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Abstract

Frequencies of 1 GHz or more and high packing densities are becoming common in much
electronic equipment, such as mobile communication systems. In these situations, the effect
of electromagnetic coupling in the interconnections can seriously degrade performance, and
leads to many repeated attempts at a satisfactory design if not understood. This thesis
describes several aspects of a method to analyse the complex three dimensional
electromagnetic behaviour of printed circuit boards, which is used to understand and correct
these problems. An approximate solution to Maxwell’s equations in terms of a lumped

element equivalent circuit model, using capacitors, inductors and resistors, is first developed.

The method employs Green'’s functions for the electric scalar and magnetic vector potentials.
Series solutions for these in situations where there are up to three infinite, planar dielectric
layers and two ground planes are developed. They are shown to have good convergence
properties, and their use makes the method very efficient.

The concept of inductance is examined, and developed to model the inductance of the vias
used to connect different layers together. For more general cases of modelling inductance
and capacitance, basis functions for rectangular and triangular elements are examined, and
efficient subroutines to calculate the potentials due to them are described.

The modelling of more general metal shapes than tracks is tackled by describing them in
terms of polygons. A comprehensive method for processing these into a set of rectangular
and triangular elements is developed, and possible enhancements to this discussed.

Results are presented to show that the methods described yield excellent agreement with
experimental results, while being extremely efficient in terms of computer time and
resources.
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Chapter 1

Introduction

1.1 Introduction

The design of circuits has long been something of an art. In the past, circuits were first
designed on paper, with component values calculated by hand. When a satisfactory design
had been reached, the circuit was implemented as a breadboard, with the components
interconnected by wires (often a tangled mass of wires!). Unexpected behaviour of the
circuit often occurred at this stage, so a certain amount of “try it and see” changing took
place, until the circuit performed satisfactorily, and the design could be transferred to a
printed circuit board (PCB). This transfer would also be done by hand, leaving considerable
scope for more errors to creep in, necessitating one or more redesigns.

Nowadays, electronic design is usually carried out using computer aided design (CAD)
packages, both for the design of the circuit and the layout of PCBs and integrated circuits
(ICs). These packages include circuit simulation facilities, which predict the performance
of the schematic circuit and thus replace the breadboard stage. However, the ability to
simulate any unwanted effects introduced by the PCB layout is not usually found in such
packages. Analogue and digital systems are now using higher frequencies (up to a few
GHz), for example in radio communications or high performance computers, while the
emphasis on miniaturisation means that components are becoming more and more tightly
packed, thus increasing unwanted coupling. The problems on PCBs are more severe than
in ICs at the present time, and so this work has concentrated on the former.

A PCB consists of a dielectric substrate with one or more layers of printed metallisation
pattern. PCBs with internal layers of conductors are fabricated as several separate substrates,
which are then bonded together. Discrete components, such as capacitors, resistors,
transistors and ICs, are mounted on the substrate, and use the metallisation pattern to provide
the necessary connections between themselves for the circuit to function. As a result of the
trends discussed above, it is often not a good approximation to ignore the effects of the PCB
metallisation pattemn in the circuit simulation. Instead, the combination of metallisation
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pattern and dielectric must be treated as a complex, multi-terminal component, which will
in general have a very complex transfer characteristic. In addition, such a model should be
integrated into the CAD system.

The work described in this thesis forms part of a project at Philips Research Laboratories,
Redhill (PRL) to produce a computer package, known as FACET, which is able to predict
unwanted effects caused by layout. Its use will help to prevent costly design mistakes, and
to speed up the design process. Additionally, the availability of such a powerful tool enables
design aspects to be explored much more thoroughly than has been possible before, which
should lead to more robust designs. A summary of the main achievements made during this
research appears as section 9.2 in the concluding chapter.

The next section describes the approaches that have been used for electromagnetic
modelling, and the following section gives more information about the computer package
developed.

1.2 Electromagnetic Modelling

Electromagnetic modelling has a long history, going back to Maxwell at least. Before the
advent of computers, the problems that could be tackled were limited by the complexity of
the calculations to simple, symmetrical geometries. An example of this is the capacitance
of a thin rectangular plate, investigated by Maxwell [1893], and many others since, eg.
[Reitan and Higgins, 1957]. The method they used was the method of subareas, essentially
dividing up the plate into a number of smaller areas, imposing a constant charge density on
each area and solving for these charge densities. This method has some resemblance to that
used here, as will become apparent later.

With the advent of high speed computers, there has been an explosion of interest in the field,
and a large associated literature has built up. There are many numerical approaches which
have been used for electromagnetic modelling. All numerical methods convert the
continuous field problem to a discrete equivalent. General numerical analysis techniques
such as the finite difference method (FDM) [Zienkiewicz and Morgan, 1983, Chapter 1] or
finite element method (FEM) [Zienkiewicz and Morgan, 1983, Chapters 3 and 4] have been
widely used in many fields. Essentially, these work from the differential form of Maxwell’s
equations. The problem is discretised by creating a mesh of points covering the region of
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the PCB and surrounding space. This mesh must be fine enough to represent the electric
and magnetic fields with reasonable accuracy. The methods then relate the field values at
each mesh point to those at adjacent mesh points to produce a set of simultaneous equations
to be solved. Unfortunately, for a PCB of moderate size and complexity, a 3D mesh with
many tens of millions of nodes is likely to be produced because of the rapid spatial variations
in the metallisation pattern, and consequently the fields. This is much too large to be
feasible, even with today’s computers.

An altemative approach, which is rather more promising for this application, is to work from
the integral form of Maxwell’s equations, for instance using the electric field integral
equation [Wang and Drane, 1982]. This method breaks up the pattern of conductors into
patches, on each of which charge or current sources of unknown amplitude are defined.
The unknown amplitudes can then be found by forcing the fields to obey the relevant
boundary conditions. The number of simultaneous equations produced is equal to the
number of unknown amplitude terms. Since unknown sources are only present on
conducting surfaces, the number of simultaneous equations produced is many times smaller
than for the FDM or FEM. The penalty is that the individual terms in the simultaneous
equations are rather more complex to obtain, and the set of equations is non-sparse, since
each source in principle affects every other source. However, the reduction in problem size
is of much greater importance here, and such methods make the problem feasible.

In such integral methods, the continuous field problem is typically reduced to a set of
discrete simultaneous equations using the method of moments [Harrington, 1968]. The
simplest implementation of this is the wire grid model [Moore and Pizer, 1984], where the
surfaces are modelled as a mesh of thin wires. This method has been used successfully for
the modelling of radar cross-sections, because the far field pattern is fairly accurately
predicted. The method is less well suited to modelling coupling and impedance on PCBs.
This is because of the need for a fine grid of wires to model the rapid variations in current
density within conductors at radio frequencies (RF), and the difficulty in obtaining the
correct values for the near fields. PCB radiation and irradiation is another important subject,
but this is not addressed here.

A better approach, and the one adopted in this work, is to use physically realistic charge and
current distributions to model the actual distributions. The behaviour of charge and current
in tracks and at conductor edges has been investigated [van Nie, 1977; Mittra and Lee, 1971;
Kobayashi, 1985], so these results can be incorporated in the assumed distributions. With
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this approach adopted, the next problem is to find the fields or potentials due to these charge
and current distributions. Several authors have provided solutions for a variety of situations
[Wei et al, 1984; Yamashita, 1968; Farrar and Adams, 1974; Crampagne et al, 1978].

The final problem with which this work is concemed is to produce a model suitable for
analysis with a standard circuit analysis package. This enables the results of the simulation
to be displayed in a way meaningful to an electronic designer. One way to do this, and the
method adopted here, is to associate the elements into which the layout is subdivided with
components in an equivalent circuit. This method was pioneered by Ruehli [1972, 1979,
1987] and co-workers at IBM, and has the great advantage of producing inductance and
capacitance values for identifiable parts of the layout. Such components are meaningful to
an electronic designer. Alternatives are possible, such as expressing the results as an
admittance matrix, but these are generally harder to implement and to interpret.

Commercially available packages are rather limited in this field. Touchstone [EEsof], the
most commonly used package for microstrip simulation, has good models for junctions and
pairs of coupled tracks, but cannot handle multi-layer boards and non-parallel tracks.
Greenfield2 [Quantic] will simulate multi-layer boards, but is also restricted to parallel
tracks. The lack of a capability for non-parallel tracks is the most serious limitation for all
but the most regular of digital PCBs, and the lack of a model for irregularly shaped
metallisation areas is also a serious limitation for RF PCBs. There are several published
papers addressing specific problems, such as crossing tracks [Koike et al, 1987], or corners
and T junctions [Silvester and Benedek, 1973], but only the IBM work referred to above
addresses more general problems. This is, however, aimed specifically at IC simulation, and
is not available as a commercial package.

The problem of a general 3D analysis capability for PCBs is addressed in the FACET
system, described in the next section. The work presented in this thesis has investigated
several of the areas necessary for this system, and the results of this work have been
incorporated into the system.

1.3 The FACET System

FACET, standing for Functional Analysis of Circuits using Electromagnetic Theory, is the
name of the CAD package developed at PRL for PCB simulation. The package is described
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in the paper by Milsom et al [1989], provided as additional material to this thesis. FACET
has much greater functionality than other commercially available packages, such as those
mentioned in the previous section. It can handle a large number of non-parallel conductors
in a multi-layer configuration, with models for all the conductor features commonly found
on PCBs. A brief description of the functionality of the package is given in the remainder
of this section.

FACET treats the PCB layout information held in the CAD system used for design as
follows. The description of the layout contains the following types of conductor features:

» Pads, or places where components can be attached. There are two types of these.
Rectangular pads are for the attachment of surface mounted devices (SMDs), which are
compact discrete components, such as resistors or capacitors, and surface mounted
integrated circuits. Their use is becoming more and more widespread, principally
because of their small size. Circular pads are for the attachment of the more traditional
wire ended components, and consist of a circular area of metal (for the solder
connection) together with a via, or hole through the PCB (for the component lead).
Although the use of wire ended components is reducing, they will continue to be used
for several specific applications, such as high power inductors, and for vias connecting
different PCB conductor layers.

» Tracks form the majority of the conductors on a typical PCB. Their principal use is to
provide connections between components. However, they can also be used to realise
printed components such as inductors and resistors. This latter use is becoming
increasingly common, and will become more so with the availability of accurate models
for these components.

* Polygons are areas of metal which are many sided and irregular in shape. They are
often used as partial ground planes, in an attempt to improve the isolation between
different parts of the layout. The modelling of polygons is described in detail in Chapter
7.

*  Vias are holes through the PCB substrate, usually metallised. They provide electrical
interconnections between different conductor layers, and are also used for the
attachment of wire ended components, as mentioned above.

* Ground planes may also be present, either on one surface of the PCB or remote from
it (usually the equipment package). One ground plane parallel to the PCB surface,
modelled as a perfect conductor, can be taken into account in the current version of
FACET.
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These features are processed into sets of elements as the first stage in the modelling process,
an element being a portion of conductor area. FACET represents the electrical behaviour
of the PCB by an equivalent circuit, consisting of capacitors, inductors and resistors. An
appropriate topology for the equivalent circuit is automatically generated, and each
component in this circuit is associated with a set of FACET eclements. The degree of
subdivision performed is controlled predominantly by the maximum frequency at which the
model is required to be valid, a higher frequency requiring more subdivision to maintain the
accuracy of the representation. The geometrical complexity also has an effect on the degree
of subdivision.

FACET then solves for the values of the equivalent circuit components. The electromagnetic
analysis required for this is the heart of FACET, and the methods used are described in
Chapter 2. The output from this stage is an equivalent circuit, written in the input language
of an appropriate circuit simulator, at present PHILPAC or PANACEA, which are in-house
Philips packages, although SPICE could in principle also be used.

The equivalent circuit model of the PCB is then combined with details of the circuit
components to be attached to the PCB to form the complete circuit representing the
behaviour of the PCB and its components. Using PHILPAC or PANACEA, any simulation
required can now be performed in the same way as for the schematic circuit without PCB
effects. The results can be viewed in the same way as the designer would the results of a
simulation of the components alone, to see the effect of layout on the circuit performance.
There are additional post processing options in FACET to aid in diagnosing problems with
a layout. The most important of these is a power flow plotting facility, which shows plots
of the distribution of electromagnetic power at a particular frequency superimposed on the
layout diagram.

The work described in this thesis addresses several of the areas within FACET, to which it
has made a major contribution.

1.4 Outline of Thesis

Chapter 2 is a theoretical overview. It begins by taking Maxwell’s equations and rewriting
them in terms of an electric scalar potential and a magnetic vector potential. The equations
for these can be solved by using appropriate Green’s functions (effectively the potential due
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to a point charge or current source), the derivation of which is described in Chapter 3. The
process of forming an equivalent circuit model for the conductors on the PCB is then
described, showing how the layout is subdivided into elements, which are then associated
with equivalent circuit components. This association is shown to satisfy Maxwell’s equations
given certain approximations, which are justified by reference to the class of problems
tackled.

Chapter 3 discusses the derivation of the set of Green’s functions for the scalar and vector
potentials required by the previous chapter for geometrical arrangements suitable for PCB
modelling. The Green’s functions are derived through a Fourier transform method and
expressed as infinite series of charges or currents, which can be regarded as image sources.
The association of these series with the classical method of images is shown explicitly for
a few simple cases, then the convergence properties of the series are examined. The series
are shown to converge well for most practical cases, which is an important factor in

obtaining simulation results in a reasonable time.

Chapter 4 begins by demonstrating the equivalence of the standard definition of inductance
in terms of magnetic flux through closed loops to a definition in terms of the vector potential,
as used in Chapter 2. It then takes one of the simplest of the Green’s functions derived in
Chapter 3, that for the vector potential in free space, and uses it to illustrate how the
computation of inductance is performed for a particular example. The example is the
inductance of vias, which can be modelled as hollow, cylindrical conductors. Efficient
expressions are developed for the self inductance of a via and the mutual inductance between

vias.

Chapter 5 goes on to describe the computation of scalar and vector potentials for the
elements used to model the charge and current distributions in polygons and tracks, and also
the mutual inductance between the rectangular elements used in the polygon model. A large
set of subroutines has been implemented to compute these potentials for a variety of types
of elements and arrangements of PCB and ground planes. These are shown to be extremely
efficient, which is vital since they are the major time consuming factor in the field analysis
part of a typical simulation.

Chapter 6 details a variety of tests that have been performed on these subroutines, both on
their own and within FACET. These tests include some checks on the internal consistency
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of the models and some checks against known results, to show that the correct behaviour is
indeed predicted.

Chapter 7 describes the development of a model for polygons, which are large or irregularly
shaped areas of metal on a PCB, thus bringing together the work of the previous chapters.
A detailed scheme for subdividing a polygon into elements is described. This produces the
three sets of elements described in Chapter 2, and performs various other tasks needed for
the production of the final equivalent circuit. Some inefficiencies in the present model are
identified, principally the production of an excessive number of elements in some
circumstances or the production of extremely large equivalent circuits. Several approaches
to solve these problems are suggested, and a small test described to show the possibilities.
The implementation of these methods will be the subject of future work.

Chapter 8 gives the results of comparisons between the methods described so far, when
incorporated into FACET, and either experimental data or literature results. Excellent
agreement is demonstrated, at frequencies of up to 10 GHz, providing confirmation of the
accuracy of the approach taken in this thesis and in FACET. Some timing information is
also given to show that the methods are also extremely efficient. The main problem with
speed (when there is one) is identified as being due to circuit simulation rather than the 3D
field analysis. The methods suggested in Chapter 7 could help reduce this problem
considerably.

Chapter 9 gives a summary of the work described in this thesis and discusses its usefulness.
Several ideas for future research, to enhance the efficiency of the models and for extensions
into other areas, are presented.

1.4.1 Notes on Computations

All of the code referred to in this thesis has been written in FORTRAN 77, using double
precision (8 byte) numbers where appropriate, and compiled using Release 4.1 of IBM’s VS
FORTRAN compiler. The compiler options OPT(2), which performs a considerable amount
of optimisation, and NOSDUMP, which suppresses some internally generated code, were
used. The code was run on an IBM 4381/14 computer running the VM/CMS operating
system, which can perform approximately 3 million floating point operations per second.
References to the time taken for simulations refer to the CPU time used on this system.
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Chapter 2

Theoretical Overview

2.1 Introduction

This chapter provides the theoretical basis for the models developed. The analysis begins
with Maxwell’s equations, which are rewritten in terms of scalar and vector potentials. The
solutions for these potentials are by means of Green’s functions, and this forms the subject
of Chapter 3. The basic method for subdividing the PCB layout into sets of elements which
represent components in the equivalent circuit model is described. This is done initially for

polygon areas, and then simplified to cover the model for tracks.

A detailed analysis demonstrates that the equivalent circuit model for the layout is a valid
solution to Maxwell’s equations, given the approximations introduced. The principal
approximations are the forms of charge and current distribution imposed in the layout, and
the assumption that the dominant coupling effects take place at spatial separations of rather
less than a wavelength. Both of these approximations are well founded, and their use is

bome out by the accuracy of the results obtained.

2.2 Scalar and Vector Potentials

The starting point for the analysis is Maxwell’s equations [Ramo et al, 1965, pp. 234-236]

_ _OB
VXE = W (@
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where E and H are the electric and magnetic field vectors, D and B are the electric and
magnetic flux density vectors, p and J are charge and conduction current densities, and ¢ is
time.

The metals and dielectric substrates used in printed circuit boards can be considered to be
isotropic, so the following relations between vectors can be applied

B = pH
= ¢E 2.2
J = oE

where W is the permeability, € is the permittivity and o is the conductivity at any given point.

Taking the divergence of equation 2.1 (b) and combining it with equation 2.1 (c) yields the

current continuity equation, which is a consequence of the conservation of charge

9%

V]l = - >

(2.3)

The vectors E and B can be expressed in terms of an electric scalar potential ¢ and a
magnetic vector potential A as [Ramo et al, 1965, pp. 259-261]

— _va _ OA
E=-Vo - 2.4)
B VxA

The divergence of the vector potential is arbitrary [Ramo et al, 1965, pp. 259-261]. Here

it is convenient to impose the Lorentz condition, which sets

99

VA = - 7

2.5)

If equations 2.4 and 2.5 are substituted into Maxwell’s equations 2.1, the following pair of
Helmbholtz equations for the potentials result:

V2 __ue_afg.
a"i‘z (2.6)
2 A

VA-ieTs = -
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€
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The final step is to ignore the time dependent terms in equation 2.6. This amounts to
assuming that the dominant interaction effects take place at spatial separations of rather less
than a wavelength. In practice this seems to be a very good approximation for circuit boards.
Note that time dependence and coupling between electric and magnetic fields are still
retained in the solution through equations 2.3 and 2.4. The resulting expressions for the
potentials are the Poisson equations

2 = _P
Ve = -¢ .7
VA = -

Each of these equations is then solved to find the potential for a given distribution of charge

or current density, as described in Chapters 3 and S. This yields the integral representations

o(r)

A(r)

jj .[G¢(r | ) p(r) dar

I I .[ Galr ) 30 ' 2.8)

where the integrals are over a volume which includes all the sources under consideration, r
is the object point, where the potential is required, and r’ is the source point. The Green'’s
functions G, and G, can be considered to be the potential due to a unit point charge and a
unit point current respectively. In free space they assume the particularly simple forms

Gyrlr) = —1
4neylr—r'|
ugi 2.9)
Gy(rlr) = ———
A 4n|r-r’|

where i is a unit vector directed parallel to the point current. In more general situations,
with arbitrary arrangements of dielectric material and grounded metal bodies, the Green’s
functions are rather more complex.

Within FACET, a restricted set of configurations is allowed, a generalised view of which
is shown in Figure 1. The substrate of the printed circuit board is modelled as an infinite
parallel-sided slab of dielectric of thickness ¢. There is also an infinite, ideal ground plane
parallel to the PCB surface and separated from the rear surface of the PCB by a distance
d,. This distance is allowed to take any value between zero and infinity. Most practical
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Figure 1. Vertical section through PCB structure

situations can be modelled by this arrangement. Green’s functions for these cases are derived

in Chapter 3 as infinite series of terms similar to those in equation 2.9.

2.3 Equivalent Circuit Model

The aim of this analysis is to produce an equivalent circuit model for the conductors on the
PCB, in terms of a set of inductors, capacitors and resistors. The resistors represent both
dielectric and resistive losses. The flows of current in the inductors and charge in the

capacitors give an approximation to the real charge and current distributions.

There are two types of equivalent circuit model used. The first is for large or irregularly
shaped areas of conductor, which are modelled as polygons. The second is for tracks, which
are thin sections of conductor where the current flow can be considered to be purely
longitudinal, leading to a simplified model. There is no restriction on track orientation.

These models are discussed in turn.
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Figure 2. Elements and equivalent circuit for the interior of a polygon

2.3.1 Polygons

The formation of an equivalent circuit begins with the creation of a rectangular grid within
each polygon, discussed in detail in Chapter 7. This creates rows of physical nodes, at the
intersections of grid lines, with each row parallel to either the global X or global Y axis.
These nodes are identified with circuit nodes, to which the equivalent circuit components
forming the model of the polygon are attached. The individual equivalent circuit
components are represented by rectangular and triangular elements (or patches). These are
formed by the subdivision, and basis functions which model the charge and current

distributions in the polygon are defined on each element [Ruehli, 1979].
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Figure 2 shows part of the interior of a polygon, with the subdivision into elements. The
circles represent the nodes, and are in the same position in all four diagrams. The location
and spacing of these nodes is determined by the geometry of the polygon and the maximum
frequency for which the model is required. Chapter 7 describes how they are produced, and
describes the more complex arrangements necessary at the polygon edges. For this example
the grid of nodes is regular, but this need not be the case.

Current flowing in the polygon is considered by splitting it into two orthogonal components,
parallel to the global X and Y axes. Two sets of elements are generated, one for each
direction of current flow, called the X and Y inductive elements respectively. The X
inductive elements have basis functions which model the flow of current from one node to
the next parallel to the global X axis. Each element therefore extends from one node to the
next in this direction, and halfway to the next row of nodes at larger and smaller Y
co-ordinates. These elements are shown as the first picture in Figure 2, with the arrows
indicating the direction of current flow. They are represented as self inductances in the
equivalent circuit model, with series resistors to represent the resistive loss. Inductive
couplings between elements are represented by mutual inductances.

The Y inductive elements are similar, this time modelling the current flow parallel to the
global Y axis. These elements are shown as the second picture in Figure 2, with the arrows
indicating the direction of current flow. They are also represented as self inductances in the
equivalent circuit model.

The distribution of charge can be modelled by just one set of elements as it is a scalar
quantity. Each element has basis functions to model the charge density distribution around
anode. These elements are called the capacitive elements, and are shown in the third picture
in Figure 2. Each element can be considered as representing one plate of a capacitor, and
the ground plane is also represented as a capacitor plate. In the equivalent circuit model,
capacitors are formed by taking all pairs of capacitor plates in turn, with a resistor placed
in parallel to model the dielectric loss.

The final picture in Figure 2 shows a simplified version of the equivalent circuit model
generated for this section of the polygon. Only the self inductances and the capacitances to
ground from the edge nodes are shown, to avoid making the diagram too cluttered. The full
model has the resistors described above, capacitors between each pair of nodes, and mutual
inductances between each pair of parallel inductors - the mutual inductance between
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Figure 3. Elements and equivalent circuit for a track section

perpendicular inductors is zero, as orthogonal currents do not interact inductively with one
another.

The model developed to date treats each capacitive element as having a constant charge
density on it, and each inductive element as having a constant current density in it. The
analysis that follows allows for more general charge and current distributions, which may
be implemented in future work to improve the accuracy and efficiency of the model, if
necessary.

2.3.2 Tracks

The model for tracks is somewhat simpler, as the flow of current is assumed to be purely
longitudinal. As for polygons, a set of nodes is defined along the track with a spacing
determined by the maximum frequency for which the model is required. Figure 3 shows

the arrangement of nodes and elements for a short section of track. Only one set of elements,



-28 -

the inductive elements, is required to model the current flow in the track, with each element
modelling the current flowing between two nodes, in the same way as in a polygon. These
are shown as the first picture in Figure 3. The two inductive elements at the end of the track
section are half the length of the other elements. The second set of elements, the capacitive
elements, model the charge density distribution around a node, again in the same way as for
a polygon. These are shown as the second picture in Figure 3.

The equivalent circuit model is just a one dimensional version of that developed for
polygons. A simplified version of this, showing only the self inductances and capacitances
to ground, is shown as the third picture in Figure 3.

The following treatment is developed for polygons, but the results are readily specialised to
cover tracks as well.

2.4 Capacitance

Consider first the i* capacitive element. This has N; charge basis functions ,, defined within
it, giving a total charge density distribution p;

N
P = ) i iale) € 2.10)
n=1

where Q, are the amplitudes of the basis functions. Harmonic time dependence, of angular
frequency m, has been assumed, and the common factor ¢ will be dropped from subsequent
equations. More complex time dependence could be taken into account using Fourier
analysis, superposing the solutions for several different frequencies. The total charge in the
element, Q, is found by integrating the charge density of equation 2.10 over the volume of

the i* capacitive element, giving

N;
o = E Qinjjj (1) dr (2.11)
n=1 :

where the integrals are over the volume of the i* element.
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A solution is required for the charge density distribution necessary to produce a given
voltage distribution over the layout. This cannot be done exactly with a finite set of basis
functions. An approximate solution is found using the point collocation method. This
samples the value of potential at N, points in each element (the same number of points as
the number of basis functions). The value of the potential at each of these points is the sum
of the potentials due to every basis function. The n* collocation point in the i* capacitive
element is located at r;,, The potential here is ¢,,, given by the summation

Nccl NJ
n = Qi | [Gorinl?) win®) @ (2.12)
e Ly

where the total number of capacitive elements is N,,,, and the integral is over the volume
of the j* capacitive element. For a given set of ¢., the above equation yields a set of
simultaneous equations which can be solved for the coefficients of the basis functions Q,
for all values of j.

To find the matrix of capacitances between elements, appropriate sets of ¢,, are used. For
the i* column of the capacitance matrix, the voltage at all collocation points within the i*
element (the source element) is set to to 1V, and the voltage at all other collocation points
is set to OV. When the simultaneous equations have been solved for the coefficients of the
basis functions, the capacitance between the i* and j* capacitive elements, C;» is simply

minus the charge on the j* capacitive element,
Gi = -G o;=1, i) (2.13)

where Q, is found using equation 2.11.

This above procedure is then repeated with each element in tum acting as the source element.
The capacitance to ground of the i* capacitive element, C;, is the charge on this element
when the whole polygon is at a uniform potential of 1V. It is therefore found as the sum

of the charges on the i* capacitive element, accumulated over the set of N,,, solutions.

More complex voltage distributions could be used to model the actual distribution more
accurately. The only condition for a set of capacitances to be produced is that the

superposition of all the voltage distributions in the N, solutions is a uniform 1V over the
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whole structure. Other possibilities have been examined for tracks, where the conclusion

was that although improvements are possible, the effects are of second order importance.

The set of capacitances has been produced from purely electrostatic considerations, using a
piecewise constant approximation to the charge distribution. For a circuit solution, the
current continuity condition of equation 2.3 must also be satisfied. The solution method
above can only do this in an average sense over the volume of each capacitive element,
because of the approximations used. Integrating equation 2.3 for the conservation of charge
over the volume of the i* capacitive element, and substituting for the total charge and

potential in the element using equations 2.11 and 2.12 gives

j J. IV.J ) dar

N,
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- ﬂ (2.14)
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The left hand side can be transformed to a surface integral using the divergence theorem,
and evaluates to the net current leaving the volume of the i* capacitive element.

Figure 4 shows the arrangement of the four inductive elements overlapping the i* capacitive
element in a polygon. The four currents defined in the figure are the total current in each
of the inductive elements. With this definition equation 2.14 becomes,

ob;
Ly — Iy + Iy — I = — E Cija_t] (2.15)

J

The set of equations for all i is just Kirchhoff’s first law, for the continuity of current, applied
to the equivalent circuit for the polygon. This means that the model developed is consistent
with both the electromagnetic laws of Maxwell’s equations and Kirchhoff’s first law from
circuit theory, and so the representation is valid providing Kirchhoff’s second law is also
obeyed. This will be demonstrated shortly.

At the edges of the polygon the arrangement of elements becomes more complex: there may
be fewer inductive elements overlapping a particular capacitive element, and the capacitive
element itself may be triangular in shape. Similarly, tracks only have two inductive elements
overlapping each capacitive element. However, if the left hand side of equation 2.15 is
considered as the total current leaving the i* capacitive element, then the above analysis is
still valid.

2.4.1 Dielectric Loss

Dielectric loss is accounted for by placing a resistor of value 1/(wC tan §) in parallel with
each capacitor C , where tan d is the loss tangent of the PCB material, and ® = 2nf is the
angular frequency. This is not rigorous, since there are fields outside the PCB material, and
the loss is therefore slightly over estimated. However, the computational costs of a full
analysis is much greater, and the difference in accuracy is very small. This model requires
the circuit simulator to permit frequency dependent resistors, which both PHILPAC and
PANACEA do for AC analysis. Where these are not allowed, a resistor value computed at
the expected dominant frequency would have to be selected, with a consequent loss in
accuracy. Note that this approximation is required for all transient analysis, even in
PHILPAC and PANACEA.
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2.5 Inductance

The previous section examined the model for charge, leading to equations for the equivalent
circuit capacitances. This section examines the model for current, and will lead to equations
for the equivalent circuit inductances. Equation 2.2, relating electric field and current, and

equation 2.4, relating electric field and potentials, can be combined to yield

J JA

- 4+ Vb + =— = 2.16
c ¢ 3 0 (2.16)
This equation simply shows that the current density at any point is proportional to the

electric field there.

In isotropic materials the vector potential A is always parallel to the current producing it,
as illustrated by equation 2.6 which defines the vector potential. Since the current flow in
the polygon has been partitioned into two orthogonal sets, only one of these need be
considered. That considered is the set of X inductive elements. Figure 5 shows the
arrangement of the i* X inductive element and the two capacitive elements which overlap

it. Writing the x component of equation 2.16 as

a_¢ + an
ox ot

(=)

Jx
Z o+ (2.17)
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and taking the line integral of this equation along the length of the element (ie. parallel to
the x axis) results in

1 2
F{J,dx + by — Oy + EJ;A,‘azx =0 2.18)

where ¢, and ¢,; are the potentials at the two ends of the line along the i* inductive element,
which is of length ;. Let the width of the element be w, and assume for the moment that
the variation of fields in the thickness of the element can be ignored. Averaging equation
2.18 across the width of the element, taken as the y direction, gives

& [fraa + 16 - 51+ Z[ 3 [Jaaa] =0 em

This can be viewed as a form of Ohm’s law, relating the mean current density in the element
to the applied voltage across the element and the voltage across the element due to current
flow elsewhere. The three terms in this equation are now examined in tum,

The first term represents the potential drop across the internal or surface impedance of the
element. Let this impedance be Z in the i* element, and let the magnitude of the current
flowing in the i* element be I, Then,

zZ = ow;l, J' IJ, dx dy (2.20)

This is considered in detail in Appendix A, where it is shown that the internal impedance
function Z is complex and varies with frequency. The real part represents conductor loss and
is incorporated in the model as a resistor in series with the inductor of the appropriate
element. The imaginary part is wL,,, where L, is the internal inductance, due to the presence
of magnetic flux within the conductor itself, and is frequency dependent. This is
incorporated in the model by adding it to the frequency independent external inductance
derived below, which is due to magnetic flux outside the conductor. The effect of a finite
conductor thickness was also examined, and included within the internal impedance
function Z.

The second term is just the mean voltage difference between the two ends of the element,
as shown in Figure S.
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Tuming to the third term, it is shown in Chapter 4 that the mutual inductance between two
elements, L can be written as

L; = %leAj. dl; dy dz 2.21)

where q, is the cross sectional area of the i* element (assumed constant); [ is the length of
the i* element; A, is the vector potential due to a current of 1 amp flowing in the j* element;
dl, is directed parallel to the direction of current flow in the i* element (along its length);
and y and z are respectively the width and thickness directions in this element. If the current
flow directions in the two elements are at an angle © to one another, the width of the i*
element is w,, and its thickness is negligible, equation 2.21 can be rewritten as

L; = °°s°j |A;| dxdy (2.22)

w;
wi

where the integral is over the area of the i* element, and x is the length direction in the i*
element. This is the form in which the inductance is calculated.

Equation 2.19 can therefore be written as,

N,

xel

_ a;
I,Zl + ¢2‘ - ¢li + ZLUE =0 (2.23)

Fl

where N,,, is the total number of X inductive elements. The set of all such equations for X
and Y inductive elements is just Kirchhoff’s second law, for the voltage drop around a loop,
applied to the equivalent circuit for the polygon. In conjunction with equation 2.15, which
was Kirchhoff’s first law for the polygon, this demonstrates that the electromagnetic and
circuit representations are equivalent, and so the equivalent circuit is a valid model.

At the edges of the polygon the arrangement of elements can be more complex, but the
above analysis remains valid for rectangular elements. In a track, two capacitive elements
overlap each inductive element in exactly the same way as shown in Figure 5, so the above
analysis is also valid for tracks.

Some attention needs to be paid to differences with triangular elements, which can be created
at the edges of the polygon. Figure 6 shows a triangular element, of length / and width w.
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Figure 6. Triangular element for inductance: current flow direction shown by arrow, nodes shown
by filled circles

These elements are right angled triangles, with the current flow direction assumed parallel
to the hypotenuse and a circuit node placed conceptually at each end of the hypotenuse,
between which the equivalent circuit self inductance is connected. For the purposes of
analysis, the current density in such elements is defined to be uniform, with a peak current
of 1 amp at the widest point (and hence a mean current of 0.5 amp). When equation 2.18,
relating current density and applied voltage, is averaged over the width of the element to
obtain equation 2.19, the third term in equation 2.19 will contain a factor of 1/(w/2) rather
than 1/w. Equation 2.22 for the inductance between elements becomes,

Ly = 2958 [fia)] axay 224)

where the integral is over the area of the triangle. With this result, equation 2.23 is valid
for both rectangular and triangular elements.

2.6 Conclusions

The treatment in this chapter began with Maxwell’s equations, which were rewritten in terms
of scalar and vector potentials. The basic concept of the subdivision of a layout into
elements which are modelled by components in an equivalent circuit was described, and it
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was shown that this model led to Kirchhoff’s first and second laws (equations 2.15 and 2.23),
and is therefore a valid representation of the electrical behaviour of the layout. A detailed
description of how polygonal areas are subdivided into elements is given in Chapter 7.

The development of this model involved two main approximations:

1. The dominant interactions are assumed to take place at spatial separations of rather less
than a wavelength, which is nearly always the case for PCBs.

2. The actual charge and current distributions in the layout are modelled by a finite set
of basis functions. In a polygon, the sets of elements and basis functions chosen give
a piecewise constant approximation to the actual charge and current distributions. In
tracks, the distributions are piecewise constant along the length of the track, while the
distribution across the width produces a flat scalar or vector potential distribution in that
direction.

Further confirmation of the validity of these approximations is given by comparing results
from simulations with experimental data or previously published work. Chapter 8 does this
for several examples, and the excellent accuracy obtained there shows that the
approximations are indeed reasonable.

The next chapter derives a set of Green’s functions for the scalar and vector potentials,
required in the computation of the values of the equivalent circuit components. These are
derived for a set of configurations which is able to model most PCB structures.
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Chapter 3

Green’s Functions for Scalar and Vector Potentials

3.1 Introduction

Scalar and vector potential Green’s functions were briefly introduced in Chapter 2 as the
potential due to a unit point charge or current respectively. For the simplest possible case
of a point source in free space, the solution to this problem is well known [Bleaney and
Bleaney, 1976, p.4], and was given as equation 2.9. This chapter is concened with the much
more complicated configuration shown in Figure 7, consisting of three layers of isotropic
dielectric, bounded by two perfectly conducting ground planes. The three layers are of
dielectric constant €, for ¢, <z2<0,¢,for0<z<c and ¢, forc<z<c+d, All three layers
have the same relative permeability, assumed here to be 1.0. The dielectric layers and the
ground planes are assumed to be of infinite extent in the x and y directions, with boundaries

between them parallel to the xy plane.

This structure can be used to model a PCB, with layer 2 representing the substrate, layers
1 and 3 representing the air gaps above and below the PCB, and the ground planes
representing two surfaces of a metal package. The analysis is, however, performed for the

general case. Simpler cases of the results are then generated by:

« Placing one or both ground planes at infinity
» Setting two or three of the dielectric constants equal to one another

« Placing the point source at z=0 or z=c, and determining the potential at z=0 orz=¢

Published results have only treated the complete structure shown in Figure 7 in two
dimensions in the spectral domain [Yamashita, 1968], or much simpler cases in the spatial
domain (three dielectric layers with no ground planes [Silvester, 1968], or two dielectric
layers with one ground plane [Chow, 1980]). This chapter covers all these cases with one

general formulation, which gives results for three dimensions in the spatial domain.
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Ground Plane

2N

0 7/ ......... /////////// ........ -

Layer 1 ¢,

Ground Plane

Figure 7. Structure to be analysed: section through the x-z plane

Section 3.2 gives a general description of the approach used. This approach is then used in
section 3.3 to derive the scalar potential for all locations of the source charge and of the
object point (ie. the point where the potential is required). Sections 3.4, 3.5 and 3.6
specialise these general results to simpler cases, by the methods listed above. Section 3.7
derives similar results for the vector potential. These are much simpler, because the vector
potential is not affected by discontinuities in the dielectric constant. The results in these
sections are enclosed in boxes for ease of identification, since there are inevitably a great

many cases to be considered.

The results produced can be interpreted as the potentials due to series of image charges, as
in the classical method of images [Bleaney and Bleaney, 1976, pp.48-56]. Section 3.8 shows
this correspondence exactly for some of the simpler cases, and describes the remaining cases

qualitatively.

The solutions for the potential are obtained in the form of infinite series. For practical
purposes it is therefore necessary to know how quickly the series converge. This question

is examined in section 3.9 for various representative cases.
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Some of the results described here have been used in FACET, where they have proved their
usefulness and accuracy. There, they are spatially convolved with known basis functions
for the charge and current distributions over track and polygon elements on a PCB to give
the potentials due to these elements. This process is described in Chapter S. The form of
solution obtained here enables this convolution to be performed very efficiently.

3.2 General Approach
3.2.1 Scalar Potential

The scalar potential Green’s function can be written as,
Gy(x %0, ¥ |y0, 2| ) 3.1)

This represents the scalar potential at the point (x,y, z) due to a point charge placed at
(% Yo Z)- In this chapter, the solution for the potential ¢(x, y, z) due to a unit point charge
placed at (0,0, z) is found. No loss of generality results from this simplification. The
Green’s function is related to this by,

Gox|x0: ¥ 130 21 20) = ®x=20, Y= Y0, 2) (3.2)

At zero frequency, the (electrostatic) scalar potential required is the solution of the Poisson
equation,

V2= -+ 8x) 80) 8z - %) (3.3)

This is also valid approximately for non-zero frequencies when the spatial dimensions
involved are rather less than the wavelength of signals at the maximum frequency of interest,
as discussed in Chapter 2. To solve for the potential, apply the two dimensional Fourier
transform,

flak) = %Jﬂ flxy) €767 dx dy (34)

to equation 3.3. Also, set

K= iE+k 3.5)



- 40 -

since the transformed equation only contains k, and k, as k> + k’. The transformed equation

is now an ordinary differential equation in the spectral domain,

1
2ne

d2 ~ 2~
72—2-¢(k,z) -k ok = -5 —z—2) (3.6)

The term on the right hand side of equation 3.6 is only non-zero in the plane z=2z. This
plane is parallel to the other boundaries in the geometry, so by treating it as another
boundary a problem with N dielectric layers can be modelled in terms of N+ 1 regions. The
problem therefore reduces to a set of N+ 1 Laplace’s equations,

d> - 27 ,
?Mkvz) - k" fkz) = 0 (i=1.N+1) 3.7

with appropriate boundary conditions enforced at all the boundaries. The general solution
of this set of equations is,

0fkz) = Afe¥ +A e ™" (3.8)

where A" and A/ are initially unknown functions of k. In the solution for the problem with
three dielectric layers, there will therefore be four separate regions in which to solve
equation 3.7, giving eight unknown functions of & to be determined. Section 3.3 details the
solution of this problem.

3.2.2 Vector Potential

The vector potential Green’s function can be written in a similar way to equation 3.1 as
Gatx1 %, ¥ |y0: 21 20) (3.9)

This represents the vector potential at the point (x,y, z) due to a point current placed at
(% Yo Z)- Just as for the scalar potential, the solution is found for the potential A(x,y,z) due
to a unit point current source placed at (0,0, z) . The Green’s function is then

Gaxlx, ¥lyo. 2zl = AQx—x,y -0, 2) (3.10)

At zero frequency, the (magnetostatic) vector potential required is the solution of the Poisson

equation,
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VA = — uI8(x) 8(y) 8(z— z) @3.11)

where I is a unit vector in the direction of the current at the current source.
This equation can then be solved in the same way as for the scalar potential. The results
are simpler, however, because all three layers have the same relative permeability. Hence,

only two Laplace’s equations analogous to equation 3.7 have to be solved. This derivation

is detailed in section 3.7.

3.3 Scalar Potential Solution for the General Case

3.3.1 Source Charge in Layer 1

The source charge is located at z=z, in layer 1. An extra boundary is therefore introduced

at z=z. The solutions to the four Laplace’s equations can be written in a similar way to

equation 3.8 as
0ulkz) = A*¥+Ae™" -d|Sz<z
opkz) = B'e®+Be™" 2250
bkD) = C'ek +Ce® 0<i<e (3.12)
0Lkz) = D*e®+De™” c<z<c+d,

where A* to D™ are initially unknown functions of arbitrary wavenumber k. These are

determined by the Fourier transformed boundary conditions, which are
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Oull—dy) = 0 0)
Ofkc+d) = 0 (if)
ol z) = O,k %) (i)
0.k, 0) = 0,k 0) )

- - (3.13)
Oukic) = Ok c) )
£2-L5k,0) = & -2,k 0) D
fegz-~d(k,0) = Eflgz-&c(k’c) (vii)
FhhD) = Loln) ~ 5o i

The first two conditions enforce zero potential on the ground planes at z=-d, and
z=c+ d,, which is the only solution possessing a Fourier transform. The next three enforce
continuity of potential at the boundaries between the four regions. The last three enforce
continuity of the normal component of electric flux density D at the boundaries where no
free charge is present, and a discontinuity equal to the charge density at the boundaries where
free charge is present [Bleaney and Bleaney, 1976, p.121].

Equations 3.12 and 3.13 are combined to solve for the functions A" to D™. For convenience,
set

=& o 28

= ure Bte

(3.149)
For the situation described in the introduction to this chapter, layer 1 and layer 3 are both
air, with dielectric constant €, =€&,=1 , and layer 2 is the PCB material, with dielectric
constant €,> 1. o and P are written in the above way so that they are both positive for this
case. Also define z and z, by

73 = lz—z| , z = z+gz (3.15)

The full solution to this problem is detailed in Appendix B. For clarity of presentation of
the results, define the function §(,m,n,z) as,

1

E,m,n,z) = (3.16)

x2+y + Qldy + 2md, + 2nc +z)°
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Writing ¢; to represent the potential in layer j due to a charge in layer i, and using the
notation of equation 3.16, the space domain potentials are given by,

02 = o= D D D Ko@) KilB) X
=0 m=0 n=0
l m

, s, n ,z) + El+l,m+1,n+1,-2)
-& 1l ,m+1, n ,z) El+1, m ,n+1,-z)
+o { EU+1, m ,n+l,2) + &I ,m+1, n ,-z)

(3.17)
-&l+1l,m+1,n+1,2) - & ! , m , n ,-z))
+B {&U+1,m+1, n ,z) + &Il , m ,n+1,-2)
-&l+1, m , n ,zn) - & I ,m+1,n+1,-2) }
+oB{ & I ,m+1,n+1,z) + E(+1, m , n ,-z)
&1, m ,n+l,zn) - EI+1,m+1, n ,-z) } ]
Onrys) = 2 Z ZKM»(“) Kn(B)
=0 m=0 n=0
[ ECL, m ,nz) + EQ+1,m+1,n+1,-2) (3.18)
-& 1 ,m+,nz) - EI+1, m ,n+1,-z)
+B { EU+1,m+1,nz) + EC 1 , m ,n+1,-2)
-El+1, m ,mnz) - &I ,m+lL,n+1,-z) } ]
bty = LD 55 S o) K *

40 m0 m0
[ &G m .mz) + Ed+1l,m+1,n+1,-2) (3.19)

-&lLm+1,nz) — EI+1, m ,n+1,-z) ]

Scalar potentials with three dielectric layers, two ground planes

The coefficients K;{(n) are given by equation B.5,

min(ij}

i
K = Y (1 ®5)
r=0

Interestingly, K(m) can also be written as a Jacobi polynomial, which simplifies its
computation for large values of i and j. This derivation is detailed in Appendix C.



00y = oD N D K@) K X
=0 m=0 n=0
[ &I, m ,nz) + El+1,m+1,n+1,-2)
-& 1 ,m+1,n2z) — EU+1, m ,n+1,-z)
+a {& 1, m ,nz) + El+1,m+1,n+1,-2) (3.20)
-& ! ,m+1,nz) - EU+1, m ,n+1l,-z) }
+B {EU+1,m+1,nz) + EC 1 , m ,n+1,-2z)
-&I+1, m ,nz) — & I ,m+1L,n+1l,-2) }
+oB{ EU+1,m+1,nz) + EC ! , m ,n+1,-2)
-E&l+1, m ,nz) - & ! .m+1l,n+1l,-z) ) ]
14 v v ©
OnyD) = o= D D D Ko@) Kinl®) X
=0 m=0 n=0
[ ElL m ,nz) + El+1L,m+1,n+1,-2) 321)
-&I,m+1,n2) - EI+1, m ,n+1,-2z)
+a { &I m ,nz) + El+1,m+1,n+1,-z)
-Elm+l,nz) - EU+1, m ,n+1,-z) } ]
O = e 3 D D Knnl0) KinlP) X
=0 m=0 n=0
[ EGL m , n ,z) + El+1L,m+1,n+1,-2)
-&I,m+1, n ,z) - EI+1, m ,n+1,-z)
+oa (&L m , n ,z) + El+1l,m+1,n+1,-z) (3.22)
—ElLm+1, n ,z) - EQ+1, m .n+1,-z) }
+B{ EUm+1,n+1,2) + EU+1, m , n ,-z)
-&l m ,n-1,z) — El+1,m+1,n+2,-z) }
+of{ EG,m+1,n-1,z) + EU+1, m ,n+2,-z)

-&I, m ,n+1,2)

El+1,m+1, n ,-z) } ]

Scalar potentials with three dielectric layers, two ground planes

3.3.2 Source Charge in Layer 2 or 3

Similar analysis is used for the cases with the source charge in layer 2 or in layer 3. The
details of the calculations are presented in Appendix B. Applying the theorem of reciprocity
[Morse and Feshbach, 1953, p.883], only three distinct new cases for the potential are

generated. These are given in equations 3.20, 3.21 and 3.22.
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3.4 Simpler Geometries - Fewer Ground Planes

The general results of sections 3.3.1 and 3.3.2 are now applied to simpler geometries. This
section examines the results when one or both of the ground planes are removed (or placed

at infinity).

3.4.1 One Ground Plane

The case with one ground plane is treated by letting d, — o . Then, e — 0, and so the

second term in equation B.2 becomes,

By
(1 _ B e—2kd2)n+l

= p (3.23)

The function (k) in Appendix B can then be written as a double summation instead of the

triple summation in equation B.6, ie.

yk) = z B K pn(00) €277 24 (3.24)
m=0 =0

The potentials ¢,, - ¢,; can now be derived from their general forms in equations 3.17 - 3.19
and 3.20 - 3.22. Firstly, terms of the form &(f,m,n,z) are replaced by £(0,m,n,z) , as they are
zero when [#0. All terms of the form E(/+ 1,m,n,z) can be deleted as they simplify to

E(1,m,n,z), which becomes zero as d, — = . The previous results therefore simplify to



¢l 1(x,)’,2) =

4,&%(_:l 223 Kn(0) X

[ g(o, m, n ,z) - &O0,m+l, n ,z) (3.25)
+a { EO,m+1, n ,—z) — EO, m , n ,-z))

+B {EO, m ,n+1,-z) — EO,m+1,n+1,-2) )

+0B{ EO,m+1,n+1,z) - &0, m ,n+l,z) 1} ]

612(x.y.2) = 1+°‘ 22{3 K, (o) ¥

[ é(o,m, n,z) - EO,m+1, n ,z)
+B ( EO,mn+1,-z) — EO,m+1,n+1,-2) } ]

a+ a)(l + B)
2 EB K ((X) % (327)

[ EO0,m n,z) — £O,m+1,n,z) ]

62o(xy,2) = 41!2:& z Zﬁn K,,(0) X
m=0 n=0

[ EO,m, n ,z) - EO,m+1, n ,z) (3.28)
+o { &O,m, n ,z) - EO,m+1, n ,z) )}

+B { EO.mn+1,-z) — EO,m+1,n+1,-2) )

+oB{ £EO0,m,n+1,-z) — EO,m+1,n+1,-z) } ]

b23(xy.2) = 1+ﬁ 22[5 K (0) X

[ EO,m,n,z)) — EO,m+1,n,z2)
+o { £&0,m,n,z) — EO,m+1,n,2) } ]

1 NN n
Aoty ;;ﬁ Kpn(t) X
[ EO, m , n ,z) — EO,m+1, n ,z) (3.30)
+o (€O, m , n ,z) — EO,m+1, n ,z) }

+B { EO.m+1,n+1,z) — EO, m ,n-1,z) }
+aB{ EO0,m+1,n-1,z) — &0, m ,n+1,z) } |

(3.26)

¢ lB(xvy ,Z)

(3.29)

$33(x.y,2) =

Scalar potentials with three dielectric layers, one ground plane
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611(x.y.2)

1 n
— ;«xﬁ) x

[ &o0.0. n,2) - a&0,0, n ,-z)
+ B é(o’ovn"'lv—zs) - aﬁ&(0,0, n+1,zd) ]

3.31)

dxyd) = -2 Y (o) [ £0.0,nz) + B EOO,n+1,-z) ]  (3.32)
=0

4nege,
1 1
P13(xy.2) = MZ( of)” £(0,0,n,2) (3.33)
¢22(x,y,z) = 411.;0&2 Z(Qﬁ),l X
~0 (3.34)
[ é(oi 0’ n ;zd) + o §(0, 0, n ,Zs)
+ B £0,0,n+1,-z) + oBEO,0,n+1,-z) ]
1
Opxyz) = +B 2( B [ £0,0,n,2) + o £0,0,n2) ] (3.35)

O(E32) = e Y (OB
n=0

[ &0,0, n ,z) + o 0,0, n ,z)
- B &(0,0, n_l:z_g) - aBé(0,0, n+1, Zd) ]

(3.36)

Scalar potentials with three dielectric layers, no ground planes

3.4.2 No Ground Planes

The case with no ground plane is treated by taking the results from section 3.4.1 and letting
d, = o. Then, e * — 0, and so the first term in equation B.6 becomes,

(-2 )

(1 _ ae—del)nH

= o 3.37)

The function (k) can then be written as a single summation, instead of the double

summation in equation 3.24, ie.
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k) = z(aﬁ)"e"”"“ (3.38)
n=0

The potentials ¢,, - ¢5; can now be derived from their previous forms in equations 3.25 -
3.30. For the same reasons as in section 3.4.1, terms of the form &(0,m,n,z) are replaced
by £(0,0,n,z), and terms of the form E(0,m+ 1,n,z2) become zero. The previous results
therefore reduce to those in equations 3.31 - 3.36.

3.5 Simpler Geometries - Fewer Dielectric Layers

This section examines the results when the number of dielectric layers is reduced to two or

one, in each case with either two, one or no ground planes.

3.5.1 Two Dielectric Layers, Two Ground Planes
This case is treated by letting d, — 0, so that ¢™* — 1 . The first term in equation B.2
simplifies to

(a-e™y
(l_ae_w‘dl)’ﬂ'l T 1-a

(3.39)

The function y(k) can then be simplified to the double summation,

v = o5 Z 2( ~1)"Kig(B) € e (3:40)
=0 =0

Since d,=0, terms of the form &(I,m,n,z) or E(,m+1,n,z) can both be replaced by

E(1,0,n,z). If the source charge is in layer 1 (which is now of zero thickness), then z =z,
Hence, ¢,,, ¢,, and ¢,, in equations 3.17 - 3.19 all become zero, as must be the case since

the source is coincident with the lower ground plane. The remaining three cases are
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0uleyd) = o D N (DKl X
=0 »n=0

[ &1 .0mz) + E+L0n+1L-2) (34,
— &1 ,0,mz) — EU+1,0,n+1,-z)

+B { EA+1,0,mz) + EC I ,0,n+1,-z)
—EU+1,0,m,2) — &1 ,0,n+1,-2) } ]

148 NN,y
0nsx32) = gt 3 (KB X
=0 n=0

+

(3.42)
[ &LO,mz) + EI+1,0,n+1,-2)
- &10,nz) — E1+1,0,n+1,-z) ]
059D) = o B N (Kl X
=0 »=0
[ §LO, n ,z) + EU+L0n+L—2) (349

- &1L0, n ,z) — EU+1,0,n+1,-2)
+B { L O, n+1,2) + EI+1,0, n ,—2)
-&60,n-1,2) - &I+1,0,n+2,-z) } ]

Scalar potentials with two dielectric layers, two ground planes

3.5.2 Two Dielectric Layers, One Ground Plane

This case is treated by letting d, > 0 and d, > = . Using equations 3.23 and 3.39, the

function y(k) can be simplified to the single summation,

vk = T Z( pyre (3.44)
n=0

As in section 3.5.1, there are now only three cases for the potential. These are derived from
equations 3.28 - 3.30 as,



¢22(xvy ,Z) = 47(;0["/2 2( —ﬁ)n X
n=0

[ &00, n ,2) - E00, n ,z)
+B { §0,0,n+1,-z) — §0,0,n+1,-2) } ]

(3.45)

1+
4mege,

025(x.y.2) DB [EO0.0m2) - £E0.0n37) ] (3.46)
n=0

¢33(x,)’,2) = 415:0&3 2( _B)n X
=0

[ &0,0, n ,z) - E0,0, n ,z)
+B { £0,0,n+1,z) — £©0,0,n—1,2) } ]

3.47)

Scalar potentials with two dielectric layers, one ground plane

3.5.3 Two Dielectric Layers, No Ground Planes

This case is treated by putting €, =€, in the results of section 3.4.2. Hence, from equation
3.14, B=0, and so y(k)=1. Also, ;= b5, and ¢, = @3 = 33 , as would be expected since
layer 2 and layer 3 can no longer be distinguished. The three cases therefore reduce to,

G2 = o[ E0,0.0,2) ~ a £0,0,0,~2) ] (3.48)
tlya) = 4t £0,0.0.2) (3.49)
tnlyd) = o[ §0,0,0.2) + 0 £0,0,0,2) ] (3.50)

Scalar potentials with two dielectric layers, no ground planes

These results are the same as those obtained from classical image theory [Bleaney and

Bleaney, 1976, pp.48-56].

3.5.4 One Dielectric Layer, Two Ground Planes

This case is treated by taking the results of section 3.5.1, and additionally letting d, — O.
Then, ¢ ™* — 1, and the second term in equation B.2 simplifies to
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B-™%"
(1-pe %)™ 1-PB

3.51)

Combining equations 3.40 and 3.51, the function (k) can be simplified to the single

summation,

- 1 ~2nkc
VO = AT Ze (3.52)
n=0

Since 4,=0, terms of the form &(1,0,n,z) or §(+1,0,nz) can both be replaced by
£(0,0,n,2). If the source charge is in layer 3 (which is now of zero thickness), and the

potential is required at z,
Z, = Cc+z , zz = Cc-2 (3.53)

Using this relationship, it is seen that ¢,; and ¢,; in equations 3.42 and 3.43 both become

zero, as would be expected. The remaining case is,

1
4neoe;

Op(Xy,z) = Y, [ 80.0.n,2) + £0,0,n+1,~2)
n=0

(3.54)
- §0,0,n,z) — &0,0,n+1,-z) ]

Scalar potential with one dielectric layer, two ground planes

3.5.5 One Dielectric Layer, One Ground Plane

This case is treated by putting €, =€, in the results of section 3.5.2. Since B =0,

1
l1-a

yk) = (3.55)

As in section 3.5.4, there is now only one case for the potential, equivalent to equations
3.45 - 347,
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0t = o—[ §0.0,0,2) - £0,0.0,5) ] (3.56)

Scalar potential with one dielectric layer, one ground plane

This is just the potential due to a unit (positive) point charge at (0, 0, z) and a unit (negative)
point charge at (0, 0, - z) , as predicted by classical image theory [Bleaney and Bleaney,
1976, pp.48-56].

3.5.6 One Dielectric Layer, No Ground Planes

This case is treated by putting €, =€, in the results of section 3.5.3. Hence, from equation
3.14, a=0. Also, ¢,; =¢;; =0, , as would be expected since layer 1 and layer 2 can no
longer be distinguished. The remaining case is the potential due to a point charge in an
infinite medium of dielectric constant €,.

dpa(x,y,2) = 4“;082 £(0,0,0, zy) (3.57)

Scalar potential with one dielectric layer, no ground planes

3.6 Simpler Results - Particular Source and Object Point Positions

This section presents the results of positioning both z and z, on the boundaries of layer 2.
This results in simpler forms for the formulae presented earlier. These are useful for the
case mentioned in the introduction, where layer 2 represents the PCB material, when the
metallisation patterns are on the top or bottom surface of the PCB. The results presented
will be:

*  Oulx,y) for z=2=0, so z,=z,=0. This can be derived from ¢,,, ¢, or ¢,
*  bulx,y) for z=0, z=c (or vice versa), so z;=z,=c. This can be derived from ¢,,,

$13 G OF O3
*  ¢.(x,y) for z=2z=c, s0 z,=0 and z,=2¢. This can be derived from ¢, ¢, or ¢s;
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The results are derived from those for all the situations presented in sections 3.3, 3.4 and
3.5. They will be given without further explanation.

Ooolk) = ot D D D K0 Kin® X
0 m=0 n=0
[ 1, m ,n0) + EU+1,m+1,n+1,0) (3.58)
—& 1 ,m+1,n0) - EI+1, m ,n+1,0) '
+B {&U+1,m+1,n0) + & ! , m ,n+1,0)
-E&U+1, m ,n0) - & I ,m+1,n+1,0) } ]
1
boc(xy) = < Hx)( Qrtp 2 2 ZKm(a) Ki,(B) x
0 m=0 »=0 (3.59)
[ & m .nco) + EU+1,m+1,n,0)
-E&6m+1,n0) - EI+1, m ,nc) ]
1
0ule) = a3 S S o) K %
=0 m=0 n=0
[ El,b, m , n ,0) + Ed+1,m+1,n+1,0) (3.60)
—ELm+1,n+1,0) — EU+1, m , n ,0) '
+a {&U m ,n+1,0) + EU+1,m+1, n ,0)
-E&Um+1, n ,00 - EU+1, m ,n+1,0) ) ]
Scalar potentials with three dielectric layers, two ground planes
toole) = A% Z ZB K0
(3.61)
[ EO,m, n ,0) - EO,m+1, n ,0)
+B { EO,m,n+1,0) — £EO0,m+1,n+1,0) } ]
1 1
dotxy) = LD Z ZB K@) X .
[ &0.m,n,c) — EO,m+1,n,¢) ]
1
Oelxy) = od z ZB Kpn(0) X
(3.63)
[ EO,m n ,0) — EO,m+1,n+1,0)
+o ( E0,m,n+1,0) - £EO0,m+1, n ,0)} ]
Scalar potentials with three dielectric layers, one ground plane




doaley) = AL 2(043) [ £0,0,n,0) + BEQ,0,n+1,0) ] (3.64)
1
dory) = L *B) 2( oBY* £0,0,,0) (3.65)
l
boxy) = 2P Z(aﬁ) [£0,0,n,0) + 0&0,0,n+1,0)] (3.66)

Scalar potentials with three dielectric layers, no ground planes

bccxy) = "l)nK]n(B) X
(3.67
[ &0, n ,0) + EU+1,0,n+1,0)
- £ O, n+1,0) — EU+1,0, n ,0) ]
Scalar potential with two dielectric layers, two ground planes
Occxy) = -B)"[£(0,0,n,0) — £(0,0,n+1,0) ] (3.68)

Scalar potential with two dielectric layers, one ground plane

The formulae in equations 3.61 - 3.66 and equation 3.68 can be rewritten in a form that is
efficient for computation. The details of this are presented in Appendix D.



-55-

3.7 Vector Potential Solution

An arbitrarily directed current source between the ground planes in Figure 7 can be resolved
into two components, one parallel to the ground planes and one normal to them. This section

details how the vector potential is obtained for both cases.
3.7.1 Source Current Parallel to the Ground Planes

The point current source is located at z =z between the two ground planes, directed parallel
to the x axis. The Poisson equation 3.11 for the vector potential shows that the vector
potential is parallel to the current source producing it, and is therefore also parallel to the x

axis. Hence, only the x component A, of the vector potential is considered.

Because all three dielectric layers have a relative permeability of 1.0, only two Laplace’s

equations are required to solve for the vector potential. These are

At Ae™" -d <£z57

A, (k.2

. (3.69)

A kz) = B*e®+B7e 0<z<c+d,

where /i,, is the Fourier transformed x component of the vector potential for z < z, fi,,, is the
same for z2z, and A* to B~ are initially unknown functions of arbitrary wavenumber k.

These are determined by the Fourier transformed boundary conditions, which are,

A k—d) = 0 @

Akc+dy) = 0 (id) 70
A kz) = Atk z) (iii) '

Lhkn) = LA ko - 4> @)

The first two conditions enforce zero vector potential on the ground planes at z=-d, and
z=c+d,, which is the only solution possessing a Fourier transform. The next condition
enforces continuity of potential at the boundary between the two regions. The last condition
enforces a discontinuity in H equal to the current density at the boundary between the two

regions [Bleaney and Bleaney, 1976, p.121].
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The solution of these equations is performed in an identical manner to that for the scalar
potential, and so the details are omitted. There are three cases to be considered, with two,
one and no ground planes respectively. The x component of the vector potential, A,, for each
of these cases is:

llo L]

Alxyz) = — £0,0,n,z) + £0,0,n+1,-z)

2 4n ; [ (3.71)

- E(O, 0’ n’ zs) - §(0' O’ n+ 1’ - S) ]
x component of vector potential with two ground planes
Afxyz) = %[ €(0,0,0,z) - &(0,0,0,z) ] 3.72)
x component of vector potential with one ground plane
_ Mo

Alxyz) = an £(0,0,0, z)) 3.73)
x component of vector potential with no ground planes

3.7.2 Source Current Perpendicular to the Ground Planes

The point current source is located at z = z between the two ground planes, directed parallel
to the z axis. The vector potential is therefore also parallel to the z axis, so only its z
component, A,, is considered. This component produces a magnetic field parallel to the
ground planes, which is not constrained by any boundary conditions [Bleaney and Bleaney,
1976, p.121]. The ground planes therefore have no effect, and the z component of the vector
potential is given by,

Axyz) = % £(0,0,0, 2,) (3.74)

z component of vector potential
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Figure 8. Image representation of a point charge above a ground plane

3.8 Correspondence with Image Series

The method of images [Bleaney and Bleaney, 1976, pp.48-56] is a technique which, in some
cases, enables the effect of material boundaries on the scalar potential to be accounted for.
This is done by defining a system of “image” charges in a homogeneous medium, of
appropriate strength and location, which have the same combined effect as the original
charge in the inhomogeneous medium. The simplest example of this is a point charge above
an infinite ground plane. The effect of the ground plane is the same as that of a point charge
of equal magnitude and opposite sign to the original charge, placed the same distance from
the ground plane and on the opposite side. This is where the image of the original charge
would be if the ground plane were a mirror, hence the name of the method. This situation
is illustrated in Figure 8.

If the potential is required at (x, y, z), then this point has a separation in the z-direction of
|z—2z| =z, from the original charge, and a separation of z+ z =z, from the image charge.
Hence, for any z 20, the potential can be written as,

o(xy,2) = %80- [ £0,0,0,z) - &(0,0,0,z) ] (3.75)

which is the same as equation 3.56, the potential for one dielectric layer and one ground
plane, when €,=1. Note that the potential is only given correctly in the space above the
original ground plane; below the ground plane, the potential is zero. This illustrates the point
that, in general, a different image series will be required to yield the potential in each region
of the original problem, because there can only be one charge in the region of interest. If
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Figure 9. Infinite image series for two dielectric layers, one ground plane

this were not the case, there would be additional singularities in the potential, not present

in the original situation.

A similar correspondence is found between the results of equations 3.48 - 3.50, for two
dielectric layers and no ground planes, and those in Bleaney and Bleaney [1976, pp.48-56]
for a point charge above a semi-infinite dielectric, but this will not be detailed here. When
these two cases are combined, the situation shown in Figure 9 results. There are now in
effect two “mirrors”, a perfectly reflecting one (the ground plane) and a partially reflecting
one (the air-dielectric interface). The combination of these two produces an infinite series
of images, the first few of which are shown in Figure 9 [Chow, 1980]. This series is valid
for evaluating the potential within the dielectric. A different image series would be needed
to evaluate the potential above the dielectric, with no image charges in this region. Both
series give the same result for the potential on the air-dielectric interface, which can be

written as,

1
bcxy) = 4

+B O,
TEoE, Z‘( —B) L E,(O, 0,n,0 — E_,(O, 0,n+1,0) ] (3.76)
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Figure 10. Infinite image series for three dielectric layers, no Ground planes

which is the same as equation 3.68 when €,=¢, and &, = 1.

Another case is that shown in Figure 10. Again, there are two reflecting surfaces, but this
time both of them are partially reflecting. This results in the infinite series of images shown,
also only valid within the dielectric, first derived by Silvester [1968]. The potential on the
top air-dielectric interface can be written as,

1+B
4meoe,

Pccxy) = 2[32" [&0,0,n,0) + BEO,0,n+1,0) ] (3.77)
=0

This is the same as equation 3.66 when €,=¢, and &, =&, =1 (50 that o= ).

More complicated geometries have not been dealt with by image theory, to the author’s
knowledge, but general principles can be deduced. Since two reflecting surfaces produce
an infinite series of images, it would be expected that three reflecting surfaces would
produce a doubly infinite series of images, four reflecting surfaces a trebly infinite series
of images, and so on. The results in previous sections, with doubly and trebly infinite series,

are of the form expected. This suggests that they too could be interpreted as image series,
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Figure 11. Potential for a PCB with no ground planes: &,=5

if so desired. However, because of their complexity, it would be unattractive to derive them

in the same way as Silvester did [1968] for a singly infinite series.

3.9 Rate of Convergence of Series

Convergence is a vital consideration in determining the optimum trade-off between accuracy
and efficiency in the FACET simulations. The rate of convergence of the infinite series
derived so far is now examined for a few examples, with two, one or no ground planes and
two or three dielectric layers. Only the behaviour of the scalar potential formulae is

examined, since the vector potential formulae are so similar.

To obtain potentials for these examples, layer 2 in the general geometry of Figure 7 is taken
to be a PCB material, and layers 1 and 3 are taken to be air. Hence, €, =€&,=1 and so
a=[. The source charge and object point are both placed at z=c, the boundary between
layers 2 and 3. The potentials examined are therefore all ¢,., as derived in section 3.6. These
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Figure 12. Potential for a PCB with no ground planes: ¢&,=20

results can be extrapolated readily to more general cases if required, but the general

conclusions will be similar for all geometries with the same structure.

Plots are presented in the following sections of the potential (on a logarithmic scale) against
the distance from the source point charge. The potential is normalised by the potential one
PCB thickness away from a unit point charge in free space, ie. (4ne,c)™ , and the distance
from the point charge is normalised by the thickness of the PCB, ie. c. These definitions

enable the results from the various cases examined below to be compared easily.

3.9.1 No Ground Planes, Three Dielectric Layers

The first case examined is a PCB with no ground planes present. The potential is derived

from equation 3.66 by setting o = B and changing the upper limit of summation from infinity
to N,



-62 -

ol

I

I
zzzzz
nnnun
§o~Nro

-—tb
ol
I
I
|

potential
S 9

Noimolised
%

-
S,
]

1 1 y / ]
5 10 15 20
Normalised distance from source

—
O,
[
O

Figure 13. Potential for a PCB with a ground plane on its bottom face: €,=5

N
_ 1+ B %n
o.(xy) = ) E B"L[&,0,n0) + BE©,0,n+1,0) ] (3.78)
n=0

Figure 11 shows the results for various values of the upper limit of summation N when
€,=35, Figure 12 shows the same for €,=20 . In the first case, the convergence is rapid,
and putting N=4 produces a nearly exact answer. The second case converges rather more
slowly, but using N=10 still gives a very good answer. This difference is because for
€,=5, p=0.67, whereas for €,=20, B=090. Hence, for the latter case the series
coefficients decrease more slowly with increasing n, so the higher terms in the series are
given more weight than before, and more of them need to be included before their effect
becomes negligible. As a partial compensation though, in the second case the potential drops
off more rapidly close to the source, showing the confinement of the field by the high

dielectric constant and reducing the effect of inaccuracies in the value of the potential.
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Figure 14. Potential for a PCB with a ground plane on its bottom face: €,=20

In both cases the series converge rapidly. Since the dielectric constant of typical PCB
material is rarely much more than 5, putting N=4 should be accurate enough for most
situations.

3.9.2 One Ground Plane, Two Dielectric Layers

This case is a PCB with a ground plane on its bottom face. The potential is derived from
equation 3.68, using the same conditions as the previous section,

1+Pp
4ATEE,

N
O xy) = 2( —B)" [ £(0,0,n,0) — £©0,0,n+1,0) ] (3.79)
n=0

Figure 13 shows the results for various values of N when €,=35, and Figure 14 the same
for £,=20. In both cases the convergence is slower than it was without a ground plane.
This is partly because the magnitude of the series coefficients decreases less rapidly than
before, falling off as B" rather than B, and partly because the coefficients now alternate in
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Figure 15. Potential for a PCB with a ground plane 1 board thickness from its bottom face

sign. This also accounts for the sharp dip in potential for N=7 in Figure 13, which is where
the calculated potential becomes negative. Note that sharp dips on a logarithmic scale only
correspond to small changes on a linear scale, and the actual change is from a very small
positive value to a very small negative value. This is possible with a series of alternating
sign, but is not a problem here since it only appears to affect the results for a few values
of N. The convergence is still quite fast when €,=35, and using N=10 gives a very good
answer. When €,=20 the convergence is slower, as before, and it is necessary to set

N =40 to achieve the same level of accuracy.

Note, however, that the potential is much reduced compared to the case with no ground plane
- by a factor of about 5000 for €,=15, and of about 70,000 for €,=20 at a distance of 20
board thicknesses from the source. Hence, the slower convergence may not matter greatly
in real problems as the potential may not be significant further than, say, five PCB

thicknesses from the source charge.
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Figure 16. Potential for a PCB with a ground plane 0.1 board thicknesses from its bottom face

3.9.3 One Ground Plane, Three Dielectric Layers

This case is a PCB with a ground plane removed a distance 4, from its bottom face. The
potential is derived from equation 3.63 by setting o= P and changing the upper limits of the
summations from infinity to M and N,

M N
1
0) = 4o YD B Kl X
m0 a0

[ EO,m, n ,0) — £0,m+1,n+1,0)
+B { &0, m,n+1,0) — EO,m+1, n ,0)} ]

(3.80)

In this section the dielectric constant of layer 2 is fixed at &, =35, about that of typical PCB
material, and the effect of varying the distance from the bottom face of the PCB to the

ground plane is examined.
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Figure 17. Potential for a PCB with a ground plane 1 board thickness from its top face and a
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Figure 15 shows the results for d, = c, ie. placing the ground plane one board thickness from
the bottom face of the PCB, and Figure 16 shows the results for d, =0.1c . The convergence
is better with the ground plane further away, which might be anticipated since the
convergence of the previous cases was faster with no ground plane than with the ground
plane on the bottom face of the PCB. In both cases the results are very good for
M=N=35, and in the first case putting M=N=3 also gives very good results. The total
number of terms needed is not many more than before, M = N =3 corresponding to 16 terms
and M=N=3 to 36 terms.

The values of the potentials fall between the previous results for €,=5 (in Figure 11 and
Figure 13), that with d, = c being closer to the case with three dielectric layers, no ground
planes and that with d, = ¢ being closer to the case with two dielectric layers and one ground
plane. Because the potential falls off rather more rapidly with the closer ground plane, the

slightly worse convergence in this case may be of reduced importance in practice.
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Figure 18. Potential for a PCB with a ground plane 3 board thicknesses from its top face and a
ground plane on its bottom face

3.9.4 Two Ground Planes, Two Dielectric Layers

This case is a PCB with one ground plane on its bottom face and a second one placed a
distance d, from its top face. The potential is derived from equation 3.67, setting the upper
limits of summation to L and N,

L N

1+ n

¢cc(x9y) = 415505/2 2( _1) K]n(B) X
=0 »n=0

[ &.o, n ,0) + EU+1,0,n+1,0)
- &10,n+1,0) — £U+1,0, n ,0) ]

(3.81)

In this section the dielectric constant of layer 2 is again fixed at €,=35, and the effect of
varying the distance from the top face of the PCB to the second ground plane is examined.

Figure 17 shows the results for d, = ¢, ie. placing the ground plane one board thickness from
the top face of the PCB, and Figure 18 shows the results for 4,=3c . It is immediately
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Figure 19. Potential for a PCB with ground planes 1 board thickness from its top face and 1 board
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apparent that the presence of the second ground plane has a large effect on both the value
of the potential and the convergence of the series. The potential now falls away vary much
more rapidly than for the previous cases, and faster for d, = c than for d, = 3¢ , as would be
expected. There are also sharp dips in the potential, where it becomes negative, as noted
before. Here, this is a more serious effect, occurring for all values of L and N, but at a
greater distance from the source as the number of terms is increased. The effect is rather
worse for the ground plane one board thickness from the top PCB surface than with it three
board thicknesses away, as would be expected from the behaviour of previous results.

Because the potential does fall off very rapidly, taking L=N=15 and setting the potential to
zero when it is computed with a negative value will produce an approximation as accurate

as those suggested in previous cases, which may be useful for practical situations.
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Figure 20. Potential for a PCB with ground planes 3 board thicknesses from its top face and 1
board thickness from its bottom face

3.9.5 Two Ground Planes, Three Dielectric Layers

This case is the most general one of a PCB with ground planes above and below it, separated
by air gaps from the PCB dielectric. The potential is derived from equation 3.60, setting the
upper limits of summation to L, M and N,

1+B L M N
Ouct) = rm D D D Ko@) KinlB) X
=0 m=0 n=0
L

El, m , n ,0) + EU+1,m+1,n+1,0)

-&Im+1,n+1,0) - EI+1, m , n ,0)

+o (&I, m ,n+1,0) + EU+1,m+1, n ,0)
-E&lm+1, n ,0) - &I+1, m ,n+1,0)} ]

(3.82)

The results shown are for the dielectric constant of layer 2 fixed at €, =35, 4, fixed at one

board thickness, and 4, set to one board thickness (in Figure 19) and three board thicknesses
(in Figure 20).
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The potential is now obtained from a triple summation. As might be expected from previous
results, the convergence is reasonably slow, and has the same behaviour as that for two
ground planes and two dielectric layers in the previous section. Setting L=M =N =5 may
be sufficiently accurate for use in practical problems, but even this results in 216 terms in

the summation.

3.9.6 Summary

The discussion in this section has shown the behaviour of the solutions derived for the
potential. The forms ranged from the simplest, with no ground planes and a single
summation, to the most complex, with two ground planes and a triple summation.
Figure 21 shows the solutions for several of these cases, all with ,=5 and €, =¢,=1, put
together for ease of comparison. This also illustrates that the more ground planes that are

present, and the closer they are to the PCB, the faster the potential is attenuated.
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3.10 Conclusions

This chapter has considered the problem of evaluating the potential due to a unit point charge
or point current, which yield the electrostatic scalar potential Green’s function and the
magnetostatic vector potential Green’s function respectively. This problem was posed for a
region consisting of three dielectric layers bounded by two ground planes, all of infinite
extent in two dimensions (x and y). Solutions for the potential anywhere in the structure
due to a point source placed anywhere were found. The solutions were obtained in the
spectral domain, and by expanding these as infinite series the transform back to the spatial
domain was made possible.

The results obtained were then used to generate results for simpler cases, with fewer
dielectric layers or fewer ground planes. The convergence of the series was examined, and
they were found to converge rapidly, with the partial exception of the most general case.
Another advantage of the simpler cases was demonstrated by this: as well as being
expressed in a simpler form, their expansions converged more rapidly. This method could,
in principle, be used for any number of dielectric layers, but the mathematical complexity
would become too great and the resulting series would not converge rapidly enough to be
of practical use.

The next two chapters make use of the Green'’s functions developed here, describing the way
they are incorporated into FACET. Chapter 4 uses the vector potential Green’s function in
the computation of the inductance of vias. Chapter 5 uses both scalar and vector potential
Green’s functions, convolving them with various basis functions defined on rectangular and
triangular elements. In both these applications, the ease of computation and accuracy of the
Green’s functions has been very useful.
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Chapter 4
Modelling the Inductance of Vias

4.1 Introduction

Vias are holes in the dielectric material of a printed circuit board (PCB), perpendicular to
its surface and usually plated with solder. They are either used to connect different layers
of metallisation or as a point of attachment for the leads of wire ended components. The
inductance of these vias is assumed to be much more significant than their capacitance to
other conductors. In particular, when a via is part of an ground return path its impedance,
due mainly to inductance at radio frequencies, may be critical. This chapter describes the
model developed for the inductance of vias. These are treated as hollow thin-walled
cylinders, with a uniform current flow along their surface in an axial direction.

The model is developed in the following way. Firstly the basic definitions of inductance
are derived in an appropriate form. The equation for the vector potential due to current flow
along a hollow cylinder, used in the computation of the inductances, is derived from the
results of Chapter 3, and the numerical method chosen for its evaluation described. This is
then used to derive the self inductance of a via and the mutual inductance between two
parallel vias. For the case of the mutual inductance approximate expressions are also
derived, which can be evaluated much more rapidly than the exact forms, and their accuracy
is examined. Finally, the internal impedance of a via is examined.

4.2 Definitions of Inductance
4.2.1 Mutual Inductance

Consider a set of current-carrying conductor loops in free space. A current /; flowing in the
i* loop produces a magnetic field B, This results in a magnetic flux v linking the j* loop,
where
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Vi = LB.'- ds; @.1)
j
The integral is over any open surface §; bounded by the j* 1loop, and ds, is the outward
normal to this surface. The mutual inductance L; between the two loops is defined as the
flux linking the j* loop due to a unit current flowing in the i* loop,
‘I’..
Lj = - 4.2)
13
It can be shown from the theorem of reciprocity [Morse and Feshbach, 1953, p.883] that

L;=L;. The magnetic field B is expressed in terms of a vector potential A, in the same way
as in Chapter 2, where

B = VxA 4.3)

The solutions for the vector potential which will be needed later in this chapter were derived
in section 3.7. Equation 4.1 can be rewritten in terms of the vector potential using Stokes’
Law [Morse and Feshbach, 1953, p.43]. For a unit current flowing in the i* loop, this can

be combined with equation 4.2 to give the mutual inductance between the two loops as

L; = IA,- .dl; 4.4

i
where the integral is now around the j* loop and dI; is directed around this loop in the
direction of current flow. If the conductor forming the loop cannot be assumed to be thin,
then the above equation must be modified to average the contributions to the integral over
its cross section. If the cross sectional area is taken to be a constant, g, and y and z are the

co-ordinates normal to the local current flow direction, the result is,

L; = %—ILj;A;.dlj dy dz @4.5)

This is the form used to calculate inductances in this chapter, and is also the form used in

equation 2.21 of Chapter 2.
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Figure 22. Co-ordinates used for via geometry

42.2 Partial Inductance

The discussion so far has related to current loops. However, it is often convenient to
consider the constituent parts of these loops separately. For example, part of a loop might
consist of PCB tracks, part of vias (the subject of this chapter) and part of external
connections. Equation 4.5 involves the integral of the vector potential around the j* current
loop, and could with no loss of generality be partitioned into several integrals, each over a
part of this loop. Equally, the i* loop could be split into several parts, each contributing
independently to A,

Each inductance defined by equation 4.5 can therefore be partitioned into a set of partial
inductances, as defined by Ruehli [1987]. These can then be manipulated as inductances
in their own right. With these definitions the inductance problem for a general set of
conductors breaks down into three parts:

e Split the conductors into a number of suitable elements
e Compute the vector potential due to unit current flow in these elements

e Compute the full set of partial inductances between elements

When these partial inductances are combined and used in a circuit simulator, the correct

behaviour of the current loops will be obtained.



-5 -
4.3 Computation of the Vector Potential

Figure 22 shows a section perpendicular to the axis of the via, which is of length 2a and
radius b. The vector potential is required at an observation point P. The local co-ordinates
which will be used are cylindrical. The x axis is coincident with the axis of the via, and the
via extends from x=—a to x=a. The angle co-ordinate 0 is measured anticlockwise from
the line between the centre of the via and the observation point P. In these co-ordinates,
(r, 8, x) the observation point is situated at (R,, 0, %). The via is assumed to be a hollow,
thin walled cylinder, with a uniform current density around its circumference directed
parallel to the x axis. The current per unit length around the circumference is of magnitude
2+:IJA’ so that a total current of 1 amp flows through the via. This value is used entirely
for convenience, since inductance is then numerically equal to flux, as shown by

equation 4.2.

Because the current is directed parallel to the x axis, the only component of the vector
potential A that is non-zero is the x component A,, as can be seen from equation 3.11 for
the vector potential. The PCB material is assumed to have the same permeability as air,
Ko, so the region being considered is homogeneous. This remains true even if there is an
ideal infinite ground plane parallel to the PCB (allowed in a FACET simulation), since this
is perpendicular to the vias and therefore has no effect, as discussed in section 3.7. The
walls of the cylinder are thin, so no integration over r is needed to find this component,
which is

A = Ho f b dxdo
2 L, .
8n°b /. R2+(x—xo)2
l 4.6)
_ W lnl: a-x+ \IR2+(a—x0)2 o

-a-x+ ‘JR2+(a+x0)2

R in the above equation is a function of 8. The cosine rule can be used to express it in terms
of b and R, (which are constants) and 0,

R?> = b%+Ry>—2bRycos 0 @.7
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The substitution o= 0/2 is useful. In terms of o, R is
2 2 .2
R® = (Ry—b)" +4bRysin"a @4.8)

Noting also that dO = 2da, equation 4.6 is transformed into the form used for computations,

A

0=+ V(R - b + bRy siner + (a1

4=t 1y dot 4.9

—a-x+ '\/(Ro - b)2 +4bR, sino+ (a+ xo)2

4.3.1 Evaluation of the Integral

Equation 4.9 has to be integrated numerically. Two methods have been used: Simpson’s rule
[Matthews and Walker, 1970, pp.349-353], and a set of rules due to Patterson[1968]. The
use of these is discussed in more detail in Chapter 5. Both these methods are used in an
iterative way, using more integrand values until the required level of convergence is
achieved. This is usually after only two or three rules, involving at most 15 or so integrand
evaluations. The subroutine takes about 0.75ms to run using three rules and about 0.35ms
using two rules.

4.4 Self Inductance of a Via

Equation 4.5 shows that the self inductance of the via is found by integrating the x
component of the vector potential over its surface. The via is thin walled, so the
cross-sectional area g; in equation 4.5 is replaced by the circumference of the via, 2ntb and
no radial integration is performed. Since the vector potential was derived for unit current,
the self inductance of the via is numerically equal to the flux linking the via. Denoting the
self inductance by L;, and noting that A.dl = Adx, , equation 4.5 becomes
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1 27
Lﬁ = W‘[:L Axbdede

r (4.10)
A, dx

since A, is independent of 6. The problem now is to perform the integration. This can be
tackled by setting up a function

fER) = 1n[r;+ \/R2+§2 ] 4.11)
which when integrated with respect to & gives
‘[ﬂg, R &t = gm[§+ VR2+ 2 ] — YR+ 22 4.12)

Using the function €, R), the self inductance of equation 4.10 can be written as

3 i 2a _ 0
L= % [L AER) dE [uﬂi.R)dé] o @.13)

Using equation 4.12, performing the two inner integrations and combining the results then

gives for the inner term

2a+ \/R2 + 4a2
2a+ R +42° 4.14)

_ NRP+4d® + 2R

For the self inductance, R, in Figure 22 is constant and equal to the radius of the via, b.

[faftz, RydE - J:af(&, R) d&] = 2ain

From equation 4.7, the expression for R to be used in the above equation is therefore
R*=2b"(1 —cos 0).

Equation 4.14 now has to be integrated over 8. No analytic solution to this integral has been
found, but it can be written in a simplified form, the derivation of which is detailed in

Appendix E. Briefly, the second term results in an elliptic integral of the second kind (see
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formula 2.576.2 in Gradshteyn and Ryzhik [1980]), and the integration of the third term is
trivial. The resulting expression for the self inductance is

2
L; = _l»'zo a ———+\/—+4sma da

-WE(_\[ﬁ)er

where E is the complete elliptic integral of the second kind.

(4.15)

44.1 Evaluation of the Numerical Integral

The first term in equation 4.15 has to be integrated numerically. This is done in the same
way as for the vector potential in section 4.3.1, with the exception that the number of rules
in the numerical integration is fixed at 2. This has been found to give better than 0.1%
accuracy provided that the length of the via is at least a tenth of its radius, which is always
the case. Only 7 integrand evaluations are required to give this answer, so the routine is fast
- taking about 23ms to run.

4.4.2 Evaluation of the Elliptic Integral

The second term in equation 4.15 involves the complete elliptic integral of the second kind.
This is evaluated using a four term expansion given by Cody [1965]. For the integral E(k)
this is

E(®) =1 + 0.4630106n + 0.1077857n>

4.16
+ [02452740n + 0.04125321m° ] x In(-L) (4.16)

where =1-k The maximum error in this approximation is 3.91x 10, Since
1<Ek))< %, this is perfectly acceptable.
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Figure 23. Self inductance of a via of varying size

4.4.3 Results

Two sets of results are shown in Figure 23 to show the behaviour of the model. The first
is for a via of length 1mm and radius between 0 and 2mm. The self inductance approaches
infinity as the radius approaches zero, which is to be expected because of the terms in 1/b
in equation 4.15.

The second set of results is for a via of radius 0.5mm and length between 0 and 2mm. The
self inductance of a very long via would be expected to be proportional to its length. For
shorter vias doubling the length more than doubles the self inductance because of the extra
mutual inductance between the two halves. This reinforcing effect reduces with length

because of the reduction in mutual inductance with separation.

These results show that the predicted self inductance varies in a reasonable manner when
the length and radius of the via are varied. The values predicted are also reasonable when

compared with those predicted for tracks in FACET, although details are not given here.
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Figure 24. Geometry used for mutual inductance calculations: section through via axes

4.5 Computation of the Mutual Inductance Between Vias

Expressions for the mutual inductance between two vias can now be worked out, proceeding
along similar lines to the derivation of the self inductance. In practical cases all vias are
parallel to one another: here both vias are assumed to be parallel to the x axis. A section
through the via axes is shown in Figure 24, and a section through the vias perpendicular to
their axes is shown in Figure 25. The first via is of length 24, and radius b. It is centred
at x=0, and so extends from x=—¢q t0 x=q; . The second via is of length 24; and radius
b. Itis centred at x=x, and so extends from x=x,—ag to x=x.+q .

The full solution for the mutual inductance is derived below, treating both vias as hollow
cylinders and resulting in some rather complex expressions. Various approximations are
then investigated to find an approach that gives results much faster and with sufficient

accuracy.
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Figure 25. Geometry used for mutual inductance calculations: section perpendicular to via axes

4.5.1 Full Calculation

To calculate the mutual inductance, the distance R between two arbitrary points on the via
circumferences in the plane perpendicular to their axes is needed. With 6, and 6; as defined
in Figure 25, and s as the separation of the via axes in this plane, this distance can be shown
to be,

R? = s*+b+b7~2bp; cos(®; - 6)) + 2s(b; cos §; — b, cos 6)) (4.17)

Denoting the x component of the vector potential due to unit current flow in the first via

by A,, the mutual inductance between the two vias is

1 2N px. +a;
L; = 2, L_%A%bid’fidej

1 2R px +g
—ZTL J._aij,-dxjdej

(4.18)

X

The integral over 6, cannot be reduced to 2[ as before because the vector potential is no
longer symmetrical about 6;==. Similarly, the integral to give the vector potential is
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asymmetrical about 8,=0. The vector potential A, at the point (, 6;, x) on the second via
is therefore

A o a5t NR? + (g - x)°
. = _2
8% —a-x+ R + @+ %)

do; (4.19)

The full expression for the mutual inductance between the two vias is therefore

9 +aj
[T a-x+ \/R2+(a,-—x-)2
L= —5 In : I— |dxd0,d0; (4.20)
167 .‘/ 2 2
—a;—x+ YR"+(a;+x)
X =4

The inner integral, over x, is identical in form to that already evaluated for the self

inductance, but with more complicated limits. Call this integral I. It is tumed into the
required form (equation 4.11) by splitting the logarithm into two parts, and performing the
substitutions § = g, — x, and & =— a,— x; respectively on the two halves. This gives

Es €,
r= Lﬂé.R)d& - Lf(&.R)dE_. @.21)

where the limits &, to &, are given by

& = a-ag-x. & = gtag-x
4.22
& = -g-a-x & = g-a-x “.22)
The discussion is simplified by introducing the functions I’,(€) and 7',(§)
n® = gufe+ Ve g |
(4.23)

28 R*+&
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Using equation 4.12 and the above functions, I’ can be written as

r = r@&-rE)-r€)+r€) — ry€)+r,E)+ry)-ryEs) (4.24)
This result now has to be integrated with respect to 6, and 6; to give the mutual inductance.
No analytic solution for the integration of I,(§) has been found, and so this has to be
performed numerically (using the NAG subroutine DO1DAF [NAG, 1988]). However, some

progress can be made with the second function I’,(§) . Equation 4.17 for R can be expanded

and rearranged to

R? = {s2 + b‘~2 + bjz + 2sb; cos 8;} — {2b(b; cos 0; + 5)} cos 6;

4.25
- {Zblbj sin 0_]} sin 9; ( )

Formula 3.032.1 in Gradshteyn and Ryzhik [1980] is

21
fipcosx+gsinx)dx = fo( \/p2+q2 cosx)dx 4.26)

Therefore set

G = s2+b,-2+bj2+2sbjcos 9;

4.27)
’\/{Zb,-(bjcos 0;+9))> + (2bd;sin6;)’

]

The integral of I’, over 6, can now be performed, using formula 2.576.1 in Gradshteyn and
Ryzhik [1980], to give

27 T
i R2+§2 de" 21 '\/CI+§2+OICOSO" dO,-

- (4.28)
4 J (1 + Cy + §2 VL
aq+o+ &2

where E is the complete elliptic integral of the second kind. When ¢, and ¢, are expanded

as functions of 8, the resulting expression is rather complicated, and no analytic solution for
the integral over 6; has been found. This remaining single integral is therefore performed

numerically, using the method described in section 4.3.1.
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This section presented in some detail the full calculation of the mutual inductance between
two vias when both are treated as hollow cylinders. This result takes rather a long time to
compute, principally because of the double numerical integration of ;. The main use for
the results obtained from this section is therefore to compare with the results from the
following sections, where various approximations are used, as a check on their accuracy.

4.5.2 Approximations for the Mutual Inductance

An approximation to the mutual inductance can be obtained by treating one or both vias as
a filament of current, or a thin wire. The expressions derived above can then be greatly
simplified.

45.2.1 Treating One Via as a Thin Wire
For this case, the second via is treated as a thin wire, so b;=0. The expression for R in
equation 4.17 simplifies to

R* = s>+b2-2sb;cos 6; (4.29)

This is no longer a function of 6, so the integration over 0; can be replaced with a
multiplication by 2x. The integration of I, over 0; still has to be performed numerically,
although it is now symmetrical about 0,=x. This is done in the same way as for the self
inductance in section 4.4.1. Again, only 7 integrand evaluations are needed for results of
sufficient accuracy. The integration of I, results in a simpler form of the elliptic integral
in equation 4.28

e = -[ VR2+§ de; = N(b +5)2 +E E (\/(b 4?“‘ z (4.30)
+5)" +

The full expression for the mutual inductance can therefore be written as

L = % f[rl(gz) —I'(E) - I'1(Eg) +I'1(E3) ]d6;

o | I I (4.31)
2o [ - 19E) - 7€ + 19 |
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Figure 26. Mutual inductance between two vias: length = 1.0mm, radius = 0.5mm, separation of

centres = S mm

4.5.2.2 Treating Both Vias as Thin Wires

With both vias treated as thin wires, b, =5,=0. The expression for R in equation 4.17

simplifies to
R> =5 4.32)

This is no longer a function of 0, or 0, so the integrations over these can be replaced with
a multiplication by 4n* . Using I’ as defined in equation 4.24, with R” replaced by s°, the
full expression for the mutual inductance is now

Ko

Ly = =T (4.33)
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45.3 Results and Comparison of Methods

Figure 26 shows results from the full integrations and the two approximations detailed
above for the mutual inductance between two vias. Both vias had length and radius 1mm,
and the second via was positioned with x, =0, separated from the first via by s mm.

A separation of 0 corresponds to the self inductance of the via. The full integrations give
exactly the same answer for this as was obtained in the previous section. Approximating
one via as a thin wire gives a result which is about 10% less than the correct answer.
Approximating both vias as thin wires gives an infinite result. This would be expected from
the results of the previous section: for s=0, I',(§) = —o when £ is negative, and with
x. =0 one or more of the limits &, to &,, given by equation 4.22, is negative.

Separations of between 0 and 1lmm are not physically realistic in this case, since they
correspond to the vias overlapping. For separations of more than 1mm, the answers given
by the three methods quickly converge: at a separation of 3mm the differences from the full
integration result are 0.7% for the one thin wire approximation and 1.3% for the two thin
wires approximation.

The times taken by these different methods are (approximately):

Two thin wires 0.10ms
One thin wire 0.87ms
Full integration 100ms or more

Hence, the approximate methods are greatly preferred. Since the one thin wire
approximation is the more accurate of the two, and still takes less than 1ms to evaluate, it
is the method adopted for inclusion in FACET. If the two vias have different diameters, the
smaller of them is considered as the thin wire.

4.6 Internal Impedance of a Via

The results derived so far have been for the external impedance of a via, due to the fields
set up in space by the current flowing through it. Also of interest is its internal impedance,
due to the fields set up in the metal of the via itself. This depends on the conductivity of
the via metallisation and the frequency. The via has been assumed to be thin walled, so to
calculate the internal impedance it can be modelled to a good approximation as a flat sheet
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Frequency R, (mQ) oL, (m) L, (pH)
1 MHz 0.549 0.005 0.750
10 MHz 0.550 0.047 0.750
100 MHz 0.625 0.453 0.720
1 GHz 1.974 1.969 0.313
10 GHz 6.226 6.226 0.099
100 GHz 19.695 19.695 0.031

Table 1.  Surface impedances for a via of length 1.5mm and radius 0.5mm

of metal, of length 2a and width 2nb, with the current distribution assumed symmetrical in
the thickness (ie. the metal sheet is assumed to have two current carrying skins). The
necessary skin effect theory is detailed in Appendix A, so the results will just be summarised
here.

The impedance of a square region (of any size) in a conducting sheet with defined thickness
and conductivity is called the surface impedance, Z. This has units of Ohms per square,
and can be written as '

Zs = Rs + ](OL_, (434)

where R, and L, are respectively the surface resistance and inductance. To obtain the internal
impedance, Z, of a particular via, the surface impedance is multiplied by the number of
squares (where the subdivision is in the direction of the current), giving

z= 24 (4.35)

At low frequencies, when the skin depth of the conductor is much greater than its thickness,
both R, and L, are constant. At higher frequencies, R, increases as \/j: while L, falls off as
1/Nf, so that at very high frequencies the real and imaginary parts of the surface impedance,
R, and ®L,, are equal.

As an example, consider a via with radius 0.5Smm and length 1.5mm (ie. ¢=0.75mm and
b=0.5mm). The metallisation is taken to be be 15 pm of copper, which has a conductivity
of 5.8x 10" S m’l. For this metal the skin depth is equal to its thickness at a frequency
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of 194 MHz. Table 1 shows how R, wL; and L vary with frequency. They all behave in
the manner expected.

The resistance of this via is small at all frequencies likely to be used. Its intemal inductance
is also small compared with its external self inductance of 349 pH, and reduces with
increasing frequency. Hence, modelling the via as a flat sheet to calculate its internal
impedance is quite accurate enough.

4.7 Conclusions

This chapter outlined the calculation of the vector potential due to a via, the self inductance
of a via and the mutual inductance between two vias. The necessary theory of inductance
was derived from first principles. All the above quantities are calculated very efficiently,
none taking more than 1ms of CPU time. The results obtained behave as would be expected
for various limiting cases, and have reasonable values. The internal impedance of a via was
also examined, and shown to be of much less importance than the external inductance.

The next chapter goes on to describe the computation of scalar and vector potentials due to
track and polygon elements, used in the computation of the values of capacitors and
inductors in the equivalent circuit model. For polygon elements, the mutual inductance
between elements can be computed analytically, using similar methods to those developed
in this chapter.
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Chapter 5

Evaluation of Potentials and Inductance

5.1 Introduction

This chapter is concerned with the algorithms which calculate the scalar and vector
potentials, both for track and polygon elements, the self inductance of a rectangular polygon
element, and the mutual inductance between two rectangular polygon elements, and with the
FORTRAN 77 subroutines which implement them in FACET. The nomenclature is
discussed briefly, and then the expressions used to calculate the potentials and inductance
are derived.

The assumed charge or current density distributions within each element are known as basis
functions, and two types of these are used in the algorithms described here. Each polygon
element has just one basis function, which is a constant charge or current density as
appropriate. This is because these elements are designed to describe part of a large area of
metal, where variations in charge and current density occur relatively slowly.

In contrast, track elements have up to six basis functions, each of which has a singular
behaviour in the width of the element. This behaviour produces a potential distribution
which is approximately flat across the width of the element, which is close to the actual
distribution expected. The additional basis functions, only included for charge, allow for
some “leaning” of the charge density distribution in an attempt to model better the
capacitance between tightly spaced tracks. The use of these additional basis functions is
optional in FACET, as there can be a considerable time penalty associated with it.

It is important that the algorithms are computationally efficient, since they consume a large
fraction of the computer time used in a typical FACET simulation. The expressions derived
here for the polygon elements are all analytic, for maximum efficiency. Those for the track
elements have as much of the expression as possible derived analytically, leaving just a
single integration to be performed numerically. Special attention has been paid to this
numerical integration, to ensure that it is performed accurately and efficiently. Timings are
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presented to show that high efficiency has indeed been obtained in all the implemented
subroutines, and to demonstrate the time savings that result from the analytical approach,
where it can be applied.

5.2 Subroutine Naming Conventions

A naming convention for the full set of subroutines was adopted, giving each subroutine a
five or six character name. The naming convention is described in detail in Appendix F,
so only the names of the subroutines implemented are listed here. Note that there are
additional subroutines in FACET which conform to the convention, but which are not
relevant to the work reported here.

Six subroutines are implemented in FACET Version 3.0 to calculate vector potentials. Four
of these are for potentials due to polygon elements. These are:
VPR1G VPRIN VPTIG VPTIN

The remaining two subroutines are for potentials due to track elements. These are:
VTR1G VTRIN

More cases have to be considered for the scalar potential, and 36 subroutines are
implemented in FACET, split evenly between those for polygon elements and those for track
clements. Those for polygon elements are:
SPR1CB SPT1CB
SPRICM SPTICM
SPR1CS SPTICS
SPR1GB SPT1GB
SPR1GD SPT1GD
SPR1IGM SPTIGM
SPRINB SPTINB
SPRIND SPTIND
SPRINM SPTINM
and those for track elements are:
STR1CB STR6CB
STR1ICM STR6CM
STRICS STR6CS
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STR1GB STR6GB
STRIGD STR6GD
STRIGM STR6GM
STRINB STR6NB
STRIND STR6ND
STRINM STR6NM

The remaining subroutines are for the calculation of inductance of polygon rectangles. There
are two subroutines, called:

SIPR MIPRPR

5.3 Rectangular Polygon Elements - Vector Potential

The Green’s function G, for an point current source with a ground plane parallel to the
bottom face of the PCB and placed a distance 4, below it was given by equation 3.72. This
can be written as,

Go& 10 Yy 2l 20) = =2 [ 1

4r
‘j(x—xo)’+(y—yo)2+(z—zo)2 51)

_ 1 ]
J(x— X0+ (6= 30 + (2 + 2 ¥2d))°

where the x and y co-ordinates are in the plane of the PCB faces and the z co-ordinate is
perpendicular to the PCB. This represents the vector potential at the point (x,y,z) due to a
unit point current i at the point (%, Yo, %). The second term is due to the image current, which
models the induced current in the ground plane, and can be ignored if there is no ground
plane present. Equation 2.22 for the mutual inductance between two elements requires the
x component of the vector potential due to a uniform current density distribution, A,, in a
rectangular element, with a total current of 1 amp.

The location of the origin and the orientation of the x and y axes in equation 5.1 are
arbitrary, so they can be defined locally with respect to an element. The plane z=0,
however, corresponds to the bottom face of the PCB at all times. Figure 27 shows the local
co-ordinate axes for a rectangular element of length 2a and width 2b. The origin of these
co-ordinates is the centre of the rectangle, which therefore extends from —a to g in the x
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Figure 27. Rectangular element and local co-ordinate axes

co-ordinate and from —b to b in the y co-ordinate. A uniform current is assumed to flow
parallel to the x axis. At a point (x,y,z) in these co-ordinates, the vector potential due to this

current is parallel to the x axis, and is given by

i b
A = %E-[bGA(xlx@ylyo-ZIZo)dyodXo (5-2)

where i is now a unit vector parallel to the x axis, and the 1/2b factor is to normalise the total

current to 1 amp. It is shown in Appendix G how the integral /

Y2
dx dy
I(xy, %3, Y1, Y2, 2) = (5.3)
,[ f \/xz +y*+ 22

can be evaluated analytically, the result being given in equation G.21. In terms of this
integral, equation 5.2 becomes

A = AI = %( I(—a—x,a—x,—b—y,b—y, IZ—Zol) (5.4)

- I(-a-x,a-x,-b-y,b-y,z+z+2d) )
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This is the function implemented in the subroutine VPR1G. When there is no ground plane
present, the second term in equation 5.4 is zero, and this simplified form is implemented in
the subroutine VPRIN.

5.4 Rectangular Polygon Elements - Scalar Potential

For the scalar potential, the formulae are slightly more complicated. In FACET, a single
sided PCB is defined as one with a ground plane on its bottom face. For an element on the
top surface of a single sided PCB of thickness ¢, Appendix D shows that the Green’s function

G, can be written as

N+1

P,
Gyx| %, ¥ 1y0, cl ) = ZR,. (5.5)
n=0
where
R, = \/(x-xo)2+(y—yo)2+4n2c2 (5.6)

and the P, are functions of ¢,, the dielectric constant of the PCB. They are therefore constant
for any given PCB material. The upper limit of summation, N + 1, is chosen to give the
required accuracy. This matter was discussed in some detail in section 3.9. Hence, the

scalar potential ¢ at the point (x,y,c) is

N+1
¢ = ZP,,I(—a-—x,a-x,-b-—y,b—y, 2nc) 6.7
n=0

This is implemented in the subroutine SPR1CS. The other subroutines with names of the
form SPR1xx are for different ground plane and element locations. They are very similar
in form, but with different expressions for the Green’s functions. The full set of Green’s

functions needed to implement the subroutines was derived in Chapter 3.
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Figure 28. Type 2 triangular element and local co-ordinate axes

5.5 Triangular Polygon Elements - Vector Potential

Figure 28 shows the local co-ordinate axes for a triangular element. The origin of these
co-ordinates is at the right angle corner. The triangle extends from 0 to 2a in the x
co-ordinate and from O to 2b in the y co-ordinate. In the terminology to be introduced in
Chapter 7, this is a type 2 triangular element. There are four types of triangular element,
the other three being reflections of the type 2 element in one or both of the X and Y axes.
The other types of triangle have local co-ordinates with the origin at the right angle comer.

Table 2 shows their extent in these local co-ordinates.

The vector potential due to current flow in a triangle, A, is obtained from an expression
similar to equation 5.2. However, in this case the current flow is assumed to be parallel to
the hypotenuse, because this is always part of the edge of the polygon, and clearly current
cannot flow over such an edge. The vector potential is therefore also parallel to the
hypotenuse, and is given by integrating G, over the area of the triangle. This results in

Na? + p? J"Q

A= 2ab

y1+2—:%(x—xl)
_L Gax| %0, ¥ |0r 21 20) dyp dg (5.8)
X

The normalising factor is chosen so that the peak current in the triangle is 1 amp. In section

6.8 it is confirmed that this is the correct choice. The integration limits are different for each
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Minimum X Maximum X Minimum Y Maximum Y
Element Type .
Co-ordinate Co-ordinate Co-ordinate Co-ordinate
1 -2a 0 0 2b
2 0 2a 0 2b
3 -2a 0 -2b 0
4 0 2a -2b 0
Table 2. Minimum and maximum local co-ordinates for triangles

of the four types of triangle. Table 3 gives the limits necessary to obtain the potential at
the point (x,y) in local co-ordinates.

It is shown in Appendix G how the integral I

Xz % 7 )
dx
l(xl'xZ’ylvyzv Z) = f dy (5.9)
2 +y+ z2

can be evaluated analytically, the result being given in equation G.42. With the limits

provided by Table 3 for the appropriate type of triangle, equation 5.8 can be written in terms

uoi‘Ja2+b2

4rab

of the integral I’ as

A = (1025132 2= %))

- I, % Y1, Y 2+ 29+ 2d) )

(5.10)

This is the function implemented in the subroutine VPT1G. When there is no ground plane
present, the second term in equation 5.10 is zero, and this simplified form is implemented
in the subroutine VPTIN.



Element Type X, X, h N
1 -x-2a X -y -y+2b
2 x-2a X -y -y+2b
3 -x-2a -X y y+2b
4 x-2a X y y+2b

Table 3.  Integration limits for triangles

5.6 Triangular Polygon Elements - Scalar Potential

The scalar potential is obtained in almost the same manner as for a rectangular element, with
the charge density assumed constant over the triangle. Considering again an element on the
top surface of a single sided PCB, the scalar potential ¢ at the point (x,y) can be written in
a similar way to equation 5.7 as

N+1
0 = ) Pal'Gi, %, 31,2 200) S.11)
n=0

This is implemented in the subroutine SPT1CS. The other subroutines with names of the
form SPT1xx are for different ground plane and element locations. They are very similar
in form, but with different expressions for the Green’s functions. The full set of Green’s
functions needed to implement the subroutines was derived in Chapter 3.

5.7 Rectangular Polygon Elements - Self Inductance

The self inductance of a rectangle is obtained by integrating the vector potential given by
equation 5.4 over the area of the rectangle, as shown by equation 2.22. The derivation of
this result is detailed in Appendix G in two parts. The first part, with the result given in
equation G.72, gives the self inductance of a rectangle with no ground plane present. The
second part, with the result given in equation G.86, gives the mutual inductance between the
rectangle and its image: if a ground plane is present, this must be subtracted from the first
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result to give the true value of the self inductance. This result is implemented in the
subroutine SIPR, the name standing for Self Inductance of a Polygon Rectangle.

5.8 Rectangular Polygon Elements - Mutual Inductance

The mutual inductance between two parallel rectangles with parallel current flow directions
is obtained by integrating the vector potential due to the first rectangle, given by equation
5.4, over the area of the second rectangle, as shown by equation 2.22. The derivation of this
is considered in Appendix G, with the result being given by equation G.103. This equation
gives the same inductance with the rectangles labelled either way round, as would be
expected from reciprocity. If a ground plane is present, the mutual inductance between the
first rectangle and the image of the second rectangle needs to be subtracted to give the
correct answer. This result is implemented in the subroutine MIPRPR, the name standing

for Mutual Inductance between Polygon Rectangle and Polygon Rectangle.

5.9 Rectangular Track Elements - Scalar Potential

A track rectangle is described using exactly the same co-ordinate system as for a polygon
rectangle, shown in Figure 27. However, these elements are used to represent tracks, which
are typically long, narrow sections of metal, rather than the interior of a large area of metal,
so different basis functions are appropriate. The basis functions selected have two parts.
It has been shown [Mittra and Lee, 1971] that the charge density distribution near a
conductor edge varies inversely as the square root of the distance from that edge. The

resultant singularities at the two edges y=1 b are modelled by including a factor of

1 = L (5.12)

VG-y)b+y) by

in the basis functions. 'l'h\](b- y)b+y) results in a scalar potential distribution that is
virtually flat across the width of the element, provided that this width is less than about
2(c+d,). This is almost always the case for PCB tracks. Figure 29 shows this charge
distribution and the resulting scalar potential distribution for an element 10mm long and

2mm wide on a single sided board with dielectric constant 5 and a coincident ground plane.
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Charge Density Scalar Potential

Figure 29. Charge density distribution and resulting scalar potential

This is almost flat across the width of the track; the variation from flatness is due to the
presence of the ground plane and dielectric, but the effect is not very large.

The ends x=1 a will not usually represent the edge of a conductor, and so do not need to
have singularities modelled. The remaining variation is built into the basis functions by a
bivariate polynomial in x and y, of the form x'y’. In FACET, i can take the values 0, 1 or
2 and j can take the values 0 or 1, so these are therefore the only cases considered here.
These terms allow for the slower spatial variations in the charge density caused by mutual
attraction or repulsion of charge in neighbouring elements, and propagation effects when

tracks have significant electrical length. The resulting set of basis functions is,

xy

b2y

pixy) = (5.13)

Considering for the moment an element on the top surface of a single sided PCB, the Green’s
function given by equation 5.5 is convolved with the set of basis functions given by equation
5.13 to yield the potential ¢ at the point (x,y,c) due to the (ij)“ basis function in the element.
This is,



N+1
J i
oGiny = | —=2— E Pato %% (5.14)
), N b2 - y02 ) A \/(x—- x0)2 +(y- yo)2 +4n*c?

The inner integral, over x, can be performed analytically, while the integral over y, has to
be performed numerically. The evaluation of these integrals is described below.

The results are implemented in the subroutine STR6CS, with a simplified version, which
only computes the potential due to the i=j=0 basis function, implemented in STR1CS.
As for the polygon elements, the other subroutines with names of the form STR6xx and
STR1xx are for different ground plane and element locations. They are very similar in form,

differing only in the expressions for the Green’s functions, derived for all cases in
Chapter 3.

5.9.1 Evaluation of the Analytic Integral

The general form of the integral with respect to x, (ie. along the length of the element) is,

N+1
P i
Gy 0 = E 2 d% (5.15)
— \/(x-x0)2+(y—yo)2+4n2c2

The evaluation of this integral is considered for i=0,1,2. Performing the substitution

€ =x,—x and setting R”> = (y — y)* + 4n’c” results in the simpler form,

N+1
P,(E+x) &

Vet 42

L&y, y) = (5.16)
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Expanding the numerator results in up to three integrals, of standard form. In terms of these,
the three original integrals I} can be written as,

N+1

IS = ZP n I’On
n=0
N+1
= PN, + o] (5.17)
n=0
N+1
I; =

EP,, [I'2n + 2XI'1,, + le'On]
n=0

The three new integrals I’;, can all be evaluated to give

X
_ _*_\f P+ R?
d§ og a-x (a-x .
Ve + R —a-x+ V(a+x)2+R’3

|
n
—

Iy, = (5.18)

—a-x

ry, = _ & \l(a—x)2+R',2, - \](a+x)2+R'§ (5.19)

2
= | 2% %[ @-\(@-0*+R?
‘\fg +R? (5.20)

+ (a+x)\/(a +x)°+R? - R'ix'o]

The integrand in equation 5.18 is singular when |x| <a, £=0 and R’,=0. This can only
occur when n=0 and the point (x, y) is inside the source element, but will require special
treatment in the numerical part of the integration which follows. Physically, this singularity
occurs for the point within the distributed source which is coincident with the observation

point. The other integrands are always finite and smooth.
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5.9.2 Evaluation of the Numerical Integral

The remaining integral with respect to y, (ie. across the width of the element) is,

¥ dyo

I; = (x, Y, yo) ——
’ ' ‘\’bZ _y02

L b

5.21)

No analytic solution to this integral has been found, so the integration has to be performed
numerically. The integrand can be made smoother by applying the substitution y, = b sin 0.
This removes the singularities at y, =% b, resulting in

T
2 .
I = flf(x, y, b sin ) (b sin 8y do (5.22)

L
2

The logarithm, square root and sine terms in the integrands take much more CPU time to
evaluate than additions and multiplications. For any given 0, these terms are the same in
all the integrands. In addition the possible values of 0 are known in advance, so the sin @
terms need only be computed once, and stored for later use. For each set of six integrand
evaluations only one logarithm and two square root terms need calculating (for each value
of n), whereas calling a standard numerical integration subroutine for each in turn would
result in 24 calculations, taking at least eight times as long. The integrations are therefore
all performed together inside the subroutines.

0 . . 273 [y
Any numerical integration 1 I ) dx = zw‘ Foydas
e =1

T
[ = Ywse (523)
X t=1

where the w, are weighting factors and the integrand is evaluated at the T abscissae x. In
general, the accuracy of the final answer increases as the number of abscissae is increased.

In the subroutines, an iterative approach is adopted to obtain the required accuracy as
efficiently as possible. This uses a set of integration rules, with increasing T, and applies
them in turn until the difference between the answers produced by two consecutive rules is
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less than the maximum error permitted. For the greatest efficiency, it is preferable to use
a set of interlacing integration rules. This means that each rule uses the same set of
abscissac x, as the previous rule, and then adds a new set of abscissae intermediate between
each of the old pairs of abscissae, so that no integrand evaluations are wasted.

Two such methods have been used. These are Simpson’s rule [Matthews and Walker,
1970}, and a set of rules due to Patterson [1968]. Both methods are implemented identically
in the subroutines. The choice of subroutine is made by setting up three arrays, containing
the number of points per rule, and the abscissae positions and their associated weights for
each rule, all containing information for the appropriate method. Patterson’s method is
generally preferred, as it is the more powerful of the two. The option of using Simpson’s
rule has been retained so that the two methods can be compared if any doubt arises. This
also means that if a better integration method is found it can be incorporated with very little
effort.

5.9.2.1 Handling the Singular Integral

As mentioned in the previous section, the function Iy, is singular when the object point is
inside the source element. This is handled by setting it to zero in the first part of the
numerical integration, and then evaluating its contribution to the potentials separately. The
two integrals S;

k4 T

Sy = Frm 40 and S, = FI’OO bsin® do (5.24)
b9 T
= | =

are integrated using the NAG subroutine DO1AHF [NAG, 1988]. This implements a version
of Patterson’s rules, and is adapted to handle singularities. Its accuracy (for a given number
of integrand evaluations) is greatly improved by submitting each integral as two parts, split
at the singularity (which is at y, = bsin0 = y).

Denote the potential calculated without the I’y term by ¢’(ijj.x,y). Noting that Py x' is the
coefficient of the Iy, term in equation 5.17, the complete potential is

0Gjxy) = §ljay) + Pox's; (5.25)

The non-singular integral ¢’(ij,x,y) is evaluated as described above.
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5.10 Rectangular Track Elements - Vector Potential

The calculations for the vector potential are rather simpler. Only the x-directed component
of current density is considered, and the model for inductance only uses the i =j=0 basis
function. The current density basis function is therefore,

Sxy) = (5.26)

b2 y?

The Green’s function for the vector potential was given by equation 5.1. As was the case
for polygon elements, there are only two different subroutines needed. The subroutine
VTRIG is for the case with a ground plane present, while the subroutine VIRIN is for the
case without a ground plane. Both of these are implemented in exactly the same way as

those for the scalar potential, described in the previous section.

5.11 Speed of the Subroutines

It is important that the subroutines developed are as efficient as possible in their use of
computer time, as the time spent in the evaluation of potentials and inductance is one of the
major components of the time taken for a typical FACET analysis. Three approaches have

been taken to ensure maximum efficiency:

1. Analytic expressions have been derived for all the integrals required in the subroutines
for polygon elements, and for as much of the integrals as possible in the subroutines for
track elements. Considerable effort has been made to ensure that these expressions are
as compact as possible, even though some are rather complicated. Even the most
complicated expressions are still quicker to evaluate than they would be if evaluated
using a numerical integration method. Also, there are none of the convergence problems
which have to be addressed using numerical methods.

2. 'Where numerical integration methods do have to be used, considerable attention has
been paid to both the method selected and the efficiency of its implementation.

3. Considerable attention has been paid to the structure of the subroutines, to ensure that
no unnecessary calculations were performed. In conjunction with the use of optimising
compilers, this has resulted in subroutines which have their speed limited mainly by the
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speed of the intrinsic functions (logarithms, sines, etc.) provided as part of the
FORTRAN 77 language.

The subroutines are divided into four sets, computing the potentials due to polygon
rectangles and triangles, the inductance between polygon rectangles, and the potentials due
to track rectangles. These are now examined in tum.

5.11.1 Polygon Rectangle Potential Subroutines

These subroutines implement the results of equations 5.4 and 5.7. Examination of equation
G.21 shows that to evaluate the integral I of equation 5.3, it is necessary to compute 8 square
roots, 4 logarithms and 4 arcsines. These are much more costly to evaluate than simple
arithmetic operations. The times taken to evaluate these functions are approximately:

e 11.4ps for a square root
¢ 12.1ps for a logarithm
* 13.6ps for an arcsine

whereas an addition or multiply operation takes only about 0.3us. Hence, each evaluation
of 1 would be expected to take at least 194}s.

The calculation of the vector potential due to a constant current density in a rectangle
requires one or two evaluations of /. The evaluation of the scalar potential due to a constant
charge basis function requires one evaluation of / for each term in the series in equation 5.7
or its equivalent. The number of terms in these series can be varied. Here the default values
used in FACET are assumed. The evaluation of these functions would therefore be expected
to be the dominant factor in the time taken by each subroutine if the subroutines are working
efficiently.

Table 4 shows, for each of the subroutines for rectangular polygon elements, the number
of evaluations of / required, together with the time taken for the function evaluations and
the time taken for the complete subroutine to execute. This shows that, apart from the vector
potential subroutines, where other overheads are becoming important, the function
evaluations occupy around 87% of the subroutine execution time. It is therefore unlikely
that these times can be improved on without faster algorithms for function evaluations or
faster hardware.
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Number of Time in ms Proportion of
Subroutine
N Evaluations Full Time in
ame .
Functions i
of I Subroutine Functions
VPRIN 1 0.194 0.263 73.8%
VPR1G 2 0.340 0.424 80.2%
SPR1CS 12 2227 2.58 86.3%
SPRIND 12 2.328 2.69 86.5%
SPR1CB
22 4268 491 86.9%
SPRINB
SPRICM
44 8.536 9.84 86.7%
SPRINM
SPR1GD 49 9.506 11.10 85.6%
SPR1GB 144 27.936 31.90 87.6%
SPR1IGM 288 55.872 63.70 87.7%

Table 4.  Times for polygon rectangle potential subroutines

The subroutine VPR1G amalgamates some terms from the two evaluations of / , and the

subroutine SPR1CS does not perform some of the function calls for the first evaluation of

I, which is why the time for function evaluations is not an exact multiple of 194pus. These

changes save approximately 48us and 100us respectively, which is a worthwhile

improvement.

These times are substantially faster than those for the rectangular track elements, as will be

demonstrated shortly - typically by a factor of three or four. This indicates that the analytic

solutions are giving the improvement in efficiency that might be expected, and also that the

subroutines for track rectangular elements are efficient, given their use of numerical

integration.
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Number of Time in ms Proportion of
Subroutine L.
Evaluations Full Time in
Name of I’ Functions Functions
Subroutine
VPTIN 1 0.253 0.354 71.5%
VPTIG 2 0.446 0.585 76.2%
SPT1CS 12 2.612 3.38 71.3%
SPTIND 12 2.612 344 75.9%
SPT1CB
22 5.071 6.58 77.1%
SPTINB
SPTICM
4 10.131 13.10 77.3%
SPTINM
SPT1GD 49 11.281 14.70 76.7%
SPT1GB 144 33.131 42.90 77.2%
SPTIGM 288 66.251 85.40 77.6%

Table 5.  Times for polygon triangle potential subroutines

5.11.2 Polygon Triangle Potential Subroutines

These subroutines implement the results of equations 5.10 and 5.11. Examination of
equation G.42 shows that to evaluate the integral I’ of equation 5.9, it is necessary to
compute 7 square roots, 3 logarithms, 4 arcsines and 4 arctangents. One additional square
root, Vl +a?, only needs to be evaluated once for each triangle. The additional function,
an arctangent, takes approximately 14.8us to evaluate. Hence, each evaluation of I’ would

be expected to take at least 230ps, with an additional 11.4us for each triangle.

Table 5 shows, for each of the subroutines for triangular polygon elements, the number of

evaluations of /I’ required, together with the time taken for the function evaluations and the
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time taken for the complete subroutine to execute. For these subroutines, the function
evaluations occupy about 77% of the subroutine execution time. This is less than was the
case for the rectangular elements because the evaluation is rather more complicated, so other
parts of the calculation occupy a more significant amount of time. The fact that the
proportions are nearly the same for all the subroutines indicates that the implementation has

been performed efficiently.

The vector potential subroutines VPT1G and VPT1N also involve one extra square root, to
normalise the answer, and VTR1G has some of the logarithm terms amalgamated - saving
approximately 36pus. The subroutines SPT1CS and SPTIND do not perform some of the
function calls for the first evaluation of I'. This saves approximately 159us, although
SPT1ND takes slightly longer to run because it has greater overheads.

5.11.3 Polygon Rectangle Inductance Subroutines

These subroutines implement the results of equations G.72 and G.84 for the self inductance
of a rectangular element, and of equation G.103 for the mutual inductance between two
parallel rectangular elements.

For the self inductance, equation G.72 shows that 1 square root and 2 logarithms need to
be evaluated when there is no ground plane present. Equation B.84 shows that in addition,
3 square roots, 4 logarithms and 1 arcsine need to be evaluated when a ground plane is
present.

For the mutual inductance, equation G.103 shows that 24 square roots, 64 logarithms and
16 arcsines need to be evaluated when there is no ground plane present, and twice the
number when a ground plane is present. For the special case of the elements being coplanar
and no ground plane present, only 16 square roots and 32 logarithms need to be evaluated.

Table 6 shows for each of these situations the time taken for the function evaluations and
the time taken for the complete subroutine to execute. The self inductance subroutine SIPR
is very fast, and so the function evaluations only occupy 52% or 65% of the execution time.
The mutual inductance subroutine MIPRPR takes rather longer to run, and here the function
evaluations occupy nearly 90% of the execution time.
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] Time in ms Proportion of
Subroutine
Ground Plane Time in
Name Functions Ful Functions
Subroutine

SIPR absent 0.034 0.065 52.3%

SIPR present 0.130 0.200 65.0%
MIPRPR
elements absent 0.570 0.64 89.1%
coplanar
MIPRPR absent 1.266 1.44 87.9%
MIPRPR present 2.531 2.84 89.1%

Table 6.  Times for polygon rectangle inductance subroutines

These times need to be contrasted with the time it would take to compute the self and mutual
inductances by a numerical integration of the vector potential due to one element over the
area of the second element - the way it still has to be done for triangles. The computation
of the self inductance is very much faster than this would be - SIPR takes rather less time
to run than VPRIN or VPR1G. The difference is rather less pronounced for the mutual
inductance, which could be evaluated using an integration rule involving only four or six
evaluations of the vector potential for elements spaced well apart. This gives approximately
equal times using either method. However, the analytic method is always accurate whilst
the numerical method can have errors of up to several percent, and so it is preferable to use
the analytic method here.

5.11.4 Track Rectangle Potential Subroutines

These subroutines implement the results of section 5.9. Examination of equations 5.18 - 5.20
shows that each evaluation of the three functions I, requires the computation of 2 square
roots and 1 logarithm. Each integrand evaluation for the numerical integration requires these

functions to be computed once for each term in the series for the Green’s function in equation
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. Number of Time in ms Proportion of
Subroutine .
N Evaluations Full Time in
ame ‘
Functions i
of . uncti Subroutine Functions
VTRIN 15 0.524 0.746 70.2%
VTR1G 30 1.047 141 74.3%
STR6CS
180 6.282 10.0 62.8%
STR6ND
SPT1CB
330 11.517 16.5 69.8%
SPTINB
SPTICM
660 23.034 34.8 66.2%
SPTINM
SPT1GD 735 25.652 40.8 62.9%
SPT1GB 2160 75.384 108 69.8%
SPTIGM 4320 150.768 222 67.9%

Table 7.  Times for track rectangle potential subroutines

5.7, or its equivalent for other board structures.

required is variable, but 15 is a typical number.

The number of integrand evaluations

Table 7 shows, for each of the subroutines for rectangular track elements, the number of

evaluations of the I', required, together with the time taken for the square roots and

logarithms, and the time taken for the complete subroutine to execute. These times are for

the six basis function subroutines. The times for the single basis function routines are about

15% less. The difference is not very large because these subroutines still have to compute

two square roots and one logarithm for each evaluation of I’,, , so the time saving just results

from the remaining computation that is avoided.
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The subroutines take about three or four times longer to run than the analytic subroutines
for the polygon rectangles, which indicates that their efficiency is good, given the much
more rapid spatial variation of the fields. The time spent in intrinsic function evaluations,
at an average of about 65% of the subroutine time, is a smaller fraction of the time than for
the polygon subroutines. This is because there are more calculations performed in the track
subroutines, and more trips around loops, giving generally larger overheads. The figures
indicate that the performance of the subroutines would be hard to improve significantly.

5.12 Conclusions

This chapter examined the algorithms used in the computation of potentials and inductance.
Careful attention was paid to the implementation of these formulae, and the resultant
subroutines are extremely efficient, particularly those which were able to use analytic results.
The use of analytic formulac was shown to be faster than using numerical techniques,
although the latter still performed very efficiently.

The next chapter takes the subroutines described here and performs a variety of checks to
see that their behaviour is reasonable and consistent. In conjunction with the accuracy of
the results obtained, as described in Chapter 8, this gives good confidence in the correct
implementation of the approach developed in this thesis.
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Chapter 6

Verification of Subroutines

6.1 Introduction

This chapter examines several checks that have been performed on the subroutines described
in the previous chapter, both on their own and when incorporated into FACET. These
include some checks for consistency, for instance between rectangular and triangular
polygon elements, and some checks to see that the solutions behave in a physically realistic
manner. These tests give a high degree of confidence that the coding of the subroutines has
been performed correctly.

6.2 Check on Symmetry with Rectangular Elements
6.2.1 Polygon Elements

Because the basis functions used for charge and current densities in polygon elements are
constant, the potential at each of the four points (+ x,ty) in the local co-ordinates of a
polygon rectangle should be identical. This was checked using the subroutine SPRICS.
The rectangle used has a half length of a=3.2 mm, and a half width of b=0.8 mm. The
potential was computed with x=13.3 mm and y=1+0.9 mm, for a PCB 1.6mm thick with
a dielectric constant of 4.55. The computations were performed using double precision
numbers, which provide approximately 18 decimal digits. For comparison, they were also
performed using extended precision numbers, which provide approximately 35 decimal

digits.
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Local x Local y Potential

3.3mm 0.9mm 5 428 129.086 160 898 91 V
-3.3mm 0.9mm 5 428 129.086 160 961 77 V
3.3mm -0.9mm 5 428 129.086 160 900 07 V
-3.3mm -0.9mm 5 428 129.086 160 963 17 V

Extended precision: 5 428 129.086 160 965 28... V

The variation between double precision results only occurs in the last five digits, and as such
is just a consequence of the finite precision of the numbers used for the calculation. The
extended precision results are all identical for the first 18 digits, and similarly close to the
other results. For comparison, check the potential at a nearby point:

Local x Local y Potential
3.300 001lmm 0.9mm 5 428 122.479 857 250 82 Vv

This point is only 1nm away from the previous point, but the difference in potential is much
greater than the difference between the previous four results. Hence, the subroutine can be
considered to be sufficiently symmetrical. Similar tests can be performed on all the other

potential subroutines, and similar answers are found.

6.2.2 Track Elements

The basis functions used for charge and current densities in track elements are not constant.
The (i)* charge density basis function p; was given by equation 5.13 as
xy

p,:,(x, y) = —J_=
b2 _y2

where x and y are the local co-ordinates of the element, 0 <i<2 and 0<j<1. These give

(5.13)

a charge distribution which is crowded towards the edges of the track, whereas the charge
density basis function used for polygon rectangles gives a constant charge across the width
of the element.

For the lowest order basis function, with i=j=0, the same symmetry relations as for a
polygon rectangle should hold. This was checked using the subroutine STR1CS, with the
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same rectangle and PCB dimensions as in the previous section. Also as before, the
computations were performed using double precision numbers and extended precision
numbers for comparison. The numerical integrations all used 15 points.

Local x Local y Potential
3.3mm 0.9mm 11 441 980 242.576 960 6 V
-3.3mm 0.9mm 11 441 980 242.576 637 3 V
3.3mm -0.9%mm 11 441 980 242.576 959 6 V
-3.3mm -0.9%9mm 11 441 980 242.576 636 3 V

Extended precision: 11 441 980 242.576 644 4... V

The variation between double precision results is very similar to that found with the polygon
rectangle subroutine, so the subroutine is sufficiently symmetrical. The extended precision
results are all identical for the first 18 digits, and similarly close to the other results.

The difference in the absolute values of the potential for track and polygon rectangles is due
to the different amounts of charge represented by each basis function. The total charge in
a track rectangle is 2ra, while that in a polygon rectangle is 4ab, a factor of n/2b less. For
this example, 1/2b= 1963, while the ratio of the two potentials is 2108:1, so the answers
are similar when the total amount of charge is taken into account. They are not identical
because of the different charge density distributions in the two basis functions.

6.3 Comparison of Potentials due to Polygon Rectangles and

Triangles

A rectangular polygon element can be decomposed into two triangular polygon elements,
as shown in Figure 30, and this decomposition can be performed in two different ways.
Since constant charge and current densities have been used for the calculation of scalar and
vector potential, the potential due to the pair of triangular elements should be identical to
that due to the single rectangular element, when any difference in normalisation has been
taken into account.

The subroutines which evaluate the scalar potential perform no normalisation, and so are the
simplest ones to compare. The first comparison uses the subroutines SPR1CS and SPT1CS,
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Type 4 Type 3
Type 1 Type 2

Figure 30. Rectangular polygon element split into triangular elements in two ways

with the same rectangle as in the previous section. In the local co-ordinates of the various
triangles (ie. relative to the right angle comer), the point at which the potential is required

is:

Triangle Type Local x Local y

1 0.1lmm 1. 7mm
2 6.5mm 1.7mm
3 0.1lmm 0.1lmm
4 6.5mm 0.1lrmm

The various potentials are found to be:
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Potential due to rectangle: 5 428 129.086 160 898 91 V
Potential due to type 1 triangle: 4 285 007.923 697 420 16 V

Potential due to type 4 triangle: 1 143 121.162 464 107 62 V
Sum of the above two potentials: 5 428 129.086 161 527 78 V

Potential due to type 2 triangle: 566 739.439 298 289 86 V
Potential due to type 3 triangle: 4 861 389.646 863 202 33
Sum of the above two potentials: 5 428 129.086 161 492 19 V

<

The sum of the potentials due to the triangular elements is very close to that due to the
rectangular element in both cases. There is more difference than there was between
symmetrical points for the rectangle in the previous section, but much less difference than
that caused by moving the object point Inm. Hence, this test demonstrates that the
subroutines SPR1CS and SPT1CS are consistent with one another. Similar tests with the
other subroutines give similar results.

6.4 Variation of Potential in the Plane of an Element

The scalar or vector potential due to a polygon element would be expected to vary smoothly
in the plane of that element, peaking at the centre of the element. This has been checked
by examining the variation of potential over the area of a rectangular or triangular polygon
element. Figure 31 shows both surface and contour plots of the scalar potential on a
rectangular and a triangular element. These were computed using the subroutines SPR1CS
and SPTI1CS, again for a PCB 1.6mm thick with a dielectric constant of 4.55. The
rectangular element was 2.4mm square, and the triangular element had the same side lengths.

The plots show the potential over an area 2.5mm square, with the outline of the elements
superimposed on the contour plot. They demonstrate that the potential is changing smoothly,
and exhibiting the expected peak in the centre of the element, falling off toward the edges.
The plot for the triangular clement shows that the potential falls off rapidly outside the
element. These plots also give added confirmation of the correct symmetry of the potential.

In contrast, the potential due to a track element has a rather different behaviour, as illustrated
in Figure 32. The difference is principally in the behaviour of the potential across the width
of the element, where it is somewhat flatter than for the polygon elements, and falls off more
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Figure 31. Scalar potential on rectangular and triangular polygon elements: element outlines
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rapidly outside the element. This is because of the singularity in the charge density basis
functions given by equation 5.13. For narrow tracks, this gives a potential distribution which
is flat across the element, as discussed in section 5.9. Here, the element is rather short and

wide (1.5 times the PCB thickness), which is why the potential distribution is not quite flat.

The same sort of plots can be used to demonstrate that the other subroutines behave in a

similar manner.

Far away from the element, the potential should approach that due to a point charge of the
same total magnitude. Figure 33 illustrates this for the same rectangle as before, using the
subroutines SPR1CS and STR1CS. The results for the track element have been normalised
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Figure 32. Scalar potential on rectangular track element: element outline shown dotted

to represent the same total charge as the polygon element. The graph shows the potentials
at the point (0,y), with y between 0 and 10mm, due to the rectangular elements, and
compares them with the potential due to a point charge of magnitude 4ab, the total charge
in the element. The three potentials approach each other quite rapidly. The difference is
less than 10% when y =6 mm, and less than 1% when y =16 mm. This demonstrates that
the subroutines have the correct behaviour for more distant points.

In the near field of the rectangle, the potentials due to the rectangular element behave much
more realistically than that due to the point charge, as would be expected. The exact result
would be a potential flat over the width of the track then falling off sharply. Neither result
has quite this shape: the element is rather wide for a track, while a polygon element is
usually surrounded by other elements which contribute to the production of a flat potential.

It can again be shown that the other subroutines behave in a similar manner.

6.5 Variation of Potential Perpendicular to an Element

The potential variation along a line perpendicular to the plane of an element would be
expected to be smooth except at the following places, where there is a discontinuity in the
derivative of the potential (ie. the electric field normal to the PCB):

* At the element itself. Here the discontinuity is due to the presence of charge or current,
which causes the gradient of the potential to reverse in sign. Note that the elements are



- 118 -

Polygon Rectangle
- - - - Track Rectangle
.......... Point Charge

Potential (V)
Q,

o
e
@
e
-
)

3,

10‘ ] | | ] J
0] 2 4 6 8 10
Distance from Centre of Element (mm)

Figure 33. Scalar potential for polygon and track rectangular element and a point charge

assumed infinitesimally thin in these calculations, so variation inside the conductor is
not considered. This is dealt with separately, in Appendix A.

e At the boundary between two dielectric layers, for the scalar potential only. Here the
ratio of the derivatives of the potential on either side of the boundary is equal to the ratio
of the two dielectric constants.

This was examined for a rectangular polygon element using the subroutines SPR1CM,
SPR1CS and SPRICB, for a rectangular track element using the subroutines STRICM,
STRI1CS and STR1CB, and for a triangular polygon element using the subroutines SPT1CM,
SPT1CS and SPTI1CB. All the elements had a half length of a=5.0 mm and a half width
of b=0.5 mm, and were on the top surface of a PCB 2mm thick with a dielectric constant
of 4.55 and a ground plane on its bottom surface.

The potential was computed along a series of sections normal to the PCB surfaces, at local
co-ordinates of (0,y) for the rectangle and (Smm,y) for the triangle. The vertical sections
began at the ground plane on the bottom of the PCB and extended up to 3mm above the
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Figure 34. Scalar potential on vertical sections ynm from centre of rectangular polygon element

PCB. Five different sections were used for each case. The first of these was at the centre
of the element, the next on the edge, followed by one just outside the element, and another
two further away. The following diagram shows a view looking down on the PCB. Each
dot indicates where a vertical section passes up through the PCB.

Figure 34 shows the potentials on these sections for the rectangular polygon element,
Figure 35 shows the potentials for the rectangular track element, and Figure 36 shows the
potentials for the triangular element. These demonstrate the expected features. The plots
for the rectangular track element are normalised so that they represent the same total charge

as the rectangular polygon element. All three sets of plots are similar, although the plots
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Figure 35. Scalar potential on vertical sections ynm from centre of rectangular track element

for the triangular element have a smaller potential since this element contains half the charge

of the rectangular element.

The first section, at the centre of the element, has the largest potential, and this shows a
discontinuity of gradient, in the form of a sharp peak, at the vertical position of the element.
The second section, at the edge of the element, also exhibits this sharp peak, and this is at
almost the same level for the track element. The remaining sections show no sharp
discontinuity.

The second effect expected is the discontinuity in the gradient of the potential at the
boundary between the two dielectric layers. This can only become apparent if the gradient
of the potential is non-zero at the boundary. This is the case for the final two sections, where
the peak in potential moves above the PCB, and this discontinuity of gradient can be seen
clearly, particularly for the y=2 mm section. This can be examined more closely for the
rectangular polygon element. Denoting the distance from the bottom of the PCB by z, the
potentials immediately adjoining the boundary are:
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z Potential Difference Subroutine
1.9999mm 3 252 623.140 V 27.849 v SPR1CM
2.0000mm 3 252 650.989 Vv SPR1CS
2.0001mm 3 252 777.582 Vv 126.593 Vv SPR1CB

The difference column shows the difference between the potential and that at z=2 mm.
The ratio of these two differences is 4.55, the ratio of the diclectric constant of the board
(4.55) to that of free space (1.00), which is the expected answer. This therefore demonstrates

that the three subroutines involved match correctly at the boundary between their regions
of validity.

Similar results have been obtained for the ground plane parallel to the bottom of the PCB
or absent altogether, and for the vector potential, enabling considerable confidence to be
placed in all the potential subroutines.
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Figure 37. Self inductance of a polygon rectangle compared with that of a track rectangle

6.6 Self Inductance of a Rectangle

The self inductance of a polygon rectangle can be checked by comparing its value with that
computed for a track of the same dimensions by FACET. Figure 37 shows this comparison
for a rectangle 1mm wide, with a length of between 0 and 10mm. The results are very close.
The difference ranges from 5.5% at a length of 1mm to just 1% at a length of 10mm.

This difference is probably due to the different basis functions used. The current density
basis function for tracks in FACET was given by equation 5.26 as

J= ——— (5.26)

where J, is the current density, b is the half width of the track and y is the distance from the
centre of the track in the width direction. This gives a current distribution which is crowded

towards the edges of the track, whereas the current density basis function used for polygon
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rectangles gives a constant current across the width of the track. This probably accounts for
most of the difference between the two results.

Good confidence can therefore be placed in the correctness of the formula used for the self
inductance of a polygon rectangle, and also of the implementation of self inductance for
track rectangles in FACET. It can also be shown that the formula for the self inductance
of a rectangle given in equation G.72 is equivalent to that given by Ruehli [1972] when
applied to a rectangle of zero thickness.

6.7 Mutual Inductance between Rectangles

The mutual inductance between polygon rectangles for which the assumed directions of
current flow are parallel can also be checked by comparison with the results for track
rectangles of the same dimensions from FACET, and by comparison with the formulae

developed for the mutual inductance between vias in Chapter 4.

This was done for two rectangles, one on either side of a PCB. The location of the

rectangles is shown on the following plan, with the co-ordinates given in mm:

. (4.2)

. (0,0)

The first rectangle is centred at the origin, and is of length Smm and width Imm. The
second rectangle is centred at (4mm,2mm), and is of length 6mm and width Imm. The
thickness of the PCB was varied from Omm to 100mm, this giving a variable separation of
the two rectangles in the plane perpendicular to the PCB surfaces. The results are shown
in Table 8. The results for the track rectangles were derived using FACET, which employs
a six point numerical integration instead of the analytic integration performed for polygon
rectangles. The results for the polygon rectangles were obtained directly from the subroutine
MIPRPR. The two sets of results are extremely close. The largest difference is for the zero
thickness PCB, and this is only 0.2%.
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Mutual Inductance (pH)
Thickness of PCB (mm)
Polygon Rectangles Track Rectangles

0.0 772.83 774.55

05 761.69 763.07

1.0 732.70 733.44

2.0 652.35 652.32

5.0 443.87 443.72

10.0 270.19 270.15

20.0 145.58 145.58
50.0 59.701 59.700
100.0 29.962 29.962

Table 8. Mutual inductance between two rectangles

Another check is provided by comparing the results from polygon rectangles to those from
vias, which are modelled as hollow cylinders. This has been done for two rectangular
elements, each 10mm long and Imm wide. The elements are separated either vertically (ie.
perpendicular to the surface of the PCB) or horizontally (ie. in the plane of the PCB and
perpendicular to the current flow direction). A separation of 0 corresponds to the elements
being coincident. The pair of vias used for comparison were each 10mm long with a Imm

diameter. Here the separation is defined to be that in a direction perpendicular to their axes.

Figure 38 shows the results. When the elements are coincident, the mutual inductance
between them is just the self inductance of one of them, as would be expected (the value is
the same as that for a 10mm long rectangle in Figure 37). The self inductance of the via

is less than that of the rectangle, because the current is spread out over a greater volume.

As the elements are separated, their mutual inductance changes in different ways. The
vertical separation of rectangles produces the fastest initial decrease in inductance. This is
because in the other two cases, the elements remain partially overlapping (a situation not
possible in reality) until the element centres are separated by 1mm or more. This means that
the current distributions reflect the closer proximity for a given separation for these two

cases than for the vertical separation, and so the mutual inductance falls off more slowly.
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Figure 38. Mutual inductance between elements with varying separations

At a separation of 2mm, all three cases have nearly the same mutual inductance, and at larger
separations they converge completely. This is because at large separations, the distances
over which the current is spread are small in comparison with the separation, and so the
details of the current distribution become unimportant.

These two checks indicate that the mutual inductance calculated by the subroutine MIVIVI
has reasonable values, and exhibits the correct behaviour both at small and large element
separations.

6.8 Vector Potential and Self Inductance of Triangles

In order to demonstrate that the correct normalisations have been applied to the vector
potential, a set of triangular elements in a form very similar to a rectangle was created. This
arrangement is shown in Figure 39, where the co-ordinates are given in mm, and are the

local co-ordinates of the bottom left triangle. It consists of ten triangles, each having sides
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Figure 39. Set of triangular elements, with equivalent rectangular element shown dotted

of length 2a=2b= \/2_ mm = 1.41421 mm. This is virtually the same as a rectangle 10mm
long and 1mm wide aligned at 45° to the global X axis. This rectangle is shown dotted in
Figure 39. The only differences are at the two ends. The vector potentials are compared
at the point shown, which is at (1,3)mm in the local co-ordinates of the bottom left triangle
and at (-1.67157 , 0.91421)mm in the local co-ordinates of the equivalent rectangle. The
vector potentials are:

Triangle: 0.24790 x 1078
Rectangle: 0.24778 x 107°

The difference is only 0.05%, indicating that the correct normalisation for the vector
potential has been chosen. The existence of any difference at all is due to the effects of the
two ends.
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The second comparison which can be made is for the self inductance, using the same
equivalent rectangle for comparison. The results here are:

Triangle: 4.9383 nH
Rectangle: 4.8143 nH

These results are not quite so close - the difference is about 2.5%. However, the self
inductance of the rectangle was computed analytically, while that of the set of triangles was
computed by numerical integration, with four points per triangle. The error resulting from
this can be as much as a few percent, so the results agree as well as could be expected.

6.9 Conclusions

This chapter described a variety of tests that have been performed on the subroutines
described in Chapter 5. These included checks on internal consistency, comparison of results
from tracks, polygon elements and vias, and comparison with known results. All these tests
were passed satisfactorily, indicating that the results generated can be used with confidence.

Before the subroutines can be of use in FACET, the input geometry, consisting of a
description of the PCB layout in terms of tracks, pads, polygons and vias, has to be
processed into a set of elements. The next chapter describes how this is performed for
polygons, producing the necessary set of rectangular and triangular elements.
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Chapter 7
Modelling of Arbitrarily-Shaped Metallisation Areas

7.1 Introduction

In addition to tracks and pads, radio frequency PCBs often contain other areas of
metallisation. These may be of irregular shape, or may be rectangular in shape but so wide
that the assumptions made in modelling them as tracks would not be valid.

This chapter describes how the input geometry, ie. the polygon shape, is processed to
produce the sets of inductive and capacitive elements introduced in Chapter 2, which
provided a theoretical basis to the modelling of such areas as polygons. These elements are
represented by rectangles or right angled triangles. The sections follow fairly closely the
computer code written to perform this function, and illustrate the method by following a
particular example through all the stages.

The strategy adopted is firstly to form a grid of nodes over the polygon. Elements are then
created between and around the nodes, in as similar a manner as possible to the idealised
set of elements described in Chapter 2. At the edges of the polygon, the element formation
is slightly different. Effectively, an element is created in the normal way, and then truncated
by the side of the polygon. This results in either truncated rectangles or triangles for
elements. Considerable effort has been applied to this method, to cover the great variety

of possible input geometries and to produce an efficient solution.

Each self inductance in the equivalent circuit is represented by just one inductive element.
Howeyver, a capacitor plate can be represented by up to three capacitive elements, because
some capacitive elements at the polygon edge can be created with a complex shape. These
elements have to be subdivided to produce just rectangles and right angled triangles, so that
the subroutines described in Chapter 5 can be used. This will be seen when elements are
created for the example polygon.
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Figure 40. Outline of example polygon, showing order and location of corners

When the geometry processing has been described, ways in which the efficiency of the
model could be improved are discussed. This is because in some situations the time taken
for the simulations can become excessive, particularly when polygons are being used to

model non-ideal ground conductors. Several methods which could be of use are identified

and assessed.

7.2 Input and Grid Definition

The polygon geometry is described by an ordered list of the (x,y) co-ordinates of its comers.
These can be provided in either a clockwise or an anti-clockwise sense, but they are always
translated into a clockwise order. A set of bondpoints can also be provided. These are
points within the polygon where components may be connected. They are specified by their
location and a node number, which is used to identify the bondpoint in the input file of the
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Figure 41. Initial set of grid lines produced for the example polygon

circuit analysis package (PHILPAC or PANACEA), which is automatically generated by
FACET.

Figure 40 shows one example of a set of twelve comers and the polygon shape associated
with them. The aim of the grid definition is to produce a set of lines parallel to the global
X and Y axes, which subdivides the polygon into a set of rectangles and right angled
triangles.

The first task is to form two arrays, containing all the distinct x co-ordinates and all the
distinct y co-ordinates present in the set of input comers. These provide the initial set of
grid lines. A grid line parallel to the Y axis is produced at each x co-ordinate, called an X
grid line. Similarly, at each y co-ordinate a Y grid line, parallel to the X axis, is produced.

The situation is then as shown in Figure 41.
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Figure 42. Final set of grid lines produced for the example polygon

It can be seen that the set of grid lines just produced creates trapezia, as well as rectangles
and right angled triangles. To correct this, an X grid line needs to be produced where a Y
grid line intersects a diagonal side (if one is not already present), and vice versa. This
process of creating new grid lines continues until there are no points on a diagonal side
where it is intersected by just one grid line. The full set of grid lines for the example
polygon is shown in Figure 42 - three extra X grid lines and two extra Y grid lines have
been produced in the second part of the process just described.

For the equivalent circuit produced to represent the polygon to be an accurate model of
propagation effects, the grid lines must be separated by no more than one tenth of a
wavelength at the highest frequency of interest. This is so that the piecewise constant
approximations to the charge and current distributions in the polygon have sufficient
flexibility to model the actual distributions fairly accurately. If any grid lines are separated

by more than this amount, the appropriate number of extra grid lines are inserted between
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them. When this has been done, the check for grid lines intersecting diagonal sides needs
to be performed again, and any extra grid lines that are found to be necessary are generated.

The above process means that it is possible to generate an input geometry which results in
a very large number of grid lines being generated. An example of this is a square with a
corner placed at the origin and one side orientated at 46° to the X axis. However, analysis
of several RF board designs found no geometries likely to cause such trouble. If any are
found, the methods described in section 7.7 could be used to eliminate the problem.

This completes the definition of a grid for the polygon. It is now possible to work with
integer co-ordinates. An integer x co-ordinate of 1 is assigned to the X grid line with the
smallest x co-ordinate, a co-ordinate of 2 to the line with the next smallest x co-ordinate and
so on. The same operation is then performed for the integer y co-ordinates from the Y grid
lines. The positions of all the comers and bondpoints can now be expressed in these integer
co-ordinates, which makes the subsequent processing much more efficient.

7.3 Classification of Sides and Corners

To proceed further, it is necessary to have some method for classifying the orientation of
sides of the polygon and the shape of comers. Working in integer co-ordinates, there are
four possible orientations for a line (one parallel to each of the two axes, two diagonal at
any intermediate angle). Here, the direction of a line is also important. This is because each
line joining two comers has metal to one side of it and not the other. Because the corners
are provided in a clockwise direction, on progressing from one comer (the n™) to the next
(the (n+1)*) the metal is always to the right. There are hence eight distinct orientations
of a side needed here (the four referred to above, each with metal to one side or the other
of it), illustrated in Figure 43, for the side between comners n and n+ 1. They are assigned
the labels 1 to 8, in order of their angle to the global Y axis. Those with labels 1 and 5 are
parallel to the Y axis, those with labels 3 and 7 are parallel to the X axis, while the others
can have any intermediate orientation.

A comer is created at the junction between two sides. The scheme adopted to classify
corners is similar to that used to classify sides. Each type of comer has a two digit label.
For the n* comer, the first digit is the orientation label of its first side, joining the (n—1)*
and n"comers. Similarly, the second digit is the orientation label of its second side, joining
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Figure 43. Classification of sides: the shaded side indicates the interior of the polygon

the n* and (n+1)* comers. It follows that there are 64 possible corner type labels, the full
set of which is illustrated in Figure 44. Of these 64 possible labels, 12 are not allowed and

have a cross through them in the figure. There are several reasons for this:

Labels 11, 33, 55 and 77 correspond to three comers in a straight line, parallel to one
of the axes. This situation is considered an input error, as prohibiting it simplifies the
geometry processing.

Labels 15, 37, 51 and 73 correspond to three comers in a straight line which doubles
back on itself. This corresponds to a piece of metal of zero thickness, and is therefore
not allowed.

Labels 26, 48, 62 and 84 correspond to a possible geometry. This is because the
orientations of the two sides do not have to be the same and so they could form an acute
angle at the comer where they meet. However, the algorithm described earlier for the
creation of a grid will produce an infinite number of grid lines if such comers are
present, and so they are forbidden. No such geometries have been observed in any real

layout.
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Figure 44. Classification of corners: the shaded side indicates the interior of the polygon
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Figure 45, Initial shape array for the example polygon

7.4 Creation of the Shape Array

Now that the comers and sides have been classified, a two dimensional array containing a
representation of the polygon shape is set up. This enables subsequent processing, to
proceed as easily as possible. Figure 45 shows the shape array for the example polygon -
the rows have been displayed in reverse order so that the shape appears with the same
orientation as in previous figures. This array contains the same number of rows as Y grid
lines and the same number of columns as X grid lines. The (i) entry in the array
corresponds to the point with an integer x co-ordinate of i and an integer y co-ordinate of
J. Each array entry is an integer which gives information on the location of the corresponding
point. The scheme for assigning array entries is shown in Table 9. A point can have one

of four types of location. These locations, and their initial array entries, are:

Outside the polygon, array entry = -1
Inside the polygon, array entry = 0
On a side of the polygon, array entry = side label + 10

AW N =

At a comner of the polygon, array entry = corner label + 100

The calculation of the initial array entries is performed as follows:

1. The whole array is filled with zeroes
The first side (connecting comers 1 and 2) is selected

The array entries corresponding to each of the two comers are set to the correct value
(comer label + 100)
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Array Entry Location of Point Is the Point a Node?

-1 outside polygon no
0 inside polygon no
11 - 18 on a side no
50 inside polygon yes

51 inside polygon yes, bondpoint
61 - 68 on a side yes
111 - 188 at a comer yes

Table 9.  Locations corresponding to array entries
4. The array entries corresponding to the remaining points on the side (if any) are set to
the correct value (side label + 10)
5. Steps 24 are repeated for all the other sides

When this has been done the array contains the correct values for the perimeter of the
polygon and zeroes everywhere else. The next step is to decide which points are inside the
polygon and which are outside, counting points on the perimeter of the polygon as outside
for the present. This is done by passing along the rows of the array in tumn, beginning with

the first row. When a side or comer is reached, there are three possibilities:

1. The next point will be inside the polygon. The following array entries indicate that this
is the case:
11, 12, 18, 112, 113, 118, 121-123, 128, 171, 172, 178, 181-183, 188

2. The next point will be outside the polygon. The following array entries indicate that
this is the case:
14-16, 134-136, 144-147, 154, 156, 157, 164-167

3. The next point will not differ from the current point. This is the case if neither of the

above conditions holds
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The first point is assumed to be outside the polygon, and subsequent points are determined
to be inside or outside by using the above rules. If a point is determined to be outside the
polygon and its corresponding array entry is 0, the entry is changed to be -1. When all the
rows of the array have been processed, all the entries are set correctly.

7.5 Assignment of Nodes

With the shape array completely defined, the next task is to decide where nodes should be
placed. The first nodes dealt with are the user-defined bondpoints. Each is taken in turn,
and the array entry corresponding to its location is modified in accordance with Table 9:

« If the bondpoint is on a corner, the array entry is not changed.
« If the bondpoint is on a side, 50 is added to the array entry.
« If the bondpoint is an internal point, the array entry is set to 51.

Nodes are then placed as necessary over the remaining points in the polygon. Each circuit
node is associated with an intersection of grid lines, but each intersection of grid lines does
not have to be associated with a circuit node. As was discussed in section 7.2, each
equivalent circuit component should be no more than a tenth of a wavelength in size at the
highest frequency of interest. This is also the maximum grid spacing, which the node
spacing is never greater than. Other than this, nodes have to be placed at corners and to form
a rectangular grid in any particular section of the polygon, so that the equivalent circuit
model can be created properly. The following definition is necessary to explain the
processing:

Two points are in the same section of metal if a straight line drawn between them does

not leave the polygon, ie. does not pass through any points with an array entry of -1.

Each entry in the shape array is examined in tum to see if it should be a node. Calling the
point corresponding to this entry the current point, the following rules are used:

» If the current point has an array entry of -1 then it is outside the polygon and cannot
be a node.

» If the current point has an array entry of 50 or more, then it is automatically a node (it
is either a comer or has been identified previously as a node), and its value is
unchanged.
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Figure 46. Grid lines and node locations for the example polygon

« If the current point is on a side, it is made a node if there is another node in the same
section of metal in one or more of the four directions left, right, up and down. This is
signified by adding 50 to its array entry.

« If the current point is an internal point, with an array value of 0, it is made a node if
there are one or more nodes in the same section of metal going up or down and there
are one or more nodes in the same section of metal going left or right. To signify this,

its array entry is changed from 0 to 50.

When all the entries in the array have been examined the above process is repeated, until
no new nodes are created. Then a check is made to see if any nodes are spaced by more
than the maximum allowed, a tenth of a wavelength. If any are, new nodes are defined one

at a time and the above process repeated until all nodes are sufficiently close together.

This process creates the smallest set of nodes possible given that they have to form a
rectangular grid within each section of the polygon. In a polygon of simple shape, such as
the example being used here, there will be nodes at all internal points. In a polygon of more
complex shape however, not all the internal points need have a node associated with them.
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Figure 47. Grid lines and node locations for a complex polygon: interior of polygon shown dotted

Figure 46 shows the node locations for the example polygon - these are marked by crosses,
and are at all the intersections of the grid lines within the polygon. Figure 47 shows the
same for a rather more complicated polygon. This illustrates the methods described above,
reinforcing the point that not all the intersections of grid lines have nodes associated with

them.

The final task associated with the nodes is to number them for use in the circuit analysis
package. Any nodes associated with bondpoints are given the user-defined node number
of the bondpoint. Other nodes are numbered in sequence, starting at the first node in the
first row of the shape array and progressing along each row and down the rows. The first
number in the sequence is determined elsewhere, and depends on the overall layout
geometry: in FACET it is usually 60001 for the first polygon. Each new node number is

then just one greater than the last.
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Figure 48. X inductive element types: arrows indicate current flow direction

7.6 Creation of Elements

7.6.1 X Inductive Elements

This set of elements consists of rectangles on which basis functions are defined to represent
current flow parallel to the X axis, and right angled triangles on which basis functions are
defined to represent current flow parallel to diagonal sides at the edge of the polygon. For
convenience, the set is referred to simply as the set of X inductive elements. Figure 48
shows the different types of elements that may be created, showing the direction of current
flow within the elements and the two nodes that the element links (marked by crosses). A
rectangle connects one node with the node immediately to its right, while a triangle connects
one node with the node to the right and one row up or down. Each element represents the
series connection of one resistance and one self inductance in the equivalent circuit model.
There are three types of rectangle:

« Type 1 is a full width rectangle, used over the interior of the polygon. In width, it
extends up halfway to the next row of nodes above, and down halfway to the next row

of nodes below.



- 141 -

« Type 2 is a half width rectangle, used at the bottom of a section of a polygon. In width
it extends upwards halfway to the next row of nodes above.

« Type 3 is also a half width rectangle, used at the top of a section of a polygon. In width
it extends downwards halfway to the next row of nodes below.

In addition, there are four types of right angled triangle, differing in their orientation, with
the two nodes connected at opposite ends of the hypotenuse.

Elements are created by stepping through the shape array as before, and considering only
those points where nodes are present - these are identified by having a shape label of 50 or
more. Next, it is decided for each such point what type(s) of element need to be created -
up to two elements may be created, each of which is represented by a separate self
inductance and resistance in the equivalent circuit. This is done by examining the shape
array. For the present purposes, the current node is called node 1 and the next node along
the current row is called node 2.

The following shape labels indicate that node 1 is not at the right hand edge of a section,
and hence one or two elements should be created:

50, 51, 61-63, 67, 68, 112, 113, 116-123, 127-132, 138-143, 152, 153, 163, 171-188.

Having decided that elements should be created, it is now necessary to decide which types
of elements are required. This is done by examining the shape labels for nodes 1 and 2.
Four variables are required, to indicate whether each node is at the top or bottom of a section
- these are min,, min,, max, and max,. If node 1 is at the bottom of a section, min, is set to
1, otherwise it is set to 0. Similarly, if node 1 is at the top of a section, max, is set to 1,

otherwise it is set to 0. The same process is repeated for node 2 with min, and max,.

Node 1 is counted as being at the bottom of a section if there is no metal below and to the
right of it. It is counted as being at the top of a section if there is no metal above and to
the right of it. Node 1 is at the bottom of a section for the following values of the shape
label:

67, 68, 171-188;
and it is at the top of a section for the following values of the shape label:

62, 63, 112, 113, 122, 123, 132, 142, 143, 152, 153, 163, 172, 182, 183.
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Figure 49. X inductive elements for the example polygon

Slightly different sets of values are used for node 2, this time it is the presence of metal to
the left that is important. The resulting set of shape labels indicating that node 2 is at the

bottom of a section is:
66, 67, 116, 117, 127, 136, 146, 147, 156, 157, 166, 167, 176, 186, 187;
and the set indicating that node 2 is at the top of a section is:

63, 64, 131-147.

With the four variables set, the required elements can be created. Table 10 shows the
clements that are created for different values of the variables min,, min,, max, and max,.
Figure 49 shows the set of X inductive elements created for the example polygon: they are
shown slightly reduced in size to enable them to be distinguished easily.
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min, min, max, max, Elements created
0 0 0 0 Rectangle type 1
1 0 0 0 Rectangle type 2, triangle type 3
0 1 0 0 Rectangle type 2, triangle type 4
1 1 0 0 Rectangle type 2
0 0 1 0 Rectangle type 3, triangle type 1
1 0 1 0 Triangle types 1 and 3
0 1 1 0 Triangle types 1 and 4
1 1 1 0 Triangle type 1
0 0 0 1 Rectangle type 3, triangle type 2
1 0 0 1 Triangle types 2 and 3
0 1 0 1 Triangle types 1 and 4
1 1 0 1 Triangle type 2
0 0 1 1 Rectangle type 3
1 0 1 1 Triangle type 3
0 1 1 1 Triangle type 4
1 1 1 1 Not possible

Table 10. X inductive elements created in various positions
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Figure 50. Y inductive element types: arrows indicate current flow direction

7.6.2 Y Inductive Elements

This set of elements consists of rectangles on which basis functions are defined to represent
current flow parallel to the Y axis. No triangles are necessary in this set of elements, as they
were included with the X inductive elements, and no more than one element is created at
each point. A rectangle connects a node with the node immediately above it, and is
represented by the series connection of one resistance and one self inductance in the
equivalent circuit. There are three types of rectangle which can be created, shown in

Figure 50:

» Type 1 is a full width rectangle, used over the interior of the polygon. In width, it
extends right halfway to the next column of nodes, and left halfway to the previous
column of nodes.

» Type 2 is a half width rectangle, used at the left hand edge of a section of a polygon.
In width it extends right halfway to the next column of nodes.

» Type 3 is also a half width rectangle, used at the right of a section of a polygon. In
width it extends left halfway to the previous column of nodes.

As before, elements are created by stepping through the shape array and considering those
points where nodes are present. For each node, it is decided whether an element will be
created, and what type of rectangle it should be. For the present purposes, the current node
is called node 1 and the node immediately above it is called node 2.
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Figure 51. Y inductive elements for the example polygon

No element will be generated if node 2 is at a “triangular peak”, with a shape label of:

114, 124, 125

In addition, no element will be generated for certain cases where both nodes are on a
diagonal side, or the comer at the end of a diagonal side. The relevant combinations of
shape labels are:

node 1: 66, 161-168
node 2: 62, 121-128

or.

node 1. 68, 118, 128, 138, 158, 168, 178, 188
node 2: 64, 114, 124, 134, 144, 154, 164, 174.

For situations not covered by the above, an element will be generated if node 1 is not at the

top of a section. The shape labels for which this is the case are:

50, 51, 61, 65-68, 116-121, 127-131, 138, 141, 152-157, 163-167, 171, 174-181, 185-188.
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Having decided that an element is to be created, it is necessary to decide which type of
element is required. This is done by examining the shape labels for nodes 1 and 2. If there
is no metal to the left of either node 1 or node 2, a rectangle of type 2 should be created.
The relevant values of the shape label are given below. Only a subset of values are given
for node 2, as several values are automatically covered by the value of the label for
node 1:

61, 68, 118, 121, 128, 131, 138, 141, 171, 178, 181, 188 for node 1, or
62, 121-128 for node 2.

Similarly, if there is no metal to the right of either node 1 or node 2, a rectangle of type 3
should be created. The relevant values of the shape label are given below, again with only

the necessary subset of the values for node 2:

65, 66, 152-157, 163-167 for node 1, or
64, 114, 124, 134, 144, 154, 164, 174 for node 2.

In all other cases, an element of type 1 is created.

Figure 51 shows the set of Y inductive elements created for the example polygon, again
shown slightly reduced in size.

7.6.3 Capacitive Elements

The final set of elements to be generated is the capacitive elements. These differ from the
X and Y inductive elements in that they have basis functions defined on them to represent
the charge density distribution in the vicinity of a node. They also differ in that up to three
elements may be created to represent one capacitor plate in the equivalent circuit model.
The elements consist of rectangles and right angled triangles. Figure 52 shows the various
types of elements that may be created, showing the location of the node for each element
as a cross. The type 1 rectangle extends in the X direction from halfway to the previous
column of nodes to halfway to the next column of nodes, and in the Y direction from
halfway to the row of nodes below to halfway to the row of nodes above. All the other
element types can be considered as a subset of the area of the type 1 rectangle, and are drawn
to this scale in the figure.
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Figure 52. Capacitive element types

As before, elements are created by stepping through the shape array and examining the shape
label for each node. The number and types of elements created depends only on the shape
label of the current node: one or more elements are always created. Table 11 shows for each

element type the shape labels that result in its creation. A particular shape label will result
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Element Shape Labels Element Shape Labels
Rectangle type 1 50,51
Rectang] ) 67,116,117,175, Rectang] b 63,131,132,141,
e (J a ec e
ope 176,185,186,187 wpe 142,143,152,153
Rectang] 3 61,118,121, Rectanele tvoe 3b 65,154,163,
angle a ec e
ype 127,128,138 gle type 164,165,174
R ol 4 134,135,138, Rectan 4b 127,152,153,
ectangle a ec e
e 144,145,175,185 gle type 156,157,166,167
Rectang] 4 131,141,171, Rectangle type 4d 112,113,116,117,
e e c ec e
e 174,178,181,188 ype 122,123,163
Triangle type la 121 - 128 Triangle type 1b 62
Trianel 1 112,122,132,142, Triansle tvpe 2 114,124,134,144,
riangle c riangle a
gle ype 152,172,182 gl bvpe 154,164,174
Triangle type 2b 64 Triangle type 2¢ 141 - 147
Triangle type 3a 181 - 188 Triangle type 3b 68
Triang] " 118,128,138,158, Trianele tvpe 4 116,136,146,156,
riangle C riangle a
e 168,178,188 gle ype 166,176,186
Triangle type 4b 66 Triangle type 4c 161 - 168
Table 11. Capacitive elements created for various shape labels

in the creation of at most three sub-elements, which together represent one capacitor plate

in the equivalent circuit.

Figure 53 shows the set of capacitive elements created for the example polygon, again

shown slightly reduced in size.
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Figure 53. Capacitive elements for the example polygon

7.7 Ways of Improving Efficiency

There are two main sources of inefficiency in the model developed so far. The first is to
do with the geometry processing, which in some circumstances can generate an excessive
number of elements. The second is to do with the equivalent circuit generated, which can
become excessively large. This is particularly the case in modelling non-ideal ground
conductors, where all possible couplings must be considered, but can also be a consequence

of the first problem.

This section examines briefly ways in which these inefficiencies might be improved. None
of these ideas have been fully implemented, and they would form an interesting and useful

piece of additional work.
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P1. p2 P3

1 7

Figure 54. Geometry of polygon example to show excessive subdivislon: comers are numbered,
bondpoints are marked with a cross and labelled

7.7.1 Improvements to Geometry Processing

Two different ways of modifying the geometry processing have been identified. The first
would result in the generation of fewer elements within FACET, while the second would
amalgamate several FACET elements into one equivalent circuit element where possible,

thus reducing the size of equivalent circuit generated.

7.7.1.1 Generating Fewer Elements

Input geometries with one or more of the following features can result in an excessive

number of elements being generated:

» sides which are not quite parallel to the global axes
« comers on different parts of the polygon with almost the same X or Y co-ordinate

» bondpoints with almost the same X or Y co-ordinate as each other or as a cormer
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Figure §5. Grid lines generated for the example polygon

An example of a polygon with many of these features is shown in Figure 54. This has seven
sides, numbered in a clockwise sense in the figure, and three bondpoints, labelled as Pn
(where n is 1, 2 or 3) in the figure. The side between corners 5 and 6 is not quite parallel
to the X axis, while corner 3 has a slightly different X co-ordinate to corners 6 and 7. Also
(and slightly more obviously), the three bondpoints P1, P2 and P3 all have slightly different
Y co-ordinates. Figure 55 shows the effect of this on the geometry processing. An
excessive number of grid lines have been generated, some very finely spaced. Because of

this, 276 elements were generated, as 177 inductive elements and 99 capacitive elements.

This can be improved by the following steps:

» set the Y co-ordinates of comers 5 and 6 to the mean of their original Y co-ordinates
« set the X co-ordinates of comers 3, 6 and 7 to the mean of their original X co-ordinates
e set the Y co-ordinates of the three bondpoints to the mean of their original Y

co-ordinates
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Figure 56. Grid lines generated for the example polygon after realignment of cormers and
bondpoints

This results in the set of grid lines shown in Figure 56, a considerably smaller set than
before. For this modified geometry, 77 elements were generated, as 46 inductive elements

and 31 capacitive elements.

This demonstrates that a useful addition to the geometry processing would be a
pre-processor, which looked for the sort of problem cases outlined above and realigned the
appropriate comers and bondpoints. Rules would need to be built in to this so that features
were moved no more than a “reasonable” distance. The definition of a reasonable distance
would take account of the size of the polygon, the typical size of other features on the circuit
board and the maximum frequency of operation. Such a pre-processor should be relatively

simple to implement, and of considerable use.
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7.7.1.2 Generating Fewer Components

Even after the steps suggested in the previous section have been taken, there may be more
equivalent circuit components generated than are necessary on grounds of electrical length.
Components can be up to a tenth of a wavelength square at the highest frequency in the
simulation with good accuracy retained. However, the elements within FACET are often
smaller than this, either because the geometry of the polygon forces more subdivision or
because the greater subdivision is necessary to obtain an accurate representation of the
charge and current distributions.

It would therefore be useful to be able to combine several elements together to form one
equivalent circuit component where this is appropriate. Such processing is already
performed in FACET for track elements, and the same principles could be applied to
polygons. A possible procedure could be:

» create the set of grid lines and nodes as described in sections 7.2 to 7.5

e identify a reduced set of nodes spaced up to a tenth of a wavelength apart - these nodes
are the ones to which the larger equivalent circuit components will be attached

+ generate inductive and capacitive elements as described in section 7.6, but associating
them with just the reduced set of nodes

This approach would produce sets of capacitive elements to be combined to form single

capacitor plates, and sets of inductive elements to be combined to form single inductances.

The combination of capacitive elements can be handled in the same way as it is for track
capacitive elements in FACET already. However, the combination of inductive elements
may be more complicated, as there are no simple formulae for combining a sets of series
and parallel inductors (together with mutual inductances) into sets of single inductors with
mutual inductances between them. The approach suggested in the next section may therefore
be more useful in general.

7.1.2 Reducing the Size of the Equivalent Circuit

The equivalent circuit generated for a polygon typically has a large number of components
and nodes, but very few of the nodes are connected to anything outside the polygon itself.
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In a frequency domain analysis, the effect of all these components could be represented by
an N port admittance matrix, where N is the number of external connections.

This relates the column vectors of voltages at circuit nodes, [V] and net (inward) currents
at circuit nodes, [I]. Denoting the admittance matrix by [ Y], the relationship is

(11 = [r]1LVv] 7.1

This matrix contains N? entries for each frequency in the simulation, and so can involve
many fewer values than the full set of equivalent circuit components for a typical polygon.
If it can be generated in less time than PHILPAC or PANACEA takes to analyse the full
equivalent circuit, then this could be a useful approach. In fact, even if the time taken is
greater than that for the full circuit simulation it may still be useful. This is particularly the
case if many different signals are to be applied to the same circuit, when the admittance
matrix need only be generated once.

The full admittance matrix for the polygon, involving all the nodes, must first be generated.
This consists of four parts:

1. an inductive part [Y,], which only depends on frequency through the scaling factor
1/®
a capacitive part [ Y], which only depends on frequency through the scaling factor ®
an inductive part [YL] due to the skin effect, with more complex frequency dependence
a resistive part [Y;] also due to the skin effect, with more complex frequency
dependence

These parts can then be combined at each frequency to form the full admittance matrix, and
the nodes without external connections are compressed out of it, leaving the required N port
admittance matrix. These stages are now described in tumn,

7.7.2.1 Generation of the Inductive Part of the Admittance Matrix

Given a set of N inductors, the N X N inductance matrix [L] relates the current flowing in
one inductor to the voltage appearing across another. For the i* and j* inductors, this
relationship is
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A
L7, (1.2)
= j(DL‘JI,

<

where V; is the voltage induced across the j* inductor; I, is the current flowing through the i*
inductor; L; is the mutual inductance between the two inductors; and harmonic time
dependence of angular frequency ® has been assumed.

To obtain the inductive part of the admittance matrix, what is needed is the relationship
between voltages at nodes (rather than between nodes) and currents at nodes (rather than
through components). The necessary steps to do this are:

Form a list of all the nodes to which one or more inductors are connected.

2. Set the voltage at the first node to 1V and that at all other nodes to OV. Solve for the
currents at all the nodes. This gives the first column of the admittance matrix.

3. Generate the remaining columns of the admittance matrix in the same manner, with each

node in turn set to 1V.

To obtain the nodal currents requires N’ solutions of the set of equations
jolr1[L] = [V] (7.3)

where the column vector [ V] is now the set of unit and zero voltages across inductors, and
N’ is the total number of nodes in the equivalent circuit. Each solution of the above equation
provides one column of the inductive part of the full admittance matrix, [¥,]. The only
frequency dependence in this part of the admittance matrix is an overall factor of 1/®.

[Y.] could be regarded as being caused by self inductances alone, so this approach could
be used to remove mutual inductances from a circuit if it was necessary, for example if a
circuit simulator could only handle a very limited number of them. This equivalent set of
self inductances is much larger than the original set, containing in principle a self inductance

between each pair of nodes, and some of the values can be negative.

7.7.2.2 Generation of the Remaining Parts of the Admittance Matrix

The remaining parts of the admittance matrix can be calculated much more easily. Take the
capacitive part first. The (i,j) element in the admittance matrix is the net inward current at
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the j* node with unit voltage applied to the i* node and zero voltage to all other nodes.
Hence for the capacitive part of the admittance matrix [ Y], the element Y is

where C; is the capacitance between the i* and j* nodes. If there is no capacitance present,

then the admittance matrix element is zero.

The remaining parts of the admittance matrix are found similarly. The full admittance
matrix at angular frequency @, [Y], is then

[v] = [xn] + [¥c] + [ 1 + [R] (7.5)

7.7.23 Compression of the Admittance Matrix

The admittance matrix generated in equation 7.5 is an N’ port matrix. The final step is to
compress this admittance matrix down to the required N port admittance matrix. Writing

equation 7.1 in a more explicit form,
Nl
L= YV (1.6)
1

Assume that only the first N nodes in the set correspond to the required external connections.
Hence, there can be no net current at the remaining nodes, ie.
I, =0 N+1<i<N .7

Consider the final row of the admittance matrix. Since /- = 0, equation 7.6 can be written

as

-1 -
_ N VY
W = Z Yn 7.8)
=

This enables equation 7.6 to be rewritten as
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L =YYV, @.9)
F1
where
, YvYw;

Y,/ is now an (N’ —1) port admittance matrix. Hence, successive application of equation 7.10
can reduce it to the required N port admittance matrix.

7.7.3 Test Results

A short program was written to test out these ideas. It only deals with inductances,
converting an inductance matrix of self and mutual inductances to an admittance matrix,
compressing this admittance matrix as required, and then converting the reduced admittance

matrix to a set of self inductances.

A test run was performed using an example with 175 self inductances, 8141 mutual
inductances and 108 nodes. This was compressed to an 8 port admittance matrix, and the

simulation times compared. The results were:

e PHILPAC analysis of the full equivalent circuit took about 15 minutes for the first
frequency point and 5 minutes for each subsequent point

» Conversion of the inductance matrix to an 8 port admittance matrix and then to a set
of 28 self inductances took 14 seconds

» PHILPAC analysis of the resultant circuit took 0.3 seconds for the first frequency point
and 0.02 seconds for subsequent points

In this case the compression only needed to be performed once. This is because only
inductances were involved, and so the frequency dependence of all the terms in the
admittance matrix was the same. The improvement in simulation time is dramatic, and

would still be considerable if the conversion had to be performed for every frequency point.



- 158 -

Some effort would be required to set up a scheme for labelling the nodes to be compressed
out of the admittance matrix, but apart from this the implementation should be
straightforward.

7.8 Conclusions

This chapter has described all the steps taken to process the geometry of the polygon into
sets of nodes and elements, to be represented by components in the equivalent circuit. These
steps enable the processing to be performed efficiently, generating the smallest possible
number of elements.

Some particular input geometries can cause excessive subdivision. These were discussed,
together with the problem of excessively large equivalent circuits being generated.
Implementation of the pre-processor for the geometry processing and the equivalent circuit
compression scheme described should enable the efficiency of simulations to be improved
considerably. It would therefore be most worthwhile to investigate these possibilities.

The next chapter examines several examples of the use of these methods, demonstrating their
accuracy and discussing efficiency issues where they arise.
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Chapter 8
Results

8.1 Introduction

The methods described in this thesis have been incorporated into FACET. This chapter
examines several different examples of the many problems which have been modelled using
these methods. The results are compared either with experimental data or with previously
published work, and give a good indication of the accuracy possible.

As described in Chapters 2 and 7, a given layout is divided into a set of inductive and
capacitive elements, representing self inductances and capacitor plates in the equivalent
circuit model. The number of inductors or capacitors in the equivalent circuit can be much
greater, because there is, in principle, a mutual inductance between each pair of self
inductances in the model, and a capacitor formed from each pair of capacitor plates in the

model.

8.2 Microstrip Filter

This design is for a low pass filter with a bandwidth of about 2 GHz. The layout is shown
as the first picture in Figure 57. It consists of a line about 47mm long and 0.25mm wide,
with three wider sections (respectively 5.1mm, 3.1mm and 1.3mm wide) and two stubs, each
of which is terminated by a larger area of metal. The input end of the filter is labelled with
a “1”, and the output end of the filter is labelled with a “2”. The substrate is 0.635mm thick
alumina, with a dielectric constant of 10.5 and a loss tangent of 0.0025. The tracks are
formed from 20um thick copper, and there is a ground plane, which is assumed here to be
ideal, on the bottom face of the substrate. Measurements were made of the attenuation of
the filter with 50Q terminations.
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Figure 57. Layout of microstrip filter and subdivision into elements

The filter was modelled in two ways. In the first, all conductors were modelled as tracks,

for which only one component of current is allowed. In this example that component is

parallel to the long tracks. The subdivision of the layout for this model is shown as the

second picture in Figure 57. The subdivision was such that no equivalent circuit component

was more than a tenth of a wavelength long at 10 GHz, resulting in 144 elements, grouped
into 81 self inductances and 71 capacitor plates.

In the second model, the five larger areas of metal were represented by polygons. This

subdivision is illustrated as the third picture in Figure 57. This resulted in 497 elements,
grouped into 304 self inductances and 201 capacitor plates.
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FACET PHILPAC
Model RADIUS MININD | MINCAP _
time (s) time (s)
Tracks Smm 77 1051 10°18F 350
3mm 82 10151 10°18F 4830
Tracks and 12 15
Smm 154 10121 10°15F 2210
Polygons 15 18
5mm 154 1051 10°18F 14100

Table 12. Simulation times for microstrip filter

The RADIUS parameter in FACET enables the interaction (ie. mutual inductance and
capacitance) between elements separated by more than this distance to be ignored, and can
reduce considerably the size of the equivalent circuit generated. In addition, there are two
parameters, MININD and MINCAP, which are used in the translation of the FACET output
of equivalent circuit components into the PHILPAC or PANACEA file. These discard any
mutual inductors or capacitors with numerical values smaller than the given values, enabling
the PHILPAC file to be considerably reduced in size. All of these parameters need to be
used with care. If too many couplings are ignored the simulation will be inaccurate, while

if too few are ignored the computation time will be excessive.

Table 12 shows the simulation times for the various cases. The PHILPAC time is for a run
with 100 different frequencies. This shows the dramatic difference in times that can result
from variations in these three parameters. It is now necessary to determine the relative

accuracy of these simulations.

Figure 58 shows results from the tracks only simulation; the tracks and polygons simulation
with a RADIUS of 3mm; and experimental measurements. The tracks and polygons

simulation is much more accurate than the tracks only simulation. The agreement is almost

perfect up to 6 GHz, and still quite close at higher frequencies. The discrepancy above 6 GHz

is principally a frequency shift, with the model predicting features at higher frequencies than
they are found in the measurements. This may be due to dispersion [Edwards, 1981].
Formulae suggest that for this situation, the effects of dispersion are to increase the effective
dielectric constant, and hence the value of the equivalent circuit capacitors, by about 1.5%
at 6 GHz and 3.7% at 10 GHz. This would tend to decrease the frequencies from those
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Figure 58. Predicted and measured responses of microstrip filter

predicted by about 0.75% and 1.75% respectively, and would go some way towards
explaining the slight discrepancy.

Increasing RADIUS to Smm was found to have very little effect, demonstrating that 3mm
was sufficiently large for this parameter: this is about five times the substrate thickness, at
which distance the presence of the ground plane has attenuated the potentials considerably.
The table shows that varying the MININD and MINCAP parameters had a dramatic effect
on the simulation time. Over the range of values used there was little noticeable effect on

the accuracy. Hence, the largest values were used, giving the shortest simulation times.

The difference between the two simulations indicates, as might be expected, that it is not a
good approximation to assume that the currents in the five larger areas of metal flow parallel
to the axis of the filter. The excellent agreement when these areas are modelled by polygons

indicates that the model is good, and the simulation times are not made too excessive.
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Figure 59. Subdivision of Y type layout with polygon ground plane: X inductive elements in the
ground plane are shown dotted, input and output ports are arrowed.

8.3 Y Type Layout

The next example is a specially fabricated test layout. This is shown in Figure 59, and
consists of two tracks, each Imm wide, forming a “Y” shape. The substrate was 1.6mm
thick MAS-FR4-74, 100mm long and 50mm wide. Measurements were made to establish
its actual dielectric constant and loss tangent at frequencies up to 500 MHz by constructing
a parallel plate capacitor: these were found to be 4.90 and 0.017 respectively. There is a
ground plane on the bottom face of the substrate, metallised with 15um of solder on top of
18um of copper, the same material as the tracks.

With a port formed between each track end and the ground plane, the layout was a four port
network. Twoport measurements of the attenuation of this layout were performed, using the
port labelled “1” as the input port and the port labelled “2” as the output port. The other
two ports had 50Q chip resistors connected across them. These were found to have a
significant inductive impedance at high frequencies, and so measured rather than ideal values
for the termination impedances were used in the simulations. This improved the accuracy
of the simulations considerably.

The layout was modelled in two ways. The first model treated the ground plane as ideal.
The tracks were subdivided into 32 clements, grouped into 18 self inductances and 16
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Figure 60. Predicted response of Y type layout with polygon ground plane: showing the effect of
varying RADIUS.

capacitor plates. The second model represented the ground plane as a polygon. The
subdivision for this model is shown in Figure 59, where the tracks and the polygon ground
plane are superimposed, and the elements in the polygon are shown dotted. The subdivision
was such that no equivalent circuit component was larger than a tenth of a wavelength at

1 GHz, resulting in 277 elements, grouped into 175 self inductances and 104 capacitor plates.

Model RADIUS FACET time (s) PHILPAC time (s)
Ideal ground plane 10mm 6 7
10mm 20 2100
Polygon ground
40mm 57 18000
plane
200mm 82 21000

Table 13. Simulation times for Y type layout
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Figure 61. Predicted responses of Y type layout with polygon and ideal ground planes

Table 13 shows the simulation times for the various cases: the PHILPAC time is for a run
with 100 different frequencies. For the model with the ideal ground plane, a RADIUS of
10mm was sufficient, and larger values did not alter the simulation results significantly.
For this case, both the FACET and PHILPAC simulations were fast.

However, for the model with a polygon ground plane, larger values of RADIUS were
necessary. Figure 60 shows the simulation results for several values of RADIUS, compared
with the experimental results. This shows that a RADIUS of 200mm is necessary, ie. no
couplings can be ignored, if accurate results are needed - although at the lower frequencies
(below 400 MHz) the differences are small. It was also found that discarding equivalent
circuit components by using MININD and MINCAP changed the results considerably. The
FACET run time was still fast, but the PHILPAC run time was rather long, taking nearly
six hours to produce 100 results. Ways in which this time could be improved were discussed
in Chapter 7.
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Figure 61 compares the results from the model with an ideal ground plane to those from the
polygon ground plane model. In general, the differences are small, but the polygon ground
plane gives significantly better results between 500 MHz and 1000 MHz. At higher
frequencies, the ideal ground plane model gives better results. This is probably because the
subdivision of the ground plane in the polygon model is not sufficient to resolve all the
details of the current flow in the ground plane. However, it is not practicable to increase
the subdivision until improvements to the speed of the PHILPAC solution phase of the
problem have been made.

These results show that some improvement to the accuracy of a simulation can be made by
modelling the ground plane with a polygon. However, the simulation times are rather long
at present, so this facility should be used sparingly.

8.4 Current Flow in Ground Conductors

When a circuit board is designed using ground conductors for return current paths, it can
be important to know where the current will flow in these. The intuitive answer is that it
will take the shortest path possible. In fact, however, it will take the path of lowest
impedance, which may or may not be the shortest path. It has been suggested [Barrow,
1989] that even at a relatively low frequency (in RF terms) of 1 MHz, the return current
will tend to flow undemeath the tracks providing the signal.

This has been investigated with the simple layout shown in Figure 62. This consists of a
track in the shape of a “U”, with each side having a length of 10mm and a width of Imm,
on the top face of a substrate 1mm thick with a dielectric constant of 5. The bottom face
of the substrate has a 20mm square polygon, to represent a ground conductor. One end of
the track was connected to the polygon with a via (which is modelled as a single inductor),
and the simulation was performed for a voltage source connected between the other end of
the track and the ground conductor. The metallisation of the track and polygon was
modelled as 15um of copper. At frequencies below 10 MHz, this has a surface resistance
of about 1.15mQ per square.

The polygon was subdivided finely enough to be able to resolve the details of the current
distribution. This resulted in 807 elements, grouped into 514 self inductances and 273
capacitor plates. RADIUS was set to Smm, since the results for the Y type layout showed
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Figure 62. Layout for demonstrating current flow in a ground conductor: X inductive elements in
the polygon ground conductor are shown dotted

that at low frequencies a small value for RADIUS is adequate, and this value allows
sufficient couplings to be included. As was the case for the Y type layout, discarding
equivalent circuit components by using MININD and MINCAP changed the results
considerably. The FACET run took 322s, or just over 5 minutes. The PHILPAC run took
15400s, or nearly 260 minutes for just one frequency point.

A modified form of the power flow plot facility in FACET was used to plot the magnitude
and direction of the current flowing in the polygon at two different frequencies. Figure 63
shows the current flow at 1kHz, and Figure 64 shows the current flow at 1 MHz. In both
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Figure 63. Direction and magnitude of current flow at 1 kHz

figures, the arrows indicate the direction of the current flow by their orientation, and the
magnitude of the current (on a linear scale) by their length. At 1kHz, the current takes the
shortest path, while at 1 MHz it principally flows undemeath the tracks, as predicted.

The free space wavelength of a 1 MHz radio wave is 300m, so this change has nothing to
do with propagation effects. The explanation is in terms of inductance. The area of the loop
defined by the route taken by the current at 1 kHz is approximately 100mm?, while that of
the loop defined by the route taken by the current at 1 MHz is approximately 30mm?2. Hence

the self inductance of the 1 kHz route would be expected to be rather more than that of the
1 MHz route.
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Figure 64. Direction and magnitude of current flow at 1 MHz

Figure 65 shows this effect more clearly. At low frequencies, the inductive component of
impedance is negligible, and the current follows the path of least resistance. At 1 kHz this
path has a resistance of 36.8mQ and an inductance of 17.5nH (which represents an
impedance of 0.110m£2). At high frequencies, the inductive component of impedance
dominates, and the current follows the path of least inductance. At 1 MHz this path has a
resistance of 42.5mQ and an inductance of 12.1nH (which represents an impedance of
76.0m2). Hence, between 1 kHz and 1 MHz, the route taken by the current changes in order

to use the path of lowest impedance.
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8.5 Capacitance of Square Plates

This section examines the capacitance of a square conducting plate in free space, and the
capacitance of a similar plate to ground when the ground plane is close. Similar examples
are commonly found in the literature, so this provides a check on the accuracy of the
capacitance solution developed in this report. The subdivision of the square into capacitive
elements is shown in Figure 66. The geometry processing method adopted results in the
edge elements being half the width of the other elements, which improves the accuracy of
the solution [Ruehli and Brennan, 1973]. This is principally because it enables better
modelling of the rapid charge density variations near to the edge of the square.

The first example is the capacitance of a 1m square plate in free space. This was simulated
with an ideal ground plane a long distance (1000km) away and adding together all the
capacitances to ground of the capacitive elements. The results are shown in Figure 67 for
various subdivisions of the square. In all cases RADIUS was set large enough for all

couplings to be considered, as otherwise the values calculated were in error. The greatest
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subdivision examined was 31 capacitive elements per side, a total of 961 elements, taking
about 1 hour to simulate. Coarser subdivisions took much less time (eg. 1 minute for 13
elements per side). The convergence of the results is quite fast, with a capacitance of 40.58
pF for 31 elements per side. This is close to the result obtained by Ruehli and Brennan
[1973] of 40.54 pF. They achieved faster convergence by the use of the Galerkin method
rather than the point collocation used here and by the use of narrower edge elements.
However, these would increase the computation time considerably, and have little effect on

the accuracy of the solution for the intended problems.
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Figure 67. Capacitance of a 1m square plate in free space

The second example is a square with sides of 20mm placed 2mm above an infinite ground
plane. The results are shown in Figure 68 for various subdivisions of the square. For a
parallel plate capacitor of these dimensions, the expected capacitance would be 1.771 pF.
That predicted is 2.725 pF with 31 elements per side, or roughly 50% more, so the effects
of fringing capacitance are still considerable. Reitan [1959] modelled parallel plate
capacitors by subdividing each plate into 36 equally sized elements with constant charge in

each, using approximate relations for the potential.

By the method of images [Bleaney and Bleaney, 1976, pp.48-56], it can be seen that the
capacitance to ground of a capacitor plate above an ideal ground plane is double the
capacitance of a parallel plate capacitor with two plates of the same size as the original plate,
separated by twice the distance between the original plate and the ground plane. Reitan
predicts a capacitance of 0.6629 pF for plates 10mm square spaced by 2mm, which scales
to 1.3258 pF for plates 20mm square. Hence, the value predicted by Reitan for the
configuration examined here is 2.652 pF, in good agreement with the value obtained from
FACET.
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The second example converges less rapidly than the first. This is because the of the presence
of the ground plane, which makes the charge density more constant over the majority of the
square, with a sharper variation at the edges, and hence a greater subdivision is necessary
for the same accuracy. This specific problem could be tackled more efficiently by having
more small elements near to the edges, and fewer large elements in the interior. However
this would then be less applicable to the more general problems for which FACET is

required.

8.6 Conclusions

The four different examples examined in this chapter have demonstrated that the accuracy
achievable using polygons in FACET is very good, enabling accurate modelling of layouts
that could not be modelled before. The simulation run times are reasonable, except when

modelling complex polygon shapes which require extensive subdivision on purely
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geometrical grounds, or for simulations with no ideal ground plane, when all couplings must
be included at high frequencies. For these cases, improvements to the efficiency would be
most worthwhile. Possible methods for achieving this were discussed briefly in Chapter 7.

The combination of the high accuracy achieved and the reasonable simulation times provides
the main justification for the approximations introduced into the theory of Chapter 2. The
equivalent circuit model is therefore a useful and efficient way of representing the electrical
behaviour of circuit boards.
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Chapter 9

Conclusions and Future Work

9.1 Conclusions

The work described in this thesis is concemed with modelling the electromagnetic behaviour
of metallisation patterns on PCBs. The model selected was an equivalent circuit model, and
the derivation of this from Maxwell’s equations was described. This derivation involved two

main assumptions.

The first assumption is that the effects of retarded potentials can be ignored. This is
effectively a quasi-static assumption. Although the vector and scalar potentials used to
compute the values of the equivalent circuit components are calculated at zero frequency,
they are then linked through the current continuity equation and the equation for the electric
field, which do include time variations. This assumption implies that, for accurate results,
the dominant coupling effects should take place over relatively small separations, where the

retarded potentials are very similar to the static potentials.

The “rule of thumb” which has been used here is that separations of less than five times the
distance from the top of the substrate to the ground plane can be considered as small. It
was shown in Chapter 3 that the potential falls off rapidly with distance from a source when
a ground plane is present, as is usually the case, suggesting that this assumption is likely to
be valid for most layouts. As an example, the results for the microstrip filter examined in
Chapter 8 were extremely accurate when all couplings over a distance of 3mm or more were
ignored. This distance corresponds to about five times the substrate thickness. The results
were accurate up to the maximum measured frequency of 10 GHz, with some slight
frequency shifts becoming apparent above 6 GHz. These shifts were believed to be caused
by dispersion, and are therefore an indication that the retarded potentials are beginning to
differ from the static ones over such distances, which might be expected since 3mm
corresponds to about a quarter of a wavelength at 10 GHz
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The only case for which this approximation seems more questionable is when there is no
ground plane present. The Y type layout described in Chapter 8 was modelled both with
an ideal ground plane, and with this ground plane represented by a polygon. When modelled
with an ideal ground plane, couplings over distances of more than 10mm had virtually no
effect, which is less than a tenth of a wavelength at the highest measured frequency of
1.4 GHz. When modelled with a polygon representing the ground plane, however, all
couplings had to be included for accurate results to be produced. The largest separation
was about 110mm, corresponding to about a wavelength at the maximum frequency. The
results produced were slightly more accurate than those with the ideal ground plane model,
even at the higher frequencies. This suggests that the errors introduced by the absence of
retarded potentials must cancel out to a large extent, so the model is valid at rather higher
frequencies than would be expected.

In summary, the quasi-static approximation seems to hold rather well for typical PCB
geometries, even into regimes where it might be expected to fail.

The second main approximation is that the actual charge and current distributions are
approximated by finite sets of basis functions. The effects of this are reduced considerably
by the choice of physically realistic basis functions. For tracks (not the main subject of this
thesis) this is done by having singular basis functions in the width to model the effects of
the track edges, and polynomial distributions in the length to model other variations.

The model for polygons developed in this thesis used constant basis functions, as the charge
and current distributions are only slowly varying in the interior of a typical polygon. These
basis functions are likely to be rather less accurate near the edges of the polygon, although
helped somewhat by having narrower elements adjacent to edges. The intention was to see
how accurate the results produced by this model were before deciding whether it was worth
adding in basis functions with the flexibility to model the distributions more accurately.
The accuracy of the results presented in Chapter 8 suggests that such refinements are
unlikely to yield dramatic improvements in accuracy in most circumstances. It may be
worthwhile investigating whether better modelling of the edge behaviour is necessary for
particular geometries, and this forms part of the suggested future work.

With the theoretical basis for the model established, the next task was the evaluation of the
scalar and vector potentials due to the various charge and current distributions. Chapter 3
detailed the solution to the first part of this problem, calculating the scalar and vector
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potential Green’s functions, effectively the potential due to point charge and current sources
respectively. The method adopted was to take a general class of structures, consisting of
three infinite dielectric layers and two infinite, ideal ground planes, and obtain expressions
for the potential at any position due to a point source at any position. The solution was
obtained in the spectral domain, a fairly standard approach. By manipulating this solution,
it was expressed in a form amenable to an inverse Fourier transform, so that the results could
be expressed in the spatial domain. These results were obtained in the form of infinite series
of point source potentials. For most cases of interest, the series were shown to converge
rapidly, so that typically only ten or twenty terms were needed to obtain a solution of good
accuracy. As well as being an efficient solution in its own right, this form could be
convolved efficiently with the basis functions for charge and current distributions, and in the
same way for different PCB structures. This simplified the software creation task
considerably.

Chapter 4 showed how the simplest of these solutions, that for the vector potential in free
space, could be used to compute the self inductance of a via and the mutual inductance
between two vias. Some attention was paid to obtaining an approximate form of the
expression for the mutual inductance, the result being an expression which could be
evaluated over a hundred times faster than the full expression, but was almost as accurate.

Chapter 5 then tackled the more general task of convolving the Green’s functions derived
in Chapter 3 with the basis functions for track and polygon elements. For the polygon
elements, the basis functions are constant charge and current density, and the convolution
integrals were performed analytically. The expressions derived enabled the potentials to be
computed very efficiently, many times faster than would be the possible using numerical
integration. Analytic expressions were also derived for the self inductance of a rectangular
polygon element and the mutual inductance between two parallel rectangular polygon
clements. The self inductance could be evaluated very much more rapidly than using a
numerical approach. For the mutual inductance the difference was rather less marked, but
the analytic expressions still have the advantage of guaranteed accuracy.

For the track elements, the presence of the edge singularities in the basis functions meant
that the convolution integrals could not be performed completely analytically. However,
much of the integration could be performed analytically, leaving only a single numerical
integration to perform. Careful attention to this enabled the potentials for up to six basis
functions to be evaluated in little more time than that for one, and the resulting subroutines
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were shown to have their speed limited mainly by the time taken to calculate mathematical
functions (principally square roots, logarithms and sines) on the computer. Some attention
was also paid to the method of numerical integration, the selected method being shown to
have good efficiency. The software was written so that other integration methods could
easily be slotted into place should ones with better performance be found.

Chapter 6 detailed a series of tests that were performed on the subroutines described in
Chapter 5. These checked the internal consistency of routines and showed that the results
from different routines joined together properly at the boundaries of their regions. They also
checked the results against known solutions, such as the potential due to a point charge.
The purpose of these tests was to demonstrate that the routines behaved in the expected
manner, so that they could be used with confidence in the rest of the work.

The only remaining task before results could be obtained was the creation of an appropriate
set of elements from the geometry of the metallisation pattern on the PCB. Chapter 7
described how the subdivision into elements was performed for areas modelled as polygons.
The methods used for other metallisation shapes, and the details of how all the different
elements are formed into sets for the overall solution to occur, were not part of this work,
and are not described here.

The method developed took advantage of the fact that most polygonal areas on a PCB are
found to have straight edges, predominantly parallel to the PCB edges. A grid was formed
from the geometry, and around this sets of rectangular and triangular elements were formed.
These in turn could be associated with self inductances and capacitor plates in the equivalent
circuit model. The method had to deal with rather irregular shapes, and so the grid could
not be a simple regular one, as often seems to be used. A comprehensive classification
scheme for labelling the different geometrical features was developed, and the method can
handle complex shapes, with concave and convex areas and cut-outs.

It was recognised that some geometries caused excessive subdivision, and therefore
unacceptably long simulation times. Modifications to the geometry processing were
proposed which would solve several of these problems. To address the more general
problem of excessively large equivalent circuits being produced, a method for transforming
these into a much smaller admittance matrix was proposed, and demonstrated for a simple
example. This has the potential for a very large improvement in efficiency, and its full
development should have a high priority, since at present the time taken for a circuit analysis
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can often be much larger than that taken for the full 3D field analysis performed within
FACET.

With the various pieces of the work described, the final (and most important) question was,
how well did the simulation results compare with experiment? Chapter 8 addressed this
issue for four different examples. Two could be compared directly with experiment, and
excellent accuracy was demonstrated. The other two examples were to compare against
literature results, again giving results of very high quality.

In conclusion, the results of this work must stand by their accuracy and efficiency. It is
hoped that both have been amply demonstrated in this thesis.

9.2 Summary of Achievements

The achievements made during the research were outlined in the main part of this thesis.
They are summarised below:

1. The equivalent circuit model developed for the Philips PCB simulator FACET has been
extended to model polygonal areas of metal, with arbitrary directions of current flow.
It has been shown that this model provides an approximate solution to Maxwell’s
equations. The approximations are that the treatment is quasi-static, ie. radiation effects
are ignored, and that the charge and current distributions can only assume certain forms.
Both approximations are well founded, and it was shown that this approximate solution
satisfied Kirchhoff’s first and second laws exactly.

2. Green’s functions have been derived for the electric scalar and magnetic vector potential
for a configuration with three layers of dielectric material and two perfectly conducting
ground planes. This configuration is able to model the majority of PCB structures.
The Green’s functions were obtained as infinite series of point sources in the spatial
domain, which is a very convenient form for computational purposes.

3. A large set of Green’s functions has been derived for simplified structures with fewer
ground planes, fewer dielectric layers or a combination of the two. Other simplified
Green’s functions have also been derived for particular combinations of source and
object point locations. All of these have the major advantage of a reduced
computational complexity, and are applicable to many cases of interest to PCB
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modelling. The convergence of the series derived was examined for several of these
cases and shown to be good, often only requiring ten or twenty terms to be computed

for results of good accuracy.

The Green’s functions derived for some of the simpler configurations have been shown
to correspond to those derived by other authors using the method of images. The
method detailed here has the advantage of being able to derive Green’s functions in
situations where they would be much too complex to derive readily using the method

of images.

A model for the self inductance of a via and the mutual inductance between parallel
vias has been developed. The expression derived for the self inductance of a via is very
fast to compute. An approximate expression has been developed for the mutual
inductance that is over a hundred times faster to compute than the exact expression, but

is only marginally less accurate.

Analytic expressions have been derived for the scalar and vector potentials due to
constant charge and current densities defined on rectangular and triangular elements,
used within polygon areas. In addition, analytic expressions for the self inductance of
a rectangular element and the mutual inductance between two parallel rectangular
elements have been derived. These have been presented in a compact form, and a set
of subroutines has been developed to incorporate these results. The subroutines were
shown to be extremely efficient.

Expressions have been derived for the scalar and vector potentials due to the singular
charge and current density distributions used within track elements. These have as
much as possible of their form derived analytically. Numerical integration techniques
have been investigated to make the numerical part of the evaluation as efficient as
possible. A set of subroutines has been developed to implement these results. These
subroutines have been shown to be efficient, taking only three or four times longer to
run than the subroutines implementing the analytic results.

A wide range of tests has been performed on the subroutines developed, both on their
own and as part of the FACET system. These tests demonstrated that the subroutines
gave the answers that would be expected in a variety of special situations, and so giving
good confidence that their implementation has been performed correctly.
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An algorithm for subdividing a polygonal area into the sets of elements required to
produce the equivalent circuit model has been developed. This required the
development of a detailed classification scheme for the types of comers and sides
present in various polygon geometries and the development of algorithms to generate
the correct size and shape of elements to model the polygon geometry exactly.

Problems which may occur with particular polygon geometries have been identified, and
solutions proposed. One partial solution is the creation of an admittance matrix to
represent the equivalent circuit produced. This admittance matrix can then have the
rows and columns corresponding to the internal nodes (those with no connection to
external circuit components) compressed out. This method has been demonstrated to
have the potential to improve simulation times dramatically, and to be applicable to all
FACET equivalent circuits, not just those containing polygons.

Results of FACET simulations on four different designs have been presented, all the
designs incorporating areas modelled as polygons. Two of these were compared with
experimental results, and two with literature results. The accuracy of the simulations
was shown to be very good, thus demonstrating the validity of the models developed
in the remainder of the thesis.

9.3 Areas for Further Work

During this research, a preliminary investigation of methods for improving the efficiency

of FACET simulations was undertaken. This is worthy of follow-up studies, which are

outlined below together with other potential areas for future work.

The first problem identified with the use of FACET is that of an excessive number of
elements being generated. This is a particular problem for certain polygon geometries,
and could be improved somewhat by the development of a pre-processor which detected
such types of geometries, principally features which are not quite aligned, and took
appropriate action, namely aligning the features if the movement required was not too
excessive. Such a pre-processor should be relatively simple to implement, and of
considerable usefulness.

The second, and more major, problem identified is the production of extremely large
equivalent circuits, which are very slow to analyse using circuit simulators. These are
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a particular problem when simulating non-ideal ground conductors, when all coupling
terms need to be included, but has been found to be a problem in other cases too. The
method identified to solve this problem was to convert the equivalent circuit to an
admittance matrix and then compress out nodes with no external connections. This
method was shown to have the potential for very large gains in speed, and should form
a very useful piece of further work.

3. The model developed for polygons assumes constant charge and current density
distributions within each element. While this is a good approximation for the majority
of elements in a polygon, the distributions are known to approach infinity near the
polygon edges. A brief investigation to determine whether there would be useful gains
in accuracy by using singular basis functions for elements on the edge of a polygon
could be undertaken. If worthwhile improvements were found, such a scheme should
then be implemented.

4. A concern which will become increasingly important to PCB designers is the
electromagnetic compatibility (EMC) of equipment, which is concemed with the effect
that pieces of equipment have on one another. A particular manifestation of this is
radiation from PCBs, which is at present excluded from the FACET models. However,
most PCBs are not designed as antennas, so radiation should be of secondary
importance. It could therefore be predicted by performing a FACET simulation to
determine the currents flowing around the PCB metallisation pattern, assuming that
radiation does not modify this. The radiation from the current and charge distributions
could then be determined by including retarded potentials in the Green’s functions. A
further refinement would be to determine the small error potentials and then correct the
currents and charges accordingly, to enable a more accurate simulation of the circuit
performance. In most cases this correction would probably be of secondary importance,
but there may be situations where its inclusion is vital.

The above list is by no means exhaustive, but serves to illustrate that there is still much
useful work to be done, both to enhance the capabilities of the work performed to date, and
to extend the concepts developed into new areas.
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Appendix A
Skin Effect

This appendix shows how the finite thickness and conductivity of the metals used as
conductors on PCBs give rise to the surface impedance term that is used in Chapter 2. This
relates the total current flowing through a given section of metal to the electric field at the
surface of the metal.

Consider a sheet of metal of thickness 4 and conductivity 6. The current density J at any
point in the metal is related to the electric field E at that point by Ohm’s law,

J = cE (A.D
Using Ohm’s law, and assuming harmonic time variation of angular frequency o, the first
two of Maxwell’s equations (given in Chapter 2 as equations 2.1 (a) and (b) ) become

VXE = —-joB (a)
(A.2)

VxH (c+joge)E )

The dielectric constants of metals are similar to those of dielectrics [Ramo et al, 1965,
p-250]. Hence, the jo &£, term only becomes significant for frequencies approaching the
optical, far above those of interest in this work, and can be neglected in this analysis.

Consider now a current propagating along the metal sheet, and assume that the current
density is uniform in the plane of the sheet. Take the x and y axes to be in this plane and
the z axis in the thickness direction, and assume the current is propagating parallel to the x
axis. The current density and electric field therefore only have x-directed components, and
these only vary in the z direction (ie. E = E((z) ). Similarly, the magnetic field only has
a y-directed component, H = H/(z). Equation A.2 can therefore be rewritten as

= ool @

oH,

0z

(A.3)

Jx+joD; ®)
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Eliminating H, from equations A.3 gives an equation for E,,

I E,
022

— JopoE, = 0 (A4)
Noting that frequency f and angular frequency o are related by ® = 2xf, set

5 1

Nt f o & . (A.5)
(1+J)\/ufuoc = L;—J

A
I

so that T° = jopo. § is known as the skin depth, as discussed below. Equation A.4 can then

be written as
I E
= - TE =0 (A.6)
0z
which has the general solution
E = e + e ™ (A.7)

To proceed further, boundary conditions need to be applied. Those used in FACET are that
the electric fields on the top and bottom surfaces of the metal sheet are both equal, ie.
E(0) = E(h) = E,. This assumes that the width of the conductor is small enough for there
to be negligible variation in the electric field E, around its perimeter. The assumption is
certainly valid at low frequencies. There is, however, evidence that at microwave
frequencies the current in a microstrip line (a track on the top surface of a substrate with a
ground plane on the bottom surface) flows principally on its bottom surface (ie. that nearest
the ground plane) [Horton et al, 1971; Pucel et al, 1968]. The assumption will also be less
valid for polygons than for tracks, as they usually have rather larger widths.

These effects could be allowed for by changing the boundary conditions to more appropriate
ones. However, this has little effect on accuracy at the frequencies of interest for the work
reported here, and complicates the formulae considerably. Hence, the boundary conditions

referred to above will be used, enabling ¢, and c, to be found as,
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Ey(1 — &™)
aq = eth _ e—1h
- (A8)
o = Eye™ - 1)
2 e _

It can be seen that when the thickness of the metal, 4, is rather greater than the skin depth,
o, this parameter is the distance into the metal at which point the fields are reduced to 1/e
of their value at the surface of the metal. As the frequency is increased, & decreases, and
the fields are confined more and more strongly to a thin surface layer on each side of the
metal sheet. As an example, a 15um thick sheet of copper has a conductivity of
o = 5.8x10’Sm™, so that its thickness is equal to the skin depth at a frequency of
19.4 MHz.

Consider a square section of the metal sheet, of unit length and width with sides parallel to
the x and y axes. The total current flowing through this section, /, is given by

h

I = jJ,dx
0
h

= J.cExdx

° . (A.9)

= GI {ae” + cpe™) dx
0

20E 1 -

The surface impedance, Z, is the voltage across a square area for unit total current. The
voltage drop along the surface of this unit square of conductor is simply E, so the surface

impedance is

T 1+e™

= e o (A.10)

The units of surface impedance are Ohms per square. The internal impedance of an element,
in Ohms, can then readily be found from the surface impedance. For an element of half
length a and half width b, the internal impedance Z, is,

Z = T2 (A.11)
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The surface impedance itself is complex, because the fields inside the metal lag behind those
at the surface. Set,

£ = \rfueo = L (A.12)

s

so that T = (1 +j)§. With this definition, Z can be expanded into real and imaginary parts,
corresponding to resistance and inductive reactance,

A+DE 1+ ™
26 | - g

A+t 1- e — 2jesinkn
20 1 -2 costh + e %

zZ, =

(A.13)

Define R, as the surface resistance, with R, = Re(Z), and L, as the surface (or internal)
inductance, with @, = Im(Z) . These are then given by

E 1427 sin&h — e %A

R = (A.14)
* 20 1 - 2¢costh + e
1 -2 sinkh - 2

ol, = 2§0 § (A.15)

1 - 2¢ ¥ cos Eh + P

Since & o< o, at “high frequencies” R~wL, , so the real and imaginary components of the
impedance are approximately equal. High frequencies are those for which the skin depth,
9, is much less than the thickness of the metal sheet.
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Appendix B

Solution of the Equations for the Scalar Potential

Introduction

This appendix describes the solution of the equations for the scalar potential derived in
Chapter 3. The equations are solved in the spectral domain for the source charge in each
of the three dielectric layers, giving six distinct potential functions. The method for
transforming these back to the spatial domain is then described.

Potentials for the Source Charge in Layer 1

The first case to be considered is that with the source charge located at z=z, in layer 1.

This results in the set of four Laplace’s equations of equation 3.12

O k2) = A*e®+A7e™ —d <257

61»(’%2) = B*®+B ™" 2<zS0

$c(k,z) = C*® s Cet 0<z<c (3.12)
0Lkz) = D*e®+De™ c<z<c+d,

together with the Fourier transformed boundary conditions
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bstk—dp) = 0 @)
Ofkc+d) = 0 (ii)
Ok 2) = Ouks 20) (i)
0.k, 0) = 4k, 0) @iv)
- - (3.13)
0k c) = otk ) )
£2-L0,06,0) = & -2 @4k, 0) i)
dz ¢ 1°gz 7o\
d 7 Y :
Ez_ Lk, c) = § e ¢k, c) (vii)
T kD = Lok ~ g 0D
The functions A* to D~ are all found to contain a factor,
1
k) = 1
YO = w1 pe) - ooy p-c )] 0
which can be rewritten as an infinite sum,
vk = 1 v ——
(1-ae )1 -pe (1S Z IO
(1 - e 4)(1-Be %)
(B.2)

(=) =y L,
(1 _ ae—-del)m-l (1 _ ﬁe—ﬂdz)n«l—l

Now, the terms in this sum can be expanded further. Looking at the first term, that in c,

its two components can be expressed as summations,

O 2(-) sy o

+5)!
1 _ ('l 5) of 2k

(l—ow_ml)”“ - pory n! s!

(B.3)

These two summations can be combined into a single infinite sum,
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o — e 2y N
((1 —ae'z’“‘l))"*l = E Kpn(@)e "% ®B.4)
m=0

where coefficients of the form K(n) are given by the summation,

min{ij}

I
K = 2(—1)' Utj=r! i ®.5)
r=0

rli—-n!({-n!

Interestingly, K(n) can also be written as a Jacobi polynomial. This derivation is detailed
in Appendix C. y(k) can now be written as,

k) = Z Z ZK,,,,,(a) Ky (B) e 2e e 2mkd g2k (B.6)
=0 m=0 n=0

This has converted a function of complex form, with no easily found inverse Fourier
transform, into a triple summation of terms of a much simpler form. This will enable the
inverse transform to be performed analytically, which is a very considerable advantage.
With (k) defined above, the functions are found to be,

+ 1 -k z-20-2d)
A 4megek [ ¢ ¢
+ o e M2 2 _ oy
B.7)
+ B( 7020 _ ~kn+ 2a!z))
+ o (0™ 2% _ MG 12)) ] y()
- _ 1 kzg—2c-2d - 2d)) _  —k(z+2d))
A = 4158081’( [ € l € l
+ a(ek(zo‘ ) _ ke 20+ 2 + 249)
(B.8)

+ ﬁ(e—k(zw 2, +2d) _ Mz -2c- 2d1))

+ aﬁ(e—k(zo +2+24y) _ ek(lo -2 - Zdz)) ] wk)
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Bt = L [ HMuter2ae2y) | o224
4mege k
+ a(e-/u(Zo*'Zdl) _ eb") ®9)
+ ﬁ(ek(%-%)_ e-k(Zo+20+2d1))
+aB(e"(""2d’)—e_k(“u1+2d’)) ] y(k)
- 1 kzo _ —k(z+2d))
B = 4nege k [ e ¢
+ o022 _ Kook 2+ 209y 510
+ B(e—k(20+2d1+2dz)_ eb(Zo—Zdz))
+ O (72 1) _ Moo=y ] iy
Ct = Lo [ M) | 22
4mege k B.11)
+B(ek(7o“2€)_e"ﬂ(7o+2°+2dl)) ] W(k)
- _ 1-o kzg ~k(zg + 2d;)
C = ——— €0 — e
4nege k L (B.12)
+B(e-k(?o+2d1+2d9)_eﬂzo-2dz)) ] y(k)
v _ Q-)1+PB) ¢ k420424 +24) Ko ~20- 24)
D = W[ (4 - e ] \I’(k) (B.13)
- Q-o)A4P) ki ko 24)
D = e L e 7 v® (B.14)

The potential in each of the four regions can now be deduced. As would be expected from
the theorem of reciprocity [Morse and Feshbach, 1953, p.883], the potential at z =2z due to
a point charge at z=z, is found to be the same as the potential at z =z, due to a point charge
at z=z,. Therefore, use z; and z, as defined in equation 3.15,

73 = |lz—z| , z = z+z (3.15)

The four solutions of equations 3.12 can be reduced to three written in terms of z, and z,.
Reciprocity then reduces the nine formulae, for the source charge and object point in any
of the three layers, to six.
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Therefore, write 6,,,(k,z) as the transformed potential in layer b due to a source charge in

layer a. Reciprocity means that &),,, = 6,. , when written in terms of z, and z,. Noting that,

-0 _ l+a 1+ 1-B

g % & - & (B.15)

the three solutions for the transformed potential are,

MEE #W g g ;K"‘"(a) K, () x

[ e-k[21d2+ 2md, +2nc+ z4) + e-—k[2(l+ 1)d; +2(m+1)d; +2(n+1)c- 24}

_ o H2dy +2mt 1) 42nct 7)) _ ~k2(+1)dy + 2mdy +2(nt1)c- 2.}

+ a( ¢ H2UHG, + 2mdy 420l 24} |, ~k(2dy +2(m+1)d) +2n0-2,)
—_ e‘k[2(l+l)d2 +2(m+l)d1 +2(n+1)c+ 3,} _ e—k{ﬂdz + 2md‘ +2nc—- z_'}) (B 16)
+ B( o2 42m 1)y 4200+ 2.} | ,—k(21dy + 2mdy +2n+1)c-7,)
_ e-—k{2(l+l)dz+ 2ndy +2nc+ 24} e—k{'zld,..‘.2(,,,1\1)4x +2(n+1)c— zd})
+ 0‘[5( e—k{ﬂdz +2(m+1)dy 42(n+1)c+ 2,} + e—k(2(l+l)d2+ 2mdy +2nc—z,}

— g2y 2mdy 42t 1)t 2} _ ,—H20+1)dy 42t 1) +2nc zd})]

Py - _1+a SRS
bulkd) = A go, ; ;Km(a) Ku®) X

[ (2 + 2my 4204 25} k(U1 42 1) 42041 2,)
_ g2y 42m V) +2n04 3} _ ~k(2(41)dy + 2md; +2n+ 1)~ ) B.17)

+ B(e—k{2(l+l)d2+2(m+l)d, 2nckz) | -k(2dy+ 2mdy 2+ l)e=7)

_ e—k[2(l+l)dz +2md) +2nc+ 25} _ e—k[21d2+2(m+1)d1 +2(n+1)c— zd})]

~ 1+ +P) v v ©
O13k,2) = W;;;Km(a) K. (B) x

[ rHi2 ndy 2ok 2 | ~HOH 1)y 2 1 20 2 (B.18)

_ o M2y 42m+1)d 4204 2} _ ,~k{20+1)dy + 2mdy 42+ 1)~ z,}]
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Potentials for the Source Charge in Layer 2
Consider now the case with the source charge located at z=z, in layer 2. The solutions to

the four Laplace’s equations can be written just as in equation 3.12, but with modified

regions of validity for each solution,

4~>a(k,z) = A'eP+Ae™" -d; <250
0pkz) = BYe®+B ™ 0<z<7
_ (B.19)
0 (kz) = C*e® +Ce¢™® n<z<c
0Lkz) = D¢ +De™ c<z<c+d,
The Fourier transformed boundary conditions are now,
Oalk,—dy) = 0 @
ofkc+d) = 0 )
506 0) = &,(k0) (iid)
Ok 20) = sk 20 )
_ _ (B.20)
bk, c) = Ok, c) Q)
4 6,(60) = & -3 4,k 0
& Wk 0) = & -0,k 0) i)
& -2 04k ©) = &L g (k) i)
Lo = Lhkn) - g 00D
Note that conditions (i), (ii), (v) and (vii) are still the same as in equation 3.13.
Solving again for the unknown functions A* to D" results in,
At = 41 +(xk [ e Ma-20-2d)
(B.21)
+ B(ek(zo -2¢) _ e—k(%ﬁuz)) ] yk)
A = 41 +ak [ a2 _ Ho+2d)
o2 (B.22)

+ B(e—k(zo“‘ 24, +24d) _ ek(%"z‘-“ 241)) ] (k)
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+ _ 1 kg kz-2c-2d)
BT = s [ e e
+ a(ek(zo—k-%-%) - e"k(20+2dl))
(B.23)
+ B(e"("‘ —2¢) _ e—k(zo+2dz))
+aﬁ(e-l¢(zo+2dl+2d,)_ek(zo-20—2d1)) ] W)
- 1 _ _ -
B~ = - k[ Hoo20-2d,~2d) k(o +2dy)
+oz(e'b°—ek(’°—2‘“ 2"‘l))
(B.24)
+ B(e-k(zo+241+2dz)_ ek(lo—2c-2dx))
+0Lﬁ(ek(z°—2c)—- e-"(?o'*uz)) ] (k)
ct = 1 [ o M+ 2 +2d) o —2c-2d)
4reqerk
+ oo o2 20)_ jmH 420+ 20))
(B.25)
+ B(e’”("’ —2) _ e Mo 2t 2dn))
+0L|3(e_“'°+2‘)- ek(Zo—Zc-Zdl)) ] w(k)
_ 1 -
C = 7 k[ e _ Ma+2dy)
+ cc(e'b" P C 2«11))
(B.26)
+ ﬁ(e"‘(’o"‘?dl*w - eKZo-Zdz))
+aﬂ(ek(?o’2dx-2dz)_e-’c(zo+2dz)) ] vk
Dt = 1+8 [ o Moo +2c+ 2, +2d) Mo =20-24)
4megerk B.27)
+ a( eFe 202 ~2y) _ ~k(z+2c+ 241)) ] v&)
-2 B r e w2ty ok k-2
D™ = grr| €F- et I s gt tom2y) Ty (B.28)

é,, is the same as 4312 in equation B.17, as would be expected from reciprocity. The two new
cases are,
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bnlkd) = oo ¥ i iKm,.(a) Kul®) X
=0 m=0 »=0

[ e—k{21d2 +2md, +2nc+ 25} + e—k[ 2(14+1)dy +2(m+1)dy +2(n+1)c— 24}

_ o2y 42(mi 1) 42n0+ 2} _ ,~H{2(H+1)dy + 2mdy +2(n+1)c-7,)

+ a(e—k{udz +2mdy +2nc+ z,} + e—k{2(l+l)¢12 +2m+1)d, +2(n+1)c-2,}
_ M2 +2eme )y 4200+ 23] _ ,—k(20+1)dy + 2mdy +2(n+ D)= z,,l) (B.29)
+ [3( K240, +2(m1)dy 4200k 2} | ~k(2ldy + 2may +2(n+1)c-2,)
_ e—lz[2(l+l)dz +2mdy +2nct 25} e—k[ZIdz +2(m+1)d; +2(n+1)c— 24])
+ aB (e—k{ 2(+1)ay +2(m+1)dy +2nc+ z;) + e—k[ 2d, + 2md, +2(n+1)c— 24}

_ o M2 1)y 4 2mdy 42nc4 2,) k(2 +2mt 1)y +2( 1) z,})]

- 1 hadihadhai
buk) = Grair S Y S Kl KiP) X
=0 m=0 n=0

[ e—klzld2 +2md, +2nc+ 24} + e—k{2(l+l)d‘,,+2(m+1)d1 +2(n+1)c— 2}

_ M2y 42m 1 42nc4 3} _ k(241 + 2 42t 2,) (B.30)

+ 0.( e—k{ﬂd,ﬁ 2md, +2nc+ z,} + e'k(2(l+1)dz +2(m+1)d; +2(n+1)c- 2,)

_ e-k{ﬂd, +2(m+1)d) +2nc+ 25} _ e—k{2(l+l)dl + 2md, +2(n+1)c— zd])]

Potentials for the Source Charge in Layer 3

Finally, consider the case with the source charge located at z= gz in layer 3. As in equation
B.19, the solutions to the four Laplace’s equations have their regions of validity modified
from equation 3.12, giving,

0 kz) = At +Ae™” —d4 <250

Oykz) = B'e¥+Be™” 0<z<c

N (B.31)
o (k) = Ce® +Ce™ c<z<z

0Lkz) = D*e®+De™" pSz<c+d,

The Fourier transformed boundary conditions become,
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Ok, —d) = 0 )
ofkc+h) = 0 (if)
05k, 0) = 9,k 0) (i)

Ok c) = Bylkic) ()
o) = k) )

& -0k, 0) = &4, (k. 0) v
&L bk ) = &=L dykic) (vid)
—dd;&d(k, ) = %i’c(k, z) — 2,:;0&5 (viii)

Note that conditions (i)-(iii) and (vi) are unchanged from equation B.20.

Solving again for the unknown functions A* to D~ results in,

At = (1 +ao)(1 'B) [ e—kq,_ek(zo—%—%) ] \V(k)

41[8083’(
- (1+o0)(1-P) 2024, - k(2 +2d
A = TS [ e"(’o 24, 242)_e k(zo +2dy) ] (k)
+_ 1-B iz k(zo~20- 24)
B" = [ e - ¢

+ a(ek(Zo—Zo—Ml-Zdz)_e—k(Zo+241)) ] vk

+ B(e-—k(zo+2c+ 24d)) _ ek(zo—4c-241 -2d9))

+ aﬁ(ek(io —do-2d) _ Mz +2C)) ] y(k)

(B.32)

(B.33)

(B.34)

(B.35)

(B.36)

(B.37)
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1 ~ —
3 p [ 0—20-2dy-2dy) _ —Kz+24y)

+ a(e'kz° — M=% 2""))

+ B(e'“("’_u’) _ e—k(ro—%))
+aB(e—k(%-2¢‘+2d1)_ek(zo-un-2dz)) ] v(k)

Dt = "Z—l_k[ g Moo 2 +2d) Kz —20-24)

+ a(ek(ro-Zc— 2, -2d) _ e-’°(’o+20+242))
+ B(e—k(zo+2dy)_ek(a>—4c-2dx-?dz))
+ op(e0~te-24) _ oK+ 244 249) | it

- = 1 ky _ Mzt 24)
D 3 k[ e e

+ e - ¢Heom 240y

+ ﬁ( M2 =2-2) _ Mz —20))

+ aB(e‘k(’o —2c+2d)) ek(zo '20)) ] ‘V(k)

As would be expected from reciprocity, i:,l is the same as ‘51: in equation B.18, and J),, is

the same as ¢,; in equation B.30. The remaining new case is,

O3skiz) = '4—1“_;87 g ; g’fm(a) Ki,(B) %

[ K2y +2mdy 42n0k 21} | ~H2(41)d, 420m 1)y 2 o= 2,)
_ o M2 421} 42n04 ) _ —k(2(+1)dy + 2mdy 42(m+1)e-7,)

+ a( e—k[ZIdz +2mdy +2nc+ z,} + e—k{2(l+1)d,_ +2(m+1)d) +2(n+1)e- z,}
_ e—k[ZId2 +2(mt1)d) +2nc+ 25} _ e—l¢[2(1+l)d2 +2mdy +2(n+1)c— z‘,])

+ ﬂ( e—k[?.ldz +2(m+1)d) +2(n+1)c+ 25} + e—k[2(l+l)dz +2md, +2nc-z,)
_ e-lz[ZId2 +2md) +2(n-1)c+ 2,} _ e-—lc[ 2(M4+1)dy +2(m+1)dy +2(n+2)c—2,} )
+ aB( e—k[ZIdl +2(m+1)dy +2(n—1)c+ 2.} + e—k(2(l+1)d2+ 2md) +2(n+2)c- z,}

_ e—k(ZIdz +2md; R2(n+l)c+ 25} e—k{ 2(1+1)d, +2(m+1)dy +2nc— zd})]
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Performing the Inverse Fourier Transform

The Fourier transform pair used in this thesis is,

fla k) ﬁ‘r fxy) e dx dy

and (B.42)

fixy) = —2‘;.’“ flha ko) 6™ di,

—o0

The transformed potentials &(lg, k) , derived in this appendix, are composed of terms of the

form,
- NG+ i
glhok) = e (B.43)
Vg
The potential ¢(x,y) will therefore have terms of the form,
gxy) = -;TJ’J—wg(k,, k) %S dk, dk,
o (B.44)

% f _[mé'(kx, k,) cos(kx) cos(ky) dk, dk,
since g(k, k) in equation B.43 is an even function of both k and k,.

Now, formula 3.961.2 in Gradshteyn and Ryzhik [1980] can be written as,

N2+
£ —— cos(ky) dk, = Kok Ny*+2° (B.45)
e epa, - 1)

and formula 6.671.14 can be written as,
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(kN2 +22 Y costhyd, = E——L (B.46)
f ( ) ? Nx?+y2+ 22

Substituting equations B.43, B.45 and B.46 into equation B.44 therefore yields the required
general term for the potential as,

1 B.47)

gxy)=
Jﬁ+f+f

which can be interpreted as the potential at the point (x,y,z) due to a point charge at the

origin, ignoring normalisation constants. This enables the spectral domain potentials given
in equations B.16 - B.18, B.29, B.30 and B.41 to be transformed into the spatial domain
potentials given in equations 3.17 - 3.22.







































































































































































































