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ABSTRACT

To develop an effective process for analysis and description of global instability
phenomena such as capsizes of boats and other marine structures there is a need to
investigate the intimately involved invariant manifold tangencies of unstable saddle cycles.
For an engineer information about the final instability of stable resonant solutions and
quantitative changes in the regions of stability of that solution are vital in any safety
specification of a nonlinear dynamic model. This thesis provides an computational
algorithm for the systematic location of certain heteroclinic and homoclinic manifold
tangencies under variation of the system parameters of the dynamic under observation.

The manifold tangency algorithm is based on the following threefold division.

Chapter 2 develops the ideas of a manifold tangency criterion which is based on a
geometric formulation of a distance idealization based on a multi-variant piece-wise cubic
approximation to the manifolds under observation. This distance function is grounded in
concepts of tangent signing and a need to introduce various conditional criteria extend the

definitions of certain computationally standard numerical functions.

Chapter 3 develops an automotive procedure for the description of invariant
manifolds. This effective procedure is designed to locate the saddle cycle(s) accurately and
evaluate the eigenvectors. The extrapolation of the invariant manifolds occurring by
repeated mapping of a line of points along the eigenvectors. Storing the resultant data in
a singly linked list and making use of stack reference structure and negatively signed
pointers, ordering and insertion/deletion of points can be achieved while keeping a bound
on computational time and space. Chapter 4 develops the standard ideas of path following

local bifurcation and local solutions in parameter/phase space.



Thus chapter 3 develops portraits of the manifolds, chapter 2 then evaluates the
manifold tangency expressions and modifies the system parameter vector to locate
tangency. Chapter 4 deal with the problem to following the saddle(s) under such a variation
in the system parameter vector and indicates the requirements for continuation along the

manifold tangency path in system parameter space.
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1 Introduction

Newtonian mechanics lies at the heart of all modern engineering. In civil and
mechanical engineering it has long been used to assess the bending, shear and torsional
stresses of structural elements. Newton’s ideas form the fundamental axioms that govern
all static and dynamic analysis. In aeronautical engineering the elastic flexing structure of
an aircraft is loaded by aerodynamic forces, which brings together the two great branches
of the Newtonian paradigm, solid mechanics and fluid mechanics: the stability of an aircraft
in level and in manoeuvering flight is here a subject of particular interest. Recently, with
the rapid expansion of the off-shore oil and gas production, marine technologists have had
to contend with a similar structure-fluid interaction in assessing the complex dynamics of
compliant structures in waves and currents. In this field there is currently much activity

directed towards improved understanding of the mechanismsinvolved in capsize of vessels.

With the arrival of high-speed computers it might have been supposed that the
mathematical theory of dynamical systems would simply fade away. In fact the reverse is
true, and the dynamics of non-linear structures is indeed one of the fastest growing fields
in applied mathematics, nurtured by a vigorous interplay between computer
experimentation and the mathematical analysis. This is because the broad, yet precise,
geometrical concepts of the theory are today vitally needed to guide the computer analysts

through the bewildering variety of complex behaviour that they are likely to encounter.

The time evolution of most real-world problems must usually be modelled by
nonlinear equations for which closed-form analytical solutions are rarely obtainable. They
are, however readily integrated numerically by standard computer algorithms, so the
response from a given initial starting condition is in principle easily established. But the
starting condition of a real system are never known precisely, and may be totally unknown.

So, because the motions of the nonlinear system can be depend crucially on these initial



conditions, the mammoth task begins to emerge. Even with powerful computers it is not
possible to explore the response from all possible starting conditions. Clearly there is a
need for an overview of what can typically happen in the evolution of a system, and how
this can be influenced by the initial conditions. It is here that the algorithms reviewed in
section 1.2 and the algorithms presented in the rest of the thesis come to the aid of a research
engineer. Ultimately computational algorithms should aid an engineer in producing some
globally applicable summary of the system dynamic. This would include location of all
stable solutions, a stability analysis of these solutions, the description of regions of attraction
of these solutions, the description and analysis of changes in size and nature of these regions
of attraction and a discussion of the final instabilities of regions of attraction and their
attracting solutions. Such a task in beyond the scope of one thesis and in fact as section

1.2 indicates some of this work has already been produced.

1.1 Review of basic concepts in nonlinear dynamics

One particular problem of current interest is the roll response of a vessel in regular
seas. The relevant marine conditions will typically have some bias due for example to
wind loading or an offset cargo which pre-disposes the ship to capsize in one favoured
direction. To throw more light on this asymmetric problem Thompson et al. [53]
considers the following mechanical oscillator with a single generalized coordinate x

described by the equation

X+Pi+x—-x*=Fsinowt (1.1

10.



where x is the dependent state variable, ¢ is the independent state variable. The
dot denotes differentiation with respect to the time ¢. ®,  and F represent the system
parameters. This so called escape problem [53] is of much interest throughout physics
and engineering and because it models, in the simplest possible way, the capsize of

vessels in lateral ocean waves.

This simple oscillator shall be used to review some of the basic concepts in
nonlinear dynamics used in this thesis. Let us first consider the situation where F=0;
thus the sinusoidal forcing term, on the right hand side, is removed. The equation is
now autonomous as there are no longer any explicit functions of ¢. Consider the 'figure
1.1; this is a phase portrait, that is the x vs. X solution space of the equation (1.1). By
suppling a set of initial conditions (x,x) the form of the solution trajectory to equation
(1.1) can be viewed. At (x = 0,x =0) there is an attracting stationary spiral point. There
is also an attracting solution at positive infinity. At (x = 1.0,%x =0) there is another
stationary point but this is an unstable saddle ( hyperbolic ) point. The two trajectories
issuing out of the saddle are named the outsets or unstable manifolds and the two
trajectories passing into the saddle point are named the insets or stable manifolds. The
insets define the boundary between the attractor at the origin and the attractor at infinity.
The unshaded region in figure 1.1 defines the catchment basin of the attractor at the
origin. Thus all solution trajectories with initial (x,x) conditions within this catchment
region will be drawn towards the attractor at the origin. All other initial conditions

produce solution trajectories which will eventually be drawn to infinity. In the physical

1. Figure 1.1: Two dimensional phase portrait of the undriven autonomous escape
system with F=0 and f=0.1
11.



problem the attractor at positive infinity signifies capsize of the marine vessel. Thus
this phase space portrait, figure 1.1, summaries the total behaviour of the system under

all possible initial conditions; for fixed parameter values.

Now consider the effect of a small non zero value of F. The equation (1.1) is now
transformed, time ¢ is now explicitly introduced into the phase space which is now
defined by (x,x, ). The effect of sinusoidal forcing is to change the attracting stationary
solution into an attracting oscillatory solution S' and change the unstable saddle point
into an unstable oscillatory saddle cycle D'. The period of this attracting oscillatory
solution S' and the unstable oscillatory saddle cycle D' is identical to the period of the
sinusoidal forcing function. Here the geometric ideas of Poincaré where to introduce a

section P, the Poincaré section, which is defined as
P ={(x,%,t)e Rt =t,+iT,i € Z}.

where T is the period of the sinusoidal forcing term, T = 2n/. From this periodic
sampling of the solution phase space to (1.1) the Poincaré map can be defined as the
following vector equation,
X =F (6, )

Yis1 =F(6,5) (1.2)
where F, and F, can be evaluated numerically for any (x;, y;) by standard initial

valued time integration. A point (x;, y;) is equivalent to a point (x,X) at =, in equation
(1.1). Thus the initial point (x;, y;) in the Poincaré section locates the solution trajectory
to (1.1) which after an integration period T intersects the Poincaré section again at

(X +1»Yi+1)- “Figure 1.2 expresses the idea of the Poincaré section for equation (1.1)

2. Figure 1.2: Stroboscopic Poincaré sections for forced oscillators
12.



graphically. The periodic oscillatory solution S is now represented by a stationary point
in the Poincaré section. Poincaré was thus able to describe all oscillatory motions in
the three dimensional phase space by the mapping (1.2) in the two dimensional Poincaré

section.

In this Poincaré phase space, the Poincaré section, the insets of the saddle cycle
D' now define the basin of attraction of the attracting spiral cycle S'. A diagram
summarising all the oscillatory motions of the forced equation (1.1), in the Poincaré
phase space, would be almost identical to figure 1.1 for very small F; (x;, y;) replacing
(x,x) at z=1,. However there is a distinct difference between the two dimensional phase
space A produced in the autonomous situation and the two dimensional Poincaré phase
space B derived from the forced differential oscillator. Consider a point (x(z),x()) in
the phase space A. The solution trajectory for equation (1.1) from this point would reside
continuously in the phase space A. Now consider an equivalent point (x;, y;) in the phase
space B. The solution trajectory for equation (1.1) from this point would only intersect
the Poincaré section at fixed, discrete, ¢. In essence this characterises the difference
between the flow in the phase space and the mapping (1.2) in the Poincaré section. Thus
while it is still possible to draw continuous arcs in the phase space B they do notindicate
the continuity of motion, in time ¢, that the continuous arcs in the phase space describe.
The consequence is that it is not possible to describe the whole inset of the saddle cycle
D' in the Poincaré section from just one point on the inset as with the inset of the
non-oscillatory saddle point in phase space A. To describe the whole inset of the saddle
cycle D' in the Poincaré section a line segment on the inset is required not just one
point. This line segment is used as the basis for a set of initial conditions to trajectory

solutions to equation (1.1). This is explain more fully in chapter 3.

13.



Here it is worth briefly reviewing simple stability of local stationary and periodic
solutions. For the autonomous system, F=0, the stability of the spiral point (x =0,x =0)
and the saddle point (x = 1.0,x = 0) are evaluated by a conventional local linearization
of equation (1.1) and solution of the resulting eigenproblem, Jordan and smith [28].
The eigenvalues produced are known as flow eigenvalues. The basic division between
stability and instability is the sign of the real part of the flow eigenvalues. Unstable
solutions must have at least one negative real part of a flow eigenvalue. Thompson and
Stewart [54] provides a list of what all the possible combinations of these flow
eigenvalues imply about the stability of the solution. For the forced system, F#0, the
local linearization is performed on the Poincaré map (1.2) and not on the differential
system (1.1). The resulting eigenvalues are called mapping eigenvalues. The division
between stability and instability is whether the mapping eigenvalues are within a unit
disc, centred the origin, in complex space. Unstable solutions must have at least one
mapping eigenvalue outside this unit disc. Again [54] provides proofs for this and a list
of all the possible combinations of these mapping eigenvalues and what they imply

about the stability of the solution under examination.

Loss of stability or changes in stability of stationary and periodic solutions are
termed local bifurcation events. Local bifurcation events are defined by one or more of
the eigenvalues of a solution lying on the eigenvalue boundary between instability and
stability. For a flow this would be at least one zero real component of an eigenvalue;
for a mapping this would be at least one eigenvalue lying on the circumference of the
unit disc. Again [54] provides lists of the possible combinations of these eigenvalues

and what they imply about the nature of the local bifurcation under observation.

While local bifurcations deal with the stability of the local solutions, global
bifurcation events involve topological changes in the invariant manifolds, the insets
and outsets, of saddles. The homoclinic tangency is a global bifurcation event in which

14.



the inset of a saddle tangentially touches the outset of the same saddle. A heteroclinic
tangency is a global bifurcation event in which the inset of one saddle tangentially
touches the outset of a different saddle. For a map this introduces the property of
recurrence which is a mathematical feature common to both manifold tangencies,
heteroclinic and homoclinic. To explain, consider a point on an inset manifold. Because
this point (x;,y;) is on the inset its image (x;,,,Y;,,), after iterating map (1.2), is
constrained to remain on the inset by definition. This is also true of any point on an
outset; its image, after iterating (1.2), is constrained to remain on the outset. Now a
tangency point is both on the inset and on the outset and thus its image, after iterating
map (1.2), is constrained to remain on both the inset and the outset. Thus if the inset
and outset touch once, by applying the above argument recursively, they must touch
infinitely many times. *Figure 1.3 sketches some idealized homoclinic tangency in a
map. For a flow a similar argument implies a degenerate manifold tangency in which

the inset and outset are actually totally coincident.

In the case of the saddle D', in the Poincaré section, a homoclinic tangency creates
conditions where very complex non-deterministic behaviour is possible along the basin
boundary of the stable spiral S'. Grebogi et al. [16] amongst others has show that the
homoclinic tangency of a boundary saddle, such as D', creates conditions where the
boundary is no longer a simple manifold but now becomes a fractal. The properties of
the fractal boundary are such that given a initial point (x;, y;) within this fractal, it is not
possible to detemﬁnc to which solution the image of this point (x; , ., ;. »), after niterates
of the Poincaré map (1.2), is attracted. That is whether from this initial condition the

system dynamic will be attracted to the solution at infinity or to the stable solution S’

3. Figure 1.3: This sketches an idealized homoclinic tangency event. (a) represents the
manifolds is a pre-tangency situation (b) represents manifolds at tangency (c) represents
manifold in a post-tangency situation.

15.



in the case of equation (1.2). With the appropriate change in the system parameters the
inset and outset cross or tangle more; this leads to an increase in the width of the fractal
boundary and an erosion of the basin of attraction of the stable spiral S'. The erosion
of the basin of attraction of S' occurs as the so called tongues, which are folds in the
inset, are constrained to cross the outset thus distorting the shape of the basin of attraction
further. This is illustrated in figure 1.3c. While a homoclinic tangency of a boundary
saddle does not effect the local stability of the stable solution, which is governed by
the local mapping eigenvalues, it is clearly an important event. For an engineer this
may be as important as the final loss of stability of the stable solution. In a real life
situation the marine vessel would never be allowed to settle down to some perfectly
periodic motions for long. The period and amplitude of the forcing term would vary.
Thus typical behaviour would be of a transient type decaying to a periodic stable
solution. If the basin of attraction has been eroded by the homoclinic global bifurcation
event, then the range of initial conditions which will lead to the stable periodic motion
is reduced, effectively increasing the possibility of capsize. [16] has also shown that
boundary explosions are intimately related to heteroclinic bifurcation events. Boundary
explosions are events in which there is a sudden decrease in the size of the basin of
attraction. Any change in the size of the basin of attraction of the stable solutions is of

vital importance to engineers in a safety specification of the marine structure.

Many other important global bifurcation events are governed by invariant
manifold tangencies. It is thus important to devise an algorithm for the systematic

prediction of such events. This thesis is an attempt to devise such an algorithm.

1.2 Review of descriptive tools for Poincaré phase space

Over the last few decades certain algorithms have been developed for the

investigation of oscillatory motions within Poincaré phase space. The need to review
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these algorithm is twofold: firstly for completeness and secondly because they represent
an important foundation and background to all the work in this thesis. This section is
mainly concerned with the Poincaré phase space which ié the Poincaré section of a
differential system. However as the Poincaré map is an iterative map all the subsequent
discussion, in this section, is directly applicable to other iterative maps, such as the
Henon map of chapters 3 and 5. From now on in this thesis, the term Poincaré phase
space will be just phase space. As interest is primarily in mappings and not flows the

distinction need no longer be maintained.

1.2.1 Global summaries of phase space.

Here the idea is to produce a diagram similar to figure 1.1 but for the Poincaré
section of mapping (1.2). This diagram is to describe all possible motions of the
dynamic system while the parameters are constant. There are four methods available,
Grid of starts method, Simple cell mapping, Generalised cell mapping and

Interpolated cell mapping.

The Grid of starts method is the most elementary, the most reliable and the
most computational expensive. It is so obvious that no one can lay claim to devising
it. The idea is create a fine rectangular grid of points across the phase space. Each
of these grid points is used as an initial condition for solving the Poincaré map.
Effectively the differential system is solved for every set of different initial
conditions. Each point is mapped until it converges to some stable solution. Each
different stable solution can be numbered. Thus every grid point can be coloured
according to which stable solution it is attracted to. When this is completed for the
whole grid the resulting diagram describes the basins of attraction of the different
attracting solutions. The finer the grid, the more accurate the resulting picture

becomes. Another possible use of this method is to describe the time for transient
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decay from every set of initial conditions to the stable solutions. This transient time
is theoretically always infinity; however computationally it is expressed as the
number of iterates of the Poincaré map that are required to bring the image of the
initial point to within a small tolerance of the stable solution. For the Escape equation
(1.1) and specifically the attractor at infinity this is still impossible. So here a bound
x;=20 is devised. The idea is that transient times to escape, to reach infinity, are the
number of iterates of the Poincaré map that are required to force the image of the
initial point to exceed this bound. While this is not strictly the transient time to
infinity, the real interest in the engineering problem is the capsize phenomena and
this would happen well before an infinite x; value. *Figure 1.4 and *figure 1.5
represent such a transient time to escape. These figures are close ups of a small
region of phase space around a chaotic attractor, the white tick in the centre. A
chaotic attractor is an aperiodic attracting solution with such complex properties
that it is not possible to predict the motion within such an attractor: this, like the
fractal, is another non-deterministic feature of nonlinear differential systems. Both
figures 1.4 and 1.5 are at identical system parameters; however the phase angle is
different. The phase angle ¢ = 2nty/T radians where ¢, is from the definition of the
Poincaré section. The value of the phase angle does not effect the dynamics at all
but it will change the relative positions of features in phase space. For reasons of
clarity some phase angles are better than others. The black region around the white

chaotic attractor indicates the probable basin of attraction of the chaotic solution.

4. Figure 1.4: coloured transient escape times for a region of phase space in the escape
equation. Grid of starts method is employed; grid with (5§01x501) starting conditions.

¢=0.

5. Figure 1.5: coloured transient escape times for a region of phase space in the escape
equation. Grid of starts method is employed; grid with (501x501) starting conditions.

o=m.
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In both these figures the boundary is touching the chaotic solution. This indicates a
boundary crisis [16] which destroys the chaotic attracting solution. This is global
bifurcation event, in fact a heteroclinic tangency. In both these figures the well
developed fractal boundary can clearly be viewed. This method is of particular use

when investigating fractal boundaries.

Simple cell mapping, SCM, Hsu [26] is based on the discretization of the phase
space into a collection of rectangular cells. The value of the Poincaré map functions
F, and F, are evaluated in the centre of every cell and here the SCM value is set
equal to it. The assumption then is that everywhere else in the cell the SCM value
is the same constant value as the centre of the cell. Thus SCM the replaces the
Poincaré map as the description of the motions in the phase space. Mathematically,

the following descretised representation of the Poincaré map defines the SCM,
Sy(a,b)=F\(x;,y)

S)a,b)=F,(x;,y)

where §, and S, are the values of the SCM functions which approximate the
F, and F, Poincaré map functions. A point (a,b) represents any point in phase space.
h and & are the sizes of the SCM cells in the x; and y; directions. The INT(x) function
truncates the decimal part of a number x, rounding it down to the nearest integer.
Effectively the grid of starts method can be reformulated using the approximation
to the Poincaré map the SCM. Pictures of basins of attraction and coloured transient

time diagrams can be drawn. As an approximation, SCM is not as accurate as the
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grid of starts based on Poincaré map; however it is an order of magnitude faster. In
chapter 3, figure 3.7c is an example of a catchment basin described by the SCM
method.

Interpolated cell mapping, ICM, Tongue [56] is based on a similar
discretization of the phase space into a collection of rectangular cells. Again the
value of the Poincaré map functions F, and F, are evaluated in the centre of every
cell and here the ICM value is set equal to it. However the value of the ICM is not
held constant across the cell as with the SCM. The actual value of the ICM at points
not in the centre of a cell is bi-linearly interpolated from the values of the ICM in
the centre of adjacent cells. This provides a continuity in the value of the ICM that
SCM does not possess; thus is a much better approximation to the Poincaré map.
The computational overheads for the interpolation are small compared with the
increase in accuracy. Thus the ICM replaces the Poincaré map as the description of
the motions in the phase space. Effectively the grid of starts method can be
reformulated using the approximation to the Poincaré map the ICM. Pictures of
basins of attraction and coloured transient time diagrams can be drawn. ICM
represents considerable computational saving over the conventional grid of starts

methods while being much more accurate than the SCM method.

Generalised cell mapping, GCM, Hsu et al. [25] is an attempt to improve the
accuracy of the SCM method. In SCM each cell maps to a single image cell. In GCM
this restriction is removed and each cell can have several image cells each having
a definite fraction of the total probability. [25] develops this idea such that the
behaviour of each cell in the limit is expressed as a probability which can be viewed
in terms of the area of a cell; this is what percentage of the area of a cell maps, in
the limit, to each attracting solution in phase space. The great improvement of GCM
over SCM is that cells that lie across the basin boundaries have divided limiting
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probabilities. Pictures of basins of attraction and coloured transient time diagrams
can be drawn. GCM is an improvement on SCM but is computational more expensive
and more complex to implement. However it is still an order of magnitude faster

than the grid of starts method.

1.2.2 Problems of locating unstable solutions

While the methods in section 1.2.1 have great success in locaﬁng stable
attracting solutions, unstable solutions such as saddles present a different problem
altogether. The first approach is an off-shoot of the local bifurcation path following
routines of chapter 4. The second in a method based on the invariant manifolds and
a preliminary algorithm is sketched by Grebogi et al. [17].

Unstable solutions and stable solutions have the property that they are both
fixed points in the Poincar€ map. By defining the return map or residual map as

follows from the Poincaré map (1.2),
G, =X =%,
Gy=yi"'yi+l (1.3)

functions G, and G, are zero at any fundamental stable or unstable solution to
equation (1.2). This algebraic set of equations can be solved by a Newton-based
procedure Press et al. [45] or a Homotopy method Watson [59]. However as this is
nonlinear set of equations there are possibly many solutions. The interest is to locate
all the solutions to this problem (1.3). Conventionally this would require one solution
to be located and then this is used to deflate the algebraic set (1.3). This would be
similar to dividing out a located root in a one dimensional polynomial. However
deflation of roots in the two dimensional equation (1.3) does not seem to work

systematically. The reason for the failure of thisidea is an area of for further research.
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Consider *figure 1.6: this is a diagram plotting the zero contours of the functions G,
and G, for the escape equation. Where these zero contours cross there must be a
zero for equation (1.3) and a stable or unstable solution to (1.2). These contours are
evaluated by suppling a grid of values of the functions G, and G, to a NAG [43]
contour plotting routine which employs a bi-cubic spline interpolation to plot the
zero contour lines. This is a useful technique as it indicates graphically where the
zeros to equation (1.3) are in phase space. Figure 1.6 indicates there are three
fundamental solutions. The two zero contours run very close to each other along the
inset to the D' saddle. This inset is described in section 1.1 as the boundary between
the stable solution(s) S' and the attractor an infinity. This figure indicates the
problems a zero finding procedure would have if initiated in the region of the inset
of the D! hill top saddle in the escape equation (1.1). The position of the D' hill top
saddle cannot be clearly defined from figure 1.6 without further, more accurate,
contour plots. There are difficulties with the use the return map (1.3) along the
boundary defined by the inset of the hill top saddle D'. The inset represents the
beginnings of a very sharp rise in both functions G, and G,. Higher periodic saddles,
these are ones with a period of nT, where T is the period of Poincaré section, are
usually located near the boundary and are thus very difficult to locate. The use of
the graphical zero contours is a useful aid to the methods in sections 1.2.1 as it

provides information about the possible location of some unstable saddle cycles.

While the method of zero contouring of the return map is effective for some
low order saddles it does not seem to have much success with higher order saddles

and especially ones on the inset boundary to the hill top saddle D'. These n-periodic

6. Figure 1.6: Zero contour plot for return map functions G, and G,. Intersection of
dotted and continouos lines indicate a fundamental solution to the Poincaré map.
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subharmonic saddles are generally heteroclinically tangled with the inset of the D'
hill top saddle. A consequence of this heteroclinic tangle is that these subharmonic
saddles must lie on the inset to the D' saddle. However this fact reduces the region
of phase space in which a zero search need be performed. Grebogi et al. [17] uses
this property to develop a simple algorithm for the location of higher periodic saddle
cycles. This method could be extended and automated by describing the inset
manifold by the algorithm INVAR in chapter 3. Then the algebraic set (1.3) are
solved now the solution procedure is constrained to always remain on the inset

described by INVAR. Further research into this method is required.

1.2.3 Invariant manifolds, local and global bifurcations.

Automotive production of invariant manifolds of saddle cycles is fully
discussed in chapter 3. The work of Thompson [54] and Ling [33] are discussed and

compared with the presented algorithm.

Local solution paths and local bifurcation paths in parameter/phase space are
fully discussed in chapter 4. The work of Doedel [10], Holodniok et al. [24] and
Kaas-peterson [29] are reviewed and compared with the presented algorithm.

Homoclinic and heteroclinic manifold tangency paths in parameter space are
fully discussed in chapter 5. The work of Guckenheimer et al. [18], Hayashi ez al.
[20], Holmes et al. [23], Kawakami [30], Yamaguchi et al. [62-63] are reviewed

and compared with the presented algorithm.

1.2.4 Summary

The reason for spending time reviewing the computational tools available for
the exploration of phase space is that the algorithms of chapters 3, 4 and 5 require

initial conditions. These initial condition may not have to be very accurate but they
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cannot be just pulled out of the blue. Some knowledge of the system under analysis
is a prerequisite for the use of such complex algorithms. This is a reminder that
computation algorithms, for all their many subtleties, are not meant to replace
understanding but to aid understanding. Thus, when in chapters 3, 4 and 5
respectively the algorithms for manifold production, local bifurcation path following
and global bifurcation path following are discussed, the computational tools in
sections 1.2 are assumed to be used to provide the background investigation required

for the dynamic system under observation.

1.3 Review of thesis

This thesis is an attempt to devise a generally applicable algorithm for the
systematic location of invariant manifold tangencies, both homoclinic and heteroclinic,
in a general n-dimensional differential system. Chapter 2 develops ideas about possible
criteria that could be used to predict manifold tangency. Chapter 3 develops an algorithm
for the automotive production of computational portraits of invariant manifolds of
saddles. Chapter 4 reviews and develops the ideas of analysis of local bifurcation events.
An algorithm for the systematic location of these local bifurcation events is developed.
Chapter Sis a synthesis of chapters 2, 3 and 4: it presents the algorithm for systematically
locating manifold tangencies. Chapter 6 is a user reference for the actual coding of the

manifold tangency algorithm. Chapter 7 contains the conclusions.
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2 Manifold tangency criteria.

Itis clear that routines such as Kaas-Peterson’s PATH [29] and Doedel’s AUTO [10]
have had considerable success in tackling the problems smounding the description of local
solution paths and local bifurcation loci. The ideology of these routines is to define a set
of functions which, while varying across the parameter/phase space of the particular
dynamic system involved, are constant at the local solution points and/or the local
bifurcation points. The locus of local solutions or local bifurcations in parameter/phase
space represents the solutions of the resultant fixed point problems. The specifics of local
solution and bifurcation path following shall be discussed later (chapter 4.0). Thus as a
technique the homoclinic/heteroclinic bifurcation path following algorithm, henceforth
named MTA ( Manifold Tangency Algorithm ), follows on ideologically from its
progenitors PATH and AUTO. MTA express its historical context by the introduction of
another allegorical set of functions. These functions will constitute the manifold tangency
criteria. This is at present loosely defined as a function which has a fixed point at tangency
of the manifolds concerned. The general problem of the tangency of two manifolds in R™
phase space can be viewed as an extention of the problems in two dimensional phase space.
Mostly this chapter will deal with this low dimensional analogue but the section 2.4.4 will

draw out the extensions to higher dimensional systems.

2.1 Use of Fractal information.

The fractal dimension, Farmer et al. [12], can provide information about
post-tangency, fractal, regimes in phase space. However to evaluate the fractal
dimension precisely, a knowledge of the position of the fractal boundary in phase space
is required. The primary problem posed here is in finding the boundary locus between
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the competing attracting basins which has become fractal. Generally not an easy task,
Grebogi [17] describes a straight forward manual method which utilises information
about the invariant manifolds, that is the stable and unstable manifolds of the boundary
saddle cycle . This is not, computationally, a useful basis for an automotive process as
itrequires sensitive tuning by the researcher and a knowledge of the current phase space

under examination.

However there is one location where the boundary is known or can be found with
greater ease. That s at the saddle point (a directly unstable point). The boundary locus
of the competing basins of attraction is the closure of the inset of some boundary saddle,
directly unstable point Stewart [48]. In the case of Thompson’s Escape equation [51-54]
the boundary saddle is the D' Aill top saddle. (see examples is chapters 4 and 5) One
of the outset eigenvectors of this saddle will always cross any fractal boundary. This is
an implicit property of a fractal boundary that results  from a homoclinic tangency

bifurcation.

Consider the numerical scenario, for some two dimensional iterative map A, in
which some short line vector L is chosen to be coincident with the linear approximation
(local to the saddle point) of the outset. A discrete set of points P, lying on L are chosen
as initial conditions for the dynamic system under observation. This discrete set P,
contains points  equispaced along the line vector L. Set P, maps to its image P,
under one iterate of the system map A. Each point in the set Pyprovides ' a different set

of initial conditions for the state variables of the system iterative map A. P, maps to P,

and so on. As the number of iterates, n, tends to infinity the individual points within
P, will be mapped to the stable attractor(s). Each point in the set P,can only be
attracted to one final solution. Different points in the set P, are not necessarily

attracted to the same stable attracting solution. This idea of some short line vector
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L coincident with an outset eigenvectors and the observation of the images of L. under
the system mapping equations A can be thought of as a basis for a fractal formulation
of a manifold tangency criterion. Consider the final destinations of the points in set
| P, in the above scenario. These can provide a measure of how far past tangency ( that
is in a post tangency regime ) the dynamic system is at current parameter settings.
Records of final destination will give an estimate of the thickness of the fractal boundary
at the saddle point. The units of this thickness would in proportion to the number of
points in the initial set Pyand the length of the line vector L. It could also provide, with
aiarge number of points in the initial set Py, information about the density of the fractal
boundary. This would be achieved by simply dividing the width of the fractal boundary,

at the saddle, by the number of points with divergent final states.

The advantages of this idea are that the location of the saddle and eigenvectors is
a local path following procedure and therefore straight forward. 'Figure 2.0 represents
some results from this method. Work on this method has shown certain deficiencies.
Results produced under conditions mentioned below speak with an equivocacy which

calls into question the algorithm value as an automotive process. The complications are

(@) Asissuggested by figure 2.0, the algorithm of section 2.1 provides noinformation
on the pre-tangency side. Reflect on an inset and outset, of a directly unstable
saddle cycle, that are under conditions where there will be an imminent tangency

under small perturbation of system parameters but are not at present at tangency.

1.Figure 2.0: This figure expresses results from the method of section 2.1. The system is
Thompson’s Escape equation, the saddle is the D' Aill top saddle. The system parameters
are =0.1 and ® = 1.5. The line L is 5x10™ and the set P, contain 100 points. The two
attractors are a fundamental solution and infinity. The number of points escaping indicates
the number of point which are attracted to infinity as the parameter F is varied. F=0.156
is approximate value of tangency of the invariant manifolds of the hill top D' saddle.
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(b)

©

(d

The algorithm of considering the final destination of B, would result in all the
images of points in P, mapping to the same attraction basin. Thus no fractal
information can be provided before the fractal is formed. This lack of

information would hamper any zero finding algorithm designed to locate where

the all the starts P, just map to the same solution. An unconventional zero finding
algorithm would need to be employed. As prediction of tangency is the final
objective, this method would provide a highly ill-conditioned scenerio at
tangency.

When the phase space is simple, having only one solution point on either side
of the boundary, the inset, and this solution being a fundamental or low order
subharmonic solution, the suggested routine can discern on which side of the
boundary the solution is. However in a more complex phase space where there
are many coexisting high-order solutions, perhaps including chaotic solutions,
it becomes very difficult to decide on which side of a probably complex tangled
boundary the final attracting states of the points in the nth image of P, lie. (as
n — oo)

As the fractal boundary is not regular in density in its width, by its very nature,
it will require a large number of starts along the outset eigenvector to produce
reliable results from such a fractal formulation. This is computationally
expensive. Figure 2.0 indicates large levels of noise and this with 100 starts in

P,. This would reduce any zero-finding routine to failer.

Finally only homoclinic tangencies of directly unstable points can be found.
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2.2 Invariant manifold and point-wise comparisons.

The strength of the method discussed in section 2.1 is that finding and path
following the saddle is a well documented process (AUTO [10] and PATH [29]) and
reliable as an automotive procedure. By using a saddle’s eigenvectors the invariant
manifolds, that is the stable and unstable manifold, can be extrapolated. Then
considering the distance between the two manifold involved in the tangency, some
distance-related function can be conjectured which has a fixed point at tangency. By
adopting some formulation based on the gcomt::tric ;;roperties of tangency the one
formulation is valid for many types of homoclinic and heteroclinic bifurcatioh events.
The automotive production of the invariant sets is described in chapter 3. The algorithm
INVAR produces a discretised set of points as an approximation to the continuous

invariant set.

An initial algorithm could be to compare the distance of all the points on one

manifold to all the points on the second manifold. Formally,

S$,@)={x,(),y,():i=1,N;;i € Z} manifold1
S,0) ={x(7), ¥,(j):j =1,N,;j € Z} manifold2
D, = MIN(S,(i) - 5,())* for all i,j

W

D.,;, indicating the minimum distance between the points which describe the two

manifolds. However this procedure presents three main difficulties.

(a) Only information on the pre-tangency side would be obtained. Post-tangency

distance between the two manifolds is always theoretically zero.

35.



(b)  Forhomoclinic problems the saddleitself would always represent an intersection
of manifolds and would thus be a zero point in any distance function which would

prejudice D, forcing its value to be zero.

(¢) Toincrease the accuracy of the manifolds the number of points on the manifold
must be increased (this is discussed in greater depth in chapter 3). As the numbers
of points on each manifold increases the number of point-wise distance
comparisons increases with its square. The procedure quickly becomes
computationally expensive.

Consider the improvement to the above algorithm with the introduction of some

gradient constraint. If distances between points of equal or nearly equal gradients are

computed, and only these distances, this would answer all three problems.

d
S,G) ={x,(i),y,(i),£l Li=1,Ngie z} manifold1
1
, , N . .
S,0)= ch(/),)’z(l),a—y-2 ji=LNyjeZ manifold2
Minimise
{0 =200+ 0, () — 3,60 for all i,j
Subject to
e <arctan] | |- arer (alejq 2.0)
g sarctany — |, |—arctan| ——|{. | S .
oy dy, ’

€ is the magnitude gradient constraint typically an angle of five degrees. Consider

a point A and some curved line BL both in a plane. The minimum distance from the
point A to the curve BL is a perpendicular line to the curve BL at a point B, on the curve

BL, which also runs through the point A. Now consider that the point A also lies on
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some curve line AL in the plane. Clearly the line AB can only represent a local minimum
distance if the line AB if also perpendicular to curve AL. In this eventuality the gradients
at A on AL and at B on BL must be coincident. Equality of gradients is a necessary
condition but not sufficient for the minimum distance between two curved lines. This
tangency condition is not sufficient because many points C and D on adjacent curves
AL and BL may be of equal gradients but the the normal to curve AL at C and the
normal to curve BL at D will not in general be coincident. In a post tangency situation
where curves cross, the minimum distance is zero but the gradients cannot be equal.
This last property is of real use as only under the tangency condition would intersecting
curves have equal gradients and zero minimum distance. Consider 'figure 2.1 : by
imposing an equality of gradient constraint it yields useful information about the post
tangency situation. Saddle points and intersection points can no longer be consider
minima as they will not have equal gradients. The number of points with nearly equal
gradient is relatively small and the time require to evaluate the gradients is of order n,
where n is the total number of points. This represents a computational saving as the

number of points » increases.

*Figure 2.2 represents some results of this pointwise comparison and gradient
constraint method for pre and post tangency, equation (2.0). This is a graph of the
constrained minimum distance evaluated by point-wise comparisons as a parameter B

is varied for the Henon map, parameter A being constant at 0.3:

1.Figure 2.1: Expresses ideas of gradiant constraint minimisation of descrete point portraits
of the invariant manifolds. Idealised definition of distance d in both pre-tangency and
post-tangency situations.

2.Figure 2.2: This is a diagram of the distance between manifold d, from figure 2.1, under
variation of B parameter of the Henon map. A is constant at 0.3.
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However figure 2.2 shows substantial levels of noise on this graph. This would
make any minimisation procedure designed to locate the tangency point by varying the
parameter B almost impossible. The reasons for this noise are shown in 'figure 2.3. The
manifolds are only approximated by a set of points. As parameter B varies the position
of the points along the manifolds may not be constant while the manifolds themselves
may not vary much. This in itself is enough to produce high degrees of unreliability in

the final constrained minimum distance as it is a result of these point-wise comparisons.

2.3 Cubic spline interpolation and constrained minimisation.

The problems of the last method in section 2.2 all result from the discretised form
of the manifolds which algorithm INVAR produces. Consider the effect of handing the
discretised set from INVAR to some multi-valued cubic spline interpolation based
algorithm. McConalogue’s method [35] defines some new parametric variable § which
is geometrically represents the arc-length distance along the manifolds. Consider a set

of points / which approximates some invariant manifold.
x,y)el
x=£(S), y=£)

AS? = Ax*+ Ay?

1.Figure 2.3: Expresses the computational difficulties attached distance d under variation
of the position of the decrete points which describe the invariant manifolds.
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The coordinates of any point on the invariant manifold are expressed,
parametrically, as two independant functions. This allows variables x and y to be
intepolated in a straight forward manner by a conventional one dimensional cubic spline,
The possibility of the manifold being multi-valued in x or y is no longer a problem. The
above formulation would result in a continuous numerical function which is piecewise
cubic and a much better approximation to the invariant manifolds. It generates a curve
invariant under rotation but not under scaling: hence elements of the basis vectors should
be equally scaled. Based on a now continuous set of curves, a real constraint

minimisation routine can be used. This is formally express by the following:

D =Min{d(§1,52)},
5152

d(51,52) = (x,(S1) = x,(S2))’ + (1 (S 1) - y,(S2))’, 2.1)
— < {arctan{ ayl(s 1)} - arctan{ ayZ(S 2)}} <e
= ax,(S1) ax(S2))) T

S1 and S2 are arc-length variables. Work based on this formulation has indicated

three main deficiencies.

(a) If the nonlinear constraint is too strictly enforced i.e. e is very small, then unless
the initial guess solution is very near to the actual solution point even the best
numerical routines for constraint minimisation find real difficulties in obtaining
any solution.

(b)  Consider the situations where the two manifolds are at tangency, this tangency
occurring when the parameter vector P=P; where Pi=(a;,...,ay)". Allow the
parameter vector P for the dynamic system under observation to be fractionally

perturbed from Py so as to leave the manifolds in a post-tangency regime. The
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points at which the manifolds intersect would still have nearly equal gradient,
This would prove to be a zero for the formulation in equation 2.1 unless e is very

small.

(c) Inaposttangency regime the region B in figure 2.4a is a local maximum. Since
the formulation 2.1 is a minimisation process it will inevitably lead to a solution
which is coincident with the nonlinear constraint boundary. In effect the two
inequality constraints will be satisfied one as an equality the other an inequality.
This ambiguity in the solution will produce some unpredictability similar to the

noise in figure 2.2, though not as marked.

The consequences of (a) and (b) are that the formulation has to be fine tuned in
the value of the constraint e and also a good initial guess for the constrained minimum
must be provided. This effect added to that of (c) seriously limits this formulation’s use

as an effective procedure.

2.4 Maxi-minimisation and signing.

The success of the last formulation equation 2.1 was the use of the cubic spline
interpolation so this has been retained. However the constraint was too nonlinear for
anything but local convergence to the solution. The problem still remains about how
to produce some criterion which yields useful information on the post tangency side.
The method in the last section sought to compute the distance d marked in figure 2.1b
as a gauge of how far past tangency the manifolds are. This distance d represent a local
maximum between two minima. A local maximisation would find this distance d while
a minimisation the distance 4 in figure 2.1a. Consider again the situations where the

two manifold are at tangency, this tangency occurring when the parameter vector P=pP,,.
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Consider also the post-tangency side of the parameter space. As one approaches
tangency from this side the local maximum is reducing in size and thus becomes more
difficult to locate. This is the situations of most interest as finally the aim is to locate

the tangency bifurcation.

2.4.1 Tangency formulation.

pre-tangency:

D™ =Min{d(51,S2)},
5152

post tangency:

D*= Max{ioc. Min{d(S 1,s2)}},
s1 82

ae B,B ={-1,1}

d(51,52) =V, (S 1) = x(S2))* + ((S 1) - y(S2))%,
tangency:
D =D*=0 22)

S1 and S2 are arc-length variables on manifolds / and 2 respectively. The
function d(S1,52) is the distance between the two points defined by S and S2 on
the manifolds. o is a signing, Boolean type variable only taking the values of plus
or minus one. o is the sign of the angle 6 between the tangent vector at S and the
vector joining S and S2. This formulation represents an effective manifold tangency

criterion.
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2.4.2 Signing.

'Figure 2.4a explains graphically the definition of the signing variable . For

this post tangency situation one can observe that on either side of an intersection
point the actual sign of the angle 0 and hence a changes. The value of this property
becomes apparent when one considers figure 2.4b. This figure is a plot of the way
the minimized distance d(S1,52), with respectto S2, varies with S1 for the situation
of manifolds appearing in figure 2.4a. The problems with figure 2.4b as it stands

are two fold.

(a) Around the crossing points the value of the minimized distance function
reduces to zero. Due to nature of this unsigned distance function it is
non-convex around this point. This leads to convergence difficulties of any

maximisation or minimisation routine.

(b) Convergence to the maximum is difficult near to tangency on the

post-tangency side.
However if a signing variable is introduced like o, 2.4b becomes 2.4c or 2.44d.

Thus removing both difficulties. The reason for the plus or minus on & is due to an
ambiguity which arises from this signing. Consider the ideal situation of figure 2.4a
where 0 angles are positive in region A and negative in region B. To induce figure
2.4b to become 2.4c a positively signed o must be used. Thus the function in Figure

2.4c is maximised and D" evaluated. However if the 8 angles are negative in region

1.Figure 2.4: (a) expresses the definition of d, 6 and regions A and B in a post-tangency
regime. (b) sketches the variation of d with arclenght variable S1. (c) reflects effect of
introducing +a variable on figure 2.4b (d) reflects effect of introducing -a variable on
figure 2.4b.
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A and positive in region B a negatively signed o must be used to ensure figure 2.4b
becomes 2.4c. And again D" can be evaluated. Here lies the problem: though the
sign of angle 0 is known its correspondence to regions A or B is unknown as these
regions are unknown until the final solution of D*. Thus, theoretically, both
expressions with o must be evaluated. The expression corresponding to figure 2.4c
will result in D* and the expression corresponding to figure 2.4d will diverge to some

non-local solution.

To be more precise about the nature of the signing process consider 1ﬁgure
2.5. Figures 2.5a and 2.5b show that the direction in which the arc-length variable
S1ismeasured effects the angle 0 and hence o.. However 2.5¢ shows that the direction
in which S2 is measured has no effect on a. Figure 2.5d is a special case of figure
2.5b being rotationally transformed by m and the direction in which variable S2 is

measured has no effect on signing.

While the manifolds many change in size and shape relative to one another as
the control parameters are varied the topological signature of the manifolds at
tangency will not change without the influence of some other global bifurcation
event. The topological signature is the schematic shape of the manifolds which is
not effected by any continuous distortions of the manifolds. Consequently often
only one D* will have to be evaluated as figure 2.5a and 2.5b do not have similar

topological signatures in terms of the definition of their basis vectors.

To use the formulation in section 2.4.1, D and D* are both evaluated at a

particular parameter setting for the dynamic system and the manifolds under

1.Figure 2.5: definition of sign of angle 6 under variation of direction of arclength basis.
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observation. If D* equals D" but is not equal to zero then the value of D' is a
pre-tangency value for the tangency formulation. If the values D*and D" are different
then D" will be zero, this expression having found one of the intersection points.
The value of the tangency formulation is then -D* which is in a post-tangency
situation. The negative sign indicates this distinction. Tangency itself is formulated

in expression 2.2.

2.4.3 Angles.

Consider the following expressions for 6

_(x(51) (8 1)
| as1 ’ os1

b =, (S1)—x,(52),%,(S 1)~ ¥,(52))

— aresinl &
0,= arcsm{ la I} (2.3.1)
0,= arcsin{—b——'-i} (23.2
7Y >2)
9=0,-6, (2.3.3)

The above formulation is a simple vector algebra expression for the angle
between two vectors. The vector / is the unit base vector in the y cartesian direction.
The dot product in which it is involved extracts the y coordinate of the vectors a,b.
This expression is a little more elaborate than the standard text book linear algebra
definition for the angle between two vectors. This would normally make use of the
dotproductdirectly. However though the dot product formulation is the most concise

algebraic expression it has certain features which make it difficult to use
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computationally. The main problem is the nature of the ARCCOS function as defined
in most high-level programming languages such as Fortran 77, Pascal, C etc.. As
an algebraic function ARCCOS is multi-valued but is defined as a single valued
function in these programming languages. In Fortran 77 it’s range of values from
+1 to -1 produces values of the ARCCOS function from 0 radians to & radians. This
unsigned angle is of little use for the problem in hand. The above formulation fares
alittle better as even though ARCSIN isdefined as a single valued functionitincludes
some element of sign. The range of values from +1 to -1 produces values of the
ARCSIN function from /2 to —1/2. However angles greater than /2 or less that
—n/2 cannot be formally expressed by such a single valued function. This of course
creates a problem for the last equation 2.3.3 as values of 6, and 6, from equations
2.3.1 and 2.3.2 are not always correct . To solve this problem a logic table was set
up as follows for 6, and 6,. This table effectively checks in which trigonometric

quadrant the vector a lies and modifies the sign and perhaps the magnitude of 6,.

ai>0 ai<0
aj>0 0, n—6,
a.j<0 0, -n—-0,

This completes the range of the ARCSIN function now spanning from —x to +.
The cartesian basis vectors { and j are used to isolate the coordinates of a. A similar

logic table can be applied to b and thus 0,.
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Thus by using equation 2.3 and the above logic tables all ambiguities caused be the

representation of ARCSIN in the programming languages can be overcome.

2.4.4 m-dimensional formulation

The formulation of the manifold tangency criterion as given in section 2.4.1
remains much the same, save the distance function which is extended to an

m-dimensional state space.

d(S1,52) = V{x(S 1) - x(S2))* + G1(S 1) - 3o SDP + (5,(S 1) - 2,(S ) + ...}

Interest arises in the definition of o Clearly the formulation in section 2.4.3

needs extension and modification. Tangent vector g and the vector p are extended

in the general problem to the following.

_(3x,(51) 3y,(S1) 8z,(S1)
2=17951 " 951’ os1 *

b =(x,(51)=x,(52),y,(S1) - y,(52),2,(S1) - 2,(S2),....)

In the general problem these vectors g,b are n-tuples in R” space. The difficulty

is in the definition of o. Let the planar hypersurface D be defined by the normal
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vector g xp. The problem is to define an orthonormal basis in D such that an
equivalent i,/ can be defined. ¢ is a vector orthogonal to g and a xb is thus

orthogonal to g and in the plane D.

¢ and f define the orthonormal basis in D. Thus equations 2.3.1, 2.3.2 and

2.3.3 in section 2.4.3 can be redefined

andb.f by b.f.
b.é>0 b.é<0
_b_f>0 62 1t—92
Qf<0 62 —1t—92
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The above formulation extends the ideas in section 2.4 to higher dimensional

state spaces.

2.5 Summary

The formulation in section 2.4.1 along with signing details (section 2.4.3), the
equations 2.3 and its logic tables (section 2.4.3) define a manifold tangency criterion.
This formulation is based on the invariant manifold generating program INVAR
(chapter 3) and a cubic spline interpolation (using McConalogue’s method) of its
resultant discretised output ( see section 2.3 ). This formulation has a large region of
convergence and thus does not require a very accurate initial guess for the minimisation
and the mini-maxi-mization in chapter 5. As a test case the Henon map (equation 2.0)
was used to plot figure 2.6. The manifolds in question are the inset and outset of the
saddle located near (x=-1.9,y=-1.9). This is a graph of the Tangency function, equation
2.2, varying B while A remains fixed at 0.3. The graph crossed the x axis at B=1.31
which is the point of homoclinic tangency. Figure 2.6 shows a smooth function which
can be handed over to a zero-finding algorithm (Brent’s method [7]) to locate the exact

point of homoclinic tangency.

1.Figure 2.6: Tangency function D, which is elements D"in the pre-tangency case and D*
in the post-tangency case (equation 2.2). Example is for the Henon map at constant A=0.3
under variation of parameter B. The Homoclinic tangency event occuring at approximately
B=1.32.
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3 Production of Computational Portraits of Bounded Invariant Manifolds

In dynamics, global bifurcation events (Thompson and Stewart [54]) are of increasing
interest because of their effect on ensembles of trajectories. Events such as heteroclinic
and homoclinic tangencies can produce profound effects on thé nature of the basin
boundaries (Grebogi et al. [17]). Catastrophic bifurcations of chaotic attractors (Stewart
[49]) while being important events are still difficult to systematically predict. Knowledge
of the invariant manifolds of relevant saddle (hyperbolic) cycles is necessary as they are
intimately involved in these events. For an engineer information about the final instability
of an att'racting solution and quantitative changes in the regions of attraction are vital in
any safety specification. The ideas presented in this chapter represent an automation
procedure for systematically describing these outstructures, that is these stable and unstable
manifolds. The general problem of describing an m dimensional saddle ( m eigenvectors
) of period n in R™ phase space can be viewed as an extension of the problem of describing
a two dimensional saddle of period one in a two dimensional Poincaré section of phase
space. (Consider the Poincaré map ffor forced oscillations. A period I saddle p corresponds
to a periodic orbit of period T for the flow such that p=f(p). A period n saddle corresponds
to a periodic orbit of period nT such that p=f,(p) and p # f,(p) for 1 < m < n-1 where
£(p)=fif(p)); etc. ) Mostly this chapter will deal with this low dimensional analogue of
the generalised problem, though sections 3.1 and 3.6 will draw out the extensions to higher

dimensional systems.

3.1 Location of the saddle

Consider a periodically driven differential oscillator

x=p,1), p&x,t)=px,t+T), 3.1)
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where x in as n-tuple of state variables, p is a vector function of period T and t is

the independent variable. The Poincaré section P can be defined as
P={(x,t)e R** 't =1,+iT,i e Z}.

From this periodic sampling of the solution space to (3.1) the Poincaré map can
be defined as the following vector equation,

X; o = &) (3.2)

More generally, the hypersurface P need not be planar but must remain transverse
to the flow. In general the time taken for an orbit in the flow to return to P will not
remain constant. However a map of the form (3.2) can still be defined (Guckenheimer
and Holmes [18])

A periodic cycle is now represented by a point or set of points dependant on its
periodicity. Thus a period one solution point is one at which consecutive iterates of
(3.2) result in identical values. Consider the following equations,

8X) =X~ X, (3.3)

the return map (Kaas-Peterson [29]). This nonlinear system of algebraic equations

has zeros or roots coincident with every stable and unstable fundamental solution of

(3.2). Location of the saddle is thus re-phrased in terms of the evaluation of a local zero

of (3.3), local in the sense that in general there is more than one periodic solution to

(3.2) in a particular phase space. The technique adopted for solution is the modified
Powell hybrid method (NAG [42]). An initial start within the local convergence bounds
of the saddle solution will result in the accurate location of the unstable saddle cycle.

Invariably, in finding the roots of a vector function, the Jacobian is required. This
Jacobian, of the return map, is simply related to the Jacobian of the Poincaré map. From

(3.2) and (3.3) follow,
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gx)=fx)—-x;
dg () _oftx)

ox; ox;

1,

JR =JP—I’

where [ is the identity matrix. For a stability analysis of a solution point to (3.3)
the eigenvalues of J,must be found. The real eigenvalue problem can be thought of in
terms of diagonalising J,. This requires a new vector basis to be found. When J, is
transformed into this new basis it becomes diag(a,,...a,) where a, toa,are theeigenvalues
of J,. The set containing all the eigenvectors is this new vector basis. Thus for adynamic
system the eigenvalues represent local independent scaling of the map along these
vectors. For a saddle solution the eigenvectors are the locally linear approximations to
the inset and outset.

Complex eigenvalues and eigenvectors can be handled by using complex variables
for the eigenproblem: however the zero finding procedure must retain real variables.
This effectively increasing the dimension of the Poincaré section of phase space being
considered. Degenerate cases where the eigenvalues repeat or their absolute values are
equal to 1 must be dealt with as special cases. For higher dimensional systems the initial

sets P, ( section 3.2 ) must span the local stable and unstable eigenspaces.

3.2 Basic idea

The invariant manifold of a saddle point of a map does not issue from the repeated
mapping of one point but from a line segment on the outset/inset. A set L;comprising
this line is a subset of the whole invariant set Q (the union of the stable and unstable

manifolds) and is bounded by any two points x;,, and x; which satisfy (3.2) and are found
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in Q. L;maps to L,,, under a Poincaré step with the qualifier that for the inset the inverse
of the Poincaré map must be used. This means simply integrating the system (3.1) in
negative t.

The sets P, represent a very close aproximation to the theoretical sets L;. Initial
points x, of set Pyon the inset/outset are extrapolated from the saddle by making use of
the eigenvectors. The distance between these initial points and the saddle point must
validate the linear assumptions while not being so small as to be obscured by the
uncertainty about the numerical solution. The eigenvalues enable distinction between
inset and outset to be made. The initial points x, are mapped forwards/backwards to
give x, on the outset/inset. Computationally the set Pycan be expressed by dividing the
line joining x,and x, into M points. By using the eigenvalues as an upper bound on the
magnification, the number of points M required in P,to not need any insertion

of points in P, can be computed .

3.3 Linked list

As set Pyis mapped, the total length of the line element contained in its image sets
P, (i=1,n) will vary. Moreover the local scaling effects of different parts of the set may
not be uniform. However knowledge about various subsets of P,and the way they will
be scaled in P,,, can only be discovered after evaluating set P,,, (see section 3.8).

The proposed solution makes use of a standard data structure known as a singly
linked list (Maurer [34]). This consists of two column arrays, data and pointers. The

order in which the data is read is governed by a sequential read of the pointer array, the
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pointer array indicating the next data element to be looked at. Insertion/deletion in the
data list requires only a change in two pointers not the re-ordering of the whole array.
"Figure 3.1 explains this idea.

As P;is mapped to P, the distance D;between consecutive points z;and z,, in P,,,
is evaluated. If D;is greater than Dy,x then at least one point must be inserted between
these two. This new point’s position can be predicted by taking the point that is linearly
interpolated half-way between z;and z;,, in P, and mapping it into P,,,. This process is
repeated until the inequality condition is satisfied. The interpolation is made in set P,

not in P, because it is the distance D;in P; that is already bounded by Dy,x.

3.4 Bounds on manifold

Due to the infinite nature of the invariant set some bounds have to be placed on
the set for the purpose of the numerical approximation. The first bound B, to be
considered is a geographic one, namely restricting interest to a certain region of Poincaré
section of phase space. This is often necessary purely for computational reasons arising,
for example, from exponentially large phase space coordinates as the manifold stretches
out towards infinity, this causing machine overflow. Consider *figure 3.2 where set P,
is mapped partially across the bound in P,,, and back again in P;,,. Line element BC,
subset of P;is mapped ’out of bounds’ and hence points contained in this subset are lost,
computationally. This, in turn, requires their deletion from the data list. Because many

points may be deleted the locations of these now vacant cells in the data array are stored

1. Figure 3.1: Example of Linked list (a) standard Data list (b) and (c) insertion/deletion
from list

2. Figure 3.2: This shows, schematically, the effect of bound B, on the consecutive sets P,
P..;, P.,, as part of the manifold passes out and back inside this bound thus introducing a
discontinuity in set P,,,.
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in a stack data structure. The vacant cells can subsequently be used when insertion is
required thus minimizing the space allocated for data. In figure 3.1(c) the INDEX of
the DATA(2)=21. i.e. 2 would be stored in the stack. Another problem introduced by
the sequence of events in figure 3.2 is the discontinuity in P,,,. Clearly the points must
not be introduced between B" and C" in P,,, by the method described in section 3.3,
otherwise the image of the spurious straight line B’C’ in P,,, will become part of P,,,.
By introducing a negatively signed pointer in the pointer array at B’ this allows the
algorithm to remain aware of the discontinuity in the set P;,, and not attempt to remedy
it. The absolute value of the pointer array now indicates where the next data cell is in
the list while the sign gives information about continuity.

The second bound B, is also geographic but much more closely encircling the
region of interest. Bound B, is often a considerable distance from the region of interest
thus requiring an enormous computational effort to describe, using section 3.3, the
progress of the manifold to and from the region of interest and bound B,. Insertion of
points, by method 3.3, is only allowed while within the bound B,. The points that are
beyond B, are not deleted from the list as with B, in case they are required later for the
insertion procedure, that is they subsequently map back inside B,. The only difficulty
arises when one considers that consecutive points x;and x;,, of some set P, ; lying outside
the bound B, may not be close together in the sense that the distance between them may
not be less than Dy,,x. Now if the insertion procedure of section 3.3 requires these points
then this may result in a large error in the interpolation. To avoid this situation the
insertion procedure must only use points that are less than D,y apart. To achieve this
in practice this means points x;and x;,, of some set P;may have to be mapped back to
some set P;, where n is more that one. This is until the distance between the points x;
and x;,, of set P, ,is not greater than Dy.x. Then these points can be used for the insertion
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procedure in 3.3 though the interpolated point now needs to be mapped n times forwards
into the current set P,. The only potential problem with bound B, is if part of the line
element between x;and x;,, of set P;maps inside the bound B, in P,,, while points x;and
X;, are still outside it. This bounded portion of the manifold would not be described.
Due to the repetitive nature of homoclinic manifolds this may not be a great difficulty
as all lines are described many times. However discretion should be exercised when
considering the bound B,. It should include the saddle and all the complex topology of

the Invariant manifold.

3.5 Algorithm

The program INVAR is the product of the following four sections. Section 3.5.1
is called once at the beginning. Section 3.5.2 creates set P, for all insets and outsets.
Sections 3.5.3 and 3.5.4 work together to describe the mapping of sets P, to P,,, and the
insertion of points where required.

3.5.1 Locate saddle
1.0 Input initial guess for location of saddle.
2.0 Send to NAG [42] routine COSNCEF to locate local zero x..
2.1 If NAG fails to converge, retry initial guess, goto 1.0
3.0 evaluate eigenvalues and eigenvectors of solution point by using NAG
routine FO2AGF.
3.1 If all eigenvalues are less than 1 then solution point is not a saddle

point, retry initial guess, goto 1.0
4.0 END

3.5.2 Evaluate initial set P,

10 Extrapolate initial points x,in P, from x, and eigenvector

2.0 Map x, forwards/backward along the outset/inset to evaluate x;
3.0 Divide line joining x,and x, into M points (set P,)

40 Set up list pointers POINT for new sets P,
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5.0 END

3.5.3 Map P,to P,

real array ZOLD(I,J)) initially contains the points in set Py and subsequently
sets P,. I indicates the INDEX position in the list while J indicates the coordinate (
J=1lisx, J=2isy, J=3is z, etc. ). Real array ZNEW(1,]) is similar to ZOLD but
contains set P,,;. Integer array POINT(K) contains the I INDEX of the next ZOLD
or ZNEW data in the list. Integer array STACK(L) contains the I INDEX of vacant
location in ZOLD and ZNEW where points have been previously removed for
exceeding bound B1. Integer STKP is the stack pointer indicating the top of the
stack integers IP and IC are the previous and current I INDEX for ZOLD and
ZNEW. Integer N, the current number of points in the list, is initially set to M.
1.0 Initialize integer variables
STKP=0 : N=M
20 IP=0 : IC=POINT(0)
3.0 from ZOLD(IC,J) evaluate ZNEW(IC,J), for differential equations this
will require numerical integration ( classical Runge-Kutta )
4.0 if ZNEW(C,J) outside bound B1 then
4.1 reduce current number of points in the list
N=N-1
4.2 if N is less than 2 then all of the current manifold has passed outside
bound B1 soreturn to section 3.5.2 to evaluate other parts of manifold.
4.3 record vacant location in ZOLD and ZNEW in the stack
STKP=STKP+1 : STACK(STKP)=IC
44 reset pointer so that sequential pointer read of list will skip the now
vacant location IC in ZOLD and ZNEW. Also so as not introduce
spurious lines described in section 3.4, use negatively signed pointers.
4.5 POINT(IP)=-ABS(POINTIC))
go back a point as current IC is no longer part of list

IC=IP
5.0 endif of 4.0
6.0 move to next point

IP=IC : IC=ABS(POINT(IC))
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7.0 loop back to 3.0 for as long as there are point left in ZOLD to be mapped
into ZNEW (that is points in P;to be mapped to P,,, )

8.0 if IC not equal zero then goto 3.0

9.0 END

3.5.4 Insertion of points, and output

Integer IC and IN are the current and next I INDEX of ZNEW. Real DMAX
is the maximum allowable distance between consecutive points
1.0 IC=POINT(0) : IN=ABS(POINT(IC))
20 if both points ZNEW(IC,J) and ZNEW(IN,J) are within bound B2 then
2.1 if distance between points ZNEW(IC,J) and ZNEW(IN,J) is greater
than DMAX and POINT(IC) is positive (that is no discontinuity) then
insert point
2.1.1  if stack contain vacant cells (that is if STKP>0 ) use them
2.1.2 PT=STACK(STKP) : STKP=STKP-1
if stack doesn’t contain vacant cells (that is if STKP=0 ) add on
to the end of the list
2.1.3 M=M+1:PT=M
set up pointers to direct list to new cell PT
2.1.4 POINT(IC)=PT : POINT(PT)=IN : IN=PT
If distance between ZOLD(IC,J) and ZOLD(IN,J) is less than
DMAX then evaluate point ZOLD(PT,J) by interpolating
2.1.5 between points ZOLD(IC,J) and ZOLD(IN,J) and map this into
ZNEW(PT,J) (section 3.3)
If distance between ZOLD(IC,J) and ZOLD(IN,J) is greater than
DMAX then map points ZOLD(IC,J) and ZOLD(IN,J) back
2.1.6  untilthisdistance conditionsis satisfied. Then interpolate between
them and map the resultant point forwards in ZNEW(PT,])
(section 3.3)
goto 2.0
2.2 endif 2.1
30 endif 2.0
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4.0 output ZNEW(IC,J) and ZNEW(IN,J) to plotting routine. Draw line
between them if they are within the plotting bounds.

5.0 reset ZOLD to ZNEW
ZOLD(IC,J)=ZNEW(IC,J)
6.0 move to next points
IC=IN : IN=ABS(POINT(IC))
7.0 loop back to 2.0 if IN is not equal to zero
8.0 if IN equals zero then end of list. Go back section 3.5.3 .

ZOLD(IC,J)=ZNEW(C,))
goto section 3.5.3
9.0 END

3.6 Period n-order saddles

The ideas already presented can, with little modification, deal with these higher
order solutions and their accompanying outstructures. Initially the period of sampling
of the Poincaré section is taken to be coincident with the period of the saddle and the
return map (3.3) defined on this new basis. In section 3.2 the initial points x, are
computed as before. Points x, are » iterates of the period one Poincaré map away from
X, for a period n-order direct saddle ( all positive real eigenvalues). Thus the initial set
P, contains a line element spanning » iterates. A period n-order inverting saddle ( some
negative real eigenvalues) is treated as a period n-order direct saddle when defining the
return map (3.3). However the initial line element in set P,must span 2n iterates in the
eigendirections with negative eigenvalues. To describe the total invariant set the set P,
is mapped as if the saddle where now a period /-order direct saddle, i.e. under a period
one Poincaré map. This traces all the discrete branches of invariant set of the period

n-order saddle.
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3.7 Accuracy

The overall accuracy of the computational portrait of the manifold has a dual
dependency on the local error of a point zin set P; and the degree to which this is
propagated in subsequent sets P,,;, P,,, etc.. Since the saddle and eigenvectors are
evaluated extremely accurately (to within \e where e is machine precision) the first
points x, are also very accurate. Moreover due to the hyperbolic nature of the saddle,
locally there is always expansion along the outset and contraction along the inset in
positive time t and vice versa in negative time t. When describing either outset or inset,
locally, all trajectories are drawn towards the invariant set so initially the mapping
procedure is a convergent one, onto the invariant manifold. Errors introduced in P, are
almost negligible. The main source of error is in the linear interpolation described in
section 3.3. It can be shown that this local error is proportional to the curvature of the
manifold and the square of the distance between the points. The degree to which this
erroris propagated is dependant on the divergence characteristics of the dynamic system.

As a test case Thompson’s escape equation (3.4),[51-54] was used. This has a
constant divergence of -f and thus for the map (3.2) a constant Jacobian determinant
D (a cremona map). A region where there is magnification along the manifold, greater
than D, requires a contraction perpendicular to the manifold. The degree of propagation
of an error along the invariant manifold is inversely proportional to the magnification

along the manifold. *Figure 3.3 and *figure 3.4 are records for the inset and outset of

3. Figure 3.3: Inset of D' hill top saddle in the Escape equation showing curvature and
magnification along this manifold. Parameters (B, ®, ¢, F)=(0.1,0.85,0.0°0.075).

4. Figure 3.4: Outset of D' Aill top saddle in the Escape equation showing curvature and
magnification along the manifold. Parameters (B, ®, ¢, F)=(0.1,0.85,0.0°0.075).
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the hill top saddle in the escape equation at parameter settings (B,w,¢,F) = (0.1, 0.85,
0.0°, 0.075). The invariant manifold has a well developed homoclinic and perhaps
heteroclinic structure. The curvature is evaluated by a finite difference expression. The
relative magnification is the ratio of D;in consecutive sets P;and P,,;. The absolute
magnification is the difference between D;in P,and P,,, normalised with respect to Dy, .
The horizontal axis represents the number of iterations away from the saddle, each
integer block containing a set P;. The discontinuity at iteration equals 1 is not a property
of the system dynamics but is due to the fact that consecutive sets P,and P,,, will not in
general have the same number of point elements. Thus is explained by a number of
inserted points at the beginning of the list. Other discontinuities result from the fractured
nature of set P, (section 3.4). Both finite difference and linear magnification expressions
are curvature and distance D;dependant. That is at high curvature and magnification
the accuracy of these approximate formulations comes into question. However only a
qualitative feel for what is happening is required. The results produced showed an
independence with variation in Dy, x confirming their underlying coherence.
Theinset of figure 3.3 displays regions of high curvature coupled with low relative
magnification, perhaps suggesting the presence of a higher periodic saddle close by.
These regions correspond to the ends of tongues of the basin boundary (Thompson
[51-54]). The coincidence of these features results in large errors in linear interpolation
and large propagation of these errors. However due to the low absolute magnification
in these regions it is much less likely that an insertion of points will occur here. Due to
the recursive nature of tongues, ends map to ends thus localizing any uncertainty about
accuracy of the total manifold. Typically it will be the high-order tongues (ones a large
number of iterates away from the saddle ) that have increasingly high curvatures.
Without employing some complex procedure for keeping track of the propagation of
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all the local error terms it is difficult to make any specific generalization about global
accuracy. However for systems with constant Jacobian determinant of the map (3.2)
there seem to be two distinct regions on the manifold. The production of regions that
have low curvature and high magnification is a convergent process. The production of
the other region, that of low magnification and high curvature, is eventually a divergent

one (after a large number of iterations of the map away from the saddle).

3.8 Comparisons

Many researchers in the field of nonlinear dynamics use some kind of algorithm
to evaluate the invariant sets. One of the simplest is to arrange a grid of start point
sufficiently close to the saddle point and then observe the results of mapping them
forwards and backwards. The local linear behaviour draws all the points towards the
invariant set initially. Though this technique is straight forward it has many defects as
an automotive process. The first draw back is the location of the saddle point which in
general in not so easy to find without some process based on section 3.2. Second so to
be within the locally linear behaviour of the saddle point its eigenvalues must be
evaluated which again requires the saddle’s position. Thirdly the number of points in
the initial grid that will be required to describe the manifold to even a few iterates will
be orders of magnitude greater than the proposed algorithm. Finally it would be very
difficult to automate any smooth curve plotting from the unordered resultant data. This
is of more than just aesthetic value if one is to automate homoclinic and heteroclinic
tangency locating routines one needs reliably ordered data.

The second generation algorithms, as it were, make use if the eigenvectors of the
saddle by using a line of starts in these eigendirections. Methods suggested in (Ling
[33]) and (Thompson et al [53]) are in this vain. However both of these schemes require
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a procedure for the location of the saddle point which were not provided. Ling [33] uses
aninitial line of arbitrary length which results in the need to extrapolate the gaps between
the first line segment and its image under the Poincaré map. This extrapolation process
may be valid close to the saddle but as the number of iterates away from the saddle
increases its viability is seriously called into question. As Ling [33] and Thompson [53]
have no insertion procedure, to evaluate any substantial part of the manifold will require
great wastage of computation time. Many of the initial starts in the eigendirection will
tend to clump together in region of low magnification along the manifold leaving the
otherregions along the manifold sparsely described ( section 3.7 ). Problems of manifold
stretching far outside the region of main concern and the need to introduce bounds are
also not discussed.

More sophisticated algorithms based on the local Jacobian, of the map (3.2), at
any point on the manifold would allow the a proiri decision whether to insert a point
or not while also keeping track on the local error terms, thus giving a global error bound.
However the evaluation of the local Jacobian is a very costly exercise. If the simplest
finite difference expression was used it would require a N-fold increase in overall
computation where the dimension on the Poincaré section was N. And as shown by
sections 3.7 and 3.9 it is doubtful whether this extra computational effort is required.

The Algorithm presented in section 3.5 requires little more coding than the method
suggested in Ling [33] and Thompson [53] while increasing computational speed,

accuracy and flexibility.
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3.9 Numerical studies

In this final section some comparisons with earlier work are made. *Figure 3.5,

from the Duffing’s equation,
1=y,
y =—ky —x>+B cost,

compares with figure 1 of (Ueda and Yoshida [58]) and shows no perceptible
difference while being computed in a fraction of the time. The outset of the D' saddle
shows the imminence of a homoclinic tangency. Its shape tends to suggest the presence
of ahigher periodic orbit close by in the parameter/phase space. This may be the creation

of higher periodic orbits due to the imminence of tangency (Guckenheimer and Holmes

[18]).

SFigure 3.6, from the Henon map,
xn+1 =A _xf—‘]yn’
yn +1 = xn
compares with figure 2 of (Grebogi et al [17]) again showing no perceptible

differences. The outset of saddle D' seems to foreshadow the final chaotic attractin
g

set well before its creation.

S. Figure 3.5: Invanant manifold of main D' saddle for the Duffings equation: the outset
flows onto two S’ solutions. Parameters (k,B)=(0.1, 0.3). INVAR constants - bound B,
circle centre (0,0) radius 20.0 - bound B, circle centre (0.0) radius 3.0 - Dy,,x=0.03

6. Figure 3.6 Before and after homoclinic tangency of D' saddle for the Henon map. (a)

Parameters (A, J)=(1.15,0.3) (b) Parameters (A, J)=(1.395, 0.3). INVAR constants - bound

B, circle centre (0,4) radius 1000.0 - bound B, circle centre (0,4) radius 10.0 - D;,4=0.05
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"Figure 3.7, from the Thompson’s escape equation [51-54],
x=y,

y = F sin(ot +¢) = By —x +x2, (3.4)
shows a direct comparison of the basin of attraction computed via three different
methods, namely a grid of starts, Simple cell mapping (SCM) (Hsu [25-27]) and the
presented technique applied to the inset of the hill top saddle. Our procedure offers a
considerable computational saving even over SCM though it is not as robust as SCM.
Production of portraits of the invariant manifold provides a quick and instructive
method for describing catchment regions. The above studies indicate that it is quite
accurate. Furthermore the invariant manifold often provides information about
homoclinic and heteroclinic bifurcations and imminent creation of higher periodic

saddle node pairs and their location in phase space.

3.10 Conclusions

The ideas presented in this chapter constitute an automotive process for the
production of computational portraits of invariant manifolds. While it is difficult to
give a global error bound, the method has been shown to be sound even at great distances
along the manifold, from the saddle cycle. As a quantitative technique for evaluating
basins of attraction it cannot compare with the accuracy of the grid of starts although

within regions where there are only one or two important saddles it is computationally

7. Figure 3.7: Comparative study of catchment regions for the Escape equation, parameters
B, ®, ¢, F)=(0.1,0.85,180.0%0.08).(a) Inset of D' hill top saddle (b) Grid of Starts
(200x200) (c) SCM (400x400) cells (d) overlay of inset D' hill top saddle and (100x100)
grid of starts. INVAR constants - bound B, circle centre (0,0) redius 20.0 - bound B, circle
centre (0,0) radius 1.2 - Dy,x=0.01
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an order of magnitude cheaper. As a tool it can be used qualitatively giving a quick feel
for the global dynamics of the phase space. As*figure 3.8 shows, for the Escape equation,
higher order saddles and relatively complex heteroclinic and homoclinic tangles can
be described.

*Figure 3.9 represents the heteroclinic tangle between the outset of the hill top D'
saddle and inset of the D', resonant saddle. The dynamic system is the Escape equation
[52]. As Grebogi [17] suggests the limit of the outset of the D' hill top saddle, in this
heteroclinic tangle, is the outset of the D', resonant saddle. In other words the further
away (along the outset manifold) from the saddle D' the outset manifold is sketched the
more its shape conforms to the outset of the D', resonant saddle. The same is true of
the inset of the D', saddle. That is the limit of the inset of the D', saddle is the inset of
the D' hill top saddle. This figure indicates the global event which is inevitably
associated with the local saddle-node event. Thus the global heteroclinic bifurcation
locus of the outset of the hill top saddle D' and inset of the D', resonant saddle is

coincident with the local fold bifurcation locus.

8. Figure 3.8: Local detailing of the manifold for the Escape equation, parameters

B, o, ¢, F)=(0.1,0.85,180.0°,0.0872), (a) Inset of D' hill top saddle, the box
indicating the region of interest. (b) Invariant manifold of the D* saddle in this region.
INVAR constants - same as in figure 3.7

9. Figure 3.9: Heteroclinic tangency of D' outset and D', inset in the Escape equation.

Parameters (B, ®, ¢, F)=(0.1,0.85,0.0°%,0.054). (a) outset and inset of the D' hill top

saddle (b) inset and outset of D', resonant saddle (c) superimposed manifolds from (a) and
(b). INVAR parameters see figure 3.7
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YFigure 3.10 indicates the reduction in size of the attracting basin for the Escape
equation [52]. The erosion of size of the basin occurs in a very complex manner and is
highly dependant on the effect of global manifold bifurcation events.

Events such as homoclinic and heteroclinic tangencies can be studied as Ling [33]
has suggested by using the described invariant manifold. However any automotive
procedure for determining these tangency points must be based on a reliable automotive
process for describing the invariant manifold. Such an algorithm for evaluating these
tangency points can then be used in conjuction with a path following algorithm such
as (Doedel AUTO [10]) or (Kaas-Peterson PATH [29]) to systematically investigate
these events in parameter space. Chapter 5 discusses theseideas furtherdrawing together
work in chapters 2,3 and 4. Other global bifurcation events such as, for example, the
creation and destruction of choatic orbits require a detailed knowledge of the invariant
manifolds involved. Any algorithm for their description must thus be intimately

involved with automotive production of computational portraits of invariant manifolds.

10.
(B,

Figure = 3.10: Development of homoclinic tangle.  parameters
®, ¢)=(0.1,0.85,180.0°. In plate F=0.0872 an escape sequence is recorded

indicating the transient region integraly linked with the manifold tongues. INVAR
parameters see figure 3.7
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Figure 3.1

(a) Standard Data list with pointer array

INDEX | DATA | POINTER
0 00. 1
1 10. 2
2 21. 3
3 34. 0 read terminates with zero pointer

(b) Modifications required for insertion of data into the list
(insertion of DATA(4)=11. between DATA(1)=10. and DATA(2)=21.)

INDEX | DATA | POINTER
0 00. 1
1 10. 4 changed pointer
2 21. 3
3 34. 0 read terminates with zero pointer
4 11. 2 inserted data

(c) Modifications required for deletion of data from list
(deletion of DATA(2)=21.)

INDEX | DATA | POINTER
0 00. 1
1 10. 4
2 21. 3 now vacant cell
3 34. 0 read terminates with zero pointer
4 11. 3 changed pointer
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Figure 3.10
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Escape sequence:

X
B=01 w=085 =180
n=1..... ® ;n=3..... ®
0—>7->escape.
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4 Local Solution and Local Bifurcation Loci.

Numerical techniques for investigating nonlinear dynamic systems have had
considerable success in the automotive production of local solution and local bifurcation
loci. Local solution loci or paths represent the location in state/phase space of periodic
solutions under the variation of the parameter vector of the dynamic system under
observation. These periodic solutions may be stable or unstable. In general, the period of
these solutions remains of the same order, along a local solution path, however its actual
value may not be constant. Local bifurcation loci or paths represent the location of local

bifurcations such as flip or fold events in state/parameter space.

4.1 Automotive Procedure.

Mostly this algorithm is based on the work of C.Kaas-Peterson [29]; however it
is distinct in its implementation. Solution of the resulting nonlinear algebraic equations
and the method used to negotiate turning points in the parameter space are different.
The procedure is more straight forward and thus this process will reduce the size of the
code and as a subroutine is more portable fulfilling the requirements of
homoclinic/heteroclinic path following algorithm MTA ( Manifold Tangency
Algorithm ) in which it is finally to be used.

4.1.1 Basic ideas.

Consider the general differential system

X =f(t,x,0), 4.1)
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where x is an n-tuple of state variables and ¢ is an m-tuple spanning the

parameter space of the dynamic system f is a real valued vector function. ¢ is the

independent state variable. The Poincaré section is defined as in chapter 3.
P={(x,t)e Rt =1,+iTp,i € Z},

From this stroboscopic sampling of the solution space to (4.1) the Poincaré
map can be defined as the following vector equation.

X =EX;0) (4.2)

More generally, the hypersurface P need not be planar but must remain
transverse to the flow. Computationally it is more useful to view P solely as a planar
section. This implies that T, will be a function of the starting condition (x,z).
Theoretically, for an autonomous system, the planar hypersurface can be places
anywhere along the trajectory. From a computational point of view some places are
better than others. A good place is often characterized by fairly straight lined piece
of trajectory. Thus one should avoid placing P transverse to a quickly changing
region in the flow and in regions where the trajectory makes peculiar small and rapid
excursions.

A numerical initial valued time integration can be performed on any point in
the hypersurface P until the solution trajectory intersects P again. This allows the
numerical evaluation of the Poincaré map F. The time taken T for the trajectory to
return to P will not, in general, be constant all over P for autonomous systems. In
this case the ODE-solver requires an iterative convergence to P. Thus the process
is

(a) Integration of solution trajectory to (4.1) for T,
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(b) Detection on which side of P the final point of the integration lies by the use
of a distance related vector function based of the equation of hypersurface
P.

(c) Correct T yprox- This means integrating the final point backwards or forwards
in time as is necessary to move it towards P. Return to (b) until final points
are in P, in which case T,,,r,=T,.

It is worth noting here that Doedel [10] and Holodnick [24] scale time
t = tT/2m to a fixed interval of length 27. This leads to a boundary valued problem
with periodic boundary conditions at 0 and 2x. This is at the expense of an extra
parameter, namely the period, in the governing equations. For non-autonomous
ordinary differential systems, and ones which are periodically forced, the position
and definition of hypersurface P is straight forward as the period T of f is explicitly
known and is equal to the time taken T, for a trajectory starting from the Poincaré
section to return to the Poincaré section. From the Poincaré map the following can

be defined,
GCE)=FEX)-x, (4.3)
L={(L;£).~LE 9{»’96 mm},Le 9{;1+m

where the above function is termed the return map Alexander [5] or residual
map in Kaas-Peterson’s work. This nonlinear system of algebraic equations has
zeros or roots coincident with every stable and unstable fundamental solution to

4.2).
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Consider the steps involved in a Newton based algorithm, Traub [57], for the
solution of (4.3). S is a conjectured solution point with coordinates Y. By Taylor
series expansion of (4.3) any other point Q with coordinates Y, can be described in

terms of function and derivative values at S.

G (Yy)
oY

G¥s)=G¥y)+ Xs-Yp)+O{(¥s-Y,)} (4.4)

While | Y, — Y, | is small only linear terms need be considered. Since S is a

solution point G(¥s)=0. From equation (4.4) the following iterative pair of

equations can be derived which constitute the Newton based procedure.

h=Y,-¥;
-1
h=-{a§@g)} G(¥,) 4.5)
oY
Y,=Y,+h (4.6)

The initial approximation of the solution point S is the point Q. By evaluating
(4.5) and (4.6) a new point Q", with coordinates Yy, is evaluated. This new point
Q" subsequently replaces Q as an approximation to S. The equations are iterated
again and so on, Q tending towards S as long as the initial Q was in the catchment
basin of S for the system (4.5) and (4.6). Solution of equation (4.5) requires the
evaluation of the first partial derivative matrix dG (¥,)/dY which is known as the

Jacobian matrix J.
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(%, %6, 2, 26,)
o, > 7 ox, 9 T T 7 0OCm
J= ox, ox, oc, ac,, @7)
oG, G, oG, aG,
ox, ~ 7 ox, 7 09 T T 7 Ocm)

Y = (XX 005 Xp5Cp500esCr)

G ={6,®,G®,...G,X}

The evaluation of the partial derivatives is achieved by a standard finite
difference expression. Care must however be exercised when chosing the divisor of
this expression, the value of which should balance the need for the highest possible
precision and the danger of introducing spurious truncation errors. (see section
4.2.2). Inversion of J in equation (4.5) requires a square matrix. Equation (4.7)
indicates that this is not the case here; thus further information, in terms of equations,

is required for A to be described.

4.1.2 Local n-order periodic solution paths.

The main interest here is to trace an n-order periodic solution path in
parameter/phase space. An n-order periodic solution is defined as follows. Consider
the Poincaré map F for forced oscillations. A period 1 solution p corresponds to a
periodic orbit of period T for the flow such that p=F(p). A period n or an n-order
solution corresponds to a periodic orbit of period nT such that p=F_ (p) and p#F _(p)
for1 <m <n - 1whereF,(p)=F(E(p)), etc.. For higher order solutions the definition

of the Poincaré map (4.2) and the return map (4.3) must be extended to incorporate
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the different periods of the solution cycles.

A point on any local solution path is given by the iterative set of equations (4.5) and
(4.6). Consider the case where interest lies in the variation of periodic solutions with
a single parameter c,. The other m-1 parameters can be set constant introducing the

following equations
c,=k,c,=k,, cesCay =kq-1’cq+l =kq, veesCpy =km-l (4.8)

The introduction of these equations effectively reduces the size of matrix J to
n x n + 1. Hence by the introduction of one of the following J becomes square and
h can be evaluated.
4.9)

x=hx,=b,....x,=l,c,=1,,,

These values of / and k are chosen so that a local solution to (4.5) and (4.6)
exists. The aim is to follow the solution point while varying c,. This numerical
scenario can be used to describe the procedure required to follow a path. More
specifically, given one pointon a solution path: the question is what procedure should
be followed in order to locate another solution point near to this one at a slightly
different ¢, parameter value. Such a procedure must also be able to negotiate local
bifurcation events such as folds where any local solution path becomes multi-valued
in terms of c,.

Consider a local periodic solution path S which has a standard cartesian basis
with coordinates (x,,x,, ...,X,,¢,) ofapointR € §,§ C R+ Let Vg be a normalised
tangent vector at a point R along the solution path S. The tangent vector can be used
to linearly extrapolate the point on the path. The first approximation to this next

point R” is given by the following,
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*

|

=R +AsV, (4.10)

lappros
R=(x.....x,,C,.)
* ® * L

R =(x;,....X,,C,)

Vg =(0x,,06x,,...,8x,,8¢c,)

As is known as the step length and is an important variable which shall be

discused at length later. ( see section4.1.4)R" |pprox TEPTESENtS the initial conditions
for the solution process (4.5) and (4.6) and thus of (4.3). Observe the use of equations
(4.9) and the reasons why one of the these equations cannot be used consistently.
Consider the situation in which ¢, =1/, ,, is used consistently with (4.5), (4.6) and
(4.8). At a turning point in ¢,, say a maximum, (ie this signifies a fold bifurcation
point) there exists a value of ¢, beyond which there is manifestly no local solution
to the system of equations (4.5), (4.6), (4.8) and ¢, =/, ,. This presents a problem
because, if As is kept constant, as the path following routine approaches this turning
pointthenR" lapprox Will inevitably end up with a ¢, coordinate lying in a region where
no local solution to (4.3) exists. To reduce As is of no use as it would have to be
done repeatedly the closer one gets to the turning point. The path following routine
would in theory never progress past this turning point. Both of these results are a
direct consequence of (4.10).

The straight forward answer to the above problem is to alternate the use of
equations (4.9). The logic behind this stems from the fact that it is not possible to
have a turning point in all coordinates at the same point without a discontinuity in
the path. One of equations (4.9) and equations (4.5), (4.6) and (4.8) will always lead

to a local solution in the context of a local path following routine.
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Consider more closely the effect on the coordinates of the tangent vector Yy
at R as a point R on a local solution path S approaches a turning point in parameter
¢, Itis clear that the magnitude of the 8¢, coordinate of the Vy tangent vector tends
to zero. Hence, if the equation (4.9) corresponding to the minimum coordinate of
Vi is avoided then the resultant set of equations will nearly always have a local

solution. The following formulation achieves this effect.

= max{(Va X%y, Ve XM oo Vo X V)

fm>
i
|m|lm

(=X e+ (- DX, e+ ...

et O, =L)X, E+(c,—1,,)C,

£=0 (4.11)

These equations lie in a standard cartesian vector space where the basis vectors
are X ,,X,,....X,,, _C:‘__,,). écorresponds to the cartesian basis vector whose coordinate
in Vg is the greatest in magnitude. The dot product between dissimilar basis vectors
is zero; thus the equation (4.9) corresponding to the maximum coordinate of Vy is
chosen. This logical statement is simple to implement computationally and capable
of negotiating fold bifurcations. Hence equations (4.5), (4.6) and (4.8) with the logic
statement (4.11) and equation (4.10) for linear extrapolation constitute the basics of
alocal n-periodic solution path following procedure.

"Figure 4.0 represents a three dimensional expression of a local solution path

for the escape equation. The formulation of equation (4.3) is represented by a five

1. Figure 4.0: Minimised E; surface, wrt y,, vs x; and F. For the Esape equation with

parameters (B,®)=(0.1,0.85). Line on E; surface indicates a locus of fundamental
solutions.
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dimensional solution space, namely x;, G,(x;.y)), ¥i» G,(x;,y;) and parameter F. If
functions G, and G, are summed another function Ex(x,,y)=(G,)*+(G,)* can be
defined. If this expression is minimised with respect to y; then the following three
variables remain. Eg, x; and F. Thus the figure represents the minimised, wrt y,, E;
surface under variation of x; Poincaré variable and F system parameter. A minimum
in Eg represents a zero in the return map (4.3) and thus a fundamental solution. The
line drawn on this surface is locus of minima and hence describes the local solution
path under variation of parameter F. This figure indicates the variation of E; around
a saddle-node event. The prolonged transient behaviour of Damme and Valkering
[9] at parameter values of F greater than 0.068 is expected because of raised minima
in Eg.

The ideas presented above differ from the procedures used in PATH.
Kaas-Peterson does not use the logical statement (4.11). In its place the evaluated
tangent vector Vj to the path is used as a basis vector to a new orthonormal vector
basis. This is achieved by a Gram-Schmidt procedure Morris [41]. Equations (4.5),
(4.6) and (4.7) are mapped by the appropriate linear transformation to express them
correctly in this new vector basis. Thus when the iteration of process (4.5) and (4.6)
is implemented the route from R" |, to the solution point R" will be orthogonal
to the tangent vector which is now a basis vector. In the presented procedure the
route fromR" lapprox tO a different R * will be orthogonal to one of the cartesian basis
vectors but not in general orthogonal to the tangent vector. Thus progress along the
local solution path is rather more conservative than in PATH but as the
implementation of (4.11) is much more straight forward there is a trade off in

computational time saved.
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4.1.3 Local bifurcation paths.

It has been show in Guckenheimer and Holmes [18] that the stability of a
periodic solution is governed by the eigenvalues of the first partial derivative matrix
of the Poincaré map (4.1). If the eigenvalues of this Jacobian matrix Jall lie within
a unit circle in the complex plane then the periodic solution under observation is
stable. Whereas if one or more eigenvalues are outside the unit circle the periodic
solution is unstable. A local bifurcation solution is defined by having one or more
eigenvalues on the circle. A fold bifurcation has one eigenvalue at +1 and a flip or
period doubling bifurcation is characterised by having one eigenvalue at -1. Consider

the following two equations,

(A I-DUA =Dl A, 1-1)=0 4.12)
(A 1+HD (A 14D (A, 1+ =0 (4.13)
where (A}, A,, .....,A,) are the eigenvalues of the Poincaré map Jacobian J,.

Expression (4.12) is zero at a fold bifurcation while (4.13) is zero at a flip bifurcation.
Similar expressions can be devised for Neimark and Hopf bifurcations. The first
partial derivatives are evaluated by finite difference expressions while the eigenvalue
problem is solved by the FO2AJF NAG routine [42].

Consider the numerical scenario of path following a fold bifurcation under the
influence of two parameters c,, c,. The following system of equations, (4.5), (4.6),
(4.10) and (4.12) would be a basis for a fold follow algorithm. This system of equation

has a J matrix of size n X (m + n — 1). Introducing the following constants,

Cr=kpy s Cooy =k, C

q-—l’ q+l =kq, ven

s Cp1 Ty €1 =k, gy Cp =k

(4.14)
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the system reduces to n X (n + 1). Hence by introducing one of the following

the matrix J become square and invertable.
x=l,..ox,=l,c, =l ,¢c,=1,, (4.15)

If a point R is a fold point on a local fold bifurcation solution path equation
(4.10) can be used for linear extrapolation of a new fold point R". V4 is the tangent
vector, where Vy = (8x,, ..., &x,,8¢,,8¢,), Vi € R**? to the bifurcation path at the
point R with a standard cartesian basis whose coordinates are (xi,...x,,C,,C,).

Equation 4.11 can be modified for this extended system thus,
e =max{(VeX,)X,, Vz X)X, ...
(—-R"X—A)Xn (J*Q)Q,p (ZR’Qp)gp}

o

fm>

Im

O =X €+ (- X, E+ ...

et (= 1)X, e+ (c,—1,,)C, E+(c,~1,,)C, £ (4.16)

where these equations lie in a standard vector space where the basis vectors

are (X_I,X_z, . ...,X,,, Qq, Q »)- Hence similar to the local solution path following

procedure (4.5), (4.6), (4.12) and (4.14) constitute point location routine with

equation (4.10) with V = (&x,, ..., &,,8¢c,,6¢c,), Vy € R**2providing the movement
along the path.

Kaas-Peterson does not unite the stability criteria of equations (4.12) and (4.13)

with the local solution expression of equation (4.5) and (4.6). In PATH these are

treated separately and in a sequential fashion. First the local solution expressions

are evaluated by a Newton-gradiant based algorithm Press et al. [45]. Then, with
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the results of this procedure a regula-falsi algorithm [45] is used to find a zero of
the stability functions (4.12) and (4.13). As these procedures are performed
sequentially they must be iterated until a solution of both equation is coincidently
achieved. In the above algorithm the need for this separation of tasks to two separate

zero finding routines is called into question.

4.1.4 Path step length and Newton failure procedure.

As is the path step length in equation (4.10) and is used for progression along

a path in both section 4.1.2 and 4.1.3. It expresses the measure of confidence placed
in the first approximation point R" |approx- Rheinbold [46] suggests that when the
surface defined by the zero of the return map 4.2 in R"*™ is reasonably flat and the
pathis reasonably straight then the number of iterations I that the Newton’s method
requires to converge can be used as a gauge of As. In cases where the curvature of
the path C;is pronounced it is better to base the step length strategy on the curvature
of the path. Thus an integrated step control algorithm would be based on both these
properties Iy and C;. For overall computational efficiency the maximum possible
step size should aim to complete the total path as quickly as possible. This is while
still keeping R” |approx Within the locality of the path such that the Newton procedure
will be locally convergent. It is also advisable to place upper and lower bounds on
As in order to avoid too small or too large step sizes. Too small step sizes will make
the path following procedure grind to a halt. This, in itself, is a feature of the dynamic
system indicated by a rather difficult numerical convergence of the system (4.5) and
(4.6). Too large step sizes can result in totally missing more subtle features of the

path. The following expression is one simple possibility for a step control function

97.



based on curvature and number of iterates to convergance,

As,,, = AsS(Iy,Cp) 4.17)
Sy, Cp)=(1+(0y =Bly) + (0, =B, 1 C; )
As,;, <As <As,,,
If Iy > o,/B, then the step size decreases while if Iy < o/, then the step size

increases while Cp remains constant. The same is true for the effect of Cp on As
while 7y remains constant. Together, the union of both these effects is to modify the
step size As according to the number of iterates to convergence I and the curvature
of the path Cp. Consider the situation when the Newton procedure fails to converge
due to a very sharp turn in the path which results in point R lapprox MOt being within
the local convergence region of the path, due to too large As. When this occurs the
step size As must be reduced; in practice itis halved. This event also provides another
upper bound on the step size. After the step size is reduced the appropriate equations

are evaluated again from the new point R |,,,,.ox-

4.1.5 Algorithm: Local solution path following.

This algorithm is intended to be a basis for local period solution path following
procedure.
(i) Computational variables

N is the number of state variables in equation (4.1). M is the number of
parameters in equation (4.1). NM =N + M is the total number of state variables and
parameters. PDAT(i) is a column vector containing the parameter and state variable

values at the current point on the solution path. In the beginning it contains the initial
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guess solution to the first point on the path. It is representative of Y, in equation
(4.3) and thus contains NM elements. SECVEC(i) is a column vector containing
the secant vector at the point PDAT(i). It is an approximation to the tangent vector
Vz of equation (4.10). STEP is the step size As of equation (4.10) and is always
positive in sign. PARAN is the index of the parameter C, to be varied along the
path in current point data vector PDAT(i). PDAT(PARAN) to PARA indicates the
range of parameter C, values over which the algorithm is to follow the local solution
path. STEPMIN and STEPMAX are As,;, and As,,, respectively, from equation
(4.17). J indicates the number of the particular equation in equation set (4.9) used
to complete the full number of equations required for the solution of equations (4.5),
(4.6) and (4.7); J effectively expresses the solution of (4.11).

(ii) Initial conditions

1.0 Input initial values of PDAT(), N, M, PARAN, PARA, STEP,
STEPMIN, STEPMAX.
2.0 Set initial values of secant vector SECVEC()

fori=1 to NM : SECVEC(@)=0: next i
3.0 Choose the direction of path following. SECVEC(i) contains the
elements of sign necessary while STEP is always positive.
If PARA > PDAT(PARAN) then
SECVEC(PARAN)=1.

l else
t SECVEC(PARAN)=-1.
i endif
| 4.0 Set equations (4.8)
|
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5.0 Choose the first equation from the set of equations (4.9) as the one
additional equation required.
J=1
Equation (4.11) cannot be used initially as vector V, is not known
6.0 Locate path by using PDAT(i) as an initial approximation to the solution
of equations (4.3), (4.8) and (4.9). This is accomplished by iterating the
newtons method defined by equations (4.5), (4.6), and (4.7).
7.0 If newton procedure 6.0 fails then try next equation in equation set (4.9).
7.1 J=J+1
7.2 If all (4.9)’s equations have been exhausted then initial point supplied
in PDAT() is not sufficiently close to solution path for iterative
convergence of Newton method. User must supply a better initial

approximate solution.

7.0 goto 6.0

8.0 endif 7.0

(iii) Main Loop

1.0 Store current point and linearly extrapolate new approximation to next
point on the path.
fori=1 to NM

2.0 PDATO()=PDAT()

3.0 Formally equation (4.10)

PDAT(»)=PDATOG)+SECVEC(i)*STEP

40 next i
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5.0

6.0

7.0
8.0
9.0

10.0

11.0

12.0

6.1
6.2

6.3
6.4

Locate path by using PDAT(i) as an initial approximation to the solution
of equations (4.3), (4.8) and (4.9). This is accomplished by iterating the
Newton method defined by equations (4.5), (4.6), and (4.7). First time
around the Main Loop (iii) (i.e. calculation of second point on path )
value of J is kept similar to that in section 6.0 of (ii).
If Newton procedure 5.0 fails to converge reduce step size and repeat
solution procedure 5.0
STEP=STEP/2.
if STEP < STEPMIN then terminate program because step size is
being reduced to values too small.
fori=1 to NM: PDAT(@{)=PDATOC():next i
goto 1.0
endif 6.0
Output PDAT(i) as a point on local solution path.
If PDAT(PARAN)=PARA then current point has come to the end of the
pre-determined parameter range. Thus terminate program.
Use Number of iterates that Newton process 5.0 needs to converge and
if enough points on path are available calculate curvature from a finite
difference expression. From these results re-evaluate the step size STEP.
(Using equation (4.17)).
Re-define secant vectors.
fori=1to NM : SECVEC(»)=PDAT()-PDATO() : next i
Choose equation (4.9) based on new SECVEC values which are the new

approximation to the Tangent vector at the current point on the path.
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Equation (4.11) means hold variable K in PDAT(K) or Y, constant whose
SECVEC(K) or V; component is the largest in magnitude.
J=K
13.0 If less than one step is required to reach PARA parameter value then
reset STEP so as to reach PARA exactly.
DSET = abs(PARA-PDAT(PARAN))
If DSET < STEP then STEP = DSET
140 Rescale SECVEC(i) so that SECVEC(J)=1.0
fori= 1to NM : SECVEC(i) = SECVEC() / SECVEC(J) : nexti

15.0 return to main loop
GOTO 1.0
16.0 end

4.1.6 Algorithm: Local Bifurcation path following.

Toa greatextent this algorithmisidentical to the local path following procedure
of section 4.1.5. The main differences are the introduction of equations (4.12) or
(4.13) as a stability criterion into the set of equations which are iteratively solved
by the Newton procedure. The constant set equations (4.8) is substituted by equation
set (4.14). The logical statement represented in equation (4.11) as the means of
negotiating local fold bifurcations is replaced b)« itshigher dimensional analogue,
equation (4.16). Finally equation (4.10) which éxpresscs the linear extrapolated
movement along the path must by extended as suggested in section 4.1.3 by
appending the range of the vectors involved. By exchanging equations where
appropriate the algorithm presented in section 4.1.5 can be used as a basis for local
bifurcation path following.
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4.2 Path following results for the Escape equation.

This section deals with results produced by the algorithm in section 4.1 from the
analysis of the following escape equation named by Thompson [51-54]. This is a single
degree of freedom mechanical oscillator with inertia, linear viscous damping, linear
stiffness and a quadratic stiffness nonlinearity. By suitable scaling of displacement and
time the equation can be reduce to the standard form,

X + B +x —x*=F sin(ot) (4.18)

where xis the dependant state variable and t (scaled time) the independent variable.

The positive parameter B represents the magnitude of the damping, and the oscillator
is driven by the sinusoidal force of magnitude F and circular frequency w.

In mechanical terms a single degree of freedom system can be viewed as the union
of akinetic energy and potential energy function. Theorectical work in Jordan and Smith
[28] suggests that for an unforced conservative oscillator with a potential function
V= %xz —§x3 is analogous to the undamped unforced Escape equation. The potential
function effectively constitutes a potential well which is a universal form always
encountered just before a mechanical system loses its stability at a fold catastrophe;
this being the only typical mode of instability generically encountered by a gradient
system under the variation of a single parameter. Equation (4.18) can be written more
formally as a set of autonomous first order equations,

=y
y=-x+x"—By +Fsin¢

b=0
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with three control parameters (F,®, ). The vector space of this system can be

viewed toroidally by using coordinates (x,y,¢) as the phase angle ¢ is a cyclic
coordinate bounded by 0 < ¢ < 2x. The independent variable remains unchanged so the

dots in the above equations still representing differentials with respect to .

4.2.1 Poincaré map, eigenvalues and divergence properties.

We introduce the Poincaré sections as defined in section 4.1.1. From this the

following implied two dimensional map can be derived [54].
X =Gx,y)
Yier =H(x;,y) (4.19)
where G and H can be evaluated numerically for any (x;, y;) by classical fourth

order Runga-Kutta initial valued time integration. The initial point (x;,y;) in the
Poincaré section locates the solution trajectory to (4.18) which after an integration
period T intersects the Poincaré section again at (x; ., ¥;.1)-

Consider the divergence of a vector field in a flow, such as the solution

trajectories to (4.18) which lie in %>, which is governed by,

9% 0y 00 __
ax+ay+a¢- B (4.20)

This shows a constant volumetric contraction of phase volume V,
V=-pv
V() =V(0)e™.
As there is no stretching action along the time axis, the exponential contraction

of volume for the flow ensures that an area A in the Poincaré section contracts

according to
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— o~PT
A, =eT A

where the period T =2m/w. Consider the situation of an area A; =7 in the

Poincaré section defined by a circle of unit radius. This circle being defined in a
non-cartesian vector basis. The eigenvectors of the point (x;,y;), the centre of the
circle, define this new vector basis. Expansion and contraction occurring on these
eigenvectors, after one Poincaré map, result in the circle mapping into an ellipse of
area A, ,, = A A, where A, A, are the mapping eigenvalues at (x;, y;). This implies

that the Jacobian determinant D of the map has a constant value

oG oG
lex 7 9y|_
D = a_H 8_H =e
ox ~ dy
D =AA,

This idea can be extended; hence any fundamental solution with a period of
T will have mapping eigenvalues (A, A,) which are constrained by the fixed Jacobian
determinant criterion. Similarly the eigenvalues A of the n-map P" corresponding

to a subharmonic of any order n are constrained by
APAY = ¢ (4.21)

These constraints place restrictions on the sequence of fold and flip bifurcations

that can be observed. They also exclude a Neimark bifurcation.

4.2.2 Eigenvalue complications at low forcing amplitudes.

Consider the situation where F=0, where the behaviour of the escape equation

4.18 reduces to a simple autonomous system which is defined particularly by the
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potential function V. It has two equilibria at x=0 and at x=1; an attracting spiral point
at (0,0) and an unstable saddle point at (1,0). Under small F, the stable equilibrium
solution develops into a small stable fundamental n=1 oscillator. The unstable
hill-top D° (termed hill top because it is produced by the maximum or hill in the
potential function V) becomes a small unstable n=1 oscillation denoted by D' whose
linear equation is
7+ Bz -2 =F sin(wt)

where z=x-1. The standard solution to this type of differential system contains

both a complementary function and a particular integral.

4 Aot

t .
z=Ae +Be * +0,sinwr+0,coswt

a,, o, can be evaluated in terms of ® and F by the method of undetermined

coefficients. A, and A, the real flow eigenvalues are evaluated by substitution of the
solution into the differential system.
It has been shown by [51] that the mapping eigenvalues are related to the flow
eigenvalues by the following.
A= ek'T,A2 = eAJ
By approximating A, as +1, A, as -1 wich is valid while § — 0 and considering

the effect on the above equation when @ — O the following result is observed,
A > oo,A, >0

It is at these extreme values that there are severe difficulties with path and
bifurcation following procedures. A standard formulation for the eigenvalues for

the Jacobian matrix of the Poincaré map of the Escape equation is as follows
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A, =%(‘1‘i\f‘f—4d)),i =1,2 (4.22)

aG BH
_9GoH 0HOG
T ox oy ox dy

The partial derivatives in the above quadratic equation are approximated by
finite difference expressions which are derived from a straight forward Taylor series

expansion for example,

aH H(x) H(x+A) 82HA
x A 8

+0(A?) (4.23)

From this expression the error term, Ep, in the finite difference approximation
is 0.5A9°H/9x>. To estimate the value of A a knowledge of the magnitude of the
machine round off errors is required. In order to estimate the magnitude of numerical
round off error a parameter termed the machine accuracy €, must be evaluated.
While Stoer et al. [50] terms €,, the machine accuracy it is in fact just as much a
property of the particular computational language used. €, is the smallest (in
magnitude) floating point number which, when added to the floating point number
1.0, produces a floating point result 1.0. It is important to recognize that €,, is not
the smallest floating-point number that can be represented on a machine. That
number is governed chiefly by the number of bits (Binary digITS) there are in the
exponent part of the floating-point representation of a real number. While €,, depends
on the number of bits there are in the mantissa part of a number. In the Floating

point representation a real number is expressed by the following formalism,

s xM x2F
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where s is a sign bit (interpreted as plus or minus one), M is the mantissa, an
exact positive integer (in binary) and E is an exact integer exponent (in binary). For
most 16-bit and 32-bit machines running ANSI X3.9-1978 standard FORTRAN 77,
the mantissa of a double precision number is approximately a seven byte binary
(7 % 8 bits). Thus &,, is of the order of 10", This figure being relative to the floating
point number 1.0. More generally it means an error in the least significant digit
(dinary) of the mantissa part of the numerical representation. Almost any arithmetic
operation, among floating point numbers, should be thought to introduce a fractional
error of at least €,, termed the round off error. Round off errors accumulate with
increasing amounts of calculation. Press [45] suggests that for N floating point
operations accumulated round off error of the order of Ng,, is not unreasonable as
an estimate.

It is in the light of this discussion that the value of A should be seen. While

equation (4.23) recommends values of A approaching &, the danger of round off
error warns against this. In complex systems, the number of floating point operations
per Poincaré section may be of the order of 10°. Thus A should take on a value of
102 This can be generalised to be in terms of the number of significant figures
(dinary) in the mantissa part of the floating point expression. For example the round
off error per Poincaré map is likely to effect the least 4 significant figures of the
mantissa, under such conditions.

Consider equation (4.22) and specifically when the eigenvalues are
(A, = 10° A, = 107%). Note here that the small eigenvalue A, is produced by the
subtraction of two very large numbers. This is an inevitable conclusion of the

quadratic (4.22). The number of significant figures required in the mantissa part of
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the floating point representation for this subtraction is at least 10. This then only
leaves 2 significant figures uncorrupted by error in the solution A, as there are just
16 significant digits available in total. Remember that effect of the error term E,
introduced by the finite difference expression (4.23) of the partial derivative has not
been added. The value of 0°H/dx* is however an unknown. If °H/dx?<1.0 then
Ep<10? and this error term is masked by the magnitude of the round off error this
leaving 2 significant figures that can be relied on. If 9°H/9x*>1.0 then E;>10"? and
this error term encroaches on the 2 remaining reliable digits. Clearly the difference
between the mapping eigenvalues does not have to increase by much to render the
formulation (4.22) useless computationally. In the escape equation, the mappping
eigenvalues for the hill-top saddle D' of this order are discovered at values of @ not
much lower than 0.7 for low B and F.

Itis worth noting that even though the path following of periodic solution does
not require an eigenvalue problem to be solved, the presence of such a disparity in
the magnitudes of the eigenvalues still presents a problem. The eigenvalues represent
the linear independent scaling along the eigenvectors. Hence results of incongruous
eigenvalues define a highly ill-conditioned numerical system which is in need of

re-scaling.
4.2.3 Schematic response profile from numerical investigation.

The use of algorithms in section 4.1.5 and 4.1.6 can result in the construction

of 'Figure 4.1. This figure is a schematic diagram which sketches the response

1. Figure 4.1: Schematic reponse surface defining fundamental solutions under variation
of F and o system parameters for the Escape equation. Fold and Flip bifurcation loci
described. f=0.1
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surface. It is a schematic for reasons of clarity lest the differential scaling of
individual elements in this diagram should cloud overall comprehension. The surface
represents the steady-state oscillations, with x;, and ® in the base plane, and the
second parameter F, plotted vertically. x, represents the maximum response
amplitude of the fundamental solution. The damping parameter P is constant at a
value of 0.1. In essence it represents a more descriptive version of the local
bifurcations loci. These bifurcations loci are the surface projection of the response
surface onto the (F, ®) parameter plane. The fundamental solution surface intersects
the F=0 piane at two straight lines, x,,=0 representing the stable equilibrium S°, and
xg=1 corresponding to the unstable hill-top state D°.

Examine ihe variation of x,,(F) paths with prescribed values of . Atlow values

of mbelow ®° = 0.9 the n=1 solution exhibits a cusp at P, generating a pair of folds
on the early part of the x_(F) curve. This corresponds to the well-known hysteresis
in the nonlinear resonance; this resonance response aspect is highlighted by the

sketched constant F lines on the n=1 surface.
At @ between o® and ®” , the n=2 solution next exhibits a pair of opposing

supercritical flips into an n=4 solution, giving the second flip boundary D-D. The
period-doubling scenario is repeated at diminishing scales so that at w=2, between
o” and ®°, there is an opposing pair of complete cascades leading to a pair of chaotic
attractors separated by a region of no attractors. This region is due to a boundary

crisis which destroys the chaotic attractor.

At the value of ® drawn between " and @ the n=1 solution is intersected
by a closed n=2 curve after which the n=1 solution re-stabilizes, before losing its
stability at G. Between the two opposing flips the n=1 solution is inversely unstable
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with both mapping eigenvalues real and negative. These flips project on to the
boundary F-R-C in the parameter space. For the value of ® illustrated, the n=2
solution is everywhere stable, so the fold line G-G still represents the escape
boundary for the physical system.

This scenerio containing sequential flip and fold events gives way to a simple
fold event at @ greater than @® =2.2. At the highest value of forcing frequency
represented in the diagram (® = 2.5), the two equilibria are joined by a simple n=1
path; the paths from the linearized solutions of S' and D' grow, move towards each
other a finally destroy one another in a straight forward local saddle-node event
(fold G). The physical system starting at Sis stable up to the fold G, from which a
fast dynamic jump carries the solution trajectory out of the region of the potential
well and of to towards infinity. So at high values of ® the fold line G-G represents
the escape boundary. Though the production of the schematic figure 4.1 is not an
automotive process, it would not be possible to describe it without the path following

procedure.

4.2.4 Eigenvaluerestrictions lead to opposing Feigenbaum cascades.

Consider more closely the behaviour of the system dynamic at values of @ just

less than @”. The schematic figure 4.2. relates the phenomena at ®=0.85 and p=0.1
and shows the paths represented by Poincaré coordinate x; under variation of
parameter F. To examine the stability transition of the n=1 path in this constant ®

section recall that the product of the mapping eigenvalues is a constant given by

1. Figure 4.2: Schematic local solution locus under variation of system parameter F for the
Escape equation. Stages of local bifurcation events recorded on fundamental solution path.
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equation (4.21). The eigenvalues are therefore either real or complex and constrained
tolie on a circle of radius y where m = yand centred on the origin in the complex
Argand space.

The local solution path starts at S°, an attracting spiral point, and develops into
S! an attracting spiral cycle. At point a, S’ becomes a directly attracting node cycle
where the complex eigenvalues of the spiral cycle become real and positive. At fold
A, A; (j may be 1 or 2) penetrates the unit circle at +1 and the local solution path
is following a directly unstable saddle D', (where r for resonant distinguishes this
from the hill top saddle D). At fold B the path re-stabilizes as A; re-enters the unit
circle at +1. Then A;, where (i=1,2), become complex at b, pass completely around
the circle of radius yto give an inversely attracting node with real negative mapping
eigenvalues between c and C. At C, A; passes out of the unit disc at -1, and this
event is a supercritical flip bifurcation into a stable n=2 subharmonic. A recursive
sequence of flip bifurcations leads to the creation of a chaotic attractor. This chaotic
solution subsequently is the subject of a global bifurcation event, a blue sky
catastrophe or boundary crisis, at E which results in a phase space no longer
containing an attracting solution.

Meanwhile, the inversely unstable n=1 solution continues to the fold G where
it turns back to become the directly unstable hill-top saddle cycle D'. Before doing
so, however, it is clear from the constraints on the eigenvalues that a reverse flip
event must occur creating a stable node cycle. In reality numerical work has shown
the reversed flip F is very close to G, so that the stable n=1 regime F-f-g-G is very
brief. Figure 4.7 illustrates this clearly as the distance between fold line G and flip

line F reduces as o reduces. Path D' finally returns to the hill-top equilibrium D°.
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'Figures 4.3, 4.4 and 4.5 represent numerically followed n=1 paths at ©=0.6,

0.7 and 0.8. Graphs of the Poincaré variables (x;, y;) and the parameter F are recorded.
There is a growth of the hysteresis region A-B while a reduction in distance to the
final fold G. *Figure 4.6 represents the (x;,F) path for n=1 and n=2 solutions at
o =0.85,f =0.1. In this diagram two folds in the n=2 subharmonic are observed.
As with n=1the prescribed sequence of admissible flip fold events must be followed.
Thus further Feigenbaum cascades and reverse cascades, issuing from a 2 to 4 period
doubling bifurcation, are present. The completed cascades may not be present at
= 0.85 but may be present at a slightly differing @ parameter value. As isdescribed
in figure 4.1 the n=2 solution curve continues to the reverse flip at g, if not as simply
as implied in this schematic diagram. Figure 4.6 starts to hint at the incredible

complexity of any phase space slice at some fixed F.

4.2.5 Confluence of flips and folds and Recursive series of cusps.

The confluence of fold and flip lines is one of the most surprising details to
emerge from the numerical studies of equation (4.18). This is hightened by the
theoretical limitation on the eigenvalues which actually precludes a flip fold

intersection in a co-dimension two event.

1. Figures 4.3, 4.4 and 4.5: Local solution path under variation of F parameter for escape
equation.

2.Figure 4.6: Local fundamental and subharmonic period two solution paths under variation
of F parameter for the Escape equation.
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As o is decreased, the F coordinates of the cascade C-D-E are lowered until

at 2, F*=F%; this is illustrated in 'figures 4.7 and 4.8. For @ < @? there is now no
stabilization of the jump from A, and the fold line A becomes the escape boundary

as indicated by the dot screen.

As o is decreased below @2, C-D-E retreats below the fold B, all seeming to

merge with the Melnikov curve of the homoclinictangency M, at @ = 0.6. Therelated
numerical procedures experience severe difficulties in this region, (see section 4.2.2
) but the AUTO package has managed to follow the fold B to = 0. The Flip
bifurcation C has not been followed below w = 0.6 but it is clear from the theoretical
restraint on the eigenvalues that the fold B and flip C cannot touch or cross. Hence
the resultant locus of B below w = 0.6 represents a bound on C. Numerical studies
have shown the two bifurcation loci C and B asymtotically approaching each other.

The scenario in figure 4.1, with its cusp and associated flip boundary, is
repeated at dimishing scales at lower forcing frequencies (figure 4.8). Two extra
cusps of the fundamental n=1 response surface emulate the behaviour around the
main cusp P. Each flip line passing transversly between the folds, signals the onset
of a period doubling cascade to chaos and escape. The recurrent tendency for flip
and fold lines to run together at this scale compounds already severe numerical

problems. This would in effect produce large changes in eigenvalues thus inevitably

1. Figures 4.7 and 4.8: Local bifurcation, flip and fold, loci. Figure 4.8 indicating
approximate choatic Escape line and the Melinkov theoretical approximation to homoclinic
tangency line.
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large second partial derivatives which would, as section 4.2.2 suggests, further
degrade the accuracy of a local bifurcation path following procedure described in
this chapter.

This hierarchy of cusps and flips is analogous to the fine structure in the

bifurcation set of the Duffings equation.

4.3 Comparisons and conclusions.

The algorithm presented in sections 4.1.5 and 4.1.6 represents an effective
procedure which has been widely tested in the Escape equation, the Duffings oscillator,
Ueda’s cubic nonlinearity, the Henon map and several other two dimensional systems.
The extension of the coding to higher dimensional systems present no difficulties apart
from the increased complexity of the resulting higher dimensional fixed point problem.
In these cases the use of more globally convergent fixed point algorithms such as the
Homotopy method [59] should be considered.

The presence of AUTO and PATH raises interest in a comparison between these
algorithms. The program AUTO developed by E.Doedel grew out of the work done by
Keller [31] whereas PATH was developed by C.Kaas-Peterson. The algorithm in
sections4.1.5 and4.1.6 was developed for employmentin MTA; the Manifold Tangency
Algorithm was initated on similar lines to PATH though is different in specific
implementation.

AUTOdeals with periodic solutions of autonomous differential systems by scaling
time t — tT/2x to a fixed time interval of length 21t and then formulates a boundary
value problem with periodic boundary conditions at 0 and 2rn. The solution of this
boundary value problem is by using a standard collocation method. PATH introduces

a hypersurface in state space and formulates a fixed point problem of the residual map
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on the hypersuface. ( see section 4.1.1 ). This procedure in section 4.1.1 is similar to
the shooting method of solution of a boundary value problem, the boundary value
problem being set up in state space.

In order to follow a locus of bifurcation points, AUTO formulates an extended
system which has a bifurcation point at the zero of the overall system. The flexibility
needed to negotiate folds is included in this system which is solved by the application
of a Newton based algorithm. PATH defines a Stability function and a residual map
function which are solved by a recursive, sequential, process of Regula-Falsi zero
finding and Newton zero finding procedures respectively. This negotiation of fold
events is supervised by reformulating the vector basis so that one of the vector basis is
coincident with the tangent vector at the current solution point. The procedure in sections
4.1.5 and 4.1.6 follow AUTO ideologically by introducing an extended system which
is solved by a Newton based procedure and is capable of negotiating fold events.
However itis a totally different extended system to the one used in AUTO. (see section
4.1.2and 4.1.3)

As comparisons go it is not easy to estimate any more useful criteria such as
efficiency and reliability without experimental trials. The work done on the Escape
equation has show a possible weakness in the way both PATH and the procedures in
section 4.1.5 and 4.1.6 evaluated the mapping eigenvalues under rather difficult
circumstances. AUTO is much better here but this may be due to a larger number of
significant figure of Double Precision variables on the computer used. Thus serious
comparative trials on similar computers are required.

As for the formulation in sections 4.1.5 and 4.1.6: this has been shown to be

reasonably successful and with some analytical backround research it provides a useful
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investigative tool into the nature of local solution and local bifurcation loci of nonlinear
differential systems. As a subroutine the presented procedure shall be used as an integral

element in the Manifold Tangency Algorithm, MTA.

117.



<"<< &
<"<< &

) 3" <



Figure 4.1
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Figure 4.2
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Figure 4.4
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Figure 4.5
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Figure 4.7
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Figure 4.8
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5 MTA: Manifold Tangency path following Algorithm

This chapter deals with the algorithm that is designed to path-follow homoclinic and
heteroclinic tangency events under variation of system parameters. The algorithm presented
has been named MTA. Developmentally it follows on historically from the local bifurcation
and local solution path following procedures of Kaas-Peterson [29] and Doedel [10] though
itis clearly a new algorithm. The research in Alexander [5] has lead to interest in the more
complex manifold global bifurcation events. The purpose is to provide some automotive
description of these events. Grebogi et al. [16-17] describe events such as boundary
explosions as being intimately involved with complex heteroclinic bifurcation events
between fundamental saddle cycle manifolds and higher period subharmonic saddle cycle
manifolds. Stewart [48-49] suggests that events like the Blue Sky or boundary crisis escape
event of the final chaotic orbits in the Thompson’s Escape equation is a heteroclinic
tangency event. Researchers such as Yamaguchi et al. [62-63] and especially Kawakami
[30] have provided some alternative procedures for predicting these global events.

Comparisons and a discussion of their work is presented in section 5.7

5.1 Assembling elements of tangency program

Chapter 2 has developed the ideas of a manifold tangency criterion which is based
on a geometric formulation of a distance expression. This leads to
minimisation/maxi-minimisation distance idealization (chapter 2.4.1) based on a
multivariant piece-wise cubic approximation (chapter 2.3) to the manifolds under
observation. The distance function was grounded in concepts of tangent signing (chapter
2.4.2) and a need to introduce various conditional criteria which extend the definitions

of certain computationally standard numerical functions (chapter 2.4.3).
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Chapter 3 has seen the development of an automotive procedure for the description
of invariant manifolds, the algorithm: INVAR, this effective procedure being designed
to locate the saddle cycle accurately and evaluate its eigenvectors (chapter 3.1). The
extrapolation of the invariant manifolds occurrs by the repeated mapping of a line of
points (chapter 3.2). Storing the resultant data in a singly linked list and making use of
a stack reference structure and negatively signed pointers, ordering and
insertion/deletion of points can be achieved while keeping a bound on computational
time and space (chapter 3.3). Discussion of error propagation indicates estimates of
reliability (chapter 3.7). The need to introduce certain bounds on the manifolds is

elaborated (chapter 3.4).

In chapter 4 the local solution and bifurcation path following procedures are
discussed. A formulation drawn from the work of Kaas-Peterson [29] is presented
though certain features of this work have been omitted and replaced with ideas which
are simpler to implement. The solution of the fixed point problem produced by the
return map and the fixed point problem resulting from the stability criteria are treated
simultaneously (chapter 4.1). Also progression along the path and particularly the

negotiation of fold bifurcations, turning points , is treated differently in practice.
Having discussed in detail all the main elements of the algorithm the time is right

to introduce their assemblage. The construct is as follows

(1)  Supply an initial guess for the position of the saddle point(s), that is the vector
of state variables at an approximate vector of system parameter variables at which

the tangency under observation is thought to occur.

(i)  Solve for the zero of the manifold tangency criterion of chapter 2.4.1 using
Brent’s method. (This combines root bracketing for guarantied convergence and

bisection and inverse quadratic interpolation for high speed convergence Brent
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[7] ). This in effect requires the variation of one system parameter by Brent’s
method to find the situation where expressions D'=0 and D*=0 which indicates
manifold tangency. Brent’s routine calls (ii.a),(ii.b) and (ii.c) to evaluate the

manifold tangency expressions D" and D" at a particular system parameter vector.

(ii.a) Use solution path following algorithm of chapter 4.1.5 to follow the saddle
point(s) from one parameter vector to the next parameter vector required by

Brent’s algorithm.

(ii.b) Use INVAR to locate the saddle point(s) exactly and to describe in a
point-wise fashion the invariant manifolds of interest. These may issue from
different saddles or from the same saddle. MTA can only describe a two

manifold global event.

(ii.c) Using procedure developed in chapter 2.3 devise a piece-wise cubic
representation of manifold and evaluate the magnitude of the manifold
tangency expressions D" and D* using the minimisation, mini-maximization,
signing and logic table formulation in chapter 2.4.

(ili) Movealong homoclinic or heteroclinic bifurcation path under variation of system

parameters by using tangent vector extrapolation. This is similar to equation

(4.10) of the local solution path following procedures, chapter 4.

(iv) Pathfollow local saddle solution point(s) from the position located in the solution
to (i1) at the solution system parameter vector to new system parameter vector
pre-defined by (iii).

(v) loop to (ii)

This is the first draught for an algorithm which is designed to locate homoclinic or

heteroclinic bifurcation points and subsequently path follow these global events under

variation of a system parameter vector.
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5.2 Problems with this procedure

The procedure in section 5.1 is sound enough on a hypothetical level: however
there are certain practical difficulties which arise from specific implementation of
section (ii.b) and (ii.c). These impediments can be more clearly expressed by the

following two questions.

(a) How much of each of the manifolds should be described by INVAR ?
Remember that INVAR has no knowledge of where to find a "tangency region” that is
around where the manifolds tend towards each other in a pre-tangency situation or
actually intersect in post tangency regime. For the hypothetical algorithm presented in
section 5.1 its does not matter which "tangency region" is chosen as long as it is
consistently chosen. 'Figure 5.1 describes the "tangency region" graphically. The
problems here are compounded by the fact there are an infinity of these "tangency
regions”; so which "tangency region" ? Since evaluation of the manifolds is the most
computationally expensive part of the overall algorithm there is a great pressure on
INVAR to only describe that which is necessary for the solution of minimisation ( D’

) and maxi-minimisation ( D* ) expressions of chapter 2.4.1.

(b) Where on the manifolds does this "tangency region" lie ? The solution processes
of the minimisation ( D" ) and maxi-minimisation ( D* ) expressions are only locally
convergent as global convergence of such a non-linear minimisation problem is not, in
general, atractable one. Thus afairly good initial start isrequired for both these processes

to be successful.

1.Figure 5.1: Defines the "Tangency region", line L and points A, and A,.



5.2.1 Use of procedure in chapter 2.2 and trace back.

The idea here is to use the procedure discussed in chapter 2.2 as pre-processor
for the evaluation of approximately where on the manifolds the “tangency region”
was to be found. Even though the procedure in chapter 2.2 has been shown to produce
solutions with substantial noise levels it will be sufficiently close as a initial start to
the minimisation processes of chapter 2.4.1. Once the line L joining nearest points
(in the pre-tangency regime) or the line L joining the points which constitute the
local maxi-min (in the post-tangency regime) on a manifold is located the points A,
and A, are also discovered. A, is the point on the line L and also on manifold 1 and

A, is the point on the line L and also on manifold 2 (See figure 5.1).

Consider the point A, lying on a inset manifold of a period 1 directly unstable
saddle D of a differential system. If A, is mapped forwards in time ( time being the
independent system variable ) under a Poincaré map after N, iterates A,’s image is
then B,. Let B, also lie within a distance DELTA(1) of the saddle cycle D. A similar
process can be applied to A, which after N,backwards iterates of the inverse Poincaré
map results in a B, within a distance DELTA(2) of the saddle cycle D. DELTA(1)
and DELTA(2) are the distances from the saddle point D in the Poincaré€ section to
the first point x, in the initial discretised set of points P, on the inset and outsets
respectively. ( See chapter 3.3 and for specific examples of DELTA(i) chapter 6).
The distance between B, and the saddle D, and B, and the saddle D, are used to
re-define the values of DELTA(1) and DELTA(2) respectively. This process has be

termed the "trace back" procedure

If the new DELTA() values are used then the N;th image (i=1,2) of the new
initial set of points P, under the appropriate mapping, will result in the "tangency

region" on the manifold. This is true if the system parameters are not changed. Now
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consider a small perturbation of the dynamic system in parameter space. The

assumption here is that if the perturbation is small enough this result will still hold

true. Thus in this scenario N; and N, mappings of the initial line segment P, on the

inset and outset will produce the just enough of the manifolds. While the

pre-processing procedure in section 2.2 will provide an approximate solution as an

initial condition to the minimistation ( D" ) maxi-minimisation ( D* ) problem of

chapter 2.4

While these ideas of "trace back” and use of method in chapter 2.2 present

solutions to the two questions (a) and (b) they do, in practice, suffer from several

complications.

@

(i)

The "trace back" procedure has to rely substantially on the accuracy of the
points A, and A,; ie that they residing well and truly on the invariant manifolds.
The need for extreme accuracy of points A, and A, is due to the radically
divergent behaviour of a point as it is mapped towards a saddle cycle. This
divergent property is discussed in chapter 3.7. As A, and A, are inevitably at
the ends of tongues, the high local curvature of the invariant manifolds in
these regions calls into question the high precision accuracy of A, and A,

required.
Even though it is true that the N;th iterate of the initial line of starts P, will

provide the "tangency region" because of the extensability of the manifolds
the set Py (the image to P, after N; iterates of the appropriate system mapping
) may encompass far more than just one of these "tangency regions". These
extended manifolds with much more complex topology present far greater

non-linearities for both the procedure in chapter 2.2 and the
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minimisation/maxi-minimisation of chapter 4.2.1. Under these conditions the
existence of non-global solution to the minimisation/maxi-minimisation

procedures becomes much more of an issue.

(iii) Under conditions where there are only a small number of points which in
total define a discretised approximation to the partial invariant set the
convergence of the process in chapter 2.2 is seriously called into question.
This is due to the resulting lack of accuracy of the finite difference gradient
expressions under these circumstances. By using a larger number of points
along the manifold, time saving made by the introduction of the piece-wise

cubic curve fit would be greatly reduced.

5.2.2 Tangency circle and STMIN

This procedure answers effectively both questions (a) and (b) while being
relatively straight forward in it’s implementation. The idea is to modify INVAR by
introducing another special bound, this named the tangency circle. Assuming that
the particular set of parameters which produce the tangency of the manifolds under
observation is known then the "primary" tangency point F can be found. This point
F isloosely defined as the nearest tangency point, in terms of iterates of the mapping,
to the saddle(s) along the both manifolds. F then becomes the centre of a circle of
interest named the tangency circle. When INVAR maps out the invariant manifolds
it calculates whether the current points x;, from discretised set Py, lie within or
without the tangency circle. If the manifold has been already extrapolated into the
tangency circle then as the manifolds exits from this tangency circle the termination
of the manifold extrapolation procedure will be triggered. Only that portion of the
manifold which lies within the tangency circle is recorded and this discretised set

of data is communicated by INVAR. This reduces the size of all the column data

133.



vectors which computationally describe the manifolds: thus it promotes the speed
of both cubic spline interpolation and the minimisation (D) and maxi-minimisation
(D") procedures. This tangency circle deals with problem (a) but it requires two
pieces of information: these are the centre and the radius of the circle. Clearly the
"primary" tangency point is not known. This is only a problem for the initial point
of the homoclinic/heteroclinic bifurcation path as subsequent points can be based
on the previous solution tangency points. Thus the user must supply the coordinates
of approximately where the first "primary" tangency point, along the manifold
tangency path, actually lies in phase space. This requires a level of pre-path following
research into the behaviour of the invariant system under observation. ( See chapter
1). Also the user must specify the radius of the circle which again must be carefully
chosen. The circle should be large enough to include generous portions of the
manifold either side of the "primary" tangency point. However if it is too large it
will include more than one "tangency region" which introduces non-global minima
in the D and D" expression. These problems are compounded by the bracketing zero
finding procedure, Brent’s method [7]. Brent’s method also requires the user to set
a bracket of parameter values within which the solution, the tangency point, is to be
found. Chosing the bracketing range is not generally appropriate for an automotive
procedure. Also in the first few iterates of Brent’s method the extreme values of
bracket range are tested out which is not desirable for the tangency circle bound as
this, often large, change in parameter values may shift the manifold totally outside
the tangency circle which would render the whole algorithm inoperative.

From this discussion the use of Brent’s method is called into question even
though its converge is guarantied and does not require first derivative information.
The Powell hybrid procedure [39] is substituted which does not require any

bracketing of solution or first derivative information: it is in fact an N-dimensional
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procedure. Furthermore after the first tangency solution, along the manifold
tangency locus, is located, subsequent tangency points only require small
perturbations from the previous tangency point along the tangency path. Thus a
direct gradient procedure such as Powell’s method is more robust and much quicker
under these conditions. Still the question about the magnitude of the radius of the
tangency circle has not been fully resolved. Reflect on figure 5.1 which gives some
idea of the magnitude of the tangency circle. It shall be discussed again and in more

depth in section 5.5.

While question (a) has been dealt with question (b) is yet to be answered. A
simple algorithm named STMIN has been found to be sufficient. STMIN compares
all the points on manifold 1 and 2 evaluating the nearest point A ;oo and Ajppproy tO
the centre of the tangency circle. This has been found to be quite adequate even with
large steps along the tangency bifurcation path as the "primary" tangency point, the
tangency circle’s centre, does not move very much or very quickly in phase space
in all the numerical studies completed. If the "primary" tangency point does
substantially move in phase space along the manifold tangency path then the
manifold tangency path following step size is reduced. For further discussion on
step sizes see chapter 5.3. A o and Ay, are the initial starts for the tangency
formulations of chapter 2.4.1, specifically the minimisation ( D" ). The solution
(S1,S2) arc-length position to D™ expression is used as an initial condition to the
maxi-minimisation ( D* ). The logic for this is that in the pre-tangency case D* will
produce the same solution point as D: thus these are ideal initial conditions. In the
post-tangency situation, these initial conditions to expression D*, will be safely

within the region of local convergence to the maxi-minimum required.
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5.3 Elements of path following

The basic Manifold Tangency Algorithm is discussed in section 5.1. While the
problems relating to elements (ii.b) and (ii.c) of this algorithm have been discussed in
section 5.2 there has been no detailed discussion of element (iii) of that algorithm.
Element (iii) deals with the issue of path following along the manifold tangency loci
in parameter space. The basic ideas are the same as ones used in chapter 4 for

continuation along a local solution or local bifurcation path.

Consider a Manifold Tangency locus S is parameter space which has a standard
cartesian basis with coordinates (c;,c,....,c,) of a point R € §,§ cR", where
C1,Cy, -..C, are the list of system parameters. Let V, be a normalised tangent vector at
a point R along the Manifold tangency locus S. This tangent vector, V, can be used to
linearly extrapolate another point R" on the path. The first approximation of which is

R |.pprox» and is given by the following,
=R +AsV, (5.1)
As is known as the step length. R" |lapprox TEPTESENLS the initial parameter vector for

the solution process (ii) in section 5.1. The parameter As has been discussed in chapter
4.1.4. The same discussion is directly applicable to the case in hand as is the automatic

step size control equation (4.17) presented in chapter 4.1.4.

The main difference between the path following in this section and in chapter 4.1
is that the system state variables are not directly part of the path. That is the manifold
tangency locus S has coordinates which are only system parameters. While the path
following of chapter 4.1 has both system state variables and system parameter variables
as coordinates of the path. As a consequence the above equation (5.1), for continuation

along a manifold tangency path, is expressed only in parameter space unlike its
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counterpart equation (4.10) of chapter 4 for the local solution and local bifurcation path
following algorithm. The reasons for this difference are straight forward. In the case of
the local solution and local bifurcation path following algorithm the basic equation (4.3)
the return or residual map is a function of both state and parameter variables. In the
case of manifold tangency algorithm the fundamental equation is found in chapter 2.4.1.
This manifold tangency criterion is only dependant on the arc-length variables S1 and
S2. These are in turn functions of the manifolds themselves which are only variant under
changes in system parameters. Hence only system parameters and not system state

variables can effect the manifold tangency locus S.

The solution process to formulation in chapter 2.4.1 is basically a one dimensional
procedure. This requires variation of one system parameter variable. To negotiate
turning points in any of the parameter variables a procedure similar to that in chapter
4.1.2, equation (4.11) must be devised in order to choose a sensible parameter variable
to vary. At a turning point in parameter C,, this parameter should be chosen as the
variable for one dimensional solution procedure to the formulation in chapter 2.4.1. If
another parameter variable was chosen this would require a fixed value of parameter
¢, ( computed by the linear extrapolation equation (5.1)). Thus the point R * | apprax COULd
have a ¢, coordinate whose value may nullify the possibility of any local solution to
formulation in chapter 2.4.1. To formalise these ideas and to express them algebraically

consider the following.

A (S
£=—
- €|
1.0,e+2C,8+...+m.C, £ (5.2)
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These equations lie in a standard cartesian vector space where the basis vectors
are (C,,C,,...C.0). E: correspond to the basis vector which has the smallest coordinate
in Vi. The final expression (5.2) produces values 1, 2, 3, ... etc which corresponds to
the number of the parameter which varies the fromR andR” |apprex: the least in magnitude
hence should be used as the control parameter in the minimisation (D) and the

maxi-minimisation (D*) of chapter 2.4.1.

Thus the linear extrapolation expression (5.1) and the logical switching of
parameter variables, equation (5.2) for the one dimensional formulation 2.4 produces

all the required elements of the manifold tangency path following procedure.

5.4 Algorithm

This is an algorithmic listing of all the main features in a generalised manifold
tangency path following algorithm. As such it makes used of the manifold tangency
criterion in chapter 2, the INVAR algorithm in chapter 3, the local solution path
following algorithm of chapter 4 and the tangency circle, STMIN and elements of

manifold tangency path following in chapter 5.

(i) Computational variables

General N is the number of state variables in the system equation (4.1) chapter
variables 4. M is the number of parameters in equation (4.1). NM =N + M the

total number of state and parameter variables.

System PP(i) is the system parameter vector, dimension M, containing user
variables supplied values initially. XX(i,j) is the system state variable vector,
dimension N, containing user supplied values, initially, of the
saddle(s) location(s). For homoclinic events only on saddle is needed

so j=1 and i=1 to N expresses the different coordinates. While for
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INVAR

variables

Integration

variables

Local

solution
path
Jollowing

variables

Heteroclinic events j=1 and i=1 to N indicates the coordinates of the
first saddle and J=2 and i=1 to N indicates the second saddle. NSAD

is the number of saddles, this can only be 1 or 2.

DMAX maximum allowable distance between points on the
manifold, N(i) (i=1,2) Initial number of in sets P, on the manifolds.
DELTAC(i) (i=1,2) distance along eigenvector to initial point x, in set
P,. INS,OUTS number of iterates that P,is to be mapped along
inset/outset. EVEC(i,j) initial guess directions of the two manifolds
under observation at the saddle(s). ie. the tangent vectors to the
invariant manifold required at the saddle. (EVEC(1,1),EVEC(1,2))
is the inset (manifold 1) (dx,dy) tangent vector at the saddle.
(EVEC(2,1),EVEC(2,2)) is the outset (manifold 2) (dx,dy) tangent
vector at the saddle. (XH,YH) rad RH are the coordinates and radius
of the tangency circle.

HN() (i=1,2) order of the saddle cycle(s). ST(i) (i=1,2) integrate
forwards/backwards in time for ODE or iterate forwards/inverse map.
ESCP circular bound on integration/map centre (0,0) radius ESCP.
If coordinates (x;,y;) pass outside this bound terminate
integration/mapping.

STEP step size As in equation 4.10. STEPMIN and STEPMAX
are the min and max step size bounds, equation (4.17). PARAN is
the index of the parameter to be varied. PDAT(PARAN) to PARA
indicates the range of parameter PARAN values over which the

algorithm is to follow the local solution path. (See algorithm chapter

4.1.5).
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Tangency  TSTEP step size As in equation (5.1) for manifold tangency path

path

following. TSTEPMIN and TSTEPMAX are the min and max step

following size bounds, equation 4.17. TSECVEC() is column vector,

variables dimension M, containing the secant vector at a point (PP(i):i=1,M)

on the manifold tangency locus. It is an approximate to the tangent
vector V, of equation (5.1). ONE indicates the parameter which is to
be varied to find the zero of the manifold tangency criterion of chapter
2.4.1. The value of ONE is produced by solving expression (5.2).
NITERS indicates the number of points along the manifold tangency
locus to be evaluated. The sign of this variables indicates the initial
direction. Thus two independent runs of algorithm in section 5.4 with
negative and positively signed NITERS will produce two different

branches of the manifold tangency locus.

(ii) Initial conditions

1.0
2.0

3.0

4.0

5.0

6.0

7.0

Input General variables N, M, NM
Input System variables PP(i), XX(i,j), NSAD

Input INVAR variables DMAX, DELTAC(), N(i), INS, OUTS, EVEC(,j),
XH, YH, RH

Input Integration variables HN(i), ST(i) and ESCP
Input Path following variables STEP, STEPMAX, STEPMIN

Inputtangency path following variables TSTEP, TSTEPMIN, TSTEPMAX,
TSECVEC(i), ONE, NITERS

end
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(iii) Initial tangency point.

1.0

2.0

3.0

4.0

5.0

6.0

7.0

Choose the direction of the path following. Set SECVEC().
IF (NITERS < 0) then
fori=1 toM : SECVEC()=-1.0 : next
else
fori=1to M : SECVEC()=1.0 : next
endif
SECVEC(ONE)=0.0
Choose PP(ONE) as parameter to be varied. Call NAG routine COSNBF to
find zero of formulation in chapter 2.4.1. COSNBF calls user supplied
subroutine func to evaluate formulation 2.4.1 at a specific parameter value
X. See section (v).
X=PP(ONE)
call COSNBF(func,....X,.....)
If nag routine fails then user must supply a better set of initial conditions.

If ifail <>0 then STOP

Store solution, increment number of tangency points on path achieved
PP(ONE)=X

NUMIT=NUMIT+1

Call routine to reset (XH,YH) (centre of tangency circle) on the primary
tangency point just evaluated in 2.0.

Output results

End
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(iv) Main loop.

1.0 Check whether number of points on path evaluated exceeds user
specification.
If abs(NITERS) < NUMIT then STOP
20 Save current state and parameter system variables.
fori=1 to M : POLD()=PP() : next
fori=1to N : for j=1 to NSAD : XOLD(,j)=XX(,j) : next j,i
3.0 Use linear extrapolation equation (5.1) to predict next point along the
manifold tangency locus in parameter space.
fori=1to M : PN(i)=POLD(i)+SECVEC(@i)*TSTEP : next
4.0 Local solution path following saddle(s) from current PP(i) parameter values
to new predicted PN(i) values. Using sequential uni-parameter path
following procedure.
fori=1 to NSAD
forj=1toM
4.1 Set PARA, PARAN and call local solution path following algorithm
chapter 4.1.5 to path follow saddle cycle
PARA=PN()
PARAN=j
42 Call algorithm chapter 4.1.5
4.3 If algorithm chapter 4.1.5 fails reduce STEP
4.3.1 STEP=STEP/2.

4.3.2 IfSTEP is too small, there is a problem in path saddle solution

if STEP < STEPMIN then STOP
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5.0

6.0

7.0

4.3.3 Reset state and system variables
fori=1 to M : PP(1)=POLD() : next
fori=1 to N : for j=1 to NSAD : XX(1,j)=XOLD(,j)

next j,i

4.3.4 Restart saddle following procedure

goto 1.0
44 Endif 4.3
4.5  PP(j)=PN()
Next j,i

Choose PP(ONE) as parameter to be varied. Call NAG routine COSNBF to

find zero of formulation in chapter 2.4.1. COSNBF calls user supplied

subroutine func to evaluate formulation 2.4.1 at a specific parameter value

X. See section (v).

X=PP(ONE)
call COSNBF(func,....X......)

If nag routine fails then reduce TSTEP.

7.1

7.2

7.3

7.4

TSTEP=TSTEP/2.

If TSTEP is too small, there is a problem in tangency path following
if TSTEP < TSTEPMIN then STOP

Reset state and system variables
fori=1 to M : PP(1)=POLDA() : next
fori=1 to N : for j=1 to NSAD : XX(i,j)=XOLD(,j)
next j,i
Restart tangency following procedure
goto 1.0
143.



8.0

9.0

10.0

11.0

12.0

13.0

14.0

15.0

16.0

Endif 7.0

Store solution, increment number of tangency points on path achieved
PP(ONE)=X
NUMIT=NUMIT+1

Call routine to reset (XH,YH) (centre of tangency circle) on the primary

tangency point just evaluated in 6.0.
Output results

Use number of iterates that COSNBF in 6.0 required to converge to solutionl.
If enough points on the path are available calculate curvature from finite
difference expression then also use curvature. From these results re-evaluate

the step size TSTEP using equation (4.17) from chapter 4

Re-define secant vectors.

fori=1 to M : SECVEC(1)=PP(i)-POLD() : next i

Choose new system parameter, K, to use in one dimensional procedure of
chapter 2.4.1. K is evaluated from expression (5.2) and is dependant on V
or in this algorithm the secant vector SECVEC()

ONE=K

Re-scale SECVEC() so that maximum element SECVEC(L)=1.0
MAXVEC=SECVEC()

fori=1toM : SECVEC(1)=SECVEC@G)/MAXVEC : next i

Goto 1.0

(iv) Main loop.

1.0

Check whether number of points on path evaluated exceeds user
specification.
If abs(NITERS) < NUMIT then STOP
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2.0

3.0

4.0

Save current state and parameter system variables.
fori=1 to M : POLD(1)=PP(i) : next
for i=1 to N : for j=1 to NSAD : XOLD(,j)=XX(i,j) : next j,i
Use linear extrapolation equation (5.1) to predict next point along the
manifold tangency locus in parameter space.
fori=1 to M : PN(i)=POLD(i)+SECVEC()*TSTEP : next
Local solution path following saddle(s) from current PP(i) parameter values
to new predicted PN(i) values. Using sequential uni-parameter path
following procedure.
fori=1 to NSAD
forj=1toM
4.1 Set PARA, PARAN and call local solution path following algorithm
chapter 4.1.5 to path follow saddle cycle
PARA=PN(j)
PARAN=j
4.2 Call algorithm chapter 4.1.5
43 If algorithm chapter 4.1.5 fails reduce STEP
43.1 STEP=STEP/2.

4.3.2 If STEPis too small, there is a problem in path saddle solution
if STEP < STEPMIN then STOP

4.3.3 Reset state and system variables
fori=1 to M : PP(i))=POLD() : next
fori=1 to N : for j=1 to NSAD : XX(i,j)=XOLD(,j)

next j,i
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5.0

6.0

7.0

8.0

434 Restart saddle following procedure

goto 1.0
44  Endif 4.3
4.5  PP(j)=PN()
Next j,i

Choose PP(ONE) as parameter to be varied. Call NAG routine COSNBF to

find zero of formulation in chapter 2.4.1. COSNBF calls user supplied

subroutine func to evaluate formulation 2.4.1 at a specific parameter value

X. See section (V).

X=PP(ONE)

call COSNBE(func,....X......)

If nag routine fails then reduce TSTEP.

7.1 TSTEP=TSTEP/2.

7.2 If TSTEP is too small, there is a problem in tangency path following
if TSTEP < TSTEPMIN then STOP

7.3 Reset state and system variables
fori=1 to M : PP(1)=POLDA() : next
fori=1 to N : for j=1 to NSAD : XX(i,j)=XOLD(,j)
next j,i

74 Restart tangency following procedure
goto 1.0

Endif 7.0
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9.0 Store solution, increment number of tangency points on path achieved
PP(ONE)=X
NUMIT=NUMIT+1

10.0 Call routine to reset (XH,YH) (centre of tangency circle) on the primary

tangency point just evaluated in 6.0.
11.0  Output results

12.0  Use number of iterates that COSNBF in 6.0 required to converge to solutionl.
If enough points on the path are available calculate curvature from finite
difference expression then also use curvature. From these results re-evaluate
the step size TSTEP using equation (4.17) from chapter 4

13.0 Re-define secant vectors.
fori=1 to M : SECVEC(i)=PP(i)-POLD() : next i

14.0 Choose new system parameter, K, to use in one dimensional procedure of
chapter 2.4.1. K is evaluated from expression (5.2) and is dependant on V; -
or in this algorithm the secant vector SECVEC()

ONE=K

15.0 Re-scale SECVEC() so that maximum element SECVEC(L)=1.0
MAXVEC=SECVEC(L)
fori=1to M : SECVEC(1)=SECVEC@G)/MAXVEC : next i

160 Goto1.0

(v) User supplied subroutine func for COSNBF.

func...variable X (which is the current parameter PP(ONE) value at which
COSNBF requires the formulation of 2.4.1 ie D* and D ) variable FA value

of D*in post tangency or D’ in pre-tangency situations.
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1.0

20

3.0

4.0

5.0

6.0

7.0

8.0

Path follow saddle(s) from previous X value of parameter PP(ONE) to
current X value of PP(ONE). Thus this local solution path following is
performed while varying parameter PP(ONE). New values of the position(s)
of the saddle(s) XX(i,j) are evaluated at the new value X (the PP(ONE)
parameter)

PARA=X

PARAN=ONE

call algorithm of chapter 4.1.5

If path following fails then send COSNBF a fail message to terminate this
particular zero finding operation.

With new position(s) of saddle(s) at new parameter PP(ONE)=X values
evaluate the new invariant manifold by using INVAR algorithm chapter 3.5
IfINV AR fails STOP more detailed investigation is required of current phase
space. Check tangency circle, DMAX, DELTA() etc..

Send INVAR’s point-wise approximation of manifolds to cubic spline
interpolation routine. (See chapter 2.3)

Use STMIN to produce an approximate solution to the formulation of 2.4.1.

(Chapter 5.2.2)
Evaluated D" and D* of chapter 2.4.1

If D" =0 then
FA=-D"

else

FA=D
endif
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9.0 End of subroutine func
return

end

5.5 Numerical studies

5.5.1 Henon map

The Henon map is a well known two-dimensional iterative mapping. There
has been much detailed study of local and global bifurcation events by researchers
Farmer et al. [12], Grebogi et al. [16-18], Henon [22], Holmes et al. [23] and Simo
[47] toname but a few. The reasons for such a concentration of work can be explained
by the computational ease in which the Henon map can be iterated compared with
the highly computationally expensive Poincaré map of an ordinary differential
system. Also the way in which the Henon map, because of its simplicity, is amenable
to various analytical solutions makes it an interesting problem. Holmes et al. [23]
in particular also provides a diagram of the homoclinic tangency locus of a period
one directly unstable saddle cycle. This was generated by solving certain analytical
expressions based on a quadratic type homoclinic tangency formulation of Gavilov
et al. [13-14] This diagram 23b of [23] provides a good basis to gauge the

effectiveness of the algorithm in section 5.4.

The Henon map, a planar map with constant Jacobian determinant is defined

as follows,
2
xn+l =A -xn —Byn’

yn+l=xn’ (53)
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where A and B are system parameters. Variables (x;, y;,A,B) are equivalent

to variables (y;,x;, |1, €) in [23]. 2Figure 5.2 represents the homoclinic tangency locus
of the period one directly unstable saddle found in the region (x; =-1.9,y; =-1.9)
in phase space for parameter values presented in the diagram. Figure 5.2 isidentically

to the graph 23b of [23] thus confirming the algorithms reliabilify.

Figures 5.3 show the invariant manifolds for some of the homoclinic
tangency points along the manifold tangency path in figure 5.2. In this situation the
position of the saddle point D' seem not to move by much. This is also true of the
"primary" tangency point, the centre of the tangency circle which does not move
very quickly or by much in phase space as the system parameter vector is altered.
Under these conditions the path following of the saddle solution is a trivial problem.
It is worth noting that as the parameter A increases and parameter B decreases the
size and shape of the catchment basin described by the inset of the saddle point D'
reduces. This basin reduction occurs at such a rate as B decreases that in the figure
5.3b where (A=0.873, B=-0.159) the size of the tangency circle is such that it now
includes more than one tangency point of the manifolds. A gauge of the size of the
tangency circle can be obtained by remembering the fact that as soon as the manifold
exits the tangency circle it is terminated. Armed with this fact and the knowledge
that the centre of tangency circle is at the "primary" tangency point the position and
size of the tangency circle can be inferred from the figure 5.3. As B tends towards
-1.0 the saddle point and the stable node attractor meet in a saddle-node, a fold,

bifurcation event which destroys the saddle and hence the invariant manifolds, the

2.Figure 5.2: Represents the homoclinic tangency locus for the Henon map in parameter
space of period one saddle at approximately (A=1.0,B=0.4,x;=-1.9,y;=-1.9).

3.Figure 5.3: Inset and outset of D' saddle of figure 5.2. Results produced MTA.
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inset and outset. Here a finite attracting basin is annihilated instantaneously by this

local periodic fold bifurcation. What is more complex about this region is that the

manifolds are at or are near to tangency. The problems presented here for the

manifold tangency algorithm of chapter 5.4 are substantial.

(a)

(®)

©

The reduction in size of the basin of attraction requires the re-scaling of the

radius of the tangency circle.

The manifold tangency line and fold bifurcation line touch in parameter space
in some sort of hybrid local-global co-dimension two event [23], here named
Q. This presents problems for expressions 2.4 as certain parameter sets will
not allow the existence of the saddle because these parameter sets place the
algorithm on the side of the fold bifurcation locus where the saddle D' no
longer exists. As a consequence this will cause the algorithm to constantly
reduce the step size of equation (5.1). This is so that the linear extrapolation

equation (5.1) will become more and more accurate: thus R" | will not

approx
have a parameter set which crosses the fold bifurcation line. Thus, inevitably,
the algorithm will grind to a halt finding progression more and more
expensive. Eventually as As reduces below As,,, algorithm 5.4 will be

terminated.

As the system reaches this special event Q the magnitude of ripples in the
outset and inset die down. Consider particularly the figure 5.3d at (A=0.991,
B=-0.704). The inset is almost nothing but a small perturbation of the outset.
At parameter values closer to Q it becomes impossible to show the difference
between the inset and the outset graphically on this scale. This causes a
flattening out of the minima ( D" ) and the maxi-minima ( D" ) valleys which

slow down convergence of the minimisation routine which is used to solve
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these problems. Under these conditions the accuracy of the manifold becomes
more and more an issue, as very small differences in manifold gradients along
arc-length now govern convergence to the problem of D" and D*. The
minimisation routines used find the formulation in 2.4.1 ill-conditioned very

close to Q.

It is not possible to deal with problems (b) and (c) in the extreme case of event
Q. This phenomenon reminds the user that computational tools are designed to aid
understanding not to replace it. Under these special circumstances other algorithmic
and analytical techniques have to be implemented to provide further information. (

see chapter 1 ). However the question (a) needs to be answered.

A simple way of scaling the radius of the tangency circle is to keep track of
the overall range of phase space coordinates of the manifolds under observation, ie
the range between the maximum and minimum (x;y;) along the manifolds.
Subsequentally, the radius of the tangency circle can be set as a constant proportion
of maximum range. In the case of the approach to Q this method of scaling is simple
and valuable. As the manifold tangency locus approaches Q there is no real
differential contraction of the basin of attraction in the x; or y; directions: thus this
tangency circleradius scaling is fine. However consider the other end of the tangency
bifurcation locus as it tends towards P (A=2.0, B=0.0). As B tends to zero the Henon
map is reduced to a degenerate one dimensional map. As a consequence the inset
manifold and the catchment basin stretch toward a positive infinity y; coordinate,
indicating the resultant map is independent of y,. This phenomenon is more clearly
indicated by figure 4a of Grobogi et al. [17]. Under the suggested scaling method
the size of the tangency circle would grow with the increase of the basin y, coordinates
range. As the x; coordinate range does not increase in the same way, the growth in
the tangency circle would soon encapsulate more than just the "primary"” tangency
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point. This differential stretching of the catchment basin is a peculiarity of the
degeneracy of the point P. This idea of scaling the radius of tangency circle with
the range of (x;,y;) coordinates is mostly alright. However further research has to be
done in order to confirm the reliability of this technique or provide a more

comprehensive scaling approach.

Even though the problem of scaling the radius of the tangency circle is still
opento further improvementsitis interesting to note figure 5.3 (A=0.991, B=-0.704).
Even with substantially more of the manifolds than initially intended the approximate
solution procedure STMIN provides an accurate enough initial start so that the
minimisation (D’) and maxi-minisation (D*) procedures do not find a non-global
solution. This indicates the robustness of STMIN and hence the over all procedure

of section 5.4.

5.5.2 Duffings equation

In this section the algorithm of section 5.4 is applied to a homoclinic tangency
in the forced Duffing’s oscillator. Consider the following first order differential
equations which constitute the sinusoidally forced Duffing’s oscillator,

x=y
y =—ky —x’+B cost (5.4)

The system parameters are k, the magnitude of the linear damping factor and
B the amplitude of the periodic forcing function. As another test case the Duffing’s
oscillator is useful because of the research of Hayashi [20-21] and Ueda ez al. [58].
In particular [20] presents a diagram of the homoclinic bifurcation line of the main
period one saddle cycle D'. As chapters 3 and 4 suggest a Poincaré section is defined

and by numerical initial valued time integrations a two-dimensional iterative map
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can be produced with state variables (x;, y,) and system parameters (k,B).

Hayashi [20] and figure 3.5 provide information required to provide the
algorithm 5.4 with the initial conditions: the approximate position of the saddle in
phase space, the approximate parameters of tangency, the position of the tangency
circle, steps sizes, eigenvector directions, etc. *Figure 5.4 represents the homoclinic
tangency locus of the main saddle cycle D'. It is coincident with the homoclinic
tangency locus presented on figure 2 of [20]. *Figures 5.5 represent the invariant

manifolds described for some of the points on the tangency locus of figure 5.4.

Interest is again centred on the ends of the homoclinic bifurcation locus, as
both ends present similar problems to the region Q in the Henon map (see chapter
5.5.1).Point W, (k=0, B=0) and point W, (k=0, B=0.4413) represent situations where
the saddle D' is involved in a fold bifurcation. Hence W, and W, are hybrid
local-global co-dimension two bifurcation events. For W, as the damping coefficient
kis zero the system dynamic is reduced to a degenerate, forced Hamiltonian system.
As a consequence the homoclinic tangency takes on a special degeneracy. The inset
and the outsets become totally coincident. The set of tangency points includes all
the points on both manifolds. The figure 5.5 with (k=0.00286, B=0.4218) shows the
way the magnitude of the tongues die down. Here the inset is almost nothing but a
small perturbation of the outset. For point W, another degeneracy is added to that
of point W,. At W,, B is zero. This reduces the system dynamic to an unforced
Hamiltonian. Again figure 5.5 with (k=0.0001, B=0.0647) shows the magnitude of

the tongues dying down.

4.Figure 5.4: Homochmc bifurcation locus in parameter space for the Duffing’s
oscillator for the main D' saddle found at (x;=-0.94, y;=0.27, k=0.071, B=0.3).

5.Figure 5.5: Insets and outset of main D, saddle in figure 5.4.
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Both points W, and W, present considerable problems for the algorithm 5.4.
However as figure 5.4 indicates the manifold tangency algorithm is able to progress

to quite near points W, and W, before failure.

5.5.3 Escape equation

This section applies the manifold tangency algorithm to the homoclinic
tangency of the hill top saddle cycle in Thompson’s Escape equation, Thompson et
al. [51-54]. The simultaneous set of first order equations are,

x=y
y =—By —x + x>+ F sin ot (5.5)

The parameters are B the coefficient of the linear damping term, F the amplitude

of the forcing term and  the frequency of the sinusoidal forcing term. Chapter 4.3

deals with all the necessary preliminaries.

For this equation there is no other researcher who has produced a homoclinic
tangency locus for the hill top saddle. Thompson et al. [51-54] provide the
information necessary to initiate MTA, the algorithm 5.4. ®Figure 5.6 represented
the shape of the local flip and fold bifurcation loci discussed in chapter 4.2.3 and
figures 4.7 and 4.8. Figure 5.6 introduces the homoclinic tangency locus for the hill
top saddle produce by algorithm of chapter 5.4. Figure 5.6 also describes the locus
derived from the Melnikov analysis Guckenheimer et al. [18] and Thompson et al.

[53] for the approximate shape of the homoclinic locus of the hill top saddle.

6.Figure 5.6: Homoclinic tangency locus of hill top saddle D'. This is added to the loci
of all the fundamental local bifurcation events.
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From a computational point of view only two areas present difficulties for
MTA. Again these areas are the extremities of the homoclinic tangency locus.
Consider "figure 5.7a: the problem here is primarily one of the difficulty in local
solution following. At low values of F and o the complications of the divergence,
in magnitude, of the eigenvalues of the saddle intrude upon the homoclinic tangency
path following at hand (see chapter 4.2.2). Thus failure is due to ill-conditioning of
the eigenvalue problem of the local periodic solutions. Consider figure 5.7¢ and
(w=2.31,F =3.47): the problem here is similar to problem at point W, in the
Duffing’s oscillator while not being altogether identical. The homoclinic tangency
locus T passes towards the fold line G, this fold event G being that of the hill top
saddle. As T passes toward G the probability of linear extrapolation equation (5.1)

producing a approximate solution parameter set R" | with coordinates in the

approx
region beyond fold G increases. ( Beyond fold G indicates the region in parameter
space in which the Aill top saddle no longer exists in phase space. ) As a consequence
the algorithm 5.4 will consistently reduce the step size, of equation (5.1), the closer
T draws to G. As there seems to be no hybrid local-global event as with W, in the

Duffing’s oscillator; progression along the homoclinic path becomes increasingly
expensive, computationally.

While the extremities of the homoclinic bifurcation path present real problems
the rest of the path is described relatively easily. Generally convergence of
formulation in chapter 2.4.1 is good producing alarge step size along the homoclinic
tangency locus which reduces the overall computational time required to describe
T. In fact small extensions of T near the extremities require more computational

effort that the whole of the rest of the homoclinic bifurcation locus.

7.Figure 5.7: Insets and outset of the saddle D' of figure 5.6.
156.



5.6 Accuracy

The overall accuracy of the manifold tangency locus and hence the manifold
tangency algorithm can be expressed as the sum of accuracies of the four numerical
processes involved, namely locating the position of the saddle(s), point-wise description
of the invariant manifolds, cubic spline interpolation of the discretised representation

of the invariant manifolds and finally solution of formulation in chapter 2.4.

(a) Accuracy of the location(s) of the saddle(s): This is primarily related to solution
process of the return or residual map, chapter 3.1. This solution process can be
extremely accurate ( of the order of Ve where e is the machine finite precision.)
The only problem occurs when there is a divergence, in magnitude, of the

eigenvalues of the saddle under observation. ( cf. Escape equation chapter 4.2.2 )

(b) Accuracy of point-wise description of invariant manifolds: Here the discussion of
chapter 3.7 needs to be reviewed. Chapter 3.7 indicates that it not possible to give
an overall global error bound. However as the MTA only requires the invariant
manifolds to be described for small a number of iterates away from the saddle(s)
the discussion in chapter 3.7 indicates a high degree of reliability in the results.
The main source of error, in INVAR, is produced by the linear interpolation of
chapter 3.3. It is suggested that this linear interpolation be replaced by a cubic
spline fit similar to that in chapter 2.3. However Brodie [8] recommends caution
as to the precise nature of the cubic spline curve fit. For manifolds with low
curvatures McConologue’s method [35] is simple and effective, for higher

curvature manifolds other formulations are recommended.
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(c) Accuracy of cubic spline interpolation: This is dependant on curvature and the
distance between points along the curves to be interpolated Stoer et al. [SO]. Mainly,
the error in the cubic spline interpolation will be masked by the errorin (b). However

as is suggested in (b) care should be exercised with high curvature manifolds.

(d) Accuracy of formulation in chapter 2.4: From the numerical output, the zero, of
the fixed point problem of minima D=0 and maxi-minima D*=0, is of the order of
Ve where e is the finite machine precision. These very low values indicate the

degree to which the formulation in chapter 2.4 is well posed.

To give a global error bound on the manifold tangency locus produced by MTA the
problem in (b) must be tackled. The question of global error bounds on the portraits of
invariant manifolds is a area in which further research is required. The use of a cubic
spline interpolation opens up the possibility of monitoring the local curvature at any
point along the manifold and thus allows estimates of the local error in interpolation at

a point on the manifold and the propagation of that error along the manifold.

Not withstanding the difficulties in not providing global error bounds the results
in chapter 5.5 indicate the algorithm in chapter 5.4 is reliable in producing homoclinic
tangency loci in parameter space for the examples designated. Results in chapter 5.5.1
and chapter 5.5.2 are at least as accurate as results produced by Holmes et al. [23] and
Hayashi ez al. [20]. While chapter 5.5.3 produces results consistent independent studies

of specific points along the tangency locus produced in Thompson et al. [S1-54].

5.7 Comparisons

There are three analytical methods used for the investigation of manifold
tangencies. Melnikov’s method [18] and Yamaguchi’s method [62-63] are approximate

methods while Gavrilov and Silnikov’s analysis [13-14, 23] is valid for parabolic

158.





















































































































