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Abstract

The aim of the thesis is to develop a framework to support the design of
formal languages. The thesis consists of two parts. The first part attempts to
develop a conception of formal language design. The conception considers
the nature of formal languages and acts as a specification for a framework to
support the design of formal languages. The second part develops the formal
aspects of such a framework.

The first part considers the nature of formality and the nature of disciplines.
Formality is considered in terms of different philosophies of mathematics, it
illustrates how these different philosophies give rise to different notions of
formality, and leads finally to a strongly relativistic definition of formal
language. The nature of disciplines is considered in terms of philosophies of
science resulting in the definition of a generic engineering conception of
design disciplines. The definition of formal language is used to instantiate the
generic engineering conception resulting in the conception of formal language
design.

The basis of the framework that forms the second part of the thesis is the Z
notation enriched with Category theory. This notation is used to instantiate
the conception outlined in the first part of the thesis. Pre-order categories are
advocated as the basis for representing conflicting requirements for formal
languages. Category theory is used to develop a generalised notion for
defining the syntax of languages that, when used by appropriate agents,
satisfy language requirements. According to the conception, knowledge to
support design is embodied in engineering principles. Categorial notions are
used to describe the formal and empirical components of engineering
principles.
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1 Introduction

This chapter introduces the aims and objectives of the thesis. It considers
some of the key concepts that are used as part of the thesis. It outlines the
different components of the thesis. Finally it establishes the criteria by which
the thesis is assessed in the conclusion.

Briefly stated the aim of the thesis is:
To develop a framework to support the design of formal languages.

This statement could be interpreted in many ways. The term formal language
is open to different interpretations (see Chapter 2). There are different
conceptions as to what it means to support design (see Chapter 3). The first
three chapters of the thesis are all an attempt to elaborate upon this stated
aim.

This chapter contains the following sections:

The Class Instance Distinction

Dimensions of Epistemology

Overview of the Thesis

The Conception of Formal Language Engineering
The Framework for Formal Language Design
Criteria For Assessment

Conclusion

The first section considers the personal motivation behind the thesis. It
illustrates how the initial aims have evolved during the three years that it
took to write. It is intended that it will give the reader an early insight into the
nature of the work. On account of its personal nature, this section is written in
the first person.

The second section introduces the class-instance distinction that is used
throughout the thesis as both a macro level structuring mechanism and a
micro level tool of analysis. The third section introduces two dimensions of
epistemology that lie behind much of the work of the early chapters.
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The fourth section presents an overview of the thesis exploiting the class-
instance distinction introduced earlier to explain the different parts. The fifth
section outlines the first part of the thesis which introduces a conception for
formal language design. The conception acts as a specification for the
framework that is developed in the later chapters of the thesis. The sixth
section outlines this framework.

The final section establishes the different criteria by which the PhD is assessed
in the conclusion.

1.1 Motivation for the Thesis

At the beginning of the period of study that has led to this thesis I had just
completed a period as a lecturer in computer science at a London polytechnic.
My undergraduate training was primarily in mathematics. Thus, in many
senses I began the study for the PhD strongly schooled in a rationalist
tradition. This tradition is perhaps best exemplified by the following quote
from one of the foremost advocates of formal methods in software
engineering:

"Computer programming is an exact science, in that all the properties
of the program and all the consequences of executing it can, in
principle, be found out from the text of the program by purely
deductive reasoning" [Hoare 69]

As a mathematician, however, probably in contrast to many advocates of
formal methods, I was, essentially, what might be called a visual reasoner. I
found little difficulty in proving the theorems of mathematical analysis since I
could visualise the theory geometrically and construct the required proof
accordingly. With algebra, where proofs revolve heavily around symbol
manipulation, I was not so effective.

As a lecturer, I had developed a variety of non-textual tools to aid explanation
in the courses for which I was responsible. In the first year programming
courses, I introduced a simple graphical notation for expressing algorithms
[Salter 89], which although not empirically tested, was well received by both
students and staff. In the formal methods courses, students were encouraged
to draw pictures of logical formulea to illustrate aspects, such as the binding
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of variables, which, although well understood by mathematicians, is often
problematic to computer scientists.

It seemed to me that work in the design of languages had concentrated
largely upon, what at the time I would have called, the construction of a
theory of text based languages. Thus, my aim at the start of the PhD was:

To develop a theory of graphical languages.

I used the term language to mean formal language. Such a theory, it seemed
to me, would be useful in the development of notations for computer system
design and notations for constructing mathematical entities. In addition it
would provide another perspective on Human Computer Interaction (HCI)
since, it is my view, all successful interaction that occurs between human and
computer occurs in some formal language.

HCI was an active area of interest and, from what I knew then, not many
were concerned with a graphical theory of language. A research group that
was interested in HCI might provide an ideal environment in which to
pursue the PhD. In addition, an HCI research group in the empirical tradition
would also provide a novel perspective to the work.

I arrived at the Ergonomics Unit, University College London, largely by
chance and still marvel at my good fortune. Not only did I become involved
in a research group in the empirical tradition, but also one concerned with the
meta issues of HCI design. The Unit was interested in the nature of the design
practice of HCI and the nature of the knowledge to support that practice.

The first thing that came into question in this environment was the notion of a
theory. To me, as a mathematician, a theory was a set of axioms expressed in
some formal system, such that theorems could be derived from the theory.
Theories were a formal expression of some knowledge. Much of the early
work of the PhD was involved in exploring the nature of knowledge, and in
particular what form of knowledge would best support design. From this
work, I established a generic specification of an engineering framework to
support design. This work is presented in Chapter 3. The framework is
intended to be prescriptive rather than descriptive, although I firmly believe
that no one should be forced to take the medicine.

12



The second thing that came into question was the notion of formality, and
what was meant by a formal language. At the beginning of the thesis,
something was formal to me if it was clear and unambiguous. A formal
language was thus a language in which everything was clear and
unambiguous. One might have asked how is it possible to determine if a
language is formal? My response would have been to detail various
mathematical means by which the properties of a language might be
established. However, with the study of the nature of knowledge proceeding
in parallel, I began to question such an entirely rationalist approach. As I
considered empirical means for establishing the formality of a language, it
became apparent to me that it was impossible to establish an absolute notion
of formality. Thus, Chapter 2 defines the formality of a language relative to a
class of agents, that interpret and employ that language relative to some
purpose.

The questioning of the notion of formality had led to a brief survey of
different definitions of formal language. Two surprising things emerged from
this study. The first was the number of basic text books dealing with formal
languages of one form or another that employed the term formal language
without defining either formal language or even formality. The second was
that when definitions of formal language were given, they, either explicitly or
implicitly, seemed to consider only textual representations as formal. Even
when the definitions could be interpreted as applying to non-textual
representations the authors shied away from asserting that such
representations could be formal. With the definition that I now advocate the
formality of a language could be tested empirically and thus in my terms a
formal language could be any form of representation. Thus, I dropped the
word graphical from the aim of the thesis.

The result of these deliberations was to modify the aim of the thesis. It now
aimed:

To develop a framework to support the design of formal languages.
The first half of the thesis presents a conception of the design of formal

languages. The conception acts as a specification for a framework to support
language design. The conception has rationalist and empirical aspects. At the
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meta level, I had taken on board the belief of the necessity of an empirical
component to any knowledge and practices that support design. However,
by training I remained a rationalist, and although this thesis outlines the role
of empirical work, it remains a work of rationalism. There are no empirical
studies, just formal specifications. Thus, the second half, rather than
_presenting a complete example of a framework that satisfies the conception,
presents only formal aspects of such a framework. Thus the aim for the
second part of the thesis could be stated:

To develop a formal framework to support the design of formal
languages.

When I began the period of study for the thesis, I adhered to a philosophy of
mathematics known as constructivism. A constructivist believes that
mathematical entities are mental constructions rather than discoveries (see
Chapter 2). Nothing in the last three years has shaken that conviction. The
intention of this disclosure is to make explicit the key assumption with which
the work was carried out. Although the formalisms employed are not
necessarily constructivist, there is a constructivist feel running throughout the
thesis, not least in the form of the class-instance distinction discussed in the
next section.

1.2 The Class-Instance Distinction

This section considers the class-instance distinction that is used throughout
the thesis as both a macro level structuring mechanism and a micro level tool
of analysis. The class-instance distinction was introduced by Aristotle,
although he employed the terms universal and particular.

"Now of actual things some are universal, others particular (I call
universal that which is by its nature predicated of a number of things,
and particular that which is not; man, for instance, is a universal,
Callias a particular). " [Aristotle, Logic ]

A class is therefore a collection of instances of that class. The constructive

mathematician, Martin-L6f, has demonstrated if mathematics is treated
constructively then many relationships can be viewed in terms of the class-
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instance distinction. The following table is a recreation and extension of a
table presented in "Intuitionistic Type Theory" [Martin-Lof 84a]. The
extension to the table is based upon the work presented in "Constructive
Mathematics and Computer Programming” [Martin-Lof 84b] and involves the
specification - program relationship.

Class Set Type Problem | Proposition | Specification

Instance || Element |Instance |Solution |Proof of the | Program
of the Set | of the to the Proposition | fulfilling the
Type Problem Specification

A set can be seen as a class with the elements of the sets considered as class-
instances and a type can be seen as a class with any instance of that type as an
instance of that class. A problem can be seen as a class, the class of all possible
solutions to that problem. Of course, for a problem to be a class, it has to be
sufficiently well-defined so that given a hypothetical solution, it is possible to
determine if it is indeed a solution to the problem.

The notion of a proposition as a class derives from the constructive view of
mathematics. Consider the following proposition:

For any natural number n, and any natural number m > n there exists a
natural number i such thati + n > m.

To a constructivist, a proof of this proposition is a construction that provides
an i for any n and m obeying the above conditions. Thus the functions f and g
defined as follows are both proofs of the above proposition:

fnm)=m-n+1 ifm>n
glnm)=m-n+2 ifm>n

Propositions can be seen as defining a class whose instances are the proof of
the proposition. The final notion derives from the link between constructive
proofs and functions. Computer programs can be viewed as functions, and
thus as constructive proofs, of some proposition. The proposition is thus a
specification for the program. Thus, specifications represent a class whose
instances are all the programs that fulfil the specification.
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For Martin-L6f and other constructive mathematicians there is an equality
relationship between each of the class-instance relationships presented above.
A broader view is taken here, each relationship is seen as being of the class-
instance form. In other words, each relationship is an instance of a class-
instance relationship. It is possible to list further instances of the class-
instance relationship. These instances are presented in the table below:

Class Theory Specification Requirements | Knowledge
Specification

Instance || Phenomena |Implementation | Artifact Practice
Specification

A (scientific) Theory can be seen as a class, whose instances are the explained
and predicted phenomena of the theory. By broadening the specification -
program relationship beyond computer programming, a specification in
general can be seen as a class whose instances are implementations of the
specification. The class-instance distinction can be used to distinguish
between different sorts of specification, a requirements specification, for
example, can be seen as a class whose instances are artifact specifications. The
relationship between knowledge and practice in design can be seen in terms
of the distinction. Thus, design knowledge representing a class whose
instances are design practices.

As has already been stated, the class-instance distinction has been used as a
meta level structuring mechanism in the thesis. The first four chapters aim to
establish a conception of the design of formal languages. This conception is in
a sense a specification of a framework to support the design of formal
languages. Thus, the conception is a class whose instances are the different
possible frameworks that are consistent with the conception. The latter half
of the thesis outlines a formal framework which is part of an instance of the
class defined by the conception.

Within the formal framework, the general nature of aspects of language
design are described. Thus, Chapter 6 outlines the general form of the
performance requirements of a formal language worksystem. As a partial
attempt at validating the general form of performance requirements, specific
performance requirements are constructed to be consistent with the general
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requirements. Thus, the general performance requirements represent the class
of all performance requirements for formal language worksystems.

The class-instance approach is also used at the micro level as a tool of analysis
in the early chapters of the thesis. It is employed in the next section to derive
the dimensions of epistemology that are used in the discussion of the
different theories of mathematical and scientific knowledge that occur in the
next two chapters.
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1.3 Dimensions of Epistemology

The class-instance distinction can be used as a tool of epistemology - the
branch of philosophy concerned with the study of knowledge. General
knowledge can be viewed as a class and particular knowledge as instances of
that class.

This section outlines two dimensions of epistemology, the rationalist-
empiricist dimension and the absolutist-relativist dimension. These
dimensions are viewed in terms of the class-instance distinction.

Extreme rationalism can be defined as the belief that it is possible to obtain
knowledge by means of reason alone. Thus, for the extreme rationalist,
knowledge may be general or particular and relationships can be established
between the components of knowledge by deductive reasoning. To the
rationalist, knowledge is constructed from agreed general and particular.
knowledge by means of deduction. This situation is represented graphically

in Figure 1.1.
Acreed ) Deductively
gfneral Deduction | derived
knowledge general
L knowledge
{ )
Agreed Derived
relationships relationships
between between
gengral and Deduction gengral and
particular . particular
Deductively
S;igrrt?CeSlar derived
—| particular
knowledge Deduction knowledge

Figure 1.1 Extreme Rationalism
The classical philosopher Plato, although he predates the class-instance

distinction introduced by Aristotle, may be thought of as an extreme
rationalist. Highly sceptical of the senses, he believed that the objects of
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knowledge were eternal and unchangeable forms. Objects perceived by the
senses are merely imperfect copies of these forms. In the terminology above
the forms would correspond to agreed particular knowledge.

In contrast to extreme rationalism, extreme empiricism implies a belief that
knowledge can be obtained only through experience. Thus, general
knowledge is derived inductively from empirical phenomena. The situation
can be represented graphically in figure 1.2.

General General
knowledge Knowledge

Induction Induction Induction
Observable Observable
phenomena phenomena

L - K

Figure 1.2 Extreme Em@cism

The philosopher Comte, who coined the term positivism, may be thought of
as an extreme empiricist. According to Leahey:

'As an epistemology, positivism adopted a radical empiricism.
Metaphysical speculation and explanations of nature in terms of
unobservable entities were to be abandoned. Instead, human
knowledge would confine itself to collecting and correlating facts to
provide an accurate description of the world. Such was the method
and proper philosophy of science according to Comte.' [Leahey 87].

Extreme rationalism and extreme empiricism represent opposite poles along a
rationalist-empiricist dimension. Different epistemologies are situated along
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the dimension according to the relative emphasis they place upon reasoning
or the observation of phenomena as a means of deriving knowledge.

The rationalist-empiricist dimension of epistemology is concerned with the
means by which knowledge can be derived. The absolutist-relativist
dimension is concerned with the status of knowledge.

An extreme absolutist believes that there is an objective truth about the world
which it is possible to discover. For an extreme absolutist, knowledge has an
objective existence independent of the knower. It follows that given any
candidate for knowledge, it is possible to determine in an absolute sense
whether this knowledge is true. In terms of the class-instance distinction, the
extreme absolutist believes that general knowledge, in the form of a class, has
objective existence and it is possible to determine those classes. Extreme
absolutism is represented diagrammatically in Figure 1.3.

Can be
f assessed in [ General
Objective terms of knowledge
general < of an
knowledge individual
| orgroup
Inductive Inductive
and/or and/or
Deductive Deductive
Relationships Relationships
) [ Particular |
Objective knowledge
particular  |«§ of an
knowledge Canbe individual
assessed in or group
terms of y

Figure 1.3 Extreme Absolutism

Extreme absolutism can be summed up by the slogan 'Reason rules the
world' attributed to Anaxagoras a pre-Socratic philosopher [Leahey 87].

In contrast, for the extreme relativist, there is no such thing as objective

knowledge. Given two different groups or individuals, it may be impossible
to make any comparison of their different knowledge, since even the
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particular knowledge of the groups might be distinct. Extreme relativism is
represented graphically in Figure 1.4:

General No [ General
knowledge comparison knowledge
Of an possible Of an
individual individual
or group ] | orgroup

Inductive Inductive

and/or and/or

Deductive Deductive

Relationships Relationships
Particular [ Particular
knowledge No knowledge
ofan comparison ofan
individual possible individual
or group or group

Figure 1.4 Extreme Relativism

Extreme relativism can be summed up by the slogan 'Man is the measure of
all things' attributed to Protogoras a sophist and contemporary of Socrates
[Leahey 87].

As for rationalism and empiricism, extreme absolutism and extreme
relativism represent opposite poles along a absolutist-relativist dimension.
Different epistemologies are situated along the dimension according to how
much they consider different forms of knowledge are comparable.

Any framework which supports formal language design will, of necessity,
have an underlying epistemology. The reason for introducing the two
dimensions of epistemology is to enlighten the discussions of Chapters 2 and
3 which establish this epistemology.

Two dimensions are necessary, since it is essential for the purposes of the
thesis to separate the concept of rationalism from the concept of absolutism.
Often, when the term rationalism is used, it is employed to mean a
combination of rationalism and absolutism as defined above. To justify such a
separation, it is necessary to present a rationalist relativist viewpoint.
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Consider the definition of extreme rationalism presented above:

'Extreme rationalism can be defined as the belief that it is possible to
obtain knowledge by the means of reason alone.'

The key term in the definition is 'reason'. If reason is considered an absolute,
that is there is only one valid form of reason, then there is only one valid form
of knowledge, and thus we have an absolutist position. However, if on the
other hand, reason is relative, that is accepted by a group, then the knowledge
that is derived from that reason is knowledge accepted by that group.
Further, if reason is even more relative, that is what is accepted by a group
with respect to some purpose, then the knowledge derived from that reason is
what is accepted by the group with respect to that purpose.

It turns out that the notion of formality, and the corresponding notion of
formal language, developed in this thesis constitutes an example of rationalist
relativism. Since the philosophical position taken by the thesis is essentially
relativist, the terms rationalism and formalism become interchangeable. Thus,
the rational aspects of the framework correspond to the formal aspects of the
framework. When discussing the conception and the framework, the term
formal is used. However, to avoid confusion, when discussing different
philosophies of mathematical and scientific knowledge the term rationalism is
employed.

1.4 Overview of the PhD

As has already been stated, the class-instance distinction outlined earlier has
been used as a device for structuring the thesis at the macro level.

The first four chapters attempt to establish a conception of formal language
design. This conception acts as a specification for a framework to support
formal language design. Thus, the conception represents a class whose
instances are possible frameworks. The partial development of a framework
in line with the conception is presented in Chapter 5 onwards. An overview
of these two components of the thesis is presented in the following two
sections.



1.5 The Conception of Formal Language Engineering

The first part of the thesis, Chapters 2 to 4 are concerned with establishing a
conception of formal language design. As has already been stated, this
conception acts as a specification for the framework developed in the later
part of the thesis.

Chapter 2 considers the nature of formality, by considering different
philosophies of mathematics, outlining their position along the dimensions of
epistemology. It illustrates how these different philosophies give rise to
different notions of formality. It considers different definitions of formality
given in common text books and finally presents a strongly relativistic
definition of formal language.

Chapter 3 considers the nature of disciplines, culminating in the definition of
a generic engineering conception of design disciplines, of which the
conception of formal language design is an instance. It considers approaches
to the philosophy of science, outlining their position along the dimensions of
epistemology. The relationship between science and design is considered in
the light of work considering this issue in the discipline of HCI [Long &
Dowell 89]. It examines the relationship between formality and design, by
focusing on philosophical debates concerning formal methods in computer
science. Finally, the generic engineering conception is outlined and related to
the previous sections.

In Chapter 4, the generic engineering conception of Chapter 3 is instantiated
for the design of formal languages. The conception that results is based
strongly upon work that aims to establish a conception for HCI [Dowell &
Long 89]. The conception introduces the notion of a formal language
worksystem, which achieves work benefits and incurs worksystem costs. The
desired performance of a work system is expressed as a combination of
desired worksystem costs and desired work benefits.
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1.6 The Framework for Formal Language Design

The second major part of the thesis, Chapters 5 to 11 outlines a partially
developed formal framework to support the design of formal languages.

Chapter 5 outlines the basis of the formal framework. It justifies the choice of
notation for expressing the framework, the Z notation enriched with category
theory. It then outlines the basic constructs of Z and specifies the key concepts
of category theory within Z. The examples presented in this section are built
upon in later chapters.

Chapter 6 defines the notion of performance requirements of a formal
language worksystem. The performance requirements are constructed from
the cost requirements and the benefit requirements of a worksystem. The cost
requirements are expressed in terms of cost structures and the benefit
requirements are expressed in terms of a domain of work transformations.
The performance requirements for a simple paint shop are specified to
illustrate, and validate, the performance requirements definition.

Chapter 7 presents an extensive specification of benefit requirements for an
air traffic control system. The aim of this chapter is to provide a medium-
sized validation of the benefit requirements definition.

Ideally, Chapter 8 should define the notion of a formal language worksystem
specification. In the time period of the thesis, it has not been possible to
develop a general formal definition of the concept of a formal language
worksystem. This section presents a definition of a particularly restricted class
of formal language worksystems. The definition of the restricted class is
illustrated with a specification of a paint shop worksystem which satisfies the
paint shop performance requirements outlined in Chapter 6. The remainder
of the chapter considers how to achieve a general and formal characterisation
of the notion of a formal language worksystem.

Chapter 9 considers a particular aspect of formal language worksystems, the
definition of formal language syntax. It considers a number of syntactic
formalisms, ranging from text based grammars for specifying programming
language syntax to shape grammars for expressing architectural designs. It
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establishes a framework in which all the grammars an be expressed. In other
words, it establishes a class of which all the grammars are instances. The
framework is then used as the basis for constructing a novel grammatical
formalism.

Chapter 10 presents an extensive specification of the syntax of a notation used
for describing the rationale behind a design [MacLean et al 91]. The aim of this
chapter is to provide a medium-sized validation of the framework for syntax
definition presented in Chapter 9.

Chapter 11 discusses the notion of an engineering principle. It considers the
key components of a principle, and how principles might be developed. The
issue of the status of a principle, and the nature of the guarantees it offers is
discussed.

Chapter 12 presents the conclusions concerning the work of the PhD. The

conclusions are based upon the criteria for assessment outlined in the
following section.
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1.7 Criteria For Assessment

While incrementing knowledge is part of the work of this thesis, it aims
primarily to create a synthesis of work across a broad range of disciplines.

There are four criteria by which the work may be judged. These are:

Internal consistency between conception and framework
External synthesis at the level of the conception
External synthesis at the level of the framework
Knowledge incremented at the level of the framework

Assessing the internal consistency between the conception and the
framework requires an answer to the question:

How well does the formal framework outlined in the second part of
the thesis instantiate the conception presented in the first part?

Assessing the external synthesis at the level of the conception requires an
answer to the question:

How useful is the conception as an approach to the design of complex
systems?

This question can be asked both at the level of the generic engineering
conception and at the level of the conception as instantiated for formal

language design.

Assessing the external synthesis at the level of the framework requires an
answer to the question:

How useful is the framework in supporting the design of complex
systems?

This question can be asked of the framework as a whole and of the individual
components of the framework.
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Assessing the knowledge incremented at the level of the framework requires
an answer to the following question:

How much do the individual components of the framework increment
existing work?

The conclusion in Chapter 12 will attempt to answer all of these questions.

1.8 Conclusion

This chapter has established the personal motivation for the thesis. It has
outlined the class-instance distinction, which is used as both a macro and
micro level structuring mechanism throughout the thesis. It has developed
the rationalist-empiricist and absolutist-relativist dimensions of epistemology,
which are used in the early chapters of the thesis in the discussions of the
nature of formality and the nature of disciplines. An overview of the chapters
of the thesis has been presented. Finally, the criteria by which the thesis is
assessed in the conclusion are presented.

The next chapter discusses the nature of formality.

27



2 On the Nature of Formal
Languages

The purpose of this chapter is to make clear what is meant in this thesis by the
term Formal Language.

The chapter contains the following sections:

Philosophy of Mathematics
The Notion of Formal Language

The first section considers how different notions of formality are dependant
upon an underlying philosophy of mathematics. Thus, the first section
illustrates the need to be clear about what is meant by a formal language. The
second section employs the philosophical considerations of the first section to
develop the notion of formal language as used in the thesis.
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2.1 Philosophy of Mathematics

'The current predicament of mathematics is that there is not one but
many mathematics and that for numerous reasons each fails to satisfy
the opponents of the opposing schools. It is now apparent that the
concept of a universally accepted and, infallible body of reasoning - the
majestic mathematics of 1800 and the pride of man - is a grand illusion.
Uncertainty and doubt concerning the future of mathematics have
replaced the certainties and complacency of the past. The
disagreements about the foundations of the 'most certain' science are
both surprising and , to put it mildly, disconcerting. The present state
of mathematics is a mockery of the hitherto deep-rooted and widely
reputed truth and logical perfection of mathematics.' [Klein 80]

This section introduces different philosophies of mathematics and illustrates
how the different philosophical positions give rise to different conceptions of
what is meant by a formal language. The different philosophies considered
here arose at around the turn of the century. By and large, they resulted from
problems that had begun to arise in mathematics a century earlier, as the
quote above illustrates.

By the dawn of the 19th century, empiricist philosophers such as Hume
[Hume, A Treatise on Human Nature], and rationalist philosophers such as
Kant [Kant, Critique of Pure Reason] had begun to doubt the existence of a
knowable absolute truth. However, mathematics, the field that many believed
to be the epitome of rationalism, was in its heyday. While there may be
problems for metaphysics, mathematical understanding of the world was
increasing at a rapid pace. What is more, mathematical knowledge was often
equated with knowledge of the truth.

One of the strongest pieces of evidence to support the hypothesis of
'Mathematics as Truth' was Euclidean Geometry. Euclid established axioms
for geometry in 300BC. From the relatively few, 'intuitively obvious', axioms
it was possible to derive the theorems about the whole of geometry.

The fact the axioms were 'intuitively obvious' was not really open to much

question. It was, however, true that one axiom, the parallel postulate, was
slightly worrying, and from 300BC to 1800 many attempts had been made to
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derive it from the others. The parallel postulate essentially states that two
parallel lines will never intersect.

In the early 19th century, a number of mathematicians established geometries
in which the parallel postulate was assumed to be false. The new geometries
raised two questions:

* Which geometry was the 'true’ geometry of the 'universe'?

* Are the axioms of any of the possible geometries, including Euclidean,
consistent? In other words, how was it known that the axioms of any
geometry did not lead to contradictions?

Before the development of non-Euclidean geometries, the axioms of geometry
were felt by rationalists to be a prime example of an a priori truth. The first
question opened up what was thought to be a priori truth to judgement by
perceived phenomena. Indeed, the geometry of space time proposed by
Relativity theory is non-Euclidean. Many physicists believe Relativity theory
bears a closer resemblance to observed phenomena than the Newton view, at
least on the scale of the cosmos. Thus, non-Euclidean geometries were clearly
a blow to the rationalist conception of the truth. It can also be seen as a blow
for absolutism. The invention of the non-Euclidean geometry perhaps led
many mathematicians to cease working in the field of perceived phenomena -
creating a schism between pure and applied mathematics.

The second question, that of consistency, sparked off a search for a solid
foundation for mathematics. It was intended that the foundations would be
able to demonstrate their own consistency. The search proved fruitless. In the
1930s, it was demonstrated by Godel that any system which was powerful
enough to include arithmetic could not prove its own consistency.

Till the 1800s and beyond, the dominant philosophy of mathematics was
Platonism. The crisis in the foundations gave rise to two other viewpoints:
constructivism and formalism. These three approaches to the nature of
mathematical knowledge, and the notion of formal language that arises from
each approach, are detailed in the next three sections
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2.1.1 Platonism

‘Most writers on the subject seem to agree that the typical working
mathematician is a Platonist on weekdays and a formalist on Sundays.
That is when he is doing mathematics he is convinced that he is
dealing with an objective reality whose properties he is attempting to
determine. But then when challenged to give a philosophical account
of this reality, he finds it easier to pretend that he does not believe in it
after all' [Davis & Hersch, 81]

According to the Platonist, mathematical objects are objective facts which
have an existence independent of our knowledge of them. The process of
doing mathematics involves discovering objects which represent
mathematical truth. Mathematical demonstrations should be believed,
because they are based upon undeniably true principles.

As the above quote indicates, the Platonist position is difficult to defend. Key
reasons for this difficulty arise in the historical developments outlined above.
The ‘obvious truth' of the Euclidean axioms of geometry being a case in point.

The advent of non-Euclidean geometries weakened the Platonist position, but
did not destroy it. If a consistent mathematical system could be found in
which all the geometries could be embedded, then paradise would be
regained. Towards the end of the 19th century, such a foundation was
proposed based upon various theories of sets. These early theories of sets,
however, were found to be inconsistent, and the only way of avoiding the
inconsistencies involved assuming what many believe to be non-intuitive
principles.

There seemed no reason to assume that the non-intuitive principles would
necessarily be consistent themselves. So, attempts were made to prove the
consistency of these principles. These attempts culminated with Godel's
results in the 1930s that demonstrated that such proofs were, in general,
impossible to obtain.

The mathematical viewpoint of Platonism epitomises rationalist absolutism.
Indeed the 'obvious truth' of mathematical assertions, such as Euclid's axioms
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of geometry, were used as arguments in favour of the absolutist position of an
a priori concept of truth.

The term Platonism derives from the philosopher Plato's concept of the
Forms. At different points in his lifetime, Plato offered different explanations
about how the Forms were knowable. One strand of his thought equated the
true Forms with the objects of mathematics. Thus, a mathematical triangle
represents a true Form of a triangle. It is from this strand of thought that
mathematical Platonism developed.

Thus, for a Platonist mathematician the formal is equated with the true. A
formal language is a language of truth.

2.1.2 Constructivism

'Mathematics belongs to man, not to God. We are not interested in
properties of the positive integers that have no descriptive meaning for
finite man. When a man proves a positive integer to exist he should
know how to find it. If God has mathematics of his own that needs to
be done, let him to it himself' [Bishop, 67]

'All schools of constructive mathematics reject the notion of an a priori
concept of truth.' [Beeson 80]

For the constructivist, mathematics is invented rather than discovered.
Mathematics can be viewed as originating as constructions in the mind of the
individual. Mathematical demonstrations are to be believed, because they are
based upon intuitively believable principles, i.e. principles accepted by all
those party to the demonstration.

Since for the constructivist, there is no a priori notion of truth, it is
meaningless to talk of truth or falsity. Consequently constructivists reject the
principle of the excluded middle, that given any proposition X:

either X or not X

It was the rejection of the principle of the excluded middle, and the belief that
this rejection meant that abandonment of many areas of mathematics which
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depended on it for their proof, that led to the formation of the third
mathematical position, that of formalism.

If Platonism epitomises rationalist absolutism, then constructivism, or
sometimes intuitionism, epitomises rationalist relativism. As the quote of the
previous section indicates, constructivists form a minority of mathematicians.
Most of these mathematicians work in highly abstract fields of mathematical
logic.

For a constructive mathematician, a Formal Language is not a means for
expressing the truth, but rather a convenient device for communicating
mental mathematical constructions.

2.1.3 Formalism

'No one, though he speak with the tongues of angels, will keep people
from...using the principle of excluded middle.' Hilbert quoted in van
Heijenoort [van Heijenoort 67]

‘The belief in the universal validity of the principle of the excluded
third in mathematics is considered by the intuitionists as a
phenomenon of the history of civilisation of the same kind as the
former belief in the rationality of &, or in the rotation of the firmament
about the earth.' [Brouwer, 81]

Formalism can be viewed as an attempt to rescue mathematics from the
perceived horrors of constructivism. For a formalist, mathematics can be
considered as a game played with symbols which have nothing to do with
objective reality. |

For some, notably the French school collectively referred to by the
pseudonym of Bourbaki, formalism is a weakened Platonism. From its point
of view, inconsistencies will inevitably arise in any formal system. From these
inconsistencies the system is revised and more is learnt about mathematics.
Through inconsistencies formal mathematical systems evolve, moving closer
and closer towards the mathematical truth. The Bourbaki view is very similar
to a view of the nature of knowledge, that is expounded by the philosopher of
science Lakatos (see Chapter 3).
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As the quote at the beginning of the subsection on Platonism indicates, most
mathematicians today would consider themselves formalists not due to any
strong philosophical commitment, but rather to the belief that much of their
subject area would be lost if the law of excluded middle was rejected. This
view was held by the reputed founders of both constructivism and formalism
Brouwer and Hilbert. In fact, Bishop's work on Constructive Analysis [Bishop
67] indicates that:

...both Hilbert and Brouwer had been wrong about an important point
about which they had agreed. Namely, both of them had thought that
if one took constructive mathematics seriously, it would be necessary
to 'Give Up' the most important parts of modern mathematics' [Beeson
80]

In many ways, formalism maintains a very broad position by denying that
mathematics is anything other than a game with symbols. Formalism can
accommodate positions from rationalist relativism to rationalist absolutism.
However, most formalists would like to think of mathematics as an objective
truth which their activities discover.

For the formalist, mathematics is just the manipulation of a formal language.
The formal language is merely a collection of strings formed from a collection
of symbols.

2.1.4 Conclusion

It can be seen that different philosophical perspectives on mathematics give
rise to different notions of what is meant by formal.

At the absolutist end of the spectrum, for what might be called the naive
Platonist, formal languages are a means of expressing the objective truth. The
objective truth of the assertions in the language is understood by individuals
a priori. An interesting consequence of the naive Plationist position, is that
when an individual fails to understand a statement in the formal language, it
is the individual who is in error not the language. The whole notion of
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designing formal languages is at odds with the Platonist notion of formal
language.

Historical evidence tends to refute the naive Platonist position.
Consequentially it is reformulated in a weaker position, that of Bourbaki, one
that might be called the Platonist-formalist position. Formal languages are
still the means of expressing the objective truth but, now, the formal language
cannot represent the truth perfectly. Indeed, it is the failure of the formal
language to express the truth that gives rise to inconsistencies. The
inconsistencies are resolved by redesigning the formal language. In contrast
to naive Platonism, from the Platonist-formalist position, formal language
design is now at least an issue. The problem is that at any point in time there
is only one formal language, the current version of objective truth. This
language will only be redesigned to remove inconsistencies and thus move
closer to objective truth.

To the pure formalist, mathematics is a game played with symbols, and it is
these symbols that make up a formal language. Any relationship between the
symbols and the truth has been abandoned. To the pure formalist, if formal
languages happen to be useful, then usefulness is incidental. This approach
has, in a sense, attempted to resolve the dilemmas of Platonism by basing the
whole of mathematics upon the notion of a formal language. In contrast to the
Platonist, for the formalist it makes sense to define what is meant by a formal
language. For the formalist, however, since the utility of the language is not at
issue, the definition of formal language is a narrow one, concerned only with
strings of character symbols.

Finally, to a constructivist, mathematical objects are mentally constructed by
the individual. A formal language is a means of expressing these mental
constructions.

'We may consider the formal system as the linguistic expression, in a
particularly suitable language, of mathematical thought.' [Heyting, 76]

Thus, for a constructivist mathematician, the design of formal languages is

clearly an issue, since different formal languages may facilitate the
communication of different forms of mental construction.
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To recap, the aim of the thesis is:
To develop a framework to support the design of formal languages.

It seems that a constructive philosophy of mathematics is almost a
consequence of this aim. At least, it appears to provide the only perspective
on formal languages that is not inconsistent with the aim. What is required,
however, is a redefinition of the concept of formal language as a means for
expressing mental constructions. This redefinition is developed in the next
section.
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2.2 The Notion of Formal Language

For some authors the formal is to be equated with the mathematical. For
example, consider the following definition which appears in an Open
University Software Engineering text:

"By formal language we mean a language with a mathematically
defined (and hence precisely defined) syntax and semantics" [OU 90]

However, considering the different philosophies of mathematics outlined in
the previous section, such a definition carries with it certain ambiguities. This
section discusses other authors' attempts to define the concepts of language
and formality in the light of the philosophical discussions of the previous
section. Then, in the light of these discussions, it establishes the definition of
formal language that is employed throughout the thesis.

Although in what follows, various definitions of formality are classified
according to whether they typify a formalist or a constructivist viewpoint, it is
not intended to claim that the authors of these definitions necessarily hold the
particular philosophical position, merely that their definition fits well with a
particular position.

2.2.1 Formalist Formality

Recall that formalism considers mathematics to be a game with symbols. It is
not surprising then, that a formalist approach tends to equate formality with
the syntax. Consider, for example, the following definition:

"A formal language comprises two parts, its alphabet which specifies
what symbols are to be found in the language, its syntax which
specifies how these symbols may be put together" [Woodcock &
Loomes 88]
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In the same manner the following definition from an introductory logic
textbook equates formalisation with a separation from meaning:

"To formalise is to strip away the concepts which give meaning and
application to the subject, so that nothing remains but the bare
symbols" [Hodges 85]

Formality without meaning arises due to a formalist view of mathematics.
The problems that arose with the foundations were problems caused by the
meaning of mathematical statements. To overcome these problems, the
formalist has to separate the formal aspect of a language from its meaning.
The separation of meaning from formality can be seen as an attempt to
remove controversy from language. In an absolute sense, it is impossible for
the concept of a formal language to include meaning, and the resultant formal
languages to be non-controversial. Since ultimately everything can be
disputed. However, it is possible for a the concept of a formal language to
include meaning if it merely seeks to be relatively non-controversial. That is,
non-controversial to a certain group. It is such a definition of formality that is
consistent with a constructivist philosophy.

2.2.2 Constructivist Formality

In his 'Introduction to Knowledge Base Systems, Frost observes that the
importance of formality is in enabling communication:

‘Formal languages and notations for the representation of knowledge
are important since they enable the resulting representations to be
interpreted correctly by people other than those that encoded them'
[Frost 86]

This link between formality and communication is clearly in line with the
views of the constructivist Heyting quoted in the last section:

‘We may consider the formal system as the linguistic expression, in a
particularly suitable language, of mathematical thought.' [Heyting, 76]
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It is perhaps then not surprising to see that Frost's definition of formality
includes both the syntax and meaning;:

'By 'formal' we mean that the language is well-defined in the sense that
(a) rules exist for the construction of legal expressions and (b) rules
exist such that the meaning of legally formed expressions can be
defined from the meaning of the components of those expressions'
[Frost 86]

It is interesting, that although Frost considers the importance of formal
languages lie in their ability to aid communication, the definition of formality
makes no mention of communication. Frost's definition maintains the form of
typical definitions of formality, but his interest in the utility of formality,
which is similar to Heyting's view of the suitability of formality, begins to
present an alternative approach to the defining formality. An approach which
might concentrate on providing a more empirically orientated definition.

Two authors from different backgrounds have advocated a more empirically
based approach to issues of formal language, although both employ the term
notation.

2.2.3 Goguen and the Social Aspects of Notation

Goguen argues in the paper 'On Notation' [Goguen 93a], for the importance
of evaluating notation. Notation is defined:

"... in a broad sense that includes the design of 'icons', screen layout,
colour, motion and interaction, as well as choice of linear syntax and
keywords" [Goguen 93a]

Goguen still, however, equates formality and text as the following quote from
the same paper indicates:

"I argue for the importance of notation, and in particular, for the

importance of diagrams and other visual forms of presentation, as
opposed to purely formal, textual representations.” [Goguen 93a]
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In the bulk of 'On Notation', Goguen employs the work of C. S. Pierce's
semiotics to attempt to demonstrate the importance of the social issues in
relation to notation, advocating the approach of Ethnomethodology as a
means for evaluating notations. The paper concludes:

"It follows that as designers of languages and tools, we should try to
discover the categories and methods of our user communities, and
base our designs on them, rather than trying to impose our own

categories and methods from afar.” [Goguen 93a]

Goguen continues this theme in another paper, which argues for a 'Social
Theory of Information':

"Such a theory of information would have to take full account of social
context, including how information is processed and used, rather than
merely how it is represented; that is it must be a social theory of
information, not merely a theory of representation.” [Goguen 94]

The same paper concludes with a definition of information:

"as an interpretation of some configuration of signs for which some
social group may be held accountable.” [Goguen 94]

The implication here is that information is dependant not just upon signs but
also upon the agents that use it.

2.2.4 Green and the Cognitive Aspects of Notation.

According to Green the environment in which notation is used is of central
importance in any analysis of notation:

"Indeed the relationship between notation and the environment is such
that the notation cannot be used except in some kind of environment of
use." [Green 89]

This is embodied in the slogan:

"System = Notation + Environment" [Green 89]
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Like Goguen, Green uses the term 'notation' in the same manner as the thesis
employs the term 'language’. Further to the description of system in terms of
notation and environment, Green observes:

"Each notation highlights some types of information at the expense of
obscuring other types; each notation facilitates some operation at the
expense of making others harder. A notation is never absolutely good,
therefore, but good only in relation to certain tasks" [Green 89]

Thus, for Green, notations cannot be considered apart from some
environment and can be only evaluated in relation to some task.

2.2.5 Conclusion - Defining Formality

Section 2.1 concluded that a constructivist philosophy of mathematics is
almost a direct consequence of considering the design of formal languages.
This section has explored different authors' definitions of, and approaches to,
the concept of formal language. From a constructivist perspective, one can
identify three components that are necessary to form the definition of the
term formal language. These are:

Language
Agent
Task

Language can be thought of as any means of communication. The aim of the
definition is to include, for example, collections of text, graphics, sound
waves, electromagnetic waves, etc. The notion of language is now sufficiently
broad to enable the design of as broad a range of languages as possible. The
concept of language as used here is equivalent to the term notation as
employed by both Goguen and Green.

An agent may be thought of as an entity which employs or interprets
language. For a constructivist, language is a means of expressing mental
constructions. An agent employs language in order to express mental
constructions, and interprets language in order to understand others' mental
constructions. An agent may be a human user of a language, and therefore a
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