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Abstract

We carry out a linear stability analysis of the generalised BMP model,
which incorporates the shear-banding phenomenon into flows of thixotropic-
viscoelasto-plastic fluids: common behaviours observed in wormlike mi-
cellar solutions. We introduce a new dimensionless parameter governing
shear-banding, and find that when a flow is unstable in the absence of
shear-banding, this parameter has a stabilising effect. Above a critical
value of the shear-banding parameter, shear bands appear in the flow gra-
dient direction. Here two different modes of instability are observed: a
bulk mode (which is the same as that seen in the absence of shear band-
ing) and an interfacial mode. We found that the former dominates over
the latter at low values of the shear-banding parameter, but the interfa-
cial instability becomes dominant at very high values of the parameter. In
particular, the interfacial modes are more unstable in flows where the low
shear band has almost constant viscosity. The two modes of instability
depend on different material timescales: interfacial modes become more
dangerous if the interface location is near the channel wall, which is seen
when the structural relaxation time is much larger than that of plasticity,
while bulk modes (as seen in previous work) are highly unstable if the
timescale of viscoelasticity is much longer than both those of plasticity
and thixotropy.

1 Introduction

In our previous theoretical work [9], we studied elastic instabilities in planar
Poiseuille flow of thixotropic-viscoelasto-plastic fluids, and we found that insta-
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bility is seen when viscoelastic effects dominate. On the other hand, thixotropy
has a stabilising effect. More importantly, we found that the structural relax-
ation time determines the growth rate of instability.

In the present work, we extend the scope of the fluids we can consider by
including the shear-banding phenomenon in the flows of thixotropic-viscoelasto-
plastic fluids. This kind of complex rheological behaviour has been experi-
mentally observed multiple times in wormlike micellar solutions. These fluids
have been the center of numerous experimental and theoretical studies, and this
is because they are of industrial relevance as their use is commonly found in
household items, in the oil industry, and many other applications such as drag
reducing agents. These solutions can show fascinating rheological properties;
for instance, in steady simple shear flow, the fluid exhibits a linear dependence
of the shear stress on the shear rate (i.e. Newtonian-like behaviour with high
viscosity) at very low shear rates. An increase in shear rate will cause a drop
in viscosity (shear-thinning), as there is a strong dependence of the viscosity
(and thus, of the microstructure) on the applied shear rate. Above a critical
value of the shear stress, the initially homogeneous flow becomes unstable, which
will lead the system to separate into two different bands with different internal
structure and different shear-rate values. These two bands are separated by an
interface whose normal is in the flow-gradient direction. This phenomenon is
called shear-banded flow or shear-banding transition, which describes a transi-
tion between a homogeneous and non-homogeneous state of flow. At very high
shear rates, the flow becomes homogeneous again and the fluid will display a
single, but a smaller viscosity.

The critical stress value described above is called the stress plateau σp: below
this value, we observe entangled networks of micellar solutions; when the stress
applied is σ = σp, separation of bands occur and they coexist at this point, and
above this stress value, the majority of entanglements will be destroyed, leading
to flow-oriented linear wormlike chains. The coexistence of the low and high
viscosity bands has been confirmed by different experimental techniques [5, 31,
4, 12].

However, as reported in the literature, shear-banded fluids are susceptible to
the development of elastic instabilities, and thus, it is of great interest to predict
the flow conditions for which the flow of these fluids become highly unstable
in order to avoid incorrect measurements of rheological data and in order to
predict difficulties in industrial flows. These flow instabilities driven by elasticity
have been observed in micellar solutions in different geometries, such as Taylor-
Couette rheometers [15, 34, 27], cone-and-plate [6], microchannel [35, 25, 21]
and pipe flows [42], to name a few.

Early work by López-González et al. [30, 29, 24] demonstrated, using magnetic-
resonance velocimetry techniques, the existence of erratic motions in the inter-
face between bands in Couette flow, which are correlated to shear stress fluc-
tuations. By analysing individual velocity profiles, they also showed that the
magnitude of local velocity fluctuations was much larger in the high shear-rate
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band. Similar results were observed by Manneville et al. [33, 28]. In these
experiments, most of the data revealed a strong correlation between the slip
dynamics at the moving wall and the bulk dynamics. However, they could not
distinguish which of these phenomena was driving the other one.

For the case of microchannels, Nghe et al. [35] studied the shear-banding
flow of a micellar surfactant solution and they found an instability of the inter-
face between the bands. More specifically, they observed undulations along the
interface in the gradient/neutral plane. Similar behaviour was observed in pipe
Poiseuille flow of a wormlike micellar solution [42].

These experimental observations have motivated a huge number of rheolo-
gists to develop theoretical research. For instance, linear stability analysis of the
diffusive Johnson-Segalman model in both planar and curved Couette geome-
tries was carried out by Fielding [17]. She showed that, depending on the level
of the cell curvature and on the material’s constitutive properties, it is possible
to find either a bulk viscoelastic Taylor-Couette instability in the high shear
rate band driven by large values of N1, or an instability of the diffuse interface
between the bands driven by a jump in N2 across it. Nicolas & Morozov [36]
found similar results in Taylor-Couette flow: they found that at the beginning
of the stress plateau (where the proportion of the high shear rate band is small),
an interfacial instability is present, while most of the plateau is occupied by a
bulk instability.

Unstable shear banded flows have also been studied theoretically by Fielding
& Wilson [16, 39] in planar Couette flow of both diffusive and non-diffusive
Johnson-Segalman fluids. For the non-diffusive case, they found that the flow is
unstable to long waves for most of the arrangements between the bands, while
weak diffusion has a small stabilising effect. In addition, they identified two key
ingredients that cause the interfacial instability predicted by them: a jump in
the first normal stress difference at the interface and a discontinuity in the shear
rate.

The stability of pressure-driven channel flows of shear-banding micellar solu-
tions was also studied by Wilson & Filelding [18] and by Cromer et al. [11]; the
former used a diffusive Johnson-Segalman model and the latter a two-species
reptation-reaction network model. Both works predicted an interfacial instabil-
ity similar to the one described in [16, 39]. The disadvantage of these works,
are the limitations of the models used by them; although the diffusive-Johnson-
Segalman model is able to predict non-monotonic curves and it has been used to
understand some features of the band formation, this model cannot describe the
breaking and reformation processes of these micellar systems under flow, which
are important ingredients of a model that need to be considered if one wishes
to accurately describe other highly non-linear behaviours of micellar solutions.
On the other hand, Cromer’s model is able to describe linear and non-linear
rheological behaviour prior to the onset of shear-banding. It also works well in
predicting start-up shearing flow, cessation of steady shear flow, among others,
but fails to predict N2 and to describe the onset of the stress plateau observed
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in experiments.

Lastly, a recently published paper by Renardy et al. [38] studied the stability
of two-dimensional plane Couette flow of a viscoelastic fluid with thixotropic
yield stress behaviour that exhibits the shear-banding phenomenon. Using a
thixotropic model that can describe non-monotonic behaviour of the flow curve,
and in which the yield stress arises naturally as a limiting case of the model
itself [26, 37], they found a bulk mode in the yielded phase (i.e. in the high-
shear rate band) which is present even in the absence of shear banding. When an
interface appears, interfacial and bulk modes are present, but the latter become
the dominant mechanism of instability in shear-banded flows. They also showed
that interfacial modes are driven by a jump in the first normal stress difference
across the interface between the bands.

In the present work, we use a much more realistic constitutive model, which
is an extension of the model used in our previous work [9]: the generalised BMP
model, which is able to predict the shear-banding phenomenon of micellar solu-
tions, along with thixotropic, viscoelastic and plastic behaviours. We introduce
this model in section 2 and show the behaviour in simple shear flow, where we
illustrate the characteristic flow curve of shear-banded fluids predicted by the
model in section 2.2. The dimensionless governing equations and the dimen-
sionless groups are derived in section 2.3. We show the base-state quantities
and illustrate the velocity and fluidity profiles for different model parameter
values in 3.1. The perturbed governing equations, the boundary conditions and
a description of the numerical methods to be used to solve our stability problem
are found in sections 3.3 and 3.4, respectively. Finally, we show our results in
section 4 and draw conclusions in section 5.

2 Model fluid: The generalised BMP model

2.1 Governing equations

In order to study the flow instabilities of TVEP fluids that exhibit the shear-
banding phenomenon, we consider the generalised BMP model [32], which was
derived using an extended irreversible thermodynamics formalism. The set of
equations for this model consists of a viscoelastic constitutive equation coupled
to an evolution equation of a structural parameter (fluidity φ or the inverse of
viscosity, which is used to measure the level of microstructure of a fluid, such as
molecular entanglements, network junctions, or micelle length) that represents
the process in which the internal structure of the fluid is modified by an external
flow.

For this model, the fluid flows with velocity u, and its stress tensor σ evolves
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according to the Upper-Convected Maxwell (UCM) model:

σ +
1

G0φ

∇
σ=

2

φ
D, (1)

whereG0 is the elastic modulus, andD is the symmetric part of the flow gradient
tensor ∇u:

D =
1

2

[
∇u+∇u⊤

]
Dij =

1

2

[
∂ui
∂xj

+
∂uj
∂xi

]
. (2)

The upper-convected derivative that appears in the left side of (1) is defined as:

∇
σ=

Dσ

Dt
− σ · (∇u)− (∇u)⊤ · σ, (3)

where D/Dt denotes the material derivative (for any scalar, vector or tensor
quantity A):

DA

Dt
=
∂A

∂t
+ u · ∇A. (4)

Equation (1) is coupled to a Fredrickson’s-like equation [19], which describes
the process in which a fluid undergoes a process of structure modification char-
acterised by destruction and reformation processes:

Dφ

Dt
=

1

λ
(φ0 − φ) +K(IID)(φ∞ − φ)σ : D. (5)

The first term of the right side of the equation represents the reformation pro-
cess (build-up of viscosity or breakdown of fluidity), where λ is the structural
relaxation time and φ0, the plateau fluidity observed at low shear rates; and
the second term is the destruction process (breakdown of viscosity or build-up
of fluidity), described by K, a rate parameter for structure destruction, φ∞,
the fluidity at high shear rates, and σijDij , the rate of energy dissipation in the
fluid.

The main difference between the model we will be using here and the one
used in our previous paper [9] is that in equation (5), the destruction parameter
K is a function of the second invariant of the rate of deformation tensor IID =
2Dij Dij and adopts, in the simplest version, the following form (see [3, 1]):

K = K0

(
1 + ϑ

√
IID

)
. (6)

Here, K is a first order linear expression whereK0 is a kinetic parameter at zero-
shear strain, and ϑ is a coefficient that can be determined experimentally and
is known as shear-banding parameter, which, according to extended irreversible
thermodynamics principles, will determine the location of the stress plateau
observed in fluids that exhibit formation of shear bands. In simple shear flow,
equation (6) can be written as K = K0(1 + ϑγ̇). In the absence of the shear-
banding parameter (ϑ = 0), we recover the original model [2].
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Finally, the constitutive equations (1) and (5) are coupled with the continuity
and momentum equations (in the absence of external forces such as gravity):

∇ · u = 0 (7)

ρ

(
∂u

∂t
+ u · ∇u

)
= −∇P +∇ · σ, (8)

where ρ is the fluid density and P is the pressure.

2.2 Behaviour in steady simple shear

For simple steady shear flow, and considering cartesian coordinates u = γ̇yex
with γ̇ > 0, equations (1) and (5) become:

σ =

(
2 γ̇2G−1

0 φ−2 φ−1γ̇
φ−1γ̇ 0

)
(9)

0 =
1

λ
(φ0 − φ) +K0(1 + ϑ γ̇)(φ∞ − φ)σ12 γ̇. (10)

Combining equations (10) and (9), we get a cubic equation for the fluidity:

φ3 + a0 φ
2 + b0 φ− c0 = 0 (11)

a0 =
1

σ12 ϑ
− φ∞ b0 =

1

K0 λϑσ3
12

− φ∞

σ12 ϑ
c0 =

φ0

K0 λϑσ3
12

. (12)

Additionally, using Cardano’s method, we derive the following expressions:

Q0 =
3 b0 − a20

9
R0 =

9 a0 b0 − 27 c0 − 2 a30
54

H0 = Q3
0 +R2

0. (13)

For fixed value of shear stress σ12, and a given set of parameters K0, λ, φ0,
φ∞ and ϑ, we can solve the cubic equation, for which we can either get a
positive real root and two imaginary ones (if H0 > 0), three real roots but two
of them are equal (H0 = 0) and three different real roots if H0 < 0. The full
analytic solutions of the cubic equation (11) can be found in [7], where authors
demonstrated, using chaos theory and irreversible thermodynamics, that the
shear stress plateau σp satisfies the condition R0 = 0.

When solving equations (9) and (11), the simple shear flow material functions
(viscosity η, shear stress σ12 and the first normal stress difference coefficient Ψ1)
can be obtained as follows:

η = φ−1 σ12 = η γ̇ Ψ1 =
σ11 − σ22

γ̇2
= 2G−1

0 η2. (14)
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Figure 1: Simple shear flow curve predicted by the generalised BMP model.
The parameters used are: K0 λ = 0.09Pa−1 s, φ0 = 0.05Pa−1s−1, φ∞ =
13.5Pa−1s−1, G0 = 0.38Pa and ϑ = 0.8 s.

2.2.1 Simple shear flow curve

Figure 1, 2 and 3 illustrate the behaviour of the viscometric functions, using
as an example the following parameter values reported in [32, 13]: K0 λ =
0.09Pa−1 s, φ0 = 0.05Pa−1s−1, φ∞ = 13.5Pa−1s−1, G0 = 0.38Pa and ϑ =
0.8 s.

As shown in figure 1, the generalised BMP model predicts a non-monotonic
behaviour for the shear stress against shear rate curve and it can be seen that
there are characteristic regions of the curve that will be briefly explained in
the following lines. Firstly, we have the line A, where the condition H0 > 0
is satisfied. Within A, we find region I, for which a Newtonian-like behaviour
(with viscosity η = 1/φ0) is observed at very small shear rates. Thus, a low
fluidity plateau φ = φ0 is observed in the following range of shear rates:

φ ≈ φ0 when γ̇2(1 + ϑγ̇) ≪ φ0

K0 λ
(15)

An increase in γ̇ will lead to a shear-thinning behaviour (region II) until the
fluid reaches a value of shear rate equal to γ̇1. The crosses marked in the
plot represent bifurcation points that satisfy the equation H0 = 0, where we
have three real solutions for the fluidity but two of them are equal (depicted as
circles).

Secondly, the points located in B, C and D correspond to the multi-valued
region (where H0 < 0), which is that region where the BMP model predicts that
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Figure 2: Fluidity vs shear stress calculated using equations (11) and (14).
The parameter values used here are the same used in figure 1. The vertical line
represents the location of the shear stress plateau σp and the crosses are the
bifurcation points.

there are three possible values of shear-rate for a fixed value of shear stress. The
most common example of this is the shear stress plateau σp and is represented
here by the solid horizontal line. The vertical dashed lines indicate the location
of its respective shear rate values, γ̇1, γ̇2 and γ̇3. The points of B located in region
III, whose interval is [γ̇1, γ̇3], are said to be meta-stable states, and the points
that are also within region III and belong to C (characterised by a negative slope
dσ12/dγ̇) are said to be mechanically unstable. Something similar is observed in
region IV [γ̇2, γ̇3], where there are also present unstable and meta-stable states
(those to belong to D).

At higher values than γ̇2 (region V), the disentangled state (in which struc-
ture is being destroyed by flow) begins to take over. After the second bifurcation
point, we have the region E (H0 > 0), where the cubic equation predicts again
a single real root. Finally, a third bifurcation point is predicted, and again
three real solutions are obtained, but two of them are negative and just one is
positive (plot line F). For values of shear rate higher than γ̇∞ (region VI), we
will observe a high fluidity plateau φ = φ∞, where the molecular networks have
been completely destroyed. The condition that needs to be satisfied to observe
region VI is the following:

φ ≈ φ∞ when γ̇2(1 + ϑγ̇) ≫ φ∞

K0 λ
(16)

The shear-stress plateau σp (the point that satisfies the condition R0 = 0)
is one of the main characteristics of complex fluids that exhibit shear-banding,
along with γ̇1 and γ̇2, known as binodals of the system. These three values
are constantly observed and measured in experiments, and the reason for it is
that when the fluid reaches the value of σp, there is a thermodynamically stable
phase-coexistence between two bands of fluid that have different shear rates: the
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Figure 3: Fluidity and first normal stress difference coefficient versus shear
rate. The parameter values used here are the same used in figure 1. The circles
are the binodals of the system, γ̇1 and γ̇2.

entangled phase (where there exist branched networks) is seen for values smaller
than γ̇1, and the disentangled phase (where there are polymer-like linear chains)
appears at shear rates higher than γ̇2. The value γ̇3 is thermodynamically
unfavourable and mechanically highly unstable. For a full detailed analysis of
the flow curve, see [7].

2.2.2 Fluidity and first normal stress difference coefficient

In figure 2, we show the fluidity vs shear stress curve obtained in simple shear
flow using the same parameter values as those used in figure 1. It can be clearly
seen that for a fixed value of shear stress, there might exist multiple values of
fluidity, such as the case of the stress plateau (solid vertical line). As indicated
in figure 1, the crosses are the bifurcation points, and the small circles indicate
the location of the minimum and the maximum seen in the simple shear flow
curve. Outside the multi-valued zone, and at low shear stress (region A), we
observe a low fluidity plateau with φ ≈ φ0 = 0.05, and similarly, φ → φ∞ at
high shear stress values (region F).

These fluidity plateaus can also be seen in the fluidity and first normal stress
difference coefficient profiles, shown in figure 3. For both figures, the circles
indicate the location of the binodals γ̇1 and γ̇2. The slope of these curves is
much more pronounced than those seen in the equivalent model without shear-
banding [9]. With an increase in shear rate, the fluid viscosity and elasticity
drop.
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2.3 Dimensionless form of the equations

2.3.1 Flow geometry

We now consider a two-dimensional channel flow of a fluid that satisfies the
governing equations (constitutive equation (1)–(6) along with continuity and
momentum equations (7)–(8)). Our channel has infinite extent in the x-direction
and half-height L. The fluid is driven by a constant pressure gradient P in the
x-direction, and flows with centreline velocity U0. The flow geometry is sketched
in figure 4.

x

y

U(y)

y = L

y = 0

y = −L

∂P
∂x

∂P
∂x

Figure 4: Flow geometry: two-dimensional pressure-driven channel flow or
planar Poiseuille flow.

2.3.2 Dimensionless form of the governing equations

We scale lengths with L, times using the average shear rate U0/L, and fluidi-
ties with the high-shear rate value φ∞. The natural stress scale then becomes
φ−1
∞ (U0/L). In terms of dimensionless variables, the governing equations be-

come:
∇ · u = 0 (17)

Re

(
∂u

∂t
+ u · ∇u

)
= −∇P +∇ · σ (18)

σ +
W

φ

∇
σ=

2

φ
D (19)

Dφ

Dt
=

1

Λ
(Φ− φ) + Γ

(
1 + θ

√
IID

)
(1− φ)σ : D (20)

The dimensionless governing equations (17)–(19) obtained here are the same
used in our previous work [9], where Re and W are the Reynolds and Weis-
senberg numbers, respectively, defined as:

Re = ρU0 Lφ∞ W = λve

(
U0

L

)
=

1

G0φ∞

(
U0

L

)
. (21)
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Equation (20) differs from the original Fredrickson’s kinetic equation [19] by the
shear-banding terms that appear in the right side of the equation. The other
dimensionless numbers are:

Φ =
φ0

φ∞
Λ = λ

(
U0

L

)
Γ =

(
1

φ∞

U0

L

)
K0 θ = ϑ

(
U0

L

)
, (22)

where Φ, Λ and Γ are the thixotropic ratio, the structural relaxation time and
the destruction parameter, respectively, whose physical meaning will be dis-
cussed in the next subsection. We have introduced in this work, a new number,
which is the dimensionless shear-banding parameter θ, defined as the ratio be-
tween ϑ and the characteristic time-scale of the flow. Its physical meaning is
simple: for the cases where θ → 0, no phase coexistence is observed, and high
values of θ will lead to the formation of bands with different shear rates. In the
next sections, we will illustrate the effect of the shear-banding parameter on the
rheology of the fluid

2.3.3 Generalised BMP model dimensionless numbers

In this section, we provide a brief explanation of the dimensionless numbers
obtained above and other dimensionless groups that can be derived from (22).
Firstly, the thixotropic ratio Φ = φ0/φ∞ = η∞/η0 is the ratio between zero
and high shear rate fluidities, which indicates whether the fluid exhibits shear-
thinning (Φ < 1) or shear-thickening behaviour (Φ > 1). A true yield stress will
be observed if and only if Φ = 0.

Secondly, we have the structural relaxation parameter or thixoviscous num-
ber Λ, which is defined as the ratio of the fluid’s reformation time to a typical
flow time. This number is one of a family of three dimensionless numbers in-
troduced by Ewoldt & McKinley [14] to represent thixotropic elastoviscoplastic
material responses: for high values of the thixoviscous number (Λ → ∞), the
fluid is said to be highly thixotropic; i.e. the fluid exhibits a slow or null re-
covery of viscosity after the cessation of flow; fast structural recovery or poorly
thixotropic behaviour is seen for the opposite case (Λ → 0). Another dimen-
sionless number can be obtained if we combine Λ and the Weissenberg number,
which is the thixoelastic number, Wte =W/Λ, defined as the ratio between the
elastic relaxation time λve and the structural relaxation time λ. This number
is useful to distinguish viscoelastic effects from thixotropic ones.

The parameter associated with the breaking down of structure, Γ is defined
as the ratio between K0 and a characteristic stress value, φ−1

∞ (U0/L). As de-
scribed in [9], the parameter Γ will only appear in our steady equations in the
combination ΓΛ = η∞(U0/L)

2/(K0λ)
−1, which is a relation between the viscous

irreversible work and the kinetic structural work.

The previous parameters also helped us to define another highly important
dimensionless number, the thixoplastic number, Wtp, defined as:
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λtp =
η∞
σc

Wtp = λtp

(
U0

L

)
=
√
ΓΛ (1− 2Φ), (23)

where σc = (K0 λφ∞[1 − 2φ0/φ∞])−1/2 is the critical shear stress (the stress
value that separates the regimes of primary creep and accelerating flow observed
in fluids under the sudden startup of shear with imposed shear stress) and λtp
is the plastic time-scale.

The thixoplastic number (which can also be seen as the inverse of the
Bingham number) can provide us with the following information: for the case
Wtp = 0, a true yield stress is seen; in the limit Wtp → 0, an apparent yield
stress is observed; and for higher values of Wtp the recovery of critical stress
after flow is slow. We will use these dimensionless parameters throughout this
paper to quantify our stability results.

3 Stability calculation

3.1 Base state

We study the stability of a TVEP fluid with shear-banding flowing through a
two-dimensional channel flow of infinite extent in the x-direction, which has di-
mensionless height 2 (in the y-direction) and is being driven by a dimensionless
constant pressure gradient P in the x-direction. Assuming a steady, unidirec-
tional flow profile u = U(y)ex that satisfies a no-slip condition at y = ±1 (and
denoting U ′ = dU/dy), equations (17)–(20) become:

0 = P +
dσ12
dy

(24)

σ12 =
1

φ

dU

dy
φ =

Φ+ ΓΛ
(
1 + θ γ̇

)
σ12U

′

1 + ΓΛ
(
1 + θ γ̇

)
σ12U ′ . (25)

Considering channel symmetry, the momentum equation (24) gives:

σ12 = −Py. (26)

Combining (26) into (25), we obtain a cubic equation for our dimensionless
fluidity, whose coefficients are position-y dependent:

φ3 + aφ2 + b φ− c = 0 (27)

a (y) =
1

Py θ
− 1 b (y) =

1

ΓΛ θP3y3
− 1

Py θ
c (y) =

Φ

ΓΛ θP3y3
. (28)

These equations are valid for y > 0, but may be extended to the whole channel
by replacing y with |y|. We use Cardano’s method to get an analytic solution
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for the fluidity and some parameters that are useful to determine whether we
will observe only one or more real solutions. These parameters have the same
basic form as those for steady simple shear:

Q(y) =
3b− a2

9
R(y) =

9ab− 27c− 2a3

54
H(y) = Q3 +R2. (29)

Using (26)–(29), we obtain a fluidity profile that resembles reported experimen-
tal information of shear-banding fluids, and is shown below:

φ(y) =


−1

3
a + (S + T ) H(y) > 0

2
√
−Q cos

(Θ
3

)
− 1

3
a H(y) ≤ 0 and R(y) ≥ 0

2
√
−Q cos

(Θ+ 2π

3

)
− 1

3
a H(y) ≤ 0 and R(y) < 0,

(30)

where S, T and Θ are:

S(y) =
3
√
R+

√
H T (y) =

3
√
R−

√
H Θ(y) = cos−1

(
R√
−Q3

)
.

(31)
The shear rate γ̇0 and the velocity profile U(y) are simply calculated as follows:

γ̇0(y) = |U ′| = P y φ(y) U(y) =

∫ 1

0

γ̇0(y) dy = P
∫ 1

0

y φ(y) dy (32)

As it can be seen, an analytic equation for the velocity profile U(y) of a fluid
that exhibits shear-banding cannot be obtained (unlike the case without shear-
banding, see equations (33)-(37) in [9]). Instead, we have to integrate γ̇0(y)
from the centreline to the channel wall. Additionally, the viscosity η and the
stress tensor σij are calculated as follows:

η = φ−1 =
1 + ΓΛ

(
1 + θ γ̇

)
σ12U

′

Φ+ ΓΛ
(
1 + θ γ̇

)
σ12U ′ σ =

(
2WP2y2 −Py
−Py 0

)
. (33)

The first normal stress difference N1 is simply:

N1 = σ11 − σ22 = 2WP2y2. (34)

Lastly, the low (φ = Φ) and high (φ = 1) dimensionless fluidity plateaus are
seen when the following conditions are satisfied:

φ ≈ Φ when γ̇2(1 + θγ̇) ≪ Φ

ΓΛ
φ ≈ 1 when γ̇2(1 + θγ̇) ≫ 1

ΓΛ
(35)

In the next section, we will illustrate the behaviour of the fluidity, velocity and
normal stress difference profiles predicted by the equations shown above.
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3.2 Base state profiles

In this section, we show some of the velocity and fluidity profiles that can be
obtained for various values of our model parameters. We begin with figure 5,
where we illustrate characteristic base state profiles that are commonly observed
in pressure-driven channel flow of fluids that exhibit shear-banding.

3.2.1 Base state profiles with shear banding

Firstly, in figure 5a) we have the velocity profile that was calculated from the
integration of the shear rate profile (32). An extra calculation had to be done in
order to satisfy the condition U0(0) = 1: Newton-Raphson iterations are used
to determine the required value of pressure gradient, which is P = 17.5927 for
this case.

As we can see, two regions can be identified in figure 5a): 1) a plug flow region
of low fluidity (or high viscosity) that covers the channel from the centreline to
a specific location close to the wall y ≈ ± 0.8765 and 2) a region near the wall
(|y| > 0.8765) where the velocity drastically decreases towards its zero value at
y = ±1. The regions are separated by an interface located at y = κ = 0.8765,
where the high and low shear rate regions coexist. As stated above, the location
of the interface can be simply obtained by requiring R(κ) = 0, which means that
the location of the interface depends on our model parameters such as Γ, Λ, Φ
and θ.

The resulting fluidity profile is shown in figure 5b). This time we will only
show half the channel. For the low-shear-rate band, it can be seen that near the
centreline y ≈ 0 the fluidity has a value of φ = Φ = 0.001. As we move along
the channel, the fluidity exhibits some shear thinning behaviour, which leads to
an increase in fluidity until the interface is reached, where there is a clear jump
in the fluidity at y = κ = 0.8765 (see dotted lines and circles). The second band
with a much lower viscosity than the first one appears, and its viscosity will
increase until the channel wall is reached. The shear rate profile γ̇ vs y looks
qualitatively very similar to the fluidity one, so we will not show it here.

A particularity of the BMP model (compared to other viscoelastic models)
is that there is continuity at the interface in the first normal stress difference for
fluids that exhibit shear-banding, as can be seen in figure 5c) (see black circle),
which shows a parabolic profile for N1 as a function of the channel coordinate.
The discontinuity that we saw for Ψ1 in section 2.2 is due to the jump in shear
rate, or equivalently to a jump in fluidity.

The last figure is 5d), which illustrates the flow curve for pressure-driven
channel flow of our fluid, where we show the only physically-possible dynamic
states of the system (unlike figure 1 that shows metastable and unstable regions).
The interface appears when the flow reaches a shear stress plateau value of
σp = 15.42 (see horizontal dashed line), which will lead to a band of fluid with
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Figure 5: Velocity, fluidity and first normal stress difference profiles and flow
curve calculated using equations (27)–(34) with Φ = 0.001, ΓΛ = 0.004, W = 2
and θ = 0.10. For all the panels, the vertical dotted lines represent the location
of the interface κ between the low and high shear rate bands and the circles
are the binodals of the system and their respective value of velocity (a), fluidity
(b), N1 (c), and shear stress plateau between the two values of shear rate which
meet at y = κ (d).

γ̇1 = 0.4353 and another one with γ̇2 = 3.1785 at y = κ = 0.8765.

Lastly, an important flow condition that needs to be satisfied in order to see
shear-banding within the channel (even though the shear-banding parameter
has a non-zero value), is that the wall shear stress σw has to be greater than
the stress plateau σp (for this case, σw = 17.59 > σp), otherwise, the low shear
rate band will fill the whole channel.

3.2.2 Transition to shear-banding

In this section, we will show the effect of the dimensional shear-banding param-
eter θ on the base state quantities in pressure-driven channel flow of our fluid.
We choose fixed values of Φ = 0.001 and ΓΛ = 0.004 and a set of values of
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θ = [0, 0.05, 0.08, 0.1, 1, 3, 10] to illustrate the transition from non-shear banding
to the formation of bands. The results can be seen in figure 6.

Firstly, we focus on small values of θ. We show the velocity profiles predicted
by our equations in figure 6a), where the bottom curve depicts the case for a fluid
with a value of θ = 0, with a plug-flow along the channel commonly observed in
shear-thinning fluids. An increase in the shear-banding parameter (from bottom
to top) slowly leads to a wider high viscosity region near the channel wall, until
an interface between two bands of fluid with different shear rates is seen at
y = κ ≈ 0.8765 (case θ = 0.1).

This transition can be better appreciated in the fluidity profile across the
channel, see figure 6c). For the case θ = 0, we observe a continuous increase of
the fluidity from the centreline towards the channel-wall. Although the same
behaviour is observed for the cases θ = 0.05 and θ = 0.08, notice how the slope
of the curves increases (rapid increase in φ between y = 0.7 and y = 0.9), until
we observe a discontinuity in the curve φ vs y, indicating that two bands of
fluid with different viscosities have been formed. The jump in the fluidity value
is represented with a dashed line when θ = 0.10.

The transition from monotonic to non-monotonic flow curves can be seen in
figure 6e). Notice how an increase in θ leads to a stress plateau σp, with two
representative binodals: γ̇1 at low shear rates and γ̇2 at high shear rates.

For the cases with high shear-banding parameter values, the flow behaviour
is similar to the one reported with θ = 0.1. However, there are gradual changes;
for instance, we have the velocity profiles in figure 6b). From right to left, the
values are θ = 0.3, 1, 3 and 10. For all cases, there exists an interface that
separates the low viscosity band from the high one (see vertical dashed lines),
but we can see that an increase in the shear-banding parameter moves the
location of the interface, κ, away from the channel wall. This is consistent with
the flow curves shown in 6f), where the stress plateau σp, and the binodals γ̇1
and γ̇2 shift to lower values as θ grows.

The fluidity profiles 6d) are also in agreement with the velocity profiles. We
observe that a rise in the shear-banding parameter value causes the jump in the
fluidity curves to increase for large θ. The limit will be when the fluidity in the
low region φ1 is equal to the thixotropic ratio Φ (fully entangled state), and the
high region fluidity φ2 reaches a value of 1 (fully destroyed state). As we will
see in the next section, how quick or slow the transition from non-shear-banding
to shear-banding is will depend on the values of the destruction parameter Γ,
thixoviscous number Λ and thixotropic ratio Φ.

3.2.3 Dependence of transition on destruction parameter and thixo-
viscous number

In this section, we focus on fixed values of the thixotropic ratio Φ = 0.001 and
shear-banding parameter θ = 0.1 to study the effect of a variable product ΓΛ
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Figure 6: Base state profiles for different values of shear-banding parameter,
with Φ = 0.001 and ΓΛ = 0.004 fixed. Figure (a) velocity profile for small θ
values; from bottom to top θ = 0, 0.05, 0.08 and 0.1. Figure (b) velocity profile
for high θ values; from top to bottom θ = 0.3, 1, 3 and 10. The vertical dashed
lines represent the location of the interface κ. Figures (c) and (d) are the fluidity
profiles for low and high θ values , and finally, figures (e) and (f) show their
respective flow curves σ12 vs γ̇.
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Figure 7: Base state profiles for different values of ΓΛ, with Φ = 0.001 and
θ = 0.10 fixed. Figure (a) Velocity profile; from right to left: ΓΛ=1.6 ×
10−4, 0.001, 0.004, 0.01 and 0.05. Figure (b): small region of figure (a). The
dashed lines here indicate the location of the shear-banding interface κ. (c)
Fluidity profiles; from left to right, the shear-banding parameter is increasing,
with the same parameter values indicated above. The dashed lines represent
the discontinuity (or jump) in the fluidity values. Figure (d): flow curve for the
same parameters used in (a); from top to bottom, ΓΛ increases.

on the formation of shear bands. As we previously explained, the destruction
parameter Γ and the structural reformation parameter Λ will only affect the
base state quantities through their product (this will not be true for the flow
instability, as we will show in the next sections). Small values of ΓΛ involve slow
destruction (or equivalently, quick structural reformation), while high structural
destruction or high thixotropy will be observed for large values of ΓΛ. In order
to explore these structural changes in our fluids, we choose a set of values of
ΓΛ = [1.6× 10−4, 0.001, 0.004, 0.01, 0.05]. Results are shown in figure 7.

Figure 7a) illustrates the velocity profiles for different values of the product
ΓΛ. For the limit ΓΛ ≈ 0, no jump in fluidity is reported, as the interface
location would appear outside the channel. The smallest value of ΓΛ here is
1.6× 10−4, whose curve is located farthest to the right of the plot. We can see
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for this case that a plug-flow is almost all over the channel, with an interface
located very close to the channel wall (y ≈ 0.973) and with an extremely narrow
high-fluidity region. These observations can be seen more clearly in figure 7b),
which is a zoom of the bigger figure. As we increase the value of ΓΛ (from
right to left), the interface location κ (vertical dashed line) moves away from
the channel wall, meaning that the low-viscosity band becomes wider and the
plug-flow occupies less of the flow width.

The fluidity profiles shown in figure 7c) are useful to appreciate the transition
better. For instance, we can clearly see that an increase in ΓΛ (i.e. a rise in
structural destruction and/or thixotropy of the fluid) is increasing the high-shear
rate band width and reducing the jump in the fluidity curves, until a critical
value of ΓΛ ≈ 0.0045 is reached, which is where the interface disappears, or in
other words, the fluidity profiles are no longer discontinuous. For ΓΛ > 0.0045,
the fluidity profiles will always be continuous (but with a high slope) and the
high-shear rate band will get wider and wider. It is important to point out that
this critical value of ΓΛ ≈ 0.0045 is only valid for θ = 0.1 and Φ = 0.001, and
therefore, the formation of the bands will depend on these parameters.

We also show the flow curves 7d), where we observe that an increase in ΓΛ
(from top to bottom) decreases the values of the shear stress plateau σp and
binodals γ̇1 and γ̇2, until we no longer see a plateau (two bottom curves).
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Figure 8: Fluidity profiles and flow curves for different values of ΓΛ, with Φ =
0.001 and θ = 1.0 fixed. Figure (a) Fluidity profile; from right to left: ΓΛ=1.6×
10−4, 0.001, 0.004, 0.01 and 0.05. The dashed lines represent the discontinuity
(or jump) in the fluidity values at κ. Figure (b): flow curves); from top to
bottom, ΓΛ increases.

Finally, in figure 8 ,we explore the behaviour of the fluidity profiles and the
flow curves with ΓΛ variable but this time for a much higher value of shear-
banding parameter, θ = 1.0. The rest of the parameters are the same as the
ones used in figure 7. In contrast with the fluidity profiles reported in 7c), where
continuity is seen for high values of ΓΛ, notice that when θ = 1.0, a jump is
still observed, as seen in figure 8a). Additionally, for the curve with the lowest
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ΓΛ = 1.6 × 10−4, the low-fluidity plateau φ = Φ = 0.001 covers most of the
channel, until it jumps to a much higher fluidity near the wall. This is also
evident in its flow curve shown in figure 8b), which is located at the top. For
these parameter values (low ΓΛ and high shear-banding parameter), we see that
the high-viscosity region is approximately Newtonian right up to the banding
interface: that is, the shear-thinning region II described in section 2.2.1 has
been eliminated.

3.3 Perturbation flow

We add an infinitesimal perturbation ε to the base flow, modifying all quantities
by a small change :

u = (U + uε, vε) (36)

σtot = σ + εΣ σtot =

(
σ11 +Σ11ε σ12 +Σ12ε
σ21 +Σ21ε σ22 +Σ22ε

)
(37)

φp = φ+ ϕε (38)

D = D
0
+ dε, (39)

γ̇ = γ̇0 + γ̇pε, (40)

Pp = P0 + εp, (41)

in which all the perturbation quantities are functions of the channel coordinate
y, and ε represents a single Fourier mode:

ε = ϵ exp [ikx− iωt]. (42)

Denoting D as differentiation with respect to y, the continuity equation becomes:

iku+Dv = 0. (43)

We now introduce the streamfunction ψ to reduce one dependent variable, de-
fined as:

u = Dψ v = −ikψ, (44)

which automatically satisfies the continuity equation. Discarding terms of order
ϵ2, the remaining governing equations become:

Re(−iωDψ − ikψDU + ikUDψ) = −ikp+ ikΣ11 +DΣ12 (45)

Re(−kωψ + k2Uψ) = −D p+ ikΣ12 +DΣ22 (46)

ϕ =
Γ(1− φ)(1 + θ γ̇0)

[
ikσ11Dψ + σ12(D

2 + k2)ψ +Σ12DU
]
+ ikψDφ

[−iω + ikU + Λ−1 + Γσ12DU(1 + θ γ̇0)]

+
Γσ12DU(1− φ)θγ̇p

[−iω + ikU + Λ−1 + Γσ12DU(1 + θ γ̇0)]
(47)
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Σ22(−iωWη + ikUWη + 1) = 2η(Wσ12k
2ψ − ikDψ) (48)

Σ12(−iωWη + ikUWη + 1) = η(D2 + k2)ψ − ξDU + ikψWηDσ12

+ Wη(σ11k
2ψ +Σ22DU) (49)

Σ11(−iωWη + ikUWη + 1) = 2ηikDψ − 2Wξσ12DU + ikψWηDσ11

+ 2Wη(ikσ11Dψ + σ12D
2ψ +Σ12DU) (50)

in which ξ and γ̇p are :

ξ =
ϕ

φ2
γ̇p = − (D2ψ + k2ψ) (51)

and the base state quantities η and σij are:

η = φ−1 =
1 + ΓΛ

(
1 + θ γ̇

)
σ12DU

Φ+ ΓΛ
(
1 + θ γ̇

)
σ12DU

σ =

(
2WP2y2 −Py
−Py 0

)
. (52)

3.4 Boundary conditions

The coupled system of equations (45)–(52) can be combined and the resulting
equation is a fourth-order ODE in ψ dependent on y. The boundary conditions
are conditions of no flow on the boundaries:

ψ = Dψ = 0 at y = ±1. (53)

This system is governed by seven dimensionless parameters: the Reynolds Re
and Weissenberg W numbers, the wavenumber k, the thixotropic ratio Φ, the
shear-banding parameter θ and the reformation/destruction parameters Λ and
Γ. For fixed values of the parameters mentioned above, we look for the frequency
or eigenvalue of the system, ω; more specifically, its imaginary part or growth
rate, ℑ(ω) to deduce whether a flow is stable or not: for ℑ(ω) > 0, the flow is
said to be unstable as the perturbations grow with time. The opposite is seen
when ℑ(ω) < 0.

3.4.1 Continuity in the fluidity profile

Although the shear-banding parameter θ had a non-zero value, that would not
necessarily mean we will observe shear bands (or a jump in the viscosity). In-
stead, at some parameter values, we will see a continuous fluidity profile, as we
previously analysed in sections 3.2.2 and 3.2.3. For these cases, the numerical
method is simple and is the same we used in [8, 9]: we solve the ODE using the
shooting method of Ho & Denn [23], which consists of integrating the govern-
ing equations from the centreline to the channel wall, until we find the correct
eigenvalue ℑ(ω) that satisfies the boundary conditions at the wall y = ±1 and
the ones at the centreline.
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The boundary conditions at y = 0 (considering appropriate symmetry) will
depend on the kind of mode that is perturbing the flow; a) varicose modes, for
which ψ is an odd function of y and b) sinuous modes, for which ψ is an even
function of y:

ψ = D2ψ = 0 at y = 0 for varicose modes, (54)

Dψ = D3ψ = 0 at y = 0 for sinuous modes. (55)

We use as initial estimates the results obtained in [9] to make parameter con-
tinuation in θ, until we observe a jump in fluidity, for which we use the method
described below.

3.4.2 Shear-band flow

The numerical method drastically changes when there is a discontinuity in the
fluidity profiles, which leads to the formation of shear bands, whose interface
in the base state is located at y = κ. As we have previously explained, the
location of the interface along the channel depends on our flow parameters
κ = κ (Γ,Λ,Φ, θ), and its numerical value is found when we satisfy the following
equation:

R(κ) = 0, (56)

where R, see equation (29), is an expression that depends on the coefficients of
the cubic equation for the fluidity (27). When a perturbation is imposed to the
base state flow, there will be an infinitesimal displacement ζ of a fluid particle
located in the interface, which leads to a kinematic boundary condition, in which
the interface is defined by y = η + ζε, where η is a Lagrangian coordinate that
satisfies:

Dη

Dt
=
∂η

∂t
+ u · ∇ η = 0. (57)

The physical meaning of equation (57) is that there is no mass transport through
the interface, and therefore, fluid particles on the interface always remain part
of the interface. Moreover, equation (57) is a common boundary condition used
when there is an interface separating two different fluids, but it has also been
applied to shear-banded flows [39, 38]. For our linear stability analysis problem,
if our interface initially located at η = κ is displaced from y = κ to y = η + ζε,
and if ζ is small, the kinematic boundary condition (after correcting to linear
order terms) becomes:

−ikψ − (−iω + ikU)ζ = 0. (58)

Furthermore, we require continuity across the interface of the velocity compo-
nents U + u and of the traction (force balance at the interface),

(
σ + εΣ

)
· n

(where n is the normal to the interface); this requires:

[ψ] = 0 [Dψ + ζ DU ] = 0 (59)
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[Σ12] = 0 [DΣ12 + ik(Σ11 − Σ22)] = 0, (60)

where we use [x] to denote the jump in quantity x across the interface y = κ. In
order to solve our stability problem, we integrate the governing equations (45)–
(51) using the shooting method [23] from the centreline (with boundary condi-
tions for either varicose (54) or sinuous modes (55)) to the interface, and from
the channel wall (with non-slip boundary conditions (53)) to the interface. The
four jump conditions (59)–(60) at the interface y = κ then become a matrix
equation of the form:

MΨ = 0, (61)

where Ψ is the vector of coefficients of each of the four linearly independent basic
functions. Thus, the true solution of the system is found when the determinant
of M(ω) is zero. A Newton-Raphson technique is used to find a zero of the
determinant as a function of ω, as in the case without interface.

4 Results

4.1 Shear-banding parameter variable

In our previous work [9], we studied the isolated and combined effect of the
BMP model parameters on the flow instability, and we identified under which
conditions it is likely to observe highly unstable flows. Here we will carry out
similar calculations and explain the results, but we will begin by varying the new
dimensionless number that appears in this work: the shear-banding parameter.

In order to illustrate the effects of θ, we simply choose and fix values of
destruction parameter, thixoviscous number, wavenumber, Reynolds and Weis-
senberg numbers and thixotropic ratio. For the last three cases, we will use
a fixed value for almost all the calculations throughout the paper. For the
Reynolds number, we set Re = 0 because we are interested in studying elastic
instabilities rather than inertial ones. For the Weissenberg number, we will be
using W = 2, as we know that an increase in W was destabilising for the modes
seen in our previous work [9] (we will show that this is also the case for TVEP
fluids that exhibit shear-banding). And lastly, although it is not numerically
possible for us to explore the case of a fluid with a true yield stress (Φ = 0),
unstable flows are seen when there is a decrease in Φ, so we will fix Φ = 0.001,
as this is one of the values that we previously reported where strong instabilities
happen. In the subsections below we will show and analyse the results obtained.

4.1.1 Critical shear-banding parameter value

In this section, we make parameter continuation in θ, and choose as our initial
values base states that are found to be unstable in the absence of shear-banding
(θ = 0). We select two different values of the destruction parameter: Γ = 0.003
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and Γ = 0.005. We set W = 2, Λ = 1, Φ = 0.001 and k = 0.1. The results for
sinuous perturbations are shown in figure 9.
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Figure 9: Growth rate against shear-banding parameter θ for sinuous modes,
with W = 2, Λ = 1, Φ = 0.001 and k = 0.1 fixed. Inertia is neglected (Re = 0).
Figure (a): Γ = 0.003; (b): Γ = 0.005. For both pictures: the solid lines
represent base-states without bands; dashed lines indicate that there are bands
of fluids with a jump in the fluidity profile; the dotted line shows the location
of the critical value of θ.

We can see for both cases that at low values of θ, there are two modes, B1

and B2, which we call bulk modes (this definition is explained in section 4.1.2).
It can be seen that the mode B1 (which is the kind of mode we studied in
our previous work [9]) is always more unstable than the mode B2. We then
increase the values of the shear-banding parameter, and we observe that there
is a decrease in the growth rate for both cases. By increasing θ, the slope of
the fluidity profiles in the channel is increasing rapidly (as in sections 3.2.2
and 3.2.3), which means that the fluid is beginning to separate into two bands.
Continuity in the fluidity profiles is seen for all the points that are plotted with
the solid line. The jump in the viscosity (characteristic in shear-banded flows)
is first seen at a critical value of θc ≈ 0.078 for Γ = 0.003 and θc ≈ 0.0985
for Γ = 0.005. These points are indicated in their respective plots with black
circles. After these critical values, we observe pure shear-banding fluids (all the
points that are in the dashed lines), which become less and less unstable as we
increase θ, indicating that a reduction in the value of the stress plateau and its
binodals γ̇1 and γ̇2 reduces the growth rate of instability. The mode B1 in both
cases eventually reach stability for high values of the shear-banding parameter,
and this happens approximately when θ ≈ 0.515 for Γ = 0.003 and θ ≈ 0.522
for Γ = 0.005.

More interestingly, above the critical shear-banding parameter value, the
mode B2 becomes an interfacial mode (the reason for this name is explained in
section 4.1.2). This mode (which is shown in the figures as “I”) appears when
there is an interface that separates the bands with different shear rates, and this

24



is seen when there is a jump in the fluidity. Although the mode I also becomes
less unstable as we increase θ, the decay of the growth rate of this mode is
extremely slow compared to the other mode B1, and above a given value of θ,
the interfacial mode now will be more unstable than the bulk one (see small
figures in 9).

We have determined that these interfacial modes will be dominant when
the binodal γ̇1 (i.e. the low dimensionless shear rate value that corresponds to
one of the bands formed when the system reaches the stress plateau σp, see
section 3.2.2), obeys the condition established in (35):

γ̇21(1 + θγ̇1) ≪
Φ

ΓΛ
. (62)

Physically, this means that the shear-thinning behaviour (region II in the flow
curve, see figure 1) will vanish, and therefore, the fluidity of the low band would
be approximately equal to the value of the thixotropic ratio Φ (see figure 6d).
The condition (62) is satisfied at high values of the shear-banding parameter θ,
which will lead to dominant interfacial instabilities rather than bulk ones, where
the shear-thinning characteristics are key components, as shown in our previous
works. The bulk modes, as we have seen, dominate over the interfacial ones at
values of θ slightly above the critical shear-banding parameter value θc.

4.1.2 Dispersion relations: bulk and interfacial modes

The generalised BMP model is able to predict two kinds of modes: bulk and
interfacial modes. Two bulk modes were found in the non-shear-banding re-
gion, B1 and B2, being B1 the more unstable one. In addition, B1 is found to
still be present in the shear-banding region. On the other hand, the bulk mode
B2 becomes an interfacial mode “I” at values of θ above the critical shear-
banding parameter value θc (when there appears a jump in the fluidity). In a
recently published paper [38], Renardy et al. studied stability analysis of two-
dimensional plane Couette flow of viscoelastic fluids with thixotropic yield stress
behaviour and shear-banding and they found similar results to ours: bulk insta-
bilities in the yielded phase, and for some given values of their model parameters,
they also observed unstable interfacial instabilities. The main difference with
respect to our case is that the interfacial modes they reported are driven by a
jump in the normal stress difference across the interface

A key contributions of their paper is that they establish a criterion that
allows us to distinguish between bulk and interfacial modes: the interfacial
modes are neutrally stable as k → 0. In this way, we compare the interfacial
and bulk modes obtained in figure 9 by taking one point of each mode that is
within the shear-banding region (dashed lines), and we vary the wavenumber k
to study their behaviour. Results can be seen in figure 10.

We set a constant low value of shear-banding parameter θ = 0.1180, which
ensures that bands of fluid are formed in the base state, and therefore, two
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Figure 10: Dispersion relations ℑ(ω) vs k for bulk (dotted lines) and interfacial
(solid lines) modes, with θ = 0.1180, W = 2, Λ = 1 and Φ = 0.001 fixed. The
plots are for sinuous modes. Figure (a), (b) and (e) show the case for Γ = 0.003,
while (c), (d) and (f) are for Γ = 0.005.

modes of instability are present, B1 and I, according to what we saw in figure 9.
Parameter continuation for the cases ΓΛ = 0.003 and ΓΛ = 0.005 is made for
the wavenumber k. For both cases, both modes tend to be more unstable for
short waves, reaching an asymptotic value for k > 1.0. However, there are
remarkable differences between the two modes: one of them, the bulk mode
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Figure 11: Dispersion relations for both sinuous bulk and sinuous interfacial
modes with W = 2, Λ = 1, Γ = 0.003, θ = 0.60 and Φ = 0.001 fixed. For
all plots, the solid line depicts the interfacial modes. Figure (a): growth rate
against wavenumber. Figure (c): convection rate against wavenumber.

(dotted lines) is always a lot more unstable than the interfacial one (solid lines),
but more importantly, they behave differently for the long wave case k → 0, see
figures 10b) and 10d). It can be clearly seen that the interfacial modes tend
slowly to an asymptotic neutral value of ℑ(ω) = 0, meanwhile the bulk ones
reach the stability zone, ℑ(ω) < 0.

We also plot the convection rate ℜ(ω) against the wavenumber for both
modes, see figures 10e) and 10f). For short waves, notice that the curves adopt
a straight line that follows the relation ℜ(ω) ∼ kU(y), which means that the
perturbations are localised at a cross-channel position y and are convecting with
the flow at velocity U(y) (see [40]). For the interfacial modes (with k > 2), we
obtain ℜ(ω) ∼ 0.9742 k = U(0.8976) k for the case ΓΛ = 0.003, where y =
0.8976 ≈ κ is extremely close to the value of the interface location. Similarly,
for ΓΛ = 0.005, we obtain ℜ(ω) ∼ 0.9816 k = U(0.867) k, with y = 0.867 ≈ κ.

On the other hand, the perturbation of the bulk modes seem to be located
very close to the interface location but on the yielded region (y > κ), as we
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obtain the following relations that approximate well to our results: ℜ(ω) ∼
0.9756 k = U(0.8978) k for ΓΛ = 0.003, and ℜ(ω) ∼ 0.9770 k = U(0.8693) k for
ΓΛ = 0.005.

We also obtain the dispersion relations for a higher value of the shear-banding
parameter θ = 0.60, where the interfacial modes are dominant over the bulk
ones, whose results are shown below in figure 11a). It can be clearly seen
that now the interfacial modes (solid lines) are dominant for all values of the
wavenumber.

The convection rate against wavenumber plot is shown in 11c), and we notice
a behaviour similar to the one from figures 10e) and 10f): for very short waves,
we can fit the results into a linear equation. For the interfacial modes (solid
line), we get ℜ(ω) ∼ 0.9863 k = U(0.889) k, where the cross-channel position y
is almost equal to the value of the interface location κ = 0.8887.

Finally, we show the dispersion relation of points that are part of the less
unstable bulk mode B2, which is present in the non-shear-banding zone (see
figure 9). Results are shown in figure 12. Taking a fixed value of θ = 0.04,
we illustrate the dispersion relation for two cases: one with Γ = 0.003 (solid
line) and another one with Γ = 0.005 (dashed line). The main conclusion we
can obtain from these results is that the growth rate is negative in the long
wave case k → 0, meaning that we have a bulk mode. Above the critical shear-
banding parameter value, this bulk mode becomes an interfacial mode, as we
previously described in figures 9 and 10. From now on, when we talk about bulk
modes, we will refer to those that are more unstable (B1).
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Figure 12: Dispersion relations of the less unstable sinuous bulk mode (B2

in figure 9). The parameter model values are W = 2, Λ = 1, θ = 0.04 and
Φ = 0.001. The solid line has a value of Γ = 0.003 and the dashed line is for
Γ = 0.005. Figure (b) shows the behaviour at very long waves.
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4.1.3 Interfacial instabilities with continuity in the first normal stress
difference predicted by the Oldroyd-B model

In the previous section, we discovered two unstable modes: bulk and interfacial
instabilities. The first of these have been recently studied by [38] and by our-
selves in previous works (without shear-banding), and the second modes have
been also observed by multiple research groups [16, 39, 18, 11] in both Poiseuille
and Couette shear-banded flows. The mechanism for these interfacial instabil-
ities has been assumed to depend critically on a discontinuity in N1 across the
interface, as in the truly interfacial elastic instabilities first discovered in the
90’s [22, 10]. In some cases, which include diffusion, N1 is not strictly discontin-
uous, but there is always a rapid variation in N1 across a small region [11, 18].
But for our fluid, N1 is continuous and slowly varying across the shear-band
interface.

The difference, as stated above, is that the instability for the interfacial
modes observed by them seems to arise when elasticity varies discontinuously,
which is not the case for the BMP model with shear-banding, see figure 5c).
For these reasons, we decide to explore if the interfacial instabilities that we are
observing in section 4.1.1 are also predicted by other models that are able to
satisfy the conditions of continuity in N1, and of course, a jump in viscosity at
the interface.

We use a simple model that can help to achieve this, which is the Oldroyd-B
model. In a previous work by Wilson & Rallison [41], this model was used to
study the instability of elastic liquids where the concentration of the polymer C
(which is proportional to its viscosity) changes across the channel of half-width
L. We create an artificial scenario that emulates shear-banding phenomenon: a
two-layer flow, where two fluids of different viscosities are separated by an inter-
face located at some point y = κ in the channel. The fluid near the centreline
has a much higher viscosity than the fluid near the channel walls and although
the two fluids have different Weissenberg number values, there is continuity of
the first normal stress difference across the interface.

The full results can be found in appendix A. Here we briefly mention the
main findings: an interfacial instability similar to the one predicted by the
generalised BMP model (section 4.1.2) is also predicted by the Oldroyd-B model
given the proper flow conditions, i.e. a jump in the fluid viscosity at the interface,
along with continuity in the first normal stress difference. In addition, we found
that the fluid elasticity is a key component of the instability: stability is seen
at low values of Weissenberg number, while the opposite is observed if W is
increased.

29



4.2 Sinuous and varicose modes

In the previous sections, we have been showing only sinuous perturbations. The
reason for this is that in our previous work [9], we found that sinuous pertur-
bations are slightly more unstable than varicose ones for long and intermediate
waves, although both reach the same asymptotic value for short waves. Here we
simply show that this still seems to hold when the shear-banding phenomenon
is present, for both bulk and interfacial modes, see figure 13.
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Figure 13: Growth rate ℑ(ω) against wavenumber k for sinuous (solid lines) and
varicose (dotted lines) perturbations, with W = 2, Φ = 0.001, Λ = 1, Γ = 0.003
and θ = 0.118 fixed. Figure (a): bulk modes. Figure (b): interfacial modes.

For the case of bulk modes, figure 13a), the dispersion relation for sinuous
perturbations is slightly above the varicose ones, but stability is observed for
both perturbations for long waves. For interfacial modes, figure 13b) is a bit
more complicated to appreciate, as it seems that the sinuous curve is super-
imposed over the varicose one, but if we zoom in, we can see that indeed the
sinuous perturbations tend to be more unstable.

4.3 Variable Weissenberg number

In our previous paper [9], we observed that the flow becomes unstable if the
elastic relaxation time-scale λve (and thus, the Weissenberg number) is large,
and it becomes even more unstable if the order of magnitude of λve is much
higher compared to the structural relaxation time λ and the plastic time scale
λtp. In this section, we show some examples of this behaviour, which still holds
for both bulk modes with sinuous and varicose perturbations, as can be seen in
figure 14.

As we concluded in the previous section, sinuous perturbations will be more
unstable than varicose ones for either bulk and interfacial modes, and this be-
comes more evident when the Weissenberg number W is increased, as shown in
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Figure 14: Growth rate ℑ(ω) against Weissenberg number with θ = 0.1180,
k = 0.1, Γ = 0.003, Λ = 1 and Φ = 0.001 fixed. Figure (a): bulk modes.
Figure (b): interfacial modes. For figures (a) and (b): solid line is for sinuous
perturbations and dotted ones for varicose perturbations. Figure (c): sinuous
perturbations. Figure (d): varicose perturbations. For figures (c) and (d): solid
lines are bulk modes and dotted lines are interfacial ones.

figures 14a) and 14b).

At low values of shear-banding parameter, θ = 0.118, and with k = 0.1,
Λ = 1, Γ = 0.003 and Φ = 0.001 fixed, we compare the behaviour of the bulk
and interfacial modes as the elastic relaxation time scale (proportional to W )
grows, see figures 14c) and 14d). Notice that for sinuous perturbations with
values of W > 0.7, the growth rate for the bulk modes is much higher compared
to that for the interfacial instabilities. In addition, the thixoelastic number
Wte = W/Λ also becomes larger, meaning that the elastic effects overcome the
thixotropic effects, leading to instability in both bulk and interfacial modes.

However, for values ofW < 0.7, the bulk modes reach the stability zone, and
the growth rate for interfacial modes is positive with an extremely small value
ℑ(ω) ≈ 0.005, which might indicate that for our very specific set of parameters
chosen, the flow is initially slightly unstable due to an interfacial instability
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at values of W < 0.7, but an increase in the Weissenberg number (and thus,
of λve) will completely lead to a bulk instability. In order to illustrate this,
we calculate the critical Weissenberg number Wc defined as the dimensionless
flow rate below which the flow is stable to perturbations of all wavenumbers
(see [40, 8]). From our calculations, we got that the critical Weissenberg number
for the sinuous interfacial mode is Wc = 0.1105 (with critical wavenumber kc =
1.312), meanwhile, for the sinuous bulk modes, we obtainWc = 0.1562 and kc =
0.837, which indicates that indeed for our particular case of study (θ = 0.118,
k = 0.1, Λ = 1 and Φ = 0.001), an interfacial instability will appear first. We
get similar results for varicose perturbations: Wc = 0.1217 and kc = 1.75 for
interfacial modes, and Wc = 0.252 and kc = 1.74 for bulk ones.

Although we have only reported just one case of study, we have found that
these trends are robust to changes in the other dimensionless parameters.
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Figure 15: Growth rate ℑ(ω) against Weissenberg number for sinuous pertur-
bations with θ = 0.60, Φ = 0.001, k = 0.1 and Λ = 1 fixed. The solid line
represents the bulk modes, and the dotted one is for interfacial modes. Figure
(a): Γ = 0.003 with κ ≈ 0.89; figure (b): ΓΛ = 0.02 with κ ≈ 0.79.

Moreover, it also seems that the interfacial modes might not only be caused
by a jump in fluidity; elasticity is also a key factor here, as an increase in W
involves a rise in the growth rate, for either varicose or sinuous perturbations.
This is confirmed by the limit W → 0 of the two-layer flows (see appendix A):
elasticity is crucial to interfacial instabilities in the absence of inertia.

Lastly, we also compare the behaviour of the interfacial and bulk modes
as the Weissenberg number increases but now with a higher value of shear-
banding parameter value θ = 0.60. Results can be seen in figure 15, where two
comparative cases are reported: one in which the interface location is relatively
close to the wall (ΓΛ = 0.003 with κ ≈ 0.89) and another one in which the
interface is slightly further away from the channel wall (ΓΛ = 0.02 with κ ≈
0.79). In contrast with the conclusions obtained from figure 14, for the former
case, the interfacial modes will be more unstable than the bulk ones for any value
ofW . Additionally, we can observe that the growth rate for the interfacial mode
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(dotted line) will be mostly positive (with the exception of the limit W ≈ 0),
meanwhile the bulk one is fully stable at W < 1.5.

On the other hand, if the interface is no longer so close to the wall, we can
notice a similar behaviour to that of figure 14: the interfacial modes are weakly
unstable but dominant over the bulk ones in the limit of very low Weissenberg
number values, while bulk modes become much more unstable at W > 2.8.
From these observations, we can deduce an important conclusion: the interface
location determines whether a bulk or an interfacial mode is dominant.

4.4 Thixotropic timescales

We have studied flow instabilities and the effect of Φ, k, W and θ on them. In
the following sections, we will discuss the effects of the parameters governing
structural reformation (Λ) and destruction (Γ). We divide the subsections into
two parts: 1) we first study the behaviour of the bulk modes, and 2) we focus
on interfacial modes, making direct comparisons with respect to the conclusions
obtained for the bulk modes.

4.4.1 Thixoviscous number: bulk modes

In figure 16 we plot the growth rate against the thixoviscous number Λ for
different low values of shear-banding parameter θ, with W = 2, Γ = 0.002,
Φ = 0.001 and k = 0.1 fixed. The case θ = 0 is depicted in figure 16a), which
corresponds to a case that we studied in our previous paper, where we concluded
that the flow is linearly stable at both extremes of thixoviscous number: the
limit Λ → 0, which is the equivalent of a Maxwell fluid with high viscosity (η ≈
1/Φ). On the other hand at Λ → ∞, the fluid has an extremely slow structural
recovery, and thixotropy dominates over viscoelastic effects (low thixoelastic
numbers, Λ ≫ W ). However, when this condition is not met, the flow can be
extremely unstable, as seen in figure 16a).

Similar behaviour is observed for non-zero values of θ, as shown in fig-
ure 16b): the limits Λ → 0 and Λ → ∞ are stable, which confirms that
thixotropy effects also stabilise flows when shear-banding is present. It is not
surprising that an increase in shear-banding parameter value (from top to bot-
tom) leads to less unstable flows until full stability for bulk modes is reached.

Notice that some of the most unstable flows are seen when shear-bands are
present (dashed lines), whose interface location is slightly away from the wall
(κ ≈ 0.8−0.9), meanwhile flows with continuity in the fluidity profile tend to be
more stable (see high Λ region). Additionally, the curves and their maximum
are being displaced from left to right as θ increases. In order to explain this, we
define a new dimensionless number, which is a ratio of two fluid time scales that
compares the shear-banding effects over the thixotropic ones, which we will call
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Figure 16: Growth rate plotted against the thixoviscous number Λ for W = 2,
Γ = 0.002, Φ = 0.001 and k = 0.1. Figure (a): case θ = 0; (b): from top to
bottom, θ = 0.07, 0.1, 0.1240, 0.20 and 0.30. Dashed lines represent base-state
shear-band flows.

ς:

ς =
θ

Λ
=
ϑ

λ
. (63)

We now reframe the growth rate from figure 16b) against ς, see figure 17. No-
tice that the instability is observed for intermediate values of ς, and the most
unstable flows have roughly the same value of ς ≈ 0.22. It is important to point
out that this interval is only valid for this case study (Γ = 0.002,W = 2, k = 0.1
and Φ = 0.001), and will change if the other parameters take different values,
but the conclusions obtained here will remain for bulk modes.

From this plot, we can get additional conclusions: for instance, in order
to overcome the instabilities caused by elasticity, highly thixotropic fluids are
required to stabilise the flow, as can be seen in the regions of low ς values (left
side of the curve). On the other hand, we know that fluids with extremely quick
structural reformation characteristics (low Λ) tend to be unstable, so in order
to compensate for the lack of thixotropy, high shear-banding parameter values
θ are needed to lead to stability of the bulk modes, or in other words, high ς
values (right side of the curve). However, in the next subsection, we will see
that this extreme involves unstable interfacial modes.

4.4.2 Thixoviscous number: interfacial modes

In this subsection, we focus on the regime where the interfacial instabilities are
dominant over the bulk ones; this is seen when high values of shear-banding pa-
rameter are present. We simply carry out a similar analysis that was carried out
in section 4.4.1 to study the dependence of the growth rate on the thixoviscous
number for interfacial modes. Results can be seen in figure 18.
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Figure 17: Growth rate ℑ(ω) against ς for sinuous perturbations. The param-
eter values used are the same as in 16b).

	

0.002	

0.004	

0.006	

0.008	

0.01	

0.012	

0.014	

0.016	

0.005	 0.05	 0.5	 5	

Gr
ow
th
	ra
te
,	I
m
(ω
)	

Thixoviscous	number,	Λ		

(a) ℑ(ω) vs Λ

	

0.006	

0.007	

0.008	

0.009	

0.01	

0.011	

0.012	

0.013	

0.014	

0.015	

0.86	 0.88	 0.9	 0.92	 0.94	 0.96	 0.98	 1	

Gr
ow
th
	ra
te
,	I
m
(ω
)	

Interface	location,	κ			

(b) ℑ(ω) vs κ

Figure 18: Figure (a): growth rate plotted against thixoviscous number Λ
for interfacial modes with W = 2, Γ = 0.002, Φ = 0.001 and k = 0.1 fixed.
Figure (b): growth rate against interface location κ. From top to bottom:
θ = 0.30, 0.50, 1 and 5.

In contrast with what we saw in figure 16, the behaviour of the modes
is slightly different: although the modes get more stable as both θ and Λ in-
crease, notice how a decrease in the thixoviscous number leads to highly unstable
flows, which means that quick structural recovery is also dangerous for interfa-
cial modes. Thus, interfacial modes are more dangerous at high values of the
material time-scale ratio ς defined in equation (63). In addition, as we saw in
figure 8, high shear-banding parameter values and small values of Λ lead to an
interface location close to the channel wall, so we plot the growth rate against
κ, see figure 18b), from which we can see that fluids whose interface location
is very close to the wall κ ≈ 0.98 are highly unstable. Unfortunately, we could
not reach the limit Λ → 0 as the no-slip condition at the channel wall is hard to
satisfy as it involves extremely sharp velocity profiles in the base state. How-
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Figure 19: Behaviour of the interfacial (dotted line) and bulk (dashed lines)
modes as a function of the thixoviscous number and the interface location.
Figure (a): growth rate plotted against Λ for interfacial and bulk modes with
W = 2, θ = 0.20, Γ = 0.002, Φ = 0.001 and k = 0.1 fixed. Figure (b): growth
rate vs interface location κ.

ever, we can see that for the case θ = 0.30 (curve at the top), the growth rate is
slightly decreasing. We believe that the interfacial mode will become neutrally
stable (or at least stable) when the interface location reaches the wall, κ = 1,
as predicted by the Oldroyd-B model in appendix A.

Lastly, we simply compare the behaviour of the bulk and interfacial modes
as a function of the thixoviscous number with fixed values W = 2, θ = 0.20,
Γ = 0.002, Φ = 0.001 and k = 0.1, see figure 19. As concluded before, it can be
clearly seen that although the interfacial modes are weakly unstable, they are
dominant at very low values of thixoviscous number, which is the limit in which
the interface location is very close to the wall (see figure 19b). The bulk modes,
on the other hand, are dominant for intermediate values of thixoviscous number
and can be highly unstable. Finally, both modes tend to be stable when the
thixotropic effects dominate (large Λ).

4.4.3 Thixoplastic number: bulk modes

Now we focus on studying the effect of the destruction parameter on the bulk
instabilities for different values of the shear-banding parameter. However, we
will plot our results against the timescale associated with the destruction pro-
cess: the thixoplastic number, previously defined as Wtp =

√
ΓΛ(1− 2Φ). As

explained before, each value of the thixoplastic number involves a unique base
state, given that the base-state quantities depend on the product ΓΛ.

We fix the values of k = 0.1, W = 2, Φ = 0.001, and we choose two
representative cases of weakly thixotropic fluids: Λ = 0.1 and Λ = 0.2. Results
are shown in figure 20.
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Figure 20: Growth rate plotted against thixoplastic numberWtp for bulk modes
with W = 2, Φ = 0.001 and k = 0.1 fixed. Figure (a): Λ = 0.1; (b): Λ = 0.2.
From top to bottom: θ = 0, 0.05, 0.1 and 0.1240. Solid lines represent base-
states with continuity in the fluidity profiles, meanwhile dashed lines indicate a
jump in the shear rate at the interface location.

The curves that are found at the top in figures 20a) and 20b) are the cases
with θ = 0 that have been previously studied [9]. Similarly to figure 16a),
the extremes Wtp → 0 and Wtp → ∞ are both stable; the first limit is the
equivalent of a Maxwell fluid with low fluidity φ = Φ, and the second limit
involves high structural destruction and a growth of the yielded region near the
walls. Additionally, as reported in [9], the most unstable base state for fixed Φ,
Λ, W , k and θ = 0 is found when the dimensionless critical stress τc = 1/Wtp is
located near the channel wall (around y ≈ 0.98).

For non-zero values of the shear-banding parameter, the curve behaviour
does not change: it is not surprising that an increase in θ stabilises the flows,
and the limits Wtp → 0 and Wtp → ∞ are stable as well. In addition, the most
unstable base states for fixed θ ̸= 0 satisfy the condition that the critical stress
σc (whose value is slightly greater than the stress plateau σp) is still close to the
wall. The difference with respect to the case θ = 0 is that a rise in θ diminishes
the shear rate and shear stress at y = 1, and thus, the critical stress is displaced
away from the channel wall. For instance, the most unstable state with fixed
Λ = 0.2 for θ = 0.05 has a value of τc = 29.91 and is located at y = 0.942; for
θ = 0.10, τc = 16.15 at y = 0.904, and for θ = 0.1240, τc = 13.32 located at
y = 0.888. We also notice that for the cases where θ ̸= 0, the most unstable
base states are seen when the transition from continuity (solid lines) to a jump
in the fluidity profiles (dashed lines) occurs, or in other words, the slope of the
curve φ vs y is extremely high (see section 3.2).

It is also evident that Λ plays a key role in the bulk instability, as it can be
seen that all the curves from figure 20a) are much more unstable than the ones
in 20b). This behaviour will be explored later.
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Lastly, we made a similar analysis to the one made in figure 17: we define a
new dimensionless quantity, ϖ, which is a material parameter simply defined as
the ratio of two timescales; the time scale representative of plasticity and that
for shear-banding effects:

ϖ =
Wtp

θ
=
λtp
ϑ
. (64)

We now simply plot the growth rate of figure 20 against ϖ. The results are
shown in figure 21.
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Figure 21: Growth rate plotted againstϖ for bulk modes. The model parameter
values used are the same that the ones used in figure 20.

We can deduce that high thixoplastic numbers (i.e. when the yielded region
grows along the channel) would lead to flow stability, so in order to compensate
for weak shear-banding effects, which are usually unstable, high ϖ values are
required to stabilise the flow (right side of the plots).

For the other extreme of low thixoplastic numbers, a similar conclusion is
obtained: in order to overcome elastic effects and plasticity, low ϖ values are
needed to stabilise bulk modes (we will see in the next subsection that this
condition will lead to more unstable interfacial instabilities though). More in-
terestingly, intermediate values tend to be highly unstable and the most unstable
base-states for all the curves have the same value of ϖ: for both cases, Λ = 0.1
and Λ = 0.2, the most unstable flows are observed when ϖ ≈ 0.66. The limit of
this instability is the case θ = 0, which we know beforehand is the most unstable
case.

4.4.4 Thixoplastic number: interfacial modes

Now we focus on studying the effect of variable destruction parameter at high
values of the shear-banding parameter, which is the regime in which the inter-
facial modes are more dominant over the bulk ones. We carry out a similar
analysis to that in section 4.4.2: we fix the Weissenberg and thixoviscous num-
ber, the thixotropic ratio and the wavenumber, and we choose a set of three
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values of shear-banding parameter θ = [0.5, 1, 5], and for each case, we vary
Γ. We then plot the growth rate against the timescale characteristic of the
destruction process, the thixoplastic number and against the interface location,
see figure 22.
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Figure 22: Figure (a): growth rate plotted against thixoplastic number Wtp;
(b): growth rate against interface location. The parameter values W = 2,
k = 0.1, Φ = 0.001 and Λ = 1 are fixed. From top to bottom: θ = 0.5, 1 and 5.

Similarly to the conclusions obtained from figure 18, the most unstable base-
state flows seem to be the ones whose interface location κ is near the wall, and
this is achieved when very low values of thixoplastic number (and therefore, low
values of the material time scale ratio ϖ defined in equation (64)) are present.
However, it was not possible to get to the limit κ→ 1 due to the sharp velocity
profiles. This is evident for the case θ = 5 (bottom curve of figure 22a), where
there are some fluctuations due to numerical errors.

As expected, the curves with higher θ value are the less unstable ones. More-
over, we can see that for the curve with the lowest value of shear-banding pa-
rameter θ = 0.5 (top curve), the interfacial mode only exists if the interface
location is between 0.64 < κ < 1, and it becomes stable at Wtp ≤ 0.32, which
coincides with the transition (in the base state) to a continuous fluidity profile.
For the other cases, the interfacial modes will still be present for high thixoplas-
tic numbers; for θ = 1, the mode is seen at Wtp ≤ 0.6324 with interface location
0.45 < κ < 1 and lastly, for θ = 5, instability is observed for Wtp ≤ 2.41 with
interface location 0.1841 < κ < 1 (see small plot in figure 22b)).

Finally, as we did in section 4.4.2, we compare the behaviour of the bulk and
interfacial modes as a function of the thixoplastic number with fixed values of
θ = 0.10, k = 0.1, W = 2, Λ = 1 and Φ = 0.001. Results are shown in figure 23,
where we can see that in the limit Wtp → 0, the bulk modes (dashed lines) are
fully stable, while the interfacial modes are weakly unstable.

From the results obtained here and in section 4.4.2, we can conclude that the
interfacial modes become more unstable and dominant over the bulk modes if
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Figure 23: Behaviour of the interfacial (dotted line) and bulk (dashed lines)
modes as a function of the thixoplastic number and the interface location. Figure
(a): growth rate plotted againstWtp for interfacial and bulk modes withW = 2,
θ = 0.10, Λ = 1, Φ = 0.001 and k = 0.1 fixed. Figure (b): growth rate vs
interface location κ.

the interface location κ is very close to the wall, and small values of destruction
parameter and thixoviscous number lead to instability, which is the equivalent of
small values of the product ΓΛ: either small destruction and/or poor thixotropy
are dangerous, which also satisfies the condition obtained in equation (62).

4.4.5 Thixoplastic number at fixed shear-banding parameter: bulk
modes

In this final subsection, we now explore the behaviour of variable thixoplas-
tic number with a fixed shear-banding parameter in bulk modes with sinuous
perturbations. In our previous publication [9], we analysed this case and we
will briefly explain here what we found. We know that intermediate values of
thixoplasticity tend to be unstable, and they become more dangerous if the
viscoelastic time scale is much larger than the structural relaxation time scale,
λve ≫ λ. Thus, λ plays a key role in the bulk instability. For that reason, we
studied the effect of the thixoplastic number on the growth rate with multiple
combinations of the destruction and reformation parameters. In order to make
things easier for the reader, the results obtained in [9] are shown in figure 24.

We took a set of fixed values for Λ = {0.1, 0.2, 0.5, 1}, and for each case, we
calculated the growth rate as a function of the thixoplastic number, by varying
the destruction parameter Γ, see figure 24a).

The main conclusions we obtained are that there is a strong dependence
of the growth rate of the instability on the reformation parameter Λ, as the
instability becomes more dangerous when Λ decreases (bottom to top). Addi-
tionally, the most unstable point of each curve has the same value of thixoplastic
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Figure 24: Dependence of growth rate of bulk sinuous perturbations on thixo-
plastic number, at fixed W = 2, Φ = 0.001, k = 0.1 and θ = 0. For each curve
Λ is constant and Γ varies. Main plots, top to bottom: Λ = 0.1, 0.2, 0.5 and 1.
(a) Growth rate against thixoplastic number; (b): growth rate against the ratio
Λ/Wtp. These results were originally reported in [9].

number, which is around Wtp = 0.00269, which indicates that there is a small
yielded region near the wall (0.98 < y < 1), and the critical stress τc is located
at y ≈ 0.98.

We can also appreciate the strong dependence of the instability on Λ and Γ
in figure 24b), where we plot the growth rate against the material parameter
Λ/Wtp, which is the ratio of the thixotropic and plastic timescales. From this
plot we deduced that the instability follows the scaling ℑ(ω) ∝ Λ−1 ∝ Γ, and the
most unstable points of each curve can be fitted to a single power-law equation
that adopts the following form:

ℑ(ω) = A (λ/λtp)
−n, (65)

whereA and n are coefficients that depend on theWeissenberg number, wavenum-
ber, thixotropic ratio and, as we will see soon, on the shear-banding parameter.

The characteristics of the instability described above are still seen for bulk
modes with non-zero shear-banding parameter values, as illustrated in figure 25,
where we show two different cases: θ = 0.1 and θ = 0.1240. Firstly, we focus
on figures 25a) and 25b), where the growth rate is plotted against thixoplas-
tic number. It can be seen that the behaviour of these curves resembles the
one observed in the zero shear-banding case 24a): there is a most dangerous
thixoplastic number, and therefore, a most dangerous base-state flow for each
value of θ; for θ = 0.1, Wtp ≈ 0.062, whose interface is located at κ ≈ 0.8791
with stress plateau value σp ≈ 15.71 and critical stress value τc ≈ 16.15 located
at y = 0.903, meanwhile for θ = 0.1240, Wtp ≈ 0.075 with interface location
κ = 0.8618, σp = 12.94 and critical stress τc = 13.31 located at y = 0.8871. Fur-
thermore, we obtain the dispersion relation for these highly unstable flows, and
from the plot ℜ(ω) vs k, we were able to obtain the location of the perturbation
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Figure 25: Figures (a) and (b): growth rate against thixoplastic number for
bulk modes with shear-banding parameter variable fixed. Figures (c) and (d):
growth rate plotted against material parameter Λ/Wtp with fixed θ. For all
plots: W = 2, k = 0.1 and Φ = 0.001; from top to bottom: Λ = 0.1, 0.2, 0.5 and
1. Dashed lines represent base-states with a jump in the fluidity profile.

(as we did in section 4.1.2). The results show what we have concluded before:
bulk perturbations are located in the yielded region which is near the channel
wall; more specifically, we found that the perturbation is located roughly in the
same position in which the critical stress value is. For the case with θ = 0.1,
the perturbation is found at y = 0.892613, while for θ = 0.1240, it is located at
y = 0.8871.

We also note the strong dependence of the instability on the thixoviscous
number, and in order to appreciate this better, we reframe these results instead
in terms of the material parameter Λ/Wtp, see figures 25c) and 25d). Similarly
to the case θ = 0, figure 24b), the maximum growth rate shifts to the left as Λ
decreases, which is consistent with what we have concluded in our previous work:
fluids that exhibit quick structural reformation are highly unstable. For very
large values of Λ/Wtp the flow tends to be stable; this is a limit where thixotropy
dominates. The instability for non-zero shear-banding parameter values for bulk
modes follows the scaling previously found: ℑ(ω) ∝ Λ−1 ∝ Γ, which establish
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that highly unstable flows are observed when the following condition is satisfied:
high thixoelastic and elastoplastic numbers or λve ≫ λp ≫ λ. In addition, as
concluded in section 4.4.3, intermediate values of the material time-scale ratio
ϖ = Wtp/θ are present for the most unstable flows with bulk modes, which
means that these time-scales are of the same order of magnitude: λtp ≈ ϑ.

As explained before, the maximum values of growth rate and their respective
values of Λ/Wtp from figures 25c) and 25d) can be fitted to a single power-law
equation. For the case θ = 0.1, ℑ(ω) = 1.8045(λ/λtp)

−0.756 with R2 = 0.99912,
meanwhile ℑ(ω) = 1.0285(λ/λtp)

−0.659 with R2 = 0.99937 for θ = 0.1240. If we
compare these coefficients with the zero-shear banding parameter case, where
ℑ(ω) = 370.92(λ/λtp)

−1, it can clearly be seen that the power-law coefficient of
these functions is decreasing as θ increases, and is also a function of Λ, Γ, Φ, k
and W .

We also have determined that for fixed values of our model parameters, the
index n cannot be larger than 1. We demonstrate this empirically by looking
at the same parameter values used for the zero-shear banding parameter case.
We calculated the maximum values of growth rate for the most dangerous base
state for a higher value of wavenumber, k = 0.7, which corresponds to a highly
dangerous wavenumber when θ = 0, and we obtained the following power-law
equation: ℑ(ω) = 309.17(λ/λtp)

−0.999 with R2 = 1.
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Figure 26: Figure (a): dependence of growth rate of interfacial sinuous pertur-
bations on thixoplastic number. The inset shows the growth rate versus interface
location. Figure (b): growth rate plotted against the material time-scale ratio
Λ/Wtp. For both figures, we fix W = 2, Φ = 0.001, k = 0.1 and θ = 5. For each
curve Λ is constant and Γ varies. Top to bottom: Λ = 0.1, 0.2, 0.5 and 1.

Lastly, we explore the behaviour of variable thixoplastic number at fixed
shear-banding parameter in the interfacial modes. As we did with the bulk
modes, a set of fixed values for Λ = {0.1, 0.2, 0.5, 1} is taken and for each
case, we calculate the growth rate as a function of the thixoplastic number, by
varying the destruction parameter Γ. Results are shown in figure 26a). It is not
surprising to see that the most unstable flows are located near the channel wall,
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and this is observed in the limit of small thixoplastic number (Wtp ∝ ΓΛ → 0).
Moreover, we notice that although a decrease in the thixoviscous number (from
bottom to top) is destabilising, the growth rate values do not rocket like in the
bulk modes. In fact, the interfacial modes do not follow the scaling observed for
the bulk perturbations, see equation (65): they follow the opposite behaviour,
see figure 26b). In contrast to what we observed in figure 25 for the bulk
modes, the interfacial modes become slightly more unstable when the material
time-scale ratio Λ/Wtp is large, or in other words, the structural relaxation time
is much larger than the plastic time scale, λ≫ λtp. In addition, as concluded in
section 4.4.4, these interfacial modes will dominate at low values of the material
time scale ratio ϖ, or in other words, if the following condition is satisfied:
λtp ≪ ϑ.

4.5 Streamlines of the most unstable flows
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(a) Bulk mode with k = 0.1
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(b) Bulk mode with k = 1
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(c) Interfacial mode with k = 0.1
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(d) Interfacial mode with k = 1

Figure 27: Streamlines of the perturbation flows for the unstable sinuous bulk
and sinuous interfacial modes for different values of wavenumber k. The param-
eter values used are W = 2, Φ = 0.001, Λ = 0.20, θ = 0.1 and Γ = 0.0192. The
interface location is κ = 0.8791.

In this final subsection, we show the streamlines of the perturbation flows
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for unstable bulk and interfacial modes, see figure 27. For the former case, we
choose the most unstable flow for the case of θ = 0.10 and Λ = 0.20 (shown in
figure 25a). The other parameter values for this case are Γ = 0.0192, W = 2,
Φ = 0.001 and k = 0.10. For this set of parameter values, the bulk mode is
dominant over the interfacial mode, and we can find the streamlines of this
unstable bulk mode in figure 27a), where we can see that within the unyielded
region near the centreline, there is only vertical motion, which means that the
component of the perturbed velocity in x-direction is zero. However, near the
interface location (κ = ±0.8791), we observe fluid motion in both x-and y-
direction. More interestingly, we can see reverse flow near the channel wall. If
we increase the wavenumber to k = 1 (which leads to more unstable flows),
this becomes more evident, as illustrated in figure 27b). The general behaviour
away from the wall also changes: there are sections in the channel in which only
vertical motion is observed, but motion in both directions is seen close to the
centreline.
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(a) k = 0.1
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(b) k = 1

Figure 28: Streamlines of the perturbation flows for the unstable sinuous inter-
facial modes for different values of wavenumber k. The parameter values used
are W = 2, Φ = 0.001, Λ = 0.20, θ = 0.5 and Γ = 0.00032. The interface
location is κ = 0.9714.

We also show the streamlines of the interfacial modes with the same pa-
rameter model values used to obtain figures 27a) and 27b). Although the bulk
modes are more unstable than the interfacial perturbations, the latter ones are
unstable as well. For the case k = 0.1 (see figure 27c), vertical motion is seen
in the unyielded region near the centreline (similarly to what we observed in
figure 27a). As we approach the interface location, we notice that there are
non-zero values of the perturbed vector velocity in both directions (u and v).
The major difference with respect to the bulk modes is that we can observe
purely horizontal motion exactly at κ = 0.8791. In the yielded region, reverse
flow is also observed.

If we increase the wavenumber to k = 1 (figure 27d), we obtain a similar
picture to that of the bulk mode (figure 27b). However, notice that the direction
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of the perturbed flow near the interface location is different.

We now choose parameter values for which the interfacial modes are domi-
nant over the bulk ones. In order to meet this condition, we previously concluded
that low values of ΓΛ and high values of θ are needed. In this way, we choose
Γ = 0.000032, Λ = 0.20 and θ = 0.50, which gives an interface location value of
κ = 0.9714. The other parameter values areW = 2, Φ = 0.001. The streamlines
for k = 0.1 are shown in figure 28a). Unlike the case for the bulk mode shown
in figure 27a), we can observe motion in both directions near the centreline. As
we move away from this zone and before reaching the interface location, the x-
component of the perturbed velocity field is almost null. In the narrow yielded
region 1 > y > κ = 0.9714, we can also observe reverse flow. If the wavenumber
is increased to k = 1 (figure 28b), the phenomenon is still present and the flow
becomes even more unstable, as fluctuations in the streamlines are observed in
the unyielded region close to the interface location.

5 Conclusions

We extended our previous theoretical work carried out in [9] by studying the
stability in pressure-driven channel flow of materials that exhibit shear-banding
along with viscoelasto-thixo-plasticity. We used the generalised BMP model,
which is an extension of the original model [2] and has been extensively used to
describe complex rheological behaviour.

We obtained a set of dimensionless groups (Φ, Λ, Γ) from which we con-
structed key dimensionless quantities that were extremely useful in our previ-
ous work to describe the phenomena of viscoelasticity, thixotropy and plastic-
ity present in our material. Alongside those dimensionless quantities, we have
derived a new dimensionless number that can be incorporated to the family
of timescales proposed by Ewoldt & McKinley [14]: the dimensionless shear-
banding parameter, θ, from which we derived more dimensionless quantities for
analysis of our results.

We have obtained semi-analytical solutions for the base state quantities for
the cases with non-zero shear-banding parameter values that allow us to calcu-
late velocity and fluidity profiles, along with the stress plateau and the interface
location. We also provide a physical analysis of the large variety of base states
that can be predicted by the combination of our fluid parameters.

We have made an extensive exploration of our model parameters and we
have identified key conditions for flow instability/stability. Some of the con-
ditions reported in [9] still hold for fluids that exhibit shear-banding, such as
a decrease in the thixotropic ratio and an increase in the wavenumber leading
to instabilities, and the limits k → 0 and W → 0 are stable. We have found
that for fixed values of thixotropic ratio, wavenumber, Weissenberg number and
destruction and reformation parameters, the fluids with θ = 0 are always more

46



unstable compared to those with θ ̸= 0, i.e. an increase In θ will lead to less
unstable flows, as there is a decrease of the shear rate and shear stress values at
the channel walls. We have also identified two modes of instability: one of them,
a highly unstable bulk mode B1, which exists at θ = 0 and is still present in the
two flow regimes: a) where there exists continuity in the fluidity profile, and b)
where we have a jump in the shear-rate, i.e. the presence of two bands of fluid
that coexist with different shear-rate values at a given stress value. A second
mode, which we call the interfacial mode was also found, whose perturbation
is located at the plateau interface. This mode behaves as an interfacial mode
in the flow regime b), but it becomes a bulk mode B2 in the regime a), which
happens to be less unstable than the previously described mode B1.

Although is not possible to define a general criterion in terms of all our pa-
rameters that allow us to determine the onset of instability, we have identified
key flow conditions in which one of the modes dominate over the other one:
for fixed values of thixotropic ratio, Weissenberg number destruction and refor-
mation parameters, we have observed that the bulk modes are dominant over
the interfacial ones at very low values of shear-banding parameter and we con-
cluded that the shear-thinning behaviour is an essential component of the bulk
instabilities. On the other hand, interfacial modes will dominate for very large
θ values, and they will start to replace the bulk modes when the shear-thinning
characteristics of the low-shear-rate band vanish. This is expected to happen
when the following condition is present: γ̇21(1 + θγ̇1) ≪ Φ/ΓΛ, where γ̇1 is the
dimensionless shear rate value of the high viscosity band that coexists with the
low viscosity band when the system reaches the stress plateau σp.

We have also identified additional dissimilarities and similarities between
bulk and interfacial modes: for the latter case, the growth rate becomes neu-
trally stable at very long waves limit, k → 0, meanwhile the bulk modes are
fully stable in the same limit. The sinuous perturbations are always going to
be slightly more unstable than the varicose ones for both modes, and for short
waves, the perturbations will be localised very close to the location of the inter-
face κ for interfacial modes, meanwhile, the perturbations for the bulk modes
will be localised in the yielded region y > κ. More importantly, we determined
that the viscoelastic effects are the main cause of instability for both bulk and
interfacial modes, as an increase in W leads to unstable flows; for the former
case, the instability vanishes when the limit W → 0 has been reached, while for
the latter case, the growth rate becomes neutrally unstable at W = 0.

We have also shown that the interfacial instability predicted by the gener-
alised BMP model, which does not exhibit a jump in the normal stress differ-
ence at the interface, is also predicted by a much simpler rheological model: the
Oldroyd-B model.

We explored multiple combinations of the thixotropic timescales derived
from the generalised BMP model. For bulk modes, we found that fluids with
very low values of thixoviscous number (extremely quick structural relaxation
time) tend to be highly unstable, which is something we initially observed for
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the case θ = 0. We also found that instability will be observed for interme-
diate values of two new material parameters: a) ς, defined as the ratio of the
dimensionless timescales θ and Λ (equivalent to the ratio ϑ/λ), which compares
shear-banding and thixotropic effects and b) ϖ, defined as ϖ =Wtp/θ = λtp/ϑ
(ratio of plastic and shear-banding effects). The extremes of these material
parameters ς → 0, ς → ∞ and ϖ → 0, ϖ → ∞ are stable.

For the interfacial modes, on the other hand, which tend to be dominant at
high values of the shear-banding parameter and when the interfacial location is
very close to the channel wall, we have observed unstable flows if the location of
the interface κ is extremely close to the wall. This happens when ΓΛ → 0, which
means that either poor thixotropy (low Λ) and/or poor structural destruction
(low Γ) is dangerous.

Lastly, for bulk modes, we found that there is a most dangerous thixoplastic
number for each value of shear-banding parameter θ. The most dangerous
Wtp depends on the values of k, W and Φ, but overall, we have found that
intermediate values of thixoplastic number (where the yielded region near the
wall grows) lead to the most unstable flows. Under these conditions, this bulk
instability becomes even more dangerous if the thixoviscous number is allowed
to decrease and if the viscoelastic relaxation time λve is much longer than both
the structural destruction timescale λtp and the thixotropic timescale λ:

λ≪ λtp ≪ λve. (66)

In other words, instability is enhanced by extremely high elastoplastic and
thixoelastic numbers. This condition for the time scales was originally found
in our previous paper [9], and although an increase in θ leads to less unstable
flows, we have shown here that this condition for instability still holds for non-
zero shear-banding parameter values. In addition, we have observed that the
most unstable flows satisfy the condition of intermediate values of the material
time-scale ratio ϖ =Wtp/θ, or in other words, ϑ and λtp are of the same order
of magnitude:

ϑ ≈ λtp. (67)

On the other hand, we have found that the interfacial modes follow a different
time-scale condition: given an unstable flow for a given value of k, W and Φ,
the interfacial instabilities become more dangerous if the structural relaxation
time-scale is much bigger than that of plasticity, λ≫ λtp and at very low values
of ϖ and large values of ς, which leads us to propose the following condition
of time-scale parameters for unstable interfacial modes with non-zero values of
Weissenberg number:

ϑ≫ λ≫ λtp. (68)

We have provided evidence that interfacial modes dominate at low values of W ,
Γ and Λ, which leads us to think that for fluids that exhibit the shear-banding
phenomenon (ϑ ̸= 0), a gradual startup flow of these fluids will be initially
unstable due to an interfacial instability, but this can be followed by a bulk
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instability if the time-scale conditions (66)–(67) are met. On the other hand,
interfacial instabilities will only be observed if the model parameters satisfy
equation (68).

It is worth mentioning that our results were obtained by using a constitu-
tive equation that predicts a smoothly-varying continuous function for the first
normal stress difference, in contrast with other works where the instability was
driven by a jump in N1 [36, 38, 16, 39]. Additionally, Cromer et al. [11] and
Fielding et al. [18] also studied channel flows of shear-banding micellar solutions
and both included diffusive effects in their respective constitutive equations and
showed that diffusion has a stabilising effect. Although they predicted an insta-
bility without any true jumps in N1, the mechanism of the instability observed
by them is interfacial in nature; even with diffusion there will be relatively
steep local gradients in N1, while for the BMP model, we always have that
dN1/dy = 4WP2y (see equation (34)), which is a truly smooth function.

Lastly, we wish to mention that this paper leaves some questions open to
future work. For instance, it is still necessary to study the behaviour of bulk
and interfacial modes in the short-wave limit (k → ∞) and at extremely high
values of Weissenberg number to determine whether our conclusions obtained
here still hold. It would also be of great interest to use a model that can be
able to predict a jump in the first normal stress difference at the shear-band
interface, and study whether this discontinuity will enhance the instability or
not. In addition, to our knowledge, no previous theoretical work has studied the
dependence of the second normal stress difference on these elastic instabilities
present in channel flow, as the majority of the models are unable to predict a
non-zero value of N2. A model that can help us to achieve this is a recently
published model [20] that couples the flow behaviour, structural parameters
and diffusion of species, with full tensorial expressions derived from extended
irreversible thermodynamics. Such a model (which is an even more general
extension of the BMP model used in the present work) is also able to predict a
non-zero second normal stress difference.

In order to prove the validity of our results, we would expect in a near future
that experimental rheologists could be able to carry out experiments to study the
stability of pressure-driven channel flow of thixotropic-viscoelasto-plastic fluids
with and without shear-banding. Another challenging problem still pending is
to address the true yield stress case for both zero and nonzero shear-banding
cases. Finally, a fully comprehensive mechanism for the instabilities studied
here is still elusive, though we have gained valuable insight through the current
work.
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A Interfacial instabilities in channel flow of an
Oldroyd-B fluid with concentration and Weis-
senberg number variable

We modify the governing equations used in [41] to adapt them to our problem.
The set of equations is:

∇ · u = 0 ∇ · σ = 0 (69)

σ = −pI + 2D +
C

W
A

∇
A= − 1

W
(A− I) (70)

∇
A=

∂A

∂t
+ u · ∇A−A · (∇u)− (∇u)⊤ ·A, (71)

where A and I are the conformation and identity tensors, respectively. The
other variables of the system are known and have been defined previously here.
However, their definition slightly changes for this model; the concentration and
the Weissenberg number are defined as:

W =
λMU0

L
C =

λMGMU
2
0

L3µ
, (72)

where λM and GM are the relaxation time and elastic modulus, respectively,
and µ is the solvent viscosity. These equations are used to study instabilities in
pressure-driven channel flow, with the same geometry described in section 2.3.1,
leading us to the following base-state equations:

C(y) =

{
C1 |y| > κ

C2 |y| < κ
− γ̇0 = U ′ = Gy/[1 + C(y)] (73)

G = −P =
−2(1 + C1)(1 + C2)

(1 + C1)κ2 + (1 + C2)(1− κ2)
(74)

U(y) =


G(y2 − 1)

2(1 + C1)
, |y| > κ

G[(1 + C1)(y
2 − κ2)− (1 + C2)(1− κ2)]

2(1 + C1)(1 + C2)
, |y| < κ

(75)

W (y) =


W2 |y| < κ[ (1 + C1)

(1 + C2)

]2(C2W2

C1

)
|y| > κ

(76)

σ =

(
−Gx+ 2CW (y)U ′ 2 Gy

Gy −Gx

)
N1 = 2CW (y)U ′ 2 (77)

Equation (73) shows the concentration profile C(y), which is equivalent to
our fluidity profile (30). Here, κ is the location of the interface where the two
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fluids meet. Above this value of κ, the polymer will have a concentration of
C1, and below the interface it will have a value of C2. In order to match these
equations to our results, the viscosity (which is proportional to the polymer
concentration) near the centreline C2 has to be bigger than the one located
near the wall, i.e. C2 ≫ C1.

The shear rate γ̇0 can be calculated according to (73), and it is clearly seen
that there will be a jump in γ̇0 at the interface κ, and this is due to the variation
in the polymer concentration. The velocity profile obtained from the governing
equations is shown in (75), and it also depends on the location of the interface.
The coefficient G is the pressure gradient and is shown in (74). Unlike our
velocity profiles reported in section 3.2, here G can be calculated analytically
to satisfy U(0) = 1.

The most important difference between the equations used in this section
and the ones used by Wilson & Rallison in [41] is that here we require continuity
in the first normal stress difference N1 to compare the results predicted by the
Oldroyd-B model with the ones that were shown in section 4.1.1. In order to
achieve that, we need a Weissenberg number that is different between the two
fluids. Additionally, we have to find the values of W that satisfy the condition
[N1] = 0 at y = κ. The Weissenberg number profile W (y) proposed is shown
in equation (76), where W2 stands for the Weissenberg number of the layer
of fluid with concentration C2, meanwhile the Weissenberg number for y > κ,
W1, depends on C1, C2, W2 and the location of the interface. If the condition
C2 > C1 is satisfied, W2 will also be greater than W1.

We show in figure 29 the velocity and first normal stress difference coefficient
profiles along the channel calculated with equations (75) and (77). We choose
parameter values that can provide us with a base state behaviour similar to the
ones predicted by the generalised BMP model. For instance, the fluid viscosity
near the centreline (1 + C2) is much higher than the viscosity near the channel
wall (1 + C1). We also select a value of κ relatively near to the channel wall,
and we fix W2 = 4, giving us a value of W1 = 0.4744 using equation (76).

We see that the velocity profile in figure 29a) resembles the one reported in
figure 5a): we observe a plug-flow for values of channel coordinate |y| below κ
(dotted lines), and the velocity decreases rapidly as the coordinate approaches
|y| = 1, which is where the polymer concentration C1 is smaller. Furthermore,
we can see that figure 29b) shows a smooth, parabolic and continuous first
normal stress difference profile N1 similar to the one predicted by the BMP
model in figure 5c).

Now that we have demonstrated that these equations satisfy our conditions,
we study the stability of layered Oldroyd-B fluids with differing concentra-
tion and Weissenberg number using a similar method described in sections 3.3
and 3.4.2: an infinitesimal perturbation ε is added to the base flow, and all
the quantities from the governing equations (69)–(70) and the base state equa-
tions (73)–(77) are modified by a small change. The whole set of perturbed
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Figure 29: Velocity (a) and first normal stress difference (b) profiles for an
Oldroyd-B fluid with concentration and Weissenberg number variable. The
parameters used are: C1 = 0.1, C2 = 100, W2 = 4 and κ = 0.7 (vertical dotted
lines).

governing equations can be found in [41]. We require non-slip boundary con-
ditions at the channel-wall, boundary conditions for either sinuous or varicose
modes (see section 3.4), and we must satisfy continuity of the velocity, shear
rate and of the traction at the interface y = κ + ζε. We show some results
below.

We choose two values of interface location κ = [0.7, 0.8], and using the same
parameter values as the ones used in figure 29, we obtain the dispersion relation
ℑ(ω) vs k for those values of κ, which are depicted in figure 30a). Notice that
the modes obtained are interfacial, as the growth rate becomes neutrally stable
for long waves k = 0. As the wavenumber is increased, we see that the flow is
stable and remains this way until we reach values of k ≈ 0.6 for κ = 0.7 and
k ≈ 0.81 for κ = 0.8, where the flow becomes unstable. The growth rate reaches
a maximum value and then will decrease until flow stability is seen again.

Furthermore, the elasticity of the fluid seems to play a key role in the inter-
facial instability. If we keep the same parameter values C1 = 0.1, C2 = 100 and
κ = [0.7, 0.8] fixed, and now we decrease the Weissenberg number to W2 = 1,
we obtain figure 30b), and the modes are completely stable for the same range
of values of k where an instability is observed in 30a).

The main conclusion here is that an interfacial instability exists indeed and
is predicted by the BMP model and the Oldroyd-B model, given the proper
flow conditions, i.e. a jump in the fluid viscosity at the interface, along with
continuity in the first normal stress difference. However, there are still some
remarkable differences between the interfacial modes shown in section 4.1.2 and
the ones from figure 30. For instance, for the modes predicted by the generalised
BMP model (see figure 10), we always observe that the growth rate remains
positive, and reaches an asymptotic value for large values of wavenumber, in
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Figure 30: Dispersion relation ℑ(ω) vs k for sinuous modes of an Oldroyd-
B fluid with polymer concentration and Weissenberg number variable. The
parameter values used are: C1 = 0.1 and C2 = 100. For both plots, dashed
lines indicate an interface location at κ = 0.7. Solid lines: κ = 0.8. Figure (a):
W2 = 4, W1 = 0.4745 unstable modes. Figure (b): W2 = 1, W1 = 0.1186 stable
modes.

contrast to the modes shown in 30. These dissimilarities might be due to model
characteristics; for instance, the effect of solvent viscosity in the Oldroyd-B
model in equation (70), which is something that we are ignoring for the BMP
model. Perhaps more important is that in the BMP model there is shear-
thinning within each phase, whereas the Oldroyd-B model has constant shear
viscosity.
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Figure 31: Growth rate ℑ(ω) against interface location κ for sinuous modes,
with C1 = 0.1, C2 = 100, and W2 = 4 fixed. Figure (a): longwaves k = 0.1.
The small plot shows the behaviour near the wall. Figure (b): k = 1.

In figure 31 we show two cases of growth rate against interface position for
the Oldroyd-B model. The parameter values used are the same as those from
figure 30, but here we fix the wavenumber. For long waves (figure 31a) we can
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see that the flow is always stable, independently of the value of κ, and the mode
is neutrally stable if there is no fluid interface within the channel (κ = 0 or
κ = 1). Something similar is observed for the case k = 1 in figure 31b), but
the main difference with respect to the long wave case is that an instability is
observed for an interval of 0.12 < κ < 0.81. In section 3.1, we saw that this
is another difference between the modes predicted by the Oldroyd-B and the
BMP model, which is that for the latter it is not possible for us to specify κ,
and the interfacial modes will only exist for appropriate parameter values that
lead to the formation of bands.
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