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Abstract

The resonant tunneling diode in tilted fields was introduced recently as a new exper-
imental probe of quantum chaos. However, its semiclassical interpretation in terms of
classical structures (e.g., periodic orbits) remained controversial. The aim of this work is
to achieve a better understanding of this system within the framework of quantum chaos.
Our main finding is that the correct semiclassical description involves orbits of a new type
(saddle orbits), which are complex and non-periodic.

The experimental data is analyzed in order to single out the oscillatory structure of
the current. We use a simple theoretical model of the current across the diode, based on
the Bardeen weak tunneling matrix element. Quantum calculations are performed, taking
advantage of the scaling property of the Hamiltonian. We compare current amplitudes
with experiments, and study scarring of wave functions as well as Wigner distributions.
We propose a model describing the effects of tori quantization around a stable periodic
orbit (PO). The classical dynamics are analyzed through Poincaré surfaces of section and
a study of the relevant POs.

We develop a general semiclassical formalism for matrix elements given by a projection
operator on a Gaussian. This allows us to carry out a detailed comparison of several
semiclassical formulae, and to s‘ituate them within the context of general semiclassical
theories of matrix elements. In particular, we discuss the different hypotheses one can
make on the smoothness of the observable, as well as three levels of approximation.

PO theories are shown to be only partially successful in the description of the current
across the diode. In addition to the saddle orbits, we propose another type of orbits, which
are real and minimize the gradient of the phase. We show that they also give very accurate
semiclassical contributions. Complex dynamics are investigated in order to calculate the

contribution of complex POs and saddle orbits.
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Chapter 1

INTRODUCTION

1.1 Motivations

The resonant tunneling diode in tilted fields (RTD) is a new experimental probe of quan-
tum chaos, which was not fully understood when this work was started. Recent studies
had shown very interesting effects, such as current oscillations related to unstable perio-
dic orbits (Fromhold et al. 1994), manifestations of bifurcations (Muller et al. 1995),
strong scarring (Wilkinson et al. 1996), and contributions from complex periodic orbits
(Monteiro and Dando 1996). The interpretation of the experimental current was based
on a “periodic orbit picture”, involving heuristic arguments related to the Gutziller trace
formula (Gutzwiller 1990) and the accessibility of the trajectories. However, the analysis
of this system within the context of quantum chaos remained controversial.

The first goal of this work was to achieve a better understanding of the manifestations of
quantum chaos in the RTD, and unambiguous interpretations of the experimental features.
The starting point for a better qualitative picture was the study of the classical dynamics,
systematic quantum calculations and the analysis of experimental data, to be used in
conjunction with the heuristic approach based on the Gutzwiller trace formula.

This evolved into the more ambitious aim of reaching a quantitative description of the
quantum and experimental behavior in terms of classical objects. For this, we shall need

to test, improve and propose semiclassical theories for the current in the RTD.

1.2 Quantum chaos

The field of quantum chaos denotes the study of quantum systems whose classical coun-

terpart exhibits chaos. Integrable systems form a very limited class, where there are as

14



many constants of motion in involution as there are degrees of freedom. In this case, the
classical motion is confined on phase space tori. In chaotic! systems, there are not enough
constants of motions and the dynamics are characterized by unstable trajectories, which
are defined by an exponential (as the time ¢ evolves) sensitivity to initial conditions. The
trajectories can be ergodic, meaning that they fill all the available phase space. The only
invariant structures are periodic orbits (POs), which end with the same position ¢ and
momentum p as they started. POs can be stable or unstable, and can only change their
stability in bifurcations, where several POs coalesce.

In quantum mechanics, the Heisenberg uncertainty principle prohibits the notion of
a trajectory (the exact knowledge of p and ¢ at any given t). The unitary quantum
evolution implies conservation of probability and the fact that the overlap between two
wave functions is time-independent. Hence it is hard to consider a quantum equivalent to
the classical notion of exponential sensitivity.

The correspondence principle states that somehow one should expect quantum me-
chanics to reflect classical mechanics when one approaches a macroscopic level. The semi-
classical regime is at the interface between the two theories, and consists of the study of
a dynamical system within the framework of quantum méchanics, specifically for states
having very high energies. More precisely, it is defined when the typical classical actions
are much larger than Planck’s constant: S > h, alternatively referred to as the A — 0
limit. This limit is singular (Berry 1989), meaning that quantum mechanics is not sim-
ply a wider theory encompassing classical dynamics; however, one still hopes to see some

connections.

1.3 Semiclassical physics

Broadly speaking, there are two distinct approaches to semiclassical theories in the context
of quantum chaos. The first one is random matriz theory (see e.g. Mehta 1991), based on
the assumption that the chaotic nature of the dynamics can be modeled using a purely
statistical approach. The results deal with statistical quantities such as correlations of
the density of states or the level spacings distribution. Although initially developed by
Wigner in 1961 for nuclear physics, it was found that this technique could be applied to

In this work we shall study chaotic systems with mized dynamics, i.e., whose phase space contains
both chaotic and regular regions; this is what we mean by “chaotic systems”. We shall never consider

“hard chaos”, where all the trajectories are unstable.

15



any generic chaotic system, reaching a certain level of universality.

On the other hand, the approach of periodic orbit theory uses specific characteristics of
the chaotic system. One can expand a quantum solution as a power series of &, and finally
express the quantum object in terms of entirely classical quantities. This scheme was first
derived for the one-dimensional (hence integrable) case. The WKB approximation (see
e.g. Landau and Lifshitz 1977) states that the wave function %, of an eigenstate of energy
E,, can be approximated by

c . )
1/)n($) — p(x) ezS(zo,z,En)/h , (11)

where S(z0,z; Ey) = [, dz'p(z') is the classical action. It yields the Bohr-Sommerfeld
quantization rule S(E,) = 27h(n + 1/2),n € N. In its generalization to N-dimensional
integrable systems called EBK (see e.g. Brack and Bhaduri 1997), the energy is quantized
via the N action integrals defined on the N independent and irreducible closed loops C;

around the tori:
Si(B) = [ dgp=2mhin;+ /0 , meEN | j=L.,N , (12
Cj

where p; are Maslov indices. The wave functions can also be built from the tori, using a
N-dimensional WKB approximation. The density of states d(E) = 3, 6(F — Ey) arising
from EBK can be written (Berry and Tabor 1977) as a sum over the contributions of each
rational torus, which comprises of a continuous family of periodic orbits.

The quantization of non-integrable systems was pioneered by Gutzwiller (1990).
It starts from the Feynman formulation of quantum mechanics, where the propagator
(¢'| exp(iHt/h)|q) is expressed as a path integral (H is the quantum Hamiltonian). It
is a sum, taken over all paths joining ¢ to ¢', of an oscillating function exp(:W/h),
where W is the time integral of the classical Lagrangian along the path. In the semi-
classical limit, one can use the stationary phase approzimation (SPA): when W/h is
large, one can expect most paths to interfere destructively; only the paths for which
W is stationary contribute to the propagator. From Hamilton’s principle, we know
that these paths are the paths allowed by the classical dynamics. This semiclassical
propagator can be Fourier transformed to give a semiclassical expression for the ener-
gy Green’s function in terms of all the classical trajectories joining g to ¢; in 2-D it reads
G(q',q) = (¢'|(E—H)q) e Pgmq m1—21/2 exp[iS(q, ¢')/h], where mys is an off-diagonal
element of the monodromy matrix M describing the stability of each trajectory. Gutzwiller

evaluated its trace by SPA to express the density of states as a sum of two terms. The
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Weyl term

d(B) = (2n)™" [ dg dp 8[E — H(p,q)] (1.3)

has a smooth dependence on the energy E and is given by the ratio of the phase space
volume of the energy shell £ to the volume occupied by each quantum state. The second
term oscillates with £, and is given by the contribution of all the classical periodic orbits
(in 2-D):

dosc(E) = (rh)™' 3" T|TeM — 2|72 cos(S/h — pm/2) (1.4)
PO

which is called the Gutzwiller trace formula (GTF). Each periodic orbit (PO) contributes
to an oscillatory term, whose frequency is given by the period 7" = 9gS of the PO, while
the amplitude is determined by the stability of the PO. A constant phase arises from the
number of caustics p along the PO.

Miller (1975) extended the GTF in the case of a stable PO, and found a quantization
scheme similar to EBK, with wave functions localized on quantized tori around the PO.
More surprising was the finding that wave functions could also exhibit a concentration of
probability around unstable periodic orbits; this phenomenon was called scarring (Heller

1984).

1.4 The hydrogen atom in external fields

The main experimental probe of quantum chaos was for a long time the hydrogen atom
in a magnetic field (with or without an electric field). It has been extensively studied and
has exhibited number of phenomena that can guide our understanding of quantum chaos
in the resonant tunneling diode (RTD).

Very accurate spectroscopy experiments can indirectly probe the density of states
(DoS) of the hydrogen atom, by measuring the photoabsorption spectrum (the probability
of having an electronic transition from the ground state to an excited state). The measured
observable can be expressed as the DoS, weighted by the matrix element describing the
transition. As the matrix element involves the ground state wave function which is very
localized on the nucleus, the semiclassical theory (Du and Delos 1988, Bogomolny 1989)
selects specific closed orbits (starting and ending at the nucleus), instead of the POs found
in the GTF of the DoS.

The scaling property of the system means that it is possible to change the classical

dynamics independently from the semiclassical regime (defined e.g. by the number of nodes
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of a typical wave function). Alternatively, one can generate a spectrum corresponding to
a single classical regime; its clean Fourier transform enables one to find precisely which
closed orbit (CO) is responsible for a given oscillation.

Effects “beyond PO/CO theory” were studied. Bifurcations were found to have an
influence on the experimental and quantum spectrum, in the form of enhancements of the
related modulations (Main et al. 1994). Oscillations due to “ghost” orbits (complex POs
found after a tangent bifurcation has removed a pair of real POs) were observed experi-
mentally, although their effect is very weak as it is exponentially damped [ox exp(—S;/h)]
by the imaginary part of the action Sy, both in the semiclassical limit and away from the
bifurcation (Delande et al. 1994). Diffraction effects appeared in Rydberg atoms, where
the inner electrons shell (described by quantum defect theory) is a quantum mechanical
structure with a size smaller than the de Broglie wavelength of the semiclassical electron.
It connects COs which would not be connected classically, yielding extra oscillations in

the spectrum (Dando et al. 1998).

1.5 Mesoscopic experiments

The RTD belongs to the family of mesoscopic systems, which are solid-state systems small
enough to retain quantum coherence. Recently, studies of electronic transport in meso-
scopic systems exhibited a range of non-classical effects linked to the quantum interference
of the electrons. The coherence length l4 (the average length over which an electron can
retain coherence) is limited by inelastic processes, such as electron-electron interaction
and electron-phonon scattering. At low temperature, /4 can be larger than the size L of
the sample, which is typically around 1 pm.

Initially mesoscopic physics focused on disordered metals, where the motion of the
electrons is diffusive: the elastic mean free path /g, (the average distance traveled by an
electron before being scattered by impurities) is smaller that L. The quantum interference
has two main effects on the transport properties. In universal conductance fluctuations,
the conductance (as a function of energy) is found to have fluctuations around the classical
conductance; its variance appears to be similar whatever the system. In weak localization,
the average conductance has a minimum at zero magnetic field. The theoretical approach
is based on statistical results; it models the disorder by random potentials, and also uses
diagrammatic perturbation theory and supersymmetry methods (see Efetov 1997 for a

review).
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Technological advances in high-mobility semiconductor heterostructures brought the
two-dimensional electron gas. This allowed for cleaner structures with less impurities,
called ballistic when Iy, > L. The semiclassical regime is reached when the typical Fermi
wavelength in the structure is much smaller than L. This leads naturally to the use of
semiclassical expansions and to PO theories. A good review can be found in Richter
(1997).

One can design lithographically billiard-like electrons cavities, attached to leads. The
Landauer formula states that the conductance measured from one lead to the other can

be expressed by the related transmission coefficients t,,:
Gg(E) = Zez/hz Itnml2 v tnm X /dy’/dy ¢;(y)¢m(y,)G($ = an§$’ = Layl) , (L.5)
n,m

where ¢,(y) and ¢, (y') are the transverse functions in the incoming lead (at z = 0 in
the n'® channel) and out-going lead (at =’ = L). Using semiclassical approximations, the
conductance may be expressed in terms of open “angle orbits” (see below). Universal
conductance fluctuations were explained by considering the statistical distribution of the
times spent by the trajectories in the cavity (see Baranger 1997). Quantum mechanical
interference of time-reversed paths could explain weak localization effects (Baranger et al.
1993). On the other hand, it was noted that the effects on integrable systems depend
strongly on the device. Antidot superlattices were also studied; they are arrays of pe-
riodically arranged “holes” acting as repulsive pillars. Peaks in the magneto-resistivity
could be related to classical trajectories making cyclotron motion around a given number

of pillars (Richter 1997).

1.6 Semiclassical matrix elements

Experiments cannot probe directly the density of states (DoS), but can measure an ob-
servable that gives indirect information. In a number of situations, one can express the
measured observable /(E) by the DoS weighted by the expectation value of an observable

~

A (a diagonal matrix element):

. 1
I(B) = (bl AW)6(E - B) = ——Tm [ dg [ dd'A(0,4)G(d0) - (1.6
i
In the case of the RTD, I(F) is the current flowing across the diode. To derive a semiclas-

sical theory, one uses the semiclassical form for G(q’,q), as well as the stationary phase
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approximation (SPA) to the integral above. Applying the latter can be non-trivial, be-
cause of the interplay between A(q,q’) = (q|A|¢') and G(q’,q). The result depends on
the level of localization of A(q,¢') in position, momentum or phase space, compared to
the oscillations of the semiclassical Green’s function. Also of importance is the level of
approximation used in conjunction with the SPA method. For example, one can neglect
A(q,q') in both the SPA condition and integration, or only in the latter, or in none. The
general form of the semiclassical formulae is

I(B) "= Y Aexp(iS/h) , (1.7)

contr. orbits

where A is an amplitude determined by A and the stability of the contributing orbits.
Several theories have been proposed before the study of the RTD began.

PO theory In the first theory, proposed in Wilkinson (1987) and Eckhardt et al. (1992),
one assumes that the Wigner transform Ay (p,q) of A is smooth in phase space, and can
therefore be neglected in the SPA applied to (1.6). The contributing trajectories are then
periodic orbits, and the observable is expressed, in the semiclassical limit, as the GTF
weighted by the average of Ay taken over the PO. This result has been used for example

in calculations of molecular transitions.

CO theory Du and Delos (1988) developed a semiclassical expression for the photo-
absorption spectrum of a hydrogen atom in external field. As mentioned in page 17, the
operator describing the transition of the electrons is very localized on the nucleus, and
selects which trajectories can contribute to the spectrum: orbits that are closed at the
nucleus [qg = ¢’ = 0], called closed orbits (COs). As one does not integrate over the Green’s
function, A contains |my2|~'/2 —instead of the prefactor |[TrM — 2|~*/2 found in the GTF

or the PO theory.

Extension of PO theory In their work on molecular transitions, Zobay and Alber
(1993) realized that the assumption that A is smooth in phase space is not compatible
with its form as a projector on Gaussian wave functions. They included the variation of
Aw(p, q) in the integration, but still neglected it when deriving the SPA condition, which

therefore gave POs.

Angle orbits Evaluating semiclassically the conductance in a microstructure, Baranger

et al. (1993) applied the SPA to (1.5) taking into account both G(y',y) and A(y,y’) (the
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product of the lead functions ¢,). The condition selected “angle orbits” satisfying the
condition sind = +nn/kW, where ¥ is the initial angle of the orbit, W the width of the
lead, k the wave vector of the lead function and n its level. They also included the lead

functions in the integrations.

1.7 Complex dynamics

Certain semiclassical formulae developed in this work will express the current in terms
of complex orbits.? Complex dynamics have been used in semiclassical physics in order
to describe tunneling phenomena in a range of different situations: tunneling through a
barrier in the context of semiclassical scattering matrix theory (Miller 1974), tunneling
between KAM tori (Takada et al. 1995), energy splitting in an ergodic double well (Creagh
and Whelan 1999), chaos-assisted tunneling in an annular billiard (Frischat and Doron
1998) and in a kicked rotor (Shudo and Ikeda 1998). Complex trajectories also appear in
the semiclassical expression for the time propagator in phase space (Xavier and de Aguiar
1997).

On the other hand, complex POs contributing to the GTF have been noticed and
baptized “ghosts” in Ku$ et al. (1993). In the simple model which was studied, they
could be expressed analytically, as in Atkins and Ezra (1994). Ghosts have been calculated
numerically for the hydrogen atom (Main and Wunner 1997). One could argue that ghost
orbits are related to a tunneling phenomenon, the trajectory “borrowing” (invoking the
uncertainty principle) a small amount of energy in order to be above the bifurcation, where
a real PO exists. However, the GTF and tunneling describe two different situations, whose

connection is not obvious to demonstrate.

1.8 The resonant tunneling diode

1.8.1 The Nottingham experiments

The study of quantum chaos in the resonant tunneling diode (RTD) started in Fromhold
et al. (1994). In contrast to standard RTD experiments, the Nottingham group applied a
strong magnetic field B to a RTD at a tilt angle 6 # 0°,90° relative to the normal of the

barriers: this brought chaos to the classical dynamics. The resonant tunneling condition

2By “complex” we mean in the complez plane, not “complicated”.
y p P p
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implies that one can experimentally probe the density of states by measuring current-
voltage I(V') traces, which exhibit quasi-periodic resonances sensitive to §. The main
physical considerations were stated. Firstly, the wave function describing the electrons
prior to tunneling (the “initial state”) is quantized in. the lowest Landau level by the
parallel component of B. Secondly, phonon scattering induces decoherence and damps
exponentially the current (with a coherence time 7 ~ 0.1 ps). Thirdly, only classical
trajectories which are accessible to the tunneling electrons can contribute. Fourthly, non-
parabolicity implies an effective mass that is dependent on the voltage, and biases the
comparison of experiments with theoretical calculations.

The key point was to relate the resonances to unstable periodic orbits, by analogy with
the GTF. Each PO would give an oscillation in I(V), with a voltage period AV given
by the inverse of the period of the PO. In particular, they identified the PO tg, related
to the straight traversing PO at § = 0° and giving periods AV =~ 0.04 V, and the PO &'
with AV =~ 0.02 V. The results consisted of a comparison between the theoretical voltage
periods (from classical dynamics) and the experimental ones, as well as a comparison of
the V — 8 domains of existence of the POs with the domains of their related experimental
oscillations. As the experiments were made with a strong magnetic field, they probed the
regime of strongly chaotic dynamics. The width of the RTD in these experiments was
L =120 nm.

This study was followed by experiments with a narrow well of width L = 60 nm
(Fromhold et al. 1995a), which enabled the resolution of longer POs. The POs 1:3 and
1:4 were identified, and linked to oscillations with smaller voltage periods (a n:m PO
makes n/m bounces with the emitter/collector barrier). Wide oscillations at high voltage
were linked to stable trajectories; however, the comparison of theoretical and experimental
periods did not show very good agreement in this case.

The next step taken by the Nottingham group was to perform numerical calculations to
solve the related quantum mechanical problem (Fromhold et al. 1995b). They calculated
energy levels of the closed quantum well, considering infinitely high barriers. They found
that some eigenfunctions related to regularly spaced levels were scarred by (i.e., localized
on) unstable POs, namely ¢y and s'. They related the number of nodes of the wave func-
tions to the classical action of the PO by a quantization rule similar to Bohr-Sommerfeld.
The probability distribution of the spacings of the energy levels was found to follow the

Wigner form predicted by random matrix theory.
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Crucially, they introduced a model for the current in the RTD; they used the transfer
matrix element of Bardeen (1961), which weights each energy level by an overlap between
the initial state and the eigenstate in the well. Using barriers of finite height, they found

that levels which had a high matrix element were also scarred by POs.

1.8.2 The Bell Labs experiments and the beginning of controversy

Shepelyansky and Stone (1995) initiated the more theoretical approach to the RTD,
by studying analytically and numerically the classical dynamics. They investigated two
limits, when the energy E of the electrons is much higher, or smaller, than V; they related
them to standard chaotic systems, such as the Fermi accelera;tion model and the standard
map. They found that in those limits the classical dynamics does not depend on the
independent values of V and B, but on their ratio B/v/V. In particular, they identified
B — V lines of transition to chaos.

At the same time, Miller et al. (1995) from Bell Laboratories carried out similar RTD
experiments, but recorded a much larger number of I(V) traces. They varied the exper-
imental parameters 6, L and in particular the magnetic field strength B in a systematic
way, in contrast to the Nottingham group; this proved to be essential for comparisons
with the transition lines identified in Shepelyansky and Stone (1995). They identified
regions of period-two and three oscillations® (i.e., where AV is divided by two and three
with respect to the broad and regular ¢y oscillations at § = 0°) in the V — B parameter
plane for different §. They interpreted them as a manifestation of period-two (P2) and
three (P3) bifurcations of the stable PO ¢j, showing that the lines in the V' — B plane
corresponding to the latter were close to the experimental regions —however, they got the
period-two bifurcation line wrong. They pushed forward the idea of classical scaling, which
they tested by comparing characteristics of wells of different widths; they also compared
voltage periods. Their interpretation favored contributions of stable POs over unstable
POs. Note that for the classical dynamics they worked in the low energy limit, which
corresponds to the neglect of collisions with the emitter barrier.

The controversy of the interpretation of the current in the RTD in terms of classical
POs started when the Nottingham group contested in Fromhold et al. (19973) the findings

of Miiller et al. (1995). They emphasized the importance of the accessibility, that they

3They denoted these regions “peak-doubling” and “peak-tripling”. We introduce here the denotation
“period-doubling/tripling”, as the underlying classical POs have double/triple-periods than ¢;. The voltage
periods AV are divided by two/three.
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assessed using a classical distribution of the tunneling electrons. They also criticized the
neglect of the emitter barrier: the PO 0:3 linked to the period-three bifurcation of ¢
at 6 = 38° cannot contribute to the current as it does not have any contact with the
emitter, a fact supported by calculations of the tunneling matrix element of the quantum
states associated with this PO. They argued that another PO (1:3), which is not linked
with the P3 bifurcation, is accessible to the tunneling electron and can therefore explain
the experimental P3 oscillations. They agreed that the main P2 region at 8 = 11° is a
manifestation of the P2 bifurcation of ty, but contested the role of its bifurcations in other
cases because of its lack of accessibility.

The Bell Labs group replied in Boebinger et al. (1997), helped by the theoreticians
Narimanov and Stone from Yale. They argued that the inclusion of the emitter barrier did
not change the features of the bifurcations of 3. They contested the accessibility criterium
of the Nottingham group, arguing that the initial state also contains excited Landau levels,
giving some accessibility to otherwise unaccessible POs. They noted that at 8 = 38° the
period-one oscillations (P1) extended to the P3 region, showing that the P1 PO ¢y (and
therefore its bifurcations) has to be accessible. They stood by their interpretation of the
P2 regions at 6 = 11° and 6 = 27° in terms of POs linked to bifurcations of ;. Finally,
they noted that a proper semiclassical theory of the current in the RTD was needed to
assess unambiguously the role of the classical POs.

Another contribution on the theoretical side came in Monteiro and Dando (1996).
The ratio V/v/B found in the large/small E limit by Shepelyansky and Stone (1995) was
generalized to any situation, especially the more realistic model with both barriers: the
dynamics could be scaled with respect to the magnetic field. Scaled quantum mechanical
calculations were performed and Fourier transformed (FT) to obtain power spectra of the
DoS. Because of the scaling, the latter were very clean, and the positions of most (~ 10
for each FT) of their peaks could be related precisely to the scaled action of POs. This
was the beginning of a more systematic study of the classical POs in the RTD. The small
contribution of a ghost (complex) PO was identified below the tangent (P1) bifurcation
of to.

The Nottingham group extended their work in Wilkinsoﬁ et al. (1996) and in the
review Fromhold et al. (1997¢c). They included non-parabolicity in their calculations, and
compared experimental and quantum mechanical I(V) traces at fixed B. The effect of

scattering on POs was studied by an adding ionized impurities. They calculated quantum
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mechanical regions of P3 at § = 38°, and identified strong scarring by 1:3. Finally, they
carried out experiments with a very narrow well (L = 22 nm) in order to increase the
separation of the energy levels above the energy broadening due to phonon scattering.
That way they identified contributing individual states that were scarred by POs, while in
a wider well individual states could not be resolved experimentally. Hence they claimed
that the RTD was “the only quantum system in which a periodic effect originating from
individual scarred eigenstates is observed in experiments”.

This claim was commented on by Monteiro et al. (1997b), who argued that the indi-
vidual states of the very narrow well are not scarred in the proper sense. The fact that
they are very low in the spectrum implied that the usual assumptions of semiclassical
physics were not satisfied, in particular the random phase cancellations due to the action.
It was argued that the scarring PO was not isolated because of its low action. The reply
(Fromhold et al. 1997b) continued the debate about the proper definition of scarring, and

argued that one could, following the literature, consider low energy states.

1.8.3 Theoretical contributions

This was the state of affairs when this PhD was started in September 1996. From then on
some work had to be done by theoreticians: in order to clarify the relationships between
experimental features and classical POs, one needed to develop a semiclassical theory for
the current in the RTD.

Monteiro et al. (1997a) showed that the oscillatory part of the tunneling current is
essentially independent on the details of the emitter barrier, such as its width or height.
Scaled quantum calculations for the current were performed, using infinitely high barri-
ers. They were then broadened and compared to experimental traces. It was found that
different classical regimes (e.g., involving tori quantization, bifurcations or ghosts) give
typical I(V') traces. In this way, the period doubling bifurcation of ¢; at 8 = 11° was lo-
cated precisely in the experiment (as well as confirmed); the difference with the theoretical
model was attributed to the voltage dependence of the mass. The other experimental P2
region at @ = 11° was not attributed to a bifurcation of ¢y, but to the period-two PO s,
as the Fourier transform of the scaled current spectrum peaks at the scaled action of s;
(and not 2tp). Finally, the importance of the tangent bifurcation of ¢y was emphasized: it
removes this P1 orbit, leaving no real PO contributing to the experimental and quantum

P1 oscillations. It was proposed that a ghost (a complex PO) could be responsible for
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oscillations which persist over a wide range of experimental parameters.

In Narimanov and Stone (1998b), the Yale group carried out an exhaustive analysis of
the classical dynamics of the RTD, with or without the emitter barrier. They described
how the shortest POs originated from resonances appearing at § = 0°, and pointed out
the cusp bifurcation, a non-generic type of bifurcation due to the non-analyticity of the
hard walls.

Narimanov and Stone (1998a) was a study of the strong scarring observed in the RTD.
It was found that the cusp bifurcation yields a “metastability”: certain orbits [e.g., s’ or
1:3] cannot become extremely unstable as they are born and die in bifurcations where they
cannot be very unstable. |

In Saraga and Monteiro (1998b), we carried out systematic scaled quantum calculations
at # = 11° and @ = 27°, which provided us with quantum amplitudes of the oscillations.
We analyzed experimental data from Bell Labs and extracted experimental amplitudes
that we showed could be described quantitatively by the quantum model. We applied
the first semiclassical theory proposed in Bogomolny and Rouben (1998), which expressed
the current in terms of normal orbits (perpendicular to the emitter wall). This theory
did not include the variation of the Gaussian over the integrations. The comparison
of semiclassical and quantum amplitudes across the whole transition from regularity to
chaos showed that the semiclassical theory did not yield accurate results. We suggested
the presence of effects “beyond” standard PO theory. We proposed a model taking into
account tori quantization, which was in very good agreement with quantum calculations in
regimes with a large stable island. It also explained “jumps” in the experimental period-
one oscillations. We pointed out the contribution of two non-isolated POs (2t and s')
for the P2 region at § = 27°, as well as the persistent amplitudes of the quantum and
experimental oscillations in the region where no real PO could be found, and where a
ghost was suspected.

Narimanov ét al. (1998b) was the most important contribution from the Yale group.
They presented a semiclassical theory for the current in the RTD, starting from the
Bardeen matrix element. Taking into account the localization of the initial state’s Gaus-
sian, they found that the contributing trajectories had to be periodic orbits. They included
the Gaussian in the stationary phase-type integrations. Because they kept a generic ex-
pression for the initial state (they did not assume the lowest Landau level), they found a

result in terms of an overlap integral. They showed that the summation over the repeti-
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tions of a stable PO reproduces tori quantization effects. They performed the summation
for an unstable PO in a similar fashion, and found that each PO contributes to a cluster of
states, the instability of the PO acting as a sort of intrinsic level broadening. They com-
pared individual I(V') traces with experimental traces, and found good agreement. Finally,
they used their semiclassical theory to assess qualitatively the regions of the parameter
space where certain POs could contribute to the current. In this way, they explained the
gap between two experimental P2 regions seen at § = 31° by an “exchange bifurcation”
taking place between four POs of the s'-type.

Bogomolny and Rouben (1998) from Orsay, Paris, provided us with the first semiclas-
sical theory which we showed to be inaccurate. After discussing with them the importance
of tori quantization effects, they included the variation of the Gaussian in the trace inte-
grations and found another formula, which still expressed the current in terms of normal
orbits (same paper). They showed the analytical equivalence between their formula and
our tori quantization model for the current. Bogomolny and Rouben (1999) is an extended
version of this work [see also the unpublished thesis of Rouben (1997)].

We tested this theory in Saraga et al. (1998). We showed that one could get a
quantitative agreement with quantum results over a large range of classical dynamics. We
exposed a shift (from the scaled action) in the frequency of the oscillations. The formula
failed where 2ty and s’ are not isolated. Using complex dynamics, we found numerically
the ghost PO at § = 11° and showed that its contribution to the formula is too small
to explain the quantum oscillations. Finally, we mentioned the equivalence of the normal
orbit formula of Bogomolny and Rouben (1998) with the PO formula of Narimanov et al.
(1998b), in the case of normal POs.

We pursued our work and showed (Saraga and Monteiro 1998a) that one needs a new
type of orbit in order to achieve a satisfactory semiclassical description of the current.
The saddle orbits, which are complex and non-periodic, were successful in both regions of
failure of the normal orbit theory. They also showed a persistence in the classical limit, a
surprising fact for complex trajectories.

In an extended version of their previous work, Narimanov and Stone (1999) proposed
two other formulae to be used in the regions of failure of the PO theory. One expresses
the current in terms of orbits closed at the center of the Gaussian. The second formula

involves closed orbits having a minimal momentum transfer at the emitter barrier.
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1.9 Plan of this work

We describe the experimental setup in chapter 2, and discuss a treatment of the data
provided by Bell Labs (Muller et al. 1995). We present a large quantity of normalized
I(V) traces at = 11°,6 = 27° and 6 = 38°, that we use to extract amplitudes and voltage
periods.

We study the classical dynamics in chapter 3. We introduce the scaling, and discuss
the behavior of the important POs (i.e., relevant to the experiment) as the dynamics vary
from regularity to chaos. We interpret the accessibility and stability of the POs from a
heuristic semiclassical perspective.

Quantum dynamics are discussed in chapter 4. We present wave functions and phase
space distributions to illustrate generic situations of the RTD. We propose a semiclassical
model for the current that takes into account tori quantization effects.

In chapter 5 we derive a general semiclassical formula for the current. We discuss
the different possibilities for the contributing orbits: normal, periodic, closed, saddle or
minimal orbits. We discuss the scaling and the voltage periods.

Chapter 6 consists of tests of the different semiclassical theories. We compare them
with quantum results, for the amplitudes and the frequencies of the oscillations.

In chapter 7, we present the experimental results and compare them with quantum and
semiclassical results. We also discuss problematic regions: at 8 = 20° where the saddle
orbit formula diverge, and at § = 38° where the theoretical model fails to describe the
experimental period-three signal.

We describe in chapter 8 the complex dynamics needed for ghost and saddle orbits. We
discuss the ghost contribution, and present a cubic integration of the normal orbit formula
near a tangent bifurcation. We also present a cubic approximation of saddle orbits around

POs.
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Chapter 2

THE RTD EXPERIMENTS

The Nottingham group was probably the first to apply a tilt angle to a resonant tunneling
diode (Fromhold et al. 1994). Here we shall use exclusively the experiments made at Bell
Labs by Miiller et al. (1995), as they systematically varied the magnetic field, enabling
comparisons with the scaled dynamics. In this chapter, we state the main physical con-
siderations, describe our treatment of the data, and present normalized oscillatory traces
at @ = 11°,0 = 27° and 6 = 38°. We shall use them to extract amplitudes and periods,
that we shall compare to quantum and semiclassical results in chapter 7. Note that we do

not present traces at 8 = 16° and 6 = 20°.

2.1 The experiments

2.1.1 Experimental setup

We start by describing how a double-barrier resonant tunneling diode is made, following
Boebinger et al. (1993). Fig. 2.1 presents a schematic view. Different layers are grown on
undoped semi-insulating GaAs substrates by molecular-beam epitaxy. First a wide emitter
contact layer of n-type SiGaAs is deposited, followed by a GaAs setback layer. This is to
ensure minimal diffusion of the Si impurities (which are the donors of the electrons) into
the double-barrier structure; this enables very clean devices with little electron scattering
by impurities (i.e., a large mean free path). A first tunnel barrier is created by an AlAs
layer. The difference in the band-gap energies in the GaAs-AlAs heterostructure creates a
triangular well and a barrier. This first well confines the electrons in a narrow channel in
the X direction (perpendicular to the layers): the electrons accumulate in the triangular

well in the form of a two-dimensional electron gas (2DEG) in a plane parallel to the layers
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In the experiments of interest to us, a large magnetic field B is also applied, at a tilt
angle 0 to the direction of the electric field. The B — F plane defines the X —Z coordinates.
The classical motion of the electrons in the quantum well is chaotic for § > 0°. Note that

from now on we shall call the setback layer “emitter”.

2.1.2 Physical considerations

We present here some physical considerations, some of which (e.g., the scaling) will be
discussed in more detail in the following chapters. The aim is to obtain a heuristic approach
to interpret the experimental results. The width of the quantum well will always be

L =120 nm = 2267 a.u..

2.1.3 Energy-voltage ratio

The energy E of the 2DEG is given by the energy of the emitter contact as a result of
their thermal equilibrium (as the tunneling is weak) (Fromhold et al. 1994). We measure
the energy from the quantum well side of the emitter barrier (X = 0). As the voltage also

acts across the setback, £ changes with V; their ratio

R = EE‘L/ = constant (2.1)

is constant, and is given by the ratio of-the setback + barrier thickness to the length of
the whole device (Fromhold et al. 1994).

Alternatively, Miller et al. (1995) and Boebinger (1993) measured the £ — V depen-
dence at § = 0°. Their result is different and yields R = 0.15. This is the value we shall

consider in this work.

2.1.4 The initial state

The magnetic field also acts in the emitter region, and quantizes the Z degree of freedom
of the 2DEG into Landau levels. At the energies considered, most of the electrons are in
the lowest Landau state (Fromhold et al. 1997c), which has a Gaussian distribution in the
plane of the barrier. In the X direction, the triangular well quantizes the electrons into
its lowest level, which is a sum of Airy functions. We shall write explicitly the electron

wave function before tunneling (the “initial state”) in subsection 5.1.2.
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2.1.5 Non-interacting electrons

The collector barrier is made substantially thinner than the emitter one in order to avoid
the accumulation of electrons in the well, which are considered as non-interacting. Note
that by “electron” we mean the quasi-particle in the semiconductor, which has the electron

charge —e.

2.1.6 Effective mass

Considering a parabolic conduction band in GaAs, the effective mass of the electron is
0.067 times the free-electron mass m, (Fromhold et al. 1997c). This will be our assumption
throughout this work. However, non-parabolicity effects can arise; in that case one can
use (Fromhold et al. 1997c): m = 0.067m.(1 + K x 2eV™!). K is the kinetic energy of
the electron in the middle of the well, and can be approximated by K ~ eV (R + 1/2).
As the scaled (classical or quantum) dynamics depends only on the product m x V, a
voltage dependence of the mass results effectively in a shift of the voltage. For instance,
the parabolas of constant dynamics V = eL x B? (see subsection 3.1.2) are distorted into

straight lines at high voltage.

2.1.7 Weak tunneling

The tunneling through the emitter barrier is weak, because the latter is substantially
higher than the electron energy. In this situation, a good approximation is Bardeen’s weak
tunneling matrix element (Bardeen 1961); it was first used in Fromhold et al. (1997¢c) and
will be described in chapters 4 and 5. In essence, it weights the current by an overlap W;
between the initial state (of the 2DEG) and the quantum wave function in the well.

The tunneling through the collector barrier can become more important because of
the acceleration of the electrons across the quantum well. For V' R1 V, the electrons can
couple to the continuum of the collector contact, passing above the collector barrier. In
any case, there should be no selection rule with the collector contact, as the energy of the
electron is much higher than the occupied sites. The electrons can tunnel out to any state

in the collector contact.

2.1.8 Resonant tunneling

A consequence of the weak tunneling approach is a type of Fermi golden rule, that states

than the tunneling across the emitter barrier can only happen when the energy of the
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initial state matches exactly one energy level of the quantum well (considered as bounded).
Experimentally, this is seen as resonant tunneling, i.e., a peak in the current when the

voltage yields the adequate energy.

2.1.9 Semiclassical interpretation

The Bardeen current reading
I(V)=)_ WJ[E(V)-E] , (2.2)
i

it is clear that changing V will, in effect, scan indirectly the density of states (DoS) of the
quantum well. Foilowing the Gutzwiller trace formula (GTF), the current-voltage traces
should have a smooth part, and an oscillatory part related to periodic orbits (POs). The
voltage period AV is proportional to the period AE of the oscillations of the energy spec-
trum. Hence, they should be given by the period T' of periodic orbits, as AE = 2nh/T
from the GTF. The amplitude of the current oscillations, as for the density of states,
should be related to the stability of the PO. For instance, we could expect very unstable
POs to have a small contribution, or a sudden enhancement of a certain oscillation at bi-
furcations (where POs become degenerate, disappear or change their stability). Moreover,
the amplitude should be related to some measure of the “accessibility” to the tunneling
electrons. As the latter are focused around the “center” of the barrier (z = 0, neglecting a
possible shift), off-center POs should give no significant contribution to the current. Note
also that only POs connecting both barriers (“emitter POs”) should} contribute to the
current, in contrast to the DoS where all POs contribute.

The scaling introduced in subsection 3.1.2 implies that the dynamics are constant along
parabolas €L = V/B?. Conversely, the semiclassical regime increases with B or V along

such parabolas (i.e., the “effective” h decreases).

2.1.10 Damping

Electron-phonon scattering in the quantum well is an inelastic process, which therefore
changes randomly the phase of the electron. This results in the decoherence of the elec-
trons, which destroys their quantum interference effects, hence, the oscillatory part of the
current. Introducing a coherence time 7, the decoherence can be modelled by an exponen-
tial damping exp(—T/7) for an electron spending a time 7" in the well. Fromhold et al.

¢

(1995b) estimated it as 7 ~ 0.1 ps. In practice, only “period-one” to “three “ oscillations
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can be experimentally resolved. Alternatively, this implies an energy broadening of around
AFE ~ 0.006 eV. It is equivalent to a voltage broadening, and will overlap and therefore
damp voltage oscillations of higher frequencies. It also means that experiments cannot

resolve individual quantum levels.

2.2 Data processing

Previous work (Muller et al. 1995, Fromhold et al. 1994, Monteiro et al. 1997a) concen-
trated on explaining the position (i.e., the V — B range) of experimental features. The
amplitudes of the oscillations were not considered. In Fromhold et al. (1994), the oscilla-
tory structure of the current was obtained by differentiating twice the current with respect
to the voltage. Here we describe a method to extract amplitudes of the current‘oscillations
that we can compare with quantum mechanical and semiclassical results.

First, we fit a 6'" degree polynomial to the raw data obtained from the Bell Labora-
tories (Muller et al. 1995). This describes the smooth background current, that varies
slowly and monotonically with the voltage; it comes from the fact that increasing the
voltage increases the energy of the electrons, enabling them to tunnel through the barrier
more easily. It is not related to periodic orbits effects; in a way it corresponds to the Weyl
term of the density of states (1.3). Hence we first subtract this smooth background from
the raw data, as shown in Fig. 2.2 (a) and (b). This gives the pure oscillatory traces.

We analyze then the oscillatory traces at § = 0°. We show in Fig. 2.3 the magnitude
of their envelopes, for all the magnetic field range B = 0 — 12 T. The rather strong
dependence on the voltage shown by the envelopes does not fit within a “periodic orbit”
framework. In this integrable case, we expect the semiclassical contribution of the POs
to be constant with V. Similarly, the quantum mechanical model described in subsection
4.1.4 gives a constant amplitude, resulting from the perfect overlap between the wave
function in the quantum well and the state of the electrons before tunneling. Therefore,
we attribute these envelopes to details of the tunneling, such as the widths and heights
of the barriers. As we are not interested in these effects, we try to remove them from the
experimental data.

We see in Fig. 2.3 that the envelopes are similar in the voltage range V' =0- 0.6 V.
Hence we consider a trace at an average magnetic field as the representative of all other
values. We took the B = 4.9 T envelope.

The last step is shown in Fig. 2.2 (c). We divide the oscillatory trace by the 8 = 0°, B =
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to contributes to the current. The other POs (lying on concentric tori around ty) do not
contribute because the quantum state associated with them (via EBK quantization), being
excited harmonic oscillator states, have no overlap with the initial state.

The voltage period of P1 oscillations at § = 0° increases slightly with V (see also
Fig. 2.4); this can be understood semiclassically as the time period of ¢y decreases with

increasing energy.

2. Main period-doubling region

In the center of the Figure there is a first region where a secondary oscillation with a
shorter voltage period is superimposed on the P1 oscillation. There is exactly one extra
peak between the P1 peaks; we refer to this kind of oscillation as a period-doubling or
P2 oscillation.! The period-doubling region is easily seen in Fig. 2.4.2

Looking more closely in Fig. 2.6, we see that the traces evolve (as e decreases) from a
right-asymmetric to a left-asymmetric profile. The symmetric profile could be related to
the period-doubling bifurcations of ¢y occurring near € = 13000.® The experimental locus
of the symmetric profile has a more linear shape, and is displaced with respect to the classi-
cal parabola. This linear shape is very probably a consequence of the voltage dependence of
the effective mass: we should replace the product mV by m(V)V = moV (1 + const x V);
the (isolated) const x V' term yields lines (instead of parabolas) of constant dynamics
Elinear = VZ/BQ. At V = 0.5 V —where we shall read experimental amplitudes—, the
experiments yield € = 9200, that is, a 30% difference with the classical line. This will be

our estimate of the effects of the voltage-dependent mass:

displace experimental features at V =05V by ¢ = € x 1.3

We shall use this displacement when we consider experimental amplitudes and periods in
chapter 7.

Note also in Fig. 2.6 how the P2 signal disappears with increasing voltage: the extra,

!The voltage period is actually halved. The terminology comes from the semiclassical picture, where
periodic orbits related to the shorter voltage period oscillations have a longer period (actually twice the
period of POs responsible of the P1 oscillations). Miiller et al. (1995) used the term “peak-doubling”
regions.

2Fig. 2.4 has been provided to us by G Boebinger and yields a slightly different period-two region.
3The quantum mechanical calculations reproduce very well the changeover from right to left-assymetric

profiles (Monteiro et al. 1997a, Saraga and Monteiro 1998b).
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smaller peaks become absorbed by the larger P1. This is a Conséquence of the increase
of the broadening with voltage, due to the coupling to the continuum around V =1V,
where the electron energy at the collector barrier is comparable to the barrier height.
Note finally that the P1 modulation of the P2 oscillations means that their amplitude
as appearing in the trace is not the amplitude of the pure P2 signal. Hence we do not

extract experimental P2 amplitudes here.

3. Ghost period-one region

An important region is between ¢ = 6500 and 3000, where the amplitude of the P1
oscillations drops significantly. First it drops as € decreases, reflecting a dynamical event.
The PO responsible for the P1 oscillation (o) disappears in a tangent bifurcation* at
e = 6500. Until ¢ ~ 3000 there is no real P1 PO which could be responsible for the
experimental oscillations.

Secondly, the amplitude decreases along the parabolas in the classical limit (as V or B
increases). Hence there is also a “h-dependent” effect, that is a semiclassical contribution
that depends on the semiclassical regime. Note that this phenomenon is not seen in the
P1 oscillations in the regular region.

This situation is reminiscent of a “ghost periodic orbit”, first noted by Kus et al.
(1993). It is one of the pair of complex POs which appears at a bifurcation; the con-
tributing ghost has an action with a positive imaginary part Im S. The amplitude of its
contribution to the DoS is proportional to exp(—Im S/k), and therefore decreases expo-
nentially (¢) in the classical limit & — 0, (¢7) as one changes a dynamical parameter to
move away from the bifurcation (because Im S grows).

Note that the oscillations persist quite far away from the bifurcation; this is a surprising
fact, as usually ghosts are damped very quickly and can only be seen in a very small range
of the dynamical parameter (here, €).

Hence we consider this region to be an ezperimental manifestation of a ghost —or at
least complex trajectories-— over an unusually large range of dynamical parameters. It
will be referred to as a “no (real) PO” or “ghost” region.®
As the signal is pure, we extract experimental P1 amplitudes here. We read them at

the medium voltage V = 0.5 V, which favors the best resolution.

4See subsection 3.2.3.

5A suitable name would be Edgar Wallace’s “Valley of the Ghosts” (1928).

38



]



4. Low ¢ period-doubling region

We have another P2 region on the left of the e = 3000 parabola, which we refer to as the
“low €” P2 region.

Again, it stands out more obviously in the plot of the maxima (Fig. 2.4). There is also
a P1 signal superimposed; altogether this signal is not very clean, and we did not extract
experimental amplitudes (moreover, it does not extend to the V' = 0.5 V line where we
read amplitudes).

This region occurs around e = 2500, where the second repetition of £y does not yield
a strong current. As we shall see in section 3.2.3, there is on the other hand s;, a P2

periodic orbit.

5. Noisy regions

Very low or high voltages yield noisy signals. At very low voltage the tunneling is very
small and gives a very weak signal at any angle. The ratio of § = 11° to § = 0° therefore
yields unreliable results. As mentioned above, high voltage yields substantial broadening
and coupling to the continuum. As seen in section 2.2, the § = 0° envelopes used to get
the normalized traces depend on B for V > 0.6 V; using only the B = 4.9 T envelope

therefore gives less reliable amplitudes.

2.3.2 Traces at 8 = 27°

We show the experimental traces at § = 27° in Fig. 2.8, and the positions of the maxima

in Fig. 2.7. The main features are:

1. Regular P1 region

Again, we have a region of P1 oscillations in the regular regime. The amplitudes decrease
quickly with ¢ and disappear below ¢ = 18000. This can be understood semiclassically,
as tg (the PO contributing to the P1 current) is more off-center and should have a small

accessibility to the tunneling electrons.

2. Jumps in P1 oscillations

If one follows, in Fig. 2.7, the maxima of the P1 current around ¢ = 60000 and ¢ =
18000, we see abrupt “jumps”. In Fig. 2.8 the first jump can be noticed as the sudden

disappearance of the P1 signal and a shift in the positions of the maxima.
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at € = 22000. Fromhold et al. (1997a) contested that explanation on account of the low
accessibility of ty, and proposed another PO (1:3) as the origin of the oscillations. As we
shall see in chapter 7, this is also a difficult controversy.

At lower ¢ the position of the maxima becomes messier; nevertheless we can see a small
P3 signal extending in a quite broad range of B and V. This will be referred to as the low
€ region.

The amplitudes of the P3 oscillations are quite small as a result of the phonon scattering
damping, which grows exponentially with the period of the PO.

For both regions we extracted experimental P3 amplitudes, that we shall compare to
theoretical results in section 7.3. As the quantum mechanical (QM) calculations do not
include the damping, the comparison of the P3 amplitudes gives us information about the

damping (or coherence) time 7 in the well.

2.3.4 Estimation of the damping

We estimated the damping by looking at P2 (6 = 16°,20° and 27°) and P3 (6 = 38°)
amplitudes. We compared the maximal amplitudes (as € varies) of the QM calculations
and experimental readings. Their ratio should be equal to the inverse of the phonon
emission damping;:

QM

EXP exp((Tym — To)/7] (2.3)

where T, is the total time of the contributing orbit at this maxima, and Ty the period of
the contributing PO ¢y at 8 = 0°. Here we considered “minimal orbits” (see subsection
5.2.6) for Ts, and calculated the times at V = 0.5 V. For each maximum, this relation
yields one estimation of the damping time 7. Then we consider their average 7, and
estimates the effect of the damping by exp[(Tys — Tp)/7]. Table 2.3.4 summarizes our
findings. We found the average value 7 = 0.115 ps, which corresponds to estimates given
in Fromhold et al. (1994).

Hence we shall multiply by the experimental amplitudes by the number found in the

last column in Table 2.3.4:

multiply experimental amplitudes by exp[(Tp — Tp)/7] , 7=0.115ps

Note that the 10% variations in 7 above translate into a much larger uncertainty in

the amplitudes, because of their exponential relationship.
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0 | QM/EXP | Tu [ps] | 7 [ps] | exp[(Tar — To)/7)
16° 6.64 4312 120 7.3
20° 6.76 4478 128 8.5
27° 13.24 4877 .098 9.2
38° 86.31 6958 .110 74

Table 2.1: Estimates of the damping time. Angle, ratio QA /EXP at the e corresponding to the maximal
amplitude, total time Ths of the contributing minimal orbit, damping time from (2.3), final damping given

by the average 7 = 0.115 ps.
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Chapter 3

CLASSICAL DYNAMICS

The motivation to study the classical motion of the electrons within the quantum well
comes from the general framework of quantum chaos and the quantum-classical corre-
spondance principle. The semiclassical theories developed in chapter 5 will express a
quantum object (the current) as a sum over trajectories belonging to certain classes, such
as periodic orbits (POs), normal orbits (NOs) or saddle orbits (SOs).

We shall follow the heuristic semiclassical picture described in subsection 2.1.9, where
the current is thought of as the density of states (DoS), weighted by a measure of the
accessibility of the tunneling electrons. We shall keep in mind the Gutzwiller trace formula
(GTF), which implies an oscillatory structure to the current given by periodic orbits
[see (1.4) and Gutzwiller (1990)]. In this chapter, we shall exclusively analyze POs;
the classical behavior of the other types of trajectories (NOs, CCOs, MOs, SOs) will be
discussed in chapters 6 and 7, in connection with their semiclassical contribution. Chapter
8 will address more specifically the classical complex dynamics needed for ghosts (complex
POs), as well as the link between SOs and POs.

We shall discuss the scaling property of the dynamics, which is a very important
feature for a semiclassical analysis. Poincaré surfaces of section of phase space will give a
qualitative picture of the classical dynamics. For instance, bifurcations will be discussed,
as they are known to have profound effects on the DoS given by the GTF. A peculiarity
of this system is a discontinuity brought by the hard walls, yielding a non-generic type of
bifurcations, called cusp bifurcations in Narimanov and Stone (1998b).

What will be needed for a quantitative computation, in chapters 6 and 7, of the semi-
classical oscillatory part of the current are the classical properties of the trajectories: (7)

their action, that determines the frequency of the oscillations; (i¢) their monodromy ma-
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trix, that describes their stability and influences the amplitude of the oscillations; (i3)
their starting position on the left wall zg, that determines their accessibility to the tunnel-
ing electrons and modifies greatly the amplitudes of the oscillations, and (iv) their period,
that influences the extent of the damping due to the decoherence induced by phonon scat-
tering. Note that we shall only concentrate on the POs that are believed to contribute
to the current. We shall not carry out an exhaustive analysis, which can be found in the

\}ery complete work of Narimanov and Stone (1998b).

3.1 Classical dynamics: theory

We consider an electron with charge —e and energy F, which is confined in a well of length
L by two high tunneling barriers, situated at X = 0 (emitter) and X = L (collector). Fig.
2.1 presents a schematic view of the system. The band edge mass of the electron in GaAs
is m = 0.067m, (see subsection 2.1.6). A voltage V is applied across the diode, creating
a negative constant electric field F' perpendicular to the barriers, along the X axis. A
constant magnetic field B is applied, in the (X, Z) plane, at an angle § with —F. In the
asymmetric gauge A = B(0, X sinf — Z cos6,0), the Hamiltonian governing the motion

of the electron reads:

1
H(P,Q)= —(P+ eA)? +eFQ (3.1)
2 R2
- Llp2_pxy88 (X sinf — Z cos §)? + ﬁ(x sinf — Z cos 0) Py.(3.2)
2m 2m m

An electron with an energy lower than the heights of the potential barriers’ undergoes
specular reflections at the barriers, considered to be “hard walls”. They are described by

the flip Pxy — —Px of the X momentum, at X =0 and X = L.

3.1.1 Reduction to two dimensions

As H is independent of Y, it follows directly from Hamilton’s equations that Py = myY —

eB(X sinf — Z cos ) is constant. One can remove Py by the canonical change of variables

Py = Xtanf — mY

Zd}z:Z—eBcosH eBcosf

(3.3)

generated by the transformation function F3(q, P) = —qP — Py Pz/(eB cos8). We shall

use atomic units, with the reference length z,, = 5.29177 10~!! m, magnetic field B,, =

'In experiments with high voltages (V ~ 1.0V), the energy of the electron at the collector barrier can

exceed its height; see subsection 2.1.7.
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2.35051 10° T, electric field F,, = 5.14220 10'! V/m and time ¢,, = 2.41888 10~'7s. Then
e =me = h =1, and the two-dimensional Hamiltonian reads:
2

1 B
H(p,q) :%(pi-i-pg)—Fx+%(xsin0—zcose)2 : (3.4)

The length of the well in the experiments we analyze in this work is L = 120 nm = 2267a.u..

3.1.2 Scaling

As proposed in Monteiro and Dando (1996), we scale the time by B, which changes the

momentum:

q—=q = ¢q
t—t=Bt= (3.5)
p—p = p/B
We define related scaled parameters, and consider that the ratio of the electron energy to

the applied voltage is constant:?

scaled energy : E= % (3.6)
§caled electric field : €= 'éiz (3.7)
ratio : R= 'IE7 = 5;- . (3.8)
The scaled Hamiltonian now reads:
H(p,q) = RLe = -1—(P~z2 +7,%) —ex + i(m sinf — zcos6)? | (3.9)
2m 2m

and the dynamics depends only on {¢, R,0}. The scaling can be understood the following
way: increasing B tightens the cyclotron motion of the electron around the magnetic field;
however, the electron can reach the barrier quicker through an increase of the electric
field; the balance is reached when € is constant and the extra acceleration of the voltage
compensates exactly the effects of increasing the magnetic field.

Note that the mass always appears as a product with ¢; this means that effects of a
voltage-dependence of the mass can be incorporated in a shift of € (see subsection 2.1.6).

The classical action scales as well with B:

S(E,F,B,e)=/dqp=BS’(e,R,9) with S‘::/dqﬁ . (3.10)

?As discussed in subsection 2.1.3, the experimental value is approximately R = 0.15.
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From a semiclassical perspective (see chapter 5), this fact implies that B plays the role of
the inverse of an effective Planck’s constant A; it measures the semiclassical regime, i.e.,
how close the system is to the quantum limit or, on the other hand, to the classical limit.

At the same time, one is able to change the classical dynamics (controlled by €) without
changing the effective h. This enables us, when studying the quantum properties, to
distinguish between effects due to the change of dynamics and effects due to the change of
the semiclassical regime. This is not the case for non-scaling systems, where each step in
the ladder of the energy eigenvalues (which ranges from the quantum limit to the classical
one) corresponds to a different classical dynamics situation.

We also consider the ratio of the scaled action to the scaled action in the B = 0 case:

§:= 5
" 2L\/2mLe(R + 1/2)

(3.11)

We shall see in subsection 5.3.3 that S is the proper measure of the semiclassical regime.

From now on, “scaled action” will usually mean S.

3.1.3 Evolution

It is worth introducing the rotated coordinates {u,v} which are respectively parallel and

perpendicular to B:
T = wucosf —vsinf
(3.12)
z = usinf+vcosf

They are decoupled (the energy of each mode is conserved), which means that the motion

is integrable between the bounces. Solving Hamilton’s equations, one finds

u(t) = s-ecosft? 4+ Lp0t +
(~) 2m i mpu ug ) (3'13)
v(t) = psin(t/m) + (vo + emsinf)cos(t/m) — mesinf

where the 0 sub/superscripts indicate the starting conditions at £ = 0. The effect of a
bounce is to mix the energy of the modes, destroying the integrability. The transcenden-
tal equations z(¢,) = {0,L}, which give the times £, of the bounces, have to be solved
numerically.

Note that the global properties of a trajectory (such as its action) can be decomposed
in a sum of each intermediate analytical path between two bounces and the effect of the

bounces.
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3.1.4 Poincaré surface of section

Looking at trajectories in the configuration space (z,z) only gives partial information,
as the complete description of a state in classical dynamics involves the knowledge of
each phase space point (z, z;5z,P,) at a given time ¢. In order to avoid the difficulty of
visualizing a 4- D space, one defines a 2-D slice of the phase space, called a Poincaré surface
of section (SoS) (Ozorio de Almeida 1988). For example, one can consider x constant:
{z = zs0s,2;Pz > 0,p.}; then p, is fixed (up to the sign) by energy conservation, which
is the fact that a trajectory is confined to the 3-D energy surface defined by H(p, q) = E.
One records the succession of a large number of crossings (z,7,) of the repetitions of many
different trajectories. We shall present several SoS in the next section.

The limit of the SoS is given by py(zses, z,p0z; E) =0, e.g.,

p.(z) = :t\/2m(E~' + €x50s) — (Tgos Sinf — zcosh)?2 . (3.14)

Note that changing the unshifted initial coordinates Zy does not change the shape of a
trajectory, but merely translates it. On the contrary, changing the shifted coordinate zg
changes the velocity Yy. At a given energy F, this changes the starting Xy, modifying the
trajectory.

One can also identify the surface of the turning points, where a particle runs out of

kinetic energy (z = 2 = 0):

rsind £ \/2m(E + ex)| /cos . (3.15)

z(z) =

This surface will play an important role in the cusp bifurcation discussed in subsection
3.2.4, and will be referred to as the “soft energy surface” (in contrast to the “hard”

barriers).

3.1.5 Periodic orbits

A very important class of trajectories are periodic orbits (POs). They are defined by the
fact that their final position and momentum (q’,p’) coincide with their initial position

and momentum (g, p)

PO : (¢,p) = (¢,P) =(q,p) . (3.16)

They close themselves smoothly after a time T (the period), and keep on the same path

indefinitely.
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3.1.6 Stability

The stability of an orbit describes the way neighboring orbits behave. Writing p = (z,p;)
the coordinates on a SoS, one considers an iteration of the Poincaré map po — u, as well
as neighboring trajectories starting with po + dpg. The linearization of the map defines

the 2 x 2 reduced monodromy (stability) matriz M:

82 0z mi1 m12> < 0z )
=M = . 3.17
( op, ) ( op, ) <m21 maz/ \0p; (3.17)

One can obtain analytical expressions for M by evaluating partial derivatives in (3.13),
in contrast to the usual situations in mixed systems like the H atom in external fields
—where one needs numerical evolution. There are corrective terms due to the energy
conservation and the cut at constant z; their analytic expressions are given in the Appendix
A.1. M is symplectic and has unit determinant, because of the area conservation property
of Hamiltonian systems (Ott 1993, Lichtenberg and Lieberman 1983). This yields two

possibilities for its eigenvalues Ay, that can be related to the (real) value of its trace.

Unstable orbit: |TrM| > 2 & A, = A”! € R. The eigenvector of [A;| > 1 determines
locally the unstable manifold (where the points of the map on the SoS move away from
the orbit at each iteration), while A_ < 1 is linked to the stable manifold (where points
are attracted to the orbit and reach it after an infinite time). The orbit can be direct
(TrM > 0) or indirect (TrM < 0). In a SoS, an unstable periodic orbit can be found (with

difficulty) by the hyperbolic structure around it.

Stable orbit: |TrM| < 2 & Ay = A* = exp(iy), which defines the winding angle
v € R. Neighboring trajectories wind around the stable orbit, staying at a finite distance.
A stable periodic orbit is more easily located in a SoS by the elliptic shape surrounding it

(an “island of stability” or “stable island”).

A periodic orbit (PO) can only appear or change its stability class (i.e., stable/unstable)
in n-bifurcations, where the monodromy matrix of the n'" repetition of the PO has a
trace equal to two: Tr(M™) = 2. The most important types of bifurcations® for us are:
(a) Tangent bifurcation (TB) [n = 1], where TtM = 2. Two POs coalesce and “annihilate”
each other, leaving no real PO (but a pair of complex conjugate POs).

(b) Pitchfork bifurcation (PB) [n = 2], where TrM = —2. The central PO changes its

3The classification of the five generic types can be found in Ozorio de Almeida (1988).
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stability, while a pair of identical satellite POs appears from the central PO, with twice
the period. We observed that mo; = 0 if the satellite orbits have p, = 0, and myy =0 if
they have p, # 0.

(c) Period-tripling bifurcation [n = 3], where TrM = —1. The central PO does not change
its stability, but touches briefly a satellite PO.

The scaled monodromy matrix is defined with respect to (z,p,):

- Ty T my, Bm
i = (mu m12> I 11 12 (3.18)

Moy M22 E’mgl mo2

Note that the trace is invariant: TrM = TrM.

3.1.7 Time-reversal symmetry

The 3-D problem (3.2) is not invariant through time-reversal! (¢ — —t), because of the
presence of the magnetic field. However, the 2-D problem (3.4), being of the form kinetic
energy + potential, has time-reversal symmetry.> A first consequence is the symmetry in
p. of the SoS defined on the walls zss = {0,L}.® Time-reversal symmetry implies that
the time-reversed trajectory of a periodic orbit (PO) is also a PO.

Generic POs (e.g., s.) are “topologically” equivalent to a circle in phase space and
would correspond to the rotation motion in a pendulum; they are distinct in phase space
from their time-reversed partner, although they follow the same path in position space.

In fact, most of the important POs in the RTD are self-retracing (SR). They have the
topology of a line and correspond to the librations of a pendulum. They are defined by
the fact that they coincide in phase space with their time-reversed companibn. They must
have two points where there momentum is reversed; this can happen either if p, =0 at a
bounce, or if they reach the soft energy surface defined by (3.15) where their momentum
becomes zero.

Because we are interested in the current which is built on the left wall, we have to

propagate trajectories from the left wall back to the left wall; this defines in some sense

“We define the “time-reversed” of an orbit as the trajectory obtained by flipping the momentump — —p

at the end of the orbit and evolving it from then.
SThe proper time-reversal in 2-D taking into account the third dimension would involve changing ¥,

which would change z and destroy the time-reversal symmetry.
SThis is due to the p, = —p. reflection of the bounce, which means that the time-reversed of a point

of the SoS is itself another point of the SoS. This would not be the case for a SoS taken in the middle of

the well, as the time-reversed point would not satisfy the condition p, > 0.
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particular points on a PO where the PO “starts” and “ends”. This is important for the
monodromy matrix, which changes with the starting point (although its trace is indepen-
dent of such a choice and is a truly global property of the PO). Some SR POs have a
further property: taking their time-reversal at their end point (defined to be on the left
wall), one finds oneself on the portion of the trajectory on which we started the PO. This
happens when the end point is one of the points where the momentum is reversed (i.e., one
must have p, = 0 on the left wall). They will be called time-symmetric (TS) trajectories.
For instance, t, is TS while ¢, is not: taking the time-reversal of the latter at the end
point where p, # 0, we find ourselves on the second portion of the trajectory (see Fig. 3.2
below).
TS POs have the important property:

my1y = Moy . (319)

In effect, consider a monodromy matrix M. Its time-reversed M 1S is given by its inverse
s y g Y

M~!, with the change §p, — —ép,,dp, — —dp,. Then

0z = magd2’ — myo0p! 6z =m338z +mi3op,
M~ z = MTS. ‘ (3.20)
dp, = —mg102’ + mq1 0D, ép, = m;lrls(sz, + mrlrlsdplz

As M = M™S for a TS PO, m;; = mos.

For SR POs that are not TS, the time-reversed pairs are not distinct in phase space;
however, their monodromy matrix are distinct. Their link is given by m;; = m;r2s, Moy =
miy, mig =mEy, my = mly. This relation also holds for non SR-POs.

All perpendicular POs (starting with p, = 0 on the left wall) are TS POs: for example
to, t1,ty,s', 81,1:3,3:3. Non-perpendicular POs are not TS; they can be SR (e.g., ¢, and
2:3) if they have a perpendicular bounce on the right wall or have a turning point on the

energy surface, or they can be non-SR (e.g., s.).

3.2 Periodic orbits in the RTD

In the following, we present the important POs in the resonant tunneling diode (RTD) at
different tilt angles 8. We analyze their behavior according to the heuristic semiclassical
interpretation: a PO can contribute to the current if it satisfies the following conditions.
(z) It hits both walls, to connect the emitter to the collector. (iz) It is not too unstable, so

that its contribution to the density of states (DoS) given by the Gutzwiller trace formula
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(1.4) is significant. Also, one can expect the current to show an enhancement of the
P1/P2/P3 oscillations around P1/P2/P3 bifurcations.” (¢i7) The starting position |z| of
the PO is not too large, so that the initial state, given by a Gaussian distribution, can
“feed” the PO. Note that the localization of the initial state increases with the magnetic
field value. Roughly speaking only a PO with z; <~ 400 a.u. can be expected to give a
significant contribution at average B. (iv) The action and period of the PO are small in
order to give period-one, two or three oscillations that can be seen experimentally (this
is because of the damping due to phonon emission). This approach corresponds actually
to one of the semiclassical formulae presented in chapter 5: the “hard limit” PO formula
(5.64). It will be tested quantitatively in section 6.1; here we only present a qualitative

interpretation.

3.2.1 @ =0°; integrable case

At 6 = 0° the dynamics are integrable, as the bounces do not mix the decoupled mo-
tions. Trajectories simply wind around the magnetic field (cyclotron motion), while being
accelerated by the electric force. One has as many constants of motion as degrees of free-
dom, and using action-angle variables, one can reduce the dynamics to a motion on tori
—“doughnut” shaped surfaces— (see e.g. Gutzwiller 1990).

We show in Fig. 3.1 (a) a Poincaré surface of section at § = 0°. The trajectories are
confined on torus-like structures around ¢o; the central traversing PO running through the
center (z = 0 Vz) is shown in the inset. A torus is said to be resonant when the periods
of the motions along the decoupled degrees of freedom are commensurate; it supports
then a continuous family of periodic orbits. As #g is centered on z = 0, we can expect
a perfect overlap with the Gaussian initial state, yielding a strong period-one (see next
subsection) current. In (b) we see that the stability of ¢y changes with ¢, having resonances
where TrM™ = 2. Note that in this integrable case the GTF is not valid as POs are not
isolated; one should use instead EBK quantization or an equivalent version expressed in
terms of tori (Berry and Tabor 1977). Indeed, applying the GTF would yield significant
oscillations with e (for example, enhancements where TrM = 2) which are not seen in the
experimental current. We also show mq;, which will be used in a quantitative semiclassical
theory (HLNO) tested in section 6.1.

As 6 increase above zero, the bounces against the barriers mix the decoupled motions;

“At n-bifurcations the GTF diverges as Tr(M™) = 2, and the QM DoS shows a finite enhancement of

the related oscillations.
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Period POs Scaled action | Voltage period
P1 t S~ 1 AV = 0.04V
P2 2, s S~2 AV = 0.02V
P3 | 3t,1:3,23,3:3 S~ 3 AV = 0.01V

Table 3.1: The main POs, with their scaled action and the related voltage period of the current oscillations
(see subsection 5.3.2 and Table 7.1.2). P1/2/3 refer to the three types of oscillations observed in the

experiments, as mentioned in section 2.3.

We show in Fig. 3.2 the shape of the main POs. In (a) we have the most important PO
in the RTD (ty), which is a deformation from the straight PO at 0°. It has been quickly
recognized as being responsible for the P1 oscillations in the current (Fromhold et al.
1994). One shows also two orbits, t,, and t,, which are born in two pitchfork bifurcations
of to; they have twice the period of #y and should contribute to the P2 oscillations of
the current. The main POs responsible for the P3 current at § = 38° are shown in (b):
1:3,2:3 and 3:3. (c¢) and (d) presents some P2 POs. s’ and s; belong to the same family
1:2; s; has one extra cyclotron rotation. The (z,y) shape of s; is shown in (d), which
illustrates the fact that the 3-D system does not have time-reversal symmetry and does
not allow self-retracing POs (see subsection 3.1.7). We show s, in (c), which is born in a
(synchronous) pitchfork bifurcation with s’ at 27°, and is the only PO shown here which

is not self-retracing. Two collector POs are shown in (d).

3.2.3 6 =11° cascade of tangent bifurcations
SoS

We show in Fig. 3.3 a Poincaré SoS at § = 11°. One sees clearly the transition from
regularity to chaos as € decreases. In the ¢ — oo limit (e.g., B — 0) the dynamics
becomes integrable. Increasing B at fixed F' gives more cyclotron rotations; this means
that the bounces will rapidly separate two neighboring trajectories, as their angles just
before the bounce are highly sensitive to their initial conditions.

(a) At € = 20000 , the dynamics is dominated by the island of stability of ¢o, which
is surrounded by a sea of unstable trajectories. This large stable island is the remnant of
the torus structure existing for the integrable dynamics at = 0°. It has slightly moved

to the right. It is responsible for the regular P1 oscillation seen at high e in Fig. 2.5.
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(TS) POs (t,) is Born; in this case mg; — 0. The periods and actions of ¢, and t, are close
to double those of ¢y, which is why we call such bifurcations period doubling (P2). Note
that the second repetition 2¢g has TrM — 2 at the PBs, and that its off-diagonal elements
follow those of tg: mip — 0 at € = 12822, mo; — 0 at € = 13112. Note also € = 7051,
where TrM = 0. This corresponds to a P4 bifurcation, but has the peculiar property that
the second repetition 2ty has both m;s — 0,m2; — 0 (while those of ¢y are finite).

The period-doubling bifurcations occur in the main P2 experimental region seen in Fig
2.5; we can expect such bifurcation to produce an enhancement of the P2 signal as the
GTF has a divergence for the second repetition of t. Hence, we could interpret the P2
region has a result of a bifurcation.

s1 at 11° is presented for two values of R = E/V. Here s| has metastability: it is weakly
unstable in a significant range of € (JTrM]| is larger, but close to 2). This interesting feature
is due to a “failed” PB: increasing the energy/voltage ratio to R = 0.2 will make s, undergo
a double PB with TrM = —2. Usually, the instability of a PO in the RTD increases very
quickly as it moves (in €¢) away from the bifurcation where it was born, yielding a very
weak contribution to the DoS. The accessibility is also favored, as zo passes through 0
around € = 2800. This is the “low €” P2 region discussed in Fig. 2.5, which is therefore
due to the combined effect of (i) the failed bifurcation that prevents the instability from-
growing and weaken the contribution to the DoS, and (i¢) the fnaximum of accessibility
when zg = 0. Note that the failed PB bifurcation would yield an enhancement of the P4

signal in the DoS (as s; is already P2); the P2 region is not an usual “bifurcation” effect.

3.2.4 0 =27° cusp bifurcations

The hard bounces on the barriers bring a discontinuity in the dynamics. The definition of
the bounce is to flip the z momentum. This is quite different from the turning point exist-
ing for SR trajectories when they reach the zero momentum (“soft energy”) surface; this
phenomenon is “natural” (i.e., created by a force) and “soft” as there is no discontinuity
in the momentum.

The intersection of the energy surface and the left wall plays a particular role in the
dynamics; it is called the “edge of the SoS” and.depends on the initial p? of the trajectory
under investigation. A trajectory hitting the wall will have some essential difference with

a trajectory having a turning point on the energy surface. This is the origin of the cusp
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