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Abstract
This thesis investigates the application of new machine learning algorithms like Generative
Adversarial Networks (GANs), Transfer Learning, etc. as building blocks for reliable investment decisions. To improve a machine learning-based trading strategy assessment one
needs to consider the problem of backtest overfitting – strategies outperforming on training
data but underperform when presented with new data. In this sense, this thesis considers
three independent forms to deal with this problem: a) correcting performance metrics, such
as the Sharpe ratio, using covariance-penalty methods; b) using GANs to synthesize financial time series data and use them to improve trading strategies calibration and performance
assessment; and c) developing novel Transfer Learning-based strategies to deal with data
scarcity, spurious correlation and, by consequence, aiding in avoiding backtest overfitting.
This research is important for several reasons: (i) backtest overfitting is a pervasive problem that impacts practitioners and researchers across the financial markets; (ii) the increasing adoption of data-driven methodologies, particularly machine learning methods across
markets is demanding new forms of model validation and assessment; and (iii) GANs and
Transfer Learning are modelling paradigms with proven success in areas such as computer
vision, natural language processing, yet with insubstantial amount of research in the finance
domain.
This research comprises three experiments briefly described below:
Avoiding Backtesting Overfitting by Covariance-Penalties – in this experiment we propose a new approach to deal with financial overfitting, a covariance-penalty correction, in
which a risk metric is adjusted given the number of parameters and amount of data used to
underpin a trading strategy. We outline the theoretical foundation and main results behind
the covariance-penalty correction for trading strategies. After that, we pursue an empirical investigation and compare its performance with some other approaches in the realm of
covariance-penalties across more than 1,300 assets, using ordinary and total least squares.
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The findings suggest that covariance-penalties are a suitable procedure to avoid backtesting
overfitting, and total least squares outperforms ordinary least squares.
Generative Adversarial Networks for Financial Trading Strategies – this experiment
proposes the use of Conditional GANs (cGANs) for trading strategies calibration and aggregation. To this purpose, we provide a full methodology on: (i) the training and selection
of a cGAN for time series data; (ii) how each sample is used for strategies calibration; and
(iii) how all generated samples can be used for ensemble modelling. To provide evidence
that our approach is well grounded, we have designed an experiment with multiple trading
strategies, encompassing 579 assets. We compared cGAN with an ensemble scheme and
model validation methods, both suited for time series. Our results suggest that cGANs are
an efficient alternative for strategies calibration and combination, providing outperformance
when the traditional techniques fail to generate any alpha.
Transferring Learning Across Trading Strategies – in this experiment we introduce
QuantNet: an architecture that is capable to transfer knowledge across systematic trading strategies in several financial markets. By having a system that can leverage and share
knowledge across them, our aim is two-fold: to circumvent the so-called backtest overfitting problem; and to generate higher risk-adjusted returns and less drawdowns. In order to
evaluate QuantNet, we compared its performance to the option of not performing transfer
learning, that is, using market-specific old-fashioned machine learning. In summary, our
findings suggest that QuantNet performs better than non transfer-based trading strategies,
improving Sharpe ratio in 15% and Calmar ratio in 41% across 3103 assets in 58 equity
markets across the world.
The major contributions of this work are:
• A covariance-penalty correction formula that can be widely used by quantitative
strategists in the financial services;
• A new approach to synthesise financial time series that can be applied to calibrate
and improve model selection and assessment;
• A new framework to learn systematic trading strategies by cross-pollinating gained
knowledge in different financial markets.
This work has been done in conjunction with Nomura International, Goldman Sachs International, and The Alan Turing Institute. This research has directly resulted in 7 papers.

Impact Statement
This thesis investigated the application of new machine learning algorithms like
Generative Adversarial Networks (GANs), Transfer Learning, etc. as building
blocks for reliable investment decisions. This work has been done in conjunction
with Nomura International, Goldman Sachs International, and The Alan Turing Institute. Each institution was responsible for the development of one of the three experiments: (i) Avoiding Backtesting Overfitting by Covariance-Penalties; (ii) Generative Adversarial Networks for Financial Trading Strategies; and (iii) Transferring
Learning Across Trading Strategies.
In our view, each experiment, respectively, generated the following new major
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synthesise financial time series that can be applied to calibrate and improve model
selection and assessment; and (iii) a framework to learn systematic trading strategies by cross-pollinating gained knowledge in different financial markets. These
contributions were readily made available and deployed in many occasions inside
the same institutions. By tackling such important problems, this thesis aimed to
make the development of more sophisticated and complex trading strategies more
seamless and safe, such as the case of Machine and Deep Learning technologies.
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Chapter 1

Introduction
In this chapter, I describe the research motivations, objectives, methodology, major
contributions, and finish with an outline of the thesis chapters.

1.1

Research Motivations

Artificial Intelligence (AI) trading strategies account for an increasing share of the
total assets under management by Investments Banks, mostly Hedge Funds, with
general algorithmic trading systems account for 70%-80% of US Equity trades
[1, 2, 3]. The latest trend is algorithms that continuously evolve and mutate to
their Capital Markets ecosystem. Influential algorithms include Long-Short Term
Memory: a type of deep recurrent neural network capable of learning arbitrary
long-term dependencies; Generative Adversarial Networks (GANs): an architecture comprised of two networks, pitting one against the other; and Transfer and
Meta learning families: paradigms to reuse experience gained by solving predecessor problems as well as fine-tuning them for unseen tasks [4].
This new imperative demands novel forms to assess, design, and deploy systems that are ethical, transparent, accountable and safe. In the context of trading
strategies, safety can be translated to how close the backtesting is to its real performance when deployed. Partly due to the abundance of misleading results produced
from backtested results, there is an increasing interest in devising procedures for
the assessment and comparison of strategies [5, 6, 7]. The goal is to devise schemes
for preventing what is known as backtesting overfitting. Backtest overfitting can be
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understood as a collateral effect that occurs during the identification of strategies,
resembling other practical modelling problems: overfitting in supervised learning
[8, 9, 10], or data-snooping due to multiple hypothesis testing biases, (also known
as p-hacking), a problem occuring frequently in the applied sciences [11, 12].
So far, financial researchers have proposed different ways to tackle this problem, which is becoming particularly acute with the emergence of machine learningbased trading strategies. In the following chapter (Background and Literature Review) we review many of these attempts, highlighting their pros and cons in different scenarios. This thesis adds new forms to tackle backtest overfitting, considering
three independent forms to deal with this problem: a) correcting performance metrics, such as the Sharpe ratio, using covariance-penalty methods; b) using GANs
to synthesize financial time series data and use them to improve trading strategies
calibration and performance assessment; and c) developing novel transfer learningbased strategies to deal with data scarcity, spurious correlation and, by consequence,
aiding in avoiding backtest overfitting.

1.2

Research Objectives

The main objectives of this research are to develop:
(i) a new approach to dealing with backtest overfitting, a Covariance-Penalty
Correction, in which a risk metric is lowered given the amount of parameters
and data used to underpins a trading strategy. We outline the foundation and
main results behind the Covariance-Penalty correction for trading strategies.
(ii) a process to train Conditional GANs for trading strategies calibration and
aggregation. In this we show how the training and selection of the generator
is made; overall, this part tends to be less costly than the whole backtesting
or ensemble modelling process.
(iii) a transfer-learning architecture that is capable to learn market-specific and
market-agnostic dynamics, named as QuantNet. QuantNet is trained over
different markets, building trading strategies that can pick up the ”signal”
instead of the ”noise” in the financial time-series.
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Research Methodology

The subjects treated in this thesis are reported in three chapters of this research,
named as:
• Avoiding Backtesting Overfitting by Covariance-Penalties
• Generative Adversarial Networks for Financial Trading Strategies
• Transferring Learning Across Trading Strategies
The next subsections present an abstract of each experiment.

1.3.1

Avoiding Backtesting Overfitting by Covariance-Penalties

Backtesting, the attempt to identify the appropriate parameters using historical data
available, has been highly criticized due to the abundance of misleading results.
Hence, there is an increasing interest in devising procedures for the assessment and
comparison of strategies, that is, devising schemes for preventing what is known as
backtesting overfitting.
So far, many financial researchers have proposed different ways to tackle this
problem that can be broadly categorised in three types: Data Snooping, Overestimated Performance, and Cross-Validation Evaluation. In summary, the Data Snooping and Overestimated Performance techniques aim to identify spurious results by
taking into account the number of trials and the performance from all attempted
strategies in a multiple hypothesis testing framework. Conversely, Cross-Validation
approaches provide more practical and generic mechanisms to individually finetune trading strategies.
In this experiment we propose a new approach to dealing with financial overfitting, a Covariance-Penalty Correction, in which a risk metric is lowered given
the amount of parameters and data used to underpins a trading strategy. We outline
the foundation and main results behind the Covariance-Penalty correction for trading strategies. After that, we pursue an empirical investigation, comparing its performance with some other approaches in the realm of Covariance-Penalties across
more than 1300 assets, using Ordinary and Total Least Squares – with the latter
providing superior performance.
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GANs for Financial Trading Strategies

The fine-tuning and combination of computational statistics and machine learning
models have been extensively researched in different domains, with distinct emphasis and assumptions – Forecasting, Financial Econometrics, Computational Statistics, and Machine Learning. Still, they are an active area of research, particularly
when it is focused on dependent data scenarios (e.g., time series). Emerging techniques such as Conditional GANs (cGANs) can have an impact into aspects of
trading strategies, specifically fine-tuning and to form ensembles.
The challenge is having to fit this generative model for a given time series. In
this experiment we demonstrate how the training and selection of the generator can
be made. To this purpose, we provide a full methodology on: (i) the training and
selection of a cGAN for time series data; (ii) how each sample is used for strategies
calibration; and (iii) how all generated samples can be used for ensemble modelling.
To provide evidence that our approach is well grounded, we have designed an
experiment with multiple trading strategies, encompassing 579 assets. We compared cGAN with an ensemble scheme and model validation methods, both suited
for time series. Our results suggest that cGANs are a suitable alternative for strategies calibration and combination, providing outperformance when the traditional
techniques fail to generate any alpha.

1.3.3

Transferring Learning Across Trading Strategies

The lack of generalization to new data is not a phenomena exclusive in finance: this
is faced by any data-driven procedure, and has been widely studied by the Statistics
and Machine Learning communities. At its core, this issue can be attributed to
spurious relationships, emerging between the input features (e.g. lagged returns)
and the outcome variable (e.g. returns), potentially surfaced or magnified by the
limited amount of data. More recently, a form of learning called Transfer Learning
has been employed to circumvent this data scarcity problem. The basic idea is
to pre-train a generic model across tasks that are similar to our target task; the
knowledge obtained by the pre-trained model is then transferred by encouraging
the target task model to yield similar parameters.
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More specifically to fitting trading strategies, it is hard to glean general market
dynamics from a single market due to spurious correlations, but by integrating idiosyncratic noise out, it may be possible to learn general market dynamics. Transfer
Learning is a framework for that. Using this learning paradigm, in this experiment
we introduce QuantNet: an architecture that is capable to learn market-specific and
market-agnostic dynamics. QuantNet is trained over different markets, building
trading strategies that can pick up the ”signal” instead of the ”noise” in the financial
time-series. In summary, our findings suggest that QuantNet performs better than
non transfer-based strategies, improving Sharpe ratio in 15% and Calmar ratio in
41% across 3103 assets in 58 equity markets across the world.

1.4

Major Contributions

This thesis is a contribution towards making trading strategies more reliable. Specifically, the main contributions that this research offers are:
• In Experiment I, we present a covariance-penalty correction formula that can
be widely used by quantitative strategists in the financial services. We believe
that such simple formula can be a powerful tool to improve strategies assessment, particularly those widely used by practitioners, like linear models,
moving averages, etc.
• In Experiment II a new approach to synthesise financial time series that can
be applied to calibrate and improve model selection and assessment. By enhancing both model calibration and combination, industry practitioners can
generate more reliable and profitable trading strategies.
• In Experiment III we outline a new framework to learn systematic trading
strategies by cross-pollinating gained knowledge in different markets. This
framework can easily be integrated to improve current strategies, and be a
focus of further research.

1.5

Structure of the Thesis

From the next chapter onwards, this thesis is organized in the following manner:
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• Chapter 2 Background and Literature Review. This chapter presents the
body of scientific literature scrutinized by this research. Our main goal
is to highlight the current gap in the literature that this thesis aims to fill.
Hence, we start with the main procedures developed to deal with backtesting
overfitting, such as: data-snooping, overestimated performance, and crossvalidation evaluation. After reviewing these traditional avenues, we move toward the current research on Generative Adversarial Networks and Transfer
Learning, particularly looking at papers that address finance, model validation, and backtesting.
• Chapter 3 Avoiding Backtesting Overfitting by Covariance-Penalties. After an introduction motivating the topic of backtesting overfitting, we analyse
linear strategies properties, avenues for optimizing its performance, particularly focusing on Sharpe ratio. We tie up all this information by formulating
the Covariance-Penalty formula for Sharpe ratio. Then, we empirically assess
this formula in relation to other alternatives, like Akaike Information Criteria. After presenting our findings, we close the chapter with a summary of the
experiment.
• Chapter 4 Generative Adversarial Networks for Financial Trading
Strategies. It starts with an introduction presenting some current approaches
for model calibration and aggregation, and how Generative Adversarial Networks can be a new alternative for both tasks. Second section provides
background information, how the training and selection of cGANs for time
series is performed, and their application to fine-tuning and ensemble modelling of trading strategies. Third section outlines the experimental setting
used for two case studies: fine-tuning and combination of trading strategies.
After this, the penultimate section presents the results and discussion of both
case studies, with the last section summarizing the chapter.
• Chapter 5 Transferring Learning Across Trading Strategies. We begin
with an introductory section, motivating the problem, approach used and
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highlighting the main findings of the experiment. The second section focuses
on the methodology employed in this work: firstly by delving into QuantNet, highlighting its architecture and other relevant details; secondly by detailing the datasets, experiments, assumptions and metrics used to evaluate
QuantNet. After this section, we present results and discussions, with the last
section exhibiting a summary of the experiment.
• Chapter 6 Critical Assessment and General Discussion. This chapter
presents the main contributions to science that this research offers and a critical assessment of the methodology and findings presented.
• Chapter 7 Conclusions and Future Works. This chapter summarizes the
methods and main findings generated by this thesis. We also cover possible
avenues for future works that can be based upon the results outlined in this
work.
• The main concepts used throughout the thesis are collected in the Appendix
for the convenience of the reader.

Chapter 2

Background and Literature Review
In this chapter, I describe the body of scientific literature scrutinized by this research. My main goal is to highlight the current gap in the literature that this thesis
aims to fill. Hence, I start with the main procedures developed to deal with backtesting overfitting, such as: data-snooping, overestimated performance, and crossvalidation evaluation. After reviewing these traditional avenues, I move toward the
current research on Generative Adversarial Networks and Transfer Learning, particularly looking at papers that address finance, model validation, and backtesting.

2.1

Backtesting

Many authors have pointed out flaws during the backtesting of a trading strategy
[5, 6, 7]. Generally, these are related to the excess of parameters that are free to
be set by the analyst (e.g., window size, scaling factors, signal transfer functions,
etc.) and the number of trials that are realized to backtest a strategy. We can outline,
chronologically, three distinct approaches in the literature to evaluate and deal with
backtesting overfitting: Data Snooping, Overestimated Performance, and CrossValidation Evaluation. Therefore, during this subsection we address the main issues
over backtesting trading strategies as well as the solution proposed by the different
authors and the lines of investigation.

2.1.1

Data Snooping

Data snooping is a problem commonly encountered in the realm of econometrics,
specifically when a researcher is exploring asset pricing models. Among several
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definitions in different contexts, in finance it is determined by the act of finding
significant yet spurious risk premia factors, due to the unavoidable reuse of the
same time series [13, 14]. The first work in this direction can be attributed to Lo
and MacKinlay [15], who attempted to highlight and quantified the effect of data
snooping in risk premia studies.
More precisely, the data-snooping problems/solutions tend to focus on the issue of Multiple Hypothesis Testing. Standard methods to adjust for snooping from
multiple hypothesis testing biases, such as by Bonferroni and Holm to control family wise error rates (FWER1 ) and by Benjamini-Hochberg-Yekutieli (BHY) for controlling False Discovery Rates (FDR2 ), are in relatively common use in applied sciences [11, 12]. These methods adjust for the likelihood of false discoveries due
to the correlation between multiple tests and are an effective way to prevent what
is otherwise known as p-hacking in the applied sciences. Nonetheless, since they
adjust to effectively worst-case scenarios, they are known to result in reductions of
power.
Due to the low power of the FWER adjustments, Westfall and Young [16] introduced bootstrap methods to estimate the empirical correlation between hypothesis tests as a way of optimising the power of the resulting adjusted test statistics.
Following on these, White [14] outlined one of the first attempts to improve test
statistics by applying bootstrap methods to identify spurious relationships in the
realm of trading strategies, applying them to technical trading rules [17]. Romano
and Wolf [18] advanced in procedures to more adequately correct multiple testing
and resourcing in more adequate forms of bootstrapping for standard errors calculations; we point also to more recent works in this direction [19, 20, 6, 21].
Since Romano and Wolf’s works can be seen as an extension of White’s work,
we briefly outline its algorithm for data snooping diagnosis. Let rit = Rit − Rbench,t
represent the excess return (R) of the asset i in relation to a benchmark bench at time
t. Each asset can represent a trading strategy with different parametrisation, and the
benchmark can be the usual 3-month London Interbank Overnight Rate return or
1 Probability
2 Expected

of making one false discovery, i.e., non-rejecting a strategy with Sharpe ratio = 0.
frequency of non-rejecting a strategy with Sharpe ratio = 0.
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simply an offset. Given a differentiable performance function P, a significance
level α, and a number of bootstrap samples B (b = 1, ..., B), do:
• Compute each asset performance: pi = P(ri1 , ..., rit , ..., riT ).
• Set V̂ =

√
T ∗ max(p1 , ..., pn ) as the maximum estimated performance across

the available assets.
• Set k = 1, and while all assets have not been rejected:
1. For b = 1, ..., B bootstrap samples, do:
(b)

(b)

(a) Take a bootstrap sample3 r.1 , ..., r.T from the sequence r.1 , ..., r.T .
(b)

(b)

(b)

(b)

(b) Compute each asset performance: pi = P(ri1 , ..., rit , ..., riT )
√
(b)
(b)
(c) Define the statistic Vb = T ∗ max(pi − p1 , ..., pn − pn )
2. Find the critical value ck by estimating the quantile (1 − α/k)% of Vb
empirical distribution.
√
3. Reject all strategies where ( T ∗ pi ) > ck ; remove these and place them
in the echelon k.
4. k+ = 1
• Report all echelons to the user.
Each echelon represents a subset of trading strategies that tend to perform similarly, but are superior/inferior to the followed/previous iteration. As it can be seen,
this method is based on a stepdown approach, since we start with the null hypothesis that corresponds to the largest test statistic. A final comment: for the first
iteration it is possible to calculate the p-value for the Bootstrap Reality Check [14]
B

V >V̂

by: pBRC = ∑b=1B b

. This statistic addresses the question whether the strategy that

appears best in the observed data really beats the benchmark; it does not attempt
to identify as many outperforming strategies as possible. We also highlight that
this presentation took the non-studentised version of Romano and Wolf procedure;
3 The

. notation is the abbreviation for ”all assets”.
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for the studentised version, which provides some improvements to the statistical
procedure, we refer to [18].
Finally, another related approach called Model Confidence Set [22, 23], acknowledges the limitations of the data, such as the fact that uninformative data
yield a MCS with many models, whereas informative data yield a MCS with only
a few models. By pairwise comparisons, this methodology creates confidence sets
(analogous to confidence intervals) that contains the best model or models given a
specified significance level.

2.1.2

Overestimated Performance

In Harvey and Liu [5] the authors present a multiple hypothesis testing framework
devoted to identify strategies incorrectly classified as profitable. Before delving
into the work [5], it should be mentioned that similar works have also proposed alternative ways to incorporate uncertainty and perform adjustments in the strategies
performance (mainly for Sharpe Ratios). A subset of these tends to favour hypothesis tests and confidence interval computations, starting from: (i) the classical i.i.d.
Gaussian returns [24]; (ii) then dropping Gaussian assumption with the support of
(independent) bootstrap [25]; (iii) more ahead, being able to pinpoint an asymptotic distribution for the Sharpe Ratio under non-i.i.d and more mild assumptions
[26, 27]; and finally (iv) dropping i.i.d. and underlying distribution assumptions
by applying improved forms of bootstrapping [28]. Another approach is by adjusting the Sharpe Ratio by computing the so-called Probabilistic Sharpe Ratio [29].
This measure computes the probability that a strategy performance is greater than a
benchmark, taking into account the skewness and kurtosis of the returns.
However, all these works do not take into account the number of trials done
to fully develop the strategy, or when an hypothesis test is being made to compare
different strategies. This information is relevant, because some improvement is expected whenever the analyst has access to information coming from the backtest:
increasing overall performance, removing drawdowns, etc. In this way, he can design stop/loss rules, change leveraging rules, with undoubtly impact in the strategy
performance when the backtest is remade. The authors in [5] treat this as a Multi-
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ple Hypothesis Testing situation [11, 12]. To illustrate this concept, if we suppose
that the (excess) returns are i.i.d. and follow a Normal distribution, then the Sharpe
Ratio can be reinterpreted as t-scores:
tscore =

√
R̄ √
ˆ × T
× T = SR
σR

(2.1)

ˆ is the estimated Sharpe Ratio and T is the backtest length. We can
where SR
compute a t-test using this tscore , aiming to check the probability for observing a
departure from the null hypothesis (H0 : SR = 0) as extreme as the difference present
in our sample data. This is define as:
pS = Pr(|t| > tscore )

(2.2)

in which t denotes a random variable that follow a t-distribution with T − 1
degrees of freedom, and pS is commonly dubbed as p-value, which in this case is
computed for a single hypothesis (S). If a research has explored several strategies,
ˆ and we could interpret this as the
then some overstatement will appear in the SR,
researcher did tacitly multiple attempts to obtain such result. As an initial estimation
of this overestatement, suppose that all attempts are independent (unreal, but we
drop this more ahead), then we can rewrite (2.2) as:
pM = Pr(max(|ti |, i = 1, ..., n) > tscore ) =
n

= 1 − ∏ Pr(|ti | ≤ tscore ) = 1 − (1 − pS )n

(2.3)

i=1

by following [5]: when n = 1 (single test) and pS = 0.05, pM = 0.05, so there is
no multiple testing adjustment. If n = 10 and we observe a strategy with pS = 0.05,
pM = 0.401, implying a probability of about 40% in finding an investment strategy
ˆ but much larger
that generates a SR that is at least as large as the observed SR,
than the 5% probability for a single testing. It is clear that multiple testing greatly
reduces the statistical significance of single test. Hence, pM is the adjusted p-value,
that reflects the likelihood of finding a strategy that is at least as profitable as the
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Figure 2.1: Original and Haircut Sharpe Ratios, as well as the Haircut levels for different
methodologies and number of trials. Source: [5]

observed strategy after n attempts. By equating the p-value of a single test to pM ,
we obtain the defining equation for the multiple testing adjusted (haircut) Sharpe
ˆ
ratio HSR:

√
ˆ × T)
pM = Pr(|t| > HSR

(2.4)

ˆ will be smaller than SR.
ˆ However, when the
Since pM is larger than pS , HSR
test statistics are dependent, the approach in the example is no longer applicable as
pM generally depends on the joint distribution of the n test statistics. For this more
realistic case, the authors apply techniques that control the FWER and FDR. These
methods are Bonferroni and Holm p-value corrections to control FWER [30] and
BHY procedure for FDR [12]. Below, in Figure 2.1 we display some charts with
pre and post-adjustment of Sharpe Ratios, as well as the Haircuts4 :
4 In

order to facilitate researches interested on using this approach, they provide a link
for the publicly available Matlab code (http://faculty/fuqua.duke.edu/˜charvey/
backtesting). It is also possible to apply the same procedure for the Value-at-Risk metric (and
therefore, making the same assumptions – check endnote 23 from [5]).
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As it can be seen, the Haircut is a non-linear function and is highly affected by
the number of trials, and the method of adjustment. The authors advocate the BHY
method in financial applications, as they argue that it is more reasonable to control
for the rate of false discoveries, rather than controlling for not making any false
discovery. Finally, as the authors point out, the main caveat of this method is that
all the analysis is based on in-sample data, and as they observe an hybrid strategy
might be useful as a double validation of the selected trading strategy.

2.1.3

Cross-Validation Evaluation

In Bailey et al. [7] the authors provide a set of definitions, tools and benchmarks
to characterize the so-called backtest overfitting. In a certain sense this work extends previous research and findings from the same group of authors, such as the
probability that a Sharpe Ratio is inflated [29] and to determine the minimum track
record for a Sharpe Ratio to be statistically different from a given threshold [31].
In terms of definitions, the authors establish that a strategy selection overfits
if the expected performance in-sample is less than the median performance rank
out-of-sample of all strategies. By strategy selection, it means a way of ranking the
available strategies using a set of performance metrics (e.g., Sharpe Ratio).
In relation to tools, they propose the procedure called CombinatoriallySymmetric Cross-Validation (CSCV), which is briefly outlined below and represented in Figure 2.2.
1. Split the profit and loss of several strategies in S even size blocks over the
backtested horizon (where S is an even natural number);
2. Reshuffle these blocks in all feasible arrangements such that the natural ordering is as most preserved as possible; and
3. For each first half (in-sample) of the arrangement, find the optimal strategy
for a given performance measure and compare it to its own ranking in the
out-of-sample set (second half).
With these rankings and comparisons, the authors compute four complementary metrics:
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Figure 2.2: Generating the CSCV folders, when S = 4. Each letter represents a block, and
note that whenever the shuffles happen, it is necessary to reorder the blocks in
each in-sample and out-of-sample sets.

1. Probability of Backtest Overfitting: the probability that the model configuration selected as optimal in-sample will underperform the median of the N
models configurations out-of-sample.
2. Performance degradation: this determines to what extent greater performance
in-sample leads to lower performance out-of-sample (discussed in [31]).
3. Probability of loss: the probability that the model selected as optimal IS will
deliver a loss OOS.
4. Stochastic dominance: this analysis determines whether the procedure used
to select a strategy IS is preferable to randomly choosing one model configuration among the N alternatives.
Also, in terms of benchmarks the authors propose some synthetic and practical
test cases. In this sense, the objective of these studies is to assess if the proposed
framework is able to dodge from overfitted strategies with different set of hyperparameters (number of strategies, backtest length and overfit degree).
We can highlight two main critics towards this work:
1. Preservation of temporal dependence: the authors claim that their method
preserves the temporal dependence. In their support are the fact that their
method reorders the blocks in-sample and out-of-sample and someone might
argue that daily returns tends to present weak autocorrelation. However, this

2.1. Backtesting

32

claim about preservation of time dependence is clearly not absolutely true:
just check the third to fifth row in Figure 2.2.
2. High overlap degree in the in-sample and out-of-sample metrics: it can be
easily noticed that there is a high level of juxtaposition of blocks appearing several times in the out-of-sample part (and similarly in the in-sample).
The authors in proposing the CSCV, using as inspiration the k-fold crossvalidation, forgot to analyse deeper the impact of the highly correlated outof-sample folders (something that does not occur in the case for the k-fold
cross-validation). This correlation exerts an impact in the computation of
standard errors and hypothesis tests [10, 32], and therefore decreases the outof-sample assessment quality.

2.1.4

Contrast Between the Backtesting Approaches

Table 2.1 presents a categorisation of all the previous lines of investigation, in terms
of their breadth/generality of use in practice and the type of solution used to tackle
backtesting overfitting. We also added the Covariance-Penalty approach, which is
discussed in the next chapter.
Table 2.1: Categorisation of all the four lines of investigations in backtesting overfitting.

Breadth / Solution
Generic
Assumptions

Multiple Hypothesis
Data Snooping
Overestimated Performance

In-Out Sample Assessment
Cross-Validation
Covariance-Penalty

The Data Snooping and Overestimated Performance authors identify that the
root cause of any overfitting or spurious results is due to the multiple trials (hypothesis) employed by the analyst during the strategies fine-tuning step. However,
the Data Snooping solutions tend to be more generic – it is based on bootstrapping
returns –, at the expense of an increased computational burden. The Overestimated
Performance solutions are based on a set of assumptions, allowing the authors to
find closed-form solutions or simpler algorithms that make the performance correction aspect easier to compute.
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In contrast, the Cross-Validation Evaluation and Covariance-Penalty Correction approaches are focused on avoiding the apparent in-sample performance, by
uncovering the expected generalisation (out-sample) potential of a strategy. Similarly, they divert in terms of their amplitude: the Covariance-Penalty Correction
methods require some assumptions on the joint behaviour of the asset and trading
strategy, which is not the case for the majority of the Cross-Validation procedures.
However, this lack of assumptions demand an extra computational processing in
respect to the Covariance-Penalty approach.
The next chapter covers the main results linked with the Covariance-Penalties
approach. But before we present it, the next two sections exhibit the background
and literature review of Generative Adversarial Networks and Transfer Learning.
Both techniques will be used as part of experiments in this thesis to improve trading
strategies reliability and tackle backtest overfitting.

2.2

Generative Adversarial Networks

2.2.1

Background

Generative Adversarial Networks (GANs) [33] are a modelling strategy that employs two Neural Networks: a Generator (G) and a Discriminator (D). The Generator is responsible to produce a rich, high dimensional vector attempting to replicate
a given data generation process; the Discriminator acts to separate the input created
by the Generator from the real/observed data generation process (pdata (x)). They
are trained jointly, with G benefiting from D incapability to recognise true from generated data, whilst D loss is minimized when it is able to classify correctly inputs
coming from G as fake and the dataset as true. Competition drive both Networks
to improve their performance until the genuine data is indistinguishable from the
generated one.
From a mathematical perspective, we define a prior pz (z) on input noise variables z, which will be used by the Generator, denoted as a neural network G(z, ΘG )
with parameters ΘG , that maps noise to the data/input space G : z → x. We also need
to set the Discriminator, represented as a neural network D(x∗ , ΘD ), that scores how
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likely is that x∗ was sampled from the dataset – D : x∗ → [0, 1]. As outlined before,
D is trained to maximize correct labelling, whilst G, in the original formulation, is
trained to minimize log(1 − D(G(z))), that is, to maximally confuse D. It follows
from [33] that D and G play the following two-player zero-sum game with value
function V (G, D):
min max V (D, G) = Ex∼pdata (x) [log D(x)] + Ez∼pz (z) [log(1 − D(G(z)))]
G

D

(2.5)

Overall, GANs have been successfully applied to image and text generation
[34]. However, some issues linked to their training and applications to special cases
[35, 36] have fostered a substantial amount of research in newer architectures, loss
functions, training, etc. We can summarise these new methods as of belonging to:
• Ensemble Strategies: train multiple GANs, with different initial conditions,
slices of data and tasks to attain; orchestrate the generator output by employing an aggregation operator (summing, averaging, etc.), from multiple checkpoints or at the end of the training. Notorious instantiations of these steps are
the Stacked GANs [37], Ensembles of GANs [38] and AdaGANs [39].
• Loss Function Reshaping: reshape the original loss function (a lower-bound
on the Jensen-Shannon divergence) so that issues linked to training instability
can be circumvented. Typical examples are: employing Wasserstein-1 Distance with a Gradient Penalty [40, 36]; using a quantile regression loss function to implicitly push G to learn the inverse of a cumulative density function
[41]; rewriting the objective function with a mean squared error form – now
minimizing the χ 2 -distance [42]; or even view the discriminator as an energy
function that assign low energy values to the regions of high data density,
guiding the generator to sample from those regions [43].
• Adjusting Architecture and Training Process: we can mention Deep Convolutional GAN [44], in which a set of constraints on the architectural topology of
Convolutional GANs are put in place to make the training more stable. Also,
Evolutionary GANs [45] that adds to the training loop of a GAN different
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metrics to jointly optimize the generator, as well as employing a population
of Generators, created by introducing novel mutation operators.
Another issue, more associated to our work, is the handling of time series
since learning an unconditional model, similar to the original formulation, works
for image and text creation/discovery. However, when the goal is to use it for time
series modelling, a sampling process that can take into account the previous state
space is required to preserve the time series statistical properties (autocorrelation
structure, trends, seasonality, etc.). In this sense, the next subsection deals with
Conditional GANs [46], a more appropriate modelling strategy to dependent data
generation.

2.2.2

Conditional GANs

As the name indicates, Conditional GANs (cGANs) [46] are an extension of a traditional GAN, when both G and D decision is based not only a noise or generated
inputs, but includes an additional information set v. For example, v can represent
a class label, a certain categorical feature, or even a current/expected market condition; hence, cGAN attempts to learn an implicit conditional generative model.
Such application is more appropriate in cases where the data follows a sequence
(e.g. text) or when the user wants to build ”what-if” scenarios (given that S&P 500
has fallen 1%, how much should I expect in basis points change of a US 10 year
treasury?).
Formally, we can define a cGAN by including the conditional variable v in the
original formulation. Therefore, now G : z × v → x and D : x∗ × v → [0, 1], as before
D is trained to maximize correct labelling, whilst G, in the original formulation, is
trained to minimize log(1 − D(G(z|v))). Similarly, it follows from [46] that D and
G play the following two-player zero-sum game with value function V (G, D):
min max V (D, G) = Ex∼pdata (x) [log D(x|v)] + Ez∼pz (z) [log(1 − D(G(z|v)))] (2.6)
G

D

More recently different applications of cGANs are starting to surface several
domains of capital markets: Mariani et al. [47] used GANs to perform portfolio
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analysis, whilst Marti [48] applied GANs to sample realistic correlation matrices
of financial time series. A particular area that has received a concentrated focus
has been financial time series modelling using GANs [49, 50, 51, 52, 53].There are
some exceptions, like [54, 55] dealing with the problem of imbalanced classification, in particular to fraud detection; they are able to show that cGANs compare
favourably to other traditional techniques for oversampling.

2.3

Transfer Learning

In this section we aim to provide a general view of the different subareas inside
transfer learning, and not a thorough review about the whole area. With this information, our goal is to frame the current contributions in Finance over these subareas,
situate our paper contribution, as well as highlight outstanding gaps. The reader interested in a thorough presentation about Transfer Learning is referred to these key
references [56, 57, 58].

2.3.1

Transfer Learning: definition

We start by providing a definition of transfer learning, mirroring notation and discussions in [56, 59, 58]. A typical transfer learning problem presume the existence
of a domain and a task. Mathematically, a domain D comprises a feature space
X ∈ X and a probability measure P over X, where xi = {x1 , ..., xJ } is a realization
of X. As an example for trading strategies, X can be the space of all technical
indicators, X a specific indicator (e.g. book-to-market ratio), and xi a random sample of indicators taken from X. Given a domain D = {X , P(X)} and a supervised
learning setting, a task T consists of a label space Y ∈ Y , and a conditional probability distribution P(Y |X)5 . Typically in trading strategies, Y can represent the next
quarter earnings, and P(Y |X) is learned from the training data (xi , yi ).
The domain D and task T are further split in two subgroups: source domains
DS and corresponding tasks TS , as well as target domain DT and target task TT .
Therefore, the objective of transfer learning is to learn the target conditional prob5A

more generic definition, that works for unsupervised and reinforcement learning, demands
that along with every task Ti we have an objective function fi .
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Figure 2.3: Taxonomy of transfer learning sub-paradigms.

ability distribution PT (YT |XT ) in DT with information gained from DS and TS .
Usually, either a limited number of labelled target examples or a large number of
unlabelled target examples are assumed to be available. The way this learning is
performed across the tasks, the amount of labelled information as well as inequalities between DS and DT , and TS and TT , give rise to different forms of transfer
learning. Figure 2.3 presents these different scenarios6 .
In what follows we analyse each sub-paradigm of Figure 2.3.

2.3.2

Transfer Learning: sub-paradigms

Inductive Transfer Learning: it refers to the cases where labelled data is available
in the target domain; we have the typical Supervised learning scenario across the
different domains and tasks. In inductive transfer methods, the target-task inductive
bias is chosen or adjusted based on the source-task knowledge. The way this is
done varies depending on which inductive learning algorithm is used to learn the
source and target tasks [60]. The main variations relate to how this learning is
6 We

should note that there are other possibilities, but they fall into Unsupervised or Reinforcement transfer learning. These other paradigms fall outside the scope of this work, which is mostly
interested in (Semi-) Supervised transfer learning.
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performed: simultaneously across source and target tasks (Multi-Task); sequentially
by sampling source tasks, and updating the target task model (Sequential Transfer);
and with the constraints of using only few labelled examples (Few-shot). We outline
each variation:

• Multi-task Learning [61, 62]: is an approach to inductive transfer that improves generalization by learning tasks in parallel while using a shared representation; hence, PT (YT |XT ) and PS (YS |XS ) are intertwined, with the update
in the target task affecting the behaviour of the domain tasks, and vice-versa.
In practice, the learned model architecture and parameters are fully-shared
across domain and target tasks – inputs, weights or coefficients, transfer functions, and objective function. In finance, this mode of learning has been first
used for stock selection [63]; lately, it has been applied for day trading [64]
and yield curves [65].

• Sequential Transfer Learning [59]: is an approach to inductive transfer that
improves generalization by learning tasks in sequence while using a shared
representation to a certain extent; therefore, PT (YT |XT ) and PS (YS |XS ) are
not completely intertwined, but the update in the target task impacts the behaviour of the domain tasks, and vice-versa. In practice, the learned model architecture and parameters are partially-shared across domain and target tasks
– often weights, transfer functions, and sometimes the objective function.
By not having to share the same inputs and other parts of the architecture,
this mode of learning can be applied across different domains and make the
learned model easier to be reused in future tasks. In the context of financial applications, it has been mainly applied for sentiment analysis: One of
such applications is FinBERT [66], a variation of BERT [67] specialized to
financial sentiment analysis; it has obtained state-of-the-art results on FiQA
sentiment scoring and Financial PhraseBank benchmaks. [68] provides a similar application but feeding the sentiment analysis index generated by BERT
in a LSTM-based trading strategy to predict stock returns.
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• Few-shot Learning [69, 57, 70]: it is an extreme form of inductive learning,
with very few examples (sometimes only one) being used to learn the target
task model. This works to the extent that the factors of variation corresponding to these invariances have been clearly separated from the other factors,
in the learned representation space, and that we have somehow learned which
factors do and do not matter when discriminating objects of certain categories.
During the transfer learning stage, only a few labeled examples are needed to
infer the label of many possible test examples that all cluster around the same
point in representation space. So far we were unable to find any application
in finance that covers this paradigm. However, we believe that such mode of
learning can be applied for fraud detection, and stock price forecasting that
have recently undergone initial public offering, or any other situation where
limited amount of data is available for the target task.
Transductive Transfer Learning: it refers to the cases where labelled data is only
available in the source domain, although our objective is still to solve the target
task; hence, we have a situation that is somewhat similar to what is know as Semisupervised learning. What makes the transductive transfer methods feasible is the
fact that the source and target tasks are the same, although the domains can be
different. For example, consider the task of sentiment analysis, which consists of
determining whether a comment expresses positive or negative sentiment. Comments posted on the web come from many categories. A transductive sentiment
predictor trained on customer reviews of media content, such as books, videos and
music, can be later used to analyze comments about consumer electronics, such
as televisions or smartphones. There are three main forms of transductive transfer
learning: Domain Adaptation, Concept Drift and Zero-shot learning. Each form is
presented below:
• Domain Adaptation [71]: in this case the tasks remains the same between
each setting, but the domains as well as the input distribution are usually
slightly different; therefore XS ≈ XT or PT (XT ) ≈ PS (XS ). The previous
example of the sentiment predictor is a typical case, where the domains and
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the input distribution is somewhat different (books, videos and music reviews
transferring to consumer electronics). We can presume that there is an underlying mapping that matches a certain statement to positive, neutral or negative
sentiment, and what makes the problem harder to solve is the fact that the
vocabulary and context vary between domains. Surprisingly simple unsupervised pretraining has been found to be very successful for sentiment analysis
with domain adaptation [72]. Similarly to Few-shot learning, this particular subarea of transfer learning has received less attention from the finance
community, since most of the sentiment analysis and similar applications are
handled using labelled data.
• Concept Drift [73, 74]: in this case the tasks and domains remains the same
across settings, but the input distribution can gradually or abruptly change
between them; therefore PT (XT ) 6= PS (XS ). Often concept drift modelling
and detection focus on continuous data streams, such as time series, text messages, videos, that is, data with a temporal dimension or indexation. Using the
previous example, we would be concerned with changing views about a specific film: reviews that were otherwise extensively positive, gradually become
negative due to changes in audience’s view about how certain characters were
portrayed, how the topic was approached, etc. This particular subarea has received substantial attention from the finance community: it has been used to
discover relations between portfolio selection factors and stock returns [75];
price forecasting [76]; and fraud detection [77].
• Zero-shot Learning [78, 79]: is a form of transductive transfer learning,
where the domains and input distributions are different, and yet learning
can be achieved by finding a suitable representation; hence XS 6= XT and
PT (XT ) 6= PS (XS ). Following the previous example, if we have a database
with thorough reviews about road bicycles, such as describing their frame,
suspension, drivetrain, etc., it would be possible to learn in principle what
constitutes a good or bad bicycle. Zero-shot learning would attempt to tap
into this knowledge, and transfer it to a new bicycle that we do not have re-
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views but use its design, 3d images, other descriptions, etc., to come up with
an expected score, just based on users’ opinions about the product. In this
case, the task is the same (deciding the expected review of bicycle), but the
domains are radically different (textual description versus an image). Similar
to Few-shot learning, we were unable to identify any piece of research from
the finance community that employs Zero-shot Learning.
Table 2.2: Transfer Learning across Finance and general domains.
Approach
Instance

Feature

Parameter

Relational-knowledge

Brief Description

Financial Applications

Re-weighting labelled data
in the source domain for use
in the target domain

News-rich to news-poor
stocks [80]; mitigating class
imbalance in credit scoring
[81, 82]
Sentiment feature space
[80]; Portfolio selection
factors [75]

Find a suitable feature mapping to approximate the
source domain to the target
domain
Learn shareable parameters
or priors between the source
and target tasks models

Learn a logical relationship
or rules in the source domain
and transfer it to the target
domain

BERT specialized to financial sentiment analysis [66,
68]; Stock selection, forecasting [63, 64]; yield curve
forecasting [65]

Other
References
[83, 84]

[85, 86]

[67, 87]

[88, 89]

Moreover, there are four different approaches where the transference of knowledge from a task to another can be realized: instance, feature, parameters, and
relational-knowledge. Table 2.2 presents a brief description, applications of each to
the financial domain, and other key references.
Undoubtedly, for financial applications parameter-transfer is the preferred option, followed by instance-transfer and feature-transfer. Such approaches are mainly
used for sentiment analysis, fraud detection, and forecasting, areas that have been
widely researched using more traditional techniques. Conversely, we were unable
to find research for relational-knowledge. Despite that, we believe that researchers
working on financial networks, peer-to-peer lending, etc. can benefit from methods
in the relational-knowledge transfer approach.
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Summary

In this chapter, we highlighted the current gap in the literature that this thesis aims
to fill, particularly by adding new forms to tackle backtest overfitting. As we have
pointed out previously, one of the goals of this thesis is to demonstrates how GANs
and Transfer Learning can be viable alternatives to tackle the backtest overfitting
problem. Our literature review demonstrates how these procedures have obtained
remarkable results in different domains and purposes, but still there were not many
examples in the financial markets domain.
Our thesis is a step towards filling these gaps. More specifically this thesis considers three inter-dependent research questions: a) how can we deal with backtest
overfitting, particularly usin covariance-penalties approaches; b) how GANs can
be used to synthesize financial time series data, improving current trading strategies calibration and performance assessment; and c) how Transfer Learning-based
strategies can provide alternative forms to deal with data scarcity, spurious correlation and, by consequence, backtest overfitting.

Chapter 3

Avoiding Backtesting Overfitting by
Covariance-Penalties
In this chapter, I describe the first experiment called Avoiding Backtesting Overfitting by Covariance-Penalties. After a short introduction motivating the topic of
backtesting overfitting, I analyse linear strategies properties, avenues for optimizing
its performance, particularly focusing on Sharpe ratio. I connect all this previous
information by formulating the Covariance-Penalty formula for Sharpe ratio. Then,
we empirically assess this formula in relation to other alternatives, like Akaike Information Criteria. After presenting our findings, we close the chapter with a summary of the experiment

3.1

Introduction

Systematic trading strategies are rule-based procedures which choose portfolios and
allocate assets, in order to deliver a set of returns which optimize some performance
criterion, help to diversify a larger portfolio, or perhaps deliver returns specifically
tailored to market conditions, such as providing insurance during rises of market
volatility. In order to attain any of these desired return profiles, quantitative strategists must determine a large array of trading parameters, including determining the
universe of assets being held, the appropriate trading horizons, the type of strategy
being considered and many other possible parametrizations. Normally the analyst
tries to identify the appropriate parameters by using all the historical data available,
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or by holding-out some of the most recent data in order to use it as an out-sample
validation set. However, both backtesting strategies suffer from drawbacks that can
render their findings misleading.

Partly due to the abundance of misleading results produced from backtests, and
partly due to the endemic abuse of backtested results, there is an increasing interest
in devising procedures for the assessment and comparison of strategies [5, 6, 7]. The
goal is to devise schemes for preventing what is known as backtesting overfitting.
Backtest overfitting can be understood as a collateral effect that occurs during the
identification of strategies, resembling other practical modelling problems: overfitting in supervised learning [8, 9, 10], or data-snooping due to multiple hypothesis
testing biases, (also known as p-hacking), a problem occuring frequently in the applied sciences [11, 12].

So far, many financial researchers have proposed different ways to tackle this
problem that can be broadly categorised in three types: Data Snooping, Overestimated Performance, and Cross-Validation Evaluation. In summary, the Data Snooping and Overestimated Performance techniques aim to identify spurious results by
taking into account the number of trials and the performance from all attempted
strategies in a multiple hypothesis testing framework. Conversely, Cross-Validation
approaches provide more practical and generic mechanisms to individually finetune trading strategies.

In this experiment we propose a new approach to dealing with financial overfitting, a Covariance-Penalty Correction, in which a risk metric is lowered given
the amount of parameters and data used to underpins a trading strategy. We outline
the foundation and main results behind the Covariance-Penalty correction for trading strategies. After that, we pursue an empirical investigation, comparing its performance with some other approaches in the realm of Covariance-Penalties across
more than 1300 assets, using Ordinary and Total Least Squares – with the last providing superior performance.
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Covariance-Penalty for Trading Strategies

In this section we outline the theoretical results and notations used throughout this
experiment. We start by enunciating single period linear strategies, and some of
its properties. Then we move to optimization of trading strategies by maximising
correlation, and its links to Sharpe ratio utility function. This result/link allows us
to conclude this section with the main result of this experiment: Covariance-Penalty
correction of Sharpe ratio.

3.2.1

Single period linear strategies

We consider the (log) returns of a single asset, Rt ∼ N (0, σR2 ) returns with autocovariance function at lag k, γ(k) = E[Rt Rt−k ], together with corresponding autocorrelation function (ACF), c(k) = γ(k)/γ(0) at lag k.
Our main aim is to work with strategies based on linear portfolio weights (or
signals) Xt = Σ∞
1 ak Rt−k for coefficients ak generating the corresponding dynamic
strategy returns St = Xt · Rt (here, and always, the signal, Xt is assumed to only have
appropriately lagged information). Example strategy weights include exponentially
weighted moving averages ak ∝ λ k , simple moving averages ak = T1 1[1,...,T ] , forecasts from ARMA models, etc. Most importantly, the portfolio weights X are normal and jointly normal with returns R.
We restrict our attention to return distributions over a single period. In the
case of many momentum strategies, this period can be one day, if not longer. For
higher-frequency intra-day strategies, this period can be much shorter. The pertinent concern is that the horizon (i.e., one period) is the same horizon over which the
rebalancing of strategy weights is done. If weights are rebalanced every five minutes, then the single period should be five minutes. This is a necessary assumption
in order to ensure the joint normality of (as yet indeterminate) signals and future
returns. Moreover, this assumption will give some context to our results, which imply a maximal Sharpe ratio, maximal skewness and maximal kurtosis for dynamic
linear strategies.
We are interested in characterizing the moments of the strategy’s unconditional
returns, the corresponding standard errors on estimated quantities, and means of op-
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timising various non-dimensional measures of returns such as the Sharpe ratio via
the use of non-linear transformations of signals. Our goal is to look at unconditional properties of the strategy. It is important to avoid foresight in strategy design
and this directly impacts the conditional properties of strategies (e.g., conditional
densities involve conditioning on the currently observed signal to determine properties of the returns, which are just Gaussian). In the context of our study, we are
concerned with one-period ahead returns of the unconditional returns distribution
of our strategy, where both the signals and the returns are unobserved, and the resulting distributions (in our case, the product of two normals) are much richer and
more realistic.

3.2.2

Properties of linear strategies

Given the joint normality of the signal and the returns, we can explicitly characterise
the one-period strategy returns (see [90]). To allow for greater extendibility, we
prefer to only consider the moments of the resulting distributions. These can be
characterized easily using Isserlis’ theorem [91], which gives all moments for any
multivariate normal random variable in terms of the mean and variance. We also
refer to [92] who meticulously produces both non-central and central moments for
powers and products of Gaussians. While this is a routine application of Isserlis’
theorem, the algebra can be tedious, so we quote the results.
Theorem 1 (Isserlis [91]). If X ∼ N (0, Σ),then
2n

E[X1 X2 · · · X2n ] = ∑ ∏ E[Xi X j ]
i=1 i6= j

and
E[X1 X2 · · · X2n−1 ] = 0
where the ∑ ∏ is over all the (2n)!/(2n n!) unique partitions of X1 , X2 , . . . X2n into
pairs Xi X j .
Haldane’s paper [92] quotes a large number of moment-based results for various powers of each normal. We quote the relevant results.
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Theorem 2 (Haldane [92]). If x, y ∼ N (0, 1) with correlation ρ then
E[xy] =

ρ

E[x2 y2 ] =

1 + 2ρ 2

E[x3 y3 ] =

3ρ(3 + 2ρ 2 )

E[x4 y4 ] = 3(3 + 24ρ 2 + 8ρ 4 )
and thus the central moments of xy are
µ1 =

ρ

(3.1)

µ2 =

1 + ρ2

(3.2)

µ3 =

2ρ(3 + ρ 2 )

(3.3)

µ4 = 3(3 + 14ρ 2 + 3ρ 4 )

(3.4)

From these one period moments, (and a simple scaling argument giving the
dependence on σ (x) and σ (y)) we can characterise Sharpe ratio, skewness, etc., and
can also define objective functions in order to determine some sense of optimality
for a given strategy.
Theorem 3 (Linear Gaussian). For single asset returns and a one period strategy,
Rt ∼ N (0, σR2 ) and Xt ∼ N (0, σX2 ) jointly normal with correlation ρ, the Sharpe
ratio is given by
ρ
SR = p
,
1 + ρ2

(3.5)

the skewness is given as
γ3 =

2ρ(3 + ρ 2 )
3

(1 + ρ 2 ) 2

,

(3.6)

and the kurtosis is given by
γ4 =

3(3 + 14ρ 2 + 3ρ 4 )
(1 + ρ 2 )2

(3.7)

In the appendix, we extend equations (3.5) and (3.6) to the case of non-zero
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means.
Proof. A simple application of Theorem 2 give us the following first two moments
for our strategy St = Xt · Rt : µ1 = E[St ] = E[X · R] = σX σR ρ. and µ2 = Var[St ] =
σX2 σR2 (ρ 2 + 1). Thus we can derive the following results for the Sharpe ratio,
µ1

Sharpe =

1/2

µ2
σX√
σR ρ
σX σR ρ 2 +1
√ ρ2
ρ +1

=
=
Moreover, we can see that the skewness,
γ3 =
=

µ3
3/2

µ2

2ρ(3+ρ 2 )
(1+ρ 2 )3/2

Finally, the kurtosis is given by
γ4 =
=

µ4
µ22
3(3+14ρ 2 +3ρ 4 )
(1+ρ 2 )2

If we restrict our attention to positive correlations, all three dimensionless
statistics are monotonically increasing in ρ. Consequently, strategies that maximize
one of these statistics will maximize the others, although the impact of correlation upon Sharpe ratio, skewness and kurtosis is different. We illustrate the crossdependencies in the following charts, depicting the relationships between the variables. In Figure 3.1, the shaded blue histograms correspond to correlation ranges
{[−1, −0.5], [−0.5, 0], [0, 0.5], [0.5, 1]}. We note that a uniform distribution in correlations maps into a higher likelihood of extreme Sharpe ratios and an even higher
likelihood of extreme skewness and kurtosis
Skewness ranges in [−23/2 , 23/2 ] ≈ [−2.8, 2.8]. Unlike the Sharpe ratio, Skew-
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Figure 3.1: Correlation, Sharpe ratio, Skewness, and Kurtosis pairwise relationship. A uniform distribution in correlation is bucketed into four ranges
{[−1, −0.5], [−0.5, 0], [0, 0.5], [0.5, 1]} as depicted in the bar charts in shades
of blue. After transforming the correlation into SR, γ3 and γ4 the frequencies
are no longer uniform.

ness’ dependence on correlation tends to flatten, so to achieve 90% peak skewness,
one needs only achieve a 0.60 correlation, while for a 90% peak Sharpe, one needs
a correlation of 0.85. Kurtosis is an even function and varies from a minimal value
of 9 to a maximum of 15. In practice, correlations will largely be close to zero and
the resulting skewness and kurtosis significantly smaller than the maximal values.
Although we analyse the moments of the strategy St = Xt Rt , the full product
density is actually known in closed form (see appendix 7.2, [90] and [93]). It is
clear that the distribution of the strategy is leptokurtic even when it is not predictive
(when the correlation is exactly zero, the strategy has a kurtosis of 9). In the limit
as ρ → 1, the strategy’s density approaches that of a non-central χ 2 , an effective
best-case density when considering the design of optimal linear dynamic strategies.
An optimised strategy with sufficient lags (and a means of ensuring parsimony)
may be able to capture both mean-reversion and trend and result in yet higher correlations. Annualised Sharpe ratios of between 0.5-1.5 are most common (i.e., cor-
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relations of between 3% to 9%) for single asset strategies in this relatively lowfrequency regime.

3.2.3

Optimization: Maximal Correlation, Total least squares

Many algorithmic traders will explain how problematic strategy optimization is,
given the endless concerns of over-fitting, etc. Although these are a concern, the
naı̈ve use of strategies which are merely pulled out of thin air is equally problematic, where there is no explicit use of optimization (and, in its place more eyeballing strategies or targeting Sharpe ratios rather loosely, effectively a somewhat
loose mental optimization exercise). Practical considerations abound and real-world
returns are neither Gaussian nor stationary. We argue irrespectively that using optimization and a well-specified utility function as a starting point is a means of
preventing strategies from being just untested heuristics. Unlike most discretionary
traders’ heuristics (or rules of thumb) which have their place as a means of dealing
with uncertainty (see for example [94]), heuristic quantitative trading strategies run
the risk of being entirely arbitrary, or are subject to a large number of human biases,
in marked contrast to the monniker quantitative investment strategies.

Figure 3.2: EWMA Strategy Sharpe ratio vs α, MSE and correlation for S&P 500 reversal
strategies

Where optimization is used, the most common optimization method is to minimize the mean-squared error (MSE) of the forecast. Our results show that rather
than to minimize the L 2 norm between our signal and the forecast returns (or to
maximize the likelihood), if the objective is to maximize the Sharpe ratio, we must
maximize the correlation.
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Figure 3.3: Holt-Winters Strategy Sharpe ratio vs MSE and correlation for S&P 500 Reversal Strategies

We can see in Figures 3.2 and 3.3, a depiction of fits of strategies applied to
S&P 500 using EWMA and HW filters for a variety of parameters. The relationship
between MSE and Sharpe ratio is not monotone in MSE for the EWMA filter as we
see in Figure 3.2, while it is much closer to being linear in the case of the relationship between correlation and Sharpe. For the case of HW (with two parameters), in
Figure 3.3 any given MSE can lead to a non-unique Sharpe ratio, sometimes with a
very broad range, leading us to conclude that the optimization is poorly posed. The
relationship of correlation to Sharpe is obviously closer to being linear, with higher
correlations almost always leading to higher Sharpe ratios.
In the case of a one-dimensional forecasting problem with (unconstrained) linear signals, optimizing the correlation amounts to using what is known as total
least squares regression (TLS) or orthogonal distance regression, a form of principal components regression (see, e.g., [95] and [96]). In the multivariate case, it
would be more closely related to canonical correlation analysis (CCA).
Unlike OLS, where the dependent variable is assumed to be measured with error and the independent variables are assumed to be measured without error, in total
least squares regression, both dependent and independent variables are assumed to
be measured with error, and the objective function compensates for this by minimizing the sum squared of orthogonal distances to the fitted hyperplane. This is a simple
form of errors-in-variables regression and has been studied since the late 1870s, and
is most closely related to principal components analysis. For k regressors, the TLS
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fit will produce weights which are orthogonal to the first k −1 principal components.
So, if we consider the signal X = Zβ to be a linear combination of features,
with Z ∈ Rk a k-dimensional feature space, then we note that
β̂ OLS = (Z 0 Z)−1 Z 0 R
but
2
β̂ T LS = (Z 0 Z − σk+1
I)−1 Z 0 R

where σk+1 is the smallest singular value for the T × (k + 1) dimensional matrix
X̃ = [R, Z] (i.e., the concatenation of the features and the returns, see, e.g., [97]1 ).It
is well known that, for OLS, the smooth or hat matrix R̂ = MR is given by
M OLS = Z(Z 0 Z)−1 Z 0
with tr(M OLS ) = k, the number of features. In contrast,
2
M T LS = Z(Z 0 Z − σk+1
I)−1 Z 0

and effectively has a greater number of degrees of freedom than that of OLS, i.e.,
tr(M T LS ) ≥ tr(M OLS )
with equality only when there is complete collinearity5 For this reason, many people see TLS as an anti-regularisation method and may result in less-stable response
1A

more common method for extracting TLS estimates is via a PCA of the concatenation matrix
X̃, where β̂ T LS is chosen to cancel the least significant principal component
5 In this case, it is also known that tr(M) = tr(L) where L = (Z 0 Z − σ 2 I)−1 Z 0 Z and we know
k+1
2 )} where λ are the singular values of Z (or
that the singular values of σ (L) = {λi2 /(λi2 − σk+1
i
correspondingly, λi2 are the singular values of Z 0 Z), and λ1 ≥ · · · ≥ λk > 0 ([98]). By the Wilkinson
interlacing theorem, λk ≥ σk+1 ≥ 0 (see [97]). Consequently,
tr(M T LS ) = ∑
i

λi2
≥ k = tr(M OLS )
2 )
(λi2 − σk+1

2 = 0 (i.e., when there the R2 = 100% and consequently, OLS and TLS coincide).
with equality iff σk+1
In other words, tr(M T LS ) ≥ tr(M OLS ).
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to outliers (see for example, [99]). Consequently, there is extensive study of regularised TLS, typically using a weighted ridge-regression (or Tikhonov) penalty (see
discussion in [99] for more detail on this large body of research).
While maximizing correlation rather than minimizing the MSE seems a very
minor change in objective function, the formulas differ from those of standard OLS.
The end result is a linear fit which takes into account the errors in the underlying
conditioning information. We believe that it should be of relatively little consequence when the features are appropriately normalized, as is the case for univariate
time-series estimation, although some authors have suggested that optimising TLS
is not appropriate for prediction (see, e.g., [100] section 1.6.3). When we seek to
maximize the Sharpe ratio of a strategy, the objective should not be prediction, but
rather optimal weight choice.

3.2.4

Covariance-Penalty Correction

In order to partly address the issue of overfitting of dynamic models, we look to estimated objective functions, taking degrees of freedom into account. Most commonly
used estimates include Akaike and Bayes’ information criteria, but these require the
use of a likelihood. In our case, we do not have an exact likelihood, but instead
choose to optimise the Sharpe ratio, and noting the monotonicity in ρ, this comes
from maximizing ρ̂. Consequently, we wish to consider the means of optimising
correlation taking into account penalisations for degrees of freedom. This type of
penalised optimum can be found via Mallows’ C p or via Cross validation.
We mirror the discussion in [101] on Covariance penalties, Section 12.3, which
unifies the discussion of Mallow’s C p , Stein’s Unbiased Risk Estimate (SURE),
Akaike (AIC), and Bayesian Information Criteria (BIC). Each of these are methods
for adjusting estimated in-sample goodness of fits measures, to produce better estimates of the out-sample performance. Effectively, they are a means of adjusting for
the degrees of freedom of various models, akin to adjusted R2 measures.
We are particularly interested in the biases which occur due to in-sample estimates of measures which we optimize. Standard errors will seem lower in-sample,
due to the fact that we have simultaneously optimized correlation, and measured

3.2. Covariance-Penalty for Trading Strategies

54

this optimum to produce an estimated Sharpe ratio . We would like to have a more
sober estimate of the potential performance of our optimised strategies out-sample.
In our study, we do not fit probabilistic models or data-generating processes,
but rather optimize the strategy. As a consequence, we do not have explicit MLE
estimators (or Bayesian posterior), and no likelihood is explicitly used, so we cannot
reproduce results for the AIC and the BIC. We are, however, able to find estimates
for optimal ρ̂in and the resulting out-sample adjustments for this ρ̂in which give us
a more reasonable expectation of the real E[ρout ] out-sample5 .
Maximizing ρ̂in is of course similar to performing a normalized OLS, and our
interest would be in the analogue of adjustments to MSE. The first is easily found
in Mallow’s C p . Mallow’s formula states that
E[Error2out ] = E[|R − Xb|2out ]
1
=
|Rt − Xt b|2in −Cov(µt , µ̂)t
T∑
2σR2
2
c
= sse −
tr(M)
N
where we have confined our attention to linear predictive models, i.e., mu
ˆ = My
where M is the hat matrix or smooth matrix.
We recognise that sse = (1 − ρ 2 )σR2 from which we can easily derive the following:
Theorem 4 (Mallow’s C p ).
2
2
E[ρout
] = ρ̂in
−

2
tr(M)
N

where
R = MX
with hat-matrix or smooth M
We do not prove this since it is a trivial extension of Mallow’s. If ρ̂ is estimated
5 To

avoid confusion, we distinguish between our in-sample estimator ρ̂in and the quantity we
desire to estimate ρout which would give us a better picture of the out-sample performance of our
strategy
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as a by-product of OLS, then M = X(X 0 X)−1 X (see [101], (§12.5)) and tr(M) = n,
where k is the dimension of the column space of X or the degrees of freedom for
regressions (i.e. the total number of lags, where we assume that we have no problems with collinearity). The regularization term turns out to be

2·k
N

if ρ̂ is estimated

in-sample by OLS.
If, on the other hand, ρ̂ is estimated to optimize the in-sample Sharpe ratio,
i.e., through TLS, then it is well known that
2
I)−1 X 0
M = X(X 0 X − σn+1

where σn+1 is the smallest singular value of the matrix T × (n + 1) dimensional
matrix: X̃ = [R, X] [97]. As is well known (see for example, [99]) TLS is in fact an
anti-regularisation method and may result in less-stable response to outliers.
2 I)−1 X 0 X
In this case, it is also known that tr(M) = tr(Z) where Z = (X 0 X −σn+1
λ2

and we know that the singular values of σ (Z) = { (λ 2 −σi 2
i

n+1 )

} where λi are the sin-

gular values of X (or correspondingly, λi2 are the singular values of X 0 X, λ1 ≥ · · · ≥
λn > 0 [98].
By the Wilkinson interlacing theorem, λn ≥ σn+1 ≥ 0 (see [97]). Consequently,
tr(M) = ∑
i

λi2
>n
2 )
(λi2 − σn+1

2 = 0 (i.e., when there the R2 = 100% and consequently, OLS
with equality iff σn+1

and TLS coincide).
Thus, while TLS can optimize the in-sample Sharpe-ratios over other predictive methods including OLS, the corresponding covariance penalization is larger
than that of OLS and may result in an expected degradation of performance outsample.2
2 For

AR models, k is the autoregressive order. For MA models, it is slightly different. For
instance, if M is the filter for an EWMA (i.e., an MA(1)), then the tr(M) for the MLE estimate is
in fact the normalisation constant. In other words, if X = (1 − λ ) ∑ λ k Xt−k , then tr(M) = (1 − λ )
rather than the MA order (i.e., 1). This means that a wider window-size (λ % 1) corresponds to
fewer effective d.o.f. In the case of the TLS estimated window length, the penalization would be
tr(M) > 1
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The corresponding penalization term can also be applied directly (via firstorder conditions or the so-called Delta-method) to removing estimation bias from
Sharpe ratio estimates, i.e.,
c in − 2 · tr(M) ∂ SRin
E[SRout ] ≈ SR
N
∂ρ
1
c in − 2 · tr(M)
≈ SR
N
(ρ̂ 2 + 1)3/2
c 2in )3/2
c in − 2 · tr(M) (1 − SR
≈ SR
N
c in | <
for all |SR

√
2
2 .

Consequently, more highly parametrised models will generally have higher
overoptimism. The penalisation terms help to adjust for this overoptimism.

3.3

Empirical Assessment

In our empirical investigation, the quantitative strategist is required to build a trading strategy based on lagged information of a certain asset returns. Since the amount
of lagged information is not given, he needs to discover it from the given in-sample
data. The most naive way (called Naive method in our experiments) is to try different lags and to pick the one that maximizes the Sharpe ratio. Another traditional
approach is to select the amount of lags using an information criteria, such as the
Akaike Information Criteria (AIC) [102] for the OLS case. Nonetheless, we can
also apply the Covariance-Penalty methods proposed in the previous section: the
Implied Sharpe ratio (SR) (Imp SR - equation 3.2.4) and the R-Squared (equation
4) methods.
In summary, our main hypothesis is: can the proposed approaches, Imp SR
and R-Squared, outperform AIC and Naive in terms of out-sample/realised Sharpe
ratio?
In addition to this, we verified the level of alignment between the Expected/InSample and Realized/Out-sample Sharpe ratios. With that, our goal was to analyse
if there was any additional benefit in terms of performance estimation that can be
made by following a Covariance-Penalty approach. In the following subsections
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we present the data and methodology used to test such hypothesis, as well as the
findings and hypothesis testing.

3.3.1

Experimental Description

3.3.1.1

Datasets

Table 3.1 present aggregated statistics associated to the datasets used, whilst Table
3.4 present the cumulative returns per asset pool. We have considered three main
asset classes during our evaluation: equities, currencies, and fixed income3
Table 3.1: Aggregated statistics of the assets used over our empirical evaluation.
Asset Pool*
All Assets
World Equity Indices
S&P,
SX5E,
FTSE,
DJIA,
Russel
and
Nikkei Equities
World Swaps Indices
Rates Aggregate
Indices
World Currencies

N

Avg Return

Vol

Sharpe ratio

Calmar ratio

1361
18

0.0173
0.0152

0.0425
0.0717

0.4064
0.2114

0.0809
0.0504

Monthly
Skewness
-0.9301
-0.8170

VaR 95%

1289

0.0172

0.0439

0.3915

0.0796

-0.8816

-0.9316

14

-0.0197

0.0624

-0.3149

-0.0433

-0.1039

-0.9955

16

0.1220

0.0637

1.9135

0.5504

-0.8227

-0.9440

24

-0.0025

0.0315

-0.0798

-0.0157

-1.0052

-0.8856

-0.9314
-1.0048

* Daily asset returns that before being averaged were volatility scaled to 10%.

3.3.1.2

Model Evaluation Scheme

We have established a testing procedure to assess different Covariance-Penalties
methodologies. Table 3.5 summarize the whole process.
The process start by splitting a sequence of returns r1 , ..., rT in several insample (IS) and out-sample (OS) sets. The first pair, IS1 and OS1 , are determined by
the trading horizon h and the first IS batch size I. After that, the whole sequence of
ISk and OSk are created by simply accumulating ISk = {ISk−1 , OSk−1 } and rolling
OSk = {rI+(k−1)∗h , ..., rI+k∗h } until I +k ∗h ≤ T . Every Covariance-Penalty methodology – Naive, Implied SR, R-squared and AIC – tap into the IS data to fine-tune a
particular trading strategy. The measure of their success to avoid overfit is obtained
when this strategy is applied in the OS set. Using the sequence of in-sample and outsample results we are able to compute performance metrics to evaluate and test the
3 The data was obtained from Bloomberg,

with the full list of 1361 assets tickers and period available at https://www.dropbox.com/s/oogzw8kaysx2qbp/data_list.csv?dl=0.
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Figure 3.4: Cumulative returns aggregated across asset pool. Before being averaged, each
individual asset was volatility scaled to 10%

Figure 3.5: Window-based approach to assess covariance-penalties methodologies.
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different hypothesis. We have used h = 21 days and the initial period I = 1008 days
in our experiments; this process is repeated per dataset and Covariance-Penalty.

3.3.1.3

Trading Strategy and Performance Metrics

Below we present the steps taken to backtest the different trading strategies. For
every pair of in-sample and out-sample data (ISk , OSk ), run:
• For every lag p ∈ {3, 5, 7, 9, 12, 15, 18, 21, 26, 31, 36, 42, 49, 56, 63, 84, 105, 126},
do:
1. Fit the linear model using the in-sample set available (ISk ):
rt = β0 + β1 rt−1 + β2 rt−2 ... + β p rt−p + εt = r̂t + εt
with the coefficients β0 , β1 , ... identified via Ordinary or Total Least
Squares.
2. Compute the risk of choosing p using the in-sample set:

L p = L (..., (r̂t−1 , rt−1 ), (r̂t , rt ), (r̂t+1 , rt+1 ), ...; M)
with hat matrix M and P as a performance function, representing the different types of penalization used (AIC, Naive, Imp SR and R-squared).
For the AIC and R-Squared it was also computed the expected Sharpe
ˆ p ).
ratio (SR
• Pick p∗ = argmax p {L3 , L5 , ..., L126 }, multiplying by −1 in the AIC case.
• Fit the linear model using p∗ and the in-sample set available (ISk ):
rt = β0 + β1 rt−1 + β2 rt−2 ... + β p∗ rt−p∗ + εt = r̂t + εt

• Test this model against the out-sample data (OSk ). Store out-sample realised
(k)
ˆ (k)
strategy returns, L p∗ and SR
p∗ .
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With the sequence of results per asset in batches of in and out-sample, {(r̂I , rI ),
(k) ˆ (k) K−1
(r̂I+1 , rI+1 ), ..., (r̂I+h∗k , rI+h∗k ); L p∗ ; SR
p∗ }k=1 , we computed some metrics related

to the alignment between what was Expected and Realized:
• Correlation (ρ as the Pearson correlation coefficient):

Correlation = (

1 K−1
ˆ (k)
) ∑ ρ(SR(1:i) , SR
p∗ )
K − 1 i=1

(3.8)

• Mean Absolute Difference (MAD)

MAD = (

1 K−1
ˆ (k)
) ∑ |SR(1:i) − SR
p∗ |
K − 1 i=1

(3.9)

where SR(1:i) is the Out-sample/Realized Sharpe ratio of a trading strategy until outsample set i. Hence, the Correlation measures the association between the Expected
and Realized Sharpe ratios, whilst MAD is measuring its distance; the best case
being MAD = 0 and Correlation = 1.
Finally, using the sequence as a whole per asset, {(r̂I , rI ), (r̂I+1 , rI+1 ),
..., (r̂I+h∗(K−1) , rI+h∗(K−1) )}, we computed the Realized Sharpe ratio. In all computations made, the Sharpe ratio was computed considering a 3-month Libor.

3.3.2

Results and Discussions

Table 3.6 present the aggregated results for the different Covariance-Penalty methods, and types of Least Squares across the 1361 assets. In terms of Realized OutSample (ROS) Sharpe ratio, using some Covariance-Penalty method provides a
boost in the unconditional average of 80-100% percent in relation to the Naive
approach. Our two proposed approaches, Imp SR and R-squared, also improves
20-30% in relation to the AIC lag selection. Overall, this pattern is also visible in
terms of alignment between Expected and Realized Sharpe ratios: MAD is reduced
and correlation is increased.
To check the main hypothesis, we performed a statistical comparison between
all approaches in terms of their ROS Sharpe ratio. Table 3.2 present the results of
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Figure 3.6: Aggregated results for the different Covariance-Penalty methods, and types of
Least Squares: Realized Out-Sample (ROS) Sharpe ratio, MAD and Correlation. The dot and bar represent the mean and standard error, respectively, across
1361 assets.

paired t-tests, controlling for multiple hypothesis testing using Bonferroni correction. Overall, three main patterns can be spotted:
• All Covariance-Penalty approaches outperformed significantly the Naive approach; and our proposed two, Imp SR and R-Squared, also compares
favourably in relation to the AIC.
• R-Squared provided slightly better results than Imp SR, but its effect-size is
small when compared to AIC and Naive cases.
• TLS improves ROS Sharpe ratio in relation to OLS; since Sharpe ratio and
Correlation are strongly associated, as TLS is maximizing correlation, it will
tend to outperform OLS in relation to this metric.
There is also another explanation of why TLS has outperformed OLS: Exhibit
12 outline the similarity between approaches in terms of ROS Sharpe ratio, and the
most frequent (mode) lag selected across the in-out sample sets, averaged across
1361 assets. Overall, TLS penalized harder than OLS, making it many setups to
adopt smaller lags, which in some sense, mimic a mean-reversion strategies; similarly, whenever OLS preferred smaller Hypothesis Spaces (less parameters), ROS
Sharpe ratio rose. Overall ROS Sharpe ratio are quite correlated across the different
methods and types, but some diversification might still be attained by pooling TLS
and OLS models.
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Table 3.2: Statistical comparisons between different Covariance-Penalty approaches and
the baseline (Naive), using paired t-test and Bonferroni Correction for multiple
hypothesis test. The boldfaced pairs are the ones not significantly different at
5% after Bonferroni correction.
Val Method
Left
OLS-AIC
OLS-AIC
OLS-AIC
OLS-AIC
OLS-AIC
OLS-AIC
OLS-Imp SR
OLS-Imp SR
OLS-Imp SR
OLS-Imp SR
OLS-Imp SR
OLS-Naive
OLS-Naive
OLS-Naive
OLS-Naive
OLS-R-Squared
OLS-R-Squared
OLS-R-Squared
TLS-Imp SR
TLS-Imp SR
TLS-Naive

Right
OLS-Imp SR
OLS-Naive
OLS-R-Squared
TLS-Imp SR
TLS-Naive
TLS-R-Squared
OLS-Naive
OLS-R-Squared
TLS-Imp SR
TLS-Naive
TLS-R-Squared
OLS-R-Squared
TLS-Imp SR
TLS-Naive
TLS-R-Squared
TLS-Imp SR
TLS-Naive
TLS-R-Squared
TLS-Naive
TLS-R-Squared
TLS-R-Squared

ROS Sharpe ratio
Mean diff
t-stat
-0.0235
-3.7573
0.0575
10.061
-0.05351
-8.6793
-0.1036
-12.0062
0.03583
3.7806
-0.1048
-12.1588
0.08118
13.8264
-0.0299
-4.3723
-0.0800
-9.4425
0.05942
6.2843
-0.08122
-9.5304
-0.1111
-14.7347
-0.1612
-17.9283
-0.02176
-2.4326
-0.1624
-17.9653
-0.0501
-6.3812
0.08934
9.0067
-0.05129
-6.5487
0.1394
14.8044
-0.00118
-0.4581
-0.1406
-14.7307

p-value
Value
Bonferroni
0.00018
0.00376
< 0.00001 < 0.00001
< 0.00001 < 0.00001
< 0.00001 < 0.00001
0.000163
0.003430
< 0.00001 < 0.00001
< 0.00001 < 0.00001
0.00002
0.00028
< 0.00001 < 0.00001
< 0.00001 < 0.00001
< 0.00001 < 0.00001
< 0.00001 < 0.00001
< 0.00001 < 0.00001
0.01512
0.31753
< 0.00001 < 0.00001
< 0.00001 < 0.00001
< 0.00001 < 0.00001
< 0.00001 < 0.00001
< 0.00001 < 0.00001
0.64694
1.00000
< 0.00001 < 0.00001

Figure 3.7: Correlation matrix between ROS Sharpe ratio across methods and types, with
the average most frequent (mode) lag selected across 1361 assets.

3.4

Summary

In this experiment we proposed a new approach to dealing with financial overfitting, a Covariance-Penalty Correction, in which a risk metric is lowered given the
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amount of parameters and data used to underpins a trading strategy. We outlined
the foundation and main results behind the Covariance-Penalty correction for trading strategies. After that, we pursued an empirical investigation, comparing its performance with some other approaches in the realm of Covariance-Penalties across
more than 1300 assets, using Ordinary and Total Least Squares – with the last providing superior performance.
Our findings suggest that Realized Out-Sample (ROS) Sharpe ratio, using some
Covariance-Penalty method provides a boost in the unconditional average of 80100% in relation to the Naive approach. Our two proposed approaches, Implied
Sharpe ratio and R-squared, also improves 20-30% in relation to the AIC lag selection. Total Least Squares (TLS) improves ROS Sharpe ratio in relation to Ordinary
Least Squares (OLS). One of the explanations why TLS outcompeted OLS was
that TLS penalized harder than OLS, making it many setups to adopt smaller lags,
which in some sense, mimic a mean-reversion strategies. Similarly, whenever OLS
preferred smaller Hypothesis Spaces (less parameters), ROS Sharpe ratio rose.

Chapter 4

Generative Adversarial Networks for
Financial Trading Strategies
In this chapter, I present the second experiment called Generative Adversarial Networks for Financial Trading Strategies. It starts with an introduction covering current approaches for model calibration and aggregation, and how Generative Adversarial Networks can be a new alternative for both tasks. Second section provides
background information, how the training and selection of cGANs for time series is
performed, and their application to fine-tuning and ensemble modelling of trading
strategies. Third section outlines the experimental setting used for two case studies: fine-tuning and combination of trading strategies. After this, the penultimate
section presents the results and discussion of both case studies, with the last section
summarizing the chapter.

4.1

Introduction

Systematic trading strategies are algorithmic procedures that allocate assets aiming
to optimize a certain performance criterion. To obtain an edge in a highly competitive environment, the analyst needs to proper fine-tune its strategy, or discover how
to combine weak signals in novel alpha creating manners. Both aspects, fine-tuning
and combination, have been extensively researched in different domains, with distinct emphasis and assumptions:
• Forecasting and Financial Econometrics: proper model fine-tuning is also
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known as preventing Backtesting Overfitting: partly due to the endemic
abuse of backtested results, there is an increasing interest in devising procedures for the assessment and comparison of strategies [103, 104, 105].
Model/Forecasting combination is an established area of research [106], starting with the seminar work of [107] in the 60s, and still active [108].
• Computational Statistics and Machine Learning: model tuning falls under
the guise of Hyperparameter Optimization [109, 110] and Model Validation
schemes [111, 112]; research on their interaction is scarce, and dealing with
dependent data scenarios is still an open area of research [113, 114]. Forming
ensembles is a modelling strategy widely adopted by this community, being
Random Forest and Gradient Boosting Trees the two main workhorses of
Bagging and Boosting strategies [115, 116].
In summary, proper model tuning and combination are still an active area of
research, in particular to dependent data scenarios (e.g., time series). Emerging
techniques such as Conditional Generative Adversarial Networks [46] can have an
impact into aspects of trading strategies, specifically fine-tuning and to form ensembles. Also, we can list a few advantages of such method, like: (i) generating more
diverse training and testing sets, compared to traditional resampling techniques; (ii)
able to draw samples specifically about stressful events, ideal for model checking
and stress testing; and (iii) providing a level of anonymization to the dataset, differently from other techniques that (re)shuffle/resample data.
The price paid is having to fit this generative model for a given time series. In
this experiment we show how the training and selection of the generator is made;
overall, this part tends to be less costly than the whole backtesting or ensemble modelling process. Therefore, this experiment proposes the use of Conditional Generative Adversarial Networks (cGANs) for trading strategies calibration and aggregation. We provide evidence that cGANs can be used as tools for model fine-tuning,
as well as on setting up ensemble of strategies. Hence, we can summarize the main
highlights of this experiment:
• We have considered 579 assets, mainly equities, but we have also included
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swaps and equity indices, and currencies data.
• Our findings suggest that cGAN can be an alternative to Bagging via Stationary Bootstrap, that is, when bootstrap approaches have failed to outperform,
cGAN can be employed for Stochastic Gradient Boosting or Random Forest.
• For model fine-tuning, we have evidence that cGAN is a viable procedure,
comparable to many other well established techniques. Therefore, it should
be considered part of the quantitative strategist toolkit of validation schemes
for time series modelling.
• A side outcome of our work is the wealth of results and comparisons: to the
best of our knowledge most of the applied model validation strategies have
not yet been cross compared using real datasets and different models.
Therefore, in addition to this introductory section, we structured this experiment with other four sections. Next section demonstrate how the training and selection of cGANs for time series was performed, as well as their application to
fine-tuning and ensemble modelling of trading strategies. Third section outlines the
experimental setting (scenario, parameters, etc.) used for two case studies: finetuning and combination of trading strategies. After this, the penultimate section
presents the results and discussion of both case studies, with the last section summarizing the chapter.

4.2
4.2.1

Training and Selecting GANs
Conditional GANs

As the name implies, Conditional GANs (cGANs) are an extension of a traditional GAN, when both G and D decision is based not only in noise or generated inputs, but include an additional information set v. Formally, we can define
a cGAN by including the conditional variable v in the original formulation. Therefore, now G : z × v → x and D : x∗ × v → [0, 1], as before D is trained to maximize correct labelling, whilst G, in the original formulation, is trained to minimize
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log(1 − D(G(z|v))). Similarly, it follows from [46] that D and G play the following
two-player minimax game with value function V (G, D):
min max V (D, G) = Ex∼pdata (x) [log D(x|v)] + Ez∼pz (z) [log(1 − D(G(z|v)))] (4.1)
G

D

in our case, given a time series y1 , y2 , ..., yt , ..., yT , our conditional set is v =
(yt−1 , yt−2 , ..., yt−p ) and what we are aiming to sample/discriminate is x = yt (with
pdata (yt |yt−1 , ..., yt−p )). In this sense, p sets the amount of past information that is
considered in the implicit conditional generative model. If p = 0, then a traditional
GAN will be trained; if p is large, than the Neural Network have a larger memory,
but it will need bigger capacity to model and deal with selecting the right past values and dealing with noise vector z; experimental setting section outline the values
we have used during our experiments.

4.2.2

Training and Selecting Generators for Time Series

With the addition of the conditional vector v, training cGANs is akin to GANs;
what substantially change is how the right architecture is chosen across the training.
Algorithm 1 detail a minibatch stochastic gradient descent Training and Selecting
of cGANs.
Where in Algorithm 1, params represents a set of hyperparameters that the
user has to define before running cGAN Training. It mainly encompasses: G and D
architectures, number of lags p, noise vector size and prior distribution, minibatch
size L, number of epochs, snapshot frequency (snap), number of samples C, and
parameters associated to the stochastic gradient optimizer; all of them are specified
in the Experimental Setting section (see Table 4.2).
Selecting the right cGAN during the training is a difficult task, since it is computationally expensive to every iteration draw multiple samples and evaluate them.
An approximation that we considered was to add a snapshot frequency in which
every snap iterations G and D weights are store. This parameter plays a relevant
role in regulating the available number of cGANs to draw samples, evaluate and select. To illustrate the selection part of Algorithm 1, Figure 4.1 presents a sensibility

4.2. Training and Selecting GANs

68

Algorithm 1 cGAN Training and Selection
procedure C GAN([y1 , ..., yT ], params)
for number of epochs do
Sample minibatch of L noise samples {z(1) , ..., z(L) } from noise prior
pz (z)
4:
Sample
minibatch
of
L
examples
(1)
(L)
{(yt ; yt−1 , ..., yt−p ) , ..., (yt ; yt−1 , ..., yt−p ) } from pdata (yt |yt−1 , ..., yt−p )
5:
Update the discriminator by ascending its stochastic gradient:
1:
2:
3:

∇ΘD

i
1 L h
(l) (l)
(l)
(l)
(l) (l)
)))
)
+
log(1
−
D(G(z
|y
,
...,
y
log
D(y
|y
,
...,
y
∑
t
t−p
t−p
t−1
t−1
L l=1

Sample minibatch of L noise samples {z(1) , ..., z(L) } from noise prior

6:

pz (z)
Update the generator by ascending its stochastic gradient:

7:

∇ΘG

i
1 L h
(l)
(l) (l)
log(D(G(z
|y
,
...,
y
)))
∑
t−p
t−1
L l=1

if rem(epoch, snap) == 0 then
Gk ← G, Dk ← D
. store current G, D as Gk , Dk
for c ← 1,C do
. draw C samples from Gk
for t ← p + 1, T do
. generate time series
sample noise vector z ∼ pz (z)
draw yt∗ = Gk (z|yt−1 ...., yt−p )
end for
Measure cGAN sample goodness-of-fit (akin to chi-square dis-

8:
9:
10:
11:
12:
13:
14:
15:

tance):
v
u
u
RMSEc = t
16:
17:
18:
19:
20:
21:

T
1
∑ (yt − yt∗)2
T − p − 1 p+1

end for
Average of all samples: RMSE(Gk ) = C1 ∑Cc=1 RMSEc
end if
end for
return G := arg minGk RMSE(Gk ), D := arg minGk RMSE(Gk )
end procedure

analysis of it to SPX Index.
Overall, after a sharp decrease in the first 2000 epochs we observe a stabilization of RMSE to the 0.018 level. Drawing more samples improve estimation, but
the gain is almost imperceptible from 20 to 100 samples. Snapshot frequency is an
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(c)

Figure 4.1: RMSE curves, considering a range of snapshot frequencies and number of samples.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 4.2: SPX Index log-returns (a-c) from cGAN in different epochs, with their respective cumulative returns (d-e).

important parameter, with a noticeable difference between 100 to 2500, but without
much change moving from 100 to 500. Number of samples draw from G and the
snapshot frequency are also reported in the Experimental Setting section. Figure
4.2 presents SPX Index samples (a-c) from cGAN and their respective cumulative
returns (d-e)1 in different stages of training: 200, 1000 and 5000 epochs.
Clearly, with just a 200 epochs the samples generated do not resemble well
the index, whilst with 1000 the results are closer. For SPX Index, not much im1 We

are highlighting this period in particular because our analyses and results concentrated on
taking samples from 2001-2013.
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provement was observed after 1000-2000 epochs. Although the samples still appear similar to the index, some issues related to scaling and presence of overshoots
in the prediction damaged the RMSE values. Figure 4.3 look into the estimated autocorrelations (ACF) and partial autocorrelations (PACF) functions using samples
of cGAN with 1000 epochs. With few exceptions, most of the observed ACF and
PACF values were in the neighbourhood of the average of several cGAN samples,
with the confidence interval (CI) covering most of the 63 lags; this anecdotal evidence suggest that our cGAN Training and Selection Algorithm is able to replicate
to a certain extent some statistical properties of a time series, in particular its ACF
and PACF. The proper evidence toward this last assertion are provided in our case
studies.

(a)

(b)

Figure 4.3: Autocorrelations (a) and partial autocorrelations (b) for SPX Index using a
cGAN with 1000 epochs.

A final note: we have adopted the Root Mean Square Error as the loss function
between the generator samples and the actual data, however nothing limits the user
to use another type of loss function. In the next two subsections we outline new applications that can be made using the cGAN generator: fine-tuning and combination
of trading strategies.

4.2.3

cGAN: Fine-Tuning of Trading Strategies

Fine-tuning of trading strategies consists of identifying a suitable set of hyperparameters such that a desired goal is attained. This goal depends on what is the utility
function P that the quantitative analyst is targeting: outperformance during active
trading, hedging a specific risk, reaching a certain level of risk-adjusted returns, and
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so on. This problem can be decomposed into two tasks – model validation and hyperparameter optimization – that are strongly connected. Using [117] as the initial
step, given a(n):
• finite set of examples X(train) draw from a probability distribution px (x)
• set of hyperparameters λ ∈ Λ, such as number of neurons, activation function
of layer j, etc.
• utility function P to measure a trading strategy Sλ performance in face of new
samples from px (x)
• trading strategy Mλ with parameters θ identifiable by an optimization of a
training criterion, but only spotted after a certain λ is fixed
mathematically, a trading strategy is fine-tuned properly if we are able to identify:
λ∗ = arg max Ex∼px [P(x; Mλ (X(train) ))]
λ ∈Λ

(4.2)

that is, the optimal configuration for Mλ∗ that maximizes the generalization of utility
P. In reality, since drawing new examples from px is hard, and Λ could be extremely
large, most of the work in hyperparameter optimization and model validation is
done by a double approximation:
λ∗ = arg max Ex∼px [P(x; Mλ (X(train) ))] ≈
λ ∈Λ

arg
arg

max

Ex∼px [P(x; Mλ (X(train) ))] ≈

(4.3)

meanx∈X(val) [P(x; Mλ (X(train) ))]

(4.4)

λ ∈{λ1 ,λ2 ,...,λm }

max

λ ∈{λ1 ,λ2 ,...,λn }

the first approximation (eq. 4.2.3) is discretizing the search space of λ (hopefully
including λ∗ ) due to finite amount of computation. There are better ways to do this
search, such as using Evolution Strategies [110] or Bayesian Optimization [109],
but this is not the focus of our work. The second approximation (eq. 4.2.3) replaces the expectation over sampling from px , by an average over validation sets
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X(val) . Creating proper validation sets have been the focus of a substantial amount
of research:
• when x1 , ..., xn are sampled independently and identically distributed (iid),
techniques such as k-fold-cross-validation [114] and iid bootstrap [111] can
be employed to create both X(train) and X(val) .
• when x1 , ..., xn are not iid, then modifications have to be employed in order to
create X(train) and X(val) adequately. In itself, it is an ongoing research topic,
but we can mention the block-cross-validation and hv-block-cross-validation
[118], sliding window [111], one-split (single holdout) [111], stationary bootstrap [112], as potential candidates.
in this work we follow a different thread: we attempt to build an approximation
of drawing new examples from px using a cGAN. Algorithm 2 outlines the steps
followed to fine-tune a trading strategy using a cGAN generator.
Algorithm 2 Fine-tuning trading strategies using cGAN
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:

procedure C GAN([y1 , ..., yT ], params)
. train and select a cGAN for a time series y1 , ..., yT
return G, D
end procedure
procedure C GAN-F INE - TUNING(G, [y1 , ..., yT ], B)
for λ ← λ1 , ..., λm do
for b ← 1, B do
for t ← p + 1, T do
sample noise vector z ∼ pz (z)
draw yt∗ = G(z|yt−1 ...., yt−p )
end for
train data: X(train) := (y∗p+1 , ..., y∗T −h )
(b)

fit trading strategy: Mλ (X(train) )
val data: X(val) := (y∗T −h+1 , ..., y∗T )
(b)

(b)

perf: sλ = P(X(val) ; Mλ (X(train) ))
end for
(b)
average: per f (λ ) = (1/B) ∑Bb=1 sλ
end for
return arg maxλ ∈{λ1 ,λ2 ,...,λm } per f (λ )
end procedure
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Hence, we train a cGAN and use the generator G to draw B samples from the
time series. For every sample, we perform an one-split to create X(train) and X(val) ,
so that we are able to identify Mλ parameters λ and assess a set of hyperparameters λ . Following eq. (4.2.3), we return the hyperparameter λ∗ that maximize the
average performance across the cGAN samples. The one-split method has one parameter h which sets the holdout set size; its value is specified in the experimental
setting section. We compared our methodology results with other schemes that produce X(train) and X(val) from a given dataset. Next subsection outline another use of
the cGAN generator: ensemble modelling.

4.2.4

cGAN: Sampling and Aggregation

Another potential use of cGAN is to build an ensemble of trading strategies, that is,
using base learners that are individually ”weak” (e.g. Classification and Regression
Tree), but when aggregated can outcompete other ”strong” learners (e.g., Support
Vector Machines). Notorious instantiations of this principle are Random Forest,
Gradient Boosting Trees, etc., techniques that make use of Bagging, Boosting or
Stacking [115, 116]. In our case, the closest parallel we can draw to cGAN Sampling and Aggregation is Bagging. Algorithm 3 shows this method. After have
trained and selected a cGAN, we repeatedly draw a cGAN sample and train a base
learner; having proceed this way for b = 1, ..., B steps we return the whole set of
base models as an ensemble.
An argument that is often used to show why this scheme work is the variance
reduction lemma [115]: let Ŷ1 , ..., ŶB be a set of base learners, each one trained using
distinct samples draw repeatedly from the cGAN generator. Then, if we average
their predictions and analyse its variance we have:
h1 B i

B
1 B
V
∑ Ŷb = B2 ∑ V[Ŷb] + 2 ∑ C[Ŷb, Ŷ j ]
B b=1
b=1
1≤b≤ j≤B

(4.5)

if we assume, for analytical purpose, that V[Ŷb ] = σ 2 and C[Yb ,Y j ] = ρσ 2 for all b,
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Algorithm 3 cGAN Sampling and Aggregation
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:

procedure C GAN([y1 , ..., yT ], params)
. train and select a cGAN for a time series y1 , ..., yT
return G, D
end procedure
procedure C GAN-S AMPLE -AGG(G, [y1 , ..., yT ], B)
for b ← 1, B do
for t ← p + 1, T do
sample noise vector z ∼ pz (z)
draw yt∗ = G(z|yt−1 ...., yt−p )
end for
(b)
train base learner: Mλ (y∗p+1 , ..., y∗T )
end for
(B)
(1)
return ensemble Mλ , ..., Mλ
end procedure

that is, equal variance σ 2 and average correlation ρ, this expression simplifies to:

V

B

i

B−1 
2 1
+
ρ ≤ σ2
Ŷ
=
σ
∑ b
B b=1
B
B

h1

(4.6)

hence, we are able to reduce a base learner variance by averaging many slightly
correlated predictors. By Bias-Variance trade-off [115, 116], the ensemble Mean
Squared Error tend to be minimized, particularly when low bias and high variance
base learners are used, such as deep Decision Trees. Diversification in the pool of
predictors is the key factor; commonly it is implemented by taking B iid bootstrap
samples from a dataset. When dealing with time series, iid bootstrap can corrupt
its autocorrelation structure, and taking B stationary bootstrap samples [112] is preferred. Bagging predictors using stationary bootstrap is, therefore, the appropriate
benchmark to compare cGAN Sampling and Aggregation. The method that is able
to produce Ŷb and Ŷ j with low σ 2 and as slightly correlated as possible, will tend to
outperform out-of-sample. A final note: one potential risk is that cGAN is unable to
replicate well pdata . Therefore, thought the samples are more diverse they are also
more ”biased”. This can make the base learners to miss patterns displayed in the
real dataset, or even spot ones that did not existed in the first place.

4.3. Experimental Setting

4.3

Experimental Setting

4.3.1

Datasets and Holdout Set
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Table 4.1 presents aggregated statistics associated to the datasets used, whilst Figure
4.4 illustrates the cumulative returns per asset pool. We have considered three main
asset classes during our evaluation: equities, currencies, and fixed income. The data
was obtained from Bloomberg, with the full list of 579 assets tickers and period
available at https://www.dropbox.com/s/08mjq7z49ybftqg/cgan_
data_list.csv?dl=0. The typical time series started on 03/01/2000 and finished at 02/03/2018, with an average length of 4565 data points. We converted the
raw prices in excess log returns, using a 3-month Libor rate as the benchmark rate.
Table 4.1: Aggregated statistics of the assets used over our empirical evaluation.
Asset Pool*
All Assets
World Equity Indices
S&P 500, FTSE 100 and
DJIA Equities
World Swaps Indices
Rates Aggregate Indices
World Currencies

N
579
18
491

Avg Return
0.0220
0.0152
0.0251

Volatility
0.0453
0.0717
0.0525

Sharpe ratio
0.4854
0.2114
0.4785

Calmar ratio
0.1051
0.0504
0.1127

Monthly skewness
-1.2169
-0.8170
-1.1133

VaR 95%
-0.9443
-1.0048
-0.9517

48
16
24

-0.0191
0.1220
-0.0025

0.0446
0.0637
0.0315

-0.4295
1.9135
-0.0798

-0.0458
0.5504
-0.0157

0.0275
-0.8227
-1.0052

-0.9753
-0.9440
-0.8856

* Before being averaged, each individual asset was volatility scaled to 10%

We have established a testing procedure to assess all the different approaches
spanned in this research. Figure 4.5 summarize the whole procedure. The process
start by splitting a sequence of returns r1 , ..., rT in a single in-sample/training (IS)
and out-sample/testing/holdout (OS) set, with both sets sizes being determined by
the trading horizon h. During our experiments we have fixed h = 1260 days ≈ 5
years. Every method used or cGAN trained tap only into the IS data. Some methods, such as the other Model Validation schemes will create training and validation
sequences, but all of them only based on IS set. However, the data used to measure
their success is the same: by computing a set of metrics using the fixed OS set.

4.3.2

Performance Metrics

This subsection outline the utility function employed. We opted for a financial
performance metric, instead of a generic metric based in prediction error. Low
prediction error is a necessary, but not a sufficient condition to construct alpha-
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Figure 4.4: Cumulative returns aggregated across asset pool. Before being averaged, each
individual asset was volatility scaled to 10%

Figure 4.5: One-split/single holdout approach to assess all approaches in this work. During
our experiments we have fixed h = 1260 days ≈ 5 years.

generating trading strategies [119]. In this sense, we mainly reported Sharpe and
Calmar ratios: metrics that combine risk and reward measures, and make different
investment strategies comparable [120, 121, 122]. These metrics can be defined as:
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R̄(M)
(M)

and CR =

σR
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R̄(M)
−MDD(R(M) )

(4.7)
(M)

where R̄(M) is the strategy average annualized excess returns, σR

is it volatility,

and MDD(R(M) ) is the strategy maximum drawdown. All of them are calculated
(M)

using the strategy instantaneous returns rt

= rt · f (r̂t ) as the building block. In

this case, f (r̂t ) is our trading signal, a transformation f of the estimated returns r̂t
outputted by a predictive model. We opted to use an identity function for f (r̂t ) = r̂t
so we can avoid having another layer of hyperparameters; in practice an user can
select another transformation.
Finally, it should be mentioned that most of our reported results are aggregated
across all 579 assets. Although the ratios provide a common basis to compare strategies with different risk profiles, still, the asset pool is quite diverse and is affected
by outliers. Hence, we opted for robust statistics (median, mean absolute deviation,
quantiles, ranks, etc.) to compare and statistically test the different hypothesis2 .

4.3.3

cGAN Configuration

Table 4.2 outlines the three different architectures used for G and D of a cGAN.
Since the main variation is the number of neurons used, we abbreviated their names
across the cases as cGAN-Small, cGAN-Medium and cGAN-Large. This variation
will allow us to check how different architecture sizes perform across the benchmarks.
After a few initial runs, we opted for Stochastic Gradient Descent with learning
rate of 0.01 and batch size of 252 as the optimization algorithm. Input features
and target were scaled using a z-score function to ease the training process. We
selected the right cGAN to use by taking snapshots every 200 iterations (snap =
200), drawing and evaluating 50 samples per generator along 20000 epochs. Finally,
we used 252 consecutive lags as conditional information (around one year) with
the noise prior (Standard Normal - N(0, 1)) wielding the same dimension of the
2 The

readers interested to understand more about the nonparametric statistical tests used in this
work – Friedman, Holm Correction and Wilcoxon rank-sum test – should consult this reference
[123].
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Table 4.2: Configurations used to train and select the cGANs.
Abbreviation
cGAN-Small (G, D)
cGAN-Medium (G, D)
cGAN-Large (G, D)

Individual Configuration
number of neurons = (5, 5)
number of neurons = (100, 100)
number of neurons = (500, 500)

Other Configuration
Architecture
Number of hidden layers
Hidden layer activation function
G Output layer activation function
D Output layer activation function
Epochs
Batch Size
Solver
Solver Parameters
Conditional info
Noise prior pz (z)
Noise dimension dim(z)
Snapshot frequency (snap)
Number of samples for evaluation
Input features scaling function
Target scaling function

Values
Multilayer Perceptron
1
rectified linear
linear
sigmoid
20000
252
Stochastic Gradient Descent
learning rate = 0.01
rt−1 , rt−2 , ..., rt−252 (p = 252)
N(0, 1)
252
200
C = 50
Z-score (standardization)
Z-score (standardization)

conditional input; we did it to increase the chance to create a more diverse pool of
examples, as well as to make it harder for the generator to omit/nullify the weights
associated with this part of the input layer.

4.3.4
4.3.4.1

Case I: Combination of Trading Strategies
Overview

This case evaluates the success of different combination of trading strategies. In
this sense, Algorithm 4 presents the main loop used for cGANs and Stationary
Bootstrap. First step is to resample the actual returns RS(r1 , ..., rT −h ) using Stationary Bootstrap or cGAN, creating a new sequence of returns {r1∗ , ..., rT∗ −h } = X(train)
(b)

set. We then proceed as usual: use X(train) to train a base learner Mλ , and add it to
the ensemble set ES All of these steps are repeated B times. Finally, we can propagate the OS feature set through the ensemble ES, get the aggregated prediction, and
compute its performance within this holdout set.
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Algorithm 4 Generic loop for combination of strategies
1: for b ← 1, B do
2:
X(train) := {r1∗ , ..., rT∗ −h } = RS(r1 , ..., rT −h )
(b)

3:

fit trading strategy: Mλ (X(train) )

4:
5:
6:

add to ensemble: ES ← Mλ (X(train) )
end for
test ensemble: P(rT −h , ..., rT ; Agg(ES))

(b)

4.3.4.2

Methods and Parameters

Table 4.3 presents the instantiations of RS, Mλ , and Agg of Algorithm 4. The main
competing method is the Stationary Bootstrap; for all RS schemes, we have taken
different number of resamples B, so that we could compare the efficiency for different sizes of the ensemble. We used two main base learners: a deep Regression Tree
and a large Multilayer Perceptron. The main idea was to follow the usual principle
of using low bias and high variance base learners. We employed a fixed feature set
of 252 consecutive lags, and averaged the prediction of all members. Therefore,
we can describe the main hypothesis as: which resampling scheme RS is able to
(1)

(B)

create a set of trading strategies ES = {Mλ , ..., Mλ } that in aggregate manage to
outcompete during the OS period?
Table 4.3: Main configuration used for Case I: Combination of Trading Strategies.
Resampling Scheme (RS)
Stationary Bootstrap [112]

Parameters
B = {20, 100, 500}
samples
and
block size = 20
B = {20, 100, 500} samples
B = {20, 100, 500} samples
B = {20, 100, 500} samples
Hyperparameters (λ )
unlimited depth, with minimum number of
samples required to split an internal node
of 2
number of neurons = {200},

cGAN-Small
cGAN-Medium
cGAN-Large
Trading Strategy (Mλ )
Regression Tree (Reg Tree) [116]

Multilayer Perceptron (MLP) [116]
weight decay = {0.00001} and
tivation function = {tanh}
Other details
Number of lags used as features
Aggregation function (Agg)

acValues
rt−1 , rt−2 , ..., rt−252
Mean
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Case II: Fine-tuning of Trading Strategies
Overview

This case evaluates the success of different fine-tuning strategies, in particular those
that create X(train) and X(val) sets for time series. In this sense, Algorithm 5 presents
an unified loop used regardless of the methodology employed: from data splitting,
hyperparameter selection, and performance calculation.

Algorithm 5 Generic loop for fine-tuning of trading strategies
1: for b ← 1, B do
. All training and validation folds
(train)
(val)
2:
X
,X
:= MV (r1 , ..., rT −h )
3:
for λ ← λ1 , ..., λm do
(b)
4:
fit trading strategy: Mλ (X(train) )
5:
6:
7:
8:
9:
10:
11:
12:
13:

(b)

(b)

check strategy: sλ = P(X(val) ; Mλ (X(train) ))
end for
end for
for λ ← λ1 , ..., λm do
(b)
average across sets: per f (λ ) = (1/B) ∑Bb=1 sλ
end for
opt hyperparam: λ ∗ := arg maxλ ∈{λ1 ,λ2 ,...,λm } per f (λ )
fit trading strategy: Mλ ∗ (X(train) := r1 , ..., rT −h )
(b)
test trading strategy: P(rT −h , ..., rT ; Mλ (X(train) ))

It start by splitting the IS = {r1 , ..., rT −h } set in X(train) and X(val) using a
Model Validation methodology MV – one-split, stationary bootstrap, cGAN, etc.
Then, for every hyperparameter λ1 , ..., λm , we fit a trading strategy (e.g., Multi-layer
(b)

Perceptron - Mλ ) that aims to predict rt using lagged information rt−1 , ..., rt−p as
(b)

the feature set. We check the strategy performance sλ using a validation set X(val)
and an utility function P (e.g., Sharpe ratio). This process is repeated for all training and validation sets (B). Then, we measure the worthiness of a hyperparameter
λ (e.g., (number of neurons, weight decay) = (20, 0.05)) by averaging its performance across the validation folds per f (λ ); the optimal configuration is the one that
maximizes the expected utility. Using this hyperparameter, a final model is fitted
and tested using OS set.
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Methods and Parameters

Table 4.4 presents the instantiations of MV , Mλ , λ and P of Algorithm 5.
Table 4.4: Main configuration used for Case II: Fine-tuning of trading strategies.
Model Validation (MV )
Naive (X(val) = X(train) )
Sliding window [111]
Block cross-validation [118]
hv-Block cross-validation [118]
One-split/Holdout/Single split [111]
k-fold cross-validation [114]
Stationary Bootstrap [112]
cGAN-Small
cGAN-Medium
cGAN-Large
Trading Strategy (Mλ )
Gradient Boosting Trees (GBT) [116]

Multilayer Perceptron (MLP) [116]

Ridge Regression (Ridge) [116]

Other details
Number of lags used as features
Hyperparameter search
Utility function P

Parameters
stride and window sizes = 252 days
block size = 252 days
block
size
=
252
days
and
gap size = 10 days
X(val) = last 1260 days
k = 10 folds
B
=
100
samples
and
block size = 20
B = 100 samples
B = 100 samples
B = 100 samples
Hyperparameters (λ )
number of trees = {50, 100, 200}, learning
rate = {0.0001, 0.001, 0.01, 0.1, 1.0} and
maximum depth = {1, 3, 5}
neurons = {20, 50, 100, 200}, weight decay = {0.001, 0.01, 0.1, 1.0} and activation
function = {tanh}
shrinkage
=
{0.00001, 0.00005,
0.0001, 0.0005, 0.001, 0.005, 0.01, 0.05,
0.1, 0.5, 1.0}
Values
rt−1 , rt−2 , ..., rt−252
Grid-search or Exhaustive search
Sharpe ratio

Apart from the three different architectures of cGANs, the competing methods
to cGAN for fine-tuning trading strategies are: naive (training and validation sets are
equal), one-split and sliding window; block, hv-block and k-fold cross-validation;
stationary bootstrap. Hence, the main hypothesis is: given a trading strategy Mλ ,
which MV mechanism is able to uncover the best configuration λ to apply during
the OS period? We search for an answer to this hypothesis using linear and nonlinear trading strategies (Ridge Regression, Gradient Boosting Trees and Multilayer
Perceptron). We used the Sharpe ratio as the utility function, grid-search as the hyperparameter search method, and a fixed feature set consisting of 252 consecutive
lags.
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Case Studies

4.4.1

Case I: Combination of Trading Strategies

Table 4.5 presents the median and mean absolute deviation (MAD - in brackets)
results of ensemble strategies in the OS set. Starting with Regression Tree (Reg
Tree), we observe that the median Sharpe and Calmar ratios of cGAN-Large was
higher across distinct number of base learners (B = 20, 100, 500). In fact, it was
already twice as much of Stationary Bootstrap (Stat Boot), even when the number
of samples was smaller (B = 20); after this point some gain can still be obtained,
but it seems that most of the diversification effect had already been realised. A
different picture can be draw for Multilayer Perceptron (MLP): in this case Stat
Boot produced better median Sharpe and Calmar ratios across the assets, with some
exceptions when B = 20.
Looking into cGAN results, often the configuration cGAN-Large performed
better, whilst in the other side of the spectrum cGAN-Small underperforming.
Overall, our results suggest that using a high capacity MLP as the Generator/Discriminator helps to produce a Resampling Strategy that favours the training
of base learners. We also reported the Root Mean Square Error (RMSE) since it is
usual to report it for Ensemble Strategy. Numerically, they were very similar, nevertheless cGAN-Medium obtained the best values across B and trading strategies.

(a)

(b)

Figure 4.6: Scatterplot of Sharpe ratio (a) and RMSE (b) values obtained using cGANLarge and Stat Boot across 579 assets.
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Table 4.5: Median and Mean Absolute Deviation (MAD) results of Trading and Ensemble
Strategies on the OS set.
Trad Strat

Metric
Sharpe

Reg Tree

Calmar

RMSE

Sharpe

MLP

Calmar

RMSE

B
20
100
500
20
100
500
20
100
500
20
100
500
20
100
500
20
100
500

Stat Boot
0.042560 (0.380039)
0.062837 (0.378920)
0.074116 (0.397212)
0.019442 (0.230641)
0.027235 (0.241023)
0.034422 (0.266419)
0.014397 (0.005570)
0.014096 (0.005486)
0.014035 (0.005470)
0.080722 (0.390515)
0.097576 (0.382028)
0.092262 (0.390161)
0.035525 (0.223141)
0.045916 (0.227827)
0.038678 (0.237459)
0.014030 (0.005416)
0.013924 (0.005399)
0.013924 (0.005400)

Ensemble Strategy
cGAN-Small
cGAN-Medium
0.053867 (0.378896)
0.044741 (0.380228)
0.058820 (0.387749)
0.030588 (0.390575)
0.067905 (0.392788)
0.072071 (0.392382)
0.022619 (0.201044)
0.018987 (0.200625)
0.024254 (0.209783)
0.011890 (0.201523)
0.031174 (0.212710)
0.032761 (0.221514)
0.014561 (0.005604) 0.014289 (0.005414)
0.014281 (0.005545) 0.013988 (0.005357)
0.014203 (0.005531) 0.013912 (0.005346)
0.079428 (0.416847) 0.087960 (0.393913)
0.063012 (0.415537)
0.091344 (0.397506)
0.059344 (0.415700)
0.073652 (0.389588)
0.030805 (0.217727) 0.037877 (0.219139)
0.023479 (0.223602)
0.040718 (0.217648)
0.024014 (0.225413)
0.035688 (0.215691)
0.013999 (0.005408) 0.013910 (0.005345)
0.013973 (0.005403) 0.013878 (0.005339)
0.013974 (0.005402) 0.013887 (0.005337)

cGAN-Large
0.080540 (0.360695)
0.086423 (0.406171)
0.098094 (0.424621)
0.035473 (0.191353)
0.036523 (0.239046)
0.042232 (0.251194)
0.014411 (0.005432)
0.014099 (0.005373)
0.014033 (0.005361)
0.069866 (0.398197)
0.087216 (0.414697)
0.085333 (0.414096)
0.031145 (0.214533)
0.040572 (0.223359)
0.035885 (0.222552)
0.014055 (0.005369)
0.014028 (0.005363)
0.014033 (0.005362)

Except for RMSE, MAD values were high for Sharpe and Calmar ratios across
the different combinations. Hence in aggregate, any numerical difference can become imperceptible from statistical lens. Table 4.6 shows if some of the differences
raised about the values in Table 4.5, only between cGAN-Large and Stat Boot, are
statistically significant or not. Overall, apart from RMSE, p-values of Wilcoxon
rank-sum test were in general above 0.05 (significance level adopted), meaning that
the differences observed were not substantial across models, number of samples,
and Sharpe or Calmar ratios.
Table 4.6: p-values of Wilcoxon rank-sum test comparing cGAN-Large with Stationary
Bootstrap results.
Trad Strat
Reg Tree

MLP

Metric
Sharpe
Calmar
RMSE
Sharpe
Calmar
RMSE

20
0.2440
0.8495
0.0456
0.7941
0.8119
0.7973

B
100
0.3432
0.2958
< 0.0001
0.3994
0.4805
0.0043

500
0.7832
0.9106
< 0.0001
0.4295
0.4053
0.0007

In principle, so far it seems that there is little difference between cGAN-Large
and Stat Boot, across models, metrics and number of samples. However, this equivalence in aggregate often do not manifest itself at the micro level. Figure 4.6
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presents this analysis: plotting the Sharpe ratio and RMSE obtained for every asset
using cGAN-Large and Stat Boot (B = 500). For RMSE there is an almost perfect correlation – when cGAN-Large thrives, Stationary Bootstrap also do, with the
converse also holding. However, a different phenomena occurs for Sharpe ratio:
apart from a few outliers that skewed the correlation (0.407733), when Stat Boot
fails to deliver reasonable results, cGAN-Large can provide a feasible alternative
for combining weak signals. This complementarity, not perceived when looked in
aggregate, can be an asset for the quantitative analyst in its pursuit to build alpha
generating strategies.
To give a more concrete example of this complementarity, Figure 4.7 presents
the main findings obtained for SPX Index. Figures 4.7a and 4.7b show cGANLarge as the ensemble strategy using Regression Tree and Multilayer Perceptron as
the base learners, respectively. Regression Trees seemed more successful, obtaining
a Sharpe and Calmar ratios of 1.00 and 0.75 approximately; but for both methods,
cGAN-Large managed to produce positive Sharpe and Calmar ratios. Conversely,
Stat Boot failed in both cases, scoring a Sharpe ratio near to 0.0 (Figures 4.7c and
4.7d). This outperformance manifested in a substantial gap between the cumulative returns of the different approaches (Figures 4.7g and 4.7h). Finally, although
both methods similarly minimized RMSE (Figures 4.7e and 4.7f), this minimization
manifested itself very differently from a Sharpe/Calmar ratio points of view. As a
side note, this suggest that minimizing RMSE (a predictive metric) is not an ideal
criteria when Sharpe ratio (a financial metric) is the metric that will decide which
strategy to be implemented.
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 4.7: Main findings for SPX Index; (a-d) Sharpe and Calmar ratios per additional
unit in the ensemble; (a,c) Regression Trees built on cGAN-Large and Stat
Boot samples, respectively; (b,d) Multilayer Perceptron built on cGAN-Large
and Stat Boot samples, respectively. Figures (e,f) outline the RMSE of both approaches per additional unit in the ensemble; (e) Regression Tree, (f) Multilayer
Perceptron. Figures (g,h) present the cumulative returns for B = 500 using (g)
Regression Tree and (h) Multilayer Perceptron (targeting 10 % of volatility).
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Case II: Fine-tuning of Trading Strategies

Table 4.7 presents the quantiles of Sharpe and Calmar ratios in the OS set across the
579 assets for different trading strategies and model validation schemes. Starting
from Ridge, we can spot that there not much differences between the model validation schemes, with Naive yielding the worst median (50%) values (0.121), and
hv-Block, Block and cGAN-Medium with the best median (0.138); same can be
said with respect to Calmar ratios.
Table 4.7: Quantiles of Sharpe and Calmar ratios in the OS set across the 579 assets for
different trading strategies and model validation schemes.
Trad Strat

Metric

Sharpe
Ridge
Calmar

Sharpe
MLP
Calmar

Sharpe
GBT
Calmar

Quant
0%
25%
50%
75%
100%
0%
25%
50%
75%
100%
0%
25%
50%
75%
100%
0%
25%
50%
75%
100%
0%
25%
50%
75%
100%
0%
25%
50%
75%
100%

Naive
-1.594
-0.215
0.121
0.403
3.156
-0.290
-0.075
0.055
0.236
5.074
-1.362
-0.310
0.020
0.352
1.249
-0.330
-0.099
0.008
0.194
1.565
-1.197
-0.233
0.088
0.391
5.174
-0.665
-0.080
0.038
0.232
7.492

One-Split
-1.594
-0.212
0.134
0.418
3.177
-0.290
-0.071
0.063
0.251
4.561
-1.583
-0.280
0.061
0.390
1.579
-0.324
-0.095
0.026
0.213
1.981
-1.171
-0.192
0.159
0.503
5.174
-0.218
-0.070
0.071
0.325
7.492

Sliding
-1.594
-0.213
0.122
0.409
3.238
-0.218
-0.071
0.060
0.232
4.561
-1.554
-0.263
0.073
0.400
1.390
-0.254
-0.089
0.031
0.212
1.738
-1.155
-0.208
0.142
0.488
4.411
-0.251
-0.078
0.066
0.299
6.454

hv-Block
-1.594
-0.201
0.138
0.409
3.226
-0.290
-0.071
0.064
0.239
4.561
-1.291
-0.246
0.086
0.396
1.564
-0.264
-0.081
0.039
0.214
2.399
-1.289
-0.167
0.175
0.537
5.174
-0.300
-0.058
0.081
0.348
7.492

Model Validation Scheme
Block
k-Fold
Stat Boot
-1.594
-1.493
-1.594
-0.201
-0.214
-0.213
0.138
0.135
0.135
0.409
0.424
0.410
3.226
3.177
3.203
-0.290
-0.290
-0.209
-0.071
-0.071
-0.071
0.064
0.063
0.064
0.241
0.241
0.241
4.561
4.561
4.561
-1.297
-1.389
-1.062
-0.254
-0.207
-0.226
0.097
0.112
0.115
0.416
0.406
0.429
1.903
1.663
1.896
-0.266
-0.328
-0.213
-0.090
-0.073
-0.073
0.046
0.050
0.056
0.242
0.229
0.235
2.381
1.724
1.586
-1.143
-1.038
-1.073
-0.143
-0.212
-0.214
0.211
0.174
0.162
0.546
0.534
0.527
5.174
5.174
5.174
-0.346
-0.393
-0.198
-0.060
-0.076
-0.077
0.105
0.077
0.072
0.385
0.331
0.333
7.492
7.492
7.492

cGAN-Small
-1.493
-0.197
0.135
0.424
3.226
-0.218
-0.071
0.063
0.241
4.561
-1.150
-0.290
0.059
0.380
1.733
-0.286
-0.093
0.022
0.211
2.209
-1.157
-0.239
0.123
0.446
3.443
-0.246
-0.084
0.053
0.295
3.782

cGAN-Medium
-1.493
-0.197
0.138
0.419
3.226
-0.203
-0.071
0.064
0.244
4.561
-1.212
-0.241
0.061
0.396
1.757
-0.238
-0.087
0.028
0.229
1.554
-1.275
-0.209
0.150
0.531
1.929
-0.471
-0.076
0.067
0.325
2.845

Regarding Multilayer Perceptron (MLP) Sharpe ratio results, we can spot a
bigger contrast in median terms: Naive fared worst as expected (0.020), with Stationary Bootstrap (Stat Boot) obtaining a median value six fold bigger than Naive.
In this case, cGAN-Large (0.067) fared better across the cGANs, but still far from
the top median values. For Gradient Boosting Trees (GBT), cGAN-Medium was the
best of all cGAN approaches, obtaining better results than Sliding window scheme.
However, these figures fell short to those of Block and hv-Block schemes, both
faring 0.211 and 0.175 median Sharpe ratios, respectively.
So far we have focused on mainly at the median values, and though we can spot
some discrepancies across the methods, these become small when we take into ac-

cGAN-Large
-1.493
-0.197
0.136
0.419
3.226
-0.203
-0.071
0.064
0.244
4.561
-1.176
-0.247
0.067
0.416
1.464
-0.276
-0.093
0.032
0.224
1.579
-1.157
-0.224
0.133
0.473
5.174
-0.222
-0.084
0.064
0.306
7.492

4.4. Case Studies

87

count the average interquartile range3 of 0.4 units of Sharpe ratio, around 3-5 times
the size of the median values. In this sense, to statistically assess whether some of
the observed difference is substantial, Table 4.8 presents a statistical analysis using
the average ranks4 , Friedman χ 2 test and Holm correction for multiple hypothesis
testing of the different model validation schemes for Ridge, MLP and GBT based
on the Sharpe ratio results.
Table 4.8: Average ranks, Friedman and Holm post-hoc statistical tests of the Sharpe ratio
for Ridge, MLP and GBT.
Ridge-Sharpe
Method
Avg Rank
Naive
5.700
Sliding
5.630
Stat Boot
5.605
k-Fold
5.592
One-Split
5.510
cGAN-Small
5.503
cGAN-Large
5.487
cGAN-Medium
5.477
hv-Block
5.253
Block
5.243
Friedman χ 2
5715.01

p-value
0.0022
0.0081
0.0121
0.0148
0.0481
0.0531
0.0644
0.0729
0.4743
<0.0001

Method
Naive
One-Split
cGAN-Small
cGAN-Medium
Sliding
hv-Block
Block
cGAN-Large
k-Fold
Stat Boot
Friedman χ 2

MLP-Sharpe
Avg Rank
5.900
5.718
5.549
5.497
5.489
5.449
5.444
5.411
5.359
5.183
2040.8

p-value
< 0.0001
0.0004
0.0114
0.0254
0.0287
0.0492
0.0525
0.0783
0.1368
<0.0001

Method
Naive
cGAN-Large
Sliding
cGAN-Small
cGAN-Medium
k-Fold
Stat Boot
One-Split
Block
hv-Block
Friedman χ 2

GBT-Sharpe
Avg Rank
6.074
5.642
5.628
5.597
5.431
5.427
5.427
5.415
5.359
4.992
2865.34

p-value
< 0.0001
< 0.0001
< 0.0001
< 0.0001
0.0032
0.0034
0.0034
0.0043
0.0112
<0.0001

Holm Correction
0.0055
0.0062
0.0071
0.0083
0.0100
0.0125
0.0167
0.0250
0.0500
-

For Ridge Regression, the lowest rank was obtained by Block cross-validation
(Block), whilst the worst by Naive (5.700). cGANs methods were consecutively
in the third, fourth and fifth places, beating other methods, such as Stat Boot, kfold cross-validation, etc. The Friedman χ 2 statistics of 5715.01 signal that the
hypothesis of equal average rank across the approaches is not statistically credible
(p-value < 0.0001). By running a pairwise comparison between Block and the
remaining approaches, we can spot that only Naive has stand out as a substantially
worst approach, even when we control for multiple hypothesis testing (check Holm
Correction column for the adjusted level of significance).
In respect to MLP ranking results, Naive performed worst as well (5.900), with
Stat Boot being the top scheme in this case (5.183); cGAN-Large in the third position, comparing favourably to the other cGAN configurations, as well as hv-Block,
Sliding window, etc. Apart from Naive and One-Split/Single holdout scheme, all the
3A

measure of dispersion calculated by taking the difference between the 3rd quartile (75%) and
25% 1st quartile.
4 When we rank the model validation schemes for a given asset, it means that we sort all them
in such way that the best performer is in the first place (receive value equal to 1), the second best is
positioned in the second rank (receive value equal to 2), and so on. We can repeat this process for
all assets and compute metrics, such as the average rank (e.g., 1.35 means that a particular scheme
was placed mostly near to the first place).
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remaining approaches were not statistically different from Stat Boot. On the GBT
case, we can spot that hv-Block outperformed all approaches, with the cGANs do
not delivering reasonable results in this case.
Overall, apart from a few analyses and cases (e.g., GBT and Naive method),
in aggregate the model validation schemes do not appear to be significantly distinct
from each other. This can be interpreted that cGAN is a viable procedure to be part
of the fine-tuning pipeline, since its results are statistically indistinguishable to well
established methodologies. When we drill down into the results, in particular to
the Sharpe ratios of the different approaches, we can spot a low correlation among
the validation schemes; Figure 4.85 presents correlation matrices based on Sharpe
ratios of model validation schemes for MLP (a) and GBT (b).
Though in median and rank terms the strategies look similar, at the micro-level
they appear quite the opposite, in particular to the MLP case. Even the cGANs provide distinct Sharpe ratios, showing the importance of the underlying configuration
of the Generator/Discriminator. In general, this outline that distinct model validation schemes are arriving with different hyperparameter combinations, incurring in
distinct values for Sharpe and Calmar ratios in the OS set. Hence, it may be that
in some assets cGAN outcompeted the remaining model validation schemes. To
exemplify that, Table 4.9 presents a sample of Sharpe ratio results in the OS set for
cases where cGAN-Large outcompeted the other methods.
We can spot a few instances that cGAN-Large substantially fared better results,
such as in a 2y Australian Dollar Swap, New Zealand Dollar vs US Dollar Currency,
and Consolidated Edison Inc. Equity. This set of results suggest that cGAN-Large
is a viable alternative for fine-tuning machine learning models when other methodologies provide poor results, and it should be considered in the portfolio of different
validation schemes aside of the distinct trading strategies models.
Finally, Figure 4.9 outlines the cumulative returns for SPX Index for a few of
the different model validation schemes using MLP as the trading strategy. In this
case, Stat Boot and One-Split were unable to produce a profit after five years of
5 We

decided to omit Ridge since all of the correlations were above 0.8.
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Table 4.9: A sample of Sharpe ratio results in the OS set for cases where cGAN-Large
outcompeted the other methods.

MV Scheme
Naive
One-Split
Sliding
k-Fold
Block
hv-Block
Stat Boot
cGAN-Small
cGAN-Medium
cGAN-Large

ADSWAP2Q
CMPN
Curncy
-0.3477
-0.0184
0.5600
0.0505
0.4344
0.1120
0.4296
0.5146
0.84
1.4207

CADJPY ED UN NKY
BGN
Equity
Index
Curncy
0.2009
-0.0343 -0.5785
-0.4218
0.0108 0.0520
-0.8328
-0.227 0.1083
-0.2861
0.4068 -0.3347
0.2219
-0.0971 -0.8870
-0.3932
0.5364 -0.0244
-0.19498 0.3107 -0.3068
-0.6222 -0.0980 0.1095
-0.0901
0.3443 0.0884
0.5885
1.1224 0.2263

(a) MLP

NZDUSD
BGN
Curncy
0.4503
-0.0809
0.1034
-0.3104
0.1215
-0.272
-0.2616
0.3059
0.0582
0.6703

(b) GBT

Figure 4.8: Correlation matrices based on Sharpe ratios of model validation schemes for
MLP (a) and GBT (b).

trading, whilst cGAN-Large and hv-Block produced around 10% of return for a
given initial amount of investment (they both found out the same hyperparameters,
therefore obtaining similar profiles). This is another example that demonstrate the
relevance of having a set of model assessment schemes, as similar as the more
common defensive posture of having a portfolio of trading strategies/models and
hyperparameter optimization schemes.
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Figure 4.9: SPX Index cumulative returns in the OS set for different model validation
schemes using MLP as the trading strategy. cGAN-Large and hv-Block found
out the same hyperparameters, therefore obtaining similar profiles.

4.5

Summary

This experiment has proposed the use of Conditional Generative Adversarial Networks (cGANs) for trading strategies calibration and aggregation. To this purpose,
we provided a full methodology on: (i) the training and selection of a cGAN for
time series generation; (ii) how each sample is used for strategies calibration; and
(iii) how all generated samples can be used for ensemble modelling. To provide
evidence that our approach is well grounded, we have designed an experiment encompassing 579 assets, tested multiple trading strategies, and analysed different
capacities for Generator/Discriminator. In summary, our main contributions were
to show that our procedure to train and select cGANs is sound, as well as able to
obtain competitive results against traditional methods for fine-tuning and ensemble
modelling.
Being more specific, in the Case Study I: Combination of Trading Strategies,
we compared cGAN Sampling and Aggregation with Stationary Bootstrap. Our re-
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sults suggest that both approaches are equivalent in aggregate, with non-statistically
significant advantage for cGAN when using Regression Trees, and for Stationary
Bootstrap when using a shallow Multilayer Perceptron. But when Bagging via Stationary Bootstrap fails to perform properly, it is possible to use cGAN Sampling
and Aggregation as a tool to combine weak signals in alpha generating strategies;
SPX Index was an example where cGAN outcompeted Stationary Bootstrap by a
wide margin.
In relation to the Case Study II: Fine-tuning of trading Strategies, we compared cGAN with a wide range of model validation strategies. All of these were
techniques designed to handle time series scenarios: these ranged from windowbased methods, to shuffling and reshuffling of a time series. We have evidence that
cGANs can be used for model tuning, bearing better results in cases where traditional schemes fail.

Chapter 5

Transferring Learning Across
Trading Strategies
In this chapter, I present the third experiment Transferring Learning Across Trading
Strategies. I begin with an introductory section, motivating the problem, approach
used and highlighting the main findings of the experiment. The second section focus on the methodology employed in this work: firstly by delving into QuantNet,
highlighting its architecture and other relevant details; secondly by detailing the
datasets, experiments, assumptions and metrics used to evaluate QuantNet. After
this section, I present results and discussions, with the last section exhibiting a summary of the experiment.

5.1

Introduction

Systematic trading strategies are model-based asset-allocation procedures aiming to
maximize return over risk, provide insurance against market shocks, and so on. In
order to obtain any of these desired behaviours, quantitative trading strategists have
to deal with questions like which assets to hold, trading periods, which model to
use and how to fine-tune its parameters. To this end, quantitative strategies usually
employ a scheme where many variations of a strategy are tried on the same historical
data, usually called in the literature as Backtesting [124, 31].
Nonetheless, if this search is performed exhaustively and without the proper
tools, as a result, trading strategies looking good on paper often perform poorly
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when presented with new data. This problem is often referred in the literature as
Backtest Overfitting [124, 5]. Many procedures have been proposed to deal with
problem, particularly by the Econometrics and Quantitative Finance communities:
Data Snooping [14], Overestimated Performance [125, 5], Cross-Validation Evaluation [7], and Covariance-Penalty Corrections [126]. Also recently, Generative
Adversarial Networks [49], a technique branching from the Machine Learning community, have been also used to improve trading strategies calibration.
This lack of generalization to new data is not a phenomena exclusive in finance:
this is faced by any data-driven procedure, and have been widely studied by the
Statistics and Machine Learning communities [127, 128, 6]. In its core, this issue
can be attributed to spurious relationships, emerging between the input features
(e.g. lagged returns) and the outcome variable (e.g. returns), potentially emerging
or magnified by the limited amount of data. More recently, a form of modelling
called Transfer Learning [56, 60, 57, 67] have been employed to circumvent this
data scarcity problem. The basic idea is to pre-train a generic model across tasks
that are similar to our target task; the knowledge obtained by the pre-trained model
is then transferred by encouraging the target task model to yield similar parameters.
Below we highlight a few benefits of this learning paradigm:
• Better target task performance: traditional data-driven modelling works in
isolation, meaning that a bespoke model is built for each new task. In transfer learning each assignment is perceived as an opportunity to accumulate
knowledge, and by transferring this to a new model it usually makes the combination better than the isolated baseline [67, 129].
• Improved total performance: since in transfer learning every new task can be
used to enhance the pre-trained model, the previous tasks may also benefit
from this boost in performance. Hence, by having this shared structure the
average performance across tasks tend to be improved [61, 62].
• Model-development time: utilizing the sourced knowledge from the pretrained architecture tends to make the learning process faster compared to
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learning from scratch [69, 78]. Also, tapping into a pre-trained model can reduce the necessity of extensive model selection, quickening the deployment
process of target task model.
More specifically to fitting trading strategies, it is hard to glean general market dynamics from a single market due to spurious correlations, but by integrating idiosyncratic noise out, it may be possible to learn general market dynamics.
Transfer Learning is a framework for that. Using this learning paradigm, we introduce QuantNet: an architecture that is capable to learn market-specific and marketagnostic dynamics. QuantNet is trained over different markets, building trading
strategies that can pick up the ”signal” instead of the ”noise” in the financial timeseries. In summary, our findings suggest that QuantNet performs better than non
transfer-based strategies, improving Sharpe ratio in 15% and Calmar ratio in 41%
across 3103 assets in 58 equity markets across the world.
Beyond this introductory section, we organized this experiment as follows:
next section focus on the methodology employed in this work, first delving into
QuantNet, highlighting its architecture and other relevant details; secondly, detailing the datasets, experiments, assumptions and metrics used to evaluate QuantNet.
After this section, we present results and discussions, with the last section exhibiting
our concluding remarks.

5.2

Methodology

In this section we outline QuantNet, an architecture to transfer knowledge across
systematic trading strategies, and the datasets and experiments to empirically evaluate it. The first part focus on describing QuantNet: (i) the general idea and how the
sequential parameter-transfer is performed; (ii) pseudo-code describing the steps to
perform its training; and (iii) the loss function and other details about it. The second part deals with the empirical evaluation of QuantNet: (i) the markets used and
the period analysed; (ii) the hyperparameter optimization and model validation pursued; and (iii) assumptions, metrics, and the architecture implemented.
Using the taxonomy developed in Chapter 2, QuantNet can be classified as
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part of Sequential Transfer Learning, using a Parameter-transfer approach. In this
sense, we aim to learn the target task model by sharing and updating the architecture’s weights and activation functions across the tasks. Since each task have
different number of inputs/outputs, this component is task-specific. All of these
details are better outlined in the next section.

5.2.1

QuantNet

Figure 5.1 portrays QuantNet workflow: from market data, encoding, transferring
of knowledge, to decoding/signal generation.

Figure 5.1: QuantNet workflow: from market data, encoding, transferring of knowledge,
to decoding/signal generation.

Every market (M1 , M2 , ..., Mk ) is composed of an encoder, decoder and a
dataset of assets excess returns {r1 , r2 , ..., rt , ..., }. For example in Figure 5.1 we
outlined the following markets: S&P 500 (SPX), FTSE 100 (UKX), Saudi Arabia
Tadawul All Shares (SASEIDX). A p × J matrix of returns per market, with J as
the number of assets and p as the sequence length, are then mapped using a marketlevel encoder to a new p × N matrix. These N values per row are a projection to
a shared latent space across markets. This is necessary so that the transfer layer,
shared across markets, can sequentially map each market N inputs to another N
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output values. After this, a final mapping from the N-dimensional latent space of
the transfer model to J signals are made by the decoder model.
Algorithm 1 expresses in step-by-step the process of training QuantNet. For
a number of training steps, and for all market m randomly picked from a list of
all markets M1 , M2 , ..., Mk , repeat: (i) Sample a sequential minibatch of L examples from market m; (ii) compute market-level encoder map Em ; (iii) project the
values mapped by Em to another latent space using the global transfer layer Z; (iv)
transform these values in signals using market-specific decoder Dm ; (v) using the
sequence of signals and assets returns, ascend the stochastic gradient from Dm , Z
and Em using the average Sharpe ratio (SR) as the loss function:

¯ t , ..., st−p−1 ; rt , ..., rt−p−1 ) = 1
SR(s
Jm

Jm

∑ SR j (st, j , ..., st−p−1, j ; rt, j , ..., rt−p−1, j )(5.1)

j=1

( j)

µs∗r
(5.2)
with SR j (st, j , ..., st−p−1, j ; rt, j , ..., rt−p−1, j ) = ( j) √
σs∗r × 252
( j)

( j)

where µs∗r is QuantNet’s j-th asset average return, and σs∗r its standard devia√
tion (the 252 component is used to compute the annualized volatility). There are
theoretical and empirical reasons for choosing Sharpe ratio instead of another more
traditional metric like Mean Squared Error. In summary: (i) choosing a metric that
is linked to the end problem improves the chance of selecting an architecture that
can yield reasonable results; and (ii) Mean Squared Error minimization is a necessary, but not sufficient condition to maximize profitability of trading strategies.
The interested reader can refer to [130, 131] for proofs and empirical results to both
assertions.
We compare QuantNet with the alternative of not building a transfer learningbased trading strategy. We refer to it as No Transfer, and most of its components
and description is identical to QuantNet. In fact it can be seen as a reduced version
of QuantNet where its Encoder and Transfer map have been removed. Other design
details and the empirical evaluation are better described in the next subsection.
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Algorithm 6 QuantNet training
1: for number of training steps do
2:
for m in shuffle(M1 , M2 , ..., Mk ) do
3:
Sample a sequential minibatch of L examples from market m:
{(rt ; rt−1 , ..., rt−p )(1) , ..., (rt ; rt−1 , ..., rt−p )(L) }
4:

(5.3)

Compute market-level encoder map Em for all examples:
et , ..., et−p−1 = Em (rt−1 , ..., rt−p )

5:

(5.4)

Compute global transfer map Z for all examples:
zt , ..., zt−p−1 = Z(et , ..., et−p−1 )

6:

(5.5)

Compute market-level decoder Dm trading signal for all examples:
st , ..., st−p−1 = Dm (zt , ..., zt−p−1 )

7:

(5.6)

Update the market-level decoder by ascending its stochastic gradient:
i
1 L h¯
∇ΘDm ∑ SR(st , ..., st−p−1 ; rt , ..., rt−p−1 )
L l=1

8:

Update the global transfer map by ascending its stochastic gradient:
∇ΘZ

9:

(5.7)

i
1 L h¯
SR(s
,
...,
s
;
r
,
...,
r
)
t
t−p−1 t
t−p−1
∑
L l=1

(5.8)

Update the market-level encoder by ascending its stochastic gradient:
i
1 L h¯
∇ΘEm ∑ SR(st , ..., st−p−1 ; rt , ..., rt−p−1 )
L l=1

end for
return
sequence
of
market-level
encoders
(EM1 , DM1 ), ...(EMk , DMk ) and global transfer map Z
12: end for

10:
11:

5.2.2

(5.9)

and

decoders

Datasets and Experiments

Table 5.1 presents the datasets/markets used to empirically evaluate QuantNet. All
the data was obtained via Bloomberg, with the description of each market/index
and its constituents at https://www.bloomberg.com; for instance, SPX can
be found by searching using the following link https://www.bloomberg.
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com/quote/SPX:IND. We tried to find a compromise between number of assets and sample size, hence for most markets we were unable to use the full list
of constituents. We aimed to collect daily price data ranging from 03/01/2000 to
15/03/2019, but for most markets it starts roughly around 2010. Finally, due to
restrictions from our Bloomberg license, we were unable to access data for some
important equity markets, such as Italy and Russia.
Table 5.1: Region, Index/Market, Country, Sample Size (#) and Number (#) of Assets per
market used during our experiments. MEA - Middle East and Africa
Region
Americas
Americas
Americas
Americas
Americas
Americas
Asia and Pacific
Asia and Pacific
Asia and Pacific
Asia and Pacific
Asia and Pacific
Asia and Pacific
Asia and Pacific
Asia and Pacific
Asia and Pacific
Asia and Pacific
Asia and Pacific
Asia and Pacific
Asia and Pacific
Europe
Europe
Europe
Europe
Europe
Europe
Europe
Europe
Europe
Europe

Index/Market
IBOV
MERVAL
MEXBOL
RTY
SPTSX
SPX
AS51
FBMKLCI
HSI
JCI
KOSPI
KSE100
NIFTY
NKY
NZSE50FG
PCOMP
SHSZ300
STI
TWSE
AEX
ASE
ATX
BEL20
BUX
BVLX
CAC
CRO
CYSMMAPA
DAX

Country
Brazil
Argentina
Mexico
US
Canada
US
Australia
Malaysia
China
Indonesia
South Korea
Pakistan
India
Japan
New Zealand
Philippines
China
Singapore
Taiwan
Netherlands
Greece
Austria
Belgium
Hungary
Portugal
France
Croatia
Cyprus
Germany

# Samples
3250
3055
3002
2356
3173
3291
2363
3131
2599
2007
3041
2036
3066
3504
3258
3013
2881
2707
3910
4083
2944
3511
3870
3753
3269
3591
1975
2056
3616

# Assets
29
11
19
554
129
376
91
23
37
44
297
41
38
186
21
16
18
27
227
17
51
13
14
8
17
36
13
42
27

Region
Europe
Europe
Europe
Europe
Europe
Europe
Europe
Europe
Europe
Europe
Europe
Europe
Europe
Europe
MEA
MEA
MEA
MEA
MEA
MEA
MEA
MEA
MEA
MEA
MEA
MEA
MEA
MEA
MEA

Index/Market
HEX
IBEX
ISEQ
KFX
OBX
OMX
PX
SBITOP
SMI
SOFIX
UKX
VILSE
WIG20
XU100
DFMGI
DSM
EGX30
FTN098
JOSMGNFF
KNSMIDX
KWSEPM
MOSENEW
MSM30
NGSE30
PASISI
SASEIDX
SEMDEX
TA-35
TOP40

Country
Finland
Spain
Ireland
Denmark
Norway
Sweden
Czechia
Slovenia
Switzerland
Bulgaria
UK
Lithuania
Poland
Turkey
UAE
Qatar
Egypt
Namibia
Jordan
Kenya
Kuwait
Morocco
Oman
Nigeria
Palestine
Saudi Arabia
Mauritius
Israel
South Africa

# Samples
1882
3499
2888
3345
2812
3453
3374
2995
3948
1833
3664
2765
3449
2545
2184
2326
1790
1727
2287
1969
2785
2068
2069
1761
1447
1742
2430
2677
2848

# Assets
65
23
14
15
17
29
5
6
19
5
75
5
8
76
11
16
22
16
15
14
11
27
24
25
5
71
5
23
34

Table 5.2 outlines the hyperparameters and multiple configurations for QuantNet and No Transfer strategies. Since running an ehxaustive search is computationally prohibitive, we opted to use random search as our hyperparameter optimization
strategy [117]. We randomly sampled a total of 200 values in between those ranges,
giving larger bounds for configurations with less hyperparameters (No Transfer linear and QuantNet Linear-Linear). After selecting the best hyperparameters, we
applied them in a holdout-set consisting of the last 752 observations of each time
series (around 3 years). The metrics and statistics in this set are reported in our
results section. After a few warm-up runs, we opted to use 2000 training steps as
a good balance between computational time and convergence. We trained the different models using the stochastic gradient descent optimizer AMSgrad [132], a
variant of the now widely used Adam algorithm.
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Table 5.2: No Transfer and QuantNet hyperparameters and configurations investigated.
Hyperparameter
Batch size (L)
Sequence length (p)
Learning rate
E/D # layers
E/D dropout
TL # layers
TL dropout
TL dimension (N)
Training steps

No Transfer
Linear
16-128
21-504
0.0001-0.1

LSTM
16-128
21-504
0.0001-0.1
1-2
0.1-0.9

Quantnet (Encoder/Decoder-Transfer Layer)
Linear-Linear
Linear-LSTM
LSTM-Linear
16-128
16-96
16-96
21-504
21-252
21-252
0.0001-0.1
0.0001-0.5
0.0001-0.5
1-2
0.1-0.9
1-2
0.1-0.9
10, 25, 50, 100
2000

LSTM-LSTM
16-96
21-252
0.0001-0.5
1-2
0.1-0.9
1-2
0.1-0.9

We have used 3 Month London Interbank Offered Rate in US Dollar as the
reference rate to compute excess returns. Most of the results focus on Sharpe ratios,
but in many occasions we have also reported Calmar ratios, Annualized Returns
and Volatility, Downside risk, Sortino ratios, Skewness and Maximum drawdowns
[120, 121, 122, 133].
The first part of our results section focus on QuantNet using LSTM encoders
and decodes with a Linear transfer layer (dimension = 10) versus No Transfer linear
(dimension = 10). The reasons why we opted for this configuration can be found
in the second part, Ablation Studies and Sensitivity Analysis, where we provide
evidence that these were the most competitive settings for transfer and no-transfer
based trading strategies.

5.3

Results and Discussions

In this section we empirically assess QuantNet performance compared to a marketspecific trading strategy – from now on called No Transfer strategy. Compared with
QuantNet, No Transfer roughly consists of only the Encoder component, but with
the output dimensionality similar to the Decoder architecture (number of assets).
The network architecture consists of a linear layer, with the hyperparameters being selected according to the subsection Datasets and Experiments. This choice for
comparison as well as other alternatives are grounded during the Ablation Studies and Sensitivity Analysis subsection. Nonetheless, before performing this cross
comparison of modelling alternatives, next subsection presents the main comparison between QuantNet and No Transfer. It is not enough to stress that all reported

5.3. Results and Discussions

100

results are using the 3 years holdout set as described in the Datasets and Experiments subsection.

5.3.1
5.3.1.1

QuantNet vs No Transfer
Global analysis

Table 5.3 presents the aggregate statistics of QuantNet and No Transfer strategies
performance on 3103 stocks across all markets analysed. Looking at Sharpe ratios
(SR), we can perceive an improvement of about 15% on both average and median
terms by using QuantNet. This swing increases the number of assets yielding SRs
above 1.0 from 432 (No Transfer) to 583 (QuantNet). This improvement is also perceived in Calmar ratio (CR) terms (12% on average, and 41% on median), smaller
Downside Risk (DownRisk), higher Skew and Sortino ratios (SortR). Statistically,
QuantNet significantly outperform No Transfer both in Sharpe (W = 2215630, pvalue < 0.001) and Calmar (W = 2141782, p-value < 0.001) ratios.
Table 5.3: Financial metrics of QuantNet and No Transfer strategies on 3103 stocks across
all markets analysed.
Metric
Ann Ret
Ann Vol
CR
DownRisk
Kurt
MDD
SR
Skew
SortR

Mean (SD)
No Transfer
QuantNet
0.038781
0.008352
(0.151684)
(0.049631)
0.114349
0.052833
(0.165882)
(0.061821)
0.431922
0.481823
(2.110088)
(1.039415)
0.077398
0.036953
(0.112592)
(0.046164)
33.40567
30.29485
(59.98242)
(48.50278)
-0.14663
-0.08435
(0.215676)
(0.112596)
0.324257
0.370918
(0.6541)
(0.715636)
0.313173
0.448467
(3.236364)
(2.85022)
0.620225
0.749848
(2.597641)
(4.61668)

Median (MAD)
No Transfer
QuantNet
0.001537
0.005377
(0.086348)
(0.028968)
0.007768
0.023665
(0.141058)
(0.0454)
0.169345
0.241255
(0.571706)
(0.599684)
0.005124
0.015734
(0.09553)
(0.032915)
15.73864
16.19961
(31.03957)
(24.73363)
-0.01286
-0.03847
(0.1782)
(0.078818)
0.306572
0.354776
(0.51182)
(0.572184)
0.171629
0.297182
(1.748046)
(1.66854)
0.454035
0.52196
(0.867151)
(1.024652)

Before looking at market-level results, we contrast QuantNet and No Transfer
SR distributions (Figure 5.2a) and relationships (Figure 5.2b) across assets. The
histogram exhibits a small shift/positive skew in QuantNet distribution compared to
No Transfer strategy. This discrepancy manifest itself in statistical terms, with the
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Kolmogorov-Smirnov statistic pointing towards that these distributions are meaningfully different (KS = 0.05385, p-value < 0.001).

(a)

(b)

Figure 5.2: (a) Histogram of Sharpe ratio across 3103 assets for QuantNet and No Transfer.
(b) Scatterplot of QuantNet and No Transfer Sharpe ratios overlaid by a linear
regression curve.

Another way to outline the positive transfer that QuantNet is generating is by
performing a linear regression between the SRs of No Transfer versus QuantNet.
Figure 5.2b presents the linear regression curve, with intercept of 0.2879 (p-value
< 0.0001), and slope of 0.2556 (p-value < 0.0001). These numbers translate as
following: if No Transfer strategy obtain SR equal to 0.0 in a specific asset, we
would on average expect that QuantNet would fare a SR of 0.2879. Having a slope
less than < 1.0 indicates that QuantNet will also provide less surprisingly positive
and negative SRs – if No Transfer obtain SR = -0.5, QuantNet will at least return a
SR near to zero. Next topic aggregate and analyse both strategies at market-level.

5.3.1.2

Market-level Analysis

Figures 5.3a and 5.3b outline the average SR and CR across the 58 markets, ordered by No Transfer strategy performance. In SR terms, QuantNet outperformed
No Transfer in its top 5 markets, with the opposite being true in CR values. Also,
QuantNet dominates the bottom 10 markets that No Transfer have returned unprofitable results, both in SR and CR terms. Finally, in 7 of the top 10 largest ones (RTY,
SPX, KOSPI, etc., see Table 5.1), QuantNet have also outperformed No Transfer.
Figure 5.4 maps every market to a country, and displays the relative outperfor-
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(b)

Figure 5.3: Average Sharpe (a) and Calmar (b) ratios of QuantNet and No Transfer across
58 equity markets.

mance (%) of QuantNet in relation to No Transfer in SR values. In Americas, apart
from Mexico and Argentina, Brazil, US (on average) and Canada, QuantNet have
produced better results than No Transfer. Similarly, the core of Europe (Germany,
United Kingdom and France), and India and China, QuantNet has produced superior SRs than No Transfer, with markets like Japan, Australia, New Zealand, and
South Africa representing the reverse.
In a similar fashion to the global analysis, Figures 5.5a and 5.5b display the
relationship between SRs and CRs of No Transfer with QuantNet for each market,
with overlaid regression curves. The SR and CR models have the following parameters: SR intercept of 0.1506 (p-value = 0.036), and SR slope of 0.7381 (p-value
< 0.0001); and CR intercept of 0.1851 (p-value = 0.015), and CR slope of 0.7379
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Figure 5.4: World map of average relative (%) Sharpe ratio difference between QuantNet
versus No Transfer. For visualisation purposes we have averaged the metric for
US, China and Israel/Palestine.

(p-value < 0.0001). Both cases indicate that in a market where No Transfer fared
a SR or CR equal to zero, we would expect No Transfer to obtain on average 0.15
and 0.18 of SR and CR, respectively. Since both models have slope < 1.0, it indicates that across markets QuantNet will tend to provide less surprisingly positive
and negative SRs and CRs.

(a)

(b)

Figure 5.5: Scatterplot of QuantNet and No Transfer average Sharpe (a) and Calmar (b)
ratios of each market overlaid by a linear regression curve.

Table 5.4 presents a better break down of the statistics in a few big regional
markets, such as United States S&P 500 components (SPX Index), United Kingdom
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FTSE 100 (UKX Index), Korea Composite Index (KOSPI Index) and Saudi Arabia
Tadawul All Shares (SASEIDX Index). Each one of them show 2-10 times order
of magnitude improvement in SRs and CRs by QuantNet, with similar benefits in
Sortino ratios, Downside risks and Skewness.
Table 5.4: Financial metrics of QuantNet and No Transfer strategies in SPX Index, UKX
Index, KOSPI Index and SASEIDX Index.
Mean
(SD)
Ann Ret
Ann Vol
CR
DownRisk
Kurt
MDD
SR
Skew
SortR
Median
(MAD)
Ann Ret
Ann Vol
CR
DownRisk
Kurt
MDD
SR
Skew
SortR

Americas SPX
No Transfer
QuantNet
0.000133
0.041031
(0.001259)
(0.029839)
0.002436
0.053368
(0.00064)
(0.012918)
0.133073
0.756976
(0.377186)
(0.616175)
0.001717
0.035575
(0.000522)
(0.009612)
33.29913
19.51515
(45.57039)
(18.51033)
-0.00467
-0.06681
(0.002296)
(0.028684)
0.061702
0.783197
(0.512651)
(0.49204)
-0.21186
0.28355
(2.851112)
(1.685894)
0.144905
1.245084
(0.760463)
(0.847215)

Asia and Pacific KOSPI
No Transfer
QuantNet
0.073337
0.054152
(0.25494)
(0.046237)
0.403113
0.07075
(0.144194)
(0.025008)
0.289853
0.822309
(0.620299)
(0.785171)
0.271677
0.047184
(0.098263)
(0.017854)
13.87472
22.58056
(19.28247)
(34.13021)
-0.50323
-0.09328
(0.190464)
(0.051306)
0.347892
0.783428
(0.540274)
(0.578968)
0.374017
0.277958
(1.36364)
(2.239952)
0.564466
1.256064
(0.839065)
(0.979779)

Europe
No Transfer
0.000406
(0.001395)
0.002717
(0.00111)
0.210127
(0.445449)
0.001661
(0.000433)
95.31436
(135.1503)
-0.00432
(0.001905)
0.108635
(0.529708)
2.943023
(6.586847)
0.301707
(0.898402)

UKX
QuantNet
0.006555
(0.00609)
0.009576
(0.004583)
0.813796
(0.708568)
0.005364
(0.002129)
88.42658
(116.5215)
-0.00988
(0.005301)
0.627227
(0.486396)
3.573138
(5.566353)
1.207481
(0.979499)

MEA SASEIDX
No Transfer
QuantNet
0.000642
0.026092
(0.002784)
(0.012866)
0.003598
0.01895
(0.003219)
(0.004739)
0.267246
1.783155
(0.745929)
(1.133185)
0.002236
0.010502
(0.000513)
(0.002464)
41.8963
33.41796
(87.54653)
(48.08607)
-0.00614
-0.01755
(0.003198)
(0.007012)
0.12883
1.362307
(0.579286)
(0.586632)
0.495534
2.469297
(4.07845)
(2.360219)
0.359786
2.587949
(1.206481)
(1.344404)

Americas SPX
No Transfer
QuantNet
0.000197
0.038476
(0.000982)
(0.023214)
0.002399
0.053732
(0.000497)
(0.010269)
0.045842
0.626018
(0.271252)
(0.479759)
0.001648
0.035679
(0.000395)
(0.007424)
20.43113
14.44403
(23.64829)
(10.23454)
-0.00419
-0.06071
(0.001741)
(0.020741)
0.085695
0.79579
(0.406313)
(0.400688)
0.044563
0.407357
(1.742953)
(1.110312)
0.112332
1.205009
(0.595473)
(0.690404)

Asia and Pacific KOSPI
No Transfer
QuantNet
0.059234
0.052772
(0.188703)
(0.036438)
0.380229
0.066449
(0.111283)
(0.01968)
0.133249
0.657845
(0.470007)
(0.605487)
0.254761
0.044209
(0.076679)
(0.013787)
8.225536
13.04102
(10.6417)
(17.31602)
-0.49819
-0.08132
(0.157264)
(0.039347)
0.366404
0.818361
(0.437163)
(0.465154)
0.271776
0.148158
(0.811512)
(1.318841)
0.55375
1.235756
(0.675314)
(0.779847)

Europe
No Transfer
0.000326
(0.00108)
0.002495
(0.000695)
0.092861
(0.328843)
0.00157
(0.000333)
35.86203
(96.22141)
-0.00393
(0.001549)
0.154884
(0.407551)
0.360259
(4.960393)
0.203793
(0.701329)

UKX
QuantNet
0.005321
(0.004778)
0.008573
(0.003598)
0.654498
(0.584447)
0.004724
(0.00173)
30.40254
(86.32176)
-0.00841
(0.003937)
0.628875
(0.379645)
1.385536
(4.198536)
1.128096
(0.793781)

MEA SASEIDX
No Transfer
QuantNet
0.000508
0.023614
(0.001666)
(0.009858)
0.003128
0.01865
(0.001038)
(0.002928)
0.091411
1.676411
(0.410032)
(0.912643)
0.002257
0.009973
(0.000405)
(0.001975)
25.0625
28.02965
(30.82765)
(15.90609)
-0.00578
-0.01573
(0.002449)
(0.005458)
0.184811
1.382302
(0.451943)
(0.4808)
-0.06615
2.559821
(2.102935)
(1.412129)
0.26026
2.315208
(0.764835)
(1.124332)

These results by QuantNet also translate in superior cumulative returns (Figure
5.6), histograms with empirical distributions that stochastically dominate the No
Transfer strategy (5.7), and finally positive transfer across assets (5.8). In summary,
markets that were otherwise not as profit-generating using only lagged information,
become profitable due to the addition of a transfer layer of information across world
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Figure 5.6: Average cumulative returns (%) of SPX Index, UKX Index, KOSPI Index and
SASEIDX Index contrasting QuantNet and No Transfer strategies. Before aggregation, each underlying asset was volatility-weighted to 10%.

Figure 5.7: Histogram of Sharpe ratio of SPX Index, UKX Index, KOSPI Index and SASEIDX Index contrasting QuantNet and No Transfer strategies.

Figure 5.8: Scatterplot of Sharpe ratio of SPX Index, UKX Index, KOSPI Index and SASEIDX Index contrasting QuantNet and No Transfer strategies.
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markets.
We close this section by fitting a traditional Fama-French 5 factor model, with
the addition of Momentum factor [134, 135] using these four markets daily returns as dependent variables. Table 5.5 present the models coefficients, t-stats and
whether they were or not significant (using a 5% significance level). Regardless
of the market, QuantNet provided significant alpha (abnormal risk-adjusted return)
across markets, with very low correlation to other general market factors.
Table 5.5: Models coefficients and t-stats for the different markets and factors.

Alpha
Market
minus Risk-free rate
Small minus Big
High minus Low
Momentum

SPX
coefficient
t-stat
0.0003*
2.554

UKX
coefficient
t-stat
0.0002*
2.258

SASEIDX
coefficient
t-stat
0.0006*
3.856

KOSPI
coefficient
t-stat
0.0003*
4.034

-0.0004*

-2.367

-0.0002

-1.558

-0.0006*

-2.804

-0.0001

-0.213

0.0003
-0.0005
-0.0002

1.158
-1.778
-1.042

0.0002
-0.0006*
0.0001

1.075
-2.813
0.08

0.0006
-0.0002
-0.0002

1.856
-0.781
-0.918

0.0001
-0.0001
-0.0001

0.182
-0.148
-0.538

∗ p-value < 0.05

Next topic discusses certain features of QuantNet, going beyond the simply
contrast with No Transfer strategy. We provide some insight on what market characteristics QuantNet is providing superior performance, as well as look at how each
market is being represented inside its architecture.

5.3.1.3

QuantNet Features

One of the key features of Transfer Learning is its ability to provide meaningful
solutions in resource constrained scenarios – sample size, features, training budget,
etc. With QuantNet this pattern persist; Figure 5.9a presents the average SR across
different assets grouped by sample size used during training. We have subtracted
QuantNet SR from No Transfer SR to reduce cross-asset variance and baseline effect. Apart from a downfall in the bracket 2200-2576 samples ( 10 years of data),
overall we can see a downward trend from 1444-1823 ( 6-7 years) to 3706-4083
samples ( 15-16 years). This points out that assets with small sample size are benefiting more than ones with large samples.
Another feature is number of assets in a specific market – Figure 5.9b outlines
the results of QuantNet in terms of average SR. We have subtracted QuantNet SR
from No Transfer SR to reduce cross-asset variance and baseline effect. In this case,
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(b)

Figure 5.9: Average Sharpe ratio difference between QuantNet versus No Transfer, aggregated by sample size (a) and number of assets per market (b).

it demonstrates that the bigger the market, the better QuantNet will perform. As we
pointed out previously, apart from a few markets like Japan and US Small Caps,
overall QuantNet have generated superior results than the baseline (like UK, US
S&P 500, Germany’s DAX, etc.).
An additional analysis is how each market is being mapped inside QuantNet
architecture, particularly in the Encoder layer. The key question is how they are
being represented in this hidden latent space, and how close each market is to the
other there. Figure 5.10 presents a dendrogram of hierarchical clustering done using
the scores from encoder layer for all markets.
By setting an unique threshold across the hierarchical clustering we can form 6
distinct groups. Some clusters are easier to analyse, such as C5 that consist mainly
of small European equity markets (Spain, Netherlands, Belgium and France) – all
neighbours; C6 comprising mainly of developed markets in Europe and Americas,
such as United Kingdom, Germany, US, and their respective neighbours Austria,
Poland, Switzerland, Sweden, Denmark, Canada and Mexico. Some clusters require a more refined observation, such as C2 containing most developed markets in
Asia like Japan, Hong Kong, Korea and Singapore, with C3 representing Asia and
Pacific emerging markets: China, India, Australia, and some respective neighbours
(New Zealand, Pakistan, Philippines, Taiwan). Figure 5.11 outlines all these groups
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Figure 5.10: Dendrogram of hierarchical clustering using the scores from QuantNet encoder layer.

in a map. Overall, it seems that the encoder of QuantNet is mapping and structuring the markets according to their development stage and geographical proximity.
Apart from cluster C4 and to a certain extent C1, the remaining ones tend to confirm
this hypothesis.

Figure 5.11: World map depicting the different clusters formed from the scores of QuantNet encoder. For visualisation purposes we have picked the market with
biggest market capitalization to represent the country in the cluster.

5.3.2

Ablation Study and Sensitivity Analysis

This subsection attempts to addresses the question: (i) could we getter better results
for the No Transfer strategy; and (ii) what are the impact in QuantNet architecture
by increasing its dimensionality, and performing some ablation in its architecture.
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Table 5.6 presents the Sharpe ratio (SR) statistics for question (i) and (ii), by contrasting QuantNet and No Transfer strategies.
Table 5.6: Average Sharpe ratio per different dimensions and configurations of QuantNet
and No Transfer strategies.
Sharpe
ratio

Dimension
10
25

Mean (SD)
50
100
10
25
Median (MAD)
50
100

No Transfer
Linear
LSTM
0.324257
0.311424
(0.6541)
(0.665251)
0.324257
0.311424
(0.6541)
(0.665251)
0.324257
0.311424
(0.6541)
(0.665251)
0.324257
0.311424
(0.6541)
(0.665251)
0.306572
0.304244
(0.51182)
(0.515521)
0.306572
0.304244
(0.51182)
(0.515521)
0.306572
0.304244
(0.51182)
(0.515521)
0.306572
0.304244
(0.51182)
(0.515521)

QuantNet (Encoder/Decoder-Transfer Layer)
Linear-Linear
Linear-LSTM
LSTM-Linear
LSTM-LSTM
0.355600
0.361986
0.370918
0.279758
(0.704641)
(0.711988)
(0.715636)
(0.70962)
0.333565
0.324842
0.325667
0.275786
(0.702325)
(0.755392)
(0.707544)
(0.699151)
0.319009
0.320583
0.234741
0.258272
(0.698568)
(0.725952)
(0.752143)
(0.706733)
0.326090
0.353448
0.228464
0.298445
(0.695066)
(0.730362)
(0.722084)
(0.702126)
0.338981
0.345072
0.354776
0.275548
(0.559216)
(0.533789)
(0.572184)
(0.562)
0.314084
0.301769
0.273791
0.227461
(0.552154)
(0.570677)
(0.555298)
(0.552615)
0.302167
0.303684
0.205637
0.219550
(0.546099)
(0.537824)
(0.583648)
(0.554146)
0.307922
0.330039
0.188830
0.243308
(0.540111)
(0.549627)
(0.573707)
(0.557717)

In relation to No Transfer, we can perceive that there is no benefit from moving
to a LSTM architecture – in fact, we produced worst outcomes in general. Maybe
the lack of data per market have impacted the overall performance of this architecture. Similarly with QuantNet, a full LSTM model generated worst outcomes
regardless of the dimensionality used. Linear components in QuantNet have produced better outcomes, with Linear encoders/decoders and LSTM transfer layers
providing the best average results across dimensions. However, small layer sizes
are linked with better SRs, and particularly for size equal to 10, the QuantNet architecture using LSTM encoders/decoders and Linear transfer layer generated the best
average SRs. In terms of computational time, No Transfer Linear takes 1364.46s
every 1000 training steps, compared to QuantNet LSTM-Linear 1805.81s per 1000
training steps.

5.4

Summary

In this experiment we introduced QuantNet: an architecture that is capable to transfer knowledge across systematic trading strategies in several financial markets.
QuantNet is Transfer learning-based approach, where every market-specific trading
strategies share a common layer that acts as a vehicle to share knowledge, cross-
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influence each strategy parameters, and ultimately the trading signal produced. As
pointed out on the methodology section, and grounded during the ablation and sensitivity analysis, QuantNet architecture consist of a LSTM-based encoder and decoder, with a Linear layer responsible to perform the transfer of knowledge across
markets.
In order to evaluate QuantNet, we compared its performance in relation to
the option of not performing transfer learning, that is, using market-specific oldfashioned machine learning. In summary, our findings suggest that QuantNet performs better than non transfer-based trading strategies, improving Sharpe ratio in
15% and Calmar ratio in 41% across 3103 assets in 58 equity markets across the
world. In a few big regional markets, such as S&P 500, FTSE 100, KOSPI and
Saudi Arabia Tadawul All Shares, QuantNet showed 2-10 times order of magnitude
improvement in Sharpe ratios and Calmar ratios, with similar benefits in Sortino
ratios, Downside risks and Skewness. QuantNet also generated positive and statistically significant alpha according to Fama-French 5 factors model. By analysing
QuantNet encoders, it appeared that they are mapping and structuring the markets
according to their development stage and geographical proximity.

Chapter 6

Critical Assessment and General
Discussion
This chapter covers a Critical Assessment and General Discussion of this thesis,
presenting the main contributions to science that this research offers and a critical
assessment of the methodology and findings presented.

6.1

Contributions to Science

Based on our results, background and literature review, the main contributions that
this research offers are:
• A covariance-penalty correction formula that can be widely used by quantitative strategists in the financial services. We believe that such simple formula
can be a powerful tool to improve strategies assessment, particularly those
widely used by the industry practitioners, like linear regression models, moving averages, etc.
• A new approach to synthesise financial time series that can be applied to
calibrate and improve model selection and assessment. By enhancing both
model calibration and combination, the industry practitioners can generate
more reliable and profitable trading strategies.
• A new framework to learn systematic trading strategies by cross-pollinating
gained knowledge in different financial markets. This framework can easily
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be integrated to improve current strategies, as well as be a focus of further
research.
Despite our contributions, in each experiment it was clear that some of our
ideas and solutions presented limitations. The following sections present some we
have identified and their implications.

6.2

Experiment 1: Avoiding Backtesting Overfitting
by Covariance-Penalties

Covariance-Penalty Correction approaches are focused on avoiding the apparent insample performance, by uncovering the expected generalisation (out-sample) potential of a strategy. Overall, it is easy and quick to implement and calculate. However, the Covariance-Penalty Correction developed require certain assumptions on
the joint behaviour of the asset and trading strategy. Some of the assumptions asserted cannot be fully checked in practice, rendering its use mainly a question of
preference and comparing performance after a backtesting.
Our aim with the large scale empirical evaluation was to provide reassure the
user of its potential. Despite the fact we are not sure whether the strategy and asset
meet the expected assumptions implied by the criteria, still using it provided better
results than doing nothing or using Akaike Information Criteria.

6.3

Experiment 2: Generative Adversarial Networks
for Financial Trading Strategies

We have adopted the Root Mean Square Error as the loss function between the generator samples and the actual data. Our procedure do not limits the use of another
loss function, but we have not explored it in our study. An idea is that this loss function could be a metric that take into account several moments and cross-moments of
a time series. With financial time series, taking into account stylized facts [136] can
be a feasible alternative to produce samples that are more meaningful and resemble
more a financial asset return.
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Another criticism of our approach is the single-step-ahead formulation. Our
perspective was that it would make the problem easier, particularly due to the choice
of architecture and the volume of experiments needed to execute the whole study.
However, natural extension is to consider predicting directly multiple steps ahead,
or considering modelling multiple financial time series. Both can improve our results, as well as, may reduce the time to train and select a cGAN.
Finally, another extension is to consider other architectures, such as AdaGANs
[39] or Ensemble of GANs [38]. Also, other applications such as fine-tuning and
combination of time series forecasting methods; a good benchmark are the M3 and
M4 competitions [137, 138] that involve a large number of time series as well as
results from a wide array of forecasting methods.

6.4

Experiment 3: Transferring Learning Across
Trading Strategies

Data aggregation across different time zones and markets is a challenge per se. By
using the QuantNet architecture we have bypassed this problem, but still the key
question persist: how to operationalize a trading strategy that is operating across
several markets. Our experiments sought to demonstrate the feasibility of this idea,
and the outperformance that one can get by pooling data from other markets. In
practice, making it work would clearly demand a robust infrastructure beyond our
experimental setting. If one wish to deploy our idea, potentially the best way forward would be to perform the sequential transfer, but aiming only to invest in a few
set of markets like US, UK, etc.

Chapter 7

Conclusions and Future Works
7.1

Conclusions

This thesis investigated the application of machine learning as building blocks for
reliable investment decisions. To improve a machine learning-based trading strategy performance assessment one needs to consider the problem of backtest overfitting – strategies looking good on paper often perform poorly when presented
with new data. In this sense, this thesis considered three independent forms to deal
with this problem: a) correct performance metrics, such as the Sharpe ratio, using
covariance-penalty methods; b) using generative adversarial networks to synthesize
financial time series data and use them to improve trading strategies calibration and
performance assessment; and c) develop novel transfer learning-based strategies to
deal with data scarcity, spurious correlation and, by consequence, aiding in avoiding
backtest overfitting.
In this sense, the main motivations of exploring these topics were: (i) backtest overfitting is a pervasive problem that impacts practitioners and researchers
across the financial markets; (ii) the increasing adoption of data-driven methodologies across markets is demanding new forms of model validation and assessment; and (iii) generative adversarial networks and transfer learning are modelling
paradigms with proven success in areas such as computer vision, natural language
processing, but still with bare amount of research in the finance domain.
Therefore, to provide solutions for those issues, this research was divided in
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three experiments: (i) Avoiding Backtesting Overfitting by Covariance-Penalties;
(ii) Generative Adversarial Networks for Financial Trading Strategies; and (iii)
Transferring Learning Across Trading Strategies. In our view, each experiment,
respectively, generated the following new major contributions: (i) a covariancepenalty correction formula that can be widely used by quantitative strategists in
the financial services; (ii) a systematic approach to synthesise financial time series
that can be applied to calibrate and improve model selection and assessment; and
(iii) a framework to learn systematic trading strategies by cross-pollinating gained
knowledge in different financial markets.
By tackling such important problems, this thesis aimed to make the development of more sophisticated and complex trading strategies more seamless and safe,
such as the case of Machine and Deep Learning technologies. These methodologies are already having a substantial impact in industry and academia. In industry,
these developments have led to a scramble for talent across the Investment Banking world, with Data Scientists poached from Tech companies; and AI Labs are
being set up inside banks. In academia, we can perceive a shift in the mainstream
research from a more theory-driven and pure stochastic calculus-based research to
a data-driven and machine-learning-based focus. These signals are traced across
important venues, particularly the main mathematical finance conferences and journals. Hence, the need to turn these novel trading strategies more transparent and
safe to deploy. We believe that this thesis is a stepping stone towards making trading strategies more reliable and building up a safer financial market.
Finally, we envisage not an incremental upgrade, but a Cambrian explosion of
new use-cases that will reshape current Financial Markets. The supply forces driving these changes can be named: a) accessibility to vast amounts of (Alternative)
data; b) availability of ”unlimited” (Cloud) computing infrastructure; c) technology
maturity and open-access to the state-of-art in AI/ML algorithm libraries. The developments have led to a scramble for talent across the Investment Banking world,
with Data Scientists poached from technology and retail companies. Therefore, the
new ”Quant” will not be trained in the Mathematical Finance departments, instead
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they will be fostered inside the Computer Science departments.

7.2

Future Works

Finally, our work also open new avenues to future investigations. We list a few
potential extensions and directions for further research:
• Experiment 1: Other Covariance-Penalty formulas for financial metrics focusing solely on Sharpe ratio optimization is not sufficient in making a
trading strategy desirable to invest. Calmar ratio, skewness, etc. are auxiliary
metrics that need to be taken into account, but a question still persist in how
we can derive a similar formula to these metrics.
• Experiment 2: cGANs for stress testing - a stress test examines the potential impact of a hypothetical adverse scenario on the health of a financial
institution, or even a trading strategy. In doing so, stress tests allow the quantitative strategist to assess a strategy resilience to a range of adverse shocks
and ensure they are sufficiently hedged to withstand those shocks. A proper
benchmark can be model-based bootstrap, since it allows conditional variables which facilitates the process of generating resamples of crisis events.
• Experiment 2: Selection metrics for cGANs - we have adopted the Root
Mean Square Error as the loss function between the generator samples and
the actual data, however nothing limits the user to use another type of loss
function. It could be a metric that take into account several moments and
cross-moments of a time series. With financial time series, taking into account
stylized facts [136] can be a feasible alternative to produce samples that are
more meaningful and resemble more a financial asset return.
• Experiment 2: Combining cGAN with Stationary Bootstrap - in our results
section, we observed the low correlation between the Sharpe ratios obtained
in both approaches. This imply that a mixed approach, that is, combining
resamples from cGAN and Stationary Bootstrap, can yield better results than
opting for a single approach.
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• Experiment 3: Architecture - In future works we aim to investigate different
architectures, such as Transformer layers, as it seems that they are providing
significant outperformance in other tasks with sequence data (mainly text).
• Experiment 3: Empirical evaluation - Expanding the empirical evaluation to
include other asset classes beyond equities, such as foreign exchange, interest
rate swaps, or commodities can potentially improve the overall results since
it can provide additional knowledge to trade some equities, and vice-versa.
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Appendix I: Quantitative Trading
Strategies
In this section we present the concepts that underpins all the experiments made in
this thesis, that is, how we can identify, validate and put into operation a quantitative
trading strategy. Most, if not all, of the thesis will be focused on the identification
and validation parts, being the operational part (execution system and risk management) not covered. Therefore, we present the main terms and ideas used extensively
along the thesis, trying to make this section a glossary of concepts that permeate the
whole thesis. A substantial amount of our exposition can be found in these references [139, 140, 141, 142].

General Framework
A quantitative trading strategy is a systematic approach for investment allocation,
relying substantially more in mathematical models, hypothesis and data, rather than
experts opinions or subjective decisions. In this sense, a whole strategy can be
cast into an algorithm, facilitating the process of evaluation, execution and risk
management. By being systematic, a quantitative strategy usually follows certain
steps that works as a pipeline for its technical and operational analysis. Figure
ResearchPipeline depicts the main steps that are attained during the development of
a quantitative trading strategy.
This flow starts from setting the contours of feasible strategies that will be
investigated by the analyst. In general the trading scope defines: (i) asset-class (equity, fixed income, etc.) and form (cash or derivatives); (ii) desired performance and
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Figure 1: Quantitative trading strategy pipeline. Each dot represents a trading alternative:
blue when it is feasible and grey otherwise. Notice that every steps works as a
sieve, eliminating infeasible options due to their scope, complexity, performance
or operational constraints and costs.

exposures; (iii) infrastructure and trading limitations. For instance, if the portfolio
manager requires an strategy that performs well during a sell-off or rally in bonds
rates, the analyst might look for momentum based strategies [143] as well as check
the trading capacity and access for bonds futures market. As it can be seen, this
initial set-up substantially affects the whole chain of events, mainly the available
strategies that can be applied to cope within the requirements.
After this initial step, the remaining pipeline can be separated in four different
stages (Figure ResearchPipeline) as explained below:

1. Strategy Identification: the quantitative analyst searches for feasible strategies, based on others products available in the market and academic research,
checking if they can meet the scope defined initially.
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2. Strategy Backtesting: given a set of identified strategies, the analyst submit
those to a historical analysis, checking the moments that it profits and its
periods of drawdowns. Also, it is necessary to take into account any sort
of transaction costs (commissions, rolling costs, etc.), the feasible trading
frequencies and capacity, as well as any benchmarks that might be relevant to
compare the obtained performance.

3. Execution System: an execution system is the means by which the list of
trades generated by the strategy are sent and executed by the broker. The
key considerations when creating an execution system are the interface to the
brokerage, minimisation of transaction costs (including commission and slippage) and divergence of performance of the live system from backtested performance [144, 2, 3]. In this sense, the analyst checks how the trading signal
can reach the market: manually or through a fully automated exchange mechanism, bearing in mind the information technology infrastructure required to
store and generate the trading signal.

4. Risk Management: the final piece to the quantitative trading puzzle is the
process of risk management. In short it covers nearly everything that could
possibly interfere with the trading implementation, of which there are many
sources [144, 145, 146]. From the analyst perspective, it requires to him the
understanding of all risks that the trading involves: market, technical and
technological. Also, the amount of capital allocated to the specific strategy,
and its possible impacts in the portfolio and the market.

Obviously some feedback loop is necessary between the Strategy Identification
and Backtesting, and it might also happen between the Execution System and Risk
Management with the Backtesting. After the fulfilment of all these steps, a strategy
is ready to be deployed in the market. Since this is highly dedicated to the backtesting component, next section present with more details this part of a quantitative
strategies pipeline.
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Backtesting
In this section we focus specifically in the backtesting component of a quantitative
strategy development. The goal of backtesting is to provide evidence that the strategy identified via the above process is profitable when applied to both historical and
out-of-sample data. We aim to provide support for the discussions and procedures
proposed in the second and third experiments (Chapters chapterlabel4 and chapterlabel5), showing previous works and some of the open questions that we are going
to exploit there. Therefore, we begin with a general formulation of a backtesting
framework, displaying the main objectives and building blocks for a strategy validation. After that we move to the performance measurement, discussing transaction
costs and the main metrics usually computed for a strategy assessment. We finish
discussing some flaws of backtesting pointed by many authors and their proposed
solutions.

Objectives and Formulation
In general terms, backtesting allows the analyst to quantify the worthiness of each
strategy and establish some ranking between them. More formally, given a set of
candidate trading strategies T S1 , ..., T Si ..., T Sn (i = 1, ..., n), historical data of asset
returns R1 , ..., Rt , ..., RT (or briefly R1:T , with t = 1, ..., T ) and some performance
function U : T S × R → R, the backtesting is a procedure that applies the U function
in all candidate strategies, U(T S1 , Rt:T ), ...,U(T Sn , Rt:T ), allowing the ordering of
such set. After the set of candidate strategies is ordered, the analyst can extract
a subset of best candidates (if not best one) and move forward in the quantitative
research stack.
Therefore, we have two elements in the backtesting framework that requires a
deeper discussion: (i) strategies: T S1 , ..., T Sn ; and (ii) performance function: U :
S × R → R. Starting from (i), a strategy is loosely defined as an algorithm that maps
historical information of an asset, market conditions, other correlated assets, etc.
into a long or short position to be exerted at t + k (k = 1, ..., K). As an example,
consider the following strategy:
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Simple Moving Average Mean-Reversion Strategy [147]

1. Predicted level of the asset’s price: P̂t =

∑Zz=0 Pt−z
Z+1 ,

where Z is the window size

(usually small).
t +1
2. Position of the asset in the current portfolio (signal): St+k = b−1 P̂t −P
τ e ,

where b−1 and e+1 are floor and cap operators, that bounds the signal to
[−1, 1] domain, and τ is a scaling factor.
This strategy goes long when the level is above the spot value of the asset
(St+k ∈ (0, 1]), and to go short otherwise (St+k ∈ [−1, 0)). The main idea behind is
to tap into the time series short intervals of mean stationarity, tracking its current
level (mean). Every time that it departs from the predicted level, take a position
expecting that its future value will return closer to it.
Precisely, this strategy and many others can be determined by the following
four components:
1. Estimated Value – A : ΩA → F – this component is responsible for gathering
any available or relevant information (ΩA ) of an asset (price, earnings, balance sheet, etc.), market climate (bull or bear, indices trajectories, etc.), correlated assets and map this into a number that represents its estimated value.
The result of this mapping is expressed by the notation EVt . This component
tends to manifest the view of the quantitative analyst about the potential value
of the asset under analysis.
2. Market Value – B : ΩB → F – this piece gathers informations similar to the
estimated value component, and using some model or raw data try to expresses the current market level for the asset’s price. For instance, this value
can be the last bid/ask price available, the valuation performed by some technical analyst, etc. The result of this mapping is expressed by the symbol
MVt . This component can be sometimes seen as the relative value of the asset
against its peers, or even against its historical standards.
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3. Spread – C : F 2 × ΩC → F , with SPt = C(EVt , MVt , ωC ) – the spread is a
function that compares the expected (EVt ) and market value (MVt ), scaling
this ratio by some values or variables that lies inside the set ΩC . Usually the
larger this spread, more attractive is to take a position in this asset.
4. Signal – D : F × ΩD → [−1, +1], with St+k = D(SPt , ωD ) – the transformation that takes the spread and a constant, and bound this between [−1, 1]
domain. This number represent the intensity (amount of wealth allocated)
in which some position will be taken in the asset, being −1 a full short position, and +1 a full long position. Sometimes the variable ωD works as a
cut-off value (minimum spread to take some position), a leverage factor, or
can be even composed of other spreads from different assets in case of crosssectional based strategies.
Using these components, the previous mean-reversion strategy can be rewrite:
1. Predicted Level (Estimated Value): EVt = A(Pt , ..., Pt−Z ) =

∑Zz=0 Pt−z
Z+1

2. Spot Value (Market Value): MVt = B(Pt ) = Pt
3. Deviation from Spot (Spread): SPt = C(EVt , MVt , τ) =

EVt −MVt
τ

4. Position at t + k (Signal): St+k = D(SPt , 0)
/ = b−1 SPt e+1
If we consider other uniquely time series based strategies, such as carry, momentum and value [140, 148], it would be only necessary to make some adjustments
into which information is taking into account (dividends yield, purchasing power
parity, futures, etc.). Conversely, if we consider cross-sectional based strategies,
that is, taking into account the asset’s peers information in the signal generation
process, then using the same previous example one may write the strategy as:
1. For every j-th asset ( j = 1, ..., J), compute:
( j)

(a) Estimated Value: EVt
( j)

(b) Market Value: MVt

( j)

( j)

= A(Pt , ..., Pt−Z ) =
( j)

( j)

= B(Pt ) = Pt

( j)

∑Zz=0 Pt−z
Z+1
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( j)

(c) Spread: SPt

( j)

( j)

= C(EVt , MVt , τ ( j) ) =
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( j)

( j)

EVt −MVt
τ ( j)

2. Signal:
i
h  SP( j) − minSP 
( j)
( j)
t
t
−1
St+k = D(SPt , maxSPt , minSPt ) = 2 ∗
maxSPt − minSPt

(1)

where maxSPt and minSPt are the maximum and minimum spread across all
the j-th asset’s peers, respectively.
Therefore, in a cross-sectional strategy, the trader needs to ranks the spread
of each strategy first and go longer (shorter) in those that are more close to the
maxSP (minSP). Finally, the main advantages of writing several trading strategies
in this framework are: (i) being able to modularize each building block, facilitating
the implementation and testing; (ii) easing the quantification of each component in
the overall strategy returns and risks; and (iii) the reconciliation of time series and
cross-section trading strategies on a single framework. Given a set of signals from a
trading strategy, next subsection present some metrics for performance assessment.

Performance Measurement
Following the last subsection, we now delve into the elements that composes the
performance measurement of a trading strategy. We start with a brief note on how
the returns of a trading strategy is computed. Then we move to the common fixed
and variable transactions costs that are incurred when trading, closing the subsection
with some of the main used metrics to assess a strategy performance.
First and foremost it is relevant to work with the asset’s excess return over a
benchmark index or portfolio. That is, subtract from the asset’s return at time t, the
same return that would have been obtained if the investment was performed in an
alternative asset, usually more safe and simple to operate. Then, we should rewrite
our (excess single-period) log-return formula by:
Rt = Rtasset − Rtbenchmark
P∗
with :Rt∗ = ln( ∗t )
Pt−1

(2)
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After computing the excess returns, we move towards the calculation of the
strategy returns. In order to better explain how we compute this number, consider
the flowchart displayed in Figure SignalReturn.

Figure 2: Flowchart representing a signal recalculation of a typical investment strategy.
The first signal S1 is generated using information from P1 . This signal can be
exerted immediately (k = 0) or with some delay (k > 0). In any case, the excess
single-period return linked to St+k will be Rt+k+1 .

For the sake of having a clear notation let k = 0 (the case in which there is no
delay). Then, the trading strategy (gross) return at instant t can be expressed by:
Rtgross = St−1 Rt

(3)

that is, the product between the long/short exposure that was took in time t − 1
and its profit/loss know at t. As it can be seen, this is the gross return because we
did not considered any transaction costs that is incurred whenever a signal is sent to
the market. Therefore, below we present the main sources of costs that are going to
affect, in one way or another, the overall performance of the trading strategy:
• Commission Fees (CF): these costs are incurred whenever the strategy
change its long/short exposure in an asset (turnover). Therefore, it is common
to set this costs proportional to the absolute change in the position [149, 150]:
CFt = |St−2 − St−1 | × f eebp , in which the fee ( f eebp ) is measured in basis
point. Sometimes there is also a fixed fee related to the subscription to a particular brokerage firm or linked to the use of a certain infrastructure, but can
be diluted whenever the number of transactions increases overtime.
• Slippage Costs (SC): any discrepancy that occurs in the asset price when
the execution system buy/sell it (Pt ), and its value used to trigger this order
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from the trading strategy (Pt−1 , Pt−2 , ...). Therefore, this cost is increased
proportionately to the slowness of the execution system and the size of the
bid/ask spread. For the case with k > 0, this is somehow embedded in the
backtesting, because the signal is triggered based on data from t − 1,t − 2, ...,
but is applied with an unknown price at t + k.

• Other Costs (OC): there are other costs that might be incurred, depending on
the asset class that is being traded, such as the rolling cost, market impact,
opportunity cost, etc. [149, 151, 150]. As an example, the rolling forward
cost that occurs whenever it is necessary to switch between expirations in a
derivatives contract (bonds future, for instance).

After these considerations, one can write the net strategy returns by:
Rtstrategy = Rtgross − TCt , where : TCt = CFt + SCt +CCt

(4)

Finally, with these returns in hand the analyst can compute a set of performance
metrics (the U function) in order to rank the quality of a given trading strategy. In
what follow we display a non-exhaustive list of measures that are widely used to
assess a trading strategy. A deeper discussion about these metrics can be found in
the following references [141, 152, 139].

• Annualized Average Return (%) – it is the expected annual return that a given
trading strategy will generate over the years:
strategy

R̄annual =

T
Rt
∑t=1
T

× q × 100

(5)

where q is a factor that transform the trading period (daily, weekly, etc.) into
an annual basis (e.g., q = 252 if t is daily).

• Volatility (%) – it is the expected deviation on an annual basis, against the
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average return that a strategy provide:
s
σannual =

T
(Rtstrategy − R̄)2 √
∑t=1
× q × 100
T −1

(6)

where R̄ is the mean of the strategy returns without any scaling factor.
• Skewness: is the degree of asymmetry in the returns that a strategy generates
overtime:
skew =

T
(Rtstrategy − R̄)3
(1/T ) ∑t=1
σ3

(7)

where σ is the standard deviation of the strategy returns without any scaling
factor.
• Maximum Drawdown (%) – is an indicator of downside risk over a specified
time period. It can be defined as the maximum loss from a peak to a trough
of a portfolio, before a new peak is attained:
MDD =

Peak − Trough
× 100
Peak

(8)

in order to compute the Peak and Trough, first define the cumulative returns
between until time t by: CumRett = exp ∑t ln(1 + Rtstrategy ). Then, let k-th
drawdown (DDk ) be the difference between CumRet from time t to t + k.
Then Peak and Trough are respectively the CumRett and CumRett+k such that
DDk is maximum.
• Sharpe Ratio – is the average annualized return of a strategy earned in excess
of the risk-free rate per unit of volatility:
SR =

R̄annual
σannual

(9)

the Sharpe ratio characterizes how well the return of a strategy compensates
the investor for the risk previously assumed. Therefore, when comparing two
trades, the one with a higher Sharpe Ratio provides better (same) return for
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the same (lower) risk.
• Calmar Ratio – is the average annualized return of a strategy earned in excess
of the maximum drawdown obtained in a given period:
CR =

R̄annual
MDD

(10)

From a practical point of view, usually the first measure that an analyst look is
the Sharpe Ratio, and then consider how much can be exchanged of Sharpe Ratio
for better performance in terms of Maximum Drawdown, Calmar Ratio, negative
Skewness, etc. Although these measures can guide an analyst to decide which trading strategy he should invest, however, the whole process of strategy backtest in
excess can lead to false conclusions. The usual case is after adding and calibrating several parameters, the analyst obtain a higher Sharpe Ratio compared to those
found initially. This phenomena have been pointed by some authors, calling n different occasions as: data-snooping, performance overestimation and backtesting
overfitting. Second chapter presents this discussion in light of the current literature.

Appendix II: Predictability of
Financial Assets
Cash Instruments
The literature provide a growing body of evidence that price changes can be predicted, that is, in particular circumstances and periods securities violate the Efficient Market Hypothesis [153, 154]. This hypothesis states that price changes must
be unforecastable if they are properly anticipated, that is if they fully incorporate
the expectations and information of all participants. Therefore, if returns can be
predicted based on an information set (e.g., historical prices, economic indicators,
news, etc.), one can use this information to trade and generate profits that are abnormal given the risk level that the market participant is assuming.
In this sense, researchers have employed different modelling approaches and
information sets to predict price changes across a range of assets. When we scan
the literature for cash instruments (equities, bonds, foreign exchange, etc.) focused
only in using past returns as the main source for prediction, we can find works
that tap into Bayesian forecasting [155], Nonparametric Predictive Inference [156],
Forecasting Combination [157], Generalized Exponential Weighted Moving Average [158], Support Vector Machines (SVM) [159], Shallow and Deep Neural
Networks (NN) architectures [160, 161, 162, 163], Random Forest and Gradient
Boosting Trees [164], and so forth. The list of proposed methodologies keep growing, in which equities or indices appear as the dominant asset class to apply these
algorithms. Collectively, they provide evidence that some forecastability over returns can be achieved by putting in place complex models with a suitable training
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scheme.
Nonetheless, the main criticism of such approaches lies on the limited information set that they are tapping into: past returns. Even though past returns is a
valuable source of data for forecasting, backed by many references in the previous
paragraph, for some authors they are treated as an another source of information,
which in some cases plays a minor role for prediction. Approaches that uses mainstream and novel news sources (Reuters, The Wall Street Journal, Twitter, etc.) have
provided evidence that adding such features can improve return prediction and aid in
the design of a trading strategy across several asset classes [165, 166, 167, 168, 169].
Taking an even larger information set, [170] searches for disparate data sources
(Google, Wikipedia, and so on) to increase the knowledge base that an algorithm
can tap into for making predictions. Their inference engine used three modelling
techniques (decision trees, NN and SVM) and compared favourably to other reported results in the literature.

Derivative Instruments
Contrasting with the emphasis that researchers in cash instruments put on return
predictability, when we devote our attention to research in derivatives instruments
(options, swaps, swaptions, etc.) it is clear that most of the effort is concentrated
on pricing these contracts. Similarly, researchers have adopted different approaches
and information sets to describe the price movements of these contracts properly.
The traditional framework is via stochastic calculus, in which pricing is made under
some market assumptions (frictionless market, no arbitrage, risk-neutral investor,
etc.) as well as an assumed asset price dynamics over time (e.g., Geometric Brownian Motion) [171, 172]. By discovering the fair price of a contract, trading strategies
can be established to tap into any potential mispricing [173, 174].
In parallel to the traditional framework, alternative ways of pricing and trading
started to emanate relying on fewer assumptions and more data-driven. We can pinpoint approaches that use NN for option pricing and hedging with daily S&P 500
index daily call options [175] as well as for real-time pricing and hedging options
on currency futures of EUR/USD at tick level [176]. It is worth to mention other
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approaches in the derivatives realm, such that the prediction of pricing and hedging
errors for equity-linked warrants with Gaussian Process models [177], building machine learning models for predicting option prices over KOSPI 200 Index options
[178] and a general study on forecasting non-negative option price distributions using Bayesian kernel methods [179].

Interest Rates Swaptions
When we devote our attention to the asset type that this work is dedicated, interest
rate swaptions, a similar pattern persists: most of the research is related to pricing and not to return prediction. Regarding pricing, the same tradition of relying
on stochastic calculus techniques is followed [180, 181]. Regarding potential alternatives using more data-driven approaches as we saw with currency, indices and
equities options, we can only mention the work of Souza et al. [182] which calibrates the Vasicek interest rate model under the risk neutral measure by learning
the model parameters using Gaussian processes for regression. Considering trading strategies and return prediction, we can find even less academic research, being
perhaps most of the research residing inside the counterparts that exchange such
products (banks, hedge funds, etc.). This shortage of published research might be
linked with the absence of ready to use and publicly available datasets, similar to
the ones found in cash products since these instruments are traded off-exchange.
Nonetheless, we can still find research that has some connection with our work,
such by [183] where the authors build trading strategies by long-short combinations of two at-the-money straddles for the four top swaption markets (USD, JPY,
EUR and GBP), in search to harvest the volatility risk premium in such markets.
Their research taps into a large dataset of at-the-money implied volatility quotes on
the 10-year swap rate and 1 to 12-month swaption maturities between April 1996
and December 2011 to calculate the returns of the long-short straddle strategies.
They find statistically significant returns for all markets and both delta–gamma and
delta–vega neutral strategies. The main similarities of their approach with our work
reside mainly in the asset type that they are trading as well as with the idea of using
a set of indicators (mostly based on the shape of the volatility surface) to devise
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different trading strategies. However, regarding modelling strategy, there are clear
differences between their approach (more theory-driven) and the methodology envisioned by this work (tilted to data-driven). See [184] for a recent review on similar
approaches in the harvesting volatility risk premium.

Appendix III: Full distributions for
single period
In general, for X and R jointly normal, we have Xt Rt is known to have a pdf,

px =



1
ρx
|x|
exp
K
0
πσR σX
σR σX (1 − ρ 2 )
σR σX (1 − ρ 2 )

where K0 (·) is a modified Bessel function of the 2nd kind (Simons, p 51, eq 6.15).
The more general density for non-zero means, is given in Exact as an infinite series.
In the special cases of independence and of correlated but zero mean, the expressions become much simpler and we choose to focus on the zero-mean case here.
The density is unbounded at zero and has fat tails and positive skewness, becoming
more pronounced with higher correlation. We can see the distribution for a variety
of correlations in figure (fig:exact), with the skewness becoming increasingly pronounced for higher ρ. In the limit as ρ → 1 the distribution converges to that of the
central χ 2 distribution with one degree of freedom.

Figure 3: Complete product distributions for ρ ∈ {0, 0.2, 0.4, 0.6., 0.8, 1.0}, normalised to
have unit variance

Appendix IV: Nonzero means:
Sharpe ratios and Skewness
By an abuse of notation, we define SR[R] to be µR /σR and by an abuse of notation,
we define SR[X] = µX /σX (for X the signal),
Corollary 1: If R ∼ N (µR , σR2 ) and X ∼ N (µX , σX2 ) then
SR[X · R] =

SR[R] · SR[X] + ρ
(SR[R]2 + SR[X]2 + 2ρ SR[R] · SR[S] + ρ 2 + 1)1/2

Corollary 2: If R ∼ N (µR , σR2 ) and X ∼ N (µX , σX2 ) then
γ3 [X · R] =

2ρ(ρ 2 + 3 + 3 SR[R]2 + 3 SR[X]2 )
(SR[R]2 + SR[X]2 + 2ρ SR[R] · SR[X] + ρ 2 + 1)3/2

We note the one period Sharpe ratio of the strategy may depend on both the
interaction between the Sharpe ratios of the Signals (weights) and the Returns, in
particular whether they have the same sign or not, together with the sign of the correlation. In fact, the amplitude of the resulting strategy SR may be more dependent
on the respective Sharpe ratios rather than ρ since after all, −1 ≤ ρ ≤ 1,while SR[R]
and SR[X] may individually be above 1.

