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Abstract

Sea ice has been highlighted as a chmate change indicator [IPCC, 1995], Models are 

useful tools to study Arctic sea ice on decadal and longer time scales [Vinnikov et al., 

1999] and the viscous-plastic model has been identified as the best model available 

to simulate ice motion [Kreyscher et a l, 2000],

Here we investigate whether a stand-alone viscous-plastic model reproduces ob

served ice thickness. The Kiel sea ice model and the UCL model, documented in this 

thesis, are compared to ERS radar altimeter estimates of ice freeboard. Compared 

to the observations, ice thickness is over estimated by 2 m in both models. Near 

the Canadian Archipelago this thickness difference increases to 3 m. We investigate 

whether a large thickness error in the model can be explained by errors in the model 

force balance. A sensitivity study of ocean and wind drag coefficients and maximum 

ice strength shows that the model ice thickness cannot be improved by only varying 

the maximum ice strength.

The viscous-plastic model is computationally expensive to solve accurately, which 

hinders its use in GCMs. We revise the numerical solution, introducing a new over

relaxation method which guarantees the stress solution is always within the yield 

criterion. The convergence of the velocity vector is much improved compared to the 

iterative scheme of Zhang & Hibler [1997]. Finally a numerical error is identified in 

the traditional velocity correction scheme which accounts for up to 0.5 m of the model 

ice thickness error. An efficient algorithm is designed and implemented to ensure the 

fully coupled mass-momentum solution is found to numerical accuracy.

In this thesis we find that the viscous-plastic model over estimates Arctic ice 

thickness in the late 1990s. Up to 25% of this error may be attributed to unresolved 

mass-momentum coupling, and we suggest other errors may lie in thermodynamic 

modelling.
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Chapter 1

Introduction

Monitoring global climate change, addressing how it might impact mankind and as

sessing options for mitigating climate change is deemed important enough for the 

creation of an Intergovernmental Panel on Climate Change (IPCC). This panel re

ports global mean increases in surface air temperature of 0.3^C to 0.6"C since the 

19th century [IPCC, 1995]. The IPCC note that the non-linear nature of climate 

hinders forecasting of future climate change, and improved representation of sea ice 

in climate models is highlighted for further development. A well recognised method 

of studying climate change is to investigate the transient response of global climate 

models (GCMs) to carbon dioxide doubling scenarios. Such an experiment was re

ported in Manabe & Stouffer [1988], where it is predicted the largest atmospheric 

temperature increases are in the Arctic during winter. They report a warming of 

up to 15®C in this region, weakening of the thermohaline circulation in the North 

Atlantic and reduction in sea ice mass. In similar experiments Stocker & Schmittner 

[1997] found that the magnitude of thermohaline circulation weakening depends upon 

the CO2 emission rate, and that the time to thermohaline collapse is dependent on 

various model parameters.

1.1 Sea Ice and The Climate

The polar regions play a significant role in the global circulation of the ocean and 

atmosphere. They radiate and refiect more energy towards space than they absorb 

and the energy deficit between the tropics and poles drives atmospheric circulation 

[Nakamura & Oort, 1988]. The global thermohaline circulation may be modulated by
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freshwater input to the North Atlantic from the Arctic [Broecker, 1997]. It is well 

known that GCMs indicate that the Arctic is a highly sensitive region to increases 

in greenhouse gases [Cattle & Crossley, 1995]. To understand the extent to which 

atmospheric warming might influence Arctic chmate and hence the global climate, an 

understanding of Arctic and North Atlantic circulation and the polar energy balance 

is required.

Sea ice is a key player in the Arctic climate system. It insulates the ocean from 

the atmosphere and it contributes to radiative cooling, so that variations in ice cover 

modify the Arctic heat budget. Sea ice export is the major source of fresh water in 

the North Atlantic [Aagaard & Carmack, 1989], influencing global ocean circulation. 

The two processes through which Arctic sea ice has been highlighted as influential 

to global circulation are ice albedo feedback [Budyko, 1969] and fresh water export 

through the Denmark Strait [Hakkinen, 1999].

1.1.1 Thermohaline Circulation

The Arctic Ocean is stratified with an exceptionally fresh top mixing layer [Aagard 

& Carmack, 1989]. Its temperature structure is unstable, with a surface layer that is 

a few degrees colder than the bottom water. It is because the top water is fresh that 

buoyancy is maintained, preventing deep convection.

The fresh Arctic surface layer is maintained by large river outflows and continen

tal runoff from Siberia and Canada [UNESCO, 1978, Aagaard & Carmack, 1989]. A 

strong halocline prevents mixing of the surface water with warmer, more saline, denser 

deeper water. Cooling the surface water to freezing point does not break down this 

halocline. This is why perennial sea ice cover exists in the Arctic. If the warm deep 

water was to mix with the surface water, more energy loss would be needed to cool the 

ocean surface to freezing point than is possible through radiative and convective heat 

loss, without a significant decrease in atmospheric temperature. It should be noted 

that continental runoff has large annual and interannual variability [Cattle, 1985], 

which has implications for local maintenance of the halocline.

The freeze-thaw cycle of sea ice modifies the fresh water budget of the Arctic. 

Brine rejection on freezing aids convective mixing. Melting in the summer releases 

fresh water. Both the seasonal cycle and the circulation of sea ice have impor-
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tant implications for the circulation of the polar oceans [Aagaard & Carmack, 1989]. 

On the Siberian continental shelves brine rejection causes convective plumes under 

freezing ice. Cold saline water runs off the continental shelf, descending to mix 

with deeper Arctic water masses. In the Laptev Sea ice divergence, causing the 

opening of leads throughout the freezing season, maintains this convective mixing 

[Aagaard & Carmack, 1989].

Ice is constantly exported through the Pram Strait into the Greenland-Iceland- 

Norwegian Sea. Vinje [1998] estimates the mean fresh water flux through the Pram 

Strait is 2790km^yr"\ with considerable year to year variability of 13%. This vari

ability has been estimated with models: Walsh et al. [1985] show mean ice ex

port to be 1400km^yr"\ though they suggest the mean export is underestimated 

and ice circulation is too slow in the model; Harder et al. [1998] find a seven year 

mean Pram Strait export of 2700 km^yr"\ with 21% interannual variability; Himler 

et al. [1998] find a mean export into the Greenland-Iceland-Norwegian (GIN) sea of 

3600 km^yr'L All studies find significant interannual variabilities, the magnitude of 

which are in agreement with each other [Harder et al., 1998]. Himler et al. [1998] 

note a large anomaly in their 40 year run; ice export in 1968 is found to be 50% larger 

than mean export. This corresponds to the time period when the North Atlantic 

surface water was observed to be anomalously fresh, the “Great Salinity Anomaly” 

[Dickenson et al., 1988]. There is a large spread between model estimates of Pram 

Strait export; Harder et al. [1998] demonstrates that this flux is sensitive to ocean 

current, wind speed and air temperature. Unrealistic exports are predicted by Walsh 

et al. [1985] and Harder et al. [1998] note that ice export is dependent on model con

figuration. To obtain the results outlined above Harder et al. [1998] tuned dynamic 

parameters in the sea ice model with respect to drifting buoy speeds and ice thickness 

observed at the North Pole.

Ice export through the Pram Strait is the main sink of Arctic sea ice [Thomas & 

Rothrock, 1993], and is a major source of freshwater in the North Atlantic. In the 

North Atlantic the saline surface water of the Gulf Stream meets cold fresh Arctic 

water, causing overturning. The position of the polar front is controlled by the fresh

water influx to the North Atlantic, increased freshening causing overturning to occur 

at more southerly latitudes. This overturning plays a key role in the global thermoha- 

line circulation of the oceans [Broecker, 1997]. There are relatively few regions where
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deep convection occurs, and the North Atlantic is thought to be a major source of the 

global ocean’s bottom water. This ventilation is found to be sensitive to small changes 

in the freshwater input to the Greenland-Iceland-Norwegian Sea [Rahmstorf, 1995].

Simulations of the meridional overturning cell in the North Atlantic demonstrate 

the influence of sea ice export on the strength of overturning. It is found by Yang 

& Neelin [1993] that feedbacks between oceanic poleward heat advection and sea ice 

melting/freezing processes give rise to a self-sustained interdecadal oscillation in the 

thermohaline circulation. Yang & Neelin obtained this result with a coupled thermo- 

haline circulation, thermodynamic sea ice model. They later flnd a similar oscilla

tion in a three-dimensional ocean model coupled to a thermodynamic sea ice model 

[Yang & Neelin, 1997]. The response of a thermohaline circulation model to pertur

bations in Norwegian Sea freshening was investigated by Rahmstorf [1994]. He found 

that an anomalously high, 4 year freshening of the Norwegian Sea does not cause 

variability in the North Atlantic overturning and deep water formation; increased 

freshening of the Norwegian Sea reduces overturning here, but this is balanced by 

increased overturning in the Labrador Sea. The two circulation regimes identifled by 

Rahmstorf [1994] are quite different, freshening leads to 5 K cooler sea surface temper

ature. Later interdecadal oscillations in the North Atlantic overturning were identified 

in a three-dimensional ocean model [Rahmstorf, 1995]. Rahmstorf [1995] estimated 

this overturning to be 20 Sv with variability of up to 3 Sv. Another study involving 

a Atlantic-Arctic ocean model coupled with a thermodynamic-dynamic (viscous rhe- 

ology) sea ice model shows that ice export significantly influences the strength of the 

North Atlantic meridional overturning cell [Mauritzen &: Hakkinen, 1997]. It is found 

that increasing the mean ice export through the Fram Strait from 2000km^yr“  ̂ to 

2800km^yr“  ̂ increases overturning by 2 to 3Sv per year. The time scale for ocean 

adjustment to variation in ice export is estimated to be 5 to 10 years and it is de

duced that sea ice induced variability in overturning can reach 5 to 6Sv between 

decades with anomalously low and high ice exports. The model’s response to short 

time scale, anomalously large ice export events (e.g. 1000 km^ exiting the Denmark 

Strait in 6 months) is investigated by Hakkinen [1999]. It was determined in a previ

ous model study [Hakkinen, 1993] that ice exports of this magnitude may be linked 

to events such as the Great Salinity Anomaly. This export leads to a 20% change 

in the modelled meridional overturning, and recovery of the overturning cell is found
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to take several years. The ice exports considered in these experiments are indicative 

of observed natural variability. Model experiments show a clear link between North 

Atlantic overturning and sea ice export.

Quantifying the ventilation of the deep ocean is essential to our understanding of 

the role the ocean plays in the Earth’s climate. Modelling studies indicate that atmo

spheric decadal variability might be transfered to the ocean through a sea ice mecha

nism. Current understanding is that atmospheric variability may cause decadal vari

ability in ice export through the Pram Strait [Proshutinsky & Johnson, 1997], which 

is turn may modulate overturning in the the North Atlantic. Determining the magni

tude of North Atlantic overturning and how this is modulated by ice export through 

the Pram Strait and Denmark Strait may provide insight into possible climate change 

scenarios [Broecker, 1997]. Hydro-graphic data in the northern North Atlantic show 

variations in outflow from the Nordic Seas to the deep Atlantic Ocean, flow doubling 

and then returning to previous values over the last four decades [Bacon, 1998]. Bacon 

suggests this variability may be forced by variability in polar air temperature which 

in turn may be connected to recently observed polar warming [Rigor et al., 1999]. 

Investigations of the mechanism controlling decadal variability of the thermohaline 

circulation would be complemented by improved estimates of sea ice flux through 

the Pram Strait. Models are the only means of studying this export over time scales 

greater than a few decades. Hence we must be confident that these models correctly 

reproduce ice circulation and mass.

1.1.2 Ice A lbedo Feedback

Sea ice and the atmosphere are predominantly coupled through ice albedo feedback. 

Ice is more reflective to short wave radiation than the ocean, ice having a higher 

albedo, hence the creation of sea ice amplifies polar atmospheric cooling. Conversely 

ice melt enhances atmospheric warming. Excessive warming of the polar regions, 

leading to ice melt could enhance global warming [Mitchell, 1989]. It is believe that 

the influence of albedo feedback is not straight forward; the effect of increased cloud 

cover and ocean surface freshening are probably important [Walsh, 1991].

As the climate is a complex non-linear system, GCMs are relied upon to investi

gate the effects of climate warming and natural climate variability. Typically, GCMs
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use crude grid box average parameterisations of albedo. It is common practice to tune 

albedo to optimise atmospheric simulation, see for example [Manabe & Stouffer, 1980, 

Washington & Meehl, 1983]. This tuning is unphysical and may mask systematic er

rors in the model [Shine & Henderson-Sellers, 1985]. It has been found that changing 

albedo parameterisation in GCMs leads to differing climate sensitivity and modified 

global atmospheric circulation [Meehl & Washington, 1990].

Sea ice in GCMs is often modelled thermodynamically as a uniform slab without 

leads, with albedo linearly dependent on surface temperature and accounting for sur

face melt and snow cover [Manabe & Stouffer, 1988, Mitchell etal, 1987, Wilson & 

Mitchell, 1987]. Albedo feedback is found to vary between 0.16 and 0.7Wm“^K“  ̂

depending on the method used to represent albedo feedback [Ingram et al., 1989]. In

creasing albedo feedback, by decreasing sea ice sensitivity to melt, has been shown to 

have profound influence on low frequency variability in a model atmosphere [Meehl 

et ah, 2000].

Kreyscher et al. [1997] flnd that ice dynamics used in GCMs -  typically free 

drift with stoppage when ice becomes thick -  is poor at representing ice motion 

and area. Model ice cover is sensitive to the energy balance at the ice-atmosphere 

interface and ice dynamics [Lemke et ah, 1997]. Lemke et al. flnd that using more 

realistic ice dynamics (including a viscous-plastic rheology) decreases the modelled 

sea ice sensitivity to atmospheric perturbations. This indicates that determination 

of the magnitude of ice albedo feedback could be aided by including realistic models 

of sea ice cover within GCMs [Ingram et ah, 1989]. Sea ice has been highlighted 

[IPCC, 1995] as one of the more uncertain processes in GCMs, and the IPCC calls 

for the development of improved sea ice models for chmate studies.

1.1.3 Sea Ice as a Clim ate Change Indicator

It is thought that changes in Arctic sea ice extent might be an early indicator of 

global warming [ACSYS, 1992, Budd, 1975]. Through ice albedo feedback, the ice 

extent is sensitive to atmospheric warming. An increase in temperature, leading to 

ice melt, will be amplified as less short wave radiation is reflected back to space, in

creasing ice melt. Similarly, a reduction in the freshwater input to the Arctic may 

weaken the halocline, warming the surface mixing layer and melting perennial ice



1.2 Observations of Arctic Sea Ice 29

[Aagaard & Carmack, 1989]. COM experiments show that in response to increased 

greenhouse gases (i.e. doubling atmospheric CO2 ) Arctic sea ice substantially de

creases in extent [Cattle & Crossley, 1995, Manabe & Stouffer, 1988]. The accuracy 

of these global warming predictions are uncertain, see for example the criticism of 

Walsh [1991]. In the next section we outline observed trends in Arctic sea ice and 

discuss their indication of climate change in the Arctic.

1.2 Observations of Arctic Sea Ice

The Arctic is an inaccessible, hostile ocean. Until the later half of the 20th Century 

the study of global ice motion and mass balance was infeasible. Fishing and whaling 

vessels have been navigating the Greenland-Iceland-Norwegian Sea since the 1600s, 

though their mapping of the ice edge is erratic. In-situ records of the ice edge are 

considered to be reliable from 1953 onwards [Walsh & Johnson, 1979]. More detailed, 

and consistent, observations of the global ice circulation and distribution have become 

available relatively recently. Rehable records of ice drift, coverage and thickness in 

the central Arctic begin in the late 1960s. Since then operational monitoring of the 

ice state, in particular satellite monitoring of sea ice coverage, has become routine. 

There are still gaps in this monitoring, and until recently ice thickness information 

was sparse. Ice thickness data has recently been determined by satellite altimetry 

[Peacock, 1999] and continuous, winter time data for most of the Arctic exists from 

1993 onwards. Fluxes in the Arctic sea ice were inferred from a handful of cruises, 

moored buoys, drifting buoys and manned ice stations, though with recent advances 

in satellite monitoring of ice velocity these fluxes may be inferred more accurately 

than previously possible.

1.2.1 Ice Area and Extent Observations

Ice coverage has been monitored routinely since the 1950s [Mysak Sz Manak, 1989]. 

Since 1973, when the EMSR was launched, space-borne microwave radiometers have 

been used to study sea ice cover [Zwally et al., 1983]. Sea ice extent, the total ice area 

including open water within the pack, is mapped and areal fraction of ice monitored. 

There are various algorithms to extract this information from observed brightness 

temperatures at 18 GHz and 37 GHz; the most popular are the NASA Team algorithm
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and the GSFC Bootstrap algorithm. For a comprehensive review of sea ice analysis 

with passive microwave algorithms see [Steffen et al., 1992]. The SMMR and SSM/I 

instruments aboard the NOAA/DMSP series of satellites provide constant monitoring 

from October 1978 onwards.

Analysis of the passive microwave record of sea ice extent from 1978 until 1988 

indicates a 2% decline in Arctic sea ice extent (with statistical confidence 96%) 

[Gloersen & Campbell, 1988]. After analysis of the extended SMMR and SSM/I 

record Johannessen et al. [1995] suggest there has been a significant decrease in 

sea ice extent of 3% per decade since 1978. A much longer record of sea ice extent, 

from in-situ observations of the ice edge since 1953, has been analysed by Mysak 

& Manak [1989] who find the time of the Great Salinity Anomaly corresponds to 

increased ice extent. Updated versions of this data set show no long term trends 

[Barry et al., 1993]. Trends observed in the passive microwave sea ice record do not 

conclusively show an overall decrease in total ice extent compared to interannual vari

ability. Passive microwave sea ice observations can be classified as multi-year or first 

year ice [Steffen et al., 1992]. Trends in the area of multi-year ice were investigated 

by Johannessen et al. [1999] and it was found to have decreased by 14% since 1978. 

Although the trend in total Arctic ice cover is small, it is curious that there is such a 

large trend in multi-year ice. This loss of multi-year ice could be evidence of transition 

between different regimes of the Arctic sea ice cover. Johannessen et al. [1999] note 

that the more pronounced decrease in multi-year ice area is from 1987 onwards and 

could be associated with changes in atmospheric circulation.

Differences in interannual variability between regions is apparent in the ice ex

tent record. In the Greenland Sea the ice edge position varies considerably, and 

decadal time scale variations are found to correlate to anomalous salinity events in 

the North Atlantic [Mysak & Manak, 1989]. Regional interannual variations in ice 

area are outlined in [Parkinson & Cavalieri, 1989]. Summer ice extent in the Cen

tral Arctic shows variability between years with anomalies of up to 20% of the to

tal ice cover [Parkinson, 1991]. Over the last three years, 1996-1999, the summer 

ice extent has been consistently smaller than average, with ice receding above 82^N 

in the Barents Sea in August. The lowest ice extent on record occurred in 1998 

[Maslanik et al., 1999].
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1.2.2 Ice M otion Observations

Routine monitoring of the sea ice motion began in the 1950s. The mean ice motion

has been determined from the drift of ice camps and buoys. Mean seasonal velocity

fields for 1979 onwards, from the International Arctic Buoy Program (lABP), are pre

sented in [Colony & Thorndike, 1984]. The main features of the mean motion are a 

clockwise gyre in the Beaufort Sea and the Transpolar Drift running from the Siberian 

coast through the Fram Strait. The time for ice to make one complete circuit of the 

Beaufort gyre is 5 to 10 years. Ice traverses the Transpolar Drift Stream, accelerating 

towards the Fram Strait, in about 3 years [Thorndike, 1986]. Over yearly time scales 

the ice drift reflects the roughly equal influence of wind and ocean surface currents. 

On shorter, daily time scales a strong relationship is found between ice velocity and 

geostrophic wind. There is considerable monthly variability, and interannual variabil

ity, in the ice drift [Thorndike & Colony, 1982].

Other ice velocity data sets exist. Synthetic Aperture Radar (SAR) provides local 

ice velocity fields at much finer resolutions than buoy data [Fily & Rothrock, 1986, 

Kwok et al., 1990]. More recently ice velocity has been derived from passive mi

crowave radiometry. The SSM/I instruments aboard the NOAA/DMSP series of 

satellites are routinely used to monitor ice coverage. Algorithms have been devel

oped to estimate ice velocity with brightness temperature cross correlation techniques 

[Kwok et ah, 1998]. This data provides good coverage in the winter, resolving veloci

ties over 3 day time scales. Ice velocity fields found by optimal interpolation of lABP 

Buoy drifts have a spatial resolution of hundreds of kilometres. It is expected SSM/I 

ice velocities will provide more accurate and detailed ice flux analysis than obtained 

with lABP velocity fields [Thomas & Rothrock, 1993]. Areal fluxes of ice through the 

Fram Strait, and from several other regions, have been determined by combination of 

SSM/I velocity and concentration [Martin & Augstein, 2000].

1.2.3 Ice Thickness Observations

In order to determine sea ice mass we require observations of ice thickness. Until 

recently there was little ice thickness data available, the main data sets being Upward 

Looking Sonar (ULS) measurements of ice draft. ULS are moored in several locations 

in the Fram Strait, providing a continuous record of ice mass flux through the strait
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[Vinje et a l, 1998]. Submarine cruises provide more extensive ULS coverage in the 

Arctic and Greenland Sea. Declassified data from US Navy cruises provide the only 

ice thickness measurements that large scale sea ice models have been verified against. 

A climatology of ice thickness, produced from 12 cruises between 1958 and 1987, 

is presented by Bourke & McLaren [1992]. Sea ice thickness is highly variable on 

horizontal scales of tens of metres to kilometres. There is a gradient in mean ice 

thickness across the Arctic Basin, reflecting ice convergence towards the Canadian 

Archipelago. The seasonal cycle in ice thickness was identified, with mean ice thickness 

varying by a metre. The largest values of mean ice thickness, over 7 m, occur along 

the Canadian Coast. Thinner ice, up to 3 m thick, is found in the Beaufort Sea. The 

Bourke & McLaren [1992] climatology is limited to a box in the Canadian side of the 

Arctic, encompassing part of the Eurasian Basin and Beaufort Sea.

There have been attempts to deduce trends in ice thickness between submarine 

cruises. The variability of ice thickness measured during the twelve cruise included in 

the Bourke & McLaren [1992] climatology is investigated by McLaren et al. [1994]. 

Only around the north pole was there sufficient data for analysis of interannual vari

ability. Mean ice thickness here was found to be 3.6 m with year-to-year variabilities 

of 0.8 m. This large interannual variability obscures detection of climatic trends in ice 

thickness. Ice thickness along a section of the Eurasian Basin on two cruises in 1976 

and 1987 was analysed by Wadhams [1995]. A mean decrease in ice thickness between 

the two cruises was reported. Both cruises sampled ice at different times of year, for 

differing tracks and only two time periods were sampled, hence it is tenuous to draw 

conclusions about large scale trends in ice thickness from this data. Wadhams ad

dressed this criticism in [Wadhams, 1997], claiming that statistically significant trends 

could not be found around the north pole but that the difference in area averaged 

thickness in the Eurasian Basin is statistically significant.

In the late 1990s the SCICEX (Scientific Ice Expeditions) project was instigated. 

Submarine ULS data was collected in a region of the central Arctic encompassing the 

Beaufort Sea and North Pole. Data is available from 6 cruises in 1992, 1993 1996 and 

1997. This data has been analysed and compared to submarine ULS data collected 

between 1958 and 1976. Based on comparisons at 24 coincident points, of a mainly 

Autumnal data set, it is identified that mean ice thickness has decreased from 3.1 m 

in the 1960s and 1970s to 1.8m in the late 1990s [Rothrock et al., 1999]. Rothrock
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et al. [1999] report that ice volume in the Arctic has decreased by 40% over this time 

period.

During the SHEBA (Surface Heat and Energy Budget of the Arctic) cruise, 1997, 

ice thicknesses in the Beaufort Sea were found to be thinner than expected from 

climatology [McPhee et al., 1998]. The mean ice thickness was reported to be about 

1.5m. It can not be determined whether this was a local anomaly due to shifting 

circulation patterns or freshwater influx to the region. This result does support the 

general consensus that, on average, ice in the whole Arctic was thinner in the late 

1990’s than has ever previously been recorded.

In 1997 the first direct measurements of ice freeboard were made with a satellite 

altimeter [Peacock, 1999]. Ice freeboard has been mapped during the ERS-1 and ERS- 

2 missions, from May 1993 onwards. This dataset is discussed below in section 3.2 

and has been shown to be in good agreement with the SCICEX data.

To summarise, it is well documented that sea ice in the late 1990s is thinner and 

less extensive that previously observed. Consistent and rehable records of ice extent 

only exist since the late 1970s. Records of ice thickness are sparse, and synoptic 

satellite altimetry observations over the whole Arctic are available for less than a 

decade. These time scales are too short to determine climatic trends in Arctic ice 

cover. To understand whether the observed decrease in ice mass is a climate change 

signal we require knowledge of the interannual and decadal variability of sea ice mass, 

and how this is related to atmospheric and oceanic variability. At present, models 

are the only means of studying sea ice variability throughout this century. These 

could be used in conjuction with thickness observations from the last three decades 

to understand whether the observed decrease in ice thickness is part of a long time 

scale Arctic sea ice cycle.

1.3 Natural Variability

Decadal scale variability of the ice cover has been observed in the passive microwave 

record [Gloersen & Campbel, 19191, Gloersen & Campbell, 1988, Parkinson, 1991, 

Parkinson & Cavalieri, 1989]. Anomalies in sea ice extent are found to be corre

lated to low frequency atmospheric variability [Gloersen, 1995]. Interannual sea ice 

mass variability is apparent in various modelling studies. Stand alone models, forced
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with fields from atmospheric analysis produced with global numerical weather pre

diction models, show considerable interannual variability in ice circulation and mass 

[Walsh et ah, 1985, Himler et ah, 1998]. A single column energy balance model, only 

accounting for sea ice thermodynamic and coupling to the atmosphere, predicts that 

ice mass varies on predominantly decadal time scales [Bitz et al., 1996]. Given the 

variability apparent in their model Bitz et al. estimate the length of time ice thickness 

must be monitored in order to determine a climate trend. Based on sea ice thickness 

having a 15 year characteristic time scale with a variance of 0.75 m, they estimate 

that 60 years of monitoring are required before a 1.4 m observed trend is significant at 

95% confidence. Over a 30 year time period an observed trend of 0.7 m has only 70% 

confidence. This highlights why we need to estimate the natural climate variability 

of sea ice before the observed decrease in Arctic ice mass [Rothrock et al., 1999] may 

be understood.

Sea ice trends have been examined with GCMs, where greenhouse warming experi

ments project that increasing atmospheric warming will lead to a decrease in Northern 

Hemisphere sea ice extent [Manabe & Stouffer, 1988]. More recently Vinnikov et al. 

[1999] examine the response of sea ice extent in two GCMs. The two models considered 

are: (1) the GFDL model (R15) which represents sea ice thermodynamically without 

accounting for the evolution of leads and (2) the Hadley Centre model (HADCM2) 

representing ice thermodynamically with lead parameterisation; both allow ice to be 

advected by ocean currents. Both models show similar ice extent trends over cen

tennial time scales, even though HADCM2 underestimates sea ice extent. Vinnikov 

et al. [1999] assess the significance of these trends to determine whether they are the 

result of natural variability in the model system. They find very low probability that 

modelled and passive microwave observed trends are the result of random variation, 

suggesting the trends are related to anthropogenic global warming. This result relies 

on the models’ natural variability reproducing that observed in nature. However there 

is no reliable evidence that GCMs correctly represent atmospheric-ice coupling. The 

assumption that small scale processes can be separated from large scale circulation, 

so long as small scale parameterisation results in realistic circulation and overall vari

ability, is suspect [Shackley et al., 1998]. Further verification of modelled coupling 

between ice, atmosphere and ocean is required; toward this end we need improved 

understanding of the processes controlling decadal scale variability of sea ice.



1.3 Natural Variability 35

In a model study Proshutinsky & Johnson [1997] found two modes of wind driven 

ice circulation in the Arctic Ocean. The two regimes are referred to as cyclonic and 

anti-cyclonic. Cyclonic circulation results in an enlarged Beaufort Gyre and shifting 

of the Transpolar Drift towards the Siberian Coast, transporting ice from the Laptev, 

East Siberian and Chukchi Seas. Anti-cyclonic circulation has a weakened Beaufort 

Gyre and the Transpolar drift is shifted into the Central Arctic. Both circulation 

patterns are associated with changes in oceanic circulation, the cyclonic regime hav

ing fresher surface water and stronger vertical stratification than the anti-cyclonic 

regime. Coupled ice-ocean model results suggest that the regimes alternate and may 

be persistent for 5 to 7 years [Proshutinsky & Johnson, 1997]. Shifts between regimes 

are forced by changes in the location and intensity of the Icelandic atmospheric low 

and the Siberian atmospheric high. It is possible that the Proshutinsky & Johnson 

model of atmospheric control of Arctic ice could explain some of the observed Arc

tic ice mass variability. Decadal time scale oscillations in atmospheric low pressure 

systems in the Arctic and North Atlantic are well documented and linked to the 

NAO, first described by Sir Gilbert Walker in 1930, and the Arctic Oscillation (AO) 

[Thomas & Wallace, 1998]. Recently the NAO and AO has been linked to sea ice 

extent variability [Feng & Wallace, 1994, Mysak & Veneges, 1998]. Feng and Wallace 

[1994] identify that temporal variability in sea ice extent is strongly coupled to the 

NAO, the atmosphere leading the ice extent by 2 weeks. The influence of the atmo

sphere is found to be strong enough to halt climatological advance of the ice edge 

in some regions, enhancing it in others, for example a see-saw in sea ice extent be

tween the Labrador and Greenland Seas. They indicate that local wind stress and 

thermodynamic forcing can explain sea ice variability in most regions; except in the 

Greenland Sea. Mysak & Veneges [1998] performed principle component analysis on 

40 years of ice concentration and sea level pressure data. They found that a standing 

oscillation in sea level pressure, characterised as the AO, is correlated to a cyclic os

cillation in sea ice extent. More recently Wang & Ikeda [2000] analyse data from 1901 

to 1995 and find that 41% of the variance in sea ice extent can be explained by the 

AO. The second mode apparent in the sea ice extent record is related to the NAO, as 

sea ice anomalies in the Labrador and Greenland Seas are out of phase.

In the late 1990s Arctic atmospheric circulation was in the NAO and AO phases 

that are characterised by the cyclonic atmospheric circulation in the Proshutinsky-



1.4 Overview 3 6

Johnson model [Wang & Ikeda, 2000]. It is thought the observed decrease in ice mass 

in the late 1990s may be linked to increased cyclonic ice circulation. Maslanik et al. 

[1999] suggest reduced ice extent in the Summer of 1998 was preconditioned by light ice 

cover in Autumn 1997 and decreased northerly winds causing a reduced Beaufort Gyre 

in Winter 1998. During SHEBA (October 1997) increased freshening of surface water 

and thinning of sea ice were observed, compared to AID JEX (1975) measurements 

[McPhee et al., 1998]. The SHEBA site was located near the centre of the Beaufort 

Gyre, where historically the thickest perennial sea ice has been recorded. Near this 

site hydro-graphic surveys from 1987 onwards indicate that the freshening observed 

in 1997 was Mackenzie River outflow [MacDonald et al., 1999]. Fresh water from ice 

melt was recorded in the early 1990s indicating a reduction in ice thickness from 6 to 4 

metres [MacDonald et al., 1999]. This ice melt corresponds to atmospheric circulation 

becoming more cyclonic. It is suggested that increased ice melt was in response to this 

shift in circulation regime. Hydro-graphic surveys from SCICEX cruises indicate that 

the mid-Eurasian Basin surface waters were remarkably saline during the 1990s, with 

the cold halocline layer retreating from the Eurasian Basin [Steele & Boyd, 1998]. An 

expected consequence is increased heat flux from the deep Atlantic Water layer to the 

surface layer. At the moment it is unclear whether these observed conditions are due 

to a stable decadal Arctic circulation cycle or whether the conditions will persist, 

resulting in loss of perennial ice in the Arctic.

1.4 Overview

To understand recent observations that the Arctic sea ice thickness and extent is 

decreasing, the interannual and decadal variability of ice mass must be determined. 

Arctic wide monitoring of ice coverage and ice velocity, obtained from satellite borne 

passive microwave radiometers, is available from 1978 onwards. Synoptic observa

tions of ice thickness have become available recently, radar altimeter data is avail

able from 1993 onwards. Future missions are planned (Cryosat, ENVISAT and 

Icesat) which will extend the altimeter ice thickness record beyond the lifetime of 

ERS. All other ice thickness data sets are sparse and do not have long temporal 

coverage. Trends have been determined in sea ice records: ice extent is observed 

to have decreased slightly over the last twenty years [Gloersen & Campbell, 1988,
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Johannessen et a l, 1995]; ice thickness has decreased by 40% since the 1970s in sub

marine records [Rothrock et al., 1999]. Unfortunately, as these records are rather 

short, it can not be identified whether these trends are due to climatic or shorter 

term (decadal) variability. At present models are used to study long time scale sea 

ice variability and trends.

It is well documented that sea ice plays an important role in global climate. In 

models used to study climate change sea ice is treated rather simplistically. These cli

mate models have been found to be sensitive to the treatment of sea ice [Ingram, 1989]. 

If we are to trust climate model results, it is important that the representation of sea 

ice is accurate. The ice cover must realistically modulate fluxes between the ocean 

and atmosphere. The extent of the ice, leads and thin ice must be well represented; 

this is controlled by ice dynamics as well as thermodynamics [Lemke et al., 1997]. Sea 

ice also influences the global ocean circulation, through export of fresh water into the 

North Atlantic. In order to correctly represent this flux Arctic sea ice mass must be 

correctly modelled. To understand how interactions between atmosphere, ice, ocean 

and atmospheric oscillations control Arctic sea ice mass further process studies are 

required. It is desirable to use models to determine the dominant periods of sea ice 

variability, and whether ice mass variability may be linked to known atmospheric 

variability. It may be possible to use climate models to investigate variability of sea 

ice mass and how this influences ocean circulation.

Sea ice models used in GCMs do not represent Arctic ice mass correctly. Indeed, 

there is some concern that their misrepresentation of sea ice casts doubt on Arctic 

trends identifled in climate warming scenarios; it has been shown that dynamic- 

thermodynamic sea ice models with plastic rheology are required to provide cor

rect fields of sensible heat, latent heat and salt flux to the atmosphere and ocean 

[Lemke et al., 1997]. Stand alone sea ice models and coupled ice-ocean models are 

being used to study interannual variability, for example ice mass flux through the 

Pram Strait has been modelled and correlation between this and anomalous salinity 

in the North Atlantic has been identifled [Hakkinen, 1995]. In these studies we must 

have confidence in the tool used; it is important to verify that the sea ice model 

correctly represents ice mass and motion.
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1.5 Thesis Outline

In this thesis we are concerned with the viscous-plastic sea ice model, which is consid

ered, at the moment, to be the appropriate sea ice dynamics model for use in climate 

studies. It will be investigated whether this model reproduces observed ice mass. The 

concerns of the climate modelhng community that the viscous-plastic model is too 

computationally expensive to use in GCMs are also addressed.

In the next chapter we introduce the viscous-plastic sea ice model and discuss 

evidence for its validity and performance. In this literature survey we find that the 

viscous-plastic model ice velocity has been verified extensively against Arctic buoy 

drift, but the modelled ice thickness has only been verified extensively in the Pram 

Strait and at the North Pole. Model thickness throughout the rest of the Arctic has 

been compared to a climatology produced from limited coverage of submarine data 

sets. This climatology has been shown to not represent ice thickness conditions in the 

1990s.

Recently the ERS radar altimeter has been use to determine ice freeboard, from 

which ice thickness throughout the Arctic has been estimated [Peacock, 1999]. We 

utilise this data to make the first comparisons between observed and modelled ice 

thickness across much of the central Arctic for three consecutive winters, 1995 to 

1998, in chapter 3. Differences of the order of meters are found between the observa

tions and the Kiel sea ice model, which is a state-of-the-art stand-alone viscous-plastic 

model. We describe the temporal and spatial variability of these differences in detail 

in chapter 3. The most interesting finding is that the most disagreement between ob

servations and model is near the Canadian Archipelago, where disagreement between 

ice thickness modelled with various rheologies is documented in the open literature.

We revise the numerical solution of the highly non-linear viscous-plastic model in 

chapter 4. Discretisation is performed with the finite volume method and we introduce 

an improved iterative solution of the momentum equation that ensures an unphysical 

plastic solution is never attained. With this improved iterative method the velocity 

solution converges within 20 iterations. Various case studies in section 4.3 investigate 

and test the performance of the revised numerical solution and in chapter 5 we present 

a twenty year simulation of Arctic sea ice. Here we find similar differences between 

our modelled ice thickness and observations as those reported in chapter 3.
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In chapter 6 we investigate whether model thickness error may be due to errors in 

the model force balance. A sensitivity study is performed to determine optimal air 

and water drag coefficients and ice strength parameter. We find that the dynamical 

model alone can not be tuned to reproduce observed ice thickness.

Numerics are revisited in chapter 7, where we determine that mass-momentum 

coupling is an important process that is unresolved with the traditional iterative solu

tion presented in chapter 4. Traditionally sub-time step iterations are only performed 

on the ice velocity solution, and mass-momentum coupling is performed through time 

stepping. We find that in regions where ice is convergent throughout the year, the 

ice strength-velocity coupling must be solved to numerical tolerance. A new iterative 

solution scheme for the viscous-plastic model is derived and implemented. Which en

sures that the fully coupled mass-momentum solution is found to numerical accuracy 

as iterations between the velocity solution and updated ice strength are performed 

each time step. Applying the new algorithm reduces modelled Arctic ice thickness by 

0.3 m on average.

Finally, the main results and conclusions will be summarised. In the light of 

these findings, future directions for verification and development of the viscous-plastic 

model will be discussed.



Chapter 2

Modelling Sea Ice

Sea ice is a heterogeneous, anisotropic material. It forms a consolidated, highly frac

tured coverage of ice floes during winter. Ice thickness is non-uniform on small scales, 

and impacts between floes cause the ice to form pressure ridges, which can be over 

10 m thick. The local distribution of ice thickness, floe size and lead fraction varies 

across the polar regions. This can be attributed to variations in local growth condi

tions and ice motion. To directly simulate sea ice dynamics, we need to model ice on 

scales smaller than floe size, typically of the order of metres. The computational effort 

to resolve the whole Arctic Ocean over decadal time periods would be prohibitively 

expensive with the most powerful computer available today. To overcome this prob

lem, sea ice is modelled as a continuum on scales of tens of kilometres. Hence the 

evolution of mean ice velocity and mean ice mass per unit area are estimated. It is 

important to bear in mind that assumptions have been made about the distribution 

of ice thickness and velocity over an area, and continuum models provide estimates 

of mean ice thickness and velocity on scales of tens to hundreds of kilometres.

The idea of treating sea ice as a continuum on scales greater than typical floe 

sizes was first introduced 40 years ago, with the concept of an ice area fraction 

[Nikiforous, 1957]. The use of rheology to describe unresolved floe interactions was 

introduced by Reed & Campbell [1960] who treated ice as a thin film viscous fluid. It 

is observed in satellite images that ice floes behave in much the same way as particles 

in a granular material [Marco & Thomson, 1977]. Prom these early investigations it 

is apparent that sea ice may be modelled as a granular plastic on scales an order of 

magnitude greater than floe size. Applying continuum mechanics at these scales has
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allowed numerical modelling of the global sea ice motion and mass. This approach 

requires consideration of mass, momentum and thermodynamic balance.

2.1 Conservation of Mass

As ice density is assumed to be uniform everywhere, conservation of ice mass is de

scribed by a continuity equation for ice volume. The ice volume per unit area is given 

by the integral of the distribution of ice thickness. Thorndike et al. [1975] describe a 

continuity equation for a general ice thickness distribution function g{h).

|  =  _ V . ( U , )  +  ^ - ^  +  F „  (2.1)

where ^ is a function describing the ice thickness distribution and h is the ice thick

ness. The thermodynamic source terms are the vertical rate of change of thickness 

where F  is the growth rate (melt rate is negative) and Fl describes lateral 

changes in g{h). Redistribution of ice due to plastic deformation is described by 'tp . 

The thermodynamic sources and sinks of ice mass should be modelled to realistically 

adjust the sub-grid scale thickness distribution. Also mechanical redistribution of ice 

thickness must be modelled with respect to the large scale stresses on the ice field.

If realistic ice thickness distributions are resolved this model becomes overly so

phisticated and expensive for use in Global Circulation Models. The ice thickness dis

tribution may be simplified so that it is described by a histogram with relatively few 

bands, as for example [Hibler, 1980]. Mechanical ice redistribution may be estimated 

assuming a uniform or wedge shaped ice thickness distribution [Rothrock, 1975]. The 

simplest treatment of mass conservation is to let the ice be described by an effective 

mean thickness and allow redistribution to occur with the constraint that ice fraction 

may not rise above one [Hibler, 1979].

The thermodynamic properties of sea ice are characterised by small scale features 

(such as brine content, crystal structure, snow cover and defects) and surface prop

erties (melt ponds and snow). For a description of modelhng thermodynamic growth 

and melt of ice see Parkinson & Washington [1979] and Ebert & Curry [1993]. Both 

describe the thermodynamic growth and melt rate in terms of a heat budget at the 

ocean-ice and atmosphere-ice interfaces. Heat conduction through the ice is described 

by a heat equation, with is often approximated with the zero level model of Semtner
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[1976]. The thermodynamic growth and melt rate may be prescribed. For example, 

Hibler [1979] takes the growth and melt rates to be a function of ice thickness and time 

of year. This climatology is provided as a look-up table by Thorndike et al. [1975]. 

Thorndike et al. compiled this table from a set of numerical simulations of the 1-D 

ice heat equation given by Maykut & Untersteiner [1971], which are representative of 

ice in the Arctic Basin.

2.1.1 Ice Transport

We shall approximate the ice thickness distribution with a two level model, as de

scribed by Hibler [1979]. Sea ice will be resolved on a grid, with grid cells 110 km 

square. The ice mass within a grid cell is described by ice volume, ice density is taken 

to be constant. The ice volume per unit area is represented by the ice thickness dis

tribution, which we approximate by an effective ice thickness h. The fractional area 

covered by ice of effective thickness h is A. We define thin ice (and open water) to be 

represented by ice of thickness /lo =  0.5 m with an area fraction 1 — A. As the mass 

of thin ice is small, the ice volume per unit area can be approximated by the effective 

ice thickness h «  hA. Where the mean thickness of thick ice, h, is given by Note

the physical bounds on effective thickness and ice fraction are 0 < h and 0 < A < 1.

The evolution of ice fraction and effective thickness must be modelled. Transport 

equations for ice volume per unit area and ice area fraction are:

U  +  V • (W ) =  Sh, (2.2)

^  + V - V A  =  Sa , (2.3)

where Sa and Sh are source terms. Sh describes the changes in ice volume due to phase 

change, i.e. the growth/melt of thick and thin ice. Sa describes thermal changes in 

extent of thick and thin ice. The thermodynamic source terms, Sh and Sa , will be 

treated as Hibler [1979]:

% =  .4f Q ) + ( 1 - ^ ) F ( 0 ) ,

Sa = min
r A ^ 1

+ max
F (0 )(1 -A )  ^

ho

F  is a function describing the thermodynamic rate of change of ice thickness, taken 

from a look-up table with linear interpolation between values [Thorndike et al., 1975].
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Care should be taken to ensure Sh and Sa do not allow h or A to fall outside physical 

bounds.

It is assumed that the area of thin ice, which includes open water, decreases rapidly 

during freezing and increases slowly during melt. To parameterise freezing, the open 

water fraction is allowed to decay exponentially with a time constant of this 

gives the term. For ho = 0.5 m the decay time for refreezing of open water

(leads) is ~  5 days. As thin ice is removed in freezing to create thick ice, the mean 

ice thickness h/A  decreases, because A increases faster than h. The first term in Sa 

describes melting. It is assumed ice thickness is uniformly distributed and that melt 

rate is independent of thickness. Hence over time At all the ice with thickness less 

than S h ^ t  melts. This melted ice covers an area fraction of S h ^ t- ^ ,  giving change 

in area per unit time -^Sh>

Equation (2.3) automatically ensures ice fraction is bounded by one. A more real

istic approach is to constrain ice fraction below one by considering ice redistribution 

in ridge building. This has been achieved by Shinohara [1990] who determined an 

ice redistribution term from consideration of energy changes during ice interaction, 

as Rothrock [1975]. Shinohara [1990] only found, for a simple test case, a 3 per

cent difference in velocity between Hibler’s [1979] model and her model. In all the 

studies presented here the redistribution function takes the form U - VA, which is a 

simplification of Shinohara’s formulation.

To determine the momentum balance on ice the ice mass must be estimated. The 

ice mass per unit area is defined as

m = pih, (2.4)

where pi is the density of ice. A lower limit should be imposed on m  to ensure 

stability of the numerical solution of the momentum equation [Hibler, 1979]. If ice 

mass is allowed to go to zero the velocity solution may take any value. Unless this is 

explicitly treated a solution may not be found. In the following studies we impose a 

lower limit on effective ice thickness. This is referred to as the minimum ice thickness 

Hq =  0.5 m.
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2.2 Conservation of M omentum

The conservation of momentum is given as the balance between surface and body 

forces, inertia and the internal ice stress gradient. The dominant forcing on the ice, 

over long (seasonal) time scales, has been identified in several studies.

The first recorded observations of ice motion was of ice in free drift. It was 

documented by Sverdrup [1928] and Nansen [1902] that ice is transported at 2% of 

wind speed and 15° to wind direction. Analysis of ice camp and buoy drifts during 

the 1960s gives a more detailed picture of Arctic sea ice motion. It was determined 

that 70% of the variance of sea ice motion can be attributed to the geostrophic wind 

[Thorndike & Colony, 1982]. In the same paper it was stated that on seasonal time 

scales the main forcing components are wind stress and ocean stress, both contributing 

equally to the ice motion. Field studies have provided more detailed analysis of the 

force balance. During the Arctic Ice Dynamics Joint Experiment (AIDJEX) it was 

found that long term mean ice motion, in the summer when ice concentration is low, 

results from the balance of four forces on the ice [Hunkins, 1975, McPhee, 1979]. In 

free drift the significant forces on the ice are wind stress, ocean stress, the Coriolis force 

and acceleration down the sea surface tilt. Inertial terms were found to be an order of 

magnitude smaller than these on daily or longer time scales [Thorndike, 1986]. The 

residual term in the measured force balance is found to be comparable to the Coriolis 

force, and an order of magnitude smaller than the wind stress [McPhee, 1979]. This 

residual is attributed to interactions between ice fioes. In areas of ice convergence, 

resistance to compression becomes important, and ice can no longer be considered to 

be in free drift. For climatological studies small time scale forcing may be ignored. 

Contributions to the force balance from tidal motion, pressure gradients and inertial 

terms are considered to be small when averaged over time scales greater than a day 

[McPhee, 1979].

The force balance on the ice, per unit area, is given by:

+  V • (mUU) =  T„ + -  m /k  x U -  m gVH  + V • <r, (2.5)

where m  is the ice mass, U is the ice velocity. Ta and are the wind stress and 

ocean stress on the ice, /  is the Coriolis parameter, k is a unit vector normal to the 

surface, g is the acceleration due to gravity and H  is the sea surface dynamic height. 

The remaining term V • <r is a force due to sub-scale interactions between ice fioes.
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A constitutive law defining the ice stress <r will be outlined in section 2.3. By scale 

analysis [Hibler, 1979] it can be shown that the advection of momentum, V • (mUU) 

is two orders of magnitude smaller than the coriolis and gravitational terms and may 

be neglected. The inertial term is also small on time scales greater than a day. 

The momentum may be found from the balance between external forces and V • a*, 

which is the form Tremblay & Mysak [1997] take for their model. In this thesis the 

inertial term is retained for numerical purposes. The two largest terms. Ta and are 

of the order lkgm “ ^s“ ,̂ and tend to oppose each other. The Coriohs, gravitational 

and interaction terms are of the same order of magnitude, and typically an order of 

magnitude smaller than and r^ .

The stress applied on the ice by the wind and ocean current is modelled with a 

quadratic boundary layer model [Brown, 1979, McPhee & Smith, 1976, McPhee, 1978]. 

Ice velocity is an order of magnitude smaller than the wind velocity and insignificant 

when calculating the wind stress over the ice.

Ta = PaCa\^a\ ^UaCOS^a +  k X UoSin^a) , (2.6)

Tyj — PwCyj\^w U| — U) cosBy} +  (U^ “  U) k X sin^y;^ . (2.7)

The drag laws require the air velocity, Ua, above the atmospheric boundary layer and 

the ocean current, U^, below the surface Ekman layer to be known. It is common 

to take these as geostrophic velocities, though they could equally well be provided 

by atmospheric and oceanic models. The other variables are the density of air, pa\ 

density of water, the drag coefficients for the air and water interfaces, Ca and Cw\ 

and the turning angles across the boundary layers, 9a and 6^.

2.3 C onstitutive Law

To close the system of equations governing the sea ice continuum a suitable constitu

tive relation must be given. This relates the stress tensor (force per unit area) to rate 

of strain tensor.

Sea ice can be considered as a plastic material, kinetic energy being dissipated 

through floe collisions and ridge building [Rothrock, 1975]. On large scales, over ten 

kilometres square, these interactions are sub-grid scale. The fractured nature of sea 

ice causes the ice to have little resistance to divergence: tensile stresses in divergence
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are small [McPhee, 1979]. During convergence, the compressive stress is largely due to 

fracture of thin ice on refrozen leads. The compressive ice strength can be considered 

to be independent of strain rate, i.e. there is a constant yield stress under compression 

[Coon, 1979].

The internal ice force per unit area is given by the divergence of the ice stress 

tensor a. This stress is determined by relating it to the ice strain rate é. The stress 

at plastic failure is determined as a locus of points in principal stress space, the yield 

curve. Inside the yield curve the ice is assumed to behave either elastically or as a 

viscous fluid. On the yield curve the stress can be related to the strain rate by a 

flow law. Determining a suitable yield curve and flow law for sea ice is not trivial. 

Section 2.5 presents a discussion of the characteristic plastic behaviour of ice and 

current understanding of appropriate theory describing rheology on scales suitable for 

modelling.

2.3.1 Rheology

It was flrst realised that a constitutive relation is required to describe the internal 

stress and deformation of the ice field during the AIDJEX campaign (1975-1977). 

Satellite images of the Beaufort Sea often show rectilinear lead patterns. These pat

terns were studied by Marco & Thomson [1977] and it was concluded that they are 

caused by brittle material fracture. By relating lead direction to characteristic direc

tions (the directions along which strain is purely extensional) of a plastic material 

model (a von Mises yield surface with the normal flow rule), the angle the yield 

surface makes with the line of equal principal stresses was calculated [Sodhi, 1977]. 

Through AIDJEX an elastic-plastic sea ice model [Pritchard, 1976] and a granular- 

plastic model [Coon, 1979] were developed. Both models recognise that pack ice, on 

100 km scales, has a low tensile strength, supports shear stresses and has a maxi

mum compressive strength related to ice thickness and fraction but independent of 

the strain rate.

Since AIDJEX disbanded, the viscous-plastic model [Hibler, 1979] has become es- 

tabhshed as the popular model to describe large scale ice dynamics. It was the flrst 

model used to simulate sea ice throughout the Arctic Ocean and has been used in 

coupled ice-ocean simulations [Hibler & Bryan, 1987, Maslowski et al., 1997]. Inter
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comparison studies indicate the viscous-plastic model is the best available for repro

ducing observed ice motion [Kreyscher et ah, 1997] and there are plans to include this 

model in a full GCM [Lemke et ah, 1998].

2.3.2 Viscous-Plastic Rheology

We will use the viscous-plastic rheology, presented by Hibler [1979], to describe ice 

stress. To model ice as a viscous-plastic material the stress states at which viscous 

and plastic flow occur must be defined. This is achieved by defining a yield surface 

in principal stress space. At stress states inside the yield curve, the ice is assumed 

to flow as a viscous fluid. This behaviour has been lent some justification by the 

study of average stress state arising from stochastic interactions between plastic floes 

[Hibler, 1977]. It was found that for regions of 100 km^ and daily time scales, a linear 

viscous law is a good approximation of floe motion. When the stress state reaches 

the yield curve, plastic flow occurs. Stress states outside of the yield surface do 

not exist. An elliptical yield curve, fig. 2.1, is chosen for conceptual simplicity and 

because it supports the observed properties listed above. It ensures that tensile stress 

in divergence is zero and tensile stress under shearing is small.

Elliptical Y ield Curve
0.2

0.0

- 0.2

- 0.4

- 0.6

- 1.0

1.2 1.0 - 0.8 - 0.6 - 0.4  - 0.2  0.0  0.2

Figure 2.1: The elliptical yield curve, with e =  2, normalised by P
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The flow on the yield curve must be deflned and is typically based on incremental 

strain theories. These assume ice deformation or strain rate is a slow, smooth function 

of time and a smooth function of stress. The normal flow law (or associative flow law) 

[Lemaitre & Chaboche, 1990] is used in Hibler’s viscous-plastic rheology:

é =  (2.8)

where the strain rate is defined as

é =  i  [ v u  +  VU^] (2.9)

and A is a constant of proportionality. The normal flow rule defines the strain rate to

be a vector normal to a convex yield curve described by a function / .

The normal flow law in conjunction with the elliptical yield curve, gives this rela

tionship between stress and strain rate:

<7 — 2î}é +  I (C -  V) tr (é) -  j (2 ,10)

where the shear and bulk viscosities are given by

and A is deflned as

A = tr { e f  + : e (2 .12)

Here e is the ratio of semi-major to semi-minor axes of the elliptical yield curve, 

typically taken to be 2. The double scalar product is represented by a colon. P  is 

the ice strength, which must be determined experimentally. Note that the ice stress, 

through 7] and (, is a highly non-linear function of ice velocity. This has important 

implications for the efficiency of numerical solution procedures.

As strain rates approach zero the viscosities, rj and (, approach infinity. Therefore, 

for reasons of numerical stability an upper limit must be applied to ensure rj and (  do 

not become arbitrarily large. Suitable maximum values are given by Hibler [1979]:

(max = 2.5 X 10®P, w  =  (2.13)

If these limiting viscosities are reached, they cause the stress state to lie on a concentric 

ellipse within the yield curve, with deformation rate < 2 x 10"^ s " \  much smaller
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than expected deformation rates. Hence it is not expected that this limit is normally 

reached.

In constructing the constitutive relation described above, certain assumptions re

garding the material characteristics of ice have been made. Ice is assumed to be 

isotropic, i.e. material properties are symmetric with respect to all axes in stress and 

strain rate space. Also homogeneity of the ice cover is assumed. It is required that a 

function exists describing the locus of points in stress space on which plastic yielding 

occurs. The model presented in this thesis takes this function to be described by an 

ellipse, allowing plastic flow to be given by the normal flow rule. It is assumed that 

this yield criterion reasonably represents reality. Current evidence in the literature 

has not discounted this assumption, see section 2.5 for further discussion.

2.3.3 Ice Strength

To close the system of equations the ice strength, P, must be given. This is deflned 

as the critical compressive strength at which plastic failure occurs, and below which 

the pack ice is assumed to be rigid in the stochastic sense. It controls the length of 

the elliptical yield curve in principal stress space, fig. 2.1. Thorndike et al. [1975] 

describe how P  can be found from the rate of change of energy through redistribution 

of the ice thickness distribution during ridging. Hibler simplified this relationship to 

describe the compressive strength for the two level ice thickness distribution:

P  -  P*hexp [-C  (1 -  A )] , (2.14)

where P* and C are constants that must be chosen on the basis of physical principles 

or observations. The maximum compressive strength of ice, P*, is probably dependent 

on the spatial and temporal resolution over which averaging of h, A  and U occurs, as 

before plastic failure the ice stress is considered to be the stochastic average of plastic 

deformations.

2.4 M odel Parameters

Table 2.1 lists the parameters in the two level viscous-plastic sea ice model and typical 

values that are used in this thesis, unless otherwise stated. The main set of parameters 

are the drag coefficients used in calculating wind and ocean stress on the ice and the
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parameters used to define the ice stress. The only other unknown parameter is /lo, 

which determines the rate at which open water freezes. It is chosen so that it takes 

approximately 5 days for open water to be removed by growth [Hibler, 1979].

The ratio of the semi-major axis to semi-minor axis of the elliptical yield curve, 

e, reflects the fact that bulk viscosity is expected to be about four times the shear 

viscosity [Hibler, 1974]. (7, in the definition of ice strength, is chosen so that ice 

strength is reduced substantially when ice fraction drops below 90%. P* is a free 

empirical parameter. We take a value from Harder & Fisher [1999].

The parameters in the quadratic drag laws, except the drag coefficients, are taken 

from McPhee [1979]. The drag coefficients used in standard simulations of Arctic sea 

ice in this thesis are taken from Harder & Fisher [1999].

Table 2.1: Constants used in the standard simulation of Arctic sea ice.

Parameter Typical Value

Coriolis parameter / 1.46 X 10-4 s-i

density of air Po 1.3kgm“^

density of water Pw 1000 kg m" 3

density of ice pi 910 kg m-3

wind drag coefficient Ca 0.0016

ocean drag coefficient 0.0045

air turning angle Oa 25°

water turning angle Ow 25°

minimum ice thickness ho 0.5m

maximum shear viscosity Cmax (2.5 X 10®s)P

ratio of yield curve axis e 2

ice strength parameter F* 2 X 10̂  Nm“ ^

ice strength parameter C 20

2.5 Determ ining Suitable C onstitutive M odels

The viscous-plastic rheology was chosen without vigorous justification. It behaves 

as observations suggest: ice does not support tensile stress, there is a maximum 

compressive stress at which plastic failure occurs which is related to mean ice thickness
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and lead fraction, and shear stress is supported. An elliptical yield curve with a 

normal flow law was chosen for conceptual simplicity as it incorporates the low tensile 

strength of ice, a maximum compressive strength and supports shear stresses. The 

assumptions that ice is isotropic, strain rate is normal to the yield stress and the 

stress state on deformation can be described as an elliptical function require testing.

The characteristics of the constitutive nature of sea ice have been studied in several 

ways. All these methods are limited by the observations available, cost of field projects 

and complexities related to scale. An important point to note is that the mechanical 

behaviour of sea ice can be considered as a hierarchical system with natural divisions 

of scale [Overland et al., 1995]. Hence it is possible to design a constitutive model for 

the scales we are interested in, though relating sub-grid scale physics to the large scale 

model is not trivial. Methods of examining sea ice characteristics can be classified as 

follows:

D irect M easurem ent. If the stress and strain rate of the ice field can be 

measured at suitable resolutions a relation between stress and strain rate should be 

fairly easy to identify. The strain rate is calculated from ice velocity using eqn. (2.9). 

Ice velocity may be obtained from SAR imagery [Kwok et al., 1990] or analysis of 

SSM/I brightness temperatures [Kwok et al., 1998]. Using these observed velocities, 

analysis of ice deformation has been performed by Kwok et al. [1998]. The first steps 

have been taken in comparing these fields to modelled ice deformation [Hibler, 2000]. 

Hibler sees reasonable agreement between a 1 km scale anisotropic model and the 

observed deformation.

C haracteristic  Analysis. It has already been pointed out how Marco & Thom

son [1977] and Sodhi [1977] used pack ice characteristics to estimate material prop

erties. Their methods have been extended to the viscous-plastic model by Pritchard

[1988], where characteristic directions depend on the yield surface shape and flow law, 

for the associative flow rule these directions fall perpendicular to the yield curve in 

stress space. Pritchard highlighted the fact that characteristic directions for stress 

and velocity do not coincide if a non-associative flow rule is taken. The velocity char

acteristics of the viscous-plastic rheology were determined and a case identified where 

remotely sensed satellite ice velocity might be used to determine the characteristics of 

pack ice. Observations of velocity discontinuities across lead systems might in future 

be used to verify the viscous-plastic rheology.
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Observed ice motion and stress estimates [Richter-Menge & Elder, 1998] have been 

used to verify model assumptions at the 10 to 50km scale [Overland et al., 1998]. 

With improvements in computing since the 1980s it is now possible to resolve the ice 

continuum at 10 km resolution, whereas previously models were limited to resolutions 

of the order of 100 km. There is concern that on this scale, where features such as leads 

may be resolved, an anisotropic or granular treatment of rheology is more appropriate. 

Observations of ice deformation events show that shear boundaries occur at acute 

angles to the wind. This observation can be related to the critical state hypothesis 

for plastic materials, with principal stress components proportional to each other. 

A discontinuity in motion normal to the wind indicates failure during compression, 

where the first principal component of stress is equal to the maximum compressive 

strength of ice. It is postulated that shearing failure is common, the plastic material 

hypothesis for sea ice is supported by this case study and the observation of slip lines 

throughout the floe field is consistent with granular behaviour. Further monitoring is 

required for seasonal trends in the pack stress-strain state to be determined.

Relating Small Scale to Large Scale Mechanics. Determination of appro

priate rheological models may also be approached from the sub-grid scale. The stress 

on ice floes can be measured by placing stress sensors within floes. Analysis of these 

measurements is fraught as separation the of motion from thermal induced stresses is 

not always achieved [Richter-Menge & Elder, 1998]. Motion induced stress has been 

estimated on 10 km scales and compared to stress calculated as the residual of a force 

balance between observed wind, current and ice motion. Reasonable agreement is 

found between the two stress estimates [Lewis & Richter-Menge, 1998]. It was noted 

that the stress measured on the ice flow during convergence is quite different from 

stresses in large scale models of ice ridging. This is a problem of scale, as models with 

resolution of order 100 km take stress as the average over grid cells containing many 

floes and open water.

Ice floe stress measurements and ice deformation from velocity observations have 

been related at scales of 10 to 50 km, but relating these observations at the 100 km 

scale is more difficult. Floe scale stress in deformation may be related to large scale 

stresses through process modelling. An example of modelling the formation of ridges 

is given in [Hopkins et al., 1991]. Relation of floe scale models to larger scales is 

considered by Coon et al. [1998]. A framework for determining a suitable yield curve
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has been developed by Ukita & Moritz [1995], where a kinematic model describing 

energy transformations in ridging and sliding is applied with assumed floe shapes and 

size distributions. This approach is hampered by the assumption of unrealistic floe 

geometries, but it does suggest a convex yield curve and that the normal flow law 

might be appropriate in large scale models.

As the evidence is pointing toward anisotropic behaviour of pack ice on scales 

which resolve leads, there is some interest in developing these models. One such 

model is presented by Coon et al. [1998], where pack ice strength is treated with an 

anisotropic failure surface and an oriented thickness distribution. The model includes 

sub-grid scale simulations of ice ridging, fracture, rafting and buckling. It is proposed 

that the model may be used to directly test ice failure strength, plastic flow rule and 

thickness distribution assumptions by comparison with observed stress and deforma

tion. Already the model has been used to study the evolution of the yield surface as 

leads open and close.

Inverse M ethod. Although there is much interest in capturing the lead scale 

behaviour of ice, there is a need for coarser resolution models in chmate simulation. 

It is important to design models for use in global GCMs which correctly simulate 

large scale ice motion and mass. Field campaigns and process modelling do not 

conclusively prove the viscous-plastic rheology is a suitable approximation of 100 km 

scale sea ice characteristics. We require a practical method to verify and constrain 

suitable rheological models for climate simulations.

Treating the estimation of yield criterion as an inverse problem and attempting 

to solve this through sensitivity studies, will be discussed in section 2.6. There are 

several parameters in the rheology that may be optimised with respect to observed 

velocity and ice thickness. The variational approach may be taken to minimise the 

difference between model and observations. Minimisation could be performed by 

flnding the Adjoint function for the sea ice model, as Thomas & Sykes [1990], and 

solving a cost function describing variation between model and observations to give 

an analysis of optimal parameters [Ghil & Malanotte-Rizzoli, 1991]. This approach is 

computationally expensive and relies on the assumption that a tangent linear model 

is a good approximation to the viscous-plastic model. Due to the non-linear nature 

of the viscous-plastic model the tangent hnear approximation breaks down for the 

large time steps required to make the variation approach computationally affordable.
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A more practical approach is to find the minimum of differences between observations 

and model within the context of a sensitivity experiment. Such an approach has been 

taken by Harder & Fisher [1999], where the maximum compressive strength is opti

mised with respect to buoy drift velocities. Of course, these methods only optimise 

the parameters they are designed to optimise and the methods fails if model physics 

is misrepresentative. If we wish to use a sensitivity study approach to determine an 

appropriate rheology, care should be taken in the experimental design. A sensitivity 

study describe by Kreyscher et al. [1997] reports that the viscous-plastic rheology 

represents ice motion better than three other rheologies used in climate models. These 

rheologies are known to be limited: for example, the cavitating fiuid model neglects 

shear stresses which are not observed to be negligible. In the future it would be inter

esting to repeat the inter-comparison with rheologies that have been chosen carefully 

on the basis of physical reasoning.

2.6 M odel Validation

It is important to verify that large scale sea ice models correctly reproduce the ob

served ice state. Sensitivity studies indicate the main processes controlling ice thick

ness, area and velocity. Comparison between observed and modelled ice extent and 

velocity indicate how well these models perform. If model and observations are close 

it is possible to tune or optimise model parameters.

A sophisticated thermodynamic-dynamic model response to degradation in model 

physics was investigated by Fichefet & Morales-Maqueda [1997]. It was concluded 

that ice motion is sensitive to the effect of shear strength in the plastic rheology. Ice 

extent and area are influenced by switching off ice dynamics, open water within the 

pack decreasing by about 50%. This leads to reduced heat flux between ocean and 

atmosphere, reducing ice melt. Allowing thermodynamic evolution of leads was found 

to act in the opposite sense, reducing the sensitivity of ice extent and concentration 

to ignored ice dynamics. Processes in the thermodynamic model that were found to 

be important are: the storage of latent heat, indicating the need to calculate internal 

ice temperature; the inclusion of brine pockets since latent heat storage is found to 

modify the phase of the seasonal cycle of ice thickness; modified albedo and thermal 

conductivity; the presence of a snow cover; perturbed atmospheric and oceanic heat
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fluxes.

Holland et al. [1993] found a viscous-plastic, thermodynamic (as Parkinson & 

Washington [1979]) model forced with monthly mean currents and winds performs 

well at reproducing the seasonal cycle. They claim that the model is robust for 

simulating the seasonal cycle of Arctic ice cover. Sensitivities of most of the model 

parameters were investigated. Variation of cloud cover, one of the more uncertain 

model components, was found to substantially affect the ice simulation. Increasing 

cloud cover produced a more realistic seasonal cycle. Removing shear stresses was 

found to lead to a more energetic ice motion. The model was found to be sensitive 

to the inclusion of sea surface tilt in the momentum balance, and the removal of 

the Coriolis term was found to displace ice velocity vectors by 10%. Removal of the 

ice fraction transport equation, i.e. treating ice as a slab with no open water, led 

to significant change in the simulation. A major weakness of this sensitivity study 

was using prescribed boundary forcing, hence feedback was not modelled. This may 

explain why the results do not indicate a significant sensitivity to perturbations in 

surface albedo.

A review on thermodynamic modelling is presented by Steele & Flato [1999]. 

This survey highlights the findings of Schramm et al. [1997] that the phase and 

amplitude of the mean seasonal cycle in ice thickness is sensitive to resolution of the 

ice thickness distribution included in the heat budget. The effect of resolving the 

non-linear temperature profile within ice was investigated. It was found that the 

zero-level approximation [Semtner, 1976], assuming the temperature profile through 

ice is linear, is a reasonable approximation except during the spring and autumn. 

Reducing thermal inertia of the ice is found to increase the amplitude of the seasonal 

thickness cycle, though these changes are small (of the order 10 cm).

Little has been published regarding the sensitivity of interannual variation to 

model parameterisation, physics and forcing. The sensitivity of a multi-decadal Arctic 

simulation is presented by Chapman et al. [1994]. They investigated the response of 

ice area, thickness and velocity to perturbations in 13 model parameters. A statistical 

model was fitted to the output from the model runs, allowing the mean response and 

interdependencies between sensitivities to be estimated. It was deduced that these 

interdependencies are strong and physically plausible. The model was found to be 

strongly sensitive to the minimum lead fraction, sensible heat exchange coefficient
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(controlling the magnitude of sensible heat exchange between the atmosphere and 

ice/ocean) and the wind and ocean drag coefficients. The important responses of the 

model to single-parameter perturbations were found to be: near linear relations be

tween ice mass and minimum lead fraction, sensible heat exchange coefficient and ice 

mass, ice area and increased down-welling longwave flux, snow albedo and ice area; 

non-linear relations between ice velocity and the boundary layer drag coefficients, am

plitude of the seasonal cycle of ice extent and minimum lead fraction and the same 

amplitude and the log of ice strength. For the control simulation the correlation be

tween simulated and observed ice coverage anomalies was found to be small; less than 

50% of simulated ice coverage variance was in common with observations.

A more realistic simulation of sea ice variability is given by Himler et al. [1998]. 

The sensitivity of this model is investigated by Harder et al. [1998], who are concerned 

with investigating the interannual variability of ice export through the Fram Strait. 

The sensitivity of this export to wind stress, ocean stress, air temperature and precip

itation was estimated. A strong, linear dependence of ice export on wind and ocean 

current and a negative, non-linear relation between air temperature and ice export 

were indicated. There are plans to compare simulated ice export [Harder et al., 1998] 

with measurements of ice transport through the Fram Strait [Vinje et al., 1998], [pers. 

comm., Markus Harder 1999].

2.6.1 Verification of Rheology and Drag Coefficients

It has been observed that the mean seasonal cycle of ice extent and velocity is real

istically simulated with the viscous plastic model [Hibler, 1979]. The major features 

of the ice motion are captured including the Beaufort Gyre and the Transpolar Drift. 

Simulated mean ice thickness is similar to the Bourke & McLaren [1992] climatology. 

The fact that the sea ice model correctly reproduces climatology does not convinc

ingly prove the model reproduces the observed ice state. There are three terms in the 

momentum balance that require veriflcation. The divergence of ice stress is governed 

by a yield criterion and the flow law. The ocean and wind drag on the ice surface 

are modelled with quadratic drag laws, which require parameterisation of the surface 

drag properties through drag coefficients.

Drag coefficients have been measured in-situ in various fleld studies, for exam-
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pie [Macklin, 1983, Pease et al., 1983, Hunkins, 1975, McPhee & Smith, 1976]. Tra

ditionally, sea ice modellers use a wind drag coefficient of 0.0012 from McPhee [1979] 

and an ocean drag coefficient of 0.0045 from Brown [1979]. A review of field cam

paigns to determine the relationship between geostrophic wind, surface wind and 

stress on sea ice is given by Overland [1985]. Drag coefficients for use in models must 

be appropriate to the scale of model resolution, hence the concept of an effective drag 

coefficient is required. Overland considered effective drag coefficients on scales of over 

10 km. Estimates of the effective air drag coefficient are found to vary between 0.0012 

and 0.0037 for winds at 10 m height. Considerable variability is found between ice 

types, effective drag coefficients increasing with surface roughness. Wind stress on 

ice is dependent on surface roughness (ridging), floe size and ice concentration. It 

has not been investigated how effective drag coefficients relate to these properties or 

whether there are regional differences between observed wind stress. Geostrophic drag 

coefficients are shown to depend on characteristics of the air mass [Overland, 1985]. 

During winter low atmospheric inversions are typical, which are characterised by low 

geostrophic drag coefficients and low dependence on surface roughness. The seasonal 

variation of wind stress was considered by Ip [1993], who investigated the sensitivity 

of the viscous-plastic modelled velocity to sinusoidally varying drag coefficients. Ip 

[1993] found optimal drag coefficients with respect to buoy velocities between 0.0005 

in the winter and 0.0012 in the summer.

Comparisons between simulations of Arctic ice using a variety of yield crite

ria have been performed by Ip [1993]. He considered the elliptical yield curve, 

sine-lens yield curve, Mohr-Coulomb rheology [Coon, 1979], cavitating fluid rheology 

[Flato & Hibler, 1992] and a square yield curve. It was found that all simulations gave 

very similar results for ice extent, area and outflow through the Fram Strait. Larger 

differences were found in ice thickness, with the greatest difference in the Canadian 

Archipelago and Laptev Sea. Varying shear stress was found to effect velocity to a 

greater extent than thickness. Ice strength, determining the length of the yield curve, 

was found to exert greater control on ice thickness than shear stress. The simulations 

were compared against drifting buoy velocity, and no distinguishing features were 

found between the elliptical and sine-lens yield criteria.

The Sea Ice Model Inter-comparison Project (SIMIP) compared four different 

rheologies in a standard experiment. The rheologies considered were viscous-plastic.
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cavitating fluid, compressible Newtonian fluid and free drift with stoppage. In compar

ison with SSMR and SMM/I seasonal average ice area the viscous-plastic model was 

shown to perform best at estimating the position of the ice edge [Lemke et al., 1997]. 

For all four models air and drag coefficients were optimised, and seasonal drift speed 

statistics compared. Ice drift from the four simulations was compared against lABP 

daily averaged buoy velocity. It was found that the viscous-plastic model reproduces 

observed drift speed distributions best [Kreyscher et al., 1997]. The models were also 

compared against submarine ULS measurements of ice thickness at the north pole, 

the viscous-plastic model giving the best predictions (mean ice thickness being under 

predicted by only 5%). Ice export through the Pram Strait was also considered. Both 

the viscous-plastic and cavitating fluid models were found to have Pram Strait ice ex

port in line with the mean export of 0.1 to 0.16 Sv estimated by Aagard & Carmack

[1989]. The general consensus from these studies is that the viscous-plastic model 

is the best starting point for model improvements. None of the models has been 

validated against ice thickness observations in the Beaufort Sea, where the largest 

variation in ice thickness is found between rheologies. It is generally stated that the 

viscous-plastic model simulates ice thicknesses that are comparable to the climatology 

of Bourke & McLaren [1992]. However this climatology is based on only 12 cruises 

between 1958 and 1987. The data is sparse and many regions, such as the Siberian 

Arctic, are not included. Further validation of modelled ice thickness is required, and 

observations of ice thickness in the Beaufort Sea and Canadian Archipelago would 

help distinguish between rheologies.

The most recent advances in model validation have been through attempts to opti

mise dynamic parameters [Harder & Fisher, 1999, Kreyscher et al., 2000]. The model 

response to changes in these parameters can be considered as a function in parameter 

space. This error function may be estimated as the mean difference between model 

and observations. Harder and Fischer [1999] calculated the mean difference between 

modelled and observed buoy velocities for simulations with varying drag coefficients 

and maximum ice strength. By locating the minimum of the error function they 

estimated optimal parameters for the viscous-plastic model. It was estimated that 

the maximum ice strength, F*, is approximately 20kPa. Optimised drag coefficients 

where determined to be Ca =  0.0012 and = 0.0045 respectively.

A more detailed validation of the viscous-plastic modelled ice velocity is given by
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Thomas [1999]. In comparison against lABP data it was demonstrated that errors in 

daily simulated velocities are as large as observed variability. Motion was split into 

a linear (zero norm, or mean) and non-linear (first norm, or variance) part, and it 

was found the modelled linear response to wind is almost twice as strong as the buoy 

motion response. Tuning the air drag coefficient reduces the mean difference between 

observed and modelled velocities, but causes the velocity variance to become too low. 

The result is reduced ice thickness, and Thomas [1999] postulates that tuning the air 

drag coefficient to improve modelled velocity might not give a better estimate of ice 

thickness.

2.6.2 Param eter Tuning

In the dynamic model presented in this chapter three unknown parameters control the 

modelled force balance on the ice. The maximum ice strength P* is a free empirical 

parameter, and can be used to minimise the difference between modelled and observed 

ice velocities, although it should be noted that ice strength P  also depends on the 

ice thickness. The drag coefficients, Ca and 0^,  control the magnitude of wind and 

ocean stress applied to the ice surfaces.

There are two methods to determine suitable drag coefficients over sea ice for large 

scale simulations. Either they can be measured in situ as Overland [1985], or they can 

be determined with sensitivity studies. Measurements of the drag coefficients are only 

available on relatively short time scales in a few areas of the polar oceans. Results 

vary between regions, seasons and years; a suitable empirical relation describing this 

variation is unclear. Choosing parameters to minimise the difference between modelled 

and observed sea ice velocity may produce satisfactory results. Though as there are 

three free variables, Ca, C^ and F*, there may not be a unique combination of these 

that reproduce the observed sea ice state.

In summary, there are few observations of ocean and wind stress on sea ice and no 

practical method to determine the large scale ice strength. Sensitivity analysis must be 

used in conjunction with those observations that are available to determine parameter 

values. Examples of these methods are given by Ip [1993], where seasonally varying 

drag coefficients are postulated and Harder & Fisher [1999], who present a quantitative 

method for determining Ca, Cw and F* by minimising the difference between buoy
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and modelled velocities. These three main parameters in the viscous-plastic dynamic 

model have been optimised to reproduce observed ice velocity [Harder & Fisher, 1999]. 

The ice thickness field is known to be dependent on both thermodynamic and dynamic 

forcing. We suggest the sensitivity of C^, Cw and P* to ice thickness should be 

investigated. It must be determined whether the dynamic model should be optimised 

with respect to ice mass as well as ice velocity.

2.7 Numerical M odelling

As the viscous-plastic constitutive relation is non-linear in ice velocity, it is compu

tationally expensive to solve. For climate studies it is desirable that sea ice mod

els are computationally efficient and realistically simulate mean ice mass and veloc

ity. Models commonly used in climate simulations are the cavitating fiuid model 

[Flato & Hibler, 1992] and free drift models. The cavitating fiuid model treats ice as 

a plastic with a yield criterion which assumes ice can not support shear stress, but 

maintains viscous creep under compressive stress. In free drift internal ice stress is 

not modelled, except in an ad hocway when stoppage algorithms are included. The 

Hadley Centre climate model includes sea ice in free drift, stopping ice motion when 

ice thickness grows above 3 m [Cattle & Crossley, 1995]. These models have less phys

ical standing than plastic rheologies with two dimensional yield criteria and they have 

been shown to perform worse than the viscous-plastic model at simulating mean ice 

velocity [Kreyscher et al., 1997]. It is becoming clear that better rheological models 

should be included in climate simulations [Lemke et al., 1997]. With recent improve

ments in computer technology it is now possible to include the full viscous-plastic 

rheology in these simulations [Lemke et al., 1998]. The sea ice modelling community 

has focused most of its attention on the viscous-plastic model for climate studies of 

sea ice. The performance of this model will be investigated in this thesis.

Expedient and accurate numerical solution of sea ice velocity and mass is as im

portant as determining the correct governing laws for the continuum mechanics of 

sea ice. Unless the ice stress state is accurately calculated the model’s deterministic 

value is lost. Also it is desirable that computation is affordable for use in centennial 

simulations of the global climate, without compromising accuracy.

Traditionally the viscous-plastic model is discretised with the Finite Difference
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Method, interpolating the mass and momentum on staggered grids, and solving the 

resultant linearised equations with a point relaxation method. This was the state of 

numerics for solution of the viscous-plastic model in 1979 [Hibler, 1979], and these 

methods where not improved until the 1990s. Line relaxation, the Tri-diagonal Ma

trix Algorithm, has been introduced for solution of the system of linear equations 

[Zhang & Hibler, 1997]. The differencing schemes used in the transport equations 

have been modified by Harder et al. [1998]. Upwind differencing was introduced, 

removing the need to include artificial diffusion terms to ensure unboundedness is not 

caused by instabilities of the central differencing scheme. At present this is regarded 

to be the state-of-art numerics for sea ice modelling.

Zhang and Hibler [1997] also introduced iterative solution of the two components 

of the momentum equation to ensure the full non-linear viscous-plastic solution is 

found at each time step. An investigation of the convergence of the stress solution ob

tained with the Hibler [1979] and the Zhang & Hibler [1997] methods is presented by 

Steiner [1999]. It is found that the stress state does not converge to a physically plau

sible solution within 2 0  iterations over the uncoupled components of the momentum 

equation, and even with 1 0 0  iterations some points are still unphysical.

An alternative approach is taken by Hunke & Dukowicz [1997], who include an 

elastic term in the constitutive law to aid numerical solution. The elastic-viscous- 

plastic (EVP) model was born out of the desire to couple the viscous-plastic sea 

ice model to a global ocean model and solve the coupled system on a massively 

parallel computer. The inclusion of the elastic term allows the momentum equation 

to be discretised explicitly and ensures stability for time steps of the order of hours. 

The explicit formulation simplifies parallélisation of the code. Hunke and Dukovicz 

[1997] used a preconditioned conjugate gradient solver, ICCG, in their sea ice model. 

Relaxation methods are relatively inefficient, the number of operations required to 

solve the system scales with xlogx, where x  is the number of variables. The number 

of operations the ICCG solver requires is known to scale linearly with x. The Sea 

Ice Model Inter-comparison Project [Steiner, 1999] report the EVP method does not 

perform favourably compared to the Zhang & Hibler [1979] method. It was found 

that the EVP solution does not converge toward the plastic solution as fast as the 

Zhang and Hibler method.

Comparisons between the EVP model and viscous-plastic model [Hunke & Zhang,
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1999] show both models have different transient responses, the EVP model responds 

more quickly to rapidly changing wind, but on longer time scales are generally in good 

agreement with each other. There are some differences, the largest velocity differences 

are at the ice edge during the winter and peak above 1 cms“ b Disagreement between 

ice concentration and thickness is greatest in the summer, at 7% and 13% respectively. 

Hunke and Zhang demonstrate that the EVP model and viscous-plastic model show 

similar convergence to the plastic solution, neither converge to the fully correct plastic 

solution solution within 1 0 0  iterations of the momentum equation.

Since the 1980s there have been great advances in numerical methods for solving 

partial differential equations. This work has not been fully exploited by the sea ice 

modelling community. It is hoped some of the ideas presented in this thesis will rectify 

this situation. Particular areas for improvement are the solution of the linearised 

system of equations, coupling of the velocity components with mass and accurate 

solution of the momentum equation.

2.8 Summary

A major issue to be addressed when modelling sea ice as a continuum is the choice 

of a suitable constitutive law describing the ice stress, and how this relates to dif

ferent spatio-temporal scales. Also, the wind and ocean drag on the ice need to be 

modelled correctly, relating the stress at the ice surface to mean wind and ocean cur

rents within or above the appropriate boundary layers. The complex nature of these 

boundary layers and the geographically highly variable viscous nature of ice assures 

that addressing these issues is non-trivial.

In this chapter we introduced the two-level viscous-plastic sea ice model, which 

has been highlighted as the best sea ice model available for climate studies. The aim of 

this thesis is to determine whether this model correctly simulates ice mass. It is known 

that the viscous-plastic model, with quadratic drag laws, adequately reproduces ice 

motion. The modelled ice thickness has not been fully validated. In the following 

chapter we will address this issue. For the first time, in chapter 3, the viscous-plastic 

model will be compared to remotely sensed ice thickness throughout the Arctic over 

several growth seasons.

Ice velocity is sensitive to three unknown parameters in the viscous-plastic model.



2.8 Summary 6 3

These are the maximum ice strength and the ocean and wind drag coefficients, which 

have been tuned to reproduce observed ice velocity [Harder & Fisher, 1999]. The 

maximum ice strength is expected to be sensitive to ice thickness. We will investigate 

this sensitivity and the influence of the wind and ocean drag coefficients on model ice 

thickness in chapter 6 .

If the viscous-plastic model is to be used in GCMs it must be computationally 

expedient. Toward this end we redesign the numerical method to solve the viscous- 

plastic model. In chapter 4 we introduce several numerical practices that greatly 

improve the solution of the highly non-linear momentum equation.

Finally, in chapter 7 we show that mass-momentum couphng is not fully resolved 

with traditional iterative solution Zhang & Hibler [1997] of the viscous-plastic model. 

We investigate whether this introduces a significant error in the ice mass solution and 

we design an iterative algorithm to couple mass and momentum that is as computa

tionally efficient as the iterative algorithm to couple velocity components presented 

in chapter 4.



Chapter 3 

Comparing Altimeter Ice 

Thickness Estimates and the Kiel 

Sea Ice Model

Recent developments in altimetry over sea ice have led to the first satellite measure

ments of sea ice elevation, allowing estimates of ice thickness. This opens excellent 

opportunities to determine the sea ice mass in the Arctic. The altimeter ice thickness 

estimates are concentrated in the winter, and limited to latitudes below 81.5° N. A 

comparative study between the altimeter data and a state-of-the-art, large scale sea 

ice model will be presented. These investigations are preliminary, and intended to 

suggest where the model needs improvement and if the altimeter data is useful. Re

gions will be identified where there are discrepancies between the altimeter data and 

model.

3.1 The Kiel Sea Ice M odel

The Kiel Sea Ice Model is described by Himler et al. [1998]. It is based on the 

viscous-plastic dynamic model of Hibler [1979], as presented in chapter 2 , with ther

modynamics following Parkinson & Washington [1979]. Continuity is treated in the 

same way as Hibler [1979], except the thermodynamic source terms are determined 

at each time step by solution of a one-dimensional heat equation. The energy budget 

at the ice surfaces is treated in the same manner as Parkinson & Washington [1979],
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and the heat conduction through the ice is determined using the zero-level approxi

mation of Semtner [1976]. A seven-level ice thickness distribution is solved for, with 

the thickness levels uniformly distributed from zero to two times the mean thickness. 

In the thermal energy balance, a prognostic snow layer is included, and a transport 

equation for the evolution of snow cover is also included.

The whole Arctic, including the Labrador Sea, is gridded with one degree (ap

proximately 110 km) spatial resolution. To ensure grid cells do not vary greatly in 

size, the grids pole is rotated to 0°N and 60^E with the equator running through the 

geographic north pole. The momentum and continuity equations are solved using the 

finite difference method with a daily time step. They are discretised on an Akawara-B 

staggered grid as Bryan [1969] to ensure local decoupling between grid points is not 

introduced into the solution of diffusion terms. The method of Hibler [1979] is im

proved upon in that an upwind advection scheme is used in the transport equations 

and artificial numerical diffusion (previously used to avoid numerical instability) is 

not included.

Wind forcing is taken from NCEP/NCAR (National Centers for Environmental 

Prediction/National Center for Atmospheric Research) reanalysis of atmospheric fore

cast fields from 1950 onwards. Six hourly, 1 0  metre wind fields were averaged daily 

and interpolated onto the model grid. Mean ocean currents were provided from the 

coupled ice-ocean model of Hibler & Zhang [1994], and the sea surface topography 

deduced from the mean current by geostrophy. The wind and ocean forcing used in 

the thermodynamic model are described by Himler et al. [1998]. Oceanic heat fluxes 

were taken from Hibler & Zhang [1994] and daily 2 metre air temperatures from 

NCEP/NCAR reanalysis. The source of snow is prescribed from climatological pre

cipitation [Vowinckel Sz Orvig, 1970], and the downwelling radiation budget includes 

climatological cloud cover [Ebert & Curry, 1993].

The Kiel Model has been run for 1950 onwards, and monthly mean ice thickness 

fields were provided by Markus Harder [pers. comm., 1998]. A typical monthly mean 

thickness field is shown in fig. 3.1. The mean ice thickness field is smooth and there 

is a gradient across the Arctic Basin. The thickest ice is on the Canadian coast, over 

4 m thick, thinning to 1 m on the Siberian coast. There is a seasonal cycle, on average 

ice melts by 1 m during the summer. Figure 3.2 shows a time series of average ice 

thickness throughout the Arctic, which has the same shape as the time series of total
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ice volume, notice inter annual variation of over 0.5 m. Regional ice thickness varies 

by half a metre on the same date of different years, with the greatest interannual 

variation in the Beaufort Sea.

Mean Ice Thickness 

May 95

Figure 3.1: Monthly mean modelled ice thickness, for May 1995.

The ice thickness simulated with the viscous-plastic model has not been fully val

idated. Until recently only moored Upward Looking Sonar (ULS) ice draft data in 

the Fram Strait and ULS data from several submarine cruises was available. The 

submarine data is mainly held by the military, and until the SCICEX (Scientific 

Ice Expeditions) project, 1993-1997, much of the data remained classified. The Kiel 

model has been compared against data available before SCICEX. There is an abun

dance of cruise data around the north pole. This has been utilised to tune the model 

sea ice albedo, taken to be constant throughout the model domain, so that ice thick

ness at the north pole is close to the observations [pers. comm. Markus Harder, 

1998]. The seasonal mean ice thickness across the Arctic was determined from anal

ysis of ULS data collected during several submarine cruises between 1968 and 1986 

[Bourke & McLaren, 1992]. The model is in reasonable agreement with moored ULS 

ice draft measurements in the Fram Strait [Vinje et ah, 1998], and the Bourke &
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Figure 3.2: Time series of mean ice thickness from the Kiel Sea Ice Model.

McLaren [1992] climatology.

3.2 Radar Altimeter Observed Ice thickness

Until recently, direct satellite measurements of sea ice thickness did not exist. With 

recent developments in altimetry, synoptic estimates of ice thickness are now available. 

A detailed description of processing to extract ice freeboard from satellite altimeter 

data is given by Peacock [1999]. Neil Peacock provided ice freeboard data derived 

from the ERS-1 and ERS-2 Radar Altimeter (RA).

ERS-1 was launched on July the 17th 1991 and placed in a near-polar, sun- 

synchronous low Earth orbit, passing over a particular point at the same local time 

throughout the year. The maximum extent of the orbit is 81.5^ latitude (mean in

clination being 98.52°) and 14.3 orbits are performed per day. ERS-1 and ERS-2 

provide continuous coverage from launch onwards, though the ERS-1 RA had track

ing errors over sea ice until June 1993. There is an overlap period between ERS-1 

and ERS-2, in May 1995, where both satellites followed the same 35 day repeat cycle, 

ERS-2 lagging ERS-1 by exactly one day. The ERS RA is a Ku band (13.8 GHz) 

nadir pointing, pulse limited altimeter. The radar signal has a pulse width of 3.03 ns, 

a pulse repetition frequency of 1020 Hz and a beam width of 1.3°. Unlike radiometers.
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Figure 3.3: Time series of monthly mean ULS ice thickness estimates, with open water 

removed, and monthly mean RA ice thickness estimates. Reproduced with the permission 

of Neil Peacock.

altimeters do not have wide swath coverage, surface coverage being limited to the 

radar pulse’s footprint area. Geometry limits this to a minimum footprint of 1 km, 

which can increase to 7 km over rough terrain. The data presented here was acquired 

during the ERS 35 day exact repeat missions, where track separation is 39 km at 

latitude and the density of altimeter tracks increases towards the pole, and the 176 

day exact repeat mission, which has greater track density.

For a typical altimeter echo over sea ice, the intensity of returned radiation at 

the altimeter sensor measured as a function of time has a steeply rising leading edge 

and once maximum power is received intensity reduces slowly. The leading edge of 

this return is mainly controlled by the surface elevation probability density function 

(PDF). From the rise time of the leading edge, the median of the observed surface 

elevation PDF can be determined (as the distance to the surface is given by the speed 

of light times half the time between emitted and return impulse). The analysis of 

the altimeter return gives the median of the ice freeboard distribution within the 

radar footprint. There will be some measurement error, due to the difference between 

“observed” and physical surface elevation PDF.
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The RA return over consolidated ice and areas with open water are characteris

tically different. Open water returns are highly specular, whereas the return from 

consolidated sea ice has reduced peak backscatter. This allows returns from ice and 

water to be differentiated, hence an estimate of sea ice freeboard can be determined. 

To convert freeboard to ice thickness, a constant ratio of ice draft to freeboard was 

taken. It is assumed that the ice density does not vary throughout the year or between 

ice types.

The method of determining ice freeboard depends upon the RA footprint falling 

on consolidated ice, as the specular return from water dominates the reflected signal. 

The RA footprint is large in comparison to typical ice floe size, so ice thickness 

measurements are concentrated in the winter in the Arctic Basin where the lead 

fraction is low. Melt ponds cause confusion between open water and ice surface 

altimeter returns, and data are limited during the summer months.

Overall, the RA thickness is lower than climatological values determined from 

historical databases. Most of this historical data was collected on submarine cruises 

in the 1970s. The Bourke & McLaren [1992] ice thickness climatology shows simi

lar patterns in mean ice thickness to the RA data, although is about 1.5 m thicker 

than altimeter estimates. Recently there have been reports that the Arctic sea ice is 

thinning. The SHEBA (Surface Heat and Energy Budget of the Arctic) field studies 

report that ice in the Beaufort Sea during 1997 was over a metre thinner than expected 

[McPhee et al., 1998]. The SCICEX project collected submarine ULS ice draft data 

from 1992, 1993, 1996 and 1997. Throughout this time period the ice in the Arctic 

was found to be thinner than measured in the 1970’s [Rothrock et al., 1999].

A programme to validate the RA data against independent measurements is be

ing followed [pers. comm. Neil Peacock, 1999]. Upward Looking Sonar (ULS) data 

provide the most comprehensive, independent data set for comparison with RA data. 

Moored ULS monitor the ice draft passing over a fixed point, measurements aver

aged over a fixed time period can be compared with coincident RA freeboard esti

mates. In the Fram Strait monthly averaged moored ULS ice thickness estimates 

[Vinje et ah, 1998] and mean RA thickness estimates sampled from 1 0 0 km about the 

ULS site show agreement to within a metre, fig. 3.3.

The RA data has also been validated against submarine ULS data collected during 

SCICEX. Submarine sections of 50 km were used to generate ice draft statistics. RA
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Figure 3.4: Location of central points for SCICEX ULS comparison with RA monthly 

mean ice thickness. Reproduced with the permission of Neil Peacock.

freeboard estimates within 100 km of the submarine section midpoint and 15 day 

either side of the collection time of ULS data were averaged and compared to the 

ULS statistics. The agreement between RA and coincident ULS mean ice thickness 

is shown in fig. 3.5. The correlation between the two datasets is 0.62, with a variance 

of 45 cm. There is a bias between the ULS and RA thickness estimates which grows 

with increasing ice thickness, the RA underestimates ice thickness by up to 0.5 m. 

The location of submarine track midpoints used in this study are shown in fig. 3.4, 

notice tha t they fall in the central Arctic, Beaufort Sea and Eurasian Basin. In the 

region were we see differences of over 1.5 m between recent data and the Bourke & 

McLaren [1992] climatology, we see agreement to within a metre between the RA data
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Figure 3.5: Showing the correlation between submarine ULS mean ice thickness and RA 

monthly mean ice thickness. Reproduced with the permission of Neil Peacock.
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and independent ULS ice thickness observations.

3.2.1 M onthly Averaged RA Sea Ice Thickness

In order to compare the modelled and RA thickness estimates, the statistical character 

of this data set must be considered. It is taken that the Kiel Model simulates the 

mean ice thickness within each grid cell. The RA thickness estimates are actually the 

median ice thickness within a footprint that is an order of magnitude smaller than the 

model resolution. In reality, ice thickness distributions within the altimeter footprint 

and below the model resolution are highly variable. A method must be constructed 

to compare these two ice thickness data sets.

Spatial sampling of ice draft along 50 km submarine tracks shows that the standard 

deviation of the draft distribution along tracks varies seasonally and geographically 

[Bourke & McLaren, 1992]. Bourke and McLaren find that standard deviation of ice 

draft varies between 5 m near the Canadian Archipelago and 1.5 m in the Central 

Arctic. Within the resolution of the Kiel Model, 1 1 0  km square, the ice thickness 

variance may be Im  to 5 m. The Kiel Model does not resolve this distribution, 

as that would be prohibitively expensive. Instead it is approximated that the ice 

thickness is uniformly distributed between zero and twice the mean thickness. Each 

day mean ice thickness, above 0.5 m, and the area of this ice is determined for each 

cell. It is important to bear in mind that the simplified model thickness distribution 

might cause systematic errors in the modelled mean ice thickness.

A monthly average of the RA thickness estimated within each model grid cell 

will be taken. As mentioned previously individual RA thickness estimates will have 

measurement error. There may also be a sampling bias in the RA data set, as large 

flows are preferentially observed. We expect the monthly averaged RA thickness to 

have errors due to both spatial and thickness distribution samphng. Preferential 

sampling of thick ice could explain the larger difference between ULS and RA in the 

Fram Strait compared to the Beaufort Sea [pers. comm. Neil Peacock, 2000]. In 

general the mean and median ice thickness within a RA footprint are not identical, 

which could introduce a bias into model-RA comparisons. Neil Peacock [pers. comm.,

2000] finds mean ice draft is 0.3 m higher than median ice draft in analysis of ULS 

estimated ice thickness distributions along 50 km submarine tracks. It is unknown
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Figure 3.6: Number of months when there are more that 100 individual thickness esti

mates available per grid cell, during the ERS-1 mission.

whether there is a similar consistent skew in ice freeboard distributions sampled at 

the RA footprint scale. Although all these, and perhaps other factors, introduce noise 

and bias into the model gridded monthly mean RA thickness estimates we do have 

an idea of the size of this uncertainty from RA-ULS comparisons.

To ensure that a large sample of ice thickness observations are used in each mean 

RA thickness estimate, only grid cells with more than 100 RA data points per month 

are considered. Figure 3.6 shows the number of months with more than 100 RA data 

points per grid cell during the ERS-1 mission. There is very little data coverage in 

coastal regions, and the data coverage falls off in the summer months, June until 

September. Measurements in the peripheral seas, the Labrador sea and Greenland- 

Iceland-Norwegian Sea are less dense.

A month is a reasonable time period to average over, giving a good compromise 

between data density and temporal resolution. As the RA data is sampled along 

tracks, and complete coverage of the Arctic takes 35 days, the monthly mean RA 

thickness in individual grid cells might be biased towards a smaller time period. Mean



3.2 Radar Altimeter Observed Ice thickness 74

Mean Ice Thickness 
May 95

ÜnclCDCs» (

00 0 5 10 15

Mean Ice Thickness 

May 95

2.0 2.5 4,0

(a) ERS-1 (b) ERS-2

Figure 3.7: RA monthly mean ice thickness gridded onto the model grid, May 1995.

ice thickness is slowly changing, in the Kiel model the rate of change of h is less than

0.2 m per month. The RA observed ice growth during winter occurs at a similar 

rate, and is much smaller than the estimated error on the RA data of 0.5 m. Any 

bias introduced due to inhomogeneous temporal sampling can therefore be considered 

negligible. The gridded RA ice thickness will be taken to be a biased estimate of 

the monthly mean ice thickness. From RA-ULS comparisons, the uncertainty in the 

monthly mean gridded RA ice thickness estimates is determined to be 0.5 m in the 

Beaufort Sea, Nansen Basin and Eurasian Basin and 1 m in the Fram Strait and 

Greenland-Iceland-Norwegian Sea. No bias is apparent between the two data sets in 

the Fram Strait. Based on the submarine ULS comparisons we will assume a 0.5 m 

bias on the RA thickness estimates.

Examples of the mean RA thickness for May 1995, from ERS-1 and ERS-2, are 

shown in fig. 3.7. Notice that the mean ice thickness fields determined by both 

satellites during this overlap period when both satellites were in the same orbits, are
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similar. The variation between the two thickness fields should be due to measurement 

error and the change in ice over one day. The difference between estimates of monthly 

mean ice thickness from the two satellites is less than 0.5 m, which is in agreement 

with the error estimates quoted above.

Initial investigations of the RA monthly mean thickness show that the data behaves 

as expected. Over each growth season, ice thickness is observed to increase (see 

figs. 3.10, 3.11, 3.12, 3.13 and 3.14). There is a gradient in ice thickness across the 

Beaufort Sea, showing ice build up toward the Canadian side. In the Pram Strait, 

the thickness is highly variable; not unexpected in this region with ice of various ages 

and origins. As the model and RA data are now on the same spatial and temporal 

resolution, direct comparisons can be made between the two data sets.

3.3 Comparing the Observed RA and M odelled  

Ice Thickness

Direct comparisons are made between modelled monthly mean ice thickness and 

monthly gridded RA ice thickness. The difference between these fields is calculated 

each month. A series of these difference plots is shown in fig. 3.8; see appendix A for 

the full time series of ice thickness difference plots.

From these plots, it is apparent there are large differences between the RA data 

and model. Generally, the model ice is thicker than observed. To illustrate the 

difference in features between the model and RA thickness, the mean thickness in 

several regions of the Arctic is presented. Time series of modelled and RA monthly 

mean ice thickness are shown for the regions in fig. 3.9.

The greatest difference is found in the Canadian Archipelago, see in fig. 3.11 that 

modelled thickness is 3 m thicker than the RA estimated thickness throughout the 

winters of 1996 and 1997. In the Beaufort sea and the Canadian Archipelago the 

difference between the model and the RA remains constant throughout the growth 

season, figs. 3.11 and 3.12, and similar ice growth rates are observed and modelled. 

In the Pram Strait the model and RA thickness are in good agreement, in fig. 3.10 it 

can be seen that the difference between model and RA thickness is 0 . 2  m throughout 

winter 1995-1996. The difference is slightly larger during the 1996-1997 winter, where
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Figure 3.8: The difference between modelled ice thickness and ERS-2 RA ice thickness 

estimates.
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the RA data shows better agreement with ULS measurements. In fig. 3.10 ULS, 

RA and model ice thickness agree to within a metre in winter. In the melt season 

the discrepancy between model and ULS ice thickness becomes large. This is to be 

expected as the ULS data set does not include measurements of open water, whereas 

the model mean ice thickness is calculated over an area including open water.

160“E 120°E

160°W

120°W

Figure 3.9: The regions for which monthly mean modelled and RA ice thickness are 

compared. These are referred to as: (A) Pram Strait, (B) Canadian Archipelago, (C) 

Beaufort Sea, (D) Nansen Basin and (E) Laptev Sea.

From fig. 3.8 it is apparent that there is a gradient in ice thickness difference 

across the Arctic Basin which exists in all years. In both the RA data and the model 

mean ice thickness in the Beaufort Sea, fig. 3.12, is greater than in the Nansen Basin, 

fig. 3.13. Ice thickness varies from between 2 m and 3 m in the Laptev Sea, fig. 3.14,
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in the Beaufort Sea model thickness is between 5 m and 6  m. The gradient in ice 

thickness difference across these three regions in the western Arctic is of the order of 

1 m in the RA data and 3 m in the model. Hence the difference between model and 

RA thickness increases towards the Canadian coast.

In the Nansen Basin there is significant interannual variability in the RA ice thick

ness, fig. 3.13. This variability is less apparent in the model. The interannual variabil

ity in regional patterns of ice thickness difference, fig. 3.8, can mostly be attributed to 

variability in the RA data. The gradient in ice thickness difference across the Beau

fort Sea and Nansen Basin has different characteristics for the three growth seasons 

investigated. In the autumn of 1995 and winter of 1996 large ice thickness differences 

(of the order of 3 m) extend further to the west than at other times. This corre

sponds to the reduced RA thickness shown in fig. 3.13 during this time period. Prom 

the timeseries of figures in appendix A, it is apparent that patterns in ice thickness 

difference in the Nansen Basin remain similar throughout individual growth seasons, 

interannual variation is much larger than the variation between months. It can be 

seen from fig. 3.13 that the difference in ice thickness in the Nansen Basin between 

winters is as large as the growth of ice over one winter, which is about 1 m.

To summarise, there is a bias between the model and RA data. The temporal vari

ations in the bias are small compared to the spatial variations, except in the Nansen 

Basin where there is considerable interannual variability in the RA thickness. The 

regions of large thickness difference correspond to regions where ice flow is conver

gent, and the internal ice stress is an important term in the ice momentum balance. 

This suggests that the constitutive relation describing the internal ice stress might be 

responsible for errors in the modelled ice thickness. It should be noted that where 

convergent flow is prevalent, ice is heavily ridged. It is possible that there is a bias in 

the RA estimated ice thickness, indicating thinner ice than reality as the thick ridges 

are under-sampled [pers. comm. Seymour Laxon, 1998]. From comparison with ULS 

ice draft measurements we can estimate this bias is less than 0.5 m, though it may be 

amplified in regions with heavy ice ridging such as the Canadian Archipelago.
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Figure 3.10: Modelled and RA monthly mean ice thickness in the k>am Strait. Monthly 

mean ice thickness estimated from draft measurements by upward looking sonar (courtesy 

of the Norsk Polar Institute) are also shown in orange. The model is shown in black, ERS-1 

red and ERS-2 blue.
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Figure 3.11: Modelled and RA monthly mean ice thickness above the Canadian 

Archipelago. The model is shown in black, ERS-1 red and ERS-2 blue.
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Figure 3.12: Modelled and RA monthly mean ice thickness in the Beaufort Sea. The 

model is in shown black, ERS-1 red and ERS-2 blue.
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Figure 3.13: Modelled and RA monthly mean ice thickness in the Nansen Basin. The 

model is in shown black, ERS-1 red and ERS-2 blue.
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Figure 3.14: Modelled and RA monthly mean ice thickness in the Laptev Sea. The model 

is in shown black, ERS-1 red and ERS-2 blue.

3.4 Discussion

There is a substantial bias between modelled and RA estimated ice thickness. Al

though the model is in good agreement with the Bourke & McLaren [1992] climatology, 

it is not in agreement with submarine or RA ice thickness observations during the late 

1990s. Both the submarine and RA data are in agreement with each other, to within 

1 m in the regions where the model is observed to over-estimate ice thickness by more 

than 3 m. In the region where the Kiel model thickness has previously been validated 

(the north pole and Fram Strait), the RA data and model are in comparatively good 

agreement.

We need to address why the difference between model and RA thickness in the 

Beaufort Sea is over 3 m. This is a region of ice convergence and heavy ridging. It is 

also where the relatively thick ice is situated. Sampling errors in the RA data could 

account for some of this bias. In the Beaufort Sea the bias between model and RA 

thickness is 2 m greater than estimates of the RA thickness error in the same region.

It is likely that the model is in error. The thermodynamic model may cause 

exaggeration of ice growth in autumn or underestimate ice melt in the summer, for
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example the NCEP/NCAR air temperature, ice albedo parameterisation or oceanic 

heat flux might be in error. It is interesting to note that the RA data and model 

show similar seasonal cycles, with similar growth rates, only displaced by a constant 

thickness. Perhaps there are compensating errors in the thermodynamics or a constant 

error in the dynamic model. We suggest that the constitutive law in the model might 

be at fault. Indeed, Kreyscher et al. [1997] point out that the Canadian Archipelago 

and Beaufort Sea are the regions that show the most thickness variation between 

different rheological models. They claim that thickness observations in this region are 

important for deciding between potential models and tuning rheology. Alternatively, 

the external stress on the model ice might be greater than reahty, causing greater 

convergence towards Canada and Greenland. This is possible if reanalysis winds are 

in error or the atmosphere/ ocean boundary layer is poorly parameterised.

Clearly, before more reflned model-RA comparisons can be made, the difference 

in monthly mean ice thickness must be better understood. It would be of value to 

investigate whether the thickness difference could be explained by simple variations 

in the model parameterisation. A sensitivity study of the momentum balance in the 

viscous-plastic sea ice model will be presented in chapter 6 . This will provide insight 

into whether the difference between modelled and RA ice thickness can be explained 

by parameter errors in the dynamic sea ice model.



Chapter 4 

Numerical Solution of the 

Viscous—Plastic Sea Ice Model

The system of equations describing large scale sea ice evolution, eqs. (2.5), (2 .2 ) and

(2.3), were outlined in chapter 2. In this chapter, numerical solution of this model 

will be presented. Finite Volume Discretisation will be applied and several numerical 

practices introduced, including the use of a bounded differencing scheme and a novel 

method to ensure convergence of the ice velocity solution. The numerical solution 

procedure will then be verified with simple numerical experiments, for which the 

outcome is predictable or an analytical solution known.

4.1 Finite Volume Discretisation

Sea ice is modelled as a two-dimensional continuum, the momentum and continuity 

equations integrated with respect to thickness and all the variables expressed per unit 

area. The equations describing the mathematical model were discussed in chapter 2 . 

The solution of eqs. (2.2), (2.3) and (2.5) is an initial value problem defined over a 

domain with specified boundary conditions. These equations are a coupled system 

and the momentum equation, eqn. (2.5), is highly non-linear in velocity. Traditionally 

this model is solved using the Finite Difference Method to discretise gradient terms 

[Hibler, 1979]. A popular approach in continuum mechanics is the Finite Element 

Method (FEM). This approach is taken for the solution of the viscous-plastic model 

by Schulkes et al. [1998]. Here we present Finite Volume Discretisation of the viscous- 

plastic model.
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In our numerical solution we segregate the two transport equations and the two 

components of the momentum equation. Each decoupled equation is discretised with 

the Finite Volume Method (FVM), i.e. it is discretised in the integral form over each 

grid cell. Discretisation is second-order accurate in space as the variation of each 

variable across individual grid cells is treated linearly. The uncoupled equations are 

solved independently, and mass-momentum coupling is resolved with iterations over 

the segregated equations, which are required to march the ice state in time. In the 

discretisation we lag the viscosities rj and (  between each solution of the momentum 

equation because they have non-linear dependence on U. As the two components of 

momentum are segregated we also need to treat cross component coupling of velocity 

as non-linearity. A convergent solution is ensured with an iterative method, per

forming successive solutions of the uncoupled components of the momentum equation 

between time steps. Discretisation creates a set of linearised equations to be solved. 

The segregated approach and second-order discretisation allows the use of memory 

efficient iterative solvers, here we use the Conjugate Gradient (CO) method. After 

prescribing initial ice velocity, effective thickness and area fraction fields, the sea ice 

state may be determined at discrete times and locations by marching though the dis

cretised equations in time. Momentum and continuity are coupled through the time 

stepping, whereas the two components of momentum are coupled by iterating over 

these two equations each time step to ensure convergence of the velocity solution.

The transport equations for effective ice thickness and ice area fraction are:

+  V • (ftU) =  (4.1)

l ^  +  U- V. 4  =  S.4. (4.2)

The momentum equation, eqn. (2.5), includes a constitutive term V • <r, which is 

rewritten in terms of ice velocity. Taking the divergence of the stress tensor defined 

in eqn. (2 .1 0 ) and substituting the relationship between strain rate and velocity given 

in eqn. (2.9) we find

V • (T =  V • j;(VU + VU’") +  V • (C -  7/) IV  • U -  V ^ . (4.3)

Substituting eqn. (4.3) into eqn. (2.5), and manipulating the V • <r terms as described
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in section 4.2.1, the momentum equation becomes

• (rnUU) -  V • [(?y + ()V U | =  -  m f k  x U  -  m g V H
(4.4)

+V  • [i?vuq + V ■ [(C -  7?)Itr(VU)| -  V • [(VU| -  V - .

The variables in eqs. (4.4), (4.1) and (4.2) have been defined in chapter 2.

Terms in the transport and momentum equations are classified as temporal deriva

tives H , advection V • (</>U) or diffusion V • [FV0], where 0 is any vector or scalar 

and F is a diffusion coefficient. The remaining terms are treated as body or surface 

source terms. The advection of momentum term, though known to be insignificantly 

small on time scales longer than a day, is included for completeness as it does not 

considerably increase the cost of the numerical solution.

n

Figure 4.1: A typical grid cell; is the face area vector for one cell face; d is the distance 

between two neighbouring cell centres, p and n and U is the ice velocity at p.

The discretisation is performed in two phases. Firstly, the solution domain is split 

into a finite number of two-dimensional polygonal cells. The only constraints on this 

meshing are:

1. cells must not overlap and

2. the cells must entirely cover the domain.

In contrast to the Finite Difference Method, where a mesh defines the computational 

nodes, in the FVM the cell boundaries are defined by a mesh. The computational 

nodes, where ice velocity, thickness and ice fraction will be calculated, are assigned 

to cell centres. Figure 4.1 shows a typical cell.
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The mathematical model is discretised by integrating the governing equations 

over individual cells, of area H bounded by perimeter S. In the following sec

tions the discretisation of the advection, diffusion and source terms (including gra

dient terms) will be described. A face addressing convention [Theodoropoulos, 1990, 

Muzaferija & Gosman, 1997] will be taken to describe momentum, thickness and area 

flux out of each cell. Each linear face of a single cell is treated separately, the integral 

of flux out of the cell being equal to sum of the fluxes across its faces. Discretisation

will be presented for one cell face, with face length vector =  Sk normal to the

face and of magnitude given by the face length. With this convention it is possible to 

express the flux out of a cell of arbitrary shape.

4.1.1 Discretisation of Advection Terms

First we consider discretisation of gradient terms, V<ÿ. Integrating over one cell and 

applying generalised Gauss’s Theorem this becomes §g(j)dS. Each of these surface 

integrals is given by the sum of the integrals over individual cell faces,

(f dS^ = ^  f  dSk(t>. (4.5)
Js ^  JSk

The face integrals are approximated:

dSk(j> = Sk<p % Sk<l>k, (4.6)/JSk' Sk

where we approximate (p with (p at the face centre, (pk- The value of (pk will be 

approximated by interpolation from <p at adjacent computational nodes (cell centres).

The advection terms in the momentum and transport equations are treated in the 

strongly conservative form: V • (Uÿ). They are discretised as

[ V • {V(P)dQ = (f ds-\j<p==y^ [  d Sk ‘ {U(p)k« y;Sjfc - (4 .7 ) 
Jn J s  ^ Jsk k

where Sk • Ua; is the face flux, which is specifled to satisfy continuity. The value of (pk 

and the flux at the face must be interpolated from values at adjacent cell centres.

4.1.2 Interpolation Schemes

To solve each discretised equation the sea ice thickness, h, fraction. A, and velocity, 

U, must be interpolated onto the cell faces. Central Differencing (CD) is a popular
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interpolation scheme:

(f)k = OL(f)p +  (1 — û;) (f>ri- (4.8)

The value of a variable on a cell face, can be found by linear interpolation between 

the variable at the cell centre, <̂ p, and the variable at the adjacent cell’s centre, The

interpolation factor, a, is defined as the ratio of the distance between face and adjacent 

cell centre and the distance between cell centres. Unfortunately CD causes spurious 

oscillations in the solution of advection dominated equations [Ferziger & Peric, 1997]. 

One problem is that the solution may become unbounded, and it is likely that un

physical negative values could be obtained for h and A. To avoid this problem Hibler 

[1979] included artificial numerical diffusion terms in the h and A transport equations. 

Applied carefully, this removes the problem of unboundedness, but at the expense of 

accuracy. The inaccuracy introduced with artificial numerical diffusion has been dis

cussed by Gray & Morland [1994].

The Upwind Differencing (UD) scheme guarantees boundedness [Ferziger & Peric, 

1997]. In this scheme

(f)p for Sfc • Ufc > 0
4>k = < (4 9)

(j)n for Sfc • Ufc < 0,

where the flux, • Ufc, is positive in the direction p to n. Unfortunately, this differ

encing scheme is only first order accurate, and may introduce errors of the same order 

as terms in the model. Numerical diffusion is implicitly introduced so that spurious 

oscillations do not occur, but accuracy is compromised.

As the advection terms dominate in the transport equations it is desirable to use 

a differencing scheme that is both bounded and accurate. To ensure interpolation is 

between adjacent cell centres this is attempted with CD-UD blending schemes,

=  7 {4^k)cD T (1 ~  7 ) {^k)uD ' (4 -1 0 )

The subscripts CD and UD refer to the differencing schemes and 7  is a blending ratio, 

between 0  and 1 . It determines the amount of numerical diffusion which must be 

artificially introduced; when 7 = 1  the method reduces to CD. The Gamma Differ

encing (CD) scheme [Jasak et al., 1999] is used in the discretisation of the advection 

terms in eqs. (4.1) and (4.2). In this scheme 7  is determined from the local shape of 

the solution and UD is only introduced, reducing accuracy, when the local gradient
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is large. (The form of 7  is derived in Jasak et al. [1999]). Hence the minimal amount 

of numerical diffusion can be introduced to ensure the solution is bounded. Most 

importantly, GD ensures a bounded solution without having to explicitly introduce 

diffusion terms or resort to first order accurate differencing schemes. GD is close to 

second order accurate, only where the local solution gradient is large is the order of 

accuracy reduced to a value between first and second order.

The advection of h is approximated using GD

([ hdS * U ^  "̂ ^[y{(xhp +  (1 — cx)hn) T (1 — 7 )^]) (4.11)

where the flux is

T  = Sk ' = Sk ' (cüUp +  (1 — <a)Un). (4.12)

In a generalised form the discretised advection of h for each grid cell takes the form

(p hdS • U % Ophp + (4.13)

where Op and On are discretisation coefficients given from the previous solution of the 

momentum balance. Notice that the term has been split into a term in h at the CV 

centre and a sum of terms in h at the CV neighbours. For convenience we will refer 

to all discretisation coefficients as Op and On] the value of these coefficients should be 

apparent from the context.

To discretise the advection of ice fraction it is first manipulated to take strongly 

conservative form:

U • =  V • (AU) -  AV • U. (4.14)

Where V • (AU) is discretised with GD using as shown for the advection of h:

(f> AdS • U % OpAp +  anAn (4.15)

and AV • U is treated as source, i.e. in this term A is treated explicitly and given by 

the value of A found at the previous time step.

The advection of momentum is approximated with CD as

m {dS ■ U)U »  [aUp + (1 -  a)U„]
® " (4.16)

— GpUp 4“ ûnUnj

i

where Tm is the mass flux

=  Sk • (mU)fc -  Sk • {arriplJp -  ( 1  -  a)mnUn). (4.17)
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4.1.3 Discretisation of Diffusion Terms

Now the diffusion term, V • (PVU), will be discretised. Traditionally, within the 

context of the Finite Difference Method, second order differentials are approximated 

by performing central differencing twice. To illustrate, consider the second order 

differential of (/>, in one dimension. This may be discretised as

^  ^  (pp-2 -  +  ÿp+ 2  1

obf ~  4(A%^ ' ( ' )
where the subscripts on <j> indicate the coordinate of (j) on the x  axis. Note that this

approximation is taken over 5 grid cells. The solution at adjacent grid cells becomes

uncoupled, leading to “checker boarding” of the solution. A popular method to remove

this problem is to solve for ice mass and ice velocity on separate grids, staggered by

half the grid resolution, as Bryan [1969].

It is possible to solve diffusion terms accurately on co-located grids without the

need to resort to staggered grid arrangements. First we present the finite volume

discretisation of a generic diffusion term, which we follow for the discretisation of the

viscous-plastic model. Integrating over a single cell and splitting the integral over the

cell faces, the diffusion term takes the form

[  V • (FV U )d Ü = Y , (  TfcdSfc • VU
" * (4T9)

=  (VU)t.
k

For an orthogonal grid the velocity gradient may be discretised at each face as:

S* • vu « ~ (4 .20)

where d is the distance between the cell centre p and the adjacent cell centre n. 

Non-orthogonal meshes require special treatment (a correction may be applied to 

eqn. (4.20) to account for non-orthogonality). As only orthogonal meshes will be con

sidered in the following work, non-orthogonality need not be treated. From eqs. (4.20) 

and (4.19), the discretised form of the diffusion term is

(4.21)

where F must be interpolated on to the face with an appropriate differencing scheme, 

we use CD:

S 3  -  (1 -  a)T„] (4.22)
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The diffusion term has been approximated in terms of neighbouring cell variables. 

Hence the solution does not become uncoupled at neighbouring cells and a co-located 

grid may be used without adverse “checker boarding” of the velocity solution.

Similarly the discretisation of diffusion terms with the Finite Difference Method 

can be modified to allow accurate solution on a co-located grid. This method is 

similar to that used in the Finite Volume Method, where fiuxes are approximated 

from variables at cell faces which must be interpolated from the variable values at 

the adjacent cell centres. Again central differencing is performed twice, though over 

points at the cell face:
^  ( j ) p - i  -  2(f)p +  ÿp+i , .

obc? ' I " ^

The terms at the cell face cancel just as the terms in and do in equation 

(4.18). Clearly this method does not decouple the solution for neighbouring cells, and 

diffusion terms can be resolved accurately on the same grid as the advection terms.

4.1.4 Discretisation of Source Terms

Let q represent the source terms in the transport equations, eqs. (4.1) and (4.2), 

or forcing terms on the r.h.s. of the momentum equation, eqn. (4.4). A simple 

approximation of the integral of q over a cell area is given by

/Jn
qdQ = qAQ ^  qpAQ, (4.24)

'o

where the mean source, q, can be approximated by the value of q at the cell centre 

Source terms that involve derivatives are treated in the same way as described above, 

taking dependent variables from the previous estimate (either the initial condition or 

the previous solution).

4.1.5 Boundary Conditions

To solve the system of equations, conditions are required to describe h, A  and U 

at the domain boundaries. In the sea ice model there are two types of boundary 

conditions to consider: open ocean boundaries, where ice fiow is unhindered, and 

land boundaries. We apply Dirchlet and Neumann conditions.

First we will consider advective fiuxes. At ocean boundaries we specify that the 

advective fiux over the boundary is equal to the flux into the cell next to the boundary.
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Taking the gradient of U to be zero across the boundary ensures this condition is 

met. The advective fluxes at land boundaries are prescribed as zero. Following the 

precedent set with finite difference viscous-plastic sea ice models [Hibler, 1979], the 

ice velocity is specified to be zero at land boundaries. Setting the normal component 

of ice velocity to zero ensures there is no advective fiux across land boundaries. The 

zero tangential ice velocity component satisfies a no-slip boundary condition.

Both land and ocean boundaries are taken to be stress free. The diffusive fiux 

across land boundaries should be set to zero. This ensures that the normal viscous 

stresses at the boundary are zero. At the boundary one-sided differences are used to 

approximate the integral, and we require

Ui> — Up
[r& -  Tp] |St| =  0 , (4,25)

db

where the diffusion coefficient F is some linear function of the viscosities (  and rj. 

The subscript b refers to the boundary face and db is the distance between the cell 

centre and boundary face. At land boundaries this condition must be implemented 

directly as the boundary condition required by the advection terms, =  0 , could 

give non-zero values of VU and hence it is not guaranteed that condition (4.25) is 

obeyed. By specifying a zero gradient boundary condition on h and A we ensure that 

the gradient in ice strength at the boundary is zero: Pb — Pp = 0. Hence

r j b -  T)p = 0, ( i , -  Ç = 0 (4.26)

and condition (4.25) is obeyed. At ocean boundaries direct implementation of the 

diffusive boundary condition is not required as zero gradient velocity ensures condition 

(4.25) is met.

To summarise, we specify h and A  to have zero gradient across all domain bound

aries. At ocean boundaries U is taken to have zero gradient and at land boundaries 

U is prescribed to be zero.

4.1.6 Temporal D iscretisation

Finally the discretised equations must be linearised in time. By splitting time into 

discrete steps, and approximating the solution to be some function over each time 

step, the system of equations can be solved at discrete times.
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For illustration, consider the ordinary differential equation:

= (4.27)

where (j) must be determined at times, ti =to + Ai, i2 — io +  2 Ai, is =  io +  3Ai etc.

A method to approximate integration from i„ to i^+i must be constructed.

d0 (i)/ dt
J-n+l

/Jtr

dt % — 4>*

F (i,ÿ )d i,
L ., (4 28)

where represents the value of (j) at time in- The Euler method of linearly approxi

mating the integral J  F  dt can be taken in two ways:

1 . The Euler Explicit method. Where the function F(i, (j>) in eqn. (4.28) is approx

imated by the constant F{tn̂ (j>̂ )>

2 . The Euler Implicit method. Where the function F(i, (j)) in eqn. (4.28) is approx

imated by the constant F{tn+\y<t>̂ ^̂ )-

These schemes are illustrated in fig. 4.2. The Euler method is first order accurate. It 

is possible to increase accuracy by splitting the time step, or by using a second order 

method such as the Mid-point Method or the Trapezium Rule (the Crank-Nicolson 

method). A modified Euler step is commonly used in sea ice modelling, where <j> 

is determined at the mid-point in the time step and then the final value of is 

determined with 4>* and

Hibler solved the momentum equation with a 3 level, second order accurate, modi

fied Euler step (also known as a Runge-Kutta method). The transport equations were 

solved with a similar method, but staggered half a time step ahead of the momentum 

equation. Finally, the coupled system was integrated in time with a forward-backward 

scheme [Hibler, 1979]. It is found with the FVM that splitting the time step is not 

required for accurate solution of the transport equations.

The results presented in this thesis have been obtained by using single Euler 

time steps. As the sea ice state varies slowly in time, and for time steps over one 

day the inertial terms are expected to be small, it is not likely a more accurate 

temporal approximation will be needed. The Euler Implicit time step is known to be 

unconditionally stable [Hirsch, 1991], and will allow the long time steps needed for
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a b c d

F igure 4.2: Linear approximations of the integral of (j> over time: (a) the Euler Explicit 

Method, (b) the Euler Implicit Method, (c) the Mid-point Rule and (d) the Trapezium 

Rule. Modified from [Ferziger & Peric, 1997].

climate simulations. For the Euler Explicit method the stability requirement is the 

Courant condition [Ferziger & Peric, 1997]:

Ai < V2 Az|U|. (4.29)

With typical mesh resolution and time step, Ax =  110 km and At =  Iday, the 

Courant condition is obeyed for U < 0.5ms“ h The transport equations will be 

discretised implicitly. As far as possible the momentum equation will be treated 

implicitly, although the velocity cross component terms and viscosities must be treated 

explicitly. The Courant condition will be obeyed to ensure stability of the system. 

Part of the momentum equation is lagged in time and iterations are performed over 

the two components of the momentum equation to ensure a fully convergent solution 

is found. This temporal discretisation is discussed in more detail in the next section.

4.1.7 Discretisation of the V iscous—Plastic M odel

The transport equations for h and A and the two components of the momentum are 

initially uncoupled, and solved independently each time step. A value of /i, A and 

U is determined at each time t = The transport equations are solved

once each time step with a fully implicit discretisation method. We take a semi- 

implicit discretisation of the momentum equation with iterative coupling over the two 

components of momentum, as Zhang & Hibler [1997]. Coupling between h, A and U 

is resolved through the time stepping.

First the discretisation of the transport equations will be considered. All the 

advection terms are discretised implicitly with a single Euler step. For example im
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plicit discretisation of a general advection term will follow the method outlined in 

section 4.1.1, determining ÿ at the current time:

(4.30)

The superscript t +  1 denotes that is given at time tn+i- The inertial terms are 

discretised as

<«■>
where At is the time step length. The source terms Sa and Sh are given by their 

value evaluated at p. Finally, part of the advection of A is treated explicitly:

<f A^V ■ V ‘dS = A  ̂ <fdS V ‘ f » Y .  ' («Up +  (1 -  a)U^) (4.32)

From the discretisation of the terms described above, the linearised-discretised 

transport equations for a single cell are determined:

n

(4.33)

(4.34)
A n

where and are the relevant coefficients obtained from the discreti

sation of the advection term and the inertial term. The source terms, Sa -, S^ and 

A  • VU, are evaluated explicitly and represented by q. Note than q also contains part 

of the inertial term, Written in full, assuming fiux flows in the direction p to n, 

the discretisation coefficients of the ice thickness transport equation are:

1
— [l^  -  7  + l]Sfc • [cxUp + ( 1  — o;)U^] T 

4 n =  [7 ( l-c^ )]S .-[aU ^  + ( l - a )U j ,] ,

Q h  ~  ^

(4.35)

(4.36)

(4.37)

and the discretisation coefficients of the ice fraction transport equation are:

=  [7 “  ~  7  +  1]S* • [oUp + ( 1  — a)Uj,] +

^An = [7 ( 1  ~  û)]S* • [aUp +  (1 — a)U^],

q\ = 0. 4
At + ^ 2  4 ^k • (oUp +  ( 1  — a)Up) +  Sa

(4.38)

(4.39)

(4.40)
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The value of the CD interpolation factor a  is dependent on the local grid resolution, 

i.e. the distance between adjacent cell centres and the shared cell face. The GD 

interpolation factor 7  is discussed in [Jasak et al., 1999].

The two components of the momentum equation are solved separately. They 

are integrated in time with single Euler steps, iterating over successive solutions in 

order to resolve velocity non-hnearities and cross component coupling. The cross 

components and the bulk and shear viscosities, r] and are calculated from the 

previous available solution. The two velocity components will be coupled by iterating 

over the two momentum equations several times each time step, ensuring that the 

velocity estimate converges to the viscous-plastic solution.

We first consider individual terms in the momentum equation for the u component 

of velocity. The advection term and inertial terms are discretised implicitly

■ i r  «  a’< *  +  Y ,  (4.41)
n

( « 2 )

We introduce i to represent the iterations performed each time step, i =  0,l,2,...,A^ 

where N is the total number of iterations when a convergent velocity solution is found. 

Note that is equivalent to

The u component of the diffusive term, V • [(/? + ()VU], is discretised semi- 

implicitly, taking rf and (  from the previous velocity estimate:

\ ^ k \—  i I j - —  " [<̂ {rfp +  Cp) — (1 -  Oi){rjn +  C n )I —  ( 4 . 43 )

n  ' ' n

where d is the distance between adjacent cell centres. Here the discretisation coeffi

cients are found by evaluating rj and (  at the grid cell faces by linear interpolation. 

The ocean stress term is discretised as:

^  pwCn,\Vn, -  U p  I {{Uu, -  i f p + ^ ) c o s ( ^ ^ )  +  -  ? ; p s i n ( ^ w ) )  =  flpWp'^^ +  q \  ( 4 .44 )

where the source g* is the cross component term in v and Ü is the cell area. Similarly 

the Coriolis term is treated as source. The terms that are not dependent on ice 

velocity; the wind stress, sea surface tilt term and gradient of ice strength, all enter 

source and are evaluated given previous estimates of h and A. The remaining terms 

in the constitutive relation V • [(VU], V • [t/VU^] and V • [(( — ?y) Itr(V U)] are
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discretised explicitly. The terms in the v component of the momentum equation are 

discretised similarly.

Compiling the momentum equation from all the discretised terms described above 

we obtain

+  E  « L u t " '  =  4 j - (4.45)
n

The discretisation coefficients a\jp and a\j^ are found from the linear combination of 

the discretisation coefficients described in eqs. (4.41), (4.42), (4.43) and (4.44). The

source is the combination of the remaining terms. Written in full the discretisation

coefficients for the momentum equation are:

+ OiSk - [amllJl -  {I -  a)m llJl]
A t
IS&I [oiWp +  (p) -  ( 1  -  + C)]Ml

~PwCw\^w ~  Upjcos(^tü)) (4.46)

^ U n  =  +  C p )  “  ( 1  “  < ^ ) ( ^ n  +  C n ) l

- ( 1  -  a)Sk • [am lv;  -  ( 1  -  a ) m M  (4.47)
-(jo

qc7 =  ^  Ai ^p^/VTf +  mV X Up

~ ^ P w C w \ ^ w  ~  U p |[ u t „ c o s ( ^ « ; )  +  ( U lo  — U p ) k  X s in (^ i( , ) ]

- V  • [C VU] +  V • [r/VU^] +  V • [(C -  Ï?) I tr(VU)] +  1 V P  , (4.48) 

The two discretised segregated momentum equations for v and u take the form

<̂ p̂̂ p̂  ̂+ ^ 2  — Qu (4.49)
n

and

<̂ C/p̂ p̂  ̂+  (4.50)
n

where and gj are the u and v components of q^. Note that the coefficients a\jp and 

contain all the implicit parts of the discretisation, and q is the explicit part.

It has been shown by Zhang & Hibler [1997] that to obtain the full plastic solution 

at each time step, iterations should be performed over the two components of the 

momentum equation, updating the viscosities every iteration. The components of 

ice velocity are coupled through the Coriolis term, water drag, 77 and (. Iterating 

over the two momentum equations several times each time step effectively couples u 

and V,  ensuring a good approximation of U is found. A number of these iterations
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will be performed each time step, and will subsequently be referred to as corrector 

steps. We investigate how many corrector steps are required for velocity convergence 

in section 4.2.2.

At the beginning of each time step the dependent variables are available from the 

previous time t or provided as initial conditions. First and are estimated 

from the fluxes, source terms and variables calculated at time t. The updated values, 

and are used to estimate and Corrector steps are performed

updating velocity fluxes and terms where velocity is treated explicitly each step. After 

N  correction steps the velocity solution is found at the new time t + 1, and the 

algorithm proceeds to the next time step.

The discretisation presented above provides a set of linearised equations for /i, A, 

u and V.  An estimate of each variable at one time or corrector step can be found by 

solving the appropriate set of linear equations. The method of solving linear equations 

is discussed below.

4.2 Solution of the Linear System  of Equations

A system of linear algebraic equations has been obtained, where the number of un

knowns is equal to the number of equations in the system. The fields u, v, h and A 

can be determined at discrete positions and times given initial values of u, v, h and 

A  at time to. The linearised model equations all have the general form:

=  (4.51)
n

If the domain is split into a set of rectangular cells, the discretised equations 

approximating the flux out of a cell have the form,

=  9 *, (4.52)

where ÿ is the variable (u, v, h or A) to be solved for, and the subscripts (p, n, e, 

s, w) represent the centre of a cell and its neighbours. The values of a, b, c, d and e 

are determined from discretisation, interpolation and linearisation as described above. 

The group of cells which (pp is dependent upon are referred to as the computational

molecule. Figure 4.3 is a representation of the computational molecule for a two-

dimensional square grid when linear interpolation is apphed.
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+ ' 
w ■"p %

F igure 4.3: The computational molecule for a transient-advective equation discretised 

with Central Differencing on a two-dimensional square grid.

For each variable, /i, A, u or v, the system of equations can be written in matrix 

form,

M $  =  Q. (4.53)

The matrix of coefficients, M, is sparse and diagonally dominant, with a five diagonal 

structure. $  is a vector containing the variables that are to be solved for and Q 

contains the source terms. For M to be five diagonal it is necessary to maintain a 

specific ordering of the linear equations. If arbitrarily structured grids are used the 

resultant matrix may not be five diagonal. However, a different sparseness pattern 

does not violate the diagonal dominance of the matrix. The tri-diagonal matrix solver 

has been shown to be computationally efficient when solving the viscous-plastic model 

[Zhang & Hibler, 1997], though we will be unable to use this solver if discretisation is 

on an arbitrarily structured mesh.

As the majority of computational effort in solving the linear system of equations 

is the matrix inversion, this must be efficient. A conjugate gradient (CG) matrix 

solver with incomplete Cholesky pre-conditioning (ICCG) [Hestens &: Steifel, 1952, 

Van Der Vorst, 1992], has been used to obtain the results in this thesis. We use 

this solver iteratively and its convergence rate depends upon the distribution of the 

eigenvalues in M, preferring small condition number (the ratio of smallest to largest 

eigenvalues). Pre-conditioning transforms the matrix into a favourable form before it 

is passed to the solver. The CG matrix solver requires that the matrix to be inverted 

is sparse and diagonally dominant. It is ensured that the matrix retains these features 

through the use of small computational molecules.
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4.2.1 M atrix Conditioning

To stabilise the numerical solution, and to improve convergence, the momentum equa

tion will be treated in a similar way to Jasak [1998]. When solving a coupled system 

iteratively, changes in one variable may influence the coefficients determining another. 

This may slow or prevent convergence. The velocity convergence rate is poor because 

part of the velocity solution is highly non-linear and lagged between corrector steps. 

This causes the velocity solution to be successively overestimated then underesti

mated, see fig. 4.4.

It is possible to improve convergence by limiting the change in each variable be

tween corrector steps, by over-relaxing the solution. To over-relax the velocity between 

iterations, velocity is updated before each solution of the momentum equation.

u" = u-\-uj{v! — u)^ (4.54)

where u' is the x-component of velocity determined after one corrector step, u is the 

initial velocity from the previous corrector step. The relaxation parameter is u  and 

u" is the updated velocity used to initialise the next corrector step.

Ideally we wish to optimally over-relax so that the velocity estimate asymptotically

approaches the correct solution. In practice it is nearly always impossible to determine 

an explicit relaxation parameter demonstrating this ideal behaviour. It is difficult to 

analyse convergence, therefore relaxation factors are often chosen empirically, and may 

not be optimal for all conditions. Typically, constant relaxation coefficients are applied 

to the entire model domain, optimised coefficients are found to vary between 1.4 and 

1.9 depending on grid resolution and relaxation scheme [Zhang & Hibler, 1997]. The 

method presented here is an alternative to explicitly over-relaxing the velocity solution 

between corrector steps.

It is traditional to discretise the constitutive term in the momentum equation as 

Hibler [1979]

V • <T =  V • (ï/VU) +  V • [(C -  ri)I trVC/] +  V • (r?VU^) -  V ^ ,  (4,55)
V-'" V _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ A

i m p l i c i t  T.
e x p l i c t t

where the implicit parts go into the matrix of coefficients, and the explicit parts into 

the source. The matrix of coefficients can be conditioned by adding V • ((VU) to 

the implicit part and subtracting it from the explicit part. The discretisation of the



4.2 Solution of the Linear System of Equations 100

constitutive terms becomes

V • <T =  V • [(»; + C)VU] + V • [(C -  7))ItrVU] +  V • (»?VU^) -  V • ((VU) -  .
'   ' \ ^

im p l i c i t
e x p l i c i t

(4.56)

This will be referred to as the matrix conditioning in this thesis.

The matrix is conditioned so that the part of the diffusion term entering M is 

V • [(ry +  ()VU]. If only V- (r/VU) enters M, the explicit part of the diffusion is much 

larger than the imphcit part and the solution is driven by the source term. Changes 

in velocity between iterations change the coefficients, hence as the explicit part of the 

momentum equation is dependent on U and larger than the implicit part convergence 

may be prevented. This problem may be alleviated if the n, w, s, e contributions to 

the matrix from the x and y components of V • <r are of the same order of magnitude. 

As (  and rj are of comparable magnitude, the conditioning given by eqn. (4.56) is 

sufficient to improve convergence rate. This improvement will be documented in the 

following section.

4.2.2 Convergence Rate for Solution of the M om entum  Equa

tion

The convergence rate of the fully coupled solution of the momentum equation through 

the corrector steps is investigated. The convergence rate of the conjugate gradient

solver will not be investigated here as it is well documented elsewhere, see for example

[Ferziger & Peric, 1997]. The optimal number of corrector steps to find the plastic so

lution with reasonable tolerance must be determined. This tolerance must be smaller 

than the largest errors in the numerical solution. Treating the spatial and tempo

ral derivatives to be linear below the discretisation resolution is the largest source of 

error, estimated to be 1 0 “^kgms“ ^

A solution of the momentum equation, M U =  Q, is desired. After n iterations 

an approximate solution, U", is obtained and there is a residual between this and the 

exact solution such that

M i r  = Q - r .  (4.57)

The convergence error, e” — U — U^, is related to the residual r  by

Me^ =  r” . (4.58)
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As the solution converges, the convergence error approaches zero and hence the resid

ual approaches zero. We estimate the residual by approximating e” with the correction 

0^ [Ferziger & Peric, 1997],

=  or =  (4.59)

for the vector (u or v) containing individual velocity components. Below we determine 

the number of iterations required to reduce the convergence error (i.e. the residual 

estimate) to the same order of magnitude as the linearisation errors.

To illustrate how conditioning the matrix M improves convergence, the conver

gence of the unmodified momentum equation is investigated. The convergence rates 

shown here are obtained from one sweep of the momentum equation after spin-up of a 

1 1 0  km resolution Arctic Ocean sea ice model. The velocity residual for 2 0 0  iterations 

is shown in fig. 4.4. This residual oscillates between iterations and does not appear 

to approach zero.

The approach to convergence of the momentum equation with matrix condition

ing is demonstrated in fig. 4.5. Within forty iterations the solution is at numerical 

precision. After twenty iterations the residual has fallen by an order of magnitude 

and at 1 0 ~^kgms“  ̂ is the same size as the linearisation error.

A useful feature of the matrix conditioning is that it guarantees a physically rea

sonable plastic solution. Even an unconverged stress solution is contained within or 

on the plastic yield curve. Figure 4.7 shows the stress state after twenty iterations 

for the full Arctic model, note that all the stress points fall within or on the yield 

curve. The stress solution is guaranteed to fall on or within the yield curve because 

the first guess of stress state is guaranteed to fall within the yield curve. Then the 

matrix conditioning acts to over-relax optimally so that the stress state approaches 

the correct solution asymptotically, without jumping outside of the yield curve. This 

feature is demonstrated in fig. 4.6 where the convergence of a single stress solution is 

tracked. The convergence rate of the stress solution with matrix conditioning is sub

stantially better than with traditional over-relaxation [Zhang & Hibler, 1997], where 

even after 40 corrector steps the stress state is not guaranteed to fall within or on the 

yield curve.

Matrix conditioning improves the convergence rate of the momentum equation 

substantially. In simulations of the Arctic Basin sea ice we shall proceed with 2 0
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Figure 4.4: Velocity residual between iterations over the Momentum Equation, discretised 

traditionally without matrix conditioning. The residual for Ux is shown as a solid line,

the dashed line is the residual for Uy.
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Figure 4.5: Approach to convergent velocity solution with number of corrector steps, with 

matrix conditioning. The residual for is shown as a solid line, the dashed line is the 

residual for U,'y
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Figure 4.6: Approach to equilibrium of the stress state at one point. The stress state 

is plotted at intervals of 15 iterations over the momentum equation and equilibrium is 

reached to an acceptable tolerance within 20 iterations.
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Figure 4.7: The ice stress after 20 corrector steps, show in principal stress coordinates. 

Note that the solution falls within the yield curve.
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corrector steps. The ice velocity should then be obtained with a convergence error 

similar to the linearisation errors.

4.3 Case Studies

Due to the highly non-linear nature of the momentum balance there is no obvious 

situation where an analytical solution is available for eqn. (2.5). Outside the hmiting 

case where the viscosities are constant, the numerical solution will be compared to 

case studies found in literature or cases considered where the outcome is predictable.

Firstly, the analytical solution of a momentum balance with a hnear-viscous con

stitutive relation will be compared to the numerical solution. Then a set of case 

studies, displaying the general behaviour of the model, will be presented. A simple 

two dimensional example, taken from Hibler [1986], will be reproduced. The conver

gent/divergent behaviour of the viscous-plastic rheology will be demonstrated and 

finally an example of wind vortex forcing at an ice edge, as F lato [1993], will be 

presented. All the cases take ocean currents and sea surface height gradient to be 

zero.

4.3.1 Linear Viscous Test Case

The accuracy of the numerical solution of diffusion terms in the constitutive rela

tion will be investigated. Consider a one-dimensional momentum balance between a 

constant wind stress Ta, linear water drag cu, and linear-viscous ice stress:

“  “  (4.60)

where ( i s  a constant viscosity and the ice moves along x. Motion is considered along 

the T-axis and the Coriolis term is ignored.

The solution of eqn. (4.60), with boundary conditions U{0) = U(L) =  0 where L 

is the length between the two boundaries, is given by Hibler [1986]:

" W  =  5 s S ü )  [<'■“  -  ■>'“  +  <■ -  ' “ > ' ■ " 1  +  T

/ \ 1/2 
The constant A is f |  j

A domain of length 500 km is split into 50 cells. The wind and ocean drag are

fbced as Ta = 4.8 x 10~^kgm^s“ ,̂ c =  0.6kgs"^ and (  =  3 x 10^°kgm^s“ ^ Then
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Figure 4.8: Analytical solution of the linear-viscous system. There is no notable difference 

between the analytical and numerical solution when they are plotted together.
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Figure 4.9: The difference between analytical and numerical solution of the linear-viscous 

system
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a solution is obtained for eqn. (4.60) by discretising the terms in exactly the same 

way as previously outlined, the discretisation of is described in section 4.1.3. A 

steady state solution is found by including an inertial term and marching the 

equation in time with implicit Euler steps until equilibrium is obtained.

The numerical solution is found to be within 0.1% of the analytical solution, 

fig. 4.8. It can be seen in fig. 4.9 that the error in the numerical solution increases 

toward the domain boundaries. This is expected, as the second order differencing 

scheme introduces numerical diffusion as the solution gradient increases towards the 

boundary. It is apparent that the Finite Volume Discretisation of the diffusion term 

is acceptable and does not introduce a notable inaccuracy into the numerical solution.

4.3.2 Two Dimensional V elocity Solution w ith Prescribed Ice 

Mass

An initial investigation of the nonlinear viscous-plastic rheology will be made as 

Hibler [1986]. A square domain is taken, with sides of 148 km, initially covered by ice 

of thickness h = Im , ice fraction A = I and zero velocity. The square is split into 

64 cells of equal size, and boundary conditions are specified o s h = l m ,  A = 1  and 

U =  Oms~h Parameter values are given in table 4.1. A constant wind stress, with 

wind velocity 8 ms“ ,̂ is applied in the a;-direction. The momentum equation with full 

non-linear viscous-plastic rheology is solved, uncoupled from the transport equations 

for h and A, as outlined in section 4.1, with one corrector step per time step.

Table 4.1: Parameters used in simulation without transport, source: [Hibler, 1986]

Parameter Value Parameter Value

a 0 . 0 0 1 2 a 0.005

p* 5000 N m"i Cmax (5x  10^s)P

Ua 8 ms“ ^ 0

/ 1.46 X lO-'^s"^ Oa = 6w 25^

The approach to equilibrium of ice velocity is shown in fig. 4.10. A steady state 

solution is obtained within 5 hours with a time step of 1 hour, and this solution is
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Figure 4.10: Approach to equilibrium of the x-component of ice velocity at the square 

centre for runs with time steps of 6 minutes and 1 hour.
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found to be independent of the time step length. As the time step is reduced the 

equilibrium time scale is reduced to a minimum value. The equilibrium ice velocity, 

shown in fig. 4.11, is similar to that obtained by Hibler [1986], and displays the 

characteristics described there.

Two features of the viscous-plastic model are clearly demonstrated by this test 

case. The ice velocity was simulated with various values of maximum ice strength, P*. 

The equilibrium velocity of a central cell for each simulation is shown in fig. 4.12. As 

P* is increased the equilibrium ice velocity decreases. The turning angle between the 

free drift solution and the plastic solution becomes more pronounced with increased 

ice strength, P*. The difference in turning angle between the two solutions increases 

linearly with increase in P*, see fig. 4.13.

4.3.3 Example of Convergent/Divergent Flow

This case study explores the one dimensional motion of ice in across an ocean. The one 

dimensional simulation of off-shore and on-shore ice flow demonstrates the convergent 

behaviour of the viscous-plastic model. A cartoon of the numerical experiment is 

shown in fig. 4.14.

3 m/s ^

$ 1 m

3000 km

Figure 4.14: Ice, initially 1 m thick, is blown across an ocean. We define the wind to 

blow in the z-direction. In time the ice converges towards the right coast, increasing ice 

thickness on the right of the domain and decreasing thickness on the left.

A 3000 km long region is split into cells of 100 km resolution. Initially this domain 

is covered by ice 1 m thick and a constant wind stress, wind velocity 3 m s " \ is applied 

in the x-direction. To constrain ice flow to the a:-direction the Coriolis force, air and 

water turning angles are set to zero. Standard values are taken for all parameters, as 

shown in table 2.1.

The fully coupled viscous-plastic model will be solved. Ocean boundary conditions 

are taken at the long edges and the short edges are treated as land, see section 4.1.5
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for details. Initial values are set at =  1 m, A =  1 and zero velocity everywhere. 

Daily time steps are taken, with 1 0  corrector steps. The solution after one year is 

shown in fig. 4.18.

The wind stress causes the ice to converge towards the right shoreline and the ice 

thickness builds up, increasing the internal ice strength. It is intuitive to expect that 

a solution exists where the ice velocity is zero everywhere and there is a gradient in 

ice thickness from the lake centre to the right shore. At this point the wind stress 

on the ice is balanced by the internal ice stress, and the solution no longer evolves in 

time:

PaCa\Va\V, = v | .  (4.62)

When ice mass goes to zero, the momentum equation becomes

PaCa|Ua|Ua =  p^C^|U |U. (4.63)

As a consequence, in the diverging region we expect the ice velocity to approach free 

drift rather than zero. The wind stress is acting only in one direction and in a confined 

lake we expect the velocity limits from eqs. (4.62) and (4.63) to be reached eventually.

The evolution of ice thickness in time is shown in fig. 4.15. Notice that at the 

land boundaries the limiting behaviour described by eqn. (4.62) and eqn. (4.63) is 

achieved quickly. Whereas in the centre of the lake the time to approach these limits 

is relatively long. A plot showing the approach of ice velocity to limiting behaviour 

is given in fig. 4.16. The ice velocity approaches zero in the convergent region and 

approaches the free drift velocity of 0.036 ms"^ in the divergent region as expected.

After one year integration there is a gradient in ice thickness across the region, 

shown in fig. 4.18. This gradient is not as smooth as expected, and the stepping is 

indicative of an imbalance in the non-linear interaction between the ice thickness and 

velocity gradient. Notice a bulge in the solution at the ice edge (the interface between 

converging and diverging regions). As a minimum ice mass has been stipulated, even 

for the region where there is no ice, an unphysical source of mass from the diverging 

region is introduced. The velocity of the low mass ice is high, so the artificial source 

of ice over the open water accumulates onto the ice edge.

For comparison, the run has been repeated with a decreased lower limit on thick

ness, ho = 0.001m. A solution is obtained after one year that approaches the limiting 

behaviour, fig. 4.20. Notice that the solution is not improved compared to fig. 4.18,
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Figure 4.15: The approach of effective thickness to limiting values at various points along 
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Figure 4.17: Ice thickness after one year integration, with ho = 0.5m.
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F ig u re  4.18: Ice velocity after one year integration, with ho =  0.5 m.
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Figure 4.19; Ice thickness after one year integration, with ho =  0.001 m.
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F igure  4.20: Ice velocity after one year integration, with Hq =  0.001 m.
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Figure 4.21: Ice thickness after 10 years of integration for various parameterisations of 

ice strength.

there is a more pronounced bulge in the ice thickness at the ice edge and a disconti

nuity in ice velocity occurs over the ice edge.

The behaviour of sea ice in convergence is better illustrated in cases where the large 

ice strength, or small domain length scale, prevents local ice mass approaching zero. 

Figure 4.21 shows ice thickness after 10 years integration, when U is very close to zero, 

for P* equal to 5 x 10'*Nm“ ^ 7.5 x lO'^Nm"^ and 1 x 10^Nm“ F Clearly, condition 

(4.62) is obeyed where there is no interface between regions of ice convergence and 

divergence.

The stepped shape of the solution in the presence of a convergence-divergence 

interface, fig. 4.18, compared with the smooth solution in fig. 4.21, indicates that the 

fully coupled ice mass-velocity solution has not been determined accurately. This 

suggests that either too few corrector steps have been performed, or the coupling 

between the momentum and the ice transport has not been resolved. A solution to 

this problem will be presented in chapter 7.
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4.3.4 Example of Flow W ith  a W ind Vortex

This test case is taken from Flato [1993], where it was used to demonstrate the ability 

of the particle-in-cell sea ice model to define the ice edge. Flato [1993] designed the 

particle-in-cell sea ice model to simulate regional scale ice transport. It solves the mo

mentum balance, with a viscous-plastic rheology as Hibler [1979] on a fixed Eulerian 

grid. Mass transport is solved in a Lagrangian sense, with a particle tracking method. 

Hibler’s model is poor at defining the ice edge, because of numerical instability due to 

the use of central differencing in the transport equations. Numerical diffusion intro

duced to stabilise the solution of advection terms on a Eulerian grid overly smoothes 

discontinuities, smearing the ice edge. Flato’s method overcomes this problem with 

particle tracking. See in fig. 4.22 that Flato’s method represents an ice edge under 

the influence of a wind vortex as a sharp discontinuity, and no numerical diffusion is 

apparent at the ice edge.

Here we shall demonstrate the potential of using the numerically more convenient 

Eulerian approach for ice transport in combination with a bounded second-order con

vection differencing scheme. UD and CD blending schemes, known as NVD schemes, 

are claimed to preserve boundedness without smearing steep gradients or discontinu

ities such as the ice edge [Leonard, 1991, Gaskell & Lau, 1988, Darwish, 1993]. Using 

the Gamma Differencing (GD) scheme [Jasak et al., 1999] described in section 4.1.2 

to solve advection terms in the h transport equation, will be shown to give a solution 

comparable to the particle-in-cell method.

A square domain with sides 500 km long is split into square cells of 10 km resolution 

with land boundaries at the domain edges. Initially, one half of the domain is covered 

by ice 1 m thick at 1 0 0 % concentration and the other half is ice free, we define the 

minimum ice thickness Hq to be 0 .0 0 1 m. The ice is forced from rest with a wind 

vortex, with wind velocity described by

Ua =  min k x  A .  (4.64)
f t

This is eqn. 13 in Flato [1993], with the wind vector Ua given as a function of R, the 

radius vector from the centre of the wind vortex, cj =  0.5 x 10~  ̂s " \  A =  8  x 10® m^s“  ̂

and k is the unit vector perpendicular to the ice surface. Simple linear wind and ocean 

drag relations are used:

Ta =  PaC'a(UaCOs(^a) + k X UaSin(^a)), (4.65)
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T w  =  p w C r j , { { U u j  -  U)cos(^w) +  k  X (Uw -  U)sin(^^)). (4.66)

The drag coefficients are set to =  0.6524 kgm~^s“  ̂ and Cw — 0.0126 kgm“^s“ h 

The ocean current and gradient of sea surface height are taken to be zero. The time 

step is set at 0.1 day and 10 corrector steps are used. For comparison with Flato’s 

simulation the solution is shown after 5 days of integration.

Two solutions are shown, the first obtained by applying GD to the transport 

equations, fig. 4.23, and the other obtained with Central Differencing (CD), fig. 4.24. 

The most noticeable difference between the two simulations is that the CD scheme 

gives a smoother solution, and the ice edge is clearly defined within the resolution of 

one or two grid cells. The difference between the two solutions is as much as 0 .1 m 

in places. In the region of high deformation, where the ice is entering the vortex, the 

effect of CD is most apparent. There are oscillations in the thickness as it approaches 

the ice edge, fig. 4.24. These are caused by an increase in the numerical diffusion 

introduced by CD with increasing ice thickness gradient. The numerical diffusion 

introduced by CD affects the position of the ice edge. In comparison with Flato’s 

figure 4a, fig. 4.22, there are some differences between the CD solution and Flato’s 

particle-in-cell solution. Both solutions show a sharp interface between ice and open 

ocean. The CD solution is smoother than Flato’s solution. At the head of the ice 

spur, Flato’s solution shows the ice breaking into distinct pieces. This is not the case 

for solutions found with the FVM, where the ice thickness varies smoothly along the 

spur. There is also an indication of noise in Flato’s solution within the ice pack (in 

the lower left hand corner), which is not apparent in either solution found with the 

FVM.

In section 2.1.1 it was stated that a minimum ice thickness, ho, must be applied 

for stability of the momentum equation solution. To obtain the results presented here 

we took ho = 0.001m. This ice thickness cut off removes the unphysical, negative 

values that are introduced by CD; in a simulation using CD without the artificial 

cut off, negative values of thickness would occur near the ice edge. The thickness 

cut off introduces an unphysical source of ice mass, which is amplified when CD is 

applied. In this case study there are no thermodynamic or dynamic sources of ice 

mass, the only mechanism for changing total ice mass is the minimum ice thickness 

cut off. We found after 54 time steps, 5 days, that the ice mass in the CD run had 

increased by 2%. In comparison, ice mass in the CD run only increased by 0.1%.
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With GD we find that reducing Hq reduces this mass source and it becomes negligible 

for ho <  10“  ̂m. In the case of CD the artificial mass source does not become 

insignificant. The thickness solution oscillates at the ice edge, negative values are 

balanced by neighbouring increases in thickness. Hence the ho cut off causes positive 

oscillations in the thickness solution, introducing a large artificial source of ice mass.

6 0

Figure 4.22: Effective ice thickness after 5 days, found with the particle-in-cell method. 

Reproduced with the permission of Greg Flato.
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Figure 4.23: Effective ice thickness after 5 days. The transport equations discretised with 

Gamma Differencing. The scale shows ice thickness (m).
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Figure 4.24: Effective ice thickness after 5 days. The transport equations discretised with 

Central Differencing. The scale shows ice thickness (m).
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4.4 Summary

There are several significant differences between the numerical implementation of the 

viscous-plastic sea ice model presented here and previous implementations. Most large 

scale models use the Finite Difference Method and few improvements have been made 

to the numerics since Hibler [1979]. Finite Volume discretisation of the sea ice model 

has been described, the solution domain being treated as a co-located grid, and the 

Gamma differencing scheme has been applied to the convection terms with the view 

of preserving both boundedness and accuracy. The numerical method presented gives 

some advantages over traditional Finite Difference Methods. The main improvements 

to the numerical solution of the viscous-plastic sea ice model introduced in this chapter 

are outlined below:

1 . The construction of the Finite Volume Method guarantees that conservation of 

mass and momentum are maintained to within solver tolerance. To ensure con

servation when using the Finite Difference Method care must be taken. Hibler’s 

implementation relies on a staggered grid to ensure the transport equations are 

cast in mass conserving form and the incompressible components of the mo

mentum equation are cast in energy conserving form [Hibler, 1979], The Finite 

Volume Method allows both transport equations and momentum equation to 

be cast in fully conservative form, on any grid constructed of arbitrarily shaped 

polygons. This enables the domain to be split into an arbitrarily structured 

mesh, of variable resolution and cell shape, with relative ease.

2 . Arbitrarily structured meshes are difficult to construct with a staggered grid 

arrangement. It is common to use a staggered grid to improve the coupling 

between components of ice velocity and ice transport when discretising the dif

fusion terms in the non-linear plastic constitutive law, as Hibler [1979]. The 

discretisation of these terms on a co-located grid, with the same accuracy as 

staggered grid methods [Ferziger &: Peric, 1997], has been presented.

3. The Gamma Differencing scheme [Jasak et al., 1999] is used to discretise the 

advection terms in the transport equations. This introduces numerical diffusion 

locally as required for boundedness. Removing the need to explicitly include dif

fusion terms in the transport equations for numerical stability. The dependency
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of the final solution on artificially introduced diffusion has been reduced com

pared to the Hibler [1979] implementation. The ice thickness solution is found 

to be much smoother with Gamma Differencing than Central Differencing. This 

allows the ice edge to be determined with similar accuracy to the Flato [1993] 

particle-in-cell model.

4. To complement the generality of the numerics, a conjugate gradient solver is 

employed. This can be shown to be as efficient as, if not more efficient than, 

the tri-diagonal method used by Zhang & Hibler [1997]. See for example Hunke 

& Dukowicz [1997].

5. Matrix conditioning is introduced, improving the convergence rate over correc

tor steps for the velocity solution. The method ensures that the stress state falls 

within the elliptical yield curve, and the stress approaches the correct plastic so

lution asymptotically. It is found that 20 corrector steps are adequate to ensure 

the velocity solution is estimated to the same accuracy as the linearisation. A 

benefit of this practice is that even the partially converged solution is physically 

plausible, which is not the case for the Zhang & Hibler [1997] iterative method.



Chapter 5

A Simulation of Arctic Sea Ice

In the previous chapter we assembled and tested a numerical solution to the viscous- 

plastic sea ice model. In this chapter, sea ice in the Arctic Ocean will be simulated 

under realistic conditions with the numerical model outlined in chapter 4. The sea ice 

mass and momentum balance will be investigated over a twenty year period, from 1979 

until 1998. Comparisons will be made between modelled ice thickness and space-borne 

Radar Altimetry (RA) estimates of ice thickness. The RA ice thickness estimates will 

be shown to be useful in model diagnostics. In section 5.3.1 we present analysis of the 

force balance of the dynamical model, to test that the model behaves as expected.

5.1 M odelling Arctic Ocean Sea Ice

A grid for the Arctic domain is built on a polar stereographic projection with 1 1 0  km 

square resolution. Land is masked out using a coastline map with resolution in 

latitude and longitude. The coastline is smoothed manually and some smaller islands 

removed. This grid is shown in fig. 5.1.

The numerical model is designed to simulate large-scale sea ice dynamics in the 

Arctic Basin. Results near the coast should be treated with some caution as no-slip 

boundary conditions are assumed, i.e. following the practice of Hibler [1979] model 

ice is land-fast. As small-scale motion is not resolved, and coast line ice dynamics 

are largely determined by small-scale processes as opposed to in the central Arctic, 

it is not expected that smoothing the domain will adversely affect the solution of 

the large-scale ice deformation. In fact, including coastline detail is known to cause 

unrealistic build up of ice thickness [pers. comm., Markus Harder 1998].
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Figure 5.1: Grid of the Arctic Basin.

Wind and ocean forcing must be provided as fields interpolated onto the domain 

grid. Either geostrophic flow or analysis from global circulation models, such as 10 m 

winds and 2"  ̂ level ocean currents may be used. The drag law parameters are chosen 

to compliment the forcing fields chosen. We take wind forcing as six hourly 10 m wind 

velocities from NCEP/NCAR reanalysis. These were averaged daily and linearly 

interpolated to the grid cell centres. The Ocean Circulation and Climate Advanced 

Model (OCCAM) [Webb et ah, 1998], provided a mean sea surface topography field, 

for 1992 to 1993, see fig. 5.2. From this, geostrophic ocean currents were determined 

as

gUw =  f k  X V H  (5.1)

where V H  \s the sea surface topography gradient, /  is the Coriolis parameter, k is 

a unit vector perpendicular to the geostrophic current, and g is the acceleration 

due to gravity. Both sea surface topography and geostrophic current were linearly 

interpolated onto the model grid.
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Figure 5.2: Mean sea surface topography, from 1992/1993 OCCAM run.

Figure 5.3: Typical 10m wind field, from NCEP/NCAR reanalysis, interpolated onto the 

UCL model grid.
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Figure 5.4: Growth rate of 0.5 m (solid line) and 4 m (dashed line) thick ice as a function 

of time of year. Adapted from [Thorndike et ah, 1975].

The thermodynamic source terms are treated in the same way as Hibler [1979]. 

They are prescribed from a look-up table given by Thorndike et al. [1975], as functions 

of the ice thickness and time of year. Figure 5.4 shows the thermodynamic rate of 

change of thick and thin ice over a year. Caution should be taken when applying 

this thermodynamic model to regions other than the Arctic Basin, especially the 

Greenland Sea, which is a large thermodynamic sink of ice. Also it should be noted 

that these growth and melt rates are for particular thermodynamic conditions which 

might not in reality remain constant between different years.

Constants used in the Arctic Ocean simulation are given in Table 2.1. Values for 

the air and water drag coefficients and the maximum ice strength, F*, are taken from 

Harder & Fisher [1999]. A time step of one day is used, giving a Courant Number 

less than unity with realistic ice velocities. To aid post-processing leap days are not 

included, but in all other respects model time is representative of real time.

5.1.1 Spin U p of th e  A rctic O cean M odel

The coupled system of equations describing the evolution of sea ice is solved as an 

initial value problem. As the state of sea ice in the Arctic Ocean is unknown at any
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Figure 5.5: Spin up of total ice mass for 1992. Time series are show for two model runs, 

one initialised with zero ice mass and velocity, the other initialised with =  3 m, A =  1 

and zero velocity everywhere.

given time, an approximation must be taken for ice velocity, thickness and fraction 

at the initial time in the model run. This introduces indeterminate errors in the 

estimated ice state at later times. To reduce these errors, the model is “spun up” . 

By marching the model forward with repetition of the forcing time series, a cyclic 

equilibrium may be obtained. Once this equilibrium is reached the sea ice state 

should not depend upon initial conditions.

To investigate its approach to cyclic equilibrium, the model is initialised with zero 

ice mass and velocity, then run with 1992 forcing repeatedly. After several cycles it is 

found that the solution does not differ substantially between points on the same day 

of subsequent years. The spin up of total ice mass is shown in fig. 5.5. In order to 

check the independence of the initial condition we repeat the spin up with significantly 

different initial conditions: ice thickness of 3 metres and ice fraction of 1 everywhere. 

We find the model converges to the same solution and an equilibrium cycle of ice mass 

is achieved within twenty years.
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Figure 5.6: Time series of total ice mass on January for spin up of the twenty year 

simulation.
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Figure 5.7: Spin up of ice velocity at a point on January 1979. Both components of 

velocity are shown.
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Considering the spin up of a single year integration is helpful in demonstrating the 

equilibrium time scale for the Arctic Basin model. To study interannual variability, 

the model must be run over a time longer than the equilibrium time scale of ice 

thickness, which is greater than ten years. Therefore, a simulation of the Arctic sea 

ice over twenty years will be presented.

The model was run for three 20 year cycles, from January P* 1979 to December 

3D* 1998, initialised with zero ice mass and velocity. Within the first twenty years 

cyclic equilibrium was obtained, see fig. 5.6. The equilibrium time period for velocity 

is of the order of days, and ice velocity reaches an equilibrium solution early in the 

spin up, for example see fig. 5.7. In this chapter results are presented from the third 

spin up cycle.

If the model is initialised with a realistic ice mass, the equilibrium time scale of ice 

thickness is about ten years. Subsequent model runs will be initialised on January D* 

1979 with the ice thickness, velocity and ice fraction fields determined after 60 years 

of spin up. If parameters or model forcing are changed in a run, a spin up time of over 

ten years will be used, i.e. results from the first decade of each run are disregarded.

5.2 Arctic Sea Ice M odel Results

A simulation of Arctic sea ice over twenty years, 1979 until 1998, is presented. A 

running mean of ice thickness, fraction and velocity was determined for each month. 

Long term features of the ice motion are not apparent in snapshots of the ice velocity 

field, as the ice velocity is highly correlated to the wind which is variable on daily 

time scales. Hence the monthly mean velocity field is useful in initial verification of 

the modelled ice motion.

Mean ice velocity and ice thickness fields are shown for November 1996 in figs. 5.8 

and 5.10. Comparing these fields with climatological ice velocity (fig. 5.9) and thick

ness (fig. 5.11) we see that the major features of ice flow in the Arctic Basin are repro

duced. The Beaufort Gyre is present, and ice builds up along the Greenland/Canadian 

coastline. There is a region of divergence and ice growth on the Siberian coast. The 

Transpolar Drift runs from the Siberian side of the Arctic, and ice is exported through 

the Pram Strait. Ice drift in the Greenland and Norwegian Seas is not realistic, though 

this is to be expected as the thermodynamic source terms are unrealistically modelled
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there.

In the model (fig. 5.8) the Beaufort Gyre is tighter and the Transpolar Drift weaker 

than found by Colony & Thorndike [1984] (fig. 5.9). The model does not advect ice 

in the Transpolar Drift towards the Pram Strait. Instead, this ice is advected into the 

Kara Sea. This unrealistic advection will be considered in more detail in section 5.3.1.

Overall, the ice motion in the Beaufort Sea is considered to be realistic. Re

cently it has been contested that there are two regimes of wind driven circulation 

in the Arctic Ocean, see section 1.3. A model study has shown that the circulation 

alternates between cyclonic circulation, with an increased Beaufort Gyre, and anti- 

cyclonic circulation, with a reduced Beaufort Gyre and increased Transpolar Drift 

[Proshutinsky & Johnson, 1997]. The ice velocity in the UCL model displays anti- 

cyclonic behaviour during 1996, whereas Colony & Thorndike [1984] found the mean 

drift to be cyclonic. The data used to calculate the mean ice velocities in fig. 5.9 

[Colony & Thorndike, 1984] was predominantly collected during the 1970s, and may 

be biased towards a cyclonic circulation regime.

The viscous-plastic sea ice model has been validated by direct comparison with 

in-situ and remotely sensed velocity measurements. Velocity verification has been 

performed by Geiger et al. [1998] and Kreyscher et al. [1997]. The sea ice model 

inter-comparison project, SIMIP, found that the viscous-plastic model is better at 

simulating ice velocity in the Arctic than sea ice models with other rheologies [Lemke 

et al. 1997, Kreyscher et al. 1997]. The Kiel sea ice model parameterisation has been 

tuned to reproduce buoy drift [Harder & Fisher, 1999]. As the Kiel sea ice model 

dynamics and the UCL model dynamics only differ in their ocean forcing, ice velocity 

validation will not be repeated here.
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Figure 5.8: Modelled mean ice velocity for November 1996.

Figure 5.9: Arctic sea ice motion, field of interpolated mean ice motion. Found from 

trajectories of automated buoys and drifting research stations between 1893 and 1982 

(Colony & Thorndike, 1984]
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The seasonal cycle in ice mass and area is reproduced in the model (figs. 5.12 and 

5.13). In winter the ice area covers around 99.8% of the model domain area, lead 

fractions being small. During the summer, the lead fraction increases and areas of 

open water form as the ice diverges off the Siberian coast. As Arctic Basin growth and 

melt rates are applied everywhere in the polar region the ice extent is over estimated, 

most notably the ice extent in the GIN Sea is unrealistic. The seasonal cycle of 

mean ice thickness looks realistic, varying from 1 to 3 metres during the year. The 

modelled ice thickness, fig. 5.10, has a similar spatial distribution to the ice thickness 

climatology produced by Bourke & McLaren [1992], fig. 5.11. The gradient in mean ice 

thickness, from 1 m in the Nansen Basin to over 5 m at the Canadian Archipelago, is 

reproduced. Interannual variation of ice thickness is apparent, with the total ice mass 

reaching a minimum in 1989 (fig. 5.13). A comparison of the modelled ice thickness 

with Radar Altimeter ice thickness measurements will now be presented.

5.3 Comparison between M odelled and Observed 

Sea Ice Thickness

In this section, the modelled ice thickness will be compared to Radar Altimeter (RA) 

estimates of sea ice thickness [Peacock, 1999]. The methodology to compare modelled 

ice thickness with the RA estimates follows that outlined in chapter 3.

Monthly mean values of the RA ice thickness were found for each cell of the model 

grid and compared to the modelled monthly mean ice thickness. RA measurements 

are available from June 1993 until December 1998. There is very httle data coverage 

during the summer, from June until August, so these months are not considered. The 

difference between modelled mean thickness and RA mean thickness was found for 

each month. Plots of these differences can be found in appendix A, an example for 

November 1996 is given in fig. 5.14.

One can immediately notice the similarity between the differences found between 

the Kiel Sea Ice Model thickness and RA thickness (Kiel-RA), presented in chapter 3, 

and the UCL-RA differences. The UCL model is biased towards thick ice, with ice 

1 to 2  metres thicker than the RA measurements. The UCL-RA differences display 

the same regional pattern as the Kiel-RA differences. In both cases there are large
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Figure 5.14: The mean sea ice thickness difference between RA measurements and UCL 

model for November 1996.

differences in the Canada Basin, up to 2 metres, and smaller differences on the Siberian 

side of the Arctic. The differences in the Fram Strait are not comparable, as the UCL 

Model does not represent thermodynamics appropriately in this region.

There is a significant difference between the Kiel model and UCL model in the 

Laptev Sea. Here the UCL model predicts thicker ice than the Kiel model, with 

a UCL-RA difference of over 3 metres compared to a Kiel-RA difference of only 1 

metre. The UCL model may over estimate ice thickness in this region either because 

the thermodynamics are wrong, and too little ice is melting, or the dynamics are 

wrong, and the ice does not drift away from the Laptev Sea. The UCL model has 

much lower ice velocities in the Laptev Sea than the Kiel model. Therefore it is 

possible tha t the ice divergence from the Laptev sea is unrealistically low in the UCL
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model. One reason for this could be that outflow through the Pram Strait is reduced 

as this channel is not kept open by ice melt. This would cause the internal ice stress 

in the Arctic Basin, and along the Transpolar Drift Stream, to be high and hence ice 

thickness would be higher than expected. Indeed, ice thickness in the Beaufort Sea 

of the UCL model is about a metre thicker than in the Kiel model.

5.3.1 Force Balance of the Arctic Sea Ice M odel

To investigate the behaviour of the viscous-plastic model further, and to verify that 

the model does behave as expected, the force balance of the momentum equation was 

investigated. A similar study of the viscous-plastic model has been performed by 

Steele et al. [1996].

Four external forces are applied to the ice; the water and air stress on the ice sur

face, the Coriolis force and the acceleration down the sea surface slope. A constitutive 

law describes the large scale force due to sub-grid scale interactions between ice floes. 

The inertial part of the force balance can be found as the resultant of these flve forces.

The force components were calculated for every time step and monthly means 

found for each grid cell. Monthly averaged force components are shown, for November 

1996, in flg. 5.15. Notice that the largest components of the force balance are the wind 

and ocean stress, which tend to oppose each other. The inertial terms are negligible; 

the Coriolis and sea surface topography terms are small. This follows the findings 

of Steele et al. [1996]. In regions of ice convergence, the Canada Basin and to the 

north of Greenland, the ice interaction is of the same order of magnitude as the ocean 

stress. We find this region of highly significant ice interaction is large compared to 

Steele et al. [1996], extending further towards the central Arctic. The ice interaction 

is large, of the order 0.1 to 1 kgm"^s"\ in the Laptev Sea and Greenland Sea.

The force balance is shown in more detail as a time series at several points in the 

Arctic Ocean. Points of interest are shown in flg. 5.16. These positions were chosen to 

demonstrate the force balance in the region of ice convergence in the Canada Basin, 

the region of ice divergence off Siberia and the drift towards the Pram Strait. Fields 

of wind stress, ocean stress, Coriolis force, force due to sea surface topography and 

internal ice stress were written to output every flve days. A time series of these forces, 

at each point, is shown in flg. 5.17 to flg. 5.22.
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Figure 5.15: November 1996, monthly averaged force balance. The individual terms are: 

Fa wind stress, Fyj ocean stress, Fi internal ice stress, Fc Coriolis force and Ft force due 

to sea surface tilt. Note that the scale is different in each sub-plot.
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Figure 5.16: Points of interest for investigating the sea ice momentum balance. Time 

series of the force balance at each point are shown in figs. (5.17) to (5.22).

In general the ocean stress, wind stress and internal ice stress are in balance; the 

Coriolis and sea surface tilt terms are small. This typical balance is demonstrated 

in the Nansen Basin, fig. 5.17. During the summer the internal ice stress is reduced, 

but the balance between the three forces remains. In a swath across the Arctic, from 

the Laptev Sea to the Canadian Archipelago, figs. 5.18, 5.19 and 5.21, the balance 

is predominantly between the wind stress and ice interaction. There is a balance 

between internal ice stress and ocean stress near the Fram Strait outflow, 

fig. 5.20, where the wind stress is consistently small. In all the time series plots, the 

wind stress shows variability on a daily time scale, which causes variability in the ice 

velocity. Generally, the ocean stress and Coriolis force vary so as to oppose the wind 

stress.

It has been shown that in free drift with winds over 5 ms“  ̂ the force balance on sea 

ice is dominated by the balance between the wind and ocean stress [Nansen, 1902]. 

Nansen first observed that the pack ice moves at about 2% of the surface wind speed, 

and at less than 30° to the right of the wind direction. This has been attributed to 

the effect of the oceanic boundary layer [Ekman, 1905]. A long term statistical study 

of sea ice motion in the Arctic [Thorndike & Colony, 1982] found that the mean ice 

motion, over several months, is mostly given by the balance between the geostrophic 

wind and mean ocean circulation. The monthly mean modelled force components in
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Figure 5.17: Momentum balance at point 153 during 1996.

the UCL model, shown in fig. 5.15, show a balance between air, ocean and internal 

ice stresses. This is not inconstant with Thordike & Colony [1982] who neglected 

internal ice stresses. The model does not reproduce the force balance well in the 

Eurasian Basin and GIN sea, were we expect free drift to be predominant. North 

of Greenland, at point 392 (fig. 5.20), and in the Fram Strait the force balance is 

between ocean stress and internal ice stress.

It was also found by Thorndike & Colony [1982] that 70% of the variance of the ice 

motion on daily and monthly time scales can be explained by the geostrophic wind. 

This lends support to using daily wind forcing with long time mean ocean forcing in 

the UCL model. It is found in the model that on short time scales the ice velocity and 

wind stress is variable, the variability being of the same order of magnitude as the long
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Figure 5.18: Momentum balance at point 230 during 1996.

term mean ice motion. An investigation of the correlation between the viscous-plastic 

model ice velocities and geostrophic winds was performed by Steele et al. [1996], the 

results of which are in agreement with Thorndike & Colony [1982].

In the buoy analysis of Thorndike & Colony [1982] it was assumed the internal 

ice stress term was negligible throughout the year. It was documented by Sverdrup 

[1928] that during ice convergence events, the angle between the ice velocity and the 

wind turning tends to decrease. The viscous-plastic sea ice model reproduces this 

effect, as demonstrated in section 4.3.2. In the Arctic, this effect causes the ice to be 

deflected clockwise along the Canadian Archipelago. The Arctic Ice Dynamics Joint 

Experiment, AIDJEX, was a field programme in operation from 1970 until 1977. Ice 

camps were maintained for a year in the Beaufort Sea, around 140  ̂ west and 400 km
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Figure 5.19: Momentum balance at point 284 during 1996.

off the Alaskan coast. The divergence of ice stress was found to be large at these 

camps during winter, spring and autumn [Sodhi & Hibler, 1980]. In this region, the 

modelled force balance shows the ice interaction force component is in balance with 

the wind and ocean stress. One can see that in the Beaufort Sea at point 70 (fig. 5.22) 

the internal ice stress is of similar magnitude to the wind stress.

The model study of Steele et al. [1996] found that internal ice stress contributes 

significantly to the force balance in much of the Arctic Basin during autumn, winter 

and spring. Internal ice stress was found to be the same order of magnitude as the 

wind stress. This is consistent with the results found in the UCL model simulations. 

Comparing the mean force balance for autumn of Steele et al. [1996] with the UCL 

modelled November 1996 force balance, fig. 5.15, we find the internal ice stress is
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Figure 5.20: Momentum balance at point 392 during 1996.

larger, throughout the Arctic Basin, in the UCL model. In particular internal ice 

stress is larger in the UCL model in the Laptev Sea, Fram Strait and the Beaufort 

Sea. The internal ice stress in the UCL model is of the same order of magnitude as 

the wind and ocean stress in most of the Canadian Basin, and about a factor of two 

higher than found by Steele et al. [1996]. It has already been noted how in the Laptev 

Sea, in the UCL model, the ice interaction is the same size as the wind stress. The 

mean ice interaction in the Laptev Sea is about 0.1 kgm "^s"\ which is an order of 

magnitude larger than found by Steele et al. [1996].

In general, the force balance in the UCL Arctic sea ice model reproduces large 

scale characteristics, though the modelled internal ice stress is higher than expected, 

especially in the Laptev Sea. This result will be kept in mind when considering the
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Figure 5.21: Momentum balance at point 432 during 1996.

sensitivity study presented in chapter 6. It is possible that the maximum ice strength 

parameter, P*, is too low, or the ratio between wind stress and ocean stress too high 

in the UCL model.

5.4 Summary

The sea ice model presented in chapters 2, 4 and 5 reproduces the general features 

of the Arctic sea ice motion. Ice builds up along the Canadian coast, diverges off 

the Siberian coast and flows out through the Fram Strait. The Beaufort Gyre and 

gradient in mean ice thickness across the Arctic are well captured. There are several 

regions where the ice behaviour is not well captured. The ice in the Greenland and
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Figure 5.22: Momentum balance at point 70 during 1996.

Norwegian Seas extends too far east and south, because the model’s thermodynamics 

are unrealistic in these regions. This probably causes the Transpolar Drift to be 

weakened, causing unrealistic build up of ice in the Laptev Sea. The ice in the 

Beaufort Sea is a metre thicker than the Kiel model estimates, and up to 3 metres 

thicker than measured by altimetry.

The force balance in the UCL model generally behaves as expected, though there 

is some concern that the internal ice stress is too high. Overestimated ice thickness in 

the Laptev Sea and central Arctic is probably related to this overestimated internal 

ice stress. Blockage at the Fram Strait outflow, as ice is not melted in the GIN Sea, 

may cause greater convergence of ice in the Arctic Basin. This could explain increased 

internal ice stress throughout the Arctic Basin and the increased ice thickness in the
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UCL model compared to the Kiel model. It is equally possible that the parameters 

in the momentum equation need to be tuned and a more realistic solution for the 

ice dynamics will be found with reduced maximum ice strength parameter, F*, or 

increased ratio between the wind stress and ocean stress.

It would be informative to consider how the ice thickness depends upon the pa

rameters in the dynamical model. A sensitivity study of the three major parameters 

in the momentum equation will be presented in the next chapter. The UCL model 

reproduces similar patterns of sea ice thickness in the Beaufort Sea compared to both 

the Kiel sea ice model and RA thickness measurements. The RA measurements are 

concentrated in the Beaufort Sea, where sea ice models have largest discrepancies 

in their dynamical representation [Kreyscher et al., 1997]. Sensitivity studies of ice 

velocity indicate that the viscous-plastic model performs well at representing sea ice 

motion in this region. However, previously no investigation has been made into how 

the model performs at representing ice mass in the central Arctic. It is expected that, 

at least in the Beaufort Sea, the RA thickness measurements will be a useful control 

for sensitivity analysis of sea ice models.



Chapter 6 

Sensitivity of Simulated Ice 

Thickness to Drag Coefficients and 

Ice Strength

In the preceding chapter we introduced a 20 year simulation of Arctic sea ice using 

the viscous-plastic model outlined in chapter 2  and chapter 4. Here the sensitivity of 

modelled Arctic ice thickness to changes in wind stress, ocean stress and internal ice 

stress will be investigated. The three main parameters in the dynamic model are the 

air and water drag coefficients, Ca and Cw, and the maximum ice strength parameter, 

F*. The skill of the model at predicting observed ice thickness is quantified as a 

thickness error function, using 1996 ice thickness estimates from the ERS-2 Radar 

Altimeter [Peacock, 1999]. The shape of this error function in Ca, Cy, and P* space is 

estimated and the position of the error function minimum indicates optimised values of 

the model parameters. We find optimal parameter values of Ca = 0.0004, C^ =  0.0055 

and F* =  20000 Nm"^ which reduce the difference between modelled and observed 

mean ice thickness to 1.5 m. Using such a low value for Ca does not present realistic 

simulation of Arctic sea ice. Even so, this work provides insight into why the UCL 

model overestimates ice thickness in the Arctic.
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6.1 Introduction

The three major components of the sea ice momentum balance are wind stress, ocean 

stress and internal ice stress. The magnitude of each of these forces is controlled by 

one parameter. The wind stress is linearly proportional to Ca, similarly the ocean 

stress depends on Cyj. Internal ice stress, <r, is dependent on F*, so that V • oc 

VP. The effect of these three force components on the modelled ice state can be 

investigated by varying Ca, Cw and P*. The range over which these parameters give 

realistic simulations of ice thickness and velocity will be determined. The sensitivity 

of modelled ice thickness to the force balance is investigated by investigating the 

sensitivity to changes in Ca, Cw and P*.

Altimeter estimates of ice thickness provide a unique data set with which to com

pare the modelled ice thickness, as described in detail in section 3.2. The ESA ERS- 

1 / 2  satellites provide synoptic observations of ice freeboard from 1993 through to 

1998 [Peacock, 1999]. Monthly average values of RA ice thickness are determined on 

the model grid. These can then be compared directly with monthly averaged mod

elled ice thickness. The differences between these measurements and modelled sea ice 

thickness were presented in chapter 3 and section 5.3. It was found that both the Kiel 

model and UCL model overestimate ice thickness by metres.

An investigation of the sensitivity of Ca, Cy, and P* to sea ice thickness is pre

sented. A series of model runs were performed under identical conditions, with various 

values of Ca, Cy, and P*. The model is described in detail in chapters 2 , 4 and 5. 

Individual runs were initialised on January P* 1979 with fields obtained after spin 

up of the control run described in section 5.1.1, and integrated for twenty years. Ice 

thickness in the ensemble of runs is analysed. In order to quantitatively compare 

the results from different model runs, we formulate a function describing the error 

in modelled ice thickness in a similar way to Harder & Fisher [1999]. This function 

describes the Arctic wide average, yearly difference between modelled and observed 

ice thickness. The objective of this exercise is to find values of Ca, Cy, and P* that 

minimise the difference between observed and modelled ice thickness. It will be inves

tigated whether the three main parameters in the dynamical part of the UCL model 

can be tuned to better reproduce observed ice thickness.
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6.2 Thickness Error Function

An error function to quantify the deviation between modelled and observed ice thick

ness is formulated. In formulating the error function it is assumed the RA thickness 

estimates are unbiased. The difference between monthly mean modelled ice thickness 

and monthly mean observed ice thickness provides a measure of the deviation of the 

modelled ice thickness from reality.

The RA ice thickness estimates were binned into monthly average values on the 

model grid, see section 3.2. Similarly a monthly average of the modelled ice thickness 

was found for each grid cell. An estimate of the model’s performance can be found 

each month:

Ym —  pj  )

where the mean squared difference between modelled monthly mean thickness, hmodei, 

and RA monthly mean ice thickness, halt, is found over all grid cells, n = 1 ,2,..., A”. 

These grid cells are of equal area. Then a sensitivity parameter for the time period 

of interest, in this case 1996, can be found as the sum of cprn'

(6 2 )

over the months m =  1 ,2,..., 1 2 . ÿ is referred to as the thickness error. By calculating 

the thickness error for various model runs with different parameter values, an estimate 

of the thickness error function in parameter space can be found. The minimum of 

this function indicates optimum parameter values. The word optimal will be used to 

describe the model parameter values for which the difference between observations, 

halt, and model, hmodei, is minimised and should not be confused with a qualitative 

definition.

In formulating the thickness error function it is assumed that the thickness ob

servations have no bias. We decided on this method as we wish to investigate the 

total bias between RA and model thickness. By comparison with ULS ice draft data 

a 0.5 m RA thickness bias is estimated. Errors on the RA thickness estimates are 

estimated to be 0.5 m. See section 3.2 for a more detailed discussion of these points.



6.3 Sensitivity Analysis 147

6.3 Sensitivity Analysis

An investigation of the shape of the thickness error function in and P* space is

presented below. The thickness error function is not estimated throughout the three 

dimensional parameter space as this was prohibitively expensive. We perform a two 

dimensional sensitivity study of the air and wind drag coefficients which indicates 

the approximate location of the error function minimum. Then the sensitivity of P* 

falling along a line orthogonal to the Ca~Cw plane further refines our estimate of 

the position of the minimum. It is expected that a region of parameter space can 

be identified where optimal parameters with respect to ice thickness are located. A 

similar sensitivity study, optimising the dynamic parameters with respect to buoy 

velocities, has been performed by Harder & Fisher [1999].

6.3.1 Optimisation of the Drag Coefficients

Optimised values of the air and water drag coefficients, Ca and 0^, can be determined 

by considering the thickness error for various model runs in the sensitivity study. 

Holding the maximum ice strength parameter, P* = 2x  10® Nm~^, and all other model 

parameters constant, Cw and Ca were varied independently. Cw was varied between 

2.5 X 10~® and 7.5 x 10“® in steps of 0.5 x 10“®. Ca was varied between 0.3 x 10“® and 

2.8 X 10“® in steps of 0.3 x 10“®. In total 89 simulations were performed, of which 

2 0  became numerically unstable. Outside of the parameter ranges investigated, runs 

become increasingly numerically unstable as ice velocity becomes unrealistically large. 

Mean ice thickness and velocity, in November 1996, are shown for a sample of model 

runs in fig. 6.2 and fig. 6.3.

For each numerically stable simulation, the thickness error was calculated with 

1996 RA thickness data. The distribution of this error in drag coefficient space is 

shown as a contour plot, fig. 6.1. There is a region resembling an eccentric elhpse 

within which the error function minimum is situated. Essentially this minimum lies 

on a horizontal line in drag coefficient space. No other regions with minima were 

identified. Optimised values for the drag coefficients were taken from the centre of 

the ellipse. These were found to be Ca = 0.0004 and Cw = 0.0055. At this point 

the thickness error function has a value of 2.4, indicating a mean thickness difference 

between model and RA of 1.5 m. We expect only 0.5 m of this difference may be
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Figure 6.1: The thickness error function. Contour plot of thickness error (sensitivity), 

against drag coefficients, calculated for 1996.

attributed to the RA estimates.

It has been observed [McPhee, 1978] tha t in the force balance on ice, the ratio 

between the drag parameters is more important than their absolute values. This 

result is not reproduced in this sensitivity study, where optimal ^  falls between 0.07 

and 0.05. This ratio of optimal drag coefficients is lower than the value of 0.36 found 

by Harder & Fisher [1999]. In-situ measurements of air drag suggest Ca is between 

0.001 and 0.003 [Macklin, 1983]. We found an optimal value for Ca which is an order of 

magnitude lower than measured in-situ. This indicates that the optimised air stress in 

the model is an order of magnitude lower than in-situ observations suggest. A similar 

optimised result could be achieved by reducing the wind speed by a factor of 3, while 

taking Ca to be the same order of magnitude as measured in-situ. It is unlikely that 

the NCEP/NCAR reanalysis is this much in error.

It is deduced that the optimal Q  found in this sensitivity study is unrealistically
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F igure  6.2: Mean ice thickness in November 1996, modelled with various ocean and wind

drag coefficients (C ,̂ x 10“  ̂ and Ca x 10“ ^).
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(a) =  4.5 C. =  0.4 (b) =  5.5 =  0.4 (c) C«, =  6.5 =  0.4

(d) =  4.5 Ca =  1.3 (e) =  5.5 =  1.3 (f) =  6.5 C« =  1.3

(g) =  4.5 =  2.2 (h) Cu, =  5.5 =  2.2 (i) =  6.5 =  2.2

Figure 6.3: Mean ice velocity in November 1996, modelled with various ocean and wind 

drag coefficients {C^ x 10“  ̂ and Ca x 10'^).
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low. The sensitivity parameter, based on RA measured thickness, is biased toward 

low model ice thickness. It was shown in chapter 3 that when realistic ice motion is 

simulated the modelled ice is thicker than RA measured thickness. One way to reduce 

ice thickness in the model would be to reduce ridging, i.e. to reduce the ice convergence 

rate. Wind forces the cyclonic circulation in the Beaufort Gyre, and causes the ice 

to converge towards the Canadian Archipelago. Reducing the wind stress directly 

reduces this convergence rate. The ice velocity field becomes unrealistically low as 

wind stress is reduced, see fig, 6.3. The ice thickness is reduced to values nearer the 

RA measurements, but it is apparent that the ice thickness distribution throughout 

the Arctic becomes unrealistic as Ca is reduced. See in fig. 6 . 2  that when Ca — 0.0004 

the ice thickness gradient across the Arctic Ocean is almost zero.

It is not possible to determine optimal air and water drag coefficients by tuning the 

wind and ocean stress to reproduce observed ice thickness. The wind and ocean stress 

do not appear to contribute significantly to the model ice thickness error. Although 

we cannot quantify the influence of the forcing terms on the thickness distribution, 

this study does suggest that we might find other terms to be more significant. The 

Coriolis and sea surface tilt terms are small, so are not expected to control large scale 

ice thickness patterns. The internal ice stress is known to be sensitive to ice thickness, 

as it is proportional to V/i. The thickness distribution is probably controlled by the ice 

strength model: we saw in section 4.3.3 that under convergent ice flow the maximum 

ice thickness and gradient in ice thickness is dependent on P*. A sensitivity study of 

the ice strength will be presented in the next section.

6.3.2 Optimisation of the M aximum Ice Strength Param eter

In investigating the sensitivity of ice strength, the drag coefficients are set to the opti

mal values found by Harder & Fisher [1999], Ca = 0 . 0 0 1 2  and Cu, =  0.0045. Holding 

all other parameters constant, the sensitivity of the maximum ice strength parameter, 

F*, is investigated. F* is varied between 2.5 x 10"̂  Nm“  ̂and 1 x 10® Nm“h Altogether, 

7 model runs were performed and for each run a thickness error determined.

It is expected that the error function minimum will fall at F* > 2 x 10®Nm“h 

The reasoning behind this being that the internal ice stress acts to oppose the ice 

motion, therefore increasing F* causes ice ridging to be reduced. For values of F*
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Figure 6.4: The thickness error function, for 1996, calculated for simulations with various 

values of P*, Ca = 0.0016 and =  0.0045.
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F ig u re  6.5: The thickness error function, for 1996, calculated for simulations with various

values of P * , =  0.0003 and 0^1 — 0.0050.
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(a) P* =  5 X 10̂  Nm ^ (b) P* =  5 X 10̂  Nm ^

niik

(c) P* =  1 X 10̂  Nm-^ (d) P* =  l x  lO^Nm-i

fe)  P* =  1 X l O ^ N m - ^ (f) P* =  1 X lO^Nm-i

Figure 6.6: Mean ice thickness and velocity fields, November 1996, modelled with P* =

5 X 10 ,̂ 1 X 10“* and 1 x 10® Nm“ ^ The drag coefficients are C a  =  0.0012 and =  0.0045.

The ice thickness scale is enlarged in fig. 6.2.
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(a) P* =  5 X lO^Nm-i (b )  P* =  5 X l O ^ N m - ^

(c) P* =  1 X 10 Nm (d) P* =  1 X 10̂  Nm

(e) P* =  1 X 10̂  Nm1̂  \T rvi 1 (f) P* =  1 X 10̂  Nm

F ig u re  6.7: Mean ice thickness and velocity fields, November 1996, modelled with P *  =

5 X 1Q3,1 X IC* and 1 x 10  ̂Nm“ ^  The drag coefficients are C a  =  0.0003 and C a, =  0.0055.

The ice thickness scale is enlarged in fig. 6.2.
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above 2  x 1 0 ®Nm“  ̂ ice thickness in the Beaufort Sea should be lower than in the 

control run presented in chapter 5.

Figure 6.4 shows the thickness error function, calculated for 1996, plotted against 

P*. The minimum of the error function falls around P* = 2 x 10®Nm“ b This was 

the value of F* used in the drag coefficient sensitivity study, and the same as the 

optimal value determined by Harder & Fisher [1999]. Plots of November 1996 mean 

ice thickness from three of the sensitivity runs are shown in fig. 6 .6 . Notice that for 

the extreme values of P* the ice motion and ice thickness fields become increasingly 

unrealistic. As P* increases ice velocity throughout the Arctic is reduced, falling to 

less than 0.1cms~^ for F* =  1 x 1 0 ^Nm“ b As F* is reduced the pattern of ice 

thickness distribution across the Arctic is reversed, with F* =  5 x 10̂  Nm“  ̂ ice in the 

Laptev sea is over 5 m thick.

A similar sensitivity study is performed using the optimal drag coefficients deter

mined in section 6.3.1, C% = 0.0004 and =  0.0055. The error function is shown in 

fig. 6.7. The optimal value for F* is also found to be 2 x 10̂  N m "\ as illustrated in 

fig. 6.5. For these “optimal” parameters the ice velocity field is unrealistic. This was 

outlined in section 6.3.1. Notice in fig. 6.7 that as F* increases the ice thickness north 

of Greenland is reduced. The gradient in ice thickness across the Arctic Basin is also 

reduced until the ice on the Siberian coast is the same thickness as the ice north of 

Greenland. This is a consequence of the internal ice stress no longer being in balance 

with the wind stress.

The ice strength does not appear to have significant control of the total ice mass 

in the Arctic. In actual fact, increasing F* reduces the gradient in ice thickness across 

the Arctic Basin without reducing the total ice mass, so that the thickness error is 

not reduced with increase in F*.

In conclusion, the tuning of parameters in the dynamical model cannot eliminate 

the overestimation of ice thickness in the Arctic sea ice model. A sensitivity study 

of the three main terms in the force balance was unable to reproduce observed sea 

ice thickness. Also, optimised drag coefficients were found to be unrealistic compared 

to in-situ measurements. It must be deduced that the thermodynamic model, or 

thermodynamics and dynamics jointly, have first order control of the ice thickness 

field. It would be of interest to investigate the sensitivity of ice thickness to ice 

growth and melt rate. A sensitivity study of the parameters in the thermodynamic
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Figure 6.8: The thickness error function, calculated for 1996, for linear changes in ther

modynamic ice growth/melt rate.

model, keeping the dynamical model constant, is suggested. As the thermodynamic 

source of ice in the UCL model is prescribed, a comprehensive sensitivity study cannot 

be performed. An initial investigation of the sensitivity to linear changes in the ice 

growth and melt rate is outlined in the next section.

6.3.3 Sensitiv ity  o f the T herm odynam ic Source Terms

A simple sensitivity study of ice thickness to ice growth and melt rate is presented. 

The dynamical parameters were fixed at Ca — 0.0016, Cw =  0.0045 and P* =  2 x 

10^Nm“ h The thermodynamic source terms in the UCL model are taken from a 

look-up table, as a function of ice thickness and time of year. The growth or melt rate 

taken from the table will be referred to as F. Five simulations were made varying 

these thermodynamic source terms. In each simulation F  was multiplied by a factor 

K, so that the sensitivity to linear changes in ice growth/melt rate can be determined. 

Individual runs took k, =  0.25,0.5,0.75,1 and 1.25. It was found that simulations 

become numerically unstable if n is greater than 1.25. The November 1996 mean ice 

thickness and velocity fields for three of these runs are shown in fig. 6.10.

An estimate of the thickness error function for linear changes in the thermody

namic source, Sh, is shown in fig. 6.8. The relationship between k, and thickness error
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Figure 6.9: The mean ice thickness in the Arctic for three of the model runs. The solid 

line represents the run with unchanged F, the dashed line represents a run with reduced 

F (k. =  0.25) and the dash-dot line represents a run with increased F {k = 1.25).

is linear. This result is expected: any decrease in winter growth rates is offset by a 

similar decrease in summer melt rates. Conversely, an increase in growth rates is offset 

by an increase in melt rates. Decreasing ac decreases the amplitude of the seasonal 

cycle of ice thickness, see fig. 6.9.

Reducing the thermodynamic source term magnitude by a factor of 4 only causes a 

0.7 m decrease in the mean ice thickness. The model is less sensitive to linear changes 

in thermodynamics than to the parameterisation of Ck, (7^ and P*.

It is unlikely that variation of the parameters in a full thermodynamic sea ice 

model would be manifested as a linear change in growth/melt rate magnitude. To 

investigate where errors might lie in the modelling of sea ice thermodynamics a more 

sophisticated approach should be taken. The sensitivity of ice thickness to simple 

variations of climatological growth rates is unlikely to indicate areas of weakness in a 

thermodynamic model. A better approach would be to investigate the sensitivity of 

a full thermodynamic sea ice model, such as that included in the Kiel model.



6.3 Sensitivity Analysis 1 5 8

(a) K =  0.25 (b) K - 0.25

(c) K — 1.0 (d) K =  1.0

(e) K =  1.25 (f) K =  1.25

Figure 6.10: Mean ice thickness and velocity fields, for November 1996, modelled with 

various thermodynamic growth/melt rates. The thermodynamic rate of change of ice 

thickness is modified by a factor (0.25, 1 and 1.25). The ice thickness scale is enlarged in 

fig. 6.2.
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6.4 Summary

We have shown that it is not possible to improve simulated ice thickness by tuning the 

viscous-plastic sea ice model in isolation from the thermodynamic model. The total 

ice mass is not controlled by dynamics alone. The dynamics control the distribution 

of the ice thickness, and have a less important influence on the total ice mass. We 

can deduce that errors in wind stress, ocean stress and the magnitude of ice strength 

alone can not account for overestimated model thickness.

This study provides an insight into the role ice dynamics and thermodynamics play 

in the ice mass balance; it paves the way for more sophisticated sensitivity studies. 

Possibly the climatological thermodynamic model does not correctly represent the 

growth and melt of new ice. This would have implications for the dynamical control 

of total ice mass, though we do not expect this mechanism could account for the 

large ice mass error. It would be informative to determine a optimal thermodynamic 

model reproducing observed total ice mass. Then the dynamical model may be re

optimised against ice velocity, as Harder & Fisher [1999]. The dynamical parameters 

may be flne tuned by comparison with observed ice thickness, but as a first step the 

thermodynamic model must be optimised.

A programme for future work is suggested: First it is important to identify the er

rors in the RA estimates of ice thickness. A thickness error function can be formulated, 

accounting for these errors. A full sensitivity study of a sophisticated thermodynamic 

model should be performed. Conventionally, sea ice models include a heat equation 

with two levels, as Semtner [1976], and use the energy balance described by Parkinson 

& Washington [1979]. The terms in the thermodynamic model that have the most 

significant control over ice mass should be identified. Then a sensitivity analysis of the 

parameters controlling these terms can be performed, for optimisation with respect 

to RA thickness estimates. Once the mass balance and momentum balance are found 

to a reasonable accuracy, given that only terms of first order importance are included 

in the optimisation, more refined sensitivity studies may follow.

Ultimately the RA ice thickness estimates could be used to validate large scale 

constitutive models for sea ice. Determining the large scale ice stress across the whole 

Arctic with in-situ measurements is prohibitively expensive, and it is not obvious how 

to relate stress measurement on individual floes to the large scale internal stress of the
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ice field. Although large scale ice strain rate can be identified from satellite observed 

ice velocity [Kwok et a l, 1998], the ice mass must be known if ice strain rate is to be 

related to the ice stress. If the ice thickness and ice velocity is known, determining 

the large scale rheology of sea ice can be thought of as an inverse problem. One way 

of attacking this problem could be to perform sensitivity studies with a variety of 

plastic models, to find the model which gives optimal ice drift and thickness fields.



Chapter 7 

A New Correction Algorithm for 

the Viscous—Plastic Sea Ice Model

To investigate whether performance of the UCL dynamic sea ice model may be im

proved we shall revisit the issues of numerical accuracy. An efficient successive cor

rection scheme to resolve ice strength-velocity coupling in the viscous-plastic sea ice 

model will be introduced. The new algorithm is applied to the test case outlined in 

section 4.3.3, which does not produce a convergent solution with the traditional cor

rection scheme presented in chapter 4. An improved solution is found with the new 

correction scheme. A simulation of Arctic sea ice is presented, and it is investigated 

whether ice strength-velocity coupling plays a significant role in the viscous-plastic 

model of Arctic ice motion.

7.1 Introduction

A system of equations describing large scale sea ice evolution in the Arctic Ocean was 

introduced in chapter 2. The momentum equation and continuity equation for the 

two-level viscous-plastic model are considered in the form:

dmU
dt

where

+ V - ( m U U ) - F  +  V-<T, (7.1)

<T =  »y[VU + VU^] +  [(C -  T]) I  tr(VU)] -  (7.2)

and

^  +  v -  (feU) =  Sh, (7.3)
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where h is ice thickness, U is ice velocity and m  is ice mass per unit area. Sh is 

the thermodynamic source of ice thickness. The internal ice stress, a, is modelled as 

a plastic with non-linear bulk and shear viscosities (  and rj. Equation 4.4 has been 

simplified by placing all the external forcing terms into one term, F. A numerical 

solution of these equations was presented in chapter 4. The viscous-plastic term in 

the momentum balance is dependent upon cross-component coupling velocity. So to 

ensure that a fully coupled velocity solution is found, iterations are performed over the 

two components of the momentum equation [Zhang & Hibler, 1997]. These iterations 

will be referred to as traditional correction steps. The continuity and momentum 

equations are coupled through mass and velocity. Ice strength, P, and the viscosities, rj 

and (, are functions of ice thickness. As mass changes slowly in time, it is assumed that 

the mass-momentum coupling does not vary greatly on daily time scales. This implies 

that it is unnecessary to solve equations (7.1) and (7.3) simultaneously. Traditionally, 

the continuity equation is solved once per time step, using the ice thickness field from 

the previous time step in the momentum equation.

The diagonal part of the ice stress tensor is dependent on ice thickness, /i, and 

V • <7 is dependent on VP. Under convergent conditions it has been shown that V • cr 

is a significant term in the force balance, see section 5.3.1. Hence under normal stress, 

the ice strength-velocity, P -U , and consequently h-TJ coupling may be significant. 

Small changes in ice thickness may be manifested as large perturbations in V • <r. 

From eqn. (2.14), a perturbation in ice thickness of A h = 0.01 m causes P  to change 

by ~  0 .0 1 %. This is small and at first glance might appear insignificant, but P  enters 

the force balance as V P  which is directly proportional to Vh. If the perturbation 

in h is of the same order as V/i, then V • a  will experience a perturbation that is 

the same order of magnitude as VP. A typical gradient in modelled ice thickness 

near the Canadian Archipelago is 0.001 m/m. Over a day typical thermodynamic ice 

growth in a grid cell is around 0.001 m. This indicates that under certain conditions 

the relatively small changes in h between time steps could have a significant effect on 

the force balance. In this case the mass-momentum coupling is not insignificant, and 

a fully convergent solution may not be found with the numerical method described in 

chapter 4.

The aim of the work presented in this chapter is to design an inexpensive algorithm 

to give a fully convergent h and U solution of the viscous-plastic sea ice model, to a
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tolerance of the same order of magnitude as the numerical accuracy of the individual 

equations. Two methods could be followed. The simultaneous approach is to solve 

for all the linear equations in one matrix. This method is prohibitively expensive for 

large domains, as the size of matrix to invert grows with n^, where n is the number of 

cells. Also, storage of the block matrix is expensive compared to the smaller matrices 

stored in the segregated approach. The segregated approach is to solve each equation 

individually and perform iterations, or correction steps, over the equations until a 

convergent solution is found. A new iterative algorithm will be introduced, coupling 

the momentum and continuity equations.

It will be shown that under certain conditions, the ice strength-velocity coupling 

is significant in the sea ice momentum balance. Disregarding this coupling may 

cause errors in ice thickness to grow unacceptably large over long time scales. An 

improved solution of ice thickness with the new iterative algorithm will be 

illustrated with a one-dimensional case study.

7.2 Derivation of a Transport Equation for Ice 

Strength

One way to approach coupling mass and momentum is to construct the P  field so 

as to guarantee mass conservation. A transport equation for P  can be derived from 

eqn. (7.3). Then this equation can be solved in a loop with the momentum equation, 

iterating until the velocity and ice strength coupling converges. As the coupling be

tween continuity and momentum is mainly through VP, this iterative method should 

efficiently resolve the coupling, unless shear terms dominate the momentum balance.

We follow the philosophy of Issa [1986] to resolve pressure-velocity coupling in 

compressible flow. We can consider ice strength P  as an effective pressure, and replace 

the constitutive relation with P = f{h). It is possible to express continuity in terms 

of ice strength, as an empirical relationship between ice strength, P, and thickness, 

h, is given:

P  =  P * /ie x p [ -C ( l-A ) ] ,  (7.4)

where A is the ice fraction, P* and C  are empirical parameters. Hence, h can be
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expressed as a function of P,

where 'tp is the compressibility

ij) =
P * e x p [ - C ( l - ^ ) ] ’

and

(7.5)

(7,6)

(7.7)

The momentum equation is manipulated so that ice velocity, U, can be expressed 

in terms of h and p. Dividing the momentum equation by the density of ice, p*, and 

rewriting the viscosities as p' =  ^  and

dUh

Pi

dt
V -(/iU U )-V -(7? V U )-V -( 77'V U ^ )-V (C '- 77') I tr(V U ) =  -V p + F . (7.8)

In order to construct continuity in terms of P  eqn. (7.8) is discretised without the Vp 

term

OpUp =  H(U) -  Vp, (7.9)

where H(U) is the part of the discretised momentum equation, given by the off- 

diagonal discretisation coefficients, On and source terms Q:

H =  ^  OnVn +  Q. (7.10)

Op is a vector of diagonal discretisation coefficients related to the velocity at each cell 

centre. Note that the forcing term F is fully contained in H. The Finite Volume 

discretisation of the momentum equation is described in detail in chapter 4. The 

discretisation of eqn. (7.8) is performed in the same manner as before. The only dif

ference between eqn. (7.9) and the discretisation of the momentum equation presented 

in chapter 4 is in the treatment of the Vp term.

Substituting eqn. (7.9) and eqn. (7.5) into eqn. (4.1) gives the p equation.

dipp
~dT T V

H(U)
dp -  V ■—Vp =  Sh (7.11)

Here, V • ^ ^ ^ é p  is a advection term, where is the flux. This advective-Op  ̂̂  ' ap ^
diffusive equation is discretised with the FVM as outlined in chapter 4. The fluxes 

can be constructed simply because H  and dp are determined from discretisation of the
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momentum equation. As the flux and ^  are evaluated directly from the discretisation 

of the momentum equation, p is implicitly dependent on U. This ensures that the 

pressure field is determined to solver tolerance.

A  is required for the calculation of ip and Sh, hence we solve the A  transport 

equation in a predictor step. Then the p equation is solved for ice strength. The ice 

strength field can then be used to explicitly update eqn. (7.8). Ice velocity is solved 

for, and finally ice thickness can be retrieved from the ice strength field through 

eqn. (7.5). The iterative algorithm to determine a fully coupled mass-momentum 

solution is described below.

7.3 The p Correction Algorithm

The p equation and momentum equation are solved as a coupled system. The method 

described here is loosely based upon the PISO algorithm [Issa, 1986] which is designed 

for the treatment of transient flow problems, with pressure-velocity coupling.

The p correction algorithm is shown schematically in fig. 7.1. First there is a pre

dictor step, explicit evaluation of /i, using fluxes calculated at the previous time step, 

providing a first guess for ice mass in the momentum equation. The ice fraction is 

evaluated with fluxes determined from the previous time step, and the updated A is 

used to calculate ip, which remains constant throughout the correction steps. Then 

the iterative solution of momentum and ice strength is performed. The momentum 

equation is solved, and then the p equation is assembled using the discretised mo

mentum matrix. Iterations are performed over these two equations until a converged 

solution for the ice velocity and ice strength field is found. These iterations will be 

referred to as p correction steps. The appropriate number of p correction steps are 

determined in section 7.3.1. Note that ice thickness is recovered from eqn. (7.5) at 

the end of each time step, ensuring the h field is explicitly evaluated from the flux 

and is conservative.

On each p correction step the ice velocity field is corrected. The coupling between 

velocity components and velocity non-linearity of the momentum equation is resolved 

in the same way as with traditional correction steps. This velocity correction is 

explicit, i.e. each iteration the viscosities’ dependence on U is treated explicitly. In 

the p correction algorithm, the correction of the ice strength field is implicit, and the 

momentum field is guaranteed to conserve mass. Performing iterations over the h
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Figure 7.1: The ice strength implicit successive correction scheme: an iterative solution 

procedure for the viscous-plastic sea ice model with p  correction steps.
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Figure 7.2: Velocity residual against p correction step. The convergence of is shown 

as a solid line and Uy as a dashed line.

transport equation and the momentum equation would not be optimal as this does 

not guarantee the divergence of the volume flux is zero over the whole domain after 

each solution of the h equation. Also the p  correction algorithm does not require an 

artificial cut off for ice thickness (or ice mass) to ensure that a solution exists for 

the momentum equation. Hence an artificial source of ice is not introduced with the 

p  correction method. Due to the h cut off we can not guarantee a h -U  iterative 

algorithm would produce the correct convergent h solution.

7.3.1 Convergence Rate of the p Correction Algorithm

The convergence rate of the p  correction steps is investigated here. The number of p 

correction steps needed to ensure ice velocity and thickness is found to an acceptable 

tolerance will be determined. An acceptable tolerance is for the velocity residual to 

be reduced to the same order of magnitude as the discretisation errors, for example 

10"^ms"h

One time step from the spin-up of a 110 km resolution Arctic Ocean Model is
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Figure 7.3: Ice strength residual against p correction step.

considered. The change in velocity residual for 100 p correction steps is shown in 

fig. 7.2. Within 20 iterations the velocity residual is lower than the errors in the 

discretisation. The convergence rate is similar to that of traditional correction steps.

The ice strength converges within 10 iterations, see fig. 7.3. Hence a fully conver

gent solution for U and p  is found within 20 iterations. In conclusion, all model runs 

will proceed with 20 p correction steps. This ensures that the momentum equation is 

solved to a suitable tolerance.

In the original correction scheme the majority of the computational cost is in 

solving the momentum equation. The transport equations, with advection terms, 

are typically solved in 1 or 2 calls to the ICCG solver. In contrast the momentum 

equation contains diffusion terms, and is solved in about 20 solver calls. In the p 

correction scheme the normal part of the stress is solved implicitly in the p  equation. 

The term V P  is considered explicitly in the momentum equation. This substantially 

reduces the computational cost of solving the momentum equation, only requiring 1 

or 2 calls to the solver. The cost is transferred to the p equation, which due to the 

normal stress term V • |̂ “ Vpj requires about 20 solver calls.
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Figure 7.4: Ice thickness after 10 years of integrations, with various values of the P*.

The p  correction algorithm essentially has the same computation cost as the orig

inal algorithm introduced by Zhang & Hibler [1979]. For the models runs presented 

here computational cost is increased by less than 1% when the p  correction scheme is 

introduced (the extra cost may attributed to the extra explicit evaluation of a trans

port equation for h and a slight overhead for algebra). The important point to note is 

that the p correction scheme ensures a fully converged mass-momentum solution for 

the same price as determining the converged velocity solution, as will be demonstrated 

in the next section.

7.4 One-dimensional Simulation of Ice Convergence

A case study demonstrating the one-dimensional convergent behaviour of the viscous- 

plastic sea ice model was discussed in section 4.3.3. The ice in a 3000 km long lake 

is forced toward one shore with a constant wind of 3ms~h When the internal ice 

stress is small, a region of open water formed where the ice was forced away from 

land. Under these conditions, it was found the numerical solution did not behave as
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Figure 7.5: Ice thickness after 10 years of integration, with P* = 5 x 10^Nm~^ and a 

minimum ice thickness ho =  0.001m. The solution obtained with traditional correction 

steps is shown as a dashed line, the solution obtained with p correction steps is shown as 

a solid line.

intuitively expected, A checkerboard oscillation appeared in the ice thickness field, 

indicating the system needed to be solved to better tolerance and the coupling between 

ice thickness and ice velocity was not fully resolved.

Several 10 year integrations of the viscous-plastic model were made, with the 

grid and forcing described in section 4.3.3, using the new correction algorithm. The 

maximum ice strength parameter, P*, was varied between the simulations. All the 

model runs presented here are identical to those presented in section 4.3.3, except 

for the fact that 10 p correction steps were taken per time step. We considered high 

P* =  I x  10  ̂kgm“ ^s“ \  7.5 x 10'̂  kgm "^s"\ 5 x lO'* kgm“ ^s“ \  where no region of open 

water is formed. Comparing fig. 7.4 with fig. 4.21, it is apparent both the traditional 

and new method produce the same solution, within numerical accuracy.

The case where F* =  5 x 10  ̂kgm “ ^s“  ̂ is of more interest. Here open water forms 

as the ice diverges off the left hand boundary, and the ice edge moved across the do

main. It is expected an equilibrium solution exists, where the ice thickness increases
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Figure 7.6: Thickness difference between two model runs after one year of integration, 

run with traditional correction steps minus the run with p correction steps.

linearly from the ice edge to the right hand boundary. The solution found with p cor

rection steps is shown overlaid on the solution found with the traditional correction 

algorithm, fig. 7.5. Notice that the solution obtained with the new algorithm behaves 

considerably better than the original solution. In section 4.3.3 we noted that a fully 

convergent solution for this case was not obtained after ten years of integration, this 

is also true for the p  correction method. The important point to note is that the p 

correction algorithm ensures ice thickness in the region of open water is zero and arti

ficial oscillations, thickness perturbations, are not introduced at convergent/ divergent 

interfaces.

Although this is an extreme case, it does demonstrate a flaw in the numerical 

methodology currently used to solve the viscous-plastic sea ice model. It would be of 

value to determine how significant ice strength-velocity coupling is in simulations of 

Arctic sea ice. The ice motion in the Arctic is variable on daily time scales, though
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Figure 7.7: Thickness difference between two model runs after five years of integration, 

run with traditional correction steps minus the run with p correction steps.

on long time scales, monthly, yearly and longer, there is a mean circulation pattern. 

The mean circulation causes ice convergence on the Canadian side of the Arctic and 

ice to diverge from the Siberian side. The one-dimensional test case could be viewed 

as a simplification of ice motion in the Beaufort Sea.

7.5 Arctic Sea Ice Simulation

A ten year simulation of Arctic Basin sea ice, from 1979 until 1988, is presented. 

The model is identical to that described in chapter 5, except the drag coefficients are 

modified to Ca =  0.0013 and — 0.0055. Two model runs are performed under 

identical conditions, one using the P  correction algorithm and the other using the 

original correction algorithm. Each run is initialised with January 1979 fields after 

sixty spin up years of a control run, see section 5.1.1. Comparisons will be made
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Ice Thickness Difference
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Figure 7.8: Thickness difference between two model runs after ten years of integration, 

run with traditional correction steps minus the run with P  correction steps.

between the two runs, indicating the importance of the ice strength-velocity coupling 

in the Arctic.

The instantaneous thickness fields for both model runs were output at the end of 

each year, and differences between these fields calculated. The difference in thickness 

between the two runs are shown for 31̂  ̂ December 1979, 1984 and 1988 in figs. 7.6, 

7.7 and 7.8. With the traditional correction algorithm, the ice is found to be about 

0.3 m thicker than with the P  correction algorithm. There is a banded structure in 

the thickness difference across the Arctic Basin, reminiscent of numerical noise in a 

solution that has not fully converged. The maximum ice thickness difference is 0.6 m.

The difference in total ice volume, calculated every December the 3D \ is shown in 

Figure 7.9. Initially the difference increases rapidly, but appears to reach a maximum 

limit of ~  2 X 10̂  ̂m^ after four years.

The thickness differences found between the two numerical solutions is much larger
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Figure 7.9: Time series of total ice volume difference between the two simulations, tradi

tional correction algorithm minus p correction algorithm.

than the convergence tolerance. In both models, the continuity equation is solved 

accurately. We would therefore expect both methods to give similar solutions if the 

numerical errors in both are small. The large thickness difference indicates that the 

numerical errors in one, or both, of the methods are large. Provided the numerical 

errors when solving the P  equation, continuity equation and momentum equation are 

all of the same order of magnitude, the large difference in ice thickness can only be 

explained by one or both of the methods not producing a fully convergent solution. It 

has been observed that the velocity and mass solution is convergent over p  correction 

steps. Over traditional correction steps, only velocity is known to converge. The 

thickness difference found between the two methods indicates that a fully convergent 

solution of ice mass and momentum in the Arctic Ocean is not found with traditional 

correction steps. These results highlight that ice mass-velocity coupling is significant 

in viscous-plastic simulation of Arctic ice, if it is neglected the numerical solution of 

ice thickness is not guaranteed to be correct.
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7.6 Summary

A new method of integrating the viscous-plastic sea ice model was presented, which 

can be described as a compressive strength implicit successive correction scheme. 

Applying the scheme to a compression dominated test case, the ice thickness solution 

was greatly improved.

The role of ice strength-velocity coupling was investigated in a simulation of Arctic 

sea ice. Comparisons were made between model runs performed with p correction 

steps and with traditional correction steps. It was found that the P-TJ coupling is 

significant in viscous-plastic simulations of Arctic sea ice. In the fully converged h and 

U solution it was found that h is on average 0.3 m thinner than found with traditional 

correction steps. In regions of ice convergence, the Canadian Archipelago, Greenland 

and Canadian coastlines, substantial differences were found between the two model 

runs, indicating that P -U  coupling is a significant factor in the viscous-plastic sea ice 

model. In conclusion, it is suggested p correction steps are used when the ice thickness 

distribution in regions of convergent flow is of interest. For local simulations of ice 

along the Canadian Archipelago, it is expected that no convergent solution will be 

found unless mass-velocity coupling is resolved to an appropriate tolerance.



Chapter 8

Summary and Discussion

In this thesis contributions are made to two areas in large scale sea ice modelling. 

Innovative techniques have been introduced for the numerical solution of the viscous- 

plastic sea ice model, and the first comparisons are made between satellite derived 

and modelled ice thickness.

We made the first comparisons between modelled ice thickness and space-borne 

altimeter observations of ice thickness on the scale of the Arctic ocean. Consistent 

patterns were found in the differences between the two thickness estimates. This 

work has indicated areas where the model may be in error. A natural progression 

from comparisons and validation of the model is to tune the model to best reproduce 

the observed ice state. The sensitivity of ice thickness to the three main parameters in 

the momentum balance was investigated. We conclude that errors in the magnitude 

of wind stress, ocean stress and ice strength do not fully explain the large differences 

between observed and modelled ice thickness in the Canadian Arctic.

It is known that the traditional iterative algorithm used to solve the non-linear 

momentum equation does not always produce a convergent solution. Ice mass-velocity 

coupling was identified to have a significant impact on the ice mass solution. If this 

coupling is not resolved to numerical tolerance, over annual time scales the build up in 

numerical errors becomes unacceptably large. To resolve this problem a new iterative 

algorithm was designed, ensuring the fully coupled solution is determined accurately. 

This method is no more expensive than the previous iterative method of Zhang & 

Hibler [1997].
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8.1 Summary of Results

The Finite Volume Method was used to discretise the viscous-plastic sea ice model 

equations. This guarantees that conservation of mass and momentum is obeyed to 

numerical tolerance. The use of a co-located grid for both mass and velocity simplified 

numerics substantially. The numerical implementation was designed to allow the 

future use of arbitrarily structured grids. An example of a refined grid for the Arctic 

Ocean is shown in fig. 8.1. In future a non-uniformally structured grid may be used 

to study ice export through the Canadian Archipelago.

Siberia

Alaska

Greenland

Canadian
Archipeligo

Figure 8.1: Grid of the Arctic Basin, embedded refinement is performed near coastlines, 

capturing coastline detail.

Matrix conditioning has replaced the need for explicit over-relaxation of the ve

locity component iterations. Traditionally [Zhang & Hibler, 1997], an over-relaxation 

coefficient is chosen arbitrarily and refined by tuning. The optimal over-relaxation 

coefficient may vary between models and even between time steps. Matrix condition

ing has been implemented to optimally over-relax velocity, so that oscillations do not 

occur between corrector steps.

The Gamma Differencing scheme was implemented for the discretisation of bounded 

convection terms. This removed the need to explicitly include artificial diffusion in 

the transport equations. It was shown that Gamma Differencing allows the ice edge 

to be resolved over two grid cells, and removes the source of mass associated with
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artificial ice thickness cut off and unbounded second order differencing schemes.

In conditions with long time scale ice convergence it was shown that the ice mass 

solution is not found accurately with traditional correction schemes. A new correction 

scheme, to couple mass and momentum, was introduced. With this scheme a fully 

convergent solution is found for ice mass and velocity. In conclusion ice strength- 

velocity coupling is important in large scale models of Arctic sea ice. It should be 

noted that the new correction scheme was not used to obtain the results presented in 

chapters 5 and 6 .

A simulation of Arctic sea ice was presented. This simulation incorporated all the 

numerical points discussed above, except the ice strength imphcit correction scheme. 

The new correction scheme was a late development, which will be included in future 

simulations using the UCL model.

Modelled ice thickness was compared with space-borne altimeter ice thickness 

estimates. This was the first validation of the viscous-plastic model ice thickness over 

much of the Arctic. Although the model has been validated against submarine ULS 

observations, this data set is sparse and has not been used to validate results from 

the last decade. It is anticipated that future missions with radar altimeters and laser 

altimeters will continue to provide ice thickness data, we have investigated how this 

data could be used for model validation.

A consistent bias was found between the observations and model. On average the 

model ice is 2 m thicker than observed. In regions where ice is highly deformed, and 

the internal ice stress has a significant influence in the momentum balance on the ice, 

large biases of up to 3 m are found.

Comparisons between the RA data and SCICEX data show a half metre bias and 

half metre variance between ULS measurements and RA estimates [pers. comm. Neil 

Peacock]. It is estimated the RA thickness error is 1 m. We observe that this error 

estimate is valid in the Beaufort Sea where we document a bias of order 3 m between 

model and RA thickness. Thus errors in the RA estimates are not fully responsible for 

the large model-observation bias. In isolated regions where the model-RA agreement 

is good, such as the Pram Strait, errors in the RA data could explain the small 0.5 

to 1 metre model-RA differences. In the Beaufort Sea and Canadian Archipelago 

model-RA biases are much larger and must be largely attributed to model error.

It was investigated whether some of the variation between observations and model
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could be explained by parameter error in the modelled sea ice force balance. A 

sensitivity study was performed in order to optimise the dynamic model to reproduce 

observed ice thickness. In minimising the difference between simulated and observed 

thickness, by tuning the dynamic model, model physics become unrealistic. Thus, it 

is unlikely that the dynamic model alone is a major contributor to the ice thickness 

error. This suggests the thermodynamic models in both the Kiel and UCL model may 

be significantly in error.

The UCL model used in the sensitivity study did not solve the fully coupled ice 

mass-momentum solution accurately. It was shown that numerical error build up 

results in ice thickness being over estimated by approximately 0.3 m after ten years of 

simulation. The largest numerical errors, up to 0.6 m, are found in regions where the 

internal ice stress (or ice strength gradient) is significant in the force balance. These 

regions, the Beaufort Sea and Canadian Archipelago, correspond to regions where 

large differences exist between RA and model ice thickness. If there is a similar error 

in the Kiel model, this would account for a substantial part of the model-observation 

difference. A numerical error of 0.5 m in the Beaufort Sea explains 25% of the UCL 

model error here.

8.2 Future Direction

The UCL Sea Ice Model would be greatly improved by including a more sophisticated 

thermodynamic model. It is proposed that the energy balance of Parkinson & Wash

ington [1979] should be included together with the two level approximation of the heat 

equation given by Semtner [1976]. A prognostic snow layer should also be included 

to sensitise the surface energy balance to the presence of snow. The effect of melt 

ponds should be modelled by modifying the sea ice albedo. This thermodynamic 

model would not be as sophisticated as state-of-the-art large scale sea ice models. 

The Kiel Sea Ice Model includes a seven level approximation of the heat equation. 

Other thermodynamic models contain more sophisticated parameterisations of the 

small scale properties of ice, such as Ebert & Curry [1993]. A systematic approach to 

refining the thermodynamic model could be taken, within the context of optimising 

model parameterisations. Investigations of the thermodynamic model sensitivity to 

ice thickness must be performed. Within the frame work of these investigations it
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might be possible to refine the model. Including complex parameterisation schemes 

or physical approximations without investigating their effect on the modelled mass 

balance might hinder model development.

A full sensitivity study of the modelled sea ice thickness is an important step in 

the verification and development of large scale sea ice models. The RA data could be 

used to optimise parameterisations in the thermodynamic model. This will provide 

the first opportunity for the modelled sea ice mass balance to be verified over the 

whole Arctic throughout most of the year. Most importantly, the RA ice thickness 

data could provide the information needed to validate sea ice constitutive models.

At present, the most important question to address is why the observed ice thick

ness is so different from modelled ice thickness. Possibly parameterisations in the 

thermodynamic model could be better tuned. Alternatively, the model physics might 

be wrong, perhaps an important process is not represented. One suggestion is that 

the heat fiux from the ocean to the ice is more variable than modelled, or the use 

of climatological cloud cover might cause misrepresentation of the long wavelength 

radiation flux at the ice surface. It may be found that coupled ocean-ice-atmosphere 

models are required to fully represent decadal variability in fluxes influencing sea ice.

On the numerical front the main issue is how land boundaries influence solution of 

the ice state. The influence of interaction with the coast should be investigated, and 

error due to unphysical representation of these sub-grid scale processes quantified. 

We suggest using local mesh refinement to estimate the magnitude of the influence of 

coastline detail on the ice mass and circulation.



Appendix A 

Plots of Monthly Mean Model—RA  

Thickness Difference

The following pages contain a collection of plots documenting monthly mean differ

ences found between modelled ice thickness and radar altimeter estimated ice thick

ness. Two models are considered: the Kiel Sea Ice Model, which is discussed in 

section 3.1; and the UCL Sea Ice Model, which is documented in chapters 2 , 4 and 5. 

The method of generating these plots is outlined in section 3.2.1. For discussion on 

conclusions draw from this study see sections 3.3, 3.4 and 5.3.
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