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Abstract

This thesis is mainly concerned with mode-1 and mode-2 oceanic internal soli-

tary waves. Theoretical analysis and numerical simulation are used to investigate

the generation and evolution of these waves. The thesis is organised as follows. In

chapter 2, we introduce the mathematical formulation used throughout the thesis. In

chapter 3, we study the evolution of mode-1 internal solitary waves through an ocean

current background, employing the variable-coefficient Korteweg-de Vries equation

by concerning the effect of a background current. In chapter 4, we examine the possi-

ble generation of mode-2 waves by the interaction of mode-1 waves with topography,

both in an ideal three-layer fluid system, a smooth density stratification and in two

realistic oceanic settings, using a coupled linear long wave theory with mode coupling

through topography, combined with evolution using a Korteweg-de Vries model. In

chapter 5, we investigate the resonant coupling of mode-1 and mode-2 internal waves

by topography, using a coupled Korteweg-de Vries model. In chapter 6, we present

the interaction of a mode-1 internal solitary wave with a step topography with the

generation of both mode-1 and mode-2 waves.

This thesis was completed under the supervision of Professor Roger Grimshaw

and Professor Edward Johnson.
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Impact Statement

Oceanic internal waves, characterised by fine meso-scales, large amplitudes and

strong vertical shears, are a ubiquitous phenomenon in the density stratified oceans.

Internal waves are an important player in ocean dynamics, as they can redistribute

mass, energy and tracers in the ocean. Internal-wave-driven mixing is a key driver of

the meridional overturning circulation. Depending upon the density stratification,

generation mechanism, amplitude, and the influence of external forces, internal waves

come in many forms, for example, internal tides (internal waves of tidal frequency),

internal solitary waves (non-sinusoidal, nonlinear, isolated waves of various shapes)

and undular bores (wave disturbances connecting to different levels).

The work in this thesis concerns mode-1 and mode-2 oceanic internal solitary

waves and the results have been published in a variety of journals (see Publications),

and been presented at international conferences in the US (Ocean Sciences Meeting

2018), Austria (EGU 2018, 2019) and workshops in China (Sanya 2019, Shanghai

2020). The theoretical and numerical method used in this thesis can be applied to

the real oceanic environment and reveal phenomena that are not quite in accordance

with the inherent understanding, such as the resonant coupling of mode-1 and mode-

1 waves, where we see that it is not necessary to be very close to resonance for there

to be significant mode-2 wave amplitudes and feedback onto the mode-1 wave. Fur-
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thermore, the understanding of these processes helps develop practical observation

methods, adjust numerical simulations and guide experiments settings to assist us

have a better understanding of ocean dynamics.
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Chapter 1

Introduction

Internal waves are gravity waves that propagate within a density-stratified fluid,

rather than on its surface. Internal solitary waves are isolated nonlinear dispersive

waves that propagate without changing shape, which is an idealisation of waves in

the ocean. In a uniform background they are finite-amplitude waves of permanent

form which owe their existence to a balance between nonlinear wave-steepening pro-

cesses and linear wave dispersion. Typically, they consist of a single isolated wave

of elevation or depression, depending on the background state, see [32]. They are

among the most important physical phenomena in stratified oceans, lakes, and in the

atmosphere, where they provide a crucial link between the large scales into which

most energy is injected and small scales at which it is dissipated and mixing occurs,

see [57]. To be more specific, the propagation of these waves often leads to mixing,

which introduces bottom nutrients into the water column, and hence modifies the

biology. Their associated currents cause large forces on marine structures. Also the

induced density variations affect the oceanic sound speed, and hence the efficiency of

sonar communication. Thus, these internal waves have a major effect on the physical

oceanography, marine biology, marine acoustics and marine engineering, see [50].

One of the first observations of internal waves was reported by [51] more than a

century ago, and they indicated these kinds of “puzzling wave” are irregular, and can
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appear randomly in the ocean. Oceanic internal solitary waves typically have much

longer time scales and larger amplitudes than the analogous surface waves because of

the much smaller density difference across the pycnocline than across the air-water

interface. Here the pycnocline is the diffuse boundary between the upper lighter

fluid, and the lower heavier fluid. Internal solitary waves are commonly observed

in the coastal zone, and on a theoretical level, can be decomposed into an infinite

set of vertical modes. Here the terminology “mode” refers to the modal function

describing the vertical structure. Mode-1 waves have the fastest phase speed and

the simplest modal structure, typically a single maximum located at or near the

pycnocline. Mode-2 waves are the next fastest, with a phase speed usually around

one third that of mode-1, and have a modal structure with two extrema. Note that

the modal structure here refers to the vertical particle displacement, and in general,

the vertical structure for the density and velocity fields may be quite different. There

are two different forms of mode-1 internal solitary waves, depression and elevation

waves, with the isopycnal displaced downward and upward, respectively. For mode-

2 waves, the corresponding wave shapes are called convex when the upper (lower)

isopycnal is displaced upward (downward), and are called concave when the upper

(lower) isopycnal is displaced downward (upward). Usually, observed mode-1 waves

are depression waves when the near-surface isopycnal is displaced downwards.

A large number of observations demonstrate the existence of internal solitary

waves (ISWs) in numerous locations around the world’s oceans, both from field mea-

surements and remote sensing images. In the 1960s, the development of fast inter-

nally recording vertical arrays (‘chains’) of thermistors led to observations of large

internal waves in the coastal oceans and marginal seas. Groups of internal waves

up to 80m high and 2000m long were found on the main thermocline at 500m in

water 1500m deep, see [86]. [82] subsequently showed that the waves were generated

by tidal flows through the channels in the Andaman and Nicobar island chains and
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propagated toward the Sumatra coastline some hundreds of kilometers away. Among

the other early ocean observations were those of [108,109] in the Strait of Gibraltar

and [48] in Massachusetts Bay. About the same time, [95] and [52] were making simi-

lar observations in Loch Ness and Seneca Lake, New York, respectively. Zeigenbein’s

observations were particularly notable for the clear evidence of a ’singular’ (solitary)

wave. At the same period, remote sensing is also a significant component. The pres-

ence of internal waves could be deduced from scattering of marine radar from short

surface waves was demonstrated by [108]. Also, there are evidence of large internal

wave groups in the New York Bight and the southwest coast of Africa, see [7]. [64]

identified and documented the dispersion and polarity change processes of the de-

pression waves propagating shoreward from synthetic aperture radar (SAR) images,

while [56] and [80] describe internal solitary waves of elevation from field observation.

Both mode-1 and mode-2 waves were recorded by [23] in Knight Inlet, showing mode-

2 waves tended to occur in summer and mode-1 waves in winter. In contrast, [102]

found mode-2 internal solitary waves more active in winter than in summer in the

northern South China Sea, while mode-1 waves occurred in the opposite case. Mode-

2 waves propagating with a mode-1 wave tail were documented by [23, 88], and [1]

gave a theoretical explanation for this phenomenon. [102] and [65] observed mode-2

internal solitary waves appeared after mode-1 internal solitary waves, suggesting that

the mode-2 waves were related to the mode-1 waves. A convex-type mode-2 inter-

nal solitary wave was found by [87] on the northern Heng-Chun Ridge. There have

been several laboratory studies of mode-2 solitary waves, and we mention the recent

studies by [94] and [17] of the interaction of a mode-2 solitary wave with a step and

a narrow ridge respectively. Mode-1 waves are much more common, and this may be

because mode-2 waves do not propagate over such large distances as mode-1 waves,

see [87, 88, 102–104]. [50] provided an overview of internal solitary waves while [57]

reviewed the instabilities of internal waves.
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For the generation mechanisms of internal waves, tide-topography interactions

( [8], [81], [25], [106], [2, 40]) and winds acting on the ocean surface each contribute

approximately 50% of the energy in the oceanic internal wave field, see [3, 90, 101].

They mainly import energy into internal waves of tidal frequency (internal tide) and

near-inertial frequencies, respectively. Although a few other generation mechanisms

have also been suggested. [1]; [88] and [105] show that a co-propagating mode-1 wave

train can be generated by a mode-2 wave, with energy transfer from the higher mode

to the lower mode. Although mode-1 waves have been extensively investigated, the

less observed mode-2 waves have not received equivalent attention and research, and

especially their generation mechanisms are not as well understood, see [102]. Nev-

ertheless, some potential mechanisms for the generation of mode-2 waves have been

proposed. An experimental and theoretical study by [49] found that the instability

of a shoaling mode-1 wave may lead to the generation of a mode-2 wave. [99] found

that a reflected and transmitted mode-2 wave may emerge when a mode-1 wave

interacts with a localised sill. Mode-2 waves can also be produced at the head of

gravity intrusions in laboratory studies, see [78] and [79]. [58] did detailed studies

on shoaling internal solitary waves in the South China Sea under different back-

ground environment, with a mode-2 wave being generated at small-scale features

in the bathymetry. [62] found that mode-2 waves may arise when an initial mode-1

waves propagate into a horizontally varying stratification regime, and [63] indicated

from field observations that a convex internal solitary wave may be generated by a

shoaling semidiurnal mode-2 internal tide.

Mode-2 waves will interact with other wave modes, such as mode-1 waves, through

nonlinearity in the underlying fluid system. Propagating mode-2 solitary waves with

an accompanying tail of mode-1 waves has been observed in field experiments ( [23]

and [88]), and examined theoretically by [1] and numerically by [98]. [24] studied the

interaction between internal solitary wave modes using a pair of coupled KdV equa-
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tions, finding that weak or strong interactions happen when the wave phase speeds

are unequal or nearly equal, respectively. A numerical investigation was presented

by [91] on the strong mode-mode coupling between mode-1 and mode-2 internal

solitary waves of both head-on and overtaking collisions, showing that the mode-2

wave structure can be significantly deformed by the mode-1 wave during the colli-

sion. [71] investigated the head-on collision of three types of internal solitary waves

with trapped cores numerically based on the framework of the Navier-Stokes equa-

tion for a stratified fluid.

This thesis is organised as follows.

In chapter 2, we discuss the basic equations used in the models contained in

the thesis. Although the primary mathematical formulations are shown here, we

repeat some of them, for example, the Korteweg-de Vries (KdV) equation and modal

equation, in each chapter for the convenience of reading the thesis.

In chapter 3, we examine the interaction of internal solitary waves with currents,

such as tidal currents or large-scale ocean currents. The mathematical methodology

is to construct a suitable background current based on observations, and then em-

ploy the variable-coefficient Korteweg-de Vries equation, to simulate internal wave

propagation and deformation through an ocean current background. Although these

models are widely used to model internal solitary waves in the coastal oceans, the

effect of a background current has been largely ignored until now.

In chapter 4, we study the generation mechanisms of mode-2 internal solitary

waves by the interaction of mode-1 waves with topography, as a mode-1 wave prop-

agates shoreward over the continental slope, using a coupled linear long wave theory

with mode coupling through topography, combined with evolution using a Korteweg-

de Vries model, both in an ideal three-layer fluid system, a smooth density stratifi-

cation and in two realistic oceanic settings.
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In chapter 5, we investigate the resonant coupling of mode-1 and mode-2 internal

waves by topography, when the mode-2 wave speed is very close to that of a mode-1

wave, using a coupled Korteweg-de Vries model.

In chapter 6, we present the interaction of a mode-1 internal solitary wave with

a step topography with the generation of both mode-1 and mode-2 waves.



Chapter 2

Formulation

2.1 Variable-coefficient Korteweg-de Vries

equation

Large amplitude internal solitary waves are commonly observed in the coastal

ocean. As they are long waves with wavelengths greater than the relevant verti-

cal scale, it is widely accepted that the basic paradigm for the description of these

waves is based on the Korteweg-de Vries (KdV) equation, first derived in this con-

text by [59], [77], [12] and [11] and subsequently by many others. Typically, they

propagate through regions of horizontally variable density stratification and back-

ground currents, and over variable bottom topography. Hence, a variable-coefficient

Korteweg-de Vries (vKdV) equation is needed to model these waves. For internal

waves, this is given by,

ηt + cηx +
cQx

2Q
η + µηηx + δηxxx + ση = 0 . (2.1)

In the basic state, the motion is assumed to be two-dimensional and the background

state varies slowly in the horizontal due to varying depth h(x), and slow variations

29



Chapter 2. Formulation 30

in the basic state density stratification and background currents. The fluid has a

density ρ0(z;x), a corresponding pressure p0(z;x) such that the background state is

hydrostatic (p0z = −gρ0), and a horizontal shear flow u0(z;x) in the x−direction

with a corresponding vertical velocity field w0(z;x). Here, η(x, t) is the internal

wave amplitude of the relevant modal function, usually mode-1, x, t are space and

time variables, c(x) is the relevant linear long wave speed, and Q(x) is the linear

magnification factor, defined so that Qη2 is the wave action flux density for linear

long waves. The coefficients c,Q, µ, δ, σ are slowly-varying functions of x and are

determined by the relevant waveguide properties. Formally, the derivation requires

the usual KdV scaling where η ∼ ε2, ∂/∂x ∼ ε, ∂/∂t ∼ ε. Then, the first two terms

in (2.1) are the dominant terms and the evolution takes place on a spatial scale

x ∼ ε−3. The coefficients c,Q, µ, δ vary on this same spatial scale x ∼ ε−3, while

σ ∼ ε3.

Here, the modal function φ(z;x) together with the linear long wave speed c(x) is

defined by the boundary-value problem,

{ρ0(c− u0)2φz}z − gρ0zφ = 0 , for − h < z < η0, (2.2)

φ = 0 at z = −h , (c− u0)2φz = gφ at z = η0 , (2.3)

where φ characterizes the vertical structure of the horizontal velocity field. The

buoyancy frequency N which is defined as N2 = − g
ρ0
ρ0z describing the oscillation

rate of a fluid particle vertically displaced from its equilibrium position. Typically,

the boundary value problem (2.2, 2.3) has an infinite sequence of linear long wave

modes solutions, φ±n (z), n = 0, 1, 2, 3, ..., with corresponding wave speeds, c±n (z).

Here, the superscript “±” indicates waves with c+n > uM = maxu0(z) and c−n <

um = minu0(z). We shall confine our attention to these regular modes, and consider

only stable shear flows. Mathematically, this implies that we do not consider modes
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with complex eigenvalues c, nor modes with c ∈ [um, uM ]. Analogous theory can

be developed for singular modes with um < c < uM . In general, this boundary

value problem has to be solved numerically. Typically, the n = 0 mode denotes the

surface gravity waves for which c scales with
√
gh, while the n = 1, 2, 3, ... modes

denote internal gravity waves for which c scales with Nh. The surface mode φ0 has

no extrema in the interior of the fluid and takes its maximum value at z = 0. The

internal modes φ±n (z), n = 1, 2, 3, ..., have n− 1 extremal points in the interior of the

fluid and nearly vanish near z = 0 (because c2 � gh for internal waves, and using

equation (2.3)). In general, assuming that the speeds c±n of each mode are sufficiently

distinct, the modes will separate spatially for large times, so we can consider a single

mode in isolation. Henceforth, we shall omit the index n and assume that the single

mode has speed c and modal function φ(z;x).

The coefficients are given by,

Iµ = 3

ˆ η0

−h
ρ0(c− u0)2φ3

z dz , (2.4)

Iδ =

ˆ η0

−h
ρ0(c− u0)2φ2 dz , (2.5)

where I = 2

ˆ η0

−h
ρ0(c− u0)φ2

z dz , Q = c2I , (2.6)

and Iσ = −
ˆ η0

−h
φφzK0zdz ,

K0 = F0 + u0H0 = u0(ρ0u0)x + w0(ρ0u0)z + p0x , (2.7)

For waves moving to the right, where c > uM = maxu0(z), I and δ are always

positive. For the surface mode, φ(z) > 0 and φ(0) = 1 (no extrema in the interior)

we see that µ > 0. In general, µ can take either sign, and may be zero in some

special situations. Explicit evaluation of the coefficients µ and δ requires knowledge

of the modal function, and hence they are usually evaluated numerically.

A full explanation about this variable-coefficient KdV equation and the extra

term ση is presented in Chapter 3.1 and 3.2.
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In most cases, the background currents are very weak compared to the waves

we studied and the density field varies slowly that the density differences can be

ignored except where they appear in terms multiplied by g, the acceleration due

to gravity. The latter simplification is the Boussinesq approximation. The rigid-lid

approximation is a commonly used simplification in the study of density-stratified

fluids in oceanography, assuming that the displacements of the surface are negligible

compared with internal displacements. To simplify, the modal function φ(z;x) can

also be determined by, using the Boussinesq approximation, rigid-lid approximation

and in the absence of a background shear flow,

φzz +
N2

c2
φ = 0 ; φ = 0 at z = 0,−h(x) ; N2 = − g

ρ0
ρ0z . (2.8)

The coefficients in (2.1) are given by

Iµ = 3c2
ˆ 0

−h
ρ0φ

3
z dz , (2.9)

Iδ = c2
ˆ 0

−h
ρ0φ

2 dz , (2.10)

I = 2c

ˆ 0

−h
ρ0φ

2
z dz , Q = c2I . (2.11)

and Iσ = −
ˆ η0

−h
φφzK0zdz ,

K0 = p0x . (2.12)

2.2 Transformation of variables

Since the first two terms in (2.1) are the dominant terms, we can make the

transformation

A =
√
Qη , T =

ˆ x

0

dx

c
, X = T − t . (2.13)

Substitution into (2.1) yields, to the same order of asymptotic approximation as
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in the derivation of (2.1),

AT + νAAX + λAXXX + σA = 0 , (2.14)

ν =
µ

c
√
Q
, λ =

δ

c3
. (2.15)

The coefficients ν, λ, σ are functions of T alone. In addition, since we can assume

δ > 0 without loss of generality, we make a further transformation yielding the

canonical form,

Aτ + αAAX + AXXX + βA = 0 , (2.16)

where τ =

ˆ T

0

λ dT =

ˆ x

0

δ

c4
dx , α =

ν

λ
=

µc2√
Qδ

, β =
σ

λ
=
σc3

δ
. (2.17)

Note that the coefficients α, β, originally expressed as functions of x, are now

functions of τ through the transformation τ = τ(x) (2.17). A further transformation

yields the form suitable for numerical simulation,

A = RÃ , R = exp (−
ˆ τ

0

β dτ ′) , Ãτ + α̃ÃÃX + ÃXXX = 0 , α̃ = Rα . (2.18)

The scaling factor R is a cumulative measure of the coefficient β. We will show

some simulations of this equation. There are two conservation laws

∂M

∂τ
= 0 , M =

ˆ ∞
−∞

Ã dX , (2.19)

∂P

∂τ
= 0 , P =

ˆ ∞
−∞

Ã2 dX , (2.20)

relating to mass and wave action flux, respectively.
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2.3 Two-layer fluid system

The linear long wave equations are, in the Boussinesq and rigid lid approximation,

u
(1)
t + Px = 0 , (2.21)

u
(2)
t + Px + g′ζx = 0 , (2.22)

− ζt + (h1u
(1))x = 0 , (2.23)

ζt + (h2u
(2))x = 0 , (2.24)

and h = h1 + h2. The total pressure is given by ptotal = p0(z) + p,

p0 = −gρ1z , −h1 < z < 0 , p0 = −gρ2(z+h1)+gρ1h1 , −h < z < −h1 , (2.25)

p = P , −h1 < z < 0 , p = P + g′ζ , −h < z < −h1 . (2.26)

The mode-1 modal function is

φ1 = − z

h1
, −h1 < z < 0 , φ1 =

z + h

h2
, −h < z < −h1 , c21 =

g′h1h2
h

.

(2.27)

The corresponding pressure and velocity fields are

p1 = − c
2
1

h1
ζ1 , −h1 < z < 0 , p1 =

c21
h2
ζ1 , −h < z < −h1 , (2.28)

u
(1)
1 = − c1

h1
ζ1 , −h1 < z < 0 , u

(2)
1 =

c1
h2
ζ1 , −h < z < −h1 . (2.29)

This suggests to put

P = P − c21
h1
ζ , (2.30)

u
(1)
t + Px −

c21
h1
ζx = 0 , (2.31)
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u
(2)
t + Px +

c21
h2
ζx = 0 . (2.32)

This 4× 4 system has an internal mode speed c1 and modal function φ1 and P1 = 0,

and a degenerate “surface” mode with speed c0 →∞ and a modal solution in which

ζ0 = 0, u(1,2) = 0, P0 = P0(t) 6= 0. Across the step, the matching conditions are

[ζ]
(a)
(b) = 0 , [P ]

(a)
(b) = 0 , [h1u1]

(a)
(b) = 0 , [h2u2]

(a)
(b) = 0 . (2.33)

Implementation of these yields the expression for mode-1 and continuity of P as

in [44]. But note that the degenerate surface mode P0 is not continuous and instead

is found from

[P ]
(a)
(b) = ζ

[c21]
(a)
(b)

h1
. (2.34)

2.4 Three-layer fluid system

Consider a three-layer fluid model, as described by [5,105] for a different purpose.

We assume that the background density field is given by,

ρ0(z) = (ρ2+∆ρ)H(−z−h1−h2)+ρ2H(−z−h1)H(z+h1+h2)+(ρ2−∆ρ)H(z+h1) ,

(2.35)

where h1, h2 and h3 are the thickness of the three layers from top to bottom, re-

spectively. h = h1 + h2 + h3, ρ2 is the density of the middle layer and ∆ρ is the

density difference across each interface. H(·) is the Heaviside function. We will also

invoke the Boussinesq approximation and replace the upper boundary with a rigid
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lid. Since N2 = 0 in each layer, the modal function is given by

φ = −C1
z

h1
, −h1 ≤ z ≤ 0 ,

φ = C1
z + h1 + h2

h2
− C2

z + h1
h2

, −h1 − h2 < z < −h1 ,

φ = C2
z + h

h3
, −h ≤ z ≤ −h1 − h2 .

(2.36)

Note that φ = C1 at the upper interface z = −h1, and φ = C2 at the lower interface

z = −h1 − h2. The continuity of pressure across each interface is ensured by the

jump conditions c2[φz]
(a)
(b) + g′φ = 0, g′ = g∆ρ/ρ2,

c2{C1(
1

h1
+

1

h2
)− C2

h2
)} − g′C1 = 0,

c2{C2(
1

h2
+

1

h3
)− C1

h2
)} − g′C2 = 0 ,

(2.37)

2g′λ =
2g′

c2
= (

1

h1
+

2

h2
+

1

h3
)∓ {( 1

h1
− 1

h3
)2 +

4

h22
}

1
2 . (2.38)

The signs ∓ correspond to mode-1 and mode-2 respectively, so that, as required

c1 > c2. It then follows that

C1

C2

= R = H±(H2+1)
1
2 ,

C2

C1

=
1

R
= −H±(H2+1)

1
2 , H =

h2
2

(
1

h3
− 1

h1
) . (2.39)

The solution is normalised by max [|φ|] = 1, so that max [|C1|, |C2|] = 1. For

mode-1, C1,2 > 0 and either the maximum of |φ(z)| occurs at the upper interface

if H > 0, h1 > h3, 1 = C1 > C2 > 0, or at the lower interface if H < 0, h1 < h3,

1 = C2 > C1. For mode-2, C1C2 < 0 and the maximum of |φ(z)| occurs at the lower

interface if H > 0, 1 = C2 > 0 > C1 > −1, or at the upper interface if H < 0,

1 = C1 > 0 > C2 > −1. Thus if a mode-2 wave is a wave of elevation, then this

corresponds to convex wave if the maximum of |φ(z)| occurs at the upper interface,

H < 0, h1 < h3, but corresponds to a concave wave if the maximum of |φ(z)| occurs
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at the lower interface, H > 0, h1 > h3. This description is reversed if it is a wave

of depression, which then corresponds to a concave wave if the maximum of |φ(z)|

occurs at the upper interface, H < 0, h1 < h3, but corresponds to convex wave if the

maximum of |φ(z)| occurs at the lower interface, H > 0, h1 > h3.

It is useful to take the limit h2 → 0 so that the three-layer system reduces

to a two-layer system with layer depths h1, h3. In that limit H → 0 and from

(2.39), R = C1/C2 → ±1. For a mode-1 wave C1 = C2 = 1, and for mode-2 wave

C1 = ±1, C2 = ∓1, depending on whether h1 < h3 or h3 > h1. The speeds are

found from (2.38) as c2 = 2g′h1h3/h, for modes 1 and 2 respectively. In this limit as

h2 → 0, we get that,

I
(a,b)
11 ≈ 1

h1
+

1

h
(b)
3

, I
(a)
1 ≈

1

h1
+

1

h
(a)
3

, I
(b)
1 ≈

1

h1
+

1

h
(a)
3

. (2.40)

After substituting for the modal function from (2.36), we get the KdV coefficients

µ, δ in (2.1) that

Iµ = 3c2{−C
3
1

h21
+
C3

2

h23
+

(C1 − C2)
3

h22
} , (2.41)

Iδ = c2{C2
1

h1 + h2
3

+ C2
2

h3 + h2
3

+ C1C2
h2
3
} , (2.42)

I = 2c{C
2
1

h1
+
C2

2

h3
+

(C1 − C2)
2

h2
}. (2.43)

It is well known that if µ1 > 0(< 0) then mode-1 solitary waves are waves of elevation

(depression). However, if µ2 > 0(< 0) implying that mode-2 solitary waves are waves

of elevation (depression), then this may corresponds to a convex or a concave wave

depending on the location of the maximum of |φ2| as described above.



Chapter 3

Evolution on spatially varying

density stratification and current

3.1 Introduction

In this chapter, we reproduce the variable-coefficient Korteweg-de Vries (vKdV)

equation (2.1), the modal function (2.2, 2.3) and expressions of coefficients (2.4-2.7)

form chapter 2.1 for convenience. The vKdV equation for internal waves is,

ηt + cηx +
cQx

2Q
η + µηηx + δηxxx + ση +D(η) = 0 . (3.1)

D(η) is a frictional term, which can take various forms (see the aforementioned review

articles). For most of this chapter, we omit this term (then (3.1) above is (2.1)), but

we will return to it later in Section 3.5. D(η) varies on scale D(η) ∼ ε5.

Our main concern in this chapter is with the term ση, which represents non-

conservative effects arising from the horizontal variability in the underlying basic

state density stratification and current. An outline of the derivation of (3.1) was given

by [68], [42] and for convenience is briefly summarised here in Section 3.2, emphasising

how the “new” term ση arises. It is present because the vKdV Equation (3.1)

38
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describes the evolution of a wave field about a basic state which may not be in exact

equilibrium due to the inhomogeneous background state. That is, it does not satisfy

the underlying conservative full equation set, in this case the two-dimensional Euler

equations, which can be constructed from a Lagrangian. [6, 30], have described in a

general context how this term arises when considering wave action conservation. We

use the term “non-conservative” here and throughout in the restricted sense that it is

non-conservative only because the horizontal variability of the basic state current and

density fields, taken from oceanic data, may not satisfy the two-dimensional Euler

equations. Note that the horizontal variation of the fluid depth h is mainly already

accounted for in the linear magnification factor Q, and ensures that the wave action

flux Qη2 is conserved in the conservative case. Although the “new” term has the

form of Rayleigh friction, importantly this term has no connection with dissipative

processes on the internal waves themselves. Unlike the usual Rayleigh friction, σ

varies with distance, can be positive or negative, and indeed can change sign along

the wave path. Although this term has been known for over three decades, it has

usually been neglected in modelling studies. [107] examined some possible scenarios

of how the term might arise, and, recently in [68], we examined its effect for a model

two-layer fluid and for three oceanic cases previously considered by [45], where the

term had been omitted. In this chapter, we use climatological data from five typical

oceanic sites where internal waves have been observed. Importantly, we also now

include a background current, which was by necessity omitted in [68] because of the

lack of suitable current data.

In Section 3.2, we present a brief summary of the derivation of (3.1) emphasising

the origin of the coefficient σ. Then, in Section 3.3, we present some case studies

based on climatological data for five typical oceanic sites. Three of these show that

the effect on the “new term” ση is measurable but small, while the other two cases

are when it is quite significant. We conclude in Section 3.4. In sections 3.5 and
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3.6, we examine the possible effects of bottom friction and the Earth’s background

rotation, neglected in the main body of the chapter.

3.2 Horizontal variation in density strat-

ification and current

The vKdV Equation (3.1) was derived by [29] (see also [107]) and was summarised

in our previous work [68]. That summary is briefly reproduced here for convenience,

and also to define the coefficients in (3.1). We assume a two-dimensional configura-

tion, so that there is no y-dependence in either the basic state or in the wave field.

Then, the basic state consists of a depth h = h(x), a background horizontal current

in the wave direction is u0(z;x) with a corresponding vertical velocity field w0(z;x), a

density field is ρ0(z;x) with a corresponding pressure field p0(z;x) and a free surface

displacement ζ0(x). When the basic current field and density fields have an explicit

x-dependence, as may arise in practice when, as here, they are obtained from actual

oceanic data, this basic state may not satisfy the full steady-state two-dimensional

Euler equations. Hence, body forces F0(z;x), G0(z;x) are inserted into the momen-

tum equations, and a source term H0(z;x) is inserted into the density equation, in

order to take account of this. Note that the source term H0(z;x) was omitted in

Liu et al. [68] but is included here to allow for the presence of a background current.

Thus, the basic state equations are

ρ0(u0u0x + w0u0z) + p0x = F0 , (3.2)

[ρ0(u0w0x + w0w0z)] + p0z + gρ0 = [G0] , (3.3)

u0ρ0x + w0ρ0z = H0 , (3.4)

u0x + w0z = 0 , (3.5)
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in the fluid domain −h < z < ζ0. The boundary conditions are

w0 + u0hx = 0, at z = −h(x) , (3.6)

p0 = 0, at z = ζ0 , (3.7)

u0η0x = w0 , at z = ζ0 . (3.8)

As discussed above, the important issue here is that, due to the observed hori-

zontal inhomogeneity in the background density and current, this background state

is not in exact equilibrium, and does not satisfy the two-dimensional inviscid Eu-

ler equations. Hence, the terms F0(z;x), G0(z;x) and H0(z;x) are then needed to

support the basic state. They may arise from adiabatic effects (without transferring

heat within a system and its environment), dissipative effects, Coriolis terms, or

driving terms such as wind stress. However, we do not examine the origin of these

terms directly. Instead, we use oceanic data to find the background state ρ0(z;x) and

u0(z;x) and hence estimate F0(z;x), G0(z;x) and H0(z;x) directly, without regard

to their precise physical origin. We emphasise again that, although these terms may

be related to adiabatic and dissipative processes in the basic state, they do not have

any direct relation to wave dissipation processes per se.

Because the x-dependence is slow, technically ∂/∂x ∼ ε3, w0 ∼ ε3, F0 ∼ ε3,

H0 ∼ ε3 while G0 ∼ ε6, so that the dominant balance in the vertical momentum

equation is hydrostatic and the terms in [·], such as [G0] can be omitted. Importantly,

note that a transverse velocity field v0(z;x) and Coriolis term fv0 are not included

on the left-hand side of (3.2) and, if present, have been absorbed into the body force

term F0 (see [29, 107]). In addition, note that, if such terms are present, we have

nevertheless ignored any possible slow y-dependence of order ε3, as this additional

complication is beyond the scope of this present study. However, we discuss this

issue later at the end of the opening part of Section 3.3. We have included here
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an additional source term H0 in (3.4) to allow for the possibility that the density

field is maintained by diabatic effects, through the dependence on the underlying

temperature and salinity fields. This extra term leads to a minor modification to the

derivation in [29,107]. However, we note that this term is small when the Boussinesq

approximation is made (see below).

This basic state is then perturbed by the wave field, where at the leading order

the perturbation vertical particle displacement is given by

ζ ∼ η(x, t)φ(z;x) . (3.9)

Here, the modal function φ(z;x) together with the linear long wave speed c(x) is

defined by the boundary-value problem,

{ρ0(c− u0)2φz}z − gρ0zφ = 0 , for − h < z < η0, (3.10)

φ = 0 at z = −h , (c− u0)2φz = gφ at z = η0 . (3.11)

In general, there is an infinite set of such modal functions, but here we shall

examine only the lowest internal mode, often designated as mode-1. Continuation

of this asymptotic expansion to the next order then yields the vKdV Equation (3.1)

(see [29], [107], [68] or the reviews by [33], [46]). The coefficients are given by

Iµ = 3

ˆ η0

−h
ρ0(c− u0)2φ3

z dz , (3.12)

Iδ =

ˆ η0

−h
ρ0(c− u0)2φ2 dz , (3.13)

where I = 2

ˆ η0

−h
ρ0(c− u0)φ2

z dz , Q = c2I , (3.14)

and Iσ = −
ˆ η0

−h
φφzK0zdz ,

K0 = F0 + u0H0 = u0(ρ0u0)x + w0(ρ0u0)z + p0x . (3.15)
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These coefficients expressions are all well-known, except for the coefficient σ which

represents non-conservative effects (see [29], [107], [68] for the case when H0 = 0.).

That case can be extended to the situation here when H0 6= 0, or this term can also

be obtained in full directly from the general theory for wave action when there are

non-conservative terms (see [30]).

Comparing with the case above H0 6= 0, here we introduce the case when the

source term H0 (3.4) is omitted, which means the effect of a background current is

negligible here, therefore, the basic state equations (3.2-3.8) become

ρ0(u0u0x + w0u0z) + p0x = F0 , (3.16)

[ρ0(u0w0x + w0w0z)] + p0z + gρ0 = [G0] , (3.17)

u0ρ0x + w0ρ0z = 0 , (3.18)

u0x + w0z = 0 , (3.19)

w0 + u0hx = 0, at z = −h(x) , (3.20)

p0 = 0, at z = η0 , (3.21)

u0η0x = w0 , at z = η0 . (3.22)

The coefficients in (3.1) are given by

Iµ = 3

ˆ η0

−h
ρ0(c− u0)2φ3

z dz , (3.23)

Iδ =

ˆ η0

−h
ρ0(c− u0)2φ2 dz , (3.24)

where I = 2

ˆ η0

−h
ρ0(c− u0)φ2

z dz , (3.25)

and Q = c2I , Iσ = −
ˆ η0

−h
φφzF0zdz . (3.26)

We conclude this section with a brief summary of modulated periodic and solitary

wave solutions, see the recent account by [47] and the references therein. When the
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coefficient α in (2.16) is a constant the KdV equation supports a periodic travelling

wave, A(X − V τ), the well-known cnoidal wave solution

A = a {b(m) + cn2(γθ;m)}+ d , θ = k(X − V τ) , (3.27)

where αa = 12mγ2k2 , b(m) =
1−m
m

− E(m)

mK(m)
, (3.28)

V − αd =
αa

3

{
2−m
m

− 3E(m)

mK(m)

}
= 4γ2k2

{
2−m− 3E(m)

K(m)

}
. (3.29)

Here cn(x;m) is the Jacobi elliptic function of modulus m, 0 < m < 1, and K(m)

and E(m) are the elliptic integrals of the first and second kind. The expression

(3.27) has period 2π in θ so that γ = K(m)/π, while the spatial period is 2π/k.

The (trough-to-crest) amplitude is a and the mean value over one period is d. It

is a three-parameter family with parameters k,m, d say. As the modulus m → 1,

this becomes a solitary wave, since then b→ 0 and cn(x)→ sech(x), while γ →∞,

k → 0 with γk = Γ fixed. As m → 0, b → −1/2, γ → 1/2, cn(x) → cos (x), and it

reduces to a sinusoidal wave (a/2) cos (θ) of small amplitude a ∼ m and wavenumber

k.

We now allow this cnoidal wave to vary slowly with τ ; that is, the parameters

k,m, d vary slowly with τ . As three modulation equations are needed, we supplement

(2.19, 2.20) with the equation for conservation of waves,

kτ + (kV )X = 0 . (3.30)

Since here we are allowing only τ -modulations, it follows that k is a constant. The

remaining two modulation equations are obtained by inserting the cnoidal wave so-

lution into the conservation laws (2.19, 2.20) and averaging over the phase θ. The

outcomes are

dτ = −βd , (3.31)
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Pτ = −2βP , P =< A2 > , (3.32)

where the < · · · > denotes a 2π-average over θ. The expression P is given by

P = d2 + a2{C4 − b2} ,

C4 =
1

3m2K(m)
{3m2K(m)− 5mK(m) + 4mE(m) + 2K(m)− 2E(m)} .

(3.33)

Note that the equation for the mean level (3.31) is uncoupled from (3.32) and can

be solved independently.

In the solitary wave limit m → 1 and then b ∼ −1/K(m) → 0 and C4 ∼

2/3K(m)→ 0. The cnoidal wave expression (3.27) becomes

A = a sech2(γθ)}+ d , θ = k(X − V τ) , V − αd =
αa

3
= 12γ2k2 , (3.34)

with one parameter to be determined. This is obtained from a reduction of (3.32)

as m → 1, or more directly by averaging the wave action conservation law (2.20)

directly for a solitary wave, see [28] and the discussion in [19]. Setting d = 0 and

using the expressions in (3.34), (3.35) this becomes

Aτ = −2βA , A = {a
3

α
}1/2 , (3.35)

a3

a30
=

α

α0

exp (−4

ˆ τ

0

βdτ) , (3.36)

where the “0” subscript denotes the value at τ = 0. In terms of the original KdV

equation (3.1) the amplitude of the solitary wave is as = aQ−1/2 and taking account

of (2.15), (3.36) becomes

a3s
a3s0

=
κ

κ0
exp (−4

ˆ T

0

σ dT ) , κ =
c2µ

Q2δ
. (3.37)

The case of a periodic wave modulated only in τ was studied by [33, 35] and is
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reproduced briefly here. For simplicity we again set d = 0 and then, using the

expressions in (3.28), (3.32) becomes

F (m)

F (m0)
=
α2

α2
0

exp (−2

ˆ τ

0

βdτ) , (3.38)

where F (m) = K(m)2{(4− 2m)E(m)K(m)− 3E(m)2 − (1−m)K(m)2} . (3.39)

We see that when β = 0, then as |α| increases/decreases, so does the modulus m,

see [47] and [41].

3.2.1 Horizontal variation only in density stratifi-

cation

When the source term H0 is omitted, we assume that the basic current u0(z;x) =

0, but that the density profile ρ0(z;x) depends on both z and x, where the latter

dependence is slowly varying. Then the basic state equations (3.2 – 3.8, 3.16 – 3.22)

reduce to

p0x = F0 , p0z + gρ0 = 0 , and p0 = 0 at z = 0 . (3.40)

Note that here we can set the free surface displacement η0 = 0. It follows that, using

(2.7, 3.15, 3.26)

F0z = −gρ0x , Iσ =

ˆ 0

−h
φφzgρ0x dz = [

1

2
gρ0xφ

2](z=0) −
1

2

ˆ 0

−h
gρ0zxφ

2 dz (3.41)

and so the non-conservative term σ is determined by the horizontal gradient of the

basic density profile ρ0(z;x). In the Boussinesq approximation for internal waves

the inertial effects of the density can be ignored; then it follows in particular that

the modal function φ = 0 at z = 0 and so the first term in (3.41) can be ignored.

It follows that σ is positive or negative depending on whether the stratification is
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increasing or decreasing in the horizontal direction. For instance on the Australian

North West Shelf, the stratification decreases towards the coast, see figure 4 of [43]

implying that β < 0 and hence causing wave amplification.

It is useful to note that from the modal equation (2.2, 3.10) and the definition of

I,Q (2.6-2.7, 3.14-3.15, 3.25-3.26) that in the absence of the background current,

cI

2
= c2

ˆ 0

−h
ρ0φ

2
z dz = [gρ0φ

2](z=0) −
ˆ 0

−h
gρ0zφ

2 dz . (3.42)

Then, on differentiating with respect to x and using (3.41), we get that

σ =
cx
2

+
1

2I
[ρ0φ

2
zhx](z=−h) +

1

2I

ˆ 0

−h
ρ0xφ

2
z dz . (3.43)

The second term is due to the specific dependence of c on the depth h,

σ =
cx
2
− chhx

2
+

1

2I

ˆ 0

−h
ρ0xφ

2
z dz =

[cx](h=constant)
2

+
1

2I

ˆ 0

−h
ρ0xφ

2
z dz . (3.44)

The first term is thus the horizontal variation in the speed c due to the density strat-

ification alone, and the last term can be omitted in the Boussinesq approximation.

Thus, in the Boussinesq approximation, σ > 0(< 0) and the wave decays (ampli-

fies) due to this term according to [cx](h=constant) > 0(< 0), that is as the speed c

increases or decreases with the stratification. Since the modal equation (2.2, 3.10)

implies that for an internal wave c scales with Nh, in general we expect c to increase

or decrease as the stratification increases or decreases, and hence then σ > 0(< 0)

accordingly. Note that the last term in the expression (3.44) for σ, neglected in the

Boussinesq approximation, has the same effect.

As a specific example, choose a two-layer fluid, where the density profile is

ρ0 = (ρ00 −
∆ρ

2
)H(z + h1) + (ρ00 +

∆ρ

2
)H(−z − h1) , (3.45)
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where H(· · ·) is the usual Heaviside function and h1,2 are the depths of the upper

and lower layers, h1 + h2 = h. In the Boussinesq approximation, the modal function

and linear long wave speed are given by

φ = − z

h1
H(z + h1) +

z + h

h2
H(−z − h1) , c2 =

g′h1h2
h

, g′ =
g∆ρ

ρ00
. (3.46)

The coefficients (2.4-2.7, 3.12-3.15, 3.23-3.26) are then

µ =
3c(h1 − h2)

2h1h2
, δ =

ch1h2
6

, I =
2ch

h1h2
, Q = c2I . (3.47)

Here we have absorbed the constant ρ00 into I, that is, we have replaced I with

I/ρ00. To find an expression for σ we assume that both ∆ρ and h1 vary with x,

corresponding to changing stratification and changing pycnocline depth respectively,

so that then the coefficients (3.47) also vary with x. Then, from (3.41),

Iσ =
g′x
2
− g′h1x(h1 − h2)

2h1h2
, so that σ =

1

2
[cx](h=constant) . (3.48)

Thus σ is positive or negative according as either g′x is positive or negative, or as

h1x(h1 − h2) is positive or negative. Thus, a shallowing pycnocline, h1x > 0, h1 < h2

with weaker stratification, g′x < 0, leads to σ < 0 and hence wave amplification. For

instance suppose that c decreases from 2ms−1 to 1ms−1 uniformly over a horizontal

distance of 100 km; then σ ∼ −0.5× 10−5 s−1 in dimensional terms.

3.3 Estimation of the non-conservative term

from oceanic data

The primary purpose of this chapter is to examine the possible significance of the

non-conservative term with coefficient σ in (3.1) or β in the transformed Equation
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(2.16). For this purpose, we examined three latitudinal and two longitudinal tran-

sects (see Figure 3.1) of the coastal ocean where internal solitary waves are known

to occur frequently, these being on the West Coast of Portugal (WP), in the South

China Sea (SCS), on the North West Shelf of Australia (NWS), along the Malv-

inas Current (MC) and near the Amazon River mouth (ARM). In each case, we

use the oceanic data to evaluate the coefficient σ and then test through numerical

simulations how much influence this term might have on the propagation of internal

waves in each of these cases. For this purpose, we use monthly-mean climatological

data provided from NOAA. The spatial resolution of this data is 0.333 degrees in

latitude and 1.0 degrees in longitude. A global grid (418 × 360) spans from 74.5

S–64.5 N, 0.5 E–359.5 E and the vertical levels (40 in total) go from 5 to 4478 m

depth. For our numerical simulations of the vKdV Equation (2.16), we choose data

in two summer months (July and August, 2005) and two winter months (January

and February, 2006). Note that we call July and August ‘summer’ and January and

February ‘winter’, no matter if it is in the northern or southern hemisphere. From

this data, we obtain the modal function (3.10) and all the vKdV coefficients (3.12)–

(3.15) both with and without a basic background current u0, that is for both H0 6= 0,

H0 = 0. Note that, consistent with the basic theory, we take u0 to be the current

along the transect, and the effects of the transverse component of the current are not

accounted for by the theory. The KdV coefficients and the transformed coefficients

in (2.17) for each transect are displayed in the following subsections, together with

some numerical simulations of vKdV Equation (2.16). In the simulations, α, β, R

and α̃ are non-dimensional with a length scale of 100 m and a velocity scale of 1 m

s−1, respectively.
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Figure 3.1: Five oceanic transects where internal solitary waves are known to occur
frequently.

For each latitudinal transect, we have data ρ0(z; i) and u0(z; i) at sites i =

1, 2 · · · n where typically we choose n = 5. From these, we use MATLAB to compute

the modal function φ(z; i), and the speed c(i), using a shooting method and hence

the nonlinear coefficient µ(i) (3.12), the dispersive coefficient δ(i) (3.13) and Q(i)

(3.14) by integration of the known parameters. Then, we use a spline interpolation to

get c(x), µ(x), δ(x), Q(x). To find an expression for σ (3.15), we need expressions for

u0x and ρ0x. First, we note that it is useful here to use the Boussinesq approximation

and the rigid-lid approximation, so that (3.15) becomes

Iσ ≈ −
ˆ η0

−h
(u0u0x + w0u0z)ρ0(φ

2
z + φφzz)dz +

ˆ η0

−h
φφzgρ0x dz . (3.49)

Here, the first term arises after integration by parts, and in the second term we

have used hydrostatic balance so that p0zx = −gρ0x. Note that the outcome for σ in

(3.49) is the same as if we set H0 = 0 in (3.15) indicating that as anticipated, the

term H0 is very small when the Boussinesq approximation is made.

To get ρ0x(z;x), we first interpolate ρ0(z; i) to get ρ0(z;x) as above, and the

depth hi is likewise interpolated to h(x). However, a difficulty now arises as ρ0(z; i)
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is defined in a variable domain −h(i) < z < 0, and hence the interpolation procedure

depends on the index i. To illustrate how this can be overcome, we suppose that

n = 5, that is, i = 1, 2, 3, 4, 5. For the usual case of a decreasing depth, we can

assume that h5 > h4 > h3 > h2 > h1. Then, interpolation for five sites is done

for each fixed z in the range 0 > z > −h1, for four sites −h1 > z > −h2, and so

on, but cannot be done in the bottom layer −h4 > z > −h5. We assign ρ0(z;x) in

the bottom layer at site i = 5 to be the same value as in the fourth layer. Thus,

ρ0x(z;x) is a cubic, quadratic and linear function of x in the top, second and third

layer, respectively, a constant in the fourth and fifth layer. The estimation of u0x is

analogous.

Importantly, we note that, although the real oceanic background flow fields may

be three-dimensional, the transects we choose are two-dimensional along the assumed

wave propagation direction. In particular, as discussed above, our developed theory

ignores any possible y-dependence in the basic state, and in particular does not take

account of a term v0y in the incompressibility condition (3.5). This is permissible

along a strong unidirectional current, such as a tidal flow or boundary current, or

possibly even along the axis of an oceanic eddy. The data we examine do show that

v0 6= 0, but we cannot determine v0y from our transect, and the quality of the data

does not allow us to check w0z to see the actual balance in the incompressibility

condition (3.5). Since the theory is two-dimensional, we replace w0z by −u0x in

Equation (3.49) (see Equation (3.5)) because the quality of w0 is not good enough

to find w0z with sufficient accuracy.

Available in situ oceanic data on transects where internal waves have been recorded

typically show horizontal gradients in ρ0 and, although the corresponding data for u0

is sometimes absent, we suspect it will also be horizontally varying. If u0 does vary

with x, then w0 must be nonzero in the two-dimensional theory we are using, but it is

very small as can be seen in the results we present below. Note that in our previous



Chapter 3. Evolution on spatially varying density stratification and current 52

research [68], we set u0 = 0 and w0 = 0, but σ 6= 0 due to the observed horizontal

density stratification. We present these five cases in two parts. In the first part with

three cases, even though u0 6= 0, we find that the horizontal density stratification

was the major contribution to σ. In these first three cases, although the effect of

the term ση on the wave field is measurable, the impact of including this new term

is quite small. However, in the second part with two cases, the contribution from

u0 was significant, and we find that the new term has a significant impact on the

evolution of the wave field.

3.3.1 Cases where the horizontal density stratifi-

cation is the major effect

A: Western Portugal

Here, we choose a transect close to Western Portugal along a latitude from the

point 38.50 N, 14.5 W to the point 38.50 N, 10.5 W. The water depth varies from

4470 m to 1800 m on the continental slope off western Portugal. Figure 3.2 shows

the background density field at five points along the transect. We see that there

is variability along the transect, especially noticeable in the buoyancy frequency

near the pycnocline, and larger in winter than in summer. It can be treated as an

approximate two-layer stratification with a top layer thinner than the bottom, which

indicates that there is no polarity change; here, µ < 0, α < 0 as shown in Figure 3.3.

From the vKdV coefficients shown in Figure 3.3, we see that |α| increases shorewards

as the depth decreases, indicating that the effect of nonlinearity increases. The

background current u0 is quite small, from −0.01 to 0.004 m s−1, and has almost no

effect on the linear long wave speed c, and hence also for all the derived coefficients

α, β, R. For example, the magnitude of β is quite small, just O(10−12), no matter

with or without the current.
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The simulations of the vKdV Equation (2.18) are shown in Figure 3.4. Note

that the output is Ã(X, τ), and is plotted as a function of X. This needs to be

interpreted in terms of the original x, t variables through the transformations (2.13)

and (2.17) to plot η(x, t) as a function of t for certain fixed X as in the figures [68].

Ã differs from η through the factors
√
Q and R (see the Formulas (2.13) and (2.18)).

Here, we plot both the numerical solution Ã and the physical solution η, noting that

we have transformed the physical Equation (3.1) to the simulation Equation (2.18)

and so we can see a difference when we transfer back to the physical space. The

dynamics are controlled by the derived coefficients α, β and the evolution is with

respect to the transformed variable τ . The initial depression solitary wave steepens

on the front face, and then starts to fission, with an indication that a second solitary

wave is forming at the end of the domain. With the same wave shapes in summer

and winter, the only difference is the magnitude of the amplitude, which is larger

in summer than in winter. The non-conservative effect is best estimated from the

scaling factor R and we see from Figure 3.3 that the effect is quite small. In addition,

as anticipated here, the background current u0 has little impact in this case.



Chapter 3. Evolution on spatially varying density stratification and current 54

Figure 3.2: Background density and buoyancy frequency distribution along the tran-
sect of the Western Portugal case. (a,b) are situations in summer, while (c,d) are
in winter. Five different lines in each panel represent situations on the chosen five

points along the wave propagation transect.
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Figure 3.3: Variation of the original coefficients (left panel and top of the right panel)
and the derived coefficients (remainder of the right panel) of the vKdV equation for
conditions of the Western Portugal case. The results show the coefficients in summer
with background current u0 (blue, solid), without u0 (black, dash) and the coefficients

in winter with u0 (red, solid), without u0 (blue, dashed-dotted).



Chapter 3. Evolution on spatially varying density stratification and current 56

-500 0 500
X

-100

-50 

0   

V

-100

-50 

0   

IV

-100

-50 

0   

2
=

~ A
(m

)

III

-100

-50 

0   

II

-100

-50 

0   

I

(a)

-500 0 500
X

V

IV

III

II

I

(b)

-500 0 500
X

-100

-50 

0   

V

-100

-50 

0   

IV

-100

-50 

0   

III

-100

-50 

0   

II

-100

-50 

0   

I

(c)

-500 0 500
X

V

IV

III

II

I

(d)

Figure 3.4: A numerical simulation of the vKdV Equation (2.16) for the Western
Portugal case for summer (a,b) and winter (c,d) conditions, with u0 = 0 (a,c) or
u0 6= 0 (b,d), respectively. The initial condition is the solitary wave (black, dash),

the numerical solution is Ã (red, dot) and the physical solution is η (blue, solid).
From top to bottom, the distances from the initial point are (I) 0 km, (II) 110 km,

(III) 220 km, (IV) 330 km, (V) 440 km, respectively.

B: South China Sea

A transect along the latitude from 20.83 N, 120.5 E to 20.83 N, 116.5 E is selected

in this much-studied South China Sea (SCS), which has one of the most frequent

occurrences of internal waves. The background state is shown in Figure 3.5, with

similar features as the previous WP case. The water depth ranges from 1600 m to
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600 m, with the background current varying from −0.15 to 0.15 m s−1. The vKdV

coefficients are shown in Figure 3.6. However, unlike the WP case, the background

current now does have an discernible effect on the linear long wave speed c, the linear

magnification factor Q and the coefficients µ, δ and σ as well.

The simulations of the vKdv Equation (2.16) are shown in Figure 3.7. The

outcome is quite similar to the WP case. The initial solitary wave steepens and then

begins to indicate that it may fission at the end. However, now the scaling factor R

has a slightly larger variation compared to the deeper water WP case. Thus, here

the background current causes a very slight growth in winter, with no obvious effects

in summer.
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Figure 3.5: Background density and buoyancy frequency distribution along the tran-
sect of the South China Sea case. (a,b) are situations in summer, while (c,d) are
in winter. Five different lines in each panel represent situations on the chosen five

points along the wave propagation transect.
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Figure 3.7: A numerical simulation of the vKdV Equation (2.16) for the South China
Sea case for summer (a,b) and winter (c,d) conditions, with u0 = 0 (a,c) or u0 6= 0
(b,d), respectively. The initial condition is the solitary wave (black, dash), the

numerical solution is Ã (red, dot) and the physical solution is η(blue, solid). From
top to bottom, the distances from the initial point are (I) 0 km, (II) 110 km, (III)

220 km, (IV) 330 km, (V) 440 km, respectively.

C: North West Shelf

We select a transect on the North West Shelf (NWS) of Australia from 114.5 E

to 118.5 E, where the water depth ranges from 740 m to 120 m, which is shallower

than that in the WP and SCS cases. This case is quite close to the location discussed

by [45] and [43], and re-examined by [68] for the effect of the non-conservative term
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with coefficient σ. The main difference is that [45] and [43] used actual real oceanic

data taken at the same time and location where the internal solitary waves were

observed, whereas here we use monthly-mean climatological data, which can make

some difference (see the discussion in the concluding Section 3.4). Figure 3.8 shows

the background density and the corresponding buoyancy frequency for summer and

winter. As the depth becomes shallower, there is a significant change in the pycn-

ocline, and, as found by [45] and [43], there is a polarity change and the nonlinear

coefficient µ changes sign from negative to positive. The vKdV coefficients are shown

in Figure 3.9. Here, the background current u0 ranges from −0.05 to 0.03 m s−1 and

has almost no effect on c, Q, µ and δ, but does have some effects on β, of order 10−6

with the current and 10−8 without it.

From the simulation of the vKdV Equation (2.18) shown in Figure 3.10, we

see that the initial internal solitary wave undergoes the well-known transformation

due to the polarity change; an initial depression wave is converted to a depression

rarefaction wave followed by an undular bore of elevation waves. A typical undular

bore consists of a leading solitary wave and trailing linear oscillations, but it can also

be linear wave in which case the front will not develop into a solitary wave. Therefore,

the most important thing about the undular bore is that it is a wave disturbance

connecting to different levels and then oscillations develop in between, see relevant

references about the undular bore [18], [20], [19], [21], [96] and [53]. From Figure

3.9, we see that β has a significant effect during winter when the background current

u0 is taken into account, and is initially positive indicating wave decay, but then

becomes negative and will generate some wave growth. In summer, the magnitude

of β is smaller and there is almost no big difference to the cases with or without the

background current. Thus, the scaling factor R in winter has significant variation

for the situation with a background current, varying from 1 to a minimum 0.8, and

then grows up to 1.3; however, in summer there is no such difference. We note that
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the magnification factor Q changes from 1 to almost 0, and, when combined with R,

generates a large difference between η and Ã.

Figure 3.8: Background density and buoyancy frequency distribution along the tran-
sect of the North West Shelf case. (a,b) are situations in summer, while (c,d) are
in winter. Five different lines in each panel represent situations on the chosen five

points along the wave propagation transect.



Chapter 3. Evolution on spatially varying density stratification and current 63

0

500

1000

h
(m

)

0

1

2

c(
m

=s
)

0

0.5

1

1.5

Q

-0.01

0

0.01

7
(s
!

1
)

0 1 2 3 4 5
x(m) #105

0

2

4

6

/
(m

3
=s

)

#104

0 1 2 3 4 5
x(m) #105

-5

0

5

10

~,
(m

!
1
s!

2
)

-5

0

5

10

,
(m

!
1
s!

2
)

-5

0

5

-
(s
!

3
)

#10-6

0.8

1

1.2

1.4

R

-4

-2

0

2

<
(s
!

1
)

#10-6

Figure 3.9: Variation of the original coefficients (left panel and top of the right panel)
and the derived coefficients (remainder of the right panel) of the vKdV equation for
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Figure 3.10: A numerical simulation of the vKdV Equation (2.16) for the North
West Shelf case for summer (a,b) and winter (c,d) conditions, with u0 = 0 (a,c) or
u0 6= 0 (b,d), respectively. The initial condition is the solitary wave (black, dash),

the numerical solution is Ã (red, dot) and the physical solution is η (blue, solid).
From top to bottom, the distances from the initial point are (I) 0 km, (II) 110 km,

(III) 220 km, (IV) 330 km, (V) 440 km, respectively.
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3.3.2 Cases where the horizontal current variation

is significant

D: Malvinas Current

Internal waves propagating in the opposite direction along the very strong Malv-

inas Current (MC) in the southwest Atlantic Ocean have been observed (see [74]).

Our study region here is from shallow to deep along the transect 59.5 W which is

near the shelf break and continental slope between 42.17 S and 43.5 S. Note that

here the transect is in the N–S direction, so the x-direction is now also oriented

N–S. The background state is shown in Figure 3.11 and the vKdV coefficients are

shown in Figure 3.12. The water depth ranges from 200 m to 700 m. However, the

depth of the background current data we can obtain is only from 100 m to 450 m, so

we limit the depth to that range. This would change the background stratification,

thereby affecting the wave evolution. We examine its influence on wave propagation

by extending the depth ranges back and using the data nearby for the part with data

deficiency, and find negligible influence because the wave amplitude we set here is

small. Therefore, we keep the adjusted scope as the exploration area. The order of

magnitude of the velocity of MC is 1 m s−1 and can be almost up to 0.8 m s−1 in

the in situ observational data ( [74]), but here from the climatological data, the N–S

velocity component of the current is only 0.1–0.25 m s−1. However, nevertheless, this

signal is much stronger than the above three cases. Compared to the long wave speed

c, whose whole range is around 0.2–0.6 m s−1 in Figure 3.12, we can see that it has

the same magnitude as the background current. Thus, here, for the two scenarios

with and without the background current, the difference of the original coefficients

between these two situations is much clearer compared to those in the former cases,

especially for the linear long wave phase speed c, the magnification factor Q, and the

derived coefficient β.
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This is an unusual case, as the internal solitary wave propagates from the shallow

water to the deep water (see the depth h in Figure 3.12). In summer, the density and

buoyancy frequency distribution in Figure 3.11 show that, along the transect, the

pycnocline becomes thinner and shallower and this leads to a polarity change (see

µ, α in Figure 3.12). The simulation of the vKdV Equation (2.18) is shown in Figure

3.13, and we see that an elevation wave is converted to a rarefaction elevation wave

followed by an undular bore depression wave, with the coefficient µ of the quadratic

nonlinear term being initially positive and then becomes negative. In winter, the

background state distribution is similar to those in WP and SCS cases, with the

pycnocline staying near the surface, and hence, there is just a depression wave with

no polarity change.

A comparison of the cases when β = 0 and β 6= 0 made by [68] suggests that the

overall structure of the dynamical wave evolution remains basically the same, and

the role of β through R is usually mainly to change the wave amplitude. However, in

this case, we can see significant influence on the shape as well as the amplitude. In

Figure 3.13, we can see that the magnitude of the initial amplitude in each panel is

10 m, which is the same, and in the scenario with no background current, the wave

decays in summer but grows slightly in winter. Although both of the wave variation

trends in summer and winter correspond to those without the background current,

when the background current is included, the wave shape is discernibly different.

With much larger changes in R in this case, the derived nonlinear coefficient α̃ is

significantly modified compared to α, which will then alter the nonlinear processes.

Thus, here the effect of the current can cause stronger nonlinear phenomenon seen

in Figure 3.13, compared to the weaker nonlinear effects when u0 is not included.
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Figure 3.11: Background density and buoyancy frequency distribution along the
transect of the Malvinas Current case. (a,b) are situations in summer, while (c,d)
are in winter. Five different lines in each panel represent situations on the chosen

five points along the wave propagation transect.
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Figure 3.12: Variation of the original coefficients (left panel and top of the right
panel) and the derived coefficients (remainder of the right panel) of the vKdV equa-
tion for conditions along the Malvinas Current case. The results show the coefficients
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Figure 3.13: A numerical simulation of the vKdV Equation (2.16) of a transect along
the Malvinas Current case in summer (a,b) and winter (c,d) conditions, with u0 = 0
(a,c) or u0 6= 0 (b,d), respectively. The initial condition is the solitary wave (black,

dash), the numerical solution is Ã (red, dot) and the physical solution is η (blue,
solid). From top to bottom, the distances from the initial point are (I) 0 km, (II)

36.5 km, (III) 73 km, (IV) 109.5 km, (V) 146 km, respectively.

E: Amazon River Mouth

A wave field of internal solitary waves extending more than 500 km near the

Amazon River mouth (ARM) has been documented by [60]. However, this region

has not received much attention, even although the internal solitary waves here

propagate over a large distance and are of frequent occurrence. Three distinct groups
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of waves were identified based on their sea surface signature and the main directions

of propagation. While cross-shelf internal wave propagation has been previously

documented, the majority of internal waves propagate along the shelf and upstream,

approximately in the opposite direction from the North Brazilian Current (NBC) (see

[60]). For this case, the study area is along 48.5 W, from 3.83 N to 2.50 N, a transect

of about 150 km distance. From Figure 3.14, we see that the background stratification

is very similar to the SCS case, slowly changing density and an approximate two-layer

stratification, with a near-surface pycnocline. In addition, here again, the transect

is N–S. The vKdV coefficients are shown in Figure 3.15. The depth in this region is

quite similar to that in the SCS case. The order of the alongshore currents that flow

below the plume layer is 1 m s−1, according to a series of current meter observation

(see [54]). Here again, based on the climatological data, the current we use is weaker

than that, with a range of 0.4–0.6 m s−1 (N–S component) and 0.2–0.5 m s−1 (W–E

component). Although it is smaller than the in situ value, the background current

is much stronger than that in the Malvinas Current case. Again, the current now

makes an obvious difference to all the original coefficients (c, Q, µ, δ), not only on c

and Q as in the previous cases. For the derived coefficient β, the order of magnitude

is O(10−5) compared to that without the current O(10−8).

In this case, the vKdV simulations shown in Figure 3.16 show a seasonal dif-

ference as well as an effect of the background current. In Figure 3.15, we see that

β has significant differences between the cases with and without the consideration

of the background current. It grows from 0 to positive value when there is back-

ground current effect, and correspondingly the scaling factor R decays from 1 to

0.5 (0.4) during winter (summer), indicating significant wave decay. In Figure 3.16,

for example, the wave amplitude increases from initially 20 m to 40 m without the

consideration of the background current in summer, but decreases to less than 10

m when the current is taken into account. There is a similar trend in winter. This
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case has similar depth and linear long wave speed c to the SCS case. However, the

results are different. The background current along the transect in SCS is −0.15 to

0.15 m s−1, much smaller than here. In terms of c, the magnitude of the background

current contributes significantly. From Figure 3.16, we see that, although the initial

wave amplitude is the same in these four panels, the wave evolution is clearly dif-

ferent in each, and both the wave structure and amplitude have been significantly

modified due to the effects of the background current. The difference between the

physical solution η and the numerical solution Ã is the joint influence of Q and R

(see Formulas (2.13) and (2.18)), so, for the situation without the current, it mainly

depends on Q, while, in the other scenario with a current, it mainly depends on R.
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Figure 3.14: Background density and buoyancy frequency distribution along the
transect of the Amazon River Mouth case. (a,b) are situations in summer, while
(c,d) are in winter. Five different lines in each panel represent situations on the

chosen five points along the wave propagation transect.
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Figure 3.15: Variation of the original coefficients (left panel and top of the right
panel) and derived coefficients (remainder of the right panel) of the vKdV equation
for conditions of the Amazon River Mouth case. The results show the coefficients in
summer with background current u0 (blue, solid), without u0 (black, dash) and the

coefficients in winter with u0 (red, solid), without u0 (blue, dashed-dotted).
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Figure 3.16: A numerical simulation of the vKdV Equation (2.16) of a transect close
to the Amazon River Mouth case in summer (a,b) and winter (c,d) conditions, with
u0 = 0 (a,c) or u0 6= 0 (b,d), respectively. The initial condition is the solitary wave

(black, dash), the numerical solution is Ã (red, dot) and the physical solution is η
(blue, solid). From top to bottom, the distances from the initial point are (I) 0 km,

(II) 36.5 km, (III) 73 km, (IV) 109.5 km, (V) 146 km, respectively.

3.4 Discussion and conclusions

In this chapter, we have especially examined the effect of a background current

on the non-conservative term ση in the vKdV Equation (3.1). This term, which has

been neglected in most previous studies, was examined in [68], using actual oceanic
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data in three different cases considered by [45]. Here, since background current

data is not always readily available from in situ data, instead we use monthly mean

climatological data along transects where large amplitude internal solitary waves

have been observed. We choose five representative cases (A–E), representing five

contrasting scenarios; from deep to shallow (A–D), with (C–D) or without (A, B and

E) polarity changes and with different background current intensity (A–E). They

are Western Portugal (WP), South China Sea (SCS), North West Shelf (NWS) of

Australia, a region along the Malvinas Current (MC) and Amazon River mouth

(ARM). In each case, we use monthly-mean climatological data, including variable

background density and background currents, to calculate the coefficients of the

vKdV Equation (3.1) for a mode-1 wave, and then simulate the propagation of an

internal solitary wave based on the vKdV Equation (2.16). In all cases, the derived

nonlinear coefficient α is much larger than the derived non-conservative coefficient

β, so that the effect of this non-conservative term is locally quite small. However,

its effect is cumulative when expressed through the factor R, and in some cases this

can be quite significant.

Both the horizontal density stratification and the background current contribute

to the non-conservative term coefficient σ. In the cases A, B and C, where the

horizontal density stratification is the major effect, the currents are small and the

depth varies from deeper water in case A to shallower in case C. In a deep ocean,

the background current is insignificant compared with the wave phase speed, and

therefore makes very little difference on internal solitary waves, so the impact of the

current can be neglected (see case A for instance). As the depth becomes shallower,

such as in the cases B and C, with a relatively larger background current, the impact

on the non-conservative term can have an effect on the waves, by making them grow

or decay, or modifying the degree of the nonlinearity and dispersion. However, in

cases D and E, the horizontal current variation is comparable to the background
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density stratification variation. In these two cases, there are two strong currents,

the Malvinas Current and the North Brazilian Current, whose magnitudes can be

5–10 times greater than those in case A–C. Thus, in case D, where the depth is

quite shallow together with a strong background current, we find a quite surprisingly

large effect. Although the magnitude of the current in this case D is similar to the

current in case B, the effect of the term ση is clearly different. The magnitude of

the amplitude is clearly changed with stronger nonlinearity in case D, while there

is not much difference in case B. The reason for this difference is because, with the

larger depth, the linear long wave phase speed c is very different (see Figures 3.6

and 3.12). The wave speed c in case D is much smaller, and so the background

current is relatively larger, and so the term ση becomes more significant. When

the background current is even larger still, as in case E, the wave amplitude can be

totally different in both seasons. They reduce to less than 10 m from initially 20 m

under the consideration of the current but grow when the current is not taken into

account.

Furthermore, we note that only steady state currents are considered here as the

data is time-averaged climatological data, and so the background flow is necessarily

steady. In practice, time variation in the background flow, for instance in a tidal

flow, could be significant (see [107]). In addition, we note that, for the cases studied

in this chapter, all the speeds for internal waves are faster than the currents, so

no blocking can occur, with turning points, which will lead to the internal waves

amplifying and changing direction.

Our discussion has of necessity been based on the vKdV model (3.1) which strictly

is valid only for weakly nonlinear waves, although is often used with some success for

large amplitude waves (see [84], for instance). However, all the cases we have exam-

ined in this chapter meet the KdV weak nonlinearity criterion. To demonstrate this,

the plots of basic density stratification for each case (see that Figures 3.2, 3.5, 3.8,
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3.11 and 3.14 show that the initial solitary amplitudes are smaller than the pycno-

cline depth). Nevertheless, the KdV equation and its variations are widely used, and

work well with its well-known strengths and limitations. These KdV models describe

the essential dynamics of observed internal solitary waves (and undular bores, not

considered here) due to the underlying balance between nonlinearity and dispersion,

even when the solutions may not be completely quantitatively correct.

Finally, we recall that we have used monthly-mean data for the background den-

sity stratification and currents, whereas observed internal waves in fact propagate on

a particular instance of these background fields. Hence, the evolution might well be

different from that found here. Out of necessity, we chose to use monthly averaged

data instead of in situ data, as the background current in in situ data is rarely avail-

able in the form we needed. However, in order to test how large the difference might

be, we increased and decreased the background current by 30% and then performed

the same simulations for the wave propagation as that shown above. We then av-

eraged the two maximum wave amplitudes obtained from these two contrived cases,

and compared the outcome with the maximum amplitude we obtained from waves

propagating on the mean background state. The results are shown in Table 3.1 with

the comparison of the wave amplitudes between propagation on the mean (η, Ã)

with the mean of the two contrived cases (η, Ã), both for the physical solutions (η,

η) and the numerical solutions (Ã, Ã) of the transformed equation. From Table 3.1,

we can see that indeed the propagation on the average background state is different

from the averaged of the two inflated and deflated cases. However, for cases A–D,

this difference is not significant, and we infer that the results presented in Section

3.3 are representative of the possible effects of background currents. However, for

case E in summer, although the simulated evolution is comparable (plots not shown

here), there is a significant difference in the maximum amplitude for the physical so-

lution, although this is not so evident in the simulated solution. We suggest that the
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reason is that in this case E the current is quite strong, and we find that the change

in the cumulative parameter R is quite significant, and so the averaged maximum

amplitude η for the two scenarios is different from that when we use the monthly

mean current.

Table 3.1: Wave amplitude comparison. S is summer, W is winter.

Case A B C D E
Season S W S W S W S W S W

(η − η)/η(%) 2.74 0.00 2.43 −1.80 2.06 2.52 −1.41 2.10 44.42 6.14

(Ã− Ã)/Ã(%) 1.40 0.00 2.50 −0.60 0.00 0.16 0.70 1.35 2.73 −1.28

3.5 Bottom friction

In this section, we return to the frictional term D(η) in (3.1) in order to examine

how significant this might be compared with the non-conservative term ση. For

this purpose, we choose the Chezy friction form commonly used in oceanographic

applications

D(η) = γ|η|η , Iγ = CDρ0(c− u0)2|φz|3(z=−h) , (3.50)

where CD = 2.5× 10−3 is a non-dimensional drag coefficient (see [32] and [46]). As

a guide to estimate the magnitude of the frictional term, consider a two-layer fluid

of upper and lower layer depths h1,2, respectively. In the Boussinesq approximation

with a rigid lid, and in the absence of a current (u0 = 0), φ = −z/h1, (z+h)/h2 in the

upper and lower layers respectively, so that φz(z = −h) = 1/h2, and I = 2ch/h1h2

(setting ρ0 = 1). Thus, from (3.50),

γ =
CDch1
2hh22

. (3.51)

In a typical oceanic case when h1 � h2, this yields the estimate γ ∼ CDch1/2h
3.
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For instance, with h1 = 100 m, a depth h = 1000 m and c = 1 m s−1, this yields

γ|η|∼ 10−8 s−1 even for a large amplitude wave where η ∼ 100 m . Thus, especially

in deep water, we expect this frictional term to be insignificant, but it could become

comparable with the non-conservative term in shallow water. For instance, in shallow

water where h ∼ 2h1, this same estimate becomes γ|η|∼ 10−5 s−1. To examine this

in more detail in the present context, we plot the frictional index γ|η| for each of our

five case studies in Figure 3.17, where we set |η| equal to the initial wave amplitude.

In all cases, this index is at least an order of magnitude smaller than σ, indicating

that, by comparison, this frictional term can usually be neglected. However, as

indicated above, in very shallow water, the frictional index increases to a level where

the frictional term should be taken into account, Note the curious exception of the

SCS, where the frictional index decreases as the depth decreases.
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Figure 3.17: The frictional index γ|η| for the five cases, where |η| is set to be the
initial amplitude. From left to right, they are the cases, Western Portugal, the
South China Sea, the North West Shelf, the Malvinas Current and the Amazon
River mouth. For each panel, it represents the frictional index in summer with the
background current (blue, solid), without the current (blue, dashed-dotted) and in

winter with the current (red, dash), without the current (red, dot), respectively.
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3.6 Rotational effects

In this section, we examine the possible effects of the Earth’s background rota-

tion. When rotational effects are added to the vKdV model (3.1), this becomes the

Ostrovsky equation, [83], [31], [39], [37], expressed here with variable coefficients, and

with the dissipation term omitted,

{ηt + cηx +
cQx

2Q
η + µηηx + δηxxx + ση)}x + ωη = 0 . (3.52)

The background rotation is represented by the coefficient ω given by [34], [4], [5],

Iω = f 2

ˆ 0

−h
ρ0Φφz dz , ρ0(c− u0)Φ = ρ0(c− u0)φz − (ρ0u0)zφ , (3.53)

where f is the Coriolis parameter. In the absence of a background current (u0 = 0)

Φ = φz and so ω = f 2/2c. The effect of this rotational term can be estimated from

the Ostrovsky number, defined by [38] as

Os = max[
3µη0xx
ω

] . (3.54)

This is found by examining the integrability or otherwise of the reduced Ostro-

vsky equation, that is (3.52) with the third-order linear dispersive term and the

non-conservative term both omitted, where [38] showed that rotation inhibits non-

linear steepening, and hence the formation of solitary-like waves. The expression

(3.54) is a refinement of a suggestion by [22] and [61] that a suitable measure of

rotational effects is the ratio of the nonlinear term to the rotational term. If Os < 1,

then rotational dispersion dominates over nonlinear steepening, and solitary wave

formation is inhibited. However, if Os > 1, then an initial wave profile will steepen,

the third order linear dispersive term needs to be invoked, and solitary waves will

form. If we use a KdV solitary wave of amplitude a0 to estimate ηxx, then
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Os =
µ2a20
6δω

=
a20
M2

, where M =
(6δω)1/2

|µ|
. (3.55)

Note that M is a physical length scale, independent of the wave amplitude. An-

other measure of the effects of rotation is the extinction time te, which is the time

for an initial KdV solitary wave to be extinguished by radiation of inertial-gravity

waves and converted to an envelope wave packet, [39]. For a constant background,

this is given by

te =
1

ω
{|µa0|

12δ
}1/2 , (3.56)

where a0 is the initial wave amplitude. This can be compared to the total travel time

tf = T (xf ) (2.13), where xf is the total distance over which the wave has travelled.

In Table 3.2, we present estimates of Os and te based on the values of the coefficients

at the initial time, but note that tf is based on the variable phase speed c.

Table 3.2: Estimation of rotational effects. S is summer, W is winter.
Case A B C D E

Season S W S W S W S W S W

Os 0.44 0.71 74 42 126 136 18 14 10,579 6106
te(day) 0.4 0.4 6.0 5.0 9.0 9.0 1.5 1.8 407.4 309.6
tf (day) 2.8 2.8 2.3 2.6 5.8 4.9 3.8 3.0 0.9 1.0

We infer that, for cases B, C and E, rotational effects are not significant but

will have a marginal effect in case D, and will affect the simulations presented for

case A. This latter case is due to the deeper water, and hence larger value of the

linear dispersive coefficient δ in this case A, consistent with the analysis of possible

rotational effects from satellite data in [37]. In addition, note that the large values

of Os, te in case E are because this case is very close to the equator, where we expect

rotational effects to be minimal.



Chapter 4

Generation and evolution of

mode-2 internal waves

4.1 Introduction

In this chapter, we are concerned with the possible generation of a mode-2 wave

as a mode-1 wave propagates shoreward from deep water, over the continental slope

into shallow water. Figure 4.1, (from [65]), shows an observed mode-2 wave after the

passing of a mode-1 solitary wave, that was probably generated on the continental

shelf break near Dong-sha Island. For this purpose we use the linear long wave theory

developed by [27] which describes the topographic coupling of a full set of linear long

wave modes. That theory was essentially developed to describe the generation of the

internal tide (an internal wave at a tidal frequency) by the flow of the barotropic tide

over topography, but is adapted here to describe the generation of a mode-2 wave

as a mode-1 wave propagates over variable depth. Once the mode-2 wave is formed,

we use the KdV equation (4.1) to follow its evolution over the continental slope and

shelf.

In section 4.2 we introduce the theoretical formulation to describe the generation

of a mode-2 wave by a mode-1 wave propagating over topography, limited here to

82
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Figure 4.1: Temperature data (◦C) showing a small mode-two wave with an ampli-
tude of 30m at the mooring station on May 24, 2009, [65].

weak slopes. Then in section 4.3 we apply this theory to a three-layer fluid, for both

a “thin” and a “thick” middle layer, with different topographic gradients. In section

4.4 we consider the application of the theory to a smooth density stratification with

a diffuse pycnocline. Then in section 4.5 we consider two oceanic cases where mode-2

waves have been observed. We conclude in section 4.6.

4.2 Theoretical formulation

4.2.1 Coupled modes: linearised system

For a single mode it is customary to invoke the Korteweg-de Vries (KdV) equation

for the propagation of weakly nonlinear long internal waves over variable topography.

In standard notation for a fluid of depth h(x) it is expressed as

∂A

∂t
+ c

∂A

∂x
+

1

2Q

∂Q

∂x
cA+ µA

∂A

∂x
+ δ

∂3A

∂x3
= 0 , (4.1)

see [29], and the reviews [33,50] and [46]. Here ζ = A(x, t)φ(z;h) is the leading order

expression for the vertical particle displacement. The modal function φ(z;h) is de-

termined by, using the Boussinesq approximation and in the absence of a background
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shear flow,

∂2φ

∂z2
+
N2

c2
φ = 0 ; φ = 0 at z = 0,−h(x) . (4.2)

Here ρ0(z) is the background density field. This modal equation determines the

modal function φ(z;h) and the linear long wave speed c(h) where the h-dependence is

parametric, since it is assumed that the depth h(x) is slowly varying. The coefficients

in (4.1) are given by

Iµ = 3c2
´ 0
−h ρ0(

∂φ
∂z

)3 dz , (4.3)

Iδ = c2
´ 0
−h ρ0φ

2 dz , (4.4)

I = 2c
´ 0
−h ρ0(

∂φ
∂z

)2 dz , Q = c2I . (4.5)

In general, the modal equation (4.2) determines an infinite set of modes. As discussed

above, usually only mode-1, φ1 with the fastest linear phase speed c1 is considered.

Then the KdV equation (4.1) describes the evolution of the amplitude of this mode.

But importantly we note that the same KdV equation (4.1) can be used for a mode-2

wave, with coefficients determined by (4.3, 4.4, 4.5) using the mode-2 modal function.

While the KdV equation (4.1) describes the long-time evolution of a single mode

over variable topography, linear long wave theory suffices as a first step to describe

the generation of a mode-2 wave as a mode-1 wave moves over topography. Here

we adapt the theory of [27] which used linear long wave theory to decompose the

wave field into a sum of vertical modes, noting that the full set of modal functions

defined by (4.2) are complete. For our present purpose, we use a reduction of that

theory restricted to just two modes, mode-1 and mode-2, in the expectation based

on observations that any higher modes will have very small amplitudes. Note that

in a three-layer fluid model, in the Boussinesq and rigid lid approximation, this is
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formally exact. Then the wave field is given by

ζ =
n=2∑
n=1

An(x, t)φn(z;h) ,

u =
n=2∑
n=1

An(x, t)cn(h)
∂φn(z;h)

∂z
,

p = ρ0

n=2∑
n=1

An(x, t)c2n(h)
∂φn(z;h)

∂z
.

(4.6)

Here ζ, u, p are the vertical particle displacement, the horizontal velocity and the

dynamic pressure respectively. The vertical velocity is w = ∂ζ/∂t and the density

perturbation is ρ = N2ζ/g . From [27] (see equation (24)) the linear long wave

coupling between modes 1 and 2 with linear long wave speeds c1,2 is given by, for

slowly-varying h(x),

1

c21

∂2U1

∂t2
− ∂2U1

∂x2
= −γ ∂h

∂x

∂U2

∂x
, (4.7)

1

c22

∂2U2

∂t2
− ∂2U2

∂x2
= γ

∂h

∂x

∂U1

∂x
, (4.8)

γ =
2

λ1 − λ2
(
∂λ1
∂h

∂λ2
∂h

)1/2 =
4

c22 − c21
(c1c2

∂c1
∂h

∂c2
∂h

)1/2 , λ1 =
1

c21
, λ2 =

1

c22
. (4.9)

As noted above, this is a reduction from the full set in equation (24) of [27] by restric-

tion to just two modes, and retention of only the leading order topographic coupling

terms when h(x) is slowly varying; that is, terms such as ∂2h/∂x2 or (∂h/∂x)2 are

omitted on the basis that the internal wave wavelengths we are considering here are

much shorter than the topographic scale. The theory of [27] was developed for the

horizontal velocity field in the form u = U∂ψ(z;h)/∂z, whereas in the usual KdV

theory described above by (4.6) the theory is developed for the vertical particle dis-

placement Aφ(z;h), where the modal function ψ ∝ φ. In the absence of a background

shear flow, these are related by, temporarily omitting the modal index,

u = U
∂ψ

∂z
= cA

∂φ

∂z
, ψ(z) = Kφ(z) , K2 =

1

Ic
=

c

Q
. (4.10)
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Hence we find that

U = (cQ)1/2A , (4.11)

where Q, I are the linear magnification and normalisation factors in the usual KdV

theory, see (4.5). Note that Ic > 0, Qc > 0 from (4.5) so these expressions hold for

both c > 0 and c < 0.

The linear phase speeds c1.2 are obtained from the modal equation (4.2) for the

modal function φr(z;h), here indexed with the mode number,

∂2φr
∂z2

+ λrN
2φr = 0 , φr = 0 , z = 0,−h , r = 1, 2 . (4.12)

These satisfy the orthogonality conditions

ˆ 0

−h
ρ0
∂φ1

∂z

∂φ2

∂z
dz = 0 ,

ˆ 0

−h
ρ0(

∂φ1

∂z
)2 dz = I1 ,

ˆ 0

−h
ρ0(

∂φ2

∂z
)2 dz = I2 .

(4.13)

In (4.9) ∂λ1/∂h, ∂λ2/∂h, ∂c1/∂h, ∂c2/∂h, denote derivatives with respect to h.

Formally they can be found by differentiating (4.12) with respect to h, so that

∂2φ̂r
∂z2

+ λrN
2φ̂r = −∂λr

∂h
N2φr , φ̂r = 0 , z = 0 , φ̂r =

∂φr
∂z

, z = −h , (4.14)

where φ̂r denotes the derivative of φr with respect to h. Equation (4.14) is an

inhomogeneous version of the modal equation, and a regular solution requires a

compatibility condition,

∂λr
∂h

ˆ 0

−h
(
∂φr
∂z

)2 dz = −(
∂φr
∂z

)2(z = −h) . (4.15)

Thus ∂λr/∂h and hence ∂cr/∂h can be found directly from the modal function,

without any need for explicit differentiation with respect to h. Note especially that
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∂λr/∂h < 0 and so λr increases as h decreases, that is cr decreases as h decreases,

which holds for all density stratification and depth profiles. Thus the coupling coef-

ficient γ in (4.9) is always well-defined (since λ1 < λ2) and γ < 0. These expressions

hold for general slowly-varying h(x) but we shall now suppose henceforth that there

is the usual oceanic situation that h → ha,b as x → ±∞ with hb > ha. Specifically,

we will suppose that h = hb for x < 0, and h = ha for x > L > 0.

Since we are assuming that h(x) is slowly varying, for each mode we use the

change of variables,

T =

ˆ x

0

dx

c
, X = T − t , (4.16)

∂2U

∂t2
=
∂2U

∂X2
,

∂U

∂x
=

1

c
(
∂U

∂X
+
∂U

∂T
) ,

∂2U

∂x2
=

1

c2
(
∂2U

∂X2
+ 2

∂2U

∂X∂T
+
∂2U

∂T 2
)− 1

c3
∂c

∂T
(
∂U

∂X
+
∂U

∂T
) .

(4.17)

Hence in each modal equation, the operator

1

c2
∂2U

∂t2
− ∂2U

∂x2
= − 2

c2
∂2U

∂X∂T
− 1

c2
∂2U

∂T 2
+

1

c3
∂c

∂T
(
∂U

∂X
+
∂U

∂T
) . (4.18)

Using the transformation (4.11) and neglecting the slowly-varying second and third

terms on the right-hand side,

1

c2
∂2U

∂t2
− ∂2U

∂x2
∼ − 2

c3/2
∂2B

∂X∂T
, B = Q1/2A , U = c1/2B . (4.19)

This is for a right-going wave. A left-going wave is found by replacing t with −t in

the definition of X in (4.16).

Hence the coupled system (4.7, 4.8) can be expressed as

∂2B1

∂X1∂T1
=
γc

1/2
1 c

1/2
2

2

∂h

∂T1

∂B2

∂X1

, (4.20)

∂2B2

∂X2∂T2
= −γc

1/2
1 c

1/2
2

2

∂h

∂T2

∂B1

∂X2

. (4.21)
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Here (Xi, Ti), i = 1, 2 are the pair (X,T ) in (4.16) with c replaced with ci respec-

tively. Note that although the pairs (X1, T1) and (X2, T2) are different, they are not

independent, see the discussion below. In the absence of any coupling terms, equa-

tions (4.20, 4.21) yield the linear adiabatic law that B1 = B1(X1) and B2 = B2(X2)

where Xi is the phase X in (4.16). More generally we can add a KdV extension for

each mode, that is

∂B

∂T
→ ∂B

∂T
+ νB

∂B

∂X
+ λ

∂3B

∂X3
, ν =

µ

cQ1/2
λ =

δ

c3
, (4.22)

after applying the transformations (4.16) to the KdV equation (4.1), and µ, δ are

defined by (4.3, 4.4).

As noted above the pair X,T are different for the two modes, that is

T1 =

ˆ x

0

dx

c1
, X1 = T1 − t , T2 =

ˆ x

0

dx

c2
, X2 = T2 − t . (4.23)

However, there are only two independent variables, (x, t) and hence these pairs are

related. In particular, T1 = T1(x), T2 = T2(x) are each functions of x alone, and

hence are related as follows,

T2(T1) =

ˆ T1

0

c1(T
′
1)

c2(T ′1)
dT 1

′ , and T1(T2) =

ˆ T2

0

c2(T
′
2)

c1(T ′2)
dT 2

′ . (4.24)

Note that the origin for T1, T2 is placed at x = 0, so that in the deep water x < 0

before the slope T1 < 0, T2 < 0. Further we can write

X2 = X2(T1, t) = T2(T1)− t , X1 = X1(T2, t) = T1(T2)− t , (4.25)

expressing X2,1 in terms of T1,2, t. Then on eliminating t, we can express X2 as a
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function of X1, T1 and likewise X1 as a function of X2, T2.

X2 = X1 + T2(T1)− T1 , X1 = X2 + T1(T2)− T2 . (4.26)

In the sequel it is useful to note that in the deep water x < 0 before the shelf, these

expressions take a particularly simple form, since in x < 0, c2/c1 = R < 1 is a

constant. Then from (4.24, 4.25, 4.26), in x < 0

x < 0 , T1(T2) = RT2 < 0 , T2(T1) =
T1
R
< 0 , (4.27)

x < 0 , X1 = RT2−t = X2+(R−1)T2 , X2 =
T1
R
−t = X1+(

1

R
−1)T1 . (4.28)

Similar simple forms hold on the shelf x > L where again the ratio c2/c1 is a constant.

4.2.2 Generation of a mode-2 wave

In the presence of coupling we can only apply the transformation (4.16) to one

of the two modes. Here, noting that the coupling terms are small, proportional to

∂h
∂x

= 1
c1

∂h
∂T1

, we consider the case of a mode-1 wave, possibly obeying a KdV equation

(4.22), and generating a small mode-2 wave over the slope. In this situation, the

coupling term representing the back effect of mode-2 on mode-1 can be ignored, and

we assume that the mode-1 wave satisfies the KdV equation (4.22) evaluated with

mode-1 coefficients,

∂B1

∂T1
+ ν1B1

∂B1

∂X1

+ λ1
∂3B1

∂X3
1

= 0 . (4.29)

Then using the transformation (4.16), the mode-2 equation (4.8) becomes a forced

equation, which when expressed in the coordinates (X1, T1) becomes,

{c
2
1 − c22
c21c

2
2

}∂
2B2

∂X2
1

∼ {c1
c2
}1/2 γ

c21

∂h

∂T1

∂B1

∂X1

, (4.30)
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∂2B2

∂X2
1

∼ γ̃
∂h

∂T1

∂B1

∂X1

, γ̃ = {c1
c2
}1/2 c22

c21 − c22
γ . (4.31)

A particular solution is

B2p(X1, T1) = −γ̃ ∂h
∂T1

ˆ ∞
X1

B1(X
′
1, T1) dX

′
1 , (4.32)

where we have imposed the boundary condition that there are no waves ahead of the

forcing B1 wave, that is B2p → 0 as X1 → ∞. B2p has a phase X1, the same as B1

and hence is slaved to mode-1, and propagates with the same speed as the forcing

wave B1, that is c1 to leading order in the forcing wave amplitude. Note that since

here γ̃ < 0, ∂h/∂T1 < 0, B2p will have the opposite orientation to B1, that is, it

will be wave of elevation or depression, according as B1 is a wave of depression or

elevation. Further if B1 is localised with respect to the phase X1, then B2p has the

structure of a shelf which extends to X1 → −∞ for each fixed T1. However, because

of the factor ∂h/∂T1 in B2p (4.32) this particular solution can only be non-zero in

the region where ∂h/∂T1 6= 0, that is, the slope region 0 < T1 < L say. This implies

that this slaved wave cannot propagate past T1 = L, and once the forcing wave B1

has passed into the shallow water T1 > L, this slaved wave becomes stationary, and

depends only on T1. This stationary form can be found by letting X1 → −∞ in

(4.32) to give

Bstat
2p (T1) = −γ̃ ∂h

∂T1
M1 , M1 =

ˆ ∞
−∞

B1(X
′
1, T1) dX

′
1 , (4.33)

where M1 is the “mass” of the forcing B1 wave.

To this particular solution we can add any free solution of the homogeneous

solution for mode-2, which has a phase X2 (that is X in (4.16) with c = c2). To

leading order this is just B2f = F (X2) where F (·) is an arbitrary function, and

depends on X2 only. Hence the complete general solution for B2 for right-going
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waves is

B2(X1, T1) = B2p(X1, T1) + F (X2) = −γ̃ ∂h
∂T1

ˆ ∞
X1

B1(X
′
1, T1) dX

′
1 + F (X2) , (4.34)

where we note that X2 can be expressed in terms of X1, T1 through (4.26). To

determine the functional form of F (·), we recall that ∂h/∂T1 6= 0 only over the slope

region and in particular ∂h/∂T1 = 0 for T1 < 0 (x < 0). We suppose that initially

there is only a mode-1 wave in the deep water T1 < 0 (x < 0, and so we can impose

the initial condition that for t ≤ 0 the mode-1 wave is in the deep water and there

is no mode-2 wave, B2 = 0. From (4.23), at t = 0, X2 = T2 =
´ x
0
dx/c2 and

X1 = T1 =
´ x
0
dx/c1, where we recall that T1 and T2 are functionally related through

(4.24). We can now determine F (X2) as t→ 0 from

F (T2) = γ̃
∂h

∂T1

ˆ ∞
T1

B1(T1, X
′
1) dX

′
1 , where T1 = T1(T2) , (4.35)

from (4.24). Thus the free solution is given by replacing T2 in (4.35) by X2,

B2f (X2) = F (X2) = γ̃
∂h

∂T1

ˆ ∞
T1

B1(T1, X
′
1) dX

′
1 , where now T1 = T1(X2) .

(4.36)

The full solution (4.34) is the sum of B2p (4.32) and B2f (4.36).

This free mode-2 wave (4.36) is the main item of interest. If B1 is localised and so

B2p has the structure of a shelf, then B2f inherits some aspects of this shelf structure,

and under KdV dynamics this shelf will develop into an undular bore. Importantly,

however, because of the pre-factor ∂h/∂T1, T1 = T1(X2), B2f is a localised function

of X2, defined only over the range 0 < T1(X2) < L, and propagates with a speed c2

(in x− t space) without change of form. In particular it will continue to propagate

beyond x > L after the particular solution has become stationary with the form

(4.33).
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Note that (4.26) can be used to express X2 in terms of X1, T1 and so we can

express B2f as a function of X1, T1. This is needed for plotting B2p, B2f and the sum

B2 as functions of X1 = T1 − t for several fixed values of T1 (that is, a time series

at several fixed locations), or as functions of T1 for fixed values of t. Importantly,

for the free wave component B2f , X2 = X2(X1, T1) from (4.26) and varies over the

whole range −∞ < X2 < ∞. Thus in the functional relationship T1(X2) in (4.36)

where X2 has replaced T2 in T1(T2) (4.24), the full range of −∞ < T2 <∞ is needed.

In particular we recall from (4.27) that in the range −∞ < T2 < 0, T1 = RT2 and so

−∞ < X2 < 0 , T1(X2) = RX2 = RT1 − t = RX1 + (1−R)T1 . (4.37)

From (4.36), B2f = 0 for T1(X2) < 0, which using (4.37) is the regime RT1 < t,

where we recall that R = c2/c1 in the deep water, T1 < 0.

For instance suppose that B1 is a KdV solitary wave asymptotic solution of (4.29),

B1 = a sech2K(X1 − P (T1)) ,
∂P

∂T1
= V =

ν1a

3
= 4λ1K

2 , a = a0σ
1/3 , (4.38)

where σ = |ν1|/λ1 normalized so that σ = 1 in the deep water before the slope. We

set P = 0 at T1 = 0 so that the solitary wave enters the slope at x = 0 when t = 0.

Then the particular solution (4.32) becomes

B2p(X1, T1) = −γ̃ ∂h
∂T1

a

K
{1− tanh (K(X1 − P (T1))} , (4.39)

where we remind that all the coefficients and parameters in (4.39) are functions of

T1, In particular, M1 = 2a/K (4.33). The free solution (4.36) becomes

B2f (X2) = γ̃
∂h

∂T1

a

K
{1− tanh (K(T1 − P (T1))} . (4.40)

Here on the right hand side, we use (4.24) to find T1(T2) and then replace T2 with
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X2.

In general, we will need to use interpolation to obtain the expressions (4.24) and

hence the key functional relationship T1(X2) where X2 has replaced T2. However a

useful guide to the outcome is obtained by using the approximation that the ratio

c2/c1 = R is a constant, not only in x < 0, but also in x > 0. Indeed it transpires that

in the applications we examine this as quite a good approximation. Then from (4.27,

4.28) we obtain the explicit analytical form T1(X2) = RX2 = RX1 + (1 − R)T1 =

T1 −Rt, showing as expected that this free wave propagates with speed Rc1 = c2 in

x− t space.

4.3 Application: three-layer fluid model

There have been several theoretical studies of mode-2 internal solitary waves us-

ing a three-layer fluid model. [103] examined the characteristics of mode-2 internal

solitary wave types in an ideal three-layer fluid system, using the KdV solitary wave

solutions. They found that the middle layer thickness played a key role in deter-

mining whether the waves were of convex or concave type, and used this analysis

to interpret some observations of mode-2 waves in the northern South China Sea.

The study by [105] shows the evolution of mode-2 internal solitary waves over a

slope-shelf topography in a three-layer fluid model, based on a variable-coefficient

KdV equation and also simulations using the MITgcm (Massachusetts Institute of

Technology general circulation model), a 3D primitive equation model, with fully

nonlinear, non-hydrostatic terms, see [75, 76]. Here we consider a three-layer fluid

model, as described by [105] for a different purpose, adapted here for the interaction

of a mode-1 solitary wave with topography resulting in the generation of a mode-2

wave. Note, the MITgcm simulation uses a smoothed three-layer stratification and

not the discrete three-layer fluid model described here.



Chapter 4. Generation and evolution of mode-2 internal waves 94

The background density field is given by,

ρ0(z) = (ρ2+∆ρ)H(−z−h1−h2)+ρ2H(−z−h1)H(z+h1+h2)+(ρ2−∆ρ)H(z+h1) ,

(4.41)

where h1, h2 and h3 are the thickness of the three layers from top to bottom, re-

spectively, h = h1 + h2 + h3. Note that, the pycnocline depths h1 and h2 are fixed

in this three-layer fluid model, but h3 varies, because the total depth h = h(x) =

h1 + h2 + h3(x) varies over the slope. ρ2 is the density of the middle layer and ∆ρ

is the density difference across each interface. H(·) is the Heaviside function. Since

N2 = 0 in each layer, the modal function is given by from (4.2),

φ = −C1
z

h1
, −h1 ≤ z ≤ 0 ,

φ = C1
z + h1 + h2

h2
− C2

z + h1
h2

, −h1 − h2 < z < −h1 ,

φ = C2
z + h

h3
, −h ≤ z ≤ −h1 − h2 .

(4.42)

Note that φ = C1 at the upper interface z = −h1, and φ = C2 at the lower interface

z = −h1 − h2. The continuity of pressure across each interface is ensured by the

jump conditions c2[φz]
+
− + g′φ = 0, g′ = g∆ρ/ρ2,

c2{C1(
1

h1
+

1

h2
)− C2

h2
)} − g′C1 = 0,

c2{C2(
1

h2
+

1

h3
)− C1

h2
)} − g′C2 = 0 ,

(4.43)

2g′λ =
2g′

c2
= (

1

h1
+

2

h2
+

1

h3
)∓ {( 1

h1
− 1

h3
)2 +

4

h22
}

1
2 . (4.44)

The signs ∓ correspond to mode-1 and mode-2 respectively, so that, as required

c1 > c2. It then follows that

C1

C2

= R = H±(H2+1)
1
2 ,

C2

C1

=
1

R
= −H±(H2+1)

1
2 , H =

h2
2

(
1

h3
− 1

h1
) . (4.45)
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The solution is normalised by max [|φ|] = 1, so that max [|C1|, |C2|] = 1. For

mode-1, C1,2 > 0 and either the maximum of |φ(z)| occurs at the upper interface

if H > 0, h1 > h3, 1 = C1 > C2 > 0, or at the lower interface if H < 0, h1 < h3,

1 = C2 > C1. For mode-2, C1C2 < 0 and the maximum of |φ(z)| occurs at the

lower interface if H > 0, 1 = C2 > 0 > C1 > −1, or at the upper interface if

H < 0, 1 = C1 > 0 > C2 > −1. Thus if a mode-2 wave is a wave of elevation, then

this corresponds to a convex wave if the maximum of |φ(z)| occurs at the upper

interface, H < 0, h1 < h3, but corresponds to a concave wave if the maximum of

|φ(z)| occurs at the lower interface, H > 0, h1 > h3. This description is reversed if it

is a wave of depression, which then corresponds to a concave wave if the maximum

of |φ(z)| occurs at the upper interface, H < 0, h1 < h3, but corresponds to a convex

wave if the maximum of |φ(z)| occurs at the lower interface, H > 0, h1 > h3. Note

that from (4.44)

2g′
∂λ

∂h
=

1

h23
{−1± H

(H2 + 1)1/2
} . (4.46)

As required, ∂λ/∂h < 0 for both modes. Also, in our main case of interest when

h1 < h3, so that H < 0, ∂λ1/∂h < ∂λ2/∂h < 0. From (4.9)

γ = − h2
2h23(H

2 + 1)
. (4.47)

For fixed h1, h3, |γ|→ 0 as h2 → 0, that is, the coupling of the modes becomes smaller

as the middle layer becomes thinner.

The KdV coefficients µ, δ in (4.22) are given by

Iµ = 3c2{−C
3
1

h21
+
C3

2

h23
+

(C1 − C2)
3

h22
} , (4.48)

Iδ = c21{C2
1

h1 + h2
3

+ C2
2

h3 + h2
3

+ C1C2
h2
3
} , (4.49)

I = 2c{C
2
1

h1
+
C2

2

h3
+

(C1 − C2)
2

h2
}. (4.50)
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It is well known that if µ1 > 0(< 0) then mode-1 solitary waves are waves of elevation

(depression). However, if µ2 > 0(< 0) implying that mode-2 solitary waves are

waves of elevation (depression), then this corresponds to a convex or a concave wave

depending on the location of the maximum of |φ| as described above.

We have now obtained explicit expressions for all the coefficients and parameters

in the mode-2 slaved wave (4.39) and the mode-2 free wave (4.40), and so proceed

with two examples.

4.3.1 Illustrative examples

Now, given a suitable expression for the depth profile h(x), and a choice for layer

depths h1, h2, we can proceed to plot these as a function of x at a set of increasing

times t. We set

h(x) = 425− 75 tanh (1 · 10−4x) , (4.51)

which represents a smooth transition from deep water depth of 500m to a shallow

water depth 350m. Note that the origin of x is at mid-slope here rather than at

the bottom of the slope as in the theoretical development in section 2. Hence all

expressions there should have a corresponding translation of the x-origin. The layer

depths are set at h1 = 120m and we will show two cases for h2 = 40m and h2 = 80m.

For these settings h3 varies from 340m, 300m in the deep water to 190m, 150m in the

shallow water, and in both cases h1 < h3 throughout, so that the pycnocline remains

“near-surface” throughout. The setup is shown in figure 4.2. For the mode-1 solitary

wave (4.38) the coefficients µ1, δ1, Q1 can now be calculated from (4.48, 4.49, 4.50,

4.5) and are also shown in figure 4.2. Hence we can find the transformed coefficients

ν1, λ1 in (4.22). Coefficients for mode-2 waves can also be obtained similarly. We set

the initial solitary wave amplitude in (4.38) as a0 = −5m, noting that for the present

parameter settings µ1 < 0 over the whole slope and so there is no polarity change.
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Figure 4.2: Right panel: the stratification at the start point of the slope-shelf region
in the three-layer fluid model. Top: density profile and buoyancy frequency repre-
sented by N2(s−2); bottom: modal function for mode-2. Left and middle panel: the
set-up of the three-layer fluid model with depth given by (4.51) and the coefficients
of the KdV equation (4.1) for mode-1 and mode-2 waves. The middle layer thickness
is 40m in the left panel, and 80m in the middle panel. From top to bottom the
panels show the layer depths (dotted and dash-dotted lines) and total depth (solid
lines), the phase speeds c1,2 in units ms−1, and the nonlinear coefficients µ1,2 , the
dispersive coefficients δ1,2 and the linear magnification factor Q1,2 (4.3, 4.4, 4.5) in

units of s−1,m3 s−1 and 1, respectively.

In figure 4.3 we show the expressions γ̃, ∂h/∂T1 and the solitary wave parameters

a,K as functions of T1.

Figure 4.4 shows the evolution of the slaved wave (4.39) and the free wave (4.40).

As expected, initially the free mode-2 wave and the slaved mode-2 wave are formed

with the same amplitude and shape. The slaved wave then propagates with speed c1

and increases in amplitude until the forcing mode-1 wave reaches the shallow water,

when it is arrested and reaches its final steady state (4.33). In contrast the free wave

propagates with speed c2 unchanged in form and eventually passes the forced wave

and enters the shallow water. Note that with the present parameters, the slaved

wave is one of elevation, while the free wave is one of depression. The most striking

feature of these simulations is that the amplitudes are four times larger for the

“thick” pycnocline case (h2 = 80m) than in the “thin” pycnocline case (h2 = 40m).
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Figure 4.3: Parameters of the particular (4.39) and free (4.40) solutions in the three-
layer fluid set-up (4.51) with different middle layer thicknesses (left panel: h2 =
40m and right panel: h2 = 80m). The expressions γ̃, ∂h/∂T1 in units m−1,ms−1

respectively, and the parameters a,K of the mode-1 solitary wave (4.38) in units
m,m−1 respectively.

Figure 4.4: Plots of the slaved wave (4.39) and the free wave (4.40) as time increases.
From top to bottom, they are spatial plots for each fixed t, with t varying from 0 to
40000 seconds. The depth is given by (4.51) and the left and right panels correspond

to middle layer thickness of 40m and 80m respectively.
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Figure 4.5: Plots of the evolution of the free mode-2 wave under KdV dynamics
(4.52) with the initial condition (4.53). From top to bottom, the distances from the
initial point are 0 km, 25 km, 50 km, respectively. The depth is given by (4.51)
and the left and right panels correspond to middle layer thickness of 40m and 80m

respectively.

This can be directly attributed to the four-fold increase in γ̃ (figure 4.3), which in

turn is due mainly to the difference in ∂c2/∂h, although the change in c2 with h is

hardly perceptible from the plot. In general, the final amplitude of the slaved wave is

determined from the maximum value of the product−2γ̃(∂h/∂T1)a/K, which depend

only on x. In the “thick” pycnocline case the peak amplitude is approximately 0.06m,

which is 1.2% of the forcing wave amplitude. In contrast, the free wave amplitude

which does not change with time, is determined from (4.40) by its value at t = 0, when

X2 = T2 and T1 = T1(T2). Assuming that KL� 1 (in these simulations KL is order

10), this can be estimated approximately from the minimum value of the product

γ̃(∂h/∂T1)a/K over a restricted range where KT1 is order unity. In the “thick”

pycnocline case the free wave amplitude is approximately −0.03m, about one half

the amplitude of the slaved wave and 0.6% of the forcing wave amplitude. In terms

of ocean applications these may seem to be rather small, and possibly unobservable,

but we remark that this is a linear theory, and the complete solution scales with the

magnitude of the forcing amplitude a0/K0, that is with a
1/2
0 : a four-fold increase
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in a0 to −20m would increase the response by a factor of 2. More pertinently,

the percentage estimates remain in place when the forcing amplitude is increased,

so that for instance a very large amplitude mode-1 wave with a0 = 100m can be

expected to produce an observable free mode-2 wave of amplitude approximately

1.5m. Further we note that the free wave amplitude will increase as the topographic

slope is increased.

Next we consider the evolution of the free mode-2 wave under KdV dynamics,

using the KdV equation (4.22) here evaluated with mode-2 coefficients,

∂B2

∂T2
+ ν2B2

∂B2

∂X2

+ λ2
∂3B2

∂X3
2

= 0 . (4.52)

The initial condition is taken from (4.40),

B2(T2 = 0) = B2f (X2) . (4.53)

Note that T2, X2 have a different meaning in this context. Figure 4.5 shows the

evolution according to KdV dynamics (4.52). In both cases of a “thin” or “thick”

pycnocline, µ2 > 0 (unlike µ1 < 0) and the initial condition (4.53) is negative.

Note that we show the amplitude B2 (here and throughout), whereas the physical

amplitude is A2 = B2Q
−1/2
2 (4.19) and so will differ in magnitude (see figure 4.3

for how Q2 varies). The dynamics is unaffected by the transformation. We see the

emergence of a depression rarefaction wave followed by an undular bore, which is

consistent with the results in [105]. Note that although the initial amplitude (4.53)

is smaller in the “thin” pycnocline case than in the “thick” pycnocline case, the

initial value of K0 determined from (4.38) is larger (figure 4.3) due to the larger

initial value of µ/δ (figure 4.2). This leads to the outcome that the waves in the

“thin” and “thick” pycnocline cases have comparable length scales. Also note that

µ2 is larger and δ2 is smaller in the “thin” pycnocline case compared to the “thick”
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Figure 4.6: As in figure 4.2 except that the depth profile is now (4.54) with a steeper
gradient.

pycnocline case. This slightly stronger intrinsic nonlinearity, measured by µ2/δ2,

tends to counteract somewhat the smaller initial amplitude in the “thin” pycnocline

case compared to the “thick” pycnocline case.

4.3.2 Dependence of wave amplitude on slope

Expressions (4.39, 4.40) show that the mode-2 wave amplitudes are proportional

to the topographic slope ∂h/∂x expressed there as ∂h/∂T1 = c1∂h/∂x. In order to

examine this further, we set up another three-layer model, where the only difference

from (4.51) is in the topographic gradient, which is now 5 times larger,

h(x) = 425− 75 tanh (5 · 10−4x) . (4.54)

The water depth again ranges from 500m to 350m, with the same layer depth

distribution, top layer (h1 = 120m), middle layer (h2 = 40, 80m) depth, and lower

layer h3, which varies from 340m, 300m in the deep water to 190m, 150m in the
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Figure 4.7: As in figure 4.3 except that the depth profile is now (4.54) with a steeper
gradient.

shallow water, as above. The rate of change for h is however 5 times larger than that

in the previous case. Similarly, we again set the initial solitary wave amplitude as

a0 = −5m and there is again no polarity change throughout.

Figure 4.6 shows the depth variation and the KdV coefficients for both mode-1

and mode-2 waves. The ranges for each coefficient are the same as those in figure

4.2, and only the rate of change is different, which is 5 times higher than those in

more “gentle” slope case. figure 4.7 shows parameters ∂h/∂T1, γ̃, a and K. Note

that the maximum |∂h/∂T1| is 5 times larger, up to 0.05 compared to the former

0.01.

Figure 4.8 shows the evolution B2p, B2f and their summation B2 which is similar

to the previous case, and also with a 4 times larger amplitude for the “thick (h2 =

80m)” pycnocline case than in the “thin (h2 = 40m)” pycnocline case due to the

increase in γ̃. The much more striking phenomenon is that, the amplitudes in this

“steep” slope case are 5 times larger compared to the “gentle” slope case for both the

“thin” and “thick” pycnocline cases. For example, in the “thick” pycnocline case,

the peak amplitude for the slaved wave is around 0.3m and −0.12m for the free
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Figure 4.8: As in figure 4.4 except that the depth profile is now (4.54) with a steeper
gradient.

Figure 4.9: As in figure 4.5 except that the depth profile is now (4.54) with a steeper
gradient.
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wave, while in the “gentle” slope case, they are 0.06m and −0.03m, respectively.

The same relationships occur for the “thin” pycnocline case. This feature is caused

by the larger value of |∂h/∂T1| when the slope is steeper. The slaved and free wave

amplitudes are proportional to ∓γ̃(∂h/∂T1)a/K, and the slope gradient affects the

ranges of ∂h/∂T1, but not those of γ̃, a and K. Hence, the wave amplitudes are

sensitive to the topographic gradient, and change in proportion to the bottom slope

changes. In both cases, under the KdV dynamics (see figure 4.9), the waves form a

much stronger rarefaction wave followed by an undular bore during their evolution

due to the larger initial amplitude, even though the magnitudes of µ2 are almost the

same as those in the “gentle” slope case.

4.4 Application: smooth density stratifi-

cation

As a complement to the three-layer model (4.41) of the previous section, here we

examine a case when the background density stratification is smooth and given by

either a representation of either a “thin” (4.55) or a “thick” (4.56) diffuse pycnocline

respectively,

ρ0(z) = ρ2 + ∆ρ tanh (1 · 10−1 · (z + 150)) , (4.55)

ρ0(z) = ρ2 + ∆ρ tanh (5 · 10−2 · (z + 150)) , (4.56)

There is a superficial resemblance to the three-layer fluid that the density varies from

ρ2 − ∆ρ in the upper fluid to ρ2 + ∆ρ in the lower fluid, with a value of ρ2 in the

middle at z = −150m. But there is an essential difference that here the buoyancy

frequency N has a single maximum at z = −150m, whereas for the three-layer fluid

there is a maximum (formally infinite) at the upper interface z = −h1 and at the

lower interface z = −h1 − h2. In the numerical calculations which follow, we set
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Figure 4.10: The background environment profiles at the mid-point in the slope-
shelf region for the smooth-stratification fluid case. (a) density stratification ρ0; (b)
buoyancy frequency represented by N2; (c) modal function φ for mode-2. Legends
“thin-g” and “thick-g” are the “thin” and “thick” pycnocline cases with the “gentle”
slope (4.51); “thin-s” and “thick-s” are the “thin” and “thick” pycnocline cases with

the “steep” slope (4.54).

ρ2 = 1025 kg m−3 and ∆ρ = 1 kg m−3. The bottom topography is the same as in

section 3, where (4.51) for a “gentle” and (4.54) for a “steep” slope gradient variation

respectively. We now examine the mode-2 wave generation in four cases, analogous to

those in the previous section, that is, a “thin” or “thick” pycnocline with a “gentle”

or “steep” slope gradient.

Figure 4.10 shows the background environment profiles for these four cases. These

profiles are extracted from the middle point of the slope-shelf region, where the total

depths are identical, and so the results are same (at this point) no matter whether

the slope is “gentle” or “steep”. Also, the thickness of the middle layer (treated

here as the width of N2 around its maximum value) is approximately doubled in the

“thick” pycnocline case compared to the “thin” pycnocline case, with similar values

to the three-layer fluid case where h2 = 80m in the “thick” case and h2 = 40m in

the “thin” case. But, note, that the calculated modal function φ(z) has the opposite

polarity to the modal function of the three-layer fluid, with a maximum of |φ(z)| at

the lower interface, even although the estimated h1 < h3 as in the three-layer fluid.

This can be attributed to the weak but non-zero stratification in the upper and lower
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Figure 4.11: The coefficients of the KdV equation (4.1) for mode-1 and mode-2
waves for the smooth-stratification case. From top to bottom: the phase speeds c1,2
(ms−1), the nonlinear coefficients µ1,2 (s−1), the dispersive coefficients δ1,2 (m3 s−1)
and the linear magnification factor Q1,2, respectively. Panel (a) is the case with “gen-
tle” slope and “thin” middle pycnocline thickness (“thin-g”); (b) “gentle” slope and
“thick” middle pycnocline thickness (“thick-g”); (c) “steep” slope and “thin” mid-
dle pycnocline thickness (“thin-s”); (d) “steep” slope and “thick” middle pycnocline

thickness (“thick-s”).

layers.

Figure 4.11 shows the coefficients of the KdV equation (4.1) for mode-1 and

mode-2 waves under this smooth-stratification case. Panels (a, b) are for the “gentle”

slope (4.51) with (a) “thin” and (b) “thick” middle layer thickness respectively;

while panels(c, d) are for the “steep” slope (4.54) with (c) “thin” and (d) “thick”

pycnoclines. Overall, these results are consistent with those in figure 4.2 and 4.6 for

the three-layer cases. However, importantly the mode-2 phase speed c2 is only one

half of that in the three-layer fluid case, and the nonlinear coefficients µ2 have the

opposite sign due to the afore-mentioned opposite polarity of the modal function,

see figure 4.10 panel (c).

Figure 4.12 shows the parameters of the particular (4.39) and free (4.40) waves

in these four different cases. Comparing with the analogous figures 4.3 and 4.7 for
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Figure 4.12: Parameters of the particular (4.39) and free (4.40) solutions in the
smooth-stratification case. The expressions γ̃, ∂h/∂T1 in units m−1,ms−1 respec-
tively, and the parameters a,K of the mode-1 solitary wave (4.38) in units m,m−1

respectively. Panels (a, b, c, d) are for the same conditions as in figure 4.11.

Figure 4.13: Plots of the slaved wave (4.39) and the free wave (4.40) as time increases
for the smooth-stratification case, From top to bottom, they are spatial plots for each
fixed t, with t varying from 0 to 40000 seconds. Panels (a, b, c, d) are for the same
conditions as in figure 4.11. Note the horizontal axis labels for panels (c, d) are the

same as (a, b), but shown part.
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Figure 4.14: Plots of the evolution of the free mode-2 wave under KdV dynamics
(4.52) with the initial condition (4.53) for the smmoth stratification case. From top
to bottom, the distances from the initial point are 0 km, 25 km, 50 km, respectively.

Panels (a, b, c, d) are for the same conditions as in figure 4.11.

the three-layer fluid, we see that ∂h/∂T1, a and K are almost in the same range and

variation trend, but γ̃ is 10 times smaller than that in the three-layer fluid system.

The reason is that the mode-2 phase speed c2 is much smaller than that in the

three-layer fluid case, although c1 is comparable, see (4.9, 4.31). Figure 4.13 shows

the plots of the slaved and free waves as time increases in these different conditions.

Here panels (a, b, c, d) are the results in the corresponding four cases in figure 4.12.

Comparing with figure 4.4 and 4.8, we see that the mode-2 wave evolution in this

smooth-stratification case is qualitatively consistent with that in the three-layer fluid

case. But the generated slaved and free mode-2 wave amplitudes are now 10 times

smaller, corresponding to the smaller coefficient γ̃ in figure 4.12. Figure 4.14 shows

the evolution of the free mode-2 wave under KdV dynamics (4.52) and is now quite

different from the results in the three-layer fluid system, see figure 4.5 and 4.9. The

reason is that now the nonlinear coefficient µ2 < 0 and so solitary waves have the

same sign as the initial condition for the free mode-2 wave. Hence wave fission occurs

instead of formation of a rarefaction wave with a trailing undular bore. The initial

free mode-2 wave is convex here for this smooth-stratification case, whereas in the

three-layer case, the initial free mode-2 wave is concave.

We find that here, as in the three-layer fluid case, the generated mode-2 wave
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amplitude is mainly associated with the pycnocline thickness and the slope gradient.

The mode-2 wave amplitudes in panels (b, d) are around 4 times larger than in panels

(a, c), respectively, which is the square the difference of the pycnocline thickness;

also, the amplitudes in panels (c, d) are around 4 times larger than in panels (a, b),

respectively, close to the slope gradient discrepancy. These outcomes are consistent

with those using the three-layer fluid of section 3. We conclude that the pycnocline

thickness and the bottom topography gradient can be expected to play important

roles in the magnitude of the generated mode-2 wave amplitude. But as noted the

smooth-stratification case reduces γ̃ due to the smaller ratio c2/c1 and hence reduces

the generated amplitudes, indicating that sharp interfaces induce stronger mode-2

waves.

4.5 Application: ocean examples

In this section, we examine two oceanic cases, the New Jersey continental shelf

[88] and the South China Sea [65], where mode-2 waves have been reported. In both

these regions, internal solitary waves (both mode-1 and mode-2) occur frequently and

in situ data is available. In particular the mode-2 wave recorded by [65], see figure 1,

seems likely to have been generated by mode-1 waves, under the mechanism discussed

here. The generation mechanism of the mode-2 waves documented by [88] may be

related to frontal intrusions or tidal forcing near the shelf break and may not be

due to a mode-1 wave interaction with topography. However the mechanism for the

generation of the mode-2 waves is not settled and so the clear in situ data of [88]

allows us to test the present analysis as an alternative mechanism for mode-2 wave

generation on the New Jersey continental shelf.
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4.5.1 New Jersey continental shelf

Mode-1 and mode-2 nonlinear internal waves were documented by [89] and [88]

through both mooring and ship-tracked records obtained over New Jersey continental

shelf in the summer of 2006, during the Office of Naval Research’s Nonlinear Inter-

nal Wave Initiative-Shallow Water ’06 experiment (NLIWI-SW06). The nonlinear

internal waves had a typical amplitude of −8m during most time of the observation

month, but the displacement could exceed −15m over some periods of that month.

One mode-2 wave train was detected during NLIWI-SW06 by shipboard records, and

was referred to as Wave Jasmine, due to a naming convention for ship-tracked waves,

see [88]. This mode-2 wave train (Wave Jasmine) was documented by three detailed

profiling periods (denoted as 3a, 3b, 3c here, in order to be consistent with [88], who

showed these three profiles in figure 3a, 3b, 3c). The first and second profiling series

consisted of three mode-2 waves, while the third transect only had two mode-2 waves

with a small mode-1 wave tail. The amplitudes of these waves were defined by taking

the sum of a half of the maximum density displacement above and below the pycno-

cline, and was near 4m in the first and third periods and 3m in the second transect.

The average wave speed obtained from the ship record measurements was around

0.48ms−1, which was slightly larger than the mode-2 linear phase speed calculated

from the modal equation that showed an increase from 0.4ms−1 to 0.46ms−1, under

the effects of background shear.

The depth variation along the wave propagation path was not given, but we can

estimate this from the density profiles at the three profiling points (100m, 90m,

85m) and then set it to be

h(x) = 92.5− 7.5 tanh (3 · 10−3x) , (4.57)

(see figure 4.15). The slope variation here is very smooth and gentle, as the depth



Chapter 4. Generation and evolution of mode-2 internal waves 111

Figure 4.15: The background environment profiles for the New Jersey continental
shelf case. (a) The depth h(m) along the slope-shelf region x(km), see (4.57); (b)
density stratification ρ0(kg/m

3); (c) buoyancy frequency represented by N2(s−2);
(d) velocity u0(m/s); and (e) calculated vertical structure φ (in unit of 1); as shown
in [88] figure 4 and 5. Here 3a, 3b, 3c represent the first, second and third profiling

series for Wave Jasmine documented by [88].

changes from 100m to 85m over a horizontal distance greater than 3 km. This

may not be very realistic and may lead to inconsistent predicted wave amplitude in

comparison to the observed mode-2 wave amplitude, recalling that we have found

the mode-2 amplitude is sensitive to the topographic gradient. We extracted the

data generated of the background density and currents (see figure 4.15) at the above

three ship-tracked profiling periods (3a, 3b, 3c) from [88] figure 4, and then calculated

the buoyancy frequency and the modal function (note our solution is normalised by

max[φ] = 1), see figure 4.15, which is consistent with the results in figure 4 (b) and

figure 5 in [88].

Figure 4.16 shows the KdV coefficients c, µ, δ, Q calculated from (4.2, 4.3, 4.4,

4.5) for mode-1 and mode-2 solitary waves (left panel) and parameters γ̃, ∂h/∂T1, a,

K with respect to T1 for linear theory (right panel). Both c1 and c2 decrease along

the transect, with ranges 1.03 − 0.98ms−1 and 0.43 − 0.36ms−1, respectively. The

variation trend of c2 is slightly smaller than and opposite to the theoretical results
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Figure 4.16: (left) The KdV coefficients (c, µ, δ, Q) for mode-1 and mode-2 solitary
waves and (right) parameters (γ̃, ∂h/∂T1, a,K) for the New Jersey continental shelf

case.

of [88] (0.4 − 0.46ms−1). Here µ1 and µ2 are negative over the slope indicatory no

polarity change and that only a depression mode-1 wave and convex mode-2 wave

can exist. From the right panel, we can see that the mode-1 initial solitary wave

amplitude is a0 = −10m and we recall that the amplitudes for both the slaved and

free wave are related to the magnitude of ±2γ̃(∂h/∂T1)a/K, which is O(−2).

Figure 4.17 shows the mode-2 wave evolution both from the linear theory (left

panel) and the KdV model (right panel). The slaved wave mode-2 and the free wave

mode-2 with amplitude around −0.05m travel with speed c1 and c2, respectively.

The slaved wave, which has a wider shape than the free wave, stops when the forcing

mode-1 wave reaches around the mid-shelf, where the depth has become shallower.

The KdV dynamics then show that the initially convex mode-2 free wave grows

slightly from −0.05m to −0.08m during the propagation, and then begin to show

signs of fission. The simulation with the KdV model is consistent with the observed

wave evolution by [88], although the observed trailing mode-1 wave tail is beyond the

scope of this KdV model. The predicted mode-2 wave amplitude (−0.05m) from our

linear theory is however very different from the observed mode-2 amplitude of −3m.
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Figure 4.17: Mode-2 wave evolution in the New Jersey continental shelf case. The
left panel is for the linear theory and the right panel is the mode-2 free wave evolution

based on the KdV theory.

This would imply that the observed mode-2 waves in this region are not generated

from a mode-1 wave incident on the topography and is consistent with the comments

in [88], who suggest that in this case the mode-2 waves may have been generated by

a density intrusion. See also references [97], [67], [66], [9] on strongly nonlinear long

wave model for mode-2 internal waves generated by a density intrusion.

4.5.2 South China Sea

Although mode-2 internal solitary waves are less often observed in comparison to

mode-1 waves, they were documented by [102] on the continental shelf of the northern

South China Sea both in summer and winter, with notable seasonal difference. They

showed mode-2 waves were less active in summer than in winter ( mode-1 waves in

contrast to mode-2), with smaller amplitude and longer time scales, and 90% of the

recorded mode-2 waves appeared after mode-1 internal solitary waves in summer.

In winter 72% arose without mode-1 waves. These observations suggest that the

generation mechanisms of mode-2 waves have a seasonal difference, and may be



Chapter 4. Generation and evolution of mode-2 internal waves 114

associated with mode-1 waves in summer.

A short intensive field experiment to search for mode-2 waves was made near

Dong-sha Island in the northeastern South China Sea in May 2009, and a mode-2

wave with amplitude 30m was observed following a large mode-1 wave of amplitude

120m. Due to the lack of CTD (Conductivity-Temperature-Depth) data during

this field observation, the background oceanographic conditions were obtained from

a joint hydrographic survey in May 2006 which covered a larger area containing

the location where the above mode-2 wave were documented. Three CTD stations

S13, S14, S15, across the shelf break in the middle of this survey area were chosen

for the parametric study of mode-2 waves in [65]. Here we use the same name

S13, S14, S15 to represent the environment parameter information of these three

stations.

[65] show the background stratification at these three equally spaced CTD sta-

tions (S13, S14, S15), spanning 1◦ of longitude, which covered 55 km. The depth at

each station was recorded as 1100m, 650m and 320m, and so we set the depth to

be

h(x) = 715− 390 tanh (2.8 · 10−5x) , (4.58)

see figure 4.18. Again this depth may not represent the actual depth, and hence

affect our predicted wave amplitudes. Similarly, we extracted the data of background

density (ρ0) from Fig. 15 in [65] and then calculated the buoyancy frequency (N2)

and modal function (φ) as in the New Jersey case. From figure 4.18, we see the

buoyancy frequency is consistent with that shown in Fig. 15 in [65], and the modal

function plot shows that the depth of the largest displacements becomes shallower

along the wave path.

The KdV coefficients for mode-1 and mode-2 waves and the parameters of our

linear theory are calculated as the case above, but without the background current

and are shown in figure 4.19. Both mode-1 and mode-2 linear long wave phase speed
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Figure 4.18: The background environment profiles for the South China Sea case. (a)
The depth h(m) along the slope-shelf region x(km), see (4.58); (b) density strat-
ification ρ0(kg/m

3); (c, d) buoyancy frequency represented by N2(s−2), (d) is the
enlarged view for the top 200m; and (e) modal function φ (in unit of 1); as shown
in [65] figure 15. Here S13, S14, S15 represent three different CTD stations during

the joint hydrographic survey in May 2006, [65].

Figure 4.19: (left) The KdV coefficients (c, µ, δ, Q) for mode-1 and mode-2 solitary
waves and (right) parameters (γ̃, ∂h/∂T1, a,K) for the South China Sea case.
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Figure 4.20: Mode-2 wave evolution for the South China Sea case. The left panel is
for the linear theory and the right panel is mode-2 free wave evolution based on the

KdV theory.

c1 and c2 have the same magnitude and variation trend compared to the results in

Table 3 in [65], and c2 is about half of c1. The nonlinear coefficients µ1 and µ2 (from

the background density field shown in figure 4.18) differ from their results. The

pycnocline is not “near surface” along the whole transect, and µ1 < 0 throughout,

implying a depression mode-1 wave. The coefficient µ2 changes sign from negative to

positive along the transect, while throughout the modal function has its maximum

at the lower interface. Thus for the mode-2 wave evolution, the wave is convex at

first and then evolves into a concave form. The left panel shows parameters of our

linear theory, setting the initial mode-1 wave amplitude a0 = −120m, and we see

that the mode-2 wave amplitude depends on ±2γ̃(∂h/∂T1)a/K and is of order unit.

Similarly, the slope is even smoother and gentler than it in the case above, with the

largest variation ∂h/∂T1 smaller than −0.02.

Figure 4.20 shows the mode-2 wave evolution from the linear theory (left panel)

and the KdV model (right panel). The slaved mode-2 wave of the linear theory

evolves with a speed c1 unchanged in form until the forcing mode-1 wave reaches the

shallow water. The free mode-2 wave with amplitude around 2m travels with speed
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c2 with a steep front initially but then the rear part accelerates and the wave shape

becomes more symmetric. The KdV dynamics show that the initially convex mode-2

free wave grows slightly during propagation, but then at the change of polarity forms

a depression rarefaction wave with a trailing undular bore. The mode-2 wave ampli-

tude predicted here (−2m) is ten times smaller than the observed one (−30m) in

South China Sea by [65]. A partial explanation may follow by recalling that the wave

amplitude in this linear theory depends on the gradient of the slope. The resolution

of the in situ topographic data here is quite rough, with 55 km increments, and hence

may not resolve the steeper gradients. Furthermore, the amplitude reported by [65]

was estimated from temperature data, which may not necessarily be the same as the

wave amplitude defined here based on the normalised modal function. Finally, we

note that the background density profile we have used in figure 4.18, taken from [65],

is at a different time from their observation of the mode-2 wave.

4.6 Discussion

In this chapter, we have examined the possible generation of mode-2 waves by

the interaction of mode-1 waves with topography, as a mode-1 wave propagates

shoreward over the continental slope, from deep water into shallow water, using

an adaptation of the general theory of [27]. This leads to a coupled linear long

wave theory, with mode coupling by topography. Once the mode-2 wave has formed

its evolution is followed with a Korteweg-de Vries model. In this linear long wave

theory, the important general outcome has two components, a slaved component

moving with the speed of the mode-1 wave, and a free component moving at the

mode-2 speed which is generated on the continental slope, We simulated in detail

the mode-2 wave generation and evolution both in an ideal three-layer fluid system, a

diffuse pycnocline case, and in two realistic oceanic cases, the New Jersey continental
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shelf and South China Sea.

In the ideal three-layer cases presented in section 3, the depth changes from 500m

to 350m with different middle layer thicknesses and slope variation rates. Under the

coupled linear theory, the slaved mode-2 wave and the free mode-2 wave initially with

the same wave amplitude and shape, travel with speeds c1 and c2, respectively. Then

the slaved wave increases in amplitude until the forcing mode-1 wave reaches the

shallow water, where the slaved mode-2 wave is arrested and forms its final steady

state. The free mode-2 wave travels with unchanged shape and eventually passes

the slaved wave to the shallow water. The most marked characteristic is that the

mode-2 wave amplitude is larger when the pycnocine is thicker. For example, both

the slaved and free wave amplitudes are four times bigger in the “thick” pycnocline

case (h2 = 80m) than in the “thin” pycnocline case (h2 = 40m). We set the

initial solitary wave amplitude to be a0 = −5m, but in the “thick” pycnocline case,

the peak slaved wave amplitude is only 0.06m (1.2%) and the free wave amplitude

−0.03m (0.6%). Then we enlarged the slope variation rate to be five times larger to

test the dependence of wave amplitude on it, but kept all the other parameters the

same. We found that the amplitudes in this “steep” slope case are about 5 times

larger compared to those in the “gentle” slope case both for the “thin” and “thick”

pycnocline cases, with the peak slaved amplitude 0.3m and the free wave amplitude

−0.12m in the “thick” pycnonline. Under KdV dynamics, the initial depression

solitary wave forms a depression rarefaction wave with a following undular bore in

all cases.

In the diffuse pycnocline case, presented in section 4, we chose parameters to

mimic the three-layer fluid cases, and found overall qualitative agreement. But an

important difference emerged in that the speed ratio c2/c1 was much smaller, thus

reducing the key parameter γ̃ and hence considerably reducing the mode-2 wave

amplitudes. This illustrates the importance of the underlying density stratification
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Figure 4.21: Plot of the maximum amplitudes of slaved and free mode-2 waves in
both the discrete three-layer and smooth density stratification models, based on our
linear long wave theory. Legends “thin-g” and “thick-g” are the “thin” and “thick”
pycnocline cases with the “gentle” slope (4.51); “thin-s” and “thick-s” are the “thin”

and “thick” pycnocline cases with the “steep” slope (4.54).
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especially in determining the ratio c2/c1. Another difference emerged here in that

the sign of the mode-2 modal function was opposite to that in the three-layer fluid

case, with the consequence that under the KdV dynamics, the initial depression

wave fissioned. Figure 4.21 is a summary of the cases for both the three-layer fluid

model (section 3) and the smooth density stratification (section 4) model, showing

the predicted generated maximum mode-2 wave amplitudes using the present linear

long wave theory.

In section 5, we then tested two realistic oceanic cases, the New Jersey continen-

tal shelf and the South China Sea, where both mode-1 and mode-2 internal solitary

waves have been documented. The former case reported by [88] mentions that the

generation mechanism of the mode-2 waves is unclear, while the latter case is related

to the mode-1 wave evolution ( [65]). Here we use the background density stratifi-

cation in these two domains, and apply the coupled linear long wave theory and the

KdV model. We have to estimate the depth, however from the limited recorded pro-

filing points and so cannot get the accurate depth variation along the wave transects.

We find in the New Jersey case, that the predicted mode-2 wave amplitude (−0.05m)

from our linear theory is very different from the observation (−3m), which means

the documented mode-2 waves in this region is probably not generated by a mode-1

wave incident on the topography, consistent with the comments of [88]. In the South

China Sea case, the KdV dynamics reveal that the initially convex mode-2 free wave

grows slightly during propagation but then changes polarity to become a concave

wave. The predicted mode-2 wave amplitude (−2m) is 10 times smaller than the

recorded one (−30m) by [65], but there are some factors which may explain this:

the amplitude is very sensitive to the slope gradient, and a highly resolved depth is

not available; our definition of the wave amplitude may not be the same as in [65];

and the only accessible background density stratification we use is at a different time

from the observed mode-2 wave.
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Nevertheless, we contend that the present quite simple linear mode coupling

model can form a basis for interpreting observed mode-2 waves over the continen-

tal slope. Indeed, this mechanism can be expected to operate in all cases when a

mode-1 wave moves over topography. Because the predicted mode-2 amplitude is

proportional to the topographic slope, see (4.40), the mode-2 wave amplitude will

usually be small, and difficult to observe. This may help to explain why observations

of mode-2 waves are rare compared to those of mode-1. This theory also suggests

scenarios when the mode-2 wave amplitude could be enhanced. As discussed in sec-

tion 3.2, sharp changes in the topography will lead to larger mode-2 amplitudes. The

present linear long wave theory, and the KdV extension, require that the topographic

slope be small, and in particular that the wavelengths involved be much shorter than

the topographic length scales. Typical internal solitary wave wavelengths are or-

der 500 − 1000m and this is much shorter than the width of the continental slope.

Nevertheless in section 3.2 we have pointed to the enhancement of the mode-2 wave

generation when the topographic slope is increased. Hence, in a recent paper [70]

we have examined the converse situation when the wavelengths are much greater

than the topographic scale, in the limit when the topography appears as a step. As

expected, this leads to a considerable enhancement of the mode-2 wave amplitudes.

Expression (4.40) shows that the coefficient γ̃ (4.9, 4.31), is proportional to (λ1−

λ2)
−2, where λ1,2 = c−21,2. Thus if the underlying density stratification is such that the

linear phase speeds c1, c2 are close, then the mode-2 amplitude will be larger. For

the three-layer fluid system of section 3, expression (4.44) shows that

g′2(λ1 − λ2)2 = (
1

h1
− 1

h3
)2 +

4

h22
. (4.59)

Hence strong stratification measured by a larger g′, or nearly equal upper and lower

layer depths, h1 ≈ h3, with a large middle depth h2, will tend to increase γ̃ and so

enhance the mode-2 wave amplitude. Conversely we note that the diffuse pycnocline
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case of section 4 reduced the ratio c2/c1 and this led to a reduced mode-2 wave

amplitude. This implies that the combination of a near-surface and a near-bottom

pycnoclines, with strong stratification is a scenario favouring the generation of mode-

2 waves. However, this parameter will not be so relevant for the generation of mode-2

waves by other means, such as lock release or density intrusion, when the role of the

mode-1 wave is absent.



Chapter 5

Resonant coupling of mode-1 and

mode-2 internal waves

5.1 Introduction

In this chapter, we are concerned with the generation of a mode-2 wave as a

mode-1 wave propagates shoreward from deep water, over the continental slope into

shallow water, and in particular the resonant coupling of the generated mode-2 wave

and incident mode-1 wave by topography. In the previous chapter we adapted the

linear long wave theory developed by [27] which describes the topographic coupling

of a full set of linear long-wave modes. We took an incident mode-1 solitary wave

which then generated a mode-2 wave when it encountered the variable topography

of the continental slope. Once the mode-2 wave is formed, we use the KdV equation

(4.1) to follow its evolution over the continental slope and shelf. This approach is

valid when the linear phase speeds are quite distinct. Here we extend that study to

the case when instead the mode-1 and mode-2 linear phase speeds are close, that is,

c2 ≈ c1, noting that always c2 < c1. This is resonant coupling and leads to a pair of

coupled KdV equations, incorporating feedback from the generated mode-2 wave to

the incident mode-1 wave.

123
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In section 5.2, we introduce the theoretical methods, the well-known KdV equa-

tion for internal solitary waves, and coupled modes in both a linearised system and

in a system of coupled KdV equations to describe the generation of mode-2 internal

solitary waves and the resonant coupling with the incident mode-1 wave by slope-

shelf topography. In section 5.3, we apply this theory to a three-layer fluid system,

for different layer thicknesses and topographic slopes that determine the mode-1 and

mode-2 linear phase speeds, and hence the ratio of the speed c2/c1, which is one of

the key parameters in the coupling term. In general, since mode-2 waves are slower

in speed, typically one-third of the speed of mode-1 wave, we vary the setup of back-

ground stratification and/or topographic gradient to increase the ratio of c2/c1 and

hence get strong resonant coupling. Three applications (A,B and C in section 5.3)

are considered with the speeds c2 and c1 becoming closer, while in each case two dif-

ferent topographic slopes are examined, gentle and steep. We summarise in section

5.4.

5.2 Coupled Korteweg-de Vries equation

We use the transformation (4.11) and assume that the T -derivatives vary slowly

relative toX-derivatives. Thus we can neglect slowly-varying terms such as UTT , cTUT ,

and the coupled system (4.7, 4.8) becomes

B1T =
γc

1/2
2

2c
1/2
1

hTB2 , (5.1)

B2T −∆B2X = −γc
1/2
1

2c
1/2
2

hTB1 , ∆ = { 1

c22
− 1

c21
}c

2
1

2
≈ (c1 − c2)/c2 . (5.2)

In the original x, t variable there is a choice of either an initial condition, when

B1, B2 are specified at t = 0, or a boundary condition when B1, B2 are at x = 0.

Here, we choose B1 to be a mode1 solitary wave, either located in x < 0 at t = 0
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or specified at x = 0 and in both cases B2 =0. In the initial value problem, these

initial conditions are located at X = T , or as boundary conditions at T = 0. These

can be shown to be asymptotically equivalent with respect to the small long-wave

parameter used to derive (4.7, 4.8), and also the KdV equation (4.1), see below in the

next subsection. But, nevertheless they produce different solutions in general. Here

we choose the boundary condition formulation, inter alia being more convenient for

numerical simulations. Thus the “initial” condition at T = 0 is a mode-1 solitary

wave, defined in T < 0 by B1 = B1sol(X − V T ) in T < 0 where h = hb, and a zero

mode-2 wave, B2 = 0. Here V is the solitary wave speed (see below (5.11)), and in

the linear long wave limit we set V = 0. Importantly, note that ∆ > 0 since c1 > c2,

and we have used the approximation that c2 ≈ c1 to simplify ∆.

As in [69] we can solve this coupled system approximately when ∆ 6= 0 is not

small and order unity. Then, since the coupling term γhT is slowly varying and hence

small, it can be neglected in (5.1) when the incident wave is a mode-1 wave. It then

follows that to leading order B1 = B1sol(X) is independent of T and determined from

the initial condition of a mode-1 solitary wave a priori. The second equation (5.2)

can then be solved for the mode-2 wave,

B2 ≈ −
ˆ τ

0

C(τ ′)B1sol(X + τ − τ ′) dτ ′ ,

τ(T ) =

ˆ T

0

∆(T ′) dT ′ , C(τ) =
γc

1/2
1

2c
1/2
2 ∆

hT .

(5.3)

Note that the evolution variable T is replaced with τ and the “initial” condition that

B2 = 0, T = 0, that is B2 = 0, τ = 0 has been imposed. This can be written in the

alternative form, putting Y = X + τ − τ ′, so that X < Y < X + τ when τ > τ ′ > 0,

B2 ≈ −
ˆ X+τ

X

C(X + τ − Y )B1sol(Y ) dY . (5.4)

This form indicates that this approximate solution is a combination of a slaved mode-
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2 wave depending on X and a free mode-2 wave depending on X + τ . Note that

because C(τ) ≥ 0, B2 has the opposite sign to B1sol.

When C is slowly varying compared to B1sol then and effectively B1sol(X) can be

regarded as localised around X = 0, and then the expression (5.4) for B2 is effectively

confined to the region −τ < X < 0, where the two boundaries correspond to a free

wave and a slaved wave respectively. For instance if we approximate B1(X) with a

δ-function, B1(X) = a δ(KX) with mass a/K, then (5.4) becomes

B2 ≈ −
a

K
C(X + τ){H(X + τ)−H(X)} , (5.5)

where H(·) is the Heaviside function. For each fixed τ > 0, as X increases over the

range −τ < X < 0, X + τ increases from 0 to τ , and this approximate solution

(5.5) is non-zero only for −τ < X < 0. The maximum amplitude of B2 is CMa/K

where CM = max[C]. Further from (5.3) C(τ(T )) is non-zero only on the slope, that

is, 0 < τ(T ) < τ(L). Hence (5.5) is non-zero only for −τ(T ) < X < 0, and for

−τ(T ) < X < τ(T )− τ(L). In these combined regions, (5.5) is a function of X + τ

and so is a free wave. On the other hand, if C is rapidly varying relative to B, as

would be the case if h(T ) is close to being a step, then we might approximate C with

a δ-function C(τ) = CMδ(L(τ − τ0)). Then the solution (5.3) becomes

B2 ≈ −
CM
L
B1sol(X + τ − τ0) . (5.6)

This is a free wave, and importantly note that compared to (5.5) the amplitude varies

as aCM/L rather than aCM/K.

These approximate solutions of (5.1, 5.2) can be compared with that of [69] where

it was assumed that ∆ is order unity, and the T -derivative in (5.2) was omitted on

the basis that the forcing term B1sol(X) depended only on X. Also, crucially, in [69]

the initial condition that B2 = 0 was imposed at t = 0, X = T was imposed instead
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at T = 0. Although these initial conditions are asymptotically equivalent, they lead

in practice to different outcomes. In the present notation the solution found by [69]

is

B1 ≈ B1sol(X) , B2 ≈ B2P (X, τ) +B2F (X + τ) ,

B2P = −C(τ)

ˆ ∞
X

B1sol(X
′) dX ′ ,

B2F (Z) = −B2P (X, τ(X)) . Z(X) = X + τ(X) .

(5.7)

Here in the expression τ = τ(T ) in (5.3), we put X = T , and then an inversion is

needed to get X = X(Z), so that the functional form of B2F (Z) can be determined.

Although there is an obvious similarity between (5.4) and (5.7) they are not the

same. However, the underlying assumption here is that the T -scale is slowly varying

compared to the X-scale, and in that limit the two expressions agree. Indeed, if

C(τ) is taken to be a constant, then they are identical, indicating that if C(τ) is

sufficiently slowly varying, then the two expression are close.

However, in this present study we are concerned with the case when c2 ≈ c1

so that ∆ � 1, and also then γ ∝ ∆−1 becomes large, see (4.9). In this limit

the coupled system (5.1, 5.2) yields high frequency oscillations with a frequency

proportional to ∆−1 and a wavenumber proportional to ∆−2. This resonance leads

to the requirement that weakly nonlinear terms need to be invoked, together with

weak linear dispersion, leading to a KdV extension of this coupled system, which is

examined in the next subsection.

In the absence of topographic coupling we can add a KdV extension for each

mode, that is

BT → BT + νBBX + λBXXX , ν =
µ

cQ1/2
λ =

δ

c3
, (5.8)

after applying the transformations (4.16) to the KdV equation, and µ, λ are defined
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by (4.3, 4.4) for each mode. Hence we propose that the coupled KdV system for this

resonance will be

B1T + ν1B1B1X + λ1B1XXX =
γc

1/2
2

2c
1/2
1

hTB2 , (5.9)

B2T −∆B2X + ν2B2B2X + λ2B2XXX = −γc
1/2
1

2c
1/2
2

hTB1 . (5.10)

The usual KdV scaling requires that B1,2 ∼ ε2, ∂/∂X ∼ ε and ∂/∂T ∼ ε3. Here in

addition we require a resonance so that ∆ ∼ ε2 and so then γhT ∼ ε3. From (4.9) γ ∝

∆−1, it follows that formally hT ∼ ε5. Note that although we are assuming that c2 ≈

c1, the modal functions φ1 and φ2 remain distinct. It is consistent asymptotically to

replace ∆ in (5.2) with ∆ ≈ (c1−c2)/c2, and also put c2/c1 ≈ 1 in the coupling terms

on the right-hand side. Also it is useful to note that in this X − T reference frame,

the linear phase speeds for the mode-1 and mode-2 waves are 0,−∆ respectively.

The “initial” condition in T = 0 is that the mode-2 is zero, B2 = 0, and there is

only a mode-1 solitary wave in T ≤ 0, that is,

B1 = a sech2(K(X − V T )) , V =
aν1b

3
= 4K2λ1b , B2 = 0 . (5.11)

There are also previous works on the interactions of weakly nonlinear internal

waves. [24] examined the weak and strong interactions when the wave phase speeds

are unequal. A pair of coupled KdV equations are used to describe the strong in-

teractions, with coupling terms are either nonlinear terms or dispersive terms. [4]

explored the near-resonance between two different vertical modes of internal waves

using two coupled Ostrovsky equations in the presence of background rotation, which

have been omitted here, because usually the rotational effect is not significant and

will have a marginal effect. This effect can be estimated by the Ostrovsky num-

ber [38] and/or the extinction time, which is the time for an initial KdV solitary
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wave to be extinguished by radiation of inertial-gravity waves and converted to an

envelope wave packet [39]. Further, [5] investigated the resonant coupling by a cou-

pled Ostrovsky system with the presence of shear flow. While here we focus on the

resonant coupling of two wave modes by topography, modelled in the framework of

coupled KdV equations.

5.3 Applications

We consider a three-layer fluid model as in [69], where we found the generated

mode-2 wave amplitude is quite sensitive to the pycnocline thickness and the topo-

graphic slope. With this same three-layer fluid model, we choose a suitable expres-

sions for the depth profile h(x), and the layer depths h1 and h2. Two depth profiles

are set with distinct topographic gradients:

h(x)gentle = 425− 75 tanh (5 · 10−4x) , (5.12)

and

h(x)steep = 425− 75 tanh (2 · 10−3x) . (5.13)

Each represents a smooth transition from a deep water depth of 500m to a shallow

water depth of 350m, with either a gentle (5.12) or a steep (5.13) slope, respectively.

Note that the origin of x is at mid-slope here. We have found that the combination of

a near-surface and a near-bottom pycnocline is a scenario favouring the generation of

mode-2 waves [69]. Three cases of the top and middle layer thicknesses are chosen

for the each of the gentle (5.12) and steep (5.13) slope cases, see table 5.1. The

densities in each layer are ρ0 −∆ρ, ρ0, ρ0 + ∆ρ respectively.

Figure 5.1 shows the set up of this three-layer fluid model with different depth

profiles and pycnocline thicknesses. For cases A and B, initially there is a mode-
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Table 5.1: Setup of the three-layer fluid system for all three cases. (Each layer’s
thickness h1, h2, h3(m).)

Case h1 h2 h3gentle h3steep

A 120 80 hgentle − h1 − h2 hsteep − h1 − h2
B 84 180 hgentle − h1 − h2 hsteep − h1 − h2
C 24 300 hgentle − h1 − h2 hsteep − h1 − h2

Figure 5.1: Setup of the three-layer fluid model with depth profiles given by (5.12,
5.13). Panels (a, b, c) and (d, e, f) are for gentle and steep slopes, respectively. For

layer thicknesses, panel (a, d): A; panels (b, e): B; panels (c, f): C.

1 depression solitary wave, with a polarity change for case B, while for case C

initially there is a mode-1 elevation solitary wave. In the following subsections we

present the wave evolution results for both the coupled-KdV system (section 2.3) and

for comparison the KdV evolution for the mode-1 wave alone with no topographic

coupling (section 2.1), in each of these six different situations. The magnitude of the

initial mode-1 solitary wave amplitude is 5m, either depression or elevation.

A: Weak resonant coupling

In case A, the middle layer thickness (h2) is thin, and the lower layer (h3) is thicker

than half of the middle layer (h2/2) in the whole slope-shelf region. Therefore, we

have an incident mode-1 depression solitary wave. Figure 5.2 shows the coefficients

of the coupled-KdV (5.9, 5.10) model, with panels (a, b) corresponding to the setup

hgentle and hsteep (panels (a, d) in figure 5.1), respectively. In this case, the ratio c2/c1
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is small (between 0.42− 0.48). All the parameters are in the same range except for

hT , that is enlarged by 4 times in the steep slope setup, which means that the forced

terms in (5.9, 5.10) proportional strengthened while the topographic slope increases,

that is the same as what we have found in [69].

Figure 5.2: Case A. Coefficients of the coupled-KdV (5.9, 5.10) model. Panels (a, b)
correspond to the gentle and steep slope respectively.

Figure 5.3 and 5.4 show the wave evolution under the gentle and steep slope

setups respectively, using the coupled-KdV system for both mode-1 and mode-2 and

the KdV model for mode-1 alone. When the incident mode-1 wave encounters the

slope, a mode-2 wave is generated propagating with a speed approximately c2 that is

much smaller than the mode-1 linear wave speed c1, and so in the mode-1 coordinate

system this generated mode-2 wave travels to the left. Panel (d) in figure 5.3 and

5.4 show the final state in this simulation where both the waves arrive at the shallow

water region. For the mode-1 wave, wave fission is starting to occur. There is no

significant distinction between the two different topographic gradients. The back
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action of the generated mode-2 wave on the incident mode-1 wave is too small to

be seen. The generated mode-2 waves are convex, with an amplitude 0.3m in the

gentle case and 1.2m in the steep case, directly proportional to the change in the

slope gradient.

Figure 5.3: Case A. Wave evolution under the KdV (4.1) and coupled-KdV (5.9,
5.10) model for gentle slope gradient with an initial depression mode-1 solitary wave.
Panels (a, c): mode-1 and mode-2 wave evolution under the coupled-KdV system;
panel (b): mode-1 wave evolution under KdV equation; panel (d): the final state

under simulation for these waves.

B: Moderate resonant coupling

In case B (see panels (b, e) in the figure 5.1), the middle layer thickness is larger,

and the upper and lower pycnoclines are much closer to the surface and bottom. The

lower layer (h3) before the slope is thicker than a half of the middle layer (h2/2), but

thinner after the slope, and so polarity change occurs for the incident mode-1 wave

that is initially a depression wave. Figure 5.5 show the parameters and coefficients

of the coupled-KdV system. The ratio c2/c1 increases as 0.58−0.72 when the middle

layer thickness increases. Then nonlinear coefficient ν1 of the mode-1 wave passes
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Figure 5.4: Case A. As in figure 5.3 except that the topographic slope is steeper.

through the critical value 0 at x = 0 on the slope, and ν2 is now negative in contrast

to case A. The relative mode-2 wave speed ∆ is smaller, so the distance between

the incident mode-1 wave and the generated mode-2 wave is less over the same time

interval. The coupling arameter γ increases around 10 times while hT remains almost

the same as in case A, and so coupling is considerably enhanced in this case B.

Figures 5.6 and 5.7 show the wave evolution for for the gentle and steep slope

setup (panels (b, e) in figure 5.1), respectively. The incident mode-1 changes polarity

on the slope region, and in the KdV model we see an emerging rarefaction wave in the

front followed by an undular bore (see panels (b, d) in figure 5.6 and 5.7). However,

in the coupled-KdV system, the mode-1 wave evolution is now significantly affected

by the generated mode-2 wave. It changes polarity much faster with an elevation

wave in the front and a depression wave at back. The generated mode-2 wave is

now concave shape, because of the opposite sigh of ν2 compared to case A. When

the topographic gradient increases, the amplitude of the generated mode-2 wave

increases, which leads to a greater influence on the mode-1 wave. We see that the
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elevated (depressed) part in figure 5.7 is much smaller (larger) than it in figure 5.6.

Here, the mode-2 wave propagates faster, so it takes longer to reach the same distance

from the mode-1 wave compared to case A.

Figure 5.5: Case B. Coefficients of coupled-KdV (5.9, 5.10) model. Panels (a, b)
correspond to the gentle and steep slope respectively.

C: Strong resonant coupling

In case C (panels (c, f) in figure 5.1), the middle layer thickness increase further,

so the upper and lower pycnoclines are very close to the surface and bottom, with the

lower layer thickness (h3) thinner than a half of the middle layer (h2/2) all through.

The incident mode-1 solitary wave is now an elevation wave. Figure 5.8 shows the

parameters and coefficients of the coupled-KdV equations (5.9, 5.10). The mode-

2 and mode-1 linear phase speeds are very close after the slope, the ratio is over

0.9 and so c2 ≈ c1. The nonlinear coefficients ν1 and ν2 stay positive and negative
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Figure 5.6: Case B. As in figure 5.3 except that the layer thicknesses are different.

Figure 5.7: Case B. As in figure 5.6 except that the topographic slope is steeper.

respectively, indicating an elevation mode-1 wave and a concave mode-2 wave. The

relative speed ∆ of the generated mode-2 wave is approximately 0 after the slope,

so the gap between mode-1 and mode-2 remains almost unchanged after crossing

the slope region. γ grows significantly by 100 times compared to case A, while hT
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does not change very much, and therefore the coupling term is much stronger and

resonant coupling occurs.

Figure 5.9 and 5.10 show the corresponding wave evolution under this gentle

(5.12) and steep (5.13) setup with now a very thick middle layer. The incident

elevation mode-1 wave fissions in the KdV model (see panels (b, d) in figure 5.9 and

5.10) and the number of the generated solitary waves in the steep slope case are fewer

than in the gentle slope case. For resonant coupling, amplitudes of the generated

mode-2 wave are much larger, comparable to the incident mode-1 wave or even

larger (see panels (c, d) in figure 5.9 and 5.10), while the mode-1 wave evolution is

suppressed by the generated mode-2 wave with a much smaller leading wave followed

by a downward wave tail (see panels (a, d)).

Figure 5.8: Case C. Coefficients of coupled-KdV (5.9, 5.10) model. Panels (a, b) are
corresponding to the gentle and steep slope in C setup, respectively.
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Figure 5.9: Case C. As in figure 5.3 except that the layer thicknesses are different.

Figure 5.10: Case C. As in figure 5.9 except that the topographic slope is steeper.

5.4 Summary and conclusions

In this chapter we have extended the study by [69] for the generation of mode-2

internal waves when a mode-1 internal solitary wave encounters variable topography
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to the case when there is resonant coupling of the two modes, defined as when

the speed ratio c2 ≈ c1. In this resonant regime the linearised theory of [69], in

which the mode-1 wave forces a mode-2 wave, is replaced by a pair of coupled KdV

equations (5.9.5.10) which allow for feedback from the generated mode-2 wave to the

incident mode-1 wave. Three cases (A,B,C) have been examined using a three-layer

fluid system with different layer thicknesses and each case also contains two cases

of different topographic slopes, gentle and steep respectively. Table 5.1 and figure

5.1 show the profiles of the three-layer setup; total depth before and after the slope

are fixed; the layer thickness (h1, h2, h3) are varied, so that the pycnoclines become

closer to the top and bottom, which leads to c2 ≈ c1 [70].

From case A to C, the ratio of c2/c1 increases, from about 0.42−0.48, 0.58−0.72,

to 0.44 − 0.92. Consequently the coupling parameter γ in the coupled KdV system

varies and increases around tenfold between each case. At the same time, the relative

mode-2 wave speed ∆ with respect to the mode-1 wave speed approximates to 0 as

the speed ratio (c2/c1) increases. In all cases we set the amplitude of the incident

mode-1 wave to be 5m. In cases A and B, initially it is a depression wave, while

in case B, polarity change happens when mode-1 wave encounters the topographic

slope, and in case C, initially it is an elevation wave. This can be seen from the

variation of the nonlinear coefficients in the coupled KdV equations. (i): In figure

5.2 (case A), for mode-1 wave, ν1 is negative throughout, and nonlinear coefficient of

mode-2 wave ν2 has the opposite sign. Hence we have a depression mode-1 wave with

a convex mode-2 wave. (ii): In case B (figure 5.5), ν2 is negative, but ν1 changes sign

from negative to positive, indicating that polarity conversion occurs for the mode-

1 wave, and the mode-2 wave is concave, although a convex mode-2 wave appears

momentarily when mode-1 wave first comes up against the slope. (iii): The last

case is quite different to case A, ν1 positive and ν2 negative, so the initial incident

mode-1 wave is an elevation wave and then generates a concave mode-2 wave after
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interaction with the continental slope.

The magnitudes of the amplitudes of the generated mode-2 waves increase (from

0.3m to 10m) when the ratio c2/c1 and/or the topographic slope increase, which

is consistent with [70]. The mode-2 wave amplitude is in direct proportion to the

slope gradient (hT ) with a fixed speed ratio (the layer thicknesses are fixed). As the

generated mode-2 wave amplitude becomes larger, its effect on the incident mode-1

wave is enhanced, either promoting or suppressing the evolution of mode-1 wave, see

cases B and C. This can be clearly seen when comparing the resonant coupling mode-

1 wave profile with the wave shape under KdV model where there is no coupling, see

panels (b, d) in figures 5.3, 5.4, 5.6, 5.7, 5.9 and 5.10. Also when c2 ≈ c1, the relative

speed ∆ ≈ 0, so the distance between the generated mode-2 wave and the incident

mode-1 wave are very close, enhancing the feedback.

When comparing these model calculations with realistic ocean conditions, we

appreciate that the circumstances when resonant conditions might be reached are

exceptional, and in most cases the non-resonant theory of [69] will apply and only

small-amplitude mode-2 waves will be found. Nevertheless, our present results indi-

cate that it is not necessary to be very close to resonance for there to be significant

mode-2 wave amplitudes and feedback onto the mode-1 wave, see our case B. Im-

portantly, although our results are all for a three-layer density-stratified fluid model,

the key parameter is the speed ratio c2/c1 which can be readily found for any density

stratification. Further, the mode-2 wave amplitudes are larger when the topographic

slope is steeper, indicating that it is a combination of near-resonance and topographic

slope that will lead to significant observable mode-2 waves generated by a mode-1

wave propagating over topography.



Chapter 6

Interaction of a mode-1 internal

wave with a step

6.1 Introduction

Mode-1 internal solitary waves are the most commonly observed and studied, but

our concern here is with the possible generation of mode-2 waves by the interaction

of a mode-1 wave with variable topography. Recently we [69] adapted the linear

long-wave theory of [27] which describes mode coupling by topography to determine

the mode-2 waves generated by an internal mode-1 solitary wave propagating over

smooth slowly varying topography. However, the topography may not always be

slowly varying, and so here we examine the alternative scenario when the topogra-

phy is rapidly varying, modelled here by a bottom step. There have been several

related studies on mode-1 and mode-2 solitary wave transformation by rapidly vary-

ing bottom topography. [100] described an experimental and theoretical study of

the interaction of a mode-1 internal solitary wave with a localised bottom topogra-

phy (sill). [13, 14] conducted laboratory experiments to investigate the evolution of

mode-1 incident internal solitary waves interaction with a steep slope varying from

30◦ to 130◦ in a stratified two-layer fluid system. [44] studied the interaction of a

140
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Figure 6.1: Sketch of the three-layer fluid system.

mode-1 internal wave with a bottom step in a two-layer flow in the framework of the

Korteweg-de Vries and the Gardner equation (an extended version of the Korteweg-de

Vries equation which includes both quadratic and cubic nonlinearity). [16] developed

Boussinesq-type equations for a two-layer flow with rapidly varying bottom topog-

raphy. [72, 73, 92] considered the transformation of an internal solitary wave at a

bottom step in the framework of a two-layer flow, based on numerical simulations

of the fully nonlinear equations combined with a theoretical and numerical study of

the Gardner equation. Surface waves passing over a bottom step has been examined

by [10] and [26], and then theoretical and numerical analysis on internal waves trans-

formation on a bottom step in a two-layer fluid without the use of the Boussinesq

approximation [15]. There are also studies on a mode-2 solitary wave transformation

over the rapidly varying bottom topography (see [94] and [17] for the interaction of

a mode-2 solitary wave with a step and a narrow ridge respectively).

In this chapter, we are concerned with the interaction of a mode-1 internal solitary

wave with a step and the generation of both transmitted and reflected mode-1 and

mode-2 waves. In general an incident internal solitary wave will evolve into reflected

and transmitted waves with many modes when it interacts with a step in the bottom

topography. In the vicinity of the step, where the mode coupling occurs, we use linear

long wave theory at a step with matching of the mass flux and pressure to determine
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the wave reflection and transmission coefficients, see sections 6.2 and 6.3. Here we

truncate this to two modes, mode-1 and mode-2 which is formally exact when the

fluid stratification is an ideal three-layer fluid system (see figure 6.1), since then

there are only mode-1 and mode-2 waves. This is implemented for various settings of

thickness of each layer in the three-layer system (see table 6.1), and in each case we

determine the wave amplitudes and the incident, reflected and transmitted energy

fluxes. Then in section 6.4, we determine the wave evolution away from the step for

both the reflected and transmitted mode-1 and mode-2 waves using the Korteweg-de

Vries equation (6.1), similar to the strategy used by [44] for a two-layer stratification.

Our results are summarised in the discussion section 6.5, where we note in particular

that a key parameter is the ratio of the mode-2 to mode-1 linear wave phase speed.

A near-resonance configuration appears as this ratio increases towards unity, and

this is the subject of an ongoing study.

6.2 Theoretical formulation

The solution structure is in two stages. Near the step, the time scales and space

scales are short, so linear long wave theory can be used. Then the evolution towards

and away from the step requires longer space and time scales, where nonlinearity

will arise, and so we use the usual Korteweg-de Vries (KdV) equation. In standard

notation, for propagation over a constant depth h, this is

At + cAx +
cQx

2Q
A+ µAAx + δAxxx = 0 . (6.1)

Here ζ = A(x, t)φ(z;h) is the leading order expression for the vertical particle dis-

placement. The modal function φ(z;h) is determined by, in the absence of a back-
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ground shear flow, by the problem

c2(ρ0φz)z + ρ0N
2φ = 0 on −h <z < 0 , (6.2a)

φ = 0, at z = −h(x) , (6.2b)

c2φz = gφ at z = 0 . (6.2c)

Here N2 = −gρ0z/ρ0, where ρ0(z) is the background density field. The modal equa-

tion (6.2a) solved subject (6.2b,c) determines the modal function φ(z;h) and the

linear long wave speed c(h), where the h-dependence is parametric. The coefficients

in (6.1) are given

µ = 3c2
ˆ 0

−h
ρ0φ

3
z z

/
I , δ = c2

ˆ 0

−h
ρ0φ

2 z

/
I , Q = c2I , (6.3)

where

I = 2c

ˆ 0

−h
ρ0φ

2
z z . (6.4)

In general, the modal problem (6.2) determines an infinite set of modes, with real-

valued phase speeds, that is c2 > 0. Usually only the lowest mode-1, φ1 with the

fastest linear phase speed c1 is considered. Then the KdV equation (6.1) describes

the evolution of the amplitude of this mode.

On the other hand, the linear long wave equations on a background density field

ρ0(z) are

ρ0ut + px = 0 , (6.5a)

pz + ρ0N
2ζ = 0 , (6.5b)

ux + ζzt = 0 , (6.5c)
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which hold in the body of the fluid −h < z < 0. The boundary conditions are

ζ = 0 on z = −h , (6.6a)

p = gρ0ζ on z = 0 . (6.6b)

Here ζ, u, p are the vertical particle displacement, the horizontal velocity and the

dynamic pressure respectively. The vertical velocity is w = ζt and the density per-

turbation is ρ = ρ0N
2ζ/g. It is useful to define a flux variable

q =

ˆ z

−h
u z , (6.7)

and then (6.5c) implies that

ζt + qx = 0 . (6.8)

We are concerned here with a step topography, that is the depth h is piecewise

constant, h(b), x < 0 and h(a), x > 0, and we assume that h(a) < h(b). The matching

conditions across a step are continuity of pressure and mass flux, found by integrating

(6.5a) and (6.8) across the step

[ p ]x↓0x↑0 = 0 , [ q ]x↓0x↑0 = 0 . (6.9)

Both conditions hold in the domain −h(a) < z < 0 and the flux condition is supple-

mented by the requirement that q(x→ 0−) = 0,−h(b) < z < −h(a). Conservation of

energy in this linear long wave limit is expressed by

Et + Jx = 0 , (6.10)
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in which

E =
1

2

[ˆ 0

−h
(ρ0u

2 + ρ0N
2ζ2) dz + gρ0ζ

2|z=0

]
, J =

ˆ 0

−h
pu dz . (6.11)

Integrating across the step this yields

[ J ]x↓0x↑0 = 0 , (6.12)

expressing conservation of energy at the step.

6.3 Mode generation at a step topogra-

phy

The theory of [27] uses this linear long wave theory to decompose the wave field

into a sum of vertical modes, noting that the full set of modal functions defined

by (6.2) are complete. For our present purpose, we use a reduction of that theory

restricted to just Ñ modes, so that the wave field is given by

ζ =
n=Ñ∑
n=0

An(x, t)φn(z;h) , u =
n=Ñ∑
n=0

An(x, t)cn(h)φnz(z;h) , (6.13)

q =
n=Ñ∑
n=0

An(x, t)cn(h)φn(z;h) , p = ρ0

n=Ñ∑
n=0

An(x, t)c2n(h)φnz(z;h) . (6.14)

Formally for completeness Ñ→∞, but in the sequel we will truncate at either Ñ= 1

or Ñ= 2. Note that the modal functions and the phase speed are now indexed by the

mode number, and have a parametric dependence on the depth h. Here mode-0 is the

surface wave mode, which in the Boussinesq approximation, is given by φ0 = (z+h)/h

and 1/c0 = 0. Although our main interest is in the generation of mode-2 internal

waves by a mode-1 internal wave, this surface mode needs to be included in layered
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fluid models. The modal functions satisfy the orthogonality conditions

ˆ 0

−h
ρ0φmzφnz z =


0, when m 6= n ,

In, when m = n .

(6.15)

From [27] when the depth is a constant, each mode satisfies a linear wave equation

Antt − c2nAnxx = 0 , n = 1, 2 . (6.16)

Then for x 6= 0 the wave equations (6.16) have the solution

An =


f(t− T bn)δkn +Rnf(t+ T bn) for x < 0 ,

Snf(t− T an ) for x > 0 ,

(6.17a)

in which

T (a),(b)
n = x/c(a),(b)n . (6.17b)

These describes an incident mode-k wave (0 ≤ k ≤Ñ , and reflected wave with a

reflection coefficient Rn and a transmitted wave with transmission coefficient Sn for

a set of mode-n waves. The total vertical displacements, velocity and pressure fields

for x 6= 0 are given by (6.3). Our main concern is when k = 1, an incident mode-1

wave.

Next we apply the matching conditions (6.9) across the step. Using the modal

expressions (6.3) we get that

n=Ñ∑
n=0

(δkn +Rn)c(b)n
2
φ(b)
nz =

n=Ñ∑
n=0

Snc
(a)
n

2
φ(a)
nz , −h(a) <z < 0 , (6.18a)

n=Ñ∑
n=0

(δkn −Rn)c(b)n φ
(b)
n = (z + h(a))

n=Ñ∑
n=0

Snc
(a)
n φ(a)

n , −h(b) <z < 0 . (6.18b)

Here (•) is the Heaviside function, and we are assuming that h(a) < h(b). Also,
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here c
(a),(b)
n > 0 and so in the flux condition the sign of the reflected wave has been

reversed. The pressure condition (6.18a) holds over the total depth just after the

step, and the flux condition (6.18b) holds over the total depth just before the step.

Clearly these conditions cannot be satisfied for all values of z, so instead they are

applied in an averaged sense. That is in (6.18a) both sides are multiplied by ρ0φ
(a)
mz

and integrated over −h(a) < z < 0, for each m = 0, · · · , Ñ . In (6.18b), we multiply

both sides by ρ0N
2φ

(b)
m = −c(b)m

2
(ρ0φ

(b)
mz)z and then integrate over −h(b) < z < 0,

again for each m = 0, · · · , Ñ . Using the orthogonality conditions (6.15), (6.18a,b)

yield respectively,

n=Ñ∑
n=0

(δkn +Rn)c(b)n
2
I(b)mn = Smc

(a)
m

2
I(a)m , m = 0, · · · , Ñ , (6.19a)

(δkm −Rm)c(b)m I
(b)
m =

n=Ñ∑
n=0

Snc
(a)
n I(a)mn , m = 0, · · · , Ñ . (6.19b)

Here the integrals are given by

[
I
(a)
m

I
(a)
n

]
=

ˆ 0

−h(a)
ρ0

[
φ
(a)
mz

2

φ
(a)
nz

2

]
z , I(a)mn =

ˆ 0

−h(a)
ρ0φ

(b)
mzφ

(a)
nz z , (6.20)

[
I
(b)
m

I
(b)
n

]
=

ˆ 0

−h(b)
ρ0

[
φ
(b)
mz

2

φ
(b)
nz

2

]
z , I(b)mn =

ˆ 0

−h(b)
ρ0φ

(a)
mzφ

(b)
nz z . (6.21)

It is useful to note the following equality

I(a)mn = I(b)nm .

The 2Ñ +2 equations (6.19a,b) determine the 2Ñ +2 unknowns Rn, Sn. From (6.12)

the energy fluxes are the transmitted flux J (a) as x ↓ 0, the incident flux J (in) and
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the reflected flux J (b) as x ↑ 0, each modulo a factor f(t)2,

J (a) =
n=Ñ∑
n=0

c(a)n
3
I(a)n S2

n , J (in) = c
(b)
k

3
I
(b)
k , J (b) = −

n=Ñ∑
n=0

c(b)n
3
I(b)n R2

n .

(6.22)

Note that each term in these sums has the form cnEn where En = c2nInA
2
n is the

modal energy. A direct calculation from the system (6.19) shows that

J (in) + J (b) = J (a) , (6.23)

as expected from (6.12).

If h(a) = h(b) then Imn = δmnIn and the solution is just Sn = δkn, Rn = 0 as

required. Before proceeding further, it is useful to note the reduction of the system

(6.19) to just a single mode, the mode-k wave. This is achieved by omitting all terms

in the sums in (6.3) and, (6.19a,b) except for n = k. The reduced system is easily

solved to yield

Rk =
αk − βk
αk + βk

, Sk =
2

αk + βk
, R2

k + σkS
2
k = 1 , (6.24)

αk =
c
(a)
k

2
I
(a)
k

c
(b)
k

2
I
(b)
kk

, βk =
c
(a)
k I

(a)
kk

c
(b)
k I

(b)
k

, σk = αkβk =
c
(a)
k

3
I
(a)
k

c
(b)
k

3
I
(b)
k

. (6.25)

Since σk > 0, it follows that R2
k < 1 and σkS

2
k < 1. Further, we have

J (a)/J (in) = σkS
2
k , J (b)/J (in) = −R2

k , (6.26)

and so

J (in) − J (a) = J (b) , (6.27)

as (6.23) requires. In particular, this limit can be used for a free surface wave, that

is a mode-0 wave, with k = 0, when the modal function φ0(z) ≈ (z+h)/h and speed
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c0 = (gh)1/2. Then (6.3) becomes

α0 = 1 , β0 = σ0 = c
(a)
0

/
c
(b)
0 , R0 =

1− β0
1 + β0

, S0 =
2

1 + β0
, (6.28)

which agree with the well-known expressions for this case. However, this one mode

truncation is not suitable for internal waves, even for a two-layer fluid as we shall

now demonstrate.

For internal waves it is useful to invoke the commonly used Boussinesq approxi-

mation in which the density ρ0 is constant except in the buoyancy term, that is N2

retains a z-dependence. At the same time we also invoke the rigid lid approximation,

so that (6.6b) is replaced by ζ = 0 at z = 0 and in (6.2) the upper boundary condition

becomes φz=0 = 0. This filters out the surface wave mode, as in this limit, the modal

function φ0 ≈ (z+h)/h and the speed c0 ≈ (gh)1/2 →∞. Nevertheless, a degenerate

surface wave mode remains in the pressure field. We call it a degenerate surface wave

mode, because after rigid-lid approximation, ζ0 = 0 and u0 = 0 in the wave field, but

p0 = P (t). Thus in the decomposition (6.3) the sum is over n = 1, · · · Ñ , but in the

pressure expression a term P (t) replaces the n = 0 term. The matching conditions

(6.18a,b) hold as before, but now for the sum n = 1, · · · , Ñ and in (6.17a) a constant

term P
(a),(b)
0 is retained on the right and left hand sides respectively. The conditions

(6.19a,b) hold as before, now truncated to the sum n = 1, · · · , Ñ ,

n=Ñ∑
n=1

(δkn +Rn)c(b)n
2
I(b)mn = Smc

(a)
m

2
I(a)m , m = 1, · · · , Ñ , (6.29a)

(δkm −Rm)c(b)m I
(b)
m =

n=Ñ∑
n=1

Snc
(a)
n I(a)mn , m = 1, · · · , Ñ . (6.29b)

From (6.18a) integration of both sides over −h(a) < z < 0 yields

n=Ñ∑
n=1

(δkn +Rn)c(b)n
2
φ(b)
n

∣∣∣
z=−h(a)

= h(a)
(
P

(b)
0 − P

(a)
0

)
. (6.30)
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The restriction to a single mode-k wave again yields (6.3) for some k = 1, · · · , Ñ .

For instance for a two layer fluid with upper layer depth h1 and lower layer depth h2,

h = h1 + h2, a mode-1 wave has the modal function φ(z) = −z/h1 in the top layer

and φ(z) = (z + h)/h2 in the bottom layer. The speed is given by c2 = g′h1h2/h.

Then we find that, with k = 1,

α1 = 1 , β1 = σ1 = c
(a)
1

/
c
(b)
1 , R1 =

1− β1
1 + β1

, S1 =
2

1 + β1
. (6.31)

These agree with the analogous expressions in [44], and are identical with the corre-

sponding expressions (6.3a–d) for a surface wave. From (6.29a) we obtain

S1c
(b)
1

2 (h
(b)
2 − h

(a)
2 )

h
(a)
2 h

(b)
2

= P
(b)
0 − P

(a)
0 . (6.32)

This expression agrees with (2.34) in Chapter 2, found by a direct calculation for a

two-layer fluid.

The system (6.29) is solved for a three-layer fluid in the Boussinesq approximation

and a rigid upper boundary. The upper-layer depth is h1, the middle-layer depth is h2

and the lower layer depth is h3, h = h1 +h2 +h3. The same three-layer set-up exists

in both x < 0 and x > 0 so that h1 + h2 < h(a) < h(b).The modal structure is set out

similarly as in chapter 4, and then the expressions (6.3) are readily evaluated. There

are just two modes and a degenerate surface mode, which we do need to consider

here. For the internal wave modes we find that, with ρ0 = 1, for Ñ = 2, m = 1, 2;

n = 1, 2,

I(a)mn =
C

(b)
1mC

(a)
1n

h1
+
D

(b)
m D

(a)
n

h2
+
C

(b)
2mC

(a)
2n

h
(b)
3

, D(a,b)
m,n =C

(a,b)
1m,1n − C

(a,b)
2m,2n , (6.33a)

I(b)mn =
C

(a)
1mC

(b)
1n

h1
+
D

(a)
m D

(b)
n

h2
+
C

(a)
2mC

(b)
2n

h
(b)
3

, D(a,b)
m,n =C

(a,b)
1m,1n − C

(a,b)
2m,2n , (6.33b)
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I(a,b)m,n =
C

(a,b)
1m,1n

2

h1
+
C

(a,b)
2m,2n

2

h
(a,b)
3

+
D

(a,b)
m,n

2

h2
. (6.33c)

The reflection and transmission coefficients for the internal wave modes in (6.17)

are evaluated for a similar set up as in chapter 4. Figure 6.1 shows a diagram of this

three-layer fluid system. We tested three cases with different layer thicknesses in the

setup. In the first case, we set the total depth h(b) = 500 m (x < 0), the step height

to 150 m and so h(a) = 350 m (x > 0). With the upper layer depth h1 = 120 m, we

first allow the middle layer depth h2 to vary from 40 m to 80 m, see case 1 in table

6.1. The outcome is shown in table 6.2. With these values h
(a),(b)
3 > h1 in all cases,

H(a),(b) < 0 (2.39), and so C
(a),(b)
21 = 1, 0 < C

(a),(b)
11 < 1 for mode-1, C

(a),(b)
12 = 1,

−1 < C
(a),(b)
22 < 0 for mode-2. The transmitted waves are the dominant part, and

the reflected waves are quite small. In particular the reflected energy flux J (b) is

less than 1% of the incident energy flux. The mode-2 transmitted wave amplitude

is quite small as expected, up to about 10% of the incident mode-1 wave amplitude,

and increases as the middle layer depth h2 increases. The mode-2 transmitted wave

has the opposite polarity to the incident mode-1 wave. Thus, if as is usual, the

incident mode-1 wave is a depression wave, the reflected and transmitted mode-2

waves are waves of elevation, and hence are convex waves in the present set-up. The

corresponding amplitudes determined from the mode-1 approximation (6.3) when

the mode-2 wave is ignored are R1 = 0.0468, 0.0539, 0.0627, S1 = 1 +R1 as h2 varies

from 40 m to 80 m respectively. The agreement is quite good, and increases as h2

decreases, as expected. But note that here S1 decreases as h2 decreases, whereas in

the full result in table 6.2 we see that S1 increases slightly as h2 decreases. This can

be attributed to the increases in the mode-2 amplitudes as h2 increases.

For the second case we fix the middle layer depth to be h2 = 80 m and then vary

the upper layer depth in the range h1 = 160 m to 200 m, see case 2 in table 6.1. The

outcome is shown in table 6.3. With these values h
(b)
3 > h1 but h

(a)
3 < h1 in all cases,
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Table 6.1: Setup of the three-layer fluid system for all three cases. (Total depth

h(m), each layer’s thickness h1, h2, h
(b)
3 and h

(a)
3 (m) and step thickness (m).)

Case h h1 h2 h
(b)
3 h

(a)
3 step

500 120 40 340 190 150
1 500 120 60 320 170 150

500 120 80 300 150 150

500 160 80 260 110 150
2 500 180 80 240 90 150

500 200 80 220 70 150

500 220 80 200 50 150
3 500 240 80 180 30 150

500 260 80 160 10 150

Table 6.2: Case 1: reflection and transmission coefficients for (6.17) for an incident
mode-1 wave, and the energy fluxes (6.3) in units of m s−3.

Case 1 S1 R1 S2 R2 J (in) J (a) J (b)

h2 = 40 m 1.0290 0.0519 −0.0462 −0.0229 0.0244 0.0243 −0.0001
h2 = 60 m 1.0221 0.0620 −0.0706 −0.0299 0.0233 0.0232 −0.0001
h2 = 80 m 1.0100 0.0743 −0.1017 −0.0375 0.0224 0.0222 −0.0002

Table 6.3: Case 2: reflection and transmission coefficients for (6.17) for an incident
mode-1 wave, and the energy fluxes (6.3) in units of m s−3.

Case 2 S1 R1 S2 R2 J (in) J (a) J (b)

h1 = 160 m 1.1049 0.1087 0.1770 −0.0603 0.0258 0.0255 −0.0003
h1 = 180 m 1.1936 0.1328 0.2483 −0.0772 0.0272 0.0267 −0.0005
h1 = 200 m 1.2952 0.1646 0.3629 −0.1007 0.0284 0.0276 −0.0008

Table 6.4: Case 3: reflection and transmission coefficients for (6.17) for an incident
mode-1 wave, and the energy fluxes (6.3) in units of m s−3.

Case 3 S1 R1 S2 R2 J (in) J (a) J (b)

h1 = 220 m 1.3831 0.2089 0.5521 0.1360 0.0284 0.0269 −0.0015
h1 = 240 m 1.4170 0.2770 0.8800 0.1961 0.0272 0.0247 −0.0025
h1 = 260 m 1.2924 0.4105 1.4503 0.3341 0.0258 0.0203 −0.0055
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and so H(b) < 0 but H(a) > 0 (2.39). Thus C
(b)
21 = 1, 0 < C

(b)
11 < 1 as in the first

case, but C
(a)
11 = 1, 0 < C

(a)
21 < 1 for mode-1. Similarly C

(b)
12 = 1, −1 < C

(b)
22 < 0 as in

the first case, but C
(a)
22 = 1, −1 < C

(a)
12 < 0 for mode-2. As in the previous case, the

transmitted waves are still the dominant part, while the reflected waves are small.

The absolute values of all the coefficients increase for fixed h2 as h1 increases. The

reflected mode-2 wave coefficient R2 is still negative, but the transmitted mode-2

wave coefficient S2 is now positive, which means both the reflected and transmitted

mode-2 waves are convex, if the incident mode-1 wave is a depression wave.

In the third case we again fix the middle layer depth to be h2 = 80 m but increase

the the upper layer depth to vary in the range h1 = 220 m to 260 m, see case 3 in

table 6.1. The outcome is shown in table 6.4. With these values h
(a),(b)
3 < h1 in all

cases, H(a),(b) > 0 (2.39) and so C
(a),(b)
11 = 1, 0 < C

(a),(b)
21 < 1 for mode-1, C

(a),(b)
22 = 1,

−1 < C
(a),(b)
12 < 0 for mode-2. The transmitted waves are still the dominant part,

but all the coefficients for both transmitted and reflected waves have increased. Note

that the transmitted mode-1 wave coefficient S1 shows a slight decrease when h1

increases to 260 m. All the coefficients here are positive, so if the mode-1 incident

wave is elevation (depression), both the reflected and transmitted mode-2 waves are

concave (convex).

In all these cases, when the total depth and the top layer thickness h1 is fixed, the

absolute values of R1, R2 and S2 increase as the middle layer thickness h2 increases,

while S1 decreases. When h2 is fixed, all amplitudes increase as h1 increases, until

the final value (h1 = 260 m), where S1 shows a slight decrease. The other coefficients

increase, and almost doubled when h1 = 240 m. The mode-2 transmitted wave

amplitude is quite small initially, but increases when either layer (h1 or h2) thickness

becomes larger, and can become greater than the mode-1 incident wave amplitude.

In the first and second cases, the incident energy flux J (in) is mainly transmitted (over

95%) with only a small part reflected, while the energy flux for each part increases
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when either h2 or h1 increases. But in the third case, the trend is opposite, the total

incident energy flux J (in) and transmitted energy flux J (a) decrease as h1 increases,

and the reflected energy flux J (b) increases. Over 20% total energy is reflected when

h1 = 260 m. This could be attributed to a blocking effect of the step on the lower

layer.

6.4 Evolution away from the step

Once the reflected and transmitted amplitudes R1,2, S1,2 are determined, we can

use the KdV equation (6.1) to describe the subsequent evolution, similarly to the

strategy employed by [44]. In both x > 0 and x < 0 the coefficients are constants

and in particular Qx = 0. Then in x > 0, for each mode n = 1, 2 we set

ξ = T an − t , τ = T (a)
n , (6.34)

and then the KdV equation (6.1) transforms to the asymptotically equivalent spatial

form

Aτ + νAAξ + λAξξξ = 0 , (6.35)

in which

ν = µ(a)
n

/
c(a)n , λ = δ(a)n

/
c(a)n

3
. (6.36)

The initial condition as τ ↓ 0 is found from the linear long wave solution of section

2,

A(τ ↓ 0, ξ) = Snf(−ξ) , n = 1, 2 . (6.37)

Similarly, in x < 0, we set for each mode n = 1, 2,

ξ = −T bn − t , τ = −T (b)
n , (6.38)
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and then the KdV equation (6.1) transforms to the asymptotically equivalent spatial

form

Aτ + νAAξ + λAξξξ = 0 , (6.39)

in which

ν = µ(b)
n

/
c(b)n , λ = δ(b)n

/
c(b)n

3
. (6.40)

The initial condition is now

A(τ ↓ 0, ξ) = Rnf(−ξ) , n = 1, 2 . (6.41)

Note that although (6.4a) and (6.4a) appear to be identical, this is not the case as

the variables τ, ξ and the coefficients ν, λ are indexed with (a), (b), n (see (6.4b,c)

and (6.4b,c)) which have been omitted for simplicity. The incident wave satisfies the

same KdV equation (6.4) with n = 1, but with ξ = T bn − t , τ = T
(b)
n . We assume

that this incident wave is a solitary wave, so that

f(−ξ) = a sech2(Kξ) , ν
(b)
1 a = 12λ

(b)
1 K2 . (6.42)

The simulations using (6.4) and (6.4) were carried out for the same parameter

settings used to determine the reflection and transmission coefficients shown in ta-

bles 6.2, 6.3 and 6.4. The corresponding KdV coefficients are shown in tables 6.5, 6.6

and 6.7, respectively. The incident wave amplitude is a = −10 or 10 m. The respec-

tive outcomes are shown in figures 6.2, 6.3, 6.4 and 6.5 respectively. Here λ > 0 in

all cases, and so we expect fission when aR1,2ν1,2 > 0, aS1,2ν1,2 > 0, or evolution into

a rarefaction wave with a following undular bore when aR1,2ν1,2 < 0, aS1,2ν1,2 < 0.

This is indeed what occurs. In the case of fission, although formulas are available to

determine the number and amplitudes of the emitted solitary waves (see [55, 85, 93]

and the review by [36] for instance) their use here is rather too complicated in view
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Table 6.5: KdV coefficients for case 1 for the transmitted (x > 0) and reflected
(x < 0) waves.

Case 1 c1 ν1 λ1 c2 ν2 λ2

h2 = 40m, x > 0 1.2171 −0.0036 3619 0.4194 0.0627 2882
x < 0 1.3493 −0.0064 5028 0.4234 0.0625 3972

h2 = 60m, x > 0 1.1899 −0.0024 3646 0.4970 0.0377 2888
x < 0 1.3451 −0.0054 5418 0.5047 0.0375 3915

h2 = 80m, x > 0 1.1568 −0.0013 4265 0.5545 0.0253 2902
x < 0 1.3380 −0.0045 5781 0.5672 0.0250 3885

Figure 6.2: Case 1: Wave evolution for an incident mode-1 wave interaction with a
step in an ideal three-layer fluid system, with a middle layer thickness h2 = 40 m.
The panels labelled S1, R1, S2, R2 are for the transmitted mode-1 wave, the re-
flected mode-1 wave and the transmitted mode-2 wave, the reflected mode-2 wave

respectively.

of the large number of system parameters.

In the first case, h1 < h3 throughout, we set the initial mode-1 incident wave to

be a depression wave, with amplitude a = −10 m, so aR1,2ν
(b)
1,2 > 0 and aS1,2ν

(a)
1,2 > 0

(see table 6.2 and 6.5). There are no polarity changes, and so fission occurs for

both the reflected waves and the transmitted waves, see figure 6.2. In the second

case, h1 < h3(x < 0) but h1 > h3(x > 0), while the initial wave amplitude is again

a = −10 m, a depression wave. From table 6.3 and 6.6, aR1,2ν
(b)
1,2 > 0 and aS2ν

(a)
2 > 0,

again indicating wave fission for the reflected mode-1 and mode-2 waves, and for the
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Table 6.6: KdV coefficients for case 2 for the transmitted (x > 0) and reflected
(x < 0) waves.

Case 2 c1 ν1 λ1 c2 ν2 λ2

h1 = 160m, x > 0 1.1478 0.0022 4293 0.5526 −0.0242 2874
x < 0 1.4156 −0.0024 5577 0.5763 0.0283 4090

h1 = 180m, x > 0 1.1161 0.0039 4397 0.5452 −0.0210 2770
x < 0 1.4371 −0.0014 5527 0.5785 0.0293 4140

h1 = 200m, x > 0 1.0655 0.0055 4586 0.5309 −0.0156 2581
x < 0 1.4478 −0.0005 5503 0.5795 0.0301 4164

Figure 6.3: Case 2: Wave evolution for an incident mode-1 wave interaction with
a step in an ideal three-layer fluid system, with a top layer thickness h1 = 180 m.
The panels labelled S1, R1, S2, R2 are for the transmitted mode-1 wave, the re-
flected mode-1 wave and the transmitted mode-2 wave, the reflected mode-2 wave

respectively.

Table 6.7: KdV coefficients for case 3 for the transmitted (x > 0) and reflected
(x < 0) waves.

Case 3 c1 ν1 λ1 c2 ν2 λ2

h1 = 220m, x > 0 0.9962 0.0071 4895 0.5034 −0.0054 2271
x < 0 1.4478 0.0005 5503 0.5795 −0.0301 4164

h1 = 240m, x > 0 0.9113 0.0085 5346 0.4452 0.0186 1821
x < 0 1.4371 0.0014 5527 0.5785 −0.0293 4140

h1 = 260m, x > 0 0.8235 0.0110 5767 0.2960 0.1265 1399
x < 0 1.4156 0.0024 5577 0.5763 −0.0283 4090
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Figure 6.4: Case 3: Wave evolution for an incident mode-1 wave interaction with
a step in an ideal three-layer fluid system, with a top layer thickness h1 = 220 m.
The panels labelled S1, R1, S2, R2 are for the transmitted mode-1 wave, the re-
flected mode-1 wave and the transmitted mode-2 wave, the reflected mode-2 wave

respectively.

Figure 6.5: Case 3: Wave evolution for an incident mode-1 wave interaction with
a step in an ideal three-layer fluid system, with a top layer thickness h1 = 240 m.
The panels labelled S1, R1, S2, R2 are for the transmitted mode-1 wave, the re-
flected mode-1 wave and the transmitted mode-2 wave, the reflected mode-2 wave

respectively.
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transmitted mode-2 wave. But aS1ν
(a)
1 < 0, so the transmitted mode-1 wave evolves

into a rarefaction wave followed by an undular bore, as shown in figure 6.3. The

third case is much more complicated. The initial incident mode-1 wave is now an

elevation wave with amplitude a = 10 m, because h1 > h3 in the whole region. From

tables 6.4 and 6.7, when h1 = 220 m, aR1ν
(b)
1 > 0, aS1ν

(a)
1 > 0, but aR2ν

(b)
2 < 0,

aS2ν
(a)
2 < 0, so wave fission only occurs for mode-1 waves, while the mode-2 waves

transform from an initial elevation wave (concave wave with respect to the mode-

2 wave shape) to a rarefaction wave with a following undular bore, see figure 6.4.

However, as h1 increases further (h1 = 240, 260 m), aR1ν
(b)
1 > 0, aS1,2ν

(a)
1,2 > 0, and

only aR2ν
(b)
2 < 0. As shown in figure 6.5, the reflected mode-2 wave develops into a

rarefaction wave, but the other waves form more solitary waves due to wave fission.

6.5 Discussion

In this chapter, we have examined the impact of a weakly nonlinear mode-1

internal solitary wave incident on a step in the framework of a three-layer fluid

model, with layer depths h1, h2, h
(a),(b)
3 , where we recall that the indices (a), (b) refer

to the regimes after and before the step. The linear long wave theory of section 2

and 3 with mode coupling in the vicinity of the step is used to estimate the mode-1

and mode-2 wave reflection (R1,2) and transmission (S1,2) coefficients, and hence the

incident energy flux J (in), reflected energy flux J (b) and transmitted energy flux J (a).

In this linear theory, the matching conditions at the step are valid for an arbitrary

step height but for sufficiently small waves. In practice, larger step heights will

generate larger waves with significant vertical velocities, and the flow may separate

at the step and generate vortical structures [72,73]. There are no evanescent modes

in this linear long wave theory. A full analysis even at the linear level, would require

evanescent modes in order to satisfy the boundary conditions at the step. But these
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would decay exponentially away from the step, and do not carry any mass or energy.

Hence in this long wave analysis they do not contribute to the matching conditions

that we have used. Away from the step, the wave evolution is simulated by the KdV

equation (6.1) and the results are described in section 4. In section 6 we describe

briefly the analogous results for an incident mode-2 wave.

Three different regimes of mode-1 incident internal solitary wave interaction with

a step were identified and the results are summarised as follows:

Case 1: the upper layer depth h1 = 120 m is fixed, and h1 < h
(a,b)
3 throughout, while

the middle layer thickness is very thin but increases for each trial.

The transmitted waves are the dominant part and the reflected waves are very small.

The transmitted mode-2 wave amplitude is also quite small as expected compared

to the transmitted mode-1 wave, up to about 10%. The reflected energy flux (J (b))

is less than 1% of the incident energy flux (J (in)). As h2 increases, the mode-2 wave

amplitude coefficients (S2, R2) and the reflected mode-1 wave amplitude coefficients

(R1) increase, while the transmitted mode-1 wave coefficients (S1) decrease. The

energy flux trend is consistent with the wave amplitude trends, where the incident

and transmitted wave energy flux decreases, and the reflected wave energy flux in-

creases. Using the nonlinear coefficients in the KdV equation for both mode-1 waves

(ν
(a),(b)
1 ) and mode-2 waves (ν

(a),(b)
2 ), if the incident mode-1 wave is depression (the

initial wave amplitude a = −10 m), then aR1,2ν
(b)
1,2 > 0 and aS1,2ν

(a)
1,2 > 0, so wave

fission occurs for both the reflected and transmitted waves.

Case 2: the middle layer depth h2 = 80 m is constant, and h1 increases so that

h1 < h
(b)
3 but h1 > h

(a)
3 .

As in case 1, the dominant part is the transmitted waves, but although the trans-

mitted mode-2 wave is still small, it can be up to 30% of the transmitted mode-1

wave. All the wave amplitudes in this case are correspondingly larger than those in

the first case, and the energy flux for each part is stronger than in the first case, but
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still only a small part (less than 5%) is reflected. As h1 increases, both the reflected

and transmitted wave amplitudes increase, and the energy flux changes in the same

way. In the region of the incident mode-1 wave, h1 < h
(b)
3 , so we assume again that

the initial wave amplitude is a depression, a = −10 m, and then aR1,2ν
(b)
1,2 > 0 and

aS2ν
(a)
2 > 0, but aS1ν

(a)
1 < 0. Hence, the reflected waves ( both mode-1 and mode-2)

and the transmitted mode-2 waves fission to secondary solitons, but the transmitted

mode-1 wave evolves into a rarefaction wave followed by an undular bore.

Case 3: h2 = 80 m as in case 2, and h1 > h
(a,b)
3 throughout.

As before, the transmitted waves are the main part, but now significantly the trans-

mitted mode-2 wave is not small but instead comparable or even exceeding the

transmitted mode-1 wave amplitude. As in case 1, R1,2 and S2 increase as h1 in-

creases, while S1 increases slightly but then decreases. The energy flux here is similar

to that in the first two cases, but now the reflected energy flux can be over 20%,

which is consistent with the increased reflected wave amplitudes. The wave evolution

dynamics is much more complicated in this case. As h1 > h
(a),(b)
3 , we set the incident

mode-1 wave to be an elevation with the initial wave amplitude a = 10 m. When

h1 = 220 m, aR1ν
(b)
1 > 0, aS1,2ν

(a)
1,2 > 0, but aR2ν

(b)
2 < 0, aS2ν

(a)
2 < 0, so there is only

elevation waves with fission for mode-1, but for mode-2 the waves are concave, and

evolve into a rarefaction with a following undular bore.

From this study, we see that usually the transmitted waves (mainly mode-1) are

the dominant part, and so most of the incident energy is transmitted and only a

small part is reflected. When the lower layer is thin enough, the reflected energy

can increase a lot which we infer may be due to a blocking effect of the step on

the lower layer. The amplitudes of the generated mode-2 waves and the reflected

mode-1 waves increase, when either the upper or middle layer thickness increases.

The wave dynamics of the mode-1 waves depends on the upper and lower layer

thicknesses, when the middle layer is thin. The wave dynamics of mode-2 waves is



Chapter 6. Interaction of a mode-1 internal wave with a step 162

more complicated, and involves in the distribution of each layer thickness. We have

chosen here to use a three-layer fluid model to assess this interplay between mode-1

and mode-2 waves, but to extrapolate these results to more general stratifications

(noting that our formulation can accommodate any specified stratification), it is

useful to summarise the overall pattern using just the ratio of the mode-1 and mode-

2 wave speeds,

Rspeed =
c2
c1

=

√
K + 1− (H2 + 1)1/2√
K + 1 + (H2 + 1)1/2

, (6.43)

in which

H =
h2
2

(
1

h3
− 1

h1

)
, K =

h2
2

(
1

h3
+

1

h1

)
, (6.44)

and where we have used (2.38) in appendix B to evaluate this for a three-layer fluid.

Figure 6.6: A: The ratio Rspeed (6.5a) of mode-2 and mode-1 wave speeds for a three-
layer fluid model as a function of h2/h1 and h2/h3. B: The enlarged view of the
selected rectangle region in A. Rectangles 1, 2 and 3 in B correspond to case 1, case

2 and case 3.

Figure 6.6 shows this ratio as a function of the two parameters h2/h1, h2/h3 for the

three-layer fluid model. Note that 0 < Rspeed < 1 always and we expect significant

generation of mode-2 waves when Rspeed → 1; that is when there is a near-resonance

between a mode-1 wave and a mode-2 wave. As expected this possible resonance
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occurs as h2/h1 and h2/h3 increase with h1 ≈ h3. The enlarged view in figure 6.6

indicates Rspeed for the three cases we have examined, which are in the range from

0.3 and 0.5, typical of observed mode-2 and mode-1 wave speeds. In general, from

the specific results presented our three cases in section 3, where h2/h1 and/or h2/h3

are varied, we see that there is an increase in mode-2 amplitudes as Rspeed increases.

6.6 Mode generation by a mode-2 inci-

dent wave

Although the case of a mode-2 wave incident on a step has less interest due to the

rarity of observed mode-2 waves compared to mode-1 waves, the theory presented in

section 3 can be used to describe this case. All that is required is to set k = 2, Ñ = 2

in (6.29), and the outcome for a three-layer fluid is shown in tables 6.8, 6.9, 6.10 for

the same parameter settings used for the case of a mode-1 incident wave. Overall the

results are similar to those for the case of a mode-1 incident wave with the roles of

mode-1 and mode-2 interchanged. That is, in the first two cases, the dominant feature

is the transmitted mode-2 wave, while in the third case there is significant energy

transfer to mode-1. With the reflection and transmission coefficients determined,

we could now describe the evolution away from the step as in section 4, but the

details are omitted here. As in section 4 the qualitative outcomes can be predicted

using the knowledge of the reflected and transmitted wave amplitudes and the KdV

coefficients.
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Table 6.8: Case 1: Reflection and transmission coefficients for (6.17) for an incident
mode-2 wave, and the energy fluxes (6.3) in units of m s−3.

Case 1 S1 R1 S2 R2 J (in) J (a) J (b)(∗10−5)

h2 = 40 m 0.0156 −0.0072 0.9832 0.0044 0.0076 0.0076 −0.1408
h2 = 60 m 0.0288 −0.0112 0.9705 0.0068 0.0087 0.0087 −0.3340
h2 = 80 m 0.0473 −0.0159 0.9523 0.0096 0.0095 0.0095 −0.6545

Table 6.9: Case 2: Reflection and transmission coefficients for (6.17) for an incident
mode-2 wave, and the energy fluxes (6.3) in units of m s−3.

Case 2 S1 R1 S2 R2 J (in) J (a) J (b)(∗10−4)

h1 = 160 m 0.0823 −0.0246 −1.0215 0.0166 0.0105 0.0105 −0.1846
h1 = 180 m 0.1169 −0.0311 −1.0917 0.0220 0.0110 0.0109 −0.3160
h1 = 200 m 0.1747 −0.0403 −1.1734 0.0302 0.0114 0.0113 −0.5658

Table 6.10: Case 3: Reflection and transmission coefficients for (6.17) for an incident
mode-2 wave, and the energy fluxes (6.3) in units of m s−3.

Case 3 S1 R1 S2 R2 J (in) J (a) J (b)(∗10−3)

h1 = 220 m −0.2737 0.0544 1.2494 0.0434 0.0114 0.0113 −0.1058
h1 = 240 m −0.4476 0.0790 1.3085 0.0683 0.0110 0.0107 −0.2209
h1 = 260 m −0.7220 0.1360 1.3505 0.1346 0.0105 0.0099 −0.6689



Chapter 7

Future possible work

We have examined the evolution of mode-1 and mode-2 internal solitary waves

and the possible generation mechanisms of mode-2 internal waves. Next, we can

study further the generation, propagation and dissipation of internal solitary waves

of various modes combining with the interaction of internal tides under complex to-

pography and various background density stratifications. The methodology can be

mathematical models such as Korteweg-de Vries models, higher order Korteweg-de

Vries models and the two-dimensional extension to the Kadomtsev-Petviashvili equa-

tion, combined with simulations using a full ocean model such as the MITgcm, and

illuminated by laboratory and oceanic field data. This would help us to better under-

stand the dynamics of oceanic internal waves, and also quantify their role in global

energy exchanges. Specifically, to help understand the oceanic energy pathways and

mechanism of energy transfer from larger scales to smaller scales.
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