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Abstract

Cryogenic detectors under development by many groups worldwide for the UV, optical, near-infrared, and
submillimetre wavelength bands will require cooling to temperatures in the 10 to lOOmK range. If such
detectors are to be used on future astronomical satellite missions a space qualified millikelvin refrigerator
will be required.

O f the techniques used to produce such temperatures on the ground, adiabatic

demagnetisation refrigeration (ADR) is the most promising for adaptation to use in space. ADRs utilise the
magnetocaloric effect, the reduction in temperature observed when an external magnetic field is applied
isothermally to a paramagnetic material, and then removed adiabatically.

This thesis describes the early stages in the development o f a space-qualified ADR. In order to meet the
strict requirements on mass, power consumption, and size imposed by a satellite platform, a highly
optimised ADR will be required.

A laboratory ADR was used to investigate various aspects o f ADR

design, concentrating on the salt pill, the component that contains the paramagnetic material. The areas
investigated included new paramagnetic materials, salt pill support structures, salt pill thermal design, and
temperature regulation. A dynamic thermal model o f ADR operation was developed in order to understand
fully the behaviour o f the system during all the evaluation tests.

Two new ADR systems were designed, and the performance o f each was predicted using the thermal
model. The first, the micro ADR, was developed as a test bed for miniaturised, low magnetic field ADR
design as part o f a collaboration with Oxford Instruments, and also served as an extra cooling stage for their
commercial Heliox He3 refrigerator. The second, known as the double ADR, was a multi-stage device
developed as a prototype for a future space-based, cryogen-free ADR. Details o f the design and predicted
performance o f each system are presented.
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Executive Summary

This thesis describes the early work in a research programme undertaken at the Mullard Space Science
Laboratory (MSSL), aimed at developing a space-qualified, multistage adiabatic demagnetisation
refrigerator (ADR).

ADRs are ultra-low temperature refrigerators, capable of achieving millikelvin

temperatures, which rely for their operation on a property o f paramagnetic materials known as the
magnetocaloric effect.

When an external magnetic field is applied to such a material, the degree of

magnetic ordering within it can be increased, and consequently the magnetic entropy will be decreased.
Subsequent removal o f the field will lower the degree o f magnetic ordering and thus increase the magnetic
entropy. If the field is removed under adiabatic conditions, imposed by thermal isolation o f the material,
the total entropy o f the system will remain constant. The increase in magnetic entropy will be accompanied
by a decrease in the lattice entropy, and a resultant lowering o f the lattice temperature.

ADRs were the first millikelvin refrigerators to become available, with the earliest practical demonstrations
taking place in the 1930's. They played an important role in many areas o f low-temperature physics in the
ensuing decades, but were largely replaced in the 1950’s and 1960’s by other refrigeration technologies
using He3. Interest in ADRs has recently been revived by the emergence of a new application, millikelvin
refrigeration in space, and the ADR development programme described here was instituted with the aim of
demonstrating the feasibility o f achieving temperatures o f around lOmK in a space-qualified ADR.
Attention has recently been focussed on the production o f a two-stage device, which has been called the
double ADR, and the early stages o f the double ADR project constitute most of the work described herein.

The next chapter describes in more detail the motivation for this work, and the reasons for the revival of
interest in ADRs. It begins with a discussion o f the working principles behind ADRs, and then moves on to
a detailed description o f the history o f the subject, including the recent developments that have allowed the
production o f very compact and efficient ADRs.

The third section deals with an associated issue, the

history o f cyclic magnetic refrigerators. This is a distinct and separate area o f research, since it typically
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concentrates on temperatures higher than IK, and applications such as the liquefaction o f helium and
refrigeration or heat pumping near room temperature. However, some o f the paramagnetic materials used
in this field, whilst they have not been traditionally associated with ultra-low temperature magnetic
refrigeration, are now finding applications in modem multistage ADRs.

The fourth section o f the introduction describes refrigerator technologies that use 3He, o f which there are
two main types. The first is the 3He refrigerator, which can provide temperatures down to 0.3K. The
second is the 3He/4He refrigerator, which can provide millikelvin temperatures and so is a more direct
competitor for ADRs.

The introduction then moves onto a discussion o f refrigeration in space, starting with a history of the area,
illustrating the future demand for millikelvin refrigerators on astronomical satellites. The various strands of
the chapter are brought together in the final section, which describes the argument in favour of ADRs for
this application, and the various technical hurdles to be overcome.

The second chapter is primarily concerned with the physical theory underlying ADR operation. Several
textbooks contain partial discussions o f this subject, including Lounassma (1974), White (1979), Pobell
(1992), and Finn (1993). Hudson (1972) gives a very detailed discussion in CGS units. The treatment
given here has drawn on each o f these sources, recast the various parts o f the theory into a coherent whole,
and translated the result into SI units. It also features some new material, and so has been included in the
main text, rather than being relegated to an appendix.

An important part o f the work described in this thesis was the development o f a detailed, dynamic thermal
model o f ADR operation. This model was used to analyse the results o f various experiments described in
later chapters, as well as to assist in the design, and predict the performance, o f two new ADR systems.
Since this model was closely related to the theoretical work described above, it was included in the same
chapter.

The second chapter concludes by comparing the predictions o f the model with experimental

results from a laboratory ADR, in order to demonstrate its accuracy.
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The remaining chapters discuss the bulk o f the original experimental and theoretical work described in this
thesis.

It fell roughly into four areas: thermal design; measurements of the properties of several

paramagnetic materials; the design o f the prototype second stage of the two-stage ADR as a separate
system called the micro ADR; and the design o f the double ADR itself. Each of these areas occupies its
own chapter.

Chapter three is concerned with the thermal design o f ADRs, and focuses on three areas. The first is the
design o f the salt pill, the structure that contains the paramagnetic refrigerant. An approximate solution to
the heat equation for a certain class o f salt pill designs was derived, allowing optimisation o f the design.
Secondly, several issues pertaining to the design o f the structure supporting the salt pill within the ADR
were studied, and an improved design was experimentally tested.

Finally, a method for maintaining a

constant temperature in an ADR was investigated.

Chapter four describes the selection o f the paramagnetic material for the first stage o f the double ADR. In
the early years o f ADR research, the aim was usually to achieve the lowest temperature possible, and so
materials for the millikelvin temperature range were extensively studied. The requirements for the first
stage o f a two-stage refrigerator are somewhat different, leading to a distinct area of paramagnetic materials
research. Experiments were performed on three paramagnetic materials at MSSL. The first material was
gadolinium gallium garnet, which had been used extensively in ADRs in the past, and was used as a control
subject. The second was dysprosium gallium garnet, which had previously been studied but had not been
used in ADRs to any great extent. The third was M ohr’s salt, which had never previously been proposed as
an ADR refrigerant. The chapter concludes with some theoretical analysis o f a relatively new class of
materials known as superparamagnetic nanocomposites.

Chapters five and six describe work on two new ADR systems, the micro and double ADRs. Both o f these
systems were extensively studied using the thermal model, and some early experimental work on
components o f the micro ADR is described. This system was built as part o f a collaborative project with
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Oxford Scientific Instruments (http://www.oxinst.com), to provide an additional cooling stage for their
Heliox range o f He3 refrigerators, but also served as a prototype for the second stage o f the double ADR.
The double ADR itself, whilst not being a full prototype for a space-qualified ADR, was intended to
demonstrate all o f the technologies needed to construct one.

20

1. Introduction

1.1. Introduction

A study o f the history o f cryogenic research reveals several incidents where the lowest attainable
temperature was

suddenly

decreased through the

invention of a new refrigeration technique.

Experimentation in the newly available temperature ranges often led directly to the discovery of previously
unknown physical phenomena. The most recent example was the invention of the time averaged orbiting
potential trap by Eric Cornell at the National Institute of Standards and Technology in the U.S. A (Anderson
et al., 1995).

This was an adaptation o f the standard magnetic trap, which operates by confining a

collection o f atoms in a magnetic field and allowing the most energetic to escape, thus cooling the
remainder in a process analogous to evaporation. It was used to achieve the lowest kinetic temperature ever
recorded, 20nK, in a rarefied gas o f 2000 87Rb atoms.

Both Einstein (1924) and Bose (1924) had

independently predicted that such a gas o f non-interacting bosons would, below a certain temperature,
suddenly develop a macroscopic population in the lowest energy quantum state, a transition known as the
Bose-Einstein condensation.

The NIST team was the first to observe this condensation, and so the

development o f a new cooling technique led directly to the confirmation o f a seventy-year-old theoretical
prediction. Further work in the area has led to rapid advances on several fronts, from practical applications
such as atom lasers (Helmerson et al., 1999) to an improved understanding o f the physics of Bose Einstein
condensation (Castin, Dum and Sinatra, 1999).

An even more dramatic advance occurred in 1933, with the first practical demonstrations o f adiabatic
demagnetisation refrigeration (Giauque and MacDougall, 1933; de Haas, Wiersma and Kramers 1933b).
This technology eventually extended the temperature range available to researchers from the previous limit
o f around IK, produced by reducing the vapour pressure of a liquid helium bath using a vacuum pump,
down to around lmK.

Experimentation in the newly available sub-kelvin temperature range led to
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advances in several areas including magnetism, superconductivity, nuclear orientation and the properties of
3He and 4He (Hudson, 1972).

The IK to lm K temperature range has been available in the laboratory for over six decades, first through
the use o f adiabatic demagnetisation refrigerators (ADRs), and later through competing technologies
including 3He refrigerators and 3He-4He dilution refrigerators. However, the technologies used in space
typically lag behind those available on the ground by several decades, due to the rigours of the orbital
environment and the stringent reliability requirements. Therefore, no major satellite mission has so far used
temperatures below IK, although the use o f liquid helium in orbit has been well established by missions
such as ISO, the Infrared Space Observatory (Kessler, 1995).

A requirement for lower temperatures

certainly exists (Benoit et al., 1997), as many new detector technologies, such as X-ray microcalorimeters,
operate most efficiently at between 10 and lOOmK. These new detectors represent a vast improvement in
resolution and sensitivity compared to current satellite technologies, and so the same rapid advances seen
after the advent o f new cooling technologies on the ground can also be expected to apply to space-based
astronomy.

This thesis describes the early stages o f a project aimed at meeting the need for a space qualified
millikelvin refrigerator by adapting an ADR for use on a satellite. The use of an ADR in this application
requires some justification, since they have long been rejected for laboratory work in favour o f 3He-4He
dilution refrigerators.

This chapter provides the justification through a discussion of the competing

technologies and the history o f cryogenics in space.

It also discusses the history of ADR technology,

including the advances that have made possible its adaptation to use in space, and the associated area of
cyclic magnetic refrigeration, which has supplied many of the refrigerants used in this work. The next
section provides a more detailed description o f the working principles of an ADR.
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1.2. The Basic Principles of ADR Operation

Any process o f refrigeration can be thought o f as a process o f entropy reduction and, conversely, any
system in which the entropy can be controlled by means o f an external influence can be used for the
purpose o f refrigeration. The most familiar example is the domestic refrigerator, where the system consists
o f a gas whose entropy is controlled through its pressure.

The electronic magnetic moments o f a

paramagnetic material also constitute such a system, since they can be aligned by the application o f an
external magnetic field, lowering the magnetic entropy. When the moments are aligned in this way a
temperature rise is observed, as heat is transferred from the magnetic system into the lattice. This heat of
magnetisation can be removed from the lattice by conduction to a heat bath, cooling the material back to the
starting temperature. If the material is then isolated, conditions will become adiabatic, so its total entropy
must remain constant.

The external field can then be removed, allowing the magnetic moments to

randomise and the magnetic entropy to increase. This will result in an equal decrease in the lattice entropy
and a consequent decrease in temperature. The temperature change is known as the magnetocaloric effect,
and is the working principle o f ADRs.

In order to produce a practical refrigerator, the paramagnetic material used must exhibit a large change in
entropy under the application o f an attainable magnetic field. Paramagnetic materials contain ions with
permanent magnetic moments, which are disordered because the energies associated with the exchange
interactions between the ions are smaller than the energies of thermal fluctuations in the lattice, given by kT
where T is the temperature and k is the Boltzmann constant. As the temperature is lowered the entropy
associated with the magnetic moments will remain practically constant until the interaction energy becomes
a significant fraction o f kT. The dipoles will then order spontaneously, lowering the entropy. At some
critical temperature characteristic o f the material the magnetic entropy drops rapidly, tending towards zero
as the temperature approaches absolute zero. This temperature is known as the Curie or Neel temperature,
depending on whether the material becomes ferromagnetic or antiferromagnetic. In order to align the ions
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at higher temperatures, an external magnetic field must be used to overcome the influence of thermal
fluctuations in the lattice, and so the field required to produce a given degree of magnetic order will rise
with temperature. In practice, the required field rises so quickly that the magnetocaloric effect can only be
utilised relatively close to the Curie temperature o f the paramagnetic material, and so the starting
temperature must be within the liquid helium region if cooling to sub-kelvin temperatures is to occur.
Additionally, the changes in magnetic entropy induced by magnetisation must be comparable to the total
entropy of the system if the temperature change is to be significant, and so the lattice entropy must be
minimised. The lattice entropy will rise with temperature and so, at least until recently, ADRs have been
confined to operation within a few degrees o f absolute zero. Thermal fluctuation energies will be small at
these temperatures, so the exchange interaction energies between the magnetic ions in a material must be
equally small if it is to have a Curie temperature in this region. Therefore, the refrigerant used is generally
a very dilute hydrated salt, such as ferric ammonium alum (FAA), Fe(NH4)(S 0 4)2.12H20 , where the
magnetic ions, in this case Fe3+, are relatively widely separated in the lattice by other non-magnetic ions.
The maximum operational temperature has gradually been extended upwards through the use o f new
paramagnetic materials, many of which have emerged from research into the cyclic refrigerators discussed
later.

A basic ADR consists o f four major components. The first is the paramagnetic refrigerant and its container,
usually called the salt pill for historical reasons. In order to produce approximately adiabatic conditions,
this must be suspended by a support structure with a very low thermal conductivity.

The second

component is the magnet, which in modem ADRs is almost always a superconducting solenoid, with the
salt pill suspended in the bore. The third component is a heat switch, which is used to carry the heat of
magnetisation from the salt pill into a heat bath. The entire assembly is contained within a cryostat, the
fourth component, which is evacuated to allow good thermal isolation and which provides the heat bath,
usually a chamber o f liquid helium. The vapour pressure o f the bath can be reduced using a vacuum pump,
and so the starting temperature may be anywhere between 4.2K and 1.6K. Using a field o f 6T and with
FAA as the refrigerant, such an ADR could reach temperatures of around 50mK.

Fig. 1.1 shows a

schematic o f such a device. The heat bath and salt pill have attachment surfaces, known respectively as the
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Cold stage.
Heat switch.
Helium plate.
Field cancellation coil.
Magnet.
Salt Pill.

Helium chamber.
Nitrogen chamber.
Vacuum jackets.

Fig. 1.1 Schematic o f a simple one-stage ADR.

helium (or base) plate and the cold stage. The device may also feature one or more field cancellation coils,
which reduce the field to near zero at points where items sensitive to magnetic fields are placed.

The

cryostat has vacuum spaces to provide thermal insulation, and a nitrogen chamber which intercepts heat
leaking into the helium chamber, reducing the rate of boil-off of the more expensive cryogen.

The entropy vs. temperature diagram for a typical paramagnetic material is shown in Fig. 1.2, where the
upper curve represents the entropy at zero field and the lower curve at a field o f several teslas. The process
starts at point A, with the material at the bath temperature

T Ba t h

and the field at zero. With the heat switch

activated to conduct the heat o f magnetisation into the bath, the field is raised, reducing the entropy to point
B at the same temperature but on the lower curve. This process is known as isothermal magnetisation. The
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u.

T bath

Temperature

Fig. 1.2. Entropy vs. temperature diagram for a typical paramagnetic material

heat switch is then turned off to isolate the salt pill, and conditions become approximately adiabatic.
Removal o f the external field moves the system to point C, at a much lower temperature TBASe, known as
the base temperature, through the process o f adiabatic demagnetisation. The salt pill will then begin to
warm up as heat leaks into it through the support structure, and will move along the upper entropy curve,
eventually reaching the starting point.

Some applications require a constant low temperature to be maintained, and this can be accomplished in
one o f two ways. The first is known as the Joule-heated cold stage, and requires a weak thermal link
between the stage and the salt pill. The magnetic field is reduced to zero, and then a small resistor on the
stage is used to heat it to the desired constant temperature, which must clearly be higher than the
temperature o f the salt pill

T BA s e -

The current in the heater is varied as the salt pill warms, so that the heat

produced exactly matches that conducted from the stage into the salt pill, and a constant temperature is
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maintained. A feedback circuit, linked to a thermometer on the stage, can be used to control the current
automatically, and so this scheme is relatively simple.

The second alternative, suggested by Kurti (1957, 1963), is to control the temperature by manipulating the
magnetic field. Almost all modem ADRs use a superconducting solenoid, so this control can easily be
accomplished through the magnet power supply. The demagnetisation is halted when a target temperature
T serv o

reached, before the field has been reduced to zero. The power supply is then placed under the

control o f a feedback system that monitors the cold stage temperature.

A constant temperature is

maintained through a slow reduction o f the field, so that the cooling effect o f demagnetisation exactly
matches the heating effect o f the heat leak into the salt pill. This process is represented in Fig 1.2 as the
line D to E. When point E is reached the field has been reduced to zero, and the temperature will begin to
rise along the zero-field entropy curve. Active field control is more efficient than using a Joule heated
detector stage, because no extra heat is introduced into the system. It incorporates negative feedback, and
so is often referred to as a servo system, and the target temperature

T Se r v o

is known as the servo

temperature.

Both o f these temperature maintenance techniques enable the temperature to be held constant for a finite
period, known as the hold time, after which the cold stage and the paramagnetic material begin to warm
until they return to the starting temperature

T Ba t h -

In

order to produce a further period at low temperatures

the magnetisation/demagnetisation cycle must be repeated, a process known as recycling. Cyclic magnetic
refrigerators, capable o f constant refrigeration for an indefinite time, do exist, and will be discussed later.
They are finding applications in helium liquefaction and also in refrigeration close to room temperatures.
However, for millikelvin work, the ADR remains an essentially one-shot cooling method.
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1.3. The History of Adiabatic Demagnetisation Refrigerators

Prior to the production o f working ADRs, the lowest temperatures available to physicists were limited to
whatever could be obtained using liquefied gases.

When Kamerlingh-Onnes succeeded in liquefying

helium in 1908 at the University o f Leiden (Kammerlingh-Onnes, 1908), a significant barrier to lower
temperatures had been reached, since 3He would not be discovered for several decades, and so no known
gas remained unliquefied. Nonetheless his achievement was a momentous event, and led directly to his
discovery o f superconductivity in 1911 (Kamerlingh-Onnes, 191 la, b, c), for which he won the Nobel Prize
in 1913. By 1926 he had reached temperatures as low as 0.8 IK by pumping on a bath o f liquid helium with
a massive battery o f pumps, but it was clear that a new technology would be required to reach significantly
lower temperatures.

In the years between 1908 and 1926 work had been done at Leiden on the properties of paramagnetic
materials at low temperatures. A deviation from the Curie Law was noted in oxygen (Kamerlingh-Onnes
and Perrier, 1910), and a similar phenomenon was observed in gadolinium and ferrous sulphates, and in
dysprosium oxide (Kamerlingh-Onnes and Perrier, 1911). The research was continued, motivated by a
desire to understand how this deviation might be "connected with the problem as to how far the electrons
which occasion magnetic phenomena are frozen fast to the atoms" when cooled to very low temperatures.
The significance o f recent work by Weiss (191 la.b), and his concept o f the magneton, was noted but
Kamerlingh-Onnes did not make the link to the work of Langevin. Considerably earlier, Langevin (1905)
had realised that changes in the magnetisation of a paramagnetic material would lead to reversible changes
in temperature, but he had suggested that the "typical" heat capacities involved would render the effect too
small to be useful.

By 1926, the Leiden group had collected enough data to enable Debye (1926) and Giaque (1927) to show
independently that the adiabatic demagnetisation o f a paramagnetic material could be used to cool to subkelvin temperatures. Shortly before the first practical demonstrations, Kurti and Simon (1933) showed that
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the properties o f gadolinium sulphate were even more favourable for this application than had at first been
thought.

The first working ADR was built at the University o f California at Berkeley by Giaque and

MacDougall (1933), and reached a temperature o f 0.53K using gadolinium sulphate as the refrigerant.
Later, by lowering the bath temperature, they reached temperatures as low as 0.25K. This Nobel Prize
winning work was the first major advance in cryogenics since the end of the last century for which the
Leiden group had not achieved the first practical demonstration. Their own announcement o f success came
just over a month later (de Haas, Wiersma and Kramers, 1933a), following an experiment in which cerium
fluoride was used to cool to 0.27K. Another working ADR was built at Oxford by Kurti and Simon in
1934.

Although refrigeration by the adiabatic demagnetisation o f a paramagnetic material was the first method of
magnetic refrigeration to be demonstrated, it was not the first to be suggested. Both Edison (1890) and
Tesla (1950a,b; 1952a,b; 1953) had held early patents on heat engines based on the transition of a working
material from a ferromagnetic to a paramagnetic state. Work on the magnetocaloric effect in ferromagnets
had proceeded independently of the paramagnetic investigations, and the effect had been observed in both
nickel (Weiss and Piccard, 1918; Weiss and Forrer, 1926) and iron (Potter, 1934). However, working
devices based on ferromagnets require magnetic fields o f up to 10T and pure rare-earth elements, and so
practical demonstrations were not performed until much later (Brown, 1976; Steyert, 1978a,b; Rosenblum,
Pratt and Steyert, 1977), when the necessary technology became available.

Cooling has also been

accomplished using the analogous process o f aligning electric dipoles using an electric field (Kanzig, Hart
and Roberts, 1964; Hegnebarth, 1965), and by the adiabatic demagnetisation o f a superconductor (Yaqub,
1960).

These methods are relevant to the construction of heat engines for higher temperatures, but

paramagnet-based ADRs are still the only magnetic refrigerators capable of producing millikelvin
temperatures.

Further improvements in ADR technology eventually opened up two new decades of temperature (0.01K1K) to low-temperature physicists, and led directly to many advances in the fields of superconductivity,
magnetism, nuclear properties and the low temperature properties o f 3He and 4He (Hudson, 1972).

29

However, the temperatures that can be reached by an ADR are limited by the size of the electronic
magnetic moments in the paramagnetic material used, since the technique cannot cool to temperatures
lower than the magnetic ordering point o f the refrigerant. It was shown by de Haas and Wiersma (1935)
that diluting a salt can reduce its ordering temperature, but this also reduces its heat capacity and therefore
its cooling power. The lowest temperature paramagnetic refrigerant currently known, cerium magnesium
nitrate (CMN), undergoes magnetic ordering at around lmK. In contrast, nuclear magnetic moments are
typically three orders o f magnitude smaller than the electronic magnetic moments, and so can be used in
analogous adiabatic demagnetisation process to reach microkelvin temperatures. This was realised soon
after the first ADRs were constructed (Gorter, 1934; Kurti and Simon, 1935), but again the magnetic field
strengths needed were greater than those that could be produced at the time. The first practical
demonstration was performed by Kurti, Robinson, Simon and Spohr (1956) using a field o f 3T with copper
as the refrigerant, cooling from a starting temperature of 12mK, and reaching 20pK.

In the years after 1933, the number o f ADR installations around the world increased.

Advances in

technology led to increased performance, through higher magnetic fields, better cryostat designs, and an
ever-increasing amount o f literature on the low temperature properties of paramagnetic materials.

The

devices also became more complex, containing multiple salt pills in order to achieve lower temperatures
and longer hold times. However, the basic operating principle remained the same.

Undoubtedly the greatest advances have been made in magnet design, due to the advent of superconducting
magnets in the early 1960s. Prior to this massive normal coil magnets with huge energy requirements
generated the magnetic field. The energy requirements could be lowered by using iron cored magnets, but
this limited the maximum field to the 2T saturation point of iron. Careful shaping of the pole faces could
concentrate the field, but this reduced the volume o f paramagnetic material that could be magnetised. An
instructive example is the National Bureau o f Standards ADR built by de Klerk and Hudson in the early
1950’s (de Klerk and Hudson, 1954). This device used an iron-cored solenoid generating 2.3T with a
power consumption o f 25kW. The magnet was rated for use up to 2.6T, but due to the saturation effects in
the iron core this required 125kW o f power. To attain higher fields, iron free solenoids could have been
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Fig. 1.3. Early cryostat designs. A L eiden-school cryostat is show n on the left and an
O xford-school cryostat on the right.

used, but to generate 10T a pow er o f around 1MW would have been required.

N ormal coil m ag n ets also

had the disadvantage o f requiring w ater cooling to rem ove heat prod uced by the current in the coil.

In

contrast, a m odern A D R with a superconducting solenoid will have a p o w er consum ption as low as several
tens o f watts (B rom iley et al., 1997b), and has the m agnet integrated into the cryostat.

There is no Joule

heating but the critical field o f the su percon du ctor limits the m a x im u m field. The highest attainable field
has slowly been raised through a dvances in supercon du cting m ag net technology.
exam ple,

norm al

coils

were

required

for m agnetic

fields above

15T (Carden,

In the 1 97 0’s, for
1976),

but

today

superco nd uctin g solenoids g enerating 2 0 T are available co m m ercially from com panies such as Janis
Research Co. Inc. (http ://w w w .janis.co m ).
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Advances in cryostat designs have been less dramatic, mainly limited to construction materials, although
these changes have had a large impact on the efficiency o f ADRs.

Fig. 1.3 shows two early cryostat

designs, the Leiden type used by de Haas, Wiersma and Kramers (1933b) and the Oxford type used by
Kurti and Simon (1934). These two designs could be said to be representative o f all early ADRs. The
Leiden school cryostat had an ellipsoidal salt pill supported on a glass pillar to provide a measure of
thermal isolation, with glass vacuum jackets containing a liquid helium chamber to provide the necessary
starting temperature. An outer liquid nitrogen chamber reduced the heat leak into the helium chamber, and
so reduced the boil-off o f the more expensive cryogen. The National Bureau o f Standards ADR discussed
above had a similar design. The Oxford school cryostat had a German silver vacuum jacket, and the salt
pill was supported on silk or later nylon threads. Modem ADRs are more similar to the Oxford type, with
all metal construction using stainless steel and aluminium, and with a salt pill support structure constructed
from strands o f Kevlar® (Duband, Hui and Lange, 1993). Further details of cryostat design can be found in
the papers by Mess, Lubbers, Neisen and Huiskamp (1969), Vilches and Wheatley (1966), Collan, Krusius
and Pickett (1970), Koboyasi, Shinora and Ono (1973),and the books o f Hudson (1972) and Lounasmaa
(1974).

In early ADR designs heat switching was accomplished using an exchange gas. The inner vacuum jacket
was flooded with helium gas when thermal contact was required between the salt pill and the helium
chamber, and the gas was pumped out to provide thermal isolation. The use of large amounts of exchange
gas has been superseded by compact heat switches, which fall into three categories: mechanical, gas-gap
and superconducting. Mechanical switches (Siegwarth, 1976) consist o f a pair of jaws which clamp onto a
strip o f metal connected to the salt pill, and a typical design, used at MSSL, is shown in Fig. 1.4. The jaws
are usually closed by a small solenoid on the base plate. The main advantage o f mechanical switches is that
they have zero thermal conductivity in the " o ff state. They can be extremely reliable despite the presence
of moving parts. Hagmann and Richards (1994) have designed a mechanical switch that survived 9000
cycles at 4.2K without any loss o f conductivity, and also survived a vibration test simulating a sounding
rocket launch. Gas-gap switches (Torre and Chanin, 1984) are similar to the use of an exchange gas, but
rather than flooding the entire inner vacuum jacket, the gas is contained within a small tube connected to
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Fig. 1.4. A typical mechanical heat switch design. The open circles
are moveable pivots, whereas the filled circles are fixed pivots.

the salt pill and the base plate. The tube also contains a sorb pump, made from charcoal or some other
absorbent material, with a resistive heater. When no current flows in the heater, the gas is absorbed and the
thermal conductivity falls. To turn the switch on, the sorb is heated to release the gas, which then conducts
heat. Gas-gap switches can have a high thermal conductivity in the on state, but also have a small residual
conductivity in the off state, so reduce the hold time of an ADR. However, they contain no moving parts,
and so are more reliable than mechanical switches.

Superconducting switches (Heer and Daunt, 1949;

Peshkov and Parshin, 1965) are the simplest alternative, consisting of a length of superconducting wire
between the pill and the helium bath. The superconductor is chosen so that its critical temperature lies
above the bath temperature o f the ADR, and lead and tin are common choices. A small solenoid, capable
of generating more than the critical field o f the superconductor, can be used to drive the wire into the
normal state. When the current in the solenoid is turned off, the wire will become superconducting. The
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thermal conductivity o f a superconductor in the normal state is much higher than in the superconducting
state, and so some degree o f heat switching can be achieved.

Such switches have the advantage o f

simplicity, but also have a residual off state conductivity, and typically have a worse on/off thermal
conductivity ratio than gas-gap switches.

Another major advance in ADR design was the use of multiple salt pills. In the simplest scheme, first
proposed by Mess et al. (1969), two salt pills are used with a single magnet. The second pill, known as the
guard pill, is attached to the support structure of the first, and intercepts the heat leak through the supports,
prolonging the hold time o f the system. However, the effect on the lowest temperature reached is minimal.
A more complex design is the two-stage ADR, in which two pills are used with two separate magnets. The
device is effectively two ADRs in series, with the first stage pre-cooling the second in order to provide a
lower starting temperature and so achieve a lower base temperature. The higher temperature stage then acts
as a guard pill. With such a system very low base temperatures can be reached using small magnetic fields.
The first practical demonstration was by Darby et al. in 1951, and attained a final temperature o f 3mK
using a field of only 0.42T. The higher temperature stage used ferric ammonium alum (FAA) and the
lower cerium magnesium nitrate (CMN). The two-stage system does require a heat switch between the two
stages however, and so is considerably more complex than a system with a guard pill.

Further details o f the history o f adiabatic demagnetisation refrigerators are recounted in monographs by
Casimir (1940), Kurti (1952), Garrett (1954), Hudson (1972) and Lounasmaa (1974). Review papers have
also been published by Ambler and Hudson (1955), de Klerk and Steenland (1955), de Klerk (1956),
Mendoza (1961), and Little (1964).
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1.4. Cyclic Refrigerators

Adiabatic demagnetisation is essentially a one-shot cooling method. After demagnetisation and a period of
constant temperature provided by active field control or a joule heated cold stage, the salt pill will begin to
warm up, and the magnetisation/demagnetisation cycle must be repeated. This is a considerable drawback
for many applications requiring low temperature refrigeration, such as helium liquefaction, where the time
taken to recycle can be viewed as lost productivity, so a great deal of effort has been devoted to producing
continuous magnetic refrigerators.

The first semi-continuous devices were constructed in the early 1950's, based on the two-stage design
mentioned above. The first stage was continuously cycled to cool a second, passive stage that acted as a
thermal reservoir. The temperature o f the second stage oscillated as it was alternately cooled by the first
stage, and then warmed by the heat leak during recycling. However, increasing the mass o f the second
stage and so raising its heat capacity could reduce the magnitude of the oscillation. These devices were
used in studies o f the properties o f paramagnetic materials, since the material in the second stage could be
kept cold indefinitely during a long series o f measurements. Heer, Barnes and Daunt (1954) describe such
a refrigerator that could provide a continuous base temperature anywhere between 0.2 and IK.
Zimmerman, NcNutt and Bohm (1962) constructed an improved design, and a refrigerator built by
Rosenblum, Shienberg and Steyert (1976) reached much lower temperatures. All of these devices were
sub-kelvin refrigerators.

An alternative device is the tandem ADR (Jeong et al., 1994) in which two

separate ADRs are used. Each provides cooling whilst the other is recycled, with the added advantage that,
if superconducting magnets are being used, the energy in the magnetic field can be moved between the two
magnets as one is being magnetised and the other demagnetised

Interest in continuous magnetic refrigeration below IK waned with the advent of the dilution refrigerator,
discussed later, since higher cooling power was available with this alternative.

However, research

continued into magnetic refrigeration at higher temperatures. Van Geuns (1966) was the first to study the
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application o f the paramagnetic magnetocaloric effect above 1K. Gas based refrigerators lose efficiency
below about 20K whilst ADRs can potentially provide extremely high efficiencies at these temperatures
(Maeda, Kimura and Sato, 1985). The traditional way of operating an ADR is to magnetise the refrigerant
isothermally, in contact with a heat bath to absorb the heat o f magnetisation, then isolate the salt pill using a
heat switch and demagnetise under adiabatic conditions.

This is followed by a period o f constant

temperature achieved by active field control i.e. another isotherm. It is clear that a closed cycle can be
constructed by adding another adiabat, representing a process o f adiabatic magnetisation (see Fig. 1.2).
This will create a closed thermodynamic cycle consisting o f two adiabats and two isotherms, which is the
definition o f the Carnot cycle. Furthermore, the cycle in an ADR has few losses: there are no moving parts
to generate friction, no hysteresis, no gases to generate turbulence and, if the isothermal stages are
conducted at the correct temperatures, no irreversible heat flows.

An ADR is therefore capable of

achieving near-Carnot efficiencies. This makes it an attractive option in commercial helium liquefaction,
an area that is becoming increasingly profitable with the proliferation of superconductor-based
technologies, and so research into continuous magnetic refrigeration continues to the present day.

The Carnot cycle has a high thermodynamic efficiency, but covers a relatively small temperature range, and
the energy rejected by the cycle, given by the area enclosed on the entropy vs. temperature diagram, is
small.

Therefore, a variety o f alternative thermodynamic cycles have been proposed, and designs for

practical continuous refrigerators are considerably more complex than those o f basic ADRs, often involving
the use o f regenerators to increase the temperature range. Four cycles have received attention: the Carnot
cycle, the Stirling cycle, the Ericsson cycle, and the Brayton (or Joule) cycle. These terms seem to be used
rather loosely in the literature, so some clarification is necessary. The definitions for these cycles in a gas
are given in Table 1.1. The first law o f thermodynamics for a gas is usually given as

dU = TdS - p d V ,

1.1

where U is the internal energy, T the temperature, S the entropy, p the pressure and V the volume. This can
be adapted for magnetic systems by replacing the term for work, the second term on the right hand side,
with a term for magnetic work, given by B0dM (see Appendix), where B0 is the magnetic field and M is the
magnetisation. This gives
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The Camot Cycle

The Stirling Cycle
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The Ericsson cycle
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The Brayton (or Joule) Cycle

Fig. 1.5. Entropy vs. temperature diagrams for the thermodynamic cycles commonly used in
continuous magnetic refrigerators.

Gas

Paramagnet

First Law

dU = T d S - pdV

dU = TdS + BdM

Camot cycle

2 adiabats, 2 isotherms.

2 adiabats, 2 isotherms.

Stirling cycle

2 isochores, 2 isotherms.

2 isomagnetisations, 2 isotherms

Ericsson cycle

2 isobars, 2 isotherms.

2 isofields, 2 isotherms.

Brayton cycle

2 isobars, 2 adiabats.

2 isofields, 2 adiabats.

Table 1.1. The definitions o f the thermodynamic cycles. U is internal energy, T is temperature, S is
entropy, p is pressure, V is volume, B is magnetic field strength and M is magnetisation.

dU = TdS + BndM .

1.2

The thermodynamics o f magnetic systems is discussed further in the next chapter, but it is clear from these
two equations that, in general, the field replaces the pressure and the magnetisation replaces the volume.
The proper definitions o f the four thermodynamic cycles mentioned can therefore be generated by making
these changes to the definitions for the gas based cycles, and they are also given in Table 1.1. Entropy-
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temperature diagrams for the cycles are shown in Fig 1.5. The greater areas enclosed by the Stirling,
Ericsson and Brayton cycles compared to the Camot cycle can easily be seen. They therefore reject more
heat than the Carnot cycle, making refrigerators based on them more effective.

A full review o f the field will not be presented here, but Steyert (1978b), Numazawa et al. (1993), and
Bezaguet et al. (1994) have published designs for practical continuous Camot cycle magnetic refrigerators.
Pratt et al. (1977), Steyert and Barclay (1977), and Steyert (1978a) describe Stirling cycle devices. Barclay,
Moze and Patterson (1979) describe an Ericsson cycle refrigerator, and Chen and Yan (1994) present an
analysis o f the Brayton cycle for magnetic refrigeration. Refrigerants suitable for low temperature devices
are described by Takeya et al. (1994), Yan and Chen (1992), and Gschneider et al. (1994), whilst
Oestereicher and Parker (1984) list materials which could be used at the other extreme of the temperature
range, between 400 and 800K. Theoretical analyses of continuous magnetic refrigerators are presented by
Johnson and Zimm (1996), Hall et al. (1995) and De Gregoria (1992). Finally, Brown (1976) describes a
Stirling cycle refrigerator for use at room temperature, based on the magnetocaloric effect in gadolinium, a
ferromagnet.

The interest in continuous magnetic refrigeration for helium liquefaction has had major implications for the
research discussed in this thesis, the construction o f an ADR for use in orbit, which is the main reason for
mentioning it here. The connection between the two fields concerns the paramagnetic materials used. The
magnitude o f the magnetocaloric effect is greatest close to the Curie temperature, and so each material is
most effective within a certain temperature range. Traditional low temperature ADRs used materials with
Curie temperatures below 50mK, since the aim was generally to reach the lowest possible temperature.
Helium liquefaction requires refrigerators operating between a few tens o f kelvins and 4.2K. Therefore, a
different set o f paramagnetic materials was needed, and considerable effort was devoted to developing and
studying them. Future space qualified ADRs will have to be capable of cooling from a bath temperature of
around 4.2K down to lOmK, for reasons discussed later in this chapter, but no ADR could cover this range
in a single step. Instead a two-stage system will be required, using two different paramagnetic materials,
each optimised to a certain temperature range.

The first stage will therefore require one of the higher
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temperature materials, such as dysprosium gallium garnet, which have been brought to the attention o f
ultra-low temperature researchers partly through their popularity in the continuous magnetic refrigeration
community.

1.5.

Refrigeration using 3He

Between the early 1930s and the 1950s, ADRs remained the accepted method for producing sub-kelvin
temperatures. However, with the proliferation o f nuclear reactors, 3He became available in large quantities.
This led to the development o f two new low-temperature refrigerators, the 3He refrigerator and the dilution
refrigerator. These systems had several advantages over ADRs, and so eventually replaced them.

1.5.1. The 3He Refrigerator

The simplest method o f refrigeration using 3He is pumping on a bath o f the liquid to reduce its vapour
pressure, and this technique has been available since the 1950’s. Temperatures as low as 0.27K can be
produced in this way, and the method is widely used in commercial refrigerators to the present day. A
popular design is the dipstick refrigerator, which takes the form o f a long rod that can be inserted into a 4He
cryostat. A thin capillary which dips into the 4He liquid is used to fill a small chamber, which in turn is
connected to a vacuum pump to reduce the vapour pressure and provide pre-cooling to around IK. The
pre-cooling stage condenses the 3He gas from a room temperature storage vessel, and the liquid then drips
down into a second chamber at the base o f the refrigerator. Once the gas has been condensed, a sorb pump
is used to reduce the vapour pressure of the 3He, cooling it to around 0.3K within a few minutes. Both
Shwartz (1987) and Pobell (1992) describe systems o f this type.

The 3He refrigerator is not a direct

competitor for ADRs as it is incapable o f producing millikelvin temperatures. It covers the temperature
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range between IK, the lowest that can be easily produced using 4He, and 0.3K, which is the upper end o f
the range covered by ADRs.

1.5.2. The 3He-4He Dilution Refrigerator

An alternative method o f cooling using 3He is the 3He-4He dilution refrigerator. In 1962, London, Clark
and Mendoza published a proposal for a millikelvin refrigerator based on the heat of mixing of 3He and
4He, following an idea first proposed by London in 1951. The first practical demonstration was made at
Leiden in 1965 (Das, de Bruyn Ouboter and Taconis), reaching a temperature o f 0.22K. Improved designs
followed only a year later, constructed by Neganov, Borisov and Liburg (1966) in Dubna and Hall, Ford
and Thompson (1966) in Manchester. The Dubna system eventually reached 25mK. Temperatures as low
as 2mK have been achieved using dilution refrigerators (Frossati, 1978, 1992; Vermeulen and Frossati,
1987). The dilution refrigerator has major advantages over the ADR in that it is continuous and is not
affected by magnetic fields, which are often required in low temperature experiments, and so has virtually
replaced them in low temperature research.

Detailed discussions o f dilution refrigerators have been

published by Wheatley, Vilches and Abel (1968) and by Wheatley, Rapp and Johnson (1971). Wheatley
(1968, 1970) has explained the properties o f pure liquid 3He and o f liquid solutions of 3He in 4He.
Discussions o f the thermodynamics o f the process are given in Ebner and Edwards (1971), Radebaugh
(1967) and Radebaugh and Siegwarth (1970, 1971). The field is reviewed in Lounasmaa (1974), Betts
(1976, 1989), and Pobell (1992).

Figure 1.6 shows a schematic o f a dilution refrigerator. It operates by continually cycling 3He through a
mixing chamber containing 4He, relying on the fact that, at sufficiently low temperatures, the mixture will
separate into two phases, one rich in 3He and one in 4He. The phase diagram for the mixture is shown in
Figure 1.7.
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C on sider first the process o ccurring in the mixing chamber. The less dense He rich phase floats on top o f
the ‘‘He rich phase under the influence o f gravity. ’He is continually added to the upper phase and rem ov ed
from the lower. It is im portant to note that, as the tem perature ap pro aches zero at atm ospheric pressure, the
upper phase approaches pure

He, whilst the lower approaches a concentration o f 6 .5 %

He.

The

circulation o f He through the ch am b e r therefore results in a continual mixing o f ’He with 4He, and so
results in cooling.

T he process can be explained crudely in term s o f the entropy.

Heat leaks into the

mixing ch a m b e r are minim ised to maintain approxim ately adiabatic conditions, and so the entropy o f
mixing results in a drop in temperature. The process has also been likened to evaporation, with the upper
phase representing the liquid and the lower the vapour. In this analogy, it is the constant “e v ap ora tio n” o f
the He as it passes betw een the phases that results in cooling.
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Removal o f 3He from the lower stage is accomplished through a tube attached to a heated still maintained at
around 0.7K. At this temperature 3He has a much higher vapour pressure than 4He, and so almost pure 3He
gas can be pumped off for re-circulation by a room temperature pump. This lowers the concentration of
3He in the still to less than 1%, and so 3He is continually drawn up from the mixing chamber by osmosis.
The warm 3He gas is then pre-cooled to 4.2K by a 4He bath, and then to 1.5K by a continuous 4He
refrigerator, as in the 3He refrigerator described in the last section.

The last step in the cycle returns the 3He to the upper phase in the mixing chamber. It first passes through
an impedance to raise the pressure and ensure condensation, and then through a heat exchanger in the still,
where it is cooled to 0.7K. A second impedance ensures it does not re-evaporate. It finally passes through
a counter-flow heat exchanger where it is cooled further by the 4He rich liquid flowing up into the still. It is
then added to the mixing chamber.

Dilution refrigerators replaced ADRs in low temperature research due to their ability to provide continuous,
high cooling power refrigeration to millikelvin temperatures, but they do have drawbacks. To construct an
effective refrigerator, the heat exchangers must be extremely efficient, which entails using considerable
lengths o f delicate, concentric capillary tubing.

Continuous dilution refrigerators are also gravity

dependent, since it is the stratification of the phases in the mixing chamber under the influence o f gravity,
due to their different densities, which allows the lov/er phase to be connected to the still. The dependence
on gravity can be removed by using a carefully designed mixing chamber and discarding the 4He rich
phase, rather than recycling the 3He from it, but the lifetime of the refrigerator is then limited by the amount
o f 3He available. Therefore, ADRs have recently re-emerged as a promising candidate for one particular
application, in which refrigerators need to be rugged and gravity independent, namely millikelvin
refrigeration in space.
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1.6. Refrigeration in Space

A requirement for cryogenic cooling in space has existed since the early 1960's (Jewell, 1997), and a
variety o f technologies have been used to achieve it. Jewell (1996, 1997) has presented a review of the
field. The environment o f space provides several natural resources that aid the design of any low
temperature system, namely an excellent vacuum and a 3K deep space radiation background. All cryogenic
systems rely on vacuum spaces to provide thermal isolation, and the low temperature background can be
utilised by radiative coolers to provide temperatures as low as 60K. Radiative coolers (Coesel, Cruijssen,
and Wigbers, 1997; Petersen, Teunissen, and Vazquez, 1997) consist o f an emitter that rejects heat into
deep space as thermal radiation. The emitter must be shielded from nearby sources of high temperature
radiation, such as the Sun, the Earth, and the outer parts of the spacecraft, but operation is completely
passive and requires no power. Coolers o f this kind have been used on civilian space missions since the
early 1970's (Jewell, 1996), and can be used in hybrid systems (i.e. composite refrigerators containing
several stages using different refrigeration technologies) to provide pre-cooling for lower temperature
refrigerators.

However, operation on a satellite imposes severe restrictions on cryogenic systems. The refrigerator must
be rugged enough to survive the forces experienced during launch, and yet the mass, volume and power
consumption must be minimised. It must not generate any vibrations or high magnetic fields that could
interfere with the operations o f other instruments on the satellite, or with the satellite itself. Finally, it must
be capable o f maintenance-free operation in zero gravity for several years, and the failure modes must be
studied and understood, so that damage to the mission as a whole is minimised if one particular component
malfunctions.

For these reasons, the technology o f cryogenic cooling in space has consistently lagged

behind that available on the ground. This is particularly true in the temperature range below IK.

Space qualified refrigerators for temperatures around 100K have existed for some time. Gas based Stirling
cycle and Joule-Thompson systems were used during the 1970's with limited success (Jewell, 1996).
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Contemporary ground based versions o f these systems relied on rubbing seals, which led to short on-orbit
lifetimes, and the use o f alternatives, such as active magnetic bearing suspension, produced machines that
were complex and heavy. A breakthrough was made at the University o f Oxford, resulting in an 80K splitcycle Stirling cycle cooler using clearance seals and diaphragm springs to extend the lifetime o f the device
to >10 years (Davey and Orlowska, 1987). Refrigerators based on this technology were used on several
missions during the early 1990's with a 100% success record (Jewell, 1996), and recent developments o f the
technology have extended the base temperature down to 4K (Orlowska, Bradshaw and Hieatt, 1990).

One o f the major drawbacks o f both space-qualified cryocoolers and radiative coolers is their low cooling
power. Liquid and solid cryogens have therefore also been used in space, despite their mass and limited
lifetime. During the 1970's solid cryogens were used exclusively to avoid the problems associated with
liquid confmement in zero gravity. Solid neon, for example, can provide temperatures in the region of 1020K, but to produce temperatures in the region of IK liquid helium is required. The first use o f liquid
helium in an astronomical satellite came with the launch of the highly successful IRAS mission in 1983.
This infrared survey satellite (Neugebauer et al., 1984) carried nearly 600 litres of liquid helium and
operated for 300 days at temperatures below 1.8K. A number of other missions based around liquid helium
cryostats followed, including the NASA cosmological mission COBE in 1989 (Mather, 1982), Japan's first
infrared survey mission IRTS in 1995 (Murakami et al., 1989), and ESA’s infrared space telescope ISO in
the same year (Kessler, 1995). The problems associated with the use o f liquid helium in zero gravity have
been solved, to the extent that the NASA mission SHOOT (DiPirro, Shirron, and Tuttle, 1994) was able to
demonstrate the feasibility o f on-orbit liquid helium transfer from one vessel to another. However, the use
o f liquid helium in orbit is unattractive due to the mass of cryogen that must be launched in order to provide
a reasonable lifetime. For example ISO carried 2250 litres of liquid helium, weighing around 1.7 tonnes,
and providing a lifetime o f around 28 months. Mechanical cryocoolers weigh a few tens of kilograms, and
would clearly be a preferable alternative if the cooling power could be raised to reasonable levels. This is
particularly true in the current situation, where the major space agencies have expressed a desire for space
missions to become "smaller, faster, and cheaper".
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Cryogenic cooling is used in space in order to reduce noise and increase sensitivity in a variety o f
electronics and detector systems. Certain detector technologies used or proposed for use at optical, sub
millimetre, infrared and X-ray wavelengths require particularly low temperatures.

Microcalorimeters

(Moseley et al., 1992) and bolometers are essentially thermometers, detecting the heating effect o f incident
photons in an absorber, and can be used at a variety o f wavelengths.

Current X-ray microcalorimeters

operate at temperatures between around 60 and 300mK. Examples operating at the lower end o f this range
are described by Deiker et al. (1997) and Stahle et al. (1997), whilst Labov et al. (1990) describe a 300mK
X-ray microcalorimeter. Recent work at the Mullard Space Science Laboratory (Bromiley et al., 1997b)
has indicated that significant performance gains could be made through optimising such devices to work at
lOmK. Transition edge detectors operate on a similar principle, but the thermometer is a superconductor
held at the temperature o f the normal/superconducting transition. The heating effect of an incoming photon
drives the superconductor towards the normal state, resulting in a large rise in electrical resistance.
Transition edge sensors operating at lOOmK have been proposed for wavelengths between the mid infrared
and ultraviolet (Cabrera et al., 1998) and for X-rays (Irwin et al., 1996). Superconducting tunnel junctions
(STJs) (Labov, 1991) detect incident photons when they split Cooper pairs in the superconductor, creating
quasiparticles that can be detected as a current pulse if a voltage is applied across the junction. The energy
required to split the Cooper pairs is low, so these devices are very sensitive. Again temperatures between
60 and 300mK are required to give the necessary sensitivity. STJ's have been operated at wavelengths
between the near infrared and ultraviolet (Peacock et al., 1996; Verhove et al., 1997a,b; Parmar et al., 1997)
and also at X-ray wavelengths. All o f these technologies are sensitive enough to be both photon counting
and spectroscopic, and would greatly enhance the scientific capabilities o f future astronomical satellites if
the necessary sub-kelvin coolers could be developed.

There are three main technologies currently used on the ground to produce sub-kelvin temperatures: 3He
coolers; dilution refrigerators; and ADRs. Examples o f all three systems are currently being developed for
use in space. 3He coolers are the simplest option, and have already been used on balloons (Torre and
Chanin, 1977; Mather, Richards and Woody, 1974) and on sounding rockets (Gush, 1974). The technology
was also used on a de-spun rocket as part o f a Japanese cosmic microwave background mission in 1989
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(Duband et al., 1989, 1991). Since the rocket was de-spun, and there was no centrifugal force to simulate
gravity, the ability to operate in zero gravity was demonstrated. Temperatures of 340mK were produced,
the lowest ever in zero gravity at that time. This led to a 3He refrigerator being used as the cooler for the
Far Infrared Photometer (FIRP) on the Japanese Infrared Telescope in Space (IRTS), launched in 1995
(Duband, Hui and Lange, 1990; Duband, 1995). 3He refrigerators are currently the preferred option for
cooling to between 1.6 and 0.3 K in space, but they are incapable o f reaching lower temperatures.

Dilution refrigerators are the technology o f choice for cooling to the sub-0.3K region in the laboratory, but
adaptation to zero gravity has proven difficult. The problem of phase separation under these conditions has
not been solved: instead open-cycle refrigerators have been developed, where the 3He/4He mixture
produced in an adapted, gravity independent mixing chamber is vented into space (Benoit and Puegol,
1991; Benoit et al., 1994), limiting the lifetime o f the cooler. Furthermore, the heat exchangers used in
dilution refrigerators are made from long, delicate capillary tubes, so producing a system rugged enough to
survive the vibration environment o f a rocket launch has proven to be a challenge. An open cycle dilution
refrigerator has been proposed for the ESA cosmological mission FIRST (Benoit et al., 1997), planned for
launch in 2005 and currently in the design stage.

The drawbacks o f the dilution refrigerator for space use have led to a revival o f interest in ADRs. ADRs
are inherently gravity independent, and the use of superconducting magnets enables them to be compact
and light enough to compete favourably with dilution systems. Early research by NASA produced an ADR
with a hold time o f 9 hours at 0.1K when pre-cooled to 1.8K using a pumped liquid helium bath (Lesyna et
al., 1987). Early superconducting solenoids required complete immersion in liquid helium, which is a
drawback for a system designed for space use, since the cryostat and the ADR would probably be
constructed by two separate groups.

Conduction cooled magnets, in which the superconducting coil is

cooled by conduction through a thermal link to a ~4K interface, were therefore an important advance.
Yazawa, Sato and Yamamoto (1990) described an ADR with a conduction-cooled magnet, capable o f 7
hours hold time at 0.2K.
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Alternative technologies may arise in the future.

Attention has recently been focussed on normal-

insulating-superconducting (NIS) junctions (Nahum, Eiles and Martinis, 1994; Fisher, Ullom and Nahum,
1995; Nahum, 1995). In these devices two superconducting contacts, one o f which has an insulating barrier
layer, are made to a layer o f normal metal approximately 100pm square. A biasing voltage across the two
contacts raises the Fermi energy o f the metal to match the conduction band in the superconductor.
Electrons with an energy greater than the Fermi energy can then tunnel through the insulating barrier into
the superconductor at the NIS contact, whilst the electrons entering the normal metal through the other
contact have on average the Fermi energy, so the electron temperature as a whole is lowered. Ten thousand
o f these circuits in parallel would fit onto a chip 3cm square, and could in theory provide 200pW cooling
power at lOOmK. operating from a 1.5K bath in a device weighing only a few grams. However, such
alternatives are far from mature, and so will not compete with ADRs in space applications for some time to
come.

At the current time, NASA is half way through launching a series o f four spacecraft collectively called the
Great Observatories. The first two, the Hubble Space Telescope (HST) and the Compton Gamma Ray
Observatory (CGRO), were launched in April 1990 and April 1991 respectively. The remaining missions,
the Advanced X-ray Astrophysics Facility (AXAF) and the Space Infrared Telescope Facility (SIRTF), are
planned for launch in 1999 and 2001. ADRs were developed for both o f these missions and, although
neither will be used on the finished satellites, they have led to a considerable amount of ADR development
in the USA.

The ADR developed for SIRTF (Timbie, Bernstein and Richards, 1989 and 1990) was intended for use on
the Multiband Imaging Photometer (MIPS), operating from a pumped liquid helium bath at 1.8K and
cooling long wavelength bolometric detectors to below lOOmK. The system was constructed and used on
the Microwave Anisotropy Experiment (MAX) built at the University o f California at Berkeley.

This

balloon instrument was flown five times, and the next generation imaging version MAXIMA is currently
under construction (Fischer et al., 1992; Alsop et al., 1992). This research led to the construction o f several
similar systems. Ruhl and Dragoman (1991) describe a highly portable ADR, pre-cooled by a 3He fridge,
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used in microwave background anisotropy experiments in Antarctica. Another ADR was constructed for
use on AXAF as the cooling system for the X-ray Spectrometer (XRS) (Serlemistos et al., 1990;
Serelmistos, SanSebastian and Kunes, 1992a,b).

The XRS instrument will now fly on ASTRO-E, a

Japanese X-ray mission planned for launch in 1999. The cryostat will contain a solid neon stage and a
pumped liquid helium stage with a lifetime o f 2 years, pre-cooling the ADR to 1,8K and enabling it to reach
a servo temperature of 65mK. This ADR uses a gas gap heat switch, unlike the MAX ADR, which uses a
mechanical switch.

Although no ADR has yet been used in orbit, McCammon et al. (1996, 1997) have flown an ADR on a
sounding rocket, cooling an array o f 36 X-ray microcalorimeters to 60mK, and ADRs will be the first sub0.3K cooling technology used in space when ASTRO-E is launched in 1999.

All of the major space

agencies are studying ADRs, and future opportunities for their use in space will arise with the NASA X-ray
mission Constellation-X, the ESA X-ray mission XEUS, and the Japanese infrared mission H2/L2.

1.7. The Adaptation of ADRs to Space

It is clear that, if future space missions are to utilise the state-of-the-art detector technologies available, a
space qualified refrigerator capable o f long hold times at lOOmK and below will be required. Detectors
may become available which lower this temperature requirement to the lOmK region. It is also clear that,
in the current environment o f "smaller, faster, cheaper" missions, space agencies will become increasingly
unwilling to launch large missions based around liquid helium cryostats.

Mechanical cryocoolers are

becoming available that can produce 4.2K in space (Bradshaw and Orlowska, 1997). They will be used on
missions such as the ESA infrared mission FIRST, planned for launch in 2005; the Japanese infrared
mission ASTRO-F, a follow-up to IRTS planned for launch in 2003; and the NASA X-ray mission
Constellation-X. The use o f mechanical coolers will also lead to longer in-orbit lifetimes, increasing the
science return for a given capital outlay. A demand will therefore arise for a 4.2K to 0.1 K space qualified
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cooler in the near future. The ADRs used on MAX and ASTRO-E cannot satisfy this demand, since they
require a 1.8K bath in order to reach sub-0. IK temperatures.

There are several problems to overcome in designing an ADR for use in space. The magnetic field must be
shielded to prevent interference with other devices on a satellite. This can be accomplished using the highpermeability, high-saturation alloys such as permendure (Timbie, Bernstein and Richards, 1990). Also,
superconducting magnets can undergo a process known as a quench, where localised heating drives the
superconductor into the normal state at one point in the coil.

This element then becomes resistive,

producing heat which propagates throughout the coil until the entire magnet becomes normal. The magnetic
field energy will be released as heat, which will be dumped into the thermal bath. Quenches are unlikely to
occur in modem magnets but the system must be able to survive one. Therefore, the shielding must be able
to prevent damaging induced voltages in the rest o f the satellite during a quench, resulting from the rapid
drop in the magnetic field, and the heating o f the bath must minimised. The heating can be reduced by
constructing the cold stage o f the pre-cooler from high-heat capacity alloys such as Er3Ni (Seshake et al.,
1992; Aprigano et al., 1992), allowing it to act as a thermal reservoir. However, the masses of the shielding
and the cold stage thermal reservoir would be prohibitive if a standard laboratory ADR with a 6-7T magnet
was used. Another important consideration is the electrical power required, which is dominated by the
magnet.

Superconducting solenoids requiring only 1-2AT'1 can be wound by using very fine (-100-

150|im) wire, but the required current is still too high unless the field can be reduced to the 1-2T region.
All o f these points indicate the need for a drastic reduction in the magnetic field compared to a laboratory
ADR, and in fact the XRS ADR mentioned earlier used a field of 2T.

The thermal bath required by an ADR is usually provided by liquid helium, and the XRS ADR used a 1.8K
helium bath. As mentioned earlier, a major current trend in space cryogenics is the replacement o f liquid
cryogens with gas based mechanical cryocoolers, producing systems with no consumables and thus longer
lifetimes. There are two major obstacles to using a mechanical cooler in place o f the helium bath in an
ADR. The first is the low cooling power available. This is typically several watts at 4.2K for ground based
mechanical cryocoolers (Matsumoto and Okuda, 1993), but falls to around lOmW at the same temperature
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for space qualified systems (Benoit et al., 1997) due mainly to the restrictions on electrical power
consumption imposed by a satellite. The second is the bath temperature itself: the ADR must operate from
a 4.2K bath if it is to be coupled to a mechanical cryocooler.

Ground based ADRs coupled to mechanical cryocoolers have been constructed in the past, and early
research focussed on using the mechanical cooler to recycle the boil off from a liquid helium reservoir.
This removed the dependence on consumables whilst retaining the liquid helium bath, and so a conductioncooled magnet was not required. Richardson and Smith (1988) were the first to use a mechanical cooler in
this way.

Matsumoto and Okuda (1993) later constructed a similar system with a dilution refrigerator in

place o f an ADR, providing essentially unlimited hold times at millikelvin temperatures for long
experiments.

Coupling an ADR to a mechanical cryocooler for use in space presents more problems. The thermal load to
the bath must be considerably reduced. More importantly, the bath temperature must be 4.2K. A single
salt pill ADR cannot cool from 4.2K to tens of millikelvin. Therefore, more complex designs must be used
if an ADR is to meet future requirements in space cryogenics.

There are two obvious ways to enhance the performance of a single stage ADR. The use o f a guard pill can
lengthen the hold time or alternatively reduce the field required, and this scheme was used extensively in
the past (Mess et al., 1969; Vilches and Wheatley, 1966b). A group at Berkeley has recently constructed an
ADR for astronomical applications, using a guard pill to increase the bath temperature to 4-8K, as a first
step towards coupling an ADR to a mechanical pre-cooler (Hagmann and Richards, 1994; Hagmann,
Benford and Richards, 1994). Their system used a modem, high heat capacity paramagnetic material,
gadolinium gallium garnet (GGG) as the first stage, and a more traditional second stage material, ferric
ammonium alum (FAA), producing a hold time of many tens o f hours at 0.1K. However, this device still
required a high magnetic field o f between 4 and 9T. The second alternative is to produce a truly two stage
device, with separate magnets for each pill. This is a more complex device, and an extra heat switch is
required, but with modem superconducting magnets the size and mass need not be prohibitive.

It is

51

conceivable that a two stage device could produce lOmK base temperatures with long hold times, operating
from a bath temperature o f 4.2K, whilst using fields of only 2T and producing a peak thermal load
compatible with state o f the art mechanical cryocoolers. The aim of the work described in this thesis was to
develop such a device. The term “two-stage ADR” has sometimes been used to describe refrigerators using
guard pills and so, to prevent confusion, the system with two independent stages described in later chapters
has been called the double ADR.
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2. The Theory, Design and Modelling of Adiabatic
Demagnetisation Refrigerators

Adiabatic demagnetisation is, at least in principle, a very simple method for producing millikelvin
temperatures, requiring only a magnet capable o f generating fields o f IT or more, a paramagnetic
material with a Curie temperature below 1K, some form of heat switch, and a cryostat to house the
assembly.

However, as with all low-temperature systems, there are several issues that must be

addressed in order for the system to work efficiently. This chapter will deal with these design issues, as
well as the theoretical basis for ADRs. The aim of this work was the construction of an accurate,
dynamic thermal model o f ADR operation, which could then be used to design prototypes for use in
space, as well as to analyse experimental results from the MSSL ground-based ADR.

In order to construct the ADR thermal model, several elements were needed. The most important was a
formula for the entropy o f a paramagnetic salt over the temperature and magnetic field ranges
concerned. In order to find this formula, the familiar system of thermodynamics was reconstructed for
situations where magnetic work was important. In an ideal, perfectly adiabatic ADR this formula alone
would be enough to predict the performance. However, there were several sources o f heat in the
systems studied that caused departures from adiabatic conditions. These were divided into two areas:
the heat leak, which included conduction through the salt pill support structure, the radiative heat load
on the pill, and conduction by residual gas in the vacuum chambers; and eddy current heating in the
metal components o f the salt pill during demagnetisation.

Although the adiabatic demagnetisation process is relatively amenable to theoretical analysis, there
were some areas in which theory was unable to accurately replace experimental measurements. The
entropy and specific heat capacity o f paramagnetic materials at zero field were two such areas. The
experimental data required for the model needed to be identified, and suitable sources found. A vast
range o f paramagnetic materials has been studied with a view to use in ADRs, and Cooke (1955),
Ambler and Hudson (1955), De Klerk (1956), and Hudson (1972) have published reviews.

Each
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material operates most efficiently over a certain temperature range, so those relevant to the applications
of the MSSL ADRs had to be identified.

Each o f these areas will be addressed in turn. The next section deals with the thermodynamics of
paramagnetic systems. This material has been included in the main text, rather than an appendix, for
three reasons. Firstly, it played an important role in the ADR thermal model that is the main subject of
this chapter.

Secondly, it familiarises the reader with the theoretical aspects of ADR operation.

Finally, it is a new presentation o f material from a variety o f sources, none of which deal with the
whole spectrum o f theory needed to generate an accurate thermal model of an ADR.

The basic

thermodynamics, up to the derivation o f the Langevin expression, is an adaptation of the treatment
given by Finn (1993). The derivation o f the Brillouin function was taken from Ashcroft and Mermin
(1976). The next few steps, leading up to the free ion approximation, loosely follow Hudson (1972)
but have been translated into S.I. units. The section dealing with the internal field approximation again
follows Finn (1993), although the final few steps are original work.

Three ADR systems played major roles in the work described in this thesis. Two of these, the double
ADR and micro ADR, were new designs and are discussed in Chapters 5 and 6. The third was a onestage laboratory ADR, which was used in preliminary experiments performed to support the design
processes for the new systems. The primary goal of the thermal modelling described in this chapter
was to aid in the analysis o f these preliminary experiments.

The following sections are therefore,

where relevant, illustrated with examples from the MSSL laboratory ADR.

This chapter also deals with several issues relating to the design o f the salt pill support structure. The
most important o f these was the force exerted by the magnetic field on the salt pill. A paramagnetic
material placed in a non-uniform magnetic field will experience a force pulling it towards the region of
highest field. The salt pill in an ADR will therefore be subjected to this force unless it is accurately
positioned in the centre of the magnet bore. The support structure components were designed to be as
thin, and therefore as weak, as possible in order to reduce their thermal conductivity. However, their
strength had to include a safety margin to account for errors in the positioning of the pill, and so the
relation between the force on the pill and its displacement from the centre of the bore had to be found.
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Fig. 2.1. Entropy vs. temperature diagram for a typical paramagnetic material.

2.1. The Thermodynamics of Magnetic Systems

In a paramagnetic material each paramagnetic ion has a permanent magnetic moment. The material has
no bulk magnetisation, because the typical energies of random thermal fluctuations in the lattice, kT,
are higher than the energies o f interaction between the magnetic moments, and so the moments are
disordered. Therefore, the electronic magnetic moments are essentially free, and can take up any one
o f the possible 2J+1 spatial orientations available, where J is the total angular momentum quantum
number.

Ignoring the lattice entropy, which is negligibly small at temperatures o f a few kelvins

(Hudson, 1972), the entropy per mole o f substance is therefore given by the Boltzmann relation as
S = /? l n ( 2 J + l) ,

2.1

where S is the entropy and R is the universal gas constant. The term mole here refers to an amount of
the material containing one mole o f the paramagnetic ion. If the temperature is reduced then, at some

55

point, the interaction energies will no longer be insignificant and magnetic ordering will occur. The
entropy then falls below Rln(2J+l) and tends towards zero as the temperature approaches absolute zero,
forming a “shoulder” in the entropy vs. temperature curve. The form o f the entropy vs. temperature
curve for a paramagnetic material is shown in Fig. 2.1.

The weaker the forces o f interaction between the magnetic moments o f the paramagnetic ions, the
lower the temperature region in which magnetic ordering occurs. Magnetic cooling processes must be
carried out in this region for two main reasons. The interaction energies are significant in this region,
so a field o f a few teslas is enough to significantly increase the degree of magnetic ordering. The
entropy change upon isothermal magnetisation is therefore large and so the temperature change upon
adiabatic demagnetisation is also large. These processes are shown as the lines AB and BC in Fig. 2.1.
The entropy change for any given field falls as the temperature rises, and so less cooling occurs at
higher temperatures.

The presence o f a large gradient in the entropy vs. temperature curve also

increases the heat capacity according to the definition

2.2

where CP is the specific heat capacity at constant pressure, T is the temperature, and S is the entropy. A
large heat capacity reduces the effect o f heat leaking into the system via. the salt pill support structure
and therefore increases the length o f time for which a low temperature can be maintained.

The

magnitude o f the interaction energies varies between the different materials used in magnetic cooling
experiments, and therefore particular salts are suited to particular temperature ranges. For instance,
gadolinium gallium garnet is a “high-temperature” salt used in the range 1-15K, whereas cerium
magnesium nitrate is a “low-temperature” salt used below IK.

2.1.1. A Note on Magnetic Units

There are several different systems for defining magnetic units, which generates substantial confusion,
especially since some authors do not make clear which system they are using. Hudson (1972) gives a
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relatively complete discussion o f the thermodynamics o f ADRs using Gaussian units. In the following
treatment, SI units are used. In this system, the H and B fields are related by

B = juq(H + M ),

2.3

where B is the magnetic flux density, p0 is the permeability of free space, H is the magnetic field
strength and M is the magnetisation or magnetic moment per unit volume. H is a convenient measure
o f the magnetic field for macroscopic work because it can be measured on the macroscopic scale, and
relates to the effects o f an applied field together with the effects of any magnetic materials within the
field. B is the more fundamental field on microscopic scales since the Lorentz force on electrons in an
electromagnetic field is given by

F = e(E + v a B ) .

2.4

Using equation 2.3 the B field can be divided into two parts, given by

B = ju0H + fu0M = B0 + /u0M ,

2.5

where B0 is the field which would be present in free space in the absence of material, and p0M is the
contribution from material due to the atomic magnetic moments.

Since the following treatment is

based upon microscopic considerations, B0 is used, and is called the magnetic field. The symbol H is
not used further in this treatment to represent the magnetic field strength, but is used later to represent
the enthalpy.

2.1.2. Basic Thermodynamic Considerations

The familiar system o f thermodynamic equations, stated in terms of the pressure p, the volume V, the
entropy S and the temperature T can be reproduced for magnetic systems by inserting a term for
magnetic work. To simplify the equations, pressure and volume effects, which are negligibly small
compared to magnetic effects, are ignored.

The first law o f thermodynamics is usually given as

dU = TdS - p d V ,

2.6
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where U is the internal energy. This can be adapted for magnetic systems by replacing the -pdV term
with a magnetic work term given by B0dM, where M is the magnetisation and B0 is the field (see
Appendix), giving

dU —TdS + B . d M .

2.7

By comparing 2.6 with 2.7, it is clear that to generate thermodynamic equations for a magnetic system,
P must be replaced with -B0 and V with M. This retains the usual pairing o f intrinsic and extrinsic
variables found in the equations.

The other three thermodynamic potentials, the enthalpy H, the

Helmholtz free energy F, and the Gibbs free energy G follow from the internal energy,

dH = TdS - MdB0 ,

2.8

dF = B0d M - S d T ,

2.9

dG = -M d B n - Sd T.

2.10

and

The four Maxwell relations can be generated from the thermodynamic potentials, using the fact that U,
H, F, and G are exact differentials (see Appendix). Equation 2.7 gives

( dBr
\ dS M

( dT \
\dM

2.11

2 .8 gives

jr
dB,

( dM
\ dS J

2.12

dS
\dM

2.13

2.9 gives

(CBP

Vd r

M

and 2.10 gives

V

dr

2.14
J

Bt

The quantity needed in order to predict the performance of an ADR is the change in temperature
produced by a change in magnetic field at constant entropy, the left-hand side o f equation 2.12. Using
the chain rule, the right hand side can be rearranged to give
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dM

/ dr'
\ d B 0j

r dT^

KdT

S

Bo

\dsJ

2.15
Bo

The definition o f the specific heat capacity at constant magnetic field is

c&.0 - i KdT.
f*

2.16
^0

Substituting this into equation 2.15 gives

r dT\

T ( cM'

\d B 0j

cb

2.17

\ dr, B
-°o

which is known as the Langevin expression for the temperature change produced by adiabatic
demagnetisation.

2.1.3.

The Brillouin Function

In order to use equation 2.17, an expression which relates the magnetisation to easily measured
quantities such as the temperature and the magnetic field is required. At small values o f B0, Curie’s
Law

M = ^ ~
T/Uq

2.18

5o->°

could be used, where c is Curie’s constant per unit volume. At the magnetic field strengths typically
used in ADRs Curie’s Law is a poor approximation.

A more accurate expression is the Brillouin

function, first derived by Debye (1925). At absolute zero the magnetisation is defined as

=

2.19

V

where V is the volume

cB0
and E0 is the ground-state energy.

The mean magnetisation o f a single

paramagnetic ion can be foundusing theBoltzmann distribution

_E,
e
P i= —— ,

2 .2 0
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where p; is the probability o f the system being in its i1*1 quantum state once the system has reached
thermal equilibrium, E; is the energy o f that state, k is Boltzmann’s constant, and Z is the partition
function given by
_ E j_

Z = Y ue kr .

2.21

i

The magnetic moment o f a paramagnetic ion resolved in the z direction is given by

r»z = M j g M Bt,

2.22

where g is the Lande g-factor, pB is the Bohr magneton, and Mj varies from -J to J in integer intervals
(see Appendix). Therefore the energy o f interaction between the ion and an applied magnetic field is
given by

AE = - m zB0 = - M j g j u BBQ.

2.23

Clearly the mean magnetic moment o f an ion is given by the moment for a particular value of Mj
multiplied by the probability o f that state, summed over all the possible values o f Mj,

m = Y , m: { M j ) P u j ■

224

Substituting equations 2.20,2.21 and 2.23 into this expression gives
M jg M BBo
p

kT

M,
m = — ----------—----MjgMB8o

—

.

2.25

kT

This expression can be summed by making the substitutions

X = Jg-£ * &

2.26

'Xs
0 = 1 ex V{ M
Mr
\ J J

2.27

kT

and

Q is identical to the denominator o f equation 2.25, and by taking its partial derivative with respect to x,

dQ
dx,

( M fx \

v . M,
=

Z
—r
Mj J

exP

\

2.28

J J

the numerator o f 2.25 can be written as
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2.29

ax
giving

m= gJjul

'%2\
f-1
V <^c J IfiJ

2.30

Noting that Q is the sum o f a finite geometrical series, further manipulation yields

(27+1)

,(27+1)

1

m= g/uB ------- coth--------Lx - - coth2

2

2

2.31

2

where x is now given by

X =

gMsBo
kT

2.32

Assuming that the ions are independent, the magnetisation i.e. the magnetic moment per unit volume is
given by

'(27 + 1)

M = Ng/ui v

2

,(27+1)
1 , jc'
coth--------- x --- coth
2

2

2

2.33

.

which is known as the Brillouin function, where N is the number of paramagnetic ions per unit volume.
If the condition
gfiBB0 « kT

2.34

holds i.e. the field is small, then as expected 2.33 reduces to

M=

cBn

2.18

TMo
Curie’s Law, where c is given by

c=

Ng2MB
2J(J + l)/iQ
3k

2.35

and c is again defined per unit volume. This can be shown easily using the small angle approximation
for coth,

cothx « —+ —+ o(x3).
x 3 ' '

2.36
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2.1.4. The Free Ion Approximation

Substituting the Brillouin function into 2.17 and rewriting the expressions in terms o f molar rather than
unit volume quantities yields, after some manipulation,

S ( B 0,T )

R

2
x , x
h
I n -------------------- + —coth—
. , x
2
2
sinh—
2

2

2.37

2

an expression known as the free ion approximation, where as before

2.32

Some care must be taken when using this formula, since it relates to the number of moles o f the
paramagnetic ion, which is not necessarily the same as the number o f chemical moles of the salt. At
small field, i.e. using small angle approximations for coth and sinh, the free ion approximation reduces
to

S = R\n(2J+\),

2.1

the expression for the zero-field entropy o f a collection o f non-interacting magnetic moments given at
the beginning o f the chapter. This is expected, since the above derivation has taken no account o f the
interactions between the paramagnetic ions. The free ion approximation is good when the material is
significantly above its magnetic ordering or Curie temperature, since the interactions are then small
relative to the thermal fluctuations. The demagnetisation process in an ADR finishes close to the Curie
temperature, and so the free ion approximation has limited applicability.

It remains reasonably

accurate at the field strengths typically used in ADRs, since the field must be large enough to align the
electronic magnetic moments, and so must have more effect than the interactions between the ions.
However, an alternative method is needed to calculate the zero-field entropy. The interactions between
the ions can be modelled using crystal field theory, but this requires detailed knowledge o f the crystal
structure and electronic energy levels of the material, and is extremely complicated. The most popular

62

approach is therefore to use experimental data for the zero-field entropy, and limit the free ion
approximation to calculating the entropy at higher fields.

2.1.5. The Internal Field Approximation

An expression for the temperature change during adiabatic demagnetisation can be derived from
equation 2.17 using the Curie Law rather than the Brillouin function, and produces a useful result. The
first step is to find the field dependence o f the heat capacity at constant field, which is to say how this
heat capacity varies between different fields. Equation 2.16,

CB
&0 = T

as

vd

T

2.16
j

B

can be used as a starting point. Differentiating with respect to B0 at constant temperature gives

=T
V

J

'a s 'I

= 7/ _ a _

ydB0 S T U r J .

U r

2.38
B, V

which can be rearranged using the Maxwell equation 2.14 to give

f a/^> '\

5CS. \ = T
J 8 \ (8M
8 T ) B0 V dT

dB o JT

=T

r 8 2M A

ar

2.39

s

Differentiating the Curie law 2.18 twice with respect to temperature gives

d 2M

B„c 2

or-

Mb T-

2.40

SO

'8Cb a

TB0 2c

2.41

8B 0 J

Integrating at constant T gives

CBo (r, B0) =

cB‘

+ C B>(7,0).

2.42
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Many magnetic salts have a so-called Shottky temperature dependence of the heat capacity in zero
magnetic field (Hudson, 1972; Finn, 1993), where

C » S T fi ) = ¥

2.43

,

and b is a constant. This can be substituted into 2.42 to give
2

C bS

b+

t , b„) = ^

2.44
Mo

The temperature is uniquely determined by S and B0, as shown in Fig. 2.1. It can therefore be expressed
as
T = T ( B 0, S ) ,

2.45

and so

8T^

dT =

dBq +

f dT'

dS,

2.46

\ 8Bo j
or, since dS is a constant for the adiabatic demagnetisation process,

c£T =

dT

dB0.

2.47

dB,o Js
Substituting the Langevin expression 2.17 into 2.47, using the expression 2.44 for the field dependence
o f the heat capacity, yields

dB ,,
Mo _1^

2.48

' b+a * ^ T

r 2v

Mo

or

cB0dB0

dr_

T
Mo
Mo
Integrating gives

2.49

where Ti and B0j are the initial temperature and field, and Tf and Bof are the final values. This can be
rearranged to give

0/
2.52

Mob , d2
+
It can be shown that

2.53

has the units o f field, and so a new constant Bin, can be defined as

B,

2.54

=

Equation 2.52 can then be rewritten as

1

r/ _

BL

2.55

s i + B 2C,
This expression is not as accurate as calculations performed using the free ion approximation together
with zero-field entropy data for the salt in question, because the Curie Law becomes a poor
approximation to the magnetisation at high fields. However, inspecting 2.55 shows that Bin, is acting as
a field intrinsic to the salt, limiting the lowest temperatures which can be reached by adiabatic
demagnetisation, and it is therefore called the internal field.

This implies that the free ion

approximation S(Bint, T) can be used to model the zero-field entropy, rather than using the highly
inaccurate expression

S(0,T) = 1? ln(2J + 1)

2.1

In practice, this is found to be a fairly good approximation to the zero-field entropy for many
paramagnetic salts.

2.1.6. The Specific Heat Capacity

Conditions in an ADR can never be made perfectly adiabatic, so the effects o f heat leaking into the salt
pill must be taken into account in any realistic model, and the specific heat capacity o f the
paramagnetic material must be known. The heat capacity at constant field is dependent on the entropy,
and is defined as

2.16

Measurements o f the zero-field heat capacity at sub-kelvin temperatures have been published for all of
the paramagnetic materials used in ADRs, and some sources are listed later in this chapter. However,
Fig. 2.1 shows that the slope o f the entropy vs. temperature curve decreases with increasing magnetic
field in the temperature range o f interest, and so the heat capacity will also decrease as the field is
increased.

The specific heat capacity under an applied field can be found by differentiating the free ion expression
2.37 at constant field, and substituting the result into 2.16, which gives

C ( B o J )

=

j;2[cosech2^ - (2J + l)cosech2( 2 J + !)>;],

2.56

where

kT

2.57

This is a good approximation to the specific heat capacity under an applied field, and gives a
reasonable approximation to the zero-field specific heat capacity when used together with the internal
field approximation for some materials.
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2.1.7. The Hold Time

As well as finding the base temperature o f an ADR, the model needed to calculate the hold time, the
time for which the servo temperature could be maintained through active field control. The definition
o f entropy, for an infinitesimal reversible process, is

dQR = TdS ,

2.58

where dQR is the heat change in the system. Therefore, the hold time tH can be written as

tH = — — ------ — ,

2.59

Q
where Tb is the temperature at which the pill is maintained, n is the number o f moles o f paramagnetic
material, Se and Sd are the entropies per mole at points E and D in Fig. 2.1, and Q’ is the thermal power
flowing into the salt pill.

2.2. The Heat Loads on the Salt Pill

A model o f an idealised ADR would contain only two components: the free ion approximation and
some method for calculating the zero-field entropy. However, in practise the salt pill will always be
subject to heating, causing a departure from adiabatic conditions. This parasitic heating can have five
main sources: conduction through the support structure; conduction through residual gas in the vacuum
chamber; thermal radiation; eddy current heating; and mechanical vibrations.

The first four are

collectively called the heat leak, since they are always present, whereas the eddy current heating is only
present when the magnetic field is being changed. The following sections follow the treatment given
by White (1979).
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2.2.1. Conduction through Solids

There are two main paths for the conduction o f heat into the salt pill. The first is the support structure
which, in modem ADRs, is almost always composed o f kevlar strands. The support structure has to
thermally isolate the pill whilst providing mechanical support, and so the material with the highest ratio
o f mechanical strength to thermal conductivity is used. Kevlar does not have a particularly low thermal
conductivity, but its tensile strength is 10 to 50 times higher than nylon, for example, making it the
ideal choice. Duband, Hui and Lange (1993), Gush (1991) and Roach (1992) have described various
designs for kevlar supports. The second path is through the wiring for electrical components, such as
resistance thermometers, which may be present on the cold stage.

The electrical and thermal

conductivities in metals are connected by the Wiedemann-Franz law

2.60

where k and cr are the thermal and electrical conductivities, T is the temperature, e the charge on an
electron, and kB the Boltzmann constant. The heat load through a wire depends both on the thermal
conductivity and the Joule heating due to the electrical resistance, and these are clearly opposing effects
according to 2.60. The total heat load should therefore have a minimum, and finding this point is
important for high power wiring such as the magnet current leads. However, it is impractical for the
experimental wiring to the salt pill, where the currents are always low.

Therefore constantan or

manganin are usually used as their thermal conductivities are reasonably low and their electrical
resistivities do not vary greatly with temperature.

Copper, with its higher thermal conductivity, is

totally unsuitable for wiring to components on the salt pill, but is sometimes used for high current
devices on the base plate, such as the solenoid in a mechanical heat switch. Constantan was used for
the salt pill wiring at MSSL, and so the model needed routines to find the heat load through kevlar and
constantan components.

The heat flow through a bar o f cross sectional area A under a temperature gradient dT/dx is given by

Q'=X(T)A ^

2.61

dx
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Material

a

(3

Kevlar

83 x 10'^

2.317

Constantan

1 x 10'3

2.54

Table 2.1. Thermal conductivity data used in the thermal model.

where I(T ) is the thermal conductivity. Thus if the ends o f a solid bar o f uniform cross section and
length 1 are at temperature T] and T2,

A\

Q '=-\h(T )dT.

2.62

1 7i
In order to avoid performing the integral every time the thermal power is calculated, 2.62 can be
written in terms o f the thermal potential
T

6 = J /l ( T ) d T ,

2.63

0
SO

g = j[e(T ,)-e(T A -

2-M

The thermal conductivities o f both kevlar and constantan have been measured at low temperatures:
Duband, Hui and Lange (1993) and Poulaert et al.(1985) report results

forkevlar, and

data for

constantan can be found in White (1979) and Pobell (1992). The thermalpotentialso f most materials
can be fitted to a power law o f the form

0(T) = — T f

2.65

P
and the values o f a and P for constantan and kevlar used in the model are given in Table 2.1.

The MSSL laboratory ADR also included another support structure component, known as the foot rod,
which consisted o f a stiff kevlar/epoxy composite rod. The material used was Aramid/Vinylester rod,
cat. No. V E417920, from Goodfellow Cambridge Ltd. (Cambridge Science Park, Cambridge UK). The
foot rod allowed the salt pill to be removed and replaced easily, as it was stiff and could be glued to a
bolt. This bolt could be screwed into a tapped hole at the bottom end o f the magnet bore by rotating the
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Thermometer stage

Support disc
Kevlar cords

Support riii]

Base plate

Main magnet

Salt pill
(shaded area is
the salt).

Top rod

Base disc
Toot rod top

Magnet bore,,

Kevlar/epoxy
composite rod

Fig. 2.2. Diagram o f the salt pill and surrounding components in the MSSL
laboratory ADR.

whole salt pill, and so access was required only to the top end o f the bore when the salt pill was
removed and replaced. However, no published data were available on the low-temperature thermal
conductivity o f the foot rod material. The thermal conductivity was estimated at MSSL (Hepburn,
1995). The thermal potential was fitted with the quadratic polynomial
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Temperature o f salt pill (K)
Fig. 2.3. Contributions to the heat leak in the MSSL laboratory ADR for a bath temperature o f 4.2K.

0(T) = 3.71 x 10-3 T + 2.11 x 10-3 T 2.

2.66

Fig. 2.2 shows the salt pill and surrounding components of the MSSL laboratory ADR. The foot rod
had a radius o f 1mm and was 80mm long. The kelvar cords were situated at the opposite end of the
pill. There were ten cords, each 15mm long and containing 120 fibres o f kevlar 29, each 9pm in
diameter (Goodfellow Cambridge Ltd. cat. no. AR305744). The wiring to the salt pill is not shown, but
a typical arrangement in the work described later was to have six 10mm long constantan wires, each
55pm in diameter, passing from the base plate to the cold stage. The contributions to the heat leak for
each o f these components are shown in Fig. 2.3.
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Gas.

Abundance by volume in dry air

Melting point (K).

Boiling point (K).

(parts per million).
Nitrogen

780900

63.15

77.344

Oxygen

209500

54.35

90.188

Argon

9300

83.75

87.294

Carbon dioxide

300

Neon

18

24.55

27.102

Helium

5.2

-

4.22

Methane

1.5

90.65

111.65

Krypton

1.14

115.85

119.65

Nitrogen dioxide

0.5

182.29

184.67

Hydrogen

0.5

13.95

20.28

Ozone

0.4

80.45

162.64

Xenon

0.086

161.25

165.05

194.67 (sublimes)

Table 2.2. Abundances, melting and boiling points of atmospheric gases. Data from Kaye and
Laby (1986).

2.2.2. Conduction through Gas

A common feature o f all low temperature systems is the use o f vacuum spaces to aid thermal isolation.
The salt pill o f an ADR sits in an evacuated chamber, the walls o f which are maintained at the bath
temperature, usually between 1.6 and 4.2K. A vacuum o f 10'8 Torr is relatively easy to obtain at room
temperature, and this will be improved as the temperature is lowered. In fact, since there is very little
helium in the atmosphere, and all other atmospheric gases have melting points well above 4.2K, the
pressure will be extremely low at 4.2K. Data for atmospheric gases are given in Table 2.2.

For approximately parallel surfaces at temperatures T] and T2, the heat conducted by a low-pressure gas
is given by White (1979) as
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a0 y +1 I f l R )

0 =— L

,

T2 - Tx

\p 2

4 r-n ln M f

'

2

m W /m ,

2.67

where M is the molecular weight and y the ratio o f specific heats o f the gas, R is the universal gas
constant, p is the pressure, and ao is related to the individual accommodation coefficients a] and a2 and
the surface areas A, and A2 o f the two surfaces by

t

a n =
ci2

a, a ,

^ -----------.

2.68

t\^ 2 J

In most ADRs, the gap between the outer surface of the salt pill and the inner surface of the magnet
bore is small, maximising the use o f space within the bore. As long as the gap is small compared to the
diameter o f the bore, the surfaces can be approximated as parallel planes, so 2.67 can be used. The
chief uncertainty in calculating the heat conduction by the gas lies in accommodation coefficients,
which can lie between 0 and 1. The worst case o f a=l can be assumed, but for clean metal surfaces and
helium gas a may be as low as 0.025 (White, 1979). Keesom (1942), Thomas and Schofield (1955),
Klett and Irey (1969) and Corruccini (1959) have published measurements for a variety o f gases and
surfaces.

The values for the areas o f the inside o f the magnet bore and the salt pill were approximately lx lO 'W
for the MSSL laboratory ADR.

Helium was the dominant gas in heat transfer, as shown above.

Assuming the worst case of a!=a2= l, a room temperature pressure in the vacuum chamber of 1.3 x 10'5
Pa gave a thermal power into the salt pill o f many orders of magnitude less than lpW . The magnitudes
for the other components were o f the order o f 1-lOpW, as shown in the previous section.

The

conduction o f heat by the gas in the vacuum spaces was therefore ignored in the model.

2.2.3. Radiation

For two plane parallel surfaces o f area A and emissivities E] and s2 at temperatures T] and T2, the heat
transfer by radiation per unit time is given by White (1979) as
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Q'= o A t f - r 24) ------- ^ -------- ,
G\ +
—£\ Gj

2.69

where a is Stephan’s constant. It was again assumed that the surface o f the pill and the inner surface of
the bore could be treated as parallel planes.

Uncertainty arose in the values assumed for the

emissivities. Fulk, Reynolds and Parc (1955), McAdams (1954), Ramanathan (1952) and Ziegler and
Cheung (1957) have published measurements on a variety o f surfaces encountered in cryogenic work.
For highly polished, clean, metal surfaces such as the inside o f the magnet bore a value o f around 0.01
is typical at 2K; whereas for rough, non-metallic surfaces the emissivity is around 0.8. Taking the
worst case in which 8i=e2= l, the thermal power transferred by radiation between two surfaces at 4.2
and 0.1K, having surface area equal to the lx lO 'W surface area of the pill, will be around 0.02pW.
This was less than 1% of the heat transferred by conduction through the supports and was therefore
ignored in the model.

The above calculation showed that the heat transfer by radiation between the magnet bore and the pill
was negligible. However, this was only true if the thermal radiation in the bore had a temperature of
4.2K.

Equation 2.69 shows that the power transferred rises rapidly with temperature.

Therefore,

radiation from the higher temperature surfaces in the cryostat, such as the outer case at room
temperature, could not be allowed to reach the salt pill. This was prevented using radiation shields
connected to the helium and nitrogen chambers.

2.2.4. Eddy Current Heating

During demagnetisation the magnetic field around the salt pill is reduced, and this will induce eddy
currents in any electrically conductive materials in the field. The currents will flow in loops inside the
conductive material, leading to Joule heating. It is invariably necessary to make some parts of the salt
pill from metals, often high-conductivity oxygen-free (HCOF) copper, to ensure good thermal
conductivity. Therefore eddy current heating can be a significant source of heat in an ADR.
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Square rod

Circular rod

Rectangular rod
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shell

Split
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Fig. 2.4. Diagrams o f the shapes used to model eddy current heating.

Shape

Area o f largest current loop

Volume o f material

r

Circular rod

7tr02

7ir02h

4/71

Square rod

w2

w2h

1

Rectangular rod

uw

uwh

2 u w / ( u 2+ w 2 )

Cylindrical shell

7ir02

27ir0wh

8/71

Split cylindrical shell

27rr02w

27ir0wh

w/7ir0

Table 2.3. Area, volume and geometrical factors for eddy current heating in various common
shapes.
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Kittel (1990) has published a derivation o f the magnitudes o f eddy current heating for several shapes
commonly encountered in ADRs. The power dissipated takes the form

2.70

32 p
where dB/dt is the rate of change o f magnetic field, p is the electrical resistivity o f the conductor, A is
the area enclosed by the largest current loop, V is the volume of the material, and T is a geometrical
factor related to the shape o f the material. The values for A, V and T calculated by Kittel for several
common shapes are given in Table 2.3, corresponding to the shapes shown in Fig. 2.4. In all cases the
magnetic field is taken to be vertical in Fig. 2.4, so that the main axis of symmetry for each shape is
parallel to the magnet bore. In the cases o f the cylindrical shell and the split shell, Kittel’s formulae
only apply if the shell and the split are thin relative to the radius o f the cylinder. More complex shapes
can be approximated as collections o f elements having the basic shapes shown in Fig. 2.4.

Cylindrical shells and split shells are often used in the place of solid rods in order to reduce eddy
current heating, since the volume o f material and the area o f the largest current loop are reduced. In
practice it is difficult to ensure that the shells and splits are thin, since load bearing components made
from a soft metal like copper would be intolerably weak if this were the case. Two trivial extensions to
Kittel’s work were made to cover cases where the shell or split was thick.

First examine the case o f a thick cylindrical shell. For a circular rod,
FA V =

2.71

A cylindrical shell can be modelled as a circular rod with another, smaller circular rod taken out o f the
centre. This gives
F A V - A w ^ h - A7th(rQ- w ) 4 .

2.72

In cases where the shell is thin, the higher terms in w can be dropped, giving
r A V = \6 n k rlw ,

2.73

as expected. A thicker shell, hereafter called a thick cylindrical shell, can be modelled by retaining
these terms, giving

Y A V = Anh(r4 - ( r Q- w ) 4).

2.74
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Fig. 2.5. A thick cylindrical shell with a thick split. Flattening the cylinder, shown in the upper
part o f the diagram, will produce the isosceles trapezium shown in the lower part. Applying the
thick-split shell equations to this shape overestimates the amount o f material present by including
the non-existent shaded areas.

The second case concerns split cylindrical shells. Kittel’s treatment assumes that the shell is thin, i.e.
w « r 0, so that the shell can be treated as a rectangular rod bent into a circle. It also assumes that the
width o f the split is negligible, so that the length of the longer sides o f the rod is the circumference o f
the shell, 27tr0. The width and height o f the rod are the same as the width and height o f the shell, w and
h respectively.

Substituting these quantities into the equations for a rectangular rod produces the

equations for a split cylindrical shell given in Table 2.3. The assumption that the width of the split is
negligible can easily be dropped. A new dimension, called s, is needed to express the width o f the split.
The width and height o f the hypothetical rectangular rod remain the same, but the circumference o f the
shell and therefore the length o f the longer side o f the rod are reduced by s, becoming 27ir0-s. These
quantities can again be substituted into the equations for a rectangular rod, giving

A = (2/zr0 - s ) w ,

2.75

V = (27jrQ- s ) w h ,

2.76
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and

=

2 w(2 ^r0 - ^ )

(2 n r 0

— s ) 2 + w 2

This new shape will hereafter be called a thick-split cylindrical shell. The assumption that the shell
itself is thin is retained, since only then will the difference between the circumferences o f the inner and
outer surfaces o f the shell be negligible.

If the shell is not thin, then flattening it will produce an

isosceles trapezium rather than a rectangle, as shown in Fig. 2.5.

Applying the thick split shell

equations in this case will overestimate the eddy current heating produced, as they will overestimate the
volume o f material by including the non-existent shaded areas shown in the diagram.

In order to use these equations a value for the resistivity o f HCOF copper was required. A literature
search revealed published data for the thermal conductivity but not the electrical conductivity. The
Wiedemann-Franz Law, equation 2.60, can be used to convert between the two. This law only holds if
the electron scattering is predominantly elastic, and this is true at low or high temperatures although not
in between.

Pobell (1992) gives data for the thermal conductivity, which are roughly linear with

temperature between 1.5 and 10K, implying that the resistivity should be constant. Using Pobell’s data
gave a value for the resistivity of 2.0 xlO '11 Qm between these temperatures. Pobell also states that the
Wiedemann-Franz law is accurate in copper at temperatures below around 30K, and so this value was
used in the thermal model.

The salt pill and surrounding components o f the MSSL laboratory ADR are shown in Fig. 2.3. Eddy
current calculations needed to be performed for all components in direct contact with the salt pill.
Those separated from the pill by the low conductivity foot rod and kevlar cords were ignored, as they
were in good thermal contact with the helium bath and so dumped their eddy current heat into it.
Therefore the relevant components were the thermometer stage, the support disc, the top rod, the base
disc, and the foot rod top, all o f which were cylindrical in shape. Each of these was divided into
elements that could be approximated by the shapes shown in Fig. 2.4. Fig. 2.6 shows these elements,
and the dimensions are given in Table 2.4, together with the percentage contribution o f each element to
the total eddy current heating. The contribution o f element 3 of the top rod was calculated using the
equations for a thick split cylindrical shell. The derivation of these equations assumed that, whilst the
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Thermometer stage

Element 1
Element 3

Support disc

Element 2
Element 1
Element 5
Element 4

Top rod

Element 3

Element 2
Element 1
Base disc

Element 1
Element 2

Foot rod top

Element 1

Fig. 2.6. Diagram o f the elements used in the eddy current modelling.

split was thick, the shell itself was thin, which was clearly not the case for this component. Referring
to Fig. 2.5, and using the data in Table 2.4, it can be seen that the thick split shell equations
overestimated the amount o f material present by around 23%. The component was responsible for only
1% o f the total eddy current heating, so the error introduced into the total was negligible.

The last remaining factor in the eddy current heating calculations was the rate o f change of the
magnetic field. The magnet used in the MSSL laboratory ADR could produce fields up to 6T and
required a current o f 1OA/T. The eddy current heating in an ADR can always be reduced by lowering
the demagnetisation rate, but this increases the time needed for demagnetisation and allows more time
for conduction o f heat into the salt pill through the supports. An optimum rate can be calculated at
which the total heating from these two sources is minimised. For the MSSL laboratory ADR, this lay
between 1 and 4Am in'', which translated into an eddy current thermal power o f between 1 and lOpW.
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Component

Element

Form

h

to

w

s

(mm)

(mm)

(mm)

(mm)

Contribution
(%)

1

Circular rod

5

13

Support disc

1

Circular rod

1

15.75

-

-

13.7

((

2

Circular rod

1

12.8

-

-

6.0

u

3

Circular rod

1

15.75

-

-

13.7

Top rod

1

Circular rod

3

9.5

-

-

5.5

(C

2

Thick cylindrical shell

5

5.5

2.5

-

1.0

tc

3

Thick split cylindrical

119

5.5

2.5

1.5

1.0

Thermometer

31.9

stage

shell

u

4

Thick cylindrical shell

5

5.5

2.5

-

1.0

u

5

Thick cylindrical shell

3

13

10

-

19.8

Base disc

1

Circular rod

3

9.2

-

-

4.8

Foot rod top

1

Thick cylindrical shell

5

3

2.5

-

0.1

6(

2

Thick cylindrical shell

2.5

8

7.5

-

2.3

Table 2.4. Dimensions o f the elements used in eddy current modelling for the MSSL laboratory
ADR. The last column shows the proportion of the total eddy current heating due to each component.

2.2.5. Heating by Mechanical Vibrations

Mechanical vibrations can be generated by a variety of sources, including vacuum pumps, boiling
cryogenic fluids, and vibrations in the building in which the ADR is housed due to nearby traffic, or
even people walking around the laboratory. They can be reduced in several ways, such as situating the
laboratory in an isolated building with a solid concrete floor, rather than wooden floorboards. A simple
isolation platform can be constructed by placing the ADR on a heavy plate resting on air-bag supports.
Finally, constructing the salt pill support structure from rigid components or highly tensioned cords can
raise its resonant frequency far above the ~10Hz typical o f building and pump vibrations.

White
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(1979) reviews several experiments on the magnitude of vibrational heating in ADRs. The typical
thermal powers generated can be as high as 0.4pW or more in badly isolated systems, although
-0.1 pW is more typical when the precautions listed above, all of which were used in the MSSL ADRs,
are implemented. Vibrational heating therefore constituted only a small fraction o f the ~10pW total
heat leak in the MSSL ADR, and so was ignored in the thermal model.

2.3. Support Structure Issues

Before continuing on to the remaining elements o f the model, there are several issues surrounding the
support structure design that must be addressed. The first two concern the accuracy o f the heat leak
calculations given above. Before demagnetisation the support structure components will be at the bath
temperature. During demagnetisation the salt pill will cool them, and so the heat leak will be composed
o f two elements: the conduction o f heat from the bath, and the heat released by the components
themselves.

The first will be constant for constant temperatures, but the second will show an

exponential decay over time. The heat capacity o f the supports is insignificant compared to that of the
pill, and so the heat will not have a great effect on the lowest temperature reached.

However, the

model was used to calculate the hold time, and also to work backwards from a measured hold time to
calculate the heat capacity o f the pill in some of the experiments described in the next chapter.
Therefore, the time taken for the heat leak to stabilise had to be calculated.

A related issue is the thermal balance between the cold stage and the salt. The thermometers were
placed on the cold stage, which was linked to the salt through the copper top rod. Although the top rod
was designed to have a high conductivity, it still introduced a temperature difference between the stage
and the salt, and the magnitude o f this difference had to be calculated so that the measured
temperatures could be related to the temperature o f the paramagnetic material.

The final issue does not concern the model so much as the overall design o f the system. The magnetic
field will exhibit a gradient in any solenoid o f finite length, and will exert a force on the salt pill if the
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maximum o f the field does not coincide with the pill’s centre o f mass. If the difference is great enough,
the force will break the support structure, and so the largest permissible error in pill placement in the
MSSL laboratory ADR had to be found.

2.3.1. Time to Equilibrium o f the Supports

The components o f the support structure were designed to have as low a thermal conductivity as
possible, in order to ensure the thermal isolation o f the salt pill, and so they had long thermal time
constants at low temperatures.
temperature.

Before demagnetisation, these components were at the bath

After demagnetisation, there was a period o f time when the heat held in the support

structure components due to their heat capacity leaked into the salt pill. This elevated the heat leak
above that which would be expected from the thermal conductivity alone. If the heat capacity was high
enough and the thermal time constant long enough, this period of time could be a significant fraction of
the hold time, introducing an error into the heat leak calculations in the thermal model. Therefore, the
time taken to achieve thermal equilibrium in the support structure components had to be calculated.

The time to equilibrium o f a bar can be estimated by solving the Fourier equation

where u is the temperature, x is displacement along the bar, t is time, and a 2 is the thermal diffusivity,
given by

2.79

where k is the thermal conductivity, p is the density, and cp is the specific heat capacity. The derivation
o f this equation is given in the Appendix, and it entails assuming a constant thermal conductivity. The
solution to this equation is
ann
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2.80

where f(x) is the initial condition, 1 is the length o f the bar, and the temperature has been re-defined to
homogenise the boundary conditions. The solution can be rewritten as

u(x,t) = 2 ^ a ne
i
n«=
=1

Y17DC

e sin —
I

2.81

where

2.82

' A \n
1 a j,
The initial condition for the problem studied here, f(x)=constant, is perhaps the most difficult to
generate, since an infinite number o f sine modes are required to generate a step function. However, it
can be shown that the smaller-scale variations, the modes of higher n, will be smoothed more quickly
than the larger-scale variations by considering the ratio o f the coefficients o f the n* and first sine
modes,

a ne 'e
— ----------.

2.83

- n 2-

a xe

le

For t=te, the e-folding timescale o f the lowest sine mode i.e. the time taken for its amplitude to decay to
e '1 o f its initial value, the ratio decreases rapidly for increasing n, and
e '* 1

= 0.05 for n=2

<T'
3 x 1O'4 for n=3
s x 10'7 for n=4.

2.84

This implies that, for most practical purposes, the solution will be dominated by the lowest sine mode,
and a highly accurate approximation can be given by the first two modes.

At this stage there is no need to generate the full solution for the problem under consideration, since the
e-folding timescale is already known. Substituting 2.79 into 2.82 gives
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The MSSL ADR support structure consisted often 1cm long kevlar cords, each o f which contained 120
fibres 0.018mm in diameter, and a 80mm long kevlar/epoxy composite foot rod 2mm in diameter. The
density o f kevlar is 1.44 g cm'3 (Kaye and Laby, 1986), and its thermal conductivity at temperatures
between 1 and 40K is 21.5 x 10'6 T 158 W c n f'K '1 (Duband, Hui and Lange, 1993; Hust, 1975).
Unfortunately, a literature search failed to reveal any measurement o f its specific heat capacity at low
temperatures. Another search on low-temperature specific heat capacities o f polymers revealed that at
4K they lie in the range 0.1 to 5 m Jcn f'K '1, with the value for nylon around 1.6 m Jcm ^K '1
(Armeniades et al., 1967; Choy, Hunt and Salinger, 1970; Choy, Salinger and Chiang, 1969; Frosini
and Woodward, 1969; Reed, Schramm and Clark, 1973; Reese, 1965; Reese and Tucker, 1965; Scott et
al., 1973; Tucker and Reese, 1966; Yano and Yamaoka, 1995). Nylon is a similar material to kevlar,
and the measured values o f the specific heat capacity at room temperature are very similar (1.4 Jg"lK ''
for kevlar vs. 1.6 Jg^K '1for nylon, from Goodfellow, 1995).

Prior to the demagnetisation, all of the support structure components were at the bath temperature.
Taking this to be 4.2K, and using the above data gave an e-folding timescale o f the order o f several
seconds for the kevlar cords, and several minutes for the foot rod. Since demagnetisations took around
15 minutes, enough time was available to ensure that the support structure was close to thermal
equilibrium, and the raised heat leak due to the cooling of the support structure was not significant.

2.3.2. The Thermal Gradient o f the Top Rod

Consider the arrangement o f components shown in Fig. 2.7. The maximum thermal power flowing
from the bath to the cold stage was calculated as around 8pW for the MSSL design. When the system
was in thermal equilibrium the same power flowed through the top rod into the paramagnetic material,
creating a temperature gradient.

The rod was a high conductivity component, so the temperature

Kevlar Cords

Top Rod

Salt
T=T-

Fig. 2.7. The thermal balance between the top rod and the cold stage.

difference along it was small, and the thermal conductivity was assumed to be constant. Integrating
2.61

gives

0 - = T,-T,,
kA

2

2.86

3

where 1 is the length o f the top rod, A is its cross sectional area, k its thermal conductivity, and Q ’ the
thermal power flowing through it. Taking the values given in Table 2.4 for the dimensions o f the top
rod, and a value o f k = 1 W cirf'K '1 at 0.1K for copper from extrapolating Pobell’s (1992) data, the
temperature difference between the cold stage and the salt due to the top rod was around 0.005 mK.
This was too small to be significant for any o f the experiments performed with the ADR.

2.3.3.

The Force on the Salt Pill

A paramagnet in a non-uniform magnetic field will experience a force towards regions of stronger
field. In the ADR the field had a maximum at the centre o f the solenoid. Fig. 2.2 shows that the foot
rod experienced a compressive force if the centre of the salt pill was displaced from the maximum of
the field in the direction o f the base plate. The rod was much weaker under compression than under
tension, so failure would occur at a smaller displacement if the foot rod was too long rather than too
short. This is the easiest case to calculate the point o f failure for, since the expression for the Euler
force o f a bar can be used. This expression is given by Feynman, Leighton and Sands (1977) as

F = 7T2 - ^ t ,
h ar

2.87
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where F is the force at which the bar will buckle, Y is its Young’s modulus, lbar is its length and I is the
moment o f inertia of a slice o f the bar o f unit density taken parallel to its long axis. Barger and Olsson
(1995) give the moment o f inertia for this shape as

j = ^ba!_

2g8

4
where rbar is the radius o f the bar. The foot rod was 80mm long and had a radius of 1mm. It was
composed o f an aramid/vinylester composite with a Young’s modulus o f 4 x l0 10Pa (Goodfellow, 1995).
This gave a buckling force o f 48.4N.

The force exerted by the magnetic field on the pill is given by

F =M

,

2.89

dx
where M is the magnetisation i.e. the magnetic dipole moment per unit volume. The magnetisation can
be approximated using Curie’s Law, equation 2.18, together with the definition of the Curie constant
2.35. If the centre o f the salt pill is displaced from the centre of the field by a distance s, then the total
force on the pill can be found by integrating 2.89 between 11/2-s I and 11/2+s I where 1 is the length o f
the pill, giving

\i—+.VI
F=

2

D

n;„2 ,.2

r BoNS Mbj (j + l )Jlrp,ii dB ^
3 kT

dx

12 1

,

N g 2M2BJ ( J +

2.90

Bl

3k

where rpin is the radius o f the pill. This assumes that the magnetic field produced by the salt pill itself is
weak compared to the external field, which should be true for paramagnetic materials.

Using the

dimensions o f the MSSL laboratory ADR salt pill, which contained cerium potassium alum (CPA) and
had a radius o f 20mm; the magnet field profile for the MSSL ADR; and the relevant data for CPA from
the next section gave a displacement s for foot rod buckling o f around 8mm. It was relatively easy to
position the pill to an accuracy o f 1mm, and so foot rod buckling did not occur in any experiment using
the CPA pill.
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2.4.

Param agnetic M aterials

The last main component o f the model was a collection o f data on the properties o f some o f the
paramagnetic materials commonly used in ADRs. A vast range o f materials have been described in the
literature, and so a sub-set relevant to the applications of the MSSL ADR development programme was
selected. For the high temperature region between 1 and 15K two salts emerged as the most promising
candidates, gadolinium gallium garnet (GGG) and dysprosium gallium garnet (DGG). Both o f these
are relatively new materials, and a series of experiments was performed on DGG to measure its
performance. These experiments are described in Chapter 4. For intermediate temperatures from 1 to
4K two more traditional materials were selected, ferric ammonium alum (FAA) and chromium
potassium alum (CPA). Cerium magnesium nitrate (CMN) was selected for the lowest temperature
range since this is still the only known material capable o f providing useful hold times at a few
millikelvin.

Some basic data for each o f these materials are given in Table 2.5.

TN, the Neel

temperature, is the temperature at which magnetic ordering occurs in the material, and gives an
indication o f the lowest attainable temperature. Some o f the data, especially the internal field, were
unavailable for certain materials. An asterix beside a datum indicates that this value was calculated
from the other data on the material. Plots for the zero-field entropy and heat capacity o f each material
were also needed, and the sources for these are discussed in the following sections.

2.4.1. The Garnets

DGG and GGG are both high temperature paramagnetic materials, used in the range between 1 and
15K. They are o f interest here because o f their high heat capacities, which make them ideal candidates
for first stages in multi-stage devices. Both materials exhibit a small magnetic anisotropy, manifested
as g-factor values that vary according to the crystalline axis. This arises because the magnetic ions lie
on inequivalent lattice sites. In DGG for example the unit cell contains twenty-four dysprosium ions on

88

six non-equivalent sublattices. The bulk g-factor can be found by summing the effects o f the individual
ions, and this procedure is dicussed by Filippi et al. (1980) and Capel (1965).

DGG is particularly suited to use in space because o f its high Lande-g factor. The g-factor can be
loosely described as a measure o f the interaction between the paramagnetic ions and an external field,
and so a higher value results in a greater magnetisation for a given field. The properties of the two
garnets discussed here result in DGG having approximately the same performance in an ADR as GGG
at one third o f the magnetic field. Large fields are undesirable on a satellite for the reasons discussed in
the introduction, so DGG is the material o f choice for high-temperature stages in space-based ADRs.
GGG, on the other hand, is commercially available and much cheaper, so tends to be used in groundbased systems for the same temperature range.

There are two basic ways to incorporate the paramagnetic material into the salt pill of an ADR: it can
either be grown as a single crystal; or as many smaller crystals which are powdered, poured into the
pill, and then compressed to increase the density and thermal contact. The density o f the powder can
be raised to over 80% of the density of a single crystal for some materials. However, the garnets are
very hard, partly because they contain no water of hydration, and so compression does not increase the
density o f the powder as much as for the alums. The thermal contact can be improved by mixing the
powder with vacuum grease, but this does not increase the density. Using a powder is also slightly less
efficient when the material features a small magnetic anisotropy, since the grains will be randomly
oriented and so not all will lie in the most favourable magnetic direction.
avoided by using a single crystal.

These problems can be

Single crystals of the garnets discussed here are grown by the

Czochralski method (Xiao and Derby, 1994; Kimura et al., 1995), but the process is difficult and
expensive.

Data for the zero field specific heat and entropy o f DGG between 0.05K and 4.2K were obtained from
Filippi et al. (1977), Goshom, Onn and Remeika (1977), Onn, Meyer and Remeika (1967), Tomokiyo
et al. (1985), and Kimura, Maeda and Sato (1988).

All o f the data sets showed good agreement,

particularly the sets from Filippi and Goshom, Onn and Remeika: the earlier Onn, Meyer and Remeika
sets were 10% higher over the temperature range covered. The data from Filippi were combined with

89

those from Goshom, Onn and Remeika to increase the temperature range covered, and were fitted using
the least square routines in Mathematica (Wolfram, 1996).

The fits were needed only to provide

calculations o f the entropy, rather than to study the properties o f the materials, and so the data were
arbitrarily divided into a number o f ranges. The order of polynomial used for each range was increased
until the residuals were less than 0.1% over the whole range.

This method was used for both the

entropy and heat capacity o f all five materials studied.

GGG was the subject o f a comprehensive series o f measurements by a group at the University o f
California at Berkeley in the early 1970’s. This resulted in three papers on the heat capacity, entropy
magnetic moment along the [100], [110], and [111] axes over a range of temperatures and fields
between 0.35 and 4.2K and 0 and 9T (Fisher et al., 1973a; Homung et al., 1974; Brodale et al., 1975).
The zero-field data from these papers were compared with the data of Ramirez and Kleiman (1991) and
Daudin, Lagnier and Salce (1982), and all sets were found to agree to within reasonable limits.
Therefore the Berkeley data were used for the model and were fitted as described previously. The
MSSL GGG pill used a compressed powder but since the anisotropy in GGG is so small no attempt
was made to average the values over the varying crystalline directions. The data from the [110] axis
were used since the magnetic response is smallest along this direction, producing a model that gave the
“worst-case” situation.

Figs. 2.8, 2.9, 2.10 and 2.11 show the zero-field entropy vs. temperature and specific heat vs.
temperature graphs for DGG and GGG. On each graph, the points shown are the data from the papers,
and the thick lines are the fits to the data. The specific heat data were put through a three-point moving
average to ensure that the combined sets resulted in a smooth curve. The entropy graphs show the
curves generated by the free ion approximation with B0 from 1 to 6T as thin lines. The DGG graph
also shows the free ion curve for the internal field o f 0.16T, and it can be seen that this is a fair
approximation to the experimental values for the zero-field entropy. This value was derived by fitting
the free ion approximation to the published entropy data. The effect o f the higher g-factor in DGG can
be clearly seen in the more rapid drop o f entropy with increasing field. The graphs also show that the
entropy is asymptotic to ln(2J+l).

As the temperature increases, the interactions between the ions

become less important compared with the thermal fluctuations in the lattice, and so the behaviour
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Fig. 2.8. Entropy vs. temperature curves for DGG. See main text for explanation. The curves
below B0=3 are for B0=4, 5, and 6 reading downwards.
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Fig. 2.9. Entropy vs. temperature curves for GGG. See main text for explanation.
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Fig. 2.11. The zero-field specific heat o f GGG. See main text for explanation.
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approaches that o f free ions, and the entropy approaches the value expected from the free ion
approximation at zero field. In order to retain consistency with the definitions used in the rest o f this
chapter, all the graphs relate to magnetic moles i.e. moles of the magnetic ions, rather than chemical
moles o f the material. The distinction is important where the chemical formula contains more than one
magnetic ion, as in DGG, GGG, and CMN.

The specific heat graphs both show a marked maximum at the Neel temperature. This can be explained
by equation 2.16, which states that the specific heat is proportional to the gradient o f the entropy curve.
Since the entropy drops rapidly as the Neel temperature is approached and the ions begin to order, the
gradient o f the entropy curve rises, and so the heat capacity also rises. This is beneficial as it results in
long hold times, and enables the ADR to cool the non-paramagnetic components o f the salt pill with
little loss in hold time.

Many other paramagnetic materials exist for use in ADRs over the temperature range between 1 and
15K, but they were not used in the work described here and so were not included in the model.
Reviews o f the other materials have been presented by Barclay and Steyert (1982), and Kuz’min and
Tishin (1991, 1993).

2.4.2. The Alums

In the early days o f ADR research, the goal was usually to reach the lowest temperatures possible.
Since temperature o f around 1.7K could be reached relatively easily by pumping on a bath o f liquid
helium, early ADRs used this as the bath temperature and were designed to reach temperatures of 10lOOmK. Therefore the traditional and most studied refrigerants have been those used in the 0.01 to IK
temperature range.

Two o f these materials have been particularly popular: FAA due to its wide

availability, and CPA due to its low Neel temperature.

These materials present none o f the pill

construction problems associated with the garnets. Large crystals of both can be grown by evaporation
o f an aqueous solution o f the salt, and both can be easily compressed. Neither exhibits magnetic
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Fig. 2.13. Entropy vs. temperature curves for FAA. See main text for explanation. The
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Fig. 2.15. The zero-field specific heat o f FAA.
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anisotropy, and so they can be made into powdered pills with no loss o f efficiency. For these reasons
they have become standard refrigerants for laboratory ADRs.

Entropy data for CPA were taken from Hudson (1972) and Bleaney (1950). The agreement between
data sets was not as good as for the garnets below lOOmK, probably due to systematic errors in the
experiments, which become difficult to anticipate and correct at these temperatures.

The data were

combined, smoothed, and fitted using Mathematica (Wolfram, 1996) as previously described, and are
shown in Fig. 2.12 together with curves generated using the free ion approximation. Entropy data for
FAA were taken from Vilches and Wheatley (1966a), and was treated in the same way. The results are
shown in Fig. 2.13.

The sources listed above were also used for specific heat data up to IK, together with the relations from
Kapadnis (1956) for temperatures from 1 to 4.2K. This paper gives the specific heat o f CPA as

c _ 1 0.135
R~ R

+4.iixio_Jr

(JK mol ) ,

2.91

(.J K -' m o r ■).

2.92

and o f F A A as

c _ 1 0.112
-3 ^ 3
+ 3.52x10 r
~R~~R

The data were fitted as previously described, and the point of intersection between the fits and the
above polynomials was found. In the model, the Kapadnis relations took over at temperatures higher
than this point. The resulting graphs are shown in Figs. 2.14 and 2.15.

2.4.3. Cerium Magnesium Nitrate

Detector technologies that provide photon counting together with high energy resolution spectroscopy
have recently become available, and are attractive choices for the next generation o f astronomical
satellites. However, many o f these detectors require cooling to temperatures as low as lOmK. If these
temperatures are to be obtained using an ADR, then a paramagnetic material with a Neel temperature of
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Fig. 2.16. Entropy vs. temperature curves for CMN. See main text for explanation. The
curves below B0=3T are for B0=4, 5 and 6T reading downwards.
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Fig. 2.18. The zero-field specific heat o f CMN. See main text for explanation.
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a few millikelvin is required. CMN is the only known refrigerant with a Neel temperature this low. It
exhibits a large magnetic anisotropy, but this does not necessarily preclude its use in a powdered pill.
The anisotropy would result in some grains cooling to millikelvin temperatures whilst others remained
close to the bath temperature, and the effect would appear as a large but rapidly decreasing heat leak.
The resultant loss in performance would not be drastic due to the larger heat capacity of the cold grains.
However, for maximum hold time CMN must be used as a single crystal. It is easy to grow large CMN
single crystals by evaporation o f an aqueous solution. They take the form o f flat, hexagonal plates,
with the optimum magnetic direction parallel to the plate. A pill can be constructed by evaporating a
solution to produce some small seed crystals. These can then be attached to the thermal bus wires used
in CMN pills with varnish. The design o f salt pill thermal buses is described in detail in the next
chapter. A supersaturated solution o f CMN is then poured into the pill, and evaporated to fill the whole
volume with crystal, all o f which will be in the optimum orientation. The construction of such a pill for
the micro ADR is discussed in Chapter 5.

CMN has been extensively used in the past, both as a refrigerant and a magnetic thermometer, and so
there are many sources of entropy and heat capacity data. Measurements by Mess et al. (1969), Fisher
et al. (1973b) Daniels and Robinson (1953) and Hunzicker and Shirley (1970) were compared, and
large disagreements were found. The only data sets to agree well were Mess et al. and Fisher et al., so
these sets were combined and fitted in the way described previously. The results are shown in Figs.
2.16 and 2.17, together with curves generated using the free ion approximation.

Data on the heat capacity were taken from Colwell (1974) and Fisher et al. (1973), and were found to
agree. These data were treated in the usual way, and the resulting plots are shown in Figs. 2.18 and
2.19.

99

In8
2

GGG

ln6

1.5

FAA

ln4

CPA
l
ln2
0.5

. CMN

0.001

DGG

0.01

0.1

1

10

Temperature (K)

Fig. 2.20. Comparison o f the zero-field entropy curves for all five of the paramagnetic
materials included in the model.

2.4.4. Comparison o f the Salts

The purpose o f the above sections is to make a few comments about the salts included in the model,
and to list the data sources used, rather than to present a review o f the paramagnetic materials that have
been studied at low temperatures. For this the reader is referred to the appropriate published literature
(de Klerk, 1956; Garrett, 1954; Hudson, 1972). However, it is useful to compare the entropy graphs for
the materials included here, and this is done in Fig. 2.20.

The salts are clearly divided into high,

intermediate, and low temperature ranges according to their Neel temperature. It can also be seen that,
whilst the Lande g-factor determines the magnitude of interaction with the magnetic field and thus the
fall in entropy with increasing field, the J value controls the magnitude of the entropy itself.

The

combination o f these three factors controls, to some extent, the application of each material.

For

example, the ideal guard pill or first stage pill will have a large magnetic heat capacity at higher
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temperatures, so GGG is ideal. A material used to reach the lowest temperatures must have a low Neel
temperature, which dictates a low energy o f interaction between the paramagnetic ions. This is turn
dictates a low density o f the magnetic ions within the lattice, and so a lower heat capacity. CMN must
be used to reach the lowest temperatures, but the lower heat capacity would result in a short hold time
if it were used alone. A two-stage or double ADR is therefore needed to provide long hold times at
lOmK if the bath temperature is 4.2K.

2.5. Other Components of the Model

There were three remaining issues that needed to be included in the model to increase the accuracy.
These were the effects o f the magnetic field profile, the effects o f the thermal boundary resistance
between the salt and the thermal bus wires in the pill, and the heat capacity o f the salt pill addenda.

2.5.1. The Magnetic Field Profile

The force exerted on the pill due to the field gradient has already been discussed, but the gradient also
affected the base temperature reached.

The field inside an ADR is rarely measured unless very

accurate values are required. Instead the field can be found by measuring the current in the magnet,
since the two are directly proportional, and the magnet manufacturer provides the constant o f
proportionality. This gives the peak value at the centre o f the bore, and so the gradient is seen as a
reduction from the expected value at the ends of the pill. The value o f field corresponding to the peak
was entered into the model, and a percentage o f this was subtracted before modelling the
demagnetisation to account for the gradient across the pill. The size o f the percentage was found by
averaging the field over the length o f the pill. The percentage for the CPA pill, shown in Fig. 2.21, was
12%.
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Fig. 2.21. The magnet field profile, showing the relative position o f the MSSL CPA salt pill.

Another associated issue was the magnetisation o f salt pill components. The cases o f some o f the salt
pills used at MSSL were made from non-magnetic stainless steel (part no. RST0030 from Oxford
Instruments Cryospares, http://www.oxinst.com), but at low temperatures and high fields this material
became magnetised. The field produced by the case was permanent, and prevented complete
demagnetisation. The top o f the foot rod was made from aluminium to reduce the mass, and this metal
becomes superconducting at 1.75K.

It therefore underwent the transition from the normal to the

superconducting state during a demagnetisation. Magnetic field was trapped in the foot rod top as it
underwent the transition, an effect known as flux trapping described in most texts on superconductivity
(e.g. Tinkham, 1996). The model included a so-called end field loss, which subtracted 0.1T from the
field at the end o f demagnetisation to account for these effects. This value was suggested by anecdotal
evidence, and no attempt was made to calculate an accurate value due to the considerable difficulty o f
the task.
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2.5.2. Thermal Boundary Resistance

In order to maximise the hold time, the temperature difference between the cold stage and the salt had
to be minimised.

It has already been shown that the difference introduced due to the thermal

conductivity o f the top rod was insignificant. A detailed calculation o f the temperature differences in
the salt pill and an optimisation o f the thermal design were performed, and will be discussed in the next
chapter. A simpler alternative, which could also be applied to a wider range o f salt pills, was required
for the model. The optimisation work showed that the temperature difference between the cold stage
and the coldest point in the salt was o f the order o f lm K for the MSSL CPA pill, less than 5% of the
lowest temperatures typically reached, and so the temperature gradients were largely ignored.
However, a calculation o f the effect o f the thermal boundary resistance between the metal components
o f the salt pill and the paramagnetic material was included, as it was needed in the analysis o f some of
the experiments described in later chapters.

Thermal boundary resistances are seen as discontinuous drops in temperature at the boundary between
two bodies when heat flows between them. The effect is called Kapitza resistance for solid-liquid
helium interfaces, after its discoverer (Kapitza, 1941), but its importance extends to solid-solid
interfaces at low temperatures. The temperature discontinuity is due to the acoustic mismatch between
the materials i.e. the difference in phonon velocity, and was first explained theoretically by Little
(1959).

The boundary resistance can be reduced, and heat transport greatly increased, if electron

transport is made appreciable by using clean gold surfaces, and so ADR components are usually gold
plated. Heat transport cannot be increased in this way at the boundary between the cold stage and the
electrically insulating paramagnetic material, and so the boundary resistance at this interface was
included in the thermal model. Experimental data were taken from Suomi, Anderson and Holstrom
(1968), who give the measured value for contact between gold and CPA as

R - — = J i L ( K 1cm2W-' ),
P
AT1

2.93

where AT is the temperature difference arising from a power P flowing through an area A. Lounassma
(1974) has presented a review o f the wide variety o f data available for other combinations of materials.
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2.5.3. Heat Capacity o f the Salt Pill Addenda

The salt pill o f an ADR necessarily includes several metal components, such as the top rod and the base
disk shown in Fig. 2.2. The components have a minimal effect on the hold time and lowest temperature
reached, due to the huge heat capacity o f the salt after demagnetisation, but for reasons discussed in the
next section an expression for their heat capacity was needed. Almost all o f these components were
made from gold-plated HCOF copper. Rayne (1956) has found that the molar specific heat o f HCOF
copper below 4.2K. obeys
I T
c = rT + A\ —

2.94

u

where

y = 0.67 x 10“3
9 = 338.9
A =

,

2.95

R = 1943.9

and R is the universal gas constant. The first term on the right hand side o f 2.94 accounts for the
contribution o f the conduction electrons, the second for that o f phonons using the Debye
approximation. The quantities y and A are both constants, and 0D is the Debye temperature. Equation
2.94 is derived in many standard texts on solid state physics (e.g. Ashcroft and Mermin, 1976), and
holds for all normal metals at sufficiently low temperatures.

2.6.

C onstruction o f the M odel

The components discussed in the previous section were combined to create a dynamic thermal model of
ADR operation. This model was written in C++, and its main purpose was to calculate the lowest
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Fig. 2.22. Schematic o f the ADR modelling programme
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temperatures reached upon complete demagnetisation, although it was also possible to halt the
demagnetisation at some target temperature, and use equation 2.59 to find the hold time. Under active
field control all the temperatures should be constant to a good approximation, so there was no need for
dynamic modelling to find the hold time. The programme could also be used to find the heat capacity
o f the pill by comparing the calculated value of the heat leak to a measured rate of warming.

Fig. 2.22 shows a schematic o f the model. The initial stages read in values for the starting field and
bath temperature. The losses due to the field profile were then subtracted from the starting field. The
eddy current heating was constant over the temperature range covered if the demagnetisation rate was
constant, since the electrical resistivity did not vary, and so was also calculated at this stage. The
demagnetisation was then modelled as a series o f small steps by the main loop. The magnetic effects
were calculated first, by finding the entropy using the free ion approximation, subtracting the magnetic
field change for one step, and using a binary chop routine together with the free ion approximation to
find the temperature corresponding to the new field and the entropy calculated previously. A binary
chop process was needed because the free ion approximation uses transcendental functions, and so
cannot be inverted algebraically. A binary chop accuracy variable of 1 x 10'6 was used, as this resulted
in good accuracy.

The next stage o f the main loop accounted for the heat loads on the salt pill. The salt pill and the
addenda temperatures were stored in separate variables, which were both set to the bath temperature at
the start o f the programme, and were updated after each loop. The addenda encompassed all o f the
non-paramagnetic components o f the pill, and so included all o f the metal components, as well as the
attachment points for the support structure. Therefore, both the heat leak and the eddy current heating
acted on the addenda, rather than directly on the paramagnetic material. The model calculated the heat
capacity o f the addenda at the current temperature, then the heating effect o f the heat loads on them,
creating a temperature difference between the addenda and the salt. The boundary resistance was then
used to find the power flowing between the two as a result, and new temperatures were calculated for
each. The specific heat o f the salt was found by comparing the value calculated from the free ion
approximation with that from the measured zero-field data, and selecting the higher. The specific heat
capacity o f a paramagnetic material under an applied field is higher than the zero-field heat capacity at
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temperatures significantly above the Neel temperature, as long as the field is not high enough to
saturate the material, but drops below it as the temperature falls. Selecting the higher of the two values
was an effective way o f ensuring that the free ion approximation was used at high fields and
temperatures, where it was accurate, but that the zero-field data took over as its accuracy began to fail
at lower fields.

The final stages o f the main loop determined the end point o f the demagnetisation.

The free ion

approximation was again used to find the entropy, and if this was greater than the zero-field entropy, a
flag was set to show that the demagnetisation had finished. An alternative was to check whether the
field had become smaller than the internal field approximation, and in this case the losses due to
magnetisation and flux trapping could be included by simply adding them to the internal field. This
was found to be more accurate if there were many ferromagnetic salt pill components. If the end of
demagnetisation had not been reached the new temperature and field values were set as the starting
points for the next loop.

The boundary resistance calculations introduced a temperature difference between the cold stage and
the paramagnetic material in the salt pill, proportional to the thermal power flowing between them.
During demagnetisation this power included both the eddy current heating and the heat leak, but after
the end o f the demagnetisation the eddy current heating dropped to zero. This reduced the total thermal
power to around half its value just prior to the end of demagnetisation, allowing the paramagnetic
material to further cool the cold stage.

This additional cooling was known as the tail o f the

demagnetisation, and was noticeable at temperatures below -0 .1 K where the boundary resistance was
large enough to introduce a significant temperature difference. Therefore, the iterations o f the main
loop continued until the temperature o f the cold stage stopped falling, to ensure that the ultimate lowest
temperature was found. Upon exiting the main loop the programme could either be halted, or used to
model the warming o f the pill. In the second case a copy of the main loop was used with the magnetic
field effects removed.

The accuracy o f the programme and the time required to run it depended largely on the step size: a
larger step size decreased both. Accuracy was the main goal, so the step size was selected by running
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the programme repeatedly with ever decreasing values, until there was no further change in the results.
A crude form o f adaptive step size was also used, reducing the step at lower temperatures. The selected
values were lxlO '2 seconds between 4.2K and IK, lx l0 ‘3s between IK and 0.1K, and lx l0 '4s below
0.1K.

2.7. Thermometry and the Treatment of Errors

Before discussing the comparison o f the model to experimental results from the MSSL laboratory
ADR, a few comments on thermometry and the treatment of errors are relevant.

Low temperature

thermometry has traditionally been a source o f difficulty in cryogenic experimentation, and many
technologies have been used. Hudson (1974) presents a review o f early developments. At the present
time, calibrated resistance thermometers are commercially available for the 0.02 to 4.2K temperature
range, and an Oxford Instruments (http://www.oxinst.com) R u 0 2 resistance thermometer was used as
the main temperature sensor for all o f the experiments described in this thesis. This thermometer was
calibrated to an accuracy o f less than 0.5% against another, calibrated R u 0 2 thermometer, which had in
turn been calibrated by Oxford Instruments against a cobalt nuclear orientation thermometer, a
superconducting fixed point device and a CMN thermometer. These thermometers were mounted in a
copper case in such a way as to prevent strain, which might change the calibration after thermal
cycling.

Resistance thermometry at low temperatures presents several difficulties, the main ones being self
heating, radio frequency interference, and heat sinking.

A current must be passed through the

thermometer in order to measure the resistance, and this leads to Joule heating within the R u 0 2 chip
itself. The voltage must be selected so that the resultant temperature rise is smaller than the resolution
o f the measuring device. All o f the resistance measurements were made using a four-wire technique
and an AVS-47 a.c. resistance bridge, again supplied by Oxford Instruments, and this device provided a
facility to vary the applied voltage.

This facility was used to ensure that self-heating effects were

negligible in all o f the experiments described later. Heating can also occur if the thermometer picks up
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radio frequencies. The cryostat itself was earthed, and so acted as a Faraday cage, but RF was still able
to enter through the wires passing into it. Therefore RF filters were placed on every wire at the point
where they entered the cryostat. The cables between the outside o f the cryostat and the AVS-47 were
also RF shielded.

The most critical step in ensuring accurate thermometry was the heat sinking o f the thermometer wires
inside the cryostat. The manufacturers certified that the R u 0 2 chip itself was heat sunk to its casing
well enough to prevent self-heating at temperatures above 50mK, but it could not cope with any
significant heat load through the wiring. The wires therefore had to be cooled to the temperature o f the
cold stage to prevent heat being conducted through them from the base plate to the R u 0 2 chip. This
was accomplished by varnishing the wires to the outsides o f the nitrogen and helium chambers, the
base plate, and the cold stage, using GE1701 varnish. They were also wrapped around the thermometer
case several times and varnished to it.

This ensured good heat sinking along virtually their entire

length.

All o f the experimentation described in this thesis was centred around temperature measurements, and
so the only source o f random errors was thermometry. The thermometers used were calibrated to an
accuracy o f less than 0.5% over the 0.04 to 4.2K temperature range, and so this could be said to be the
error in the measurements. It was in fact the random error in the measurement o f the temperature o f the
R u 0 2 chip, since the readings made using the AVS-47 were considerably more accurate than this.

However, it can be seen from the above comments that the temperature o f the thermometer chip may
not be the same as the temperature o f the paramagnetic material, or even the cold stage. In practice
ADR results are rarely repeatable to an accuracy o f 0.5% due to systematic errors. A slight change in
the degree o f heat sinking o f the thermometer wires, of the thermal contact within the pill, or any one of
many other factors can produce a major change in the temperature reached upon demagnetisation.
Analysis o f the random errors in the results would therefore be both meaningless and misleading, and
so has not been performed for the majority o f the experiments described.
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Fig. 2.23. Experimental results (points) and model predictions (curves) for the CPA pill.
The two large grey points correspond to particularly accurate experiments.

2.8. The Testing of the T herm al Model

The thermal model was used in the analysis o f some o f the experiments described in the next two
chapters, and to predict the performance o f the micro and double ADR designs. In order to ensure that
it was working accurately, its predictions for the MSSL laboratory ADR CPA pill were compared to
experimental measurements.

This pill was primarily used for detector experimentation, and

represented the simplest pill design used in the ADR. The pill contained 0.271 moles of CPA and the
thermal bus, composed o f gold-plated copper fins, had a surface area o f 10cm2.

The experimental results and corresponding model predictions are shown in Fig. 2.23. In each case a
field o f 6T was used, and the demagnetisation rate was 1 Tm in'1 between 6 and IT, 0.2Tmin'' from 1 to
0.5T, and 0.1 Tmin"1 from 0.5 to 0T. The large black and larger grey points represent demagnetisations
performed with the MSSL ADR, whereas the lines represent the model predictions.

The graph is

divided into two sections: experiments performed with the bath at 4.2K, provided by liquid helium at
atmospheric pressure; and those performed with the bath pumped to reduce the vapour pressure and
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consequently cooled to 1.6K. The bath temperature was calculated from the pressure in the helium
chamber, measured with a barometrically-compensated pressure gauge, using the vapour pressure
tables given by Hudson (1972). Most o f the experimental points lay between 30 and 50mK above the
model predictions. These experiments were performed primarily to test X-ray microcalorimeters at
0.1K, and so required a few hours o f hold time at this temperature. No great care was taken to ensure
that the temperature reached was a good indication of the properties o f CPA. The reasons for the 3050mK elevations in the base temperatures are discussed in the next chapter.

Two experiments,

represented by large grey points, were performed in which the aim was to reach as low a temperature as
possible.

The main source o f systematic errors was thermal contact within the pill, and this was

reduced in two ways. In the experiment represented by point to the right, the support structure was
remodelled to direct parasitic heating into the CPA rather than the cold stage, reducing the effects o f
poor thermal contact between the two. In the second accurate experiment, the ADR was left to cool
down for much longer than usual during pumping on the helium bath, allowing more time for heat to be
extracted from the pill. The differences between the model prediction and the experimental result were
3.8% for the first accurate experiment and 0.13% for the second. It was therefore clear that the model
predicted the lowest temperatures reached after demagnetisation to a good degree o f accuracy. The
CPA results and the new support structure are discussed further in the next chapter.
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3. The Optimisation of ADRs I: Thermal
Design and Temperature Stability

This chapter deals with several thermal design issues associated with ADRs.

One o f the most

important aspects o f the design is to prevent heat flows across large thermal gradients. For maximum
efficiency a thermodynamic process must be reversible.

A heat flow is said to be reversible if its

direction can be reversed by an infinitesimal change in the temperatures o f the system. Therefore, heat
flows across large thermal gradients represent a significant departure from reversible conditions, and so
a significant drop in efficiency. The low thermal conductivities and high thermal boundary resistances
encountered at low temperatures tend to increase thermal gradients and exacerbate the problem. Two
areas o f particular importance in ADRs were identified: the designs o f the thermal bus inside the salt
pill and o f the support structure.

An associated issue is the temperature stability o f the cold stage. The main ADR application studied at
MSSL was the cooling o f microcalorimeters for X-ray detection. These devices operate on a thermal
principle, detecting the heating effect o f incident photons in an absorber. Fluctuations in the cold stage
temperature will therefore affect the operation o f the detector.

The most efficient method of

temperature regulation in an ADR is active magnetic field control, and so a series o f experiments were
carried out in order to determine the limits o f temperature stability in an ADR using this system. These
are described, together with the algorithm used to control the magnetic field, in the last section o f this
chapter.

3.1. Optimising the Salt Pill Design

The thermal contact between the cold stage and the paramagnetic material in an ADR plays a major
role in determining the efficiency o f the system as a whole. If the contact is poor then large thermal
gradients can develop between the two components.

This leads to irreversible heat flows during
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demagnetisation, increasing the entropy o f the salt and reducing the efficiency. It also results in the salt
pill having a long thermal time constant. This may be an advantage in a system using a Joule-heated
cold stage where poor thermal contact between the cold stage and the salt is a prerequisite.

It is a

significant disadvantage where active magnetic field control is used, as the long time required for any
change in the magnetic field to be reflected in the temperature o f the cold stage makes it difficult to
rapidly stabilise the temperature. A long time constant can also lead to a behaviour known as hunting,
where the cold stage temperature oscillates around the desired servo temperature. Active field control
is the most efficient method for maintaining a constant temperature in an ADR, so it is generally
desirable to avoid a long salt pill time constant.

The shape o f the salt pill is determined more by the magnet design than the thermal design o f the
system. Ignoring the cryostat, the magnet accounts for most o f the mass, volume and power demand o f
an ADR, and so greater savings can be made by improvements in the magnet than by improvements in
the salt pill. There is little difficulty in producing a given magnetic field, within certain limits, but
difficulty arises when a constant field must be produced over a large volume. The field must be kept as
nearly constant as possible over the volume of the pill, as this ensures that the temperature of the
paramagnetic material after demagnetisation will also remain nearly constant over the volume, and so
again prevents large thermal gradients from developing. It also reduces the peak field for any given
average field. The peak field is an important consideration in systems designed for space use, as it
dictates the amount o f magnetic shielding needed around the ADR, whereas the average field dictates
the degree o f cooling achieved.

A nearly constant field will therefore provide more cooling per mass

o f shielding. The magnetic field inside a solenoid is highest at the centre o f the magnet, falling towards
the ends o f the coil, and so the above considerations favour longer, thinner solenoids. The solenoid
used in the MSSL laboratory ADR had a bore diameter of 49mm, allowing salt pills up to around
47mm in diameter. The CPA salt pill contained 0.271 moles of the compressed CPA powder, and had
a length o f 100mm.

The thermal conductivity o f most o f the popular low temperature paramagnetic salts is very low. CPA,
for example, has a conductivity o f around 1 x 10'5 W cm '1 K '1 at 0.1K (Hagmann, Benford and
Richards, 1994).

The heat leak into the salt pill o f the MSSL laboratory ADR was lOmW at this
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temperature which, given the length and area of the pill, would certainly produce a large thermal
gradient. The gradient could be reduced by constructing a short, wide salt pill, but this is at odds with
the requirements for the magnet design. It is therefore customary to include some form o f thermal bus
inside the salt pill. This often takes the form o f one to two hundred wires soldered to the cold stage and
running down the length o f the salt pill. The wires must have a high thermal conductivity, so the most
common choice is gold or HCOF copper. In the case o f copper wires, they are usually plated with gold
to avoid chemical attack by the salt. Some hydrated salts, particularly CMN, are highly corrosive, and
copper wires have been known to disappear in very short order (Hudson, 1972). The salt is either
grown directly onto the wires or powdered, poured into the salt pill case, and compressed in a vice.

There is clearly a trade-off between magnet design, which favours long, thin salt pills, and thermal
design, which favours short, wide ones. The design o f magnets is outside the scope o f this thesis, since
the magnets used in each o f the ADRs described were designed and constructed by a commercial
company. However, there is a clear need to optimise the design o f the thermal bus. Hagmann, Benford
and Richards (1994) published some estimated thermal resistances for the salt pill components in an
ADR used on the MAX experiment, which was carried on a balloon and studied the anisotropies in the
cosmic microwave background radiation. These numbers made it clear that the thermal design was far
from optimised.

A literature search failed to reveal any extensive study o f this subject, and so an

attempt was made to optimise the design o f a simple thermal bus using cylindrical wires.

Consider a cylindrical salt pill containing a number o f cylindrical wires, which run the length of the
pill, and are parallel and equi-spaced throughout the salt. The salt pill can be approximately described
as n cylinders o f salt, each with a wire running along the axis o f symmetry, where n is the total number
o f wires in the pill. Each o f these hypothetical salt cylinders has three important dimensions: the length
1, which is the same as that o f the salt pill; the radius o f the wire rw; and the radius o f the salt cylinder rs,
measured from the centre o f the wire to the surface of the salt cylinder.

The volume o f each salt

cylinder will be the total volume o f the pill, including the volume o f the wires, divided by the number
o f wires. The dimensions o f a single salt cylinder are shown in Figure 3.1.

Since the thermal

conductivity o f the wire will be much greater than that of the salt, the dominant path for heat flow will
be along the wire and radially through the salt.
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stage

Fig. 3.1. Diagram o f a single “salt cylinder”.

The purpose o f optimising the thermal design is to minimise the temperature gradient inside the salt,
and so the first step is to calculate the temperature gradient. This depends on the thermal conductivity
o f the system, which has three components: the conductivity o f the wire, the conductivity o f the salt,
and a thermal boundary resistance between the salt and the wire. The cold stage will be warmer than
the salt for all conceivable ADR operations, and so the temperature gradient will be negative if the cold
stage end o f the salt pill is defined as the origin.

The thermal boundary resistance results in a discontinuous drop in temperature at the boundary
between the salt and the wire, and becomes important at temperatures below about 0.1K. The effect
was first noticed by Kapitza (1941) in liquid helium, and has been the focus o f a considerable research
effort focussed on identifying the nature o f the heat transfer process (Challis, 1962; Gittleman and
Bozowski, 1962; Johnson and Little, 1963; Neeper and Dillinger, 1964; Barnes and Dillinger, 1966).
There seems to be general agreement that, whilst the results o f individual experiments may be
amenable to several different explanations (Miedema et. al., 1959), the literature taken as a whole
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points to a temperature dependence o f the boundary resistance close to T '3. The magnitudes o f the
resistance in various materials differ at most by a factor o f ten, independent o f the nature o f the
materials (Suomi, Anderson and Holstrom, 1968). These results have been explained by the acoustic
mis-match theory (Little, 1959; Gavoret, 1965), which ascribes the temperature discontinuity at the
boundary to the reflection o f thermal phonons by the interface.

Suomi, Anderson and Holmstrom

(1968) have published some results on the effect in CPA at temperatures around 0.1K and found the
thermal boundary resistance between CPA and varnished copper to be

Rb = — = - ^ T ( K i cm 2W - ' ) ,
P
AT

3.1

where AT is the temperature difference o f the boundary, P is the thermal power flow across it, A is its
area, and T its temperature. Little (1959) gives the theoretical value for the resistance between CPA
and gold as

R
*

= - = J l - ( K ‘c m 2W - ' ) ,
P
AT3

3.2

and the values for the interface between gold and other alums are expected to be similar.

3.1.1.

The Temperature Profile o f the Wires

Firstly, consider the conductivity o f a single salt pill wire o f length 1, shown in Fig. 3.2, and consider an
element o f length dx a distance x from the warm end of the wire. If the wire is narrow then any radial
temperature variation inside it can be ignored. The temperatures at the ends o f the element will differ
by the length o f the element multiplied by the temperature gradient dT/dx. A power Q ’i flows into the
element along the wire, and a smaller power Q ’2 flows out along the wire, whilst the remainder Q ’out
flows out into the salt. Clearly,

Q\ = Q\ +

Q

'

o

u

t

33

The thermal conductivity is defined through the equation

dT
dx

Q = - K A -1 ~ ,

3 -4
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Fig. 3.2. Diagram o f a single salt pill wire.

where kw is the thermal conductivity o f the wire and Aw is its cross sectional area. Therefore

3.5

dx
and
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3.6

The heat leaking into the salt is dictated by the boundary resistance, and so using equation 3.2

O'

5^ o u t

=

D
K l

= (T-TI s J)—1B—
-

3.7

1/

where T is the temperature o f the wire, Ts is the temperature o f the salt at the boundary and AB is the
area o f the boundary. The two areas are given by
3.8
and

Ab =2 7irwdx,

3.9

where rw is the radius o f the wire. Inserting 3.8 and 3.9 into 3.3 gives

- k wAwf

dx

= - k wAwf - k wAw^ & + (T -T s) ^

dx

dx

^

17

3.10
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and

kwAw^

dx

= (T-Ts) ^ f .

3.11

17

This is the differential equation governing the temperature o f the wire. Unfortunately it is highly non
linear, and extensive investigation indicated that no discrete solution exists. A numerical model could
be constructed to generate the temperature profile o f the pill, but factors such as the pill dimensions
would have to be entered and so the model would apply only to one specific pill design. Therefore, it
was decided that an approximate discrete solution would be more valuable as a salt pill design aid, and
so assumptions were made in order to find such a solution. In essence, the purpose o f this work was to
relate the thermal gradients within the pill to the number and dimensions o f the wires. Dimensions that
minimised the gradients could then be found. It would therefore have been undesirable to make any
assumption about the temperature gradients themselves, and so an alternative was found.

The most important phase o f ADR operation from the point o f view o f salt pill thermal design is the
time spent under active magnetic field control, since this accounts for the majority of time spent at low
temperatures. There will be a short initial period during which thermal equilibrium is attained, but after
that the temperature profiles in the pill will remain constant assuming that the heat leak is constant,
since the magnetic field will be reduced to compensate for the heat leak. Thermal equilibrium in this
case must mean that equal amounts o f heat are absorbed into equi-volume elements o f the salt. During
the initial period and the approach to thermal equilibrium, if any element o f the salt absorbs more than
its share o f the heat leak, then the neighbouring elements that are radially or longitudinally further from
the cold stage will receive less than their share and will be cooled by the reduction in magnetic field.
This will increase the temperature gradient between these elements, and lead to more heat being
conducted into the colder elements. This process will continue until a stable situation is reached, in
which all elements absorb equal amounts o f heat. The time taken to achieve this stability must be
related to the thermal time constant o f the salt pill, and it has already been pointed out that this is much
shorter than the time spent under active magnetic field control.

It is can therefore be justifiably

assumed that the salt pill will be at thermal equilibrium for the greater part o f the time spent at low
temperatures.
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An obvious extension o f this is that equal amounts o f heat must be dumped out of equal lengths o f the
wire. If Q

’l e a k

is the heat entering the wire from the cold stage, then

Q LEAK ~ j~ = Q OUT ’

3-12

and so using 3.7, the differential equation 3.11 becomes
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dx

kWAXVI

The thermal conductivity o f the wire can be assumed to be constant since the temperature variations
will be small for any reasonable salt pill design, and so this equation is separable and can be solved.
Integrating twice gives

dT Q LEAKx + a
dx k.AJ

3.14

T = Q LEAK x 2 + ax + 3 ,

3.15

and

2K A J
where a and (3 are constants o f integration. These can be found using suitable boundary conditions. At
x=0, the temperature o f the wire is the same as the cold stage Tcs. At x=l, dT/dx = 0 since all o f the
heat must have been dumped out o f the wire by this point, and so there is no more heat to carry and
therefore no temperature gradient. These give
x=0:

P —Tcs ,

x=l:

a = ~ ® LEAK .

3.16

Substituting these into 3.15 gives the solution for the temperature o f the wire as a function o f distance
from the cold stage:

T (x )= ® LEAK x 2 ----- 0 — x + Tr <..
2 k WA wI

3.17

k WA W

Differentiating this twice regenerates the initial differential equation 3.13, and it agrees with the
boundary conditions at x=0 and x=l. Furthermore, x must be less than or equal to 1, and so x2/21 must
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be less than x. Therefore, the first two terms always generate a negative quantity (unless x=0), so T is
always less than Tcs, and the solution is physical.

3.1.2.

The Temperature Profile o f the Salt

The next step is to generate a similar equation, giving the temperature profile radially through the salt,
by considering a disc o f salt o f thickness dx at a distance x along the wire. The disc can be considered
as a series o f annular elements o f thickness dr, such as the shaded element in Fig. 3.1.

Sprackling

(1991) gives the equation governing heat transfer through a cylindrical shell as

dT
Q — - k s 27urdx— ,
dr

3.18

where t is the temperature o f the element at radius r, and ks is the thermal conductivity o f the salt. It
will be assumed that the conductivity o f the salt does not vary with temperature or field, in common
with the previous derivation for the wire. The assumption of equal heat dumping can also be used
again, as long as it is remembered that the volume o f an element o f length dl and thickness dr increases
with r. The volume o f such an element is given by

d,V = 27trdx,

3.19

and the volume o f the disc o f salt by

V = {TV's - m l ) d x .

3.20

Therefore, the heat dumped into the element is

dQ'=Q'ouT~ 2f
nrs

d r -2 .

3.21

where Q ’out is the heat dumped out o f the wire into the disc. The heat Q ’R flowing through an element
at r must be equal to the heat dumped into all the elements between r and rs, and so
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3.22

This can be substituted for Q ’ in 3.18, giving
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iTTCbck,

3.24

giving

r

\
2ndxks
C? r - T S ) .
Q

3.25

OUT

where Tr is the temperature o f the element at radius r. This equation can be checked in the same way as
the solution for the wire. In particular, it can be seen that, since rs > r > rw, the L.H.S. must always be
positive, and so Tr must be less than Ts, as would be expected if heat is flowing out o f the wire into the
salt.

3.1.3.

The Temperature at the Boundary

The final area to consider is the boundary, which will exhibit a discontinuous drop in temperature.
Equation 3.2 can be rearranged using 3.12 to give

LEAK

3.26

where again T is the temperature o f the wire at a distance x from the cold stage and Ts is the
temperature o f the salt at the boundary at x. This equation can be solved for T-Ts, but the solutions are
so complicated that further manipulation would be difficult. However, it has already been assumed that
the thermal conductivities o f the salt and the wire are constant with temperature, and so little accuracy
will be lost if a similar assumption is made for the boundary. The Ts3 factor, which is analogous to the
temperature dependence o f the thermal conductivity, can therefore be replaced by a constant that will
be called the regime temperature TR3.

Temperature o f the salt
element at
sy*
r, x (K)

0.15

Radial distance
through salt r (cm)

Distance along
wire x (cm)

0.05

Fig. 3.3. The temperature profile o f a salt cylinder in the MSSL laboratory ADR CPA salt pill.

The three equations 3.17, 3.25, and 3.26 now give the temperature profile o f a single salt cylinder.
They contain four unknown temperatures: TCs, the cold stage temperature; T(x), the temperature o f the
wire, Ts(x), the temperature o f the salt at the boundary; and Tr(r,x), the temperature o f the salt. They
can therefore be rearranged to eliminate three o f the unknowns, and give a temperature difference
between the annular element o f the salt at (r,x) and the cold stage,

Tr (x ,r ) — Tcs + Q LEAK ^ r
2i
2k...7zr.J
2rs In

Q LEAK

2

r

2

■r +r..

Q LEAK f_ _ 2
k„7zr‘

Q LEAK

17
2 m -JT l
3.27

\ rw J

2n\k^

This equation was used to plot the temperature profile in the MSSL CPA pill, using reasonable values
for the constants. The pill contained 120 gold-plated copper wires 250pm in diameter and 10cm long.
The value for rs was calculated from the volume o f the pill, and was 0.196cm. The conductivities o f
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CPA and copper wire were given in Hagmann, Benford and Richards (1994) as 1 x 10'5 W lC 'cm '1 and
1 x 10'1 W lC 'cm '1 respectively at 0.1K. The regime temperature and cold stage temperature were set to
0.1K, which was a typical servo temperature for this salt pill. The heat leak was 8 x 10‘6W at this
temperature, and this was divided by the number of wires to find the leak for each wire.

The

temperature profile for a single salt cylinder is shown in Fig. 3.3. The equation clearly behaved as
would be expected, with the temperature dropping with both x and r. The temperature drop radially
through the salt was much smaller than the temperature drop along the wire. This was expected, given
that the MSSL CPA pill was similar in design to the one described by Hagmann, Benford and Richards
(1994). Their approximations for the thermal resistances o f the salt pill components gave the resistance
down a wire as over 100 times larger than the resistance through the salt. The implication was clear:
heat was distributed much more effectively through the salt than down the wires, and so the average
temperature difference between the salt and the cold stage could be decreased by reducing the number
of wires for a given total volume o f copper in the pill. The thermal resistance through the salt would be
increased as rs would increase, but the reduction in the thermal resistance o f the wires would have a
greater effect.

3.1.4. Optimisation o f the Salt Pill Wires

An optimised thermal design for the salt pill wires can now be attempted using the equations for the
temperature profile o f the salt cylinder. These equations can be simplified somewhat by rewriting them
in terms o f thermal resistances. In this case, the thermal resistance can be defined as

AT
R,COMPONENT
Q

3.28

LEAK

where AT is the temperature difference that the component introduces into the system. This gives

3.29

for the wire,
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for the salt. To be strictly correct, the thermal resistances should be averaged over the whole salt
cylinder. The average value o f a function f(x) over the interval x=a to x=b is defined as

3.32
a

Integrating the thermal resistances over x=0 to x=l and r=rw to r=rs gives
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There are four important variables involved now: rs, rw, 1, and the number o f wires in the pill n. These
are clearly not independent, and the two radii can be related using a new variable p, the volumetric
proportion o f the pill that consists o f copper. This gives
3.36
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Fig. 3.4. The thermal resistances o f the salt, boundary, and wires in the MSSL CPA pill.

where V TOt is the total volume o f the pill, and

V Co p p e r

is the total volume of copper in the pill. Also, it

is reasonable to assume that 1 will be controlled by the bore size o f the magnet, as discussed earlier, and
so there are only two remaining variables, n and p.

There is another important factor to consider at this stage. 3.28 shows that the temperature difference
introduced into the system by a particular component will be the product o f
resistance o f the component.

Q ’l e a k

is

Q ’l e a k

and the thermal

the power flowing down one wire, and so is given by the total

heat flowing into the salt pill divided by the number o f wires. Therefore, the quantity relevant to the
actual temperature difference observed is not the thermal resistance, but the thermal resistance divided
by the number o f wires.

The averaged thermal resistances, divided by n, for the MSSL laboratory ADR CPA pill are plotted
against n in Fig. 3.4, using the values given earlier. The value o f p for this pill was 0.005 i.e. one half o f
one percent o f the pill volume was taken up by the wires. The plot shows several interesting features.
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Most obviously, the value o f RmRE does not change with n. In fact, this result is obvious from the
definition o f thermal conductivity,

3.39

In this model, both Q ’ and A are inversely proportional to n, so the temperature gradient is independent
o f n for the wire. This means that there can be no optimum number o f wires, as both the boundary and
salt thermal resistances decrease with n. However, this decrease is rapid, so the sum o f the averaged
thermal resistances divided by n is only about 10% smaller at n=120 than at n=10.

This is a

particularly important result for commercial ADR manufacture, since the welding o f hundreds o f thin
copper wires to the cold stage is a difficult process. If the number o f wires can be reduced by a factor
o f twelve with virtually no loss in performance, then the construction o f the ADR will be much easier.

In order to optimise the proportion o f copper in the pill, the situation must be considered in terms o f a
reduction in hold time, since there are two factors involved. The first is the reduction in available
entropy due to the temperature difference in the pill. The greater the temperature difference, the colder
the salt has to be for a given cold stage temperature. A greater temperature difference will therefore
reduce the available entropy according to the third law o f thermodynamics. Having more copper in the
pill will increase the wire diameter for a given number o f wires, and so reduce their thermal resistance
and increase the hold time. However, increasing the amount o f copper in the pill will decrease the
volume o f the salt for a given total volume, and so will reduce the hold time. Since these two factors
are opposed, an optimum point should exist.

The hold time for an ADR can be written as

3.40

Q TOT
where m is the number o f moles o f salt in the pill,

T f

is the servo temperature,

Q ’t o t

is the total power

into the salt pill, and SE-SD is the entropy range covered during isothermal demagnetisation, shown in
Fig. 1.2 in Chapter 1. Using this expression, which was derived in Chapter 1, the reduction in hold
time can be written as the sum o f two factors,
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At,VOLUME

3.41

and

At.TEMP

mT,,\s(TB)-S(TR-AT)]

3.42

Q TOT

where the first relates to the hold time loss due to volume reduction, and the second to hold time loss
due to the temperature difference. AT is the average temperature difference between the cold stage and
the salt, which can be found by summing the contributions o f the salt, boundary and wire.

These

contributions can in turn be found by inserting 3.29, 3.30 and 3.31 into 3.28, remembering that the
relevant power is the total power into the pill divided by the number o f wires. The density p used in
3.41 is the molar density o f the salt. The entropy difference in 3.42 and SD can be calculated using the
free ion approximation, but SE must be taken from experimental measurements o f the zero field
entropy.

It is clear that the hold time loss is dependent on the choice o f salt and the volume o f the pill. The
M SSL CPA pill was again used as an illustration. The relevant data on CPA were given in Chapter 2.
The sum o f the two hold time reductions is shown in Fig. 3.5, plotted against p for n=10 and n=100.
The optimum point was around 0.003 i.e. 0.3% o f the pill by volume composed o f copper. This was
slightly less than the 0.5% used in the existing pill design. For the case o f n=10 wires, the optimum
wire diameter was therefore 0.6mm, giving a total salt cylinder diameter of 1.3cm. The hold time
reductions were relatively small: for instance, using ten wires rather than 100 reduced the hold time by
50s.

There is one additional issue to address. The length of the wires was previously equated to the length
o f the salt pill, since the optimum situation will clearly have all o f the distances involved reduced to a
minimum, in order to maximise the thermal conductivities.

The minimum length for a given pill

volume will be set by the size o f the magnet bore, since the magnet is the system driver in ADR design.
There is one possible alternative: the wires could be coiled into nested, coaxial helices. Their number
could then be reduced, at the expense o f making them longer, without increasing the distance between
any point in the salt and the nearest wire. Concentrating the available copper into fewer wires in this
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n=10
Optimum point
n=100

Fig. 3.5. The total hold time reduction against p for 10 and 100 wires in the MSSL CPA pill.

way would reduce the thermal resistance o f the wire. The model can be applied to this situation by
considering the salt cylinders to be coiled into helices. As long as the assumptions about the path o f
heat flow hold, there will be no difference between this situation and a very long, thin salt pill.

The model shows the faults in the helical design. Reducing the number o f wires does not reduce their
thermal resistance, since the gains in cross sectional areas are balanced by the extra power which each
wire must carry. In fact, this coiled design results in much greater temperature differences because, as
shown in 3.35, the thermal resistance o f the wire is proportional to the length. The total surface area o f
the wires will also be reduced, increasing the effect o f the boundary resistance. Therefore, for optimum
performance, the thermal bus wires must be the same length as the pill.
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3.1.5. An Alternative Solution

Assuming that equal amounts o f heat are dumped into equi-volume elements o f the salt results in a
solution that applies during active magnetic field control. Several other assumptions can be made to
solve the differential equations. The assumption that Ts is constant results in an useful solution, as it
related to the situation just after demagnetisation, before the temperature regulation starts.

The

temperature o f the paramagnetic material will be uniform before demagnetisation, as the entire salt pill
will be at the bath temperature, and so no heat will flow into or out of it. The salt pill will cool during
demagnetisation and heat will begin to flow into it.

However, the gradient of the entropy vs.

temperature curve for the paramagnetic materials used in ADRs tends to be small close to the bath
temperature and large close to the base temperature, as can be seen from Fig. 2.1. Small temperature
gradients in the pill before demagnetisation therefore result in negligible entropy differences, and small
entropy differences in the pill at the end o f the demagnetisation result in negligible temperature
differences. Demagnetisation consequently has the effect o f reducing temperature differences inside
the pill, and so only the heat flowing into it close to the end of the demagnetisation will result in
thermal gradients. Even these gradients will be small, as at this stage the gradient o f the entropy vs.
temperature curve will be large, resulting in a large heat capacity. It is therefore reasonable to assume
that the temperature o f the paramagnetic material will be uniform just after demagnetisation.

The differential equation for the wire is

3.43

where

3.44

Since m is a constant if Ts is assumed constant, a solution o f the form
3.45
must be used, where n is a constant. This gives
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3.46

dx
and

(T~TS),

dx2

3.47

so
3.48
and

n = ±m.

3.49

The complete solution is

{ T - T s ) = Ae™ + B e""x

3.50

where A and B are constants. The boundary condition at x=0 is again T=Tcs, where Tcs is the
temperature o f the cold stage. A second boundary condition can be generated by considering the case
for a semi-infinite wire. At x = o o the temperature o f the wire must be equal to the temperature o f the
surrounding salt Ts, since an infinite surface area is available to transmit the finite power carried by the
wire into the salt. These conditions give

A =0
b

= tc s -

t;

3.51

and so the complete solution to the differential equation is

3.52

This can rewritten as
3.53
where

3.54

Substituting into the equation for the thermal boundary resistance and integrating over x gives
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3.56

This equation can be used in two ways to approximate conditions in the salt pill. Firstly, evaluating the
L.H.S. gives a rough indication o f the temperature gradient in the salt pill. Using the figures given
earlier for the MSSL laboratory ADR CPA pill gave a temperature difference o f around 2mK, which
compared favourably with the differences shown in Fig. 3.1. Again, it is important to remember that
Q ’le a k

is

the heat leak carried through each wire i.e. the total heat leaking into the pill divided by the

number o f wires.

Alternatively, 3.56 can be used as an indication o f the efficiency o f any particular thermal bus design.
Inspecting 3.55, it can be seen that the amount of heat that has been emitted by the wire up to a point x
is proportional to the exponential term on the R.H.S., so

3.57

Q LEAK

1

e

^

where Q ’x is the heat emitted up to point x. The MSSL CPA pill can again be used as an example. It
used 120 wires, each 250pm in radius and 10cm long. Setting the L.H.S. o f 3.57 equal to 0.99 and
solving for x gave the distance along the wire at which 99% of the heat carried had been emitted, and at
0.1K this was 9.7cm, i.e. 97% o f the length o f the pill. The thermal bus was therefore very effective at
carrying heat along the pill. This was compared to a design using helical wires. If the same volume of
copper was concentrated into four wires, and the maximum distance between any point in the salt and
the nearest wire is also kept the same, then the length o f the wires would be 3.6m and their radius
0.86cm. Using 3.57 gave the length taken to emit 99% of the heat as 1.25m, or 34% of the length o f
the wires, so in the initial stages after demagnetisation nearly two-thirds o f the salt in the pill would not
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be used.

This would lead to the development o f a large thermal gradient that allowed the even

distribution o f heat over the entire pill, but this thermal gradient would reduce the efficiency o f the
helical design compared to the existing MSSL CPA pill.

3.2. The Modified Support Structure

The next chapter describes several experiments conducted on two o f the high temperature paramagnetic
materials used in ADRs, gadolinium gallium garnet (GGG) and dysprosium gallium garnet (DGG).
One o f the most important conclusions from these experiments was that thermal contact plays a major
role in determining the efficiency o f an ADR. Poor thermal contact either in the salt itself in the case of
a powder, or between the salt and the top rod, increases the temperature gradients within the salt pill.
This reduces the efficiency and raises the lowest temperature attained at the cold stage. Taking the
DGG single crystal tests as an example, the temperatures available at the cold stage were hundreds o f
millikeWin higher than the temperature of the refrigerant. The problem was exacerbated due to the
design o f the support structure, since the cold stage was used as an attachment point for the support
structure at the upper end o f the salt pill. Therefore a large proportion o f the parasitic heating was
conducted directly into the cold stage. The temperature difference between the top rod and the salt is
directly proportional to both the thermal resistance o f the pill and the power flowing into it, so raising
either raises the lowest temperature attainable at the cold stage. One obvious way to counter this effect
would be to redesign the support structure to direct its parasitic heating into the salt rather than the cold
stage. This should significantly reduce the lowest temperature attained for any salt pill with thermal
contact problems. In order to test the hypothesis, a new support structure was designed for the CPA
pill. Aside from the optimisation experiments that formed the bulk o f the work described here, the
MSSL ADR was used for a number o f other tasks, including X-ray detector tests and thermometer
calibration, all o f which would benefit from the availability of lower temperatures. All of these tests
used the CPA pill, and so it was the logical candidate for support structure redesign work.

132

Thermometer stage

Support disc
Kevlar cords

Support rin]

Base plate
Lower shield

Main magnet

Salt pill
(shaded area is
the salt).

Top rod

Base disc
‘Foot rod top

Magnet bore.

Kevlar/epoxy
composite rod

Fig. 3.6. Diagram o f the salt pill and surrounding components in the MSSL
laboratory ADR.
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Fig. 3.7. Diagram o f the salt pill and surrounding components in the MSSL ADR
with the new support structure.

The arrangement o f the salt pill components before the redesign is shown in Fig. 3.6. The pill was
supported at the cold stage end by a ring o f ten 1.5cm long kevlar cords, each composed o f 120 fibres
18pm in diameter, and at the other end by a stiff kevlar/epoxy composite rod 8cm long. It should be
remembered that the ADR was inverted during operation so that the coldest parts o f the cryogen
chambers were closest to the salt pill, and the cold stage was lowest. The support structure design was
originally chosen because o f the inaccessibility o f the bottom end o f the magnet chamber. The foot rod
was capable o f holding the salt pill in position whilst the support ring was attached, and the high
number o f kevlar cords enabled detailed adjustment of the position o f the cold stage, to ensure that the
salt pill tongue did not touch the helium plate. The tongue has been omitted from this diagram for
clarity, but was clamped to the top rod just below the flange below the support disc, and passed through
a slot in the lower shield. The salt pill had an outer case o f G10 fibreglass, so the parasitic heating from
the foot rod did not affect the top rod as there was no high thermal conductivity path between them.
However, the heat leak through the experimental wiring for the thermometers on the cold stage, that
from the kevlar cords in the upper supports, and the bulk o f the eddy current heating were all directed
into the top rod. The eddy current heating was inevitable, and the experimental wiring could not be
omitted without changing the type of thermometer used, so the new support structure design focussed
on moving the ring o f kevlar cords.

The new design is shown in Fig. 3.7.

The slight overlap o f the fibreglass case, originally intended to

accommodate the CPA powder during compression of the salt pill, was used to support an aluminium
collar at the top end o f the pill, which in turn supported a thin walled stainless steel tube with a wall
thickness o f 0.2mm. Both the tube and the collar were slotted to reduce eddy current heating, and the
slot in the tube also allowed the heat switch tongue to pass through it. An aluminium cap in the top o f
the tube allowed the support ring to be attached, and a spacer between the support ring and the lower
shield accommodated the extra height. This design made maximum use o f the existing components,
reducing workshop time, whilst ensuring that no parts o f the support structure were in contact with the
top rod. The collar, cap and tube were held in position mainly by friction, but were also joined using
GE1701 varnish to provide extra mechanical strength and thermal conductivity. Photographs o f the
new support in various stages o f assembly are shown in Figs. 3.8, 3.9, 3.10 and 3.11.
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Fig. 3.8. T h e c o m p o n e n ts o f the new su p p o rt stru c tu re p rio r to a th e rm o m e ter
ca lib ra tio n e x p e rim en t. T h e a rra n g e m e n t o f the c o m p o n e n ts c an be id en tified in F igure
3.7: the to p c o v e r w as b o lted o v e r th e su p p o rt rin g to act a s a rad iatio n shield . F o u r
R u O ; th e rm o m e te rs c an be seen 011 th e c o ld stage.
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Fig. 3.9. T h e new su p p o rt stru c tu re p artia lly asse m b le d . T h e c o lla r w as fitte d to th e salt pill, but
w as o b sc u re d by th e fib reg la ss salt pill c a se in th is p h o to g ra p h .

H eat sw itc h so le n o id

H eat sw itch to n g u e

S teel lube

Fig. 3.10 . T h e new su p p o rt stru ctu re p artia lly a ss e m b le d on th e M S S L lab o rato ry
A D R . b efo re the a d d itio n o f the ra d ia tio n sh ie ld s, sp acer, a n d su p p o rt ring. At th is
po in t th e salt pill w as su p p o rted only on th e foot rod.
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la b o ra to ry A D R . T h e te n s io n in g sp rin g s in th e su p p o rt rin g c a n b e c le a rly se e n ,
b u t th e salt p ill its e lf is out o f sig h t in sid e th e m a g n e t b o re.

T h e e ffe c ts o f th e new su p p o rt s tru c tu re c a n be se e n by re - e x a m in in g th e C P A re s u lts d is c u s s e d briefly
in C h a p te r 2. F ig. 3 .1 2 sh o w s th e e x p e rim e n ta l re s u lts fo r d e m a g n e tis a tio n s fro m 6 T . g a th e re d fro m a
v a rie ty o f e x p e rim e n ts , m o st o f w h ic h h a d o th e r a im s th a n m e a s u rin g th e p e rfo rm a n c e o f th e salt p ill.
T h e te m p e ra tu re s s h o w n o n th e g ra p h w e re th o se m e a s u re d at th e c o ld sta g e u sin g th e re s is ta n c e
th e rm o m e try s y s te m d e s c rib e d in th e last c h a p te r. R e su lts fro m b o th p u m p e d a n d a tm o sp h e ric p re s s u re
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w a s u se d fo r a ll o f th e e x p e rim e n ts , w ith o n e n o ta b le e x c e p tio n d is c u s s e d late r, a n d th e re w a s n o tim e
d e p e n d e n t tre n d in th e re s u lts to in d ic a te a g ra d u a l w o rs e n in g o f p e rfo rm a n c e .

In s te a d th e m o st lik e ly

c a u s e w a s p o o r th e rm a l c o n ta c t w ith in th e salt pill. S o m e v o id s in th e C P A c o u ld be o b se rv e d th ro u g h
th e tr a n s lu c e n t G 1 0 c a se , im p ly in g th a t th e th e rm a l c o n d u c tiv ity in th e salt m ay h a v e b e e n re la tiv e ly
p o o r. I f th is w e re th e c a se , th e n e x tra c tin g h eat fro m th e pill p rio r to d e m a g n e tis a tio n w o u ld h a v e b e e n
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Fig. 3.12. Results from 6T demagnetisations o f the CPA pill. The points represent the results, with
the large grey points being particularly accurate experiments. The group above 4K on the x-axis
were demagnetisations with the bath at 4,2K, whilst the others used a pumped bath at 1.6K. The
four curves represent four models described in the text below.
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difficult, given the large size o f the pill. The standard method for operating the ADR was to leave it for
several hours after filling the helium bath before the first demagnetisation, to allow the pill to cool. In
runs where the bath was being pumped a shorter period of time was allowed between the point where
the minimum bath pressure was attained and the start o f experimentation. If the thermal conductivity
within the pill was poor enough, even a delay o f several hours may have allowed outlying regions o f
the salt to remain at temperatures considerably higher than that o f the bath. In this case no elevation o f
the cold stage temperature due to heat from the salt pill would be discernible, since the conductivity o f
the heat switch would be much greater than that o f the salt. The scatter in the results could therefore be
due to differences in the temperature o f the salt before demagnetisation, resulting from differences in
the time allowed between attaining the desired bath temperature and the commencement o f
demagnetisation.

Fig. 3.13 shows the ratio o f final to initial cold stage temperatures for each

demagnetisation, a good index o f performance according to the internal field approximation, plotted
against this time.

There is some indication o f a correlation between the two quantities for

demagnetisations from a pumped bath, but not for those from baths at atmospheric pressure.

This

would be expected: the time allowed to cool the pill was typically much shorter for experiments with a
pumped bath, and the bath temperature was lower, reducing thermal conductivity within the pill. The
results from experiments using a pumped bath do not show the expected logarithmic dependence very
clearly, but several other factors, such as the performance o f the heat switch, could also have changed
between ADR runs and affected the results.

The curves shown in Fig 3.12 represent results from the thermal model described in the last chapter.
Relevant dimensions and quantities for the CPA pill were entered into the model. The pill contained
0.271 moles o f salt, and the amount o f copper in the addenda was 3.63 moles. The thermal bus was
composed o f gold-plated copper fins with a surface area o f 10cm2. This model gave curve A for a bath
temperature o f 1.6K and curve C for 4.2K, both o f which lie below the majority o f the experimental
data.

The model was then adapted to account for cases o f poor thermal contact within the pill. There was no
way to measure the thermal conductivity, and in any case the voids within the pill indicated that the salt
was inhomogeneous and so did not have a uniform thermal conductivity.

Instead o f attempting to
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model the full complexities o f the situation, a simplified approach was adopted. The values for the
m olar quantity o f CPA in the pill and the contact area with the thermal bus in the model were reduced
to 7.9% o f their real values, a factor determined by fitting the model to the results for the 1.6K bath.
This simulated the effects o f a pill with poor thermal conductivity and a long thermal time constant,
where only the regions o f the salt closest to the cold stage would contribute to the cooling. The eddy
current heating terms for the base disc and the top o f the foot rod were removed since these
components were far from the cold stage, and the foot rod heat leak was also removed. The adapted
model produced curve B for a 1.6K bath and curve D for 4.2K. The aim here was to generate a model
capable o f approximating the experimental results, in order to analyse the performance o f the new
support structure, not to analyse the results themselves. Curve B was a good approximation to the 1.6K
bath results and, although curve D lay higher on the graph than a line o f best fit to the 4.2K results,
thermal contact problems will become worse at lower temperatures and so this would be expected.

The model was then adapted to account for the new support structure. The thermal conductivity was
still limited by the kevlar components, and so no changes were made to the heat leak calculations.
However, the heat leak subroutine was divided into two sections, one for the wires and one for the
supports. The leak through the supports was then removed from the calculations concerning the top
rod, leaving the eddy current heating and the leak through the wires. At each step, the programme
calculated the cooling o f the salt due to demagnetisation, the heating o f the top rod due to these
influences, and then the heat transferred between them through the boundary resistance.

To avoid

writing a second boundary resistance subroutine, the heat leak through the supports was simply added
to the heat flowing into the salt. A second eddy current subroutine was written for the steel tube, collar
and cap, and the eddy current heating in these components was also added to the heat input into the salt.
At this stage four models existed, each o f the support structures having one model for the full amount
o f the salt, and one for the reduced amount.

Only one datum point was obtained using the new support structure, a demagnetisation from 6T at the
same demagnetisation rate as the other CPA results, with a 1.6K bath and a pill starting temperature of
2.354K.

The lowest temperature reached was 38mK, considerably lower than any other base

temperature attained using the CPA pill up to that point. For comparison, a line o f best fit drawn
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Experimental

Model with

Model with 7.9%

Difference between

results.

100% o f CPA

o f CPA active.

7.9% model and
experiment.

active.
Without new

73.62 (from

support structure.

best fit line)

With new support

38.0

37.36

73.15

0.64

19.10

39.62

4.3

structure.

Table 3.1. Experimental and model results for CPA demagnetisations from 6T, with bath
temperatures o f 1.6K and starting temperatures o f 2.354K. All results are the lowest temperatures
reached in millikelvin.

through the other results taken using a 1.6K bath gave a final temperature o f 77.4mK for a starting
temperature o f 2.354K. Table 3.1 gives these results, together with the predictions o f the models for
the old and new support structures, and for both 100% and 7.9% o f the nominal molar quantity o f the
salt. The experimental results show that the new support structure roughly halved the base temperature,
although this change would fall with temperature. The same halving o f temperature was predicted by
the two models, regardless o f the amount o f salt in the pill. With 7.9% o f the salt active the model
predictions were very close to the experimental results.

This strongly supported the idea o f poor

thermal conductivity within the CPA powder, and thus indirectly supported the theory that the scatter in
the results is due to raised temperatures within the pill.

Further confirmation o f this theory was provided by the second accurate result shown in Fig. 3.12.
Instead o f commencing the helium bath pumping early in the morning, to allow experimentation later
the same day, pumping was commenced late at night, and the pump was left on until the next day. This
had not been done previously due to the dangers o f leaving the pump unattended, and since it reduced
the amount o f liquid helium remaining in the cryostat at the start o f the experimentation. However, it
resulted in a doubling o f the time available for heat to be extracted from the salt pill. This run also used
a different salt pill although the pill dimensions, the salt, and the method o f construction were the same.
The new salt pill did not show the voids in the salt seen in the other pill, indicating that any thermal
contact problems were substantially reduced. The improved thermal contact within the pill, together
with the additional time allowed for cooling prior to demagnetisation, resulted in a lower base
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temperature o f 35.8mK from an initial temperature of 1.922K, with a bath o f 1.6K and a field o f 6T.
This was within 10% o f the model predictions shown in curve A, indicating that the model with 100%
o f the salt active was accurate for salt pills with no thermal contact problems.

To conclude, the new support structure considerably reduced the base temperatures by directing
parasitic heating away from the cold stage. The gains were not due to the thermal gradient in the top
rod, which was shown to be small in Chapter 2, but to the temperature difference between the salt and
the top rod. The model indicated that the new support structure will provide benefits even in efficient
salt pills, as long as the temperatures are low enough to make the thermal boundary resistance
important. With the existing thermal bus it should be possible to reach temperatures around 19mK,
albeit with very little hold time. A larger surface area for the bus would enable the ADR to reach
temperatures o f around 15mK, and anecdotal evidence indicates that this has been achieved with CPA
based ADRs

3.3. Temperature Regulation by Active Field Control

The main purpose o f the ADR development programme at MSSL was to produce devices that could be
used to cool cryogenic detectors in space. Many o f these detectors operate by measuring the heating o f
an absorber due to incident photons, and so the temperature stability o f the refrigerator is an important
issue. It has been stated previously that there are two ways to stabilise the temperature of an ADR cold
stage, Joule heating and active field control, the second o f which is the most efficient. Temperature
regulation in the MSSL laboratory ADR was achieved using a computerised active field control system.
The usual temperature sensing system was used, but increased resolution was obtained by reading the
analogue output from the AVS-47 resistance bridge with a 20 bit analogue-digital converter (ADC)
card in a 386 PC. A programme was written in Quick BASIC to implement an algorithm derived by
Bernstein et al. (1991) and described below, which calculated the field change necessary to stabilise the
temperature. The field change was then communicated to the power supply, an Oxford Instruments IPS
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120-10, through a GPIB connection, and the magnet current was altered accordingly. This system was
known as the temperature servo, and a series o f experiments were performed in order to measure and
optimise its performance.

The temperature o f the salt pill after demagnetisation depends on the heat leak and the variations in the
magnetic field introduced by the servo, and thus can be expressed as

dT
dt

Q

( cT 'I dB„
vcB0Js dt

where T is the temperature, t is the time, B0 is the magnetic field, S is the entropy,

3.58

CBqis the specific

heat capacity at constant field, and Q is the slowly varying heat leak. This equation can be rewritten
by assuming that the relationship between magnet current and field is approximately linear over small
ranges, giving

3.59

where 1; and Tj are respectively the current and temperature at time iAt, and a and c are slowly varying
parameters. This equation alone could be used to produce a servo system, with a and c determined
from a set o f recent measurements o f the magnet current and the temperature. However, as the system
approaches constant temperature, the term (Ti - Tj_i) is dominated by the readout noise in the
thermometer, and c becomes poorly determined.

An alternative approach is to set c as a constant, either estimated or optimised experimentally. The
parameter a can then be allowed to vary slowly to reflect changes in the heat leak and the specific heat

capacity. Letting It be the current ramp rate at time iAt, a can be calculated at each step using

c

3.60

After each step, the estimate o f a can be updated by averaging the latest measurement with the estimate
from the previous step,

3.61
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where x is a pre-set time constant. The new estimate o f a is then used to calculate the new ramp rate so
that the temperature will reach the set, or servo, temperature by the end o f the next time step, using

!'

=

a , + ^

( T»

~

3.62

Tt ) ’

where Tset is the set temperature at which the cold stage is to be held. Equations 3.60, 3.61 and 3.62
can be combined to generate a single algorithm. Rearranging 3.62 gives

( T . - T . y — a,

I , = -----At

3.63

c

Substituting for a; and aobs using 3.62 and 3.63 respectively, and then simplifying, gives
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3.64

Noting the similarities between 3.63 and 3.64, it is clear that

At

At +

c

T

3.65

j= 0

Therefore

3.66

h = ------At

The parameters that need to be entered into the servo program are the step size At, the time constant x,
the parameter c, the initial rate o f current change, and the servo temperature. The initial ramp rate is
not important as long as it is not set to high values, which would move the temperature far from the set
temperature during the first time step. The step size determines how often the servo implements a
change in current, and is limited mostly by the equipment used. The parameter c sets the theoretical
value o f dT/dl, with the integrating term absorbing any differences between the observed and
theoretical behaviour.

However, when the servo is first started, no data exists to calculate the

integrating term, and the current change is completely determined by c. Therefore, a high value o f c
results in the temperature overshooting the set temperature soon after the servo is started, but allows the
servo to reverse the trend quickly; whereas a lower c results in little or no overshoot, but requires more
time to settle at the servo temperature.

The time constant x determines how much data is used to

calculate c. Low values result in little data being used, and the servo will be more susceptible to noise,
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but will converge to a new set point more quickly. A higher value o f t will reduce the noise-induced
error in c, but will result in slower convergence.

The performance o f the servo algorithm depends strongly on the equipment used to implement it. The
ideal behaviour for a servo system is analogous to critically damped S.H.M, with the difference
between the measured and set temperatures decreasing exponentially. It should be possible to obtain
behaviour close to this with the above algorithm by careful selection o f the initial dl/dT so that the first
few steps reduce the temperature difference by 1/e. However, there are more important considerations
imposed by the power supply and PC. The algorithm was designed to calculate the rate o f current
change, rather than the current change itself, and this is preferable for several reasons. The rate o f
change is analogous to cooling power, and so is comparable to the power applied in a traditional Jouleheated system, but is more versatile because it can change signs and so either cool or heat the stage.
The rate will be nearly constant when the temperature is stable, and so will need only infrequent
corrections.

Finally, controlling the rate will prevent accidental large current changes.

However,

controlling the system in this way requires a power supply that accepts a ramp rate, and then changes
the current indefinitely until a new rate is received.

The IPS 120-10 provided no such facility,

requiring instead both a distinct value for the current change and a rate at which to implement it.
Programming the ramp rate and setting the current change to some large value could circumvent this,
but this would make the system unstable if any time delay occurred.

Instead, the rate from the

algorithm was multiplied by the time step to produce a current change, which was fed to the power
supply and executed at a rate determined experimentally.

Problems were also encountered with the computer used. Any servo system is susceptible to time lags
between the change o f the control signal and the response o f the measurement signal, in this case the
field and the temperature. If such effects are present, the change in the field will be too great, and the
temperature will overshoot the set value. Oscillation will then set in, and the behaviour is known as
hunting. If the time lag is intrinsic to the system, caused for example by the thermal time constant o f
the salt pill, hunting can be avoided by including a derivative term in the algorithm.

In the MSSL

system the intrinsic time lags were negligible, but the computer and the power supply imposed
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Fig. 3.14. Graphs o f the servo test results, corresponding to the parameters in the table below.

Test.

Parameter c (A/K).

A
B
C
D
E
F

5
7.5
10
15
10
10

Time constant t ( s).
300
300
300
300
600
150

Table 3.2. The parameters for the servo tests. The results o f these tests are shown in Fig. 3.14. In
all o f the tests the magnet power supply current ramp rate was set to 1 A/min, and the initial
current ramp rate was set to -lx lO '5.

additional delays. Some early experiments used the digital output from the AVS-47 to communicate
the temperature to the PC through an IEEE to GPIB converter, and this also introduced a time delay.

Neither the computer or power supply could be replaced for budgetary reasons, and so values for the
servo algorithm parameters that produced the fastest closure to the set temperature were determined
experimentally using the CPA salt pill.

Estimates were calculated theoretically and a series of

experiments were performed using a range o f values centred around these approximations. In each the
servo was started lOmK below a set temperature o f 0.1K, and allowed to run for 300s. The parameters
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Fig. 3.15. Results o f the long-term stability test, shown as the difference between the measured and
servo temperatures plotted against time.

used are given in Table 3.2, and the corresponding results in Fig. 3.14. A time step o f 10s was used in
each o f the tests, as this was long enough to avoid most o f the effects o f the time delays. Test E clearly
gave the fastest closure, and so these parameters were used in the servo programme.

A second test was performed in order to measure the long-term stability and accuracy o f the temperature
regulation system. The servo was programmed to maintain a temperature o f 0.1K, using the parameters
determined above, and the temperature was logged for one hundred minutes.

Fig. 3.15 shows the

results. Limits on the accuracy o f the system were imposed both by the resolution o f the thermometry
and the power supply.

The ultimate limits will be dictated by the noise in the thermometer itself.

Johnson noise in a resistor can be expressed (Horowitz and Hill, 1989) as

V„ol„ = f i k J R B ,

3.67

where kB is the Boltzmann constant, T is the temperature, R the resistance and B the bandwidth o f the
measuring device. The bandwidth o f the AVS-47 was 1Hz, and the measurement was performed with a
voltage o f 300pV. The R u 0 2 thermometer had a resistance o f 14912Q at 0.1K, and a sensitivity o f
108.6QmK''.

This gave an ultimate resolution o f around lOOnK.

In practise the noise-limited

resolution was closer to lpK , although lOOnK could be achieved by placing the balanced circuit o f the
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Fig. 3.16. T e m p e ra tu re d eviation m e a s u re m e n ts fro m the long-term stability test, co u n ted in lOpK
bins.

A V S -4 7 on the base plate o f the A D R to red u c e its tem p eratu re. T he te m p eratu re itself could not be set
to this accu racy , since the th e r m o m e te r calibration has an e rro r o f a ro un d lOOpK, but this did not affect
the stability.

H o w ever, the A D C used had to have en o u g h av ailable bits to read the tem p eratu re.

T he

A V S -4 7 internal A D C w as a 12-bit device, g iv in g a resolution o f 3 4 p K , and so w as replaced by a 2 0-bit
card in the PC, giving a resolution o f 130nK.

T h e re m a in in g limit on the acc u racy o f the servo w as set by the cu rrent resolution o f the p o w e r supply.
A g raph o f the cold stage tem p e ra tu re ag ainst tim e d u rin g servo op eration shou ld take the form o f a
saw -to o th function.

T h e te m p era tu re w o u ld slo w ly rise u n der the effects o f parasitic heating until the

tem p e ra tu re c h a n g e w as great en o u g h to dictate a cu rrent ch an g e co rre sp o n d in g to 1-bit in the p o w er
supply.

It w o u ld then d rop rapidly as m a gn etic co o lin g oc curred b efore slow ly rising again.

T he

re solution im p osed by the p o w e r sup ply w as be e stim ated using the internal field ap p ro x im atio n

3.68

w h ere B int is the internal field, B 0| an d Bot are the initial and final fields, and T, and T f are the initial and
final te m p e ra tu re s o f a d e m ag n e tis a tio n co rr e sp o n d in g to a 1-bit c h ang e in the p o w e r supply. T he IPS
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120-10 power supply had a resolution o f 0.5mA, and the MSSL magnet produced IT for every 10A o f
current.

Using CPA as an example, the temperature resolution imposed by the power supply was

around lOpK if the field used to servo was 0.2T.

The results shown in Fig. 3.15 are plotted as a

histogram in Fig. 3.16, and it is clear that the servo was maintaining the temperature to the limits set by
the power supply resolution.

To conclude, the servo system maintained the temperature to within ±10pK, which was the limit
dictated by the resolution o f the power supply. The temperature around which this deviation occurred
could be set to an accuracy o f lOOpK, which was the error in the thermometer calibration.

The

parameters o f the algorithm were chosen to avoid hunting caused by time delays in the system, and
allowed the system to close to the set temperature within 50 minutes, although this could be improved
if the time delays were eliminated by speeding up the response o f the computer.

Noise in the

thermometer will impose the ultimate limit on the temperature stability o f the cold stage, but if this
limit is to be obtained in practice the power supply will have to be replaced with one o f higher
resolution. It would be better to use two power supplies: a high current device which provides the
initial field o f several teslas, and a second device which provides lower currents at higher resolutions
for active field control o f the temperature.

This would avoid the difficulties associated with

constructing a power supply capable o f providing both high currents and high resolutions.
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4. The Optimisation of ADRs II:
Paramagnetic Materials

The double ADR was intended to act as a technology demonstrator for future ADRs that will be used in
space, and so it had to meet the stringent limits on mass, power consumption, and size imposed by a
satellite platform. Therefore, testing and optimisation o f the individual components was a necessary
part o f the design process, ensuring that as many o f the potential problems as possible were identified
and corrected at the design stage.

A part o f this process was the selection and testing o f the

paramagnetic material for the high-temperature stage (HTS). ADRs research has traditionally focussed
on reaching very low temperatures, but the double ADR split the cooling effort into two stages. The
low-temperature stage (LTS) still had to reach low temperatures, and so used cerium magnesium
nitrate, a traditional refrigerant. The HTS required a material that could cool from the bath temperature
o f 4.2K to an intermediate temperature o f a few hundred millikelvin, and had a high heat capacity to
maximise the hold time.

A newer material, dysprosium gallium garnet, was identified as the most

promising candidate, and was one o f several materials tested.

The first material tested was gadolinium gallium garnet (GGG), which is currently one o f the most
popular refrigerants for the 1-15K temperature range. It is very similar to DGG, but has been used more
frequently in ADRs, and so the GGG tests were used as an introduction to a longer series o f
experiments on both single crystal and powdered DGG. A third material, Fe(NH 4) 2(S 04) 2.6H 20 or
M ohr’s salt, was also included in the tests. Its chemical formula is similar to that o f a standard ADR
refrigerant, ferric ammonium alum (FAA) FeNH4(SO)2.12H20 , but M ohr’s salt has only six molecules
o f water per chemical unit, implying that it will have a higher Neel or Curie temperature and a higher
heat capacity than FAA.

A literature search failed to reveal any previous investigation o f the

magnetothermal properties o f M ohr’s salt at low temperatures, and so a full evaluation o f the entropy
and heat capacity between 2 and 4.2K at a range o f magnetic fields was performed. Finally, a brief
theoretical analysis o f the properties o f superparamagnetic nanocomposites was performed.

These

materials have attracted considerable research effort recently, mainly from the continuous refrigerator
community, since they extend upwards the maximum working temperatures o f materials such as GGG
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and DGG. They may also offer performance enhancements at lower temperatures for one-shot devices
such as the double ADR.

4.1. The Experiments on Gadolinium Gallium Garnet

One o f the most popular paramagnetic refrigerants for the high temperature region in recent years has
been gadolinium gallium garnet (GGG). This material can be used to cool from temperatures as high
as 15K in an ADR, and so has been used in a variety o f applications, including commercial helium
liquefaction (Barclay, Jaeger and Prenger, 1990; Hashimoto et al., 1988; Prenger et al., 1990). For
space applications DGG is more useful, since it can produce roughly the same cooling effects using
only one third o f the magnetic field. Nevertheless, a series o f tests were performed on GGG as a
precursor to the DGG test programme, in order to highlight any problems that might occur.

A new salt pill was constructed for the M SSL laboratory ADR described in Chapter 2, containing 0.180
magnetic moles o f GGG powder in a stainless steel case 19mm in diameter and approximately 10.5cm
long with a wall thickness o f 0.3mm.

The distinction between chemical and magnetic moles is

important in materials, such as GGG, which contain more than one paramagnetic ion per chemical
formula unit. The pill contained a thermal bus composed o f 100 gold-plated copper wires 0.25mm in
diameter and 95mm long. The top rod, base disk, and support structure were all similar to those of the
CPA salt pill described in Chapter 2.

A series o f three demagnetisations were carried out at

demagnetisation rates o f lT m in '1 from 6T to IT, 0.2Tmin'' from IT to 0.5T, and O.lTm in'1 from IT to
zero field, from initial fields o f 6, 2.5 and IT and an initial temperature o f 4.2K.
completely removed in each case and the lowest temperature noted.

The field was

The thermometry system

described in previous Chapter 2 was used. The results are shown in Table 4.1, and graphically in Fig.
4.1.

The CPA pill described in the last chapter typically reached its lowest temperature within 180s o f the
end o f a demagnetisation. It was clear from the time taken to reach the lowest temperature in the GGG
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Fig. 4.1. Experimental results (points) and model predictions from the GGG tests. The lower
curve shows the model predictions for the nominal GGG pill parameters, and the upper curve
shows the effect o f reducing the amount o f salt and the area of the thermal bus to 6% o f their
nominal values.

Field (T)

Initial pill T

Lowest pill T

Time to lowest

Model lowest T

(K)

(K)

T (s)

(K)

1

4.2086

2.6074

3120

2.6306

0.9

2.5

4.1384

1.2721

2100

1.1609

8.7

6

4.1384

0.6892

9900

0.7281

5.6

Difference (%)

Table 4.1. Numerical results from the GGG experiments and model.

pill that the thermal contact inside the pill was poor.

There was no discernible relationship between

the time and either the starting field or the temperatures, indicating that conditions inside the pill
changed between demagnetisations.

The problems arising from compressing garnet powders were

discussed in Chapter 2. The changes between demagnetisations indicated that the GGG powder was
moving inside the pill due to the force applied by the magnetic field gradient, supporting the idea that
these crystals are too hard to be compressed to the required extent by the hand compression jig used at
MSSL. When the pill was cut open after the experiment, much o f the powder was found to be loose
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inside it. Barclay and Steyert (1982) have published some measurements o f the thermal conductivities
o f various garnets, and report low thermal conductivities even in well-compressed garnet powders,
attributing it to boundary scattering o f phonons at the interfaces between crystal grains. The thermal
conductivity o f GGG in single crystal form is relatively high, 40Wm‘IK '1 at 4K (Barclay and Steyert,
1982) or around three orders o f magnitude higher than that o f CPA (Hagmann, Benford and Richards,
1994), but falls dramatically in the powder form.

The GGG pill could be improved in two ways. A hydraulic press could be used to increase the pressure
applied, but a much simpler alternative would be to mix the powder with vacuum grease to fill the
spaces between the grains and so increase the thermal conductivity. It was clear from the results that
this will be required for future powdered garnet pills. No calculation o f the thermal conductivity in the
MSSL GGG pill could be made, due to the complexity o f the pill design and the changes between
demagnetisations.

The thermal model was applied to the GGG results. The lower curve in Fig. 4.1 shows the results o f
the model, using the values for pill dimensions given earlier and the data on GGG given in Chapter 2.
No data were available for the boundary resistance between GGG and gold or copper and so the values
for CPA were used. Suomi, Anderson and Holstrom (1968) have stated that, at low temperatures, the
magnitude o f the boundary resistance does not vary by more than a factor o f 10 between different
materials. In most cases, the boundary resistance does not become significant until the temperature
falls below lOOmK, and so any difference between GGG and CPA should have little effect on the
model. The predicted temperatures were an average o f 332mK lower than the experimental results.
The difference between the model and the results was constant to within -1 0 % over the field range
covered, indicating that the model was accounting for most o f the processes occurring in the system.
The difference between the model and the results again indicated poor thermal contact between the cold
stage and the salt, since the model made no attempt to account for thermal gradients within the pill, and
this was the only area in which it was obviously lacking.

An attempt was made to correct the model by entering a lower value for the molar quantity o f salt in
the pill. This approximated a low thermal conductivity in the GGG powder through simulating a long
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thermal time constant, by assuming that little o f the salt was in therm al contact with the top rod during
the relatively short time-span o f the demagnetisation. The num ber o f moles o f salt in the model was
reduced to 6% o f its measured value, a value determined by fitting the model to the experimental
results. The thermal bus area was reduced by same fraction, to ensure that the hypothetical smaller pill
did not benefit from a relative increase in thermal bus area, and so the effective boundary resistance
remained the same in both cases. The results from this adapted model are shown as the upper curve in
Fig. 4.1. The altered model provided a good fit to the experimental results, being accurate to within
10% over the range o f magnetic fields and temperatures covered, indicating that modelling a reduced
amount o f the salt was an effective way o f accounting for poor thermal conductivity in the pill.

The main conclusion from the GGG experiment was that compressed garnet powder pills require
vacuum grease or some other thermally conducting matrix between the grains o f powder to improve the
thermal conductivity within the powder. The salt pill thermal model discussed in Chapter 3 indicated
that the temperature difference between the cold stage and the coldest point in the salt should be around
6mK in the CPA salt pill for a cold stage temperature of 1OOmK. The two pills used similar thermal
buses, but the operating temperature of the GGG pill was much higher, and the thermal conductivity of
GGG is around two orders o f magnitude higher than that o f CPA. It should therefore be possible to
achieve negligible temperature differences between the cold stage and the coldest point in the pill in a
well designed GGG pill. The unaltered thermal model, which ignored the temperature profiles inside
the pill, would then apply. A well designed GGG pill would therefore cool to temperatures around
330mK lower than those seen in the experiment.

It was also shown that the thermal model could be adapted to account for poor thermal contact within
the pill by reducing the molar quantity o f the paramagnetic material in the pill and the contact area
between the material and the thermal bus by a factor determined from experimental results. It would be
impossible to draw any quantitative conclusions about conditions within the pill from the reduction
factor, since a variety o f processes might contribute to the difference between model and the results.
However, it was important to demonstrate that the altered model could accurately predict base
temperatures over a wide range o f magnetic fields and initial temperatures. It could then be used as a
component o f a larger model to predict the performance o f multi-stage ADRs using the same salt pill
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construction technique, estimating both the theoretical best performance and the likely real-world
performance o f the multi-stage system.

4.2. The Experiments on Dysprosium Gallium Garnet

One o f the most promising materials to emerge from the search for ADR refrigerants for the
temperature range above 4K has been dysprosium gallium garnet (DGG). DGG has a much larger g
value than GGG, 8 compared to 2, and so the magnetic entropy change is larger for any given applied
magnetic field change. The significance o f this for high temperature refrigeration is that DGG can be
used at higher bath temperatures, since the effect o f the unproductive lattice entropy load is reduced.
DGG can therefore be used at temperatures up to 20K, whereas GGG is effective only up to 15K
(K uz’min and Tishin, 1991). The importance o f this effect for lower temperature devices is that a
given degree o f cooling can be obtained with a lower magnetic field. DGG is therefore more suitable
than GGG for use in space, where the magnetic field must be minimised to reduce both the electrical
power required by the magnet and the mass o f shielding needed to protect the rest o f the spacecraft
from stray magnetic fields.

One important difference between GGG and DGG is the significant anisotropy in the magnetic
properties o f the latter, due to the influence o f the crystalline electric field.

The main interaction

between the crystalline field and the lanthanide elements is due to the orbital angular momentum
(Bleaney and Bleaney, 1989). The Gd3+ ions in GGG are in the L=0 state, and so are hardly affected by
the crystalline field. Therefore the Gd3+ sites in the lattice are practically equivalent, and the material
exhibits hardly any magnetic anisotropy (Fisher et al., 1973a; Homung et al., 1974; Brodale et al.,
1975). The ground state is “spin-only”, with J=S=7/2 and g=2, the value for electron spin. In DGG
L^O and so the crystalline field has a noticeable effect, leading to magnetic anisotropy. There seems to
be some disagreement in the literature over the g value along different crystalline axes. Kuz’min and
Tishin (1991) state that the most profitable magnetic direction is the [111] axis, but quote no numerical
values for g . Kimura, Maeda, and Sato (1988) give g [ i o o p 8 .4 , g[110]=8.5, and g[m]=8.0, based on their
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own experimental measurements, and assert that the [111] direction is the least profitable.

Other

authors, such as Filippi et al., (1977) quote the g tensor gx= l 1.07, gy=T.07, gz=7.85, the values for the
individual Dy3+ ions but not the bulk values. Fortunately the anisotropy in the bulk values is small,
around 6%, and so can be ignored in many situations. A more important consideration is the effect on
J. The crystal field splits the electronic energy levels, leaving a Kramers doublet as the ground state in
DGG. The first excited state has a high enough energy to be ignored at the temperatures o f interest
here. The effective value o f J is therefore Vi (Kuz’min and Tishin, 1991). In fact, all o f the useful rare
earth garnets or perovskite paramagnetic refrigerants have either J=7/2 or J= l/2.

DGG was identified as a promising candidate for the double ADR high temperature stage, and several
large crystals were obtained, together with some smaller fragments for producing a powdered pill.
Large single crystals o f DGG can be grown using the Czochralski method (Kimura et al., 1994), from a
sintered mixture o f dysprosium and gallium oxides in an iridium crucible. The process is relatively
difficult and expensive since the crystals tend to grow in a spiral shape. The causes o f this are unclear,
although Kimura et al. (1996a) have detected OH bands in Fourier-transform infrared spectra o f DGG
at room temperature, and have found a connection between the hydrogen in the crystal and the spiral
growth. The source o f the OH bands seems to be the absorption o f atmospheric moisture during crystal
growth. Crystals o f around 40g can be grown in a roughly cylindrical shape, but it is clear that the
expense o f the process will limit the applications o f DGG single crystals. Machining DGG crystals to
obtain perfect cylinders is also difficult, as the crystals tend to contain cracks that cause them to shatter.
Cracks in DGG crystals grown by the Czochralski method have been observed both by Kimura et al.
(1994) and in the MSSL crystals. Thirty six attempts were needed to produce one perfect cylindrical
crystal for MSSL, and so the second and third crystals were not machined into cylinders. However, all
o f the crystals had one end face polished optically smooth to act as an attachment surface.

Another interesting feature o f DGG is the range o f colours the crystals can exhibit. M any paramagnetic
refrigerants are usually used in powder form, and so the colour is indeterminable. Most authors report
that DGG crystals are a bright, transparent yellow (Tomokiyo et al., 1985; Kimura et al., 1994; Kimura
et al., 1996a,b). O f the crystals obtained by MSSL, one was a bright green and two a deep brown. The
only change in the production process was the use o f a new batch o f gallium oxide, although both
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Crystal

Color

Length (mm)

End face diameter (mm)

Mass (g)

No. o f magnetic moles

DGG36

Green

42

12

26.4

0.0768

DGG40

Brown

46

18

61.0

0.1779

Table 4.2. Dimensions and masses o f the DGG crystals.

batches were o f the same purity according to the manufacturer’s specifications. The cause o f the colour
variation is unclear: some anecdotal evidences attributed it to a change in the bonding arrangement o f
some o f the oxygen atoms in the lattice. However, Kimura et al. (1994) have reported that brown DGG
crystal can be grown by adding 53 ppm o f Ca to the melt, and Kimura et al. (1996a) have found that Ca
is a common impurity in DGG. It seems probable that the green colour observed in one o f the MSSL
crystals was also the result o f some impurity in the gallium oxide used.

A series o f several experiments were carried out on DGG in order to aid the design process and predict
the performance o f the double ADR. Demagnetisations were carried out on both the green and brown
DGG crystals and the lowest temperatures reached were noted. The dimension and masses o f the two
crystals used are given in Table 4.2. The names DGG36 and DGG40 refer to the number o f attempts
needed to grow a crystal o f the desired size, hence DGG36 was the 36th crystal grown, and the first to
reach the desired size without either spiralling during growth or shattering during machining.

As

previously mentioned, the later crystals were not machined into cylinders and so DGG40, whilst still
being roughly cylindrical, did not have a constant radius along its length.

4.2.1. The Experiments on the Green Crystal

Several authors have published measurements o f the magnetothermal properties o f DGG, and
references are listed in Chapter 2. The purpose o f the DGG tests described here was not to repeat these
accurate measurements o f DGG itself, but to measure the performance o f an MSSL designed ADR
using DGG as the refrigerant. This work was an essential step in the design o f the double ADR, since
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the performance o f the low-temperature stage depended critically on the temperature reached before
demagnetisation, which was dictated by the performance o f the high-temperature DGG stage. It was
also necessary to determine any problems associated with the use o f DGG in an ADR, in order to build
the solutions into the double ADR at the design stage. These tests also allowed the thermal model to be
corrected for any thermal contact problems in the DGG pills, allowing it to accurately predict the
performance o f the double ADR.

The construction o f the salt pill was similar to that used in the GGG tests described earlier. The only
m ajor differences were the omission o f the salt pill wires, since a single crystals was used rather than a
powder, and the use o f a G10 fibreglass case. A small hole was drilled in the case to allow any gas
inside to escape. Some initial problems were encountered with the magnetic force on the salt pill. A
calculation o f the magnitude o f this force was performed in Chapter 2, giving

1

F = Ng_nJ(J + 1)® > b0
3k

—+ 5

2

2.90
/
—

2

The foot rod used with this pill was 118mm long, giving it an Euler force o f 22.27N. The DGG36 pill
was 42mm long, but used the top rod from the longer GGG pill, and so the centre o f the crystal was
displaced by 33mm from the centre o f the magnetic field. Using the crystal dimensions given in Table
4.2, and N =1.28xl028 Dy3+ atoms m '3 for DGG (K uz’min and Tishin, 1991), 2.99 indicated that
buckling should occur at 2 .8 IT. In the first DGG36 experiment the foot rod buckled whilst the field
was being increased from 2 to 3T, although no accurate measurement o f the buckling field could be
made. The force could have been reduced to zero by making a new top rod specifically for the DGG36
crystal, but this would have been a major task and would have delayed the experimental programme.
Instead, an extension to the top rod was made from gold-plated HCOF copper, similar to it in shape but
with no central hole or slot to reduce eddy current heating. The extension was 27mm long, reducing
the displacement to 6mm. The salt pill was cut open to check for damage to the crystal, and when it
was reassembled the case was made 9mm longer. A new foot rod was also made to replace the broken
one, and was 82mm long. This was slightly shorter in proportion to the salt pill than the one used
previously, reducing the crystal displacement further to 5.5mm.

These dimensions were chosen to

allow the use o f the extension in the later DGG40 experiments, and increased the buckling field to
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15.3T.

This was far higher than the maximum field o f 6T available in the ADR, and no further

buckling problems were encountered.

Although the DGG36 salt pill used a single crystal, and so did not feature thermal bus wires, the
temperature gradient across the crystal itself was negligible.

No data were found for the thermal

conductivity o f DGG, but Hakuraku (1983) has published measurements o f the thermal conductivity o f
GGG at temperatures above IK, and DGG should be similar. An upper limit on the thermal gradient
across the crystal was calculated using equation 2.65 by assuming that all o f the heat entering the
crystal would be conducted along its whole length. The thermal conductivity at 1K, a typical operating
temperature for the DGG pill, is 0.04W cm '1K '1. The heat leak for the MSSL laboratory ADR was
calculated in Chapter 2, and was 8pW at IK when the foot rod was 80mm long, slightly shorter than
the 82mm rod used in these tests.
same.

The other components contributing to the heat leak remained the

Assuming the temperature differences to be small, and so the thermal conductivity to be

constant, 2.65 gave a temperature gradient o f 0.2mK across the crystal using the dimensions given in
Table 4.2. This was too small to be an important factor in the experiment.

The main area where problems were expected to occur was in ensuring good thermal contact between
the crystal and the salt pill top rod. In the DGG single crystal experiments the attachment surface on
the top rod was not gold plated. The best way to join the two components would have been to coat the
attachment surfaces with a high thermal conductivity vacuum grease or varnish suitable for lowtemperature work, and then surround the joint with some suitable epoxy resin to hold the crystal in
place. This would have made it difficult to remove the crystal from the salt pill, and so the epoxy was
omitted and the jo in t was made with GE1701 varnish alone.

This varnish is commonly used for

making high conductivity bonds at low temperatures, but has a relatively low mechanical strength.
However, it dissolves in acetone, and allowed the crystal to be removed for the salt pill without
damage.

Demagnetisations were performed from a variety o f magnetic fields and starting temperatures, and at
several different rates. The results are summarised in Table 4.3. The temperatures o f the pill before
and after demagnetisation were measured in the usual way, using the R u 0 2 resistance thermometer and
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Field (T)

Demagnetisation

Helium

Salt pill

Lowest

Time to lowest

rate

bath

starting

temperature

temperature

(T m in 1)

temperature

temperature

(K)

(s)

(K)

(K)

6

0.4

4.2

4.2

0.367

600

6

0.2

4.2

4.2

0.370

540

6

0.1

4.2

4.2

0.375

570

4

0.4

4.2

4.2

0.396

1140

2

0.4

4.2

4.2

0.706

300

1

0.4

4.2

4.2

1.136

60

0.75

0.4

4.2

4.2

1.539

60

0.5

0.4

4.2

4.2

2.404

60

1

0.4

1.57

1.65

0.414

300

1

0.1

1.57

1.65

0.463

120

0.75

0.4

2.92

2.95

0.885

300

0.5

0.4

3.06

2.72

1.110

60

Pumped Bath
Results

Table 4.3. DGG36 demagnetisation results. The last column gives the time taken to reach the
lowest temperature after the end o f the demagnetisation.

the AVS-47 bridge. The bath temperature was calculated from the pressure o f the helium bath, read
using a barometrically compensated manometer in cases where the bath was being pumped, or
calculated from the atmospheric pressure otherwise.

Thermal contact problems were immediately

apparent from the time taken to reach the lowest temperature after the end o f the demagnetisation.
There were three possible causes for this time delay: the thermal time constant o f the crystal, that o f the
top rod, or poor thermal contact at the boundary. The thermal time constant o f a cylindrical rod was
calculated earlier in the chapter, and is given by

t„ =

'O
fXp- ,
— 2—
\7 Z J

2.85

k
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Material

HCOF copper

DGG

Length (mm)

103

42

Density (gem'3)

8.933 (Kaye and Laby, 1986)

7.308 (measured)

Specific heat capacity (Jm of'K "1)

7.1 9 9 xl0'4 (Rayne, 1956)

1.663 (refs, in Chapter 2)

Atomic mass (g m o f1)

63.546

1028

Thermal conductivity (W cnf'K "1)

10 (Pobell, 1992)

5x1 O'2 (for GGG from Hakuraku,
1983)

Table 4.4. Relevant quantities for the thermal time constant calculations

where 1 is the length o f the rod, p its density, cp its specific heat capacity, and k its thermal
conductivity. The relevant quantities are listed in Table 4.4, giving thermal time constants o f 0.42s for
the crystal and 0.1ms for the top rod. Therefore the source o f the time delay must be poor thermal
contact at the boundary between the two. The attachment face o f the crystal was polished optically
smooth, and the lack o f surface roughness made the varnish joint between the crystal and the top rod
weak. The displacement between the centres of the crystal and the field was 5.5mm. The magnetic
field gradient therefore exerted a force on the crystal during magnetisation, too small to buckle the foot
rod but larger than the weight o f the crystal and so large enough to pull the crystal away from the top
rod. The cryostat was inverted during operation, with the cold stage lowest, and so the crystal fell back
onto the top rod during demagnetisation under the influence o f gravity.

The lack o f a solid bond

between the two, and the tom remnants o f the vamish between them, resulted in poor thermal contact.

The DGG experiments had two aims.

Several authors (Tomokiyo et al., 1985; Kimura et al., 1994;

Kimura et al., 1996a,b) have stated that DGG single crystals are yellow in colour, but o f the crystals
obtained by M SSL one was green and the others brown. It was therefore necessary to confirm that the
magnetothermal properties o f these crystals agreed with published data, to ensure that the impurities
responsible for the colour change did not reduce the magnetocaloric effect. Secondly, the salt pill used
in these experiments was similar to the design o f the double ADR high temperature stage.

The

experimental results were compared to the thermal model in order to identify any sources o f
inefficiency in the design, and to predict the performance o f the double ADR.
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Fig. 4.2. The displacement from the centre o f the field required for the magnetic force on the
crystal to balance its weight.

Only minor changes were made to the model used for the CPA demagnetisations described earlier. The
terms for eddy current heating by the salt pill case and wires were removed, and a new term inserted for
the spacer, consisting o f three cylindrical rod sections.

The new components were also taken into

account in the addenda heat capacity calculations. The new foot rod length o f 82mm was taken into
account in the heat leak calculations. Two extra constantan wires between the base plate and the cold
stage, with the same dimensions as the others described in Chapter 2 and used for high temperature
thermometry, were also taken into account. The internal field approximation was used instead o f zerofield entropy data, to allow the inclusion o f the end field loss term discussed in Chapter 2. The value of
the internal field was found by fitting the free ion approximation to the zero-field entropy data using the
least-squares routine in M athematica (Wolfram, 1996). This gave an internal field value o f 0.17T,
considerably higher than the 0 .0 IT o f CPA, as expected from the higher concentration o f the magnetic
ion in the garnet. In this case the end field loss term was used to account for mechanical heating caused
by the magnetic force on the crystal.

If the crystal was pulled away from the top rod during

magnetisation, as the results indicated, then it would fall back onto the top rod during demagnetisation,
generating heat by friction with the salt pill case and by the mechanical shock o f hitting the top rod.
The displacement required to balance the weight o f the crystal was plotted against the field at the centre
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o f the bore, using equation 2.99, the data on DGG given in Table 4.2 and the magnet profile provided
by the manufacturer, and the result is shown in Fig 4.2. The displacement rose rapidly at fields below
around 0.1T, so the crystal was dropped rapidly onto the top rod.

It was assumed that the drop

occurred instantaneously, and the energy released was equated to the gravitational potential energy,
given by

Q = mgh,

4.1

where g is the gravitational acceleration, m is the mass o f the crystal, and h is the height from which it
was dropped, 5.5mm in this case assuming that it fell all the way from the centre o f the field onto the
top rod. This gave an energy release o f 1.42mJ, around 20% o f the heat leak due to conduction through
the supports and wiring during a 6T demagnetisation at 4A m in'1, generating a temperature rise o f
around 14mK. The demagnetisation required to absorb this heat was calculated from the internal field
approximation, since it occurred at low fields, and so the Curie Law provided an accurate value o f the
magnetisation. Using

2.55

the field change required to absorb this heat was 0.045T or 450 gauss. This was added to the internal
field, and the sum o f the two was used to indicate the end o f the demagnetisation in the model.

Changes were also required in the routines used to calculate the boundary resistance. No published
data for the boundary resistance between copper and DGG could be found, despite an extensive
literature search, but as the only free parameter the effective value could be found by fitting the model
to the experimental data. This produced a value o f 1000 K4cm2W '1, two orders o f magnitude higher
than that for CPA. This high value could have been a result o f an overestimate o f the contact area
between the crystal and the top rod.

The area used was the area o f the end face o f the crystal,

1.071cm2. The top rod featured a shallow recess, 20mm in diameter, in which the crystal sat to prevent
sideways movement. The crystal was being pulled out o f this recess by the magnetic force, and so it
may not have fallen back in during demagnetisation. In this case the crystal would have sat on the
ledge around the recess, and so only part o f the attachment face would have been in contact with the
top rod. Alternatively, the high effective boundary resistance may have been a result of poor thermal
contact between the crystal and the top rod, due to the tom remnants o f the vamish bond between them.
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Field (T)

Rate (T m in'1)

Bath T

Starting T

Lowest T

Model

Difference

(K)

(K)

reached (K)

lowest T

(%)

(K)
6

0.4

4.2

4.2

0.367

0.358

2.5

6

0.2

4.2

4.2

0.370

0.361

2.4

6

0.1

4.2

4.2

0.375

0.368

1.9

4

0.4

4.2

4.2

0.396

0.392

1.0

2

0.4

4.2

4.2

0.706

0.574

19

1

0.4

4.2

4.2

1.136

1.107

2.6

0.75

0.4

4.2

4.2

1.539

1.510

1.9

0.5

0.4

4.2

4.2

2.404

2.414

0.4

1

0.4

1.57

1.65

0.414

0.427

3.1

1

0.1

1.57

1.65

0.463

0.428

7.6

0.75

0.4

2.92

2.95

0.885

0.888

0.3

0.5

0.4

3.06

2.72

1.110

1.593

43

Pumped
bath results

Table 4.5. Experimental and model results for the DGG36 tests.

When the crystal was removed from the pill after the experiment it was observed that very little varnish
remained on the crystal: most o f it was still attached to the top rod. Since the attachment face o f the
crystal was optically smooth, the contact area between the crystal and the top rod would be very small
when considered at the atomic level. In theory, if the crystal had been polished atomically smooth,
then it would rest on the highest three points on the surface o f the top rod, so the contact area would be
three times the average area o f surface features on the top rod. This could reduce the area to as little as
a few square microns. It is unlikely that the anomalously high thermal boundary resistance constant
derived using the model was a measure o f the true value o f the constant for a clean bond between DGG
and HCOF copper.
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Fig. 4.3. The experimental and model results for the DGG36 demagnetisations from 4.2K. The
grey points represent the experimental results, whilst the upper curve represents the predictions of
the best-fit model. The lower curve gives the model predictions with the boundary resistance term
removed.

Fig. 4.3 shows the experimental data together with the best fit model results for demagnetisations from
4.2K, and the full results are reproduced numerically in Table 4.5. Considering the range o f different
starting fields, temperatures and demagnetisation rates, it was reasonable to conclude that the model
included all o f the m ajor effects involved in this series o f experiments. Ignoring the few anomalous
results, the differences between the model and the experimental results were typically 3% or less. The
main factor limiting the performance o f the DGG36 pill was the thermal boundary resistance. Fig 4.3
also shows the model predictions with the boundary resistance term and end field loss removed,
simulating a situation where the crystal attachment problems had been solved.

This resulted in a

performance improvement o f 20 to 25% at fields above 2T, and up to 33% at lower fields.

To conclude, the model indicated that the green DGG36 crystal was behaving as would be expected
from published measurements o f the magnetothermal properties o f DGG, upon which the thermal
model was based.

All o f the differences between the performance o f an ideal system and the

experimental results were explained by the problems encountered with bonding the crystal to the top
rod. The model was sufficiently accurate to be used in predicting the first stage performance o f the
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double ADR, and it was clear that the design must take account o f the attachment problems. Solving
these problems could improve the double ADR performance by between 25 and 33%.

4.2.2. The Experiments on the Brown Crystal

A further series o f experiments were conducted using the brown DGG40 crystal in place o f DGG36.
The purpose was to determine whether the magnetic response o f the two crystals was the same, and
hence whether the colour difference between them affected their magnetothermal properties. A variety
o f problems were encountered, many o f them related to the shape o f the DGG40 crystal, which was
considerably larger than DGG36. DGG36 had been machined into a perfect cylinder, but many o f the
previous 35 attempts had produced crystals that shattered during machining, and so DGG40 was not
machined, although one end face was polished optically smooth. The resultant crystal was 18mm wide
at the attachment face, tapering to 16mm at 10mm along its length, then widening to 17mm at 30mm
along its length, before tapering to a point that was the position of the seed crystal used during the
growth process. This irregular shape, reminiscent o f the old fashioned glass Coca-Cola® bottle, made
calculations o f the magnetic force on the crystal difficult, and led to further problems with foot rod
buckling. An extra spacer in the form o f a 6mm long HCOF copper cylinder 19mm in diameter, was
added to the salt pill between the top rod and the crystal, but the problems persisted. The position o f
the centre o f mass o f DGG40 was estimated as 18mm from the polished end face, or 5mm from the
midpoint o f its length. This displacement o f DGG36 was 5.5mm, and the same salt pill was used apart
from the addition o f the extra spacer. It follows that the displacement between the centre o f the field
and the centre o f mass o f DGG40 was 4.5mm, which gave a buckling field o f 1.42T using the equation
derived earlier. This was lower than the buckling field in the DGG36 tests due to the irregular shape o f
the DGG40 crystal. Buckling was observed at around 1.5T, although as before no accurate estimate
could be made. Therefore, only the demagnetisations from fields o f IT or below gave useful results.

The problems with thermal boundary resistance grew worse with DGG40, and in many o f the initial
tests the crystal was not in contact with the top rod at all. The outer case o f the salt pill in the initial
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Rate (T m in'1}

Bath T (K)

Start T (K)

Lowest T (K)

Time taken (s)

1

1

4.2

4.240

1.174

600

1

0.4

4.2

4.240

1.155

570

0.75

0.4

4.2

4.224

1.535

330

0.5

0.4

4.2

4.224

2.228

210

1

0.4

4.2

4.2

1.136

60

0.75

0.4

4.2

4.2

1.539

60

0.5

0.4

4.2

4.2

2.404

60

Field (T)
DGG40 tests

DGG36 tests

Table 4.6. Experimental results from the DGG40 crystal, with corresponding results from
DGG36 for comparison.

Rate (T m in 1)

Initial T (K)

Lowest T (K)

Model lowest T (K)

Difference (%)

1

0.4

4.2

1.136

1.107

2.6

0.75

0.4

4.2

1.539

1.510

1.9

0.5

0.4

4.2

2.404

2.414

0.4

1

1

4.240

1.174

1.163

0.9

1

0.4

4.240

1.155

1.159

0.3

0.75

0.4

4.224

1.535

1.528

0.5

0.5

0.4

4.224

2.229

2.328

4.4

Field (T)
DGG36

DGG40

Table 4.7. Model and experimental results for the successful DGG40 tests, and the equivalent
DGG36 tests.
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experiments was a G10 fibreglass tube with an outer diameter o f 22mm and a wall thickness o f 1.6mm,
giving an inner diameter o f 18.8mm, close to the end face diameter o f the crystal. Some preliminary
DGG40 demagnetisations had a distinctive signature, where the temperature hardly decreased at all
whilst the field was removed, but then went on decreasing at a steady rate for several hours afterwards.
This implied that, although the crystal was cooling down, it was connected to the top rod through a
therm ally insulating material. On magnetisation, the crystal was pulled away from the top rod, but was
so wide that it became stuck in the fibreglass tube, and did not fall back onto the top rod after
demagnetisation. Thermal conduction between the two occurred via the fibreglass tube, which was a
good insulator. Some improvement was made by boring out the inside o f the tube to reduce its wall
thickness to 1mm, increasing the inner diameter by about 1mm, and later by using a tube with a 22mm
outer diameter and a 0.5mm wall thickness, but thermal contact remained poor in all cases. To remedy
the situation a compression spring was placed inside the salt pill at the foot rod end in order to force the
crystal back into contact with the top rod. Initially a stainless-steel spring with a spring constant o f
4.03N m m '' was used, compressed by approximately 10mm. Despite being made from nominally non
magnetic steel, the spring had a noticeable magnetisation when removed from the pill after the
experiments, and so was replaced with an equivalent spring made from beryllium copper in later runs.

The results gained from the successful runs are listed in Table 4.6. In each case, the salt pill with the
additional 6mm HCOF copper spacer and the stainless steel spring were used. Apart from these two
additional components, the experimental set-up was the same as that used in the DGG36 tests in every
respect. The equivalent results from DGG36 are also listed, and the first point to note is the difference
in the time taken to reach the lowest temperature. On average, this time was longer by a factor o f six
for DGG40, indicating that the effective thermal boundary resistance was higher by a factor o f six. The
ledge around the recess on the top rod used to accommodate DGG36 was machined down for these
tests, producing a flat surface o f 19mm diameter for attaching the DGG40 crystal, so this change was
not due to a small contact area. It was therefore due to poor contact at either the crystal/spacer or
spacer/top rod boundaries. Torseal epoxy resin was used to join the fibreglass case to the top rod in all
o f the DGG tests, and also to join the extra spacer to the top rod in the DGG40 tests. On joining the
fibreglass case to the top rod, a small amount o f resin was squeezed up into the pill, and hardened on
the inner surface o f the case. Given the fact that the DGG40 crystal was almost as wide as the inner
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diameter o f the case,_this may have interfered with the movement o f the crystal back towards the top
rod on demagnetisation. Alternatively, the layer o f resin between the top rod and the extra spacer may
have accounted for the rise in effective boundary resistance. In either case, the rise in the time taken to
reach the lowest temperature provided a good measure o f the relative rise in the boundary resistance
between the DGG36 and DGG40 tests.

The effective thermal boundary resistance referred to here

included the effects o f all boundaries between the top rod and the crystal.

The model used for the DGG36 results was adapted to DGG40 by adding the effects o f the spring and
the extra spacer to the addenda heat capacity and eddy current heating routines.

The boundary

resistance constant was multiplied by six, raising it to 6000K4cm2W '', and the rise in contact area was
also added. Finally, an extra 100 gauss was added to the end field loss to account for the magnetisation
o f the spring.

This value was derived by fitting the model to the experimental results, due to the

difficulty o f calculating the average field generated by the spring over the volume o f the crystal. Table
4.7 gives the model results together with those for the equivalent tests on the DGG36 crystal, and it is
clear that the model and experimental results agreed closely.

All o f the changes to the model

parameters were accounted for by well understood physical effects, so it was concluded that there was
no measurable difference between the magnetic properties o f the green and brown DGG crystals to
within the limits imposed by the experimental set-up.

4.2.3. DGG Powder Tests

The use o f single crystal DGG in an ADR has several drawbacks, and one o f the most important is the
difficulty and cost o f obtaining the crystals. Unlike GGG, which is commercially available, DGG must
be grown to order, and so each crystal may cost several thousand pounds.

Most o f this cost is

associated with the difficulty o f growing the crystals to a large enough size, and so the use o f a
powdered pill would result in considerable savings.

Some small fragments of green DGG were

obtained together with the larger crystals, and so a powder salt pill was constructed in order to test the
viability o f using DGG in this form.
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Field (T)

Rate (T m in'1)

Bath T (K)

Starting T (K)

Lowest T (K)

Time taken (s)

1

0.4

4.2

4.224

2.107

3780

2

0.4

4.2

4.256

1.501

4260

3

0.4

4.2

4.273

1.326

2760

4

0.4

4.2

4.289

1.241

2160

5

0.4

4.2

4.240

1.273

2400

6

0.4

4.2

4.224

1.355

1980

1

0.4

1.6

1.876

0.762

7920

2

0.4

1.6

1.7955

0.649

9330

3

0.4

1.6

1.774

0.610

8760

Pumped bath
results

Table. 4.8. Results from the DGG powder tests. The last column gives the time taken for the pill
to reach its lowest temperature after the end o f the demagnetisation.

In order to facilitate comparison with the earlier GGG powder results exactly the same salt pill design,
support structure, and experimental wiring were used. The DGG fragments were ground under acetone
in a commercial crystal grinder for around seven days, producing a fine powder with a grain size of
between 10 and 100pm diameter, which was dried at 200°C for several hours to remove any water and
solvent. The powder was poured into the salt pill case and compressed by hand using a custom made
vice. The top rod and base disc o f the salt pill were joined to the case using Stycast 2450 epoxy resin,
providing strong, high thermal conductivity joints. The usual R u 0 2 thermometry system was used, and
a series o f demagnetisations were carried out on this new pill. The lowest temperatures reached are
listed in Table 4.8.

These tests had two main aims: to check for the kind o f thermal conductivity problems observed in the
GGG pill and, if possible, to measure the loss in performance due to the anisotropy present in DGG. It
was clear from the relatively high base temperatures compared to the single crystal results, and from
the long times taken to reach them, that DGG exhibited the same drastic reduction in thermal
conductivity between the single crystal and powder forms. Any efficient garnet powder pill will
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Fig. 4.4. Experimental and model results for the DGG powder tests. The points correspond to the
experimental data for demagnetisations from 4.2K, and the curves to the model results. The model
parameters for each curve are given in Table 4.9

Curve in Fig. 4.4

n (%)

Effective boundary resistance constant (K cm W ')

Lande-g factor

A

7.5

5000

8.4

B

7.5

5000

8.2

C

7.5

30

8.2

D

100

5000

8.2

E

100

30

8.2

Table 4.9. Model parameters for Fig. 4.4. The second column gives the reduction factor for the
wire surface area and molar quantity o f salt in pill e.g. for model A both were reduced to 7.5% o f
their nominal value.

therefore require some matrix material, such as high vacuum grease, between the powder grains in
order to counter this effect. As with the GGG results, an attempt was made to fit the thermal model to
these results by assuming that very little o f the salt was in thermal contact with the thermal bus. The
surface area o f the wires was 23.56cm2, and the pill contained 0.1031 magnetic moles o f DGG powder.
The best fit was found with both o f these parameters multiplied by 0.075, and with a boundary
resistance constant o f 5000 K4cm2W ’. The factor o f 0.075, indicating that 7.5% o f the salt was
responsible for the bulk o f the cooling, was higher than the 3% factor found in the GGG pill, and there
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Field (T)

Rate (T m in'1)

Bath T

Starting T

Lowest T

Model

Difference

(K)

(K)

(K)

lowest T

(%)

(K)
1

0.4

4.2

4.224

2.107

2.308

9.5

2

0.4

4.2

4.256

1.501

1.450

3.4

3

0.4

4.2

4.273

1.326

1.269

4.5

4

0.4

4.2

4.289

1.241

1.274

2.7

5

0.4

4.2

4.240

1.273

1.334

4.8

6

0.4

4.2

4.224

1.355

1.427

5.3

1

0.4

1.6

1.876

0.762

0.980

28.6

2

0.4

1.6

1.955

0.649

0.998

52.9

3

0.4

1.6

1.774

0.610

0.104

82.9

Pumped
bath:

Table 4.10. Experimental data compared with model results for the DGG powder tests.

were two possible reasons for this. The DGG powder was somewhat finer than the GGG and the pill
was compressed at a higher pressure. Both o f these influences would be expected to reduce the inter
grain spacing and thus increase the thermal conductivity. An average o f the Lande g-factor values
published by Kimura, Maeda, and Sato (1988) was used, giving g=8.2, to account for the random
orientation o f the crystal grains.

Several graphs generated by the model are shown in Fig. 4.4, together with the experimental data for
demagnetisations from 4.2K.

The corresponding model parameters are given in Table 4.9, and the

numerical model results and data in Table 4.10. Model E gave the results expected for a pill with no
thermal contact problems, assuming that the boundary resistance was equal to that between HCOF
copper and CPA. In any case, if the thermal contact were good enough then the boundary resistance
would not be important for temperatures above 0.1K, and so using the value for CPA was equivalent to
assuming an insignificant resistance. The base temperatures predicted by this model were around 200%
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lower than those seen in the experiment.

Model D gave the effects o f raising this resistance to

5000K4cm2W '', similar to the effective values used in the single crystal models. In the single crystal
tests, the boundary resistance calculations were used to model the effects o f various factors leading to
poor thermal contact at the boundary.

Here, the same calculations were used to account for poor

thermal contact within the pill. The effect o f raising the boundary resistance constant was to flatten the
curve at high fields, since the boundary resistance is a function o f the inverse cube o f the temperature.
As the field rose, the salt reached lower temperatures, increasing the resistance and reducing the power
absorbed from the top rod. This began to decouple the top rod from the salt, and the effect was more
marked for a higher boundary resistance constant. Raising it further extended the effect to lower fields,
causing the curve to flatten at higher temperatures. However, the model could not be made to fit the
experimental results by varying the boundary resistance alone.

One notable feature o f the results was that the lowest temperature reached began to rise with field
above 4T. The model indicated that this was a feature o f very small pills, and was due to a law o f
diminishing returns that applies to ADRs. The increase in magnetic ordering with increasing applied
field dropped at higher fields as magnetic saturation was approached, and so above a certain field value
there was little further increase in the cooling effect. All o f the demagnetisations were carried out at
the same rate, and so the time taken and thus the parasitic heating o f the pill increased linearly with
field.

In most cases, the parasitic heating was small enough to have very little effect on the base

temperatures, but this was not true in very small pills where the heat capacity was low. Therefore, the
base temperatures rose with field for small pills above the point where parasitic heating began to
overcome the additional cooling effect. This effect was observed in DGG rather than GGG due to the
higher g value, which reduced the field needed to achieve saturation.
reducing the amount o f salt in the pill to 7.5% o f its true value.

Model C gave the effect o f

The area used in the boundary

resistance calculation was reduced by the same factor, in order to avoid complicating the interpretation
o f the model by having this volume reduction factor affecting the boundary resistance calculation. At
this level, the shape o f the curve closely replicated that o f the experimental results, although the
predicted base temperatures were still too low.

Reducing the effective amount o f salt any further

steepened the curve at higher fields, and reduced the field at which the curve began to rise.
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Combining the two effects o f raised boundary resistance and reduced salt volume and area produced a
close match to the experimental results, and is shown as model D. This was a strong indication that the
results could be explained by poor thermal conductivity in the DGG powder. The reduced salt volume
accounted for much o f the DGG not being in thermal contact with top rod, and the raised boundary
resistance replicated a steep thermal gradient within the reminder o f the salt. This approximation
closely matched the experimental results due to the cubic temperature dependence o f the boundary
resistance. The thermal conductivity o f paramagnetic salts has the same dependence, so the boundary
resistance calculation could be used to approximate the effects o f low thermal conductivity. However,
the model derived by fitting to the 4.2K demagnetisations was a poor approximation to the pumped
bath demagnetisation results. This would be expected from the way in which the model approximated
poor thermal conductivity in the powder by reducing the amount o f salt in the pill, and so ignoring its
temperature dependence.

Model E showed the effect o f increasing the Lande g-factor to 8.4, the value for the optimum magnetic
direction, but keeping the other parameters the same as for model D. This indicated that, in the absence
of other factors, the difference in base temperatures introduced by using powdered DGG instead of a
single crystal would be small. The use o f powder always involves some loss in density compared with
the single crystal, even when the powder is compressed in a vice, but the reduced expense and the
ability to shape the pill more easily and so use more o f the paramagnetic material would compensate
for this.

To conclude, the powdered DGG pill exhibited the same low thermal conductivity seen in the
powdered GGG pill.

The thermal model could only be fitted to the results by raising the effective

boundary resistance and reducing the amount o f salt in the model pill. This indicated that little o f the
salt was in thermal contact with the top rod, and that the thermal gradient within the salt was steep.
With these alterations, the model fitted the results accurately over a wide range o f fields, and so could
be used as a com ponent o f a model o f a multi-stage ADR using the same salt pill. Omitting these
alterations indicated that a 200% improvement in performance would result from solving the thermal
problems in the pill.
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4.2.4. Summary o f the DGG Tests

The DGG tests produced a number o f interesting results. They all suffered from therm al contact
problems, and the double ADR design had to compensate for this. Centring the crystal in the magnetic
field would solve most o f the problems in the single crystal case. Contact with the top rod could then
be improved using a thin layer o f vacuum grease between the crystal and the top rod, and by placing a
non-magnetic spring in the pill to exert pressure on the crystal. Powder pills could be improved by
using vacuum grease as a matrix between the powder grains. Thermal boundary resistance should then
become insignificant, at least in the single crystal case, resulting in considerable performance
improvements for the double ADR

Even with the thermal contact problems, a number o f positive results were obtained.

The thermal

model accurately predicted the base temperatures in both sets o f single crystal tests when adapted to
account for the thermal contact problems, and proved to be a valuable aid in interpreting the powder
test results. The model could therefore be used to predict the performance o f the double ADR high
temperature stage, as described in Chapter 5. The only significant difference in the thermal model
between the green and brown crystal tests was a factor o f six increase in the value o f the boundary
resistance constant. This was inferred from the average times taken to reach the lowest temperatures
attained after the demagnetisations, a quantity that did not depend on the magnetic properties o f the
crystals. Since the model then m atched the experimental results from both crystals, this confirmed that
the magnetic properties o f the crystals obtained by MSSL corresponded to published data, despite their
unusual coloration, and that the green and brown varieties o f DGG were magnetically identical to
within the accuracy o f the experiments. This was a strong indication that the colour variation in these
crystals resulted from some trace impurity, rather than a change in composition or structure. However,
no measurements o f the magnetic anisotropy in DGG could be made. This was of no significance to
the double ADR, which will use single crystal DGG, but would have provided a more accurate
confirmation o f the magnetic properties o f the crystals.
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4.3. Experiments on M ohr’s Salt

In multi-stage ADRs, the paramagnetic materials used in the high temperature stages m ust be selected
for high heat capacity rather than low Neel temperature.

It was stated in Chapter 2 that the Neel

temperature can be decreased at the expense o f heat capacity by diluting the magnetic ions within the
salt. The reverse is also true, and one way to increase the concentration o f the magnetic ions is to
remove some o f the water o f crystallisation from the crystal. The highly hydrated salts traditionally
used in A D R research may have stable but less hydrated forms, and one example is ferric ammonium
alum.

The form o f FAA used m ost often in ADRs is FeNH4(SO4)2.12H20 but an alternative

Fe(NH4)2(SO4)2.12H20, known as M ohr’s salt, exists and is used as a standard reductant in chemical
analysis.

A literature search failed to reveal any previous study o f the magnetic properties o f this

material, and so a series o f tests were performed using the MSSL laboratory ADR. A new terminology
was used to distinguish the two salts: the traditional form was called FAA 12, and M ohr’s salt FAA6,
referring to the num ber of water molecules in each chemical unit.

The effects o f the crystalline field have been largely ignored in the work described here, partly by using
experimental data in the modelling work. However, a few comments must be made concerning FAA6.
In the lanthanide elements, such as dysprosium and gadolinium, the electrons that give rise to magnetic
phenomena are contained in the 4 f shell, which lies deep within the atom, and thus have only small
interactions with the crystalline field.
crystal field effects.

Therefore materials like GGG and DGG exhibit only small

However, the electrons responsible for paramagnetism in compounds o f the

transition elements in the iron group are in the 3d shell, which lies close to the surface and thus has a
greater interaction with the crystal field. The spin-orbit interaction in the 3d group is also much smaller
than that in the 4 f group (Bleaney and Bleaney, 1989). The result is that the interaction between the
orbit and the crystalline field is much greater than the spin orbit coupling, and it is no longer correct to
regard the S and L as coupled to form a resultant J. The 2L+1 orbital states are split in the crystal field,
with energy differences much greater than the splittings between the states o f different J in the free ion.
This effect is known as quenching o f the orbital angular momentum. Consider the simplest case, where
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the lowest energy orbital state is a singlet. Such a state has no magnetic moment, and so the orbital
momentum is completely quenched.

The electron spin however has no direct interaction with the

crystalline field. Consider the usual expression for the Curie constant, quoted in Chapter 2,

+

235

3k
The terms dependent on the magnetic properties o f the paramagnetic ions are g and J, so these can be
replaced by a new quantity p, where

p2 = g 2J(J + 1)

4.2

for the normal free ion case, giving

N p 'u lv *

43

3*
The simplest case o f orbital angular momentum quenching occurs when the crystal field splitting o f the
orbital levels results in a singlet state as the lowest level. Such a state has no magnetic moment, and so
the orbital moment is completely quenched. The electron spin has no direct interaction with the crystal
field, and so remains free to orient itself within the magnetic field. Since the value o f g for electron
spin is 2, p becomes
p 2 = 4 S (S + l).

4.4

In practise, the lowest lying orbital state is not always a singlet, and so may make some contribution to
the magnetic effects. Bleaney and Bleaney (1989) report experimental values o f p for the 3d double
sulphates. The values are generally closer to those predicted by 4.4 than 4.2.

The iron ion in FAA 12 is in the Fe3+ state and the values o f p 2 predicted by 4.2 and 4.4 are the same.
The experimental value quoted by Bleaney and Bleaney (1989) is slightly lower, but the difference is
only about 3%.

However, in FAA6 the ionisation state o f the iron is Fe2+, with g= 1.192 and J=4

(Bleaney and Belaney, 1989).

The value o f p2 from 4.2 is 45, whilst that from 4.4 is 24.

The

experimental value for the double sulphate is 28.7. This indicated that the thermal model w ould no
longer be accurate for FAA6 unless it was adapted to take account o f the crystal field effects.

No previous measurements o f the magnetic properties o f FAA6 could be found, and so a complete
evaluation was necessary, and specific heat measurements were needed together with demagnetisation
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Field (T)

Bath temp (K)

Pill starting temp (K)

Pill lowest temp (K)

6

4.2

4.240

2.854

5

4.2

4.265

3.017

4

4.2

4.248

3.212

3

4.2

4.256

3.480

2

4.2

4.281

3.831

1

4.2

4.248

4.108

6

4.2

11.341

11.271

6

4.2

8.899

7.209

6

4.2

6.762

4.509

6

1.6

1.880

1.499

3

1.6

1.717

1.561

High temp results:

Pumped bath results:

Table 4.11. Results from the FAA6 demagnetisations.

data. The GGG salt pill was dismantled and rebuilt with commercial >99% pure reagent grade FAA6.
The powder was compressed in the usual way, and no thermal problems were anticipated, due to the
water o f crystallisation in the crystal. The pill contained 0.0796 moles o f FAA6, and a 1000Q coil o f
50pm diam eter constantan wire was wound non-inductively onto the outer case o f the pill to serve as a
heater for the specific heat tests. The wire was varnished to the case, and covered with several layers of
aluminium tape both to protect it and to reduce heat loss by radiation. The support structure and pill
design were exactly the same as for the GGG tests.

The first tests were a series o f demagnetisations from a range o f temperatures and fields, and from both
4.2 and 1.6K bath temperatures, provided respectively by atmospheric pressure and pumped liquid
helium.

The rate in each case was O ^T m in'1.

A few demagnetisations were performed from

temperatures greater than 4.2K by opening the heat switch at the desired starting temperature during the
helium transfer, completing the transfer without further cooling the pill, and then demagnetising. The
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results are given in Table 4.11. The bath temperature in each case was determined from the vapour
pressure, measured using a barometrically compensated gauge in the pumped bath cases, using the
vapour pressure tables given by Hudson (1972). The usual therm om etry system was used for the salt
pill. As usual, the field given was the peak field calculated from the current in the magnet, and the field
averaged over the entire pill was 12% less than this. In each case the lowest temperature was reached
within 60s o f the end o f the demagnetisation indicating, as predicted, that there was no problem with
thermal contact within the pill. This result was interesting from the point o f view o f the GGG tests,
since the pill construction process was exactly the same, again indicating that the problems encountered
with compressed garnet pills were due to poor thermal contact between the powder grains. The thermal
problems in the GGG pill must have been associated with the use o f the material in powder form since,
as previously stated, single crystals o f the garnets have much higher thermal conductivities than single
crystals o f the alums.

Specific heat capacity tests were also performed. The thermal model was used to calculate the heat
leak into the salt pill, and approximately twenty times this power was applied through the heater. This
ensured both that the desired temperature range was covered in a reasonable time, and that any errors in
the heat leak calculations would result in very small errors in the final heat capacity values. The heater
voltage and current were monitored using a four-wire technique. The applied voltage was around 0.3 V,
and was read using a Fluke 8842A bench multimeter (Fluke Europe B.V., PO Box 1186, Eindhoven,
The Netherlands), providing an accuracy o f about 0.03% limited by digitisation noise. The current was
around 0.3mA, and was read using a Fluke 83 hand-held multimeter, providing an accuracy o f about
1%, again limited by digitisation noise. Current, voltage and temperature were logged at time intervals
dictated by the rate o f temperature change, varying between 60s and 10 minutes, and the duration o f
each test was about five hours.

Five tests were performed, at central fields o f 0, 1, 2, 4, and 6T,

although as previously stated the averaged value o f the field over the length o f the pill was about 12%
less than this. The temperature range covered in each test was 2K to 4.2K, with the pum ped helium
bath at 1.6K.

The data were corrected for parasitic heating and the heat capacity o f the salt pill addenda using the
thermal model, and were analysed using Mathematica (Wolfram, 1996). The temperature and power
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Fig. 4.5. Specific heat vs. temperature curves for FAA6 at fields
between 0 and 6T. The curves are polynomial fits to the data points.

data were fitted in the same way as the entropy and specific heat data for the thermal model, as
described in Chapter 2, and the specific heat was calculated from these polynomials using

c=

P ow er
n

dT

4.5

*

dt

where n was the number o f moles o f FAA6 in the pill. The results are shown in Fig. 4.5. The large
gaps in the data that occurred after the first few points corresponded to the removal o f transient effects
seen when the power was increased. These effects were due to heat flowing up the pill case and into
the thermometer, rather than into the salt. This represented the largest source o f systematic error in the
experiment, and far outweighed the random errors.

It was estim ated that this systematic error was

around 10%, although detailed analysis was found to be difficult.

The specific heat can be related to the entropy using the relationship

dT,

4.6

which can be divided into two terms,
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4.6. Specific heat o f FAA6 at 6T, showing the extrapolation to zero as the dashed line.
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Fig. 4.7. Entropy vs. temperature curves for FAA6 at various magnetic fields.
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Fig. 4.8. Temperature measurements taken during demagnetisation vs. field, corresponding to
adiabats for FAA6.

Field (T)

Starting temp.

Final temp. (K)

Initial entropy
(JK*lm o rl)

(K)

Final entropy
(JK’W

Difference (%)

1)

6

4.240

2.854

1.781

2.048

13

4

4.284

3.212

2.448

2.437

0.3

2

4.281

3.831

3.297

3.173

3.9

1

4.248

4.108

3.875

3.492

7.9

Table 4.12. Error calculations for the FAA6 entropy vs. temperature curves, using the
demagnetisation data.

dr.

dT + \ j

S (z?0 , r ) =
0

J Bn

2

^

4.7

/ B0

It is simple enough to calculate the second term from the specific heat data, but the first term represents
the temperature region below the experimental data points. In order to calculate this integral, the fits to
the data shown in Fig. 4.5 were extrapolated to OK. The specific heat o f paramagnetic materials often
has a T ' dependence at low temperatures, as stated in Chapter 2, and it was found that the fits could be
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smoothly extrapolated to OK using functions o f this type. This was performed for each of the heat
capacity curves, and the result for the 6T curve is shown in Fig. 4.6.

Entropy curves were derived from these polynomials and the experimental data using equation 4.7, and
the results are shown in Fig. 4.7.

The entropy included contributions from both the lattice and the

magnetic system, but the lattice com ponent will be small (Hudson, 1972), and so the curves could be
used to predict ADR performance with reasonable accuracy. Conversely, the accuracy o f the entropy
curves could be checked using the demagnetisation data. The demagnetisations were assumed to be
perfectly adiabatic, and the tem perature measurements taken during demagnetisation were plotted
against magnetic field to produce a graph o f adiabats, shown in Fig. 4.8. These curves corresponded to
horizontal lines on the entropy vs. temperature plot Fig. 4.7.

The entropies at the initial and final

temperature and field for each demagnetisation were measured from the graph. The only departures
from adiabatic conditions were due to eddy current heating and the conductive heat leak o f the support
structure. The modelling work indicated that both o f these are relatively small effects, accounting for
perhaps a few percent change in the final temperature after demagnetisation.

Therefore conditions

were adiabatic to a good approximation, and differences in the entropies, shown for a few
demagnetisations in Table 4.12, were a reasonable measure o f the systematic errors in the entropy
curves. The largest error calculated in this way was 13%, which agreed well with the previous estimate
from the transient effects observed when the heater power was increased.

This experiment was conceived as an initial test o f the properties o f FAA6, and so the amount o f data
taken was relatively small.

The salt clearly has limited potential as a refrigerant, due to the small

temperature difference on demagnetisation.

In order to compare FAA6 with other refrigerants, it is

necessary to determine the temperature range over which it would be applied.

Fig. 4.9 shows the

results o f the 6T demagnetisations, plotted as the temperature change on demagnetisation vs. the initial
temperature. The change was greatest in the 6-8K region, where DGG and GGG are used. These salts
are capable o f cooling to temperatures o f a few hundred millikelvin from these starting temperatures,
and so FAA6 cannot compete with the garnets as a refrigerant.

The one notable point about this

material is its specific heat capacity. Fig. 4.10 shows the specific heats o f DGG, GGG and FAA6 at
zero field, showing that at 3K FAA6 has twice the heat capacity o f GGG and four times that o f DGG.
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Fig. 4.10. Zero-field specific heat /R for DGG, GGG and FAA6.

It was stated at the beginning o f this section that FAA6, having a greater concentration o f the
magnetic ion than FAA 12, would be expected to produce a smaller temperature change on
demagnetisation but have a higher heat capacity, and this was clearly true. Recent ADR research
has focussed on the production o f devices with several salt pills, and the ideal first stage material
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should have as high a heat capacity as possible. In the light o f this it would be premature to say that no
application exists for FAA6 in magnetic refrigeration, but it was clear that, in the temperature range o f
interest for the micro and double ADRs, more suitable materials existed.

4.4. Superparamagnetic Nanocomposite Materials

The current refrigerant material o f choice for ADRs operating in the temperature range 1.5 to 20K is
gadolinium gallium garnet (GGG) Gd 3Ga 50 i2, but the magnetocaloric effect in this material decreases
to very small values above 15K, limiting the bath temperature from which an ADR using GGG can
operate. Recently, a new class o f materials has been developed in which iron is substituted into the
GGG lattice in place o f gallium ions, producing Gd3Ga5.xFexO i2 (GGIG). McMichael, Ritter and Shull
(1993) have determined the molecular field coefficients for GGIG, and found that the strongest
interaction is between the Fe atoms on octahedral sites in the lattice and those on tetragonal sites. The
coupling between Fe and Gd atoms is weaker, but still greater than the coupling between Gd atoms.
The magnetic moments o f the Gd atoms will therefore align with those o f any nearby Fe atoms, parallel
if the Fe atom is on a tetrahedral site and antiparallel for an octahedral site. This alignment forms a
superparamagnetic cluster o f atoms. The size o f the clusters will increase with the concentration o f
iron in the lattice, until percolation o f the Fe sub-lattices occurs and the cluster size diverges.

The magnetic entropy change in a paramagnetic material can be calculated using the thermodynamic
Maxwell relation 2.14,

2.14

or, integrating over the field,

4.8

By considering a plot o f AS vs. T for a given applied field B0, a sum rule can be derived from equation
4.8,
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| a S d T = - B 0M 0 .

4.9

It can be seen from equation 4.9 that for materials o f the same saturation magnetic moment M 0, those
with a high entropy change at a given temperature will have a low entropy change at other
temperatures.

Conversely, materials that have a lower peak entropy change can have a moderate

change over a larger range o f temperatures.

The magnitude o f the magnetocaloric effect in GGIG can be found in the usual way, using the free ion
approximation, if the assumption is made that alignment o f the magnetic moments within each cluster
is complete. The Gd atoms will be grouped into clusters that behave as a single ion with an enhanced
magnetic moment. According to McMichael et al. (1992) the magnetic moment m o f a single cluster,
derived from a classical approach, can be written as

m ' = g 2u l J ( J + 1).

4.10

where n is the number o f atoms in the cluster. Shao et al. (1996) state that the magnetic moment o f a
cluster is given simply by the num ber o f atoms in the cluster multiplied by the moment o f each.
Comparing this with the derivation in Chapter 2, it is clear that the free ion approximation for a
superparamagnetic material can be written as

sinh

S { B 0,T )

( 2 J + \)x

= In

R

sinh

x
, x
+ —coth —

2

2

4.11

where

X =

ngMBBc

4.12

kT
This differs slightly from the derivation in McMichael et al. (1992), since they assume that, with J
being large, 4.10 reduces to

(
J +

1

4.13

and so the effect o f clustering can be found by treating a cluster as a single atom with JciUster=nJ.
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Fig. 4.11. Entropy change o f GGIG per mole o f Gd atoms upon isothermal magnetisation at
4.2K, plotted against the average num ber o f atoms in a cluster.

2.5

J=7/2 atoms
5 atom clusters
o

10 atom clusters

U

30 atom clusters

B
oo

<

0.5

5

10

15

20

25

30

35

40

Temperature (K)
Fig. 4.12. Entropy change vs. temperature for GGIG with various cluster sizes, per mole o f Gd
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Fig. 4.13. Entropy change vs. temperature for DGIG with various cluster sizes, per mole o f Dy
atoms.
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Fig. 4.14. Entropy change upon isothermal magnetisation at 4.2K for DGIG, per mole o f Dy
atoms, plotted against average cluster size.
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Assuming that all clusters are o f equal size, the approximate entropy change upon magnetisation can be
found by subtracting S(B0, T) from S(B0=0, T), giving

— = ln (2J + l ) - l n
R

sinh —

2

2

4.14

2

Fig. 4.11 shows a plot o f the entropy change at 4.2K, upon magnetisation to 1 and 6T, plotted against
cluster size. It is important to note that for a fair comparison the entropy per mole o f Gd atoms, and not
per mole o f clusters, must be used. The peak o f the curve is fairly broad for m agnetisation to IT,
indicating that the random variation in cluster size for a given average will not have a drastic effect on
the accuracy o f the entropy calculations. The entropy change at 4.2K for an isothermal magnetisation
to IT was up to 28% higher in DGIG than in DGG, and up to 47% higher in GGIG than in GGG.

The effect o f varying the cluster size can most easily be seen by plotting the entropy change against
temperature for various cluster sizes, as shown in Fig. 4.12. The sum rule derived earlier indicates that
a decrease in the peak entropy change should be accompanied by an increase over the rest o f the
temperature range, and this effect can clearly be seen with increasing cluster size. This implies that
superparamagnetic nanocomposite materials can be customised to a particular application by
controlling the amount o f iron in the lattice. For example, at 20K a cluster size o f 10 atoms leads to a
significant increase in the entropy change compared to GGG. The double ADR required the HTS to
cool from 4.2K using IT, and so the ideal cluster size in GGIG would be 3 atoms. The equivalent
graphs can be plotted for an iron-doped version o f DGG, and are shown in Fig. 4.13 and Fig. 4.14.
Two atom clusters would clearly be the optimum size for the double ADR HTS using DGIG.

The preliminary calculations performed here indicate that superparamagnetic materials have the
potential to significantly improve the performance o f the double ADR first stage. However, there are
several issues that must be addressed, the most important o f which is the effect on the Curie or Neel
temperature. The iron atoms have stronger interactions with their neighbours than the Gd or Dy atoms,
and so the temperature at which ordering occurs will rise with the concentration o f iron in the lattice.
This should not be a problem with small cluster sizes, since a low iron concentration would be required,
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but the magnitude o f the effect must be evaluated, along with the iron concentration needed to produce
the desired cluster size.
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5. The Micro ADR

5.1. In tro d u ctio n

The micro ADR project was a collaborative venture between MSSL and Oxford Scientific Instruments
(http://www.oxinst.com), which aimed to produce an additional cooling stage for their commercial
Heliox 3He refrigerator. It also served two additional purposes. Firstly the design was very similar to
the low-temperature stage o f the double ADR, and used a similar heat switch. The DGG single crystal
tests described in Chapter 2 acted as a prototype for the high temperature stage, and so all o f the double
ADR components had been tested individually prior to its construction.

This was particularly

important for the low-temperature stage, since it was designed to reach temperatures below lOmK, and
thermal modelling at these temperatures is difficult for a number o f reasons. The thermal conductivity
o f a metal can vary by several orders o f magnitude between samples o f different purity at m illikelvin
temperatures (Ke et al., 1994), and thermal boundary resistances become increasingly important below
lOOmK. In addition, the micro ADR was a compact device and used a low current magnet. A future
space qualified ADR will need to meet stringent size and power limitations, and so the feasibility o f
such a device was examined using the micro ADR.

The Heliox is a dipstick device o f the type described in the Chapter 1, producing a base temperature o f
0.3K. The 3He is confined within a closed circuit, which includes an expansion tank, so that none o f
this expensive substance is lost during operation. The low-temperature stages are contained within an
evacuated case, called the IVC, which is inserted into a liquid helium dewar to provide initial cooling to
4.2K. A thin capillary tube known as the helium pick-up allows liquid 4He to be drawn from the dewar
into a coiled tube within the IVC. This tube is connected to an external vacuum pump via a needle
valve. The rate o f flow into the coiled tube is limited by the size o f the capillary, and the flow out is
controlled by the needle valve, so a pressure gradient can be set up inside the tube, reducing the vapour
pressure o f the 4He and cooling it to around IK. This is cold enough to condense the 3He into a liquid,
which then drips down into a lower chamber just above the cold stage. A charcoal sorb pump is
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37.20m m

Interface with
Heliox refrigerator

Soft-iron plug
Plunger return
spring

Heat switch

H eat switch plunger
Heat switch
jaw s
Heat switch
tongue

Kevlar strands

Support
ring

Base plug

87.58mm
Tensioning spring
Salt pill
Salt pill
case

Outer case

184mm

Top rod

Inner case

Kevlar strands

RIIO2

thermometer

Cold stage

End cap
34mm

Fig. 5.1. The micro ADR general assembly diagram. The heat switch jaw s and plunger are shown in
both the “o f f ’ state (solid lines) and the “on” state (dashed lines). The salt pill thermal bus is not
shown.
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then used to reduce the 3He vapour pressure, cooling it to 0.3K.

The pump is provided with an

electrical heater to warm it to several tens o f kelvins, driving out the 3He during the condensation stage.
The Heliox is a one shot device: once the heat flowing into the cold stage has evaporated the 3He, the
sorb heating/condensation cycle must be repeated to provide a further period o f time at 0.3K.

The main advantage o f the Heliox is an extremely fast turn around time: a sample can be cooled from
room temperature to 0.3K in less than an hour, and returned to room temperature in a few hours. This
rapid turn-around is accomplished by adding a small quantity, around 10cm3, o f 4He gas to the IVC
after it has been evacuated. This helium acts as an exchange gas whilst the Heliox is being inserted
into the dewar, rapidly cooling the components inside the IVC, but is removed by a second charcoal
sorb at a temperature just above 4.2K, providing thermal isolation to the lower temperature stages. The
high speed o f operation means that several different experiments can be carried out within a day, in
sharp contrast to an ADR in a traditional liquid helium cryostat, which may require several days
between the evacuation o f the cryostat and the start o f the first demagnetisation.

However, the

minimum temperature o f 0.3K limits the range o f applications for 3He refrigerators, and so a potential
market exists for a device incorporating both technologies. The micro ADR project minimised the time
required for development by interfacing directly to an existing 3He refrigerator.

This had several

drawbacks, the main one being that severe restrictions were imposed on the size o f the micro ADR,
hence the name.

However, the low bath temperature o f 0.3K provided by the Heliox reduced the

parasitic heating o f the salt pill, providing useful hold times from a small pill. This in turn allowed the
use o f cerium magnesium nitrate (CM N) as the refrigerant material, providing base temperatures o f
only a few millikelvin.

Fig. 5.1 shows the general assembly diagram for the micro ADR, and the device itself is shown in Figs.
5.2 and 5.3. It was very similar in most respects to the MSSL laboratory ADR, although physically
smaller in size. The CMN salt pill, incorporating a novel thermal bus design, was supported on 12
kevlar strands, each 11.5mm long and consisting o f 120 fibres 18pm in diameter. Kevlar exhibits both
a creep over time when under tension, and a negative longitudinal thermal expansion coefficient
(Duband, Hui and Lange, 1993), both o f which could have reduced the tension in the cords if the ends
were fixed. The cords were therefore tensioned using a stainless-steel spring to compensate for these
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effects. Instead o f using springs at the attachment points o f the kevlar cords, as in the MSSL laboratory
ADR, a single spring between the two ends o f the pill was used, helping to reduce the radius o f the
device. The spring pushed the support structure at the cold stage end o f the pill, supported on an inner
case that slid freely within the outer case, away from that at the heat switch end, tensioning the kevlar
cords. Three lengths o f kevlar were used at the heat switch end, with the ends o f each length tied to
posts on the outer case. Each length was looped around another post on the salt pill, so that there were
effectively six lengths o f kevlar between the case and the pill.

The use o f three lengths o f kevlar

allowed precise positioning o f the heat switch end o f the pill, so that the tongue o f the heat switch could
be accurately located between the jaws. In contrast, a single length o f kevlar was used at the cold stage
end o f the pill. Both ends were tied to one o f three posts on the inner case, and another three posts
were located on the cold stage. The length o f kevlar was then looped around each o f these posts so that
again there were effectively six lengths o f kevlar between the case and the salt pill. The kevlar at the
cold stage end o f the pill slid freely over the attachment posts, so this end o f the pill was self-centring,
making the micro ADR easy to assemble. A mechanical heat switch was located at the top end o f the
salt pill, closest to the interface with the Heliox cold plate, and the micro ADR cold stage was located
at the bottom. As usual all o f the components, with the exceptions of the salt pill case, the attachment
posts for the kevlar cords, the main spring, and some small components o f the heat switch, were made
from gold-plated HCOF copper.

The magnet, which is not shown in the diagrams, was wound onto the outside o f the IVC. It was a
superconducting solenoid wound from 150pm diameter NbTi wire, and capable o f producing fields up
to 3T using a current o f 2A T ']. The magnet weighed approximately 1kg, and had a bore diam eter of
40mm and an outer diameter o f 70mm. An alternative design using 100pm wire, requiring 1A T'1, and
weighing 2.5kg was also investigated.

The micro ADR was intended to demonstrate some o f the

technologies that could be used in a space qualified ADR, and low current magnets would be one o f
them, but this alternative magnet design proved to be too expensive.

The micro ADR itself was

184mm long and 38 mm in diameter, and weighed 600g.

Two areas o f the micro ADR design, the salt pill thermal bus and the heat switch, were particularly
novel and will be discussed in turn in the following sections. The thermal model was used to predict
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the micro A D R performance. The micro ADR was similar in design to the MSSL one stage ADR, and
so the changes required were relatively minor. Some preliminary experimental results were taken, and
these will also be discussed.

5.2. T he S alt Pill Design

The refrigerant material chosen for use in the micro ADR was CMN, which provides lower base
temperatures through adiabatic demagnetisation than any other known paramagnetic material.

The

experiments perform ed with the laboratory ADR, described in Chapter 4, showed that thermal contact
within the salt pill would be a m ajor limiting factor on the performance. Therefore a novel salt pill
design was proposed, incorporating a thermal bus with a large surface area. This design also had to
avoid losses in efficiency due to the large magnetic anisotropy o f CMN.

Many o f the m aterials discussed previously, such as DGG and GGG, exhibit small magnetic
anisotropies that can, for the most part, be ignored. This is not the case with CMN as the anisotropy is
much larger. Single crystals take the form o f thick hexagonal plates, and can easily be grown to large
sizes by evaporation o f an aqueous solution. Analysis o f X-ray diffraction data by Zalkin, Forrester
and Templeton (1963) has shown the point group to be 3 , and the space group R 3 , and so hexagonal
crystals would be expected. The z axis o f the hexagonal unit cell and the inverse triad of the point
group are perpendicular to the crystal plates. Hudson (1972) gives the Lande g-factors as gn=1.840
and g±=0.026, with reference to the direction o f greatest symmetry i.e. the inverse triad on the z axis.
The direction o f greatest magnetic response is therefore parallel to the crystal plates, as confirmed
experimentally by Mess et al. (1969). CMN exhibits virtually no magnetic response perpendicular to
the plates.

In a powder pill, with the grains randomly oriented, some will cool to millikelvin

temperatures upon demagnetisation, whilst others will hardly cool at all. This effect will be seen as a
large but rapidly diminishing heat leak. Powder pills could still be used, as the colder grains would
have a much higher heat capacity, but a significant rise in base temperature would be observed
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S alt pill c a se

T o p rod

B ase d isc w ith
sw itc h to n g u e

T h e rm a l bu s

Fig. 5.4. T h e c o m p o n e n ts o f th e m ic ro A D R salt pill. A £1 co in
w a s in c lu d e d for scale.

F ig. 5.5. T h e a ss e m b le d m ic ro A D R salt pill.

c o m p a re d to a sin g le cry sta l pill.

It w a s th e re fo re c le a r at a n e a rly sta g e in th e d eig n p ro c e ss th a t th e

C M N w o u ld h av e to be c o rre c tly o rie n te d w ith in th e m icro A D R salt pill fo r m a x im u m efficie n c y .

T h e te c h n iq u e o f g ro w in g p a ra m a g n e tic c ry s ta ls d ire c tly o n to th e th e rm a l b u s w ire s o f a salt p ill h as
o fte n b een u sed in th e p ast (e.g. H a g m a n n . B e n fo rd a n d R ich a rd s. 1994 ). T h e m icro A D R th e rm a l b u s
w as d e sig n e d fo r u se w ith a n a d a p te d v e rs io n o f th is te c h n iq u e , w h e re th e w ire s w ere re p la c e d w ith
fins. S m all seed c ry sta ls w ere a tta c h e d to th e fin s in a set o rie n ta tio n u sin g v a rn ish , so that v irtu a lly all
o f th e C M N co u ld be grow n in a p re d e te rm in e d o rie n ta tio n .

T h e fins w ere a tta c h e d to a cen tral rod

3 .3 m m in d iam ete r, th re a d e d at o n e e n d so th a t it c o u ld be sc rew ed in to th e to p rod. A d isc at th e o th e r
e n d allow ed co n ta c t to be m ad e w ith th e h eat sw itch to n g u e . T h e c o m p o n e n ts o f th e salt pill a re show n
in F igs. 5.4 an d 5.5.

T h e e n tire th e rm a l b u s w a s m ac h in e d fro m a so lid p ie c e o f H C O F c o p p e r to
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Fig. 5.6. The micro ADR salt pill therm al bus before (right) and after (left) the twisting and goldplating processes.

Fig. 5.7. The micro ADR salt pill with the CMN seed crystals varnished onto the thermal bus.

Fig. 5.8. T h e c o m p le te d salt pill, show in g th e b la c k sty c ast e p o x y jo in t betw e e n th e b ase d isc
a n d th e salt pill case.
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ensure maximum therm al conductivity. The fins were arranged in sets o f five, equi-spaced radially
around the central rod, with 26 o f these sets equi-spaced longitudinally along the rod.

A milling

machine was used to remove the material in the radial gaps between the fins, and spark erosion to
produce the longitudinal gaps. The entire bus was then heated and twisted, so that the fins were spread
out to reduce the gaps between them, before being gold plated. Fig. 5.6 shows the bus before and after
the tw isting and gold plating processes. The finished bus had a surface area for contact with the salt of
39.745cm2, 68% higher than the arrangem ent o f wires used in the powdered GGG pill. This ensured
that, even at the lowest temperatures reached by the micro ADR, the area o f the thermal bus would not
impair the performance.

The CMN seed crystals were grown by evaporation o f a stoichiometric aqueous solution o f magnesium
nitrate and cerium nitrate.

They were filtered out o f the solution when they had reached a few

millimetres in diameter, and were glued to the fins in the correct orientation using GE1701 varnish,
ensuring good thermal contact between the crystals and the fins. Fig. 5.7 shows the thermal bus with
the seed crystals attached. Approximately 150 seed crystals were attached in this way, around a quarter
o f the num ber grown. This allowed the selection o f the best examples: only clear, obviously hexagonal
crystals were used. The thermal bus was then screwed into the top rod, and the stainless-steel salt pill
case was glued to the top rod using Stycast 2450 FT black epoxy resin. The heat switch end o f the salt
pill was left open, and a polystyrene funnel was attached at that point using Buletack. A second batch
o f the aqueous solution o f nitrates was prepared, and was heated until it became saturated and crystals
began to form. This solution was then poured into the funnel and the salt pill and allowed to cool.
CMN then began to crystallise onto the seed crystals. The funnel provided a large surface area from
which water could evaporate from the solution, increasing the rate at which CMN was deposited on the
seed crystals. The seed crystals ensured that the CMN grew in the correct orientation for maximum
magnetic response.

Several possible improvements for future designs were noted during the salt pill growth process. The
disc on the heat switch end o f the thermal bus made observation o f the crystal growth difficult, and the
thin gap between the edge o f this disc and the case easily became blocked with loose crystals. These
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formed on the inner surface o f the funnel and fell down into the gap, and had to be cleared out at
regular intervals.

An improvement to the design would allow this disc to be made separately and

screwed into place after the crystal growth had finished.

The growth o f the crystals took several days, and was terminated when the gap between the case and
the disc at the heat switch end became completely blocked with CMN growing on the seed crystals ju st
beneath the disc. Later examination showed that approximately 80% o f the salt pill volume had been
filled with solid CMN, and the rest contained CMN solution.

It should be possible to increase the

filling factor to over 90% with care (Hagmann, Benford and Richards, 1994), by adding supersaturated
CMN solution a little at a time, filling the pill from the top rod end upwards. The base plug, carrying
the salt pill tongue, was then glued in place using Stycast 2450 FT black epoxy resin, hermetically
sealing the pill. The completed pill is shown in Fig. 5.8. A 1mm gap was left between the plug and the
disc on the end o f the thermal bus, to accommodate differential contraction between the case and the
salt. Good thermal contact between the pill and the heat switch was ensured by placing a length o f
folded copper de-solder braid in this gap (cat. no. 561-038 from RS Components, http://rswww.com),
which was compressible enough to accommodate the contraction, but under enough pressure to make
good thermal contact. The micro A D R was then assembled.

5.3. T he H eat Switch

The heat switch in the MSSL laboratory ADR was operated by a small solenoid (cat. no. 250-0776
from RS Components, http://rswww.com), acting on a plunger which closed the jaw s o f the switch.
The solenoid was operated by an external power supply, using a voltage o f 0.448V and a current o f
0.109A to hold the switch closed at 4.2K, although a higher current o f 0.3A was used to initially close
the switch. The heat switch therefore produced around 50m W o f heat during use, which passed into the
helium bath. This translated into a helium usage o f 1.14x1 O'3 lm in'1, using the value o f the latent heat
o f evaporation o f 2.56kJl'' from Pobell (1992), which was acceptable for the laboratory ADR with its 6
litre helium bath.

However, this heat load would have been much too high for the Heliox, which was
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designed to provide 6 hours o f hold time at 0.3K with lOOpW o f applied heat load. A new heat switch
technology was needed, and there were two possible options that retained the same basic design. The
first was to use a superconducting solenoid, reducing the Joule heating to zero, leaving only the
conductive heat leak along the power supply wires. These would also be superconducting between the
Heliox cold stage and the IK stage, where they would be heat sunk. The thermal conductivity o f a
metal in the superconducting stage can be several tens o f times lower than in the normal state at
temperatures below IK (Peskov and Parshin, 1965), so the conductive heat leak would also be small.
The second option was to omit the solenoid altogether and use the main magnet both to magnetise the
salt pill and to close the heat switch. This had three advantages over the superconducting solenoid:
there would be no pow er supply wires to conduct heat into the Heliox cold plate, no heat switch power
supply would be needed, and the heat switch would be passive, requiring no action on the part o f the
user.

The switch was designed to allow both modes o f operation, and the passive mode was

investigated, but eventually rejected in favour o f a superconducting solenoid.

The switch can be seen in Fig 5.1, and the individual components are shown in Figs. 5.9 and 5.10. Two
jaw s operated by a plunger made contact with a tongue connected to the salt pill. The use of two
opposed jaw s ensured that no net force was exerted on the salt pill and the support structure. Two
return springs were connected to the jaw s above their pivots, to pull them away from the tongue when
the switch was turned off. Copper braids were soldered to the jaw s just above the pivots and to the
switch casing to improve thermal conductivity.

The plunger also had a return spring to move it

upwards and allow the switch to open. Initially all o f these springs were made from stainless steel.

The spring was closed when the plunger was drawn downwards towards the salt pill. It incorporated a
small recess containing a soft-iron plug. Operating from 0.3K, CMN becomes magnetically saturated
at around 2T, as shown in Chapter 2, and so no further increase in cooling can be obtained from using
higher fields. The magnet was designed to produce fields up to 3T, and when the central field was 2T
its gradient ensured that the field at the heat switch was smaller than this. The force on the soft-iron
plug therefore continued to increase as the central field rose from 2 to 3T. The plunger return spring
was selected so that the force on the plug closed the switch at some point between these values. In
theory this allowed completely passive operation.

The switch would automatically close under the

203

influence o f the main magnetic field at central field between 2 and 3T during isothermal magnetisation.
During demagnetisation it would open at roughly the same field, whilst the CMN was still saturated
and had not started to cool.

In practise, hysteresis effects prevented the switch from opening. With a plunger spring selected so
that the switch closed at 2.5T during magnetisation, it did not open during demagnetisation until OT had
been reached.

This was caused by the magnetisation o f the soft-iron plug.

Magnetisation in the

stainless-steel springs was eliminated as a possible cause by replacing them with equivalent springs
made from beryllium copper. However, the initial concept o f a passive switch is still attractive for a
commercial system, and could be accomplished by using a material that will not exhibit such hysteresis
effects. The obvious candidate is CMN, since it remains paramagnetic at the temperature o f the heat
switch. However, the CMN plug would need to be much larger than the soft-iron plug in order to exert
the same force, and so the entire heat switch would have to be increased in size. Passive operation
could not therefore be used in the micro ADR.

Since passive operation had been eliminated as a possibility, an active design was adopted. The softiron plug was relatively small compared to the cores in most solenoids used in heat switches, and so a
high magnetic field was required. A series o f experiments were performed to find the necessary coil
size and current. A coil o f 100pm diameter copper wire was wound onto the outside o f the heat switch
plunger casing. At 4.2K and with a coil o f approximately 8000 turns, with a resistance o f 9.1Q, the
switch closed at a current o f 1.05A. The copper coil was then replaced with an equivalent made from
100pm copper-coated niobium titanium wire insulated with Formvar.

Niobium titanium becomes

superconducting at around 9K, so no Joule heating occurred in the switch coil. An additional benefit
was that the copper coating could be removed using nitric acid without affecting the niobium titanium,
so the same wire could be used for heat switch current leads from the IK stage o f the Heliox to the
micro ADR.
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5.4. The Predicted Performance o f the M icro ADR

Some preliminary experimental work was performed on the micro ADR, focussing on testing the heat
switch, but no demagnetisations were performed.

However, some indications o f the expected

performance were gained using the thermal model. Several adaptations to the model used previously
were required. These included new subroutines to calculate the eddy current heating and the parasitic
heating, smaller values for the step sizes to ensure accuracy, and a new value for the field profile loss.

5.4.1. Parasitic and Eddy Current Heating

The salt pill support structure was considered as twelve strands o f kevlar between the salt pill and the
outer case, six at either end o f the pill. The kevlar used in the micro ADR was the same as that used in
the M SSL laboratory ADR. In addition, it was anticipated that the micro ADR would use the same
R u 0 2 resistance thermometer described in earlier chapters, connected to the AVS-47 bridge through
four 50pm diameter constantan wires as in the MSSL laboratory ADR. The adaptations required to the
heat leak subroutine o f the model were therefore limited to entering the lengths o f the kevlar cords, the
wires, and the surface area o f the salt pill for the radiative leak calculation, and removing the term for
the foot rod.

The lengths, 12mm for the cords and 26mm for the wires, were measured from the

completed micro ADR.

The salt pill surface area o f 3 .6 x l0 '3m2 was calculated from the general

assembly diagram, Fig 5.1.

Again conduction through residual gas in the vacuum chamber was

ignored.

Fig. 5.11 shows the calculated heat leak into the salt pill due to radiation, the constantan wires, and the
kevlar cords.

The total leak from a bath temperature o f 0.3K into the pill at lOmK was 7.68nW,

considerably lower than the 64.0nW leak into the pill o f the MSSL laboratory A DR for the same
temperatures. Most o f this reduction was due to the absence o f the composite foot rod in the micro
ADR. The contribution from the kevlar cords dominated the heat leak, with the contribution from the
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Fig. 5.11. The calculated heat leak into the micro ADR salt pill from a bath temperature o f 0.3K,
showing the individual contributions as well as the total.

wires being an order o f magnitude smaller. The radiative heat load was negligible, due to the low bath
temperature, since it depends on the fourth pow er o f the temperature.

The temperature gradient introduced into the top rod due to the heat leak was calculated using

AT=^1,

2.86

kA
where AT was the temperature difference across the rod, Q ’ was the heat leak, 1 was the length o f the
rod, A its cross-section area, and k was the thermal conductivity o f HCOF copper. The micro ADR
was capable o f reaching temperatures o f around lOmK, and at this temperature copper has a thermal
conductivity o f 2.3x1 O ^W cm ^K'1 (Pobell, 1992). The narrowest section o f the rod was 30mm long
and 2mm in diameter, giving a temperature difference o f IOji K, small enough to be ignored in the
model.

The changes to the eddy current heating subroutine were again limited to entering new dimensions, in
this case for all o f the metal components attached to the salt pill. These were the top rod, the cold
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Fig. 5.12. Magnetic field profile for the micro ADR magnet at maximum current, showing the
salt pill dimensions as the shaded box.

stage, the salt pill case, the support ring, the end plug located just beneath the support ring, and the
thermal bus.

Longitudinal slots were cut in several o f these components to reduce eddy current

heating. Each component was treated as a series o f sections chosen to match the forms shown in Fig.
2.2.

The calculated total eddy current heating at a demagnetisation rate o f 6.6 6 6 x l0 '3 Ts"1 was

86.23pW , a factor o f two lower than the 151 pW generated in the MSSL laboratory ADR at the same
rate. The reduction here was due to the smaller size o f the micro ADR.

An associated issue was the am ount o f copper in the salt pill addenda. All o f the metal components o f
the salt pill, with the exception o f the stainless-steel salt pill case, were made from gold-plated HCOF
copper. The total mass o f copper was 50.51 lg or 0.795 moles.

The resistivity o f stainless steel is

higher than that o f copper, and so the salt pill case was ignored in this calculation.

The final alteration to numerical quantities concerned the magnet field profile. The effects o f the field
profile were discussed extensively in Chapter 2, and the profile for the new micro A DR magnet is
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Fig. 5.13. The dependence o f base temperature on demagnetisation rate. The points show results
from the model, and the curve shows a fourth order polynomial fit to the data.

shown in Fig. 5.12. The averaged field reduction over the length o f the pill was calculated using the
polynomial fit shown, and was found to be equivalent to a 5.9% reduction o f the central field.

5.4.2. The Optimisation o f the Demagnetisation Rate

The heating effects on the salt pill o f an ADR during demagnetisation come from two main sources,
conduction and eddy currents, and the total heating from each depends on the time taken. A faster
demagnetisation will reduce the total time taken, and so reduce the total amount o f heat conducted into
the pill.

However, the pow er dissipated by eddy currents is proportional to the square o f the

demagnetisation rate, and so the total amount o f heat generated in this way will increase with the rate.
Conversely, a slower demagnetisation will reduce eddy current heating but allow more time for
conduction o f heat into the pill. The optimum demagnetisation rate will therefore minimise the total
heating by balancing these two effects, and will depend on many factors, such as the bath temperature,
the thermal conductivity o f the support structure components, and the design o f the metal components
o f the salt pill. The thermal power load on the salt pill due to conduction will also depend on the pill
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temperature, which varies during the demagnetisation, so the magnetic properties o f the salt will affect
the optimum rate.

Due to the complexity o f the situation the optimum rate was selected using the

thermal model, by finding the rate which resulted in the lowest base temperature. Fig. 5.13 shows the
results from the model, using demagnetisations from a field o f 1.5T. The optimum rate was 3xlO '5Ts ',
but at this rate a demagnetisation from 1.5T would take an unacceptably long time o f 15 hours. The
selection o f the demagnetisation rate therefore became somewhat arbitrary, and 3.333x10'4T s'' was
selected for the remainder o f the modelling work in this chapter.

The rise in base tem perature

compared to the optimal situation was less than 1% at this rate and a demagnetisation from 1.5T, the
optimum field in many situations, took one hour. The selection o f the 1.5T field will be discussed
further in the following sections.

In order to ensure that the model rem ained accurate, the step size selection described in Chapter 2 was
performed again, resulting in new step sizes o f 1/100s between IK and 0.1K, 1/1000s between 0.1K
and 0.02K, and 1/10,000s for all lower temperatures. The step size required to maintain accuracy was
also dependent on the demagnetisation rate, since it was the product o f these two quantities that
determined the field change during each step. Therefore the selection was perform ed for a rate o f
6.66x1 0 '3T s_1, the rate used for much o f the work with MSSL laboratory ADR. This was much faster
than the optimum rate for the micro ADR, allowing any feasible rate to be modelled without reducing
the accuracy.

5.4.3. The Boundary Resistance

Only one issue remained to be addressed, the magnitude o f the boundary resistance between the CMN
refrigerant and the gold-plated thermal bus. Despite an extensive literature search no published data
could be found.

However Suomi, Anderson and Holstrom (1968) state that the thermal boundary

resistance between any pair o f m aterials below 0.1K is inversely proportional to the cube o f the
temperature, and that the magnitude does not vary by more than a factor o f ten, regardless o f the nature
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Fig. 5.14. The temperatures o f the salt pill during a demagnetisation from 1.2T at
1.666x1 O'3 T s'1. The upper curve is the temperature o f the cold stage, and the lower the
temperature o f the CMN. The inset shows the whole range o f time and temperature.

o f the materials. The same authors give the relationship for the boundary resistance between CPA and
gold quoted in Chapter 2,

and state that the result can be explained to some extent by acoustic mismatch theory. The numerical
value on top o f the L.H.S. term will be referred to as the boundary resistance constant (BRC), and gives
the m agnitude o f the effect between any pair o f materials.

W alton (1983) gives the approximate

relation for the speed o f sound in a solid

5.1

where E is the elastic modulus and p is the density.

The densities o f CPA and CMN are given in

Chapter 2, and are similar, being around ten times smaller than the density o f gold. The elastic moduli
o f these salts might also be expected to be similar, since they are both highly hydrated crystals, and in
any case the difference between the two will be small compared to the difference between the moduli
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o f CPA and gold. Therefore, as a first approximation in the absence o f any experimental data, the
value o f the BRC between gold and CPA was assumed to be the same as that for gold and CMN.

The effect o f the boundary resistance can be seen in Fig. 5.14, which shows the model results for a
demagnetisation from 1.2T at 1.666xlO'3T s'', using a boundary resistance constant (BRC) o f
17K4cm2W '’, and assuming a salt pill filling factor o f 80%.

A fast rate was used to highlight the

temperature difference that develops between the cold stage and the CMN.

Clearly the boundary

resistance became increasingly important at temperatures below lOOmK, due both to its intrinsic
temperature dependence, and to the rise in the heat leak through the support structure. The temperature
difference between the salt and the cold stage was created by the power flowing between them, and so
dropped rapidly at the end o f the demagnetisation, when eddy current heating ceased.

This

phenomenon was seen in some o f the DGG experiments, where an artificially high boundary resistance
was created by poor thermal contact between the crystal and the top rod. The starting field o f 1.5T
referred to the value at the centre o f the magnet bore, and the model subtracted 5.9% o f this before
demagnetisation, to simulate field profile losses. Therefore the demagnetisation took 675s as opposed
to the 720s that would be required in an experiment.

5.4.4. The Base Temperature

At this point, all o f the required changes had been made to the thermal model, and it was used to
predict the base temperatures for demagnetisations from a range o f magnetic fields. The results are
shown in Fig. 5.15. The parameters used were a BRC value o f 17K4cm2W '', a filling factor o f 80%,
and a demagnetisation rate o f 3.333xlO‘4T s''. These values reflect those which are most likely to be
seen in any experimentation with the micro ADR. The main aim o f the micro ADR was to reach a base
temperature below lOmK, and the model clearly predicted that this will be achieved. CMN becomes
magnetically saturated at around 2T, and so the fall in base temperature with field fell to zero as the
field approached 2T. The predicted optimum field was 1.5T: increasing the field did not change the
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Fig. 5.15. Base temperatures for the micro ADR with BRC=17K4cm2W"1 and n=80%,
showing a polynomial fit to the model results. The steps in the results represent digitisation
error that would be seen in experiments due to the lp K resolution o f the thermometry system.

base temperature, but increased the tim e taken for demagnetisation. The steps in the results were due to
the rounding errors.

Due to the uncertainty over the m agnitude o f the boundary resistance, the model was also run using a
range o f values for the BRC. Suomi, Anderson and Holstrom (1968) state that the value o f the BRC
could vary by up to a factor o f ten between different pairs o f materials. Therefore, values o f 1 and 100
K4cm2W '' were used to indicate the range o f possible variation in the BRC, assuming that the value for
CMN and gold lay near the centre o f the range. More conservative values o f 10 and 30 K4cm2W '],
centred on the BRC o f 17K4cm2W '1 for the boundary between CPA and gold, were also used, a
variation o f a factor o f ~2 in either direction.

The BRC between gold and CMN will probably lie

within this range, due to the similarity between CPA and CMN. For comparison, the BRCs for all
common metals and mylar vary by no more than a factor o f 4 (Lounassma, 1974). Another important
consideration was the filling factor o f the salt pill, which described the percentage o f the pill’s internal
volume filled with CMN. The micro ADR pill grown at M SSL had a filling factor o f approximately
80%, but this figure could be improved upon by taking more care during the growth process.
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Fig. 5.16. Base temperature o f the micro ADR for a range o f fields, n and BRC. The BRC is
the numerical constant in the boundary resistance calculation, and n is the filling factor o f the
salt pill.
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the num erical constant in the boundary resistance calculation, and n is the filling factor o f the
salt pill.
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Hagmann, Benford and Richards (1994) obtained a filling factor o f 90% using a basically similar but
m ore com plex growth technique for a chromium caesium alum salt pill. With great care it should be
possible to obtain a filling factor close to 100%.

The model was run with all possible combinations o f these BRC and filling factor values, and the
results are shown in Figs 5.16 and 5.17. The most obvious conclusion was that, within the ranges over
which the filling factor and BRC were varied, the boundary resistance had the greater effect. This was
due in part to the large heat capacity o f CMN at m illikelvin temperatures.

The combined heating

effects on the salt pill were small com pared to the heat capacity, and so a 20% variation in the filling
factor did not greatly change the pill temperature. However, the BRC was directly proportional to the
difference in tem perature between the cold stage and the CMN, so a 20% change in the former resulted
in a 20% change in the latter. However, the BRC was also varied by a greater percentage than the
filling factor. The variation o f the two parameters had the expected effects: raising the filling factor
reduced base tem perature, whilst raising the BRC increased it. The model also indicated that 1.5T was
the optimum field over the whole range o f BRC and filling factor. At higher initial fields the CMN was
approaching m agnetic saturation, and so the additional cooling effect of raising the field was lim ited by
the increased time taken to demagnetise, which raised the total heat leak.

The most important conclusion was that, within the most likely ranges o f the BRC and the filling
factor, the micro A D R always reached sub-1 OmK temperatures. Only at the highest extremity o f the
BRC range did the base tem perature rise above lOmK. The micro ADR will therefore achieve its main
performance objective.

5.4.5. The Hold Time

The model was next used to predict the hold time, the amount o f time for which a fixed temperature,
known as the servo temperature, could be m aintained through the use o f active field control, known as
the servo, as discussed in Chapter 3. The servo was simply a slow demagnetisation, with a varying rate
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Fig. 5.18. The variation in the cold stage tem perature during the initial stages o f the servo. The
servo temperature was 0 .0 IK.

that could be negative as well as positive, so the adaptations required to the model were small. A new
variable was introduced to hold the elapsed time since the last rate calculation.

The value o f this

variable was compared to the servo time step during each loop o f the programme, and if it was greater
then the servo algorithm was used to recalculate the rate o f change o f field. A value o f lOmK was used
for the servo tem perature, since the hold time at lOmK was seen as an important index o f the micro
ADR performance. The values used for At and x, 10s and 600s respectively, were the same as those
used for the M SSL laboratory ADR.

No purpose would have been served by optimising these

parameters, which controlled the time taken for the servo to reach a stable temperature, since the aim
was to m easure the hold time, on which they have little effect. In fact the model would have provided a
poor estimate o f time taken to reach a stable temperature, and o f the long-term temperature stability. In
an experiment these quantities are affected by random heating effects, such as the incidence o f cosmic
rays on the thermometer, fluctuations in the various power supplies, and vibrational heating caused by
users m oving around the cryostat. However a reasonably accurate value was required for c, since a
poor estimate could cause the cold stage tem perature to fluctuate wildly, or not to close to the servo
temperature at all. Therefore, the model was run using a variety o f values, and c=0.3TK‘1 emerged as
the optimum value. The behaviour o f the cold stage temperature during the initial stages o f the servo is
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Fig. 5.19. The hold time o f the micro A D R at lOmK with additional power input into the cold
stage.

shown in Fig. 5.18, and can be seen to vary in a similar way to the experimental results taken for the
M SSL laboratory ADR and reproduced in Chapter 3.

The next step was to calculate the hold tim e at lOmK when additional heat was flowing into the cold
stage from experiments m ounted on it. An extra term was added to the heat leak subroutine to account
for this heat input, which was assum ed to be constant with both tim e and temperature. The hold time
was dictated by the difference between the base temperature and the servo temperature. The greater
this difference, the greater the field that was applied in the first few steps to change the cold stage
tem perature to the servo temperature. The servo then instituted a slow demagnetisation, holding the
temperature constant, until the applied field had reached zero and the temperature began to rise. It was
therefore clear that the same condition used in the thermal model to indicate the end o f a
demagnetisation, the entropy calculated using the free ion approximation rising above the zero-field
entropy o f the salt, could be used to find the end o f the servo. The hold time was taken to be the entire
length o f tim e between the beginning and end o f the servo, although roughly the first h a lf an hour o f
this time would not be available for experimentation, as the cold stage temperature would be settling.
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Fig. 5.20. The linear relationship between the hold time and the heat load onto the cold stage.
The inset shows the 0 to lOnW region in more detail.

The model was used to find hold tim es for a variety o f additional thermal power inputs following a
dem agnetisation from 1.5T at 3.333xlO"4Ts_1, assuming a filling factor o f 80% and a BRC o f
17K4cm2W ''.

Fig. 5.19 shows the m odelled hold time o f the m icro ADR against additional power

input, and the inverse proportionality betw een the two quantities is illustrated more clearly in Fig. 5.20.
The relationship which relates the two quantities

2.59

was derived in Chapter 2. Here tH is the hold time, T s the tem perature o f the CM N during the servo,
and Q ’ the therm al pow er flowing into the cold stage. Se is the zero-field entropy o f the salt, and Sd the
entropy at the start o f the servo i.e. at the same temperature, but with a small applied field.

Q’

consisted o f two contributions: the additional power load, and the parasitic heating, which was in turn
composed o f two contributions, conduction through supports and wires, and eddy current heating. Fig.
5.20 shows a small departure from the linear relationship at low additional power loads, due to the
presence o f the therm al boundary resistance term in the model. The temperature o f the cold stage was
maintained at lOmK by the servo regardless o f the power load, but the salt tem perature fell with
increasing power. The difference in tem perature between the two was given by the equation for the
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boundary resistance 2.93, and was proportional to the pow er conducted from the cold stage into the
salt. Therefore at high additional power loads there was a larger temperature difference between the
salt and the cold stage.

The zero-field entropy o f the salt rose with temperature, and so both the

entropy difference Se-Sd and the salt tem perature T s were smaller at high power loads. Therefore, the
hold time at higher pow ers was slightly lower than would be expected, and a line drawn through those
points im plied a larger hold time at low pow er loads, so lay beneath the data points in Fig 5.20.
However, the effect was small and did not impair the perform ance o f the micro A D R to any serious
degree.

The cooling pow er o f the m icro ADR was best typified by the 19 hours o f hold time it provided at
lOmK for an additional pow er input o f lOnW. It could not be compared to the much larger commercial
dilution refrigerators used at these tem peratures, as its cooling abilities were limited by its size.
However, it com pared well with ADRs used for cooling astronomical detectors. Few A DRs have been
designed for the lOmK tem perature region, but several have been designed for the lOOmK region. For
example, the ADR designed for N A SA ’s Space Infrared Telescope Facility SIRTF (Erickson and
W erner, 1992) provided 500nW o f cooling at 0.1K for 12hrs (Timbie, Bernstein and Richards, 1989),
or 250nW for 26hrs (Hagmann, Benford and Richards, 1994). McCammon et al. (1996) have flown an
array o f 36 X-ray m icrocalorim eters on a sounding rocket, cooling them to 60mK with an ADR, and
report the total parasitic heating as 200nW , including the heat leak and the heat generated by the
detectors. Hagmann and Richards (1994) have estimated the minimum cooling power required by a
single detector subjected to the infrared radiation load from ambient temperature (200K) optics as
1.6xlO '10W.

No data could be found on the cooling requirem ents o f m icrocalorimetric detectors

operated at 1OmK, but it seems likely that the micro ADR could m eet the needs o f this application.

5.5. Summary

The aim o f the m icro ADR was to provide an additional cooling stage for the Heliox refrigerator,
extending its tem perature range down to lOmK.

The performance o f the micro ADR was not
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experimentally verified, but the m odelling and experimental work perform ed were encouraging. An
ADR can be divided into four main components: a salt pill, a heat switch, a support structure, and a
magnet. The micro ADR heat switch and magnet were both tested, at M SSL and by the manufacturer
respectively, and both were shown to work satisfactorily.

The support structure was similar to that

used in the M SSL laboratory ADR, which has operated reliably for a num ber o f years.

The salt pill

can be divided into two further components, the salt itself and the thermal bus. Obviously the magnetic
properties o f CMN were not in question, but it was necessary to demonstrate that the crystal could be
grown inside the salt pill. A filling factor o f 80% was achieved in the first attempt at salt pill growth,
dem onstrating the simplicity o f the process, and refinements to the technique could improve this to
over 90%. Therefore, the only area o f the micro ADR design that was not tested was the thermal bus
design.

The base tem perature and hold time o f the micro ADR were calculated using the thermal model. The
model had previously been verified against the results o f over sixty demagnetisations, including those
from the CPA, DGG and GGG tests described in earlier chapters. The model indicated that a base
temperature below lOmK and a hold tim e of twenty hours at lOmK for an additional power input into
the cold stage o f ten nanowatts will be achieved. Several hours o f hold time will be available at power
inputs as high as lOOnW.

The model also produced optimum values for the magnetic field and

dem agnetisation rate o f the micro ADR, indicating that it will add ju st over an hour to the time taken to
reach the base temperature o f the Heliox. The Heliox tends to be used in applications requiring a fast
turn around time, and provides 50 hours o f hold time at 0.3K with no additional heating, or 3.5 hours
with lOOnW.

The micro ADR will therefore extend the temperature range o f the Heliox without

greatly reducing the hold time, so should prove popular with existing Heliox users, as well as opening
up new markets.

The micro A D R project also demonstrated that useful cooling powers at lOmK temperatures could be
attained using an ADR pre-cooled by a 3He refrigerator.

Duband et al. (1991) have flown a 3He

refrigerator on a de-spun sounding rocket, demonstrating the capability to operate in zero gravity, and
Duband, Hui and Lange (1990) have proposed an improved design. Therefore, future iterations o f the
micro-ADR design could be used as part o f a compact, space qualified ADR/3He refrigerator system.
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6. The Double ADR

6.1. In tro d u ctio n

This chapter describes the design and thermal modelling o f a two-stage magnetic refrigerator known as
the double ADR. The current need for a space-based ADR, capable o f providing many hours o f hold
time at lOmK whilst operating from a 4.2K thermal bath, was discussed in Chapter 1, and the double
ADR was intended to act as a technology demonstration for such a system. As such it needed to meet
the limits on mass, power consumption, and physical size imposed by a satellite platform.

The

magnetic field also had to be minimised, so that the mass o f the shielding needed to protect any
magnetically sensitive devices on the satellite would be reduced. These requirements were addressed
in two ways.

Most o f the mass, power consumption and size o f an ADR is accounted for by the

magnets, and so an innovative magnet design was used to reduce these quantities. The magnetic field
itself was reduced by using two independent ADR stages. The stages acted in series: the first stage was
demagnetised to cool the second stage, which was in turn demagnetised to cool the cold stage. Some
previous ADRs designed for use on satellites have used two salt pills, with one acting as a thermal
guard pill, and have been called two-stage ADRs (e.g. Hagmann and Richards, 1994).

The ADR

design discussed in this chapter was therefore called the double ADR, to distinguish it from these other
refrigerators.

A double ADR had three main advantages over a single stage device. After demagnetisation the first
stage acted as a thermal guard for the second, intercepting the heat leak through the support structure,
in the same way as a traditional guard pill. The double ADR differed in that the first stage also acted as
a pre-cooler for the second, so that the cooling effort was divided between the two stages, allowing
lower fields to be used on each. This also meant that the temperature range covered by each stage was
smaller than for a single-stage ADR. Different paramagnetic materials could therefore be used in each
stage, allowing the best refrigerant for each temperature range to be selected.
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Fig. 6.1. The double ADR. The hatched areas are the m agnet coils.
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The

double

ADR

was

designed

in

collaboration

between

Oxford

Scientific

Instruments

(http://w w w .oxinst.com ), who designed the magnets and magnet former; and MSSL, who designed the
A DR components.

It was not constructed or tested, but the design was completed, and the thermal

model was used to predict its performance.

6.2. T h e Design o f th e D ouble A D R

The double ADR design is shown in Fig. 6.1. The hatched areas represent the magnet coils. The two
stages were known as the high-temperature stage (HTS) and the low-temperature stage (LTS). The
entire system was anchored to a thermal bath at 4.2K, but was conduction-cooled and did not require
immersion in liquid helium. The design featured no integral vacuum jackets: for ground-based testing,
it would be placed within a cryostat, and the natural vacuum o f space would be used by an ADR on a
satellite. It did, however, incorporate features that acted as radiation traps, preventing radiation from
the 4.2K areas reaching the cold stage. This was accomplished by surrounding the LTS with an inner
case connected to the HTS.

Both stages had independent magnets with bucking coils at both ends.

They also had independent mechanical heat switches, based on the micro A DR heat switch design.
Most o f the components were made from gold-plated HCOF copper. The exceptions were the nuts,
bolts and washers, which were stainless steel or brass; the stainless-steel salt pill cases; the springs,
which were beryllium copper; the stainless-steel tie posts for the kevlar cords in the support structure;
and the soft-iron plugs in the heat switches. The overall design was cylindrical in shape and highly
compact, measuring only 435.25mm in length and 89mm in diameter.
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6.2.1. The D ouble A D R Magnets

The magnets and m agnet former for the double ADR were designed by Oxford Scientific Instruments
(OI), whilst the ADR components (the salt pills, heat switches and suspension system) were designed at
MSSL. The two areas o f the design were kept separate to the greatest feasible extent in order to reduce
the am ount o f communication required between the two institutions. MSSL specified the minimum
m agnet bore radius, the m agnitudes o f the magnetic fields and the regions over which the fields were
required, together with the positions o f zero-field regions. The latter were the positions o f the heat
switches and the cold stage. M SSL then designed the ADR components to fit within the magnet bore,
whilst OI independently designed the magnets. Several design iterations were still required, but the
total amount o f work was considerably reduced compared to a fully integrated design.

The

requirem ents for the magnets were a minimum bore diameter o f 41 mm, and a magnetic field o f at least
3T at the centre o f both salt pills, falling to not less than 80% o f the central value at the ends o f each
salt pill. A field no greater than 500 gauss was required at the positions o f the heat switches and cold
stage.

Fig. 6.1. shows the magnet design, which satisfied all o f the above requirements. Six coils were used: a
main m agnet for each stage, and bucking coils at both ends o f each o f them. These coils opposed the
main magnetic fields, reducing the fields over the cold stage and heat switches. Each pair o f bucking
coils used the same power supply as their main magnet, so a total o f two power supplies and three
current leads were required. The magnet former was made from gold-plated HCOF copper, to ensure a
high therm al conductivity and thus allow the magnets to be conduction-cooled.

It had to be strong

enough to support the tensional forces imposed by the opposed magnetic fields o f the main magnets
and bucking coils. It therefore accounted for a large proportion (around 2kg) o f the total mass o f the
system (around 6kg).

An im portant issue for any space-based ADR is the total electrical power required, and most o f this is
due to the magnets. The power can be reduced, all other factors being constant, by increasing the tum sdensity o f the coils. The field produced at the centre o f a long solenoid is approximately given by
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B = ju0n l ,

6.1

which is derived in Appendix 1, where p0 is the permeability o f free space, n is the number o f turns in
the coil, and I is the current flowing through them. The current can be reduced without changing the
field by increasing the num ber o f turns. This need not increase the radius o f the magnet if the radius o f
the wire is decreased, increasing the tums-density. A current requirement o f 1AT"1 could be achieved
in the double A D R using lOOpm-diameter NbTi wire.

This wire is commercially available but

expensive, and winding it into a magnet would be difficult. The main obstacle would be the length o f
wire required, around 30km in the main magnets, and the likelihood that the wire would break during
winding. The breaks would be repaired by taking the two ends o f the wire to one end o f the coil,
soldering them, and potting the joint in a suitable non-conductive medium such as an epoxy resin. This
could only be done a limited num ber o f times, since only a certain amount o f space would be available
for the joints, and the disruption to the regular pattern o f the coils would increase the diameter o f the
magnet. Therefore the double ADR initially used 150pm-diameter wire, requiring 3.3A T '1, to reduce
costs.

NbTi wire as thin as 60pm diam eter is currently available, and so a future space-qualified

version o f the double ADR could have a magnet current requirement below 1AT"1 if a commercial
partner could be found to wind such a magnet.

6.2.2. The Heat Switches. Salt Pill Support Structure, and Launch-Lock

In order to reduce the development time o f the double ADR, it shared many common elements with
previous M SSL ADR designs. One example o f this was the heat switch design, which used the same
solenoid as the micro ADR heat switch. However, the jaw s used in the micro ADR (see Fig. 5.1.) were
omitted in order to reduce the radius o f the switch. Instead, the solenoid plunger made direct contact
with the base o f the salt pill. In order to ensure good thermal contact it had to exert a considerable
force on the pill, which in turn had to be supported by the salt pill support structure. Thermal contact
between the heat switch plunger and the solenoid former was improved by connecting the two with
flexible copper de-solder braid, as in the micro ADR. The double ADR featured two identical heat
switches: one to connect the HTS salt pill to the thermal bath; and the second to connect the LTS salt
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pill to the HTS. The measurement o f the thermal conductivity o f the heat switches will be an important
task, and will be addressed when the double ADR is tested.

The salt pill support structure was also similar to that in the micro ADR, and was broadly the same for
both salt pills. Each pill was supported by six lengths o f kevlar, three at each end o f the pill. The ends
o f the LTS cords were knotted to twelve tie posts, six on the inner case at the cold-stage end o f the pill,
and six on a sliding insert at the heat-switch end o f the pill. The cords were then looped around six
identical posts on the pill, three at each end.

All o f the knots were coated with GE1701 varnish

(Oxford Instruments Cryospares, http://www.oxinst.com) to prevent them unravelling.

The sliding

insert was free to move longitudinally inside the inner case, and allowed the cords to be tensioned using
a beryllium -copper spring, as in the micro ADR.

However, the double A DR pills were not self

centring. Effectively, the LTS was connected to the HTS by twelve strands o f kevlar, each 1cm long
and consisting o f 120 fibres 18pm in diameter. The same scheme was repeated in the HTS, except that
the cords at the cold stage end o f the device passed from the outer case to the inner case, rather than to
the salt pill itself.

The heat switches exerted a force on the salt pills when closed, most o f which was transferred to the
tensioning springs due to the high Y oung’s modulus o f kevlar.

This inevitably caused some small

movement o f the pills, but they returned to their natural positions once the heat switches were turned
off, and so this will not affect the focussing o f light onto any detectors on the cold stage. Mechanical
heat switches usually avoid stressing the support structure in this way by using opposed jaws, or some
other scheme that produces no net force on the salt pill. However, the double ADR was deliberately
designed to allow moving salt pills. It had to be able to survive the harsh vibrations experienced during
a rocket launch, and there were two possible ways to accomplish this. The kevlar cords could have
been strengthened, but this would have increased the heat leak into the salt pills, reducing the hold
time. An alternative scheme was adopted where all o f the components supported on cords could be
locked together.

Push rods allow the heat switch plungers to be forced past their natural closed

positions, compressing the tensioning springs and pushing the salt pills towards the cold end o f the
device. The movement was halted by two locating rings, at the points where the inner case touched the
m agnet former, and where the top rod o f the second stage pill touched the inner case. These rings also
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prevented any lateral movement, so neither salt pill could move in any direction. There was no tension
in the kevlar cords in this locked position, and so vibrations could not snap them. Retraction o f the
push rods allowed the tensioning springs to return the salt pills to their natural positions. After launch,
the small gaps between the locating rings and the components they supported acted as radiation traps,
reducing the heat leak into the cold stage. The launch lock mechanism was clearly a complex and
critical component, and so extensive testing will be required to ensure reliability. The mechanism for
driving the push rods was not determined, but could either use another solenoid or a screw driven by a
cryogenic stepper motor (Patrick and Sidey, 1987).

The heat switches, support structure and launch lock were interconnected components, and the exact
specifications o f all o f them depended on the thermal conductivity o f the heat switches. This will be
directly proportional to the force they exert on the salt pills (M addren and Marschall, 1995), and will in
turn determine how quickly the heat o f magnetisation can be extracted from the salt pill, and so how
fast the double ADR can be recycled. The force exerted will therefore be the minimum that results in a
reasonable recycle time, perhaps one hour.

The specifications o f the kevlar cords will in turn be

determined in part by the force they must support, as will the spring constants o f the tensioning springs.
Finally, the force required to close the launch lock will depend on these spring constants. None o f
these quantities can be determined until the thermal conductivity o f the heat switches has been
measured. The dimensions o f the kevlar cords given above were selected as a starting point to allow
these preliminary measurements to be made.

6.2.3. The Salt Pills

Much o f the previous work described in this thesis has focussed on the development o f the salt pills for
the double ADR. In order to provide useful hold times at 1OmK, the LTS refrigerant had to be cerium
magnesium nitrate (CMN), since this has the lowest Neel temperature o f any known paramagnetic
material.

This refrigerant was also used in the micro ADR, and so the same salt pill design was

adopted for the LTS. The pill was made slightly longer and the thermal bus was extended, bringing the
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amount o f CMN in the pill up to 0.0347 magnetic moles, assuming a 100% filling factor, and raising
the area o f the thermal bus to 53.4cm2.

The selection o f the HTS refrigerant was discussed in Chapter 4.

The HTS had to be capable o f

cooling both itself and the LTS from 4.2K to some intermediate temperature that would allow the LTS
to reach lOmK. It then had to act as a thermal guard, reducing the heat leak into the LTS. Finally, it
had to accomplish this using a relatively small magnetic field, ideally between 1 and 2T. DGG was
identified as the most promising material, since its high Lande g-factor reduced its field requirements,
and its high heat capacity made it a good choice as a thermal guard. The only major drawback was the
cost o f obtaining large single crystals, which were not commercially available and had to be grown to
order.

Three crystals o f DGG were obtained, and extensive tests on the first two were performed in the MSSL
laboratory ADR, as described in Chapter 4. The third crystal was chosen for use in the double ADR as
it was wider but shorter than the other two, allowing the total length o f the system to be reduced. The
tests on the other crystals indicated that ensuring good thermal contact w ould be a problem , which
could be alleviated to some extent by inserting a spring into the salt pill, to push the crystal against the
HTS pill cold stage. The same pill design was adopted for the double ADR, again using a beryllium
copper spring, the constant o f which will be selected on testing. The crystal contained 0.1779 magnetic
moles o f DGG, and the contact area with the cold stage was 2.55cm2.

6.3. The Thermal M odelling o f the Double ADR

The double ADR was clearly a much more complex system than the previous one-stage systems that
had been studied using the thermal model, and was also a flexible device, with several possible modes
o f operation. For example, it could be operated as a semi-continuous refrigerator, using the scheme
described by White (1979), to provide temperatures in the region o f 0.4K.

The HTS would be

continuously cycled, alternately extracting heat from the LTS during demagnetisation, then allowing
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heat to enter it during recycling. A small field o f around 0.2T would be applied to the LTS at the start
o f the process, and this could be used by the servo to maintain a constant temperature. A field o f 3.5T
on the HTS would allow it to reach a base temperature o f around 0.35K, so the servo could maintain a
slightly higher LTS temperature o f around OAK.

The recycling o f the HTS could be repeated ad

infinitum, providing continuous refrigeration to OAK.

For the sake o f simplicity, the thermal model was limited to the most basic mode o f operation, a
demagnetisation o f both stages in series. This entailed applying a field o f between 1 and 4T to both
stages, and closing both heat switches, carrying the heat o f magnetisation into the thermal bath. The
HTS heat switch was then opened and the HTS demagnetised.

During this phase the DGG crystal

cooled its own salt pill addenda, the CMN pill, and the CMN pill addenda, since the LTS heat switch
was still be closed. Once the demagnetisation had finished, and thermal equilibrium had been reached
between the various components, the LTS heat switch was opened to isolate the CMN pill, and the LTS
demagnetisation began.

From that point onwards, the operation was the same as for a single stage

ADR for the LTS, with the HTS acting only as a thermal guard. This mode o f operation produced the
lowest possible base temperature.

The new thermal model was essentially the thermal model for the DGG single crystal pill linked to that
for the micro ADR. A num ber o f additional effects had to be taken into account. During the HTS
demagnetisation, there was an extra heating effect due to the cooling o f the LTS. Similarly, during the
LTS demagnetisation it cooled the HTS.

An extra eddy current heating subroutine also had to be

included. During the HTS demagnetisation there was no change in the field over the LTS and so no
eddy current heating on it. However, the HTS featured the inner case, which extended from the end o f
the DGG pill into the LTS magnetic field. Therefore, during the LTS demagnetisation eddy current
heating occurred on both stages, but from different sources.

A total o f three eddy current heating

subroutines were required: one for each o f the stages during their own demagnetisations, and one for
the HTS during the LTS demagnetisation.

The remaining adaptations to the model were limited to changes in dimensions. They included writing
the new heat leak and eddy current subroutines, calculating the amounts o f copper in the salt pill
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Fig. 6.2. The magnetic field profile for the two double ADR main magnets.

addenda, and adding the effects o f the new magnetic field profiles. The thermal gradient in the top rod
was again found to be negligible.

6.3.1. The Magnetic Field Profile

The effects o f the magnetic field profile were discussed extensively in Chapter 2, in relation to the
MSSL laboratory ADR, and similar effects were seen in the double ADR. In the case o f the double
ADR magnets no magnet profile diagram existed, but it was known that the fields on both stages were
symmetrical about the centre o f the salt pills, and fell to 80% o f the central values at the ends o f the
pills. The fields were symmetrical because the magnets featured bucking coils at both ends, unlike the
magnets for the micro ADR and MSSL laboratory ADR, which featured only single bucking coils at
the ends nearest the cold stages. An approximate profile diagram was generated using the bucked side
o f the micro ADR magnet profile, by reflecting it in the y-axis to produce the full diagram. The x-axis
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was then scaled so that the points where the field fell to 80% o f the central value were located at the
ends o f the salt pills. The diagram is shown in Fig. 6.2, and was used to calculate the field profile loss
in the usual way. Since the field at the end o f the pill was the same for both stages the profile loss,
6.95%, was also the same.

6.3.2. The Eddy Current Heating and Heat Leak

Only a few changes were required to the heat leak calculations, but separate subroutines were used for
each stage to increase the flexibility o f the modelling programme.

The support structures were the

same for both, consisting o f twelve 1cm lengths o f kevlar, and each consisting o f 120 fibres 18pm in
diameter. It was assumed that four o f the usual 50pm diameter constantan wires would pass to each
stage. The minimum lengths o f these wires were estimated from the general assembly diagram, to
ensure that the heat leak calculations represented the worst case scenario, and they were 2cm for the
wires to the CMN stage, and 1cm for the wires to the DGG stage. The surface areas of the salt pills,
371.2cm 2 for the HTS and 66.4cm 2 for the LTS were also measured from the diagram in order to
estimate the radiative heat load, but it was again found to be negligible.

The calculated heat leaks for both stages are shown in Figs. 6.3 and 6.4. The bath temperature for the
HTS was 4.2K, which could be provided either by liquid helium or a mechanical cooler. However, the
thermal bath o f the LTS will be provided by the HTS, and so its temperature will vary. Fig. 6.4 shows
the leaks for a DGG stage temperature o f 0.5K, the approximate base temperature after a HTS
demagnetisation from 2.5T, but this will not necessarily be the field used in any particular double ADR
run. As with the micro ADR, the m ajor contribution to the heat leak came from the kevlar cords, and
the contribution from the wires fell as a percentage o f the whole with bath temperature. The heat leak
into the LTS during its demagnetisation represented a cooling effect on the DGG stage, albeit an
insignificant one compared to the heating effects o f eddy currents and the heat leak from the 4.2K
thermal bath.
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The eddy current heating for each stage was calculated in the usual way, by identifying the components
which would make a contribution and dividing them into shapes corresponding to the forms shown in
Fig. 2.2. Slots were cut into each component wherever possible to reduce eddy current heating. The
components in question for the HTS were the salt pill case, the caps at either end, the beryllium copper
spring, the support ring at the HTS heat switch end o f the pill, and some components o f the LTS heat
switch.

For the LTS they were the thermal bus, the salt pill case, the end cap and support ring at the

heat switch end o f the pill, and the top rod and cold stage.

The salt pill cases were ignored as

insignificant, since the electrical resistivity o f stainless steel is much higher than that o f HCOF copper,
and the beryllium copper spring was treated as HCOF copper. The contribution from the spring was
small in any case, less than 1% o f the total, so this did not introduce any large errors.

A third

subroutine was also written to cover eddy current heating o f the HTS during the LTS demagnetisation,
and involved the components o f the inner case. The thermal power generated was 104pW for the LTS
subroutine, 120pW for the HTS subroutine, and 10.6pW for the third subroutine for demagnetisation
rates o f 6.666xl0"3 T s'1. These figures compared favourably with the 151 pW generated by the MSSL
laboratory ADR at the same demagnetisation rate, and the double ADR will certainly use a slower rate
than this, reducing eddy current heating further.

An associated issue was the amount o f copper in the salt pill addenda. This was again calculated from
the measurements in the general assembly diagram. All o f the metal double ADR components were
made from gold-plated HCOF copper, with the exceptions o f the stainless-steel salt pill cases; the
beryllium copper springs; and the screws, nuts and washers, which were either brass or stainless steel.
Again the brass and beryllium copper components were treated as HCOF copper, and the stainless-steel
components were ignored.

The addenda for the LTS comprised 1.27 moles o f HCOF copper,

somewhat higher than the 0.795 moles in the micro AD R due to the longer thermal bus and top rod.
The amount for the HTS was much higher, 13.29 moles, since it included the inner case and LTS heat
switch components.
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T h e m ain g ra p h sh o w s th e re g io n o v e r w h ic h b o u n d a ry re s is ta n c e b e c o m e s im p o rta n t fo r b o th
sta g e s. P o in t A is th e e n d o f th e H T S d e m a g n e tis a tio n , a n d B a n d C a re th e start a n d e n d o f th e
L T S d e m a g n e tis a tio n .

6 .3 .3 . T h e T h e rm a l B o u n d a n R e sis ta n c e s

T h e H T S salt pill d e sig n fo r th e d o u b le A D R w a s s im ila r to th a t u se d in th e D G G c ry sta l te s ts, so it w as
a s s u m e d th a t th e b o u n d a n re s ista n c e c o n sta n t w o u ld a ls o b e th e sam e. T w o d iffe re n t e ffe c tiv e v a lu e s
w e re in fe rre d fro m th e e x p e rim e n ta l re su lts: 1000 K 'c n r W 1 fo r th e D G G 3 6 te s ts a n d 6 0 0 0 K 'c n r W 1
fo r th e D G G 4 0 te sts. T h e h ig h e r v a lu e se en in th e D G G 4 0 te s ts w a s a re su lt o f th e c n s t a l fa ilin g to
m a k e co n tac t w ith th e to p rod. a p ro b lem th a t d id not o c c u r in th e d o u b le A D R . s in c e th e c ry s ta l w a s
p o s itio n e d in th e c e n tre o f th e m a g n e tic Field. T h e D G G 3 6 te s ts a ls o e x p e rie n c e d so m e th e rm a l c o n ta c t
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problems, so the value derived for the effective boundary resistance did not represent the true value at a
clean boundary between DGG and gold. However, no published data could be found, and so a value o f
1000 K4cm2W '' was used in the double ADR thermal model. This ensured that the model represented
the worst case scenario. No experimental data could be found on the boundary resistance between
CMN and gold so, as with the micro ADR model described in Chapter 5, the value o f 17 K4cm2W '' for
CPA and gold was used as a starting point.

The effects o f the thermal boundary resistances on the model predictions can be seen in Fig. 6.5, which
shows the results for a demagnetisation from 2T on the HTS and 1.5T on the LTS, at a rate o f
6 . 6 6 6 x 1 0 '3T s '' for both stages. The temperatures o f the DGG pill addenda, the CMN pill, and the cold

stage were all the same during the HTS demagnetisation, when the LTS heat switch was closed. A
temperature difference developed between them and the DGG crystal below around 1.5K due to the
high effective thermal boundary resistance, but no temperature difference developed between the CMN
and its salt pill addenda at this point because the boundary resistance between them was much smaller.
The temperature difference was generated by thermal power flowing from the salt pill addenda into the
crystal, which was in turn generated by the heating effects: the heat leak and the eddy currents. The
demagnetisation rate in this test was high, and so the eddy current heating was the dominant effect.
The temperature difference therefore fell markedly at the end o f the demagnetisation when the eddy
current heating ceased. The temperature o f the CMN and the CMN salt pill addenda began to fall at the
start o f the second stage demagnetisation, and the temperature difference between the DGG crystal and
its addenda rose due to the resumption o f eddy current heating. A difference did not develop between
the CMN addenda and the CMN until their temperatures fell below about 0.2K, due to the smaller
boundary resistance between them.

Both temperature differences again decreased at the end o f the

second stage demagnetisation. The predicted base temperature was 13mK but, as shown in the next
section, a lower demagnetisation rate would result in lower base temperatures.
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6.3.4. The Optimum Demagnetisation Rate and Step Size

Chapter 5 described the process o f selecting the optimum demagnetisation rate for the micro ADR and
the same process was repeated for the double ADR. The model for each stage was run with a range o f
rates, and that which resulted in the lowest base temperature was selected. Figs. 6.6 and 6.7 show the
results. The optimum rates were lx lO '3 T s'1 for the DGG stage and 2 .lxlO '3 T s'1 for the CMN stage.
The slower rate for the DGG stage reflected the higher eddy current heating it was subjected to, which
was in turn due to the greater mass o f copper in the salt pill addenda, much o f it associated with the
second stage heat switch. Demagnetisations from 2T were used as this represented roughly the middle
o f the useful field range available with the double ADR. The optimum rate varied with field, but these
rates were used in all o f the subsequent modelling, to facilitate comparison o f the results.

During the demagnetisation-rate optimisation the step sizes were simply set several orders o f
magnitude lower than those used with the micro ADR to ensure the accuracy o f the model. After the
rate optimisation had been performed, the step sizes were optimised in the way described in Chapter 5.
The optimum sizes were found to be 1/100s for temperatures between 4.2 and 0.1K, 1/1000s between
0.1 and 0.02K, and 1/10,000s for all lower temperatures.

6.4. The Predicted Performance o f the Double ADR

The two most important quantities for describing the performance o f an ADR are the base temperature
and hold time.

The double ADR was a flexible device capable of providing useful hold times over a

wide temperature range. It was primarily designed to reach temperatures o f around 1OmK and so the
model was used only to predict its performance at these temperatures. It could also be used at higher
temperatures, but this would involve changing the second stage refrigerant from CMN to a more
suitable material, such as chromium potassium alum (CPA). A great number of paramagnetic materials
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Fig. 6.8. The variations in the double ADR base temperature with the LTS field and BRC, for
low HTS fields.

exist for use between around 50 and 300mK, so the choice would depend strongly on the exact
requirements o f the target application.

6.4.1. The Base Temperature

The first runs o f the model concentrated on varying the magnetic field on the CMN stage, and the
results are shown in Fig. 6.8. The exact value o f the boundary resistance constant (BRC) between
CMN and gold was not known, and so a variety o f values centred on that for CPA were used, as
discussed in Chapter 5. Several points were immediately apparent, the most important o f which was
that the base temperatures lay in the 10 to 20mK region for almost the whole range o f fields and BRCs.
This implied that the double ADR would be able to provide a useful hold time at 20mK when operating
from a 4.2K bath whilst using fields o f 2T or less on both stages. It was also clear that the field on the
HTS had a much greater effect on the base temperatures than that on the LTS. The HTS provided the
thermal bath for the CMN salt pill, and so the temperature o f the HTS after its demagnetisation set the
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bath temperature for the LTS.

With a HTS field o f 2T, corresponding to temperature after

demagnetisation o f 0.557K, curves similar to those from the micro ADR model were generated, and the
optimum field again emerged as 1.5T. This showed that at temperatures o f around 0.5K the CMN
became magnetically saturated at around 2T, and no further reduction o f base temperature could be
achieved by increasing the field. However the field required for saturation in a paramagnetic material
increases with temperature, and so was higher for a HTS field o f IT, corresponding to a HTS
temperature after demagnetisation o f 1.13 OK. For this set o f curves 3T emerged as the optimum LTS
field, and the curves for different boundary resistance constants were also more widely spaced,
reflecting the higher heat leak into the LTS.

Although the base temperatures o f all the curves lay in the 10 to 20mK region, none o f them dropped
significantly below lOmK. A base temperature somewhat lower than this would be required in order to
provide a useful lOmK hold time, and so the model was used to find the fields on each stage necessary
to provide it. Fig. 6.8 indicated that this could only be done by a further increase in the HTS field, and
so Fig. 6.9 was generated, showing the effects o f such an increase. The field on the CMN salt pill was
1.5T for each o f these curves, but again a variety o f boundary resistance constants were used. Clearly
the desired sub-lOmK base temperature could be achieved using an HTS field o f 3.5T, assuming that
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the boundary resistance for CMN and gold was not significantly higher than that for CPA and gold.
The predicted temperature o f the HTS after demagnetisation was 0.380K, close to the 0.3K bath
temperature o f the micro ADR, and the base temperature was 8.63mK. The base temperature o f the
micro ADR using a field o f 1.5T was predicted to be 8.3mK, and so the results from the two models
were consistent.

6.4.2. The Hold Time

The second important measure o f the performance o f an ADR is the hold time, the length o f time for
which it can maintain a constant temperature. Chapter 5 described how the servo algorithm used to
provide constant temperatures was added to the micro ADR thermal model, and the same procedure
was carried out for the double ADR model.

A suitable value for the parameter c was found by

examining the temperature o f the cold stage during the initial stages o f the servo, and the results are
shown in Fig. 6.10. In each case the servo was initiated after a demagnetisation from 3.5T on the HTS,
1.5T on the LTS, and assuming a CMN-to-gold boundary resistance constant o f 17 K4cm2W‘1. The
temperatures o f the two stages after demagnetisations from these fields were given in the previous
section, and the value o f c for each curve is given in Table 6.1. A very high value o f c, shown in curve
A, rendered the servo completely unstable, and the cold stage never settled to the servo temperature.
Slightly lower values, shown in curves B and C, created some instability early in the process, shown by
the fluctuations in the cold-stage temperature. The magnitude o f the fluctuations decreased with c, but
higher c values allowed faster closure to the servo temperature, and the initial instabilities did not result
in any large decrease in the hold time. Curve D, corresponding to a c=0.4TK '', showed the optimum
behaviour and resulted in the longest hold time. Reducing

t

could reduce the time taken to close to the

servo temperature, but this was not attempted here for the reasons outlined in Chapter 5, and a value o f
600s was used in each test. A further increase in c, shown as curve D, resulted in still slower closure,
and reduced the hold time by increasing the time spent at lower temperatures, and thus increasing the
heat leak.
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Fig. 6.10. The tem perature o f the cold stage during the initial stages of the servo, for several
different values o f the param eter c. giv en in Table 6.1 below.
Curve
A
B
C
D
E

c ( T K ')
1.0
0.5
0.4
0.1
0.01

Hold time (s)
Unstable
17351.2
17366.9
17496.0
16883.9

Table 6.1. The values o f the param eter c for the servo tests, the results of w hich arc show n in Fig.
6 . 10 .

In order to be useful the double ADR m ust be capable of cooling additional dev ices, such as detectors,
placed on the cold stage. These will act as an additional source of heat, and so an extra term was added
to the heat leak subroutine to account for this additional power load on the cold stage. The model was
then used to predict the hold tim e for a v ariety o f power loads, fields, and servo tem peratures. In each
case the v alue of c was 0.4T K '1. t was 600s. and the CM N-to-gold boundary resistance constant was 17
K 'c n r W \

The results are shown in Fig. 6.11. and again the inverse proportionality betw een the hold

tim e and the power load was clear. Sev eral points were immediately apparent, including the critical
effect o f the HTS field

Lowering this field increased the LTS bath tem perature and the heat leak into

the CM N pill, and so reduced the hold time.

For curve D. with a HTS field of 1.5T. the additional

pow er load had little effect on the hold time, as it was considerably sm aller than the heat leak. The
effect was much greater in curve A. where the heat leak was much lower.
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Fig. 6.11. The hold time o f the double ADR, for various values o f the additional heat input into
the cold stage, the fields on the two stages, and the servo temperature, given in Table 6.2 below.

Curve

HTS field (T)

LTS field (T)

DGG temp. (K)

A
B
C
D

3.5
“
“

1.5

0.380

Base temp.
(mK)
8.63

44

44

44

“

u

44

1.5

1.5

0.747

13.04

Servo temp.
(mK)
10
20
15
20

Table 6.2. Parameters for the double ADR servo hold time curves shown in Fig. 6.11.

In order to state whether the hold time o f the double ADR will be useful, the exact requirements of the
potential application must be known.

State-of-the-art ultra-low temperature astronomical detectors,

such as X-ray microcalorimeters, require cooling powers o f 10-100nW, as shown in Chapter 5. A few
hours hold time may be sufficient for testing these devices in a laboratory system, whereas several tens
o f hours might be required in astronomical applications, to allow long observations o f faint sources.
The double ADR would therefore not be suitable for astronomical detectors requiring refrigeration to
lOmK, since the hold time would be less than five hours. It could provide up to 12 hours at 20mK, but
this would require a DGG stage field o f 3.5T, making it less attractive for use in space. One o f the
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Fig. 6.12. The hold time o f the double ADR using 1.5T fields on both stages.

SERVO'
SERVO',=60mK

17.5

Hold time (hours)

SERVO'

12.5

7.5

2.5
25

50

75

100

125

150

175

200

Additional power input (nW)

Fig. 6.13. The hold time o f the double ADR with a HTS field o f 3 .5T and a LTS field o f 1.5T.
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requirements o f a satellite platform would be complete shielding o f the magnetic fields, and this would
be relatively easy at 1.5T (Bromiley, Hepburn and Smith, 1997a), but would prove much more o f a
challenge at 3.5T. However, a few hours o f hold time at 10 to 20mK and with heat loads up to several
hundred nanowatts would be very useful in a laboratory setting.

One way to increase the hold time o f an ADR is to operate at higher servo temperatures, and so the
model was used to predict the hold times between 30 and lOOmK. The results are shown in Figs. 6.12
and 6.13. The other model parameters were unchanged and so the base temperatures were the same as
those given in Table 6.2. The hold times increased as expected, although they were still less than 10
hours when 1.5T fields were used. This again indicate that the double ADR would be more suited to
the laboratory than to space use for operations from a 4.2K bath where temperatures o f a few tens of
millikelvin were required. At temperatures o f 50mK and above longer hold times could be obtained by
using a different second stage refrigerant, such as CPA, but this option was not explored with the
model.

6.4.3. Operation from a 2K Bath

A great deal o f emphasis has been placed on operating the double ADR from a 4.2K bath, as this would
allow it to be coupled to a mechanical cooler. This would eliminate the need for liquid helium, greatly
reducing the mass and launch costs o f any prospective space mission.

Mechanical coolers will

eventually replace solid and liquid cryogens in space missions, and future devices may provide lower
temperatures, but the current technology cannot provide the temperatures as low as the 2K available
from helium at reduced vapour pressure. The use o f liquid helium in space will therefore continue for
some time, and so there may be opportunities for a space-qualified ADR operating from a 2K bath.

Figs. 6.14, 6.15 and 6.16 show the predicted base temperatures o f the double ADR operating from a 2K
bath for a range o f fields on both stages. The lower bath temperature reduced the temperature o f the
HTS after demagnetisation to 0.49K for a IT field, 0.34K for a 1.5T field, and 0.28K for a 2T field.
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Fig. 6.14. The base temperature o f the double ADR with a IT field on the HTS and a 2K thermal
bath.
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Fig. 6.15. The base temperature o f the double ADR with a 1.5T field on the HTS and a 2K thermal
bath.
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Fig. 6.16. The base temperature o f the double ADR with a 2T field on the HTS and a 2K thermal
bath.

Since this acted as the bath temperature for the LTS, it reduced both the base temperature and the field
required to saturate the CMN. The effect was particularly visible in Fig. 6.17, where the optimum field
on the LTS was less than IT. Fig. 6.15 shows the most important result: the base temperature was
8.32mK for fields o f 1.5T on both stages and a CMN boundary resistance constant o f 17K4cm2W"',
implying a useful hold time at lOmK.

The final runs o f the model concentrated on the hold times available using 1.5T fields on both stages
and a 2K. thermal bath, and the results are shown in Fig. 6.17. In each case the CMN-to-gold boundary
resistance constant was 17K4cm2W '1. The curves again demonstrated the inverse proportionality
between hold time and additional heat load, and it was more marked than in the equivalent graphs for a
4.2K. bath, due to the lower heat leak. The hold times were also higher, due both to the reduction in
heat leak and the lower base temperature. Less than ten hours would be available at lOmK, but the
situation was much more promising at higher temperatures. With additional heat loads o f lOnW the
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Fig. 6.17. The hold time o f the double ADR using 1.5T fields on both stages and a 2K thermal
bath.

hold times were around 15 hours at 15mK and around 20 hours at 20mK. An ADR used for cooling
astronomical detectors on a satellite would need to have a hold time o f between 20 and 50 hours. The
model therefore indicated that a future ADR, based on the double ADR design, could meet the needs o f
this application when operated from a 2K thermal bath.

6.5. The Duty Cycle and the Thermal Load on the Environment

The double ADR was a one-shot device, and after the magnetic field used by the servo reached zero it
had to be recycled. The proportion o f the operational cycle spent under servo control is known as the
duty cycle, and is an important consideration in high intensity applications such as space-based
astronomy. The time taken to recycle will be limited by the thermal conductivity o f the heat switches,
since they must carry the heat o f magnetisation from the salt pills to the thermal bath. It would be
difficult to estimate their thermal conductivity with any accuracy, and so an accurate measurement o f
the duty cycle must await experimental tests on the completed system.
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The duty cycle is also inextricably linked to the heat load on the thermal bath, which is o f particular
importance for an ADR designed for use in space. For the double ADR this thermal bath could either
be a 4.2K mechanical cooler or a liquid helium bath. In both cases the heat load would have to be
minimised, since current space-qualified 4.2K mechanical refrigerators have cooling powers o f only a
few milliwatts (Bradshaw and Orlowska, 1997), and the boil-off from a liquid helium bath ultimately
limits the lifetime o f a space mission.

The dominant contribution to the heat load was due to the magnet current leads, with the load from the
ADR itself being small in comparison. For normal metal current leads the heat load will consist o f two
contributions, the Joule heating caused by current flow and the conductive heat leak.

These both

depend on the radius o f the current leads: increasing the radius would increase both the electrical and
thermal conductivity, so would increase the conductive heat load but reduce Joule heating. The total
heating could therefore be minimised by selecting the correct radius, and this would depend on several
factors.

One o f these would be the system used to provide the thermal bath.

In the case o f a

mechanical cooler, the maximum heat load could not exceed its cooling power, or the bath temperature
would begin to rise.

The maximum would occur during magnetisation, when high currents were

flowing in the leads, and this might favour increasing the radius to lower the maximum thermal load, at
the expense o f increasing its time average. A mechanical cooler would also limit the duty cycle, as the
time taken for magnetisation would be extended to accommodate the limited cooling power available.
The situation would be different if the thermal bath was provided by a liquid helium dewar. In that
case the maximum thermal load would be irrelevant, but its time average would control to some extent
the lifetime o f the mission, and so would have to be minimised. This might favour reducing the radius
o f the current leads, in order to reduce their thermal conductivity and so reduce the time averaged
thermal load at the expense o f increasing its maximum. However, the total thermal power generated
whilst current was flowing in the leads could not be reduced below 1.04mW A'1, due to the relation
existing between the electrical and thermal conductivities, described by the W iedemann-Franz Law
(Wilson, 1983). The double ADR required three magnet current leads, and the current requirements o f
the magnets could be reduced to 1A T '1 by using 100pm diameter NbTi wire in the magnet coils. Using
fields o f 3.5T on the HTS and IT on the LTS, the minimum peak thermal load on the 4.2K bath from
the leads would therefore be less than 5mW. The space-qualified 4.2K mechanical cooler described by
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Bradshaw and Orlowska (1997) had a 4.2K cooling power o f 6.4mW , and so could provide the thermal
bath for the double ADR.

The use o f high-Tc superconducting current leads could reduce the therm al load on the heat bath. They
would exhibit no Joule heating, and their thermal conductivity would also be reduced. A mechanical
cooler would consist o f several refrigerators in series, and so would provide cold stages at several
temperatures, including one at around 80K. Normal metal leads would be used between the ambient
temperature magnet power supply and this 80K stage, and superconducting leads between the 80K
stage and the magnets anchored to the 4.2K bath. Research on high-Tc current leads has in the past
focussed on high-current devices carrying thousands o f amps (e.g. Herrmann et. al., 1993; Wu, 1995),
so further research must be done on low-current leads before the technology can be applied to ADRs.
However, the 4.2K heat load from these leads has been measured to be much less than the W iedemannFranz Law limit.

6.6. Sum m ary

The double ADR was designed to demonstrate the ability o f an ADR to provide refrigeration from 4.2K
to the lOmK region in a system suitable for use in space.

The design work was completed, and the

mass, electrical power and size were all suitably low. No experimental tests were performed and so the
thermal model was used to predict the base temperature and hold time. The predictions o f the model
can be treated with a degree o f confidence for the reasons outlined in Chapter 5.

A single-stage laboratory ADR might use a magnetic field o f 6T, and this would make it unsuitable for
use in space. Shielding would be required to prevent the field affecting any o f the other systems on the
satellite. Passive shields made from some high permeability material such as Mumetal® could be used,
but this would only be feasible if the fields were less than 1.5T (Bromiley, Hepburn and Smith, 1997a).
The double ADR reduced the field by splitting the cooling effort over two stages, thus allowing the use
o f two different refrigerants, DGG and CMN, each optimised to a specific part o f the 4.2K to lOmK
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temperature range.

The thermal model indicated that sub-lOmK base temperatures could only be

achieved by using a field o f 3.5T on the HTS when operating from a 4.2K. thermal bath. This would
make the double ADR unattractive for space use due to the difficulty associated with ensuring adequate
magnetic shielding. Astronomical applications would also require hold times o f several tens o f hours,
and the hold time o f the double ADR was considerably shorter than this at temperatures between 10
and 30mK, although it could always be increased by increasing the size o f the CMN salt pill. It would
nevertheless be an attractive system for use in the laboratory, where the requirement for low magnetic
fields could be relaxed.

This situation was considerably improved by reducing the bath temperature to 2K. Operation from
4.2K would allow the use o f a space-qualified mechanical cooler to provide the bath temperature, and
future space missions will undoubtedly favour mechanical coolers over liquid helium due to the
consequent reduction in mass and increase in lifetime. However liquid helium will still be used in the
near future, and this may be particularly true for missions launched by NASA. The space shuttle can
carry relatively large payloads into low earth orbit and NASA has already conducted experiments to
prove that the liquid helium dewar on a satellite can be filled in orbit (Kittel, 1987). The International
Space Station will soon establish a permanent manned presence in space, and one o f its functions will
be the maintenance o f scientific satellites, so the limitation on the lifetime o f a mission imposed by
using liquid helium may cease to be an issue. The double ADR could provide over twenty hours of
hold time at 20mK from a 2K bath, using only 1.5T fields.

The model was designed to estimate the worst case performance o f the double ADR, based in part on
results from the DGG36 experiments described in Chapter 4. These tests indicated a high effective
thermal boundary resistance between the DGG crystal and the gold-plated top rod. It was clear that
further experimentation will be required in order to refine the predictions o f the model.

It will be

possible to improve the DGG salt pill design, reducing the thermal boundary resistance, and this will
result in significant performance improvements over the model predictions.

The results from the

DGG36 tests, shown in Fig. 4.3, indicate the maximum improvements possible. The HTS performance
predicted by the model for a 3.5T field could be achieved with a reduced field o f 2T, and the
performance predicted with 1.5T could be achieved with IT. However, more accurate predictions must
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await more accurate measurements o f the thermal boundary resistance. A second important area for
experimental investigation will be measurement o f the thermal conductivity o f the heat switches. Once
these data are available, it will be possible to refine the support structure design, possibly resulting in
further performance improvements. It will also be possible to complete the launch lock design and to
calculate the duty cycle. The performance could be improved further by lowering the eddy current
heating. Some o f the double ADR components, such as the inner case, do not require high thermal
conductivity, and so could be made from a non-metallic substance rather than HCOF copper. Finally,
experimental investigation o f low current, high-Tc superconducting current leads must be performed, so
that the current lead design can be finalised.
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7. Conclusion

This thesis describes the early stages o f the development o f a space-qualified adiabatic demagnetisation
refrigerator (ADR).

The technology o f magnetic refrigeration is relatively mature, having been

proposed by Langevin in 1905 and demonstrated in 1933 by Giauque and MacDougall (1933) and by
de Haas, W iersma and Kramers (1933a), but adapting it to use in space poses several problems. A
satellite platform imposes restrictions on the mass, size, power consumption and the magnetic field
used by an ADR, and so the device must be optimised in order to minimise these quantities. Much o f
the work described here has concentrated on optimising the salt pill, both in terms o f its thermal design
and the refrigerant material used, but other areas, such as the temperature stability o f the cold stage and
the design o f the salt pill support structure, have also been explored. Two new ADR designs have been
described: an ultra-compact device called the micro ADR; and the double ADR, a novel two-stage
refrigerator. The performance o f these systems was not evaluated experimentally, and so a dynamic
thermal model was developed to estimate their performance.

7.1. The R eq u irem en t fo r a Space-Q ualified ADR

The call from the astronomical community for improvements in the sensitivity and resolution o f
detectors is an ongoing and indeed possibly endless one. The work described here was particularly
relevant to the infrared, sub-millimetre and X-ray regions o f the electromagnetic spectrum, where many
o f the detector technologies currently attracting attention are bolometric in nature, measuring the
heating effects o f incoming photons. The sensitivity o f such devices will increase as the temperature,
and thus the thermal noise, is reduced.

X-ray microcalorimeters (McCammon et. al., 1993) for

example use sensitive resistance thermometers to measure the heating effect o f incoming photons in an
absorber. Some o f these detectors technologies also use superconducting components. Transition edge
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sensors (TESs) (Kruse, 1990) use the rapid change in electrical resistivity at the transition between the
normal and superconducting states as a sensitive thermometer.

Superconducting tunnel junctions

(STJs) (Kraus, 1997) use quantum tunnelling to detect the free charge carriers generated by photons
splitting the cooper pairs in a superconductor.

The most recent developments in all o f these

technologies call for operating temperatures between 10 and lOOmK (Benoit et al., 1997).

They

promise radical advances in the scientific capabilities o f future astronomical satellites, such as the
ability o f a detector array to be simultaneously imaging, photon counting, and spectroscopic with a high
energy resolution. However, a suitable space-qualified refrigerator must be developed if they are to be
used on satellites.

Chapter 1 discussed the requirement for a space-qualified, sub-kelvin refrigerator, and showed that an
ADR would present several advantages over a dilution refrigerator, the only other technology that
could be used in this application. ADRs have already been flown on high altitude balloons and de-spun
sounding rockets, demonstrating the ability to work in zero gravity and to meet the mass, power and
size requirements imposed by a satellite.

The satellite mission ASTRO-E, a Japanese infrared

observatory, and N A SA ’s Space Infrared Telescope Facility (S1RTF) will both use ADRs in orbit.
Currently there are two upcoming space missions that would present new opportunities for a spacequalified ADR, both o f which will be X-ray spectrometers. The first is XEUS, the X-ray Evolving
Universe Spectrometer (Parmar, Peacock and Bavdaz, 1999; http://www.astro.estec.esa.nl/xeus), and is
ESAs next generation X-ray observatory. This mission will have a much larger collecting area than
current X-ray space telescopes such as XMM (Turner et. al., 1997), provided by a novel mirror that will
be partially constructed in orbit. The mirror itself consists o f a large number o f individual segments
known as petals. The spacecraft will be launched into low earth orbit with a mirror 4.5m in diameter,
and will periodically visit the International Space Station to have extra petals added until the mirror
diameter has grown to 10m, providing an area o f 30m2 compared to the 0.4m2 o f XMM. This will
provide a higher throughput o f X-ray photons than any previous mission. Initially the spacecraft will
carry three instruments, a wide field imager (WFI) and two cryogenic imaging spectrometers (CIS).
The CIS will use either STJ or TES sensors, requiring cooling to between 30 and 200mK, and the
baseline cryogenic system will involve an ADR coupled to a mechanical cooler. This will eliminate the
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need for liquid cryogens, providing a projected lifetime o f over twenty years, and allowing several
cycles o f mirror growth and the replacement o f the detectors with new generation instrumentation.

NASA is also planning a large collecting area X-ray telescope with spectroscopic capabilities, but the
approach is somewhat different.

The Constellation-X mission (White and Tanenbaum, 1999;

http://constellation.gsfc.nasa.gov), previously known as the High Throughput X-ray Spectrometer
(HTXS), will use six satellites working in concert to provide a collecting area o f 10m2. They will orbit
the Lagrange point, and so no in-orbit servicing will be possible. The current mission plan involves the
use o f microcalorimetric detectors operating at 65mK, and again the use o f an ADR is being
investigated. Two configurations o f the cryogenic system are under consideration. The first is a hybrid
system, using both a liquid helium dewar and a mechanical cooler, coupled to an ADR or dilution
refrigerator. The mechanical cooler will reduce the rate o f helium loss, extending the lifetime to five
years without the need for a large, heavy dewar. The second uses a mechanical cooler coupled directly
to an ADR. The ADR will have a 96% duty cycle, providing two days o f hold time at 65mK and
requiring only two hours for the recycling process. Constellation-X is planned for launch in 2007.

As these two missions demonstrate, there is a growing need for a space-qualified ADR. It should be
capable o f operating from a 4.2K thermal bath provided by a mechanical cooler, and so the thermal
load on the bath must be minimised. Long hold times at temperatures between 10 and lOOmK will be
required, and this could not be achieved with a basic, single-stage ADR.

Multiple stages will be

needed, and so the double ADR represents a significant step towards a space-qualified system.

7.2. Salt Pill Optimisation

The salt pill is the lowest temperature component in an ADR, and so its thermal design has a significant
effect on the overall performance. The thermal conductivity o f the salt pill components drops with
temperature, whilst the thermal boundary resistances rise, and this can lead to significant temperature
gradients within the pill. Heat flow across a temperature gradient is an irreversible process, resulting in
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a rise in entropy that reduces the efficiency o f an ADR. The thermal design o f the salt pill and its
addenda must therefore focus on reducing these temperature gradients. The paramagnetic material in
the pill will have a lower thermal conductivity than the metal components, and so the pill will often
include some form o f thermal bus to ensure good thermal contact between the paramagnetic material
and the salt pill addenda.

The design o f the salt pill thermal bus was investigated in Chapter 3. The simplest form o f bus, a group
o f cylindrical wires, was studied and the optimum number, radius, and length o f the wires were derived
from an approximate solution to the heat equation. It was demonstrated that the total thermal resistance
o f the salt pill was inversely proportional to the number o f wires for any given amount of copper in the
salt pill. However, using the MSSL CPA pill as an example, the number o f wires could be reduced
from the existing 120 to 10 with only a 10% increase in thermal resistance. The optimum amount o f
copper for this pill was shown to be 0.3% o f the total pill volume, similar to the existing design o f the
MSSL CPA salt pill. The equations generated will provide a useful tool for future salt pill design.
Experimental verification o f the solution would be difficult, since it would require temperature
measurements from within the salt pill, and a thermometer would not survive the salt pill compression
process. It might however be possible to form a compressed pill, remove it from its outer case, attach
thermometers to the outside, and hermetically seal it with a coating o f epoxy resin.

The resulting

temperature measurements could then be used to reconstruct the temperature profile o f the pill,
allowing the evaluation o f various thermal bus designs.

Chapter 3 also discussed the design o f the salt pill support structure.

The temperature gradient

developed across a thermal resistance is proportional to the power flowing through it, and so the
temperature difference between the cold stage and the paramagnetic material in an ADR will be
increased if the stage is used as an attachment point for the support structure. The supports accounted
for most o f the heat leak into the salt pill in the MSSL ADRs, and so this effect was important, raising
the base temperature and so reducing the hold times of the ADRs. A simple way to avoid this effect is
to attach the supports directly to the salt pill, and the results o f this redesign were demonstrated in the
MSSL laboratory ADR using the CPA salt pill. The new support structure roughly halved the base
temperatures reached, and the thermal model indicated that 20mK could be attained with a well-
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designed salt pill.

The new support structure design was not used in the micro and double ADR

designs as it would have increased the radius o f the magnet bores. However, the low bath temperature
o f the CMN pills in those systems reduced the heat leak into the cold stage and so reduced the
temperature gradients.

The final thermal design issue discussed in Chapter 3 was the maintenance o f a constant temperature at
the cold stage. This was accomplished through the use o f active magnetic field control. Experimental
measurements showed that the temperature could be held at lOOmK to an accuracy o f ±10pK, a limit
set by the resolution o f the magnet power supply. A new power supply will therefore be needed in
order to improve significantly the temperature stability. X-ray microcalorimeters require around ±8pK
temperature stability at lOOmK (Labov et. al., 1988), but the ultimate noise limited resolution o f the
servo system used was calculated to be lOOnK. Further experimentation with a new power supply will
be required to demonstrate the required temperature resolution.

7.3. Paramagnetic Materials

The traditional goal o f ADR research has been to achieve the lowest possible temperature, and so the
paramagnetic materials used have been selected to that end.

The advent o f ADRs with multiple

independent stages has presented a new set o f requirements. The final stage must still provide very low
temperatures, and so will still use a traditional refrigerant such as cerium magnesium nitrate (CMN).
The first stage, however, is required to cool to some intermediate temperature, which need not be lower
than several hundred millikelvin. The emphasis is instead placed on a high heat capacity and a low
magnetic field requirement. Fortunately, cyclic ADRs have similar requirements, and so a great deal o f
research has been conducted recently on these higher temperature materials.

Chapter 4 described the experimental measurements o f several high temperature paramagnetic
materials. The first tests were performed on gadolinium gallium garnet (GGG), in order to provide a
comparison for later tests on more novel materials. The thermal model was used to analyse the results,
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and it was concluded that the thermal conductivity in the GGG powder was poor, much lower than that
for a single GGG crystal.

This was also indicated by the long times taken to achieve thermal

equilibrium between the GGG and the cold stage.

Barclay and Steyert (1982) have published

measurements o f the thermal conductivity o f garnet powders, and found it to be much lower than that
o f single crystals, an effect which they attributed to phonon scattering at the interfaces between the
powder grains.

However, the low thermal conductivity measured here was also due to poor

compression o f the powder. The thermal model indicated that reductions in the base temperatures o f up
to 13% at IT and 88% at 6T could be achieved by increasing the thermal conductivity. This could be
achieved in two ways, by compressing the powder at higher pressures to reduce the inter-grain spacing,
and by mixing the powder with a high thermal conductivity matrix such as vacuum grease. The base
temperature for a demagnetisation from 6T could then be as low as 388mK.

The experimental programme then moved on to the material chosen as the most promising candidate
for the high temperature stage o f the double ADR, dysprosium gallium garnet (DGG). The high Land6
g-factor o f this material reduced the magnetic field required to produce a given temperature drop
compared with GGG. Several large single crystals were obtained, and a colour variation between them
was explained as a result o f -O H groups formed by the absorption of atmospheric moisture during the
growth process. Experimental tests were performed on both the green and brown crystals, and on both
single crystals and powdered DGG. A large effective thermal boundary resistance o f 1000K4cm2W '1
was inferred from the green crystal results using the thermal model, and was explained as the result o f
poor thermal contact between the crystal and the salt. Suomi, Anderson and Holstrom (1968) have
stated that, at low temperatures, the magnitude o f the boundary resistance does not vary by more than a
factor o f 10 between different materials. Therefore, the high effective boundary resistance constant
measured in these tests could not have been solely a property o f DGG. However, Barclay and Steyert
(1982) have attributed the low thermal conductivity of garnet powders, compared to single crystals, to
phonon scattering at the interfaces between crystal grains. The same mechanism has been used to
explain thermal boundary resistance, and so it is probable that the boundary resistance between DGG or
GGG and metals is higher than that o f other paramagnetic materials used as ADR refrigerants.

A

similarly high effective thermal boundary resistance was seen in the brown crystal results, but the time
taken to reach the lowest temperature after a demagnetisation was an average o f six times longer. The
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thermal model provided a good fit to the results when a boundary resistance constant o f 6000K4cm2W ''
was entered, implying that there was no measurable difference between the magnetic properties o f the
green and brown crystals. This in turn implied that the results agreed with the previous measurements
o f the entropy and specific heat o f DGG published by other groups and used in the construction o f the
model.

Tests were also performed on a powdered DGG salt pill, and the same poor thermal

conductivity seen in the powdered GGG pill was again present.

The DGG test results had implications for the design o f the double ADR, which used a similar salt pill
design in the high-temperature stage. The high effective thermal boundary resistance seen in the tests
was a result o f poor mechanical contact between the crystals and the salt pill top rod. This was due to
the force exerted on the crystal during magnetisation by the magnetic field gradient, which pulled it
away from the top rod.

The higher value seen in the brown crystal tests was due to the crystal

becoming stuck in the middle o f the salt pill and failing to make any contact with the top rod. This
effect had to be avoided in the double ADR, since the performance o f the high temperature stage could
be improved by up to 33% over the DGG single crystal test results by ensuring good contact between
the crystal and the top rod. Ensuring that the centre of mass of the crystal coincided with the maximum
o f the magnetic field prevented the field gradient from exerting a significant force on the crystal. A
non-magnetic beryllium copper spring was place in the double ADR high temperature stage salt pill to
push the crystal against the top rod. This ensured that, even if any residual force due to errors in the
positioning o f the salt pill pulled it away from the top rod, it would make good contact after
demagnetisation when the force was removed.

A further set o f tests were performed on M ohr’s Salt (FAA6), a material similar in composition to
ferric ammonium alum (FAA12), but whose magnetic behaviour at low temperature had not been
previously characterised. The entropy and specific heat were measured over a range o f magnetic fields
and temperatures, and a magnetocaloric effect was discovered, confirming that the material was
paramagnetic at temperatures between 2 and 8K. The effect was too small to make FAA6 a useful
ADR refrigerant. The temperature change, expressed as a fraction o f the initial temperature before
demagnetisation, was 1/3 for initial temperatures in the range 4 to 7K for demagnetisations from 6T.
The temperature change in DGG is close to 1 at the same fields and temperatures (Tomokiyo et al.,
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1985). However, the specific heat capacity was found to be higher than that of both DGG and GGG at
temperatures above 2.4K. At 4K it was six times higher than that o f DGG and three times higher than
that o f GGG. It would therefore be inappropriate to dismiss FAA6 as a paramagnetic refrigerant, since
some application requiring a small magnetocaloric effect but a large heat capacity may exist.

Finally, some theoretical work was performed on a class of materials known as superparamagnetic
nanocomposites.

The inclusion o f iron ions in the lattice o f a material such as DGG causes the

surrounding dysprosium ions to align, creating clusters that behave like a single paramagnetic ion in an
applied field. This increases the magnetocaloric effect or, conversely, decreases the field required to
produce a given degree o f cooling. This would aid in reducing the field required by the double ADR,
but the effects on the Neel temperature would first have to be investigated.

The inclusion o f

ferromagnetic atoms in the lattice would increase the internal magnetic field o f the material, causing
magnetic ordering at higher temperatures. This would raise both the Neel temperature and the base
temperature reached upon demagnetisation. McMichael, Ritter and Shull (1993) have stated that the
number o f dysprosium ions in each cluster will increase with the concentration o f iron.

The

approximate entropy changes upon demagnetisation for iron-doped DGG and GGG were predicted
using the free ion approximation. For demagnetisations from 4.2K and IT, the optimum cluster sizes
were 3 atoms for the GGG based material and 2 atoms for the DGG based material. The iron-doped
materials had predicted entropy changes 44% and 28% higher than normal GGG and DGG respectively
at this field and temperature. These small cluster sizes will require low iron concentrations, and so the
effect on the Neel temperature should be small.

The high temperature stage o f the double ADR

operates from 4.2K and ideally uses a field o f IT, so the use o f superparamagnetic refrigerants could
significantly improve its performance.

The next step in the materials testing programme should

therefore be to obtain samples o f dysprosium iron gallium garnet for testing in the MSSL laboratory
ADR.
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7.4. The Dynamic Thermal Model

A constant theme running through this thesis was the development o f a dynamic thermal model of
ADRs. This was used to analyse the data from the experiments on CPA, GGG and DGG; to investigate
the performance o f the modified support structure described in Chapter 3; and to predict the
performance o f the micro and double ADRs.

The model was based on the standard paramagnetic

theory discussed in Chapter 2, and included the effects o f conductive and radiative heat leaks, eddy
currents, and the salt pill addenda. The effect o f the magnetic field profile was approximated, and the
equation for the thermal boundary resistance was used to represent the effects o f thermal resistances
inside the salt pill.

The general conclusion from the application o f the model to the experimental

results from the CPA, GGG, and DGG tests was that all o f these salt pills, with the exception o f one o f
the two CPA pills, exhibited large thermal gradients within the pills after demagnetisation. These were
due to the effects o f low thermal conductivity in the case o f the powdered salt pills, and elevated
thermal boundary resistances in the single crystal DGG pills. The thermal model described here was
believed to be the most detailed and accurate model of ADR operation constructed to date, and so these
thermal effects have often been overlooked in the past. This has been done by attributing any shortfall
in the performance o f an ADR to an effect such as the magnetic field profile (e.g. Timbie, Bernstein
and Richards, 1990), without detailed justification.

The experimental results clearly indicated that improvements in the salt pill designs were required. For
the powdered DGG and GGG pills, this could be done by compressing the powders at higher pressures
than those obtained with the hand vice used in their construction, and by mixing the powder with a high
thermal conductivity matrix, such as vacuum grease. These measures could also be used in the CPA
pill, but an alternative would be to grow the CPA directly onto the thermal bus by evaporation o f an
aqueous solution, as was done with the CMN pill used in the micro ADR. The performance o f the
DGG single crystal pills could be improved by ensuring that good mechanical contact was made
between the crystal and the metal components o f the salt pill. Positioning the crystal accurately in the
centre o f the magnetic field would help to achieve this, as would placing a spring in the pill to push the
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crystal against the top rod.

Both o f these measures were incorporated into the design for the high

temperature stage o f the double ADR.

The model used a simplified representation o f an ADR that avoided any detailed analysis o f the
temperature gradients inside the salt pill due to the thermal conductivity o f the paramagnetic material.
The next step in its development would therefore be the inclusion o f the solution to the heat equation
derived in Chapter 3. The magnetic field profile will also cause temperature gradients to develop, since
the field and therefore the temperature drop upon demagnetisation will be smaller at the ends o f the salt
pill. A form o f fmite-element analysis would allow the thermal gradients inside the salt pill to be
treated in more detail, and the model would then become a powerful tool for studying future ADR
designs.

7.5. T he M icro ADR

The aims o f the micro ADR programme were twofold. The first was to develop an ultra compact ADR
that could be used as an extra cooling stage for the Oxford Instruments Heliox He3 refrigerator,
extending its temperature range down to lOmK. The second was to demonstrate the technology that
would be used in the low-temperature stage o f the double ADR.

The micro ADR was largely

completed, but no demagnetisations were carried out, although experimental tests were performed on
most o f the components independently. The CMN salt pill was constructed, achieving an 80% filling
factor at the first attempt. The operation o f the heat switch at low temperatures was demonstrated, but
its thermal conductivity was not measured.

Results from the thermal model indicated that a base

temperature o f just over 8mK could be achieved with a field o f 1.5T, if the filling factor o f the salt pill
could be increased to 90%. The hold time at lOmK would then be over 40 hours with no additional
heating o f the cold stage, decreasing to 19 hours with lOnW o f heating, and 3.5 hours with lOOnW.

The Heliox tends to be used in applications that require a fast turn around time. It provides 50 hours of
hold time at 0.3K with no additional heating, or 3.5 hours with lOOnW. The micro ADR will add just
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over an hour to the time taken to reach low temperatures, and will provide 3.5 hours o f hold tim e at
lOmK with lOOnW o f additional heating. It therefore extended the temperature range o f the Heliox
without reducing the hold time or cooling power, so should prove popular with existing Heliox users as
well as opening up new markets. The next step in its development will be the completion o f the heat
switch with a superconducting solenoid.

The switch will then be tested to determine its thermal

conductivity, allowing both the recycle time of the micro ADR and the heat load on the Heliox cold
stage to be calculated. Additional work will also be required to perfect the salt pill growth process and
increase the filling factor.

7.6. The Double ADR

The double ADR was a first step towards a space-qualified system, designed to show that the mass,
power consumption, size and magnetic field could all be reduced to the extent required for operation on
a satellite. The goals were achieved in part through an advanced magnet design, and in part by splitting
the ADR into two independent stages. The use o f independent stages, as opposed to an ADR with a
thermal guard pill, allowed the cooling effort to be divided between them. This in turn allowed the
refrigerants used in each stage to be optimised to their particular temperature ranges. The first stage
also acted as a thermal guard for the second, extending the hold time. No previous ADR has used both
multiple, independent stages and superconducting magnets, so the double ADR represented a
significant advance in magnetic cooling technology.

Again no experimental testing was carried out on the ADR as a whole, but many o f the components
were tested individually in other experimental programmes. The second stage closely replicated the
design o f the micro ADR, and so benefited from the tests carried out on the heat switch and salt pill of
that system. The first stage used single crystal DGG as the refrigerant, and the performance o f two
crystals was measured in the MSSL laboratory ADR. The support structure was similar to that in the
other MSSL ADRs.
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The thermal model was applied to the simplest mode o f double ADR operation, a demagnetisation o f
both stages in series. It used the effective value o f the thermal boundary resistance between gold and
DGG inferred from the tests on the green DGG crystal, which suffered from poor mechanical contact
between the crystal and the rest o f the salt pill, and so represented the worst case scenario performance.
It indicated that the base temperatures would be between 10 and 20mK for operation from a 4.2K bath
with fields o f less than 2T on both stages. However, the hold times would be relatively short, less than
ten hours at temperatures between 20 and lOOmK for fields o f 1.5T on both stages. Raising the field on
the DGG stage to 3.5T would extend the hold time, providing ten hours at 20mK, but would make the
double ADR unattractive for use in space. It would nevertheless be a useful laboratory refrigerator,
particularly given its ability to couple to a mechanical cooler. Eliminating the use o f liquid nitrogen
and helium from laboratory cryogenics would significantly reduce costs in terms o f both infrastructure
and consumables.

The performance could be considerably improved by operating the double ADR from a 2K thermal
bath provided by liquid helium, leading to significant hold times for 1.5T fields on both stages. The
hold times at temperatures between 10 and 20mK would then be between 10 and 30 hours, and 21
hours at 20mK with lOnW o f additional heating. A further run o f the model predicted 55 hours at
65mK with lOnW o f additional heating. This would make the double ADR particularly applicable to
the Constellation-X mission, although the recycle time would be considerably longer than the specified
two hours.

The double ADR programme will benefit considerably from experimental tests on the micro ADR.
One area o f particular importance is the heat switch design, which was the same for both devices.
Measurements o f the thermal conductivity o f the micro ADR switch will determine the force it exerts
on the salt pill, and allow the design o f the double ADR support structure and heat switch to be
finished. This will in turn allow the calculation o f the duty cycle. The micro ADR will also highlight
any possible improvements in the CMN salt pills used in both devices.

The design o f the high-Tc

superconducting magnet current leads for the double ADR must also be investigated, to determine the
thermal load on the 4.2K interface. Finally, the thermal boundary resistance between DGG and gold
must be accurately measured, allowing the predictions o f the thermal model to be refined.
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The construction o f the double ADR will be an important milestone in the development o f a lOmK
refrigerator for use in space.

However, even if the thermal boundary resistance between the DGG

crystal and the metal components o f its salt pill was insignificant, it would still not achieve the desired
goal o f around 20 hours hold time at lOmK, using 1.5T fields on both stages, when operated from a
4.2K bath. The model predicted that fields o f 3.5T on the HTS and 1.5T on the LTS would provide 5
hours o f hold time at lOmK for no additional heating of the cold stage. Increasing the size o f the LTS
salt pill could increase the hold time, but this would not significantly reduce the HTS magnetic field
required. The use o f the superparamagnetic nanocomposite refrigerant DGIG in the HTS would lower
the field required by almost 30% according to the theoretical analysis performed in Chapter 4. It was
stated in Chapter 6 that, if the boundary resistance between the DGG crystal and the salt pill addenda
were insignificant, then the performance predicted by the model for an HTS field o f 3.5T could be
achieved with only 2T. A combination o f these two improvements would therefore lower the field
needed to 1.3T. A four-fold increase in the size o f the CMN salt pill would quadruple the hold time, so
the double ADR could then provide 20 hours o f hold time at lOmK, using 1.5T fields and a 4.2K
thermal bath. However, the performance of DGIG in an ADR will have to be measured experimentally
to ensure that it agrees with the theoretical predictions, and the situation could not be accurately
modelled without measurements o f the zero-field entropy o f DGIG. The useful cooling power o f this
system would also be small because, as shown in Fig. 6.11, the hold time would drop rapidly with
increasing heat load on the cold stage.

The model clearly indicated that, in order to provide useful hold times and cooling powers at lOmK
whilst using 1.5T fields and a 4.2K thermal bath, a system with a significantly lower base temperature
would be required. This could be achieved by using three independent stages. Such a design would
use DGG in the first stage and CMN in the last, with an intermediate temperature material such as CPA
in the second stage. The major effect o f introducing an extra stage would be an significant extension o f
the hold time, allowing the use o f a 4.2K bath that could be provided by a mechanical cooler, whilst
still cooling to lOmK with fields o f IT or less. The feasibility o f such a system could be investigated
by linking the double and micro ADRs together, using the micro ADR as the third stage, and changing
the second stage refrigerant o f the double ADR to CPA.

263

It seems inevitable that future astronomical satellites will require refrigeration to temperatures o f lOmK
in order to utilise the latest advances in detector technology. There has also been an emphasis from
both NASA and ESA on making future space missions smaller, faster and cheaper. The use of large
liquid helium dewars may therefore be eliminated in favour o f more compact mechanical coolers,
producing a requirement for a refrigerators capable o f cooling from a 4.2K bath to lOmK. This thesis
has shown that a multi-stage ADR would be the most promising candidate for such an application.
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Appendix: Mathematical Derivations

A .I. T he W o rk R equired to M agnetise a M agnetic M aterial

In order to adapt the equations o f thermodynamics to deal with systems in which magnetic forces are
important, an expression for the work required to change the field applied to a material is required, to
replace the usual work term in the first law o f thermodynamics,

dW = - p d V .

Al . l

This treatment follows Finn (1993).

Consider a magnetic material placed inside a long solenoid. The length o f the sample is 1, and the area
A is such that it completely fills the cross section o f the solenoid. The definitions for the magnetic flux
density B, the magnetic susceptibility Xm for a linear magnetisable material such as a paramagnet, and
the relative permeability p are
B = / / 0( H + M ) = B 0 + / i 0M ,

A1.2

M = ^ mH ,

A1.3

M=l +Xu.

A1.4

where H is the magnetic field strength, M is the magnetisation or the magnetic moment per unit
volume, and p0 is the permeability o f free space. Combining these equations gives

B = Ho( \ + X u ) H = m « H ,

A1.5

and since M is the magnetic moment per unit volume, the total magnetisation M T is
M r = VM,

A1.6

where V is the volume o f the material. If the assumption is made that all o f the vector quantities in the
above equations are parallel, they can be treated as scalars. Since the solenoid is long, there are no
significant end effects, and the on-axis field inside the solenoid is uniform.

265

dl

dB

V I

dB

dl
Fig. A l .1. The magnetic field elements produced by opposite current elements o f a circular loop o f
wire. The field elements dB are produced by the two opposite current elements dl.

If the solenoid is closely wound, a single turn can be considered as a circular loop o f wire, o f area A.
Let the diameter be a and the current in the loop I. The Biot-Savart Law

L iJdl a r
dB-—
—
Aw

A1.7

can be used to find the magnetic field produced by each current element at anon-axis position P, a
distance x from the centre of the loop. Fig A l.l shows the situation.

It is clear from the symmetry o f the situation that the y and z components o f the two field elements due
to the opposite elements o f current will cancel exactly.

By resolving the field elements in the x

direction, integrating around the loop, and using the fact that r2 = a2 + x2, the Biot-Savart Law can be
used to show that

A1.8

=

2 ( a 2 + x 2)

If the solenoid has n turns per unit length, then an element o f the solenoid dx contains ndx turns,
producing at field at P o f

dB p =

ju0n d xla 2
A1.9

2( a 2 + jc 2)
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dx

x

Fig. A 1.2. The angles subtended at P by the ends o f a solenoid. The element o f length dx at
distance o f x from P subtends an angle d0 at P.

Let the angles subtended at P by the ends o f the solenoid be a and (3, as shown in Fig. A 1.2.
Integrating over the length o f the solenoid and rewriting the result in terms o f a and (3 gives the field at
P as

ju0nl( co s p - cos a)

A1.10

If the solenoid is long i.e. the length is much greater than the radius, a —> n and (3 —> 0, and so A 1.10
becomes

Bp = { i0n l .

A l.ll

If the current in the magnet is increased from I to dl in time dT, it experiences a back EMF e, given by
Faraday’s law o f electromagnetic induction as the rate o f change o f flux linked. The flux linked <J> is
given by the integral o f the magnetic flux density over the area o f the circuit, and so if each turn is
considered as a separate circuit, with nl turns in the solenoid, the back EMF is

f BnldA = — BnV = nV

J

A1.12

dt

where V is the volume o f the solenoid.

Therefore the work required to magnetise the sample is

provided by the electrical power supply driving a current into the magnet against the back EMF. Back
EMF is defined as the integral over a circuit o f the work required to move a test charge around the
circuit, and so if a current I flows into the magnet in time dt, the work done, using equations A 1.2 and
A 1.11, is
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d W = d d t = n V — Idt = —
dB = — \d B 0 + n ^ d M 1.
dt
ju0
Mo

A1.13

Integrating and using equation A l .6 gives the total work done in magnetising the sample,

w = v j^odBo_ + v j B ^d M = v j i o ^ o _ + j B od M r
Mo

A114

Mo

The first term has no dependence on the properties o f the material, and so must be the work required to
magnetise the coil alone.

The second term on the R.H.S. is the work required to magnetise the

magnetic material. Therefore, the work done in changing the magnetic moment per unit volume o f the
material is

d W = B 0d M T .

A l .15

A.2. The D erivation o f th e M axwell Relations

This treatment follows Finn (1993). Let the function <j)(x, y) take unique values for each pair o f values
x and y. If x and y change by dx and dy, the change in (j) is given by

(df\

dtf> = \ —

.

(af\

dx + \ —

.

dy .

A2.1

Since it is the differential o f a mathematical function d<() is referred to as an exact differential. The
value o f (j) at each pair o f x and y is fixed, and so the change in § between any pair of x and y values is
also fixed i.e. the change in (]) is independent o f the path followed between the initial and final values o f
(|) in the x,y plane. If the coefficient o f dx in A2.1 is differentiated with respect to y, holding x constant,
the result is cffy/dydx, whilst if the coefficient o f dy is differentiated with respect to y, holding x
constant, the result is cffy/dxdy. It is shown in most standard texts on partial differentials that these two
quantities are equal, the order o f differentiation being irrelevant.

Now take an exact differential o f the form

dG = Xdx + Y d y ,

A2.2
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where X and Y are functions o f both x and y.

This is similar to the situation encountered in

thermodynamics, where the state o f a system can be completely defined using two state variables, such
as pressure and volume, and so any variable o f the system can be written as a function o f any two state
variables. Comparing this to A2.1 and differentiating each term as described produces the equation

A2.3

The four thermodynamic potentials: the internal energy; the enthalpy; the Helmholtz free energy; and
the Gibbs free energy, relate to the energy changes in a system. If a system is changed from some
initial state to some final state, then the change in any one o f the thermodynamic potentials must be the
same whatever path is followed, otherwise the system could act as an infinite source o f energy.
Therefore the thermodynamic potentials must take unique values for each state, and so their
differentials are exact differentials. This fact can be used to derive the Maxwell relations from the
thermodynamic potentials, each o f which has the form o f equation A2.2. For example, equation 2.7
gives the differential form o f the internal energy in a magnetic system,

d U = TdS + B Qd M .

A2.4

By comparing this to A2.2, an equation similar to A2.3 can be produced,

A2.5

This is the first o f the four Maxwell relations for a magnetic system, and the remaining three can be
produced in a similar way from the other thermodynamic potentials.

A.3. The Magnetic Moment o f a Paramagnetic Ion

This treatment follows Rae (1992). The magnetic properties o f atoms are, to a good approximation,
due solely to the angular momenta o f their electrons. The orbital angular momentum can be examined
classically, treating the electron as a charge orbiting the nucleus, equivalent to a current, which
generates a magnetic field. The effect o f the spin angular momentum must also be considered, but this
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has no classical analogue, and must be treated either by using the Dirac equation o f relativistic quantum
mechanics, or examined experimentally.

Let an electron with charge -e and mass me be orbiting about the nucleus with angular velocity co and
orbital radius r. The orbital angular momentum 1 is a vector with magnitude meCoV which points in a
direction perpendicular to the plane o f the orbit. The electron can therefore be considered as a current
o f -eco/27i moving around the orbit. The definition o f the magnetic moment m is the current in a loop
multiplied by its area, and so the magnetic moment o f the electron due to its orbital angular momentum
is

m , = -----— 1.
2m e

A3.1

The magnetic moment o f the electron due to its spin angular momentum is given by a similar
expression, but experiment shows that it is larger by a factor gs which is almost equal to 2, and so
e

m

= ------ s .

A3.2

me
There are two magnetic effects to consider: the effect upon the atom o f an external field; and the
interaction o f the spin and orbital magnetic moments.

Unfortunately, it is not possible to

simultaneously specify the energies o f each effect, since the relevant operators do not commute, and so
one effect must be ignored in order to simplify the situation. The order o f magnitude o f the spin-orbit
interaction is given by the fine-structure constant, which is approximately the change in the electronic
energy levels due to the interaction divided by the typical energy o f an energy level. The fine-structure
constant is equal to 1/137, and so if the typical atomic energy is lOeV, then the spin-orbit interaction
energy is about 10'3eV. The typical energy o f interaction with an external field is given by the Bohr
magneton, which is about 10'4eV/T. Thus, an external field will need to be 10T or larger to overcome
the effects o f the spin-orbit interaction. Since the fields used in ADRs are usually smaller than this, the
weak-field case is the relevant situation. In the strong-field case, the effects of the external field upon
each o f the angular momenta are considered independently, then the effects are combined. However, in
the weak-field case, the angular momenta are combined first, and then the effect o f the external field is
considered.
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The complete analysis o f the interaction between the total angular momentum and an external field
involves the use o f detailed quantum mechanics, but the same result can be derived from a less rigorous
semi-classical analysis known as the vector model o f angular momentum. The vector sum o f the spin
and orbital magnetic moments is proportional to l+2s, whilst the total angular momentum is given by
the vector sum o f the individual angular momenta j=l+s.

These two vectors are not in the same

direction, and so the total magnetic moment has components in more than one direction relative to j.
However, the individual components o f the operator 1 do not commute, and the same is true o f the
Therefore, if the component o f the total magnetic moment in the j direction is

components o f s.

defined, the other components will not be defined, and so will have no effect.

This is an

approximation, and is only completely accurate if the field is so weak that the eigenfunctions are
unchanged. The poor definition o f the components o f the total magnetic moment perpendicular to j is
represented in the semi-classical model by the precession o f I and s about j, so that the components o f
the corresponding magnetic moments perpendicular to j average to zero. Resolving in the j direction
gives

f

J m

m.
1

j

2m j ' '

7

,

1+

T j .( l + 2 s) =

2me K

j

2

j 2,

2\

-I +s‘
2j ‘

A3.4

The usual technique o f replacing the classical expressions for the magnitudes o f the angular momenta
with the eigenvalues o f the corresponding quantum mechanical operators can be used with A3.4. If the
applied field is taken to be in the z direction, then mj must be resolved in the j direction, and so j is
replaced by (h/27t)Mj the eigenvalue o f the operator Jz, giving
A3.5
where p B is the Bohr magneton

eh
JUB = -

,

A3.6

2 7m e

g is the Lande g-factor
,

j ( j + l ) - l ( l + \) + s(s + l)

g

2 j ( j + l)

h is Plank’s constant, and j, 1, and s are the quantum numbers associated with the eigenvalues o f the
operators J2, L2 and S2.
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Fig. A 4 .1. Diagram o f the bar.

A.4. The Derivation o f the Fourier Equation

This treatment follows Sprackling (1991). Consider the bar shown in Fig. A4.1, and the element of
length 8x at a distance x from the end o f the bar. Let the bar be thin, so that radial variations in the
temperature can be ignored. The temperatures T at either end o f the element will differ by the product
o f dT/dx with the length o f the element. The definition o f thermal conductivity can be written as

A4.1

dx ’

where Q ’ is the thermal power flowing across a surface o f cross sectional area A, dT/dx is the
temperature gradient, and k is the thermal conductivity.

Therefore, the heat flows Q ’| and Q ’2 are

given by

A4.2

and

A4.3

dx\

dx

)

dx

dx2
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If the bar is supported at either end in a vacuum, then heat can only flow out o f it by conduction
through the end surfaces or by radiation.

For most practical purposes in ADRs radiation is a small

effect and can be ignored. However, in the case o f the support structure components the salt pill will
cool the bar during demagnetisation, and so heat will be flowing out o f the element. Assuming that the
thermal conductivity is constant with temperature, the net flow o f heat out o f the element is given by

Q ' = Q \ - Q \ = - k A ^ r Sx.

A4.6

dx
The amount o f heat used in cooling is given by

dT
-m cn
,
p dt

A4.7

where m is the mass. cp the specific heat capacity, and t is time. This gives

dT
, t d 2T .
—m c „ — = - k A — —ax .
p dt
dx2

A4.8

If p is the density o f the material then

m = pAdx,

A4.9

and so

dT

k

d 2T

dt

pc

dx

= a

2 d 2T
— -

A4.10

dx‘

where

a 2 = -^ — .
P°p

A 4 .ll

The quantity a 2 is known as the thermal diffusivity, and A 4.11 is known as Fourier’s equation.
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A.5. The General Solution to the Fourier Equation

This treatment follows Boas (1983). To find the time taken for the support structure components to
reach thermal equilibrium it is necessary to solve the Fourier equation with Dirichlet boundary
conditions. As before, the Fourier equation is

dT
dt

k

d 2T

, d 2T

= ------------ T = a

p c p dx

---------------------------------------------------------------------------A5.1

dx

Take the case where the helium bath is being pumped: the heat switch is activated, so both the base
plate and the salt pill are cooling. Therefore, both ends o f the support structure components are cooled.
Assume that this cooling is sudden, so that the whole bar is at a temperature T H higher than the
temperature at the ends TL. Let u(x, t) represent the temperature profile o f the bar, where x is the
distance along the bar and t is time. This gives the boundary conditions and the initial condition
w ( 0 ,0 = T,
B.C.’s:

for t > 0

u(l,t) = T,
I.C.:

u(x, 0) = f(x) = T h

for 0<x<],

A5.2

where 1 is the length o f the bar. The first step is to homogenise the boundary conditions, setting them
to zero, by redefining the temperature. This gives

u(x,t) = u(x,t) —Tl ,

A5.3

and the boundary and initial conditions become

u ( 0 ,t ) = 0
B .C.’s:

for t > 0

u (l, t ) = 0

I.C.:

u(x, 0 ) = f ( x ) - T L = T H - Tl for 0<x<l.

A5.4

Next, assume that the solution is separable i.e.

u( x , t) = T (it ) X ( x ) .

A2.5

The Fourier equation becomes

dt

T(t)X(x) = a l T(t)—

dx

X(x),

A5.6
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which can be divided by a T(t)X(x) to give

d T ( t)

d 2X (x )

dt
_
a 2T ( t)

A5/7

dx
X (x)

The L.H.S. o f this equation depends only on t and the R.H.S. only on x. The only way they can be
equal for non-trivial conditions is for both to be constant, so define the separation constant to be k. The
initial partial differential equation has then been separated into two ordinary differential equations,

d2

X (x ) = kX (x)

A5.8

— T{t) = a 2k T ( t ) .
dt

A5.9

dx4
and

The first equation will only have non-trivial solutions for negative values o f k, so put

k = -X 2

A5.10

where A.2>0, giving

d2
dx2

X (x) + X X ( x ) = 0.

A 5 .ll

This is the simple harmonic oscillator equation, and the solution is

X ( x ) = A sin h e + B cos A x ,

A5.12

where A and B are constants, which can be found using the boundary conditions:
B.C.’s: X(0)=0 X(1)=0 =>
X(x)=sin Ax

=>

B=0,
A=0 or sinA.l=0.

A5.13

The case o f A=0 is trivial, so

X = — = Xn
I

A5.14

where n is an integer. For non-trivial solutions

‘- M

t

)'

A5.15

and so
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X ( x ) = sin Xnx = X n ( x ) = sin

VITDC

A5.16

/
The other ordinary differential equation A5.9 now becomes

^ T {t) = - a 1X \ T ( t ),
at

A5.17

and the solution to this is the exponential function

m = T n(t) = T„(0)e-°li-'

A2.18

This gives an infinite number o f solutions, all satisfying the boundary conditions,
-a

u „ (x ,t) = T „ (t)X „ (x)= T „ (0)e

sin

A5.19

The arbitrary constants Tn(0) have to be determined from the initial condition. This is only feasible if
the initial condition is a sine function, e.g.

A5.20
= > » = ! ,7 ; (0 ) = 1
and so

A5.21

This is not very useful for the initial problem, and so a more general solution must be found in order to
satisfy a more general initial condition. The principle o f superposition can be used, which states that
any sum o f solutions must itself be a solution.

This implies that, given the above equations, any

reasonable initial condition can be expressed as a sum o f Tn(0) i.e. any well-behaved function can be
expressed as a sum o f sines. Therefore, a general solution to the Fourier equation can be generated
from the example studied here. So,

u ( x ,t ) = U]( x ,t ) + U2 ( x ,t) + ...
00

A5.22
n= 1

and
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/(x ) = w(x,0) = 2r„(0)sin
n=1

f mix^
V

^

for 0<x<l.

A5.23

J

The next step is to generate the Tn(0) for any initial condition. First put

Tn(0) = a n

n = l, 2 ,3 ...

A5.24

The standard procedure for Fourier series can be followed, multiplying both sides by sin nmx/1 where
m is an integer, and integrating over the domain. The order o f integration and summation can be
changed if the series is uniformly convergent. So,
V

x .

m7DC .

'A

^

0

V .

Y17DC .

ax = 2 ^ a n J s m

l/(jc )s in

n =1

m iDC

s in

o

^

,

ax.

A5.25

^

The orthogonality relationship for sines can be used, which gives

2 V . YiTJX . m7ix .
sin
d x - o mn =1 if m=n
I
I

— sin

A

S . 2 6

=0 if m*n.
This leaves only one term on the R.H.S. o f A5.25,

I
~Z&mn ~~~Z

00

/

„=l

2.

’

A5.27

L

giving

2 lr
. . mnx
a ™= J J / ( x ) s i n — Y~ •

m = l ,2,3 —

A5.28

Since m is arbitrary any symbol can be used, including n, so

2 V .. . . U7DC .
an =

y

J / ( x ) sin —~

■

rFT ,2,3....

A5.29

So the complete solution is
' ann i

/

\

— I'
Y17DC
u ( x , t ) = Y j a ne 1
sin
n=1

V I

a„ = y J / O ) s i n ^ j ^ d x .

A5.30
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