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Abstract—An advanced digital backward-propagation (DBP)
method using a separate-channels approach (SCA) is investigated
for the compensation of inter-channel nonlinearities in spatialand wavelength-multiplexed systems. Compared to the
conventional DBP, intra- and inter-mode cross-phase modulation
can be efficiently compensated by including the effect of the interchannel walk-off in the nonlinear step of the split-step Fourier
method. We found that the SCA-DBP relaxes the step size
requirements by a factor of 10, while improving performance by
0.8 dB for large walk-off and strong linear coupling. For the first
time, it is shown that in spatial multiplexed systems transmission
performance can be improved by sub-band processing of back
propagated channels.
Index Terms—Digital-Back Propagation,
Coupling, Spatial Division Multiplexing.
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I. INTRODUCTION

S

PATIAL-DIVISION MULTIPLEXING (SDM) has emerged as a
very promising solution for overcoming the capacity limit
of single-mode fibers (SMFs) [1]. Among the possible SDM
approaches, few-mode fibers (FMFs) and coupled-core multicore (CC-MCFs) offer the highest spatial information density.
They exhibit low nonlinear coefficients and high pumping
efficiency allowing for high spatial-density integration in
transponders [2] and add-drop multiplexers [3]. However, the
multitude of spatial modes introduces new impairments, namely:
group delay (GD) spread [4-10] stemming from the interplay
between differential mode delay (DMD) and linear mode
coupling (LMC), inter-mode nonlinear effects (IM-NL) [11-16],
and mode dependent loss (MDL) [17-19]. Among these, LMC
can play a critical role at reducing the GD spread, MDL
accumulation and nonlinear interactions efficiency [20-22].
Thereby, and with practical fibers operating in all LMC regimes
[23-30], the modelling of LMC has been under intensive research
[4-9] as well as its impact on the statistics of GD, MDL and NL.
The compensation of the linear impairments using digital and
analog techniques has been successfully demonstrated for longhaul transmission over 1000s km [31-35]. And more recently,
the impact of inter-mode nonlinearities (IM-NL) in SDM
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systems has been under study [36, 37] – having been shown that
their impact is non-negligible. As a consequence, the
investigation of applying digital back propagation (DBP) to
address the IM-NL penalties in SDM systems has attracted
interest [38-41] showing that considerable improvements can be
achieved for weak to intermediate linear coupling regime [39]
and identifying cases where increasing DBP bandwidth towards
full field compensation degrades the performance [41]. In this
paper, we explore alternative ways of implementing the nonlinear
compensation step in the split-step Fourier method (SSFM) for
SDM systems which are characterized by significant
decorrelation (as induced by DMD and LMC) between the
spatial- and wavelength-division-multiplexed (WDM) channels.
In SDM-WDM systems, the compensation of the four-wavemixing (FWM) contributions are characteristically complex just
like for conventional WDM systems over SMFs [42-45]. The
FWM contributions require phase-matching (in contrast to
XPM, which is inherently phase-matched). Therefore, the
strength of the newly created waves (in the FWM sense)
depends on the fiber link DMD and LMC (besides channel
spacing, fiber dispersion, signal power, modulation format and
baud rate). For instance, for fiber links with weak-tointermediate LMC, group delay management along the
transmission path leads to increased nonlinear efficiency [21] –
nevertheless, a relevant scenario since the equalization
complexity scales with the group delay spread [10]. Instead, in
this manuscript, we focus on systems with strong LMC and
non-negligible DMD that are also of major practical relevance
since the overall nonlinear efficiency is minimum [46] – FWM
efficiency is particularly reduced because of strong phasemismatching. However, conventional DBP is particularly ill
suited for SDM links with significant DMD and strong LMC –
similarly to the case of SMF links with unusual large
polarization mode dispersion [45]. The reason is that, in
conventional DBP, the introduction of FWM products while
back-propagating cannot be avoided, even when it is known
that during forward propagation the random evolution of the
dispersion operator has rendered FWM negligible. The key
reason being that conventional DBP considers a single signal
envelope representation (per polarization), independently of the
number of wavelength channels, preventing a specific type of
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inter-channel nonlinear interaction from being isolated and
nulled – note that conventional SMF links with low polarization
mode dispersion have no requirement for such feature.
In order to be able to null specific inter-channel nonlinear
interactions, signal propagation must be modeled using the
separated-channels approach (SCA) [42]. In this approach, the
total electric field signal is split into N parallel signals through
frequency filtering and frequency down-shifting. In this way,
the nonlinear coupling terms corresponding to intra-mode XPM
and IM-XPM can be kept while those representing FWM and
IM-FWM are nulled. Moreover, while in conventional DBP
only one value of the relative position (i.e. walk-off) between
the channels is considered when evaluating inter-channel
nonlinear interactions, SCA allows for an averaging over all
relative positions within each nonlinear step providing higher
accuracy estimates of the nonlinear interactions – relaxing the
step-size requirements.
This paper is organized as follows. Section II presents the
separate channels approach framework for WDM-SDM
systems. Section III presents the WDM-SDM system to be used
in this paper. Section IV presents and analyzes simulation
results for the conventional DBP and for SCA-DBP over a wide
range of DMD values and LMC strengths from the intermediate
coupling regime to the strong coupling regime; extending our
previous results in [39, 41, 47]. Section V draws the final
conclusions.
II. SEPARATE CHANNELS NONLINEAR SCHRÖDINGER
EQUATION FOR SDM-WDM SYSTEMS
In order to find the nonlinear terms responsible for intermodal
nonlinear interactions between a specific set of channels, the
total electric field has to be written as a sum over M distinct
modes, N + 1 distinct frequencies, and 2 orthogonal
polarizations. The total electric field vector in the frequency
domain is given by:
1
1
𝐄̃(𝐫, 𝜔) = 𝐸̃𝑥 (𝐫, 𝜔)𝑥̂ + 𝐸̃𝑦 (𝐫, 𝜔)𝑦̂ + 𝑐. 𝑐. =
2
2
1 𝐹𝑑 (𝑥, 𝑦)
(0)
∑[
𝐴̃ (𝑧, 𝜔 − 𝜔𝑣 )exp(−𝑗𝛽𝑑𝑠𝑙 𝑧)𝑖̂ + 𝑐. 𝑐. ]
2 √𝑁𝑢 𝑑𝑠𝑙

̃𝑵𝑳 (𝐫, 𝜔)
∇2 𝐄̃(𝐫, 𝜔) = −𝜔2 𝜇0 𝜀𝑝𝑟 (𝑥, 𝑦)𝐄̃(𝐫, 𝜔) − 𝜔2 𝜇0 𝐏

(2)

̃𝑵𝑳 (𝐫, 𝜔) is the Fourier transform of the nonlinear
where 𝐏
polarization 𝐏𝑵𝑳 (𝐫, 𝑡) due to the third-order nonlinear silica
(3)
susceptibility χ𝑥𝑥𝑥𝑥 . Mode coupling can be included in (2) by
replacing 𝜀𝑝𝑟 (𝑥, 𝑦) with 𝜀(𝑥, 𝑦) = 𝜀𝑝𝑟 (𝑥, 𝑦) + ∆𝜀(𝑥, 𝑦) where
∆𝜀 denotes the random perturbation in each fiber section. Here we
follow the model in [8], fluctuations of the fiber core-cladding
boundary are introduced by dividing the fiber in multiple sections
each with a random displacement of the core center position, such
that: 𝜀(𝑥, 𝑦) = 𝜀𝑝𝑟 (𝑥 + 𝛿𝑥, 𝑦 + 𝛿𝑦). This model has been proven
accurate in matching the analytical predictions for the statistics of
GDs in FMF links for all coupling regimes and over a wide range
transmission lengths 10 m-to-10,000 km [8]. Please see Fig. 8 in
[8] for insight into the shape of the fiber impulse response.
The wave equation (2) can be solved replacing (1), the
eigenvalue equation, the Taylor series of 𝛽𝑑𝑙 (𝜔) around 𝜔𝑠 and
applying the inverse Fourier transform. Afterwards,
considering the slowly varying envelope approximation (in
space and time) [48], selecting mode d by multiplying both
sides by 𝐹𝑑∗ and integrating over the x-y transverse plane, and
selecting the terms oscillating at each specific frequency 𝜔𝑠
such that 𝜔𝑝 + 𝜔𝑞 − 𝜔𝑟 − 𝜔𝑠 = 0, a coupled nonlinear
Schrödinger equation (CNLSE) can be written as:
(𝜕𝑧 + Ɗ +

𝛼𝑑𝑠𝑙
) 𝐴𝑑𝑠𝑙
2
= −j ∑ ∑ ∑ [
𝑎𝑝𝑖 𝑏𝑞𝑗 𝑐𝑟𝑘

𝜉𝑖𝑗𝑘𝑙 𝛾𝑎𝑏𝑐𝑑 𝐴𝑎𝑝𝑖 𝐴𝑏𝑞𝑗 𝐴∗𝑐𝑟𝑘
∙ 𝑒 −j∆𝛽𝑎𝑝𝑖,𝑏𝑞𝑗,𝑐𝑟𝑘,𝑑𝑠𝑙𝑧
(0)

]

()

(0)

− j ∑ 𝐴𝑎𝑠𝑖 𝐶𝑎𝑠𝑖,𝑑𝑠𝑙 𝑒 j(𝛽𝑑𝑠𝑙 −𝛽𝑎𝑠𝑖 )𝑧

(1)

𝑑𝑠𝑙

where 𝑑 = {1, … , 𝑀} is the mode index, 𝑠 = {−𝑁/2, … , 𝑁/2}
is the frequency channel index (N even, without lack of
generality), 𝑙 = {1, 2} is the polarization index (𝑙 = 1 refers to
x-polarization and 𝑙 = 2 refers to y-polarization), 𝐫 is the
position vector in Cartesian coordinates (x, y, z), 𝜔 is the
angular frequency, 𝑙̂ is the unit linear polarization vector, j is
𝑁/2
2
the imaginary unit, ∑𝑑𝑠𝑙 = ∑𝑀
𝑑=1 ∑𝑠=−𝑁/2 ∑𝑙=1, 𝐹𝑑 (𝑥, 𝑦) is the
transversal field distribution of mode d, 𝐴̃𝑑𝑠𝑙 (𝑧, 𝜔 − 𝜔𝑠 ) is the
Fourier transform of the slowly varying wave envelope
𝐴𝑑𝑠𝑙 (𝑧, 𝑡) (t is the time variable), 𝑁𝑑 = ∬|𝐹𝑑 (𝑥, 𝑦)|2 𝑑𝑥𝑑𝑦
such that 𝐹𝑑 (𝑥, 𝑦)⁄√𝑁𝑑 is the normalized electrical field
(0)

conjugate. Note that in (1), 𝐹𝑑 (𝑥, 𝑦) is assumed to vary
negligibly with 𝜔 within the C-band [48]. 𝐹𝑑 (𝑥, 𝑦) and 𝛽𝑑𝑙 (𝜔)
are solutions of the eigenvalue equation [48].
The propagation of the total electric field is governed by the
wave equation [48]:

distribution, 𝛽𝑑𝑠𝑙 is the value of the frequency dependent
propagation constant 𝛽𝑑𝑙 (𝜔) at 𝜔𝑠 , and 𝑐. 𝑐. stands for complex

𝑎𝑖

(2)
(3)
𝛽𝑑𝑠𝑙
𝛽𝑑𝑠𝑙
2
Ɗ=
−𝑗
𝜕 −
𝜕3
2 𝑡
6 𝑡
(𝑚)
𝛽𝑑𝑠𝑙 = 𝜕𝜔𝑚 𝛽𝑑𝑙 (𝜔)|𝜔=𝜔𝑠 (𝑚 = 1, 2, … )
𝜉𝑖𝑗𝑘𝑙 = 𝛿𝑖𝑙 𝛿𝑗𝑙 𝛿𝑘𝑙 + 2⁄3 𝛿𝑖𝑙 𝛿𝑗𝑙⊥ 𝛿𝑘𝑙⊥ + 1⁄3 𝛿𝑖𝑙⊥ 𝛿𝑗𝑙⊥ 𝛿𝑘𝑙
(0)
(0)
(0)
(0)
∆𝛽𝑎𝑝𝑖,𝑏𝑞𝑗,𝑐𝑟𝑘,𝑑𝑠𝑙 = 𝛽𝑎𝑝𝑖 + 𝛽𝑏𝑞𝑗 − 𝛽𝑐𝑟𝑘 − 𝛽𝑑𝑠𝑙
(1)
𝛽𝑑𝑠𝑙
𝜕𝑡

𝑒𝑓𝑓
𝑛2 𝜔𝑠 ⁄𝑐0 𝐴𝑎𝑏𝑐𝑑

𝐶𝑎𝑠𝑖,𝑑𝑠𝑙

𝛾𝑎𝑏𝑐𝑑 =
𝜔𝑠2 𝜇0
𝐹𝑎 𝐹𝑑∗
= (0) ∬ ∆𝜀(𝑥, 𝑦)
𝑑𝑥𝑑𝑦
2𝛽𝑑𝑠𝑙
√𝑁𝑎 𝑁𝑑

()
()
()
()
()
()

where (𝑎, b, c, d) are mode indices, (p, q, r, s) are frequency
indices, (i, j, k, l) are polarization indices, * stands for complex
conjugate; Ɗ in (4) accounts for chromatic dispersion and
(𝑚)
DMD; 𝛽𝑑𝑠𝑙 in (5) is the value of the mth derivative of the
frequency dependent propagation constant 𝛽𝑑𝑙 (𝜔) at 𝜔𝑠 ; 𝜉𝑖𝑗𝑘𝑙
in (6) groups the independent polarization combinations using
the Kronecker delta function 𝛿𝑖𝑙 ; ∆𝛽𝑎𝑝𝑖,𝑏𝑞𝑗,𝑐𝑟𝑘,𝑑𝑠𝑙 in (7) is the
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phase mismatch between waves 𝑎𝑝𝑖, 𝑏𝑞𝑗, 𝑐𝑟𝑘 and 𝑑𝑠𝑙; 𝛾𝑎𝑏𝑐𝑑 in
𝑒𝑓𝑓
(8) is the nonlinear coefficient between modes (a, b, c, d); 𝐴𝑎𝑏𝑐𝑑
eff
in (8) is the inter-mode effective area (A ) between modes (a,
b, c, d); n2 in (8) is the Kerr coefficient, approximately equal to
2.6∙10-20 m2/W[48]; 𝐶𝑎𝑠𝑖,𝑑𝑠𝑙 in (9) is the LMC coefficient
between mode d and mode a. The first term on the right-hand
side of (3) is responsible for all the nonlinear effects taking
place between the wave dsl and the all the other
2 × M × (N + 1) waves (including itself), this is, it includes all
the terms responsible by: self-phase modulation (SPM), intramode XPM, IM-XPM, intra-mode FWM, and IM-FWM. The
second term on right-hand side of (3) is responsible for the
LMC.
The CNLSE (3) can be simplified considering the phase
mismatch properties. Considering a common reference
frequency 𝜔0 , the terms in the RHS of (7) can be written as
(0)
(1)
𝛽𝑎𝑝𝑖 ≅ 𝛽𝑎𝑖 (𝜔0 ) − 𝛽𝑎𝑝𝑖 (𝜔0 − 𝜔𝑝 ), thereby:
∆𝛽𝑎𝑝𝑖,𝑏𝑞𝑗,𝑐𝑟𝑘,𝑑𝑠𝑙
𝛽𝑎𝑖 (𝜔0 ) + 𝛽𝑏𝑗 (𝜔0 )
≅(
)
−𝛽𝑐𝑘 (𝜔0 ) − 𝛽𝑑𝑙 (𝜔0 )
(1)
(1)
−𝛽𝑎𝑝𝑖 ∙ (𝜔0 − 𝜔𝑝 ) − 𝛽𝑏𝑞𝑗 ∙ (𝜔0 − 𝜔𝑞 )
+(
)
(1)
(1)
+𝛽𝑐𝑟𝑘 ∙ (𝜔0 − 𝜔𝑘 ) + 𝛽𝑑𝑠𝑙 ∙ (𝜔0 − 𝜔𝑠 )

()

(1)

𝛼𝑚𝑠𝑙
(𝜕𝑧 + Ɗ +
) 𝐴𝑚𝑠𝑙
2
𝐶
+ 𝐶𝑋𝑃𝑀 + 𝐶𝐹𝑊𝑀
= −j ( 𝑆𝑃𝑀
)
+𝐶𝐼𝑀−𝑋𝑃𝑀 + 𝐶𝐼𝑀−𝐹𝑊𝑀
(0)

()

1
2
2
𝐶𝑋𝑃𝑀 = 2𝛾𝑚𝑚𝑚𝑚 ∙ (∑|𝐴𝑚𝑝𝑙 | + ∑|𝐴𝑚𝑝𝑙⊥ | ) 𝐴𝑚𝑠𝑙 ()
3
𝑝

1
2
2
𝐶𝐼𝑀−𝑋𝑃𝑀 = 2 ∑ ∑ 𝛾𝑚𝑛𝑛𝑚 (|𝐴𝑛𝑝𝑙 | + |𝐴𝑛𝑝𝑙⊥ | ) 𝐴𝑚𝑠𝑙 ()
3
𝑛≠𝑚 𝑝

𝑝𝑖

𝑞𝑗 𝑟𝑘≠𝑝𝑖∧𝑞𝑗

𝜉𝑖𝑗𝑘𝑙 𝛾𝑚𝑚𝑚𝑚 𝐴𝑚𝑝𝑖 𝐴𝑚𝑞𝑗

∙

4 2𝑀
1
( 2 ∑ 𝛾𝑢𝑣𝑣𝑢 )
3 2𝑀 + 1 𝑀

)
𝐴∗𝑚𝑟𝑘 𝑒 −𝑗∆𝛽𝑚𝑝𝑖,𝑚𝑞𝑗,𝑚𝑟𝑘,𝑚𝑠𝑙 𝑧

(18)

𝑢,𝜈

In deriving (18), it is assumed that spatial modes that are
strongly coupled propagate with similar group delay (that is,
DMD should not be higher than a few ps/km).
In the strong coupling regime CSPM, CXPM, CIM-XPM became:
()

𝐶𝑆𝑃𝑀 = 𝜅|𝐴𝑚𝑠𝑙 |2 𝐴𝑚𝑠𝑙
2

()

𝑖
2

()

()

()

In the first term on the RHS of (11) the nonlinear contributions
due to SPM (CSPM) (12), intra-mode XPM (CXPM) (13), intramode FWM (CFWM) (14), IM-XPM (CIM-XPM) (15) and IM-FWM
(CIM-FWM) (16) are identified. Finally, (11) can be solved using
the SSFM modified for multimode propagation including LMC
as in [14].
Focusing here on back-propagation, the LMC in (11) can be
dismissed. Moreover, assuming negligible FWM terms, CFWM
and CIM-FWM are nulled. For operation in the strong coupling
regime, the nonlinear degeneracy factors and the nonlinear
coefficients in (12-14) are analytically averaged over all
possible occurrences of the LMC operator, considering that all
modes are strongly linearly coupled. In this way, the nonlinear
degeneracy factors and the nonlinear coefficients in (12-14) are
replaced by a single value 𝜅 given by [12]:

𝐶𝐼𝑀−𝑋𝑃𝑀 = 𝜅 ∑ ∑ ∑|𝐴𝑛𝑝𝑖 | 𝐴𝑚𝑠𝑙
𝑛≠𝑚 𝑝

(0)

𝐶𝑆𝑃𝑀 = 𝛾𝑚𝑚𝑚𝑚 |𝐴𝑚𝑠𝑙 |2 𝐴𝑚𝑠𝑙

(

∙𝑒
2
2
= 2𝛿𝑖𝑙 𝛿𝑗𝑙 𝛿𝑘𝑙 + 𝛿𝑖𝑙 𝛿𝑗𝑙⊥ 𝛿𝑘𝑙⊥ + 𝛿𝑖𝑙⊥ 𝛿𝑗𝑙 𝛿𝑘𝑙⊥
3
3
2
+ 𝛿𝑖𝑙⊥ 𝛿𝑗𝑙⊥ 𝛿𝑘𝑙
3

𝑝≠𝑠

𝑛𝑖

∑

𝜓𝑖𝑗𝑘𝑙

()

−𝑗∆𝛽𝑚𝑝𝑖,𝑛𝑞𝑗,𝑛𝑟𝑘,𝑚𝑠𝑙 𝑧

𝑞𝑗 𝑟𝑘≠𝑞𝑗

𝐶𝑋𝑃𝑀 = 𝜅 ∑ ∑|𝐴𝑚𝑝𝑖 | 𝐴𝑚𝑠𝑙

− j ∑ 𝐴𝑛𝑠𝑖 𝐶𝑛𝑠𝑖,𝑚𝑠𝑙 𝑒 j(𝛽𝑚𝑠𝑙−𝛽𝑛𝑠𝑖)𝑧

𝐶𝐹𝑊𝑀 = ∑ ∑

𝑛≠𝑚 𝑝𝑖

𝜅=

Assuming that |𝛽𝑑𝑙 (𝜔0 )| ≫ |𝛽𝑑𝑠𝑙 ∙ (𝜔0 − 𝜔𝑠 )| for any dsl with
𝜔𝑠 and 𝜔0 in the C-band, phase mismatch (10) can only be
made approximately zero if the terms in the first parenthesis in
the RHS of (10) can be made approximately zero. Furthermore,
assuming that even for pairs of degenerate linearly polarizer
(LP) modes the effective index difference is not lower than
~10-5 [49], the possible mode matching conditions are (a = m,
b = n, c = n, d = m) and (a = n, b = m, c = n, d = m).
Considering the abovementioned phase mismatch properties,
the CNLSE are given by:

𝑝≠𝑠

𝐶𝐼𝑀−𝐹𝑊𝑀

𝜓𝑖𝑗𝑘𝑙 𝛾𝑚𝑛𝑛𝑚
= ∑ ∑ ∑ ∑ ( ∙ 𝐴𝑚𝑝𝑖 𝐴𝑛𝑞𝑗 𝐴∗𝑛𝑟𝑘 )

()

𝑖

III. INTRA-MODE AND IM-XPM POST-COMPENSATION USING
DIGITAL BACKWARD PROPAGATION
The above system of equations (11) is solved in the digital
domain with the SSFM with the linear and nonlinear parts
solved independently which is accurate over a sufficiently short
distance. For the implementation of the DBP algorithm we use
a constant step size h.
The linear step in (11) is solved in the frequency domain with
a transfer function given by:
(1)

𝐻𝑚𝑠𝑙 (𝜔, ℎ) = exp [j (𝛽𝑚𝑠𝑙 (𝜔 − 𝜔𝑠 ) +
(3)

+

𝛽𝑚𝑠𝑙
6

(2)

𝛽𝑚𝑠𝑙
2

(𝜔 − 𝜔𝑠 )2

()

(𝜔 − 𝜔𝑠 )3 ) ℎ]

assuming that the spectral change induced by nonlinearity is
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weak along the step length. The nonlinear step solution is
conventionally given by:
𝐸𝑚𝑠𝑙 (𝑡, 𝑧 + ℎ) = 𝐸𝑚𝑠𝑙 (𝑡, 𝑧)exp[j𝜑𝑆𝑃𝑀 + j𝜑𝑋𝑃𝑀
+ j𝜑𝐼𝑀−𝑋𝑃𝑀 ]

()

channel

where 𝜑𝐼𝑀−𝑋𝑃𝑀 , the inter-mode XPM-induced phase
modulation generated in the current split step, is conventionally
obtained by:
channel

()

𝜑𝐼𝑀−𝑋𝑃𝑀 (𝑡, 𝑧) = 𝐶𝐼𝑀−𝑋𝑃𝑀 ℎ

𝜑𝑆𝑃𝑀 and 𝜑𝑋𝑃𝑀 are obtained in the same fashion. However,
through spatial integration, just like for SMF systems [42], the
IM-XPM-induced phase modulation can be expressed in the
frequency domain as follows:

Fig. 1. Block diagram for the nonlinear operator implementation considering
explicitly a sub-set of three channels.

𝜑𝐼𝑀−𝑋𝑃𝑀 (𝑓, 𝑧)
= ∑ ∑ ∑ [𝜅
𝑛≠𝑚 𝑝

𝑖

channel

1 − exp[−(𝛼 − j2𝜋𝑓𝑑𝑛𝑝𝑖,𝑚𝑠𝑙 )ℎ]
∙
𝛼 − j2𝜋𝑓𝑑𝑛𝑝𝑖,𝑚𝑠𝑙

𝑛𝑝𝑖,𝑚𝑠𝑙

()
2

ℎ
ℎ
exp [(𝛼 − j2𝜋𝑓𝑑𝑛𝑝𝑖,𝑚𝑠𝑙 ) ] ∙ 𝐹 {|𝐴𝑛𝑝𝑖 (𝑡, 𝑧 + )| }]
2
2
(2)
(2)
𝑑𝑛𝑝𝑖,𝑚𝑠𝑙 = 𝛽𝑛0𝑖 (𝜔𝑝 − 𝜔0 ) − 𝛽𝑚0𝑙 (𝜔𝑠 − 𝜔0 )
+

(1)
(𝛽𝑛0𝑖

−

(1)
𝛽𝑚0𝑙 )

()

where 𝑑𝑛𝑝𝑖,𝑚𝑠𝑙 is the walk-off between the channel 𝑝 (at mode
𝑛 polarization 𝑖) and channel 𝑠 (at mode 𝑚 polarization 𝑙), and
(2)
(2)
𝐹 represents the Fourier transform. 𝛽𝑛0𝑖 is the 𝛽 of mode 𝑛
polarization 𝑖 at 𝜔0 . In contrast to (24), where only one value
of the relative position between the channels 𝑛𝑝𝑖 and 𝑚𝑠𝑙 is
taken into account, (25) is the result of an averaging over all
relative positions within one split-step, which is the key idea of
[42]. As a result, much larger step sizes are allowed. Note that
(24) neglects the conversion of the induced phase modulation
into intensity modulation which is a reasonable approach since
the conversion within one split-step is weak [50].
The approach in (25), involving a frequency domain filter,
requires an additional direct and inverse Fourier transform
increasing the complexity per step. However, by factorizing the
walk-off effect, the step size can be substantially increased in
typical WDM-SDM scenarios, where the walk-off length is
much shorter than both the nonlinear length and the intrachannel dispersion length. Therefore, significant savings in
computation are anticipated.
In our implementation of the separate channels approach,
after coherent detection, the channels were first digitally
demultiplexed using brick wall filters following a downsampling to 2 × samples/symbol before DBP. In this case, the
DBP nonlinear step is implemented using the filters calculated
in accordance to (25), this is:

1 − exp[−(𝛼 − j2𝜋𝑓𝑑𝑛𝑝𝑖,𝑚𝑠𝑙 )ℎ]
𝛼 − j2𝜋𝑓𝑑𝑛𝑝𝑖,𝑚𝑠𝑙
ℎ
∙ exp [(𝛼 − j2𝜋𝑓𝑑𝑛𝑝𝑖,𝑚𝑠𝑙 ) ]
2

𝐻𝐼𝑀−𝑋𝑃𝑀 (𝑓, 𝑧) = 𝜅

()

For example, for a 19-channel system with 12 polarization
modes we need 12 × 19 × (19-1) = 4104 filters per step.
Therefore, the implementation of this large number of filters
requires practical efficiency. Fortunately, the filters in (27) can
be pre-computed prior to running the DBP. Only two fast
Fourier transforms (which are the most time-consuming
operations of the calculation) per channel are required for the
application of the filters in (27). Fig. 1 presents a block diagram
for the nonlinear operator implementation. The phase
modulation induced by each channel is accounted by applying
the filters in (27) to the Fourier transform of the intensity of
interfering channel (already calculated for the SPM step) –
following the same structure proposed in [42]. The phase
induced spectrums are then added in the frequency domain,
Fourier transformed to the time-domain, and finally applied to
the signal together with SPM induced phase.
IV. SIMULATION SETUP
In this section we describe the WDM-SDM transmission setup
used to evaluate the SCA-DBP potential.
The simulation setup is shown in Fig. 2. A mode-divisionmultiplexing system using a FMF with 6 linearly polarized (LP)
modes (LP01, LP02, LP11a, LP11b, LP21a and LP21b) each with 2
orthogonal polarizations is considered. The fiber was optimized
in [51] for low DMD; linear and nonlinear characteristics at
1550 nm are given in table I and II, respectively. Transmission
simulations consider an optical super-channel with a varying
number of WDM channels (per mode) modulated with
14 Gbaud polarization-multiplexed 16QAM, 15 GHz spaced;
the line rate per channel is 672 Gbit/s. Together with the
information data, a preamble is transmitted consisting of
constant amplitude zero autocorrelation (CAZAC) sequences,
used for time synchronization and channel estimation. Root
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Fig. 2. Block diagram for system simulations using a fibre with 6 LP modes
each with 2 orthogonal polarizations.
TABLE I. FIBRE LINEAR CHARACTERISTICS AT 1550NM.
u
LP01
LP02
LP11a LP11b LP21a LP21b
βu(1) [ps/km]
-0.29
-2.93
-0.66
-0.66
2.27
2.27
βu(2) [ps2/km]
-28.28
-27.48
-28.25
-28.25
-27.86
-27.86
βu(3) [ps3/km]
0.15
0.15
0.15
0.15
0.15
0.15
αu [dB/km]
0.2
0.2
0.2
0.2
0.2
0.2
TABLE II. NONLINEAR COEFFICIENTS* (γuv) [W-1/KM] AT 1550NM.
u
v LP01
LP02
LP11a LP11b LP21a LP21b
LP01
0.73
0.36
0.36
0.36
0.18
0.18
LP02
0.36
0.36
0.18
0.18
0.18
0.18
LP11a
0.36
0.18
0.55
0.18
0.27
0.27
LP11b
0.36
0.18
0.18
0.55
0.27
0.27
LP21a
0.18
0.18
0.27
0.27
0.41
0.14
LP21b
0.18
0.18
0.27
0.27
0.14
0.41
*Note that uvij = uvii= uv, the degeneracy factors are explicitly considered in
(2), (3) and (4).

raised cosine filters with a roll-off factor of 0.001 is used for
pulse shaping. Simulations considered 216 symbols per
polarization mode, the first 212 were CAZAC symbols and the
remaining were 16-QAM symbols mapped from a subset of a
223-1 PRBS [52]. The fiber attenuation is fully compensated
using an array of 6 erbium doped fiber amplifiers, considering
a noise figure of 4.5 dB and negligible mode dependent gain
since the aim of this section is to assess the impact of LMC and
DMD on the accuracy of the different solution methods.
Similarly, the mode multiplexer (MUX) and de-multiplexer
(DEMUX) were assumed to be ideal for the same reasons. After
homodyne detection, the baseband electrical signals are
sampled at 2 × Nch samples/symbol (where Nch stands for the
number transmission channels per mode), yielding 12 digital
signals (2 polarizations times 6 modes).
Afterwards, the coherently received signals are either (i)
compensated for chromatic dispersion in the frequency domain
using the values in the Table I or (ii) DBP compensated for
chromatic dispersion and nonlinear distortion [53, 54] using a
“virtual” fibre with characteristics of opposite-sign values of
those in the Table I and II, except that no mode coupling or
differential mode delay given the analytical averaging of the
nonlinear operator in equation (18). Two DBP methods were
followed: a conventional full bandwidth back propagation (as
in [41]) and the separate channels approach discussed in section
III. In all cases, LMC and (residual) DMD were subsequently
compensated using data-aided channel estimation and
equalization, as shown in Fig. 3. Coarse time synchronization
is performed using the Schmidl & Cox autocorrelation metric.
Subsequently, fine-time synchronization and channel impulse
response (CIR) estimation are performed by cross-correlating
with the training CAZAC sequences. The 12×12 CIR
estimations are converted into the frequency domain. The
MIMO frequency domain equalizer is calculated by inverting

the estimated channel matrix, and, finally, the signal-to-noiseratio of the channel of interest is estimated [55].
The figure of merit in the following is the minimum signalto-noise-ratio (SNR) among the 12 polarization modes guided
of the center wavelength channel. The SNR is evaluated as [55]
the ratio between the variance of the transmitted symbols E[|X|2]
and the variance of the noise E[|X − Y|2], X and Y represent the
received symbols, respectively. Note that, as explained in [55]
Sec. V-B treating samples from a nonlinear channel (the case in
this paper) as additive white Gaussian noise (AWGN) samples
gives a lower bound on the performance and this is what the
presented results indicate. For this reason the term effective
SNR should be understood when refering to SNR in the
following. Finally, system performance simulations consider
spans of 50 km, a relatively short length that allows for larger a
optical signal-to-noise-ratio while minimizing the total energy
requirement. Note that the optimum length to minimize the total
energy requirement for amplified systems with a fibre loss of
0.2 dB/km is actually 35 km [56].
DBP performance is known to be strongly depend on the
effective number of bits (ENoB) of the analog-to-digital
convertors in the receiver front-end [57]. Therefore, we
consider state-of-the-art analog-to-digital converters with an
effective number of bits equal to 6.5 bits.
V. TRANSMISSION MODELS COMPARISON
This section compares the separate channels approach
discussed in section III for DBP with a conventional full
bandwidth DBP approach analyzed in [41]. Forward
transmission simulation considers a symmetric implementation
of the SSFM with an adaptable step size chosen by bounding the
local error to be smaller than 10-5 (smaller values led to negligible
change). Backward propagation is done in all cases considering
a fix-step size. Simulations consider 19 channels per mode over
7 spans, for a wide range of DMD values (10 to 160 ps/km), and
LMC strengths (-30dB/m to 0dB/m) – denoted as XT, see [8]
for definition.
Fig. 3 shows the SNR as a function of the launch power for
linear equalization, conventional full bandwidth DBP and SCA-

(a)
(b)
Fig. 3. SNR as a function of channel power for linear equalization, conventional
DBP and SCA-DBP, with a DBP step size of 350 m, for a XT of 0 dB/m and a
DMD of: (a) 10 ps/km and (b) 20ps/km. Results averaged over 10 repetitions.
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(a)
(b)
Fig. 4. SNR with conventional DBP and SCA-DBP as a function of the DBP
step for high DMD (160 ps/km) and a XT of: (a) -10 dB/m and (b) 0 dB/m.
The launch power is 0dBm in all cases. Results averaged over 10 repetitions.

DBP. The results were obtained with a DBP step size of 350 m
for a XT of 0 dB/m and a DMD of: (a) 10 ps/km and (b)
20 ps/km. As expected from previous works, for very low DMD
and extremely strong XT, conventional DBP offers the most
gain. But, as DMD increases, the performance of conventional
DBP can degrade quickly, as seen in Fig. 3.
Fig. 4 compares the step size requirements for nonlinear
compensation using conventional DBP and SCA-DBP at
0 dBm/channel for high DMD (160ps/km) and two XT values:
(a) -10dB/m and (b) 0dB/m. For both XT values we can see that
the step required for a given technique to achieve quasioptimum performance is 250 m for conventional DBP and
2500 m for SCA-DBP. The step requirement for SCA-DBP is
10-times smaller. We can also see that in both cases SCA-DBP
outperforms conventional DBP, an improvement of 1 dB at
maximum nonlinear compensation performance (this is, for an
arbitrarily small step. In other words, SCA-DBP outperforms
conventional DBP by 1 dB using a 10-times larger DBP step.
Fig. 5 shows SNR gain over linear equalization as a function
of XT with varying DMD, considering: (a) conventional DBP
with a step of 250 m and (b) SCA-DBP with a step of 2500 m.
The SNR gain is calculated for the optimum launch power of
each equalization technique at each (XT, DMD) combination.
Note that a double tick line is used to highlight the range of
DMD and XT values leading to a GD spread equal or higher
than the lowest value experimentally reported to date,
2.5ps/√km [30]. The figure shows that for DMD ≥ 20 ps/km,
SCA-DBP outperforms conventional DBP for any XT value, the
performance advantage ranges from 0.3 to 0.8 dB over a range
of DMD and XT values compatible with the CC-MCF presented
in [30]. For smaller DMD values and extremely high XT values
(≥-10 dB/m), SCA-DBP is out-performed by conventional
DBP. In this latter case, DMD and LMC have not fully
suppressed FWM interactions and conventional DBP succeeds
in partially accounting for those – this regime resembles that of
conventional SMF links.
Finally, one can conclude that for significant XT and DMD
values (≥-30 dB/m and ≥20 ps/km, respectively) the SCA-DBP
provides a substantial SNR improvement (~0.5 dB) on top of
what conventional DBP achieves with much lower complexity

(a)
(b)
Fig. 5. SNR gain over linear equalization as a function XT with varying DMD
from 10-to-160 ps/km, for: (a) conventional DBP with a step of 250m and (b)
SCA-DBP with a step of 2500m. Note that for each equalization technique the
respective optimum launch power is used. Results averaged over 10 repetitions.

(~10-times). For extremely high XT and low DMD, (0 dB/m and
<20 ps/km, respectively), conventional DBP may perform
better at the expense of additional complexity, this is a much
smaller step size (~10-times).
VI. CONCLUSION
This work shows that even for the complex spatial multiplexed
systems under challenging LMC and DMD conditions there is
significant potential for performance improvement using DBP.
We have shown that a separate channels approach can be used
to improve DBP performance, in particular, for fibers with
significant XT and DMD (≥-30 dB/m and ≥20 ps/km,
respectively). Importantly, such an improved technique has
been shown to reduce the DBP step requirements by a factor of
10 while improving maximum-effort performance by as much
as 0.8 dB. The technique investigated in this paper is an
important step towards the development of digital nonlinear
compensation for spatial multiplexed systems.
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