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Abstract

This thesis describes a theoretical investigation using numerical methods to analyse the
propagation of electromagnetic waves in integrated optical devices of arbitrary longitudinal
and transverse geometry.

The classical BPM (Beam Propagation Method) with its spectral propagation
characteristic, is based on the assumption of scalar propagation for TE waves,
low refractive index change and the neglection of reflected waves and has
been found inadequate to model integrated optical devices that involve abrupt large changes
of the refractive index in the transverse and longitudinal direction.

In this work it is shown that an alternative formulation of the propagation
problem in terms of a z-tramsient variational formulation for the TE and TM
Helmholtz ecguation overcomes these basic limitations of the classical BPM. The
variational principle, formulated with initial and boundary conditions, is solved using a
numerical method based on a combination of Finite Elements and Finite Differences.
Solutions in amisotropic material are obtained by applying standard Galerkin
Finite Element (FE) and Finite Difference (FD) methods to a weak
formulation derived from the coupled TE/TM Helmholtz equations.

Also, to counter the disadvantages of the formulation of the propagation problem in terms
of an initial boundary value problem with its inherent neglection of backward travelling
waves, a hybrid method is developed to include possible reflected waves at
cach propagation step. To obtain the field solution in the optical chip including all
reflected fields, the partial reflections are superimposed and subsequently
propagated several times in the forward and backward direction wsing the
FE/FD algorithms instead of the BPM.

A series of numerical simulations are presented which provide vector and scalar solutions
of the TE and TM beam propagation and reflection in linear and nonlinear waveguides
involving large transverse changes in refractive index. Straight, curved and Y-shaped
waveguides as well as the reflection of Gaussian beams, TE and TM modes at single and
multiple longitudinal discontinuities have been analysed. An error analysis shows that the
new algorithms are unconditionally stable and faster than the BPM. These results
reinforce present theory and demonstrate the validity of the new algorithms developed.



OPTICS IS THE PARADISE OF MATHEMATICIANS
(Leonardo da Vinci)

With this statement Leonardo da Vinci expressed what many mathematicians still feel about
the phenomena of light propagation today. Of course, by optics he meant only geometrical
or ray optics, the theory of perspective and the distribution of light and shadow. How
much more justified would his assertion have been had he known about wave optics with
its wonderful phenomena of light diffraction, scattering and polarization. Today we believe
we have a better understanding of nature by having available to us an established
mathematical formalism based on the dualism of electromagnetic waves and their quantum
mechanical equivalent, the photons. ‘

This mathematical concept, in fact an abstract language to describe nature's behaviour, is
only understood by some human beings. Nature however, totally unaware of the great
achievements of James Maxwell, Max Planck and others, never attemped to solve their
mathematical formalisms. On the other hand it seems to behave according to some basic
principles which we believe are the Laws of Nature'.

Today undoubtedly fast computers enable us to get more accurate solutions to some
complicated mathematical models. The graphical illustrations of wave propagation
presented in this thesis look so physical that we intuitively tend to accept them to be realistic
or, more carefully, at least a good model.

On the other hand different numerical and analytical solutions to the same problem yield
different answers. So which theory is right and which is wrong? Do we actually learn more
about nature by solving our mathematical formalisms more accurately?

Einstein believed that if we want to know more about nature we have to ask the right
questions. He was less worried to find the correct answers to them. On the contrary, he
was always certain that solutions could be found, at least some approximate ones. These
solutions would give the correct answers provided the right questions were asked. In fact
he found the answers to the mathematical problems before the experiments could even be
performed which eventually confirmed his findings.

So the pure intellectual exercise in the ‘paradise of mathematicians' does not necessarily
lead to a better understanding of nature. It might just be a more accurate solution to one
'statement’ in our 'language’.

Our excursion into the "paradise’ has once again addressed Einstein's minor problem, to
find an elegant solution to a mathematical problem. This has led to better solutions to some

well known questions. However we failed to find better questions.
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Chapter 1

Introduction

1.1 Mathematical Modelling

The theoretical and scientific study of a situation centres around a model, that is something
that mimics relevant features of the situation being studied. When a model is used, it may
lead to incorrect predictions. The model is therefore often modified, frequently discarded,
and sometimes used anyway because it is better than nothing. It may also be the only well
established one in use because nobody had left the old path to investigate alternative
approaches.

In this thesis we are concerned exclusively with mathematical models, that is models that
mimic reality by using the language of mathematics. The physical problem of interest
centres around the propagation of light in optics and, as all models are created for specific
purposes, we confine the problem to the simulation of wave propagation in integrated
optics. Since different models make different simplifying assumptions, there is no unique
best model for describing our problem. We know our model is only an approximation, so
we cannot expect perfect predictions. Unfortunately, the two different methods we have
studied here (the Beam Propagation Method (BPM) and the direct solution using Finite
Elements) provide the same general explanation but slightly different numerical solutions.
A result is robust if it can be derived from a variety of different models of the same
situation. A prediction that depends on very special assumptions for its validity is very
fragile or in the case of the BPM restricts the range of problems we can investigate.
Simulation models usually try for precision and realism but sacrifice generality. In this
work we have attempted to develop a mathematical numerical model which allows us not
only to analyse a variety of new problems in optics, but also offers the possibilty to be
extended to include structures which will be of interest in the future. From this it does not
follow that the new algorithm provides a 'better solution'. All we can state is, that we have
developed an alternative approach which can provide a model for some situations where

other methods, being based on different assumptions, are not applicable.
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Building the model:

In section 1.5 a more detailed layout of the thesis is given. But let us briefly see which
main framework led to the development of the new model. The following flow chart shows
the stages used to obtain the new approach. Several iterations in the loops were necessary
until all required physical effects could be included.

A) START (THE PHYSICAL PROBLEM NEEDING MODELLING: BEAM
PROPAGATION IN INTEGRATED OPTICAL COMPONENTS)
I
B) CRITICAL REVIEW OF PREVIOUS WORK
(chapter 1, chapter 2)
|
C) FORMULATION OF THE PHYSICAL AND MATHEMATICAL PROBLEMS <I
(chapter 3, chapter 4) |
! I
D) OUTLINE OF THE NUMERICAL SOLUTION <---—--—--- | |
(chapter 5, chapter 6) I |
! I |
E) IMPLEMENTATION ON THE COMPUTER | |
(chapter 8) | |
I I I
F) TEST OF THE MODEL I I
(chapter 8) | |
| | I
G) RESULTS CORRECT no > Formulation correct----no----> |
(chapter 7)
|
H) WHAT MORE CAN BE DONE WITH IT?
(chapter 9)
|
I) MATHEMATICAL MODEL SET UP
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1.2 A Brief History of Optical Communications

Optical waveguides confine and guide light by the principle of total internal reflection. This
physical effect can occur if a light ray propagating in a medium of high refractive index is
incident at an interface to an optical less dense material. All waveguiding structures employ
this principle; they consist of a dielectric medium deposited on, or surrounded by, a
material with lower refractive index. This explanation of light propagation based on
geometrical optics was discovered long before wave theory was generally accepted.
Willebrod Snell empirically discovered the long-hidden 'law of refraction’ in 1621. By
learning precisely how rays of light are redirected on traversing a boundary between two
media, he opened the door to applied modern optics. Rene Descartes published the now
familiar formulation of the law of refraction in terms of sines in his 'La Dioptrique’ in
1637. Pierre de Fermat finally rederived the law of reflection from his own 'principle of
least time' in 1657.

But geometrical optics does not explain the phenomena of self consistent field distributions
(eigenmodes) in wave guiding structures. This is achieved by employing the theory of
wave optics and the principle of interference introduced by Thomas Young in 1802 and
Jean Fresnel in 1815. In 1845 Michael Faraday established an interrelationship between
electromagnetism and light when he found that the polarisation direction of a beam could be
altered by a strong magnetic field applied to the medium. James Clerk Maxwell was able to
show in 1861, purely theoretically, that the electromagnetic field could propagate as a
transverse wave in the 'luminiferous ether'. He established a single set of mathematical
equations and, by solving for the speed of the wave, he arrived at an expression only in
terms of the electric and magnetic properties of the medium (c=1/g,1,). He concluded that
light was 'an electromagnetic disturbance in the form of waves'. If the wave character of
light is taken into account it is found that out of the continuum of light rays only a limited
discrete set of total reflecting angles are admissible for the guided waves. In addition to
obeying the total internal reflection these allowed rays repeat in phase and thereby interfere
constructively when they superimpose upon themselves. This is essential for the ray to
form a self consistent field distribution in the structure, otherwise it interferes destructively
and dies out. Another discrepancy between the ray optics and the modal analysis occurs
when the optical guiding structure is bent with a uniform curvature. In this case, wave
optics correctly predicts the radiation losses of the modes of the curved waveguide.
Classical ray optics, on the other hand, erroneously predicts that some ray congruences can
still undergo total internal reflection at the curve and consequently can remain guided
without loss.

.14 -



The quantization of waves into a discrete set of guided modes was only discovered when
Maxwell's set of equations were solved for particular guiding structures. Hondros and
Debye [1.1] obtained solutions for the modal fields in a dielectric cylinder at radio
frequencies in 1910. The propagation of light in waveguides received more attention with
the advent of the laser in 1960. The first dielectric waveguides were studied by Kao and
Hockham in 1966 [1.2], Boerner 1966 [1.3] and Kapany 1967 [1.4], but only in 1970 the
transmission loss of quartz-glass fibers could be reduced to below 20dB/km (Corning
Glass C° fiber) by Kapron [1.5]. This can be regarded as the beginning of modern
waveguide optics.

At the same time the invention of the laser and the development of coherent optics had
created a need for waveguiding structures with which to build optical components and
connect them into optical circuits. These optical waveguides should allow the planar
fabrication of components and their integration into planar optical circuits which at that time
was already proven to be of great advantage in electronic integrated circuits. The first planar
guides were fabricated by Anderson in 1965 [1.6]. These and several other developments,
such as structures involving electrooptic effects, led Miller to create the term ‘integrated
optics' in 1969 in a well known review article on this field [1.7].

The optical fiber with step-index profile which initially supported several hundred modes
was developed further to the graded-index profiles where all modes have similar
propagation constants. Therefore bandwidths of Mhz/km and attenuations of 2 to 3 dB/km
could be obtained. Then special semiconductor lasers and L.E.D.'s were developed. Also
more refined methods for coupling in and out the light of the laser to the fiber were
invented. In recent years the attenuation in optical fibers could be reduced to about
0.2dB/km at a bandwidth of 1 GHz/km (figure 1.1).

But in the early 1970's integrated optics caught up with the progress in optical fibers when
the initial fabrication problems could be overcome. Many structures, such as detectors,
modulators, deflectors, Bragg-cells, couplers and waveguides could then be realized in
'integrated optics technology'. Important reviews on this progress were published by
Tamir in 1975 [1.9] and Marcuse in 1973 [1.10]. An excellent review of the integrated
optics technology nowadays is given by Alferness [1.11] and Auracher [1.12] in 1987.

. 15.
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Chapter 1 - Introduction
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Fig. 1.1: Showing the advantages of optical fiber communications [1.8]
a) Attenuation versus wavelength for a monomode fiber
b) Attenuation versus possible bit rate for 2 coaxial cables in
comparison with graded index and monomode optical fibers

1.3 Wave Propagation in Integrated Optics

In this thesis we will be concerned with the problem of electromagnetic wave propagation
in integrated optical structures and optoelectronics. These now play an essential role in the
evolution of telecommunication networks. It should be emphasized that the following
description of possible technologies is rather brief. A full review of these aspects may be
found in Alferness [1.11] or Auracher [1.12]. We will give here a short account of
integrated optics technology solely to explain the physical background of some of the
possible structures on which we have untertaken a numerical analysis. The main aim of the
study was however to develop the numerical procedures for the analysis of these
structures. But approaching the analysis in an 'engineering manner' rather than from a
mathematician's point of view can sometimes, by taking into account some of the physical

properties of the structures right from the beginning, facilitate the mathematical analysis.

.16 -
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1.3.1 Propagation of light in a thin film waveguide

It is very illustrative to consider the propagation of light in a step-index waveguide where
heuristic assumptions may already lead to a sound mathematical description. Assume that
the ray in figure 1.2a undergoes total internal reflection at the interface between the
waveguiding material, the substrate and the superstrate. As said in section 1.2, the ray, or
more precisely, a selfconsistent field distribution (the eigenmode) can only exist if the
phase shift along ABCD is exactly a multiple of 27, therefore enabling the transmitted and
reflected phase front to superimpose constructively. Among all possible angles for total
internal reflection only a discrete set will allow exactly this. Applying Snell's law (Marcuse
[1.13]) at each interface for the reflection of the ray leads to an eigenvalue equation which
can only be solved for discrete values of the propagation constant §

B= kgn, cos(¢)

ko: wavenumber in free space
ny: refractive index of the guiding medium

of the mode. Other angles will result in so called radiation modes where no total internal
reflection occurs (figure 1.2b). They do not require a constructive interference of the phase

fronts and therefore have a continuous spectrum of propagation constants.

Furthermore, there are also structures where we find a partial breakdown of the total
internal reflection (figures 1.3, 1.4) resulting in three regions with propagating, evanescent
and radiating fields. At the critical boundary the evanescent rays turn into radiation rays.
This is further elaborated in a review paper on curved structures by Koch [1.14]. The
breakdown of propagation is due to the breakdown of total internal reflection. The radiation
will be more severe the greater the curvature is. The radiation modes have entirely different
properties compared with the propagation modes. The simultaneous theoretical treatment or
matching of them is extremely difficult especially if the structure consists of an arbitrary
longitudinal and transverse geometry. This presents one of the main problems in the
analysis. We cannot find such versatile analytical methods which can provide solutions for

an arbitrary structure involving many different kinds of physical fields.

-17 -
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a) - -a<<
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¢
b) ===~
Fig. 1.2: The path of aray in a thin film waveguide. nl, n2, n3 are the refractive
indices of the superstrate, the waveguide and the substrate
a) a ray propagating in the waveguide under total internal reflection
b) a 'radiating’ ray which is not guided in the waveguide
4x
. . . p (o
radiating wave region peme———P kn2
evanescent wave region -
\."‘ . medium 1
standing wave region =, o "
) n2| nl }
! R

Fig. 1.3: Plane wave reflection at the outer boundary of a curved waveguide
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Fig. 1.4: Schematic diagram of a curved dielectric waveguide with
radius of curvature R showing the wavefronts and field
. distributions of the waves in the straight and curved sections

1.3.2 Integrated optical waveguides

We do not attempt here to give a full account of how integrated optical waveguides are
fabricated. A good review of integrated optical waveguide technology nowadays may be
found in papers by Alferness [1.11] or Auracher [1.12]. But let us have a brief look at
some of the physical structures which will be subject to a numerical analysis in this thesis.
Three different types of fabrication techniques can be distinguished. All techniques are
similar inasmuch as they alter the local refractive index in the substrate or bulk material.

Diffusi nd i ion

This type of waveguide is obtained by diffusion of a doping material in a substrate medium
(e.g. titanium diffusion in lithiumniobate [1.15], ion implantantion [1.16] or ion exchange
in glass [1.12], figure 1.5a.

-19-
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Grow processes

A material is added on to a substrate material. Various techniques are in use here such as
RF-sputtering [1.17] or epitaxial growth [1.18] (liquid phase epitaxy, evaporisation phase
epitaxy, molecular beam epitaxy).

Etching techniques

These techniques cause changes in the geometry of the structure and can also be used
additionally in grow and diffusion processes (differential etching [1.19], ion beam erosion
[1.20]).

In figure 1.5 several types of waveguides are shown as well as typical refractive changes
obtained by employing different fabrication techniques. As will be seen in chapter 2 there
are well established analysis techniques to solve for the selfconsistent steady state modal
fields in these uniform structures with arbitrary cross section. There is no need to solve for
physical kinds of fields besides the propagating ones if no surface roughness is considered.
The main parameter of interest is the propagation constant of the modes from which
normalised field distributions can be obtained.

Things become slighly more complicated if we want to model a real experiment, say we
want to know how much energy of an input laserlight is coupled into such a uniform

structure. The pure modal solution will not give an answer to this question.

In general, most optical transmission systems and many integrated optical components such
as Y-couplers (fig. 1.6a), multiplexers (fig. 1.6b), star couplers (fig. 1.6¢), directional
couplers (fig. 1.6d), corner reflected guides (fig. 1.6.e), modulators or switches [1.11],
[1.12] do not consist only of uniform straight waveguides but in most cases require

sections of curved waveguides to interconnect these components.

The geometry of these devices causes many different physical effects, which the theoretical
analysis must take into account. In addition to the loss mechanisms of absorption and
scattering present in a straight waveguide, curved waveguides suffer not only from the

tangential radiation loss (fig. 1.4) but also from power coupling to higher order modes due



e) f)

Fig. 1.5: Waveguides in integrated optical technology

a) Diffused or implanted waveguide (Chartier [1.21]) (Ag ion exchange in glass,
Ti in LiNbO3, ion implantation in GaAs)

b) 'Strip’ waveguide (GaAs on doped n*-GaAs, sputtered glass on glass)

¢) Rib’ waveguide or ‘optical strip-line’' (GaAs on GaAlAs) (Austin [1.22])

d) Rib' waveguide (chemically undercut waveguide)

e) Embedded’ waveguide (idealised buried heterostructure in a semiconductor
waveguide, GaAs surrounded by doped GaAlAs, a typical semiconductor laser
structure, photochromic materials) (Botez [1.23])

f) 'Strip loaded' waveguide (GaAs guide on a GaAlAs buffer deposited on GaAs)

Typical refractive indices in integrated optical waveguides ([1.21], [1.22], [123])
a) ngyp=2.2, Ngyige=2.201, ngir=1.0 (e.g. in a LINbO3 waveguide)
b) nsub=3.438, Nguide=344, ngir=10 (e.g. in a GaAlAs waveguide)
¢) nguyp=3.4, Nguide=3.44, ngir=1.0
d) nsup=3.4, nNguide=3.44, ngir=1.0
e) ngyb=3.24, nNgyide=3.44, ngir=1.0
f) neub=3.25, nguide=3.44, nair=1.0

-21-
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to the arbitrary longitudinal geometry employed. Moreover, at any junction between two
waveguides of different curvature in order to form e.g. an S-shape there is a transition loss
(figure 1.4) due to the field mismatch. This gives rise to polarisation changes, mode
conversions and also to unwanted guided, radiated and backreflected modes (Koch [1.14]).

Most recently a great interest has arisen in the field of nonlinear optics taking into account
the dependence of the permittivity on the field intensity. Using this effect new structures
can be designed such as suggested in figure 1.6f.

The fabrication of integrated optical waveguides as discussed above requires various
sophisticated technological steps and hence the production costs are still high. Furthermore,
the measuring techniques are difficult and very time consuming. As the performance of
these devices depends mainly on manufacture tolerances, a great demand has emerged for
more realistic models. This leads us to the main part of this work, the computational

analysis of integrated optical waveguides.

1.4 Principal Aims of the Study

In view of the foregoing, the project was initially conceived as an extension of the classical
Beam Propagation Method (BPM), based on the intrinsically scalar formulation. This

method can provide accurate scalar field solutions for any waveguide that:

a) has an arbitrary one dimensional cross section,
b) is inhomogeneous in the transverse, and
¢) in the longitudinal direction, and
d) involves an arbitrary 2nd order anisotropy of the permittivity profile,
but
e) neglects possible longitudinal reflections,
f) cannot provide solutions in waveguides involving high refractive index changes,

g) and gives solutions only to the scalar TE Fock equation.

The BPM approach is now an established technique in integrated optics to solve a wide
range of arbitrary waveguide geometries, such as S-shaped, Y-junction waveguides or
directional couplers. It may still be possible to include effects e)-g) into the BPM model

via some approaches outlined in this thesis in section 5.2.2. However, the resulting
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mathematics is rather complicated and we have not obtained a propagation algorithm based
on the classical BPM which includes the extensions e)-g). Nevertheless the ideas

described in chapter 5 can serve as a general guideline how in principle an improved BPM
could be derived.

From the preceeding discussion and the short excursion into the 'real world of integrated
optics' it follows that, perhaps the most promising and direct way of tackling the problem
would be to deduce a new more versatile propagation algorithm which would allow for
extensions like e)-g), whilst maintaining the ability to deal with the other waveguide
features, listed at the beginning of this section under a) - d). To model the integrated
optical chips more realistically, taking into account the physical properties outlined above,
the alternative method should also be able to provide solutions for a range of problems for
which the BPM is not applicable. Therefore the following features should be included in
the new algorithm(s) as well:

The algorithms

h) should not be restricted to the wave equation for TE polarisation,

i) should give solutions in two dimensional cross sections, and

j) should give solutions due to arbitrary input fields of arbitrary polarisation in
k) arbitrary material (anisotropic, isotropic and nonlinear)

Most impoftantly, when implemented, the algorithms should not lead to complicated matrix
operations which would unnecessarily increase computer time and therefore would not be
useful as a design tool available on a workstation. Notably, they should not lead to dense
matrices of irregular form which are difficult to solve fast and efficiently, otherwise the
new algorithm(s) would not be able to provide an alternative to the Beam Propagation
Method.

Having defined above the principal objectives of this study more closely from the physical
properties of the structures in question, we will review in chapter 2 a selection of past
theoretical analytical and numerical work which was used to address similar propagation
problems in the general field of optics and/or related fields. We will also explain in detail
why we have adopted a different approach to the BPM in this study.
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1.5 On the Layout of the Thesis

In view of the problem definition stated in section 1.4, let us now briefly outline how
solutions to the above questions are developed in this thesis. The problem is here
approached in an ‘engineering' manner, so chapter 1, entitled ‘Introduction’, first looks at
the background of optical communications and state-of-the-art technology in integrated
optics. This leads to an understanding why modelling of the integrated optical chips is
necessary, which physical effects occur and which parameters the experimentalist is
interested in. Consequently, the motivation to solve these questions was very much a 'real
world' one and had emerged from realising the limitations of classical established
simulation algorithms such as the BPM (section 1.4).

Naturally, to obtain an extension of the BPM or to follow a totally new alternative
approach, other methods have to be studied first to see whether the problem in question has
been already addressed in a similar manner by other researchers. In chapter 2, entitled
‘Review of Analysis Methods’, the most relevant methods and a new line of approach to
the propagation problem in optics are discussed. Obviously, the method applied is not
totally new, in fact it has been used for similar propagation problems in seismology, but is
here for the first time used in integrated optics. The choice of the method was found to be a
very sensible decision, as towards the end of this study it was noticed that more and more
research workers in the field had also departed from the BPM approaches and used very
similar algorithms.

Having decided on the method to use, namely the direct numerical solution of a propagating
functional, chapter 3, entitled 'Preliminary Theoretical Discussion’, discusses several
different ways how this method can be applied in principle, to solve the physical problem
in a forward propagation manner.

This is followed by a theoretical chapter 4, entitled The Mathematics of Wave
Propagation’, discussing the many possible ways how a mathematical description of the
physical problem as defined in chapter 3 can be obtained. The boundary conditions are
discussed and the actual step by step derivation of various uncoupled scalar and coupled
vector forward wave equations and stationary functionals is presented with a particular
emphasis on the necessary approximations. Chapter 4 concludes with a set of partial
differential equations and functionals which will be solved by the numerical methods in
chapter 5.
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Chapter 5, entitled 'The Numerical Solution Techniques’, is the kernel of this thesis and is
concerned with the one and two dimensional numerical solution of the partial differential
equations derived in chapter 4. Scalar and vector solutions are developed using the BPM,
Finite Elements and Finite Differences. This chapter can be viewed as a totally independent
unit which is fed the PDEs and corresponding variational expressions and produces as
output the numerical algorithms for the forward propagation of the fields.

The forward algorithms are extended to include possible backward travelling waves at
longitudinal discontinuities in chapter 6, entitled ‘The Inclusion of the Reflected Waves'.
First, a Green's function approach is looked at, for the extension of a BPM wise algorithm.
Second, a forward/backward propagation is included in the numerical algorithms from
chapter 5. Important results of our study are presented here which confirm the use of the
Finite Element Method for the reflection procedure, namely the reflection of TE and TM

waves at homogeneous and inhomogenoeus single and multiple interfaces in the transverse
and longitudinal direction.

In chapter 7, entitled ‘Error and Stability Analysis’, the emphasis is on the comparison of
the classical BPM and the new approaches derived in chapters 2-6. This is an essential part
of the work, since it only becomes clear at this stage that the direct numerical solution of the

functionals is indeed superior to the BPM for a number of different properties.

Having established and tested the new method in comparison with the BPM in the previous
chapters, finally chapter 8, entitled ‘Results of the Computer Simulations’, presents a
number of numerical simulations of wave propagation in isotropic, anisotropic and
nonlinear material. Chapter 8 also discusses the computational aspects of the study and
outlines the features of the RBPM (Rigorous Beam Propagation Method) package
developed. Only important bench mark examples are discussed to demonstrate the
applicabilty of the algorithms used.

Chapter 9, entitled ‘Conclusions and Future Work’, includes the suggestions for future

work and discusses what has been learned in this study.

The appendices A-D deal with extensions of the numerical algorithms from chapters 5 and

6 to full three dimensional propagation and describe some intermediate steps for the
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solution of the coupled paraxial wave equations. For comparison, appendix E describes
typical superposition schemes for two structures involving multiple reflections. Also, a
typical input set up of the optical chip geometries as used by the RBPM preprocessor is
given for reference. Finally, some reference solutions and input field distributions, used in
chapters 7-8, as well as a typical proof for stability of the Finite Difference/Finite
Difference algorithms are presented in appendices F-H. Apppendix I gives a step by step
account of the use of the reflection algorithm for the reflection of a Gaussian beam with TM
polarisation at Brewster angle, which served as an important test example for the
longitudinal reflection algorithm. Some numerical aspects of the BPM propagators are
discussed in appendix J.

Note that each chapter has its own reference section and no cross reference is made
throughout this thesis.

1.6 Summary of Main Achievements

The primary task of this study was to investigate possible extensions or alternatives
to the classical Beam Propagation Method (BPM). According to the classical
formulation of the BPM, the method yields reliable results only in weakly guiding
structures, which generate no tramsverse or longitudinal reflectioms. The
algorithm is based on the scalar TE Helmholtz equation and all polarisation effects,
e.g. the TE/TM coupling due to curvature effects, are therefore also neglected. Thus the
principal aim was to develop a method which would give vector solutions in an arbitrary,
possibly anisotropic, inhomogeneous 3D space including all radiation, evanescent,
reflected and propagated fields. However, the resulting programs should nevertheless be
implemented on medium size computers like 2 SUN or APOLLO work station.

As an introductory task to the propagation problem, a BPM program (based on several
different versions of the propagators) was implemented for the propagation of TE
fields in inhomogeneous isotropic material. The structure of this program formed
the basis of the final package which was eventually installed at the Research Laboratories of
Siemens in Munich, West Germany. By testing different versions of the BPM it was found
that discrete instead of continunous propagators, known as 'numerical viscosity' in
seismic problems, can be used in the BPM. These propagators were introduced due to the
use of discrete Fourier Transforms in the BPM. Good agreement was achieved with the
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results obtained by the usual continuous form. However, this exercise was primarily

devised to illustrate the use of the BPM to solve propagation problems in integrated optics.

The vector extension of the BPM was initially addressed by deriving a coupled set of
forward wave equations for vector fields using H fields only. The problem was to reduce
Maxwell's equations to a set of coupled forward vector wave equations which
could then be solved in a BPM wise manner. Several versions for a phase
correction matrix were discussed, but no suitable expansions for the coupling
elements were found. Either they resulted in no coupling of the field components,
or they would yield very complicated calculations involving second or mixed
derivatives of the field components at each propagation step. But as a suggestion of

how a vector BPM could, in general, be approached these ideas are nevertheless discussed
in this thesis.

To overcome the wezkly guiding assumption in the BPM higher order terms
were included im the expamsion for the scalar phase correctiom but no

significant increase in the admissible refractive index change was found.

A Green's function approach was studied to derive an alternative correction term
for the BPM to include the longitudinal reflections directly. A detailed analysis
of the BPM however revealed that possible extensions of this method are very difficult, if
not impossible, as the technique is so specifically designed to solve the scalar TE-
Helmholtz equation.

Consequently it was decided that alternative methods had to be studied to overcome the
shortcomings of the BPM. Several methods were suggested which could be used for a
more realistic BPM, e.g. ray tracing approaches or a discretisation of the
waveguide geometry into many small step discontinuities. But all these methods
were so specifically designed for one particular class of problems that a more general
approach could not be derived therefrom.

The failure to obtain direct extensions of the BPM method was followed by the search for a
more general approach which would not be restricted to one particular wave equation or
waveguide geometry. In geophysical problems, general numerical methods to solve
standard hyperbolic or parabolic partial differential equations, for the uncoupled scalar and
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coupled vector propagation of waves, had been applied to a great variety of problems. The
paraxial scalar TE and TM wave equations and the coupled vector equations are of such
standard form and it was found that a general approach based on the direct
solution using Finite Elements and Finite Differemces, if successful, would
overcome the limitations of the BPM, provided a stable and unitary scheme could be
found for the solution of these PDEs.

In seismic problems, solving the time dependent evolution of elastic waves, the
propagation problem is often approached via a variational form, which includes additional
term(s) for the time dependence. It was shown that these variational expressions are
equivalent to solving the paraxial eguations for the propagation problem in optics.
To solve these 'propagating' variational expressioms, a hybrid method of
Finite Elements, for minimising the functional over the cross section, and an
unconditionally stable Finite Difference scheme, for the forward propagation, are
used.

A program was developed for the solution of the scalar TE Helmholtz equation
via the ‘propagating' functional' to demonstrate that similar results compared with
BPM reference solutions can be obtained. Simultaneously a pure Finite Difference
scheme was implemented for comparison, based on the similarity of the diffusion
equation and the paraxial Helmholtz equation. Thorough tests of these algorithms revealed
that the direct solution via the variational approach does not only yield the same results
as the BPM but also overcomes the restriction of low refractive index change
and smail step sizes in the BPM, not being based on a perturbation solution like the
BPM.

In view of the above discussion the programs were extended to give direct
solutions of the paraxial version of the TM Helmholtz equation. These
findings were so encouraging that it was decided to approach the vector propagation, where
sets of paraxial wave equations have to be solved, in a similar manner. The propagaticn
of coupled TE/TM waves in anisotropic material could be succesfully
demonstrated using a general purpose computer program, namely PDE/PROTRAN of
the IMSL library, which uses standard Galerkin Finite Element and Finite Difference
techniques to solve a weak formulation derived from the coupled set of Helmholtz
equations.
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Although the new propagation algorithms, based on the combination of Finite Elements and
Finite Differences, were demonstrated useful in many examples for the evolution of TE and
TM fields, they still neglected the longitudinal reflections, since the paraxial wave equations
only represent forward propagation. The reflected waves were included in the
analysis for the case of inhomogeneous longitudinal abrupt changes in refractive index by
employing a spectral reflection technique which was orginally developed for the
BPM. This method, initially suggested for the reflection of TE waves, was also extended
to the reflection of TM waves. The inconsistency of using the TE BPM algorithm for
the reflection of TM waves was solved by employing the direct solution of the TM wave
equation via the FE/FD algorithm. The reflection technique was then extended to include
reflections at multiple longitudinal discomntinuities. This is done by collecting all
partial reflections at each analysis step and subsequently propagating these sources several
times forwards and backwards in the chip until convergence is obtained.

In an MSc. project for the 'Microwave and Modern Optics' course at UCL, the
algorithrns were modified to demonstrate their applicability for the propagation of TE
and TM waves in Kerr type nonlinear material.

This was followed by an error analysis of the new algorithms in comparison with
the BPM and analytical reference solutions. It was noted that large refractive index
steps and amalysis step sizes, which would normally cause a breakdown in the BPM,
are admissible in the new algorithms due to the use of unconditionally stable Finite
Difference schemes.

To demonstrate the usefulness of the algorithms also for the propagation in 3 dimensional
structures the Fimite Element algorithms were them extended to 2D cross
sections and tested at some very simple examples, propagating Gaussian Beams in

inhomogeneous uniform media.

All algorithms were finally implemented in a professional computing
environment on a UNIX based HP 9000 work statiom at the Research
Laboratories of Siemens in Munich. A series of numerical simulations were
presented which provide vector and scalar solutions for the reflection and propagation of
Gaussian Beams and modes in structures involving large changes in refractive index in the
transverse and longitudinal direction (including multiple reflections) in isotropic and
anisotropic material.
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Although the new algorithms, for the scalar TE and TM case and the vector anisotropic
case, cannot be used for the general propagation problem of coupled waves in isotropic
material, this extension to vector propagation in isotropic and birefringent material only

presents a minor remaining problem and is consequently left to future work.

Most importantly, however, the implementation of the algorithms based on a
combination of Finite Elements and Finite Differences to solve a ‘propagating'
functional, which corresponds to the uncoupled TE or TM Helmbholtz equations in the
scalar case, and the coupled TE/TM vector Helmholtz equation in the vector case, have
been demonstrated to be a more realistic, general alternative approach to scalar
and vector wave propagation in integrated optics, which was the original aim.
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Chapter 2

Review of Analysis Methods

2.1 Introduction

The design of components in 'guided wave optics' requires different analysis methods
depending on the structure in question. The main variable of interest is the propagation
constant and the electric and magnetic field distributions in the optical chip, which have to

be matched to those of the connected optical fibers. Therefrom the coupling losses can be
predicted.

The theoretical analysis of microwave and optical waveguides of uniform axial geometry is
usually performed in terms of normal eigenmodes. These are the steady state field
distributions that exist in uniform straight waveguides. Their propagation constants will be
real as long as the material is non-lossy. The eigenmode analysis can provide solutions for
some integrated optical structures like straight uniform waveguides and directional
couplers.

However, as said in chapter 1, generally the optical chips consist of geometries where a
coupling of the propagating modes to the radiation modes takes place. Instead of a discrete
set of propagation constants, as in the case of the propagating modes, we find a continuous
spectrum of propagation constants for the radiation modes. Furthermore evanescent fields
may be present and the analysis must take them into account. The solution in terms of a
boundary eigenvalue problem (chapter 3.3) will yield results for the normal eigenmodes of
a uniform (straight or curved) waveguide. Defining the problem in terms of an initial
boundary value problem (chapter 3.5) allows one to propagate an arbitrary input field
through a structure of changing longitudinal and transverse refractive index.

The advantage of such a propagation approach is obvious. We want to model the physical
structure as given in an experiment, e.g. the coupling of an arbitrary input field into a

curved optical waveguide. However, mathematically speaking, the problem definition in
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terms of an initial value problem requires the use of an initial value partial differential
equation. We will see in section 4.3, that this requirement will lead to a number of
limitations on which kind of partial differential equations we can solve. To obtain the
required initial value problem, certain physical effects which may not be negligible in the
structure, such as the backscattered waves and the TE-TM mode conversion, have to be
neglected.

Our objective is to find a beam propagation method applicable to integrated optical
structures. A propagation technique is not necessarily a wave propagation technique
although some may be used for this purpose as well.

In this chapter we concentrate on methods which could provide a 'propagation’ solution to
the describing Helmholtz equations. The following review cannot give a complete overview
on the analysis methods used in integrated optics. More detailed reviews with special

emphasis on the numerical solution of waveguides may be found in Davies [2.1] or Saad
[2.2].

2.2 Previous Work in the Related Field

Let us have in this chapter a brief look on what other people in related fields have done so
far to solve similar propagation problems. Propagating a packet of waves and determining
the properties of a physical effect from the backscattered field is of great interest in many
different fields of science, i.e. acoustics (Ishihara and Felsen [2.3], Arnold and Felsen
[2.4], Jensen [2.5]), seismology (Claerbout [2.6]), reflector antennas (Keller [2.7]), non-
destructive-evaluation (Punjani [2.8]) or fluid mechanics (Azevedo [2.9]). The overall idea
in two dimensions is that one partitions a computer memory into one or a few two
dimensional grids where field variables are represented as functions of two space
dimensions. Then one inserts initial conditions, turns on the computer and waits to find
what happens. There have been many examples modelling the diffusion equation (Sewell
[2.10]), but not many studies have been devoted to the wave equation (Claerbout [2.6]).
The problem with the wave equation is that probably 10 points per wavelength are not
enough. But we will see that, by deriving a paraxial equation in section 4.3, we can reduce
the actual number of sampling points. The solution methods are based on the numerical
solution of the partial differential equations via Finite Difference and Finite Element
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techniques (Sewell [2.11]). The advantages of these methods will be further elaborated in
chapter 5. Complicated sets of coupled partial differential equations are being solved as
initial value problems in fluid mechanics. Although it seems to be difficult sometimes to
derive a stable unitary propagation scheme (Mitchell [2.12], [2.13]), overall the numerical
solution of general initial value problems can always be obtained. There is a wide range of
physical problems which can be analysed using these methods, generally aiming to solve a
very similar problem: to propagate a scalar or vector field through a structure with
arbitrarily varying paramaters in the longitudinal ‘propagation direction' (e.g. space, time)
and in the transverse (e.g. a 2D cross section). However 'propagation’ in these problems
usually means propagation in 'time' rather than a space variable. So we cannot really speak
of a wave propagaﬁon technique. But one can learn a lot from these related solution
methods on how to set up the numerical schemes for the solution of the PDE's concerned,
provided that they can be reduced to some standard form like parabolic or hyperbolic
equations. It is rather suprising that the direct numerical solution of the describing
Helmbholtz equations has rarely been applied to problems in optics (Hendow [2.14],
Anderson [2.15], Marcuse [2.16]).

2.3 Analytical Techniques

The question whether or not to use a computer to solve a mathematical problem is usually
answered by the question ‘can one obtain adequate answers without the computer ?',
because undoubtedly a closed form solution is preferable to a computer solution, giving
more physical insight. Let us have a look for what range of problems analytical or quasi

analytical solutions of Maxwell's equations are available.
2.3.1 Pure analytical solutions

The analytical analysis of waveguide structures is usually performed in terms of the normal
propagating eigenmodes. Many different techniques can be derived from this principle. In
uniform structures one chooses a convenient coordinate system to express Maxwell's
equations and tries to derive an expression (usually a transcendental equation) for the
propagation constant. There are numerous studies employing this principle. Even for
structures with a different longitudinal but uniform geometry, e.g. a waveguide with a
uniform curvature or a twisted waveguide, this ansatz is successful. (Lewin [2.17], Lewin,

Chang and Kuester[2.18], Koch [1.14]). More complicated structures like a straight
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directional coupler can also be solved using this approach by comparing the propagation
constant of even and odd modes of the whole structure and determining the coupling length
from that. Although one can derive so called travelling coordinate systems for structures of
arbitrary longitudinal geometry, the analytical solutions become more and more
complicated. Furthermore, the approach is nevertheless a 'resonant solution' and
propagation constants must be assumed real. No account can be given of the radiation
modes with its different physical behaviour. Therefore as long as the geometry is simple, in
a straight waveguide or even in a waveguide bent with a constant curvature, where the
normal modes can be expressed as superposition of Bessel and Hankel functions, analytical
methods may be successful. For waveguides with a constant curvature the field solution is
split up in an eigenfunction expansion for the discrete guided modes and for the continuous
radiation modes. For structures of arbitrary geometry it has been also suggested (Marcatilli
[2.19], [2.20], Koch [1.14]) to split up the structure in a number of uniform curved and
straight sections and to match the field expansion at each junction (therefore taking into
account the transition loss due to the field mismatch and the power coupling to higher order
modes). This approach may lead to good solutions as long as the structure only consists of
one waveguide. It is difficult to apply to directional couplers and branching waveguides.

2.3.2 The step discontinuity approach

If the geometry, however, becomes more complicated, in structures where the direction of
propagation changes, it is difficult to obtain the desired closed form solution including the
coupling of the guided modes to the reflected and radiated modes. One alternative, a quasi
analytical method, is to discretise the whole structure using a step approximation (Koch
[1.14], Marcuse [2.21], [2.22]), then perform an eigenmode calculation in each straight
step (e.g. Rahman [2.23]) and match the fields at each abrupt junction (Davies [2.24]).
This has been successfully demonstrated by Tsutsumi [2.25] for a slab Y-junction
waveguide. For one dimensional waveguides this approach seems feasible. But it appears
difficult to apply, in general, to 3D structures where the geometry not only varies in the
propagation direction but also in the cross section.

Although analytical solutions give a very good immediate physical insight, the range of

problems where they can be obtained is so limited that no further consideration is given to
them here.
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2.4 Perturbation Methods

A perturbation solution is based on the assumption that the structure in question is similar
to a structure for which analytical solutions are readily available.

2.4.1 Analytical solutions based on perturbation methods

The different analytical results obtained for structures of varying longitudinal geometry are
based on the solution of a modified 'perturbed’ eigenvalue equation for the propagation
constant. For example, a curved waveguide can be solved in terms of an expansion into the
normal modes of a straight guide. The expansion coefficients are then related to the
curvature of the guide (Koch [1.14]) like (R is the radius of the uniform curvature)

1
B=B,+ =z AR (Miyagi [2.26])

This method is applied to a variety of curved structures by Lewin, Chang and Kuester
[2.18].

2.4.2 Numerical solutions based on perturbation methods

In fact the classical Beam Propagation Method (BPM), described in chapter 5, has features
of a perturbation analysis. Here we assume that the refractive index distribution only
changes 'slightly' after each step of propagation (the stepping is in fact the stepwise
numerical solution). As we will see in chapter 5, this will lead to the desired algorithm for
the beam propagation in inhomogeneous material.

However, in general, perturbation solutions are only available for structures which are very
similar to the 'reference’ structure. Mostly one solves for the perturbation of a parameter
such as the propagation constant of the mode (Lewin, Chang and Kuester [2.18]). This is
of very little use to us, because again one has to assume that the perturbed structure is
uniformly perturbed and we are more concerned with 'arbitrary' longitudinal geometries.
Therefore the main disadvantage is that, starting with Maxwell's equations, we would have
to undergo the whole procedure for each waveguide structure separately, and as we are
looking for a more general method, this foregoing does not seem to be very versatile. It
should be emphasized here, that the algorithms developed in this thesis are
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not based on a perturbation analysis like the BPM, but on the direct
numerical solution of an approximation to the governing partial differential
equations.

2.5 Integral Equations

Green's function theory is used to obtain solutions of Maxwell's or Helmholtz's equations
in integral form (e.g. Papalouksis [2.27], Marcuse [2.28], Davies[2.1]). The solution in
terms of a Green's function will give solution in terms of a point source excitation in the far
distance. The advantage of solving in terms of a Green's function is that it includes
radiated, scattered and reflected fields. First the perturbed medium (the medium containing
the waveguide) is replaced by equivalent current sources, then the method of moments is
used to expand these sources over small triangular elements in 3D space. By performing an
inner product with some test sources on the scattering surface a set of integral equations is
obtained (Harrington [2.30]) which are then subject to a numerical solution. One advantage
of the integral equation method over the partial differential equation approach is that
integration is a more stable process than differentiation. One disadvantage of the integral
equation approach is that the matrix equation resulting from the numerical solution is often
dense and 'badly balanced’, as invariably the Green's function has to be evaluated between
all sub-sections, many will be large where source and observation subsections coincide and
values will quickly fall as one considers more distant subsections.

Eyges [2.31] demonstrated this approach (an extended ‘boundary condition method’) to
calculate the eigenmodes of a dielectric waveguide with arbitrary refractive index profile.
However, the problem of finding the Green's function in a material of arbitrary 3D
geometry requires such a big mathematical effort even for very simple structures
(Papalouksis [2.27]), that is does not seem very feasible for our problems. Mostly the
integral equation method leads to good solutions in scattering problems but the method
itself is difficult to apply to the general arbitrary geometry problem (Saad [2.2]).

2.6 The Ray Tracing Approach

Ray tracing methods are derived from a high frequency approximation. Classical ray
tracing is therefore, strictly speaking not applicable to monomode structures. All the
phenomena of physical wave optics (like interference, finite size focus) are not present
here. But let us outline here, how a ray tracing propagation algorithm can be derived.
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2.6.1 Classical ray tracing

In the classical ray tracing approach light is propagated along rays which are defined as
lines which cross the surfaces of constant phase at right angles. This method is a good
approximation if the width of the waveguide is large in comparison to the wavelength
(small wavelength limit). It is relatively accurate for non-zero wavelength if the number of

guided modes is large. The basic equation, which is being solved is the scalar Helmholtz
equation

2 2 '
[V’ +&n’0 Juw =0 @.1)
with the boundary conditions on a region R:
d
2 =0 (2.2)
or

The tangential fields must also be continuous when fields are being considered between
two dielectric media with different refractive index. For very large quantities ky, u can

assume an asymptotic approximation as
N
-k S, @
u(r) = 2‘1 e UP [Ap @ + ... | 2.3)
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which represents plane waves with amplitude Ap and normalized phase Sp. Each of the
plane waves of equation (2.3) should now satisfy the reduced wave equation (2.1)
asymptotically and from this assumption we get the eiconal and transport equations
respectively:
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The lines which cross the phase fronts at right angles are called rays. These rays also
satisfy the following equation
d dr '

o l=vn 2.5)
a vector differential equation, which is generally known as the 'ray equation'. In this
equation s denotes the direction of the ray and r the distance from the origin in a

nonuniform medium of refractive index n(r) (figure 2.1).

.38-



The 'ray equation’ and the eiconal equation are two alternative ways to describe geometrical
optics. The 'ray equation' is more convenient to trace the trajectories of rays in
inhomogeneous media. Other definitions of the classical ray tracing method are also
possible. The Fermat formalism [2.28] is based on a variational principle. The Hamilton-
definition [2.31] has the advantage [2.32] that the derivation is reduced to first order
differential equations which are easier to integrate numerically [2.32].

a=_§l‘§

Fig. 2.1: Geometry for a ray in a medium with a nonuniform refractive index n(r)

The classical ray tracing approach neglects the wave characteristic of the rays which is of
great importance in wave optics. To take some account of this behaviour one regards the
rays as local plane waves. Therefore the application of the Fresnel formula is justified
[2.33]. The WKB method is used to treat reflections at index gradients [2.34] (caustics)
and if total reflection occurs, the Goos-Haenchen shift [2.35] has to be taken into account
as well. The ray tracing method has been applied with great success to multimode fibers. In
integrated optics the ray method has been used by Blok [2.37].

\d I f classical tracine:

- Instead of partial differential equations one deals with ordinary differential equations
which can be solved numerically very efficiently.

- The ray tracing provides a good physical insight and some problems can be solved
analytically as a result.

- The method is a wave propagation technique.

- The method can be applied to a great variety of structures.

.39-



Chapter < - Rgvlew of Analysis Methods

Disadvantages of classical ray tracing:

- Caustics may introduce unrealistic singularities in the method

- The application is restriced to multimode structures

- Ray tracing is restriced to the solution of the scalar Helmholtz equation

2.6.2 Evanescent ray tracing

Many problems in classical ray tracing are a result of the fact that equation (2.3) cannot
represent attenuated waves. The occurrence of singularities at caustics is also due to this
fact. If one allows S to have complex values as well one gets rid of these singularities
[2.37]:

S =R@ +jI@ (2.6)

Thus the eiconal equation (2.3) breaks up in 2 coupled equations:

(VR) - (V1) =n®

2.7)
VR.VI=0

The orthogonal trajectories R = const. are called phase trajectories and the ones with I =
const. are denoted as equiphase contours. One can obtain two different 'ray equations' for
R and I separately. In this case one deals with real partial differential equations. The phase
trajectories correspond to the ray trajectories of the classical ray tracing. They do not have
any singularities at caustics due to the presence of attenuated waves (evanescent waves) at

these points.

Advantages of evanescent rav tracing

- For higher order modes the method is better than the classical ray tracing.
- The method is a wave propagation method.

- The method avoids the problem of singularities at caustics.

Disadvantages of evanescent rav tracing

- The partial differential equations can be difficult to solve even numerically.

- Although this method has also propagation behaviour, it has not been used in guided
wave optics so far.

- It cannot be adjusted to monomode structures.

- The method is restriced to the scalar wave equation.
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2.6.3 Complex ray tracing (CRT)

The term ‘complex ray' is closely related to 'evanescent wave tracing'. Whenever S in
equation (2.2) becomes complex, the term 'ray’ of the classical ray definition is actually
violated. One defines terms like "phase trajectories’ and 'equiphase contours'. On the other
hand one could also extend the real space to a complex space. In this space one can again
define rays as trajectories at right angles to the phase front S(r) = const. These complex
rays coincide with the classical rays when they are propagating in real halfspace. Caustics

are points from which complex rays propagate into the real halfspace.

Theoretically one can obtain the method of 'evanescent wave tracing' from ray tracing in
complex space. As a result one can use the differential equations obtained from classical ray
tracing.

Advantages of complex ray tracing:

- The method combines the advantages of classical ray tracing and evanescent ray tracing

D. l | £ l I 3 -
- It is not immediately evident how real geometries (refractive index profiles) can be
extended to complex geometries. Therefore the method is in its present form only

applicable to problems in homogeneous space.

Therefore we may conclude, that a general ray tracing method can be developed also for
our problems. Although we have decided not to use a general ray tracking propagation
algorithm we give here a short account on how such a method could be developed (Koch
[2.38]) as will be outlined in the following section.

2.6.4 General remarks on ray tracing approaches
The ray tracing approach essentially reduces to the determiation of the '"ABCD’ matrix for a

given inhomogeneous structure. To take the reflections into account one must extend the

classical derivations (figure 2.2):

.41 -



LIWPW! ~ T ANV W (7 /l.flu&-lf)b JYLE HW WY

reflected incident transmitted rays

medium 1 medium 2 medium 3

Fig. 2.2: Reflection in one homogeneous layer

a) The standard RT-method
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I1, 12 and I3 in figure 2.2 are the intensities of the beams. To treat the reflections one could
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trace the beams in the structure up to the point where the intensities have decayed to
insignificant values. First the beam propagates forward through the structure (path1). Then
all reflected intensities above a certain threshold (say I3/11> 1%) will be stored. All beams
will be traced as long as their intensity is above this threshold. As a second step the
structure will be traced backwards (path 2). Hereby the stored reflections act as sources and
again all generated reflections above the threshold will be stored. They will then generate
the sources for the next tracing in forward direction (path 3). The process will be stopped
when all reflected beams have intensities below the threshold. The entire intensity
distribution in the chip is obtained by a coherent superposition of the single intensities (see
also section 6.3.1 for the forward/backward tracing of the beams).

2.6.5 Ray tracing in an inhomogenous medium

To calculate the 'ABCD' matrix for an arbitrary refractive index profile, one can use two
different strategies in principle:

i) Direct evaluation; by solving the eiconal equation numerically. This may be very
difficult, as the 'ABCD' matrix is a nonlinear function of [x1,Xx;']

ii) Discretisation of the inhomogeneous structure:
The inhomogenous structure will be separated in single elements (cells) (figures 2.3a,
2.3b). For any incident beam, one must first find the cell which is hit by this ray. For
this particular element the transmitted and reflected beams are constructed. Due to the
lateral expansion of the elements one must distinguish whether the cell is entered from
the left or from the right:

1) A variable mesh and single basis cells (figure 2.3a)
In this example one clearly realises that the 'side beams' do
represent a physical behaviour.

2) A fixed mesh and more refined basis cells (figure 2.3b)
The advantages are obvious:
- it is easy to find the cells
- standard contour algorithms to generate the border lines
(or border surfaces in 3D)
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Fig. 2.3a: Discretisation by a variable mesh with beam splitter (A)
and transparent cells (B)

A)

—% 1l

T

Fig 2.3b: Discretisation by a fixed mesh with general beam splitters (A)
and transparent cells (B)

2.6.6 Complex ray tracing (CRT) in an inhomogenous medium

An extension of the classical ray tracing approach for problems which involve interference
phenomena, requires the use of complex rays to account for the additional phase
information. Should the optical field exist of complex rays, we must introduce complex
sources for the beams in the '"ABCD-description'. The complex sources represent the phase

information:
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The coherent superposition of different rays is a difficult problem in the CRT. The
application of this method to problems in integrated optics depends very much on the
solution of this problem.

2.7 The Beam Propagation Method (BPM)

2.7.1 The classical BPM

The BPM (Lagasse [2.39], Roey [2.40]) is now the most widely used technique to
investigate the field propagation in integrated optics. Originally the method was derived to
solve propagation problems in underwater acoustics (Spoffort [2.41]). As we are using the

BPM for comparison in this work, a more detailed analysis will be given in chapter 5.

The BPM provides a spectral propagation algorithm to propagate an arbitrary incident beam
through a medium of slowly varying refractive index. However it only gives solutions to
the scalar Helmholtz equation. The BPM can only be used efficiently in a 2-dimensional
analysis due to the computational effort to transform the fields into the spectral domain and
back after each step of propagation. For many integrated optics devices, such as directional
couplers (Kaczmarski [2.42]), Y-couplers (Baets [2.43], Chung [2.44]) or curved
waveguides (Baets [2.45], Saijonmaa [2.46]), the BPM will give correct results as long as
the refractive index change is small. This certainly applies to many structures but some
others involving large changes in refractive index, e.g. a corner reflected mirror waveguide

(Buchmann [2.47]), cannot be analysed because of the high refractive index step involved.

The BPM in itself is a paraxial propagation routine and polarisation changes are not taken
into account as the method is based on the scalar Helmholtz equation. If the BPM is
combined with a method for longitudinal reflections (Kaczmasrki [2.48]), large refractive
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index changes in the longitudinal direction can be included. The BPM has been used to
model the field propagation in birefringent (Feit [2.49], [2.50]) and anisotropic (Feit
[2.51]) material. For DFB lasers the method has been extended to include the reflections
which occur due to the sinusodial grating of the lasing structure (Agraval [2.52], Louisell
[2.53], Federighi [2.54]).

It is interesting to compare the BPM with a ray tracing analysis. An asymptotic analysis
shows that the ray and transport equations can be derived from the BPM algorithm (Gribble
and Arnold [2.55], [2.56]).

The BPM has also been successfully used to propagate fields in weakly guiding nonlinear
structures using a successive updating of the refractive index due the field intensity change
after each step of propagation (Tylen [2.57], Heatley [2.58]).

2.7.2 The matrix BPM method

Recently the BPM has been modified to model the field propagation in rib waveguides
involving high changes in the refractive index. It is based on the matrix beam propagation
method (Yevick [2.59]) and solves for the electric fields in a 2-dimensional cross section
by means of a successive application of the standard 2D BPM and a subsequent
interpolation technique necessary to correct for the error due to the non admissible high
refractive index step in the BPM. This method has been applied to evaluate the propagating
electric field and differential losses in a Y-junction waveguide fabricated from rib
waveguides (Yevick [2.60]). Due to the high refractive index change very small analysis
propagation steps are required.

Advantages of the BPM

- Simple 'one line' algorithm

- Refractive index may vary arbitrarily in the longitudinal and transverse direction
- Itcan be applied to monomode and multimode structures

- Mode patterns can be generated

- It gives solutions for radiation and propagation fields simultaneously
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Disadvantages of the BPM

- The method is restriced to small refractive index changes
- Polarisation change is not taken into account

- Paraxial approximation

- Solution only for the Helmholtz equation

- All reflections are neglected

2.8 Other Methods

There are many more methods used for the simulation of wave propagation. Some of them
are only applicable to one particular longitudinal geometry or transverse cross section.
Therefore their use in a wide range of problems in integrated optics is rather doubtful.

2.8.1 Propagation using virtual modes

In 1984 Seino [2.61] proposed a method based on the expansion cf the radiation and
propagation modes into a set of virtual modes. The propagating light is described by means
of Fourier Transforms using these virtual modes in virtual waveguides and substituting the
Transforms into the scalar Helmholtz equation. By applying the principle of the power flow
equation, the Helmholtz equation is converted into equivalent differential equations for the
Fourier coefficients. Hence the actual propagation is performed by finding an expansion for
the Fourier coefficients along the propagation direction. Finally these differential equations
are solved using a Finite Difference method.

The analysis includes the radiation effects which occur in curved, Y-shaped or intersecting
waveguides. The method is a paraxial approximation where weak guidance is assumed.
This technique is only applicable to the propagation of TE waves in waveguides. It is not
immediately obvious that the method can be applied to three dimensional waveguides. The
method neglects the effects of polarisation change, e.g. in intersecting waveguides used as
TE/TM splitters as it is based on the solution of the scalar Helmholtz equation. Although
the method can be regarded as an alternative to the BPM it does not appear to be more
realistic being based on the same assumptions of weak guiding and the scalar
approximation. The method is difficult to extend to include anisotropic or birefringent

materials.
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2.8.2 Propagation of waves in holography

There is a number of methods used for the propagation of light in hblography where
recording of the interference pattern due to two coherent beams to form a hologram is
necessary. Reconstruction of the object is done by illumination of the hologram with the
reference beam which in turn generates the second beam. In mathematical terms, the
problem involves the solution of a time-independent scalar wave equation in a two
dimensional inhomogeneous medium illuminated by monochromatic light:

2 2 _ _ _ - 12

V ERx,z) +4n er(x,z) E(x,z) =0 x-X/)\.o z-Z/X0 ko 21t(u080) (0] 5 1o

whereby the dielectric constant € (z,x) is described by a constant term and a modulated term

e(x,z)=¢€_+ €4(x,2)

Instead of using the BPM algorithm (a Fourier propagation of plane waves in
homogeneous media plus a phase correction in x,z-space to correct for the inhomogeneous
part of the dielectric constant), Lewis and Solymar [2.62] suggest that the propagation
through the inhomogenous medium can be performed solely in Fourier space.
Defining the electric field and the dielectric constant in terms of a Fourier Transform as

by 2
-j2x z‘/ € - 1
E(x,2) = j Ak)e LV ] gy 2.13)
400
— — G k -'jZRXk dk . . . .
€,(x,2) =€ 40 8(X,2) =€ o (z,k)e k: spatial frequency in the x direction (2 14)
yields, in the paraxial approximation, an initial value problem for the amplitudes A of

the waves in Fourier space as

2
i‘f‘.(z,k) LT IA(z,t)G(zk -t)e N

- (2.15)
oz e.- k2)1/2
The condition at the input z=a is simply
janfayfe & + ka]
Alak) = A, (k)= j E, (xa) 2.16)

where Ajn(a,ky) is the spectrum of the incident field in the region z<a which is assumed

to be homogeneous. If the inhomogeneous medium is assumed to be a sinusoidal
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grating of very long wavelength as
g(x,z) = sin (2tRx) 2.17)

then (2.15) can easily be calculated as

A
=—(zk) =-0.5m,, [ Azk +R)- Ak R) | (2.18)

which is satisfied by a spectrum
A(zk ) =A, (k - ne, Rz) (2.19)

Thus the propagation in z shifts the input beam in spatial frequency as a linear function of
position z. The inverse Fourier Transforms yield the beam profiles in x,z space. For the
next propagation step the shifted spectrum is again incident to the initial value equation
(2.15). Hence, after several propagation steps a set of coupled waves is created and
propagated through the inhomogeneous medium.

For the simple case where g(z,x) is sinusoidally varying (and hence the convolution
integral in (2.15) can be calculated analytically) this appoach was successfully
demonstrated by Lewis [2.62]. Therefore the method can easily be applied to grating
structures. However, this approach may also be used if the dielectric constant is not
sinusoidally varying. Then €/(z,x) must first be expanded into a Fourier series and then
inserted in the initial value problem (2.15). Consequently the solution of the initial value
problem becomes more difficult. No application of this method has been shown for the
very similar problem of wave propagation in integrated optical devices, where generally the
permittivity distributions are non-sinusoidal.

The simultaneous propagation in Fourier space for the inhomogeneous and homogeneous
medium is certainly an interesting suggestion as it avoids the use of a first order phase
correction in x-z space as in the BPM. But as the initial value problem in (2.15) becomes
more and more difficult depending on how many terms are used in the expansion for the
dielectric constant, it is not immediately evident that the method will have computational

advantages over the direct solution of (2.12) in x-z-space.
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2.9 Numerical Methods

2.9.1 Introduction

The numerical solution of an electromagnetic problem results in a pointwise approximation
of the fields over a specified region. All numerical techniques result in a system of linear
equations or in a matrix eigenvalue equation. Mathematically speaking, this is a matter of
taking a projection from an infinite-dimensional Hilbert space onto a finite Euclidean space
(Davies [2.1]). A unified approach can be made via the method of moments, the Galerkin
method and the method of weighted residuals. In the following sections we will have a
look at the most common numerical procedures and discuss how they have been applied

specifically to waveguide analysis problems.

2.9.1.1 Method of moments

The name 'moment method' has been given to the mathematical procedure for obtaining the

matrix equations from the original functional equations. To solve the deterministic problem
Lu=v (2.20)
(L is the differential operator, e.g. the operator VxVx in the vector Helmholtz equation), an

approximation of u in terms of expansion basis functions b; is sought to minimize the error
residual R(s)

N
u= Z u;b;(s) (2.21)
i=1
N
R(s) = Lu-v =L )_ub(s) - v(s) (222)
i=1

The basis functions are adapted to the problem which is under consideration. Rather than
demanding that R(s)=0 for all s one can insist that R(s) is orthogonal to a subset of a
complete set of weighting functions w;, i.e. to demand that the inner product between the

error residual and these functions is zero

N
<L) ub,(s) - v(s), w(s)>=0 forj=12..N (2.23)

i=1
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2.9.1.2 Choice of weighting functions:
GALERKIN'S METHOD

Choosing the weighting functions w; equal to the basis functions b; leads to Galerkin's
method, which can result in the variational approach. The Galerkin Method is used in this
thesis for the numerical solution of the governing partial differential equations.

LEAST SQUARES METHOD

The choice wi=Lb,(s) results in the least squares residual method, as it leads to the

minimisation of lIR(s)ll.
POINT MATCHING METHOD

Forcing the error residual to vanish at N points s;leads to the method of point matching

where the weighting functions are Dirac delta functions (Wj(S)=5(S-Sj)).
OTHER METHODS

For completeness, the method of subsections, the method of extended operators and the
method of approximate operators (Harrington [2.29]) should be mentioned here, as all of
them belong to the method of moments. For any matrix solution using approximation of the
operator there will be a corresponding moment solution using approximation of the
function (Harrington [2.29]).

2.9.1.3 Choice of basis functions

Assuming that the weighting factors are the above Dirac delta functions of the point
matching method then different choices of the basis functions lead to different techniques.
Harrington's method [2.29] of subsections (where the basis functions only have non zero

values in one section) leads to a simplification of the inner product.

i) b;=3(s-s;) (sj like the point matched weigthing functions)
ii) b;=1 (a pulse function)
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iii) b;=polynomial, Gauss Hermite or trigonometric function (in Finite
Element analysis the basis functions are commonly polynomials)

2.9.1.4 Variational formulation, Galerkin method, Rayleigh-Ritz procedure

It has been mentioned above that choosing the weighting functions equal to the basis
functions leads to the Galerkin method and is, for self-adjoint problems, identical to a
variational approach. As we are using the Galerkin method in this thesis let us show here
why this is so. For the variational expression

J(u) =<Lu-v,u> (2.24)

to give the correct solution, it requires that its first variation in J(u) must vanish. Assuming
that Lu=v is a self adjoint expression, this means that oI must vanish for all admissible du,
i.e.

J(u+du) = <Lu-v,u> + 2<Lu-v,du> + <Ldu-v,du>

(2.25)
dJ = J(u+du) - J(u) = <Lu-v,ou>=0

It is obvious from the standard moment expansion in terms of the basis functions b; as in

equation(2.21) that a small variation in u is
ou= bj(s) for j=1..N (2.26)

which, by inserting in equation (2.25), yields the Galerkin method. It is well known that
the Galerkin method is equivalent to the Rayleigh-Ritz variational method and the method
of moments is also equivalent to the variational method, the proof being essentially the
same as that for the Galerkin Method:

By the calculus of variations (Jones [2.63]) it can be shown that

a
<u,h><u’,v>

I Lu=v  adjoint problem L%u"=h 2.27)

a
<Lu,u >

is a variational form in u. For an approximate solution of I let

u=dou =) B w (2.28)

n
substituting these in (2.27) and applying the Rayleigh-Ritz conditions
ol/da, = dl/df, =0 (2.29)
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for all i results in equation (2.25) to be a necessary condition for u to be the stationary point
of (2.27). Hence the method of moments (e.g. if b;=w; in the Galerkin Method) is
identical to a Rayleigh Ritz variational method. The application of these techniques to
electromagnetic field problems is known as the concept of reaction (Rumsey [2.64]). The
method of moments is sometimes also referred to as the ‘direct method'.

2.9.2 Numerical solution of waveguide problems
2.9.2.1 Point matching and mode matching techniques

In a cross sectional analysis straight point matching can be used as in equation (2.23) with
N weighting delta functions over the transverse plane; the same number N of waveguide
modes has to be considered. The point matching results in a set of linear equations. For a
particular geometry a special choice of basis functions is advisable. For example, in a
rectangular cross section with a step index profile the choice of circular harmonic functions

leads to a good approximation of the waveguide modes (Goell [2.65]).

If one uses the actual waveguide mode functions as weighting functions one obtains the
mode matching technique where the expansion functions are equal to the basis functions (a
Galerkin method).

Although matching methods have also been used for the problem of single longitudinal
discontinuities (Rahman and Davies [2.23]), a general propagation technique for arbitrary
longitudinal geometries has not been shown yet. Point matching is not a propagation

technique.
2.9.2.2 Least squares solutions

A third choice of weighting functions is that giving rise to the least squares residual, i.e. for
a given number of waveguide modes, the residual over the transverse plane is minimised in
an explicit least squares sense. It is a variational approach in the sense that one's criterion
for minimising is that a functional is to be stationary, in our case here, the square of the

error residual integrated over the transverse plane (e.g. Rahman and Davies [2.66]).
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2.9.2.3 Variational approaches

Here, three phenomena may be utilised. First, a variational expression that is stationary
about the correct solution may be adopted to minimise the error in the field modelling.
Second, there is an appropriate integral representation of the field, which satisfies the
boundary conditions. Third, by using a simple trial field or an expansion, the integral
equations can be reduced to a set of linear equations to be solved by standard computer
methods. James and Gallet [2.67] have shown that although configurations like the
triangular fiber may not lend themselves to an accurate point matching solution, such
solution may still be useful if included as a trial field in a variational formulation that uses
an integral representation of a correction field. Most variational approaches to waveguide
problems try to find the stationary value of a functional

1(6) =I...JI(¢,V¢,V2¢, ... dxdy / U 1,(0,V0,V%0) dxdy ...  (2.30)

whereby ¢ may be vector or scalar. The variational expression, as said above, minimises
the least square error residual integrated over the transverse plane. From minimising the
functional a characteristic parameter such as the frequency (Rahman and Davies [2.66],
[2.68]), or the propagation constant (Cvetkovic and Davies [2.69]) can be obtained. In
order to deal with arbitrary permittivity tensors, Rahman and Davies [2.68] presented a
vector H-field expression in terms of all three components of H, but it was found that
without including an additional penalty term [2.70] [2.77] in the variational expression that
some spurious solutions would occur which do not satisfy V.H=0. Quite recently a
variational expression has been derived by Cvetkovic [2.69] which is applicable to lossy
anisotropic waveguides. It should be noted that all these variational expressions solve for
the modes of the waveguide in the cross section and are in themselves non-propagational.
However, it is possible to derive variational expressions with a propagation term
(Schechter [2.82], Reddy [2.83], Sylvester [2.84]) as

2 2 2
1= [[.5{[2,0,6" + 2,0, + 09’1+ 3,000 Jaxay 23D
yx
There are two possibilites to minimise this functional. Either all boundary conditions are

known in the 3D space (which is probably not the case when a field is launched at one

boundary as the other boundaries will then consist of a superposition of eigensolutions and
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radiation modes) or the variational form is solved in a cross sectional analysis at each z step
and then, via some other numerical technique such as the BPM [2.39] or Finite Differences

or Finite Elements (Davies and Koch [2.72]) propagated step by step along the longitudinal
direction z.

No application of this procedure has been applied to the Helmholtz
equation. This approach also has the distinct advantage that, if a solution
to the variational problem can be found (e.g. by applying a Finite Element
analysis), no restrictions are imposed on the range of the parameters
involved (such as the refractive index distribution). Applying this
principle of a 'propagation variational' to wave propagation in integrated

optical devices is the kernel of the work presented in this thesis.
2.9.2.4 Rayleigh-Ritz solutions

The Rayleigh Ritz ansatz to solve a variational formulation has been demonstrated using
Gauss Hermite functions by Davies et al. [2.73]. But the procedure itself cannot be

extended to a beam propagation technique, as again only cross section modes are
calculated.

2.9.2.5 Finite Element and Finite Difference solutions

The Finite Difference Method (FD) uses a direct Taylor series expansion to approximate the
differential operators either directly in Maxwell's equations (Weiland [2.74], Yee [2.75]) or
to solve the corresponding Helmholtz equation (Schweig [2.76]) as a boundary value
problem. If a partial differential equation is at hand which represents an initial value
problem, then FD techniques can be adjusted to yield a forward beam propagation
algorithm. Most of such work is done in seismology (Claerbout [2.6]) but pure FD
methods have also been used to model the paraxial wave equation (Marcuse [2.16],
Hendow [2.14], Anderson [2.15]).

The Finite Element (FE) method is best approached via a variational expression. In the FE

analysis the waveguide is divided into a large number of triangles (elements) and the field is
expanded in each triangle in terms of a complete set of basis functions.
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Now, any of the above methods can be used with weighting or basis functions. By
employing a variational expression for Maxwell's equations an eigenvalue equation is
obtained for the propagation constant or for the frequency (e.g. Davies [2.68], Cvetkovic
[2.69]). In a FE analysis the expansion functions are polynomials defined over these
triangles. In fact the Finite Element analysis can, by actually employing the Rayleigh Ritz
ansatz, be described by the moment method (as shown above). There have been numerous
studies using FE analysis to solve for the modes in waveguides with arbitrary cross section
(e.g. Davies et al. [2.77], Mabaya and Lagasse [2.78]). So far a combined approach using
FE and FD techniques has not been employed to beam propagation in optics to solve for a
variational expression like equation (2.31).

Itis interesting to note, that it is the variational approach which brings close together the FD
and the FE technique. The two techniques become equivalent for one dimensional problems
and for two dimensional problems with rectangular boundaries (Saad [2.2]).

The direct numerical solution via Finite Elements or Finite Differences has a number of
advantages. The methods are mathematically and numerically precise. Furthermore Finite
Difference techniques avoid the problem of spurious solutions which may be present in a
Finite Element analysis. The algorithms themselves do not impose any restriction on the
parameters involved, so that any refractive index change is admissible. The methods are
wave propagation methods and information about propagation constants may also be
obtained. By solving initial value problems the geometry of the waveguide may vary
arbitrarily in the longitudinal direction. It is possible, in contrast to the BPM, to solve
coupled sets of propagation equations.

Hendow and Shakir [2.14] have demonstrated a pure Finite Difference Method for
propagation of beams in a nonlinear optical fiber, but an explicit application of this method
to problems in integrated optics has not been shown yet.

2.10 Choice of the Method for the Propagation Analysis

We have seen in the last sections that the propagation problem in integrated optics has been
addressed in many different ways. In view of the foregoing, initially three methods seemed
suitable for an alternative, more versatile propagation technique: Ray fracing, the Beam
Propagation Method (BPM) or a numerical solution using Finite Element and
Finite Difference techniques to solve a variational form.
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Although we have also studied (section 2.3 in Koch [2.38]) approaches involving a step
discontinuity discretisation of the refractive index profile in 3 dimensions via Finite
Elements, the matching of the single discontinuities including the generated radiation at
each step appeared so difficult that the mathematical effort did not seem to be justified.
Therefore this section will be restricted to the more promising methods.

Having gone in some more detail on how a ray tracing method could be derived in
section 2.6, we have discarded this idea because of its high frequency approximation.
Although Arnold reports in a review paper [2.79] that the method is applicible to integrated
optical structures it has not been successfully demonstrated yet. Classical ray tracing cannot
account for diffraction phenomena and is consequently only valid for multimode structures.
Although the concept of evanescent ray tracing is better than classical ray tracing for higher
order modes it is also a scalar approach. Complex ray tracing combines the advantages of
classical and evanescent ray tracing but it is difficult to define the real geometries in a

complex space.

The BPM is now the most widely used propagation technique to investigate the field
propagation in integrated optical structures. It provides a spectral propagation technique (a
plane wave expansion technique) to propagate an arbitrary incident beam through a medium
of slowly varying refractive index. However it only gives a solution to the scalar TE-Fock
equation and neglects any reflected fields. Also, the BPM can be used efficiently only in a 2
dimensional (one dimensional cross section) analysis due to the computational effort to
transform the fields into the spectral domain and back after each step of propagation. The
method breaks down when applied to structures that involve high refractive index changes
(e.g. mirrors, Buchmann [2.47]).

The BPM has been specifically 'designed’ to solve the scalar Helmholtz equation (or two
scalar coupled Helmholtz equations in the anisotropic case, Donk [2.80]). Thus, any
further extension of the algorithm itself is rather difficult. However, in chapter 5 we have
attempted to make use of the BPM algorithm to obtain a ‘propagation solution' to the vector
wave equation. This equation provides the coupled propagation of fields (an H field
formulation, which elsewhere in this thesis will be referred to as 'hybrid field solution’)
even in an isotropic medium. Although initially this ansatz seemed feasible, we have not
obtained a full solution. However some interesting aspects of this derivation will also be
discussed in section 5.3.2.
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The BPM, as a propagation technique, solves an initial value problem, therefore
longitudinal reflections are assumed to be insignificant. No extension of the classical BPM
can be made to include these reflections. Kaczmarski and Lagasse [2.48], [2.81] have
presented an algorithm which, by reflecting each plane wave of the spectrum separately,
can include reflections at abrupt longitudinal reflections. This approach is in fact
independent of the propagation technique in use and can therefore hardly be considered an
extension of the BPM. Quite recently Yevick and Hermansson [2.60] have used the BPM
together with a Finite Element Method and an interpolation technique to model the 3
dimensional beam propagation in rib waveguides. Due to the large refractive index change
from the guiding layer to the surrounding air an interpolation after each step of propagation
is necessary which then provides the trial solution for a Finite Element solution at this z
step. Although the results of their work were not publicly available at the beginning of the
project described in this thesis, the approach is, as will be seen, similar to our solution.
Nevertheless this algorithm was designed to solve the scalar Helmholtz equation for low
refractive index changes.

As extensions and improvements of the BPM seemed quite diffcult or impossible, we have
decided to search for an alternative method to solve the initial value problem. The direct
numerical solution of propagation problems using Finite Elements, Finite
Differences or a combination of them, is common practice in related fields like
semiconductor modelling, non-destructive evaluation or underwater acoustics. These
techniques are usually not restricted to one particular type of PDEs and coupled systems of
equations can be solved too. Therefore these algorithms are generally more versatile and do

not impose any restrictions on the range of the parameters involved.

Should the direct numerical solution be successful for the scalar Helmholtz equation
(isotropic case) and for coupled sets of equations (2nd order anisotropy case), an extension
of these algorithms to other initial value problems, e.g. involving the hybrid field H may be
possible. We will show in this thesis that the direct numerical solution using a combination
of Finite Elements and Finite Differences is superior to the BPM solution and allows
extensions like solutions to the TM wave equation. One of the major advantages is that,
unlike the BPM, the algorithm itself does not impose restrictions on the refractive index
profile. We will also compare our algorithms to a straightforward Finite Difference
algorithm similar to the ones reported by Hendow and Shakir [2.14], Marcuse [216] and
Anderson [2.15].
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Unlike a pure Finite Difference solution, the Finite Element approach is based on the
minimisation of a functional rather than on the discretisation of the PDE. Finite Elements
have distinct advantages over Finite Differences when modelling 2-dimensional cross-
sections (Sewell [2.11]). Furthermore, in the Finite Element method the 'elements’ can also
have different length so that we can focus in on special regions of interests along the cross
section, e.g. where maximum change of the field values is expected. This is notably
difficult to implement in a FD scheme (Hendow and Shakir [2.14]).

The kernel of this thesis will be concerned with the use of a 'propagating variational
expression' for a scalar field (for the sake of comparison with the BPM), or for vector
fields. These variational expressions are not new, they are widely used in time transient
problems in mechanics or acoustics (Reddy [2.83]). We exchange the 'time propagation’
with the 'z directional propagation' and use these functionals for the propagation of beams
in integrated optics. It should be again emphasized here, that by 'propagation’ in our
problem we mean the 'slicewise solution of a steady state problem' rather than the 'real
time propagation’' of waves in a time transient problem. It is surprising that the direct
numerical solution using a FE/FD scheme (to solve for the functional which corresponds to
the Helmholtz equation) has not been used before for the propagation of waves in

integrated optics.

The work presented here was carried out against a vast background of previous work and
current research performed on possible extensions of the BPM algorithm. Development of
software from scratch, as well as to fully test such programs, could sometimes turn out to
be quite a significant task. We have therefore attempted to make use of readily available
professional software (dedicated software packages like PDE/PROTRAN, NAG or
Harwell routines) whenever possible. We will either outline and/or refer to the respective
textbooks only if the mathematical background of these computer programs is necessary for
the understanding of the propagation algorithms. A more detailed discussion related to the
computational aspects of the study can be found in chapter 8.
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Chapter 3
Preliminary Theoretical Discussion

3.1 Introduction

We have so far considered, in general, the theoretical background necessary to obtain
numerical or analytical solutions to waveguiding problems. In this chapter we have a look
at how and why our particular physical problem can be classified either as an initial value
(i.v.p.), boundary value (b.v.p.), or initial boundary value (i.b.v.p.) problem. The
primary concern is to show that a set of general coupled parabolic partial differential
equations (PDE)s can be derived which describe a mathematical initial boundary value
problem that corresponds to our physical problem. In chapter 4 we will see that the
describing wave equations derived from Maxwell's equations are in the form of those
parabolic PDE:s. If we can find solutions to the purely mathematical defined equations we
will have solutions to our physical problem too. Of course we have to be clear about the
range of applicabilty of the 'physical' Helmholtz equations available. Furthermore, some of
the numerical solution techniques like the BPM (Beam Propagation Method) additionally
impose restrictions on the range of the parameters involved. For the preliminary discussion
in this chapter no such approximations will be used and only the pure mathematical
problem will be considered.

3.2 The Physical Problem

The problem whose solution is sought is (figure 3.1): Calculate the field intensity of all H
or E fields in an integrated optical chip which is excited by an input field of arbitrary
polarisation, shape, and angle (e.g. the field of a laser diode). The chip itself may contain
isotropic, anisotropic, linear or nonlinear material and consists generally of an
inhomogeneous refractive index distribution in both the transverse and longitudinal
direction to guide light by the principle of total internal reflection (chapter 1). The problem
is three dimensional and involves all kind of physical fields, propagating, radiating,

evanescent and reflected ones, generated both at longitudinal and transverse discontinuities.
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generated output fields (modes)
(TE or TM polarisation)

E(x,z)

/' I

\Z/ ’
/ inhomogeneous medium n(x,z)
(diffused channel waveguide)

Initial beam (fundamental mode)
with TE or TM polarisation E(x,z=0)

Fig. 3.1: Anarbitrary input field of either TE or TM polarisation is launched into an integrated
optical chip. The medium consists of an inhomogeneous refractive index distribution,
such as a straight, curved or Y-shaped diffused channel waveguide. To get the ficld
distribution in the whole chip, the beam is propagated paraxially along the z direction
and the refractive index profile is shifted accordingly after each 'slice dz' of propagation

No axissymmetry can be used as fields may be incident at an angle and also the material
properties may not obey any symmetry conditions. It will be seen that the only known
boundary conditions are at the input and possibly at the edges of the transverse cross
section, if the problem is assumed to be enclosed by a metallic box. This resembles the
physical situation well, as the chip boundaries involve a strong discontinuity from the
substrate to the surrounding air. Moreover the transverse boundaries are 'far away' from
the point of excitation and therefore the field intensities can be assumed to have decayed to
insignificant values. However, for computational reasons, the window may have to be
chosen much smaller so that possible reflections from these walls have to be suppressed

artifically using the concept of absorbing boundary conditions (chapter 4).
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3.3 The Eigenvalue Problem Definition

For uniform structures (curved or straight) the decomposition of the fields in a set of
normal modes has been demonstrated very successfully in many waveguide applications
(e.g. Rahman and Davies [3.1]). For a waveguide with a constant curvature, the field
solution is split up into discrete normal guided modes in an eigenfunction expansion and
into continuous radiation modes. They can be combined to obtain the complete expansion
of the field.

The overall idea is to solve an eigenvalue equation for the propagation constants of these
modes and therefrom the normalised field distributions can be obtained. The eigenvalue
problem can be defined either in a partial differential equation approach (e.g. Sewell,
Cvetkovic [3.2]) or in a variational formulation in terms of the frequency (Berk [3.3]) or
the propagation constant (Cvetkovic [3.4]). For the solution usually the Finite Element
Method is employed. The boundary conditions which either have to be applied or are
natural to a variational problem are either the ones for an unbounded region (radiation
condition), metallic walls or the incorporation of 'infinite elements' which model the
physical exponential decay of the fields correctly. The problem is classified as an
eigenvalue boundary value problem in 2 dimensions and one solves for the 'resonant
fields' in this cross section. If all boundary values were known in our three dimensional
problem, as shown in figure 3.1, then a solution which gives all propagation constants of
all propagating and radiating fields will compose the correct field solution. However, in our
problem definition the boundary conditions at the output will be a superposition of radiating
and propagating fields and are therefore generally not known.

3.4 The Boundary Value Problem Definition

Boundary value problems generally model the steady state (time and in our case also z-
independent) phenomena. In contrast to the eigenvalue approach solving for one parameter
of interest such as the propagation constant, a partial differential equation or a
corresponding variational problem may be derived which, subject to boundary conditions,
correctly describe the field distribution over a cross section. This problem definition yields,
when solved numerically, a set of linear equations rather than a matrix eigenvalue equation

as in the case of the eigenvalue problem.

.62 -



boundary R

NIXLAN

NN
NN
S

X
general boundary conditions

Fig. 3.2: A ’'snapshot’ of the propagation problem at z=const. where a boundary
value problem for the function E(x,y) has to be solved subject to a set
of general boundary conditions on the boundary R

Assume that a transverse cut in the x-y plane at constant z in figure 3.1 looks as shown in
figure 3.2, then a boundary value problem (b.v.p.) has to be solved at this z-step. A very
powerful method to describe a b.v.p. for a partial differential equation is the variational
approach. The central idea in this method is the construction of a variational expression
(functional) which has the property of being stationary when and only when evaluated for
the exact solution. Thus any error in the solution appears as a second order error in the
quantity defined in the functional. The quantity in the expression is often related to the
minimisation of the total stored potential energy or a mass or force balance (in mechanics).
One of the most appealing features of this approach is that for problems, where the operator
is self-adjoint, symmetric matrices are generated in the final equations to be solved.

A variational formulation of the b.v.p. presupposes the existence of a corresponding
variational expression and of course this raises the question whether it is always possible to
construct one. Expressions that are related to physical effects like the storage of energy or
similar are known as natural variational expressions. They have the advantage to give
immediate physical insight into the problem. Unfortunately, this type of expression does
not always exist for all problems and if this is the case, it is also possible to derive a
contrived expression, where the introduction of further variables in the expression again

leads to stationarity. In this thesis we will use a natural variational expression which has
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been extended to include the 'propagation of the b.v.p.' from z-step to z-step (see figure
3.3). Variational formulations are valuable for the numerical solution with Finite Elements.
From the minimisation of this functional a partial differential equation (the Euler equation of
the variational problem) plus a set of boundary conditions is obtained. However, the
contrary is not always true: Not for every PDE can a stationary functional be derived. But
by assuming a variational expression in terms of some physical properties one hopes to

obtain an Euler equation which is in the form of the physical PDE of interest.

To derive a Finite Element formulation for our problem we start from a very general partial
differential equation although we will later on only be concerned with a relatively simple set
of coupled wave equations which model the propagation behaviour of the fields. Starting

from general energy relations gives a very good mathematical insight into the properties of
the PDEs.

To solve the boundary value problem in figure 3.2 we assume that the electromagnetic
energy W in a region R always assumes a minimum. Our wave equations, the Helmholtz

and the paraxial wave equations, can be derived based on this general principle:

W(u) =IIW1(x,y,u,u ,u )dxdy +JW2(s,u)ds --> MIN 3.1
R

where R is a two dimensional region and dR; is a portion of its boundary, s the integration
variable along the boundary (figure 3.2), u is the vector of the unknowns (field
components) which must assume fixed boundary values on the remaining part dR; of the
boundary. If u is the function which minimizes this energy relation then a small
perturbation W(u+€¢) must assume a minimum at €=0 if ¢(x,y) is any vector function
satisfying ¢=0 on dR{:

W(u+ed) = JJWl(x,y,u+£¢,ax[u+€¢] ,ay[u+e¢])dxdy +IW2(s,u+e¢)ds (3.2)
R

9R,
Minimisation of this expression yields:
oW . T oW . T oW, T
T <0- j I () 0,1 1)¢]dxdy+ & s
de £=0 au

%R, (3.3)

((0OW1/0u) is the gradient of W1 w.r.t. u)
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with
3 W(u+e) = auwae[u+e¢] =[o,wWl¢
9 W@ (u+ed)) = 9..,Wae[ax(“+8¢)] = [au,W]‘Px (3.4)
9 W@, (uted)) = au,was[ay(u+e¢)] = [a“yw]q>y

To obtain the Euler equation plus a set of boundary conditions we apply Green's theorem
in 2 dimensions x,y (to replace the integration of all values in the region by an integration
of normal values on the boundary)

Jl IVf.ngA = J.fV g.nds - J- I szgdA _ (3.5)
A s A
to equation (3.3) by writing for the functions f and g in (3.5)
oW, oW, /ou_
f=¢ and g=——— o Vg= awl/auy (3.6)

The second and the third term in the surface integral in equation (3.3) can therefore be

written as

[+ o o v, an o |- o 5.5 L

which yields, after defining the following abreviations,
8W1 oW 1 oW
GB =
Jdu du du Ju

F = 2

3.7

an expression from which the partial differential equation can be obtained:

T T
H(Ax+By+F) ® dxdy + J(GB-Anx-Bny) ®ds =0 (3.8
R d

n’ =[nx ny] (3.9)

n,,n, are the unit normals pointing outside the boundary. As the vector function ¢ is an

y
arbitrary function on R and dRj this implies that we can satisfy equation (3.8) by

Ax(x,y,u,ux,uy,z) + By(x,y,u,ux,uy,z) + F(x,y,u,ux,uy,z) =0 (3.10)

which is the PDE equivalent to the minimisation of the functional (3.1) plus a set of
boundary conditions which hold over the cross section boundary R:
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u = FB(x,y,z) ondR,

(3.11)
An, +Bny = GB(x,y,u,z) ondR,

The above boundary conditions on dR, are natural to the functional if the trial functions ¢
are assumed to at least satisfy the Dirichlet conditions on dR;. As will be seen in chapter 4
the forward propagation of electromagnetic waves in an isotropic (one uncoupled equation)
or in an anisotropic (2 coupled equations) medium can be described by paraxial (parabolic)
partial differential equations of the type in (3.10).

As said above, the full three dimensional problem as defined in figure 3.1 cannot be solved
directly as no estimate for the boundary conditions at the 'output' can be made. The only
way around this problem is to assume an excitation at z=0 and 'propagate' the variables
from z-step to z-step solving a b.v.p. at each z-step. This represents the physical situation
portrayed in figure 3.1 correctly, as long as no backreflections from longitudinal
discontinuities occur. These will be taken into account in our analysis by a different
technique (see chapter 6). Thus, the partial differential equation will have to be extended to
include a 'propagation’ term which, as shown in chapter 4, actually represents the paraxial
wave propagation. The main advantage is that such a non modal approach will yield
results for the radiation and propagation simultaneously as no distinction is made between
them as far as the algorithm is concerned. A direct numerical solution of the describing
PDE:s is therefore to be preferred to the separate solution for the radiation and propagating
fields and their subsequent matching.

Having defined the boundary value problem at one z-step in terms of the equivalent
functional, we still face the problem of relating the variables (field intensities) in the b.v.p.
(3.10) from z step to z-step. We propose the use of a functional for a coupled vector field u
(resulting in a system of coupled PDE's) which includes a propagation term. Elsewhere in
this thesis this functional will simply be called the 'propagating functional'.

This kind of variational principle is also often referred to as the 'modified multifield’

functional. Usually these functionals are employed when solving time dependent problems

such as the time transient heat conduction. The use of these propagating functionals is very
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Fig. 3.3: Solving for the fields in the optical chip using a definition of the problem
as an initial boundary value problem. A boundary value problem is solved
at each z-step and the field values are propagated from z-step to z-step via a
propagation algorithm. The absorbers are necessary to suppress unwanted
reflections from the transverse boundaries

advantageous if only part of the boundary conditions (usually the starting time t=ty) is
known and the evolution of the unknowns is the subject of the investigation. In this thesis
we are faced essentially with the same problem: we want to know the z-evolution of the

electromagnetic fields due to some initial conditions at z=z;, (figure 3.3).

In elasto-dynamic problems propagating functionals have been derived which are
extensions of time-independent (static) problems. One approach is to start with a functional
based on Hamilton's principle (principle of action and reaction for conservative systems)
and then successively relax continuity in space and time using Lagrange multipliers, and

restore the meaning of some of these multipliers using appropriate variational derivatives.
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These propagating functionals are, in general, not self-adjoint. Gurtin [3.5] used a
convolution method to reduce the initial value problem to an equivalent boundary value
problem, and then derived a variational principle for the reduced problem. The resulting
Euler equations of the variational principles are partial differential or integral equations
which contain the initial conditions implicitly. For linear initial value problems of the
parabolic and hyperbolic types, multifield variational principles may be found in Reddy
[3.6], [3.8]. We will follow here a similar idea. Having started first from the energy
minimising functional (3.1) for a boundary value problem at z=const., we will now extend
this variational principle to an initial boundary value problem for a possibly coupled vector
field u.

Assume another variational expression as

(3.12)

e = [[W,ocymu@wudxdy + [Wwas v

A s
where we now added an additional z-dependent term (d,u)u to (3.1). Of course this
expression only minimises the energy at one z step z=const., otherwise we would have an
unphysical 'energy evolution'. The inclusion of the z-dependent term appears to be rather
arbitrary at this stage of the derivation, but we will see later that the Euler equation of this
modified functional is a parabolic PDE (3.11) extended with a propagation term. It is
exactly this term which is responsible for relating the field values of the boundary value
problems from z step to z-step, thereby extending the b.v.p. to an initial boundary value
problem.

Following the same procedure as for the functional (3.1), we now require the energy
relation W(u+€ed) to have a minimum at €=0 if u(x,y,z) is the function which minimises the
energy relation over the cross section (x,y) and ¢(x,y,z) is a function satisfying ¢(x,y,z)=0
at least on the boundary oR;. In the expression (3.2) we now have to include an
addditional term due to the z dependence. Using the 'method of local potentials’ (Schechter
[2.82], section 4.3.9) we assume that the term (d,u) retains a fixed value (@,u)*
throughout the minimisation of W(u):

.”[Wl(.,.,...,...,(azu)*(u+8¢) ) dxdy + ... | (3.13)
A

This yields for the minimising at =0
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dW(u+e¢)| o= .[ J-[

. (3.14)

oooooo

u may be dependent on z as well, but the energy minimisation with the trial function ¢ must
not be performed over the z-direction for the above mentioned reason of 'propagating
energy'. Therefore the term dW1/du, must not be dependent on the derivatives with respect
to z, but it may be dependent on x,y,z and u itself. Hence we have finally for the new
terms in (3.14):

aE[(azu)'(u+s¢)] = as[(azu)'u +@,u) 6] = 6@,u)° (3.15)
and

oW, !

S sconst™ const. = C(x,y,z,u) # f(auz) (3.16)

C is a diagonal matrix. Again applying Green's theorem as in equation (3.4)-(3.9) results
in a modified parabolic PDE subject to the old set of boundary conditions (3.11) (because
the minimisation has been performed over the transverse cross section X,y):

Ax(x,y,u,ux,uy,z) + By(x,y,u,ux,uy,z) + F(x,y,u,ux,uy,z)

= diag Cxy w20, 3.17)
= FB(x,y,z) ondR,
Al‘lx + Bny = GB(x,y,u,z) on aRz , (3.18)
u (X,Y) = UO(X,Y) at Z=ZO

Having performed the energy minimisation over the cross section x,y for a fixed value
(9,u)* we can now assume in equation (3.17) that (d,u)*=(d,u) according to the ‘method
of local potentials' (Schechter [2.82)]). The third equation in (3.18) provides the initial
conditions. We see that now the resulting Euler equation is a PDE which includes a z-
propagation (z-transient) term for the vector field u. Now we can either solve the PDE
(3.17) or the corresponding 'propagating functional' (3.12).

It is interesting to note that a time-domain Finite Element solution (e.g. Zienkiewicz [3.7])
of the problem is very similar to our approach when exchanging the time variable with the z

direction.
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Chapter 4

The Mathematics of Wave Propagation

4.1 Introduction

In this chapter the primary concern will be with the formulation of the physical problem in
mathematical terms. We will derive the governing partial differential equations for wave
propagation so that they can be solved using one of the solution approaches outlined in
sections 3.1-3.5. Special emphasis will be placed on the accuracy of these Helmholtz
equations and on the range of physical problems to which they can be applied. Note that all
equations presented here will be referred to in the chapters 5 and 6. We have derived them
here to help us form the framework of ideas to approach our problem. Therefore we will
also have a closer look at the boundary conditions which have to be applied at the edges of
the analysis screen. Essentially all Helmholtz equations derived here correspond to fully 3
dimensional problems. To facilitate the analysis often a 3D to 2D reduction of the
transverse direction is used which we will briefly comment on in this chapter.

4.2 The Boundary Conditions

For the complete solution of an electromagnetic problem in 2D space, as shown in figure
4.1, a set of boundary conditions hold on the boundary S which have to be taken into
account in the analysis. As emphasized in the last chapter, a solution in terms of a partial

differential equation requires the explicit application of the boundary conditions, whereas in

outward normaln

boundary S

Fig. 4.1: A 2 dimensional electromagnetic problem defined over a region A
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a variational approach some boundary conditions are 'built in the functional' as natural
conditions. We can have the following boundary conditions fo the cross section A (¥ is

a wave function, k its wave number and r the radius in the region A):

a) The radiation condition (for an unbounded system)

lim T [n x V¥ kY =0 (4.1)

1->00

b) The electric wall (Dirichlet or fixed boundary condition)

‘P| = const.
S 4.2)

¢) The magnetic wall (Neumann or homogeneous Cauchy)
d
o ¥l s 0 4.3)
d) The anisotropic wall
e) The impedance wall
f) The absorbing boundary conditions in (x,y) space

¥ (R iy X < gt Yinin Y <Y apgons) = DFE:Y)

4.4)
\P(xAbsorb< X< xmax’ yAbsorb< y< ymax) = D*‘I’(x,y)
D: damping function in (x,y) space
g) The absorbing boundary conditions in Fourier Space
W(kxmin<kx<kxAbsorb’ kymin<ky<kyAbsorb) = E*W(kx’ky) (4 5)

W(kxAbsorb<kx<kxmax’ kyAbsorb<ky<kymax) = E*W(kx’ky)

E: damping function in Fourier Space
h) The periodic boundary conditions
¥(x,y) = ¥(x+Px, y+Qy) P,Q = period length (e.g. P,Q = 2nkn, n=1,2... ) (4.6)

and of course, any combination of the above; where n is the outward unit vector normal to
the surface S. The classes of boundary conditions that are likely to be of particular interest
to us in this study are a)-c) and f)-h) and will be discussed in some detail. All boundary

conditions above may occur in either a one dimensional or two dimensional analysis.
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The radiation condition a) is encountered in an unbounded region, i.e. the boundary
surface S is at infinity. A way of dealing with this boundary condition in a numerical
analysis is the use of 'infinite elements' (regions over which the fields are approximated
either in a Finite Difference or Finite Element method) which extend the approximated
fields exponentially to infinity. This is in accordance with the physical behaviour of the
fields and the only problem is to have a good estimate of the rate of decay of those fields.
This method is mentioned, for example, by Davies {4.1] and Zienkiewicz [4.2] and is used
very successfully in numerical analysis for straight waveguides by Rahman and Davies
[4.3]. It is obviously much better than the mere truncation of the fields by an electric or
magnetic wall or perhaps simpler to implement than the method suggested by McDonald
and Wexler [4.4] which uses a Green's function to represent fields at infinity.

The electric b) and magnetic ¢) walls are conditions where the boundary is a perfect
conductor (metallic wall). Maxwell's equations require the tangential electric and normal
magnetic fields to be zero for the former case and the tangential magnetic and normal
electric fields to be zero in the latter. The magnetic wall condition has a purely
computational importance when used in a modal cross sectional analysis as it only occurs in
planes of physical symmetry. The use of symmetry is important there as often only a
portion of the whole space is solved for and not the whole domain, thus reducing the order
of the matrices. Obviously this cannot be applied in the propagation analysis as we have to
solve for the whole cross section to solve for the radiation and propagation fields
everywhere (only for a symmetric structure one could at least take storage advantage of e.g.
Y(x,y,z)=¥(-x,y,z)). However, most importantly, both (4.2) and (4.3) can be fairly easily
accounted for using the Finite Element method to solve for the problem in question.

Anisotropic d) and impedance walls e) relate the electromagnetic field at the boundary to
the unit vector and the impedance tensor respectively, that are tangential to S, i.e. lie on the
boundary surface S. To model the presence of an absorbing material (complex refractive
index) at the edges of the analysis region, absorbing boundary conditions can be applied

either in real space f) or in Fourier space g).

The condition h) is artificial insofar as it is only generated due to the mathematical solution
technique employed (essentially it corresponds to the solution on a compact manifold) and
cannot be explicitly related to a physical situation. However, in a Fourier expansion
method, such as the BPM, plane wave absorbing filters g) (or spatial boundary conditions)
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may be necessary to suppress some of the plane waves propagating at very large angles
violating the paraxial assumption the technique is based on. It should be noted here that
there are no means to 'manually’ suppress plane waves at large angles in a Finite Element
or Finite Difference solution as these techniques do not use a plane wave expansion

technique.

As will be seen in chapter 5, the BPM uses a Fourier Transform technique whereby spatial
periodic boundary conditions h) are generated (due to the integration along a continuous
circle from minus to plus inifinity). These can, for the sake of comparison with the BPM,
be incorporated in a direct numerical solution technique such as Finite Elements (Sewell
[4.5]), but have in fact no real physical meaning. Metallic walls b) and ¢) may be regarded
as an analogy to periodic boundary conditions. Figure 4.2 shows how reflections from an
electric wall are generated by a Finite Element scheme in contrast to the BPM algorithm
with its periodic boundary conditions.

The metallic boundary conditions are in contrast to the specification of boundary conditions
in a modal approach (e.g. Rahman [4.3]) where the above 'infinite elements' approximate
the exponential decay of the fields correctly. For our problems the perfectly conducting
walls actually model a totally different physical situation of an integrated optical chip
enclosed in a metallic box. In reality there are of course no metallic walls present so that the
reflections generated due to the use of a specific algorithm have to be properly absorbed.
This is achieved by either making sure that a wide enough analysis screen is used so that
the field amplitudes have already decayed to insignificant values and/or the use of
absorbing boundary conditions f).

Obviously the solution of our problem over the cross section (for the one and the two
dimensional case) involves both radiating and propagating modes. Therefore the correct
boundary conditions to incorporate would be the radiation conditions a). However, the use
of absorbing boundary conditions approximate the radiation condition a) in the BPM or in
a direct numerical solution technique. There are two possibilities to implement them in the
numerical algorithms. One method is to place an imaginary refractive index distribution at
the edges of the analysis screen (figure 4.3) to form the absorbers. This technique, which
is usually employed in the BPM algorithm, uses the principle that a pure imaginary
refractive index profile transfers real power into reactive power. The simplicity of

implementation of this boundary condition is an advantage for the BPM compared to a
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Fig. 4.2:
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.74 .-



ity S A’ S et .svvrtzwthr

Finite Difference or Finite Element mesh, where it is notably difficult to obtain absorbing
boundary conditions for a wide range of the angular spectrum. Figure 4.4 shows how a
Gaussian Beam propagating at an angle in a homogeneous medium is absorbed at the edges
of the analysis screen using the imaginary refractive index profile as an absorber. The
absorbing boundary conditions can also be simulated by multiplying the generated fields
with a filter function A(x) after each propagation step (figure 4.5).

Re{n(x,z)}
4

absorber m{(n(x.2)}

.

e.g.expoential decay xabs

N

Fig. 4.3: Using an imaginary refractive index as an absorber

This of course presents the problem of energy being 'absorbed' and one would have to
integrate the lost energy and increase all field values along the x-direction accordingly to
make up for the loss of energy. Comparing figure 4.4 with figure 4.6, where we used
these filter functions to absorb the reflection, shows that the application of the absorbing
boundary conditions via a filter function does not yield as good absorption as the imaginary
refractive index profile. However, the filtering is much easier to incorporate in a FD or
FE/FD algorithm and we have therefore not investigated any further the use of imaginary
refractive index profiles as absorbers in our approach. For the imaginary refractive index a
good absorption is usually obtained for an amplitude factor n, , =0.05-0.1 over a region
of x,5s=10-20 wavelengths. We also found that an exponential filter function performs well
when applied over a region of only 1-2 free space wavelengths in the FE/FD algorithm. It
is interesting to note that the same absorber performs much better absorption in the FE/FD
scheme than in the BPM case. In addition we found that even 3-4 points in a filter function
absorber almost totally suppress reflections from the wall in the FE/FD scheme.
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In general the treatment of boundary conditions is not simple and special care has to be
taken when going from 3 to 2 dimensional structures. Also in variational approaches it is
important to know the boundary conditions which are natural to the functional. Therefore

the trial functions only have to satisfy certain essential conditions. This is further elaborated
in section 4.3.
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Fig. 4.4: Propagation of a Gaussian Beam in a homogeneous medium using
an imaginary refractive index as absorber (xabs=10 pm, n;p,,,=0.05)
a) Field intensities generated by the BPM
b) Field intensities generated by the FE/FD algorithm
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Concluding, figure 4.7 shows the typical setup with the associated boundary conditions as
used in our test examples in chapter 8. After each step of propagation the generated fields
are multiplied with a filter function (figure 4.5) to suppress any transverse reflections from
the metallic boundaries. Figure 4.8 demonstrates how a 2 dimensional beam is reflected at a
2 dimensional metallic boundary using the FE/FD algorithm. In section 4.3 and chapter 5 a
more detailed account is given on how these boundary conditions are finally inplemented in

absorber

blwtlwl T T A T H WA A UJ rvuve -l—thllw“lvwlP

Filter function A(x)
4

Amax=1.0

e.g.exponential decay xabs

Fig. 4.5: A typical 'filter’ function in x-space used as absorber

the numerical algorithms.
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a) Field intensities generated by the BPM
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Fig. 4.6b: Field intensities generated by the FE/FD algorithm

TE case: Ey=0 (electric wall)
TM case: 0x Hy=0 (magnetic wall)

multiplication with absorber filter
after each step of propagation

Fig. 4.7: The boundary conditions in the one and two dimensional
cases as used in a Finite Element/Finite Difference analysis
a) Boundary conditions in the one dimensional case
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multiplication with filter function after
each step of propagation in z direction

4 y

EBHHEB n(x,y,z) n(x,y,z)

NN
a
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z
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X
TE case: Ey=0 on boundary S TM case: Hy=0 on boundary S

magnetic walls

/] electric walls

Fig. 4.7b: Boundary conditions in the two dimensional case

Freld intensity at z=125 um
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Fig. 4.8: Reflection of a Gaussian Beam at electric walls in a two dimensional
propagation in a homogeneous medium using the FE/FD algorithm
(field intensities of the Ey component)
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4.3 Derivation of the Wave Equations and Functionals

In this section a formulation of the physical problem in terms of partial differential
equations or their equivalent functionals will be given. We will see which approximations
have to hold and when they are likely to cause errors. We try to impose the approximations

at the latest possible step in the derivations to keep them as general as possible.
4.3.1 The definition in terms of Maxwell's equations
The propagation of light is fully described by Maxwell's equations. In the absence of

charges and currents and assuming a monochromatic field oscillating at one frequency

w=2nf they can be written as (an exp(jot) dependence and a complex notation is assumed):

VxH = joe,e E (4.10)
VxE = -jcouourH 4.11)
VD=0 D=¢ oerE 4.12)
VB=0 B= uop,rH (4.13)

(H: magnetic field, E: electric field, D: dielectric displacement, B: magnetic flux density,
: frequency, €,: permittivity in vacuum, € relative permittivity of the medium, p:
permeability in vacuum, p.: relative permeability of the medium)

The materials in integrated optics are usual nonmagnetic (it,=1). The permittivity, which is
tensor in anisotropic media, can vary arbitrarily in 3 dimensional space (figure 4.9).
Maxwell's equations can be modified in many ways to yield derived expressions which
may be more suitable for certain applications. We must observe that only the H fields and
the transverse components of E are continuous everywhere in the region considered as
p=const. Therefore most suitable would be a solution only in terms of H-fields. The mixed
H and E field formulation (4.10) and (4.11) plus the two divergence equations have the
advantage that so far only first derivatives in z are necessary which would be indeed the

only possibility for an 'all field component initial value problem’' formulation.
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Fig. 4.9: The geometry of a general 3 dimensional electromagnetic
problem in a dielectric medium

Since the discretisation in 6 fields does not appear feasible even on large computers, a

solution is sought in terms of electric or magnetic fields only.
4.3.2 The vector wave equation definitions

From equations (4.10)-(4.11) it follows that

VxVxH=jm[(VexE)+e(VxE)] (4.14)

VxVXE = -jco[(Vu X H) + (V xH )] (4.15)

The vector wave equation for a three field component definition in either E or H can be
derived from (4.14) and (4.15). Using the vector identity

VxVxA =V(V-A) - VA A=HE (4.16)
and from (4.12) and (4.13)

VE= [.%Ve] E=-[Vine] E

VH-= [-%Vu] H=-[Vinp |1
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we finally get
VIE + cozeuE =- [(Vlnu) x(VxE) ] - V[E.(Vlne)] 4.17)
V?H + o%epH = - [ (Vine) x (V x H) | - [ H-(Viap) ] (4.18)

In the special case L=const in space, the gradient of i vanishes and equations (4.17),
(4.18) read

V?H + oeuH = - [ (Vine) x (V x H) ] 4.19)
V’E + 0’euE = - V[E-(—V;ﬁ)] (4.20)

Only for the case €=const, (4.19) and (4.20) assume the form of the vector Helmholtz

wave equation as
2 2
V¥ + 100 (x,y, ¥ =0 4.21)
(¥=H,E) where we introduced the wavenumber in vacuum ky=27/Ay and the refractive

index n=c/v=Ve 1 This wave equation holds for each component of the electric or magnetic
field vector, that is each component satisfies the scalar Helmholtz equation

Vi Kin (x,y,2)y =0 (4.22)

4.3.3 The scalar Helmholtz wave equation definitions

The order of magnitude of the terms occurring in (4.20) is dominated by the first and
second term on the left-hand side, which are equal in order. The following analysis gives
an estimate and must not be taken to be precise. The second term on the left hand side is of

the order of

2
(ozeu E= [27L_1t] E A, = wavelength in the medium (4.23)

m

Replacing the operator V by the derivative with respect to some arbitrary direction S in

space, we can approximately write (Marcuse [2.28])
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We are interested in the case where the term on the right hand side in equation (4.20) is
much smaller than the second on the left hand side. Indicating the order of magnitude by
replacing the expression in brackets in equation (4.20), we obtain a comparison of the two

terms in (4.20) as

[v(e-¥e)] » A -
Res=—\i’——=—’“2ﬁ-~—’“s—zi (4.25)

Here we have indicated the order of magnitude of the gradient of € by the difference €,-¢,
of the dielectric constant of two closely spaced points divided by their distance AS which is
chosen here to be exactly one wavelength. With this (4.25) reads

1 €€,

2K €

Res =

(4.26)

If we want to neglect the term on the right of equation (4.20) we must require that Res«1.
This means that the relative change of € over the distance of one wavelength must be less
than unity. This condition is often satisified in inhomogeneous optical media. In
inhomogeneous but continuous media Res«1 will be satisfied, so that the scalar Helmholtz
equation can be solved instead of the far more difficult vector wave equations. It appears
that the only place where (4.26) is likely to be equal or larger than unity is at an interface
between two regions of different dielectric media.

Most waveguides consist of regions of uniform dielectric constant such as air into which
other regions of different but uniform dielectric constant are embedded. At this interface R
will be large but in each separate region the scalar wave equation will hold (as e=const. in
each region). Therefore we can separately solve in each region and then match the

solutions.
Let us have a look at the second term in equation (4.24) and see which contraints this

expression will yield. The order of magnitude of the neglected term in relation to the

remaining is
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We see that the argument for neglecting the right hand side term in (4.20) is equally valid if
the two terms in (4.24) are of equal order of magnitude. This means that the scalar wave
equation can be used if we require that the change of the gradient of € over the distance of
one wavelength is about equal or less than the gradient itself. The difference between the
scalar wave equation (4.22) and the more accurate equation (4.20) is negligible in most
practical cases.

The above result holds for most structures in integrated optics. However, a more detailed
study by Su [4.6] and Morishita [4.7] shows that the scalar approximation is not just
dependent on the refractive index change over the distance of one wavelength. Expressing

the permittivity profile in the cross section of the waveguide as
G(XaY) = el + (ez'el)P(x’Y) (4.28)

(where the maximum of the function P(x,y) is unity such that €2 (>€1) corresponds to the
maximum in €(x,y) and P(x,y)=0 in the surrounding medium), it is found that the scalar
approximation still holds if the profile P(x,y) is rapidly varying. The error is proportional
to the refractive index difference regardless of the functional behaviour of the profile P and
dependent on the frequency and the mode of propagation.

Let us discuss the scalar approximation a little bit more for our particular problem. We can
see that the reduction of the vector wave equation to the scalar Helmholtz equation loses the
coupling of the field components. In analytical analysis however we do get a coupled
hybrid vector field (even if € is isotropic) by matching fields at boundaries where €
suddenly changes (due to the non continuous field components). In a propagational
analysis, where equation (4.22) is to be propagated along z, we cannot get coupling of the
field components since no boundary conditions are explicitly applied (and do not have to be
applied if we use a field component y that is continuous across the interface) at particular
points in the cross-section (apart from the ones at the edges of the analysis screen).
Therefore coupling can only occur due to off diagonal elements in the dielectric tensor llgll.
Once the equation (4.20) has been reduced to the scalar equation for three independent
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fields E,, E, and E, we cannot actually propagate a coupled vector field. It will be shown
later that the reduction is however necessary to find an initial value problem from the
Helmbholtz equation.

4.3.4 Definition in terms of H, and E, field components

If the structure (or the permittivity €(x,y,z)) does not change with the z direction (a z
uniform guide), then H; and E; will be continuous along the propagation direction and a
propagational analysis does not violate their boundary conditions. For boundary
eigenvalue problems (with eigenvalue B, which is the effective index for the mode of
propagating at one particular frequency ) it is very common (Jones [4.8], Sewell [4.9]) to
obtain the complete field solution in a pure H,, E, definition (which holds independently
from large changes of € over the distance of one wavelength).

2 222 .
V. H, + [kn"p*]H, =0 (4.29)
2 222
V. E, +[kn-B]E,=0 (4.30)
with the following boundary conditions on the boundary C (see figure 4.10)
oH_
EZ=0 and -aTzo (4.31)

The transverse components along an arbitrary boundary C; can be derived from the

longitudinal ones as
1 oE oH
E = B - op—= (4.32)
Y ophidn® T % an ]
1 oH, oE,
H = + OE=— 4.33
' Bt Js, anl] (4.33)

0

For eigenvalue problems this is a very common procedure to obtain the modal field
distributions. But even if we can solve the coupled set of equations (4.32), (4.33) as an
initial value problem (e.g. by deriving two paraxial equations in H, and E,) then we will
still face problems due to the changing boundary conditions for E, if € is a function of the
longitudinal direction z. For these reasons we have not used a formulation in terms of E,
and H, in this work, but it should be stressed here that, in principle, an initial value

problem for a straight guide may be derived by replacing B2 by 822 in (4.32), (4.33) and
deriving, as will be shown, a paraxial parabolic wave equation therefrom.
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Fig. 4.10: Cross section of a straight waveguide containing different dielectrics

4.3.5 The TE and TM Helmholtz equation definition

The analysis becomes considerably easier if we reduce our problem to 2 dimensions (one
dimensional cross-section plus propagation; figure 4.11 shows the equivalent 3
dimensional problem, a varying slab waveguide structure). For example, the reduction to 2
dimensions can be performed via an effective index method. The corresponding Maxwell's
equations for TE(Ey,Hz,Hx) and TM(Hy,EZ,EX) fields are

by Y= 0

/y TE(Ey,Hx,Hz)

zZ
Ey HZ/ /
Hx
Hy Ez
)
'{ Ex / — TM(HyExEz)

>

X

Fig. 4.11: A section of a curved slab step index waveguide. The field
components are independent of the y-direction

joen’E, + H, =3 H,_
for TE waves: jop H = azEy (4.34)
-jopH = axEy
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jco;,LOHy -0,E =-0E
for TM waves: jmeoanx =-0,H, (4.35)

(oeoan =0 H
z Xy

From that we can derive two scalar wave equations for the E, and H, field components:
2 2
0 d 2 2
— + — + kon (x,z)]Ey(x,z) =0 (4.36)
ox~ 0z

2
[% + % +Kn’(x,2) + nz(x,z)%(llnz(x,z));—x ]Hy(x,z) =0 (437
X z

Hy and Ey are continuous everywhere in our two dimensional (x,z)-space. If a solution in
terms of these two field components can be found, then we can propagate at least two
independent fields (TE and TM) through the structure of varying longitudinal and
transverse refractive index. There are no hybrid modes (hybrid meaning here that all 6 field
components are present) in the 3 dimensional slab problem. Coupling of the field
components is again only possible if the material is anisotropic. It is important to note here
that no approximations have been used to derive the wave equations (4.36) and (4.37).
Therefore these equations can be used to propagate fields in a three dimensional structure
even for high refractive index changes.

4.3.6 The Helmholtz equations in the anisotropic case

We consider two different cases of anisotropy, the 2nd order transverse (Tylen [4.12] and
the uniaxial anisotropy which can be described by the following dielectric tensors

€ €

XX Xy
gl = ligl =diag[ex,8y,ez] ) E,=E, 5 EFE (4.38)
eyx Eyy

It has been shown (Tylen [4.12]) that the former leads to two coupled partial differential
equations in terms of E, and E, as

3 [ I (V +E k ) kOe E
— =0 4.39
2221 0 V2 + koeyy ) E, (4-39)
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and the latter can be derived (Feit and Fleck [4.10], [4.11]) in terms of modified Helmholtz
equations for E,, E, and E, as

2 2 2
TE case: [ 9 > + J > + 9 > + kﬁni(x,y,z) ]Ex(x,y,z) =0 (4.40)
ox" dz" dy
?* # n P
TM case: [—2 +—+ -%—2 + k(z)n: ] E (x,y,2) =0
ox” dz" n_dy 4.41)

2/2
Ey = -ne/no Ez

with €, =€ (ex#,y)

n, =n =, / g extraordinary index (4.42)
n =n =, / € ordinary index

This is due to the inclusion of the term
isotropic case: V.D =0 and V.E=0
uniaxial anisotropy: V.E#0 and V.E=[1-e/e ]9 E

in the derivation of these wave equations. The term V.E does not vanish if ez#€x. The field
components in the wave equations are continuous everywhere. As will be seen in the next

section, paraxial versions of the wave equations (4.40) and (4.41) can be derived.
4.3.7 The paraxial wave equation definition

It can easily be seen that all the above definitions of our problem are still not suitable for a
solution as initial value problem with its need for only first order derivatives in the direction
of propagation z. The reduction from the above derived Helmholtz equations to standard
paraxial parabolic wave equations yields the desired initial value problems. The following
analysis for the slowly varying amplitude approximation is a standard technique in optics
and is well documented in text books (Claerbout [2.6]). We rederive the paraxial
approximation here to show the range of physical problems to which the initial value
problem in terms of a paraxial equation can be applied. It is important to note here that it is
not the paraxial approximation that imposes the significant restrictions on the parameters
such as the refractive index, but, as will be shown in chapter 5, it is the specific numerical
procedure which will require certain limitations.
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4.3.7.1 Solutions for monochromatic forward waves

The Helmbholtz equations as derived above are of second order in z and hence have two
independent solutions (upgoing and downgoing waves). For an initial value problem
describing only plane waves travelling in the +z-direction we insert (e.g. in the wave
equation (4.36) for TE polarisation) a trial solution as

Ey(x,z) ="I§y(x)¢=,’k°n°z
where Ey(x,z) is the slowly varying amplitude function in (x,z) and n is a reference index
(e.g. the refractive index of the substrate medium). Computing the partial derivatives o;E,,
8X2Ey etc., inserting these in (4.36) and cancelling the exponential gives
[ai + af +j2k;n 0, + kg(nz(x,z) - n’&)] m =0

If we now restrict Ey(x,z) to wave fields which are near to plane waves propagating in the
z-direction (because Ey(x,z) is assumed to be a slowly varying function) we can neglect the
term 822Ey in comparison to j2k0r1082151y and arrive at an equation which defines the initial

value problem for TE waves

lizknd, + 8% + n(x.2) - nf,)]—Ey(x,z) =0 (4.43)

and similarly for TM waves

[jZkOnOBz + ai + kg(nz(x,z)-n(z)) + nz(x,z)ai(llnz(x,z))ax] Hy(x,z) =0 (4.44)

These equations are known as the parabolic or paraxial wave equations (also referred to as

TE and TM Fock equations). By reconverting to the Ey amplitude (for n(x,z)=ny=const.)
2 . 2.2
[ax +j2kgn,d, + 2kjng ] Ey(x,z) =0 (4.45)
we can compare the original and the parabolic wave equation by evaluating their dispersion

relations to see the error we have made by neglecting the second order derivative:

Dispersion relation of the Helmholtz wave equation (4.36):

2 2 .22
K +k. -Kng=0
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Dispersion relation of the paraxial equation (reconverted (4.43):

2 2 2
kx + 2ko“okz - 2k0n0 =0

Tkz

a)
c)

b)

Fig. 4.12: Dispersion relations for different wave equations
a) expansion using 2 terms in (4.46)
b) expansion using 3 terms in (4.46)

¢) Helmholtz equation (4.36)
y
g 3o \ 7
5 25 \a”
: 37
© +97
3 1.0- b)
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-5 4 3-2-101 2345
angle of the plane waves %10

Fig. 4.13: Relative angle error of the approximated dispersion relations
a) expansion using 2 terms in (4.46)
b) expansion using 3 terms in (4.46)

Figures 4.12-4.13 show the error dependent on the angle of propagation. We see that up to
about 20 degrees the approximation with the paraxial equation is valid. What we really

want is a one way wave equation with a half circle as a dispersion relation like



K
2 2.2 X
kz = kono'kx = kono(l =3 _:Z - ) (4.46)
2k0n0 8k0n0

which is to first order equivalent to the parabolic approximation. The more terms we use in
the expansion the better the approximation will be. Including the first term is accurate to
about 20 degrees and including the second to about 45 degrees (see also figure 4.13). The
half circle approximation can be shown to be exactly the forward solution of the original
wave equation. So the main idea is to approximate the circle by the parabola where the
actual radius of the circle kyn, does not have anything to do with the accuracy of the
approximation. This suggests that ny in equation (4.45) may be replaced by the actually
varying refractive index n(x,z). With this equation (4.45) reads

[ai + 2k n(x,2)d, + 2kf,n2(x,z)] E (x,2) =0 (4.47)
and similarly for the TM equation
[ai + j2k,n(x,z)d, + 2k(2)nz(x,z) + nz(x,z)ax(llnz(x,z))ax]Hy(x,z) =0 (4.48)

Equations (4.47) and (4.48) are partial differential equations which describe the paraxial

forward propagation of waves in a transverse inhomogeneous medium.

4.3.7.2 Important remarks on the paraxial wave equation definition

1. Validity of the slowly varying amplitude approximation

With equation (4.47), (4.48) we no longer need to assume kyn, similar to kgn and we can
deal with a wide range of materials (Claerbout [2.6]). The only restrictions may be imposed
by the algorithms used for the numerical solution of these equations. Actually, as the
examples will show, the validity of the equations (4.47), (4.48) depends more on the
approximation that the logarithmic space gradients of the refractive index are small
compared with the longitudinal gradients of the waves. In other words, the waves change
faster than the medium does. The approximation is obviously best at high frequencies
(short wavelength), which is a well known approximation in wave optics. Although it
'sounds’ like a ray analysis this equation has not degenerated to geometrical optics.

Actually all phenomena of optics like diffraction and interference are still present. It should
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also be noted that due to the slowly varying amplitude fewer sampling points in x and z are
required for the numerical solution. How dense we have to sample in the z-direction will
depend on the numerical method, the refractive index change, the initial field distribution
and the wavelength.

There is much confusion about the validity of the slowly varying amplitude approximation.
It should again be stressed that the major restriction on the refractive index is imposed
either by the reduction from the vector to the scalar wave equation or by the numerical
method used for the solution. We found that the range of validity is much larger than the
above mentioned constraints. The slowly varying amplitude approximation means more
that plane waves of the obtained spectrum should not differ too much from plane waves
travelling in the +z-direction rather than imposing certain restrictions on the refractive index
profile.

2. No backward and evanescent waves

It should be noted that approximating the scalar wave equation by a parabola has other
consequences than just suppressing the waves running backwards. The half circle
approximation

2

k,=+[knik: inthe PDE: OP =1, / Kon2+ 9 (4.49)

still allows for evanescent waves when the 'propagation constant' becomes imaginary.
The expansion in equation (4.46) to obtain a paraxial forward partial differential equation
neglects this fact completely and will always solve only for forward propagating waves.
However at a longitudinal discontinuity a change of reference medium might cause purely
evanescent waves (chapter 6). As we shall see in chapter 5, the BPM will propagate the
waves in homogeneous space using a half circle (or slightly similar) approximation for the
dispersion relation like equation (4.49). This allows for evanescent waves. The Finite
Element/Finite Difference algorithms however solve equation (4.43). Therefore the
evanescent properties must be incorporated artificially in the computer program by
deciding on the k, region concerned. We will however see that in the presence of
longitudinal reflections we have to perform a transformation into Fourier space, so that we

can decide whether fields are propagating or evanescent.
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3. Phase information

In equation (4.43) we have dropped the phase factor
exp(jk,n,2z) (4.50)

leading to an operator in the paraxial partial differential equation as
3
OP =+(kgn, + r:“o) (4.51)

which is actually present in the Helmholtz equation (4.36) and therefore the phase
information is lost. In a forward propagation the neglection of this phase term has no
consequences. However, as we are interested to include possible backward waves, the
neglection of the term leads to zero interference as forward and backward wave will have
the same phase. Therefore this neglected phase factor has to be superimposed on the
forward and backward fields.

4.3.7.3 More about the paraxial wave equation

As the solution of the paraxial wave equations forms the kernel of this work we want to
add some further consideration to what was said on the previous pages. In most textbooks
the paraxial equation is derived by dropping the fast varying term BZZEY in the Helmholtz
equation. However, the paraxial wave equations can also be derived without using this
assumption. This gives again a different insight into this equation and also information
about the range of problems and refractive index changes to which it can be applied. If we
consider the TE case, we again start off with the Helmholtz equation (4.36), which can be

written in the form
2 2 2
¥ = —[kon 2+ w2 =E,(x.2) (4.52)

and a true forward solution of this equation is (without applying any approximations)

¥ = exp(+, /kf,nz(x,z)-ai Az)¥(x,0) (4.53)

At this stage of the derivation we do not worry that the square root of the operator 0,2 has

no actual meaning. Computing the derivatives in the z-direction we get
. 22 2 4.54
0¥ =+j[kyn+3, ¥ n=f(z), n=1(x) (4.54)
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which holds if n is not a function of the longitudinal coordinate z, otherwise we would get
additional derivatives which do not lead to an initial value problem. Now we assume that all

plane waves propagate in a reference medium n,, as

¥ =Faae " aw=aTFe % +e O (k)T (4.55)

Inserting this in equation (4.54) gives

2,%=Jjkqyiyfin™+d? T¥ (4.56)

Similarly to (4.46) this equation can now be expanded into a series

2 4
- d d -
az\p =-[Jk0n0+Jkdl(1* 2" =- : T )]‘I‘ 4.57)
2kgn”  8kgn
provided that
272 2

Now (4.58) is a rather obscure statement and its actual meaning is that the plane waves of
the field ¥ should not propagate at too large angles from the z-direction (this is the paraxial
approximation). Therefore, in principle figures 4.12 and 4.13 also hold for the expansion
(4.57). Note that so far no approximation has involved the actual varying refractive index
n(x,z).

Although we will derive the solution methods of the paraxial wave equation in chapter 5, it
is interesting to observe here what the expansion (4.57) means physically. The Helmholtz
equation will be approximated the better, the more expansion terms are being used. This
means for the propagation analysis that more and more points along the x-direction are

related to one point at the next z-step (figure 4.14).

The Helmholtz equation relates all points along the x-direction to all points in the x-
direction at the next z-step, whereas solving within the paraxial approximation is a local
method. As will be seen, the BPM consists of a propagation in homogeneous medium,
whereby the propagator is derived from the wave equation, and a phase correction for the
inhomogeneous part, which is derived from the paraxial wave equation. If we use the

paraxial equation we therefore cannot expect to get total agreement with the BPM.
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Fig. 4.14: Showing the relation between points at two different z-sections
for the wave equation a) and a second order expansion b)

We found that for fields launched at an angle we need much more sampling points along
the z-direction than the BPM. This is due to the above mentioned fact. The BPM relates all
points along the x-direction (albeit approximately) whereas a FE/FD scheme only uses 2

points.

Say we only take a first order approximation (noting that a Finite Difference or a Finite
Element solution will be able to include higher order expansion terms as well; e.g. as

mentioned in Marcuse [2.16] for Finite Differences), then equation (4.57) reads

j2kynd ¥ = + [26Zn(n-n,) + 2] (4.59)
which is essentially the same as equation (4.47). The equation (4.59) has been derived
without imposing any restrictions on the refractive index profile,

An(x) = n(x)- n, (4.60)
It is an initial value problem and is suitable for a solution via a direct numerical solution
technique as outlined in chapter 5. If we assume in (4.59)
An « 1

(4.61)
2Ann0 = n2 - n(z)

n=no

then we get the well known paraxial wave equation
2k nd, ¥ =+ [IAm%nd) + 2]w (4.62)

which is suitable for a numerical solution. Although solving (4.62) is not as rigorous as
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(4.59) we have found in many examples that the range of refractive index changes where

(4.62) is applicable is far higher than initially expected (see error analysis in chapter 7).
Concluding, we have made the following approximations to obtain (4.59) and (4.62):

1) No backward travelling waves (4.54)
2) The expansion 0,2«k,2n? (paraxial approximation, no plane waves at large angles)

3) Solving (4.62) instead of (4.59) requires ng=n or An«1 and is therefore less accurate.

However, we have found that the major restriction in a possible propagation algorithm such
as the BPM is imposed by using a phase correction term which is a solution only for the
case An«l. The direct numerical solution of (4.62) does not use this assumption and we
have found that we can afford much higher refractive index changes than in the BPM even

when using equation (4.62).

It should be noted that the paraxial wave equation (4.43) conserves the power in lossless
media for the propagating components under the assumption that evanescent components
make no contribution (Lewis [2.62]).

4.3.8 The paraxial wave equation in curved coordinates

For uniform curved structures a derivation of the paraxial wave equation in a curved
coordinate system (r,0) (using a conformal transfomation technique, Heiblum [4.13])
yields the initial value problem (R: radius of the curvature, s: the longitudinal coordinate
along the curvature, x: the transverse direction)

2
VisEy(x,s) + K0’ (x,5) [1 + R—’(‘s)-] E (x;s) =0 (4.63)

from which a paraxial equation can be derived using the same steps and approximations as
outlined above

2 ———————
[3%+2Kn,0, + kf,(n2(x,s)[1+§’(‘T)] )] E,(o5) = 0 (4.64)

This approach is very advantageous if we treat propagation in uniform curvatures, avoiding
the paraxial curves when solving structures involving bends in a cartesian coordinate

system.
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4.3.9 The definition in terms of variational principles

We have seen in chapter 3 that many problems which occur in physics can be described by
either coupled partial differential equations or, in some cases, by an equivalent variational
expression subject to some boundary conditions. In this chapter we will see that some of
our paraxial Helmholtz equations indeed correspond to such an explicit equivalent
functional, which can be solved instead of the partial differential equation.

In contrast to the derivation of the coupled PDEs from a general energy relation in section
3.4, we will derive here the scalar PDE from an explicitly defined functional. As will be
shown in chapter 5, the FE/FD algorithm in the scalar case will (approximately) solve this
exact functional, whereas in the vector case (for a coupled set of PDEs) a so called weak
formulation of the general variational (3.1) or (3.12) is approximately solved. This
distinction is essentially due to the fact that we used, in the vector case for anisotropic
material, a sophisticated professional software (PDE/PROTRAN) based on this weak
formulation to reduce the computational effort. We have found by comparing both
solutions for the scalar case, that the differences between the full formulation and the
weak formulation are insignificant (see also Reddy [4.15] for the exact definition of th_c
weak formulation).

All parabolic wave equations derived in section 4.3 are subject to the boundary conditions
stated in chapter 4.2 (electric or magnetic walls or a combination of them), which are
generally either of Cauchy or Dirichlet type or one type on the dR, part of the boundary R
and another type on the remaining boundary dR,:

Parabolic partial diff 'ggnfial equation:
ax[alaxf] + ay[azayf] +gf +h=agf (4.65)

Boun condition
Dirichlet on aRlz f(x,y) = faRl(x,y) (4.66)

Cauchy on 9R: 2, [9 £]n, +2,[3 f]n +a,f =a,
with f, g, h, a,;  all functions of (x,y,z)

4.67)

The general partial differential equation (4.65) can be used to equally solve the TE or TM
paraxial wave equation choosing different coefficients and boundary conditions for either
case:
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TE waves: IM waves:

a =1 a, = 1/n’(x,y,2)

a,=0 a,=0

g = (a2 n? g =K (1-ng/n’(x,y,2))

h=0 h=0 (4.68)
8 =-i2kqnq ay=-iZkgy/n’

The following boundary conditions have to be satisfied (assuming electric walls in both
cases; in a one dimensional cross section there will be only one kind of boundary
conditions for both TE and TM waves and the boundary R will not be split up into sections
dR; and dRy):

f=00ndR, n[3,f] +n[3,f] =0 ondR, (4.69)

The second set of boundary conditions are known as the homogeneous Neumann
conditions. Let us now examine whether the integral expression

I(f) = J' I [0.5(a,0,0% + az(ayt)2 - gf°) - hf + @ D] dA (4.70)
A

is a stationary functional which can be solved instead of the parabolic partial differential
equation (4.65) subject to the boundary conditions (4.66)-(4.67). It should be noted that
the propagation factor ag(d,f)f is an extension to the well known variational expression for
the Helmholtz equation (e.g. Silvester [4.14]).

As said in chapter 3, a variational form often describes, for different physical situations, the
total energy or the mass and force balance in a bounded region. Now the d, dependent term
(the ‘propagation’ term) would actually mean that we are solving a problem with an 'energy
evolution'. This is of course not true as the energy must be the same at each step. But we
can interpret equation (4.70) as the energy minimising functional which solves a different
boundary value problem at each z-step. The additional term (9,f)f will 'propagate’ the
unknowns to the next z-step where again a boundary value problem based on (4.70)
(including the (9,f)f term) is solved.

Now for the minimisation at constant z=z* (in the following '+’ will denote the evaluation at
z* at the stationary point of (4.70)), the functional (4.70) includes the term ag(d,f)f
necesssary for the propagation from z-step to z-step. Therefore the trial function must be
dependent on x,y and z, e.g. $=A(z)F(x,y) (see also equation (5.58) for the Finite Element
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trial functions used). To avoid to deal with the variation of an integral of A(BZA)Fz(x,y)
over the x,y cross section we assume that (d,A(z)) is known and retains a fixed value
(0,A(2))* throughout the minimisation at z*. After the extremal equations have been formed
we assume (9,A(z))*=(3,A(2)).

This foregoing seems to be rather arbitrary at this stage. However, it can be shown via the
‘method of local potentials' (Schechter [2.82]) that the minimum of the functional (4.70) at
z=z" with the 'clamped' term (9,fy)* during the minimisation defines the stationary state if
(9fp)* is evaluated at the stationary state and is not subject to variations about this state.
The functional (4.70) with (d,fg)=(d,fy)* is often referred to as the 'local potential' or
'generalized entropy production' (Schechter [2.82]).

Intuitively the above procedure makes sense: we are entitled to seek the energy minimum of
I(f) over the cross section x,y, whereby we 'clamp' the z-dependent term(s) at constant z*.
After the minimisation we use the z-dependent terms for the 'evolution’ of the unknowns.
The inclusion of the term (9,f)*=(9,f;) after the minimisation will result in a final matrix
equation (see chapter 5) which relates points from z-step to z-step and does not explicitly
solve a boundary value problem at each step.

Let us now first consider the TE case for which Dirichlet boundary conditions hold on the
whole region dR; whereas no restrictions are imposed on the conditions on dR, with
respect to the homogeneous Neumann conditions in the TM case. This situation is typical in
a variational approach, assuming fixed Dirichlet boundary conditions for the trial functions
f and ¢ if we use a representation for f as

f =)+ ep(x,y,2) @.71)

to look for stationary points of I(f). The Dirichlet boundary conditions are the essential
conditions which have to be satisfied, whereas the Neumann conditions on dR, in (4.69)
will turn out to be the conditions which are naturally satisfied by the stationary functional.
Therefrom we conclude that if we specify Dirichlet conditions as essential boundary
conditions on the whole boundary R (the TE case) this will 'override' the Neumann
conditions on dRy.

On the other hand, if the trial functions are not assumed to satisfy the fixed boundary
conditions and are let 'free’ then the natural Neumann boundary conditions will apply on
the entire boundary R. This corresponds to the TM case. This means, that if we assume
electric walls on the entire boundary, we use the same functional (with different coefficients
as given in (4.68), for the TE and TM case, assuming that the trial functions satisfy the
Dirichlet conditions in the former and no restrictions are imposed on them in the latter case.
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It should also be noted that the Dirichlet conditions can be made the natural boundary
conditions by adding a second integral in the variational expression

I(f) = ”[...] dA + I(0.5a4f2 -a)ds 4.72)
A R

Now depending on which restrictions are imposed on the trial functions, on either dR, or
dR, either the Neumann conditions or the Dirichlet conditions will be the natural boundary
conditions of (4.72).

If fo in equation (4.71) is the scalar function which minimises the energy relation (4.70),
then a small perturbation I(fo+€¢), as a function of €, must have a minimum at =0 where
we are insisting that ¢ is a scalar function which satisfies at least the Dirichlet conditions on
dR;. Keeping in mind what was said above about the 'concept of local potentials' we now
insert (4.71) into (4.70) for z=z*. The derivatives can then be equated as

a,d (f,+e0)” =a,@ £,)° +2a,€d (£ (0) + €72, (3,0)°
2,0 (E,+60)” = 2,@ £)” + 22,69 (), (@) + €°2,@,0)°
gt2 = gtf) +2gef 6 + g82¢2

hf = h(f+€0)

a,@,0f = 2,0 fy) (E,+€0) = af 3 f)) +aed@,f))
which gives

I(f,+e0) = I(f) + e”[alax(fo)ax@) +a,9 ()3 (9)]dA + e”[-gfq; -ho +aH@ f,) JdA
A A

2 2 2 2
+0.5¢ “[al(axq)) +2,0,9) - g¢"JdA 4.73)
A
Evidently, the functional (4.70) is stationary about f=f; if the integral multiplying the first

power of € in (4.73) vanishes. Therefore we examine the first variation in I and request
that it should be zero

8= eJ' I [2,0,(£)9,(0) + 2, (£ (®)]dA + e“[- g0 -ho +a 0@ f) JdA (4.74)
A A

Formally we can write
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gx alaxfo nx
Vg = . and the normal n =
n
y

a2ayf()

and
o [o.0
Vo =
¢y ay(b,

so that we get after applying the 2 dimensional Green's theorem

”V«p -VgdA = -.q)Vg-n ds - J‘Iq)VzgdA
A s A

to the first term in equation (4.74)

81=e|¢[n.a,@,f) +na,@ fp]ds - e”q)[ax(alaxfo) +93,(2,9,fpJdA
S A

+ | I[-gfo-h]¢dA + H%(azfo)'dA (4.75)
A A
If we demand that 8I=0 for an arbitrary function ¢(x,y) and arbitrary area A, we arrive at:
9 [a,9,(fp] +9 [a,9 ()] +efy + h =2,@3,£)" (4.76)
a,(d,f)n + az(ayfo)ny =0 4.77)

Within the 'concept of local potentials' as described above, we can now assume that
(9,f0)*=(9,fp) as this term is evaluated at the stationary point of (4.70). In this case
equation (4.76) turns out to be the parabolic partial differential equation we want to solve
for, and equation (4.77) gives the natural boundary conditions of the functional (4.70).

Therefore we can solve the functional instead of the partial differential equation. f, as said
above, satisfies at least the Dirichlet boundary conditions. If no restrictions are imposed on
f, then the natural boundary conditions hold everywhere on R (TM case). If f; satisfies the
fixed Dirichlet conditions (4.66) everywhere, then these will override (4.77) and will be the
boundary conditions which hold everwhere on R.

It should be noted that we have, unlike normal derivations of the above functional, included
a propagating term in the z-direction. If we find a solution to this functional, then we have
found an algorithm which uses the advantages of the variational approach as outlined in
chapter 3. The solution of the paraxial partial differential equations will be obtained by
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solving the corresponding variational expressions using a combination of Finite Elements
for the cross sectional analysis in (x,y) space and a Finite Difference scheme for the
propagation direction z.

4 Choice of Equations for the Initial Boundary Value Problems

From the mathematical derivations in the previous chapters we have obtained several
possible descriptions of the propagation problem via partial differential equations and/or
variational principles, both for isotropic and anisotropic material. We have also pointed out
the approximations necessary to formulate the desired initial boundary value problems.

Let us summarize here the wave equations obtained so far which will be subject to a
numerical solution in chapter 5. The algorithms which will be outlined in the following
chapters are for the first time applied to the solution of beam propagation problems in
integrated optics, although they are only slightly modified versions of established numerical
methods in other fields. Therefore the reader who is more interested in the mere application
of these algorithms may keep the following equations in mind and skip chapter 5.

The BPM Algorithm solves:

Scalar isotropic case (solution in ion 5.2.1):

2 2 2
[+ 2 Ll way]E kv =0 (4.78)
ox"~ 0z y

Vector isotropic case roach in ion 5.2.2):

VH + o’epH = -[Vine x (VxH)] (4.79)

Vector anisotropic case (solution in section 8.8):

82[ ] (V +exxo) ke E ) (4.80)
3z’ 0 (V% + k(z)eyy ) Ey

oyx
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The Finite Difference Algorithm solves;

Scalar isotropic case (solution in section 5.4):

for TE waves:
BZkonoaz + ai + ktz)(nz(X,Z) - nz)] Ey(x,z) =0 4.81)

for TM waves:
[jzkonoaZ +32 + K@ (x,2)-n) + 179 (1 /nz)ax]f-l-;(T,z-) -0 (4.82)

The Finite Element/Finite Difference Algorithm solves:

10 =[] [0.5(2,0,0° + a.z(ayf)2 - gf?) - bf + 2@ f)f] dA (4.83)
A

d x[alaxf] + ay[azayf] +gf +h=ag f (4.84)

Boundary conditions
Dirichlet on dR,: f(x,y) = fy (x.) (4.85)

Cauchy on 9R ) 2 [Bxf]nx + az[ayf]ny +a,f =a (4.86)

withf, g, h, a; all functions of (x,y,z)

By choosing the coefficients in equation (4.68) the paraxial Fock equations (4.81) and
(4.82) are solved subject to the following boundary conditions:

f=0ondR, n 0] +n [3,£]=0 on 3R, (4.87)
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Vector anisotropic case (solution in section 5.3.2);

For this case the vector Helmholtz equation (E,, E, separated in real and imaginary parts)

-2k;n, 3, Re(E}) = [ +ko(nl - n] ) 1 Im(E}) + ke Im(E}) (4.88)
+2kgn, 3, Im(E]) = [} + kin, - 0., ) | Re(E;} + Ko, Re(E ) (4.89)
-2k 3, Re(E )} =[ &+ k(z)(ni ; nf, D1Im(E ) + kgeyx Im(E; ) (4.90)

- 2. .2,.2 2 - 2 -
+2kgn, 9, Im{E } =I[ dJ, + koin, -n ) IRe(E } + ke  Re(E,} 4.91)

is solved which has been reduced to its paraxial version by inserting the slowly varying
amplitude

Ex 1‘3; cxp(-jkonxx) 82 g‘x
=1 _1* . and —|__| =0 (paraxial approximation)
E,l LE, exp(-jkon, ) az | E,

into equation (4.21), in close analogy to what was said in chapter 4.3.7 about the scalar
paraxial equation. This coupled set of equation is equivalent to the propagating
variational principle as outlined in (3.12)-(3.18):

(4.92)

z=const.

1 W)= I IWl(x,y,u,ux,uy,(azu)u)dxdy + J W, (s,u)ds --> MIN I
A s

Ax(x,y,u,ux,uy,z) + By(x,y,u,ux,uy,Z) + F(X’Yv“’“x’“y’z) (4.93)

= diag C(x,y,u,2)0,u
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u = FB(x,y,z) on dR,
An, +Bn, = GB(x,y,uz) ondR, (4.94)
u (x,y) = uy(x,y) at z=z,

As said at the beginning of section 4.3.9 a solution of the coupled set of equations will be
obtained via a weak formulation (Sewell [4.5]) of (4.93). With the abbreviations defined
in equation (3.7), solutions of this general set of equations can be used to obtain solutions
of the equations (4.88)-(4.91).

We have mentioned in section 4.3.8 the possibillty to use a paraxial version of the wave
equation in curved coordinates for the numerical solution of structures involving uniform
curvatures. As this equation is only a modified version (via a conformal transformation
technique) of the paraxial equation in cartesian coordinates, an explicit treatment of this
equation will not be given here.

The propagation of fields in uniaxial anisotropic material is described by two modified
paraxial wave equations for TE (4.40) and TM (4.41) waves separately. These equations
are in their form also very similar to the paraxial wave equations given above. Therefore
they are not listed separately in this chapter and no special algorithm will be developed for
them. The BPM has been applied to such problems and the reader is here referred to
references [4.10] and [4.11] for details.

The main aim of this thesis is, however, to establish a versatile algorithm based on Finite
Elements and Finite Differences for the solution of the paraxial equations for scalar and
vector fields. These algorithms can easily be modified to give solutions for the paraxial
wave equations in curved coordinates and for uniaxial anisotropic material. The given
expressions which were restated in this section will be solved in a two dimensional cross
section, or for the sake of simplicity and comparison with the BPM, also one

dimensionally. All equations are subject to the boundary conditions outlined in chapter 4.2.
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Chapter 5

The Numerical Solution Techniques
5.1 Introduction

In the preceeding chapters 1-4 we have derived and analysed the partial differential
equations and the corresponding variational principles of the beam propagation problems
which describe the physical problem in question. We have also discussed the range of
applicability of these expressions and examined the choices among the possible ways of
representing the field propagation.

In this chapter the primary concern will be with the numerical solution of the equations as
given in section 4.4. Starting from these equations, we will derive the numerical algorithms
and this will be followed by their computational implementation on the computer. We will
look at three different algorithms, namely the BPM algorithm (Donk [5.1]), a Finite
Difference algorithm (similar to that of Hendow and Shakir [5.2]) and a combined
approach using Finite Elements (FE) and Finite Differences (FD) (Koch and
Davies [5.3]), which can be used for the solution. Furthermore the merit of their individual
application will be discussed. Most importantly, a new algorithm combining FD and FE
techniques will be derived, by reduction of a variational expression to a set of coupled first
order linear differential equations. Note that in chapter 5.2.2 an approach is described to
obtain solutions to the coupled Helmholtz equations for isotropic material. This derivation
is similar to the BPM algorithm for a scalar field. We have however not obtained an
algorithm which could be used to propagate the coupled vector field from that, but it will be
outlined here as a suggestion for an alternative approach to model the propagation of vector
fields in isotropic material.

The algorithms presented here are, within the approximations explained in chapter 4,
applicable to two and three dimensional problems. For each algorithm we will first discuss
the two dimensional version and then the possible three dimensional extensions. The
algorithms explained here are partly implemented in software libraries like
PDE/PROTRAN. For the simpler problems (the two dimensional problems for comparison
of the methods) we have written our own task specific computer programs.
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5.2 The Beam Propagation Method (BPM)

The BPM is surely at the moment the most widely used propagation algorithm in integrated
optics. The classical BPM (Lagasse [5.4]) has been applied to many different waveguide
geometries and has been restated and rederived in many publications . In this thesis we will
therefore only discuss aspects or extensions of this technique which are relevant in
connection to our new procedures. However, special emphasis will be on the different
propagators and how they are generally used in the BPM. An excellent, more detailed
derivation than our introduction to the BPM here may be found in Donk [5.1].

5.2.1 The scalar BPM for isotropic material

The standard BPM finds solutions to the inhomogenous (inhomogenous in the refractive

index distribution) scalar TE Helmholtz equation in terms of the Ey field component
2 2 ,,22 =
[8z + ax +kin (x,z)]Ey(x,z) =0 (5.1)

Note that the following derivation is performed for the two dimensional (one dimensional
cross section) case, but in close analogy the three dimensional version (two dimensional
cross section) may be derived.

In the BPM a general solution of (5.1) is sought as

- -1
Ey(x,z+Az) = ,‘F { T{ Ey(x,z) } *P(kX,Az)} * exp[A(x,z)] (5.2)
which can be written as
Ey(x,z) = Ey(x,z)*cxp [A(x,z)] (5.3)

where E, is the solution of the homogenous equation (5.1) with n=n,=const. and
exp[A(x,z)], a phase correction term due to the inhomogenous medium n#const., is a

solution of the paraxial wave equation (also known as the TE Fock equation)
. 2¢ 2 2 2
[JZkOnoaz + ko(n (x,z)-no) + ax]Ey(x,z) =0 (5.4)
Important to note is, that the phase correction term should impose a 'unitary' phase shift,
|exp[A(x,z)]| =1 (5.5)

to obtain an energy conserving algorithm.
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Beam propagation in an inhomogeneous material n(x,z}¥-const.:

A solution of equation (5.4) is obtained by inserting (5.3) into (5.4) and expanding the still

arbitrary phase correction term in a power series as

Ax2)l,, = Y ez 5.6
i=1

This is a standard approach solving PDEs. After equating all coefficients for the Oth and
first order of (z-zg) we find

C1 () = -ky(n-ng)
— 2 5.7
C,(x) = TRE, [20.C,x0.E  +3’C,(0E, | .7)

which gives after inserting the Oth order term C, into C,

1 2
C,(x) = 4—%[28xnaxlnEy +3;n | (5.8)

Usually in the BPM, it is assumed that the fields propagate through a medium of slowly
varying refractive index (low contrast medium) and the second expansion term
C,(x) is therefore neglected in this method. Moreover, having to calculate first and
second order derivatives of the varying refractive index distribution and first order
derivatives of the homogeneous solution E, in the phase correction at each step z, is rather
cumbersome, so that the BPM only uses the Cl term. However, theoretically it would be
possible to include the term C,(x) in a BPM algorithm.

Note that the BPM algorithm, whose correction term is based on the paraxial equation, can
therefore not solve for the fields in structures involving large refractive index changes.
This restriction is due to neglecting the higher order terms in the
expansion of the phase correction term rather than the fact that the solution
is based on the paraxial wave equations with its restrictions to 'small angle

spectra’ as said in chapter 4.

Let us briefly investigate the magnitude of the error arising from the BPM by neglecting the
second and higher order terms in the derivation for the phase correction. The first
approximation is of course that the phase correction is a solution of equation (5.4) with its

requirement for paraxial propagation.
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Assuming a plane wave in two dimensions as
exp[-j(k x+k z)] (5.9)
paraxiality is still reasonably satisfied if (see also figure 4.11, 4.12)

k
k«k, or ano=-Z«1 where a<a,  « 45° (5.10)
Z

OLmay 1S the angle where the paraxial equation starts to introduce significant errors compared
with the wave equation. The exact solution of the phase correction term is

exp [A(x,z)] = exp [-jkOAn(z-zo) + Res] where Res = CZ(x)(z-zO)2 +..  (5.11)

and to neglect the higher order terms in Res we have to demand that:

a) it is small w.r.t. the first term: [Res! « koAn(z-zy)
and

b) it does not introduce a phase change in the reverse z-direction: Im(Res) « ©t

For the second order term, condition a) yields by inserting the expression for C,(x) from

equation (5.8)
IzaxnaxlnEy + ainl
4k nn-n|

E, in equation (5.12) concerns plane waves like (5.9), and the derivatives for n can be

lz-z| « 1 (5.12)

approximated by looking at the highest spatial frequencies of the refractive index
distribution in space, Pl, which yields: dyn=2nIn-ngyl/Pl and ax2=(21t/Pl)2|n-nol. For the
analysis of (5.12) we assume further that we are just at the threshold where the paraxial
approximation (5.10) starts to introduce severe errors, ty,,=45°, k,=konptana . =kgng.
This yields for (5.12)

2m/P1[2 + mingk Pl]1z-zy) « 1 (5.13)

The same assumptions applied to condition b) give
2k,
P—lln-nolm lz-z| «1 (5.19

(5.13) and (5.14) give an indication of the relationship between step size 1z-zg, reference
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refractive index ng, and refractive index change In-nyl. This would imply that for any
refractive index change we can find an accurate solution by reducing the stepsize
accordingly. For example, assume that the highest spatial frequency of the refractive index
distribution is of the order of the wavelength A (for the same reason as outlined in chapter

4.3), then we get for an absolute refractive index step of 0.1, A=1 um and ny=1 from

(5.19)
4n
Fln—nol Iz-zol «1 or Iz-zol « 0.892 um (5.16)

However, we found, for very high refractive index steps, the correction term using only a
first order correction breaks down, even when choosing very small step sizes according to
equation (5.14).

It is important to note that the BPM uses two separate steps, first a plane wave propagation
in a homogeneous medium, and a subsequent phase correction for the inhomogeneous
refractive index distribution in equation (5.2). For very high refractive index changes (also
depending on the reference medium ng) the homogeneous propagation can disperse the
field to such an extent that the phase term is unable to perform a correction due to the
inhomogeneous medium, although (5.14) suggests that there is always a step size which
should be able to do so. The reason for this breakdown is the error introduced due to the
splitting of the non commuting operators 9,2 and n(x,z) in equation (5.4).

From this it follows that it would be much more desirable to have an algorithm which
propagates the field 'directly’ through the inhomogeneous medium rather than the separate
propagation in homogeneous and inhomogeneous medium as in BPM. This is one of the
advantages of the direct Finite Element/Finite Difference solution of equation
(5.4). We will show that this approach yields a far more stable algorithm than the BPM and
does not break down for high refractive index changes and large step sizes where it is
notably difficult to obtain stable solutions with the BPM (chapter 7; Koch, Davies and
Wickramasinghe [5.5]).

Beam propagation in a homogeneous material n=const.

As can be seen in equation (5.2), the propagation of the waves in the BPM is performed by

multiplication with a propagator P(k,,Az) in Fourier space and a subsequent phase
correction in real space (figure 5.1):
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phase correction:
exp[-jk0(n-n0)(z-20)]

\ < > Z

<—
input field at z-zo (kx, dz)
dz = z-z0
real space Fourier Space

Fig. 5.1: Schematic diagram of the BPM algorithm. The propagation for the
homogenous medium is performed using a multiplication with
a propagator P(ky,Az) and a phase correction is added via an optical
lens with phase exp(-jkgAnAz) due to the inhomogeneous perturbation

We now investigate the different possibilities for the P(k,,z). As said above, P is a true
solution of the homogeneous Helmholtz equation. The 2-dimensional Fourier Transform of
the equation (5.1) is (for n=njy=const.)

2 .02 .2 2=
[0 -k + kgnoJE ko2 = 0 (5.17)
and clearly we get a complete solution as the superposition of a forward and a backward
propagating spectrum as
E (k,,2) = Ak Jexp(-jk z) + B(k Jexp(+jk,2) (5.18a)

where the propagator P(k,,z) is defined as

. 22,2
P(k,.z) =<:xp[J_q,/k0no-kx z (5.18b)

The solution in (x,z) space is obtained by performing an inverse Fourier Transform:

E,(x.2) = —I[A(kx)exp(-j(kxx+kzz) +B(k Jexp(-ik xk 2)]dk (5.19)
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As in the paraxial approaximation we now require that

a) there are no longitudinal reflections present (B=0) due to the fact that
b) longitudinal variations (n(x,z)=n(x)) of the refractive index are not included.

In an initial value problem we will have to include the backward waves by a different
technique (chapter 6). For the forward propagation we therefore assume first that the fields
do not 'see' any physical effects such as abrupt discontinuities. The solution for

homogeneous space is then
+4oo
1 .
Ey(x,zo)=gj[A(kx)exp(-J(kxx+kzzo)]dkx (5.20)

and the amplitudes A(k,) can be written as

A(k)) = exp(ik zo)E, (k,.zy) (5.21)

which leads to the final form of the BPM algorithm for homogeneous material as
400
1 fr= . .
E (x,2) = E;-I[Ey(kx,z)exp(-Jkl(z-zo)exp(-_]kxx)]dkx (5.22)

From that we get the complete algorithm for the BPM in isotropic inhomogeneous space as
shown in figure 5.1:

1) Perform a Fourier Transform of the field at 2=z

2) Propagate Field in (k,) space with propagator P(kx,z)=exp[—ﬂgl(z-z0)]
3) Perform an inverse Fourier Transform of the propagated field

4) Multiplication with the phase correction term

Remarks on the different versions of the propagator P(K,,z):

Discussion of the square-root propagator:

It can be seen clearly that the propagator in equation (5.18b)
P(k,,2) = exp[ -5/ K02k 2] (5.23)

accounts for propagating waves as well as evanescent waves as:
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Propagating waves: k.2 < (kong)?2
Evanescent waves : k2 > (kgng)?2

In this thesis this propagator will be called the 'square-root' propagator. As long as the
plane waves are not propagating at too large angles no evanescent waves will be present.
But at longitudinal discontinuities the reference medium n, may change to such an extent
that suddenly a spectrum which was propagating in the foreground medium is purely
evanescent in the background medium (for total internal reflection see chapter 8). Therefore
all propagators should take this effect into account. Let us now see which other propagators

are possible.

Discussion of the paraxial propagator:

As already pointed out in section 4.3, the solution of the paraxial wave equation for

homogeneous media yields a propagator (or in real space the OPerator)

_ 2
OP =kyn, +9.L2k;n, + -2

(5.29)

Pk ,z) = exp[-jkonoz + jﬁ:n_o z]
This propagator is usually referred to as the Fresnel or paraxial propagator. Clearly it
does not take into account evanescent waves. This fact imposes some additional restrictions
on the paraxial equation. If we are solving the paraxial equation by means of Finite
Difference or Finite Element numerical methods outlined in the following section 5.3, we

must include a mechanism which switches the 'propagator’ in equation (5.24) either to the

full 'square-root' propagator

(=1 ]
N

OP=[K:no-
or to the pure evanescent version
OP =exp [-konoz]

which then only models the evanescent part. This conclusion is of great interest to us
because it means that the Finite Element/Finite Difference algorithm will not be able to
distinguish between propagating and evanescent waves when obtaining solutions of the
paraxial equations.
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In the BPM and in our new solution technique the axial term exp[jkgnyz] is only used for
comparison with analytical results or, as will be seen in chapter 8, important for the
superposition of the phase for longitudinal reflections. The propagation algorithm however
uses (5.24) without this term. Therefore the Fresnel or paraxial operator which is
simulated in the algorithms is:

P(k,.2) = exp[-jzk. 2k, ] (5.25)

Using this propagator and the phase correction as given above, which is an approximate
solution of the inhomogeneous paraxial equation, is equivalent to solving the paraxial
equation (5.4). The direct numerical solution of a paraxial equation can take this phase
factor into account if we reconvert (5.4) to the fast varying amplitude as in equation (4.47)
and solve this equation.

Accuracy of the paraxial propagators

The general solution to the paraxial wave equation (5.4) is in the form of

. OP
E )(z+Az) = exp(-lz—k(EAz)Ey(x,z) (5.26)
oP =[G (n*(x,2) - n}) + 3] (5.27)

As will be seen, the direct numerical solution of (5.4) , preserves the operator OP intact.
The BPM algorithm requires the splitting of the operator OP as:

2 2
. Az 2 .AZko(n (X,Z) - n())
exp [-3—82k0n0 x] * EXp [- j 2n0 ] (5.28)

a homogeneous propagation term and a phase correction term to account for the

inhomogeneous part of the refractive index
2 2
An’(x,2) = n{x,2) - 0 (5.29)

This introduces an error due the non-commutivity of the operators Anz(x,z) and axz in
equation (5.28), which is only negligible for small propagation steps or in structures
involving small refractive index changes An(x,z). It can be shown that the splitting of the
non commuting operators is correct only to first order by expanding each exponential in

(5.28) in a series and comparing the first order terms.
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Another version of a propagator was suggested by Feit and Fleck [5.6] who used an
approximation of the 'square-root' operator as

2 2

2.2 2 kx k

ion”, = :

+kgn= (5.30)
Jn +kp 20203+,

This propagator also includes the evanescent waves.

The split operator technigue:

Feit and Fleck have also suggested the use of a split operator technique for the propagators
in the BPM. This procedure is well known in quantum mechanics. It is interesting to note

that this technique, performing two half steps with the phase correction in the middle like
. f22.2 . [,22 2Az . ./222Az
exp[-J kyng-k, Az] = cxp[-_] kyng-k, ?]* expE]kOAnAz]* cxp[-J kn,-k,

is found to be accurate to second order after expanding the exponentials in this equation in a
series, although in fact only one half step will be performed in the beginning and again the
other half steps can be combined to form full single steps Az. In our simulations we have
not found that first performing a halfstep is more accurate then the usual 'full step'

algorithm as depicted in figure 5.1 and equation (5.2).
Discrete form of the propagators:

Numerically we do not perform a true Fourier Transform but a discrete FFT. Therefore
also the propagators should be available in discrete form. Discrete versions of the
propagators are obtained by accounting for the discrete form of the operators OP in (x-z)
space in the derivation outlined above. In seismic problems (Claerbout [5.7]) this change
from the continuous form to the discrete form is known as 'numerical viscosity'. For

example, the discrete version of the Fresnel propagator is (Appendix J):
(Sin(Axk /2)\ 2
exp[i( " )tz (5.31)
X 0

which in the limit Ax->0 yields the continuous form as given in equation (5.25). The use of

discrete forms of propagators is in this thesis for the first time applied to the BPM.
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We have used the above discussed propagators in this thesis to compare
the results obtained by the Finite Element/Finite Difference scheme with
those generated by the BPM. The previous analysis of the BPM will help
us to understand the advantages of the Finite Difference and Finite Element
algorithms when solving the paraxial equations. Furthermore, the analysis
of the classical BPM is the basis for the following discussion of a vector

BPM in isotropic material.
5.2.2 The vector BPM for isotropic material

The BPM, as described above, is only applicable to the propagation of scalar fields. In the
following section we will discuss some new ideas to derive a vector BPM method in
isotropic material which can be used as a new guideline to vector field propagation. The
reader should keep in mind, that the 'BPM wise' approach via a phase correction term may
well be successfully replaced by a direct numerical algorithm, as tested for the scalar wave
equations in this thesis.

What we really want is a 'propagation’ solution for coupled fields in isotropic material
rather than the frequently used scalar approximation (chapter 4). Maxwell's equations state
that there are always coupled fields present, in isotropic and anisotropic material. Solving
for the modes in an arbitrary cross sectional shape in a uniform geometry therefore yields
general coupled fields (all 3 electric and magnetic field components present), which may
be, according to the magnitude of certain field components, classified as TE, TM, TEM or
general hybrid fields. Hence especially in a varying longitudinal geometry, where
additional coupling occurs due to curvature effects, the propagation, polarisation change
and mode conversion cannot be described by the separate solution of the TE or TM wave
equations. The main coupling effects are the inhomogenous isotropic and/or anisotropic

material properities.

The TE-TM coupling problem for inhomogeneous isotropic material can be described in
several ways. Note that in the following discussion, the operators involving d, cannot be
replaced by the propagation constant [} as for uniform structures, as these terms actually
describe the evolution of the fields. We are essentially looking for a formulation of our

problem which only involves ‘continuous' field components. From Maxwell's equations it
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follows that we can describe the vector field propagation

a) by 6 equations involving all 6 field components (4.10), (4.11), or
b)by 3 equations involving all 3 electric field components (4.20), or
¢) by 3 equations involving all 3 magnetic field components( 4.19)

together with the divergence relations for D, B (4.12) and (4.13) which can be used to
eliminate longitudinal components which are not continuous in a longitudinally
inhomogeneous medium. The possible formulations a)-c) have to be solved according to

the following assumptions and restrictions:

d) A two dimensional cross sectional analysis must be performed.

e) The medium is inhomogeneous in the transverse direction.

f) No back reflections are generated (no longitudinal inhomogenities).

g ) Waves are propagating in the +z direction only.

h)Paraxial propagation can be assumed if necessary.

J) Some field components, dependent on the formulation of the problem, may
be discontinuous if the material is inhomogeneous in the transverse and
longitudinal direction.

Let us first discuss the most obvious approach a). The advantage of this formulation is that
it only involves first order derivatives in the propagation direction. Therefore an initial
value problem can be derived directly from that. Obviously this set of equations in not
within the context of the BPM algorithm, based on a partial differential equation of
'Helmholtz' type. But a direct numerical solution of this set of equations may still be
successful. Approaches based on the direct discretisation of Maxwell's equations in integral
or derivative form are discussed by Weiland [2.74]. and Yee [5.20].

However, this solution would involve all 6 field components simultaneously, meaning that
at each node six field values, separated into real and imaginary parts, have to be calculated.
This would result in very large matrices. Furthermore, some field components will be
discontinous if the medium involves an arbitrary refractive index distribution in the
transverse and longitudinal direction, as shown in figure 5.2. Consequently the

formulation in either continuous E or H fields is preferred here.
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Hx Ex
>

TE oo T™M
input excitation

Fig. 5.2: An input field with e.g. either TE or TM polarisation is launched
into a curved dielectric waveguide. The curvature of the guide
introduces a polarisation change and a coupling to higher order
modes. Using a formulation of the vector problem in terms of E;, Ex
and Ey has to account for the discontinuity of these fields due to the
inhomogeneous refractive index distribution in the chip. H fields are
continuous everywhere in the structure (pu=1).

As can be seen from figure 5.2, the E , E , Ey components are actually discontinuous in a
general three dimensional inhomogeneous medium. Only for very small propagation steps
could E, be considered continuous as well. A way around this problem would be the use of
the divergence relations to express the longitudinal components in terms of the transverse
or to re-correct for the change in the electric field E, ‘'manually’ after each step of
propagation. This approach would also account for the TE-TM coupling in isotropic
material (Koch [5.8]) by generating small changes in the polarisation after each propagation
step.

But nevertheless the transverse E fields are still discontinuous in regions where € changes.
Therefore we either have to find a suitable formulation which only involves continuous
fields (e.g. the magnetic fields H), 'update' the longitudinal discontinuous electric field in a
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combination with a field description of transverse continuous fields (H,,H,) or preferably
derive a set of equations which only involves transverse magnetic fields and no longitudinal
components at all. This idea is widely used in transverse modal analysis (Hayata and
Koshiba [5.9]) by eliminating the longitudinal H, components using the divergence of H to

simplify the problem. Paraxial approximations, neglection of back reflections (Bze=0) may
still lead to considerable simplifications later.

This leads us to the conclusion that may be the most promising way is to start with the pure
magnetic field formulation c)

VH + o?epH = [(Vlne) X (VxH)] (5.32)
rather than with the all electric field formulation b)
VxVxE = o euE (5.33)

In either formulation we get the full field solution by inserting the solutions of (5.32) or
(5.33) in Maxwell's first or second equation. It can clearly be seen that the term V(Ing) in

the first and the operator VxVx in the second equation are responsible for the coupling of
the fields.

Let us try to derive a 'BPM-wise' solution of (5.32). For the propagation in homogeneous

material €=const, the term on the right hand side of (5.32) vanishes. Thus we get, as in the
scalar BPM, an independent plane wave propagation of each component of H as

Hxy.z+2) = Axyz)F { FlHayo }+Pac i, ) 534

where H ,H, and H, separately satisfy a scalar Helmholtz equation as given in equation
(4.21). The 'vector propagator' is as in the scalar case, the solution of the Fourier
transformed scalar wave equation, which really yields a 'scalar propagator' for each field
component as

. [, 2 2 .2
P(k, kA7) = exp[-_]\/ kg - k- k Az] (5.35)

Hence we have obtained the forward propagation of the fields in homogeneous material.
The 'phase correction term' A(x,y,z) is really a coupling matrix and, in the scalar case,
would be a solution of a paraxial wave equation, as outlined in section 5.2. The elements in
this matrix will be general phase terms exp[...], which should be solutions of the
inhomogeneous equation (5.32) or, if available, a paraxial version of it.
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Let us see how the paraxial version of (5.32) looks. We do this by using an analogous
derivation as in equations (4.52)-(4.59). Note that in this derivation no approximation so
far involves the refractive index change; the paraxial approximation will only require
smooth curvatures.

We get the paraxial version of the vector wave equation (5.32) by inserting a slowly
varying vector H field into (5.32), in close analogy to what was said about the paraxial
approximations which lead to equation (4.43), involving only first order derivatives in z

and Vp=V with 0, replaced by the paraxial term jkyng. These assumptions lead to the
paraxial equation

[i2i¢p3, + K’ (x.y) - np)JH = [2Vin(m) x (v xi0)] (5.36)

where ng may be the refrerence index of the surrounding media or the cladding of the

waveguide. H=A.H, _ should be a solution of this equation. A, the phase correction, can
be written generally in the context of the BPM, as

A(x.y,z) = expiA(x.y,2)] (5.37)
where A is again a matrix. Another form of the matrix correction term could be generally
explh,,] exp{h,,] exp(h,]

A(x.y.z) = | ¢*Plhy,] exp{hy ] exp[hy] (5.38)
exp(h,,] explh, ] explh,,]

where we could assume that the phase correction matrix is symmetrical
(hyy=hyx,hy,=h;,...). Any kind of series expansion for the phase corrections h can be
assumed. If one assumes (in close analogy to the scalar BPM) a power series expansion as

h = zc’ (xy)(z-2) (5.39)

and similarly for h,y, h,,..., then one would expect that, after inserting these in (5.38) and
(5.36), the diégonal phase correction terms are similar to those in the scalar analysis, i.e.

1 . 1
C, (x.y) = -jkgln-ngl + 8C

1 . 1
C,,(x.y) = -jkgn-ngl +8C, (5.40)
c! = -jk In-n | + 8C’

72 (x.y) =-j o-nyl +oL,

where the 8C terms would account for the right hand side of (5.36). We could not verify
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this in our calculations. Also, no simple relationships for the off-diagonal elements in
(5.38) were found. But from our derivations we suggest here that other expansions for the

phase correction term may lead to a simpler solution, e.g.

hy= 2 CL0C, )2y (5.41)

=1

For the off-diagonal elements in (5.58) an expansion in terms of a combination of the

single expansions could be envisaged as well, e.g.
b= D CaeC (xy)(zzy (5.42)
=1

A simpler relationship may also be obtained by a definition of the inhomogeneous refractive

index distribution as one of the following functions

n(x,y) = n, + An(x) + An(y)
n(x,y) = n, + An(x,y) (5.43)
n(x,y) = n, + An(x)An(y)
Overall, the elements in the matrix phase correction term should be 'phase correction
exponentials', but another functional behaviour (may be dependent on the functional

behaviour of n(x,y)), like quadratic or cubic functions, may also be advantageous.

We cannot predict which expansion is most desirable, as calculations become very
complicated even for the first terms in any chosen expansion. But it seems that there
will be a simple phase correction term for all elements in the matrix if the
convenient expansion can be found. Furthermore also an additive correction instead
of a multiplicative correction could be used as outlined for the scalar BPM by Lagasse [5.4]
(chapter 6).

A further simplification of the governing equations for the vector propagation is possible by

1) including V.B =0 to reduce the three field to a two field formulation:
9.H =-[0H + ayHy] (5.44)

and
2) explicity neglecting longitudinal variations of n: d,n=0.
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The advantage of solving (5.32) (and deriving a paraxial version from that) rather than
attempting to solve the vector Helmholtz equation VxVxH=w2euH in a 'BPM wise'
manner is obvious, as replacing the longitudinal components in terms of the transverse
would still involve mixed derivatives, like d,d,, which makes the derivation of a phase
correction matrix even more difficult. Applying the two conditions 1) and 2) to equation
(5.32) yields, in the paraxial approximation,

. 1
[i2k n 2 #1002+ V2]H = ?[2ayn(axHy-any)]

: 1
[k d, Hg @ np+ Vi ]H = —[-20 0@ H -0 1]
" (5.45)
20
[i2k0,0,+ (0 nD+V2]H = [—;n(kﬁnﬁﬂx-ainx-axayny) +
n
20
—y—n(kgngHy-a;Hy-ayaxHx)]

2
n

With equation (5.44) the phase correction term will now be the two dimensional matrix

explh,,] exp[h,,]

A(X, ,Z) = 5.46
7 | expliny] expiny,] (5:46)

with h,,=h,, and, as discussed above, any of the above expansions may be inserted for the
terms in the exponentials. Which expansion will give a simple correction term is again
difficult to predict. Our calculations showed that probably the expansion (5.42) is the most
promising. The difficulty in deriving the phase correction is that, depending
on the sort of expansion chosen, even the first order terms involve mixed
derivatives of the field components and the refractive index which are not

easy to calculate.

In this thesis we have shown that a direct numerical technique via Finite Element and
Finite Difference techniques can be successfully applied to the solution of scalar and
coupled vector paraxial parabolic wave equations. In our case we have solved the coupled
propagation of vector fields in material involving a 2nd order anisotropy. Therefore, an
alternative approach for a propagation algorithm for vector fields in isotropic material can
be obtained via a direct numerical solution of the initial value problems (5.36) or (5.45).

However, as these equations are not really parabolic equations of the kind we have solved
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in this thesis via a variational approach, a pure Finite Difference discretisation or a Galerkin
Finite Element method may have to be used.

The above discussion has led us to believe that the methods presented and tested in this
thesis for the scalar case, either based on a BPM approach (as described above) or on a
FE/FD technique, will eventually lead to the desired algorithms for the corresponding
problem of the vector Helmholtz equation (see also chapter 9).

5.3 The Finite Element/Finite Difference (FEIFD) Algorithms

The 'Finite Element Method', which is really a class of methods, is generally considered to
be a competitor of the Finite Difference' methods and is used to solve a wide range of
ordinary and partial differential equations. Although finite element methods are, as will be
seen, substantially more difficult to program, this extra effort yields approximations that are
of high order accuracy even when a partial differential equation is solved in a general
(nonrectangular) multi-dimensional region, and even more when the solution varies more
rapidly in certain portions of the region so that a uniform grid is not appropriate. These and
other considerations have earned the finite element method great popularity for initial and
initial boundary value problems.

The finite element method can be combined with 'Finite Difference' methods to yield
algorithms which use the advantages of the finite element method for the spatial solution
and the finite difference method for the stepping in another variable, e.g. the time or z-
direction. This corresponds to our initial boundary value problem as shown e.g. in figure
3.3. In the following we will describe the combined Finite Element/Finite Difference
methods which we used to solve the uncoupled and coupled paraxial Fock equations for the
TE and TM case respectively.

5.3.1 The scalar FE/FD algorithm for isotropic material

In the previous chapters we have discussed the advantages and disadvantages of the BPM
solutions for the beam propagation problem. We have also examined the limitations and
approximations which have led to this solution method. In the following section we will
develop the propagation algorithms based on Finite Elements and Finite Differences,

simultaneously for the scalar TE and TM case. For details on the variational expressions
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used in this section, the reader is here referred to section 4.3.9, where we discussed the use

of 'propagating functionals' for our propagtion problem.

Restatement of the mathematical problem:

In section 4.3.9 it was shown that solving the paraxial equations for the E,-component in
the TE case

[3,8,E,) +ky(n"npE, ] = -i2kn 3 E, (5.47)
and for the Hy-component in the TM case
[3,(3,H, /") + K(1-ng/n")H, ] = -j2kngd H /n” (5.48)

is equivalent to solving the corresponding variational problem

0= J I [5(2,,0% + 2,0,0° - £°) - bt + 2, HeJaxdy (5.49)
A

if the coefficients a;, a,, g, h and a; are chosen as given in equation (4.68). In the
following we solve for the one dimensional case (ay=0); the analogous 2 dimensional case
is treated in appendix B and D.

The boundary conditions:

For the one dimensional case, it follows from what was said about the boundary conditions
in sections 4.2 and 4.3.9, that the functional (5.49) can be used for the TE and the TM
case. The boundary conditions representing electric walls in the TE case

Dirichlet for TE:  Ey(Xpin,2) = 0; 2>z¢ (5.50)
Ey(Xmax2) = 0; 2>2

can be satisfied if the trial functions of the functional are assumed to fulfil the Dirichlet
conditions, whereas the boundary conditions in the TM case (modelling the same situation
with electric walls)
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Neumann for TM: 9,H(Xpin,2) = 0; z>7 (5.51)
axHy(xma,pz) = 0; >z,

are satisfied by the natural boundary conditions of the functional. In the TM case no
restrictions will be imposed on the trial functions which would override the natural
boundary conditions. As the 'clamping’ of the boundary values is only perfomed at the last
stage of the derivation for the algorithms (essentially changing the first and last row and
column in the final matrix equation) we can, up to this point, use the same functional,
keeping in mind that different coefficients represent the TE and TM case.

An alternative way would be to start with a functional like (4.72), where a boundary
integral has been added. This makes the Dirichlet conditions the natural boundary
conditions of the variational expression. As a result the Neumann conditions (5.51) would
have to be included explicitly in the final matrix equation. Although both approaches yield
the same final matrix equation for the TE and TM case respectively, the additional
integration along the boundary is rather tedious (especially in the 2 dimensional case) and
the variational expression as given in equation (5.49) is preferred here.

The solutions in a one dimensional space (for TE and TM):

Now the numerical procedure to solve the functional for the TE and TM case will be
presented. The task is to minimise the general functional (5.49) subject to the boundary
conditions (5.50) and (5.51), whereby for f all functions are admissible which satisfy the
Dirichlet conditions in the TE case and no restrictions are imposed on them for the TM
case. The derivation presented in the following is a standard procedure to solve a
variational expression using Finite Elements for the fields in the cross section. A more
detailed account about the application of the Finite Element technique is given in Reddy
[5.10], [5.19]. The combination of this method with a Finite Difference method for the
forward propagation is obtained by a direct integration of the obtained field values one step
along the propagation direction. For real initial value problems unconditionally stable
implicit Finite Differences schemes have to be used. This is also a standard procedure and
details about the application of different Finite Differences schemes may be found in
Mitchell [5.11] or Sewell [5.16].
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Definition nite line elements:

We divide the whole x-direction into many small (=finite) intervals as shown in figure 5.3.
The line elements can have different lengths so that we can focus in on special regions of

interest along the x-direction, e.g. where maximum change of the field values is expected.

Element 1 Element 2 Element n
L \ 1 ‘ e e e e e === == [ \ 1
I 1 1 1 ]
x1=xmin x2 x3 xn xn+1=xmax
| I > local element coordinate u
u=1

Fig. 5.3: Dividing the interval [X,in,Xmax] into n line elements

This nonuniform sampling is more difficult to implement in a FD scheme. In contrast, the
standard BPM requires a uniform sampling along the x direction due to the use of Fast
Fourier Transforms. Corresponding to this discretisation, we split equation (5.49) into n
integrals over each individual element (£,=0,f, dy=0, h=0,f,=d,f)

X2
2
0 = J'[o.s(al(fx) -gf) +af flax + =1,
Xl .
X3
+J- [O.S(al(fx)2 - gtl ) + aofzf]dx Foeeenn = 12 (5.52)
X2
Xael
2
....... + I[O.S(al(axﬂ - gf) +a,f fldx =1
Xn
= L +L+1,+..L
In order to apply the same procedure to each individual integral, we introduce a change of
variables for each integral I, m=1,2,....n. For the m% element the linear transformation
x=xm+u(xm+l-xm) , 0€u<l, (mexSxm+1) (5.53)
(u is the local coordinate for the m™ element) transforms the element of length
4o = X1 *m (5.54)

into a 'unit' element of length 1. Inserting now the substitution
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f
f —me=f o = (5.55)
dm

into the expression for the integral m in (5.52) leads to
1
2
I(f)= J[o,s(alf:/dm -gf) +aff]d_du (5.56)
0

Provided that the discretisation is so dense that the functions a;, g and ag only change

slightly over one element, we can replace them by their mean values

al(x,t) = 0.5 (al(xm,z) + al(xm +1’Z» = a_ ;X <SX<x_, ;m= 1,2,....,n

1.m

g (x,t) =0.5( g(xm,z) +g(x_,,2) =g ;X SXSX ; m=12..,n

ao(x,t) = (0.5 (ao(xm,z) + ao(xm+l,z)) =l a5 .5 X <x<Xx

With these approximations equations (5.56) read (for simplicity we write = instead of =):

1 1 1
I=0.5@, m/dm)J'fzdu . 0.5gmdmjf2du + ao'mdmjlfzf du ; m=12,...n (5.57)
0 0 0

Interpolation functions for f:

As far as the Finite Element procedure is concerned, any functional behaviour can now be
assumed for the functions f. This could be matched to the specific physical problem in
question. In a first approximation, we assume that the desired solution is piecewise

linear, i.e. that f is linear within each element as

f(u,z) = c, m(z) +c, m(z) u, 0<u<l, m=12,..n (5.58)

In contrast to eigenvalue problems, solving for the propagation constant (e.g. Cvetkovic
[3.4]) or for the frequency (Rahman [4.3]) of the steady state modes, the unknown
interpolation coefficients ¢, , and c, , are now also assumed to be z-
dependent. This will eventually lead to the desired propagation algorithm. Inserting
(5.58) in (5.57) gives
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2
2
[,=05G@, /d_ )ch'm du-0.5 gmde‘(cl'm +c, u) du
0 0

(5.59)
+ aOmde-(ch + cz'mu) (cl'm + cz’mu) du
0
and after performing the integrations in (5.59)
2 2 12
I,=05a ¢, /d -05¢gd m(cl'm +C Comt §c2'm)
(5.60)

1 1
+a0m m[ lm(clm+—c )+02m(2 lm+§c2.m)]

The dash over the c's indicate the derivative w.r.t. the z coordinate. Instead of the linear
interpolation we can of course also use a higher order interpolation (e.g. a 'higher order
element' of degree 2) as, in principle, any expansion function is admissible. This is further

elaborated in appendix A. By defining the vectors

cl.m , cl.m
c = e =l (5.61)
" c2,m " c2,m

we find, after some arithmetic, that equation (5.60) can be written in a much simpler form

I,=%@, /d)c[ ] mmm[ ]c +-aOmmm[ ]c'm (5.62)

This will also simplify the required minimisation of this functional. As we have to minmise
the integrals I, w.r.t. the unknown nodal values f we now replace the c's by their
corresponding values of f. f is piecewise linear in each element and with equation (5.58)

we can write for the mth element

u=0 (i.e. at node X=X_) . £(0,z)

Il
h

m = cl,m

u=1 (i.e. at node x=x fm+1 =G m+Cm

) P f02)

which gives for the z-dependent vector c,, in terms of the f's in each element m

L] e

Insertion of this expression for ¢, into equation (5.62) yields, after some arithmetic, an

expression for the integral I in terms of the unknown nodal values f in the element m as
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fm 1-1 fm fm 21 fm
" de fm+li -11 fm+1 127m-m fm+l 12 fm+l

- T '
1 fa ]2 1]] fn
* Fhomn| 1 2}l¢
| m+1 m+l

Minimisation of the functional I -

In a variational approach the functions f,, will approximate the true solution of the
corresponding Euler equation, if a stationary point of the variational form can be found.
This task is, due to the derivation above, reduced to finding an extreme value of the
expression (5.64). Equation (5.64) represents a system of linear differential equations for
each element m in the nodal values f_ and their derivatives in z. The minimisation of the
functional is now performed by equating to zero the first partial derivatives of | w.r.t. the
trial functions f | which yields the following expression:

_m=0--> = ..—'2 - _g d
of ol d,|-11]]t,.,| ©6°™ |1 2]|f..,

2 1]] f,
1 m
"'an,mdm {2 f;n+1 form=1,2, ....,n

The matrix equation for the TM case:

(5.65)

If we write equation (5.65) for m elements separately and combine them, we finally get a
system of ordinary differential equations, which can be written as a matrix equation of

dimension (n+1, n+1)

0
BTM -a—zF = (CTM + ETM ) F (5.66)

For the TM case the boundary conditions are already satisfied by the natural boundary
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conditions of (5.49). Consequently no explicit inclusion of boundary conditions is
necessary for the TM case and hence the subscript TM in the matrix equation (5.66). The
matrices in equation (5.66) are defined as:

b, b, b, ... b 0
BTM = tndmg 2b 2(bl+b2) 2(b2+b3) "'Z(bn-l+bn) 2bn (567)
. 0 b, b, ... b, b, |
c, c, C3 e c, 0
C.m=t1idiag 2C1 2(C1+Cz) 2(C2+C3) '"2(cn-l+cn) ZCn (5.68)
_ 0 < Cp e C.1 c,
e e, € e e 0
E, =tidag €1 “Cre) ey .o te) < (5.69)
. 0 € €y e €. € |
F=[f &6~ f ] (5.70)

The elements in the tridiagonal matrices By, Cy and Ep, are calculated as follows:

1 Koo 1 1 ;
by = ghomin = gl t 1 Ak, Withd =X = A oo
m m+l
1 . 2 2
_ =—ii[2-0._0
€ = 2 = Toko[2 — Jax,, (5.72)
m nm+l
a 1 1 1
_ 1m _ [ ]
e —_Lm_ —
m dm 2Axm nrzn nm+1 (5-73)

These elements depend only on the width of the mth element Ax,, the refractive index ng,

the reference index ny and the wavenumber at each z-step and are consequently still z-

dependent.
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The Inclusion of the Dirichlet conditions for the TE case:

The last step is to include the fixed boundary values (5.50) for the TE case. As can be seen
from equations (5.66)-(5.69), f; and £, only occur in the two first equations

2b.f, + b,f, = (2c,-e))f, + (c,+e))f,
blf1 + 2(b1+ b2)f2 + b3f3 = (cl+el)f1 + (2c1+2cz-c:1-e2)f2 + (c2+e2)f3
and in the two last equations (5.74)
bf +2bf . =(c +e)f +(2c-e)f
bn-lfn-l + 2(bn—l-'-bn)fn + bnfn+1 = (cn-1+en-l)fn-1 + (ch-1+20n-en-l_en)fn + (cn+en)fn+l
With f(x_;,z) and f(x_,,,z) known (equal to zero), the z-derivatives of f; and f__,. are
also known. Therefore we replace the first and third in (5.74) by the trivial equations
2bf, = 2bf, =0
2bf . ,=2bf = 0

n n+l

(5.75)

In the second and fourth equation in (5.74) we subtract terms with f; and f

- which leads

to the following modified equations for the first and last 2 equations:

2(b,+b)f, + byf, = (c+e ), + (2c+2¢ ¢ -¢,)f, + (C,te)f; - b,
b f ,+20b, +b)f =(c_ ,+e f ,+(2c_ ,+2c -e -e)f +(c +e)f

- bf
n n+l (5.76)

+1

Incorporating these in the matrix (5.66)-(5.69) yields a system of linear ordinary
differential equations for the TE case as

d
By 5=F=(Cpg +Ep)F (5.77)

with the matrices of dimension (n+1,n+1):
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0 b, by ... 0 0
B, = tridiag 2b,  2(by+by)  2(bytby) .2(b, ;+b)  2b (5.78)
. 0 0 b, ... b, 0 .
0 c, C3 e c, 0 ]
C,g = tridiag 0 2ecytcy)  2cytcy) 2(c 4 +c)) 0 (5.79)
0 cl Cz ..... C n-1 0 ]
. 0 62 63 cn 0 1
E; = tridiag 0 -(eytey)  -(eytes) (e te) 0 (5.80)
- 0 el eZ ..... cn-l 0
In the TE case the elements in the matrices can now be calculated as:
1 _ Koy \ :
bm - an.mdm -5 3 m with Axm= dm =Xn+1 " Xm (5.81)
L I ko[n? +n2 - 2n7]
®m = GEm%m = T3 Xm<oLlm * M1 - “Mo (5.82)
. - qm 1 1 '
R R mabe (5.83)

We have chosen zero boundary conditions, f,=f,'=f, ,;=f,,'=0, and hence we can delete
the first and last row and column of our matrix equation (5.77). As a result, we solve for
n-1 points with zero boundary conditions already incoporated for f; and ;. In the TM
case we solve for n+1 nodal values with the matrix equation (5.66).

The z-integration of the ordinary differential equation system for TE and TM:

As can be seen from equations (5.66) and (5.77) we have transformed the variational
problem to solving a set of linear ordinary differential equations. The z-integration of this
system can be performed using standard numerical methods. Heun's method (Bronstein

[5.12]), a trapezoidal integration, as shown in figure 5.4 leads to:
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F(z+dz) === accancacanaa

F(z) fo~enesss

>

)
]
z z+dz z
Fig. 5.4: Integration of the vector F one step along the z-direction

B [F(z+dz) - F(z) ] = %[C +E ] [Fz+d2) - Fz) ] (5.84)

Because of the known values F(z) we can determine F(z+dz) from this equation and obtain
a 'Crank Nicolson like' implicit Finite Difference algorithm

1 1
[BerAz -5 Az (sz +E_ ) ] F(z+Az) = [Bz+-i Az(C,+E) ] F(z)

(5.85)
for the TE and the TM case respectively. Implicit algorithms are unconditionally stable, that

is, for any initial conditions, the solution does not grow without bound from z-step to z-

step.

For the case of the one dimensional cross section, equation (5.85) can be solved extremely
easily (using Gauss method for the solution of tridiagonal and symmetric matrices) as
matrices B,C and E are tridiagonal matrices. Therefore there is no need to explicitly invert
the left hand side to obtain the fields at the next step. Note that solving the simple set of
equations (5.85) requires less CPU time than the BPM having an 'asymptotic time' of M
rather than M(InM) in the BPM. For two dimensional cross sections (as shown in appendix
B), where we define finite triangles over the transverse region rather then finite line
elements, equation (5.85) is not a simple tridiagonal system. However, matrices B,C and
E will still be sparse regular matrices which can be solved efficiently using fast sparse
matrix solvers (e.g. Harwell routine MA27).

The elements in the matrices B, C and E represent the sampling Ax and the refractive

indices at steps z and z+Az. Solving structures where the refractive index does not vary
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along z means that the matrices only have to be calculated once and can be used again after
each step of propagation. By successive application of equation (5.85) we obtain
approximate solutions of the initial boundary value problem (5.49)-(5.51) at z-steps z,
z+Az, z+2Az ... .

It should also be noted that other integration techniques which lead to explicit Finite
Difference algorithms are also possible. If the initial conditions are strongly dependent on x
(or even discontinuous) then in some cases the backward Euler (Bronstein [5.12])

procedure may be more appropriate to use. This integration
B[F(z+A2) - F(2)] = Az[(C +E) Fz+Az)] (5.86)

leads to an explicit Finite Difference propagation algorithm as

[B - Az(C + E)] F(z+Az) = B F(2) (5.87)

Explicit methods are only conditionally stable. This means that the z-step must be less than
a critical value Az This fact is further discussed for the pure Finite Difference solution in
chapter 7 and appendix H.

Discussion of the algorithms for the TE and TM case:

We have tested both algorithms (5.85) and (5.87) for our propagation problems, but have
not found that the algorithm (5.87) has any significant advantages over (5.85) other than
fewer calculations. However, another aspect of the algorithm (5.87) is far more important
to observe. The general solution to the paraxial wave equation (5.47) for the TE case is in

the form of
. OP
Ey(x,z+Az) = exp(-moAz)*Ey(x,z) (5.88)
where the operator OP is defined as

2
op = [¥(n*x2) - n2) + % ] (5.89)
X

In principle, the algorithm (5.85) obtains a solution to equation (5.47) by approximating
the exponential in equation (5.88) by the Cagley expansion (Press [5.13])
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. OP . OP
exp (-Jrono Az) =[1-05 (Jzkono Az (5.90)
whereas algorithm (5.87) uses an approximation as
10)4 opP
exp (5 Az) = [1-05( Az)] (5.91
2kgn, 2kgn, )

For our propagation problem, a ’'slicewise’ solution of a steady state problem, an
energy conserving algorithm is required, that is a unitary approximation of the
exponential. Although (5.87) is a valid solution, it cannot be used for the propagation as
the total energy would increase as the field is propagating along z and a normalisation after
each step would become necessary. It should be noted that the integration which leads to
the algorithm in equation (5.85) preserves the unitarity of the operator OP resulting in
unconditional stability. It is not only stable and unitary but also second order accurate in z.
We have therefore not investigated the applicabilty of equations (5.88) any further and have
only used the algorithm (5.85) based on the Heun integration algorithm. The same
argument should be kept in mind for the derivation of the Finite Difference scheme for the
solution of (4.47) and (4.48) as will be shown in section 5.4.

Comparison of the algorithm with the BPM:

Our Finite Element approach leading to equation (5.85), as well as the Finite Difference
solution in section 5.4, preserves the propagator OP (5.89) intact. The BPM algorithm
requires the splitting of the operator OP as:

Azko(n (x,2)- no)]

0

CXP['J ] xexp|-j (5.92)

a homogeneous propagation term and a phase correction term to account for the
inhomogeneous part of the refractive index

Anx,2) = nx,2) - ng (5.93)

This introduces an error due to the non-commutivity of the operators Anz(x,z) and axz in
equation (5.88), which is only negligible for small propagation steps or in structures
involving small refractive index changes An(x,z). The FE/FD technique allows large
propagation steps which would normally cause a breakdown of the BPM algorithm. A
numerical comparison of the algorithms in terms of admissible refractive index change and
analysis step size will be given in chapter 7.
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5.3.2 The vector FE/FD algorithm for anisotropic material

In section 5.3.1 we have developed the scalar algorithms for the TE and TM paraxial wave
equations. These were derived directly from the scalar functional. Now in this section we
will describe the FE/FD procedure to solve the set of coupled paraxial wave equations for
anisotropic material (4.88)-(4.91) directly from the partial differential equation using the
standard Galerkin Finite Element Method.

In chapter 3 we have seen that a general coupled PDE can be derived from an energy
functional. There are two ways that solutions of this coupled set of equations can be
obtained, either by solving directly the ‘coupled’ functional (4.92) (similar to the procedure
for the scalar functionals) or via a 'weak' formulation of the PDE. This 'weak' formulation
is also an integral expression like the variational expression. But not necessarily does it
correspond exactly to the functional, hence the name 'weak' formulation. The advantage
of using a 'weak' formulation of the PDE is that, in principle, it can be derived for any
PDE. Solutions of this formulation are then obtained using the Galerkin method (Reddy
[5.19D).

Although the solution of the coupled set of PDEs is here approached via the 'weak’
formulation, some intermediate steps in the following derivation will nevertheless be
familiar from section 5.3.1. We will directly develop the solutions for the 2D case, and, for
simplification in a one dimensional region, the additional integrations for the matrix

elements (Appendix C) can be omitted later.

Note that we used a professional package, namely PDE/PROTRAN of the IMSL library,
for the solution of the 'weak' formulation' of the PDE. Hence some steps in the following
derivation are written in the PDE/PROTRAN notation. For more details about this
computer program the reader is referred to references [5.16] and [5.17], where some
specific features of this program are explained. PDE/PROTRAN uses a slightly different
version of the Finite Element method but the FE/FD procedure is still analogous to the

following derivations.
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The weak' formulation of the PDE:

Our problem of 4 coupled parabolic PDE's, equations (4.88)-(4.91), is in the form of the
very general - d,u dependent - parabolic partial differential equation (4.93) subject to the
boundary conditions (4.94). First we write (4.88)-(4.91) in the notation of (4.93) and
(4.94) respectively (Appendix C). Note that the matrix C is now a diagonal 4 by 4 matrix.
(4=number of coupled PDEs). The general boundary conditions have to be included, as E,
and E, will not be simultaneously zero on the boundaries dR, and oR,.

In contrast to the solution of the scalar case where we started with the functional (4.83), we
start here with the PDE (4.93). In PDE/PROTRAN a 'weak formulation' (Sewell [5.17],
Reddy [5.19]) of the problem (4.93) is solved. To obtain this formulation we now multiply
the PDE and the second general boundary conditions in (4.94) by an arbitrary smooth
(Reddy [5.19]) (testing) function ® which satisfies ®=0 on dR;. Then integrating over R
and dR; yields:

”(:azncpdxdy = j J [A,+B +F]odxdy + J.[-Anx-Bny+GB](D ds  (5.94)
R R 3R,

Integrating by parts (Green's Theorem), and remembering that ®=0 on dR,, gives

JJCE) zml)dxdy = JI[-A(DX-B®y+F<I>]dxdy + J.GBCDds (5.95)
R R R,
which is called the 'weak' formulation of the PDE (4.93).

The Galerkin Finite Element Method:

In the usual Galerkin Finite Element method a set of piecewise polynomial basis functions
D,...0 j"-(DN is chosen for some approximaﬁng space, which satisfy @ j=O on the
boundary dR, and approximate (4.93) - without the z-dependent term - by

N
L= (k) + D, gD xY) (5.96)
j=1

D (x,y) are functions which satisfy @, = FB on oR,. For our problems with stepping in
the coordinate direction z we need to include an additional z dependence in the coefficients

Q (similar to equation (5.58) ). Thus we require that
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N
W(y2) =Dyxya) + D G @P,(x.y) 5.97)
=1

W=[mmen w]  of=[on 2 25 ] o =[sb 4]

is an approximate solution of (5.95). In this approximate solution @, again satisfies at least
the fixed boundary values FB on dR, and the set of linearly independent basis functions
®D;...0;...Qy vanish on dR,. u, should also interpolate to ug at all the nodes when z=z,,
so that ;(zp) = Wo(xj.yj- Presumably uy(x,y) = FB(x,y,zp) on the boundary oR,,
otherwise the initial conditions and boundary conditions would contradict each other.

Since a function U, as in (5.97) cannot, in general, be found which satisfies (5.95) for any

@ which is zero on dR,, it is now required that (5.95) is satisfied for a set of (testing)
functions D;..D;...D4 (note that in the Galerkin method they are the same as the basis

functions !) only

Ingaandexdy = JJ[-Ag(¢x)k-Bg(d>y)k+ng>k]dxdy + IGBgd)kds (5.98)
R R
The subscipt 'g' means evaluation of C, F, A, B at ug. k=1.2,..4N

If now the expansion (5.97) is inserted in the equation (5.98) and the coefficient matrices
are calculated as shown in appendix C, we finally get a system of first order coupled

differential equations in the unknown expansion functions ¢(z) as

N N N N N
Z;B;‘(z)azaj - ;A;:(z)aj + M(z)bj + g,A;f @+ ;A: @ +b @

N N N N N
Z:,B; @3,5;= EIAil(z)aj + HE A2y + ;Aif @e; + ;zxi‘(z) +b(2)
F =

= 3 = 31 = 32 > 33 = 34 3 (5 .99)
DBy @0 = A @y 2 Ay + DAY ey + DAL @)+ 2)
i = = = =
X 4 X 41 X 42 X 43 = 44 4
ZBﬂ‘ (z)azdj = E\j‘ (z)aj + zAj‘ (z)b_i + ZAj‘ (z)cj + ZAj‘ @) +b,(2)
i Fl S o o
k=1..4N

Now this can clearly be written as a (4Nx4N) matrix equation
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B=-a=Ax+b (5.100)

which is very similar to the matrix equation (5.66) in the scalar case. However, equation
(5.100) represents the evolution of the coupled fields in terms of the coupled expansion
coefficients.

For the case of one PDE, equation (5.100) would present a system of N ordinary
differential equations (ODE) for the N unknown functions o(z). For the case of 4 coupled
PDEs (5.100) is a system of 4N ODEs. This ODE system is solved using Finite
Differences as the primary advantages of Finite Elements disappear when the solution is

only interpolated in a one dimensional region zy<z<z;.

The z-integration of the set of linear ODEs via Finite Differences:

What was said about the z-integration of the system of ODE:s for the scalar case equally
well applies to the system of ODE:s for the coupled evolution coefficients (5.100). It can be
shown that matrices A and B are positive definite (Sewell [5.17]) and therefore a solution
to (5.100) is possible. We use the same standard FD scheme as in the scalar case (section

5.3.1.) and thus get an evolution algorithm in terms of the expansion coefficients ¢ as

[Bz+Az ) 0.5A2+AZ]Q(Z+AZ) = [Bz - O'SAZ]QLL + O‘SAz[b(Z)'b(z+AZ)]

(5.101)

The initial values a(z=0) for this system of equations are obtained by requiring that u,

approximates the initial conditions
N
(z=0) = D (z=0) + Ela(O)(Dj = w,(x.y) (5.102)
]=
This is achieved by interpolation for the coefficients g(0).

Assuming now that (0) has been calculated (or represents the initial condition at the input)
and we want to know the solution at z+Az=z,,, then equation (5.101) constitutes a system
of 4N linear algebraic equations for the 4N unknowns o.®*!. In PDE/PROTRAN this
system of equations is solved using Newton's method [5.17]. For this method knowledge
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of the Jacobian at each step is necessary which may require a large amount of CPU time.
However, if we only want to model structures where the geometry is independent of the
direction of propagation the Jacobian is the same at each step and considerable speeding up

can be obtained (keyword NOUPDATE in PDE/PROTRAN) by calculating the Jacobian
only once.

The Finite ‘Element Discretisation:

For a Galerkin Finite Element method the interpolating basis functions ; in equation
(5.96) and the testing functions @, are chosen to be piecewise polynomials, that is,
functions which are polynomials within each 'element' (triangle or line element), as shown

in figure 5.5, and zero in all other elements

¥
3 10 1 2 3
O Oo—O
b >
3
b)
1 2 &
0,0 ©,1)
a)

Fig. 5.5: Showing the Finite Element discretisation used in PDE/PROTRAN
a) A simple two dimensional first order triangular element
b) A one dimensional line element

of the domain R. After defining these polynomials over each subsection in the domain R
the numerical integrations for the elements in equations (C7) can be performed. It should be
noted that the problem becomes considerably easier should only one dimensional regions
be considered. Then the polynomials will ‘interpolate’ the unknowns only along one
coordinate direction and the number of nodes is much less, requiring less memory in the
computer. Mostly a two dimensional analysis (one dimensional cross section) will give a

good first insight about the coupled wave propagation.

5.4 The Finite Difference (FD) Algorithms

Another alternative to the BPM which is, in general, not restricted to the TE wave equation
for weakly guiding structures or to slow variations in refractive index, can be derived using

a pure Finite Difference scheme. The main motivation for doing this is to find an algorithm
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which does not need to assume the approximation in equation (5.93). To avoid this
assumption, we express (first for TE modes) the solution to the scalar TE- Fock equation
(5.47), for the one dimensional case, as

. OP
E (x,z+Az) = exp(-J p ?Z)*Ey(x’z) (5.103)

where the operator OP is defined as
2
2¢ 2 2 0
OP = [ko(n (x,2) - no) + 'a?] (5.104)

The exponential in equation (5.103) can be expressed, using Cagley’s formula [5.13], as

. OP . oP OP
exp (igeo-a2) = [1-05 Gg e A CATD)

which yields an implicit unitary, stable second order accurate propagation algorithm for the

stepping in z (see also equation (5.85) for the equivalent FE/FD algorithm):

(1+ J__*op“*‘)s‘;*‘ - (1- j4A—k:n0*OPk)El; (5.106)

. +1 . _
with E; =E (xz+A2) ; E: =E,(x2)

s [k‘z)(nz(x,z) - n?))k+l+ 3/ox* ]
(5.107)

OP* = [kg(nz(x,z) - n(z))k +0%ox* ]

To obtain the field solution at each cross section the operators in equation (5.105) are now

discretised using a Finite Differences scheme along the x-direction. By defining
E(x0)=E° and E (x,Az)=E" (5.108)
y y y y
equation (5.106) reads

1 . Az 2, 2 2 TRKH 2Tkl ok . Az 2, 2 2.k 2 &
Ey +Jzk-0;(;(ko(n -HO)E;(' +BXE: )—Ey-]m ko(n -no)E:+ax y)

and the differential operators are approximated using a central difference scheme as

+1 +1
I _Ek 2Ek El]:l and 2Ek+l I _Ek '2Ek +Ef+l
yJ Ax Ax®

2k
o, E
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Inserting this into the discretised equations gives

[E +a B+ B ]=- [, +b B+ B, ] (5.109)

j+1

where 3 and bj are defined as

4kyn Ax

2,2 2
a=+k (0 -ngpAx’-2- ]—A—-— (5.110)

k 4K n Ax’
b=+ (n; -ng)Ax2-2+j%- 5.111)
In is interesting to observe that the elements in our implicit Finite Difference scheme are
different to those in the algorithm based on the one dimensional Finite Element approach,
although it was mentioned in chapter 2 that a one dimensional Finite Element technique
based on a functional is equivalent to a Finite Difference scheme. However, the elements
are dependent on the specific FD scheme used and consequently, will be only similar to
the FE/FD ones. Other Finite Difference schemes have been used also, e.g. Marcuse [5.18]

used a higher order expansion, and again different coefficients are obtained.

It should be noted that in a straight uniform guide where the refractive index does not
change along the propagation direction z (or iteratively with k) we find

a,=b, (5.112)

Writing equation (5.109) for J points and incorporating zero boundary conditions

BB =EST=E¥120 for points j=0 and j=J+1

at the edges of the analysis screen we end up with tridiagonal matrices A and B to

propagate the field from step k to k+1:

A™E" - BE, 6113
T
[£'] = [E,ax2+82), E (28x,2440) .......E (Ax,2+82)]
k
[ ] = [E (Ax.2), E 2Ax,2)........E (Ax,2)]
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Here J points will be solved for with zero boundary conditions already incoporated. What

was said for the elements a; and b; now also applies to the matrices A and B, i.e.

A=8B (5.114)

If n does not change along z then A is the conjugate complex of B.

The inversion of the matrix 4:

Sets of linear equations are usually not solved by inverting the matrix A. In our particular
case the matrices on the left and right side are sparse tridiagonal matrices. These equations
can be solved extremely easily without the need to explicitly calculate the inverse of A
(Press [5.13]). As far as the speed is concerned it should be noted that for z-independent
structures where the matrices A and B do not change from z-step to z-step, there is a
significant increase in speed compared with the BPM (even compared with Hendow's
algorithm [5.2] where updating is apparently necessary after each step of propagation).
This distinction is important as the solution needs only O(M) cpu time compared with
OM**2) for tridiagonal inversion and O(M.In(M)) using an FFT in the BPM.

The algorithm outlined above gives solutions for a one dimensional region but can easily be
extended to 2 dimensions as shown in Koch [5.15] and appendix C. Only the matrix
equation is slightly more difficult to solve and also the order of the matrices is considerably
higher than before. Matrices A and B are actually blockdiagonal if a convenient numbering
of the nodes is chosen. For the solution either sparse matrix solvers, e.g. Harwell routine
MAZ27 (Duff [5.14]), or special bandsolvers for the solution of blockdiagonal matrix
equations (Sewell [5.16]) - which are also faster than sparse solver like MA27 -, can be

used.

One important aspect should again be noted for the algorithm (5.113). As the numerical
procedure is based on the paraxial equation (5.47) where we dropped the fast varying part
exp(-jkgng) we are solving actually for the propagator

2

aX
OP =1 (kpng+ —— ) Az (5.115)

2k0n0

instead of solving for the operator of the Helmholtz equation
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0P =] filn + 3 Az (5.116)

Consequently no evanescent waves may propagate because the algorithm in fact does not
distinguish between propagating and evanescent waves. These waves may however occur
if we are using the method also to model longitudinal abrupt changes where the reference
index changes suddenly. In the case of total internal reflection for example a spectrum of
plane waves needs to be propagated which is entirely evanescent. To account for this we
must model an operator like equation (5.116) or base the Finite Difference (and the Finite
Element) algorithms on a paraxial PDE which solves only for evanescent fields (see
section 8.15).

Extension of the algorithm to TM waves:

Applying a similar approach as outlined above to the paraxial TM wave equation
[+2k509, + K(n>n3) + 00 (13, + 3], =0 (5.117)

yields a slightly different operator, i.e.

oP =[ m*n)) + 3% + FAK#d_]

a1 (5.118)
FAK =n"0d (=)
2
n
The first derivative can be approximated by
k .k Y k K
2 H* =HJ'+1'H? T T (5.119)
x Ax Ax 2 Ax
k+1 k+1 k+1 k+1 k+1 k+1
3 Hl-c+l i+l Hj - Hj B Hj-l - Hj+1 ) Hj-l (5.120)
* Ax Ax 2 Ax

where we assume that the approximated function is 'symmetrical’ around the point x,.

Eventually performing the same steps again and using a discretisation for FAK as

2 19 axnj Dm0y
FAKj-njax[—z]—-Z =L =

i Ax nj

j+1

(5.121)
D
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leads to a slightly different set of linear equations

—k k+1
A*H =B*H (5.122)
with different coefficients:
. 2
k41 4k.n_Ax
2, 27 2,2 . ollo
=tk () - Ax-2- = (5.123)
- » . dknAx”
b=+k. (n; -npAx 24— (5.124)
pk#l kel oK K
ktl _ Tj-1 T U4l k _ Y1700
S T T G T /=% (5.125)
2 n, 2 n,

The coefficients c; are the off diagonal elements which are different to the elements in the
TE procedure. Again only for straight guides we find:

-
a,=b, (5.126)
and therefore in the TM case also

A=B (5.127)

We can use the same diagonal solver as for equation (5.113) only that now the off diagonal
elements have values different from 1 (elements C;)-

For waveguides with low refractive index change from guiding to substrate material it is
known that the TE modes do not look very different to the TM modes, essentially due to
the fact that the solution of the Helmholtz equations for the TE (E,-component) and TM
(Hy-component) are very similar, that is, their propagation constants are very similar.
There will only be a significant difference between the propagation of TE and TM waves
in an isotropic material, if the structure involves a high refractive index step in the
transverse direction; the values of the elements c; in the TM case will then have large
values, thereby changing the resulting field pattern in comparison with the c;=1 elements in
the TE case.

The 2 dimensional implicit Finite Difference scheme for the scalar 2D paraxial wave
equations is outlined in appendix D.
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Chapter 6

The Inclusion of the Reflected Waves

6.1 Introduction

We have, so far considered the theoretical background of wave propagation in integrated
optical components and looked at a number of numerical algorithms that can be used for the
forward propagation of an arbitrary input field in a waveguiding structure of arbitrary
longitudinal and transverse geometry. All analysis methods, for the uncoupled scalar or
coupled vector case, are based on the 'slice’ wise solution of the steady state problem.
Consequently approximated paraxial forward wave equations, with all their limitations,
were derived from Maxwell's equations which represent an initial boundary value problem
in the z-direction. The total field pattern in the chip is obtained by a stepwise forward
propagation through the structure of inhomogeneous refractive index distribution. As a
result reflected waves are not taken into account, although they might not be negligible in
structures that involve abrupt single or multiple discontinuities in the direction of
propagation. This is in contrast to the time stepping solution of the time dependent wave

equation
[°V? + fixy0] ¥xy) = 3 ¥(xy.) (6.1)

where explicit or implicit FD schemes [6.1] can be used to obtain solutions which directly
include the rime dependent reflections generated at abrupt discontinuities provided the
correct boundary conditions are employed. This technique is also widely used for the
solution of elastic wave equations (Punjani [6.2]).

Now for the steady state case, the general solution to the Helmholtz equation (4.22) is
22 .2 22 2
+if kono-k, A -} -k A
Wk ,z+AZ) = Bk e ¥ "0 2 eV oA (6.2)

which includes forward and backward travelling waves. This suggests that we can
combine a forward and backward propagation algorithm with positive or negative
propagators (or two numerical solutions for the +z and -z paraxial wave equations) and

subsequently superimpose both field amplitudes (see section 6.3).
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For the forward problem it is obvious that the input field W (k4 z) is the 'source’ of the
forward fields. The question is, where are the 'sources', or what physical effects are
responsible, for the backward travelling waves as there are no source terms as such in the
paraxial wave equations. Although, in principle, reflected waves are generated in all cases
where the longitudinal refractive index distribution changes, e.g. in curved structures or a
waveguide taper, we will restrict our analysis to reflections at single or multiple
inhomogeneous discontinuities which are at right angles to the propagation direction z.
Approximations to a large range of oblique reflection interfaces can be obtained by using a
finite number of single perpendicular reflections. So the basic idea is to include a correction
for reflection at each propagation step and to propagate the field many times forward and
backward along the propagation axis until all significant reflections are collected. The
correction 'sources' are derived from the continuity conditions at the perpendicular
interfaces. These equivalent source terms, which represent the discontinuity, will generate
waves in both directions and the solution from z-step to z-step can then be found in terms
of a Green's function. Different versions for these correction terms are possible, i.e.
spectral reflection coefficient or paraxial reflection coefficient as will be discussed in section
6.3.

6.2 A Green's Function Approach

Before we discuss in detail how the partial reflections are included in the contra directional
algorithms based on the paraxial wave equations, we will show in the following how a
general approach can be derived to include the reflections directly. As this approach is
based partly on the BPM algorithm let us first restate some aspects of the BPM derivation
from section 5.2.

The problem of propagation of a given input beam E,(x,z) through a medium of refractive
index n(x,z) = ny(x)+An(x,z), (An«ny) is described by the scalar wave equation 4.22)

where n,, has been chosen so that the solutions of

V20 +Kon ()@ = 0 (6.3)
are known eigenfunctions as
-jk.z
@ (e (6.5)
The variation of n(x,z) along the z-direction is such that, for an input beam containing only
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components propagating in the positive z-direction, one has to neglect the influence
of the reflected fields on the forward propagation. Thus there are no large abrupt
changes of n(x,z) as a function of z. The mathematical consequence of this assumption is
that the solution at a line z=const. can be written as an eigenfunction expansion containing
only components in the positive z-direction as

= -k z
E = Bnd)ncﬂ‘“ (6.6)

n=1

One should realise that by excluding half of the eigenmode components, initial conditions
at a line z=const. will only excite forward travelling waves. Thus the boundary value

problem has been transformed into an initial boundary value problem.
6.2.1 An alternative way to derive a correction term for the BPM [6.4]

To correct for the inhomogenous part of the refractive index distribution An(x,z) we now
assume an additive, instead of the usual multiplicative correction to the homogeneous

solution as in the case of real scattering problems
Ey =g+ E 6.7

where €, is the solution of the scalar wave equation for n=n,. Substituting E, in the
inhomogeneous Helmholtz equation gives a wave equation with a 'source' term for the
additive correction

VE +Kn’(x,2)E =-KAn’(x,2)e, (6.8)
This equation can now be solved by a BPM algorithm with a multiplicative term as
E =ne* (6.9)
where 1 now satisfies equation (6.8) for n=n,
V2 +Kon5x,2n = -kKCAn’(x,2)e, (6.10)
and A can be derived [6.4] by the normal BPM phase correction expansion to be
A = -jk AnAz (6.11)

If the reference medium ny is constant, then it must be possible to express the solution of
the source wave equation (6.10) in terms of a Green's function. The most interesting aspect

of the additive correction is that, so far, no assumption about the absence of reflections has
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been made. The source term in equation (6.10) generates waves in both directions. This
means that by combining a propagation algorithm for the positive and negative direction

one can obtain a system that can handle reflections within the Born approximation.

Suggestion for an algorithm using the additive correction:

Thus a possible algorithm, using an additive correction for the field solution in one

'slice’ Az, consists of the following steps:

1 .Calculate the propagation &, in homogeneous space for one step Az:

enczto = F | F{ Eyo(x,z)} v expl-iy K202+ Az] }

2 .Calculate the correction E'=nexp(A) due to An for one step Az:

a) Determine 7 at the position z+Az (for reflections also at z-Az) from the
source term equation (6.10), whereby €, is the homogeneous solution
atz, i.e. Ey,

b) Multiply the solution 1 of the source term equation (6.10) with the phase
correction for one step A=-jkyAnAz

3 .Calculate the total field at the step z+Az (and/or at z-step z-Az for reflections)
by addition of the correction E' to the homogeneous solution in one slice Az

4 .For reflections propagate the field forward and backwards by repeating steps
1-3 for n=1,2,...N propagation steps

6.2.2 The Green's function in one slice Az of propagation

If no reflections are present, then the solutions to the source equation (6.10) can easily be
calculated in terms of the free space Green's function as the whole region from z to z+Az
will only consist of a homogeneous reference medium n, as shown in figure 6.1. It should
be noted that the Green's function solution is only relevant for one step of propagation Az

as indicated in figure 6.1. We are not solving for the whole region.
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inhomogeneous refractive  equivalent source representing equivalent source representing
index (waveguide) the scatterer (refractive index) the scatterer (refractive index)

a) No longitudinal reflections present b) Abrupt longitudinal change in refractive index

Fig. 6.1: Showing the regions where the solution in terms of a Green's
function is desired due to a source at propagation distance z:
a) The free space Green's function can be used to calculate
1\(z+Az) as n=ny everywhere
b) A modified Green's function has to be used due to the
presence of 2 different reference indices n0 and nl1;
the backward travelling correction 7 at z-Az is
different to the forward travelling correction
due to reflections at step z

Simple approximations for the Green's function in the case of figure 6.1b can be obtained
by using the short wavelength of the light (Marcuse [6.5]). In the case of more than one
reflection interface, the forward and backward travelling procedure has to be performed
several times. Subsequently all partial reflections, generated by the general propagation step
in terms of a Green's function, are superimposed. This procedure is very similar to the one
outlined in section 6.3. The difference is that in section 6.3 an explicit reflection of the
plane wave spectrum at an inhomogeneous interface is performed, whereas in the above
algorithm the reflections are generated due to the replacement of the scatterer An at step z

with a current source.

However, it should be noted that we are not exactly solving a scattering problem. The
replacement of the discontinuity with a current source is necessary to solve the source
equation for the correction m which is then multiplied by the phase correction for the
correction. Only then this correction is added to the field at z+Az and z-Az respectively
(Ey=€hom+E"). This is in the context of normal scattering problems, where the total field is
obtained by adding the incident and the scattered field, which is generated by replacement

of the scatterer with current sources.
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6.2.3 Discussion of the Green's function approach

The above outlined algorithm is not restricted to small changes in refractive index like the
standard BPM. The assumption that the inhomogeneous refractive index distribution can be
represented as n(x,z)=ny+An(x,z), necessary to derive the source equation (6.10), does not
impose any restrictions on An(x,z). Although our approach for the propagation of a field
through an inhomogeneous medium via direct numerical methods utilising FE/FD
techniques is not restricted to low changes in refractive index, it cannot solve for the

reflection problem directly based on the forward wave equation.

However, a combination of both techniques could be envisaged. The FE/FD algorithms can
be used to propagate the field up to a discontinuity. Then, the Green's function approach
can be used to generate reflected and transmitted fields at steps z-Az and z+Az respectively
and subsequently the FE/FD algorithms will propagate the fields 'up' and 'down’ the chip.
Furthermore, it may be possible to replace the phase corrrection for equation (6.11) by a
direct FE/FD solution of (6.10). However, for more complicated structures, it may be very
difficuit to find the Green's function in the 'slice’ Az. Therefore we have here given
preference to a simpler method based on a plane wave expansion of the fields at the
discontinuity.

Instead of using solutions of the Helmholtz equation with an appropriate Green's function
we can use the method of expanding the field at the discontinuity in terms of plane waves.
These plane waves can be reflected separately using the polarisation dependent Fresnel
coefficients. Subsequently the transmitted and reflected spectra can be propagated using the
standard BPM or the FE/FD techniques outlined in chapter 5. This approach is described in

the following section 6.3.

6.3 A FE/FD Algorithm for Contra-directional Reflections

6.3.1 The forward/backward procedure for multiple reflections

The basic idea to model single or multiple discontinuities is to include a correction for the
reflections at each step of propagation and to propagate the field many times forward and
backward until all significant reflections are collected. Figure 6.2 shows the procedure for

the case of a single discontinuity and for multiple reflections. For one discontinuity only
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FE/FD algorithm is used for forward and backward propagation

- incident field F fi
1 | 1

1
1 1

1
! z
1 1 1 1 lFblI lzjl 1 1
+—+——tt—t—— D backward source field

a) waveguide

input field < j

b) D> ?
reflected field R 3 >3 ©—

‘—@——74 54 . /'transmiuedﬁeldT
L < )

transmitted and reflected fields at intermediate steps

Fig.6.2: Inclusion of the reflected fields for single and multiple reflections
a) For one single discontinuity only one transmitted t1 and reflected r1
source is generated which are propagated in +z and -z direction using
the FE/FD algorithm. Total fields at z=z; are obtained by superimposing
forward and backward fields.
b) Showing the first 2 iterations in the procedure for multiple reflections.
In the first forward propagation all reflected fields are stored and the transmitted
fields are propagated. Then the last reflected field is taken as backward source and
now generates in turn transmitted and reflected fields. In the backward mode
the transmitted fields must be superimposed with the old reflected fields from
the previous forward propagation to yield the correct forward sources at each
~ interface for the backward propagation. The procedure is stopped when
partial reflections become smaller than a given threshold or when a
maximum number of iterations is reached

one iteration is necessary. At each step z; the total field is obtained by a superposition of the
forward and backward field (figure 6.2a). For multiple discontinuities N iterations are
necessary until the partial reflections A become insignificant (figure 6.2b) (Appendix E
shows explicit examples how the forward and backward sources are superimposed for a
structure involving 3 and 9 discontinuities). Eventually we get at point z; for all transmitted
and reflected fields (after N iterations):
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@ =D ) = ) (6.12)
n=1 n=1
At a point z; in between two interfaces the total fields are obtained by superimposing all
forward and backward propagated fields.

N
Fi(z) = Z:,Fﬁ(zj> +Fy(z) (6.13)

This principle of collecting forward and backward fields and the subsequent
superimposition is not new and has been successfully applied to the modelling of
semiconductor lasers (Agraval [6.6], [6.7]; Federighi [6.8]). In this method a system of
coupled forward and backward waves is derived, which is then simultaneously propagated
up and down the structure. At the lasers facets both fields must obey the boundary
conditions and thus will be multiplied simply by a Fresnel coefficient. However, the
-system of coupled equations can only be derived if the refractive index distribution is either
homogeneous or sinusodially varying along the propagation direction. This is of little use
to model a single abrupt change of refractive index in the propagation direction.

A new method to model reflections at longitudinal reflections has been suggested by
Kaczmarski [6.3] and tested on many examples for TE polarisation. In this thesis we have
derived a FE/FD algorithm which can be used to model reflections at transverse
discontinuities. Kaczmarski's algorithm uses the BPM for the forward and backward
propagation of the fields. According to the classical formulation of the BPM this method
only yields reliable results in weakly guiding structures. Furthermore, the applicability is
restricted to reflecting boundaries which are at right angles to the overall propagating
direction z. For modelling of oblique or even curved reflecting boundaries a discretisation
has to be performed which results in many small longitudinal and transverse reflections.
The BPM, however, which is used in Kaszmarski's algorithm, cannot handle the large
transverse change in refractive index. Therefore we have used and extended the
longitudinal reflection method from [6.3] in conjunction with the FE/FD propagation
technique from chapter 5 to form a consistent algorithm, which combines the advantages of
both methods. As much of the theory for the longitudinal reflections is well documented in
[6.3], [6.9] we will now only restate aspects of this method which are relevant to our
FE/FD procedure.
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6.3.2 Reflection of a plane wave spectrum at an inhomogeneous interface

The above described procedure to calculate the partial reflections and their subsequent
superposition is a well known technique in seismology (Claerbout [6.10]). For a stratified
structure a transfer matrix is calculated for each single (homogeneous) layer of the stack
which relates the velocity and pressure (or in multilayer dielectric media the electric and
magnetic field) on either side of the interface. The total reflectivity of the whole stack is
obtained by multiplication of the single layer matrices. This analysis assumes that one
single plane wave is incident to the stack, essentially based on the application of (modified)

Fresnel coefficients at each interface.

The application of the boundary conditions for the TE (E,-component) and the TM case
(Hy-component) at an interface between two dielectric media n” and n*, as shown in figure

6.3, yields, for one plane wave incident at right angles, the Fresnel reflection coefficient

- +
r(x,z) = n (X,z)-n (x,z+Az)

- " (6.14)
n (x,z)+n (x,z+Az)

For a plane wave incident at an angle 0" the following modified refractive indices are
introduced (see e.g. Koch [6.11])

Mg =n cos(®) Ny = 1 /cos(8") (6.15a)

Mg =n'cos®’) My, =n"/cos(®") (6.15b)

which in turn leads to the polarisation dependent modified Fresnel coefficients as
kon‘cos(e’)-k0n+cos(9+)

I(X,2) e = (6.16a)
TE kon'cos(e')+k0n+cos(9+)

n"cos(8')/cos2(8")-k.n*cos(@")/cos> (")
ky ko

(6.16b)

r(x,z)TM =

kon'cos(O')/cos2(9')+k0n+cos(9+)/cosz(9+)

Now the basic idea to model the reflection at one inhomogeneous interface is to split up the

reflection into an 'inhomogeneous' and a 'homogeneous' part (a 'BPM wise' splitting !) as

1(x,z) = Ar(x,2)r, with Ar(x,z) = 1(x,2)/1, 6.17)

whereby 1, the 'major part' of the reflection coefficient in (6.17) is defined as
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ro = Tx=xp) = MAX ((x,2)) . (6.18)

In our case the incident field consists of a spectrum of plane waves whereby each plane

wave will have a different incident angle 8" to the interface. This suggests that the 'major-

kye=k On+ sin( e+)

7- - kz= k on' cos(0)
ky=kgn sin(9)

Fig. 6.3: Showing the wave vectors of one plane wave incident to a
discontinuity at an angle 6~ to the propagation direction +z

part' of the reflection should be performed in Fourier space with a subsequent correction

for the spatial variation of Ar(x,z) as (R denotes the reflection 'operator")

-1 .
R<E, (x,2)> = Ar(x,2)* F { E‘y(kx,z)* Frre) } (6.192)

-1 .
R<H, (x,2)> = Ar(x,2)* F {P—I;(kx,z)* Fl g} } (6.19b)

The overbar indicates the Fourier transform. Now the spectral reflection coefficients cannot
be simply calculated by performing a Fourier Transform of (6.16). But from figure 6.3 we
see that (6.16) can be expressed in terms of the wave vectors in the incident and backgound

medium using the dispersion relations
kgnt) =kE? 412 (6.20)

which represent the angle dependence for the Helmholtz equation. Thus the spectral

reflection coefficients become (with n=n;(x,,z), n*=n,*(x,z)):

- k;'k: t 2 42,2
Toreke?) =—= k, = f kn¥-K (6.21a)

k +k

Z Z
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k/cos’(8) - k/cos (8")

Torm&p?) =— = — (6.21b)
k /cos(8) +k /cos(0')
and the cos?(..) terms can be expressed using Snell's law:
2 2
k k
cos’@)=1-—=2= ; cos’(®@")=1-—= 6.22)
2 2 2 .2
kn k,n*

Consequently the 'major part' of the reflection is now performed in Fourier Space and due
to the definition in (6.17) there are only small spatial variations in Ar(x,z); therefore the
fact that the correction strictly holds only for one plane wave, is justified. Note that all
phase information is maintained in the spectral coefficients; the correct complex reflected
field is generated as the square roots in (6.21) can assume complex values resulting from

plane waves at very large angles k.

The transmitted fields are now obtained either by applying the continuity conditions
. .
E )(x,z) = B;(x,z) + E;(x,z)

) (6.32)
th(x,z) = Pfy(x,z) + H;(x,z)

or by calculating the transmission coefficients (r's and t's are amplitude coefficients !)

At(x,z) = J 1-Ar’(x,z) (6.33)
- -2 - -2
toTE =\ / l-rm S oM = / L-ryrm (6.34)

and using the equivalent transmission 'operator' T:

-1 .
T <Eiy(X,Z)> = At (x,z)*f { -E;(kx,z)* :F{ t(II'E} } (6.352)

-1 .
T <Hiy(x,z)> = At (x,2)* _‘]-' { ﬁ‘y(kx,z)* }'{ t m} } (6.35b)

Thus we have obtained a reflection method for a plane wave spectrum incident to an
inhomogeneous discontinuity at arbitrary oblique angle. It should be noted that this
procedure is fotally independent from the algorithm used to propagate the fields to the
discontinuity. All reflections generated at every individual interface can now be combined
to yield the complete algorithm for multiple reflections.
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6.4 Discussion of the Reflection Algorithm

It should be noted that also other representations of the reflection 'operator' R in equation
(6.19) are possible. In [6.3] the paraxial version of R is discussed:

. . . - - +
R<E1y(x,z)> = E;(x,z)*r(x,z) = Ely(x,z)f n(x2)-n (x2+Az) (6.36)

n'(x,z)+n" (x,z+Az)

In this case it is assumed that all plane waves are incident at right angles (k,=kgyng).This is a
very rough approximation since generally the field will consist of a wide spectrum of
spatial frequencies.

Writing the BPM and the FE/FD algorithms in terms of their 'operators’ we find a rather
obvious mistake in the use of the BPM for TM reflections:

TE BPM version: OP {E,(x.2)} 2% F 1{ Sm*l'iy(kx,z)} (6.37a)
T™ BPM version : OP{H (x,2) }=P'x ¥ I{S“a‘kﬁy(kx,z)} (6.37b)
TE FE/FDversion : OP{E (x,2) }=TEFE {E (x.2) } » R™® (6.37¢)
TMFE/FD version : OP{H (x,2) }=TMFE{H (x,2) } *R™ 6.37d)

For forward and backward propagation we set:
P™" = exp(k,Andz) = P ; STC=exp(k,Az) =S
TEFE = numerical solution in terms of the Ey component (6.38)

TMFE= " " oo Hy component

and for reflections we have:

PE-Arxz) =PV sm=§m s ST =E
TEFE=1=TMFE ; R '= R<E (x2)> (6.192) (6.39)
RTM

= R<Hy(x,z)> (6.19b)

In Kaczmarski [6.12], the BPM, which only yields reliable solutions to the TE Helmholtz
equation in terms of the Ey component, is used to propagate the TM field to the
discontinuity; then the TM reflection ‘operator’ R™ in terms of the Hy component (6.19b)
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is used to reflect the incident field, resulting in TM sources for the forward and backward
propagation. These fields are then again propagated by the TE BPM !

However, the use of the BPM in combination with a TM reflection
coefficient is inconsistent. Indeed it is correctly discussed in [6.12] that there is only
a small difference in the propagation constants of the TE and TM fields in weakly guiding
structures. However, in the example of modelling of a tilted laser facet it was found in
[6.12] that the BPM TM reflections were much less accurate compared with a reference
solution that the TE reflections, although only a small refractive index step was involved.
We suggest here that these errors are of course not due to the TM reflection coefficient
used in [6.12], but due the modelling of the wrong wave equation by the BPM. When
using our FE/FD or FD algorithms this error is avoided, as we are solving directly for the
TE and TM wave equations. Furthermore our algorithm can model simultaneously
structures that involve high refractive index steps in the transverse direction, consequently
there is indeed a significant difference in the propagation of TE and TM
fields (e.g. see equation (5.125) in section 5.4). Thus we should be able to obtain better
solutions for the TM propagation in comparison with the contra-directional BPM as
suggested in [6.12].

We will now illustrate the performance and deficiencies of the different reflection
techniques with two simple examples for the TE and the TM polarisation. First we will see
the breakdown of the BPM for transverse total internal reflection (table 6.1) and second,
we will model the TE and TM reflections for a tilted laser facet. To model the reflections for
an beam incident at angle 0~ (in the following 6~ will always represent the incident angle to
the discontinuity) to one single interface we can use two different setups, as depicted in
table 6.1, to compare the reflections generated by the individual propagation technique. The
comparisons are performed at an incident angle of 45° to the +z direction, resulting in the
same angle of incidence for the transverse and longitudinal setup (see table 6.1).

6.4.1 TE/TM Reflection of a Gaussian Beam at an abrupt interface

A good test example for the reflection procedure is to reflect a spectrum of plane waves at
an angle larger than the total internal reflection angle. All phenomena of evanescent
transmitted waves and interference of the forward and backward wave should be observed.

In chapter 8 and appendix I a step by step account is given how a Gaussian beam incident
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at angle 6~ to a plane boundary separating two dielectric media will be reflected using the
TE and the TM reflection 'operators' {6.19a) and (6.19b). The reference solution for this
configuration is obtained by replacing the Gaussian Beam by a single plane wave, which is
a good approximation for a wide beam (wide=many wavelengths) since the equi-phase
planes of such beams are almost flat. The corresponding propagation pictures may be
found in chapter 8. The structure in question is é single discontinuity consisting of a
substrate index 3.6 and a background medium index 1.0. The analysis step size in the
following examples was Az=1 pum.

The reflected and transmitted power dependent on the two different angles of incidence 6~
is calculated at z=0 and z=z,,, respectively. Table 6.1 shows the comparison of using
three different propagation methods in conjunction with the TE and TM reflection
procedures from (6.19). For comparison the Gaussian beam was also reflected at a
transverse interface for 6~ = 45° in the TE and TM case using the FE/FD and the FD
techniques (propagation pictures are given in chapter 8).

Two aspects of the different propagation algorithms are obvious from table 6.1. The BPM
is unsuitable, as predicted, to model structures that involve high refractive index steps in
the transverse direction since for an angle of 45°, which is larger than the critical angle
0.~16.1°, transmitted fields are generated. The FE/FD algorithms yield the correct reflected
fields for total internal reflection for transverse and longitudinal abrupt discontinuities.
However, there are also transmitted fields present in the case of the longitudinal reflection.
This is due to the fact that the FE/FD algorithms cannot distinguish between evanescent
fields and propagating ones. Thus the value for the power does not correspond to a
propagating field, but to an evanescent. To model evanescent fields with these algorithms,
it is necessary to include a mechanism that distinguishes between evanescent and
propagating fields. This is further discussed in chapter 8. As the BPM is obviously
unsuitable for the transverse reflections, we will in the following example only use the

FE/FD algorithms for comparison of the transverse reflectors.
6.4.2 Reflection of a TEg and TMg mode at a tilted laser facet

The next test example is the analysis of the problem of scattering of a TEy and TMy mode
which propagates in a waveguide, incident at an angle 0" to an abrupt discontinuity. The
reflected field will excite, in general, guided and radiation modes at the discontinuity.
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Angle] Method| Pr(TE) | PATM) PY(TE)| P(TM)Y P(TE)| P(TM)

LBPM 0.3286 0.6873 1.016

TBPM | -----|  |----- ---

0 LFDFE 0.3201 0.6901 1.010
0 TFDFE | ----- asTE | ____._ as TE .o asTE

LFD 0.3215 0.6891 1.011

T | -----| | ----- -

Exact 0.3195 0.6805 1.000

LBPM 0.9993 { 0.9989 | 1.0e-8 | 1.0e-8 | 0.9993| 0.9989
TBPM 0.6321 | 0.6321 | 0.3452 | 0.3452 | 09773| 0.9773
LFDFE | 0.9998 | 0.9998 | 0.9999 | 09999 | 1.9996| 1.9997
450 TFDFE | 0.9999 | 0.9999 | 1.0e-8 | 1.0e-8 0.9999 | 0.9999

LFD 0.9998 | 0.9998 | 0.9998 | 09998 | 1.9996| 1.9996
TFD 0.9999 | 0.9999 | 1.0e-8 | 1.0e-8 | 0.9999] 0.9999
Exact 1.0000 | 1.0000 | 0.0000 | 0.0000 | 1.0000| 1.0000

incident angle

n=1.0 /\
z

n=

1(

>

“ /!
longitudinal setup transverse setup

Table 6.1: Reflection of a Gaussian Beam at a transverse and a longitudinal interface
in comparison with a reference solution (0=0.5 um, A=1.5 pm)
Pr: reflected power at z=0
Pt: transmitted power at z=z,,,
P: total power ,
LBPM:Reflection using the BPM at the longitudinal interface
TBPM: Reflection using the BPM at the transverse interface
LFDFE: Reflection using the FE/FD algorithm at the longitudinal interface
LFD Reflection using the FD algorithm at the longitudinal interface
TFDFE: Reflection using the FE/FD algorithm at the transverse interface
TFD Reflection using the FD algorithm at the transverse interface
Exact: Plane wave approximation

at the discontinuity. Obviously here we cannot compare the results for tilted laser facets that
are incident to the longitudinal discontinuity at an angle smaller than 45° (meaning angles
larger than 45° for the transverse reflections), because the paraxial approximation tends to
break down for these range of angles. The setup for the modelling of a laser facet using
transverse and longitudinal reflection algorithms is shown in figure 6.4. However, in the
transverse case we can only calculate the integral over the transmitted fields as no actual
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