, from radar to target;
10. along-track presuming, for subsampling;
11. range domain oversampling;
12. along-track processing (SAR);
13. and across-track processing, for direction of arrival (DoA) estimation.

2.10.1 Analog-to-digital converter correction
Each receiving channel has a unique ADC unit for digitizing the impinging signals. Each unit
has a DC offset, whose level can mask the amplitudes of long-range echoes. The offset varies
from flight to flight. However, as it is not within the transmitted bandwidth, it can be cancelled
by filtering the DC component, what automatically occurs during the IQ conversion. Thus the
offset does not require a dedicated step for its correction.
Bit errors introduced by the ADC or storing unit cause amplitude spikes. Their levels are
much greater than those in medium and long ranges, and can be clearly detected. In these cases,
the correction is performed by substituting the level by the mean level of adjacent samples. In
short ranges the spike detection is not possible, except if the patterns of erroneous-bit
appearance were known. British Antarctic Survey engineers found the bit responsible for the
error was always the same, in one of the most significant bits (thus detectable with a high
amplitude threshold compared to the received levels), but it was not possible to determine the
reason. A change of ADC units or electronic system would rectify this problem. The peaks caused
by these bits in the unprocessed data are spread in range after range compression and in alongtrack after SAR focussing, producing 2D shell-like artefacts in the SAR images (Figure 4-24).

2.10.2 Channel delay correction
Channel delay mismatch due to different electronic paths is corrected in the real domain,
rather the IQ domain, because the sampling frequency of the former is twice greater, meaning
a better accuracy for a given delay. When converting the delay to samples through the sampling
frequency, the delay can be separated in its integer a fractional part of samples. Any integer part
is compensated just shifting the signal forwards or backwards, respectively according to the
negative or positive sign of the delay. For the fractional part, it has been chosen a FIR filter to
interpolate the original signal (at integer samples) to the new fractional locations. The integer
part is obtained with a rounding operation to the closer integer, and the remaining fractional
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part is the remainder of the sample delay and the integer part, then constrained to interval (0.5 +0.5]. The FIR filter coefficients are calculated with the Lagrange interpolating polynomials
[107]. The filter is unique for each fractional delay. For performance issues, the filters are
precalculated for a given set of fractional delays, and if a different value must be compensated,
the new filter is obtained by interpolating the coefficients of the closest precalculated filters.
This part is detailed in Chapter 3.

2.10.3 In-phase and quadrature conversion
After digitization, the data format is in the real domain. Its conversion to in-phase and
quadrature (IQ), complex components, allows a more suitable domain for phase processing and
measurement. IQ decomposition, in real and imaginary dimensions of the complex numbers,
consists of the extraction of either the positive or negative frequency band of the frequency
spectrum, respectively the intervals (0, +60 MHz) or (-60 MHz, 0), because they are symmetric
in real domain, and only working with a unique band reduces the number of samples, with a
sampling frequency in IQ domain FsIQ

FsIQ =

Fs
= 60 MHz .
2

(2-13)

In our case, the IQ conversion takes the band (0, +60 MHz), filtering out the negative band. As
after the ADC sampling at 120 MHz (section 2.3) the central frequency of the transmitted chirps
is shifted from f0=150 MHz to f0,R=30 MHz (2-2), the remaining demodulation is performed
directly by digitally taking the positive band and reassigning these frequencies to be (-30 MHz,
+30 MHz). Hence, in IQ the central frequency is 0 Hz.

2.10.4 Doppler filtering
Along-track (azimuth) ambiguities are not present in PASIN2 for nominal parameters of
aircraft speed and PRF. For avoiding these ambiguities, with v the aircraft speed and λ0=2 m the
wavelength in vacuum, the maximum absolute Doppler frequency FD,MAX [96]

f D,MAX =

2v
l0

(2-14)

is limited to half the PRF. Hence, for a PRF = 125 Hz, the maximum aircraft speed is limited to
62.5 m/s. In case it is higher, the ambiguities will not leak into the Doppler band of interest, so
ideally they should be smeared out during the along-track SAR processing. However, it is
interesting to filter along-track, because the greatest Doppler frequencies can have high
amplitude levels, as they will most likely originate from the surface, from forward and backward
horizons, appearing in long ranges, whereas the signals from englacial targets are small. Without
filtering, this would mean a small signal to clutter ratio (SCR). The filtering is also important for
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radar data analysis, usually performed after range-compression. The filters are lowpass or
bandpass, depending respectively on the zero-Doppler or squinted SAR-processing geometry,
adopting windows like rectangular or Tukey.

2.10.5 Channel amplitude and phase correction
Amplitude and phase errors are corrected in the IQ domain. Both are calculated as the
estimated values relative to the expected values, meaning a ratio for the amplitude and a
subtraction for the phase. The compensation is done dividing by the amplitude error and
subtracting the phase error. Because delay and phase errors are estimated independently of
each other, if before the phase correction previously the delay error is compensated (in the real
domain) also a phase offset occurs, and therefore this must be later accounted for in the onlyphase correction step. These steps are detailed in Chapter 3.

2.10.6 Range-compression
Range-focussing consists of chirp compression. It relocates the spread frequencies of the
input in a single time location, which is performed by a convolution in time domain, or more
efficiently, by a modulation in frequency domain, and thus equivalent to filter the received data.
The filter can use as a reference function the ideal (nominal) transmitted pulse, or an equalized
chirp, the latter being unique for each pair of transmitter/receiver. In the frequency domain the
filter is the complex conjugate of the reference function. A design condition is that the filter only
compresses the input signal, equalizing the input response if needed, but without adding delays
for the DC component. This means that with the equalized filter, the group delay at DC is zero,
i.e. without a linear component in the spectral phase. Since the nominal chirp is identical for
every transmitter/receiver pair, compression can be done after channel combination for either
beamforming or the 0-π modulation processing, rather than individually for each channel.
Range resolution δR depends on the chirp bandwidth BW = 13 MHz and refractive index nR =
1.78 with c0 the speed of light in vacuum, as [9]

dR =

c0
2BW × nR

(2-15)

resulting in δR = 6.5 m in ice and 11.5 m in free space, degraded after windowing. A greater
bandwidth could reduce the speckle noise, that affects the coherence between channels and
the subsequent direction of arrival (DoA) estimations. After range-compression, a sample kr in
the range-compressed received signal corresponds to locations from the surface or englacial
locations, which can be off-nadir from port or starboard. However, before the DoA estimations,
the closest range from target to radar trajectory is assumed to have vertical direction: an off-
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nadir target (from port or starboard) with true depth D will be misinterpreted as a nadir target
(from vertical) at equivalent depth DEQ. Given the height of flight (terrain clearance) H, and the
rising flank delay TRF (2-9), the equivalent depth is

æ k æ
T 2H ö ö c0
DEQ = ç r - çTRF + P +
.
÷÷ ×
ç FsIQ
2 c0 ø ÷ø 2nR
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(2-16)

Range compression brings an output power gain. For compressing, the adaptive filter only
modifies the spectral phase of the input for time domain relocation, and then the impulse
response has a spectral amplitude normalised to 1, meaning the spectral amplitude of input and
output is the same. As the compressing filter does not affect the spectral amplitudes, energy of
both input and output signals is equal. The energy E is the integration of the square magnitude
along the received signal. Assuming the received pulse has a constant envelope along its width
TP with a square magnitude PRX proportional to the transmitted power, and that after
compression the width of the output signal is approximated by 1/BW with constant square
magnitude PCOMP, for energy conservation

E = PRXTP » PCOMPBW-1 ÞPCOMP » PRXTPBW = PRXGCOMP .

(2-17)

This gain is known as the time-bandwidth product. Noise filtering is also performed in this step,
resulting in the product in the frequency domain of compression and noise filters. Hence, the
window filter for noise reduction is effectively combined with the window for range
compression, the latter designed as a compromise between resolution width or sidelobes. If the
input noise has a bandwidth BN greater than the signal bandwidth BW, the noise reduction factor
is BN/BW. This noise reduction by bandwidth reduction does not take place during the
compression step, because it is supposed to have already occurred in reception. Thus, the
spectral properties of input and output noises are identical, reasoned as follows: random noise,
constrained to a bandwidth but spread along the time domain, has a time-frequency
representation with a certain 2D random distribution, and as the compressing filter only shifts
the frequencies in time domain, the output time-frequency distribution of noise is statistically
unaltered. The SNR gain GSNR,COMP is, after comparing signal and noise powers of input (PRX, ηRX)
and output (PCOMP, ηCOMP)

GSNR,COMP =

SNRCOMP PCOMP / hCOMP PCOMP / PRX
=
=
= GCOMP = TP BW
SNRRX
PRX / hRX
hCOMP / hRX

(2-18)

that results only from the signal gain. The compression gain can also be obtained in the discrete
domain. With a received sequence of N samples, the chirped signal has a length of NT = TP·Fs ≤
N, the discrete bandwidth is extended in NBW = N·BW/Fs ≤ N. The energy in discrete domain is
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calculated as the summation of the square magnitude, and equating them before and after
processing
N

N

i =1

i =1

E = å PRX = PRX NT = å PCOMP » PCOMP

FS
N
= PCOMP
BW
NBW

N N
PCOMP » PRX T BW = PRX GCOMP .
N

(2-19)

equivalent to (2-17), converting TP and BW to discrete domain. When the chirp bandwidth BW is
full, i.e. equal to the sampling frequency Fs, also NBW = N, and hence the gain is the number of
samples of the pulse NT. Conversely, in the case that the length N of the received sequence is
the number of pulse samples NT, after substituting in (2-19), the resulting gain is NBW.

2.10.7 Channel beamforming
For beamforming purposes, weighting and summation of radar data (range-compressed or
not) for different transmitters and receivers is required. This step is not implemented before the
SAR processing, but after all channels are processed.
Data corresponding to different waveforms can also be combined, when the waveforms vary
only by a constant amplitude or phase, as happens with the 0-π modulation. The combining is
done by equalizing the amplitudes, since the expected transmitted chirp is identical, except for
the constant term. This operation is performed off-line, with the digitised signals, after pulse
stacking. The 0-π modulation is a solution for cancelling the leaked signals that are common for
a given combination of transmitter/receiver. Let rW0 and rWπ be the received signals associated
with the waveforms with 0- and π-modulation, rL the common leaked signals or interferences,
N0 and Nπ the noise realizations, and r0 and rπ the total received signals. The following relations
apply

rWp =-rW0

(2-20a)

r0 = rW0 + rL + N0

(2-20b)

rp = rWp + rL + Np

(2-20c)

r0 - rp = 2rW0 + N0 - Np

(2-21)

and after subtracting

cancelling the common-mode leaked terms and improving the SNR.
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The sequence of transmitted waveforms is such that the TX side is changed after each new
pulse. Because the 0-π modulation scheme is with waveforms from the same TX, the time
interval between r0 and rπ is 2/SPRF=128 μs, meaning an along-track distance of 7.7 mm for a
nominal speed of 60 m/s, which is very small compared to the 480 mm of coherence distance
for pulse stacking (section 2.5).

2.10.8 Back-scattering correction
Attenuations by propagation and absorption are not considered to depend on incidence
angle, at least in a first approach, unlike losses due to refraction at the air/ice interface and
backscattering. The overall losses of the received signal can be observed in range/Doppler
domain, because the Doppler frequency depends on the incidence angle (for vertical and zeroDoppler geometry). For an ice base with an approximately constant depth, the range/Doppler
footprints of each scatterer overlap, and are therefore clearly distinguishable from background
(Figure 4-18). This allows to obtain an estimation of losses as a function of the incidence angle,
by measuring the amplitude at a given Doppler frequency relative to the zero-Doppler
amplitude. Losses due to refraction and backscattering can be both separated, for a particular
air/ice interface and bottom, by previously estimating the bottom depth and ice-medium
dielectric absorption [108]. After this estimation, the amplitude apodization in Doppler domain
can be compensated.

2.10.9 Along-track presumming
The pulse repetition frequency (PRF) may greatly exceed the Doppler bandwidth used for
processing (proportional to the along-track resolution), meaning the along-track data can be
subsampled for improving efficiency, previously filtering the input. The subsampling factor is
only programmed to be an integer number.

2.10.10 Range domain oversampling
Interpolation in range-domain, by an integer factor, is designed to improve across-track
processing, despite increasing the data volume. This step is not typically chosen, because the
transmitted chirp-bandwidth of 13 MHz is approximately 4.6 times smaller than the sampling
frequency in IQ domain (60 MHz), and therefore the compressed response has a width of 4.6
samples, meaning the phase (due to the different across-track directions of arrival) is
approximately constant across 5 range samples, ideally enough for across-track processing.

2.10.11 Along-track processing
The Backprojection (BP) algorithm [109] is chosen as along-track focusing method for its
flexibility, not only regarding non-straight radar trajectories but also for output analysis and the
ease of introducing improvements in the along-track reference functions. In BP, the depth and

74
along-track coordinates of a scatterer (target) under test determine which are the radar
locations illuminating the target, within a given antenna beamwidth. With these radar locations
and the target coordinates, the delay and phase of the backscattered signals are estimated,
resulting in a determined footprint of samples within the whole radar data. The footprint
resembles a hyperbola in the 2D, time-domain range and along-track dimensions. To obtain the
focussed output of the target under test, the samples from the footprint are picked. These are
then phase-corrected, that is, weighted according to the expected phase, and finally summed.
The weighting is done by multiplying the footprint samples by a window with the conjugate of
the expected phase of the footprint. It is a demodulation, in which the time samples (each at a
different Doppler frequency) are all relocated into the same frequency. This adaptive
demodulation is known as deramping or dechirping. The particularity of this deramping is that,
for each processed sample, the frequencies are demodulated to zero Doppler, so its amplitude
is obtained by a summation, instead of requiring the calculation of the full Fourier Transform.
The targets under test are the group of coordinates of interest to be surveyed. The farther
(deeper) the target under test, the greater the power attenuation by wavefront propagation,
increasing with an order equivalent to the 4th-power of the distance. However, the number of
radar locations within the beamwidth will also be greater, increasing linearly with the distance,
partially compensating the propagation losses, resulting in a 3rd-power attenuation. This
justifies the coherent summation of weighted samples in the footprint, rather than its coherent
average. The computational cost of BP is very high, because for each of the radar locations used
for processing a target under test, the path followed by the EM wave must be estimated, what
is one of the bottlenecks. BP optimizations using subaperture processings [110], [111] speed up
the algorithm without losing accuracy. However, because the application does not require a fast
processing, the optimization of the BP method is not a main goal of the thesis, and hence only a
straightforward method has been implemented. The main effort within the algorithm has been
regarding the path estimation, first in its accuracy, and second in its efficiency.
Along-track resolution δa is determined by the aircraft speed (v) and the Doppler bandwidth
(BD), which takes the same expression as in homogeneous medium SAR. The along-track
aperture Ω is the synthetic aperture that defines the Doppler bandwidth, and hence Ω is also
referred as Doppler angular beamwidth throughout the thesis. The maximum Ω observed after
analysing the scattered radar data is 35° (Table 2-2), but any value can be chosen for the
processing depending on the finest along-track resolution. For unsquinted symmetrical SAR
geometry (nadir-looking) with aperture angle Ω the Doppler bandwidth is [96]
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BD =

4v
sin W / 2 .
l0

(2-22)

This bandwidth is the interval of Doppler frequencies, which are defined as the normalised rateof-change of phase of the received signals, after demodulating with the carrier frequency. The
Doppler frequency varies according to the incidence angle from radar to target, and is positive
when approaching the target and negative when moving away. The resolution is [9], [10]

da =

l0
v
=
BD 4sin W / 2

(2-23)

whose last result is independent of the speed, and determined by the antenna beamwidth. The
aperture Ω can be limited to have a square pixel resolution in the SAR image, so equalising range
and azimuth resolutions in (2-14) and (2-23) results in Ω≈8.8° (Table 2-2). However, in data takes
with rough ice-bed interface, a clear backscattering up to Ω≈60° has been detected. For Ω=30°,
δa≈1.9 m, almost equal to the wavelength (2 m).
The SNR gain of the along-track processing by deramping is analogous to that one for range
processing by compression [112]. In effect, the power SNR gain is the product of the Doppler
bandwidth BD and the integration time TINT, defined as the interval the target is illuminated by
the radar during its translation. The difference between compression and deramping is how the
signal and noise are treated: the adaptive demodulation compresses the signal spectrum, but
spreads the noise spectrum, so the statistics of input and output noise are different, whereas in
the range compression the noise was statistically invariant. The energy conservation in discrete
time and frequency domains (Parseval’s theorem) [90] relates the summation of the square
magnitude of the time-domain sequence to the average of the square magnitude of the spectraldomain. The integration time TINT is calculated as the time the radar travels the integration
distance LINT at speed v; and the integration distance is obtained from the height of flight H, the
target at depth D in nadir, the refractive index nR and the aperture angle Ω, as (from Snell’s law)

LINT = 2H × tan W / 2 +

2D
nR

sin W / 2
1-

1 2
sin W / 2
nR2
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2
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(2-24)

For H=300 m, nR=1.78, Ω = 30° and depths 1 km and 4 km, the integration distance LINT is 455
m and 1.336 km, respectively. For (4·δa/λ0)2>>1, the distance LINT can be approximated as
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LINT »

l0
× H + D / nR
2da

(2-25)

with a 5% error regarding the exact values. The SNR gain after deramping is, using the alongtrack resolution δa (2-23),

GSNR,DER =

L
SNRDER
B
= BDTINT = D LINT = INT
SNRRX
v
da

(2-26)

that, for a constant along-track resolution, increases with the target depth due to LINT. However,
the received power decreases with the 4th power of the distance because of wavefront
spreading. If the noise in the Doppler dimension (with an extension of PRF) is white and filtered
with BD bandwidth, the added gain is PRF/BD, resulting in a gain equal to the number of radar
locations. Similarly, in case the PRF is reduced (by presumming) enough to make the Doppler
bandwidth have full relative bandwidth, the gain will correspond to the number of equivalent
radar locations (after subsampling).

2.11 Signal-to-Noise ratio

The quality of an instrument or processing is related to the signal-to-noise ratio (SNR). Its

analysis is qualitative, showing how the parameters affect the overall results, and quantitative,
as SNR determines the maximum depth in the SAR imaging and also variances in statistic
estimations, like for example direction of arrival algorithms. The presence of two or more
propagation media modifies the formulations regarding a unique medium [113], [114], mainly
in loss factors such as geometric spreading, absorption and transmission coefficients between
layers [92], [108], [115]. SNR will be formulated like for a single medium, adding the
particularities of two media (air and ice) as gain and losses corrections.

2.11.1 Model
The received power PRX is calculated from the transmitted power PTX, the transmitter gain
GTX, the receiver gain GRX, the radar cross-section σRCS(m2) of the scatterer under test, and the
slant distance R from radar to scatterer

1
1 GRX l02
PRX = PTX GTX ×
×sRCS ×
×
4p R2
4p R2 4p

(2-27)

with R the distance travelled by the EM wave, following the refraction. The noise considered is
only additive, without multiplicative such as speckle. With a model of uniform spectral noise
density, KB Boltzmann’s constant (1.38·10-23J·K-1), T0 the reference temperature (290K) and FN
the noise figure, the noise power ηRX is
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hRX = KBT0FN × BW

(2-28)

in which the bandwidth used is the same of the transmitted chirp, assuming the wider
bandwidth of the white noise has been already filtered in reception (Section 2.10.6). The target
under test can be located off-vertical, with a ground distance (in a horizontal plane,
perpendicular to height direction) determined from the depth D and the incidence elevation
angle ε0 in air, and ε1 within ice (uniform), calculated from the Snell’s law. With height of flight
H, the distance R is the summation of R0 and R1, for air and ice, respectively, as

R e0 = R0 e0 + R1 e0 =

H
D
H
+
=
+
cose0 cose1 cose0

D
sin2 e
1- 2 0
nR

.

(2-29)

The step from single to two media is done with the correction FTX, that depend on elevation (ε0)
and azimuth angles (αG). It is made up as follows: refraction factor GREF, due to the wavefront
converging towards the vertical (focussing the beam) when the EM wave refracts from air, and
diverging (spreading the beam) when refracting from ice; one-way absorption losses LAB>1;
transmission coefficients LTR>1, mainly in the air/ice interface, in both directions [115]; and
other effects not considered LNC>1 [116], such as non-uniform antenna gain, absorption losses
within the aperture, polarization mismatch, range and along-track focussing errors, spectral and
time-domain amplitude modulation, quantization noise, etc. The correction FTX is

FTX e 0 ,a =

GREF e 0
2
AB

L

e 0 ,a G × LTR e 0 ,a G × LNC e 0 , a G

.

(2-30)

The directional dependence on losses, expressed as the direction extending from radar location
towards the orientation is given by elevation (ε0) and azimuth angles (αG). Surface or englacial
crevasses, ice density, internal layering (smooth or buckled), water content, etc, may severely
affect the propagation by increasing the losses in a particular beamwidth or certain directions.
The SNR at the receiver is

SNRRX =

PRX × FTX e 0 ,a

hRX

,

(2-31)

that after processing in range (by compression) and along-track (by deramping with
Backprojection) domains to get the SAR image with a single channel, becomes

SNRSAR = SNRRX × GSNR,COMP × GSNR,DER .

(2-32)

When a group of N channels is coherently combined, the added gain is 10·log10(N). Reordering
all variables in (2-32) with (2-18), (2-26), and (2-31), it results in
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SNRSAR =

PTX GTX GRX l02
3

4p R

4

× s RCS ×

FTX e 0 ,aG
KBT0 FN BW

× TP BW ×

LINT
da

PTX GTX GRX l02 L2AB LTR LNC
L s
=
×
× TP × GREF e 0 × INT4 RCS .
3
KBT0 FN
R da
4p

(2-33)

For this SNR, the range dimension was assumed to be filtered to BW, but the Doppler domain
was not filtered. If Doppler filtered is included, assuming white noise, the extra gain is the ratio
of the sampling frequency (PRF) to the Doppler bandwidth (BD).

2.11.2 Radar cross section
The radar cross section depends on the orientation of the target with respect to the radar,
and is frequency (f0) dependent. For a distributed target, the radar cross section can be
expressed as the product of the backscattering coefficient σ0 under normal incidence and the
resolutions of along-track δa and range δR dimensions (the latter in ice), with geometrical
corrections of each parameter [113], [117]. These geometrical corrections modify the radar
cross section to resemble an equivalent target such that the radar beam (within the ice) points
normally to the plane of the equivalent target, meaning that the target plane is tangential to the
wavefront. For a radar beam with incidence angle εσ relative to the normal of the plane
containing the distributed target, the backscattering coefficient of the equivalent target is

s0¢ f0 =s0 f0 × coses .

(2-34)

For a horizontal target, εσ = ε1. Range dimension is a slant dimension, perpendicular to the
wavefront, and hence the range resolution needs to be corrected to the target dimension. The
projection of range resolution length onto the flat surface of the target is [113]

dR,FS =

c
dR
1
= 0
.
sin es 2nR BW sines

(2-35)

The correction is not needed if the slant dimension is perpendicular to the target plane (εσ=0°).
Along-track resolution does not require geometric correction for targets whose plane is not
oblique to the along-track dimension, whereas for oblique target planes, the corrections are
analogous to the range. Overall, with the geometric correction Kσ, the radar cross section is

sRCS f0 ,es ,aG =s0¢ f0 ×da × dR,FS =s0 f0 ×da ×dR × Ks es ,aG .

(2-36)

2.11.3 Refraction
The refraction factor GREF is the product of gain and loss factors. The power density, defined
as the ration of incidence power (W) per element of surface (m 2) and solid angle (steradian),
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decreases with the square of the distance travelled from the source. Within a uniform medium
without absorption, the incident power on a surface of the spherical wavefront depends on the
solid angle subtended by the surface. In multiple media, the solid angle changes after crossing
each interface, and the power density increases or decreases, depending respectively on the
narrowing or broadening of the solid angle. A gain factor results as a reduction in the wavefront
area after crossing the interface towards a layer with higher refractive index, because the beam
aperture narrows, and hence the power density increases. But this effect is opposite during the
return trip, in which the wavefront area spreads, existing a loss factor. However, the return trip
effect has not been considered in other works [67], [93], [108], [115], [117], at least according
to my own understanding. Similarly, in the bibliography (except in [117]) the refraction has been
regarded as a unidimensional effect for SNR purposes, but for nadir targets (in the vertical
direction), the refraction occurs along- and across-track. For these two reasons the
developments are included in this section.
Gain and loss factors vary with the incidence angles. The area (2D) after refraction can be
studied from the arc (1D) extended at the receiver location, depending on the angular aperture
from the source in the initial medium. Here, source or receiver are the radar or the target,
depending on the transmission or reception paths. As the SNR equation in (2-27) was given
considering a single uniform medium filled with air, the refraction factor GREF is obtained by
comparing the arc lengths in case of uniform medium and case with air and uniform ice. The
comparison is done for an elevation angle ε0 in air, such that for the two-media case the radar
points towards the target, and a distance R (2-29) travelled by the EM wave from the radar to
the bottom target for the two-media case, with distances R0 and R1 within air and ice layers,
respectively. From the radar to the target, for a differential angular aperture dε0 in ice, and the
travelled distance R=R0+R1 occurred in a single uniform medium filled with air, the differential
extended arc dL1M,TX (1M,TX for single medium during transmission path) is

dL1M,TX = R× de0 = R0 + R1 × de0

(2-37)

and for the two-media case, with a differential angular aperture dε1 in ice, the arc length is
dL2M,TX (2M for two-media case)

dL2M,TX = R0 × de0 + R1 × de1 .

(2-38)

These parameters are shown in Figure 2-8(a), with the initial (black) and end (red) limits of the
illuminating beamwidth. The relation between the differential angular apertures are obtained
through the Snell’s law as
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(a)

(b)

(c)

Figure 2-8. Refraction effects of gain and losses: (a) diagram for gain in Tx path regarding uniform medium; (b) gain
(dB) for Tx paths (dashed dotted blue), losses (dB) for Rx paths (dotted red) and total contribution (solid black), for
depths of 100 m (thin), 1 km and 4 km (thick), and height 300 m; and (c) cross sections for nadir (below radar) and
off-nadir, with illuminated area on air-ice interface for uniform (gridded red) and two-media (solid red) cases.

d sin e 0
de 0

=

d nR sin e1
de1

×

de1
de 0

cos e 0 × de 0 = nR cos e1 × de1
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cose0
× de0 .
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(2-39a)
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(2-39c)

Using (2-39c), dL2M,TX in (2-40) becomes

æ
cos e 0 ö
dL2 M ,TX = R0 × d e 0 + R1 × de1 = ç R0 + R1 ×
÷ × de 0 .
nR cos e1 ø
è

(2-40)

The ratio of arc lengths is the gain due to refraction (in transmission). In effect, and after
substituting the distances within air (R0) and ice (R1) from (2-29)

AIR
GICE
=

dL1M ,TX
dL2M ,TX

cose0
R0 + R1
cose1
=
=
cose0
cos2 e0 .
R0 + R1 ×
H/D +
nR cose1
nR cos2 e1
H/D +

(2-41)

After deriving (2-41) and equalling to zero, the maximum gain is obtained at the incident angle

sin e 0,MG =

K 2 -1
K / nR

2

-1

,

K=

H æ
D ö
× çç -1 + 1 + nR ÷÷ .
D è
H ø

(2-42)

The variation is not monotonic, because two opposite effects occur: first, the gain increases with
ε0, because ε1 approaches to the limit angle, and hence the trajectories within ice tend to be
parallel, reducing the aperture in ice, regardless the aperture in air; but second, the gain reduces
when ε0 increases, because the slant trajectory R1 gets shorter compared to R0. The gain at nadir
and towards the horizon (ε0=90°) are
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AIR
GICE
0° =

H / D +1
H / D + 1/ nR

AIR
AIR
£ GICE
e 0, MG ³ GICE
90° = 1 .

(2-43)

Examples of gain profiles are plotted in in Figure 2-8(b), in dashed dotted blue, for depths 100m,
1 km and 4 km, for H=300 m. The maximum gain at nadir is 10·log10(nR) = 2.5 dB, for D>>H.
In the reception path, from the target back to the radar, the differential initial angular
aperture is dε1, whereas the travelled distance R occurred in a single uniform medium filled with
ice, the differential extended arc dL1M,RX (RX for single medium along the reception path) is

dL1M,RX = R× de1 = R0 + R1 × de1

(2-44)

and for the two-media case, with a differential angular aperture dε0 in iair, the arc length is
dL2M,RX

æ
ö
n cos e1
dL2 M , RX = R0 × d e 0 + R1 × de1 = ç R0 × R
+ R1 ÷ × de1
cos e 0
è
ø

(2-45)

after dε1 and dε0 relating with (2-39c). The ratio of arc lengths is the loss due to refraction in the
reception path
ICE
GAIR
=

dL1M , RX
dL2M , RX

=

R0 + R1
cos e0
AIR
=
× GICE
nR cos e1
R0 ×
+ R1 nR cos e1
cos e 0

(2-46)

constrained to
ICE
GAIR
0° =

H / D +1
1 AIR
ICE
ICE
GICE 0° =
³ GAIR
³ GAIR
90° = 0
nR
nR H / D + 1

(2-47)

thus, with a maximum at nadir, and zero towards the horizon. Loss profiles are plotted in in
Figure 2-8(b), in dotted red, for depths 100 m, 1 km and 4 km, for H=300 m. The minimum loss
at nadir is 0 dB, approached with the increasing depth.
For a target in the nadir direction, the total refraction factor is the product of gain and losses:
2

GREF ,TXRX 0 = G

AIR
ICE

0 ×G

1
£ GREF ,TXRX 0 £ nR ;
nR
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÷
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(2-48a)

1 £ GREF ,TXRX 0 , D ³ H nR .

(2-48b)

ICE
AIR
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The overall factor profiles are plotted in in Figure 2-8(b), in solid black. For the incidence angles
used in PASIN2, up to about 40°, the product of gain and losses is almost constant, and hence
the overall gain can be approximated by its nadir value (ε0=0°). For targets in nadir, because the
refraction occurs in along-track and across-track (parallel to floor) [117], the overall GREF is
approximated with the squared of GREF,TXRX
4

GREF 0 = G

2
REF ,TXRX

0 = G

AIR
ICE

0 ×G

ICE
AIR

0

2

1 æ H+D ö
= 2 ×ç
÷.
nR è H + D / nR ø

(2-49)

However, off-nadir targets are different: as the orientation (azimuth angle) of the incidence
plane do not change, but just the incidence angle within this plane, the azimuth angle is invariant
regardless single or two-media cases, and thus the refraction only occurs in a single dimension.
This case is depicted in Figure 2-8(c), with the areas illuminated on the air-ice interface, for
uniform (gridded red) and two-media (solid red) cases. The areas for the two-media case are
larger and farther from the radar, because the subtended beamwidths in the uniform case are
narrower. The azimuth aperture is invariant for off-nadir, but in nadir, the area is approximated
by a rectangle, depending on range and along-track resolutions, with refractions in both
dimensions. Then, the refraction factor GREF is obtained as the product of transmission gain in
(2-41) and reception losses in (2-46)
AIR
ICE
GREF e0 > 0 = GREF,TXRX = GICE
× GAIR
.

(2-50)

For a nadir target, after substituting in (2-33) the integration distance LINT (2-25), the radar cross
section σRCS (2-36) and the refraction gain GREF (2-49)
4
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If the Doppler bandwidth is filtered to BD under white noise, the extra gain is PRF/BD = PRF·δa/v,
and the resulting SNR
4
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× 2
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2.12 Summary

The main characteristics of PASIN2 radar have been introduced. Hardware components

were described, like the antenna array, the transmission and reception of modulated waveforms
from the different transmitter sides, the instrumentation for positioning and attitude data, a
model for the pulse distortion, and analog-to-digital conversion. Regarding the software, the
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main steps carried out for data processing were presented, like amplitude, phase and delay
imbalance compensation; pulse distortion compensation and processing; SAR processing,
beamforming and direction of arrival estimation. A model of SNR was also developed, being
different than other approaches found in the literature review. These software processing
concepts will be further detailed throughout the thesis.
Some of the PASIN2 parameters are fixed by the system. Among them, the flexibility of
stacking factor could improve the glacial bottom detection in challenging regions, by increasing
the effective PRF, having more pulses to work the phase processing for the SAR image,
enhancing the SNR. Aircraft speed could also be lower to the minimum safety value, increasing
the number of pulses to be integrated. The number of output antennas per transmitter could
also be adapted to the data take mode, to include a calibration mode in which a single antenna
is transmitting, and hence its amplitude and phase variation would not affect the relative signals
between receivers (this option was possible in sessions previous to 16/17). The weight of each
transmitted pulse by the different radiating dipoles could also vary, allowing antenna pattern
beamforming, for special areas of interest, shaping the beamwidth and sidelobes.
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3

Channel Calibration

Channel calibration is a key aspect in array processing. Because the aircraft structure makes
the contour conditions of the antennas to be different, amplitude and phase patterns vary, in
both the transmission array and the individual reception channels. Dipoles under the wing tip,
the closest to the fuselage, and printed dipoles within the radome, perform different: wings act
as a plane reflector, improving the directivity and shifting the pointing angle, whereas the
dipoles closer to the fuselage can be affected by multipath signals resulting from the corner
made up by wing and fuselage. Besides, port, belly and starboard groups have different
electronic paths, and thus relative delays that need to be corrected. Although these variations
can be regarded as constant, except for antenna orientation due to polarimetric data takes, it
was measured a sudden phase drift of ±90° from channel to channel, originated during the pulse
stacking or the analog-to-digital conversion, changing not only from flight to flight, but also
within.
The PASIN2 electronics do not include an in-flight internal calibration loop, and the drift
cannot be directly estimated. Calibration values could be estimated in real time, if either the airice interface or the ice bottom were always smooth and from a known direction of arrival. But
this is not always the case, mainly due to surface crevasses. Instead, a calibration procedure has
been proposed, by processing the received signals directly coupled from transmission, without
backscattering from bottom ice surfaces or volumes. These signals are very stable, because the
coupling occurs according to the rigid aircraft structure, and hence the signals are independent
of the environment overflown. This technique does not measure variations depending on the
direction of arrival.
Simulated antenna patterns have been compared with estimations from special calibration
flights, performed for this purpose above the sea surface close to Rothera station, in the
Antarctic Peninsula. Relative amplitude and phase patterns depending on the direction of
arrival, were measured. The effect of correcting the amplitude and phases according to the
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Figure 3-1. Geometry for across-track antenna pattern estimation in transmission

calibration, was checked also with these calibration data take, resulting in improved accuracy
and lower sidelobes and noise floor.

3.1 Calibration flights

To measure the antenna pattern in real rather than modelled conditions, data from

dedicated calibration flights performed during the 2016/17 Antarctic field missions, above the
Southern Ocean, close to Rothera Base, have been analysed. Assuming the sea surface to be a
perfect smooth surface, the range-compressed amplitudes from the reflections are a good
estimation of the antenna pattern in the transmission direction, since the TX array (4 dipoles)
has a narrower beamwidth than the single receiver dipole. During the data take, roll and pitch
rotations manoeuvres were carried out, to measure the cross- and along-track patterns,
respectively. Figure 3-1 is a sketch of the geometry for the across-track pattern estimation using
roll (ρ) rotation, including the dihedral angle σ of the wing’s slope, with the tip (extreme) of the
port wing above the horizontal reference axis. The angle σ makes the maximum radiation is not
in nadir direction, but close to 3.5° from it, and takes opposite values for each transmission side.
Roll variation changes the amplitude of the signal while maintaining the same direction of
arrival (due to flat sea) relative to the fixed reference system. Because this rotation angle is
analogous to the across-track beamforming dimension, it is directly related to the across-track
pattern, and the total roll excursion will be the pattern across the angular interval measured.
The same considerations can be done for the pitch rotation, and thereby obtain the along-track
pattern. In Figure 3-2 are shown the rotation angles during the flight, with roll interval from -25°
to +25°, but only slight pitch variations, so only the across-track pattern could be validated. The
roll angle interval is constrained by safe flying conditions.

87

Figure 3-2. Roll (blue) and pitch (red) angles (°) during a calibration flight, along the pulse index.

3.2 Antenna pattern measurements

The transmission array is made up by the four dipoles under each wing. In designs previous

to the Antarctic field missions performed in 2016/2017, each dipole worked independently, but
because of synchronization problems, the electronic design in the last configuration of PASIN2
was changed to drive them as a group, rather than individually. Measurements of the antenna
pattern in transmission mode, allows to validate the amplitude, phase and delay of each dipole,
by comparison of the simulated pattern against that measured.
The location of dipoles is constrained by aircraft aerodynamics and the structural location
of the mounting point. TX antennas are allowed to be approximately 0.5m beneath the wing (a
quarter of the central wavelength, λ0), working as a plane reflector to improve the system gain.
However, the wings have a mean slope (they are not straight) of around 3.5° (σ), and moreover
the dipoles are not equally spaced. This, together with the multiple reflections from fuselage
and propellers, make the operational antenna pattern different from an ideal equally distributed
array.

3.2.1 Method
The validation of the antenna performance in transmission mode will be made by direct
comparison of the measured pattern against the simulated at the nominal frequency of the
carrier, 150 MHz. The simulation was achieved using CST MICROWAVE STUDIO® software [119],
simulating the joint effect of the antennas and the aircraft structure. The initial 3D model of the
aircraft, obtained by high-resolution laser scanning, was subsampled using the free software
CAD MeshLab® [120]. The radome that contains the belly antennas (printed dipoles) was
eliminated, as it is assumed to be completely transparent at the working frequencies and that
its internal structure does not affect the electromagnetic field. The belly antennas were
simulated as folded dipoles, because the printed dipoles were designed to have the same
performance as folded dipoles. For simulating the TX pattern, the whole aircraft hull was
considered a perfect electric conductor (PEC). Regarding the folded dipoles, also PEC, its size
was estimated from the original 3D laser scanning, with a length of 0.385 λ0, diameter 6.9 mm
and folding distance 105.9 mm between central axes. The effect of its feeding structure and
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Figure 3-3. Final aircraft hull for antenna pattern simulation.

support to the wing was neglected, by eliminating these parts from the 3D structure. The final
3D modelled antenna pattern is in Figure 3-3.

3.2.2 Results
Under the constraints and assumptions mentioned, the patterns for each antenna and
groups in transmitting and receiving mode were simulated. For the aggrupation, they were
simulated with 4 elements in the port side, the 4 in starboard (TX/RX patterns) and the 4 under
the belly (RX only), all of them with uniform excitation. Regarding the combination with all
channels for across-track beamforming, the simulations were run first with uniform phase
excitation, and then with the optimal values for the nadir direction of arrival (DoA) for
compensating the wing tilt, in both cases with a 6 dB amplitude compensation of belly antennas
(expected). Because of their position relative to the fuselage, each dipole has a particular
performance. In Figure 3-4 are shown, in dB scale, the patterns for port antennas P1 (the closest
to the wing tip, in red) and P4 (closest to the fuselage, in green), and the 4 elements which form
the portside transmitter (blue). From left to right, they are the across-track (αG=0°, plane YZ),
along-track (αG=±90°, plane XZ) and azimuth (ε=90°, plane XY) patterns, all centred to the phase
centre of the TX port, with angles according to the aircraft orientation. The dB scale is identical
in all plots, from – 25 dB to +12.7 dB, with a gridding of 10 dB. In the direction of the acrosstrack beamforming (left), the combined effect of the 4 elements sharpens the pattern, while
along-track the gain is only increased uniformly. This is the overall desired effect, because the
determination of the along-track dimension is given by the Doppler frequencies. Starboard side
is expected to have the same behaviour, at least in simulation, where all should be symmetrical
except for slight differences in the dipole allocations.
In Figure 3-5 are shown, in dB scale, the patterns for the 12 RX array, after amplitude
correction, with constant phase excitation (magenta) and optimised for nadir direction (orange)
by accounting for wing tilt. The left plot is the across-track (αG=0°, plane YZ), while the right
corresponds to along-track (αG=±90°, plane XZ), all referenced to the phase centre of the TX port,
and angles according to the aircraft orientation. The dB scale ranges from – 20 dB to +15.1 dB,
with a gridding of 10 dB. For the across-track dimension, gain and sidelobes performance
improves when optimising the coefficients. Regarding along-track dimension, since the belly
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Figure 3-4. Simulated gain antenna patterns at 150 MHz for dipole P1 (red), P4 (green)
and all in port side (blue). Left: elevation following across-track (αG=0°, plane YZ); middle:
elevation in along-track (αG=±90°, plane XZ); right: azimuth (ε=90°, plane XY).

Figure 3-5. Simulated gain antenna patterns of the all-RX array at 150 MHz, after amplitude drift correction.
Coefficients with constant phase (magenta), to optimize reception from nadir (orange). Left: elevation
following across-track (αG=0°, plane YZ); right: elevation in along-track (αG=±90°, plane XZ).

antennas are differently spaced and are offset relative to the elements under the wings, the
overall pattern is modulated, as opposed to the pattern for port side (Figure 3-4, middle plot, in
blue).
In-flight measurements of TX antenna patterns and relative amplitude, phase and delay
(APD) values between channels are needed to ensure an optimum combination of channels. A
flight above the sea surface near Rothera Station (Adelaide Island, Antarctic Peninsula), with a
section varying the roll between -25° and +25° and another with stable roll close to 0°, has been
used for calibration purposes. Due to the specular reflection of transmitted waves on the sea,
the DoAs are within an extremely narrow beam perpendicular to the sea surface, and the range
location will correspond to the aircraft height above sea level. For a given roll angle ρ, according
to the conventions in Section 2.4, the main DoA from the sea surface will be zero, like in Figure
3-6(a). Instead, if a new reference system is fixed to the aircraft, its DoA will be -ρ, like in Figure
3-6(b) after rotating Figure 3-6(a). Roll and pitch angles during the calibration flight are shown
in Figure 3-6(c), during a 1-minute flight-section (7500 pulses, with an effective PRF of 125 Hz).
Roll varies between -25° and +25°, and pitch is stable around 5°. The range compressed pulses
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(c)

(a)

(b)

(d)

Figure 3-6. Aircraft orientation and conventions during calibration flights: (a) rolling aircraft over sea
surface, with backscattering from narrow beam; (b) rotated from (a), for reference coordinate system
fixed on the aircraft, equivalent to varying DoA, opposite to roll angle; (c) roll and pitch angles; and (d)
height above sea surface, in a 1-minute section. The height is shown with a SAR image, processing
vertical locations, with an amplitude (dB) depending on roll angle.

(a)

(b)

Figure 3-7. Cross-track antenna pattern transmitting from port (a) and starboard (b), obtained with simulation
(solid black), measurements from all receivers (coloured symbols), and direct pulses (dashed black).

are clear enough to appreciate the sidelobes, and the peak response of the SAR image after
processing vertical locations with along-track angular aperture Ω = 5°, Figure 3-6(d), indicates
the height above sea level. Although the amplitude levels of the range-focussed responses will
be a function of the product of TX pattern and individual RX pattern, the RX beamwidth is much
greater than the TX array factor. Hence, the roll variation allows to assess the antenna pattern
of port and starboard sides, and check for variations between the individual antenna elements.
Port and starboard TX radiation patterns are displayed in Figure 3-7(a) and (b), respectively,
with the CST MICROWAVE STUDIO® simulations (black) and the amplitude peak from the rangecompressed pulses for all RX channels (colours), arranged by equivalent elevation angles and
normalized to each maximum. Due to the wing slopes σ ≈ 3.5°, the patterns have their maximum
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at opposite angles. Starboard pattern measurements are broader than expected, probably due
to the failure of one radiating element. Regardless TX, when DoA impinges from port, the
amplitude level in port section is about 2dB greater than in starboard (and vice versa), since the
antennas are in a more direct line of sight. Reflections from the hull, acting with the wings as a
corner reflector, add constructively in elements closest to it (P4 and S9), increasing the level also
2dB regarding within the section. Plots in Figure 3-7 contain the measured patterns in acrosstrack (αG=0°, plane YZ) from the calibration flight, transmitting from port (a) and starboard (b),
and receiving from all dipoles (coloured symbols), normalized to their respective maximums.
The simulated pattern (solid black, coinciding in port side with the blue pattern left of Figure
3-4), was included to compare results. In port side, the measured pattern agrees with the
simulation, except for a shifting, whereas in starboard the measured seems to be broadened.
The latter could be due to an amplitude or phase imbalance of the transmitters. On the other
hand, the simulated patterns are not symmetrical to each other, having the starboard side
higher sidelobes, due to: small differences in the dipole positions; errors in the relative position
of the folded dipoles along the aircraft, since they didn’t have a clear reference point for their
allocation in the reference system, such as the feeding point or mass centre of dipoles and
aircraft; or a subsampling of the 3D modelled of the aircraft.
Antenna pattern simulations are a valuable reference to validate the measurements from
the calibration flights. Since the simulations were performed for 150 MHz, it is still required to
compare against the extreme frequencies at 143.5 MHz and 156.25 MHz. Future pitch variations
need to be greater to estimate the along-track pattern, or at least to validate the flatness close
to the maximum. With more calibration flights the TX antenna pattern could be checked against
possible variations from flight-flight. Regarding the simulation, although an improvement in
defining the material could be made (for example the tyres), as the wings and hull are metallic,
these modifications are not expected to introduce noticeable differences.
The sea state is not expected to affect the measurements, because for each angle there
would be different sample points, reducing the possible effect with a mean value. The
uncertainties can be assumed to be included within the range resolution of the measurement,
which is the variation for a given estimation. Moreover, the different steering direction for each
side validates the low influence of the sea state or waves.

3.3 Amplitude, phase and delay

The channel imbalance (mismatch) will be expressed in terms of amplitude, phase and delay.

The last two are not related through the period of the carrier signal, because the source of the
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delay mismatch is expected to be in the triggers that control the system synchronization and
digitizers, whereas phase mismatch could be mainly originated in multiple reflections on the
fuselage. Channel mismatch between any of the TX/RX possible combinations occur due to
differences along the transmission and reception paths, and also in the antenna contour
conditions, due to proximity to aircraft hull or the wing reflection. In the 2016/2017 field session,
the 4 TX’s at both sides of the aircraft were not designed to transmit separately, so in practice is
considered to be only 2 TX’s: one under the port wing, and another under the starboard. This
decision was taken after the previous campaign, because of problems regarding the TX
synchronization of individual elements were observed. These two TX’s added to the 12
independent RX’s, make up to 24 channels, each with electronic components that may behave
differently. Since MIMO instruments are based on channel combinations, it is necessary to carry
out an amplitude, phase and delay (APD) imbalance estimation to make the proper corrections
before the MIMO processing. This procedure is called inter-calibration, since it compares
channels. It includes differences due to aircraft structure and to electrical or mechanical
conditions, supposed to be constant along the whole survey campaign.
The antenna contour conditions, imposed by the installation under the wings and within the
radome beneath the fuselage, will affect the imbalance. The wings act as a reflector for the
dipoles situated approximately at a distance of a quarter of the wavelength, hence ideally
doubling the received signal by constructive interference, but since the belly antennas lack of
such a reflector, a relative amplitude of 6 dB between belly and wing receivers is expected. As
multiple reflections from the aircraft hull are foreseen, the relative position of the dipoles within
the same side also have an effect, and these positions are not completely symmetric for the
other side.

3.3.1 Method
The system has not been designed to have a dedicated calibration mode during the flight.
Hence, inter-calibration needs to be measured from pulses reflected from the sea, ice surface
or sea-ice interface, which offer a clear range-processed response (without SAR processing).
Assuming constant amplitude (A>0), phase (θ) and delay (τ) imbalance along a data take, but
unique for each pair TX-RX channel, the channel response Hcc in spectral domain is modelled as

H cc,TX , RX f = ATX , RX × e

jqTX ,RX

×e

- j 2p f t TX ,RX

.

This form is convenient, because it can be added directly to the pulse calibration (2-11).

(3-1)

93
The mismatch is measured in IQ domain, comparing the APD at the peak of a rangecompressed response from the sea surface to the expected values, relative to a TX/RX reference.
This reference will have amplitude, phase and delay mismatches equal to 0 dB, 0° and 0 s,
respectively. Since the dipoles and electronics are equally designed, amplitude imbalance is
likely to be small. Regarding the phase and delay, the expected differences are calculated
considering the path from the port and starboard TX’s to the reflection point, and then back to
the 12 RX’s, including the varying dipole position due to aircraft rotations, such as pitch and,
more influentially, roll. After removing the expected relative phase and delay (due to rotation
angles) from the peak responses at the receivers, the mean of the remaining APD values can be
considered as the mismatched values, introduced by the different electronic paths, components
and aircraft structure. The latter influences amplitude values, because wing elements are set
λ0/4 below the wing, acting as plane reflector with constructive interference and increasing the
signal 6dB regarding belly elements, without this effect. With ac,TX,RX the complex (IQ) rangecompressed signal, tTX,RX its peak instant, ߠTX,RX and ߬Ƹ
TX,RX the expected phase and delay values
relative to reference receiver and transmitter, RXref and TXref, the mismatch is obtained with

ATX ,RX × e

t TX ,RX = tTX , RX - tTXref , RXref - tˆTX , RX

(3-2)

qˆTX , RX = -2p f0tˆTX ,RX

(3-3)

j qTX ,RX - 2p f0,Rt TX , RX

=

ac,TX ,RX tTX ,RX
ac,TXref ,RXref tTXref , RXref

- jqˆTX ,RX

×e

(3-4)

with f0,R=30 MHz the central frequency after digitizing the signals, in real domain, at sampling
rate Fs=120 MHz (Table 2-2). Note that the phase of the complex exponential on left side of (3-4)
includes the phase due to the delay in (3-2), and this is the phase mismatch measured and stored
for later calculations, rather than θTX,RX. This is justified because estimating θTX,RX requires the
delay τTX,RX, what could need interpolation, and hence depend on the interpolation method.
However, (3-4) just requires the phase of the detected peak (after pulse compression) from the
sea surface of both channel and reference (without delay correction), and the phase (3-3) from
the expected delay. Other advantage of not directly using θTX,RX, is that an error in the delay
estimation does not carry an associated error in the phase. The imbalance correction is, first,
performed for the delay τTX,RX in (3-2), in real domain, because the sampling frequency is double
regarding IQ, and hence more accurate. Later in the processing chain, amplitude ATX,RX and
phase mismatch compensations are carried out in IQ: if the delay τTX,RX has been previously
compensated (in real domain), as it implies a phase shift due to f0,R, the phase to be corrected is
θTX,RX; but if the delay has been not considered, the phase to be corrected is the resulting in the
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Figure 3-8. Range profile (right) and precedence of echoes for channel calibration.

left side of (3-4). Overall, the phase (3-4) is compensated. These estimations are performed for
several pulses, and the final value is then calculated as the mean for the whole group of pulses.
To compensate for aircraft rotations, roll and pitch angles are used to calculate the dipole
locations. Roll is a rotation around X axis (along-track, x>0 forwards), positive angle of rotation
according to right-hand rule; pitch around Y axis (across-track, y>0 portwards), positive angle
with the left-hand rule; and yaw around Z axis (across-track, z>0 upwards), positive angle with
the left-hand rule. The left-hand rule orientation in across-track coordinates arises from the
opposite orientation of axes (y>0 for starboard, z>0 downwards) commonly used in aerial
navigation, opposite to the convention followed in this work. The nominal antenna locations Xa,
Ya, Za in the reference system given by the centre of the aircraft, are modified with the rotation
matrixes of roll (ρ), pitch (Π) and yaw (ϒ), in its extrinsic form and with the locations in column
format

æ xa¢ ö æ cos ¡
ç y¢ ÷ = ç - sin ¡
ç a÷ ç
ç z¢ ÷ ç 0
è aø è
æ1
0
ç
×ç 0 cos r
ç 0 sin r
è

sin ¡
cos ¡
0
0
-sin r
cos r

0 öæ cos P
÷ç
0÷ç 0
1 ÷ç
øè sin P
ö æ xa ö
÷ç ÷
÷ ç ya ÷.
÷ç z ÷
øè a ø

0 - sin P ö
÷
1
0 ÷
0 cos P ÷ø

(3-5)

In Figure 3-8 are depicted the kind of echoes as candidates to be used in calibration, with
their amplitude profile in the right side, with the increasing delay from top to bottom. The first
pulses in range profile correspond to the direct signals (purple arrows below the wings), without
reflecting in ice surface nor bottom. The first case are the breakthrough signals within the
electronics, that occur when transmitting and receiving from the same antenna, visible because
the switch controlling the TX/RX connection with the antenna does not perfectly isolate the TX
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and RX paths, existing a leaked signal from TX to RX. The second possibility for direct signals is
the radiation from antenna to antenna, after fuselage reflections or after diffraction, from the
transmitting wing side to the opposite and belly elements. Due to its minimal path length, direct
signals might be saturated, with higher amplitude if the receiver is in the same side as the
transmitter. An interesting property of these signals is that they are invariant to aircraft rotations
(and environment), and then could provide a constant frame to be used for calibration in further
studies, if amplitude level saturation is avoided. They are in the SAR image of Figure 4-17. The
next strong signals are echoes from surface. They could appear isolated, but also mixed with
secondary reflections from a high density layer some meters below the surface, resulting in a
slightly-modulated received echo. The last outstanding signal is the scattering from bed, useful
for calibration only in case of ice-sea interface, with a specular behaviour.

3.3.2 Results
In practice, calibration has been made by separating the effect of TX and RX, and for the
different pulse types, in order to check initial assumptions. Firstly, to verify the RX mismatch
invariability to TX and pulse, the APD values were obtained for each TX-pulse combination
(called ‘set’) with a fixed RX reference. Also, to validate that TX mismatch does not depend on
the RX, for each RX all the TX-pulse responses were measured and compared.
The next figures show the APD results, analysing the echoes from the sea surface in the
calibration flight. Figure 3-9 depicts the mean amplitude (top, in dB, mean ± standard deviation),
mean phase (middle, in degree, mean ± standard deviation) and mean delay (bottom, ns)
imbalance for all RX’s using as receiver reference RxP3 (at portside, third from wing tip), when
transmitting from port array a chirp of 4 μs and 13 MHz (black), 1 μs and 13 MHz (yellow) and
from starboard 4 μs and 13 MHz (red). Figure 3-10 displays the TX mean imbalance of amplitude
(dB, top), phase (degree, middle) and delay (ns, bottom), for all RX’s, again having as a reference
the transmission from port with the pulse of 4 μs and 13 MHz (black), for pulses of 1 μs and 13
MHz from port (yellow) and 4 μs and 13 MHz from starboard (red). This provides the TX side and
pulse dependency (dashed lines are the averaged values for all the receivers).
Figure 3-11 contains in the upper plot the roll (blue) and pitch (red) values in degree, along
the index of the pulses (“Echo set”) used for checking the relative phases between receivers,
before and after phase calibration. From the upper middle to the bottom plots, are represented,
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(a)

(b)

(c)

Figure 3-9. RX imbalance, relative to RxP3, for the different TX side and waveforms, with mean (solid) and
standard deviation margins (dashed): (a) amplitude(dB), (b) phase(degree) and (c) delay(ns).

(a)

(b)

(c)

Figure 3-10. TX imbalance, relative to Tx-Portand waveform of 13 MHz and 4 μs, for the different TX side and
waveforms: (a) amplitude(dB), (b) phase(degree) and (c) delay(ns), with mean value in dashed.

respectively, the relative phases with the expected values (0° in the reference RxP3), the
measured before calibration and after. With amplitude correction having been performed,
Figure 3-12 shows the effect of the phase and delay calibration, displaying the results before
(top) and after (bottom). Across-track beamforming was applied to steer to nadir (after
correcting phase changes caused by roll and pitch), with signals transmitted from port side and
received by all RX. Amplitude correction can be seen from the fact that belly antennas have
similar amplitude as those beneath the wings. A simple mean (thicker blue) compares better the
amplitudes of the input channels and beamforming output. Since amplitude calibration was
performed in a previous step, phase and delay calibration does not have any effect on noise
output. However, the signal level is improved as given by the mean of the peak amplitude of the
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Figure 3-11. Effect of aircraft rotation on the relative phases between channels, with RxP3 as
reference. From top to bottom, in degrees: roll (blue) and pitch (red), expected relative, before
calibration and after calibration phases.

Figure 3-12. Effect of phase and delay imbalance on the coherent mean before
(top) and after (bottom) correction, with previous amplitude calibration.

channels. In this case, the coherent mean amplitude casually improves by 1 dB with the
calibration. The term casually is used because the gain after the mean depends on the phases
before the calibration, which could be within the many combinations of in-phase or anti-phase.
The calibration is performed to avoid the casual drop of gain after the coherence mean of the
signals. Amplitude levels at noise-dominated ranges are in both cases (before and after

98

Figure 3-13. RX Residual phase imbalance depending on the direction of arrival, after
previous mean phase calibration, as phase differences between consecutive receivers.

calibration) reduced by around 10 dB, because noise is characterized by a random phase. This is
in agreement with using 12 RX, whose signal amplitude and noise power are averaged to give
an statistic SNR improvement factor of 10·log10(12)≈10.8 dB, of the coherent mean after
calibration regarding a single channel. Results regarding the coherent mean of channels only
include 1 transmitter and 12 receivers, what can be further improved adding the signal sent from
the other TX side (starboard).
This procedure to calculate the APD has also been useful to detect and estimate a lack of
synchronization between the GPS/IMU data and its associated transmitted pulse. When
applying the phase corrections to the detected peak phases used for the calibration, there was
a misalignment along the pulse index between these corrected phases and the expected from
the roll and pitch variations. The detected delay between radar and GPS clock was approximately
1s in the 16/17 season. Adding this misalignment to GPS/IMU data achieved the correct
synchronization. Since the roll has a mean value of zero, the APD estimations before and after
the alignment are similar.
Phase deviations for each DoA, arisen from hull reflections and the wing curvature, must be
also corrected. They are treated as residual phase errors after removing the mean phase
imbalance. The RX imbalance, when transmitting from port a pulse of 4 μs and 13 MHz is shown
in Figure 3-13, as the residual phase differences between consecutive channels. They were
measured with the same calibration flight data used for Figure 3-6, Figure 3-7, Figure 3-9 and
Figure 3-10, after correcting each channel with its corresponding mean calibration phases (from
Figure 3-9). Except for an offset, the results present an approximate symmetry according to
analogous channel pairs and the elevation angle, after reversing and negating the results, as for
example the pairs P4-P3 and SA-S9. In Figure 3-9, the phase imbalances were calculated as the
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Figure 3-14. TX Residual phase imbalance of TX-Starboard side relative to TX-Port for pulses
of 4 μs, depending on the direction of arrival, after previous mean phase calibration.

mean values within the DoA beamwidth covered by the calibration flight, and hence, the residual
error phases in Figure 3-13 have, approximately, a mean value equal to zero. There is also a
residual error for each transmitter side and waveform, as shown in Figure 3-14 for the case of
transmitting from starboard a pulse of 4 μs and 13 MHz, taking as reference the transmission
from portside. In Figure 3-14, the phase jumps are close to elevations +20° (port) and -15°
(staboard): from +20°, the jump interrupts the relatively smooth continuity of the residual error,
because the nulls in the amplitude antenna patterns of both TX-Port and TX-Starboard sides are
both at +20° (Figure 3-7); the phase jump from -15°, marks a phase step of 180°, because the
null in the antenna pattern when transmitting from port side does not coincide with the null
from starboard side (Figure 3-7). The overall phase compensation should be the mean values in
Figure 3-9 and Figure 3-10, plus the DoA-dependant phases in Figure 3-13 and Figure 3-14.
APD corrections depend on the DoA. Therefore, the full correction cannot be applied to the
radar data, only mean values are used for correction. Mean amplitude and phase values can be
corrected at any processing step in the IQ domain, whereas the delay is corrected in real domain
because the sampling frequency is double than in IQ. When the aircraft is a fixed reference
system like in Figure 3-6(b), the estimated DoA equals to the opposite of the roll angle. The
compensation effect can be checked by comparing the estimated DoA in the roll-varying section
of the calibration flight, before and after the mismatch correction, using MUSIC algorithm. A
DoA with angle γ has a reference column vector sγ with N complex coefficients, with a phase ϕ
given by the propagation delay according to the TX and RX locations of each channel n, ordered
from port (P1) to starboard (SC) as

sg = é1 e
ë

jf P2 ,g - jf P1 ,g

L e

jf PN ,g - jf P1 ,g

T

ù ,
û

(3-6)
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(a)

(b)

Figure 3-15. Effect of mean phase correction on the DoA estimation using MUSIC (dB), with the calibration
flight above sea surface (Figure 3-6), assuming the DoA is opposite to the roll angle: before (top) and after
(bottom) phase correction, and roll angle measured from the inertial measurement unit (IMU).

where P1 was taken as the reference channel regarding the other receivers. The elevation angle
(DoA) γ is zero at nadir (downwards, vertical), positive from port (left) and negative from
starboard (right), within the interval (-90°, +90°). After calibration, the amplitude levels are
equalized for every channel to have the same level as from nadir DoA (γ=0°). Therefore, the
coefficients of sγ are approximated only by its phase ϕ, without considering the amplitude
differences between channels for a given DoA. These reference functions sγ will be used by the
MUSIC algorithm, to compare against the received data. The mean phase correction effect along
a 1-minute calibration flight is shown in Figure 3-15, with the roll angle (vertical axis) estimated
as the opposite of the DoA using 12 RX, overlapping the real roll angle ρ from IMU (dashed):
before phase correction, shown in Figure 3-15(a), there is an offset between the roll angle from
the IMU and the estimated, together with high noise floor level; after the compensation, Figure
3-15(b), IMU and estimated roll angles match, an in addition the sidelobes and noise floor level
are greatly decreased. The mean value of the phase difference at each angle from the results in
Figure 3-13 is approximately zero, meaning that if all channels are used and only a single DoA is
expected, as happens in the case of reflection from the sea surface (Figure 3-15), the correction
of the residual error depending on DoA does not improve the detection. This holds when the
used receivers have also a zero mean residual phase error, but not when more than one DoA is
expected, as explained in Section 5.2.

3.4 In-flight calibration loop

The mean calibration values are expected to be constant when there is no modification in

the electronics. However, in case of any failure and system restart, synchronization errors, or
modification or drift due to temperature or degradation, the mean APD values estimated with
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the calibration flight could no longer apply. The absence of a calibration network hinders
performing an automatic channel calibration (inter-channel), having the same problem as for
pulse calibration (intra-signal). Since only relying on finding specular surfaces or targets of
opportunity is not recommended, it is needed to have an alternative method. This could be to
use the direct signals (without reflecting or scattering in surface), which have a fixed reference
system (invariant to aircraft rotations and environment). There are two types of direct pulses:
breakthrough pulses, coupled from TX to RX in the switch that controls the TX or RX path to the
antenna, due to an imperfect isolation; and radiated pulses resulting from multipath after
fuselage reflections and diffraction, from one wing side to the opposite and belly. Due to the
multiple reflections from the hull and the diffraction from one TX side to the other RX side, and
the different internal Tx/RX paths, it is difficult to extract the real APD values from the
measurements of these direct signals. To ensure internal calibration, a second calibration loop
is included, from which the amplitude and phase of direct received echoes, are measured.
Unless there is a change of polarization, as the aircraft and antennas location are invariant, direct
paths from TX to RX are constant, so any change in the electronic path is detected in the direct
echoes. The comparison of the direct echoes in the flight to be calibrated and in the calibration
flight, allows to correct or check the mean APD values. However, this could be achieved by
following a 4-steps procedure:
-

within a calibration flight:

1. estimate the APD mismatch with a specular surface, like a calm sea;
2. measure the APD of direct signals;
-

within the imaging data takes (flight to be calibrated):

3. measure the APD of direct signals;
4. add to (1) the relative differences between (3) and (2).
If the amplitude, phase and delay (APD) values are respectively given in dB, angle and time, the
calibration value within an imaging flight are

APDTX , RX (imaging ) = APDTX , RX (calibration)
+ APDTX , RX (direct , imaging ) - APDTX , RX (direct , calibration).

(3-7)

This procedure must be validated with two independent calibration flights over the same region,
checking the APD mismatch values using an adequate surface and through the direct-signals
method. The procedure assumes that any variation of the APD values in an imaging flight,
relative to the calibration flight, is due to the RX. This assumption is not true in case of
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component degradation or transmitted pulse or antenna array modification. However, for a
given receiver and waveform, the amplitude values of direct signals have been measured as
approximately constant in all the flights, except for a drift similar to all receivers and transmitted
waveforms. This consists of a slow, monotonic drop of 2 dB during the first 2 hours of
transmission. In case of antenna failure or variation of TX path, these stable amplitudes would
not be possible, and hence the APD variation is effectively due to RX. After checking the variation
limits of amplitude and delays, the DoA estimation is more sensitive to phase errors than to
amplitude and delays. This technique let to appreciate the advances and recoveries (delays)
produced during the pulse stacking or ADC converter steps (Section 2.9), consisting in an
advance (and its recovery) of 1 sample in real domain, observed as changes of phase of +90°
(and -90° when the recovery) regardless of the transmitter side and radiated waveforms. An
example of phase history variation is shown in Figure 3-16, with the phase at the peak after
compressing the direct pulses, for the flight F10, with a duration of 3.6 hours, at starboard
receivers. In Figure 3-16, the TX port signals are in the top (4 μs) and middle (1 μs) plots, being
then radiated direct pulses from starboard to port; and the TX starboard (4μs) is for the bottom
plot, and hence it contains the breakthrough signals. Within the same receiver, the phase
changes occur regardless the transmitter, so this variation holds for breakthrough and radiated
pulses. From receiver to receiver, the relative phase is due to the different nature of
breakthrough and radiated pulses, explaining the similar relative variations in the top and middle
plots, and the difference for the bottom plot. Depending on in which moments the advance and
recovery shifts occur, in (3-7) the calibration phases APDTX,RX(imaging) between receivers must
vary. The relative state advance/recovery of a receiver is measured with the direct pulses, and
its comparison between the imaging flight (APDTX,RX(direct, imaging), at any transmitted pulse)
and calibration flight (APDTX,RX(direct, calibration), at pulses chosen for the mean calibration
values, if the pulses do not toggle between advance/recovery) modifies the phase imbalances,
firstly obtained from the sea surface in the calibration flight APDTX,RX(calibration). The
comparison between flights is of major importance, because a sea surface or suitable glacial
surface or bottoms are not always guaranteed for a right calibration.

Direct pulses can also be used to validate the TX antenna patterns. Because the amplitude
imbalance in the wing receivers is stable, and the switches controlling the TX or RX mode are
expected to behave equally across all channels, the relative amplitudes of the direct
breakthrough from TX to RX are due to the element weights of the transmission array. In the
calibration flight, when transmitting from port side, the breakthrough amplitudes at P1, P2, P3
and P4 are 91 dB, 97 dB, 91 dB and 92 dB, respectively; and when transmitting from starboard,
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Figure 3-16. Phase history at the peak of compressed direct pulses in flight F10, of 3.6 hours, for starboard
receivers: TX port with 4 μs (top), 1 μs (middle) and TX starboard with 4 μs (bottom).

at S9, SA, SB and SC are 82 dB, 91 dB, 93 dB and 91 dB (note the greater amplitude in port
elements). Assuming a wing slope of σ ≈ 3.5°, these non-uniform coefficients produce the TX
patterns of Figure 3-7, in dashed black, fitting better the main response of the starboard side.
However, these direct measurements do not explain the greater amplitude when transmitting
from starboard side, of about 1.2 dB (Figure 3-10, top), that could be due to phase variations
through the switches.
Direct pulses (breakthrough and radiated) before and after range compression in IQ domain
are shown in Figure 3-17 and Figure 3-18. They correspond to flight F10, with the same
transmitters and waveforms as in Figure 3-16, but exclusively for receiver RxS9 at every 10,000
pulses (a time interval of 80 s). The figures show the stability of the direct pulses, in both the
radiated (from port to starboard, in Figure 3-17(a) and Figure 3-17(b) plots) and in the
breakthrough (from starboard to starboard, Figure 3-17(c)) versions. Figure 3-17 contains the
first 450 recorded samples of each receiving window: (thick dotted) before the switches
controlling the TX/RX paths are activated and any waveform is radiated, with the lowest noise
levels; (thick solid) after the switches are activated but without transmitting any waveform, with
higher noise level than before, and with the ripples when toggling the switch, observed in the
breakthrough case (bottom); and (thin solid) when the pulses are transmitted. The breakthrough
pulses appear shorter than the radiated, but it is due to the distortion of the chirp bandwidth
along the unwanted (isolated) path from TX to RX. The multipath of radiated pulses is observed
in the falling edges, in Figure 3-17(b). The range-compressed versions of Figure 3-17 are in Figure
3-18, appreciating the advance of 1 sample comparing the nulls of the same pulse types, in both
radiated and breakthrough pulses. The breakthrough signal arrives before the radiated, as s from
the peak locations. The spectral distortion of the breakthrough pulses, and the multipath in
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(a)

(b)

(c)

Figure 3-17. Amplitude levels (dB) for the first 450 samples of received pulses in flight F10, at receiver S9:
(a) TX port with 4 μs, (b) 1 μs and (c) TX starboard with 4 μs.

(a)

(b)

(c)

Figure 3-18. Amplitude levels (dB) of compressed direct pulses in flight F10, at receiver S9: (a) TX port
with 4 μs (radiated) and (b) 1 μs (radiated); and (c) TX starboard with 4 μs (breakthrough).

radiated pulses, can make the spectral response is not centered around the carrier frequency
f0= 150 MHz. This can explain the observed phase variation due to the one-sample advance and
delay is not exactly of ±90° (2-12), but measured between ±83° and ±100°. Since the analytical
expression (2-12) gives the phase ±450° from frequency f0, then an error of 10° translates to a
deviation of approximately 2% in the central frequency of direct spectrums, that is, 3.3 MHz.

3.5 Full-beamwidth calibration flight

The elevation angles for which the phase imbalance has been estimated are constrained to

the interval of the roll angle estimations, approximately within the interval (-25°, +25°).
However, the possible DoA estimation beamwidth is greater: if the wing receivers are used, the
DoA beamwidth is (-35°, +35°), because the antenna separation is 0.8λ0 and the wing slopes are
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3.5°; and only with belly receivers, which have an antenna separation of 0.5λ0, the beamwidth
is ideally (-90°, +90°). To increase the calibration beamwidth, besides using the reflection
perpendicular to sea surface, a natural corner reflector could be used, such as the ice front of
an ice shelf.

3.6 Summary

The central aspects of transmission and reception channel calibration are detailed in this

chapter. Calibration improves the direction of arrival estimation, in accuracy, sidelobes and
noise floor. The antenna pattern was initially obtained from simulating the radiating elements
and the aircraft structure, using a 3D-scanned model. In 16/17 season, a calibration flight was
performed, in which the aircraft rolled with ±25°. This allowed a comparison between
simulations and measures, and more important, to estimate the amplitude, phase and delay
imbalances of each receiver channel relative to a transmitter and receiver reference. The
correction of these imbalances, in both the simple beamforming and the direction of arrival
estimation techniques, points out the need for detecting the phase variations that occur from
flight to flight, and also during a data take, due to lack of synchronization between the sampling
and storing. For this purpose, and because PASIN2 does not include a dedicated mechanism for
calibration, a strategy for measuring these variations was put forward and effectively used. Still,
for a proper validation, two calibration flights should be compared. This calibration strategy uses
pulses directly coupled from transmitters to receivers, that is, without being backscattered on
sea nor glacial surface or bottom. This direct coupling occurs due to radiation from an antenna
side to the opposite or belly, or within the electronics (breakthrough), when the transmitter and
receivers are in the same side. These pulses have been showed to be stable in amplitude, and
have been proved ideal for the phase/delay comparisons.
However, in the calibration strategy there is a limiting assumption: the invariance of the four
different transmission paths of the array elements, at least in the flights involved. This could
represent a problem in a system where the antennas are installed and uninstalled for changing
the polarization, or where a component along the transmission path can degrade or be
completely damaged, changing the direct pulses, either radiated or breakthrough. A future
solution to this situation would be to use a single antenna for measuring the direct pulses,
because the calibration values would be insensitive to the transmitter variations, as the
calibration is a relative estimation. This particular transmission mode could be regarded as a
calibration mode, interleaving it among the imaging data-take, the latter with the four antennas
if needed, and the former with a very low repetition frequency compared to the effective pulse
repetition frequency.
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4

SAR Processing

The first step in the thesis was to obtain the SAR footprint (reference function) in the joint
range/along-track domain. To understand the particularities of SAR for ice-sounding, the
reference function in an environment with two refractive indices was compared against the case
of a uniform medium. Among the most important parameters of these functions are the Doppler
frequency and the Doppler rate, which is the frequency variation along the synthetic aperture.
After obtaining the analytic values in both scenarios, an effective refractive index results, which
relates the two-layer medium to the homogeneous one. This strategy is similar to those used in
guided-waves, where the propagation modes have different effective refractive indices. The
approach to uniform medium depends on the sounding depth, so it cannot be applied the same
effective index for all scatterers, what makes it not suitable for block SAR processors like OmegaK (ω-K) or Chirp-Scaling (CS). Moreover, the application of the effective refractive index needs
straight uniform radar trajectories: it is not a flexible approach, and hence this method was
rejected. Instead, the SAR reference function is estimated according to the locally parametrized
environment. The analytic expression for the Doppler frequencies is also calculated in case of
multiple layers, with different refractive indices.
Backprojection (BP) is the method for PASIN2 processing. Initially, ω-K was used, with
software developed by the DLR in IDL (Interactive Data Language). With ω-K, due to the different
refractive indices, the output image presented two clear different zones, each with different
assumptions in the implementation. Additionally, this algorithm needs a previous step for
compensating the deviations of the aircraft regarding the ideal straight and constant velocity
track (Motion Compensation, MoCo), on whose accuracy depend the algorithm results. All
considered, Backprojection (BP) was chosen as the method for processing. In BP, each scatterer
is worked out individually, depending on the particularities of the medium, radar and scatterer
locations. BP makes possible to carry out tailor-made corrections, for example according to the
surveyed regions. Besides, BP offers a more flexible and comprehensible way to analyse the
performance of the Doppler focussing.
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A key processing parameter is the refraction angle. It depends on the ratio of the refractive
indices and the wave’s incidence angle onto the ice surface, following the Snell’s law. In BP
algorithm, the delays from the scatterer under consideration to the radar locations within the
beam aperture, depend on the point on surface where the wave is refracted, which has an
analytical solution computationally expensive, since it implies the solution of a 4th degree
polynomial [76]. The wider the synthetic aperture, the more radar locations the roots of this
polynomial must be found for. A wide synthetic aperture will be needed for a high azimuth
resolution, and conditioned to it, the small angle approximation might be not adequate. In the
same way, high angles of incidence are used for squinted processing, useful for detecting the
steep slopes of internal ice layers. To avoid these time-consuming calculations, an iterative
algorithm was designed, whose selectable number of steps determine the final accuracy. Also,
an extension for the case of multiple layers was included. A similar approach was used for media
with different slopes, but the computational load and the uncertainties for determining the
slopes of internal layers make the algorithm not practical in ice-sounding applications; thus, the
algorithm is not included in this text.
A procedure for measuring the effective refractive index, averaged from surface to bottom,
was put forward. It is based on the range-Doppler profile of the SAR response, integrated when
the bottom is approximately flat. It assumes known across-track location and electromagnetic
propagation model, and hence the results cannot be always easily interpreted. The algorithm
was successfully applied to simulated data, but it was not correctly validated with real data
takes, and hence it has not been included in the text.

4.1 Synthetic reference function

The reference function used for the SAR image processing can be considered as the footprint

of a target, after scattering its response within the received data, in the signal domain more
convenient for the application, which can be time, frequency, space or wavenumber, for either
the range (or fast-time, related to signal propagation from radar to target) or along-track (or
azimuth or slow-time, related to the radar locations) dimensions. In particular, the Doppler
frequency is the deviation of the instant frequency of the received signal regarding the
frequency of the carrier, and is produced because of the variation in the relative position of the
transmitter, target and receiver. For the current monostatic case, it is assumed that the relative
shift of the airborne platform after the elapsed time during transmission and reception has no
effect on the reception delay. Except for distinguishing port and starboard targets, the Doppler
frequency history in terms or range and azimuth location is unique for a target, making this
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Figure 4-1. Main geometry and variables for synthetic reference function.

parameter optimum for the processing. Besides for processing, the Doppler frequency is a key
parameter for analysing the received radar data and the resulting SAR images, helping to the
final interpretation.
For better understanding of the dependencies regarding Doppler frequency formation in the
case of propagation in two media, is convenient to relate it to the knowledge of SAR signals in
one medium. With that purpose, first the response in one medium will be obtained, and then,
using analogous formulation, the response for the two media. The general geometry and
variables used for the calculations are plotted in Figure 4-1, particularised for two propagation
media.
Variables RG and RGmin are called ground range distances, and correspond with the distance
from target to platform in plane XY, perpendicular to the axis of height. Rmin and RGmin are the
minimal distances from platform to target, in 3D and in plane XY, respectively, and correspond
with the range and ground range when Doppler frequency is zero for an ideal trajectory. Flight
path follows a straight line along X axis with constant velocity v.

4.1.1 Propagation in uniform medium
In a uniform medium, the refractive index is unique and hence there will be no refraction.
Being n0 the refractive index, c0 the speed of light in vacuum, f0 the carrier frequency, λ0 the
wavelength in vacuum, [x, 0, H] the coordinates in space of the platform in axis XYZ, and [0, yT,
-d] the target coordinates. The round-trip delay τ from platform to target as function of platform
position x can be expressed as
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t x =

2 × n0
2 × n0 2 2
R x =
x + yT + H + d
c0
c0

2

(4-1)

corresponding to a phase

j x = -2p f 0 ×t x = -

4p f 0 × n0
4p n0
R x =R x
c0
l0

(4-2)

4p n0 2
2
=x + yT2 + H + d .
l0

The derivative of the phase delay regarding time normalized to 2π results in the Doppler
frequency

fD t =

2vn0 x t
2vn0
1 dj vt
1 dj x dx t
=
==
sin a
2p dt
2p dx
dt
l0 R
l0

(4-3)

with α, called Doppler angle, positive when the radar platform is approaching the target (x<0)
and negative otherwise (x>0). Equation (4-3) can also be referred in terms of the elevation (ε0)
and azimuth (αG) angles of the platform’s antenna looking to the target, since

sin a = -

x t
æ x t ö RG
= ç= sin a G t
÷×
R
è RG ø R

× sin e 0 t

.

(4-4)

having αG the same sign criteria as α. Thus, the Doppler frequencies can also be expressed as

fD t = -

2vn0 x t RG 2vn0
=
sin e 0 t sin a G t
l0 RG R
l0

(4-5)

where ε0 and αG are the elevation and azimuth angles from the point of view of the antenna to
the target position, and might be converted to a spherical coordinate system, considering ε0=0
towards vertical direction and ε0>0 otherwise, whereas αG=0 when the vector pointing to the
target is perpendicular to the trajectory of the aircraft and towards starboard (right), αG=90°
when it is forwards and αG=180° when towards port (left). The dependency of the Doppler
frequency on the angle α makes that, for a given radar location, the locus of targets with the
same frequency is a cone surface, whose vertex is the radar location, and the angle between the
generatrixes and main axis of the cone are given by 90°-α. For the extreme cases of α=±90°, the
cone degenerates into the radar trajectory (expected to be straight), whereas for α=0°, the cone
transforms into the plane perpendicular to the trajectory (zero-Doppler plane). Those points on
the cone surface with the same distance to the trajectory will have identical Doppler history,
and hence they will be ambiguous for 3D processing. Hence, the locus of ambiguous targets is
defined by circumferences centred around the straight radar trajectory. These scatterers will
have the same range-Doppler history: each point of a circumference has the same distance to
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the radar location (according to a straight trajectory), and also the same Doppler history,
because the circle belongs to a particular Doppler cone (according to the radar location). For
ground (2D) imaging, the intersection of the Doppler cone and the ground surface defines a
hyperbola, symmetric regarding the ground projection of the trajectory. The locus of the
scatterers at depth d and XY coordinates [xD,yD] with a Doppler frequency given by angle α are
obtained through

xD - x = sin aG × RG = sin a × R = sin a

2

xD - x + yD2 + H + d

2

(4-6)

resulting in a hyperbola in cartesian coordinates

cos 2 a

xD - x

2

- sin 2 a yD2 = sin 2 a

H +d

2

(4-7)

or in polar coordinates, centred at the radar location (x,0)
RG =

H + d × sin a
sin 2 a G - sin 2 a

.

(4-8)

Since any point of the ground hyperbola has a different distance to the trajectory, the Doppler
history is unique in 2D. For 3D processing, the problem of ambiguity in propagation in a single
medium does not hold when propagating in two media, except for distinguishing between port
(left) and starboard (right) hemispheres, as shown in next section.
The time derivative of the Doppler frequency in (4-5) gets the Doppler rate

fR
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d ç÷
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=
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(4-9)
3

2
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4.1.2 Propagation in two media
For the case of two media, labelled as 0 (platform medium, corresponding to free space)
and 1 (corresponding to ice), the round-trip delay τ is given by

t t =

2 æ n0 × H
ç
c0 çè cos e 0 t

+

n1 × d
cos e1 t

ö
÷.
÷
ø

(4-10)
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Elevation angles from platform to ground plane ε0 and from ground plane to target ε1 are
related by means of Snell’s law and the ground range distance RG, forming the system of
equations

n0 × sin e 0 t = n1 × sin e1 t
H × tan e 0 t + d × tan e1 t = RG .

(4-11)
(4-12)

To derive (4-10) regarding along-track time (slow-time) and calculate the Doppler frequency,
is recommended to use the chain rule
d t t
1 dj t
1 d - 2p f 0t t
=
= - f0
2p d t
2p
dt
dt
æ ¶t
¶ t ¶ e 1 ö ¶ e 0 ¶ R G dx
= - f0 ç
+
.
÷
è ¶ e 0 ¶ e 1 ¶ e 0 ø ¶ R G ¶ x dt

fD t =

(4-13)

The delay derivative regarding elevation angles is straightforward from (4-10)

¶t 2n0 × H sin e 0 t
=
¶e 0
c0 cos2 e 0 t

(4-14)

¶t 2n1 × d sin e1 t
=
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¶e1
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(4-15)

The derivative of RG regarding azimuth position x is
2
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2
P

=

x
= -sin aG .
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(4-16)

For the other partial derivatives, the system of equations (4-11) and (4-12) shall be considered.
In effect, from (4-11)
d sin e 0
de 0
and from (4-12)

=

n1 d sin e 1
n0
de T

d e1
d e 1 n0 cos e 0
Þ
=
de0
d e 0 n1 cos e 1

(4-17)
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Equations (4-14) to (4-18) lead to substitute the derivatives in (4-13) for obtaining

fD t =

2n0sin e 0 dRG t

l0

dt

=

2v × n0
2v × n0
sin e 0 sin a G =
sin a
l0
l0

(4-19)

which is analogous to the expression found for one medium in (4-5), but now α is the angle
between the direction from the radar location to the incidence point on the air-ice interface,
and the direction perpendicular to the trajectory towards the incidence point. The importance
of (4-19) lies in the factor n0∙sin(ε0), because through the Snell’s law (4-11) it relates the different
ice layers, and regardless the thickness and refractive index of the underlying ice layers, the
Doppler frequency depends only on the direction of propagation in free space. The angle αG
defines the incidence plane, which remains invariant across the different ice layers and it is
independent of the thickness and refractive index parametrising the layers. Regarding the
Doppler rate, it is calculated as
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In this case, the Doppler frequency also depends on azimuth and elevation angles, although
now these angles are referred from the platform to the incidence point on the ice surface.
Doppler rate is more complicated than in the case of just one medium in (4-9), and thus the
comparison between one and two mediums is not straightforward.
The locus of points with the same Doppler frequency (for angle α) on the surface defined by
the interface air-ice is given by its intersection with the Doppler cone, with angle 90°-α regarding
the radar trajectory. The ground distance covered by the ray until striking on the surface is
RGP = H tan e 0 =

H × sin e 0
1 - sin e 0
2

=

H × sin e 0
1 - sin e 0
2

=

H × sin a
sin

2

a G - sin 2 a

(4-21)
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analogous to (4-8). In the ice layer, at depth d, the location of scatterers with the same Doppler
frequency will be obtained in a similar way, but after considering the refraction and the
intersection with a surface at depth d. After the refraction, the ground distance covered in the
ice layer is

RG1 = d × tan e1 =

d × sin e1
1 - sin e1
2

=

n0
n1

d × sin e 0
2
0
2
1

n
1 - sin 2 e 0
n

=

d × sin a
2
1
2
0

n
sin 2 aG - sin 2 a
n

.

(4-22)

Then, for a Doppler frequency with angle α and incidence plane of orientation αG, the ground
range on the air-ice interface is obtained in (4-21), and the added ground distance in ice by
(4-22), what can be regarded as a polar representation of the locus: a pair (RGP, αG) on the airice interface and (RGP + RG1, αG) at depth d, with the radar location as the origin of coordinates.
In cartesian representation, the scatterers on the upper surface are the pair (x0, y0)

cos2 a x02 - sin 2 a y02 = sin2 a H 2

(4-23)

and after the ice thickness, the ray advances to the pair (x1, y1)

æ n12
ö 2
2
2
2
2
2
ç 2 - sin a ÷ x1 - sin a y1 = sin a d
è n0
ø

(4-24)

for a total of (x0+x1, y0+y1) with the radar location as origin of coordinates. The previous points
can be obtained graphically, plotting the hyperbolas (4-23) and (4-24), and intersecting them
with a line crossing the origin of coordinates and angle αG (counter clockwise) relative to Y axis.
For a propagation in a uniform medium, there are scatterers with identical range-Doppler
history, being ambiguous from the point of view of the radar footprint in the collected data. As
explained in section 4.1.1, they are located in a circumference centred in the radar locations,
according to a straight trajectory. However, in the case of propagation in more than a single
medium, the propagation by refraction avoids the ambiguity within the port (left) and starboard
(right) hemispheres, just existing the problem of distinguishing between one or the other. For a
scatterer in the zero-Doppler plane (perpendicular to the trajectory), at depth d and in nadir
direction (vertical), there are two points on the interface surface and also in the zero-Doppler
plane with the same delay to the radar, and across-track location yA: one belongs to port side
(yA>0) and the other to starboard (yA<0). Flying at height H, to equate propagation delay τ
towards the deep target (through free-space and ice) and the ambiguous on surface
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yA2 = d × n1 × d × n1 + 2H

(4-26)

results into

with an elevation angle ε0A in the zero-Doppler plane as
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the same for port (yA>0) and starboard (yA<0) hemispheres. Because the deep and surface
scatterers have the same delay and are in the zero-Doppler plane, within the radar data they
will be located in the same range-Doppler bin. When the radar is located in an along-track
position x relative to the deep and surface targets, they have different Doppler frequencies.
From (4-3), the Doppler frequency fDA of the ambiguous surface scatterer is
f DA t =

2 vn0
2 vn0
sin a = l0
l0

2 vn0
=l0

x
x + y A2 + H 2
2

x

.

(4-28)

x 2 + d × n1 × d × n1 + 2 H + H 2

The deep target has a Doppler frequency obtained from (4-19). As it is below the trajectory (in
nadir when at zero-Doppler), αG = ±90°, with opposite sign to x, and hence the Doppler frequency
depends on the elevation angle ε0, as

f D t = - sgn x

2v × n0
sin e 0 .
l0

(4-29)

As shown in section 4.2.1, the exact solution of the elevation requires a polynomial solution.
Instead, a small-angle approximation ε0sm will be now used, which is a lower limit to the exact ε0,
as explained in section 4.2.3.5, and defined by

tan e 0 ³ tan e 0 sm =

x
H+d

.

(4-30)
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This, allows definition of a lower limit in the absolute value of the Doppler frequency as
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after relating sin(ε0sm) to tan(ε0sm) in (4-30). Comparing (4-31) to the absolute value of (4-28), it
results

fD t =

2v × n0
2v × n0
sin e 0 ³
sin e 0 sm ³ f DA t
l0
l0

(4-32)

and therefore, the absolute value of the Doppler frequency for the ambiguous target on surface
is always lower than that for the target below the trajectory. Assuming a monotonic variation of
Doppler frequencies between the extreme values of nadir and surface ambiguities, other
ambiguous targets within the ice layer, with the same propagation delay at zero-Doppler but
elevation angles from 0° (nadir) to ε0A (on surface) will similarly have different absolute
frequencies: the greater the elevation angle, the lower the absolute frequency. Thus, within the
locus of ambiguous targets at zero-Doppler, the Doppler rate for nadir scatterers is always higher
than off-nadir targets. Hence the range-Doppler footprints in the radar data are different (only
overlapping at zero-Doppler), except for targets with symmetry regarding the trajectory, not
differentiating between port (y>0) and starboard (y<0) hemispheres.
The different Doppler rate makes the matching filter for nadir and off-nadir targets depend
not only on the delay at zero-Doppler (as happens in uniform media), but also on the elevation
angle. Then, the SAR image for two or more media should be ideally processed in 3D, not just in
2D, consequently increasing the computation time and output size. However, within the
elevation angles of interest, the Doppler rate variation is not significant enough to be considered
at a first step of processing: once the SAR image has been processed and the direction of arrivals
analysed, the data can be reprocessed for taking the elevations angles into account for a better
matching filter, not only for focusing improvement, but also for rejecting clutter from unwanted
returns.

4.1.3 Equivalence between one and two media
From the Doppler frequency expressions (4-5) and (4-19), the ratio between the one and
two-medium cases is equal to the ratio of the sine of both elevation angles, since the azimuth
angle is the same for both cases. After simulating the Doppler response, for a given target
position, this ratio is approximately constant for azimuth angles in the centre of the synthetic
aperture (low absolute value of Doppler frequencies), and slightly decreases with higher ones
(high Doppler frequencies). As the theoretical maximum absolute value of the Doppler
frequency depends on the azimuth aperture of the antenna, this limit allows even a better
approximation of a linear relation between the Doppler frequencies of both airborne SAR
reference functions. For a given height of flight and target position, the linear factor can be
calculated as the ratio between the sine of the elevation angles at the centre and extremes of
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the synthetic aperture, or even just in the middle of the aperture. This approximation can be
checked calculating the maximum error, mean and standard deviation of a simulated Doppler
frequency and the one obtained after the linear estimation from the simulated Doppler
frequency in one medium. These statistics must be normalized to the maximum Doppler
frequency, to better compare.
As the Doppler frequency is the rate of change of the phase of the received signal, this phase
will depend on the elapsed time, which in turns, in each medium, is a function of the refractive
index. If one of the mediums is very narrow compared to the second, the predominant index
will be that of the second one, and then the Doppler frequency will be the corresponding to the
second refraction index. Consequently, it may be used an effective index with a value depending
on the height of flight and target position (depth and ground distance), always limited by the
indexes of each medium. This effective refraction index neff corresponds with the constant factor
which relates linearly the case of two mediums with the case of just one. Being the elevation
angles ε01M and ε02M for one and two mediums respectively, the ratio neff is

neff t =

f D 2M t
f D1M t

=

sin e 02 M t
sin e 01M t

, n0 £ neff t £ nT .

(4-33)

As the latter equation is time dependant, a coefficient is still needed to linearize the relation
between both cases, in the form

f D 2 M t = neff × f D1M t .

(4-34)

There are many options to calculate the effective index along the synthetic aperture, and
depending on the application or the antenna performances. For example, for a half azimuth
aperture αAZ of an unsquinted antenna, the first and last instants when the platform illuminates
the target is

t LIM = ±

RG min
× tan(a AZ )
v

(4-35)

and an overall effective refraction index may be given by the mean value of the centre and the
extreme of the synthetic azimuth aperture

neff =

neff t = 0 + neff t = tLIM
2

.

(4-36)

Although (4-36) gives a reasonable mean value over the whole aperture, in the most of SAR
applications the Doppler frequencies from centre of the aperture are more important than those
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(a)

(b)

Figure 4-2. Simulation of Doppler frequencies (left) for one (blue) and 2 media (red). (Right) Doppler
frequency error when modelling case of 2 mediums as a case of 1 medium with an effective refraction
index, for indexes from equations (4-36) (black) and (4-37) (green).

further, since the Doppler rate in these far zones cannot be approached as constant, so other
option for the overall index would be directly the value in the centre of the aperture:

neff = neff t = 0 .

(4-37)

In Figure 4-2, a simulated example of the effect of the overall indexes (4-36) and (4-37) is
shown. The parameters of the simulation are platform speed 70 m/s, height of platform H=3050
m, wavelength in vacuum λ0=2 m, relative refraction index of the two mediums nR=1.788, depth
of target d=501 m and minimal ground range RGmin=500 m. Left plot corresponds with the
Doppler frequencies simulated by generating an array with the proper time delay, for the case
of one (blue) and two-medium (red). Right plot are the deviations of the model of linear relation
(4-35) between the Doppler frequencies of both cases, with overall indexes of (4-36) (black) and
(4-37) (green). The green curve has more deviation in the extremes of the displayed aperture,
but the error in the centre is lower.
Numerical values of (4-37) are shown in the upper image of Figure 4-3, with the same
parameters as those described for Figure 4-2, but for a set of depths from 1 m to 3991 m, and
platform heights from 100 m to 5000 m. As depth increases or platform approaches to ground
plane, the index tends to be nT (yellow colour), since the time in which the wave travels in second
medium is proportionally higher. In the lower image, are shown the effective indexes with
minimal square error regarding the Doppler frequencies for a half azimuth aperture of 30°,
comparing the frequencies in the model with neff and those analytical for the two-mediums case.
The effective index would allow to consider the case of two media just as one medium with
a refraction index neff times higher than the medium of the airborne platform. If this linear
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Figure 4-3. Effective refraction index calculated as (4-37): (top)for a different set of platform heights and target
depths, with RGmin=500 m and relative refraction index 1.788; (bottom) obtained for minimal square error regarding
the analytical Doppler frequencies.

relation in Doppler frequency is also seen as a linear relation in Doppler rate, using (4-9) follows
that instead considering the one-medium case with higher refraction index, it may be possible
to consider the one-medium case with the own refraction index but with a minimal range
decreased by a factor of neff:

f R 2 M t = neff × f R1M t =

2v 2 n0 × neff

l0 Rmin
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2 v 2 n0
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ç n
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ö
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ø

cos 3 a .

(4-38)

4.1.4 Propagation in multiple media
The last sections handled the case of uniform media for both free-space and ice, with
constant refraction indexes. A more realistic scenario needs to consider a permittivity that varies
along the deepness of the ice, making the ray from radar to target changes its trajectory
progressively to the vertical. In this section, the Doppler frequency for a varying medium will be
obtained, in an analogous way as followed for the case of uniform medium.
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Figure 4-4. Main geometry in 2D for multiple media case. See also Figure 4-1.

A sketch of the scenario is plotted in Figure 4-4, where ice has been divided in L layers of
thickness di and refraction index ni. In each layer, the ray propagates along a distance Ri, in a
time Ti with an angle εi. The figure represents the plane perpendicular to ground, which contains
the target under ice and radar position (3D-view in Figure 4-1).
In Figure 4-4, ice-discretization in layers was made for a better understanding of the
parameters used in the following equations, and also for those used in next chapters for
calculating the pointing angle and refraction indexes. However, for the purpose of getting a close
expression for the Doppler frequency, it will be considered a continuous variation of the ice
properties.
Snell’s law relates the propagation angle and refraction index between two mediums.
Recalling (4-11) and considering variables ni, εi, Ri, Ti have a dependency on depth D:

ni D × sin e i D

= n0 × sin e 0

Þ sin e i D

=

sin e 0
nR D

(4-39)

with the relative index nR defined as

nR D =

ni D
.
n0

(4-40)

Ground range distance RGT depends on the curvature followed by the ray. The slope of the
ray is the tangent of the propagation angle, which can be written as
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and then RGT can be calculated by means of the integral of the slope through the depth d of the
ice
d
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The distance travelled by the ray (slant range) is the length of the arch whose slope is the tangent
of the propagation angle (the differential arc length is the hypotenuse of a triangle with adjacent
sides dD and tan(εi)dD)
d
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Adding the free space medium, the total ground and slant range distances (RG and RS,
respectively) result
s in e 0
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(4-45)

Regarding the propagation time to the target in the ice medium, the refraction index at each
depth must be included in the integrand of (4-45)
d
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0 c0 × nR

dD =

n0
c0

d

ò
0

nR 2 D
nR 2 D - sin 2 e0

dD .

(4-46)

The total time delay τ takes into account also the propagation delay in free space, resulting

t e0 =

d
2 n0
2n æ H
R P e 0 + 2TT e 0 = 0 ç
+ò
c0
c0 ç cos e 0
0
è

nR 2 D
nR 2 D - sin 2 e 0

ö
dD ÷ .
÷
ø

(4-47)

In order to obtain the expression of the Doppler frequency, a similar development will be
carried out as that used for the case of two mediums from equation (4-13). The difference in the
current case is that the propagation angle in ice ε1 has been formulated in terms of the pointing
angle from radar to ice surface, ε0, avoiding the corresponding partial derivative.
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fD t =

1 dj t
1 d - 2p f 0t t
=
2p dt
2p
dt

= - f0

d t t
dt

= - f0

¶t ¶ e 0 ¶RG dx
¶e 0 ¶RG ¶x dt (4-48)

.
After solving the partial derivatives, it results (with constant radar velocity v)

fD t =

2 × v × n0
sin e 0 sin aG
l0

(4-49)

which is the same result as (4-5) and (4-19), for cases of one and two uniform mediums,
respectively. Expression (4-49) is given in terms of the free space medium by means of factor
n0·sin(ε0), but it may be rewritten in terms of other ice layer or thickness through the Snell’s law
in (4-39).

4.2 Calculation of refraction angles

The incidence angle is obtained through a pair of equations defined by the Snell's law and

the ground distance between airborne platform and target. The ground range distance from
platform to the refraction point on the surface layer corresponds with the roots of a 4th degree
polynomial [99], and from this distance, the elevation angle results. However, for measuring all
the points of the azimuth reference function or calculating the motion compensation function
to be applied, solving these roots (together with discarding solutions) is computationally high
time-demanding, and even more considering that the targets are 3D-distributed. Other
approaches have been used, like using a previously calculated look-up table [121], from which
the elevation angle or ground range distance can be measured after interpolation. However, if
a height of platform or other parameters different as those for producing the look-up table are
needed, the values must be recalculated, thus not being a flexible system.

4.2.1 Polynomial solutions
Snell’s law establishes that a ray propagating through two different media follows the
shortest path in terms of time. Then, the solution for a certain parameter can be found equalling
to zero the derivative (regarding the desired parameter) of the one-trip delay. This technique
gives an exact solution in the form of a polynomial, although it is computationally demanding,
since generally it requires the method of the eigenvalues of a matrix.
4.2.1.1 Single ice layer
This case corresponds to L=1 in Figure 4-4. Taking the half of the round-trip delay in (4-10),
substituting the cosines with the cartesian coordinates, using the relative refractive index as
nR=n1/n0, together with the condition of minimal propagation time for the refraction angle, it
results

123

t=

1æ
dt
2 ö
2
2
2
=0
ç n0 H + RGP + n1 d + RG - RGP ÷ ,
c0 è
ø dRGP

(4-50)

following the condition for the ground range distance RGP from radar to incidence point on
surface [76]
4
3
nR 2 - 1 RGP
- 2RG nR 2 - 1 RGP
2
+ nR 2 - 1 RG2 + nR 2 H 2 - d 2 RGP
- 2RG H 2 nR 2 RGP + RG2 H 2 nR 2 = 0.

(4-51)

From RGP, the elevation angle is obtained as

æR ö
e 0 = atan ç GP ÷ .
è H ø

(4-52)

The solution of (4-51) can be obtained with the eigenvalues of a matrix (4x4 size), or the
particular formulae for the polynomial of 4th degree.
4.2.1.2 Multiple ice layers
For the general case of L flat ice layers, the order of the layers is commutative, since the
Snell’s law is the same regardless the layer sequence, thus allowing to treat each layer
independently, using the free space medium and the layer under consideration, with the
equation (4-51) for a single layer. In this equation, RG can now be interpreted as the horizontal
distance covered in free space RGP and within the layer RGi (Figure 4-4). Changing the variable
RG with RGP + RGi, and particularizing for layer i, leads to

RGi2 =

2
di2 RGP
n
2
, Pi = nRi2 - 1 RGP
+ nRi2 H 2 , nRi = i , 1 £ i £ L .
Pi
n0

(4-53)

The horizontal distance from radar to target, RG, is the sum of the horizontal distances in
free space and every ice layer
L

RG = RGP + å RGi .

(4-54)

i =1

Rearranging (4-54) for isolating the first ice layer term RG1, substituting equations in (4-53) and
squaring, makes
2
L
L
æ
d 2R2
æ
ö
R = ç RG - RGP - å RGi ÷ Þ 1 GP = ç RG - RGP - RGP å
ç
P1
i=2
i=2
è
ø
è
2
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d i2
Pi

2

ö
÷ .
÷
ø

(4-55)
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Equation (4-55) needs further development to avoid the degree-2 polynomial in the
denominators due to P1 and Pi, to get the following polynomial on RGP, which coefficients
depend on Pi,
L

2
d12 RGP
Õ Pi = RG - RGP

2

i=2

L

Õ Pi - 2RGP RG - RGP
i =1

L
æ
ö
d
P
ç i i Õ Pk ÷ +
å
i=2 è
k =1, k ¹ i
ø
L

æ
ö
L
L L
æ 2 L
ö
2
ç
÷
+ R å ç di Õ Pk ÷ + RGP åå di d j PP
i j Õ Pk ÷ .
ç
i=2 è
i = 2 j >i ç
k =1, k ¹ i
k =1
÷
ø
k ¹i , k ¹ j
è
ø
2
GP

L

(4-56)

Expression (4-56) is useful to obtain the appearances of square roots, and thus apply an
optimum strategy to get the minimum degree of the polynomial to be solved. There are L-1
square roots of the Pi coefficients, and (L-2)·(L-1)/2 of pairs PiPj (i≠j), for i ≥ 2. The strategy is
to isolate all square roots which contain a chosen Pi in a certain side of the equation, square
both sides to get rid of the root in Pi, reorder until the next Pj is isolated, and so on. In total, L1 squaring operations are required, each increasing the polynomial degree by 2, thus up to a
factor of 2L-1. The maximum degree in (4-56) is found in the first term of the left side, and it is
2(L+1), since each Pi has degree 2 (a polynomial with conjugate roots). All together makes a
polynomial without root squares of degree

N = 2 L + 1 2L-1 = L + 1 2L .

(4-57)

The degree for several values of L ice layers is in Table 4-1
Table 4-1. Polynomial degree (N) for solving the refraction point on surface with L ice layers

ice layers (L)
degree (N)

0
1

1
4

2
12

3
32

4
80

The case L=0 corresponds to the trivial solution RGP = RG, a degree-1 polynomial. Only with
two ice layers, the polynomial has a large degree, what could be a problem not only in real time
applications, but also in off-line processing when the refraction angle from radar to target must
be calculated often (like in Backprojection), making interesting to approximate the exact
calculations by alternative methods.
4.2.1.3 Firn and glacier ice layers
For the case of a firn layer with a refractive index growing with the depth and a glacier layer
of constant value, a value of at least L=2 should be accounted. For this minimum value, (4-56) is
2
d12 RGP
P2 = RG - RGP

2

2
P1 P2 - 2 RGP RG - RGP d2 P1 P2 + RGP
d 22 P1 .

(4-58)
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Since it has a single square root term (according to L-1=1), only a squaring operation is
needed. After rearranging, squaring and again reordering, (4-58) converts to
2
2
d22 P1 - d12 P2 + PP
1 2 RGP - 2RG PP
1 2 RGP + RG PP
1 2

2

2
= 4RGP
RG - RGP

2

d22 P12 P2

(4-59)

which degree cannot be reduced further without any more knowledge of the environment
parameters. The polynomial coefficients are developed in Appendix A.1.

4.2.2 Small-angle approximation
An approximation for small angles (SA) can be carried out, in which the tangent of the
elevation angles in free space and ice can be approached by the sines. For a non-uniform ice
medium, the ice is discretised in layers of thickness di and refraction index ni, as represented in
Figure 4-4. Considering L layers in ice, uniform free-space medium and a ground range distance
RG from radar to target, a set of equations similar to those in (4-11) and (4-12) can be written as

n0 × sin e0 = ni × sin ei

, 1£ i £ L

(4-60)

L

H × tan e 0 + å di × tan e i = RG .

(4-61)

i =1

The substitution of the sines by the tangents gives

n0 × tan e0 = ni × tan e i

, 1£ i £ L

(4-62)

and the elevation angle from radar to the surface is
-1
L
æ
æ
di ö ö
e0 » atan ç RG × ç H + n0 × å ÷ ÷ .
ç
i =1 ni ø ÷
è
è
ø

(4-63)

Since this approximation estimates the refraction parameters in the fastest way as possible,
it will be the primary solution used in this work for the Backprojection algorithm. However, it
has two main downsides: on the one hand, it might be not valid for squinted processing, where
the main Doppler beam is not pointing in the vertical direction, but forwards or backwards.
Although it is not common, it is very useful when the purpose is detecting internal layers with
steep slopes, which scatter the radiation mostly in a direction far from the main beam. On the
other hand, the accuracy of an angle is relative to the error phase of a signal, and then, because
a direction of arrival will have a relative phase shift depending on the wavelength of the signals,
the validity of this approximation depends on the wavelength. An alternative SA approximation
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is obtained substituting the sines and tangents in (4-60) and (4-62) directly by the angles,
resulting ε0D (label D for direct), in radians,
-1

L
æ
d ö
e0D » RG × ç H + å i ÷ .
i =1 ni ø
è

(4-64)

called direct small-angle in this work. This method can lead to incidence angles greater than
π/2rad (90°, the limit according to Figure 4-4), being a problem for shallow depths or large
ground distances, and hence (4-63) is a more cautious estimation. Both offer fast analytical
approaches. However, as the refraction paths are usually needed for elapsed time estimations
from which to obtain phase measurements, its validity is finally wavelength dependent. Due to
the small-angle constrain, specifically in SAR processing this approximation might be not valid
for squinted geometries, high along-track resolutions or cross-track beamforming.

4.2.3 Iterative method
This method was developed during the thesis. Published in [122], it consists in the
intersection point of unidimensional functions, with a bounded and common definition domain.
Besides, one of these functions do not depend on the refraction parameters, so it is invariant.
The advantage of this technique is that it works for all angles, and has an accuracy that depends
on the number of iterations carried out. For finding the intersection point, an optimized
algorithm can be used, since this intersection is unique.
4.2.3.1 Single ice layer
With a change of variable and reordering the terms of the system of equations (4-11) and
(4-12), the solution to the elevation angle is given by the intersection point of two functions in
the abscises interval domain between [0,1], with one of them independent on any environment
or system parameter, and thus just one function must be calculated for the algorithm. In effect,
with the variables

X=

H
tan e 0 , 0 £ X £ 1
RG

d
Y=
tan e1 , 0 £ Y £ 1
RG

(4-65)

equation (4-12) is transformed to

X + Y = 1.
After operating with (4-65) to get the sines expression

(4-66)
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(4-67)

and (4-11) is converted to

A2 B2
=1
Y2 X2

(4-68)

with parameters A and B defined as

A=

d
RG

nR2 - 1

, B=

nR × H
RG

(4-69)

nR2 - 1

and nR = n1/n0 the relative refractive index (4-40).Clearing the variable Y from equations (4-66)
and (4-68), it results in two separable functions

Y = f1 X = 1 - X
Y = f2 X =

(4-70)

A
æBö
1+ ç ÷
èXø

2

.

(4-71)

The solution to system (4-70) and (4-71) is the intersection point
X 0 , YT = X , Y Î 0,1

Y = f1 X = f 2 X

.

(4-72)

Elevation angles are found from (X0, YT) applying

R ö
æ
e 0 = atan ç X 0 × G ÷
H ø
è

(4-73)

æ R ö
e1 = atan ç YT × G ÷ .
d ø
è

(4-74)

The latter equations are similar to (4-52), since X and Y are the ground range distances RGP and
RGT (Figure 4-4) normalized to the total RG. An example of intersection point and curves f1(X)
and f2(X) can be seen in Figure 4-5, with parameters n0=1, n1=1.788, H=3048 m, d=1500 m and
RG=500 m.
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Figure 4-5. Curves and intersection point for parameters n0=1, n1=1.788, H=3048 m, d=1500 m and RG=500 m.

4.2.3.2 Linear approximation
The solution to the system of equations is the point of intersection of functions f1(X) and
f2(X). Equation (4-66) is limited to the interval [0,1] for both X and Y domains, and what is more
important, is a linear function on X and Y with constant coefficients. It means that for all the
combinations of refraction indexes, heights of platforms and target positions, f1(X) in (4-70)
remains invariable. All the results for different environments are contained in f2(X) in (4-71). This
latter equation might be further reduced noting that the first derivative is

f 2¢ X =

df 2 X
dX

=

AB 2
B2 + X

2 3/2

=

f2¢ 0
æ1 + X 2 ö
ç
B ÷ø
è

3/ 2

(4-75)

f 2¢ 0 £ f 2 ¢ X £ f 2¢ 1 .
which is positive and monotonically decreasing. The ratio in the extremes of the X domain is

f 2¢ 0

1 ö
æ
= ç1 + 2 ÷
B ø
è
f 2¢ 1

3/ 2

.

(4-76)

For B>>1, (4-76) means that the slope is approximately constant and could be considered
as linear with positive slope

B 2 ? 1 Þ f 2¢ 0 » f 2 ¢ 1

Þ f2 X » C × X .

(4-77)

Consequently, the solution for the intersection point might be straight forward, just
considering the intersection of two function with constant and opposite-signed slope

1- X » C × X ,
X»

1
C
, Y = 1- X »
.
C +1
C +1

(4-78)
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Figure 4-6. First derivative of f2(X) with the same parameters as in Figure 4-5.

In Figure 4-6 is plotted the first derivative of f2(X), with the same parameters as in Figure 4-5.
4.2.3.3 Exact solution
An insight into functions f1(X) and f2(X) in the system of equations (4-70) and (4-71) allows
to find an optimum method to calculate the intersection point (X0, YT). The first option is to
consider directly a zero-finding problem like
g X = f 2 X - f1 X

Þ X 0 = X Î 0,1 : g X = 0 .

(4-79)

As f2(X) is strictly monotonically increasing and f1(X) decreasing, the solution g(X)=0 is
unique and g(X) is strictly monotonically increasing. If the absolute value of g(X) is considered,
the solution will be the minimum of |g(X)|, also unique, again with the first derivative of |g(X)|
strictly monotonically increasing
g X

= f 2 X - f1 X

Þ X 0 = X Î 0,1 : g X

= min g X

.

(4-80)

Function |g(X)| is represented in Figure 4-5 (black). That makes possible to apply an optimized
algorithm to find the solution by means of g(X) (zero-crossing) or |g(X)| (with the minimum), all
explained in section 4.2.3.6.
4.2.3.4 Multiple ice layers
In section 4.2.3.1 a method has been explained to calculate the elevation angle for the case
of uniform ice properties. For a non-uniform ice medium, with L ice layers, uniform free-space
medium and a ground range distance RG from radar to target, and recalling the governing
equations (4-60) and (4-61)

n0 × sin e0 = ni × sin ei

, 1£ i £ L

(4-81)
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L

H × tan e 0 + å di × tan e i = RG .

(4-82)

i =1

With the change of variables

X=

H
tan e 0 , 0 £ X £ 1
RG

(4-83)

d
Yi = i tan e i , 0 £ Yi £ 1 , 1 £ i £ L.
RG
Equation (4-82) can be transformed to
L

X + å Yi = 1 .

(4-84)

i =1

Similarly to equations (4-69), parameters Ai and Bi are defined as

Ai =

di
RG

2

ni n0 -1

, Bi =

ni n0 × H
(4-85)

2

ni n0 -1

RG

Allowing the rewriting of Snell’s law for each layer from the L equations in (4-81) as

Ai 2 Bi 2
=1.
Yi 2 X 2

(4-86)

At this point, the development followed in this section is equivalent to that in section 4.2.3.1,
just adding more layers in (4-84) and more equations in the set (4-86). For each layer, (4-86) is
cleared to

Yi =

Ai X
Bi 2 + X 2

, 1£ i £ L

(4-87)

and particularly for a reference ice layer, like for example layer i=1

Y1 = f 2 ( X ) =

A1 X
B12 + X 2

.

(4-88)

Equation (4-84) can be cleared to
L
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(4-89)
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Solution to system (4-88) and (4-89) is either the intersection, the zero-crossing point or the
minimum
X 0 = X Î 0,1

f 2 X = f1 X

(4-90a)

X 0 = X Î 0,1

g X = f 2 X - f1 X = 0

(4-90b)

X 0 = X Î 0,1

g X

= f 2 X - f1 X

=0

(4-90c)

which admit analogous considerations to section 4.2.3.3. The elevation angle from radar to ice
surface is found from X0 by applying the first equation in set (4-83)

R ö
æ
e 0 = atan ç X 0 × G ÷ .
H ø
è

(4-91)

4.2.3.5 Solution interval limits
The unitary interval where to find the solution through (4-90a) can be drastically reduced to
facilitate the intersection point search, by saving the iterative steps otherwise needed to
diminish the interval to an equivalent length.
Generally, the lowest and highest bounds will be found assuming the maximum and
minimum refractive indexes are present in the media. In the particular case of ice penetration
with airborne radar, the lowest refractive index medium corresponds to the air, while the
highest will be the deepest ice layer (not considering the likely reduction due to the warming
bedrock). Thus, without taking into account the thickness of any layer, the case of one only
uniform medium with the lowest refractive index, provides a minimum incidence angle limit ε0um
in the radar medium (label u for uniform, and m for minimum), since any layer with higher
refractive index will bend the wave towards the direction perpendicular to the layers (all
assumed to be parallel), and then, for covering a given ground range RG, the incidence angle
should be higher than this limit. With only one medium, by geometry it follows that

tan e 0um =

RG
L

(4-92)

H + å di
i =1

which relates to the lowest limit Xum by

X um =

H
tan e 0um =
RG

1
1 L
1 + × å di
H i =1

.

(4-93)
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On the other hand, if a unique medium filled with the highest refractive index is considered,
it will allow to obtain a maximum incidence angle, because any lower refractive index will
increase the aperture angle regarding the case of the assumed uniform medium. The highest
angle εLuM in the deepest medium (label u for uniform, and M for maximum) will be equal to ε0um

tan e LuM =

RG
L

H + å di

= tan e 0um = X um

RG
H

(4-94)

i =1

although this angle is yet to be related to the air medium for the boundaries of the solution X0.
The incidence angle in air medium will be obtained through the Snell’s law (4-81), which relates
the tangent of angles in media i and j, without approximations, as

tan ei = tan asin n j ni × sin e j

n j ni × tan e j

=

2

1 + 1 - n j ni

× tan e j
2

. (4-95)

Using (4-93) for getting the angle ε0uM in air medium (n0) through the angle εLuM in ice layer
L, and substituting with (4-94) the tangent of εLuM with Xum, the highest limit XuM will be

XuM =

H
tan e0uM =
RG

nL n0 × Xum
1+ 1- nL n0

2

æ RG ö 2
ç H ÷ Xum
è ø

2

.

(4-96)

The interval length can be further reduced with the SA approximation of section 4.2.2, where
the sinus of angle was approximated to its tangent. For angles εi and εj, respectively in media i
and j, related by Snell’s law, εj and its approximation ߝǁ
 take the form

tan e j = tan asin ni nj × sin ei

(4-97a)

tan e% j = ni n j × tan e i .

(4-97b)

(4-97a) can be developed with (4-95) by

tan e j = tan asin ni n j × sin e i

=

ni n j × sin e i
1 - ni n j

2

× sin 2 e i

(4-98)
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n j ³ ni Þ tan e j £

n j £ ni Þ tan e j ³

ni n j × sin e i
1 - sin 2 e i
ni n j × sin e i
1 - sin 2 e i

= tan e% j

(4-99a)

= tan e% j .

(4-99b)

Equation (4-99a) means that the SA approximation ߝǁ
 in medium j, using as reference the

medium i, is an overestimation of the real angle εj when the reference medium has a lower
refractive index ( ߝǁ
  ߝ), while (4-99b) points out an underestimation ( ߝǁ
  ߝ) when the
refractive index in the reference medium is higher. If the medium with lowest refractive index

is taken as the reference (the air in airborne radar application), when the SA approximations
(4-97b) are included in (4-82) for solving the angles εi, these approximations are an
overestimation of the real angles, and thus the horizontal distance travelled from radar to target
is longer than RG,
L

H × tan e0 + ådi ×
i =1

tan e 0 ³

n0
tan e0 ³ RG
ni

RG
L

H + ådi ×
i =1

n0
ni

(4-100)

= tan e 0sm

implying a lower angle εosm in the air medium, and representing the inferior limit for the search
interval Xsm (label s for SA, and m for minimum):

X0 =

H
H
tan e 0 ³
tan e 0 sm =
RG
RG

1
1
1+
H

L

n
di × 0
å
ni
i =1

= X sm .

(4-101)

This new lower limit is greater than Xum in (4-93), because the factor n0/ni is lower than 1,
after choosing as the reference medium the one with the lowest refractive index (n0). In the left
plot of Figure 4-7 is included this situation, with L=2 and refractive index increasing with the
depth. The blue trajectory represents the real path, while the red one approximates the angles
ߝ
and
ߝଶ in ice by the overestimation (4-99a), and has an incidence angle in air equal to the blue
ଵ

path, because it is the reference layer. The green trajectory represents the angle ε0sm, lower than
εo to compensate the horizontal distance excess E0>0 (see (4-104)) due to the overestimations.
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Figure 4-7. Small-angles (SA) approximations for limiting the incidence angle ε0 for L=2. Left diagram represents
the lower bound with ε0sm, and right diagram the upper bound ε0sM, with layer 0 and 2 as reference, respectively.
Trajectories in blue (equal in left and right) are the real path followed from radar to target, in red the
overestimations (left) and underestimations (right) with SA, and in green the paths followed by the lower (left)
and upper (right) limits.

Similarly, if the reference medium is the one with the highest refractive index (the deepest
layer, with index L), the estimated angles for the rest of the layers are underestimated, and thus
for covering RG the angle εLsM in the reference medium is broadened:

H×

L
nL
n
tan e L + å di × L tan e L £ RG
n0
ni
i =1

RG

tan e L £

L

H

nL
n
+ å di × L
n0 i =1
ni

=

RG n0
X sm = tan e LsM .
H nL

(4-102)

After converting εLsM in (4-102) to an angle ε0sM in the air medium by means of (4-95) and (4-102),
a new maximum XsM is found

X sM =

H
tan e 0sM =
RG

X sm
1 - 1 - n0 nL

2

2
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ç H ÷ X sm
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1-

2
X sM
BL2

(4-103)

lower than XuM in (4-96), because the corresponding angle εLsM (4-102) in the ice layer L is also
lower than εLuM (4-94). In the right side of Figure 4-7, is represented the L=2 case for ε0sM, with
the blue trajectory being the real path (equal to the left side), the red one the approximated
with the underestimated angles ߝ and ߝଵ (4-99b), and the green path the case of ε0sM, greater
than ε0 to compensate the horizontal distance lack E2<0 (see (4-104)).

The limits Xsm and XsM used the SA approximation with the reference layers of minimum and
maximum refractive index, respectively, to ensure the over- and underestimation of the angles
in the rest of layers. In general, if more than two layers are considered (i.e. more than a single
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ice layer in airborne ice sounding), tighter boundaries can be found with other layers. Then, if
for every layer is measured the excess or lack of the ground range travelled due to the
corresponding SA approximation, those layers with the least excess or lack are the finally chosen
due to their finer limits. For a reference layer with index ref, the excess in the horizontal distance
Eref can be defined as the difference between the distances covered by the approximated angles
ߝǁ
 and the real ones εi. By means of the SA approximation for ߝǁ
 in (4-97b), the Snell’s law in
terms of the tangents in (4-95) for relating εi and εref to ε0, and renaming the height H as d0
L
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positive when the horizontal distance is greater than RG and negative when it is lower. Calling
the summations in (4-104) as S1 and S2
L
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Eref is rewritten as

Eref = n0 tan e o
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(4-106)

The tangent of ε0 can be approximated by the mean of the limits Xsm and XsM

tan e 0 =

RG
R X + X sM
X 0 » G × sm
.
H
H
2

(4-107)

Since the only interest of (4-106) is the qualitative positive or negative value, it is convenient to
obtain the reference refractive index that gives zero excess, nz, as

æ 1 - S1 S2
nz = ç 1 +
ç
tan 2 q 0
è

2

-1

ö
÷ .
÷
ø

(4-108)

To get the finest interval limits, the excess in the covered horizontal distance of every layer
should generally be calculated. The reference layer m with a refractive index nm closest from
below to nz, will be the reference with the minimum positive excess (Em>0), that allows the the
maximum lower limit Xm (the infimum) of the interval. The layer M with refractive index nM
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closest from above to nz, will be the reference with maximum negative excess (EM<0), that gets
the minimum upper limit XM (the supremum).

m = i Î 0,K, L ref Î 0,K, L , 0 £ Ei £ Eref

(4-109a)

M = i Î 0,K, L ref Î 0,K, L , Eref £ Ei £ 0 .

(4-109b)

The corresponding limits Xm and XM will be obtained following a development similar to (4-102)(4-103)
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(4-110a)

.

(4-110b)

For the situation of ice sounding with an increasing refractive index, the excess will decrease
as the layer under test is more deeply located. Thus, a good strategy to avoid the calculation of
all the excesses is to start with the shallowest layer (as the air has the lowest refractive index),
and the first layer with negative excess is the one for obtaining the maximum, while the layer
immediately above, the best for the minimum, so that m = M - 1. A summary of the limits in
increasing order and the equations with their definitions is in Table 4-2, with the unitary interval
and the boundary locations marked in the plot below, together with the wanted solution X0 in
(4-90).
Table 4-2. Limits and their definition equations

limit
equation

Xum
(4-93)

Xsm
(4-101)

Xm
(4-110a)

XM
(4-110b)

XsM
(4-103)

XuM
(4-96)

In Figure 4-8 is plotted the evaluation function and the boundaries of Table 4-2, for the case
of L=2, with a firn layer of d1 = 150m and n1 = 1.5, when pointing a target d2 = 2 km below the firn
and n2 = 1.78, with a radar at a ground distance RG = 300 m and height H = 500 m. The uniform
medium approximation gives Xum = 188.68·10-3 for air (lowest refractive index) and XuM =
340.60·10-3 for the deepest (highest refractive index) layer. The SA approximations for air and
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(a)

(b)

(c)

Figure 4-8. Interval limits and evaluation function g(X) for boundaries in Table 4-2, for an environment with
L=2, d1 = 150 m and n1 = 1.5, d2 = 2 km and n2 = 1.78, radar at a ground distance RG = 300 m and height H = 500
m: (a) initial unitary interval with uniform-media approximations (black), with air and deepest layer (i=2); (b):
uniform-media boundaries and small-angle approximations (red) using air and the deepest layer; and (c):
improvement (magenta) of upper limit with initial ice layer (i=1).

the deepest ice layer give the limits Xsm= 290.09·10-3 and XsM = 293.15·10-3, respectively, the
latter improved by the firn (i=1), since it satisfies the condition (4-109b) for a lower supremum,
with XM = 292.56·10-3.
4.2.3.6 Minimum and intersection search algorithms
Algorithms like "Golden Section Search" [123], "Ternary search", “Exponential Search” and
“Bisection Method” [124] (also called “Binary Search”), which are based on techniques "divide
and conquer", may be used to calculate (4-90), comparing different distributed points of the
function to iteratively approach the zero-crossing or minimum point, reducing the search
interval at each step. Each method varies on the distance of each distributed point, and
according to this distance the size of the next interval is determined.
Within an interval domain, the probability density of finding the minimum is assumed to be
uniform. This, together with the nature of g(X) (strictly monotonically increasing) and |g(X)|
(derivative strictly monotonically increasing), allows us to discard a region of the interval after
evaluating a probe point, located in the interval middle-point. The ratio between the lengths of
the current search interval and the next one is optimized with a value of 2 (uniform probability).
With (4-90b), if the value of g(X) at the probe point is positive, the zero-crossing will be in a
lower abscissa, whereas if it is negative, the solution is in a higher X. On the other hand, using
(4-90c), as the derivative of the functions is crescent and starts with a negative value, the
solution will be the abscissa of the |g(X)| derivative closest to zero: if the probe derivative is
negative, the minimum lies in a higher abscissa, and on the contrary, if the derivative is positive,
the minimum will be found in a lower abscissa. The difference when using (4-90b) and (4-90c) is
that the former means a single evaluation of g(X), while the latter needs the derivative of |g(X)|,
which might be a difficult expression if a single point is wanted or require to differentiate two
points of |g(X)|. It is also important to consider the complexity of the evaluation of a point in
g(X) against |g(X)|, because although it might appear easier to work with g(X), the most efficient
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case depends on the software used. Other option is to work with expressions equivalent to g(X).
For example g(X) is the difference of f2(X) and f1(X) in (4-88) and (4-89), but the latter contains
a square root, and then it might be more efficient to work with the squares of f1(X) and f2(X).
In practice, the number of iterations determines the resolution in the abscissa interval [0,
1]: as the ratio of the interval length after consecutive iterations is 2, after N steps the ratio is
2N+1 (because the probability density is considered as uniform, without N=0 the point 0.5 would
be taken as a solution), and thus an error of 2-N-1.
The iterative search for a minimum or crossing point, as it approximates to the solution, can
be regarded as method to set better infimum and supremum limits than those in section 4.2.3.5
(see Table 4-2). Also, for a given number of iterations, the boundaries previously explained may
offer a narrow interval. For example, with the environment defined at the end of section 4.2.3.5,
the interval due to the uniform-media approximation is ΔXu = XuM - Xum ≈ 152·10-3, while the
interval after the SA approximations is ΔXs = XM - Xsm ≈ 2.5·10-3. Because each iteration divides
the interval by 2, the interval length is 2-N, and then the search algorithm needs 3 iterations
(125·10-3) to improve the uniform media approximation, and 9 (1.95·10-3) for beating the SA.
The equivalent number of iterations (ENI), defined as the number of iterations needed to obtain
an interval equal to the limits distance,
ENI = - log 2 D x

(4-111)

allows to compare the performances of the interval limits and the iterative procedures.
4.2.3.7 Solution interpolation
A polynomial interpolation of g(X) in (4-90) within an interval improves the estimation of
X0, offering better resolution than several further iterative steps. The evaluation of uniformly
sampled P-1 points along the search interval allows a P-order polynomial interpolation. Because
g(X) is monotonic with a slow-varying slope, linear and quadratic interpolation are preferable
against higher orders due the trade-off between accuracy and computational cost. For a linear
interpolation using g(X) as evaluation function, with lower and upper boundaries X- and X+, and
approximating the slope of g(X) within the boundaries as g’(X0) ≈ (g(X+) - g(X-))/(X+ - X-), the
estimated solution is

X0 » X- -

g XX+ - X.
= X- +
g¢ X 0
1- g X + g X-

(4-112)

Following with the example at the end of section 4.2.3.5, plotted in Figure 4-8, with height H =
500 m, d1=150 m, d2=2 km, n1=1.5, n2=1.78 and ground distance RG = 300 m, the infimum and
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(a)

(b)

Figure 4-9. Incidence angle estimation, for the same parameters as in Figure 4-8, but with
RG from 0 to 500 m: (a) deviation of the estimated incidence angles on air-ice interface
regarding the expected angles; (b) calculation time of a single incidence angle.

supremum are X- = Xsm and X+ = XM, respectively, g(X-) = -7.13·10-3 and g(X+) = 1.20·10-3,
resulting in X0 ≈ 292.21·10-3.
Since the absolute value of the slope of function g(X) decreases with X, the linear
interpolation is always an overestimation of the solution, what may justify the use of a quadratic
interpolator. This interpolation can be introduced in (4-107) to improve the calculation of the
excess Eref (4-106).

4.2.4 Methods comparison
Figure 4-9(a) compares the errors of the incidence angle ε0 at the air-ice interface, for the
single SA (dashed) (4-101), direct SA (4-64), and SA intervals followed by mean (dotted) (4-107)
and linear interpolation (solid) (4-112) techniques, subtracting to their estimated value the exact
polynomial solution. The model parameters are the same as for Figure 4-8, except for the ground
distance RG, now from 0 to 500m. With L=2 ice layers, the polynomial solution is of degree-12
(4-57). The error increases with the ground distance: it is greater for the single SA methods,
improved by the mean of the interval limits, and significantly reduced after linear interpolation.
Due to the scatterer depth and RG, the direct SA presents a lower absolute error than with xsm.
The order of complexity of the polynomial solutions for L ice layers is O(L222L). The single SA
approximation has an order O(L), and during the iterative part, for K iterations, the complexity
is O(K·L). The calculation of the greater bound needs an extra root square (4-96), (4-103) to be
added to the single SA approximation. The evaluation function has also a linear order, but it
requires the calculations of square roots according to L in (4-88) and (4-89). The time
consumption for a single angle calculation is in Figure 4-9(b) for the same cases as Figure 4-9(a).
The horizontal axis represents the ENI, to compare the interpolation methods against the
method with only iterations. As the ENI value is not applied for the SA approaches (dashed) they
have a constant consumption time, lower for the direct SA (dot-dashed) (4-64) than for SA with
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Figure 4-10. Path estimation results, superimposed to the range(vertical)-Doppler(bottom) SAR response
(dB, normalised) of bedrock calculated with a Fourier Transform, and the along-track incidence look-angle
(top). Radar data were collected with PASIN, an airborne SAR. The range-Doppler footprint was estimated
using the propagation delay from the refraction angles.

xsm (dashed, crosses) (4-101), because the former does not calculate the inverse of the tangent.
For the cases of mean (dotted) and linear interpolation (solid), the time is constant until an ENI
of 9, meaning the interval reduction is equivalent to 9 iterations. If the requirements of the angle
calculation are beyond this number, the iterative method must start from the reduced interval
limits, linearly increasing the time. The difference between the mean and linear methods is that
the latter needs the evaluation (4-90a) of the lower and greater interval limits: since each
iteration means the evaluation of a point, the time difference between mean and linear
interpolations up to 9 ENI is comparable to two iteration steps plus extra time for the calculation
of parameters in (4-83) and (4-85). For higher ENI, the difference is reduced and kept constant,
as the mean interpolation now requires a single evaluation for each new step, whereas the linear
reuses one evaluation point from the last iteration. The polynomial solution (L=2, degree-12)
took ~50μs, whereas neglecting the firn layer (L=1, degree-4) resulted in ~15μs.
Figure 4-10 shows the range(vertical, samples)-Doppler(horizontal, Hz) SAR response (dB,
normalised) of an approximately flat bedrock at 3.4 km depth, assuming the main detected
responses are from scatterers below radar trajectory. The Doppler domain is calculated with the
Fourier Transform. The data were taken above Recovery Glacier, using the British Antarctic
Survey PASIN (Polarimetric Airborne Scientific Instrument) airborne SAR at 150 MHz, with height
above surface 340 m, speed 55.2 m/s, pulse repetition frequency 156.25 Hz and sampling
frequency 24 MHz. Superimposed on the image are the expected footprints after estimating the
paths with the refraction model, and the consequent range and Doppler frequency
corresponding to each radar location. Assuming a uniform ice-layer (L = 1) with thickness 3.4 km
and refractive index 1.78, the incidence angles are estimated with the single SA approximation
(4-101) (dashed), the single direct SA (4-64) (dotted), SA interval with mean (4-107) (dot-dashed)
and linear (4-112) (solid) interpolations, and pure iterative method after 17 steps (thin, dot-
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dashed). If the first d1 = 100 m are considered as a new layer (firn) with refractive index n1 = 1.3,
the expected bed is 27m deeper than for L=1. The thin solid line, corresponds to this case (L =
2) with the pure iterative method, after 17 steps. On the top axis, the corresponding incidence
angle in air medium has been included, equivalent to the along-track elevation angle for nadir
geometry, related to the Doppler frequencies by (4-29). All estimations match the curvature
obtained from the radar data for vertical incidence angles. For oblique angles, the SA
approximations with single values and mean interpolation clearly divers from the iterative
estimation, expected to be accurate after 17 steps. As seen in the positive Doppler frequency
branch (with stronger response than the negative), the SA mean interpolation is the solution
that better fits the detected response, but as this is not the most accurate path estimation given
a model, this best fit occurs because the current model should be modified, like for example
with off-nadir backscattering (not below aircraft trajectory) or with sloping internal ice layers.
The SA linear interpolation almost overlaps with the iterative case, the latter with negligible
error provided a model. The iterative cases for L=1 and L=2 ice layers also almost overlap,
because when L=2 the firn layer of 100m is very narrow compared to the glacial layer of 3.327
km (for a total ice thickness of 3.427 km, against the 3.4km when L=1). For shallow scatterers,
for example when the main interest are the internal ice layers, or for other applications like mine
detection, the significance of upper layers is greater, and hence they should be considered. The
wavelength analysis has not been included in this work, but depending on it, the environment
model and the approximations carried out might be invalid, needing more layers or accuracy in
the estimation, the shorter the wavelength.

4.3 Backprojection

The goal of Backprojection (BP) algorithm is to maximize the output response of a scatterer

at a particular direction and distance. It estimates the path followed by the signal from the
transmitter to scatterer and then back to the receiver, relating the whole distance to a phase
shift (and amplitude if considered) for all the possible TX/RX channels used within the aperture.
The output for the scatterer under consideration is obtained by constructive interference, first
cancelling the phase terms with an adaptive demodulating function, and finally summing all
channels considered within the aperture.

4.3.1 Formulation
BP is a beam-steering (BS) technique that maximises the output of the incidence direction
in free space defined by the pair θs

qs = e 0,s ,aG ,s

(4-113)
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where ε0,s and αG,s are the elevation and azimuth angles from the point of view of the antenna
to the target position, as defined in section 4.1.2: ε0,s=0 towards vertical direction and ε0,s>0
otherwise, whereas αG,s=0 when the vector pointing to the target is perpendicular to the aircraft
trajectory and towards starboard (right), αG,s=90° when it is forwards and αG,s=180° when
towards port (left). According to the incidence angles defined by θs in (4-113) and the Doppler
frequency in (4-19), the central Doppler frequency fD,s is

f D, s =

2v × n0
2v × n0
sin e 0,s sin aG ,s =
sin as
l0
l0

(4-114)

with αs the Doppler angle, the angle between the direction from the radar location to the
incidence point on the air/ice interface, and the direction perpendicular to the trajectory
towards the incidence point, with the same sign convention as αG.s. The Doppler angular
beamwidth Ω is the along-track aperture used for the synthetic aperture, centred at αs. The
Doppler angular beamwidth Ω can be asymmetric regarding αs (Figure 4-11), for limiting the
beamwidth according to the radiation pattern or according to symmetry in the Doppler
bandwidth around fD,s. For the general asymmetric case (Figure 4-12), the most forward interval
is limited by ΩF (first angle detecting the target), and the most backward by ΩL (last angle
detecting the target), with the same sign conventions of αG,s and αs, and thus the Doppler
beamwidth Ω is

W= WF -WL .

(4-115)

The maximum and minimum Doppler frequencies, fD,F (appearing first in along-track domain)
and fD,L (last), are

f D, F =

2v × n0
sin as + WF
l0

(4-116a)

f D,L =

2v × n0
sin a s + WL .
l0

(4-116b)

A zero-Doppler geometry exists when when the central frequency is zero, i.e.

aG,s = as = 0

(4-117)

WL = -WF .

(4-118)

and symmetric for

Given the set Ps(kd, ka) of scatterers (targets) under test, defined by their depth and along-track
indices kd and ka, respectively, and the set Pn(T) of TX and RX locations for channel n at the times
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the T-th pulse was transmitted. The round-trip propagation time from radar to target will
correspond to sample kr of the range-compressed received signal ac,n, for channel n.
Backprojection consists in the coherent integration of samples kr, from pulses TF to TL (first to
last) in which the target is seen by the radar within Doppler angles αs+ΩF and αs+ΩL respectively,
with TX and RX locations depending on the channel and rotation angles. The same set Ps of
scatterers will be selected for each SAR image, with identical pixels kd and ka in each image. The
coherent summation is achieved by previously correcting the phase φ of samples kr, according
to the delay from transmitter to receiver, and relative to the phase of the path with Doppler
angle αs (pair θs), occurring at pulse Ts. Output SARn results
TL

SARn (kd , ka ,qs , WF , WL ) = å ac,n éëkr T ,T ûù× exp - jj Pn T , Ps kd , ka
T =TF

(4-119)

×exp + jj Pn Ts , Ps kd , ka
where T, Ts ∈ ℕ (the set of natural numbers), and dependencies on incidence direction (θs) and
Doppler aperture limits (ΩF, ΩL) have been left out in the right side. A compact form of can be
written with the phase correction as a weighting function wSAR, as

SARn (kd , ka ,qs , WF , WL ) =

TL

åa

T =TF

c ,n

éëkr T ,T ùû × wSAR Pn T , Ps kd , ka

(4-120)

and wSAR

wSAR Pn T , Ps kd , ka ,qs , WF , WL = exp - jj Pn T , Ps kd , ka
×exp + jj Pn Ts , Ps kd , ka

(4-121)

again, omitting dependencies on incidence direction (θs) and Doppler aperture limits (ΩF, ΩL) in
the right side.

4.3.2 SAR geometry
Each scatterer, defined in the 3D space, has a particular set of delays, which assures the
uniqueness of the adaptive weight function w in (4-121). This definition is flexible enough to be
used in monostatic and multistatic radars or other instruments, and is also in the same form as
the general expression for antenna array pattern synthesis. In a short array with equally spaced
elements, with the far-range approximation of parallel ray paths, the weight function will
approximately depend only on the direction from radar to target (direction of arrival, DoA), not
on the distance (Figure 4-11 and Figure 4-12, top). In case the radar travels at constant velocity
(speed and direction), for an N-elements array made up by a small SAR aperture, equally spaced
with a distance dSAR, being T the index of each transmitted pulse, ε0,s the elevation angle (0°
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pointing to nadir and positive upwards) and αG,s the azimuth angle (positive forwards and
negative backwards), the relative phase of each element under the assumption of parallel DoA
is (taking into account the round-trip delay)

j e 0,s ,aG,s , T =

4p
dSAR × T × sin e 0,s sin aG,s .
l0

(4-122)

The inter-distance dSAR is the ratio of the aircraft velocity v and the pulse repetition
frequency PRF

dSAR =

v
.
PRF

(4-123)

The desired DoA will determine the geometry used for the along-track dimension: when it is
perpendicular to the along-track axis (X), it is called unsquinted, or zero-Doppler geometry, like
in the upper array Figure 4-11, or deforming the green cone in Figure 4-2 until it becomes a plane
orthogonal to X; when the main beam is wanted to point forwards or backwards, is called
squinted geometry, with a non-zero central Doppler frequency, as in top of Figure 4-12 or
similarly to the green cone in Figure 4-2. Within a small enough aperture, the target will be seen
with a unique DoA. Then, with a fixed geometry, (4-122) varies only according to dSAR. Although
the longer the range of the target, the larger the SAR aperture, the latter is limited by the shortaperture condition (4-122), increasing only until a certain length, but having always the same
relative shifts within, like shown in the upper representation of Figure 4-13, with the shortestrange target paths in solid line, and longest in dashed.
The long length of the synthetic array is the key factor in BP for SAR processing, since the
synthetic aperture is made up by all the positions where a pulse is sent, and then the parallel
arrival of rays from target to receivers is no longer valid, but the relative delay varies also with
the distance radar-scatterer (Figure 4-11 and Figure 4-12, bottom). The common approach in
free-space SAR is to use a quadratic relative phase shift, although in the 2-medium case, as the
relative paths depend on the refractive index, this approach is not effective, and methods
explained in section 4.2 must be used. For BP, at each particular radar location the path TXtarget-RX is calculated, using GPS and IMU (Inertial Measurement Unit) to know the aircraft
position and rotation, although the latter has not been taken into account in the current versions
of the BP processors (pitch and yaw rotations are reasonably constant within the aperture,
unlike roll). Within a real aperture, the target will be seen with different DoA angles, and the
relative phase shift is not linear. The geometry of the aperture will be determined by the pointing
angle of the central location of the aperture, as depicted in the lower arrays of Figure 4-11 and
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Figure 4-11. Unsquinted SAR one-way path distances: (top) far-range approximation for short aperture, with
parallel directions of arrival; (bottom) long aperture with range and angular dependency.

Figure 4-12. Squinted (forward looking) SAR one-way path distances: (top) far-range approximation for short
aperture, with parallel directions of arrival; (bottom) long aperture with range and angular dependency.

Figure 4-13. Unsquinted SAR one-way path distances for different ranges: (top) far-range approximation for
short aperture, with identical relative paths; (bottom) long aperture with range-varying relative paths.

Figure 4-12, in which the DoA’s at some receivers have opposite sign. With a given SAR
geometry, the longer the range of a scatterer, the longer the aperture it achieves, only limited
by the beamwidth of the radiating elements. In this case, the samples within the aperture have
a relative path which varies with the range (bottom of Figure 4-13), as opposed to the shortaperture approximation, where the relative path would be the same.
Once a pulse is transmitted, the scattered echoes are received during a window time, then
another pulse is sent, echoes are received and so on. SAR raw and processed data are presented
in two dimensions. In the current case, the echoes from a transmitted pulse are stored in a

146

Figure 4-14. SAR raw and processed data arrangement in 2D. Index of the
transmitted pulse is organised by columns, while the received samples by rows.

column, relating each column to each pulse number, and hence to each radar location, forming
the along-track (or azimuth or slow-time) dimension. Each received sample from the echoes
combination is stored in a different row, forming the range (fast-time) dimension. Round-trip
delay following the TX-target-RX path varies along the position of the radar. With a flat air-ice
interface and a height-invariant aircraft trajectory, the minimum range delay occurs at the
vertical from scatterer. An example of the SAR data organization, in range-azimuth domain, for
a flat surface and an isolated point-like target is shown in Figure 4-14. For a real aperture, the
shape of the echo locations is approximately quadratic, while for a short aperture it would be
linear, with zero slope for zero-Doppler geometry. The delay variation depending on the pulse
sent, is called range migration.
Once the elevation angle ε0 in free-space (ε1 in ice) has been estimated, from radar at height
H to target in depth D, the range delay τ[T] can be calculated with (4-47), using a constant
relative refractive index nR, as

2æ H
n ×D
t T = çç
+ R
c0 è cos e0 cos e1

-1/2
ö 2æ H
æ sin 2 e 0 ö ö
+ nR × D × ç1÷÷ = ç
÷ ÷
2
ç
c
cos
e
n
0
R
è
ø ÷ø
ø 0è

(4-124)

or, to avoid square and root calculations, by means of a small-angle approximation,

t T »

2H / c0 2nR × D / c0
+
.
cos e 0 cos æ e 0 ö
ç n ÷
è Rø

(4-125)

4.3.3 Doppler analysis
Under the constant-velocity condition, the Doppler frequency in the real aperture takes the
form of equation (4-19). In this expression, the elevation and azimuth angles are supported in a
spherical coordinates system whose centre changes with the antenna location. The range
dependency of the relative phase shift is explicitly included in the variation of the origin of
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Figure 4-15. Doppler frequencies of real (red) and short (blue) apertures. Most left: long extension of a real
aperture in short (dashed red) and long (solid red) range. Middle left to most right: suabpertures for zeroDoppler, forward- and backward-looking geometry, respectively. Within a given geometry, the blue line
representing the short-aperture remains constant, with a value equal to the central location of the real aperture.

coordinates. For a target located under the along-track axis (Y=0), the azimuth angle is expected
to be αG = +90° (for forward looking) or αG = - 90° (for backward looking). For such a target, the
Doppler frequency within a real aperture, at the discrete radar locations k, is given by (recalling
(4-19), with free-space refractive index equal to 1)

f D T = sgn aG T

ì> 0, forward-looking
2v
ï
sin e 0 T í= 0, zero-Doppler
l0
ï< 0, backward-looking
î

(4-126)

with sgn(·) the sign function, defined as sgn(x)=1, x>0; sgn(0)=0; sgn(x)=-1, x<0.
Regarding the short-array approach, the Doppler frequency is obtained by the first
derivative of (4-122), which taking into account that is a sampled sequence (on T), is performed
with a discrete differentiation and a multiplication by the sampling frequency (PRF)

fD T =

PRF
j e 0,s , aG,s , T +1 - j e 0,s ,aG,s , T
2p

= sgn aG

2v
× sin e 0 . (4-127)
l0

The difference between expressions (4-126) and (4-127) for the Doppler frequency is the
dependency of angles on the radar location. As long as in the short-array approximation the
angles are assumed to be constant, its Doppler frequency is also constant; on the other hand, in
the real aperture the Doppler frequency is positive and decreases as the radar approaches the
scatterer, then is zero above its vertical, and finally takes negative decreasing values as the
aircraft flies away. In the centre of both short and real apertures, the Doppler signature
coincides. These effects are represented in Figure 4-15. In the most left plot, is shown the whole
Doppler excursion for the real aperture (it only would reach its limits in the backwards and
forwards horizon) in solid red, together with the corresponding to a shorter-range target, in
dashed red. This latter scatterer has the same Doppler frequencies, but concentrated in a
smaller aperture, what means a higher Doppler rate (4-20). The blue line represents the constant
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Figure 4-16. Weight function profile of Doppler spectrum (along vertical axis): (red) for the received Doppler
frequencies, (green) after a perfectly matched demodulation at zero-frequency, and (magenta) erroneous
processing due to wrong phase estimation. The arrows indicate the Doppler shift after processing.

Doppler within the short aperture, for a zero-Doppler geometry. The next plots represent subapertures that could be used for BP, given by the beamwidth of the antenna pattern or the used
in processing. The middle-left plot has zero-Doppler DoA; middle-left is a forward-looking SAR,
hence with positive Doppler in the centre of the aperture, while the rightest plot has a backwardlooking geometry. The SAR geometry can be achieved by the antenna orientation or thanks to
azimuth beamforming off-line, since all samples are received independently for each
transmitted pulse. In PASIN2, with PRF 125 Hz and 156.25 Hz, to avoid Doppler azimuth
ambiguities the maximum speed velocity is 62.5 m/s and 78.125 m/s, after applying

vMAX =

l0
PRF .
4

(4-128)

4.3.4 Doppler processing
Backprojection algorithm tries to cancel out the relative phase at each of the receiver
locations. This is achieved by estimating the relative paths, considering all the mechanisms that
may affect the transmission, propagation and reception of signals, such as the terrain clearance
from aircraft to surface, refractive index, slopes of surface and internal layers and aircraft
rotations. Then, the application of (4-119) gives the output of the algorithm. The weight function
w acts as a demodulator, in which the Doppler frequencies at each location are shifted to zero
frequency (DC). Once the samples of each DoA are gathered at DC, a simple summation is carried
out to obtain the representation of the scatterer. In Figure 4-16 is represented the effect of the
weight function on the received signals (solid red), after ideal (green) and erroneous phase
matching (magenta). The spectral amplitude is plotted along the vertical axis, with a higher peak
when the demodulation is perfectly matched.
From Figure 4-17 to Figure 4-21 are shown the Doppler estimations depending on range and
the demodulation with the weighting function, for a data take over the Recovery Glacier, with
PASIN radar. The wavelength λ0 is 2 m, the sampling frequency of the received signals 24 MHz,
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shallow echo
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Figure 4-17. SAR data amplitude (dB) after range-compression: (left) range (rows, samples) – along-track
(columns, samples) domain, with a sampling of 24 MHz and 156.25 Hz, respectively; (right) range profiles of
along-track sample 3000 (black vertical), single (blue) and averaged (black) with 20 along-track locations.

the PRF 156.25 Hz, the mean speed v 55.2 m/s. They were processed with zero-Doppler
geometry (squint zero), azimuth beamwidth of 80° and main beam pointing to nadir (αG = ±90°).
This geometry allows to apply (4-126). Figure 4-17 is the range-compressed raw data, in both
range and azimuth samples domain, with a sampling of 24 MHz and PRF, respectively. The first
received echoes (top of the image) are the direct coupled signals from TX to RX, without being
reflected on surface. The next strong samples correspond to spurious outliers generated during
the sampling; since they behave like a Dirac’s delta, after range compression they appear
dispersed in range, approximately having a duration equivalent to the pulse length (4 μs). The
next returns are the signals from shallow depths, which may produce secondary reflections due
to the pulse sidelobes. The internal layers are clearly distinguished. Around range sample 1050,
the bedrock scattering appears, which in this case is very convenient to check the azimuth-phase
estimation, because the bed is flat. Since bedrock acts as an extended target, it lacks of the
typical shape of a point-like scatterer (Figure 4-14): the closest range sample has a clear time
location, whereas farther ranges are less noticeable.
Figure 4-18 represents the range-Doppler domain, obtained by the application of the Fourier
Transform along the same range in all received echoes in Figure 4-17. Since the maximum
Doppler frequency for fixed scatterers with isotropic antennas is 55.2 Hz (coinciding with the
mean speed, because the wavelength is 2 m), the PRF is high enough to appreciate the whole
Doppler excursion. Given the processing beamwidth of 80° (symmetric, due to zero-Doppler
geometry), the maximum processed Doppler lays within the interval ±35.5 Hz. The direct
coupled signals at the beginning of Figure 4-17 are appreciable too in this domain, although they
do not mean any Doppler shift, but just a spectral density due to a slight lack of coherence, either
in amplitude and phase, of the transmitted and received pulse. The direct coupled signals are
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Figure 4-18. SAR raw data amplitude (dB) after range-compression, in
range (rows, samples) - Doppler (columns, Hz) domain.

not affected by aircraft rotation or environment, because their relative distances are fixed.
Further comments about these signals are made in Section 3.4, dedicated to in-flight channel
calibration. The Doppler signature from surface returns is also clear, and it allows even the
estimation of the aircraft speed, measuring the long-range Doppler content. Due to the changing
slope of the internal layers, their Doppler frequencies of this region oscillates, because the
strongest Doppler is related to the DoA perpendicular to their slope. Finally, due to the flat bed,
its Doppler signature is clearly isolated, since all the scatterers have the same signature.
Figure 4-19 shows the Doppler content of the bedrock, enlarged from Figure 4-18, together
with the estimated pair “range delay - Doppler frequency” for a selected scatterer located at the
bed, using aircraft GPS coordinates, distance to surface (clearance) and refractive index of 1.788.
Since in this case the range curvature is hardly seen in range-azimuth domain, range-Doppler
domain is more convenient to check the estimations from GPS data. For the relative path
calculation, the refraction angle is estimated through the “small-angle approximation” (green
and magenta lines) and the “intersection” method (red), explained in sections 4.2.2 and 4.2.3,
respectively. Also, for the travelling time along the ice with constant refractive index, the smallangle approximation (4-125) is used (magenta), together with the exact expression (4-124)
(green and red). Figure 4-19 is the same as Figure 4-10, but in Figure 4-19 the vertical dimension
is the range domain, in samples.
In practise, the estimated delay needs to be expressed in samples, having in the BP
implementation a step-like shape, as opposed to Figure 4-19, where the curves presented on
the image are interpolated with a third order polynomial. Besides, since the original range-delay
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Figure 4-19. Comparison of “range delay - Doppler frequency” from raw data (image zoomed from Figure 4-18)
and curves estimated for a given bed-rock location, using aircraft GPS coordinates and clearance to surface, with
constant refractive index. Refraction angle with “small-angle” (green and magenta lines) and “intersection” (red)
methods; time along ice with small-angle approximation (magenta) and the exact expression (green and red).

at each Doppler frequency presents outliers in the “intersection” method, it is convenient to
perform the interpolation. However, the polynomial interpolation it is not implemented within
the BP, because is highly time-consuming.
Figure 4-20 contains a time-frequency representation of the central subaperture (about 30s)
of Figure 4-19 (and Figure 4-10), corresponding to the samples ac,n in (4-119) along the horizontal
axis, and the Doppler frequencies in the vertical. The zero-frequency is marked with a dashed
red line. This image is the real data equivalence to the sketch in Figure 4-16 (solid red). Due to
the sampling, all the methods shown in Figure 4-19 have the same delay within the central
region, so only one image is used to represent the Doppler frequency excursion. In Figure 4-20,
the Doppler profile corresponding to the target under analysis is the one with negative slope;
the other slope appears because in the same sample coincide the scatterings of the desired
scatterer and the one with opposite elevation angle: they are undistinguishable in time domain,
but clearly separated in Doppler. This effect was included in the sketch of Figure 4-14, showing
how the extremes of the blue aperture coincide in time with the opposed extremes of red and
green ones. Figure 4-21 has the time-frequency representations of the demodulated data (like
in Figure 4-16, magenta), using “small-angle” approximations (top, and magenta in Figure 4-19)
and “intersection” method and exact expression (bottom, and red in Figure 4-19), for refraction
angle and time delay in ice, respectively. The demodulation is better with the latter method,
because it is slightly closer to zero-Doppler mark, confirming the results of Figure 4-19, although
the processing could be still improved until the profile is aligned with the dashed red line. This
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Figure 4-20. Time (horizontal, seconds) - Frequency (vertical, Hz) representation of the samples
corresponding to a central subaperture of a scatterer located in bedrock of Figure 4-17 to Figure 4-19.
Bottom plot represents the amplitude in azimuth domain, while the left plot is the amplitude of the
Doppler spectrum. The dashed red line marks the zero-Doppler.

Figure 4-21. Time - Frequency representations after demodulating the signal from Figure 4-20, using
different weight functions: top, with small-angle approximations; bottom, with “intersection” method
and exact ice delay. Bottom image shows a better demodulation, since it is slightly closer to the zeroDoppler (red dashed line).

representation suggests that the interference of nearby scatterers could be prevented with a
squinted geometry, or even avoiding the zero-Doppler region of the aperture.
The time-frequency representations were achieved by multiplying a Wigner-Ville distribution by
a spectrogram.
In Figure 4-22 is shown a comparison between a SAR image processed with BP (a) and an
image only with the range compression (b). Since BP selects the samples ac,n in (4-119), the
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(a)

(b)

Figure 4-22. Comparison of (a) BP processed image to (b) only range-compression, normalized in
dB scale. The along-track length is around 30 km, and deepest bed is found at 3.2 km.

curvature due to the range migration is ideally compensated. The distance covered in alongtrack is around 30 km, and the deepest bed is at 3.2 km.

4.3.5 Doppler frequency allocation after processing
For a given particular target, after range processing and calculating the SAR reference
function, the footprint of the samples in range and azimuth domain are collected. This footprint
contains a Doppler beamwidth. The azimuth focussing (the reallocation of Doppler frequencies
in a unique pair of spatial coordinates) can be done by chirp compression, equivalent to a shift
of each frequency along the azimuth domain towards a common azimuth sample, i.e. a timedomain convolution; or by deramping, shifting the Doppler frequency towards zero-Doppler, i.e.
a time-domain modulation. Chirp compression is reached by a Fourier Transform, whereas
deramping is achieved by a multiplication followed by a summation, for obtaining the response
in zero-Doppler and relating it to the azimuth location. RGB Doppler decomposition allows to
estimate the quality of the focussing, measuring the range-azimuth location of the Doppler
frequencies. Although compression and deramping are different procedures, if the Doppler
frequencies depend linearly on azimuth (i.e. quadratic phase, or constant Doppler rate), they
are equivalent from the point of view of Doppler frequency reallocation even when unfocussing
(due to a wrong SAR reference function). Thus, the RGB Doppler decomposition has a unique
interpretation regardless the azimuth processing method, provided the SAR reference function
is the same in both cases. The Doppler rates of the radar data and the estimated SAR reference
function are, respectively, K and KREF, both approximated as constants. After deramping and
compressing, the resulting Doppler rates are, respectively, KDER and KCOMP, calculated as

KDER = K - KREF
1
KCOMP

=

1
1
K KREF

according to the modulation and convolution processes, and related through

(4-129)

(4-130)
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1-

K
K
= COMP .
KDER
K

(4-131)

Due to SAR Doppler formation, K is negative, with negative Doppler frequencies delayed
regarding the positive. For an isolated point target, Backprojection consists in multiplying
(demodulating) the radar data with a sliding window formed by the complex conjugate of the
SAR reference function, and a summation after the demodulation. Let the origin of azimuth time
be the azimuth location of the point target, and dW the central location of the window, positive
after the target location and negative before. The Doppler frequency fD(dW) of the radar data at
the centre of the window is

f D dW = dW × K

(4-132)

which is not frequency-shifted after demodulating, since the window in its centre has zero
instantaneous frequency. Because after the demodulation the result is summed (equivalent to
measure the mean spectral content), the zero instantaneous frequency of the demodulated
signal (with Doppler rate KDER) will correspond to the Doppler frequency fD(dT) whose amplitude
is measured when deramping at dW. The frequency shifted to zero is located at dT, with

dT - dW = -

f D dW
K
= - dW
K DER
K DER

(4-133)

and hence

æ
K ö
dT = dW × ç1÷.
è KDER ø

(4-134)

Since the demodulation does not shift the time allocation, the Doppler frequency fD(dT) of the
radar data (with Doppler rate K) is, after using (4-131)

æ
K ö
fD dT = dT × K = dW ç1÷ K = dW × KCOMP ,
K
è
DER ø

(4-135)

whose right side corresponds to the instantaneous frequency of the compressed output at dW.
Therefore, deramping and compression are identical from the point of view of the Doppler
frequency reallocation in along-track domain, if the Doppler rate is approximately constant.
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4.3.6 Antenna pattern and range corrections
Antenna pattern corrections can be included in the weighting function of (4-120), because
the Doppler frequency is expressed in terms of the elevation and azimuth angle from antenna
to scatterer, and then is directly related to the antenna pattern.
Regarding range (R) losses, on the one hand field propagation losses increase with the
square of the range (R2). However, on the other, the azimuth aperture is increased linearly,
which means the resulting amplitude augments with the square root of the range (R1/2). The
overall effect is the amplitude losses increase according to R3/2. Range corrections might be of
interest from the glaciological point of view, so only the aperture correction should be done,
dividing by R1/2, rather than performing the mean instead of a summation in (4-119).

4.4 RGB Doppler decomposition

After processing, the different angles in which the target was seen are contained in the same

sample. These angles correspond to different Doppler frequencies. In the previous section, the
differences for varying geometry were pointed out. In this section, similar differences are
observed within the image. If the output image is analysed with a Fourier Transform in alongtrack, information about the predominant scattering angle can be achieved. Dividing the
processed spectrum in sub-bands and representing them together after a normalization, allows
to check the geometry of the internal layers. This can be done by assigning the content of each
of the chosen sub-bands to a different colour, and then merging them together. For example,
the bands can be centred in the negative Doppler spectrum (backward-looking), zero-Doppler
(vertical) and positive spectrum (forward), assigning red, green and blue colours respectively,
(although it could be done with more than three). A flat mirror-like surface with zero slope will
scatter mostly in the assigned green, changing gradually to red or blue depending on the slope
variation. Rough bedrock will scatter homogeneously in the three geometries, so it should
appear in white. This allows to distinguish bedrock and surface reflections, since the surface
should appear predominantly green. These cases are represented in Figure 4-23.
One of the main problems of ice-sounding instrumentation, especially in SAR, is the difficulty
to deploy reflectors to check the focussing or calibrate the system. In SAR systems for surface
sounding, is common to use an opportunity reflector, a point-like reflector that appears in the
environment. However, in ice-sounding this is hard to obtain or discover. With the Doppler
decomposition, if an expected rough surface like bedrock does not appear in white colour, but
red, blue and green contents are clearly separated, it can be assumed that there is a lack of
focussing, which could be measured by cross-correlating the sub-bands.
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Figure 4-23. Predominant scattering direction and Doppler band image decomposition.

The decomposition can be done in different ways. In this case is done with the same
bandwidth for the three sub-bands, only differing in the central positions, which will be
symmetrical regarding zero (red, negative; green, zero; blue, positive). Width and central
locations are expressed in percentage of the effective PRF used for processing (i.e. the azimuth
sampling frequency of the output image), which could be different from the PRF in case azimuth
presuming or subsampling is performed. An example of this decomposition is shown in Figure
4-24, taken by PASIN over the Institute Ice Stream, and processed with Omega-K algorithm. A
clear artefact in the radar data is found at azimuth length 16km and range sample 900. Top
image represents the full Doppler spectrum, in white the highest amplitude. Middle image has
bands of 3.125% and separations of 25%. Green colour represents regions with zero-slope, while
blue and red are related to positive and negative, respectively. Since it is a narrow band
(3.125%), the bands are quite separated, and in the bedrock the lack of focussing can be
appreciated. Horizontal green lines in the top of the image correspond to the direct-coupling
(first line) and surface profiles. Bottom image has the same central positions, but now a
bandwidth of 25%, so the total spectrum represented is from -37.25% until +37.25%. Since the
bandwidth is higher, the bedrock whitens and internal layers are more diffused.

4.5 Processed images

The same region can be measured with different results depending on the SAR geometry

used, because the scattering response varies according to the incidence angle. In the same way,
since after processing with a given aperture, its joint scattering is focussed on a single point, a
Doppler image decomposition in post-processing provides information about how the scattering
was gathered. This latter analysis is similar to the RGB decomposition of light, dividing the whole
spectrum in 3 sub-bands and assigning each to red, green and blue colours like in Figure 4-23.

4.5.1 Geometry and aperture
According to the geometry used in processing, the along-track synthetic array steers the
azimuth beam into a different direction, as sketched in Figure 4-11 and Figure 4-12. The main
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DoA of a signal will be perpendicular to the slope of the feature under interest, although its
angular response depends on the scatterer composition (like bedrock against ice layers) and
nearby (point-like against extended target). In Figure 4-25 is shown an example with same
aperture but with different geometries, of an image taken by PASIN over the Recovery Glacier
in season 14/15, in flight P10a_2D. The data were taken with a PRF of 156.25 Hz and a sampling
frequency of 24 MHz, transmitting a chirp of 4 μs and 13 MHz flying at a mean speed of around
55 m/s. All images were processed with 5° of aperture, varying the geometry, with a beamsteering from top to bottom of 0°, 20° forward-looking (squint +20°, αG = 90°) and 20° backwardlooking (squint -20°, αG = -90°). Sections of ice-layers with a slope perpendicular to the direction
of the beam steering appear brighter than the others, as opposed to bedrock, due to
homogeneous scattering. Far-range noise affects in a different way depending on the geometry.
In Figure 4-26(top) is the same region as in Figure 4-25, but with zero-Doppler geometry and
aperture 35°. The Doppler decomposition images have bands with central frequencies at ±15%,
and bandwidths of 3.125% (middle) and 15% (bottom), regarding the output azimuth sampling.

4.6 Summary

Backprojection is the method chosen for SAR processing in along-track dimension. Although

it is computationally expensive, it provides a flexible processing, sorting out the difficulties of
varying environment and flight trajectory. SAR images can be processed with different alongtrack apertures and squinted geometries, not only for the along-track resolution, but because
the imaging of sloping internal layers and ice-water interfaces strongly depends on the forward,
zero-Doppler or backward geometries.
Doppler frequency decomposition is an effective analysis tool. Performed on rangecompressed data and on processed images, it achieves automatic internal-layer classification,
bottom and air-ice surface discrimination, and evaluates the quality of the SAR processing. In
ice-sounding, the electromagnetic propagation can vary within the overflown regions, so that
the along-track quality evaluation allows to refine the propagation model. Time-frequency
analysis gives an insight into the radar data and range and SAR focussing, to suggest new SAR
processings or appreciate signal distortions.
An algorithm to estimate the refraction angles from radar to target through parallel layers
was developed. It improves the efficiency compared to exact solutions and also the accuracy
regarding the small-angle approximation for squinted geometries.
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Figure 4-24. Doppler band decomposition of SAR processed image, with colours red, representing backwardlooking; green, zero-Doppler; and blue, forward-looking. Top: image with bands representing the full spectrum.
Middle image: bandwidths of 3.125%, located at -25%, 0 and +25% regarding the effective along-track sampling.
Bottom: same locations as middle image, with bandwidths of 25%. Artefact at 16 km and range sample 900 shows
the band separation.
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Figure 4-25. SAR processed images with BP method, with 5° of aperture. Geometry varies,
from top to bottom, with 0° (zero-Doppler), +20° forward-looking and -20° backward-looking.
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Figure 4-26. Doppler band decomposition of Figure 4-25, with zero-Doppler geometry and 35° aperture, with
colours red, representing backward-looking; green, zero-Doppler; and blue, forward-looking. Top: image with
bands representing the full spectrum. Middle image: bandwidths of 3.125%, located at -15%, 0 and +15%
regarding the effective azimuth sampling. Bottom: same locations as middle image, with bandwidths of 15%.
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5

Direction of Arrival
Estimation

Port and starboard sides are symmetric from the point of view of SAR data. This makes it
impossible to distinguish them with range or Doppler processing, at least with a conventional
straight trajectory of the radar platform. For 3D processing, is therefore needed an array of
antennas, to measure the different relative paths of the received signals, and obtain the acrosstrack directions of arrival (DoA) and a following 3D mapping. These can be estimated by beamsteering (BS), that matches either the radar data or the previously processed images to a set of
angles of interest, and assigns the DoA’s to those with the greatest amplitude levels. Directions
of arrival with unwanted returns like clutter or interferences can also be supressed, with
techniques like null-steering (NS) and Minimum Variance Distortionless Response (MVDR) [14]
(called Minimum Variance Spectral Estimator), [77], [91]. Since Antarctica is a friendly
environment and reasonably isolated, jamming interferences are not considered. Overall,
combinations of BS and NS constitute the beamforming (beamshaping) techniques. They hold
the advantages of being linear and having amplitude outputs directly related to the
backscattering properties. However, for across-track DoA, the limited number of channels
increases the sidelobes and worsens the angular resolution regarding desirable levels: the lower
the number of elements, the poorer the performance when applying BS, NS and MVDR.
To achieve high-resolution estimation, the non-linear technique called MUSIC (MUltiple
Signal Classification) [14], [94] is used in this work. The drawback of MUSIC is that is originally
designed for linear and uniformly distributed arrays, and has a performance depending on the
number of DoA within the range cell of analysis. A strong advantage of PASIN2 radar is the
diversity in the antenna array formation, regarding its 3D spatial distribution and lack of uniform
spacing. When the DoA is unique, its estimation allows to calibrate the receivers and transmitter
arrays, using tuples of two, three or four consecutive receiving antennas or phase centres. Also
for single DoA estimations, the ambiguities caused by the wing element spacing, greater than
half a wavelength, can be solved using belly elements, with a separation of half a wavelength.
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Still, because MUSIC requires the linearization and uniformization of the array for reaching its
full performance, PASIN2 is challenging from the point of view of the processing for DoA
estimation. Due to the non-linear properties of MUSIC, the output amplitude levels cannot be
assigned to backscattering, unlike beamforming estimators. Other high-resolution estimator is
Maximum Likelihood (ML) [12], [121], [126], [127], performing better than MUSIC in cases of
lower SNR, number of time realizations (snapshots) or high correlation between the impinging
signals at different DoA [121]. However, MUSIC was chosen over ML, not only because ML
implementation is computationally more expensive, but mainly because the interpretation of
MUSIC is easier.
Beamshaping and MUSIC can also be applied on the range-compressed radar data of the
SAR aperture. Beamshaping for SAR processing can reduce clutter in along- and across-track
dimensions by NS techniques, considering the full SAR aperture or sub-apertures within. MUSIC
on the along-track SAR footprints can detect very narrow Doppler bandwidth, what can be
applied for very deep bottom detection, when the rest of the Doppler spectrum is masked by
clutter due to the ice medium or bottom properties, causing the output after SAR processing is
below background noise.

5.1 Beamforming
Beamforming in the perpendicular direction to the track (across-track) is a key point for 3D
ice-sensing. It allows to steer and sharpen the across-track beam pattern, as well as to cancel
DoA with high clutter level. In the works related to SAR ice-sounding, beamshaping has only
been considered for across-track, assuming that the classical Doppler processing with zeroDoppler geometry is enough to resolve along-track. However, along-track beamsteering might
also be important, since the internal layers and bedrock have a varying slope, which affect to
the predominant DoA, and hence the amplitude of the Doppler frequency. Regardless belly
antennas (printed dipoles) were designed to have the same radiating patterns than port or
starboard (folded dipoles) elements, they can have differences in large azimuth or elevations
angles. These antenna pattern variations are responsible of a greater presence of clutter in SAR
images processed with belly channels, compared to those with the wing channels, hindering the
across-track processing after channel combinations. Therefore, the possibility of clutter
suppression using beamforming techniques in along-track domain allows a better performance
of the following across-track DoA. The main clutter is considered to come from the air/ice
interface, corresponding to an elevation angle with the same propagation delay as the englacial
target under test, and besides with less propagation losses, as the EM waves do not penetrate
into ice. Lateral sidelobes after range or azimuth processing are also a source of clutter, being
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therefore not strictly identified by locations with the same propagation delay as the target under
test. An off-nadir scatterer at depth D has the same propagation delay as a nadir scatterer, when
the latter is at equivalent depth DEQ. An off-nadir target, received from incidence angle ε0,s
regarding the vertical, has an equivalent depth DEQ

DEQ =

ö
H æ 1
D
×ç
-1÷ +
÷ 1- sin2 e / n2
nR çè cos e0,s
ø
0,s
R

(5-1)

with constant refractive index nR, and using a channel phase-centre at height H from a flat
surface. This equivalent depth is measured from the radar data with (2-16), wrongly assuming
the closest range from target to radar trajectory has vertical direction. In the SAR images, DEQ is
included as the depth of the targets under tests in (4-119).
The clutter DoA is the pair of angles θc

qc = e 0,c ,aG,c

(5-2)

following the same conventions explained in section 4.3.1 and (4-113). For surface clutter, the
elevation angle ε0,c is
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(5-3)

and the azimuthal angle αG,c depends on the antenna pattern sidelobes and surface
characteristics (like slope and crevasses), varying from αG,c = 0° (from starboard), to αG,c = 90°
(forwards), to αG,c = 180° (port) to αG,c = -90° (backwards). Specifically, for surface clutter

e 0,c ³ e 0,s .

(5-4)

5.1.1 Along-track
For a short SAR aperture processed with the far-range approximation (upper sketches in
Figure 4-11 to Figure 4-13), the set of coefficients w for beam-steering maximises a certain DoA.
However, these coefficients also favour other unwanted directions, according to the sidelobe
locations of its Fourier Transform. The weights w for Backprojection in a large aperture (4-120)
also produce such effect, although in this case, because at each position of the synthetic array
(radar location) the looking angle and propagation delay to the target are different, the clutter
DoA varies within the aperture. In this sense, along-track beamforming can improve the Doppler
processing output.
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BS, the conventional beamforming in Backprojection, imposes a single condition on the
coefficient weights (i.e., to maximise one DoA), whereas null-steering (NS) rejects other DoA’s.
This cancellation can be performed using the full aperture, adding then only one extra condition
compared to BS, or cancelling the direction dividing the set of coefficients in smaller
subapertures (or subarrays), adding as many conditions as subapertures. The latter case is
stronger than the former, but could also deform the response at the target DoA or amplify
others. Let θs be the DoA geometry in which the target under test is detected, as defined in
section 4.3.1,

q s = e 0,s ,aG ,s

(5-5)

θc the clutter DoA (5-2); a full aperture of TAP coefficients, from transmitted pulses TF to TL
TAP = TL - TF + 1

(5-6)

afp the set of expected samples from the range-azimuth SAR footprint of the target under test,
defined as phase-modulated (according to the expected propagation delay), unitary amplitude

a fp = 1

(5-7)

(including the amplitude modulation due to antenna pattern as windowing). Weighting
coefficients w must accomplish different conditions according to the beamforming technique.
Omitting in the footprints afp and weights w the dependencies on depth, along-track locations
and angular apertures, the conditions are:
−

for BS,
TL

åa

T =TF

−

T , q s × wBS T ,q s = 1

(5-8)

for full-aperture with NS (FANS),
TL

åa

T =TF

fp

åa

T =TF

T ,qs × wFANS T ,qs ,qc = 1
(5-9)

TL

−

fp

fp

T ,qc × wFANS T ,qs ,qc = 0

and for Nsub subapertures with NS (SANS), with subarrays of length TSUB<TAP and
overlap TOV ∊ ℤ (the set of integer numbers) between subapertures,
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(5-10)

ê T -T ú
0 £ n £ Nsub = ê AP SUB ú , n Î ¥.
ëTSUB - TOV û
The weighting coefficients w are obtained expressing (5-8) to (5-10) in matrix form. Including the
footprints from the target under test afp(T, θs) and clutter afp(T, θc) in matrix Afp with size (1+Nsub,
TAP), and the weights in a column format matrix w with TAP rows, the matrix form is

A fp × w = 1 0 L 0

T

(5-11)

w = A fp † × 1 0 L 0

T

(5-12)

solved by

in which † is the Moore pseudo-inverse and T is the transpose operator.
Clutter can be considered as fixed in its direction θc, or dependent on the transmitted pulse
index T, because the propagation direction and delay from the radar to the target under test
varies with T, and therefore the elevation angle of surface clutter changes according to (5-1) and
(5-3). Examples of these situations are found in Figure 5-1, showing the Doppler frequency along
the aperture indexes (section 4.3.3) in red, and the Doppler rejection associated with the
unwanted DoA in thick black lines. Zero-Doppler cancellation are depicted in the top row: (a) for
the full aperture; (b) for several subarrays; and (c) processing each subaperture with the farrange approximation, with constant Doppler frequencies for each in blue. Cases for surface
clutter not in zero-Doppler are represented in the bottom row: (d) for a symmetric and constant
cancellation, corresponding to constant θc; and (e), varying the clutter pair θc within the
aperture, according to constant azimuth angle (αG,c=±90°) and varying elevation, from radar to
target. Images corresponding to the same raw data as in Figure 4-25 and Figure 4-26 were
processed with along-track beamforming for (a) to (d) cases in Figure 5-1, only improving
regarding the BS case with the subaperture processing and NS (c), but without appreciable
difference for the others. However, the results could not be validated due to delay (and phase)
uncertainties in the processing.
Because belly receivers are not aligned in the same along-track coordinate as the ones under
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Figure 5-1. Along-track beamforming strategies with null-steering (black thick) frequencies. Top row: across-track
cancellation at zero-Doppler; bottom row: surface return cancellation. a), b), d), e): real aperture (red) processing;
c) uniform subarray (blue) processing. a), d) single condition for cancellation along full aperture; b), c), multiple
subaperture conditions; e), adaptive cancellation depending on Doppler-frequency (i.e. looking-angle).

the wings (Figure 2-3), it is possible to estimate the surface slope also in this dimension. The fact
that the PASIN2 antennas are distributed in a volume rather that in a line or surface, means the
capability of along-track interferometry techniques.

5.1.2 Across-track
Beamforming needs from a previous step to estimate the likely DoA’s of clutter or any
interference, which might be particular for the scatterers under consideration. Some of these
harmful DoA’s can be originated from the air-ice interface, but other sources might be harder to
foreseen, like those coming from internal layers or bedrock. Among the most common
situations, the rejection can be done against surface clutter with elevation angle ε0,c (5-3) and
azimuthal direction equal to the SAR geometry αG,s in (5-5). The clutter, besides having the same
propagation delay than the target under test, can also have the same Doppler frequency, setting
the condition for estimating αG,c and hence the clutter DoA θc (5-2). When this is the case, a
radar location looking at a target with a DoA pair (ε0, αG) measures a Doppler frequency fD
calculated with (4-114), and equalling it to an analogous expression for the clutter

fD =

2v × n0
2v × n0
sin e 0,s sin aG,s =
sin e 0,c sin aG,c .
l0
l0

(5-13)

Because for surface clutter holds the condition (5-4), the azimuthal angles result

a G ,c £ a G , s .

(5-14)
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 5-2. PASIN2 across-track beamforming patterns (dB) pointing towards +10° (port), with different
channels: receiving from (a) port, (b) belly, (c) starboard, (d) port and belly, (e) port and starboard, and (f)
all antennas, considering (solid green) BS with PASIN2 port transmitter pattern, (dashed red) BS with
isotropic port transmitter, (solid black) BS with isotropic port and starboard transmitters, and (dashed blue)
BS+NS for nadir rejection with isotropic port transmitter.

If clutter overlaps in both propagation delay and Doppler frequency, the only rejection
possibility is to process with the across-track array, physically built in PASIN2. If only the acrosstrack array is used, the geometrical locus of scatterers detected with the same across-track DoA
is approximately (since PASIN2 has 3D-diversity) a cone (Figure 2-1, blue), whose generatrix is
the centre of the array and main axis is the longitudinal extension of the array. Due to refraction,
this locus has analogous consideration as the locus for the along-track synthetic aperture of
section 4.1.2. Only after along-track SAR processing with zero-Doppler geometry (αG,s=0°,
(4-117)), the estimated across-track DoA corresponds to a direction in the across-track plane
(YZ). Beamforming in the across-track domain is analogous to the along-track expressions (5-8)(5-12), now considering the pixels of SAR images (4-119)-(4-121) or reference functions (3-6):
simple beam-steering (BS) for pointing to the DoA under test; and BS with null-steering (FANS)
cancelling one or more DoA’s. Now the suffix “full aperture” of (5-9) and (5-10) is not of
application, because in across-track the number of channels of the array is much shorter (from
2 to 24) and the antenna sections have different parameters. Simulated BS and FANS are in
Figure 5-2, with the simulated PASIN2 across-track beamforming patterns (in dB) pointing
towards +10° (from port), with different receiver combinations of (a) port, (b) belly, (c)
starboard, (d) port and belly, (e) port and starboard, and (f) all, considering (solid green) BS with
PASIN2 port transmitter pattern of Figure 3-7(a), (dashed red) BS with isotropic port transmitter,
(solid black) BS from isotropic port and starboard transmitters, and (dashed blue) BS+NS for
nadir rejection from isotropic port. The case considering the TX pattern (solid green) modulates
the responses regarding the isotropic pattern (dashed red), shifting the peak towards the
direction of +3.5°, because it is the pointing angle of port transmitter. Nadir null-steering causes
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 5-3. Beamforming for imaging Rothera station (Figure 1-8), with geolocated images: (a) orthophoto, showing
the straight aircraft trajectory (pink), facilities (red) and Western orography of the terrain (green); (b) single SAR
image (dB, normalised), transmitting from port and receiving from RxSA, with main lobe and sidelobes from nadir
leaking in across-track direction; simulated transmission patterns, for (c) port and (d) starboard; beam-steering with
null-steering (FANS) for cancelling nadir, (e),(g) transmitting from port and receiving from starboard (S9-SC), and
(f),(h), vice versa. (g) and (h) have transparency in the beamformed image, to compare features with orthophoto.

a shift or widening of the main peak and increases the sidelobe levels. Combined port and
starboard transmitters (solid black) produce a rippled modulation regarding a single transmitter
(dashed red), because the locations of extra phase-centres are a shifted replica; and similarly,
with port and starboard receivers in (e). These patterns only considered antenna locations from
Table 2-1, without adding the residual phases from Figure 3-13.
In Figure 5-3 are shown the geolocated (latitude and longitude) results of imaging the
surface of Rothera station, with the elevation profile in Figure 1-8, flying with a height above
terrain of about 900 m (terrain clearance). Figure 5-3(a) contains the orthophoto, with the
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aircraft trajectory above the runway (pink arrow), station facilities (red) and Western orography
of the terrain (green), in particular the foothill of the Western hill, with slopes almost
perpendicular to the incidence angle from radar. Figure 5-3(b) displays one of the single SAR
images (dB, normalised), transmitting from port and receiving from RxSA, with the main lobe
and sidelobes from nadir response leaking in across-track direction, masking the off-nadir
scattering. The single SAR images used for beamforming in Figure 5-3 were processed with 2D
Back-projection, considering that the scattering sources are located only in a horizontal plane.
This means the across-track distance from nadir (the runway) determines the DoA (elevation)
angle, and that port and starboard sides are symmetrical, causing the individual SAR image to
be also symmetrical when the aircraft trajectory is exactly straight. The combination of SAR
images for simple beam-steering (BS) are approximately symmetrical close to nadir, because this
region is dominated by the nadir main lobe and sidelobes, and the BS patterns are symmetrical.
Figure 5-3(c-d) include the simulated TX patterns from (c) port and (d) starboard. Figure 5-3(eh) display the results of FANS for cancelling nadir and the opposite elevation angle: (e) and (g),
TX from port and RX from starboard (S9-SC); and (f) and (h), TX from starboard and RX from port
(P1-P4). Results (g) and (h) have transparency in the beamformed image above the orthophoto,
to compare features with those from orthophoto.
Nadir rejection in Figure 5-3 (e-h) is effective, because the main lobe and sidelobes are
reduced, letting the detection of the facility area in the Eastern side (right of the images) and
the rising slope of the Western hill. When transmitting from port side (left column images),
Western (port) region has greater amplitude levels than from starboard transmitter, and vice
versa. The Western features correspond to the foothill-slopes, at elevation angles of +10°
(Southern, green circle in (a)) and +15° (Northern, dashed green circle). For these particular
angles, the beamforming in Figure 5-3 cancels nadir (0°) and the opposite angles (-10° and -15°,
respectively) responses. The opposite angles are intended to be cancelled because they have
identical ranges to the steered DoA.

5.1.3 2D-Array beamforming
Besides considering the along- and across-track dimensions separately, it is also possible to
treat the TX/RX positions as a rectangular 2D array, in the XY plane. Since the coefficients can be
separated and make the 2D array with the convolution of 2 orthogonal linear arrays, the
resulting pattern is the product of their individual 3D patterns. In Figure 5-4(a) is depicted the
classic configuration, given by the length of the SAR aperture and the number of RX channels
used, 12 for a single TX side. For increasing the number of coefficients dedicated to across-track
beamforming, it is possible to design a different 2D convolution, like reducing the used number
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(a)

(b)

Figure 5-4. Strategies for beamforming with independent dimensions: (a) classical distribution with full along-track
dimension; and (b) reduced along-track aperture, with a proportional increase in the number of samples across-track.

of coefficients along-track, and adding more linear arrays parallel to Y, along X, like in Figure
5-4(b). It uses the excess of azimuth resolution (Table 2-2 and Section 2.10.11) for improving the
across-track beamshaping. Despite being computationally expensive, this possibility can be
justified in case of varying clutter-DoA within the SAR aperture, when the clutter overlaps the
target under test in both delay and Doppler frequency domains.

5.2 Across-track MUSIC

Once the SAR image of each of the N channels are processed, the direction of arrival (DoA)

for a target under test is estimated with MUSIC, using as input the set of N complex values of
the corresponding same pixels (kd, ka) for each SAR image in (4-120). MUSIC is a high-resolution
technique, but because of its non-linear properties, it is applied for DoA detection rather than
for backscattering measurements. In this sense it is a supervised method, since it requires the
number M of DoA per range bin. MUSIC also needs reference vectors for comparing the input
data (SAR images). Recalling from Section 3.3.2 and (3-6), a DoA with angle γ has a reference
column vector sγ with N complex coefficients, with a phase ϕ according to the TX and RX locations
of each channel n, ordered from port (P1) to starboard (SC) as (also in (3-6))

sg = é1 e
ë

jf P2 ,g - jf P1 ,g

L e

jf PN ,g - jf P1 ,g

ù
û

T

(5-15)

where P1 was taken as the reference regarding other receivers. For distinguishing left and right
DoA, M is usually limited to 2 [95], but in some environments only 1 could be found [93]. In case
the scattering from nadir is strong enough such as its sidelobes can leak into other far range
bins, M can be 3. By eigenvalue decomposition (ED), Q eigenvectors of the correlation matrix
from the input data are obtained, with Q > M. The M eigenvectors with highest eigenvalues span
the DoA signals subspace S, whereas the remaining Q - M only span interference and noise
subspaces I, and hence the dimension of each subspace are dim(S) = M and dim(I) = Q, because
Q - M also span the signal space S. Since subspaces S and I are orthogonal, dim(S+I) = Q and
sγÎS has a zero projection onto subspace I. The output of MUSIC is the inverse of this projection
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for all the DoA angles under test, and will be a finite local maximum for M angles. For a better
estimation of the correlation matrix, instead of taking the coefficients corresponding to pixel (kd,
ka), a number of NS along-track pixels (snapshots) around ka are used. The averaged correlation
matrix RS,Q is estimated from the Toeplitz matrices SQ(kd, ka) using the covariance method [14]
as follows, with SARi the SAR image (4-119) or (4-120) corresponding to channel i:

é SARQ (kd , ka )
ê
ê
ê
M
ê
SQ (kd , ka ) = ê
ê SARN -(Q -1) (kd , ka )
ê
M
ê
ê SAR (k , k )
N
d
a
ë

RS ,Q (kd , ka ) =

L

O
L
M
L
O
L

ù
ú
M
ú
SARQ (kd , ka ) ú
ú
ú
ú
M
ú
ú
SARN -(Q -1) (kd , ka )úû
SAR1 (kd , ka )

1 ka + NH H
× å SQ (kd , i)SQ (kd , i)
NS i =ka -NH

(5-16)

(5-17)

with (H) the transpose conjugate, NS odd, NH = (NS-1)/2, and Q ≤ (N+1)/2, the latter for ensuring
the number of rows in (5-16) is greater than or equal to Q and hence SQ and RS,Q have rank Q.
MUSIC is based on the null dot product of sγ and, at least, one of the eigenvectors of RS,Q from
ED decomposition, but this condition is not met in general for non-uniform arrays. To ensure the
orthogonality, uγ,n eigenvectors for sγ are obtained following the same development as in (5-16)(5-17) and ED, and the one with highest eigenvalue, uγ,1, will be used as reference instead of sγ.
Given the Q column eigenvectors vn of RS, with n ordered in decreasing eigenvalue, MUSIC
(subscript MU) output is
-1

2ö
æ Q
DOAMU (g , M , Q ) = ç å vnH × ug ,1 ÷ .
è n = M +1
ø

(5-18)

The greater the dimension Q-M associated exclusively to the subspace I of interferences and
noise, the more elements to be summed in the denominator of MUSIC (5-18), and hence a
poorer result when vn and uγ,1 are not orthogonal. If dim(S+I) is reduced to the limit Q=M+1, but
still with dim(S)=M, then dim(I)=1 and the summation in (5-18) disappears. The maximum
improvement in the noise floor level is when dim(I)=1, as
DOAMU (g , M , M + 1) = vMH +1 × u g ,1

-2

.

(5-19)

In summary, with the covariance method (5-16), the conditions relating the number M of
detectable DoA, the number Q of eigenvectors of the correlation matrix, and the number N of
channels are
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M < Q £ êë N + 1 / 2ûú

(5-20)

and the maximum values of Q and M, depending on the number of channels N,

QCOV = êë N + 1 / 2úû

(5-21a)

MCOV = QCOV -1 = êë N +1 / 2ûú -1 .

(5-21b)

These conditions do not hold in all situations, constraining the application of the covariance
method (5-16). For example, when N=2 (implying MCOV =0), or in general, when the expected
number of DoA is greater than the maximum MCOV (5-21b). In these cases, the Toeplitz matrices
SQ(kd, ka) are obtained with the correlation method [14] as
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(5-22)

After calibration, let the data vectors with complex coefficients, built by either any single
DoA (sγ) or the SARn pixels with M DoA, be considered as time domain sequences of length N,
with A[n] and ϕ[n] the amplitude and phase at index n (from port to starboard). A[n] = 1 for sγ.
The normalised phase difference from the nth-element to the previous is

f ins n =

1
f n - f n - 1 , n = 2,¼, N
2p

(5-23)

analogous to the instantaneous frequency observed after its DFT, and thus transforming the
ambiguities into an aliasing problem. The first consideration of PASIN2 array is that the transition
distances from P4 to B5 and B8 to S9 are 1.93λ0, causing aliasing for any DoA, and belly and wing
sections are not aligned. Second, the wing slopes and the horizontal belly radome make that for
a DoA the instant frequency is constant only within sections. Third, the distance between
elements is uniform within port and starboard sections (0.8λ0) and belly (0.5λ0), making that the
instant frequency variation regarding the DoA is not identical. Hence, the array is non-uniform,
except locally, limiting the array capabilities because there is always aliasing. Mainly occurring
in the transitions, the aliasing may affect the overall estimations, above all when M>1 and the
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Figure 5-5. Normalized phase differences (vertical) of a RX channel (horizontal) regarding the previous, from
P2 to SC, for several key DoA, with expected coefficients free of phase calibration errors before (top row) and
after (middle row) aliasing, and with phase calibration errors (bottom row). Section transitions are indexed as
B5 (P4 to B5) and S9 (B8 to S9). In green, aliasing-free regions within interval [-0.5 0.5); in red, aliasing regions,
wrapped into the green ones. Left column: PASIN2 coefficients before preprocessing, with unambiguous DoA
beamwidth limited to ±13°; middle left: after smoothing the transitions adding a constant phase to belly
channels, increasing the beamwidth to ±28°; middle right: after reorienting wing sections and resampling belly;
right: after applying inverting matrix MI.

relative phases among targets (caused by different scatterers within the same range bin interval)
strongly affect the correlation estimation (5-17). The phase difference between consecutive
antennas is

f n - f n - 1 = -2p

dn,n -1

l0

sin g + s n,n -1

(5-24)

with dn,n-1 and σn,n-1 respectively the distance and angular orientation of the segment joining
channels n and n-1, and phase differences limited to ±π for being ambiguity-free. Within port
section, the DoA interval free of aliasing is (-35°, +42°), full (-90°, +90°) for belly, and (-42°, +35°)
for starboard, due to distances between elements and wing slopes (3.5° in wing antennas, and
0° in belly). The transitions between sections dramatically affect MUSIC results, whose optimum
performance is for uniform arrays. Due to the aliasing in transitions, the DoA interval using all
PASIN2 receivers (and single TX) is reduced to (-13°, +13°). This is shown in Figure 5-5(a), with
the normalized phase differences (5-23) for the expected PASIN2 coefficients in reception,
according to the relative location of each channel, and without the phase calibration errors
depending on both DoA and channel. The differences are between consecutive RX channels,
from P1 (port tip) to SC (starboard tip), for the DoA limits of 0°, ±13°, ±28° and ±34°. The
horizontal axis with the RX corresponds to the nth element in (5-23), so fins[2] is indexed at P2.
Green region is aliasing-free, within the interval [-0.5 0.5), and red are aliasing regions, to be
wrapped into the green ones. Figure 5-5(a) plots the results with the original PASIN2 coefficients
before aliasing, showing the strong phase variations in the transitions from P4 to B5 (horizontal
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(b)

(a)

Figure 5-6. Normalised frequencies of eigenvectors uγ,n, for reference function sγ with DoA γ=15°, when Q=N=12,
from correlation method (5-22): (a) PASIN2 array and (b) PASIN2 array after phase smoothing with MS, with mean
values (solid) and standard deviation intervals (dashed).

index B5) and from B8 to S9 (index S9). Figure 5-5(d) is the result after aliasing, with the instant
frequencies in red regions wrapped into the green ones. The DoA beamwidth will be limited by
those DoA with frequency variations consistent to DoA = 0°, in this case (-13°, +13°).
Analysis of eigenvectors uγ,n of sγ results in dot products

ugH,n × sg ¹ 0, n =1,¼, N

(5-25)

so that the orthogonality condition does not hold in general, except for uniform arrays,
explaining the high noise floor level of the MUSIC estimations. Following with the instant
frequency (5-23) of the samples, the mean and standard deviation of the phase-differences of
uγ,n can be related, respectively, to the centroid and bandwidth of its spectral content. The
eigenvector with the highest eigenvalue, uγ,1, has nearly zero bandwidth, so it is well represented
by a constant phase-difference (linear phase), and its centroid approaches the mean of the
phase-difference of sγ. The remaining eigenvectors uγ,2 to uγ,N have different centroids and nonzero bandwidths. In Figure 5-6 are plotted the centroids (solid blue) and bandwidths (dashed red
intervals) of the 12 eigenvectors of sγ, when γ=15°, applying (5-22) with N=Q=12, for the
expected PASIN2 coefficients (without the residual phase from Figure 3-13) in Figure 5-6(a). The
mean phase-difference for the eigenvector 1 corresponds to the mean normalised frequency in
Figure 5-5(d) for DoA 15°, whereas its standard deviation is negligible, meaning it is well
approached by a pure tone, with constant phase difference. Then, the centroids of sγ and uγ,1 are
the same, but not their bandwidths, meaning vectors sγ and uγ,1 are neither perpendicular nor
parallel, implying uγ,1 is not orthogonal to the other eigenvectors. For MUSIC, an impinging signal
from a single scatterer should be orthogonal to the subspace formed by the eigenvectors from
uγ,2 to uγ,N. But this case only occurs when sγ describes a single, pure tone, because then sγ equals
the highest eigenvector uγ,1, and hence it is orthogonal to the lowers uγ,2 to uγ,N. In PASIN2, even
for a pure DoA, the port-belly and belly-starboard transitions, the different slopes and element
separations in the sections cause that the equivalent instant frequencies are not a pure tone,
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but have a considerable bandwidth, affecting MUSIC results. To be improved, a preconditioning
of the SAR coefficients (4-120) must be done before the DoA estimation algorithms, so that the
instant frequencies for each DoA can be effectively transformed, from the original values to new
ones describing a fundamental harmonic. The candidate transformation operations are those
which are identical for any DoA and linear, assuring its right performance regardless the DoA
combinations and relative amplitudes and phases. The new set of coefficients will also increase
the beamwidth free of aliasing. All the transformations will be performed with matrix algebra.
Let the original PASIN2 array samples from the SAR images (4-120) be stored in a matrix
CPSAR, with a single row and N columns (number of channels)

CPSAR = SAR1 L SARN

(5-26)

a row-matrix WDoA with ND complex weights, one for each possible DoA γn, sampling γ within the
beamwidth of interest, with a maximum of M non-zero weights; and a matrix CP with the
reference N complex coefficients in (5-15) for each of the ND angles γn
T

CP = ésg1 L sg N ù .
ë
D û

(5-27)

C PSAR = W D oA × C P .

(5-28)

Then, CPSAR can be represented by

The smoothing of the section transitions can be included in such operations, by adding a
constant phase ϕB in belly channel coefficients, regardless the DoA (but depending linearly on
aircraft pitch angle Π), such that the instant frequency in the transitions is smoothed as much
as possible. Because belly section is lower than wing sections, the phase difference before
aliasing in the transitions have opposite sign, being positive from port to belly, and negative
from belly to starboard, what makes possible the phase offset. Its optimum value is

fB P »120°- 9.2P
(with pitch angle Π in degrees), balancing

(5-29)

(5-23) in the transitions and increasing the

unambiguous DoA interval to (-28°, +28°). Figure 5-5(b) and (e) represent the case after
smoothing the transitions adding a constant phase ϕB to belly channels, limiting the DoA
beamwidth to (-28°, +28°) because the transitions are packed into the green region. The
smoothing function is represented by a diagonal matrix MS, whose elements are a complex
exponential with constant phase ϕB for belly channels and zero elements for the rest:
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(5-30)

with Zn and Dn(·) zero and diagonal matrices, respectively, of size n.
The slopes of wing sections, regarding the orientation of belly section, have the effect of
shifting the instant frequencies by an offset, positive in case of port wing, and negative in
starboard case. Approximating the offset within a section as constant for every DoA, the wing
slope σ compensation can be included in a new diagonal matrix MREO for reorienting the channel
samples. The main diagonal is the vector mREO, with complex exponential elements with linear
phase, decreasing for port section, constant for belly (since it is the reference orientation) and
increasing for starboard

mREO

ìexp - j2p ×s × (n -1) ,
ï
n = í exp - j 2p × s × 3 ,
ï exp j2p ×s × (n -12) ,
î

n = 1,¼,4
n = 5,¼,8
n = 9,¼,12

(5-31)

with mREO[4]=mREO[5]=mREO[8]=mREO[9] for guaranteeing that the transitions are not affected.
The smaller separation of belly antenna elements (0.5λ0) regarding wing sections (0.8λ0)
makes the instant frequencies within belly to be scaled by factor 0.5/0.8=0.625, similarly to a
bandwidth compression. To compensate this scaling, a resampling of the vector of coefficients
sγ or CSAR can be done, subsampling the 4 coefficients in belly section with a factor 0.8/0.5=1.6,
to approach belly elements to an array of 0.8λ0 separation. For it, an interpolation based on
Legendre polynomials [124] is used, because the polynomial coefficients depend only on the
sampling points (constant regardless any DoA combination), and the final scale of the
polynomials depend linearly on the weights at each channel (additive property). Let n = 1, 2, …,
N be the sampling points, with 5 to 8 corresponding to belly elements, and the point 6.5 the
center of belly section (middle point of B6 and B7 receivers). For a subsampling of factor 1.6, the
query points m are 4.9, 6.5 and 8.1, and hence channels P4, B5, B6, B7, B8 and S9 are used for
the interpolation. Due to the subsampling, belly coefficients are reduced from 4 to 3, whereas
port and starboard coefficients are not resampled, so the number of coefficients N for DoA
estimation reduces from 12 to 11, and the cost of this transformation is one coefficient. The
interpolated values at query points m = 4.9, 6.5 and 8.1 are
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(5-32)

k¹n

which can be expressed with matrix notation, and with fn(m) degree-5 polynomials on m. Let
MLEG be a matrix with the evaluated Legendre polynomials
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(5-33)

With In and Zn identity and zero matrices, respectively, of size n, the resampling matrix MRES is

M RES

é I4
= êê Z 4
êë Z 4

Z3
M LEG
Z3

Z4 ù
Z 4 úú
I 4 úû

(5-34)

with 2-norm condition number κ(MRES)≈1.5. Figure 5-5(c) and (f) are the phase differences
before and after aliasing of the expected coefficients when reorienting and resampling,
following the smoothing. Belly locations are located at 4.9, 6.5 and 8.1, and instant frequencies
are equalized and straightened.
After the smoothing, reorientation and resampling transformations, respectively with
matrices MS, MREO and MRES, PASIN2 coefficients CP are approached to a uniform array with the
product MT of the previous matrices as
M T = M S × M RE O × M RES

(5-35)

such that the transformed coefficients CT are
CT = C P × M T .

(5-36)

However, there are phase variations that are not well approximated by a constant offset or a
scaling factor, and thus were not included in MT: first, the residual instant frequency in the
transitions, seen in Figure 5-5(f), and second, the varying phase calibration errors (Figure 3-13)
depending on both DoA and channel. The effects of the latter are shown in Figure 5-5(h-j), after
adding the phase errors to the expected PASIN2 coefficients (5-27) of Figure 5-5(d-f), reducing
the unambiguous beamwidth. Hence, MT transformation on its own does not make CT
correspond to a uniform array CU with spacing 0.8λ0. With the same weighting matrix WDoA as in
(5-28), the uniform array coefficients CU would produce the SAR matrix CUSAR as
C USA R = W D oA × C U .

(5-37)
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After applying the transformation MT, the objective is to get a matrix MI to invert the PASIN2
coefficients CPSAR to the equivalent uniform CUSAR, as follows:

CPSAR MT MI = CUSAR
WDoACP MT M I = WDoACU

(5-38)

where (5-28) and (5-37) have been used. From (5-38), MI is solved by the pseudoinverse (+), a
least-squares method, as

MI = CP MT

+

× CU

(5-39)

with 2-norm condition number κ((CP·MT)H·(CP·MT))≈28 and κ(MI)≈5. Figure 5-5(g) are the results
after inversion, with the expected coefficients (5-27) free of phase calibration errors (Figure
3-13), whereas Figure 5-5(k) includes them. In both situations MI straightens the phase
differences into horizontal lines, describing pure DoA in a uniform array. For the pseudoinverse
operation, the product CP·MT was constrained to ±30°, to ensure a stable behaviour of MI within
these DoA, so arrivals from -34° and +34° still present variations in the transitions. Limiting CP·MT
beyond ±30° also makes that MI straightens more extreme DoA, but at the cost of worsening
lower angles. Transformations of smoothing, reorientation, resampling and inversion only affect
SARn and sγ coefficients for improving results, without modifying MUSIC through (5-16)-(5-18).
The matrix elements in (5-16) can be obtained from the original SAR images, or after applying
on CPSAR (5-26) any of the operations included in MT (5-35) and inversion MI (5-39). The
eigenvector uγ,1 (the main associated to sγ) is obtained after an analogous procedure, i.e.
applying on sγT identical operators MT and MI, (5-16)-(5-17) and eigenvalue decomposition (ED).
Since for a pure DoA in a uniform array the reference signal and the first eigenvector coincide,
the reference is already orthogonal to the rest of eigenvectors and can be used directly without
(5-16)-(5-17) and ED. The latter is the case when applying the inversion matrix MI, because the
new coefficients are the best approach to the uniform array with 0.8λ0 spacing.
The validation of the different methods can be done with the calibration data above the sea
surface. Assuming the reference system is fixed in the aircraft, the roll rotation makes an
instantaneous varying DoA. Overlapping multiple raw data, range-compressed or SAR image
sections, having previously compensated their different heights of flight (to match the range
location) and the pitch angles (to correct the phase variations), results in data equivalent to
simultaneous multiple DoA, which will be the input for assessing MUSIC modifications. Azimuths
1, 2400 and 4400 from SAR image in Figure 3-6(d), respectively with roll angles -1.6°, -24.6°and
+7.6° (Figure 3-15), were added, to obtain M=3 DoA from the opposite angles +1.6°, +24.6° and
-7.6°. The estimations, from a single snapshot (NS=1, NH=0), are displayed in Figure 5-7, in images
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

Figure 5-7. Direction of arrival (°, horizontal) estimated with MUSIC (dB, coloured) of M=3 overlapped SAR
image sections, corresponding to azimuths 1, 2400 and 4400 of the calibration flight above sea surface, with
expected DoA +1.6°, +24.6° and -7.6° (dashed vertical lines) regarding the fixed aircraft body (Figure 3-6(b)).
Signal from +1.6° was modified with an amplitude 20dB greater and a phase (°, vertical) relative to the others,
to check its effect on the estimation. Random noise with Gaussian distribution was added, with SNR=0dB
regarding the signals at +24.6° and -7.6°. From left to right columns and top to bottom rows, are shown the
results with different data preprocessing: (left column) original PASIN2 coefficients; (middle column) after
smoothing transitions; (right) after reorienting and resampling; (top row) without matrix inversion; and (middle
and bottom) after inversion. (a-f) Q = 5, (g) with Q=6, and (h-i) with Q=4.

with a normalized scale in dB (coloured), testing the DoA from -50° to +50° in the horizontal
dimension. The DoA = +1.6° was corrected in amplitude and phase regarding the other two
components, to have a level 20dB greater and a relative phase from -180° to 180°, shown along
the vertical axes. The amplitude and phase of the other two components are equal. Random
noise with Gaussian distribution was added, with SNR=0dB regarding the signals at +24.6° and 7.6°. The expected DoA are marked by dashed vertical lines (in black or white for better
contrast). Results from left to right columns show the data preconditioning: original PASIN2
coefficients (left column); after smoothed transitions (middle), with (5-29); and after reorienting
and resampling (right), with MREO from (5-31) and MRES (5-34). Top row results only include the
case of applying the corresponding transformation with MT (5-35), whereas middle and bottom
rows are after inversion with MI (5-39). In all cases, M = 3. Top and middle rows are estimated
with dim(I)=2, i.e. Q = M+2 = 5, Figure 5-7(g) with Q = M+3 = 6, and Figure 5-7(h-i) with Q = M+1
= 4. Because the smoothing transformation MS is a square diagonal (invertible) matrix, and if
MRES is not applied, MI inverts the smoothing if applied previously, and hence results in Figure
5-7(d) and Figure 5-7(e) are equal. Estimations improve when inverting the coefficients to obtain
the best approximation to uniform coefficients, regardless the application of any transformation
matrix. In general, the results are more accurate after resampling and inverting, and the noise
floor level is lower with Q=M+1 (Figure 5-7(h-i)). Due to imperfect inversions of coefficients, the
phase errors in a signal might cause false detections, more probably when the signal has an
amplitude level higher than the others, because its phase error differences can have greater
weight regarding the phase differences of the other DoA, and hence interpreted by the
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algorithm as an extra DoA. In this sense, the more similar the amplitude levels, the more reliable
the estimations. In the case of a dominant signal, what can occur because the relative amplitude
levels of the TX and RX antenna patterns (Figure 3-7), the number of expected DoA can be
incremented in one, to account for the phase errors. This justifies a set of estimations with
different M and Q values, from which the final DoA’s will be estimated. After different tests
overlapping the data of the calibration flight, the signal with highest amplitude was always
accurately detected. If the expected number of DoA is M=1, there is no ambiguity for the mean
phase difference (instant frequency) (5-23) within the possible DOA beamwidth, and hence the
matrix transformations MT matrix inversion MI are not needed.
The minimum variance of MUSIC estimations is obtained as the Cramer-Rao bound (CRB),
with the general expressions in [128]-[129] also valid for the Maximum Likelihood (ML)
estimates, for several expected DoA and SNR. The CRB depend on the number of channels, the
SNR of each channel, the array length and the spatial distribution. The general expression is
developed in [12] (with a possible typographical error in (A7)) for two DoA sources and a linear
non-uniform array, whereas in [130] CRB is simplified for a single source, the latter depending
on the standard deviation of the sensors distribution. For PASIN2, a close form is difficult to
obtain due to the 3D spatial distribution of receivers, so that the linearization and uniformization
simplifies the CRB. For a single transmitter side, the uniformization is performed with MRES
(5-34), seeking a separation between receivers of dLU=0.8λ0 (the same as in wing elements),
reducing the equivalent array length from 12 to 11 elements. Hence the phase at the equivalent
array receivers is

fm g =f¢ g × m, m = 0,..., N¢ -1

(5-40)

with ϕ’ the phase difference (slope, without the normalization of (5-23))

f¢ g = -2p

dLU
sin g .
l0

(5-41)

and m increasing from port to starboard. The phase factor in (5-41) is 2π and not 4π, because
the equivalent receiver locations and the transmitter from single side are considered, not the
individual phase-centers as transmitters and receivers. In our application, after uniformization,
MUSIC estimates the phase slope (5-41), and from it, γ is calculated. The governing expressions
for CRB in [128] refer to the variance of ϕ’(5-41), CRB(ϕ’), approximated for M=1 expected DoA,
NS=1 snapshots and N’ elements as
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CRB f ¢ »

6
rad 2
N ¢ × SNR

(5-42)

3

with the same SNR (power ratio) of the impinging signal at each channel. The resulting variance
limit for the DoA γ is CRB(γ), approximated with CRB(ϕ’) applying the Delta Method [131], [132],
based on the Taylor expansion of γ around ϕ’. The linear expansion, through the derivative of ϕ’
regarding γ, results in
CRB g » CRB f ¢ ×

df ¢ g

-2

dg

2

æ
ö
l0
2
» CRB f ¢ × ç
÷ rad
è 2p d LU cos g ø

(5-43)

because intuitively the variances are related to the square of the widths, and the widths are
df ¢ =

df ¢ g
dg

× d g Þ d g = df ¢ ×

df ¢ g

-1

dg

= df ¢ ×

- l0
2p d LU cos g

(5-44)

approximation only valid when the derivative are neither zero nor infinity at the evaluation
point. The standard deviation (related to the width) is the root square of CRB(γ), in radians

CRB g »

l0
1 3
×
rad .
p 2 N ¢ × d LU × cos g × N ¢ × SNR

(5-45)

Transmitting from a single side, the configuration array can be particularised as follows: PASIN2
after linearization and uniformization, with N’=11 receivers and dLU=0.8λ0; wing receivers
(without preprocessing), with N’=4 and dLU=0.8λ0; and belly receivers (without preprocessing),
with N’=4 and dLU=0.5λ0. For these cases, the lower limit standard deviation, in degrees, are
respectively

CRB g

PASIN2, uni

CRB g

CRB g

wing

belly

»

»

»

0.76
cos g × SNR
3.49

cos g × SNR
5.58
cosg × SNR

deg

(5-46a)

deg

(5-46b)

deg .

(5-46c)

However, these lower limits assume the residual phase errors depending on the DoA and the
receiver (Figure 3-13) are well measured, and most important, an equivalent linear and
uniformly distributed PASIN2 array. For a single DoA (a condition for (5-42)), the greater the
number of elements, the closer to zero the mean of the residual phase errors, improving the
estimation. Although combining less elements than the full array worsens the performance like
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(a)

(b)

(c)

(d)

(e)

Figure 5-8. Windowing of 12 receiver channels and isotropic transmitter, for beam-steering output (dB):
detected DoA (°, positive from port) pointing at +20°, (a) before and (b) after matrix transformation and
inversion for PASIN2 array uniformization, applying on the resulting coefficients rectangular (solid blue),
Gaussian (dashed) and Hanning (solid black) windowing; detected DoA (°) with varying single impinging DoA (°)
after PASIN2 array uniformization, for (c) rectangular, (d) Gaussian and (e) Hanning windowings. Horizontal
profiles at impinging +20° in (c)-(e) correspond to (b) profiles.

in (5-46), DoA estimates with pairs, triplets or quartets of consecutive elements (receivers or
even phase-centers) offers a set of estimations that can be used with statistical purposes,
calculating parameters like mean and standard deviations, so that partial estimates that belong
to a given confidence interval will be used for the final DoA measure (as the mean value, for
example), whereas discarding those outside. Likewise, the set of estimations in pixels dominated
by noise or clutter will be characterised by high variance, whereas in pixels from true bottom
the variance will be low, automatically detecting the bottom according a variance threshold. By
comparing partial results from pairs of channels, or sides of channels, is also possible to detect
calibration errors, in those cases where a partial result greatly deviates from the others. These
situations are explained in Chapter 6.

5.3 Across-track beamforming apodization

PASIN2 array linearization and uniformization resulting from MT and MI are not only for

MUSIC, but also for beamforming. In effect, windowing can be applied on the linear and uniform
PASIN2 array, with performances similar to those for windows such as Gaussian, Hamming, etc.
In Figure 5-8 are plotted results of windows on (a) original and (b) uniform PASIN2 arrays, using
the 12 receivers and a single transmitter (isotropic), with beam-steering patterns (dB) pointing
at +20° (port), with rectangular (without windowing, in solid blue), Gaussian (standard deviation
of 4.84 samples, dashed) and Hanning (solid black) windows. On the original PASIN2, sidelobes
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(b)

(a)

(c)

Figure 5-9. Cross-track mapping depending on the across-track elevation angle (°, in horizontal axis), for
equivalent depths of 500 m (blue), 1 km (red), 2 km (yellow) and 4 km (green), with a height above air-ice
interface of 300 m: (a) corrected depth Dγ (m); horizontal across-track yγ (m); and (c) relative error (%) of
depth Dγ regarding equivalent depth.

are irregular, and their levels do not decrease after windowing. On the uniform array, the
sidelobes are reduced 3dB with uniform window, 20dB with Hanning and 35dB with Gaussian,
compared to the original array. Unlike those in Figure 5-2, these antenna patterns consider the
residual phases from Figure 3-13. Figure 5-8(c-e) contain the patterns with the detected
responses (dB, coloured) of uniform PASIN2 array, at DoA within ±50° (horizontal) with
impinging or steering angles from -50° to +50° (vertical), with uniform (c), Gaussian (d) and
Hanning (e) windows. Profiles in Figure 5-8(b) are the horizontals at +20° in (c-e).

5.4 3D mapping

After estimating the across-track DoA γ for each DEQ, the across-track correction obtains the

true depth Dγ and across-track location yγ (positive portwards):
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(5-47b)

plotted in Figure 5-9(a) and (b), against the across-track elevation angles within 0° and 45° and
for equivalent depths of 500 m, 1 km, 2 km and 4 km. The relative error (%) of true depth Dγ
regarding the equivalent DEQ is

æ D
ö
E Dg , DEQ = ç g - 1÷ ×100
çD
÷
è EQ ø

(5-48)

184

Figure 5-10. Depth sensitivity to sine of across-track elevation angle, against the angle (°), for equivalent depths
of 500 m (blue), 1 km (red), 2 km (yellow) and 4 km (green), with a height above air-ice interface of 300 m.

shown in Figure 5-9(c). For across-track elevation angle γ = 35° (the maximum angle without
ambiguities due to the 0.8λ) with an equivalent depth of 1.5 km, the relative error would be
about 8%. Given the sensitivity of geometric relations (1-2), from Section 1.2 the resulting
relative error of the ice strain-rate will be approximately 3 times grater (24%), 4 for the flow
speed (32%) and 5 for the ice flux (40%).The across-track mapping also brings an error in the
horizontal dimension, meaning the found depth (although vertically corrected) still needs to be
shifted, what could affect the interpretation of depths close to the ice-stream margins.
The relative sensitivity (1-1) of the cross-track corrections regarding the cross-track angle
are

æ
1
sin 2 g
2
tan
g
ç
¶Dg sin g
nR
nR2
Dg
ç
S
=
×
=
+
sin g
DEQ
sin 2 g
ç 1
¶ sin g Dg
ç n cos g - 1 + H cos g 1 - n2
è R
R

æ 1 DEQ ö 1 æ 1 ö 1
+
+ 1¶yg sin g çè nR H ÷ø nR çè nR2 ÷ø cos3 g
yg
×
=
.
sin g S =
¶ sin g yg
æ 1 DEQ ö 1 æ 1 ö 1
ç +
÷ + ç1 - 2 ÷
è nR H ø nR è nR ø cos g

ö
÷
÷
÷
÷
ø

(5-49a)
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In Figure 5-10 are plotted the depth sensitivities of (5-49a), for several equivalent depths and
terrain clearance H=300 m, against the cross-track elevation angle γ.
The true depth estimation Dγ has a standard deviation with lower limit (Cramer-Rao bound)
calculated from CRB(γ) (5-45) with the Delta Method as
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At γ = 0°, the derivative is zero, invalidating (5-50) and requiring the second order derivative
(quadratic order), resulting in [131],[132]
CRB Dg » CRB g ×
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5.5 Along-track MUSIC

In SAR, depending on the relative location of radar and target and the environment

characteristics, the signals are incident on the scatterers and impinge on the receiver with
different incidence angles. The path estimated to be followed by the electromagnetic waves can
suffer from great power losses, for example due to the angular variation in the backscattering
properties of the target, the slope or deformation of the internal layers the signals travel
through, or the presence of crevasses in the air-ice (upper surface) or ice-water (bottom)
interfaces. The specular nature of some internal layers causes the transmission and reflection
amplitude patterns are not homogeneous. The size of crevasses, greater than the wavelength
used in PASIN2, can make the transmitted and received signals bounce on the different crevasse
facets, thus resulting in destructive interference and fading some directions of arrival, or also in
constructive interference. Another effect is the critical angle εC due to the ice refractive index
(nice), meaning that, when the antenna is in free space (above the ice surface), the incidence
angle within the ice medium cannot exceed εC = arcsin(1/nice) ≈ 34°, according to Snell’s law.
Therefore, specular features with a slope greater than the critical angle cannot be observed with
a flying SAR platform.
Backprojection can consider the amplitude pattern of the scatterer Doppler bandwidth, but
since these effects might be hard to quantify, an amplitude correction to account for the possible
signal losses depending on the incidence angle (and according Doppler frequencies) can be
difficult. Besides, even in the case of a proper amplitude correction, the received signal can be
below the noise or clutter level, and hence the correction might not contribute to enhance the
SNR. If extreme fading within the SAR beamwidth occurs, just a very narrow Doppler frequency
band can be above noise or clutter, and if the whole bandwidth is processed, the output will
vanish. However, as in some cases the main interest is the bottom localization and not the
backscattering properties, for a target under test, instead of performing along-track
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Figure 5-11. Along-track MUSIC analysis: (a) SAR image (dB) in depth (km) and azimuth (samples); (b)
number of Doppler-frequency bins of SAR apertures for (a), detected with MUSIC, above -10dB normalisedthreshold; (c),(f) RGB Doppler decomposition of azimuth sections [3.8, 4.2]·105 and [4.8, 5.5]·105,
respectively; (d-e), (g-h) MUSIC output (dB) on Doppler frequencies (Hz) from SAR apertures for processing
depth columns coloured in (c) and (f), framed with the same colours as the columns. Detected bottoms in
(d-e), (g-h) at 0 Hz are dotted, with the corresponding depths in (c) and (f).

Backprojection with the corresponding samples given an angular aperture, a standard MUSIC
algorithm can be run on the same samples for detecting a narrow Doppler frequency. As MUSIC
is a non-linear technique, instead of informing on amplitude characteristics, in regions where
the bottom response has vanished or is masked by clutter, this technique can locate it. For a
target under test, rather than focusing the SAR data into a single point, MUSIC finds a dominant
Doppler frequency along the expected range-azimuth data. This means that, for a single existing
scatterer, the output will not be a single location (with the corresponding range and azimuth
resolution) as after a backprojected image, but a set of locations whose SAR reference SAR
function (approximately a hyperbola) overlaps the region with the dominant incidence angle (or
Doppler frequency). Therefore, the output will reassemble a hyperbola whose vertex
corresponds to the narrow beamwidth location, and is inverted regarding the SAR reference
function.
Figure 5-11(a) shows a SAR image (dB) from 14/15 season (flight P10a_2D) processed with
Backprojection, with depth (km) and azimuth (along-track samples) coordinates. Figure 5-11(b)
contains the MUSIC analysis of the along-track/range footprint corresponding to each processed
pixel in Figure 5-11(a), made up with the inverted hyperbolae. In particular, Figure 5-11(b)
displays the number of Doppler-frequency bins measured with MUSIC, above a normalised
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threshold of -10dB regarding the highest MUSIC peak of each footprint. Hence, Figure 5-11(b)
image is not related to amplitude levels, but rather to number of detected angles of arrival.
Figure 5-11(c) and (f) are the RGB Doppler analysis of the regions of Figure 5-11(a) within
azimuth (along-track) intervals [3.8, 4.2]·105 and [4.8, 5.5]·105, showing a depth down to 4km.
Figure 5-11(d-e) and (g-h) include the MUSIC output (dB) of along-track footprints of depths and
azimuth locations along the vertical coloured lines in Figure 5-11(c) and (f): magenta (d), red (e),
green (g) and yellow (h). MUSIC outputs are measured within the whole Doppler bandwidth
±PRF/2, with PRF=156.25 Hz (Table 2-2). In the shallower internal layers, blue tones in (c) and
(f) appear as high amplitudes in the positive frequencies in MUSIC, and red tones as negative
frequencies. Clear detected bottoms in (c) are also observed in (d-e) around the zero Doppler
bin, without the noticeable outputs of the shallower internal layers. In Figure 5-11(f-h) are
analogous results to (c-e), but in azimuth locations without clear detected bottoms from the SAR
images nor the RGB analysis. The vertical green line (f) has MUSIC results (g) that do not detect
Doppler frequencies except for the upper-half internal layers. However, for the yellow vertical
line (f) along the depths at azimuth 5·105, MUSIC in (h) has clear outputs at two depths close to
3 km and 3.5 km, that also appear in (b). The detected bottoms are marked with circles in the
corresponding colour, with the upper red circles in (c) and (e) appearing due to the overlap of
the hyperbola-like footprint and side, deeper true bottoms.

5.6 Across-track SAR

SAR consists in the formation of an antenna array by a discrete shift of an antenna location,

with a synthetic array length depending on how many positions are included for the data
processing. The same principle applied for along-track processing (with antenna displacement
due to the translational speed of the moving platform) can be used with the rotational speed,
considering the roll, pitch and yaw rotations for adding relative phase variations. Both
translational and rotational movements could be considered for across-track DoA estimation,
because the combination makes possible that any target has a unique range-Doppler history,
unlike the conventional case of just translation movement with straight trajectory, as explained
in sections 4.1.1 and 4.1.2. Across-track motion during the platform trajectory can also add
phase variations, which usually are corrected by ‘motion compensation’ (MoCo) techniques, or
considered in Backprojection. For isolated point targets, identified by a clear hyperbola-like
response in range-azimuth domain, the rotational movements could ideally be observed as a
remnant Doppler frequency, after removing the main component due to translational
variations. The technique could be regarded as ‘microDoppler’, typical of applications for target
identification.
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For across-track DoA, an array distributed in the across-track plane is needed. The bisection
of the total (resolvable) beamwidth is perpendicular to the dimension of the array distribution.
For a vertical array, it is only possible to estimate the angles within the port or starboard
hemispheres, being ambiguous which is the present hemisphere. PASIN2 array, with 12 physical
antennas arranged horizontally, distinguishes port and starboard, and can be used even before
the SAR processing, just with the range-processed data. For a single antenna, after a new
transmitted pulse (with the pulse repetition interval, PRI), the variation in the across-track
translational and rotational movements shifts the antenna to a new location, in the vertical
(height, Δz) and horizontal (Δy) dimensions. Instead of a single antenna, as the transmitter is in
port or starboard, phase-centres are considered. The location of a phase-centre is estimated as
the mean point of the transmitter and receiver locations, including the lever arm corrections. In
case of PASIN2, the transmitter location is the mean point of the transmitter array. Provided a
coherence interval distance, the englacial features to be sounded might be regarded as
extended in along-track, and then, for consecutive pulses, the different locations of a single
antenna after the rotation angles form a synthetic array in the across-track plane. The
advantages of this technique regarding an array of different antennas are, first, that there is no
need for antenna calibration, since only one phase-center is used; and second, that a single
antenna might be used, saving space for integrating different polarizations or multifrequency
radars. Since the objective is to distinguish between port and starboard DoA, the synthetic array
axis should be ideally horizontally distributed, so the bisection can be vertical. Roll angle varies
the phase-centre location in the vertical (Δz) and horizontal (Δy) dimensions of the across-track
plane. Pitch rotation only affects Δz, but as the main interest in the current application is a
variation along Δy for distinguishing between port and starboard, this rotation is not the most
important. Yaw angle does affect to Δy, but with a lower sensitivity than roll angle, and besides,
the yaw, if any, is expected to be constant for maintaining the trajectory. All considered, roll
rotation is the best option for across-track SAR, with a rotation speed as greater as possible for
improving the phase sensitivity, within navigational safety conditions.
After roll rotation, the rotation centre of the aircraft makes that when the receiver is any of
the transmitter side (for example, P1 if transmitting from Port) the rotation-arm (and bisections)
of the phase-centre is approximately horizontal, with slopes between 8.9° and 11.8°, and
therefore, with roll rotations, the synthetic array axes are approximately vertical, not allowing
to distinguish between port and starboard DoA, although with the longest arm lengths, between
5 m and 7 m. If belly receivers are used, the synthetic array axes are also approximately vertical,
with arm orientations between 3.7° and 6.0°, and with arm lengths shorter than for port
receivers. When using the opposite antennas to the transmitter side, the rotation-arms have
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slopes close to 40° and 70°, suitable then for PASIN2, but with the disadvantage of the shortest
arm lengths, causing the distances between the elements of the synthetic array are short. The
ideal situation would be a phase centre located in the vertical below the platform rotation
centre, so that the roll rotation shifts the phase-centre horizontally, achieving a vertical rotationarm (and bisection) and maximising the distance between the synthetic array locations, for
improving the phase sensitivity and thus the DoA estimation. After lever arm corrections, the
phase-center locations (XYZ) and lengths and orientations for the rotation-arms in the acrosstrack plane (YZ), when transmitting from port side, are in Table 5-1, rounded to first decimal.
These coordinates result from the locations in Table 2-1, after level arm correction
Table 5-1. Phase-centre locations (rounded to first decimal) with port transmitter, regarding rotation centre.

Phase-Centre
TxP-RxP1
TxP-RxP2
TxP-RxP3
TxP-RxP4
TxP-RxB5
TxP-RxB6
TxP-RxB7
TxP-RxB8
TxP-RxS9
TxP-RxSA
TxP-RxSB
TxP-RxSC

x
2.3 m
2.3 m
2.3 m
2.3 m
0.9 m
0.9 m
0.9 m
0.9 m
2.3 m
2.3 m
2.3 m
2.3 m

Coordinates
y
7.2 m
6.4 m
5.6 m
4.7 m
3.7 m
3.2 m
2.7 m
2.2 m
1.2 m
0.4 m
-0.4 m
-1.2 m

z
1.1 m
1.1 m
1.0 m
1.0 m
0.2 m
0.2 m
0.2 m
0.2 m
1.0 m
1.0 m
1.1 m
1.1 m

Cross-track (y,z) arm
length orientation
7.2 m
-8.9°
6.4 m
-9.7°
5.6 m
-10.6°
4.8 m
-11.8°
3.7 m
-3.7°
3.2 m
-4.2°
2.7 m
-5.0°
2.2 m
-6.0°
1.6 m
-39.2°
1.1 m
-68.7°
1.2 m
69.7°
1.7 m
42.6°

The nominal values of PASIN2 for speed and PRI are, respectively, v = 60 m/s and PRI =
1/PRF = 8 ms, meaning a coherence distance between pulses v·PRI = 48 cm. Using two
consecutive along-track locations, the horizontal across-track shift is not considered, as it can be
included as a straight trajectory. With a synthetic array of two consecutive locations, only a
single DoA can be estimated. The segment joining the two phase-centres (in the across-track
plane) has a length dC, an orientation βC regarding the horizontal and sense (sign) σC. The sense
of the array is chosen from the first (initial) to the second (last) location. The orientation βC is
approximately perpendicular to the rotation-arm orientation. As the yaw angle and the
horizontal translational shift do not change the phase-centre height, the sense of the synthetic
array depends on roll, pitch and height variations. Let the across-track coordinates be the same
cartesian axes used in other chapters, Z representing height, positive upwards, and Y the
horizontal, positive portwards; i and i+1 the transmitted pulse indexes; and Δy = yi+1 - yi, Δz = zi+1
- zi the across-track variations. The segment distance, orientation and sense are
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d C = Dy 2 + D z 2

(5-52a)

æ Dz ö
b C = arctan ç - ÷
è Dy ø

(5-52b)

s C = sgn -Dy .

(5-52c)

Let λ0 be the wavelength in vacuum and γ the across-track DoA angle (positive portwards and
zero from nadir), the phase difference Δϕ for the received signals, of pulse i+1 regarding i, is

Df g = -s C

4p
dC sin bC + g
l0

(5-53)

and thus, the across-track DoA can be obtained from

æ l Df ö
g = -s C × arcsin ç 0
÷ - bC
4
p
d
C ø
è

(5-54)

because σC = ±1. Among the problems of (5-54) are the following: errors in dC, βC and σC caused
by inaccurate estimations of the rotation angles from IMU sensor, the height of flight from GPS
and the lever arms; the measurement of Δϕ, that might require high accuracy; and the scatterer
properties, that might deny the coherence distance assumption. The greater the speed of
rotation, the greater the segment length dC, improving the DoA estimation.
As a proof of concept, the data from the calibration flight above the sea surface were used,
the same for the calibration in this chapter for MUSIC performance estimation and in Chapter 3.
As the backscattered signal always comes from γ = 0°, these flights are ideal for measuring the
synthetic array parameters (dC, βC and σC) and compare them with the phase difference Δφ using
(5-53). In this flight, the roll variation was oscillating within ±25°, whereas pitch and yaw were
maintained approximately constant. The terrain clearance depended only on the height of flight,
assuming the sea height variations within the illuminated area were kept at the same mean
value. The maximum roll speed was about 5.6°/s (degree per second). As the DoA is known
(γ=0°), the height variations due to translational movements (height of flight), zT, can be
compensated adding the phase 4π·zT/λ0 to the received signal at pulse i+1, so Δz is only due to
rotations. In a real situation where γ is unknown, a compensation is not possible, so the
variations must be included for Δz. The attitude angles of the calibration flight are in Figure
5-12(a), with the roll and pitch angles (°) in the left axis, and roll angular velocity (°·s-1) in the
right axis, for 60 s. The pitch angular velocity is negligible. The phase is measured at the peaks
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(a)

(b)

Figure 5-12. Measurements in rolling section of 7500 pulses (60 s) in calibration flight F31: (a) roll (solid) and
pitch (dashed) angles (°, left) and roll angular velocity (°·s-1, right) from IMU device; (b) phase differences (°)
measured at the peak of the echoes received in each antenna (colour scale), from pulse to pulse, transmitting
from port (solid) and starboard (doted).

from sea surface echoes, after compensating the terrain clearance. Additionally, the phase has
to be processed: first, phase artefacts in single pulses, caused by ADC (Section 2.10.1) had to be
removed; second, a low-pass filter was applied to suppress a spurious band observed within 42
Hz and 44 Hz; and finally, the phase is averaged, with a rectangular window of about 640 ms.
The processed-phase differences (°) within each receiver, from pulse to pulse, are in Figure
5-12(b), for both port and starboard transmitter sides. In each single pulse, the phase differences
for all the different phase-centres are observed to be well correlated, except in roll angles -20°
and +15°, i.e., those corresponding to incidence angles of antenna pattern nulls in transmission
(Figure 3-7). In particular, the common phase-centres (pairs TxP-S9/TxSP1, TxP-SA/TxSP2, TxPSB/TxSP3 and TxP-SC/TxSP4), have phase differences greatly correlated. The variation within
each phase-centre and also between phase-centres grows with the roll speed. Likewise, when
roll velocity is very low, the phase differences are expected to be null. An exception is in the
region around pulse 6000, with phase variation oscillating between ±0.5°, identical for each
phase-centre, pointing an error in the phase difference. The high correlation observed in all
phase-centres discards the source of error is due to transmitters or receivers; and that within
the region around pulse 6000 the phase-difference errors are approximately equal for each
phase-centre, discards the source of error is in the attitude angles (from IMU). A possible
explanation is the height of flight, interpolated from GPS/IMU measurements, the GPS at 10 Hz
(Section 2.4).
In the calibration flights, and using two consecutive phase-centres,
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(a)

(b)

(c)

(d)

Figure 5-13. Across-track SAR results in rolling section of calibration flight F31, with IMU and radar
measurements in Figure 5-12, transmitting from port and receiving from RxP1: (a) phase differences against
roll angle (°), measured from radar (solid black), expected from attitude and positioning instrument data
(solid red), filtered measured from radar (dashed black) and filtered expected (dashed red); (b) phase
differences against segment factor SF (mm), measured (black) and expected (red); (c) phase error (°) as
expected subtracted to measured, before (solid) and after (dashed) filtering; (d) phase error (%, colour scale)
before filtering, against roll angle (°) and angular velocity (°·s-1).

Df g = 0 = -s C

4p
4p
dC sin bC = - SF dC , bC ,s C
l0
l0

(5-55)

with SF called the segment factor as

SF dC , bC ,sC = s C × dC × sin bC = DF × sin bC

(5-56)

and DF the distance factor

DF dC , s C = s C × dC .

(5-57)

As the errors pointed out before might cause (5-55) not to hold, the measurements can be done
with a series of consecutive pairs of phase-centres (i+1 and i), to appreciate better the
relationship between the phase differences from radar and from the synthetic segment
parameters, the latter expected using GPS/IMU data. In Figure 5-13(a) are shown the phase
differences measured with radar transmitting from port and receiving from RxP1 (solid black),
and the expected from GPS/IMU data (solid red). The results are promising despite the errors,
because in Figure 5-13(b) is observed the relation between the phase differences Δϕ(0°) against
the segment factor SF (in mm) by means of the constant slope -4π/λ0 in (5-55), from radar
measurements (solid black) and GPS/IMU (solid red), as a straight line. The errors can be reduced
applying a new low-pass filter to Δϕ(0°) and SF. The filtered phase-differences are in Figure
5-13(b) (dashed), with a bandwidth of 0.18Hz (integration time of 5.5 s), whereas the error
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between measured from radar and expected from GPS/IMU are in Figure 5-13(c), before (solid)
and after (dashed) filtering. The roll variation in Figure 5-12(a) is approximately a full sinusoidal
cycle of 60 s, compared to the 5.5 s of the last filter. The absolute percentage phase-error of
radar measurements regarding the expected from GPS/IMU, against roll angle (°) and its velocity
(°·s-1), is in Figure 5-13(d), with errors from 0 to 50%, showing lower errors for roll speeds greater
than 1.5°·s-1, with the exception of those roll angles when the transmission antenna pattern is a
null. This suggest the possibility of using filtered measurements of SF and DF for DoA calculations
in a real application.
In the particular case of βC = 0, (5-53) reduces to

Df g = -s C

4p
4p
dC sin g = - DF sin g .
l0
l0

(5-58)

The measurements of Δϕ and DF (with the consecutive pairs of phase-centres) must be within a
time interval short enough to hold the coherence distance for the subglacial features, but long
enough to obtain a significant number of samples to be filtered. After filtering Δϕ and DF, the
ratio of both is proportional to the mean slope factor KF

KF g = -

l0 Df g
= sin g
4p DF

(5-59)

from which to obtain the angle γ. For βC ≠ 0, developing (5-53) results in

Df g = -s C

æ
4p
4p
sin g ö
dC sin bC + g = -s C
dC sin bC × ç cos g +
÷
l0
l0
tan bC ø
è

æ
4p
sin g ö
4p
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(5-60)

with the slope factor KF

K F g , bC = -

l0 Df
sin g
= cos g +
4p SF
tan bC

(5-61)

valid for βC ≠ 0. After filtering Δϕ and SF (provided the interval for the coherence distance), the
mean slope factor KF can be obtained from (5-61). Finally, The DoA angle γ is cleared from KF,
resulting in a degree-2 polynomial on sin(γ). In effect:
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KF = 1- sin 2 g +
KF2 - 2KF

sin g
tan bC

sin g
sin2 g
+ 2 = 1- sin2 g
tan bC tan bC

(5-62)

sin 2 g - KF sin 2bC sin g + KF2 -1 sin2 bC = 0.

The previous developments split the cases when βC=0 and βC≠0, in the latter for using the
segment factor SF, because it appears in (5-55) for the proof of concept with the calibration
flight. Instead, if (5-53) is expanded as

Df g = -s C

4p
4p
dC sin bC + g = -s C
dC cos bC × tan bC cos g + sin g
l0
l0

4p
=× S F¢ dC , bC , s C × K F¢ g , bC
l0

(5-63)

it is valid for both βC = 0 and βC ≠ 0, with

SF¢ dC , bC ,s C = s C × dC × cos bC

(5-64)

KF¢ g , bC = tan bC cos g + sin g .

(5-65)

5.7 Summary

Different methods for channel combination have been developed, for direction of arrival

estimation and bottom detection. For across-track direction of arrival estimation, MUSIC
technique was chosen over beamforming and Maximum Likelihood, for its higher-resolution
properties given a small number of samples and its easier interpretation. Due to the spatial
distribution of PASIN2 array, MUSIC performance is lower regarding a linear and uniform array
with the same length and number of elements. In this sense, a procedure for linearization and
uniformization of PASIN2 array has been developed, particularised for a single transmitter side
and all 12 available receivers. This procedure for PASIN2 array transformation also improves the
across-track beamforming, allowing effective windowing to reduce the sidelobe levels,
regarding the case of original PASIN2 array.
Conventional along-track and across-track processing have been extended to improve
results or capabilities. With a single phase-centre, along-track processing is usually constrained
to SAR beamsteering, for focussing the SAR beam towards a unique squinted or nadir geometry.
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Across-track processing, in turn, uses linear or non-linear methods like beamforming or MUSIC,
given the locations of the physical array elements.
The novelties of this chapter are to exchange the processings of each along and across-track
dimensions: MUSIC was used on the along-track SAR array for detecting deep bottom, which
with SAR beamforming would be otherwise below noise or clutter levels; and for across-track
processing with a single phase-centre, the aircraft rotation angles were used to form a synthetic
array. Along-track MUSIC was shown to be effective. For across-track SAR, the errors due to GPS
positioning and PASIN2 spatial distribution limit the application, although the presented results
are promising.
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6

Results and
Interpretations

After calibrating, processing and estimating the direction of arrival (DoA), the results can be
interpreted by scientists. This interpretation can be qualitative, by bringing out new or different
features regarding previous observations; or quantitative, by using the results as inputs for other
algorithms, like in BedMachine [7], that combines geolocated bottom profiles with ice surface
velocities and predictive models of ice flow. Glaciological data can also be fused with magnetic
and gravimetric measurements, or from fields like oceanography or meteorology.
Ice streams and ice shelves are the focus of this work. In particular, the regions close to the
grounding lines, that separate grounded and floating ice, are very important for glaciologists,
because its bottom profile influences the stability of the ice-shelf thinning rate. DoA estimates
from track orientations parallel and perpendicular to the ice flow have been compared, to show
the validity of the techniques. Polarimetric data from a single flight have also been processed.
SAR images have been analysed with the Doppler decomposition technique. In the heavily
crevassed, high ice-flow regimes near grounding lines, this analysis highlighted a severe
unfocussing, that cannot be related to off-nadir reflectors or small-angle approximations.
Instead, its origin has been attributed to a EM-wave propagation different from the pure
refraction governed by Snell’s law. The proposed propagation mechanism is a combination of
diffraction in the air-ice interface, followed by refraction within the ice. This is one of the main
contributions of the thesis, improving the results in SAR images.

6.1 Ice streams and ice shelves

The targeted processed area was above the Recovery Ice Stream (ReIS) that flows into the

Filchner Ice Shelf. Among the many regions surveyed with PASIN2 during 16/17 season, this was
chosen because it is the main focus of the project in which the thesis is framed. ReIS is one of
the main flowing glaciers, with a basin area (where ice is caught and added to its stream [42])
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draining 9.9% of the ice volume of the continent ([7], supplementary information). In section 1.3
is included a description of this glacier. An accurate bed elevation map of the ice stream base is
essential for ice flow model to produce realistic predictions of the near future rise in sea-level.
The tracks chosen were mainly oriented along and across the ice-flow, upstream (direction
towards the ice divide) and downstream (ice flow direction over the ice shelf) of the grounding
line. Close to the grounding line, the DoA’s were estimated for mapping the ice bottom. Beneath
the ice shelf downstream of the grounding line, a prominent subglacial channel running along
flow was found, detected in both along- and across-flow track sections. It allowed to evaluate
the results of DoA and 3D-mapping, comparing its off-nadir location from the along-flow track
with its nadir location from the across-flow track. This channel was also important due to its
shape and orientation, having a characteristic SAR footprint. The Doppler analysis of this
footprint lead to the conclusion that the propagation model based on refraction was locally
wrong for SAR processing of basal scatterers.
Above the grounded ice, the radar tracks occasionally cross the lateral margins of the ice
stream towards regions of non-flowing (very slow) ice. This allowed these margins to be
distinguished, not only on the surface, but also their vertical shape of the margin. Along the ice
flow, with increasing velocity downstream, the backscattering of the internal layering can
determine, at least, the qualitative threshold of the strain rate from which shallow or englacial
crevasses occur. A track section crossing from ReIS towards its last tributary ice stream (called
Blackwall), was processed, observing the margin where both joined.
Maps with the tracks and relevant geographic information are included in Figure 6-1. They
have been created with the Geographic Information System (GIS) tool Quantarctica (developed
by the Norwegian Polar Institute on QGIS [24]). Figure 6-1(a) is a general view of the Recovery
Ice Streams surveyed with flights F07 (black), F09 (brown) and F11 (red), among others in the
season. The grounding line separating the grounded glacier (beige) from the Filchner Ice Shelf
(blue) is created from Bedmap2. The surface flow speed, obtained with spaceborne
interferometric SAR as part of the MEaSUREs Program [20]-[22], [133] (acquired during 20072009), is shown in Figure 6-1(b) with a colour scale (m·yr-1). The highest velocities at greater than
900m·yr-1 (white) are where the ice stream narrows just upstream of the grounding line, where
the tributary Blackwall Ice Stream joins (arrows show the flow direction). Figure 6-1(c) is a
surface radar image obtained with the satellite SAR RADARSAT-1 [134] (acquired during 1997).
The longitudinal (along-flow) observed features are the surface consequence of subglacial water
channels [29], due to the different flotation levels. The ice thickness from Bedmap2 project [4]
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is in Figure 6-1(d), with a colour scale from 0m to 3500 m. Figure 6-1(e-h) are the enlarged
versions of (a-d), concentrating on the processed sections displayed throughout this chapter.
A trace is a time unit of 200 ms. They are the along-track time units for creating the files with
information such as terrain clearance from LIDAR, bottom profiles from preliminary radar data
processing and analysis, and resampling of positioning data. As these files are used for mapping
the results with Quantarctica, for consistency traces are also chosen for delimiting the track
sections throughout this chapter. For simplifying, the units of thousands of traces will be
referred as kt (kilo-traces). Figure 6-1(e-h) includes the reference traces for each flight, in kt,
although for displaying, they have been labelled as simply ‘k’. Each dot along the track
represents an integer kt, which is a sampling interval of 200 s.
The transmitted pulse bandwidth is BW=13 MHz, which results in a range resolution in ice of
δR≈6.5 m (2-15). Two waveforms are used, with alternate 0-π modulation. Along-track, the
processed beamwidth is Ω=30°, with a Doppler bandwidth about 30 Hz, and along-track
resolution δa≈2 m (2-23). The effective pulse repetition frequency of each transmitted waveform
is PRF=125 Hz. Processed with Backprojection, the along-track aperture was not subsampled,
just filtered to consider the 30Hz Doppler bandwidth within 125 Hz. However, for the processed
SAR image, the along-track locations of the output samples were chosen with PRF/2=62.5 Hz.
The SAR images were calibrated in amplitude and phase: the amplitude, with the mean RX
imbalance of Figure 3-9(a); and the phase, with the mean RX imbalance of Figure 3-9(b) and the
DoA variations of Figure 3-13. The states of advancing/delaying of samples during the analogueto-digital conversion (section 2.9) were seen to be the same in the section used within the
calibration flight F31 and the processed sections of the flights here presented. However, the
exact phase variations observed with the direct pulses (Figure 3-16) were not accounted for, and
thus this source of error remains. Across-track processing with the MUSIC algorithm (section
5.2) is performed for a single expected DoA (M=1) and minimum dimension of autocorrelation
matrix (Q=M+1=2), which is averaged with NS=21 snapshots along-track of the SAR image. With
a nominal speed of v=60 m/s, the average along-track distance is v·NS/(PRF/2)≈20 m. The
number N of channels used determines (according to M and Q) the method for obtaining the
Toeplitz matrix SQ, that in turn estimates the autocorrelation matrix RS,Q. When N=2, SQ is
obtained with (5-22), whereas for N ≥ 3, SQ requires (5-16).
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 6-1.Surveyed region over Recovery Ice Stream with flights F07(black), F09(brown) and F11(red): (a) grounded
(beige) and floating ice (blue) from Bedmap2; (b) flow speed (m·yr-1) from MEaSURES program, with arrows
indicating flow direction; (c) RADARSAT-1 surface image; (d) ice thickness (m) from Bedmap2; (e-h) enlarged area
analogous to (e-h) of the presented processed track sections, with the number of traces (kt) shortened with ‘k’.

6.1.1 Grounded-ice mapping
The flight chosen for showing the results of DoA and 3D mapping is F07, from season 16/17.
Its track follows the along-flow direction of Recovery Ice Stream, with a straight line
approximately over the region with highest ice flow, upstream and downstream the grounding
line (black track in Figure 6-1). The track interval selected for this section is within traces 71 kt
and 73 kt, advancing downstream (along-flow towards the grounding line). With an averaged
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aircraft speed of 61 m/s within these traces, the distance covered is 2(kt) · 0.2(s) · 61(m/s) = 24.4
km. Trace 73 kt is approximately 14 km upstream of the grounding line.
The port side transmitter (4-element array) was chosen, whereas all 12 independent
receivers were used. SAR images in this subsection were processed assuming an EM-wave
propagation based on a diffraction-and-refraction model, not pure refraction, as explained in
section 6.2. Figure 6-2 shows (a-c, 1st row) the results of SAR images, (d-f, 2nd row) RGB Doppler
decompositions, (g-i, 3rd row) mean DoA, (j-l, 4th row) standard deviation of DoA and (m-o, 5th
row) histogram of DoA, for (1st column) port, (2nd column) belly and (3rd column) starboard
receivers. The depth dimension is along the vertical, in km, with the zero-value corresponding
to the ice surface: therefore, the images are not topographically corrected. Along-track
dimension covers traces 71kt and 73kt. The SAR images and the corresponding RGB Doppler
decomposition are for receiver port P1 (a,d), belly B5 (b,e) and starboard SC (c,f), with P1 and
SC antennas the closest to the wing tips. The SAR images are normalized to the greatest
amplitude found for receiver SC (c). Because the transmitter is from the port side, channel P1
(a,d) presents the ice surface echoes masked and corrupted by the breakthrough signals and the
Tx/Rx path switch (section 3.4, Figure 3-17), respectively. However, B5 (b,e) and SC (c,f) SAR
images show the ice surface (at depth zero). The bedrock starts approximately at equivalent
depth 1.25 km in trace 71 kt, with a continuous depth profile until 71.5 kt, following a negative
slope until 72 kt, with an unclear bottom detection around 72 kt, again a clear depth at 1.75 km,
that fades around 72.5 kt, being yet again detected towards trace 73 kt. The bedrock fading at
72.5 kt is due to the attenuation travelling through the ice column, because an oval shape is
clearly observed in SC channel (c,f), from the ice surface to 1 km depth. Results from Belly
channel B5 (b,e) show a very high level of clutter and ambiguities that mask bedrock returns.
The bottom returns about trace 71.7 kt are ambiguous, because two bed profiles are seen: one
with negative slope continuing from previous radar locations; and one with lower backscattering
above the other. DoA estimation methods do resolve the profiles. RGB Doppler decomposition
(d-f) splits the processed Doppler spectrum (≈30 Hz) into three sub-bands of 10 Hz: centred at 10 Hz (red), for backwards scattering; 0 Hz (green); and +10 Hz (blue), for forwards scattering.
Except for the green band from the ice surface and Doppler limits of along-track ambiguities,
the bottom responses are mainly light grey or white, because it is characteristic of homogeneous
backscattering, i.e. from all the directions of the processed beamwidth.
DoA is more effectively estimated with MUSIC (section 5.2) using as input all the available
channels. This resulted from the Cramer-Rao bounds in (5-46). The DoA of each output pixel at
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Figure 6-2. Results of F07, within traces 71 kt and 73 kt, transmitting from port side and receiving with port (left
column), belly (middle) and starboard (right) sections: (a-c) SAR images (dB) from P1, B5 and SC, respectively; (d-f)
RGB Doppler decomposition, with 10Hz sub-bands; (g-i) mean DoA (-50°,+50°) from pairs and quartet of each
receiver section; (j-l) standard deviation (0,+40°) from pairs and quartet; (m-o) histograms (%) with the DoA
deviations (-10°,+10°) from pairs and quartets, of samples with standard deviation lower than 5°.

given equivalent depth and along-track coordinates is obtained from the same pixels of the SAR
image of each channel. However, this results in a single estimation of M =1 DoA’s for each output
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pixel. Moreover, because all channels are equally weighted for MUSIC estimation, if a channel
has been wrongly calibrated or the SAR image presents high levels of clutter or ambiguities that
mask the signal levels, these corruptions can be assimilated by the rest of correct channels,
because the weight of a single channel is negligible compared to the total contribution of the
rest (provided the corruption is within certain limits). This means that is not possible to compare
the DoA estimation, because all channels are integrated into a single value. An alternative is to
consider smaller groups, instead of all the available channels. DoA estimations from pairs (N=2),
triplets (N=3) or quartets (N=4) of consecutive channels achieve this. If a single channel is
corrupted, the DoA from groups using this channel will have a DoA greatly deviated from the
rest of DoA’s. This scheme could be used to measure or check the calibration values, but also to
detect pixels dominated by clutter or ambiguities against pixels from real scatterers. The latter
means an automatic bottom extraction can be achieved. Figure 6-2(g-i) shows the mean DoA of
DoA’s from the three consecutive pairs and the quartet of port (g), belly (h) and starboard (i)
groups, within a DoA interval limited to ±50° (colour scale) and equal weightings to the DoA from
each pair and the quartet. For port, the three pairs are P1-P2, P2-P3 and P3-P4; for belly, B5-B6,
B6-B7 and B7-B8; and for starboard, S9-SA, SA-SB and SB-SC. When considering group elements
within either port, belly or starboard, as there are no transitions between groups (such as P4-B5
or B8-S9), linearization and uniformization of the input vector is not carried out, because the
array sections are already uniform. Wing elements, with antenna separation of 0.8λ0 and wing
slope ±3.5°, cover a DoA interval within (-35°, +42°), positive portwards, with receivers at port
side and (-42°, +35°) at starboard side (5-24), and thus the minimum DoA interval to be
estimated with MUSIC is chosen as ±35°. For the Belly section, with an ideal DoA interval within
±90°, the minimum DoA with MUSIC is chosen as ±50°, assuming that for greater DoA the
antenna pattern is below the floor noise. For comparing the mean DoA in port, belly and
starboard, the DoA interval is ±50°, although in port and starboard angles greater than 35° are
not possible. Comparing to SAR images in Figure 6-2(a-c), the DoA from the bedrock is more
similar than from internal layers, as the latter are dominated by clutter or ambiguities. The
standard deviation is displayed in Figure 6-2(j-l), from 0° to 40°, for the pairs and the quartet
with the same considerations as for the mean DoA. Bedrock estimations have lower standard
deviation, whereas internal layers have varying values that are much greater for the belly
because the clutter is more present. A threshold in the standard deviation can effectively filter
out those scatterers corresponding to clutter.
The mean deviations of the DoA estimations are plotted in Figure 6-2(m-o), for the pairs
(blue, red and yellow) and quartets (black) of port, belly and starboard sections. These results
are histograms, with the percentage of samples with a given DoA deviation (°) limited to ±10°,
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relative to a reference mean value. This reference is estimated with the three consecutive pairs
within the three antenna sections (9 in total), the three quartets and the group of all receivers
(after linearization and uniformization), thus with 9+3+1=13 estimations equally weighted. Not
all pixels are considered for the histogram, but only those with a standard deviation lower than
5°. The standard deviation is calculated also from the 13 estimations, as for the reference mean
DoA. Comparing port and starboard deviations, port pairs have wider deviation profiles, but this
is due to the masked air-ice surface at depth zero, observed in Figure 6-2(a) and (c). Belly pairs
have even wider histograms, because of the greater clutter levels. However, the deviations of
the quartets present narrower histograms, showing the assimilation effect when integrating
several channels, which is the main reason to include the DoA estimations for smaller groups, in
order to get an insight of the scope of each channel.
In Figure 6-3 are shown the DoA obtained from the quartet of port (a), belly (b), starboard
(c) and the 12 available channels after linearization and uniformization (d), with the equivalent
depth (km) along the vertical domain and the number of traces for the along-track domain. The
DoA angles (°) are indicated by the colour scale for the interval with wing sections from (-35°,
+35°), and by grey scale for the angles exclusively for belly section: (-50°, -35°) and (+35°, +50°).
Thus, the only DoA estimation with angles beyond ±35° is belly Figure 6-3(b). The bedrock region
between equivalent depths 1.18 km and 1.74 km, and along-track 71 kt and 71.87 kt is enlarged
in Figure 6-4. Belly measurements present greater deviation compared to port and starboard,
as observed around depth 1.25 km and traces 71.25 kt and 71.5 kt, with greater DoA measured
using the belly section for positive DoA (yellow, orange and red colours). The ambiguous bedrock
detected with port and starboard around trace 71.75 kt and depths 1.3 km and 1.5 km, is not
estimated with belly section, because it is masked by clutter. In this region, two different DoA’s
might exist within the same pixel, but MUSIC only detected one even when the expected DoA
was set to M=2. In an image of DoA, there is a noticeable variation within the neighbourhood of
a pixel, related to the high speckle noise and the accordingly low coherence, which also exists
among channels. The DoA can be smoothed by increasing in the number of snapshots (alongtrack) for the estimation of the autocorrelation matrix RS,Q (5-17) in MUSIC.
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Figure 6-3. MUSIC direction of arrival estimations of F07, within traces 71 kt and 73 kt, transmitting from
port and input data of: (a) port quartet, (b) belly quartet, (c) starboard quartet and (d) all receivers. The
DoA interval in colour scale spans (-35°,+35°), the maximum when using wing receivers; (-50°,-35°) and
(+35°,+50°), in grey scale, the enlarged interval using only belly channels.
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Figure 6-4. Enlarged bedrock areas of Figure 6-3 within traces 71 kt and 71.87 kt and equivalent
depths 1.18 km and 1.74 km, transmitting from port and input data of :(a) port quartet, (b) belly
quartet, (c) starboard quartet and (d) all receivers.

The 3D-mapping (section 5.4) after the DoA estimation is shown in Figure 6-5, for those
pixels with a standard deviation below a threshold. The extracted scatterers are in the left
column (a,c,e), with the 3D-mapping in the right column (b,d,f). The interval from which the
mean DoA is selected from is (-35°,+35°), with the extracted pixels in colour scale according to
their mean DoA and in grey those discarded above the threshold. For the 3D-mapping, the
across-track distance (5-47b) fills the interval (-750 m, +750 m) along the vertical in the image
(positive portwards), and a true depth from 0.5km to 2km with a colour scale. After the 3Dmapping, the cloud of pixels allocated in the horizontal 2D domain of along-track (traces) and
across-track (m) coordinates are triangulated, with Matlab® functions for Delauney
triangulation. For 3D-views, these triangles are risen according to the depth of each pixel, but in
(b,d,f), the triangle facets are seen with a plan view (from zenith), hence resembling the
horizontal 2D domain for the triangulation. The colour of each facet is internally interpolated
according to the varying depth across. Images in upper and middle rows in Figure 6-5 result from
the three pairs and quartet of port and starboard side receivers, then with a total of (3+1)·2=8
measurements. The standard deviation is also calculated from these estimations. Figure 6-5(a,b)
are the results with a threshold at 5°, whereas in (c,d) is at 2°. With the greatest threshold (a,b),
the dense detected groups are assumed to represent the real bottom, but there are several
isolated pixels as extracted scatterers, at equivalent depths above and below the bottom, which
are false positives, causing false mapped samples in (b). The lowest threshold thins the bottom
(c), missing the equivalent depth at 1.3 km depth and trace 71.7 kt. However, the number of
isolated pixels is effectively reduced (d). In Figure 6-5(e,f) is a single DoA estimation (not a mean)
from a single group with the 12 receivers, that after array linearization and uniformization
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Figure 6-5. 3D-mapping of F07, within traces 71 kt and 73 kt, transmitting from port : (a) extracted bottom
with mean DoA estimations (colour scale, interval (-35°, +35°)) from the 6 pairs and 2 quartets of port and
starboard sections, as samples with a standard deviation below a 5° threshold, and discarded (in grey)
otherwise; (b) 3D-mapping of (a), with across-track distance (m, ordinate axis) and true depth (km, colour
scale); (c-d) same as (a-b) but with 2° threshold; (e-f) extracted bottom and 3D-mapping estimated with the
mean and standard deviations using 9 pairs, 3 quartets and the group of all 12 receivers, and 5° threshold.

(section 5.2) reduces to 11. The selection threshold is 5°, with the standard deviation calculated
from the three consecutive pairs within each section (9 in total), the three quartets and the
group of all receivers (after linearization and uniformization), thus with 9+3+1=13 estimations,
equally weighted. The extracted bottom is thinner than for the case of port and starboard,
because the inclusion of belly channels worsens the standard deviation. Besides, as in belly SAR
images there are regions dominated by clutter (Figure 6-2(b,e)), the automatic detection fails in
regions that were properly extracted only with port and starboard channels.
In Figure 6-6(a) is a detailed 3D map. It is obtained from DoA’s using the quartet of starboard
receivers (Figure 6-4(c)) within traces 71 kt and 71.5 kt, selected with a threshold of 5° from the
group of 13 estimations, including pairs, quartets and all receivers. The across-track distance
spans the interval (-300 m, +300 m) along the vertical in the image, and the colour-coded depth
ranges from 1.2 km to 1.3 km. From approximately trace 71.35 kt there is a change in the acrosstrack localization of the deepest bottom profile relative to the shallowest, which can be inferred
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Figure 6-6. 3D-mapping of F07, enlarged area within traces 71 kt and 71.5 kt, transmitting from port: (a) acrosstrack distance within -300 m and +300 m (positive portwards) and real depth within 1200 m and 1300 m (colour
scale). Mapping of trace 71.36 kt: (b) equivalent depth (m, ordinate) against fitted (polynomial interpolation)
DoA (°, abscissa), from groups of P1P2, Port, B5B6, belly, SBSC, starboard and all channels; (c) equivalent depth
(m) from original (dotted red) and fitted (dotted black) DoA estimation, and mapped depth after fitted DoA
(solid black); (d) mapped depth (m) against across-track distance (m), from original estimated (solid red) and
fitted (solid black, same as in (c)) DoA, and profile sorted across-track (dashed dotted grey).

also from the augmented DoA results in Figure 6-4 (at trace 71.35 kt, and equivalent depth 1.25
km). For a given trace, the across-track bottom profile should be smooth, but this is only true in
a wide sense, not in small detail, as observed in Figure 6-6(a), with steep depth variations along
short across-track distances of about 15m. These steep variations are artefacts that do not
strictly depend on the group of receivers chosen for the DoA estimation. The speckle noise can
make neighbour pixels present high variations in their DoA. To correct these variations, after
filtering out those samples with standard deviation greater than a threshold, a polynomial fitting
of the DoA is performed in two steps: 1) the equivalent depths are grouped, in sets whose pixels
are not farther than 50m from the immediate shallowest and deepest pixels; and 2) the DoA’s
of pixels at each group are interpolated with polynomials of 4th-degree. As an example, Figure
6-6(b) contains the fitted DoA (°, in the horizontal axis) at 71.36 kt (dashed vertical line in (a))
for each equivalent depth (m, vertical) under test, for pair P1-P2(mark x, blue), quartet Port(+,
blue), pair B5-B6(w, green), quartet Belly(v, green), port SB-SC(r, grey), quartet Starboard(o,
black) and all(s, magenta) receivers. All estimations show a similar profile, but with different
DoA offsets, that can be the consequence of constant calibration errors due to the absence of
the in-flight calibration of direct pulses (section 3.4, Figure 3-16), important for correcting the
phase errors during the sampling and recording of the received pulses (section 2.9). In Figure
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6-6(c) are plotted the original DoA estimations from the starboard quartet (dotted red) and its
polynomial fitting (dotted black, the same as in Figure 6-6(b)), both against the equivalent depth.
The 3D-mapped depth from the polynomial fitted DoA (solid black) is lower than the equivalent
depth (dotted black). Figure 6-6(d) shows the 3D-mapped depth against the across-track
coordinates, positive portwards: (solid red) from the original DoA; (solid black) from the fitted
DoA, the same as in Figure 6-6(c) with different abscissa; and (dashed-dotted grey) again from
the fitted DoA, but now with the depth-profile plotted following the sorted (monotonic) acrosstrack locations (abscissas), unlike the previous plots which were plotted following the sorted
increasing depths (ordinates). As the Delauney triangulation takes the horizontal 2D-allocation
of samples in along and across-track coordinates, this sorted across-track profile (dashed-dotted
grey) is the chosen for the triangulation: the colours of the triangular 3D-facets in Figure 6-6(a)
are interpolated depending on their depth within, following the sorted across-track profiles.
At a certain equivalent depth, many DoA’s can exist. Conversely, for a particular DoA only a
single equivalent depth can happen, because the EM wave cannot travel through the glacial
bottom. However, this condition is not always met, as in Figure 6-6(b,c). Due to the impossibility
of picking a proper DoA, all the estimations are considered as the output product after fitting.

6.1.2 Grounding line and subglacial channels
At the bottom of ice shelves subglacial channels can be formed [29], [53]-[54], oriented
along the ice flow. In Figure 1-7(a) [30] is represented a subglacial channel. They result from the
bottom melting, along the ascension of a fresh water plume from the grounding line. The fresh
water is originally routed by conduits at the bed of the grounded ice stream, and when it crosses
the grounding line it mixes with the denser sea water and ascends, forming a buoyant water
plume. Above a certain depth the pressure melting point increases enough that the melting by
the water plume stops and the water refreezes. These subglacial features can also be noticed
on the ice surface, because the locally reduced thickness also lowers the flotation level. The
subglacial channels can be modelled as continuous smooth ice-water interfaces, except for the
existence of local crevasses [54] that in turn can be regarded as bright point reflectors. Subglacial
channels can be easily identified from flights in any direction relative to the ice flow. In alongflow tracks, the water channels run parallel to the radar trajectory, and when located off-nadir,
in the SAR image the continuous bottom from nadir and the channel are ambiguous. A DoA
estimation is therefore required to remove the ambiguity.
Figure 6-7 shows an along-flow segment of flight F07, from traces 73 kt to 76 kt (Figure 6-1),
continuing the segment presented in section 6.1.1. It includes the traces corresponding to the
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Figure 6-7. Flight F07, within traces 73 kt and 76 kt, transmitting from port and with refraction propagation model:
(a) SAR image (dB) receiving from SC, with height (km) above sea level. Mean DoA (-35°,+35°) and equivalent
depth (km): (b) from belly section; with standard deviation below 5°, from (c) belly, (d) starboard and (e) all
channels. Traces at grounding lines (GL#1), crossings with F09 and F11 and track shift (SH#1) are shown.
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grounding line (GL#1), crossings with flights F09 and F11. Also marked the middle trace when
the flight track was shifted (SH#1) towards port, flying with the same course, as seen in Figure
6-1(e) after trace 75 kt. Upstream of the grounding line (obtained from Bedmap2) the ice base
is assumed to sit on bedrock. In Figure 6-7(a) is the SAR image, transmitting from port side and
receiving from SC (tip starboard), with the height (km) above sea level in the vertical axis. The
EM-wave propagation model is based on pure refraction, with an along-track beamwidth limited
to Ω=30°. Figure 6-7(b) is the mean DoA based on MUSIC from the belly section (array), using its
3 pairs and 1 quartet, with cross-track interval limited to (-35°, +35°), to compare the results
with the wing sections. A single expected DoA (M=1) and minimum dimension of autocorrelation
matrix (Q=M+1=2) are used, with NS=21 snapshots. The vertical axis is the ice thickness (km,
depth). In Figure 6-7(b) are pointed out the different shallow features above 500 m, which are
not clear from the upper SAR image. There are four shallow regions: shallow#1, extending from
trace 73 kt to 73.75 kt, in grounded ice; an amorphous shape (‘blob’), until 74.12 kt; shallow#2,
before GL#1 and after the shift (SH#1) finished at 75.25 kt; and shallow#3, until the end of the
image. The blob just upstream of the grounding line trace (GL#1) is probably the scattering from
a highly crevassed region, maybe as consequence of the sea ocean tidal flexing of the ice shelf,
or because of a sudden increase in ice velocity (and therefore strain) where the ice begins to
float and basal resistance is removed. This could mean the grounding line has retreated since
that located in BedMap2, or that instead a grounding zone [18] should be considered, rather a
grounding line. Within traces 75.25 kt to 76 kt, multiple reflections are observed, at depths 1.5
km and 2 km. Figure 6-7(c) extracts the samples with standard deviation lower than a 5°
threshold (from the 3 pairs and 1 quartet), with those samples with greater values in grey. In
Figure 6-7(c) four subglacial channels are highlighted: channel#1, within traces 74 kt and 76 kt,
starting from thickness 2.2 km at DoA lower than -35° (from starboard, dark blue) and ascending
until reaching the shift trace (SH#1), where the DoA changes due to the shift of the track, and
hence the channel is now detected from port (red); ch#2, around depth 1.5 km and within traces
GL#1 and F09; ch#3, below depth 1.5 km, approximately within traces crossing with F09 and
F11; and ch#4, above depth 1.5 km and within traces F11 and SH#1, slightly descending during
the track shift and changing the DoA towards port. Figure 6-7(d) shows the extracted mean DoA
from starboard section (3 pairs and 1 quartet), whereas Figure 6-7(e) is the mean DoA from all
channels (9 pairs, 3 quartets and 1 with all), both below a 5° standard deviation. In Figure 6-7(d)
is encircled a region where phase aliasing occurs, showing a red region (close to +35°), whereas
in belly section the channel DoA is continuous and blue. This aliasing is the result of a wing
antenna separation (0.8λ0), which is greater than for the belly (0.5λ0). Subglacial channel ch#2 is
also observed in traces before and after the encircled aliasing.
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Figure 6-8. 3D-mapping of F07, within traces 73 kt and 76 kt: (a) extracted bottom with mean DoA estimations
(colour scale, interval (-35°, +35°)) from 3 pairs and quartet of belly section, as samples with a standard deviation
below a 5° threshold, and discarded samples (in grey) above it; (b) 3D-mapping of the region in (a) delimited by
the dashed profiles, manually traced, with across-track distance (m, ordinate axis) and true depth (km, colour
scale); (c-d) same as (a-b) but using port and starboard sections, with 6 pairs and 2 quartets.

The 3D-mapping of this F07 segment is shown in Figure 6-8. Figure 6-8(a) is the result from
the belly section, identical to Figure 6-7(c), except with a bottom delimited by black dashed
profiles, manually selected due to the amount of clutter samples below a 5° threshold. Figure
6-8(b) is the 3D-mapping, with the across-track distance (m) along the ordinates axis and the
real depth (km) in colour scale. Figure 6-8(c-d) are analogous to (a-b), but using port and
starboard wings, i.e. 6 pairs and 2 quartets. Figure 6-9 shows the DoA and mappings for
channel#1 at crossing trace with F11, which is approximately perpendicular to F07 (Figure
6-1(e)), for several receiver-channel combinations shown in the legend. Two propagation
models are used: refraction propagation model, for all channels (black), port (blue), belly (red),
starboard (green); and diffraction propagation model, for belly (magenta). The combination for
all channels (black) marked with triangles was obtained with M=2 (expected DoA’s) and Q=M+2
(dimension of autocorrelation matrix), with a number of snapshots 10 times greater (NS=201)
than for the other combinations. Figure 6-9(a-b) are, respectively, the equivalent depth (m)
against DoA (°), and the real depth (m) against the across-track distance (m). Figure 6-9(c-d) are
averaged values, analogous to (a-b). The propagation by diffraction greatly enhances the
focussing of the SAR image, and thus an improvement is also expecting in the DoA and
subsequent mapping.
Comparisons between perpendicular flights enable the evaluation of the 3D-mapping. Flying
approximately across-flow, the subglacial channels, nearly perpendicular to the track, are
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Figure 6-9. 3D-mapping of F07, at trace crossing with flight F11: (a) equivalent depth (m, ordinate) against
DoA (°, abscissa); (b) mapped depth (m) against across-track distance (m); (c-d), averaged values from (ab). The several channel combinations are: with refraction propagation model using all receivers (black),
pairs and quartet in port (blue), pairs and quartet in belly (red), pairs and quartet in starboard (green); and
with diffraction model, using pairs and quartet in belly (magenta).

detected in the processed SAR image as hyperbola-like footprints, with their apex at the
shallowest depth. The apex location determines the depth of the ice-water interface, and its
DoA is vertical (γ=0°) because it is the crossing point of track and channel. This allows a
comparison of the apex location (from an across-flow SAR image) against the mapped location
from DoA estimations with the along-flow SAR images, in the radar location where the
perpendicular tracks cross.
Flight F11, in the segment between traces 3 kt and 3.7 kt (Figure 6-1(e)), is used as oblique
track to F07, with a deviation of 5° from being a perpendicular track. The main results are
displayed in Figure 6-10. The SAR image, transmitting from port side and receiving from SC (tip
starboard), with a propagation model based on refraction, is in Figure 6-10(a), with height (km)
above sea level. The Doppler bandwidth is 50Hz, giving an approximated Ω=50°, which is greater
than in the previous examples to exaggerate the effect of the ineffective propagation model
based on refraction, that is typically used for all regions. The trace at the crossing point with
flight F07 is marked with a vertical black line, and the aircraft in F07 flies towards the paper. The
convex hyperbola-like feature, with apex centred at trace 3.44 kt and height -950 m(a.s.l.) is the
subglacial channel labelled as channel#1 (ch#1) in Figure 6-7(c), running in Figure 6-10(a)
towards the paper. Figure 6-10(b) shows the SAR images of flights F07 (black frame) and F11
(red frame), in different logarithmic scales. The vertical profiles are the height above sea level,
in the same scale, whereas the along-track dimensions are different. The crossing angle of the
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Figure 6-10. Mapping validation using oblique tracks F07 and F11: (a) SAR image (dB) of across-flow F11,
between traces 3 kt and 3.7 kt, with height (km) above sea level and refraction propagation model; (b)
oblique SAR images F07 and F11 with course angle of 95° from the reader view, with the same height scale,
but different logarithmic and along-track scales; (c) range-compressed data (dB) around the prominent
channel feature in (a); (d) RGB Doppler decomposition of (c), with 16.6 Hz sub-bands; (e-f), same as (c-d)
but after SAR processing (enlarged area from (a)); and (g) enlarged mean DoA(°) of Figure 6-8(c).

flights are 85° (180° - 85° = 95° in the view). In the F07 plane, the traces at the grounding line
and the crossing with F09 are shown. Figure 6-10(c-d) are an enlarged area including the
prominent channel as, respectively, the range-compressed data (dB, without SAR focussing) and
its RGB Doppler decomposition, with three sub-bands of 16.6 Hz. In Figure 6-10(d), for the
hyperbola-like profile, the blue band (at +16.6 Hz) appears earlier in the along-track domain,
because this band is related to approaching the scatterer; the green band is the zero-Doppler,
related to vertical scattering; and the red band (at -16.6 Hz) is related to moving away from the
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Figure 6-11. Doppler/Range signatures of long-scale crossing features: (a) perpendicular, with
absence of negative (positive) frequencies as the radar approaches (leaves) the feature; and (b)
oblique, with negative (red) Doppler frequencies appearing in long ranges as the radar approaches
the feature, and blue (positive) in long ranges as the feature is left behind.

scatterer. In this Doppler decomposition, other subglacial channels are observed, identified with
the green colour of the zero-Doppler: at the sides of trace crossing with F07, labelled as #3 and
#4 (also in Figure 6-7(c)); and channels #5 and #6. Figure 6-10(e-f) are analogous to Figure 6-10(cd), but after SAR processing with a refraction propagation model. Amplitude scales are the same
in (c) and (e), and in (d) and (f), whereas the axes limits are identical in all cases. The lack of
focussing in (e) is clear when compared to the only range-compressed image. However, the SAR
average does effectively reduce the background noise, as seen in the upper corners of (e)
compared to (c). The effect of the lack of SAR focussing with the conventional refraction
propagation model is observed in (f). Here, the Doppler frequencies are extremely
overcompensated in the along-track domain, with the Doppler frequencies expanding by an
even greater amount than before SAR processing, seen in (d).
The estimated 3D-mappings of channel#1 from F07 by using several channel combinations
(Figure 6-9(d)), are marked in Figure 6-10(c to f), this is after considering the aircraft speed in
F11 to obtain the trace in F11 given the across-track distance in F07, and assuming the tracks
are exactly perpendicular (hence ignoring the 5° error). There is no mapping that exactly
matches with the apex of channel#1, what can be due to the lack of calibration for DoA greater
than 20°. The best channel combination found is B6B7 when using the new diffraction
propagation model. From belly-pairs comparisons, the diffraction model improves the ‘typical’
pure-refraction case. In Figure 6-10(d), the vertical mark at the crossing trace with F07 intersects
the blue colour in the former (left) branch of the hyperbola from channel #1 at an equivalent
depth of about 1250 m, which is approximately the mean equivalent depths from Figure 6-9(c).
Figure 6-10(g) is an enlarged area of Figure 6-7(e), showing channels #1, #3 and #4.
The analysis of RGB Doppler decomposition allows a deduction on the nature of the
detected features. In Figure 6-11 are sketched the Doppler frequency bands (blue, positive;
green, zero-Doppler; and red, negative) and ranges according to the subglacial channel

216
orientation relative to the radar path. When the long-scale feature is perpendicular to the track,
as in Figure 6-11(a), the initial (left) branch of the hyperbola-like profile has the shortest ranges
dominantly blue, whereas a green colour is detected from farther ranges. Conversely after
crossing the feature, the red (negative) Doppler frequencies are visible in the shortest ranges,
with the zero-Doppler band having the same characteristics as before. With an oblique channel,
as Figure 6-11(b), the three bands will be present before and after crossing the feature, but with
different range intervals. For the extreme case of a parallel feature, red and blue bands will
overlap, at ranges farther than the zero-Doppler band. For F11, from the radar data analysis in
Figure 6-10(d) it can be inferred that the channel corresponds to an oblique case (except for the
sign of the crossing angle, since the Doppler signatures would be ambiguous), but close to being
perpendicular, because the red band is appreciated in the ascending tail for very long ranges,
and equally for the blue band in the receding tail.
A segment of flight F09 is shown in Figure 6-12. It comprises the traces between 68kt and
72.5kt (Figure 6-1). Figure 6-12(a) contains the positioning (blue) and attitude (red) data from
GPS and IMU: the terrain clearance (m, solid), the surface elevation (m, dotted), roll (°, dotted
dashed) and pitch (°, solid). Figure 6-12(b) is the SAR image obtained from transmitting from
starboard array and receiving from P1 (tip port), with a propagation model based on the newly
developed diffraction and Doppler bandwidth of 30Hz. The vertical axis is the height (km) above
sea level. The segment includes: an along-track part, upstream and downstream of the
grounding line (GL#2, from Bedmap2); a turn (SH#2) towards port (left) side, with a new course
across-flow; a perpendicular crossing with F11; a crossing with F07, again approximately at 85°;
the exit of the ice shelf region over the grounding line labelled as GL#3; and the boundary of the
ice stream from a lateral margin (ISM). Figure 6-12(c) represents the RGB Doppler
decomposition with sub-bands of 10Hz. With an along-track length of approximately 50 km, it
cannot be appreciated the improvement of the Doppler focussing relative to a propagation
model based on pure refraction. However, with this representation, the transition from fast to
very slow ice-flow at trace ISM is clear from the arisen RGB patterns within the internal layers,
which depend on the slope of the internal layers, with a profile following the bed elevation. Also,
a shallow oval shape (‘blob’) was observed around the trace 68.4 kt, at a location almost joining
across-flow with the blob observed in F07, detected in Figure 6-7(b) around the trace 74 kt.
In Figure 6-12(d) are the extracted mean DoA (-35°, +35°) using the 3 pairs and quartet of
port, with standard deviation below a threshold of 5°. From the initial trace until SH#2, which
includes an along-flow segment, the bottom DoA smoothly varies except beneath the shallow
blob at 68.4 kt, where the main DoA changes from port to starboard. This sudden change is not
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Figure 6-12 Results of flight F09: (a) elevation and attitude data; (b) SAR image (dB) transmitting
from starboard side and receiving from P1, with diffraction propagation model, and height (km)
above sea level; (c) RGB Doppler decomposition, with 10 Hz sub-bands; and (d) mean DoA (35°, +35°), extracting samples below 5° standard deviation. Traces at grounding lines (GL#2,#3),
turning towards across-flow (SH#2), crossings with F07 and F11 and ice stream margin (ISM)
are shown, together with remarkable features or regions.

the result of aliasing, because the starboard DoA is not near the extreme value of -35°. Between
traces SH#2 and GL#3, hyperbola-like features are found, related to subglacial channels detected
flying across-flow. These features may even extend beneath the grounded ice until trace 71 kt;
this is interpreted as basal water-conduits on the bedrock (Figure 1-7(a)). Further along the
track, the bottom DoA is approximately estimated from the vertical (nadir), until the trace at
ISM delimits fast and very slow ice-flow. Beyond, the structure of internal layers is also clear.
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Figure 6-13. Enlarged area of F09 from Figure 6-12, with across-flow section: (a) RGB Doppler
decomposition; and (b) mean DoA(-35°,+35°) for standard deviation lower than 5°. Traces
at turn (SH#2), crossing with F11 and F07, are shown.

6.1.3 Englacial crevasses
Basal crevasses appear in subglacial channels beneath the ice shelves [54]. They are clearly
detected in across-flow tracks, tend to appear on the apex of the channel, and may propagate
vertically upwards. However, in the same way the water plume refreezes when reaching a depth
where the pressure melting point is reached, the crevasses heal (or close) in the vertical
direction. In single SAR images, narrow crevasses can be detected, as they are considered as
point targets. Subglacial crevasses were studied in Pine Island Glacier, in West Antarctica [54],
not only with PASIN (2004/05 season) but also with upward-looking acoustic sensors on board
of an autonomous underwater vehicle. The airborne measurements detected the top limit of
the crevasses, but not deeper because of the lack of penetration after the top reflection.
Conversely, the acoustic instrument located the basal limit. However, it is not clear whether the
crevasses are open from the bottom to the top or present local healings, as stated in [54]: “We
currently have no evidence to confirm that the crevasses are open to their tips, and it remains a
possibility that some portion of the crevasses contains accreted or unconsolidated marine ice”.
In Figure 6-13(a-b) are enlarged, respectively, the Doppler decomposition and DoA estimation
of the F09 across-flow segment from Figure 6-12(c-d), with the crevasses and subglacial
channels. In particular, in Figure 6-13(b) is framed (dashed white) the prominent channel#1 at
trace 70.2 kt, whereas at trace 70.1 kt a series of hyperbola-like profiles is observed along the
equivalent depth. They are not due to replicas from range sidelobes, because after the
extraction of samples with standard deviation greater than 5° the sidelobes tend to disappear,
as for the prominent subglacial channel comparing Figure 6-13(a) and (b). Thus, the series is
interpreted as crevasse openings, from bottom to the top, what could be an indication of the
possibility suggested in [54].

6.1.4 Internal layering
Internal layers are the result of the accumulation of ice with different dielectric properties.
The slopes of internal layers are important for glaciologists, because they represent isochronous
lines allowing to estimate past behaviours of glaciers. Their profiles tend to follow the elevations
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of surface or bed, and offer high backscattering in a direction perpendicular to its slope, with a
specular behaviour. Under high strain rates, the internal layers deform along- and across-flow
[38], [39], by stretching and compressing, until the layers get disrupted (buckled) and cannot be
traced. The continuity of internal layers is influenced by the track orientation relative to the ice
flow direction [41], being smoother along-flow. Although the layer disruption occurs after local
high strain rates, the ice flow shifts and drags the internal layers and they might be finally located
in regions without strain rates. However, if after traceable layers are observed the continuity is
suddenly interrupted, high strain rates, ice flow velocities or even thicknesses could be locally
inferred. The abrupt transition from continuous to buckled layers is also related to the formation
of surface crevasses, since both are consequences of the strain rates.
Ice streams are classified according to their lateral borders [19]: topographically constrained
(or controlled), when they are bounded by bedrock; pure ice streams, when the margins are
limited by very slow ice; or the most common type, a combination of topographic and pure ice
streams. Surface ice flow measurements, such as MEaSURES map [20], can accurately determine
the ice stream boundaries, but only at the surface level. However, the englacial (internal) limits
of the very slow ice are not well defined, because they might not correspond to a vertical border
from the surface down to the bottom, and therefore its width could vary across the ice stream
depth. Then, across-flow track orientations must be performed to obtain englacial width
information. A single SAR image may not offer good definition for the internal layers, not only
because of the disruption or lack of resolution, but because of the possible homogeneous
backscattering through the ice column (thickness). Doppler decomposition analysis solves this
issue, so that the slopes of the internal layer profiles can be estimated and, most importantly,
structured and unstructured layering are clearly distinguished. This broad sense classification
separates the englacial borders of fast and slow ice, defining the ice stream margins. In Figure
6-14(a-b) are enlarged, respectively, the Doppler decomposition and DoA estimation of the F09
across-flow segment from Figure 6-12(c-d). The relative fast and slow ice-flow regimes are,
respectively, at the left and right side of trace ISM, in Figure 6-12(b). The single SAR image does
not show these differences. From Figure 6-14, it can be deduced that ReIS is a combination of
topographic and pure ice streams.
The slopes of internal layers can be estimated from either the radar data or the processed
SAR images. Among those from the SAR images, the technique by the Radon Transform [45],
which requires a set of pixels within the SAR image, and then its resolution can be lower than
for the SAR image. The Layer Optimized SAR processing [46], from the radar data, iteratively
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(a)

(b)

Figure 6-14. Enlarged area of F09 from Figure 6-12, with fast and very slow ice-flow
regimes: (a) RGB Doppler decomposition; and (b) mean DoA(-35°,+35°) for standard
deviation lower than 5°. Trace at ice-stream margin (ISM) is shown.

searches the optimal phase for processing the steep internal layers, with a phase that depends
on the slope; its resolution is the same as for the SAR image.
The technique proposed in this thesis is the Doppler decomposition analysis, that separates
the whole Doppler spectrum into sub-bands, and assumes the layer behaves as specular
reflectors: the central frequency of each sub-band is directly related to a pointing elevation
angle (pointing forwards or backwards, with αG,s=±90° in (4-114)), and after refraction the EMwave trajectory impinges perpendicularly on the internal layer. The central Doppler frequencies
determine the slopes, whereas the sub-band widths set the along track resolution. The slopes
corresponding to the bandwidth of a sub-band are all assigned to the slope of the central
frequency, so the slope error increases with the sub-band width, but the along-track resolution
improves. Hence there exists a trade-off between error and resolution. The decomposition can
be performed into many Doppler sub-bands, although 3 sub-bands are preferred, so they can
be easily combined into a single image with R(red), G(green) and B(blue) representations. This
classifies internal layers (and Doppler frequencies) depending on positive, near-zero and
negative slopes, assigned to blue, green and red colours, as in the thesis. Because the internal
slope variation is relatively smooth, an interpolation of the slope profile can be performed from
those locations with particular slopes. When the sub-bands limits are chosen to be contiguous,
the transition from a sub-band to its neighbour exactly determines the slope at that point. Thus,
the slopes that can be used for the interpolation are: 1) those with the exact values from the
transitions; and 2) the central slopes with an error given by the sub-band width. The
development of this suggested technique has been left as a future task.

6.2 Propagation by diffraction

SAR processing requires a model for the EM-wave propagation from radar to scatterer. The

conventional model is based on a pure-refraction entirely governed by the Snells’ law, dividing
the ice medium into layers, separated by parallel interfaces, with known thicknesses and
refractive indices. The layers vary only in a direction perpendicular to the interface, being
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uniform in planes parallel to surface. An environment with parallel sloping interfaces can be
converted to horizontal interfaces by applying a change of coordinates. The terrain clearance
(thickness of the air layer) is accurately obtained from LIDAR measures. The refractive index
profile of the ice environment, which is directly dependant on the ice density, is well modelled
with an exponential growth from the minimum (≈1.3) to the maximum (≈1.78) across the
shallowest ≈100-150 m depth (Section 1.4), and although some deviations are expected, they
are not important enough for the propagation model to be considered.
The main principle of Snell’s law states that EM waves follow the path with the lowest total
delay from source to target. Given the locations of radar and target and environment
parameters, the incidence angle is estimated in Section 4.2, and from this initial angle, the
remainder are obtained by direct application of Snell’s law, obtaining the total path. In
homogeneous internal layers separated by smooth interfaces, Snell’s law truly represents EM
propagation. From the surface to the bottom, rough interfaces and inhomogeneities within the
ice medium scatter the EM waves in multiple directions, so that the refraction path by Snell’s
law is only one among several within a narrow beam: the central angle. Such situations can be
greatly enhanced in the presence of heavily crevassed regions, at both surface and englacial
levels, producing multiple internal reflections or new wavefronts. This invalidates the single ray
approximation from source to target, so that at each interface the input (impinging) and output
(transmitted) beamwidths are widened around the pure-refraction path. Crevasses may diffract
the impinging EM waves, similarly to diffraction gratings or sharp edges, forming new
wavefronts and scattering forward the EM waves in a large beamwidth or in unexpected
directions. Crevasses in ice streams are formed as the result of local strain rates exceeding a
critical level, but they can be relocated or transformed: 1) being transported along the ice stream
course; 2) sunk progressively, because of the combination of driving forces and surface
accumulation due to precipitation, redistribution by wind or after the merging of trunk and
tributary streams; 3) healed (closed) or enhanced after experiencing new strain rates, for
example when entering different ice-flow regimes in either speed or direction; or 4) filled with
filtered water. Losses from propagation or absorption mechanisms are not included in Snell’s
law. Some paths may suffer from greater losses depending on either the transmission through
interfaces, travelling distances within layers or propagation directions. Hence some EM paths
are favoured regarding others. As a consequence of all these effects and although the optical
path due to refraction may exist, losses might cause different paths to show up in the received
signal, and thus the SAR footprint could be far from the expected.
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The anticipated footprint based on pure-refraction deviates from the real footprint. This can
be checked with the Doppler decomposition analysis, before and after the SAR processing: if the
processed image is well focussed, the footprint corresponds to the expected, otherwise a
correction is needed. An example is shown in Figure 6-10(d) and (f) with the RGB Doppler
decomposition of the prominent subglacial channel observed in flight F11, respectively with
range-compressed data (before SAR processing) and after SAR processing. The rangecompressed data are free of assumptions about the propagation model and environment,
because only the correct focussing of the received pulses is expected. Thus, the rangecompressed domain is convenient for Doppler decomposition, whereas after SAR processing the
Doppler analysis can be misinterpreted. Figure 6-10(d) shows the range-compressed RGB
Doppler decomposition with the left contour branch made up by positive (blue) frequencies, a
central part by zero-Doppler (green), and a right branch by negative (red) frequencies, according
to the relative approach of radar to the scatterer. The SAR focussing consists of shifting the
Doppler frequencies in the along-track domain, delaying the positive and advancing the negative
for a subsequent constructive addition. After SAR processing, if the positive frequencies still
appear before the negative in the along-track domain, the focussing is undercompensated,
whereas if the negative frequencies appear before, the focussing is overcompensated. Figure
6-10(f) reflects an overcompensation. This means that, for a given Doppler bandwidth of
interest, the real along-track aperture distance is shorter than expected. To double-check the
processing, software developed by the Centre for Remote Sensing of Ice Sheets (CReSIS, in the
University of Kansas) [135] was also run, which was originally developed for their own icesounding radars, but flexible for data collected by other instruments. The results showed
comparable overcompensation.
The sources of the overcompensation were analysed. After a quantitative analysis of the
results from Figure 6-10(f), and considering both the height of flight above the ice surface and
the estimated ice depth (from the zero-Doppler response), if the propagation model was based
on pure-refraction, a perfect focussing would require the refractive index within ice medium to
be nR≈9. This is 5 times greater than the value used for the thesis (nR=1.78), hence clearly out of
accepted values, and this possibility is discarded.
Secondly, the dependence on the across-track location of the scatterer was evaluated. The
SAR-processed images assume a Doppler aperture as if the scatterers were located at nadir
(despite of being the input to DoA algorithms). Given a fixed equivalent depth (closest delay to
radar trajectory), off-nadir scatterers have wider along-track signature than nadir-scatterers for
the same Doppler bandwidth ((4-32), section 4.1.2). For off-nadir scatterers, this implies the
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expected aperture for processing (as if from nadir) is shorter than the real (off-nadir), and thus
the SAR focussing would be undercompensated. This is not the situation of Figure 6-10(f), so the
option is also rejected.
Thirdly, the along-track aperture is affected by the environment parameters and the
calculation methods. The parameters are either estimated (such as refractive indices or depths)
or measured (from GPS) values. The calculation methods, such as exact (polynomial) or
approximated (small-angle or iterative), result in different accuracies. Even with the polynomial
method, the possible errors in depth or height of flight did not justified the observed
overcompensation. Thus, this situation was discarded.
The only possibility left was an EM-wave propagation model different from that of the purerefraction. Because of the overcompensation, the new model should result in a shorter alongtrack aperture than the expected from the pure-refraction case. In addition, the RGB Doppler
decomposition from the range-compressed data was not observed to clearly vary depending on
the equivalent depth, but it was almost constant. A nadir scatterer was hence initially assumed.
The first alternative model was for a vertical propagation in air medium, followed by direct path
from air-ice interface towards the scatterer, and an identical round-trip. For a constant flight
height above the surface, the delay of the vertical propagation would be constant for any radar
location. Because the Doppler frequency is defined as the derivative of the propagation delay,
those paths which are constant regardless the radar location are not considered for the Doppler
frequency calculation. Hence, the only paths used for the along-track aperture are the direct
paths within the ice medium. Thus, the same Doppler frequencies would be achieved as with a
radar moving on the air-ice interface, rather than an airborne radar. For the airborne radar using
the pure-refraction model, the Doppler frequency depends on the elevation angle in air medium
and can be converted to elevation angle within ice by applying the Snell’s law. This elevation
angle in ice is the same as for a radar moving on air-ice interface. Hence, with the model of
vertical propagation in air, the along-track aperture coincides with the distance between the
locations at which under pure-refraction the EM refracts in the interface. Thus, this model results
in a reduction of the along-track aperture, what qualitatively agrees with the observed
undercompensating. However, this reduction was not enough for a correct focussing. Similarly,
a model in which the vertical propagation occurs within the ice further reduces the along-track
aperture, but for off-nadir scatterers this model would require much greater DoA angles than
those found. These two propagation scenarios were dismissed.
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The model finally adopted, which best fitted the data, was based on the propagation within
two different incidence planes. The plane in ice is perpendicular to the radar track. In air, the
EM-wave travels from the radar towards a location of diffraction, situated along an axis parallel
to the across-track axis (Y, according to Figure 4-1). This axis is the intersection of the horizontal
air-ice surface and the plane perpendicular to the aircraft trajectory (i.e. the zero-Doppler
plane). The exact location of diffraction can be calculated as the location for fastest path,
similarly to the Snell’s law, but considering the change of incidence planes. Hence, rather than
refracting in the air-ice interface, the EM-wave diffracts, followed by refractions through the ice
layers considered. The model is referred as diffraction+refraction.
A sketch of this model is in Figure 6-15, with the planes of horizontal air-ice interface (light
blue), incidence plane in ice equal to the zero-Doppler plane (green) and the vertical along-track
plane (grey). The two point scatterers are located at the bottom of the zero-Doppler plane, at
across-track locations y=0 for nadir and y=-600 m for off-nadir, at depth 1.1 km. The propagation
models represented are the conventional pure-refraction for nadir (dotted dashed) and off-nadir
(solid); and the adopted diffraction+refraction, for nadir (dotted) and off-nadir (dashed). The
positive Doppler frequencies are in blue, whereas the negative in red. The apertures for the two
models are marked at the top of the image, with the initial and final radar (aircraft) locations.
Under the diffraction+refraction model, the EM-wave trajectory from the radar must first reach
the zero-Doppler plane by impinging on the air-ice interface, and then diffract towards the zeroDoppler plane and later refracting towards the scatterer.
At zero-Doppler, both models are equal, because for the diffraction+refraction model the
air incidence plane coincides with the zero-Doppler within ice. This means that the DoA angle is
the same in both models for zero-Doppler processing geometry, what reasonably agrees with
the estimated DoA. The across-track location of the diffraction point on the air-ice interface is
found from the Snell’s law. For nadir scatterers, the across-track location of diffraction is y=0,
and the propagation within ice is vertical. For off-nadir scatterers, it can be shown that the
diffraction location is slightly farther in the across-track dimension than the corresponding
location for zero-Doppler refraction. As the diffraction location depends on the across-track
location of the scatterer, it cannot be known before DoA estimation, and thus all scatterers are
assumed to be from nadir. This also happens under the model of pure-diffraction, but the effects
in both cases are small on the final SAR focussing (Section 4.1.2).
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Figure 6-15. EM-wave propagation models based on pure-refraction and diffraction+refraction: pure-refraction,
without changing the incidence plane after crossing the air-ice surface plane (light blue); and diffraction
towards zero-doppler plane (green) followed by refraction within this plane. The scatterers are located at nadir
(across-track 0 m, within vertical along-track plane, in grey) and off-nadir (-600 m). EM-wave trajectories are
pure-refraction for off-nadir (solid) and nadir (dashed dotted); diffraction+refraction for off-nadir (dashed) and
nadir (dotted); and positive (blue) and negative (red) Doppler-frequencies.

Examples of the focussing with the two models are in Figure 6-16. The results are presented
in RGB Doppler decomposition, with 10Hz sub-bands. Figure 6-16(a-c) and (d-f) are, respectively,
the dashed white frames in Figure 6-13(b) and Figure 6-14(a), corresponding to a region of fast
flowing ice (≈850 m·yr-1) with the subglacial channel#1 and a region with grounded, very slow
ice-flow (<50 m·yr-1), in flight F09. Figure 6-16(a,d) are the range-compressed domain, (b,e) the
SAR processed images with pure-refraction model, and (c,f) with diffraction+refraction. Figure
6-16(b) is overcompensated, with the negative (red) Doppler frequencies in the shallowest
equivalent depths (m) of the ascending branch, and positive (blue) in the descending branch.
Focussing in Figure 6-16(c) is enhanced regarding (a) and (b). The series of englacial crevasses
from the basal channel propagating upwards is the inset of Figure 6-16(a). However, Figure
6-16(e,f) show different effects to those in Figure 6-16(b,c): the SAR processing with purerefraction (e) effectively focusses regarding the range-compressed data (d), as seen from the
white bedrock, whereas with diffraction+refraction (f) the image is undercompensated (not
clearly seen in (f)). This undercompensation results from an expected along-track aperture
shorter than the real. The observation of over and undercompensation is a diagnosis tool to
determine the correct propagation model. The bedrock is represented with white colour, due to
homogeneous scattering in all directions within the Doppler beamwidth. Above the bedrock, the
structured internal layers follow the bed elevations according to the RGB colours.
Ice-flow regimes are not a clear indicator for the EM propagation models to be used. After
comparing the SAR focussings from several regions using both propagation models, it is not
possible to conclude that the ice-flow speed is the only parameter to identify the optimal model.
However, regions with and without deformation of internal layers clearly showed a
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Figure 6-16. Effects of EM-wave propagation models in flight F09, with RGB Doppler decomposition of 10Hz subbands: (a-c) prominent channel ch#1, respectively as range-compressed data, pure-refraction model and
diffraction+refraction model; and (d-g) grounded bottom with structured internal layers, analogous to (a-c). For
channel#1, with the model including diffraction as in (c) the focussing is improved, whereas for the region with
structured layers the pure-refraction model in (e) outperforms (f).

differentiated pattern: without deformation, the propagation is by pure-refraction; with
deformation, the propagation includes diffraction.
The diffraction+refraction model is based on a new preferred propagation path. The term
preferred is used because other paths may exist, although with much lower backscattering. The
new path is detected with a much greater intensity than the pure-refraction path, governed by
the Snell’s law. This can be confirmed from the Snell’s law definition, that states its path has the
shortest propagation delay. Because the Doppler frequency of the pure-refraction path has
lower absolute value than for the case of the new path (Figure 6-15), if both propagation models
had similar backscattering in Figure 6-10(d), at an along-track location there would be two
overlapped colour patterns of the RGB decomposition: the most positive (blue) frequency subband would not be clearly isolated in the shallowest depths of the ascending branch, but mixed
with a green sub-band; and conversely, the most negative (red) frequencies would not be clearly
isolated in the descending branch.
The new propagation model has been validated for several regions and configurations. Over
the Recovery Ice Stream basin, it has been tested in along and across-flow track segments,
always with the dipoles oriented along the wings (along-wing, H polarization in the PASIN2
convention), in grounded and floating ice areas, and across regions with very slow (<3 m·yr -1)
and very fast (>900 m·yr-1) ice-flow regimes. With the antennas oriented along-track (V), it has

227
been tested over a region with a different glaciological regime on the Antarctic Peninsula, the
English Coast, surveyed with the standard polarimetric configuration of PASIN2. In this latter
case, the focussing results improve compared to those of pure-refraction, but less clearly than
over Recovery Ice Stream.
The reason for the lack of accuracy of the pure-refraction model was initially assigned to
heavily crevassed surfaces. Their presence has been estimated with the LIDAR instrument for
measuring the terrain clearance (height above terrain). The method consists in calculating the
clearance difference of one location regarding the previous. Above a threshold value, a region
with positive results can be considered as crevassed. This method can fail in cases where
precipitation or wind deposits snow and bridges the crevasse. In Recovery Ice Stream, along the
downstream direction, when the first crevasses were detected the structure of the internal
layers changed, to be considered as unstructured after its observation with the RGB Doppler
decomposition. Once this happened, beneath further downstream crevassed regions the
analysis of the internal layers was not further affected, and the new propagation model is still
applied. As this lack of internal layer structure is the main indicator found for applying the
diffraction+refraction model, the reason for the new EM path is the presence of heavily
deformed ice columns, and not just the presence of surface crevasses.
I could not find any principle to explain the preferred propagation within the zero-Doppler
plane (the main property of diffraction+refraction). The reasons considered for an antenna
orientation did not work for others. With a folded dipole, the electric field direction coincides
with the polar direction of the circle with the same centre as the dipole and joining the dipole
tips (i.e. the elevation angle for a vertical oriented dipole). With along-wing dipoles, the electric
field vector is contained within the zero-Doppler plane, whereas with along-track dipoles it is
oblique to the zero-Doppler plane. To check the influence of the electric field direction, it is
needed to validate the propagation model with instruments using other antennas and
orientations. If the influence of the electric field is proved, the ice medium could act as a
polarizer in accordance with its main crystal-orientation (ice-fabric).
Ice anisotropy is affected by glacier deformation (strain). It results from the continuous
exertion of shear, compression and stretching stresses. Because it has been observed that
unstructured ice determines which EM propagation model is better, ice anisotropies could be
the ultimate reason for preferring the diffraction+refraction over the pure-refraction model. It
is important to note that the unstructured ice observed with the RGB Doppler decomposition
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extends through the total thickness. Thus, the application of the new model does not depend
on certain internal ice layers or bottom characteristics.
This model is not definitive, in the sense that it does not offer a perfect focussing. Other
models can be designed if polarization is included according to ice orientation. From the
processing of SAR images with the several propagation models, the alignment of ice fabrics
might be estimated.

6.3 Polarimetry

A full polarimetric data take was performed over the English Coast, in the West of the

Antarctic Peninsula. The particularities of this glacier are described in section 1.3. The region
was surveyed with a single flight, labelled as F26, on 20th January 2017. The port folded-dipole
antennas were rotated before taking-off to be oriented along-track, referred as V polarization;
and starboard antennas were across-track (along-wing), with the nominal orientation in PASIN2
referred as H. Belly elements cannot be reoriented and have H orientation. The processed
section was when flying along-flow, starting upstream of the grounding line, crossing it and flying
above George VI Ice Shelf, turning and flying back.
The main difficulties of the next results are the lack of calibration and DoA estimation. As
port and starboard sides transmit with different amplitude (Figure 3-7) and phase (Figure 3-14)
patterns, besides needing the calibration of the polarizations, the DoA needs to be estimated to
properly combine the polarizations. After DoA estimations, the SAR images should be
compensated. These analyses and corrections were not performed, and thus the polarimetric
results may not give a proper interpretation. Depending on the aim of the interpretation, the
three polarimetric channels (corresponding to pairs of transmitter/receiver) are typically
arithmetically combined in other three components before their joint presentation in the form
of an RGB image. Because the lack of phase calibration, the three polarizations are included
individually in each band of the RGB image.
The map view of the track is shown in Figure 6-17(a,c,e), respectively with (a) the grounded
(beige) and ice shelf (blue) areas from Bedmap2 [4], (c) the flow speed (m·yr-1) from MEaSUREs
Program [20]-[22], [133] and (e) the ice thickness (m) from Bedmap2. The maps have been
created with Quantarctica, developed by the Norwegian Polar Institute on QGIS [24]. The track
followed the grounding line along the coast, and also covered a region inland with fast flowing
ice discharging into George VI Ice Shelf. The processed segment is along-flow, perpendicularly
to the grounding line, with the enlarged views in Figure 6-17(b,d,f). It covers traces between 57
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Figure 6-17.Surveyed region over English Coast, Antarctic Peninsula, with flight F26 (black): (a)
grounded (beige) and floating ice (blue) from Bedmap2; (b) enlarged area of (a) with the processed
track segments; (c) flow speed (m·yr-1) from MEaSURES program, with arrows indicating flow direction,
and (d) enlarge area; (e) ice thickness (m) from Bedmap2 and (f) enlarged area. The trace number (kt)
is shortened as ‘k’. Maps created with Quantarctica [24].

and 62.8 kt, approximately 68km at mean speed of 58.6 m/s. Following the downstream
direction, the aircraft crosses the grounding line (59.22 kt), turns eastwards over the ice shelf,
and flies back upstream, crossing again the grounding line (60.25 kt).
The processing Doppler bandwidth is Ω=30°. Because along-track antenna orientations were
not calibrated, the calibration considered was the same as for along-wing orientations. For the
images presented, the EM-wave propagation model was diffraction+refraction, despite of being
better the pure-refraction over well upstream the grounding lines.
The general results of F26 are in Figure 6-18. Figure 6-18(a) shows the first derivative of the
terrain clearance, with the peaks indicating the presence of crevassed areas, which is taken as
one of the indicators for using the new propagation model. The inset enlarges the traces
between 58.6 kt and 58.9 kt, with a maximum surface variation of 0.6m, which is the third
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greatest along the processed track, compared to 26.7 m and 5.6 m in regions around traces at
60.3 kt and 57.56 kt, respectively. Other crevassed areas may exist, but be hidden to this analysis
if they are covered by soft snow, because the LIDAR would record a continuous surface. Figure
6-18(b) includes the roll and pitch angles (°), and surface elevation and terrain clearance (m),
obtained from IMU, GPS and LIDAR.
Figure 6-18(c) is the SAR processed image of polarization (HV), transmitting from starboard side
(H) and receiving from P1 (V), with the height (km) above sea level. The ice shelf region is found
between the grounding lines (GL) according to Bedmap2. They are crossed during downstream
and upstream directions, labelled as GL#1 (59.22 kt) and GL#2 (60.25 kt), respectively. The
centre of the eastwards-turning trace is called SH#1 (59.65 kt). The suggested grounding lines
after analysing the images are labelled as SGL#1 (≈58.75 kt) and SGL#2 (≈60.49 kt). Figure 6-18(d)
is the RGB Doppler decomposition, with 10Hz sub-bands. The dynamic range of each sub-band
is normalized to its maximum, whereas the lowest limit is constrained to the greatest between
100dB below each maximum and the lowest of each sub-band. Figure 6-18(e) shows the
polarimetric combination, assigning to each of the three channels a colour. For identifying the
channel, the first letter corresponds to the transmitter, and the second to the receiver: VV for
transmitting from port and receiving from P1, in red; HV for transmitting from starboard and
receiving from P1, in green; and HH for transmitting from starboard and receiving from SC, in
blue. The air-ice interface is incorrectly dominated by HV (green), only because the receiver is
different from the transmitter and hence is not blocked while transmitting the pulse (4μs), unlike
for VV and HH. The polarimetric image is obtained as follows: 1) the SAR image of each
polarization is normalized to the greatest amplitude level between the three polarizations, so
that the normalized maximums of the two remaining polarizations could be lower than 0dB; 2)
the dynamic range is constrained from below, with the greatest between a fixed lowest relative
limit (120dB in Figure 6-18(e)) and the minimum of the three normalized polarizations; 3) the
amplitude levels of each polarization are assigned to 256 levels, from 0 to 255; and 4) RGB
representation.
The crevassed area detected as a peak in Figure 6-18(a) at trace 57.56 kt coincides with the
transition from coloured to grey in the RGB Doppler decomposition. The transition highlights
the different radar responses of structured (coloured Doppler) and unstructured (grey Doppler)
internal layers. In Figure 6-18(d) the transition corresponding to the upstream direction is
located at 61.75 kt, but it is not detected in Figure 6-18(a), probably because the crevasses were
covered by snow. Upstream of the transitions of internal layers, the optimal propagation model
is pure-refraction, whereas the optimal downstream model is diffraction+refraction, coinciding
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Figure 6-18. Flight F26, within traces 57 kt and 62.8 kt, with diffraction+refraction propagation model: (a) heavily
crevassed area detection, as derivative of terrain clearance from LIDAR, with inset between 58.6 kt and 58.9 kt;
(b) elevation (m) and attitude (°) data; (c) SAR image (dB) transmitting from starboard and receiving from P1, with
height (km) above sea level; (d) RGB Doppler decomposition with 10 Hz sub-bands and relative lowest limit of 100
dB; (e) polarimetric combination, with VV transmitting from port and receiving from P1 (red), HV transmitting from
starboard and receiving from P1 (green), and HH receiving from SC (blue). Traces at grounding lines from Bedmap2
(GL#1, #2) and suggested (SGL#1, #2), and turning eastwards (SH#1) are shown.
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Figure 6-19. Transition from structured to unstructured internal layers, in the upstream direction segment
within traces 61.2 kt and 61.9 kt: RGB Doppler decomposition with 10 Hz sub-bands and lowest relative
limit of 70 dB, with the height (km) above sea level. The unstructured region (before trace 61.75 kt) is
dominated by shallow distributed crevasses in white and thin air-ice interface in green above. After trace
61.75 kt, the internal layers are structured, with predominant scattering from zero-Doppler.

with an increase in the surface ice flow, rather than being related to a particular speed, as seen
in Figure 6-17(d) (from the MEaSUREs map).
In Figure 6-18(c-e) a flat bright bottom is detected between traces 60.525 kt and 60.82 kt,
in the segment with an upstream direction. This region is approximately beneath the highest ice
flow, as seen in Figure 6-17(d). It can represent: a subglacial lake, constrained by a ground profile
deeper than its surroundings; or an estuary or smooth sediment interface with basal water,
locally enhancing the ice flow.
In Figure 6-19 is shown the shallowest ice thickness around the transition of internal layers
found at 61.75 kt. It comprises the traces between 61.2 kt and 61.9 kt, with the RGB Doppler
decomposition with a relative lowest limit that is 70dB below the normalized maximum (unlike
Figure 6-18(d), with 100 dB). The crevasses are represented as a cracked surface with a full
Doppler band (in white, then related to corner reflectors) and unstructured internal layers
beneath, whereas the structured layers are mainly green and present a smooth continuous
surface.
Figure 6-20 includes an enlarged region around GL#1, between traces 58.7 kt and 59.3 kt.
Figure 6-20(a-c) are the RGB Doppler decomposition of the SAR images of, respectively, VV
(receiving from P1), HV (from P1) and HH (from SC). Figure 6-20(d) is the polarimetric
representation, with HH in red, HV in green and VV in blue. The lowest limit of each polarization
is 60dB below the maximum, the latter being the same for the three polarizations. Before the
grounding line GL#1 (traced from Bedmap2) the bottom is terraced, with a staircase profile,
showing different bottom profiles and brightness depending on the polarization mode. These
features were also detected in the basal interface of other ice shelves in [60], and are
understood to be a signature of intense basal melting. This suggests the grounding line GL#1
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Figure 6-20. Grounding line region in the downstream direction segment, around GL#1: (a) channel VV, (b) HV
and (c) HH, as RGB Doppler decomposition of 10 Hz sub-bands and relative lowest limit of 100 dB; (d) polarimetric
combination, with VV in red, HV in green, and HH in blue, with relative lowest limit of 60 dB. Upstream GL#1 the
bottom presents a terraced profile. The suggested reallocated grounding line is SGL#1.

(from Bedmap2) can be approximately 6 km upstream (inlands) reallocated at SGL#1 (≈58.75
kt), because upstream of SGL#1 the bottom profile is smooth. Supporting this proposed
reallocation, in Figure 6-18(a) the inset within 58.6 kt and 58.9 kt highlights a crevassed region,
probably the expression of the increase in ice velocity and strain where the basal resistance is
removed after ice begins to float, and to a lesser extent, the tidal of flexing the ice shelf. Over
the ice shelf, the bottom is reflected multiple times from the upper air-ice interface and the
aircraft, as seen 700 m below sea level within traces 59.1 kt and 59.3 kt.
Figure 6-21 is the enlarged region around grounding GL#2, between traces 60.05 kt and
60.65 kt. The RGB Doppler decomposition of the SAR images are in Figure 6-21(a-c), and the
polarimetric representation in Figure 6-21(d), all with the same transmitter, receivers and
colours as in Figure 6-20, but in Figure 6-21(d) with 70 dB as the lowest relative limit of each
polarization. Again, upstream of the BedMap2 grounding line (here traces greater than GL#2)
bed terraced profiles are found, with different bottom patterns for HH, HV and VV, as marked
in Figure 6-21(d). The proposed grounding line SGL#2 would be allocated at trace 60.49 kt, with
the bright subglacial lake starting at trace 60.525 kt. For basal elevation estimations, the multiple
reflections offer finer resolution. A good example of this possibility is shown in Figure 6-21, with
the lowest reflections at elevations between -880 m and -770 m until trace 60.33 kt. This permits
the estimation of the different terrace levels, provided the reflection paths are known. Besides
the terraced basal profiles, a common feature in Figure 6-20 and Figure 6-21 is the dominant HV
polarization (green) along the flattest part of the ice shelf bottom.
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Figure 6-21. Grounding line region in the upstream direction segment, around GL#2: (a) channel VV, (b) HV and
(c) HH, as RGB Doppler decomposition of 10 Hz sub-bands and relative lower limit of 100 dB; (d) polarimetric
combination, with VV in red, HV in green, and HH in blue, with relative lowest limit of 70 dB. Upstream GL#2 the
bottom presents a terraced profile. The suggested grounding line is SGL#2, followed by a likely subglacial lake
750 m below sea level.

Figure 6-22 covers a region around the transition from unstructured to structured internal
layers, between traces 60.6 kt and the end of Figure 6-18. Figure 6-22(a-d) are analogous to
Figure 6-20 and Figure 6-21, apart from Figure 6-22(d) has 80 dB as the lowest relative limit. The
transition from a smooth air-ice interface to the appearance of surface or shallow crevasses can
be distinguished by Doppler analysis. The polarimetric image is misinterpreted in the air-ice
interface, with HV polarization as dominant signal because the VV and HH combinations are
blocked in reception while the pulse is being transmitted (Figure 3-17(c)). The encircled internal
layers in Figure 6-22(d) present different polarimetric signatures. In particular, between traces
62.4 kt and 62.6 kt and elevation above sea level -500 m and -160 m, there is a group of internal
layers which are continuous for VV (transmitting from port) but discontinuous for HV and HH
polarizations (transmitting from starboard), in both depth and along-track, due to singularities
of the internal layers or different illumination of the transmitter arrays.
In Figure 6-22(a-c) the Doppler-coloured internal layers follow the bedrock profile, as in
Figure 6-14, relatively close to the grounding line; but unlike Figure 4-24, over the Institute Ice
Stream, and Figure 4-26, over the Recovery Glacier basin within the continental ice sheet. The
dark region below the traceable internal layers and above the bottom is called echo-free zone
(EFZ) [67], and is “attributed to folding and mixing of the layers”. The EFZ is much narrower in
Figure 6-22(a-c) and Figure 6-14 than in Figure 4-24 and Figure 4-26. Factors such as the
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Figure 6-22. Transition from unstructured to structured internal layers, in the upstream direction segment:
(a) channel VV, (b) HV and (c) HH, as RGB Doppler decomposition of 10 Hz sub-bands and relative lower
limit of 100 dB; (d) polarimetric combination, with VV in red, HV in green, and HH in blue, with relative
lowest limit of 80 dB. The HV-dominated surface in green is not realistic, because HH and VV channels
share the transmitter and receivers, blocking the received signal during the transmission time. The
encircled internal layers show a polarimetric pattern. The likely subglacial lake extends up to 60.82 kt.

resemblance between internal layers and bottom profiles, the thickness of the EFZ and the
surface ice-flow, might inform about the vertical variation of the ice flow and ice viscosity.
The coherence analysis of SAR images assesses their similarity. Those samples considered as
coherent can be reliably compared, i.e. jointly interpreted. The coherence of polarimetric
channels [136], [137] can characterize the anisotropy of ice medium. The coherence is defined
as
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evaluated in the complex domain, with SARi the SAR images and kd and ka the depth and alongtrack pixels. The coherence results of F26 are displayed in Figure 6-23(a-b), respectively with the
amplitude (dB) and phase (°). The relatively broad Doppler bandwidth (≈30 Hz, with Ω=30°)
hinders the high coherence of the imaged scatterers, except with specular reflectors in the
suggested subglacial lake and the structured internal layers. The phase of (6-1) evaluated along
a depth profile is related to the slight variations in the effective refractive index according to the
polarization, the birefringence. Because the importance of the coherence is the variation along
depth or even along-track, if the DoA of the profiles analysed is the same, a correct channel
calibration is not needed. The phase coherence was not analysed in the thesis.
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(a)

(b)

Figure 6-23. Polarimetric coherence in F26, between channels HH and HV, sharing the
transmitter side, from starboard, and receiving from the opposite tip antennas: (a) amplitude
levels (-10 dB, 0 dB), and (b) phase (-180°, +180°). The structured internal layers and subglacial
lake show relatively high coherence in amplitude and patterns in phase.

6.4 Summary

The main results and interpretations have been shown. The surveys were carried out during

the season 2016/17, for mapping, among others, the Recovery Ice Stream near the grounding
line, and the polarimetric data take over the English Coast, Antarctic Peninsula.
The 3D-mapping after DoA estimations were presented. The mapped regions were near the
climate-sensitive grounding line of the Recovery Ice Stream, emphasizing the different
perspectives of grounded ice streams and ice shelves were emphasized. DoA estimations
allowed not only to resolve the ambiguities of the bottom, but also to distinguish features with
similar backscattering intensity, that would otherwise remain hidden with a single SAR image.
Perpendicular tracks over the ice shelf were processed, to compare and validate the DoA
estimations from along-flow tracks against the nadir perspective from the across-flow. The shear
margins of the ice streams were identified with Doppler decomposition across the thickness. An
important outcome was the correct mapping of the grounding zone, that is an essential
parameter for modelling the evolution of the ice stream.
For DoA estimations, several combinations of receivers were used. This has been an
important method developed for assessing the estimations, that took advantage of the nonlinear distribution of the antenna array in PASIN2. Because wing and belly array sections have
different antenna separations and orientations, the properties of their own DoA estimations
vary in resolution and resolvable beamwidth. Statistics such as mean and standard deviations of
the DoA measurements allowed the automatic extraction of glacial bottoms, distinguishing
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clutter and noise from bottom and internal layers, depending on the standard deviations. These
statistics could be also used for channel calibration, or to discard receivers with results greatly
deviated from the mean.
A new EM-wave propagation model has been developed and described. It provides a better
focussing along-track, fitting the Doppler dispersion found in ice-stream regions in which the
internal layers are severely disrupted. This model is based on a propagation within two different
incidence planes, changing from the first to the second at the air-ice interface, unlike the
conventional governed by Snell’s law that only requires a single incidence plane. The suggested
model was developed after Doppler frequencies analysis and fitting of radar data of the
overflown regions, without finding the physical principles behind it. However, it has effectively
improved the SAR processing in all the data takes, either in along and across-flow tracks, with
different antenna orientations. The model is not intended to be unique, not only because of the
lack of grounded theory, but because it might depend on the particularities of the electric field
of dipole antennas.
The polarimetric survey over the English Coast was also processed, suggesting the
reallocation of the grounding line. The results must be carefully interpreted, because the alongflow antenna orientation was not calibrated in transmission or reception, and the DoA’s were
not estimated. However, the outcome did show the benefits of polarimetry, for example in the
observation and study of ice-shelf basal morphology and glacial internal layers.
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7

Conclusions and
Future Research

The main topic of the thesis was the development of processing algorithms of airborne SAR
data for deep-ice sounding in polar regions. The radar instrument, called PASIN2, is designed
and operated by the British Antarctic Survey (BAS), with University College London (UCL)
participating in the data processing. The project in which the thesis was included belongs to the
Natural Environment Research Council (NERC), and from its description, the objective of the
thesis is “to add value to the survey by exploiting the 3D potential of the acquired data and
producing a seamless swath image of the ice bed”.
The work spanned data calibration, processing, and interpretation. This was achieved in five
stages: 1) literature review of radar and glaciers; 2) mathematic and software developments; 3)
tests; 4) analysis of results and 5) glaciological interpretations. Continuous discussions between
UCL and BAS were held, from both the engineering and scientific point of view.
The novel contributions of the thesis are listed below.
1) A procedure that calibrates the phase of the transmitter and receiver channels, from
flight to flight, based on the signals directly coupled from transmitter to receivers.
These coupled signals measure the drifts relative to the calibration values, the latter
obtained in a dedicated calibration flight.
2) An algorithm to efficiently estimate the refraction paths travelled by the EM waves
within the ice. These estimations are a bottleneck in the processing chain, and hence
are typically performed using the small-angle approximations. The new technique
improves the accuracy of the refraction angle and propagation delay, at a slight cost in
computational time, by calculating the lower and upper limits of the refraction angle
from which to interpolate the final value and then adding iterations if needed.
3) The RGB Doppler decomposition method for analysing radar data and SAR images,
which evaluates and classifies the nature of the glacial internal layers and ice base.
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4) An EM-wave propagation model based on diffraction-refraction at the air-ice interface,
which enhances the SAR focussing in highly crevassed regions or areas with
unstructured internal layers, previously identified with the RGB Doppler
decomposition. This model improves the conventional based on the pure refraction
governed by Snell’s law.
5) Glaciological features have been revealed in the surveyed regions, such as the true ice
base identification and the profiling of grounding lines and ice-stream margins.

7.1 Conclusions

Glaciologic interpretations of ice flow dynamics are very sensitive to ice thickness

estimation. Therefore, a key measurement for scientists is the 3D mapping of the bedrock
topography, free of ambiguities. However, single 2D SAR images present ambiguities for
distinguishing between scatterers from port (left) and starboard (right) directions. This occurs
because the antennas are pointing vertically downwards, to take advantage of the greater radar
cross-section under perpendicular incidence. With side-looking geometry, ambiguities within
the illuminated side still may occur. The solution adopted for PASIN2 was an across-track
physical array. By processing as many 2D SAR images (depth and along-track dimensions) as
transmitter-receiver pairs, and combining the images for the direction of arrival (DoA, elevation
angle) estimation, a 3D map can be achieved. However, a seamless map is only possible
depending on the characteristics of the ice base.
The physical array of PASIN2 is not linearly distributed (Figure 2-3). Due to structural
constrains of the aircraft, the array is divided into three sections, aligned with different
orientations, offsets and antenna separations. Moreover, the antennas have also different neardistance contour conditions, because some are mounted under the wing, closer or farther from
the fuselage, whereas others are below the fuselage. This requires a proper calibration, in
amplitude and phase, of each transmit and receive path, so that the combination of channels
can result in an enhanced performance. The calibration was divided into: 1) intra-calibration
(section 2.8), for compensating the spectral response of the received pulses relative to the
expected; and 2) inter-calibration (Chapter 3), that measures the amplitude and phase of the
radiation patterns, relative to a reference channel. Intra-calibration, as it only analyses the
received pulses regardless its DoA, can be easily performed within the data take. The small
deviations found, even without compensation, do not influence the DoA estimation. However,
the inter-calibration is based on the DoA, and the phase and amplitude are calibrated (section
3.3) with special calibration flights over a calm sea surface, with aircraft rotation angles that
allow to measure the DoA of interest (Figure 3-6). As the transmission pattern is modulated by
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the array factor of the four radiating antennas, some directions of arrivals present nulls (Figure
3-7), and hence the amplitude and phase at these DoA cannot be determined. In the received
data, it was observed a delay or advance of 1 sample in real domain (section 2.9) which is quick
and gradual. It is related to synchronization errors between the sampling or the stacking in
reception and the sample recording. This sample shift causes a phase variation of ±90° (Figure
3-16), very important for the later DoA estimation. For detecting this event, the direct pulses
were used (section 3.4) that are the result of electronics breakthrough and radiated signals from
the transmitter to the receivers, without scattering from the bottom (ice, bedrock, water, etc.).
These direct signals are independent on the region overflown, since they only depend on the
aircraft structure and internal electronics. However, in case of failure of any of the radiating
antennas or electronics, the direct signals can vary. This possibility adds to the problem of
measuring the DoA in the nulls of the transmission antenna pattern. To avoid it, the proposed
solution was to use a single antenna transmitting for calibration, thus with a broad beamwidth
pattern, and insensitive to errors for the direct pulses (except complete failure).
The single SAR images were processed with Backprojection algorithm (section 4.3). This
algorithm, in its standard version, was chosen for its flexibility and straightforward
implementation. Efficiency was not a main consideration, except in the case of the refraction
path calculations (section 4.2), which were a bottleneck because the exact solutions require a
polynomial of degree 4. Instead, an iterative method was developed (section 4.2.3), in which the
solution is initially obtained from lower and upper bounds by using small-angle approximations.
If needed for increasing the path accuracy, subsequent iterative approaches can be applied.
After Backprojection, the SAR image was analysed by studying the Doppler spectrum that
corresponds to each output pixel. Internal layers, bedrock and ice-water interfaces are each
characterised by different Doppler content: internal layers mainly scatter a narrow Doppler
bandwidth, corresponding to the perpendicular direction to its slope; bedrock is made up by a
wide bandwidth, scattering towards multiple directions; and ice-water interfaces depend on the
basal regime. As analysis tool, it is recommended a Fourier Transform in the along-track
dimension of the whole image, that separates the total spectrum into sub-bands: typically three
with the same bandwidth and contiguous, covering negative, near-zero and positive
frequencies. After equalizing the bands, each is assigned a colour (red, green and blue), to be
finally combined into a single R (red) G (green) B (blue) image. Thus, internal layers are mainly
identified by a unique colour, depending on their negative, near-zero or positive slope; smooth
surfaces like air-ice or ice-water interfaces (such as lakes), are characterized by near-zero
frequencies; and bedrock is mainly identified with a homogeneous combination of bands, hence
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with white colour (Figure 4-26). This analysis method is called RGB Doppler decomposition
(section 4.4), and allows a quick identification of the englacial features: 1) the profiling of the
internal layers even in case of disruption; 2) the distinction between a secondary reflection from
surface and the main from the ice base; and 3) most importantly, the quality of the focussing.
The SAR focussing is measured with the spreading of Doppler frequencies along the
transmitted pulses (radar locations) within the aperture. The spreading informs the accuracy of
the propagation path estimate. In regions with fast-flowing ice, the lack of focussing was
exaggerated (section 6.2). The identification of bands with colours let observe the direction of
the Doppler spreading. Before processing, the positive Doppler frequencies (radar approaching)
from a scatterer appear earlier than the negative (radar moving away), and hence their
allocation after processing indicates whether an over or undercompensation occurred. Before
processing, off-nadir scatterers have a Doppler band slightly more spread than nadir scatterers
with the same shortest range-delay (section 4.1.2) and so, if the expected response from nadir
is used, off-nadir scatterers appear undercompensated after processing. In the case of the
analysed fast-flowing ice stream regimes, the Doppler response was extremely unfocussed, with
an overcompensation after processing, as if the ice medium had an unrealistic refractive index
of approximately 9. The origin of such an error could only be the propagation model, because
other possibilities were discarded: 1) the presence of off-nadir scatterers, because the sign of
the unfocussing is opposite; 2) lack of accuracy in the refraction, because it was exactly
estimated with Snell’s law (section 4.2.1); and 3) deviations in the refractive index, because 9 is
an extremely high value compared to the accepted of 1.78 for ice (Figure 1-11). The only possible
answer was a different mechanism for wave propagation, typically only based on pure refraction
following Snell’s law. Snell’s law does not consider absorption losses, for example due to
crevasses or anisotropies likely occurring in ice streams, so it is reasonable to expect different
paths. The model that much better adjusted to focus the Doppler frequencies (in fast-flowing
ice) consisted of a propagation in ice within an incidence plane perpendicular to the aircraft
trajectory (section 6.2). This implies incidence planes in air and ice are different, except when
the radar is located for zero Doppler frequency, so that for this location, the conventional Snell’s
law applies. This is the reason for referring to this new model as diffraction-refraction (refraction
followed by diffraction). However, although this model fits well, it might not be the correct one,
because different track orientations and polarizations (in transmission and reception) still need
to be checked. Most importantly, the propagation may influence the 3D-mapping outcome.
The DoA of the scatterers results from the combination of the multiple SAR images. The
DoA was obtained from either the linear beamforming or the non-linear high-resolution MUSIC
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algorithms. Beamforming, as beam-steering with null-steering, was applied for imaging the
surface of Rothera station (Figure 5-3), sited on Adelaide Island, Antarctic Peninsula. Rothera is
the main station of the BAS team responsible of PASIN2, and because its elevation profile is
known and delivered as a digital elevation model (DEM), it is optimum for comparing the results
of DoA mapping with the DEM. Null-steering was validated, but the output did not reveal the
details expected from all the infrastructure deployed. This could be because of the lack of
resolution or the concave profile of the station, that hinders the differentiation of features.
For DoA estimations, MUSIC (section 5.2) was preferred over others like Maximum
Likelihood because of its easier interpretation and implementation. MUSIC offers higher
resolution than beamforming, but its maximum performance is achieved only for linear and
uniformly distributed arrays, which is not the situation of PASIN2 except for a group of receivers
(either port, belly or starboard sides). In the case of a single DoA, any distribution of the array is
valid, but for two or more DoA, MUSIC outputs may differ from the real DoA. As the maximum
expected DoA was 3 (one each from port, nadir and starboard) for a single detected depth, the
original antenna distribution of PASIN2 is not suitable for MUSIC. In this sense, a procedure was
developed to obtain an equivalent linear and uniform array, that becomes the new input for
MUSIC. The cost is the loss of a sample in the length of the input vector to MUSIC, that is, if 12
channels are used, after the uniformization the length becomes 11, without a great degradation
in the theoretic output performance according to the Cramer-Rao bounds. The performance of
MUSIC with three DoA was tested with the calibration flight above the calm sea, by overlapping
three regions overflown with different roll angles (Figure 5-7). MUSIC after uniformization, was
not used for mapping Rothera station, being one of the tasks left by the thesis. The
uniformization was also shown to be effective for beamforming, in case a windowing (such as
Gaussian or Hanning) of the channel vector is used for reducing sidelobe levels (section 5.3).
The results of MUSIC for englacial scatterers were compared with the mappings from two
perpendicular tracks (section 6.1). The region chosen was the central region of the Recovery Ice
Stream, with a subglacial channel remarkably detected by the radar: one track detects the
channel in nadir direction (vertical), whereas the perpendicular track detects the channel as an
off-nadir (side) scatterer, and thus after refraction. Given the position of the scatterer and the
radar track, the off-nadir location should be detected at about -40° (from starboard), but from
MUSIC the angle was -30°. Although the thickness mapping with -30° offers a great correction
relative to the incorrect assumption of a vertical DoA, still the 10° error must be accounted for.
This error could arise from: 1) wrong SAR processing of each channel; 2) lack of DoA calibration
beyond ±25°; 3) the uniformization of the array; and 4) the propagation model, which might not
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exactly correspond to the Snell’s law in fast-flowing ice, even at zero-Doppler. Both the
conventional model with pure refraction and the suggested of diffraction and refraction, were
compared as inputs for MUSIC, but as the for zero-Doppler frequency (the central) the
propagations are the same, the DoA is essentially the same. For rejecting the possibility of errors
due to uniformization, instead of using all the 12 available channels for a single transmitter side,
a smaller number of channels uniformly spaced were used, such as any pair, triplet or quartet
within port, belly or starboard arrays. Then, the initial difficulty of PASIN2 being a non-uniformly
distributed array turns into an advantage, because it is regarded as a diverse array. With
different antenna separations and orientations, port, belly and starboard pairs, triplets and
quartets offer multiple independent DoA estimations, from which to obtain statistics such as the
mean or standard deviation. These proved to be useful for quantifying the validity of the partial
and overall DoA estimations. The standard deviation of the multiple estimations at one pixel are
used as a threshold, for an automatic detection of real scatterers (englacial or bottom) against
estimations dominated by noise or clutter, because the former have lower DoA variance than
the latter. The deviations of the DoA estimations from multiple pairs of channels can also be
used for checking the calibration: if a channel has been incorrectly calibrated, the DoA with the
two pairs involving that channel will present greater mean deviation than the rest of the pairs.
DoA images that show a clear variation around the neighbourhood of a pixel, are suspected to
be the consequence of speckle noise, that hinders a high coherence between channels. An
increase of the transmitted bandwidth could reduce the speckle noise, because conventional
speckle filters cannot be applied, since their outputs are intensity levels, not phase.
After the DoA procedure, the 3D mapping is carried out (section 5.4). This effectively
resolved the across-track ambiguity and allocated the glacial bottom. The mapping is the final
product delivered to the scientists, who in turn interpret the results, either directly or as input
to other glaciological models. However, useful analysis of results can also be done at earlier
stages, like from the SAR images. Due to uncertainties in the EM-wave propagation model, the
RGB Doppler decomposition after range-compression is strongly recommended to better
understand the surveyed region: depending on the observed internal layering structure within
an ice-flow regime, it seems clear that a particular EM-wave propagation model must be
adopted. Thus, it is recommended to perform a fast analysis of the data, and a later SAR
processing. The Doppler decomposition also was useful in ice streams to find the englacial shear
margins with slow ice (Figure 6-14), which might not be vertically defined as assumed with the
superficial limits from interferometric instruments. As the internal layering viewed with the RGB
Doppler decomposition is different within fast and slow ice regimes, the internal shape of the
margins can be observed.
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The airborne platform can be configured to have full quad-polarimetric capabilities. These
data takes are a special case (section 6.3). If two copolar receivers are used, the two transmitter
arrays (port and starboard) must be considered. Then, because each transmission radiation
pattern is different, the DoA of each detected scatterer must be first estimated, so that the
polarimetric combination or comparison can be fairly done. This means polarimetric processing
requires: 1) full calibration for all transmitters, receivers and dipole orientations; and 2) full DoA
estimation for each polarization, assuming each polarization can detect different features. These
steps will be part of the future work.

7.2 Future research and work

The thesis presented a number of aspects that must still be covered. Among them, the

maximum exploitation of PASIN2 capabilities.
1) The increase of the number of used channels from 12 to 24, by combining the
transmissions from both port and starboard sides. For directions of arrival (DoA)
estimation with MUSIC, this will require a new study of the linearization and
uniformization with 24 elements, considering that 4 of the 24 phase centers are
equivalent.
2) The amplitude and phase calibration of DoA greater than ±25° (constrained by the safe
flying conditions of calibration flights), to validate the maximum beamwidth of ±38°
given by the antenna separation. This requires calibration flights close to the ice fronts
of ice shelves (section 3.5), and thus they must be first allocated.
3) The application of existing cross-track beamforming techniques, such as Maximum
Likelihood (ML) and Minimum Variance Distortionless Response (MVDR). They are an
extension for completeness, because the algorithms are already developed and openly
published, except for the mentioned linearization and uniformization.
4) The interpretation of polarimetric data takes (section 6.3) is a clear topic to improve,
because the results presented in the thesis only highlighted the intensity differences
of the ice bottom or internal layers, but without further analysis.
Topics suggested in the thesis extend to the fields of radar processing or ice-sounding radar.
They are not only of application for PASIN2, and thus could also be tested with instruments or
data collected by other engineering or scientific groups. These topics are listed below.
1) The along-track processing, based on Backprojection, can be improved for single SAR
images:
i) beamforming by null-steering, for clutter cancellation (section 5.1.1);
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ii) narrow Doppler bandwidth detection with MUSIC, for deep or masked bottom
(section 5.5).
2) The slope of internal-layer accretion can be estimated by RGB Doppler decomposition,
after analysing and interpolating the central and border Doppler frequencies of each
sub-band.
3) Across-track SAR can allow the usage of a single antenna for DoA estimation (section
5.6), what increases the integration of multiple instruments on board. This is achieved
by varying the across-track antenna location, with aircraft rotational movements. A
proof of concept was validated in the thesis, but the antenna locations in PASIN2 limit
the DoA estimation, resulting in ambiguous left/right DoA. However, the concept can
be further tested with PASIN2, flying above regions previously mapped that resolve
the ambiguity, like for example, the clear central subglacial channel in the Recovery
Ice Stream (Figure 6-10).
4) The EM-wave propagation mechanisms (section 6.2), that affect the along-track
quality of the single SAR images and the subsequent products such as DoA estimations.
Although in the thesis a propagation model by diffraction and refraction was proposed,
other models could also be suggested, in which the SAR images are better focused and
the 3D-mappings match when comparing perpendicular tracks. The propagation paths
can be inferred from the Doppler defocussing. This topic can be worked with the
collaboration of other groups, with surveys over many different regions, instruments
and setups, such as
i) polarizations of transmitter and receiver;
ii) orientations of radar track.
As possible improvements for PASIN2, these are regarding calibration, transmission patterns
and speckle reduction.
1) The possibility of varying which antennas are used for transmitting, in particular from
a single element:
i) direct pulses will result in a more consistent relative estimation, because they
would be insensitive to electronics or failures (section 3.4);
ii) with a single transmitting dipole, although the transmitted power is reduced, it
avoids the antenna pattern nulls and increases the natural beamwidth (Figure
3-7), what could be useful.
2) The increase of transmitted bandwidth might reduce the speckle noise, for improving
the coherence between channels, and thus the DoA estimations.
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Appendix A.
Elevation angle calculations

A.1. Ice medium with two ice layers

The exact elevation angle ε0 in air layer from a radar to a scatterer with an ice medium

modelled by two ice layers (firn and glacial layers, then L = 2), is obtained by means of a
polynomial of degree 12 (4-57) on RGP, the ground distance covered on the air-ice interface
because of the elevation ε0. Particularising (4-56) for L=2 and isolating the root square factor in
one side, it results
2
d12 RGP
P2 = RG - RGP

RG - RGP

2

2

2
P1 P2 - 2 RGP RG - RGP d 2 P1 P2 + d 22 RGP
P1

2
2
P1 P2 + d 22 RGP
P1 - d12 RGP
P2 = 2 RGP RG - RGP d 2 P1 P2 .

(A-1)

After squaring each side and assigning them to polynomials on RGP,
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with polynomial coefficients

g12 = b62
g11 = 2b6b5
g10 = 2b6b4 + b52 - a8
g9 = 2 b6b3 + b5b4 - a7
g8 = b42 + 2 b6b2 + b5b3 - a6
g7 = 2 b6b1 + b5b2 + b4b3 - a5
g6 = b32 + 2 b6b0 + b5b1 + b4b2 - a4
g5 = 2 b5b0 + b4b1 + b3b2 - a3

(A-3a)
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g4 = b22 + 2 b4b0 + b3b1 - a2
g3 = 2 b3b0 + b2b1 - a1
(A-3b)

g2 = 2b2b0 + b12 - a0
g1 = 2b1b0
g0 = b02
and
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Finally, the elevation angle in air layer is
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A.2. Radar location for given off-nadir scatterer and Doppler
frequency

From Figure 4-1, with uniform ice thickness of relative refractive index nR, an airborne radar

following a straight trajectory with constant velocity v at height H, measures an off-nadir
scatterer, located in a relative across-track position y and depth d, with a Doppler frequency fD
depending on the along-track location x. The Doppler frequency determines the azimuth (αG)
and elevation (ε0) angles from radar to scatterer, according to the Doppler angle α. Recalling
(4-3) and (4-4)

2vn0 x t
2vn0
=
sina
l0 R
l0

(A-7)

sina = sin aG t × sin e 0 t .

(A-8)

fD t = and

For a particular across-track location and Doppler frequency, the along-track radar position x is
calculated from the elevation angle ε0 as

x = y × tan a G = y

sin a
sin 2 e 0 - sin 2 a

.

(A-9)

The elevation angle is obtained equalling the ground distance directly from the relative
coordinates of radar and scatterer to the summation of the ground distances covered in the air
and ice media, as

x2 + y2 =

y
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Reordering terms and clearing,
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E = s in 2 e 0

(A-12)

and rearranging and squaring for getting rid of the square root in (A-11)
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(A-13) can be expressed by a polynomial form on E, first in left and right sides with coefficients
ai and bi, respectively, and then grouping the common degree coefficients (gi)
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with
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