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Abstract
This research thesis is concerned with residual stress effects on the fatigue life of
components. Residual stress can have either a favourable or deteriorating effect on
fatigue life depending on its nature.

Compressive residual stresses are preferred in

fatigue-prone structural details due to their protective qualities against both fatigue crack
initiation and propagation.
A residual stress measurement model has been developed based on uni-axial
stress tests using a non-contacting measurement system using the magnetostriction of
ferromagnetic steels.

This new ''^ACSM m odet allows the measurement of bi-axial

residual stresses in the surface of plates.
The strain-life method was applied to analysis of the effects of a number of
related variables on fatigue crack initiation life.

The method enabled a systematic

evaluation of each parameter leading to a clear understanding of complex crack
initiation problems such as notches in tensile residual stress fields and cold rolled thread
roots subjected to a high mean cyclic stress.
The SIF weight function becomes critical in LEFM analysis of cracks propagating
in residual stress fields due to the resultant complex stress distribution. A number of
weight function solutions for surface cracks were studied and applied to real
applications.

A one-dimensional weight function was used to calculate the deepest

point SIF of surface cracks in threaded pins, using a SEF weight function composition
method. The RMS SIF weight function was reformulated and applied to analysis of
non-uniform stress test results.

The RMS SIF was demonstrated to be robust and

applicable to the analysis of fatigue crack propagation and surface crack shape evolution.
An extended Vainshtok weight function was derived for external circumferential cracks
in pipes and was successfully applied to predict the shape evolution of cracks.
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CHAPTER 1. INTRODUCTION
This research is concerned with the analysis methodologies of residual stress
effects on fatigue and fracture behaviour of fatigue-prone structural details. Residual
stress is a stress that exists inside a material without the application of external loads.
Engineering members are very likely to contain residual stress due to the severe
manufacturing processes used in their formation.
Compressive residual stresses are preferred in engineering applications
susceptible to fatigue damage due to their benefits to fatigue strength. Many methods
are applied to generate compressive residual stress in the surface of components. Cold
rolling is one of the most frequently employed , methods, and. a, very effective
improvement technique particularly of notch-shaped components subjected to
fluctuating loading. In many cases, the compressive residual stress induced by cold
rolling is accompanied by other benefits, such as enhancement of notch shape and a
smoother surface.

These factors require a systematic analysis method to assess the

contribution of each parameter to fatigue life enhancement.
Tensile residual stresses are unavoidable in some cases, e.g. welding, which
involves complex processes including temperature and phase changes and mechanical
constraints from surrounding parts. The magnitude of tensile residual stress induced by
welding is high, compared to yield stress, that its deteriorating effects should be
carefully treated in fatigue and fracture mechanics analysis. Besides the tensile residual
stress, the welding process is accompanied by small defects around weldments that
increase applied local stress or may become a crack initiator. Therefore, fatigue analysis
of welded joints requires carefiil consideration of both notch stress and residual stress.
Practical difficulties in residual stress measurement have hindered research of
residual stress effects on fatigue cracks. The difficulties arise from the fact that residual
stress usually varies locally and is linked to microstructure which is difficult to measure
in terms of stress information relevant for engineering purposes. Even though some
mechanical measurement methods have been developed, they are all reported to produce
large variations in measurements. Residual stress measurement still remains one of the
most challenging problems in the fields of physics and engineering.
1

Fatigue life is composed of fatigue crack initiation and propagation lives. S-N
curves are used as a tool to predict fatigue life including both initiation and propagation
until failure. However, more rigorous analysis methods, treating fatigue crack initiation
and propagation life separately, are believed to provide a better understanding of fatigue.
Experimental work for the study of fatigue crack initiation has the difficulty of dealing
with the effects of various factors, including residual stress, stress concentration and
stress ratio, on initiation life.
Not many analytical methods are available for evaluation of residual stress effects
on fatigue crack initiation even though experimental approaches are frequently adopted
to understand the mechanisms involved. The strain-life method has been studied for
several decades but is not widely used as it is very sensitive to the accuracy of difficult
to obtain material properties. However, the strain-life method is still believed to be a
useful tool in dealing with fatigue initiation problems due to the combined effects of
several factors, such as fatigue crack initiation at notches subjected to high mean stress
and in residual stress fields.
Fatigue crack growth in residual stress fields can be idealised by linear elastic
fracture mechanics (LEFM). Application of the Paris law [1.1] to cracks in residual
stress fields requires calculating stress intensity factor (SIF) ranges (Æ ), defined by
- K„i„\ in which the nature and distribution of residual stress should be taken into
account.

However, SIF calculations usually involve complex analytical/numerical

manipulations and SIFs, even in compendia, are generally only available for simple
geometries under basic stress distributions including tension and pure bending. A more
sophisticated analytical method is needed to calculate SIFs for complex stress
distributions due to residual stress. The SIF weight function is regarded as a powerful
tool to deal with any symmetrical applied stress distribution separately from geometry.
Numerous studies have been carried out on the weight function of one-dimensional
cracks; however, little work has been conducted on two-dimensional weight functions
applied to surface cracks, which frequently occur in engineering applications.
Relatively small surface cracks are thought to be strongly influenced by residual
stress, compared to large cracks. Surface cracks should be evaluated taking into account
crack shape, since the aspect ratio is known to have a crucial effect on further crack

growth. In addition, accurate safety assessment of a component containing a surface
crack is only possible by the precise prediction of surface crack shape evolution, as the
SIFs along the crack front strongly depend on crack shape. A leak-before-hreak design
philosophy is also considered as one of the concepts which relies on the precise
prediction of surface crack shape evolution.

Still in many applications, reliable

prediction of crack aspect ratio is not available.
Drilling threaded connections in the Oil & Gas industry are one of the most
complicated components in terms of fatigue crack initiation and propagation. Fatigue
and fracture analysis of the connections require comprehensive understanding of
frequently encountered variables including residual stress, notches with high stress
concentration, complex loading mechanisms, and cold rolling as a means to improve
fatigue strength.

Only a. few. published fatigue test results are available for these

components and more systematic and comprehensive studies are required to clearly
understand whether the related variables’ effects are beneficial or harmfiil.

It was

reported in reference [1.2] that the crack shape in threaded connections can be
controlled by uneven residual stress distribution to achieve the concept of leak-beforebreak.

Analysis of this phenomenon requires the SIF weight function for external

circumferential cracks in threaded pins to deal with the complex stress distribution that
exists in thread roots.
This thesis considers various fatigue and fracture mechanics models with specific
regard to analysis of components containing residual stress.

This chapter reviews

concepts and literature in the public domain thought to be relevant to the work reported
in the following chapters. The primary topics that are addresses in the research are:
Residual stress measurement; Fatigue crack initiation in residual stress fields. Fatigue
crack propagation including crack aspect ratio. These models are finally applied in
Chapter Six to the “thread root crack problem” as a means of evaluating and
demonstrating application of the models developed during the course of this PhD study.

1.1

DEFINITION OF RESIDUAL STRESS

A stress state existing in a material without application of an external load or
other source of stress, such as a thermal gradient, is called a residual or internal stress.
All residual stress is characterised by a state of self-equilibrium; the resultant force and
the moment which they produce must be zero.
Residual stress can be classified to three main types according to the range over
which it can be observed [1.3]. The first type of residual stress, termed macroscopic, is
long-range in nature, extending over at least several grains of the material, and usually
more. The second residual stress type, called structural microstress, covers a distance of
one grain or a part of a grain. It can occur between different phases and have different
physical characteristics, or between embedded particles, such as inclusions, and the
matrix. The range of the third residual stress type, termed microscopic, is over several
atomic distances within the grain, and its equilibrium is achieved over a small part of the
grain.
Macro residual stress is usually taken into consideration in the engineering design
of structures is concerned, whereas the second and the third types are local phenomena
which give rise to macro residual stresses. Macro residual stress is the main interest in
this work.
Most manufacturing processes, whether they are a heat or mechanical treatment,
induce residual stress into the material being processed. Residual stress arises when
plastic deformation is not uniform throughout the entire cross section of the part being
deformed. Generally plastic deformation relaxes once external loading is removed, but
as a result of non-uniform plastic deformation, non-uniform relaxation of plastic
deformation occurs during unloading. During mechanical treatment such as rolling,
drawing, extruding, bending, forging, pressing or shot peening, plastic deformation is
involved and its uneven distribution plays a role in residual stress generation.
Inhomogeneous plastic deformation occurs due to thermal load, volumetric changes,
mismatches in thermal expansion coefficients during heat or thermochemical treatment
including quenching, laser and plasma heat temperature, carburizing, nitriding, case
hardening, ion plating and a combination of these treatments.

1.2

S o u rces

of

R esid u a l Stress

Some of the more common, mechanical or heat, treatments resulting in residual
stress are introduced in more detail in this section. In manufacturing processes, residual
stresses are induced by a combination of some or all of the following fundamental
sources;

•

Inhomogeneous plastic deformation in different portions of the product
due to mechanical loads or constraints

•

Inhomogeneous plastic defbrrnation due to thermal lo a d in g ........................

•

Volumetric changes and plasticity transformation during solid-state
phase transformations

•

Mismatch in thermal expansion coefficient

All these causes have a mechanism in common, which is an uneven recovery of plastic
deformation after inhomogeneous plastic deformation.
Cold rolling and shot peening are classified as a mechanical method of
introducing residual stress; quench, carburizing, and nitriding as a heat treatment for
residual stress. Welding is a typical manufacturing process which has harmful effects on
fatigue strength because of the tensile residual stress induced during welding.

1.2.1 Cold Rolling

In manufacturing processes many steel products undergo, after hot rolling, further
rolling in a cold state. This stage of processing, termed cold rolling, does not alter the
shape of the steel product, but does reduce the product thickness and significantly
improves its mechanical properties.

Cold rolling is widely used in manufacturing

processes to provide favourable mechanical properties. These favourable effects are
generally attributable to increased hardening and compressive residual stress.

The

dislocation density is increased as the part undergoes cold rolling, but the number of
obstacles to dislocation movement is increased even more; therefore, deformation can
not progress unless the load is increased. This increased resistance to slip deformation
results in the phenomenon of hardening. For this reason, cold reduced strip is frequently
annealed to soften it: a process of very carefully controlled heating and cooling. On the
other hand, after the process the surface of the part usually contains compressive
residual stress, which is the main interest of this PhD study.

Cold rolling is often

applied to circular members such as cylindrical shafts, the fillets of stepped shafts or
thread roots to take advantage of compressive residual stress at a surface as in Fig. 1.1.
This practice is mainly for protecting surfaces, which are vulnerable to fatigue damage.
In the cold rolling of plates, the thickness of the outlet of rolling mills is narrower
than that .of the inlet as shown in Fig. 1.2. The stress state of the part being processed is
roughly estimated as a combination of compression in the vertical direction and tension
in the longitudinal direction [1.4]. The distribution of the manufacturing longitudinal
stress varies through the thickness while the vertical stress component through thickness
can be, without critical errors, estimated as constant.
It can be inferred from the diagram in Fig. 1.2a showing that the volume change
occurs mainly in surface layers, that these undergo higher tensile stress than the core.
This leads to the conclusion that plastic flow in the longitudinal direction occurs mainly
at the surface layer while the core is subject to elastic deformation or small amounts of
plastic flow.

This inhomogeneous plastic deformation is considered to be the main

source of residual stress. Once the loading is complete, the stressed and deformed parts
tend to restore to a point satisfying geometric compatibility and self-equilibrium. The
resultant residual stress is calculated using Wohler’s concept [1.5], which indicates that
in order to calculate residual stress, the unloading stress distribution (curve bob''m Fig.
1.2c) should be subtracted from the inelastic distribution (curve aoa' \n Fig. 1.2c). The
unloading stress distribution bob' is assumed based on the uneven distribution of the
longitudinal stress and no plasticity. The distribution, of course, does not have to be
linear. Curve coc' represents the resultant residual stress distribution and the following
force equilibrium condition should be met.

where stress^^^t) is the through thickness residual stress as a function of surface depth
and width{t) is the width of the plate as a function of surface depth.

1.2.2 Shot Peening

Shot peening may be defined as a cold working process for the surface of
structural or machine parts by means of a driven stream of hard shot. It is frequently
employed to mass-produced parts of a fairly small size. This process involves three
main factors effecting mechanical properties of the part [1.6];

•

Strain hardening of surface layers which increases the yield stress of the
material

•

Compressive residual stress in surface layers

•

Final surface finish quality

The first factor is accompanied by an increase in brittleness; consequently, there is a
limit to the degrees of cold working that may be carried out without danger of fracture.
The compressive residual stress is considered the most important benefit of peening in
terms of fatigue strength improvement. The intensity of peening and the size of shot
govern resultant residual stress and surface roughness. Surface roughness is known to
have a harmful effect on fatigue strength, especially for the fatigue limit [1.7]. Many
studies have been conducted to obtain an optimum combination of shot peening
variables, such as shot hardness, shot size and shot projection pressure [1.6] [1.8].
Residual stress is generated since the surface layer of the material is deformed
beyond its yield point by peening; however, the surface layer can not deform freely as
the subsurface material is not greatly effected by peening and therefore has not been
plastically deformed. The core layer imposes a constraint on the surface layer, in which
a compressive residual stress is, as a consequence, generated.

The core material

assumes tensile residual stress, which compensates compressive residual stress of the
surface, satisfying self-equilibrium through the section. This mechanism is idealised
using a two bar system as in Fig. 1.3 by Marsh [1.9]. The Marsh idealisation can be
illustrated using a stress-strain history diagram as in Fig. 1.4. While shots collide with
the surface. Bar B is assumed to be stress-free; however. Bar A experiences yield and
plastic deformation, Sqas shown in Fig. 1.4. Plastically deformed Bar A tends to restore
itself to a stress free condition, the strain of which is £). However, the strain 6) doses not
satisfy the geometrical and mechanical compatibility between the two bars. The final
resultant strains of Bars A and B should be the same to meet geometrical compatibility
and to satisfy self-equilibrium through the section. So the strain

should be determined

to satisfy Eq. 1.2:

A < ^ a = ^ b <^b

where

(1

2

)

= Sectional area of Bar A
A b = Sectional area of Bar B
cr^ = Resultant compressive residual stress in Bar A
cTg = Resultant tensile residual stress in Bar B

According to the Marsh idealisation, the final shape of the specimen should be
straight; however, the shape can not be straight because the equilibrium of bending
moment was not taken into account. The unbalanced bending moment causes the final
shape to be upwardly convex as shown in Fig. 1.3d. Using this phenomenon, Almen
developed a way to measure the intensity of shot peening [1.10]. In the Almen strip
method, a flat strip of metal is peened on one side while it is clamped and then its
curvature is measured when released.

Peening intensity is linked to this curvature,

which is easily measured using the arc-height. Large curvatures and therefore large arc
height values correspond to higher intensities.
Several characteristics of residual stress induced by shot peening are: (i) the
maximum magnitude of compressive residual stress appears at a distance below the
surface, (ii) the depth of the maximum magnitude of residual stress increases with an
8

increasing shot intensity produced either with a large shot diameter or an enhanced shot
velocity (or projection pressure), or a higher coverage, and (iii) an enhanced shot
velocity together with a higher coverage also raises the maximum magnitude of residual
stresses [1.11]. General features of residual stress distributions can be found in many
references, for example [1.10], [1.11], [1.12] and a typical example of the nature of the
residual stress distribution is shown in Fig. 1.5 [1.12].
The compressive residual stress layer is thought to provide resistance to fatigue
crack initiation and Wang [1.13] demonstrated that fatigue crack can be initiated from
the interior of many materials in the case of high cycle fatigue. Of the materials studied
Wang et al. [1.14] showed that the shot peening process forced crack initiation to occur
beneath the compressive residual stress zone in all the cases studied except for 0.45%
carbon steel. These studies were mainly based on high cycle fatigue studies but, in low
cycle fatigue, fatigue crack initiation can be attributed mainly to residual stress
relaxation [1.15].
Optimisation of shot peening procedures to increase the fatigue strength is a
complex matter. The shot peening intensity that produces best results in fatigue life
should be determined by taking account of several factors, most importantly: relaxation
of induced compressive stresses during the fatigue process; surface condition created by
shot peening; and the possibility of surface fatigue crack initiation.

1.2.3 Thermal Sources

There are a number of heat-treatment processes that are used to produce harder,
and more wear- and fatigue resistant surfaces on metal.

These processes are used

mainly for engineering components and have the attraction that they result in a material
having different properties in the core and case. The core is normally treated to be
considerably more ductile and tougher than the case.
With all surface heat treatments, the fatigue strength may be effected in two ways.
Firstly, the material of the case, because of its different composition and/or structure
resulting from the surface heat treatment, develops a higher strength than that of the core.
Secondly, surface residual stresses are developed which affect the fatigue behaviour.

The development of a compressive surface residual stress will generally increase fatigue
resistance.
In carburizing where the fatigue strength of the case is increased above that of the
core, the increase in carbon in the case raises the hardness, tensile strength and fatigue
strength.

Excess carbon, however, must be avoided, otherwise embrittlement and

retained austenite will occur.
Another way, in which fatigue strength is effected by surface heat treatment, is as
follows.

One of the simplest situations is that of nitriding alloy steels, selected

compositionally with elements that form suitable nitrides. Here precipitation of very
small particles, a fraction of 1 pm in size, of alloy nitrides occurs in the surface layers.
These particles occupy greater volume than the alloying element in solution in the steel
and thus tend to expand the surface layer. The un-nitrided core restrains this expansion
of the case and result in residual surface compressive stresses in the surface layer. The
residual stress may be likened to an externally applied stress that would produce the
same effect, and in this instance a compressive stress is introduced to reduce the
expanding case to the same dimensions to those of the unaltered core. This is illustrated
diagrammatically for longitudinal stress in Fig. 1.6.
It has been observed that the local surface hardening also introduces compressive
residual stress in the surface layer. When the surface layers are heated to the hardening
temperature of about 850°C they expand and are restrained by the cold core. As this
temperature is very high in relation to the creep behaviour of a low-alloy steel, the
surface layers strain plastically to main dimensional equilibrium with the core. On
quenching, the surface layers contract on cooling and then expand when the martensitic
phase is formed from austenite. This expansion is constrained by the core, and thus
surface compressive residual stress is developed, as shown schematically for
longitudinal stresses in Fig. 1.7.
It should be emphasised, however, that one of the main attributes of surface heat
treatments, particularly nitriding, is to counteract the adverse effect of notches, changes
of section, rough surface finish etc., on the fatigue properties of a component [1.16].
The austenitic phases that are followed by quenching, demand, as in all hardening
operations, that geometric factors causing stress concentrations be minimised to avoid
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quench cracking causes by thermal stresses. In the case of carburizing and local surface
hardening the carbon content at the surface is likely to be greater than 0.4 percent but
the danger of quench cracking during the pre-hardening treatment can be minimised in
nitriding steels by using lower-carbon steels.
The subsequent nitriding process ensures surface compressive stresses with very
significant improvement in notched fatigue and fatigue in the rough-ground condition.
This process is therefore the best choice where stress concentration factors are an
inevitable feature of design.
Fig. 1.8 shows the range and pattern of compressive residual stresses typically
formed in the case regions of direct-cooled carburized steels [1.17]. These compressive
stresses are thought to offset the adverse effects of factors such as quench embrittlement
, and intergranular fracture to which high-carbon microstructures are susceptible [1.18]^
and they increase the fracture and fatigue resistance of direct-quenched parts to levels
that provide good engineering performance.

Kraus [1.19] indicated that tempering

lowers residual compressive stresses because of dimensional changes that accompany
the recovery and coarsening of the martensitic microstructure during tempering.
The compressive residual stress induced by carburizing can be enhanced by shot
peening as secondary process. Fig. 1.9 [1.20] shows a comparison of residual stress
distribution of an unshot peened carburized specimen and variously peened carburized
specimens.

The compressive residual stresses were increased considerably by

subsequent shot peening and fatigue lives were increased as shown in Fig. 1.10 [1.20].
Some of the literature shows that this type of treatment can considerably influence the
fatigue strength, when applied to bearings and gears, which are susceptible to contact
fatigue [1.21], [1.22]. Peyrac et al. [1.23] proposed a further study to find an optimum
combination of case hardening and shot peening to improve contact fatigue strength and
the fatigue flexion strength of gear teeth. Sridhar and Ramachandra [1.24] took into
account residual stress relaxation induced by cyclic stressing in their study to optimise
heat treatment and shot-peening pressure.
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1.2.4 Welding

Most of today’s steel structures are fabricated by welding.

These welded

structures are often subjected to dynamic service loading. Fatigue behaviour of these
welded structures is complicated by many factors intrinsic to the nature of welded joints.
Normally, crack-like defects such as slag inclusions, gas pores, lack of penetration at
weld roots, or undercuts at weld toes are introduced in welded joints. High stress
concentrations usually arise at locations of crack-like defects and at weld toes. Lockedin residual stresses arise in welded joints as a consequence of incompatible thermal
strains during the welding process.

In particular, a tensile residual stress of yield

magnitude may exist in as-welded structures and have detrimental effects on the fatigue
behaviour of welded structures [1.25].
A number of studies have been conducted to investigate the generation of residual
stress during welding processes. These have involved the calculation of temperature
distribution and changes, the changes of material properties, plasticity, force equilibrium
and geometric compatibility as factors to quantify resultant residual stress [1.26]. Many
commercial software packages using numerical approaches are commonly used for this
type of analysis [1.27].

In the other hand, a very simple approach is suggested in

reference [1.28] as an attempt to understand residual stress generation.

Here, the

thermal loads are simulated by analytical singular solutions and the thermomechanical
problem is solved by means of an incremental algorithm of high efficiency.
A simple explanantion is presented here for residual stress generation during
welding. It was mentioned already that for residual stress to be formed, a geometrically
incompatible system of deformation is a prerequisite resulting in ununiform plastic
deformation. It is often thought that the residual stresses produced by welding are a
form of thermal stresses, but this is not completely correct. They can also be considered
the result of plastic deformation [1.29]. During welding, severe thermal stresses arise
because the temperature distribution in the component is far from uniform, and these
thermal stresses produce large plastic deformations. While the temperature is high,
there are interactions between the plastic and thermal deformations, but in cooling the
thermal strains disappear and the plastic deformations remain. These plastic
12

deformations, however, will not by themselves satisfy the compatibility conditions, so a
residual stress field is formed.
A simplified demonstration of the way in which residual stresses are generated in
the region of a welded joints is illustrated in Fig. 1.11 [1.29], using the case of two
plates joined by a butt weld. Just after welding, the weld and the region adjacent to it
can be assumed hot and the remainder of the body cold, while the three regions remain
the same length as shown in Fig. 1.11a. If there is no interaction between the three
elements, the situation after cooling would be as shown in Fig. 1.11b with the weld
contracting and the plates remaining unchanged. In real situations, the three elements
are not separate and they therefore remain the same length; however, this state is only
achieved as a result of the stresses shown in Fig. 1.1 Ic. It is found from this explanation
that the actual longitudinal residual stress distribution will be of the form shown in Fig.
1.1 Id and the corresponding stresses transverse to the weld will be tensile near the
centre of the length and compressive near the ends as shown in Fig. l.lle .
Fatigue and fracture mechanics analysis of welded joints requires residual stress
distribution in detail. Fig. 1.12(a) [1.30] shows residual stress in a welded T-section. In
the flange, stresses are tensile in areas near the weld and compressive in areas away
from the weld. Tensile stresses in areas near the upper edge of the web are a result of
the longitudinal bending distortion of the shape caused by the longitudinal shrinkage of
the weld. Fig. 1.12(b) and (c) [1.30] show typical distributions of residual stress in an I
section and a welded box section, respectively. Residual stresses are shown to be tensile
in areas close to the welds and compressive in away from the welds.
The distribution of residual stresses in a welded pipe is more complex. In a girthwelded pipe, for example, shrinkage of the weld in the circumferential direction induces
both shear force and bending moment to the pipe as shown in Fig. 1.13(a). The angular
distortion caused by welding also induces a bending moment. Distribution of residual
stresses is affected by the following [1.30]:

(1) Diameter and wall thickness of the pipe
(2) Weld joint design
(3) Welding procedure and sequence.
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Fig. 1.13(b) shows the residual stresses resulting from a circumferential weld in a low
carbon steel pipe [1.31]. The pipe used was 760mm diameter by 11mm thickness.
When a weldment is made in a plate over 25mm thick, residual stresses can vary
significantly through the plate thickness [1.32].

Fig. 1.14 shows residual stress

distributions in the three directions in the weld metal of a butt joint 25mm thick,
manufactured from low carbon steel plates [1.33]. Welds were made with covered
electrodes 3 to 5mm in diameter; welding was sequenced alternatively on both sides so
that the angular distortion was minimised. Fig. 1.14(a) and (b) show that longitudinal
and transverse residual stresses are tensile in areas near both surfaces of the weld and
compressive in the interior of the weld. Fig. 1.14(c) shows the distribution of normal
, stresses ( o j to the plate surface,

is shown to be zero at both surfaces and primarily

compressive below the surface.
BS7910 provides information on typical through-thickness welding residual stress
distributions for a range of common welded joint geometries such as plate butt welds,
pipe circumferential butt welds, pipe axial seam welds, T-butt and fillet welds and repair
welds [1.34]. The recommendations are based on reviews of experimental data [1.35] [1.39].
Weld induced residual stress distributions vary depending on welding conditions
including material components, welding temperature (or heat flux), preheat temperature,
boundary condition, etc. Satoh et al. carried out a comprehensive study on the effect of
welding conditions on residual stress distributions in welded materials [1.40] and basic
welded joints [1.41].

Their studies investigated the effects of average temperature,

initial temperature and welding sequence on induced residual stress distributions. Satoh
et al. showed that residual stress distributions are mainly determined by average
temperature in the same material [1.40], where the average temperature was defined as a
function of heat flux. A summary of the effects of material factors - yield stress, carbon
ratio, and chemical components - on residual stress distribution can be also found in
reference [1.32].
Tensile residual stresses induced by welding are believed to have deteriorating
effects on fatigue life in many ways including hydrogen embrittlement and corrosion
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cracking. Various measures have been proposed to extend fatigue life by reducing
applied tensile residual stress. Applying overload to welded joints bas been traditionally
accepted as one of the easiest way to relax residual stress. The method has developed to
an industrial practice in which a high internal pressure is applied to pressure vessels as a
means to release residual stress [1.42]. Vibratory stress relief treatment for welded
joints was attempted to relieve residual stresses [1.43], [1.44]; however, the mechanism
involved is not clearly understood. Recent work by Munsi et al. [1.45] cast doubt to the
hypothesis that the absorption of vibration energy could cause residual stress relaxation;
instead it proposed that the observed relaxation is attributable to the stress applied
during vibration.

A welding process not only induces residual stress but changes

material phase. Post weld heat treatment (PWHT) is used to enhance material property
against cracking and also reduce the magnitude of residual stress induced by welding
[1.46], [1.47].

Porter et al. [1.48] showed the effect of PWHT on residual stress

distribution for pipe-on-plate specimens. Fig. 1.15 [1.48] shows that PWHT greatly
reduces through thickness residual stress around weldments of a pipe-on-plate specimen
of BS 4360 Grade 50D/50E.
When a load cycle is applied to welded joints, it is superimposed onto the residual
stress fields, and the effective stresses acting on the welded joints can fluctuate below
yield level because of high tensile residual stresses, as shown in Fig. 1.16. Hence the
mean stress effect is negligible and fatigue life is controlled by the stress range as shown
in Fig. 1.17 [1.49]. Reducing residual stresses using PWHT can improve fatigue life,
but only if the applied load cycles are partially or fully compressive. Fig. 1.18(a) shows
that for fully tensile applied loads, post weld heat treatment does not improve the fatigue
life; however. Fig. 1.18(b) illustrates that for partially or fully compressive applied loads,
the post weld heat treatment improves the fatigue life [1.49].
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1.3

M ea su r e m e n t

of

R esid ua l Stress

Various quantitative and qualitative techniques have been developed for residual
stress measurement over the last few decades. In general, a distinction can be made
between destructive and nondestructive techniques [1.3].
The destructive methods are based on destruction of the state of equilibrium of the
residual stress in a mechanical component.

In that way, the residual stress can be

measured by relaxing it; however, it is only possible to measure the consequences of the
stress relaxation and not the relaxation itself. In most cases, the strain change is selected
as the parameter to be studied. The procedure used can be described in three steps. A
new stress state is created by machining or layer removal followed by detection of the
local change in stress by measuring the strain or displacement. Finally the residual
stress as a function of the strain measured is calculated using elastic theory, which may
be an analytical approach or the finite element method.

The different destructive

techniques are given as follows:

•

Hole drilling method

•

Ring core technique

•

Bending deflection method

•

Sectioning method

The second series of techniques consists of nondestructive methods. These are
based on the relationships between the physical or crystallographic parameters and
residual stress. Available nondestructive methods are as follows:

•

X-ray diffraction method

•

Neutron method

•

Ultrasonic method

•

Magnetic method
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The X-ray diffraction and neutron methods are based on the measurement of lattice
strains by studying the variations in the interplanar spacing of the polycrystalline
material. The neutron method, however, measures the residual strain within a volume of
the sample. The emphasis in neutron diffraction is on determination of residual stress
through the thickness of a steel component, whereas X-ray diffraction provides a
measurement of the strain averaged over a few microns near the surface [1.50].
Ultrasonic techniques for the measurement of stress are based on variations in the
flight time difference of ultrasonic waves, which can be related to residual stress state.
The velocity shift is proportional to the average stress in the region through which the
wave propagates. Depending on various configurations of wave source and sensor, a
through-thickness average stress or the stress in the surface layer can be measured [1.51].
, . , The magnetic , stress . measuring methods rely on the interaction between
magnetisation and elastic strain in ferromagnetic materials.

There are two viable

methods in the magnetic methods, i.e., the Barkhausen noise and magnetostriction
methods. The former is based on the analysis of magnetic domain wall motion and the
latter on the measurement of permeability and magnetic induction.
The sectioning and hole drilling methods are explained in Sections 1.3. and 1.3.2;
the X-ray diffraction and magnetic methods are also detailed in Sections 1.3.3 and 1.3.4.
The sectioning method establishes the basic concepts of the destructive methods. The
hole drilling method was used in the present study to provide verification of the residual
stress measurements by Alternating Current Stress Measurement (ACSM), a
magnetostriction method, developed in Chapter Two. The X-ray diffraction method
was used to measure residual stresses introduced by cold rolling of thread roots of drill
string connections, detailed in Chapter Six.

1.3.1 Sectioning Method

The sectioning method was first used when Heyn and Bauer [1.53] measured
longitudinal residual stress in bars and rods in 1911. They related residual stress to the
change in length of the rod, which was caused by reducing the exterior diameter
successively. This successive section removal method was successfully applied to the
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axi-symmetric stress field which occurs in rods and cylinders by Mesnager [1.54] in
1919 and by Sachs [1.55] in 1927.
Rosenthal and Norton [1.56] developed a method for measurement of the
distribution of residual stress throughout the thickness of a weld in 1945. The method is
to measure the strains released in blocks removed from the weld and in the blocks which
are reduced in thickness. This method assumes that residual stress is uniform along the
length of the weld and the shape of the weld is regular. The accuracy of this method
depends on accuracy of measurement of relaxed strains and the method of
reconstruction of released stresses.
The finite element method has been used to enhance the accuracy of residual
stress calculations. By introducing the finite element method, the limitation of geometry
of measuring objects is largely removed; the relationship.between changes of strain and
relaxed stress due to sectioning can be developed for any case [1.57]. Rybicki and
Shadley [1.58]-[1.59] presented an improved back-computation scheme for the
conventional measuring method [1.60] of thick welded joints, which consists of partingout, splitting and removing layers. Ritchie and Leggatt [1.61] proposed a method to
measure residual stress in welds with irregular geometries and with high residual stress
gradients through the thickness.

In these methods, application of the finite element

approach improved the elastic response relation between changes and relaxed stress due
to sectioning.
In contrast with this, Ueda and Fukuda proposed a completely different approach
by introducing a means to measure the source of residual stress, which was called
‘inherent strain’. They developed several measuring methods [1.62]-[1.65] for thick
welded joints, pipes and cylinders. The measuring procedure becomes much simpler
and the residual stress can be calculated directly from observed strain using the given
equations.
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1.3.2 Hole Drilling Method

The hole drilling method involves localised removal of stressed material and
measurement of strain relief in the adjacent material. Strain gauges are used to measure
the relieved stress. It consists of two different methods such as hole drilling and ring
core methods as shown in Fig. 1.19 [1.3].
The hole drilling method requires drilling a small hole, typically 1-4 mm in
diameter, to a depth approximately equal to its diameter. A specialised three-element
rosette measures surface strain relief in the material around the outside of the hole [1.66].
The ring core method is similar, except that a ring core, typically 15-150 mm internal
diameter, is drilled instead of a hole. The relieved strain is measured on the surface of
the material remaining inside the ring. Typical depths of the ring core range between
25-150% of its internal diameter.
The ring core method is quite sensitive compared with the hole drilling method
because it involves almost complete relief of the surface strains. It is also insensitive to
any minor diameter errors or eccentricity of the annular hole with respect to the strain
gauges. However, the size of the annular ring is relatively large, causing much more
damage than the hole drilling method. Also, the results are much less localised because
the ring diameter defines the region of residual stress measurement. Another concern of
the ring core method is the need to disconnect and reconnect the strain gauge wires to
allow ring drilling to proceed.

The ring core method is more often used in rock

mechanics applications, where specimen size is very large [1.67].
The hole drilling method does relatively little damage to the specimen and it
allows much more localised residual stress measurements. However, it is relatively
insensitive, because the relieved strains decay quite rapidly with distance from the edge
of the hole, the gauges only measure about 25-40% of the original residual strains at the
hole location. Any errors in diameter or eccentricity of the hole with respect to the
strain gauges can introduce significant errors in the residual stress calculation [1.68].
Despite these potential difficulties, the hole-drilling method is the most common semi
destructive residual stress measurement technique.
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The availability of specialised

precision drilling equipment as shown in Fig. 1.20 [1.69], together with well-proven
experimental procedures, substantially mitigate the potential disadvantages.
Kelsey [1.70] first investigated the residual stress variation with depth using the
hole-drilling method in 1956.

He introduced blind holes instead of through holes.

Rendler and Vigness [1.71] in 1966 established the modem application of the holedrilling method for uniform residual stresses. They developed the hole-drilling method
into a systematic and easily reproducible procedure, and defined the geometry of the
ASTM E837 standard hole-drilling rosette as shown in Fig. 1.21 [1.66].
Schajer [1.72] provided generalised finite element analysis of the hole-drilling
method, which allowed an alternative approach to determining the calibration
coefficients. Theoretical calibrations from finite element calculations can be much more
general and can be applied to a wide range of measurement conditions. The primary
factors that control the values of the calibration coefficients are: strain gauge rosette
geometry, elastic properties of the specimen material and the size (radius and depth) of
the hole. For a given rosette design, the effect of rosette geometry is a constant quantity.
Schajer derived these two coefficients for uniform stress with depth using series of finite
element calculations and the coefficients are given in reference [1.73].
Non-uniform residual stress measurements
Non-uniform residual stress measurements by the hole-drilling method use
relieved strain data taken after several successive small increments of hole depth. The
evolution of the relieved strains with hole depth can then be analysed using any of
several mathematical techniques to determine the original nonuniform residual stress
field.
The Integral Method was developed to estimate nonuniform stress with depth.
The Integral Method recognises that the strains measured during hole drilling are the
cumulative result of relieving the residual stress originally existing at all depth locations
within the total hole depth. In this method, the locations of the stresses are defined in
terms of the small increments of hole depth that are made during the drilling and strain
measurement process.

Within each hole depth increment, the residual stresses are

assumed to be constant. The total measured strain is the sum of the strains caused by
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relieving the residual stresses originally existing within each of the hole depth
increments. In general, each practical hole-drilling measurement has its own unique and
irregular sequence of hole depth increment. It would be very cumbersome to repeat the
finite element calculations for each experimental sequence of hole depth increments.
Schajer [1.73] carried out a series of calculations with different hole depth and gives a
standard table of the coefficients for the ASTM E837 strain gauge rosette geometry.
The Integral Method is the best choice for evaluating a highly non-uniform residual
stress field; however, very precise strain measurements are needed because the
calculations are extremely sensitive to strain measurement errors. In common with the
Integral Method, the maximum depth for stress calculations is limited to about 0.3 to 0.4
times of the mean radius of its strain gauge rosette.
Schajer [1,73] introduced an. alternative procedure, called the Power Series
Method, for determining nonuniform residual stress fields.

This calculation method

involves its weighted average of the strain data to minimise the influence of strain
measurement data. The numerical stability and reliability of the stress calculation is
greatly improved by introducing this averaging scheme, particularly when many
relieved strain readings are taken at small hole depth increments.

This increased

stability of the Power Series Method, however, comes at the cost of decreased spatial
resolution. The Power Series Method can not resolve fine details of a nonuniform stress
field. Schajer assumed that the stress distribution can be approximated with polynomial
expression, whose coefficients are calculated, based on a least squares analysis using
strain responses with depth. He used a first-order approximation in the expression of
stress distribution, giving a computed stress field that has only linear variation with
depth. The Power Series Method is recommended for smoothly varying nonuniform
stress fields. Although it can not resolve any greatly localised irregularities of the stress
field, the Power Series is much more tolerant of strain measurement errors.
Petrucci and Zuccarello [1.74] developed the Spline Method in 1998 to overcome
the drawbacks of both the Integral Method and the Power Series Method.

They

approximated the unknown residual stress distribution by a polynomial spline of suitable
order r generally included between 1 (polygonal) and 3 (cubic spline). The polynomial
splines are formed by the union of polynomial functions defined in limited neighbouring
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domains and calibrated in such a way that the resulting curve and its derivatives to order
'r-1 ’ are continuous.

1.3.3 X-Ray Method

X-ray diffraction has a particular place among all the stress measurement
techniques, because it enables nondestructive evaluation of surface stresses, essential to
estimate the fatigue life of mechanical parts. Compared with other techniques, this
method enables local measurements and real-time analysis of stress evaluation;
furthermore, it is possible to obtain a depth profile of stress using a layer removal
technique.

........................................................................................................................................................

, . .

X-ray diffraction was originally used to measure the sum of eigenstresses. A better
understanding of the relations between macroscopic stresses and the deformation of the
crystal lattice led to its remarkable development. In addition, technical improvements
enabled measurement times of X-ray techniques to be similar to those of strain gauge
methods, especially since position sensitive detectors are commercially available.
When a monochromatic X-ray beam irradiates a solid material, it is scattered by
the atoms composing the material. For a perfect crystalline material, atoms are packed
regularly

into

a

three-dimensional

periodic

lattice.

The

distance

between

crystallographic planes is perfectly defined and is a characteristic of a material in a
given environment. Because of the regular distribution of atoms, the scattered waves
lead to interference similar to visible light diffraction by an optical diffraction pattern.
The intensities of scattered waves sum into a constructive interface when the condition
'2d sin 6 = nX" is fulfilled, where, as depicted in Fig. 1.22, d is the distance between
diffracting lattice planes, 0 is the angle between the incident beam and the diffraction
planes, X is the X-ray wave length and n is an integer. If this condition, called the Bragg
law, is fulfilled, the diffracted beam and the incident beam are symmetrical in relation to
the plane normal to the lattice.
In a polycrystalline (metal or ceramic) part, with a fine grained structure and
stress-free, the lattice spacing d^ for a given plane family does not vary with the
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orientation of these planes as shown in Fig. 1.23. If the specimen is stressed, due to
elastic deformation, the lattice spacing varies according to the orientation of planes
relatively to the stress direction as depicted in Fig. 1.24. If a tensile stress is applied, the
lattice spacing will increase for planes perpendicular to the stress direction and decrease
for planes parallel to the stress direction due to Poisson ratio effect. The elastic strain of
the crystal lattice can be inferred from the variation of lattice spacing

measured

by the position of the diffraction peak according to the Bragg law.

€ - —- —
d„

d^

)c o t - -
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^

c
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( 13)

where 0 is the position ,of the diffraction peak corresponding to lattice spacing d in
stressed specimen and 6^ is the position corresponding to d^ in stress-free specimen.
Thus the crystal lattice is used as a strain gauge which can be read by diffraction
experiments. As in any extensometric method, the stress can be calculated from strains
measured in several directions and the elasticity constants of the material. Stress can be
easily determined based on the calculated strain and elasticity theory. The phenomena
and extensive information on theoretical and experimental aspects can be found in
references [1.75] and [1.76].

1.3.4 Magnetic Method

It has been long known that the magnetisation of ferromagnetic materials such as
iron and mild steel has an interaction with elastic strain.

This interaction is called

magnetostriction, that is, the spontaneous lattice strain resulting from the alignment of
atomic magnetic moments within magnetically ordered region called domains. A brief
background is given in Appendix A on the domain theory.
It is shown from the account given in Appendix A on basic energies associated
with the domain theory that all the details of generation and transformation of domains
can be explained by the minimum total energy principle. In particular, magnetostrictive
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(or magnetoelastic) energy plays a crucial role allowing the measurement of stress using
magnetic sensors.

Magnetostrictive strain within each domain causes dimensional

changes in the material when domains reorder under applied magnetic field. To
minimise the stored total energy, domain magnetisation vectors in iron with a positive
value of the magnetostriction constant X prefer to align themselves parallel to a tensile
stress axis, and perpendicular to a compressive axis.
Magnetic stress measurement methods rely on this interaction between strain and
magnetisation in a ferromagnetic body. There are two representative methods available
in stress measurement using the magnetic phenomenon: the Barkhausen noise method
and the magnetostriction method.
The former is based on the abrupt motion of domain walls in ferromagnetic
materials that are subject to a change of magnetisation^ In 1919 Barkhausen [1.77]
noted that, when a ferromagnetic material is magnetised by an increasing field, noise in
the form of voltage pulses are induced in a coil placed near the material. Magnetic
Barkhausen noise is generated by discontinuous changes in the flux density and may be
associated with abrupt motion of domain walls moving between pinning sites. Pinning
sites are attributed to various physical parameters such as grain boundaries, void,
laminar spacings, inclusion and dislocations [1.78].
The latter is based on the measurement of permeability and magnetic induction.
The magnetostriction method, which is of interest in the present study, is described in
detail in the following section.

Basic Principles of the Magnetostriction Method
The magnetostriction method utilises the inverse magnetostriction effect.

The

domain behaviour is quite dependent on the intensity of applied magnetic field and the
intensity of magnetisation, as discussed in Appendix A. This should be kept in mind in
developing a stress measurement approach based on the magnetostriction method. A
magnetisation curve of a ferromagnetic material can be divided into four parts according
to domain characteristics as shown in Fig. 1.25.
Only mobile magnetisation domain walls move and contribute to magnetisation in
the initial magnetisation region of stage I in Fig. 1.25. The movement of domain walls
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is wide and the domain structures rapidly change in shape and configuration in stage II.
In stage IH the specimen is saturated as rotation of magnetic moment occurs after
domain wall movement has finished. In Stage IV the specimen is fully saturated with
applied magnetic field.
Different models should be applied in each stage to measure stress because each
stage domain behaviour is quite different. Iwayanagi [1.79] investigated the inverse
magnetostriction effect in stage in.

His study was based on the dependence of

reversible sensitivity on stress by adding a weak alternating magnetic field to a strong
static magnetic field. Since there is no domain structure change or movement of domain
walls, this method has the advantage that is reasonably insensitive to material
microstructure. However the method is characterised by practical difficulties such as the
generation of the high intensity magnetic field....................................................................
From a practical viewpoint, the stress measurement technique under a low
intensity magnetic field (stages I and II) is easier, although the method is susceptible to
material microstructure and is rather complicated. Yoshinaga [1.80] carried out a study
under a low intensity field using a small U-shaped magnetic sensor and Abuku [1.81]
improved Yoshinaga's method using a more convenient sensor. Dover et al [1.82][1.83] also carried out series of tests under a low intensity field (stage I) using a sensor,
which had been originally developed to sense magnetic field to detect surface cracks in
ferromagnetic materials. They developed the Alternating Current Stress Measurement
(ACSM) method and successfully demonstrated its performance in measuring uniaxial
tensile stress of plate strips and bars. The present study also uses an ACSM based
approach with the objective to extend its fimction of detecting applied stress changes to
measuring residual stress. For this reason, discussion will be confined to issues relating
to low intensity magnetic field (stage I) [1.84].
A schematic illustration of the relationship between domain movement and
applied stress is given in Fig. 1.26 showing the change of magnetic domain structure of
an iron single crystal due to applied stress and magnetic field. If there is no externally
applied magnetic field as in Fig. 1.26a, the crystal is not magnetised as a whole, i.e., no
magnetic pole appears on the surface maintaining a closed circuit of magnetic domains.
Applied stress causes the domain structure to be rearranged with increasing volume of
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domains oriented in the elongated direction to meet the minimum energy principle.
When a magnetic field is applied to it, the crystal is magnetised as a whole and magnetic
poles appear as illustrated Fig. 1.26b.
This simplification should be applied carefully when considering engineering
materials. Steels, for example, are polycrystalline consisting of innumerable grains with
random distribution of crystallographic orientations. Closed domain circuits in a grain
are not necessarily formed.
Stress and magnetic fields move domain wall and change domain structure.
Usually free mobility of a domain structure is obstructed by inclusions, precipitations,
phase difference, micro-strain induced plastic deformation or heat treatment and so on.
These obstructions cause the measured values to indicate different quantities in loading
and unloading paths as shown in Fig..1.27a. This phenomenon, referred to as hysteresis
with respect to stress, appears evident in the measurements of magnetically hard
material. It is caused by frictional resistance to movement of magnetic domain walls. It
has been shown that the stress hysteresis can be minimised when measured after
demagnetisation at each stress step, as shown in Fig. 1.27b. The reason for this is that
demagnetisation rearranges and stabilises the domain structure. However, it should be
mentioned that the calibration curve shifts depending on the demagnetising direction
[1.84],

The reason is that one-direction demagnetisation leaves a certain domain

arrangement easy to magnetise in the direction and increases the volume of domains
oriented in that direction. This implies the demagnetisation direction should be kept
fixed for stress measurement at any particular position.
When a magnetic field H acts and magnetisation M is measured, the relationship
between H and M is given by an equation M = fjH, where // is permeability. This
equation shows that changes in // under stressed conditions can be observed by detecting
the changes of M with a constant magnetic field H. On the other hand, magnetisation M,
parallel to an applied uniaxial stress, varies depending on the intensity of the applied
magnetic field and the applied stress as shown in Fig. 1.28. The magnetisation of iron
decreases monotonically with increasing compressive stress. The solid curve in Fig.
1.28 is simplified to that shown in Fig. 1.29 as an attempt to simplify the fundamental
relationship between strain (or stress) and magnetisation (or permeability). The gradient
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under compression shows the slope K termed "stress susceptibility". This anisotropic
feature is the basis of the residual stress measurement model developed in Chapter Two
of this thesis.

Alternating Current Stress Measurement (ACSM)
Both theoretical and experimental aspects of ACSM have been developed at the
UCL NDE Centre. An ACSM probe is composed of an alternating current inducing coil
and a pick-up coil to detect the change in induced magnetisation of the ferromagnetic
material as shown in Fig. 1.30.
When an ACSM probe is placed on a specimen made of ferromagnetic material,
the picked up signal consists of two components of magnetic flux density in free space.
The first arises directly from the inducing, coil as the source component and the second
from the specimen as the induced component. The total magnetic flux density, denoted
as B j, is the difference between the source B f and the pure induction B j due to their
opposite directions.

Fig. 1.31 shows that B j reduces the value of .B/, and their

relationship can be given by;

B ; =B f - B j

(1.4)

The magnetostrictive property or magnetic susceptibility K of the material effects
the final reading of B j through the term B j and its effect can be interpreted as the
change in permeability p of the material. The coordinate notation is shown in Fig. 1.30.
Chen et al. [1.52] carried out tests measuring uniaxial stress changes induced
under four point bending using the test configuration shown in Fig. 1.32. Two different
magnetic fields were applied to each test specimen as in Fig. 1.32c. Position A is
perpendicular to the applied stress direction and Position B is parallel to the stress
direction. Each position detects different readings because of the anisotropic behaviour
of domain walls with respect to applied magnetic field and stress.
Fig. 1.33 shows the dependence of the ACSM probe to probe orientation. Position
A produces quite linear behaviour of the total magnetic flux density plotted against
applied stress; however. Position B does not exhibit an useful linearity for measuring
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applied stress.

These different outputs are mainly attributed to the magnetic

susceptibility K shown in Fig. 1.29 and can be explained considering the domain
movement under applied stress and magnetic field as shown in Fig. 1.34.
Position A,

At the

decreases as applied stress increases, since the applied stress increases

the volume of the domain of the same direction. The reduction of the value of

is

measured as the increment of B j according to Eq. 1.4. On the other hand, at Position B,
the value of B^ does not easily change with the increment of the applied stress level.
This phenomenon can be explained by Fig. 1.29, which shows no increment in
magnetisation intensity with tensile stress.
From the above discussion, a question arises with respect to the behaviour of
magnetic flux density B^ under compressive stress. Chapter Two will consider this
matter before the development of an ACSM residual stress model.....................................

1.4

F a tig u e L if e E stim a tio n

Fatigue life estimates are often required in engineering design to ensure resistance
to cracking and also in the troubleshooting of cracking problems.

Three main

approaches are generally used: (1) the stress-life (S-N curve) method, (2) the strain-life
method, (3) the fracture mechanics approach. These methods have their own region of
application with some degree of overlap between them.
One of the most important physical observations is that the fatigue process can
generally be broken into two distinct phases-initiation life and propagation life.
However, it is often very difficult to define the transition from initiation to propagation.
Often this distinction is made based on an engineering size crack, which is assumed to
be of the order of 0.25mm. The stress-life method has been used to provide designers
and engineers with methods that are practical, easily implemented, and cost effective.
Usually the strain-life method is applied for crack initiation, which is dependent on
plastic deformation or strain.

The fracture mechanics approach is applied to an

estimation of fatigue life spent in crack propagation.
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The effect of residual stress on fatigue is assessed as mean stress in the stress-life
and strain-life methods. In the fracture mechanics approach, the effect of residual stress
can be assessed through the stress intensity factor (SIF, denoted

1.4.1 Stress-Life Method

The stress-life method is a simple way to explain and quantify metal fatigue.
Engineers have employed curves of applied stress range (zlS) versus cycles to fatigue
failure (A^, which are called S-N curves, since the well-known work of Wohler on
railroad axles subject to rotating-bending stresses.
S-N curves are usually formulated for specific conditions of geometry and loading,
and lack generality in that they are applicable only to particular components cycled
under particular loading.

On the other hand, S-N curves automatically include the

effects of details such as complex geometry, surface finish, residual stress from
fabrication, and complex metallurgy, for example, at welds. These factors are difficult
to evaluate by means other than a structural test. One of the main drawbacks of the
stress-life method is that it ignores true stress-strain behaviour and treats all strains as
elastic. This may be significant since the initiation of fatigue cracks is caused by plastic
deformation. The simplifying assumptions of the S-N method are valid only if the
plastic strains are small.
For a given stress amplitude S^, the level of mean stress

affects fatigue life.

Tensile mean stresses reduce fatigue life compared with tests at

and compressive

mean stresses have the opposite effect. In addition, the effect of residual stress on
fatigue strength has traditionally been treated in the same manner as mean stress. A
popular method of considering mean stress effect is to plot constant life curves of
versus mean stress
R=

(Haigh diagram) by conducting tests at various values of the ratio

, where the notation used is shown in Fig. 1.35.
However, component test results are expensive to obtain, especially if the extra

variable of mean stress is included. It then becomes necessary to have the S-N curve for
at least one value of S„ or R. Usually, the case of completely reversed loading, that is.
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= 0 or ^ = -1, is chosen for the fatigue design of machinery parts. For non-zero
the reference curves are converted to those with equivalent stress amplitude
Various mathematical expressions are available to estimate

using the yield stress

ultimate strength cr„, or true fracture stress a/.

Soderberg(1930):

S
S
- ^ +-^ =1
^eq v

Goodman (1899):

s

(1.5)

^ y

s

- ^ +^

=1

(1.6)

^ eqv

Gerber (1874):

A _ + (^ )2 = i

(1.7)

^ eqv

................................................................. Ç

Morrow (1960s):

V

—- - i — —= 1

(1.8)

For the above equations, tensile mean stresses are considered to be positive and
compressive mean stress negative. The illustrations of these equations are shown in Fig.
1.36.

1.4.2 Strain-Life Method

The strain-life method is based on the observation that in many components the
fatigue crack initiation behaviour of notches is strain or deformation dependent. When
load levels are low, stresses and strains are linearly related. Consequently, in this region,
load-controlled and strain-controlled test results are equivalent to each other. At high
load levels, in the low cycle fatigue regime, the cyclic stress-strain response and the
material behaviour are best modelled using a strain-life approach.
Total strain is composed of elastic and plastic components. Combining Basquin’s
stress-life relation [1.85] and plastic strain-life data of Coffin [1.86] and Manson [1.87]
leads to the most common strain-life curve as shown in Eq. 1.11 [1.88].
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Basquin’s stress-life relation;

(2#^ 'f

(1.9)

Plastic strain-life relation:

{INj-Y

(1.10)

^

= ^ ( 2 A f / ) ‘ +£/(2JV ^r

(1.11)

where Nf is the number of reversals to failure and the other four empirical constants
known as fatigue constants are:

cTf = fatigue strength coefficient
■s'j- = fatigue ductility coefficient
b

= fatigue strength exponent

c

= fatigue ductility exponent

In Eq. 1.11, the first term is the elastic strain component; the second the plastic
component.

Unfortunately these material properties

readily available.

and c are often not

Manson [1.89] proposed two methods whereby a material’s

relationship of total strain range to fatigue life can be obtained from simple tension tests.
One of these is the four-point correlation method. Only two points are required to
define each of elastic and plastic components from the observation that each strain to
life component may be approximated as a straight line as shown in Fig. 1.37. The
following points were suggested for plotting elastic and plastic life lines.

Elastic life line:
( 1)

N f= W ,

£ .= 2 .S ^

Plastic life line:
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( 1) Nf= 10,
(2 )

N f= \0 \

€p=0. 25D 3 / 4
0.0 \3 2 -£ .

1.91

where

D = ln(—

(logarithmic ductility)

cTf « cr„ (1 + D) (true fracture stress)
RA. = percentage reduction in area of the tensile specimens

This approximation enables the fatigue life for a specific local strain range to be
predicted by the elastic modulus E and two tensile properties

and RA only.

The other method was proposed based on the assumption that the slopes of the
elastic and plastic lines are the same for all materials. Manson and Hirschberg [1.89]
developed the following equation for the total strain range relationship with cycles to
failure:

=

+£,o^N-f^

( 1 .1 2 )

This universal slope equation was developed from the behaviour of 29 different
materials and is considered to be applicable to many different types of metal.
Other similar studies were performed based on these two approaches. Socie et al.
[1.90] approximated the fatigue properties of materials from their monotonie properties.
Muralidharan and Manson [1.91], using monotonie and fatigue data for 47 materials
including steels, aluminium and titanium alloys, also derived a modified universal
slopes equation, as shown below:
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Brennan [1.92] observed that the modified universal slopes equation in Eq. 1.13 is
less accurate for AISI 4130-4340 steels below 104 cycles but more accurate than Eq.
1.12 in the high-cycle regime.
Ong [1.93] suggested a modified four-point-correlation method, after examining
fatigue data of 49 steels whose material properties cover a wide range of variables that
might effect fatigue behaviour.

To overcome shortage of critical properties, Ong

introduced the assumptions that the fatigue strength is equal to the true fracture stress;
and the fatigue ductility coefficient is equal to the logarithmic ductility. He provided his
empirical formula in the common form of strain-life equation as given in Eq. 1.11.

(1.14)

f Ÿ +£f(2Nj-Y

where

Sj- = Z) = In

1
\- R A
/

b = - log 0.16
6
c = -lo g
A/

n

O.SI"

-lo g f M -

0.00737- A f ♦: / 2
2.074
y
Z [lo g

10

(1.15)

logZ)

(o.16 (o r„ / Ef^' ) -lo g ( (Ty. / £ •)]

It is to be noted that the cyclic fatigue properties of a material are obtained from
completely reversed, constant amplitude strain-controlled tests.

Components seldom

experience this type of loading, as some mean stress or strain is usually present. The
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effect of mean stress may be more significant on the fatigue life of the component than
mean strain.
Mean stress effects are seen predominantly at high cycle fatigue. At high strain
amplitude, or low cycle fatigue, where plastic strains are significant, mean stress
relaxation occurs and mean stress tends towards zero.

Several modifications to the

strain-life equation have been made to account for mean stress effects:

Morrow[1.94] :

( INj-)" + g ) (2N ^Y

—

Manson & Halford[1.95]: — =
2

E

(Ty

(1.16)

(1 17)

Smith, Watson, and Topper (SWT) [1.96]:
^ a ,e ,( 2 N ,r ‘
0 'm » = - ^ + 0'<.

(1.18)
(119)

Smith, Watson and Topper [1.96] used published fatigue data of various materials
including SAE steel (SAE 1015, SAE 4340) and aluminium (2024-14, 24S-T3, 75S-T6)
and found that the term ^ J a ^ (A s /2 )E could represent various fatigue test data
consistently and reduced the complex problem into one-variable-dominant one. They
developed the SWT equation by multiplying the term <
t ^ by A s / 2 which is defined in
Eq. 1.11.

The term -yJa^^(As/2)E can cover the loading of

negative stress cycle loading (

>0 and totally

< 0 ) cannot be considered.

Morrow collected a series of uni-axial fatigue test data of SAE 4340 steel at room
temperature and developed the Morrow equation (Eq. 1.16) using the Goodman
equation analogy (Eq. 1.6) [1.94]. Morrow suggested that the mean stress effect could
be incorporated by inclusion of the mean stress

into the elastic term in the strain-life

equation. The Morrow Equation implies that mean stress effects are significant at low
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values of plastic strain, where the elastic domain dominates. It also predicts that mean
stresses have little effect in low cycle fatigue, where plastic strains are large.
Manson & Halford [1.95] assumed that the ratio of elastic strain range to plastic
strain range should be kept constant regardless of the sign of mean stress as shown in
Fig. 1.38 and the transition strain range ( e j depends only on the absolute value of mean
stress, not its sign. Based on these assumptions, Manson and Halford modified the
Morrow equation by adding the mean stress term

into both the elastic and plastic

terms of the strain-life equation. It is considered that the Manson and Halford Equation
tends to overpredict the mean stress effect at short lives, from the fact that mean stress
relaxation occurs under high plastic strains.
Fig. 1.39 shows a comparison example where the term introduced in plastic strain
curve of the Manson & Halford equation produces a large difference when compared
with the Morrow equation. The Morrow equation is composed of Curves (2) and (3) and
the Manson & Halford equation Curves @ and ®. The difference between Curves (2)
and ® corresponds to that between the Morrow and Manson & Halford equations,
which becomes critical in low cycle region. Fig. 1.40 shows the comparison of the
Morrow and SWT equations, where the Morrow equation is composed of Curves ® and
(3) and the SWT Curves ® and ® . These resultant combined curves are shown in Fig.
1.41, where the Manson & Halford equation predicts the mean stress effect too much in
low cycle region, compared with the Morrow and SWT equations. It is also shown in
Fig. 1.41 that the SWT equation predicts the mean stress effect on fatigue life more than
the Morrow and Manson & Halford equations in high cycle region.
Ong’s empirical formula in Eq. 1.14 can be combined with the formulae
considering mean stress effects given in Eq. 1.16 - 1.19, because these equations also
use the notation appearing in Eq. 1.14.
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1.5

L in e a r E l a st ic F r a c t u r e M e c h a n ic s

1.5.1 General Features of LEFM

Linear Elastic Fracture Mechanics (LEFM) principles are used to define the stress
distribution and magnitude near to a crack tip in terms of parameters such as load, crack
geometry, and material properties. LEFM assumes that elastic theory can be applied to
bodies containing cracks or defects. However, it is clear that singularity exists such that,
as the distance from the crack tip tends toward zero, the stresses approach infinity.
Since materials plastically deform as the yield stress is exceeded, a plastic zone will
form near the crack tip. However, the basis of LEFM is thought to remain valid, if this
region of plasticity is small in relation to the overall dimensions of the crack and
cracked body.

Several approaches have been developed for the analysis of fracture

problems, introducing various fracture mechanics parameters.

The stress intensity

factor (SIF: K), is the most popular fracture parameter used and can characterise the
stress field ahead of a crack according to LEFM theory.
Given a crack in a physical body, knowledge of the state of stress is imperative in
order to reliably predict the character of crack propagation. It should be noted that the
problem of determining the stress state near the crack tip differs from routine stress
concentration problems because of the infinite stress at the crack tip. LEFM shows that
both radial and angular distributions for the asymptotic pattern of state of stress near the
crack tip are independent of the crack length, the shape of the cracked body and loading
condition.

(1-20)
where cr^j = stress component of interest
r, 6= polar coordinates with the origin at the crack tip
f.. =

function of ^that depends on the stress component being considered
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It is shown in Eq. 1.20 that the intensity of the stress distribution depends only on the
factor K. Hence the material fracture process can be said to

be governed by the

intensity of the stress field immediately around the crack tip, which is defined by the
SIF a:.
The SIF K, which was introduced in Eq. 1.20, depends on loading, crack size,
crack shape, and geometric boundaries with the general form given by:

( 1.21)

K = Y'a^^fm
where

= remote stress applied to component
a

= crack length

Y -

correction factor that depends on component and crack geometry and
type of loading

The correction factor Y is usually referred to as the geometric factor or non-dimensional
SIF. Unfortunately SEFs for most engineering components are not widely available and
the majority of known solutions are limited only to idealised cases subjected to uniaxial
tension, pure bending and other idealised loading conditions. In reality many
components are subjected to uneven distributions of residual stress.
Published literature shows many analytical and numerical studies conducted to
calculate SIF solutions. Complex stress functions [1.97] and conformai mapping [1.98]
have been used to obtain the stress field around a crack in infinite solid. The integral
transformation method [1.99] and the weight function method [1.100], [1.101] were
introduced to calculate K-solutions.

The finite element method (FEM) [1.102],

boundary element method [1.103], and boundary collocation method [1.104], [1.105]
were developed to solve the SIF problem numerically.
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1.5.2 Applications to Fatigue Crack Growth

LEFM models can be used for evaluation of fatigue crack growth.

A typical

constant amplitude crack propagation plot is shown in Fig. 1.42, where the crack growth
rate da/dN is plotted versus the SIF range (Æ ). The Paris equation [1.1] proposed in
the early 1960s is the most widely accepted LEFM approach and is given in the
following form.

- ^ = C(AA:)"
dN

(1.22)

where C and m are material constants. Hence, the life from crack initiation to failure
can be calculated simply by rearranging the Paris equation into the form:

'

=

— ——
4 C(A^)"

(1.23)

where a, is the initial crack length and ay the final crack length.
The coefficients C and m in the Paris equation were initially proposed as material
constants; however, parameter C is frequently treated to depend on the stress ratio R and
idealised to increase with increasing R as illustrated in Fig. 1.43. This dependency of C
on R is incorporated in Forman’s equation [1.106] as given below:

(AA:)"
— = --------dN { \-R )K jc -N N

(1.24)

where

C '=

^

(1 —R^K jq —AK

Kjc = fracture toughness
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The spread of C is shown in Fig. 1.43 and can be adjusted by parameter n in Eq.
1.25 [1.107].

^ = c
dN

AK
( l - R ) \- n

(1.25)

The Walker equation above requires the additional parameter n, which can be
considered as a material constant.

There are other empirical equations such as the

Collipriest equation [1.108] and the modified Collipriest equation [1.109]. However, it
should be noted that none of these equations can be considered exact and were
developed to fit test data.
When these equations are applied to give fatigue crack propagation life under
the essential part of the calculations is to obtain the stress ratio R and

residual stress

the stress intensity range AK, which is defined as K„^ - K„f„. The procedure used most
often to take residual stresses into account is the superposition [1.110] of the stress
intensity factor Kg due to the applied nominal remote stress S and the residual stress
intensity factor Kj^ due to the residual stress

Eq. 1.26 and Eq. 1.27 can be used to

calculate the effective stress intensity range Æ ^ a n d the effective stress ratio R^.

^ e f f .r c à D

~ ^ S ,x m n

^

^

'

(126)
K S’.min
Ç. ■ + K,R

(1.27)
=0
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1.5.3 Définition of the SIF Weight Function

Stress intensity factors of a cracked solid under symmetric loading can be
obtained by integrating the product of the stress distribution along the potential crack
plane and the weight function m{a, x):

A" =

<j{x)m{a, x)dx

(1.28)

where a is the crack length, x is the distance along the crack length measured from the
crack mouth and cr(x) is the load intensity along a potential crack face as shown in Fig.
1.44........................................................................................................................................
Eq. 1.28 shows that stress intensity factor K for any loading condition can be
calculated when the weight function corresponding to a specific crack in a particular
component and the stress distribution along the potential crack line is known. It was
discussed in the previous section that the SIF is a function of geometry and loading;
however, the weight function depends only on the geometry of the crack and the
component.
It was shown by Bueckner [1.100] and Rice [1.101] that the weight function m{a,
x) for a two-dimensional cracked body under opening mode loading is a unique property
of geometry and can be defined as:

m(a,x) = ~ ^
K , da

(1.29)

where H is the generalised modulus of elasticity, expressed as E for plane stress or E !{\for plane strain. The weight function m{a, %) can be calculated using a reference
stress intensity factor

for a given geometry under any applied stress system together

with the corresponding crack opening displacement field ujix, a).
However, the corresponding crack opening displacements (COD) ujix, a) are not
easy to find even where a suitable reference stress intensity factor Æ^is available. Many
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studies have been conducted to overcome this difficulty.

Petroski and Achenbach

[1.111] proposed an approximate crack opening displacement function

a) as a

series of two terms for plane problems.

u{a, %) =

[4F (a/ t)^a(a -%) + G{a/t){a - x Ÿ '^ / Va]

(1.30)

The assumed COD needs to be differentiated to get the required weight fimction and the
associated differentiation has a deteriorating effect on its accuracy [1.112]. The two
coefficients, F(a/t) and G(a/t), are determined using a reference SIF and the principle of
self-consistency.
Fett et ql. [1,113] showed that the COD could be accurately calculated using
known stress intensity factors and corresponding load states. To get a better solution,
many attempts were made by increasing the number of the terms of the COD series.
Therefore, additional conditions are required to define the unknown coefficients of COD.
Usually the additional conditions come from the increment of reference SIF solutions or
the geometrical observation of crack opening displacement [1.114].
Ojdrovic and Petroski proposed the multiple reference states (MRS) weight
function approach [1.115], which eliminates mathematical differentiation.

Usually

numerical differentiation should be avoided whenever possible as it involves errors to
some extent. In the MRS approach the derivative of the COD is expressed in the form
of a series:

da

=

H

Po '

(1.31)

a

Ojdrovic and Petroski’s MRS approach requires at least two reference stress
intensity factors. The weight function derived from the MRS weight function approach
may be expressed as:
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/«(a,x) = | ^ V 2 2 C , ( l - - ) ' ‘^
Y,{a)
Po
a

(1.32)

where subscript 1 refers to the first reference load case and Cj are unknown coefficients.
The number of terms are «+1, where n is the number of loading systems, i.e. Kj,

. .,

K„; n>\. Once the unknown coefficients Cy are calculated by substituting Eq. 1.32 into
Eq. 1.28 and solving simultaneously the m equations, the non-dimensional SIF for any
loading system can be given by:

This equation determines the value of SIF for a specific loading condition knowing
stress distribution o; along the potential crack line.
The weight function is believed to be an effective way of calculating SIFs in
geometries under complex stress distributions.

It has been demonstrated that the

geometric influences on the weight function can be isolated and combined due to the
characteristics that the weight function is a unique property of geometry [1.116]-[1.117].
Impellizzeri and Rich [1.116] manipulated weight functions and SIF solutions for
constituent geometries to obtain an approximate weight function for cracks emanating
from holes. Their attempt demonstrated the possibility that the geometric component of
an SIF can be isolated and manipulated even though they calculated the geometry
correction factor using the ratio of two SIFs rather than weight functions. Niu and
Glinka [1.117] calculated a closed form weight function solution for a edge crack
emanating from the weld toe in a T-butt welded joint. They expressed the concept
depicted in Fig. 1.45 in terms of the ratio of the SIFs. This approach was thought to be
plausible but failed to fully appreciate that only the weight function can be used in any
such composition, and instead applied the ratio of SIFs as shown below:

P

0.34)

P
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where the subscripts / and s represent finite thickness and semi-finite thickness and the
superscripts the slope angle.

Teh [1.118] showed that the constitutive SIFs can be

superimposed geometrically in terms of weight functions by isolating the effects of
stresses. He proved that the concept given in Fig. 1.45 can be expressed by

It was concluded that only the weight functions can be used to obtain another weight
function for a different geometry. This concept was called the '‘"Composition Method^
by Teh {1.118]:

1.6

S c o pe

and

O v erv iew

of

T h esis

A detailed overview of pertinent issues relating to residual stress including
sources, measurement and fatigue life assessment have been introduced in order to
establish the background for the study reported in this thesis. The primary objectives of
this Ph.D. research are given as follows;

1.

The development of an ACSM model for residual stress measurement based on the
magnetic properties of ferromagnetic steels.

2.

A quantitative understanding of residual stress and its relaxation effects, using the
strain-life approach, on fatigue crack initiation life of notched members.

3.

^

The development and application of the SIF weight function for surface cracks
containing residual stress fields in flat plates, pipes and threaded pins.

Chapter Two describes the development of an ACSM model, allowing the non
contacting measurement of applied and residual stress in mild steel plates. It concludes
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with a procedure to use ACSM for residual stress measurement based on a Mohr’s circle
analogy.
Chapter Three uses a the strain-life approach, combined with the Neuber rule, to
explain the influence of residual stress on fatigue crack initiation.

Residual stress

relaxation under cyclic loading was also incorporated to give more realistic predictions
on fatigue crack initiation life for notched members.
Chapter Four investigates the weight function method for crack growth analysis
of surface cracks. The RMS SIF in the form of a weight function is developed and
proposed as a good alternative means for the evaluation of surface crack growth
behaviour and aspect ratio evolution. The Vainshtok weight function ] was successfully
extended to cover external circumferential cracks in pipes.
Chapter Five deals, with actual surface crack growth in non-uniform stress fields.
Practical issues regarding surface crack behaviour are considered in a quantitative
manner. The RMS SIF is applied to the evaluation of surface crack growth rate in terms
of the Paris law coefficient and exponent obtained from the standard tests and crack
aspect ratio evolution.
Chapter Six illustrates how surface cracks in threaded pins can be evaluated
quantitatively considering residual stress introduced by cold rolling, high mean working
stress, asymmetry loading, and crack aspect ratio changes.
Chapter Seven draws conclusions based on the present findings and proposes
further work to lead to a better understanding of ''fatigue ” in components containing
residual stress fields.
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Fig. 1.1 C old rolling o f th read roots to introduce com pressive residual stress at surface
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Fig. 1.2 R esidual stress gen eratio n m echanism in co ld ro llin g
(a)

cold rolling m ill, (b) th e shape change, (c) stress-strain history
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(a) Initial condition

(b) B ar A lengthened

(c) B ars jo in to be the sam e length

(d) actual resu ltan t shape

Fig. 1.3 R esidual stress g en e ratio n m echanism in shot peening [1.9]
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Fig. 1.5 A ty p ic a l distribution o f com p ressiv e residual stress in duced by shot peening
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Fig. 1.6 D ev elo p m en t o f co m p ressiv e residual stress in the case o f a cylindrical b ar o f
nitrided steel

(a) growth of nitrided surface if not restrained by core,

(b) development of longitudinal

compressive residual stress to restrain surface layer to length of core
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(a)

c l.

(c)

compressive
residual stress

Fig. 1.7 D e v elo p m e n t o f surface co m p ressiv e residual stress in in d u ctio n -h ard en ed steel

(a) growth of induction-heated surface if not restrained by core, (b) surface deforms plastically
at temperature to conform to core, (c) surface shrinks on quenching, but is restrained by core
and deforms plastically, (d) surface grows, if unrestrained, as austenite transforms to martensite
at temperature too low for plastic relaxation, (e) longitudinal compressive residual stress
develops to restrain surface layers to length of core
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(b) R esidual stress in a w elded 1-joint

(c) Residual stress in a box shape
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Fig. 1.12 Typical residual stresses in w elded shapes [1.30]
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Fig. 1.23 The interplanar distance
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direction, when there is no stress in a material.

71
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CHAPTER 2.

Development of an ACSM Model for Residual Stress
Measurement

2.1

I n tro d u ctio n

It has been known that the magnetisation of ferromagnetic materials such as iron
and mild steel has an interaction with elastic strain. This interaction is called
magnetostriction, that is, spontaneous lattice strain resulting from the alignment of
atomic magnetic moments with magnetically ordered regions called domains.

This

feature has been studied as a means to measure stress. Kashiwaya conducted.several
studies to understand the basic characteristics of magnetoelastic effects under low
intensity magnetic fields using single- and poly- crystalline specimens [2.1], [2.2]. In
his studies, Kashiwaya used the minimum energy concept involving magnetoelastic and
magnetisation energies to explain and model the behaviour of induced magnetisation of
a ferromagnetic steel under a single magnetic field. His model agreed with measured
data only after an empirical correction was made to take into account non-uniformity of
the induced magnetic field.

Domain theory can be used to simply explain the

anisotropic magnetostriction behaviour [2.3]. Chen [2.4] implemented the proposed
anisotropic magnetostriction approach successfully using an advanced probe containing
a self-inducing magnetic field. The induced magnetisation in steel specimens under
applied stress was measured by detecting the change in the original induced magnetic
field. The Alternating Current Stress Measurement (ACSM) system developed by TSC
Inspection Systems [2.4] provided a far more uniform magnetic field in the test
specimen compared with that achieved by Kashiwaya.

Chen showed clearly the

anisotropic features of magnetostriction as a function of the inducing magnetic field
direction, detecting coil and applied stresses.
Most previous

studies

found

in the published

literature

focused

on

magnetostriction were based on a single magnetic field applied to ferrous materials
under uni-axial applied stress. Using its anisotropic behaviour, Kashiwaya proposed a
model to predict stress based on a series of empirical measurements. In a practical sense,
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however, the implementation of the Kashiwaya model is difficult. Scruby et al. reported
their success in measuring stresses in welded steel structures using a single magnetic
field [2.5].
In the study reported here, the ACSM probe has been modified by adding another
inducing magnetic field as an attempt to increase the sensitivity of the readings.
series of uniaxial tests were carried out using the modified ACSM probe.

A
The

measurements obtained from the tests have been evaluated and analysed in terms of an
empirically based model, which predicts the induced magnetisation under biaxial as well
as uniaxial stresses [2.6]. The anisotropic magnetostriction behaviour under orthogonal
magnetic fields was found to be different from those under a single magnetic field. This
different behaviour provided a good means for predicting the magnetostrictive
behaviour under biaxial stress. A further observation relating residual stress to magnetic
field measurements is reported. Furthermore, the model can be used to explain the basic
mechanism of residual stress relaxation under fatigue loading.
The physical mechanism, which gives rise to the large difference between the two
magnetic fields and the single magnetic field, however, is not fully understood and this
study recommends further fundamental study on the magnetostriction behaviour under
orthogonal magnetic fields.

2.2

M a g n e t o s t r ic t io n

m odel

U nd er Sin g l e M a g n et ic F ield

When a single magnetic field H is applied to ferromagnetic steels and the induced
magnetisation M is measured, the relationship b e t w e e n a n d M is given by:

M=%H

(2.1)

where % is the susceptibility [2.4]. The susceptibility is a function of applied stress
o;„ the intensity of saturation magnetisation M,, magnetic field direction measured
against the easy magnetisation direction of each domain and other material properties.
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For polycrystalline ferromagnetic steels, the induced magnetisation behaviour with
respect to a single magnetic field is idealised as shown in Fig. 2.1 [2.1].
For a low intensity magnetic field, the induced magnetisation can be related to
applied stress. In the coordinate system with principal axes of stress tensor i-j-k, with
applied parallel to axis i, the induced magnetisation

is given as

follows:

^ (o-max -

where

=

( a ^ - a „)

represents the largest principal stress among

(2.2)

q,, and

and K is called

thé stress susceptibility to magnetisation [2.1]. This relationship has been validated by
several studies [2.7], [2.8] and Chen’s work using the ACSM probe shows the
dependency of the induced magnetisation M on the direction and magnitude of applied
stresses [2.4]. The ACSM probe measures the difference between the source magnetic
field

and the induced magnetisation MwwcAom because

direction to

Eq. 2.3 shows that the measured quantity

has the opposite
is inversely

proportional to the magnitude of the induced magnetisation. In Fig. 2.2 [2.4], the
readings of Position A increase as the applied stress is increased because of the negative
sign of the induced magnetisation in Eq. 2.3.

total

source ”

This basic understanding has played a crucial role extending the theory to other
applications for example a proposal to calculate biaxial stresses [2.1] and measurement
of applied stress [2.4]. The complex feature of magnetostriction, however, hinders the
wide and generic application to measurement of stress in biaxial stress fields.
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2.3

E x p e r im e n t a l W o r k u s in g O r t h o g o n a l M a g n e t ic F ie l d s

The weakness of the single magnetic field probe can be appreciated from the
previous section. When the sign of applied stress reverses, the sensitivity of the
magnetic field readings will change in an unfavourable manner. Adding another
magnetic field and detecting sensor or rotating the probe to 90° has been known to help
to overcome this dependency on the sign of applied load, because the difference of each
reading gives a continuous value even after the sign change. The benefit, which the
difference of the readings of each detecting coil gives, is demonstrated in Fig. 2.3. The
probe in Position A gives a different feature of the induced magnetisation from Position
B, so the difference between Positions A and B can be calculated regardless of the sign
o f applied stresses. There had been several attempts to use orthogonal magnetic fields
simultaneously in a probe [2.9]. Those attempts, however, did not prove to be useful
because of the difficulty in producing a uniform magnetic field. To take advantage of
the benefits, the ACSM probe was enhanced to the configuration shown in Fig. 2.4 i.e.
two pairs of magnetic source and detecting coils. Each detecting coil was placed under
the orthogonal magnetic field.
A demagnetisation yoke was also included in the modified ACSM probe so as to
remove the hysteresis. The original purpose of inserting another pair of inducing and
detecting coils was to get the difference 'Bj - B

2

of the readings between Bj and Bj in

Fig. 2.4. The present paper, however, does not deal with the proposed strong reading
difference ^B^ - B

2

of the modified ACSM probe but with the characteristics of the

absolute readings, Bj orB^.

2.3.1

Test Details

To investigate of the behaviour of each reading Bj or B , a series of axial tests
2

were carried out. Tensile and compressive forces were applied at the end of a mild steel
specimen, whose shape was widened at the middle to accommodate the size of the
ACSM probe as shown in Fig. 2.5. The uniformity of stress over the centre region of
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the specimen was checked by finite element stress analysis. The setting of the test are
shown in Fig. 2.6. Loading was applied from -87.4 MPa to 87.4 MPa with the probe
rotated through 0, 22, 45, 70.3 or 90 degrees. The loading was applied by a servohydraulic actuator (INSTRON Model 1251).

The rotation angle

6

was measured

counter clockwise as shown in Fig. 2.5, which shows the direction of two ACSM
readings, Bj and

8

2

. The collected signals by the ACSM probe were processed by a U12

instrument as shown in Fig. 2.7, which was developed by TSC Ltd. A U12 crack
microgauge can be used with suitable software running on a personal computer system.
All the procedures such as applying demagnetisation, taking readings, setting gains to
amplify readings and saving measured data were controlled by a PC by using ‘ACSM
Stress Measurement Software Vn 2.4’.
Before performing the tesf basic readings of the Double-Coil Probe were
investigated. In the present test, the gain of 2.0 was used in the software for the two
ACSM readings, Bj and

The value of the gain is very important for further

interpretation. Every reading was recorded together with its gain. If the probe is
symmetrical, ACSM readings of B^ and

8 2

should be the same in air because two

inducing coils use the same source of alternating current (AC) with a frequency of 5
kHz. However the readings are not the same because of the influence of the
demagnetisation yoke, which is considered to interact with the probe.

The yoke is

attached on two sides of the probe as shown in Fig. 2.4 and its effect on Bj and

8 2

are

not the same. About 18 readings were taken to get the mean values in air and the details
are shown in Fig. 2.8.
It is clear from the above that the ACSM reading is quite sensitive to any ferrous
material near the probe. The following procedure was employed to help analyse effects
of surrounding material including the test setting on the ACSM reading.

step i)

Take a reading when the probe is in air without contact to the specimen,

step ii) Take a reading when the probe is in contact, at a specific rotation angle,
with the specimen free of other ferrous materials and external loading,
step iii) Take a reading when the probe is in contact, at a specific rotation angle,
with the specimen in the test setting without any external loading.
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step iv)Take a reading when the probe is in contact, at a specified rotation angle,
with the specimen loaded.

ACSM reading Bj and .S^can be decomposed as follows, recalling Eq. 2.3;

[ACSM Reading] =

(2.4)

^ in d u ced

^probe

^m aterial

^se ttin g

^ s tr e s s

^probe ==

effect from the components of the probe

^mateha/ = cffect of material
^setting =

effect of test settings

................ effect

of stress conditions^ which can be divided into two
components for the present test:
^resid u a l stress

^external stress

Therefore, ACSM reading can be defined by:

R e a d in g ]

^so u rc e

probe

^m aterial

^se ttin g

^residual stress

^external stres^

( ^ ‘^ )

It should be noted that the edge effect is ignored in Eq. 2.5. If the edge effect can not be
neglected,

should be decomposed into B^^tenai and

The edge effect,

is

predicted to be dependent on the probe rotation angle. Using the terms specified above,
ACSM reading in the above steps can be given by:

step i):

[ACSM Reading]

source

probe

step ii): [ACSM Reading]
step iii): [ACSM Reading]
step iv): [ACSM Reading]
^extern a l stres^
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is defined in step i), but calculation of the value of
when

is known. In step ii) the sum of

stress can be quantified, but

and

decomposition of the two terms is not possible.

is only possible

and

can be easily

isolated from step iii) and iv), respectively.
Three terms of

Bp^^^ and

among the terms in Eq. 2.5 are considered

to be independent of the probe rotation angle, if the edge effect can be ignored. If
is taken away from the ACSM reading, Eq. 2.5 will be modified as follows:

h e a d in g ]

residual s tr e ss '^ ^e x te m a l stres^

-^conjtowt

where

( ^ ’^ )

Therefore, changes of ACSM readings

obtained with different, rotation angles can be related to B^ésidüai stress and
Standard deviation of AS CM readings was calculated as 0.75 for the present test
settings by collecting about 12 data for each stress condition. The details of the average
and the standard deviation of ACSM readings are listed in Table 2.1. The calculated
standard deviation may be converted to stress of 1.5 MPa when the slope of the data set
with rotation angle 0° is concerned.
Measurements recorded from the two detecting coils exhibited a constant phase
difference of 90°, as the probe was rotated by an angle 9. Therefore, only one of the
readings is required to describe sufficiently the induced magnetisation variation with
angle 6 under an orthogonal magnetic field.

Fig. 2.9 shows the readings from a

detecting coil Bj which indicate the total magnetisation

The results are found to

be quite different from the induced magnetisation change

under a single magnetic

field as shown in Fig. 2.2, where the measurements are shown only for tensile stress.

2.3.2

Residual Stress Measurement using Hole Drilling Method

After the uni-axial test, residual stress of the specimen was measured using the
hole drilling method. RS-200 Milling guide shown in Fig. 1.9 was used to drill blind
holes. All the strain gauge details used in the hole drilling method are listed in Table
2.2. The Integral Method [2.10] was adopted for the post processing of the measured
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strains to calculate residual stress distribution. The residual stress distribution along the
depth of the specimen is shown in Fig. 2.10.

2.4

D e v e lo p m e n t o f t h e ACSM M o d e l

An idealised model has been established to account for the difference in
behaviour between the single and orthogonal magnetic field readings. The model has
been developed based on the following assumptions;

i)

The specimen is isotropic and the magnetic susceptibility is constant in any. ,
direction.

ii)

Magnetostriction comes from domain changes resulting from volume
changes due to applied stresses. The magnetic susceptibility is assumed to
be dependent on the normal stress component, because shear stress is
considered not to be strongly related to volume change.

iii)

Magnetostriction is assumed to apply to residual stresses in the same way as
to externally applied stresses.

The first assumption can be justified because of the features of polycrystalline
materials. The second has been accepted based on previous studies and enables the
specimen to be positioned with any rotation angle expecting that ACSM readings will
follow the pattern of normal stress component in a biaxial stress field. The third gives a
clue to how residual stress can be predicted in the x- and y-directions.
Fig. 2.11 shows the postulated behaviour of the modified ACSM probe for
ferromagnetic steels without residual stress under external uniaxial stress. The newly
suggested model involves two different slopes a and b and a multiplier accounting for
the edge effect nig. The slope h is introduced to account for finite changes at the region
where the slope of the induced magnetisation under single magnetic field is assumed to
be zero. This introduction of nonzero slope b is the main difference from the previous
model under a single magnetic field. The slope of AS CM readings when the probe is
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rotated through an angle 0 can be obtained as in Fig. 2.11 based on the second
assumption. The slopes Sg, and s^ 2 vary between a and -h under tension and between b
and -a under compression as show in Fig. 2.11. The values of the slopes are defined
using the Mohr circle in Fig. 2.12, where jc-axis corresponds to slope. The factor uiq has
been adopted to take into account the distortion of the induced magnetic field caused by
the finite width of the specimen. For convenience, itiq is assumed in the present paper to
follow the change of a normal stress component in a biaxial stress field as in the Mohr
cirlce model shown in Fig. 2.12, varying between the values of 1 at

0° and m^Q at 0 =

90°;

.......................................................................(2.7)

When one of two principal residual stresses is aligned to the direction of the
applied stress

as in Fig. 2.5, the readings shown in Fig. 2.11 will be changed because

the residual stresses are assumed to have the same effect on magnetostriction as normal
stress components. Fig. 2.13 shows possible ACSM readings for the condition of two
principal residual stresses

and

Applied stress and residual stress are superposed

linearly. It can be deduced from the domain change patterns of the specimen that ap^
has the opposite effect on the readings to Op^.
A Anther expansion of the superposition concept used in the above enables
interpretation of the ACSM readings under a biaxial stress condition. The ACSM
reading (Bj) can be inferred under biaxial stresses

and or as in Eq. 2.8 when no

residual stress is included and the probe is positioned with rotation angle ^= 0.

=B ^ + a a ^ - b - ( j y

> 0, cr^ > 0

B^= B^+ ba^-b-ay

<0,cr^ > 0

B^ = B ^ + a a ^ - a c r y

cr^ > 0,

B^ = B ^ + b c r ^- a ^a

a ^ < 0 , a <0
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<0

(2 .8)

where

is the ACSM reading without any residual or applied stresses, and a and b are

the slopes shown in Fig. 2.11. B^ is believed to be a function of source magnetic fields,
probe design, materials etc. Fig. 2.14 shows a contour plot calculated with .8^ =1412, a
= 0.5 and b = 0.35.
Based on the arguments given above, the ACSM reading (Bj^ can be calculated
under general conditions involving biaxial stresses
and residual stresses cr^ and

and

a probe rotation angle 0,

with angle 0^ measured from a principal residual stress

to ou..

^1,0 ~

^0

(p^0 ) ■^ 0

*^0+90 ( ^ g + 9 0 ) ’ ^ g + 9 0 ],

where
%>0
%<

0

-b

jc>0

-a

X

<0

^0 —^0 ^ ^r,0
^0+90 ~ ^0+90

^r.0+90

<T,+<7^
CO S

g+90

^r,0 =

o-r, +o-^
+
2

- cr^
2
nc ~ ^ r y

r.g+90

2

2(9

cos(2(9 + le^ )
cos 2^^
C O S ( 26 > +

2

2 <9J

cos10^
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(2.9)

In addition to the generalised expression requiring ACSM readings, the proposed
model can be used to calculate residual stresses. The calculation of residual stresses cr^
and

becomes an over-constrained problem when there are many readings available as

shown in Fig. 2.9.
The basic variables such as a, b, jtIçq, and
residual stresses.

are prerequisite to calculate surface

In many cases the direction of principal residual stresses are

predictable. Applying external loading in the direction of one of the principal residual
stresses can reduce the number of variables involved. A simple way to calculate surface
residual stresses is proposed as follows for a reference, in which only two sets of
uniaxial tests with rotation angles 0=0° and 90° are necessary:

step i)

Apply different levels of tension and compression in the direction of one
of the predicted principal residual stresses,

step ii) Draw a graph of the reading against applied stresses as in Fig. 2.15 and
define the basic variables a, b, and niçQ carefully considering the
intersection of the two sets of readings,
step iii) Calculate g^„ where the slope change occurs from the set of the readings
with the rotation angle ^ = 0° as in

~ A ) o f ¥ïg.

= (A

2.15(b). G^ço can be calculated in the same way from Fig. 2.15(c).
step iv) G^^ and g^^çq can be replaced with ‘ -

g ^^

‘“

f

’

from Fig. 2.13.
step v) Calculate residual stresses Gp^ and

^0

from the following two conditions:

- ^ 1,0 + *^_0 ■i ~ 0 ' p r x + ~ < ^ p r y )
(2 . 10)

"
= ^ 1.90

+ '^ _ 9 0

+ T ^ p r p ) ' > ” 90

where
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a
5

0

b

o-..o<0

5 90 =<(

-a

O-..0 > 0

O',,» > 0

The signs of g^qand a^go for the calculation of S j and S gg can be easily determined from
the graph. Eq. 2.10 can then be rearranged:

^ 9 0 * ^ 0 ( ^ p / x ) ’ ( ^ 1 .0

^ e + 9 0 ^ ^ p r y ) ' 90

^ o )

^ 9 o \.S e i - ^ p r x Y

-

^ o )

S e ^ 9 o i . ^ pry

p rx ) ■ ( ^ 1 , 9 0 ~ ^ o ) ~ ^ 9 0 ^ 0 + 9 0

( 2 . 11)

pry ) ' ( ^ 1 . 0 “ ^ 0 )

^ pry
^ 9 0 [*^0

prx )

~ *^^+90

Once the basic variables a, b, mgg, and

pry )

]

are available for a specific material, all

that are needed is B, o and Bj gg to calculate the principal residual stresses, and their
orientations. This implies the principal residual stresses can be calculated easily without
applying any force on to a specimen, once the specimen is calibrated.

2.5

D iscussion

The ACSM model developed above has been compared with the experimental
data shown in Fig. 2.9. Reference principal residual stresses were measured using the
hole drilling method, which gives residual stress distribution with depth. The depth
covered by the ACSM probe can be used to compare with an average residual stresses
for that depth. The depth sensed by the ACSM probe equals the skin depth conducting
alternating current (AC) having the same frequency as that supplied to generate the
orthogonal magnetic fields. The skin depth 4 is calculated by:

( 2 . 12)
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where

is the relative magnetic permeability of the metal,

permeability of free space,

k

is the magnetic

is the electrical conductivity of the metal, and / is the

frequency of the AC. The ACSM probe uses 5 kHz frequency of AC to generate the
source magnetic field. An operating frequency of 5kHz results in a skin depth of
approximately 0.1 mm for mild steel [2.11]. From the residual stress distribution in Fig.
2.10, average residual stresses up to 0.1 mm were calculated as <Jp,^= 162MPa, <7p^
=122MPa in x- and y- directions shown in Fig. 2.2. The readings based on Eq. 2.9 are
shown plotted with the measured readings in Fig. 2.16. It can be seen that the ACSM
model is in good agreement with the measured data.
The residual stresses measured by the hole drilling method can be calculated in
reverse using the ACSM model and the proposed procedure. Caution should be paid to
the calculation of the principal residual streissès, because the results are quite sensitive to
the term,

~ a p p e a r i n g in the denominator of Eq. 2.11. If the

two terms have different signs to each other, Eq. 2.11 does not give any solution. When
the slopes a and b are close to each other, unreasonable solutions might be obtained
because the denominator of the equation becomes very small. It should be noted in the
calculation of residual stress from ACSM that readings show a certain amount of
variation. This means that proper error analysis should be conducted using many sets of
measurements.
It is also worthwhile to note the difference of two principal residual stresses in
addition to the absolute values of residual stress.

Compressive residual stress is

commonly adopted as means to increase fatigue initiation life for fatigue-prone
structural details. The compressive residual stress introduced at manufacturing relaxes
as the component undergoes stress fluctuations. When the component is subjected to
stress fluctuation in a preferred direction as in threaded connections, uneven relaxation
will take place. The uneven residual stress relaxation can be also monitored by simply
applying the ACSM model. Point P in Fig. 2.14 can be considered as an initial ACSM
reading just after introducing compressive residual stresses in x- y- directions. Uneven
relaxation can change the initial condition to Point Q and the ACSM reading will
decrease as the consequence of relaxation. Therefore, detecting the change of ACSM
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reading can provide a feasible means of monitoring structural integrity against fatigue
crack initiation.
The present study describes a model accounting for ACSM readings in orthogonal
magnetic fields.

The postulated model was validated showing that the predicted

readings give good agreement with the measured data. The model allows expansion of
the applicability of ACSM to the prediction of readings under biaxial stress conditions
as well as to measure stress changes in one direction. Surface residual stresses can be
calculated based on the linear superposition between the effects of residual and
externally applied stresses. The model opens the possibility that ACSM can be used to
monitor structural integrity against fatigue through residual stress measurement and its
relaxation.
. . . This study focused on the development of the model accounting for the different
behaviour of the modified ACSM probe from the original probe having a single
magnetic field. Further study on the mechanism involved behind the measured
difference between single and orthogonal magnetic fields should be conducted as well
as further study on various applications of the modified ACSM probe to monitor
structural integrity. Error analyses should be conducted to improve reliability of the
information derived from the model.
Some of the content of this chapter has been published in the literature [2.6].
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2.7

Tables

Table 2.1 Statistical summary of ACSM readings taken

Applied
Force(kN)
0
10
20

30
40
50
60
70
• 80
-0 .2
-1 0
-2 0

-30
-40
-50
-60
-70
-80

No of
readings
16
13
13
12

16
10
12
12

14
18
4
9
10

16
11
12

7
10

Average (BO

Average (Bj)

-1417.4
-1418.0
-1419.8
-1420.7
-1423.3
-1424.6
-1426.4
-1428.0
-1429.6 •
-1418.4
-1417.3
-1416.2
-1415.7
-1416.6
-1416.0
-1417.2
-1417.3
-1417.7

-1105.4
-1105.5
-1106.0
-1106.2
-1107.6
-1108.2
-1108.9
- 11 1 0 .1
- T ill.3
-1106.7
-1106.0
-1107.1
-1108.3
-1109.4
-1110.7
- 1 1 1 2 .8
-1114.4
-1115.5
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Standard
Deviation (BO
0.78
0.55
0.95
0.85
0.56
0.92
0 .8 6

0.58
0.81
0.95
0.43
0.79
0.78
0 .8 6

1.13
0.69
0.45
1 .1 0

Standard
Deviation (B2 )
0.78
0.63
0.39
0.80
0.61
0.60
0.49
0.64
0 .8 8
0 .8 8
0 .0 0

0.74
0.46
0.70
0.45
0.72
0.73
0.81

Table 2.2 Specification o f the strain gauge used in the hole drilling tests

item

specification

Gauge type [2.12]

CEA-06-062U L-120

G auge factor

2,04

G auge length

0.062 inch

Resistance

120 ohm

Ta

0.035 inch

R,-R,

0.062 inch

Tm

0.101 inch

Vrm

0.3459

hole

strain gauge
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2.8

F ig ur es

= max,Un u , u

k
(a)

Induced
o-, - cr„

M agnetisation, M

Xl80^
smaller u,,

M agnetic Field, H

H,
(b)

Fig. 2.1 (a) Coordinate system for principal stresses o;„ u^ and % and m agnetic field
applied parallel to /-axis

(b) Simplified AC m agnetisation curves [2.1]
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ACSM Probe

Position A

Position B

14%
12%

10 %
Loading-Position A
•S

&

8%

Loading-Position B

6%

Unloading-Position A
Unloading-Position B

4%
2%

0%
- 2%

100

250

stress (MPa)

(b)

Fig. 2.2 (a) Test configuration of uniaxial test using an ACSM probe (b) the test results
according to position of the ACSM probe [2.4]
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oA

com pression ^
com pression

g^^ess

tension

Stress

tension.

.

Position A

^totalA ~ ^

Position B

(a)

totalfi

(b)

Fig. 2.3 Basic principle of increasing the sensitivity of induced magnetisation
(a) Induced magnetisation behaviour according to the direction of magnetic field (b) the
difference of induced magnetisation between the orthogonal directions of magnetic
fields
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Demagnetisation yoke

Inducing Coils

Detecting Coils

inducing coil
detecting coil

(b)

Fig. 2.4 (a) Details o f the m odified A C SM probe (b) orthogonal m agnetic fields
superim posed on the coil position
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Fig. 2.5 Details o f the test configuration using the m odified A C SM probe

Fig. 2.6 The settings o f the uni-axial test with the Double-Coil A C SM Probe
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M

Fig. 2.7 The U12 instrument for ACSM signal processing
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ACSM Readings in air (B,, Gain=2.0)
average=1539.5

— g
■*t---^ ^

1538

a)

1539

1540
1541
ACSM Reading

1542

Average ACSM reading = 1539.5 for Bi

ACSM Readings in air(B2 , Gain=2.0)
average=1262.5

I

1261

b)

1262

1263
ACSM Reading

1264

A verage ACSM reading = 1262.5 for

Fig. 2.8 A verage reference ACSM readings in air for
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and

(G ain=2.0)

4S00♦ Angle=0
Angle=90
A Angle=70.3

A Angle =45°
X Angle=22°

-20

.

.

0

.

•

100

20

Uni-axial stress (MPa)

Fig. 2.9 The m odified ACSM probe B, readings w ith different rotation angles
on m ild steel under uniaxial stresses

2 5 0 .0

Residual Stress Distribution with Depth
for the specimen in the uni-axial test using ACSM
200.0
—Sxx
-S y y
150.0

w

100.0

-É.
5 0 .0

0.0
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Hole depth (mm)

Fig. 2.10 Residual stress distribution up to 1 mm depth o f the uni-axial test specim en
m easured by the hole drilling m ethod
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ACSM reading, Bj

0,2

tension

compression
b -a

a-\-b

'Ci —b

ù-\-b

cos 26)

Fig. 2.11 Postulated effect of probe rotation angle of the modified ACSM probe for
ferromagnetic steels without residual stress under external uniaxial stress

26
Slope under
tension, s^y

Fig. 2.12 Mohr’s circle model defining the slope of the readings at a rotation
angle 6
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'prx
pry

A C S M reading, Bj
A C S M reading, Bj

6>=90‘

a
6^-

-cr„•pnc
(b)

(a)

A C S M reading, Bj

-(^pnc -^V^pry

-^pnc+-^pry

(c)
Fig. 2.13 R esidual stress effects on A C S M readings u n d er uniaxial stress con d itio n o f a
sp ecim en w ith (a) principal residual stress cr^^, (b) principal residual stress

(c)

principal residual stresses CFp^ and or^, obtained by lin ear superposition o f (a) and (b)
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200
1277

1321

1364

134:

150

1407

1429

1386
1299

1451

100
1321

1342

50

1364

142!

1407

1473

1386
(Jy
1451
1364

-50

1516
1429

1407

1386

-100

1473

1494

1451
1538
1516

1429
1473

494

1560

1581

-200

200

-150

-100

-50

0

50

100

150

200

Fig. 2.14 Contour map o f ACSM reading {Bi) with rotation angle 9 = 0 under biaxial
stresses

and o; w ithout residual stress {a = 0.5, b = 0.35,

= 1412) and an exam ple

o f uneven residual stress relaxation from point P to point Q

114

ACSM reading, Bj

.,

10

1.0,

y

+ D-

0=90°
X.O

ACSM reading, Bj

'1,90

0=90'

Fig. 2.15 Residual stress calculation procedure (a) step ii) to decide the basic variables
for the ACSM model a, b and rrigo, (b) and (c) step iii) calculating B„
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1480 1460 =

00

22 '

1440 -

D)
C

20

^ =45'
-

2
co
<

0 = 70'
1380 0 = 90'

1360 -

-100

-80

-60

-40

-20

0

20

40

60

80

100

ax(MPa)
Fig. 2.16 Validation of the ACSM model for the measured data of Fig. 2.9 with
1400, a = 0.5, b = 0.4, mgo= 1.2, (jp^= 162MPa, o;,^=122MPa, 6^= 0°
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CHAPTER 3. ASSESSMENT OF RESIDUAL STRESS EFFECTS
ON FATIGUE CRACK INITIATION

3.1 I n tr o d u c tio n

The total fatigue life of a component (N-r) is generally assumed to be composed of
a fatigue crack initiation period (Nj) and a fatigue crack propagation period (Np); that is,

................................. ^ T ~ N j .'^N p ................................................................................1)
The initiation portion of life (Nj) may be estimated using strain-controlled fatigue data
and is considered to consist of the number of cycles for the initiation of fatigue cracks
and their early growth and coalescence into a dominant fatigue crack which obeys the
Paris power law. The fatigue crack propagation portion of life (Np) may be estimated
using fatigue crack propagation data assuming the “appropriate” initial crack length (a,)
and critical or final crack size.
Therefore, residual stress effects on fatigue strength should be treated differently
depending on fatigue state. Traditionally, residual stress is taken into account as mean
stress when an evaluation is conducted on its effects on fatigue crack initiation or
propagation. In the present study, the strain-life approach was adopted as a means by
which residual stress effects on fatigue crack initiation can be investigated, because it
covers elastic and plastic stress ranges.
The strain-life approach uses experimental fatigue data generally obtained from a
smooth specimen.

This convention requires the introduction of an SCF for fatigue

initiation study of notched specimens using material data from smooth specimens. This
chapter reports a study on how best to deal with notch stress and residual stress. The
basic study conducted in this chapter is applied to fatigue crack initiation in threaded
connections in Chapter Six.
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3.2 NOTCH S t r e s s a n d N e u b e r R u l e

Fatigue-life estimation for notches can be made with the strain history of notch
roots using the smooth specimen strain-life data of the same material. Associated with
every notch is a theoretical stress concentration factor

that is only dependent on

geometry and loading mode. In fatigue, notches may be less severe than predicted by
Kt, therefore, the fatigue-notch factor Æ^ris frequently deployed for K^. K/\s defined as
the ratio of un-notched fatigue limit to notched fatigue limit.
In the low- and intermediate-fatigue-life regions where yielding occurs, strain
concentration factor

as well as stress concentration factor

consideration. When yielding occurs,
[3.1]. Ægincreases but

and

concentration factor,

are no longer equal as shown Fig. 3.1

decreases after yielding.

employed to solve this plasticity problem.

must be taken into

Neuber's rule [3.2] is usually

It states that the theoretical stress

is equated to the geometric mean of stress concentration factor,

and strain-concentration factor, K^\

(3.2)

For fatigue initiation life assessment of notches, Kt is often substituted by 7Ç[3.3].
Using the definitions of stress concentration factor,
concentration factor,

= Acr/AS', and strain

= Af / Ag, and the elastic condition AS = EAe, Eq. 3.2 is

written as follows:

K^AS = (Aa As

(3.3)

where AS= nominal stress range of a notched member, measured remotely from the
notch
Ae = nominal strain range measured remotely from the notch
A a - local stress range at the notch
As= local strain range at the notch
E = Young Modulus
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This relationship in Eq. 3.3 relates remotely measured nominal stress (zLS) and
strain (A e) to the local responses Act and A s at the critical location.

This allows

prediction of the notch fatigue initiation behaviour using smooth-specimen fatigue data.

3.3 Sa m pl e C a lcu la tio n s

3.3.1 Crack Initiation at Notches under Residual Stress Fields

The strain-life curve is characterised by its two components of local stresses,
associated with elastic and plastic strain. Application of the strain-life curve usually
involves stress concentration factors for notches and the Neuber rule [3.2] because of the
plastically deformed state.

This contrasts with S-N curves, which use elastic stress

defined as far field stress or localised nominal stress [3.4].
Even though strain-life curves are obtained from fatigue tests with smooth
specimens, they have been used for fatigue crack initiation problems of notched
components. Lawrence e t a l [3.5] and Bellow e t a l [3.6] applied these strain-life curve
features to fatigue crack initiation of welded joints assuming that serious weld defects
are not present in machine elements; thus a major fraction of their fatigue life may be
devoted to fatigue crack initiation. However this assumption should be carefully applied
when it comes to normal welded structures because of difficulties in obtaining exact
stress concentration factors at irregular notches and material property changes in the
heat affected zone, assuming no serious defects have been caused by welding.
A study on residual stress effects on fatigue crack initiation was conducted for a
notched component of a given material. In the present study only tensile residual stress
was taken into account and its effects were quantitatively evaluated in a purely
analytical manner.
Table 3.1 shows the details of the present calculation. The WstE460 steel [3.7]
was used in this calculation because its chemical composition and mechanical properties
are similar to those of BS7191 355D steel [3.8] in Table 3.2, which is widely used for
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structural applications particularly for offshore structures. Table 3.1 shows also that the
material property data of WstE460 steel are consistent with the acceptable errors
according to the relations shown below [3.9]:

n ’ = b/c

(3.4)

7 [ '= c y '/ ( ^ T

(3.5)

Residual Stresses at Notches
Before considering residual stress in the strain-life approach it is important to
clarify the role of SCF with respect to residual stress at notches. Residual stress arises
due to uneven stress recovery after yielding. When a certain area containing a notch of
interest as in Fig. 3.2 undergoes stress recovery following yielding and it is subjected to
a certain magnitude of residual stress, the notch inside the area takes a different residual
stress from the surrounding area. In principle the final residual stress at the notch
depends on its SCF and stress history that the area has undergone. As specified in the
Neuber rule, the stress concentration factor (ÆJ does not solely determine the final
stress condition, since plastic deformation is involved during yielding. It is expected
that the product of

and

governs the final stress condition at the notch as the

Neuber rule predicts. It is hypothesised here that for example, if the residual stress in
welded joints is considered, the stress history can be illustrated as shown in Fig. 3.3. It
is known that residual stresses resulting from welding approach yield stress. Therefore,
the difference between the residual stress of the area, (Jsun-oundingarem and the residual stress
of the notch, a„otch, will be small as shown in Fig. 3.3.
A general statement can not be made on what difference there will be between the
notch and surrounding residual stresses. However, it is expected that the difference will
not be large since processes generating residual stress involve plastic deformation. For
this reason several studies [3.5], [3.6] and [3.10] assumed residual stresses of notches to
be the same as those of areas surrounding the notches.
adopted this assumption.
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The present study has also

Calculation of Local Stress and Strain Ranges
Local stress-strain fluctuations under constant amplitude loading were calculated
using the detailed procedure in [3.11] based on the Neuber rule and a cyclic stress-strain
curve. A far field stress fluctuation curve and a local stress-strain fluctuation curve at a
notch are shown in Fig. 3.4. The initial point (Point O) was determined by an initial
residual stress

which exists at the surface area of a notch. The initial residual stress

of a notch inside the area was assumed to be equal to the value of

Next the first

peak point of local stress-strain history was found using the following modified Neuber
equation and the cyclic stress-strain curve of the member material.

Eq. 3.6 was derived from the original Neuber equation given in Eq. 3.2 using the
following assumptions:

•

The initial residual stress at a notch is the same as that of the area
encompassing the notch.

•

The initial residual stress is below the yield stress of the member and the
relation with the initial strain can be defined using Hooke’s law. The
stress concentration factor (K^ is equal to the theoretical stress
concentration factor (K^ Avithin the elastic zone as shown Fig. 3.2.

•

The theoretical SCF Kf is used instead of the fatigue-notch factor K^foT
convenience.

Application of the modified Neuber equation (Eq. 3.6) requires incorporation of
the cyclic stress-strain curve of the material. The cyclic stress-strain curve is given as in
Eq. 3.7.
/

n1/«'
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where n ’ and

E

are material constants. Substituting Eq. 3.7 into Eq. 3.6 yields

(3.8)

K'

Solving Eq. 3.8 involves an iteration technique and gives the local stress and strain for
the first peak loading (^ ,

of Point A in Fig. 3.4).

After the first peak loading the nominal stress is then reversed, resulting in a stress
change AS. Local stress and strain changes (Aaand As) occur in the notch. Subsequent
loading repeats the procedure except that the hysteresis loop is used instead of the cyclic
stress-strain curve, according to Massing’s hypothesis [3.12].

Massing’s hypothesis

states that the stabilised hysteresis loop may be obtained by doubling the cyclic stressstrain curve. This hypothesis is based on kinetic strain hardening [3.13] and is a simple
way to idealise the-Bauschinger effect. Because of this idealisation, ratchetting was
excluded in the local stress-strain fluctuation of Fig. 3.4. The modified cyclic stressstrain curve is given in terms of zlcrand A sm Eq. 3.9.

As =

Ao-

h2

(3.9)

2K'

The governing equation to calculate A ct was derived using the Neuber equation
for cyclic loading (Eq. 3.3) and the modified cyclic stress-strain curve (Eq. 3.9) and
given in Eq. 3.10.

2E

+

2r

=

(3.10)

2E

The corresponding local strain range A s was obtained by substituting Act into Eq. 3.9.
Point B is determined by

A ct and

As. Point C can be shown to be the same as Point A

simply by changing the direction of cyclic loading.
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It can be said that Massing’s

hypothesis leads directly to a shakedown without any ratchetting for constant amplitude
cyclic loading. Finally Ae was applied to a feasible strain-life equation to calculate a
corresponding fatigue initiation life.

Calculation Results and Discussion
Fig. 3.4 shows that the effective stress ratio defined as cr„i„/cr^^ is different from
the nominal stress ratio

The effective stress ratio is expected to decrease as

the stress nominal ratio, the residual stress (q^^)

the nominal stress range (AS)

increase. This trend is shown in Fig. 3.5 and Fig. 3.6, showing the change of the
effective stress ratio versus AS' with varying

(termed RS) and

respectively.

Fig. 3.5 implies that in low cycle fatigue, life will not be affected by residual stress
changes as much as in high cycle fatigue.

This prediction is supported by the

calculations conducted by Lavyrence et al. [3.5] and Bellow et al. [3.6]. Fig. 3.7and Fig.
3.8 [3.5] show that fatigue life of weldments with high residual stress (o^ = Sy: yield
stress) is close to that of the case without residual stresses for A514/El 10 and
A36/E603-3 butt welds. Lutes et al. [3.14] also demonstrated, taking into account the
stochastic aspect of applied loading, and that, in practice welded joints are only effected
by residual stress under conditions of high cycle fatigue. Fig. 3.9 [3.14] shows that the
fatigue life curve calculated considering the stochastic feature of loading and residual
stress relaxation gives meaningful difference from the case without residual stress only
in the high cycle fatigue zone. Lutes et al. obtained the fatigue life curves using the
Gerber empirical formula (Eq. 1.7) along with an assumption of elastoplastic stressstrain behaviour of the specimens. All these cited examples support the prediction that
residual stresses have less effect on fatigue life in low cycle fatigue than in high cycle
fatigue.
Fig. 3.6 shows that the nominal stress ratio has larger effect on effective stress
range in low cycle fatigue than in high cycle fatigue.

It is predicted from these

preliminary observations that residual stress and nominal stress ratio (S ^ J S ^ ) have a
more influence on fatigue initiation life in high cycle fatigue than in low cycle fatigue.
As mentioned in Chapter One, there are a number of different empirical formulae
for strain-life curves incorporating mean stress effects. The derived local mean stress
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(<^mean) showii
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Fig. 3.4 was used as the mean stress when applying strain-life curves.

Three different methods given in section 1.4.2 were applied to give fatigue crack
initiation lives for the condition q^g=180 MPa, R=0.2 and AT,=2.5 for the WstE460 steel
and the results are shown as conventional S-N curves as shown in Fig. 3.10. Fig. 3.10
shows that the Morrow and SWT formulae give similar lives, while the Manson and
Halford formula gives much lower values in the low cycle fatigue zone. The Manson &
Halford equation is thought to predict mean stress effect on fatigue too much in low
cycle region given that tensile residual stress has little effect on fatigue life in the low
cycle fatigue zone. The Morrow formula was adopted in the present study to further
investigate residual stress effects on fatigue initiation life, simply as a means to reduce
the number of variables studied.
It is generally known that residual stresses easily relax under large amplitude
stress cycles and do not have a considerable effect on fatigue life. This idea has been
explained using the elastic-perfect-plastic stress-strain model [3.14]. Fig. 3.11 shows
that the initiation life curve for a residual stress of 300 MPa is close to the curve for zero
residual stress in the low cycle fatigue zone even though additional relaxation resulting
from ratchetting was not taken into account in the calculation. It is also shown in Fig.
3.11 that residual stresses produce meaningful differences in fatigue lives in the high
cycle fatigue zone. These differences are expected to decrease in a real situation where
residual stress relaxes associated with ratchetting. It should be noted that Fig. 3.11
considers only residual stress effects on fatigue crack initiation life under constant
amplitude loading. These S-N curves can not be applied precisely to variable amplitude
loading cases because in those cases any preceding high stress fluctuation can affect
subsequent local mean stresses and strains. For this reason the linear cumulative rule
should be carefully applied to the strain-life approach as well as to the stress-life
approach.
As the stress ratio R increases, the differences in fatigue lives with varying
residual stress decrease because of the yield limit. It is seen in Fig. 3.12 that a larger
value of stress ratio (R=0.5) produces smaller variations in fatigue life than those in Fig.
3.11 (i^=0). The calculation results shown in Fig. 3.11 and Fig. 3.12 can be supported
by published experimental fatigue data of weldments. Lawrence et al. [3.5] compared
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fatigue lives between as-welded condition and stress-relieved case by overloading as in
Fig. 3.13. Gurney [3.15] also provided an experimental result in Fig. 3.14, where for
large magnitude of loading fatigue life of as welded specimens does not differ from
stress-relieved specimens for longitudinal non-load-carrying fillet welds.
Some well known characteristics of fatigue behaviour of welded joints can be
confirmed using this strain-life approach since all the details involved in the present
study can represent the general conditions of welded joints. For example, the fact that
stress ratio does not have much effect on the fatigue life of welded joints can be
explained from the present work. Of course, a limitation is that in reality both fatigue
crack propagation life as well as fatigue initiation life are involved. Fig. 3.15 and Fig.
3.16 show an S-N curve calculated for varying stress ratio using <Jr =0 MPa màcrR =250
Mpa respectively. The latter condition is considered similar to welded joints because of
the high residual stress and the inclusion of SCF. The former can be considered to
represent non-welded joints. This comparison between Fig. 3.15 and Fig. 3.16 reveals
that for varying stress ratio R, the difference of S-N curves of
than that of (Jro=0. MPa.

cfr=250

MPa is smaller

This observation explains that welded joints with a high

residual stress do not show large differences in fatigue life by stress ratio changes.
Typical examples of stress ratio (R) effects on fatigue life in welded joints are shown in
Fig. 1.17 and Fig. 1.18 [3.16].
It was shown that even with its limitations, the strain-life approach can account
for the fundamental features of residual stress effects on fatigue crack initiation life. It
can be said that residual stress effects on fatigue crack initiation depends on how much
plastic deformation is associated with fatigue loading combined with residual stress. If
there is considerable plastic deformation at notches, the residual stress effect becomes
negligible; however, in the case where elastic stress prevails, residual stress should be
treated as an important factor in fatigue crack initiation life.
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3.3.2 Crack Initiation with Residual Stress Relaxation

It is well known that residual stress has significant effects on the fatigue strength
of metals and compressive residual stress is especially favoured because of its role in
reducing mean stress. On the other hand, many efforts have been made to reduce tensile
residual stress in an attempt to increase fatigue strength for the same reason. The study
of the relaxation of residual stress has been highlighted for the following two reasons:
for monitoring relaxation of compressive residual stress as means of maintenance and
for removing harmful tensile residual stress.
The relaxation of compressive residual stress has been attributed to one of the
causes of fatigue crack initiation. This relaxation is believed to play a significant role in
fatigue crack initiation, even though there are other factors which cause fatigue crack
initiation such as ^'surface effect^"' and visible or invisible defects following various
manufacturing processes.

This understanding leads to studies of monitoring and

maintenance of fatigue-prone details. If compressive residual stress in the surface of a
component can be measured easily and reliably, and a method to reintroduce beneficial
residual stress is available, then fatigue crack initiation could in theory be avoided.
Residual Stress Relaxation Model
Studies on residual stress-relief models resulted from a mean stress-relief
investigation using strain-controlled experiments based on cyclic stress-strain behaviour.
Morrow et al [3.17] investigated the cyclic-dependent stress relaxation by maintaining
mean strain and strain amplitude in axial fatigue tests of SAE 4340 [3.18]. The mean
stress was measured as a fimction of the number of strain repetitions. Jhansale and
Topper [3.19] developed Morrow’s concept by suggesting a mean stress relaxation
criterion to eliminate the transient cyclic stress-strain responses. They applied mean
strain after many cycles of loading to exclude the effects of the cyclic transient
responses and suggested a model describing the relaxation of mean stress as a function
of strain amplitude and number of cycles as in Eq. 3.11. They found relaxation exhibited
an exponentially decreasing trend as shown in Fig. 3.17 [3.19].
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Jhansale and Topper [3 .19]:

(3 11)
where Oqi

= absolute value of initial mean stress

OoN

^ absolute value of mean stress at the Nth cycle

N

= cycle number, and N = (7+A'r)/2,

B

= relaxation exponent,/(Zl^*)

= number of stress reversals

The Jhansale and Topper’s equation (Eq. 3.11) does not take into account the
magnitude of the mean stress. Landgraf [3.20] suggested a threshold strain amplitude,
below which relaxation would not be expected to occur, by extrapolating the data for a
particular hardness to a zero relaxation rate. This relaxation threshold can, in turn, be
related to steel hardness as indicated in Eq. 3.12, which corresponds to SAE 1045 [3.21].
This suggests that the relaxation exponent B for a particular steel can be estimated from
knowledge of hardness and strain amplitude.
Landgraf [3.20] for SAE 1045:
^ = 8.5x 10"(1 - A s l A s J

where

Ae
AStf,

(3.12)

= applied strain range
= strain threshold-relaxation
= 2 ■exp [-8.41 + 5.36x10'^ x (HB)]

HB

= Brinell Hardness

For mild steel Burk and Lawrence in 1978 [3.22] suggested:
Burk and Lawrence [3.22] for mild steel:
A s /2
B = -31,000— ^—
Es^
where

MPa~'

(3.13)

ASp = plastic component of strain (f- Asj =As^ + As^
Str

= strain at which the stabilisedhysteresisloop has equal elastic and
plastic strain life, that is, strain giving the transition life at which
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elastic strain- and plastic strain-fatigue initiation curves intersect.

All these stress-relief models were derived from strain-controlled tests; however,
fatigue loading applications are usually specified by stress range zl cr rather than strain
range As. A number of studies suggest that stress range is one of the dominant factors in
residual stress relaxation. However, most published work in this area did not express a
relief model into an explicit function because of lack of data as in [3.23], [3.24] and
[3.25]. The majority of references show that the stress relief behaviour can be described
as a exponentially decaying function.
The Landgraf model was used in the present relaxation study. It should be noted
that the Landgraf model was developed from the observation of strain-controlled
experiments (in Fig. 3.18a); however, the present study is concerned with a stresscontrolled condition, where far field stress range (zLS) is applied to a member containing
a notch (Fig. 3.18b).

In order to overcome these differences local stress-strain

incorporates the behaviour of strain- and stress-controlled tests as shown in Fig. 3.18c.
Even though a certain amount of error is thought to be involved in this assumption, this
method can apply the strain-life approach to the problem of residual stress relaxation.
Calculation Procedure
Initial-equivalent mean stress ( 0 0 = cr^an) is not the same as initial residual stress
cfjio as shovm in Fig. 3.4 because of plasticity and stress concentration.

After the

calculation of the initial-equivalent mean stress in the same manner as in Section 3.3.1,
the relaxation model was applied to the initial residual stress. So the equivalent mean
stress changes as in Fig. 3.18c, as cyclic loading is applied.
Conceptually each load cycle (Ao) with varying mean stress

and a constant

local strain range (As) cause a portion of damage, which will eventually be summed to a
critical value. This concept is idealised using the Palmgren-Miner rule as cumulative
damage ratio given in the following simple expression.

(3.14)
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where «, is the number of applied stress cycles and Nj is the fatigue life in cycles at the
stress range Aa^. For each condition specified by varying mean stress (o^,) and AS,
fatigue life (2NJ)j can be calculated from a number of empirical formulae. The details of
some of these are given in Section 1.4.2.
The mean stress relaxation curve shown in Fig. 3.19b relates the changing mean
and the number of cycles n\.

stress

The number of applied stress cycles «, in Eq.

3.14 for a mean stress o;, is then calculated by n\- n\,j. Fatigue initiation life is defined
as the instance satisfying the following condition, if any safety factor is neglected:

D = 'Z ( . n ] - n J / ( 2 N , \ = \ . 0
»=1

(3.15)

using the notation in Fig. 3.19. The calculation procedure is shown in a flowchart in
Table 3.3.
Empirical Equations for Mean Stress Effect
Compressive residual stress is also observed to relax in the same manner as tensile
residual stress and, in the present study, assumed to follow the same relaxation
behaviour as tensile residual stress. The Landgraf relaxation model was assumed to be
true for both compressive and tensile mean stress. Both tensile and compressive mean
stresses are postulated to relax towards zero. The strain-life equation with mean stress
effects, however, should be carefully applied because empirical formulae have different
bases and implement different ways to consider the mean stress term, a„. The Morrow
equation [3.26] predicts the ratio of elastic strain to plastic strain differently, depending
on the sign of mean stress; however. Fig. 3.20 shows that the ratio does not depend on
the sign of mean stress. Manson and Halford [3.27] modified both the elastic and plastic
terms of the strain-life equation to maintain the independence of the elastic-plastic strain
ratio from mean stress. The Manson and Halford equation, however, tends to predict
too much mean stress effect at short lives or where plastic strain dominates, as shown in
Fig. 3.10.

Smith, Watson and Topper (SWT) [3.28] proposed another equation to
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account for mean stress effects, which becomes undefined when

is negative. The

physical interpretation of this approach assumes that no fatigue damage occurs when
<^max < 0 For this relaxation study the SWT equation was adopted to consider the effects
of both tensile and compressive residual stress.

Calculation Results and Discussion
The Landgraf relaxation model was applied to WstE460 steel and a number of
relaxation curves are illustrated for different applied strain range (As) in Fig. 3.21. The
relaxation curve becomes flat as applied strains decrease to the threshold strain range
(Astf, = 0.0013).
The same material and notch condition as in Section 3.3.1 were used in the
present calculation. Fig. 3.22 and Fig. 3.23 show the effects of tensile residual stress
relaxation on fatigue life for R = -1.0 and 0.0 respectively. Both plots show no life
difference in the low cycle fatigue zone. This result was expected from Fig. 3.11, in
Section 3.3.1, showing that residual stress does not result in considerable differences in
the low cycle fatigue zone. Large stress ranges in the low fatigue cycle zone cause rapid
relaxation as illustrated in Fig. 3.21. The large stress ranges would outweight residual
stress in their effects on fatigue life even if residual stress did not relax.
Fig. 3.22 shows a benefit from tensile residual stress relaxation in the high cycle
fatigue zone. Fig. 3.23, however, shows no fatigue life increase in the high cycle fatigue
zone. This is explained by the existence of the threshold strain range (As,h) suggested by
Landgraf. In the present calculation example nominal stress range (/IS) near lOOMPa
corresponds to the threshold strain range.
Fig. 3.24 and Fig. 3.25 show the effects of compressive residual stress relaxation
on fatigue life for R = -\.0 and 0.0 respectively. Fig. 3.24 shows, unlike the other plots,
a considerable decrease in fatigue life in the high cycle fatigue zone. This is explained
by its calculation conditions of /? = -1.0 and RS = -250 MPa. The compressive part of
the cyclic stress and compressive residual stress in Fig. 3.24 delays tensile yield at the
notch
Fig. 3.24 and Fig. 3.25 support the idea of monitoring residual stress relaxation in
fatigue-prone structural details. It is clearly seen that relaxation of compressive residual
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stresses reduces the fatigue initiation life of members when compared to equivalent
situations containing compressive residual stress.

3.4 S um m a ry

The strain-life approach and the Neuber rule were combined to predict residual
stress effects on fatigue initiation life in Section 3.3.1. The study is further expanded to
take into account residual stress relaxation in Section 3.3.2. The Landgraf relaxation
model was used for the study.
The calculation procedures adopted in this chapter involve many features to be
discussed further.
• The Massing hypothesis was used to get local strain and stress ranges for the
application of strain-life equations.

The hypothesis is thought to be practical and

consistent because it uses the same cyclic-stress-strain curve coefficients, otherwise
other material coefficients (e.g. of monotonie stress-strain curve) would be required.
• S-N curves were used to plot the final calculation results. The S-N curves enabled
comparison of results for various conditions and gave an insights into how residual
stress contributes towards fatigue initiation life.
• The Palmgren-Miner rule was used to obtain fatigue initiation life from many sets of
S-N curves for varying residual stress, when residual stress relaxation was modelled.
• The SWT strain-life equation (Eqs. 1.18 and 1.19) is thought to allow incorporation
of compressive mean stress effects as long as the maximum stress ( a ^ ^ is larger than
zero.
It was seen that residual stress does not have considerable effects on fatigue
initiation life in the low cycle fatigue zone. Residual stress, however, was shown to
play a critical role in the high cycle fatigue zone.

These are also true even when

residual stress relaxation is taken into account. Varying stress ratio R results in small
differences in fatigue life when combined with high residual stress, given that a large
value of residual stress increases applied maximum stress at notches and makes tensile
yield more likely.
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The study taking account of residual stress relaxation demonstrated that benefits
resulting from compressive residual stress are likely to diminish due to the relaxation. It
was seen that tensile residual stress relaxation increases fatigue life only in the high
cycle fatigue zone, which is also confined by the threshold strain range.
Compressive residual stress introduced to machinery parts is aimed to increase
fatigue initiation life. This study, however, shows that the benefit may be limited by
residual stress relaxation due to applied cyclic loading.
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3.6 T a b l e s

Table 3.1 Details o f Analytical Studies using Strain-Life Approach

General information
2.5

Theoretical SCF (Kt)

WstE460 steel

Material
Chemical composition of WstE460 steel
C

0.14%

Si

0.34 %

Mn

1.4%

P

0.01 %

S

0.01 %

Cu

0.57 %

V

0.12%

Ni

0.66 %

Mechanical properties of WstE460 steel
* For cr-f relation
210000 MPa

E (Young modulus)

1194 MPa

K ’ (Cyclic strength coefficient)
n' (Cyclic strain hardening exponent)

0.128

* For strain-life curve
cTf (Fatigue strength coefficient)

1201 MPa

^ (Fatigue ductility coefficient)

0.8638

b (Fatigue strength exponent)

-0.085

c (Fatigue ductility exponent)

-0.625

* Other properties
Ultimate tensile stress

640 MPa

Yield stress

345 MPa

** Consistency check [3.9]
n' = b/c = 0.136

5 % error
2.43 % error

Æ ' = c y ' / ( ^ T = 1223.7
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Table 3.2 Chemical Composition o f BS 7191 355D

Chemical composition of BS 7191 35 5D
^m ax

0.2

SLx

0.5

Mn^ax
p max

1.5
0.04

Nb

0.003/0.1

V

0.003/0.15

Mechanical properties of BS 7191 355D
Ultimate tensile stress

490/640

Yield stress

345 MPa
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Table 3.3 Flowchart of the calculation of fatigue life considering mean stress relaxation
in the strain-life approach
Calculate (o), Sj) with

using

Calculate A<j, Asmà. <j„using
A ct

IE

2K'
K fES = (k a he

2E

Calculate
with
and /16"using
the Morrow or SWT equation

Update residual stress c^, using
the Landgraf relaxation model

Calculate (2A^), with
and Æ using
the SWT equation

Divide by # the range of mean stress
( a j in Fig. 3.19

Calculate (2VV^, for
and Æ using
the SWT equation

Calculate w' for
using
the Landgraf relaxation model

J3 L

-C U

Apply Miner rule to get n\ satisfying D=\ .0

D = 'Z(n^-nJK2Nf),
/=]
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3 .7 F ig u r e s

Strain concentration, Æ,

2

I
§

S tress concentration,

§
CJ

S tress
Fig. 3.1 S chem atic ch an g e in stress-co n cen tratio n and strain -co n cen tratio n facto rs as
yield in g occurs at a notch root [3.1]

W eldm ent

Notch in a residual
stress area

R esidual stress area

Fig. 3.2 A residual stress area con taining a notch (from a b u tt w elded p late)
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Temperature change
notch

Stress/
'surrounding area

Temperature

stress-history
of the entire area
stress-history
of the notch

time

Melting point

Final state

Fig. 3.3 Simplified stress-history of welded joints during the welding process
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stress

time

. ilUU

(a)

A, C ,...

local stress

MSX

Aa

local strain
As

B, D ,..

(b)
Fig. 3.4 Stress-strain fluctuation for a notch under constant amplitude loading: (a) far
field stress fluctuation, (b) local stress-strain fluctuation
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Residual stress
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-
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R(SniVSmJ=0.2, K,=2.5. WstE460 steel
-

0.6

Nominal stress range, AS (MPa)

Fig. 3.5 Effective stress ratio

plot versus nominal stress range (AS) with

varying residual stress (<Tyj„)

Stress ratio (SmiVSmax)
— — — R=0.1
R=0.2
— - — -R=0.3
— R=0.4

«

R=0.5

0.4

50

100

RS=180MPa, Kt=2.5, WstE460 steel
Nominal stress range, AS (MPa)

Fig. 3.6 Effective stress ratio ((J„J(J„ax) plot versus nominal stress range (AS) with
varying stress raio
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Fig. 3.7 Fatigue life of A514/El 10 butt weld for varying stress ratio and residual stress
[3.5] (o; : residual stress, Sy. yield stress)
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Fig. 3.8 Fatigue life of A36/E603-3 butt weld for varying stress ratio and residual stress
[3.5]
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Without residual stress
——Corrected stochastic fatigue
~ As welded

oi

V

aoi
10*
Predicted Fatigue Life, n

Fig. 3.9 Fatigue life change due to residual stress relaxation from stochastic loading (A572 Grade 50 steel, based on the Gerber empirical formula and Rayleigh distribution)
[3.14]
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Fig. 3.10 S-N curves calculated from the strain-life approach, using different models

1000 -T
------------- RS=45

RS=90

% 100

I
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i
1
R=0, Kt=2.5, WstE460 steel
IUsing Morrow Formula for mean stress effect
10 -1------

1.E+04

Fig.

1.E+05

1.E+06
Fatigue initiation life (2N,)

1.E+07

1.E+08

3. 11 S-N curve calculated from the strain-life approach, showing residual stress
effects on fatigue life (/?=0, K=2.5)
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R=0.5, Kt=2.5, WstE460 steel
Using Morrow Formula for mean stress effect
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Fatigue initiation life (2N,)

1.E+07

1.E+08

Fig. 3.12 S -N curve calcu lated from the strain-life approach, sh o w in g resid u al stress
effects on fatigue life (/^=0.5, A^,=2.5)
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Fig. 3.13 Total fatigue life p redictions and experim ental resu lts (solid and open
sy m b o ls) fo r A 5 14F /E 110 w e ld m en ts w ith tensile and co m p ressiv e residual stresses,
respectively [3.5]
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Fig. 3.14 Test results for as-welded ( • , ------- ) and stress-relieved ( A , --------)
specimens with longitudinal non-load-carrying fillet welds subjected to pulsating
tension loading [3.15]
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Fig. 3.15 S-N curve calcu lated from the strain-life approach, sh o w in g stress ratio effects
on fatigue life (/?5^0M P a, K ,= 2.5)
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Fig. 3.16 S-N curve calculated from the strain-life approach, showing stress ratio effects
on fatigue life (/?5=250MPa, K,^2.5)
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Fig. 3.17 Mean stress relaxation model for normalised mild steel [3.19].

152

10

d\

d.xiM
<5a

, \» tA***

AS

'R N

'R o

(a) S-N curve obtained from the strain-life ap proach
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(b) R esidual stress relaxation curve

Fig. 3.19 C om bination o f fatigue life curve and m ean stress relax atio n curve

154

Fig. 3.2 0 C om parison o f th e ratio o f elastic strain to plastic strain fo r positive and
negative m ean stresses

=
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Landgraf Relaxation Mode!
for WstE460 steel
= 400 MRa
HB = 200
Ae,h = 0.0013
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Fig. 3 21 R esidual stress relaxation exam ple (W stE 460 steel, H B = 200, o ;= 400M P a,
^£;,= 0.0013, ^ = -0 .5 6 8 4 9 in Eq. 3.12)
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Fig. 3.22 S-N curve from the strain-life approach: m ean stress effect-SW T equation,
L andgraf relaxation m odel, ^ — 1.0, A^=2.5, Residual stress (RS)=250M Pa
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Fig. 3.23 S-N curve from the strain-life approach: m ean stress effect-SW T equation,
L andgraf relaxation m odel, R=0.0, K,=2.5, Residual stress (R S)=250M Pa
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Fig. 3.24 S-N curve from the strain-life approach: m ean stress effect-SW T equation,
L andgraf relaxation m odel,

K ,-2.5, Residual stress (R S)=-250M Pa

1000

s.
100
No relaxation

oi)
2

Relaxation (Landgraf)

E
o
z

R=0.0, K,=2.5, RS=-250 MRa, WstE460 steel
Using SWT Formula for mean stress effect

1.E+03

1.B-04

1.E+05
Fatigue initiation life (2N,)

1.E+06

1.EH)7

Fig. 3.25 S-N curve from the strain-life approach: m ean stress effect-SW T equation,
L andgraf relaxation m odel, /?=0.0, K=2.5, Residual stress (R S)=-250M Pa
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CHAPTER 4. WEIGHT FUNCTION FOR SURFACE CRACKS

4.1

I n tr o d u c tio n

Calculation of SIFs for flaws in non-uniform stress fields is of great importance
for predicting remaining life of structural components containing residual stress fields.
However theoretical SIF formulae are generally only available for arbitrary loaded
embedded circular cracks in infinite bodies and for elliptical cracks under simple
loading [4.1]. No exact SIF theoretical solution is available for surface cracks.
This chapter presents a number of studies of the SIF weight function for surface
cracks. Since the weight function concept was introduced [4.2] for one-dimensional
edge or through cracks, most studies have concentrated on one-dimensional cracks
subjected to one-dimensional stresses. The weight function mix, a) given in Eq. 1.28 is
considered as a Green function for a boundary problem scaled with respect to the crack
characteristic length a. It represents the SIF at the crack tip for a unit point load acting
on the crack face at a location x. For a two-dimensional crack, the SEF varies along the
crack front. The extension of a one-dimensional weight function to two-dimensional
cracks is made using a double integral over the crack face S\

K {F ) = ^^<jix,y)m{x,y,F)dS

(4.1)

s

where mix, y\ P ’) is the stress intensity factor at a crack front point f

for a unit point

load acting on a crack face point (%, y) as shown in Fig. 4.1, and cr(x, y) is a general
two-dimensional stress distribution. It was explained in Chapter One that the weight
function for one-dimensional cracks may be defined in terms of crack opening
displacement (COD). For two-dimensional cracks, the relationship between the weight
function and crack opening displacement was also determined by Rice [4.3]:
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where Sp- is a local variation of the crack area in the vicinity of point P ’ shown in Fig.
4.2. Even if a reference stress intensity factor KJiP") is available for a given twodimensional crack problem, the complete solution for the first order derivative of ujix, y)
with respect to an arbitrary crack front variation Sp. also needs to be known to calculate
the weight function.

The derivative, however, is far more difficult to obtain than

du^ I da m one-dimensional crack problems.
Oore and Bums [4.4] proposed the following approximate weight function for any
embedded three-dimensional planar crack in a three-dimensional infinite body as shown
in Fig. 4.3 using available SEF solutions:

JÏ
1
m (x ,y ;F ) = --------------------------------- =---------

(4.3)

where %' and}/' are the coordinates of a point P ’, /"is the contour corresponding to the
crack front and p is the distance between the loading point P{x, y) and the point P ’ on
contour F. It has been found that although Eq. 4.3 applies to embedded elliptical cracks
with aspect ratio (a/c) less than 0.4 for a linear stress distribution acting on the crack
face, the difference between the predictions from Eq. 4.3 and the exact solution [4.5] is
as much as 20% for the points close to the minor axis of the ellipse [4.6].
The weight function approach allows efficient evaluation of the effect of residual
stress on fatigue crack growth. Usually residual stress is not constant over a crack face;
consequently, residual stress causes different crack growth behaviour over a surface
crack front resulting in a crack aspect ratio change. The crack aspect ratio of surface
cracks is thought to be a critical factor in damage tolerant design.

Achieving a

favourable crack aspect ratio may avoid catastrophic failure for example by leak-heforehreak designs.

Accurate prediction of crack aspect ratio evolution is therefore very

important and a reliable method is still not available.
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4.2

Sim pl e M etho d s F o r Su r fa c e C r a c k Analysis Su b je c t
d im en sio n a l

to o n e 

Stresses

4.2.1 Basic Solutions

Two-dimensional stress distributions can be incorporated into the twodimensional weight function equations 4.1 and 4.2. However, one-dimensional stress
distributions along the crack depth line are often sufficient to define applied stress
conditions over crack face.

Generally SIFs at a number of crack front points are

occasionally required to define crack growth.
Niu and Glinka [4.7] derived a weight function for the deepest point of a semi
elliptical surface crack in a finite thickness plate subjected to a one-dimensional through
thickness stress distribution as shown in Fig. 4.4.

(%, a , a l c , a l t ) =

yjlTTia-x)

1+^^u 1 - -

( xV l
1 -I

(4.4)

_

They used the COD approximation proposed by Petroski and Achenbach [4.8]. The
weight function above can be combined with a one-dimensional stress distribution <j(x)
to give the SIF at the deepest point as shown in Eq. 4.5.

cr(x)m^ (x, a ,a lt,a l c)dx

(4 5)

Eq. 4.5 does not show any significant difference fi'om the one-dimensional weight
function given in Eq. 1.28.

It can be interpreted that the unique characteristics of

surface cracks and component geometries are incorporated through the reference
solutions to give the weight function m^. Reference solutions for surface cracks in flat
plates may adopt the Newman and Raju [4.9] or Shiratori et al.’s [4.10] solutions.
Shen et al. [4.11] derived the weight function for the surface point of a semi
elliptical surface crack in a finite thickness plate. They used the closed form weight
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function for an embedded circular crack in an infinite body presented by Tada [4.12]
and expanded the relevant polynomials to allow use of the Ojdrovic and Petroski multi
reference SIF method [4.13]. The surface point weight function is given by;

2

m g { x , a , a l c , a ! t) = —j =

^JTDC

04 6)

l+A/jg -

V

The surface point SIF weight function in Eq. 4.6 has a singularity at x=0, compared to
Eq. 4.4, the deepest point SIF weight fimction which has a singularity at the deepest
point, x = a.
It has therefore been shown that the one-dimensional weight function can provide
the two critical points of a surface crack subjected to a one-dimensional stress
distribution along the crack depth. Fig. 4.5 compares the non-dimensional SEF,

and

Yb, at the deepest and surface points of surface cracks under a linearly decreasing load
using the weight function given by Eq. 4.4 and Eq. 4.6 and the Newman-Raju SIF
solutions [4.9].

For this comparison, the Shen and Glinka weight function (Eq. 4.6)

was redefined to also give the deepest point. Shiratori etal.'s SIF solutions [4.10] were
used as reference SIF to define the weight function.

The one-dimensional weight

functions approach to surface cracks therefore produces good agreement with commonly
accepted surface crack SIF solutions.

4.2.2 Derived Solutions using the Composition Method

The composition method [4.14] introduced in Section 1.5.3 allows application of
a one-dimensional weight function solution to surface cracks in complex geometries.
Manipulation of a number of weight functions from basic geometries can provide a
weight function solution for a crack in a complex geometry. This is possible because
the weight function only reflects geometric characteristics of an SIF. Many studies have
been conducted to explore composition or correction factors for various geometries.
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Niu and Glinka [4.15] calculated, using a composition method, the SIF solutions
for the deepest point of semi-elliptical surface cracks in welded joints subjected to one
dimensional stress fields along the crack depth. They assumed that a crack opening
displacement function for an edge crack is applicable to that for a semi-elliptical surface
crack. Fig. 4.6 shows the geometrical relationship that Niu and Glinka used to obtain
the SIF solution for the welded joints. They, however, used the geometrical relationship
expressed in terms of the SIF rather than the weight function.

K := K :-^

where

and

(4.7)

are the SIFs for the deepest point of a semi-elliptical crack in welded

joints and flat plates, and

and

for edge cracks in welded joints and flat plates,

respectively.
Brennan andDover

[4.16]

applied thecomposition

method to external

circumferential cracksin threadedconnections. They also dealt withthe geometrical
relationship, shown in Fig. 4.7, in terms of the SIF.
T^O

1^0

^0

^Rod

^SF

=
^SF

(4.8)

where
^ L d ■ SIF for a surface crack emanating from an angular comer

in a rod

; SIF for a surface crack in a rod
Kgf, : SIF for an edge crack emanating from an angular comer

in a semi-

fmite strip
K^p. : SIF for an edge crack emanating in a semi-finite strip

Consistent stresses should be used in the geometrical relationship because of the
goveming equation (Eq. 4.8) expressed in terms of the SIF. Eq. 4.7 and 4.8 are not
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independent of applied stress. Â'^^^was from the Raju and Newman solutions [4.17]
and Kgp is given by 1.12crV^. Both
stress. Finally, calculation of

and

were based on a uni-axial tensile

for a certain stress distribution requires AT^^^ defined

for the same stress distribution. Brennan and Dover calculated the weight function for
^Rod using Ojdrovic and Petroski’s multi reference SIF method [4.13] to meet the same
stress condition.
The above two studies highlighted the advantages of the composition method.
Further studies implementing the composition method in terms of the weight function
rather than the SIF are expected. Teh successfully carried out a series of calculations of
edge crack SIFs emanating from various shaped notches using the weight function
composition method [4.14]. No study has however been reported for the calculation of
surface crack SIFs using the weight function composition method.

4.3

ROOT-MEAN-SQUARE SIF WEIGHT FUNCTION

4.3.1 Definition of RMS SIF Weight Function

Cruse and Besuner [4.18] conducted a surface crack study using the virtual crack
extensions as shown in Fig. 4.8. The Cruse and Besuner approach introduced the Rootmean-square (RMS) or averaged SIF in the two primary crack growth directions instead
of considering the deepest and surface point SIFs that may be locally unrepresentative of
bulk crack behaviour. Expressions for the RMS SIFs in the two principal directions
K

a,

K

b

are given by:

=T ^L

(49)
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where angle ^ is the elliptical characteristic angle as shown in Fig. 4.9. This approach
reduces numerous degrees of freedom in defining local variation of crack area Sp- as
shown in Fig. 4.2 to a two-degree-of-freedom problem involving the depth and the
surface directions.
When a normal load o; applied to crack area S causes a crack opening
displacement

the potential energy variation SIT due to a incremental change in crack

area dS is given in Eq. 4.10.

Sn =

^Su ^dS

(4.10)

The potential energy variation can be also expressed using ‘the energy release
rate’ G^, which is given by the relation

dr =

where

dr

(4 . 1 1 )

is the SIF at a crack front point under normal stress o;, <5? is a virtual crack

extension perpendicular to the crack front (Fig. 4.2), and H is the generalised Young
modulus.
From Eq. 4.10 and Eq. 4.11 the following relationship is obtained:

dS =

dr

(4.12)

Similarly, for an arbitrary load cr„ (with corresponding displacement

and SIF

it is

found that

ds

=

dr

(4.13)

Application of the superposition principle for a linear elastic body yields:
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£ K + a „ ) 5 ( « „ + « „ ) dS =

rft-

(4.14)

Using the energy balance equations, Eqs. 4.12 and 4.13, and the reciprocity principle:

fjO 'A » ^

dS

(4.15)

finally the following equation is derived from Eq. 4.14:

dS =

If the values of

and

dr

(4.16)

are available, Eq. 4.16 can be used to determine K„ for the

arbitrary load cr„.
If AS is the related crack area change,

M =

dr

(4.17)

Eq. 4.16 yields the following governing equation:

Eq. 4.18 introduces a weight function, which depends on a chosen virtual crack
increment AS. For the virtual crack extensions proposed by Cruse and Besuner [4.18],
Eq. 4.18 can be expressed as Eq. 4.19 replacing cr„ with
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and K„ with K^.

where the expression inside the bracket of the first left term can be substituted with the
product of the weight function m and K^. Using the two types of virtual extension
and ASb shown in Fig. 4.8, the weight functions can be defined as follows:

J L J ^ ^
K ^ d ( A S ,y

(4,20)
K ^d {A S ,)

Applying the superposition and reciprocity principles to the RMS SEF definition
in Eq. 4.9 can also lead to the following expression:

This equation can be rewritten as Eq. 4.22a using Eq. 4.18; the same applies to the
virtual extension ASb, giving Eq. 4.22b:

dS

(4.22a)

dS

(4.22b)

K ob

Eq. 4.22a and 4.22b define the RMS SEF as a weight function. The weight function is
quite different compared to the one-dimensional weight function (Eq. 1.28).

4.3.2 Calculation of RMS SIF Weight Function

A two-dimensional COD fimction is necessary to calculate the RMS SEF weight
function. Various studies using different COD functions were conducted by Mattheck et
al [4.19] and Fett [4.20]. Mattheck et al. expanded the Petroski and Achenbach COD
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function [4.21] to surface cracks using a number of simplifications but the results give
considerable errors. Most attempts were made based on single reference SEF solutions,
while Fett [4.22] suggested a method employing two reference SEF solutions. Similar to
the multiple reference state method [4.23], Fett worked on the expression of the weight
function directly rather than using COD fonctions. Application of Fett’s suggestion
leads to the following three-term weight function based on two reference SEF solutions:

fÀ ^ )

+ (^o ~ 2 ^ ) ^ \ —p ! r + (Cj —

~ p/

3/2

pf '
(4.23a)

cos 2^)yjl- p / r + (C2

“/ = = = +
^ l-p /r

=

c o s2 ^ )(l-p / r Ÿ ‘
(4.23b)

where

and

are the weight functions based on crack geometry a and c instead of AS^

and ASb where:

h

h

(4.24)

This is possible because crack area increments AS^ and ASq are uniquely determined by
crack size increments Ôa and &, respectively, as shown in Fig. 4.8. F u n c t i o n s go,
and gj are given in terms of unknown coefficients A q, A j, B q, and Bj '.

fo W =

^ ™ f —
[(a I c f cos" 4 + sin " ()]"""
a sin (j) + c cos (j)

go («>) =

^
f — — [{alcŸ cos" <l>+ sin "
a sin (j>+ c cos (j)

/] {<!>) = ^ o ~ A cos(2^),

g, {(p) =
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cos(2^)

(4.25)

The unknown coefficients are determined using the following conditions [4.22]:

• For any path ending at /? = 0 identical values of

must result. The same

must hold for h^.
• As a consequence of symmetry and continuity, odd derivatives must
disappear at the centre of surface cracks, {dh /
...=

h ! dp'

^=0,p=0

0)

• The goveming equation, Eq. 4.18, must be fulfilled for any given reference
SIF solution.

The procedure to calculate the RMS SEF for a given stress condition involves an
area-domain integral as shown in Eq. 4.22. The weight function has a singularity at the
crack front and caution should be exercised when dealing with the singularity using
numerical integration. When the stress distribution is given in a polynomial form, the
following integral formula helps to avoid numerical error:

J»

=

r(m + « + 3/2)

(426)

4.3.3 Discussion

The original RMS SIF in Eq. 4.9 always gives positive values and can not
distinguish the effect of compressive stress over crack area. However, the derived RMS
SEF definition in Eq. 4.22 can take into account the sign of applied stress. Therefore, the
derived definition reflects applied stress more realistically.

For pure bending,

compressive stresses below the neutral axis cause errors in the SIFs calculated from the
original definition. Fig. 4.10 shows the RMS SEFs calculated using the original and
derived definitions for (a) uni-axial and (b) pure bending stresses. The original RMS
SEF increases erroneously as the crack grows into the compressive stress zone {a/t > 0.5)
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under pure bending, whereas the two approaches give good agreement under uni-axial
stress.
In addition, the derived definition is found to be linear, while the original
definition is nonlinear due to the squared term inside the integral in Eq. 4.9.

The

linearity allows the superposition of the RMS SIFs as follows;

K{a^ + ct^) = K{ c7^) + K{ c7^)

(4.27)

The Fett RMS SIF weight function [4.22] is found to be more accurate compared
to the Mattheck RMS SIF weight function [4.19]. This is not surprising, given that Fett
did not deal with COD directly but the weight function that is defined as the function of
COD derivative in Eq. 4.20. Fig. 4.11 compares the RMS SIFs calculated from the Fett
and Mattheck weight functions with the RMS SIFs calculated by the original definition
(Eq. 4.9) for (a) a/c=0.25, under pure bending and (b) a/c=\.Q, under pure bending. The
Fett results show good agreement with the original RMS SEFs, while the Mattheck
weight function produces considerable error. The Newman and Raju SEF was used for
the calculation of the original RMS SEF. The fact that the original RMS SEF definition
does not reflect compressive stress over crack area explains the small differences
between the Fett and original methods for a/t >0.5 in Fig. 4.11.
Fig. 4.12 shows an interesting feature of the Newman and Raju SIF (Y) and the
RMS SEF (Y ) calculated from Eq. 4.22 for surface cracks in flat plates subjected to uni
axial stress. The differences between the SEFs and RMS SIFs become larger as the
aspect ratio a/c decreases. This trend would suggest that when the RMS SIF is used to
calculate fatigue crack growth, the Paris law coefficients (C and m in Eq. 1.22) should
be different from those used when applying the Paris law in terms of the SEF. This issue
is discussed in more detail in Chapter Five dealing with a real application of surface
crack growth.
The weight function for the surface point in Eq. 4.6 in Section 4.2.1 is defined
with an

singularity at x = 0. References [4.24] and [4.18], however, questioned the

validity of this assumption. The Newman-Raju [4.9] and Shiratori et al. solutions [4 .10]
developed from finite element analysis are also based on the same assumption. On the
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other hand, Hayashi et al. [4.24] showed that the SIF values sharply decrease in a semi
elliptical surface crack in a semi-infinite solid as the angle 0 approaches zero as shown
in Fig. 4.13. Their study clearly shows there is a weaker singularity at the surface than
often assumed. The RMS SIF is believed to overcome this surface singularity because it
does not deal with a single point at the surface, but instead averages over the crack front.
Therefore, the effects of any assumption relating to surface point singularity are reduced
using the RMS SIF approach. Further discussion relating to this issue is continued
considering actual crack growth data in Chapter Five.

4.4

E x tended V a in sh to k W e ig h t F u n ctio n

Vainshtok and Varfolomeyev [4.25] suggested a two-dimensional weight function
methodology for semi-elliptical cracks and illustrated this using a semi-elliptical cracks
in a semi-finite solid. Following this first attempt, Vainshtok extended the methodology
to part-elliptical and semi-elliptical cracks in flat plates, using an asymmetrical weight
function as well as a symmetrical weight function [4.26]. Lee and Kim applied the
Vainshtok weight fimction to embedded elliptical cracks in a turbine rotor [4.27] and to
longitudinal surface cracks in a cylinder subject to thermal shock [4.28]. All these
studies dealt with cracks that can be perfectly represented as elliptical or semi-elliptical
cracks.
This section reports an extension of the Vainshtok weight function to
circumferential surface cracks in tubulars and provides a means for studying crack
growth behaviour in drill string connections in Chapter Six. Crack shape in pipes or rods
was firstly defined to allow development of the solution. A number of attempts to model
external circumferential cracks are reported in the literature.

A circular-arc-shaped

crack was used by Salah El Din and Lovegrove [4.29], Forman and Shivakuma [4.30]
and Caspers et al. [4.31]. The implementation of a circular arc is slightly different from
each other in terms of where and how the circular arc centre is placed. Fig. 4.14 shows
the different modelled circular-arc-shaped cracks in rods by (a) Salah El Din and
Lovegrove [4.29], (b) Forman and Shuvakuma [4.30], and (c) Caspers and Mattheck
[4.31]. Raju and Newman [4.17], in their FE study of circumferential surface cracks in
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pipes and rods, used a mapped flat plate semi-elliptical crack. These, however, become
distorted at low crack aspect ratios {a/c'). Fig. 4.15 shows Raju and Newman’s mapped
crack shape details for (a) a /c -0.8 and (b) a /c -0.38.

Lorentzen et al. [4.32] and

Carpinteri [4.33] employed a part-elliptical shape to model actual crack profiles more
accurately. In the present study the part-elliptical cracks have been used to derive the
weight function for external circumferential cracks in pipes and to simulate crack aspect
ratio evolution.

Fig. 4.16 shows the crack shape details and notation employed

throughout this study.

4.4.1 Extended

Vainshtok

Weight

Function

Theory

for

External

Circumferential Cracks in Pipes

The SIF

of circumferential surface cracks in pipes subject to uni-axial stress <j^

can be expressed by

{ a ,^ ,a lc ,a lt,c l4 ) =

a I c,a I t,c I

E{k)

4 + {a I c f cos^

(4.28)

where ^ is the characteristic angle, t is the pipe thickness, ^ is the pipe outer radius, and
E{k) is the complete elliptical integral of the second kind with k defined as ‘1 - {a /c f\
shown in Fig. 4.16.
The crack opening displacement

under uni-axial stress

is assumed in the

following form [4.25]

u^{r,a,(/>,a/c,a/t,c/^) =

2a a
/% a /c ,a /t,c /^ )
E{k)H
(4.29)
^F{(j),al c ,a lt,c l Ç)

where H is the generalized Young modulus. F u n c t i o n a/c, a/t, c /^ comes from the
definition of the SIF (Eq. 4.28) and F{(j>, a/c, a/t, c /^ is an unknown boundary
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correction function.
The crack opening displacement function

in terms of / and F, however, does

not cover the area where angle 0 is less than 6^ in Fig. 4.16, since / and F are not
determined for the angles less than 6^ (or <j>^. This is because the SIF

is only defined

at the crack front whose angle is bigger than 9^ (or ÿj. As an attempt to overcome this
geometry limit, a simple approximation was introduced to a crack opening displacement
function Uj for the cracked area 6<

as below.

'Icjja
E{k)H

<koJ

J

dF
d(j)

+

(4.30)
where functions / and F are approximated using the first order Taylor series based on
their value and derivatives at ^

Determination of F{0, a/c, a/t, c/{)
The energy balance relationship as a crack extends is given by:

(4.31)

=j ^ ^ S R c o s ^
H

where S is the cracked-area domain, ôR is the crack point extension vector and cp is the
angle between S i and the crack front normal. The notation details are given in Fig. 4.17
and the terms can be expressed as follows.
cos^ = (sin^ ^ +

cos^ ^)(sin^ 6

cos^ 9)

dr - c^ sin ^ (j>-\-a^ cos^ ^ d<l>
acr
dS = ^ d r d ( /f
~R
a = a/c
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If a crack grows without any crack shape change as shown in Fig. 4.18a, S i and
ôu^ are given by:
n\-M 2
ÔR = &f(sin 6 + a cos 2 0)

0*32)
(4 33)

dc

I
where

da

{ \ - v ) f +a

EH

1/2
7*^ 1

T
da

]('+ ]

,2 A

+/•

1/ 2

sin ^ ^ + (1 - v)F + a

1-

du„
dc

(

1/ 2

2<j,
-a<
EH

r'^\

-

1/2

sin^ <!>
^='2

oF
1aa \

(4.34)

,. 2

cos (j>

dc

y
sl/2

+3 F ~

dF r
COS^ (j) + vF + c — 1 dc
r:‘

where
V=

a ‘ K jk)
-1
E(^)

(4 35)

K{k) is the complete elliptical integral of the first kind.

Finally ôu^ for the crack

extension mode of Fig. 4.18a is given by:

ôu„ =

du
du.
^Sa + - ^ ô c
da
dc
20-.
EH

f

/

J a=const

_2

'" F

dF
dF
+ a
he —
da
dc

+ a

^ da

r

1/2

r
he

dc )\^

R ^

+ F-

2

1+ 2

R

3/ 2

Fa
(4.36a)
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The same operation applies to W;defined in Eq. 4.30 and yields ôuj.

Ôu^ =

\ da

dc

J a=const
1/ 2

7rr

f:

EH

da
6K
da

2
gK
dc / - F ,

1/2

+ F ,.

dc yh

+ a — - + c-

-

:

Sa
(4.36b)

where

/2 = /(?*».«/c,a/^c/^) +(jîS -

(4.37a)

d<p
dF
d<!>

(4.37b)

Calculation of Eq. 4.31 using Eq. 4.32 - 4.36 requires the following separate
domain integrals due to the pipe geometry as shown in Fig. 4.19:
0oR"

n!2R

^^(j^Su^dS = 2 J J (j^Su^rdrdO + 2 J J a^SujdrdO

(4.38)

0 0

where
0oR*
2 f f G.Su.rdrdO 0 0

E{k)H

acSal

f /2 (1 -1 )+ F 2
15
i

5
(4.39a)

( dF,
dF,']
+ a —- +c
da
dc
—
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-

j

n! 2

atlR

2 I J o -A /-

‘^d0 = -^ ^ ac6a\

j /+ -F + 5
3

E{k)H

e„ 0

da

do
(4.39b)

1 ( dF

dF']
+ - Cl
h C ------dc J
5 \ da
where
X =^ \ - { R '/R f .
R =

2a^ tan (j>
^ l + a^ tan^ (f>

The right term in Eq. 4.31 can be rewritten as follows:
2a^7T
E ik y n

H

From Eqs. 4.36 - 4.40, Eq. 4.31 reduces to an expression containing the unknown
function F{<j>, a/c, a/t, c/^). A displacement continuity condition at the crack centre is
given by:
z/o(r=0, $) = constant = Q

(4.41)

W;(r=0, 6) = constant = Q
These conditions, substituted into Eq. 4.29 and 4.30, produce the following equations:

M„(r = Q,a,(l>,alc,alt,cl4) =
u^{r = 0,a,(j),al c,a ! t,c l

=

E{k)H
2(ja

E{k)H

( / + F) = Q
+F^) = Q

(4.42a)
(4.42b)

From these.
F {i> ,alc,alt,cl^) =
F^{(j),a!c,alt,cl

=

2o-„a
2a a

- f{(j),a lc,a lt,cl

(4.43a)

f^ {^ ,a lc ,a lt,c l

(4.43b)
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Eq. 4.43b can be expanded as follows:

o(p

2< tm

d(/)

This reduces into:
0/

ÊE.
d(!>

(4.44)

d<j)

Substituting Eq. 4.43 into Eq. 4.31, the energy balance relationship, yields:

C^E{k)H _
1
—
2cr„a
C ,% )

nl2

______________
cos^ ^ dcj)

J / V sin ^ ^

-I

Q

/ 2

+Q

0

7cn

-I

ôa

2 . 2 ^
—^ "I---5
15

ôc

d<j>

(4.45)

d<j>

where

0

— - A ^ + - A ’ +2v
15
5
vl5

5

/

Q = - - . î + A '- - A ’
5
5
2 1
C, = - - - X ‘ + - X
’ 15 3
5

(4.46)

Finally the boundary correction function F(^, a/c, a/t, c /^ is given by:
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F((j>,al c,a ! t , d

mi
______________
— J/^-^sin^ ^ + cos^ ^ d(j)

=

-1
0

nil

- I

Q / +Q a ^ +c ^
&Z
ÔC
2 , 2 ^
— —
5
15 ^

(4.47)

d(!>
OCl

OC J

Determination of SIF
The energy balance equation, for load a„, displacement u„ and SEF K„, is given as
below;

K:
£cr„<S/„aS = ^^-^m coi< pdT

(4.48)

Application of the superposition principle using another SIF, load and displacement set
% , errand w j yields

£(cr„ +a,)S(u„ + u )d S = \ J ^ ^ ^ ^ j ^ m c o s ç d r
H

(4.49)

The reciprocity principle allows:

I*(j^ôu dS = Jsf <J„Su
dS
Js ° ”
" o

(4.50)

From Eqs. 4.31 and 4.48, and Eq. 4.50, Eq. 4.49 reduces to
K K
f —-—-ôRco^œdT - f
h M
Js
where

dS
o

(4.51)

is the crack opening displacement function covering

regions shown in Fig. 4.19.
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and Uj for the two

Eq. 4.51 is a governing equation to calculate the SEFs of external circumferential
cracks in pipes. Different governing equations are required for different crack extension
modes. The present study takes into account the modes shown in Fig. 4.18b and 4.18c.
These modes are symmetrical and independent of each other. The governing equations
for the two modes are given by:

(4.52a)

L dS

L COSÇï/r =

H
KK

(4.52b)

where

SR\s^=

6'

(4.53a)

cos^ ^) ^'^ôa

^ |^= sin^ ^-(sin^ ^ +
9

(4.53b)

cos,^ 6) ^'^Ôc

An unknown SIF K„ can be denoted in the following form, using the same
analogy as in Eq. 4.28:

■^„ =

/

,
E(k)

/

(4.54)

+ a" cos" (!>)''“

where function/„ may be determined from Eq. 4.52.
A non-uniform stress can be expressed as the combination of power type terms,
using the notation shown in Fig. 4.16 as follows:

X
J

0 ;;=0
»=U

Jy

(4.55)

^ a V fc V
= °"o E E Q
(=0 ;= 0

'JUy

For an arbitrary power type stress

= cr^ { -

rr
kR j

is assumed as follows:
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, function

fQj) ^ j(ü) +

sin' (j). |cos' ^1

(4.56)

The applied stress function defined in this way to take into account two-dimensional
variations, which are critical for cracks in pipes.
K„ for the stress defined as Eq. 4.55 is given by:

=

ZZQ/fV

+ « ' cos:

.-0 ;=0

M

( )

(4.57)

= Z Z Q k " + 4 '" sin'>.|cos> « ( | ) . / . ^ ^ ( s m ^ ^ +

0 0 8

^ fl)'"

1=0 ; = 0

The derived governing equations in Eq. 4.52 were used to obtain the unknown
coefficients

.

and

For an applied stress

the left terms of Eqs. 4.52a, b are rewritten as:

l^ ^ m \^ c o s ç
2o I k
acôa J
E { V fH
KK

dr

P

sin^ ^ y s i n ^ + a ^ o s ^

dcj)

Oj )

l - Y ~ m s . c o s ç dr
E { k fH

■acSca J

cos^ ^ y s i n ^ + o ^ o s ^

dip

The second terms in Eqs. 4.52a and 4.52b were also calculated for the two domains.
0oR'

m iR

c j f a ^ d S = 2 J J a fô u .rd rd e + 2 J J a^^^ôujdrdO
0GO0

0

These terms reduce as follows:
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(4.60)

eoR"

'^\\<^TSu^\s^rdrde
0 0

4cr
E{k)H

( l - v ) / , + a J - sin' ^ cos^ (/>'I { ( f i )
da

V* J

+ / j •sin

(j>•cos-' ^
dF.

+ ( 1 - y ) ^ +ÛT-

(^) + 3Fj •sin

(j) •cos-' (j>•

(4.61)

(^)

sin' ÿ cos-'

TtUR

2j
0

Æ/2

4crj r

ÛTC&f

(l-v )/ + a ^

sin '^ cos-'^ dip

V* / v^y
Till

+

J/

sin

p •cos-' p dp

(4.62)

4>o
nil

+

Ji^-sin'^<zi-cos'>- dp
nil

+D f J

(1 - v)F + a

da

sin ' ^ • cos-' p dp

nilR

drdd

2/
0n 0
4crf C
E(A:)ZZ

Y cY

ûrccTi

sin' p-cos^ p'l['^^{(p)

J

+ / j -sin' p'cos^^^ p'I^^^{p)-^3>F2 sin' p-cos^^^ p-I^^^{p)
+ y F ^ a ^

a?

sin' ^ cos-' ^ /^"^(^)> dp
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(4.63)

nllR

2 I \<rTSuJ^^r drdO
e„ 0
4crjf2 (/-Y
a Y cY

nil

acaSa\D\'^^ j
I
<
!>
o

sin'^ cos-'^ d(j>

nil

+

J / •sin ' ^•cos-'"^^ (j)

d(j>

(4.64)

K
nil

+ D * ' j F sin' ÿt cos'^ÿ)- dij>
nil

+£>f> J

vF + c

sin'^-cos^^ d(j>
ÔC

where
_

\'+y+) /< ^2
1V R J

^

!li
R 'iR f

\'+ ;+ 3 /

2 \

= J(sin

d

Ç - sin

(4.65a)

gdg

(4.65b)

0
-

1/2

\=
„

R*iR/ -si+j+^r

2\ Ml

!li
^ \»+;+Y
/fw =

2 \ 3/2

^"] = J(sin

g- - sin

^ j= J(sin

^ - 2 sin

g)ig

(4.65c)

^ + sin
(4.65d)

where

(4.66)

Ç-* = sin -'(/?•//?)

Jsin

gdç =

1 f2n')
2"" I 2

(-1) w w-1
û n {2 n -2 k)ç
^ 2w—
1 Z (-iy yk J I n - I k
Jt=0

r 2/7 + 1 cos(2/7 +1 - 2Â:)^
js in -V f= ^ ± (-l)'
2/7 + 1 —2k
^
k=0
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(4.67)

(4.68)

+1

4nT
(4.69)

AT
I

-' ' +1
2
;

sV ^ -rf^ + i
A®> =

i+y+1

^ 3

+2

IT
sV F r f + y
sr

/+y+l

+ 1

+3

Substituting Eqs. 4.56 - 4.69 into Eqs. 4.52a and 4.52b leads to the following system of
linear algebraic equations for the unknown coefficients

and

.

(4.70)

where

P\ V ~ J s i n ^ ^^sin^ ^ +

cos^ ^ d(j)
_________________

«■/2

= J / ^ sin'^^ ^•cos-'^ysin^ ^ +

(4.71)

cos^ ^

<*0

«■/2

_________________

/?2f = J / ^ cos^ ^ysin^ ^ +
<
t>
o
mi

Pi

2

cos^ ^
_________________

~ J / ^ sin'^•cos-'^^ ^-y/sin^ ^ +

cos^ ^

a

c
(^) _ 2E(A) a
Vi K \tj J y

p.0))
vs y
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(4.72)

y m

=

J
da

0

+ 3 ^ 2 • s in '+ '

(j) • c o s '

sin ' ^ •cos' (j)•7,^''^(^) +

^ • /( '') ( ^ ) +

(1 - r)7^ +a-

J

(j>•cos' (j) •7^''^^)

a7\

n!2

nil

+

' sin

(l-v )/ +a

da

sin ' ^ •cos' <!> d<j>+

nil

J/

nil

+ D('') J f •sin

• cos'> •

+ 7 )f ^ |

(1 —v)F + a

sin
dF
da

^ •cos' (j> d(j>
s in '^ • c o s'^ d(p
(4.73)

> '■ « 1

sin ' ^ •cos' (j>' 7;^''\^) + / 2 •sin ' ^ •cos'""^ (j)•7^''^(^)
dF.
ac

+ 3^2 •sin ' (j) •cos'^ (!>•7 f ^(^zJ)+
«■/2

+

£)<»> J

nfl

v/ + c ^ sin'
dc

cos' ^

+

nil

j^ / sin '^ cos'^^ÿ d(j)
(4.74)

nil

+ D f J f •sin'> • cos'^ (z)- # + D f

J

Finally the coefficients v4,^''^ and ^4^''^for the SIF

vF + c —
dc

s in '^ •c o s'^ d(!)

are given by

Aiij) ^ ^ ! ^ p ^ j z É l Æ L
Pxi^Pii^ - p f P n

Aij)

(4.75)
P ^ P ^ ÿ - p f Pu

In the above calculation, a — , c — , a ^ ^ and c ^ ^ are replaced with the following
da
dc
da
dc
expressions for actual calculations.
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(4.76)
da

c^

dc

da

2a^a

da

da

= Ç 2 £ ( ^ . - c^ = v(F + / ) 2a„a

dc

2 <j m

da

(4.77)

c^

dc

da

d [d f
dc

2g m

da

^d(/i

(4.78)

(4.79)

4.4.2 FE Analyses to Calculate SIF Solutions for External Circumferential
Cracks in Pipes under Tension and Bending

Application of the extended Vainshtok weight function theory to cracks in pipes
requires the tension SIF solutions in the form defined in Eq. 4.28. Several studies were
conducted to calculate SIFs of cracks in pipes [4.17], [4.34], [4.35]; however, none of
these provided SIF solutions in closed form.
In the present study a rotary shouldered threaded connection NC26 pin [4.36] was
modelled as a pipe with R /t = 1.5, where i?, is the inner radius and t the thickness of the
pipe.

Chapter Six deals with further fatigue & fracture analyses for the rotary

shouldered NC26 pin.
To obtain the SIFs of external circumferential cracks in the pipe, the Finite
Element (FE) method was used.

The SIF calculation was based on the studies of

Henshall and Shaw [4.37] and Barsoum [4.38], who proved that the square-root stress
singularity at the crack tip can be achieved by re-locating the midside nodes to Im 
positions, as shown in Fig. 4.20. The ABAQUS package was used for modelling and
post-processing and Fig. 4.21 shows a FE model of the pipe with a crack. A quarter of
the pipe was modelled with appropriate symmetry conditions applied to the cut sections.
Carpinteri and Brighenti [4.39] reported that the use of the %-point finite element
method does not generally produce reliable results in the surface boundary layer
(darkened area near Point B of Fig. 4.22) of surface cracks in pipes. They pointed out
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that the singularity power at the flaw border point B is less than
the intersection angle ^and becomes

for small values of

for an intersection angle (p of 100.4° (Fig.

4.22), for materials with a Poisson ratio of 0.3 under Mode I loading. Carpinteri and
Brighenti mentioned in their study [4.39] that this weak singularity, however, is
confined to the surface layer. The present FE results also confirmed their observations.
SIF (K) values are derived from the J integral, which should be independent of integral
path contours. The J integral values obtained from different contours containing a crack
tip point were found to vary close to the surface. These differences in J integral become
more pronounced in regions on the crack front close to the surface boundary, especially
in cases where the angle ç is small.
The SIFs of external circumferential cracks in the analysed pipe (fi/t =1.5) are
listed in Table 4.1 under tension and in Table 4.2 under bending, where the SIFs are
given at characteristic angle ^ for different values of a/c and a/t. The SIFs of the points
near the surface layer were selected carefully due to the scattering J integral values at
the surface layer.

This approximation is believed to be one source of error in the

resulting weight functions. This will be discussed further in Section 4.5.
In order to gain confidence in the modelling, the FE analysis results were
compared with the Raju and Newman SIF solutions [4.17]. The Raju and Newman
solutions use a different definition of crack aspect ratio a/o' rather than Carpinteri and
Brighenti’s aspect ratio {a/c) and does not provide a solution for the pipe R /t =1.5. The
definition of crack length c’ is given in Fig. 4.16. The range of the aspect ratio that the
Raju and Newman solutions cover is 0.6 to 1.0. The differences between a/c and a/c"
are small in this range and can be neglected. The Raju and Newman SIFs for R /t =1.5
were obtained by interpolating their solutions in the range R /t = 1.0 to 10. Fig. 4.23 and
Fig. 4.24 shows the comparison of the deepest point (Point A in Fig. 4.22) SIF under
tension and bending, respectively. The differences between the Raju and Newman and
the present study are attributed to the different crack shapes and the interpolation
applied to the Raju and Newman solutions to provide the SIFs for R /t =1.5. It can be
concluded from these comparisons that the present FE results show close agreement
with the Raju and Newman SIF solutions.
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4.4.3 A Closed Form SIF Solution for External Circumferential Cracks in
Pipes under Tension

A closed form SEF solution for external circumferential cracks in pipes under
tension was obtained by curve-fitting the SIF solutions obtained from the FE analysis.
The characteristic angle ^ for the surface point, however, varies for different values of
a/c and a/t as shown in Table 4.1. Therefore, in order to derive the closed form solution,
a normalised characteristic angle (j/ was introduced as below:

(4.80)
f-o -

where

is the characteristic angle at the surface and (j/ varies from 0.0 to 1.0. The

angle

is given in terms of a, P (=a/t)m é %, ( = ÿlf = 2.5 for the present study), where

^is the pipe outer radius (Fig. 4.16).

<!>o = t a n

-1

(4.81)

2

P J

where

(4.82)

l-a '

Once the value of

is fixed as 2.5, the SIFs become a function of a,

a, and p.

This means that the SIF expression in Eq. 4.28 can be rewritten as:

^

or, /?)(sin ^ (Z)+ (z ^ cos^
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(4.83)

The angle ^ can be replaced by

and the f u n c t i o n a , p) can be obtained from the

FE results. For the regression analyses of the FE results, function

cc, P) was

defined as:

,a ,p )=

,a ,P ) ’

, a) •h{a, p )

(4.84)

where M{<j>\a,p\ g{(t>\oc) and h{a,P) have been obtained as follows:

P) = \ + { p - 0.6) •s{<t>\a)

(4.85)

s((^',a) = s^(a)-F((l>\a)
5^(a) = 0.2904a^ -0 .6864a' + 0.37a' -0 .3 1 3 5 a + 0.5584
F{<t>\a) = Fq (a) + F, (a) •(Z^'+F^(a) •sin(3.14(Z>')
Fo(a) = -4.2399a" + 5.3677a' -3.5876a -

+
Vl + ûr

F (a) = -0.3148a" - 0.2278a" - 0.5667Vâ '

0.2489cos(7.85a) + 9.78534

— - 0.3641 cos(7.85a) + 82.4909

a + 100

F^Ca) = 0.3356a' + 2.8909a' -3 .2 8 9 9 a" + 0.211 9 7 y ^ - 0.2427cos(6.28a) + 0.16942

^ ( f , a ) = C„(«) + ^ ^
Y(^+l

+ % ^ + C 3 (a )#

(4.86)

(P+i

Co (a) = 1178.0948 -10.1319

^ 30.691

12037.5

1+ a

'x/a + 1 0 0

1+ a

+ 1 28211sm(43^a) _ q q2665(1 + a) sin(3;ra)
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c , (a) = 5826.8266 +16.7711 costea) +

18 S7S9

-- 1+ a

S 8480 899

V
- 1 .0934sin(4;ra)
V a + 100

+ 0.5819sin(3;ro) - 0.6234(a - 0.5)" -0.01766cos(10.362(a -0 .5 »
_ . .
15.9204cos(;ra) 23.8282
6472.18
Cj ( a ) = -662.6131----------------- -— - + ------------+

\ + cc

\+cc

+100

+ 0.7314a sin(4;ra) - 0.08183 sin(3;ra - 0.05)
c , (a) = -561.4737 +
1

+a

_ 5.55434 ^ 5674.918 _ q 3 ^ 5 7 7 ^ sin(4;^^a)
1 + a
V a+ 1 0 0

- 0.11466sin(9.734a) + 0.03 518 cos(l 5.7a)(l - cos(3 14a)»

and

h{a, ^ ) =

(a) + [0.583 + 1.583 cos(2;r>î)]/7, (a)

(4.87)

H„(a) = 0.00675 cos(l 5.7a) + 0.0964(a - 0.5)" +1.006
77, (a) = 0.00945 sin(3.925a) - 0.0029a + 0.01568

This closed form solution was validated against the FE results as shown in Fig. 4.25 to
Fig. 4.27. The maximum error of the closed form SIF solution is estimated to be 3%
except for a few points near the surface, where the weak singularity exists and the FE
results are not thought to be accurate.

4.4.4 Validation of the Extended Vainshtok Weight Function using the FE
SIFs under Bending
Once a weight function is calculated, the SIF of any applied stress distribution on
the same geometry can be easily found. This is why the weight function is desirable and
powerful in real applications, where complex stress distributions can not be avoided.
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As an attempt to validate the extended Vainshtok weight function, the SEF
solutions of the external circumferential cracks in pipes under bending were prepared
using the FE method (Table 4.2) in Section 4.4.2.

The convolution of the weight

function with the applied bending stress as shown in Eq. 4.1 should give the same SEF
values as the FE results.
The applied bending stress is given, from Eq. 4.55, due to its simple nature as
follows:

= O', 1 -0 .4 ^ = cr. 1-0.4

^b en d in g

For this applied stress, the unknown factors

and

sin ^

(4.88)

calculated from Eq. 4.75

gives the following SIF

= [l - 0.4(^“ + Al" sin (»)]/' -^

^

(sin

+

cos" «()'

(4.89)

Fig. 4.28 shows that the calculated SEFs from the weight function agree well with the FE
results. It can be concluded that the extended Vainshtok weight function is valid for the
deepest point.
It is worthwhile to mention at this stage some aspects of the numerical
calculations involved in the SEF calculation. The COD derivative can be a source of
error. The COD function is defined in terms of functions/ and F in Eq. 4.29, which are
derived from the SEF solution for pipes under tension. The closed-form solution f i n Eq.
4.84 was obtained using the FE analysis results. Therefore, the derivative of ‘/ ’ shows
abnormal behaviour at both ends of the parametric ranges, a/c, a/t, and (j). The actual
ranges considered in the FE analysis were 0.01 - 0.999, 0.2 - 0.85, and (j>^- kH for a/c,
a/t, and <j>,respectively. It is thought that the primary source of error in the solution is
regression analysis of the FE data. At the ends of the parametric ranges, the derivative
of the curve fits show abnormal values even though the curves fit the raw data. This
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error in the COD derivative is translated into the extended Vainshtok weight function
and finally to the SIFs.

Application

of

One-dimensional

Weight

Function

to

External

Circumferential Cracks in Pipes
As introduced in Section 4.2, there have been a number of attempts to calculate
the SIF at the deepest point of surface cracks using the one-dimensional weight function,
which can be easily determined using the Petroski-Achenbach COD function [4.8] or
the Ojrdrovic-Petroski multi-reference state method [4.13]. It is worthwhile to attempt
to calculate the one-dimensional weight function for external circumferential cracks in
pipes, since the closed form SIF solution under tension is available. Using the reference
SIF solution for tension and the Ojrdrovic-Petroski series of the COD derivative, the
following one-dimensional weight function m{a, x) was calculated.

m(a, x) =

r

2yf2c

1

-

\

+C 1

-

aj

-

(4.90)

-

a)

where

-

1/ 2

1/2

dx
-

h

H

etc

Coefficients Q and C; are given as a function of a (= a/c) and p (= a/t).
This one-dimensional weight function was compared with the deepest point FE
SIFs in Fig. 4.29.

AT=

(j{x)m{a, x)dx

(4.91)
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The comparison shows that the one-dimensional weight function works well, even
though the physical meaning of a one-dimensional stress (Eq. 4.91) to pipes or rods
under bending is not clear.

4.5

Sum m a ry

and

D iscussion

Three different weight function methods for surface cracks have been studied in
this chapter. These are:

•

Extension of the one-dimensional weight fianction to surface cracks

•

RMS SIF weight function

•

Extended Vainshtok weight function

The extension of the one-dimensional weight function to surface cracks subjected
to a one-dimensional stress variation along the crack depth was found to be easy to
implement and capable of being extended to complex geometries using the composition
method.

Solutions were developed for SIFs at the deepest point of external

circumferential cracks in pipes under bending using the one-dimensional weight
function and the extended Vainshtok weight function.

These applications to pipe

shaped members, however, are ambiguous with respect to the applied stress, because the
applied stress in pipes is not one-dimensional under bending. Further comprehensive
studies are required to clarify the loading in pipes with respect to the extension of the
one-dimensional weight function.
The RMS SIF weight function for surface cracks in flat plates was determined
using two reference SIF solutions. It was shown that the RMS SIF has linear properties.
The RMS SIF is thought to be robust and stable as local inaccuracies particularly near
the surface point of surface cracks less critical because of the averaging nature of the
approach. In Chapter Five, the RMS SIF is applied to surface cracks in flat plates
subjected to non-uniform stresses and its basic properties of simulating surface crack
growth and shape evolution are studied in great detail.
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A closed form SIF solution for surface cracks in pipes under tension has been
obtained from FE analyses as a means to validate the extended Vainshtok weight
function. The results of the extended Vainshtok weight function is applied, in Chapter
Six, to the fatigue test results of threaded pins by Knight [4.40].
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4.7

T ables

Table 4.1 SIF for external cracks in pipes {R/t =1.5) under tension ( 7 = — - = )
aJm
a /c

a /t

0.3

0.4

4>9
4)7
4)2
4)3
4)4
4)5
4)6
4)g
4)io
4)u
4)12
4>14
4)13
1.531 1.533 1.535 1.537 1.539 1.541 1.544 1.546 1.549 1.552 1.556 1.559 1.563 1.567 1.571
4)0

4).

0.428 0.440 0.615 0.700 0.784 0.849 0.907 0.956 0.998 1.035 1.065 1.089 1.106 1.118

1.121

1.537 1.539 1.540 1.542 1.544 1.546 1.548 1.551 1.553 1.556 1.558 1.561 1.564 1.567 1.571
0.441 0.477 0.724 0.772 0.860 0.916 0.970 1.013 1.051 1.082 1.108 1.129 1.144 1.153 1.156
1.544 1.545 1.547 1.549 1.550 1.552 1.554 1.556 1.557 1.559 1.561 1.564 1.566 1.568 1.571

0.01

0 .6

0.467 0.675 0.854 0.937

1.012

1.066

1.111

1.148 1.178 1.203

1.221

1.235 1.245 1.250 1.252

1.548 1.550 1.551 1.553 1.554 1.556 1.557 1.559 1.560 1.562 1.563 1.565 1.567 1.569 1.571
0 .8

0.85

0.25

0.4

0.457 0.872 1.031 1.129 1.198 1.249 1.289 1.321 1.342 1.359 1.367 1.371 1.370 1.369 1.367
1.549 1.550 1.552 1.553 1.555 1.556 1.558 1.559 1.561 1.562 1.564 1.566 1.567 1.569 1.571
0.486 0.923 1.081 1.181 1.248 1.298 1.337 1.369 1.390 1.404 1.410 1.409 1.406 1.404 1.401
0.757 0.794 0.837 0.883 0.932 0.985 1.040 1.098 1.158

1.221

1.287 1.354 1.424 1.497 1.571

0.461 0.445 0.617 0.689 0.766 0.824 0.876 0.919 0.956 0.988 1.014 1.034 1.049 1.059 1.061
1.153 1.199 1.246 1.295 1.346 1.399 1.455 1.512 1.571

0.917 0.951 0.988 1.027 1.068

1 .1 1 0

0.493 0.487 0.733 0.781

0.911 0.958 0.995 1.027 1.053 1.074 1.091 1.103

0 .8 6 6

1.111

1.113

1.040 1.073 1.106 1.140 1.175 1.209 1.245 1.281 1.318 1.357 1.397 1.438 1.481 1.525 1.571
0 .2

0 .6

0.514 0.695 0.864 0.937 1.004 1.051 1.090

1.147 1.167 1.182 1.193

1.200

1.205 1.206

1.118 1.150 1,181

1 .212

1.243 1.274 1.304 1.335 1.366 1.398 1.431 1.464 1.499 1.534 1.571

0.526 0.887 1.032

1 .120

1.180 1.224 1.258 1.285 1.303 1.316 1.321 1.322 1.320 1.319 1.316

0 .8

0.85

1.122

1.133 1.165 1.196 1.227 1.257 1.286 1.316 1.346 1.376 1.406 1.438 1.470 1.503 1.536 1.571
0.529 0.936 1.080 1.169 1.228 1.271 1.304 1.331 1.348 1.358 1.361 1.359 1.354 1.351 1.348
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Table 4.1 {continued)
a /c

a/t

4>o

4»,

(k

<k

4>4

4>5

4>6

4»?

4)9

4>jo

4>u

4)|2

4>13

4>14

0.241 0.328 0.418 0.510 0.603 0.697 0.792 0.887 0.983 1.079 1.176 1.273 1.371 1.471 1.571
0 .2

0.471 0.580 0.670 0.727 0.771 0.800 0 833 0.859 0 883 0.904 0.917 0 929 0.941 0.954 0.951
0.440 0.515 0.592 0.670 0.750 0.829 0.909 0.989 1.070 1.151 1.233 1.316 1.399 1.484 1.571
0.4
0.543 0.683 0.772 0.813 0.854 0.884 0.911 0.935 0.953 0.972 0.981 0.993

1.001

1.006 1.007

0.591 0.660 0.730 0.800 0.869 0.938 1.007 1.076 1.145 1.214 1.284 1.354 1.425 1.497 1.571
0.4

0 .6

0.592 0.796

0 .8 8 6

0.935 0.972

1.000

1.023 1.042 1.055 1.070 1.077 1.086 1.095 1.096 1.090

0.706 0.772 0.837 0.901 0.963 1.025 1.087 1.147 1.207 1.267 1.327 1.387 1.448 1.509 1.571
0 .8

0.675 0.945 1.033 1.087

1.121

1.146 1.165 1.179 1.187 1.195

0.731 0.796 0.860 0.922 0.984 1.044 1.104 1.163

1.221

1.201

1.205

1.202

1.192 1.182

1.279 1.337 1.395 1.453 1.512 1.571

0.85
0.702 0.987 1.074 1.129 1.162 1.186 1.203 1.218 1.225 1.231 1.229 1.225 1.223 1.219 1.209
0 .1 1 1

0.218 0.325 0.431 0.537 0.642 0.747 0.851 0.954 1.058 1.160 1.263 1.366 1.468 1.571

0 .2

0.689 0.724 0.736 0.734 0.750 0.760 0.777 0.790 0.802 0.816 0.824 0.833 0.839 0.844 0.846
0.218 0.321 0.423 0.524 0.623 0.722 0.819 0.916

1.011

1.105 1.199 1.292 1.385 1.478 1.571

0.4
0.728 0.782 0.792 0.796 0.810 0.819 0.833 0.844 0.851 0.861 0.871 0.876 0.880
0.319 0.418 0.515 0.611 0.705 0.798
0 .6

0 .8 8 8

0 .8 8 6

0.887

0.978 1.065 1.152 1.237 1.321 1.405 1.488 1.571

0 .6

0.803 0.877 0.884 0.891 0.900 0.907 0.916 0.924 0.927 0.933 0.938 0.942 0.943 0.947 0.947
0.412 0.507 0.601 0.692 0.781

0 .8 6 8

0.953 1.036 1.117 1.196 1.273 1.349 1.424 1.498 1.571

0 .8

0.927

1.002

1.004

1.011

1.016 1.019 1.024 1.026 1.029 1.026 1.029 1.024 1.019 1.015 1.013

0.434 0.529 0.621 0.711 0.799 0.885 0.968 1.049 1.129 1.206 1.282 1.356 1.429 1.500 1.571
0.85
0.954 1.036 1.037 1.044 1.048 1.050 1.054 1.056 1.060 1.058 1.053 1.048 1.041 1.034 1.031
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a/c

a/t

(to

4»,

4b

4>3

4>4

<j>5

4>6

<t>7

4*9

4*10

4*11

4*12

4*13

4*14

4*15

4*16

0.062 0.176 0.289 0.400 0.510 0.620 0.728 0.836 0.943 1.049 1.154 1.259 1.364 1.467 1.571
0 .2

0.698 0.747 0.735 0.724 0.724 0.719 0.731 0.734 0.738 0.740 0.745 0.741 0.745 0.743 0.746
0.3

0 .8

0.4

0.094 0.208 0.320 0.431 0.540 0.648 0.755 0.861 0.965 1.068 1.171 1.272 1.372 1.472 1.571
0.719 0.770 0.751 0.743 0.738 0.736 0.742 0.743 0.747 0.750 0.752 0.753 0.757 0.757 0.758
0.125 0.239 0.351 0.462 0.570 0.677 0.782 0.885 0.987 1.087 1.186 1.284 1.381 1.476 1.571
0.755 0.803 0.777 0.765 0.764 0.754 0.760 0.763 0.766 0.768 0.772 0.768 0.771 0.767 0.769
0.187 0.301 0.412 0.521 0.628 0.732 0.833 0.933 1.030 1.125 1.218 1.309 1.398 1.485 1.571

0 .6

0.815 0.884 0.848 0.834 0.825 0.817 0.817 0.812 0.814 0.812 0.813 0.811 0.813 0.811 0.812
0.248 0.347 0.444 0.539 0.631 0.721 0.809 0.895 0.978 1.060 1.139 1.216 1.291 1.364 1.435 1.504 1.571

0 .8

0.896 0.998 0.940 0.929 0.911 0.900 0.894 0.885 0.884 0.877 0.874

0 .8 6 8

0.864 0.859 0.856 0.854 0.853

0.040 0.141 0.242 0.341 0.440 0.538 0.635 0.731 0.827 0.922 1.017

1.111

1.204 1.297 1.389 1.480 1.571

0.716 0.765 0.722 0.716 0.703 0.694

0 .6 6 8

0.669 0.665

0 .2

0.3

0.999

0.4

0.74

0.681 0.679 0.673 0.673

0 .6 6 6

0.664 0.665

0.060 0.163 0.264 0.364 0.463 0.561 0.657 0.753 0.848 0.942 1.034 1.126 1.217 1.307 1.396 1.484 1.571
0.738 0.792 0.738 0.731 0.712 0.704 0.698 0.690 0.687 0.681 0.680 0.676 0.676 0.672 0.674 0.671 0.671
0.080 0.184 0.286 0.386 0.485 0.583 0.679 0.774

0 .8 6 8

0.960 1.051 1.141 1.230 1.317 1.403 1.488 1.571

0.749 0.808 0.753 0.748 0.730 0.720 0.713 0.703 0.700 0.694 0.692 0.687 0.687 0.683 0.683 0.682 0.681
0 .1 2 0

0 .6

0 .6 8 8

0.226 0.329 0.431 0.530 0.627 0.722 0.816 0.907 0.997 1.085 1.171 1.255 1.337 1.417 1.495 1.571

0.802 0.875 0.803 0.798 0.774 0.761 0.750 0.738 0.734 0.725 0.721 0.714 0.712 0.707 0.706 0.705 0.703
0.149 0.255 0.359 0.461 0.560 0.657 0.751 0.844 0.934

1.022

1.108 1.191 1.272 1.351 1.427 1.500 1.571

0.840 0.952 0.834 0.843 0.807 0.796 0.782 0.770 0.762 0.752 0.746 0.741 0.731 0.728 0.723 0.719 0.716
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Table 4.2 SIF for external cracks in pipes {R/t = 1 .5 ) under bending {Y - — = )
a/c

a/t
0.3

0.4

4>o

4»,

4»,

*4

4>s

4>6

4>7

<t>9

<t>io

4*12

4>13

4>I4

1.531 1.533 1.535 1.537 1.539 1.541 1.544 1.546 1.549 1.552 1.556 1.559 1.563 1.567 1.571
0.408 0.394 0.553 0.632 0.710 0.772 0.827 0.874 0.915 0.951 0.980 1.004

1.021

1.032 1.035

1.537 1.539 1.540 1.542 1.544 1.546 1.548 1.551 1.553 1.556 1.558 1.561 1.564 1.567 1.571
0.403 0.415 0.630 0.677 0.757 0.809 0.859 0.900 0.936 0.967 0.992 1.013 1.027 1.037 1.040
1.544 1.545 1.547 1.549 1.550 1.552 1.554 1.556 1.557 1.559 1.561 1.564 1.566 1.568 1.571

0 .01

0 .6

0.373 0.551 0.702 0.776 0.842 0.890 0.932 0.966 0.994 1.018 1.035 1.049 1.058 1.064 1.065
1.548 1.550 1.551 1.553 1.554 1.556 1.557 1.559 1.560 1.562 1.563 1.565 1.567 1.569 1.571

0 .8

0.363 0.672 0.803
0.85

0.25

0.4

0 .8 8 6

0.945 0.990 1.025 1.054 1.074 1.089 1.097

1.101

1.100

1.099 1.098

1.549 1.550 1.552 1.553 1.555 1.556 1.558 1.559 1.561 1.562 1.564 1.566 1.567 1.569 1.571
0.360 0.702 0.831 0.915 0.973 1.016 1.050 1.078 1.097

1.110

1.116 1.115

0.757 0.794 0.837 0.883 0.932 0.985 1.040 1.098 1.158

1.221

1.287 1.354 1.424 1.497 1.571

1.112

1.109 1.106

0.420 0.416 0.578 0.646 0.718 0.772 0.821 0.862 0.896 0.926 0.950 0.969 0.983 0.992 0.994
0.917 0.951 0.988 1.027 1.068

1.1 1 0

1.153 1.199 1.246 1.295 1.346 1.399 1.455 1.512 1.571

0.435 0.435 0.678 0.699 0.775 0.817 0.860 0.893 0.922 0.946 0.966 0.981 0.992 0.999

1.001

1.040 1.073 1.106 1.140 1.175 1.209 1.245 1.281 1.318 1.357 1.397 1.438 1.481 1.525 1.571
0 .2

0 .6

0.425 0.582 0.726 0.790 0.848 0.889 0.924 0.952 0.974 0.992 1.006 1.015
1.118 1.150 1.181

1 .212

1.022

1.026 1.026

1.243 1.274 1.304 1.335 1.366 1.398 1.431 1.464 1.499 1.534 1.571

0 .8

0.409 0.700 0.819 0.893 0.944 0.982
0.85

1.010

1.033 1.048 1.059 1.063 1.063 1.061 1.059 1.057

1.133 1.165 1.196 1.227 1.257 1.286 1.316 1.346 1.376 1.406 1.438 1.470 1.503 1.536 1.571
0.404 0.728 0.846 0.920 0.969 1.006 1.033 1.055 1.070 1.078 1.080 1.077 1.071 1.068 1.065
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Table 4.2 (continued)
a/c

a/t

4»o

*1

4>4

<j>9

4*7

4>5

4^10

4>ii

4*12

4*13

4*14

0.241 0.328 0.418 0.510 0.603 0.697 0.792 0.887 0.983 1.079 1.176 1.273 1.371 1.471 1.571
0 .2

0.577 0.601 0.657 0.704 0.737 0.770 0.794 0.822 0.840 0.862 0.867 0.897 0 885 0.905 0 896
0.440 0.515 0.592 0.670 0.750 0.829 0.909 0.989 1.070 1.151 1.233 1.316 1.399 1.484 1.571
0.4
0.534 0.635 0.715 0.751 0.785 0.809 0.832 0.850 0.864 0.879 0 883 0.909 0 896 0.910 0.908
0.591 0.660 0.730 0.800 0.869 0.938 1.007 1.076 1.145 1.214 1.284 1.354 1.425 1.497 1.571
0.4

0 .6

0.522 0.700 0.776 0.817 0.846 0.867 0.884 0.898 0.906 0.917 0.914 0.937 0.925 0 932 0.927
0.706 0.772 0.837 0.901 0.963 1.025 1.087 1.147 1.207 1.267 1.327 1.387 1.448 1.509 1.571
0 .8

0.561 0.785 0 856 0.898 0 923 0.941 0.953 0.962 0.965 CL968 0.959 0.973 0.958 0.956 0.948
0.731 0.796 0.860 0.922 0.984 1.044 1.104 1.163

1.221

1.279 1.337 1.395 1.453 1.512 1.571

0.85
0.574 0.808 0.878 0.920 0.944 0.960 0.971 0.979 0.982 0.983 0.982 0.982 0.978 0.962 0.953
0 .1 1 1

0.218 0.325 0.431 0.537 0.642 0.747 0.851 0.954 1.058 1.160 1.263 1.366 1.468 1.571

0 .2

0.710 0.709 0.718 0.713 0.726 0.733 0.742 0.751 0.754 0.761 0.766 0.773 0.778 0.784 0.787
0.218 0.321 0.423 0.524 0.623 0.722 0.819 0.916

1.011

1.105 1.199 1.292 1.385 1.478 1.571

0.4
0.734 0.741 0.746 0.745 0.753 0.756 0.764 0.771 0.773 0.776 0.780 0.788 0.790 0.794 0.795
0.319 0.418 0.515 0.611 0.705 0.798
0 .6

0 .8 8 8

0.978 1.065 1.152 1.237 1.321 1.405 1.488 1.571

0 .6

0.764 0.798 0.797 0.796 0.798 0.798 0.800 0.801 0.799 0.805 0.803 0.801 0.800 0.802 0.802
0.412 0,507 0.601 0.692 0.781

0 .8 6 8

0.953 1.036 1.117 1.196 1.273 1.349 1.424 1.498 1.571

0 .8

0.817 0.869 0.863 0.861 0.857 0.851 0.848 0.844 0.840 0.832 0.830 0.822 0.815 0.810 0.808
0.434 0.529 0.621 0.711 0.799 0.885 0.968 1.049 1.129 1.206 1.282 1.356 1.429 1.500 1.571
0 85
0.831 0.887 0.880 0.878 0.872

0 .8 6 6

0.862 0.856 0 853 0.849 0.842 0.830 0.822 0.815 0.811
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Table 4.2 {coriiirmed )
a/c

a/t

0.2
0.3

0 .8

0.4

0.6

<t>0

4),

(k

4>3

4>4

4)7

4)g

<|>9

4>io

4>ii

kz

ks

4>M

ks

kô

0.062 0.176 0.289 0.400 0.510 0.620 0.728 0.836 0.943 1.049 1.154 1.259 1.364 1.467 1.571
0.748 0.739 0.717 0.704 0.701 0.693 0.698 0.701 0.703 0.704 0.707 0.702 0.705 0.703 0.705
0.094 0.208 0.320 0.431 0.540 0648 0.755 0.861 0.965 1.068 1.171 1.272 1.372 1.472 1.571
0.760 0.745 0.724 0.710 0.705 0.699 0.695 0.695 0.694 0.692 0.695 0.694 0.696 0.695 0.696
0.125 0.239 0.351 0.462 0.570 0.677 0.782 0.885 0.987 1.087 1.186 1.284 1.381 1.476 1.571
0.781 0.766 0.736 0.719 0.712 0.701 0.695 0 693 0.695 0.697 0.697

0 688

0689 0.684

0 .6 8 6

0.187 0.301 0.412 0.521 0.628 0.732 0.833 0.933 1.030 1.125 1.218 1.309 1.398 1.485 1.571
0.837 0.816 0.775 0.753 0.737 0.723 0.715 0.704 0.700 0.694 0.691

0.686

0.685 0.683 0.683

0.248 0.347 0.444 0.539 0.631 0.721 0.809 0.895 0.978 1.060 1.139 1.216 1.291 1.364 1.435 1.504 1.571
0 .8
0 .8 6 8

0.2
0.3

0.999

0.4

0.74

0.826 0.807 0.782 0.764 0.750 0.734 0.726 0.714 0.706 0.696 0.689 0.681 0.677 0.674 0.673

0.040 0.141 0.242 0.341 0.440 0.538 0.635 0.731 0.827 0.922 1.017

1.111

1.204 1.297 1.389 1.480 1.571

0.673 0.707 0.702 0.698 0.682 0.670 0.663 0.653 0.649 0.641 0.639 0.633 0.633 0.628 0.629 0.626 0.627
0.060 0.163 0.264 0.364 0.463 0.561 0.657 0.753 0.848 0.942 1.034 1.126 1.217 1.307 1.396 1.484 1.571
0.696 0.740 0.713 0.702 0.685

0 .6 6 8

0.658 0.647 0.641 0.633 0.630 0.623 0.621 0.617 0.617 0.615 0.614

0.080 0.184 0.286 0.386 0.485 0.583 0.679 0.774

0 .8 6 8

0.960 1.051 1.141 1.230 1.317 1.403 1.488 1.571

0.723 0.761 0.724 0.707 0.693 0.670 0.658 0.644 0.638 0.628 0.623 0.616 0.613 0.608 0.608 0.605 0.605
0 .1 2 0

0 .6

0 .8 8 8

0.226 0.329 0.431 0.530 0.627 0.722 0.816 0.907 0.997 1.085 1.171 1.255 1.337 1.417 1.495 1.571

0.743 0.817 0.740 0.729 0.698 0.679 0.661 0.644 0.635 0.622 0.614 0.604 0.599 0.593 0.590 0.588 0.587
0.149 0.255 0.359 0.461 0.560 0.657 0.751 0.844 0.934
0.769

0 .8 6 8

0.749 0.748 0.705 0.687

0 .6 6 6

1.022

1.108 1.191 1.272 1.351 1.427 1.500 1.571

0.648 0.634 0.619 0.609 0.600 0.588 0.591 0.569 0.587 0.567
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4.8

F ig ur es

Crack face S

1 Tw o-dim ensional crack subjected to tw o-dim ensional stress distribution

Fig. 4.2 N otation for virtual crack extension o f a surface crack

Fig. 4.3 N otation for a general tw o-dim ensional planar crack
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fie\à

îiê -
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,a/c=0.2 (S&G)

0.9 -

-a/c=0.4 (S&G)
■a/c=0.6 (S&G)
a/c=0.8 (S&G)
a/c=1.0 (S&G)
a/c=0.2 (N&R)
- a/c=0.4 (N&R)

0.6

• a/c=0.6 (N&R)
0.5

a/c=0.8 (N&R)

0.4

a/c=1.0(N&R)

S&G: Shen and Glinka
N&R: Newman and Raju

0.3
0

0.1

0.2

0.3

0.4

0.5

a/t

(a)

Y A (at the deep est point)

0.9
0.8
0.7

a/c=0.001 (S&G)
•a/c=0.2 (S&G)
■a/c=0.4 (S&G)
•a/c=0.6 (S&G)
a/c=0.8 (S&G)
a/c=1.0 (S&G)
•a/c=0.001 (N&R)
■a/c=0.2 (N&R)
•a/c=0.4 (N&R)
•a/c=0.6 (N&R)
a/c=0.8 (N&R)
a/c=1.0(N&R)

0.6
0.5
0.4
0.3

S&G; Shen and Glinka
N&R: Newman and Raju

0.2
0.1
0
0

0.1

0.2

0.3

0.4

0.5

a/t

(b) Yb (at the surface point)

Fig. 4.5 Comparison of Y^ and Yg of a surface crack under a linearly decreasing load
between the Shen-Glinka weight function and the Newman-Raju SIF [4.9]
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V

Fig. 4.6 G eom etric relationship for the com position m ethod in Niu and G linka’s study
[4.15]

Fig. 4.7 Diagram o f the weight function com position m ethod for an external
circum ferential crack in a threaded pin
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AS

AS,

B

B

Fig. 4.8 Virtual crack extensions of semi-elliptical surface cracks proposed by Cruse
and Besuner [4.18]

Fig. 4.9 Notation for semi-elliptical surface cracks in plates
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3.5
3

a/c=1.0
a/c=0.2
-B— a/c=1.0
• - a/c=0.2

(o rig in a l)-----------a/c=0.9 (original)
(original) ---------- a/c=0.1 (original)
(derived) - -O- - a/c=0.9 (derived)
(derived) - - b - - a/c=0.1 (derived)

a

2.5

.0"

a2

J3'

...B
..B . . . B

1.5
1
0.5

G
0.1

0.2

0.3

0.4

0.6

0.5

0.7

0.8

0.9

a/t

a) Uni-axial stress

1.25
----------- a /c = 1 .0 ( o r i g i n a l ) -a /c = 0.9 (original)
- a/c=0.1 (original)

.............. a /c = 0 .2 (original)
□

a /c = 1 .0 (derived) — a /c = 0 .9 (derived)

- • D- - -a /c = 0.2 (derived)

— - O - -a / c = 0 .1 (derived)

0.75

y.
0.5

1 3 .,

0.25

0

0.2

0.5

0.6

-0.25
a/t

b) Pure bending stress

Fig. 4.10 Differences between the original and derived RMS SIFs
(ÿ=^/(ffÆ )
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a/c=0.25
Mattheck’s (at A)
Fatt's (at A)
Reference(Newman/Raju) (at A)
--

Mattheck's (at B)
Fett's (at B)
Reference(Newman/Raju) (at B)

i R 0.75

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

a/t

a) a/c=0.25, under pure bending, Y = K l{o4na)

0.8

0.7
0.6

0.5
0.4

a/c=1.0
Mattheck's (at A)

0.3

Fett's (at A)
Reference(Newman/Raju) (at A)

0.2

- 0.1

Mattheck's (at B)
Fett's (at B)
Reference(Newman/Raju) (at B)

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

a/t

b) 8/0=1.0, under pure bending, Y = K l{o4na)
Fig. 4.11 Comparison of RMS SIF using the Mattheck [4.19] and Fett [4.22] solutions
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a/c=1 (RMS SIF)
- - - • a/c=0.7 (RMS SIF)
a/c=0.25 (RMS SIF)
-- - a /c = 1 (N&R)
- - - a/c=0.7 (N&R)
a/c=0.25 (N&R)

1.8

0.6

-

0.4 0.2

-

0

0.2

0.6

0.4

0.8

1

0.8

1

a/t

Y A (at the deepest point)

(a)

1.4
- a/c=1 (RMS SIF)
• a/c=0.7 (RMS SIF)
- a/c=0.25 (RMS SIF)
-a/c=1 (N&R)
a/c=0.7 (N&R)
- a/c=0.25 (N&R)

1.2

0.8
Yb, Yb
0.6
0.4

0.2
0

0

0.2

0.6

0.4

(b) Yg Y B (at the surface point)
Fig. 4.12 Comparison of the original SIFs (using Newman-Raju solution [4.9]) and
RMS SIFs of surface cracks under uni-axial stress
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0.8

a/b

0.7

0.6

0.5
0.3
0.4
0.3

O*
^(degree)
Fig. 4.13 Detailed SIF distribution near the free surface of a semi-infinite body by
Hayashi and Abe [4.24]
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(a)

(b)

(c)

(a) Salah El Din and Lovegrove [4.29]
(b) Forman and Shivakuma [4.30]
(c) Caspers and Mattheck [4.31]

Fig. 4.14 Different circular arc cracks for surface cracks in round bars

(b) a / c -0.38

(a) a/c -0.80

Fig. 4.15 Raju and Newman’s mapped crack shapes [4.17]
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Pipe

Fig. 4.16 Details and notation o f a Part-elliptical shaped crack

dS
SR

Fig. 4.17 Energy balance relation notation
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(a)

(c)

(b)

Fig. 4.18 Simple crack extension m odes

Fig. 4.19 Crack opening displacem ent functions
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and

for the cracked area

Crack
Crack tip

% node

Fig. 4.20 The ’/ 4-point displacem ent m ethod for 3D planar cracks

Fig. 4.21 A quarter FE m odel o f a pipe with an external circum ferential crack {R/t =1.5,

L/Rrl.9)
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Fig. 4.22 The boundary layer with weak singularity (darkened areas)

1.2 1

A —-

A

a/c=0.6
(Raju&New man)
a/c=O.B
(Raju&New man)
a/c=1.0
(Raju&New man)
■a/c=1.0
(FEA)
a/c=O.B
(FEA)
—- - a/c=0.6
(FEA)

■
0.8

0.6

-

0.4 J

0.2

-

y =

K
o ■y J n a
a/t
0.2

0.4

0.6

O.B

Fig. 4.23 Com parison o f the Raju and N ew m an [4.17] and the FEA SIF solutions for
the deepest point o f cracks in pipes under tension
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1.2 1

1

-

A

a/c= 0 .6

(Raju&New man)
a/c=0.8
(Raju&New man)
■
a/c=1.0
(Raju&New man)
a/c=1.0
(FEA)
a/c=0.8
(FEA)
———- a/c=0.6
(FEA)
°

0.8

-

0 .6 J

Y
0.4 ^

0.2

-

K

Y =

a/t
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Fig. 4.24 Com parison o f the Raju and N ew m an [4.17] and the FEA SIF solutions for the
deepest point o f cracks in pipes under bending
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M

Y((j),a/c,aA) of C rack s in P ip e s u n d e r te n s io n

{a/c=0.2,R:A=^.5)

Symbols: FE calculations
Lines: SIF equations
a/t=0.25

I
$r 06

a/t=0.4
a/t=0.6

—- —•- 3/t—
0.8
a/t=0.85

04

a/t=0.25
a/t=0.4
a/t=0.6

02

Y =

o

K

a/t=0.8

<7^Ka

OSTOB

o sn c

a/t=0.85

ojwraa

OMaoB

waase

«see*

m «72

Fig. 4.25 Com parison o f the closed form SIF solutions and FE results ( loading =
tension, a/c = 0.2, R/t - 1.5)
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Y((p,a/c,aÂ) of Cracks in P ip es under ten sion
(a /c =1.0, R,/t=1.5)

12
1

Symbols: FE calculations
Lines: S F equations

08

a/t=0.2
—- —- - a/t=0 .3
———- a/t—0.6
---------- a/t=0.74
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Fig. 4.26 Comparison of the closed form SIF solutions and FE results ( loading =
tension, a/c - 1.0, R/t - 1.5)
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Fig. 4.27 Comparison of the deepest point SIFs of the closed form solutions and FE
results ( loading = tension, R/t =1.5)
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Fig. 4.28 Comparison of the FE and extended Vainshtok weight function SIFs at the
deepest point of external circumferential cracks in pipes under bending
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Fig. 4.29 Comparison of the FE and ID weight function SIFs at the deepest point of
external circumferential cracks in pipes under bending
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CHAPTER 5. NON-UNIFORM STRESS TESTS
5.1

I n tro d u ctio n

The controlled application of residual stresses can in theory be used to influence
the growth rate and shape of fatigue cracks which might develop in a structural
component. This chapter investigates crack shape evolution in non-uniform stress fields
as a precursor to the more specific analysis of crack growth in residual stress fields.
There are many practical difficulties in designing an experiment to observe
surface crack growth in a cyclically loaded specimen containing a residual stress field.
Residual stress measurement methods are relatively inaccurate compared to those for
applied stress [5.1] and very few methods are available to map residual stress over an
area large enough to study commonly occurring surface crack geometries. Suitable non
destructive measurement methods for those experiments were not available and ACSM
only covers very shallow surface layers.

Furthermore, processes used to introduce

residual stress result in changes in material properties. This further complicates analysis
as the mechanical properties of the worked surface are difficult to obtain from standard
tests.
If a crack propagates through a section containing residual stress, the calculation
of the SIF range {Æ ) usually involves a non-uniform stress distribution. The study
reported here created non-uniform stress field fatigue tests allowing investigation of SIF
solutions in non-uniform stress fields. The analytical modelling carried out involved the
calculation of crack front SIFs of the surface cracks under non-uniform stress
distributions. The calculations of the SIFs were made possible using the 2D weight
functions developed in Chapter 4. In particular, the RMS SIF was successfully applied
to the non-uniform fatigue test results. It is believed that this is the first study to apply
the RMS SIF to real crack growth problems and to compare its use with the surface
point SIF approach.
In addition to the above, the anisotropy of the steel was also studied with regard to
fatigue crack growth. This was important in order that material effects could be isolated
when comparing surface and depth crack growth behaviour. Compact Tension (CT)
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tests were carried out to obtain C and m for specimens manufactured from offshore steel
BS7191 355D [5.2] and the test results related to those of the non-uniform stress tests
using the same material.
The non-uniform stress test results were modelled using the RMS SIF and CT test
results with respect to crack growth and aspect ratio change. It is well known that the
prediction of surface crack growth is crucially affected by crack aspect ratio, as the SIFs
of surface cracks are sensitive to the surface crack aspect ratio as shown in reference
[5.3].
A critical review of previous studies of surface crack aspect ratio evolution is
reported and these are compared with the results of this work.

5.2

CT T ests

CT tests were carried out to obtain the Paris law coefficient and exponent (C and
m) for an offshore steel BS7191 355D. The same material was used for the non-uniform
stress tests reported in Section 5.3. The specimens were removed from the parent plate
in different orientations so that the anisotropy (if any) of the rolled plate could be
observed.

The test procedures followed British Standard BS6835 [5.4] and partly

ASTME647 [5.5].

5.2.1 CT Test Details

Three types of specimens were removed from two different plates of BS7191
355D.

Types A and B were removed from a plate 65mm thick and Type C was

removed from a plate 25mm thick as shown in Fig. 5.1. Two specimens of each type
were manufactured. The directions of Types A and B were chosen so that crack growth
could be related to surface crack growth in rolled plates. The material properties and
chemical composition of the two plates are shown in Table 5.1 and Table 5.2.
The CT specimen dimensions were according to BS6835. These are shown in Fig.
5.2. The R ratio (Pmi/P^ax) was fixed as 0.1 with a load range (AP) of 12kN throughout
the tests.

Sinusoidal cyclic loading was applied by a servo-hydraulic fatigue test
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machine (INSTRON Model 1251) at a frequency oïl.SHz. All the tests were conducted
in air with room temperature 15 - 18°C. A travelling microscope with an accuracy of
± 0.02mm was used to measure crack length. This is shown in Fig. 5.3. The number of
cycles was recorded at approximately every 0.25mm crack extension and the tests were
carried out without interruption. After finishing each test, the specimen was broken
open to measure the crack front curvature. The measured crack length a was corrected
taking into account the crack front curvature. The seven-point-interpolation method,
recommended by ASTM E647, was used to calculate the crack growth rate da/dN. The
SIF range AK was calculated according to the formula given by BS6835.

5.2.2 CT Test Results

Following completion of each CT test the crack fronts were checked after
breaking open the specimens because the crack length is measured from the side of the
specimens. The surface of the specimens is subjected to bi-axial stresses and in this
region shear stress is dominant in crack opening. Only the mid thickness section can be
considered as in plain strain. These differences cause the crack front to be curved rather
than straight. However, if there is any uneven contact between the loading pin and the
specimen, an unbalanced moment can be applied to the specimen and the crack front
may result in an asymmetrical shape that causes error in sizing the crack length. Fig.
5.4 shows two cases, (a) a symmetrical crack front and (b) an asymmetrical crack front.
It is clear that the test results of Fig. 5.4 (b) should be disregarded.
Types A and B were designed to study whether or not any significant difference
in crack growth resistance existed between the two directions shown in Fig. 5.1. The
results of three tests are shown in Fig. 5.5 as AK versus daldN. Fig. 5.5 shows that the
common cold rolling process for production of the plate material tested does not induce
considerable differences in fatigue crack resistance. It can be concluded from this result
that no significant material anisotropy exists in this material with respect to crack
growth.
Fig. 5.6 shows the crack growth rate versus the SIF range {AK) for both Type C
specimens. The results of Type C will be compared later with those of the non-uniform
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stress tests. It can be seen from Fig. 5.7 that Specimen Type C is slightly tougher than
Types A and B. It should be noted that Type C specimens were manufactured from a
thinner plate than Types A and B. Table 5.1 and Table 5.2 show that the material for
Type C specimens is of higher strength than the thicker plate. Fig. 5.7 also shows that
the present CT test results go between the recommended mean and design curves for
steels in air (R < 0.5) by BS79I0 [5.6]. The design curve of BS7910 was defined by
adding two standard deviations to the mean curve of the experimental data. It is shown
that the guidance of BS7910 can be still applicable to the offshore steel BS7I91 355D,
even though the test material gives higher crack growth rate than the mean curve.

5.3

N o n - u n ifo r m Stress T ests

In order to support the study of the RMS SIF weight function applied to cracks in
non-uniform stress fields, three uniform cyclic loading tests and four non-uniform cyclic
loading tests were conducted using a specially designed four-point bending set-up.
Beach marks were generated at periodic intervals so that crack growth data could be
obtained including crack aspect ratio changes and growth rates. These tests provided
valuable information for the study of surface crack growth.

5.3.1 Non-uniform Stress Test Set-up

The details of tests are shown in Table 5.3. Test IDs were named after the size of
the semi-elliptical starter notch used, which were introduced by spark erosion. Test
specimens were manufactured from the same plate as for the CT Tests (Type C).
The specimens were prepared carefully taking account of the rolling direction
before introduction of the starter notches as in Fig. 5.1. Two locating blind holes were
machined at both ends of the specimens to fix the specimen position with respect to the
loading points (Fig. 5.8). These holes were particularly important for the non-uniform
loading tests, where a slight deviation in position would induce changes in applied stress.
The four-point bending set-up was used for both the uniform and non-uniform
stress tests.

Sinusoidal cyclic loading was applied by a servo-hydraulic fatigue test
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machine (INSTRON Model 1362) at a frequency of 2.0Hz.

Two wide supports

spanning the width of the specimens were used for the uniform stress tests; two short
supports for the non-uniform stress tests. The test configurations are shown in Fig. 5.9
and Fig. 5.10 for the uniform and non-uniform stress tests respectively.

The wide

supports are thought to have induced slightly non-uniform through thickness stress
distribution due to the short distance between the supports; however, for the purpose of
crack growth analysis a uniform pure bending stress was generally assumed for the wide
support specimens.

The short supports induced a three dimensional varying stress

distribution from the centre of the specimens where the crack starter notches were
machined.

It was critical for the ensuing fracture mechanics analysis to obtain the

applied non-uniform stress distribution precisely.

5.3.2 Experimental Stress and Numerical Stress Analysis

A quarter of the specimen was analysed as a FE model comprised of 20 node
solid elements (C3D20 in ABAQUS [5.7]). Linear elastic stress analysis was carried
out to obtain the three-dimensional stress distribution with the boundary conditions
shown in Fig. 5.11. x- and y-symmetry conditions were applied to Face OA and OB,
respectively. Discrete forces in the negative z direction were applied at the top surface
with a total magnitude of 45kN. To simulate the supporting points, constraints in the z
direction were applied at the bottom surface. The lengths of the constraints were varied
to model the wide and short support specimens.
Experimental stress measurements were conducted to verify the stress
distributions obtained from the FE stress analyses.

Ten three element electrical

resistance rosette strain gauges (TML gauge type: FRA-3-11, gauge factor: 2.12, and
resistance: 1200 [5.8]) were used to measure applied stress at the top and bottom
surfaces of one uniform stress and one non-uniform stress specimen. The load was
applied to the specimen in steps to a maximum of 85 kN and a series of strain
measurements were recorded at each load step. The slope of a linear load-strain curve
obtained from the strain readings at each measuring point was used to determine an
experimental stress.
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For the uniform stress tests, only one calibration factor was calculated from the
results of the FE analysis and stress measurements. The calibration factor 0.98 was
obtained as the ratio of the measured stresses to the FE results. A value less than 1.0
was expected because the real contact conditions are not a theoretically sharp point
effectively reducing the width of the moment arm and finally the applied bending
moment.
For the non-uniform stress tests, the calibration process assumed that the FE
results were a reasonably true description of the actual stresses through the plate
thickness. This led to the assumption that the actual stress distribution through the
thickness follows the same gradient of the distribution from the FE results.

This

assumption is necessary because experimental stress measurements were only possible
at the top and bottom surfaces of the specimen, while the through thickness stress
distribution was required for the fracture mechanics analysis.
Fig. 5.12 shows the comparison of the measured stress at the top and bottom of
the specimen with the FE results for the non-uniform stress tests. The nominal stress
was calculated, by considering simple beam theory with the maximum bending stress at
the top surface and at the centre of the specimen. Fig. 5.13 shows the normalised stress
distribution through the thickness obtained from the FE analysis.

Any non-uniform

stress distribution can be expressed as the sum of polynomials using the least squares
method.

In the present study the stress distribution obtained from the analysis was

given by

where
T is the thickness of the specimen
B is the width of the specimen
X, y ,

and z are the coordinates defined in Fig. 5.11
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Table 5.4 lists the calculated coefficients Q obtained by curve fitting the FE results.
However, the actual through thickness stress distribution can not be the same as that of
the FE results. When the through thickness stress distribution is expressed as a 4* order
polynomial function shown in Fig. 5.14, at a point

= 0, FE stresses at the top and

bottom surfaces Cjp and cFbf can be rewritten as follows.

<yrF=C,
bf — C'o

O '

”*"^1

^3 + C*4

{z IT = 0.0)

(5.2)

(z / T = 1.0)

(^-^)

Actual applied stresses at the top and bottom surfaces, at j

and Og^ can be

expressed using the ratios y-j- and Yb defined in Table 5.5:
^TM ~ y r ^ o

( z /J ' —0.0)

+C2 + Q

4

-C 4 )

(z /T -l.O )

(5.4)
(5-5)

Here Obm can be rewritten as follows:

- Y t ^O

~ Y b) ^ o

~^TM

+ Q + Q + Q ) - ( X r ~ Y b )^0

(5.7)

The last term of Eq. 5.7, '(y^ - /g )Co ' may be thought of as a factor correcting the
difference between the FE results and experimental measurements and this term can be
assumed as ‘ {y^ -

)C q

•( z / T) ’ for intermediate points. This assumption implies that

the difference between the FE results and measurements is linearly distributed between
those at the top and bottom surfaces.

Finally the polynomial equation for the

measurements becomes:

- Y t^ o

-(7 t

)+
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(yr)^

(5.8)

Two typical through thickness stress distributions at different

points are given in

Fig. 5.15 showing that the corrected applied stress distributions have the same trends as
the FE results. The corrected coefficients Q for the actual stress are given in Table 5.6.

5.3.3 Fatigue Test Details

Beach Mark Generation
Beach marks were generated to measure crack length and depth by increasing the
stress ratio R and maintaining a constant maximum stress. The maximum stress was
kept unchanged throughout the tests to minimise any unknown effects resulting from
crack closure. The stress ratio R was changed from 0.1 during primary crack growth to
0.6 for beach mark generation.
The key issue of generating beach marks was the determination of the respective
number of cycles for the primary crack growth and beach mark generation. Engineering
Science Data Unit (ESDU) [5.9] crack growth curves were used as guide to calculate the
required numbers of cycles. Based on the ESDU curves, C and m data were extracted
for the beach mark calculation and are listed in Table 5.7. These are re-plotted in Fig.
5.16.
The required variables are given below to calculate the number of cycles for each
primary crack growth and beach mark interval:

. Initial crack size:

c,

. Required crack growth in depth: Aa
. Non-dimensional SIF, Y as function of crack size, a and c, and geometry of the
specimen, b and t: YJa, c, b, t) and Tg(a, c, b, t) for the deepest and surface
points respectively.
. Applied stress range: A d
. Material properties in the Paris law: C and m depending on A d and crack
growth mode
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No theoretically exact solution exists for

and Tg for the non-uniform stress tests, so

the Newman & Raju solutions for surface cracks under bending [5.3] were used as an
approximation.
The governing equation is given below from the Paris law:

AN= r
Joj

1

CAcr (T^ (a, c, b, t ) 4 ^ Y a m i l

-da

(5.9)

For a small increment Aa ’ defined as Aaln, where « is a chosen number of divisions, Y
can be assumed to be constant, and this assumption will lead to:

AN = Ÿ,dNj.
y=i
tn / 2—1

a, +Aa-Aa'

m l 2—1

= s
(5.10)

where

and

should be updated every stage of the summation in the following way:

aj - aj + Aa'

(5.11)

Cj =Cj. +C(AoYs.J^YdNj

Values of the crack growth (in depth Aa) were 1.0 mm and 0.045 mm for primary crack
growth and beach mark generation respectively in the tests. Beach marks generated in
Test NonUni_2_10 are shown in Fig. 5.17.
The number of stress cycles to generate the beach marks was taken into account
for the calculation of the primary crack growth rate. The beach mark stress cycles had
different values of stress range and stress ratio to the primary crack growth; therefore, a
method was devised to calculate the equivalent number of beach mark cycles in terms of
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the primary crack growth parameters. Crack sizes were measured including the depth
and width of the following beach marks (a^+j, c,+; in Fig. 5.18). The required information
for the calculation is given below;

. Calculated number of cycles for a beach mark growth of Aa^ in depth
froma,, c,:
. Actual applied number of cycles for the beach mark:
. Calculated number of cycles for the primary crack growth of

in depth from

Using the variables above, the equivalent number of cycles of primary crack growth was
calculated by

(5.12)

The above equation is not exact but is thought to give a reasonable approximation
considering that the equivalent numbers of cycles for beach marks are small compared
with the number of primary crack growth cycles.

Use of a Stepped Applied Force
A useful approach to studying the accuracy of SIF solutions is to plot
experimental da/dN results against the AK solution, effectively obtaining the material
properties, C and m (the Paris law coefficient and exponent).

To allow a good

comparison, the test should cover a wide range of AK. Unfortunately four point bending
tests unlike uni-axial stress tests do not give a wide range of AK at the deepest point of
surface cracks, mainly because the applied stress decreases as crack depth increases. An
example calculation showing the simulation of SIF evolution, employing the Newman
& Raju solutions [5.3] for semi-elliptical cracks in flat plates under bending, was carried
out using the ESDU C and m data based on the following equation:
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— =C ( ^ ^ Y
ck
AK/

(5.13)

The simulated SEF evolution is shown in Fig. 5.19.
It is clear from Fig. 5.19 that the SEF value at the deepest point does not increase
while the surface point SEF increases covering the range of 20 to 55 MPam’^^. The
calculation of C and m, only using AK of the range of 17 to 23 MPa m'^^ is likely to yield
erroneous results.
This narrow range of AK can be widened by increasing the applied stress level in
a stepwise manner. Beach marks were also used to separate each step. This has the
benefit that crack retardation or acceleration can be avoided by providing a buffer zone
between two primary crack zones having different applied stresses. Fig. 5.20 shows the
increased range of AK at the deepest point achieved by changing the applied stress level.
This scheme was employed for Tests Uni_3_3, NonUni_2_2, NonUni_2_10, and
NonEJni_2_10. The applied force details are listed in Table 5.8, where the applied force
was converted into the nominal stress defined in the same way as Section 5.3.2.

5.3.4 Non-uniform Stress Test Results

Crack growth curves in the form of crack depth and crack half length versus the
number of cycles and crack aspect ratio changes were obtained as basic output from the
tests. These results were analysed using linear elastic fracture mechanics, considering
the SEF and RMS SEF. Crack depths and lengths were measured from the beach marks
using a travelling microscope with an accuracy of ± 0.01mm. Fig. 5.21 shows crack
size versus number of cycles for each test. These data were converted into a crack
aspect ratio evolution plot which is given in Fig. 5.22.
Both the SEF and RMS SEF ranges can be applied to the uniform stress test results;
however, no exact SEF solution was available for the non-uniform stress tests. In order
to provide a SEF solution, the RMS SIF range {AKj^j^^ was employed to carry out a
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fracture mechanics analysis of the non-uniform stress test results. The RMS SIF can be
calculated using the polynomial stress functions obtained at Section 5.3.2.
Fig. 5.23 shows the crack growth rates at the surface and deepest points of surface
cracks versus AK for the uniform stress tests. The values of AK were calculated from
the Newman & Raju SIF equations for semi-elliptical cracks in flat plates under bending.
It is clear from Fig. 5.23 that the Paris law coefficient and exponent C and m are
different between the surface and deepest points of the semi-elliptical cracks when
calculated using the Newman Raju solutions. The surface point is shown to have higher
resistance to fatigue crack growth than the deepest point. Usually the crack length is
easier to detect and measure than the crack depth. The crack length, however, can lead
to un-conservative predictions when used as a governing variable for surface crack
growth evaluation. Additionally this observation can explain that the SIF values at the
surface points of semi-elliptical cracks, calculated from analytical or numerical methods,
are overestimated because those methods usually assume an

singularity around the

crack front. The actual singularity at the surface point, however, is known to be less
than than

assumed in LEFM theory [5.10]. This lower singularity can explain the

higher fatigue crack resistance of the surface point compared to the deepest point as
shown in Fig. 5.23. In this context the plain stress condition at the surface boundary
should be also mentioned as one of possible causes of the higher crack resistance at the
surface point. Strictly speaking the Paris law should be written as:

^ =
oN

^ = Q (A ^ r
oN

(5.14)

where the coefficient and exponent are distinguished with subscripts A and B for the
deepest and surface points, respectively. The exponents

and ntg for the present test

results may be considered the same.
Fig. 5.24 shows the crack growth rates for the surface and depth directions of
surface cracks against AKj^^

the uniform stress tests. When the RMS SIF range is

used in crack growth rate plots, it is not accurate to refer to surface and deepest points
because the RMS SIF is an average over the entire crack front.
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Hence the term

^direction' was used for the RMS SIF. The details of the surface and depth directions
are explained in Chapter 4. The RMS SIFs under bending were calculated based on the
weight function rather than the original definition given in Eq. 4.9, because the original
definition does not take into account the negative stress below the neutral axis as
discussed in Section 4.3. Comparing Fig. 5.24 with Fig. 5.23 it can be seen that using
the RMS SIF the surface and depth direction crack growth curves coincide with each
other. This behaviour can be explained by the fact that the RMS SIF is an averaged
quantity, thereby offsetting the influence of possible unrepresentative features of the
surface SIF. The test results presented in Fig. 5.24 constitute a line on a log-log scale
allowing the Paris law to be expressed in terms of the RMS SIF range:

(5.15)

dN

Comparison of Eq. 5.15 with Eq. 5.14 shows the advantage of the RMS SEF for
surface crack growth assessment.
Eq. 5.15 was also confirmed from the non-uniform stress test results shown in Fig.
5.25. The RMS SIFs were calculated using the polynomial stress function given by Eq.
5.1 and Q listed in Table 5.6. Fig. 5.26 shows that both the uniform and non-uniform
stress test results constitute the same line and that the RMS SEF can be used
satisfactorily for surface crack growth in non-uniform stress fields.

5.3.5 Discussion

The Paris law includes two prominent coefficients C and w, which are material
and constraint dependant in an air environment. These constants are obtained through
standard tests which involve edge cracks rather than surface cracks [5.4], [5.5]. The
Paris law has been employed for years with various researchers proposing variations and
modifications to compensate for differences between theoretical and actual behaviour.
It was shown in the previous section that for surface cracks the Paris law should be
applied with different coefficients C and m representing surface and depth growth rates
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when AK is used.

This observation leads us question whether values of C and m

obtained from standard tests can be used for surface crack growth assessment. This
question can be answered by comparing the CT test results given in Section 5.2.2 and
the uniform and non-uniform stress test results. The CT test specimen Type ‘C’ used
the same batch material as for the uniform and non-uniform stress tests.
The CT test C-1 and C-2 crack growth curves are shown compared with the
uniform stress test results based on AK in Fig. 5.27. This shows the CT test results are
close to those for the deepest point crack growth {da/dN) of the uniform stress tests. As
explained in Section 5.2.2 generally CT test specimens are in a state of plain stress at the
surface layers and plain strain at the core. However, the depth of the surface layer
experiencing plain stress is thought to be negligible compared to the depth of the portion
in plain stain. Therefore CT test results are regarded as representing the plain strain
condition in general. This reasoning explains the trend shown in Fig. 5.27.
Fig. 5.28 shows the comparison of crack growth rate between the CT test results
based on SK and the uniform stress test results based on AKj^s- The crack growth rate
curves of the depth and surface directions based on AKj^s are shown to be close to the
CT test results based on AK. This suggests that the Paris law coefficient and exponent C
and m obtained from the standard tests can be directly applied to surface cracks when
the surface crack growth rates are expressed in terms of

The CT test results are

shown in Fig. 5.29 to be in good agreement with the non-uniform stress test results
based on AKj^sFrom Fig. 5.28 based on AKj^s and the uniform stress and CT test results, values
of C and m of 5.79E-13 and 3.66 were obtained, respectively. Surface crack aspect ratio
simulation results are shown in Fig. 5.30 compared with the experimental data. The
calculated curves based on

simulate the experimental results with good accuracy.

It can be concluded that the RMS SIF range can be used directly to simulate
surface crack aspect ratio changes without resorting to empirical correction factors.
This subject of surface crack aspect ratio simulation methods is dealt with in the
following section.
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5.4

C r it ic a l R e v iew

of

C r a c k A spect R a t io R esea r c h

5.4.1 Introduction

Numerous studies concerning the SIF of surface cracks have been carried out to
give guidance in the design against fatigue damage.

One of the main concerns to

designers is the speed at which surface cracks grow into through thickness cracks, which
in many cases resulted in structural failure often with serious consequences.

This

highlights the importance of accurate prediction of crack growth rate. The SIFs around
a surface crack tip are very sensitive to the crack aspect ratio. Thus, for the prediction
of surface crack growth in addition to accurate SIFs, designers also need to predict crack
growth pattern as well [5.11].
Generally fatigue cracks found in structural components can be usually
approximated as a semi-elliptical in shape. Semi-elliptical crack aspect ratio evolution
may be modelled with the SIFs of the deepest and surface points combined with the
Paris Law as below:

^ =
dc Cs

(5.16)

where C and m are the Paris constants, and subscripts A and B denote the deepest and
surface points, respectively. Eq. 5.16 requires knowledge of Ç4 , Q ,

and

in order

to predict the crack aspect ratio changes.
As a possible simple approach, the “material factors” C and m may be considered
to be the same at the surface and deepest points of a surface crack. This assumption
leads da/dc to be the function of the SIF ratio 'AKJAKg and m. Holdulak et al. [5.12],
however, showed that aspect ratio changes can not be predicted by the SIF ratio and m
solely. Instead, Holdulak et al. suggested the locally varying crack resistance model,
which involves surface layers of higher crack resistance and plastic deformation ahead
of the crack front depending on applied stress level and stress ratio. Mahmoud [5.13],
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[5.14] also commented that the changes in crack aspect ratio depend on loading
frequency, stress ratio, growth rate exponent m, and mean stress.

5.4.2 Early Attempts to Model Crack Aspect ratio and the Jolies and
Tortoriello’s Study

Kawahara et al. [5.15], Portch [5.16] and lida [5.17] published empirical formulae
to predict the aspect ratio change of propagating semi-elliptical fatigue cracks in flat
plates under tension. Hosseini and Mahmoud [5.18], however, suggested that these
empirical solutions could not account for differences in the material constant m, where
m has been observed to vary between 2.0 to 4.0 depending on material.
Jolies and Tortoriello [5.19] applied Eq. 5.16 analytically. Assuming the same C
and m for the deepest and surface points of surface cracks, they attempted to explain the
observation reported in references [5.20], [5.21] that shallow semicircular flaws remain
semicircular. Jolies and Tortoriello showed that the relationship "AKqIAK^ = 0.91’ could
explain the observation and that the relation could apply not only to shallow
semicircular cracks but also to other deep and semi-elliptical surface cracks.

This

relationship was derived using the Newman & Raju SIF equations [5.3] for shallow
semicircular cracks with a/t «

1.0 and a/c = 1.0.

Jolies and Tortoriello used the

effective SIF range ( Æ ^ , which was introduced by Elber [5.22] in the context of crack
closure, in order to relate the factor 0.91 to the constraint variation along the crack tip.
Jolies and Tortoriello showed that Eq. 5.17 could model well crack aspect ratio changes
regardless of crack size or shape compared to experimental data [5.19].

da
dc

^ • f .A

U ,A K , 1
U ,A K ,_

1
0.91

(5.17)

where [/is a crack closure parameter. Newman and Raju [5.3] interpreted the Jolies and
Tortoriello method using different Paris constants for the deepest and surface points of
surface cracks as shown below:
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Q = 0 .9 " 'C ,

(5.18)

Jolies and Tortoriello’s work has been confirmed by many other studies [5.3],
[5.13], [5.14], [5.18], [5.23]. Among these studies. Mahmoud [5.13], [5.14] carried out
comprehensive studies with a wide range of published experimental data. Mahmoud
concluded that the method proposed by Jolies and Tortoriello using the Newman and
Raju SEF equations with suitable constants of m in the Paris equation could provide the
best shape change prediction, compared with other empirical aspect ratio equations
[5.15], [5.16].

5.4.3 W u’s Analyses

Wu [5.23] attempted to understand the crack evolution phenomenon in a more
analytical manner. Wu derived analytical crack aspect ratio equations for tension and
bending with good accuracy using the Newman and Raju SIF equations combined with
the concept suggested by Jolies and Tortoriello. This approach was referenced to as a
“two-point analysis”, which considers only the growth of the maximum depth point A
and the surface point B and assumes that cracks remain semi-elliptical. In the same
paper [5.23], Wu developed a “multipoint analysis” combining the Paris equation with
the requirement that the surface crack remains semi-elliptical during fatigue growth. He
used the same logic as Jolies and Tortoriello in deriving the coefficient

describing the

Paris equation for an arbitrary crack tip;

^

= C ,( A K ,r

(5.19)

where dl^ is the crack extension at ^ as shown in Fig. 5.31. For a shallow semicircular
crack, AKJAKg is reduced to ‘1 + 0.1(1-sin

when the Newman and Raju SIF

equations are employed. This is the same manipulation that Jolies and Tortoriello [5.19]
carried out to obtain the factor 0.91.
coefficient

could be related to

Using this relationship Wu suggested the

by the equation:
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c , = ---------- ^ ------ —
^ [1 + 0.1(1-sin (!>)']"

(5.20)

becomes ‘0 . 9 at a surface point with <j>= 0.0 as Jolies and Tortoriello suggested
in Eq. 5.18. It should, however, be mentioned that Eq. 5.20 was derived for crack fronts
of shallow semicircular cracks and that its generalisation to other deep and semi
elliptical cracks could be misleading. More discussion about Wu’s multipoint analysis
will follow in Section 5.4.7.

5.4.4 Studies using the Crack Closure Parameters

Following the Jolies and Tortoriello proposal that crack closure could explain the
existence of the factor 0.9'" {or 0.91'"), there have been a number of attempts to measure
crack closure ratio. Kim and Song [5.24] measured % and % for surface cracks under
tension and Song and Oh [5.25] under bending.

was measured on edge crack

specimens using the crack mouth gauge method [5.26] and f/gwith surface cracks using
small strain gauges bonded in the vicinity of the surface intersection points. Song and
Oh observed that the value of

is close to 0.9 regardless of the applied loading type

and stress ratio. It is important to mention that the values of C/^ and % are different
depending on loading type and crack aspect ratio, but

is always observed to be 5-

15% larger than % [5.27]. This result is consistent with the fact that the plastic zone
size at the surface is larger than at the deepest point due to a plain stress condition at the
surface. Therefore the plastic zone around the crack tip was thought to be one of main
factors causing changes in crack aspect ratio.

5.4.5 Modifications to SIF equations

Some other studies, which dealt with SIF rather than the crack closure parameter
U or the constants of the Paris equation C and m, attempted to use directly crack growth
data of edge {or through thickness) cracks (usually obtained from the standard tests [5 .4],
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[5.5]) for the analysis of surface cracks of the same material. Holdbrook and Dover
[5.28] studied the differences between edge cracks and surface cracks, and those
between the surface and deepest points of surface cracks.

They developed SIF

equations for surface cracks as an attempt to predict surface crack growth using the
same C and m of edge cracks.

Holdbrook and Dover’s SEP equation produced

satisfactory results in applying C and m values obtained from edge cracks to predicting
the crack growth of the surface and deepest points of a surface crack of the same
material.
Scott and Thorpe [5.29] made an attempt similar to Holdbrook and Dover by
reviewing crack aspect ratio changes of surface cracks using different SIF solutions.
Scott and Thorpe suggested new SIF equations by combining different magnification
terms representing finite thickness and width corrections based on the fitness of the
solutions to describe crack aspect ratio changes. They also attempted to correlate the
crack growth data of surface cracks with those obtained from compact test specimens.
In order to understand the behaviour of the Holdbrook and Dover and Scott and
Thorpe SIF equations, a reference SIF solution, which was suggested by the SESA
Fracture Committee [5.30], was compared with both solutions. The SESA SIF was
proposed following a benchmark analysis using the SIF solutions submitted by Smith &
Sorenson [5.31], Raju & Newman [5.32], McGowan & Raymund [5.33], Heliot et al.
[5.34], Kobayashi [5.35], and Atluri & Kathiresan [5.36]. The calculation parameters
were for a/c=0.5, a/t=0.0 to 0.8, at the surface and deepest points under tension and
bending. Fig. 5.32 shows that the Holdbrook and Dover equations give quite different
values from the others under tension. Fig. 5.33 shows that the Scott and Thorpe
equations give different results from the others under bending. However, these direct
comparisons are unlikely to lead to relevant conclusions because their SIF solutions
were developed on the basis of crack aspect ratio change.
The Holdbrook and Dover and Scott and Thorpe SIF equations should be
reviewed in terms of KJKg. The ratio KJKg of their solutions should be 1.1 times
greater than the Newman and Raju solutions as their SIFs were developed to reflect
crack aspect ratio changes using the same values of C and m for surface and deepest
points.
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£

= 1.1- £
V

B J Modified

V

0.91

B ^ Newman&Raju

V

(5.21)
B J Newman&Raju

Eq. 5.21 above is expected to have the same effect as Cg = 0.91™C^, if the same C and m
for the deepest and surface points are used:

da
V

B J Modified

1
C . 0.91'

(5.22)
\

B

Newma&Raju

Fig. 5.34 and Fig. 5.35 shows SIF ratios for the same crack geometries of Fig.
5.32 and Fig. 5.33. Holdbrook and Dover’s SIF solutions are shown to be close to L I
times greater than the Newman and Raju solutions for tension and bending; however,
Scott and Thorpe’s solutions show the same behaviour only for a narrow range of a/t
under bending. It can be concluded from these facts that Holdbrook and Dover’s SIF
equations are consistent in terms of crack aspect ratio changes; however, Scott and
Thorpe’s SIF equations are likely to fail to predict crack aspect ratio changes
consistently, when applied with the same values of C and m for surface and deepest
points.

5.4.6 Lin and Sm ith’s FE Study

Developments in computing power have allowed new numerical based solutions
for traditional problems previously solved by analytical or empirical approaches. Lin
and Smith [5.37], [5.38] considered the problem of surface crack aspect ratio changes
using a computer program with an embedded finite element analysis capability to search
for a realistic crack growth pattern. The solution remeshes a cracked model at every
stage of crack growth. The governing equation adopted by Lin and Smith to predict the
crack growth evolution is given as follows:
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^ = C (A K ,r
oN

(5.23)

This equation is very similar to the Wu multipoint analysis except that C is taken
to be constant. Lin and Smith did not consider variations of C and m along the crack
front. It was reported [5.37] that Lin and Smith’s FE model initially produces a non
semi-elliptical surface crack; however, any deviation from a semi-ellipse is reduced
automatically by compensating SIF distributions in subsequent steps of the analysis.
Automatic adjustment of local crack front shape was believed to lead to a realistic crack
growth pattern [5.38].

5.4.7 Discussion

Studies of surface crack aspect ratio changes can be summarised into two
categories.

The first is to model crack aspect ratio using published or numerically

calculated SIFs at the surface and deepest points of surface cracks. The other category is
the modification of surface crack SIFs to use the Paris law coefficients obtained from
edge {or through thickness) cracks for both surface and deepest points.
Most of these studies except for Lin and Smith’s FE study assumed that surface
cracks always maintain a semi-elliptical shape.

Modelling of crack aspect ratio

evolution can be simplified into two distinct approaches.

•

Two-degree-of-fi’eedom problem: The surface and deepest point information is
sufficient to model crack aspect ratio evolution.

•

Multi-degree-of-freedom problem:

Every point on the surface crack front

should be dealt with as a variable governing crack shape. (Wu’s multipoint
analysis and Lin and Smith’s FEM study)

Wu’s multipoint analysis differs from Lin and Smith’s FEM study in that the multipoint
analysis maintained the assumption of the semi-elliptical surface crack while Lin and
Smith’s FE analysis did not prescribe a semi-ellipse.
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The analyses adopting a two-degree-of-freedom approach can be applied to
practical applications.

Caution should be exercised when using the two-degree-of-

freedom models, these do not apply to surface cracks in welded joints. Experimental
data used to develop the model were obtained in carefully designed test conditions using
plain plates without weldments. Welding processes introduce tensile residual stress and
numerous small defects both on the surface and subsurface. The weld defects often are
crack initiators and tend to increase crack length at the surface. Surface crack growth
tests in welded joints were reported in reference [5.39] and give relatively low crack
aspect ratios compared to those from the models discussed in this chapter.
Even though the two-degree-of-ffeedom approach predicted the experimental
results with good accuracy, the method can not be considered to be theoretically
rigorous. Firstly Jolies and Tortoriello explained the factor 0.91 using a crack closure
ratio U and later Newman and Raju related the adjustment to the Paris coefficient C.
The equations relating U and C are given in Eq. 5.16 and 5.17. These can be extended
into the following relationship:

B

V

(5.24)

Another relationship can be inferred from Eq. 5.24 and the Paris coefficient

of Eq.

5.19 for a point on a crack front.

(5.25)

Conceptually

should increase as the crack point gets deeper and the maximum value

of U should exist at the deepest point. Furthermore the semi-elliptical surface crack
shape also supports the argument that the ratio of Q in Eq. 5.19 to Q changes from 0.9""
at the surface point to 1.0 at the deepest. To confirm this observation,
using Eq. 5.19 and dl^. The expression of dl^ is derived as follows.
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was calculated

dl^ =

‘ sin^ ^ ' da + c ■cos^ ^ •dc)

cos(A 0)
sin^ ^

(5.26)

^Jc^ cos^ ^ +

using the notation given in Fig. 5.31.
The terms À and ^can be expressed as:

= tan ' (

c

^

t

a

^ = tan~’(—tan^)
c

n

(5. 27)
(5.28)

The terms da and dc appearing in Eq. 5.26 can be expressed using an arbitrary small
crack extension SA.

da = C ^(A K J’” ‘SA
dc = 0.9'”C^(AK^)'" -SA

(5.29)

Q can be calculated, given dl^ and Eq. 5.19.
Fig. 5.36 shows C /C 4 along the crack front of a shallow semicircular crack with
flf/c=1.0, and a/t=0.05 and a/t=O.S compared with the multipoint analysis Eq. 5.20. Eq.
5.20, however, does not define

as a function of crack size a/t, as it gives only an

approximate solution for small semicircular cracks. Fig. 5.36 clearly shows that Wu’s
multipoint analysis results in significant error if used for a deep semicircular crack. Fig.
5.37 was plotted in the same way to show the ratio of
along the crack front. Fig. 5.37 shows that
angle ^ increases. A monotonie increment of

to C 4 for semi-elliptical cracks

does not monotonically increase as the
is assumed with the two-degree-of-

freedom approach applied to semi-elliptical cracks, as discussed in Section 5.4.4.
Finally it should be stated that crack closure is not the only factor responsible for the
factor of 0.91.

Even though the two-degree-of-freedom approach can simulate

experimental data quite closely, the crack closure explanation does not appear
theoretically rigorous.
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The uniform stress test results showed different crack growth rates between the
surface and deepest point in Fig. 5.23. Considering the two-degree-of-freedom models
the difference in growth rates should diminish when a factor of 0.91 is multiplied to AK^
as shown in Eq. 5.17. For these results, however, a factor of 0.8 produces better results
than 0.91 as shown in Fig. 5.38.

The obtained factor 0.8, of course, should be

considered to only represent a specific case rather than a general trend. This observation
shows at the same time that the factor 0.91 does not represent all the cases involving
surface crack growth.
The RMS SIF range modelled the surface crack shape changes of the uniform and
non-uniform stress tests reported in Section 5.3. This demonstrated that semi-elliptical
surface cracks can be theoretically modelled using the two-degree-of-freedom RMS SIF
without correction. Therefore the RMS SIF can be a good alternative to the two-degreeof-freedom approach with its factor of 0.91.
The RMS SIF also is an alternative to redefinition of surface crack SIF equations,
as in Holdbrook and Dover, in order to use the Paris law coefficients obtained from edge
{or through thickness) cracks for both the surface and deepest points. It has been shown
in Section 5.3 that the RMS SIF crack growth curves are close to those of the CT tests
regardless of the surface and depth directions (Fig. 5.28).

5.5

S um m a ry

This chapter reported standard and surface crack tests which provided useful
crack growth data. The CT tests gave reference crack growth data of an offshore steel
(BS7191 355D) and the uniform and non-uniform stress tests provided surface crack
growth data for the same material. The non-uniform tests were designed to allow study
of fracture mechanics models for cracks in non-uniform stress fields, as is the case due
to residual stress. In this study the RMS SIF approach was developed and verified for
use in both uniform and non-uniform stress applications. Several issues associated with
anisotropic crack growth have been addressed. The issues raised are:
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•

Can the Paris law coefficient and exponent C and m obtained from standard tests
represent crack growth behaviour of the surface and deepest points of surface
cracks?

•

How can the differences in the crack growth behaviour of the surface and deepest
points of surface cracks and crack aspect ratio evolution be modelled?

Various published studies were reviewed and discussed.

The factor of 0.91

assosicated with crack shape evolution and its history was investigated.

A new

parameter C /C 4 was introduced in order to evaluate the factor of 0.91, which has been
associated with a crack closure factor U or the Paris law coefficient C. It has been
shown that inconsistencies arise in simulating surface crack shape changes by the twodegree-of-ffeedom approach, where only the surface and deepest point SIFs are used.
Holdbrook and Dover’s, and Scott and Thorpe’s modified SIF equations were
reviewed in terms oîK/Kg, showing that the factor 0.91 was included implicitly into the
redefined SEF equations (Fig. 5.34 and Fig. 5.35).

The Holdbrook and Dover SIF

equations have been shown to give relatively consistent results.
The RMS SEF introduced in Chapter 4 was successfully applied to the surface
crack test results and demonstrated to be a robust and powerful approach to crack
modelling in non-uniform stress fields. The values of C and m obtained from the CT
tests have been shown to fit the surface crack growth rates based on the RMS SEF range
AKj^s- The crack aspect ratio evolution results were modelled satisfactorily using the
CT test values of C and m and ^

rms-
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5.7

Tables

Table 5.1 Material properties and chemical composition of the 65 mm plate for Types A
and B (offshore steel BS7191 355D) as quoted by the supplier
. M echanical properties

U.T.S

yield 0 .2 %

elongation

(MPa)

(MPa)

%

519

364

26.1

Charpy impacts:
1 1 0

- 2 0

114

°C

1 2 2

Chemical composition

C%

Si %

Mn %

S%

P%

V%

Cu%

AL%

Nb%

N%

0.17

0.33

1.37

0.014

0.021

0.037

0 .0 2 0

0.041

0.007

0 .0 0 2

Table 5.2 Material properties and chemical composition of the 25 mm plate for Type C
(offshore steel BS7191 355D) as quoted by the supplier
. M echanical properties

U.T.S

yield 0.2%

elongation

(MPa)

(MPa)

%

532

397

31

Charpy impact:
264

268

- 2 0

°C

266

Chemical composition

C%

Si %

Mn %

S%

P%

V%

Cu%

AL%

Nb%

N%

0.14

0.35

1.49

0 .0 0 0

0.015

0 .0 0 2

0 .0 1 0

0.028

0.035

0 .0 0
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Table 5.3 Details o f the Non-uniform Stress Tests

Test ID

applied stress type

crack initiator size
{a X c) (in mm)

specimen dimension
{length Xwidth x
thickness) (in mm)

PreTest

uniform stress

5x5

400 X 130 X 25

Uni_3_5

uniform stress

3x5

400x210x25

Uni_3_3

uniform stress

3x3

400x210x25

NonUni_2_3

non-uniform stress

2x3

400x210x25

NonUni_2_2

non-uniform stress

2x2

400x210x25

NonUni_2_10

non-uniform stress

x

400x210x25

NonUni_2_5

non-uniform stress

2

1 0

2x5

400x210x25

Table 5.4 Coefficients Cij obtained from the FE stress analysis
Cij
j,

i,

0

1

2

3

4

0

1.30

-3.33452

4.305494

-9.16681

5.87559

1

0 . 0 2

-1.37557

8.515227

-15.5398

8.496042

2

-7.62

189.7478

-1197.04

2464.001

-1479.2

3

15.78

-1087.79

5882.029

-7797.16

2911.025

4

-135.68

-10415.5

112166.7

-316879

222680.4

5

3028.20

183427.7

-1728775

4342709

-2885181

6

-25577.41

-1237268

11490262

-2.8E+07

18220617

7

119521.96

4970844

-4.6E+07

l.llE+08

-7.1E+07

-355900.96

-1.3E+07

1.24E+08

-2.9E+08

1.88E+08

713097.49

24159141

-2.3E+08

5.37E+08

-3.4E+08

1 0

-976283.33

-3.1E+07

2.9E+08

-6.8E+08

4.36E+08

1 1

902343.04

26428482

-2.5E+08

5.93E+08

-3.8E+08

1 2

-538919.47

-1.5E+07

1.43E+08

-3.4E+08

2.14E+08

13

187842.38

4914768

-4.8E+07

1.12E+08

-7.1E+07

14

-29024.83

-724279

7093231

-1.7E+07

10547838

8

9
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Table 5.5 Notation for comparative indices between FEA and experimental results

FE Results
Top
Bottom

^BF

Measurement

Ratio

^TM

Yt ~ ^TM^^TF

^BM

Yb ~ ^BM^^BF

Table 5.6 Corrected coefficients Cij for applied stress
Cij
j,

i,

0

1

2

3

4

0

1.154

-3.21671

4.364143

-9.29186

5.955687

1

-0.492

-2.02967

9.678837

-18.0172

10.16637

2

-22.730

385.2809

-1547.44

3221.89

-1970.32

3

733.781

-5764.23

15422.19

-28788.1

16472.74

4

-9869.047

42574.39

-8964

-47349.2

48997.2

5

75857.770

-180995

-817171

2298142

-1570820

6 -377745.755

437538.6

7002499

-1.8E+07

11724826

7 1290008.968

-406100

-3.1E+07

76180050

-4.9E+07

8 -3101914.91

-912515

87228453

-2.1E+08

1.35E+08

9 5297572.621

3988754

-1.7E+08

3.96E+08

-2.5E+08

10 -6387799.33

-7106269

2.16E+08

-5.1E+08

3.27E+08

11 5314008.923

7464042

-1.9E+08

4.51E+08

-2.9E+08

12 -2901213.95

-4785635

l.lE+08

-2.6E+08

1.64E+08

935302.296

1739984

-3.7E+07

86667444

-5.5E+07

14 -134918.508

-275996

5509949

-1.3E+07

8208981

13
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Table 5.7 C and m data from ESDU [5.9] used for calculation o f beach mark generation
main crack

A K < 9 .n

AK< 13.86

Æ T<28.0

Æ < 6 4 .0

æ

growth

C = 4.40E-22

C = 4.47E-17

C = 1.8E-13

C =5.6E-13

C = 3.0E-13

(R=0.1)

m = 12.379

m = 7.31

m = 3.3

m = 2.9

m = 3.6

AK < 3.11

Æ<52A

Æ :< 1 1 .6

Æ < 85.46

AIC< 116.31

C = 1.77E-20

C = 4.94E-14

C = 6.75E-12

C = 6.08E-12

C = 8.26E-17

m = 17.236

m = 5.945

m = 2.975

m = 3.018

m = 5.537

beach mark .
(R=0.6)

Table 5.8 Applied force details
Test

No. Cycles

a

UnL3_5

ail

ai!

ail

294.0

NonUni_2_3

al!

ail

ail

294.0

0
745170
841993
1009036
1036504
1063616
1112552
1208797
0
895636
1083296
1126531
1202013
1252013
1296734
0
598784
665556
710358
723150
764153
0
251000
317875
459297
523611
541611
572518
616814

3
5
6.09
9.15
9.96
10.8
12.92
18.52
1.96
6.12
8.81
9.93
12.45
14.76
17.3
1.9
11.15
13.09
16.05
16.84
19.77
1.95
7.2
9.7
12.2
13.8
14.48
15.66
18.51

3.20
5.40
6.62
13.52
15.55
17.62
26.31
59.33
2.17
7.19
11.44
15.12
23.85
34.70
48.51
5.01
18.60
27.22
39.41
43.62
69.56
9.89
12.50
14.75
20.12
28.02
31.74
41.93
62.17

202.1
183.7
224.1
257.2
252.1
257.2
294.0
294.0
294.0
183.7
205.8
220.5
246.2
268.2
294.0
202.1
238.8
264.6
282.9
294.0
294.0
202.1
220.5
238.8
259.8
238.8
275.6
294.0
294.0

Uni_3_3

NonUni_2_2

NonUni_2_5

NonUni_2_10
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F ig u r e s
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/

65mm

Rolling direction

(a)
Rolling
direction
Surface crack

Type B & C

Type A

(b)

25mm

R olling direction

(c)

Fig. 5.1 The details o f the CT specimen types
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Detail :

Size (mm)

B (thickness)

17.3

W

48.4

H

29.04

G

60.5
12.1

F

13.31

h

3.146

M

9.68

Fig. 5.2 CT specimen dimensions according to B S6835

257

w

Fig. 5.3 T he trav e llin g m icroscope w ith an accu racy o f ± 0.02m m
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(a)

(b)

S ym m etrically curved crack front

A sy m m etrically curved crack front (T est A -2)

Fig. 5.4 Fracture surfaces o f two CT Specimens
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1 OE-05

Test A-1, B-1, B-2

♦ A-1
A B-1
o B -2

1 OE-06

I
1 OE-07

1 OE-08
100

10
a K (MPa

Fig. 5.5 Crack growth rate vs. SIF range {AK) for Types A and B
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1 OE-05

TestC-1, C-2

oC-1
xC-2

1 OE-06

QJ
O

f
g

1 .OE-07

1 .OE-08

10

100

AK (MPa

Fig. 5.6 Crack growth rate vs. SIF range {AK) for Type C
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2

100
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Fig. 5.7 Crack growth rate vs. SIF range {AK) for Types A, B and C
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Fig. 5.8 Non-uniform Stress Test specimen
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L o a d in g n o in t

m m

Support for the uniform stress tests

(units: mm)

'Loading point

25

165

20

400
F/b

F/2
25
m

Fig. 5.9 Configuration o f the uniform stress tests
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Support for the non-uniform stress tests

(units: mm)

165
400
F/2

W

Fig. 5.10 Configuration o f the non-uniform stress tests
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1

Modeled

x-symmetrv^__ 1

V^i

1
f
yA 1
|o

'A
►^

Fz/2

,_n^y-symmetr>

Fz/2

AA
A : Fixed in z-direction
: Applied discrete force

I

Fig. 5.11 FE model idealisation of the test configuration
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Top (FE)
— Bottom (FE)

-

Top (measurement)
Bottom (measurement)
Nominal Stress

s

100

40

D
-10
-15

E: Young Modulus

-20

F^; a p p lied force in Fig. 5 .1 1
-25
Distance (Y-coordinate) from Centre Line (mm)

Fig. 5.12 Comparison of the measurements and FE results (non-uniform stress tests)

Y/ (Breadth/2)
-

0.000
0.114
0.371
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1.000
(Y : distance from
plate centre)

G

0
Z/(Thickness)
-0.5 -

Fig. 5.13 Stress

distribution through thickness (z direction)
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<yr=c, +c,(p+c,(p^ +c,(j:r +CAp^
= <7,, + C, ( p + Q { p ^ + C , ( p ^ + Q ( p ^

aty = 0
Fig. 5.14 A through thickness stress distribution a t y =0

1.5

Comparison of through thickness stress distribution
---------- y/(B/2)=0.0, FEM
y/(B/2)=0.0, calibrated
---------- y/(B/2)=0.2, FEM
— — y/(B/2)=0.2, calibrated

0.5 -

z/J

1

0.1

0.2

0.3

0.4

0.7

0.8

0.9

-0.5 -

-1.5 -

Fig. 5.15 C om parison o f through thickness stress distribution betw een FE results and
calibrated stresses
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1

100

A K (M Pa m ":)

Fig. 5.16 Crack growth curve from ESDU [5.9] used for calculation of beach mark
generation
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i-.*

M
Starter notch

Fig. 5.17 A cracked surface showing beach marks (NonUni_2_10)

ûf,
cradkcfeptk
b each
m arks

p n m a r y c ra c k
g r o w th

surface

Fig. 5.18 Primary and beach mark crack front
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SIF Evolution of Test Uni_3_3
(a.=3mm,c.=3mm,A0=301.7MPa: t=25nnm, b=210mm)

40
K_A: d eep est point
K_B: su rface point

0.1

0.2

0.3

0.4
a/t

0.5

0.6

0.7

Fig. 5.19 Simulated SIF evolution for a fixed applied force range

SIF Evolution of Test Uni_3_3
(ao=3mm,Co=3nnm,A0=189-301.7MPa: t=25mm, b=210mm)

40
K_A: d eep est point
K_B: su rface point

CÔ 20

0.1

0.2

0.3

0.4
a/t

0.5

0.6

Fig. 5.20 Simulated SIF evolution for a varying applied force range
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Fig. 5.21 Summary of the crack growth data versus number of cycles
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Fig. 5.22 Crack aspect ratio evolution plot
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Fig. 5.23 The uniform stress crack growth rates versus. SIF range {AK)
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(Uniform Stress Tests)
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A: Depth direction
B: Surface direction
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10

AK bms
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Fig. 5.24 Uniform stress test crack growth rates vs. RM S SIF range {AK^i^s)
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A: Depth direction
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Fig. 5.25 Non-uniform stress test crack growth rates vs. RMS SIF range
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Fig. 5.26 Uniform and non-uniform stress test crack growth rates vs. RMS SIF range
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ACT Tests da/dN vs. SIF

1.E-06

I

1.E-07

♦ ■

♦ ♦

1.E-08

1.E-09-I
10

AK (MPa
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Fig. 5.27 Comparison of CT test and the uniform stress test crack growth rates based on
AK
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♦ Uniform Stress Tests, da/dN vs. RMS SIF
■ Uniform Stress Tests, dc/dN vs. RMS SIF
A CT Tests da/dN vs. SIF
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I
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Fig. 5.28 Comparison of CT test and the uniform stress test crack growth rates based on
AK and AK^^f^, respectively
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Fig. 5.29 Summary o f the crack growth rates based on AK^RM S
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Fig. 5.30 Surface crack aspect ratio evolution simulation based on AK,^i^s
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Fig. 5.31 Geometrical notation of a surface crack in a finite width plate
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Fig. 5.32 Non-dimensional SIF of surface cracks in a finite plate with a/c=0.5, c/6=0.1
under tension
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Fig. 5.33 Non-dimensional SIF of surface cracks in a finite plate with a/c=0.5, c/b=OA
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Fig. 5.34 SIF ratio of surface cracks in a finite plate with a/c=0.5, c/b=OA under tension
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Fig. 5.35 SIF ratio of surface cracks in a finite plate with a/c=0.5, c/b=0.1 under
bending
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Fig. 5.36 Calculated C/C^ distribution along the crack front of a semicircular surface
crack under tension
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Fig. 5.37 Calculated CJC^ distribution along the crack front of a semi-elliptical surface
crack
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CHAPTER 6. AN ILLUSTRATION OF THE APPLICATION OF
FATIGUE & FRACTURE MECHANICS ANALYSIS
TO EXTERNAL CIRCUMFERENTIAL CRACKS IN
THREADED PINS

6.1

I n tr o d u c tio n

Threaded fasteners are widely used in the assembly of machine components;
however, relatively few studies have been conducted on fatigue crack growth in screw
threads. Threaded connections are often subjected to cyclic loading and have regions of
high stress concentration at thread roots; therefore, many cases of fatigue damage have
been reported at thread roots. The large variation in threaded connection geometry and
the internal stress distribution made any fully comprehensive and systematic approach
difficult.
The present study focused on drill string connections, demonstrating the
implementation of fatigue and fracture mechanics to these connections. Knight [6.1]
carried out full-scale fatigue tests of drill string connections at the UCL NDE Centre.
Some of his test results were analysed in the present study. The strain-life approach
discussed in Chapter Three was used to evaluate the fatigue crack initiation lives of the
specimens.

The weight function method developed in Chapter Four was applied to

calculate SIFs for the fracture mechanics analysis of the connections.
The main variables for the strain-life approach included residual stress due to cold
rolling, preload stress and thread root SCF. The Neuber rule dealt with in Section 3.2
was used in order to consider stress concentration at the thread roots. The mean stress
relaxation was not included in the present study, as the main purpose of the study was to
investigate the sensitivity of fatigue initiation life in terms of the related variables.
Chapter Four provides various SIF weight function methods for surface cracks
including the one-dimensional approach for one-dimensional stress distribution, RMS
SIF and the extended Vainshtok weight function. The one-dimensional weight function
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is simple and easy to implement.

Several studies [6.2], [6.3], [6.4] were published

regarding expansion of the one-dimensional weight function to surface cracks. A close
look at those studies implementing the one-dimensional weight function to surface
cracks reveals several limitations of their use. First of all, the one-dimensional weight
function can not deal with a two-dimensional stress distribution. In addition the surface
crack SEFs are a function of the aspect ratio, which is observed to vary as the crack
grows. Without the aspect ratio change data, surface crack growth behaviour can not be
predicted precisely. Only a few studies on the two-dimensional weight function have
been conducted due to its complexity. The Vainshtok weight function was expanded to
deal with external circumferential cracks in pipes in Section 4.4.
The extended Vainshtok weight function, in this chapter, was applied to external
circumferential cracks in threaded pins of drill string connections. The SIF distribution
along a surface crack front was calculated by combining a realistic two-dimensional
stress distribution in a threaded pipe and the extended Vainshtok weight function.
An additional study of crack shape evolution was conducted using the SIF
distribution along the surface crack front. Simulation of crack aspect ratio changes in
threaded pins requires a slightly different method than the flat plate approach detailed in
Chapter Five. Both initiation and crack growth analyses were compared with Knight’s
experimental results.

6.2

D r il l St r in g C onnections

The drill string in Fig. 6.1 refers to all components including drill pipe, drill
collars and accessory tools, which are used in the petroleum industry for drilling. The
function of the drill string is to put weight and to transmit rotary torque on the drill bit
via the drill pipe and collars. Drill pipe is the major component of the drill string. It is a
seamless pipe with threaded connectors at either end. The external thread end is called
the ‘pin’ and the internally threaded end the ‘box’.
Drill strings are subjected to various dynamic loads leading to fatigue damage.
The main dynamic loads include: (1) repeated connection make-up, (2) torsion applied
to rotate the drill string and bit, (3) rotating bending due to dogleg sections, (4) tensile
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loads whilst tripping in and out of the hole, (5) internal and external drilling mud
pressure, and (6) drill string vibration [6.1]. The design and reliable operation of the
drill string requires consideration of these severe operating conditions.
Rotary shouldered connections are recognised as one of the least reliable drill
string components [6.5]. The details of a typical connection are illustrated in Fig. 6.2.
The connection is made up under high torque conditions using hydraulically powered
tongs. This ‘preload’ puts the pin and box shoulder together, insures them to remain
made up and prevents separation under rotating bending and tensile loads. An NC26
rotary shoulder connection [6.6] was investigated in the present study.

6.2.1 Preload

Threaded fasteners are susceptible to stress concentration at thread roots and
considered one of most fatigue-prone details.

An important design philosophy for

threaded connections is to make more uniform the transmitted force through threads and
to reduce the dynamic load component applied at the threads. This can be achieved by
applying a static mean load during making-up of a joint.

This mean load is called

‘preload’ and similar concepts such as pretension are also popularly used in other
applications.
The preload mechanism in the rotary shouldered connection is shown in Fig. 6.3.
The applied mean load to make up the joint results in compressive and tensile stress in
the shoulder and the threads respectively. The shoulder provides a compressive spring
with high stiffness and the threads a tensile spring with low stiffness to tighten up the
joint. These are illustrated in Fig. 6.4. Externally applied load to the connection is
transmitted through the shoulder and the threads, provided large enough preload is
applied to keep the two parts of the joint in contact as shown in Fig. 6.3. The preload is
crucial in threaded connection design since it governs stress concentration factors at the
thread roots [6.1].

If the preload is not large enough, the shoulder will open under

applied tension following which no force will be transmitted through the shoulder. This
situation results in an increase in stress concentration at the thread roots as shown in Fig.
6.5 [6.1]. The SCF distributions shown in Fig. 6.5 should be carefully interpreted since
286

the FE analysis used modelled preload effect only by setting on/off the shoulder contact
condition. The actual stress condition due to preload was not included in the FE analysis.
To explain the stresses due to preload alone, simplified stress diagrams are shown
in Fig. 6.6 for (a) box and (b) pin threads. Fig. 6.6 deals with the preloaded condition
without externally applied load. The total stress condition is modelled as the sum of the
shoulder stress caused by the load transmitted through the shoulder and the tooth stress
caused by the load transmitted through the threads.

For the box, the compressive

shoulder stress increases to zero as the tooth number increases; for the pin, the tensile
shoulder stress decreases to zero as the tooth number increases. For the tooth stress,
only the tensile component is taken into account in this study, even though the actual
tooth stress should be composed of tensile and compressive components as shown in Fig.
6.7. Fig. 6.7 is drawn assuming that thread geometry is symmetrical with asymmetrical
loading.
Fig. 6.6 shows that the box threads have increasing resultant stresses and the pin
threads have decreasing resultant stress as the tooth number increases. The actual test
condition is composed of preload stress (in Fig. 6.6) and external load stress components
(in Fig. 6.5).

As far as the pin is concerned, thread root No. 2 is expected to be

subjected to the highest preload resultant stress (Fig. 6.6(b)) and highest cyclic stress due
to the SCF distribution (Fig. 6.5(b)). This prediction is well supported by the test results
reported in [6.1] that most cracks were initiated at thread root No.2. It can be also seen
that thread root No. 8 in the box is a fatigue-prone point, since it has high preload stress
(Fig. 6.6(a)) and the highest SCF (Fig. 6.5(b)). The threads - No.2 in the pin and No. 8
in the box - are usually called the last engaged thread (LET).
Fig. 6.5(b) shows that the box has a higher SCF at its LET than the pin does. It
was reported that in rotating bend fatigue tests with preload, fatigue cracks occur more
frequently in the boxes than in the pins [6.7]. Knight, however, reported that only two
out of his ten test specimens had fatigue cracks in the boxes and the others in the pins. It
was understood that lack of preload in Knight tests would increase the SCFs at the pin
LET to somewhere between Fig. 6.5(a) and (b). More details of the required preload are
found in reference [6.1] and this study only concentrates on fatigue crack initiation in the
pins.
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To summarise, the preload reduces SCF at thread roots by sharing externally
applied load to the connection between the shoulder and threads, otherwise the threads
bear all the applied load. The stress induced by the preload alone is estimated to be
tensile at the LETs of the pin and box. The strain-life approach in Section 6.3 is based
on the idea of tensile preload stress at the LET of the pin.

6.2.2 Full-scale Tests

Knight carried out rotating bend fatigue tests using rotary shouldered connection
NC26 specimens. The specimens were manufactured from AISI 4145H steel and their
mechanical properties are given in Table 6.1. Detailed dimensions of the connection are
shown in Fig. 6.8. The rotating bend fatigue test specimens were loaded in four-pointbending using a servo-hydraulic INSTRON actuator and rotation provided by an electric
motor. Fig. 6.9 shows a photograph of the testing. The specimens were made up under
torque of 6,329N-m, applying preload. Alternating Current Field Measurement (ACFM)
[6.8] was used to inspect and size cracks.
Compressive residual stress was introduced by cold rolling.

Cold rolling was

carried out on some of the pin and box thread roots with two different pressures, 4000psi
and 2000psi (275 bar, 135 bar), and different number of rolling passes (Fig. 6.10).
Residual stress was measured using the X-ray diffraction method at the Design Unit,
Department of Mechanical, Material and Manufacturing Engineering at the University of
Newcastle upon Tyne (Fig. 6.11).

The Alternating Current Stress Measurement

(ACSM) detailed in Chapter Two was not adopted for the present study as it is still
under development for use in threadlike surfaces.
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6.3.1 Cyclic M aterial Properties

The mechanical properties of AISI 4145H steel as given by the manufacturer are
shown in Table 6.1. Only a few basic monotonie properties were given, while the strainlife approach needs cyclic material properties. The following cyclic material properties
were calculated on the basis of Ong’s modified four-point-correlation method [6.9]
detailed in Section 1.4.2.
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where the true fracture stress cy of the material was not available. The true fracture
stress was calculated assuming that it can be determined from

and the Brinell

hardness (BHN). Using the material properties of 49 steels given in [6.10] the following
equation was derived.

=
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This formula gives close correlation to experimental true fracture stress as shown in Fig.
6.12. Once the true fracture stress has been determined, the cyclic material properties
for the strain-life relationship was obtained using the Ong modified four-pointcorrelation method.

Finally the coefficients defining cyclic stress-strain curve were

calculated based on the following relationship [6.11].

<j

l / n'

(6 3)

where

w'=—
c

(6.4)

K'= 7 %

(6.5)

These relationships yield « ’ = 0.13 and K ’ = 1482 MPa for the material of concern.

6.3.2 Test V ariables

Cold Rolling
Cold rolling was applied before carrying out the fatigue tests. Cold rolling was
observed to result in other variations in addition to inducing compressive residual stress
at thread roots. Material properties including hardness and toughness were expected to
be modified and the surface smoothness and root radius were beneficially altered in
terms of fatigue strength. Fig. 6.13 shows a comparison of the thread root shape before
(right) and after (left) cold rolling. Other mechanical property changes following cold
rolling were not taken into account in the present study.
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Preload
The specimens were made up under a torque of 6,329N-m. Therefore, the preload
is thought to have induced high tensile stress at the pin thread roots (especially at the
LET). This causes a complicated situation because the induced tensile stress is not easy
to calculate. FE analysis does not consider the value of prestress induced by the preload
but only the contact condition between the joint shoulders. No definite information of
the prestress value at the threaded roots is available except that the prestress at the LET
of the pins nearly amounts to tensile yield stress because of stress concentration. In the
present study, a prestress of SOOMPa was initially assumed.

Theoretical SCF (K)
Once the preload is applied to the threaded joint, the thread root is thought to be in
an elasto-plastic condition.

Linear elastic theory does not apply to this case.

To

overcome this limit, the Neuber rule was employed, which uses the geometric mean of
the stress and strain concentration factors instead of the stress concentration factor. The
load transmitting mechanism was taken into account to determine SCF values because
the SCF depends on loading mode. FE stress analysis was used to calculate the SCF for
bending, which represents the critical condition of rotating bending. In the present study
the SCF of 4.2 as shown in Fig. 6.5(b) was used for the LET root of the NC26 pin,
assuming that the preload was large enough to keep the shoulders in contact.

6.3.3 Algorithm

The cyclic stress-strain curve defined by Eq. 6.3 was used as a basis. The
following loading sequence was applied using the strain-life approach and the
corresponding locations of local stress and strain are given in Fig. 6.14.

i)

Assuming that there was no initial residual stress.

ii)

Applying the initial compressive residual stress introduced by cold rolling
(Point A in Fig. 6.14).
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iii) Adding the preload stress (Point B in Fig. 6.14).
iv) Applying the first quarter cycle of fatigue loading, assuming that the
loading start to increase (Point C in Fig. 6.14).
v)

Applying loading cycles from the maximum to minimum stresses and from
the minimum to maximum stresses, and so on (Points D and C in Fig. 6.14).

The SWT empirical formula [6.12] given in Section 1.4.2 was used to consider the
mean stress effect on fatigue crack initiation life. The mean stress is calculated from the
curve closed by Points C and D in Fig. 6.14.
In the present study the effects on fatigue initiation life of the threaded pins of the
following variables were assessed using the strain-life approach.

•

Compressive residual stress

•

Prestress (tensile) induced by preload

•

SCF

of the thread root

Stresses considered in the calculation were residual stress, prestress and externally
applied cyclic stress. Study of each component of stress reveals that the locations at the
thread roots where each component is a maximum slightly different in each case.
Compressive residual stress is thought to reside at the centre of the tooth root as shown
in Fig. 6.7 but the preload stress has its maximum value at a point slightly off centre
because of the frictional torsion involved in the make up mechanism. The actual cyclic
stress due to rotating bending has a different mechanism from the preload; therefore
another different point is expected to have the maximum cyclic tensile stress. In the
present calculation all the three stress components were superimposed linearly; therefore,
a conservative fatigue life estimation is expected.
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6.3.4 Results and Discussion

The fatigue crack initiation results of Knight are shown in Fig. 6.15. Fatigue
crack initiation life was defined as the number of cycles up to 1mm deep crack.
Nominal stress range (Ad) calculated at the outer surface of the rotary shouldered
connection (NC26) under rotating bending was used as basis for the S-N curve. Fatigue
crack initiation lives for the specimens without cold rolling were between 200,000 290,000 cycles for zlcr = lOOMPa. Test ‘C8’, which was one-pass cold rolled with
4000psi pressure, shows the increment in the initiation life to 366,000 cycles. The cold
rolling pressure is observed to improve fatigue initiation life. Tests ‘C4’ and ‘C5’ were
three-pass cold rolled with 2000psi and 4000psi respectively. The fatigue life of Test
‘C5’ is shown to be larger than Test ‘C4’ which had a fatigue life of 500,000 cycles.
The X-ray diffraction method was used to measure residual stress at the threaded
root. After one-pass cold rolling with 4000psi, -211.5, -243.3, -154 and -62.8MPa of
residual stresses were measured at four surface points around the cold rolled threaded
pin.

Two-pass cold rolling with 4000psi was reported to introduce lower residual

stresses, measured as -317.3, -276.0, -263.9 and -345MPa. Three-pass cold rolling is
reported to produce -285.0, -327.0, -331.5 and -367.7MPa of residual stresses at the
surface. These results are plotted in Fig. 6.16. Even though larger number of passes is
seen to cause higher compressive residual stress, considerable changes in embedded
residual stress are not observed. Fig. 6.16, however, shows clear benefits of multipasscold rolling. The residual stress distributions become more uniform and less varying
from point to point of the specimen surface as the number of cold rolling passes
increases.
In addition, the surface is believed to become smoother as more rolling passes are
applied. It is clear that multipass-cold rolling has a favourable effect on fatigue crack
initiation life arising from uniform residual stress distribution, surface smoothness and
increase in hardness, given that fatigue cracks initiate from weak points which have
comparatively high SCF, rough surface, low fatigue strength or internal defects. From
this observation, the lowest measured residual stress may be used for the fatigue
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initiation life calculation; however, in the present study the average residual stress
around the circumference were used for the calculations. The average residual stresses 168, -300 and -330MPa were taken to represent one, two and three-pass cold rolling,
respectively.
Before making comparison between the test results of Fig. 6.15 and calculated
results from the strain-life approach, it should be noted that definition of fatigue crack
initiation is ambiguous. A number of references [6.13]-[6.16] suggest slightly different
definitions for the failure life (2A^) in constant amplitude strain controlled fatigue testing.
Generally the failure life is defined by detecting a sudden lose in stiffness of hourglass
shaped specimens. The test results are based on 1mm deep crack [6.1] while the strainlife approach does not specify how large a crack is considered as fatigue initiation point.
Fig. 6.17 shows fatigue lives calculated for preload stress = SOOMPa, SCF = 4.2
and varying residual stress (RS) from 0 to -400MPa. The SCF was only applied to the
nominal stress range.

It is observed that the magnitude of residual stress results in

reasonable differences in fatigue crack initiation life. For un-rolled specimens assumed
to have RS = OMPa, the fatigue life was calculated at about 160,000 cycles at A a =
lOOMPa. This value is less than the actual measured lives of 200,000 - 290,000 cycles
for the specimens without cold rolling (Fig. 6.15). However, if the predicted prestress is
less than SOOMPa, e.g. 600MPa, the initiation life is shown in Fig. 6.18 to increase to
220,000 cycles. In addition, it is shown in Fig. 6.19 and Fig. 6.20 that a small decrease
in SCF results in a large increase in fatigue initiation life. For example. Fig. 6.19 shows
that fatigue life at A(j= lOOMPa becomes 1,000,000 cycles for SCF = 3.0, RS = O.OMPa
and Preload = SOOMPa.
If cold rolling had only induced the changes in residual stress, there would have
been no significant differences in fatigue life between one-pass and three-pass cold
rolling. This is clear from Fig. 6.16 and Fig. 6.17, which show, respectively, the actual
measurements of residual stresses and calculated fatigue initiation lives 220,000 cycles
for one-pass and 370,000 cycles for three-pass cold rolling. The test results (Fig. 6.15),
however, show that there are big differences between Tests ‘C8’ and ‘C5’, where onepass cold rolling and three-pass cold rolling with 4000psi pressure were applied. This
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observation demonstrates clearly that the cold rolling involved other factors as well as
residual stress.
Simply a few changes can be mentioned to result from cold rolling. One is SCF
decrease due to the thread root shape changes after cold rolling. The cold rolling results
in not only root shape change but also smoother surface. Therefore, surface smoothness
should be mentioned along with SCF. From the cold rolling, possible crack initiators are
blunted and consequently removed.

Fig. 6.13 illustrates an example of root shape

changes and smoother surface. In particular, the results of Tests ‘C4’ and ‘C8’ suggest a
possible role of surface smoothness. To evaluate these results, the effects of the cold
rolling pressure and the number of rolling passes should be well understood.
Firstly, the cold rolling pressure may be thought as a more important variable than
the number of cold rolling passes in terms of embedded residual stress magnitude,
because residual stress is a product of an uneven yield and relaxation. Simply, a higher
pressured rolling induces a bigger plastic strain and has more possibility to bring about a
higher residual stress if the other conditions such as geometry and the contact condition
between the roller and specimen are kept the same. Once materials yield by the first
rolling pass, the stress-strain curve generally exhibits larger elastic range due to strain
hardening. Therefore the second or the third pass of cold rolling causes less plastic
strain than the first.

Finally a subsequent pass of cold rolling is expected to result in

less increment of residual stress.
Secondly, the number of cold rolling passes is thought to involve not only surface
smoothness but also even residual stress distribution. Hence, the benefit of multipassrolling should be emphasised from the probabilistic viewpoint, given that fatigue cracks
initiate at the weakest point and multipass-rolling enhances surface conditions evenly if
not considerably.
It can be said from the above discussion that Test ‘C4’ has a smoother surface.
However, it is not clear which test between ‘C4’ and ‘C8’ has a higher compressive
residual stress. Fig. 6.15 shows that Test ‘C4’ has a larger fatigue life than Test ‘C8’.
Of course, this difference can be attributed to scatter commonly observed in fatigue tests.
Fig. 6.19 and Fig. 6.20 show the fatigue life changes from varying SCF. These changes
are contrasted with those shown in Fig. 6.17 and the lower SCF in Test ‘C4’, resulting
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from its smoother surface, may be claimed to be one of the main factors of its larger
fatigue life than Test ‘C8’.
Fig. 6.17 to Fig. 6.21 shows the sensitivities of fatigue initiation life to related
variables. It is seen that SCF has bigger effect on fatigue life than residual stress.
The effects of preload should be borne in mind in the design of threaded
connections. When preload is insufficient, the shoulders of the pin and box will be open
under tension or bending. This will cause serious increase in SCF at the pin thread roots
because the entire applied force will be transmitted through the threads. Here the SCF is
defined as the ratio of applied local stress at the threaded roots to the nominal stress at
the surface of the rotary shouldered connection. The fatigue life increases from the low
values of preload, e.g. 0 to 400MPa, shown in Fig. 6.18 and Fig. 6.21 may not be
feasible, because the low values of preload will not be enough to maintain the shoulders
in contact. The details of required preload were not covered in this study. However, a
value of preload higher than that required to ensure the contact condition is met, is
thought, in some instance, to be undesirable. This is supported by Fig. 6.18 and Fig.
6.21, showing that fatigue life decreases considerably by the increase of preload from
OMPa to lOOOMPa. An optimum level of preload should be determined based on both
its favourable and unfavourable effects.
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Brennan and Dover [6.4] suggested a systematic approach to calculate the SIFs for
threaded connections. In their study they assume that the effect of geometric features on
the SIFs can be separated. The assumption made possible further manipulation of the
weight functions as the geometric factor in the SIF. The manipulation method of the
weight functions is called the composition method [6.17] and its details are given in
Sections 1.5.3 and 4.2.2.
According to the composition method, the one-dimensional SIF of external
circumferential cracks in threaded pins can be calculated from the relationship shown in
Fig. 6.22. The weight functions of edge cracks at notches and edge cracks in the semi
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infinite solid are necessary. Besides, the one-dimensional weight function of external
circumferential cracks in pipes obtained in Section 4.4.4 is also required. The calculation
details of the first two weight functions are not mentioned herein for simplicity. The
details are given in reference [6.18].
The composition method of the one-dimensional weight functions are possible
because they are defined as an explicit function. The two-dimensional weight functions
mentioned in Chapter Four, however, are impossible to denote as an explicit function.
The RMS SIF and extended Vainshtok weight functions are only given as an implicit
function. Therefore, the manipulation similar to Fig. 6.22 is not possible for the twodimensional weight functions.
The two-dimensional weight functions for external circumferential cracks in
threaded pins can only be obtained by applying the RMS SEF or extended Vainshtok
weight functions. The direct application of these methods, however, requires at least
one reference SIF solution for the cracks in threaded pins.
The present study does not cover the rigorous calculation of the two-dimensional
weight function for external circumferential cracks in threaded pins.

The extended

Vainshtok weight function for pipes was used with a realistic stress distribution to
calculate the SIF of cracks in threaded pins. The extended Vainshtok weight function
for pipes was developed in Section 4.4.
Niu and Glinka [6.2] reported a similar attempt in their study of the SIFs for semi
elliptical surface cracks in welded joints. In their one-dimensional weight function study
for surface cracks in welded joints, Niu and Glinka compared two SIF solutions; one
was obtained using the weight function for a semi-elliptical crack in a flat plate and the
other the weight function for a semi-elliptical crack in a T-butt joint. The product of the
flat plate weight function with applied stress in a T-butt joint was shown to produce
bigger SIF values than the product of T-butt joint weight function with applied stress in
a T-butt joint (Fig. 6.23). Therefore, it is expected from Niu and Glinka’s study that the
simplification used in the present study will give conservative SIF solutions for external
circumferential cracks in threaded pins.

297

In Section 6.4.1, the calculation of applied stress in the pin of the rotary
shouldered connection (NC26) is reported in order to calculate the SIFs of external
circumferential cracks in the pins.

6.4.1 Calculation of the Applied Stress in the Threaded Pin (NC26) under
Reversed Bending

The complex stress distribution in threaded components was one of the main
difficulties in the SIF study of threaded connections. In this section a methodology is
suggested to calculate the applied stress distributions in threaded pins under tension or
bending. The applied stress is employed in Section 6.4.2 for the calculation of the SIFs
using the extended Vainshtok weight function requiring the two-dimensional stress
distribution over the crack surface.
For this study two assumptions were made. One is that preload is large enough to
ensure the shoulders remain in contact under tension or bending.

The other is that

applied stress at the thread roots is symmetrical and its maximum occurs at the root
centre. It is clear from Fig. 6.7 that the second assumption is not true but is considered
conservative. The applied preload induces high tensile stress at the pin thread roots;
therefore, the whole stress range should be taken into account, even when fatigue
assessment is conducted for reversed bending or rotating bending.
A number of coordinate systems are introduced for a pin as in Fig. 6.24.

To

maintain consistency with the coordinate system defined in Fig. 6.25, {x,y) is placed on
the top of the pin, which is the crack centre at any time. Another coordinate (x\ y ) is
placed at the centre of the pin. The distance coordinate y/ from any external surface
point towards the centre of the pin is introduced. Coordinate y/ is used to denote the
stress distribution from the thread root to the pin centre because load is applied from the
threads surrounding the external circumference of the pin as shown in Fig. 6.7.
The stress distribution from the thread root to the pin centre is given by

a{y/) =

{y/, p)

(6.6)
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where
V-

+ 0 '’)"

^ : outer radius of the pin
Kf : stress concentration factor at the pin thread root
q; : nominal bending stress at the pin thread root (= cr^ cos k )
p) : local stress distribution with notch root radius

under bending

The details of the above notation are shown in Fig. 6.24 and Fig. 6.25.
The general formula of local stress distribution from notches, L{ % /?), can be
found in references [6.19], [6.20], and [6.21]. In the present study, FE stress analysis
was carried out to obtain more accurate stress distributions.

The detailed tooth

geometrical details of the rotary shouldered connection NC26 pin were used in the
simplified FE model shown in Fig. 6.26. Tension was applied to one end of the FE
model and the obtained normalised stress distribution under tension Lf^y/, p) was
obtained as shown in Fig. 6.27. Glinka and Newport [6.19] pointed out that the stress
distribution under bending, Lf,{\//, p), can be obtained by multiplying the slope factor (1 -

4

/o) = (1 - j ) •L,

p)

(6.7)

Now the stress distribution o(y/) along y/^ is obtained. Coordinate y/ can be
rewritten in terms of coordinate (x, y). Therefore, the stress value of an arbitrary point (%,
y) can be calculated by finding a corresponding coordinate (fusing angle /cas defined in
Fig. 6.24.
The stress distribution function o(x, y) is required to calculate the SIFs using the
extended Vainshtok weight function. Using the above procedure, the two-dimensional
varying stress distribution was calculated for the NC26 rotary shouldered connection
under bending and is shown in Fig. 6.28. The stress values are given in the y-direction
for varying x. It is also shown that the starting }/-value increases as the x coordinate
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increases, because of the circular shape of the pin. Knight [6.1] calculated the value of
Kt at the pin thread root of NC26 rotary shouldered connection with the preload under
bending. A

of 4.2 was chosen at the LET (thread root No.2 of the pin) from Fig.

6.5(b).
The extended Vainshtok weight function requires stress distributions to be
expressed in the series of power type functions as shown in Eq. 4.55.

The two-

dimensional stress distribution of the NC26 pin shown in Fig. 6.28 was denoted by the
following series of the power typed functions using regression analysis.

5

16

(6.8)
»=i ;= o

J

\Ç j

where
^ 1 ) = -1.5
M ) = -1.0
2

^(3) = -0.5
M4) = 0.0
A(5) = 1.0

The C ifs are given in Table 6.2 and the function with the coefficients are valid for
0

< { y l t ) < \ and (x /^)< 0 .6 6 .

6.4.2 Calculation of the SIFs of Cracks in the NC26 Threaded Pin under
Reversed Bending

The extended Vainshtok weight function for cracks in pipes and the applied stress
on a NC26 threaded pin were defined in Sections 4.4 and 6.4.1 respectively. The SIF of
external circumferential cracks in the threaded pin was calculated using the applied
stress distribution on the threaded pin and the extended Vainshtok weight function for
pipes rather than threaded pins. Fig. 6.29 and Fig. 6.30 show the calculated SIFs for
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external circumferential cracks (a/c = 0.4 and 0.6, respectively) for the NC26 threaded
pin.
Fig. 6.31 shows the comparison of the SIF results from between the one
dimensional weight function and the two-dimensional extended Vainshtok weight
function. The one-dimensional solution was obtained for the NC26 threaded pin, using
the weight function calculated by the composition method shown in Fig. 6.22. As Niu
and Glinka mentioned in reference [6.2], the two-dimensional SIF solutions calculated
without considering the thread geometry are shown to give more conservative values
than the one-dimensional SIF solutions.
The closed form expression of the applied stress on the threaded pin in Eq. 6.8 is
thought to be the source of calculation errors. The extended Vainshtok weight function
requires an applied stress function to be in a power type equation. However, the actual
stress distribution shown in Fig. 6.28 is too complicated to denote using common power
type terms. The present study employed rather unusual power terms such as -1.5, -1.0,
and -0.5 for term y /t ’ in Eq. 6.8. These terms helped to decrease the number of terms in
j-direction; however, these terms have a singularity at

= 0.

Fortunately, the pin

singularity only exists at one point (x = 0, j = 0), due to the circular shape. This feature
is believed to cause a certain amount of error in the SIF solutions.

6.4.3 Simulation of the Surface Crack Shape Changes in NC26 Threaded
Pin under Rotating Bending

Asymmetric crack shapes (Fig. 6.32) were observed in the rotating bending tests
of threaded connections conducted by Knight [6.1]. However, it was also seen that
crack shape could be considered to be symmetrical at the initial stage where crack
depths were smaller compared to the pin wall thickness. The asymmetrical nature of
rotating bending was not observed clearly until crack became relatively large. These
observations allow fatigue crack growth of threaded connections under rotating bending
to be treated as similar to those under reversed bending loading before significant
deviation from symmetrical semi-elliptical crack shape occurs.
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The extended Vainshtok weight function with reversed bending was assumed, in
this study, to model part through surface cracks under rotating bending.

The SIF

information of at least two crack front points is necessary to simulate crack shape
evolution.

The deepest and surface crack points have been commonly selected to

provide two independent SIFs to calculate crack shape changes in flat plates.

The

surface crack point of threaded connections, however, has been observed to show such a
weak singularity that the conventional SIF calculation method using FE stress analysis
becomes impracticable. An intermediate point between the surface and deepest points
was chosen instead of the surface point to provide two independent points for crack
shape simulation including the deepest point.

The weak singularity at the surface

boundary was observed to reduce rapidly along the crack tip front away from the surface.
Fig. 6.33 shows the details of the two SIF check points.
Once the SIFs at points A and B (Fig. 6.33) are available, the Paris equation gives
the crack extension rate per cycle for each point.

^

where

^

=

and Cg, and

= C ,( A K ,r

(6.9)

and ntg are assumed to be the same. These equations give the

information of increments da and dl. An extended crack front that contains the two new
points is also assumed to be a semi-ellipse defined bya* and c*.

+

= 1

(6.10)

The coordinate of the new point corresponding to point B are given by

+ A/cos% ,

(6.11)

where
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c o s z = —j=

= ,

yjxf + {a lcŸ -y f

Putting the values of

sin z =

(6.12)

+ (a lc Ÿ •

and y , and a* {= a + da) into the Eq. 6.10 yields the value of c '2

c* =

(6 13)
1 -X

This approach was first implemented by Carpinteri [6.22] to simulate shape change of
surface cracks in round bars. The method, however, has some debatable characteristics
as discussed in Chapter Five. The SEF changes along the crack front and each point on
crack front is likely to produce different crack shape changes.

This is also true for

cracks in flat plates, where the deepest and surface points are used for the simulation of
crack shape change.
Fig. 6.34 and Fig. 6.35 show the calculated SIFs at f = 0.3 and 1.0 respectively
for external cracks in an NC26 pin. Fig. 6.36 shows comparisons between the test
results and simulations using the SEFs at the two points. For small surface cracks the test
results fall between an edge crack and Dale’s empirical formula [6.23]. As the crack
size becomes larger, the surface cracks become sickle shaped, giving long-cracks than
the equivalent edge crack. Deviation between the simulations and test results is not
significant until the crack size a/t> O.IS. Whereas the simulations are seen in Fig. 6.36
to converge to a constant crack aspect ratio, the test results do not follow the semi
elliptical shape for a/t >0.75.
These differences can be explained by the extended Vainshtok weight function
and the loading condition.

The extended Vainshtok weight fimction developed in

Section 4.4 is only valid for symmetrical loading, whereas the tests were conducted
under rotating bending. Carpinteri et. al. suggested a method to deal with cracks under
rotating bending in their study of surface flaws in cylindrical shafts [6.24]. Rotating
bending is simulated as the linear combination of symmetrical and asymmetrical
bending as shown in Fig. 6.37.

Both the symmetrical and asymmetrical conditions

represent two different instances having a 90° phase difference.
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Vainshtok generalised, in reference [6.25], the weight function method for
symmetrical and asymmetrical loadings. For asymmetrical loading, asymmetrical crack
opening displacement should be used and Fig. 6.38 shows a recommended crack area
increment by Vainshtok. Because of one condition given in Fig. 6.38, one governing
equation is avaiable as follows using the same notation as in Chapter Four:

l« cos(»cfl' =

1^ dS

(6.14)

This is compared to two governing equations for the symmetrical weight function given
at Eq. 4.52. In addition, function f„ to define a new SIF function K„ as in Eq. 4.54 should
have one unknown factor and be asymmetrically defined as well.

This leads to the

following expression off„ :

^ ^ (ÿ )sin '^ .c o s'>

(6.15)

In Eq. 6.15, the constant term appearing in Eq. 4.56 is omitted because of its
symmetrical property and ‘cos-' f provides an asymmetrical property.
This asymmetrical scheme was not applied in the present study because the
present weight function method becomes invalid once cracks grow to through thickness.
It does, however, point to a method of analysis under rotating bending once more
comprehensive SIFs become available.

6.5

S um m ary

This chapter deals with fatigue and fracture analysis of threaded connections
comparing results with experimental results obtained by others. The fatigue initiation
life results of the tests were assessed using the strain-life approach discussed in detail in
Chapter Three. The extended Vainshtok weight function developed in Chapter Four was
successfully applied to give SIFs along the crack front for external circumferential

304

cracks.

The SIFs along the crack front were utilised to simulate crack aspect ratio

evolution, resulting in a useful analysis of crack propagation behaviour under rotating
bending.
Understanding the preload applied to make up rotary shouldered connections is
crucial to explain fatigue crack initiation in threaded connections.

An NC26 rotary

shouldered connection was used for detailed study and it was shown that the LETs of the
pin and box are exposed to the largest local tensile stresses making these areas
particularly vulnerable to fatigue damage.
The application of the strain-life approach quantitatively illustrated the effects of
preload stress, compressive residual stress induced by cold rolling and SCF at thread
roots on fatigue initiation life. Cold rolling was seen to increase fatigue initiation life by
inducing compressive residual stress and lowering the SCF by changing root shape and
surface roughness.

These beneficial factors are thought to be governed by rolling

pressure and the number of rolling passes. More systemic and comprehensive tests and
analyses are required to clarify these mechanisms.
To calculate SIFs of external circumferential cracks in threaded pins, the extended
Vainshtok weight function developed in Chapter Four for external circumferential
cracks in pipes was used. A stress distribution calculated for NC26 threaded pins was
calculated and combined with the extended Vainshtok weight fimction to give
conservative SIFs of the cracks in threaded pins.

The extended Vainshtok weight

function and two-dimensional stress distribution were obtained for a specific pipe and
pin with R /t = 1.5. Thickness 7 ’ measured at the LET root
was used throughout the present thesis rather than

as shown in Table 6.3
Table 6.3 shows that R/t,„ax

varies from 1.05 to 2.23 for the listed connections. The Raju and Newman SIFs for
external circumferential cracks in pipes [6.26] showed only small differences in SIF for
the pipes with R /t of I.O and 2.0. Therefore the present calculation results, the weight
function and stress distribution, can be used for most the connections listed in Table 6.3.
The SIFs obtained along the crack front in the threaded pins were used to simulate
crack aspect ratio evolution.

It was shown from the simulation results that crack

propagation under rotating bending can be dealt with by a reversed bending model up to
near through thickness cracks.

The circumferential cracks were seen to gradually
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change from symmetric part-elliptical shape to an asymmetrical sickle shape as crack
grows. The asymmetrical crack growth behaviour can be analysed by superposition of
symmetrical and asymmetrical bending components as Carpinteri et. a l suggested [6.24].
The extended Vainshtok weight fimction can therefore be applied to asymmetrical crack
growth. Further work on this asymmetrical weight function is expected to provide a
more accurate description of crack shape changes near through thickness.
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6.7

Tables

Table 6.1 Mechanical properties of the rotary shouldered connection specimens (NC26)

Given Properties (AISI4145H) [6.6]
E

^UTS

(MPa) (MPa) (GPa)
922

1033

190

%EL

20

RA Hardness

52

321 BHN

Heat treatment
Tempered 3hr @630''C
Air cooled

Derived Properties 1 (using Ong’s modified four-point-correlation method [6.9])
cff (MPa)

éf

b

c

1424

0.7339

-0.08416

-0.6473

Derived Properties 2 (using the theoretical formulae)
n’

r (MPa)

0.13

1482
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Table 6.2 The values of C/ÿ’s of the 2D stress distribution of NC26 threaded pin
(Effective 0 < {y !^) < 1 and { x ! < 0.66)
5

16

<

j=l 7=0

J Ify

where
^ ( 1 ) = -1 .5

A(2) = - 1 .0
^ 3 ) = -0 .5

m =

0 .0

k{S) = 1.0

i=1
j=0

i=2

i=3

-5.95E-04

6.30E-02

-2.68E-01

j=1

3.97E+01

-9.04E+01

j=2

-4.10E+03

9.80E+03

J=3

1.79E+05

j=4

i=4

i=5

1.85E+00

-4.97E-01

-1.47E+01

1.10E+02

-4.48E+01

-1.23E+02

-9.79E+03

4.20E+03

-4.50E+05

7.64E+04

3.64E+05

-1.69E+05

-4.47E+06

1.19E+07

-3.94E+06

-7.23E+06

3.79E+06

j=5

7.22E+07

-2.02E+08

9.76E+07

8.56E+07

-5.38E+07

j=6

-8.05E+08

2.36E+09

-1.46E+09

-6.07E+08

5.17E+08

j=7

6.43E+09

-1.97E+10

1.46E+10

2.17E+09

-3.49E+09

j=8

-3.77E+10

1.21E+11

-1.02E+11

2.25E+09

1.69E+10

j=9

1.64E+11

-5.45E+11

5.11E+11

-7.11E+10

-5.89E+10

j=10

-5.33E+11

1.83E+12

-1.86E+12

4.16E+11

1.47E+11

j=11

1.28E+12

-4.54E+12

4.93E+12

-1.42E+12

-2.56E+11

j=12

-2.26E+12

8.21E+12

-9.40E+12

3.16E+12

2.90E+11

j=13

2.82E+12

-1.05E+13

1.26E+13

-4.70E+12

-1.79E+11

j=14

-2.36E+12

8.96E+12

-1.11E+13

4.51E+12

9.75E+09

j=15

1.18E+12

-4.59E+12

5.88E+12

-2.53E+12

5.90E+10

j=16

-2.70E+11

1.06E+12

-1.40E+12

6.32E+11

-2.67E+10
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Table 6.3 Valid drill collar connection sizes (API Spec 7 [6.6])

Connection

Drill Collar

Ro

Ri

style

size (in.)

(mm)

(mm)

Rf
(mm)

NC-26

3-1/2 X 1-1/2

44.45

19.05

34.92

1.2

5x2

63.50

25.4

49.41

1.05

5 X 2-1/2

63.50

31.75

49.41

1.80

6-1/2 X 3-1/4

82.55

41.27

59.80

2.23

6-1/2x2-13/16

82.55

35.70

59.80

1.48

7x2-13/16

88.90

35.70

65.21

1.21

6-1/2 X 3-1/4

82.55

41.27

65.21

1.72

101.6

41.27

79.59

1.08

NC-38

NC-46

NC-50
NC-61

8 X

3-1/4

6-5/8 Reg.

8-1/4 X 3-1/4

104.77

41.27

74.70

1.23

7-5/8 Reg.

9 X 3-3/4

114.30

47.62

87.50

1.19
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6.8

F ig u r e s

Travelling
Block
Swivel

Derrick-

Kelly

Drill Pipe

Drill String

Bottom Hole
Assembly
Cross-over

Drill Collar

Auxiliary Tools

Drill Bit

Fig. 6.1 Drill String Details
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C o l l a r O.D.

C o l l a r I.D.

Shoulder

m # Box

Box

# Pin

Fig. 6.2 Rotary shouldered connection
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Shoulder

Box

Threads
Pin

Fig. 6.3 Force transm ission mechanism in rotary shouldered connections

Spring initial length

C om pressive spring with high stiffness
(shoulder)
tensile spring with low stiffness
(threads)
Fig. 6.4 M odelling o f the rotary shouldered connection with preload
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11
10

9
— #— BOX
- - O ■ - PIN

8

7
6
5
4
3
2

1

0

1

2

3

4

5

6

7

8

9

10

11

T h re a d R o o t N u m b e r ( s ta r tin g a t th e s h o u l d e r s id e )

(a) N C -26 bending SCF distribution w ithout preload

7

6
BOX
--0 --P IN

5

uO_

4

<0

3

2
1
0

1

2

3

4

6

5

7

8

9

10

T h re a d R o o t N u m b e r ( s ta rtin g a t th e s h o u ld e r s id e )

(b) N C -26 bending SCF distribution with preload
Fig. 6.5 SCF distribution along threads w ithout/w ith preload [6.1] ; Rotary shouldered
connection NC-26, under bending
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11

Box

T ooth s tr e s s

stress

Resultant stress

S h o u ld e r s tr e s s

(a) Stress details for box threads

stress
Resultant stress

T ooth s tr e s s
S h o u ld e r s tr e s s

N-

Xj

Pin

(b) Stress details for pin threads

Fig. 6.6 Applied stress at ‘box’ and ‘pin’ due to preload ( P J
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Fig. 6.7 Asymmetrical feature of applied stress at thread root

4—15.9

-- 12.7

73 6985

Fig. 6.8 Dimensions of NC26 rotary shouldered connection
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Fig. 6.9 Rotating bend test rig [6.1]

Fig. 6.10 Cold rolling NC-26 pin connection [6.1]

319

f

Fig. 6.11 X-ray diffraction equipm ent at the N ew castle upon Tyne University [6.1]
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3500

True fracture s t r e s s sf (MF^)

Fig. 6.12 Comparison between predicted and experimental true fracture stress
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Fig. 6.13 Com parison o f the thread root shape before (right) and after (left) cold rolling
[6 . 1]

Stress ( ct) in MPa

1000

-

500 -

Strain (g)
-

0.2

-

0,1

0.2

-500

<1000

Fig. 6.14 Trajectories o f local stresses and strains o f a threaded pin subjected to
compressive residual stress (Point A), tensile prestress (Point B) and subsequent
fluctuating load cycles (Points C and D).
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♦ C3 - Not C.R.
n

■ C4 - C.R. pin @2000, box @4000 psi x 3 p a sse s

40

• e s - C.R. pin & box @4000 psi x 3 p a sse s
▲C6 - Not C.R. until crack initiated

20

□ e s - C.R. pin & box @4000 psi x 1 p a ss
A CIO - Not C.R. section of stitich roled region

0

100,000

1, 000,000

10 , 000,000

Nurrber of Cycles to Fatigue Crack Initiation (crack of Irrm depth)

Fig. 6.15 Fatigue crack initiation of threaded pins (NC26) [6.1]

Surface residual stress distribution by cold rolling
-50

—

1 pass coid rolling
p asses
3 p asses
2

-100

(/)
£

-150

£
-300
-350
-400

0

90

180

270

angle of circumference

Fig. 6.16 Surface residual stress distribution according to the number of cold rolling
passes with 4000psi pressure [6.1]
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1000

—

RS—0
RS^IOO
RS—168 (Ipass)
RS—300 (2 passes)
RS—330 (3 passes)
RS=-400

AISI4145H steel. K, =4.2, Pretoad=800fy/Pa
Using SV\n" Formula for mean stress effect
1.E+03

1.EK)4

1.E+05
Fatigue initiation life (2N,)

1.E+06

1.EH)7

Fig. 6.17 Fatigue initiation life of the threaded pin (NC26) for varying residual
stresses(RS) with SCF=4.2 and Preload=800MPa
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%ioo
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FVeLoad=200
PreLoad=400
FVeLoad=600
PreLoad=800
FVeLoad=1000
AISI 4145H steel, K, =4.2, RS=O.OMRa
Using SWT Formula for mean stress effect
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1.E+03

1.E+04

1.E+05
Fatigue initiation life (2N,)

1.E+06

1.E+07

Fig. 6.18 Fatigue initiation life of the threaded pin (NC26) for varying Preloads with
SCF=4.2 and RS=O.OMPa
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SCF(Kt)=3
- - SCF=4.2
-- SCF=5
- - - SCF=6
- - SCF=7
SCF=8

O)

AISI 4 145H steel, RS=0.0, R-eload=800MF^
Using SWT Formula for mean stress effect
1.E+03

1.E+05

1.E+06

1.E+07

Fatigue initiation life (2N,)

Fig. 6.19 Fatigue initiation life of the threaded pin (NC26) for varying SCF with
Preload=800 and RS=O.OMPa

1000
- SCF(Kt)=3
- - SCF=4.2
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Using SWT Formula for mean stress effect
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Fatigue initiation life (2N,)

Fig. 6.20 Fatigue initiation life of the threaded pin (NC26) for varying SCF with
Preload=800 and RS=-330MPa
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PreLoad=0 Mra
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PreLoad=200
PreLoad=400
—- —- - FYaLoad—600
PreLoad=800
PreLoad=1000
AISI 4145H steel. K, =4.2, RS=-330MPa
Using SWT Formula for mean stress effect
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Fatigue initiation life (2N,)
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Fig. 6.21 Fatigue initiation life of the threaded pin (NC26) for varying Preload with
SCF=4.2, RS=-330MPa
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---

Fig. 6.22 Diagram o f the w eight function relationship for an external circum ferential
crack in a threaded pin

o

>

o /t

Fig. 6.23 Effect o f weight function on calculated stress intensity factor for the deepest
point o f a semi-elliptical crack in a T-butt joint under tension (a/c=0.33) [6.2]. -------:
w eight function for a sem i-elliptical crack in a flat plate, ------- : w eight function for a
sem i-elliptical crack in a T-butt joint, A : finite elem ent calculation.
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nominal bending stress

Fig. 6.24 Coordinate systems to calculate the stress distribution in the pin thread

c r,

y/cosK

Fig. 6.25 Details of the local stress from a pin thread root to the pin centre
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(r=15.95mm, b=3.1mm, L=3.175mm,
a=60\ /7=0.9652mm)

[ ^W
... 1

1{
'

1'

1

■

w

(b)

Fig. 6.26 Dimensions of the rotary shouldered connection NC26 pin and FE model
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Fig. 6.27 Norm alised stress distribution, Lf{% p), o f NC 26 pin under tension
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Fig. 6.28 Stress distribution o{x, y) o f NC26 threaded pin under reversed bending
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Y((p,a/c,aA) of P ip es u nder Applied S tre ss on the NC26 T h read ed Pin

(a/c=0.4, R|/t=1.5)
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— a/t=0.2
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Fig. 6.29 SIFs of external circumferential cracks in the NC26 threaded pin (a/c=0.4)

Y ( 0 ,a /c,a A ) of Apes under Applied S tress on the NC26 T hreaded An

(a/c=0.6. R,/t=1.5)
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Fig. 6.30 SIFs o f external circumferential cracks in the NC26 threaded pin (a/c=0.6)
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Fig. 6.31 The comparison of SIFs at the deepest points of external circumferential cracks of the NC26 threaded pin
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Fig. 6.32 Fracture surface of pin CIO

Point A:
= 1.0
Point B: ^ g = 0.3, where

- ^ ^ )/(^ /2 -

Fig. 6.33 Two SIF checking points for the simulation o f crack shape evolution
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Fig. 6.34 SIFs at 0 ’=O.3 for external circum ferential cracks in an N C 26 threaded pin
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Fig. 6.35 SIFs at 0 ’- l.O for external circum ferential cracks in an N C 26 threaded pin
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CHAPTER 7. Conclusions and Recommendations for Future Work

7.1 C o nclusio ns

This study was prompted by the growing need to improve the understanding of
fatigue behaviour of members containing residual stress fields. Compressive residual
stress is introduced to enhance fatigue strength of fatigue-prone structural details, which
usually entail notches with high stress concentration. In the other hand, much effort is
made to avoid tensile residual stress, which is known to have adverse effects on fatigue
crack initiation and propagation. Residual stress is usually treated simply as a mean
stress in fatigue & fracture mechanics analysis, even though the introduction of
compressive/tensile residual stress is accompanied by other phenomena including
changes in material mechanical properties.
The research presented in this thesis has developed and applied methodologies for
the analysis of residual stress effects on the fatigue life of components. Fatigue life,
composed of crack initiation and growth lives, needs to be analysed using methods
relevant to each fatigue state. The strain-life approach was implemented to evaluate the
effects of the related variables including stress concentration factor and residual stress
relaxation on fatigue initiation life. Stress Intensity Factor (SIF) weight functions were
developed for surface cracks and used as a means to evaluate surface crack growth
behaviour in complex stress fields including residual stress. Prediction of crack shape
evolution, providing critical information for safety assessment of cracked members, was
applied to fracture mechanics analysis of cracks in flat plates and threaded connections.
A flow chart summarising the main details of the fatigue & fracture mechanics
methodology for components containing residual stress fields is given in Table 7.1.
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7.1.1 Residual Stress Measurement

Chapter One introduced various methods of residual stress measurement. The
hole drilling method is easy to implement; however, it is a semi-destructive method and
its accuracy depends on operator skill and the instruments used.

The diffraction

approaches including X-ray and neutron methods are based on micro-texture changes.
These methods can be used for measuring through thickness residual stress distributions,
when accompanied by the layer removal method. The magnetic methods are relatively
easy to use but carefiil calibration procedures are required to obtain sound results from
raw measurements. The measurement of surface residual stress can be carried out by
the diffraction and magnetic methods without damaging the surface.
The Alternating Current Stress Measurement (ACSM) system, originally
developed for measuring applied stress, can be used to measure surface residual stress.
A differential ACSM probe, using orthogonal magnetic fields, was deployed in a series
of uni-axial stress tests on a mild steel specimen and measurements were analysed using
a model based on a Mohr’s circle analogy. The model which is presented in Chapter
Two predicts ACSM readings in specimens even under bi-axial stresses and fiirther
calculates bi-axial residual stress through calibration with uni-axial stress test.
The proposed model could be used to monitor the integrity of fatigue-prone
structural components by measuring residual stress relaxation.

A contour map of

ACSM reading under a bi-axial stress state is easily obtained from the ACSM model.
This means that the direction of residual stress relaxation can also be identified. An
effective maintenance plan to protect surfaces which are vulnerable to fatigue damage
will in future be possible due to the easy implementation of ACSM. This experimental
monitoring of surface residual stress can be used in conjunction with a number of
empirical residual stress relaxation models given in Chapter Three.
ACSM readings are sensitive to any surrounding ferromagnetic material and
special care should be taken to extract meaningful information from test readings.
Detailed information has been given, in Chapter Two, as to what procedure should be
followed in ACSM measurement and how to analyse the readings. This is a novel use
of ACSM to measure residual stress.
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7.1.2 Fatigue Crack Initiation Analysis

Chapter Three provides a detailed procedure to calculate fatigue crack initiation
life taking into account residual stress, stress concentration at notches, high mean stress
and relaxation of residual stress. The Neuber rule, the Massing hypothesis, residual
stress at notches and applied load were combined with a cyclic stress-strain curve,
giving local stress/strain range at notches.

Finally fatigue crack initiation life was

determined from the calculated strain range and a proper strain-life curve accounting for
mean stress/strain effects. This strain-life method enables explicit control over every
significant variable and helps to understand the effect of these on crack initiation life.
A residual stress relaxation model was combined with the strain-life method using
the Palmgren-Miner rule. Fatigue crack initiation life was calculated for each value of
relaxing residual stress before the damage ratio of each step was calculated using the
number of applied cycles. Summing these damage ratios until the sum reaches a critical
value gives the crack initiation life.
A number of calculations conducted in Chapter Three for notches in tensile
residual stress fields showed that residual stress does not have as a considerable effect
on fatigue crack initiation life in low cycle fatigue compared with that in high cycle
fatigue.

This remains true even when residual stress relaxation is taken into

consideration. The calculations also showed that when the resultant local stress is high,
fatigue crack initiation life is insensitive to other variables.

This was illustrated by

varying stress ratio i?, as shown in Figs. 3.10 and 3.11, resulting in small differences in
fatigue crack initiation life, when combined with high tensile residual stress.
The calculations considering residual stress relaxation clearly showed that the
beneficial life increase resulting from compressive residual stress diminishes due to
residual stress relaxation.

This result strengthens the arguments to monitor residual

stress relaxation in order to assure fatigue life.
The strengths of the strain-life method were also illustrated for fatigue crack
initiation analysis of threaded connections in Chapter Six.

This fatigue problem is

characterised by the prestress induced in connection make-up, compressive residual
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stress and root shape changes introduced by cold rolling, and applied stress distribution
due to stress concentration.
The application of the strain-life method successfully demonstrated the effects of
prestress, compressive residual stress induced by cold rolling and SCF at thread roots on
fatigue crack initiation life.

Cold rolling the thread roots is understood to increase

fatigue initiation life of the concerned details since it induces compressive residual
stress and lowers SCF by changing root shape and surface roughness. These beneficial
factors are thought to be governed by rolling pressure and the number of rolling passes.
The number of rolling passes was seen to have clear benefits since subsequent rolling
appears to make more uniform induced residual stress and surface smoothness.

7.1.3 Fatigue Crack Propagation Analysis

Fatigue crack propagation can be analysed using the Paris law in terms of SEF
range {AK). The SIF weight function is a powerful method for the calculation of SIFs
for cracks under complex stress distributions. The SIF is a coupled quantity involving
load and geometry; however, the weight function removes the effects of load from the
SIF and can be defined from geometrical characteristics alone.
A number of weight function methods for surface cracks were discussed and
developed in Chapter Four. A one-dimensional weight fimction was demonstrated to be
sufficient to calculate SIFs at critical points of a surface crack front under a one
dimensional stress distribution. One-dimensional weight functions of simple geometries
can be combined to obtain weight functions for surface cracks in complex geometries.
The composition method was developed from the understanding that SIF can be de
coupled by the weight function reflecting only geometry characteristics.
A Root-Mean-Square (RMS) SIF weight function was developed and applied to
surface cracks in flat plates. The RMS SIF is characterised by the fact that surface crack
growth can be modelled by two independent crack extension modes corresponding to
the depth and surface directions.
Non-uniform stress tests and complementary CT tests were reported in Chapter
Five to prove the RMS SIF concept. It was shown from the test results that the RMS
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SIF is theoretically coherent and practically powerful. The Paris constants obtained
from the CT tests were used along with the RMS SIF to model surface crack growth of
the non-uniform stress tests.

The same material constants were used without

modification for both surface and depth directions to simulate crack growth behaviour.
The Vainshtok weight function, originally developed for cracks in flat plates, has
been extended for external circumferential cracks in pipes and threaded pins. As an
attempt to supply a reference SEF solution to calculate the unknown coefficients of the
extended Vainshtok weight function, a closed-form SIF solution for external
circumferential cracks in a pipe {Ri/t =1.5) under tension was obtained from a series of
FE J-integral analyses.

The weight function obtained was validated using the SIF

solutions for bending also calculated from the FE analysis. The extended Vainshtok
weight function can be used to calculate SEFs at any point of the crack front in a pipe
{Ri/t= 1.5) under any symmetrical loading system.
SIFs for external circumferential cracks in threaded pins were calculated using the
extended Vainshtok weight function developed for external circumferential cracks in
pipes using a thread root stress distribution. The applied stress distribution of an NC26
threaded pin was calculated analytically and combined with the extended Vainshtok
weight function to give conservative SIFs of the cracks emanating from a cyclically
loaded thread root.

Results showed close agreement to those obtained from the

composition method based on one-dimensional weight functions. The extended
Vainshtok weight function calculated the SIFs at all the points along the crack front,
whereas the composition method defined the SEF at the deepest point only.
The crack aspect ratio evolution simulation was carried out using the crack front
SEFs for the threaded pins. The simulation results showed that crack propagation under
rotating bending can be approximated by a reversed bending model up to near through
thickness.

Circumferential cracks were observed to gradually change from a

symmetrical part-elliptical shape to an asymmetrical sickle shape as the cracks grew
under rotating bending.
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7.1.4 Critical Review of Crack Aspect Ratio Evolution

Most studies of crack shape evolution reported in public literature were conducted
through experimental work, in which experimentally observed data were reproduced
using the Paris law using empirically obtained material properties.

These studies

established the widely held view that surface cracks can be assumed to be semi-elliptical
in shape and the SIFs at the two points: the deepest and surface points, are sufficient to
predict crack shape changes. The ratio of Paris law coefficients Ç 4 and Cg at the deepest
and surface points respectively is generally used to model differences in fatigue crack
resistance between deepest and surface points.

The ratio has been reported to be

associated with a crack closure factor t/, related to fatigue crack resistance. This study,
however, showed that this two-degree-of-freedom approach is not theoretically
consistent.
The Holdbrook and Dover study redefining SIF solutions for surface cracks in flat
plates provided an alternative to the empirical ratio CyCg and proposed a method to
directly use the Paris law coefficients, from standard tests using one-dimensional cracks,
for surface crack growth in flat plates. It is interpreted that the ratio CyCg is implicitly
included in their SIF solutions.
The results of the non-uniform fatigue tests showed that the widely accepted
‘0.91’ ratio does not have a strong theoretical basis. It was shown in Chapter Five that a
simple comparison of crack growth rate curves of the surface and deepest points showed
that a value of CyCg = 0 . 8 better described the results of the non-uniform stress tests.
It was shown that the RMS SIF, based on two independent crack growth modes,
does not need the empirical factor of 0.91 since it is not critically affected by the low
singularity at the surface layer. It was also demonstrated using the results of the nonuniform fatigue tests that the RMS SIF simulated crack aspect ratio changes with good
agreement.

The original definition of the RMS SIF allows application of the two-

degree-of-freedom weight function approach without any theoretical drawback.
A new parameter C/C^ was introduced as a means to assess the traditional twodegree-of-freedom approach.

Surface crack growth is intrinsically understood as a
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multi-degree-of-freedom problem and the parameter C/C^ demonstrated that the
proposed surface crack growth problem can not be explained by the two-degree-offreedom approach. From this understanding, Lin and Smith’s FE study is thought as an
attempt to solve this problem without lack of theoretical integrity. They used automatic
adjustment of local crack front shape resulting in a realistic crack growth pattern.

7.2 R ec o m m e n d a tio n s

fo r

F uture W o r k

The work in this thesis considered a holistic approach to fatigue and fracture
mechanics analysis of components containing residual stress fields.

Recommended

further work is to generally apply and further develop the detailed methods introduced
here. Specially it is recommended to:

•

Apply ACSM to more situations, particularly where there is greater knowledge
of surface residual stress. This will allow greater comparison to be made and
help to understand the performance reliability of the method.

•

Extend the ACSM model to measure residual stress at different depths by
conducting experiments changing the alternating current (AC) frequency, hence
the measured depth. Measurements should have sufficient information to give
through thickness residual stress distribution.

•

Further study the relaxation behaviour of residual stress under constant stresscyclic loading. Quantitative relaxation results should now be easier to obtain
with an ACSM system compared to semi-destructive methods.

•

Further apply the one-dimensional weight function to surface cracks in circular
components, e.g. rods or pipes, based on the composition method.

It was

unclear from this work why the composition one-dimensional approach gave
good results for the deepest point SIF in circular pipes under bending (a twodimensional stress system).

FE SIF analysis can be carried out to clarify
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whether the SEFs obtained by the composition method give the correct or only
approximate SIF solutions for cracks in circular members.

Further apply the RMS SEF and extend its applicability to surface cracks in
general. Further study should also involve circumferential cracks in circular
components. The RMS SIF has been demonstrated to precisely predict crack
aspect ratio changes in flat plates and is expected to also outperform the
conventional SEF for circumferential cracks in circular members, since the low
singularity near the surface layer is more prominent in the circular components
than in flat plates.

Modify the extended Vainshtok weight function to model asymmetrical crack
growth under rotating bending.

An asymmetrical-mode Vainshtok weight

function for circumferential cracks is expected to be easily defined and a linear
combination of symmetrical and asymmetrical SEFs is expected to produce a
more accurate simulation of rotating bend fatigue crack growth.

Systematically investigate and quantify the effects of cold rolling pressure,
roller dimensions and number of passes with respect to residual stress, root
shape change and surface smoothness.

Study the magnitude and nature of the stress induced by the preload in threaded
connections in order that fatigue crack initiation life can be predicted accurately.
FE analysis can be used as a complementary tool to relate the strain measured
experimentally at the outer surface of connectors to the local stresses at the
thread roots. The relationship between applied make up torque and the strain at
the outer surface can be obtained from full scale tests, so finally the relationship
between applied torque and local stress at the roots can be established.
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7.3 Tables
Table 7.1 Summary o f fatigue & fracture mechanics methodologies developed in the present thesis

Fatigue & Fracture Mechanics Analysis o f Components Containing Residual Stress Fields
R esid u a l S tress M ea su rem en t

Fatigue Crack Initiation

Residual stress monitoring
- Able to provide
maintenance plan

M easurem ent (surface residual stress)
A nalytical m odel

Fatigue initiation life prediction
- Strain life approach based on
local stress/strain range

m
Strain-life equation
- Considering mean stress effects
- Morrow / SWT / Manson & Halford
SCF o f notches
- Neuber equation
Cyclic stress-strain curve
- Some cyclic properties
can be obtained from
monotonie properties

kciaA itiiuii

- Jhansale & Topjper/ Landgraf
/ Burk & Lawren ce

"oA G SM
^
- For flat surfaces
- N on destructive method
- Easy to use, but requires
calibration before evaluation

- For flat surface
- Semi-destructive method
- Susceptible to measuring
error
- Able to measure nonuniform distribution

/ o X-ray. N eutron method ^
- For shallow surface layer
- Non destructive method
- Require heavy instruments
- Through layer removal, able
to measure residual stress
distribution
>

Surface residual stress

Residual stress relaxation
- The Palmgren-M iner rule
was used to incorporate the
relaxation behaviour.

External cyclic loading
R esidual stress distribution

Fatigue Crack Propagation

STF W eigh t F u n ction for 2-D C rack s
o SIF weight function can give SEFs for any complex
stress distribution once defined for geometry of
concern

Fatigue crack life prediction
- The Paris law based on LEFM
o l-J> weight function & the composition method
- W eight function for cracks in complex geometry
can be obtained using the composition method
- Limited application to 1-D stress distribution
- Gives SIF at one point o f surface crack front

Crack shape evolution
Two-degree-of-freedom approach

/OEMS SIF-W.cight function
- Defined as averaged quantities representing two
typical crack growth directions - surface and
depth directions
- Free from the weak singularity effect o f the
surface layer
- Compatible X o C 8 c m obtained from standard
tests
- No empirical modification to the Paris law
coefficients for surface and depth crack growth
- Versatile for any complex stress distribution

Non-uniform stress fatigue tests
- with C & m obtained from CT tests
- using RMS SIFs at surface and depth
direction

Rotating bend fatigue tests o f threaded
connections
- based on the extended Vainshtok
weight function defined for reversed
bending
- using the SIFs at two points o f a crack
front

SIF

344

,

o The extended Vainshtok weight function
- Defined for external circumferential cracks in
circular memebers
- Subject to low singularity at the surface layer
and a modified method is used for crack shape
evolution analysis
- Extended to cracks in threaded pins w ith good
accuracy__________________________________

^

APPENDIX A
Domain Theory of Magnetization
The domain concept in magnetic theory was first introduced by Weiss, when, in
1907, he postulated that a bulk sample is subdivided into many different regions in order
to explain how an assemblage of spontaneously magnetic atoms can be demagnetised.
The different regions are called domains and magnetised in different directions. The
domain hypothesis, then, allows the spontaneous dipole alignment to persist over most
of the sample and at the same time permits the sample to be demagnetised in a
macroscopic sense. This domain hypothesis was proved when Fancis Bitter and others
first observed magnetic domains in ferromagnetic solids as in Fig. A.1 [A.1]. For a
better understanding of the domain theory, the various factors that contribute to the total
magnetic energy of a given magnetic material will be discussed first.
A.1

MAGNETIC E n erg ies

A. 1.1 Exchange Energy

The exchange energy is the driving force for spontaneous magnetisation. When a
group of atoms is brought together to form a ferromagnetic crystal, the exchange energy
is lowest when all the atomic dipoles are aligned in parallel. This means that if only the
exchange energy is considered, each and every atomic dipole within the solid would be
expected to adopt the same orientation. The effects of the exchange energy can be
likened to strong springs connecting all the dipoles and forcing them into a parallel
alignment. Any perturbation in this perfect alignment occurs at the expense of the
exchange energy or, in our analogy, would be resisted by the springs holding the dipoles
in line. It is clear fi*om the fact that the energy associated with a magnetic field is a
quadratic function of H, where H is the magnetic field that the total magnetic energy of
a magnetic sample. This includes not only the exchange energy but also the energy of
the external field. In fact the lowest energy is achieved by reducing the energy of the
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external magnetic field at the expense of the exchange energy. Our attention will be the
energy term that relates to the energy of external magnetic field, the magnetostatic
energy

A, 1.2 Magnetostatic Energy

As the exchange energy is the basic driving force for spontaneous magnetisation,
so the magnetostatic energy is the driving force for domain formation. The energy of
external magnetic field or the magnetostatic energy of a magnetised sample can be
reduced through the formation of domains.
As shown in Fig. A.2, if there is only one domain, the magnetostatic energy,
which is defined by integration of the field energy over the entire space surrounding the
sample as in Eq. A.1 [A.1], is significant.

where H ^

.

Consider the sample shown in Fig. A.2b , which is subdivided into two domains.
The intensity of magnetisation in the two domains is still M,, but the polarisations of the
two domains are anti-parallel. The external or demagnetising field can extend directly
between the positive and negative poles on the same surface because of the
magnetisation reversal on one side of the sample. This causes the external magnetic flux
to be confined to the vicinity of the ends of the magnetic domains. Consequently, the
magnetostatic energy is much lower than it was for the single domain since the volume
containing the magnetic field is greatly reduced. If there are more than two domains as
shown in Fig. A.2c, the extent of the demagnetising field is reduced even more and the
total magnetostatic energy even less. The magnetisation is uniform within a domain,
equal in magnitude to the saturation value and directed along one of the easy directions.
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A. 1.3 Magnetocrystalline Anisotropy Energy

The magnetisation in a ferromagnetic crystal tends to lie along certain
crystallographic direction called “easy” direction of magnetisation. In BCC iron the
magnetisation lies in the <100> direction, as shown in Fig. A.3 [A.2]. Other
crystallographic directions are called “hard” directions, since it is more difficult to force
the magnetisation vectors to lie in these directions. The tendency of the magnetisation to
lie in easy crystallographic directions is caused by the interaction between the magnetic
dipoles and the crystal lattice. This interaction energy, called the magnetocrystalline
anisotropy energy, is lowest when the polarisation is in the easy crystallographic
direction.

A.1.4 Bloch Wall Energy

A domain boundary or Bloch wall is an interface that separates two regions of a
crystal that are polarised in different directions. Fig. A.4 shows schematically a 180°
Bloch wall [A 3]. Two energies are essentially involved: the exchange energy and the
magnetocrystalline anisotropy energy. As discussed earlier, the exchange energy tends
to force the dipoles into parallel alignment. However, the dipoles are forced to be
misaligned in the region of a Bloch wall. Therefore, part of the Bloch wall energy is
related to the exchange energy associated with the forced misalignments of the dipoles
in the wall. The magnetocrystalline anisotropy energy is lowest when the dipoles lie in
an easy direction. It is evident from the figure that in a Bloch wall the dipoles are forced
into hard directions. The magnetocrystalline anisotropy energy associated with having
the dipole in a hard direction represents the other part of the domain wall energy.
It is now clear that while the introduction of Bloch walls into crystals does permit
a reduction of the magnetostatic energy, it is also accompanied by an increase in the
total surface energy associated with the walls.
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A. 1.5 Magnetostrictive Energy

When a ferromagnetic material is magnetised, it undergoes slight dimensional
changes. The magnetostriction constant X is commonly introduced to represent the
longitudinal strain induced by the magnetisation.
A ferromagnetic body consists of many magnetic domains magnetised
spontaneously in easy magnetisation directions, which are < 1 0 0 > in iron and < 1 1 1 > in
nickel. Each domain elongates in the easy magnetisation <100> in iron but contracts in
<111> in nickel. Magnetisation of a crystal of iron to saturation along the <100>
direction causes a positive longitudinal strain of 20.7 x 10^ to be induced: A<ioo>= 20.7 x
10^. Magnetisation in the hard <111> direction produces a contraction in the
magnetisation direction: yl<,oo>= -24.3 x 10^.
This behaviour is related to the rotation of the magnetisation from easy to hard
crystallographic directions when large fields are applied. Fig. A. 5 shows a qualitative
explanation of the forces that produce magnetostriction. The forces exerted between
magnetic dipoles depend on their relative orientations. If the dipoles are end-to end, they
attract each other; if they are side-by side, they repel one another. The forces between
the atoms may be thought to depend on how the polarisation is oriented in the crystal, if
each atom is taken for a tiny magnetic dipole.
The domain structure of a crystal of iron shown in Fig. A. 6 helps to explain the
contribution of the magnetostrictive strain to the energy and equilibrium configuration.
The triangular domains, called closure domains, at the ends of a sample provide an
internal short circuit for magnetic induction and no external or internal poles are formed.
This configuration is particularly stable because there is no demagnetisation field and
hence no magnetostatic energy. If only surface energy associated with the domain
boundaries is taken into account, it might appear that the lowest energy configuration
would as shown in Fig. A.6 a, since this configuration involves the least Bloch wall area.
However, an elastic strain energy term should be introduced because the closure
domains are magnetised perpendicular to the primary domains. As shown in the figure,
the magnetostriction in the closure domains would cause those regions to extend in the
direction of magnetisation if they were not constrained by the presence of the primary
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domains. The energy that squeezes the closure domain back into shape is called
magnetostrictive energy or magneto elastic energy. This energy is directly proportional
to the square of the closure domains. It can be seen in Fig. A. 6 b that the total volume of
the closure domain can be reduced by making the primary domain smaller. The
equilibrium domain configuration involves a balance between the effects of Bloch wall
energy and magnetostrictive energy. The Bloch wall energy tends to make the domain
large (with few domain boundaries), while the magnetoelastic energy tends to energy
tends to make the domain small (with small closure domains).

A.2

DOMAIN T h eo r y

of

M a g n et iz a t io n

Based on the energies mentioned above, a microscopic interpretation of the
magnetisation process is now available. The main interest of the present study lies
especially in the growth of some domains relative to others or, in other words, with the
motion of domain boundaries.
When the magnetic field is zero, the size of the two domains magnetised in the
positive direction is exactly the same as the size of the two domains with the opposite
magnetisation as shown in Fig. A.7 [A.3]. Therefore at zero field there is no net
magnetic moment in the horizontal direction. When a positive magnetic field is applied,
the domain boundaries respond by moving in the manner shown. The domain walls
move in the direction that permits the most favourably oriented domain to grow. That is,
the domains with the magnetisation parallel to the applied field grow, while the domains
magnetised anti-parallel to the field shrink. In this way the sample develops a net
magnetic moment parallel to the field and becomes magnetised. It should be noted that
the 90° wall in this sample also move when the field is applied. The domain with
magnetisation normal to the field is less favourably oriented than the domain parallel to
the field, but is more stable than the domain that is magnetised opposite to the applied
field. As a consequence, the small domain with perpendicular magnetisation grows at
the expense of the anti-parallel domains and is reduced in size by the growth of the
domain parallel to the field. When the field is sufficiently strong, the 180° walls are
driven to the edges of the sample and the perpendicular domain finally shrinks to
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nothing and disappears altogether. When this happens, the sample will be saturated, as a
single domain with the saturation magnetisation M3 , pointing in the direction of the
applied field. The same is then fully saturated and the magnetisation process is complete.
If the magnetisation or magnetic field remains sufficiently small, the
magnetisation of the sample retraces exactly its values when the magnetic field is
removed. The microscopic interpretation of this field is that the domain walls return to
their initial equilibrium position when the field is removed. Fig. A. 8 shows how the
energy of a domain wall might depend on its position in a crystal. It is evident that the
equilibrium position (lowest energy) is

and that a critical force or field is needed to

displace the wall from its position. If the field remains below the critical value, the wall
displacements are reversible. When the magnetic field is sufficiently large, the walls
displace irreversibly; that is, they do not return to their initial position when the field is
removed. When this happens, the sample begins to show hysteresis effects. In this
region, the walls cannot return to their initial positions when the field is removed
because they are trapped into positions as in position Xj.
When the magnetisation takes place irreversibly, it can occur discontinuously. The
magnetisation in this case occurs in steps called Barkhausen jumps. This discontinuous
phenomenon is due to the rapid motion of groups of domain walls when they suddenly
break free from the defects that hold them in place.
As noted earlier, a sufficiently strong magnetic field can drive all the domain
boundaries from the material. In that case, each crystal in the sample becomes a single
domain magnetised in the easy direction most closely aligned with the applied field.
Saturation is not achieved by removing all the domain walls since the sample is
polycrystalline with randomly oriented grains. This is because some of the crystals are
not yet magnetised parallel to the field. Further magnetisation can occur only by the
rotation of the dipoles from the direction of easy magnetisation into the direction of the
field. As this process occurs, the magnetisation of the sample slowly approaches M, as
the field is increased. Because of the large magnetocrystalline anisotropic forces holding
the magnetisation in the easy directions, extremely large fields would be required to
fully saturate a polycrystalline sample with randomly oriented grains.
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A .4

F ig u r e s

Fig. A. 1 Magnetic structure of a single crystal of Fe-3% Si
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Fig A.2 Illustration o f the external magnetic fields associated with various domain

patterns
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Fig. A.3 Illustration o f th e easy m ag n etic axes for B C C Fe
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Fig A .4 Illu stratio n o f (a) m agnetic dipole arran g em en t in a B loch w all; and (b)
relation betw een ex c h an g e energy, aniso tro p y energy and w all energy, and the w all
w idth [A 3]
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Fig. A. 5 Illustration of attraction and repulsion of differently oriented dipoles of BCC
Fe
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Fig. A .6 Closure and primary domains o f BCC Fe
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Fig. A.7 Movement of domain boundary in an iron crystal caused by a magnetic field
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Fig. A. 8 Variation o f the energy o f a Bloch wall with position in an imperfect crystal
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