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Abstract

Electrochemical Ion Exchange (EIX) is a process developed at the Harwell 

laboratory of AEA Technology, initially designed as a potential treatment for 

liquid wastes containing soluble radioactive species. Other applications for so

lutions containing dissociated substances are also possible. This thesis focuses 

on cation EIX, where the solution passes through a cell—a packed bed of ion 

exchange resin subject to an electric field produced by a pair of electrodes and 

a flux of protons, which displace the feed solution cations. These cations can 

be concentrated and eluted from the cathode. Much of the material would 

be completely analogous in anion EIX. After a general introduction to EIX, 

I derive a figure of merit which describes the efficiency of the cell. This will 

ultimately be the main subject for theoretical prediction and optimization. I 

briefly outline the methods for the theoretical treatment of the EIX process 

which I validated on experimental data. I developed a code to study porosity 

and transport properties of packed beds of resin by hard-spheres molecular 

dynamics for several types of bead size distributions. This makes the link 

between individual beads on the mesoscopic scale and the macroscopic prop

erties of the resin bed, such as the hydraulic conductivity. Following this, I 

develop an integrated model of the whole cell based on macroscopic transport 

equations. These are solved numerically in order to study the steady state of 

the EIX process while the various process parameters are varied. Finally, I 

make specific recommendations for the future development of the EIX process 

based on the modelling experience.
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Chapter 1

Introduction

Electrochemical Ion Exchange (EIX) is a process developed at the Harwell 

laboratory of AEA Technology, initially designed as a potential treatment for 

liquid wastes containing soluble radioactive species. Other applications are 

possible, such as the treatment of dilute solutions of metal salts.

The aims of modelling of EIX are to optimize the performance of the ex

isting EIX plant as well as to provide a deeper insight into the factors that 

underpin the plant’s operation. The modelling can be done at three funda

mental levels or scales. First of all there is the global, macroscopic level, as the 

plant is a macroscopic object. The purpose of the plant, however, is to manip

ulate ions which are microscopic entities. Clearly, some attention must be paid 

to processes at the microscopic level. Between these two extremes of scale lies 

a key component of the plant—the ion exchange resin in the form of beads with 

typical linear dimensions of hundreds of micrometres. Even more significantly, 

the resin beads suspended in solution are themselves heterogeneous consisting 

of a solution-filled pore space embedded in a m atrix of crosslinked polymer—an 

irregular, macromolecular, three-dimensional network of hydrocarbon chains. 

Therefore the micrometre scale, between the microscopic and the macroscopic, 

is another important level and can suitably be called mesoscopic. Any ques

tions that cannot be resolved at the global level will be referred to mesoscopic 

modelling. Microscopic calculations are not part of the work presented here.
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instead suitable macroscopic equations are used to describe ionic transport in 

the plant environment.

1.1 Effluent treatm ent m ethods

The elective treatment of liquid waste is becoming increasingly important 

(SCI, 1997). The trend in legislation is towards the gradual reduction in 

waste discharge limits and the increased competition in manufacturing indus

tries has resulted in a drive to maximise recycling of raw materials, including 

water. Electrochemical systems may be applied to many industrial pollution 

management problems. Their electrical control is easily managed, enabling:

•  remote and automatic operation

•  minimisation of secondary waste production

•  no need for elevated temperature, pressure, and chemical concentration 

driving forces.

Electrochemical processes that can be used for waste treatment include:

•  electrodialysis

•  electrodeposition

• electrochemical ion exchange

•  photochemical processing

•  electroflotation.

Which of these processes is the most suitable depends upon the objectives 

of the particular waste treatment solution. While electrodialysis is suitable for 

relatively concentrated solutions (0.01- 1m) and high surface area electrowin

ning is effective in the concentration range 0.5-10mM, EIX really comes into 

its own in the sub-millimolar concentrations.
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1.2 Electrochemical Ion Exchange

The basic principle of EIX is very simple. The aim is to reduce the con

centration of a pollutant in a (typically aqueous) solution. Like all other 

electrochemical methods, EIX relies on the chemical in question being disso

ciated into cations and anions. On passing through the EIX plant running as 

a cation exchanger, the cations can be replaced by an equivalent amount of 

another cationic species. In the subsequent text, we will refer to the cations to 

be exchanged as “metal ions” , not in the strict sense of the word, but rather 

to sound more specific. An anion EIX plant can carry out the corresponding 

exchange for the anions. As an example, let us consider an aqueous solution 

of CUSO4 . It will be dissociated as Cu '̂*' and SO^^. EIX could, for example, 

replace the cupric ions by and the sulphate ions by 0 H “ , which would 

recombine to create water molecules. This would be the most likely scenario 

in an environmental application. However, a much wider range of exchanges 

is possible. The original ions will be recovered separately in concentrated so

lutions.

1.2.1 EIX cell

In this section we will introduce the EIX plant (cell) and its components. We 

will focus on the experimental cell here, which is a scaled-down version of the 

actual industrial system. It has an importance of its own as it has been used 

for many experimental tests. As in the subsequent chapters, our focus will 

be on the cell operating as a cation exchanger. Much of the analysis would 

be completely analogous in anion exchange. Even more specifically, we will 

consider systems where the only electrode reactions are water reduction and 

oxidation.

Figure 1.1 shows the experimental cell resting on a pump which transports 

the solution for treatment, while Figure 1.2 provides a simplified schematic pic

ture of the cell. The basic structure of the cell consisting of three sandwiched
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units/ compartments can clearly be seen. In the cell in Figure 1.1, the solu

tion is treated in the middle compartment which is sandwiched between the 

anode (red, labelled A) and cathode (black, labelled C) compartments (side 

compartments). The three parts are separated by cation membranes which 

minimise anion transport between the compartments while allowing cations to 

pass through. All possible transport of anions into the middle compartment is 

avoided in order that the treated solution may not become contaminated with 

anions of the supporting electrolyte present in the electrode compartments. 

The cation membranes are made of cation exchange resin manufactured in 

the form of a foil. The middle compartment is filled with a packed bed of 

ion exchange resin as spherical beads with a linear dimension of the order of 

100/xm. The manufacture and properties of ion exchange resins are detailed 

in Section 1.2.2. The middle compartment with and without the resin bed, 

and one of the cation membranes are shown in Figure 1.3. Figure I .4 shows 

a detail of a side compartment with the electrode in place. The electrodes are 

made from platinized titanium and we can clearly see the mesh structure. The 

current design has evolved from earlier versions where the solution ions were 

adsorbed onto an inorganic ion exchange membrane (Gumming, Tai & Beier, 

1997).

Turning our attention to the schematic in Figure 1.2, the sandwiched struc

ture should once again be clear. Electrolyte solutions are pumped past both 

electrodes and their role is simply to increase the conductivity in the side com

partments. Typically, the solutions are of HNO3  with concentration of about 

O.lM. At the anode, water is oxidised, so that oxygen is evolved with the 

release of protons

2H2O —y O2 H“ 4H^ -|- 4e , (1 .1)

and at the cathode, hydrogen is evolved releasing hydroxyl ions by water re

duction

4H2O +  4 e -  ->  2H2 +  4 0 H - .  (1.2)
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It is the proton production that is crucial to cation exchange. The protons will 

migrate from the anode to the cathode displacing some of the metal cations in 

the feed solution. The metal ions will themselves migrate towards the cathode. 

That is the principle of EIX. The ion exchange resin has a crucial role to 

play, which will become clear in Section 1.2.2, where ion exchange resins are 

explained.

1.2.2 Ion exchange resins

For a brief introduction to ion exchange resins, see for example Helfferich 

(1962, pages 14-16). Ion exchange resins are products of polymerization and 

their framework, the so-called matrix, consists of an irregular, macromolecu

lar, three-dimensional network of hydrocarbon chains. Figure i . 5 looks at the 

process of manufacture of the resin (Harland, pages 25-27) and helps quali

tatively understand its properties. Straightforward polymerization of styrene 

yields hydrophobic linear chains of polystyrene. However, by the addition of 

divinylbenzene (DVB) during polymerization, adjacent polystyrene chains can 

be bridged by carbon bonds, the crosslinks. This makes the macromolecule 

insoluble in water. The amount of crosslinking of the resin is frequently ex

pressed by the percentage of DVB in the initial reaction mixture. Hydrophilic 

groups, such as —SO3  H+ are introduced after the polymerization, in this case 

by a treatment with hot sulphuric acid. They become chemically bonded to the 

hydrocarbon backbone. If desired, a subsequent chemical reaction (not shown) 

might replace the protons with another cation, such as Na" .̂ It would be said 

that the resin has been changed from hydrogen form  to sodium form. In solu

tion, the groups dissociate liberating the protons and making the macromolecu

lar network negatively charged. Therefore, ion exchange resins are crosslinked 

polyelectrolytes. By taking up solvent, the resin will also swell and the less 

crosslinking, the greater the swelling. The swollen resin thus consists of the 

hydrocarbon matrix with fixed negatively charged groups and pore liquid with 

protons. The concentration of the pore liquid is considerable, typically a few
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Figure 1.1: Experimental EIX cell. It is vertically divided into three compart
ments. Starting from the left is the cathode compartment (labelled C), the 
bed compartment with feed and effluent outlets, and the anode compartment 
(labelled A). Under the cell is the the feed solution pump (labelled FEED).
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cation membranes

Output solution 
depleted of
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electrolyte

Supporting
electrolyte
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electrolyte
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electrolyte

Anode Feed 
solution 

(cations M“̂ ")
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Figure 1.2: Schematic diagram of the EIX cell (cation exchange). Transport 
of anions between the compartments is prevented by the cation membranes. 
Feed solution cations are concentrated at the cathode.
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Figure 1.3: Components of the experimental EIX cell. From left to right: 
empty bed compartment; cation membrane to separate the bed from an elec
trode compartment; bed compartment filled with ion exchange resin beads.

molar. When placed in an electrolyte solution, the protons will tend to diffuse 

out of the resin and, crossing the surface, exchange for an equivalent amount 

of the cations of the electrolyte. This is cation exchange. As mentioned above, 

there is an assymetry between the cations and the negative charges in the resin, 

the latter being immobile. Therefore, due to electroneutrality, only cations can 

diffuse between the bead and the outside solution. The anions of the electrolyte 

are very effectively excluded from the bead interior by what is usually called 

the Donnan exclusion and is a purely electrostatic effect (Helfferich, page 134). 

Let us imagine there are no mobile anions in the resin at first. The first few 

anions that cross into the resin from the solution cause a build-up of negative 

charge and a corresponding electric potential difference which will prevent any 

further anion intake. This excess of negative charge in the resin cannot he 

considered a violation of electroneutrality as it is far too small to be detected 

by any method, except for the measurement of the electric field itself. Donnan
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Figure 1.4: Detail of the electrode compartment in the experimental EIX cell. 
The outlets above and below the electrode allow the supporting electrolyte 
circulation.

exclusion only breaks down at very high concentrations when anions may en

ter the resin as part of undissociated molecules. This is not an issue in EIX 

however, where the external solution is of millimolar concentration.

The physical appearance of the resins is typically as translucent spherical 

beads with radii of the order of hundreds of micrometers. For example the 

IR 120 resin beads manufactured by Rohm and Haas Co and frequently used 

as a cation exchanger by AEA Technology have diameters in the range 0.3 

to 1.18mm. The manufacturer does not provide any information about the 

size distribution between the two extreme values, so it has to be measured 

independently.

From the previous paragraphs it is now easy to understand how cation EIX 

operates. It will be sufficient to think of a steady state situation. The EIX 

bed consists of two very different components. There is the relatively dilute
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CH=CH2

styrene

heat,
catalyst

-CH—CHj—CH—CH2~CH~CH2~CH—

CH=CH2

H=CH2

divinylbenzene

linear polystyrene

—CH— CH2—CH— CH2— CH— CH2—
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styrenic sulfonic acid resin

Figure 1.5: Addition (vinyl) polymerization synthesis of the styrene sulfonic 
acid cation exchange resin. Polymerization of styrene yields linear chains of 
polystyrene which are water-soluble. The addition of divinylbenzene in the 
reaction mixture causes the creation of crosslinks between adjacent chains, 
making the macromolecule insoluble in water. Subsequent treatment with 
hot sulphuric acid results in the introduction of hydrophilic groups which will 
dissociate once the macromolecule is placed in solution.
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solution in quasi-equilibrium with surrounding resin beads, undergoing forced 

convection in the interstices between the beads. The solution contains metal 

ions and anions from the feed solution plus protons entering from the anode 

compartment. On the other hand the bead interiors are free from convection 

and the concentration of cations of both species (metal ions and protons) 

is higher by a factor of thousand. The anions are excluded from the bead 

interior. Thus both the metal ions and protons can migrate in considerable 

concentrations towards the cathode, undisturbed by convection through the 

beads, and some metal ions will necessarily be displaced from the feed solution 

by protons. The efficiency of the process would be 100% if all metal ions fed 

into the cell entered the cathode compartment. The anions are not at all 

affected by the process.

1.2.3 Figure of merit

In order to judge the performance of the existing EIX design and to compare it 

with suggested improved designs, I have developed a figure of merit to quantify 

efficiency. Optimum performance implies the lowest possible running cost for 

given operating conditions. From that point of view, the relevant characteristic 

of the plant is its unit energy consumption, T , which can be expressed as

W

where W  is the power input of the plant, Q the flow through the plant, and 

the sum runs over all ionic species exchanged in the plant. and are the 

concentrations of ions of z-th species before (feed concentration) and after the 

treatment (effluent concentration), respectively, and is the valency of the 

species. In order to make the deflnition as general as possible, we have allowed 

for several different cationic species in the feed solution. To be specific, let us 

take Q to be the volumetric flow rate and, as a consequence, c will denote the 

concentration per unit volume. It will be probably most convenient to take 

the concentration in the molar units equivalent to mol/1. The unit of T  is then
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J/eq  telling us the amount of energy needed to extract leq of ions. The unit 

consumption T  is directly linked to the cost of energy required for a particular 

job and we obviously want to minimize it. Analogous to T  we could define 

unit energy consumption with respect to i-th species as

W
Q\zi\{ép -

There are a few terms contributing to W . For the purpose of subsequent 

analysis we will only consider the energy required to maintain the hydraulic 

flow through the EIX bed and the electrical energy supplied to the electrodes. 

The unit consumption T  can then be written as

where E  is the power supplied to the electrodes and P  is the power required 

for pumping. For convenience, we defined C = Y,i Of course,

E  =  UI, (1.6)

where U is the voltage between the electrodes and I  is the current passing 

between them. We will look at the two energy terms in turn.

It will be a very good approximation to assume that the fluid pumped 

through the EIX plant is essentially incompressible and thus the minimum 

power needed for pumping can be written as

P  =  (1.7)

where 2uid are the values of pressure in the fluid before and after passing 

through the bed. If we have no use for the pressure and the kinetic energy of 

the fluid after it has been treated, the power P  effectively becomes

P  = Q{p'^ + \ p u ^ - p '‘), (1 .8 )

where p is the density of the fluid, u its velocity on entering the plant, and

is ambient pressure. Clearly, in order to minimize energy losses for a single
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EIX plant, should be set to and so we will use to denote both. The

velocity u can be expressed as

where A  is the cross-section of the plant inlet. Thus P  becomes

P  = Qip'" + ^  -  P%  (1-9)

However, for relatively slow flows the kinetic energy term can be neglected. For 

the experimental EIX cell, for example, the kinetic energy term is typically of 

the order 10"®Pa, while the term is of the order of hundreds of Pa for

the same flow rate. We also know that at least for the experimental cell the 

hydraulic flow is linear (see Section 2.3), that is

Q oc -  p® +  pgh), (1 .1 0 )

where h is the height difference between the inlet and the outlet of the bed 

and g is the acceleration of gravity. The constant of proportionality is usually 

written as K / p ,  where K  is the hydraulic conductance and p  is the viscosity 

of the solution. Hence we can write

P  =  Q i ^ Q  -  pgh). (1.11)

Now we turn our attention to the electrical term in the unit consumption. 

In order to write it more compactly, we will introduce resistance R{I)  such 

that

U = R{I ) I  + Uo, (1.12)

Experimental measurements presented in Section 2.2 show that R  is very 

nearly a constant and also determine the value of Uq. As a result E  becomes

E  = I { R I ^ U o ) .  (1.13)

We seek to relate the electric current I  to the ion-exchange rate of the plant, 

which can be expressed by an ion exchange current, J,

J  =  FQC, (1.14)
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where F  is the Faraday constant^. We will introduce ion-exchange efficiency, 

N , so that

J  =  N I .  (1.15)

The value of N  can range between 0 and 1. E  now becomes

E  = — {R— -\-Uq). (1.16)

Similarly, we could define the ion-exchange efficiency for the i-th species,

Ji =  N il, (1.17)

where

,out>Ji =  -  c?“‘)

Of course.

N  = '£ ,N i.  (1.18)
i

The last two paragraphs enable us to write T  as

or

F C  ( j ^ FQ C  ,
+  ^ 0 ^ +  — pgh . (1 .2 0 )I N K  N

For a typical application of the EIX plant, Q and C  would be given quan

tities and the aim is to minimize T. The hydrostatic term in T  is of very 

little importance, as any improvement it would introduce would be balanced 

by the need to pump the solution up to the appropriate height. The viscosity 

p, might be changed by regulating the temperature of the incoming solution, 

but still is not a major quantity subject to optimization. Clearly, we will want 

to manipulate K,  R,  and N,  so that an optimum performance is achieved.

^ F =  96485C/mol.
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Typical values of the main efficiency-determining quantities for the EIX 

experimental cell are given in Table 1.1. They have been obtained for a feed 

solution of ImM HNO3  and flow rate of approximately 18 bed volumes an 

hour. The voltage and current between the electrodes was 2.5V and O.lA, 

respectively. Both side compartments contained iM solutions of HNO3 . The 

most striking fact is that the power needed for pumping of the solution through 

the bed is about one thousandth of the power supplied to the electrodes. This 

suggests that in the first place we should concentrate on reducing the electrode 

power consumption without having to worry about adverse effects this may 

have on the bed hydraulic conductivity.

Let us now come back to Equation 1.3. One drawback of this definition of 

unit energy consumption is that it is insensitive to small changes in the effluent 

concentration. However, these might be crucial in an application with strict 

discharge limits. Once the feed concentration is reduced by, say, two orders 

of magnitude, the unit energy consumption will stay practically constant for 

any further reduction in the effiuent concentration. For example, whether the 

metal concentration is reduced by a factor of one thousand rather than one 

hundred will only make a small difference. An alternative would be to replace 

the difference of concentrations, which might be several orders of magnitude 

from each other, with a logarithm of their fraction

to obtain what we will refer to as the logarithmic figure of merit. It expresses 

the amount of energy we need to reduce the feed concentration by a given 

fraction. As with the unit energy consumption, our aim is to reduce 71 as 

much as possible. The top two plots in Figure 4-10 illustrate how différent the 

behaviour of the two figures of merit can be in some situations.
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Unit energy consumption (7^ O.SOMJmol ^

Power supplied to electrodes (E) 250mW

Power for pumping (F) 0.25mW

Cell current (/) O.IA

Ion exchange current ( J ) 46mA

Ion exchange efficiency (AT) 46%

Resistance (R) 4.5H

Zero-current voltage offeet (Uq) 2.0V

Table 1 .1 : Representative values of the main elEcieney-determining quantities 
for the experimental EIX cell

1.3 Macroscopic diffusion models

A very common description of ionic transport in electrolyte solutions is based 

on differential equations which express the macroscopic flux density of a par

ticular species as a function of local concentration gradients, electric field, 

and macroscopic convection. In the low concentration limit, the individual 

species present are assumed to have no effect on one another except for the 

electrostatic interaction between their charges. The ‘friction’ caused by the 

interaction between migrating ions and molecules of the solvent is expressed 

by the diffusion coefficient. The Nernst-Planck equation is then used for a flux 

density of species i, j , ,  (Newmann, chapter 11)

i i  =  - D i V c i  -  ZiUiCiV(f C j V , (1.22)



1.3. Macroscopic diffusion models 25

where z* is the valency of the ions^, Ui the mobility, c* concentration, ip the 

electric potential, D i the diffusion coefficient, and v  macroscopic fluid flow 

velocity. Electroneutrality is also assumed in bulk solution, ie.

=  (1.23)
t

Due to the strength of the electrostatic interaction this assumption almost al

ways holds, even in systems far from equilibrium. Also, in the low concentra

tion limit, the so-called Nernst-Einstein equation holds, relating the mobility 

to the diffusion coefficient

“ ‘ =  S >

where e is the electronic charge, k the Boltzmann constant and T  temperature. 

Interestingly, this relationship is usually a good approximation even in ion 

exchangers (Helfferich, page 268).

In concentrated solutions, one should allow for non-electrostatic interac

tions between fluxes of different species. This is frequently expressed by the 

Stefan-Maxwell equation (Newmann, chapter 1 2 )

CiVMi =  =  (1-25)
j  j  C t ^ i j

Ct =  Ç c i ,  (1.26)
i

where V/̂ % is the local gradient of the electrochemical potential of species i 

and Vj — Vi is the relative velocity (flux density divided by concentration) of 

species j  with respect to species i. The are usually called the interdiffusion 

coefficients and quantify the friction between fluxes of species i and j .  Thus 

the driving force in the system is provided by the local electrochemical poten

tial gradient and the friction between fluxes of all species present, including 

solvent molecules, provide the dissipative forces. This friction is assumed to 

be proportional to relative velocities. The Stefan-Maxwell equation is ‘cor

rect’ in the sense that the driving force for ionic fluxes is not divided into 

^The absolute charge of an ion is where e is the electronic charge.
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concentration and electrical potential gradients, the latter being fundamen

tally unmeasurable, and relies on the electrochemical potential, which is well 

defined thermodynamically. The practical difficulty with the Stefan-Maxwell 

equation, at least when several different species are present, is the multitude 

of interdiffusion coefficients, which may not be easy to measure. This means 

that in practice the Nemst-Planck equation is often used. Indeed, Section 2.1 

shows how the Nernst-Planck equation can be used successfully to interpret 

experimental measurements for ion-exchange resin in an aqueous electrolyte so

lution. Due to the success of the simpler Nernst-Planck equation, it has been 

used in the development of the EIX model in preference to the Stefan-Maxwell 

equation. The actual equations used in the EIX bed modelling are introduced 

in Section 4-1- They are a slightly modified version of the basic Nernst-Planck 

scheme. The main features of Nernst-Planck versus Stefan-Maxwell equation 

are summarized in Table 1.2.

1.3.1 Ionic diffusion in heterogeneous media

Ionic diffusion coefficients in solution are easily determined experimentally. 

Similarly, ‘effective’ diffusion coefficients in ion exchange resins can be mea

sured. Of course, the resins are inhomogeneous, but on a scale larger than that 

of the inhomogeneities one can still meaningfully speak of local fiux density, 

concentration, electric field, etc, which will be consistent with the diffusion 

equations given a certain averaged diffusion coefficient (and mobility via the 

Nernst-Einstein relation). In the EIX bed, there is another level of heterogene

ity however, as the resin beads are suspended in solution. Again, if a length 

scale larger than the inhomogeneities (bead size) provides suflâcient resolution 

for our purposes, by averaging we may be able to obtain effective diffusion 

coefficients consistent with the diffusion equations.

Landauer (1978) reviews different approaches that have been used to pre

dict effective properties of heterogeneous materials. Historically, the question 

was first tackled in electrostatics with the classic Clausius-Mossotti formula.
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N ern st-P lan ck S tefan-M axw ell

Driving forces Electric potential 
gradient, 
concentration 
gradients

Electrochemical 
potential gradients

Dissipative forces Friction between 
ionic fluxes and 
solvent molecules 
(viscosity)

Friction between 
fluxes of all species

Non-electrostatic 
interaction between 
ions

No Yes

Uses unmeasurable 
quantities

Yes No

Widespread use Yes No

Table 1 .2 : Comparison of key features of Nemst-Planck and Stefan-Maxwell 
equations for ionic transport in electrolyte solutions

The question in electrostatics is: given a mixture of two materials with different 

electric permittivities and their respective volume fractions, what will be the 

electric permittivity of the mixture? In electrostatics, electric permittivity is 

the proportionality constant between electric displacement and electric poten

tial gradient. By analogy, the same approach may be used in electrodynamics 

for calculating electric conductivities (electric current density proportional to 

electric potential gradient). And in the same way, in the Nemst-Planck equa

tion the local flux density is proportional to concentration and electric field 

gradients, so that the same averaging technique can be transferred to diffusion.

The most frequently invoked approximation in this field is Bmggeman’s
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Symmetrical Effective Medium Theory (Landauer). For convenience, Ap

pendix A  summarizes the derivation of the theory as well as its applicability. 

The result expressed in terms of diffusion coefficients and porosity (ratio of 

void space volume over total volume) is

where ÿ is the porosity, Dm is the effective diffusion coefficient of the mixture, 

and Dr and Dg are diffusion coefficients in the resin and solution, respectively. 

Solving this quadratic equation for Dm, we obtain

Dm “  4  +  ^D rD ^  , (1.28)

where

7  =  (3ÿ -  l)Dg +  ( 2  -  3(f>)Dr. (1.29)

This is the way the diffusion coefficients used in the EIX bed transport equa

tions introduced in Section 4-1 are calculated from values in the resin and 

solution.

Later on we will find it convenient to refer to the fraction Dr/Dg. Let us 

call it the diffusion ratio. Figure 1.6 shows the dependence of the effective 

diffusion coefficient (as a fraction of the diffusion coefficient in solution) on 

porosity for a representative diffusion ratio of 0.1. The graph on the right side 

of the figure focuses on the porosity range between 30 and 35%, which would 

be realistic in a packed resin bed.

1.4 Hydraulic conductivity model

The prediction of resistance of porous media to hydraulic flow is a very import

ant subject which has been traditionally studied in geology, but its technologi

cal importance has meant tha t its study has spread into other physical sciences 

and engineering. The major problem is the complexity of the systems involved
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Figure 1.6: Effective diffusion coefficient as a function of porosity in a mixture 
with a diffusion ratio of 0.1 according to Bruggeman’s Symmetrical Effective 
Medium Theory. It is plotted as a fraction of the diffusion coefficient in so
lution. The dependence can be approximated as linear for the porosity range 
that might be expected in a packed bed of beads.

which makes any exact solution of the relevant flow equations impossible. In 

addition, one often does not need to know the full details of the velocity and 

pressure fields in the flow area and only certain averages over the whole assem

bly are important. For example, in Section 1.2.3 we require the knowledge of 

the flow rate through the whole EIX bed for a given pressure drop (hydraulic 

conductance). We are much less concerned with the local velocity at which 

the liquid percolates the pore space in-between beads.

We will now focus on a theory which has been used successfully and exten

sively in predicting hydraulic conductivity (and hence conductance) of porous 

media (Panda & Lake), and in particular unconsolidated porous media. By un

consolidated we mean a system, such as the EIX bed, where the constituents 

of the impermeable phase are not fused together on the scale of the pore size 

to form a rigid body. A sand pile would be a typical unconsolidated medium. 

The approach we will follow is known as the modified Carman-Kozeny equa

tion. For convenience, the derivation of the equation is detailed in Appendix B. 

Other approaches and their historical development are discussed by Panda & 

Lake (1994), which also validates the equation on some geological samples. It 

is found adequate for conductivities over about 1 /xm .̂ The conductivity of the 

EIX bed is in fact of the order of several hundred /xm .̂
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The Carman-Kozeny equation starts by considering the so-called Poiseuille 

flow, a solution of the Navier-Stokes equations for incompressible fluid flowing 

under a linear pressure gradient through a smooth-walled tube of radius R. 

The hydraulic conductivity k (average fluid flux density times viscosity divided 

by pressure gradient) for such a tube is

k = (1-30)

In a porous medium the hydraulic conductivity can be expressed as

k  =  (1.31)

where the hydraulic radius, i 2 /i, is defined as

„  volume open to flow
Rh — ,, J J (1.32)wetted surface area

(j) is the porosity and r  the tortuosity. The dimensionless parameter r  is defined 

so that

T ' =  ÿ ,  (1.33)

Lt being the average length of a path a particle of fluid takes through the pore 

system to traverse distance L  downstream. It is assumed to be a fundamental 

property of the porous material and, according to Lake (1989), the best exper

imental value for an array of regularly packed spheres is 25/12. In practice, 

r  is used as a fitting factor and for the EIX bed, which indeed is a packing 

of spheres, albeit an irregular one, we will thus expect r  to be approximately 

equal to 2. By definition, r  is always greater than unity and its value rarely 

exceeds 10. It is therefore a fairly well constrained parameter.

Very significantly, porosity appears explicitly in the Carman-Kozeny equa

tion. This is of course no surprise, but it means that we must have some 

independent means of predicting it. Chapter 3 explains how hard-spheres 

molecular dynamics can be used for this purpose and further details can be 

found there. Suffice it to say here that, given a size distribution of the resin
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beads, the porosity of the packing they will produce by settling into a container 

under gravity can be accurately predicted. The hydraulic radius of the pack

ing is given by the size distribution together with porosity and Equation 1.31 

can be used to obtain the hydraulic conductance. This, combined with the 

geometry of the bed compartment of the EIX cell, determines the hydraulic 

conductance. We have quietly assumed that Rh, (j), and r  are independent 

of the flow rate. That is, the flow does not interfere with the structure of 

the porous material. At the relatively low flow rates in the EIX cell, this as

sumption is correct, but clearly it could not be used in fluidized beds, such 

as are sometimes encountered in traditional ion exchange. We might expect 

some effect on the bed structure immediately after the flow is switched on or 

switched off, but this is of no real significance.

1.5 Summary

Electrochemical Ion Exchange (EIX) is a process developed by AEA Tech

nology, initially designed as a treatment for liquid wastes containing soluble 

radioactive species. Other applications are possible, such as the treatment 

of dilute solutions of metal salts. The treatment takes place in an EIX cell, 

which can exchange either the cations or the anions in the feed solution with 

another ionic species. The process is then referred to as cation or anion EIX, 

respectively. We focus on cation EIX, but the anion process is analogous. The 

key feature of the EIX cell is a packed bed of ion exchange resin beads in an 

electric field produced by a pair of electrodes. The figures of merit developed 

in Section 1.2.3 quantify the efficiency of the EIX process and will be subject 

to theoretical prediction.

The Nernst-Planck equation will be used to describe the ionic transport 

in the bed. This in turn requires the prediction of the effective diffusion co

efficients for ions in the heterogeneous mixture of resin beads and solution. 

Assuming the diffusion coefficients in the solution and in the resin to be known
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separately, Bruggeman’s Symmetrical Effective Medium Theory is a suitable 

tool for predicting the effective diffusion coefficient of the mixture.

The power required to pump the solution through the EIX bed contributes 

to the total power consumption of the cell. We thus need to be able to predict 

the dependence of the hydraulic conductivity of the bed on the geometrical 

properties of the beads. Given their particle size distribution, the Carman- 

Kozeny equation can be used to calculate the hydraulic conductivity.
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Chapter 2

Experim ental m otivation

This chapter focuses on the key characteristics of the EIX cell as determined 

in experiments I suggested to be carried out at AEA Technology, Harwell, as 

well as some batch ion exchange measurements I requested in order to estab

lish the utility of the Nernst-Planck equation in ion exchange resin - solution 

systems {Section 2.1). The experimental measurements serve to point to suit

able theories and acceptable approximations, which will make the modelling 

of the rather complex system feasible. These have already been mentioned in 

the preceding chapter, but have had to wait for their experimental confirma

tion. Current-voltage characteristics of the EIX cell and their implications are 

studied in Section 2.2. Finally, the suitability of the Carman-Kozeny equation 

for the description of hydraulic conductivity of the EIX bed is investigated in 

Section 2.3.

2.1 Batch ion exchange

A series of batch binary ion exchange experiments has been carried out at 

AEA Technology, Harwell in order to establish that the Nernst-Planck equa

tions are adequate for the description of ionic diffusion in the EIX bed. This 

section presents my fitting of the experimental results. Details of the appli

cation of the Nemst-Planck equations to batch ion exchange can be found.
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for example, in Helfferich (1962, pages 250-286). The same topic is discussed 

from the point of view of chemical engineering process design in Slater (1991, 

pages 18-40, 91-104) and Harland (1994, pages 134-158).

2.1.1 Theoretical description

On the simplest level, one starts by studying an individual spherical resin bead 

occupied by counter ions A immersed in a well stirred solution of an electrolyte 

BY, where B is another counter ionic species and Y the co-ions. Ions A will 

start to diffuse into the solution and ions B will diffuse from the solution into 

the bead until an equilibrium is reached. Usually, ion exchange is a purely 

diffusive phenomenon, with no chemical reactions on the ffxed ionic groups. 

As already explained in Section 1.2.2 (page 16), electroneutrality is maintained 

in the resin, so that the outward flux of ions A through the bead surface is 

exactly balanced by an equivalent flux of ions B into the bead. This is true if 

ions Y are completely excluded from the interior of the ion exchanger. This 

so-called Donnan exclusion can break down at high electrolyte concentrations 

(Helfferich, pages 134, 135). However, in a typical ion exchange application, the 

ion exchanger comes into contact with very dilute solutions (see Section 1.1) 

and this is not a concern.

The ionic transport in the bulk solution is almost completely determined 

by the macroscopic hydrodynamic flow, but nearer the bead surface, in the 

hydrodynamic boundary layer, the flow velocity gradually approaches zero, and 

the diffusion and migration in the electric field becomes more important. Inside 

the resin bead, there is no macroscopic flow at all. In principle then, the rate 

of ion exchange is determined by the combined effects of the diffusion through 

the boundary layer of solution at the bead surface (film diffusion) and through 

the bead interior (particle diffusion). Film diffusion control is favoured by high 

concentration of fixed ionic groups, low degree of crosslinking, and small bead 

size, with dilute solutions and inefficient agitation. For example, the less the 

stirring of the solution, the thicker the boundary layer and diffusion through
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it becomes more important. Mainly due to the low solution concentrations, 

the batch experiments relevant to EIX are film diffusion controlled. In the 

following we will represent the effect of the hydrodynamic boundary layer by 

the so-called Nernst diffusion layer (Helfferich, pages 252 and 253). This is a 

hypothetical film of fixed thickness where only diffusion and migration occur, 

without any convection. As we consider this layer as rate-determining, we will

assume that regions beyond the boundaries on both sides, the resin bead and

the solution, cannot support any concentration gradients.

The flux density of an ionic species %, j j ,  is given by

i i  =  - A  ^Vcj +  , (2-1)

where Di is the diffusion coefficient, q  concentration, q  valency, and the 

electric potential. In the following we will refer to the counter ions A by 

subscript a. Similarly for ions B and Y. We will assume that the film thickness 

and bead volume stay constant during the ion exchange. The electroneutrality 

requirement within the film can be written as

^0 ^ 0  “t“ Z\)Cl) — ZyCyj (2.2)

and the fact that no net electric current flows means

Zaia + ^bib = - Z y i y  (2-3)

Assuming ions of equal valency and jy  =  0, an analytical solution can be

found. The initial conditions are that there are no ions A in solution and no

ions B in resin. The assumption jy  =  0 implies a quasi-staic regime. If there 

is no sorption or desorption of co-ions during the ion exchange, however, the 

flux of co-ions is only non-zero for a very short time at the beginning of the 

exchange. With these reservations, the solution for ions with unequal diffusion 

coefficients is (Helfferich, page 274)

U{t) =  ^  (2.4)
J-'b —
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In
y{t) - 1 1

+  2 D ,\ =  (2.5)

The notation requires some explanation. The result is presented in terms 

of U(t), the fractional attainment of equilibrium. This is defined as U(t) =  

(Qo — Qa{t))/{Qa ~  G r) ,  where is the total amount of ions A present in 

the ion exchanger before the exchange, Qa{t) is the amount at time t, and 

is the amount in the equilibrium state. Clearly, at the commencement 

of the exchange, U is zero and it approaches unity as the system reaches 

equilibrium. U(i) is a function of time via the variable y(t), which is a solution 

of the transcendental equation 2.5. This has to be evaluated numerically. In 

Equation 2.5, C  is the solution concentration, Q is the molarity of the fixed 

ionic groups in the ion exchanger, r  is the bead radius, and 5 the Nernst film 

thickness. The relationship between 5 and the solution flow velocity (stirring) 

is usually determined empirically (Hellferich, page 253).

2.1.2 Experim ental results

In the experiments, ion exchange took place between 1ml of resin IR120 in 

proton form and 100ml of stirred solution of NaOH of concentrations varying 

between 10 and 40mM. That means the protons are what we called ions A, 

Na'*' become ions B, and OH" act as co-ions Y. For the purposes of fitting, 

there are really only two independent parameters:

# ratio of diffusion coefficients, d = Da/Di

•  p  =  Da/(SrQ)

The four measurements that we are considering fit best for d (= Dji+/D^^+) 

in the range from 2.0 to 4.3, and for p (=  Dj{+/(SrQ)) in the range 0.06-0.11. 

The value of d may be found somewhat surprising given that at infinite dilution, 

the ratio is very close to 7.0. In fact, the uncertainties in the measurements 

are such that the best fit and the fit for d =  7.0 cannot be unambiguously 

distinguished. The fitting itself is not very sensitive to the value of d and the
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Figure 2 .1 : Theoretical fits of batch ion exchange based on Equation 2.4- As 
well as best fits (red), predictions based on the ratio of diffusion coefficients at 
infinite dilution (green) are shown.

graphs in Figure 2.1 show fits for d =  7.0 to demonstrate this. The agreement 

is especially striking for C  =  SOmM.

It is very interesting to use the fitted values of 6 to estimate the Nernst 

film thickness. Using estimates Q =  2.8m and r  =  0.02cm (Helflferich, page 

256) and giving % +  its infinite dilution value of 9.31.10~®m^s~^, S is of the 

order 1 0 ~®m, about an order of magnitude smaller than the bead radius.

As we can see, the Nernst-Planck equation can provide an adequate descrip

tion of ionic transport in the ion exchanger-solution system and it is reasonable 

to expect that its application to the EIX bed will yield reliable results. The 

application to the bed is described in Chapter 4-
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2.2 Electric properties of the EIX cell

A series of current-voltage measurements on the experimental EIX cell has 

been carried out at AEA Technology, Harwell. The catholyte and anolyte 

were both a iM solution of HNO3  and the concentration of the feed solution, 

which was also a solution of HNO3 , was varied between 0 and lOOmM. The 

resin in the bed was the standard IR120 in proton form. Figure 2.2 shows the 

result. It can be clearly seen that the cell behaved like an ordinary resistor, 

except that the voltage at zero current is ofeet by around 2V. This is due 

to the overpotential of water splitting at the platinum electrodes (approxi

mately IV at each electrode). At the same time. Figure 2.3 (data measured 

at AEA Technology, Harwell) shows that up to at least moderate concentra

tions, the increase of conductivity in a solution of a strong electrolyte with 

concentration is linear, indicating that the mobility/diffusion coefficient of the 

ionic species stays constant. The side compartments of the EIX cell act as 

resistors; their resistance is given by the electrolyte concentration. Given that 

the measured current-voltage characteristics of the whole cell are linear, the 

current-voltage characteristics of the EIX bed itself must then be linear. This is 

compatible with constant ionic diffusion coefficients in the EIX bed. However, 

we must bear in mind that these diffusion coefficients are effective diffusion 

coefficients averaged over the bed, as discussed in Section 1.3.1, rather than 

any fundamental quantities. The constancy of diffusion coefficients in an EIX 

setting has already been hinted at in the results of the previous section, but the 

current-voltage characteristics provide a different point of view on the same 

system—the ion exchange resin plus solution. The previous section did not 

endorse the same point, but rather established that the Nemst-Planck equa

tion can be used in concentrated systems. Values of the diffusion coefficients 

need to be chosen carefully and Section 3.3.1 goes into the details of their 

calculation.
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Figure 2.2; Current-voltage characteristics of the experimental EIX cell for 
several concentrations of HNO3 in the feed solution. The cell behaves as a 
resistor except that the voltage at zero current is offset by the overpotential 
at the electrodes. This implies that the EIX bed itself behaves as an ordinary 
resistor.
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Figure 2.3: Conductivities of HNO3  and NaOH solutions as functions of con
centration. The linear behaviour implies that the ionic mobilities stay constant 
in the whole concentration range. Assuming the Nernst-Einstein relation holds, 
the diffusion coefficients must also be constant.
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Figure 2.4: Flow rate as a function of pressure drop across the EIX bed. The 
linearity means that the bed can be characterized by a constant hydraulic 
conductance /  conductivity.

2.3 Hydraulic properties of the EIX bed

Another set of measurements has been carried out to determine the hydraulic 

properties of the EIX bed. The results are shown in Figure 2.4- Clearly, 

the relationship between the flow rate and pressure gradient is linear and the 

bed can thus be described by a single flgure for hydraulic conductance (see 

Equation 1.11). This was made use of in Section 1.2.3, in the derivation of the 

Figure of Merit. Section 3.3.2 investigates the hydraulic conductivity of the 

EIX bed for different size distributions of the resin beads.

The Carman-Kozeny equation has the following form for an assembly of 

single-size spheres of diameter D [Equation B.9)

Just to find out if the Carman-Kozeny equation can make at least rough es

timates, we will, in the first instance, use Equation B.9, substituting r  =  25/12
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as recommended. The information about the particle size distribution of the 

ion-exchange resin beads Amberlite IR 120 produced by Rohm and Haas Co is 

very limited. Only the minimum and maximum diameters are given, 0.3 and 

1.18mm, respectively. It will be interesting to see what porosity the equation 

predicts for an assembly of spheres with diameter 0.74mm exhibiting the same 

value of permeability that has been measured on the experimental EIX cell. 

Putting k equal to 200/im^ implies ÿ =  0.3, which seems a very reasonable 

value corresponding to a dense packing of spheres. For comparison, the value 

of porosity for a disordered packing of single-size spheres is about 0.36. For a 

range of sizes, porosity is known to be lower than 0.36, which makes our rough 

estimate look even more realistic. As a result, we can expect that with a suit

able value for tortuosity, the Carman-Kozeny equation (and its modification to 

account for polydispersity) can accurately describe the hydraulic conductivity 

of the EIX bed.

2.4 Summary

We have established that the Nernst-Planck equation can be used successfully 

to interpret experimental data in batch ion exchange in electrolyte solutions 

of moderate concentrations. This validates the use of the equation in the 

modelling of the EIX bed.

The current-voltage characteristics of the cell for several concentrations 

of the feed solution have been shown to be linear, with a voltage offset at 

zero current, which is readily explained as the overpotential on the electrodes. 

This means that the EIX bed itself behaves as an ordinary resistor. This is 

consistent with ionic mobilities/diffusion coefficients in the bed being constant 

as assumed in the Nernst-Planck scheme.

The flow rate through the EIX bed depends linearly on the applied pres

sure gradient, so that the bed can be described by constant hydraulic con

ductance / conductivity. As a simple test of the Carman-Kozeny equation, we
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assume a bed of monodisperse beads with a representative diameter and find 

the equation predicts a very reasonable bed porosity of 30%. This endorses the 

suitability of the Carman-Kozeny equation for the prediction of the hydraulic 

conductivity of the bed.
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Chapter 3 

Porosity and transport 

properties o f resin bead  

packings

The physical and electrochemical properties of ion exchange resin beads which 

constitute the EIX bed are crucial to the performance of the EIX cell. We are 

concerned with the properties of the individual beads as well as the collective 

effect of the whole ensemble. This chapter focuses on the packing properties of 

bead ensembles with different particle size distributions (PSDs). We will not be 

considering the many other important characteristics such as the concentration 

of fixed ionic groups, degree of crosslinking, etc. These will be incorporated 

into the integrated model of the EIX process in Chapter 4-

W ithout doubt, the single most important quantity characterising any 

porous material, including bead packings, is the porosity, defined as the ratio 

of void volume to total volume of the material. By definition, it can take on 

values between zero and unity. Porosity of a disordered packing of monodis

perse (single-sized) spheres is about 0.36, which is a good guiding figure, even 

when polydisperse packings are considered. The dimensions of one of the 

experimental cell’s middle compartment are approximately 10 x 10 x 50mm. 

Assuming monodisperse spheres with diameter 0.74mm (mean diameter of
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beads of resin IR120 often used by AEA Technology, Harwell) and porosity 

of 0.36, we find that the bed comprises about 23,000 beads. We would like 

to be able to simulate the pouring and settling of beads under gravity into 

the bed numerically under varying conditions, which would make it possible 

to calculate such important properties of the bed as the porosity and hence, 

via the Carman-Kozeny equation, the hydraulic conductance. As we will see 

in the next section, using molecular dynamics, today’s workstations can read

ily follow the settling of tens of thousands of beads, so tha t there can be a 

one-to-one correspondence between beads in the numerical model and those 

in the real system. The main advantages of a numerical model over an actual 

physical realization are the complete control over the ‘experimental conditions’ 

and sample properties, and the freedom to perform any kind of ‘measurement’ 

to a practically unlimited degree of accuracy.

There are many possible size distributions to investigate. Very often the 

details of the size distribution for ion exchange beads are not known. For ex

ample, the manufacturer might only specify the minimum and maximum bead 

diameters deduced from sieving. In this chapter we will study bed properties 

for several model size distributions. First of all, the molecular dynamics cal

culations will be validated on monodisperse bead ensembles. While difficult 

to realize in EIX practice, they have been extensively studied and calculations 

can be thoroughly checked before we embark on a study of more complicated 

size distributions.

The binary size distribution, where the bead radius can take on one of two 

values and the proportion of the beads of the two sizes can be varied is a good 

example of a discrete size distribution. Again, it may be difficult to realize in 

practice, but very efficient packing can be achieved if the sizes and proportions 

of the two constituents are chosen carefully. These packings have been studied 

in the literature (Aim & le Goff, Hulin et al.). As a result, unlike for the other 

size distributions in this chapter, the data is taken from previously published 

work.
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Let us next consider continuous size distributions. One can either think 

of the radius of the bead or the volume as the underlying variable. It seems 

natural to consider the normal (Gaussian) distribution

5 (1 ) o c e x p (-^ ^ ^ ^ ^ ) (3.1)

where x  is the mean and a  the standard deviation. As useful abbreviations, 

we will refer to the normal-radius size distribution as NR and similarly, the 

abbreviation NV will refer to the normal-volume size distribution.

It has already been pointed out that particle size distributions of beads pro

duced commercially by solution polymerization are difficult to obtain. Winslow 

& Matreyek (1951) is one of the few studies of the subject and it suggests 

peaked size distributions with unsymmetric tails around the mean value. Qual

itatively, the log-normal distribution, where the natural logarithm of a variable 

is distributed normally, has these properties. It is defined as

(3.2)

It also implies the underlying variable can only take on positive values, which 

is very attractive in the context of bead sizes. The log-normal size distribution 

is also observed as a result of other particle formation processes such as co

agulation and condensation (see Priedlander, pages 195-205). Again, we will 

consider both the bead radius and volume as the underlying variables, referring 

to them shortly as LR and LV.

Finally, we will look at size distributions where either the radius or the vol

ume are distributed uniformly between certain minimum and maximum values 

(abbreviations UR and UV, respectively). Such uniform size distributions are 

in a way the opposite of peaked size distributions, such as the log-normal or 

normal distributions. We might not expect to encounter them in practice, but 

they will provide an idea of what size distributions with very large ‘tails’ may 

produce.

All of the continuous size distributions used in the porosity calculations
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Figure 3.1: Examples of continuous size distributions used in porosity calcu
lations

presented later in this chapter are illustrated in Figure 3.1. The size distribu

tions were produced with a random number generator for samples of 27,000 

beads.

3.1 Modelling method

We will model the settling of beads to form a bed by dissipative molecular 

dynamics on an assembly of hard spheres (beads) settling under gravity into 

a rectangular container with rigid walls. It means that possible elastic or
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even plastic deformations of beads are neglected. However, this is not at all 

a problem for the resin beads, which stay very rigid even when swollen in 

solution. The code performing the calculations is based on Rapaport (1995, 

chapter 1 2 ). The original source code needed to be adapted from two to three 

dimensions and the periodic boundary conditions changed to incorporate hard 

walls. The gravitational field was added and further work went into allowing 

for the beads to have a range of sizes as well as making it possible for collisions 

to be inelastic.

In the real system, kinetic energy is dissipated by friction in bead collisions 

and collisions between beads and the container walls, so that very quickly a 

settled bed is obtained. In the model this is treated by choosing a restitu

tion coefficient whose value may vary between zero and unity. Value of one 

would correspond to completely elastic collisions, while in a collision with the 

restitution coefficient zero, all energy of relative motion of the two beads is 

dissipated while momentum is still conserved. This corresponds to the beads 

being ‘sticky’. While not the same mechanism which dissipates energy in the 

real system, its effects on the final state of the bead packing are identical. 

There is a complementary restitution coefficient that describes collisions be

tween a bead and the walls of the container. It is a fraction of the bead’s speed 

after the collision over its speed prior to the collision. A value of one would 

mean a completely elastic collision, while a value of zero would mean that a 

bead loses all of its kinetic energy upon collision. In this way it is possible for 

wall collisions to contribute to taking the energy out of the system.

The simulations are started with the beads on a rectangular grid in three 

dimensions with a spacing corresponding to the radius of the largest bead. 

Depending on the size distribution, the porosity of the initial state may be 50- 

60%. The beads are positioned so that the lowest ones are typically ten bead 

diameters above the bottom of the container, depending on the size of the 

ensemble. They are given random initial velocities, so that the initial kinetic 

energy of the ensemble is approximately the same as the potential energy of
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the beads calculated from the bottom of the container.

Partly in the interest of computational efficiency, we will neglect rotational 

degrees of freedom. These may be important, especially in the final slow 

restructuring of the bed and its surface, when very little kinetic energy remains 

in the system. As we will see from the results however, very realistic beds are 

created by allowing only linear degrees of freedom.

In atomistic molecular dynamics, interactions are typically expressed in 

terms of continuous potential functions. The equations of motion are solved 

numerically by integrating forward in time with a suitably small timestep, 

yielding updated atomic coordinates at each step. The picture is simpler in 

a system of hard spheres, where no interactions occur between collisions and 

the collisions themselves are instantaneous events. The trajectories can be 

calculated to the full numerical accuracy of the computer hardware and the 

calculation advances by a series of discrete events—individual collisions. This 

kind of molecular dynamics is therefore called event-driven. While much effort 

goes into controlling numerical accuracy in timestepping methods, in event- 

driven calculations, one is mainly concerned with the efficient forecasting of 

collision events. The behaviour of the system between events is trivial.

3.1.1 Size of the simulation

There are many practical problems to be overcome in a molecular dynamics 

simulation of bed settling. For example, we want to maximize the number of 

beads involved in the simulation to provide realistic results. On the other hand, 

there are limits on available computing resources and much more fundamen

tally, in dissipative collisions one necessarily encounters the so-called inelastic 

collapse (see McNamara k  Young (1994) for a description in a two-dimensional 

system). In a system with periodic boundary conditions this means that in 

a finite time, a group of beads dissipates almost all of the kinetic energy of 

relative motion, so that collision times between them fall below the numeri

cal accuracy. Further time evolution of the system then cannot be followed.
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One could subsequently enter into an approximation, keeping all beads with 

kinetic energies below a certain level frozen while allowing the rest to settle 

down. As we will see later, however, this sort of approximation is not necessary 

as realistic results can be obtained without it.

In a system with rigid walls, the event-driven nature of the hard-spheres 

molecular dynamics means that another related effect may limit the length of 

time for which the settling can be calculated. It is possible for a bead near the 

bottom of the container to dissipate so much energy that its collisions with 

the container wall are always the earliest events that need to be calculated, 

stalling the whole simulation. Related to this, it is possible that due to a 

numerical error, a bead that has previously been touching the bottom of the 

simulation box appears to have broken through it and then starts a free fall in 

the direction of the gravitational field.

The ‘inelastic collapse’ becomes more critical with increasing size of the 

system, which is demonstrated in Figure 3.2. The beads were confined in 

boxes with volumes proportional to the number of beads in each simulation. 

In addition, the horizontal dimensions of the boxes were non-integer multiples 

of the average bead radius to encourage disordered packing. The calculations 

were terminated after 400,000,000 events (essentially collisions of beads with 

each other or beads with walls) and the graph shows the time that was reached. 

Additionally, the red crosses indicate when a simulation ended in an inelastic 

collapse, whereas the green crosses indicate simulations which could have been 

continued. Not only does a large number of beads (over about 20,000) almost 

guarantee an inelastic collapse, but the time before it sets in decreases with 

increasing size of the simulation.

Figure 3.3 shows the ratio of initial/ maximum (red/green crosses) kinetic 

energy of the system over the kinetic energy at the point the simulation was 

terminated. This decreases with increasing size of the system. That has serious 

implications. Our aim is to model a completely static final state by following 

the dynamics to a point where the kinetic energy has decreased sufficiently, so
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Figure 3.2: Simulation time (in MD units) as a function of system size. The 
calculations were stopped after 400,000,000 events (the event limit). Once 
there are more than about 2 0 , 0 0 0  beads in a simulation, the inelastic collapse 
happens before the event limit is reached.

that important properties such as porosity are the same as for the correspond

ing static configuration. Clearly, there is no point using a very large number 

of beads such as 60,000, because the inelastic collapse sets in too early for the 

system to relax enough. In practice, one then obtains a collapsed block of 

beads at the bottom of the simulation box with energetic beads moving over 

the Tree surface’ (see Figure 3.10).

Related to this. Figure 3.4 shows the total number of wall collisions per 

bead in simulations of increasing size. This is significantly larger for colli

sions ending in an inelastic collapse and decreases with increasing size of the 

simulation once in the inelastic collapse mode. This is due to the correspond

ing decrease in the simulation time (cf. Figure 3.2) as well as the decreasing 

surface/volume ratio of the bead ensemble as its size increases.



3.1.1 Size of the simulation 51

Ü3
?
P(1)C
0)
Ü
cuc

500

450

400

350

300

250

200

150

1 0 0

50

0

X

xX

X
;x

X

- +  + +  + 
+ -Hf+

+
+

+ +

X

+

Initial energy 4-
Maximum energy X

X
* ï ï ¥ ¥

10000 20000 30000 40000
Number of beads

50000 60000 70000

Figure 3.3: Ratios of the initial and maximum kinetic energies over the final 
kinetic energy as a function of system size. The larger the system, the less 
relaxed it is at the end of the simulation.

Figures 3.5 to 5.7 show how the energy of the system (divided by the num

ber of beads) typically evolves during a calculation, starting with an ensemble 

of 1,000 beads and ending with the largest simulated system of 64,000 beads. 

Each figure shows the evolution of the kinetic and potential energies as well 

as the total energy. In each case, we can see the initial collective free fall and 

subsequent diminishing rebounds.

Finally, Figures 3.8 to 5. it? provide pictures of the settled beads.^ While an 

assembly of 1,000 spheres in Figure 3.8 has completely settled, the system with

64,000 spheres in Figure 3.10 shows a large amount of energetic beads above a 

collapsed block. The volume from the bottom of the container (facing walls not 

shown) up to the level of the green bars would be included in the calculation of 

porosity. The green bars essentially show the Tree surface’ of the solid block.
 ̂All figures of packed beds in this chapter have been produced with the freely available 

POV-Ray (tm) raytracing program (POV-Ray Team, 1999).
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Figure 3.4; Number of wall collisions per bead as a function of system size. 
The clear feature is the jump in wall collisions per bead for calculations which 
ended in an inelastic collapse, caused by a bead stuck at the bottom of the 
simulation box.

The free surface is determined in the following way. The simulation box is 

vertically divided into thin columns the full height of the box with width and 

depth of approximately the average bead diameter. Looked at from above, 

they would project onto the bottom of the simulation box as a rectangular 

grid. The position of the uppermost bead in each of these vertical sections is 

recorded and the surface identified as the height of the shortest column. This 

criterion includes only the firmly packed beads in the porosity calculation and 

is probably slightly stricter than necessary.

Systems of 27,000 (30^) spheres were generally used in production calcula

tions and the final state of one such system is shown in Figure 3.9. Increasing 

the system size further does increase the number of beads that can be included 

in the porosity calculation, but the number of the collapsed beads as a propor

tion of the total decreases and there is no increase in the quality of the results
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Figure 3.5: Energy evolution for a system of 1,000 beads. Several rebounds 
are distinguishable at the beginning of the simulation.

which would justify the computational overhead of the larger simulations.^

3.1.2 Values of the restitution coefficients

We have already introduced the two types of resitution coefficient that char

acterize the energy dissipation in bead-bead and bead-wall collisions. It is 

interesting to note that setting either of the restitution coefficients to unity 

encourages very ordered sphere packings. This is clear if we compare Fig

ure 3.11 and Figure 3.12 with Figure 3.9, where the packing consists of many 

more individual grains separated by irregular boundaries. The effect of al

lowing either type of collision to be elastic makes the energy relaxation more 

gradual and clearly, the more energy there is available over a longer period of 

time, the more ordered the final state is. This is directly analogous to the cool

ing of a liquid of atoms where a shock freezing results in an amorphous rather

^Typical simulations take 9 hours for 27,000 beads and 18 hours for 64,000 beads on a 
Digital workstation with the EV5 processor (333 MHz) running Digital UNIX 4.0 operating 
system.
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Figure 3.6: Energy evolution for a system of 27,000 beads. This system size 
was generally used in production calculations. The initial free fall towards the 
bottom of the simulation box lasting a couple of time units can be seen as 
a plateau in the total energy and a sharp increase (decrease) in the kinetic 
(potential) energy.

than a crystalline phase which takes longer to establish and therefore requires 

more gradual cooling. One can perhaps understand the occasional usefulness 

of hard spheres over realistic potentials in atomistic molecular dynamics when 

such qualitatively correct results can be obtained!

The values used in the production calculations are 0.99 for both types of 

restitution coefficient. In the polydisperse ensembles, in which we are primarily 

interested, disorder is necessarily produced by the spread of bead sizes and the 

effect of the values of the restitution coefficients is much less critical.

3.2 Porosity

Previous sections explained the method for calculating bed porosities and the 

size distributions we will consider, together with abbreviations for their names.



3.2. Porosity 55

60

F  50

Q 40 
2

30
<D

ü  20

1
2  10

0 5 10 15 20 25 30 35 40 45
Time (MD units)

50

I  30

I  20

<D

I
-20

30
0 5 10 15 20 25 30 35 40 45

Time (MD unils)

I  -15
I  -20

o -25

V,_

30
0 5 10 15 20 25 30 35 40 45

Time (MD units)

Figure 3.7; Energy evolution for a system of 64,000 beads. The energy of the 
ensemble has not decreased sufficiently to approximate a static packing.

We also saw examples of bed configurations created by monodisperse spheres. 

Qualitatively at least, the beds created by polydisperse beads look the same. 

An example for the UV size distribution is shown in Figure 3.13. The beads 

are colour-coded, so that the smallest beads are red and the largest blue. The 

mixing of the different sizes is very clear. The familiar bar indicating the 

volume included in the porosity calculation is also present.

Before we look at the results, we need to know how the size distribu

tions were parametrized. For the normal and log-normal size distributions, 

the standard deviations were expressed as fractions of the mean radius. For 

the UR and UV size distributions, we define the fractional spread. By defi

nition, this can vary between zero and unity and it expresses the interval of 

available sizes around the mean value as a fraction of the mean. The maximum 

value of one would allow beads to take on sizes between zero and twice the 

mean.

As mentioned in the previous section, the beads are placed in containers
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Figure 3.8: Final state of a simulation with 1,000 beads. The green bar iden
tifies the portion of the ensemble that would be used in calculating porosity. 
The initial kinetic energy has decreased by over two orders of magnitude and 
the system is a good approximation to a static packing.

with volumes proportional to the number of beads. If the bed is to contain

27,000 (30^) beads, for example, the horizontal sides of the box are made 

approximately 30 bead diameters long. Clearly, the wider the size distribu

tion, the more densely packed the bed is likely to be and it becomes shorter 

vertically. We only consider packings when their vertical size exceeds ten 

bead diameters. This places natural bounds on the values of standard devia

tions/spreads for which simulations were carried out.

The binary size distribution is qualitatively different from the continuous 

size distributions we are investigating and its properties are displayed sepa

rately in Figure 3.14' The top plot shows data interpolated from Troadec & 

Dodds (1993). There are four values of the ratios of the two bead sizes and one 

can see how a suitable choice of this ratio makes for a very dense packing. The



3.2. Porosity 57

Figure 3.9: Final state of a simulation with 27,000 beads. Most of the system 
has relaxed sufficiently to represent a static packing.

important features to notice are the 36% limits at either extreme of the volume 

fraction. The depth of the porosity minimum depends on the size ratio.

The plots in Figure 3.15 display porosities for the continuous size distri

butions as calculated from the molecular dynamics simulations. As expected, 

for all size distributions the porosities tend towards 36% in the monodisperse 

limit and decrease monotonically as the size distribution widens. The scatter 

from different simulations for the same size distribution is such that the results 

can be considered reliable to within 1 %.
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Figure 3.10: Final state of a simulation with 64,000 beads. A significant 
number of beads have not yet collapsed into the packing.

3.3 Transport properties

3.3.1 Effective diffusion coefficients

Based directly on the porosity results from the last section, we can use Equa

tion to calculate effective diffusion coefficients for the bed based on known 

diffusion coefficients in the resin and in solution. Taking the diffusion ratio to 

be 0.1 (Helfferich, page 256), Figure 3.16 shows the results as fractions of the 

diffusion coefficient in solution. The layout of the plots is the same as for 

porosity in Figure 3.15. Apart from the magnitude, the values seem to closely 

mirror the corresponding porosities. This is because the dependence of the 

effective diffusion coefficient on porosity is not sufficiently non-linear to notice 

at first sight. The effective diffusion coefficient for the binary size distribution 

is shown separately in Figure 3.14-
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Figure 3.11: Final state for completely elastic bead-bead collisions. The col
lapsed beads show a very ordered structure.

3.3.2 Hydraulic conductivity

Unlike for the effective diffusion coefficient, where the single important prop

erty of the bed is its porosity, the hydraulic conductivity also depends on 

the hydraulic radius and tortuosity (see Equation 1.31). As explained in Sec

tion 1.4., tortuosity can be taken to be approximately equal to 2. The hy

draulic radius is a direct result of the molecular dynamics simulations in the 

same way porosity is. The results for the continuous size distributions under 

consideration are summarized in Figure 3.17, where the hydraulic conductiv

ity is expressed in the units of the square of the average bead radius. See 

Figure 3.14 for the binary size distribution, where the unit of the hydraulic 

conductivity is the square of the radius of the large spheres. As mentioned in 

Section 2.3, the hydraulic conductivity of a representative resin bed is around 

2 0 0 /xm .̂ As an example, let us take the average bead radius to be 0.4mm.
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Figure 3.12: Final state for completely elastic wall collisions. The structure of 
the collapsed beads is very ordered.

Hydraulic conductivity of 200/im^ would then correspond to 1.3 x 10 on the 

plots in Figure 3.17.

3.4 Summary

Geometrical properties of resin beads determine the packing properties of the 

FIX bed such as porosity and hydraulic radius. These affect both the effective 

ionic diffusion coefficients and the hydraulic conductivity of the bed. Using 

hard-spheres molecular dynamics, it is possible to simulate the settling of beads 

into a container and investigate the effect of different bead size distributions. 

Apart from monodisperse spheres, we have studied the binary as well as several 

continuous size distributions.

Simulations may involve tens of thousands of beads and the larger the size 

of the simulation, the more realistic results one would expect to obtain. The
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Figure 3.13: Final state for beads with the uniform volume (UV) size distribu
tion. The beads are colour-coded, so that the smallest beads are red and the 
largest blue. The colours make it possible to see how the different bead sizes 
mix. The black line indicates the portion of the packing used in the porosity 
calculation.

simulation size employed in the production calculations was 27,000 (30^) beads. 

An important effect which limits the usefulness of larger bead ensembles is the 

inelastic collapse. For example, due to the event-driven nature of the hard- 

spheres molecular dynamics it is possible for a bead near the bottom of the 

container to dissipate so much energy that its collisions with the container wall 

are always the earliest events that need to be calculated, stalling the whole 

simulation. The larger the system, the earlier this is likely to occur, before the 

rest of the beads have relaxed sufficiently.

For the binary size distribution, the porosity and effective diffusion coeffi

cient are given by the fraction of the two sphere sizes and their volume fractions 

with local minima (at small spheres volume fraction 0.2-0.25) that deepen as 

the small sphere radius is decreased. For hydraulic conductivity the minima
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Figure 3.14: Porosity, effective diffusion coefficient (based on a diffusion ratio 
of 0.1) and hydraulic conductivity for the binary size distribution. Due to the 
range of values, the scale for the hydraulic conductivity is logarithmic.

are very shallow if they exist at all.

For the continuous size distributions, the porosity as well as the effective 

diffusion coefficient and hydraulic conductivity decrease monotonically as the 

size distributions widen.

The hydraulic conductivity results presented in this chapter are useful in 

their own right. On the other hand, the effect of the values of the effective 

diffusion coefficients on the cell performance is not immediately apparent, but 

they feed into the model in the following chapter.
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Chapter 4

Integrated m odel of the EIX cell

This cliapter develops a model of the whole EIX cell. This is nearly synony

mous with developing a model of the EIX bed, which is the most complicated 

component of the cell. As regards the regions outside the bed, the electrode 

compartments, we will simplify their effect to the following. For the anode 

compartment, we take it as a source of protons coming from the reaction at 

the anode. The overpotential at the anode plus a small potential drop between 

the anode and the cation membrane separating it from the bed will be taken 

as constant, contributing to the overall potential difference between the elec

trodes. We will consider the cathode compartment to be simply a receptacle 

for the ions arriving from the bed and a region of a known potential drop com

ing mostly from the overpotential at the cathode. We will reduce the effect of 

the cation membranes to thin boundaries completely preventing co-ion leakage 

from the bed while not impeding the flow of counter ions. After developing the 

EIX bed model and reviewing the assumptions made, we will explain how it is 

used and look at the typical calculated behaviour of the cell. We then investi

gate the effect of varying the process parameters on efficiency and close with 

recommendations regarding the properties whose control is most important to 

the performance of the cell.
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4.1 M odel of the EIX bed

An important concept we will use is the overall concentration of an ionic 

species. Let us consider a small volume of the EIX bed, which is however 

large enough to contain solution and resin beads at representative volume 

fractions (porosity). The ions occupy both the resin and the solution. The 

concentrations in these two phases may be very different, perhaps of the order 

of several molar in the resin and at the millimolar level in the solution. Let us 

denote the local concentrations of species i in resin and in solution as Xi and 

Xi, respectively. We will define the overall concentration of species i as

Cj =  (1 -  <f))xi +  (l>Xi, (4.1)

where (f> is porosity—the fraction of solution in the small volume element. For 

co-ions X we will assume that they are completely excluded from the resin, 

which simplifies the overall co-ion concentration to

Cx =  (jfXj; (4.2)

We will characterize the fixed ionic groups in the resin by their concentration 

(molarity), Q, and their valency, w. Let us more specifically consider two

counter ionic species, protons and metal ions, referring to them by subscripts

h and m, and one species of co-ions (anions, subscript x). The protons enter 

the bed from the anode compartment while the feed solution is the source of 

the metal ions and co-ions. Both the solution and the resin (see Section 1.2.2, 

page 16) are electrically neutral environments, which can be written as

ZmXm + ZhXh + (^Q =  0 (4.3)

”1” ■2'x^x — b (4.4)

Combining the two above equations and using Equations 4-1 and 4-^ write

the result in terms of overall concentrations, we obtain the electroneutrality

condition for the EIX bed

“b (1 0)cjQ — 0. (4.5)
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This equation allows us to calculate one of the ionic concentrations once the 

other two have been determined, provided the molarity of fixed ionic groups 

is known.

As already explained in Section 1.3,3. modified Nernst-Planck equation will 

be used to describe the ionic transport in the EIX bed

j i  =  Di (-V ci +  ZiCiS) +  (f>XiV. (4.6)

For convenience, we have defined field S, proportional to the electric field E

(4.7)

with units of inverse length. Equation 4-6 makes the local flux density of an 

ionic species, j^, proportional to the gradient of its overall concentration, the 

migration flux caused by the electric field and the forced convection caused 

by the pumping of the solution through the bed. The modification of the 

Nernst-Planck scheme lies in the convection term. The solution convection 

does not affect the resin bead interiors, hence the concentration that multiplies 

the solution velocity v  is (j)Xi rather than the overall concentration, c*. The 

effective diffusion coefficient is A  and valency z*.

In order to be able to solve the flux equations, we need to know the rela

tionship between the solution concentration Xi and the overall concentration c* 

(or the resin concentration Xi, which comes to the same thing, as all three are 

related through Equation 4-1)- If we can assume that the solution and resin 

are locally in equilibrium, the separation factor of the resin, provides the 

link we require. Using the usual subscripting for protons and metal ions, it is 

defined as (Helfferich, page 153)

„  =  (4.8)

It is an equilibrium property of the resin. If the resin takes up metal ions 

preferentially to protons, its value will exceed unity and vice versa if protons 

are preferred. A value of one would mean that the resin is not selective. Equa

tion 4-3 makes it possible to express the solution concentrations as functions
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of the overall concentrations. By virtue of its definition, it also makes the flux 

equations for protons and metal ions dependent on each other in a non-linear 

fashion. The solution concentrations are roots of quadratic equations

<«)
and in the special case of the separation factor being unity

Xi = (4.10)

For metal ion solution concentration, Xm, the coefficients are 

a = ( a f -

b = <l> (wQ(l — o:^)(l — 0) +  ZhCh +  (2 — Oi^)zTnCm) (4.11)

C — Cfn (wQ(^ 1) ZfiCfi ZffiCjff^

and similarly for protons (%&)

b = (j) {uQ{1 — a ^ ){ l  — (j)) + {1 — 2aJ^)ZhCh — Oif̂ ZmCm) (4.12)

C — 0̂ f̂  Cfi (wQ(l (/>) -|- ZfiCh -|- ZfnCff^

The use of the separation factor has already commited us to investigating 

only the steady state of the EIX cell. The divergence of the flux density 

vanishes in a steady state

V - j i  =  0 (4.13)

so that the transport equation 4.6 on the page before becomes

0 =  A  (-A c , -f ZiVci • £) (jNxi • V (4.14)

provided the effective diffusion coefficient and porosity are constant. We have 

assumed that the divergence of the electric field is zero. As we have already 

imposed electroneutrality, this will be correct if we take the solution-resin mix

ture to be a dielectric. The electric field thus must be homogeneous. As it
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is caused by the electrodes on either side of the bed and these can be taken 

as surfaces of constant potential, its only non-zero component will be perpen

dicular to the electrodes. Introducing a coordinate system, we will put its x  

axis to point in the direction of the electric field. The divergence of the static 

velocity field is also zero. The velocity field is caused by the forced convection 

of the solution through the bed and on scales larger than the individual resin 

beads we can take it to only have one non-zero component parallel to the elec

trodes. We will put the y axis of our coordinate system to lie in this direction. 

Figure 4-1 shows the coordinate system and the electric and velocity fields in 

the environment of the cell. The above mentioned properties of the electric 

and velocity fields simplify Equation 4 ^4 to

The only way the concentration depends on the coordinate z in the direction 

perpendicular to both the electric field and velocity is through the second 

derivative. As neither of the driving forces acts in this direction, it seems fair 

to assume that this term can be neglected, which results in

This equation forms the basis of the EIX bed model.

Let us now investigate the behaviour of the co-ions as given by Equation 4- 6 

in the light of the simpifications which led to Equation 4-16. If the co-ions are 

unable to leak out of the EIX bed due to the cation membranes on either side, 

the X component of their flux density will be zero in a steady state

0 =  4 - (4.17)

SO t h a t

Cx = Co exp {zxSx) . (4.18)

The conservation of the co-ions dictates tha t cq does not depend on ?/, so it must 

be a constant. It is found by normalizing the exponential so that integrating
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Figure 4.1: EIX bed coordinate system and the electric field E  and velocity 
field V

it with respect to x  yields the feed co-ion concentration. Figures 4-2 and 4-^ 

show examples of co-ion distributions in the bed.^ The cation membranes are 

symbolized by dashed lines in Figures 4-i and 4-^-

Coming back to Equation 4-5, we find that the knowledge of the overall 

co-ion concentration allows us to calculate the overall proton concentration 

from the overall metal concentration and vice versa. For this, we need to know 

the concentration of the fixed ionic groups in the resin. We will assume that it 

is characteristic of the resin and provided the resin swells uniformly throughout 

the bed, it is constant. Ion exchange resins tend to swell less in more concen

trated solutions (Helfferich, page 103), but the generally low concentrations 

of feed solutions in EIX justify the assumption of uniform swelling. Given a 

value of the electric field, the co-ion concentration is fully determined and we 

then need to solve Equation 4-16 for the metal ions. Equation 4-5 yields the

proton concentration profile.

^AU contour plots in this chapter have been produced with the freely available Plotmtv 
program for visualization of scientific data (Toh, 1994).
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Figure 4.2: Comparison of co-ion (anion) concentration profiles in the EIX bed 
at different current densities in the context of the cell. The ions are prevented 
from migrating to the electrode compartments due to the cation membranes 
(dashed lines) and build up an exponential concentration profile against the 
electric field between the electrodes.

Next it is important to consider the boundary conditions we will impose 

on Equation 4-10. Starting with the boundary where the feed solution enters 

the bed, the flux density of the metal ions is fixed by the concentration and 

velocity of the feed solution. We will assume that the protons do not leak 

upstream and that the proton flux through this boundary is zero. Where the 

solution leaves the cell, we will require that the first derivative with respect to 

y of both proton and metal concentrations be zero. This is reasonable as the 

only transport through this boundary occurs via convection. On the anode 

boundary, we assume that there is a constant flux of protons emerging from 

the anode reaction. We assume that the metal ions do not leak into the anode 

compartment, which is reasonable unless the electric field is very low or the 

feed flux very large. Finally, on the cathode side we assume that the cation 

membrane does not at all impede the flux of either the protons or metal ions.
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Figure 4.3: Comparison of co-ion (anion) concentration profiles in the EIX bed 
at different current densities. The plot on the right makes it easier to see the 
exponential concentration profiles the ions build up against the electric field.

so that they can pass freely into the cathode compartment.

Let us now summarize all the important assumptions that have been used 

in the development of the EIX bed model and its limitations. They are listed 

in the order they are encountered in the text.
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Co-ions are completely excluded from the resin.

There are two species of counter ions and one species of co-ions 

(anions).

Separation factor is constant throughout the bed.

Only the steady state of the bed is calculated.

Effective diffusion coefficients are constant throughout the bed. 

Porosity is constant throughout the bed.

Concentration variation in the direction perpendicular to both the 

electric field and solution velocity is insignificant.

Co-ions do not leak into the electrode compartments.

Concentration of fixed ionic groups is constant throughout the bed. 

Proton fiux density from the anode compartment is constant.

Metal ions do not leak into the anode compartment.

Cation membrane does not impede the transport of counter ions into 

the cathode compartment.

4.2 Calculation m ethod

We will now go into the details of how the model developed in the preceding 

section can be used. Equation 4-16 is a non-linear second-order partial differ

ential equation in two dimensions and its solution must be found numerically. 

The bed is represented by a rectangular grid of typically 50 by 100 points in 

the X and y  directions, respectively, and the equation is solved using the finite 

difference method by relaxation from the grid points initiated with random 

values (Ames, 1977). Further details are provided in Appendix C. With the 

grid size given above, a typical relaxation will involve several thousand steps, 

depending on the speed of convergence and the desired precision.^

^Typical calculations take 1.5 hours on a PC with an Intel Pentium II processor (400MHz) 
running Linux 2.2.5 operating system.
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The magnitude of the electric field is part of the solution rather than some

thing that we know a priori. Given a fixed value of the electrode current, the 

solution must be found by iterating through a range of electric field values (or 

voltages if we multiply the field by the width of the bed). If the electric field 

is lower than its correct value, there will be insufficient transport of protons 

to the cathode compartment and the calculation will be losing protons. If on 

the other hand the electric field is too high, the cathode and effluent fluxes of 

protons will add up to more than the anode flux and the calculation will be cre

ating protons. The electric field is at its correct value when the protons leaving 

the bed through the cathode compartment and the effluent exactly balance the 

influx from the anode compartment. We express the proton conservation as 

a fraction of the outflux of protons (through the cathode compartment and 

effluent) over the influx from the anode compartment. The calculation starts 

with a voltage interval that is gradually narrowed down by bisection. This 

is illustrated in Figure 4’4- The desired precision can be expressed either in 

terms of proton conservation or the electric field (voltage). Having explained 

how the calculation proceeds by following the proton conservation, it seems 

natural to mention the conservation of the metal ions. In the calculations 

presented later in this chapter, it is generally 99% or better. On a 50 x 100 

grid, a conservation of 99.9% can be achieved if necessary. When calculating 

a current-voltage characteristic for a particular selection of parameter values, 

it makes sense, in the first place, to work to a lower precision, say between 98 

and 99%. This is usually sufficient, but where necessary, longer calculations 

can be employed to gain the extra precision.

Figure 4-5 shows representative calculated concentration profiles for both 

protons and metal ions in the context of the cell. Figure 4 ^  contains the 

same profiles without the schematic picture of the cell. Partly to save space, 

concentration profiles encountered later in this chapter are displayed in this 

way. We notice that the overall concentration profiles are complementary. As a 

result of Equation 4-5, the proton and metal overall (equivalent) concentrations
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Figure 4.4: Typical calculation convergence, voltage (left) and proton conser
vation (right). The bisection reaches the desired precision after 1 1  iterations.

need to add up to the concentration of the fixed ionic groups in the resin, which 

is assumed constant throughout the bed. This is true if we ignore the co-ion 

concentration which is more than an order of magnitude smaller. Similarly, we 

can see how the solution concentrations of the counter ions add up to the co-ion 

concentration (see Equation if we compare the solution concentrations in 

Figures 4-5 and ^ . 6  with the corresponding concentration profiles in Figures 4-2 

and 4-3- As expected, the metal ion concentration decays in the downstream 

direction and the infiux of protons has a marked effect on the concentration 

profiles on the anode side of the bed.

The current-voltage characteristics predicted by the model qualitatively 

agree with experimental measurements (see Section 2.2). The model only pre

dicts the potential drop across the bed, so the overpotential on the electrodes 

and possibly the small gradients in the electrode compartments need to be 

added to voltage values displayed in Figure 4-8. As expected, for all but the 

smallest currents the bed behaves like an ordinary resistor, consistent with 

constant ionic diffusion coefficients/ mobilities. The slope of the characteristic 

is given by the proton mobility. As the current density is lowered, the protons 

cease to be the dominant charge carriers and the slope is given by the (lower) 

mobility of the metal ions as seen in the left plot in Figure ^.7. The point at 

which metal ions start to influence the resistance of the bed depends on the 

relative fluxes of the protons and metal ions. Under the conditions relevant in
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Figure 4.5: Representative concentration profiles in the EIX bed in the context 
of the cell. The proton and metal ion concentrations (overall and in solution) 
are complementary due to electroneutrality.
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Figure 4.6: Representative concentration profiles in the EIX bed

EIX, the current-voltage characteristics are very nearly linear corresponding 

to the right portion of Figure 4- 7.

Looking at the flux (current) density on a more local level, Figure 4-S shows 

representative current densities at the cathode boundary of the bed. We can 

see how it is almost only metal ions that enter the cathode compartment 

upstream, gradually giving way to protons. Also, if the current density is 

increased sufficiently, the flux densities level off downstream when very few 

metal ions contribute to the current there. That is a signature of having 

exhausted most of the metal feed flux (concentration).

The purpose of the model is to predict the optimum performance of the 

EIX cell. Considering the many different parameters of the EIX process the 

geometry of the bed compartment, resin properties, ionic properties—we can 

see that it is not possible to investigate the behaviour of the system in search of 

some global maximum of efficiency. Even if we take some parameters such as 

the feed concentration, ionic properties and bed geometry as fixed, based upon
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Figure 4.7: Representative current-voltage characteristics of the EIX bed. The 
left plot shows voltage at lov/ current densities. At sufficiently high current 
densities, the slope of the characteristic is given by the proton mobility. As 
the current density is lowered, the protons cease to be the dominant charge 
carriers and the slope is given by the (lower) mobility of the metal ions. The 
curve shown in red on the right hand side is a continuation of the low-current 
curve. The characteristics in the right plot correspond to different molarities 
of fixed ionic groups as indicated.

a particular application, there are still many other properties that could be var

ied: the resin bead size distribution, selectivity, fixed ionic group concentration 

and the flow rate. And in each of these cases, the electrode current density 

needs to be adjusted so that the effluent concentration falls to a prescribed 

limit. Rather than attempting to chart this multidimensional parameter space 

in detail, we will investigate representative sections of it which will allow us 

to estimate general trends and make qualitative judgments and recommenda

tions. Once all the process parameters are fixed, the model calculates the cell 

behaviour in quantitative detail.

Let us have a look at which parameters we will investigate further. Firstly, 

we keep the geometry of the bed fixed as shown in, for example. Figure ^.1. 

The dimensions are those of the experimental EIX cell—1cm wide and 5cm 

long. Also, as counter ionic species we will specifically investigate protons 

and (monovalent) sodium ions. This fixes the counter ion valencies and solu

tion diffusion coefficients, which we take to be at their infinite dilution values 

at room temperature, 9.31 x 10"®cm^s~^ and 1.33 x 10“^cm^s“ ,̂ respectively.
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Figure 4.8: Representative flux densities on the cathode side of the bed, pro
tons (left) and metal ions (right). Metal ions are the dominant charge carriers 
upstream, gradually giving way to protons. Note the levelling off in the flux 
densities at the higher current density.

The diffusion coefficients in the resin are given by the proton and metal dif

fusion ratios, whose effects on the bed behaviour will be explored in the next 

section. The only relevant property of the co-ions (anions) is the valency and 

we take this to be -1. Coming to the resin, we will keep the fixed ionic groups 

monovalent as well. This covers the most common styrene sulfonic acid cation 

exchange resins which we encountered in Section 1.2.2. We will investigate the 

effects of varying the fixed ionic group molarity and the resin separation factor. 

The effect of bead size distributions will be studied implicitly as we vary the 

bed porosity. Finally, we will look at the effect of varying the metal feed flux 

through both the flow rate and the feed molarity. The parameters that we 

allow to vary and their respective ranges are summarized in Table 4-T In the 

following text we dedicate a section to each, keeping the other parameters at 

these representative values:

•  proton diffusion ratio: 0 . 1

•  metal diffusion ratio: 0 . 1

• fixed ionic group molarity: 3.0m

• separation factor: 1.5

• porosity: 34%
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•  flow rate: 1 0  bed volumes /  hour

•  feed molarity: lOmM

In addition, the electrode current density is allowed to range between lOmAcm'^ 

and 50mA.cm“  ̂ in each case.

For each parameter we will include representative metal concentration pro

files and a perfoTmance summary. This shows both figures of merit, ion- 

exchange efficiency and effiuent concentration for maximum and minimum 

parameter values considered as well as the bed resistance as a function of the 

parameter under study. As mentioned earlier, the current-voltage characteris

tics are linear and the resistance can thus be fully reported using two figures. 

The first is the static resistance at lGmAcm~^ and the second is the slope 

of the characteristic, referred to as the differential resistance. As the model 

only predicts the potential gradient across the bed, an assumption must be 

made about the additional potential drops at the electrodes and possibly in 

the electrode compartments in order to arrive at the total energy consump

tion. In accordance with Figure 2.2 m Section 2.2, we will take this additional 

potential to be 2V.

4.3 Diffusion ratios

As mentioned in the preceding section, the ionic diffusion coefficients in solu

tion are fixed by our choice of ionic species. The solution in the EIX bed is at 

sufficiently low concentrations to justify the use of infinite dilution values. The 

effective diffusion coefficients in the bed are thus controlled by the properties of 

the resin. The diffusion coefficients in the resin will depend on properties such 

as the amount of crosslinking (Helfferich, pages 299-309). The less crosslinked 

the resin is, the more it will swell in solution, easing the ionic diffusion. How

ever, we must not forget that greater swelling will mean reduced molarity of 

the fixed ionic groups which, as we will see in the next section, reduces the 

efficiency of the cell. Concentration of fixed ionic groups (at constant swelling)
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proton diffusion ratio

■■

0.05 -  0.5

metal diffusion ratio 0.05 -  0.5

fixed ionic group molarity 2.0m -  4.0m

separation factor 0.5 -  5.0

porosity 30% -  35%

flow rate 7.2 -  36 bed volumes /  hour

feed molarity 2.0mM -  20mM

Table 4.1: Values of EIX parameters explored in this chapter

is also a factor. The higher it is, the stronger the electrostatic interaction be

tween the ions and the resin and the more retarded the ions are, provided the 

swelling remains the same. A reasonably reliable way of determining the val

ues of the resin diffusion coefficients is by experimental measurements of batch 

ion exchange with concentrated solutions (Helfferich, pages 268-273). In the 

following we represent the diffusion in the resin by its ionic diffusion ratios and 

make use of Equation 1.28 io calculate the effective diffusion coefficients in the 

bed.

Starting with protons, Figure shows the concentration profiles and Fig

ure .^.70 contains the performance summary. The more mobile the protons are, 

the larger fraction of current they will transfer, making the metal ion removal 

less efficient. In the concentration profiles this manifests itself as high metal 

concentration extending further downstream. This trend is mirrored in the 

logarithmic figure of merit, ion-exchange efficiency and effluent concentration. 

Interestingly, the unit energy consumption is lower for higher proton diffusion 

ratios at high current densities despite the less efficient metal removal. This
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is due to the resistance of the cell decreasing with increasing proton diffusion 

ratio, which ultimately outweighs the relatively poor exchange performance. 

Generally speaking however, one would probably seek a resin which slows down 

protons more than the metal ions.

As expected, increasing the metal diffusion ratio has the opposite effect 

to increasing the proton diffusion ratio. After all, the important underlying 

quantity is the fraction of the effective diffusion coefficients of the two species 

and it is perhaps not significant whether we change it by varying the proton 

or metal diffusion ratio. Figure 4 - li  shows the concentration profiles while 

Figure 4-^^ summarizes the performance. As the metal ions become more 

mobile, the downstream concentration decreases. The performance indicators, 

including the figure of merit, confirm this.
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Figure 4.9: Overall and solution metal concentrations for proton diffusion ratio 
at 0.05 and 0.5. The more mobile the protons are, the less efficient the metal 
ion removal is, which results in higher downstream concentrations.
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Figure 4.10: Performance summary for varying proton diffusion ratio. Please 
note the scale on the x-axes of the bottom two plots is logarithmic. The less 
mobile the protons are, the more current is transferred by the metal ions, 
resulting in their better removal.
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Figure 4.11; Overall and solution metal concentrations for metal diffusion ratio 
at 0.05 and 0.5. The metal ions are removed more efficiently when they are 
more mobile.
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Figure 4.12: Performance summary for varying metal diffusion ratio. Please 
note the scale on the x-axes of the bottom two plots is logarithmic. The more 
mobile the ions are, the more efficiently they are removed, which shows in both 
the figures of merit and the effluent concentration.
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4.4 Molarity of fixed ionic groups

The most important effect of increasing the fixed ionic group molarity is the 

increase in counter ion concentrations and the resulting decrease in the electric 

resistance of the bed. This is of course assuming that the diffusion coefficients 

are unaffected, which is not quite the case (Helfferich, page 306). Gener

ally speaking, one would expect that the increased electrostatic interaction 

brought about by larger fixed ionic group concentration will to some extent 

retard the ions. The main point to note in the metal concentration profiles 

in Figure the increase in both the overall and solution concentrations

(see the attached scales). The shapes of of the concentrations do not seem 

to change significantly. Just how much the electric resistance decreases with 

increasing fixed ionic group concentration is shown in Figure 4’H- While both 

figures of merit also indicate that the larger fixed ionic group concentration 

is advantageous, the effluent concentration shows an interesting cross-over at 

about 18mAcm~^. Higher current densities are needed for the higher fixed 

ionic group concentration to exchange more of the metal ions. Despite this, it 

seems fair to conclude that higher fixed ionic group concentrations are to be 

preferred.
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Figure 4.13: Overall and solution metal concentrations for fixed ionic group 
molarity at 2m and 4M. The main point to note is how both the overall and 
solution concentrations increase with increasing molarity.
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Figure 4.14: Performance summary for varying fixed ionic group molarity. 
Higher molarity brings down both the figures of merit and the effluent concen
tration. The bed resistance is similarly reduced.
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4.5 Separation factor

The separation factor, defined in Equation 4-S, indicates the preference of the 

resin for metal ions over protons. If its value is larger than unity, the metal ions 

are preferred. The separation factor is related to selectivity of the resin. The 

resin is the component of the bed where ions can migrate down the electric field 

gradient without being forced downstream by solution convection. Therefore, 

we would expect that the more selective the resin is to the metal ions, the more 

efficient the exchange is. This is indeed the case as performance indicators in 

Figure 4-1^ show. This is despite the fact that the resistance of the bed 

increases as the resin population of the metal ions increases at the expense of 

protons. An interesting feature of the concentration profiles in Figure 4-15 is 

that the region of high overall metal concentration extends further down the 

bed for high separation factor, but then drops off more rapidly leaving a more 

dilute effluent. The general conclusion is that increasing the separation factor 

improves the cell’s performance.
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Figure 4.15: Overall and solution metal concentrations for separation factor 
of 0.5 and 5.0. When the separation factor is 0.5, the resin takes up protons 
preferentially to metal ions, which results in a comparatively slow overall con
centration decrease. At the other extreme, the region of high overall metal 
concentration extends further down the bed, but then drops off more quickly.
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Figure 4.16: Performance summary for varying separation factor. Please note 
the scale on the x-axes of the bottom two plots is logarithmic. Increasing 
separation factor brings down both the figures of merit and the effluent con
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4.6 Porosity

The porosity of the bed primarily depends on the resin bead size distribution. 

Increasing the bed porosity will have two main effects. Firstly, the overall 

concentrations will decrease in accordance with Equation 4 .̂5 \ï the fixed ionic 

group molarity stays the same. This will tend to increase the bed electric 

resistance and decrease the exchange efficiency in the same way as decreas

ing fixed ionic group concentration would. On the other hand, the effective 

diflPusion coefficients will go up due to the smaller proportion of resin over solu

tion. Figures 4-1'^ and 4-^^ show how these two effects can very nearly cancel 

each other. This is possible because of the very nearly linear dependence of 

effective diffusion coefficients on porosity in the range we are investigating (see 

the right-hand graph in Figure 1.6). Figure 4-19 shows the effect of porosity 

variation with the metal diffusion ratio reduced from 0.1 to 0.05. This has a 

significant effect on the bed electric resistance, which however fails to demon

strate itself in the figure of merit. The logarithmic figure of merit and the 

effluent concentration show more variation. We can conclude that porosity 

alone has comparatively little effect on the bed’s performance. The porosity 

does affect the hydraulic resistance of the bed, but as shown in Table 1.1, this 

is insignificant compared with the power consumption of the electrodes.
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Figure 4.17: Overall and solution metal concentrations for porosity at 30% and 
35% (metal ion diffusion ratio 0.1). Note how little difference the variation in 
porosity makes.
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Figure 4.18: Performance summary for varying porosity (metal ion diffusion 
ratio 0.1). The only noticeable difference between porosity at 30% and 35% is 
in the logarithmic figure of merit at high current densities.
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Figure 4.19: Performance summary for varying porosity (metal ion diffusion 
ratio 0.05). The effect of varying porosity is slightly more marked than for 
metal ion diffusion ratio of 0 .1 .
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4.7 Flow rate

The flow rate through the bed determines the feed metal flux at flxed feed con

centration as well as the relative magnitude of the convection term versus the 

electric field migration term in Equation 4 16. Increasing the flow rate will defi

nitely increase the efl l̂uent concentration, but both figures of merit are reduced 

(see Figure 4-^1)- Ignoring all other terms apart from the feed and eflluent 

concentrations in the definition of the figure of merit (Equation 1.3) makes 

it depend on the inverse of the difference of feed and effluent concentrations, 

l/(c^“ — Therefore, one might think that increasing the effluent concen

tration at fixed feed concentration c™ will increase the figure of merit. It 

is the higher ion exchange efficiency that brings the figure of merit down at 

higher flow rates. The bed resistance goes up as the flow rate is increased due 

to the larger number of (slower) metal ions. Figure 4-20 shows very clearly 

how much further downstream the metal ions travel at high flow rate. At the 

current densities considered, the high flow rate of 36 bed volumes per hour 

only reduces the feed concentration by 90% which is likely to be insufficient 

in most EIX applications. The flow rate has a similar position to the current 

density in that it is likely to be adjusted in every individual application after 

all the other process parameters have been fixed. While the current density 

determines the proton flux into the bed, the flow rate determines the flux of 

metal ions if, as is likely, the feed concentration is given rather than controlled.
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Figure 4.20: Overall and solution metal concentrations for flow rate at 7.2 and 
36 bed volumes per hour. The higher flow rate increases the overall down
stream concentration.
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Figure 4.21: Performance summary for varying flow rate. The difference in 
efficiency and effluent concentration at the extreme flow rate values is very 
marked.
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4.8 M olarity of feed solution

The feed concentration is likely to be determined by a particular application 

rather than being something that can be controlled at will, but it is still in

teresting to see how it influences the flgures of merit and other performance 

characteristics of the bed. At fixed flow rate, the feed concentration con

trols the metal flux into the bed. As we would expect, the higher the feed 

molarity, the further the metal ions penetrate into the bed, as seen in Fig

ure j^.22. Even though the effluent concentration drops drastically as the feed 

concentration is decreased, this has its cost as demonstrated by the figures of 

merit in Figure 4 .̂23. This is despite the fact that the electric resistance of 

the bed decreases with decreasing feed molarity due to the reduced number 

of (slower) metal ions. At 2mM, the effluent concentration drops below 0.1% 

of the feed concentration for current density of 2 0 mAcm"^ and above, falling 

below the calculation accuracy. This is apparent in the figure of merit starting 

from 35mAcm“ .̂ There is no point trying to increase the calculation precision 

given that we would be looking at unrealistically low concentrations below the 

micromolar level. It is actually doubtful that such low concentration could be 

achieved in reality. For example, the model does not provide for metal ions 

leaking out of the cathode compartment back into the bed. However, if the 

metal ion concentration is reduced dramatically in the downstream region of 

the bed, such leaking would be inevitable, depending on the exact catholyte 

concentration.
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Figure 4.22: Overall and solution metal concentrations for feed molarity at 
2mM and 20mM. The effect of increasing feed molarity is similar to increasing 
the flow rate—the downstream concentration is increased.
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Figure 4.23: Performance summary for varying feed molarity. At 2mM, the 
effluent concentration drops below 0 .1 % of the feed concentration for current 
density of 2 0 mAcm"^ and above, falling below the calculation accuracy. This 
is apparent in the figure of merit starting from 35mAcm“ .̂
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4.9 Summary

Modelling the EIX cell is almost synonymous with modelling the EIX bed, 

which is the most complicated component of the cell. The regions outside 

the bed—the electrodes and the electrode compartments—can be thought of 

as primarily contributing known potential differences affecting the power con

sumption of the cell. The boundary between the bed and the anode compart

ment can be taken as a source of a uniform flux of protons coming from the 

anode reaction, while the cathode compartment serves simply as a receptacle 

for counter ions from the bed. The task is greatly simplified by the cation 

membranes between the bed and the electrode compartments as long as co-ion 

(anion) transport between the bed and the electrodes can be neglected.

We have derived a model for ionic transport in the EIX bed based on 

a marcroscopic diffusion equation, a modified Nemst-Planck equation, which 

predicts all of the key equilibrium characteristics of the process such as its 

energy consumption and effluent concentration. This is subject to several 

simplifying assumptions which can however be justified in a typical EIX ap

plication. We have investigated the properties of the model while varying its 

parameters including ionic diffusion ratios, bed porosity, molarity of fixed ionic 

groups in the resin and resin selectivity. A discussion of the results appears in 

the following chapter. There we will also discuss how the model can be used 

effectively in facilitating future EIX development.

Numerical solutions of the modified Nemst-Planck equation obtained by 

the finite difference method on a 50 x 100 grid can conserve the metal ions 

with a 99.9% accuracy which makes calculated values of quantities such as bed 

voltage and effluent concentration reliable to three significant figures. Unless 

very dilute solutions are involved, only 99% conservation is usually sufficient. 

For a given grid, the precision can be controlled by setting the number of steps 

taken in the calculation.
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Chapter 5 

Conclusion and  

recom m endations

The purpose of this chapter is to review and evaluate the results described in 

the preceding text and translate some of the conclusions we made based on 

the modelling of the EIX bed into practical recommendations.

Throughout, we have pictured the EIX bed as rectangular and the mod

elling was accordingly expressed in terms of cartesian coordinates. We have 

not explored the possibility of varying the aspect ratio of the bed. Keeping the 

properties of the ions and the resin fixed, the performance of the cell is given 

by the relative magnitudes of the feed metal flux (feed molarity, flow rate) 

and the proton flux from the anode (electrode current). There is no reason to 

expect that making the cell longer, for example, will have much impact on this 

basic fact.

Bed geometries other than rectangular are of course possible. One could, 

for example, envisage an annular setup where the three cell compartments are 

concentric cylindrical sections. The advantage of this from the modelling point 

of view is the rotational symmetry, so the resulting transport equation would 

be genuinely two-dimensional. The derivation in Section is not tied to 

any particular geometry until Equation 4’15. Modification of this equation for 

cylindrical coordinates is trivial, consisting of rewriting the second derivative
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with respect to coordinate x  to the correct form for the radial coordinate r. 

The resulting equation would be the same as Equation 4-16 except that the 

second derivative of concentration q  with respect to x, ^C i/dx^ , would change 

to 1 / r  d /d r  (r dci/ÔT).

An important environmental factor that has been assumed to be constant 

throughout is temperature. The only explicit dependence on temperature in 

the EIX bed model appears in Equation 4- 7. This is the consequence of tem

perature appearing in the Nernst-Einstein equation {Equation 1.24) relating 

ionic diffusion coefficient and mobility. However, temperature will also affect 

the ionic diffusion coefficients, which usually increase with increasing tem

perature. We would therefore expect the exchange efficiency to increase with 

increasing temperature. The ion exchange equilibrium between the resin beads 

and solution is unlikely to have a strong temperature dependence unless it is 

followed by a more energetic process such as a chemical reaction (Helfferich, 

page 166).

We have not considered the case of more than one counter ion in the feed 

solution. The chief difficulty in introducing more than two counter ion species 

in the bed is in the description of the multi-ion equilibrium between the resin 

and the solution. We have done it for two ionic species, protons and metal 

ions, by introducting the (constant) separation factor. The logical extension 

to introduce a second separation factor would be artificial as there must be in

terference between the competing ionic species. The difficulty in this direction 

would be considerable.

In modelling the EIX bed, we have encountered straightforward macro

scopic quantities—electric current, feed molarity, flow rate and bed porosity. 

But there were also microscopic quantities which are either not easily controlled 

or their dependence on experimental conditions is not as simple as assumed 

for the purposes of the model—ionic diffusion ratios, molarity of fixed ionic 

groups and separation factor. Let us look at each of these in turn.
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D iffusion ra tio s . These have been defined primarily for theoretical conve

nience to express the diffusion coefficients in the resin as a fraction of their 

solution counterparts. The more fundamental resin properties which underlie 

the diffusion ratios include the degree of crosslinking and number of fixed ionic 

groups. These quantities therefore only appear implicitly in the model. 

M o la rity  o f fixed ionic g roups. The really fundamental quantity is the 

resin’s weight capacity. In the case of the styrene sulfonic acid resin, this 

would be the number of ionogenic groups introduced into a specific amount of 

dry resin by sulfonation. The molarity of fixed ionic groups depends on how 

much the resin swells when placed in solution and on the degree of ionization. 

The latter can be assumed complete for strong acids. We have assumed that 

due to the generally low concentrations of feed solutions in EIX, the molarity of 

fixed ionic groups can be considered to be constant, the swelling being similar 

to what it would be in pure solvent.

S e p a ra tio n  fac to r. While expressing the selectivity of the resin, it depends 

on quantities such as the solution concentration and temperature and is usu

ally not constant. The assumption of constant separation factor needs to be 

justified by the usefulness of the model as a whole.

Let us now turn our attention to the results of the EIX bed modelling. 

P ro to n  an d  m e ta l difi’usion  ra tio s  {S ec tio n  4•3), Protons are very likely 

to have a diffusion coefficient higher than any other ionic species. Reducing the 

proton diffusion ratio while it is kept constant for the metal ions will reduce the 

amount of electric current transferred by the protons, facilitating the removal 

of the metal ions into the cathode compartment. Increasing the metal diffusion 

ratio while keeping it constant for protons will give the metal ions the same 

advantage. Lower proton diffusion ratio and higher metal diffusion ratio make 

EIX more efficient.

M o la rity  o f fixed ionic g roups {S ec tio n  4*4)> High fixed ionic group 

molarity increases the overall ionic concentrations, reducing the energy con

sumption in the EIX bed. As a result, it increases the bed efficiency.
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S ep ara tio n  fac to r (S e c tio n  -^.5). The result concerning the separation 

factor is clear in that the higher it is, the more selective the resin is to the 

metal ions, the better the cell performs. The preference of the resin for the 

metal ions makes it easier for them to migrate towards the cathode without 

being forced in the direction of the flowing solution.

P o ro s ity  (S ec tio n  j .# ) .  Porosity has relatively little effect on the cell’s 

performance. While increasing porosity increases the effective diffusion coef

ficients, it reduces the overall concentrations. These competing trends largely 

counteract each other. This means that the size distribution of the resin beads 

is of relatively little consequence and the electrochemical properties of the 

resin can in the first instance be optimized without regard for their geomet

rical characteristics. Where porosity is found to be a more important factor. 

Section 3.2 can be consulted for the likely value if the bead size distribution is 

known. If the size distribution has not been studied there, the general method 

of hard spheres molecular dynamics outlined in Chapter 3.1 can be applied to 

yield new results as required.

The power required for pumping the solution through the bed being only a 

fraction of the electric power supplied to the electrodes, the effect of the bead 

size distribution on the bed hydraulic conductivity can usually be neglected. 

In a large-scale system, however, this power consumption, while still being 

only a fraction of the electrode power, might be significant in its own right 

and the results of Section 3.3 will then be useful.

Flow  r a te  (S e c tio n  .^.7). The flow rate needs to be chosen so that the 

balance between the feed flux and the proton flux from the anion compartment 

(electrode current) results in an acceptable effluent concentration while keeping 

the energy consumption of the cell as low as possible.

M o la rity  o f feed so lu tion  (S ec tio n  This is probably determined by 

the individual application. Where it can be controlled, the same applies as to 

the flow rate—the correct balance needs to be struck between the feed metal 

flux and the proton flux from the anode given by the electrode current.
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The key to controlling the cell performance certainly lies in selecting the ap

propriate resin. This should be selective towards the metal ions and with high 

fixed ionic group molarity.

As already explained in Section 4̂ .2, the usefulness of the EIX bed model 

lies not so much in its ability to calculate the exact quantitative behaviour 

when all of the process parameters are fixed, but rather in providing a tool 

for making informed qualitative judgements. The large number of controlling 

factors makes it impossible to chart the multidimensional parameter space in 

detail in search of a global maximum of efficiency. Provided with realistic pa

rameter values determined in laboratory measurements, the model replaces the 

need for further detailed experimental testing with an automated calculation 

process.
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A ppendix A

Bruggem an’s Sym m etrical 

Effective M edium  Theory

As mentined in Section 1.3.1, effective properties of mixtures were first studied 

in electrostatics. We will start by considering a mixture of two materials with 

electric permittivities and €2  in an electric field E q .  We will denote the 

effective permittivity of the mixture (effective medium) as Sm- Let us consider 

a spherical inclusion of material 1 embedded in the effective medium. The 

electric field will induce polarization P i  inside this inclusion

P i  = 3  eo-Eo. (A.l)
6^1 H-

This polarization introduces a local change in the electric field. The same 

argument can be repeated for a small spherical volume of material 2 :

P 2 = 3  soEo.
£2 +  ^£m

As we have postulated the electric field in the medium as E q , these local 

deviations must cancel each other in any given volume V  :

J  P d V  = J  (P i + P i)  dV  = 0 . (A.2)

The polarizations P i  and P 2  are homogeneous fields, which reduces the inte

grals to

T iP i -h V2P2 =  0, (A.3)
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where 14 +  V2  =  V. Of course,

^ P i + f  P 2 =  0 .

Introducing volume fractions (f>i = V \/V  and < ^ 2 =  we have

goPo +  soPo =  0.

By definition, <̂ i +  ( ^ 2  =  1- This must be true for any field hence

This is a quadratic equation for whose positive solution is

j  ( 7  +  ^7^ +  8 6 1 6 2 ^ , (A.5)

where

7  =  ( 3 0 1  — l)e i +  ( 3 0 2  — 1 )^2 - (A.6 )

So now, knowing permittivities of the constituents and their respective volume 

fractions, we can predict the effective permittivity of their mixture. Quite 

clearly, considering spherical volumes of constituing phases to obtain a self- 

consistent value for Sm is an approximation undertaken chiefly for the simplicity 

of polarization in a spherical volume. In the EIX bed, for example, the ion 

exchange resin beads are spherical, but of course the interstitial solution regions 

cannot be. There are advantages as well, however. For example, the treatment 

may be extended to more than two constituent phases to give

because all the components are treated on a symmetrical basis, unlike, for 

example, in the Clausius-Mossotti approach, where one of the components is 

considered as embedded in an otherwise continuous phase of the other which 

is taken as predominant. Also, Bruggeman’s theory correctly predicts the 

so-called ‘percolation threshold’ for two components of very different permit

tivities (see Landauer (1978, page 16), where this is discussed in terms of 

conductivities).
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As mentioned in Section 1.3.1, Equation A .4 can be used outside electro

statics. The constitutive relation in electrostatics between electric displace

ment and electric field gradient is

D  = —e V ^ . (A.8 )

In electrodynamics, Ohm’s law can be expressed as

j  =  -aV^p,

where j  is the electric current density. The forms of Equations A .8  and A .9 

are identical and Equation A .4 could as a result be expressed equally well in 

terms of conductivities.

In diffusion, Pick’s law, which is the Nemst-Planck equation for electrically 

neutral species, states

j  =  —D Vc,

where j  is the flux density and c local concentration. It is apparent that 

Equation A .4 could also be rewritten in terms of diffusion coefficients. This is 

simply because Pick’s law is isomorphic to Equation A .^and there is no need for 

a separate derivation in the language of diffusion coeflficients and concentration 

gradients as opposed to permittivities and electric field gradients.
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A ppendix B

Carman-Kozeny equation and  

its m odifications

This appendix provides details of the derivation of the Carman-Kozeny equa

tion which is frequently used as a basis for the prediction of hydraulic conduc

tivity of unconsolidated porous media of which the EIX bed is an example.

We will closely follow the approach of Panda &: Lake (1994). The Carman- 

Kozeny treatment is based on Poiseuille flow. Clearly, a permeable medium 

cannot be accurately described as an array of cylindrical capillaries and mod- 

iflcations will be needed. On the other hand, there are not many analytical 

solutions of the Navier-Stokes equations and what we are aiming for is an 

approximate analytical expression.

The solution for the velocity of an incompressible fluid in an infinite cylin

drical tube subjected to a constant pressure gradient is

“ =

where Ap is the pressure difference (constant) between points separated by 

distance Lt, /x is the viscosity of the fluid, and a is the radius of the tube. The 

average velocity of the fluid is^

1  r ,^ 2

^The volumetric flow is just ira^ {u).
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Ap 
8 p

Defining hydraulic conductivity^ k as //L^ (u) /  Ap  it follows that

k = Ç  (B.2)

We now proceed to model a section of length^ L  of the permeable medium 

by an assembly of capillaries of length L*. The length Lt is meant to represent 

an average distance that a particle of the fluid travels to traverse the length L  

of the medium. Obviously, we require that

Lt L
(u) {v} ’

where (v) is the average interstitial velocity. We now need an assumption about 

the relationship between this interstitial velocity, and the effective macroscopic 

velocity v^g of the fluid travelling through the porous medium. The time- 

honoured choice is the Dupuit-Forchheimer assumption,

VeS = (f>(v) , (B.3)

where (f) is porosity'^. This relationship is, strictly speaking, only correct for 

an array of parallel disconnected capillaries. We also assume that the effec

tive macroscopic velocity VeB can be related to the effective pressure gradient 

through Darcy’s law:

VeS = (B.4)
jJL L

Then, combining Equations B.3  to B.4 yields

k  =  (B.5)

where r  =  {L t/L Y  is called tortuosity. Even though the length Lt is not well

defined and tortuosity must be determined from an experimental fit, it is at
^Hydraulic conductivity (sometimes called ‘hydraulic permeability’) is also often defined

as k / p .
^Measured parallel to the homogeneous effective fiow.
^Ratio of void space volume to total volume of the medium.
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least a well constrained parameter, as by definition it must be greater than 

unity and its value usually does not exceed 10. The best experimental value for 

an assembly of regularly packed spheres is, according to Lake (1989), 25/12.

In dealing with a permeable medium it is not really possible to specify a 

representative radius a as a some kind of average pore size and it is generally 

replaced by the so-called hydraulic radius defined as

„  volume open to flow
R h  =  — r r - ; -------r ---------------• (B .6 )wetted surface area

Using the definition of porosity we can write the volume open to flow as (j)V, 

where V  is the total volume of the medium. Similarly, the wetted surface area 

can be written as a„(l — (p)V, where is the specific internal area (ratio of 

exposed surface area to solid volume). Therefore

For a cylindrical tube =  a/2. Taking this into account and substituting 

Equation B. 1 into Equation B. 5 we obtain

* = 2r(i%)%r
For the special case of single-size spheres we find

47rr^ 3 6

4 / 3 7 rr^ r  d ’

where r  and d are the radius and diameter of the spheres, respectively. Equa

tion B .8 then reduces to

* "  7 2 T (1 % )^ ' 

which is the so-called Carman-Kozeny equation.

A more typical porous medium, including the EIX bed, will consist of 

particles with a range of diameters given by a particle size distribution (PSD), 

/(d ), so that

roo
/  f{ (ï)d c t = l. 
Jo
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The value of a„ will then be given by averages of volume and surface area over 

the whole assembly:

=  6 — , (B.IO)
hs

where E2 and E3 are the second and third uncentered moments of the PSD, 

defined as

roo
E 2 =  I  (Pf{d!)d<t,

fOO
%  =  /  d^f(dl)ddl. 

Jo

E2 and £ ' 3  can be expressed in terms of variance, cr̂ , and skewness, 7 , defined 

as

roo
=  J  (d !  — d ) ^ / ( d ' )  d d ! j

1 roo _

7 =  ^  jq ~  

where the mean d is, of course,

_ roo
d = d! f{d!)dd’.

We find that

roo roo n roo
= j  cf‘f ( c t ) d ^ - 2d j  d 'f(d ')dce + d ^ J  f{ (t)d d '

=  E2 — 2d^ +  ,

and hence

E2 = a'̂  + d^. (B .ll)

Also

roo _  roo _r, roo
7 <ĵ  =  /  d'^f(d') dd' — 3d d'^f{d') dd' + 3d d' f{d!) dd! —

Jo Jo Jo
ÿ  r  f{d!)dd'

— E 3 — 3rfj&2 “t" ^d — d ,
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so that upon substituting for E 2 from Equation B . l l  we get

E^  =  'j(j^ +  +  ( ^ . ( B. I2 )

Using the last two results in conjunction with Equation B.IOa.nd substituting 

into Equation B .8 we have

where Cd = a /d  is the coefficient of variation of the PSD. We can see that this 

expression correctly tends to the Carman-Kozeny equation for a  approaching 

zero.
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A ppendix C

Finite difference m ethod for 

solving the EIX bed m odel

This appendix describes how differential equations can be solved numerically 

by the finite difference method. We will be specifically concerned with the 

solution of the EIX bed model as expressed by Equation 4-16.

The most important approximation in the finite difference method lies in 

the representation of the continuous solution domain by a discrete grid of 

points. The solution of the appropriate differential equation is accordingly 

approximated by values at the grid points. As appropriate for the EIX bed, 

we can visualize the solution domain as a rectangle in two spatial dimensions, 

X and y  (see Figure 4-1)- In some circumstances, a grid with a non-uniform 

spacing can make a calculation more efficient where the solution varies dram at

ically over some part of the solution domain while it is relatively constant over 

another. A uniformly-spaced grid is however sufficient for the EIX modelling. 

We will denote the spacing of the grid in the two dimensions as Ax and Ay. 

Given the aspect ratio of the cell (1:5), the most obvious choice for the two 

spacings is to be in the same ratio. As seen in Figure 4-6, for example, the 

concentration variation in the x  direction is quite rapid near the anode side, 

making it desirable to make the resolution in the x  direction relatively better. 

For example, in the calculations presented in Chapter 4i the number of grid
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points is 50 x 100, making the spacing in the x  direction 2.5 times smaller than 

in the y direction.

To approximate derivatives on a discrete grid, the finite difference method 

begins with the Taylor series. For a function c(x, y), the expansion around the 

point (x, y) in the x  direction gives

c (i +  A x, y) = c(x, y) +  — (i, y)A x  +  ^ ( x ,  v )—^  + 0[(Ax)^) (C.l)

fPr
c{x -  A x ,2/) =  c(x,y) -  — {x ,y)A x  + — ^ { x ,y ) — - -----hO[(Ax)^] (C.2 )

By rearranging Equation C.l, we obtain a forward difference expression for 

the first-order derivative

|c   ̂c(_x +  ^ ) - c { x ^y) ^  ̂  3
O X  Ax

and similarly Equation C. 2 yields the backward difference expression

| c  ^  c { x ,y ) -  c p - A x , y )  ^  ^
O X  Ax

On the other hand, subtracting Equation C.2 from C.l provides a centred 

difference

^  ^  c{x_ + A x , y ) ^ c { x - M , y ) ^  ,
dx  2 Ax Lv / J

Finally, adding Equations C .l and C.2 yields an expression for the second 

derivative

_  c(x +  Ax, y) -  2 c(x, y) + c(x -  Ax, y)  ̂ ^
dx^  -  (Â ïp  +

Introducing a notation useful on a discrete grid (spacing Ax and Ay)

C i+ i,j  =  c(x -f Ax, y) =  c(x -  Ax, y)

Ci,j = c{x,y) (C.7)

Ci,j+i = c(x, y  +  Ay) =  c(x, y -  A y)

we can write Equations C.3 io  (7.^ as

dc
dx

=  ~  (C.8 )



dc Ci,j -  C i - l J

dx *v7 A x

dc
dx 2A x

Q + ij  — 2 cjj H- Ci
dx"̂ (A xY

120

(C9)  

(C.IO) 

(C .ll)

where we neglected the higher-order terms, introducing the so-called truncation 

error. The above equations are first-order approximations in the case of the 

backward and forward differences while the centred expressions for the first and 

second-order derivatives are correct to second order in A x. The error can be 

controlled by the spacing size. The approach would be completely analogous 

for the y coordinate.

Having obtained discrete expressions for first and second-order derivatives, 

we will use them to re-write Equation as a finite-difference equation

n _  r , ( -  2Cij +  Ci-Ij  Cjj+I -  2CjJ +  Cij-I ! ^

" -  I  (Â ïp  +

’-e"j +
2A x  J 2A y

where we used centred differences for the first-order derivatives. This makes 

values Cij functions of neighbouring points Ci±ij±i and X{j±i. A possible 

way of solving the finite difference equation thus emerges. Starting with all 

grid points Cij,Xij  initiated to some random values, they could be iteratively 

updated to satisfy Equation C.12. We know tha t Xij are actually functions 

of Cij as given by Equations 4-9 to  but fortunately Xij does not appear 

in the scheme in Equation C.12, only In practice, quantities Q j would

be updated for all values of i and j  in turn and all Xij re-calculated. This 

step would then be repeated until the values converge to some predetermined 

precision.

Using centred differences for the first-order derivatives may seem attractive 

as they are correct to second order in A x  (Ay).  However, let us consider what 

will happen if the second-order derivatives in Equation C.12 (diffusion) become 

small compared with the first-order derivative terms (electric field migration
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and convection). This is what actually happens for typical values of the electric 

and velocity fields in the EIX bed. Equation C.12 then effectively becomes an 

expression linking the off-centre rows/columns of grid points, i ± l  and j  ±  1 , 

with negligible feedback from the central row (i, j),  which will tend to make 

the scheme unstable. For realistic values of the electric field and velocity, it 

is crucial that the backward difference expressions be used for the first-order 

derivatives

n _  n  ~  I /p  1 o\

Ax /  A y

This is known as upstream differencing, because the differences are taken from 

the current point and the point upstream (recall that in our simulation the 

convection is in the direction of increasing y, that is, increasing j;  similarly, 

the migration in the electric field is in the direction of increasing x or i). Due 

to the simultaneous appearance of and Equation C .l3 needs to be 

solved numerically. In the EIX model this is done by bisection. The updating 

procedure is the same as for the centred scheme.

The upstream differencing is also used to set the boundary conditions.
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A ppendix D

List of sym bols

a  resin separation factor

7  skewness (particle size distribution) 

e electric permittivity

{JL chemical potential, viscosity

p density

<j electric conductivity, standard deviation (particle size distribution)

T tortuosity of a porous medium

(j) porosity, volume fraction

^  electric potential

w valency of fixed ionic groups in resin

A  cross section

a„ specific internal area of a porous medium 

c concentration

D  electric displacement

D  diffusion coefficient, diameter

E  electric field intensity

E  power supplied to electrodes

g acceleration of gravity
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h height

I  electric current

J  ion exchange current

j  flux density, electric current density 

K  hydraulic conductance

k hydraulic conductivity

L  length

N  ion exchange efficiency

P  electric polarization

P  power required for solution pumping 

p pressure

ambient pressure 

Q concentration of fixed ionic groups in resin 

Q flow rate

R  electric resistance

Rh hydraulic radius

T  unit energy consumption (figure of merit) 

7i logarithmic figure of merit 

T  temperature

U voltage

u ionic mobility

V  volume

V  velocity

W  power

X concentration

z ionic valency
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Subscripts

h protons

m mixture, metal ions 

r resin 

s solution 

X co-ion

Superscripts

in cell input (feed) 

out cell output (effluent)

Physical constants

e elementary charge 

F  Faraday constant 

k Boltzmann constant
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