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Abstract

This thesis examines saccadic eye movements in the frequency domain and develops 

sensitive tools for characterising their dynamics. It tests a variety of saccade models 

and provides the first strong empirical evidence that saccades are time-optimal. By 

enabling inferences on the neural command, it also allows for better clinical 

differentiation of abnormalities and the evaluation of putative mechanisms for the 

development of congenital nystagmus.

Chapters 3 and 4 show how Fourier transforms reveal sharp minima in saccade 

frequency spectra, which are robust to instrument noise. The minima allow models 

based purely on the output trajectory, purely on the neural input, or both, to be directly 

compared and distinguished. The standard, most commonly accepted model based on 

‘bang-bang’ control theory is discounted.

Chapter 5 provides the first empirical evidence that saccades are time-optimal by 

demonstrating that saccade bandwidths overlap across amplitude onto a single slope at 

high frequencies. In Chapter 6, the overlap also allows optimal (Wiener) filtering in the 

frequency domain without a priori assumptions. Deconvolution of the aggregate neural 

driving signal is then possible for current models of the oculomotor plant.

The final two chapters apply these Fourier techniques to the quick phases of 

physiological (‘optokinetic’) nystagmus and of pathological (‘congenital’) nystagmus. 

These quick phases are commonly assumed to be saccadic in origin. This assumption is 

thoroughly tested and found to hold, but with subtle differences implying that the 

smooth pursuit system interacts with the saccade system during the movement. This 

interaction is taken into account in Chapter 8 in the assessment of congenital nystagmus 

quick phases, which are found to be essentially normal. Congenital nystagmus models 

based on saccadic abnormalities are appraised.
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1.1 Introduction

Chapter 1: Introduction

1.1 Project outline

Saccades are the fastest type of eye movements and are used to rapidly redirect the line 

of sight. They play a central role in acquiring visual information and, typically, three or 

four saccades are programmed every second. Saccades are an important, basic 

behaviour to understand, especially as deviations from their stereotyped kinematics can 

be a crucial clinical sign. Attempts to analyse and understand saccades have been almost 

entirely based in the time domain. A major aim of this research was to determine what 

new information could be gleaned from frequency domain analyses.

The analyses quantify the shape of the saccade and the neural pulse used to generate it. 

In the literature, the terms saccade dynamics and saccade kinematics are often used 

interchangeably, although the former strictly refers to the forces which cause the latter 

kinematic outcome. In this sense, the spectral analyses directly measure the saccade 

kinematics (output trajectory shape) and indirectly measure the input dynamics (neural 

pulse). Further justifications for the likely benefits from this approach can be found in 

section 1.8.3.

The other major aim of the research presented in this thesis was to explore clinical 

applications of the theoretical findings. In particular, a dysfunctional saccade system has 

recently been proposed as the mechanism behind the abnormal eye oscillation seen in 

congenital nystagmus (Broomhead et a l,  2000). Spectral analysis of saccades in 

congenital nystagmus can be used to test this model.

1



1.1 Introduction

The logical progression of the arguments is as follows. Chapter 3 establishes the 

robustness of the basic spectral measurements to recording noise artefacts, and the 

reliability of the analysis procedures used in subsequent chapters. Chapter 4 confirms 

the practicability of using these (amplitude independent) measures to distinguish 

between various saccade models. Chapter 5 examines the amplitude dependence of 

saccade spectra as a whole, and infers that saccades are time-optimal. Chapter 6 uses 

results from Chapters 3 and 5 to describe an optimal filtering scheme in the frequency 

domain. This technique, in combination with inverted models of the dynamic response 

of the extraocular muscles, allows reconstructions of the saccadic neural pulse.

Before applying these methods to congenital nystagmus, the effects of ongoing slow 

movements are assessed in physiologically normal nystagmus (optokinetic nystagmus. 

Chapter 7). These results act as a final control for the Fourier analysis of congenital 

nystagmus in Chapter 8.

A short general introduction of the relevant background literature is given in this 

chapter, followed by a description of the General Methods in Chapter 2.

1.2 Brief overview of eye movements

Eye movements are required in primates for four major reasons. First, retinal ganglion 

cells respond only to changes in stimulation and so the world would simply fade away 

in the complete absence of eye (and head) movements (Ditchbum and Ginsborg, 1952). 

Secondly, too much movement across the retina degrades acuity rapidly (Westheimer 

and Mckee, 1975), so movements to stabilise the visual field are needed. Thirdly, the
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specialisation of the foveal region of the retina provides the highest acuity to only the 

central 1“ of the visual field (Perry and Cowey, 1985). Finally, disjunctive movements 

are required to maximise the region of binocular vision.

Traditionally, the oculomotor system has been divided into five subsystems based on 

these broad functional distinctions, and those of the discovered neuroanatomy (see 1.6). 

The optokinetic and vestibulo-ocular reflexes help to stabilise retinal slip caused 

primarily by movements of the head, via a visual or labyrinthine signal, respectively. 

Selected foveal targets are tracked by smooth pursuit or acquired rapidly by saccades. 

Vergence movements allow for binocular control. Velocity-coded signals from these 

systems then converge on a ‘Final Common Pathway’, with a common neural integrator 

(Cannon and Robinson, 1987) to generate an eye position command.

More recently, evidence is growing that at higher levels the emphasis between distinct 

systems is somewhat artificial in the face of tasks demanding co-ordinated movements 

(Krauzlis et ai, 1997). On the other hand, the output level may be more specialised in 

terms of motoneurons and muscle fibre types (Buttner-Ennever et al,  2002), muscle 

pulleys or other orbital structures of previously unknown function (Miller et al,  2003).

These new controversies may be specifically relevant for the latter sections of this 

thesis, in terms of ideas of how saccades or nystagmus quick phases might interact with 

slower movements, but are not crucial to the main arguments. A more general 

connection of these new findings to this thesis is, perhaps, the approach to old 

‘resolved’ issues such as filtering procedures, ‘bang-bang’ control, time-optimality and 

quick phase mechanisms with a new perspective.
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1.3 Basic saccade characteristics

Saccades are completed in a matter of tens of milliseconds. Their duration precludes 

visual feedback as afferent pathway delays are of the order of 60-70ms (Barmack, 1970; 

Sparks and Hartwich-Young, 1989) and the movement is usually over in this time. 

Moreover, vision during the movement is effectively zero due to the high retinal slip 

induced and the effects of “saccadic suppression” (Matin, 1974). Saccades are, 

therefore, ‘open-loop’ or ballistic movements that must be pre-programmed, and errors 

cannot be visually corrected for online. In spite of these characteristics and peak speeds 

ranging to more than 6007s in humans (and more in monkeys), saccades are remarkably 

accurate and reproducible. How this stereotypicity is implemented has been ascribed to 

an internal feedback loop taking a ‘local’ efferent copy of the motor command and 

subtracting it from the input signal until the target has been reached and the input signal 

is zero (Robinson, 1975). Precisely why the behaviour is so consistent is looked at in 

Chapter 5. Here, some more basic features will be noted, before turning to saccade 

models (1.4-5) and the neurophysiology (1.6).

1.3.1 Types of saccade

Saccades have been sub-classified in a variety of ways. Some are specific in that they 

refer to the particular behavioural paradigm in which they were elicited. For example: 

‘reflexive saccades’ are made to a newly appearing target; ‘voluntary’ are self-paced 

and made to pre-existing targets; ‘spontaneous’ often refer to those made in the dark 

otherwise they may be called ‘scanning’, which would also imply a more active visual 

search element; ‘catch-up’ saccades are in response to a tracked target; ‘memory
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guided’ are when the subject is required to wait until the target is extinguished before 

moving.

Saccades can also be classified according to their latencies: ‘anticipatory’ are usually 

defined as having reaction time <80ms; ‘predictive’ are in response to a predictably 

timed target sequence; ‘express’ have ultra-short reaction times (typically < 140ms), 

which only some subjects display and is greatly facilitated by a ‘gap’ paradigm (Fischer 

and Boch, 1983). Other sub-divisions are based on whether they are ‘internally’ or 

‘externally triggered’ (Tusa et a l,  1986; Erkelens and Hulleman, 1993; equivalent to 

‘endogenous’ versus ‘exogenous’), or ‘foveating’ versus ‘non-foveating’ (Whittaker and 

Cummings, 1990), or , similarly, ‘goal-directed’ (i.e. to a specific point in space) versus 

‘re-orienting’ (Becker, 1989). Quick phases of nystagmus would thus be non-foveating, 

re-orienting, and externally generated (Chapter 7).

In addition to these classifications, distinguishing movements based on direction and 

orbital position is sometimes relevant. Rightward and leftward saccades are 

programmed in different hemispheres, and can be adapted or lesioned separately. 

Saccades directed away from the primary position towards eccentric orbital positions 

(centrifugal) are opposed by slightly different visco-elastic forces (Koene and Erkelens, 

2002) than those towards primary position (centripetal). ‘Symmetric’ saccades cross the 

midline and thus have both a centrifugal and centripetal component, which tend to 

average out the orbital differences. In conjugate saccades, burst neurons provide a direct 

ipsilateral drive to the lateral rectus (see §1.6) of one eye temporalwards (abduction) 

and project via intemeurons to drive the medial rectus of the other eye in a nasal 

direction (adduction). Lesions of the intemuclear pathway can affect adducting saccades
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alone (intemuclear opthalmoplegia, INO), while not affecting the centripetal-centrifugal 

or right-left characteristics of abducting saccades.

All saccades appear to share the same basic features and premotor substrate, but 

differences in kinematics (Smit et a l,  1987), gains (Lemij and Collewijn, 1989) and 

adaptive control (Deubel, 1995) have been reported. Internally generated saccades are 

slower and more accurate. The differences between saccade types probably reflect 

slightly different pathways and inputs to brainstem burst and omnipause neurons 

(Erkelens and Hulleman, 1993), with more asymmetric superior colliculus (SC) 

discharges manifesting in non-foveating than foveating movements (Edelman and 

Goldberg, 2001).

1.3.2 Reaction time

Saccadic reaction time, or latency, typically averages 180-220 ms (Becker, 1989), with 

a broad log-normal distribution that can be altered by task demands (Reddi and 

Carpenter, 2000). Becker reports a lack of consensus over latency changes with 

amplitude for mid to large saccades. Latency does increase markedly as amplitude is 

reduced below 3°, however. Reaction times are only examined in this thesis with 

regards to the saccade analysis algorithm, which excludes anticipatory saccades on the 

basis of latencies <80ms.

1.3.3 Saccade accuracy

Saccade accuracy is measured in terms of primary saccade ‘gain’ (ratio of target to

saccade amplitude). Normal saccade gains are distributed either side of the ideal 1.0

foveating gain, but the distribution shows an undershoot bias with mean values
6
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typically in the 0.90-0.95 range. A secondary, ‘corrective’ saccade is often produced to 

fully foveate the target. The undershoot bias appears to be a deliberate strategy as 

shifting the target back during the primary saccade initially leads to more overshoot, but 

then an adaptive decrease in gain rapidly re-establishes the undershoot bias (Henson, 

1978). An undershooting strategy could facilitate processing of corrective saccades by 

keeping the visual target representation in the same hemisphere (Robinson, 1973). 

Alternatively, as overshooting saccades spend more time in-flight than undershooting 

movements, the undershoot bias has been explained by a flight-time minimisation 

model (Harris, 1995).

Saccade accuracy is dependent on both the mean gain and the gain variance, or 

precision. Increasing either the mean bias or the variance of the gain will necessitate a 

higher incidence of undesirable corrective movements. The flight-time minimisation 

model predicts that more variable saccades will be associated with lower mean gains, to 

keep the number of overshooting saccades low. This tendency has been found in infant 

saccades (Harris et aL, 1993), anti-saccades (Mezey, 2000), memory-guided, reflexive 

(compared to voluntary; Lemij and Collewijn, 1989), centrifugal (compared to 

centripetal; Collewijn et aL, 1988) and larger amplitude saccades (Lemij and Collewijn, 

1989).

The flight-time minimisation model implies a relation between static gain and saccade 

kinematics. Some supporting evidence has been found using traditional temporal 

kinematic measures (Mezey, 2000). This issue is discussed further in section 5.4 in 

relation to possible speed-accuracy trade-offs in the frequency domain. The theme of 

speed-accuracy trade-offs is also prevalent throughout the thesis via models that
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propose that saccade trajectory kinematics are controlled by minimising endpoint 

variance (see 1.5.3; Harris and Wolpert, 1998).

1.3.4 Main sequence

As mentioned already saccade kinematics are highly regular. Figure 1.1 demonstrates 

position and bell-shaped velocity trajectories for a family of reflexive saccades, with the 

corresponding fixed relationships between amplitude, duration and peak velocity. Any 

deviations from such behaviour provide an important, and often early, sign of 

neuropathology. We are therefore interested from a basic research perspective in how 

and why this stereotypicity develops, and then clinically in ways to improve detection of 

abnormal deviations.
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Figure 1.1: Illustrative infrared data of saccade kinematics. A) and B) show averaged position and 
velocity curves from our laboratory. C) and D) show corresponding duration and peak velocity main 
sequences.
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These duration and peak velocity relationships with amplitude illustrated in Figure Ic 

and d have been called the ‘main sequence’ (Bahill et a l,  1975), alluding to an 

astronomical description of the standardised relationship between the brightness and 

temperature of stars. The point of the analogy was that a single equation can describe 

the behaviour over many decades implying that the same neural mechanism is 

responsible for all saccades. Bahill et a l  used a power law for peak velocity and a linear 

fit for duration. However, at large amplitudes peak velocities tend to saturate and 

duration can increase at a greater rate; at small amplitudes the peak velocity is 

approximately linear, as duration decreases more rapidly toward a minimum value in 

the order of 10ms (Becker, 1991). The exact boundaries vary between subjects and 

laboratories, but the overall form can be broken down into 3 distinct regions (Lebedev 

et a l,  1996). Exponential (e.g. Baloh et a l,  1975) and inverse linear fits (Becker, 1989) 

have been used to take better account of peak velocity saturation. Power law fits have 

been applied to duration at low amplitude (Yarbus, 1967; Lebedev et al,  1996). There 

are currently no theoretical grounds for preferring any of the above descriptive fits.

Deviations are possible from the main sequence related to the different types of

saccades, although these may be more readily detected by the skewness of velocity

profile rather than simply the peak measurement (Smit et a l,  1987). Differences relating

to quick phases are examined in detail in Chapter 7. Centripetal are slightly faster than

centrifugal saccades of the same amplitude (Pelisson and Prablanc, 1988), which has

recently been explained by a viscosity factor in the plant (Koene and Erkelens, 2002),

rather than an elastic (Becker, 1989) or innervational cause (Pelisson and Prablanc,

1988). Reports of abduction versus adduction biases are more controversial, and some

subjects may have small left-right directional differences (see Becker, 1989). Vertical

saccades are more technically difficult to record, but are generally similar to their

9
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horizontal counterpart. Oblique saccades are also thought to follow standard main 

sequences along the saccade vector, but individual horizontal or vertical components do 

get ‘stretched’ as a result (King et a l,  1986).

1.3.4 Other dimensions

There are many interesting questions relating to the oculomotor system beyond the 

horizontal dimension. The issues of how torsion is controlled. Listing’s law, and the 

commutativity of the 3D kinematics have received much attention in recent years. 

However, the investigations of this dissertation stay strictly to the horizontal meridian. It 

is easier to measure and there are more data available with which to make comparisons. 

Many of the complexities beyond the simple horizontal dimension are also being found 

to be redundant (Porrill et a l,  2000), or taken care of by the pulley hypothesis (Quaia et 

al,  1999). Hence, the simplifications of one dimensional kinematics are unlikely to 

diminish the more generalised validity and applicability of the ensuing results

1.4 Models of the plant

The oculomotor ‘plant’ is the dynamical ‘object’ the brain has to control to execute a 

saccade. It has been modelled either as a ‘black box’ by recording motoneuron and eye 

position directly and calculating the transfer function relating the two, or by attempting 

to measure as many of the individual biomechanical components as possible.

1.4.1 Mechanical models

Before single-unit recordings were available to describe the motoneuronal firing pattern,

Robinson (1964) predicted this to be a pulse-step based on his measurements of eye

10
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mechanics. It had been suggested that the plant was an under-damped second-order 

system with a simple step input (Westheimer, 1954). Robinson measured muscle length 

changes to an external fixed (isotonic) force and showed a very over-damped response 

that took several hundred milliseconds longer than it would normally take to complete. 

He also measured the force required to hold one eye still while the other made various 

saccades. These isometric measurements demonstrated that the force exceeded a simple 

step function and drifted back to, but never dipping below, the steady-state force. On 

this basis, and the fact that inertia of the eyeball was negligible, he discounted any 

notion of active braking and stated that the viscous orbital forces accounted for the eye 

deceleration.

Combining the isotonic and isometric results he modelled the passive element of the 

plant as a series of two voigt elements (mechanical models of a parallel viscosity and 

elastic element; Fig. 1.2), which has a transfer function with two ‘poles’ (sTj, ST2) and 

one ‘zero’ (.sTz). He brought the plant up to fourth order by including inertial and active 

muscle viscosity differential equations. He concluded that the innervational input must 

consist of a pulse to overcome the slow viscoelastic dynamic response, and a step to 

hold the eye against elastic forces pulling it back to primary position.

Viscosity element

Elasticity element

----------v ”-------

1 Voigt element

Figure 1.2: Mechanical representation of Voigt elements. Each Voigt element consists of a dashpot 
(mechanical viscosity element) in parallel with a spring (mechanical elasticity element). The transfer 
function for 2 Voigt elements in series is shown in Laplace formation with 2-poles and 1-zero.
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Further data from Robinson, Collins and colleagues (1969, 1975) during strabismus 

surgery extended the isometric findings to individual lateral recti and described the 

length-tension-innervation relationships. Modellers incorporated these findings into 

higher-order mechanical plants intended to be increasingly ‘homeomorphic’ (i.e. a one- 

to-one correspondence between physical and model elements), including the antagonist 

muscle in reciprocal innervation (Cook and Stark, 1968; Clark and Stark, 1974) and 

length-tension relationships (Bahill et a l,  1980). Extensive reviews with detailed 

parameters can be found elsewhere (Bahill, 1980; Robinson, 1981).

Despite the introduction of a succession of sixth order plants to account for each 

mechanical element, knowledge of actual parameters or their intricacies was lacking. As 

Robinson (1981) observed at the time, “how shockingly ignorant we are of how muscles 

behave”. Since then, the Miller group has implanted force transducers in monkey 

muscles to provide better physiological data during normal saccades (Miller and Robins, 

1992; Pfann et a l,  1995), which they have used to improve the Orbit™ mechanical 

model. These advances have already shown to be useful, for example, in statically 

generating Listing’s law (Porrill et al, 2000) and in dynamically distinguishing between 

innervational and mechanical sources for centripetal-centrifugal saccade kinematic 

differences (Koene and Erkelens, 2002). However, there are still many uncertainties and 

model differences, even for the ‘simple’ orbital section of the plant which has variously 

been modelled as the original 2-voigt (Koene and Erkelens, 2002) or a 1-voigt version 

(Clark and Stark, 1974; Collins, 1975; Pfann et a l,  1995). These are potentially very 

different (Goldstein and Reinecke, 1994), and will be returned to in Chapter 6, where a 

selection of specific plant models are examined.
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The mechanical studies have underlined many nonlinearities in the force-velocity 

relationship, the saturation of innervation of force, the variation of length-tension with 

eye position, and hysteresis in abducens firing (Goldstein and Robinson, 1986) and 

muscle units (Goldberg et al,  1998). Other unknowns persist in how motor units are 

recruited (Dean, 1996) and summed (Goldberg and Shall., 1997). More dynamic, 

realistic data are required before a real consensus on the mechanical parameters of the 

plant is possible.

1.4.2 Innervation models

In spite of these complexities and nonlinearities, the overall transfer function between 

motoneuron activity and eye position has been reported to be remarkably linear 

(Robinson, 1973). Single-cell recordings in the abducens nucleus (Fuchs and Luschei, 

1970; Robinson, 1970; Schiller, 1970) found Robinson’s predicted pulse-step pattern of 

innervation and the instantaneous firing rate (PR) was well described by the following 

linear differential equation:

FR = k{e-e,) (1)
ot ot

where 6 is eye position and 6t is the position recruitment threshold. The k term is the 

dominant one and has been shown to be correlated with the recruitment threshold for 

conjugate eye movements (Fuchs et al,  1988), which may offset the non-linearity 

between muscle-tension and eye position. The inertial term, m, is small and usually 

neglected in slow eye movements, leaving a first order low-pass plant. This term is still 

very important for the high acceleration of saccades (Keller, 1973; Fuchs et a l,  1988). It

13
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is tempting to try and relate the values of k and r to those of elasticity and viscosity in 

mechanical models, but no accurate translation has really been possible (van Gisbergen 

and van Opstal, 1989). Better correlations were found between saccade and pulse 

duration, as well as saccade amplitude and the integrated spikes count. The ‘neural 

integrator’ is believed to perform a similar task and feeds into the motoneurons an 

integrated signal from the direct pre-motor drive, so that the step signal is present to 

hold the eye at its post-saccadic position. It also compensates for the low pass filtering 

of the plant during all other eye movements.

Equation 1 has been very commonly used throughout eye movement studies in both first 

(m=0) and second order versions. Third order models have occasionally been used 

(Fuchs et al., 1988; Harris and Wolpert, 1998), and rarer still a version of the Robinson 

4^^-order (Zee et a l,  1992).

Measurements of isometric force have shown a gradual fall towards and after the end of 

the saccade to steady-state level (Robinson et al,  1969). Robinson hypothesised that 

this was to offset stress relaxation in the slow viscoelastic elements of the orbit, 

preventing a slow onward drift that would otherwise occur if released abruptly from 

innervation. A neural correlate of the isometric fall was found in the ‘slide’ of abducens 

motoneuron firing at the end of the saccade (Goldstein, 1983). Optican and Miles 

(1985) incorporated a low pass filter path into the final common pathway to account for 

this neurophysiology and their own observations of the adaptive capacity to post- 

saccadic drift of the visual field. Thus, in parallel with the neural integrator, the slide is 

thought to fully compensate for the 2-pole, 1-zero dynamics of the hypothesised 2-voigt 

viscoelastic elements.

14
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However, realistic treatment and measurement of antagonist muscle or force activity has 

been lacking, and may lead to changes in the conventional picture. Indeed, the most 

recent muscle and motoneuron data imply as much (Pfann et al,  1995; Sylvestre and 

Cullen, 1999). The Cullen laboratory data have shown that none of the models 

investigated could explain both slow and saccadic movements with the same set of 

parameters. They concluded that it was likely for the antagonist activation pool to be 

more fully taken into account. Also, they found the second order description of 

Equation 1 was not a bad fit, but a second order model with one zero was better.

1.5 Explanatory saccade models

The plant models are, of course, also saccade models but predominantly follow a 

phenomenological rather than explanatory approach. Those listed below aim more at the 

latter.

1.5.1 Bang-bang

In addition to predicting the saccadic pulse, Robinson (1964) fitted his 4^-order model

to real saccade durations and found a saturated active state tension which increased in

duration only. The early motoneuron recordings seemed to support his “all-or-none”

rectangular burst pattern, and found very tight relationships between burst and saccade

duration. As just noted, these same recordings suggested a surprisingly linear overall

eye movement system. Optimal theory for linear systems (Bryson and Ho, 1975) states

that the shortest duration movements are achieved by switching signals between their

maximums (bang-on, bang-off). The concept of saccades being time-optimal in order to

reduce the period of degraded vision and acquire the intended visual goal quickly is
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obviously appealing. Coupling this and the observed intense, quasi-rectangular 

motoneuron bursts to the optimal control theory produced a number of models (Clark 

and Stark, 1974; Lehman and Stark, 1983; Enderle and Wolfe, 1987). Although 

differing in model order, by fitting the main sequence they all purported to be accurate 

and time-optimal. This is not the most stringent criterion, however, as will be seen in 

Chapter 4. The bang-bang models are highly dependent on the plant and so are dynamic 

models, as well as being models of the neural input.

1.5.2 Trajectory formation

Minimising time is not the only optimisation scheme proposed to explain fast human 

movements. Other potential ‘costs’ to be minimised have been suggested in a variety of 

other motor systems including: torque change (Uno et a l,  1989), energy (Alexander, 

1997), smoothness (Hogan, 1984), deviations in time (Rosenbaum et a l, 1995), and 

variance (Harris and Wolpert, 1998). These have largely been invoked to explain the 

relatively invariant bell-shaped velocity profiles seen in arm, wrist, lip, tongue and eye 

(Abrams et a l, 1989) movements. The similarities across neuro-musculo-skeletal 

architectures have suggested that there is something optimal, or at least highly preferred 

for convenience or other reasons, about the particular bell-shape trajectory and that the 

goal of the brain is to reproduce the ideal trajectory as well it can. The logic certainly 

solves the ‘redundancy problem’ of why the infinite degrees of freedom possible to 

travel between any two points are almost all made redundant via the production of a 

highly stereotypical behaviour. Unfortunately, proving that the trajectory formed is 

indeed optimal, or which possible constraint(s) it is governed by, is far more difficult.

16
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These issues form the core of Chapter 5, and will be returned to in more detail then. One 

subset of models that have been developed to optimise for the smoothness seen in the 

bell-shape velocities, is also compared to bang-bang and minimum variance models in 

Chapter 4. The minimum squared-derivative (MSD) models are trajectories formed 

from minimising the square of successively higher order derivatives such as 

acceleration, jerk, snap, and so on, over the course of the movement; the assumption 

being that minimising such changes should result in very smooth trajectories. They are 

template shapes. In fact, the minimum acceleration is simply a parabola velocity profile. 

The trajectories are very smooth and the minimum jerk (MJ) model has proved 

particularly effective at describing arm movements (Flash and Hogan, 1985; Todorov 

and Jordan, 1998; Richardson and Flash, 2002), and its success has led to many other 

applications. These considerations and the comparisons noted elsewhere (Abrams et a i,

1989) made the MSDs an interesting, potentially good, new model for saccades.

1.5.3 Minimum variance

The disadvantage of the MSDs (although an advantage for the analysis in Chapter 4) is

that they are purely kinematic models. Other trajectory formation type models are based

on real dynamics of the motor system in question, for example the minimum torque

change models. The MSDs, however, stand alone from any plant model and are just the

optimal trajectory shape for a neural controller fixated with smoothness. The models

may be explanatory in principle, but in practice they make real biological interpretations

difficult. That is not to say that the concept of smoothness may not, in fact, be highly

important and biologically relevant. Harris (1998b) argued that smoothness may be

critically important if the goal of the system is to maximise accuracy in the presence of

signal-dependent noise. He equated maximising smoothness with minimising the
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bandwidth of a signal that was corrupted by high frequency signal-dependent noise. The 

trajectories formed from minimising variance (maximising accuracy) for a given 

duration (i.e. a speed-accuracy trade-off) were shown to be very smooth and to replicate 

both eye and arm movements very well (Harris and Wolpert, 1998). A particular 

advantage these minimum variance (MV) profiles had over the MSDs was their ability 

to mimic the progressively asymmetric larger amplitude saccade trajectories. However, 

a truly quantitative comparison with real saccades, or against the MSDs over the 

symmetric range, has not been attempted until now (Chapters 4 and 5). The MV model 

is a function of the neural command noise and the resultant eye position variance and so 

is dependent on the plant model. Thus, MV is a mixed dynamic-kinematic model.

1.5.4 Local feedback

No dissertation on saccade modelling could leave out a section on the ‘local feedback’

models. However, this class of models is the least relevant for the investigations here.

The local feedback models are explanations for how neural circuitry implements the

desired motor program so that the behaviour can be accurate and repeatable even in the

absence of visual feedback. They suggest that a local efferent copy signal is fed back to

reduce the motor error to the pre-motor drive so as to terminate the saccade accurately

regardless of noise elsewhere in the system. They do not explain why the burst

generated is the shape it is. Thus, whether the motor error is the original Robinson

(1975) instantaneous position signal, a displacement signal of either the Jurgens et at.

(1981) or Scudder model (1988), or related to gaze position error (Bergeron et a l, 2003)

is interesting but not immediately relevant for much that follows. More pertinent would

be a termination mechanism based on boosting acceleration and deceleration impulses

(Dean, 1996). Dean gave a role here for the cerebellum, which has also recently been
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given prominence in modified local feedback schemes by potentially choking off 

saccade drive (Quaia et a i, 1999; Thier et aL, 2000).

1.6 Neural substrate for saccades

This section gives a concise overview of the saccade generating apparatus of the 

brainstem, cerebellum and, briefly, cortex. Some aspects have already been introduced 

in section 1.3 and there have been many reviews concerning the substrate, both 

extensive (Moschovakis et a l, 1996) and recent (Scudder et a l, 2002; Sparks, 2002). 

The techniques applied throughout the dissertation only apply to the pulse signal at the 

motoneurons and downstream.

1.6.1 Motor nuclei

Figure 1.3a shows the two motor nuclei responsible for horizontal eye movements. The 

abducens (Vf^) nucleus (ABN) in the lower pons at the floor of the fourth ventricle 

contains motoneurons that innervate the ipsilateral lateral rectus directly, and 

intemeurons that project to the oculomotor (IIT^, OMN) nucleus via the medial 

longitudinal fasciculus (MLF), which innervate the contralateral medial rectus.
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Figure 1.3: Brainstem saccade anatomy and connections.
Taken from Sparks (2002). Acronyms are elaborated in the text.

The ABN receives a monosynaptic pulse of activity from the short-lead excitatory burst 

neurons (EBNs, or SLBNs, or originally called medium-lead MLBNs) of the 

paramedian pontine reticular formation (PPRF). This ‘direct path’ stimulation is 

augmented by the step of tonic activity coming from the neural integrator of the nucleus 

prepositus hypoglossi (NPH) and the medial vestibular nucleus (MVN). The NPH/MVN 

integrator receives its input directly from the EBN and has its gain boosted by the 

neighbouring floccular region of the cerebellum.
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1.6.2 Burst generator

The saccade burst generator for horizontal movements is located in the PPRF. Ablation 

of this immediate premotor structure stops all horizontal saccades and quick phases 

(Cohen et a l, 1968). The PPRF contains long-lead burst neurons (LLBNs) as well as 

EBNs. The EBNs begin firing approximately 10 ms before saccade onset, while the 

LLBNs show a more gradual build-up to their burst activity that can begin more than 

100ms before the saccade. The exact role and demarcation of LLBNs remains unclear 

(Scudder et a l, 2002).

Inhibitory burst neurons (IBNs) are found in the medullary reticular formation. They 

receive input from the superior colliculus (SC) and directly from ipsilateral EBNs, and 

project across the midline to inhibit the contralateral IBN, EBN and ABN.

The vertical burst generator is located in the rostral interstitial nucleus of medial 

longitudinal fasciculus (riMLF) and has its neural integrator in the interstitial nucleus of 

Cajal (NIC, or INC). Both burst generators are thought to lie within a local feedback 

loop that reduces a motor error input throughout the course of the saccade. 

Traditionally, this signal goes to zero, cancelling the burst and ending the saccade. The 

cerebellum has now been posited as controlling the termination timing (Quaia et a l, 

1999; Their et a l, 2000).

1.6.3 Omnipause neurons

The role of another group of PPRF cells that lie on either side of the midline is crucial.

These omnipause neurons (OPNs) fire at a high constant tonic rate of over 100 spikes/s
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during fixation, but pause during saccades in ali directions. They therefore gate input 

signals and, by inhibiting the IBNs (and EBNs) on one side, they allow the EBNs on the 

other side to burst. Stimulation of OPNs during a saccade quickly terminates the 

movement. To initiate the OPN pause and to ensure its continuation throughout the 

movement, ‘trigger’ and ‘latch’ mechanisms have been hypothesised. Although which 

of the available inhibitory signals act as the putative trigger and latch is unclear. It has 

been suggested the LLBN could fulfil the trigger role, before allowing the then active 

EBN to latch (Yoshida et a l, 1999). However, it is also argued that the OPNs are 

controlled by fixation neurons in the SC (Munoz and Wurtz, 1993a). Recent evidence 

argues for a more generalised inhibitory role for OPN, with high-speed pursuit also 

being inhibited in proportion to OPN firing (Missal and Keller, 2002).

These issues are of particular importance here for their potential role in generating 

nystagmus. An abnormal latch signal has already been suggested to explain the 

oscillatory eye instability of opsoclonus myoclonus (Zee and Robinson, 1979). 

Congenital nystagmus (CN) itself has been modelled as a saccade termination 

malfunction with abnormally low OPN activity (Broomhead et a l, 2000). The findings 

of Missal and Keller may also have relevance considering the high speeds often found 

during the ‘slow phases’ of CN.

1.6.4 Superior colliculus

The SC plays a key role in sensorimotor processes and receives input from many

cortical areas across many modalities. It provides the major input to the PPRF burst

generator. Acute lesions cause delayed and hypometric saccades, although saccades are

only abolished in combination with ablation of the frontal eye fields (FEE; Schiller et
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a l, 1980; Albano and Wurtz, 1982). It is believed to receive attentional input from 

posterior parietal cortex and command signals from the FEF, but it is clearly also an 

important relay centre and an upstream role in attention is now also hypothesised. The 

role of the SC inside or outside of a local feedback loop has been hotly contested. The 

most recent evidence points to a ‘moving hill’ of activity keeping track of current gaze 

position error (Bergeron et ah, 2003).

1.6.5 Cerebellum

Like the SC, the cerebellum is involved in a great many cortical-sub-cortical loops, and 

has had a great many functions ascribed to it from movement to timing as well as 

higher-level, more cognitive aspects. The importance of the vermis region, especially 

lobules VI and VII, has long been recognised in the maintenance of saccade gain. Its 

role in dynamical considerations is becoming increasingly recognised. In particular, the 

importance of the fastigial nucleus to the acceleration and deceleration of saccades has 

been emphasised (Robinson et a l, 1994; Dean, 1996). More recently, it has been given 

a central online role in the dynamics and timing of saccade termination (Quaia et a l, 

1999; Their et a l, 2000). It is the structure most commonly associated with various 

nystagmus abnormalities (Leigh and Zee, 1999). Previously, this was explained in 

relation to its role in maintaining the neural integrator gain and the importance of this 

structure in gaze-holding (e.g. Optican and Zee, 1984). In light of the Broomhead model 

hypothesis that CN is caused by an abnormal pulse termination, the role of the 

cerebellum in saccade termination (Quaia et a l, 1999) offers an alternative explanation 

for its association with nystagmus abnormalities.
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1.6.6 Cortex

There are four cortical areas thought capable of triggering saccades: the visual cortex 

via a direct SC pathway, the FEF, the supplementary eye fields (SEF) and the parietal 

eye fields (Pierrot-Deseilligny et a l, 1995). The FEF is thought to be particularly 

relevant for endogenous saccades, whereas the specialisation of the parietal cortex in 

spatial-attentional processing may give it a more important role in the generation of 

exogenous saccades. The SEF may have greater specialisation in the generation of 

saccade sequences, especially via the basal ganglia (Gaymard et a l, 1990). The 

prefrontal cortex is involved, generally, in working memory and lesions to it cause 

deficits in memory-guided saccades (Leigh and Zee, 1999). The anterior cingulate is 

thought to play a part in attentional processes related to saccades.

1.7 Basic features of Congenital Nystagmus

The thesis builds towards an application of Fourier analysis in CN saccadic movements. 

Some general features are summarised in this section.

1.7.1 Chronological development and aetiology

Congenital nystagmus (CN) is an abnormal involuntary eye oscillation. It is almost

invariably a horizontal nystagmus, although vertical cases or torsional components have

been reported (Shawkat et a l, 2000). Despite its name it is not usually present at birth,

but develops sometime during the first year of life and is thereafter omnipresent.

Reinecke et a l (1988) reported that the waveform changes over this period, usually

from a large amplitude triangular form to its more adult accelerating slow phases
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(ASPs) form. Its aetiology is unknown, but is usually associated with a sensory defect 

of the afferent visual pathway e.g. albinism, congenital stationary night blindness, 

coloboma, cone dystrophy, optic nerve hypoplasia, retinal dysplasia (Harris, 1995). In 

approximately 10% of cases no sensory defect can be found, in which case it is called 

idiopathic CN. The incidence of CN as a whole is uncertain, but estimates range from 

about 1 in 1000, to 1 in 8000. It is associated with a wide range of visual disability from 

a very few being able to pass a driving test visual exam, to those legally blind. The 

aetiology of CN is not thought connected to the waveform.

1.7.2 Waveform

The standard, almost uniquely, defining characteristic of CN are ASPs at some point of 

gaze. This ‘jerk’ form of nystagmus tends to accelerate the eyes away from the fixation 

position (usually centripetally in lateral gaze) during the slow phase, before there is a re- 

foveating quick phase. Other waveforms are more pendular, often with a refoveating 

quick phase component. A number of distinct waveform types have been categorised 

(DelTGsso and Daroff, 1975; Abadi and Dickinson, 1986).

The waveform typically oscillates over a 2-6 Hz range, and varies greatly in frequency 

and amplitude depending on arousal and other factors (e.g. convergence, eyelid closure, 

monocular vision, orbital position). There is often an orbital position in which the 

nystagmus is minimised (the ‘null’). The null can shift position with time (periodic 

alternating nystagmus, PAN), and this is commonly found in albinos (Abadi and Bjerre, 

2002). The null is also shifted by smooth pursuit or optokinetic stimulation in the 

direction opposite to the motion, changing the waveform to artificially look like 

‘reversed’ OKN (Halmagyi et a l, 1980).
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Despite the constant retinal motion, there is no percept of instability (oscillopsia). This 

has been accounted for by a mixture of efference copy cancelling the sensory 

consequences of the self-generated motion, and the frequent presence of foveation 

periods (Dell’Osso et a l, 1992).

1.7.3 Models of CN

There have been many attempts to explain CN. An early one involved a high gain 

saccade system (Dell’Osso, 1973). The almost universal occurrence of CN in albinos, 

and the observed mis-routing of afferent visual pathways in albino rabbits led Optican 

and Zee (1984) to hypothesise a reversal of the feedback sign (to positive) around the 

neural integrator (NX). A very similar model was later proposed that had an additional 

normal fixation loop around the NX, with a variable gain element allowing a range of 

behaviour such as the intermittent voluntary control over the nystagmus seen in their 

three patients (Tusa et a l, 1992). An optokinetic defect has been postulated (Kommerell 

and Mehdom, 1982), as well as a high gain pursuit around a ‘leaky’ NX (Harris, 1995). 

Another pursuit based model has also recently been proposed (Jacobs, 2002).

Another new model returned to the saccade system for its pathogenesis (Broomhead et

a l, 2000). Xn essence, their model relies on an abnormal relationship between burst rate

and motor error around the termination of a saccade. Their starting point was the

hypothesis that microsaccadic flutter is caused by abnormally low OPN activity (Ashe

et a l, 1991). The main aim was to provide a novel, conceptual model of CN, and they

made no real attempt to justify whether a saccade abnormality is plausible in CN.

However, family members unaffected by CN have been shown to have saccadic

instabilities similar to the Ashe study (Shallo-Hoffmann et a l, 1988), and a recent study
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of albino children without CN also provides similar results (Russell-Eggitt et a i, 2003). 

Therefore, there would certainly appear to be some interesting circumstantial evidence 

to support the saccade termination model. A major goal of this project was thus to 

investigate saccadic performance directly in CN subjects to support or refute the 

Broomhead model.

A preliminary assessment of CN saccade normalcy via main sequences concluded that 

there were no essential abnormalities, when effects of the slow phase were summed out 

(Jacobs and Dell’Osso, 1997). However, difficulties in accurately delimiting the start 

and end of the slow phase make analyses such as these difficult to evaluate in the time 

domain. Fourier analysis avoids this problem and will be shown to give a more 

complete assessment of the characteristics of the CN saccade system (Chapter 8).

1.8 Fourier analysis

In principle, frequency and time domains are merely interchangeable representations of 

the same basic information. In practice, however, they can reveal remarkably different 

and (in the less intuitive frequency world) unexpected characteristics. Saccades have 

been shown to be exemplary of this: relatively smooth, featureless temporal profiles 

being transformed into a cascade of energy minima and maxima at high frequencies. 

The sharpness, discontinuity and reproducibility of the minima allow easy measurement 

and provides a particularly striking contrast to the smooth, ill-defined, tapering of 

temporal profiles.
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This sub-section begins with a brief introduction of Fourier concepts (see Brace well 

(1986) and Harris (1998a) for a more detailed background), followed by a summary of 

the limited literature of the spectral analysis of saccades, and concludes by highlighting 

the particular strengths and weaknesses of the frequency domain approach to saccade 

kinematic analysis.

1.8.1 Basic concepts

Fourier Series

Jean Baptiste Fourier (1822) proved that any continuous, integrable, periodic function 

can be described by an infinite sum of sine waves at integer multiples (harmonics, n) of 

the fundamental frequency (cùq) of the signal:

f i t )  = ÜQ + cos{ncoj) + b̂  sminCÜQt)) (2)
n=]

A classic example is the square wave, whose (even function) Fourier series is given by:

,1 (3)
3 5 'J

and is shown in Figure 1.4 for series with Az = 1, 3 and 1000 terms. By 1000 terms the 

Fourier series closely resembles a square wave but with some ringing, or Gibb’s 

phenomenon, evident around the discontinuities.
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Figure 1.4: Fourier synthesis of square wave.
The first term in the Fourier series is a cosine 
wave (dotted) with the same fundamental 
frequency (cüo=l) as the square wave. Increasing 
the number of terms to 3 (dashed) and 1000 
terms (solid) improves the square wave 
representation.
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T h e  a b ility  o f  the F o u r ier  se r ie s  to  d e sc r ib e  an y  p e r io d ic  fu n c tio n  is  ju s t  an e x a m p le  o f  

an o r th o g o n a l b a s is  set sp a n n in g  a v e c to r  sp a c e  (c f .  C a rtesia n  x - y -z  c o -o r d in a te s  

d e sc r ib in g  an y  p o in t in  sp a c e ) , and re lie s  on  th e  o r th o g o n a lity  o f  s in e  and c o s in e  

h a rm o n ic s . T h e  c o n tr ib u tio n  o f  ea ch  h a rm o n ic  in  th e se r ie s  can  b e p lo tted  as an 

a m p litu d e  sp ec tru m . T h u s , for  the sq uare w a v e  th e se  h a rm o n ic  a m p litu d e s  f a l l - o f f  w ith  

the r e c ip r o ca l o f  o d d  n u m b ers (1 /3 , 1/5, 1 /7 . . . ) :

CD•a3
Q .
E
<

•  * •  •

0 1 3 5 7 9 11 13 15 17 19

Harmonic number 

Figure 1.5: A m plitude spectrum  o f square w ave.
The abscissa  is a frequency scale, which as here OlV)=1 is equivalent to harm onic num ber.
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Using Euler’s exponential expression for sines and cosines, the series can be re-written: 

f ( t )  = (4)

where the amplitude and phase information in the a and b coefficients of (2) are 

replaced by the coefficients of c„ at positive and negative frequencies. The exponential

description of sines is a complex number (/ = V ^ )  representation. Describing a 

function in terms of the variables f or m is a matter of choice; they are equivalent, but 

sometimes either the ‘time domain’ or ‘frequency domain’ representation is more 

convenient than the other. For example, an infinite sine wave takes an infinite number 

of time points to specify it, but only (Oo, amplitude and phase in the frequency domain.

Fourier Transform

The Fourier transform (FT) is a generalisation of the Fourier series and can describe 

aperiodic functions. Analogous to Equation 4, the inverse FT relates frequencies to 

time:

f{ t )= \F { 0 ) )e “ 'd a  = FT'‘(Ff(o;) (5)

where F((d) is a continuous function of frequency equivalent to the discrete c„ of (4). 

Indeed, one way to conceptualise the connection between series and transform is that 

the transform represents the series with infinite period. As the period increases, coo 

decreases and the series (or the discrete amplitude spectrum points in Fig. 1.5) 

become closer and tend to the continuous F(co) 'm the infinite limit.

Equation 5 describes the synthesis of the time signal from frequency components. To 

obtain the frequency components from the time signal, the equation for the FT is.

30



1.8 Introduction

F ( ,m ) = ^ ] f { t ) e - '‘“'dt (6)

The matter of which transform FT or FT ' bears the I tt constant is not standardised. 

Each transform can share a constant, or the issue can be avoided by replacing

angular frequency, co, by .

A pertinent example of an FT for saccades is the rectangular pulse, due to the similarity 

with the saccade motoneuron signal and that hypothesised in bang-bang time-optimal 

models. Figure 1.6 overleaf illustrates several key points. First, a time-limited transient 

will have infinite bandwidth in the frequency domain and contain zeroes in its spectrum. 

The continuous FT amplitude spectrum is shown here in analogy to the discrete Fourier 

series spectrum of Figure 1.5. It is more usual to show the energy spectrum (often called 

power spectrum, although this should be reserved for stochastic or infinite signals),

which is the square of that shown: .

Second, these zeroes (or ‘spectral minima’ as zero energy is hardly measurable) occur in 

a rectangular pulse at co = 2 ti /T ,  AnfY, 6ti/T..., or in other words at integer harmonics of 

frequency:/ =  1/T, 2/T, 3/T...Third, differentiation in the time domain is equivalent to 

multiplying by ico in the frequency domain (i.e. x cô  for energy).

Finally, differentiating an onset and offset discontinuity results in a pair of ‘delta 

functions’, whose FT is a sine wave. This is the converse of a temporal sine wave being 

described by a pair of unique points at one positive and one negative frequency. The
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Tim e domain Frequency domain
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FT'
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Figure 1.6 Example of Fourier transform pairs using a rectangular pulse. Top panels show the time signal 
and the modulus of the FT. Lower panels show the derivatives of the upper panels, which are delta functions 
(arrows in lower left plot) in the time domain, and a sine wave in the frequency domain (again modulus plotted).

s ig n if ic a n c e  o f  the d e lta  fu n c tio n s  and d is c o n t in u it ie s  w ill  b e  returned  to  b r ie fly  in th e  

n ex t s e c t io n , but fo r  n o w  it is  s u ff ic ie n t  to  o b se r v e  that it is  th e se  d e lta  fu n c tio n s  that 

s h o w  u p  as s in e  w a v e s  in  the fr e q u en cy  d o m a in  an d  g iv e  r ise  to  sp ectra l m in im a  in  

tra n sien t tra jec to r ies .

Two other useful FT properties

T h e  re c ip r o c a l s c a lin g  b e tw e e n  tim e  and fr e q u e n c y  h a s  b e e n  im p lic it  in , for e x a m p le ,  

th e 1/T  a b s c is s a  s c a le s  p r e v io u s ly . M o r e  e x p lic it ly ,  a fu n c t io n  sc a le d  in  tim e  b y  k:

k \
F (7)

H e n c e , s tre tc h in g  in  th e tim e  d o m a in  c o m p r e sse s  in  th e  fr e q u e n c y  d o m a in . In cr ea sin g  

tran sien t d uration  w il l  sh ift  its  m in im a  to  lo w e r  fr e q u e n c ie s .
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The last major FT property that is made common use of in this thesis is that of 

convolution, which is accomplished trivially in the Fourier domain by multiplying the 

FT of each function:

°°^ fit^)h{z)dT -°°^f{T )h{t-T )dr 0{co) = F{o))H{co) (8)

Here, typically 0((o) is the output eye position spectrum, F(œ) is the motoneuron 

command and H(co) is the plant. If we assume H(œ) is approximately linear then any 

zero in F((o) will also be a zero in 0(co). In Chapter 6 an estimate of the neural input is

1= FT-'[0{0))H-'(0)))‘deconvolved’ by taking the inverse FT: F{co) = FT -1
H{co)

Details of the actual methods employed to calculate FTs are introduced in section 2.4.

1.8.2 Summary of previous studies

There has been little direct study of saccade energy spectra. In 1968, Zuber and

colleagues specifically investigated the frequency response of the saccade system. The

bandwidth, or frequency range of a system, is commonly measured as the half-power

frequency or -3dB point (logio (0.5)= -0.3 Bel, or -3  decibel). Zuber et a l found an

inverse linear relationship between saccade amplitude and -3 dB bandwidth. They also

noted some high frequency characteristics such as a 5° saccade becoming asymptotic to

an 80 dB/decade slope on its gain plot beyond 32 Hz. They acknowledged that their

algorithm made reliable analysis of frequencies beyond -20 dB impossible, but

suggested that investigation of such low energies would only reveal non-significant

‘idiosyncrasies’ of the saccade trajectories. Similarly, other researchers have referred to
33



1.8 Introduction

the trade-off between bandwidth and amplitude (i.e. duration) and its implications for 

the signal processing of saccades (e.g. Bahill et al. 1981, Inchingolo and Spanio, 1985), 

but not examined the higher frequency-lower energy region of the spectrum. Indeed, 

most studies that incorporate saccadic spectral analysis do so in order to exclude the 

effects of saccades on investigation of frequency responses of slow eye movements 

(pursuit, VOR) or ocular motor tremor.

Van Opstal et al. (1985) used saccade spectra in an attempt to reconstruct the neural 

command signal for saccades, but did not comment on the frequency characteristics 

themselves. They also applied an incorrect FFT algorithm. However, their idea of 

reconstructing the pulse was very interesting and is explored in detail in Chapter 6.

Harris et al. (1990) were the first to quantify in detail the characteristics of higher 

frequency saccade spectral components. In a precursor to the work presented in Chapter 

4, they demonstrated a linear relationship between the duration of a saccade and the 

inverse of its spectral minima.

Harris (1998a) extended these ideas in a general treatment of biological transients. A 

transient is a signal that has a definite start and end, and Harris specifically defined it as 

a function that has discontinuities in some derivative at its start and end. Thus, the 

rectangular pulse of Figure 1.6 has start and end delta functions after one derivative, and 

is defined as a first order (n=l derivatives) discontinuous function. A parabola 

(minimum acceleration MSD) has delta function discontinuities after n=2 derivatives, 

the minimum jerk profile after n=3 derivatives. Smoother transients will require more 

derivatives to reveal their delta functions, but any function that has a well-defined start 

and end must have an abrupt change in some derivative.
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It was seen earlier in Figure 1.6 that the sine wave from the first-order delta functions 

manifested as zeroes in the FT of the rectangular pulse at frequencies dependent on the 

sine wave, which in turn are related to the reciprocal duration 1/T (i.e. separation of 

delta functions). Thus the FT of the rectangle, F(œ), can be described as: 

icoF(co) =sin¥.

This transient is constant between its discontinuities but, in general, the transient will 

have a non-zero contribution, R(œ), between its start and end discontinuities. That can 

be added under linear superposition, leaving the general FT of a transient as: 

r /  \  sin(Ÿ + t )  + Æ((ü)
— S S r  ’

The rectangular pulse is simply a special case with n=\ and R(co)=0.

Harris argued that saccades are relatively smooth such that R((o) should decay at high 

frequency to leave the FT decaying proportional to ico ", with minima interspersed due 

to the sine term. Thus, the energy should decay at high frequencies with a slope of -2n  

on log-log plots.

Figure 1.7 demonstrates the typical pattern of minima (Ml, M2,...) with declining 

energy maxima (Mxl, Mx2,...) for a smooth transient. The dotted line linking declining 

maxima will be denoted the energy ‘envelope’ of the spectrum. Here the energy decays 

with a constant log-log slope of -4  as expected from Equation 9 and the fact that the 

parabola has discontinuities of order, ti=2. Similarly, the minimum jerk {n =3) and snap 

{n =4) have envelope slopes of -6 and -8 respectively. Clearly, both the minima and the 

envelope of the maxima contain information characteristic of the shape of the trajectory.
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Figure 1.7: Example of energy envelope for minimum acceleration model. The first two minima (Ml,  
M2) and maxima (Mxl ,  Mx2) are labelled in the velocity spectrum (N.B. fiat at low frequency) of a 
parabola.

B e fo r e  c o n tin u in g  it sh o u ld  b e n o ted  that F ig u re  1.7 is  th e  e n e r g y  sp ec tr u m  o f  a v e lo c ity  

p r o file , but a m ix tu re  o f  p o s it io n  and v e lo c ity  sp ec tra  w ill  b e  p resen te d  in future  

ch a p ters. T h e  e n e r g ie s  d iffe r  b y  a factor o f  co  ̂ w ith  v e lo c ity  sp ec tr a  fla t at lo w  

fr e q u e n c ie s  and eq u a l to  a m p litu d e  sq u ared , A “, at 1 H z . T h e  F T  o f  a p o s it io n  step

A A^
eq u a ls  ^—  and so  p o s it io n  e n e r g y  sp ec tra  are eq u a l t o —— ^  at 1 H z , and  d e c l in e  at lo w

fr e q u e n c ie s  a c c o r d in g  to  co'“. M o s t  im p o rta n tly , th o u g h , th e  e m p ir ic a l sp ectra  

th ro u g h o u t are c a lc u la te d  from  the F F T  o f  u n filter ed  p o s it io n  d ata , an d  th en  m u ltip lie d  

b y  w h e n  v e lo c ity  sp ec tra  are sh o w n .
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1.8.3 Pros and cons

There are a variety of problems associated with traditional main sequence measures of 

saccade kinematics in the time domain. The major pros and cons of the spectral 

approach are highlighted below.

Pros

1 ) pulse inferences

Under the assumption of a linear plant, as appears plausible from innervation models 

(1.4.2), the minima reveal information on the system input that the time domain output 

does not. The minima are effectively transparent to a linear plant as a zero output energy 

will originate from a zero input energy at the same frequency (1.8.1-2). The result holds 

providing the minima are sufficiently sharp, even if they do not go to ‘zero energy’. 

Three specific corollaries that follow are:

a) comparison o f models at different levels

The neural input (bang-bang) and kinematic models can be directly 

compared without recourse to arbitrary plant models.

b) central versus peripheral effects

Different plants will cause different conventional main sequences, but their 

minima will be unchanged.

c) motoneuronal reconstruction

Deconvolution is easy in the Fourier domain and, if a good linear plant 

model can be identified, allows the reconstruction of the actual neural
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command (an aggregate of the motoneuron pool that may not be possible to 

measure directly, but would best represent what the brain is actually trying to 

control).

2) Amplitude independence

In the same way that scaling effects of linear plants have no effect on the minima, nor 

do those from the calibration. This is particularly useful when recording infants or 

patients with limitations of gaze, or gaze instabilities such as nystagmus, who may find 

it difficult or impossible to acquire calibration targets sufficiently well.

Moreover, it can be difficult to compare two sets of kinematic data which have different 

amplitudes as they will usually have different durations, and so one must extrapolate 

how much of the difference is purely due to natural main sequence variability. One such 

example is the question of whether saccade adaptation affects the saccade dynamics. No 

consensus has yet been achieved. The Fourier analysis helps to effectively eliminate one 

variable.

The maxima are dependent on amplitude, but a constant factor will simply shift the 

whole spectrum, changing envelope intercept, but not slope. Therefore, the maxima can 

also be an effective amplitude independent measure of the saccade.

3) Whole trajectory

Conventional main sequences are based on three points in the movement: start, velocity 

peak and end. Including the whole trajectory in the Fourier analysis allows for greater 

sensitivity, and characterises the whole waveform shape.
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4) Saccade demarcation

The demarcation of the low velocity (and tapering) start and end points is a non-trivial 

problem in the presence of noise, and even more so when merging into a slow phase 

(e.g. optokinetic or congenital nystagmus) rather than a period of fixation. The start and 

end points do not need to be strictly identified for Fourier analysis, providing the whole 

trajectory is encapsulated. Either the ratios between minima can characterise the 

movement, or the difference between minima frequencies can, in principle, be used as 

an estimate of duration, without recourse to the time domain at all.

5) Inter-laboratory standardisation

Peak velocity and duration measures are particularly susceptible to noise artefacts. A 

wide range of instruments with markedly different bandwidths have been used to record 

saccades. The variety of signal processing techniques that each laboratory has had to 

develop to resolve these problems has made inter-laboratory comparisons of data 

difficult. The minima are anticipated to be stable to different noise levels from different 

devices (and different calibrations) provided the bandwidth is wide enough to contain 

the minima. In which case a more unified database may be possible.

Cons

1 ) Intuition

The frequency domain is not very intuitive. Peak velocities appear on the surface easy 

to measure. Peak velocities of 4007s are easier to conceptualise than minima at 38 Hz.
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2) Computations

Although current technology makes the computational expense of Fourier analysis over 

temporal parameters irrelevant, it is easy to get a quick, wrong answer especially in light 

of the problems of intuition.

3) Broad-band noise

Although the final ‘pro’ is appealing, the effects of instrument noise could potentially 

corrupt the minima, depending on the signal-to-noise ratio over the minima frequencies 

and their sharpness. This issue is the first to be explored, in Chapter 3.
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Chapter 2: General Methods

The general methods were basically the same throughout all the chapters, the only real 

difference coming in Chapter 7 where the OKN curtain in the Clinical Eye Movement 

Laboratory of Great Ormond St. Hospital was used. This laboratory had slightly 

different stimuli and recording set-ups, which are outlined in that chapter. In addition, 

data from three other research laboratories are included in Chapter 3 to demonstrate the 

robustness of the analysis across laboratories and recording devices. These other three 

recording environments are only briefly covered in Chapter 3.

2.1 Experimental equipment

2.1.1 Stimulus

The saccade target was a 0.6mm, 670nm red laser spot that was deflected by an X-Y 

scan head (General Scanning, Banbury, England) onto a white flat screen. The laser had 

to be carefully aligned with the central axis of the X and Y mirrors. Targets were only 

presented along the horizontal meridian throughout the thesis. The deflection system 

was accurate to within +/- 2 milliradians in each axis over its +!- 20° range. In Chapters 

3 and 4, the laser was front projected onto a solid, white ‘contiboard’ screen. In 

Chapters 5 and 8, the equipment was moved into a different room and was then rear- 

projected onto 50% opaque, projection material. The front and rear projection distances 

were 89 and 100cm, with the spot subtending 3.9 and 3.4 minarc at the retina, 

respectively. The deflection system was controlled by an in-house program written in 

Delphi. The background lighting was dimmed to 2 cd/m^.
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2.1.2 Recording device

T w o  id e n tic a l ( I R l ,  IR 2) in frared  lim b u s  e y e  trackers (M o d e l 6 5 0 0 ,  S k a lar  M e d ic a l,  

D e lf t ,  T h e  N e th e r la n d s) w er e  u sed . T h e  IR 2  w a s  k ep t in  th e  C lin ic a l L ab oratory  and  

w a s o n ly  u se d  in C h a p ters 3 and 7 . E ach  track er c o n s is te d  o f  an array o f  9  in frared  

L E D s p o s it io n e d  a b o v e  e a c h  e y e  and 9  p h o to d io d e  r e c e iv e r s  b e lo w  e a c h  e y e  (a lth o u g h  

the arrays can  b e o r ien ta ted  v e r t ic a lly , th is  w a s  n ot th e c a s e  h ere ). T h e  d iffer en tia l  

r e f le c tio n  fro m  th e ir is -sc le r a  ( lim b u s)  b o u n d a ry  is  tra n sd u ced  in to  an e y e  p o s it io n  

s ig n a l, w h ic h  is sta ted  as lin ear w ith in  3%  up to  + /-  2 5 °  h o r iz o n ta lly . T h e  o p tim a l 

r e so lu tio n  is  s ta ted  at 2  m in arc , and the m a n u fa ctu rer  B o d e  p lo t sh o w e d  a - 3 d B  

b a n d w id th  o f  185 H z . T h e  s ig n a l w a s  sa m p le d  at 1 0 0 0  H z.

à
C o n tro l b o x

R igh t e y e

G a in  and o f fs e t

ad ju sters T ra n sd u cer  arrays

Figure 2.1: Infrared limbus eye tracker picture.

T h e tran sd u cer arrays are m o u n ted  on  a l ig h tw e ig h t  h e lm e t , and are a lig n e d

a p p r o x im a te ly  at th e cen tr e  o f  the p u p il and  so  as n o t to  o b sc u r e  th e  h o r izo n ta l f ie ld  o f

v is io n . T h e  su b ject f ix a te s  o n e  cen tra l and tw o  p erip h era l targets  as f in e  x - y -z  a x e s
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adjusters are moved until the control box display indicates a symmetrical signal centred 

on primary position. The front mounting can also be rotated in towards the subject, 

which can improve the signal and allow the gain adjuster to be reduced.

This setting up is relatively easy, and low noise, accurate, static eye position data are 

readily achievable. However, measuring the saccade dynamics can be more 

problematic, especially over more eccentric eye positions. Multi-peaked velocity 

artefacts can occur (Truong and Feldon, 1987). With experience these problems were 

minimised, but could still occur in the nystagmus data. In OKN (Chapter 7) the stimulus 

motion drives the mean eye position towards the direction from which the motion is 

coming, and the quick phases take the eye further in that same direction. It was rare for 

the movements to go beyond the operating range (+/- 30°) such that the eye position 

trace saturated, but velocity (multi-peak) artefacts were more frequent. Similarly, in CN, 

the constant movement could cause a sub-optimal IR set-up, and the occurrence of 

occasional multi-peaked profiles was unavoidable.

The advantages of using the IR system outweighed this problem, which was dealt with 

at the analysis stage. The IR allowed long recording sessions, the high sampling rates 

crucial for faithful saccade analysis, and a non-invasive procedure. The last point was 

particularly useful in the CN subjects, and in the aim of being able to use the same 

methodology on children and patient groups (as demonstrated in Chapter 6). Although 

the next chapter shows that recent advances in video-oculography may make this a 

better option for future studies.
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2.2 General protocol

The experimental protocols were approved by the Institute of Child Health Research 

Ethics Committee, and informed consent was obtained from participants.

Subjects were positioned using adjustable seats and chin rests, such that they were level 

with the middle of the projection screen. A pair of lateral head supports were applied to 

further discourage head movements, which can be a problem in CN where an 

accompanying head nystagmus can also be present at times. The limbus eye tracker was 

set-up with the help of flashing the laser between +/-20° and 0° fixation positions. An 

11-point calibration procedure was performed between +/-20° and a linear regression fit 

to the resulting fixations. The apparatus was re-adjusted and the calibration repeated if 

necessary.

Saccades were recorded in trials of 1.5s duration. The first 500ms of each trial sample 

was a ‘pre-fixation’ period, leaving 1000ms for saccade reaction and execution time. 

There was a randomised time delay between trials of 1.1-2.5s and the trials were 

presented in a randomised order. In some experiments the target always started from 0° 

and only centrifugal movements were recorded (Chapter 4). In others, the target started 

eccentrically and stepped symmetrically across the midline (Chapter 5).
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2.3 Analysis and programming

Considerable time and effort was devoted to building the off-line analysis software. The 

importance of identifying blink and infrared artefacts, as well as checking on the correct 

automated analysis, necessitated construction of a graphics user interface that was used 

to preview and conduct the preliminary data processing and analysing. This was 

developed using MATLAB (The Mathworks Inc, Natick, MA, USA) release versions 10 

and 11. All the Fourier and regression analyses were performed in MATLAB, together 

with the optimisation routines and simulations in SIMULINK 2.0. Analyses of variance 

and covariance were done in SPSS and DataDesk.

The minimum variance modelling was performed in MATLAB and the code was taken 

directly from Harris and Wolpert (1998), and only parameters changes were made.

Individual filtering and analysis procedures are outlined in the Methods section of each 

chapter. The general processing stage was as follows. Peak velocities from segments 

where velocity exceeded 30°/s for at least 10ms were identified. Working forwards and 

backwards from each peak velocity, the last sample point before a 10°/s velocity 

threshold crossing was demarcated as the start or end point of the saccade. End-points 

were also calculated on the basis of 0 and 3000°/s/s acceleration thresholds, but in 

practice these were only used in connection with nystagmus slow phases as detailed in 

Chapters 7 and 8. Anticipatory saccades were excluded on a basis of reaction times 

<80ms and inter-saccadic intervals of <40ms were not allowed.
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2.4 M ethods

2.4 FT calculation

N u m e r ic a l in teg ra tio n  a p p r o x im a tio n s  to  th e c o n t in u o u s  F T  w er e  u sed  p r e v io u s ly  to  

e s tim a te  sp ectra l m in im a  (H arris e t  ciL, 1 9 9 0 ). A  m o re  c o m m o n  a lg o r ith m  fo r  

c a lc u la t in g  F T s is  the fa st F o u r ier  tran sform  (F F T ), and th is  is  m ore  accu ra te  at h ig h  

fr e q u e n c ie s  than n u m er ica l in teg ra tio n  b a se d  on  a tra p ez o id a l or S im p s o n ’s ru le. H arris  

(1 9 9 8 a )  c o n s id e r e d  th e u se  and m is u s e  o f  the F F T  in a p p lic a t io n  to  b io lo g ic a l  tran sien ts.

T h e  F F T  c a lc u la te s  the F o u r ier  s e r ie s  c o m p o n e n ts  for  an in fin ite  p er io d ic  fu n ctio n  o f  th e  

sa m p le d  data set. T h is  p er io d ic  ‘w ra p p in g  a ro u n d ’ o f  the o r ig in a l sa m p le d  d ata  is  

illu stra te d  in F igu re  2 .2 . T h e  q u a si-r ec ta n g u la r  p e r io d ic  w a v e fo r m  in tro d u ces  h ig h  

fr e q u e n c y  m in im a  (F ig . 2 .2 b )  ak in  to  th o se  o u tlin e d  in se c t io n  1 .8 .1 , but the re so lu tio n  

is  v ery  lo w  d u e to th ere o n ly  b e in g  128 sa m p le  p o in ts .

W rap -arou n d
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Figure 2.2: Demonstration of ‘wrap-around’. A) Yarbus model saccade padded to 128 sample points is 
wrapped around by FFT algorithm to form a quasi-rectangular ‘infinite’ periodic waveform. B) the Fourier series of 
A is calculated from the FFT.
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T h ere  are tw o  p r o b le m s  to  b e  r e so lv e d  in ord er to  h a v e  an a ccu ra te  F T  o f  ju s t  the  

tran sien t sa m p le  s ig n a l ( s o lid  in  F ig . 2 .2 a ):  to  g e t rid o f  the a r tif ic ia l d isc o n tin u ity  

(a rro w ) at th e  en d  o f  e a c h  w ra p p ed  arou n d  sa m p le  se t, and  to  g e t th e  b e s t  a p p r o x im a tio n  

o f  th e F T  from  th e F o u r ier  se r ie s  fo rm u la tio n  o f  th e F F T .

Padding

In 1.8.1 the F T  w a s  c o m p a re d  to  a F o u r ier  s e r ie s  in the in fin ite  p er io d  lim it , thu s  

a r t if ic ia lly  in c r e a s in g  th e  p er io d  o f  th e sa m p le  data  w il l  red u ce  th e fr e q u e n c y  b e tw e e n  

d isc r e te  F ou r ier  se r ie s  c o m p o n e n ts  and b etter  a p p r o x im a te  the true F T . T h is  can  b e  d o n e  

b y  p a d d in g  the start or en d  o f  the trace w ith  the sa m e  v a lu ed  n u m b e rs , e n su r in g  that the  

to ta l data  le n g th  c o m p r is e s  an in te g er  m u lt ip le  p o w e r  o f  2  as req u ired  b y  th e F F T  

a lg o r ith m . T h e  p a d d in g  is  d em o n stra ted  in F igu re  2 .3  in w h ic h  th e data  are k ep t in the  

m id d le  o f  sa m p le  b y  p a d d in g  e v e n ly  at its start and e n d s  up to  8 1 9 2  p o in ts .
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Figure 2.3: Demonstration of padding. A) the step is still wrapped around with a discontinuity of period 
8192. B) the long period leads to closely spaced oscillations in the frequency spectrum.
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Windowing

C le a r ly  th ere  s t ill  rem a in  v er y  h ig h  fre q u en cy  a rte fa c ts  a s so c ia te d  w ith  th e n o w  v ery  

lo n g  p e r io d  recta n g u la r  w a v e  c a u se d  b y  w rap -arou n d  o f  th e step  in  p o s it io n  b e tw e e n  the  

start an d  en d  o f  th e  d ata  se g m e n t. H e n c e , th e p ad d ed  d ata  se t  sh o u ld  b e  ‘w in d o w e d ’ b y  

s o m e  sm o o th  fu n c t io n  that g ra d u a lly  ta ils  o f f  to  le a v e  th e F F T  sa m p le  eq u a l to  ze ro  at 

b oth  e n d s . H ere , f o l lo w in g  H arris, a c o s in e  w in d o w  fu n c tio n  w a s  u se d  as se e n  b e lo w  in  

F ig u re  2 .4 .
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Figure 2.4: Padded and windowed FFT. A) padded, cosine window avoids truncation and wrap-around 
problems. B) faithful FT of a 50ms Yarbus saccade.

T h e F T  a lg o r ith m  w a s  th o r o u g h ly  c h e c k e d  at e v e r y  s ta g e  a g a in st  k n o w n  a n a ly tic  

fu n c t io n s , as d em o n stra ted  h ere for th e Y arb u s m o d e l.  T h e  p a d d in g  and  w in d o w in g  

s u c c e s s f u l ly  a v o id e d  tru n cation  and w rap -arou n d  p r o b le m s , g iv in g  a r e so lu tio n  o f  

1 0 0 0 /8 1 9 2  =  0 .1 2  H z  for  sa m p le  rates o f  1 K H z.

T h e  n e x t  ch a p ter  te s ts  the m e th o d o lo g y  further w ith  re sp ec t  to  p o te n tia l in stru m en t  

a rte fa c ts  co rru p tin g  th e m ea su red  fr e q u en cy  sp ectra .
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3.1 Noise effects

Chapter 3: The Effect of Noise on Saccade Spectra

3.1 Introduction

The simulations and data presented in this chapter test the proposition that the sharp 

spectral minima should be little affected by noise. If this is the case, one can have 

confidence in these high frequency, low energy measurements taken from unfiltered 

position traces. This could eliminate the problems associated with different 

instrumentation and signal processing methods. These measurements would then 

provide a more reliable and universal standard for characterising saccade kinematics.

3.1.1 Previous studies of signal processing in saccades

It is well known that veridical characterisation of temporal main sequence (TMS) 

parameters requires as wide a bandwidth as possible whilst minimising the deleterious 

effects of high frequency noise, and keeping within sampling limitations (Bahill et a l, 

1982; Harris et al, 1984; Juhola, 1986; Inchingolo and Spanio, 1985). Through a 

combination of theoretical considerations, simulations and observations of the gross 

spectral properties of saccades, these authors have suggested the best compromises for 

the trade-off between broad bandwidth and filtering noise.

However, these authors have not systematically studied the effects of different amounts 

of noise on saccade characteristics. The result has been broad guidelines, such as those 

by Inchingolo and Spanio for “noise-free” or “noisy” data at various sampling rates. The 

lack of a specific framework has led each laboratory to develop its own signal 

processing methodology for its own system specifications, and the acceptance that only
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3.1 Noise effects

broad cross-laboratory comparisons are possible. Consequently, it is commonplace to 

not even detail the filter and derivative algorithms used, even when explicitly studying 

small kinematic differences between saccades recorded on different systems (e.g. 

Smeets and Hooge, 2003).

The approach of this chapter is then to study the effects of a wide range of noise levels 

on saccade characteristics, primarily through simulations but also incorporating real 

data from the major eye movement recording devices, with the goal of helping 

standardise inter-laboratory practices. The focus is on the benefits of the frequency 

domain, but time domain effects are examined (see 3.3.3) and returned to in Chapter 6 

in the context of how to best minimise the noise effects.

3.1.2 Frequency domain approach

Spectral minima should be relatively unaffected by noise and do not require eye 

position to be filtered or differentiated, which accentuates high frequency noise. In 

section 1.8 it was argued that, for a relatively linear system, zeroes in the saccadic pulse 

transient would be evident as minima at the same frequencies in the eye position 

spectrum. This is a simple outcome of the convolution Equation 1.8 {0(co)=F(co)H{co}), 

where the ‘linear system’ H{w) is the oculomotor plant transfer function. If H(œ) 

includes the low-pass filtering inherent in any eye movement recording device, the 

minima should also be invariant provided they fall within the bandwidth of the 

recording apparatus. Moreover, any arbitrary scale factor of H(co) will have no effect, so 

the minima should also be invariant to calibration effects. The potential invariance of 

the minima make the frequency domain particularly useful in the clinic, where accurate 

calibrations can often be difficult to achieve, especially in infants. Spectral minima
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3.1 Noise effects

could provide a universal measure of saccade kinematics that is unaffected by 

differences in recording apparatus or signal processing methodology.

One problem is the effect of broad-band instrument noise. It is present at all frequencies 

and if the signal-to-noise ratio (SNR) is sufficiently low over the range of measured 

minima frequencies then the minima could be ‘flattened’, or false minima could be 

introduced in a very unpredictable manner. These effects cannot be filtered out as the 

signal frequency would be equally affected and leave the SNR the same.

A simulation approach was adopted to systematically study the complex effects of 

noise. Monte-Carlo simulations were run on a realistic, analytic saccade model (Yarbus, 

1967; see also Harris, 1998a) with varying amounts of noise added to it. The deviations 

of the many numerical simulations from the analytic Fourier transform values were 

calculated and plotted as functions of the added noise. These results were compared to 

real saccades recorded using eye movement systems with a wide range of 

instrumentation noise levels.

3.2 Methodology

3.2.1 Yarbus Model

The truncated cosine model suggested by Yarbus (1967) was chosen as a simple, 

relatively realistic model with clearly defined spectral minima (Harris, 1998). Equations 

1 and 2 describe the position profile and Fourier energy spectrum respectively.

0 r <0
%(r) = —[1 — cos(^ /7 ’)] 0 < / < Z" (1)

A t> T
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Figure 3.1: Analytical Yarbus model. A) position-timc plot of Equation 1 with amplitude A=10°, 
duration T= 50ms (i.e. 1/T =20Hz). B) velocity profile of A. C) position energy spectrum as described in 
Equation 2 with first four minima M l, M2, M3 and M4 at frequencies 30, 50, 70, and 90Hz.

This function tends to zero energy at frequencies of 1.5/T, 2.5/T, 3.5/T...(n+I/2)/T

(ne Z )  and declines at high frequencies |X(ry)|^ oc . The parameters studied were

the frequencies of the first 4 minima and the maximum 3 values of the energy function 

between the 4 minima. Saccades with amplitudes of 5°, 10°, 20° with respective 

durations of 38, 50 and 75ms were modelled.
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3.2 Noise effects

3.2.2 Monte Carlo Simulations

Instrument noise was simulated as zero-mean, additive, gaussian (‘white’) perturbations 

to each sample of the model saccade, taken from distributions with standard deviations 

(ctnoise) of Iminarc, 2minarc, 0.05°, 0.1°, 0.175°, 0.25°, 0.375° and 0.5°. Successive 

sample perturbations were independent of each other, simulating a stationary stochastic 

process. Simulations were repeated 1000 times at each Onoise with a different random 

number generator seed each time. Energy spectra were calculated from the perturbed 

saccade position simulations. Similarly, the power spectral density (PSD) of the noise 

alone was estimated from averaging sets of 1000 simulations of the same duration (38- 

75ms) at each o noise-

The identification of the smooth start and end points of a saccade in the presence of 

noise is a non-trivial problem. To avoid truncating the movement and thereby 

introducing artificial discontinuities, it is desirable to extend the region for Fourier 

analysis beyond the estimated start and end points. However, extending the data region 

adds more noise to the finite FFT padding (8192 points). The effect of this source of 

increased noise was examined by perturbing an additional 0 ,3 ,5 , 10 and 20 ms beyond 

the end of the model saccade with white noise.

3.2.3 Real Saccades

Real saccade data obtained from four of the main eye movement recording devices are 

analysed to establish the instrument spectral noise characteristics of the equipment used 

in this thesis and elsewhere, and to check on the applicability of the simulation 

predictions.
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3.2 Noise effects

First, subject 1 (male, 37 years old) made saccades recorded with the infrared limbus 

eye tracker (IRl) and the laboratory setting used in all but Chapter 7. ERl was sampled 

at 1000 Hz, has a stated optimal resolution of 2minarc, and Bode plot -3dB bandwidth 

of 185Hz. Saccades from a second, but identical model, infrared tracker (IR2) were 

recorded simultaneously with bi-temporal dc-EOG (1090Hz) in the laboratory used in 

Chapter 7 from subjects 2 and 3 (M, 44; F, 23). The IR2-identified start and end times 

were used in the Fourier analysis of both IR2 and EOG traces and allowed a direct 

comparison of spectra from identical movements but recorded with very different 

instrument noise levels.

A fourth subject (M, 38) was recorded separately using two of the common video 

oculography systems, the infrared IS CAN camera at 240Hz (VOGl) and the Eyelink II 

at 500Hz (V0G2). For completeness, an old data set from subject 2 on a scleral search 

coil system (1000 Hz) was also analysed. These three systems (VOGl, V0G2, COIL) 

were recorded in different laboratories.

3.2.4 Data analysis

The Fourier methods used were as described in Chapter 2. The first 4 minima (Ml, M2, 

M3 and M4) and 3 maxima (Mxl, Mx2 and Mx3) were measured to a resolution of 

0.12Hz. Although durations for the simulated saccades were known, they were also 

calculated using the best central difference derivative filter for each given Onoise and 

amplitude (see 3.3.3).

Regression analyses were performed among successive minima, and between the

minima and the reciprocal of duration (1/T). Univariate (Model I) regressions were used
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on the simulation data when the unperturbed durations were assigned as the independent 

variable (Sokal and Rohlf, 1981). When both variables had variance associated with 

them, such as when the simulated or real saccade durations were estimated, better 

values of slope and intercept are provided by Model II regressions. Throughout this 

thesis these Model II regressions, in which x-on-y as well as y-on-x sums of squares are 

taken into account, are referred to as bivariate regressions. The Yarbus SMS go through 

the origin as the shape is fixed by definition (Equation 1), but real saccades can and do 

change their shape with increasing amplitudes. Hence, unconstrained regressions were 

performed on the real data and also, as a check on the methodology, on the Yarbus 

saccades as well.

Linear regressions are*biased when the data contain subsets with unequal variances. At 

high Onoise the variance in M2, M3 and M4 was found to be considerably uneven across 

amplitude ranges (see 3.3.1). Rather than transform each data set so that the data had 

even variance across all amplitudes and minima, the effect of the uneven variances 

could be assessed by observing the biases introduced by regressions on the analytic 

Yarbus model (see Fig. 3.10). In addition, the bivariate regressions were compared to 

weighted regressions that are robust to outliers and thus are less affected by uneven 

variances.

The robust regression algorithm used was the ‘robustfit.m’ program from the Statistics 

4.0 Matlab Toolbox. This is an iteratively re-weighted least-squares algorithm whose 

weights at each iteration are calculated by applying the bi-square function W = { I - r^Ÿ 

to residuals from the previous iteration. The value r  in the weight expression is a 

function of the previous residuals, the median of the absolute deviation of residuals
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from their median, and the leverage of a least-squares fit (i.e. a measure of the influence 

of a given observation on a regression).

To estimate the PSD of the real fixation noise, pre- and post-saccadic fixation periods of 

the same duration as the interceding saccade were averaged over at least 200 trials for 

each subject. To avoid pre-saccadic EOG spike artefacts and post-saccadic glissadic 

forward/reverse drift, each fixation period was chosen at least 50ms before or 400ms 

after the saccade and such that no velocity exceeding 107s was included. Temporal 

estimates of noise standard deviations were calculated using the same criteria and a 

moving window algorithm.

3.3 Results

3.3.1 Effects of noise level

General features

The Fourier transform of the Yarbus model gives minima going to zero energy at 1.5/T,

2.5/T, 3.5IT...(n+l/2)/T (ne Z ), and hence a typical 10°, 50 ms movement has minima

at 30, 50, 70Hz...Figure 3.2a shows the noise-free, position energy spectrum (blue line)

calculated numerically as described in the previous chapter. The algorithm maintains

sharp minima at the analytically correct frequencies. The red line shows the effect

averaged over a 1000 simulations of the addition of white noise (a = 0.033°). This

standard deviation value is equal to the manufacturer-stated optimal resolution for the

limbus eye trackers used in this thesis (IRl,2). The noise makes the minima shallower

but the frequencies M l, M2 and M3 and the energies of the maxima, M xl, Mx2 and

Mx3, are essentially unaffected. Beyond M3, minima are still detectable, but are offset
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and rapidly blur into the flat noise spectral density. Increasing the noise deviation by 

more than a full order of magnitude (green line, o = 0.375°) decreases the frequency at 

which the minima are affected and alters the maxima energies.
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Figure 3.2: Simulations with noise added to a Yarbus saccade and to a period of fixation. A)
averages o f 1000 simulations of a 10° (50ms) Yarbus model saccade with gaussian noise of standard 
deviation 0° (blue), 2minarc (red ), 0.375° (green) added B) noise PSD from a 1000 simulations o f noise- 
only at the 2 (red) and 20 minarc (green) deviations o f A Other colours are for different durations o f 
fixation noise: 38 (yellow) and 75ms (black).

Figure 3.2b shows the PSD at the noise levels of Figure 3.2a, calculated as the average 

over 1000 simulations of pure fixation. Note, the groups of three curves show the effects 

of different fixation durations (38, 50, 75ms). It can be shown from stochastic analysis 

of stationary noise processes (Papoulis, 1991) that the expected energy for a noise 

segment of spectral density, S(co), duration T, and standard deviation a, is:

E{|7V(®)f} = rS(®) -b 2cr'
CO

(3)

The curves of Figure 3.2b conformed to this relationship.
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Minima

Estimates of the robustness of M l, M2, M3 and M4 were observable from the plots of 

minima frequencies against noise standard deviation (Fig. 3.3). First, as expected the 

estimates become progressively worse with increasing noise levels, showing an 

increasing positive bias in the mean minima and an increase in spread (note that the 

error bars are single standard deviations as standard errors would be negligible- 

approximately 30 times smaller (VlOOO) than those error bars shown). Similarly, the 

minima estimate worsens at increased frequency, whether associated with increasing 

minima number (Ml to M4) or via moving from lower bandwidth, longer duration 20° 

movements to higher bandwidth 5° saccades. The robustness of the estimates, though, is 

perhaps the most noteworthy feature. For example, the mean frequencies for a typical 

10° movement changes by 0.0, 2.8 and 8.2% for M l, M2 and M3 respectively at Onoisê  

0.1°; and 7.5, 10.5, 18.5% for Ono.se= 0.5°.
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Figure 3.3: EfTect of noise on minima.
The effects on the first four minia M l, M2,
M3 and M4 o f adding noise with standard 
deviations ranging between 0'̂  and 0.5'̂  
were calculated for model saccades o f 5°,
10'̂  and 20°. Increasing noise led to higher 
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from the 0° values) and greater variance as 
shown by the error bars (± 1 s.d ).
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Higher derivative energy spectra

The larger observed biases and variances in the minima appeared in part related to the 

shallowing of minima at higher Onoise, which increases the likelihood that inflexion 

points in the energy spectrum will be missed. The minima were re-analysed after 

multiplying energy spectra in turn by squares of the angular frequency: co'̂ , cô ,

This process is equivalent to applying successive ideal differentiations and tends to 

sharpen energy minima. The minima variances and mean biases were reduced compared 

to those in the previous paragraph (e.g. Onoise=0.1°: M l, M2 and M3 now changes in 

frequency by 0.0, 0.5, 5.0%; Onoise=0.5°: M l, M2 and M3 change in frequency by 2.0, 

5.8 and 16.4%). The use of these higher derivatives yields greater improvements for 

asymmetric movements. Those effects are demonstrated figuratively below.

Asymmetry in velocity profiles

Small to medium sized saccades are largely symmetric (Collewijn et al, 1988; Abrams 

et al, 1989). However, larger or internally driven saccades can be more skewed (Smit et 

al, 1987). The influence of protracted deceleration phases on spectral estimates was 

investigated.

Figure 3.4a shows a standard 50ms Yarbus velocity profile (solid), together with two 

composite profiles from Yarbus models with different acceleration and deceleration 

phases. All three are of the same amplitude but different skew symmetry (rise time to 

duration ratios- 0.5, 0.4, 0.3). The corresponding energy spectra are plotted in Figure 

3.4b.

59



3.3 Noise effects

1e+1 I350 -1
1e+0 -

300 - 1e-1 -

1e-2 -
250 -

1e-3 - 

1e-4 - 

P )  1e-5 -

1e-6 -

1e-7 -

1e-8 -

1e-9 -

1e-10-

-50 1e-12-
-20 0 20 40 60 80 101 100

Frequency (Hz)
Figure 3.4: Asymmetric velocity profiles and spectra. A) Yarbus model simulations with different 
skew symmetries made by mixing the rise and fall portions of shorter and longer duration movements. B) 
more asymmetric profiles have shallower minima, which are thus more easily corrupted by noise.

As the duration and the Yarbus shape are constant, the minima and maxima frequencies 

as well as the overall energy fall-off slope remain relatively unaffected, but the minima 

are much shallower. This leads to more significant biases and variances at lower Onoise 

(Fig. 3.5a), and highlights the sharpening effect of using higher derivatives (Fig. 3.5b).
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Figure 3.5: Effect of noise, asymmetry and higher derivatives on minima. A) minima in position 
spectra were calculated for simulated noise added to Yarbus saccades o f 20° (75ms) and asymmetry ratio 
0.3. B) the same data calculated from higher derivative spectra showed reduced biases.
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3.3 Noise effects

Maxima

The slope of the decline in the energy spectra is another important way of characterising 

the saccade kinematics. Again there is a positive bias on the slope with increasing 

maxima number and frequency (Fig. 3.6). Mx3 is unreliable and shall be ignored.
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The slope is susceptible even to moderate levels of noise (red curve; Onoise = 0.1°) and 

taking higher derivatives is counter-productive as they progressively exaggerate the 

deviations from the noise-free case.

61



3.3 Noise effects

3,3.2 Effect of data length

In order to avoid trajectory truncation it is desirable that the data window for FFT 

analysis extends beyond the estimated start and end points of the saccade. However, 

keeping the padded FFT data segment length always at 8192 points means that longer 

samples will contribute relatively more noise to the overall estimated energy. Equation 

3 and Figure 3.2b describe and illustrate this effect. Simulations were performed as 

before with varying additional lengths of fixation noise to assess the magnitude of the 

effect.
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Figure 3.7: Effect of noise and data length. . Extending the duration of the 
padded data segment which had noise added to it by 0, 3, 5, 10 and 20ms altered 
the effect of different levels of noise. Increasing noise duration tended to decrease 
minima bias as shown for M2 in a 5° simulation set. The different colours 
represent the standard deviations of the minima, as identified in the colour bar.

For a given Onoise, increasing the data length decreases the minima frequencies, and so 

tends to counteract the previously observed positive bias with increasing noise level. 

Indeed, the data length is an increasingly sensitive factor as Onoise increases. The bias 

becomes negative for durations >10ms in the example shown in Figure 3.7 (A=5°). The
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3.3 Noise effects

horizontal colour bar indicates standard deviations, which are largest for high Onoise in 

combination with low extended durations.

In common with the effects observed when changing Onoise, the effects of data length on 

means and variances are larger for higher order minima and smaller saccades, and the 

variance increases too. Moreover, higher derivatives reduce both the Onoise and extended 

duration effects. Rather than show all the duration, amplitude and Onoise parameter 

spaces, the combined quantitative effect will be studied by a regressions analysis.

3.3.3 Effect on main sequences

It has previously been observed that the minima are inversely related to duration (Harris 

et al, 1990). This observation is extended in the association of a ‘spectral main 

sequence’ set of relationships in the next chapter. How the above changes in mean and 

variance of minima frequencies affect their linear regressions over the different 

amplitude ranges is examined in this section.

Temporal main sequence

Higher Onoise tends to corrupt temporal measures with high frequency noise manifested 

in positive peak velocity and negative duration biases. Low-pass filtering reduces these 

effects by smoothing down the peak velocity and increasing the duration measurement. 

The central difference derivative is a simple and very commonly used algorithm that 

calculates instantaneous velocity measures, whilst simultaneously acting as a low-pass 

filter (Bahill et al, 1981, 1982, 1983; Equation 4).
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3.3 Noise effects

w h e re  the v e lo c ity  o f  the ith p o in t is  ca lc u la te d  from  th e d iffe r e n c e  o f  the i±ô  p o in ts  

d iv id e d  b y  their tim e  se p a ra tio n . T h e  greater  th e se p a ra tio n  e ith er  s id e  o f  i, the m ore  

filtered  is  the resu ltan t v e lo c it y  (B a h ill  e t  al. ,  1982: b a n d w id th  =  0 .4 4 3 * s a m p lin g  

rate/2d'). T h e  e f f e c ts  o f  th e  n o is e  s im u la tio n s  on  tem p o ra l m ain  s e q u e n c e s  w er e  

e x a m in e d  in the c o n te x t  o f  cen tra l d if fe r e n c e  a lg o r ith m s. F ilter s  o f  d iffer en t b a n d w id th s  

w er e  a p p lied  to  th e n o is e  s im u la t io n s  and  th e r e su ltin g  b ia s e s  in  p ea k  v e lo c ity  and  

d uration  m ea su res  w e r e  p lo tte d  (F ig . 3 .8 ) .
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Figure 3.8: Effect of noise on temporal main sequences. A) 16 different derivative filters were used to 
calculate the mean peak velocity bias from the 1000 noise simulations of 10° saccades, at each Onoise- The 
simple running difference (Ô =0) and central differences of ±1 to 15 points were examined. The bias is 
simply the difference from the noise-free 10° Yarbus value, so is negative for the smoothing low-pass 
filters at Onoise= 0°. Lower values of S have higher bandwidth and so relatively higher velocity biases. 
Sample rate was 1000 Hz. B) as in A but showing the duration biases.

T h e m e a n s  and stand ard  d e v ia t io n s  o f  th e se  tem p ora l m e a su r e s  in cr ea se d  w ith  Onoise- 

E x c e s s  f ilte r in g  for  a g iv e n  Onoise ca n  b e  se e n  in  n e g a t iv e  b ia s  p ea k  v e lo c it ie s ,  and  to o  

little  re su lts  in p o s it iv e  b ia se s . T h e  b est  e s t im a te  (b ia s  = 0 )  is  o b ta in ed  from  d iffer en t  

v a lu e s  o f  ô,  d e p e n d in g  on  th e  a m o u n t o f  n o is e . D u ra tio n  b ia s e s  at v er y  lo w  Onoise are 

n e g a tiv e  d u e  to  th r e sh o ld in g  e f f e c ts .  It ca n  b e se e n  that for  a  g iv e n  Opoise th e  b est  

e s tim a te  o f  p eak  v e lo c it y  req u ires m o re  f ilte r in g  (h ig h e r  (5) than  d o e s  the b est  e s t im a te  

o f  d u ration .
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3.3 Noise effects

In principle, different amplitude saccades could also have quite different best values of 

Ô due to their different bandwidths (Bahill et a i, 1981). In practice, they are almost 

identical across amplitude and Onoise, which will be discussed further in 3.4.2 and 

Chapter 6.

Spectral main sequence

The spectral minima data have been plotted for each amplitude separately in the 

previous figures in this chapter. In Figure 3.9 the same data are re-plotted together and 

form a linear relationship with the reciprocal of duration for each of M l, M2, M3 and 

M4. These relationships with 1/T, together with those among the minima themselves, 

are termed from here on the spectral main sequences (SMS).

200 -

1/T (Hz)

Figure 3.9: Spectral main sequences for one noise level. Different colours are used for different 
minima (M l, M2, M3 and M4). There are 3000 values plotted for each minima from the o = 0.05° 
simulations o f A=5°, 10° and 20° (average 1/T o f 26.3, 20 and 13.3 Hz respectively). Higher minima 
variance and mean bias can again be seen at higher frequencies and lower amplitudes. The reciprocal 
durations plotted are calculated form the best central difference derivative ( 6 =3 ) for this noise level. The 
Yarbus trajectories were symmetrical.
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3.3 Noise effects

Despite choosing the optimal central difference algorithm for estimating duration at this 

noise level (Onoise=0.05°, 5=3), there is far greater variability in the reciprocal duration 

than in the measurement of Ml and M2. This observation is reversed in M4 even at this 

relatively low noise level. The reliable estimates of M l and M2 result in unconstrained 

bivariate regressions passing through the origin in Figure 3.9. The increased and uneven 

variance in M3 and M4 leads to incorrect non-zero intercepts.

The effects of the uneven variance in biasing regressions is summarised in Figure 3.10. 

A summary of the bivariate regression slopes and intercepts for different noise levels 

and minima are plotted, and the percent differences (in just the slope value) from the 

model are detailed in Table 3.1. In order to eliminate any errors related to poor 

estimates of duration rather than spectral minima, the differences in slopes for 

univariate regressions through the noise-free reciprocal durations are also shown in the 

table (see Methods 3.2.4).

The effects of noise are minimal on Ml measurements (<6% across all Onoise, Table 3.1). 

Similarly M2 and M3 are very reliable to moderate amounts of noise Onoise < 0.1°. At 

higher noise and generally for M4, the larger and uneven variance caused over

estimation of slopes and under-estimation of intercepts. Robust, bi-square weighted 

regressions were calculated to try to overcome these problems (Fig. 3.10). The robust 

regressions are plotted as triangles, increasing in size with increasing Onoise- The 

bivariate regression data from Table 3.1 are plotted as circles. The bivariate regressions 

were found to be more reliable for M l across Onoise, also better at M2 for Onoise < approx. 

0.1°, and comparable to the robust regressions for M3 at the lowest noise levels Onoise < 

0.05°; otherwise, the robust regressions were a better estimate of slope and intercept.
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Table 3.1; Percent changes in bivariate and univariate spectral main sequence regressions with different noise levels.
Relation Model a = 0 a = 0.017 a = 0.033 a  = 0.05 CT = 0.1 a = 0.175 G  = 0.25 G  = 0.375 G = 0.5

BR LR_0 BR LR_0 BR LR_0 BR LR_0 BR LR_0 BR LR_0 BR LR_0 BR LR_0 BR LR_0

M l vs 1/T 1.5 -0.3 0.0 -1.3 0.0 -1.7 0.0 -3.1 0.1 -0.3 0.1 2.0 -0.1 5.6 -0.8 -1.0 -2.6 -2.9 -4.6

M2 vs 1/T 2.5 0.0 0.0 -0.6 0.1 0.4 0.2 -0.6 0.1 5.6 -0.3 15.4 0.4 27.3 1.8 29.9 2.1 34.0 3.1

MB vs 1/T 3.5 0.2 0.0 0.3 0.2 4.4 0.8 9.5 1.9 22.8 4.5 32.5 5.0 44.7 2.1 44.3 -12.3 43.8 -23.2

M4 vs 1/T 4.5 -0.1 0.0 9.9 1.0 19.0 -5.7 22.2 -28.3 33.5 -74.2 35.7 -105.4 49.1 -135.4 42.9 -167.1 45.7 -220.5

M2 vs M l 1.67 0.4 0.0 0.8 0.1 2.1 0.2 2.5 0.0 5.3 -0.5 12.2 0.3 18.3 2.1 2^3 4.0 34.3 6.6

M3 vs M l 2.33 0.5 0.0 1.6 0.1 6.1 0.7 12.7 1.8 22.7 4.2 25.4 4.8 30.1 2.9 39.0 -8.2 41.2 -15.4

M4 vs M l 3 0.2 0.0 11.2 1.0 18.8 -5.6 21.1 -27.9 25.7 -72.6 22.7 -100.8 26.7 -127.4 31.5 -157.2 38.3 -210.2

M3 vs M2 1.4 0.1 0.0 0.8 0.0 3.9 0.4 10.0 1.6 16.8 4.3 12.2 3.8 10.4 -0.4 8.1 -14.5 6.7 -26.0

M4 vs M2 1.8 -0.2 0.0 10.3 0.9 15.9 -5.4 17.3 -26.7 20.6 -71.5 16.3 -103.5 16.3 -132.7 11.8 -163.8 13.1 -214.8

M4 vs M3 1.29 -0.3 0.0 9.4 0.8 12.7 -7.4 11.9 -33.9 8.2 -80.5 7.8 -109.9 8.4 -115.6 6.7 -99.4 6.4 -102.9

The spectral main sequence slope (intercept =0) for the Yarbus model is shown in the Model column for each relationship. Other columns show the percent differences 
from these model values found during the simulations.
BR = bivariate regressions through spectral minima and reciprocal of duration estimated with the optimal central difference derivative for each noise level 
LR_0 = univariate regressions constrained through the origin for minima against the reciprocal duration of the noise-free model saccade (i.e. T= 38, 50, 75ms)
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Figure 3.10: Bivariate and robust weighted regressions of spectral minima at different noise levels.
Symbol size increases with increasing Onoise for the bivariate (circles) and robust weighted (triangles) 
regressions o f the spectral main sequences of M l, M2, M3 and M4 vs. 1/T. The higher slopes are for 
higher minima and each relationship is plotted in a different colour. See the previous text page for 
comment.

3.3.4 Effect o f apparatus

Infrared Limbus eye tracker

The noise PSD from averaged fixation periods in one subject (see 3.2.4) is plotted in 

Figure 3.11a (solid curve). This allowed an analysis of the noise characteristics of the 

primary infrared eye tracker used in subsequent chapters (IRl), as well as providing a 

comparison to the theoretical and simulated versions in Figure 3.2b. The real PSD is as 

predicted except for a small 50 Hz-pickup peak and more prominent harmonics at 150, 

200, 250 and 400 Hz. The two additional curves are nonlinear least-squares fits of 

Equation 3 to the full 0-500Hz (dashed) and O-lOOHz (dotted) ranges. The former is 

seen to correlate better with the time domain moving window estimate of Onoise (Fig.

3.1 lb), and is used in Chapter 6.
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Figure 3.11: Noise estimates for the infrared eye tracker. A) power spectral density (PSD) averaged 
from fixation samples from one subject (solid). Dotted and dashed curves are from non-linear fits to 
Equation 3 of section 3.1, over the frequency regions indicated in the legend. B) time domain estimates of 
noise standard deviation over the same frequency regions.

In summary, there are no major inconsistencies to the IRl PSD and it has a good, low 

noise level (mean[Onoise]=0-020“) which compares well with the stated optimal 

resolution of 2 minarc.

Comparing EOG to infrared and coil systems

The second infrared limbus tracker (1R2) was compared simultaneously with the EOG 

system using the experimental set-up described in Chapter 7. The two subjects made 

10° saccades and the averaged saccade energy can be seen to merge with the noise 

PSDs at lOOHz, where there is another prominent 50Hz harmonic (Fig. 3.12). The EOG 

noise is more than two orders of magnitude greater than the 1R2 or COIL, and the 

effects on the saccade energy spectra qualitatively resemble those of the simulations 

(see Fig. 3.2).
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Figure 3.12: Averaged saccade and fixation spectra for EOG and infrared in two subjects. A) the
EOG data for one subject are shown in red with the higher energy curve from the averaged saccade 
spectra. Simultaneously recorded infrared data are shown in black (saccades) and blue (fixation noise 
PSD). This subject was also recorded previously on a COIL system (green). B) EOG and IR2 for another 
subject, as in A.

Data for 10° saccades and fixation PSD recorded in one subject using a coil system are 

also shown in Figure 3.12a. The coil PSD is very similar to that of 1R2, with essentially 

identical high frequency plateau punctuated by lOOHz and 200Hz peaks. The standard 

deviations of eye position in Figure 3.12a were: oir2= 0.018°, Ocoii = 0.016°, oegg = 

0.32°. It should be noted that this subject was the thesis supervisor and an especially 

good electrode-skull contact was achieved. The other subject had oeog = 0.47° and oiRi 

= 0.018°.

These qualitative comparisons based on averaged energy spectra were supplemented by 

quantitative spectral main sequence regressions (Fig. 3.13, Table 3.2). Both the EOG 

and IR2 produced minima that formed tight relationships with the reciprocal of 

duration. As expected from inspecting the averaged energy spectra, the values of Ml 

tended to be under-estimated by the EOG (Fig. 3.13). The coil data recorded several 

years prior to the IR2/ EOG data in a different laboratory overlap the IR2 data 

extremely well, giving very similar slopes and intercepts.
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Figure 3.13: Spectral main sequence comparison of EOG, coil and infrared data. The Ml data from 
the subject in Figure 3.12a plotted against reciprocal duration. Coil and infrared overlap closely, EOG is 
underestimated.

Analysis of covariance showed that the coil and IR2 data were not significantly 

different at the 95% probability level, while the EOG were significantly different. The 

same was true in the second subject. Contrary to the simulation observations, M2 and 

M3 values recorded from IR2 and EOG tended to overlap better in both subjects than 

Ml (Table 3. 2).

Table 3.2: Comparisons of spectral main sequences from EOG and infrared data.
Relation Subject 1 su bject 2

slope intercept slope intercept
IRl EOG IRl EOG IRl EOG IRl EOG

M1 vs 1/T 1.69 1.24 -1.01 S.26 1.60 1.07 -0.88 4.45
M2 vs 1/T 2.60 2.9S 2.27 -6.90 2.69 2.71 -0.09 -2.07
M3 vs 1/T 2.44 4.SS 27.S8 -7.76 2.99 S.69 14.S9 S.41
M4 vs 1/T 4.66 4.9S 12.85 6.19 4SI 4.6S 15.S9 6.69
M2 vs Ml 1.59 1.97 2.4S -4 IS 1.S7 2.24 9.58 -8.06
MS vs Ml 1.54 2.8S 26.04 -1.44 1.65 2.89 20.20 0.27
M4 vs Ml 2.68 S.S9 17.58 7.69 2.11 S.75 29.64 -0.S2
MS vs M2 1.05 1.22 19.67 1S.58 1.24 1.S1 7.42 8.75
M4 vs M2 1.62 1.4S 16.51 29.01 1.57 1.5S 12.81 19. SO
M4 vs MS 1.11 1.16 18.58 1S.69 1.14 1.21 11.98 6.53
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3.3 Noise effects

VOG comparison

The reproducibility across system and time of the SMS measures is demonstrated again 

in Figure 3.14. The two video systems had quite different noise levels (VOGl= 0.090°, 

V0G2= 0.021°), and Nyquist frequencies (120 and 250Hz), but showed similar 

averaged energy spectra and overlapping SMS. Only Ml and M3 are shown for clarity, 

but M2 showed the same overlap and all three were not significantly different between 

VOGl and VQG2. The V0G2 data were spread over a limited range of durations and so 

were more susceptible to slope-intercept co-variability (solid regression lines; VOGl 

dotted). Direct comparisons between sets of data ought to be performed over similar 

ranges, and large amplitude (low 1/T) saccades should be recorded if an extrapolated 

intercept value is to be used to characterise the movements.
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similar averaged saccade and noise spectra. B) the spectral regressions showed no significant differences, 
although the V0G2 were recorded over a smaller range and had higher slopes and lower intercepts.
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3.4 Noise effects

3.4 Discussion

These simulations show that estimates of spectral minima of saccades are robust with 

modest levels of wide-band instrument noise. The model data were corroborated by 

recordings from real eye movement systems of low to modest instrument noise, and 

these also demonstrated that the major chapter goal, of generating reproducible results 

across laboratories without tailored signal processing, is achievable.

3.4.1 Limitations

High-level noise

The simulations gave excellent predictions of the effects of noise on the real data for 

low to medium Onoise» but were less consistent at the highest standard deviations 

evaluated. Contrary to expectation, M2 and M3 were relatively unaffected by the high 

noise imposed by the EOG system, but surprisingly M l was more susceptible. In 

addition, the EOG noise PSD was not as well described by Equation 3 compared to the 

other systems tested. Whether this is due to a general breakdown in the relationship 

described in Equation 3 at higher Onoise, or due to a specific EOG problem is unclear as 

none of the other systems tested had a noise spectral density approaching that of the 

EOG. Testing other systems under sub-optimal conditions might give some insight. It 

may simply be that the bi-temporal EOG electrodes allow for a higher amount of 

background noise pickup, or some breakthrough of EMG or EEG potentials (e.g. 

gamma waves in the 30-40Hz region). More work needs to be done to account for the 

discrepancies, and thus to fully determine the robustness of the minima at higher noise 

levels.
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3.4 Noise effects

Despite the departure from the predictions of the simulations and Equation 3, the EOG 

data still formed systematic relationships with 1/T. These may still enable 

discrimination between a normative database and clinical populations using EOG, but 

more subjects will need to be recorded and each laboratory may have to set its own 

standard. These findings imply that the use of the continually improving VOG may be 

preferable in the clinic. The relatively simple ISCAN system allowed for noise levels of 

the order of 0.1°, which gave robust spectral measurements. The Eyelink II system gave 

excellent noise levels comparable to that of the search coil. Indeed, the Eyelink II Onoise 

was observed as low as 0.007° (cf. manufacturer-stated artificial eye, instrument noise 

level < 0.005°).

Considering recent reports that coils cause an active motoneuronal decrease in saccade 

velocities (Frens and van der Geest, 2002; van der Geest and Frens, 2002) and increased 

variability compared to simultaneous VOG recordings (Smeets and Hooge, 2003), VOG 

may be preferable to search coils for basic saccade research regardless of the 

practicability of using the invasive, and short-use coil procedure in the clinic. Moreover, 

both VOG systems showed relatively flat high frequency spectral density, which partly 

aids in the spectral characterisation.

Harmonic peaks

In contrast to the flat VOG spectra at frequencies above lOOHz, sharp peaks were often 

seen in the noise PSD of the coil, IR and EOG. These are inconvenient for future work 

(e.g. Chapter 6), but are irrelevant for accurately determining minima frequencies in the 

presence of moderate noise since most M l, M2 and M3 fall at frequencies <100Hz and 

the signal-to-noise ratio is generally »1 at 50Hz. The putative cause of the peaks is 50Hz
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3.4 Noise effects

pickup in the coil wires, EOG electrodes or IR cables. This is consistent with the VOG 

systems being less affected and IR2 having more pronounced peaks than IRl, as it was 

in a laboratory with high powered motors, amplifiers and other sources of ambient 

electronic noise. The pickup may be accentuated by becoming correlated noise. As the 

first and last points are padded backwards and forwards up to 8192 points, the noise will 

be highly over-sampled. To reduce the effects of any mains pickup, the IR2 cables were 

shielded with copper tape.

Maxima

A  potentially more problematic effect of 50Hz pickup, or other noise, is on the maxima. 

The minima are sharp enough to remain resolvable in high levels of noise, but the 

maxima are shifted upwards by even low levels of noise (Fig. 3.6). These effects cannot 

be undone by taking higher derivatives as this shifts the spectra higher still. 

Asymmetric, skewed profiles will also tend to push the maxima higher (Fig. 3.5), but 

fortunately this effect is only relevant at larger amplitudes where the maxima are 

naturally more stable, with higher signal-to-noise ratios. The positive maxima bias can 

be minimised by relying on larger amplitudes, frequencies between 20-80 Hz and 

ensuring a Onoise < 0.05°.

A systematic error, such as a poor calibration, may not have a major impact on maxima 

if it is linear and the maxima are simply scaled in energy.

3.4.2 Benefits

Calibration

One of the chief advantages of using the minima is their independence of the 

calibration. This is particularly useful when recording infants or patients with
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3.4 Noise effects

limitations of gaze, or gaze instabilities such as nystagmus, who may find it difficult or 

impossible to acquire calibration targets sufficiently well. Moreover, the problem of 

defining the start and end points of the movement (themselves dependent on the 

calibration) is not only obviated by extending the sample segment beyond the presumed 

start/end points, but actually improves the robustness of the minima estimation by 

counteracting the tendency of the instrument noise to push minima to higher frequencies 

(Fig. 3.7). The simulations suggested a value of 10ms (+/- 5ms at start/end) as the best 

value to trade-off the two biases.

Time factors

Including the whole trajectory in the analysis, allows for greater sensitivity beyond the 

3-point measures of peak velocity and duration, as will be seen in the next chapter. 

Furthermore, measuring the duration in the first place is a non-trivial problem in the 

presence of noise (and even more so during optokinetic or congenital nystagmus). The 

minima frequencies depend on duration, but their ratios (e.g. M2:M1) do not and so can 

avoid the duration measurement problem. Although a good estimate of the duration is 

naturally still desirable as the highly systematic relationships M l, M2 and M3 vs. 1/T 

are still of interest.

The difference between minima frequencies can, in principle, be used as an estimate of 

1/T, without recourse to the time domain at all. Although this method gave good values 

for the simulation durations (data not shown), it gave higher standard deviations and 

duration biases compared to the central difference algorithm chosen to be optimal for a 

given set of parameters. The central difference value was selected for the SMS analysis.
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3.4 Noise effects

Central difference algorithms require different filters for different noise levels, for 

duration versus peak velocity measures (Fig. 3.8) as position and velocity bandwidths 

differ, and, in principle, for different amplitudes as they too have different bandwidths. 

In practice, although different amplitudes have different -3dB bandwidths proportional 

to 1/T, they tend to converge to a signal-to-noise ratio of 1 at approximately the same 

frequency, and tend to share the same “best” filter across amplitudes.

This last feature is returned to in Chapter 6, when developing an optimal filter based 

purely on the saccadic spectra and not on any other assumptions. In passing, it could be 

noted that Bahill et al. (1983) prescribed a +/- 3 point filter as being optimal for their 

data, which had a Onoise = 0.05°. From the simulations of Figure 3.8, this appears well 

chosen to minimise duration bias, but a Yarbus model with this level of noise would be 

optimally velocity filtered by a 4-/-6 point central difference algorithm. In this way it is 

possible that they over-estimated their peak velocities, which may account in part for 

their unusually high values (Becker, 1989). Their insistence on non-fatigued saccades 

may be a more important factor.

Variability

The focus of this chapter has been on assessing measurement errors to offer potential 

improvements and generalisation to saccade characterisation, and to underpin future 

hypotheses relying on the spectral analysis. A biological question that is closely 

associated with these issues is that of movement variability and how much can be 

accounted for by motor control versus measurement processes.
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3.4 Noise effects

There are two basic areas of interest. First, how much motor command noise is 

compensated for by a local feedback-type mechanism (Quaia et al, 2000; S meets and 

Hooge, 2003). Secondly, is any resultant redundancy evidence for motor optimal 

schemes (e.g. Todorov and Jordan, 2002).

The advantage of the Fourier domain is that one can measure variability in 1/T without 

worrying about concurrent changes in peak velocity and amplitude. Also the model 

simulations allow an easy discrimination of measurement and motor noise. For 

example, the expected noise in M l for a 10° movement and Iminarc noise is -0.1 Hz 

and the empirical variability for Ml (using a coil of Iminarc noise) is ~3Hz. The 

implication is that the Ml variability is primarily due to pulse-width noise. This 

questions the validity of the Smeets and Hooge (2003) analysis in which they allowed 

only for changes in pulse-height.

Summary

Knowledge of recording noise levels is very important in assessing the accuracy of 

spectral or temporal saccade kinematics, and in knowing how to deal with potential 

measurement errors. For example, what kind of filter to apply temporally, or what type 

of regression analysis to apply spectrally. This investigation suggests that for 

moderately good devices (Onoise < 0.1°), the spectral minima measurements are highly 

reliable and the use of robust regression analysis is unnecessary.

The key spectral advantage rests in being able to sensitively quantify saccade 

kinematics without introducing artefacts associated with signal processing, as the 

analysis is performed on unfiltered position signals, allowing for a more universally 

acceptable standard.
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4.1 Spectral Main Sequence

Chapter 4: The Spectral Main Sequence of Human Saccades

4.1 Introduction

The previous chapter established the reliability of spectral minima in the presence of 

noise, and now their sensitivity in differentiating between saccade trajectories will be 

examined. In spite of the numerous models of the saccadic system and the stereotypicity 

of the trajectories, there has been surprisingly little attention paid to the precise shape of 

velocity profiles. Efforts have largely concentrated on how the reproducibility is 

maintained in terms of local feedback (Zee et a l, 1976), rather than why it occurs or 

why with the familiar velocity bell-shape profile. Part of the problem is that many 

different explanations give rise to rather similar trajectories, which may be difficult to 

differentiate between in the time domain. This chapter concentrates on whether it is 

biologically practicable to quantify any trajectory differences using spectral minima, so 

that clear inferences can be drawn about the underlying mechanisms of saccade 

trajectory formation.

4.1.1 Trajectory descriptions

Yarbus (1967) likened small amplitude velocity profiles to truncated cosine functions,

which have been used as the most simple analytic description (Harris, 1998a; Chapter

3). Earlier, Hyde (1959) used high-speed photography to describe how larger amplitude

movements have progressively more asymmetric acceleration and velocity trajectory

shapes at amplitudes >20°. Despite the availability since of low noise, search coil

systems, there have been no more updated studies of acceleration profiles, but velocity

profiles have been accurately measured over a 5-80° range (Collewijn et a l, 1988). It
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4.1 Spectral Main Sequence

should be noted that the decelerating velocity is of a convex shape (at least until the 

velocity tails), rather than the concave or decaying exponential shape that is the standard 

representation in the saccade modelling literature.

Indeed, model velocity trajectories are usually shown only as a qualitative check against 

there being a grossly deformed trajectory like the classic Robinson ‘knee’ example (see 

e.g. Bahill, 1980), with quantitative comparisons to real saccades left to the three 

temporal main sequence (TMS) parameters. Conversely, real, complete, saccade 

trajectories have been more used to refine the model plant or input parameters (e.g. 

Enderle and Wolfe, 1988), than to compare to the model saccades generated. The 

reliance on the TMS to quantify real or model kinematics is largely due to the “ease” of 

identifying the three parameters in an otherwise rather featureless trajectory. Though, 

the presence of recording noise will particularly distort the low velocity tail regions 

biasing duration measures, and the relatively wide bandwidth of such brief movements 

will cause broad-band noise problems (Chapter 3).

There have been a few attempts to quantify trajectory shapes more specifically, such as 

using the ratio of peak to mean velocity, which reflects the ‘peakedness’ of the velocity 

and is remarkably invariant (Becker, 1989). Others have applied a gamma function 

which has a skew parameter that allows larger saccades to be fitted (van Opstal and van 

Gisbergen, 1987). The ratio of velocity rise to fall duration, as well as the normalisation 

of velocity shapes to an approximately constant template shape, has also been tried 

(Abrams et a l, 1989). These same authors emphasised the similarities between eye and 

rapid arm movements.
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4.1 Spectral Main Sequence

Trajectory kinematics of fast movements has formed a more central descriptive and 

explanatory role in the arm movement (AM) literature. A number of explanatory models 

originating from AM studies are described and examined below. Despite sharing some 

of the same difficulties as saccades in discriminating between smooth movements, 

attempts have been made, for example, to compare mean squared errors across 23 

different velocity profile models (Plamondon et a l, 1993). No such attempts to compare 

specific models have been made in the saccade literature.

4.1.2 Explanatory models

Considering the brevity of saccades and the intense motoneuronal firing rates, the most 

common explanatory models for saccades are founded on the view that trajectories are 

time-optimal, executing the movement in the shortest possible time (Clark and Stark, 

1975; Lehman and Stark, 1979, 1983; Enderle and Wolfe, 1987). For linear systems this 

is achieved by “bang-bang” control (BB), in which the driving signal is switched 

between maximum permissible signal levels (Bryson and Ho, 1975). Enderle and Wolfe 

have argued for the simplest BB model, a rectangular agonist on-pulse with antagonist 

firing being suppressed. Alternatively, Stark and colleagues have argued for a 1-switch 

BB, in which an agonist on-pulse is followed by a maximal antagonist burst in the OFF 

direction. The trajectories generated by such models of the neural driving signal are 

dependent on the plant dynamics, upon which there is currently no consensus.

An alternative to these models based on the input to the motor system is the kinematic 

model approach, which is based purely on the output shape. These models assume that 

the system goal is simply to achieve some desired kinematic feature of the movement
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4.1 Spectral Main Sequence

profile, and the dynamics of the plant are otherwise irrelevant. The similarity between 

the trajectories of saccades and fast arm movements has been emphasised previously 

(Abrams et a l, 1989, Harris, 1998b), and for fast arm movements it has been proposed 

that trajectories are selected to maximise smoothness, for example by minimising the 

square of jerk integrated over the duration of the movement. This ‘minimum-jerk’ 

profile (jerk = rate of change of acceleration) fits arm trajectories well (Hogan, 1984; 

Flash and Hogan, 1985), although a minimum ‘snap’ profile may provide a better fit 

(snap = rate of change of jerk) (Wiegner and Wierzbicka, 1992; Plamondon et a l, 1993). 

These minimum square derivative (MSD) velocity profiles are self-similar and 

symmetrical template trajectory shapes.

Although the bell-shaped velocities of MSD profiles closely resemble saccades over the 

most naturally occurring <15° range, why saccades or arm movements should be 

selected for smoothness is unclear. Recently Harris and Wolpert (1998) have proposed 

that the trajectories of saccades and arm movements may minimise end-point variance 

in the presence of signal-dependent motoneuron noise. For fast movements, minimum 

variance (MV) trajectories tend to be similar to MSD profiles (Fig. 4.1), but a 

quantitative comparison has not yet been made.

4.1.3 Fourier discrimination

As the models have such similar velocity profiles, very accurate recordings of velocity 

or higher derivatives would be needed to detect subtle differences. The low-pass 

filtering of any eye movement recording device and the need to increasingly filter out 

high frequency noise when estimating higher derivatives tends to blur any details, as
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Figure 4.1: Similarities of MSD and MV model trajectories (see Methods). Velocity profiles of 
minimum acceleration, jerk and snap (MA, MJ, MS), minimum variance 2'"̂  and 3"border (MV2, MV3 
with third time constant =l()ms); the descriptive Yarbus model (Y) is also shown for its similarity to MA. 
The time origin is centred at peak velocity, which has been normalised to unity. Trajectories have been 
scaled in time so that velocity is 0.25 at ±0.5 time units. For clarity, the order with which the profiles 
reach zero velocity has been mirrored in the legend. The MV profiles are based on an amplitude of 5° and 
duration of 38ms.

w o u ld  a v e r a g in g  a cr o ss  an y  sa c c a d e s  to  a c c o u n t for  th e  in stru m en t n o ise  or in tr in sic  

v a r ia b ility  in p lan n ed  trajectory . F o r tu n a te ly , the sharp  sp ectra l m in im a  can  b e  

m ea su red  from  u n filter ed  p o s it io n  r e c o r d in g s  and th e  m o d e ls  h a v e  d ist in c t  S M S  

re la t io n sh ip s  (F ig . 4 .2 )  that ca n , th e re fo r e , b e  e m p ir ic a lly  te sted .

A n o th er  m ajor a d v a n ta g e  is  that the m in im a  a llo w  d irect c o m p a r iso n s  o f  m o d e ls  b a sed  

at d iffe r e n t  le v e ls  o f  the sy s te m . T h e  F o u r ier  tra n sfo rm  o f  a recta n g u la r  tran sien t h as  

sp ectra l z e r o e s  at h a rm o n ic s  o f  1/T. T h e  B B  m o d e l b y  d e f in it io n  req u ires a lin ea r  p lan t, 

and ze ro  e n e r g ie s  in the in pu t sp ec tru m  o f  a lin ea r  p lan t w ill  b e  r e f le c te d  as z e r o e s  in  the  

ou tp u t sp ec tru m  as w e ll  at u n c h a n g ed  fr e q u e n c ie s . A  lin ea r  p lan t is  e f f e c t iv e ly  in v is ib le
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Figure 4.2: Fourier energy spectra of model velocity profiles on logm-linear axes. Energy plots arc 
shown for the models in Figure 4.1 and for the rectangular pulse bang-bang model (BB). For clarity the 
sharpness of the minima has been reduced, and the ordinates have been offset. The minima frequencies 
and their ratios are summarised in Table 4.3.

to  sp ectra l z e r o e s . It w ill  a lso  b e  h ig h ly  in varian t to  sharp  n o n -z e r o  m in im a  (H arris, 

1 9 9 8 a ). T h u s , th e m in im a  a llo w  u s to  c o m p a re  m o d e ls  b a sed  p u r e ly  o n  th e  neu ral 

co n tro l s ig n a l (B B )  or p u r e ly  on  th e  ou tp u t (M S D ) , w ith o u t re fe r e n c e  to  a s p e c if ic  p lan t  

m o d e l. A lth o u g h , a p lan t m o d e l is  s t ill  n e ed ed  for  th e m ix e d  d y n a m ic -k in e m a tic  

m in im u m  v a r ia n ce  (M V )  m o d e ls .

T h e  m in im a  d o  n o t d e f in e  th e tra jectory  a b so lu te ly , but an y  p la u s ib le  d e sc r ip t iv e  or 

e x p la n a to r y  m o d e l m u st b e  a b le  to  at le a st  rep ro d u ce  th e se  m in im a . F or e x a m p le , the  

g a m m a  fu n c t io n  d o e s  n o t h a v e  a n y  m in im a , and  so  th is  m o d e l can  b e  re jec ted  at the
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outset. Similarly, a kinematic model that describes ON-OFF drives as log-normal 

impulse functions, within an explanatory speed-accuracy trade-off scheme (Plamondon 

and Alimi, 1997), can be discounted. The ability of the minima to distinguish between 

models that do contain subtly different minima is confirmed below, as it is found that 

tight relationships can be established for human SMS. Only one of the nine models 

studied adequately accounts for all the data.

4.2 Methods

4.2.1 Experimental protocol

Horizontal eye movements were recorded using the IRl set-up described in Chapters 2 

and 3. Saccades were recorded from 10 healthy adults (6 males, 4 females) with normal 

vision aged 25 to 35 years (mean = 29.3 years). Only recordings from the left eye were 

analysed.

Each trial started with the target spot in the centre which, after a random time delay (1.1 

- 2.5 s), stepped to a peripheral position, where it remained for 1.5 s before returning to 

the centre for the start of the next trial. Each subject was presented with 100 trials with 

10 trials for each of 10 different peripheral target positions: 2.5°, 5°, 10°, 15°, and 20° 

to the left and right of the central fixation target. Trials were presented in a fixed 

pseudo-random order. Only saccades to centrifugal target jumps were recorded.

4.2.2 Data Analysis

All saccades were previewed to exclude trials with anticipatory saccades and blink

artefacts. Eye position was sampled at IkHz. Eye velocity and acceleration were
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estimated from the eye position using a zero-phase low-pass digital filter (-3dB point = 

64Hz). The onset of a saccade was defined as the first point at which the velocity was 

continuously above 10 7s for at least 10 ms. Similarly, the offset was defined as the last 

point after the peak velocity to be above 107s. To ensure that the saccade trajectory was 

always fully captured for Fourier analysis, the extracted data segment went 5ms beyond 

the identified start and end points of the saccade.

The first 3 minima in the energy spectra were measured to the resolution of 0.12 Hz. 

Although the majority of minima were sharply defined, occasionally this was not the 

case. In these circumstances the energy spectra were multiplied by cô , co"̂ , cô , or cô  (see 

Chapter 3, co = angular frequency), whereupon the minima became readily detectable. 

Again, only saccades above 4° were considered in this study.

In order to study possible relationships among the four variables (Ml, M2, M3 and 

reciprocal duration, 1/T), linear regressions were performed for each subject on M l, 

M2, and M3 vs. 1/T; M2 and M3 vs. M l; and M3 vs. M2. Standard univariate (Model I) 

regression underestimates slope and overestimates intercept when the independent 

variable has variance associated with it. Measurement errors and biological variability 

lead to unavoidable variance in 1/T. Bivariate (Model II) regressions are also biased if 

the variances in each variable are not equal. In Chapter 3 it was shown that the variance 

in 1/T and minima will, in general, not be equal and depends on the amplitude and 

minima order investigated, as well as the noise level (Fig. 3.9). However, it was also 

shown that the Model II regressions provided good, unbiased slopes and intercepts, 

which were better than robust regressions for low levels of noise (Onoise < 0.1°, Fig. 

3.10). This noise criterion was satisfied for all 10 subjects and so the bivariate 

regressions were assumed to be a valid approach.
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4.2.3 SMS Confidence Regions

Regressions performed on random samples from a given population produce strongly 

co-varying slopes and intercepts distributed around the population slope and intercept. 

Higher regression slopes are associated with lower regression intercepts, and vice versa. 

The regression for each subject was taken as a sample of the underlying population 

regression for each relationship. The co-dependence between sampled slopes and 

intercepts can be seen in the example in Figure 4.3 for Ml vs. 1/T, where each circle 

represents the slope and intercept of one subject.

To obtain an overall estimate of the population intercept and slope, bivariate confidence 

regions (Sokal and Rohlf, 1981) were constructed according to:

n ( |i - m)^ S'* ( - m) < p( n-1 )/ (n-p) Fa( p, n-p).

where [L and m are the population and sample mean vectors of the two groups (p=2) of 

clearly co-dependent variables slope and intercept; n is the sample size (n=10 subjects); 

S is the covariant of the n x p matrix, with S'* its inverse. Decomposing the vectors into

slope iy  = My ~ y )  intercept (% = /^ -% ) components, gives for two dimensions a

region bounded by the ellipse of the form ay  ̂+ bxy 4- cx^ = d, centred on (%,y). Using

Hotelling’s T ,̂ the 95% and 99% confidence regions shown in Figure 4.3 indicate the 

probability of finding the population intercept and slope within them.
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Figure 4.3: Illustration of bivariate confidence regions. Ellipses show 95% {inner) and 99% (outer) 
confidence regions for the estimate of the population slope and intercept of the individual Ml vs 1/T 
regressions (circles). The centre, ( ) , is shown by a crosshair.

4.2.4 Models

Nine models were considered: the descriptive Yarbus model (Y); MSD profiles that 

minimise the square of acceleration (MA, a parabola), square of jerk (MJ), and the 

square of snap (MS); the bang-bang rectangular pulse (BB), and 2"  ̂ order bang-bang 

model with 1-switch (BB-Sw); and minimum variance profiles with 2"^-order and two 

with S'^ -̂order ocular plants. The gamma function model was not considered because it 

has no local minima in its energy spectrum.

The Fourier energy spectra of the Yarbus and MSD models can be found analytically 

and are shown in Table 4.1. Each of these models inherently assumes that velocity
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profiles of saccades for different amplitudes have the same basic shape but differ only 

in velocity- and time-scales. Such profiles are self-similar because it is possible to find 

individual scale factors in velocity and time so that the set of functions would 

superimpose (for a given model) (Fig. 4.4a). The Fourier transform preserves self

similarity. Therefore, the ratios of the minima to each other and to reciprocal duration 

(1/7) are invariant to changes in amplitude, peak velocity, and duration of the 

trajectory. Linear plots of the minima against each other or against 1/T must yield 

straight lines passing through the origin. This can be seen in Figure 4b where scaling 

amplitude scales the overall energy for a given duration, but does not affect the 

frequencies at which the minima occur; scaling duration has an inverse relationship on 

the minima frequencies; but the ratios between the minima are constant, as 

demonstrated for Ml and M2 in the insert. In this study only the ratios among M l, M2 

and M3 and the relationship between M l, M2 and M3 and 1/T were investigated.

Table 4.1: Model velocity formulae and their analytical Fourier energy spectra

Model Velocity Fourier Energy Spectrum

Yarbus (1967)
—cos(^r) Tu'̂  cos(ty/2)T

_ iT t^-œ ^)  ]

Minimum Accel. r 2sin(rü/2) co s (# /2 )T
~ Ij

Minimum Jerk 12sin(ry/2) 6cos(a;/2) sin(ry/2)T 
o f -  -  o f \\

Minimum Snap
2,822,4a

120sin(ûi/2) 60œs((5i/2) M ^colT ) ccs{o)l2)\ 
cS (â câ ûf

Rectangular Pulse hit) <S> rect{T)
\H {cof.

~Tsm(coT/2)T  
a>T/2 Ij

89



4.2 Spectral Main Sequence

O

<D
>

B

CD
C

LU
Oo

T im e
1 e+4

1e+1
1e+0

1 e - 1

1e-2

1e-3
1 e -4
1e-5
1 0 - 0

F r e q u e n c y  (Hz)

Figure 4.4: Illustration of self-similarity using a parabola as an example. A) The basic temporal 
shape (curve a) remains the same with arbitrary scaling in time (curve b), in velocity (curve c) or both 
(curve d). B) The Fourier transform of the curves in (a). Scaling in velocity amplitude scales the overall 
energy without affecting the frequency at which minima occur, whilst scaling in time has an inverse 
relationship on the minima frequencies. The ratios between the minima are unaffected by the time or 
amplitude scaling for a given shape, as shown in the insert for the first two minima (see Methods).

To investigate whether BB control is a tenable model for the saccadic system, the 

model’s assumption of a linear plant is accepted. The simplest BB control signal is a 

rectangular pulse, in which the pulse height remains the same and increases in duration 

with saccade amplitude. Thus, for this model the pulse shapes and their energy spectra 

are self-similar (even though eye velocity output profiles are not) (see Fig. 4.5a,b). 

Thus, as for the MSD models, linear plots of the minima against each other or against 

1/T must also yield straight lines passing through the origin, and the slopes of these 

plots must be integral multiples of each other (harmonics) as determined by the energy 

spectrum of a rectangle (Table 4.1).
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Figure 4.5: Illustration of bang-bang control with a second-order ocular plant. A) Simplest control is 
a rectangular pulse in which maximum agonist signal is maintained. Different amplitudes are achieved by 
changing the duration of the rectangle (dotted line), hence pulses are self-similar (see Methods). B) 
Velocity trajectories resulting from (a) are not self-similar. C) Bang-bang with I-switch in which 
maximum agonist signal is switched to maximum agonist at optimal (dotted line) or sub-optimal 
switching time. Different amplitudes are achieved by changing the duration of the rectangle and the 
relative switching time, hence pulses are not self-similar (see Methods). D, Velocity trajectories resulting 
from (c) are not self-similar either.

For bang-bang control with one switch (Fig. 4.5c), there are now two parameters that 

determine the output: ON and OFF pulse widths. There is an optimal solution for the 

ON and OFF duration at each amplitude (given fixed maximal firing rates and plant 

dynamics), and the relative duration of each phase is not constant. Hence, the minima 

of the position energy spectrum will still occur at the minima for the switching profile 

spectrum, but there is no self-similarity in either the control signal or the final eye 

position (Fig. 4.5d). Therefore, the energy spectrum was calculated for different 1- 

switch profiles where the switching time, x, ranged from 0-100% of the total signal 

duration in steps of 1%. Thus, rather than choosing a specific plant model and 

calculating the optimal switching times for a broad range of amplitudes, all possible 1- 

switch combinations were considered, optimal or otherwise.
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Minimum variance trajectories have velocity profiles that minimise the position 

variance over a post-movement period, where the standard deviation of the noise on the 

control signal increases with the magnitude of the mean control signal (signal- 

dependent noise). The optimal profiles were found numerically assuming the standard 

deviation of the noise was proportional to the mean of the control signal, and using the 

same parameter values used by Harris and Wolpert (1998), namely a post-movement 

period of 50 ms and a 2"^-order plant with time constants of 224ms and 13ms, or a 

order plant with an additional time constant of 10 ms. Optimal profiles with the third 

time constant set to 4 ms were also modelled.

4.3 Results

4.3.1 General features

All subjects produced saccades with the typical temporal main sequence (example in 

Fig. 4.6) as described by many previous investigators. In particular, duration was always 

a linearly increasing function of amplitude for saccades over about 4°, and linear 

regression over the linear portion (4-20°) gave a slope (T-A slope) range of 2.22-3.37 

ms/° and an intercept (T-A inept) range of 20.3-30.4 ms (Table 4.2). The ratio of peak 

velocity to mean velocity, which is termed here Q, tended to be roughly constant for 

different amplitudes with a value ranging from 1.54-1.80. These temporal measures are 

similar to other reports (see Becker 1989). Velocity trajectories of saccades showed the 

typical quasi-symmetrical profile for amplitudes of 5-10°, with a subtle change towards 

positively skewed profiles for large saccades (Fig. 4.7), as reported by others (Collewijn
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et al., 1 9 8 8 ) . T h u s, there w a s  n o  in d ica tio n  o f  any sy s te m a tic  d e v ia t io n s  in ou r m e a su r e s  

o f  v e lo c i t y  p r o file s  or d u ra tion  from  p r e v io u s ly  p u b lish e d  data.
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Figure 4.6: Time-domain analysis of saccades showing typical temporal main relationships. A) Peak 
velocity vs. Amplitude. B) Duration vs Amplitude. C) Peak velocity x Duration vs Amplitude. 
Regression line constrained through origin gives the ratio of peak velocity to mean velocity, Q.
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Table 4.2. Summary of individual temporal and spectral main sequence parameters.

D n T-A Q M1-1/T M2-1/T M3-1/T M2-M1 M3-M1 M3-M2

1 S r S 1 S r 1 S r 1 S r 1 S r 1 S r 1 S r

1 70 28.3 3.37 0.91 1.80 -7.29 2.02 0.93 -7.76 3.24 0.90 -15.5 4.82 0.86 3.90 1.60 0.91 4.16 2.30 0.86 -0.99 1.42 0.94

2 77 20.5 3.15 0.95 1.71 -9.40 2.12 0.98 5.52 2.46 0.95 0.62 3.69 0.92 16.40 1.16 0.96 17.20 1.73 0.95 -7.73 1.50 0.95

3 70 23.5 2.22 0.96 1.61 -9.58 2.04 0.97 -6.97 3.05 0.88 -13.4 4.51 0.83 7.60 1.52 0.88 8.40 2.24 0.85 -2.74 1.47 0.90

4 73 21.6 3.00 0.95 1.60 -0.19 1.56 0.91 0.89 2.72 0.89 1.34 3.77 0.82 1.03 1.75 0.89 4.76 2.33 0.86 3.18 1.33 0.87

5 71 20.3 2.83 0.98 1.64 -2.53 1.70 0.99 1.79 2.64 0.97 13.70 3.14 0.90 5.68 1.55 0.96 18.40 1.83 0.90 11.80 1.18 0.93

6 73 29.5 2.54 0.91 1.64 -7.25 1.99 0.97 0.33 2.67 0.93 -5.55 1.09 0.88 10.20 1.34 0.94 10.80 2.00 0.90 -4.13 1.49 0.93

7 79 20.7 2.42 0.96 1.60 -1.12 1.60 0.97 1.08 2.71 0.97 17.70 3.10 0.92 2.92 1.70 0.96 19.80 1.93 0.91 16.60 1.14 0.94

8 57 28.0 2.71 0.90 1.54 -2.36 1.55 0.96 -16.8 3.54 0.88 -16.2 4.72 0.86 -11.3 2.28 0.88 -8.64 3.02 0.87 6.22 1.33 0.93

9 80 30.4 2.66 0.96 1.60 -9.47 2.18 0.98 -3.02 2.93 0.87 2.41 3.55 0.87 10.00 1.32 0.87 18.60 1.60 0.86 6.48 1.21 0.90

10 78 24.2 3.14 0.91 1.72 -7.05 1.95 0.98 -3.48 2.83 0.96 -6.11 4.05 0.91 6.74 1.45 0.96 8.76 2.06 0.91 -0.77 1.42 0.92

Mean 72.8 24.7 2.80 1.65 -5.62 1.87 -2.84 2.88 -2.11 3.94 5.32 1.57 10.20 2.11 2.78 1.35

1= Intercept, S= slope, r= correlation coefficient.
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Figure 4.7: Typical velocity trajectories of saccades with superimposed MV
S h o w s  n ear sy m m e tr y  for lo w  a m p litu d e s , b e c o m in g  m o re  sk e w e d  fo r  large  
a m p litu d e s . P lo ts  w er e  a lig n e d  a p p r o x im a te ly  w ith  p ea k  v e lo c ity ,  and  a m p litu d e s  
w ere: 5 .4  (sq u a r e s) , 10 .3  (tr ia n g le s ) , and 2 0 .0  (c ir c le s )  d e g r e e s . T h e  lin e s  sh o w  the  
M V  (w ith  third  t im e  co n sta n t o f  4 m s)  p r o f ile s  fo r  m a tc h e d  a m p litu d e s  and d u ra tion s.

F ou r ier  a n a ly s is  sh o w e d  e n e r g y  sp ectra  w ith  u su a lly  c le a r ly  d e f in e d  m in im a  o cc u r r in g  

at n o n -h a r m o n ic  fr e q u e n c ie s , as sh o w n  b y  th e ty p ic a l e x a m p le  in  F ig u re  4 .8 .  T h e s e  

e n e r g y  sp ec tr a  w e r e  v er y  s im ila r  to  th o se  p r e v io u s ly  p u b lish e d  (H arris et  a i ,  1990;  

H arris, 1 9 9 8 a , b ).
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4.3 Spectral Main Sequence
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4.3.2 Spectral main sequence

Plots between Ml, M2 and M3 and the reciprocal of duration (1/T), as well as between 

M2 or M3 and M l, and M3 and M2, revealed approximately linear relationships, as 

seen in Figures 4.9a and b for a typical subject. In order to compare these results to 

model predictions, the slope and intercept were estimated by bivariate linear regressions 

(see Methods) and are summarised in Table 4.2. Subjects showed broadly similar results 

for each regression, but to take account of intersubject variability in estimating the 

population slope and intercept, bivariate confidence regions were plotted (Fig. 4.10, see 

Methods).
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The equations for the 95% (d= 1.004) and 99% (d= 1.946) ellipses are also shown. All model slopes and 
intercepts are summarised in Table 4.3.
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4.3 Spectral Main Sequence

Table 4.3: Summary of Slopes and intercepts for theoretical proxies

BB Min

accel

Yarbus

model

Min

jerk

Min

snap

Minimum variance 

Tg = 0 ms Tg = 4 ms Tg = 10 ms

I S I S I S

M l vs 1/T 1 1.44 1.50 1.84 2.24 -1.97 1.44 -4.66 1.81 -3.84 1.89

M2 vs 1/T 2 2.46 2.50 2.90 3.32 -1.52 2.48 -4.10 2.92 -283 2.95

M3 vs 1/T 3 3.48 3.5 3.94 4.38 -1.21 3.49 -3.43 3.95 -2.19 3.97

M2 vs Ml 2 1.71 1.67 1.58 1.48 1.87 1.72 3.42 1.61 3.15 1.56

M3 vs M l 3 2.42 233 2.14 1.96 3.57 2.43 6.77 2T8 5.87 2.1

M3 vs M2 1.5 1.41 1.40 1.36 1.32 0.93 1.41 2.12 1.36 1.63 1.35

4.3.3 Comparison to Bang-bang Control

The simplest BB control signal is the rectangular pulse (O-switch), which has energy 

minima at harmonics of the reciprocal of the pulse duration (solid lines in Fig. 4.9, 

squares in Fig. 4.10). It was clear from individual SMS that there is no harmonic 

relationship among the minima. The predicted rectangular pulse slopes and intercepts 

consistently fell far outside the 99% confidence regions, and were rejected at the 

p<0.001 level.

To see whether the SMS data could result from a 1-switch BB control signal, the 

theoretical M l, M2, and M3 for the 1-switch profile were computed for different 

switching times, t  (see 4.2.4). The ratios M2/M1 and M3/M1 were then plotted against t  

(Fig. 4.11). The dotted lines show the slopes of M2 and M3 vs M l (from Table 4.2). As 

can be seen, the 1-switch profile could only match observations if t  ~ 39, 49, 51, or 61% 

of T. Therefore, if saccades were driven by a 1-switch bang-bang control, the switch 

would have to occur no later than 61% of the control signal duration (and hence the
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4.3 Spectral Main Sequence

sa c c a d e  d u ra tion ) to  b e  c o m m e n su r a te  w ith  th e  o b se r v e d  m in im a . T h ere is  n o  

n e u r o p h y s io lo g ic a l e v id e n c e  to  su p p ort th is . T h e  p o s s ib il ity  o f  e v e n  h ig h er-o rd er  b a n g -  

b a n g  p r o f ile s  w ith  2  or m o re  d r iv in g  s ig n a l s w itc h e s  s e e m e d  e v e n  m ore  re m o te  and w a s  

n ot e x a m in e d .
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Figure 4.11: Comparison of SMS with 1 switch bang-bang model. Model bang-bang pulse (top); 
M2/M1 ratio against relative switching time (0-100% of duration, middle); M3/M1 ratio against 
switching time (bottom). Dashed lines indicate mean sample SMS ratios.
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4.3 Spectral Main Sequence

4.3.4 Comparison to Minimum Square derivative (MSD) Profiles

Inspection of MJ slopes alone suggests a close fit to the observed means (Tables 4.2 and 

4.3). However, with the exception of MJ (p>0.06) in Figure 4.10c, and MJ (p>0.03) 

and MA (p>0.3) in Figure 4.10f, all MSDs fell outside of the 99% confidence regions. 

Moreover, the M3 vs M2 ratio seen in Figure 4.1 Of is the least discriminating of the 

SMS relationships studied as all the models predict very similar values (note scale in 

Fig. 4.10f). Although MA provides a poor fit, it can be seen to fall closer than MJ to the 

confidence regions in all but Figures 4.10b and c, which in turn was much closer to the 

confidence regions than MS. The MS model was consistently rejected at the p<0.001 

level, and higher-order MSD models diverge further from the confidence regions. It can 

be seen that the descriptive Yarbus model is very close to MA. This is not surprising 

because the cosine function in Table 4.1 can be quite well approximated by a parabola 

(Fig. 4.1). Five out of six of the predicted slopes and intercepts for MA, MJ and Y 

models were rejected at the p<0.05 level.

4.3.5 Comparison to Minimum Variance (MV) Profiles

MV profiles depend on the type of signal dependent noise in the motoneuron signal and 

the specific dynamic response of the ocular plant. Examples tested are as described by 

Harris and Wolpert (1998) (see Methods). It was found that regressions of the MV 

minima did not pass through the origin, but showed intercepts that were similar to the 

empirical observations (Tables 4.2 and 4.3). The implication of the MV regression 

intercepts is that MV profiles are not exactly self-similar. The change in shape is subtle, 

as shown by the temporal velocity profiles (Fig. 4.7, and Harris and Wolpert, 1998).
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4.3 Spectral Main Sequence

The sensitivity of the theoretical SMS can be seen particularly clearly in Figure 4.10. A 

change in the plant model from 2"^-order to 3'^ -̂order with a time constant of just 4ms 

had a substantial effect on predicted slope and intercept. Increasing the third time 

constant to 10ms had a further significant effect on how well the observed SMS was 

fitted. The 2"^-order model fell within the 95% confidence bounds for all the inter

minima ratios, but was rejected at p<0.01 for all the minima against 1/T. The 

intermediate plant provided a good fit of all the observed SMS, being within the 95% 

confidence regions and close to the sample mean. The third model showed varying 

agreement with the empirical data. It was just outside the 99% confidence regions for 

half of the relationships, but was never far from the mean slope and intercept.

4.4 Discussion

All ten subjects showed systematic relationships among the frequencies of the energy 

minima and the reciprocal of the duration of the saccade (1/T). These findings 

substantiate the previous report in the literature from two human and one monkey 

subjects (Harris et a l, 1990), and were not unexpected given the other theoretical 

(Harris, 1998a) and empirical evidence (Chapter 3) available. The primary novel issue 

was whether the relationships were sufficiently precise in humans to allow sensitive and 

useful discriminations. Measurement variability was not expected to be a problem 

(Chapter 3), and intrasubject variations were found to be remarkably low as evidenced 

by typical values for r^> 0.8. Higher intersubject variability was more problematic. 

However, embracing the natural covariation in slopes and intercepts (via the 

construction of elliptical confidence regions) allowed highly significant differences 

between the group data and all but one of the models to be revealed.
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4.4 Spectral Main Sequence

Thus, the potential sensitivity afforded by examining the entire saccade trajectory in the 

frequency domain was upheld by the empirical reliability of the relationships. In 

correspondence to the stereotypicity of the traditional main sequence, these 

relationships have been called the ‘spectral main sequence’ (SMS). The SMS arises 

from and gives a measure of the whole shape of the trajectory (see Harris 1998a). The 

SMS is based purely on temporal measures (duration and frequency) and is independent 

of the amplitude or peak velocity of a movement. Consequently, there is no trivial 

reason why the SMS should depend on the TMS.

This last point is important and will form the focus of the next chapter, but the 

remainder of this one will be devoted to discussing the possible implications for saccade 

modelling that arise from the SMS.

4.4.1 Explanatory models of the neural pulse

Individual motoneurons show a very abrupt and intense burst of activity during a 

saccade that has been likened to a rectangular pulse (Robinson, 1970), although 

decreases from the peak activity are often observed (Goldstein, 1983), even before the 

‘slide’ of activity that begins around and after the end of the saccade. Assumptions that 

the saccadic pulse is rectangular, and that the plant is linear, have led some to infer that 

saccades are time-optimal based on optimal bang-bang control theory (Enderle and 

Wolfe, 1987). Alternatively, an assumption of time-optimality might explain the shape 

of the neural pulse. The energy spectrum of a rectangular pulse has zeroes at harmonic 

frequencies of the reciprocal of the pulse duration (Table 4.1). Importantly, it has been
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shown that M2 and M3 are not harmonics of either M l or HT. This demonstrates 

conclusively that saccades cannot result from a rectangular pulse driving anv linear 

ocular plant.

In the theory of optimal control of saturated linear systems, bang-bang control may 

require more elaborate driving signals, where there is one or more switches between 

maximum agonist activity and maximum antagonist activity during the movement 

(Bryson and Ho, 1975). After a rectangular driving pulse (no switches), the next 

simplest bang-bang control signal has one switch, where the driving signal is switched 

from its maximum agonist value to its maximum antagonist value at some optimal 

switching time to brake the movement. Stark and colleagues (Clark and Stark, 1975; 

Lehman and Stark, 1983) suggested this form of bang-bang model to argue that 

saccades are time-optimal and to explain the presence of dynamic overshoots at the end 

of the movement, if the brake is mis-applied. Small ‘braking pulses’ have been observed 

at the end of saccades in abducens motoneuron discharges (van Gisbergen et a l, 1981) 

and in muscle fibres (Sindermann et a l, 1978), but the magnitudes of these braking 

pulses are far less than the peak agonist activity.

Moreover, it was shown in Figure 4.11 that the switch would have to occur no later than 

61% of the way through the pulse duration. There is no evidence of an antagonist pulse 

so early in the movement, nor any suggestion of two or more switches occurring during 

saccades. Hence, it is concluded that saccades are not driven by any kind of bang-bang 

control. However, this does not mean that saccades are not time-optimal because bang- 

bang optimal control applies only to linear systems with simple saturating control 

signals.
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4.4.2 Explanatory Kinematic models

Purely kinematic models assume that movement trajectories are formed through the 

optimisation of a set of parameters related only to the desired output, and are thus 

unconstrained by dynamical considerations or neural signals. Hogan (1984) suggested 

that the symmetrical bell-shapes of fast arm movement velocities could be explained by 

the brain maximising smoothness, and proposed this be achieved by minimising for 

integrated squared-jerk. This minimum jerk (MJ) constraint provided a good fit for the 

simple point-to-point arm velocity profiles (Flash and Hogan, 1985), and has been 

extended to account for complex path arm movements such as those described by the 

so-called ‘2/3 power law’ (Todorov and Jordan, 1998).

The Harris and Wolpert minimum variance model also describes rapid arm movements 

and the 2/3 power law, as well as saccade profiles. Indeed, its formulation was highly 

motivated by the observed similarities between arm and eye movements (Abrams et a l, 

1989), and considerations of the effects and possible causes of smoothness (Harris, 

1998b). The obvious questions were, therefore, can MSDs also fit saccades, and how do 

the fits compare to those of MV eye and arm models?

The MJ model was certainly qualitatively very similar to saccades and indeed to the 

symmetric MV profiles. However, it was conclusively rejected on the basis of the SMS 

as it failed on five out of the six relationships to fall within the 95% confidence regions. 

The minimum acceleration and Yarbus models failed on the same number of counts.

The MJ model is the lowest order MSD with zero acceleration as a boundary condition.

Higher order MSDs have successively higher derivative boundary conditions equalling
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zero; for example, MS has zero jerk as well as acceleration at its end-points. Thus, 

higher order MSDs have progressively ‘smoother’ tails, so if the goal is to maximise 

smoothness, perhaps better fits would result from minimising snap, crackle or pop? 

Indeed, Wiegner and Wierzbicka (1992) reported that the fastest single-joint arm 

movements were better fit by a minimum snap, than by a jerk or crackle MSD. 

Plamondon et al. (1993) also found more variance explained by an MS than MJ fit. 

Unfortunately, the MS gave consistently higher minima than saccades and, overall, 

fitted the data as poorly as the BB model. Higher order MSD models will have ratios 

even more divergent from the data. Hence, it is concluded that no MSD model can 

adequately describe saccade trajectories, and that the class of MSD models performs 

worse than MV models for saccades (see Results, and below). It remains to be seen how 

well MSDs will still be found to describe arm movement trajectories when subjected to 

a similarly stringent spectral analysis.

4.4.3 Explanatory minimum variance (MV) models

Saccades do not appear to be minimising squared derivatives, but they are generally 

very smooth movements. This tendency is shared with many other rapid movements of 

very different neuro-musculo-skeletal architecture, e.g. arm, articulatory lip, tongue (see 

main introduction). Is there something inherently beneficial to being smooth?

This is the question not answered by MSD models, regardless of whether they can or 

cannot mathematically explain trajectory shapes. Reproducing the smoothness is 

important, but many models produce smooth movements, and yet the MSDs have no 

other rationale to advance them. As formulated, they also have no rationale for choosing 

one MSD over another (although a clearer rationale may follow from the results of
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Chapter 5). Instead, Harris (1998b) argued that smooth movements are equivalent to 

minimising bandwidth, which is required to minimise end-point variance in the presence 

of signal-dependent noise. This argument led to the MV model (Harris and Wolpert, 

1998). As the model relies on a source of noise on the input and on minimising a 

kinematic outcome, it is a mixed dynamic-kinematic model and is sensitive to the 

choice of plant.

All three MV plants chosen captured the increasing asymmetry of velocity profiles, and 

consequently the non-zero intercepts of the SMS (regression intercepts are a reflection 

of the subtle loss of self-similarity). All three gave better fits than the other 6  models 

examined here, but only the 3̂^̂ order plant with 4 ms time constant consistently fell 

within the 95% confidence ellipses for all the data.

It should be noted that this does not prove that saccades follow this particular scheme, 

but that this has not been rejected on the basis of this sample SMS. Collecting more 

subject data would have likely narrowed the confidence regions, and may have led to all 

three MV models being found lacking. However, there are many possible types of MV 

models (e.g. types of signal-noise dependency, plants, or specific end-point constraints) 

and so the free parameters might well maintain the goodness of MV fit. The fact that 

only the simplest alterations were able to capture all the details in the SMS gives 

confidence in this regard. It was felt that refining the ellipses further would simply 

emphasise a model-fitting exercise, and detract from the theoretical implications.
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Intersubject variability and accuracy

Moreover, studying the relatively high intersubject variability may be of more interest 

than obtaining an ever better SMS population estimate. Narrowing the confidence 

regions necessarily averages across individuals and creates a composite SMS that may 

not be relevant to any one individual. It may conceal possible associations in the data. 

Intersubject SMS differences might be found to reflect each individual optimising for 

slightly different plants; more controversially, they might indicate different individual 

end-point constraints. Saccade kinematics are typically not thought to be under 

volitional control, so the ‘urgency’ versus ‘accuracy’ effects reported for saccade 

reaction times (Reddi and Carpenter, 2000) are unlikely to be present. However, each 

individual may have a set tolerance level for a speed-accuracy saccade trade-off such 

that some subjects may accept higher end-point variance than others at the benefit of 

shorter movements, which could affect their SMS.

Interestingly, Harris (1995) predicted a relationship between precision, accuracy and 

speed. His theory was based on a flight-time minimisation hypothesis, in which the cost 

function is the total time spent ‘in-flight’. It predicted that higher variability would be 

associated with lower set-level gains, more corrective saccades and a lower duration- 

amplitude TMS intercept (reducing the cost of more corrective movements). Subtle 

correlations between TMS parameters and saccade gain have been found in adults, 

appearing to support the proposition (Mezey, 2000). At this point the connection 

between SMS and TMS has not been established, as shape-related kinematics (SMS) 

need not be connected to amplitude-scaling kinematic relationships (TMS). The 

possibility that individual SMS differences might reflect different individual accuracy 

constraints is explored further in Chapter 5.
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Finally, there is a growing body of evidence supporting intrasubject task-specific 

deviations from the TMS (Epelboim et a i, 1997, Pratt, 1998; Snyder et a l, 2002), 

which encourages the preceding cost-constraint argument over the biophysical (plant 

differences) argument to explain SMS variability. Of course, the question is highly open 

as it stands.

4.4.4 Aggregate driving signal

A  major goal in saccade modelling is to understand the aggregate motoneuronal driving 

signal. This chapter has demonstrated that the signal is not of a rectangular shape in 

conjunction with a linear plant. Many would argue that the muscle plant contains many 

non-linearities and so these might explain the non-harmonic SMS relationships, whilst 

leaving the pulse rectangular. However, the non-linearities would have to be very 

prominent to shift the SMS as much as needed (e.g. M l from 1 to 1.87), and it has often 

been reported how surprisingly linear is the relationship between innervation and 

saccade (e.g. Robinson, 1981; Sylvestre and Cullen, 1999).

A more likely explanation for any divergence between single-unit recordings of pulses 

and the non-harmonic SMS is that the aggregate motoneuronal output has never been 

measured. The aggregate signal will be affected by spatio-temporal recruitment issues 

(which cells, how many and when), and is a combination of agonist and antagonist 

firing rates. Sylvestre and Cullen particularly emphasised this last point in their recent 

study. Indeed, averaging over trials from agonist motoneurons revealed a markedly 

different signal compared to the individual data, with a small braking pulse seen 

towards the end of the movement (van Gisbergen et a l, 1981).
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A further advantage of the Fourier approach followed in this thesis is the relatively easy 

reconstruction of lumped neural control signals by deconvolution of the saccade 

spectrum with an inverse model of the plant. Although this procedure is highly sensitive 

to high frequency noise, and so will only be returned to after careful consideration of 

effective filtering techniques (Chapter 6 ).

In the meantime, the MV is an apparently good saccade model associated with a 

specific plant and so it is possible to ask what the underlying neural command looks 

like. Figure 4.12 shows the lumped agonist and antagonist motoneuronal activity for the 

2"  ̂order and best order MV models. Clearly, there are some problems. The 2"  ̂order 

model does resemble the averaged result of van Gisbergen et a l, especially when using 

monkey plant time constants and separating agonist and antagonist (see Fig. 4.1, Harris 

and Wolpert, 1998), but the model braking pulse is larger and narrower. Though as they 

stated in the paper, this may be partly due to the averaging effect in the physiological 

data. However, the best fitting MV model has a very unrealistic final agonist burst. In 

assessing the seriousness of these problems it should be remembered that this is a very 

simple MV model with minimal constraints. No attempt was made to impose any 

physiologically realistic limits on the control signals, nor was any step signal modelled 

that might interact with the pulse signal in generating post-movement variance. Thus, 

these MV end-of-saccade driving signals might be corrected by the use of different end- 

of-saccade model constraints. Alternatively, a more complex plant may well be 

required. For example, one that encompasses a non-linear factor to take account of the 

re-activation of the antagonist muscle at the end of the movement.
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Figure 4.12 : Neural control signals for MV models. Predicted combined agonist and antagonist 
motoneurona! firing rate for the 2"^-order MV {solid lines), and 3"̂  ̂ -order MV {dotted lines, 1 3 = 4ms) 
models.

A lth o u g h  the M S D  m o d e ls  are b a sed  p u r e ly  on  k in e m a tic  p aram eters and so  a v o id  the  

n eed  for  m o d e llin g  p lan t d y n a m ic s , o n e  ca n  st ill  a sk  w h a t th e ir  co n tro l s ig n a l m ig h t  

lo o k  lik e  for  an y  g iv e n  p lan t m o d e l and h o w  th e se  c o m p a r e  to  th o se  o f  the M V  m o d e ls .  

In th is  w a y  the M S D , M V  and  B B  m o d e ls  ca n  b e  c o m p a r e d  at b o th  the in pu t and  the  

o u tp u t, a lb e it  in th e latter w ith  the c a v e a ts  a lrea d y  m e n tio n e d  re la tin g  to  p lant m o d e l  

u n c er ta in tie s .
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Figure 4.13 : Neural control signals for MSD models. Predicted combined agonist and antagonist 
motoneuronal firing rate for the 2"‘*-order MA and MJ models (T|= 224ms Xi= 13ms) and 3'̂ '' -order MJ 
( t3= 4ms) models.

F ig u re  4 .1 3  s h o w s  2"^ order co n tro l s ig n a ls  for  th e tw o  M S D  m o d e ls  c lo s e s t  to  sa c c a d e s  

(M A  and  M J), and a 3"̂  ̂ ord er p lan t m o d e l for  M J. F or the 2"^ ord er m o d e ls , the M A  

s ig n a l is  q u ite  s im ila r  to  the e q u iv a le n t  M V  s ig n a l, b ut the M J s ig n a l is  m u ch  sm o o th er . 

T h is  is  b e c a u se  the M J p r o file  h as a h ig h e r  ord er d isc o n t in u ity  (b y  1) than M A  (H arris, 

1 9 9 8 a ). H e n c e , in c r e a s in g  th e  ord er o f  th e p lan t b y  1 r e v e a ls  s im ila r  m a g n itu d e  co n tro l 

s ig n a l ju m p s  at the start and en d  in th e  M J co m p a r e d  to  the 2"^ ord er M A  m o d e l. T h e  

M S D  c o n tro l s ig n a ls  are le s s  re a lis tic  than th e  M V  e q u iv a le n ts  as th ere is  n o  e v id e n c e  o f  

a c t iv ity  in c r e a s in g  d u rin g  th e m o v e m e n t. O n the con trary , e v id e n c e  s u g g e s ts  that 

in d iv id u a l (G o ld s te in , 1 9 8 3 ) or p o o le d  (v a n  G isb e r g e n  et  a i ,  1 9 8 1 )  a c t iv ity  d e c r e a s e s  

m o n o to n ic a lly  th ro u g h o u t at le a st  th e in it ia l burst p h a se  o f  th e sa c c a d e .
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4.4 Spectral Main Sequence

4.4.5 Summary

It has been confirmed that human saccades have systematic, near-linear relationships 

between spectral minima and the reciprocal of duration. These relationships, and those 

between the minima themselves have been termed, the SMS. Most importantly, the 

SMS has been shown to be a highly sensitive, biologically practicable tool for 

characterising saccade kinematics.

The SMS independence of amplitude has allowed normalised template shapes of output 

models (MSDs, Yarbus) and neural input models to be readily compared to the 

empirical data without recourse to arbitrary scaling factors of velocity trajectory, neural 

drive signal, or those associated with the choice of linear plant. It has allowed the 

confident rejection of any form of bang-bang control or kinematic model based on 

minimum squared-derivatives. The minimum variance model with 3"̂  ̂ order plant 

provided the best description of the data amongst the models tested, fitting all SMS 

relationships well. There still remain, however, details for this type of MV model such 

as improving the understanding of the aggregate driving signal or incorporating some 

form of local feedback scheme to explicitly model how MV trajectories are realised. 

There may be more complete models, MV or otherwise, that give at least as good a fit to 

the SMS as the current version. However, the SMS at least provides a strict reference 

point for future models to be judged against.
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5.1 Spectral overlap

Chapter 5: Time-optimal saccade spectra overlap

5.1 Introduction

This chapter is concerned with how exactly saccades scale in amplitude and thereby 

asks what is the connection, if any, between temporal and spectral main sequences? 

Indeed, why is there a temporal main sequence (TMS) in the first place- is there any 

evidence for minimising time, or any other such constraint that might cause this 

stereotypicity?

This second issue is of wider neuroscientific interest. Many motor systems exhibit 

redundancy, where many degrees of freedom are ignored in favour of a particular 

movement stereotype. Optimisation arguments are often invoked to explain how a 

system solves amongst the redundant movement patterns (e.g. Dean et a l, 1999; 

Todorov and Jordan, 2002). However, determining plausible ‘cost functions’ to be 

minimised or differentiating between results from different underlying explanatory 

functions is often difficult; proving that the resultant performance is indeed optimal may 

be even harder (Harris, 1998b).

The observation in section 5.3.2 that saccade energies are constrained to overlap across 

amplitudes, together with mathematical scaling arguments and optimal simulations, 

provides the first strong evidence that saccades are time-optimal. More generally, this 

gives support to the plethora of models that rely on assumptions of optimality (Harris, 

1998b).
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5.1 Spectral overlap

5.1.1 Saccade scaling and energy envelope

In principle, there are an infinite number of profile shapes a saccade can take to get 

from A to B, and an infinite number or ways that template shape can be re-scaled in 

duration and velocity to travel farther. In practice, however, both saccade shape and 

scaling show a remarkable degree of stereotypicity. The TMS reflects how saccades are 

stereotypically scaled, the SMS reflects how they are shaped. There is no obvious 

reason why these two distinct features must be related.

The kinematic minimum-squared derivative (MSD) and Yarbus models, for example, 

include no link between scaling and shape. They can be self-similarly scaled in any 

manner. Figure 5.1 clarifies the effect of self-similar scaling on the overall energy 

spectrum for three parabolic velocity profiles. Increasing the duration scale whilst 

maintaining a fixed amplitude (blue arrow, dashed curve) has the effect in the frequency 

domain of shifting the whole spectrum towards lower frequency, parallel to this 

frequency axis on log-log plots. Alternatively, increasing amplitude whilst maintaining 

a fixed duration shifts the spectrum to higher energy parallel to the energy axis (red 

arrow, dotted curve). Also shown is the ‘energy envelope’, which is the line linking 

declining energy maxima at high frequencies. The slope of this envelope is determined 

by the order of discontinuities at the start and end of the saccade (Harris, 1998a; see 

1.8.2). In either re-scaling of Figure 5.1, the log-log envelope slope remains constant, 

but the intercept is changed. In other words, the Fourier transform preserves self

similarity with the same spectrum shape simply being translated.
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Figure 5.1: Schematic of self-similar scaling in time and frequency domains. Increasing the time scale 
(A, blue arrow) has an inverse effect in the frequency domain (B). If a profile is scaled in duration 
without changing its overall amplitude, its energy spectrum is shifted parallel to the frequency axis. 
Increasing amplitude for a given duration, scales the spectrum in energy only.

Small saccades at least are thought to be approximately self-similar (Abrams et a i, 

1989). Their self-similar scaling is in both velocity and duration, so their spectra will 

shift between the arrows of Figure 5. lb. There are a variety of functions that have been 

used to describe duration and velocity TMS (see Introduction, 1.3.4), and in what way 

these would together shift spectra over the whole amplitude range cannot be easily 

predicted; the situation is further complicated by departures from self-similarity in 

larger saccades.

Hence, although there must be some time-frequency domain correspondence, the 

relationships between SMS and TMS, and between temporal and spectral scaling is not 

immediately apparent. This is then the first study to systematically examine these issues 

by examining the energy envelope at high frequencies, and its relationship to saccade 

amplitude.
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5.1.2 Why the stereotypes?

Bell-shape stereotype

Many studies have reported bell-shaped velocity profiles in rapid, goal-orientated 

behaviour as diverse as arm (Morasso, 1981; Hogan, 1984), wrist and eye (Abrams et 

a l, 1989), tongue (Payan and Perrier, 1997) and articulatory lip (Kelso et a l, 1985) 

movements. The different muscular structures and functions argue against the bell- 

shape arising purely from evolutionary accident. What is desirable or special about that 

trajectory?

It could be that the symmetry is easy to program in terms of similar agonist and 

antagonist impulses, or the shape somehow provides more flexibility. Another, popular 

explanation for the redundant motor degrees of freedom is that each system has evolved 

to find the optimal trajectory for a given set of constraints and 'cost function(s)' 

(Nelson, 1983). Thus, in the visual system, the high density of photoreceptors in the 

fovea necessitates eye movements in order to acquire detailed information across the 

whole visual field, but at the cost of degraded vision during the movement. The 

movement duration is therefore an obvious cost to be potentially minimised, and given 

other constraints (additional to foveal acuity) such as innervational or muscular 

response limitations, perhaps the bell-shape is the fastest realisable trajectory. Or, 

perhaps, other cost functions must be added such as accuracy (Harris and Wolpert, 

1998) for the bell-shape to be optimal.
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5.1 Spectral overlap

Scaling stereotype

The further stereotypicity of the TMS (Bahill et a l, 1975) is unusual, but not unique, 

and is also seen, for example, in articulatory lip movements (Kelso et a l, 1985). The 

constant load in each case may allow an invariant plant to have a unique optimal 

trajectory for every amplitude. Indeed, the fact that over most amplitudes both velocity 

and duration are scaled is supportive of an optimisation scheme and argues against a 

programming convenience model.

It is appealing to imagine that the same cost would be at work, constraining both shape 

and scaling to be time-optimal. However, there is currently no evidence that saccades 

are actually ‘optimal’ in any sense. They are certainly very fast, with intense 

motoneuronal firing rates, but whether they are ‘as fast as possible’ is unknown.

Model-based studies have reported that saccades are time-optimal (Clark and Stark, 

1975; Lehman and Stark, 1983; Enderle and Wolfe, 1987), but these models have been 

shown to be unrealistic (Chapter 4). This is not to say that the behaviour is not time- 

optimal, just that the control signal is clearly neither purely rectangular, nor bang-bang 

(Chapter 4; Goldstein, 1983; van Gisbergen et a l, 1981; van Opstal and van Gisbergen, 

1987).

In summary, the causal origin of the TMS, its connection with the SMS, and whether 

saccades are time-optimal are all unknown. The aim of this experiment was to study the 

possible link between TMS and SMS by examining the dependence of saccade spectra 

on amplitude. Evidence for optimality is found.
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5.2 Methodology

5.2.1 Subjects

The subject group consisted of 10 adults ( 6  males, 4 females) with ages between 24-47 

years (mean= 28.6). One subject was common to the subject group of Chapter 4. None 

of the subjects had any known ophthalmological or neurologic conditions.

5.2.2 Experimental procedure

Full details of the basic experimental set-up used have been described previously (see 

Chapters 2 and 3). The subjects were recorded in exactly the same way, but the x-y laser 

deflection system was now arranged to rear-project directly onto a semi-opaque screen. 

Projection material was stretched taut over a wooden frame and positioned 100cm from 

the chin rest.

The specified linear range of the SKALAR IRIS eye tracker is ± 25°. To compare

saccades over a wide range of amplitudes and to minimise known directional

asymmetries (e.g. Collewijn et a l, 1988), saccades were elicited to targets presented

symmetrically across the midline. Each subject was presented with 200 trials split into

20 blocks of 10 saccades at each amplitude (2°, 4°, 6°,....40°). Pilot studies showed that

subjects were easily fatigued in this longer protocol and that larger saccades were

particularly susceptible, which has also been reported by Bahill and Stark (1975).

Consequently, the largest target steps were presented first with the step amplitude

decreasing monotonically. The large number of target amplitudes was chosen, after pilot

studies, with the aim of producing an even distribution of spectral maxima and minima
1 2 0
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such that the effects of sharp minima could largely be smoothed out when averaging 

over all the spectra. This is especially relevant for the filtering purposes of Chapter 6  in 

which the same data are used. Although the target location was predictable, it was 

stepped with a random time delay (1.1-2.5 sec). Subjects were instructed not to blink 

during the eye movement or to anticipate the target step and had their saccade latencies 

carefully monitored throughout the experiment, with further encouragement provided if 

required. Saccades with blink artefacts or anticipatory saccades (latency < 100ms) were 

excluded during the off-line analysis.

The same saccade detection and FFT algorithms were used as previously, with the FT 

computed from the unfiltered eye position extended 5ms beyond the identified saccade 

start and end points. The resultant position energy spectrum was then multiplied by 

(ico)̂  to give the velocity energy spectrum.

5.2.3 Optimal trajectory simulations

The role of the energy envelope in saccade discontinuities has already been introduced. 

The importance of the slope is emphasised by the findings of section 5.3.2. Numerical 

simulations were performed to find the minimum-time trajectory for a given spectral 

slope.

Velocity trajectories were parameterised between r=0 and t=\ by an order

polynomial: v(0 = , and normalised for unit amplitude. The boundary
;=o

conditions were set as v(0 ) = 0  and v(l)=0 , but there were no other higher order 

constraints such as zero acceleration at the start and end. Polynomials of order n=4 to 10

121



5.2 Spectral overlap

w er e  s im u la te d  w ith  in itia l c o e f f ic ie n t s ,  aj,  taken  fro m  a ran d om , n orm al d istr ib u tio n . 

T h e  e n e r g y  sp ec tru m  w a s  c o m p u te d  as u su a l and  co m p a r e d  to  th e co n sta n t lo g - lo g  

e n e r g y  s lo p e  o f  m\

lo g  E =  -m lo g  (JÛ + k  ( i .e . E=k/co"') (1 )

T h e  fr e q u e n c y  sh ift  req u ired  for th e  e n e r g y  sp ec tr u m  o f  th e v e lo c ity  p o ly n o m ia l to  

to u c h , but n ot e x c e e d , th e e n e r g y  e n v e lo p e  lim it  d e f in e d  b y  E q u a tio n  1 w a s  c a lc u la te d  

(F ig . 5 .2 ) .  T h e  in tercep t v a lu e  k in  (1 )  w a s  arbitrary as o n ly  th e re la tiv e  fre q u en cy  sh ift  

w a s  o f  r e le v a n c e  for th e se  n o r m a lise d , p a ra m eter ised  p o ly n o m ia ls , and d ifferen t v a lu e s  

o f  k  a lso  s im p ly  sh ift  th e e n v e lo p e  lim it  h o r iz o n ta lly  a lo n g  the fre q u e n c y  a x is .

^  0 02
uo(D 0 01
>
■o
CD 0 00 -
C/3

1Ô 
E 
o

-0 01 \  /

Normal ised T ime

1 e + 2  -,

1 e+1 

1 e-t-0

1  1e -1 
LU i e - 2■o
CD 1 e - 3  
c/3

E  l e - 5

2  1e-6 
1 e - 7

f<1

T a  1 / f

1 e-l
0.1 1 10

Normal ised Frequency

1 e + 2
0  01  -1

1e+1 

0 3  i e + 0  

I  i«-i

I
1 0  1 e - 4

ê  1 e - 5  OZ 1e-6 
1 e - 7

Ü0
1
■a
CDCfl
CO
E
o
z

0 1 0.1 10
Normal ised Time Normal ised Frequency

Figure 5.2: Parameterised trajectory simulations. A) a 9‘‘’-order polynomial with randomly chosen 
coefficients a, and boundary conditions of zero velocity at the start and end of its normalised time axis. B) 
the energy spectrum of A exceeds the limit defined with w=4 and its frequency scaling must be reduced 
( x /< l )  to meet the limit constraint. Hence, its duration scaling must be relatively increased to stay below 
the limit. C) another randomly chosen 9‘''-order polynomial. D) the shape in C can have its duration 
relatively reduced and still be within the spectral limit. The shape in C allows for shorter saccades than 
shape A within the m=A limit
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5.2 Spectral overlap

The reciprocal of the frequency shift, 1/f, was taken as a measure of the minimum 

duration possible for each parameterised velocity trajectory. If the spectrum initially 

exceeds the limit (Fig. 5.2a-b), the relative frequency shift required by the limit slope is 

less than one (i.e. backwards,/<1). Hence, this template shape requires its duration to be 

relatively increased in order to stay within the frequency limit. Conversely, other shapes 

allow shorter durations with positive (forwards,/>1) shifts in frequency (Fig. 5.2c-d).

The polynomial that minimised the duration for a given limit slope and polynomial 

order was calculated by the Nelder-Mead simplex method. This method iteratively 

searches for the optimum from the initial coefficients, aj, that were taken randomly from 

the normal distribution. To reduce the possibility of finding a local optimum, 50 runs 

with different initial coefficients were performed at each of the polynomial orders, and 

each slope. The best polynomial over all n was taken as the time-optimal trajectory for 

the particular spectral envelope slope.

5.3 Results

5.3.1 General kinematic features

All subjects produced saccades consistent with previous temporal and spectral 

measurements. Duration-amplitude (T-A) and peak velocity-amplitude (PV-A) 

relationships (Fig. 5.3) were typical of main sequences reported by many investigators 

(e.g. Becker, 1989). Duration increased approximately linearly above -4° and linear 

regressions on this portion yielded typical slopes and intercepts (Table 5.1).
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Figure 5.3: Typical temporal main sequence relationships of representative subject. A) duration- 
amplitude main sequence with linear regression for amplitudes >4° and power law fit for amplitudes <15° 
(exponent = 0.41) superimposed. B) peak velocity main sequence with power fit for amplitudes <15° 
(exponent = 0.73). C) ratio of peak to mean velocity, Q, found from the regression of peak velocity x 
duration vs. amplitude. D) logarithmic plots of A and B with <15° linear regressions shown (duration, 
closed circle).

At low amplitudes, duration increased more steeply in a compressive function. 

Logarithmic T-A plots could be fitted with a linear regression line up to -15° (Fig. 

5.3d), which gives a power law fit on linear axes that accounts better for the non-linear 

low amplitude measurements. The resulting slopes and intercepts for each subject at 

amplitudes <15° (Table 5.1) were consistent with a previous report over the same range 

(Lebedev et a l, 1996). Similarly, peak velocity could be fitted with a power law up to 

-15°, after which it increased at a lower rate. Duration and peak velocity exponents
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5.3 Spectral overlap

approximately summed to unity as would be expected by the well-known tight linear 

relationship between the product PV x T and amplitude (Fig. 5.3c). The regression slope 

constrained through the origin (equivalent to the ratio of peak to mean velocity), Q, 

gave values of 1.53-1.79 with a mean of 1.67. A previous study from this laboratory 

consisting of 20 subjects also found an average of 1.67 (Mezey, 2000), and both 

compare well with Becker's 26 subjects (range: 1.38-1.90, mean 1.64).

Trajectory shapes

Trajectory shapes were also normal as shown by temporal profiles and spectral analysis 

(Figs 5.4, 5.5). Figure 5.4 shows a series of averaged trajectories (n=10 for each) for a 

representative subject and are similar to those reported by other investigators (e.g. 

Collewijn et al., 1988; Abrams et a., 1989). For amplitudes <15°, the profiles are 

approximately symmetrical and bell-shaped (Fig. 5.4a), and can be normalised to a 

template shape (Fig. 5.4b). Larger amplitudes become increasingly asymmetric with a 

positive skew, and cannot be normalised to the bell-shape template (Fig. 5.4c).

Plots of M l and M2 against 1/T show the quasi-linear spectral main sequence 

relationships (Fig. 5.5). Regression slopes and intercepts (Table 5.1) were similar to 

those of Chapter 4, and are consistent with approximately symmetrical, bell-shaped 

velocity profiles becoming increasingly asymmetric (see also 5.3.4).
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Figure 5.4: Typical averaged tra jecto ry  shapes. A) average profiles for 3.4-40° in subject 9. B) three of 
the smaller amplitude bins shown in A are shown normalised in velocity and time to the trajectory peak. 
They overlap closely, demonstrating that small saccades are symmetrical and self-similar. C) larger 
amplitudes cannot be fully normalised and have a relatively protracted deceleration phase, becoming 
asymmetric.
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Figure 5.5: Typical spectral main sequences. Plotting Ml and M2 against reciprocal duration produced 
the close linear relationships reported in Chapter 4. The regression values (Table 5.1) were normal and 
provided a further check on the trajectory shape normalcy and self-similarity.

There were no consistent differences between abducting and adducting saccades in the 

same eye. Two subjects showed faster abducting saccades, whilst two others showed 

slightly faster adducting ones. The other six subjects showed no clear nasal-temporal 

differences. There are conflicting reports in the literature as to the effect of nasal- 

temporal direction. Some found faster abduction (Collewijn et a l, 1988; Fricker and 

Sanders, 1975) and some faster adduction (Boghen et a l, 1974; Miyoshi et a l, 1981). 

In this laboratory, Mezey (2000) found 4 subjects with faster adduction, 3 with faster 

abduction, and 13 with no differences. The current directional findings are not 

remarkable, and saccades in each direction have been pooled. In summary of the general 

kinematics, the saccades formed a representative data set with which to study the 

decline of spectral energy.
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Table 5.1: Summary of temporal and spectral regressions.

n TA power Q Ml M2 Mxl Mx2 Mxl & Mx2 

merged

Subj 1 S 1 S c =0 1 S c=0 S 1 c=0 1 S r S 1 r S 1

1 126 2 3 .2 2.71 1.30 0.41 1.66 1.80 -3.59 1.59 2.63 0.67 2.67 8.25 -5.45 -0.94 -5.46 8.39 -0.80 -5.28 8.02

2 194 21.4 2.19 1.32 0.34 1.74 1.93 -4.47 1.71 2.40 4.43 2.62 8.32 -5.38 -0.92 -4.77 7.48 -0.80 -4.87 7.56

3 184 36.7 1.64 1.32 0.40 1.65 1.61 -0.16 1.60 3.01 -2.65 2.84 7.47 -4.72 -0.94 -5.31 8.63 -0.92 -4.76 7.63

4 133 20.6 3.02 1.28 0.41 1.79 1.88 -5.53 1.59 2.76 -2.50 2.63 7.35 -4.74 -0.83 -5.55 8.95 -0.76 -4.82 7.57

5 186 23.3 2.46 1.26 0.41 1.67 1.81 -5.21 1.53 2.52 -0.21 2.51 7.00 -4.56 -0.90 -4.62 7.48 -0.90 -4.38 6.92

6 181 26.3 2.39 1.34 0.39 1.70 1.60 -0.52 1.57 2.63 0.45 2.66 7.09 -4.62 -0.85 -4.97 7.68 -0.81 -4.81 7.41

7 176 35.3 2.28 1.33 0.44 1.65 1.76 -3.84 1.52 2.73 -2.05 2 .60 8.24 -5.54 -0.94 -5.43 8.35 -0.91 -5.40 8.17

8 172 17.6 2.86 1.28 0.37 1.62 1.65 -2.89 1.51 2.87 -3.57 2.71 7.10 -4.32 -0.90 -4.71 7.89 -0.87 -4.31 7.14

9 185 37.4 1.69 1.43 0.35 1.66 2.08 -4.33 1.78 2.38 6.34 2.82 8.09 -5.46 -0.92 -4.40 6.45 -0.81 -4.93 7.31

10 188 24.4 3.79 1.31 0.48 1.53 1.74 -3.17 1.54 2.49 0.55 2.52 7.42 -5.11 -0.94 -4.24 5.99 -0.88 -4.65 6.68

M ean 173 2 6 .6 2 .5 0 1 .32 0 .4 0 1 .67 1 .79 -3 .37 1.59 2 .6 4 0 .15 2 .6 6 7 .6 3 -4 .99 -0.91 -4 .95 7 .7 3 -0 .8 5 -4 .82 7 .4 4

s.d. 7.19 0.64 0.05 0.04 0.07 0.15 1.80 0.09 0.20 3.18 0.11 0.53 0.45 0.04 0.47 0.94 0.06 0.34 0.46

TA= duration-amplitude linear regressions, power = the same data and regressions but on logarithmic plots. 
1= Intercept, S= Slope, c=0 is the constrined linear regression, r= correlation coefficient.
M xl & Mx2 maxima were merged for the regressions in the final two columns.
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5.3 Spectral overlap

5.3.2 High frequency energy envelope

Half pow er point (-3 clB)

The inverse relationship of 3 dB bandwidth with amplitude was also consistent with 

previous reports (Robinson, 1964; Zuber et a l, 1968; Bahill et a l, 1981) as illustrated 

in Figure 5.6 for a typical subject. A very tight relationship existed between 3 dB 

bandwidth and the reciprocal of duration. Reciprocal duration and bandwidth are 

Fourier pairs.

N
I

-a
%
~a
c
CO
m
m
T3
CO

25 126 1

24 -

I  20  -

18 -

16 -

S 1014 -

12 -

10 -

CO

25 400 10 20 30

Amplitude (deg) 1/T (Hz)

Figure 5.6: Bandwidth relationship with amplitude and duration. A) the 3dB point calculated from 
the half energy point of velocity spectra is inversely related to amplitude. B) a similar, but tighter, 
relationship exists with duration as shown by the close linear scatter of 1/T.

The -3dB bandwidth for a 5° saccade was 17.4 Hz, and 8.1 Hz for a 20° movement. The 

values are comparable with those found by Zuber et al. (1968) of 18Hz for a 5° and 9Hz 

for a 19° saccade, and also similar to the apparent bandwidths suggested by Robinson 

(1964) of 19.1 Hz and 5.7 Hz for 5° and 40° movements respectively.
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5.3 Spectral overlap

Lower energies

The key result of this experiment was that at lower energies (i.e. frequencies beyond the 

-3 dB defined bandwidth) absolute bandwidth was independent of amplitude. The 

energy envelopes of saccades of all sizes collapsed onto a single line at high frequencies 

(Fig. 5.7).

In Figure 5.7a, energy spectra are approximately constant and equal to the square of 

amplitude at frequencies of ~1 Hz. Energy starts to roll-off shortly before the -3 dB 

bandwidth frequency. At higher frequencies, the maximal energy envelope for two 

saccades of quite different amplitude tends to collapse onto a single line. The sharp 

minima in individual saccade spectra tend to be smoothed out when averaging over a 

given amplitude range, due to variability in trajectory shape and duration (and thus 

location of minima). Averaged energies over similar amplitude ranges left the envelope 

overlap more clearly visible (Fig. 5.7b). For statistical purposes, the overlap of the 

maxima points Mxl and Mx2 (Fig. 5.7c) was assessed.
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e 5.7: Spectral envelope overlap across amplitude. A) individual saccades o f differenl 
tude (8 °, 23°) tend to overlap on the same slope (red line) at high frequencies. B) energy averaged 
plitude bins again collapse onto one slope. C) individual maxima also overlap. All from the same 
il subject (SIO).
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5.3 Spectral overlap

This spectral overlap is not instrument artefact as the infrared eye tracker had a Bode 

plot 3dB point of 185 Hz, and the overlap was present in coil and VOG data analysed as 

well. It was observable from as low as 10 Hz in very large saccades (Fig. 5.7b) and so 

was not connected in any way to noise effects. It has not been observed before because 

it has been assumed that such low energies hold little significance (Zuber et a l, 1968) 

and because spectra have usually been plotted in decibel units, which is a relative scale 

that normalises for amplitude. Hence, a decibel scale preserves slope information, but 

only by plotting absolute energy can one reveal the result that envelope intercept is 

constant with amplitude.

Figure 5.8 shows all the maxima data for the 10 subjects. The maxima Mxl and Mx2 

were highly correlated and collinear over the range of 20-80 Hz for all subjects (Table 

5.1). At frequencies >80 Hz, the maxima were increasingly affected by instrument 

noise, effectively flattening out the slope to a constant noise energy level (Chapter 3). 

Maxima at energies below 20 Hz resulted from saccades of >~ 120ms and so were 

relatively few in number, with the count being rather variable between subjects. A few 

of these low frequency maxima began to depart from linearity as seen in the averaged 

spectra (Fig. 5.7b). All regressions and statistics were performed on the consistently 

linear 20-80 Hz range. Amplitudes below 4° were excluded as before, and mostly had 

maxima > 80 Hz anyway.

As noted previously, regression analysis is often affected by a covariance in slope and 

intercept. Multivariate analysis of variance on the slope and intercepts of the Mxl and 

Mx2 sample populations revealed no significant differences (F2J 7 = 0.67; p>0.5) and 

both maxima were pooled for each subject to produce the slopes, intercepts, and 

correlation
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Figure 5.8: Maxima overlap for each subject. The first (M xl, solid black) and second (Mx2, open red) 
maxima overlapped closely in all subjects. All data are plotted on the same scales, with each plot in 
subject order.
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5.3 Spectral overlap

coefficients shown in Table 5.1. The overall mean slope was -4.82 (s.e. = 0.11) and 

intercept 7.44 (0.15). Thus for a given amplitude (A) and duration (7) the envelope of

energy spectra, ^^j{co)cdiR be described to a good approximation over the 20-80 Hz

range by the power law: ë^ j{Cû) -  , where m = 4.82, and k = (27t)'”10̂  '^ and the 27t

factor arises from as the regression was calculated from non-angular velocity,/

5.3.3 Conditions fo r  overlap

This section mathematically links the observed spectral overlap slope to the TMS using 

the assumption of a self-similar scaling process (see §5.1.1). The subsequent section 

tests the validity of that assumption.

Figure 5.1 illustrated how, for a given trajectory shape, scaling alone in either amplitude 

or duration, shifts the energy spectrum respectively either vertically or horizontally on 

log-log plots. The overlap dictates a specific combination of velocity and duration 

scaling. For a given unit template shape v,, (r), a self-similar scaled trajectory of

amplitude A and duration T can be written: Hence, increasing T

with constant amplitude reduces the template velocity proportionately, and vice versa.

The Fourier transform of the unit template is Vj i(^y) = Jvj, {t)e ““d t , and since for T>0,

V̂ fcoT) <^^Vi j ( / / r ) ,  (see Equation 1.7, §1.8.1)

then V  ̂j{co) = AV  ̂fcoT) .
133



5.3 Spectral overlap 

Hence, in energy terms: E^j{co) = = A^E^^{coT) (1)

The Fourier transform operation can be seen to preserve the template energy spectrum 

and specific features such as maxima and minima will scale inversely proportional to 

duration, and with the square of amplitude. The slope of energy decline will be 

preserved during self-similar scaling with only the intercept free to move. Hence, 

arbitrary scaling will produce a family of curves translated parallel to the template 

spectrum. The unexpected result of 5.3.2 suggests instead that the spectra share the 

same intercept for all amplitudes based on the 20-80 Hz overlap range. Thus, if the

template energy envelope at high frequency can be described as Ê ,, {co) = , and

scaled versions of this coincide over the same frequency range, then: È^j{co) = E^^{co) 

and incorporating Equation (1),

= 4 r . o r r  = A^'" (2 )
(coTY CO"

1 - 2  /  /nSimilarly, it can be shown that peak velocity, Vp = A

Hence, over a range of amplitudes for which the trajectory shape is invariant, the 

empirically observed spectral overlap can be seen to mathematically constrain duration 

and peak velocity to be compressive power functions of amplitude, with exponent 

governed by the envelope slope (m). The plausibility of the self-similar assumption and 

the power function prediction will be examined next.
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5.3 Spectral overlap

5.3.4 Conditions for s elf-similarity

Velocity profiles

Typical plots of averaged trajectories normalised to unit velocity and time (based on 

peak velocities) have already been shown (Fig. 5.4). For amplitudes below about 15°, 

these velocity profiles demonstrated a remarkable degree of overlap over the whole 

movement, supporting the self-similar scaling of a basic bell-shape template. For larger 

movements, the deceleration phase became progressively protracted and moved away 

from a self-similar scaling of the bell-shape.

Other studies that have tried to normalise velocity profiles have done so with respect to 

the start and end of the saccade. Abrams and co-workers (1989) compared the peak 

velocity rise times amongst saccades of different amplitudes and also found a trend for 

small amplitude saccades to be self-similar. However, the end tail of the velocity profile 

is far more variable than the rise section and so their results were not significant, 

possibly due to this added noise. By normalising the time axis with respect to peak 

velocity time, the remarkable stereotypicity of the rise section can be more readily seen 

(Fig. 5.4). By then using the half-height times on either side of peak velocity (see insert. 

Fig. 5.9) to quantify self-similarity one can avoid the most variable tail part of the data. 

Thus, individual velocity trajectories across subjects were normalised as above and the 

relative times of half-height velocity were measured and plotted against amplitude (Fig. 

5.9).
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As expected from the representative data of Figure 5.4, the time to half-height velocity 

during the acceleration phase was approximately constant and close to the t = 0.5 

normalised mid-point (grand mean = 0.44, s.e. = 0.002). Similarly, the time to half- 

height velocity for amplitudes <15° during the deceleration phase was approximately 

constant and occurred just after the nominal t=1.5 decelerative mid-point (mean = 1.63, 

s.e. = 0.01). Note that the deceleration half-height was still five times more variable 

than that of acceleration even over this low amplitude range and with reference only to

136



5.3 Spectral overlap

the peak velocity time. At amplitudes greater than 15° the deceleration half-height 

velocity became progressively later relative to the peak velocity. Regression slopes 

across all subjects (A<15°) were not significantly different from zero for either the 

accelerative half-height (T-test Ho: slope = 0, p> 0.4) or the decelerative one (p>0.05). 

Hence, there was no significant departure from self-similarity for amplitudes <15°.

Spectral main sequence

For self-similarity to hold in the Fourier domain, Equation 1 states that fixed points in 

the energy spectra will scale with the reciprocal of duration yielding lines passing 

through the origin. Examples based on the ‘fixed points’ of 3dB bandwidth and the first 

two spectral minima have already been given for typical subjects with constrained 

regression lines (Figs. 5.5 and 5.6). Unconstrained linear regression shows small 

intercepts (Table 5.1), as was reported previously (Chapter 4).

Overlap TMS prediction

As seen in section 5.3.3, a logical prediction of self-similarity and empirical spectral 

overlap is that duration is related by a power law to amplitude, and that the overlap 

slope (m) determines the exponent: 2/ m. The applicability of a power law fit was 

demonstrated by the good linear regression fits possible up to -10-15° on logarithmic 

temporal main sequence plots (Fig. 5.3d). Individual values for duration exponent (at 

<15°) ranged between 0.34-0.48 (mean = 0.40, s.e. 0.01, see Table 5.1), predicting an 

average slope of m = 5. This compares favourably with the slope derived from the first 2 

maxima (mean= 4.82, s.e. = 0.11). The slope-exponent confidence intervals fall within 

95% limits (Fig. 5.10).
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Figure 5.10: Comparison of predicted TMS and overlap slope interdependence. The mean duration 
main sequence exponent, p, is close to that predicted from self-similar scaling and an overlap slope of -  
4.82. The 95% confidence intervals for the data means are also plotted.

To summarise the results thus far: a spectral overlap envelope predicts a power law 

temporal main sequence for self-similar scaling that fits the data at low amplitudes. This 

is not a simple frequency-time correspondence, and the fact the overlap persists for 

amplitudes beyond which self-similarity breaks down (Fig. 5.7b) suggests that the 

overlap is the underlying constraint "producing" the main sequence and not the other 

way around.

Moreover, as reducing duration for any given amplitude and trajectory shape shifts the 

energy envelope parallel to the frequency axis towards higher frequency (Fig. 5.1; 

Equation 1), the clear implication of the overlap is that saccades are time-optimal up to 

this spectral limit. So, if the amplitude scaling of saccades is time-optimal given a 

spectral constraint, could the trajectory shape also be a reflection of the same constraint?
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5.3 Spectral overlap

5.3.5 Optimal trajectory

Linear limit simulations

The trajectories that minimised time, while their energy spectra did not exceed constant 

spectral limit slopes of between m = 4-6, were found by numerical optimisation 

techniques (see 5.2.3). An example of the minimum-time spectrum solution for a limit 

of slope -4 is shown overleaf in Figure 5.11a. Once shifted, the optimal spectrum 

aligned perfectly along the entire limit slope. Envelopes not parallel to the defined limit 

would intersect the slope at some frequency, resulting in a smaller frequency shift and 

larger effective duration.

The corresponding optimal polynomials were smooth, symmetrical and bell-shaped 

(Fig. 5.11b). In fact, as was shown by quantitative analysis of the simulated shapes 

(SMS and Q values. Fig. 5.11c-d), the profiles for m= -4 and m=-6 were the minimum 

acceleration and jerk trajectories, respectively. The family of MSDs can be seen as 

time-optimal trajectories with the spectral limits of -4 , -6, -8, -10...-2« (neZ). The 

individual overlap slopes for the recorded saccades were close to the time-optimal 

relationships for SMS minima, and the 95% confidence limits for M l, M2 and Q data 

coincided with the time-optimal simulations, as shown by the error bars in Figures 

5.11c-d.

Thus, saccades appear to have a symmetrical bell-shaped trajectory that is time-optimal 

and in between minimum acceleration and jerk models. This shape scales self-similarly 

up to about 15° (5.3.3). The linear overlap and self-similarity breaks down at higher 

amplitudes. Minimum variance models successfully predict the asymmetric larger 

saccades (Chapter 4). How this is reflected in spectral envelopes is examined next, as
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well as a brief look at nonlinear overlap constraints using the model-free, parameterised 

velocity simulations.
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Figure 5.11: Model-free time-optimal trajectory shapes. A) numerical optimisations for trajectories 
constrained only by an energy envelope limit and zero velocity boundary conditions found the minimum 
time speetrum aligned perfectly with the limit slope after it had been re-scaled in frequency. B) the time- 
optimal velocity shapes for the m=A, 5, 6 . C) the ratio of peak to mean velocity, Q, vs. slope m for the 
simulations (solid curve) and the mean subject data with 95% confidence limits. D) as in C, but using Ml 
and M2 minima as the quantitative measure of shape.
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Minimum variance comparisons

The original minimum variance (MV) models did not have any inherent amplitude scale 

built into them, the duration-amplitude relationship T= 25 + 2.5A was externally 

imposed and produced envelopes that were only roughly aligned at high frequencies. 

Figure 5.12 shows four MV trajectories with very different durations (30-200ms) from 

the best 3"̂  ̂ order MV model. All four trajectory shapes were calculated for unit 

amplitude and the energy spectra computed. The normalised spectra were parallel (i.e. 

longer durations shifted to lower frequencies) with the same high frequency overlap 

slope (m =-5.20). The amplitude scaling (i.e. vertical shift in energy spectrum, see Fig.

5.1) was calculated in order that the different duration movements overlapped precisely 

in their spectra at high frequencies. The scaled spectra can be seen in Figure 5.12a, 

alongside the resulting equivalent time domain amplitude scaling of velocity profile 

(Fig. 5.12b) and duration main sequence (Fig. 5.12c).

2001e+3 
1e+2 
1e+1 

p  1e+0 
® 1e-1

J 100

1e-5
1e-6
1e-7
1e-8

CC 50

1 10 100 0 50 100 150 200

Frequency (Hz)

100

80

&  60
cg
ro 403Q

20
empirical TMS

MV TMS

0 5 10 15 20 25 30

Amplitude (deg)

Time (ms)

Figure 5.12: Minimum variance spectral overlap.
A) different duration MV profiles o f unit amplitude 
were generated and then had their energy spectra 
scaled such that they overlapped at high frequency. 
The mean energy spectrum across all subjects was 
also re-scaled and superimposed (pink curve). B) the 
same MV scaling applied to the unit amplitude 
velocity profiles relative to the shortest (30ms) 
movement. C) the TMS equivalent from the MV 
overlap. The intercept was a free parameter that was 
used in a least-squares nonlinear fit. The MV result 
was virtually inseparable from the data. The best third 
order MV model from Chapter 4 was used (rs = 4ms).
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The energy spectrum averaged across subjects was also re-scaled and superimposed 

(thick, pink line) in Figure 5.12a, and the corresponding mean empirical TMS is shown 

in Figure 5.12c. This demonstrates that the MV model can replicate the amplitude 

scaling when a spectral overlap constraint is imposed, and further illustrates the inter

dependence of SMS and TMS that was not inherent in the analysis of Chapter 4.

The overlap between the MV model and average saccade data at medium frequency (>- 

3dB point and <20Hz) also suggests that the overlap is not restricted purely to the high 

frequency (linear slope) range emphasised above. Indeed, individuals tended to maintain 

overlap at medium frequencies for larger amplitude saccades (see Fig. 5.7 for an 

example).

Nonlinear limit simulations

Finally, returning to the model-free optimal simulations. Figure 5.13 shows those with 

non-linear constraints. Some of the empirical spectra could be fitted in a piecewise 

linear manner for medium range frequencies, with slopes of order +2 higher than at the 

high frequency values. Hence, overlap constraints were first constructed with slopes of 

-4 , -5 and -6  at high frequencies, and the same slopes multiplied by cô  over low to mid 

frequencies (Fig. 5.13a). The nonlinear low frequency limit used (Fig. 5.13a) was more 

stringent for m=-4 (-2) and these simulated optimal trajectories were more affected. 

Matching the highest frequency part of the simulated limit led to abrupt start and end 

‘multi-peak’ profiles, with low frequency oscillations in between (blue curve. Fig. 

5.13b). More local optimums were found with the discontinuity in the limit and many 

were more asymmetric profiles. The overall optimum profiles tended to be the more 

symmetric.
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Figure 5,13: Optimal simulations using nonlinear overlap constraints. A) piecewise linear constraints 
o f -4  (blue), -5 (red), - 6  (green) and -2 , -3, -4 at high and low frequencies respectively were simulated as 
before. B) the polynomial profiles tended to be more asymmetric and local optimums were found more 
frequently than with linear limits. C) a polynomial fit to the averaged group energy spectrum envelope 
(blue curve) was used as a more realistic nonlinear constraint. The optimum solution was again well 
aligned to the, now nonlinear, limit once it had been shifted along the frequency axis. The simulations 
depended strongly on the intercept value. D) realistic, asymmetric profiles o f larger saccades were 
possible from the constraint in C.

Figures 5.13c-d show an example simulation using a polynomial fit (blue curve. Fig. 

5.13c) to the averaged recorded data. The intercept value, k, of the imposed spectral 

limit is no longer arbitrary. Only one example is shown to illustrate that a protracted 

(and convex) deceleration similar to that seen in recorded saccades can be the optimal 

trajectory for a nonlinear spectral limit. A nonlinear limit is only relevant for larger 

amplitude movements, and so the simulated asymmetry is appropriate.
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5.4 Discussion

5.4.1 Empirical observations

The key finding of this experiment is that energy spectra tend to collapse onto a single 

slope regardless of saccade amplitude (Figs. 5.7-8). This is a surprising result given the 

well-known inverse relationship between 3dB bandwidth and amplitude and duration. It 

is interpreted as evidence that the system is maximising spectral energy up to some limit 

given by the overlap. As shorter durations for a given shape and amplitude would have 

spectra exceeding the limit, the implication is that saccades are time-optimal with this 

spectral constraint.

The second important empirical result is that saccades up to approximately 15° are self

similar (Figs. 5.4-5, 5.9). A similar conclusion was reached by Abrams et al. (1989), but 

their normalisation over the entire saccade duration added more noise, obscuring the 

remarkably constant shape (especially on rise-phase). Saccades in the self-similar 

amplitude range mostly have both Mxl and Mx2 fall within 20-80 Hz where the overlap 

was at its most linear. When self-similarity fails, overlap is still maintained at both the 

linear high frequency range and the less steep, mid-to-lower frequencies. At the very 

lowest frequencies, each spectrum tends to the square of its amplitude at 1 Hz (Fig. 7b).

5.4.2 Predicting the TMS

Mathematically connecting the two empirical results (i.e. over the <15° range) predicted 

power law main sequences for peak velocity-amplitude and duration-amplitude, with 

exponents determined by the overlap slope. The data fitted the predictions well (Fig.
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5.10). Biomechanical or innervational limitations have been thought to require both 

duration and velocity to increase with amplitude (van Gisbergen and van Opstal, 1989), 

and previous models have been able to replicate the TMS (e.g. Clark and Stark, 1975). 

However, there has been no specific “explanation” of its existence or shape.

Descriptive models have sometimes used power laws to describe peak velocity main 

sequences (Bahill et a l, 1975), but duration is usually thought of as a linear function of 

amplitude (Becker, 1989). Some even object that the nonlinearity in small durations is a 

methodological artefact. Others, however, have used power laws to better fit the 

nonlinearity over small duration movements (Yarbus, 1967; Lebedev et a l, 1996). 

Indeed, the Lebedev study is the most exhaustive TMS fitting exercise in the literature 

(especially regarding the oft neglected saccades <5°) and found that a power law fitted 

the best over the range identified here as self-similar. They also found the same duration 

exponent (0.40) as in the data presented here. It could be noted that the resulting data 

power law fit is also effectively linear over amplitudes >4° (Fig. 5.12c).

There have been no theoretical grounds for preferring any of the TMS descriptive fits. 

The spectral limit suggests that duration and velocity power laws are the most 

appropriate measure over self-similar, low amplitudes. Following on from the efforts in 

Chapter 3, this may further help to standardise saccade methodology.

Another possible objection to the argument proposed here is that the spectral overlap is

simply a direct result of the TMS, not the other way around. However, that would deny

the potential explanatory power of the spectral limit. Although the TMS is vital for

many clinical purposes (Leigh and Zee, 1999) and an important feature for saccade

models to match, it has mainly been a descriptive phenomenon. On the other hand, the
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spectral limit strongly implies that saccades are time-optimal up to this limit (as 

otherwise shorter durations would exceed the limit); appears to also constrain the shape 

of the trajectory to be time-optimal (see 5.4.4); and, the overlap is maintained beyond 

the region at which the power laws break down, suggesting it is more of an underlying 

constraint than simply the mathematical predictions over the self-similar range.

5.4,3 What causes the limit?

If one accepts that the spectral overlap is not an epiphenomenon of the TMS but has 

some independent physical meaning, the chief question is what causes it? There are two 

main types of explanation.

One is that the overlap is consistent with high frequency saturation of innervational or 

muscular origin. The high frequency overlap components mainly result from the abrupt 

movement onset and offset discontinuities. Saturation at these times, for example via a 

limit in the rate of motoneuronal recruitment at onset and de-recruitment at offset, could 

give rise to the high frequency overlap. It could also conceivably be the result of 

neuronal saturation throughout the movement, but not that of bang-bang control 

(Chapter 4).

Alternatively, the limit could reflect a higher dimensional ‘cost surface’. A simple 

example would be minimising for some accuracy cost as well as time. For example, 

Harris (1998b) proposed it might be advantageous to minimise bandwidth for a given 

duration if accuracy were important and higher frequencies allowed more noise through. 

The minimum variance model embodied a speed-accuracy trade-off by positing that the 

driving signal variance was proportional to its mean (Harris and Wolpert, 1998). Hence,

146



5.4 Spectral overlap

larger movements accomplished through larger signals introduce more output variance. 

An alternative source of the signal-dependency has been raised (Harris, 2002) via 

variations in the motor output system itself (i.e. plant uncertainty or multiplicative noise 

of muscle impulse response fluctuations). Regardless of the source of signal-dependent 

noise, minimising bandwidth would reduce output variance and might explain the limit, 

especially as the MV model describes the data so well in Figure 5.12, and the overlap 

phenomenon is by definition a bandwidth limitation.

Although the experiment was not at all designed to test a relationship between accuracy 

and a bandwidth limitation, a partial analysis can be considered in hindsight. The 

approach is an elaboration of that discussed in section 4.4.3 in connection to the 

intersubject variability in SMS. Do different subjects tolerate more inaccuracy for the 

benefit of faster movements under some form of speed-accuracy trade-off? Or 

specifically in the overlap limit context, is more inaccuracy associated with higher 

bandwidth?

A linear relationship between accuracy and saccade amplitude has previously been 

reported (Abrams et a l, 1989). Below, the slope of this relationship was used as a 

measure of the accuracy level of each subject over the self-similar <15° range (Fig. 

5.14a). The energy at the 50 Hz midpoint in the 20-80 Hz overlap region was used as 

the bandwidth measure and was calculated from the overlap regressions. A trend was 

found between increased inaccuracy (higher slopes of standard deviation) and higher 

bandwidth (Fig. 5.14b).
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Figure 5.14:O ptim ising bandw idth for accuracy. A) a quasi-linear relationship existed between 
increasing inaccuracy (standard deviation) and the mean amplitude at each target amplitude as shown here 
in Subject 1. Constrained regressions were performed for each subject for mean amplitudes <15°. B) the 
slope of each regression is plotted against the average energy at 50 Hz for each o f the ten subjects. 
Removing the one subject (triangle) with high bandwidth, but low inaccuracy, increases the correlation to 
r= 0.83 (Ho: r>0; p<0.01). The regression line through all 10 subjects is also shown.

T h e  co r re la tio n  c o e f f ic ie n t  b e tw e e n  th e se  m e a su r e s  o f  a cc u r a cy  and b a n d w id th  (r = 0 .5 6 )  

ju s t  re a ch es  s ig n if ic a n c e  le v e l (p < 0 .0 5 ,  1- ta ile d )  fo r  the 10 su b jec ts . T h e  co r re la tio n  w a s  

g re a tly  im p r o v e d  b y  r e m o v in g  th e o n e  su b jec t  (tr ia n g le )  w h o  had h ig h  e n e r g y  at 5 0  H z  

and y et g o o d  a c c u r a c y  (r = 0 .8 3 , p < 0 .0 1 ) .

O f  c o u r se , th is  d o e s  n o t p ro v e  a n y  ca u sa l lin k  b e tw e e n  the tw o  and  th e b io p h y s ic a l  

lim ita t io n  a rg u m en t m a y  s till b e  th e true e x p la n a tio n . It is  h o p e d  e x p e r im e n ts  that are 

e x p lic it ly  d e s ig n e d  to  te s t  the h y p o th e s is  that an a cc u r a cy  co n stra in t g o v e r n s  th e sp ec tra l 

l im it  w ill  p r o v e  m o re  c o n v in c in g , e ith er  w a y , than  the c irc u m sta n tia l e v id e n c e  p r o v id e d  

h ere. T h e s e  p o s s ib le  e x p e r im e n ts  c o u ld  o f fe r  c o m p e ll in g  em p ir ica l su b sta n tia tio n  o f  the  

g en era l p r in c ip le s  b e h in d  th e s u c c e s s fu l m in im u m  va r ia n ce  m o d e ll in g  sc h e m e  and  

e x p la n a tio n s , for  e x a m p le , o f  w h y  rapid  m o v e m e n ts  in gen era l are s o  sm o o th .
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5.4 Spectral overlap

5.4.4 Smooth bell-shaped velocities

It has already been argued that smoothness would arise naturally from attempts to 

minimise bandwidth (Harris, 1998b). Following the results of the optimal simulations, 

the Minimum Jerk model can now be seen as the time-optimal shape that conforms to a 

spectral slope of -6 , rather than some vague notion of ‘maximising smoothness’ 

(Todorov and Jordan, 1998; Richardson and Flash, 2002). Associating this successful 

kinematic model with a precise physical parameter and a more conceptually appealing 

minimum-time cost function would be especially useful given that that there is no clear 

justification for choosing one MSD over another on the basis of smoothness (Harris, 

1998b; Richardson and Flash, 2002; §4.4.2-3).

The MSD models are most commonly found in the arm movement literature, but other 

motor systems share similar velocity profiles and have been modelled in many different 

ways. The bell-shaped velocities in rapid, goal-orientated arm (Hogan, 1984), 

articulatory lip (Kelso et al., 1985), wrist (Abrams et al., 1989), and tongue (Payan and 

Perrier, 1997) movements have yet to be Fourier analysed, but the remarkable result for 

bell-shaped, self-similar saccades is that the same underlying cost and spectral 

constraint can explain the shape of the saccade trajectory and its scaling in amplitude. 

The SMS and TMS are, after all, inter-dependent.

A real advantage of this approach is that optimisation can be demonstrated empirically 

without recourse to complicated and hypothetical models, of for example minimising 

torque change (Nakano et a l, 1999) or energy (Alexander, 1997), whose validity will 

always be open to question. The other motor systems may yet be found to all be time- 

optimal with a spectral constraint, regardless of how that constraint is then modelled.
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5.4.5 Fitts ̂  Law and spectral overlap

The similarities between rapid eye and arm movements have been emphasised 

throughout (Abrams et a l, 1989; Harris and Wolpert, 1998), and similarities in slower 

velocity control are also present (Barnes and Marsden, 2002). However, unlike the 

saccadic TMS, the kinematics of arm movements can be volitionally controlled. Their 

speed can be increased or decreased, but for rapid point-to-point movements their 

durations are still constrained by the accuracy demands of the task as described by Fitts’ 

Law (Fitts, 1954). There are a number of variant formulations of this law, but a typical 

structure is:

T = a + b log2(2AAV) (3)

where W is the target width and thus briefer movements are possible to larger targets.

If a spectral constraint is found in arm movements, it would likely be highly context- 

specific and change with the accuracy demands of the task. Demonstrating a fixed 

spectral overlap may be more difficult experimentally in this more labile situation, but 

conversely arm movements may provide an easier test of the hypothesised connection 

between spectral bandwidth and accuracy. For example, manipulating the saccadic 

overlap may be more difficult if each individual subject has a relatively set accuracy 

tolerance. Small (-5%) but significant context-specific TMS increases have been 

reported (Collewijn et a i, 1992; Epelboim et a l, 1997; Pratt, 1998; Snyder et a l, 2002). 

Interestingly, one of the two explanations offered by Epelboim et a l was that their 

difference was due to the higher demands of oculomotor accuracy (slower TMS) in their 

‘looking only’ versus ‘looking and tapping pegs’ tasks. In which case, changing a 

saccade accuracy constraint and kinematics may be possible and measurable.
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On the other hand, if arm movements can be shown to overlap on different slopes for 

different accuracy demands, this would be strong evidence for a general accuracy- 

bandwidth-time optimisation scheme. It should be noted that the logarithmic Fitts’ Law 

is close to a power law, and indeed the latter has been reported to provide a better fit 

(Plamondon and Alimi, 1997). The saccadic TMS may be the self-similar scaling, motor 

equivalent of Fitts’ Law, but with a constant accuracy constraint largely determined by 

the width of the fovea.

5.4.6 Summary

There are as many questions as answers raised by the findings in this chapter. For 

example, what is the real cause of the spectral overlap? Why is it the value it is? Does 

the nonlinear overlap slope at lower frequencies describe the asymmetric larger 

saccades well, or even explain the multi-peak (Fig. 5.13) velocity profiles sometimes 

reported in the literature (Keller et a l, 1996)? However, the results thus far allow for 

some interesting conclusions.

The empirical spectral overlap provides the first strong model-free evidence that

saccades are time-optimal, at least within the context investigated here of reflexive

saccades to small foveal targets with the head restrained. Other contexts may have

slightly different kinematics that are time-optimal to a slightly different spectral limit, if

the limit is caused by a multi-dimensional cost space. The limit could also reflect an

absolute biophysical limitation. These two explanations are as yet indistinguishable,

although circumstantial evidence supports the cost argument. The TMS reflects the

minimum duration for a given amplitude within the spectral constraint. The

characteristic velocity bell-shape trajectory further reflects the same time-optimal
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5.4 Spectral overlap

spectral limit. The occurrence of bell-shaped profiles across many diverse motor 

systems suggest these too are either operating at a maximal physical or behavioural 

level. Experiments studying high frequency spectra in other motor systems, and those 

altering (if possible) the accuracy required of the saccadic system, are needed to resolve 

some of the remaining issues. It is hoped that explanatory models incorporating, for 

example, accuracy and time costs simultaneously may also be helpful.
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6.1 Wiener filter

Chapter 6: Optimal linear filtering and neural pulse reconstruction

6.1 Introduction

This chapter returns to the issue of how best to filter a noisy eye movement signal. 

Although a key benefit of the spectral techniques examined thus far has been accurate 

and sensitive analyses of saccade kinematics without recourse to an explicit filtering 

regimen, the importance of being able to recover the time signal correctly is clear. There 

are many different filters available with no clear rationale for preferring one over 

another. This chapter provides an objective rationale for an optimal filter and 

demonstrates it by filtering the simulations of Chapter 3, and by deconvolving various 

plant models (see 6.1.2).

6.1.1 Wiener filtering

Many filtering schemes have been proposed in order to provide the most accurate 

possible measurement of saccades in the presence of noise. Among those put forward 

are: simple linear central difference (Bahill et al, 1980, 1981, 1982) or bandwidth- 

limited filters (e.g. Juhola, 1986; Inchingolo and Spanio, 1985), Chebyschev polynomial 

filters (Huebner et a l, 1988) and non-linear median filters (Juhola, 1991; Enderle and 

Hallowell, 1997).

The Wiener filter is the optimal (in a least-squares sense) linear filter for recovery of a 

signal, when spectral functions for both the recorded noise-free signal and the noise 

itself are known. The Wiener filter formula (derived in Appendix A) is,
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6.1 Wiener filter

where \S(f)f is the energy function of the recorded, but noise-free, signal and ^ ( f ) f  is 

the noise PSD function. The noise PSD was well described in Chapter 3 by the 

stochastic Equation 3.3. The noise PSD can be reasonably approximated in most 

circumstances by its flat noise spectral density: \N(f)f = c. Combining the overlap result 

of Chapter 5 gives,

k

where n is the slope of the spectral overlap envelope, and k is its intercept, on log-log 

plots of energy against frequency. That is \S(f)f =k!f.

There are four key advantages over previously described schemes. First, it is objectively 

the optimal filter and is defined by the recorded data directly. Second, the noise is 

automatically taken account of, without the need for explicit calculation of its standard 

deviation or root mean square. Previous filters inherently require their design to be 

altered for different levels of noise, and this would be time-consuming as the noise can 

readily change from one recording session to another and also requires an understanding 

of the systematic effects of noise on the particular filter. There is no quantitative 

framework for the effects of varying noise in the saccade literature.

Third, the remarkable overlap across all amplitudes (Figs. 5.7, 5.8) means that one filter 

is optimal for all amplitudes. Previous studies have emphasised that saccade (3dB) 

bandwidths are different at different amplitudes with the implication of there being 

different optimal filters for each (Bahill et a l, 1981, 1982). Fourth, the same Wiener 

filter is optimal for any linear convolution. In other words, any linear multiplication of
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6.1 Wiener filter

the signal and noise frequency functions will affect both equally, leaving the Wiener 

filter unchanged. For example, multiplying the energies by ?

will clearly leave W(fl unaffected, and demonstrates that one Wiener filter is optimal for 

all derivatives. Again it has often been commented on that position and velocity have 

different bandwidths and so different filter coefficients should be required.

A further advantage of the Wiener filter is clear when performing the saccade kinematic 

analysis in the frequency domain, as it is a simple equation and very convenient when 

already calculating the saccade FTs. It also lends itself naturally to the linear 

deconvolution of plant models to recover the input, rather than output, time signal of the 

saccade system. Figure 6.1 overleaf demonstrates the general procedure. Having 

calculated the saccade FT and its Wiener filter, the two are multiplied (convolved) in 

the frequency domain (energies are shown in Fig. 6.1 for familiarity, but the FT is used 

in practice). The filter attenuates high frequencies where the signal-to-noise ratio (SNR) 

is low. The filtered spectrum can be converted back to a position-time signal using the 

inverse FT, or further convolved with a function H(fl. If this is (i? )", the signal will be 

differentiated n times (see 1.8.1), which can then be converted back into the time 

domain again by FT \  An alternative, inverted 2-pole plant model is also shown in 

Fourier transform notation (substitute s=i? for the more usual Laplace transform 

formulation), which is shown to produce a pulse-step pattern with braking pulse for this 

noisy Yarbus simulated saccade.
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Figure 6.1: Illustration of Wiener filter procedure. A noisy saccade (top left) is transformed into the 
frequency domain (top right). The FT is multiplied by the Wiener filter, W(f), which attenuates high 
frequencies. The inverse FI' can then recover the filtered position-time signal, or the spectrum can be 
further multiplied by H(f). H(f) can differentiate the signal with powers of ? , or be an inverse plant 
model to reconstruct an estimate of the neural pulse command (see text).
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6.1.2 Pulse reconstruction

The problems of measuring the aggregate neural command were raised in section 4.4. 

Model control signals for minimum variance models were presented. The procedure of 

Figure 6.1 allows the estimation of the aggregate signal directly from real saccades. 

There are two important obstacles.

P(s) F ‘ (s)

I(s) 1 0(s) I(s)
(sT,+ iisT ,+  1)

0(S )  ^---------
(s7,+ iXsr,+ 1)

Forward Model Reverse Model

First, plant dynamics are usually modelled as a low-pass filter in ‘forward models’, 

whose reciprocal is high-pass in ‘reverse models’. This 2-pole plant can be seen to 

exaggerate high frequency regions of the spectrum (unfiltered, dotted spectrum in Fig.

6.1), as expected from its multiplication of the FT by s  ̂ (or ? )̂. This frequency 

dependence is equivalent to that of acceleration. Hence, reconstruction of pulse signals 

is strongly affected by high-frequency noise, which must be filtered out effectively. The 

deconvolution also requires any filtering to be linear.

Secondly, despite many forward and reverse models and the mechanical measurements 

on which their parameters rely (Robinson, 1964; Robinson et a i, 1969; Collins et al, 

1975, 1981; Miller and Robins, 1992; Pfann et a l, 1995), there is no real consensus on 

plant dynamics or the precise relation of driving signal and eye movement.
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The first problem is treated by the Wiener filter, while the second is approached by 

deconvolving a selection of the most common plants found in the literature. The 

previous report of reverse, spectral reconstructions (van Opstal et a l, 1985) only 

examined a 2-pole model and used arbitrary filtering with an erroneous FFT algorithm.

Other reverse models have been applied in the time domain (Goldstein, 1987; Weigel et 

a l, 1989; Goldstein and Reinecke, 1994; Koene and Erkelens, 2002) using gradient 

descent search to calculate the signal that would best reproduce the eye movement for a 

given H(t). Various levels of the system have been reconstructed depending on the 

choice of inverse model H(t). For example: Goldstein used an inverse model of just the 

passive elements of the plant to reconstruct muscle torque profiles; Weigel and 

colleagues reconstructed successively muscle torque and active state tension; while 

Koene and Erkelens reconstructed torque, active state tension, and motor innervation 

signals.

6.13 Active braking

A  specific issue to be studied during pulse reconstructions is the question of whether the 

saccade system uses ‘active braking pulses’ (or ‘checking’) by antagonist innervation at 

the end of the movement. Single-cell neurophysiology has typically not reported OFF 

direction antagonist firing during saccades (Robinson, 1970; Goldstein, 1983), although 

there may be some evidence in recent figures of individual inhibitory burst units (Cullen 

and Guitton, 1997). Averaging over a population of cells has revealed a small, braking 

pulse in abducens motoneuronal activity (van Gisbergen et a l, 1981).
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Indirect evidence has been inferred from the presence of dynamic overshoot in some 

saccades. The argument is that the plant dynamics are overdamped and so these 

overshoots could only arise from control signal reversals (Bahill et a l, 1975; Enderle 

and Wolfe, 1988). Bahill explains these reversals in relation to 1-switch bang-bang 

models, while Enderle relies on random higher than tonic firing rates in antagonist 

muscles during the step phase, or rebound antagonist firing after marked 

hyperpolarisation during the saccade.

A contrary hypothesis proposed by Goldstein in 1987 is that the overshoot could be 

caused by passive properties of the plant as no signal reversals were observed in his 

reconstructed muscle torque profiles (or in later implanted force recordings of Miller 

and Robins, 1992). It is conceivable that the absence of the antagonist activation during 

saccades could cause the plant to be different during and immediately after the 

movement, and that this plant switch could act to passively brake the movement without 

the need for an explicit antagonist burst.

In section 6.3.3 reconstructions of lumped innervational plant models (see 1.4; 

Robinson, 1973; van Gisbergen et a l, 1981; Harris and Wolpert, 1998; Sylvestre and 

Cullen, 1999) and passive mechanistic plant models (e.g. Goldstein and Reinecke, 1994; 

Koene and Erkelens, 2002) will be evaluated separately. Implications for active or 

passive braking will then be discussed.
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6.2 Methods

The Monte Carlo simulations at different noise levels are identical to those investigated 

in section 3.3, and the real saccade data were recorded using the primary infrared eye 

tracker (IRl) according to the methods of Chapters 2 and 4.

6,2,1 Wiener filter

The equations and basic method have been introduced in section 6.1.1. The derivation 

of Equation 1 is shown in Appendix A. The filter characteristics and performance are 

shown in the results section compared to simulations (6.3.1) and real data (6.3.2).

It is briefly noted here that, as was seen in Chapter 3, the noise PSD function is not 

always entirely flat at high frequencies. It can include peaks related to harmonics of 

50Hz pickup. Setting \N(J)\  ̂ as the average noise PSD including the peaks, introduces 

small notches in the Wiener filter at the harmonic frequencies, thereby filtering these 

frequencies more. Ignoring the peaks gives a lower noise plateau and higher Wiener 

bandwidth, but this allows more of the harmonics energy to remain in the reconstructed 

time signal. The effects of these harmonic peaks were only apparent following high 

frequency reconstructions (e.g. of acceleration or jerk). In Chapter 3, simple averaging 

of the noise PSD above 100 Hz (i.e. ignoring or smoothing out the harmonic peak and 

troughs) gave the best correlation with the time domain estimate of fixation noise (Fig.

3.10). Hence, regressions over the 100 Hz-to-Nyquist frequency range were used for the 

Wiener filter noise functions from hereon.
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6.2.2 Plant models

A  selection of the common eye plant models were formulated into Laplace transfer 

functions, describing the input-output frequency relationship: P(s)=0(s)/I(s). The plant 

models illustrated in section 6.3.3 are shown in Table 6.1 with their published best 

parameter values. The time constants are given in milliseconds according to Equation 4:

k(sT^+  1)
(^r,+ i\sT,+ iXsr,+ 1) (4)

and IP, 2P, 3P, 2P1Z refer to 1-pole, 2-pole, 3-pole, 2-pole 1-zero models respectively. 

The values are taken from the following reports: Robinson (DAR, 1973), van Gisbergen 

et al. (vOis, 1981), Chapter 4 (Chap4), Sylvestre and Cullen (KC, 1999), Goldstein and 

Reinecke (HPG, 1994), Koene and Erkelens (K&E, 2002).

Table 6.1 Plant models to be inverted.

Type Report Ti T2 Ts Tz k

Innervation 1p DAR 73 150 0 0 0 0.24

2p vGis 81 224 13 0 0 0.25

3p Ghap4 224 13 4 0 0.25

2p1z KC 99 91 23 0 15 0.27

passive 2p1z HPG 94 243 14 0 84 1.96

2p1z K&E 02 140 50 0 40 0.27

=Section Break (Next Page)=
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6.3 Results

63.1 Yarbus simulations

The measured signal energy, \S(f)f, is defined by the energy envelope through the first 

two maxima. The noise function, \N{f)f, is simply the averaged PSD over high 

frequencies. The noise and signal functions are demonstrated for the Yarbus simulations 

with Snoise= 0.05° by straight line regressions through the >100Hz noise region and 

through the energy maxima (Fig. 6.2a). The two regressions intersect at 86 Hz, which is 

where the signal-to-noise ratio (SNR) equals one.

Figure 6.2b plots the resultant Wiener filter, with -3dB bandwidth at the frequency 

where SNR=1. This represents the average filter for the 1000 saccade data set. Figure 

6.2c shows the reconstructed velocity profiles from the Wiener filter, and for 

comparison, the optimal central difference algorithm for this noise level. The separation 

(i.e. bandwidth) of this central difference filter was chosen to minimise peak velocity 

bias, as derived from the simulations in Chapter 3 (N.B. Fig. 3.7 reproduced in Fig. 6.3). 

As can be seen both filter algorithms give similar accurate measures of peak velocity, 

but the central difference is smeared in time resulting in a positive duration bias. The 

central difference algorithm optimised for duration at this noise level gives worse peak 

velocity estimates than the Wiener filter. A more quantitative analysis follows in Figure 

6.3.

162



6.3 Wiener filter

1e+3 -
1 e+ 2  -

1e+0 -

1e-10
1000

Frequency (Hz)

I
û .
L_0
C0

0.0
100 200 2500 50 150

Frequency (Hz)

350
  Yarbus
  WF filtered
 central difference

300

ig' 250
0  200 

150
üo  100 

>  50

-50
0 20 40 60

Time (ms)

Figure 6.2: Wiener filtering of Yarbus simulations. A) linear regression through the first two 
energy maxima is used as the signal envelope, with a regression over >100 Hz used for the noise 
limiting function (Onoise=0.05°). B) the Wiener filter from the two functions in A) with -3dB point 
marked. C) the noise-ffee Yarbus velocity (dotted) is shown with reconstructed Wiener-filtered (red 
solid curve) and the optimal velocity central difference (blue dashed) filtered profiles. 163
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Quantitative comparisons

Wiener filters were constructed for the saccades at each noise level in the simulations of 

Chapter 3. The peak velocity and duration biases from Wiener-reconstructed position 

and velocity profiles were calculated and compared to those previously determined 

(3.3.3) for central difference filters (Fig. 6.3). The Wiener filter performs well on 

average for Onoise <0.1° (heavy line. Fig. 6.3). It gives almost zero bias simultaneously 

in both duration and peak velocity measurements, until the least-squares regression 

breaks down due to positively biased maxima slopes (Fig. 3.5). For comparison 

purposes, the circles (Fig. 6.3) show the bias calculated for Wiener filters constructed 

using a fixed signal regression slope (that through unperturbed maxima, i.e. Onoise =0°).

150

100
ch

Figure 6.3: Peak velocity and duration 
biases of Wiener filters. A) Peak velocity 
bias relationship with increasing Onoise for 
individual Wiener filters (thick line), ‘noise- 
free signal’ Wiener filter (circles) and the 
central difference filters o f Figure 3.7. B) 
Duration biases with Onoise plotted as in A).
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63.2 Real saccades

Due to the high frequency effects of noise, there are few reports in the literature of the 

profiles of eye acceleration or higher derivatives. Given the optimal Wiener filter, and 

the ease with which successive derivatives could be generated (x i? , or ' s ’) , it was 

interesting to ask what shape higher derivatives took and at what stage noise 

interference became prohibitive. Each multiplication by 's ' emphasises higher 

frequencies more and yet the Wiener filter does not alter as both noise PSD and signal 

envelope functions are affected equally.

Unlike the smooth velocity traces, reconstructed acceleration (s^) profiles frequently 

showed intrusions from high frequency 5OHz-pickup harmonics (typically 100 or 200 

Hz), usually around the low acceleration mid-point of the movement. The situation for 

jerk (5 )̂ was predictably worse. For this reason, and as averaging tends to smear out the 

interesting details, the data presented in Figures 6.4 and 6.5 are taken from two good, 

individual saccades, one being from the V0G2 recording that showed no pickup 

harmonics. Both were from low noise recording sessions (Snoise= 1 minarc). Both 

saccades are of similar duration, but the V0G2 one was from a subject who made a 

relatively high frequency of dynamic overshoots.
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Figure 6.4 Higher derivative temporal reconstructions. Top panels show a represcnlalive saccade recorded 
using the IR tracker that has been Wiener filtered and differentiated once ( 5) ,  twice ( r )  or three times ( / )  in the 
frequency domain, before being deconvolved back to the time signals shown. Lower panels, as above but 
recorded using the VOG and from a different subject, who made relatively frequent overshoots.

T h e se  o p tim a l r e co n stru c tio n s  su g g e s t  that s u ff ic ie n tly  c le a n  in d iv id u a l sa c c a d e s  co u ld  

b e o b ta in ed  to co m p a re  the f in e  tim e  co u rse  o f  a c c e le r a tio n  p r o file s . S o m e  jerk  

in fo r m a tio n  m ay  b e u sa b le  to o , a lth o u g h  e v e n  th e se  g o o d  s a c c a d e s  are a ffe c te d  b y  so m e  

h igh  fr e q u en cy  2 0 0  H z  n o ise  (a rro w s, F ig . 6 .4 )  b y  s '\
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6.3 Wiener filter

6.3.3 Reverse model reconstructions

Innervation models

Figure 6.5 shows reconstructions from IP, 2P and 3P innervational models, whose 

frequency sensitivity mimics those of Figure 6.4 (i.e. s, s ,̂ s )̂ and uses the same 

saccades. The first feature of notice is the clear pulse-step shape in each plot, with non- 

rectangular rise and fall edges. Secondly, the n̂  ̂ order of the plant dictates n-\ control 

signal reversals. Thus, there is no reversal in the IP signal from the IR data; a single 

reverse (antagonist) control signal in the 2P model about 80% of the way through the 

pulse; and a small tri-phasic response right at the very end of the 3P plant. 

Unfortunately, the final 3P phase is somewhat eonfounded by a small Gibb’s 

phenomenon inherent in this linear methodology, despite the very smooth tail-off of the 

Wiener filter. The VOG data show the same pattern, but their dynamic overshoot are 

seen as small pulse reversals in the IP model as well.
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Figure 6.5: Neural puise reconstructions. Same as Figure 6.4 but deconvolved via inverted 1-pole (5 ; 
Ti-15()ms ), 2-pole (5 “; Ti=224ms T2-13ms ) and 3-pole ( 5  ; T;-224ms T2=I3ms T2=4ms) plant models.

The 2P and 3P IR reconstructions closely resemble the minimum variance control 

signals of Chapter 4, as they should as the MV models were based on the same plant 

parameters and fitted the eye movement trajectories well. Again, the lumped 2P 

reconstruction is perhaps closest to the most comparable neurophysiological data (van 

Gisbergen et a i, 1981). More recent neurophysiological data from the Cullen laboratory 

are modelled in Figure 6.6.
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Figure 6.6: Cullen plant (2P1Z) parameters reconstruction. The thicT curve uses ihe Cullen besl-ül 
parameters (7,= 23ms) and is the lumped deconvolved pulse from a typical 10° IR saccade. Changing the 
smaller denominator time constant from 33ms to 5ms exaggerates or eliminates a braking pulse (‘dip’) 
respectively.

A second order plant with a zero (2P1Z) was found to explain more variance between 

motoneuronal firing rates and saccadic trajectories than IP or 3P models with, or 

without, zeroes (Sylvestre and Cullen, 1999). Their best-fit parameters applied to the IR 

data are shown in the thick solid trace of Figure 6.6 (for values see 6.2.2). The firing 

rate 'dip* towards the end of the saccade was not seen in their data, but they presented 

ON direction data only. Altering Ti from 23 ms through to 15 ms can be seen to 

eliminate the potential braking signal, cancelling the zero to form a IP pulse or 

accentuating the zero by decreasing the small denominator time constant further (see 

passive plants with zeroes below). The same effect of eliminating the putative braking 

pulse also occurred for saccades with dynamic overshoots.
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6.3 Wiener filter

A part from  the IP  m o d e l ,  all in n ervat ion a l p lant m o d e l s  g a v e  rise to a p u lse  reversal  

b e l o w  the s tep  le v e l ,  w ith  or w ith o u t  d y n a m ic  o v e r s h o o ts  in the f inal trajectory. T h e s e  

re v er sa ls  w e r e  m ea su re d  u s in g  the s a m e  ratio u sed  in the p r e v io u s  spectra l  

d e c o n v o lu t io n  report (v a n  O psta l et  a i ,  1 9 8 5 ) ,  as d e f in e d  b y  the  ‘d ip ’ and  ‘s t e p ’ in 

F igu re  6 .6  a b o v e .  T h e  reversa ls  w e r e  m o r e  p r o m in e n t  in sm a l le r  s a c c a d e s  (F ig .  6 .7 c ) ,  

but all s a c c a d e s  in th is  typ ica l  su b jec t  (data fro m  C hap ter  4 ,  reco n stru cted  w ith  T i= 2 3  

m s )  had a reversa l ( i .e .  p o s i t iv e  ratio o f  ‘d ip ’ to  step ).  T h is  f igu re  a lso  i l lustrates  for the  

C u l le n  2 P 1 Z  m o d e l  the fact that all m o d e ls  s h o w e d  in c r e a s in g  p u lse  h e ig h ts  and w id th s  

w ith  a m p li tu d e .
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Figure 6.7: Reconstructed pulse measurements from the Cullen model. A) pulse width lor the KC
2P1Z model with best-fit values 23ms). B) corresponding pulse height. C) Ratio of pulse ‘dip’ to 
step plotted against saccade amplitude.
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6.3 Wiener filter

Passive plants

Two passive plant models based on two Voigt elements are reconstructed here. The 

parameters used by Goldstein produced muscle torque profiles compatible with 

isometric force profiles recorded in the literature (Fig. 6.8), with peak muscle torque 

occurring after peak velocity as previously reported (Goldstein and Reinecke, 1994). 

Surprisingly, the parameters from the recent Koene and Erkelens paper based on an 

amalgamation of the most recent force data in the Orbit™ model (Miller et a l, 1999) 

and other human data, gave a markedly different picture (Fig. 6.9 solid trace - note 

scale). The most sensitive parameter was the smaller time constant and the effect of 

reducing this from 50ms to 15ms is also plotted in this bottom figure (dotted line).

Figure 6.8: Goldstein &
Reinecke passive plant 
reconstruction.
Parameter values for the 2P1Z 
are shown in Table 6.1.

100 120
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6.3 Wiener filter

Figure 6.9: Koene & Erkelens 
passive plant reconstruction. Solid 
trace shows the best-fit parameters 
used by K&E, the dashed trace has 
the smaller denominator time constant 
changed from 50ms to 15ms.

80

6.3,4 Clinical applications

One advantage of the reverse model reconstructions over quantitative spectral measures 

such as minima and maxima is that they allow a visualisation of the shape of the neural 

command. This could be useful clinically in spite of the lack of consensus on the plant 

dynamics, as the emphasis is on differential behaviour and so the precise validity of one 

set of parameters over another is less important. A short case study is presented below.

A six year old boy (DB) presented with Gaucher’s disease of uncertain type. This is a 

neurometabolic disorder that has two prevalent forms: type I which is not associated 

with any eye movement or CNS abnormalities, and the neurodegenerative type III 

which has slow saccades as an early sign. The cause of the deficit is thought to be via 

brainstem pathology affecting the abducens nucleus and auditory processing networks 

(Harris et al., 1999).
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Figure 6.10; Puise reconstruction of pathologically slow saccades. Two individual pulse 
reconslruclions (using ihc Cullen 2P1Z model) for saccades of 10° and 12° are plotted with the average 
over 31 saccades (range: 7.3°-18.3°, mean = 11.7°).

T h e  p u lse  re co n stru c t io n s  w e r e  h ig h ly  ab n orm al (c f .  F ig .  6 .6 ) ,  w ith  the in itial burst  

c o m p o n e n t  absent.  D B  w a s  d ia g n o s e d  w ith  G a u ch er  (III) D is e a s e .  A l th o u g h  the  

d ia g n o s i s  w a s  e a s i ly  m a d e  on  the b a s is  o f  the T M S ,  S M S  or m a x im a ,  F igu re  6 . 1 0  g iv e s  

a c o m p e l l in g  p icture o f  the p a th o lo g y .

6.4 Discussion

6.4.1 Filtering

T h e  k ey  result  o f  th is  C hap ter  w a s  to d e v e lo p  spectra l f i l t er in g  t e c h n iq u e s  and  

d em o n stra te  d ire c t io n s  in w h ic h  this  can  and w i l l  be  a p p lied .  T h er e  are se vera l  m ajor  

a d v a n ta g e s  o f  the W ie n e r  p roced u re  o v e r  the p r e v io u s ly  u sed  a lternatives .  It is the  

o p t im a l ,  le a st-sq u a r es ,  linear filter. C ontrary to the h eu r is t ic  a p p roach  o f te n  taken, the  

W ie n e r  filter is  d e d u c ib le  d irect ly  fro m  sa c c a d e s  w ith o u t ,  in p r in c ip le ,  o u ts id e
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6.4 Wiener filter

assumptions or rough approximations. The Wiener filter is the same for all amplitudes 

and derivatives, and inherently accounts for the prevailing noise conditions. The similar 

spectral envelope overlaps between subjects (Fig. 5.8) allows for a single averaged 

Wiener filter to be effective across subjects at a given noise level.

These features are particularly relevant given the lack of systematic evaluations of the 

effects of varying levels of noise on the filter schemes devised in previous reports. A +/- 

3 point central difference filter (Bahill et a l, 1983) may well be optimal at one noise 

level for velocity, but it will not be for duration measurements as well (see Chapter 3). 

Moreover, Bahill’s theoretical justification for his 3 point derivative-filter is based on 

estimations of maximum jerks, which is a rather circular argument. The performance of 

the Wiener filter has been demonstrated across the full relevant range of eye movement 

device noise levels (Fig. 6.3). It gave close to zero velocity and duration biases 

simultaneously for relatively low noise (s noise = 0.1°). It enabled smooth reconstructions 

of acceleration profiles (Fig. 6.4), especially if high frequency noise harmonics were 

absent, which suggests that future studies looking at the relative timing of acceleration 

or force profiles (without having to average out the details) are possible.

Unfortunately, the Wiener performance appears to break down for Snoise> 0.1° due to the 

least-squares regressions of maxima becoming too biased by high frequency noise (Fig.

3.5). This only affects EOG recording systems (or sub-optimally set-up systems; 

Chapter 3). Other filters, such as Savitsky-Golay, may be more appropriate for EOG 

analysis. Again, the work of this thesis concentrated on IR recordings and further 

studies of EOG would have to be made to properly assess the spectral applications 

developed here.
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6.4 Wiener filter

Nonlinear filters may be more effective in treating EOG noise, but they are not 

compatible with the reverse modelling deconvolutions, as that necessarily assumes a 

linear process. Hence, the Wiener filter is the best possible and most convenient filter 

for neural signal reconstruction given that the filter is itself defined in the frequency 

domain.

6.4.2 Neural signal reconstructions

The signal reconstructions are consistent with some previous inverted model 

approaches, showing evidence of braking pulses in the innervation signal (Fig. 6.5; van 

Opstal et a l, 1985) and no such reversals in the (more lagged) muscle torque profiles 

(Fig. 6.8; Goldstein and Reinecke, 1994). This is not necessarily a contradiction, just an 

indication that the intervening active, and more highly non-linear, muscle parts of the 

system account for the difference. Specifically, the effect of a passive plant zero seen in 

the lagged muscle torques is no longer visible in the innervational activity predicted by, 

for example, the van Gisbergen et a/.(1981) 2-pole model. The zero has effectively been 

filtered out, presumably by the suggested ‘slide mechanism’ (Optican and Miles, 1985).

Sylvestre and Cullen (1999) found that a 2P1Z innervation model fitted their data 

significantly better than any 2-pole model. If this is the case then the 2P1Z form (Fig.

6.6) would require less intervening filtering between motoneurons and muscle torque 

than the 2-pole van Gisbergen model. Indeed, the Koene and Erkelens parameters for 

their passive plant imply virtually no filtering as they are very similar to those of the 

Cullen innervational model (Fig. 6.9). The validity of different schemes is still not clear.
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6.4 Wiener filter

The original modelling of passive plant elements as two Voigt elements in series, giving 

rise to a 2P1Z transfer function, was based on isometric force measurements (Robinson, 

1964). More recent data support the Goldstein (as opposed to Koene and Erkelens) 

shape of torque profile during saccades (Pfann et a l, 1995). It would appear more 

physiological data during real saccades are still required to decide whether the Cullen or 

van Gisbergen models provide better descriptions. New data from implanted force 

transducers may help in this regard (Miller et a l, 1999). The lumped model approach 

followed here may be seen as a weakness in comparison to measuring and simulating 

individual muscle forces. However, the ultimate variable the brain must control is eye 

position, so both approaches are valid.

Although choosing one particular model over another may not be possible at this stage, 

several consistent features are noteworthy. None of the reconstructed pulses remotely 

resembled a rectangular, bang-bang shaped signal (Fig. 6.5). Similarly, regardless of 

model, the pulse width and height varied as a function of amplitude (Fig. 6.7; contrast 

Enderle and Wolfe, 1988, ‘system identification technique’ giving rise to almost 

constant pulse heights and widths). The ‘best’ parameters of all the innervation models 

showed some evidence of aggregate control signal reversals, which were more 

prominent at low amplitudes. Saccade deceleration is unlikely to be a purely passive 

phenomenon.

Slow saccades

The modelling issues are unresolved, but the visualisation that the reconstructions allow

has been shown to be potentially useful (Fig. 6.10). The finding of slow saccades is

often a particularly important and early sign of genetic, degenerative and metabolic
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neuropathology. Slowed saccades are found, for example, in spinocerebellar atrophy, 

progressive supranuclear palsy, brainstem lesions, internuclear ophthalmoplegia, 

peripheral nerve palsy (Leigh and Zee, 1991). The slowing, or the meridian in which it 

first occurs, can differentiate between types of Gaucher and Niemann Pick disease. The 

case study presented here clearly demonstrated that DB had Gaucher type III that had 

caused a major degeneration of his brainstem pulse generator. This differential 

diagnosis has a significant effect on drug doses and patient management.

DB was an extreme example and his slowed saccades were easily detected with 

conventional TMS measurements. However, there will be other cases where the 

abnormality is more subtle, or where it is uncertain as to whether slow saccades are 

caused by central or peripheral origin. The Wiener-filtered reconstructions may be able 

to usefully supplement the SMS and maxima regression information to clearly 

distinguish between slow saccades caused by muscle paresis or by brainstem pathology.
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7.1 OKN quick phases

Chapter 7: Spectral characteristics of nystagmus quick phases

7.1 Introduction

The basic question in this chapter is whether saccadic movements that are made during 

an ongoing slow movement are the same as those made when the eye is stationary? The 

major motivation behind the work was to investigate how practicable a proposition it is 

to use temporal and spectral analyses of nystagmus kinematics in the clinic and research 

laboratory. For example, can OKN really be usefully applied to detect saccadic slowing 

in children? Or, can models of CN development be tested by examining the QP 

mechanism? OKN quick phases (QPs) were compared to normal saccades in adults.

This chapter also raises two closely related questions. First, if saccadic and slow motor 

drives converge on a final common pathway, is the slow motor drive switched out 

during the saccade or is it summed to the saccade driving signal? Secondly, could any 

evidence be found for context-specific optimisation of the saccadic trajectory? When 

the eye does not stop abruptly but continues to move smoothly after the saccadic 

component, the optimal trajectory might be different than with steady post-movement 

fixation. Moreover, end-point position accuracy is presumably less important following 

OKN QPs than after saccades, so might greater inaccuracy be tolerated for faster QPs?

7.1.1 Switch versus Summation o f smooth motor command

Three possibilities are considered for the way a saccade can interact with an ongoing 

slow phase: switch, passive summation and active summation. These are illustrated in 

the schematic of Figure 7.1.
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A) S t a t i o n a r y B)  S w i t c h

10°/s

-X °/s

D) A c t i v e  ZP a s s i v e  E

- X + 1 0°/s

0°/s

Figure 7.1: Schem atic o f saccade velocity in teraction s with slow  m otor drive. A) model saccade (with 
noise added) made during steady fixation. Dotted line indicates 10°/s velocity threshold chosen to avoid 
noise in tails. B) slow  drive is sw itched  out with velocity instantaneously going back to 0°/s. Normal 
saccade is then made as in A. C) Passive summation: velocity profile o f A is submerged in a slow  drive o f  
-X  °/s that is simply added to the saccade drive. The shaded area is the amplitude “lost” under summation. 
D) Active summation: a larger saccadic m ovement is made to counter the summed slow drive. More area is 
lost to summation (shaded). Duration relative to -x ° /s  as opposed to 0°/s is increased (between circles)

The slow motor system drive can simply be switched out (Fig. 7.1b). If the plant is 

perfectly compensated for, the eyes will stop immediately and the saccadic movement 

can be planned and executed as during the saccade from stationary fixation in Figure 

7.1a. No interaction occurs and the trajectories, and their amplitudes, durations and 

velocities are identical.

The second possibility is that the same saccadic movement is planned and executed but 

that the slow drive is maintained throughout, simply being summed ‘passively’ on the 

‘final common pathway’ (Fig. 7.1c). In this case the saccadic peak velocity and 

amplitude will be increased or decreased (shaded area in Fig. 7.1c) in proportion to the
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slow movement in which it is embedded, but the duration of the whole velocity profile 

will remain the same as in the stationary movement in Fig. 7.1a.

The final possibility considered also has the slow drive signal maintained and summed 

to the saccade drive, but the latter is ‘actively’ re-programmed to counteract the effects 

of the slow drive. Active summation could serve the purpose of maintaining the desired 

amplitude shift, or desired final orbital position, of the original ‘stationary’ saccade of 

Figure 7.1a. The duration of the ‘active’ velocity profile is increased relative to the 

‘stationary’ saccade, as is the amplitude when including that “lost” due to the slow 

phase (shaded in Fig. 7. Id). Corrections for this amplitude are discussed in 7.2.4.

Previous studies

Most investigations into saccadic metrics during ongoing slow movements have either 

implicitly (Ron et a l, 1972) or explicitly (Chun and Robinson, 1978; Galiana, 1991) 

assumed a switch model Conversely, an active summation model is sometimes assumed 

when accounting for changes in catch-up saccade amplitudes during pursuit (Keller and 

Johnsen, 1990).

Specific kinematic studies into the switch versus summation argument have 

concentrated on switch and passive summation, and all assumed that duration is 

invariant to the effects of the slow phase. Jurgens and Becker (1975) argued against 

linear summation during pursuit and OKN, but later reported the opposite for saccades 

made during pursuit and during VOR (Jurgens et a l, 1981). They found no evidence of 

summation during OKN or vestibular QPs. They suggested a switch model is 

functionally more appropriate during passive smooth movements, and a summation 

model more appropriate during active head-eye and saccade-pursuit coordination.
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Support for this scheme comes from VOR (Morasso et al., 1973) and pursuit (de 

Brouwer et a l, 2002) studies, as well as the conceptual argument used by Robinson and 

Zee (1981). They argued that cat QPs, which are slower (e.g. peak velocity for a 13° of 

~150°/s) than monkey or human ones, would become inverted if summation occurred 

and the animal was spun at >150°/s; this would contradict the presumed functional 

purpose of QPs in resetting eye position and is not observed.

Evidence does in fact exist for these paradoxical summated QPs in humans. ‘Braking

saccades’ are often seen in congenital nystagmus (Dell’Osso and Daroff, 1975), in 

which a QP acts to decelerate the runaway slow phase without reversing eye position 

(see next chapter). Of course, whether this apparent summation in CN is a result of mis- 

wiring or is actually revealing an underlying process in the normal interaction of fast 

and slow drives, is unknown. Either way, the Robinson and Zee argument only applies 

to passive summation with fixed durations, as active summation allows for larger 

durations and amplitudes programmed than are apparent in the position measurement 

(see Methods 7.2.4).

Assessing switch and summation mechanisms is further complicated in OKN by the 

possibility that saccades and OKN QPs are not directly equivalent. The evidence

comparing their similarities and differences is presented next.

7.1.2 Comparing saccades and quick phases

The neural substrate

The belief that saccades and OKN QPs are driven by the same neural circuitry is 

supported by many neurophysiological and anatomical studies. As the substrate for 

saccades has already been discussed in chapter one, only the main points pertinent to 

QPs will be briefly summarised here.
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Early lesion studies implicated the paramedial pontine reticular formation (PPRF) as a 

site responsible for both saccade and QP generation. Lesions of this area impaired all 

fast eye movements equally (Henn and Cohen, 1968). Single-unit neurophysiology of 

monkey PPRF and ocular motoneurons displayed remarkably similar burst discharge 

activity during both saccades and OKN QPs in the ipsilateral direction, with minimal 

activity in the contralateral direction (Henn and Cohen, 1972; Luschei and Fuchs, 1972; 

Keller 1974; Hikosaka and Kawakami, 1977). Omnipause neurons (OPNs) cease firing 

during all vestibular QPs (Curthoys et a l, 1984) and so the same inhibitory trigger and 

latch mechanism has been assumed to operate in QPs as in saccades (see Introduction). 

In spite of the similarities there are clearly also some differences in possible activation 

pathways. Ablation of the colliculus and FFF eliminates saccades, but not the QPs of 

nystagmus (Schiller et a l, 1980; Albano and Wurtz, 1982).

Temporal characteristics

The QPs of OKN are qualitatively very similar to saccades in redirecting the point of 

gaze in the order of tens of milliseconds and reaching hundreds of degrees per second in 

the process. Considering the physiological similarities it was expected that QPs would 

conform to the same amplitude, peak velocity and duration measures as found in 

saccades (Bahill et a l, 1975, Baloh et a l, 1975). Quantitative assessments of QPs have 

been complicated by a wide variety of methodologies, including the use of different 

species, different measures and different stimulation. Table 7.1 summarises the main 

papers that have attempted to specifically investigate the main sequences of fast eye 

movements in the presence of an ongoing slow eye movement. Most studies implicitly 

assumed a switch model, by using standard > 0°/s velocity thresholds (see 7.2.4 and 

above).

182



7.1 OKN quick phases

Table 7.1; Summary of fast phase main sequence papers.
Paper Species N Stimulation Saccade type 

tested
EM
device

Measures Linear
Z?

QPs = 
Saccades?

Mackensen & 
Schumacher (1960)

Human 2 OKN EOG PV-A Same

Ron et al. 
(1972)

Monkey 3 VN Spontaneous COIL T-A - Same to faster

Dichgans et al 
(1973)

Human 4 OKN Voluntary
saccades

EOG PV-A - Same to slower

Sharpe et al 
(1975)

Human 6 OKN- look Voluntary IR PV-A - Same

Jurgens & Becker 
(1975)

Human 4 SP Voluntary EOG PV-A No Same

Guitton & Mandl 
(1980)

Cat 3 VOR Spontaneous COIL T-A No Same

Henriksson et al 
(1980)

Human 20 OKN Voluntary EOG PV-A - Slower

Jurgens et al 
(1981)

Human 4 OKN
VOR
SP

Voluntary EOG PV-A No
Yes
Yes

Same

Gavilan & 
Gavilan (1984)

Human 15 OKN Voluntary EOG MV-A
■

Slower

Whittaker & 
Cummings (1990)

Human 4 OKN-stare reflexive COIL PV-A, T-A - Slower

Jacobs(2002) Human 2 CN reflexive IR PV-A Yes Same

De Brouwer et al 
(2002)

Human 6 SP reflexive COIL PV-A, T-A Yes Same

N= number of subjects MV-A= Mean Velocity vs Amplitude
T-A= Duration-Amplitude main sequence, PV-A= Peak Velocity main sequence 
VN= vestibular nystagmus, SP= smooth pursuit, type of OKN (look/stare) noted if controlled for 
Linear 2-refers to if a linear summation effect was found. The default (-) was an implicit switch model

The study by Ron et a l (1972) of vestibular QPs is the sole report in the monkey 

literature to systematically compare QP and saccade kinematics, and as such is often 

cited as behavioural confirmation of the neurophysiological data equating saccade and 

QP brainstem circuits. They actually found that the QPs were consistently faster than 

spontaneous saccades recorded in equivalent viewing conditions (e.g. 18% faster at 40 

degrees). However, the similar pattern of QP and saccade slowing in darkness or on the 

removal of a structured field led them to conclude that the two were essentially
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generated by the same neural circuits, but the visual and vestibular systems activated 

them in slightly different ways.

In the human, fast eye movements were also found to be slower in the dark, but there 

were no significant differences between vestibular, optokinetic or voluntary saccades 

(Sharpe et a l, 1975). Similarly, no significant differences were reported between the 

kinematics of OKN QPs and voluntary saccades (Mackensen and Schumacher, 1960; 

Jurgens and Becker, 1975; Jurgens et a l, 1981). Contrary evidence was presented by 

four other groups, who found significantly slower QPs (Dichgans et a l, 1973; 

Henricksson et a l, 1980; Gavilan and Gavilan, 1984; Whittaker and Cummings, 1990).

No attempt has been made to quantify the shape of the QP movement trajectory. 

Mackensen and Schumacher (1960) commented on the protracted deceleration phase of 

their QPs, but then presented some comparably skewed saccadic average trajectories. It 

has been demonstrated in memory-guided, predictive and anti-saccades (Smit et a l 

1987, Smit et a l, 1989) that saccades without a clear visual goal are asymmetrically 

skewed. On this basis Whittaker and Cummings (1990) divided saccades into foveating 

and non-foveating, suggesting that the latter are slower and more skewed. They 

demonstrated slower OKN QPs compared to reflexive saccades, but did not investigate 

the shape or skewness of the trajectories.

The main intention of the current work was to remove the uncertainties surrounding the 

OKN kinematics, trajectory symmetry, and mode of slow-fast phase interaction. The 

temporal studies described are complicated by two methodological problems: how to 

demarcate the end of a fast phase that may merge gradually at its tails into the slow
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7.1 OKN quick phases

movement, and how to correct for amplitude differences associated with or without 

summation (see 7.2.4).

Spectral analysis has two major advantages that make it particularly useful and relevant 

to these matters. It is independent of amplitude and does not rely on a specific 

demarcation of saccade start and end providing the entire movement is encompassed. 

Hence, spectral analysis should be well suited to resolving these issues. This analysis 

has also been useful in studying optimisation arguments (Chapter 5).

7.1.3 Optimisation considerations

To optimise vision in the presence of a fovea with a very small area (< 1°) of high 

acuity, a saccade must of course be accurate. However, the visual system also only 

tolerates retinal drift below 4°/s, before this optimal vision diminishes (Westheimer and 

Mckee, 1975). Hence, an equally valid post-movement constraint could be that of 

minimising retinal slip. Indeed in OKN, one could argue that the goal of the system is 

more to match post-movement velocity than position, or at least that it is less crucial to 

optimise end of movement position. This would seem plausible given the fact that the 

timing and final end position of OKN QPs is thought to be a quasi-stochastic process 

(Cheng and Outerbridge, 1974; Shelhammer, 1999).

Minimum variance trajectories become progressively faster and more positively skewed 

(see Results below) as the relative importance given to minimising post-saccadic 

velocity variance is increased. OKN QPs could have different optimal trajectories to 

saccades. This provided a further rationale for specifically studying the symmetry of 

QPs.
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7.2 OKN quick phases

7.2 Methodology

7.2.1 Subjects and set-up

Eight adult volunteers (4 male, 4 female) aged between 24 and 48 years old (mean = 

29.1) participated in the experiment. None of the subjects had any history of 

ophthalmologic or neurological problems and all were recorded in their usual refractive 

state.

The OKN stimulus was in a different laboratory than that used for all the other data in 

this thesis, but the methods were largely unchanged. Horizontal eye movements were 

recorded using the same model eye tracker (IR2) described in Chapter 2. Following 

some pilot recordings, which were found to have relatively high noise levels, the eye 

tracker’s connecting cables were screened with copper tape to reduce pick-up from 

surrounding electronic devices. Eye position was sampled at 1090 Hz and stored on 

magnetic DAT for later downloading and analysis. To elicit OKN, subjects sat in the 

centre of a 1.5m diameter patterned full-field curtain (Fig. 7.2). They had their heads 

supported in a chin rest and were instructed to keep as still as possible.

Reflexive saccades were elicited between a central fixation and two pairs of red LEDs. 

The LED pairs were separated to subtend ±10° and ±20° when at an orthogonal distance 

of 100cm from the subject. Target eccentricities of 5°, 7.5°, 10°, 15° and 20° were 

achieved by using three different distances. The nearest target distance was 100cm and 

so the slightly different vergence angles were assumed to have a negligible effect.
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I

m

Figure 7.2: Photographs of OKN set-up. The high contrast curtain stimulus surrounds the subject, 
who sits in a stationary vestibular chair with a stabilising chinrest and the infrared eye tracker in place.

7.2.2 Experimental protocol

The attentional mindset is an important variable in OKN. Classically two levels have 

been described: ‘stare OKN’ where the curtain is passively stared at or through, and 

‘look OKN’ where stimulus features are actively pursued. The former tends to produce 

lower gain and higher beat frequency (ter Braak, 1936), greater circularvection and 

deviation of the mean eye position into the quick phase direction (Garbutt et a i, 2002; 

Thilo et a i, 2002). This deviation is called here '"contraversion’\  A  distinction should 

be made within the broad definition of ‘stare OKN’ between a reflexive optokinetic 

response that involves actively maintaining focus on the curtain without attending to 

any particular feature, and more passively staring through the curtain (or attending more 

to the percept of circularvection than the curtain itself). Pilot studies showed that the
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7.2 OKN quick phases

contra version accompanying ‘stare-r/zroMg/z OKN’ could lead to QPs which went well 

beyond the limited ±20° linear range of the infrared eye tracker. Electro-oculography is 

too inaccurate and noisy when it comes to identifying spectral minima to be used as an 

alternative. Hence, instructions were given to encourage a ‘reflexive stare OKN’. 

Subjects were told to look straight ahead and keep the curtain in focus at all times, but 

not to follow any specific feature. They were encouraged throughout to maintain the 

same attention level and directed to move their eyes to the right or left if they started to 

deviate too far from the midline.

OKN was elicited to stimulus speeds of ±10, 20, 30, 40 and 50°/s in randomised blocks 

of 30 seconds. The short presentation duration was an attempt to limit variability.

Forty reflexive saccades at both 10° and 20° were elicited for calibration purposes. 

Forty further saccades to each of the 5°, 7.5° and 15° targets were also collected to 

obtain a temporal main sequence. The order of target eccentricity presentation was 

randomised and the direction alternated in a pseudo-random manner.

7.2.3 General data analysis

All saccades and QPs were previewed to exclude those with blink artefacts and saccades 

in the same direction as the slow phase. Multi-peaked velocity artefacts are possible 

when infrared eye trackers are mis-aligned or go beyond the linear range (Truong and 

Feldon, 1987). Despite encouragement to look straight ahead, a combination of some 

contraversion and occasional QPs greater than 20° in amplitude required all velocity 

profiles to be screened and multi-peak artefacts excluded. The vast majority of QPs are 

centrifugally directed as they redirect the eyes into the direction from which the OKN
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stimulus is coming. Only centrifugal results are presented here and only recordings from 

one eye were analysed.

Eye velocity and acceleration were estimated from the eye position record using the 

zero-phase low-pass filter of previous chapters (3 dB point = 64 Hz). The spectral, 

regression and minimum variance techniques were as described in earlier chapters. 

Minimum variance models with a velocity constraint were included.

7.2.4 Quick phase demarcation

Saccadic demarcation is prima facie more straightforward for QPs than for saccades. 

The start and ends of QPs appear obvious as reversals in the position trace (see ah in left 

of Fig. 7.3), whereas saccades must have threshold criteria imposed on them to 

demarcate a specific start and end amid fixation noise in the tails (see also Fig. 7.1).

Switch: using these zero-velocity crossing points {ab) has the implicit assumption that 

the intervening slow phase has no effect on the dynamics of the QPs; that the slow 

phase drive is simply switched out. Most OKN studies have based their measurements 

on the zero-velocity ab points or on the same positive velocity thresholds applied by the 

laboratory to saccades, and so are implicit switch models.

0°/s
Z Slow phase 
(] velocity-X  7s c

Figure 7.3: Schem atic for m easuring the optokinetic response. Zero-velocity crossing 
(a,b) are shown in position (left) and velocity (right) traces. S im ilarly, zero-acceleration 
thresholds (c, d) are marked together with the shaded am plitude to be ‘recovered from the slow 
phase’, which is oppositely directed at x 7 s.
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Summation: a summation hypothesis implies the QP is embedded in the slow phase, in 

which case the shaded area between cd in Figure 7.3 should be added on to the 

amplitude ab. A summation model requires some form of correction for the amplitude 

“lost” in the slow phase; a switch model requires no such correction. Two important 

issues are: how might the brain correct for slow phase related amplitudes, and how 

should the experimenter do likewise in order to compare the alternative hypotheses?

Active vs. passive summation

The possibility of the brain using either active or passive modes of summation was 

introduced briefly in section 7.1.1. Each QP could be programmed independently from 

the slow phase, with the two summed passively downstream. If the amplitude “lost”, 

due to integration of the oppositely directed slow phase during the movement, is 

properly corrected for by the experimenter, then the QP will have a normal amplitude- 

duration relationship.

Alternatively, the brain could actively program larger amplitude QPs to take account of

the amplitude lost downstream by summation of the slow phase. Neural compensation

of saccadic amplitude for pursuit target velocities has been reported previously (e.g.

Keller and Johnsen, 1990; de Brouwer et a l, 2002). Once any amplitude “lost” has

again been corrected by the experimenter, the kinematics of the actively re-scaled

movement could follow the normal TMS relationships by appropriate increases in both

duration and amplitude measurements. In this case active and passive summation would

be indistinguishable based purely on the TMS. However, increasing QP duration

increases the duration of slow phase integrated over, and so may be counter-productive

when trying to actively compensate for this slow phase amplitude. Active summation
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might be more effectively achieved by scaling ‘off the main sequence’ (i.e. relatively 

shorter durations for a given amplitude shift).

In pursuit, recent evidence suggests an active summation process with unchanged TMS 

(de Brouwer et a l, 2002). Catch-up saccade amplitudes were correlated to target 

velocities but apparently without deviating from the TMS. However, the analysis was 

based on regressions over the whole TMS, which could obscure deviating trends, and a 

global decrease in TMS variance after applying a summation model. An explicit 

analysis of TMS changes linked to stimulus velocity was not presented. In the current 

study a distinction is made at the measurement stage only between ‘switch’ and 

‘summation’ models based on the criteria described below. Attempts to distinguish 

‘active’ and ‘passive’ summation are made in 7.3.2 when explicitly examining the 

velocity dependency of deviations from the TMS (especially in Fig. 7.14).

Experimental measurement

Various methods have been used by investigators to correct for velocity-dependent 

amplitude changes, in order to compare switch and summation-type models. Figure 7.4 

illustrates the definitions used by the two most complete analyses of the summation 

hypothesis (Jurgens et a i, 1981; de Brouwer et a l, 2002), and that followed here in 

correcting for amplitudes associated with the slow phases.

In the Jurgens et al. (1981) study the QPs were analysed with the same velocity

thresholds as applied to their EOG saccades (Fig. 7.4a, ‘uncorrected’), or by assuming

the same fixed duration but adding on the slow phase component (Fig, 7.4a,

‘corrected’). De Brouwer et al. used an acceleration threshold of 750°/s on their coil

data to demarcate fixed start and end points equivalent to cd in Figure 7.3. Hence, their
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‘uncorrected’ amplitude for saccades opposite to pursuit direction has the area 

integrated above the tails subtracted from it (hatched in Fig. 7.4b left), and so it can be 

argued that they underestimated this ‘uncorrected’ amplitude in proportion to the 

duration of the <07s tails.

Uncorrected amplitude Corrected amplitude

Jurgens et al. (1981)

\

de Brouwer at al. (2002)

7 5 0 7 s / s

This chapter

I07s

-X + 107s

Figure 7.4: Schematic of OKN demarcation and amplitude corrections for slow phase velocity. A)
Jurgens et al. used standard velocity thresholds to find the start and end points (circles) and calculated 
amplitude by the position change between these {shaded, left). This implicitly assumes a switch model. 
They compared these amplitudes to a summation hypothesis by adding on: duration x slow phase 
velocity {shaded, right). B) de Brouwer et al. used an acceleration threshold to demarcate their start and 
end points. The position shift between these includes the hatched area integrated below 07s subtracted 
from the area above 07s (cf. reduced position separation of cd compared to ab in Fig. 7.3) and thus 
underestimates “the uncorrected amplitude”. By adding on the rectangular area defined by their 
duration x slow phase belocity, they calculated the shaded area on the right. C) here, a ‘switch’ model 
was defined as equivalent to saccades and so the same velocity threshold was applied in the uncorrected 
‘switch’ model as in saccades (left). A ‘summation’ model assumed that the velocity profile started 
from the slow phase velocity and was defined by a velocity threshold . No distinction was made 
between ‘passive’ or ‘active’ summation in the measurement process.
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In this study, the normal 10°/s threshold was used for ‘uncorrected’ demarcations, with 

the logic that a switch model is an equivalent situation to an ordinary saccade. For the 

corrected amplitude (i.e. summation model), zero-acceleration crossing points were 

used to find the end of the slow phase prior to each QP and the slow phase velocity was 

estimated by averaging over the previous 10 samples. The whole QP profile was shifted 

up by subtracting this slow phase velocity and then demarcated with the standard 10°/s 

threshold. Numerical integration then gave the shaded area in Figure 7.4c (right). Peak 

velocities are thus also “corrected”, as the ‘summation QPs’ are measured after the slow 

phase velocity shift.

The methodology here is, in effect, very similar for ‘switch’ to the Jurgens 

‘uncorrected’ and very similar for ‘summation’ to the de Brouwer ‘corrected’. A 

principled difference is that the ‘switch’ and ‘summation’ models here have different 

durations. These duration differences are based on the what logically constitutes a QP 

under each scheme.

Clearly, differences will be small between the three corrected amplitudes when slow 

phase velocity is low or acceleration very abrupt (narrow QP tails). However, the de 

Brouwer study reported 10° saccades lasting typically 100ms, which is twice the 

normally accepted value. Their data may have had highly prolonged tails. Indeed, the 

summation threshold used here (i.e. 10°/s above the slow phase velocity, rather than an 

acceleration threshold) was chosen to reduce exaggerated duration tails, as well as for 

logical consistency. Resulting durations were still up to -25% more for QPs defined by 

‘summation’ than those defined by a ‘switch’ model (cf. Guitton and Mandl (1980): 

-20%). Hence, duration differences are an important consideration.
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7.2.5 Fourier analysis

A distinct advantage of the Fourier analysis is that these issues of amplitude correction 

are irrelevant as the SMS and overlap slope are amplitude independent. The problems 

associated with defining the start and end points are also, in principle, irrelevant. Care 

must be taken, however, in padding the data correctly to avoid introducing artefactual 

velocity discontinuities. If the data are simply padded with constant position values at 

the defined start and end points out to the and 8192""̂  data point, as was the case 

previously, then this will effectively add a velocity step between the slow phase velocity 

before and after 07s. Therefore, the position data segments for Fourier analysis were 

padded with values extrapolated from the slow phase velocities before and after the 

OKN QPs (see Fig. 7.5). How far “back into” the slow phase the data segment is taken 

from will not affect the analysis, except in terms of adding more noise to the FFT. 

Truncating the movement will tend to decrease the minima frequencies.

CD0)

co
'cdoQ.
O>>

LU

5

0

-5

-10

-15

-20
-40 -20 0 20 40

Time (ms)

60 80

Figure 7.5:OKN FFT padding.
T o  avoid  sm all d iscon tin u ity  
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7.3 Results

In section 7.3.1 some general features of the OKN slow and QP are presented as a 

demonstration of the normality of the dataset and as a check on the type of OKN 

response elicited (i.e. look vs. stare). There then follows the kinematic results of 

temporal (7.3.2), spectral (7.3.3) and symmetry (7.3.4) measurements.

7.3.1 Stare versus look OKN

The general results were comparable to those recorded by many previous investigators 

and were consistent with a mixed look-stare OKN. Slow phases showed little or no 

evidence of build-up, attaining a high eye to stimulus velocity gain almost immediately 

that became lower and more variable at higher speeds (Cohen et a i, 1981). The gains 

for all subjects and directions (Fig. 7.6) were compatible with a mixed stare-look 

response (Honrubia et a i, 1968; van Die and Collewijn, 1982; van den Berg and 

Collewijn, 1986, 1988; Pola and Wyatt, 1985).

1.0

I  0 .5  
O

0.0
-60

Fig. 7.6: Directional slow phase gains
for each subject plotted at each 
stimulus velocity.

-40 -20 0  20

Stimulus velocity (deg/s)

40 60

195



7.3 OKN quick phases

Figure 7.7a (below) demonstrates how the slow phase gain can be affected when an 

experienced OKN subject either maintains clear focus on the curtain (crosses) or 

focuses off the curtain (circles), by either staring through and blurring it or attending to 

the circularvection percept whilst looking straight ahead. Indeed, contrary to customary 

assertions, two of the subjects were able to completely suppress their OKN response by 

“defocusing”. On the whole, though, the gains in Figure 7.6 were high enough to 

suggest good levels of subject attention and focus on the curtain.

700
stare through 
stare at 

- re-scaled
600

-10
500

400
-3 0

O  -40
O  2 0 0

73 > 100-50

-6 0

- too■70
20 3 0 4 0 60 7 0 800 20 40 60

Time (s) Time (ms)
Figure 7.7: Attentional modulation of slow and quick phase. A ) each  point represents an averaged  
slo w  phase during attending on (cro sses) or o f f  (c irc les) the curtain. S tim u lu s sp eed  w as 7 5 7 s  to the left. 
B ) the qu ick  ph ases w ere a lso  low er m agn itud es w hen staring through the curtain or delib erately  
attending o f f  it. T he averaged  trajectory shape w as invariant how ever, d iffer in g  by a sim ple  sca le  factor. 
T he ‘stare through’ profile  c lo se ly  overlapped  the ‘stare at’ w h en  sca led  to the sam e peak v e lo c ity .

Figure 7.7b shows the corresponding effect on the QPs with the solid and dotted traces 

representing each viewing mode and the dashed line showing the de-fusion/de-attend 

trace scaled to the peak velocity of the ‘stare at’ mode. Clearly, the averaged trajectories 

have remarkably similar shapes and just differ by a velocity scaling factor. This figure 

emphasises the importance of trying to control and monitor the attentional mindset.

Other features used by previous investigators to distinguish stare from look OKN

include amplitude and inter-QP interval (IQPI) distributions (Collewijn, 1991; Cheng

and Outerbridge, 1974). Stare OKN has been reported as having lower QP amplitudes

and briefer inter-QP intervals. Of the 5977 QPs analysed, 93.3% had IQPIs < 1000ms.
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The group IQPI median was 300ms, as found by Cheng and Outerbridge for their stare- 

OKN data. Grand mean amplitude was 9.83° (0.07 ± s.e.).

Instructions to follow a feature in order to generate look OKN tend to lead to slow 

phases that cross the midline before a re-centring QP occurs. Figure 7.8 demonstrates 

the shift of the mean eye position away from the slow phase direction, or 

“contraversion”, found particularly during stare OKN. The eye position deviates 

immediately in the first QP (Fig. 7.8a) and regression lines through either the starting or 

the ending positions of the QPs (Fig. 7.8b) indicate that contraversion is present at all 

speeds and that the mean eye position deviates more with increasing stimulus velocity, 

as also shown in a separate study (Garbutt et a i, 2002). Note also that the QPs were 

almost always centrifugal.
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Figure 7.8: Deviation of eye position into beat field. A) a sample position versus time for OKN 
initiation. The stimulus and slow phases are directed to the left, but the nystagmus beat direction and 
mean eye position deviation are to the right. B) regression lines showing how the deviation into the 
direction o f the beat field changes with increasing stimulus speed for quick phases in either direction. 
The red lines are from regressions through the landing position o f the quick phases, and the blue lines 
through the starting positions.

In summary of the general features, the high gains and lack of a gain build-up period at 

low stimulus speeds suggests a look-OKN response. Whereas the lower gains with some 

evidence of build-up at higher stimulus speeds, and the omnipresent contraversion is
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more consistent with reports of stare-OKN. The QP population was likely derived from 

a varying OKN state that was a mix between the classically described extremes of stare 

and look OKN.

7.3.2 Temporal kinematics

All subjects produced reflexive saccades with typical temporal main sequence relations 

(e.g. linear regression slopes ranging between 1.9-3.2 and intercepts 18.9-32.2, Table 2). 

Saccade velocity trajectories were symmetrical for small amplitudes, becoming 

increasingly positively skewed at larger amplitudes (Fig. 7.9).
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Figure 7.9: Saccade velocity profiles for a typical subject. Graphs show centrifugal saccades aligned on 
start time to target (T) amplitudes of 5”, 7.5", 10", 15", 20", and finally the average absolute velocity profile 
at each T for left (blue, dashed) and right (red, solid) directions (subject 1 ). The mean eye amplitudes (E) 
are shown together with their ranges to 2 significant places, and the mean ratios of rise time to saccade 
duration for each direction and amplitude are marked (insets).
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Figure 7.10: Quick phase velocity profiles for a typical subject Same subject and labels as in Fig 8,
except that movements are now divided into 2° amplitude bins. Also the averaged profiles have been 
shifted up to zero velocity.
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Table 7.2. Temporal main sequence relations for saccades and the switch and summation quick phases
ID T-A PV-A Q

Saccades Switch Summation Saccades Switch Summation Saccades Switch Summation

inept slope Inept slope inept slope inept slope inept slope inept slope slope slope slope

1 27.62 2.09 29.19 1.80 32.42 1.90 2.07 0.51 1.86 0.70 1.87 0.68 1.71 1.61 1.75

2 34.11 2.24 35.69 2.42 39.69 2.39 1.96 0.56 1.81 0.67 1.80 0.67 1.72 1.68 1.78

3 25.95 2.99 29.92 2.53 34.91 2.37 2.08 0.46 1.89 0.62 1.89 0.62 1.77 1.69 1.79

4 24.30 2.35 26.36 1.81 30.08 1.72 2.15 0.43 2.03 0.55 2.03 0.56 1.67 1.56 1.66

5 29.03 1.97 31.36 1.62 36.48 1.55 1.99 0.60 1.85 0.73 1.82 0.75 1.80 1.71 1.83

6 35.78 2.05 36.08 1.71 41.90 1.70 1.84 0.67 1.83 0.67 1.82 0.68 1.75 1.59 1.73

7 22.13 3.46 26.43 2.96 33.05 2.40 2.02 0.50 1.95 0.52 1.94 0.55 1.92 1.56 1.65

8 26.62 2.00 30.58 1.52 33.80 1.51 2.01 0.57 1.94 0.65 1.93 0.65 1.69 1.64 1.75

Mean 28.19 239 30.70 2.05 35.29 1.94 2.01 0.54 1.90 0.64 1.89 0.64 1.75 1.63 1.74

s.e. 1.65 0.19 1.30 0.18 1.38 0.14 0.03 0.03 0.03 0.03 0.03 0.02 0.03 0.02 0.02

Regression intercepts (inept) and slopes are shown for each subject with the means and standard errors given in the final two rows. The peak velocity data are from linear 

regressions on log-log plots.
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QP velocity profiles were qualitatively similar to the reflexive saccades, but had a 

tendency to have a longer decelerating phase and longer duration at small amplitude 

(Fig. 7.10). This trend towards more asymmetric QP trajectories was quantified 

temporally by calculating the ratios of acceleration time to overall duration, 7VT (see 

inserts of Figs. 7.9 and 7.10). Figure 7.11 has these rise time ratios for all the analysed 

velocity trajectories grouped into 2 degree amplitude bins (according to the summation 

model).
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Figure 7.11: Variation with amplitude 
of rise time ratio to duration.
Saccades tended to be more symmetric 
at low amplitudes than QPs (summation 
QPs plotted here) Error bars show 95% 
confidence limits.

Am plitude (deg)

The tendency for QPs to have a lower Ta/T ratio (i.e. more asymmetric profile) was 

only statistically significant at the lowest amplitude and there were no differences 

between saccades and QPs at amplitudes >12°. Nevertheless QPs had a more constant 

asymmetry across amplitude.

Duration main sequence comparisons to saccades

All subjects had lower regression intercepts and higher slopes for saccades compared 

with either the switch or summation QP data sets, with the exception of subject 2 whose 

switch and summation QPs were always longer duration than saccades of the same 

amplitude (Table 7.2).
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Consequently, the two OKN measures tended to have parallel regression slopes with the 

saccadic regression intersecting both, overlapping switch points more at low amplitudes 

and summation points at higher ones (Fig. 7.12). A general multivariate analysis of 

variance across the subject data sets, or across just their regression slopes and intercepts, 

did not reveal any significant differences for saccades and either switch or summation 

QPs.
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Figure 7.12: Typical duration main sequence (subject 1). Summation and switch models have parallel 
regression lines and saccade regression intersects both, overlapping more with switch points at low 
amplitudes and with summation points at high ones

Peak velocity main sequence comparisons

The peak velocity main sequences for both switch and summation criteria tended to be 

slightly slower over the small to mid-amplitude ranges, but as fast and often faster at 

higher amplitudes, as is consistent with the duration TMS results reported above. 

Bivariate confidence regions (Fig. 7.13) demonstrate this trend with the overlapping 

switch and summation data having lower intercepts and higher slopes. Despite the 

means (ellipse centres) being quite different for peak velocity (Fig. 7.13c), the high 

level of covariance resulted in there being no statistically significant differences found.
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Figure 7.13: Confidence regions of TMS regression slopes and intercepts. A) The 95% confidence 
ellipses approximately overlap for summation and switch QPs and saccades, and no significant 
differences were found. B) as in A but the log-log regressions. C) peak velocity regressions overlap 
closely between QP models. Saccades are not significantly different either by virtue of the strong 
covariance between the data sets. D) Q ratios for summation QPs are the same as saccades, but switch 
QPs are significantly different as seen by the 95% confidence intervals plotted.

Q ratio comparisons

The ratio of peak to mean velocity, Q, was also found to be the same between 

summation QPs and saccades (Fig. 7.13d, grand means: 1.74 and 1.75, respectively). 

These values are somewhat higher than those found previously in our other laboratory 

(cf. 1.67, 1.65 and 1.67, from Mezey (2000) and Chapters 4 and 5 respectively). The 

switch model gave a grand mean of 1.63, and was significantly different from the 

summation and saccade data, again using intrasubject MANOVA models (p<0.05), or 

by inspection of the confidence limits in Figure 7.13. Truncation of a given velocity 

profile tends to give lower Q values (Q ^  1 as the percent truncated of a velocity profile
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7.3 OKN quick phases

is increased), and so consideration of Q alone implies that the switch QPs are truncated. 

Although the shape of the QPs may differ from saccades, which might explain the 

differences.

Dependence on slow phase velocity

Contrary to previous reports in OKN but in accordance with a recent pursuit study (de 

Brouwer et a l, 2002), a dependence was found between slow phase velocity and QP 

kinematics. Larger movements were made to faster stimuli and the QPs tended to be 

faster as well. Figure 7.14 uses the approach taken by Jurgens et a l (1981) to assess 

summation effects with increasing slow phase velocity. The ordinate {Av) is calculated 

in Figure 7.14a from the amplitude difference between each QP and the amplitude, Asac, 

derived from the duration-amplitude regression of saccades, divided by the duration

Av = A ï — ^  (1)
Tqp

Hence, a switch model predicts no deviation between saccades and QPs, and no 

dependence on slow phase velocity (dotted line in Fig. 7.14). Passive summation with 

full amplitude correction for the effects of the slow phase also leads to Av=0. Active 

summation implies a re-scaling to counteract the slow phase. This could follow normal 

main sequence scaling of both duration and peak velocity with Av=0 also, or it could be 

scaled in peak velocity only, suggesting a unit slope with Av.
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Figure 7.14: Effect of slow phase velocity on QP kinematics. A) velocity deviation is calculated from 
the difference between each quick phase amplitude, Aqp, and the main sequence amplitude for that 
duration quick phase, Tgp. It is plotted for each individual subject for the summation corrected QPs. The 
positive trend with increasing slow phase speeds is incompatible with switch or passive summation 
models, but consistent with the previously observed trend towards QPs becoming faster than saccades at 
high amplitudes. Error bars show 95% confidence limits. B) faster slow phases are associated with faster 
QPs. The group mean summation QPs referenced to their own TMS ( A ' q p ) ,  of course, have Av =0 on 
average. An active summation scaling in peak velocity only to exactly counteract the slow phase velocity 
is also plotted (light blue line).
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7.3 OKN quick phases

All subjects showed a consistent trend of increasing Av with increasing slow phase 

speed. The data plotted above are from summation QPs but switch QPs showed the 

same trend, and were simply shifted upwards. Figure 7.14b shows the group mean Av 

for summation QPs referenced to their own summation QP duration TMS. Taken 

together, these graphs illustrate the previous observation that low amplitude QPs (that 

were more common at low stimulus speeds) are relatively slow with longer durations 

and that large amplitude QPs are relatively fast compared to saccades. The Av slope is 

evidence of an active summation process, but why the x-axis intercept is not through the 

origin is unclear. The average slope in Figure 7.14b was -1.38 and is more consistent 

with scaling off the main sequence.

7.3.3 Spectral measures

Minima

Fourier analysis revealed clear minima in the energy spectra for both saccades and QPs. 

All subjects showed near linear trends in relationships between the minima and the 

reciprocal of duration and amongst the minima themselves. Plots of the QP SMS of a 

typical subject are shown in Figure 7.15. The collated SMS regression slopes and 

intercepts for each subject and condition are summarised in Table 7.3 and Figure 7.16.

206



7.3 OKN quick phases

N
X
>%
o
c
0
3
U"
o
X.
u_
(0
E
Ë

60

4 0

20

0

100
8 0

6 0

4 0

20

0

120

8 0

4 0

0

Subi 10
M l vs 1 /T

1 0  2 0  3 0  4 0

B 100
M 2 vs  M l

8 0

6 0

4 0

20

1 0  2 0  3 0  4 0  5 0  6 00

M 2 vs  1/T

4 03010 20

120

80

40

M 3 vs  M1

0 ^
0 10 20 30 40 50 60

M 3 vs 1/T

10 20

1/T

3 0  4 0

120
100
80
60
40
20

M 3 vs M 2

804 0 6 0200
Minima Frequency (Hz)

Figure 7,15: OKN SMS for typical subject. A) Plots of minima frequencies M l, M2, M3 vs reciprocal 
duration of saccade (1/T) for subject 10. B) Plots of M2 and M3 vs M l, and M3 and M2. Note near-linear 
relationships in all plots. Dotted lines show bivariate linear regressions.

The major spectral main sequence (SMS) differences were seen in the first minimum, 

Ml. All three sets of data were significantly different from each other for Ml vs 1/T 

(MANOVA, p< 0.05); switch values were most strongly differentiated (p< 0.01). As a 

consequence of the Ml differences, the summation model was also Just significantly 

different from saccades on the M2-M1 and M3-M1 relationships (p>0.04); again the 

switch model was a worse fit to saccades.
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Figure 7.16: SMS confidence region summaries for OKN quick phases and saccades. Group 95% 
confidence regions around all 10 subject regressions for M l, M2 and M3 vs. 1/T, and M2 vs. M l 
relationships. Saccades (blue) are significantly different from summation (red) and switch (pink) QPs on 
Ml vs 1/T and M2 vs M l.
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Table 7.3. Spectral main sequence relations for saccades and the switch and summation quick phases.

ID M l-l/T M 2-1/T M3-1/T

Saccades Switch Summation Saccades Switch Summation Saccades Switch Summation

inept slope Inept slope inept slope inept slope inept slope inept slope inept slope inept slope inept slope

1 -1.84 1.72 4.87 1.21 5.07 1.39 2.95 2.57 1.75 2.24 -1.69 2.86 30.35 2.26 9.71 3.00 23.56 2.77

2 -0.51 1.71 -3.05 1.51 -3.19 1.70 6.18 2.41 -0.29 2.43 -1.55 2.87 12.07 2.99 6.65 3.03 13.54 3.15

3 -4.12 1.89 -0.10 1.27 2.17 1.32 2.61 2.55 1.50 2.27 4.33 2.40 8.54 3.19 7.56 2.95 19.29 2.68

4 -9.95 2.03 -8.37 1.67 -6.22 1.75 5.47 2.39 3.09 2.23 6.52 2.25 15.20 2.90 8.76 2.90 19.86 2.56

5 -3.41 1.90 -3.62 1.57 -1.54 1.64 14.29 2.00 13.59 1.89 19.39 1.71 29.81 2.23 18.09 2.75 23.69 2.53

6 1.88 1.62 3.45 1.22 2.56 1.47 1.93 2.70 2.39 2.36 1.92 2.85 10.02 3.40 13.16 2.94 21.84 2.81

7 0.42 1.61 -2.79 1.43 -2.17 1.61 5.52 2.48 -4.11 2.60 -4.69 3.07 18.61 2.72 0.51 3.33 11.41 3.21

8 4.59 1.66 7.34 1.50 6.92 1.38 8.73 3.06 8.53 3.06 12.48 2.44 22.83 3.89 18.35 4.16 27.21 3.01

Mean -1.62 1.77 -0.28 1.42 0.45 1.53 5.96 2.52 3.31 2.38 4.59 2.56 18.43 2.95 10.35 3.13 20.05 2.84

s.e. 1.55 0.05 1.84 0.06 1.58 0.06 1.43 0.11 1.93 0.12 2.85 0.16 3.02 0.20 2.13 0.16 1.88 0.09

Regression intercepts (inept) and slopes are shown for each subject with the means and standard errors given in the final two rows.
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7.3 OKN quick phases

Relationship Sum vs Saccades Switch vs Saccades Sum vs Switch

T-A *
Log(PV-A)
Q ** **

M l- 1/T * ** **
M 2-1/T
M 3-1/T
M2-M1 * *
M3-M1 * *

M3-M2 *
* - p< .05, ** - p< .01, otherwise no significant differences were found

Table 7.4 summarises the significance testing of the temporal and spectral main 

sequence relationships. These highly significant differences between the SMS for 

switch and saccade data indicate different trajectory shapes and supplement those found 

in the temporal domain for the ratio of peak-to-mean velocity, Q. No significant 

differences were found in Q or the other TMS measures between summation QPs and 

saccades, and yet the finding of some SMS differences suggests some subtle shape 

differences between QPs and saccades, which are not purely due to any duration 

differences.

Maxima

The first and second maxima (Mxl and Mx2) in the decline of energy over the high (20- 

80 Hz) frequency range tended to overlap onto a single line across amplitudes for each 

subject, as found previously for saccades to targets symmetric across the midline. Figure 

7.17a shows the overlap for a typical subject. In Chapter 5 it was remarked upon that 

some subjects, those with more pronounced asymmetric velocity trajectories, could be 

fitted as piecewise-linear with a shallower slope over 10-30Hz than over the >30Hz 

range. Two subjects, again with more exaggerated asymmetric profiles, showed this 

piecewise-linear fit, but with shallower slopes extending up to ~50Hz before becoming 

steeper (Fig. 7.17b, subject 3).
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Subject 2 Subject 3

log Frequency (Hz)

X10°
O)
c  10-1

Knee

log Frequency (Hz)

Figure 7.17: Spectral maxima for two subjects. A) Mxl (blue) and Mx2 (red) plotted for a typical 
subject. B) Subject 3 with ‘knee’ at 50Hz (arrow).

This 50 Hz ‘knee’ was not caused by Mxl and Mx2 falling into separate populations 

with different slopes. Mxl samples at frequencies > 50Hz and Mx2 samples at <50Hz 

fell on the corresponding higher or lower slope, suggesting this was not a recording 

artefact and that the Mxl and Mx2 populations are effectively inseparable. The Mxl 

and Mx2 were pooled and regressions gave slopes (intercepts) of -5.33 (8.22), -5.23 

(8.23) and -4.82 (7.64) for saccades, summation and switch data respectively. These 

data are shown graphically with their confidence intervals (Fig. 7.18; cf. Fig. 5.11). The 

curves for time-optimal simulations of normalised trajectory shapes with spectral 

overlap slopes of 4 to 6 are simply replotted.
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Figure 7.18: Spectral characteristics and optimal simulations. Saccades (open circle) fitted the time- 
optimal solution once again. Summation QPs (square) were closer than switch (triangle) to the saccades. 
The SMS regressions shown here were constrained through the origin under an assumption of self
similarity, as in Chapter 5. Error bars again indicate 95% confidence intervals.

There are two points of note. First, there was considerably more variability in the data, 

not just for QPs, but for the saccades than in previous chapters. Despite care taken to 

screen the cables, the level of ambient electronic noise was higher than in the laboratory 

used for the work of other chapters, especially in the 50Hz pickup range. Whilst the 

spectral minima have been shown to be reasonably robust to instrument noise, the 

maxima may be more susceptible and at least in part explain the wide variations of 

overlap slope. There may well have also been higher levels of systematic error 

introduced by the less controlled testing apparatus (e.g. a purely off-line analysis, with 

no on-line calibration check beforehand).

Secondly, the saccades had higher overlap slopes and M is than in Chapter 5 (cf. m = - 

5.33 vs -4.82, and 1.77 vs 1.67), but still fitted the time-optimal simulations well. It 

should be recalled that some differences could be expected as these saccades were all
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centrifugal, whereas those of Chapter 5 were symmetrical across the midline. The QPs 

did not quite fit, again by virtue of a low M l.

In summary, spectral minima and maxima were consistently closer to a summation than 

to a switch model for OKN QPs, and point to some subtle differences in the shape of 

saccade and QP trajectories whatever method of demarcation is employed. These 

spectral results are consistent with the combined Q and asymmetry ratio data (Figs. 

7.11, 7.13). The issue of velocity profile symmetry is investigated in the next section, 

with the data compared to an optimal variance model.

7.3.4 Velocity optimisation models

The possibility of applying a minimum variance model with a post-saccadic velocity 

constraint was introduced briefly in section 7.1.2. The example in Figure 7.19a takes a 

basic symmetric minimum position-variance model (solid; innermost profile) and shows 

how adding increasing weight to minimising the post-movement velocity variance leads 

to ever more positively skewed profiles with higher peak velocities. Their Fourier 

spectra have higher M l minima.
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Figure 7.19:Minimuin variance fits to OKN data. A) MV models shown with varying velocity 
constraints (solid= no velocity constraint) for 3'‘‘* order plant (7)= 1ms). B) saccade, summation and switch 
95% confidence regions plotted with SMS values for the plant model in A (closed circle) and for the 1 3 = 
4ms model (open circle). M l increases with increasing velocity weighting.

The Ml vs 1/T relationships for the different MV velocity weights of Figure 7.19a are 

graphed as points on a si ope-intercept plot as seen previously in Chapter 4, and 

compared to the 95% confidence regions for saccades, and summation and switch QPs 

(Fig. 7.19b). The triangles are points for the 3̂"̂  order plant found to best fit the data of 

Chapter 4 (T3 = 4ms). This model again gives a good description of the saccade SMS, 

but is significantly different from either of the QP models regardless of the velocity 

weighting. On the other hand, reducing the value of the third time constant to just 1ms 

(solid circles. Fig. 7.19b) gives a good fit for an intermediate velocity constraint. Hence, 

velocity constraints may be important, especially with respect to observed asymmetries.

The trend of increasing asymmetry with MV velocity weighting was compared to the 

trend seen in the data in Figure 7.11. The MV model reproduces the trend of a relatively 

constant asymmetry across amplitude for movements with more velocity matching, and 

converges with the no-velocity variance (top trace in Fig. 7.20b) at high amplitudes.
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Figure 7.19: Variation of rise time to duration ratio with amplitude. A) the ratio of acceleration 
phase to total duration, Ta/T, plotted against amplitude for saccade and summation QP data. B) The 
MV model with T3 = 1 ms and varied velocity weighted constraints (from purely positional, top trace).

Finally, the best-fitting MV model (intermediate velocity constraint) manifests a small 

peak velocity increase over a pure position MV, in addition to the increased 

asymmetries. There was indeed a trend towards faster QPs at high amplitude, but an 

opposite observation over the low amplitude range.

7.4 Discussion

Saccades and OKN QPs were not distinguishable on the basis of their temporal main 

sequences, regardless of how the slow and quick phase of the nystagmus were 

differentiated. On the other hand, spectral main sequences revealed subtle differences 

between saccades and QPs, which were significantly more pronounced for switch QPs. 

In combination with new findings of a dependency of QP speed on slow phase velocity, 

the current evidence most closely supports an active summation hypothesis.
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7.4.1 Comparison of temporal main sequences

Similarities of motor and pre-motor firing rates during saccades and QPs in monkeys 

(Robinson, 1970; Henn and Cohen, 1972; Luschei and Fuchs, 1972; Keller 1974) 

suggest that the temporal output dynamics of QPs should be equivalent to saccades. In 

the current study, although there was a consistent tendency amongst individuals for QPs 

to be relatively slow at low amplitudes and fast at high amplitudes (Figs. 7.12, 7.14), no 

significant differences were found between the group T-A and PV-A regression slopes 

and intercepts (Fig. 7.12, Tables 2 and 4). Importantly, this suggests that measurements 

of OKN QPs in uncooperative or infant populations can be used clinically to assess the 

functioning of the saccade system.

Duration

The finding that QPs tended towards being of shorter duration than saccades at high 

amplitudes is consistent with the sole monkey study of vestibular QPs (Ron et a l, 

1972). Duration main sequences of human OKN QP dynamics have been documented 

only twice. Mackensen and Schumacher (1960) found large individual and directional 

differences amongst QPs in their 2 subjects, but only compared the QPs to bidirectional 

group saccades from a previous paper. Despite the large variability they decided the 

QPs and saccades were “broadly similar”. Whittaker and Cummings (1990) is the most 

directly comparable previous paper to the work of this chapter as they also tried to 

compare reflexive saccades to stare-OKN QPs and did so with both duration and peak 

velocity main sequences. That they found slower QPs in their 4 subjects may be partly 

due to the use of a hand-rotated drum and viewing distance of 48cm. Given the 

dependency on stimulus speed in the current data, the unknown range and distribution
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of their speeds could be significant as well as their closer viewing, which may have 

made binocular fusion more difficult (see below).

Peak velocity

Velocity based reports have also suggested that OKN QPs are, if anything, slightly 

slower than saccades (Dichgans et a l, 1973; Henricksson et a l, 1980; Gavilan and 

Gavilan, 1984). Sharpe et al. (1975) found no significant differences, but used a 

maximum stimulus speed of 10 °/s and specifically instructed subjects to follow a 

particular stripe. The low stimulus speeds and instructions invite a voluntary “QP” 

response, and so it is hardly surprising that no difference was found compared to 

voluntary self-paced saccades. Moreover, their paradigm restricted comparison to 

movements of up to 10°.

Mindset or fusion factors

The instructions given and the subject’s approach to the task are undoubtedly sources of 

high variability within and between studies. The look-OKN instructions of Sharpe et al. 

and the stare-OKN ones of Whittaker and Cummings are the only attempts to control for 

this important variable in the literature of Table 1. Here instructions were given with the 

aim of eliciting stare-OKN as it was felt that the reflexive nature of this type of OKN 

(with the corresponding control of reflexive saccades) were the most appropriate 

comparisons of QP and saccade generation, as well as the most appropriate for the 

clinical and CN considerations. One possible disadvantage of this approach is that there 

might be more scope for attentional variations in an explicit stare paradigm. The 

dramatic effect deliberately attending off the stimulus curtain can have on TMS QP

217



7.4 OKN quick phases

parameters was demonstrated in the reduced velocity QP trajectories of Figure 7.7 (see 

7.3.1).

An alternative explanation for the effects shown in Figure 7.7 is that they are related to 

fusion. Howard and colleagues (1987, 1989) have performed a number of experiments 

looking at the slow phase gain of OKN and its connection to binocular disparity. They 

showed the importance of fusion in the maintenance of OKN slow phase gain, but could 

not rule out attentional effects. The QP modulation above was observed on de-focussing 

as well as on attending to circularvection; it could well be due in part to moving away 

from a “foveal mode” (cf. Whittaker and Cummings, 1990) with an expanded attention 

scale enhancing peripheral stimulation and thereby perception of circularvection.

The case in Figure 7.7 was an extreme example, but it demonstrated the inherent limit 

on the resolution possible from OKN experiments, even within the same “stare” 

category. Attempts were made to control the experiment closely with explicit 

instructions and encouragement, but there is always going to be some doubt as to the 

mental state of the subject and a mix of “look”, “stare-at” and “stare-through” was 

certainly recorded. Such concerns probably account for many of the differences found 

amongst the studies, especially given the lack of clear instructions in nearly all of the 

previous investigations.

7.4.2 Spectral measures, symmetry and optimisation

Fortunately, it is precisely this kind of situation in which the Fourier domain can be

useful. The spectral main sequence is unaffected by amplitude scaling and thus both sets

of trajectories in the previous figure would yield the same minima values. Of course, the
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energy of the maxima would still be affected by the scaling. Thus, the maxima may still 

overlap but with more variability, and may be a less useful measure in a situation with 

variable amplitude scaling. It is perhaps not surprising, therefore, that the measures that 

revealed significant differences were the spectral minima and the dimensionless Q ratio, 

as these non-amplitude dependent variables would be less masked by attentional 

variabilities.

The first key spectral result is therefore that QPs are, in fact, subtly different from 

saccades, as seen in Ml for summation QPs, and in Q and Ml for a switch model. 

According to the preceding argument this cannot be attributed to rescaling of amplitude 

due to attention or disparity factors. There is some actual change of shape.

Are QPs ‘deliberately’ dijferent?

The differences in shape and SMS could be due to active attempts by the system to 

respond to the moving stimuli, or to more passive innervational factors. Explanations 

include the following three possibilities.

First, it could simply be another manifestation of the non-foveating saccade (Whittaker 

and Cummings, 1990). The presence or absence of a visual target has been shown to 

have a significant effect on the peak velocity of saccades (e.g. Becker and Fuchs, 1969; 

Bronstein and Kennard, 1987; van Gelder et a l, 1997) and the skew symmetry of 

voluntary, memory guided, predictive and anti-saccades has been shown to differ 

depending on whether the saccade ends up foveating a target or not (Smit et al,. 1987, 

1989). It is well known that there are at least two major pathways for triggering a 

saccade, one via the FEF and the other direct from the SC. Erkelens and Hulleman
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(1993) have suggested that the former mediates voluntary saccades whereas the latter is 

predominantly involved in reflexive ones. Saccadic SC activity is enhanced by the 

presence of a target in the receptive field (Edelman and Goldberg, 2001) and saccades 

to a non-foveal (large square) target demonstrate weaker responses to those foveating 

the comers of the same stimulus (Edelman and Goldberg, 2003). Hence, OKN QPs may 

lack a clearly selected target feature and simply have a partly different pre-motor 

pathway, which then gives subtly different pulses and trajectories.

A more ‘active’ explanation is that the system uses the availability of a parallel motion 

pathway to alter the final saccadic motor command. A nonlinear interaction could 

change the pulse and the SMS. Collicular movement fields have been shown to be 

shifted towards higher amplitudes in saccades to pursuit targets, accompanied with more 

skewed velocity profiles (Keller et a l, 1996).

A third possibility is that the small QP SMS differences specifically reflect changes 

designed to optimise the saccadic response to the moving stimulus. Minimum variance 

models with post-saccadic velocity constraints matched the more asymmetric profiles of 

the QPs, and the changes in saccade and QP symmetry with amplitude (Figs. 7.19,20). 

To fit the QPs, the third time constant had to be changed from 4ms to 1ms. Slow 

movements are typically modelled with lower order (1®‘ or 2"*̂ ) plants, as acceleration or 

higher derivative effects are obviously less crucial than to saccades. Rapid and slow 

movements have been reported to have different plants hypothetically caused by the 

varying presence of antagonist activation (Sylvestre and Cullen, 1999). Parameters 

intermediate to either an isolated saccade or slow movement plant model could be quite 

possible during coordinated movements. The lowered time constant model for QPs was 

in this direction. There are no comparable quantitative neuronal data.
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Unfortunately differentiating between these possibilities is beyond the limits of the 

current data. The data are too uncontrolled in terms of subject mindset, as well as the 

differing attentional load imposed by the low and high speed stimuli. Also, there were 

more sources for instrument noise and systematic errors in the set-up. A trial-based, 

step-ramp paradigm may reveal more consistent and clearly interpretable behaviour. For 

example, saccadic acceleration “enhancement” has also been observed in conjunction 

with initial pursuit acceleration enhancement (although data were not presented or 

reported; Lisberger, 1998).

Similar concerns surround any attempt to draw strong conclusions from the maxima 

overlap data. The most noteworthy point is the essentially equivalent overlap for 

saccades and summation QPs. The QPs tend towards more asymmetric profiles, but the 

fact that their asymmetry remains relatively constant across amplitude (Fig. 7.20a) and 

their minima tend to have an approximately zero intercept (Fig. 7.19b) suggests that this 

asymmetry is self-similarly scaled with amplitude. The previous arguments relating to 

self-similar scaling and optimisation (5.3, 5.4) can be invoked and are consistent with 

the saccades and QPs having statistically indistinguishable TMS.

7.4.3 Switch and summation

In general, the data support a summation mode of interaction between slow and fast 

phases, but there are some unresolved questions. The possible neurophysiological basis 

for summation is unclear and is discussed briefly below. The explanation for the new 

finding in OKN of a correlation between slow and fast phase velocities (Fig. 7.14) is 

also uncertain. A velocity dependency has been observed in pursuit (de Brouwer et a i, 

2002), but once amplitudes were corrected for the slow phase these saccades were of
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normal TMS kinematics. The same result was found here over the whole TMS (Fig. 

7.12), but explicitly examining the deviations from the saccade TMS as a function of 

slow phase velocity revealed consistent trends within the data (Fig. 7.14).

The slope in Figure 7.14 was compatible with active summation, but firm conclusions 

are difficult given that QPs have now been shown to be subtly different from saccades 

and that this could be due to any of the various factors mentioned in the last section. The 

efforts to control for the subject mindset could have had unintended effects of their own. 

For example, encouraging subjects to look straight ahead may have been more 

attentionally demanding at high speeds, or introduced a more goal-directed response to 

maintain a particular orbital position.

The trend in the QPs was a gradual change from a more passive to more active 

summation (Fig. 7.14). The interaction between active and passive drives has been 

extensively studied in slow eye movement systems (e.g. Bames and Hill, 1984; Worfolk 

and Bames, 1992), where the passive drive is thought to depend more on a retinal slip 

velocity and the active system more on a cortical feedback of the motor command 

signal. A predominantly passive summation at low velocities may reflect a 

predominance of a subcortical brainstem generation of QPs based on retinal slip 

(Galiana, 1991). The high slope in Figure 7.14 suggested scaling faster than the TMS. In 

the presence of an oppositely driven, summated slow movement, longer duration QP 

movements would be counter-productive and so the scaling strategy might be biased 

towards scaling in peak velocity only rather than velocity and duration. This may be 

relevant to local feedback control models.
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More definitive data are needed, but taken with other behavioural studies in support of 

summation in pursuit (de Brouwer et a i, 2002) and VOR (Jurgens et a i, 1981) one can 

conclude at the very least that a simple velocity threshold artificially truncates a QP 

profile. The spectral and Q measures of trajectory shape showed that the profile 

embedded in the slow phase position record must be considered when evaluating the 

dynamics of fast eye movements embedded in slower ones. There was no strong 

evidence for a switch model.

Possible neuronal schemes for summation

A possibility for pre-motor summation can be hypothesised in the cat. As their name 

implies, burster driver neurons (BDNs) provide an immediate pre-motor drive to the cat 

pulse generator. BDNs modulate their firing with slow tracking and vestibular 

movements (Kitama et a i, 1995). They fire continuously during vestibular nystagmus 

with augmented contralateral bursts at the QP, whose functional significance is 

unknown (Curthoys, 2002). The difference between ON direction BDNs and 

(deactivated during the QP) OFF BDNs could provide a burst signal that is augmented 

proportional to the opposing slow phase. Monkey equivalents to BDNs have not been 

found (Kaneko and Fukushima, 1998).

Summation at the motoneuronal level is more controversial still. However, contralateral 

motoneurons do not all always stop during a saccade. Sylvestre and Cullen reported 

19% of abducens neurons decreased their firing rate during OFF direction saccades to 

stationary targets, but did not cease firing except for very large saccades. Missal and 

Keller (2002) have also questioned the concept of the OPN ‘gate’, indicating that 

smooth pursuit decreases OPN firing in proportion to velocity and suggested a gain 

control process instead. It is possible that contralateral motoneurons cease firing during 

ipsilateral saccades via a summation of ipsilateral motoneurons bursting, rather than a
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direct switch mechanism. Similarly, the slow phase agonist during OKN (i.e. QP 

antagonist) may cease firing due to a much larger inhibitory signal from the 

contralateral motoneuron, than its ipsilateral slow motor drive. Total inhibition of the 

antagonist by this kind of summation process would be effectively equivalent to a 

switch mechanism, but might leave the antagonist active over a limited angular range, 

especially late in the saccade.

7.4.4 Congenital Nystagmus

The CN model tested in the next chapter is based upon the presence of antagonist 

activity at the end of a saccade that is not inhibited by OPN, due to an abnormally low 

OPN activity. The antagonist activity forms a new cycle of runaway slow phases. The 

relevance of the theoretical arguments in this chapter to CN is clear, and goes beyond 

the original aim of establishing a nystagmus control for the CN data.

OKN is not a perfect control for studies of CN, but it captures at least one of the key 

features: variability with mindset. CN amplitude and intensity is also known to vary 

with attention level and binocular convergence (Abadi and Dickinson, 1989). An 

analogy may also be possible between the dynamic shift of the CN null (opposite to the 

direction of optokinetic stimulation; Halmagyi et a l, 1980), and the normal 

contraversion of OKN null position towards the direction from which the stimulus is 

coming.

This chapter has provided an important step in appreciating what issues and problems 

are involved in applying these same basic techniques to the CN waveforms in the next 

chapter.
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8.1 CN

Chapter 8: Congenital Nystagmus

8.1 Introduction

The preceding chapters have seen the development and validation of methods to analyse 

the kinematics and dynamics of saccadic eye movements. In the current chapter, this 

careful compilation of techniques enables a thorough test of saccadic eye movements in 

congenital nystagmus (CN). If CN saccades are abnormal, this could support a saccadic 

basis for the CN waveform development (Dell’ Osso, 1973). A detailed model of the 

involvement of the saccadic system in CN has recently been proposed (Broomhead et 

a l, 2000).

8.1.1 Broomhead Model

The CN literature has already been briefly introduced in section 1.7. Over the past 30 

years many details of the features of CN have been characterised without providing a 

convincing explanation for its development. In most cases a sensory defect can now be 

identified, which permits an underlying diagnosis to be made (e.g. albinism). How 

sensory defects result in CN is unknown. Is the CN the product of appropriate motor 

learning to inappropriate visual input, or is the brain mis-wired in the first place? Either 

way, it is important to determine which of the many neural circuits subservient to eye 

movements is affected and in what ways.

Most explanatory models of CN have concentrated on abnormal gains in the gaze- 

holding neural integrator network (Optican and Zee, 1984; Tusa et a l, 1992) and the 

pursuit system (Harris, 1995; Jacobs, 2002). In contrast to these traditional engineering

225



8.1 CN

control systems models, Broomhead et a l (2000) have modelled CN by a new 

dynamical systems approach to the saccadic system. They assume an abnormally high 

antagonist activity at the end of the QP with low omnipause neuron (OPN) activity, 

allowing a reciprocally-innervating, oscillating cycle to develop. This model is 

especially interesting in the light of saccade instabilities found in non-affected family 

members of nystagmats (Shallo-Hoffman et a l, 1988; Dell’Osso et a l, 1993), or in the 

rare albinos who do not have CN (Russell-Eggitt et a l, 2003). These instabilities are 

consistent with what might be expected from aberrant OPN activity during saccade 

termination.

A key parameter in the Broomhead model is how closely the system follows the normal 

relationship between decreasing burst cell firing and dynamic motor error (van 

Gisbergen et a l, 1981). They model how closely this relationship is followed by a 

parameter, c. Increasing s above its normal low value can push a stable system into one 

with post-saccadic oscillations. Further small changes in s can produce a variety of CN- 

type waveforms. Some, but not all, of these oscillations have abnormal saccadic pulses. 

For example, the unidirectional CN model has a value of c close to a normal saccade 

system and has an essentially identical burst pattern, but the burst does not quite go to 

zero at the end of the saccade and a slow phase in the opposite direction begins. On the 

other hand, the bidirectional model has a higher value of s and an abnormal, more 

rounded pulse throughout the burst phase.

Due to the sensitivity in the model of £, and the broad spectrum of different waveforms

seen between and often within individual nystagmats, one would predict a Broomhead

model scheme to produce abnormal pulses in many, if not all, nystagmats. Indeed,

Broomhead et a l  proposed that fluctuating values of 8 could reflect arousal level and
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produce the known changes of waveform associated with this attention factor, or that 

changes in c could explain the common developmental changes in waveforms from a 

typically large triangular to the more consistent adult jerk form.

The expectation of burst pulse abnormalities in a Broomhead scheme is not possible to 

test directly as there is currently no satisfactory animal model of CN from which 

motoneurons and burst neurons could be recorded during the oscillation. Fortunately, 

the methods developed in preceding chapters allow an indirect assessment of the pulse 

dynamics in the CN saccade system.

8.1.2 CN saccade system

The Broomhead model should produce abnormal TMS and SMS for saccades and QPs. 

Previous reports have suggested that the CN QP TMS is 10-20% slower than voluntary 

saccades (Abadi and Worfolk, 1989) using a straight 407s velocity threshold to define 

the start and end of the movements. Jacobs and Dell’Osso (1997) initially found slower 

movements as well, but later used an acceleration threshold to conclude that they were 

of normal speed in the context of a summation model (Jacobs, 2002).

In the time domain, the problem returns to one of demarcating QP, or saccade, start and 

end points. In fact, it is a more acute problem with CN QPs than with those of OKN as 

the slow-quick phase boundary is often much more rounded, and CN slow phases can 

often exceed 1007s. Once again, this is not a problem when using Fourier analysis 

provided the pulse phase is fully included in the FFT segment. The results presented in 

the previous chapter suggest a summation assumption should be used to define the 

segment.
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It is unclear how the Broomhead model could be assessed by conventional means. The 

previously mentioned TMS reports do not allow any inference on pulse activity, which 

is an important prediction of the Broomhead model scheme. Abnormal TMS can arise 

from abnormal plant dynamics. Plant dynamics in CN are unknown, but one CN case 

report found recti with half the normal elasticity values (Lennerstrand et a l, 1994), 

which could manifest as a slow TMS. Only an analysis that tests pulse function can 

attempt to test the Broomhead hypothesis. The spectral minima and reconstructions of 

the pulse offer this potential.

8.2 Methods

8.2.1 Subjects

Twelve subjects with CN were recruited through the Nystagmus Network (UK). All 

subjects were informed of the purposes and procedures involved in the experiment, and 

signed consent forms to participate. Four were excluded from the analysis for a variety 

of reasons. One was simply too visually impaired to follow the step of the laser spot. A 

second subject rarely used saccades to acquire the target and the QPs were generally <4° 

and so not suitable (as defined by previous chapters) for the Fourier analysis. This 

subject had a large amplitude triangular waveform with no clearly discernible foveation 

periods and QPs that were often hard to distinguish on the position trace from the 

generally high speed slow phases (cf. arrows 1 & 2 in Fig. 8.1).
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Figure 8.1: Triangular CN waveform. A) Position trace in which slow (arrow 1) and quick (arrow 2) 
phases are sometimes hard to distinguish. B) Velocity trace.

The final two excluded subjects were rejected due to s noise >0.1°. This was due to 

difficulties of setting up the IRl correctly with such fast moving oscillations in primary 

position.

^.2.2 Experimental protocol

The same IRl limbus tracker and laboratory set-up was used as in Chapter 5. All other 

general methods have been described previously.

Pilot studies on two subjects with CN showed that there was considerable variability in 

the saccade gains, depending on the direction of target movement relative to slow phase 

direction. When the target step was in the opposite direction to the slow phase, saccades 

not only compensated for slow phase drift away from the target during the latency 

period, but were often seen to overshoot the target itself. This may be a deliberate 

strategy to increase foveal time spent near the target, given that the slow phase takes the 

eye back opposite to the saccade. When the target was in the same direction as the slow
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phase, large undershooting saccades were made, or sometimes no saccades at all (see 

also Worfolk and Abadi, 1991).

In light of this natural gain variability only two eccentricities (5°, 15°) on either side of 

the central fixation point were used to elicit and record centrifugal saccades. The 

majority of QPs recorded were also centrifugal, as CN slow phases tend to be 

centripetally directed towards their null position, which is often close to straight ahead. 

Considering the high percent of trials in which the target could be acquired using only 

the slow phase, sessions consisted of 400 trials.

8.2.3 Data analysis

Following the result of the previous chapter, a summation model was assumed when 

demarcating the saccade and QP start and end points. Unlike OKN QPs, most saccades 

and QPs in CN do not start and end at similar velocities (Figs. 8.2b, 8.3). Typically QPs 

occur at or around the maximum velocity of each slow phase, and often end at or close 

to 07s. Saccades show a similar pattern and indeed often ‘recruit’ the programmed QPs, 

occurring at the predicted time of QP in the waveform cycle rather than at an earlier 

possible reaction time.
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Figure 8.2: Amplitude correction of quick phase. A) linear slow phases of subject 3 were equivalent to 
demarcate and correct for as in OKN. B) more commonly there was a velocity step between the QP start 
and end. Instead of integrating as in Chapter 7 (arrow 1), the underlying waveform was subtracted 
(leaving the area above the dashed line indicated by arrow 2).

The CN subject in Figure 8.2a had very linear (constant velocity) slow phases which 

were analogous to the OKN waveforms of Chapter 7. Figure 8.2b demonstrates a more 

typical CN waveform with a velocity step between start and end points of a QP. Rather 

than integrating the step over the duration of the movement and correcting for this 

amplitude in a summation model, only that portion above the interpolated slow phase 

was added (i.e. area above the dashed line in Fig 8.2b and not including the triangle 

indicated by arrow 1). The interpolation was simply a straight line between the pre and 

post QP slow phase velocities averaged over a 10ms window before and after 

(respectively) the zero-acceleration crossing points (see 7.2).

A justification for this kind of interpolation and summation procedure will be seen in 

Figure 8.3d, where the subject suppressed QPs around the time of anticipated target 

presentation (500ms) and two full pendular cycles can be seen. It seems reasonable to 

assume under a summation hypothesis that the saccadic movements are added on top of 

these underlying waveforms, and so the effects of the latter should be subtracted.
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8.3 Results

83.1 Waveform characteristics

The eight subjects tested had a variety of waveforms, usually exhibiting more than one 

type during the 30-40 minute recording session, some of which are shown in Figure 8.3. 

Figures 8.3a-b show position and velocity versions of the classic jerk nystagmus 

waveform with accelerating slow phases interrupted several times a second by a re- 

foveating QP. Note also the mixed QP direction with both left and right beating around 

primary position within a single 1.5s trial, and the extended foveation periods following 

the QP, where the eye velocity is close to zero.

Figures 8.3c-f are from the same subject in the same recording session. Figures 8.3c&d 

show a pendular waveform with foveating saccades. The underlying pendular shape is 

especially clear in this trial where the QPs are suppressed around the time of the target 

step (arrow). Figures 8.3e-f show an accelerating slow phase waveform and 

demonstrates how the waveform can change spontaneously (e.g. with dynamic null 

shifting and periodic alternating nystagmus).

Figure 8.3g&h demonstrate the ‘braking saccade’ phenomenon (arrows) where a 

saccade acts to brake a runaway slow phase without causing a backward position 

change.
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Figure. 8.3 CN subject waveforms. A  and B) P osition  and v e lo c ity  traces o f  b id irectional jerk  
nystagm us w ith  c la ss ic  acceleratin g  C N  s lo w  phase and flat foveation  period s (Su bject 5). T arget position  
step sh ow n  in dotted line. C) and D ) Pendular w aveform  w ith fo v ea tin g  sacca d es (Su bject 2 ). The  
underlying pendular c y c le  is seen  m ost c learly  w h en  Q Ps are suppressed (arrow ) around the tim e o f  the 
target step  (5 0 0 m s). E and F) sam e subject as in C and D , but ex h ib itin g  d ifferent w aveform . G and H) 
“B raking sa c c a d e s’ are seen  (arrows, Subject 7) as in flex io n s in the position  trace, and d ecelera tion s in the 
v e lo c ity  record.
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8.3.2 Saccadic temporal features

CN QPs and saccades formed an overlapping population. Indeed as noted above, 

saccades often recruited pre-programmed QPs. Alternatively, QPs could be entirely 

suppressed and the slow phase could be used to complete the necessary change in eye 

position (Worfolk and Abadi, 1991). Rarely, the saccade could be programmed in 

parallel to the QP sometimes being seen as a second peak during a QP. The latter cases 

were excluded, and for the present study, these timing issues are not relevant except in 

further corroborating that QPs and saccades are equivalent in CN. Only the kinematic 

features are detailed below.

CN saccades vs CN QPs

Figure 8.4 shows the TMS and Q relationships for a representative CN subject (86). 

Tables 8.1 and 8.2 detail the CN saccade and QP regressions for each subject. Figure 

8.5 represents these tabulated TMS regressions as 95% confidence regions around the 

population mean slope and intercept.

234



8.3 CN

(/)
E
c0
1  3
Q

(g 500
g
2 ,  400

0)>  200 
(0
^  100O QPs 

O Saccades

50 

40 

-o 30

^  20 
CL

10

0

10 15 20

Amplitude (deg)

10 15 20

Amplitude (deg)

25

o o

10 15 20

Amplitude (deg)

25

Figure. 8.4: Tem poral features o f  CN saccades and 
quick phases. A) duration main sequences overlap 
closely for CN saccades and QPs, and are 
approximately normal (Subject 6). B) Peak velocity 
main sequences are again typical, as are the plots of 
peak velocity x duration against amplitude in C

group slopes and intercepts. As can be seen from the figures and tables, there were no 

significant temporal differences between CN saccades and CN QPs. The saccades had a 

more evenly distributed and larger amplitude range, which makes their regressions more 

reliable. Hence, the results will be focussed on comparing CN saccades to the control 

data recorded in Chapter 7.
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Table 8.1 Individual regressions of CN saccade kinematic relationships

T -A Log T  -A Log P V -A Q M I- ly T M 2 -1 /T M 3 -1 /T M 2-M 1

1 25 .3 2 .3 9 1 .27 0 .4 3 1 .87 0 .6 4 1.84 3 .5 8 1 .34 12 .9 2 .0 5 3 1 .4 2 .1 8 7 .3 9 1.53

2 38 .2 2 .0 5 1 .39 0 .3 9 1.95 0 .5 3 1 .58 -2 .38 1 .94 7 .2 7 2 .6 5 14 .6 3 .3 5 13 .7 1.26

3 40 .2 2 .7 4 1.44 0.41 1.81 0 .6 2 1.88 0 .1 5 2 .0 4 5 .7 9 2 .9 2 12 .5 3 .5 3 12 .2 1.20

4 3 4 .6 2 .8 7 1.29 0 .5 2 1 .97 0 .4 7 1.73 2 .1 4 1.63 11 .6 2 .2 7 19 .3 2 .9 9 9 .8 7 1.35

5 3 6 .8 2 .1 9 1 .48 0 .2 9 1 .75 0 .7 4 1.75 -10 .5 2 .4 3 3 .5 6 2 .9 2 2 4 .7 2 .7 7 19 .3 1.11

6 3 2 .2 2 .9 3 1 .35 0 .4 5 1 .82 0 .6 4 1.96 8 .3 4 1.24 12 .0 2 .3 2 2 6 .5 2.61 1.92 1 .68

7 3 1 .4 2 .5 2 1 .39 0 .3 8 1.91 0 .5 8 1.80 -0.91 1 .76 6 .6 6 2 .7 0 2 8 .0 2 .5 7 11 .4 1 .43

8 38.1 1.74 1 .42 0 .3 4 1 .88 0 .6 3 1.85 -10.1 2 .4 3 4 .6 9 2 .8 2 19 .2 3 .0 9 16 .4 1 .17

A ll 3 4 .6 2 .4 3 1 .3 8 0 .4 0 1 .8 7 0.61 1 .8 0 -1.21 1 .85 8 .0 5 2 .5 8 2 2 .0 2 .8 9 1 1 .5 1 .34
s.e. 1.71 0.15 0.03 0.03 0.03 0.03 0.04 2.29 0.16 1.27 0.12 2.36 0.16 1.90 0.07

Table 8.2 Individual regressions of CN QP kinematic relationships

T -A Log T -A Log P V -A Q M 1 -1 /T M 2 -1 /T M 3 - i r r M 2-M 1

1 26.1 2 .4 4 1 .35 0 .3 6 1.88 0 .6 5 1.71 5 .9 3 1 .28 2 0 .4 1.71 37.1 1 .93 2 2 .2 1 .05

2 3 4 .6 2 .7 0 1 .45 0 .3 5 1.87 0 .6 2 1 .84 -2 .7 5 2 .1 2 15 .0 2 .4 8 34.1 2 .4 3 2 4 .6 0 .9 9

3 3 2 .8 4.11 1 .42 0 .4 5 1.84 0.61 1.87 4 .2 0 2 .0 8 2 0 .4 2 .3 2 3 0 .7 2 .6 5 2 4 .5 0 .8 8

4 18.5 4.91 1 .30 0 .4 8 1 .96 0 .5 2 2 .0 7 12.2 1 .33 2 6 .3 1 .75 4 7 .4 1 .65 18 .0 1 .14

5 3 0 .4 3 .2 2 1 .48 0 .2 8 1 .76 0 .7 7 1 .79 2 2 .4 0 .9 3 3 9 .7 1.41 5 0 .0 1.71 3 7 .0 0 .7 7

6 2 6 .3 4 .1 9 1.41 0 .4 0 1.88 0 .5 4 1 .82 11.1 1 .15 2 2 .6 1 .99 3 8 .6 2 .2 6 4.51 1 .70

7 2 5 .6 3 .9 0 1.41 0 .3 7 1.92 0 .5 5 1 .75 5 .8 9 1.43 2 3 .2 1 .88 4 6 .5 1 .6 7 3 1 .4 0 .8 8

8 3 5 .6 1 .96 1 .48 0 .2 6 1.83 0.71 1 .87 0 .1 8 1 .85 2 0 .3 2 .0 7 3 7 .5 2 .1 9 2 5 .7 0 .9 6

A ll 2 8 .7 3 .4 3 1.41 0 .3 7 1 .87 0 .6 2 1 .84 7 .3 8 1 .52 2 3 .5 1 .95 4 0 .2 2 .0 6 2 3 .5 1 .05
s.e. 2.18 0.35 0.02 0.03 0.02 0.03 0.05 2.60 0.15 2.43 0.12 2.30 0.13 3.48 0.10
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CN saccades Normal saccades and OKN QPs

CN saccades were similar to the normal saccades and OKN QPs of the last chapter (Fig. 

8.5). The mean slope of the duration TMS for CN saccades (2.43, Table 8.1) was very 

close to the mean slope of the normal saccades (2.39, Table 7.x). An independent 

samples T-test showed no significant difference (p >0.05). The CN duration intercept 

(34.6, Table 8.1) and the OKN summation QP intercept (35.3, Table 7.2) were not 

significantly different either (T-test, p>0.05). When taking both slope and intercept 

variations into account, CN saccades tended to be slightly slower than normal saccades 

or OKN QPs (MANOVA, p<0.05). However, the differences were indeed small, for 

example the duration of an average 10° movement was 52.1, 54.7 and 58.9ms 

respectively for normal saccade, OKN QP and CN saccade. Peak velocity was 

commensurably slightly slower (MANOVA, p<0.05). Consequently, the increase in 

duration and decrease in peak velocity left Q unchanged (cf. 1.80 in Table 8.1, versus 

1.75 for the saccades and 1.74 for the OKN QPs of the last chapter).

The Q values suggested CN saccade shapes were relatively normally peaked. All 

rightward saccades from one subject (S2) are shown in plots of velocity profile, position 

versus velocity phase diagram, and averaged profiles (n=20) across increasing 

amplitude (Fig. 8.6). The profiles are self-similar and resemble OKN QPs in that they 

are rather more skewed than typical saccades at low amplitude, and the skew then 

remains relatively constant.
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Figure 8.5; Summary of TMS for CN and control data. A) CN (solid) saccades (red) and QPs (blue) 
95% confidence regions for duration amplitude main sequence. Saccade and OKN QP data from Chapter 
7 also shown (dotted). B) same as A), but from logged regressions. C) as in B) but for peak veolcity- 
amplitude main sequence. D) ratio o f peak to mean velocity, Q.
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Figure. 8.6: CN velocity profiles, a) velocity-time profiles aligned on start point; b) velocity-position 
phase diagram o f data in a) [i.e. from discrete trial segments, not continuous recording]; c) velocity-time 
profiles shown in a) averaged in bins o f 20 saccades in ascending amplitude order.
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8.3.3 Spectral minima and maxima

Minima

Once again, the trajectory shapes were more rigorously quantified by their SMS and 

frequency maxima. Figure 8.7 illustrates a typical CN SMS and the individual 

regressions can also be found in Tables 8.1 and 8.2. The group mean regressions with 

their standard errors are shown again in Table 8.3, which summarises all the main data 

in the dissertation.
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Figure 8.7: CN spectral main sequence. The solid regression line is for the CN saccade data (blue) and 
the dotted regression is for the CN QPs (red).

able 8.3. Summary of main spectral regressions across chapters.
Chapter Ml M2 M2-M1 Mx1&2

FEM n slope inept slope inept slope inept Slope Inept

1 Sac 10 1.87 (0.08) -5.62 (1.17) 2.88 (0.10) -2.84 (0.66) 1.57 (0.10) 5.32 (1.46) -

I Sac 10 1.79 (0.15) -3.37 (1.80) 2.64 (0.20) 0.15 (3.18) 1.43 (0.12) 6.81 (2.06) -4.82 (0.34) 7.44 (0.46)

Sac 8 1.77 (0.05) -1.62 (1.55) 2.52 (0.11) 5.96 (1.43) 1.37 (0.09) 9.87 (2.27) -5.33 (0.48) 8 .2 2  (067)

QP 8 1.53 (0.06) 0.45 (1.58) 2.56 (0.16) 4.59 (2.85) 1.43 (0.08) 10.3 (2.53) -5.23 (0.26) 8.23 (043)

' CN 8 1.85 (0.18) -1.21 (2.29) 2.58 (0.12) 8.05 (1.27) 1.34 (0.07) 11.5 (1.90) -4.60 (0.34) 6.93 (0.55)

St eye movement (FEM) type, number o f subjects (n), saccade (SAC), OKN quick phases (QP), CN saccades (CN). 
tercept (Inept) Standard errors shown in parentheses.
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As can be seen generally the spectral data are repeatable, and the CN is not 

extraordinary in particular (Table 8.3). There were no significant differences between 

the SMS data of normal saccades (Chapter 7) and CN saccades (MANOVA, p>0.05). 

There are larger differences between the CN saccades and the OKN summation QPs, 

however (Fig. 8.8). The OKN QPs tended to have lower Mis, as seen in M l-l/T  and 

M2-1/T. These were just significant at the 0.05 level, but not at 0.01. There were no 

differences for M3 or M2-Ml (Fig. 8c-d).
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Figure 8.8: Sum m ary of SMS for CN and control data. Corresponding spectral figure to that o f Fig. 
8.5 with solid lines representing CN data, dotted that o f the normal controls in Chapter 7, and colours 
indicating saccades (blue) or QPs (red). The regressions for CN QPs were biased by the generally low 
amplitudes and limited amplitude range, resulting in elevated intercepts.

The CN QP SMS regressions above were significantly different, but this was due to the

limited range and low amplitude (i.e. high frequency) distribution biasing the

regressions. The CN saccade and QP data points largely overlapped (Fig 8.7) as was the
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8.3 CN

case in the TMS, but with more scatter due to the QP short durations. As expected from 

Chapter 3, the situation was worse at higher frequency minima. Constrained or robust 

regressions were more appropriate.

Maxima

The differences in maxima were again small. CN saccades and QPs tended to have 

lower intercepts and shallower slopes than OKN QPs (Fig. 8.9). The slight reduction in 

bandwidth is consistent with the small duration increaseas seen in the TMS.
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Figure 8.9: CN maxima and envelope slopes. A) The QP and saccade maxima for subject 5, with QP 
(dotted), saccade (thin solid) and the OKN QPs’ regression line (thick dashed) also plotted. B) All 8 CN 
subjects regression lines are shown, and the mean OKN QP regression is replotted in green. The CN slope 
and intercept is consistent with the somewhat longer duration movements reported above.
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8.3.4 Reconstructed pulse

The kinematics and, by linear plant inference, the dynamics of CN saccades are only 

mildly abnormal. The spectral results showed a slightly slowed response. The 

reconstructed pulses equivalent to the maxima plots are shown in Figure 8.10. They 

demonstrated regular repeatable behaviour that did not suggest any major abnormality 

in the termination phase of the pulse. The pulse patterns were similar to those predicted 

by the unidirectional Broomhead model parameters with the typical abrupt burst 

followed by a gradual decrease towards the steady state level. The observed pulses were 

quite different from the bidirectional Broomhead model pulses, which have a slower 

and lower initial burst phase rising to a more rounded peak and followed by a 

symmetrical falling firing rate curve. The bidirectional model also has a more 

pronounced antagonist control signal reversal at the end of the burst, which turns into 

the oppositely directed slow phase.
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8.4 Discussion

The aim in this chapter was to apply the processes of Fourier domain analyses 

developed in this thesis to the eye movements of patients with CN, and to determine if a 

saccade malfunction is a plausible developmental mechanism.

The saccadic behaviour of the congenital nystagmats studied here was close to normal. 

Their 10° saccades were only 4ms slower than control OKN QPs, and their spectral 

minima were within the normal ranges established here for control subjects (Table 8.3). 

The CN maxima were subtly lower than the normal overlap limit (Fig. 8.9). However, it 

is unclear if this is evidence for ‘sub-optimal’ performance and abnormal developmental 

processes, or instead a deliberate strategy in response to their degraded sensory 

information. For example, poor central vision is found in 80-90% of CN subjects, which 

could lead to a more stringent accuracy demand on the saccadic system and an attempt 

to minimise more bandwidth at high frequency. Indeed, it can even be argued that the 

slow phase itself is an adaptive response to the abnormal sensory input (Harris, 1995).

The indirect measures of pulse function that the saccade spectra allow were 

supplemented by direct reconstructions of pulse commands with inverted plant models. 

The inverted Broomhead model parameters applied to the real CN saccades did not lead 

to pulses with abnormal terminations (Fig. 8.10). In agreement with the minima and 

maxima data, there were no abnormalities in pulse shape and termination that would 

indicate the abnormal antagonist firing posited by, for example, the bidirectional 

Broomhead model. The results presented here have primarily been those of CN 

saccades, due to the low amplitude and reduced range of the CN QPs. However, there 

were no indications of any real divergence between CN saccades and QPs.
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In conclusion, there were no major abnormalities of the saccadic system found in this 

sample of eight subjects with CN, suggesting that the saccadic system is functioning 

approximately normally. The results are compatible with the values of e in the 

Broomhead model that were closest to those in a normal saccade system, but give rise to 

the unidirectional jerk waveform. However, other waveforms modelled by different s 

predict abnormal pulses that were not found despite a great variety of waveforms 

recorded (e.g. Fig. 8.3). There may be alterations to the Broomhead model that can 

account for these observations, but at present it seems unlikely that the essentially 

normal CN saccadic pulse could give rise to such a variety of CN waveforms that have 

such a deleterious effect on vision.

There are two further caveats: first, it is possible that a CN pulse abnormality could be 

obscured by an idiosyncratic non-linearity, especially in the lumped agonist-antagonist 

reconstructions shown here. It has been argued throughout this thesis that the end result 

of all the non-linearities in the oculomotor system is to leave a relatively linear ‘black 

box’ between the motoneuron and eye movement which would be little affected by the 

spectral measures detailed here.

Secondly, the current knowledge of antagonist activity during saccades embedded in

ongoing slow, visually-guided, movements is very poor. To my knowledge there is no

quantitative neurophysiological data. Sylvestre and Cullen (1999) recorded from the

same cells during pursuit and saccades but explicitly excluded data occurring around the

time of saccades during the slow movement. They suggested that antagonist activity

was central to the differences they found in purely slow or fast movements. The

suggestion of summation during the OKN QPs of Chapter 7, and the same implication

in CN braking saccades, make it clear that more real data on antagonist behaviour are
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8.4 CN

required. New neurophysiological information would help to validate or refute the 

conclusions reached here regarding CN.

The highlighting of these issues and the ability to at least surmise that CN saccades are 

remarkably normal, is an important affirmation of the methods developed here. Future 

models of CN will have to produce valid pulses and will able to take advantage of the 

methods developed here for studying the underlying neural control signals.
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Chapter 9: General Discussion and Conclusions

9.1 Overall summary

This thesis provides the first substantive empirical database of high frequency 

characteristics of saccades. The phenomenon of spectral minima related to pulse 

duration had already been recorded in two human subjects using the search coil 

technique (Harris et a i, 1990). However, the broader biological applicability and 

usefulness of the spectral approach, in terms of its reliability to other instrument noise 

or variability within and between subjects, was unknown.

Empirical reliability and usefulness

These two questions surrounding reliability and intersubject variability were key to the 

general aim outlined in section 1.1 of determining what new information the frequency 

domain might provide. They were answered in Chapters 3 and 4. Chapter 3 detailed the 

effects of noise on saccade spectra and showed them to be robust at high sample rates to 

modest levels of noise (Onoise ^  0.1°). This noise criterion was shown to be passed by all 

the current major eye movement recording techniques except EOG. It allows the 

potential for a more universal standard in saccade characterisation by spectral 

measurements of unfiltered, position signals.

Chapter 4 highlighted a potential problem to this universality in finding considerable

intersubject variability in SMS regressions. The problem was partly one of the natural

covariation between regression slopes and intercepts (higher slopes likely to be

associated with lower intercepts, and vice versa). Plotting SMS regression slopes

against intercepts showed a close linear correlation across subjects that gave rise to tight

confidence regions for the population slope and intercept (Fig. 4.3). These elliptical
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confidence limits allowed the most sensitive discrimination of saccade models yet put 

forward, and confirmed the biological usefulness of the spectral minima. The SMS 

supported minimum variance models over other explanatory models proposed.

The reliability of these estimates of the population slope and intercept is borne out by 

the summary of the data collected in different chapters (Table 8.3, reproduced below).

Chapter Ml M2 M2-M1 Mx1&2

FEM n slope inept slope inept slope inept Slope Inept

4 Sac 10 1.87 (0.08) -5.62 (1.17) 2.88 0.10) -2.84 0.66 1.57 0.10 5.32 1 . 4 6 - -

5 Sac 10 1.79 (0.15) -3.37 (1.80) 2.64 0.20) 0.15 3.18 1.43 0.12 6.81 2 . 0 6 -4.82 0.34 7.44 0.46

7 Sac 8 1.77 (0.05) -1.62 (1.55) 2.52 (0.11 5.96 1.43 1.37 0.09 9.87 2 . 2 7 -5.33 0.48 8.22 0.67

QP 8 1.53 (0.06) 0.45 (1.58) 2.56 (0.16 4.59 2.85 1.43 0.08 10.3 2 . 5 3 -5.23 0.26 8.23 0.43

8 CN 8 1.85 (0.16) -1.21 (2.29) 2.58 (0.12 8.05 1.27 1.34 0.07 11.5 1 . 9 0 -4.60 0.34 6.93 0.55

Only one subject was common to both Chapters 4 and 5, and yet the regressions were 

not significantly different. This suggests that the intersubject variability was averaged 

out sufficiently well to form a reliable measure over a sample of ten subjects. Half the 

subjects of Chapter 5 were also recorded in Chapter 7. The consistency of the group 

sample regression of these two chapters suggests that the intrasubject variability is 

good, as concluded from Chapter 3.

Empirical evidence fo r  optimisation

The question of what new information could be gleaned from the frequency domain was

further answered by Chapter 5. The aim of this chapter was to discover the functional

dependence of saccade spectra on amplitude. The 3dB bandwidth was known to be

inversely proportional to amplitude, so the result that energy decay at high frequency
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was independent of amplitude was unexpected. It allowed the conclusion that bandwidth 

was maximised (i.e. duration minimised) up to the limit described by the envelope 

overlap. The overlap predicted the temporal main sequence scaling of self-similar 

trajectories, and also predicted that a bell-shaped velocity profile was the time-optimal 

shape for the overlap constraint.

The intersubject variability, which had initially been problematic in the SMS, provided 

an opportunity to test a cause of the overlap. Correlations between each subject’s 

endpoint variance and saccade bandwidth implied that the limiting bandwidth was 

related to a trade-off between accuracy and speed.

This remarkable, but as yet tentative, result would provide the most compelling support 

for minimum variance models in particular, and optimisation models in general. It 

would suggest that the real physical limitation on saccade speed is not saturation in 

neuronal or muscle properties, but the size and density of photoreceptors on the retina 

and the need to achieve a specified quality of vision by maintaining the foveal accuracy 

to a given level. This argument is more teleologically satisfying than one based on, say, 

a ceiling in brainstem firing rates. It also suggests that different motor systems may 

share more similar information processing than previously recognised. For example, 

Fitts’ law for rapid arm movements to one target width may be equivalent to the saccade 

main sequence.

The finding that saccadic movements to stationary and moving targets are not identical

(Chapter 7) may also reflect task-specific optimisation. The trend in profile asymmetry

was similar in the data and in the velocity-constrained optimisation models (Fig. 7.20),

but the experiment contained too many uncontrolled variables for firm conclusions to be
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reached. The differences could instead simply reflect a lack of a clearly defined foveal 

target, or be due to a summation of slow phase velocity.

Improving methodology

The short duration and broad bandwidth of saccades makes measurement of their 

kinematics particularly susceptible to recording and signal processing problems. There 

are clear descriptions in the literature of the methodology involved in recording eye 

movements (e.g. Collewijn, 1998), but a systematic treatment of the effects of noise on 

saccades and their signal processing has been lacking. This has led to individual 

laboratories setting their own procedures and establishing their own normative 

databases. A more standardised protocol would be highly desirable. Chapter 3 is a start 

to achieving this goal.

The noise simulations on an analytic saccade model gave an indication of the robustness 

of spectral measures as summarised above. The importance of knowing and 

understanding the effects of noise on more conventional temporal measures were also 

demonstrated over the same range with regards to the commonly used central difference 

algorithm. This algorithm was later compared to the optimal Wiener filter in Chapter 6.

The Wiener filter is a good example of the value of the work in this thesis. During the 

past 30-40 years of close investigations into saccades, the common assumption has been 

that high frequency-low energy regions of the spectrum (i.e. « -3dB) could not contain 

any information of interest. This assumption and the reliance on relative (decibel) power 

scales precluded the observation of the saccade envelope overlap across amplitude, and 

the practical upshot of the optimal Wiener filter. There may be nonlinear filters that
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prove more useful, especially for EOG, but future filter designers will have to 

demonstrate this rigorously and with quantitative reference to the effects of noise.

The aggregate motor signal

The Wiener procedure offered a natural, optimal method for reconstructing the 

aggregate input signal to the plant. It simply required multiplying the FT by an inverted 

plant model before taking the inverse FT back to the time domain. In principle this is a 

very useful tool, as it is difficult to directly measure the aggregate motor drive. 

Individual motoneurons may give a different pattern to that of the aggregate (e.g. van 

Gisbergen et a l, 1981), and it is the overall output that is most likely closest to the 

behaviour controlled by the brain.

In practice, the usefulness was partly restricted by the uncertainties regarding plant 

parameters. Pulse reconstructions might be better employed in direct conjuction with 

actual neuronal or muscle data. In spite of this, the reconstructions for any one plant 

model allowed a more intuitive appreciation of the effects of spectral differences 

between saccades. Hence, clinical applications may be possible as well in the future, as 

demonstrated in a case study of slow saccades (Fig. 6.10).

Clinical relevance

Future applicability will be briefly discussed later, but first one specific finding of 

clinical relevance. OKN quick phases were very similar to saccades to the extent that 

they can reliably be used in the clinic to test the brainstem generator. This is of 

particular relevance in children, who may be uncooperative or too young to easily 

record many voluntary or reflexive saccades. Occasionally there can also be a
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dissociation between the ability to generate voluntary saccades and quick phases. The 

reflexive OKN stimulation gives the best opportunity of quickly gathering sufficient 

saccadic movements to assess temporal (or spectral) main sequences.

The importance of testing the saccade generating machinery was demonstrated by the 

aforementioned case study, whose drug treatment changed dramatically as a result of his 

saccade-based diagnosis. Saccade testing can also suggest or obviate the need for an 

MRI scan, which has a mortality associated with it in anaesthetised infants.

Congenital Nystagmus

The findings in CN were similar to those in OKN. CN saccades and quick phases were 

close to normal, and not suggestive of an underlying pathology in the saccade system as 

the underlying cause of the nystagmus. Indeed, as in previous findings in OKN 

(Halmagyi et a l, 1980), and pursuit (Jacobs, 2002), the CN motor responses are normal 

within the context of the concurrent nystagmus.

At the broadest context, the earlier speculation that photoreceptor properties are a more 

fundamental constraint on the saccade system than the output level of the motor system, 

may suggest that CN is essentially a sensory problem that manifests itself in a “proper” 

adaptive response of the motor system. Most nystagmats have very abnormal retinas.

Summation versus switch

Although OKN quick phases were sufficiently close to saccades kinematically to be 

clinically interchangeable, there were some subtle differences. The differences were 

most similar to, but not entirely explained by, a summation model of slow and quick
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movement drives. A simple switch model was rejected. One suggestion was that plant 

differences either at the end (as the antagonist becomes an active agonist) or throughout 

the movement might be partly responsible. It is hoped that future quantitative recordings 

of motoneuronal activity during saccadic movements embedded in ongoing slow phases 

will enlighten the arguments, as will more controlled behavioural experiments.

9.2 Future directions

Given the lack of data available, this thesis was more exploratory than hypothesis 

driven. It was certainly not motivated by a desire to test a minimum variance theory. As 

it happened the minimum variance model was found to fit well with the data in Chapters 

4, 5 and 7. It provided an overall framework for arguments concerned with optimisation 

and controlling for natural variability, from which other questions that do have 

specifically testable hypotheses have arisen.

This final subsection will first, however, be devoted to several specific Fourier-related 

topics, before a broader context is discussed.

FT specifics

This work has hinted at the clinical applications possible, but there is room for further 

study. For example, the key potential of applying Fourier techniques to resolving 

between abnormal saccades of central or peripheral pathology should be fully 

investigated. Patients with known supranuclear or nerve pathology should be compared 

to those with known muscle paresis. Inter-eye differences may also be interesting, for 

example, in intemuclear ophthalmoplegia (INO).
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EOG has not been thoroughly tested here. A separate EOG spectral database may be 

possible if EOG allows for reproducible results, or better regression techniques may 

allow for EOG findings that are more comparable to the IR, VOG and coil data. 

Alternatively, the advent of high sample rate VOG may enable the use of these systems 

in clinics and with children, and supersede EOG.

One can ask, what is the likely source of variability in saccade parameters and how 

much motor command noise is compensated for by a local feedback-type mechanism 

(Quaia et al, 2000; S meets and Hooge, 2003)? These authors used deviations from the 

TMS to infer local feedback efficiency and pulse height or width changes. Variability in 

spectral minima and maxima may provide more accurate indications of variability in 

pulse width and height respectively. In particular, estimates of instrument noise and its 

simulated resultant spectral variations may help isolate biological from measurement 

noise.

Broader context

The trend in recent years has been towards higher levels in neural systems, for example 

towards incorporating ideas of attention or decision making processes into the 

oculomotor system. The basic, ‘automated’ motor output level had been thought well 

understood. There is a growing appreciation, however, of the role of uncertainty and 

variability at all levels of the CNS (Harris and Wolpert, 1998; van Beers et a l, 2002) 

and the extent to which the variability is carefully controlled in producing the 

redundant, ‘automated’ patterns (Todorov and Jordan, 2002). Indeed, Harris (1998b) 

went as far as suggesting that neural noise may be desirable or deliberately introduced
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as part of an exploration of a ‘cost surface’ to prevent getting stuck in local optimums 

and allowing the global optimum to be found.

There has been no specific need to associate the ideas in this thesis within particular 

neuroanatomical structures. In these concluding remarks the most likely location for the 

motor control planning discussed should be mentioned.

The Cerebellum, adaptation and accuracy

The cerebellum has long been held crucially important to maintaining saccade accuracy 

(gain) and variability (e.g. Optic an and Robinson, 1980). Lesions cause dysmetria, 

highly increased variability, and a reduced adaptation capacity (Takagi et a l, 1998). 

Recently, it has been given a role in maintaining saccade online speed and timing 

(Dean, 1996; Quaia et a l, 1999; Their et a l, 2000). Its highly stereotyped anatomy has 

suggested a generalised motor control function that might explain the stereotyped 

behaviours such as bell-shaped trajectories across different motor systems. It is believed 

to leam multiple internal models to predict movement consequences and compensate for 

plant dynamics across motor systems in general (Kawato, 1999). New models can be 

learned for new specific contexts.

The cerebellum is, thus, the obvious candidate for implementing a putative accuracy-

bandwidth optimisation. Indirect justification for such a scheme comes from the

impressive ability of the MV model to fit saccade minima (4.3) and envelope (5.3), and

to model subtle differences seen in QPs by adding a velocity variance cost (7.3). The

existence in the first place of the overlap envelope, together with preliminary

associations of this with individual end-point variance (5.4) gives more direct support.
254



9.2 Conclusion

It was not an explicit goal of this thesis to test the hypothesis that saccades obey a 

speed-accuracy trade-off, but possible tests of this hypothesis were forthcoming. 

Associating the cerebellum with a central role, helps formulate some of them. For 

example invoking its context-specificity, one can ask if lower accuracy demands can 

lead to higher bandwidths and vice versa? Saccades made whilst tapping pegs were 

found to be more inaccurate and faster than compared with a looking-only task 

(Epelboim et a l, 1997). A change in accuracy constraint was one of two suggested 

explanations. Similarly, express saccades are less accurate and more variable, could 

they show higher variance and higher bandwidth? Higher accelerations, decelerations 

and peak velocities have been reported in a ‘Gap’ paradigm (Pratt, 1998). Other 

contexts with higher saccade variability, such as anti-saccades and memory-guided 

saccades, may be affected by the reduced foveal stimulation.

Can the overlap slope be adapted? Adapted saccades have been reported to have 

changed dynamics (Fitzgibbon et al, 1986; Abrams et al, 1989; Straube and Deubel, 

1995), although this has been disputed (Albano and King, 1989; Frens and van Opstal, 

1994). The different reports may, in part, again reflect the problems of comparing 

groups of saccades with different amplitudes, durations and peak velocities. Spectral 

analysis may resolve the controversy, as well as observing any slope changes. The Dean 

model (1996) would suggest that increasing saccade gain should increase acceleration 

and deceleration, which ought to increase the slope. To increase the chance of reliably 

detecting any changes, which would likely be small if at all, use could be made of the 

directional separability of saccade adaptation with one direction increased and one 

decreased in gain.
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There was a suggestion that an additional velocity constraint may subtly change the 

trajectories, but that significance was drowned out by the relatively experimentally- 

uncontrolled OKN stimulation (7.4). Lisberger has reported, but did not publish in his 

paper on saccadic-enhanced pursuit (Lisberger, 1998), that saccade accelerations were 

also increased during initial saccades to pursuit targets. Saccades to controlled pursuit 

targets could be spectrally analysed.

Finally, even if there is a relationship between saccade accuracy and optimal bandwidth, 

the fixed size of the fovea may make manipulation of it quite difficult. If the same 

principles hold in other motor systems, as suggested by MV models of arm movements, 

these may provide an easier system for experimental intervention. But these questions 

and many more surrounding the analysis and interpretation of biological transients 

remain to be answered.
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Derivation o f Wiener filter formula

An underlying, uncorrupted signal, U(f), will be filtered by the response 

characteristics of the recording instrument, 1(f),

309 = (1)

The measured signal will be further corrupted by noise with frequency response of

+ (2%

The problem is then to find the filter, W(f), that gives the best estimate, U’(f), of the 

uncorrupted signal;

(3)
1( f )

Using a least-squares closest fit, the sum of differences integrated over all frequencies

' ' p ' i f ) - u ( f ) f d f  (4)

must be minimised. Substituting equations 1-3 into 4 gives:

257



I 1( f ) K f )
d f

l j y ^ | ( ^ ( / ) '  + W ) '  + 2 - 5 ( / W / ) ) ’̂ ( / ) ' -  2{S( f )  + N( f ) ) W( f ) S ( f )  +

j ^ [ i ^ ( / ) r i i - w ) r  + \ N ( f ) \ y ( f f j d f (5)

as the two cross products involving S(f)N(f) will be zero for an uncorrelated noise 

signal integrated over all frequency. To minimise the least squares difference in (5), 

the contents of the square brackets are differentiated with respect to W(f) and set equal 

to zero:

- 2 |s ( / ) n i - i v ( / ) i  + 2 |w ) r iw '( / ) i= o

which results in the equation for the Wiener filter, W(f):

W{ f )  =
i5 (/> r+
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The Spectral Main Sequence of Human Saccades

Mark R. Harwood, Laura E. Mezey, and Christopher M. Harris
Department of Ophthalmology and Visual Sciences Unit, Great Ormond Street Hospital for Children NHS Trust and 
Institute of Child Health, University College London, London WC1N 3JH, United Kingdom

Despite the many models of saccadic eye movements, little 
attention has been paid to the shape of saccade trajectories. 
Some investigators have argued that saccades are driven by a 
rectangular “bang-bang” neural control signal, whereas others 
have emphasized the similarity to fast arm movement trajecto
ries, such as the “minimum jerk” profile. However, models have 
not been tested rigorously against empirical trajectories. We 
examined the Fourier transforms of saccades and compared 
them with theoretical models. Horizontal saccades were re
corded from 10 healthy subjects. The Fourier transform of each 
saccade was accurately computed using a padded fast Fourier 
transform (FFT), and the frequencies of the first three minima 
(M1, M2, M3) in each energy spectrum were measured to a 
precision of 0.12 Hz. Each subject showed near-linear trends in 
the relationships among M1, M2, and M3 and the reciprocal of 
duration (1/T), which we call the “spectral main sequence.”

Extrapolation of plots did not pass through the origin, indicating 
a subtle departure from self-similarity. Bivariate confidence 
regions were established to allow for slope-intercept variability. 
The nonharmonic relationships seen cannot arise from a rect
angular saccadic pulse driving a linear ocular plant. The rela
tionships are also incompatible with minimum acceleration, 
minimum jerk, or higher-order minimum square derivative tra
jectories. The best fits were made by trajectories that minimize 
postmovement variance with signal-dependent noise (Harris 
and Wolpert, 1998). It is concluded that the spectral main 
sequence is exquisitely sensitive to the saccade trajectory and 
should be used to test objectively all present and future models 
of saccades.

K ey w ords: sa c c a d ic  e y e  m o vem en ts; human; Fourier trans
form; sa c c a d e  trajectories; b a n g -b a n g  control; m inim um  vari
a n ce  m o d e l

Saccades are the fastest type o f eye movement, reaching hundreds 
o f degrees per second and are usually completed in tens of 
m illiseconds. D esp ite their speed, saccade trajectories tend to be 
remarkably stereotyped both within and across individuals. The  
duration, T, and peak velocity, PV, o f saccades increase mono- 
tonically with amplitude. A , o f the movement in a more-or-less 
consistent way, which has been called the “main sequence” (Ba- 
hill et al., 1975b). Over the range o f amplitudes typically made in 
everyday viewing (< 2 0 °) (Bahill et al., 1975a), velocity profiles 
tend to have a similar quasi-symmetric shape that appears to be 
simply scaled in velocity and time according to the amplitude. 
T his self-similarity breaks down for larger saccades as velocity 
trajectories becom e more asymmetrical with a protracted decel
erating phase (Collewijn et al., 1988).

D esp ite the numerous models o f the saccadic system, there has 
been surprisingly little attention paid to the precise shape of 
velocity profiles. Descriptively, Yarbus (1967) fitted them by a 
symmetric truncated cosine for small saccades. Others have used 
a gamma function, which has a skew parameter that allows larger 
saccades to be fitted (Van Opstal and Van Gisbergen, 1987).

In terms o f explanatory models, probably the most common 
view is that trajectories are time-optimal by bringing the eye to its 
final position in the shortest possible time (Clark and Stark, 1975; 
Lehm an and Stark, 1979; Enderle and W olfe, 1987). For linear 
systems this is achieved by “bang-bang” control (BB), in which the
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driving signal is switched between maximum permissible signal 
levels. The trajectories generated by such models o f the neural 
driving signal are dependent on the dynamic response of the 
extraocular muscles (the “ocular plant”), on which there is cur
rently no consensus.

A n  alternative, kinematic approach to explain trajectories, 
which consequently is independent o f the choice o f plant, can be 
adopted. T he similarity betw een the trajectories o f saccades and 
fast arm m ovements has been em phasized previously (Abrams et 
al., 1989; Harris, 1998b), and for fast arm m ovements it has been  
proposed that trajectories are selected to m axim ize smoothness, 
for example by m inim izing the square o f jerk integrated over the 
duration of the movement. This “minimum-jerk” profile (jerk =  
rate o f change o f acceleration) fits arm trajectories well (Hogan, 
1984; Flash and Hogan, 1985), although a minimum “snap” pro
file may provide a better fit (snap =  rate o f change of jerk) 
(W iegner and W ierzbicka, 1992). T hese minimum square deriv
ative (M SD ) velocity profiles are self-similar and symmetrical.

Although temporal M SD profiles appear to fit saccades well, 
why movements should be selected for sm oothness is unclear. 
Recently Harris and W olpert (1998) have proposed that the 
trajectories o f saccades and arm m ovements may m inim ize end
point variance in the presence o f signal-dependent motoneuron 
noise. For fast movements, minimum variance (M V ) trajectories 
tend to be similar to M SD profiles (Fig. 1), but a quantitative 
com parison has not yet been made.

It is difficult to discriminate between these m odels by conven
tional means because of the sm oothness of movements, recording 
noise and limited bandwidth, and the uncertain plant. Defining 
trajectories with higher derivatives, such as acceleration, jerk, or 
snap, becom es virtually impossible because o f noise and the
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Figure 1. S im ilarities o f M SD  and M V mode! tra jec to ries  (see M aterials  
and  M ethods). Show n are velocity profiles o f m inim um  acce lera tion , je rk  
an d  sn ap  (M A , M J, M S), m inim um  variance second and th ird  o rd e r 
(M V 2 , M V 3 w ith th ird  tim e constan t =  10 msec); the descrip tive  Y arbus 
m odel (Y ) is also show n for its sim ilarity  to  M A . T h e  tim e-orig in  is 
c en te red  at peak  velocity, which has been  n o rm alized  to unity. T ra jec to 
ries have been  scaled in tim e so that velocity is 0.25 at ±0 .5  tim e units, 
excep t in M V3 w here a slight asym m etry  p rec luded  the alignm ent a t +0 .5  
tim e units. F o r c larity , the o rd e r w ith which the profiles reach  zero  
velocity  has been  m irro red  in the legend. T h e  M V  profiles a re  based  on 
an am plitude  o f 5° and d u ra tion  38 msec.

distortion caused by the low-pass filtering of any eye movement 
recording equipment.

In this study we compared actual saccade trajectories with 
model trajectories using Fourier transforms. The Fourier energy 
spectra of a primate saccade has a characteristic and distinctive 
sequence of sharp local minima at frequencies that depend on the 
duration and overall shape of the trajectory (Harris et al., 1990; 
Harris, 1998a,b). For a linear plant, the frequencies of these 
minima. M l, M2, M3 etc., should coincide with minima in the 
frequency domain of the driving signal. Thus, the minima allow  
us to compare models based purely on the neural control signal 
(BB) or purely on the output (M SD), without reference to a 
specific plant model. The minima do not define the trajectory 
absolutely, but any plausible descriptive or explanatory model 
must be able to at least reproduce these minima. For example, the 
gamma function does not have any minima, and so we can reject 
this model at the outset. The other model trajectories have energy 
spectral minima at different frequencies (Fig. 2). They cannot all 
be correct. In this study we sought to establish the empirical 
relationship among saccade spectral minima and saccade dura
tion, which we shall call the “spectral main sequence” (SM S), and 
then to compare it with the predictions of the models.

MATERIALS AND METHODS
H o riz o n ta l eye m ovem ents w ere reco rd ed  using an in fra red  lim bus 
ey e-track er (IR IS , S ka lar M edical, D elft, T h e  N e th erlan d s). T h is  a p p a 
ra tu s  has a h o riz o n ta l lin ea r range o f  ±25° w ith  an accuracy  o f 3 m inarc . 
T h e  freq u en cy  response has a 3 dB a tte n u a tio n  at 100 H z  and  can  readily  
de tec t the  first th ree  m in im a for saccades over 4°.

T h e  ex p erim en ta l p ro toco l was approved  by the In s titu te  o f C hild  
H e alth  E th ics C o m m ittee , and  in fo rm ed  consen t was o b ta in ed  from  all 
vo lun tee rs . Saccades w ere  reco rded  from  10 healthy  adu lts  (6 m ales, 4 
fem ales) w ith  norm al v ision  aged 25-35 years (m ean  =  29.3 years). 
Subjects sat facing a w hite fiat screen  in d im m ed room  lighting (2 c d /m “); 
th e ir  h ead s  w ere  su p p o rted  in a chin rest and  s tab ilized  by a p a ir  o f e ar 
muffs. O nly  record ings from  the left eye w ere  analyzed .
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Figure 2. F o u rie r energy  sp ec tra  o f  velocity profiles p lo tted  on log,„- 
linear axis. E nergy  p lots a re  show n for the  m odels in F igure I and for the 
rec tangu lar pulse bang-bang m odel {BB). F o r clarity  the sharpness o f  the 
m inim a has been  reduced , and  the  o rd in a tes  have been  offset. T h e  
m in im a frequencies and th e ir  ra tio s are sum m arized  in T ab le  3.

T h e  s tim ulus was a red  (670 nm ) laser c ircu la r spot w ith a d ia m e te r of 
I mm p ro jec ted  o n to  the screen  via a ga lvanom eter m irro r, w hich was 
un d er co m p u te r con tro l. T h e  screen  was 89 cm from  the  sub ject, and the  
spot su b ten d ed  an angle o f 4 m inarc  at the  re tina .

E ach  trial s ta r ted  w ith  the ta rg e t spo t in the  cen ter, which a f te r  a 
random  tim e delay  (1 .1-2 .5  sec) s tep p e d  to  a p e rip h e ra l position , w here  
it rem ained  for 1.5 sec befo re  re tu rn in g  to  the  c en te r  for the s tart o f  the 
next trial. E ach  sub ject was p re sen ted  w ith  100 trials, w ith 10 trials for 
each  o f 10 d ifferent p e rip h e ra l ta rg e t positions: 2.5, 5, 10, 15, and  20° to  
the  left and  righ t o f  the  cen tra l fixation ta rge t. T ria ls  w ere p resen ted  in 
a fixed p seu d o ran d o m  o rd er. O nly  saccades to cen trifu g a l ta rg e t jum ps 
w ere reco rded .

B efore tria ls  w ere  p resen ted , a calib ra tion  p ro ced u re  was p e rfo rm ed  in 
which the  sub ject was asked to  fixate the  spo t a t 12 different p re d e te r
m ined  h o rizo n ta l locations b e tw een  + 20° and -2 0 ° . A  lin ea r regression  
was p ro d u ced  on-line, and if necessary , the  ap p ara tu s  was read justed  and 
th e  calib ra tion  p ro ced u re  re p e a ted  until a linear re la tionsh ip  be tw een  
eye position  and  ta rg e t position  was o b ta ined .
Analysis. A ll saccades w ere  p rev iew ed  to  exclude trials w ith  an tic ipato ry  
saccades and b link  artifacts. Eye position  was sam pled  a t 1 kH z. Eye 
velocity  and acce le ra tio n  w ere  e stim a te d  from  the eye position  using a 
zero -p h ase  low -pass digital filter (3 dB  p o in t =  64 H z). T h e  onset o f a 
saccade was defined  as the  first p o in t at w hich the velocity was c o n tin u 
ously above 10°/sec for at least 10 msec. Sim ilarly, the  offset w as defined 
as the last p o in t a f te r  the  peak  velocity  to  be above 10°/sec. T o  ensu re  
th a t the  saccade  tra jec to ry  was always fu lly  c ap tu red  fo r F o u r ie r analysis, 
the  ex trac ted  da ta  segm en t w ent 5 m sec beyond the identified  s ta r t and  
en d  po in ts  o f the  saccade.

T h e  F o u r ie r  transfo rm  o f a saccade  was co m pu ted  from  the unfiltered  
position  signal using a s tan d a rd  fast F o u rie r transfo rm  (F F T ) . T h is  
involved ex ten d in g  (“p ad d in g ”) the  ex trac ted  da ta  segm en t at e ith e r  end  
to  form  a d a ta se t com pris ing  8192 po in ts , then  m ultip ly ing  by a cosine 
w indow , and  th en  app ly ing  the  F F T . T h is  avoided p rob lem s associated  
w ith  tru n ca tio n  an d  w rap -a ro u n d  (H a rris , 1998a). T h e  first th ree  m inim a 
in the energy  sp ec tra  w ere m easu red  to  the  reso lu tion  o f 0.12 H z. 
A lth o u g h  m ost m in im a w ere sharp ly  defined, occasionally  th is  was not 
the  case. In these  c ircum stances  the  energy  sp ec tra  w ere m ultip lied  by 

w*, w^, o r o)** (eq u iv a len t to  tak in g  successive deriva tives in the 
tim e-dom ain ; co = an g u la r frequency ), w hereupon  the  m in im a becam e 
readily  d e tectab le . It was found  th a t the  m in im a frequencies w ere highly
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Figure 3. Illu stra tio n  o f b iva ria te  confidence regions. E llipses show 95%  
(in n e r) and  99%  (o u te r)  confidence regions for the e stim ate  o f the 
p opu la tion  slope and in te rce p t o f the ind iv idual M l versus l /T  regressions 
(O ). T h e  cen ter, (;e, ÿ), is show n by the cross-hair.

variab le  for saccades below  4° in am p litude . T h is  w as because the m inim a 
fo r sh o rt saccades occu r a t very  high frequencies and  becom e b u ried  in 
no ise. T hus, only saccades above 4° w ere considered  in th is  study.
SM S confidence regions. T o  study possible re la tionsh ip s am ong  the  four 
variab les (M 1-M 3 and rec ip rocal d u ra tio n , l/T ),  linear regressions w ere 
p e rfo rm ed  for each  sub ject. G iven  the p resence  o f  unavo idab le  m easu re 
m ent e rro rs  and  biological variab ility  in the  frequencies and du ra tions , 
the  best unb iased  in trasu b ject e stim ate  o f the slopes and in te rcep ts  was 
o b ta in e d  by b iva ria te  lin ea r regressions o f  M l, M 2, and  M3 versus 1/7, 
M2 and  M 3 versus M l, and  M 3 versus M 2.

Sam ple d ifferences in the  linear regression  will lead to  covariance  
b e tw een  the  ind iv idua l sam ples o f slope and in te rcep t. T h e  co d ep e n 
den ce  can  be seen  in the  exam ple in F igure  3, w here  h igher regression  
slopes are  associated  w ith  low er regression  in te rcep ts, and  vice versa. 
T o  o b ta in  an overall e stim a te  o f the  popu la tion  in te rcep t and  slope, 
b iv a ria te  confidence reg ions w ere con stru c ted  acco rd ing  to  n (n  — 
m )^5  "'(jLt -  m ) <  F„{p, n -  p )p {n  -  \)!{n -  p), w here  p. and  m are  the  
p o p u la tio n  and  sam ple m ean  vecto rs  o f the  tw o g roups {p  = 2) slope and 
in te rc ep t; n is the  sam ple  s ize  {n =  10); S  is the covarian t o f the n x  p  
m atrix , w ith  ,S'“ ' its inverse. D ecom posing  the  vectors in to  slope (y  =  
Py -  ÿ)  and in te rcep t (x =  -  X) com ponen ts, we have fo r tw o
d im ensions a region  b o u n d ed  by the ellipse o f the  form  ay^ +  bxy + cx^ 
=  d, c en te red  on  (X,y). U sin g  H o te llin g ’s 7 ^  the  95 and 99%  confidence 
reg ions show n in F igu re  3 ind ica te  th e  p robab ility  o f finding the p o p u 
la tion  in te rce p t and slope w ith in  them .
Models. E ight m odels w ere  considered : the  descrip tive  Y arbus  m odel 
(Y ); M SD  profiles th a t m in im ize  the  square  o f a cce le ra tio n  (M A ; a 
pa rab o la ), the  square  o f  je rk  (M J), and  the  square  o f snap  (M S); the  
bang -bang  re c tan g u lar pulse; and m inim um  variance  profiles w ith 
seco n d -o rd e r and tw o w ith  th ird -o rd e r  ocu lar p lants. T h e  gam m a fu n c 
tion m odel was no t co n sid e red  because it has no  local m in im a in its 
energy  spectrum .

T h e  F o u r ie r  energy sp ec tra  o f the Y arbus  and M SD  m odels can be 
found  analy tically  and a re  show n in T ab le  1. E ach  o f  these  m odels 
in h e ren tly  assum es th a t velocity  profiles o f saccades fo r d ifferent am p li
tudes have the  sam e basic sh ap e  bu t differ only in velocity- and  tim e- 
scales. Such profiles a re  se lf-s im ila r because it is possible to  find in d iv id 
ual scale facto rs  in velocity  and  tim e so th a t the set o f fu n c tio n s  would 
su p erim p o se  (fo r a given m odel) (Fig. 4/4). T h e  F o u r ie r transfo rm  
p reserv es  self-s im ilarity . T h e re fo re , the  ra tios o f  the  m in im a to  each  
o th e r  and  to  reciprocal d u ra tio n  (1 /7 )  are invarian t to  changes in am p li
tude, peak  velocity, and  d u ra tio n  of the tra jec to ry . L in ea r p lo ts  o f the 
m in im a against each o th e r  o r against 1 /7  m ust yield stra igh t lines passing 
th rough  the  origin. T h is  can  be seen  in F igure  AB, w here  scaling  am p li
tude  scales the overall en erg y  fo r a given d u ra tio n  bu t does n o t affect the 
frequencies  a t w hich th e  m in im a occur; scaling d u ra tio n  has an  inverse 
re la tio n sh ip  on  the  m in im a frequencies, b u t the  ra tios be tw een  the

m in im a are  co n stan t, as d e m o n stra ted  for M l and M 2 in the  inset. In this 
study only the ra tio s  am ong  M l,  M 2, and  M 3 and the re la tionsh ip  w ith 
M 1-M 3 and 1 /7  w ere  investigated .

B ang-bang co n tro l theo ry  is the  op tim al s tra teg y  to  reach  the  ta rge t in 
the m inim um  tim e w ith  the  in h e re n t a ssum ption  tha t the  ocu lar p lan t is 
linear. B ang-bang  con tro l has been  p roposed  previously  (E n d erle  and 
W olfe, 1987). T o  investigate  w h e th e r bang -bang  con tro l is a tenab le  
m odel fo r the saccad ic  system , th e  m o d e l’s assum ption  o f  a lin ea r p lant 
is accep ted . T h e n , th e  energy  spec trum  o f  the  o u tp u t (i.e., eye position) 
is the  p ro d u c t o f  th e  energy  spec trum  of the  in p u t (agg regate  neural 
d riv ing  signal) and  th e  energy  tran sfe r fu n c tio n  o f the  ocu lar p lant. If the 
inpu t energy  sp ec tru m  goes to  z e ro  a t som e frequency , then  the o u tp u t 
m ust also have z e ro  energy  at the sam e frequency . Even if energy  does 
no t go to  z e ro  bu t has a m od era te ly  sh a rp  m in im um  and  the p lant 
ch arac te ris tic s  a re  sm oo th , then  energy  m in im a are also v irtually  invari
an t to  linear p lan ts  (H a rris , 1998a). T hus, the  energy  m in im a o f position  
o r velocity  will occu r a t frequencies  very  close to  the m in im a o f the  pulse. 
T h e  sim plest bang -bang  co n tro l signal is a re c tan g u lar pulse, in w hich the 
pulse height rem ains  the sam e and  increases in d u ra tio n  w ith  saccade 
am plitude . T h u s, fo r th is m odel the  pulse shapes and  th e ir  energy  sp ec tra  
are self-sim ilar (a lth o u g h  eye velocity  o u tp u t profiles a re  no t) (Fig. 
5/4,/?). T hus, as fo r the  M SD  m odels, lin ea r p lo ts  o f  th e  m in im a against 
each  o th e r  o r against 1 /7  m ust also yield  s tra igh t lines passing  th rough  
the o rig in , and  the  s lopes o f these  p lo ts  m ust be  in teg ra l m ultip les o f each 
o th e r  (ha rm on ics) as d e te rm in ed  by the  energy  spec trum  o f a rectangle  
(T able 1).

M inim um  v arian ce  tra je c to rie s  have velocity  profiles tha t m in im ize  the  
position  variance  over a postm ovem en t p e rio d , w here  the SD  of the noise 
on the  con tro l signal increases w ith  the m agn itude  o f the  m ean con tro l 
signal (s ig n a l-d ep en d en t no ise). T h e  op tim al profiles w ere found n u m er
ically, assum ing  th a t the SD  o f  the noise  was p ro p o rtio n a l to  the  m ean o f 
the con tro l signal, and  using the sam e p a ra m e te r  values used by H a rris  
and  W olpert (1998), nam ely a p o stm ovem en t p e rio d  o f 50 m sec and  a 
seco n d -o rd er p lan t w ith  tim e constan ts  o f 224 and  13 m sec, o r a th ird - 
o rd e r  p lan t w ith  an add itiona l tim e constan t o f  10 ms. O ptim al profiles 
w ith  the  th ird  tim e co n stan t set to  4 m sec w ere also  m odeled . (F u rth e r  
deta ils o f  the  num erica l tech n iq u es  used can  be found at 
w w w .hera .uc l.ac .uk .)

RESULTS
A ll subjects produced saccades with the typical temporal main 
sequence (TM S) (Fig. 6) as described by many previous investi
gators. In particular, duration was always a linearly increasing 
function of amplitude for saccades over —4°, and linear regres
sion over the linear portion (4-20°) gave a slope (T-A slope) 
range of 2.22-3.37 msec/° and an intercept (T-A inept) range of 
20.3-30.4 ms (Table 2). The ratio of peak velocity to mean 
velocity, which we call Q, tended to be roughly constant for 
different amplitudes, with a value ranging from 1.54 to 1.80. These  
temporal measures are similar to other reports (Becker, 1989). 
Velocity trajectories o f saccades showed the typical quasi- 
symmetrical profile for amplitudes o f 5-10°, with a subtle change 
toward positively skewed profiles for large saccades (Fig. 7), as 
reported by others (Collewijn et al., 1988). Thus, there was no 
indication of any systematic deviations in our measures of velocity 
profiles or duration from previously published data.

Fourier analysis showed energy spectra with usually clearly 
defined minima occurring at nonharmonic frequencies, as shown 
by the typical example in Figure 8. These energy spectra were 
similar to those published previously (Harris et al., 1990; Harris, 
1998a,b).

Plots between M 1-M 3 and the reciprocal of duration (1 /7 ), as 
well as between M 2-M 3 and M l, and M3 and M2, revealed 
approximately linear relationships, as seen in Figure 9/4,7? for a 
typical subject. To compare these results with model predictions, 
the slope and intercept were estimated by bivariate linear regres
sions (see M aterials and M ethods) and are summarized in Table
2. Subjects showed broadly similar results for each regression, but 
to take account o f intersubject variability in estimating the pop-
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Table 1. Model velocity formulae and their analytical Fourier energy spectra

M odel V elocity Fourier energy spectrum

Y a rb u s (1967) 

M in im um  acce lera tion  

M inim um  jerk  

M inim um  snap 

R ec tan g u la r pulse

-c o s (T r t)

h{t)® rect{T)

r  7r^cos(w/2)1^

[ (tt̂ -  J
r2sin (w /2) cos(w /2)]^

r i2 s in (w /2 )  6 co s(w /2 ) sin (w /2)l^
14-4001---- -5---------(?—17 

ri2o
2,822.400 -------^

120sin (w /2) 60cos(o>/2) 12 sin(w /2)  ̂ cos(w/2)^
■* n  ]

r rs in (w T /2 )

L w772

Equations of velocity trajectories and their F ourier energy spectra for Yarbus, M SD, and rectangular pulse models. T rajectories are norm alized for unit am plitude and unit 
duration with tim e origin at peak velocity.

ulation slope and intercept, bivariate confidence regions were 
plotted (Fig. 10) (see Materials and Methods).

C om parison  w ith b an g -b an g  contro l
The simplest bang-bang control signal is the rectangular pulse, 
which has energy minima at harmonics of the reciprocal of the 
pulse duration (Fig. 9, solid lines; Fig. 10, squares). It was clear 
from individual SMSs that there is no harmonic relationship 
among the minima. The predicted rectangular pulse slopes and 
intercepts consistently fell far outside the 99% confidence regions 
and were rejected at the p  <  0.001 level.

C om parison  w ith MSD profiles
Inspection of MJ slopes alone suggests a close fit to the observed 
means (Tables 2, 3). However, with the exception of MJ in Figure 
IOC ( p  -  0.065), and MJ and M A in Figure lOF ( P mj  =  0.037, 
Pma ~  0.34), all M SDs fell outside of the 99% confidence regions. 
Moreover, the M3 versus M2 ratio seen in Figure lOF is the least 
discriminating of the SMS relationships studied because all the 
models predict very similar values (note scale in Fig. lOF). A l
though M A  provides a poor fit, it can be seen to fall closer than 
MJ to the confidence regions in all but B and C in Figure 10, 
which in turn was much closer to the confidence regions than MS. 
The MS model was consistently rejected at the p  <  0.001 level, 
and higher-order M SD models diverge farther from the confi
dence regions. It can be seen that the descriptive Yarbus model is 
very close to M A . This is not surprising because the cosine 
function in Table 1 can be quite well approximated by a parabola 
(Fig, 1). Five out o f six o f the predicted slopes and intercepts for 
M A , MJ, and Y models were rejected at the p  <  0.05 level.

C om parison  w ith MV profiles
M V profiles depend on the type of signal-dependent noise in the 
motoneuron signal and the specific dynamic response of the 
ocular plant. We tested examples as described by Harris and 
Wolpert (1998) (see Materials and Methods). It was found that 
regressions o f the M V minima did not pass through the origin but 
showed intercepts that were similar to the empirical observations 
(Tables 2, 3). The implication of the M V  regression intercepts is 
that M V  profiles are not exactly self-similar. The change in shape 
is subtle, as shown by the temporal velocity profiles [Fig. 7 and 
Harris and W olpert (1998)].

T he sensitivity o f the theoretical SMS can be seen particularly 
clearly in Figure 10. A  change in the plant model from second to
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Figure 4. I llu stra tio n  o f self-sim ilarity  using a parabo la  as an ex am p le ./I , 
T h e  basic tem pora l shape  (curve a) rem ains the  sam e w ith  a rb itrary  
scaling in tim e (curve b) o r  in velocity  (curve c) o r bo th  (curve d). B, T h e  
F o u r ie r  transform  o f the curves in A . Scaling in velocity am plitude scales 
th e  overall energy w ithou t affecting the frequency at which the  m inim a 
occur, w hereas scaling in tim e has an  inverse re la tionsh ip  on the  m in im a 
frequencies. T h e  ratios betw een  the m inim a are unaffected by the  tim e o r 
am p litude  scaling for a given shape , as show n in the inset fo r th e  first tw o 
m in im a (see M aterials  and  M ethods).
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Figure 5. Illu s tra tio n  o f bang-bang  contro l w ith  a second-o rder ocu lar 
p lan t. A ,  S im plest con tro l is a rec tangu lar pulse in which m axim um  
agon ist signal is m a in ta ined . D ifferent am plitudes are achieved by chang 
ing the  d u ra tio n  o f th e  rectang le  (dotted line)-, hence pulses a re  self-sim ilar 
(see  M ate ria ls  and M ethods). B, V elocity  tra jec to ries  resulting  from A  are 
no t self-sim ilar.
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Figure 6. T im e-d o m ain  analysis o f  saccades show ing typical tem poral 
m ain  sequence  re la tio n sh ip s ./I , Peak  velocity versus am plitude. B, D u ra 
tion  versus am p litude . C, Peak velocity X d u ra tio n  versus am plitude. 
R egression  line co n stra in ed  th rough  orig in  gives the ra tio  of peak velocity 
to  m ean  velocity, Q.

third order with a time constant of just 4 msec had a substantial 
effect on predicted slope and intercept. Increasing the third time 
constant to 10 ms had a further significant effect on how well the 
observed SMS was fitted. The second-order model fell within the 
95% confidence bounds for all the interminima ratios but was 
rejected a tp  <  0.01 for all the minima against l/T. The interm e
diate plant provided a good fit of all the observed SMSs, being 
within the 95% confidence regions and close to the sample mean. 
The third model showed varying agreement with the empirical 
data. It was just outside the 99% confidence regions for half of the 
relationships, but was never far from the mean slope and 
intercept.

DISCUSSION
A ll subjects showed systematic relationships among the frequen
cies o f the energy minima and the reciprocal of the duration of 
the saccade ( l/T ) . We have called these empirical relationships

the SMS, which is quite distinct from the traditional TMS that 
relates peak velocity and duration to amplitude (Bahill et al., 
1975b). The SMS is based purely on temporal measures (duration 
and frequency) and is independent of the amplitude or peak 
velocity of a movement. Consequently, there is no trivial reason 
why the SMS should depend on the TM S. The SMS arises from 
the whole shape of the trajectory (Harris 1998a).

E xplanatory  m o d e ls  of th e  neura l pu lse
The saccadic pulse has often been assumed to be rectangular in 
shape, reflecting the belief that it is the optimal bang-bang control 
signal (Enderle and W olfe, 1987). The energy spectrum of a 
rectangular pulse has zeroes at harmonic frequencies of the 
reciprocal of the pulse duration (Table 1). Importantly, we have 
shown that M2 and M3 are not harmonics of either MI or l/T. 
This demonstrates conclusively that saccades cannot result from a 
rectangular pulse driving any linear ocular plant.

In the theory of optimal control o f saturated linear systems, 
bang-bang control may require more elaborate driving signals, 
where one or more switches occur between maximum agonist 
activity and maximum antagonist activity during the movement 
(Bryson and Ho, 1975). After a rectangular driving pulse (no 
switches), the next simplest bang-bang control signal has one 
switch, where the driving signal is switched from its maximum  
agonist value to its maximum antagonist value at some optimal 
switching time to brake the movement. Small “braking pulses” at 
the end of saccades have been observed in abducens motoneuron 
discharges (Van Gisbergen et al., 1981) and in muscle fibers 
(Sindermann et al., 1978), but the magnitude of these braking 
pulses are far less than the peak antagonist activity. There is no 
evidence of two or more switches during saccades, so we conclude 
that saccades are not driven by any kind of bang-bang control. 
However, this does not mean that saccades are not time-optimal 
because bang-bang optimal control applies only to linear systems 
with simple saturating control signals.

E xplanatory  k inem atic  m o d e ls
Kinem atic models assume that a movement trajectory optim izes 
some trajectory parameter rather than being constrained by the 
driving signal or muscle dynamics. On the basis of the smoothness 
and symmetry of fast arm movement trajectories, Hogan (1984) 
proposed that the kinematic goal was to m axim ize sm oothness by 
m inimizing the integrated square of jerk. This MJ constraint 
provided a good fit to the observed symmetric velocity profiles. In 
view of the similarity of saccade velocity profiles to wrist move
ments (Abrams et al., 1989), the possibility that saccades may also 
be governed by the same kinematic constraint has been raised 
(Harris, 1998b). However, the minima of the MJ model fall 
outside the 95% confidence region for all but one of the six 
relationships investigated (Fig. 10). M inim izing the integrated 
square of acceleration also produces a smooth parabolic symmet
rical trajectory and is similar to the descriptive truncated cosine 
profile originally proposed by Yarbus (1967). Again, both of these 
models fall outside the 95% confidence bounds on all but one 
measure and cannot account for velocity asymmetries and SMS 
non-zero intercepts.

W iegner and Wierzbicka (1992) reported that arm movement 
trajectories were better fit by a minimum snap profile, which is 
similar to but slightly smoother than the MJ profile (Fig. 1). From 
Figure 10, we see that the minima ratios for the MS profile are 
even farther away from the confidence regions than those of the 
MJ profile. Saccades cannot be described by higher-order MSD
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Table 2. Summary of individual temporal and spectral main sequence parameters

T-A M i - i / r M i - i / r M 3-1/7 M2-M1 M 3-M1 M 3-M 2

ID Inept Slope Q Inept Slope r Inept Slope r Inept Slope r Inept Slope Inept Slope Inept Slope r

1 70 28.3 3.37 0.91 1.80 -7 .2 9 2.02 0.93 -7 .7 6 3.24 0.90 -1 5 .5 4.82 0.86 3.90 1.60 0.91 4.16 2.30 0.86 -0 .9 9 1.42 0.94
2 77 20.3 3.15 0.95 1.71 -9 .4 0 2.12 0.98 5.52 2.46 0.95 0.62 3.69 0.92 16.4 1.16 0.96 17.2 1.73 0.95 -7 .7 3 1.50 0.95
3 70 23.5 2.22 0.96 1.61 -9 .5 8 2.04 0.97 -6 .9 7 3.05 0.88 -1 3 .4 4.51 0.83 7.60 1.52 0.88 8.40 2.24 0.85 -2 .7 4 1.47 0.90
4 73 21.6 3.00 0.95 1.60 -0 .1 9 1.56 0.91 0.89 2.72 0.89 1.34 3.77 0.82 1.03 1.75 0.89 4.76 2.33 0.86 3.18 1.33 0.87
5 71 20.3 2.83 0.98 1.64 -2 .5 3 1.70 0.99 1.79 2.64 0.97 13.7 3.14 0.90 5.68 1.55 0.96 18.4 1.83 0.90 11.8 1.18 0.93
6 73 29.5 2.54 0.91 1.64 -7 .2 5 1.99 0.97 0.33 2.67 0.93 -5 .5 5 1.09 0.88 10.2 1.34 0.94 10.8 2.00 0.90 -4 .1 3 1.49 0.93
7 79 20.7 2.42 0.96 1.60 -1 .1 2 1.60 0.97 1.08 2.71 0.97 17.7 3.10 0.92 2.92 1.70 0.96 19.8 1.93 0.91 16.6 1.14 0.94
X 57 28.0 2.71 0.90 1.54 -2 .3 6 1.55 0.96 -1 6 .8 3.54 0.88 -1 6 .2 4.72 0.86 -1 1 .3 2.28 0.88 -8 .6 4 3.02 0.87 6.22 1.33 0.93
9 80 30.4 2,66 0.96 1.60 -9 .4 7 2.18 0.98 -3 .0 2 2.93 0.87 2.41 3.55 0.87 10.0 1.32 0.87 18.6 1.60 0.86 6.48 1.21 0.90

10 78 24.2 3.14 0.91 1.72 -7 .0 5 1.95 0.98 -3 .4 8 2.83 0.96 -6 .11 4.05 0.91 6.74 1.45 0.96 8.76 2.06 0.91 -0 .7 7 1.42 0.92
M ean 72.8 24.7 2.80 1.65 -5 .6 2 1.87 -2 .8 4 2.88 -2 .11 3.94 5.32 1.57 10.2 2.11 2.78 1.35

Rcgrc.s.sion.s o f  d u ra t io n -a m p li tu d e  m ain  se q u en c e  (T -A ) in te rc e p t ( in e p t)  an d  s lo p e , th e  ra tio  o f p eak  to  m ean  ve lo c ity  (2, an d  th e  sp e c tra l m ain  se q u en c e  b iv a ria te  reg ress io n s 
(se e  M ate ria ls  an d  M e th o d s) a re  show n a lo n g  w ith  th e  resp ec tiv e  c o rre la t io n  coeB icients and  n u m b er o f  saccad es  sco red  fo r each  su b jec t (n).
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Figure 7. T yp ica l velocity tra jec to ries  o f  saccades w ith superim posed  
M V  tra jecto ry . Show n is near sym m etry  for low am plitudes, becom ing  
m ore skew ed for large am plitudes. P lots w ere aligned  approx im ate ly  w ith  
peak  velocity, and  am plitudes w ere 5.4° (■ ), 10.3° (A ), and 20.0° ( • ) .  T h e  
lines show the  M V  (w ith th ird  tim e constan t o f  4 m sec) profiles for 
m atched  am plitudes and  durations.

profiles, because higher-order M SD profiles have minima at even 
higher frequencies. We conclude that M SDs do not give a good  
description of saccade trajectories in the frequency domain. C on
sequently, if fast arm movements truly m inim ize jerk or snap, 
saccades and fast arm movements do not m inim ize the same 
kinematic quantity. Spectral analysis o f arm movements would 
confirm this.

E xplanatory  MV m ode ls
Apart from the poor fit to the SMS, a serious conceptual problem  
with the above M SD models (whether for arm or saccadic move
ments) is their assumption that “sm oothness” is the fundamental 
kinematic goal o f the movement. Although both fast arm and eye 
movements do indeed appear to be smooth, it is not obvious why 
sm oothness should be so important, and it can hardly be consid
ered to be an “explanation.” Instead, we have argued that 
sm oothness would arise if the goal o f the movement were to 
minim ize position variance at the end of the movement of a given 
duration in the presence of signal-dependent noise (Harris,
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Subj 3

1e+2

1e+1

Ô 1e+0 
c  LU
oi 1e-1 o
_i

1e-2

Time (ms)

1e-3

1e-4
0 10 20 30 40 50 60 70 80 90 100

Frequency (Hz)

Figure 8. T ypical energy  spec trum  o f the velocity profile o f a saccade 
(insei) w ith am plitude 9.5°, d u ra tio n  7 = 4 7  msec ( l /T  ~  21 H z). L og 
energy  is p lo tted  against lin ea r frequency. O nly the  first th ree  m inim a are  
show n.

1998b; Harris and Wolpert 1998). M V  profiles depend on the 
duration of the movement, the dynamics of the plant, and the type 
of signal dependency of the noise, and in principle there are many 
M V  profiles. Clearly, unlike bang-bang control or kinematic 
control, the minima of M V  trajectories are dependent on the 
plant model, especially the order of the plant. Here we have 
examined only simple models as described by Harris and Wolpert 
(1998).

Although the M V  profiles appear similar to M SD profiles (Fig. 
1), they become increasingly asymmetric with duration (Harris 
and Wolpert, 1998), as seen in the real data (Fig. 7). In the 
frequency domain, the subtle lack of self-similarity in the M V  
profiles appears as regression lines among minima that do not 
pass through the origin. Minor alterations in the simple plant 
dynamics are sufficient to capture all o f the details found in the 
SMS. In particular, the third-order model with a 4 msec time 
constant fits the observed SMS quite well, being within the 95% 
confidence region for all tested relationships (Fig. 10).

We emphasize that the good fit of this M V  trajectory does not 
prove that saccades follow this M V  trajectory; rather, we have
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Figure 9. T yp ica l SM S for an indiv idual s u b jec t./I ,  Plots o f m in im a frequencies M l, M 2, and  M 3 versus reciprocal dura tion  of saccade (1 /T ) fo r the 
sam e sub ject as in Figure 6. B, P lo ts o f M2 and M3 versus M l, and  M 3 versus M 2. N ote n ear-lin ea r re la tionsh ips in all plots. Dotted lines show b ivaria te  
linear regressions. Solid lines ind ica te  p red ic ted  harm onic  re la tionsh ips for the rec tan g u lar bang-bang  con tro l pulse.

failed to reject this model on the basis of the SMS. Other models 
may ht the data as well. We also em phasize that the SMS char
acterizes the shape of trajectories and not how they are gener
ated. One could doubtless conceive of an internal feedback con
troller to realize M V  trajectories, but this remains to be explored.

In addition, there are two important caveats to be aware of. 
First, by constructing a conhdence region we are in effect “aver
aging” across individuals and hence generating a composite SMS. 
Individual differences in saccade trajectories could rehect optimal 
trajectories with different constraints (e.g., slightly different 
plants), but they could also reflect failure to hnd the precise 
optimum. Indeed, we have argued that some variability around 
the optimum would be essential to allow the optimum to be 
reached on average (Harris, 1998b). Thus, examining how and 
why trajectories differ among individuals may be a more fruitful 
line of enquiry than producing ever narrower conhdence regions 
by increasing sample size.

Second, our ultimate goal is to understand and model not only 
saccade trajectories but also their neural commands. In principle, 
if we have a potentially good model of trajectories we can ask 
what neural command would give rise to such a trajectory. Thus, 
Figure 11 shows the aggregate neural command for a second- and

third-order M V  model. Unfortunately, even for these relatively 
simple lumped linear models, there are serious difficulties. First, 
we do not know the time course of the aggregate neural command 
during a saccade, because it depends on all active excitatory and 
inhibitory burst units and how they are delivered by the agonist 
and antagonist motoneurons to their respective extra-ocular mus
cles. A  single motoneuron burst signal may give the impression of 
a bang-bang control signal, but averaging across burst units has 
revealed the presence o f a small braking pulse (Van Gisbergen et 
al., 1981), which is similar to but not as sharp as the theoretical 
second-order M V  command in Figure 11 (Harris and Wolpert, 
1998). It is also highly questionable whether the CN S can deliver 
very sharp aggregate neural commands as seen in the braking 
pulse of the theoretical second- or third-order M V  profiles in 
Figure 11. We have placed no limits on the control signals for 
these models, and no attempt has been made to model the tonic 
step component. A  more complex nonlinear plant is probably 
required for realistic modeling of the very end of the pulse signal.

S um m ary
In summary, we have shown that the Fourier energy spectra of 
human horizontal saccades in the range of 4 -2 0 ° in amplitude
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Figure 10. C o m p ariso n  o f SM S confidence régions w ith m odels. E llipses show 95%  (in n e r) and  99%  (o u te r) confidence regions for the  g roup  SM S (see 
M ateria ls  and  M ethods). P red ic ted  rec tangu lar BB m odel (square), M SD  m odels (circles, size  in increasing  o rd e r  o f derivative: acce le ra tion , jerk , snap), 
Y arbus m odel (cross-hair), and  M V  m odels (triangles, size in increasing  o rd e r o f th ird  tim e constan t: r , =  0, 4, 10 m sec) a re  p lo tted . T h e  equations for 
the  95%  (d = 1.004) and 99%  (d  =  1.946) e llipses are  also show n. A ll m odel slopes and in te rcep ts  a re  su m m arized  in T ab le  3.

have minima at frequencies that depend nearly linearly on the 
reciprocal o f saccade duration, which we call the SMS. Unlike the 
traditional temporal main sequence (Bahill et al., 1975b), the SMS 
depends on the whole shape of the saccade trajectory. The SMS 
allows us to confidently reject the bang-bang control model of 
saccades as well as the possibility that saccades have minimum  
jerk or snap profiles, as proposed for fast arm movements. The  
original trigonometric model (Yarbus, 1967) or the minimum

acceleration profile (parabola) are also rejected. Am ong the mod
els considered, the minimum variance model with a third-order 
plant provides the best fit that also captures the subtle lack of 
self-similarity seen in actual data. However, it must be recognized  
that the SMS does not uniquely define the shape of saccade 
trajectories, and in principle, there could be other velocity profiles 
that fit the SMS at least as well. The SMS provides a stringent and 
essential test for all models of saccade trajectories.
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T able  3. C o m p ariso n  of m odel reg ressions

M inim um  variance

R ectang le
M inim um
accelera tion

Y arbus
m odel

M inim um
jerk

M inim um
snap

T^ =  0 msec T j =  4 m sec Tj = 10 msec

Inept Slope Inept Slope Inept Slope

M l versus l /T 1.00 1.44 1.50 1.84 2.24 -1 .9 7 1.44 -4 .6 6 1.81 -3 .8 4 1.89
M2 versus l /T 2.00 2.46 2.50 2.90 3.32 -1 .5 2 2.48 -4 .1 0 2.92 -2 .8 3 2.95
M3 versus l/T 3.00 3.48 3.50 3.94 4.38 -1 .2 1 3.49 -3 .4 3 3.95 -2 .1 9 3.97
M2 versus M l 2.00 1.71 1.67 1.58 1.48 1.87 1.72 3.42 1.61 3.15 1.56
M3 versus M l 3.00 2.42 2.33 2.14 1.96 3.57 2.43 6.77 2.18 5.87 2.10

M3 versus M 2 1.50 1.41 1.40 1.36 1.32 0.93 1.41 2.12 1.36 1.63 1.35

The predicted regression slopes and intercepts (inept) are sum m arized for all eight models Only the M V models have non-zero intercepts. The zero intercepts for the o ther 
models are not shown.
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Figure II. N eura l co n tro l signals fo r M V  m odels. P red ic ted  com bined 
agonist and an tag o n ist m o to n eu ro n a l firing ra te  for the second -o rder M V 
(solid lines) and  th ird -o rd e r  M V  (dotted lines, f ,  =  4 m sec) m odels.
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SPECTRAL CHARACTERISTICS OF OPTOKINETIC QUICK PHASES
M.R.Harwood, S.Garbutt, C.M.Harris
Department of Ophthalmology and Visual Sciences Unit, Great Ormond Street Hospital 
and Institute of Child Health, London, UK.

Purpose: To compare the spectral main sequence of human saccades with that of
optokinetic quick phases. Dynamics of quick phases, as measured by the amplitude- 
duration and amplitude-peak velocity main sequences, have been variously reported to be 
the same or subtly slower than for saccades. The relationships between minima in the 
frequency domain and the reciprocal of saccade duration (‘the spectral main sequence’) has 
recently been shown to provide a sensitive characterisation of transient dynamics. Here, we 
apply this analysis to optokinetic quick phases.

Methods: Reflexive saccades to randomised targets and optokinetic nystagmus (OKN)
quick phases were elicited from six healthy adults. Eye movements were recorded with an 
infrared limbus eye tracker and sampled at 1090 Hz. The Fourier transforms of each fast 
eye movement were accurately computed using padded fast Fourier transforms (FFT) of the 
raw eye position and of a filtered estimate of the eye velocity (3dB at lllHz). The first 
three minima (Ml, M2, M3) in each resulting energy spectrum were measured to a 
precision of 0.12 Hz.

Results: Each subject showed near-linear trends in relationships among Ml, M2 and
M3 and the reciprocal of duration for the OKN quick phases, as seen in the reflexive 
saccades. However, linear regression slopes and intercepts were not compatible with those 
seen for saccades and indicated a more asymmetric velocity trajectory. Bivariate confidence 
regions constructed around the group slopes and intercepts showed a significant difference 
at the p<0.05 level.

Conclusions: Subtle differences between saccades and OKN quick phases in the temporal 
main sequences were also evident in the spectral main sequence. Increased trajectory 
asymmetry has previously been reported in non-visually as compared to visually-guided 
saccades. Whether the OKN quick phase asymmetry is simply a manifestation of a 
similarly less well-defined visual goal, or a specific optimisation of trajectory to a post
movement velocity constraint is discussed.
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Time-Optimality and the Spectral Overlap of 
Saccadic Eye Movements
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K e y w o r d s : saccade; saccade trajectories; optimization; Fourier transform; 
main sequence

Saccades exhibit remarkably stereotypical motor behavior, both in their bell-shaped 
velocity trajectories and in their peak velocity-am plitude and duration-amplitude 
relationships (the “main sequence”). It is som etimes assumed that this is the result 
o f  the system optimizing for movement duration, although no direct empirical evi
dence as such exists. However, formal time-optimal (“bang-bang”) m odels based on 
linear control theory do not produce realistic velocity profiles, as demonstrated re
cently in the Fourier domain.^

Here, we investigate high-frequency energy spectra for saccades o f different 
amplitude and show that they overlap, indicating the existence o f an absolute spec
tral limit. This provides the first clear empirical evidence that saccades are indeed 
optimal. The main sequence and trajectory shape reflect the minimum time with a 
spectral constraint.

METHODS

Reflexive saccades to symmetrical target steps o f  2 -4 0  degrees across the midline 
were recorded from 10 healthy adults using an infrared eye tracker (Skalar M edical). 
The manufacturer’s Bode plot showed negligible attenuation before 100 Hz and a 
3dB point at 185 Hz. The Fourier transform o f  each saccade was computed using 
padded, cosine windowed, fast Fourier transform o f the unfiltered eye position.^ 
The resulting spectra were multiplied by the square o f  frequency to give velocity en
ergy spectra, and the first two minima (M nl, M n2) and maxima (M x l, M x2) were 
identified.
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F IG U R E  I. Spectra l overlap  in a 
typ ica l sub jec t. (A) The envelope  for 
energy  d ecline  {straight solid line) 
co in c id es  for 8 and 23x  saccad es; m ax
im a (M x l and M x2) and m in im a (M n l 
and M n2) are a lso  show n. (B ) A veraged  
en erg y  in am p litu d e  b ins co llapses  onto  
sing le  line o v er 2 0 -8 0  Hz. (C ) O verlap  
o f  M xl and M x2 across am plitude .

RESULTS

At low frequencies, energy spectra were flat and, as expected, proportional to am
plitude squared. At high frequency individual spectra had maxima and minima at 
frequencies related to saccade duration (and so amplitude). Surprisingly the decline 
in the envelope o f the energy spectra at high frequencies (20-80H z) collapsed onto 
a single line regardless o f amplitude. This overlap was seen from plotting maxima 
energy and frequency and in the smoothed-out averaged spectra. This overlap was 
approximately linear on log -log  plots, until becoming submerged in recording noise 
above ~80H z ( F i g . 1).
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da ta  w ith  95%  c o n fid en ce  lim its, and 
(C ) s im ila rly  fo r M nl (lower curve) 
and  M n2 (upper curve) vs. overlap  
s lope, m.

There were no significant differences between intersubject slopes and intercepts 
of M xl or Mx2 over the linear 20 -80  Hz range (MANOVA: = 0.67; p > 0.5).
Mx 1 and Mx2 were pooled for each subject and the overall mean slope, rn, was -4 .8 2  
(0.11) and intercept, k, 7.44 (0.15). Thus, for amplitude (A) and duration (T) the en
ergy envelope (E) can be well described by Ea i-(co) = lO W ”. For A < -1 5 °, velocity 
profiles were shown to be approximately self-similar (i.e., re-scaled versions o f a tem
plate shape, see also Ref. 5). In the Fourier domain, re-scaling o f a unit spectrum fol
lows: E^ j(tü) = A^E| ](cüT). Hence, for self-similar overlap, T =  For
A < -1 5 ° , a power law fitted the T-A data well, and the mean exponent o f 0.40 pre
dicted an overlap slope of w = -5 . The data fell within 95% confidence limits.

Numerical optimization found the normalized, parameterized polynomial (for or
der, n =  5 -10 ) that minimized time given spectral overlap slopes o f m =  - 4  to -6 .  
The optimal trajectories were bell-shaped and symmetrical, and quantitative mea
sures o f their shape also fell within the data 95% confidence lim its (F i g . 2).
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DISCUSSION

The saccade system  appears to be m aximizing spectral energy up to som e limit 
given by the overlap. A s shorter durations for a given shape and amplitude would 
have spectra exceeding the limit, the implication is that saccades are time-optimal 
with this spectral constraint. An absolute spectral overlap requires the (non-linear) 
scaling o f  both duration and velocity, and predicts power law main sequences for 
self-sim ilar saccades. This fits the data until symmetry breaks down for A > 15°, but 
the overlap remains, suggesting that it is the underlying constraint. If a spectral limit 
governs the time-optimal amplitude scaling o f saccades, could the shape o f their tra
jectory also be time-optimal given the same constraint? Numerical optimization con
firms this suggestion (Fig. 2).

Thus, without any model-contingent assumptions, the current data strongly sup
port the notion that saccades are time-optimal with a spectral constraint, and that 
temporal main sequences and trajectory shapes are interdependent. The reason for 
the spectral constraint is unknown. It could reflect a physiological limit in the neu
romuscular pathway, although not that o f “bang-bang” control.^ Alternatively, it 
could reflect a further constraint such as accuracy in the presence o f signal-depen
dent noise'^ or plant uncertainty (multiplicative noise).^ Then, faster movements 
would incur greater output variance, and a speed-accuracy trade-off would tend to 
limit high-frequency energy.
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