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Abstract

Robot trajectory control is currently performed in an 
open loop fashion with the trajectory being specified as 
either a series of end point positions or as a series of 
joint angle values which are passed through in sequence. 
In order to perform any complex tasks in an unstructured 
or semi-structured environment an 'intelligent' robot is 
required which can sense its environment and alter its 
trajectory accordingly.

This thesis describes the development of an 
'intelligent' robotic inspection system which is capable 
of automatically deploying test probes for the 
inspection of the structures commonly found in modern 
airframes with no prior knowledge of the structure being 
inspected. It utilises a Puma 560 (articulated arm) 
industrial robot which is under supervisory control from 
an IBM ps2 personal computer and a wrist-mounted CCD 
camera with a low power industrial laser to acquire 
information about the robot's environment. In order to 
improve the positional accuracy of the Puma it has been 
calibrated using a computerised surveying system. 
Extensive use is made of image processing, pattern 
recognition and mathematical surface modelling to build 
up a model of the structure being examined and this is 
used to define the trajectory of the end point of the 
Puma.
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Chapter 1 
Introduction

To date most robots have been programmed to follow 
predetermined trajectories, which may be specified as 
either a series of end point locations or a series of 
joint angle values. This has permitted their 
widespread use, with improvements in productivity and 
product quality, for many repetitive tasks such as paint 
spraying or car body welding, where the work piece or 
pieces are presented at a known place and in a known 
orientation. However, in order to perform any more 
complicated task requires an 'Intelligent' robot, in 
which the trajectory of the end point may be altered to 
account for changes in the robot's environment.

One application area which would particularly benefit 
from the use of intelligent robots is the deployment of 
Non-Destructive Inspection (NDI) sensors on to or near 
to aircraft structures. At present this is done either 
manually or using simple scanning frames. However, 
incidents such as the Aloha Airlines incident [1] in 
which a Boeing 737-200 lost a section of the front 
fuselage ceiling in flight would appear to show that 
manual inspection is not capable of reliably detecting 
flaws before they lead to catastrophic failure.

There has been a considerable volume of research 
performed on the automation of the inspection process 
once the inspection probe has been correctly positioned



[2] [3]. However, there has been very little work done
to date on the automated positioning of the probes using 
robots. Those systems which have been developed to 
deploy probes may be broadly divided into two groups.
The first group are cartesian coordinate scanning frames 
used to cover approximately flat objects [4]. The 
second group consists of articulated arms which are used 
to trace probes over complexly curved objects in a pre
determined pattern [5].

One interesting exception to these groups is the 
system developed at DREP [6] which uses a Puma 
industrial robot and a vision system to deploy probes 
for the inspection of CF-18 Carbon Fibre Composite 
components, such as landing gear doors.

The object of this project has been to investigate 
the feasibility of using an industrial robot as part of 
a fully automated aircraft inspection system capable of 
inspecting general aircraft structures, see fig 1.1.

The Puma robot used allows the position and 
orientation of a test probe to be controlled within an 
approximately spherical work envelope of 1 meter radius. 
It is controlled from an IBM PS/2 model 80 personal 
computer by a serial interface developed at U.C.L. as 
part of a previous project [7]. In order to improve 
the accuracy of the Puma it has been calibrated using a 
computerised surveying system; this and a solution to
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Fig 1.1
Block Diagram Of The Robotic Inspection System Developed

During This Project



the inverse kinematics of the Puma are presented in 
chapter 3.

The wrist-mounted instrument package employed is 
described in appendix I. It consists of a CCD camera, 
a low power laser used for range finding and any NDI
test probes desired. The routines used for processing
images from the camera and for component recognition are
detailed in chapters 5-7.

The range finder is used to collect information about 
the distance of the surface being inspected from a flat 
reference plain above the surface. This information is 
used to mathematically model the surface being inspected 
so that test probes may be held at any position and 
orientation relative to the surface. This work is 
presented in chapter 4. The routines for integrating 
all of the separate routines to produce an automated 
inspection system are presented in chapter 8.



2.1 Robotic Inspection Systems.

The robots used in inspection tasks may be divided 
into groups based on the complexity of their geometry. 
The simplest group consist of simple one degree of 
freedom scanning systems, such as pipe weld scanners 
[8], helicopter blade inspection systems [9] or aircraft 
wheel inspection systems [10]. The next more 
complicated and most commonly used systems are cartesian 
Coordinate scanners which can control the position of a 
probe although they must be used over relatively flat 
surfaces. They range in size from acoustic microscopes 
[11] to rigs to inspect aircraft components [12] and 
even whole aircraft wings [13]. The most complicated 
inspection systems are based on articulated arms. In 
many respects they would appear ideal for deploying NDI 
probes but their cost and the complexity of programming 
them has slowed their employment.

The articulated arm may be controlled in three 
ways. It may be directly controlled by a human operator, 
it may be programmed to follow a predetermined path or 
it may be controlled by a computer programme.

Direct human control is often termed teleoperation 
[14]. The robot control system may still have to 
perform the inverse kinematics to determine the joint 
angles required to get the end point to a given position



which is determined by the human operator, although in 
some master\slave systems the operator manipulates a 
controller which is geometrically similar to the robot 
so that the joint angles may be directly read from this 
Their use in inspection comes from their ability to 
operate in remote or hostile environments [15] such as 
sub sea or inside nuclear power plants.

The next more complex systems are those which trac 
a probe over the object being inspected in a fixed 
pattern. This pattern may be programmed by either 
using a computer to calculate the desired trajectory or 
more commonly, by manually tracing the probe over the 
surface to be inspected with the control system storing 
the trajectory to be traced. The control system then 
just has to be programmed to cause the arm to pass 
through the stored positions to get it to follow the 
desired trajectory. This 'Teach and Learn' process is 
not confined to inspection but is also used for 
operations such as paint spraying [16]. The object 
being inspected must be of fixed geometry and must be 
fixed in a jig but the components may be of complex 
geometry such as fuselage components [17] and even 
complete fuselages of small aircraft [18].

The most complex robots used for inspection are 
those where the trajectory of the end point is 
controlled by a computer to perform a specific task.



Because the trajectory of the end point is not fixed 
they can cope with components of varying shape and in 
varying positions. A control system of far greater 
complexity is required since they must be able to locate 
the object to be examined and then be able to plan the 
trajectory to inspect it. In order to simplify the 
processing required they may deal with components of 
fixed geometry [19] or with components with only simple 
geometries [20]. The main problem to be solved for a 
computer controlled inspection robot is not planning the 
trajectory to inspect an object, once its geometry is 
known, but gaining and interpreting information about 
the geometry of the object being inspected. Various 
methods have been used to gain information about the 
robot's environment of which vision offers the greatest 
amount of information. The amount of information 
available in a single image can cause problems with its 
use in robotics since considerable processing is 
required to extract the useful information. Vision has 
been used in both inspection [6] and assembly tasks [21] 
although previous knowledge of what the camera is 
viewing is required so that object recognition routines 
may be used to determine the position of various objects 
within the image.



2.2 The Requirement For Automated A ircraft NDI.

The requirement for increased aircraft life coupled 
with aircraft being required to carry more passengers 
further while burning less fuel has lead to the 
introduction of new materials and production techniques. 
This has lead to an increase in the probability that 
flaws may develop in the aircraft, which if untreated, 
will lead to failure. Failure of a gas turbine disk 
has a 1 in 4 chance of leading to loss of life [22] .
In the eleven years between 14 May 1977 and 9 May 1988 
age-related aircraft accidents cost the lives of 956 
people [23].

The role of NDI is to locate and size structural 
flaws so that any necessary action may be taken before 
they grow to critical size. There are many possible 
techniques for NDI [24],[25]. Five of the techniques 
most commonly used to inspect aircraft are ultrasonics, 
eddy currents, magnetic particle inspection, penetrant 
inspection and radiography.

In ultrasonic inspection a pulse of high frequency 
sound waves is generated in the component being 
inspected. The waves travel through the component 
until they reach a discontinuity, either a flaw or a 
geometric feature of the component, where some of the 
sound will be reflected back and is received by a 
detector. The output from this detector is displayed
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against time and any flaws can be detected by peaks on 
the time trace occurring at unexpected positions.

Eddy current inspection is only suitable for the 
inspection of conductors for surface and near surface 
flaws. A high frequency signal is fed into a coil 
which is held near to the surface being inspected.
This signal generates a varying magnetic field which 
induces eddy currents in the surface layer of the 
component. These eddy currents induce a back E.M.F. in 
the coil which alters the inductance of the coil. If 
there are any flaws in or near to the surface of the 
component these will effect the eddy currents and hence 
the inductance of the coil, so the presence of defects 
can be detected by variations in the inductance of the 
coil. ACPD and ACFM techniques are based on the same 
principle, except that the frequencies used are much 
lower and the electric field over the component is 
measured directly.

Magnetic particle inspection is suitable only for 
components which can be magnetised. The component 
being inspected is magnetised and covered with powder 
containing magnetic particles. These particles line up 
along the lines of the magnetic field in the component. 
If any flaws are present in the component the magnetic 
field will be distorted and so the pattern of the 
magnetic particles will be distorted.
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For penetrant inspection the component is first 
soaked in a bath of fluorescent fluid. It is then 
wiped clean and viewed under ultraviolet light.
Capillary action will have drawn the fluid into any 
tight crevices in the surface which wiping the surface 
will not have removed so that when the component is 
viewed under ultraviolet the penetrent will glow.

In radiography a piece of photographic film is 
bombarded by x-rays which have passed through the object 
being inspected. The exposure of any point on the film 
will be a function of the amount of material between the 
x-ray source and the film, so any void in the components 
will lead to areas of the film being exposed more than 
expected.

Table 2.1 [26] compares the minimum detection 
capabilities for a number of possible techniques.
Despite these figures being 15 years old Branco [27] 
states that 'NDI is not able to detect flaws with sizes 
below those quoted'. This is because the detection 
limits are, at least in part, limited by the physics of 
the technique used [28]. These figures should be 
treated with care since they do not state the largest 
cracks that may be missed and they give no indication as 
to the reliability of the test data.
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Detection Performance of Various NDI Techniques.

Technique Surface Flaws Internal Flaws
Processing

mm
Fatigue

mm
Voids
mm

Cracks
mm

Laboratory
Visual 1.25 0.75 - -

Ultrasonics 0.12 0.12 0. 35 2.0
Mag Particle 0.75 0.75 7.5 7.5
Penetrent 0.25 0.50 - -

Radiography 0.50 0.50 0.25 0.50
Eddy Current 0. 25 0.25 — —

Production
Visual 2.5 6.0 - -

Ultrasonics 3.0 3.0 5.0 3.0
Mag Particle 2.5 4.0 - -

Penetrent 1.5 1.5 - -
Radiography 5.0 a 1.25 A

Eddy Current 2.5 5.0 — —

In Service
Visual 6.0 12.0 - -

Ultrasonics 5.0 5.0 4.0 5.0
Mag Particle 6.0 10.0 - -

Penetrent 1.25 1 .25 - -

Radiography 12.0 A 4.0 A

Eddy Current 5.0 6.0 — —

* not possible for tight cracks
Tab1e 2.1

Table 2.2 [29] shows the detection capabilities 
achieved by various techniques being used to inspect for 
low cycle fatigue cracks in the bolt holes of service- 
exposed fifth stage compressor discs from J85-Can 40 
engines. Despite the ambiguity in the size of the 
largest crack missed with eddy currents it can be seen 
that the largest cracks missed are about an order of 
magnitude larger than the smallest crack detected.
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Detection Capabilities of Various NDI Techniques 
on Gas Turbine Discs.

Technique Smallest Crack 
Detected 

mm
Largest Crack 

Missed 
mm

C-Scan Leaky Wave 0.17 1.48
Eddy Current
Gain Setting 2 0. 23 4.43
Eddy Current
Gain Setting 5 0.09 2.70 (1.27)*
Penetrant 45M Dwell 0.20 4. 33
Penetrant 60M Dwell 0.55 3 .69
Penetrant 30M Dwell 0.50 3.98

Tab1e 2.2

* Result If the 2.70 mm crack is assumed to be caused by 
operator error.

Fig 2.1 shows the returns from a series of flat- 
bottomed holes the detection threshold being between 
1/32'1 and 1/64", although the signals generated from 
real defects are likely to be more confused with some 
defects sized about 1/64" giving a bigger return than 
some of those sized 1/32".

100%

50%

G r a s s  L e v e l

3/64 2/64 1/64
Fig 2.1

Relative Signal Strength From A Series Of 
Flat-Bottomed Holes
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A better way to illustrate the detection threshold is 
a Probability of Detection (PoD) graph, fig 2.2.

Defect Size
Fig 2.2 

Stylised PoD Graph 
As the flaw size increases the PoD asymptotically 

approaches 100%, but the returns from some large defects 
may become confused with the returns from geometric 
features so causing them to be missed. Great care must 
be taken with PoD data since the PoD is calculated by 
dividing the number of flaws of a certain size detected 
by the number of flaws of that size present. This 
means that no account is taken of the number of false 
calls. A more useful set of information is the 
Reliability of Characterisation (RoC) [30], [31], where 
the probability of detection is plotted against the 
number of false calls. Fig 2.3 [32] gives a comparison 
of the RoC achieved by a group of inspectors.

It can be seen that the best three inspectors are all 
achieving the performance goal of 80% PoD with less than 
20% false calls, the worst performers are however doing 
little better than random chance. The performance goal
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of 80% PoD with less than 20% false calls should not be 
taken as typical. The goal will depend on the cost of 
rejecting sound components and on the consequences of 
accepting flawed components. From the RoC curves it 
can be seen that there is a wide variation in the 
performance of different operators and this is clearly 
shown in the results of the USAF ENSIP programme, table
2.3 [33].

1.0

g 0.8
oc
•
Ooc 0.6
oOo* 0.4
.o
o

— —  Best Three Performers 
— —  Median Performance 
— —  Worst Three Performers

& 0.2

0.2 0.4 0.6 0.8 1.0
Probability of False Calls

Fig 2.3
Comparison Of The RoC Of Various Inspectors
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ENSIP NDI Preliminary Conclusions - Aero Engine Parts

Technique Average Best

PoD
%

flaw
Size
inch

PoD
%

Flaw
Size
inch

Magnetic Inspection 60 0. 300 65 0.250
Penetrent Inspection 90 0.220 90 0 . 175
Eddy Current 90 0.090 90 0.030
Ultrasonics 80 0. 375 90 0. 180

Average results obtained from the majority of 
technicians.
Best results obtained from the top 10% of technicians.

Table 2.3
In the ENSIP programme technicians from a wide 

variety of USAF bases inspected a range of aero engine 
components which contained both real and artificial 
defects. After the tests had been performed some of 
the components were then destructively examined to 
provide information about the actual flaws they 
contained whilst others were kept so that comparison 
could be made with future tests.

The variations in performance of the technicians show 
the differences between good and bad operators but they 
do not show the differences in the performance of an 
operator from day to day or even over the length of a 
shift. Because of the variability introduced by 
relying on a human to decide if there is a flaw present 
there is great interest in automated NDI. This is not to 
improve on the performance of the best operators, which
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is at least in part limited by the physics of the 
inspection process [28], but to remove the faulty 
components missed by the medium and worst operators.

2.3 Automated NDI systems.

Because of the desire to improve detection 
reliability automated NDI. systems have been developed 
which utilise most or all of the NDI techniques commonly 
used. Most of the systems produced just automate the 
data processing and/or the defect detection. One 
system which is fully automated is the system developed 
to test electrical detonators [34] where a robot is used 
to place a detonator in a test rig, it is tested and the 
robot places the detonator either in the accept or 
reject bin. Ultrasonic systems have been developed 
which can automate the data collection and processing of 
signals to give a clear picture of geometry of any 
object scanned [35], [36]. Techniques such as Born 
inversion, where the captured signal is integrated with 
a function of frequency [37],[38] , time of flight [39] 
and spectroscopy [40] may be used to determine defect 
size. Eddy Current crack detectors may be automated so 
that when placed over a defective rivetted joint they 
detect the defect [41],[42]. Image processing routines 
may be used to detect defects present on radiographs 
[43] or if connected to a video camera those which are 
visible [44].
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2.4 The Structures of Modern Airframes.

The inspection requirements for a structure will 
depend on the materials out of which it is manufactured 
and the methods of manufacturing used. Thus, before 
considering the requirements for a system to inspect 
aircraft, it is first necessary to consider the 
structures that they contain.

The structures found in modern aircraft may be 
divided into two main groups, those which are 
manufactured from metals, predominantly aluminium and 
its alloys, and those which are manufactured from 
composite materials. Although engineering ceramics are 
of increasing importance in aircraft engines they are 
very brittle materials and so have little structural 
value. However, it must be remembered that the glass 
used in glass reinforced plastic is a ceramic material 
and there is growing interest in the use of ceramic 
fibres in composite materials, particularly with metal 
matrix materials, which are formed by embedding ceramic 
fibres such as Boron Nitride in a metal matrix such as 
an aluminium alloy.
2.4.1 Metal Structures.

The construction of the fuselage of most metal 
aircraft is basically similar, although details will 
vary between different aircraft types, and has remained 
basically the same since the first semi-monocoque meta.1
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aircraft were produced in the mid to late 1930's. All
consist of frames running transversely across the 
aircraft to which stringers running longitudinally along 
the length of the aircraft are attached, with a skin 
made out of thin sheets attached to the stringers, as 
can be seen in figure 2.4

The frames may either be made out of pressed sheets 
or milled out of plate metal in the case of fast jets, 
or in the case of wide bodied jets, they may be made 
from pressings, forgings, extrusions or millings. The 
stringers are normally made out of either forgings, 
pressings or extrusions and are held to the frames by 
rivetted joints. The skin consists of overlapping thin 
sheets of metal bent to fit the framework of stringers 
and frames and is attached to the stringers by lines of 
rivets. The skin panels are particularly prone to 
fatigue damage along the lines of rivets for three 
reasons. First, the rivet holes act as stress 
concentrators raising the skin stresses to up to three 
times their nominal values. In order to lower the skin 
stresses the skin panels are often bonded together with 
a sheet of extra metal, a doubler, bonded behind the 
skin along the line of the joint to increase the skin's 
thickness in this area. Secondly, complex stresses are 
set up in the skin due to both the pressurization of the 
aircraft and the fact that the skin is the component of 
the aircraft’s structure furthest from the aircraft's
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neutral axis of bending and so will have to withstand 
the highest deformations due to bending and twisting 
along the length of the fuselage. Thirdly, the skin of 
an aircraft is exposed to the weather and so corrosion 
may occur causing pits which may act as initiators for 
fatigue crack growth. Rivet heads create crevices into 
which water may be drawn and trapped so permitting 
corrosion to continue even when the rest of the skin is 
dry.

The wings and tail surfaces are built in a similar 
fashion to the fuselage except that the ribs run 
longitudinally and the spars and stringers run 
transversely.

It is not necessary to inspect all of the rivetted 
joints on an aircraft; only those in critical areas 
identified by stress analysis or fatigue testing of a 
test airframe. However, on some old aircraft, such as 
the Boeing 737, the critical areas may include all of 
the fuselage lap joints [45].

2.4.2 Composite Structures.

The use of composite materials in general, and carbon 
fibre composite in particular, has become increasingly 
important in the structures of aircraft [46].
Composites may be sub-divided into two broad groups, 
fibre reinforced matrices and honeycomb materials. 
Honeycomb materials tend to form components which are
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both light and stiff and are used predominantly for non- 
structural components such as control surfaces, trailing 
edges, leading edges and floor panels. Fibre 
reinforced materials can be used to form components with 
good strength to weight ratios which may be found 
throughout the structures of aircraft. Because of 
their method of construction they tend to be formed into 
large components. If struck by foreign objects they 
are prone to failure by delamination and so all exposed 
areas must be regularly inspected, which on a modern 
combat aircraft such as a CF-18 can mean inspecting an 
area of approximately 1000 sq feet per aircraft [47].

The scale of the inspection task can be seen by 
considering the US. commercial aircraft fleet [48].
This consists of 3,671 aircraft of which 26% are over 20 
years old. With the exception of the Lockheed L1011 
and the McDonnell Douglas DC-10 examples of all other 
aircraft types are flying having exceeded their design 
life. In the worst case, the DC-9, examples have flown 
for over twice there design life, whilst the majority of 
DC-91s have exceeded there design life.

2.5 Performance Requirements for an Automated Inspection

In this project it was decided to develop a system 
which could inspect the structures found in metal 
airframes since they form the majority of the aircraft



which presently require inspection. Despite the
introduction of composite materials into the production 
of airframes, aircraft are still being built with a 
prime structure comsisting of aluminium components held 
together by rivetted joints which will probably still be 
in service 20 years hence. In particular, one 
inspection task was concentrated on, the deployment of 
inspection probes on to the rivet joints since they are 
the main source of fatigue damage. It was considered 
desirable to produce a system which could inspect a 
structure with no prior knowledge of that structure 
since this removes the problems of accurately 
positioning the robot relative to the structure being 
inspected. It is assumed that a system would be 
available to move the robot near to the structure being 
inspected. In order to deploy the probes to inspect 
the rivetted joints of an airframe the deployment system 
needs to be able to perform four tasks.

1) To accurately control the position of the probe 
within the work envelope of the deployment system.

2) To be able to model the surface being inspected so 
as to prevent collisions between the probe and the 
surface being inspected. In the case of aircraft the 
surfaces tend to be smooth and complexly curved, curving 
in two directions simultaneously, and in the regions of
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the wing and tail roots they can consist of two 
intersecting complexly curved surfaces.

3) To be able to locate the position of the rivets to 
be inspected.

4) To be able to locate the position of the components 
that make up the frame to which the fuselage skin panels 
are attached so that a probe may be tracked along them.
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C ha p t er 3 .

Puma Kinematic Control.

The aim of this project was to use an industrial 
robot to deploy NDI. probes on to an unknown surface.
To do this the Puma used must first deploy measuring 
instruments, a CCD camera and a laser range finder, over 
the surface so that a model of the surface may be 
produced. The accuracy of the model will be dependent 
on the accuracy with which the measurement system 
locates various objects on the surface, which in turn 
depends on how accurately the Puma locates the measuring 
system. Because of this routines have been developed 
to calibrate the Puma to improve its accuracy and bring 
it nearer to the Puma's repeatability.

The Puma used in this project is a six degree of 
freedom articulated arm designed and produced by 
Unimation. The joints are driven by D.C. servo motors 
and it is capable of manoeuvring a 2.5 Kg payload within 
an approximately spherical work envelope of radius 0.9m. 
It can be controlled by either a hand-held programming 
pendent, programmes written in Val II on its control 
computer or by programmes written on an IBM PS/2 model 
80 personal computer via a serial interface written by 
Dr.M.S.K. Savut[7].

This interface provided routines so that pascal 
programmes could :
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1) Initialize communications between the IBM and the 
Puma.

2) Set the speed of motion of the Puma.
3) Cause the wrist of the Puma to move to any desired 

position and orientation.
4) Set the joint angles to any desired values.
5) Determine the current position and orientation of

the wrist.
6) Determine the current joint angles.
7) Determine the position and orientation of the wrist

when contact is made by a tactile sensor.
8) Cause the Puma to move from its present position to a 

new position in a straight line.
9) Cause the Puma to stop.
10) Disable communications between the IBM and the 

Puma.

It can be seen from Fig 3.1 that there are four 
possible configurations of the first three degrees of 
freedom which will place the wrist at any desired point. 
The choice of which of the configurations is preferred 
by the Puma Controller when it performs the inverse 
Kinematics is controlled by switches within the Puma 
systems cabinet and so may not be altered whilst the 
Puma is turned on. Because of this and the fact that 
one of the calibration methods considered for the Puma 
is in terms of joint angle corrections, routines were



Fig 3.1
The Four Configurations That The Puma May Adopt To Reach 

The Same End Point Location



written to solve the inverse kinematics so that the best 
configuration could be chosen for the task being 
performed.

3.1 Puma Inverse Kinematics.

There are in general many methods of solving the 
inverse kinematics [49], [50], [51], [52], [53],' calculating 
the joint angles to cause the robot to go to any desired 
position and orientation, of a six degree of freedom 
robot, most of which are based on matrix manipulations. 
However, because of the relative simplicity of the Puma 
a set of geometric solutions was derived.
Fig 3.2 shows the locations of the various joints and 
the origin of the Puma coordinate frame.
Let $1 - $6 be the joint angles in degrees 
and 8 be the angle between the probe and the 
horizontal,
and t be the angle between the probe and the x axis, 
and PL be the distance between the probe tip and the 
centre of the wrist,
and xend, yend and zend be the x,y and z coordinates of 
the tip of the probe in the Puma coordinate frame, 
and xwrist, ywrist and zwrist be the x, y and z 
coordinates of the centre of the wrist in the Puma 
coordinate frame.
xwrist = xend - PL . cos 0 . cos t 3.1
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ywrist = yend - PL . cos 0 . sin t 3.2
zwrist = zend - PL . sin 0 3.3

Having determined which configuration is desired, it 
is then possible to determine the values of the first 
three degrees of freedom 
Configuration 1 or 2.

Fig 3.3 shows the first three joints of the Puma in 
configuration 1 or 2 viewed from above joint 1.
#1 = a + p 3.4
rad =>/xwrist2 + ywrist2’ 3.5
length =Jrad2 - a 2' 3.6
a = tan_1( xwrist/ywrist) 3.7
p = tan“l( length/a) 3.8
Configuration 1.
Fig 3.5 shows the first three joints of the Puma in
configuration 1 viewed from parallel to the axis of
rotation of joints 2 and 3.
6 = tan~l( zwrist/length) 3.9
R22 = Rl2+zwrist2+length2-2Rl.cosaV(zwrist2 +length2 j

3.10

a = cos 1
zwrist2+length2+Rl2-R22
2 . Rl7zwrist2+length2

3.11

$2 = a + 6 3.12
zwrist2+length2 = Rl 2+R22 - 2.Rl.R2.cos p 3.13

p = cos 1
R12+R22-length2-zwrist2

3.14
2 . R1 . R2

§3 = p - 180 3.15
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Configuration 2.
Fig 3.6 shows the first three joints of the Puma in 
configuration 2 viewed from parallel to the axis of 
rotation of joints 2 and 3.
6 = tan-1(zwrist/length) 3.16
R2 2 = R12+zwrist2+length2-2 .HI. cosa.v/( zwrist2 + length2 )

3.17
zwrist2+length2+R12-R22

a = cos-* ..............    - 3.18
2 .R1 J(zwrist2 + length2)

$2 = a + 6  3.19
zwrist2 + length2 = Rl2+R22 - 2.Rl.R2.cos (3 3.20

Rl2+ R22-zwrist2-length2
p = cos“  ̂ --------------------------- 3.21

2 . R1 . R2
$3 = 180 - p 3.22
Configuration 3 or 4.
Fig 3.4 shows the first three joints of the Puma in 
configuration 3 or 4 viewed from above, 
rad =v/xwrist2 + ywrist2' 3.23
length =Jrad2 - a 2' 3.24
a = tan-*(length/a) 3.25
p = tan-1(ywrist/xwrist) 3.26
$1 = ex - p 3.27
Configuration 3.
Fig 3.7 shows the first three joints of the Puma in
configuration 3 viewed from parallel to the axis of
rotation of joints 2 and 3.
6 = tan“l(zwrist/length) 3.28
R22 = R12+length2+zwrist2- 2 .R 1 .cosa J( zwrist2 + length2)
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length2+zwrist2+Rl2-R22
a = cos-1 ------  -... — .......  3.30

2 . R1 zwrist 2+length2 )
$2 = 180 - (a + 6) 3.31
zwrist2+length2 = Rl2+R22- 2.Rl.R2.cosp 3.32

R12+R2 2-length2-zwrist2
p = cos“l -------------------------- 3.33

2 . R1 . R2
$3 = 180 - p 3.34
Configuration 4.
Fig 3.8 shows the first three joints of the Puma in 
configuration 4 viewed from parallel to the axis of 
rotation of joints 2 and 3.
6 = tan-1(zwrist/length) 3.35
R 2 2 = R 12+zwrist2+ length2-2 .R1 .cosa^zwrist2 + length2 )'

3.36
Rl2+zwrist2+length2-R22

a = cos--*- --------     ̂ 3.37
2 . R 1 vf zwrist2 + length2 )'

$2 = 180 - (a - 6) 3.38

zwrist2+length2 = R l 2 + R 22 - 2 .Rl.R2 .cosp 3.39

R 12+R2 2-zwrist2-length2
p = cos- * ---------------------------  3.40

2 . Rl . R 2
§3 = 180 - p 3.41

Having determined the values of the first three 
degrees of freedom and what orientation is desired it is 
possible to determine the values of the last three 
degrees of freedom such that the probe lies along the 
desired line.
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If the probe is symmetric around its axis then $6 has 
no effect on the position and orientation of the end 
point.
Let r be the angle between the outer section of the arm 
and the probe when viewed from above,
and r f be the angle between the outer section of the arm 
and the probe viewed from the plane of the outer section 
of the arm,
and 0' be the angle between the probe and the outer 
section of the arm when viewed from the side.
If the arm is in configuration 1 or 2
T = t -(90 + §1) 3.42
0 ’ = 0 - (#2 + #3) 3.43
If the arm is in configuration 3 or 4
r = T - 90 + #1 3.44
0 1 = 0 + $2 + #3 - 180 3.45

Fig 3.9 shows the effect on the angle between the outer 
section of the arm and the axis of the wrist of varying 
the inclination of the wrist.
y = pi . sin T 3.46
x = pi . cos r 3.47

x
x 1 = -----  3.48

cos 0 *
tan T ' = y/x' 3.49
T 1 = tan-1(tan T . cos 0 1) 3.50
Fig 3.10 shows the wrist of the Puma.
a = h . tan 0' 3.51
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Fig 3.9
The Effective Orientation Of The Puma's Wrist In The

Plane Of Link 3

Fig 3.10 
The Puma's Wrist
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b = h . tan r ' 3.52
b

tan $4 = - 3.53
a

tan r 1
$4 = tan-1 -----  3.54

tan 6 1
h = PL . cos $4 3.55
c = PL . sin $5 3.56
a = c . cos $4 3.57
PL . cos $5 . tan T' = PL . sin $5 . cos $4 3.58

tan T*
#5 = tan-1 ------  3.59

cos $4

3.2 Puma Accuracy and Repeatability Tests.

In order to validate the Inverse Kinematics described 
in 3.1 the Puma was programmed via the IBM to trace out 
a rectangular pattern of dots on a flat piece of graph 
paper. Instead of the pattern expected the pattern 
produced was distorted in a way similar to Fig 3.11. 
After checking that the equations used for the inverse 
kinematics were correct, the procedure was repeated and 
the same pattern was produced. It was then decided to 
programme the Puma in Val II to trace out this same 
pattern using the inverse kinematics derived by 
Unimation. The pattern produced, Fig 3.11 showed 
similar distortions to the earlier patterns with the 
rows and columns of dots not being perpendicular and the



Pattern Of Dots Produced By The Puma When 
Programmed To Trace Out A Square Pattern Of Dots
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spacing between the dots varying. The distortion of 
this pattern proved that the problem was caused by the 
Puma's accuracy rather than by the algorithm used to 
solve the inverse kinematics.

In order to further investigate the positioning 
errors, arrangements were made to borrow a Kern ECDS 
computerised surveying system (see appendix II for a 
detailed description) from the Department of Surveying 
and Photogrammetry at UCL. The system consisted of a 
pair of digitally encoded theodolites which were 
connected to an IBM PC computer which when correctly 
operated allowed the position of any point in space to 
be measured to an accuracy of 7.3 pirn. The first test 
performed was to test the positional accuracy of the 
Puma over a much larger portion of its work envelope and 
to compare the repeatability of the Puma being used with 
the specification issued by Unimation. To do this the 
Puma was programmed to move, a number of times, to eight 
locations, forming a rectangular box, see table 3.1, a 
number of times. When the Puma was at the locations 
the position of a target mounted on the Puma's end 
flange was measured, see table 3.2.

In order to get the best performance out of the 
surveying equipment the axes of the theodolites and the 
Puma were approximately aligned with the origin of the 
surveying coordinate system set at location 1.
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Robot Coordinates of the Locations used to Test the
Puma’s Accuracy and Repeatability

Location Robot Coordinates
X
mm ymm

z
mm

1 0 400 -300
2 0 400 300
3 400 400 300
4 400 400 -300
5 400 -400 -300
6 400 -400. 300
7 0 -400 300
8 0 -400 -300

Table 3.1
Positions Measured in the Accuracy and Repeatability

Test.
Pnt Loca Position Measured

X y z
mm mm mm

1 2 -3.707 5.960 601.994
2 2 -3.704 6.037 602.182
3 3 6.568 -393.527 605.211
4 3 6.521 -393.508 605.299
5 3 6.461 -393.652 605.297
6 4 6.336 -400.717 3.486
7 4 7 .901 -401.289 4.147
8 4 7.904 -401.305 4.566
9 4 7.964 -401.305 4.566

10 5 -795.332 -418.495 4.492
11 5 -795.383 -418.269 4.560
12 5 -795.272 -418.416 4.566
13 5 -795.307 -418.589 4.172
14 6 -791.405 -412.893 605.704
15 6 -791.272 -412.981 605.640
16 6 -791.298 -412.780 605.588
17 6 -791.289 -408.803 605.588
18 7 -800.675 -14.496 602.284
19 7 -800.751 -14.723 602.377
20 7 -800.751 -14.722 602.495
21 7 -800.790 -14.768 602.375

Tab1e 3.2
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Point 6 and 17 showed large deviations from the averages 
for their locations which are believed to be due to 
measurement error and so they were not included in the 
calculations of the average positions.

Having measured the positions, the average positions 
relative to location 1 were calculated, see table 3.3, 
and hence the positioning variations relative to the 
average position, see table 3.4. The repeatability was 
then taken as the vector sum of the positioning 
variation.

Average Measured Position of the Surveying Locations

Location Average Position
X

mm ymm
z

mm
1 0.0 0.0 0.0
2 -3.706 5.999 602.089
3 6.516 -393.560 605.259
4 7.923 -401.324 4.401
5 -795.361 -418.442 4.498
6 -791.316 -412.863 605.635
7 -800.742 -14.677 602.382
8 -804.541 -16.075 0.543

Table 3.3



42.

Variation of the Measured position from the Average
Positions

Pnt Loca Position Variation Rept

pm
X

pm
y

pm
z

pm
1 2 2 39 93 101
2 2 2 39 93 101
3 3 50 33 58 83
4 3 0 52 30 60
5 3 50 92 28 108
6 4 1587 607 916 1930
7 4 22 35 255 258
8 4 19 19 164 166
9 4 41 19 164 170

10 5 29 55 6 62
11 5 24 171 71 187
12 5 60 26 68 94
13 5 54 149 326 362
14 6 89 29 69 116
15 6 44 54 12 71
16 6 18 84 48 98
17 6 27 4061 47 4061
18 7 67 181 98 216
19 7 9 46 5 47
20 7 9 45 113 122
21 7 48 109 8 119

Tab1e 3.4
Apart from points 6 and 17 which are probably 

affected by measurement error it can be seen that the 
repeatability is less than 0.375 mm and has an average 
value of 0.127 mm. This is greater than the figure of 
0.1 mm in the specification of the Puma, although when 
the position of the arm was measured with only one joint 
being moved at any time, the repeatability improved to 
better than 0.1 mm.

After the repeatabilty had been calculated the angles 
between the lines joining the average positions, see
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table 3.5, and the distances between the average 
positions were calculated, see table 3.6, and compared 
with the expected values.

Comparison of the Measured Angles between Lines 
joining points and the Expected Angles between Lines

joining points

Line 1 Line 2 Angle Measured 
degrees

Angle Expected 
degrees

1-2 7-8 1.145 0
1-8 2-7 0.761 0
1-8 4-5 0.119 0
6-5 7-8 0.761 0
1-8 3-6 0.663 0
4-5 5-6 89.9 90
1-8 8-5 87.8 90
4-5 5-8 89.5 90
5-8 8-7 89.4 90
2-1 1-8 89.6 90
2-1 1-4 89.2 90
1-8 8-7 89.6 90
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Variation in the Expected Distance Between Average 
Locations and the Measured Distance Between Location

Locs Dist Meas 
mm

Dist Expt 
mm

Locs Dist Meas 
mm

Dist Expt 
mm

1-2 602.13 600.00 1-3 721.99 721.11
1-4 401.42 400.00 1-5 898.54 894.43
1-6 1078.27 1077.03 1-7 1002.16 1000.00
1-8 804.70 800.00 2-3 399.70 400.00
2-4 723.62 721 .11 2-5 1074.21 1077.03
2-6 891.67 894.43 2-7 797.30 800.00
2-8 1001.91 1000.00 3-4 601.23 600.00
3-5 1002.23 1000.00 3-6 798.04 800.00
3-7 891.75 894.40 3-8 1079.84 1077.03
4-5 803.28 800.00 4-6 1000.37 1000.00
4-7 1077.67 1077.03 4-8 899.17 894.43
5-6 601.15 600.00 5-7 721.47 721.11
5-8 402.49 400.00 6-7 397.29 400.00
6-8 723.15 721.11 7-8 601.96 600.00

Table 3.6
From tables 3.5 and 3.6 it can be seen that the 

positional inaccuracies occur throughout the Puma's work 
envelope and are not restricted to a small area.
Because of this a study was performed to try and 
determine the cause of the errors and to then try and 
find a way to calibrate the Puma. The errors were 
considered to come from one or more of three possible 
causes.
1) The actual distances between the joints were 
different from those in the original plans.
2) The axis of rotation for the joints were orientated 
differently from the specification of the Puma.
3) The joint angle control systems were incorrectly 
calibrated so that when the control system generated a

j

I
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demand joint angle the joint went to a different joint 
angle.

In order to test if any of these reasons was the 
cause of the errors a second series of measurements were 
taken. In this test each joint was rotated 
individually with the joint angle of the other joints 
being held constant, see table 3.7.

Positions Measured For Each Joint Being Independently
Rotated

Point Position Measured
X y z

mm mm mm
A1 1732.921 3619.500 31.750
A2 1832.649 3036.518 35.599
A3 2343.318 2738.614 36.599
A4 2899.724 2938.445 34.519
A5 3104.357 3493.177 30.581
Cl 3253.668 2895.755 -710.728
C2 3095.463 2968.988 -123.377
C3 2650.386 3165.923 249.405
C4 2088.574 3411.434 264.481
C5 1625.683 3612.061 -83.734
D1 2776.137 3109.913 56.391
D2 2528.059 3219.876 271.264
D3 2211.273 3358.282 285.419
D4 1946.943 3472.410 93.449
D5 1836.273 3518.987 -231.069
El 1951.344 3469.654 -103.691
E2 1883.383 3499.160 -128.408
E3 1841.683 3516.787 -191.821
E4 1841.885 3515.928 -269.773
E5 1883.994 3496.684 -332.733
FI 2825.307 3516.503 -357.952
F2 2839.335 3420.913 -312.741
F3 2861.735 3579.315 -312.741
F4 2835.251 3550.706 -111.699

Table 3.7
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Least squares fit could then be used to fit an arc 
to the various sets of points and to calculate the radii 
of the arcs, see table 3.8, and the orientation of the 
various arcs relative to each other, see table 3.9.

Expected and Measured Radii For The Arcs Formed By 
Independently Rotating Joints

Arc Expected Radius 
mm

Measured Radius 
mm

A1-A5 700.98 699.417
C1-C5 991.140 991.165
D1-D5 559.480 559.499
E1-E5 126.485 126.371
F1-F4 126.485 126.711

Table 3.8

Expected an Measured Orientation of Arcs

Arc 1 Arc 2 Expt Orientation 
degrees

Meas Orientation 
degrees

A1-A5 C1-C5 90.0 89.995
C1-C5 D1-D5 0.0 0.016
D1-D5 E1-E5 0.0 0.023

Table 3.9

By subtracting the position of the centre of the 
arcs from the various points of the arcs it was possible 
to determine the vector going from the centre of the arc 
to the points and hence it was possible to calculate the 
angle that the joint rotated between points, see table
3.10 and Fig 3.12.
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Expected and Measured Angles Between Points on the
Various Arcs

Point 1 Point 2 Angle measured 
degrees

Angle Expected 
degrees

A1 A2 50.031 50.0
A1 A3 100.017 100.0
A1 A4 150.030 150.0
A1 A5 200.040 200.0
Cl C2 36.006 36.0
Cl C3 72.035 72.0
Cl C4 108.080 108 .0
Cl C5 144.130 144.0
D1 D2 36.023 36.0
D1 D3 72.058 72.0
D1 D4 108.085 108.0
D1 D5 144.Ill 144.0
El E2 36.190 36.0
El E3 72.092 72.0
El E4 108.025 108.0
El E5 144.046 144.0
FI F2 50.260 50.0
FI F3 150.397 150.0

Table 3.10

From table 3.8 it can be seen that the radii of all 
of the arcs except arc A1-A5 were within 0.5 mm of the 
expected values hence the positional inaccuracies can 
not be caused by the components of the Puma being 
incorrectly manufactured. From table 3.9 it can be 
seen that the axis of rotation of the joints are within 
0.025° of their expected value and so this is also 
unlikely to be the cause of the errors. From Table
3.10 and Fig 3.12 it can be seen that when the Puma 
control system generates a demanded joint angle to the 
joint servos the angle that the joint is set to may
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exhibit positioning error of up to 0.4° and this is
believed to be the source of the errors. In order to
try and improve the Puma’s accuracy it was decided to 
try and calibrate the Puma. Before this was done 
another test of the Puma's repeatability was performed 
with the Puma twice being driven through a set of eight
points, with the position of the end point being
measured at each point, see table 3.11. The power to 
the Puma was then turned off and on again and the Puma 
start up routine run followed by twice driving the Puma 
through the same eight points, measuring the Puma's end 
point position at each point.
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Measured Position of the Surveying Locations

Pnt Pos Measured Position
i
mm 3mm

k
mm

1 1 2510.175 3324.232 -110.349
2 2 2510.160 3331.299 -499.425
3 3 2452.799 2986.277 -496.449
4 4 2454.601 2978.194 -1097.851
5 5 1759.777 3088.840 -1097.608
6 6 1764.833 3093.454 -496.087
7 7 1818.852 3437.309 -499.043
8 8 1814.663 3437.573 -1101.295
9 7 1818.740 3437.864 -499.164

10 6 1764.897 3093.251 -496.079
11 5 1759.840 3088.425 -1097.363
12 4 2454.455 2977.665 -1097.691
13 3 2454.649 2986.274 -496.585
14 2 2507.974 3331.652 -499.391
15 1* 2510.203 3324.506 -1101.430
16 2* 2507.973 3331.249 -499.380
17 3* 2454.766 2985.854 -496.465
18 4* 2454.535 2977.939 -1097.763
19 5* 1759.818 3088.664 -1097.374
20 6* 1764.852 3093.278 -496.064
21 7* 1818.606 3438.294 -499.120
22 8* 1814.724 3437.204 -1101.208
23 7* 1818.822 3437.211 -499.012
24 6* 1765.017 3093.197 -496.036
25 5* 1759.755 3088.415 -1097.348
26 4* 2454.526 2977.872 -1097.789
27 3* 2454.635 2986.047 -496.487
28 2* 2507.958 3331.632 -499.377

Positions marked * indicate second run.
Table 3.11

The average positions for both the runs were then 
calculated along with the average for the entire test, 
see table 3.12.
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Average Measured Position of the Surveying Locations

Position Average Position
i
mm jmm

k
mm

2~ 2507.988 3331.476 -499.426
3~ 2545.627 2986.525 -499.508
4~ 2454.528 2977.929 -1097.771
5~ 1759.808 3088.633 -1097.485
6~ 1764.864 3093.352 -496.083
7~ 1818.796 3437.586 -499.103
2 * 2507.965 3331.441 -499.378
3* 2454.701 2985.905 -496.476
4* 2454.531 2977.905 -1097.555
5* 1759.786 3088.539 -1097.361
6* 1764.934 3092.987 -496.050
7* 1818.714 3437.252 -499.096
2# 2507.976 3331.458 -499.264
3# 2454.664 2986.215 -496.492
4# 2454.529 2977.917 -1097.663
5# 1759.797 3088.585 -1097.423
6# 1764.899 3093.169 -496.066
7# 1818.755 3437.419 -499.099

Positions marked ~ indicate first run. 
Positions marked * indicate second run.

Positions marked # indicate the average of both first 
and second runs

Table 3.12

The repeatability of the positioning was then 
calculated considering each run separately and 
considering both runs together,see table 3.13.
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Variation of the Measured position from the Average
Positions

Pnt Run Deviation Overall Deviation
i 3 k Rept. i 3 k Rept.

pm pm pm pm pm pm pm pm
2 162 177 1 234 184 159 161 291
3 172 249 59 308 135 62 43 155
4 73 265 80 286 72 277 188 342
5 31 207 123 243 20 255 185 316
6 25 102 4 105 66 285 21 293
7 56 277 4 283 97 36 56 118
9 56 277 4 283 15 195 100 220

10 25 102 4 105 59 82 13 102
11 31 207 123 243 43 160 60 176
12 73 265 80 286 74 252 28 264
13 172 248 59 308 15 59 93 111
14 162 177 1 234 2 194 295 353
16 15 201 2 202 3 209 116 239
17 65 51 11 83 102 351 27 366
18 4 34 208 211 6 22 100 102
19 32 125 99 163 21 79 49 95
20 82 291 14 303 47 182 2 187
21 108 42 84 143 149 125 21 235
23 108 42 84 143 67 208 87 335
24 82 291 14 303 178 28 3 180
25 32 125 99 163 42 170 75 190
26 4 34 208 211 3 45 126 134
27 65 51 11 83 29 168 5 171
28 15 201 2 202 18 174 113 208

Table 3.13

The repeatability measured in this test is worse 
than that measured in previous tests, this may be due to 
two causes. First, the positions to which the Puma was 
programmed to go to are different in this test and this 
may have an adverse effect on the Puma's repeatability. 
Secondly, the Puma's repeatability may have altered 
during the interval between the tests.
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It can be seen that the repeatability is not 
affected by the power supply to the Puma being turned 
off. This implies that the gain of the joints remains 
constant and so it is, at least in principle, possible 
to calibrate the Puma to give a positional accuracy of ± 
0.5mm.

3.3 Puma Calibration.

Two different methods for calibrating the Puma were 
tried. In the first the orientation of the axes of 
rotation of the joints and the link lengths were 
considered to be exactly as in the Puma's specification. 
The positioning errors were assumed to be caused by the 
angles which the joints set to being slightly different 
from the joint demand angles calculated by the inverse 
kinematics. The second method was to divide the Puma’s 
work envelope into a series of cells, determine the 
positional errors at the corners of these cells and then 
use linear interpolation to calculate a positional 
correction factor for any point in the work envelope.

3.3.1 Joint Angrle Calibration.

In this method the causes of the inaccuracies of 
the joints were considered to come from two sources. 
First, the gain in the position measurement systems for 
the joints were incorrect, and second, the zero datums
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for the joints were incorrect. In order to calibrate 
the joint measurement systems the first five joints were 
in turn, individually stepped a number of times through 
the major part of their travel, in 20° steps, and the 
end point positions were measured. Using a least 
squares fit an arc was then fitted through the data and 
the position of the centre of the arc and the zero datum 
calculated. The angles between the lines joining the 
data points to the centre of the arc and the line from 
the centre of the arc to the zero datum could then be 
calculated and hence the error in the joint angle, see 
tables 3.14 - 3.18.

Demand Angle and Joint Angle Error For Joint 1

Demand
Angle

Error in Measured Angle
Run 1 Run 2 Average

Degree Degree Degree Degree
-150 0.0079 0.0167 0.0123
-130 0.0248 0.0330 0.0288
-110 0.0326 0.0112 0.0219
-90 0.0434 -0.0196 0.0119
-70 0.0002 -0.0068 -0.0036
-50 -0.0097 -0.0055 -0.0076
-30 0.0232 -0.0018 0.0107
-10 -0.0029 0.0102 0.0037
10 -0.0029 0.0108 0.0042
30 -0.0284 -0.0202 -0.0246
50 -0.0153 -0.0183 -0.0168
70 0.0016 0.0195 0.0105
90 -0.0389 -0.0058 -0.0224

110 0.0355 0.0136 0.0235
130 0.0282 0.0055 0.0168
150 0.0386 0.0287 0.0337

Table 3.14



55.

Demand Angle and Joint Angle Error For Joint 2

Demand
Angle

Error in Measured Angle
Run 1 Run 2 Average

Degree Degree Degree Degree
40 -0.0149 -0.0235 -0.0192
20 -0.0112 -0.0147 -0.0129

-20 -0.0019 -0.0029 -0.0024
-40 0.0065 0.0106 0.0084
-60 0.0210 0.0192 0.0201
-80 0.0500 0.0523 0.0509

-100 0.0603 0.0621 0.0614
-120 0.0911 0.0961 0.0936
-140 0.1153 0.1110 0.1132
-160 0.1322 0.1329 0.1316
-180 0.1229 0.1301 0.1257

Table 3.15

Demand Angle and Joint Angle Error For Joint 3

Demand
Angle

Error in Measured Angle
Run 1 Run 2 Average

Degree Degree Degree Degree
-90 -0.0344 -0.0371 -0.0357
-70 -0.0177 -0.0182 -0.0179
-50 -0.0135 -0.0043 -0.0891
-30 0.0088 0.0021 0.0055
-10 -0.0026 -0.0082 -0.0055
10 0.0027 -0.0012 0.0008
30 0.0332 0.0431 0.0382
50 0.0281 0.0362 0.0375
70 0.0312 0.0449 0.0381
90 0.0499 0.0553 0.0526

Table 3.16
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Demand Angle and Joint Angle Error For Joint 4

Demand
Angle

Error in Measured Angle
Run 1 Run 2 Average

Degree Degree Degree Degree
-100 -0.1722 -0.2346 -0.2031
-80 -0.2273 -0.3248 -0.2761
-60 -0.1425 -0.1806 -0.1614
-40 -0.1582 -0.2087 -0.1836
-20 -0.2169 -0.2432 -0.2294
20 0.2481 0.0143 0.1312
40 0.0127 0.0960 0.0404
60 0.0211 0.0214 0.0212
80 0.0200 -0.0327 -0.0015

100 0.0002 -0.0050 -0.0015
120 -0.0203 -0.1343 -0.0773
140 -0.0673 -0.2785 -0.1725

Table 3.17
Demand Angle and Joint Angle Error For Joint 5

Demand
Angle

Error in Measured Angle
Run 1 Run 2 Average

Degree Degree Degree Degree
-90 -0.0698 -0.0699 -0.0699
-70 -0.0862 -0.0988 -0.0926
-50 0.0848 0.0501 0.0675
-30 0.0161 -0.0528 -0.0186
-10 -0.0096 -0.0156 -0.0131
10 -0.0125 -0.0580 -0.0356
30 -0.0573 -0.0556 -0.0565
50 -0.0432 -0.0457 -0.0445
70 -0.0743 -0.0743 -0.0743
90 -0.0699 -0.0698 -0.0699

Table 3.18

Cubic splines were then fitted through all of the 
points for each joint, Figs 3.13-3.17, and the joint 
angle correction could be calculated for each position
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within the portion of the joint travel that was 
surveyed.

It is interesting to note that when the joints were 
rotated independently the repeatability of the Puma was 
better than 0.1 mm for all of the points measured.

The zero datums for the joints are normally set by 
aligning two scribe marks on the Pumas body next to each 
joint. This aligning by eye may lead to errors and so 
it was decided to try and measure the position of these 
datums. The Zero datum of joint one is totally 
arbitrary and so was left set to its current value.
Most of the positioning errors are caused by errors in 
joints 2 and 3 since joints 4,5 and 6 only control the 
orientation of the tool flange. The axis of the outer 
link of the arm was known to be parallel with the axis 
of the inner link of the arm with joint 3 set to an 
angle of between 90° and 94.5°
Fig 3.18 shows the Puma viewed parallel to the axis of
rotation of joints 2 and 3, it can be seen that the
radius of the arc R described by rotating joint 2 with 
all other joints held stationary is given by 
R 2 = Rl2 + R22 - 2 R1.R2 cos($3 + a ) 3.60
and that R is at its maximum value when $3 + a = 180°,
ie the outer and inner links of the arm are parallel.
In order to determine the value of $3 when this occurs 
$3 was varied in steps of 1.0° from 89.5 to 95.5 and the 
radius of the arc formed by rotating §2 was determined,
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Fig 3.18
The Puma Viewed From Perpendicular To Links 2 And Three

R1+R2

Fig 3.19 
The Puma Viewed From Above
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see table 3.19. Two extra arcs were also taken at $3 = 
92° and 93° when it was seen that the maximum was near 
to $2 = 92.5°

Angle Of Joint 3 And Radius of Arc Described By Rotation
Jo i nt 1

Arc Angle of Joint 3 
Degrees

Radius
mm

1 89.5 977.440
2 90.5 997.889
3 91.5 977.981
4 92.5 978.017
5 93.5 977.937
6 94.5 977.865
7 95.5 977.446
8 92.0 977.988
9 93.0 977.980

Table 3.19
By plotting a graph of the radius of the arc 

against the value of $3, Fig 3.20 it was possible to 
determine the value of #3 which gave the maximum radius
and hence the value of $3 when the outer and inner links
of the arm were parallel.

Fig 3.19 shows the Puma viewed from above with §3 
set so that the R1 and R2 are parallel. The radius R 
of the arc described by rotating joint 1 with all other 
joints held stationary is given by
R 2 = a* + ( Rl.sin( $2 + p) + R2 .sin($2 + $3 +p))2

3.61
if the outer and inner links of the arm are set to be 
parallel this simplifies to
R 2 = a 2 + ((R1+R2).sin( $2 + p))2 3.62
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Instead of trying to find the value of demand angle to 
set #2 to zero it was decided to try and find the demand 
angle to set $2 to 90° since the radius is at a minimum 
and dR/d$2 is at a maximum. To do this $2 was set to 
values between -88.0° and -92.0° in steps of 1.0° and 
the radius of the arc formed by rotating $1 determined, 
see table 3.20.

Angle of Joint 3 And Radius Arc Described Used to 
Determine Zero Datum For Joint 2

Arc Pnts Angle
Degrees

Radius
mm

1 1-6 -88.0 154.777
2 7-12 -89.0 151.303
3 13-18 -90.0 150.051
4 19-24 -91.0 150.837
5 25-30 -92.0 153.253

Table 3.20
After the radii of the arcs had been calculated 

they were plotted against the demand angle, Fig 3.21, 
and the value of the demand angle for $2 to cause the 
minimum radius was determined.

3.3.2 Point Calibration.

In this method the Puma's work envelope is divided 
into a series of cubic cells and the positioning error 
at any point in the cell is calculated as a linear 
interpolation of the errors at the corners of the cell.
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This error is then subtracted from the position sent to 
the inverse kinematics and the calculated joint angles 
will cause the Puma to go to the desired position. Fig 
3.22 gives the positions of the various corners of an 
arbitrary cell.
xerror = z '.y '( x 1.xe8 + {1 - x ’}.xe7 )
+ z'.[l - y ’j(xf.xe6 + {1 - x*}.xe5)
+ [1 - z '].y'.(x1.xe4 + {1 - x'}.xe3)
+ [1 - z f].{l - y'}(xf.xe2 + {1 - x'J.xel) 3.63

yerror = z'.y!( x*.ye8 + {1 - x'}.ye7 )
+ z'.[l - y ,](x'.ye6 + {1 - x'}.ye5)
+ [1 - z 1].y 1.(x1.ye4 + {1 - x'}.ye3)
+ [1 - z'].{l - y'}(x'.ye2 + {1 - x'}.yel) 3.64
zerror = z'.y'( x'.ze8 + {1 - x'}.ze7 )
+ z'.[l - y ,](x'.ze6 + {1 - x'}.ze5)
+ [1 - z '].y '.(x1.ze4 + {1 - x'}.ze3)
+ [1 - z ’].{l - y'}(xf.ze2 + {1 - x'}.zel) 3.65

It is necessary to set up a different network of 
cells for each of the possible configurations of the 
arm. The networks are set up by fist setting up a 
robot coordinate frame. This is done by choosing an 
arbitrary point, PO, on the x axis of the arm. This is 
defined as the origin of the robot coordinate system.
Its position is measured with the theodolites a number 
of times, with the arm being programmed to go to a 
random position in between readings, and the average
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position calculated. A second point, PI, also on the 
axis of the robot, is now chosen and its position is 
measured a number of times. The Vector PO to PI is now 
taken as the x axis of the Puma. The arm is now 
programmed to go to a third point, P2, in the same xy 
plane as points PO and PI and this is used to define the 
xy plane of the coordinate system. The z direction of 
the coordinate system is now calculated as 
zdirection = [PO to Pl]x[Po to P2] 3.66
and hence the y direction as
ydirection = zdirection x xdirection. 3.67

The Puma was now programmed to go to the corners of 
the cells a number of times and the position of the end 
point was measured so that the average position could be 
calculated. The coordinates of the corners of the 
cells in robot coordinates were then calculated from

Rx ir. it ir. jt ir .kt Tx
Ry = jr. it jr. jt jr.kt Ty 3.68
Rz kr.it k r . jt kr .kt Tz

Where
Rx-Rz are the coordinates of any point in robot 
coordinates
Tx-Tz are the coordinates of any point in theodolite 
coordinates
ir-kr are the unit vectors along the axis of the robot 
coordinate frame



it-kt are the coordinates along the axis of the robot 
coordinate frame
since it = [10 0], jt = [0 1 0] and kt = [0 0 1] 
equation 3.68 reduces to

Rx ir Tx
Ry = . ■ jr Ty
Rz kr Tz

Having calculated the positions of the corners of 
the cells in robot coordinates the positional errors at 
the corners of the cells are then the position the Puma 
was programmed to go to for the corner, relative to 
point P0, minus the position measured by the 
theodolites.

3.4 Determination Of Puma Accuracy After Calibration

In order to assess the effectiveness of the 
calibration techniques tried in this project, two tests 
of the accuracy of the Puma for each method were carried 
out after the Puma had been calibrated. In the first 
test the Puma was programmed to trace out a square 
pattern of dots on a piece of paper, figs 3.23 and 3.24.

As both of the patterns produced appeared to be as 
expected, arrangements were made to borrow the ECDS 
surveying equipment again so that the accuracy could be



Fig 3.23
Pattern Of Dots Produced By The Puma When Programmed To 
Trace Out A Square Pattern Of Dots After Joint Angle

Calibration



Fig 3.24
Pattern Of Dots Produced By The Puma When Programmed To 

Trace Out A Square Pattern Of Dots After Point
Calibration
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measured in a larger proportion of the Puma's work 
enve1 ope.

3 .4 .1 Joint Calibration Accuracy Test.

To test the joint angle calibration, the Puma was 
programmed to trace out a box of side 800 by 400 by 400 
a number of times with the position of the Puma's end 
point being measured when it was at the corners of the 
box. The average positions of the corners of the box 
were then calculated, table 3.21

Average Positions Of The Surveying Locations Used to 
Test The Puma's Accuracy After Joint Angle Calibration

Location Average Position
X

mm ymm
z

mm
1 2492.235 3389.663 -542.776
2 2891.754 3403.238 -542.776
3 2891.654 3409.440 -942.126
4 2491.914 3395.165 -942.526
5 2463.582 4194.423 -936.412
6 2863.221 4208.398 -937.212
7 2863.121 4202.793 -536.562
8 2463.787 4188.817 -537.472

Tab1e 3.21

The distances between various locations were then 
calculated and compared with the expected distance 
between the locations, see table 3.22, and the angles
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between the lines joining pairs of locations were 
calculated and compared with the expected angles, table 
3 . 23

Measured And Expected Distances Between Various 
Surveying Locations.

Locs Meas Dist 
mm

Expt Dist 
mm

Locs Meas Dist 
mm

Expt Dist 
mm

1-2 399.793 400.000 1-3 565.164 565.685
1-4 399.788 400.000 1-5 895.512 894.427
1-6 980.606 979.795 1-7 893.751 894.427
1-8 799.670 800.000 2-3 399.395 400.000
2-4 564.719 565.685 2-5 981.045 979.795
2-6 895.387 894.427 2-7 893.390 894.427
2-8 893.992 894.427 3-4 399.984 400.000
3-5 894.397 894.427 3-6 799.778 800.000
3-7 893.729 894.427 3-8 978.139 979.795
4-5 799.801 800.000 4-6 893.587 894.427
4-7 978.713 979.795 4-8 895.516 894.427
5-6 399.884 400.000 5-7 565.314 565.685
5-8 398.979 400.000 6-7 400.689 400.000
6-8 565.444 565.685 7-8 399.580 400.000

Table 3.22
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Measured Angle And Expected Angle Between Lines Joining 
Pairs Of Surveying Locations

Line 1 Line 2 Angle Measured 
Degrees

Angle Expected 
Degrees

1-2 1-4 89.871 90.000
1-2 1-8 89.991 90.000
2-3 3-4 90.070 90.000
2-3 2-7 90.416 90.000
3-4 3-6 89.658 90.000
4-1 4-5 89.688 90.000
4-5 5-6 90.099 90.000
5-6 5-8 90.114 90.000
5-6 6-7 90.157 90.000
6-7 7-8 90.088 90.000
6-7 3-6 90.148 90.000
7-8 8-5 90.131 90.000
7-8 1-8 89.967 90.000
3-6 5-4 0.001 0.000
2-7 3-6 0.001 0.000
1-8 5-4 -0.003 0.000
2-3 1-4 0.094 0.000
1-8 2-7 0.115 0.000
1-2 3-4 0.000 0.000

Table 3.23

3.4.2 Point Calibration Accuracy Test.

In order to test the point calibration routines a 
single cell of side 200mm was used with the origin set 
to be the first point measured. The Puma was 
programmed to go to the corners of the cell, with no 
calibration, where the position of the Puma's end point 
was measured and the average over two runs was 
calculated, 
table 3.24.
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Average Positions Of The Corners Of A Calibration Cell 
In Theodolite Coordinates

Location Average Position
X

mm ymm
z

mm
1 2076.777 3000.762 -756.671
2 2069.742 3201.360 -753.456
3 2264.197 3204.515 -749.406
4 2273.159 3005.850 -751.852
5 2077.304 3005.738 -555.622
6 2070.233 3207.342 -552.093
7 2269.653 3211.282 -550.425
8 2274.792 3077.782 -552.026

Table 3.24

The Puma’s x, y and z directions were then calculated 
using equations 3.66 and 3.77 
X = [-0.035, 0.998, 0.015]
y = [0.999, -0.035, 0.02] 
z = [-0.002, 0.015, 0.999]

Equation 3.68 was then used to calculate the 
positions of the points in robot coordinates, table 3.25
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Average Locations Of The Corners Of A Calibration Cell
In Robot Coordinates

Location Calculated Position
X

mm ymm
z

mm
1 0 0 0
2 201 0 0
3 211 195 0
4 12 197 0.5
5 2 1 201
6 204 1 201.5
7 215 201 199
8 11 199 200.5

Table 3.25

By subtracting the programmed displacements from 
location 1 it is possible to calculate the positional 
errors for each of the corners xel-xe8,yel-ye8 and zel- 
ze8 of equations 3.63-3.65, table 3.26 
Positional Errors For Corners Of A Calibration Cell In

Robot Coordinates.

Location Positional Error
X

mm ymm
z

mm
1 0 0 0
2 1 0 0
3 11 -5 0
4 12 -3 0.5
5 2 1 1
6 4 1 1.5
7 15 1 -1
8 11 1 0.5

Table 3.26
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The Puma was now programmed to trace out a hollow 
box of side 100mm centred on the centre of the 
calibration cell, with the Puma's end point location 
corrected by equations 3.63 - 3.65. The position of 
the Puma’s end point at the corners of the box were 
recorded and the averages over a number of runs 
calculated, table 3.27

Average Positions For The Corners Of The Box Used To 
Test The Point Calibration Routines In Theodolite

Coordinates

Location Average Position
X y z

mm mm mm

1 2424.859 3050.162 -704.664
2 2121.174 3149.570 -703.174
3 2220.274 3149.570 -701.291
4 2224.674 3046.265 -702.771
5 2124.474 3051.270 -604.774
6 2121.277 3150.957 -603.469
7 2221.474 3147.543 -601.661
8 2224.473 3047.767 -602.772
9 2173.069 3098.762 -652.766

Table 3.27
Equation 3.68 can now be used to convert these 

measured positions into positions relative to the Puma 
coordinate frame so that they can be compared with the 
positions that the Puma was programmed to go to, table 
3.28
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Average Positions For The Corners Of The Box Used To 
Test The Point Calibration Routines In Robot Coordinates

Location Measured Position Desired Position
X y z X y z

mm mm mm mm mm mm
1 50.4 50.0 50.1 50 50 50
2 150.1 49.8 50.1 150 50 50
3 150. 1 149.8 50.0 150 150 50
4 50. 1 149.9 50.0 50 150 50
5 50.1 49.8 150.1 50 50 150
6 150.0 50.1 149.9 150 50 150
7 150.1 150.4 149.7 150 150 150
8 50.1 149.9 150.1 50 150 150
9 100. 2 100.1 100.3 100 100 100

Table 3.28

3.5 Comparison Of The Accuracy Of The Puma Before And 
After Calibration.

By comparing table 3.22 with table 3.10 and table 
3.23 with table 3.9 it can be seen that after the joint 
angle calibration had been performed the maximum error 
in the distance between two locations has fallen to 
about 1.5 mm compared to a value of about 5 mm before 
calibration. The errors in the angles between the 
lines joining various pairs of surveying locations had 
also fallen to less than 0.5 degrees compared with a 
maximum error of 2.2 degrees before calibration.

From table 3.28 it can be seen that the point 
calibration leads to positioning errors of less than
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1.0 mm with a calibration cell of side 200 mm.
Thus both calibration methods show considerable 

improvements in the Puma's accuracy. It is doubtful 
whether the accuracy can be improved much further, since 
it is now approaching the limit set by the Puma's 
repeatability.

The Puma used in this project is only used on 
average for less than 10 hours a week and when it is 
used it is for either non-contact inspection tasks or 
for contact tasks when fitted with highly compliant 
probes. This means that the wear rate of the Puma will 
be low and hence once calibrated it is unlikely to need 
frequent recalibrated. For any operations where the 
wear rate on the Puma is likely to be high the 
calibration techniques developed here are unlikely to be 
very useful for two reasons. First, the ECDS surveying 
system used to calibrate the Puma has a capital cost of 
approximately £50,000 and so such a system is only 
likely to be available to recalibrate the Puma 
infrequently. Secondly, is the time taken to perform 
the calibration, the calibrations performed as part of 
this project required approximately 100 hours of 
surveying time.
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Chapter 4.
Mathematica l Modelling-.

It was decided to develop a system which could 
inspect structures with no prior knowledge of the 
structure and so a sub-system was required to collect 
and model information about the geometry of the 
structure, so that inspection probes could be deployed 
without the risk of collision between them and the 
surface. The surfaces found in aircraft are usually 
smooth and complexly curved. In the region of the wing 
root and engine pylon/wing intersection a fillet is 
often used to blend from one surface to another. In
some cases there is no fillet and so the surface
modelling technique used had to be able to calculate the 
intersection between two surfaces at approximately right 
angles to each other.

There are many methods which may be used to
estimate the height of a point on a surface given a set
of data points about the distance of the surface from a 
clearance plane at various positions on the clearance 
plane. If the general form of the surface is known,
i.e. that it is part of a sphere or cylinder, the most 
logical approach is to use one of the many techniques to 
fit the data to a general surface of the same shape in 
such a way that the sum of a function of the errors 
between the surface generated and the data points is 
minimised [54]. If the surface consists of a number of



simple shapes then the surface can be modelled by 
fitting surfaces of the appropriate shape to the 
different regions.

If the general form of the surface is not known, 
the surface may be fitted by a general polynomial z = 
f(x)-g(y)- The problem with this approach is that if 
the surface fitted must pass through all of the data 
points the equation for the surface must contain as many 
terms as there are data points. This means that the 
surface will have the number of data points -1 extremes 
which, if there are many data points, can lead to a very 
oscillatory surface. Because of this there are many 
techniques for interpolating between the data points, 
based on dividing the surface into a number of plates 
and fitting a surface to each of the plates. Three of 
the techniques are considered in detailed below.

4.1 Linear Interpolation.

This assumes that the surface consists of a series 
of flat plates. Fig 4.1 shows an arbitrary plate, the 
surface at a point x,y is given by
S = + u (z10— ) + v (z01_z®0+ zll+z00_z01_z10))

4.1
where z*3 are the heights of corners of the plate
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Fig 4.1
An Arbitrary Plate Used For Linear Interpolation
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and step is the length of the side of the plates
and xO,yO are the coordinates of the bottom left corner
of the patch which contains point x,y.

The surface generated is continuous across the 
edges of the patches but the gradients of the surface 
are not. If the size of the patches is chosen so that 
the change in gradient across a patch is small then 
reasonable quality surfaces can be generated, however, 
they always tend to appear faceted, fig 4.2.

4.2 Cubic Splines.

Any set of n data points, about the value of a 
function y = f of x at various values of x, may be 
interpolated by fitting a set of n-1 cubic equations or 
splines to the data [55], with each cubic equation 
giving the function between two adjacent data points. 
This may be used to generate a surface and calculate the 
height of a point X,Y, if the data is in the form of the 
height of the surface from a reference grid of n by m 
data points. First splines are fitted through the data 
points in the X direction to give m sets of n-1 cubic 
equations. These are used to evaluate the height of 
the horizontal lines which pass through the control 
points when x = X. This gives a set of m data points 
which a spline may be fitted to give a further m-1 cubic 
equations which if evaluated at the point y = Y give the



Fig 4.2
A Surface Formed By Linear Interpolating A Set Of Data
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height of the point X,Y. The problem with this method 
is that it is computationally very intensive since a 
different set of m-1 cubic equations must be evaluated 
for each point.

4 .3 Piecewise Bicubic Interpolat ion.

This is an extension of the cubic spline from two 
dimensions to three dimensions. There are many 
different ways of calculating bicubic splines all of 
which may be shown to be equivalent [56] of which the 
hermite tensor-product bicubic surface or Coons patch 
was chosen as the most useful because the surface of 
each patch is defined by the position, gradients and 
tangent or twist vectors at the corners of the patch. 
This means that it is possible to calculate only the 
coefficients for those patches which are needed and not 
for the whole surface.
Fig 4.3 shows an arbitrary patch, the surface is given
by
S = step. [ U ] [ M ] [ G ] [ M ] t [ V ] t 4.4
Where
Step = the length of the side of the patch 
[ U ] = [ u3 , u2 , u, 1]
[ V ] = [ v3, v2, v, 1]

4.5
4.6

u = 4.7
step
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An Arbitrary Coons Patch
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v =
y — yOO

step
4  . 8

[M] =
1 1

-2 -1
1 0
0 0

4.9

[G] =
pOO p 01 ds00/dy ds^^/dy
plO pll ds10/dy ds11/dy

ds00/dx ds01/dx d 2s00/dxdy d 2s01/dxdy 
ds^-°/dx ds^^/dx d 2s10/dxdy d 2s1^/dxdy

4.10
Since the data points might be affected by 

measurement error it was considered desirable that the 
gradient estimates at any one point include the height 
of the surface at as many of the surrounding points as 
possible. Thus the gradients at the control points 
were estimated as the sum of the gradients at the mid 
points of the surrounding eight control points weighted 
so that each had an effect in inverse proportion to its 
distance from the control point.
Thus ds/dx at point i,j is given by

ds ^ M P i+1/j+1 + p i+l,j-l “ p i-l,j+l “ p i-l,j-l) 
dx step

+ a(Pi+1/j - Pi-i,j) 
step

Where for a square grid of data points

4.11
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f5
a 4.12

2j5 + 4
1

b 4.13
2j~5 + 4

This reduces the effect on the estimates of the 
surface gradients of any errors in measuring the height 
of a data point. However, it does tend to cause the 
effects of measurement errors to be spread over a larger 
area of the surface. Also if d^s/dxdy is not constant 
then the changes in the gradient estimate in the 
direction orthogonal to the direction in which it is 
being estimated will affect the estimate of the 
gradient. Because of this the contribution to the 
gradient estimates of every pair of points was weighted 
to be proportional to the inverse of the distance of the 
mid point of the pair of points from the point where the 
gradient was being estimated. The twist vectors of the 
surface d 2s/dxdy could in principle have been estimated 
as either d/dx of ds/dy or d/dy of ds/dx. However, 
instead the mean of these two values was taken so as to 
reduce the effects of errors in the estimates of the 
gradients thus d 2s/dxdy at point i,j was taken as

d 2s d-si,j + l + ^si + l,j d-si,j-l d-si-l,j
dx dy dx dy 4.14

dxdy
2.step
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The surfaces generated by Coons patches are 
continuous at the edges of the patches as are the 
gradients of the patches. If the surface being 
modelled is flat then the patches will give a perfect 
match to the surface, see appendix III. Fig 4.4 shows 
isometric projections of surfaces formed with data 
points generated using common geometric forms.
4.4 Surface Intersections

Consider two intersecting surfaces modelled by 
Coons patches with the reference planes for the surfaces 
orthogonal to each other, Fig 4.5. Because the
surfaces are defined as a pair of bicubic equations the 
solution for the intersection is the form of a bicubic 
equation for which no analytical solution was available. 
It is possible to subtract the equation for one surface 
from the equation for the other surface, set the 
resultant equation to zero and use a numerical technique 
such as the Newton Raphson method to calculate its 
roots. This has the disadvantage that it will generate 
many possible intersections which will require further 
processing to decide which is the correct one. Instead 
it was decided to calculate the intersection 
numerically, tracing along one surface until it 
intersected with the other surface. Fig 4.6 shows the 
flow diagram for the routine used to trace along one 
surface until it intersects the other surface. For a 
series of points along the z axis the height from its



Fig 4.4 a
Isometric Projection Of The Coons Patch Surface Formed 

Over Data Points Generated From A Cylinder



Fig 4.4 b
Isometric Projection Of The Coons Patch Surface Formed 

Over Data Points Generated From A Sphere



Fig 4.4 c
Isometric Projection Of The Coons Patch Surface Formed 

Over Data Points Generated From A Saddle
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clearance plane of surface 1 is calculated and this is 
used to calculate the height above its clearance plane 
of surface 2 at the same point. If the points 
calculated are at the same place they are stored and the 
routine passes along to the next point along the z axis. 
If the points are not the same, the distance along the x 
axis, of the point at which the height of surface 1 is 
calculated, is decreased and the heights of the surfaces 
recalculated. This continues until the points 
calculated on both of the surfaces are the same when the 
points are stored. After the positions of the points 
of intersection have been calculated a pair of splines 
is fitted through the points to give the x and y 
coordinates of the point of intersection as functions of 
z.

Fig 4.7 shows an isometric projection of the 
intersection calculated on two surfaces simulating the 
intersection between a circular aircraft fuselage in 
black and the elliptical leading edge of a wing shown in 
grey. Light grey is used to show the edges of the 
patches.

In order to investigate the accuracy of the 
intersection calculated, surfaces were fitted to data 
points generated from simple geometric shapes. The 
intersections of the surfaces were then compared with 
the exact intersections of the shapes used to generate 
the data points. The shapes used were, for run 1, two
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Fig 4.7
Isometric Projection Of The Intersection Between Two 

Coons Patch Surfaces Simulating The Intersection Between
A Fuselage And Wing
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cylinders of radius 0.2 m, for run two, two cylinders of 
radius 2m and, for run 3, an elliptical cylinder of 
minor radius 0.2m and aspect ratio 10 and a cylinder of 
radius 2m. All of the surfaces were modelled by 20 by 
20 grids of evenly spaced Coons patches. The errors in 
the x and y coordinates were then plotted, Figs 4.8 and 
4.9 as a function of the distance across surface 1 
direction z in Fig 4.6.

From Figs 4.8 and 4.9 it can be seen that the 
maximum error in the calculated intersection was less 
than 0.5mm which is the positional accuracy of the Puma 
after calibration, and hence it was considered as 
sufficiently accurate. The decrease in accuracy for 
the cylinders of radius 2m against the cylinders of 
radius 0.2m is caused by the surfaces becoming 
relatively coarser.
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Chapter 5
Imaa®. Formation and Low Level Image Processing-.

5.1 Image Formation

This section details the processes which occur 
during the formation of an image in the image plane of 
the camera and then its digitization to form a digital 
image held in the memory of a frame store. The frame 
grabber used in this project produced a 720, horizontal, 
by 560, vertical, pixel 8 bit grey-scale image. It had 
sufficient memory to temporarily store 5 complete images 
for processing, if it was necessary to store more images 
or to store an image permanently, this was done by 
writing it as a character file to the IBM's hard disk.

5.1.1 Geometric Relationships

With the camera focused to infinity the camera 
optics may be approximated by a pin hole model with the 
image detecting surface one focal length behind the 
optical centre of the lens and perpendicular to its 
optical axis, fig 5.1
Consider a point P(x,y,z) in the object plane this 
produces an image at point P'(x',y') such that 

x . fl
x ' = ------  5 .1

z
y . fl

y ' = ------  5.2
z
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Where f is the focal length of the lens

5.1.2 Imacre Brightness

Consider an infinitesimal region P' in the image 
which corresponds to the region P in the object plane. 
The brightness of region P' in the image is given by

JO

Where f if the frequency of the light and
b(f) is the brightness of region P as a function of
frequency and
TC(f) is the transfer characteristic of the camera as a 
function of frequency. 
b(f) is given by

where i(f) is the illumination of the region as a 
function of frequency and
r(f) is the reflectivity of the region as a function of 
frequency. Thus

00
b(f) . TC(f) . df 5.3

b(f) = i(f) . r(f) 5.4

00
b(x,y) i(f) r(f) TC (f) df 5.5

0

Each pixel is not a infinitesimal region but a region of 
finite area, x by y
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Thus +x/2
G(X,Y) =

+y/2
b(x,y) dy dx 5.6

-x/2 J -y/2
Where G(X,Y) is the grey-scale of pixel X,Y.

5.1.3 Dicrital Imacre Formation.

In a Charged Couple Device (CCD) camera, such as 
used in this project, the light is detected by it 
falling on a grid of semiconductor elements where it 
causes a number of hole-electron pairs to form within 
the material. By the use of horizontal and vertical
shift registers the grid elements are sequentially
connected to an electrometer to form a video output 
signal. This video output signal is then digitized and 
the results stored in the memory of the frame-grabber.
By synchronizing the operations of the digitizer and the 
shift registers it is possible to obtain a digitized 
video image which may then be manipulated by a computer.

5.2 Low Level Image Processing.

This section details the routines for low level 
image processing used to filter images for noise and 
then to convert them into a binary edge image, with the 
pixels on the edges of regions set to true and those in 
the centres of regions set to false. The underlying 
principles of low level image processing are well 
understood and consist mainly of applying mathematical
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processes to an image consisting of a large number of 
discrete image elements[57], [58], [59] and [60]

5.2.1Grey-Imaae Filtering.

Before any feature extraction routines were applied 
to an image it was first filtered to remove as much 
noise as possible from the grey-scale image. All 
images will contain noise which may come from two 
sources, transmission noise and scene noise. Both 
forms of noise will cause a number of pixels within an 
image to be set to incorrect grey-scales. Transmission 
noise is introduced by electronic noise within the 
camera and frame-grabber and will lead to a random 
distribution of pixels being set to the incorrect grey
scale. Scene noise comes from two sources, variations 
in the coefficient of reflectivity of the surface being 
inspected and variations across the image plane in the 
transfer characteristic of the camera.

5.2.1.1 Transmission Noise Filtering.

The transmission noise is assumed to consist of a 
number of randomly distributed pixels being set to a 
random grey-scale. Under certain circumstances 
transmission noise may be removed from an image by one
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of two methods, Image Averaging or Image Median 
Fi1tering.

5.2.1.2 Image Averaging.

In Image Averaging, the grey-scale of a pixel in 
the filtered image is taken to be the mean of the grey
scales of the same pixel in a series of images acquired 
from the same position and with the same lighting 
conditions.

Consider an arbitrary pixel x,y in a set of images 
acquired from the same position and under the same 
conditions.
Let p be the probability that a pixel will be affected 
by noise,
and k be the number of images in the sample 
and n be the mean of the noise in the set of images 
and 2 n be the sum of the noise in the set of images 
and g(x,y) be the unaffected grey-scale of the pixel 
and g(x,y) be the mean grey-scale of pixel over the set 
of images.
------  p.2n + k(l-p).g(x,y)
g(x, y) = ------------------------- 5.7

k
As k -> <» then 2 n -> k n 
thus
------  p.k.n + k(l-p).g(x,y)
g(x,y) ->   5.8

k
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g(x,y) -> p.n + (l-p).g(x#y) 5.9
If p and n remain constant over the image then (1-p) and 
p.n may be calculated and hence g(x,y) may be found and 
the original image reconstructed.

The disadvantage of image averaging is that a 
large number of images is required and if p or n vary 
significantly over the image then the image will be 
distorted. Since a grey-scale of the same pixel in a 
large number of imagess must be summed and then divided 
by the number of images, rounding errors are likely to 
lead to a loss of contrast.

5.2.1.3 Image Median Filtering.

Consider a set of k images, acquired from the same 
position. In Median Filtering a pixel in the filtered 
image is set to the median of the grey-scales of the 
same pixel in the set of images.
Let G be the set of the grey-scales of an arbitrary 
pixel x,y arranged in numerically ascending order, 
and g^ be the i^h member of G
and g(x,y) be the uneffected grey-scale of pixel x,y
and L be the subset of G with values less than g(x,y)
and 1 be the number of elements in L
and U be the subset of G with values of g(x,y)
and u be the number of elements in U
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and 0 be the subset of G with values greater than g(x,y) 
and p be the probability that a pixel will be affected 
by noise
and q be the probability than a noise pixel will have a 
grey-scale greater than g(x,y)

The median of G will be the element of gj when i ■: =
k/2
1 = k.p(1 - q) 5.10
u = k ( l - p )  5.11
consider the last element of L
i = 1 = k.p(l - q) 5.12
consider the first element of G
i = l + u = k { l - p + p (  1 -  q)> 5.13

If p is less than 0.5, then for the last element of L 
i must be less than 0.5k and for the first element of O 
i must be greater than 0.5k so the median must be in U 
and hence the median value of G must be g(x,y). Image 
Median Filtering has the advantage that only relatively 
few images need be considered and variations over the 
image plane in the probability that a pixel will be 
effected by noise will have no effect on the image 
produced. However, if the probability that a pixel 
will be effected by noise rises above 0.5 then the 
median filtering will not return the correct grey-scale.

Image Median Filtering was chosen over Image 
Averaging for use in this project because it required 
fewer images to be considered and it is not affected by
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variations, over the image plane, in the probability of 
a pixel being effect by noise.

5.2.1.4 Scene Noise Filtering.

Scene noise consists of a number of randomly 
distributed pixels in which the correct grey-scale is 
replaced by a random incorrect grey-scale. Scene noise 
may be removed by one of two methods, Area Averaging or 
Area Median Filtering. However, both methods will 
involve a loss of useful information, particularly for 
small, low contrast areas.

5.2.1.5 Area Averaging.

In Area Averaging or smoothing the grey-scale of a 
pixel in the filtered image is set to the average of the 
grey-scales of a small area of the unfiltered image 
centred on the pixel being filtered. This has the 
effect of smoothing out rapid changes in the grey-scale 
and spreading them over a larger number of pixels and 
tends to blur and broaden edges.

5.2.1.6 Area Median Filtering.

In Area Median Filtering the grey-scale of a pixel in 
the filtered image is set to the median of the grey
scales of a small area of pixels in the unfiltered image
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centred on the pixel being examined. This has the 
effect of totally removing pixels where the grey-scale 
is different from that of the surrounding pixels.

From fig 5.2 it can be seen that median filtering 
does not affect a straight edge, whilst area averaging 
causes the edge to be spread out across considerably 
more pixels. Since all of the following processing 
routines involve operations based on studying the edges 
of objects, Median Filtering was used because it does 
not smear the edges.

5.2.2 Grey-scale To Binary Edge Image Conversion.

In order for subsequent operations to be performed it was 
necessary to first convert the grey-scale image into a binary edge 
image with all of the pixels on the edges of regions of similar 
grey-scale set to true and all pixels within areas of similar grey
scale set to false. In order to do this it was necessary to first 
produce a grey-scale image where the pixel grey-scale was equal to 
the edge strength, see 5.2.2.1, in the unprocessed image, fig 5.3.

5.2.2.1 Edge Strength Extraction

By definition the edge strength at each pixel in the image is 
given by the vector sum of the gradients of the grey-scales in two 
orthogonal directions.
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Edge at 45° To D i r e c t i o n  i

Original Image
Area Median Filtering
Area Averaging

— i----------- .------------    1------------1------------r
i-2 i-l i i + l i+2

Pixel Number 

Edge Normal To Direction i

Original Image
Area Median Filtering
Area Averaging

i-2 i + 2i - l  i  i + l

P i x e l  N u m b e r

Fig 5.2
Effects Of Various Filtering Methods On A Step Edge
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Fig 5.3
Grey-Scale Image With Pixel Grey-Scale Set To The Edge 

Strength In The Unprocessed Image
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1*5r- -|2 r -|2
dg dg
— + — 5.14
dx dy

The gradients of the grey levels may be estimated 
in many different ways. The most commonly used are 
either a Roberts edge detector or the Sobel edge 
detector. In the Roberts edge detector the gradients 
are given by

d9Ti,j _ gi J gi-l/j 
dx pixel size

d9i,j _ gi,j " gi,j-1 
dy pixel size

In the Sobel edge filter the gradients are 
determined by taking the sum of the surrounding eight 
pixels multiplied by the coefficients contained in two 3 
by 3 orthogonal edge detecting kernels.

■ 1 0  1
■2 0 2 
■ 1 0  1

1 2  1 
0 0 0

-1 -2 -1
5.17

It is possible to plot the way in which the 
calculated edge strength varies with the angle that the 
edge makes with the x-axis, fig 5.4. For an ideal edge 
detector there would be no variation but in practice the
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lower the variation the better. It can be seen that 
for the Roberts filter the strength varies by ± 20% 
whilst for the Sobel filter the edge strength varies by 
± 5%. It can be seen that the minima for the Sobel 
filter occur at 0 or 90 degrees when only one of the 
gradient detectors is contributing to the value. In 
order to try and further reduce the variations I have 
written a new filter routine in which the edge strength 
is taken as the average edge strengths S^ and S2 where

r
I- 1 2 r 1 2dg dg
— + — 5.18
dx dy

|- -12 r
dg dg

+
d x ' d y 1

Where x' and y' correspond to the x and y axes rotated 
through 45 degrees.

The gradients in the x and y directions were 
calculated by using the gradient detection kernels of 
the Sobel filter whilst the gradients in the x 1 and y' 
directions were calculated in a similar fashion to the 
Sobel filter by applying the edge detecting kernels 
given in equation 5.20, although the separation of the



points is increased from 2 pixel widths to 2-f2 pixel 
widths.

0 0 1 0 0 0 0 1 0 0
0 2 0 0 0 0 0 0 2 0
1 0 0 0 -1 -1 0 0 0 1
0 0 0 -2 0 0 -2 0 0 0
0 0 -1 0 0 0 0 -1 0 0

The use of the second set of edge detecting kernels 
which are rotated by 45 degrees relative to the first 
set means that as S^ rises to a maximum S2 falls to a 
minimum and vice versa. This reduces the overall 
variation in the edge strength detected. The use of 
the modified Sobel filter doubles the time taken to form 
an edge strength image from a grey-scale image.
However, for a 720 by 560 image it only takes 53 seconds 
to process the image and this is insignificant compared 
with the time taken for the object recognition routines 
described in chapters 6 and 7 and so was considered to 
be acceptable.

The improved filter gives maximum variations of ± 
2.5% about its mean level and shows a RMS value of 
0.0191 of its mean value compared with a RMS value of 
0.0314 for the plain Sobel and a RMS value of 0.1302 for 
the Roberts filter. From Fig 5.5 it can be seen that 
all of the edge filters tend to broaden the edges 
detected. The Roberts edge filter shows the least 
broadening although it is asymmetric. The modified
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Sobel filter shows the greatest broadening although it 
affects the same number of pixels as the Sobel filter.

5.2 .2 .2  Binary I mage Formation.

A binary edge image, fig 5.6, is formed by setting 
all pixels where the grey-scale is greater than or equal 
to a threshold to true and all those pixels where the 
grey-scale is less than the threshold to false.

True where s(x,y) 1 t
B(x,y) = 5.21

False where s(x,y) < t

where t has a predetermined value

5.2.2.3 Threshold Calculation

It can be seen from fig 5.7 the histogram of the edge 
strengths, from fig 5.7, that there is an approximately 
normal distribution, truncated at zero, corresponding to 
random variations in lighting and surface reflectivity, 
with a second peak corresponding to the edges of the 
components. The choice of the value of t has to be 
such as to reject the normal distribution but pass the 
peak caused by the components. The number of pixels n 
set to any edge strength in the normal distribution is 
given by [61] 

a
IA . e

n =   5 . 22
o (2,k )%
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Fig 5.6
An Unfiltered Binary Edge Image
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-(es - p)2
where a = ----------  5.23

2 a 2
and a = standard deviation of the edge strength
and /i = mean of the normal distribution.
and IA = the number of pixels in the image, 718 x 558
and es = the edge strength at which the number of pixels
is being calculated.
The threshold level t is then set to the value of the 
minimum value of the edge strength for which the number 
of pixels of that edge strength in the distribution is 
less than unity. Thus N
t = p + [ 2a2.{ln(IA) - Indira2)**}]** 5.24

Because the normal distribution is truncated at 
zero, it is impossible to accurately calculate the mean 
of the distribution. However, the median may readily 
be found and since, for a symmetrical function the 
median and mean values are numerically the same, then 
the median is used. Also, because of the truncation of 
the distribution the standard deviation is calculated by 
considering only values from the median value to 
♦infinity and not from -infinity to +infinity.

5.2.3 Binary Noise Filtering.

After the binary image had been formed it is then 
filtered to remove the effects of noise in the image.
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The noise may have come from two sources. The first is 
electronic noise within the camera the and second is 
noise due to the presence of particles of dirt on the 
surface being inspected. Both of these cause pixels in 
the binary edge image to be set to true when they should 
be set to false. These pixels are removed by setting 
to false all pixels which are true with neighbouring 
pixels which are all false, fig 5.8.
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Fig 5 .8

A Filtered Binary Edge Image
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Chapter 6
Rivet Recognition.

6 .1 General Object Recognition.

In general an object is recognized by its having 
various properties such as size, shape, mass, texture 
etc. In image processing, size, shape, projected area 
and moments of area [62], [63] may be used as may colour
if a colour camera is used. Size may be measured in 
terms of image length, breadth and area, but care must 
be taken since the distance between the centre of the 
camera lens and the object will effect the size. Shape 
may be measured in terms of aspect ratio, the ratio of 
perimeter to image area and moments of area. The 
distance between the lens and the object has no effect 
on shape, except when the image is so small that it only 
covers a few pixels. However, the orientation of the 
object relative to the optical axis of the camera lens 
will have profound effects on the apparent shape of the 
object.

In general, the more properties used to recognize 
an object the higher the probability of detection of all 
of the objects in the field of view and the lower the 
probability of false calls.
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6_. 2 RJLvet Detection

Before the image of the surface being inspected is 
acquired a mathematical model of the surface is formed, 
so that when the image of the surface used to locate any 
rivets is acquired the camera may be held approximately 
normal to the surface being inspected and at a preset 
distance from the surface. This means that the binary 
edge images of the rivets will be approximately circular 
and of known size, fig 6.1. Variations in lighting and 
surface reflectivity will cause the grey-level of the 
images of the rivets to vary, however, the binary edge 
image of the rivets will remain 
the rivet detection routines were applied to this image 
and not the grey-level image. As can be seen from fig
6.1 the binary edge images of the boundaries of rivets 
were not always complete circles. This meant that it 
was not possible to track around the boundaries of the 
images of the rivets and determine the ratio of the 
perimeter of the rivet to the area covered by the rivet 
Instead it was decided to try and match binary masks 
[64] of idealised rivets to the binary edge image.

6.3 Mask Matching.

The method chosen for rivet recognition was to try 
and to match binary masks to the binary image formed.

they uneffected and so
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A Binary Edge Image Of Part Of The Wing Specimen Used In

This Project
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Each mask consisted of a 40 by 40 binary array 
containing an idealised binary edge image of a rivet.
In the specimen of aircraft wing available for this 
project there were four types of rivet, fig 6.2, all of 
approximately the same size but with different markings.

To match these rivet types two different masks were 
used, fig 6.3. If rivets of considerably different 
sizes had been present more masks would have been 
required.

Fig 6.3
Binary Masks Used To Detect The Images Of Rivets

Fig 6.4 shows the algorithm used to try to match 
the masks to any point in the image. For each of the 
masks the areas where the mask is true and the binary 
edge image is true and the areas where the mask and the 
binary edge image is false are calculated. If these 
areas are above preset thresholds, then a rivet is 
detected. The thresholds were determined by placing 
the masks over the images of a large number of rivets



Fig 6.2
Photographs Of The Four Types Of Rivets Found In The 

Wing Specimen Used In This Project



Set V =
Set

Areas 1

Increment I

Set j

Increment j

Load Image 
Element(1+1,J+j)

/ If 
Image Load Mask 1 

Element(i,j)
Load Mask 1 
Element(l,j) Element 

\true /

/  if x  
/  Mask 1 ' 
y Element 
X  true /

'Mask lX. 
Element n, 
v true /

Load Area 1 Load Area 3

Increment 
Area 1

Increment 
Area 3

Save Area 3Save Area 1

Load Mask 2 
Element(1.J)

Load Mask 2 
Element(l,j)

' If 
Area l

' If X  
Area 2 n

Area 3 n 
v > T3 /

' If \ 
Area 4 n 
v > T4 /

Set rlvetfound 
Element = true

Save rlvetfound 
Element (I.J)

If Mask 2 
Element 
. true

/  Mask 2 
7 Element
X  tfue /

If

If

Increment 
Area 2

Increment 
Area 4

Load Area 2

Save Area 4

Load Area 4

Save Area 2

Fig 6.4
Algorithm Used To Try The Masks To An Arbitrary Point In

The Image



and calculating the areas where the masks and the images 
matched. The thresholds were then set to be just below 
the minimum areas recorded.

In order to test one position with two 40 by 40 
masks requires between 12926 and 22526 operations "and if 
this is carried out over the whole of an image it 
requires between 4570 million and 7965 million 
operations.

The IBM PS/2 used in this project is capable of 
executing approximately 3 million instructions per 
second [65] which implies that investigating a whole 
image would take between approximately 1500s second and 
2500 seconds. This compares with durations of about 
5500 seconds found in practice, the difference being 
caused by the code produced by the pascal complier not 
being as efficient as possible. There are many ways in 
which the time taken to process and examine an image may 
be reduced depending either on increasing the speed at 
which the information is processed or on decreasing the 
amount of information which must be processed.

The processing speed may be increased in two ways, 
either using a computer with a faster processor or by 
dividing the image into a number of regions and using 
separate processors to process the images in these 
regions, before recombining them to form a single 
processed image [65], [66],[67]. Because both of these
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methods would have required extensive hardware 
modifications it was decided to try to reduce the amount 
of information to be processed. The amount of 
information to be processed may be reduced by either 
reducing the number of operations to try the masks at 
any particular position or to reduce the number of 
positions where the masks are tried. The simplest way 
to reduce the number of operations to match the masks to 
any point in the image is to increase the separation 
between the camera and the surface being examined.
This decreases the size of the images of the rivets and 
so the size of the masks required and hence the number 
of computations to test the masks at each point. This 
approach was not used since the smaller the image the 
higher the probability that the object will be 
incorrectly identified.

In its simplest form, mask matching is performed by 
trying the masks at every position in the image, 
regardless of whether the mask is likely to match or 
not. In order for the masks to detect a rivet there 
must be a minimum number of true pixels, tmin, within 
the area covered by the masks. From fig 6.1 it can be 
seen that the binary edge images of the skins of 
aircraft consist of large areas which are false with 
only relatively small areas with any true pixels in 
them. If a binary template image, fig 6.5, could be 
formed which is true in those areas where the binary
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Fig 6.5 
A Binary Template Image
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edge image contains more than tmin true pixels and false 
elsewhere then the masks need only to be tried at 
positions where the template image is true, thus greatly 
reducing the time taken to locate any rivets in an 
image.

6.4 Template Image Formation.

The algorithm for forming the binary template image 
is shown in fig 6.6. For each horizontal row in the 
binary edge image the row is divided into a series of 
overlapping 40 pixel wide strips and the number of true 
pixels is calculated and stored as numwhite(i,j). Then 
for each vertical column the column is divided into a 
series of overlapping 40 pixel long blocks the sum of 
numwhite(i;j) in each block is calculated and if this 
is greater than tmin the pixel in the template image is 
set to true otherwise it is set to false. Tmin is set 
to the minimum number of true pixels for either of the 
masks to detect the presence of a rivet.

6.5 Rivet Centre Computation.

From fig 6.7 it can be seen that the masks may 
detect the presence of a rivet in many positions around 
the centre of a rivet. This is because in order not to 
miss any of the rivets a less than perfect match between
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Fig 6.7

Positions Where The Masks Have Detected A Rivet In White 
Superimposed On A Grey-Scale Image
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the mask and the binary edge image is required to signal 
the presence of a rivet. To prevent the inspection 
system from tring to inspect a rivet many times the 
position of the centre of the rivets were taken to be 
the centroid of the regions where the masks were 
detecting the presence of a rivet, fig 6.8. This does 
not always give the exact centre of the rivet, but it is 
sufficiently accurate to place an eddy current test 
probe near enough to the rivet so that it can then be 
centred automatically, see appendix I.

6.6 Computational Requirements.

Fig 6.9 shows the algorithms for trying masks over 
the whole of an image with and without the use of a 
template image. Without a template image it takes 
between 4570 million and 7965 million operations to try 
a whole 720 by 560 pixel image. The formation of a 
template image takes between 6.7 million and 5.9 million 
operations whilst testing whether the pixel in the 
template image is true before trying the masks takes an 
extra 1.1 million operations. This means at worst the 
use of a template image requires an extra 7.8 million 
operations in 4570 million operations, a 0.17% increase, 
and at best it requires only 7 million operations 
instead of 7965 million operations, a 99.9% reduction.
In practice the performance will fall between these two



Fig 6.8
Centroids Of The Rivets Detected Superimposed On Grey-

Scale Image
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extremes. In a typical template image such as fig 6.5, 
there are approximately 72000 true pixels and 325600 
false pixels. This means that a maximum of 1622 
million operations is required to try the masks at every 
possible location in the image, leading to a 
considerable decrease in the time required to process an 
image.



Chapter 7.

Component Recognition.

The components from which the fuselage of a wide 
bodied jet is constructed consist of a series of pieces 
of channel, see Fig 7.1, backed by the outer skin of the 
airframe. In order to inspect this structure it is 
necessary to track along these pieces of channel 
deploying an inspection probe where appropriate. In 
order to do this it is necessary for the vision system 
to be able to recognize these components. This is done 
by searching through the binary edge image for the 
patterns of lines caused by the edges of the components, 
and if one of these patterns is found, using a plane of 
laser light to add a sense of depth to determine whether 
the pattern of lines in the binary edge image is caused 
by a piece of channel or by some other effect.

7.1 Straight Line Detection

The straight line segments are found by 
systematically searching through the binary edge image 
for every pixel which is set to true. When a true 
pixel is found it is tested to see if it is possibly the 
start of a line segment. This is done by studying a 
hollow 30 pixel wide box centred on the true pixel to 
see if there are any true pixels in it. If there are 
any true pixels, each of the pixels is taken to be the
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Fig 7.1
Isometric Projections Of The Pieces Of Channel Used To 

Make The Test Piece Produced For This Project, Types 1-4
Top To Bottom
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second point on a straight line, with the pixel at the 
centre of the box taken to be the first point, and the 
line following routines, described in 7.1.1, are used to 
see if a line can be followed from this start.

7.1.1 Line Segment Following.

The routine used for following the line segments 
depends on the angle the line segment makes with the 
horizontal. Fig 7.2 shows the routine used to follow a 
line segment inclined at between -45° and 45° to the 
horizontal. First, the expected position of the next 
point on the line is calculated by adding a step to the 
i coordinate of the last point, and the difference 
between the j coordinates of the last point and the 
point before that to the j coordinate of the last point.

A step size of 15 pixels has been found to give a 
good compromise between processing time and ability to 
follow lines. The pixel in the binary edge image at
the expected position of the next point on the line is 
then loaded and tested to see whether or not it is true. 
If it is not true then the pixels immediately above and 
below the expected position are loaded and are tested to 
see whether or not they are true. If any of these 
pixels are true then the upper and lower sides of the 
line segment are found and if the width of the line 
segment is less than 5 pixels the position is stored and 
the routine passes on to the next point on the line
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segment. If all of the pixels tested are false or the 
width of the line segment is greater than 5 pixels then 
the end of the line segment has been found. If the 
line segment is longer than a minimum number of points, 
typically 15 points, then it is tested to see if it is 
straight or not.

The routine for following a line segment inclined 
at more than 45° or less than -45° to the horizontal is 
similar to the routine above except that the routine 
steps along the vertical axis and not the horizontal 
axis.

7.1.2 Determination If The Line Segments Are Straight.

After the end of a line segment was found the line 
segment was tested to see whether it was straight.
This was done by fitting a straight line through the 
first and last points and then determining the distance 
from this line of all of the points on the line segment 
that had been followed. If the distance of each point 
was less than 5 pixels the line was taken to be straight 
and least squares fit was used to determine the line 
which best fitted all of the data points and the 
location of this line was stored for further processing. 
All of the points along the line segment in the binary 
edge image are also set to false so each point in the 
binary edge image may only lie on one line segment.
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7.1.3 Line Segment Concatenation.

As can be seen from Fig 7.3 the line following 
routines find many different small line segments for 
each straight edge in the image. These line segments 
had to be joined together before any of the component 
edge pattern recognition routines could be used. For
each of the line segments found, the gradient of the 
line segment was calculated and stored. These are then 
compared and for all of the components with a similar 
gradient the distance between the line segments, 
extended to the centre of the image, is calculated.
All the line segments with a similar gradient and which 
are close to each other in the centre of the image, are 
taken to be parts of the same line and a least squares 
fit is used to fit a single line through all of the line 
segments which are part of the same line, Fig 7.4.

7.2 Component Edgre Pattern Recognition.

After the line segments had been linked together
the resultant lines are searched for the patterns formed
by channel components. Four different types of channel 
were used in making the test piece used in this project, 
Fig 7.1. In order to search for the patterns caused by
the pieces of channel the lines are first sorted into
groups of parallel lines and then the groups are sorted 
in order of ascending intercept with the y axis. The



Fig 7.3
Line Segments Found Superimposed In Light Grey On The 

Binary Edge Of A Piece Of Channel



Fig 7.4
Concatenated Lines Found Superimposed In White 

Grey-Scale Image Of A Piece Of Channel



groups of parallel lines are then searched to see if 
there are any sets of lines which fit into the patterns 
expected. The patterns differ for each type of 
channel. For a piece of type 1 channel the pattern 
expected is four parallel lines of approximately equal 
spacing. For type two, the pattern is four parallel 
lines with the distance between the first and the second 
line approximately equal to the distance between the 
third and fourth lines and the distance between the 
second and third lines approximately half of the 
distance between the first and second lines. For type 
three channel the pattern expected was four parallel 
lines with distance between lines one and two 
approximately equal to the distance between lines three 
and four, and much less than the distance between lines 
two and three. For type four channel the pattern
expected is three approximately parallel lines with two 
close together and one much further away.

7.3 Laser Component Recognition

After a pattern of lines which appeared to be 
caused by a piece of channel had been found, the laser 
was used to measure the depth of the image so as to 
determine if the pattern is caused by a piece of channel 
or by any other reason, see fig 7.5. First the lines
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Fig 7.5
The Use Of A Plane Of Laser Light To Measure The Depth

In An Image



are numbered in order of their distance from the 
horizontal axis of the camera.

7.3.1 Laser Binary Imacre Formation.

When the laser is switched on the camera is also 
stopped down so that the only bright part of the image 
is the laser stripe. The average grey-scale of the 
image is calculated and a binary image is formed with 
any pixels with a grey-scale more than twice the average 
grey-scale set to true and all the other pixels set to 
false. This gives an image which is true for the laser 
stripe and false elsewhere, Fig 7.6 . It can be seen 
from Fig 7.6 that the binary image of the laser stripe 
is a fairly broad band, caused by the elliptical shape 
of the laser beam, with discontinuities where it passes 
over areas of different depth. This is processed by 
finding the centroid of the true region on each 
horizontal line in the image to form a laser stripe 
which is one pixel wide, Fig 7.7.

7.3.2 Laser Line Intersection and Component 
Classification.

After the laser binary image has been processed to 
form a laser stripe, which is one pixel wide, it is used 
to confirm whether or not a pattern of lines in the 
binary edge image is caused by a piece of channel or



Fig 7.6
Laser Binary Image Of The Piece Of Channel Shown In

Fig 7.3
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Fig 7.7
Centroid Image Of A Laser Binary Image Of The Piece Of

Channel Shown In Fig 7.3



not. Each of the types of channel used to produce the 
mock-up used to test the channel following routines 
produced a characteristic pattern in the laser binary 
image, see fig 7.8. For all of the channel types the 
first step in examining the laser binary image to 
confirm that a piece of channel is present is the same. 
Two lines are projected from the left side of the image, 
parallel to the piece of channel, one above the position 
of the suspected piece of channel and one below it until 
they intercept the image of the laser stripe. The 
positions of the intercepts with the laser stripe are 
used to form a base line. Lines are now projected from 
the left side of the image, mid-way between the lines 
which are believed to be the edges of pieces of channel, 
until they intersect the laser stripe. The distances 
of the points of intercept from the base line are then 
calculated and used to decide whether a piece of channel 
is present. For a piece of type one or type two 
channel the distance of the intercept between lines one 
and two to the base line should be approximately equal 
to the distance from the intercept between lines three 
and four to the base line and less than the distance 
from the intercept between lines two and three to the 
base line.

For a piece of type three channel the distance from 
the intercept between the pair of closely spaced lines 
to the base line should be more than the distance from



Fig 7.8
The Patterns Expected In The Laser Binary Image For 

Channel Types 1-4 Top To Bottom
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the intercept between the widely spaced lines and the 
base line. For a piece of type three channel, the 
distance from the intercept between lines one and two to 
the base line should be approximately equal to the 
distance from the intercept between lines three and four 
to the base line and more than the distance from the 
intercept between lines two and three to the base line. 
For a piece of type four channel the distance from the 
intercept between the pair of closely spaced lines to 
the base line should be more than the distance from the 
intercept between the widely spaced lines and the base 
line.



Chapter 8.
System Integration.

8.1 Software Development.

The software written for this project was written 
in Oregon Pascal 2. This allowed modular programming 
so that the routines for each task could be written and 
debugged separately. Each module could have up to 64K 
of data and variables so, since an entire image required 
319K of memory, all of the images were stored in the 
frame grabber's memory. Those routines which were 
particularly computationally intensive were rewritten in 
IBM macro assembler to increase their speed of 
execution. Typically, this about halved their running 
time.

8.2 Interior Structure Inspection.

One of the inspection tasks that has been automated 
is the inspection of the interior fuselage structure of 
a modern wide-bodied jet, which is an approximately 
circular cylinder. The fuselage is divided into halves 
by the structure which supports the cabin floor and it 
is assumed that a frame will be attached to this 
structure so that the Puma could be moved along the axis 
of the aircraft. Because the movement of the Puma in



the z direction below z = 0 is limited by the column and 
base of the Puma it is assumed that the inspection will 
be performed in two halves, one with the Puma mounted 
upright, to inspect the upper half of the fuselage, and 
one with the Puma mounted inverted, to inspect the lower 
half. For the inspection, the length of the fuselage 
is divided into a series of 1 meter long cylinders, or 
stations, and the Puma is moved along the fuselage to 
inspect different stations. Each station is further 
subdivided into three sections. A mock-up of a typical 
section was produced by the departmental workshop, fig 
8.1, and is typical of the structures found in modern 
aircraft except that the section produced is flat and 
not curved. Because the field of view of the camera 
used in this project is only 7.5° it is impossible to 
view the whole of a section at one time, instead it was 
viewed as a series of overlapping images. These images 
were processed and the routines for detecting the 
presence of pieces channel used to determine the
position of any pieces of channel in any of the images./

The coordinates of the centre and the vector along any 
pieces of channel detected were stored and after all of 
the images had been processed a line was fitted from the 
centre of every piece of channel to the centre of every 
other piece of channel. If this line lies along the 
vector along the piece of channel then the pieces of 
channel were assumed to be part of the same larger piece



Fig 8.1
The Mock-Up Of The Interior Of An Airframe Produced To 

Test The Channel Following Routines



of channel. After the number of pieces of channel had 
been reduced to a minimum of separate pieces the camera 
was positioned at the end of each piece of channel and 
the routines used for following the piece of channel, 
section 8.3, used to track the Puma along all of the 
pieces of channel.

8.3 Channel Following.

When the scene analysis routines have identified a 
possible piece of channel the camera was moved by the 
Puma until it was approximately 30mm from the surface 
being inspected and with it's focal plain parallel to
the surface being inspected, parall' th plane ABCD in 
fig 8.2, with the x axis of the camera horizontal. An 
image was then acquired, processed and the routines to 
determine whether or not a piece of channel was present

channel was not present the camera was moved to the next

present, the angle it made to the x axis of the camera 
was determined and joint 6 of the Puma was set to this 
angle to cause the piece of channel to appear to be 
approximately parallel with the x axis of the camera. 
This was repeated until the piece of channel was 
parallel with the x axis of the camera and the

were applied to the processed image. If a piece of

possible piece of channel. If a piece of channel was



d i r e c t io n s  o f  m otion  a lo n g  and across  th e  p ie c e  o f  

channel were now c a lc u la t e d .

Referring to fig 8.2 let the centre line of the piece of 
channel being followed lie along vector AF 
|CD| = |FD| . cos T 8.1
|FD| = |AF| . sin t 8.2
|CD| = |AF| . sin t . cos T 8.3
|AD| = |AF| . cos t 8.4

| CD |
tan 0 = ----- 8 . 5

|AD|
tan 0 = cos r . tan t 8.6
|EF| = |FD| . sin T 8.7

* * |ED|tan # = ----- 8 . 8
| AD |

tan $ = sin r . tan t 8.9
thus the vector along the piece of channel is 
[cos©.cos($+a), cos0.sin($+a), sin©] 8.10
and the vector across the piece of channel is 
[sin0.cos(#+a), -sin0.sin(#+a),-cos 0] 8.11
and the direction into the piece of channel is 
calculated as being 8.10 x 8.11 
[sin20.cos($+a)-cos20.sin($+a), cos($+a),
-2sin0.cos#.sin(#+a).cos($+a)] 8.12

Having rotated the camera to be parallel with the 
piece of channel being inspected and calculated the 
directions along, into and across the piece of channel 
it was then necessary to centre the image of the piece
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of channel before tracking along it. First, an image 
was acquired and the height of the centre of the piece 
of channel, hi, determined. The camera was then moved 
a distance, 6H, typically 5 mm, across the piece of 
channel and a new image was acquired and processed to 
give the new height, h2, of the piece of channel.

From fig 8.3 it can be seen that 
Range . h2

H =   8.12
fl
Range . hi

H + 6H = ----------  8.13
fl

substituting from 8.12 to 8.13 and rearranging 
h2 . 6h

H =----------  8.14
(hi - h2)

Range 6h
8.15

fl (hi - h2)

Because the fl of the camera is altered by focusing 
the camera the value of Range/fl was stored as the 
variable ’gain' so that it may be used to calculate 
further positional adjustments. By comparing the 
positions of the edges of the piece of channel in the 
two images it was possible to determine the width of the 
piece of channel. Having determined H the camera was 
moved this distance across the piece of channel so as to 
approximately centre the camera on the piece of channel. 
An image is now acquired and processed to give the 
position of the piece of channel being followed so that
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the position of the camera could be adjusted to exactly 
centre the image of the piece of channel. The exact 
directions along, across and into the piece of channel 
were now calculated using equations 8.10-8.12 and the 
distance between the camera and the piece of channel 
adjusted to the desired value. The camera was now 
stepped along the piece of channel until either the end 
of the piece of channel was found or the Puma reached 
the end of its travel. After each step an image was 
acquired and processed to determine the position of the 
piece of channel and the position of the camera adjusted 
to centre it on the piece of channel, if the image of 
the channel was not exactly centred, and to see if the 
direction of motion required altering. To reduce the 
amount of processing necessary, and hence increase the 
speed of the system, only two 20 pixel wide stripes were 
processed, centred on the expected positions of the top 
and bottom edges of the piece of channel. If the top 
and bottom edges of the channel were not found in these 
stripes then the whole image was processed to determine 
if the end of the piece of channel had been reached or 
if the camera position needed adjusting.

8.4 Outer Skin Inspection.

The second inspection task automated in this 
project is the inspection of the riveted joints found in



the outer skin of an aircraft. The inspection will be 
performed in approximately lm by lm sections and it is 
assumed that a system will be available to move the Puma 
between the sections. Once the Puma has been located 
near to, and approximately normally to the surface, it 
traces over the surface in a raster patten, collecting 
data about the distance of the surface from a clearance 
plane so that a mathematical model of the surface can be 
formed using the methods described in chapter 4. The 
Puma then moves to a position normal to the surface in 
the centre of the raster pattern, a known distance from 
the surface. An image is now acquired and processed to 
determine the positions of the centres of the images of 
the rivet heads using the methods described in chapters 
5 and 6. The positions of the rivets are then 
projected onto the mathematical model of the surface to 
determine the coordinates of the rivet heads so that an 
inspection probe could be deployed on to the rivets.
The positions of the rivet heads were found by solving 
for the intersection between the surface model and the 
line passing from the image of the centroid of each of 
the rivet heads through the optical centre of the 
camera. However, this would have involved the solving 
of a bicubic equation for which no analytical solution 
was readily available, instead a numerical solution was 
used. First the positions of the rivets were projected



on to the clearance plane above the surface to give a 
first estimate of their position, 

x 1 cp
xest = _____  8.16

f 1

7' cp
yest = _____  8 .17
....... f 1

Where xest and yest are the estimated x and y 
coordinates of the rivets.
and x' and y' are the x and y coordinates of the image 
of the rivets.
and fl is the focal length of the camera
and cp is the distance between the camera and the
clearance plane.

The distance between the clearance plane and the
surface at this first estimate is now calculated and is
used to calculate a new estimate of the position of the
centre of the rivet.

x' . (depth + cp)
xest = ___________________ 8.18

fl
y f. (depth + cp)

yest = _________________  8.19
f 1

Where depth is the distance between the clearance plane 
and the surface at the last estimate.

This process is repeated until the estimated 
position does not change between two iterations, when 
the position of the rivet centre is stored, or until the
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estimated position is no longer within the area covered 
by the patches. If the position of the rivet centre is 
off the edge of the area covered by the patches the 
rivet was ignored since it would be inspected when the 
Puma was moved to the next patch. After the positions
of all of the rivets in the area covered by the patches 
had been calculated the Puma was programmed to deploy an 
eddy current probe on to the surface at the estimated 
position of each of the rivets.
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Chapter 9

Conelusions
The aim of this project was to develop a system 

which could deploy probes for the inspection of 
airframes with no prior knowledge of the structure of 
the airframe. In order to achieve this work was 
required in a number of fields, surface modelling, robot 
kinematic control and robot vision.

A solution to the Puma's inverse kinematics has 
been devised based on simple geometry of the Puma.

The two calibration methods developed have 
increased the Puma's positional accuracy to better than
1.5 mm in 800 mm compared with approximately 5 mm 
before. This is approaching the limits set by the 
Puma's repeatability and hence any inspection procedures 
developed must be capable of adjusting the Puma's 
desired end point trajectory to cope with this.
Both of the calibration methods are suitable for use 
with any pick and place operations provided that any 
contacts are made at low velocity and with a compliant 
wrist so as to reduce wear in the Puma which is likely 
to lead to a loss of accuracy.

A method for calculating the position of the line 
of intersection between two complexly curved surfaces 
has been developed so that the intersections between an 
aircraft's wings and its fuselage can be modelled if 
necessary.



170.

Because the rivets and pieces of channel that the 
vision system was required to detect are made of a 
similar material to their background, an improved edge 
detector has been devised which shows less variation in 
the edge strength detected with the angle of the edge 
than other methods available.

To increase the speed with which the masks may be 
tried over an image the use of a template image is 
proposed so that the masks are tried only in those 
positions where they are likely to match. In a typical 
image this cuts the time taken to process an image by a 
factor of more than four.

In order to inspect the pieces of channel to which 
the skin panels are attached to it was necessary to 
develop routines which could track along straight edges 
in a binary edge image and then to recognise the pieces 
of channel from the patterns of the edges of the piece 
of channel.

Finally, the software to integrate all of the 
procedures has been written to give a system which is 
capable of automatically inspecting either the inside or 
the outside of a section of airframe, provided that it 
is within the Puma’s work envelope.

When tested on the mock-up of a piece of fuselage 
produced for this project, fig 8 .1 , and the piece of 
aircraft wing, fig 6 .1 , the system consistently tracked 
along the pieces of channel from end to end and was able
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to locate all of the rivets in the field of view of the 
camera.

Recommendations For Future Work

All of the object recognition routines take far 
longer to run than is desirable. This could be 
improved by the use of parallel processing with each 
line in the image being assigned to a separate processor 
or by using a faster processor. If the maximum number 
of parallel processors, 720, one for each vertical line 
in the image, was used to process the image, and these 
processors ran at the same speed as the processor in the 
IBM then theoretically it would take about 4 seconds to 
detect all of the rivets in an image. In practice the 
time taken will be slightly longer due to the time taken 
to load image data into all of the different processors. 
The time taken to convert the grey-scale images into 
binary edge images could be considerably decreased by 
using custom-built hardware instead of software. If 
constructed of 7000 AC logic gates this would be capable 
of operation at frequencies in excess of 100 MHz. 
compared with the 3 million operations per second of the 
IBM. If a parallel processing system is developed to 
speed the object recognition routines it would also be 
possible to use it to cut the time taken to convert from 
a grey-scale image to a binary image to less than 0.1 
seconds.



It would be interesting to compare the accuracy of 
a number of different Pumas to see if the inaccuracies 
found in this project are typical or unique to the Puma 
used in this work. Of the two calibration methods 
developed the point calibration method is applicable 
regardless of the sources of the positional 
inaccuracies. The joint angle calibration method 
assumes that the major part of the positional error 
derives from the joints being set to slightly different 
joint angles than those desired. In the Puma used in 
this work this is the case, but in other Puma's any 
positioning inaccuracies may be caused by either the 
link lengths and/or the orientations of the axes of 
rotation of the various joints being slightly different 
from those expected. It would also be interesting to 
study if the accuracy of a Puma varies with time and 
wear or whether it remains constant.



The W r i s t Mounted Instrument Package

The wrist mounted instrument package consists of a 
CCD camera, a low power industrial laser and any NDT 
test probe desired. The camera used is a PULNiX Tm-46 
CCD camera mounted perpendicular to the Puma's end 
flange. The laser is fitted with a cylindrical lens, 
to cause it to produce an elliptical beam and is mounted 
on a rotary bearing 300mm from the optical axis of the 
camera. A stepper motor is used to adjust the angle 
between the axis of the laser and the line joining the 
optical centre of the camera and the bearing on which 
the laser is mounted. The axis of the camera and the 
laser are aligned by stepping the laser until the laser 
is at 90° to the line joining the optical centre of the 
camera and the bearing from which the laser is mounted. 
The range of any surface in front of the camera could 
then be found by stepping the laser until the image of 
the stripe of light produced by it is exactly in the 
centre of the image. The range in mm is given by 
R = 300 . Tan(90 - n.60) 1.1
Where R is the range
and n is the number of steps the laser has been move 
from its initial position 
and 60 is the step angle.

The NDT probe used is an eddy current rivet crack 
detector based on one produced at RAE. Farnborough [64].



It consists of a 400 turn coil mounted on one leg of a 
ferrite c-core and circuitry to measure the impedance of 
the coil. A sinusoidal signal is fed into the coil and 
if it is brought near to a conductor the eddy currents 
set up in the conductor causes the impedance of the coil 
to change, the way in which the impedance is changed is 
characteristic of the conductor which the coil is near. 
If the coil is place over the centre of a perfect 
riveted joint and rotated then the impedance of the coil 
does not change. If instead the coil is placed over a 
riveted joint which contains a crack then as it passes 
over the crack a sudden change in its impedance will be 
seen, indicating the presence of a crack. If the coil 
is not exactly centred on the rivet head the signal will 
vary sinusoidally from the value expected over the rivet 
head to the value expected over the fuselage skin and 
this variation can be used to guide the probe until it 
is exactly centred.
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Appendix II
The Kern ECDS Surveying System

The Kern ECDS computerised surveying system used in 
this project consisted of a pair of digitally encoded 
theodolites, which were read by a IBM PC compatible 
computer, and the softwear to calculate the position of 
the point of intersection between the axes of the 
theodolites, see figs II. 1. The system was set up by 
first levelling the theodolites, next an approximate 
coordinate frame was set up by pointing both of the 
theodolites in the same direction along the axis joining 
them and by entering the approximate distance between 
them. The theodolites were now pointed to a number of 
targets mounted around the Puma, including both ends of 
a scale bar of known length. With both theodolites 
pointed to a target the azimuth and elevation angles of 
the theodolites were then read and stored. After the 
theodolites had been pointed to all of the targets used, 
the coordinate frame was iteratively adjusted so that 
the sum of the squares of pointing error at each of the 
points was minimised. The pointing error for each 
point is the shortest distance between the optical axes 
of the theodolites. If the theodolites are pointed at 
exactly the same point then there will be a zero 
pointing error, however, in practice slight inaccuracies 
in the pointing will lead to pointing errors of the 
order of a few of microns.



Fi g  I I .1

Photographs Of The Kern ECDS S urvey ing  System Used
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When the theodolites had been set up the surveying 
was performed with a spherical target of radius 8 mm 
mounted on the Puma's end flange. The lab was blacked 
out and the target illuminated by two lights mounted 
parallel with the axis of the theodolites so that the 
target appeared as a small bright point on to which the 
theodolite could be aligned.

In order to assess the reliability of the data 
collected the positions of four of the points used in 
the set up routine were measured four times. The 
points were chosen so that movements of the puma were 
within the volume they defined.

Pnt Loc Measured Position
X

mm ymm
z

mm
1 A 841.906 5311.765 836.951
2 B 4369.850 4888.506 956.894
3 C 1782.819 5209.164 -622.318
4 D 1957.000 1559.792 924.377
5 A 841.907 5311.763 836.947
6 B 4369.849 4888.508 956.897
7 C 1782.822 5309.169 -622.320
8 D 1956.998 1559.793 924.376
9 A 841.901 5311.769 836.955

10 B 4369.856 4888.512 956.891
11 C 1782.812 5209.164 -622.317
12 D 1957.005 1559.794 924.379
13 A 841.898 5311.764 836.954
14 B 4369.850 4888.501 956.892
15 C 1782.816 5209.165 -622.323
16 D 1956.997 1559.796 924.379

Table II.1
The Positions Measured To Determine The EDCS1s Accuracy



Location Average Position
X y Z

mm mm mm
A 841.903 5311.765 836.952
B 4369.851 4888.507 956.983
C 1782.817 5209.166 -622.320
D 1957.000 1559.794 924.378

Table II.2
Average Positions Of The Locations Used To Measure The

ECDS1s Accuracy

Pnt Location Positional Error RMS

pm
X

pm ypm
z

pm
1 A 3 0 -1 3.2
2 B -1 -1 -1 1.7
3 C 2 2 2 3.5
4 D 0 2 -1 2.2
5 A 4 -2 -5 6.7
6 B -2 1 4 4.6
7 C 5 3 0 5.8
8 D -2 -1 -2 3.0
9 A -2 2 3 4.1

10 B 5 5 2 7.3
11 C 5 -2 -3 6.2
12 D 5 0 1 5.1
13 A -5 -1 -3 5.9
14 B -1 -6 -1 6.2
15 C -1 -1 3 3.3
16 D -3 2 -1 3.7

Table II.3
The Repeatability Of The Pointing Used To Test The

ECDS's Accuracy 
From table II.3 it can be seen that the 

repeatability of the pointing has a maximum of 7.3 pm.



This is much less than the positional errors measured 
for the Puma and so will not have any effect the results 
of the calibration methods tried.
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Appendix Ill

Proof of the properties of Coons patches.

The desired properties of the surafec modelling 
technique used in this project come from properties of 
the data collected about the surfaces being modelled and 
the surfaces themselves. The data collected by the 
range finder consists of the distance of the surface 
above a referance plane, at a number of points on the 
referance plane. The surface fitted to these data 
points must pass through all of the points since they 
are known to be on the surface. From studing the types 
of surfaces found in aircraft they can be seen to be 
smooth and continuous, thus the surface modelled must be 
continuous across the edges of the patches as must the 
gradients of the surface. Proofs have been derived to 
show that the Coons patches used in this project have 
these properties.

Fig 4.3 shows a general Coons patch. By the definition 
of a Coons patch the height of a surface is given by
S = step. [ U ] [ M ] [ G ] [ n ]T[ V ]T III-1
Where

step is the size of the side of each patch

[M]
2 - 2  1 1 

-3 3 -2 -1
0 0 1 0  
1 0  0 0

III . 2
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[G] =
P00
plO

ds00/dx
ds10/dx

pOl
P 11

ds^^/dx
ds^/dx

ds00/dy
dsl°/dy
d2sOO/dxdy
d2s10/dxdy

ds^/dy
ds1]-/dy

d2s01/dxdy
d2sll/dxdy

III .3 
III .4pOO = zOO/step 

pOl = z^/step 
plO = z10/step 
pll = z1;1-/step 
[U] = [ u3, u2, u / 1 ]
[V] = [ v3, v2, v, 1 ] 
u = (x - x00)/step 
v = (y - y°0)/step 
This may be expanded to give

step. ( (2v3-3v2+1) (A1.P00+A2 .P10+A3. ds00+A4. ds10)

III. 5 
III .6 
III .7
111.8
111.9 
III. 10 
III.11

S =
dx dx

(2v2-3v3) (Ax-P01 + A2 .Pn  + A3. ds01 + A4 . ds11) +
dx dx

(v3-2v2+v)(Ai. ds00 + A2 . ds10 + A3 . d2s^° + A4 . d2s*0 )+
dy dy dxdy dxdy

( v 3- v 2 ) ( A i .  ds01 + A2 . ds11 + A3. d2s01 + A4 . d2s11))
dy

Where
ki - 2u3 - 3u2 + 1 
A2 = 3u2 - 2u3 
A3 = u3 - 2u2 + u

dy dxdy

A4 =  u 3 -

dxdy 
III.12

III. 13
111.14
111.15 
III. 16
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III.l Proof That Coons Patches pass through the control 
points.

Coons patches may be shown to pass through the control 
points by evaluating the surface at the control points 
substituting u = v = 0 
A1 = 1 / A2 = A3 = A4 = 0 
Thus
S = step.P00 III.17
by definition P00 = Z00/step III. 18
thus S00 = the control point Z00 
similarly by substituting u = 1 , v = 0
A1 = A3 = A4 = 0, a2 = 1
Thus
S01 = step.P01 III.19
substituting u = 0 , v = 1

A1 = 1/ A 2 = A3 “ A4 “ 0 
Thus
510 = step.P10 III.20 
and substituting u = v = 1

A1 = a3 = a4 = A2 = 1 
Thus
511 = step.p11 III.21

Thus the surface passes through all of the control 
points.
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III.2 Proof that the Surface is Continuous across the 
edge of a patch

Consider two adjacent patches with the second patch 
adjacent to the right edge of the first patch. The 
first is given by

S = step.[U][M][G][M3t [V]t 
and the second is given by 
S = step.[I][M][G1] [M]t [J]t 
where
I = [ i3/ i2, i, 1 ]
J = t j3; j2/ 1 ]
i = (x-x10)/step
j = (y-ylO)/step
By definition y10 = y00
Thus step.[M]T[V]T = step.[H]T[p]T
and if the surface is to be continuous across the
boundary then
[U][M][G] = [I][M][G1] along the common edge 
where

111.22

111.23

111.24
111.26
111.27
111.28
111.29
111.30

III.31

[S'] =
PlO pll ds^°/dy
p20 p21 ds20/dy

ds^°/dx ds11/dx d2s^°/dxdy
ds20/dx ds21/dx d2s20/dxdy

ds11/dy
ds2 -̂/dy

d2sll/dxdy
d2s21/dxdy

III.32
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[[U][M][G]] T is given by

A ^ P 00 + A2 .P10 + A3 . ds00 + A4 . ds10
dx dx

A i .P01 + A 2 .P11 + A 3 . ds01 + A4 . ds11
dx dx

A]_. ds00 + A2. ds*0 + A 3 . d2s00 + A4 . d2s10
dy dy dxdy dxdy

A ^ . ds0* + A2 . d s ^  + A3 . d2s°l + A4 . d2sll
dy dy dxdy dxdy

where
A^ = 2u3 - 3u2 + 1 
A2 = 3u2 - 2u3 
A3 = u3 - 2u2 + u 
A4 = u3 - u2 
and
[[X] [M][G]] T is given by
B-l-P10 + B2 .P20 + B3 . ds10 + B4 . ds20

dx dx
Bx.P11 + B2 .P21 + B3 . ds11 + B4 . ds21

dx dx
B^. ds^O + B2 . ds2^ + B3 . d2s ^  + B4 . d2s2^

dy dy dxdy dxdy
B ^ . ds11 + B2 . ds2* + B 3 . d2s1  ̂ + B4 . d2s21

dy 

Where
Bi = 2i3 - 3i2 + 1

dy dxdy dxdy

111.33

111.34
111.35
111.36
111.37

III.38

III.39
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B2 = 3i2 - 2i3 
B3 = i3 - 2i2 + i 
B4 i3 - i2

111.40
111.41
111.42

Along the common boundary u = 1 and i = 0 thus A^ = A 3 
a4 = B2 “ B3 = B4 = 0 and A2 = B^ = 1 
Thus along the common edge

[U] CM] [G] =

and

[i] [MJ [G] =

plO , p H  , ds10 , ds*1
dy dy

plO , pH , dŝ ° , ds1*
dy dy

III.43

III.44

Thus it can be seen that the surface generated is 
continuous across the boundaries of the patches.

III.3 Proof That the gradients of the surface is 
continuous across the edge of patches.

Consider two adjacent patches the first is given by 
S = step.[U] [M] [G] [M]t [V]t III.45
the second is given by
S = step.[I] [M] [G'] [M]t [J]t III.46

Let the second patch be adjacent to the right edge 
of the first patch. Thus step.[M]T[V]T = step.[H]T[j]T 
and if the gradient of the surface is to be continuous 
across the boundary then

III.47
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d[U][M][G] = d[I][M][G‘] along the common edge
III.48

dx
Where

dx

[G’] =
PlO
P20

ds10/dx
ds20/dx

P 11
P 21

ds11/dx
ds2Vdx

ds1(̂ /dy
ds20/dy

d2s10/dxdy
d2s20/dxdy

ds^/dyds2^/dy
d2sll/dxdy
d2s21/dxdy

d[[U][M][G]] T is given by
dx

Ai-P00 + A 2 .P10 +

Ai.P01 + A 2 .Pn  +

A 3 . ds®° + A4 . dŝ -O
dx dx

A3 , ds03- + A4 . ds^l
dx dx

A ^ . ds00 + A 2 . ds*° + A3 . d2s00 + A4 . d2sl0
dy dy dxdy dxdy

A ^ . ds^l + A2 . dsll + A3 . d2s°l + A4 . d2!;11

dy

where
Ai = 6u2 - 6u 
A2 = 6u - 6u2 
A3 = 3u2 - 4u + 1 
A4 = 3u2 - 2u 
and

dy dxdy dxdy

III.49

111.50

111.51
111.52
111.53
111.54
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d[[I][M][G]] T is given by
dx

B x.P10 + B2 .P20 + B3 . ds10 + B4 . ds20
dx dx

B x.P11 + B2 .P21 + B3 . ds11 + B4 . ds21
dx dx

B^. ds^° + B2 . ds20 + B3 . d2sl° + B4 . d2s2<̂
dy dy dxdy dxdy

Bi . dŝ -l + B2 . ds2* + B3 . d2s -̂1 + B4 . d2s21

dy 

Where
Bi = 6i2 - 6i 
B2 = 6i — 6i2 
B3 = 3i2 - 4i + 1 
B4 = 3i2 - 2i

dy dxdy dxdy
III.55

111.56
111.57
111.58
111.59

Along the common boundary u = 1 and i = 0 thus = A2 
A3 = B^ — B2 = B4 = 0 and A4 = B3 — 1

Thus along the common edge

d[U][M][G]
dx

and

d[I][M][G1]
dx

ds10 ds11 d2s10
dx

dx

dx

dx

dxdy
d2sll
dxdy

ds10 ds11 d2s10
dxdy

d2s* 1 
dxdy

III.60

III.61
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