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We demonstrate a scheme to dramatically enhance both the second- and third-harmonic generation (SHG,
THG) in a graphene-insulator-graphene metasurface. The key underlying feature of our approach is the existence
of a double-resonance phenomenon, namely, the metasurface is designed to possess fundamental plasmon
resonances at both the fundamental frequency and the higher harmonic. This dual resonant field enhancement,
combined with a favorable spatial overlap of the optical near fields, lead to the increase of the THG and SHG
by ∼109 and ∼106 , respectively. We also demonstrate that by tuning the Fermi energy of the graphene gratings
the dual-resonance property can be locked in over a remarkably broad spectral range of ∼20 THz, which is more
than three orders of magnitude larger than the spectral tunability achievable in metal-based plasmonic systems.
Importantly, the enhanced nonlinear frequency generation process can be readily switched in the same system
between the second and third harmonic. This type of graphene metasurface could open up new avenues towards
the development of novel ultracompact and multifrequency active photonic nanodevices.
DOI: 10.1103/PhysRevB.102.121403

The first successful isolation of graphene from graphite [1]
via mechanical exfoliation has opened up a rapidly growing
field of research [2–5], primarily due to the unique and remarkable properties of this new two-dimensional material.
In its early stages research on graphene focused on its electronic and mechanical properties, but it was soon realized
that key optical properties, such as extreme optical near-field
confinement induced by the excitation of surface-plasmon
polaritons (SPPs) [6–11], tunability of the optical response
via gate voltage and chemical doping [12–14], and low losses
at high carrier densities [15,16], could transform graphene
into a promising and versatile material platform for a broad
array of optoelectronic applications. To this end, photonic
devices based on graphene, including diffractive elements, optical sensors, topological photonic devices, and photovoltaic
and photoresistive devices [17–32], have already been demonstrated.
In addition to advances in exploiting the linear physics
of graphene, its nonlinear optical properties could play
an equally important role in key applications. Due to its
centrosymmetric nature, the leading nonvanishing nonlinear
optical interactions in graphene are of third-order type, such
as third-harmonic generation (THG) and Kerr effect. In particular, it has been demonstrated that the strength of third-order
nonlinear optical interactions in graphene is several orders
of magnitude larger than in typical semiconductors [33–36].
More importantly, these nonlinear optical interactions can
be further enhanced upon resonant excitation of SPPs in
graphene structures, which leads to a number of exciting
applications [18–20,37–46], including frequency mixing [18],
photodetectors [25], generation of spatial solitons [43,44],
physical systems with tunable Dirac points [45], and Anderson light localization at the nanoscale [46].
2469-9950/2020/102(12)/121403(6)

Although the second-harmonic generation (SHG) is generally forbidden in a freestanding graphene sheet, it is
nevertheless permitted in two main configurations. First, SHG
does arise in graphene nanostructures from nonlocal effects [36,47,48], namely, when nonlinear sources of SHG are
magnetic dipoles and electric quandrupoles. Second, by placing a graphene sheet on a substrate, the inversion symmetry
of the system is broken and SHG due to local nonlinear polarization (electric dipoles) can occur [49–54]. Under
these conditions, the effective second-order susceptibility of
graphene can be several orders of magnitude larger than
that of semiconductors widely used in nonlinear optics, e.g.,
GaAs [55].
In this Rapid Communication, we introduce a grapheneinsulator-graphene (GIG) optical structure with several unique
optical properties that cannot be achieved with metal-based
plasmonic nanostructures. In particular, the graphene metasurface is designed to produce a tunable and dual-broadband
enhancement of both SHG and THG, by ∼106 and ∼109 ,
respectively, and the enhanced nonlinear frequency generation
process can be readily switched between the second harmonic
(SH) and third harmonic (TH). The giant enhancement of
these two most ubiquitous nonlinear optical interactions is
realized by ensuring that the GIG structure possesses firstorder plasmon resonances at both the fundamental frequency
(FF) and higher harmonics (HHs), namely, SH and TH. Remarkably, we demonstrate that by tuning the Fermi energy
of the graphene gratings the dual-resonance property can be
locked in over a broad spectral range of ∼20 THz, which to
date is perhaps the largest spectral tunability of a resonant
nonlinear optical interaction reported in a plasmonic system.
For the sake of generality, for SHG, we consider both the cases
of a nonlocal nonlinear polarization, which corresponds to
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FIG. 1. (a) Schematic of a tunable GIG nanoresonator consisting
of GNRs with different widths placed at the opposite facets of an insulator slab. (b) Illustration of physical mechanisms of enhancement
of SHG and THG in the GIG metasurface.

graphene structures in a stacked configuration embedded in a
background medium [56–58], and the case of a local nonlinear
polarization, when graphene is placed on a substrate.
The proposed periodic GIG structure is depicted in
Fig. 1(a). Its unit cell consists of two graphene nanoribbons
(GNRs) placed at opposite facets of an (insulator) dielectric
spacer. Electrodes are placed in contact with the GNRs, which
allows one to tune their Fermi level. A TM-polarized plane
wave with frequency ω0 is incident from above onto the
GIG structure. As SPPs of GNRs are geometry dependent,
their frequency can be set by properly choosing the width of
the ribbons. Using this feature, the widths of the GNRs are
chosen in such a way that the bottom and top GNRs have
first-order SPP resonances at both the FF, ωF F = ω0 , and HH
(ωNL = 2ω0 for SHG and ωNL = 3ω0 for THG), respectively,
as per Fig. 1(b). In addition, the nonlinear optical response
of the GIG structure can be further optimized by requiring
that the bottom GNRs have higher-order plasmons at the HH,
too [40]. Importantly, this nonlinear optical device can be
used to enhance both the SHG and THG by simply varying
the Fermi level in the top GNRs, so as the frequency of its
first-order SPP is switched between 2ω0 and 3ω0 .
There are two key mechanisms that contribute to the remarkably large enhancement of the nonlinear optical response
of the GIG structure, namely, by several orders of magnitude
as compared to that of a graphene sheet. The first one, indicated by path 
1 in Fig. 1(b), requires that the bottom GNR
has a first-order plasmon at ω0 and a higher-order SPP at
ωNL [40]. Then, the field at ω0 incident onto the bottom GNRs
generates a strong field on these GNRs at ω0 , via the resonant
excitation of first-order SPPs, and, subsequently, higher-order
SPPs are resonantly generated by the nonlinear polarization in
these same bottom GNRs.
We now introduce a much more efficient mechanism contributing to the enhancement of the nonlinear response of the
GIG structure. It is schematically indicated by path 
2 in
Fig. 1(b) and relies on the fact that the top GNRs possess

first-order SPPs at the HH. This mechanism can be described
as follows: the enhanced optical field due to the excitation
of first-order SPPs on the bottom GNRs induces on the top
GNRs a strong nonlinear polarization at the HH via near-field
interaction. This, in turn, resonantly excites first-order SPPs
on the top GNRs. Additionally, first-order SPPs on the top
GNRs (at HH) are also directly generated via optical near-field
coupling with higher-order SPPs of the bottom GNRs.
In the final stage of the nonlinear optical interaction
between the incoming light and the GIG structure, the higherorder SPPs on the bottom GNRs and the first-order SPPs
on the top GNRs couple to the radiative modes to generate
a strong signal at the HH. In fact, this GIG system acts as
a nonlinear Yagi-Uda nanoantenna [59]: the bottom and top
GNRs are the driver at ω0 and the director at ωNL , respectively.
To illustrate these ideas, we considered a metasurface with
the periods of the bottom and top graphene gratings of 1 =
200 nm and 2 = 100 nm, respectively. The widths w1 and
w2 of the GNRs and the thickness, h, of the spacer are designed so as to achieve a double-resonance effect. We assume
that the spacer is made of polyethylene, which has relative permittivity of s = 2.28 and is practically lossless at midinfrared
frequencies [60]. The linear and nonlinear optical responses of
this GIG structure have been studied using an in-house developed code based on the generalized-source finite-difference
time-domain (GS-FDTD) method; for details on the numerical approach see the Supplemental Material (SM) [61].
In this method, the linear properties of graphene are modeled using a linear surface optical conductivity [62],
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Here, EF , T , and τ are the Fermi energy, temperature, and relaxation time, respectively, ω = 1 − iωτ , and ξ = 2|EF |τ /h̄.
The nonlinear optical response is described by nonlinear
surface current densities determined by second- and thirdorder nonlinear surface susceptibilities [35,36,48–53]. In the
case of THG, the third-order surface current density of
graphene is expressed as
.
J(3) ( 3 , ω) = σ s(3) ( 3 ; ω)..E(ω)E(ω)E(ω),
(2)
where 3 = 3ω is the frequency at the TH and σ s(3) is the
third-order nonlinear surface optical susceptibility. It is described by a single scalar function, σs(3) , via the relation
(3)
(3)
σs,i
jkl = σs (δi j δkl + δik δ jl + δil δ jk )/3 [35,36], with δi j being
the Kronecker delta. Furthermore, in the case of SHG arising
from a local nonlinear polarization, the second-order nonlinear surface current density can be written as
J(2) (

2 , ω)

= σ s(2) (

2 ; ω)

: E(ω)E(ω),

(3)

where 2 = 2ω is the frequency at the SH and
is
the second-order nonlinear surface optical susceptibility.
Symmetry considerations based on the fact that graphene
belongs to the D6h symmetry group lead to the conclusion
that the tensor σ s(2) ( 2 ; ω) has three independent nonzero
(2)
(2)
(2)
(2)
, σs,⊥
= σs,⊥
, and σs,⊥
, where the
components, σs,⊥⊥⊥
symbols ⊥ and  refer to the directions perpendicular onto
and parallel to the plane of graphene, respectively. The values
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FIG. 2. (a) Wavelength dependence of the absorption, A, reflectance, R, and transmittance, T . (b)–(d) Spatial profile of the
dominant component of the electric field, |Ex |, at the FF, determined
for the first three SPP resonances, respectively. (e) Dispersion map
of absorption spectra vs width of the bottom GNRs. Yellow, blue,
and green lines correspond to λF(1)F , λF(1)F /2, and λF(1)F /3, respectively,
where λF(1)F is the width-dependent wavelength of the first-order SPP.

(2)
= −9.71i ×
of these parameters used in this study are σs,⊥⊥⊥
(2)
(2)
−16
−2
−16
10 Am V , σs,⊥ = σs,⊥ = −2.56i × 10 Am V−2 ,
(2)
and σs,⊥
= −2.09i × 10−16 Am V−1 [50,53]. Note that,
as demonstrated in the SM, the qualitative conclusions of
our study do not change if instead of a local second-order
nonlinear response of graphene one considers a nonlocal one.
To characterize the linear optical response of the GIG
structure, we first calculated the absorption, A, transmittance,
T , and reflectance, R, corresponding to the bottom graphene
grating with geometrical parameters given in the inset of
Fig. 2(a), and with EF = 0.4 eV, τ = 0.2 ps, and T = 300 K.
The results of these calculations are summarized in Fig. 2(a).
It can be seen that the absorption spectrum possesses a series
of resonances, which are due to the excitation of SPPs on
the GNRs. The field distributions of the first three SPPs are
given in Figs. 2(b)–2(d), respectively. They show that the local
optical field is strongly enhanced and confined around GNRs,
with the largest field enhancement observed for the first-order
SPP. Moreover, the results presented in Fig. 2(a) show that
the absorption and reflectance spectra have resonances at the
same wavelengths, a feature that is particularly useful for the
optimization of the GIG structure.
A convenient procedure for designing a graphene grating
in which a double-SPP-resonance phenomenon occurs is illustrated by the dispersion map of the absorption at the FF,
presented in Fig. 2(e). The bands in this map, which show the
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FIG. 3. (a) Dispersion map of the top graphene grating. The magenta line shows the width-dependent wavelength of the first-order
SPP. (b) Dependence of absorption spectra of the GIG structure on
h. Red and green lines correspond to λF(1)F and λF(1)F /3, respectively,
where λF(1)F is the thickness-dependent wavelength of the first-order
SPP. (c) Absorption spectra of the optimized top and bottom gratings
as well as that of the GIG structure, determined for the optimal
thickness h = 40 nm for which the GIG structure possesses a double
resonance at frequencies ω0 (λ = 15.9 μm) and 3ω0 (λ = 5.3 μm).

width-dependent resonance wavelengths of SPPs of different
order, suggest that it is possible to choose the width w1 in such
a way that a pair of SPPs exist at the FF and HH. Thus, if w1 =
132 nm, a double resonance exists at the FF and SH, i.e., at
(λF F , λSH = λF F /2), with λSH = λ(P0 ) = 6.04 μm, whereas
if w1 = 173 nm, a double resonance exists at the FF and TH,
i.e., at (λF F , λT H = λF F /3), with λT H = λ(P1 ) = 5.25 μm.
A drawback of the scheme we just described is that the
plasmon at the HH is a higher-order plasmon and therefore it
is less efficiently excited. In order to overcome this limitation
and further enhance the nonlinear optical response of the
device, another graphene grating is placed onto the spacer.
The width w2 of the GNRs of this top grating can be freely
chosen. As such, it is chosen in such a way that at the HH (SH
or TH) first-order plasmons exist in these GNRs. For example,
as illustrated in Fig. 3(a), when w2 = 27 nm the wavelength
of the first-order plasmon of the GNRs of the top grating is
equal to λ(P1 ). Therefore, we expect that when w1 = 173 nm,
w2 = 27 nm, and h = 40 nm the GIG structure possesses firstorder plasmons at both the FF and TH. This property is
verified by the dispersion map of the absorption in the GIG
structure, plotted in Fig. 3(b). This map shows that indeed the
GIG structure has first-order plasmons at λF F = 15.9 μm and
λT H = 5.3 μm, predominantly localized at the bottom and top
gratings, respectively. Note that due to the optical coupling
between the top and bottom gratings, the double-resonance
phenomenon in the decoupled bottom grating appears at a pair
of wavelengths slightly blueshifted as compared to those in
the optimized GIG structure.
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FIG. 4. (a) Spectra of THG for a graphene sheet, optimized bottom grating, and optimized GIG structure. (b)–(d) Spatial profile
of the dominant component of the electric field, |Ex |, at the TH,
1 , 
2 , and 
3 in panel
determined for the resonances marked by 
(a), respectively.

The optical coupling between the two gratings leads to several additional interesting phenomena, as per Fig. 3(b). First,
the resonance wavelengths of SPPs vary with the thickness h,
especially at small values of h for which there is a stronger
coupling. Second, for h  40 nm, the resonance wavelengths
of the first-order plasmon of the top grating and the third-order
plasmon of the bottom grating are no longer equal, so that
one expects a smaller enhancement of the THG. On the other
hand, if h is too large, the electric field at the FF in the bottom
grating can no longer excite the first-order plasmon at the TH
in the top grating, which also leads to decreased enhancement
of the THG. Therefore, the optimum value of h is ∼40 nm.
Note also that for 21 nm < h < 27 nm, the second-order plasmon in the GIG structure is almost completely suppressed, a
phenomenon explained by the fact that the system has a bound
state in the continuum for h  24 nm [73].
These conclusions are further validated by the absorption
spectra presented in Fig. 3(c), where we compare the absorption in the bottom grating optimized to possess a double
resonance at λF F = 15.75 μm and λT H = λF F /3 = 5.25 μm,
the absorption in the top grating designed to possess a fundamental plasmon at the TH wavelength, λT H = 5.25 μm, and
the absorption in the optimized GIG structure. These spectra
show that by adding the top grating the absorption at the TH is
enhanced by more than 12 times, which suggests that the local
optical field and implicitly the nonlinear optical response of
the GIG structure can be significantly enhanced.
To quantify the enhancement of the THG in our GIG structure, we computed the THG spectra for a graphene sheet, the
bottom grating optimized to possess a double resonance at
λF F = 15.75 μm and λT H = λF F /3 = 5.25 μm, and the optimized GIG structure, the results being compared in Fig. 4(a).
These spectra show that, as compared to the graphene sheet,
the THG in the optimized bottom grating is enhanced by ∼105
when the FF coincides with that of the first-order plasmon of
the bottom GNRs. Under the same excitation conditions, an
additional 21 times enhancement is observed in the GIG structure. These results are explained by the spatial profiles of the
amplitude of the dominant component of the TH electric field,
Ex , presented in Figs. 4(b) and 4(c). Thus, in the optimized
bottom grating, at the TH, a third-order plasmon is excited,

FIG. 5. (a) Absorption spectra of the optimized GIG structure
vs the Fermi energy of the two graphene gratings. Red and blue
lines correspond to λF(1)F and λF(1)F /3, respectively, where λF(1)F is the
Fermi-energy-dependent wavelength of the first-order SPP. Inset:
profile of the TH electric field, |Ex |, determined for EF = 0.3 eV.
(b) The same as in (a), but calculated for the case when only EF in
the top grating varies and EF = 0.4 eV in the bottom grating. Inset:
profile of the SH electric field, |Ex |, determined for EF = 0.3 eV.
(c) Absorption spectra of a GIG structure optimized to enhance
SHG (EF = 0.2 eV) and THG (EF = 0.4 eV). (d) Spectra of SHG
determined for a graphene sheet placed on a polymer substrate, the
bottom grating, and the optimized GIG structure.

whereas in the optimized GIG structure both a first-order
plasmon of the top grating and a third-order plasmon of the
bottom grating are generated. Importantly, it can be seen that
when the FF [3ω0 in Fig. 4(a)] is equal to that of the first-order
plasmon of the top grating and the third-order plasmon of the
bottom grating the THG is enhanced by ∼109 , as compared to
the case of a graphene sheet.
A particularly important property of the proposed GIG
structure is the broadband nonlinearity enhancement at the
HH, achievable by tuning the Fermi energy in the two gratings. The reason for this unique property is revealed by the
dispersion map of the absorption of the optimized GIG structure, presented in Fig. 5(a). Thus, it is clear from this figure
that the ratio between the wavelengths of the first-order SPP
of the bottom GNRs on the one hand, and third-order SPPs
of the bottom GNRs and first-order SPPs of the top GNRs on
the other hand, remains constant as the Fermi energy varies.
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Consequently, the double-resonance property is precisely preserved as the Fermi energy varies. More specifically, as shown
in Fig. 5(a), when the Fermi energy is varied from 0.2 to
1 eV, the resonance wavelength of the first-order plasmon of
bottom GNRs, and implicitly the operating wavelength at the
FF, varies from 25 to 10 μm.
Another remarkable property of our proposed GIG structure is that it can enhance both the THG and SHG.
Specifically, this functionality can be realized by tuning the
Fermi energy only in the top grating, such that the resonance
wavelength of first-order SPPs of the GNRs in this grating is
shifted from the TH to the SH. This is demonstrated by the
absorption map of the GIG structure presented in Fig. 5(b).
Thus, this figure shows two types of plasmon bands, namely,
flatbands corresponding to SPPs in the bottom grating, which
obviously do not depend on EF in the top grating, and plasmon bands associated to the top grating, whose resonance
wavelength depends on EF . In particular, it can be seen that
whereas the resonance wavelength on the first-order SPPs of
the bottom grating remains constant, λF F = 15.75 μm, the
resonance wavelength of first-order SPPs of the top grating
varies from λ(P4 ) = λF F /3 = 5.25 μm to λ(P3 ) = λF F /2 =
7.875 μm when EF is tuned from 0.4 to 0.2 eV, respectively
[see also Fig. 5(c)].
The strong enhancement of the SHG of the GIG structure, achieved for EF = 0.2 eV, is clearly demonstrated by the
plots presented in Fig. 5(d), where we show the SHG spectra

corresponding to a graphene sheet placed on the polymer substrate, the bottom grating, and the combined GIG structure,
determined for EF for which the top GNRs have first-order
SPPs at the SH. As in the case of the TH, one can see that
strongly enhanced SHG can be achieved in the optimized GIG
structure. In particular, at resonance, the SHG in the bottom
grating is ∼105 larger than in the case of a graphene sheet,
whereas a further order of magnitude enhancement is achieved
in the optimized GIG structure.
To conclude, a highly engineered GIG metasurface for
enhancement of SH and TH is studied in this Rapid Communication. We demonstrate that it can be used to achieve tunable
and dual-broadband enhancement of both nonlinear optical
interactions, a property originating from the fact that our
system possesses tunable double resonances. In practice, this
nonlinearity enhancement can be further improved by stacking several GIG units together to construct a 3D graphene
metamaterial [56]. This new type of graphene structures could
open up new research directions towards the development of
novel ultracompact and multifrequency active photonic nanodevices.
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