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ABSTRACT

The phenomenon of bubble coalescence in fluidized beds is a significant factor 

and dominates the distribution of bubble sizes and positions in the bed; it also affects 

the transfer of gas between bubbles and the emulsion phase. Although the mechanism 

of bubble coalescence has been investigated for around thirty years, few studies have 

reported the interaction between bubbles from two or more nozzles.

In order to understand the processes of bubble coalescence, this study was 

carried out using X-ray attenuation to measure the bubble interactions in gas 

discharging from two nozzles at varying separation distances submerged in a fluidized 

bed and a defluidized bed at ambient pressure. The measurements of the positions of 

coalesced bubbles were obtained by analysing X-ray images.

Generally, the bubbles issuing from the entry point coalesce immediately when the 

nozzles are sufficiently close together so that the contact between the gas and the 

solids will be restrained initially. Alternatively, the bubbles coalesce at higher levels in 

the bed when the nozzle separation distances are greater. Correlations for predicting 

the height o f coalescence were found to be a function of the distance of separation of 

the nozzles, the nozzle gas velocity and Archimedes number due to different flow 

patterns. Moreover, the patterns o f coalescence for gas streams or bubbles occurring 

in a defluidized bed were found to be dependent on the separation distance of the 

nozzles.

In addition, deterministic chaos, a new tool was employed to investigate the 

processes of bubble coalescence from three nozzles. The chaotic time series measured 

from analysis of multiple bubble interactions was characterized by the Hurst exponent, 

the correlation dimension, the Lyapunov exponent and the Kolmogorov entropy of its 

chaotic attractor. The results provided a new criterion for the nature of bubble 

coalescence in a fluidized bed.
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Throughout the ages all those who have been highly 
successful in great careers and in the pursuit of learning 

must of necessity have experienced three states:
Last night the west wind shrivelled the green-clad trees,
Alone I  climb the high tower
To gaze my f ill along the road to the horizon.

expresses the first state.
My clothes grow daily more loose, yet care I  not.
For you a m i thus wasting away in sorrow and pain.

expresses the second state.
I  sought her in the crowd a hundred, a thousand times. 
Suddenly with a turn o f the head (  I  saw her ),
That one there where the lamplight was fading.

expresses the third state.

Kuo-Wei Wang (1877-1927)
Ch’ing Dynasty, China
Poetic Remarks in the Human World (1910) 
(a.k.a. ''Jen Chien Tz 'u Hua ”)
Section I : No 26.
[Translated by A. A. Rickett (1977)]
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Chapter One 

INTRODUCTION

1.1 Fluidization Phenomena

The first commercial fluidized bed, the Winkler gasifer was set up in Germany by 

1926 for the gasification of powdered coal, but the patent assigned to BASF was 

awarded in 1922 (see Yerushalmi, 1984). In the past seventy years, the technology 

and researches on fluidized beds have been developed rapidly. Now fluidization is an 

important technology in many industrial applications including mixing, coating, 

drying, sizing, adsorption, catalytic cracking, gasification, combustion processes, and 

so on (see Kunii and Levenspiel, 1991). The advantages of fluidized beds may be 

summarized as follows: easy of operation, good solids mixing well giving uniform 

isothermal conditions, high rates of heat and mass transfer, and so on.

‘Fluidization’ is the levitation of a mass o f particles by a fluid. In this state, the 

behaviour of particles is like a fluid in that it tends to establish a level and flow in 

response to a pressure gradient. The fluid-like properties are shown by the fact that 

the bed surface remains horizontal and low-density objects float on the bed surface. In 

theory, the pressure drop across the bed is just sufficient to support the bed weight. 

That the particles start to be mobile supported by a flow rate is defined as minimum 

fluidization.

In gas-solid systems, bubbles generated above minimum fluidization velocity give 

rise to what are call ‘aggregative’ or ‘bubbling’ fluidized beds. The behaviour of 

fluidized bed can be described by the two-phase theory (Toomey and Johnston, 1952) 

which states that the excess o f gas over that required for minimum fluidization is 

offered to form bubbles in the bed (although the reality is more complex). Thus, the 

two-phase system includes the particulate or emulsion phase in which the flowrate is 

maintained at minimum fluidization, and the bubble phase. Bubbles are void regions

19



Chapter One ■ 2 0

that are generated from gas distributor and rise in the bed. They are associated with a 

particle wake, grow by coalescence and break on the bed surface. In a fluidized bed, 

the rise o f bubbles changes the gas flow and causes particle movement resulting in the 

exchange of gas, mixing of particles, and intimate contact between gas and particles.

1.2 Bubble Coalescence

Since the 1960’s, the understanding of the hydrodynamics of fluidized beds has 

been an important study for development o f fluidization technology. Clift and Grace 

(1972) have stated that the phenomenon o f bubble coalescence is a significant factor 

and dominates the distribution of bubble sizes and positions in the bed, and affects the 

transfer of gas between bubbles and emulsion phase. Sit and Grace (1981) also 

reported that bubble coalescence enhances the interphase mass transfer. Generally, the 

bubbles issuing from the entry point coalesce immediately when the nozzles are 

adequately close together so that the contact between the gas and the solids will be 

restrained initially. Alternatively, the bubbles coalesce at higher levels in the bed when 

the nozzle separation distances are greater. Many studies have reported the processes 

of bubble coalescence (see Chapter 2). Regularly, when two bubbles approach, they 

deform from their normal shape in isolation. The leading bubble flattens out while the 

following elongates. Finally the following bubble acceleratively enters the wake of the 

leading bubble.

However, although the mechanism of bubble coalescence has been the subject o f a 

number o f investigations in the last thirty years, only few studies have reported the 

interaction between gas streams entering into a bed from two or more nozzles. 

Therefore, it is important to understand the geometrical distribution of gas entry 

points for reactor design.

1.3 Scope and Objectives of this Work
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The main objective of this study was to explore the process of bubble coalescence 

from multiple nozzles in order to acquire more information on the properties of 

fluidization of useful proportions.

The major investigation was carried out using X-rays to detect bubble 

interactions in gas discharge from two nozzles at varying separation distances 

submerged in a fluidized bed and a defluidized bed at ambient pressure. Two gas 

discharge patterns were arranged: vertical nozzles and horizontal nozzles. Group A, B 

and a large size particles were selected for use in this work. The measurements were 

obtained by analysing X-ray images. On the basis o f these results, correlations were 

developed for predicting the position of bubble coalescence from operating 

parameters. The effects of operation conditions were analysed to understand the 

process o f bubble coalescence.

This study was also extended to investigate bubble coalescence from three 

nozzles. A new tool, deterministic chaos was employed to examine the interaction of 

three bubbles for providing a new view on the nature o f bubble coalescence in a 

fluidized bed.

1.4 Organization of this Thesis

This thesis can be divided into three main parts: Bubble coalescence in fluidized 

beds, bubble coalescence in defluidized beds, and bubble coalescence from three 

nozzles.

Part I. Bubble Coalescence in Fluidized Beds

The first part including Chapter 4 and Chapter 5 is to present the phenomena of 

bubble coalescence from two vertical and two horizontal nozzles in fluidized beds of 

Group A, Group B particles (Chapter 4), and large particles (Chapter 5). The bubble
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coalescence height is correlated by measurements. The effect of gas discharge pattern 

and particle size is analysed, and the variation of the volume in bubble coalescence is 

detected to compare with other published results.

Part n . Bubble Coalescence in Defluidized Beds

The second part is to investigate the process of bubble coalescence in a defluidized 

bed (Chapter 6). The defluidization phenomenon and the different coalescence 

patterns from fluidized beds are presented. The coalescence height and jet penetration 

length are examined, and their relationship is discussed. Comparison of coalescence 

height between fluidized beds and defluidized beds is also presented in this part.

Part in. Bubble Coalescence from Three Nozzles

The third part is extended the above observations to multi-bubble coalescence. 

Chapter 7 describes the behaviour of bubble coalescence from three nozzles at equal 

separations and non-equal separations. The eiSect of the third nozzle on bubble 

coalescence from two nozzles is detected. Comparison of coalescence height between 

using two nozzles and three nozzles is discussed. Moreover, deterministic chaos is 

introduced in Chapter 8 to characterize the chaotic behaviour in bubble coalescence 

from three nozzles. A brief review and measuring methods are presented first. The 

chaotic time series measured from analysis of three bubble interactions is analysed by 

the Hurst exponent, the correlation dimension, the Lyapunov exponent and the 

Kolmogorov entropy of its chaotic attractor. The results provided a new view for the 

nature of bubble coalescence in a fluidized bed. Some computer programmes of 

measuring chaos are listed in Appendix B.

In addition. Chapter 2 presents a comprehensive survey of the past studies in 

bubble coalescence since 1962. It is divided into 4 categories by bubble arrays and 

particle size including bubble pairs, bubble chains, bubble swarm, and coalescence in 

large particle fluidization. Chapter 3 describes the experimental equipment including 

the X-ray measuring system and the image analysis system. The experimental
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procedure is also presented. Finally Chapter 9 summarises the conclusions of this 

work, and presents the recommendations for the future research.



Chapter Two 

LITERATURE SURVEY

2.1 Mechanism of Bubble Coalescence

The phenomenon of bubble coalescence has been the subject of a number of 

investigations (Clift and Grace, 1985). Generally, bubble growth in fluidized beds 

occurs due to coalescence. The bubble size and velocity increase with bed height. In 

addition, the number of bubbles decreases because of bubble coalescence, so that the 

bubble frequency decreases as bed height increases.

When two bubbles approach in a fluidized bed, coalescence takes place. From Fig. 

2-1, (Yates et al., 1994) the mechanism of bubble coalescence can be summarily 

described in the following stages. (Toei and Matsuno, 1967; Clift and Grace, 1970)

Stage 1. Acceleration; (see Fig. 2-1(a)) The following bubble accelerates towards 

the leading bubble. The following bubble is affected by the wake of the leading 

bubble, but the velocity o f the leading bubble is unaffected by the folloAving bubble.

Stage 2. Deformation: (see Fig. 2-1(b)) The leading bubble flattens out while the 

following bubble elongates. Due to acceleration, the velocity o f the front part of the 

following bubble is faster than that of its wake, so that the following bubble elongates. 

In ‘accepting’ the following bubble, the bottom of the leading bubble becomes 

flattened towards the sides. Therefore, the leading bubble distorts.

Stage 3. Overtaking: (see Fig. 2-1(c)) The following bubble enters the wake of the 

leading bubble and then catches it up. However, the two bubbles are still separated by 

a layer o f particles.

2 4
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Figure 2-1 The stages o f bubble coalescence (reprinted from Yates et a l , 1994)
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Stage 4. Unification: (see Fig. 2 -1(d)) The layer of particles separating the two 

bubbles falls back to the edges o f the bubble, and then two bubbles are unified. The 

volume of the resulting bubble is greater than the sum of the volumes of the individual 

bubbles.

Some typical types of bubble coalescence shown in Fig. 2-2 were mentioned by 

Rowe et al. (1964). The first type is called in-line coalescence, in which the leading 

and following bubbles are in vertical alignment (see Fig. 2-2(a)). When two bubbles 

approach, soon the following bubble elongates and accelerates into the rear of leading 

bubble directly. The second type is called out-of-line coalescence and occurs as two 

approaching bubbles are in oblique alignment (see Fig. 2-2(b)). During coalescence, 

the following bubble moves across behind the leading bubble, then follows the 

coalescence process described in the first type. The last one is a ‘sideways absorption’ 

process (see Fig. 2-2(c)). When two bubbles rise up side by side and close enough, 

one bubble which is behind slightly could deform flatly and then be ‘absorbed’ by the 

other bubble. The volume o f the ‘absorbent’ bubble increases gradually during 

coalescence.

Halow and Nicoletti (1992) also proposed several types o f coalescence investigated 

in their experimental work according to the bubble sizes. The first type they observed 

was similar to Rowe et al.’s (1964) first and second types regarding the coalescence 

o f the almost equal-size bubbles, but they emphasized a high voidage channel forms 

and connects between the approaching bubbles. The concept of a voidage channel is 

discussed in Section 2.2.2. The second type that occurred fi’equently was one in which 

the small following bubble ‘drains’ into a large leading bubble. A rare type they 

mentioned finally was a large following bubble approaching the small leading bubble. 

During coalescence, the leading bubble nearly stops and is then ‘absorbed’ by the 

following bubble.

In addition, bubble coalescence is dependent on the bubble arrangement and bed 

dimensions.
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Figure 2-2. Typical types o f  bubble coalescence classified by Rowe et al. (1964) 
(reprinted from Yacono, 1975) (a) In-line coalescence, (b) Out-of-line coalescence,
(c) Sideways absorption
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2.2 Coalescence of Bubble Pairs

2.2.1 Mathematical Model for Bubble Pairs

Most of the mathematical models for the coalescence o f bubble pairs were 

proposed to estimate the velocities of interacting bubbles. An illustration of an 

interacting bubble pair is shown in Fig. 2-3. Toei and Matsuno (1967) developed a 

mathematical model of coalescence for two bubbles in vertical and oblique alignment 

in a two-dimensional (2D) bed. The model was based on Jackson’s theory of single 

bubbles and assumed that the emulsion phase around two circular bubbles is an ideal 

fluid and that during coalescence the pressure at the uppermost point of motion on the 

surfaces of two bubbles is constant. The equations were quite complicated and it was 

difficult to calculate the unsteady state solution for bubbles in oblique alignment even 

though the steady state solution was obtained by trial and error methods. Moreover, 

the model was extended to calculate the three-dimensional (3D) case (Toei et al., 

1968), but it could not be solved for bubbles in oblique ahgnment.

A complete model for coalescence of two bubbles aligned vertically and obliquely 

in 2D and 3D beds was proposed by Clift and Grace.(1970, 1971) They also assumed 

that the emulsion phase was an ideal fluid, but the pressure distribution around the 

bubbles was assumed to be constant at the nose of the bubbles. Each bubble and its 

wake was represented by a single doublet so that the bubbles were not exactly 

circular. Firstly for analyzing the interaction of two bubbles in vertical alignment in a

2D bed, the instantaneous velocity o f a bubble {Uf) in a fluidized bed is postulated to

be equal to the sum of the rise velocity o f a bubble in isolation (Ua /) and the velocity

of the emulsion phase at the nose of the bubble (f/jv /) caused by motion of another 

bubble (Clift and Grace, 1970):

Uj = UAi + UMj (2-1)
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Uy1 wake

Bubble 1

w.

wake

Bubble 2

Figure 2-3. The sketch o f  two interacting bubbles in oblique alignment 
(reploted from Clift and Grace, 1985).
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Derived from the above equation, the velocity and position o f a bubble, and the 

relative motion between two bubbles during coalescence were predicted. The model 

was also applied to coalescence o f two bubbles in oblique alignment (Clift and Grace, 

1971), and was extended to 3D Beds. (Clift and Grace, 1970, 1971; Grace and Clift, 

1974) Their models predicted the bubble trajectories during coalescence of equal and 

unequal sized bubbles and the results agreed with experimental data.

Clift et al. (1972) analysed the gas and particle motion around the 2D interacting 

bubbles in vertical and oblique alignments. As in previous studies, each bubble was 

treated as a single doublet in the complex potential for the particle motion and the 

theoretical models of Davidson (1961) and Murray (1965a, b) were applied. To avoid 

the complex analysis, the relative velocity between two interacting bubbles was 

assumed to be zero. The results presented the cloud boundaries, gas and particle 

streamlines for a pair of 2D bubbles in steady flows. For unsteady flows, the 

instantaneous closed gas streamlines were shown when the bubble velocity was in 

excess o f the interstitial gas velocity, but the cloud boundaries still could not be 

identified.

Based on the continuity equation o f motion of Murray’s (1965a, b) theory, Lin 

(1970) developed a 2D model for coalescence of two circular bubbles in vertical 

alignment. A neutral coalescence curve which was the relationship between the bubble 

radii and separation distance o f bubbles was derived to predict whether or not the 

two bubbles will coalesce. In addition, the experimental data o f Harrison and Leung 

(1962) and Toei and Matsuno (1967) showed agreement with the model.

As with Clift and Grace’s (1970) model, Miwa et al.(1972) assumed that each 

bubble could be represented by a single doublet in developing a model of coalescence 

o f two equal-size bubbles in 2D and 3D beds. The model was based on the ideal fluid 

assumption and employed Davidson and Schiller’s (1960) equation for the initial 

volume of a single bubble. For the pressure distribution around two bubbles, the 

pressure gradient at the top o f the following bubble was affected by the separation 

distance between the bubbles. It was assumed that the following bubble is accelerated
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only due to the pressure difference which was calculated by Bernoulli’s equation. The 

pressure difference is an increment o f pressure on the surface o f a bubble when an 

isolated bubble becomes a following bubble. However, that the leading bubble is 

independent of bubble interaction is a simplistic assumption in the model. In addition, 

the model was extended to bubble coalescence within a swarm of bubbles for 

analysing the distribution of bubble size and frequency in the axial and radial 

directions.

In order to analyse the effect of bubble coalescence on through flow velocity in a 

2D bed, Gera and Gautam (1995) extended Clift and Grace’s (1970, 1971) model for 

coalescence of two bubbles aligned obliquely. The original conditions of the model 

were modified by assuming that the voidage is a dependent variable, thus the voidage 

near the bubble is greater than the voidage of emulsion phase at minimum fluidization. 

In addition, the wake effects and high-order bubble interactions were neglected. The 

analysis was only for Group B particles. The results showed bubble interactions cause 

an increase in the throughflow velocity due to the acceleration of the leading bubble, 

and the change in the particulate flow field. An increase of 15-20 % in throughflow 

velocity was found when the following bubble just enters the boundary of the leading 

bubble. Therefore, the size of the leading bubble increases when the short-circuiting of 

gas is from the following bubble to the leading one.

Some of the models for coalescence of a pair o f bubbles are summarised in Table

2 - 1.

2.2.2 Experimental Study of Bubble Pairs

(a) Bubbles in Vertical Alignment

Harrison and Leung (1962), the earliest systematic researchers o f bubble 

coalescence, employed a cine camera for studying coalescence of vertical bubble pairs 

in 2D and 3D beds. The experiments were carried out to measure the rate of bubble 

coalescence as well as the volumes and the rise velocities o f bubbles which formed 

successively from a single nozzle. They decreased the time interval between bubble



Table 2-1. Models for coalescence o f a pair of bubbles

Authors Case
Bubble
alignment Theory background Bubble shape

Emulsion
phase

Pressure 
constant 
points *

Note

Toei and 
Matsuno 
(1967)

2D Vertical
Oblique Jackson’s theory of 

single bubble
Circular Ideal fluid P3, P4 • Difficult to calculate the unsteady state 

solution for bubbles in oblique alignment
Toei et al. 
(1968)

3D Vertical

Clift and
Grace
(1970)

2D Vertical

Ui = Ua i + i 
(see Eq. (2-1)) Non-circular Ideal fluid P1,P2

• Each bubble represented by a single doublet

Clift and
Grace
(1971)

2D

3D

Oblique

Vertical

Clift and
Grace
(1974)

3D Oblique

Lin(1970) 2D Vertical Murray’s theory 
(1965a, b)

Circular
(equal-sized)

Ideal fluid P1,P2 • That interaction reduced bubble velocity was 
predicted

Miwa et 
al. (1972)

2D
3D

Oblique Davidson and 
Schuler’s theory (1960)

Circular
(equal-sized)

Ideal fluid P5 • Each bubble represented by a single doublet
• Extend to a swarm of bubbles

Gera and
Gautam
(1995)

2D Vertical
Oblique

Clift and Grace’s model 
(1970,1971) Non-circular Ideal fluid P1,P2

• Each bubble represented by a single doublet
• Voidage is a dependent variable
• Throughflow velocity is determined

0ITQ}
CD1

* Note: the points are shown in ig. 2-3.
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injections until a single bubble broke the surface of the bed at incipient fluidization. 

The results showed that the velocity o f the leading bubble is unaffected by the 

following bubble and agreed with Cliff and Grace’s model (1970) which predicted a 

maximum increment of 14 % in the velocity of the leading bubble. Moreover, it was 

observed that the following bubble accelerates when it moves closely towards the 

wake of the leading bubble and at this point the velocity of the following bubble 

approximately equals that o f the leading bubble and coalescence takes place. During 

the coalescence process, because the front of the following bubble moves more 

rapidly than the rear, the bubble is elongated.

Furthermore, when two bubbles approached, an increase in velocity of the 

following bubble was ascribed to the effect of the leading bubble was defined as the 

wake velocity of the leading bubble. In this case, the wake velocity was not equal to 

the rise velocity of the leading bubble. From an analysis o f the results in a 3D bed, it 

can be shown that the wake velocity is very near to the rise velocity o f the leading 

bubble when the bubble is up to a certain size. Consequently, possibly due to the wall 

effect, the wake velocity is markedly less than the rise velocity o f the leading bubble if 

the bubble diameter exceeds half o f the bed diameter. The experimental results 

suggest that the active wake extends in excess of about 1.1 bubble diameters behind a 

leading bubble.

In addition to developing the coalescence models, Toei and his co-workers (Toei 

and Matsuno, 1967; Toei et al., 1968), and Clift and Grace (Clift and Grace, 1970, 

1971; Grace and Clift, 1974) have shown some experimental results on bubble 

coalescence including vertically and obliquely ahgned bubbles in 2D and 3D beds. The 

process o f bubble coalescence in a 2D bed explained initially by Toei and Matsuno 

(1967) has already been described in Section 2.1. For the coalescence of two bubbles 

in spite o f their size in a vertical direction, the critical distance defined by Toei and 

Matsuno (1967) at which the following bubble is affected by the leading bubble is 

approximately the distance between the centres of two bubbles, i.e. the sum of the 

two bubble diameters. A relation of coalescence between the bubble position and time 

is shown as Fig. 2-4. When the distance between two successive bubbles is less than
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Figure 2-4 Relation o f bubble coalescence between the bubble position and time 
(reploted from Toei and M atsuno, 1967).
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the critical distance, bubble coalescence occurs. This distance is greater than that 

observed by Harrison and Leung (1962). In addition, the velocity o f the leading 

bubble is greater by up to 10 % than the velocity of a bubble in isolation. Compared 

with their model, the experimental results of the relation between the velocity o f the 

following bubble, and the distance between the tops of the two bubbles are higher 

than the numerical estimate. The deviation was attributed to the elongation of the 

following bubble. As for two different sized bubbles, when the initial distance between 

the bubbles is large, the time required for bubble coalescence increases with 

decreasing diameter ratio of the following to the leading bubble. In addition, Toei et 

al. (1968) found that the following bubble decelerates when it reaches the wake o f the 

leading bubble. This results was in disagreement with other researchers (e.g. Clift and 

Grace, 1970).

Clift and Grace (1970) gave a theoretical treatment o f vertical interaction of 2D 

and 3D bubbles as well as an experimental study of bubble coalescence in a 2D bed, 

and compared it with Toei and Matsuno’s model (1967) using Harrison and Leung’s 

data (1962) for a 3D fluidized bed. The predictions agree very approximately with the 

measurements on 2D bubble coalescence except that the separation distance between 

two bubble noses is less than that from the nose o f the leading bubble to the lower 

suffice of the layer of particles distinguishing the original bubbles, but the model is not 

expected to account for the motion of this layer. Alternatively, disagreement with the 

existence of the critical distance (Toei and Matsuno, 1967), Clift and Grace (1970) 

suggested that if the bed is sufficiently deep, the bubbles in vertical alignment will 

constantly coalesce. For bubble coalescence in a 3D bed, the acceleration of the 

leading bubble is much less than in a 2D bed.

For studying the effect of bubble coalescence on interface mass transfer in 2D beds. 

Sit and Grace (1981) applied a UV light system to photo the features o f bubble 

coalescence. During coalescence bubble volumes were found to increase. When two 

bubbles approach, the leading bubble increased in volume 2.5 times as much as an 

isolated bubble, and the following bubble increased 3.5 times. As a result, the 

following bubble grows more than the leading one, so the following bubble becomes
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larger than the leading one when coalescence occurs. In addition, most o f the mass 

transfer occurs during pre-coalescence periods, especially for large particles. It was 

suggested that the throughflow transfer increases.

A capacitance system used for image analysis was developed to investigate the 

voidage distribution during coalescence in a cylindrical fluidized bed by Halow and 

Nicoletti (1992). From the image data, the bubble velocities and sizes were also 

measured. The results showed the relative velocity could be high when two bubbles 

approached by less than two bubble diameters. During coalescence, the velocity of 

following bubble was more than twice the velocity of leading bubble. This effect 

occurred where the following bubble was behind the leading bubble around 5 bubble 

diameters. In other words, the area between two approaching bubbles could be 

represented as an extensive solid wake, in which voidage was higher than in the 

emulsion phase at minimum fluidization. From the image data, they found the area 

between two approaching bubbles was like a ‘chaimeF, which connected the two 

bubbles, and offered a lower resistance path for gas flowing through the bubble. 

Therefore the following bubble rose along the ‘channel’ and was easily able to 

overtake the leading bubble. In addition, some types of coalescence were noticed in 

their observations which have been described in the previous Section 2.1.

Recently, Yates et al. (1994) employed X-ray attenuation equipment to examine 

the coalescence o f successive bubbles issuing from a single nozzle in a 3D bed. The 

results showed that the volume of the coalesced bubble was some 28% greater than 

the sum of the volumes of the original bubble pair due to the incorporation o f gas 

from the ‘shell’ which is a zone surrounding a bubble with an intermediate voidage 

between those o f the bubble void and the emulsion phase. This volume is higher than 

that found in earlier observations. Grace and Venta (1973) studied the volume 

changes accompanying bubble splitting in 2D fluidized beds and found that the 

increased volume of coalesced bubble was 10-20 % for coalescence of bubbles in 

oblique alignment, and was 2-14 % for that in vertical alignment.
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Some of the experimental works for bubble coalescence in a pair of bubbles are 

summarised in Table 2-2.

(b) Bubbles in Oblique Alignment

In Toei and Matsuno’s (1967) observation, if two equal-size bubbles are arranged 

in a horizontal level, they rarely coalesce. When one bubble is obliquely below another 

one, coalescence takes place.

Clift and Grace (1971) found that when bubble coalescence is caused by oblique 

alignment, the following bubble moves across behind the leading bubble and 

accelerates in order to coalesce. During the coalescence process, the leading bubble 

practically rises in a vertical path with a slight horizontal motion because of the 

fluctuations of velocity, therefore the following bubble overtakes the leading one 

almost in the vertical direction (see Fig. 2-5). When the oblique angle between two 

bubbles is small, the velocity of the leading bubble is greater than that o f the following 

one, and the separation distance between two bubble centres becomes large (Toei and 

Matsun, 1967). As the oblique angle increases, the velocity of the following bubble 

also increases, then the bubble moves towards the leading bubble to coalesce. They 

also showed that the time required for bubble coalescence in oblique alignment is 

longer than that in vertical alignment.

Sit and Grace (1981) found the bubble area increases linearly when bubble 

coalescence in vertical alignment, but in the case of oblique alignment, the increases o f 

the bubble area are much scattered.

2.3 Coalescence of Bubble Chains

Coalescence within bubble chains is similar to that in bubble pairs. In the early 

investigation, Botterill and Bloore (1963) found that the disturbance in a fluidized bed



Table 2-2 A summary of past experiments for bubble coalescence of a pair of bubbles.

Authors Bed Nozzle Particles Bubble
alignment

Experimental method Results

Harrison 
and Leung 
(1960)

2D: 1.8 X 45 X 
180(H) cm 

3D: 2 X 2 X 
10(H) ft

Single Sand:
60-150 mesh

Vertical
• Cine photography 

(16 frame/s)
• Observation on bed 

surface

•Velocity ofFB** increases approx.
equal to velocity of LB*.

• Active wake extends about 
1.1 bubble diameters behind a LB.

Toei and 
Matsuno
(1967); 
Toei et al.
(1968)

2D: 25 X 1.5 x 
80(H) cm 

2D: 25 X 2.5 x 
80(H) cm

Single;
Double

Glass beads; 
80-100 mesh; 
60-80 mesh

Vertical;
Oblique

Cine photography 
(64 frame/s)

• Coalescence occurs when the bubble 
separation is less than the sum of two 
bubble diameters.

• Time for bubble coalescence in 
vertical alignment is shorter than that 
in oblique alignment.

Clift and 
Grace
(1970;1971)

2D : 21 X 5/8 x 
48(H) in

Single;
Double

Glass beads: 
250-350 pm

Vertical,
Oblique

Cine photography 
(64 frame/s)

• Experimental data compared with 
authors’ model (see Table 2-1).

• FB accelerates to overtake LB.
• Showed the conditions in which 

bubbles do not coalesce.

Grace and 
Venta (1973)

2D: 53 X 1.6 x 
122(H) cm

Single;
Double

Glass beads: 
250-350 pm

Vertical;
Oblique

Cine photography 
(64 frame/s)

• The change o f volume in coalescence is 
independent of hydrostatic pressure 
changes.

• The bubble volume increases 10-20% in 
oblique coalescence and 2-14% in 
vertical coalescence.

(cont.)
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(cont.)

Grace and 
Clift (1974) 3D; 20 X 30 cm

Single;
Double

Alumina powder: 
270 pm

Vertical;
Oblique

X-ray photography 
(48 frame/s)

• Showed the coalesced trajectories of 
the 3D bubble pairs and the boundary 
for bubble coalescence.

Sit and Grace 
(1981)

2D: 56 X 0.9 x 
210(H) cm

Single; 
Double 
(sepa
ration 
= 102 
mm)

Glass ballotini: 
390 pm

Vertical;
Oblique
(bubbles
contain
2 %
ozone)

UV light photography 
(64 frame/s)

• During coalescence, the volume of LB 
increases 2.5 times, and the volume of 
FB increases 3 .5 times as an isolated 
bubble.

• Most o f mass transfer occurs during the 
pre-coalescence periods.

Halow and
Nicoletti
(1992)

3D: 15.24 cm 
ID

Single
(super
ficial

velocity
^  ümf)

Plastic: 704 pm; 
Acrylic: 300 pm; 
Acrylic: 3075 pm; 
Cracking 

catalysts: 70 pm; 
Nylon spheres:

3135 pm

Vertical Capacitance imaging

• Velocity o f FB is more than twice o f 
velocity o f LB.

• A high voidage, low resistance channel 
is formed between FB and LB for 
coalescence.

Yates et al. 
(1994)

3D: 20 X 30 X 
200(H) cm Single

Aluminium oxide: 
55 pm, 290 pm Vertical

• X-ray photography 
(25 frame/s)

• Image processing

• Total bubble volume increase 28% after 
coalescence.

* ; LB = Leading bubble; 
** ; FB = Following bubble.
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Leading bubble

[

Trajectory of
the following bubble1.14

1.07
1.03

Figure 2-5. Coalescence trajectory of two-dimensional bubbles in oblique 
alignment (reploted from Clift and Grace, 1971).
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caused by development of bubble chains or channels through the bed degenerates into 

larger bubbles which tend to coalesce and grow. Because the character o f bubble 

chains is very important in the shallow bed, Botterill et al. (1966) extended the 

previous study by using X-ray cinephotography to explore the behavior of bubble 

chains above the injection point in a small 3D bed.

The results showed that due to coalescence, the bubbles grow within the chain and 

the bubble frequency decreases with the bed height. Because of bubble splitting, as the 

bubbles approach the top of bed surface, the frequency increases slightly. A simple 

empirical equation between the frequency f  and bed height was given by Botterill et 

al.(1966);

/  = 3 4 A '“^* (2-2)

where h is the height in centimeters above the injection nozzle. However, they did not 

find any simple relationship for predicting the bubble volume with the height. Only an 

empirical relationship was given based on a limited range of experiments and it was 

found that the volume of a coalesced pair was not the simple sum of the two 

constituent bubbles.

The first theoretical model of the coalescence of bubble chains was presented by 

Gabor (1969) to describe the effect of interaction of a chain of equally sized and 

spaced bubbles on the particle movement and gas flow in a 2D fluidized bed. It was 

assumed for convenience that the bubbles were stable within a chain o f the 

observation area, although it was just an approximate condition. For the particle 

motion, the particle velocities and trajectories were found from the stream function 

and the potential function by separating the complex potential for a doublet strength 

based on ideal fluid flow. The results predicted that bubbles elongated while the 

separation distance of two bubbles is less than about a bubble diameter. In addition, 

the particle mixing caused by the closely spaced bubbles rising in a chain is much 

better than that caused by a single rising bubble.
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In addition, Gabor (1969) modified Davidson’s theory (1961) and Murray’s theory 

(1965b) respectively to apply the gas flow within a bubble chain. He found that 

Murray’s theory is not limited to a certain bubble separation and is considered more 

detailed than Davidson’s theory. However, it can be seen that by adapting Davidson’s 

theory the equation of the complex potential for gas flow indicates that when the 

separation between bubbles in the chain decreases, the size of gas cloud around the 

bubble increases, i.e. the contact between gas and particle is greater for a bubble 

within a chain than for a single bubble. Generally, the gas cloud area per bubble is 

greater for bubbles within a chain than for a single bubble. Alternatively, the other 

equation of the gas flow within a bubble chain was obtained by adapting complex 

potential for the pressure and gas flow of Murray’s equation. The results showed that 

the velocity of the bubble increases when the separation between bubbles decreases, 

i.e. the relative velocity of the bubble is less than 6 % greater for a bubble within a 

chain than for a single bubble. Similar results have been reported by Toei and 

Matsuno (1967) on coalescence of two consecutive bubbles. The velocity o f the 

leading bubble was up to 10 % greater than the velocity of a single bubble.

In Gabor’s model when the velocity of the bubble decreases, the gas cloud of the 

bubble in a chain enlarges then contacts with the adjacent gas clouds. In this cloud 

‘envelope’, two main gas flow patterns were found including the circulating flow 

within the bubble from the front portion back to the rear portion similar to a single 

bubble (Davidson and Harrison, 1963), and the upwards flow from the following 

bubble to the leading bubble. The upwards flow increases and the circulating flow 

decreases as the velocity of the bubble decreases or the separation o f bubbles 

decreases.

Similarly, Gabor and Koppel (1970) extended Gabor’s study (1969) to 3D beds for 

the interaction effects on the fluid dynamics of bubbles in a chain including particle 

movement, cloud diameters, and bubble velocities. The results were also similar to 2D 

beds. For example, the bubble elongation increases and the velocity of a bubble 

increases as the separation o f bubbles decreases. The gas flow pattern within the
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cloud ‘envelope’ in a 3D bed is the same as in a 2D bed. Nevertheless, the interbubble 

effect on the bubble velocity is less in 3D than in 2D beds. According to the variation 

of the gas cloud within a bubble chain, the cloud size increases as the velocity o f the 

bubble decreases. For a bubble with a ratio of bubble velocity to minimum fluidization 

velocity of 1.3, the shape of the front portion of gas cloud is spherical, and the rear 

portion is indented, then the cloud shape is elongated totally (see Fig. 2-6(b)). As the 

ratio is 1.1, the clouds contact (see Fig. 2-6(c)).

In spite of Toor and Calderbank’s mathematical models (1967) of fluidized bed 

reactor design using a bubble frequency relationship for evaluating the effect of bubble 

coalescence, reaction in bubble cloud, and so on, there was no discernible effect of 

bubble coalescence on reactor performance in their conclusions. For improving the 

general dissatisfaction on some previous studies, a simulation model was developed 

by Orcutt and Carpenter (1971) to represent the effects of bubble coalescence on a 

first-order reaction in a fluidized bed reactor. According to the bubble velocity in the 

model for the /th bubble rising in a chain of N  bubbles, the rise velocity of the /th

bubble (Ui) approaches the rise velocity o f a single bubble (Ua) increased by a ‘wake 

effect’ velocity ,_i) which is proportional to the rise velocity of the leading 

bubble (Uj.i) and depends on the separation distance between two bubbles:

Ui = Ua + U^^ /_! (2-3)

where Ua = U -  k ' (  gD^ )^^ for Dfj < 1/3 D

~ U  - u „ f +0.35 ( g o f ^  for D* S 1/3D only (2-4)

Uw, i-l = G;-l, ; ^r-1 (2-5)

where Dg is the equivalent bubble diameter, is the bubble diameter, D  is the bed

diameter, and A:' is a bubble rise rate constant. The function G/_i / including two

parameters estimated by using Toei and Matsuno’s (1967) formulas is represented by

an empirical form
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1 + C\

1

( U j - l -  Uj)  

^ e ,  i - 1
-  C2

for  .....—  > C2
/ - 1

and G/_ i  / = 1
Ui_ \ - U j  

for ----------------- < C2 (2-6)

where the parameters C\ and C2 are determined by trial and error from the bubble 

frequency data. It seems that this equation is not convenient to use.

In this bubble coalescence simulation, the coalescence condition was assumed to be

Ui - Ui.\ < ( D}j i + / 2 (2-7)

and the diameter of the coalesced bubble was assumed to be the cube root of the sum 

of cubes o f the diameters of the individual bubbles, i.e. the volume of the coalesced 

bubble is equal to the sum of the volumes of the individual bubbles. In fact, the 

second condition is not true because many studies (e.g. Toei and Matsuno, 1967; 

Gabor, 1969; Clift and Grace, 1970, 1971; Grace and Venta, 1973; Yates et al., 1994) 

have reported that the volume o f the coalesced bubble is greater by up to 28 % than 

the sum of the volumes of the individual bubbles.

For determining the parameters C\ and C2 in Eq.(2-6), and to compare with the 

model, Orcutt and Carpenter employed the gamma-ray adsorption equipment to 

detect the bubble frequency of bubble coalescence for bubbles issuing from a single 

pulsed injector in a fluidized bed. The results showed that at lower inlet bubble 

frequencies bubbles spread broadly and seldom coalesce, and the bubble frequency of 

the upper section in the bed approaches the inlet bubble frequency. As the inlet bubble 

frequency increases, the distance of bubble rise is small and the time for bubble
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coalescence is short. Therefore, bubbles coalesce rapidly so that the bubble frequency 

o f the upper section is much less than the inlet bubble frequency.

However, not only is this improved theoretical model for calculating bubble 

velocity and bed height of bubble coalescence in a fluidized bed, but also for 

calculating diffusion coefficient, reaction rate constant, and conversion, etc.

Clift and Grace (1972) developed another model for coalescence of bubble chains 

issuing from a single nozzle into a 2D or 3D fluidized bed. The model without any 

parameters was based on their previous studies (Clift and Grace, 1970, 1971) for 

coalescence of bubble pairs. Similar to the model of coalescence of bubble pairs, 

bubbles within a bubble chain were represented by a single doublet and that the bubble 

wakes were irrotational was assumed. Regarding N  bubbles within a chain, a 

relationship between the instantaneous velocities of the /th bubble and other bubbles 

was given by:

N

~  ^ Ai ~  ^  Oy ^ j  (2-8)

J= 1

where the term -ryUj is the emulsion phase velocity at the nose o f bubble /. ry  is

defined as the interaction coefficient which represented the influence of bubble j  on 

bubble / . It is decided by whether the nose o f bubble / is inside or outside the wake of 

another bubble:

for bubble / outside all bubble wakes (all j  < i )

P Prjj = -cij / 1 yj + a i - y j \  P = 2 for 2D beds

P  = 3 for 3D beds (2-9) 

for bubble / inside the wake of bubble j  (some j  < i )
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nj  = -1; nk = o (for k ^  j otj) (2- 10)

where a is the radius of the bubble in isolation and y  is the vertical position of the 

bubble centre. In addition, because the leading bubbles were unaffected by following

bubbles, rjj was equal to zero. For convenience, ra is equal to unity so that the Eq.(2-

8) can be written as a linear equation set:

N
^ Ai (2-11)

j=  1

Eq.(2-11) is more convenient than Eq.(2-3) (Orcutt and Carpenter, 1971) because no 

parameters are required in Eq.(2-11).

The predictions of the model showed that bubble coalescence occurs more rapidly 

in 3D beds than in 2D beds. The coalescence occurred mostly at lower position above 

the nozzle in 3D beds so that bubbles seldom coalesced at higher positions due to 

lower bubble frequency. In addition, the bubble size and frequency of bubble 

coalescence were unaffected by particle properties. Furthermore, the predictions of 

bubble size and frequency were compared with other published data (Botterill et al., 

1966; Toei et al., 1968; Orcutt and Carpenter, 1971) as well as another model (Orcutt 

and Carpenter, 1971) and good agreement was found.

Some of the studies o f bubble coalescence within a chain of bubbles are listed in 

Table 2-3.



Table 2-3 A summary of past studies for bubble coalescence within a chain of bubbles.

Authors Bed Particles Experimental
method

Theory background of 
mathematical model

Summary

Botterill and
Bloore
(1963)

2D; 9 X 2.6 X 
46(H) cm

Glass ballotini: 
800 pm

y-ray source with 
a counter None

• Increasing rate o f disturbance diameter is 
inversely proportional to the square of gas 
flow velocity through the disturbance.

Botterill et 
al (1966)

3D: 5 X 7.5 X 
50(H) cm

Glass ballotini.
200 pm. 

Sand: 50 pm

X-ray
photography 
(50 cycles/s)

None

• Bubble frequency decreases with the bed 
height: / =  34 h  ̂ (Eq. (2-2)).

• In bed surface, the disturbance is much 
larger than the bubble.

• An empirical relationship showed the 
volume of bubble is a function o f bed 
height and bubble injection conditions.

G abor(1969) (2D case) ---- None

• Particle motion was 
based on a field of 
potential as an infinite 
chain of doublets.

• Gas flow was based on 
adaptation of 
Davidson’s (1961) & 
Murray’s (1965b) 
theories.

• The volume ratio o f gas cloud to whole 
bubble within a chain is large than that in 
an isolated bubble.

• Two gas flow within the cloud envelope:
(1) from a bubble upwards a leading one;
(2) circulating flow from the front o f a 

bubble back into the rear.
• The cloud increases when bubble 

separation decreases.

(cont.)
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(cont.)

Gabor and
Koppel
(1969)

(3D case) ---- None Same as the Gabor’s 
model (1969).

• Extended Gabor’s model (1969) to 3D 
beds.

• The results were similar to 2D case.
• When (bubble velocity / f/„,/•) =1.1,  the 

clouds contact.

Orcutt and
Carpenter
(1971)

3D; 11.5 in ID X 
30(H) ft

Silica-alumina
catalysts:

50.5 pm

y-ray source 
with monitoring 
equipment

Rise velocity o f bubble 
within a chain was equal 
to the rise velocity of a 
single bubble and the 
wake effect velocity.

• The model contains two empirical 
parameters which must be determined by 
experimental data of the bubble frequency.

• The coalescence rate increases (so bubble 
frequency decreases in upper section of 
bed) when the inlet bubble frequency 
increases.

Clift and 
Grace (1972) (2D & 3D cases) ----

(Using other 
published data)

Based on authors’ 
model (1970) (see Table 
2-1 &Eq.  (2-8)).

• The model predicted the bubble size and 
frequency which were unaffected by 
particle properties.

• Bubble coalescence occurs more rapidly in 
3D beds than in 2D beds.
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2.4 Coalescence of a Swarm of bubbles

The processes of bubble coalescence within a swarm of bubbles in a freely bubbling 

fluidized bed is more complicated than that of coalescence of bubble pairs or chains. 

Bubble coalescence within a swarm of bubbles involves the interaction between not 

only bubbles issuing from the same gas stream, but also bubbles issuing from the 

adjacent gas streams. Although many studies have reported the estimation o f the 

bubble size, frequency and velocity in freely bubbling beds, only few studies have 

proposed a model and behaviour of bubble coalescence in freely bubbling beds.

Geldart (1970/71) proposed two modes o f bubble coalescence including in-hne 

coalescence and out-of-line coalescence (see Fig. 2-7). In the first mode, the 

following bubble overtakes the leading bubble directly in the same gas stream without 

any lateral displacement so that the rate of bubble coalescence could be the same 

under the same operating conditions in 2D and 3D beds. It implied that based on the 

two-phase theory the bubble sizes were the same at a given level both in 2D and 3D 

beds. In the second mode, the bubbles for coalescence issue from various gas streams 

and the leading bubble could be caught up by more than one following bubble 

surrounding the leading bubble. For the out-of-line coalescence mode, more 

coalescences take place in a 3D bed than in a 2D bed because there is only one row of 

bubbles in 2D beds. The bubble sources for coalescence in 2D beds are two adjacent 

bubble streams, but there are more than two or three bubble streams offering sources 

of bubble coalescence in 3D beds. Therefore, the rate o f coalescence is higher in 3D 

beds than in 2D beds. In an ideal system, a simple relationship was showed the ratio o f 

bubble sizes between a 3D bed and a 2D bed at a given level.

(frontal diameter o f bubble) 3d bed (bubble frequency) id  bed
(2- 12)

(frontal diameter of bubble) 2d bed 8 (bubble frequency) 3d bed

In addition, the bubbles have been found to be larger in the 3D bed than those in the 

2D bed under the same operating conditions (Geldart and Kelsey, 1968; Geldart, 

1970/71). However, the adjacent or foregoing bubbles do not coalesce near the
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Figure 2-7. Two modes o f bubble coaleescence (Geldart and Kelsey, 1968). 
(a) 2D bed in-line coalescence, (b) 3D bed out-of-line coalescence.



Chapter Two ■ 52

bottom of the bed when bubbles are just issuing initially from the distributor, 

otherwise, the gas flowrate could be very high (Chiba et al., 1972).

From some experimental observations, due to bubble coalescence the velocity of a 

bubble was found to be higher when the bubble rises in a swarm than in isolation 

(Grace and Harrison, 1969; Godard and Richardson, 1969), and the bubble frequency 

decreases with the bed height in a freely bubbling bed (Kunii et al., 1967; Geldart, 

1967/68; Godard and Richardson, 1969; Miwa et al., 1972). For the movement of 

bubbles during the process of bubble coalescence in a freely bubbling bed, many 

studies (e.g. Kunii et al., 1967, Whitehead and Young, 1967; Grace and Harrison, 

1968; Miwa et al., 1972) have reported that the coalesced bubbles rise preferentially 

towards the central region of the bed due to the wall effect. As a result, the radial 

frequency distribution of bubbles is higher in the central region Avithin the upper 

section of the bed than that near the wall at the bottom of the bed.

Recently, Mudde et al. (1994) investigated a 2D bubbling bed using digital image 

analysis techniques. The results showed the bubble fraction, diameter, area, and 

velocity were the fiinction of the bed height. They found the ratio o f the bubble area 

to the sum of the bubble and wake areas increased with increasing bubble area along 

the bed height due to bubble coalescence. This result disagreed with Rowe and 

Widmer’s (1973) correlation. In addition, the bubble size decreased with increasing 

static height of the bed at a given level.

Furthermore, Olowson and Almstedt (1992) found that the rate of bubble 

coalescence and splitting increased with increasing pressure. At high pressure, a 

higher relative drag force fluctuation acting on the head o f the following bubble was 

cause by the velocity fluctuation. Therefore the probability for overtaking the leading 

bubble by the following bubble increased.

Some o f the previous experimental studies for bubble coalescence o f a swarm of 

bubbles are summarised in Table 2-4.



Table 2-4 A summary of past experiments for bubble coalescence within a swarm of bubbles.

Authors Bed Distributor Particles Experimental method Summary

Rowe and
Partridge
(1965)

3D: 7.6, 14.0 & 
25.4 cm ID Porous

Ballotini:
60-120 pm (3 sizes); 
Silver sand:
72-500 pm (7 sizes); 

Acrylic granules:
121 pm; 

Synclyst catalysts:
52 pm; 

Magnesite powder 
240 pm; 

Crushed coal:
410 pm;

X-ray photography 
(50 frame/s)

• The rate o f coalescence increases when bubble 
concentrations increase.

• Bubble splitting rate is about 30 - 40 % and 10 
% of the splitting bubbles re-coalesce.

Kunii et al. 
(1967)

2D: 30 X 1 cm;
80 X 6.3 cm; 

3D: 20 cm ID;
40 cm ID

Canvas;
Porous,
Perforated

MS catalysts:
150 pm.

Glass beads.
160 pm

• Cine photography
• Capacitance probe

• A large number of bubbles form near the 
distibutor and coalesce.

• Bubbles rise uniformly as bed height is less 
than bed diameter.

• Bubble coalescence is towards the centre as 
bed height is much higher than bed diameter.

Grace and
Harrison
(1969)

2D: 45.7 x 1.9 x 
122 cm Porous

Magnesite particles: 
274 pm

• Cine photography 
(26 frame/s)

• Bubbles prefer rising in the centre rather than 
near wall.

• Lateral motions of bubbles during coalescence 
in oblique alignment cause non-uniformities in 
the radial distribution o f bubbles.

0ZT03
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(cont.)

• For more uniform distribution o f bubbles, 
cylindric beds were recommended by authors.

Argyrion et 
al. (1971)

3D; 11.5 in ID X 
3(H) ft

Porous
Glass beads:

85, 200, 470 nm; 
Crack catalysts:

50.4 |im

• Cine photography
• Observation on bed 

surface

• For determining the parameter in the authors’ 
model (see Table 2-5).

• Distribution o f bubble volumes as a Gamma 
distribution at given level.

• The number of bubble decreases by high orders 
o f magnitude over 3 ft high of the bed..

Geldart
(1970/71)

3D: 30.8 cm ID 
2D: 68 X 1.27 X 

10-60(H) cm
Perforated Sand: 128 |im

• Cine photography 
(64 frams/s)

• Observation on bed 
surface

• 3D bubbles are larger than 2D bubbles at the 
same level due to the different coalescence 
modes.

Miw et al. 
(1972)

2D: 30 X 1.5 x 
90(H) cm

Perforated
Sand:
-6 0  + 85 mesh 
(Toyoura standard)

capacitance probe
• Data were compared with authors’ model (see 

Table 2-5).
• Bubble coalescence is towards the centre of 

the bed.

Johnsson et 
al. (1974)

2D: 58 X 2.5 x 
270(H) cm Porous

Glass beads:
149-250 |im

Cine photography 
(32 or 64 frams/s)

• Data were compared with authors’ model (see 
Table 2-5).

• Bubble distributions are towards the wall near 
the bottom and toward the centre in the upper 
section o f the bed.

Mudde et 
al. (1994)

2D: 50 X 3 X 
250(H) cm Perforated

Polystyrene powder.
560 pm

• Cine photography
• Image processing

• The bubble fraction, diameter, area and 
velocity are the function o f the bed height.

• The ratio of the bubble area to sum of the 
bubble and wake areas increase with increasing 
bubble area along the bed height.
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According to the development of the mathematical model of bubble coalescence 

within a swarm of bubbles, most of the models were actually derived as bubble 

coalescence in a row of bubbles (e.g. Chiba et al., 1973; Darton et al., 1977).

An earlier mathematical model of bubble growth by coalescence in fluidized beds 

including one parameter based on statistical mechanics was established by Argyriou et 

al. (1971). The number density of the bubbles and the net rate o f formation of initial 

bubbles which are both functions o f the location of the bubble, bubble volume and 

time and are defined in the model for predicting the bubble size and number due to 

bubble coalescence. The model assumed that the rate of bubble formation by 

coalescence is proportional to the number density of bubbles. The proportionality 

constant defined as a collision parameter is proportional to the relative velocity o f the 

coalescing bubbles and was obtained from experimental results. The distribution of 

bubble volumes at a bed height (i.e. the number density o f the bubbles, F) expressed 

as the first term of a Laguerre series was finally represented by a gamma distribution;

PVb
Vb

P -X  J - F
e ^  (2-13)

where V}j and are the bubble volume and the mean bubble volume respectively,

and A/j is the number of bubbles per unit bed height. >9 is a dependent variable related 

to the variance of bubble volumes.

To compare with the mathematical model and to calculate the collision parameter 

in the model, Argyriou et al. (1971) developed an improved experimental method to 

determine the bubble size and number in a freely bubbling bed for avoiding 

interruption o f bubble behaviour in a fluidized bed. For instance, bubbles could be 

disturbed by the probe which is submerged in the bed. Alternatively, in spite of the 

fact that optical techniques do not interrupt bubbles, it can not identify two or more 

bubbles arranged in the same path of the measuring rays. The improved experiment
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for studying bubble growth during coalescence processes was by taking film of 

breaking bubbles on the top surface of the bed at different bed height to calculate the 

number and volume of bubbles. Consequently, when the bubble volume increases 

mainly, the number of bubbles per unit bed height decreases by three or more orders 

of magnitude within a higher part of the bed. It can be concluded that the volumes of 

bubbles increase and the number o f bubbles decreases with the bed height due to 

bubble coalescence. Additionally, the model did not predict the slug bubble 

distributions and the result did not show the maximum bubble size.

Miwa et al. ( 1972) proposed a kinetic model of a swarm of bubbles by analysing 

the bubble size and distribution on coalescence. The model including the radial bubble ' 

distribution was based on authors’ model for coalescence of a bubble pair in a 3D bed 

which was extended from a 2D bed. The rise velocity of the bubble within a bubble 

swarm is given by

U i=  + Ujj-cosUjj)  (2-14)
]

and the bubble velocity in the radial direction (JJri) is

Uri = U j j - s i n a j j  (2-15)

where a  is the angle between vertical direction and straight line connecting centres of

1/2
two bubbles, Uÿ is the velocity vector of bubble, and Uaj = 0.711 (gDi,) . An

assumption that the volume o f the coalesced bubble is equal to the sum of the 

volumes of the individual bubbles was included in the model.

The results showed that the bubble radial distribution near the bed wall at the 

bottom of the bed or near the centre region in the upper section of the bed was higher 

than elsewhere. Because of the interaction between bubbles, the radial velocity o f the
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bubble was high near the bed wall. The wall effect increases as the bed dimension 

decreases so that bubble coalescence in a small bed is more rapid near the bottom of 

the bed and bubbles migrate towards the centre of the bed in the upper section of the 

bed. Consequently, bubbles seldom coalesce in the upper region o f the bed due to the 

lower bubble frequency. Within beds o f large dimensions, bubble growth is slow and 

infrequent at the bottom of the bed because of a weak wall effect. In conclusion, the 

process of bubble coalescence is dependent on the bubble distribution. The higher 

value of radial distribution of bubble frequency shifts from near the bed wall towards 

the centre of the bed along the bed height. Therefore, it seemed that the method of 

bubble generation at the bottom of the bed was not important for bubble growth. In 

addition, comparisons between the calculated and experimental results were shown to 

be in good agreement.

A simple mathematical model of bubble coalescence within a bubble swarm was 

developed by Chiba et al. (1973) for calculating easily the bubble size as a function of 

bed height in 2D and 3D fluidized beds. Nevertheless, the model which is based on 

initial formation of bubbles (Chiba et al., 1972) requires three coefficients obtained 

from experimental data o f operating conditions and properties of fluidized particles. 

Therefore, the particle properties become an influential factor for the bubble size on 

coalescence. On this assumption, the theory was opposed to that of Clift and Grace

(1972) which assumed that bubble coalescence is independent o f particle properties.

These coefficients used in the model are the coefficient of bubble rise velocity {kj,)

based on Davies and Taylor’s (1950) theory, wake angle (Rowe and Partridge,

1965), and height of inherent spout {ho) (Chiba et al., 1972), i.e. jet penetration length

(Filla et al., 1983), respectively.

The model assumed that the wth coalescence occurred when the two («-l)th coalesced 

bubbles rose up at a velocity after a period of time, which was equal to n times o f the

time required for bubble formation (/^) (see Fig. 2-8(a)). Therefore the height

between the Arth and the («-l)th coalesced bubbles could be calculated, and the
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Figure 2-8. Sketch o f two model for bubble paths during coalescence, 
(a) Chiba et al.’s model (1973); (b) Darton et al.’s model (1977).
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volume o f the /?th coalesced bubble was assumed to be equal to the sum of the volume 

o f two («-l)th coalesced bubbles (see Fig. 2-8(a)). For 2D beds, the equivalent

diameter of bubble {D^) was derived by

DelDbo = {(2^'^ - \ ) ( h - h o ) I D b o  (2-16)

where Dbo = [AG I {71 d j  kf, (2-17)

h o  = ho + / 5 (2-18)

then the bubble diameter is given by

Dj = [ 1 - 360“ + (sin On) / 2%]^'^ De (2-19)

where D},o is the initial diameter of the bubble at the bed height h}jQ. Similarly, for 3D

beds, the relationship between equivalent diameter and initial diameter o f bubble was 

given, but the calculation was more complicated.

Although the agreement between the model and experimental results was good 

over a wide range of operating conditions, some of the assumptions used in the model 

were over simplified and were not true. For example, it was assumed that the volume 

of the coalesced bubble is equal to the sum of the volumes o f the individual bubbles. 

The exact bubble motion was not considered in the bed. In addition, the values of 

wake angles and jet lengths of various particles in 3D beds were assumed to be the 

same as in 2D beds. Also, the model is only applicable to in a fluidized bed with a 

perforated plate distributor.

Johnsson et al. (1974) (also Johnsson, 1973) extended Clift and Grace’s models 

(1970, 1971, 1972) for bubble coalescence of a bubble pair and a bubble chain to 

predict bubble distributions in a freely bubbling 2D fluidized bed. Based on Eq. (2-8), 

the velocity o f a bubble in a fluidized bed could be equal to the sum of the rise
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velocity of a bubble in isolation and the velocity of the emulsion phase at the nose of 

the bubble caused by motion of another bubble, thus the vertical and horizontal

components o f the bubble velocity {Uj, Vj ) in a freely bubbling bed are

N
U i ~  U /li + ^  ( rj j U  j  + tj j  Uj j  ) (2-20)

;=  1 
1

N

f"; =  '  / /y  P}y )  (2 -:21)

7 = 1 
7^ 1

where tjj and Vjj are the interaction coefficients. The advantage of the model is that

there are no fitted parameters. The agreement was good between the model and their 

experimental results in a 2D bed. The results also showed the bubble distribution was 

towards the wall near the bottom of the bed, and gathered towards the centre of the 

bed gradually along the bed height. In addition, the model has been extended to 3D 

beds by Johnsson (1973)), and gave a good agreement with other published data.

According to the bubble distribution, Grace (1971) mentioned the velocity change 

associated with bubble coalescence in his fluidized bed reactor models. The vertical 

components o f bubble velocity increases within the coalescence process, so the 

average velocity for a swarm are greater than the average isolated rise velocity o f the 

bubble in the swarm. On the other hand, the horizontal components of bubble velocity 

associated with bubble coalescence causes a non-uniform distribution o f bubbles. 

Therefore, bubbles are small near the wall at the bottom of the bed, and become large 

towards the centre o f the bed increasing with bed height.

Similar to development for stages o f bubble coalescence in Chiba et al.’s model

(1973), Darton et al. (1977) derived a model with an empirical constant for 

calculating the bubble size due to coalescence at any bed height in 3D fiulidized beds. 

The model was based on the patterns o f bubbles erupting at the bed surface developed
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by Whitehead and Young (1967), and assumed that bubble coalescence only takes 

place between adjoining bubble streams, and that the height for coalescence of two 

bubbles is proportional to the horizontal separation distance of two original bubbles, 

(see Fig. 2-8(b)) Thus, the number o f paths for bubble coalescence decreased with the 

bed height. For avoiding bubble coalescence in the same bubble stream, the vertical 

separation distance between two successive issuing bubbles was set as a bubble 

diameter. As a result, the equation including an empirical constant for the equivalent

diameter (Z)^) was given by

D , =  0 5 4 ( [ / -  U „ f f \ h +  4 . 0 ( 2 - 2 2 ) .

where A q was defined as the catchment area which is equal to the area of distributor

plate per hole for the multi-orifice distributor, and is equal to zero for the porous 

plate. Two major limits of applicability for the equation were mentioned. One is that it 

does not apply for slug flow as

( U - U „ f ) ! [  0.35 ] > 0.2 (2-23)

and

h ! D  > X 5 { \ -  M (2-24)

where N q is the number of orifices; the other is that it could not apply for fine

particles because the bubbles could reach a limiting size. In addition, the linear bubble 

growth equation could overestimate the bubble size in large and deep beds. However, 

it can be inferred from the model that the bubbles will coalesce finally, if the bed is 

deep enough. Moreover, the model attained good agreement for comparing with 

other published correlations and experimental data on estimating bubble size , and it 

has been extended to predict the bed expansion and interchange of gas between 

bubble and emulsion phases in a fluidized bed reactor (Darton, 1979). (A result o f this 

study will compare with Darton et al.’s model (1977). For details, see Section 4.7.)
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Some of the mathematical models for bubble coalescence of a swarm of bubbles are 

listed in Table 2-5.

2.5 Bubble Coalescence in Large Particle Fluidization

Only few studies have reported bubble coalescence in a large particle fluidized bed 

(e.g. Cranfield, 1972, Geldart and Cranfield, 1972, Cranfield and Geldart, 1974). 

Bubble coalescence in large particle fluidization is quite different from that in small 

particle fluidization. In shallow large particle beds, bubbles seldom coalesce in vertical 

alignment. The typical type o f bubble coalescence in large particle beds was named as 

‘cross absorption’ (Cranfield and Geldart, 1974).

Cranfield and Geldart (1974) employed a 2 mm ED inductance probe (Cranfield, 

1972) to investigate fluidization of 1 - 2 mm large alkalised alumina particles in a 61 

cm square bed. The results showed the type of bubble coalescence was almost cross 

absorption in a shallow bed. The bubble size in the shallow bed was small, therefore 

the large bubble swarm spacing offered a larger probability o f cross absorption. In a 

deep bed, the space for bubble growth was large, hence the fraction of vertical 

coalescence o f bubbles was increased. The ratio of cross absorption to vertical 

coalescence was about 10:1 for a bed of medium depth, and was about 2:1 for a 

deeper bed. Generally, the rate o f cross absorption decreases with increasing depth o f 

the bed at minimum fluidization velocity. However, the rate of cross absorption is still 

much higher than that o f vertical coalescence. In addition, Geldart and Cranfield 

(1971) found the bubble shape was lenticular near the distributor, then the bubble 

became nearly circular so that the wake was quite small.

The stages o f cross-absorption coalescence in large particle beds is described as 

follows (see Fig. 2-9). Firstly, two bubbles rise in horizontal alignment without 

interaction. Secondly, when one bubble falls behind due to the volume or velocity 

change, cross absorption occurs. Thirdly, the following bubble starts to deform. Its 

upper half becomes a flat shape along its horizontal axis and moves laterally towards



Table 2-5 M athem atical models for bubble coalescence within a swarm  o f  bubbles.

Authors Case Modelling method Note

Argyrion et al. 
(1971)

3D
• Statistical mechanical method
• One parameter model
• Bubble number density as a Laguerre series is a 

function of bubble position, bubble volume, and time.

• Model predicts the bubble size and concentration at a 
given level.

• The maximum bubble size can not be predicted.

Miwa et al. 
(1972)

2D
3D

• Based on authors’ model for coalescence of a pair of 
bubbles (see Table 2-1).

• The volume of resulting bubble was assumed to be 
equal to the sum of volume of two interacting bubble.

• The process of bubble formation was not considered.

• The assumptions were too simple for prediction.
• Model predicts the velocity o f bubble within a swarm.
• Bubble growth was affected strongly by the bed wall.
• Bubble rises towards the centre o f bed.

Chiba et al. 
(1973)

2D
3D

•  (the height between Arth and w-lth coalesced bubbles) 
=  (rise velocity of A ?-1th coalesced bubbles) x  (  aa x  the

time required for bubble formation)
• The volume o f resulting bubble was assumed to be 

equal to the sum of volume of two interacting bubble.
• The model requires 3 coefficients obtained from 

experimental data.

• The model predicts the bubble volume at a given level.
• The model is only for a fluidized bed with the perforated 

plate distributor.

Jonnsson et 
al.(1974); 
Jonnsson (1973)

2D
3D

• Based on Cliff and Grace’s models (1970, 1971, 
1972) (see Table 2-1; 2-3, and Eq.(2-19); (2-20)).

•  No fitted parameter in the model.

•  The model predicts bubble frequencies, bubble sizes, 
and spatial distributions.

• Bubble distributions are towards the wall near the 
bottom and toward the centre along the bed height.

•  The volume o f resulting bubble increases 1 5  %  after 
coalescence.

orrtu
■2.
CD
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(cont.)

Darton et al. 
(1977) 3D

Based on the patterns o f bubble erupting at the bed 
surface.
Assumption: (1) Bubble coalescence occurs between 

adjoining bubbles only.
(2) Coalescence height is proportional to 

the horizontal separation of two 
original bubbles.

» Model contains an empirical constant (see Eq.(2-22)).

• Only for bubbles issuing from multi-orifice.
• The model does not apply for slug flows and fine 

particles (see Eq.(2-23) & (2-24)).
• The model predicts the bubble size at a given level.

o=rQ)

2
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Figure 2-9 The coalescence stages o f  bubble ‘cross-absorption’ within 
a large particle fluidized bed (Cranfield and Geldart, 1974).
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the leading bubble, but the leading bubble always maintains its circular shape. Finally, 

the following bubble is ‘absorbed’ by the leading bubble (Cranfield and Geldart, 

1974).
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EXPERIMENTAL EQUIPMENT AND METHODS

3.1 Bed Materials

The fluidized powders used in this study were granular aluminium oxide and ion 

exchange resin whose physical properties are listed in Table 3-1. The particle size was 

determined by sieve analysis. The standard sieves employed for sizing were British 

BS-410 Standard series (3.5 inch ID test sieves). The volume-surface mean diameter 

o f particles used for size analysis was calculated by (McCabe et al., 1985):

/  ^d s = \  I .  ( a i l d p ^ )  (3-1)

where o} is the mass fraction of particles in each size range given by the arithmetic

mean of apertures of the two adjacent sieves, dpj. The particle size distributions of 

differential analysis and cumulative analysis are shown in Fig. 3-1.

The minimum fluidization velocity was measured by taking the intersection point on 

the plot o f the curve pressure drop against decreasing gas velocity (Kunii and 

Levenspiel, 1991). The measurements of the minimum fluidization velocity were 

carried out in the container of the fluidized bed (for details see Section 3.2). After the 

bed was filled with particles, a pressure tap was inserted within the bed and a 

suspended few centimeters above the distributor. The pressure tap consisting o f a 

long copper tube with a diameter of 3 mm and an open end covered by a fine sieve 

was connected to a water manometer for measuring the pressure drop across the bed. 

The results o f the measurement are plotted in Fig. 3-2.

The results o f particle size analysis represented by volume-surface mean diameter 

and the minimum fluidization velocity of particles are listed in Table. 3-1.

6 7
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Figure 3-1 A sample o f the distribution o f the particle size,
(a) Group A particles.
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Figure 3-2. Measurement o f  the minimum fluidization velocity
(b) Group B particles ( J  = 197.4 pm),
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Figure 3-2. Measurement o f the minimum fluidization velocity,
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Table 3-1 Experimental conditions.

Particles Material Aluminum Aluminum Ion exchange
oxide oxide resin

Classification Group A Group B Group B/D

Size (pm) 58.9 197.4 869.3

Density (kg/m^) 1,770 1,450 1,170

Umf (cm/s) 0.26 2.28 20.18

(cm) 69 3 56.0 58.7

Weight (kg) 45.0 28.7 21.88

Bed Dimension (cm) 20(w) X 30(L) X 200(H)
W indbox Dimension (cm) 20(w) X 30(L) X 20(H)

Nozzles Diameter (cm) 1.0
Separation (cm) 2, 4, 6, 8, 10

Gas Type Air
Flowrates (1/min) (powder A) (powder B) (powder B/D)

for bed 9.4 81.5 720
for nozzles 12.5, 25.0, 37.5 25, 50, 75

X-rays Voltage (kV) 50
Current flowing (mA) 100
X-ray pulse (mAs) 0.1
Observation height 10, 20, 30, 37, 45

(cm)
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3.2 Configuration of the Fluidized Bed

3.2.1 Construction of the Fluidized Bed

The container of the fluidized bed used in the study was a 2.5 mm thick aluminium 

vessel, 2 m deep with a rectangular cross section of 20 x 30 cm. The bed was fitted 

with a 5 mm sintered bronze porous plate (Sintercon Bronze, Grade 05) distributor 

and a 2.5 mm thick aluminium windbox (see Fig. 3-3).

The dimension of the windbox with a horizontal nozzle (1 inch in diameter) was 

calculated by employing Litz’s equations ( Litz, 1972). The distance {Hw) between the 

nozzle and the bottom of distributor plate is

Hw = 0.2 Z) + 0.5 D w , when Dw> ZVIOO

where D is the diameter of the cylindrical vessel, and Dw is the diameter of the nozzle 

for gas entering the vessel. In case of a rectangular vessel, D  would be the equivalent 

diameter. The height o f the windbox should around 3 times o f the distance between 

the nozzle and the bottom of distributor plate. As a result, the windbox was a 

rectangular vessel with a dimension of 30 x 20 x 20 cm, and the distance between the 

horizontal nozzle for gas entering and the bottom of distributor plate is 6.8 cm (see 

Fig. 3-3(b)).

For bubble generation, three types of nozzle arrangements were set above the 

distributor within the bed including 2 vertical nozzles, 2 horizontal nozzles, and 3 

vertical nozzles respectively. For arranging 2 vertical nozzles, two 1 cm diameter steel 

pipes bent through 90® in vertical alignment were installed through opposite sides of 

the bed. The tips o f the two vertical pointing orifices were 7.6 cm above the 

distributor (see Fig. 3-4 (a)). The array o f 3 nozzles in vertical alignment was set by 

adding another 90° -bent steel pipe through the front side of bed between the two 

existent vertical nozzles (see Fig. 3-4(c)). For planning 2 horizontal nozzles, two 

equal diameter horizontal steel pipes were located through opposite sides o f the bed.
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Figure 3-3. Construction of the fludized bed.
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Figure 3-4. Configuration of the fluidized bed with nozzles,
(a) Arrangement of two vertical nozzles;
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Figure 3-4. Configuration of the fluidized bed with nozzles.
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Thus the two nozzles were in a line opposite to each other (see Fig. 3-4(b)). The 

central line of the horizontal pipes was 3 .3 cm above the distributor. The horizontal 

separation distances( / ) between two nozzles can be varied as required.

To prevent the élutriation of fine particles, an inner cyclone was installed in the 

upper section o f the ffeeborad within the bed.

3.2.2 Air Supply

The air from the laboratory air supply system was controlled by several different 

capacity rotameters for measuring the air flowrates (see Fig. 3-5(a)) A Hastings 

Model HFM 201 mass flowmeter with A Hasting Model EPR-4AJ four-channel flow 

monitor were used for calibration o f the rotameters.

Ambient air at a flowrate sufficient to maintain the bed of particles at the point of 

minimum fiuidization was passed into the windbox then through the distributor. 

Additionally, no air supply was set up to be the condition o f ‘defluidization’. Three 

flowrates of the secondary air through each of the nozzles were used to generate 

bubbles. The detailed experimental conditions are shown in Table 3-1.

3.3 X-ray Analysis

3.3.1 X-ray Equipment

The main X-ray set is composed of an X-ray generator. X-ray tube, image intensifier, 

and auxiliary equipment (see Fig. 3-5(b) and 3-6(a)) The system is isolated inside a 

radiation proof room to prevent escape o f X-rays.

An electronic Todd Research Triton Mark IV generator which is an oil immersed 

high-tension transformer associated electronics is used and connected to the X-ray 

tube. With the aid o f high voltage vacuum triode valves, the electronic switching of
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the secondary circuit of the transformer is started to allow exposure times of less than 

1 ms to be achieved.

The X-ray tube designed to operate up to 150 kVp is the Machlett Dynamax Super

50-60(B) tube with a rotating anode where rotational speed is in excess of 10,000 

r.p.m. This is achieved by means of special motor control devices and higher stator 

power supply frequencies. The tube has dual focal spots of 1 mm and 2 mm. For 

charging high loading capacities, the anode is constructed o f molybdenum and faced 

with rhenium tungsten alloy. As a result, a storage capacity of 200,000 HU (heat 

units) and a cooling rate of 54,000 HU/min are provided.

A Thomson Type TH9432 HP H671 VR23 Model circular image intensifier with a 

diameter of 30 cm is used for registering the images. Triple input field of 15, 23 and 

30 cm is set in the unit. The image brightness, carried out by acceleration of electrons 

then by reduction o f image size, is electron-optically intensified. As a result, the 

brightness intensification on the output (viewing) screen is increased by a factor of 

1,000 compared with the brightness of the input screen. In processing, the largest 

input field can cover the largest possible viewing area of the subject. Comparing with 

the larger one, the smaller input field can enlarge the image of the particular zone, but 

the total viewing area is restricted.

The X-ray tube and image intensifier are mounted on a twin column ceiling 

suspension unit which can move in vertical and lateral directions for regulating the 

measurement position. The motion is motorised by operating the movement controls 

installed on the columns, and can be remotely controlled from outside the X-ray 

room.

The control console located outside the X-ray room is installed in a 19 inch rack 

unit which contains the control circuit system with the safety interlocks and overload 

protection system (see Fig. 3-5(c)) The operating switches arranged on the control 

panel may be classified into four main sections on the basis o f function including
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the power section, tube section, exposure section, and operation mode section. The 

power section controls the quantity and the intensity of the radiation including the 

current flowing in the tube, the voltage applied to the tube and the X-ray pulse for the 

film exposure. The exposure section includes fluoroscopy (screening), radiography 

(single shot exposure), and cine-radiography (cine exposure) units. The fluoroscopy 

mode is set for visual observations only. The cine-radiography is carried out using the 

camera for recording the tapes (see below. Section 3.3.2). In addition, the tube 

section offers for selecting a correct tube, and an operation mode section proposes for 

setting the operating situation such as power on/off, exposure mode.

According to system calibration caused by absorption, reflection and scattering of 

the progressing X-rays attenuation, the corresponding relationship for calibrating the 

existent UCL X-ray facility described by Yates et al.(1994) is also applied here.

3.3.2 Cine Camera and Record System

For recording the images, a COHU 4910 series/RS-170 high performance CCD ( 

charge coupled device) camera fitted with a 12.5 mm, F 1.3 TV lens with an 

equivalent speed o f 25 ffame/s is connected to the X-ray image intensifier. The 

photosite o f this CCD camera is a 1/2 inch format HAD interhne transfer sensor 

which offers lower dark current and image lag. The image area is 6.4 x 4.8 mm 

corresponding to a 1/2 inch image tube.

The registered images are displayed on a 12 inch monitor.

(see Fig. 3-5(c)) The monitor is connected to a VDU video overlay unit which is 

employed to display the frame number and insert text and simple graphics by means o f 

the keyboard onto the images. The images including the text also can be recorded by a 

JVC BR-S600E video cassette recorder using a VHS E-180 ( 3 hours) cassettes.
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3.4 Image Analysis

For processing and analysis, the images are transferred off-line using an image 

analysis set including PC, video recorder, HD image monitor, framestore board, 

timebase corrector, and so on (see Fig. 3-5(d) and 3-6(b)).

The record tape is re-played on a JVC BR-S61 IE video cassette recorder which 

offers a variable-speed search dial and a control jog to regulate the tape speeds and 

directions o f movement for searching images frame by frame. The image video signal 

is relayed to a VISI0 N/?/w5-AT OFG (overlay frame Grabber) framestore board via a 

TBC Synchroniser Type TBCS-89 timebase corrector for locking the non- 

synchronous video sources to other signals and providing full timebase correction 

with the noise reduction. The OFG hardware is a video digitizer and frame memory 

installed in the PC for supporting the image analysis software. The images are 

displayed on a 14 inch Mitsubishi Model FA3415ATKE colour monitor. For printing 

the images, a Mitsubishi Model CP200B video copy processor is set to print the single 

image on a 8.5 x 7.9 inch colour print paper.

The images were acquired, enhanced, and examined by the BioScan Optimas 4.1 

software operating in Microsoft Windows 3.1 in an Elonex 386 PC to gather and 

analyse data from images.

3.5 Experimental Procedure

The fluidized bed for experiments was positioned in the beam of the X-ray facility 

(see Fig. 3-6(a)). The measurements were made at four positions approximately 10, 

20, 30 and 45 cm above the nozzles in the bed. The horizontal separation distances( / 

) between two nozzles of from 2 to 10 cm in increments of 2 cm were set (see Fig. 3- 

4 (a) - (c)). When the X-ray system was | activated. X-rays were generated by the X- 

ray tube then the images o f bubbles were registered on the image intensifier. The
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images were recorded on a video tape. The coalescence data of the bubbles were 

I obtained by computer analysis of the images. The operation conditions are shown in 

detail in Table 3-1.



Chapter Four 

BUBBLE COALESCENCE FROM TWO NOZZLES

4.1 Introduction

The phenomenon of bubble coalescence is a significant factor and dominates the 

distribution of bubble sizes and positions in the bed. In this Chapter, the processes of 

bubble coalescence from two vertical nozzles and horizontal nozzles at varying 

separation distances in the beds of Group A particles and Group B particles are 

studied respectively.

The positions of bubble coalescence are measured to understand the relationship of 

coalescence between particle sizes, nozzle flowrates, nozzle separation distances, and 

gas discharge patterns. Empirical correlations are developed to calculate the positions 

of the coalesced bubbles.

In addition, the results show the difference in the volume of the gas shell 

surrounding a coalesced bubble between gas from two separate sources and a single 

one. Moreover, the experimental data are in agreement with a reported correlation.

4.2 Analysis of X-ray images

4.2.1 Bubble Configuration

A typical bubble represented as the computer-processed image is shown in Fig. 4-1 

which was recorded at the 30 cm height in the bed of Group A particles. As a result of 

the X-ray beam passing through zones o f different voidages around the bubble, the 

different colour areas symbolized the different X-ray transmitted intensities on the

88
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Figure 4-1 A typical X-ray image o f a single bubble in Group A particles 
recorded at 30 cm bed height (flowrate = 12 5 1/min)



Chapter Four ■ 90

observation image. The black area is the emulsion phase with an average voidage of 

0.449. The green, blue and cyan zones with mean voidages o f 0.575, 0.750, and 

0.919, respectively were defined as the bubble ‘shell’.(Yates et al., 1994) The red area 

with a voidage of 1.0 is the bubble void itself. The zones with different voidages were 

determined by using the mathematical method of the Abel transform (Bracewell, 

1986; Yates et al., 1994) referred to Appendix A.

4.2.2 Calculation of the Bubble Volume

The bubble in the recorded image was represented as a 2D object. For calculating 

the bubble volume, the 2D imaged-bubble set in the X-Y coordinates was assumed to 

be a spherical body of revolution around a vertical centre-axis through the bubble (see 

Fig. 4-2). The calculations followed the method of Yacono (1975) and are shown 

below.

The bubble volume (Vb) is calculated by

-  i^L  + ki?) / 2 (4-1)

where Vl and Vr are the bubble volume which was calculated based on the left half 

and the right half o f the bubble, respectively:

i= B '- l

= ^LA + ^LB + 2  ^Li
i=l

(4-2)

where A (4-3)

R b ^
■+ (4-4)
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V u =  7T H i
H j^  ^  R i^ + R2^

(4-5)

V r is calculated by a similar method. Regarding the volume o f the bubble shell, it can 

be calculated in an analogous manner. Additionally, the bubble diameter is determined 

by the difference between the maximum and the minimum of the values in the x- 

coordinate based on the bubble contour.

4.2.3 Measurement of the Bubble Position

When two bubbles issue from nozzles and coalesce completely at some altitude in 

the bed, the tips of two separated orifices and the central point of the coalesced 

bubble (i.e. coalescence point) form a triangle which is shown in Fig. 4-3. The right- 

hand nozzle in this study was fitted near the bed wall, and the left-hand nozzle near 

the central area of the bed was moved towards the wall in the opposite side. The angle 

subtended between the point o f coalescence and the two tips of the nozzles is defined 

as the coalescence angle where L  and R  indicate angles to the left and right of a line 

drawn perpendicular to the base of the bed from the coalescence point.

In Fig. 4-3, the perpendicular height between the coalescence point and the base o f

the tips of two nozzles is defined as the coalescence height, he. For vertical nozzles,

the nozzle separation distance, /, is equal to the distance between the vertical axes of 

two nozzles; for horizontal nozzles, / is equal to the distance between two gas 

discharge points (see Fig. 3-4).

4.3 Bubble Coalescence Phenomena

From the observation of the processes of bubble coalescence, it can be seen that 

the bubbles seldom issue synchronously from individual nozzles. The bubble would
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Figure 4-3. Sketch o f the bubble coalescence angle.
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issue from one nozzle in advance of one from the other so that the behaviour of 

bubble coalescence is similar to the coalescence between two bubbles issuing from a 

single nozzle in oblique alignment. However, bubbles could emerge simultaneously 

when radial coalescence takes place rapidly in the same horizontal level when the 

nozzles are close enough and the flowrates are higher.

A record of the coalescence of two bubbles issuing from different vertical nozzles is 

shown in Fig. 4-4. The operating conditions for this record were observed at 10 cm 

above the nozzles when the separation distance between two nozzles was 6 cm and 

the flowrate was 25 1/min for each nozzle. In the first frame (a), two bubbles have just 

emerged from vertical nozzles, and an incomplete long wake of the previous 

coalesced bubble is still in contact with the shells o f the following bubbles. This 

phenomenon is similar to that in which the enlarged bubble cloud contacted the 

adjacent bubble clouds in Gabor and KoppeTs (1970) model of coalescence within a 

chain of bubbles. In frame (b), two bubbles have moved independently of the previous 

coalesced bubble and have started to coalesce. The left-side bubble was the following 

bubble; the right-side bubble is the leading bubble. In frame (c), the following bubble 

has started to chase the leading bubble. However, the two bubbles are still separated 

by a layer o f particles. Regarding the deformation of bubbles, it is not obvious in this 

frame, but it can be seen in the next frame (d). In frame (d) the following bubble 

enters into the leading bubble from the lateral-lower side. In this case, the coalescence 

path was different from the earlier observations (Toei and Matsuno, 1967; Clift and 

Grace, 1971) in that the following bubble did not move across behind the leading 

bubble and then caught up. In addition, it can be seen that the following bubble 

elongated in order to coalesce with the leading bubble. In frame (e), the coalesced 

bubble has just formed but is not completed. Moreover, the bubble has turned itself 

and has risen towards the vertical direction. Finally in frame (f), bubble coalescence is 

completed and the two bubbles are unified to become one. Nevertheless, as in frame 

(a), the wake of the coalesced bubble is in contact with the shell of new issuing 

bubbles. In this case, the total time for bubble coalescence was only 0.24 seconds.
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(e)
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Figure 4-4 Coalescence process of bubbles issuing from two vertical 
nozzles (/ = 7.27 cm, flowrate = 25 1/min, observation height = 10 cm).
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4.4 Bubble Coalescence from Vertical nozzles

4.4.1 Bubble Coalescence Height

The present experimental results show that the bubble coalescence height increases 

with increasing separation distance of two nozzles. Fig. 4-5 shows the coalescence 

heights at various separation distances of two vertical nozzles in the bed of Group A 

particles. The average coalescence height, measured by 50 bubble coalescence events, 

could be presented a linear function o f the separation distance. It can be seen that the 

slope of the line decreases with increasing nozzle flowrate. This is because a high 

velocity bubble has a high momentum and moves easily within the bed, thus the path 

of coalescence is short due to rapid coalescence. In addition, the range between 

maximum and minimum coalescence heights is large at high nozzle flowrates and far 

separation distances.

According to the effect of nozzle flowrates on coalescence height in the bed of 

Group A particles, the results are shown in Fig. 4-7. Mostly, the average coalescence 

height decreases with increasing nozzle flowrate at a given separation distance of 

nozzles, especially at long separation distances. It seems that coalescence heights are 

similar mostly when the nozzle flowrates are 25.0 1/min and 37.5 1/min. Moreover, 

when the two nozzles are very close, the coalescence heights are nearly equal at all 

flowrates.

The results of bubble coalescence in the bed of Group B particles are shown in Fig 

4-6. Similar to the results for Group A particles, the coalescence height increases 

linearly with the separation distance of two nozzles. Nevertheless, the slopes of 

different nozzle flowrates are very close. In other words, the effect of the nozzle 

flowrates on coalescence heights in Group B particles is not distinct, and is less than 

that in Group A particles (see Fig. 4-8). It is possible that the voidage of the emulsion 

phase in the bed o f Group B particles is large enough for bubbles flowing with the less 

resistance in the bed. However, the reason is still not clear.
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Fig. 4-9 presents the comparison of the 

average coalescence heights between the bed of Group A and B particles. The results 

show that the coalescence height in beds o f Group A particles is higher than in Group 

B at a given nozzle flowrate, although the only contrary result is shown at the 

flowrate 12.5 l/min when the separation is 3.27 cm (see Fig. 4-9(a)). In Fig. 4-9(a), it 

can be seen the coalescence height at a lower flowrate is much higher with Group A 

particles than Group B where the separation distance of nozzles is more than 6 cm. At 

higher flowrates, e.g. 25.0 l/min and 37.5 l/min, the difference in the coalescence 

heights between the two particle sizes is small (see Fig. 4-9(b) and (c)).

To quantify coalescence heights from the operating conditions, some empirical 

correlations are proposed. Firstly, since the coalescence height increases linearly with 

increasing separation distance of the two nozzles, and decreases as the nozzle flowrate 

increases, the coalescence height should be proportional to the separation distance 

and should be inversely proportional to the nozzle flowrate. Therefore, coalescence 

height can be assumed to be a function of the separation distance and of the nozzle 

flowrate. Secondly, to be a dimensionless group, the nozzle flowrate can be 

expressed as a proportion of the superficial gas velocity and the minimum fluidization 

velocity. As a result, after applying linear regression through the origin, the average

coalescence height, he, for Group A particles was found to be a function of the nozzle 

separation distance, /, and of the dimensionless superficial gas velocity, UolUmf -

he  — 39.6
^ m f

• /  (4-6)

where Uq is the superficial gas velocity through one nozzle and Umf is the minimum 

fluidization velocity. The function is a linear correlation with an empirical coefficient.

Eq.(4-6) is plotted with coalescence data in Fig. 4-10. This equation proved an 

assumption of Darton et al.’sjmodel (1977) to be correct that the height for coalescence
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Figure 4-10. Relationship between average coalescence height and nozzle
flowrate in Group A  particles (vertical nozzles).
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of two adjoining bubbles is proportional to the horizontal separation distance of the 

two original bubbles. The Eq.(4-6) fitted the experimental data very well (standard 

deviation = 0.025, = 0.00056). (The value of tolerance set for the fitting iterations

in this study was 0.05.)

Similarly, for average coalescence heights in the bed of Group B particles, the data 

of can be fitted by the form of Eq.(4-6) with an empirical coefficient, 15.0, and are 

plotted in Fig. 4-11 compared with the results of Group A particles (Eq.(4-6)) :

he  = 15.0
r \ - l / 3  

^  o

\  ^ m f  J
(4-7)

The standard deviation of this fitting is 0.027, and % is equal to 0.00066. Comparing 

Eq.(4-6) and Eq.(4-7), the results show that the coefficient of the correlation for 

Group A particles is more than twice as large as that for Group B particles.

For general purposes it is desirable to ‘merge’ Eq.(4-6) and Eq.(4-7). In this case, 

the Archimedes number, Ar, is introduced to take account of the effect of the particle 

properties:

P g i p s  P  

P
Ar = ^----- 2-------   (4-8)

The physical meaning of the Archimedes number is the ratio o f gravity forces to 

viscous forces in the system. Thus Ar  could present the properties of particles moving 

in the bed. Consequently, by introducing Ar  into Eq.(4-6) and Eq.(4-7), a single 

modified correlation with a coefficient is expressed as

he -  98
V ^ m f  )

1/3
/ (4-9)
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The coalescence data fitted by Eq.(4-9) is plotted in Fig. 4-12 which shows the fitting 

to be good (standard deviation = 0.031, x  -  0.0009). Therefore, the average 

coalescence height is a function o f the nozzle separation distance, of the dimensionless 

superficial gas velocity, and of the particle size. Now Eq.(4-9) is a simple empirical 

correlation which can be applied to calculate the bubble coalescence height in a 

fluidized bed with vertical nozzles. Bubble coalescence occurring fi"om the same 

source is not considered in this study.

4.4.2 Bubble Coalescence Angle

The values of the measured coalescence angles subtended between point of 

coalescence and! the two vertical nozzles are shown in Table 4-1. Basically, when two 

equal-size and equal-velocity bubbles rise up from two nozzles, it could be assumed 

that coalescence takes place at some coalescence point where the right-hand angle 

( ^ )  should be equal to the left-hand angle ( 6̂ ). However, fi-om Table 4-1, it can be 

seen that for Group A particles, the right-hand angles are greater than the left-hand 

angles so that the coalescence points are skewed towards the centre of the bed at the 

two lower gas velocity although the effect is not so conspicuous at the higher 

flowrate. The results are agreement with some previous studies (Kunii et al., 1967; 

Whitehead and Young, 1967; Miwa et al., 1972) that due to the wall effect the 

coalesced bubbles rise towards the central region of the bed. Nevertheless, for Group 

B particles, most o f the right-hand angles are smaller than the left-hand angles, 

particularly at the two higher flowrates. Therefore, the coalescence points are skewed 

towards the wall o f the bed. This results are contrary to that o f Group A particles. 

Furthermore, to understand the position of bubble coalescence and the coalesced 

tendency in the bed, some auxiliary diagrams are given as follows.

By assuming that the right-hand coalescence angle is equal to the lefl;-hand one, an 

empirical triangle of bubble coalescence positions can be set up by using Eq.(4-6) and 

Eq.(4-7). The results with the experimental data are shown in Fig. 4 -13(a), (b), and 

(c) for the bed of Group A particles, and in Fig. 4 -14(a), (b), and (c) for the bed of
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Figure 4-12. Correlation o f coalescence heights o f bubbles from
two vertical nozzles.
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Table 4-1 Angle subtended between point of coalescence and two vertical nozzles.

Nozzle Nozzle
flowrate separation Coalescence angle

Uo / Or Ol +Or Ol Or Ol +Or

(l/min) (cm) ( °) ( °) ( °) ( °) ( °) ( °)

Group A particles Group B particles

3.27 4.51 11.82 16.32 8 63 5.34 13.97
5.27 5.43 12.71 18.14 10.19 11.05 21.24

12.5 1 1 1 6.06 1 1 1 13.29 10.79 11.56 22.35
9.27 6.03 8.16 14.20 12.46 9.88 22.35

11.27 6.08 7.55 13.63 16.15 10.18 26.96

3.27 8.94 6.80 15.74 17.21 4.43 21.64
5.27 7.64 13.55 21.19 12.94 11.32 24.26

25.0 111 6.42 11.43 17.85 10.14 10.72 20.86
9.27 8.63 12.71 21.35 12.95 10.16 23.11

11.27 7.61 11.69 19,29 14.42 8.42 22.84

3.27 8.67 7.04 15.70 16.46 3.30 19.75
5.27 9.42 12.10 21.52 14.95 7.47 22.42

37,5 111 8.06 11.06 19.12 12.15 11.09 23.24
9.27 9.50 n i l 21.87 12.86 10.68 23.54

11.27 10.12 11.15 21.27 15.55 11.49 27.04
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Figure 4-13 (a) The position o f  bubble coalescence from two vertical
nozzles in Group A particles (flowrate = 12.5 l/min).
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Figure 4-13 (b). The position o f bubble coalescence from two vertical
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Figure 4-14 (a). The position o f bubble coalescence from two vertical
nozzles in Group B particles (flowrate = 12.5 l/min).
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Group B particles. Each isosceles triangle represents an ideal coalescence model in 

which the right-hand angle is equal to the left-hand angle. The two vertices of the base 

are the two tips of the nozzles, so the length of the base is equal to the separation 

distance o f the nozzles. Moreover, the tip o f the triangle is the coalescence point 

calculated from the correlation. Therefore, the right-hand side of the isosceles triangle 

is a criterion line to identify the directions where the bubbles move towards 

coalescence. It should be emphasised that although the triangles in Fig. 4-13 and Fig. 

4-14 are built by calculating from the empirical correlation, they do offer clear 

information about the position o f bubble coalescence.

For Group A particles, it can be seen clearly in Fig. 4 -13(a), (b) and (c) that most 

of the experimental data fall into the triangles, i.e. the coalescence points are skewed 

towards the center of the bed. At a higher flowrate, the tendency is not so obvious. 

Conversely, Fig. 4 -14(b) and (c) show the coalescence points are skewed towards the 

wall o f the bed in Group B particles at higher nozzle flowrates. Specially at 37.5 

l/min, all o f the coalescence points fall outside the right-hand side of the whole 

triangle. At a lower flowrate (12.5 l/min), the effect is ambiguous (see Fig. 4 -14(a)). 

However, the reason of the opposite results between Group A and B particles is not 

clear.

4.4.3 Effect of Bed Height at Minimum Fluidization on Coalescence Height

In the previous sections, it has been shown that the coalescence height increases 

with increasing separation distance of the two nozzles. Hence when the separation 

distance is large, the coalescence height also should be high. Many studies (e.g. 

Darton et al., 1977) have concluded that the bubbles will coalesce to be a single 

bubble finally, if the bed is deep enough. On the other hand, if the bed is not 

sufficiently deep, will the coalescence height be shorter as the nozzle separation 

decreases? However, the bed height may be another factor to affect the coalescence 

height.
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Fig. 4-15 shows the effect of bed heights at the minimum fluidization, H^nf, on

coalescence height at three nozzle flowrates in a bed of Group A particles. The 

measurements of bed heights at the minimum fluidization velocity in this study, 60, 

45, and 30 cm, are from the tips of the nozzles, i.e. these heights are the maximum

heights where two bubbles could coalesce. (The results of 60 cm H ^ f  have been

shown in Fig. 4-5.) From Fig. 4-15, it seems that the difference in average

coalescence heights are not obvious within the various values of H^nf ■ A small

difference only appears at longer separation distances. However, when the bed heights 

at the minimum fluidization are 30 and 45 cm, the average coalescence heights are in

the range between maximum and minimum coalescence heights for a value of H ^ f o f

60 cm.

To examine the effect of H ^ f  on coalescence height, the data at H ^ f  values of 30

and 45 cm are added to Fig. 4-10 with the original data at H fnfo i  60 cm and fitted by

Eq.(4-6). The results are plotted in Fig. 4-16 and it is clear that the fitting is good. 

The standard deviation is 0.032 (the original was 0.025), and the error is near to 6 %. 

However, the results are acceptable and it may be concluded that the effect on 

coalescence height of bed height at minimum fluidization may be neglected.

4.5 Bubble Coalescence from Horizontal Nozzles

4.5.1 Bubble Coalescence Height

,Some industrial fluidized beds do not employ vertical nozzles for admitting the 

fluidization gas in order to avoid blocking of the orifices. However, due to the 

different geometric arrangement o f nozzles, the flowing pattern o f bubbles issuing 

from the horizontal nozzles is not the same as that of bubbles discharging from the 

vertical nozzles. (More effects of using horizontal nozzles will be discussed in Chapter 

6.)
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Although the coalescence processes are similar in the case of both vertical nozzles 

(see Section 4.3) and horizontal nozzles, the pattern of bubbles forming from a 

horizontal nozzle is quite different. After issuing from the tip of a horizontal nozzle 

and rising upwards, the bubble is skewed towards the opposite side of the nozzle in 

order to approach another bubble for coalescence. However, bubbles did not form 

along the horizontal axis, and no jetting was observed in this study. The effect of 

bubbles discharging from horizontal nozzles on coalescence height is discussed as 

follows.

Fig. 4-17 shows the average coalescence heights at various separation distances of 

two horizontal nozzles in the bed of Group A particles. The average coalescence 

height can be presented as a linear ftmction of the separation distance. Similar to the 

case of the vertical nozzles, it can be seen that the slope o f the line decreases as the 

nozzle flowrate increases. Comparing the slopes in Fig. 4 -17(a), (b), and (c), it can be 

seen that normally the slope decreases by 10 %, when the nozzle flowrate increases by 

12.5 l/min. In addition, similar results in Group B particles are shown in Fig. 4 -18(a), 

(b), and (c). There is approximately a decrease of 12 % in the slope, when a flowrate 

of 12.5 l/min increases.

For Group A particles at a flowrate of 12.5 l/min (see Fig. 4 -17(a)), the average 

coalescence height suddenly increases, when the separation is largest (/ = 10 cm). The 

straight line falls out of the range between the maximum and the minimum 

coalescence heights. Thus, it becomes unpredictable. It seems that before the bubble 

approaches another bubble from the second source, many coalescence events have 

occurred with bubbles from the same source. For Group B particles, in Fig.

4-18, the range o f bubble coalescence is large at the longer separation distances, 

particularly at a lower nozzle flowrate (see Fig. 4-18(a)).

The effect o f nozzle flowrates on coalescence height in the bed of Group A 

particles is shown in Fig. 4-19. It can be seen that the average coalescence height 

always increases when the nozzle flowrate decreases. When the separation is smallest 

(2 cm), the coalescence heights are almost | the same for all flowrates. The heights are
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less than 10 cm. This is because the two nozzles are too close, and the discharge 

points face each other. When bubbles issue from nozzles, they coalesce rapidly. 

However, the difference in coalescence heights between flowrates increases with 

increasing separation distance. For Group B particles, the coalescence height also 

increases with decreasing nozzle flowrate (see Fig. 4-20). Roughly, at shorter 

separations the differences in coalescence heights are larger between two lower 

flowrates. When the separation increases, the large difference appears between two 

higher flowrates.

Fig. 4-21 shows the effect of particle size on coalescence height. Basically, 

coalescence heights in the bed of Group B particles are larger than those in the bed of 

Group A particles. At 12.5 l/min, the coalescence height is larger in Group A particles 

than in Group B particles where the separation is 10 cm. This irregular datum has 

been showed in Fig. 4 -17(a). However, the contrary results are obtained comparing 

the results from the vertical nozzles (also see Fig. 4-9). It is possible that the results 

are affected by different gas discharge patterns in the two cases.

( turn to page 126 )
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Furthermore, repeating the regression analysis o f Section 4.4.1, the measurements 

of the average coalescence height for bubbles from the horizontal nozzles can be fitted 

by the form of Eq.(4-6). As a result, similar correlations are jobtained where the average

coalescence height {he) is proportional to the separation distance of the nozzles ( /  )

and inversely proportional to the cube root of the nozzle gas velocity (% ). For Group 

A particles;

he  -  32.6
^ m f

(4-10)

(standard deviation = 0.022, % = 0.00050); for Group B particles:

he  = 18.3
Ur

U m f J

-  1/3
• / (4-11)

(standard deviation = 0.012, % = 0.00014). Eq.(4-10) and E q.(4 -ll) with 

coalescence data are plotted in Fig. 4-22 and Fig. 4-23, respectively. Again, to take 

account o f the effect of the particle properties, a modified correlation is obtained by 

introducing the Archimedes number, Ar  (see Eq.(4-8)):

he — 50
Ur

^ m f

-  1/3
) -1 /3 (4-12)

The results are plotted in Fig. 4-24. Consequently, the form of Eq.(4-12) is not the 

same as the case o f vertical nozzles (Eq.(4-9)). In Eq.(4-12), the Archimedes number 

is represented as a square root, i.e. the exponent o f ^ r  is - 1/6, but for vertical nozzles, 

the exponent o fA r  is -1/3. However, Eq.(4-12) fitted the experimental data very well

(standard deviation = 0.018, % = 0.00031). The reason for the difference between
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Figure 4-22. Relationship between average coalescence height and nozzle
flowrate in Group A particles (horizontal nozzles).
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Eq.(4-9) and Eq.(4-12) could be due to the different gas discharge patterns, but this is 

not clear at present,

4.5.2 Bubble Coalescence Angle

The measurements o f average coalescence angle where bubbles coalesce from two 

horizontal nozzles are list in Table 4-2. The left-hand angles are much greater than the 

right-hand angles in both Group A and B particles. Therefore, the bubble coalescence 

points are skewed towards the wall of the bed. The results are not in agreement with 

some previous reports (Kunii et al., 1967; Whitehead and Young, 1967; Miwa et al., 

1972; also see Section 4.4.2). However, horizontal nozzles were not employed in 

these studies.

To present the positions of coalescence points. Fig. 4-25 and Fig. 4-26 show the 

empirical triangle of coalescence positions calculated from Eq.(4-10) and E q .(4 -ll) 

with experimental data from Group A and Group B particles. As a result, the data of 

coalescence points fall outside the right-hand side of the triangles.

4.6 Comparison of Coalescence between Vertical and 

Horizontal Nozzles

Except for the bubble discharge patterns, the processes of bubble coalescence are 

not very different between vertical and horizontal no2̂ 1es. The only conspicuous 

difference is the effect o f particle size on the coalescence height. For vertical nozzles, 

the coalescence heights are greater in Group A particles than in Group B particles. 

Conversely, the coalescence heights are lower in Group A particles than Group B 

particles for horizontal nozzles.

In addition, for Group A particles, the coalescence heights are greater in using the 

vertical nozzles than the horizontal nozzles, but the opposite results are found in
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Table 4-2 Angle subtended between point of coalescence and two horizontal nozzles.

Nozzle Nozzle
flowrate separation Coalescence angle

Ih / Ol Or Ol+Or Ol Or Ol+Or
(l/min) (cm) ( °) ( °) ( °) ( °) ( °) ( °)

Group A particles Group B particles

2 15.01 10.31 25.32 13.18 11.55 24.72
4 17.81 0.79 18.60 14.40 0.60 15.01

12.5 6 15.94 6.19 22.13 9.85 6.08 15.93
8 12.47 5.77 18.24 8.86 6.98 15.84

10 11.51 4.44 15.95 15.07 3.11 18.18

2 10.02 14.35 24.36 17.72 10.51 28.23
4 18.47 2.64 21.39 19.68 0.02 19.70

25.0 6 18.90 3.44 22.34 13.82 4.97 18.79
8 18.15 6.08 24.23 14.06 4.07 18.14

10 13.45 6.92 20.37 13.31 5.33 18.63

2 11.25 11.86 23.11 16.59 6.24 22.83
4 16.64 0.40 17.04 15.35 7.54 22.89

37.5 6 18.77 4.04 22.82 19.60 0.76 20.36
8 17.55 8.05 25.61 17.05 6.69 23.74

10 17.94 10.75 28.69 17.28 3.94 21.21
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#  Coalescence points of experimental data
 Coalescence results from calculating Eq.(4-10)
▼ Position of the nozzle R
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Figure 4-25 (a). The position o f bubble coalescence from two horizontal
nozzles in Group A particles (flowrate = 12.5 l/min).
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Figure 4-25 (b). The position o f bubble coalescence from two horizontal
nozzles in Group A particles (flowrate = 25.0 l/min).
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Figure 4-25 (c). The position o f bubble coalescence from two horizontal
nozzles in Group A particles (flowrate = 37.5 l/min).
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Figure 4-26 (a). The position o f bubble coalescence from two horizontal
nozzles in Group B particles (flowrate =12 . 5  l/min).
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Figure 4-26 (b). The position o f  bubble coalescence from two horizontal
nozzles in Group B particles (flowrate = 25 .0 l/min).
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Figure 4-26 (c). The position o f  bubble coalescence from two horizontal
nozzles in Group B particles (flowrate = 37.5 l/min).
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Group B particles. Conversely, the coalescence heights are lower in Group A particles 

than Group B particles for horizontal nozzles. Fig. 4-27 shows the comparison 

between the effect of particle sizes on the correlations, Eq. (4-6), (4-7), (4-10), and 

(4-11). It can be seen obviously that the slopes of equations are greater in Group A 

particles than in Group B particles. On the other hand, the effects of nozzle types on 

the slopes in Group A particles are converse to the results in Group B particles.

Summarising the above results, the ratio of the coalescence height by using vertical 

nozzles ( //^.v ) lo horizontal nozzles { he^h) can be expressed to be Eq.(4-9) divided 

by Eq.(4-12):

^ ^  = \9 6 A r  (4-13)
^c,h

Eq. (4-13) plotted in Fig. 4-28 shows the relationship between particle size and gas 

discharge pattern. It can be seen that the ratio of coalescence heights from different 

gas discharge patterns is dependent on particle properties, i.e. particle size and 

density, based on the same operating conditions.

As a result, the ratio decreases with increasing the Archimedes number. In other 

words, when the particle size of the same material powder increases, the ratio

decreases. In Fig. 4-28, Ar  = 56.69 is a critical point where /z .̂v = . It is clear that

the ratio, , is greater than 1 when Ar  is less than 56.69, i.e. the coalescence

heights in a bed of smaller particles (such as Group A) are greater in using the vertical 

nozzles than the horizontal nozzles. On the other hand, the coalescence heights in a 

bed of larger particles (such as Group B) are less in using the vertical nozzles than the 

horizontal nozzles. In this study, the ratio is about 1.3 for Group A particles (58.85 

pm), and about 0.7 for Group B particles (197.42 pm).
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Figure 4-27. Comparison o f correlations o f bubble coalescence height.
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Moreover, most of coalescence points are skewed towards to the wall of the bed, 

except bubble coalescence from vertical nozzles in the bed of Group A particles.

However, the different tendency of the results in coalescence heights have been 

found between using vertical nozzles and horizontal nozzles. It seems that bubble 

coalescence was governed strongly by the gas discharge patterns.

4.7 Variation of the Volume in Bubble Coalescence

The volumes of the bubble void (F^) and its associated gas shell (Fy) following

coalescence are plotted in Fig. 4-29 along with results of earlier study (Yates et al., 

1994) on coalescence of bubbles issuing from a signal orifice into a bed of a similar 

Group A particles according to

0 42Fy = 31 V}j ' for the present case (two vertical nozzles) (4-14)

Vs = 17 for Yates et al.’s (1994) case (a single nozzle) (4-15)

The original relationship between the volumes of the bubble void and the gas shell 

was analysed by Clift (1993) using Yates and Cheesman’s (1992) data on bubble 

voidage measurements. It can be seen in Fig. 4-29 that the results show the same 

tendency as was observed previously (Yates et al., 1994). However, although the 

exponent on bubble volume was the same in the two equations, the coefficient in Eq. 

(4-14) is about twice as large as that in Eq. (4-15). In other words, the volume of gas 

in the shell around two coalesced bubbles originating from separate sources is twice 

as large as that around one from a single source.

For this difference, it could be presumed that the processes of bubble coalescence 

are not the same. For bubbles issuing from a single nozzle, bubbles should rise
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vertically, so coalescence may be considered to be a one-dimensional process. 

Therefore, bubble coalescence should occur in a vertical path from the same source, in 

spite of the approaching bubbles being in vertical or oblique alignments. As a result, 

after several coalescences, the following bubble and the leading bubble are not equal

sized. Thus, it can be seen that a small following bubble may “chase” a large leading 

bubble, or a large leading bubble approaches a small following bubble. Alternatively, 

when bubbles discharge from two separate nozzles, coalescence may be presented as a 

two-dimensional process. A bubble should rise along an inclined path to approach 

another one. When the nozzle separation is sufficiently large, a bubble may coalesce 

with another one from the same source before it approaches a bubble from the second 

source. The volumes of two approaching bubbles issuing from different sources could 

be the same. Therefore, the probability of coalescence by two equal-sized bubbles 

from separate sources is larger than that of bubbles issuing from a single source. This 

may be the reason why the volume of gas in the shell around two coalesced bubbles 

originating from separate sources is larger than that around one from a single source. 

These two coalescence models are similar to Geldart’s proposal (1970/71) for bubble 

coalescence in 2D and 3D beds. However, the definite reason for this difference is not 

yet clear.

In addition, the experimental data o f bubble void volumes were used to apply the 

correlation o f Darton et al. (1977) referred to above Eq.(2-22). The value o f the

catchment area (Aq) in the present case is calculated on the basis o f two touching

circles each centered on a nozzle. For example, with a nozzle separation distance of
2

10 cm, each circle is 5 cm in radius then the catchment area is equal to 19.6 cm .

Moreover, the term C/ representing the superficial velocity of gas entering the bed is 

calculated here by dividing the total volumetric flowrate through the bed by the total 

area of the bed. The values of the variable terms in Eq.(2-22) are plotted in Fig. 4-30. 

The slope of the fitting line in the figure is 0 .82 somewhat higher than the value o f the 

coefficient which is equal to 0.54 in Eq.(2-22). Thus the equation can be written as

De = 0 .8 2 ( [ / -  + 4 . 0 ^ (4-16)
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Nevertheless, the empirical equation indicate that the Darton et al.’s model (1977) for 

bubble coalescence mechanism is in satisfactory agreement with the direct X-ray 

observations reported above.

4.8 Summary

Bubble coalescence has been examined in gas discharge from two vertical nozzles 

and two horizontal nozzles at varying separation distances in 3D fluidized beds of 

Group A and B particles. The results show that as bubbles issue from two separate 

submerged nozzles in a fluidized bed, the bubble coalescence takes place at some 

distance above the nozzles. This distance defined as the coalescence height is found to 

be a function of the nozzle separation distance, of the dimensionless superficial gas 

velocity, and of the Archimedes number:

he  = 98
r  1/3

• /  for vertical nozzles (4-9)

= 50 Ar  / for horizontal nozzles (4-12)

The ratio o f the coalescence height by using vertical nozzles to horizontal nozzles 

decreases with increasing the Archimedes number and Ar = 56.69 is a critical point 

where the ratio is equal to unity. The coalescence heights in the bed of Group A 

particles are greater in using the vertical nozzles than the horizontal nozzles. The 

contrary results are found in the bed of Group B particles.

For measuring the angle subtended between the point of coalescence and the two 

nozzles, mostly bubbles coalesced towards the wall of the bed, except bubble 

coalescence from vertical nozzles in the bed of Group A particles.
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In addition, the volume of gas shell surrounding a coalesced bubble is larger when 

the original bubbles are derived from two separate sources than from one. The 

experimental data of bubble volumes compare well with an existing correlation for 

bubble diameter as a function of the bed height.

However, some different results on bubble coalescence imply that the bubble 

discharge patterns dominate the coalescence processes.
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BUBBLE COALESCENCE 

IN LARGE PARTICLE FLUIDIZATION

5.1 Introduction

Bubble coalescence in a large particle fluidized bed has been mentioned in few 

studies (e.g. Cranfield, 1972; Geldart and Cranfield, 1972, Cranfield and Geldart, 

1974). One of the important processes of bubble coalescence in large particle 

fluidization, which is known as ‘cross absorption’ (Cranfield and Geldart, 1974), is 

quite different from that in small particle fluidization.

Bubble coalescence from two vertical nozzles in beds of large particles is 

investigated in this Chapter. The average particle size in this study is 896.3 pm (see 

Table 3-1), which meets Geldart’s classification (Geldart, 1973) on the boundary 

between Group B and Group D. However, these particles are much larger than Group 

B particles used in the previous Chapter. The boundary of classification between 

Group B and Group D was correlated by Geldart (1973):

{Ps-  P g ) d ^  = \ 0 ' ^  m  (5-1)

The particles are identified as Group D when the left-hand term is greater than 10

-3 -3In this study, the term on the left is equal to 0.88 x 10 , close to 10 In addition, 

no spouts were found in the experiments.

Similar to the previous chapter, the positions of bubble coalescence are measured. 

The effects of particle sizes, nozzle flowrates, and nozzle separation distances on 

coalescence heights are discussed. An empirical correlation is modified from Eq.(4-6)

147
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to calculate the positions of the coalesced bubbles. Moreover, comparison of bubble 

coalescence between small particles and large particles is discussed. (The nozzle 

flowrates used in this study are 25.0 l/min, 50.0 l/min, and 75.0 l/min, which are 

higher than those used in the previous Chapter . )

5.2 Phenomena of Bubble Coalescence in Large Particle Fluidization

Basically, although the size of large particles is much greater than Group A and B, 

some of the bubble coalescence processes of large particles are similar to that of 

Group A and B . As a result, two types of coalescence processes were observed in the 

bed of large particles. The first type is ‘upward coalescence’ where the following 

bubble overtakes upwards the wake of the leading bubble. During coalescence, the 

following bubble elongates and the leading bubble becomes flattened towards the 

sides. This coalescence process is a common type which also can be seen easily in the 

bed of small particles (see Fig. 4-3 and Section 4-2). The second type is called ‘cross 

absorption’ which was named by Cranfield and Geldart (1974). Cross absorption 

occurs when two bubbles are side by side on the same level. One o f the bubbles 

becomes flattened and is then absorbed by the other bubble during the coalescence 

process.

Fig. 5-1 records the process o f cross absorption with two bubbles discharged from 

different nozzles in the bed of large particles. The time between two fi'ames was 0.04 

sec. The observation height was at 20 cm above the nozzles when the separation 

distance was 7.27 cm. The black area shown in Fig. 5-1 represents the emulsion phase 

with an average voidage of 0.469. The white area represents the bubble including 

the wake. In the bed of large particles, the wake of the bubble is small.

! In frame (a), It can be seen that two bubbles are side by side after rising up from the nozzles. 

Generally, if two bubbles are on the same horizontal level close together, one bubble 

will move forwards to be in advance of the other bubble slightly in order to coalesce.
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(c) (0

(b) (e)

(a) (d)

Figure 5-1. ‘Cross absorption’ process of bubbles issuing from two vertical nozzles 
in large particles (/ = 7.27 cm; flowrate = 50.0 l/min; observation height = 20 cm).
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Otherwise, two bubbles will ‘repel’ each other due to pressure drop, so coalescence 

does not occur. (Coalescence could occur again if two separated bubbles are not on 

the same level.) However, these bubble behaviours were not seen in frame (b). In 

frame (b), two bubbles are still on the same horizontal level, but the left-hand side 

bubble has started to deform. The bottom of this bubble is moving towards the right- 

hand side bubble. In frame (c), the left-hand side bubble has became flat gradually as 

well as the right-hand side bubble. In frame (d), the left-hand side bubble is flattening 

continually and has contacted the right-hand side bubble. The right-hand side bubble 

keeps its shape and has started to ‘absorb’ the left-hand side bubble. Frame (e) shows 

the result of cross-absorption. The right-hand side bubble increases after absorbing the 

left-hand side bubble. A little remainder of left-hand side bubble still can be seen in the 

frame. Finally, in frame (f), two bubbles have unified. (The coalesced bubble again 

deformed flatly, because a following bubble is approaching. Another coalescence will 

occur in the next few seconds.)

Fig. 5-2 shows the comparison between two coalescence types. The record shown 

in Fig. 5-2(a) is Type I: Upward coalescence; a record of Type II: Cross absorption is 

shown in Fig. 5-2(b). The recording time between each frame was 0.04 sec. 

Comparing two types of coalescence processes, it can be easily seen that the bubble 

deformations are different between the two types. In both first frames. Type I shows 

that the following bubble elongates, but in Type II the left-hand side bubble flattens. 

In the second frame of Type I, the following bubble enters the flat bottom of the 

leading bubble. At the same time in Type II, the left-hand side bubble has been 

absorbing by the right-hand side bubble. Finally in the third frames, both types show 

that two bubbles have completed coalescence process to be a single bubble.

According to the probability o f cross-absorption, Cranfield and Geldart’s study 

(1974) showed that the rate o f cross-absorption decreases with increasing depth of 

the bed, i.e. a large number of cross-absorptions occur in a shallow bed. However, in 

this study, most events of cross-absorption were observed at higher flowrates and at 

larger separation distances o f two nozides. (The bed height was fixed in the 

experiment.)
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(a) Type I: Upward coalescence

/= 7.27 cm;
Flowrate = 25.0 1/min; 
Observation height = 20 cm.

[3] [3]

[2] [2]

[1] [1]

(b) Type II: Cross absorption

/ = 7.27 cm;
Flowrate = 50.0 1/min; 
Observation height = 20 cm.

Figure 5-2. Two types o f  coalescence processes o f  bubbles issuing from

two vertical nozzles in large particles.
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5.3 Bubble Coalescence Height and Angle

5.3.1 Bubble Coalescence Height

The average bubble coalescence height was measured by consecutive 50 bubble 

coalescence events including any types of coalescence in a bed of large particles. The 

results presented in Fig. 5-3 show that bubble coalescence height increases linearly 

with increasing separation distance o f two nozzles. The ranges between maximum and 

minimum coalescence heights at various nozzle separation distances and flowrates are 

roughly equal except that the separation distance is 9.27 cm at 25.0 1/min. In addition, 

it can be seen in Fig. 5-3 (a) and (b) that the slopes of the lines at lower flowrates are 

almost the same. The slope at highest flowrate (see Fig. 5-3 (c)) is greater than that at 

the other flowrates. It implies that the average coalescence height increases when the 

nozzle flowrate increases (see Fig. 5-4),

Fig. 5-4 shows the effect o f nozzle flowrates on coalescence height in the bed of 

large particles. Mostly, the average coalescence height increases with increasing 

nozzle flowrate at a separation distance of nozzles, but at longer separation distances 

(9.27 cm and 11.27 cm) the coalescence height at 25.0 1/min is higher than that at 

50.0 1/min. It is supposed that the coalescence height could be affected by the 

coalescence types, because most o f the cross absorption events were found at longer 

separation distances and at higher flowrates (see Section 5-2). However, there is no 

evidence that the coalescence height is higher when bubbles coalesce by cross 

absorption than by upward coalescence. In addition, the results are opposite to these 

in the beds of small particles, i.e. Group A and Group B (see Section 4.4.1; further 

discussion in Section 5.4).

Summarising the above results, the coalescence height should be proportional to 

the separation distance and the nozzle flowrate. Therefore, we can apply the linear 

regression form o f Eq. (4-6) to the coalescence data |for the large particles. As a
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result, the coalescence height is found to be proportional to the separation distance of 

the nozzles, and to the cube root of the nozzle gas velocity:

0.81
V ^ m f  J

. /  (5-2)

The coalescence data fitted by Eq. (5-2) is plotted in Fig. 5-5 which shows the fitting
2

to be good (standard deviation = 0.00198, % = 0.00039). This equation is a linear 

correlation with an empirical coefficient.

5.3.2 Bubble Coalescence Angle

The measurements of the average coalescence angles subtended between the point 

of coalescence and two vertical nozzles in a bed of large particles are presented in 

Table 5-1. Excepting one event, it is clear that the right-hand side angles are greater 

than the left-hand side angles. Therefore, the coalescence points are skewed towards 

the centre of the bed.

Using the similar analysis in Section 4.4.2, an empirical triangle of bubble 

coalescence positions can be set up by application of Eq. (5-2). The results with the 

experimental data are plotted in Fig. 5-6 (a), (b), and (c). These diagrams show that 

all of the coalescence points fall inside the triangles except one point in Fig. 5-6 (a). 

Thus, it can be seen that the coalescence points are skewed towards the centre of the 

bed. The effect is very conspicuous at two higher flowrates (see Fig. 5-6 (b) and (c)).
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Figure 5-5. Relationship between average coalescence heights and nozzle
flowrates in large particles (vertical nozzles).
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Table 5-1 Angle subtended between point of coalescence 
and two vertical nozzles in the bed of large particles.

Nozzle Nozzle
flowrate separation Coalescence angle

Uo / Ol Or Ol+Or
(1/min) (cm) ( °) ( °) ( °)

321 3.79 14.23 18.02
5.27 7.82 12.95 20.78

25.0 7.27 8.74 11.55 20.28
9.27 8.71 11.92 20.63

11.27 10.62 7.86 18.48

3.27 6.10 9.50 15.60
5.27 7.55 11.59 19.15

50.0 7.27 5.62 13.69 19.31
9.27 lA l 13.35 20.82

11.27 8.31 11.22 19.53

3.27 5.76 9.32 15.08
5.27 5.14 11.64 16.78

75.0 111 8.06 11.06 16.83
9.27 5.84 10.80 16.64

11.27 7.89 8.74 16.64



Chapter Five ■ 158

Eo

.c
"5
■a<b

#  Coalescence points of expermiental data
  Coalescence results from calculating Eq.(5-2)
▼ Position of the nozzle R
A Position of the nozzle L

60

"O
50

40

30

20

10

0

Nozzle R (fixed)Nozzle L
(m ovement)

I i__l I I I I I I I L 1 , 1 , 1
14 12 10 8 6 4 2 0

Separation / cm
-2 -4 -6

Figure 5-6 (a). The position o f bubble coalescence from two vertical
nozzles in large particles (flowrate = 25.0 1/min).
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Figure 5-6 (b). The position o f bubble coalescence from two vertical
nozzles in large particles (flowrate = 50.0 1/min).
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5.4 Comparison of Coalescence between Small particles 

and Large Particles

The greatest difference in bubble coalescence from vertical nozzles between large 

particles and small particles (i.e. Group A and B) is the effect of nozzle flowrates. In 

beds of small particles, the coalescence height increases as the nozzle flowrate 

decreases (see Section 4.4.1; Fig. 4-7 and 4-8). Inversely, the coalescence height 

increases with increasing flowrate in beds of large particle (see Fig. 5-4). The effect 

can be seen in comparing Eq. (4-6) (or Eq. (4-7)) and Eq. (5-2). The exponent of the

dimensionless item of superficial gas velocity (%  lUmf)  in Eq. (5-2) is positive, but

that in Eq. (4-6) or Eq. (4-7) is negative.

It is possible that the effect of nozzle 

flowrates is more important than the effect of particle size. As the previously 

mentioned, in the bed of large particles, the coalescence height increases with 

increasing nozzle flowrate, but the opposite results are found in the bed of small 

particles. Another possibility is the effect of coalescence type in the bed of large 

particles, giving the irregular results found at lower flowrates. However, it should be 

emphasised again that there is no evidence in the relationship between coalescence 

heights and the coalescence types in the bed of large particles.

5.5 Summary

Bubble coalescence in gas discharge from two vertical nozzles at varying separation 

distances in the beds of large particles has been investigated. Two coalescence types, 

upward coalescence and cross absorption, were observed. Most events of cross

absorption were found at higher flowrates and at larger separation distances of two 

nozzles.
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The coalescence height is found to be proportional to the separation distance of the 

nozzles, and to the cube root of the nozzle gas velocity (see Eq.(5-2)). The 

measurements of the angle subtended between the point of coalescence and the two 

vertical nozzles shows that bubbles coalesced towards the centre of the bed.

Comparison of bubble coalescence in the beds of large particles and small particles 

shows opposite trends. For example, the coalescence height increases when the nozzle 

flowrate decreases in the bed of small particles, but in the bed of large particles it 

increases with increasing nozzle flowrate. However, the coalescence processes could 

be affected by coalescence types.
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COALESCENCE PROCESSES 

IN A DEFLUIDIZED BED

6.1 Introduction

In the laboratory-scale studies of fluidization hydrodynamics, such as fundamental 

investigations of bubbles and jets, most of the experiments were carried on a fluidized 

bed which kept the particles at minimum fluidization, then the second air for 

generation of bubbles or gas jets was injected through nozzles into the bed (e.g. see 

references in Section 2.2.2). However, for industrial operations of fluidized beds, the 

air above the minimum fluidization velocity is directly pumped into the beds through 

distributor plates. Consequently, some defluidization regimes near distributors have 

been found in beds during operations. Therefore, special distributors, like tuyeres and 

caps (e.g. see Kunii and Levenspiel, 1991), are designed to minimize the defluidized 

regions or to prevent particles from leaking through the distributor, especially the 

horizontally oriented gas entrances. Alternatively, defluidization phenomena have 

been reported in many studies, specially in operation at high temperatures (e.g. 

Siegell, 1984; Tardos et al., 1985a, b; Compo et al, 1987), and in operating fluidized 

beds o f fine powders (Group C particles) (e.g. Geldart and Wong, 1984; Iyer and 

Drzal, 1989).

In order to approach the real operation of fluidized beds, in this Chapter, a 

defluidization condition, in which no background air is supplied to keep the particles 

at the point of minimum fluidization, is set up in the beds o f Group A and B particles 

for observing hydrodynamic behaviour o f gas discharging fi’om two vertical and two 

horizontal nozzles respectively. The total flowrates o f discharging gas through two 

nozzles are set to be higher than the flowrates required for minimum fluidization in the 

bed. Three flowrates of air through each of the two nozzles were used: 12.5, 25.0 and

1 6 3
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37.5 1/min for the bed of Group A particles, and 50.0, 56.0 and 62.5 1/min for the bed 

o f Group B particles. The other experimental conditions have been presented in 

Chapter 3 (see Table 3-1).

The processes of bubble

coalescence and gas jet interactions from two vertical nozzles and two horizontal nozzles 

at varying separation distances in defluidized beds are studied. The positions of 

coalescence are measured to understand the relationship of coalescence in a 

defluidized bed between particle sizes, nozzle flowrates, nozzle separation distances. 

The comparison of coalescence heights between fluidized beds and defluidized beds is 

also discussed.

In addition, the vertical jet penetration lengths from vertical and horizontal gas 

discharge nozzles in defluidized beds are measured, and some empirical correlations 

are developed for predicting jet penetration lengths. The relationship between 

coalescence heights and jet penetration lengths is discussed. Alternatively, with regard 

to high temperature fluidization and fine particle fluidization, those processes are not 

considered in this study.

6.2 Defluidization

6.2.1 The Defluidization Phenomenon

Defluidization may be defined as a phenomenon occurring in some regions of the 

bed where the superficial velocity is lower than the minimum fluidization velocity, i.e. 

the particles are not fluidized by the gas in the bed. The voidage o f the defluidized

region is less than s ^ f .

Some industrial applications o f fluidized beds, such as conversion of coal, reduction 

o f iron oxide, calcination of limestone, roasting o f sulfide ores, incineration of waste
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solid, and the polymerisation of olefins are operated at elevated

temperatures. During the processes, defluidization can be caused by agglomeration of 

particles (Siegell, 1984; Tardos et al., 1985a). It is dependent on many factors, such 

as particle properties and the hydrodynamics of the gas and particles in the bed 

(Compo et al., 1987; Mikami et al., 1996). However, many studies have shown that to 

prevent defluidization, the operating temperature in the bed should be lower than 

‘initial sintering temperature’ which is defined as the temperature at which the particle 

surface begins to soften, leading to sintering of particles (Gluckman et al., 1975). It is 

an important property of particles. On the other hand, increasing fluidization velocity 

can prevent defluidization (Siegell, 1984; Compo et al., 1987). Nevertheless, 

preventing defluidization is still a complicated problem due to the dependent 

relationship between initial sintering temperatures and fluidization velocities (Compo 

et al., 1987).

Defluidization has also been observed in operating a bed of fine particles (Geldart 

and Wong, 1984). Due to large inter-particle forces, cracks and channels are formed 

resulting in defluidization of the bed. Iyer and Drzal (1989) observed that increasing 

the size of fine particles, the defluidized region is close to the distributor, and bubbles 

begin to form above that region.

It seems that although defluidization is a disadvantage in operating fluidized beds, a 

partially defluidized bed can improve the operation efficiency applied in some 

fluidized bed combustors (e.g. Sitthiphong and Bushnell, 1985), interconnected 

fluidized beds (e.g. Korbee et al., 1994), and so on.

6.2.2 Characteristics of Bubbles and Gas Jets in Defluidized Beds

In this study, defluidization was observed in beds o f Group A and B particles 

respectively. The results are similar to Iyer and Drzal’s observation (1989) in the 

defluidization o f larger fine particles. The bed can be divided into two sections: the 

gas jet section and the bubble section. The former is near the distributor and the 

bubbles section is above.
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Fig. 6-1 shows the comparison of a single bubble represented as the computer- 

processed X-ray image in a fluidized bed and a defluidized bed of Group A particles. 

The black area shown in this figure is the emulsion phase, and the white area 

represents the bubble itself. The single bubble in a fluidized bed shows its shape is like 

a spherical cap (see Fig. 6- 1(a)). This is a well-known result shown in most studies 

(e.g. an earlier work in Rowe and Partridge (1965)). Bubbles in a defluidized bed 

have the appearance of a long ellipse (see Fig. 6- 1(b)). Generally, gas distribution 

increases with bed height in a defluidized bed, so the average voidage of the cross- 

section in the emulsion phase increases with increasing bed height. In other words, the 

quality of fluidization gradually improves with increasing bed height. Therefore, the 

rise velocity of the front part o f the bubble should be faster than that of the rear, i.e. 

the fi"ont part of the bubble moves forward easily in a higher voidage emulsion phase. 

As a result, the bubble elongates as a long ellipse in a defluidized bed. However, the 

spherical-cap bubbles can be found at the region near the bed surface where the bed is 

a well-fiuidized.

Near the distributor, vertical, upward gas jets are observed above vertical and 

horizontal nozzles in a defluidized bed. The behaviour o f gas jets in a defluidized bed 

is similar to that in a fluidized bed. Two types o f jet are found in the defluidized bed. 

The first can be called ‘periodically developing’ jets, and the second ‘permanent’ jets.

In Fig. 6-2(a), the development of a gas jet in a fluidized bed described by Filla and 

Massimilla (1984) illustrates the first type o f jet. The void forms at the orifice, then

grows upwards until some height, Lmax- It was called the ‘maximum jet penetration

length’ and was defined by Knowlton and Hirsan (1980) (see Fig. 6-2(b)). At Lmax, 

the gas jet ‘necks’ to form a bubble which breaks from the top of the jet. After that, 

the jet shrinks to a minimum gas void, L^in, called the ‘minimum jet penetration

length’, which is followed by another jet formation cycle. is the penetration depth 

o f the bubble from the jet into the bed before losing the momentum. Therefore, the
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[ a ] Fluidized bed

[ b ] Defluidized bed

Figure 6- 1. Comparison of bubble in a fluidized bed and a defluidized bed of Group 
A particles (flowrate = 12.5 l/min).(a) fluidized bed; (b) defluidized bed.
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development of the jet is a periodic process. Fig. 6-3 shows X-ray images of gas jets 

discharging from two horizontal nozzles in a defluidized bed. In Fig. 6-3(a), the jets 

discharge vertically from horizontal nozzles. The horizontal jet penetration length can 

not be measured. Fig. 6-3 (b) shows the jets have reached the highest height, i.e.

Lmax, and bubbles are breaking off. However, although many studies have reported

different definitions of the jet penetration length in fluidized beds in the past three 

decades (see Massimilla (1985)), Knowlton and Hirsan’s definitions (1980) can be 

applied appropriately in the defluidization case. With regard to the investigation o f jet 

penetration lengths in a defluidized bed, it will be discussed in Section 6.5.

Expecting the periodically developing jets mentioned above, another mode of jets 

found in the defluidized bed is the permanent jets. A permanent jet maintains an

almost fixed length, i.e. L^ccc is nearly equal to L^in, and bubbles form from the top

of the jet. It looks like a kind of vertical, long ‘nozzle’ generating bubbles. However, 

it is similar to that observed in fluidized beds. Many studies have reported permanent 

jets in fluidized beds (e.g. Zenz, 1968, Merry, 1975, Rowe et al., 1979).

6.3 Coalescence Patterns in a Defluidized Bed

From observations of the hydrodynamic behaviour of defluidized beds, some 

patterns o f the interaction from bubbles and gas jets were found.

Basically, similar to bubble coalescence in a fluidized bed, gas jet interaction near 

the distributor in a defluidized bed occurs when two nozzles are close. As nozzle 

separation increases, bubbles separate from the jets before the jets approach each 

other to coalesce; bubbles then coalesce at some height in the upper section o f the 

bed. In addition, a transition phenomenon, a ‘gas bridge’, formed between two jets 

was found. Accordingly, we may classify the coalescence processes in a defluidized 

bed into three patterns: jet coalescence, bubble coalescence, and ‘gas bridges’ which 

are defined and described as follows. The patterns o f coalescence for gas jets or
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[b]

[a ]

Figure 6-3. Gas jets from two horizontal nozzles in a defluidized bed o f  Group 
A particles ((a) / = 8 cm; flowrate = 12 .5  1/min, observation height = 5 cm;
(b) / = 10 cm; flowrate = 25.0 1/min, observation height = 10 cm).
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bubbles in a defluidized bed depend particularly on the separation distance o f the 

nozzles.

6.3.1 Jet Coalescence

The first coalescence pattern in a defluidized bed is jet coalescence. Gas discharges 

from the nozzle and forms the jet near the distributor. When two nozzles are close 

enough, the two gas jets coalesce to form a single jet.

Fig. 6-4 shows two types o f gas jet coalescence in a defluidized bed. In Fig. 6-4(a), 

each jet is skewed towards the opposite jet, and they coalesce. Two jets and the 

baseline between two tips of the nozzles form an inner triangle (see the dashed line in 

the figure). This type of jet coalescence occurs usually at higher nozzle flowrates, 

greater separation distances of two noz2des, or when gas discharges from horizontal 

nozzles. Fig. 6-4(b) shows another type o f jet coalescence in which the jets point 

vertically upward, and arch to coalesce with each other. The dashed line drawing in 

the figure shows the shape of jet coalescence is like a ‘horseshoe’. When gas 

discharges from vertical nozzles, at lower flowrates, or at shorter separation distances 

of two nozzles, the ‘horseshoe’ coalescence occurs fi’equently. At lower flowrates, a 

spherical cap, high voidage region forms in the interaction zone of the two jets. 

Perhaps the gas circulates in this region.

The coalescence of two jets results in the formation of a single jet which penetrates 

upwards until some height in the bed where bubbles break off. The behaviour of the 

coalesced jet is the same as that o f a developing single jet issuing from the nozzle.

Recently, Newton et al. (1994/95) have reported that gas jet interactions occur in a 

fluidized bed when the nozzles are placed too close to each other. Fig. 6-5 illustrates 

their results when gas jets discharge fi’om nozzles mounted on a regenerator ring. It 

can be seen in Fig 6-5 (a) that even five gas jets can coalesce together to form a 

single jet.



[ a ] [b]

Figure 6-4. Two records o f  the gas jet coalescence in a defluidized bed ((a) Group A particles, two horizontal nozzles; /  = 6 cm; 
flowrate = 25.0 1/min; observation height = 5 cm; (b) Group B particles, vertical nozzles, 1 =  2  cm; flowrate = 25.0 1/min; 
observation height = 5 cm).
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Figure 6-5. Sketch of interactions of gas jets in a fluidized bed (a) five nozzles, (b) three nozzles (Newton et al., 1994/95). o
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6.3.2 Bubble Coalescence

As the nozzle separation distance increases a point is reached at which jet 

coalescence ceases. This is because bubbles have separated from the jets before they 

coalesce. Although there is no opportunity for jets to coalesce, they are still skewed 

towards each other except at much greater nozzle separations and at lower flowrates. 

Jets will coalesce eventually, if the penetration distance is sufficiently long. It is also 

clear that coalescence is an unavoidable tendency in the bed. On the other hand, 

skewed jets offer their offspring bubbles a beneficent condition to coalesce. Skewed 

jets cause the horizontal separation distance of two bubbles to becomes short. It can 

be imagined that the top of the jet represents the tip o f an extended nozzle. Therefore, 

bubbles break from the jets then coalesce rapidly in the upper section of the

defluidized bed where jet coalescence does not occur.

Fig. 6-6 shows the bubble coalescence process in a defluidized bed of Group A 

particles with two horizontal nozzles. The observation was at 30 cm above the

nozzles when the separation distance between two nozzles was 10 cm, and the

flowrate was 25 1/min for each nozzle. The recording time between two frames was 

0.04 sec. The white area inthe Figure represents the bubble, and the black area is the 

emulsion phase. The bubble coalescence process in a defluidized bed seems to be 

similar to that in a fluidized bed (see Section 4.3). In Fig. 6-6, frame (a) shows the 

following bubble is approaching the leading bubble. As mentioned in Section 6.2.2, 

the bubble shape is a long ellipse. In frame (b), the leading bubble shortens itself when 

the front part of the following bubble approaches. The original long, elliptical 

following bubble elongates more as it accelerates. The effect can be seen clearly in 

frame (c). It also can be seen that the following bubble has entered the bottom of the 

leading bubble in frame (c). Finally, in frame (d), the coalesced bubble forms and 

retains its elliptical shape. Also it can be seen that another bubble is approaching.

The bubble breaks

from a jet in advance of one from another jet, so bubbles coalesce in an oblique 

alignment. On the other hand, because bubbles always rise towards the centre o f the
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[ b ] [d]

[ a ] [ c ]

Figure 6-6. Bubble coalescence process in a defluidized bed of Group A particles 
(two horizontal nozzles; / = 10 cm; flowrate = 25.0 1/min; observation height = 
30 cm).
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bed, breaking bubbles coalesce in vertical alignment if the two jets far enough apart. 

Near the top of the bed, a coalesced bubble rising in the centre of the bed chases and 

coalesces with another one rising ahead of it, and a single large bubble appears near 

the bed surface.

6.3.3 Gas Bridges

When a jet forms in a defluidized bed at a lower flowrate, a large crack - a ‘gas 

pocket’, like a tree knot, may form within the jet. Fig. 6-7 shows some X-ray images 

of gas pockets. The bright area in the jet is the gas pocket. Fig. 6-7 (a) and (b) 

show the gas pocket formed in a coalesced jet. In Fig. 6-7 (a), the gas pocket is 

located just above the position where two gas jets coalesce (not in the picture). The 

gas pocket shown in Fig. 6-7 (b) is located near the top o f the jet where the bubble 

just breaks from the jet. It almost occurs at a higher flowrate (37.5 1/min). Fig. 6-7 (c) 

shows a typical gas pocket in a single jet, and Fig. 6-7 (d) records gas pockets formed 

in two individual jets before they coalesce.

Generally, the gas pocket moves upwards along the jet, and is then ‘absorbed’ by 

the jet itself. Nevertheless, if two jets coexist in the bed, the gas pocket will form in 

each jet simultaneously at approximately the same height (see Fig. 6-7(d)). In that 

case, two gas pockets may grow up towards each other, and not move upwards. 

When the separation distance between two jets is not too great, finally, two enlarging 

gas pockets connect with each other to form a ‘gas bridge’. An X-ray image of a gas 

bridge in a defluidized bed is shown in Fig. 6-8. Mostly, the ‘thickness’ of gas bridge 

is close to the ‘width’ of the jet. Gas bridges are a transition phenomenon and they 

seem to be quite unstable in the bed. After a period o f a few seconds, the gas bridge 

moves upwards and then breaks up to be absorbed by the jets.

Fig. 6-9 shows the formation of a gas bridge in a defluidized bed of Group A 

particles as computer-processed X-ray images. The gas jets are represented in white, 

and emulsion phase in the black. Frame (a) shows the two upwards jets discharging 

from two horizontal nozzles at a separation distance of 8 cm. After a few seconds, the
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[ a ]
separation distance = 4 cm 
nozzle flowrate =12.5 1/min 
observation height = 10 cm

[ b ]
separation distance = 2 cm 
nozzle flowrate =37.5 1/min 
observation height = 10 cm

[C ]
single nozzle
nozzle flowrate =25.0 1/min 
observation height = 5 cm

[d]
separation distance = 8 cm 
nozzle flowrate =25.0 1/min 
observation height = 5 cm

Figure 6-7 Some records of‘gas pockets’ within the jets from horizontal nozzles 
in a defluidized bed of Group A particles.
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Figure 6-8 A record of a gas bridge in a defluidized bed of Group A particles 
(two horizontal nozzles; / = 8 cm, flowrate = 25.0 1/min, observation height = 
10 cm).
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[ e ]  6 48 s

[ d ] 6 24 s

[ c ]  4.08 s

[ b ]  3 84 s

[ a ]  0.00 s

Figure 6-9. The formation process of a gas bridge in a defluidized bed of Group A 
particles (two horizontal nozzles; / = 8 cm; flowrate = 25.0 1/min; observation 
height = 5 cm).
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gas pocket forms in each jet, and grows up towards each other (see frame (b)). In 

frame (c), two gas pockets have extended to each other to form a gas bridge. It is an 

unsteady state and after approximately two seconds, the bridge has moved upwards 

along the jets shown in frame (d). Finally, the gas bridge breaks up and is absorbed by 

the jets (see frame (e)).

Observation of an active gas bridge in a sequence of X-ray images, two main gas 

flow patterns are apparent. One is the upward flow in the jet; the other is the bypass 

flow which is from one jet through the gas bridge to another jet. Thus gas cross-flow 

could be through the gas bridge. However, it still needs some mathematical models to 

prove this hypothesis. In addition, the reason for the formation of a gas bridge in a 

defluidized bed is not clear.

Although a gas bridge forms between two jets, they can still coalesce to form a 

single jet above the bridge. Nevertheless, when a gas bridge appears, the position of 

jet coalescence becomes higher than before. However, the jet coalescence height can 

descend gradually to approach the original position after the breaking up of the 

bridge. Therefore, the formation of the gas bridge is an important factor affecting the 

coalescence height in a defluidized bed.

6.4 Coalescence Height

As mentioned above, gas stream interaction in a defluidized bed includes bubble

coalescence and jet coalescence. Coalescence heights Qiq), are measured to

understand the relationship between particle sizes, nozzle flowrates, nozzle separation 

distances, and gas discharge patterns. Measuring and defining the position of bubble 

coalescence have been mentioned in Section 4.2.3 (see Fig. 4-3). According to 

measurement of the position of jet coalescence. Fig. 6-10 shows the definition of the 

jet coalescence point in a defluidized bed. When two jets coalesce to become a single 

jet, the intersection of two jets faced downwards is defined as coalescence point.
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Figure 6-10. Sketch of the definition of the jet coalescence point in a defluidized bed.
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Therefore, the perpendicular height between the coalescence point and the base o f the 

tips of two nozzles is defined as the coalescence height.

In addition, it should be emphasised that the critical conditions for transferring from 

jet coalescence to bubble coalescence are difficult to judge at present, therefore, data 

of coalescence heights in the defluidized bed contain the measurements of bubble 

coalescence and jet coalescence. Since gas-gas interaction is one of the significant 

factors affecting gas transfer between bubble phase and emulsion phase, coalescence 

height is presented as the position of gas stream interaction, although it could be 

bubble coalescence or jet coalescence. Generally in a defluidized bed, bubble 

coalescence occurs easily at higher flowrates and at greater nozzle separations; jet 

coalescence occurs easily at lower flowrates and at shorter nozzle separations.

As a result, the average coalescence height measured by 50 coalescence events in a 

defluidized bed increases with nozzle separation distance, similar to the results in a 

fiuidized bed. (see Section 4.4.1 and 4.5.1) However, affected by coalescence 

patterns, the relationship between coalescence height and nozzle separation distance is 

not always a simple linear function. The effect can be seen in Fig. 6-11 which shows 

coalescence height at various separations of two nozzles in a defluidized bed of Group 

B particles. In Fig. 6-11 (a), coalescence height is a linear function o f nozzle 

separation when gas discharges from two vertical nozzles, but in Fig. 6-11 (b), when 

gas discharges from two horizontal nozzles, coalescence height is a exponential 

growth function of nozzle separation. In addition, contrary to the results in the 

fiuidized bed (e.g. Fig. 4-6), the fitting lines in Fig. 6-11 (a) are not through the 

origin. Furthermore, the average coalescence height decreases with increasing nozzle 

flowrate, but the effect is not so conspicuous with two vertical nozzles.

In order to quantify coalescence heights in a defluidized bed from the operating 

conditions, firstly, the form of Eq. (4-6) is applied to take account of the effect of
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Figure 6-11. Coalescence height at various separations o f  two nozzles in the
defluidized bed o f Group B particles, (a) vertical nozzles, (b) horizontal nozzles.
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nozzle flowrates and separation distances. The results shown in Fig. 6-12 and Fig. 6-

13 are the plots o f he vs. (%  / U^nf) * I in using vertical nozzles and horizontal

nozzles respectively. Again, unlike the results in the fiuidized bed, the average
-1/3

coalescence height is an exponential function of (%  / ) • / . The effect is

m o re  p ro n o u n c e d  in using horizontal nozzles. The results show that coalescence height 

increases more rapidly with nozzle separation in a defluidized bed than in a fiuidized 

bed.

Moreover, comparing Fig. 6-12 and Fig. 6-13, the coalescence height from vertical 

nozzles is greater than that from horizontal nozzles at the same nozzle separation. The 

results imply that gas discharging from vertical nozzles has a much greater vertical 

component of momentum in a defluidized bed, so horizontal coalescence does not 

occur immediately near nozzles. On the other hand, although a gas jet issued from a 

horizontal nozzle still moves upwards, its greater horizontal component of momentum 

can cause itself or the bubble to coalesce with another one rapidly. Therefore, the 

coalescence height is lower in using horizontal nozzles than vertical nozzles. In 

addition, the tendencies are the same in Group A and Group B particles, but the effect 

is more obvious in the bed of Group B particles.

Based on the above results, introducing the Archimedes number (Eq. (4-8)), Ar, to 

take account of the properties of particles, a single correlation is developed to 

calculate the coalescence height in a defluidized bed with two vertical nozzles:

he  = 35.34
^ m f .

-  1/3
Ar~  019 ■ / (6-1)

The coalescence data fitted by Eq.(6-1) is plotted in Fig. 6-14 which shows the fitting 

to be good.(standard deviation = 0.033, = 0.00052) Thus, similar to Eq.(4-9) for

fiuidized beds, the average coalescence height in a defluidized bed with vertical
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nozzles can also be represented as a function of nozzle separation distance, of the 

dimensionless superficial gas velocity, and of the Archimedes number.

Analogously, the coalescence data measured from two horizontal nozzles can be 

fitted by the following equation with two coefficients;

h r+  0.19= 106.71 A r~  026 . / (6-2)

where the units of the first coefficient, 0 ,19, are meters. The results are plotted in Fig.

6-15 in which the fitting line does not pass the origin. Nevertheless, the equation with
2two coefficients fitted the experimental data very well (standard deviation = 0.028, % 

= 0.00076).

However, although the coalescence height is affected by the coalescence pattern in 

a defluidized bed, the gas discharge pattern, i.e. employing vertical nozzles or 

horizontal nozzles, in a defluidized bed is the most significant factor dominating the 

position of coalescence.

6.5 Jet Penetration Length

The development of jets and definitions o f the jet penetration length have been 

mentioned in Section 6.2.2. According to the characters o f jets in fiuidized beds, gas 

jet performed as a single reactor, or an exchange unit in the bed controls some 

processes, such as catalytic and flame processes, combustion and gasification, etc. 

(Massimilla, 1985) In a defluidized bed, the gas jet which is a unavoidable discharge 

mode affects the gas-solid contact near distributor.

Many studies have reported measurements of vertical jet penetration lengths fi*om a
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single nozzle (see Massimilla, 1985), but Newton et al. (1994/95) stated that most 

studies over-predict them partly because they did not take jet interactions into account.

To predict jet penetration lengths, and to understand the relationship between 

coalescence heights and jet penetration lengths in a defluidized bed, the vertical 

penetration jet lengths are measured by 20 events as jets discharge from two nozzles 

at varying separation distances. The effect of jet interactions is counted in the 

measurements including the coalesced jets. Therefore, the jet penetration length 

should be a function of nozzle separation distance. The measuring method is based on 

Knowlton and Hirsan’s definitions (1980) illustrated in Fig. 6-2. To make the

calculation appropriate, the jet penetration length, Lj, is taken to be the average of a

maximum and a minimum penetration length suggested by Yang and Keaims (1978):

~~ ( ^max ^min ) / ^ (b-3)

In addition, jets may be skewed towards each other even though there is no 

opportunity for them to coalesce (see Section 6.3.2). In that case, the jet penetration 

length is taken to be the perpendicular height between the top o f the jet and the tip of 

the nozzle. This is because the position of the top of the jet in the bed, i.e. the position 

of the bubble breaking from the jet, is more significant than the real length o f the jet 

itself. The measurement of coalesced jets is also based on these criteria. Moreover, 

the horizontal jet penetration lengths in a defluidized bed with horizontal nozzles are 

not considered in this study.

After applying linear regression through the origin, the dimensionless jet 

penetration length was found to be a function o f the Froude number, Fr, the Reynolds 

number. Re, the Archimedes number (Eq.(4-8)), Ar, and the dimensionless nozzle 

separation distance:
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For vertical nozzles

- ^  = 073 017
d  n

\  -  0.18

V d  Q j
(6-4)

and for horizontal nozzles

T . z' 1 \  ~ 014
3.58 Ar 0 4% Re ~ Fr

V d  Q J
(6-5)

where

Re - (6-6)

Fr =
Uo

(6-7)

and do is the nozzle diameter. The physical meaning o f the Reynolds number is the

ratio of inertial forces to viscous forces, and the Froude number is the ratio of inertial 

forces to gravity forces. The effects o f the particle and gas properties are accounted 

for in these dimensionless groups.

Eq.(6-4) (standard deviation = 2.688, % = 9.087) and Eq.(6-5) (standard deviation

= 1.140, = 1.989) are plotted with experimental measurements in Fig. 6-16 and Fig. 6-17

respectively. Although Fig. 6-16 shows that the data are scattered, Eq.(6-4) can 

account to within ± 30 % for all observations. In Fig. 6-17, Eq. (6-5) fitted the data very

well and is found to account for the observations within ± 10 % except where Lj is

greater than 20 cm (still within ± 20 %). However, the data are much more scattered 

in a defluidized bed. Iyer and Drzal (1989) concluded from their study that the



Chapter Six ■ 192

40

#  Group A 
O  Group B

30

Eq.(6-4)
o
 ̂ 20

O

0.0 0.5 1.0 1.5 2.0 2.5

AfO.ao R g - 0 . 7 3  l / d ^ ) - 0.18

Figure 6-16. Correlation o f jet penetration length in a defluidized bed
with two vertical discharge nozzles.



Chapter Six ■ 193

40

#  Group  
O Group

30

o
20"D

Eq.(6-5)

0 2 6 84

Figure 6-17. Correlation o f jet penetration length in a defluidized bed
with two horizontal discharge nozzles.



Chapter Six ■ 194

scattered data are caused by the different inclinations and tortuosities in the 

defluidized zone.

Based on the calculation of Eq.(6-4) and Eq.(6-5), comparison of the vertical jet 

penetration lengths discharging from vertical nozzles and horizontal nozzles is shown 

in Fig. 6-18. The results show that generally jet penetration lengths issuing from 

vertical nozzles are greater than those from horizontal nozzles in a defluidized bed of 

Group A particles. On the contrary, in Group B particles, jet penetration lengths 

issuing from vertical nozzles are less than those from horizontal nozzles. Furthermore, 

in this study, the inverse results are found when the jet penetration length is less than 

10 cm in Group A particles (58.9 pm), and is greater than 25 cm in Group B particles 

(197.4 pm).

The relationship between coalescence height and jet penetration length in a 

defluidized bed will be discussed in the following Section.

6.6 Relationship between Coalescence Height and 

Jet Penetration Length

Owing to jet interactions, the coalescence height and jet penetration length may 

affect by each other. If jet coalescence occurs first, the jet penetration length will be

greater than the coalescence height (Lj > he). On the other hand, if the jet penetration

length is less than coalescence height (Lj < he), the coalescence pattern must be

bubble coalescence, i.e. jet interactions can not be observed. The relationship between 

the coalescence height and the jet penetration length in a defluidized bed can be found 

by calculating the ratio of the coalescence height to the jet penetration length from 

those correlations including Eq.(6-1), Eq.(6-2), Eq.(6-4), Eq.(6-5).
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For gas discharge from two vertical nozzles, the ratio of he to Lj  can be taken to be 

Eq.(6-1) divided by Eq. (6-4):

= 1,95 Ar  -  049 0.73 -  0,17
\  ^  m f J

-  0,33

d,
(6-8)

Eq. (6-8) is plotted in Fig. 6-19 with experimental data. The results shows that the 

fitting above { he ! Lj ) = \ \s not good. Thus Eq. (6-8) (standard deviation = 0.195, 

2
X = 0.0365 for he I Lj< 1) is only for he < Lj which indicates that jet coalescence has 

occurred before bubbles break from the jet. To extend the application, Eq. (6-8) is 

modified to be the following equation using for he > Lj which represents coalescence 

occurring from bubbles:

h

L
^  = 1 + 0.80 A r~  F r~

-  0.33 1.18
(6-9)

Eq. (6-9) is also plotted in Fig. 6-19. The results show the fitting to be good (standard 

2deviation = 0.067, % = 0.0042). Examining the experimental data, it can be found

that most bubble coalescence events (i.e. he > Lj) from two vertical nozzles occur

when jet penetration length is less than 15 cm in a defluidized bed o f Group B 

particles.

Similarly, for gas discharge from two horizontal nozzles, Eq.(6-2) divided by Eq. 

(6-5) can be presented as

= 29,80 Ar '  « 74 0.86 -  0,29
-0 .3 3 r  y \  114

\ d g  J
(6- 10)
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The plot of Eq. (6-10) (standard deviation = 0.3056, % = 0.0857) with experimental

data are shown in Fig. 6-20. However, the left-hand term of Eq. (6-10) can not be 

expressed directly as the relationship between the coalescence height and the jet 

penetration length. The equation should be rearranged to another form:

o I
m f J \  à g  J  L, j

0.19
L i

(6- 11)

The results plotted in Fig. 6-21 show that the observed coalescence heights are 

mostly less than jet penetration lengths in gas discharge from two horizontal nozzles. 

Therefore, most coalescence events are jet coalescence from horizontal nozzles. In 

other words, jets coalesce easily in gas discharge from horizontal nozzles (see Section

6.4). No data were obtained for he / Lj greater than 1 in this study, so Eq. (6-11) is

p e rh a p s  only valid for/2c < L;. Moreover, it can be seen in Fig. 6-21 that a minority of

observed data fall on the left-hand side of the ordinate crossed at the origin. It means 

that the second term on the right-hand size o f Eq. (6-11) is greater than the first term 

for these data. However, the scattered data may cause some error in the prediction.

6.7 Comparison of Coalescence Height between Fiuidized Beds 

and Defluidized Beds

One o f the differences between fiuidized beds and defiuidized beds has been 

mentioned in Section 6.2.2, i.e. that the bubble shape is a long ellipse in a defiuidized 

bed. Due to the effect of jet interactions, coalescence heights in defiuidized beds are 

less than those in fiuidized beds when comparisons are made at the same operation 

conditions.
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For gas discharge from two vertical nozzles, the ratio of the coalescence height in a 

fluidized bed ( ^ c / )  to a defluidized bed ( hc,d) can be expressed to be Eq.(4-9) 

divided by Eq.(6-1):

= 2 ,n  Ar (6-12)
hcM

where Ar is the Archimedes number (Eq.(4-8)) based on the properties of bed 

particles. Therefore, the ratio of coalescence heights is dependent on particle 

properties, i.e. particle size and density, based on the same operating conditions.

As a result, the ratio, h c j!  hc^d, is greater than 1 in using Group A or Group B

particles, i.e. the coalescence height from two vertical nozzles is greater in a fluidized 

bed than in a defluidized bed. In addition, the ratio decreases with increasing particle 

size. So the difference of coalescence heights between both beds is greater in using 

particles with a smaller size. In this study, the ratio is about 1.9 for Group A particles 

(58.85 pm), and about 1.2 for Group B particles (197.42 pm).

For gas discharge from two horizontal nozzles, similar to Eq.(6-12), the ratio o f the 

coalescence height in a fluidized bed to a defluidized bed is taken to be Eq.(4-12) 

divided by Eq.(6-2):

= OAl A r ^ ^ ^  (6-13)
^c,d + 019

where the units o f 0.19 are meters. The effect of particle size is not obvious in Eq.(6- 

13). Generally, the term in the left-hand size of Eq.(6-13) varies approximately from 

0.6 to 0.9 for the range of Group A and B particles. Consequently, similar results are

found in employing horizontal nozzles when the ratio, h c j!  hc^d, is greater than 1 for

Group A or Group B particles. Thus the coalescence height from two horizontal
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nozzles is greater in a fluidized bed than a defluidized bed. However, although the 

effect of particle size is not obvious, the ratio increases with increasing particle size. 

This result is contrary to what was found for vertical nozzles. As a result, the 

difference of coalescence heights between both beds is greater with Group B particles.

6.8 Summary

The defluidization phenomenon has been investigated in beds o f Group A and B 

particles with two vertical nozzles and two horizontal nozzles at varying separation 

distances. The results show that the bubble shape is a long ellipse in a defluidized bed. 

Three coalescence patterns, jet coalescence, bubble coalescence, and gas bridges have 

been found in a defluidized bed. These patterns are particularly dependent on the 

separation distance o f the nozzles.

The coalescence height in defluidized beds is found to be a function of nozzle 

separation distance, of the dimensionless superficial gas velocity, and of the 

Archimedes number for different gas discharge patterns (Eq.(6-1) and Eq.(6-2)). 

Also, for predicting the vertical jet penetration length, the experimental data were 

correlated using linear regression. The results (Eq.(6-4) and Eq.(6-5)) show the 

dimensionless jet penetration length is a function of the Froude number, the Reynolds 

number, the Archimedes number, and the dimensionless nozzle separation distance. 

Generally jet penetration lengths issuing from vertical nozzles are greater than from 

horizontal nozzles in a defluidized bed o f Group A particles. Opposite results are 

found in using Group B particles.

The relationship between the coalescence height and the jet penetration length in a 

defluidized bed is given by Eq.(6-8), Eq.(6-9), and Eq. (6-10). It is found that most 

bubble coalescence events from two vertical nozzles occur when jet penetration length 

is less than 15 cm in a defluidized bed o f Group B particles. On the other hand, most 

coalescence events from horizontal nozzles are found as jet coalescence.
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Eq. (6-12) and Eq.(6-13) show the comparison of coalescence height between 

fluidized Beds and defluidized beds. Based on the same operating conditions, the 

coalescence height is greater in a fluidized bed than in a defluidized bed. The ratio of 

coalescence heights in a fluidized bed to a defluidized bed decreases with increasing 

particle size using vertical nozzles. Opposite results are found in using horizontal 

nozzles.
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BUBBLE COALESCENCE FROM THREE NOZZLES

7.1 Introduction

Bubble coalescence in gas discharge from two nozzles at varying separation 

distances submerged in the fluidized bed have been investigated and presented in the 

previous Chapters (Chapter 4 and 5). To extend these observations to a multi-orifice 

distributor for predicting bubble coalescence, the processes of bubble coalescence 

from three vertical nozzles are studied in this Chapter. The arrangement of three 

vertical nozzles in a row has been illustrated in Fig. 3-4 (c) (see Section 3.2.1). The 

horizontal separation distances between the central nozzle and the left-hand size

nozzle (/[), or the right-hand size nozzle (Ir ) can be varied as required. The fiowrates

o f air through each of the nozzles are the same.

The observation of coalescence processes of bubbles from three nozzles is 

discussed first in this Chapter. The positions of coalescence of bubbles from two out 

o f three nozzles are measured to understand the effect o f the rising o f the third bubble 

on coalescence height from two bubbles. In addition, the final positions o f coalescence 

where three bubbles coalesce successively to become a single bubble are examined. 

The results are compared with the previous studies according to bubble coalescence 

from two nozzles only.

7.2 Behaviour of Multi-bubble Coalescence

Normally, the process o f multi-bubble coalescence is that bubbles coalesce 

successively to become a single bubble. Thus, the process includes two stages of 

coalescence. The original bubbles are in oblique alignment, because the bubble

2 0 4
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would issue from one nozzle in advance of another bubble from another nozzle. For 

example, when three bubbles discharge from three nozzles respectively, two of three 

bubbles coalesce to form a new bubble (the first coalescence stage), then the 

new one coalesces with the third bubble (the second coalescence stage). 

However, it could be that when the first two bubbles are coalescing, the third bubble 

has ‘joined’ the coalescence process.

The following discussion includes two parts. One is for equal separation distances 

between nozzles, the other is for non-equal separation distances between nozzles.

7.2.1 Equal Separation Distances between Nozzles

Summarising the observation of the experimental work, three basic modes of bubble 

arrays can be found when bubbles discharge from three nozzles equally separated {li

= Ipi). The process of bubble coalescence is dependent on the bubble array. Fig. 7-1

illustrates the processes of coalescence from three bubbles associated with three 

modes of bubble arrays. Each mode presents two paths of bubble coalescence. In all, 

six paths o f coalescence processes are shown in Fig. 7-1, Which path bubble 

coalescence would follow is dependent on the separation between bubbles. In the 

figure, bubbles issued from the left-hand side, the centre, and the right-hand side 

nozzles are indicated as bubble L, bubble C, and bubble R respectively. The first mode 

is that three bubbles are in oblique alignment consecutively, i.e. one bubble is in 

advance of another one (see Fig. 7-1 (a)). Fig. 7-1 (b) shows the second mode which 

is bubble C in front of the other bubbles. The third mode shown in Fig. 7-1 (c) is that 

bubble C is behind the other bubbles.

In the first mode of bubble arrays (see Fig. 7-1 (a)), three bubbles coalesce by two 

paths; Path I (see Fig. 7-l(a)-(i)) is that bubble C coalesces with bubble R (the first 

coalescence stage), then bubble L ‘chases’ this new coalesced bubble (the second 

coalescence stage); Path II is that bubble L coalesces with bubble C, then the new 

formed bubble ‘catches’ bubble R (see Fig. 7-l(a)-(ii)). Thus, during the second
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Figure 7-1. Illustration of coalescence processes of bubbles from three nozzles,
(a) The first mode of bubble arrays: (i) Path I; (ii) Path II;

(cont.)
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Figure 7-1. Illustration of coalescence processes of bubbles from three nozzles,
(b) The second mode of bubble arrays: (i) Path III; (ii) Path IV;

(cont.)
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Figure 7-1. Illustration of coalescence processes of bubbles from three nozzles,
(c) The third mode of bubble arrays: (i) Path V; (ii) Path VI.
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coalescence stage, in Path I bubble L is small than the leading bubble coalesced by 

bubble R and C. In Path II, the coalesced following bubble is larger than the leading 

bubble (bubble R). However, the paths for bubble coalescence are dependent on the 

separation between bubbles. Normally, the close bubble pair would coalesce first. For 

example, if bubble C is closer to bubble L than bubble R, bubble coalescence will 

follows Path I.

Fig. 7-1 (b) shows the second mode of bubble arrays. Generally, when bubble C is 

in front o f the other bubbles, bubble coalescence follows Path III. Bubble C coalesces 

with bubble L (or bubble R), then bubble R ‘chases’ the coalesced one (see Fig. 7-1 

(b)-(i)). It also happens possibly that bubble R ‘joins’ the first coalescence stage when 

bubble C and bubble L are coalescing. As a result, three bubbles are ‘entangled’ 

together to become a single bubble finally. Another coalescence process observed 

frequently is Path IV (see Fig. 7-1 (b)-(ii)). During the process of bubble coalescence 

from bubble L and C, another bubble (bubble R) is away form the coalescence 

process. It means that the third bubble keeps itself as a single bubble and rises up in 

the bed. However, it is possible that the coalesced bubble (bubble L+C) may 

sometimes ‘catch’ bubble R.

The original bubble array in the third mode is the opposite of the second mode. Fig.

7 -1(c) shows the third mode o f bubble arrays in which bubble C is behind the other 

bubbles. Path V shown in Fig. 7-1 (c)-(i) is that bubble C coalesces with bubble R, but 

bubble L is away from the coalescence process. It is similar to Path IV, nevertheless, 

the second coalescence event hardly occurs again, i.e. bubble L seldom coalesces with 

bubble C+R. The most special path found in the bed is Path VI shown in Fig. 7-1 (c)-

(ii). Bubble C rises from nozzle then split into two small bubbles (bubble Ci and C% ).

The split bubbles ‘chase’ the other bubbles, then two coalescence events occur.

Finally, two coalesced bubbles form in the bed (bubble L+Ci and bubble C2+R).

These two coalesced bubbles seldom coalesce with each other again. However, 

Bubble coalescence following Path VI occurs frequently, specially at a lower nozzle

flow rate and in the bed o f  G roup B particles where nozzles separations are equal {fi =
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Ir ). It seems that bubble C ‘attracted’ coincidentally by the other bubbles causes

splitting. It is not like the splitting of single bubbles caused by particle knifing (Rowe 

et al., 1964). Moreover, in the third mode, it is hardly seen that bubble L coalesces 

with bubble R directly, although it looks as though it is possible. However, the rising 

of bubble C ‘pushes’ the other bubbles away.

7.2.2 Non-Equal Separation Distances between Nozzles

Coalescence processes of bubbles from three non-equal separation nozzles are 

similar to that from equal separation nozzles (see above) except following Path VI. 

No splitting is found in this case.

Basically, when Ii > Ir  , bubble C always coalesces with bubble R, and the

coalesced bubble may next coalesce with bubble L. The rising of bubble L may affect 

the position of coalescence from bubble C and R (see next Section), but it rarely 

interrupts the coalescence process. Nevertheless, if bubble L is in front of bubble C 

and bubble R is so distant behind bubble C, bubble C will be ‘attracted’ by the far side 

bubble, L. Then bubble C coalesces with bubble L, and leaves bubble R alone. It 

always occurs at a higher flowrate or in the bed of Group A particles. In addition, it 

also happens when bubble C and R are at the same horizontal level. As a result, two 

bubbles (C and R) repel each other due to the pressure drop, then bubble C moves 

towards bubble L. Next, coalescence from bubble C and L occurs.

However, although coalescence processes from three nozzles are classified simply 

by six paths, it seems any coalescence results could be observed due to the 

complicated behaviour of three coexistent bubbles.
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7.3 Coalescence Height

The measurement of average coalescence heights taken by 20 events includes two 

parts. The first part is the data of coalescence in original bubbles discharge from two 

nozzles. The results are analysed to understand the effect of the third bubble on 

coalescence height from two bubbles (see Section 7.3.1). The second part is the data 

measured when three original bubbles coalesce. A correlation is developed for 

predicting the average coalescence height from three nozzles. The results also 

compare with the case of coalescence from two bubbles (see Section 7.3 .2).

In addition, the data taken for analysis are only from the normal coalescence 

events. In other words, that three bubbles coalesce from three nozzles successively is 

considered only. Some special cases, such as splitting, are not counted in the 

measurements. However, the data sampling is difficult in this study due to the 

complicated phenomenon of bubble coalescence from multiple nozzles.

7.3.1 Effect of the Third Nozzle on Bubble Coalescence from Two Nozzles

When two bubbles coalesce, the position of coalescence may be affected by the 

third bubble rising from the side nozzle. To understand the effect o f the third nozzle 

on bubble coalescence from two nozzles, the coalescence height is measured when 

two bubbles, issued from centre nozzle and another nozzle, coalesce at some height. 

After the first coalescence event, the coalesced bubble is going to coalesce with the third 

bubble issued from the side nozzle. The recording is based on coalescence o f bubbles 

from the central nozzle and the right-hand side nozzle. During each operation, the

separation Ir  is fixed first, then the separation l i  is increased from Ir  to some higher

value. Thus the conditions of the separation distance between nozzles set for this case

are Il ^ I r

Fig. 7-2 shows the plot of the measurements with Eq. (4-9), which is the original 

correlation to predict the coalescence height from two vertical nozzles (see Section
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4.4.1). The separation distance Ir  in the figure is represented as / (i.e. / = //̂  in Fig. 7-

2). It can be seen that the data of Group B particles is very well fitted by Eq. (4-9)

2(standard deviation = 0.018, % = 0.00031). It means that the third bubble does not

affect the coalescence height from two bubbles. Alternatively, the data of Group A 

particles do not meet the criteria of Eq. (4-9). The fitting of these data shifts the slope 

(i.e. the coefficient o f Eq. (4-9)) fi-om 98 to 61 (see the dot line in the figure; standard
2

deviation = 0.019,% = 0.00034). That is the coalescence height decreases by about 

38 % when the third bubble rises from the side nozzle in a bed of Group A particles.

As a result, the coalescence height for two bubbles is affected by the third bubble 

only in the bed of Group A particles. Perhaps the voidage of the emulsion phase in the 

bed of Group B particles is large enough for bubbles flowing easily with less 

resistance in the bed. In the bed of Group A particles, the third bubble may ‘push’ 

another bubble to move towards the lateral bubble due to a ‘crowded’ emulsion phase 

(lower voidage), so the coalescence path is shortened.

7.3.2 Coalescence Height from Three Bubbles

The definition of the bubble coalescence height from three original bubbles is the 

final position of coalescence after three bubbles coalesce successively. In other words, 

two bubbles coalesce first, then the third bubble ‘joins’ the coalescence process. 

Finally, three bubbles coalesce completely at some altitude. In this case, each 

separation distance between centre nozzle and another nozzle is set to be equal only

(i.e. Ir  = II).

Consequently, a correlation of average coalescence height for three nozzles is 

obtained after fitting the data by the form of Eq. (4-9), i.e. the average coalescence 

height is a fijnction of the nozzle separation distance, o f the dimensionless superficial 

gas velocity, and of the particle size:
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he  = 139.5
r  _  1/3

- -1 /3

where I = Ir ^  II The results (standard deviation = 0.042, = 0.00176) are plotted

in Fig. 7-3 with Eq.(4-9) for two nozzles. It can be seen definitely that the 

coalescence height of three bubble is higher than that o f two bubble. Comparing with 

Eq. (4-9) (a bed with two nozzles), it is found that after the third bubble coalesce with 

another two bubbles, the final coalescence height increases approximately by half (42 

%). The results also imply that in the bed of Group A particles with three nozzles, the 

final coalescence height increases 129 % after the first two bubbles coalesce 

completely. This is because the rising of the third bubble affects coalescence from two 

bubbles (see Section 7.3.1 and Fig. 7-2).

7.4 Summary

To extend two nozzle observations to a multi-orifice distributor for predicting bubble 

coalescence, the processes of bubble coalescence from three vertical nozzles have 

been investigated. Normally, the coalescence process includes two stages; Firstly two 

of three bubbles coalesce to form a new bubble. Secondly the new one coalesces with 

the third bubble. Thus bubbles coalesce successively to become a single bubble. After 

classifying the observations, six paths of three bubble coalescence are found in three 

modes o f bubble arrays.

The coalescence height from two bubbles is affected by the third bubble only in the 

bed of Group A particles. It decreases by about 38 % when the third bubble rises from 

the side nozzle. In addition, a correlation of average coalescence height for three 

nozzles is found to be a function of the nozzle separation distance, of the 

dimensionless superficial gas velocity, and o f the particle size (Eq. (7-1)). Comparing 

with bubble coalescence in a bed with two nozzles, it is found that after the third
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bubble coalesces with another two bubbles, the final coalescence height increases by 

approximately a half (42 %).

However, the data sampling is difficult in this study due to the complicated 

behaviour o f bubble coalescence from multiple nozzles. Although coalescence 

processes from three nozzles are classified simply by six paths, any different results of 

coalescence could be observed in the bed.

It seems that the original analysis methods of classical mechanics have been unable 

to cope with all problems of bubble interactions. Therefore, to understand the 

phenomena of bubble coalescence from multiple nozzles further, a new tool, 

deterministic chaos theory can be employed. The measuring methods and the results 

which provided a new view for the nature o f bubble coalescence in a fluidized bed will 

be presented in the next Chapter.



Chapter Eight 

CHAOTIC BEHAVIOUR OF BUBBLE COALESCENCE

8.1 Introduction

The results in the previous Chapter have shown the analysis methods o f classical 

mechanics are unable to account for all the complex hydrodynamic problems of bubble 

interactions. Alternatively, in recent years deterministic chaos theory, a new tool 

which can analyse non-linear dynamic systems has been applied successfully to 

characterize fluidization behaviour (e.g. Schouten and van den Bleek, 1991; Daw and 

Halow, 1991).

Extending the studies in the previous Chapter, deterministic chaos is employed here 

to investigate the processes of bubble coalescence from three nozzles. A brief review 

and the methods for measuring chaos will be introduced first (see Section 8-2 and 8-

3). The experiments are carried out measuring the intensity variations of multiple 

bubble interactions from the X-ray images which have been used in the previous 

Chapter. The chaotic time series of the relative intensity variations is characterized by 

the Hurst exponent, the correlation dimension, the Lyapunov exponent and the 

Kolmogorov entropy o f its chaotic attractor. The preliminary results provide a new 

view for the nature o f bubble coalescence in a fluidized bed.

8.2 Historical Notes of Deterministic Chaos

Chaos means a phenomenon of the irregular, unpredictable behaviour caused by 

inherent nonlinearites in a dynamic system (Rasband, 1990). Lorenz’s (1963) 

significant work “Deterministic nonperiodic flow” altered the face o f science for the 

real world, and prompted a mass o f researches in ‘chaos theory’ in the following

2 1 7
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thirty years. He presented the numerical solutions for a model of convective fluid flow 

using three coupled, first-order, nonlinear, ordinary differential equations for weather 

prediction, and introduced the famous ‘strange attractor’. (The definition of attractor 

will be discussed in Section 8.4.2.) The results showed an important example of 

‘sensitivity to initial conditions’, i.e. ‘a small change may lead to a larger change 

later. ’ The well-known ‘butterfly effect’ can illustrate this concept: While a butterfly is 

waving its wings in the Beijing sky today, a resulting storm will form in New York 

next month (see Gleick, 1987). However, although the system is deterministic, the 

unpredictable behaviour can still be observed everywhere.

A decade later, the work of Li and Yorke (1975) which concerned a mathematical

iteration function ( Yv-i = /  (AV )) was the first to mention the word ‘chaos’.

Although the result had been found by A. N. Sarkovskii, a Russian mathematician in 

1964, however, the word ‘chaos’ then became a new scientific term which is 

synonymous with ‘nonlinear dynamics’.

According to the history of researching ‘chaos’, the date may be back to a century 

ago. The research on celestial mechanics, which considered the complicated motion of 

three bodies under gravity by H. Poincaré, a French mathematician, physicist, and 

philosopher in 1898, may be the first evidence o f ‘chaos’ to be found. Challenging the 

Newton’s classical mechanics, the results showed that the extremely complicated 

phenomena in a simple system were caused by the unstable motion (see Briggs and 

Peat, 1989). Although the system could not be solved at that time, one of Poincares 

contributions, topology has become a useful tool to characterize chaotic systems.

After the work o f Lorenz (1963), Ruelle and Takens (1971) found the similarity 

between the behaviour of turbulent flow and the strange attractor. They suggested 

that turbulence is caused by a strange attractor regime in the Navier-Stokes equation. 

This new concept of turbulence offered a possible application of chaos theory. Soon 

developments in chaos theory with a huge number o f applications have prospered in 

many fields of science. More history o f developing chaos can be seen in Gleick’s
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(1987) and Briggs and Peat’s (1989) books, and a brief review by Holton and May

(1993).

8.3 A Brief Description of the History of the Use of 

Deterministic Chaos in Fluidized Beds

Technical terms used in this Section will be explained in Section 8.4.

Stringer (1989), the first researcher who proposed ‘a fluidized bed is a chaotic 

dynamic system’, supposed that some similarities could be found between the 

behaviour of fluidized beds and that of Rayleigh-B enard convection cells used in 

Lorenz’s (1963) model. The Rayleigh-Benard convection cell is one in which two 

horizontal thermally conducting plates which a layer o f fluid between them is heated 

at the bottom. Several ‘rolls’ in the fluid are formed when convection proceeds, and 

temperature fluctuation is observed in the cell. Stringer (1989) suggested that ‘gulf 

streaming’ and pressure fluctuations in a fluidized system are analogous to the ‘roll’ 

and the temperature fluctuation respectively in the cell. However, although Stringer 

concluded that ‘a fluidized bed should be a chaotic dynamic system’, this can not be 

proved without experimental evidence (e.g. Schouten and van den Bleek, 1991; Daw 

and Halow, 1991).

Since 1990, around half the reports on the applications o f chaos theory to fluidized 

system have been produced by two research groups; One is at Delft University of 

Technology, the Netherlands (DUT), the other is a copartnership between Oak Ridge 

National Laboratory (ORNL) and US Department of Energy’s Morgantown Energy 

Technology Center (METC) in the USA. The works at DUT are focused on the 

classification of fluidization regimes and the dimensionless scaling of fluidized beds 

(see Schouten and van den Bleek, 1991, 1992; Schouten et al., 1992; van den Bleek 

and Schouten, 1993a, 1993b; van der Stappen et al., 1993a, 1993b, 1995; Schouten et 

al., 1996). Their early simulation of time series was carried out by a particle array



Chapter Eight ■ 2 2 0

model of particle motion in a one-dimensional shallow bed, and the results showed the 

correlation dimension is dependent on the Reynolds number and the coefficient of 

restitution (a measurement of the elasticity o f the collision) (Schouten and van den 

Bleek, 1991; Schouten et al., 1992). The order-two Kolmogorov entropy representing 

the rate of generation of information in a dynamic system was calculated from the 

particle array model’s low-dimension attractors in their extended work (Schouten and 

van den Bleek, 1992). The entropy was found to be a function of the Reynolds 

number, and of the superficial gas velocity. Based on the previous results and some 

experimental work, a scaling methodology was developed in their consecutive studies. 

A empirical scaling equation was developed showing that the Kolmogorov entropy is 

a function of the fluidization conditions, particle properties, and the bed size (van den 

Bleek and Schouten, 1993b; van der Stappen et al., 1995; Schouten et al., 1996). 

However, some scattered data out of fit were found at lower gas velocities, and in 

shallow beds (Schouten et al., 1996). In addition, the relationship between the 

Kolmogorov entropy and the correlation dimension, and fluidization parameters was 

studied by van den Bleek and Schouten (1993b), and van der Stappen et al. (1993a, 

1993b) to classify the fluidization regimes. The results also showed that the 

Kolmogorov entropy and the correlation dimension decrease with bed height, and the 

Kolmogorov entropy increases at higher gas velocities implying turbulent interactions 

between the successive bubbles or slugs (van der Stappen et al., 1993a). Also, they 

found that the Kolmogorov entropy and the correlation dimension increase then 

decrease in the transition regime from a fixed to a fluidized bed (van den Bleek and 

Schouten, 1993b).

The principal studies of deterministic chaos in fluidized systems by ORNL and 

METC where carried out to characterize the chaotic dynamics o f fluidization by 

analysing the pressure and voidage time series from pilot-scale fluidized bed 

combustors (FBCs) (Daw and Halow, 1991, 1992). The object was to develop a new 

technique to evaluate the fluidization quality (Daw and Halow, 1993;) and to improve 

the monitoring, diagnosis (Fuller et al., 1993; Skrzycke et al., 1993; Halow and Daw, 

1994), and system control (Daw and Halow, 1993; Halow and Daw, 1994) in 

fluidized beds. They showed that the dynamic behaviour o f a simple nonlinear model
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based on interactions between rising bubbles is similar to the pressure and voidage 

fluctuation pattern obtained in experimental work (Daw and Halow, 1992). The data 

acquisition and analysis standards for pilot-scale and commercial FBCs were 

attempted to be set up by examining the phase-space trajectory of attractors, and by 

comparing the conventional and chaotic time series analysis (Fuller et al., 1993). They 

also detected the transition in fluidization regimes at various gas velocities, and found 

that the lowest entropy appears at lower velocity slugging (Skrzycke et al., 1993). 

Recently, Daw and Halow (1993) proposed the strategies of controlling chaotic 

behaviour in fluidized beds by measuring the ‘mutual information function’. Also, 

Halow and Daw (1994) presented a new technique to ‘decompose’ the chaotic phase- 

space trajectories o f attractors by sorting the orbits for characterizing the fluidization 

behaviour, such as bubbling, slugging, and bubble coalescence.

The tools used by DUT, and ORNL and METC to analyse chaos are listed in Table

8-1 (a), and (b), and will be discussed in the next Section.

Other independent researchers have also demonstrated the chaotic behaviour in 

fluidized beds by calculating the correlation dimension, the Lyapunov exponent, and 

the entropy from the data of time series. Tam and Devine (1989, 1992), and Ding and 

Tam (1994) characterized the chaotic behaviour in fluidized beds by the correlation 

dimension, but no further results were presented. Bouillard and Miller (1994), and 

Huilin et al. (1995, 1997) measured the differential pressure and y-ray porosity time 

series in a cold experimental circulating fluidized bed to study the hydrodynamic 

behaviour by applying deterministic chaos theory. The low-order attractors which 

represented a one-dimensional slugging-like bed were obtained by using a lower 

embedding dimension. Similar results have been reported by Schouten and van den 

Bleek (1991), and Daw and Halow (1991). Based on the results, Bouillard and Miller

(1994) also suggested that a small number o f dimensionless groups are enough to 

govern the scaling o f fluidized beds and that may be better to apply deterministic 

chaos theory rather than expensive numerical modelling.
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Table 8-1 Summary of the analysis tools of chaos used by some researchers.

(a) DUT group

Analysis tools

Authors Att. dc A Sm K dpL

Schouten and van den Bleek (1991) X X

Schouten and van den Bleek (1992) X X

Schouten et al. (1992) X X

van den Bleek and Schouten (1993a) X X X

van den Bleek and Schouten (1993b) X X X

van der Stappen et al. (1993 a) X X X

van der Stappen et al. (1993b) X X X

van der Stappen et al. (1995) X

Schouten et al. (1996) X X X

(b) ORNL and M ETC group

Analysis tools

Authors Att. dc A Sm K dpL

Daw and Halow (1991) X X

Daw and Halow (1992) X X

Fuller et al. (1993) X X X

Skrzycke et al. (1993) X X X

Daw and Halow (1993) X X X

Halow and Daw (1994) X

Vasudevan et al. (1995) X X X

cont.
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(c) Independent researchers

Analysis tools

Authors Att. de A Sm K dpL

Stringer (1989) X X X

Tam and Devine (1989) X X

Tam and Devine (1992) X

Ding and Tam (1994) X

Bouillard and Miller (1994) X X

Hulin et al. (1995) X X X

Hulin et al. (1997) X X X

Hay et al. (1995) X X X

Pence et al. (1995) X X X X

Karamavruc et al. (1995) X X

Karamavruc and Clark (1996) X X X

Karamavruc and Clark (1997a) X X X X

Karamavruc and Clark (1997b) X X

Bai et al. (1996) X X *

Bai et al. (1997) X *

Note of the Analysis Tools

Att. Trajectory analysis of attractors 
dc Correlation dimension 
X Lyapunov exponent 
Sm Mutual information function 
K  Kolmogorov entropy
dfL Fractal dimension analysed by the Hurst exponents 

* Another definition of fractal dimension
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Pence et al. (1995) provided qualitative and quantitative results of the chaotic 

behaviour in a gas fluidized bed using a heat flux sensor to detect the instantaneous 

heat transfer signals in the bubble flow regime. They also found that the embedding 

dimensions are independent of the fluidization velocities.

Karamavruc et al. (1995) applied mutual information theory to analyse the 

differential pressure and temperature signals recorded simultaneously around a 

horizontal heat transfer tube in a bubbling fluidized bed. The signals were also 

analysed by classical data processing methods such as autocorrelation function (ACT) 

and fast Fourier transformation (FFT). The results showed qualitative similarities 

between the mutual information function (MIF) and ACF, and suggested that using 

MIF can give ‘a better physical feel’ than using ACF. They also found that the local 

differential pressure signal is more unpredictable than the local temperature signal. In 

the extended work (Karamavruc and Clark, 1996), the Kolomogorov entropy, 

correlation dimension as well as MIF were obtained based on a higher embedding 

dimension. The results showed that the heat transfer coefficient is the most 

unpredictable variable compared with the differential pressure and temperature 

signals. A similar analysis on the pressure fluctuation in a slugging bed was given by 

Karamavruc and Clark (1997a), and the results showed that MIF decreases with 

increasing fluidization flowrate.

Except for calculating the correlation dimension and the Lyapunov exponent to 

characterize a chaotic attractor in a fluidized bed. Hay et al. (1995) employed Hurst’s 

rescaled range analysis (Hurst, 1956) to detect the ‘fractal’ dimension from 

measurements o f long-term correlation of the signals. The fractal analysis by Hurst’s 

method will be discussed in Section 8-5.

Bai et al. (1996, 1997) measured the time series o f local solid momentum to 

characterize the flow structure in a fast fluidized bed by using the ‘fractal’ dimension. 

They found that the dimension decreases along the radial position from the center of 

the bed to a minimum value and then increases towards the bed wall.
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The analysis methods of chaos used by some independent researchers are also 

summarized in Table 8-1 (c).

Moreover, chaos theory has been applied in chemical engineering process control 

Elnashaie and Abashar (1994), Elnashaie et al. (1995), and Ajbar and Elnashaie 

(1996) employed a two-phase simulating model to control the chaotic behaviour in a 

non-isothermal fluidized-bed catalytic reactor with consecutive reactions.

It can be seen however that although many studies have characterized the chaotic 

behaviour of fluidized systems in recent years, it will need more research and 

developments before the real applications o f chaos in commercial fluidized beds may 

be made.

8.4 Measuring Chaos from a Time Series

8.4.1 Definition of Chaos

It is difficult to define precisely the physical meaning o f ‘chaos’. Since the 

publication of Lorenz’s (1963) work, there is still no universal definition. However, it 

may be defined as ‘stochastic behaviour occurring in a deterministic system’ (from a 

conference (1986) held by Royal Society London; see Medio, 1992). A deterministic 

system is a dynamic system with known equations o f motion, parameters, and initial 

conditions. Thus, while the random or stochastic motion appears in the deterministic 

system, the irregular, unpredictable behaviour caused by inherent nonlinearites is 

identified as ‘chaotic’ (Rasband, 1990).

Some statements describing the property of chaos in a nonlinear dynamic system 

have been generally acceptable. For example, sensitivity to initial conditions, no 

repetitions of trajectories, exponential divergence of nearby trajectories, 

unpredictability after long-term time evolution, order within disorder, existence o f 

non-integral strange attractors, and so on (see Gleick, 1987; Hilbom, 1994).
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A mass o f analysis methods for characterizing the chaotic behaviour have been 

developed in the past three decades. Some o f these techniques applied in this Chapter 

are introduced as follows with brief descriptions.

8.4.2 Reconstruction Method

A time series of a single dynamic variable, X{t), is a set o f measurements recorded 

at evenly spaced time intervals (see Fig. 8-1 (a)-(i)):

X{t) = {x\ ,X2,X2 ,  x t )  (8-1)

For characterizing chaos, the original time series is re-mapped into a new coordinate 

system, ‘phase space’ to reconstruct an ‘attractor’. An attractor may be defined as a 

set of points of a system in the space of variables towards which trajectories approach 

in the course of the dynamic evolution (see Rasband, 1990). One of the reconstruction 

methods called the ‘embedding theorem’ or ‘method of delays’ developed by Takens 

(1981) is easy to apply to reconstruct a phase space. Let r  be the time delay (i.e. an

integral number of time steps), and be embedding dimension (an integral), then a 

a^-dimensional state vector X(/) is constructed by using X{t) as the first coordinate, 

A(/+r) as the second coordinate, and 'K{t+{dm-\)T) as the last coordinate:

X(0 = W ) , + T), + 2r),......, X(r + (4,-l)T) } (8-2)

Thus, an attractor can be reconstructed by using the state vector which is represented 

as a point on the trajectory of an attractor. Three typical attractors may be found in 

the dynamic system including the fixed point, the limit cycles, and the strange 

attractor. The fixed point is a point in a system for which the dynamic behaviour does 

not change with time. In a system with a limit cycle the trajectories of the dynamic 

behaviour are periodic. Only a system with a strange attractor presents chaotic
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Figure 8-1. (a) A example o f the time series and the attractor (data from Lorenz, 
1963); (b) Illustration o f the reconstruction theory.
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dynamic behaviour (for details, see Moon (1987)). For a strange attractor, its 

trajectories do not repeat themselves. Also the ‘dimension’ o f the strange attractor is 

not an integral (see Section 8.4.3).

Fig. 8-l(b)-(i). and (ii). illustrate how a 2-dimensional attractor is reconstructed

from a time series by plotting X(t + r) vs. X{t) {dyn = 2, X(/) = [X{t), X{t + r)}). A real

example of a strange attractor is shown in Fig. 8-l(a)-(ii). reconstructed from data in 

Fig. 8-l(a)-(i).

Another reconstruction method is called the ‘singular value decomposition’ (SVD) 

using eigenvectors (empirical orthogonal function) developed by Broomhead and 

King (1986). (The ‘method of delays’ will be applied in this study. For discussing 

SVD method, see Tsonis (1992).)

According to the choice of the time delay, r, the criteria in the literature are still 

divergent. Theoretically any value of r  should be acceptable (Takens, 1981). Most 

studies were based on experience (e.g. Daw and Halow, 1991). Some criteria 

proposed by researchers can be seen in Tsonis (1992) or van der Stappen (1996).

8.4.3 Correlation Dimension

To quantify the properties o f an attractor from the time series, Grassberger and 

Procaccia (1983a, b) introduced an algorithm to determine the ‘strangeness’ of an 

attractor represented as the ‘correlation dimension’, the scale of the fractal 

dimensions. ( ‘Fractals’ will be discussed in the next Section.)

The correlation dimension {dc) is estimated from the correlation integral (or 

correlation function) by calculating the number of pairs of points in the attractor that 

fall on a given radius {R) of a ‘sphere’. The correlation integral, CJJl) is defined as
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1
Cd(R)= lim  [ - ^  X  H e ( ^ - | X / - X ^ D ]  (8-3)

N-^CO i j = x
i

where N  is the total number of measurements, and He is the Heaviside step function

which is 1 when the Euclidean distance between a pair of points (X ;, Xj  ) is less than

R.

H e = l , i f / ? - | X ; - X / | > 0

H e = 0, otherwise (8-4)

The Euclidean distance between a pair of points (X/ , Xj) in a ^w^imensional 

attractor is;

? ? ? 1 /?I X/ - Xy I = [ (X,;l - X j  \) + (r ,;2 - Xj^l) + .......  + - Xj^dm ) ] (8-5)

Fig. 8-2(a) illustrates the calculation of the correlation integral in a 2-dimensional 

attractor. It is used to calculate each correlation integral for every range of radius 

over the attractor. The relationship between the correlation integral and the radius is 

shown as (Grassberger and Procaccia, 1983a)

(8-6)

thus,

log CJJi) = dc log R  + constant (8-7)

Therefore, the correlation dimension, dç is the constant slope found by plotting log

Cc^R) vs. log R  (see an example in Fig. 8-2(b)). For a strange attractor, the

correlation dimension is not an integer. A computer programme for calculating the 

correlation integral is listed in Appendix B 1
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Figure 8-2. (a) Illustration o f calculating the correlation integral in a 2-dimensional 

phase space; (b) Estimating the correlation dimension by plotting log C j { R )  vs. log R
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The correlation dimension can be used to decide how many embedding dimensions

{dfn) should be chosen in analysing a system. The correlation dimension increases with

increasing embedding dimension until it becomes constant. The constant value is the 

real correlation dimension of the attractor. The next integral number of the correlation 

dimension should be equal to the minimum embedding dimension {S), i.e. the degrees 

o f freedom of the system. Based on Takens’ theorem (1981), the embedding

dimension is saturated when > 2 J  + 1. Basically, the first value of the embedding

dimension (4wo) for which the correlation dimension is just constant, then = d^^o + 

1, is taken as the real embedding dimension used in the system (see Rasband, 1990). 

Therefore, d^o  should be equal to 25. (Some of the embedding dimensions used for 

fluidization systems reported in the literature are listed in Table 8-2.)

8.4.4 Lyapunov Exponent

Another quantitative analysis technique for characterizing chaotic behaviour is to 

measure the ‘Lyapunov exponents’ of an attractor. The Lyapunov exponents are the 

index for representing the scale of ‘sensitive dependence on initial conditions’. It was 

developed by the Russian mathematician A. M. Lyapunov in his research on dynamic 

systems at the beginning of this century; V. I. Oseledec then proposed a useful form 

for calculating the exponent in the late sixties (see Medio, 1992).

The physical meaning of the Lyapunov exponents is the exponential rate of 

divergence o f nearby trajectories in an attractor. Assume that the initial separation of 

two points on the nearby trajectories is d jf i)  at time t = 0, then the separation 

becomes di{t) due to the divergence of trajectories at time t = t (see Fig. 8-3(a)), 

therefore

ddt)= di(0)e^‘ (8-8)
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Table 8-2. The embedding dimension used in the fluidization system by some 
researches.

Researchers Embedding
dimension

Time series data

Daw and Halow (1991) 5 - 7 pressure fluctuation

Ding and Tam (1994) 4 (bed bottom); 
> 20 (bed top)

pressure fluctuation

van der Stappen et al. (1993 a) (minimum embedding 
dimension up to 5 * )

pressure fluctuation

Pence et al. (1995) 7 - 8 heat transfer coefficient

Huilin et al. (1995) 5 pressure fluctuation

Karamavruc and Clark (1996) 7 temperature signals

Karamavruc and Clark (1997b) 3 , 6 , 7 * * pressure fluctuation

This study 14 relative intensity

Note: * The embedding dimension should be up to 11 based on Takens’ (1981) 
suggestion.

** Dependent on the experimental conditions.



Chapter Eight ■ 233

a

Fiducial trajectory

[ b ]

Figure 8-3 (a) Two nearby trajectories separating as time goes by (Medio, 1992), 
(b) Illustration of evolution and replacement procedure to calculate the largest 
Lyapunov exponent from a time series (reploted from Wolf et al., 1985).
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where X is the Lyapunov exponent. Positive Lyapunov exponents show the dynamic 

behaviour to be chaotic; negative or zero Lyapunov exponents indicate regular 

behaviour. For a //-dimensional attractor, there a r e #  Lyapunov exponents.

Basically the Lyapunov exponents can be obtained from a dynamic system with a 

known equation of motion, but it would be difiQcult to estimate the Lyapunov 

exponents from a time series using some original methods (see Wolf, 1986). 

However, Wolf et al. (1985) have proposed a straightforward algorithm to approach

the largest positive Lyapunov exponent (X%) from a time series. The approach is to

calculate the rate of divergence between the fiducial trajectory and the neighbouring 

trajectory in an attractor. The calculation process is illustrated in Fig. 8-3(b). For

example, when two neighboring points separate from the initial length /̂l(/i ) to the

next length d i'i t i)  over a time interval - h  (see Fig. Fig. 8-3(b)), the rate of

divergence can be presented as In [di '(/%) - dddi)] / (/] - ^l) The above calculation is

repeated and weighted until the fiducial trajectory has passed through all the points.

However, to avoid underestimation of A,i, the new neighbouring point must be chosen

to replace the original one in order to keep the separation always small. (For more 

details about the replacement problem, see Wolf et al. (1985); the detail calculating 

processes and the examples of this algorithm can be seen in Tsonis (1992).) The 

largest positive Lyapunov exponents o f a time series can finally be estimated by

= lim (8-9)
,V—>00 t m  ̂0 j — I dj  ̂{tj — 1 )

where is the initial time, and is the time of the mXh. repetition. The computing

programme for calculating the largest positive Lyapunov exponents from a time series 

is listed in Appendix B 2
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8.4.5 Kolmogorov Entropy

Similar to the function of the Lyapunov exponents, the Kolmogorov entropy (or 

the metric entropy) is a quantitative measure of the degree o f chaotic behaviour. 

Moreover, it also can be used to classify the quality of the dynamic system: chaotic or 

non-chaotic. The original idea was based on ‘information theory’ (see Cover and 

Thomas, 1991) which is applied to the studies in communication, statistics, computer 

science, and probability, etc. ‘Entropy’, adopted from the concept of thermodynamics, 

is a measure to characterize the quantity o f ‘information’, i.e. the uncertainty in the 

prediction o f a system.

The concept of the Kolmogorov entropy can be expressed as (Grassberger, 1986): 

tl)  = % i)  + K x ( t 2 - t\) for t2 - t \ - ^ c c  (8-10)

where the constant K  is the Kolmogorov entropy expressed in the units of bit/s, and 

h)  is the information for predicting the time evolution of a system over a time

interval (/% - ^i) changing from the initial information Thus, the Kolmogorov

entropy is the rate of information loss to predict the future behaviour based on the 

past behaviour, i.e. the degree o f unprediction. For an ordered system, K  is equal to 

zero; for a totally random (stochastic) system, K  is infinity. For a chaotic system, its 

Kolmogorov entropy is finite and positive.

Originally the Kolmogorov entropy was developed by Kolmogorov (1958) as an 

extension of the Shannon’s entropy theory (Shannon and Weaver, 1949). Assuming

that Pj is the probability that an arbitrary point X{i) falls into bin j  (see Fig. 8-4), the 

Shannon Entropy ( -Sy ) is

M
Ss = -'LPj ioë2 Pj (8-11)

j
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bin./ ^

Figure 8-4. Partitioning of a 2-dimensional phase space 
(Grassberger and Procaccia, 1983).
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where M  is the number of bins, and Pj log] Pj = 0 if Pj = 0. For a time series, assume

that the phase space of a (^-dimensional attractor is divided to M  bins of length y

each, and let P{ j i j i ,  Jdm } be the c4»-dimensional joint probability that X{t) is in

bin 71, X{t + r) is in bin 72, ...... , and X(^ + (ü ^ -l)r) is in bin jdm ; therefore the

Kolmogorov entropy can be expressed as (Grassberger and Procaccia, 1983c)

M * '
A: = -  lim lim lim - —  Y  P U x J i ,  J d m )

T ^ c o y - > O d „ ^ c c  T ^
h i J i  » ’Jdm

X log2 P [ j \ J 2 ,   J d m  } (8-12)

Details about the mathematical development o f the Kolmogorov entropy, it can be 

seen in Farmer (1982) and Ott (1993). From the above description, it can be said 

simply that the rate o f information loss means ‘how many points do not fall into the 

next bin’ (see Fig. 8-4). If all o f points move from the original bin into the next bin 

over a time interval, the entropy will be equal to zero, so the behaviour o f the points 

can be totally predicted. Therefore, the greater the Kolmogorov entropy, the less the 

prediction. In addition, the Kolmogorov entropy should be equal to the sum of all 

positive Lyapunov exponents o f the attractor (see Eckmann and Ruelle, 1985).

However, it is very difficult to calculate the t/;„-dimensional joint probability before

evaluating the Kolmogorov entropy, although some methods have been developed to 

estimate the Kolmogorov entropy, such as the maximum-likelihood method (Schouten 

et al., 1994a, b). A simple algorithm proposed by Grassberger and Procaccia (1983c) 

may be used to estimate the Kolmogorov entropy. Based on Renyi’s probability

theory (1971), the Kolmogorov entropy is found to be the order-2 Renyi entropy (AT])

approximately by calculating the correlation integral:
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K ~ ^ K 2 = lim -  I n  ̂ (8-13)
X Q  + i ( i ? )

K2 is slightly lower than K,  but it is sufficient to represent a quantitative degree of the 

chaotic behaviour in the system.

Based on the same principle, another entropy function called the ‘mutual 

information function’ also has been applied widely to characterize chaotic signals (e.g. 

Pence et al., 1994). Unlike the Kolmogorov entropy counting all the previous points, 

the mutual information fonction mainly concerns the information loss between the 

present measurement and the previous measurement only (for details, see Cover and 

Thomas, 1991).

8.5 Fractal Analysis of a Time Series

‘Fractal analysis’ is a new geometry developed to investigate the complicated, 

irregular, chaotic geometrical figure repeating itself on any scale in nature. ‘Fractal’, 

the image of chaos, coined by Mandelbrot (1983) from a Latin adjective fractus 

meaning fractured, represents the fractional, irregular geometrical sets whose feature 

is self-similarity, and whose dimension is not integral. In the 1990s, fractal analyses 

have been extended to a wide range of applications in nonlinear dynamic systems. One 

successful example is the use of fractal analysis to examine time-series signals (e.g. 

Fan et al., 1990).

Mandelbrot and Wallis (1969a, b) extended Hurst’s (1956) statistical method to 

develop fractal analysis based on the concept of the fractional Brownian motion (fBm) 

as proposed by Mandelbrot and Van Ness (1968). Now this method has been applied 

successfully to analyse time series data for the fluidized systems (e.g. Fan et al., 1990, 

1993, Hay et al., 1995; Karamavruc and Clark, 1997b).
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Originally the fractional Brownian motion (flBm) was an extension of the concept

of classical Brownian motion found by the Scottish botanist Robert Brown in 1828.

Brown discovered that the movements of small particles suspended in a fluid are tiny,

erratic, and unpredictable (see Lauwerier, 1991). Correspondingly, the trajectory of a

sequence of random fluctuation signals is similar to the results of the Brownian

motion. Basically, a statistical time series, also known as ‘noise’, whose power

spectral density (the fast Fourier transform of an autocorrelation function) is

independent of frequency ( / ) ,  is called ‘white noise’, and is the most random. The

2noise whose power spectral density is proportional to 1 / /  is known as Brownian

motion or the random walk (a.k.a. brown noise). Therefore, the power spectral

density of the white noise is proportional to 1 / / ^ ,  i.e. a constant (see Schroeder,

1991). Fig 8-5 shows the examples of the noise. Normally, Brownian motion keeping 

its self-similarity is the integral of white noise (Voss, 1988).

Accordingly the technique of data analysis which reconstructed the increment of 

fBm series instead of the original time series is so-called ‘rescaled range analysis’ 

(Hurst, 1956), which is used for estimating the Hurst exponent from the ‘pox 

diagram’ of the rescaled range vs. the time lag (Mandelbrot and Wallis, 1969a, b).

To calculate the rescaled range (Mandelbrot and Wallis, 1969a), firstly, the diagram 

of the original time series (e.g. Fig. 8-l(a)-(i)) is converted to the diagram of the 

increment of fBm series. Let X{t) be the time series and X*{t) be an increment of fBm:

t
X*(t) = 2  % (») (8-14)

M=1

For ease of calculation the rescaled range, X*{t) is replaced by the function D{t).

D{t) =X * ( i ) - ( t l  T ) X * ( T )  (8-15)

The diagram of D{t) vs. time is plotted in Fig. 8-6 (a).
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Figure 8-5. Examples o f noise (Voss, 1988).
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Fiuure 8-6. Determining the Hurst exponents from a time series.
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Next, a function ô (u) is defined as the cumulative departure (see Fig. 8-6(a)):

S{u) = [ XH t  + u) - X*(0] - { u !  s ) [ X ^ { t  + s ) -  X*(t) ] (8-16)

Then, the sample range is defined as follows:

R{t, s) = maxo<u<sS{u)  - mino<„<5^(w) (8-17)

and the standard deviation of the subrecord from t = t -  \ to t = t + s is

t+s r t+s 1 ^
S ^ { t , s )  = s - ^  Z  r '  Z  %(w) j (8-18)

U = t + I  L  u= t + I  J

The ratio R{t, s) / S(t, s) is called the rescaled range which is a fimction of the time lag

(s):

R( t , s ) /  S(^t,s)ccs^K  (8-19)

where H r  is the Hurst exponent. When a limited set of values of s and t are selected, 

the log-log diagram o f R / S  ws. s is plotted as ‘pox diagram’ in Fig. 8-6 (b) whose 

slope is the Hurst exponent.

From the Hurst exponent, the local fractal dimension, dpL is defined by

(4% =  2 -  H r , 0 < H r < 1 (8-20)

For a nonlinear system, the time series follows fBm whose H r  is greater than 0.5. 

Alternatively, a Hurst exponent o f 0.5 represents a classic Brownian motion. When a 

Hurst exponent is less than 0.5, the time series is an antipersistent motion.
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A computer programme for calculating the fractal dimension of the time series is 

listed in Appendix B3.

8.6 Analysis of a Time Series from Bubble Coalescence

8.6.1 Data Processing

This study extended from the previous Chapter is to analyse a time series recorded 

from three bubble coalescence by using deterministic chaos. The experimental work 

has been described in Chapter 3. The data used in this study were the mean

transmitted intensity (/«(O) of the cross section of the bed which were acquired by

scanning across the horizontal line on the X-ray image. These X-ray images were 

analysed in the previous Chapter. The measurements were made at three positions 

{Lh)\ 4.63, 9.85, and 15.03 cm above the tip of the nozzle and the length of the 

scanning horizontal line {Lw) was 20 cm each (see Fig. 8-7). The time interval ((4) 

between each measurement was 0.04 sec. A total of 100 measurements were acquired 

as a sequential data set, i.e. a time series. Other experimental conditions can be seen in 

Chapter 3.

For presenting the bubbles, the time series data used in chaos

analysis are characterized as the relative intensity (7^(T)), a dimensionless group:

(4(T) = [ 4 ( 0 - / # ] / / #  (8-21)

where is the mean intensity measured at the minimum fluidization flowrate, and T 

is a dimensionless time unit, which is equal to the evolution time (/) divided by the 

time interval ((4). It is assumed that the intensity is analogous to the voidage of the 

bed (see Yates et al., 1994; or Chapter 3). Thus the relative intensity can be
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Figure 8-7 The data sampling positions on the X-ray image.
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represented as the bubble property at some cross section in the bed. Fig. 8-8 shows 

some samples of the time series measured from the intensity signals by plotting the 

relative intensity vs. dimensionless time unit.

8.6.2 Reconstruction of the Phase Space

To characterize whether the behaviour of bubble coalescence from three nozzles in 

a fluidized bed is chaotic, reconstructing the phase space is the first step. For 

convenience the time delay is chosen to be unity ( r  = 1) (see Halow and Daw, 1994a). 

Fig. 8-9 shows that the attractors are constructed in the 2-dimensional phase space by 

using data from Fig. 8-8. It can be seen that the trajectory does not converge and does 

not repeat itself. Therefore, the trajectory forms a strange attractor which shows that 

the dynamic behaviour should be chaotic, and that there should be a non-integral 

fractal dimension. It can also be seen in Fig. 8-9 that these attractors are similar, and 

that the size of the attractor increases with the bed height in this case. However, a real 

embedding dimensional phase space is required for the system to be analysed 

further.

In order to decide on the required embedding dimension for the system, the correlation 

dimension is estimated by applying the method in Section 8.4.3. The initial radius of 

the sphere is chosen to be 2.5 % of the difference between the maximum and 

minimum value in the time series. Fig. 8-10(a) shows one of calculated results plotted 

as correlation function vs. radius from a embedding dimension of 2 to 17. The slope 

o f the straight line in Fig. 8-10(a) is the correlation dimension which has a non

integral value. The results of plotting correlation dimension against embedding 

dimension are shown in Fig. 8-10(b). It can be seen that the correlation dimension 

increases with the embedding dimension but then remains constant (~ 9.39) after an

embedding dimension of 13 is reached. As a result, the embedding dimension (o^)

required for this system can be chosen as 14. Moreover, in this case the minimum 

embedding dimension (S) is equal to 10, the next integral number after 9.39,
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therefore, based on Takens’ (1981) suggestion, the embedding dimension should be 

21. Although the results do not meet Takens’ (1981) suggestion, an embedding 

dimension of 14 has been ‘saturated’ for analysing this system (see below). However, 

compared with literature values, the embedding dimension chosen in this study is 

much higher. Table 8-2 (in Section 8.4.3) lists the embedding dimension used in the 

fluidized beds by some researchers. It seems that the embedding dimension is 

influenced by the form of the signals, e.g. the pressure drop and the temperature 

difference.

8.6.3 Quantitative Analysis of the Chaotic Behaviour

Applying Eq. (8-13) to approach the Kolmogorov entropy, K, Fig. 8-11 shows an 

example of the convergence o f the order-2 Renyi entropy, Æ]. At a higher dimension,

the order-2 Renyi entropy is close to the Kolmogorov entropy. It can be seen that K2

tends to a constant value for higher embedding dimensions. The results also 

correspond with the required embedding dimension obtained by calculating the 

correlation dimensions. Using an embedding dimension of 14, the outcomes of the 

Kolmogorov entropy calculated by Eq.(8-13) are listed in Table 8-3.

As mentioned above, the Kolmogorov entropy means the rate of information loss in 

prediction. When the Kolmogorov entropy increases, the dynamic behaviour of the 

system is towards the more chaotic. For the bubble coalescence process, the 

Kolmogorov entropy along the bed height should decrease after bubble coalescence. 

This is because while the number o f bubbles decreases due to coalescence, the upper 

section of the bed is less turbulent due to fewer bubbles being present, (compared 

with the lower section).

However, in Table 8-3, it seems that it is difficult to find the tendency according to 

the variability of the Kolmogorov entropy at the various conditions. Fig. 8-12(a) 

shows the results o f the Kolmogorov entropy along the measuring height at / =  3.27 

cm each. Most o f the entropy values increase with the bed height which indicates that
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Figure 8-11. Convergence of the order-2 Renyi entropy with increasing 
embedding dimension (Group A particles, 1=2 cm, = 4.63 cm;

flowrate =12.5 1/min).
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Table 8-3. Summary of the results of the Kolmogorov entropy, the largest Lyapunov 
exponent, and the fractal dimension.

Group A particles Group B particles

flowrate / L h K h K À\ (Lfl

(1/min) (cm) (cm) (bit/s) (bit/s) -- (bit/s) (bit/s) —

4.63 0.665 0.047 0.591 0.876 0.055 0.901
3.27 9.85 0.658 0.030 0.825 1.163 0.009 0.565

15.03 0.720 0.063 0.455 1.717 0.076 0.345

4.63 1.123 0.017 0.872 0.969 0.015 0.941
12.5 5.27 9.85 1.168 0.009 0.896 1.096 0.012 0.895

15.03 0.969 0.048 0.761 0.939 0.008 0.765

4.63 1.244 0.036 1.125 1.324 0.031 1.039
7.27 9.85 1.296 0.018 1.021 0.744 0.037 1.120

15.03 1.591 0.015 1.144 0.796 0.055 0.954

4.63 0.860 0.046 0.842 0.759 0.053 0.655
3.27 9.85 1.253 0.089 0.795 1.113 0.050 0.160

15.03 0.720 0.012 0.653 1.135 0.075 0.270

4.63 1.459 0.010 0.635 0.694 0.046 1.008
25.0 5.27 9.85 1.291 0.075 0.522 1.093 0.007 0.796

15.03 1.094 0.105 0.674 0.932 0.082 0.429

4.63 1.537 0.002 0.305 0.721 0.036 0.559
7.27 9.85 1.173 0.020 0.553 1.147 0.011 0.731

15.03 0.939 0.041 0.618 0.924 0.015 0.548

4.63 0.732 0.025 0.671 0.593 0.087 0.954
3.27 9.85 1.151 0.043 0.762 1.113 0.112 0.952

15.03 1.489 0.058 0.570 1.079 0.141 0.634

4.63 1.312 0.023 1.044 1.220 0.084 0.708
37.5 5.27 9.85 0.923 0.010 0.306 0.776 0.046 0.325

15.03 1.443 0.012 0.496 0.649 0.092 0.094

4.63 0.867 0.010 0.934 1.180 0.008 0.168
7.27 9.85 0.894 0.014 0.748 0.694 0.028 0.282

15.03 1.113 0.081 0.622 1.282 0.010 0.854

Note

/ nozzle separation K Kolmogorov entropy
L h measuring level largest Lyapunov exponent

d fL fractal dimension
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the bubbles do not tend to coalesce in the observation area. The dynamic behaviour 

seems very complicated and unpredictable. Nevertheless, the results imply that 

bubbles rise from nozzles then split. The phenomenon did occur frequently, especially 

at a lower nozzle flowrate and in the bed of Group B particles where nozzle

separations are equal (//, = ^ ) .  This case has been mentioned in Section 7.2.1 and

referred to as the coalescence process following Path VI (see Fig. 7-1 (c)-(ii)). As the 

split bubbles coalesce again, the entropy decreases. Fig. 8-12 (b) shows that the 

entropy increases almost with increasing nozzle separation. It meets the observation 

that bubble coalescence occurs faster at a shorter separation between nozzles. 

Moreover, the effects of particle sizes and nozzle flowrates on the entropy are not 

obvious.

Fig. 8-13 shows an example of calculating the largest Lyapunov exponents by using 

Wolf et al.’s algorithm (1985). In Fig. 8-13(a), the Lyapunov exponents are towards 

an invariant value along the evolution time, and with increasing embedding 

dimensions. The convergence o f the largest Lyapunov exponents with dimensions is 

shown in Fig. 8-13(b). All of the calculating results of the largest Lyapunov exponents 

are also shown in Table 8-3.

According to the original definition, the varying tendency of the Lyapunov 

exponents should be the same as the Kolmogorov entropy, because the Kolmogorov 

entropy should be equal to the sum of all positive Lyapunov exponents of the 

attractor (see Section 8.4.5). Nevertheless, for an experimental time series, the largest 

Lyapunov exponent is the only available exponent to be determined easily. It is too 

difficult to calculate the complete Lyapunov exponents from a time series. Thus, the 

relationship between the Kolmogorov entropy and the largest Lyapunov exponent is 

seldom to be comprehended. In addition, due to ‘sensitivity to initial conditions’, the 

reliability of the obtained Lyapunov exponents is difficult to be identified (for detailed 

discussion of this problem, see van den Stappen, 1996)). Very few researches using 

the Lyapunov exponents to analyse fluidization systems have been reported. Most
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Figure 8-13. (a) A plot o f Lyapunov exponents; (b) The largest Lyapunov 
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studies were only to determine whether the system is chaotic by calculating the 

Lyapunov exponents from the experimental results (e.g. Huilin et al., 1995).

In Table 8-3, it seems that the varying tendency of the largest Lyapunov exponents, 

ÂI is the reverse of that of the Kolmogorov entropy, X.  However, the relationship

between K  and is nonlinear. If these results are reliable, a simple correlation can be 

found as

= 0.642 + 0.195 A: (8-21)

The results are plotted in Fig. 8-14(a) which shows the fitting to be good (standard
2deviation = 0.064, % = 0.0041). The results show that when K  is greater than 1.641,

K  increases with increasing i j  . It can be seen that most of the Kolmogorov entropies

are lower than 1.281. Thus, the reverse tendency between K  and is found in Table 

8-3.

Similar results are found in the relationship between the Kolmogorov entropy and 

the fractal dimension, dfz,  determined from the Hurst exponents. The results of the 

fractal dimensions calculated by following Eq.(8-14) to Eq.(8-20) are shown in Table 

8-3. The fractal dimension is also an index of chaotic behaviour similar to the 

Kolmogorov entropy and the Lyapunov exponents. The fractal dimension should 

decrease after bubble coalescence (see Fan et al., 1990). In Table 8-3, some of the 

fractal dimensions are seen to follow the varying tendency of the Kolmogorov 

entropies. Nevertheless, although the Hurst exponents are greater than 0.5 

represented as a fBm motion, i.e. chaotic behaviour, some data show the Hurst 

exponents are even greater than 1.0. Therefore, the fractal dimensions become so 

small that they do not satisfy Eq.(8-20) (i.e. the fractal dimension should be greater 

than unity ). The reason for this is not yet clear.
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fractal dimension, calculated from the Hurst exponents.
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However, Fig. 8-14(b) shows a similar correlation to Eq.(8-21) in Fig. 8-14(a). The 

relationship between the Kolmogorov entropy and the fractal dimension can be 

correlated by

2
The equation fitted the experimental data very well (standard deviation = 0.047, % =

0.0022). Similarly, when K  is greater than 1.263, K  increases with increasing dpi. The 

similarity between the largest Lyapunov exponents and the fi'actal dimensions can be 

seen in Fig. 8-14 (a) and (b).

In order to present the effects of the Kolmogorov entropy on the bubble 

coalescence process, a correlation is developed to include all the experimental 

conditions:

K
f  T \  f  \
I ( ^ '  = 1 . 5 / 0

)  V^mf]

0.23 0.75

Re ~ Ar Fr (8-23)

The results are plotted in Fig. 8-15. It seems the data are scattered so that the system 

is difficult to predict. Moreover, many of the parameters seen in Eq.(8-23) are due to 

a minimum embedding dimension of 10 in this case. It needs at least 10 parameters to 

characterize the system.

However, although those preliminary results have shown that the bubble 

coalescence process can be characterized by deterministic chaos theory, some factors 

which will affect the results should be noticed in the future research. Firstly, 

comparing with results in the literature (e.g. see Section 8-3), the values of those data, 

such as the Kolmogorov entropies, are much smaller than other published results. The 

signals of the relative intensity seem too weak to be identified. Secondly, the data 

sampling is more difficult than acquiring pressure fluctuation signals, so a large
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number of data could not be obtained by measuring the image intensity, unless the 

technique is improved. In addition, the distance between the measuring level seems 

too small, thus there will be some interference between two data sets. Also the 

measurements should cover all of the beds. After overcoming these factors, the results 

should be improved.

8.7 Summary

The preliminary analysis of multiple bubble coalescence in a fluidized bed by using 

deterministic chaos theory has demonstrated that bubble coalescence is a chaotic 

process. Chaos analysis could be a tool for the future investigation in bubble 

coalescence.

An embedding dimension of 14 is used to calculate chaotic quantities, such as the 

Kolmogorov entropy, the largest Lyapunov exponent, and the fractal dimension in the 

system. The Kolmogorov entropy decreases after bubble coalescence. Two similar 

relations are correlated between the Kolmogorov entropy and the largest Lyapunov 

exponent as well as the fractal dimension. A correlation is developed to characterize 

the effects o f the experimental conditions on the Kolmogorov entropy.

In addition, some factors affecting the results are mentioned in the above Section to 

improve friture research.



Chapter Nine 

DISCUSSION AND CONCLUSIONS

9.1 Introduction

Bubble coalescence in gas discharge from two nozzles at vaiying separation distances in fluidized 
beds has been investigated Three types of particles: 58.9 pm, 197.4pm, and 869.3pm, and five 
flowrates: 12.5 1/min, 25.0 1/min, and 37.5 1/min for first two types of particles; 25.0 1/min, 50.0 
1/min, 75.0 1/min for the last one, were used in this work. Gas discharge from vertical nozzles and 
horizontal nozzles was observed In order to analyse bubble coalescence processes, coalescence 
events were recorded by X-ray for measuring coalescence positions, bubble volume, and so on. A 
similar study was carried out in defluidized beds. An extension of the above observations to three 
nozzles was carried out with the previous analysis and with chaos analysis to characterize 
coalescence processes. The conclusions of this work are discussed below.

9.2 Bubble Coalescence in Fluidized Beds

(1) Vertical nozzles
In beds of powders in Groups A and B the average bubble coalescence height, was found to be 
proportional to the horizontal separation distance and inversely proportional to the nozzle gas 
flowrate as shown in Eq.(4-9):

^ m f
Ar I (4-9)

Thus for these materials he increases with increasing nozzle separation but decreases with increasing 
gas flowrate. In all cases the bubbles were observed to move towards the centre of the bed before 
coalescing but it is noteworthy that when gas was admitted to the bed from a single nozzle the bubble 
stream did not deviate from the vertical. This latter observation would seem to indicate that when gas 
enters the bed from two nozzles the flow from one in some way “senses” the flow from the other, the 
result being that the two bubble streams are drawn together in the centre of the bed. This could be 
caused by interaction between the gas contained in the expanded shells that are known to surround 
gas bubbles in fluidized beds (Yates et al., 1994) although this seems unlikely to occur close to the 
point of gas entry when the nozzle separations are large. It is much more likely that the movement of 
the bubbles is influenced by the movement of the solid particles of the emulsion phase. It is known 
that strong solids circulation patterns can be set up in beds of high aspect ratio such as were used in 
the present work (Kunii and Levenspiel, 1991). In these cases the bubble flow causes the bed 
particles to move downwards at the walls and in the centre, the corresponding particle flow in the 
iqjward direction being via the bubble wakes.

The circulating solids flux would be expected to increase with increasing nozzle gas flowrate and this 
would lead to the bubbles coalescing earlier in their passage up the bed as was observed here. Equally 
the greater the nozzle sqsaration the lower should be the local solids flux and this would cause the 
bubbles to remain separate for longer, again in line with observation.

It is perhaps surprising that the coalescence height shows the same dependence on gas velocity, 
separation distance and Archimedes number (Eq.(4-9)) for both A and B powders. It is known that in 
beds of Group A materials bubbles grow to a maximum stable size when there is an equilibrium 
between coalescence and splitting whereas in beds of Group B powders there appears to be no limit 
to bubble size. There is also known to be a difference in the emulsion phase voidage between the two 
types of powder with the value for Group A being larger than the value at minimum fluidization and 
the value for Group B being more or less equal to It is likely that in the system considered here, 
where the bed was held at U„̂  and bubbles were formed from secondary air sui^lies, the factors

2 6 0
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referred to above had little influence and that the dominant force determining the position of 
coalescence was the pattern of solids circulation which would have been similar for both materials. It 
is worth noting that in an earlier stucfy (Yates et al., 1994) little difference was found in the 
behaviour of A and B powders when gas was admitted from a single nozzle.

(II) Horizontal nozzles
The differences between vertical and horizontal discharge is accountable for in terms of the 
momentum of the discharging gas. When gas leaves the nozzle as a kAble its momentum can be 
resolved into two conqx)nents, the vertical and the horizontal. For vertical discharge the vertical 
component will be the greater and will cause the bubble to rise a certain distance before coalescing 
with a second bubble. In the case of horizontal discharge the vertical component of the momentum 
will be lower and the result will be for coalescence to occur lower down in the bed as is shown 1^ 
comparing Eq.(4-9) with the relationship obtained for the horizontal nozzles;

50 A r  (4-12)

The correlations set out above were based on the use of rather than Uo-U„f since the value of U„f 
is relatively small compared to Uo for both materials. In addition a dimensionless term is useful for 
scaling purposes and this led to the use of UJU,^.

It is worth noting that although the value of this ratio for the Group A particles is approximately nine 
times that for the Group B particles, extensions to the predicting range should be valid since the 
correlations are linear and the fit to the data is very good.

(HI) Comparisons with other work
According to Davidson and Harrison (1963) the volume equivalent diameter, of a three- 
dimensional bubble formed at an orifice in an incipiently fluidized bed is given by:

D u  =  1.3
g

(9-1)

where Uo is the orifice flowrate and g is the acceleration due to gravity. Ap)lying this to the 
flowrates used here gives bubble diameters from 2.1 cm for the 12.5 1/min flow, 4.3 cm for 37.5 
1/min and 5.7 cm for 70 1/min. These correspond well with the coalescence measurements made at 
small separations given in Chapter 4.

Zenz (1968) argued that to prevent premature growth of bubbles by coalescence the nozzle separation 
distance should be at least \.5Db  which using the above equation gives a minimum distance of 6.45 
cm. Examination of the data for Groups A and B shown in Fig. 4-21 indicates this to be a reasonable 
assumption since with a nozzle separation of 6.45 cm no coalescence occurs below a height of about 
15 cm.

9.3 Bubble Coalescence in Defluidized Beds

Three coalescence patterns which include jet coalescence, bubble coalescence, and gas bridges have 
been found in defluidized beds. These patterns are particularly dependent on the separation distance 
of the nozzles. In addition the bubbles have an elliptical shape in defluidized beds.

Measurements of the average coalescence height in defluidized beds can be correlated by applying 
Eq.(4-9) and Eq.(4-12):
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f  rr \ - l / 3
hç -  35.34

0.19= 106.71

Uo Ar for vertical nozzles (6-1)

K ^ m f  j
Ar ’ I for horizontal nozzles (6-2)

However, when a gas bridge appears, the position of jet coalescence becomes higher than before.

The dimensionless jet penetration length is a function of the Froude number, the Reynolds number, 
the Archimedes number, and the dimensionless nozzle separation distance (Eq.(6-4) and Eq.(6-5)). 
Generally jet penetration lengths issuing from vertical nozzles are greater than from horizontal 
nozzles in a defluidized bed of Group A particles. The contrary results are found in using Group B 
particles.

Many literature correlations to predict the upwards jet penetration length are based on gas 
discharging from a single nozzle in fluidized beds, and Lj Ido is a function of Uo. In this study, Lj Ido 
is found to be a function of Uo and the nozzle separation distance. Comparing with some literature 
correlations (see Massimilla, 1985) for discharge into incipiently fluidized beds, the results show that 
Lj Ido increases with increasing Uo in using the literature correlations, but contrary results are found 
in this study (see Fig. 9-1), i.e. Lj ido decreases with increasing Uo at the same nozzle separation 
distance. (The exponents of the Reynolds numbers in Eq. (6-4) and (6-5) are negative.) The decrease 
of jet penetration length is caused by the lateral movement of particles when the gas flowrate 
increases in the defluidized bed, i.e. the voidage of the emulsion phase increases. Similar results have 
been observed by Yates et al. (1986). They found that Lj ido decreases with increasing gas flowrate 
when total flow is close to U„rf in the bed.

In addition, an idealized jet-to-bubble emergence pattern was correlated by Zenz (1968):

log [ 3.52 {h psf^  1 = 1.3+ 0.0192 (I I do) (9-2)

Calculation shows that based on the Zenz correlation the nozzle separation must greater than 17.3 
cm in Group A particles or 12.6 cm in Group B particles to avoid premature bubble growth by 
coalescence. In fact, the separation distances between two nozzles in this study were set to be less 
than 10 cm. Bubble coalescence could occur at the higher flowrates and the greater nozzle 
separations in a defluidized bed, but the coalescence of the premature bubbles is not observed. Much 
depends on what is meant by “premature coalescence”. On the other hand, jet coalescence occurs 
frequently when two nozzles are close enough. The coalescence of two jets results in the formation of 
a single coalesced jet which penetrates iqjwards until some height in the bed where bubbles are 
breaking from the jet. The behaviour of the coalesced jet is the same as that of a developing single jet 
issued from the nozzle. Zenz’s correlation is a function of bed pressure drop and the nozzle ‘spacing’ 
is independent of the particle size. If the weights of Group A and Groiq) B particles are the same, the 
spacing will be the same in using any group particles in the same beds. Therefore, Zenz’s correlation 
is not unreasonable, but the assumption that the length of a stable jet is equal to two bubble diameters 
is perhaps too simple. Furthermore, the correlation was developed for fluidized beds and so may not 
apply in the present case.

Another correlation was developed by Geldart (1977):

0.5
( g / )

> 25~ (9-3)
yic ^

w h e r e = 1.73 for nozzles on square pitch and 2.17 for triangular pitch; z » 1 for Group B particles 
and 1.5 for Group A. Eq.(9-3) is to calculate the minimum gas velocit) required to prevent dead
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Figure 9-1. Comparison of correlations of upwards jet penetration length, 
(a) Group A particles, (b) Group B particles.
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zones between nozzles. The calculation for nozzles on a square pitch shows that the minimum gas 
velocity should be given at least from 2.1 cm/s (/ = 2 cm) to 22.3 cm/s (/ =10 cm) for Group A 
particles, and 35.0 cm/s (/ = 2 cm) to 63.0 cm/s (/ = 12 cm) for Group B based on (grating  
conditions of this stu(fy. The nozzle velocities used in the defluidized b ^  (from 270.8 cm/s to 
1,353.9 cm/s) are much greater than in the above calculation, but the bed is still defluidized. 
However, Geldart's correlation was developed for the multiple-nozzle beds. It may not aj^ly in this 
case because there are only two nozzles set in this study

According to the relationship between the coalescence height and the jet penetration length in a 
defluidized bed, most bubble coalescence events from two vertical nozzles occur when jet penetration 
length is less than 15 cm in a defluidized bed o f Group B particles (see Eq.(6-8), Eq.(6-9), and 
Eq.(6-10)). On the other hand, most coalescence events from horizontal nozzles are found as jet 
coalescence. Based on the same operating conditions, the coalescence height is greater in a fluidized 
bed than a defluidized bed The ratio of coalescence height (Eq.(6-12)) in a fluidized bed to a 
defluidized bed decreases with increasing particle sizes in using vertical nozzles, but the contrary 
results are found in using horizontal nozzles.

The differences between fluidization and defluidization are suRX)sed to be caused by the different 
voidages of the emulsion phases. In a defluidized bed, the voidage of the emulsion phase is much 
lower than that in a fluidized bed. Thus the resistance to bubble movement should be greater in 
defluidized beds Jet coalescence and gas bridges in defluidized beds also affect the coalescence 
height. The differences are reflected in the different exponents of^r in the correlations.

9.4 Bubble Coalescence from Three Nozzles in Fluidized Beds

Six paths of three bubble coalescence catalogued in three modes of bubble arrays are observed and 
shown in Fig. 7-1(a), (b) and (c). The coalescence height from two bubbles affected by the third 
bubble decreases by about 38 % when the third bubble rises from the side nozzle in the bed of Group 
A particles. The similar effect is not found in Group B particles. In addition, after the third bubble 
coalesces with another two bubbles, the final coalescence height increases by approximately 42 %.

The empirical correlation of coalescence height from three nozzles equally separated (/ = //? = /l) is

= 1395 Ar  • / (7-1)

Preliminary analysis of three bubble coalescence using deterministic chaos theory has demonstrated 
that bubble coalescence is a chaotic process. Chaos analysis could be a tool for the future 
investigation in bubble coalescence.

An embedding dimension of 14 is used to calculate the chaos quantity. The Kolmogorov entropy 
decreases after bubble coalescence. Two similar relations are correlated between the Kolmogorov 
entropy and the largest Lyapunov exponent (Eq.(8-21)) as well as the fractal dimension (Eq.(8-21)). 
A correlation developed to characterize the effects of the experimental conditions on the Kolmogorov 
entropy at the measuring position is found to be a function of the dimensionless superficial gas 
velocity, the dimensionless nozzle separation distance, the Reynolds number, the Froude number and 
the Archimedes number:

K
L

J
= 137

\ ^ m f  J

0.23

Lff

0.75

0.05 (g_23)

As mentioned above, the bubble coalescence height is affected by the third nozzle. Except for the 
effect of multiple nozzles, pressure and temperature are the factors likely to influence bubble 
coalescence. The bed properties and fluidized behaviour can change with change in pressure and
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temperature. For example, decreases with pressure in the beds of Group A and B particles. The 
voidage of the emulsion phase increases with a rise in pressure for Group A particles. The bubWe 
size decreases with increasing temperature in a bed of Group A particles. High temperature operation 
can cause defluidized zones in the beds due to particle sintering. Thus one or two terms of modified 
factors to account for effects of pressure and temperature may be added to the original correlations 
for predicting the coalescence height. However, the modified factors could be obtained from the 
additional e^qxriments in future work.

The effects of solids mixing noted in the case of coalescence from two nozzles is also likely to be an 
important factor when three nozzles are employed. In the latter case the solids mixing patterns are 
likely to be more complicated and wake material rising from three separate sources will cause more 
erratic movement of the gas pockets. There is clearly a need for a better understand of the 
relationship between bubble flow and solids circulation in the distributor region.

9.5 Suggestions for Further Work

Some of the future studies connected to the present work are presented as follows.

First of all, although the results of this work have provided useful information on bubble coalescence 
processes, there are two main problems remaining to be sohed. The first is that mathematical 
models for bubble coalescence from multi-nozzles have not been developed completely to 
characterize the relationship between the nozzle separation and the coalescence height. Since Clift 
and Grace’s model (1970) for coalescence of a pair of bubbles was developed, few mathematical 
works have been reported (see Chapter 2). Most existing models are only applied to bubble 
coalescence from a single nozzle. The models such as those of Clift and Grace (1970) assumed that a 
pair of bubbles was a single doublet, nevertheless, the separation of tw o bubble centres {d, see Fig 2- 
3) should be considered to be small for setting a doublet (see Massey, 1989). Therefore, the model is 
difficult to apply to predict the bubble coalescence position when the nozzle separation is large. 
Alternatively some models for bubble coalescence within a swarm (e.g. Chiba et al., 1973, Darton et 
al-, 1977) are semi-empirical correlations. It reflects that the bubble coalescence phenomena from 
multi-nozzles are too complicated to be modelled exactly.

The second problem is that the reasons for some phenomena obser\ed in the coalescence process 
such as the skew of the coalescence point (Chapter 4), gas bridges (Chapter 6), are not clear, but 
these effects on coalescence height are very important. It would be worthwhile to investigate in more 
detail the link between solids mixing and bubble flow. In addition, the relationship of the variation of 
bubble volume and the coalescence height is another problem remaining to be solved.

Using deterministic chaos in the analysis of bubble coalescence, the preliminary results (Chapter 9) 
have shown its feasibility. It would need more experiments to obtain further results. At present, many 
studies in the fluidization system using chaos theory have successfully given a macroscopic 
construction in the application (e.g. Schouten et al., 1996), but it is necessary to carry out 
microscopic studies (e.g. Halow and Daw, 1994) to characterize bubble or particle behaviour in the 
bed. However, a macroscopic work is a begiiming towards the microscopic results.

Moreover, extension of the studies of bubble coalescence from a few nozzles to a multi-nozzle 
distributor so as to give more information for the design of commercial fluidized beds could be an 
important topic to investigate in the future.

Finally, as mentioned above, the change of the voidage of the emulsion phase and the components of 
the bubble discharging momentum may be used for the future modelling information. However, it 
can been seen that the development of chaos theory applied in the fluidized system increases rapidly 
and successfully in recent years. If the modelling is too complicated based on classical mechanics, 
deterministic chaos theory could give a more easily solvable method to account for unresolved 
{U’oblems, or alternatively to become an auxiliary tool to classical mechanics.



APPENDIX A. 

THE ABEL TRANSFORM

In Chapter 4, the Abel transform (Bracewell, 1986) was apphed to determine 

varying voidage o f bubble regions by converting intensity data from the X-ray images. 

It has been used successfully by Yates et al. (1994). The original three-dimensional 

spherical bubble is projected in a two-dimensional image by X-ray (see Fig. A-1). The 

X-ray intensity recorded across a section of a spherical bubble in the x-direction may 

be expressed as

f  4-00
/ ( x )  = ^ J  [ £  { x , z ) - £ m f  ] dz (A-1)

where b is  a calibration factor, e (%, z) is the space-averaged voidage across a chord 

within the shell, and 6 ^ is  the voidage of emulsion phase at Ufnf. For distance z

z  = Ĵ (A-2)

and then

.6  = , (A-3)

Substituting Eq.(A-3) into Eq.(A-l) results in (Yates et al., 1994)

= (A-4)
 ̂ * I r 2 _ ; 2

2 6 6
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X-rays
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Figure A-1. Illustration o f a 3D spherical bubble projected 
into a 2D image (Yates et al., 1994).
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therefore, I{x) is a function of dir), the variation of voidage in the radial direction, and 

Eq.(A-4) is the Abel transform of [^r)  - Smf]. sif) can be obtained by taking the 

inverse Abel transform of I{x).

Assume that the constant b is known, and let

(!>{r) = b[G{r)- Smf] (A-5)

Substituting this into Eq.(A-4), then

(A-6)

To solve ^(r), Eq.(A-6) is represented as an Abel integral equation (Bracewell, 1986)

f OD
/(jc) = J o  i'n)dT] (A-7)

where

(A-S)r
2 r  x' ]

and vj =
I g J I q  J

The constant g is a scaling parameter (see below). The kernel E'in Eq.(A-7) is

E { ^ =  0 , otherwise (A-9)

Now assume



Appendix A ■ 2 6 9

I{x) = 0 (i.e. /((^ = 0) SLtx = x f  (i.e. ^ = ^ /)

(/>(r) = 0 {\.e.^(T]) = 0) àt r = r f  (i.e. J] = Tjf) (A-10)

where xf ,  r f ,  and Tjf are some finite points.

Next the number of discrete intervals of 77 and ^  for numerical evaluation o f Eq.(A- 

7) may be set as

rji = /■ + 0.5 and = /, where / = 0, 1 ,2 ,  , N  (A-11)

Then A  intervals are chosen to meet ^ (t/v) = 0 and / ( ^ )  = 0, where r/v ^  flf and

> . since Eq.(A-7) is linear, the constant q in Eq.(A-S) can be chosen for the

requirement scaling at Xf > r f  and 77,v = A  + 0.5; = A  as

For 7th point, Eq.(A-7) can be rewritten as a discrete form

N  - i

= % )  = X  +1 ; ' = 0, 1 . ......................................... (A-13)
77 = 0

where E  / is the average value of E  over the interval ( 7 , 7 + I )

E  i —2 -J i + I — 2 yj~i (A-14)

and

^ , = ^(7 + 0.5) (A-15)
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In Eq.(A-13), lj can be acquired from the experimental data.

For the radial distribution of voidage in the bubble ‘shell’(Yates et al., 1994), the 

numerical solution to Eq.(A-15) provides the inverse Abel transform of Eq.(A-7) in

the discrete points rj = i + 0.5 . In addition, since r f  = ^  0.5 = 0.707, the voidage

at r  = 0 is equal to the value a tr  = r f  (i.e. s ( r  = 0) = s ( r  = rf))  where ds  / dr = 0 ai r

=  0 .

To determine the known constant b in Eq.(A-S), let £■= 1 at r  = 0 where there is no

particles in the bubble void. Therefore, the constant b can be obtained from the

inverse Abel transform (j>{r)\

b = (j){0) I { \ -Smf )  (A-16)

As a result, the numerical solution has been carried out for = 30 due to the same

experimental system used by Yates et al.(1994). Moreover, the values of X-ray

intensity at the points x/ = q^J~i~ were acquired from the curve plotted through the 

experimental data.



APPENDIX B. 

THE COMPUTER PROGRAMME LISTINGS

This Appendix provides computer programme listings which were used to calculate 

the correlation integrals (Appx. B .l), the largest Lyapunov exponents (Appx. B.2), 

and the Hurst exponents (Appx. B.3) for characterizing the chaotic properties of 

attractors from the time series data in Chapter 8. The programmes are in the language 

FORTRAN 77 (Microsoft FORTRAN v.3.3, 1985). The hardware requirements 

include an IBM 386 PC compatible machine with at least 4 Mb RAM, running DOS 

ver. 3 .0 or higher. It would take many hours to produce the results.

B.l Calculating the Correlation Integrals

Programme CDEM41

PROGRAM CDIM41
C FORTRAN PROGRAMME / MAY 1997

C* *
C* ANALYSIS OF CHAOTIC SYSTEM: *
C* CALCULATING THE CORRELATION INTEGRALS *
C* *
C* BY KENG-TUNG WU *
C* DEPT CHEM & BIOCHEM ENG *
C* UNIVERSITY COLLEGE LONDON *
C* *
C* MAY 1997 / VER 4.1 *
C* *

C
c --------------------------------------------------------------------------------------------------------
C DATA:
C TS - DATA OF TIME SERIES
C NP - NUMBER OF DATA (OBSERVATIONS)
C DIM - EMBEDDING DIMENSION (UP TO 19)
C TAU - TIME LAG OF RECONSTRUCTED PHASE SPACE
C R RADIUS
C D DISTANCE BETWEEN TWO POINTS
C CR - CORRELATION INTEGRAL

271
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c H - HEAVISIDE FUNCTION
C EXP - EXPERIMENTAL CODE
C -------------------------------------------------------------
C

REAL TS(100)fR(100),CR(100fl8)
REAL 2(100,19)
INTEGER NP,NPT,DIM,DIMM,TAU,ND(18)
CHARACTER EXP*8
DATA NP,DIM,TAU/100,19,1/

C
C ----- INPUT DATA : TS.DAT
C

OPEN(1,FILE='TS.DAT',STATUS='OLD')
READ(1,10)(TS(I),1=1,100)

10 FORMAT(F8.3)
READ (1,11)EXP

11 FORMAT (A8)
CLOSE(1,STATUS='KEEP')

C
C ------------------------------------------------------------
C CALCULATING THE BEGINNING RADIUS RI
C * RI IS EQUAL TO 2.5% OF THE DIFFERENCE BETWEEN MAX AND MIN
C VALUES IN THE ORIGINAL TIME SERIES.
C ------------------------------------------------------------
C

TMX = TS(1)
DO 30 I = 2,NP 
IF(TMX-TS(I)) 32,31,31

31 GO TO 30
32 TMX = TS(I)
30 CONTINUE

C

C
TMN = TS(1)
DO 4 0 I = 2,NP 
IF(TMN-TS(I)) 41,42,42

41 GO TO 40
42 TMN = TS(I)
40 CONTINUE

R1 = 0.025*(TMX-TMN)
C
C ---------------------------------
C RECONSTRUCTING THE PHASE SPACE
C ---------------------------------
C

DO 100 L = 1,DIM-1 
NPT = NP

DIMM = L+1
DO 55 I = 1,NPT-(DIMM-1)*TAU 
DO 50 J = 1,DIMM 
2(1,J) = TS(I+(J-1)*TAU)

50 CONTINUE
55 CONTINUE

NPT = NPT-(DIMM-1)*TAU
C
C --------------------------------------------------------------
C CALCULATING CORRELATION INTERGRAL,CR ( FORM 2-DIM TO 20-DIM
C --------------------------------------------------------------
C
C -----  (1) SET RADIUS R
C

DO 90 K = 1,100 
R(K) = R1*K



Appendix B ■ 2 7 3

HF = 0.0 
DO 80 II = 1,NPT-1 

DO 70 I = I1+1,NPT
C
C -----  (2) CALCULATING THE DISTANCE BETWEEN TWO POINTS
C

D = 0.0
DO 60 J = IfL+1 
D = D+(Z(II,J)-Z(IfJ))**2 

60 CONTINUE
D = SQRT(D)

C
C -----  (3) DETERMINING THE HEAVISIDE FUNCTION, H
C * NOTE : H = 1, IF R > D; H = 0, OTHERWISE
C

IF (R(K).GT.D) THEN 
H = 1.0 

ELSE
H = 0.0 

ENDIF
HF = HF + H 

7 0 CONTINUE
80 CONTINUE

C
C -----  (4) CALCULATING THE CORRELATION INTEGRAL, CR
C

CR(K,L) = HF/((NPT-DIM+1)**2)
90 CONTINUE 
100 CONTINUE

C
C -----  PRINT RESULTS : CR.DAT
C

0PEN(2,FILE='CR.DAT' , STATUS= ' NEW ' )
WRITE(2, 110)

110 FORMAT(IX,/IX,'*** CHAOTIC ANALYSIS : CORRELATION INTEGRALS, 
OCR **+'/)
WRITE(2,115)EXP 

115 FORMAT(IX, ’*** EXP NO.: ',A8, ' * + +')
C

DO 120 I = 1,DIM-1 
ND(I) = I+l 

120 CONTINUE

J = 1
DO 200 K = 1,3

WRITE(2,130)ND(J),ND(J+1),ND(J+2),ND(J+3),ND(J+4),ND(J+5) 
130 FORMAT(IX,/IX,' R DIM =',I3,' DIM =',I3,

C  DIM =',I3,' DIM =',I3,' DIM =',I3,' DIM =',I3,/)
C

DO 150 I = 1,100
WRITE(2,140) R(I),(CR(I,L),L=J,J+5)

140 FORMAT(1X,7F10.6)
150 CONTINUE

C
J = J+6 

200 CONTINUE
CLOSE(4,STATUS='KEEP')

C
C ------------------------------------------------------------
C NOTE :
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c
c (1) CR IS A FUNCTION OF R: CR = CONST * (R)**CD
C CD IS CORRELATION DIMENSION
C
C PLOT LOG-LOG DIAGRAM OF CR VS R
C THE SLOPE IS CD.
C
C (2) CALCULATING K2,0RDER-2 RENYI ENTROPY
C (APPROX KOLMOGOROV ENTROPY,K)
C
C K2 = LN [CR(R,DIM)/CR(R,DIM+1)] / TIME DELAY
C DIM -> INFINITE; R -> 0.
C -----------------------------------------------------
C

STOP
END

B.2 Estimating the largest Lyapunov exponents

Programme LYAP22

PROGRAM LYAP22
C FORTRAN PROGRAMME / APR 1997

C* *
C* ANALYSIS OF CHAOTIC SYSTEM: *
C* CALCULATING THE LARGEST LYAPUNOV EXPONENT *
C* *
C* BY KENG-TUNG WU *
C+ DEPT CHEM & BIOCHEM ENG *
C* UNIVERSITY COLLEGE LONDON *
C* *
C* APRIL 1997 / VER 2.2 *
C* *

+
C
C -------------------------------------------------------------------
C This programme is adapted from the FORTRAN programme published
C in Physica 16D, pp 285-317 (1985) by Wolf et al.
C -------------------------------------------------------------------
C DATA:
C TS - DATA OF TIME SERIES
C Z - RECONSTRUCTED PHASE SPACE
C NP - NUMBER OF DATA (OBSERVATIONS)
C DIM - EMBEDDING DIMENSION (UP TO 20)
C TAU - TIME LAG OF RECONSTRUCTED PHASE SPACE
C DT - TIME BETWEEN THE DATA SAMPLES
C EVOL - EVOLUTION TIME
C LAG - MINIMUM TIME BETWEEN PAIRS
C ZLYAP - MAX LYAPUNOV EXPONENT
C EXP - EXPERIMENTAL CODE

REAL TS(100),PTl(25),PT2(25: 
REAL Z (100,20)
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INTEGER NPfNPT,DIM,TAU,DT,EVOL,LAG 
CHARACTER EXP*8

C
C  INPUT DATA: TS . DAT AND PARAMETER: NC. DAT
C

OPEN(1,FILE='TS.DAT',STATUS='OLD')
READ(1,10)(TS(I),1=1,100)

10 FORMAT(F8.3)
READ(1,11)EXP

11 FORMAT (A8)
CLOSE(1,STATUS='KEEP')

C
0PEN(2,FILE='NC.DAT',STATUS='OLD’)
READ(2,20) NP,TAU,DT,EVOL,LAG 

2 0 FORMAT(15)
CLOSE(2,STATUS='KEEP')

C
C

OPEN(3,FILE='ZLYAP.DAT',STATUS='NEW')
WRITE(3,110)

110 FORMAT(IX,/'THE LARGEST LYAPUNOV EXPONENT'/)
WRITE(3,111)EXP

111 FORMAT(IX,'*** EXP NO.: ',A8,' ***')
C
C ----------------------------------------------------------------
C ESTIMATING THE LENGTH OF DIVERGENCE
C - SCALMX : MAXIMUM LENGTH
C - SCALMN : MINIMUM LENGTH = 0.1*SCALMX
C SCALMX IS EQUAL TO 10% OF THE DIFFERENCE BETWEEN MAXIMUM (TMX)
C AND MINIMUM (TMN) VALUES IN THE ORIGINAL TIME SERIES.
C ----------------------------------------------------------------
C

DIM = 2
C
350 NPT = NP

TMX = TS(1)
DO 30 I = 2,NPT-(DIM-1)
IF(TMX-TS(I)) 32,31,31

31 GO TO 30
32 TMX = TS(I)
30 CONTINUE

C
TMN = TS(1)
DO 40 I = 2,NPT-(DIM-1)
IF(TMN-TS(I)) 41,42,42

41 GO TO 4 0
42 TMN = TS(I)
4 0 CONTINUE

SCALMX = 0.1*(TMX-TMN)
SCALMN = 0.1*SCALMX

C
WRITE(3,112)DIM,SCALMX,SCALMN

112 FORMAT(IX,//'* DIMEN = ',I1,2X,SCALMX =',F6.3,
C2X,'SCANMN =',F6.3,' — '/)

C
C ---------------------------------------------------------------
C IND - POINTS TO THE FIDUCIAL TRAJECTORY
C IND2 - POINTS TO HE SECOND TRAJECTORY
C ITS - TOTAL NUMBER OF PROPAGATION STEPS
C ---------------------------------------------------------------
C

IND = 1 
ITS = 0



Appendix B m 2 7 6

SUM = 0 . 0
C
C ---------------------------------------------------------------
C RECONSTRUCTING THE PHASE SPACE
C ---------------------------------------------------------------
C

DO 55 I = IfNPT-(DIM-1)+TAU 
DO 50 J = If DIM 
Z(IfJ) = TS(I+(J-1)*TAU)

50 CONTINUE 
55 CONTINUE

C
NPT = NPT-DIM*TAU-EVOL

C
C ---------------------------------------------------------------
C FIND THE NEAREST NEIGHBOR TO THE FIRST DATA POINT
C * POINT SHOULD NOT BE TOO CLOSE TO FIDUCIAL POINT
C * SET POINT AT LAG (MINIMUM TIME BETWEEN PAIRS)
C ---------------------------------------------------------------
C

DI = I.EIO
DO 70 I = LAG+lfNPT

C
C ---------------------------------------------------------------
C CALCULATING SEPARATION DISTANCE BETWEEN THE FIDUCIAL POINT
C AND CANDIDATE POINT
C ---------------------------------------------------------------
C

D = 0.0
DO 60 J = If DIM 
D = D+(Z(INDfJ)-Z(IfJ))**2 

60 CONTINUE 
D = SQRT(D)

C
C ---------------------------------------------------------------
C DETERMINING THE BEST POINT
C DI = INITIAL DIVERGENCE
C ---------------------------------------------------------------
C

IF(D.GT.DI.OR.D.LT.SCALMN) GO TO 70 
DI = D 
IND2 = I 

70 CONTINUE
C
C ---------------------------------------------------------------
C DETERMINING COORDINATES OF EVOLVED POINTS
C ---------------------------------------------------------------
C

WRITEOf 120)
120 FORMAT(IXf' K ' f l X f ' E V O L * I T S ' f l X f '  DI ', IXf' DF 'f 

C l X f * ZLYAP ' / )
C

K = 0 
80 K = K+1

DO 90 J = If DIM 
PTl(J) = Z(IND+EVOLfJ)
PT2(J) = Z(IND2+EV0LfJ)

90 CONTINUE
C
C ---------------------------------------------------------------
C CALCULATING THE FINAL SEPARATION BETWEEN PAIR
C UPDATE THE LYAPUNOV EXPONENTf ZLYAP
C DF = FINAL DIVERGENCE
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c --------------------------------------------------------------------------------
c

DF = 0.0
DO 100 J = 1,DIM 
DF = DF+(PT2(J)-PTl(J))**2 

100 CONTINUE
DF = SQRT(DF)
ITS = ITS+1
SUM = SUM+(ALOG(DF/DI)/ (EV0L*DT*AL0G(2.0)))
ZLYAP = SUM/ITS

C
C -----------------------------------------------------------------
C PRINT REULTS: ZLYAP.DAT
C -----------------------------------------------------------------
C

WRITE(3,130)K,EVOL+ITS,DI,DF,ZLYAP 
130 FORMAT (IX, 13, IX, 18, IX, F8. 3, IX, F8. 3, IX, F8. 3)

C
C -----------------------------------------------------------------
c LOOK FOR REPLACEMENT POINTS
C - ZMULT = MULTIPLIER OF SCALMX WHEN GO TO LONGER DISTANCES
C - ANGLMX = MAX ANGULAR ERROR (0.2-0.3)
C -----------------------------------------------------------------
C

INDOLD = IND2 
ZMULT = 1.0 
ANGLMX = 0.3 

200 THMIN =3.14
C

DO 250 I = 1,NPT
III = lABS(I-(IND+EVOL))

C
C ------------------------------------------------------------------
C REJECT IF REPLACEMENT POINT IS TOO CLOSE TO FIDUCIAL POINT
C ------------------------------------------------------------------
C

IF (III.LT.LAG) GO TO 250
C
C ------------------------------------------------------------------
C CALCULATING NEW SEPARATION DISTANCE BETWEEN THE FIDUCIAL
C POINT AND CANDIDATE POINT
C ------------------------------------------------------------------
C

DNEW = 0.0 
DO 210 J = 1,DIM 
DNEW = DNEW+(PT1(J)-Z(I,J))**2 

210 CONTINUE
DNEW = SQRT(DNEW)

C
C ------------------------------------------------------------------
C LOOK FURTHER AWAY THAN NOISE SCALE, CLOSER THAN ZMULT*SCALMX
C ------------------------------------------------------------------
C

IF (DNEW.GT.ZMULT*SCALMX.OR.DNEW.LT.SCALMN) GO TO 250
C
C ------------------------------------------------------------------
C FIND ANGULAR CHANGE FROM OLD TO NEW VECTOR
C ------------------------------------------------------------------
C

DOT =0.0 
DO 220 J = 1,DIM
DOT = D0T+(PT1(J)-Z(I,J) )*(PTl(J)-PT2( J) )

220 CONTINUE
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c
CTH=ABS(DOT/(DNEW+DF))
IF (CTH.GT.1.0) CTH = 1.0 
TH = ACOS(CTH)

C
C ------------------------------------------------------------
C SAVE POINT WITH SMALLEST ANGULAR CHANGE SO FAR
C ------------------------------------------------------------
C

IF(TH.GT.THMIN) GO TO 250 
THMIN = TH 
DII = DNEW 
IND2 = I 

250 CONTINUE
C

IF (THMIN.LT.ANGLMX) GO TO 260
C
C ------------------------------------------------------------
C LOOK AT LONGER DISTANCE IF A REPLACEMENT CAN NOT BE FINDED
C ------------------------------------------------------------
C

ZMULT = ZMULT+1.0 
IF (ZMULT.LE.5.0) GO TO 200

C
C ------------------------------------------------------------
C NO REPLACEMENT AT 5*SCALE
C DOUBLE SEARCH ANGLE
C RESET DISTANCE
C ------------------------------------------------------------
C

ZMULT = 1.0 
ANGLMX = 2.0+ANGLMX 
IF (ANGLMX.LT.3.14) GO TO 200 
IND2 = INDOLD+EVOL 
DII = DF 

260 IND = IND+EVOL
C
C ----------------------------------------------------------------
C STOP CALCULATING WHEN FIDUCIAL TRAJECTORY HITS THE END
C OF DATA OF THE TIME SERIES
C ----------------------------------------------------------------
C

IF(IND.GE.NPT) GO TO 300 
DI = DII 
GO TO 80

C
C -------------------------------------------------------------
C REPEAT CALCULATING FOR NEXT EMBEDDING DIMENSION (UP TO 5)
C -------------------------------------------------------------
C
300 DIM = DIM+1

IF(DIM.GT.20) GO TO 400 
GO TO 350 

400 CLOSE(3,STATUS='KEEP')
C

STOP
END
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B.3 Determining the Hurst exponents 

Programme HURST2

PROGRAM HURST2
C FORTRAN PROGRAMME / SEP 1996
C* *
C* FRACTAL ANALYSIS: *
C* CALCULATING THE HURST EXPONENTS FROM A TIME SERIES *
C* *
C* BY KENG-TUNG WU +
C* DEPT CHEM & BIOCHEM ENG *
C* UNIVERSITY COLLEGE LONDON *
C* +
C* SEPTEMBER 1996 / VER 2.0 *
C* *

C
c ---------------------------------------------------------------------------------
C DATA:
C TS - DATA OF TIME SERIES
C XT - INCREMENT OF FRACTIONAL BROWNIAN MOTION (FBM)
C DT - NEW FUNCTION INSTEAD OF XT FOR CALCULATING R
C U CUMULATIVE DEPARTURE
C R RESCALED RANGE
C S DTANDARD DEVIATION
C NP - NUMBER OF DATA TS
C IT - INITIAL TIME FOR CALCULATION
C T - TIME LAG
C H HURST EXPONENTS
C DEL - LOCAL FRACTAL DIMENSION
C EXP - EXPERIMENTAL CODE
C ---------------------------------------------------------------
C

REAL TS(100),XT(100),DT(100),U(100),R,S
REAL RSS(IOO),RTT(100),XX(100),YY(100),H,DFL
REAL SXfSYfSXXfSXY
INTEGER NPflTfNNfN
CHARACTER EXP*8
DATA NP,IT/100,1/

C
C  INPUT DATA OF TIME SERIES: TS. DAT
C

0PEN(1,FILE='TS.DAT' , STATUS= ’ OLD ' )
READ(1,10)(TS(I),I=1,NP)

10 FORMAT(FB.3)
READd, 11) EXP

11 FORMAT (IX,AS)
CLOSE(1,STATUS='KEEP')

C
C ---------------------------------------------------------------
C CONSTRUCTION OF THE RESCALED RANGE
C * TIME SERIES IS CONVERTED TO INCREMENT OF FBM (XT)
C * XT IS REPLACED BY DT
C ---------------------------------------------------------------
c

X = 0.
DO 20 I = 1,NP
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X = X + TS(I)
XT(I) = X 

20 CONTINUE
C

DO 30 I = 1,NP
DT(I) = XT(I)- (XT(NP)*I/NP)

30 CONTINUE
C
C

OPEN(2,FILE='RS2. DAT',STATUS='NEW')
WRITE(2,70)

70 FORMAT (IX,/IX, '*** FRACTAL ANALYSIS : RESCALED RANGE DATA 
C * * * ' / )
WRITE(2,75)EXP 

75 FORMAT(IX, * EXP NO. : ',IX,A8, ' ***'/)
WRITE(2,80)

80 FORMAT(IX,' T',1X,' R/S'/)
C
C ------------------------------------------------------------
C CALCULATING THE CUMULATIVE DEPARTURE
C ------------------------------------------------------------
C

DO 100 J = IT+3,NP
51 = 0.0
52 = 0.0
DO 40 I = IT,J
U(I) = (DT(I)-DT(IT))-(DT(J)-DT(IT))*(I-IT)/(J-IT)

C
C ------------------------------------------------------------
C CALCULATING THE STANDARD DEVIATION
C ------------------------------------------------------------
C

51 = S1+(TS(I)*TS(I))
52 = S2+TS(I)

4 0 CONTINUE
S = SQRT((Sl/J)-(S2/J)**2)

C
C ------------------------------------------------------------
C CALCULATING THE RANGE R = MAX U - MIN U
C ------------------------------------------------------------
C

UMX = U(IT)
DO 50 I = IT+1,J 
IF(UMX-Ud) ) 52,51,51

51 GO TO 50
52 UMX = U(I)
50 CONTINUE

C
UMN = U(IT)
DO 60 I = IT+1,J 
IF(UMN-Ud) ) 61,62,62

61 GO TO 60
62 UMN = U(I)
60 CONTINUE

C
R = UMX-UMN

C
C ------------------------------------------------------------
C CALCULATING THE RESCALED RANGE R/S AND OUTPUT RESULTS
C ------------------------------------------------------------
C

RS = R/S
C
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N = J-3 
RSS(N) = RS 
RTT(N) = 1.0*J

C
C ----  PRINT RESULTS: RS2.DAT (SEE LINE 65)
C

WRITE(2,90)J,RS 
90 FORMAT(IX,14,IX,F8.3)
100 CONTINUE

C
C ----------------------------------------------------
C R/S IS A FUNCTION OF TIME LAG(T): R/S = C * (T)**H
C H IS HURST EXPONENT
C
C PLOT LOG-LOG DIAGRAM OF R/S VS T
C THE SLOPE IS H. (0 < H < 1)
C
C LOCAL FRACTAL DIMENSION, DEL = 2 - H
C -------------------------------------------------------
C THE LEAST SQUARES METHOD
C -------------------------------------------------------
C

NN = NP-3
DO 500 I = 1,NN
XX (I) = ALOGIO(RSS(I) )
YY(I) = ALOGIO(RTT(I))

500 CONTINUE
C

SX = 0.
SY = 0.
SXX = 0.
SXY = 0.

C
DO 510 I = 1,NN 
SX = SX+XX(I)
SY = SY+YY(I)
SXX = SXX+XX(I)*XX(I)
SXY = SXY+XX(I)*YY(I)

510 CONTINUE
C

SX = SX/NN 
SY = SY/NN 
SXX = SXX/NN 
SXY = SXY/NN

C
H = (SXY-SX*SY)/(SXX-SX*SX)
DEL = 2.0 - H

C
WRITE(2,520)H,DEL 

520 FORMAT(IX,/IX,’H =',F6.3/IX,'DEL =',F8.3)
C

CLOSE(2,STATUS='KEEP')
C

STOP
END
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FORMAT FOR DATA INPUT

(1) Data file - T S .  DAT containing a set of time series data should be an ASCII data 
file. Line 1 to line 100 are the time series data, and line 101 is a string for writing 
the experiment code (total 8 characters).

(2) Data file - N C .D A T  containing the parameters for calculating the Lyapunov 
exponents is only in the programme LYAP22. This is an ASCII data file including 
5 line : N P , T A U , D T , E V O L , LAG. All of the data in the file should be integers.

(3) The meanings of notation are noted in the programmes. ■
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NOTATION

Alphabets

A q catchment area

m

m

A ’ defined in Fig. 4-2

Archimedes number, dp  p g  { p s  - P g )  ^ I -

a  # 1, #2 radius of bubble (bubble 1,2) m

defined in Fig. 4-2

b calibration factor in Eq.(A-10)

Q  parameter in Eq.(2-6)

Cci{R) correlation integral

C], C2 centre points of bubbles 1,2 in Fig. 2-3

D  bed diameter

D(t) increment o f fBm instead o f X*(t)

£)^ bubble diameter

2)^^ initial diameter of bubble

equivalent bubble diameter

n  diameter o f nozzle on windbox

d  centre-to centre spacing o f interacting bubbles

^  correlation dimension

dpi fi-actal dimension

dpiO) initial separation of two points on nearby trajectories at t =

0

separation of two points on nearby trajectories at r = /

d i  (//) separation o f two points over a time interval, {tj - tp \)

embedding dimension

2 8 5

m

m

m

m

m

m
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^mo the first value of embedding dimensions
-

do diameter of nozzle for issuing bubble m

dp particle diameter m

^p i mean diameter of sieve aperture m

ds volume-surface mean diameter of particle m

d r thickness of two-dimensional bed m

F number density of bubble -4m

Fr Froude number, 'Uq^ /  (g  dp) -

f bubble frequency

G gas flowrate for bubble formation m^/s

Gi-I. i function in Eq.(2-5)
—

g acceleration due to gravity m/s^

Ha
defined in Fig. 4-2 m

Hb
defined in Fig. 4-2 m

H e Heaviside function

Hi defined in Fig. 4-2 m

H mf bed height at minimum fluidization m

H r Hurst exponent _

H m> distance between nozzle (on windbox) and bottom of 
distributor plate

m

h bed height m

^bo height at inherent bubble nose from distributor m

K average coalescence height m

^c,d average coalescence height in defluidized beds m

^c,f average coalescence height in fluidized beds m
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 ̂ average coalescence height from horizontal nozzles m

^ average coalescence height from vertical nozzles m

height of inherent spout m

I{x) transmitted intensity measured in x-direction _

/^(T) relative intensity, ( 4 ( 0 - / # / ) / Imf

J. transmitted intensity at /th discrete point (Eq. (A-13 ))

Ifnf mean intensity measured at Umf -

mean transmitted intensity _

/, j, k  ordinal numerals _

K  Kolmogorov entropy bit/s

K2 order-2 Renyi entropy

coefficient of rise velocity o f bubble _

jç' bubble rise rate constant in Eq.(2-4) _

£ , penetration depth of the bubble from the jet into the bed in m
Fig. 6-2(b)

Lu  measuring height in Fig. 8-7 m

2 .̂ jet penetration length m

Lmax maximum jet penetration length m

minimum jet penetration length m

Lw  measuring length in Fig. 8-7 m

/ nozzle separation distance m

4  separation distance between central nozzle and left-hand m
side nozzle

4  separation distance between central nozzle and right-hand m
side nozzle

M  number of bins _

^  number of repetitions for calculating X\ in Eq.(8-9) -

N  number o f measurements
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N i,N 2 positions of noses in bubbles 1,2 in Fig. 2-3 -

No number of orifices -

Nh number of bubbles per unit bed height -1m

n number of coalescence events or coalesced bubbles

P1,P2„. ...,P5 points of constant pressure around bubble in Fig. 2-3

Pj
probability -

P{ j \ ,  ... ■>jdm ) üf^-dimensional joint probability -

P defined in Eq. (2-9)

q scaling parameter defined in Eq.(A-12) m

R radius of sphere used to determine C j(^) in a time series -

R{t, s) rescaled range

PhP-2 defined in Fig. 4-2 m

Pa . P b
defined in Fig. 4-2 m

Re particle Reynolds number, dpUoPg! p -

r radial distance m

7
a finite point of r (Eq.(A-lO)) m

^ij
interaction coefficient represented the influence of bubble j  
on bubble i

-

Sm mutual information function bit

Ss Shannon entropy bit

% ) initial information bit

%  4 standard deviation

%1, fl) information over a time interval, (/% - ti) bit

s time lag _

T total available sample size
—

T dimensionless time, f / (4 -

t time s
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fo initial time s

tA time interval s

ib time required for bubble formation s

time of the /wth repetitions s

U superficial gas velocity through bed m/s

Ua rise velocity of the single bubble m/s

UAi rise velocity of the /th bubble in isolation m/s

Ui instantaneous velocity of the /th bubble m/s

Utj velocity vector o f bubble m/s

U m f minimum fluidization velocity m/s

Un ï velocity of the emulsion phase at the nose of the /th bubble m/s

Uo superficial gas velocity through one nozzle m/s

Ufi bubble velocity in vertical direction m/s

Uw, i-i wake velocity of the leading bubble m/s

Uxi vertical components of Uj m/s

Uyi horizontal components o f Uj m/s

U time s

n mean bubble volume 3m

Vh volume of bubble void 3m

^ ho volume of inherent bubble 3m

Vl volume of lefi-half bubble 3m

Vla defined in Fig. 4-2 3m

Vlb defined in Fig. 4-2 3m

Vu defined in Fig. 4-2 3m
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Vr volume of right-half bubble 3m

Vs volume of gas in shell surrounding a bubble 3m

W i, W] positions of noses of wakes 1,2 in Fig. 2-3 -

^ (0 time series

x (o dfn -dimensional state vector defined in Eq.(8-2) -

Xi points on the attractor
—

%*(,) increment of fBm

Cartesian coordinates m

vertical distance between centres o f interacting bubbles m

y
a finite point of x  (Eq.(A-lO)) m

Xi components o f a time series, X{t) -

^i,dm dfn-ih component of Xi

yd horizontal distance between centres of interacting bubbles m

yi vertical co-ordinate of the /th bubble centre m

yk defined in Eq (9-3)

z defined in Eq (9-3)
-

Greek letters

a angle between vertical direction and straight line connecting 
centres of two bubbles

0

P dependent variable related to variance of bubble volumes -

2
X Chi-square value -

ô minimum embedding dimension -

f(w) cumulative departure -

E defined in Eq.(A-9)

Ê i average value of E  over the inteval ( / ,  /  +  1) (Eq.(A-14)) —

s voidage —

^mf voidage at minimum fluidization
-
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s{r) radial voidage —

s{x ,z ) spaced-average voidage —

<!>i (j) (r) at /th discrete point (Eq.(A-15)) -

H r) defined in Eq.(A-5)

Y length of bin in Eq.(8-12) __

1 defined in Eq.(A-S) __

W
a finite value of rj (Eq.(A-lO)) -

7/ 7 at /th discrete point (Eq.(A-6)) -

2 Lyapunov exponent

Âi largest positive Lyapunov exponent -

M viscosity of gas kg/m-s

Od inclination to vertical of line joining bubble centres m

Ol left-hand angle o f coalescence 0

Or right-hand angle of coalescence 0

0\v wake angle 0

Pg
density of gas kg/m^

Ps density of particles kg/m^

G/ mass fraction of particles -

r time delay s

defined in Eq.(A-8) _

a finite value of (Eq.(A-lO)) -

& f  at /th discrete point (Eq.(A-6))
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