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Abstract

Systems consisting of vibrating components that repeatedly impact with rigid 

boundaries are in the heart of engineering. The aim of this research is to improve 

our understanding of such vihro-impact systems and thus to enable more accurate 

monitoring, interpretation and modelling of their behaviour.

We use a mechanical impacting oscillator as our source of experimental data. 

An impact load cell is used to measure the forces exerted upon impact. These data 

are analysed to assess the suitability of an instantaneous impact assumption for 

the impacts. The problem is quantified and the suitability of the model is proved. 

The single degree of freedom model, combined with an instantaneous impact rule, 

is then used to compare and verify our experimentally obtained results.

Using thresholded measurements from the impact load cell, we show that the 

correlation dimension can be estimated. Using interspike intervals from the vibro- 

impacting motion, we successfully reconstruct the dynamics of the system for 

different kinds of periodic behaviour. By simulating the data acquisition process, 

we also show that the results obtained by thresholding the measurements are 

qualitatively similar to results obtained in ‘noisy’ environments.

A way to remotely extract the same information from the vibro-impact sys

tem is presented. We investigate whether the sound of the impacts carries enough 

information to reconstruct the dynamics. We show that this is possible by re

constructing two types of behaviour. The results show great similarity to those 

obtained from the impulse spike data.

Control of the vibro-impacting behaviour is attem pted using Pyragas’s method. 

Perturbations are successfully used to force the system into motion of a particular 

period. We investigate how different strengths of control might assist in overcoming 

difficulties in stabilising certain orbits. Finally, we show that using control, the 

behaviour of the system can be swiftly altered at will and migrate between different 

orbits.
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Chapter 1

Introduction

In the recent years there has been a great interest in the field of nonlinear dy

namics. This interest is fuelled mainly by two factors: the frequent occurrence 

of nonlinear dynamical systems in virtually every field of science and engineer

ing and the increasing availability of computing power, which makes the solution 

of complicated problems feasible and inexpensive. Furthermore, as scientific and 

engineering problems become more complex, linear theory reaches its limits and 

nonlinearity must be dealt with, in order to obtain working solutions.

In an engineering context, nonlinear response can usually be attributed to the 

stiffness and/or damping properties of the dynamical system, since inertia prop

erties are in most cases linear. Nonlinear systems may still be smooth, if the 

dynamical equations can be differentiated with respect to time. Meanwhile, a 

large class of systems often encountered in engineering is impact oscillators or 

vibro-impact systems. These terms are used to describe systems whose compo

nents impact, while vibrating as a response to some external forcing. Although 

for vibration of small amplitude the motion of the oscillating elements may be pe

riodic and smooth, as soon as the oscillating body touches a constraint with zero 

velocity the dynamics enter the non-smooth regime, with an immediate effect on 

the periodicity. The response changes with increasing severity of the impacts, and 

in many cases it undergoes bifurcations that follow a pattern common to many 

problems of the same nature.
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Impact oscillators have a key role in the field of dynamics. Their behaviour 

resembles that of many systems in physics, biology and engineering. Motivation 

for this work arises from an interest to better understand the dynamics of such 

systems, as it is captured by experimental measurements. A complete framework of 

analysis would be beneficial in a vast number of problems. Furthermore, accurate 

modelling of their behaviour would assist in prediction of their response. The 

application of this in the design of structures, engines or mechanical manipulators 

in the manufacturing industry is of great interest.

1.1 Evolution of nonlinear dynamics and chaos 

theory

In the Newtonian view of mechanics, dynamical systems are deterministic i.e. 

the future evolution of every system is completely and accurately determined by 

well-defined equations of motion and knowledge of its present state. Laplace also 

believed in such determinism. He is attributed with saying that given precise 

knowledge of the initial conditions, it should be possible to predict the future of 

the universe.

This is true in fact for any deterministic system. However, Poincaré (1892) 

studied the three-body problem in celestial mechanics and established that un

predictable long-term behaviour may indeed be exhibited by totally deterministic 

systems. This is because many systems depend sensitively on their initial con

ditions and therefore small inaccuracies in the initial conditions result in large 

differences in the long-term behaviour.

After Poincaré, Birkhoff continued working in the same field, taking Poincaré’s 

work a bit further (Birkhoff 1927; Birkhoff 1932; Birkhoff 1935). Many other re

searchers since then, have studied certain features of dynamical systems, or solu

tions to particular differential equations (Duffing 1918; van der Pol 1927; Andronov 

& V itt 1930; Andronov & Leontovich 1939; Cartwright 1948).

However, it was not until 1963 that the first pieces of influential applied work
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F ig u re  1.1: The Lorenz a ttrac to r.

begun to appear. This was when Lorenz devised a simple meteorological model 

for the purpose of weather forecasting. The model consisted of three first-order 

ordinary differential equations (ODEs) with three variables: the direction of move

ment, the horizontal and the vertical d istribution of tem perature. Behaviour was 

determ ined by the values of three param eters.

In his famous paper (Lorenz 1963), he described the behaviour of his dynamical 

system. Lorenz was the first to notice the exponential divergence of nearby tra 

jectories, resulting in unpredictability. This type of behaviour i.e. unpredictable 

long-term evolution in determ inistic nonlinear dynam ical systems, is now called 

chaos. Evidently, nonlinear dynamics and chaos theory are very much related. 

The Lorenz system is now known to behave chaotically at certain values of its 

param eters. The Lorenz a ttrac to r (see figure 1.1) has since become a symbol of 

chaos theory.

The main consequence of chaos is th a t given im perfect knowledge — which is 

practically always the case — the horizon of predictability in a determ inistic system 

becomes finite and in many cases quite short, due to the exponential growth of 

errors.

Soon after Lorenz’s paper, Hayashi (1964) produced topological studies of the
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phase space of forced oscillators, experimenting with electronic circuits. The study 

of nonlinear and chaotic phenomena flourished during the following two decades. 

One of the most influential discoveries was that there are universal, scale invari

ant properties in systems’ transition into chaos (Feigenbaum 1978, 1980). These 

properties have also been verifled experimentally (Libchaber et al. 1983).

1.2 Vibro-impact system s

1.2.1 Vibro-impact system s in engineering

Impacting is the single most important feature of vibro-impact systems dictating 

their design. Most design considerations will be towards minimising unwanted 

side effects of the impact, such as noise, components wear, aperiodic and large 

amplitude vibrations.

In mechanical engineering, expressions of such problems can usually be ob

served in machinery with clearance between components, such as gears and bear

ings. Numerous researchers (Pfeiffer & Kunert 1990; Kahraman & Singh 1991; 

Neilson & Gonsalves 1993; Wiercigroch 1994; Padmanabhan et al 1995) have 

studied such systems in the past, aiming both to model the systems’ behaviour 

and to provide solutions to problems such as gear rattle or wear of machinery.

Wood & Byrne (1981, 1982) studied random repeated impacting processes. 

Their work focused on industrial applications with an emphasis on machine noise 

reduction. They also mentioned evidence of seemingly random behaviour in sinu

soidally forced systems.

Other problems encountered in mechanical engineering literature are the dy

namics of rail vehicles and wheels (Meijaard & de Pater 1988; Knudsen et al 1992; 

Hassard 2000) and the dynamics of print hammers (Hendriks 1984; Tung & Shaw 

1988).

High-speed flows in pipes and tubes used in chemical and nuclear plants can 

induce strong vibrations in the tubes. This often forces the tubes into vibro-impact 

motion when combined with loose supports. This has also been a subject of study
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(Eisinger 1980; Abd-Rabbo & Weaver 1986; Chen 1989; Fisher et al, 1989; Au- 

Yang et al. 1991; Yetisir et al. 1998) because of the noise levels it produces and 

the potential for severe damage when vibrations become strong.

Problems of similar nature also arise in offshore engineering. Moored or teth

ered sea vessels are known (Lean 1971; Rainey 1978; Thompson et al. 1984; 

Papoulias & Bernitsas 1988; Sharma et al. 1988; Aghamohammadi & Thompson 

1990; Jin & Hu 1998) in many cases to undergo nonlinear or chaotic motion un

der the combined action of the sea waves, which act as external forcing and the 

fenders, acting as movements constraints.

Earthquake excitation of high rise buildings that are very close together may 

also result in vibro-impacting. This phenomenon is known as ‘pounding’ and is 

mainly observed in earthquake-prone cities with a high density of tall buildings. 

It has been analysed by several authors including Jing &; Young (1990), Davies 

(1992), Filiatrault et al. (1995), Papadrakakis (1995) and Leibovich et al. (1996).

Apart from the adverse effects vibro-impact motion has in many engineering 

systems, there are other systems designed to take advantage of such motion. Such 

systems are vibrating hammers, vibrating conveyor belts, shaker grids and vibro- 

hammer pile drivers (Kobrinskii 1969; Harrison 1991; Harrison 1992).

Similar behaviour from other system s

The behaviour exhibited by impact oscillators (periodicity, bifurcations and chaos) 

is not confined only to mechanical systems with oscillating parts. A recent study 

for example has revealed equivalent behaviour for a DC/DC buck converter (di Be- 

nardo et al. 1998).

Many chemical reactions are also known to possess dynamics similar to that of 

oscillators. Early research on chemical oscillators was performed by Ruelle (1973) 

and Nicolis & Portnow (1973). Later work focused on the stability and bifurcations 

of such oscillators (Auchmuty & Nicolis 1976; Feinberg 1980; Maselko et al. 1986; 

Vance & Ross 1989; Koper 1995; de la Puente et al. 1998). Biological systems 

have also been modelled as oscillators with similar behaviour (Guevara et al. 1981; 

Guevara & Glass 1982).
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F (t )

a) b)

F igu re 1.2: a) A SDOF model for an im pact oscillator, b) Schematic diagram  of 

the horizontal forces acting on mass rn, shown in a).

The fact th a t other systems may also exhibit behaviour similar to mechanical 

oscillators, further amplifies the need for accurate and efficient m ethods for the 

analysis of such dynamics.

1.2.2 M odelling  of vibro-im pacting

In the modelling of vibro-im pact systems two features of the behaviour must be 

taken into account: vibration and im pacting. The principles on which dynamical 

systems theory is partially based on, is work done by Isaac Newton. In his Principia  

(Newton 1686), Newton presented three laws of m otion which then became the 

foundation of mechanics. These laws are used to derive the equations of motion 

for the oscillators as well as the rules describing im pacts.

E quation  of m otion

Let us consider the system in figure 1.2a. The system consists of a mass, rn, 

which slides w ithout friction on a flat support. The mass is thus free to move 

only laterally. There is a linear elastic spring with a stiffness coefficient, k, and a 

viscous dam per with a damping coefficient, c. This is the single degree of freedom 

(SDOF) model of the oscillator used in parts of this work.
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If an external force, F{r), causes the mass to accelerate in the direction of 

F (r) , then the linear elastic spring will exert a force of magnitude kz, acting on m  

in a direction opposite of that of F (r) . In the above terms, z is the displacement of 

the mass m  from its equilibrium position and r  denotes time. The same holds for 

the viscous damper. It will exert a force of magnitude cz in the opposite direction. 

The overdot here denotes differentiation with respect to time. Furthermore, the 

acceleration of the mass gives rise to an inertial force of magnitude mz, that 

also acts in a direction opposite to that of the movement. All these forces are 

schematically shown in figure 1 .2 b (the net vertical force equals zero and it is not 

shown in the figure).

The differential equation of motion is obtained by the use of Newton’s second 

law:
force = mass x acceleration^

where force is the sum of all forces acting on mass m.

The equation of motion away from the movement constraint (positioned at 

z = a) thus becomes:

m z + c z k z  = F{r). (1.1)

Im pact m odelling

The effect that impacts have on a vibro-impacting oscillating body is to abruptly 

disrupt its smooth oscillatory motion and dissipate part of its kinetic energy. The 

lost energy is transformed into heat, sound and possibly higher modes vibration, 

before the body bounces back and a new cycle of oscillation begins.

This disruption suggests that a discontinuity is introduced in the motion and 

this is why equation 1.1 can only be used away from the impact stop. The im

pacting event must therefore be dealt with separately.

In the Principia, Newton described his experiments on colliding bodies. He 

conducted the experiments by releasing two spheres from two initial positions, 

let them collide and bounce back. He then recorded their return positions. By 

experimenting with spheres made of different materials, he came to the conclusion
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that the result of an impact is determined by a material constant, known as the 

coefficient of restitution. The value of the coefficient of restitution is the value of 

the ratio of the velocities before and after impact.

The oscillator in figure 1 .2 a hits the constraint when z = a. If the time of the 

impact is r  =  Ta, then the velocities before and after impact are related by:

v{Ta+) =  - r  v{Ta-),

where u(to_) is the velocity of the oscillator just before impact and u(tq+) is the 

velocity just after impact, r  is the coefficient of restitution and the minus sign 

indicates that the two velocities have opposite directions i.e. velocity is reversed 

upon impact.

The rule is based on the assumption that impact is instantaneous. This makes 

the above method suitable only for vibro-impact systems where the time spent on 

impact is very small in comparison with the time spent vibrating. A quantification 

of this is given in chapter 4.

The introduction of the coefficient of restitution in impacting problems is quite 

old and has been used by many researchers to model impacting events (Hunt & 

Crossley 1975; Smith & Liu 1992; Adams & Tran 1993; Thompson et al. 1994; 

Bishop 1994; Bishop et al. 1996; Adams 1997).

Adams (1993) proposed a non-constant coefficient of restitution in order to 

model the impact of a slider with the magnetic platter of a computer hard disk. 

Its value depends on the actual approach velocity, friction, and the location of the 

eccentric impact point. The results indicated that eccentric impacts seem to be 

elastic over a greater range of approach velocities than would be indicated from a 

constant coefficient of restitution model.

Bowman et al. (1995) suggested the use of a coefficient of restitution as a 

physical measure of the impact resistance of tiling systems, as well as a means 

of establishing the strength quality of ceramic tiles. Specimens were tested by a 

chrome steel ball that falls Im onto the centre of a horizontal test specimen.
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O ther im pact m odels

The research on impact itself is enough to constitute a field on its own, referred 

to as impact engineering (Macaulay 1987).

Many other models for impacting have been developed. The most notable 

model is that proposed by Hertz (1895). This is a nonlinear model that simulates 

impact by effectively assuming that upon impact the oscillator enters a regime 

with a much higher stiffness. The general form of the Hertz impact law is:

p. _  L -3 /2  
^  im p  —  ^  5

where Fimp is the impact force and z is the displacement of the oscillating element 

in the impacting regime, kh is a constant depending both on the shape and the 

material of the colliding surfaces. It has a zero value when the oscillator is not 

in contact with the constraint. Simulations using the Hertz law must therefore 

have two stiffness terms: one for use away from the constraint and a second, used 

during impact.

The theory of Hertz is based on elasticity. Therefore, the model itself does not 

account for energy dissipation. However, some studies have taken place (Gold

smith 1960; Lankarani & Nikravesh 1994) in order to extend the theory to account 

for dissipation of energy. Foale & Bishop (1994a) have compared bifurcations 

of a SDOF impact oscillator, modelled by Hertz’s impact law, with the grazing^ 

bifurcations of oscillators modelled using discontinuous impact rules.

Fathi & Popplewell (1994) used a continuous beam model to investigate nu

merical techniques with which to estimate the contact forces and their peak values 

when a beam impacts with a stop. Their approach focused on computational effi

ciency and they concluded that the most effective strategy depends on the variable 

of interest. In modelling the force exerted on the beam upon contact, they used a 

term N(t) 6{x — b) in the equation giving the flexural deflection of the beam, ô is 

the Dirac delta function and x = b is the position of the impact stop.

Both of the above mentioned models assume that an impact takes place over a

^see section 1.3.1: Im pact m ap and G razing bifurcations.
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certain time interval. This is a major difference from the Newtonian model, which 

assumes that impact is instantaneous.

1.3 Relevant research in nonlinear dynamics

The advent of new techniques for the analysis of nonlinear dynamical systems and 

the availability of computing power have both greatly assisted work on nonlinear 

dynamics. A great deal of research has been done on applications of dynamical 

systems in physics (Minorsky 1964; Bogoyavlenskii 1981). In particular, nonlinear 

dynamics and chaos theory have been employed in the solution of problems in as

trophysics (Grassberger 1985), atomic and nuclear physics (Bayfield 1987; Bolotin 

et al 1987) and quantum physics (Berry 1987).

Engineering has also benefited from the application of nonlinear dynamics 

and chaos theory (Holmes & Marsden 1977; Gilmore 1981; Parker & Ghua 1987; 

Schiehlen 1990; Foale & Bishop 1994b). This includes all fields of engineering and 

in particular mechanical (Moon 1987; Kunert & Pfeiffer 1989; Xu et al 1990), 

chemical (Doherty & Ottino 1988), electrical (Kennedy et al 1989) and offshore 

engineering (Thompson & Stewart 1986).

In 1987, Glass published a paper discussing the possibilities for benefit to medi

cal science from the application of nonlinear dynamics (Glass 1987). In particular, 

he reviewed some experimental work on nonlinear dynamics which he believed 

could in the future help in the understanding and cure of cardiac arrhythmias. 

He and others later published work on modelling of the heart and of behaviour 

and bifurcations exhibited by these models (Glass et al 1987; Glass & Zeng 1990; 

Glass 1991; Bub & Glass 1995; Glass 1999).

Apart from solutions to specific problems, research has also yielded other re

sults, that are applicable to very wide classes of systems. The most famous such 

result was produced by Feigenbaum, as mentioned earlier. He studied systems that 

exhibit chaotic behaviour after a series of period-doubling cascades, as a result of 

successive increments in the value of a system parameter. Feigenbaum discovered 

that the width of each periodic region is smaller than the previous by a constant
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factor, regardless of the system under investigation. This factor is known as the 

Feigenbaum constant.

The existence of a universal constant characterising the transition to chaos 

via period-doubling bifurcations is one of many pieces of evidence, indicating that 

chaos is a universal phenomenon i.e. the onset and nature of chaotic motion in 

different dynamical systems has many common features. This observation encour

ages the belief that results from the study of the chaotic motion of a system most 

likely apply to a wide range of other nonlinear dynamical systems.

1.3.1 Impact map and Grazing bifurcations

A very useful tool in the analysis of several vibro-impact systems is the impact 

map. It is effectively a map operating on a section of the phase space at the plane 

of impact of an impact oscillator, mapping each point of impact to the next.

Its use originates from work published by Shaw & Holmes (1983c) on a harmon

ically forced SDOF piecewise linear oscillator. The authors used the equations of 

motion and the coefficient of restitution rule in their derivation of the map. With 

the use of the periodicity conditions for the system, they managed to develop an

alytic solutions for orbits with one impact per period, together with stability and 

bifurcation conditions for these solutions.

Since this new technique could be used on a variety of systems to simplify 

analysis, a lot of research followed by the same and other researchers. Later 

studies (Shaw & Holmes 1983a, 1983b) focused on long-period motion, chaos and 

an impact oscillator with large dissipation. Using the analytic derivations of Shaw 

& Holmes, Hindmarsh & Jefferies (1984) investigated the bifurcation loci of a 

two-dimensional parameter space.

Shaw produced further results on the same line of investigation for subharmonic 

motion and local bifurcations (Shaw 1985a), as well as chaotic motion and global 

bifurcations (Shaw 1985b). The global dynamics of an impact oscillator was also 

investigated by Whiston (1987a, 1987b).

In 1991 Nordmark investigated the bifurcations of stable periodic orbits of a
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SDOF impact oscillator at the onset of impacting (Nordmark 1991). He called 

the onset of impacting grazing and the orbits impacting with zero velocity grazing 

orbits. He also studied the singularities caused by grazing impact, using analytic 

methods. He noted that the singularity takes the form of a square root and con

structed a truncated map for orbits close to the grazing condition. This map is 

now known as the Nordmark map.

Further studies of systems going from non-impacting to impacting motion as 

a result of smooth variations of a system parameter have revealed a new class 

of bifurcation phenomena, associated with grazing impacts. Nusse et al. (1994) 

called this wider class of phenomena border-collision bifurcations. They studied the 

phenomenon using a two-dimensional map for a particle undergoing forced damped 

harmonic motion and a one-dimensional map for a laser system. A classification 

of possible behaviours was attempted by Chin et al. (1994). The classification is 

based on combination of the value of p, the varying system parameter and regions 

in the (7 , a) parameter space, which are parameters dependent on the intrinsic 

properties of the oscillator. A brief presentation of this classification can be found 

in (Chin et al. 1995) by the same authors.

Experimental evidence of border-collision bifurcations was given by de Weger 

et al. (1996). Their experimental setup consisted of a sinusoidally driven leaf- 

spring oscillator with a movement constraint. Although impacts excited many 

modes of vibration, the results were in very good agreement with the theoretical 

prediction of the simple nonlinear mappings. The authors noted that their find

ings indicate that the border-collision bifurcation structure is indeed a universal 

phenomenon.

1.3.2 Interspike intervals

In experimental dynamics there are cases where amplitude measurements of ob

servables are not possible. Instead, what can be recorded is a series of emitted 

pulses i.e. information about the system’s dynamics are solely carried by event 

timings. Such processes are called point processes. Point processes have been a
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subject of study for a long time, especially in conjunction with stochastic mod

elling (Lewis 1972) and neuron dynamics (Perkel et al. 1967; Gerstein & Perkel 

1969; Longtin et al. 1991; Longtin 1993).

In 1980 Packard et al. demonstrated numerically that phase spaces recon

structed from time series of a single observable, preserve important properties of 

the original dynamics such as Lyapunov exponents, eigenvalues of fixed points 

and fractal dimensions of attractors. Takens’s embedding theorem (Takens 1981) 

mathematically proved these results (see chapter 3).

Based on Takens’s embedding theorem (later extended by Sauer et al. (1991)), 

Sauer investigated whether the states of a dynamical system can be identified by 

information provided by a point process (Sauer 1994). He used an ‘integrate-and- 

fire’ model to produce time series of event timings from a dynamical system. This 

model is actually an integration rule consisting of an equation involving a system 

variable and a pre-set threshold. During integration of the system equations, the 

times on which the outcome of the rule exceeds the threshold are recorded. These 

timings are called firing times and a time series of firing times is often called a 

spike train.

From the spike trains he calculated the interspike intervals i.e. the time elapsed 

between successive firing times. He then applied the reconstruction techniques on 

sequences of the interspike intervals, produced by rules applied on the Lorenz and 

the Rossler systems. The results showed that there is a one-to-one correspondence 

between the system states and interspike intervals vectors of sufficiently large di

mension.

Castro & Sauer (1997) took the earlier work of Sauer further. They investigated 

whether the correlation dimension of chaotic dynamical systems can be estimated 

using interspike intervals. They used two different rules to produce the spike trains: 

the first is the integrate-and-fire model described in (Sauer 1994). The second is 

a ‘threshold-crossing’ model. In this model, firing times are recorded each time a 

system variable crosses a pre-set threshold.

Their results indicate that theoretically, the correlation dimension may indeed 

be computed from a single spike train. However, the authors strained the fact
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that real systems will most probably be far more complex than the models used 

for these results. Furthermore, the dimension results are sensitive on the details of 

the firing method. This implies that lack of control over these details might make 

accurate estimation very difficult.

1.4 M otivation and objectives

The main objective of this work is to improve the understanding of vibro-impact 

dynamics of engineering systems, through experimental observations. Motivation 

was given initially by previous experimental work on the cantilever beam oscillator 

(Thompson et al. 1994; Bishop et al. 1996), and by the fact that impacting may 

itself be exploited as a source of information about the state of a vibro-impact 

system.

While dynamical systems modelling involves iteration of their variables, in real 

engineering problems access to, and monitoring of these variables might be difficult 

or unfeasible. In such cases the ability to study the system dynamics from other 

sources of data could prove to be invaluable.

Such data may be obtained by monitoring the result, instead of the process of 

a system’s evolution. In the context of the impacting oscillator, it was thought 

that monitoring of the impacts would essentially make the vibro-impact system a 

point process, from an analysis point of view. Therefore, the idea of reconstructing 

the dynamics from interspike intervals, initially proposed by Sauer (1994), could 

be applied on the cantilever beam. The vibro-impact system used by Thompson 

et al. (1994) and Bishop et al. (1996) was considered a suitable experimental 

system to try these ideas on.

This naturally led to the requirement of a numerical model that adequately 

reproduces the observed behaviour. Such a model had been suggested and used 

by Thompson et al. (1994) and Bishop et al. (1996) to model this vibro-impact 

system. This SDOF model is based on the assumption that impacts were instanta

neous. Since in fact impacts will always be of a finite duration, it was necessary to 

quantify the minimum impact duration, so that the model is valid. We estimated



C H A P T E R  1. IN TR O D U C T IO N  30

the duration of the impacts for a range of forcing frequencies, together with the 

strength of the impacts. From these measurements we constructed a contact time 

measure in order to formulate the problem, and used it to assess the suitability of 

the model.

The results obtained so far encouraged further work towards an even more re

mote way of extracting similar information from the experimental system. The 

sound of impacts was thought to be a possible source carrying the required infor

mation. Based on the technique used in chapter 4, we attempted to reconstruct 

the dynamics from the sound of the impacts alone.

Another way to exploit the impacting of vibro-impact systems is by control. 

It was thought that control perturbations could be used to select among the im

pacting orbits that coexist while the system operates in its chaotic regime. If such 

a scheme was proved successful it could be very beneficial for engineering systems 

that make use of impacting.

A very effective control technique — and easy to implement experimentally — 

is Pyragas’s method (Pyragas 1992). This technique has been successfully used 

in the past to control many chaotic systems, both numerically and experimentally 

(Pyragas & Tamasevicius 1993; Bielawski et al 1994; Kapitaniak et al 1994; 

Kittel et al 1995). A further challenge in employing this method, was that it had 

not been used on a system that is nonlinear because of a physical discontinuity, 

like the vibro-impact system.
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Chapter 2 

M odelling single degree of 

freedom vibro-im pact system s

The simple and effective way to study a wide class of dynamical systems, is to 

model them as a single-degree-of-freedom (SDOF) systems, i.e. free to move in 

one direction only. Apart from being a natural approach, this method provides 

a simple framework for any further analysis and it produces accurate results for 

many problems, despite its simplicity and assumptions.

Although SDOF linear oscillators behave in a periodic and totally determin

istic manner, the introduction of a movement constraint turns the system into a 

nonlinear oscillator with non-smooth dynamics. This gives rise to a whole new set 

of possible behaviours, which can range from simple, periodic to chaotic motion.

The discontinuity induced by impacting cannot be dealt with in the equations 

of a SDOF model. Motion must therefore be split into oscillatory and impacting. 

These two components of the vibro-impact motion have to be modelled separately.

Depending on the assumptions about the nature and duration of the impacts, 

there are several methods to model the resulting vibro-impacting behaviour. The 

coefficient of restitution method is used and a discussion of solutions to the com

bined problem of oscillation with impacts is presented.



C H A P T E R  2. MODELLING SINGLE DEGREE OF F R E E D O M  VIB R O-IM PA C T SY ST E M S  32

2.1 Oscillatory motion

2.1.1 Equation of motion

The equation of motion for a forced linear oscillator was developed in section 1 .2 .2 . 

Under harmonic excitation of the form F{r) = FoCOs(Qr), equation 1.1 becomes:

m z + c z k z  = F q Co s {ÇIt ) ,  (2.1)

where m, c and k are the mass, damping coefficient and stiffness coefficient respec

tively (see also figure 1 .2 ). Fq is the forcing amplitude, is the frequency of the 

external forcing and r  is time.

Dividing each term of (2.1) by m, results in:

z 4- 2 (̂jJnZ -f =  Lü̂ —j^ cos(flT), (2 .2 )

where w» =  y jk jm  is the natural frequency of the system and ^ =  c /2(jJnm is the 

damping ratio. The damping ratio is more often encountered as =  c/ccr, where 

Ccr = 2unm is the critical damping. The fraction Fo/k is the static displacement 

of the mass, m, due to constant force Fq.

Whereas equation 2.1 has dimensions of force (N), equation 2.2 has dimensions 

of distance over squared time (m/s^) i.e. acceleration, which is the natural dimen

sions for this kind of dynamical systems. This form of the equation of motion is 

very often used in texts on dynamics.

2.1.2 Analytic solutions for an underdam ped system

The underdamped case is the one of the highest practical interest. Engineering 

and structural problems usually involve systems with very small damping ratios, 

often in the order of a few percent. Furthermore, the experimental dynamical 

system used in the experiments presented in later chapters is an underdamped 

vibro-impact oscillator.

As in all problems of linear ordinary differential equations (ODEs), the solution 

comprises of two parts:
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•  the ‘complementary function’, which is the solution to the homogeneous 

equation (i.e. when F ( t ) = 0). This solution will have two arbitrary con

stants dependent on the initial conditions of the motion,

• the ‘particular integral’ i.e. the solution to the ODE as a whole, which will 

have no arbitrary constants.

The two solutions are added (superimposed) to give the complete solution for the 

response of the system.

The complementary function, Zc{t ), for an underdamped SDOF system is:

.e(r) =  ( . 0 cos(wz,T) +  (2.3)

where Zq =  z(0 ), Vq = i ( 0 ) and lüd = ^ n \ / l  -

By assuming a trial solution of the form z{r) = C\ sin(r2r) -f C2 C0 s(fir), the 

particular integral, Zp{r), becomes:

( \ -  COs(f^T) +  2 Uu]nj S in(nT )
’ k  ( æ  -  ojI Y  +  ^

The complete solution will be z{r) = Zc{r) +  Zp{r). For the underdamped case, 

the complete solution is:

, N _  (^n ~  cos(r2r) -f sin(r2r)
~  ~ k  (02 -  0)2)2 +

+  cos(wz,T) +  ^^.5)

It can be seen that the second term of (2.5) depends on the initial conditions 

of the system whereas the first term does not. Furthermore, given some time 

the second term of (2.5) becomes of insignificant magnitude, due to the negative
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F ig u re  2.1: Evolution of an initial condition of a free, underdam ped oscillator, 

a) Phase space plot, b) Time history plot. The gridlines at zero indicate the 

equilibrium position.

power of the exponential, leaving the first term solely responsible for the further 

behaviour of the system.

The second term corresponds to the initial transient motion of the oscillator 

whereas the first term is the steady state solution. So although the initial be

haviour is a superimposition of the transient and the steady state motions, the 

transient does not affect the final behaviour at all. Experimentally, this implies 

that measurements of the steady state behaviour should be made after allowing 

enough time for the transient motion to fade away.

2.2 Time history and phase portraits

There are two main ways to present information about the evolution of a SDOF 

oscillator. The first is by plotting the time history of the evolution. The time 

history plot is just a presentation of the variation of a system variable with time. 

A second way is to plot the evolution of its initial conditions in the phase space, 

which is the set of all possible system states. Such plots are called phase portraits.

Figure 2 .1  shows the evolution of an initial condition of an unforced, under

damped oscillator using both methods. The phase space of the system consists of 

all possible (z, i)  pairs. The system is non-autonomous i.e. it is dependent on time 

as well. The phase portrait shown in 2.1a is therefore a projection on the (z, i)-



C H A P T E R  2. MODELLING SINGLE DEG REE OF FR E E D OM  VIBR O-IM PACT SY ST E M S  35

plane of the true, 3-dimensional evolution, which would be in an (z, i ,  r) space. 

Similarly, the time history plot is a projection of the 3-dimensional evolution on 

the (z, T)-plane.

The most usual convention is to plot such phase portraits with z{r) in the 

horizontal and i( r )  in the vertical axis. However this is reversed in figure 2.1a so 

that the amplitude of the oscillation is directly comparable in the two plots.

2.3 Vibro-impacting motion

The linear SDOF non-impacting oscillator has smooth dynamics that can be easily 

solved analytically, as shown in the previous section. If the motion of the same 

oscillator is obstructed by a movement constraint, the resulting system will exhibit 

oscillatory motion with impacts on the constraint. We call such a constraint an 

impact stop. This type of dynamics is non-smooth and motion is called vibro- 

impacting motion.

In contrast with the purely oscillatory motion, there is no straightforward an

alytic solution for vibro-impacting motion. This is because impacting introduces 

a discontinuity that cannot be accommodated by the ODEs. Nevertheless, there 

are other, non-analytic methods capable of providing accurate solutions.

2.3.1 Instantaneous impact

Impact is a part of the vibro-impact behaviour that must be considered separately 

from the oscillatory motion. As mentioned in section 1 .2 .2 , a very common tech

nique used to model impacting is to develop a rule based on the assumption that 

impact is instantaneous. This is not a big compromise since in many engineering 

systems the colliding bodies are very stiff and the time spent vibrating is very 

much longer than the time spent during impact. This is also the case with the 

beam and the impact stop of our experimental oscillator.

Instantaneous impact also implies that the impact stop is infinitely stiff. The 

greater the flexibility of the impact stop, the longer the time spent in contact
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with it would be. A flexible impact stop would make the assumption of instanta

neous impact less valid. In such case a different impact model might have to be 

considered.

The rule used when assuming that impact is instantaneous is simple. In its 

general form, it relates the value of a system parameter before impact with that 

of the same parameter after impact. This relation takes the form of a ratio.

The ratio of parameters may be one of the following:

•  ratio of velocities, r

•  ratio of energies,

•  ratio of impulses, p

The use of the velocity ratio, r, is by far the most common. In cases when the 

impact force has no tangential component, the above quantities are related by 

= r p.

In our model of the impacting oscillator we use r. This choice was made 

because of its efficiency and simplicity. The results produced this way are accurate, 

and capture all of the important features of the system’s behaviour. In addition 

to this, it has the advantage of the velocity being readily available in numerical 

simulations and easy to estimate from experimental time series. Furthermore, it is 

an extensively used and documented method, so our results can be easily compared 

with those of others. Although the term ‘coefficient of restitution’ is generally used 

to refer to any of the above ratios, its use in this text is exclusively confined to the 

velocity ratio, r.

The expression relating the coefficient of restitution to the velocities before and 

after impact was given in section 1 .2 .2  and it is repeated here for completeness:

v{Ta+) =  - r  u (T a - ) ;  z{Ta)  =  Û, (2 .6 )

where Ta is the time at impact, v{ra-) is the velocity of the oscillator just before 

impact, v{Ta+) is the velocity just after impact and a is the position of the impact
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stop. For instantaneous impact:

lim (Ta+ -  r) = 0 .
T-^Ta-

The use of the coefficient of restitution accounts for energy dissipation upon 

collision. This includes energy dissipated as heat and sound, as well as the energy 

spent in possibly exciting higher modes of vibration and deforming the colliding 

bodies. Therefore r is used as an overall measure of energy dissipation. The value 

of r  depends on the material of the colliding bodies and r  G [0,1]. For steel 

impacting on steel this value is typically in the range 0.9-0.95 (Goldsmith 1960). 

The values 1 and 0 are reserved for the special cases of totally elastic and totally 

plastic collision respectively. In some texts the minus sign in (2.6) is omitted and 

r G [—1,0] instead.

For the numerical simulations performed for this work a value of r = 0.2 has 

been used. Although this is a value that seems too low for the materials involved, 

it was proved to give the best fit between numerical and experimental results. The 

low value is attributed to loss of energy through excitation of higher modes of 

vibration (Thompson et al 1994).

2.3.2 M otion between impacts

A vibro-impact oscillator will spend a large proportion of time vibrating away from 

the impact stop. This part of the motion is non-impacting oscillation and it has 

no difference from the simple oscillatory motion presented in section 2 .1 .

The oscillatory dynamics are therefore fully described by the equations devel

oped in section 2 .1 .2 .

2.4 Solution m ethods for the combined motion

As mentioned earlier, the disruption of the oscillatory motion by the impacts in

duces discontinuity in the behaviour of the vibro-impact system. This discontinuity 

cannot be accommodated in the ODEs describing the motion, so purely analytic 

solutions cannot be derived. Alternative methods must therefore be devised in
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order to obtain solutions. The two mostly used approaches are the semi-analytical 

and the numerical integration. The method used for the rest of this work is nu

merical integration. It is a method of great generality and can also be used in 

cases where semi-analytic solutions might not exist. For completeness however, 

the semi-analytical method is presented as well.

2.4.1 Semi-analytical m ethod

The semi-analytical method derives from the fact that vibro-impact motion is in 

part pure oscillation. The main idea is that the analytic solutions are used only 

until impact and re-initiated thereafter. The procedure can be described using the 

following steps:

1. The equation of motion for the non-impacting system is solved to find r  at 

z = a i.e. the time of impact, T̂ .

2. By making use of the above result, the speed at impact, i(ra), can be esti

mated.

3. The impact rule is applied and the speed of the oscillator just after impact, 

v{Ta+), is calculated.

4. A new oscillation begins with initial conditions zq = a and Vo = v{Ta+). Step 

1 repeats using these values.

It should be noted that for the above method the complete equations for the 

system response should be used, i.e. including the transient part. This is quite 

obvious, since it is only the complementary solutions that depend on the initial 

conditions and therefore they are the ones to use in order to set new initial condi

tions in Step 4 of the above algorithm.

Apart from that, it also makes physical sense: an impact is a sudden event 

that disrupts the otherwise smooth dynamics. The motion therefore will undergo 

a new transient after every impact. In fact, if the impacts happen very fast one 

after the other, the transients are not given enough time to cease and they will 

always be a component of the motion.
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z=a

z(t )

Figure 2.2: Phase portrait of a periodic orbit with one impact per forcing cy

cle (solid line) and the same orbit without impacting (dashed line). Motion is 

clockwise. A, B are solutions of z{t) = a.

Since the derived equations refer to the non-impacting motion, solving for r  

at z =  n, will return two solutions for each oscillation. Figure 2.2 shows su

perimposed phase portraits of the impacting (solid) and the corresponding non

impacting (dashed) orbit of the same system. Evolution is clockwise. Points A 

and B correspond to the two solutions for z = a. Although these are two distinct 

points of the non-impacting orbit, they correspond to the same point in time of the 

impacting orbit. A is the state when the oscillator touches the impact stop. B is 

the state when the oscillator is bounced back and is about to leave the impact stop. 

Using system states, A corresponds to (z(Tg_), z(?^_)) and B to {z(ra+), z{ra+)). 

Therefore care must be taken to use the correct solution and this is solution A.

Since time is continuous but transient effects should always be calculated from 

the moment of impact, equations 2.3 should be slightly modified to accommodate 

that. The complementary solution for the underdamped case should be:

( ( w » Z o  +  ^ o )  sm{uD{r -  T ^ ) )Zc{t) = e ^ZoCOs(wD(T -  Ta))  +
Ud

, (2.7)

where Ta is the time of the most recent impact. The particular integral does not 

need any alteration.
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2.4.2 Numerical m ethod

As in the case of the semi-analytical method, the numerical method also treats os

cillatory motion and impacting events separately. There is however a fundamental 

difference; since in this case there is no ready solution to the equation of motion, 

all quantities must be calculated by iteration.

The equation that is iterated is a form of the equation of motion, (2.1). By

letting t = LünT, LUn = y /k jm , ÜÜ = Q/uJn and X = zja, a non-dimensional form 

of (2 .1 ) is obtained, which is the equation used in the iterations of the numerical 

model:

i t - \ - 2 ^ x X  = A cos{ut)\ a; < 1 , (2.8)

where A = Fq/ ka is the dimensionless forcing magnitude and 2 (  =  c /V k m  is the 

dimensionless damping. An overdot refers to differentiation with respect to the 

non-dimensional time, t. a is the position of the impact stop.

Equation 2.8 can be broken down to two first order ODEs, by the introduction 

of a dummy variable. For example, by introducing the dummy variable y, (2.1) 

becomes:

(2.9)
ÿ = Acos{ut) -  2^y — x.

The set of these first order ODEs is solved using an iteration algorithm. The most 

common such algorithm — and the one we use — is the Runge-Kutta fourth order.

Regardless of the step size used, the exact value of the displacement at which 

the oscillator hits the impact stop will most likely be missed. Figure 2.3a illustrates 

this. The dashed line represents the orbit of the non-impacting system. The 

iteration algorithm approximates this orbit by calculating the next system state 

using a time step. At. The numerical approximations of the orbit are shown as 

xjfc+i etc. The oscillator hits the impact stop when x{t) = 1. This point is marked 

with a X in the plot. The closest estimated state to the impact point is Xk+2-  After 

this state the routine jumps to Xk+s, missing the exact point of impact. Xk^s is 

beyond the impact point and therefore does not correspond to a possible state of
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a) b)

Figure 2.3; a) Iteration steps, b) Successive impact approximations, z =  1 is 

the position of the impact stop

the impact oscillator. When the iteration routine produces a point that is beyond 

X =  1 , iteration stops. At this point a root finding algorithm is employed in order 

to find the exact time of impact.

There is a number of possible choices as to which root finding algorithm can 

be used. One common choice is the Newton-Raphson algorithm. In this kind 

of problem though it was thought that this might not be the best option. At 

certain values of the external forcing the oscillator just begins to impact. These 

impacts often happen with velocities almost tangential to the impact stop. This 

would cause division by very small numbers in the Newton-Rapshon algorithm 

that would possibly produce an overflow. A better choice was though to be linear 

interpolation.

Figure 2.3b shows how the linear interpolation algorithm operates. The dis

tance in time between 0:^+2 and Xk+3 (i.e. the time step At)  is divided by 2 and 

the system state corresponding to this time is calculated. This is a first approx

imation to the impact point and is marked as Xi { t ) .  The procedure is repeated, 

each time dividing the time step between the most recent approximation and the 

closest calculated point on the other side of x = 1. Approximations successively
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come closer to x{ta), where ta is the non-dimensional impact time. The procedure 

stops when the required accuracy has been achieved.

The time at impact, ta, is now known, together with the speed at impact. These 

values (and x{ta) = 1 ) are fed into the iteration algorithm as initial conditions and 

iteration restarts from this point until the next impact.

2.5 System-specific parameters

Before being able to use the numerical method described in section 2.4.2, in con

junction with experimental data, calibration of the model must be made. This 

resolves to estimating the values of the several parameters employed in the differ

ential equations used in the model.

The experimental setup used in the work presented in later chapters, has been 

used in the past (Thompson et al. 1994; Bishop et al. 1996; Wagg et al. 1999). 

Some of the system parameters are therefore already known. The estimation of all 

used parameters is summarised below.

First natural frequency, Un

The first natural frequency of the oscillator was determined experimentally. Fig

ure 2.4 shows the power spectrum of an unforced non-impacting oscillation. The 

highest peak of the spectrum coincides with the first natural frequency of the 

beam, which is at a value of =  22.2 Hz.

Stiffness, k

The deflection, A at the free end of a cantilever beam acted upon by a static force 

P  at the free end (see figure 2.5) is given by: A =  P L ^/3E I,  where L  is the length 

of the beam, E  is the Young’s modulus for the material the beam is made of and 

/  is the second moment of area of the beam’s cross-section. The stiffness of the 

beam, k, is then given by: k = P /A  = 3EI/L^.

The beam used in the experiments is of a rectangular cross-section with dimen

sions 25mm x 3mm and its length is 332mm. The second moment of area of a
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F igu re 2.4: Power spectrum  of an unforced non-im pacting oscillation.

F igure 2.5: Deflection A, a t the free end of a cantilever beam, upon action of a 

static  force, P.
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rectangular cross-section is given by I  = bt^/12, where b is the width of the section 

and t is the thickness in the direction of bending. Substitution of b and t with 

0.025m and 0.003m respectively yields I  = 5.625 x 10~^  ̂ m' .̂ Taking the Young’s 

modulus for mild steel, the material used in the beam, to be £" =  205 x 10  ̂ N/m^ 

and by using the values for I, E, and L = 0.332m, it turns out that k = 945.33 

N/m.

M ass, m

The beam is made of steel with a density of 8500 kg/m^. Therefore the mass of 

the beam is: m=0.332m x 0.025m x 0.003m x 8500kg/m^ =  0.2117kg.

In a SDOF model it is essentially assumed that part of the total beam mass 

is inactive. We can therefore define the effective mass, meff, as the portion of 

the total beam mass that acts in the SDOF model. This can be estimated from 

meff =  k/u"^ and it is meff = 0.0486 kg % 0.23 m.

D am ping  coefficient, ^

The dimensionless damping coefficient was determined from experimental response 

curves. The impact stop was removed for these tests, so motion was non-impacting.

The damping coefficient — and the value used in the simulations — was 

approximately found to be ^ % 0.07.

Forcing am p litu d e , A

The forcing amplitude was the most difficult parameter to estimate. The difficulty 

arises from the magnetic nature of the forcing used in the experimental setup (see 

appendix A). The non-contact electromagnetic exciter used in the experiments 

makes it cumbersome to accurately estimate the force applied on the beam.

Initially, the value of A  was determined by best-fitting numerical response 

curves to experimentally obtained data. It was estimated that for the experiments 

presented in this work, the value of A  is approximately 0.26. This was later veri

fied, using an energy balance method, by Wagg (1998).
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Parameter Value

First natural frequency, 22.2 Hz

Stiffness, k 945.33 N/m

Mass, m 0.2117 kg

Effective mass, rueff 0.0486 kg

Damping coefficient, f 0.07

Forcing amplitude, A 0.26

Table 2.1: Summary of the parameters used in the modelling of the vibro-impact 

system.

The values of the vibro-impact system parameters are summarised in table 2 .1 .

E stim ation o f initial conditions

All tests were performed with the beam being initially at equilibrium position. 

Therefore, estimation of the initial conditions for the simulations was straightfor

ward, with {xo,yo) = (0 , 0 ).

The electromagnetic exciter was bound to induce an initial static offset to the 

metal beam, but this was negligible due to the beam’s high stiffness.
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Chapter 3 

Extracting information from  

experim ental tim e series

Following the discovery of chaotic dynamical systems and the development of the

ory to analyse them, a large amount of research has been carried out, examining 

the time series produced by such systems. The aim of much of the work done in 

this field was to develop methods by which analysis of dynamical systems would be 

possible without a prior knowledge of the evolution rules, producing the observed 

time series.

The initial method of approach was the reconstruction of the phase space of 

dynamical systems using delay coordinates. Packard et al. (1980)^ demonstrated 

numerically that reconstructed phase spaces preserve important properties of the 

original dynamics, such as Lyapunov exponents of trajectories, eigenvalues of fixed 

points and fractal dimensions of attractors. These results were proven mathemat

ically by Takens (1981).

Among the research that followed, and of particular interest here, is the work 

published by Sauer (1994). Sauer demonstrated that reconstruction is possible 

even from time series of firing times produced by the dynamical system under 

investigation. This result has inspired work on identification and analysis of dy-

^The initial suggestion of using delay coordinates is attributed to private communication with 

D.Ruelle.
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namics in many fields of science, including communications (Alsing et al. 1997), 

biology, neuroscience, physiology (Hernandez et al. 1996; Ren et al. 1997; Se- 

gundo et al. 1998; Zhang & Johns 1998) and medical prediction (Balocchi et al. 

1997). Sauer’s work was later taken further by Castro & Sauer (1997).

In this chapter the basic concepts on which phase space reconstruction is based 

are outlined. Some methods for extracting qualitative information about a sys

tem ’s behaviour from a single experimental observable are presented, along with 

examples. These ideas were the motive for the experimental work described in 

subsequent chapters.

3.1 Fundamental embedding theory

Let US consider the n-dimensional dynamical system:

^  =  F(ÿ); ÿ € l R " ,  F  e  (3.1)

Each vector ÿ  = {yi ,y2, "  ' , 2/n)^ represents a state of the system and each yi=i .̂.. ,n E 

IR is one of the n variables of the system. The set of all possible states define the 

phase space, S. F  is called a vector fields because it associates each state of the 

system with a vector, pointing in the direction of the next state. If F  is smooth and 

invertible, then the trajectory passing through each point, ÿ, of the phase space 

is unique (Arnold 1973). The immediate consequence of this is that the system 

evolution passing through a state ÿ  is uniquely determined by y.

In general, the flow of dissipative systems contracts onto attractors of lower 

dimension than the original phase space. This happens because the are usually 

dimensions with higher contraction rate than the rest. After transient motion 

ceases, evolution in these dimensions is negligible and the steady state is effectively 

a function of less dimensions than those describing the system. It will be assumed 

that the system has eventually settled on an attractor within a submanifold, M, 

of the state space. The dimension of M  is denoted as m  and will generally be less 

than that of S.

The time series recorded during the time evolution of the dynamical system
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will be a series of measurements of an observable quantity, x, over time. The 

observable quantity will be a function of the state, ÿ, of the system only:

x = h{y); x e U ,  h  G (3.2)

A question that arises now is whether suitable vectors, b, can be found, which 

will replace the original unknown vectors, ÿ, using only the information available 

from the time series of the observable. An extensive study of the exact require

ments posed on the submanifold M, the vector field, F, and the observation func

tion, h, in order to obtain a solution to this problem has been presented by Takens 

(1981).

Provided that the requirements are met, the delay map:

$(F,h)W : M  -4.

$(F,h)(ÿ) =  (h(ÿ),h(v5({ÿ)),--- ,h((fi2mxt(V))F> (3-3)

can be defined, where G is the fiow of F, such that the solution to (3.1)

at time t from an initial state ÿg is y{t) = (ft ’Vo- #(F,h) is called an embedding 

and its dimension, d, should satisfy the condition d > 2m -f 1 . However, m will 

not necessarily be known a priori.

3.1.1 Delay coordinates

In practice, the above theoretical results assist in reconstructing S  from a time 

series of measurements, X\ ,X2r  ” ^i+i, "  • ? sampled uniformly. To do this we

define a d-dimensional vector:

bi = {xi, Xi+i, • • • , Xd-i+i)'^. (3.4)

The components of this vector are time-delayed versions of the observed quantity. 

Thus the name delay coordinate vector is used for b̂ . The way to derive (3.4) 

is to set the time, t, in (3.3) equal to the sampling rate used to obtain the data 

contained in the time series.

Many problems arise when reconstruction of the phase space of an unknown 

dynamical system is attempted from experimental time series. The most apparent
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one is that the dimension, m, of the system’s attractor is unknown. If the dimen

sion of the reconstructed phase space is not high enough to give an embedding, 

trajectories will intersect because the reconstructed attractor will actually be a 

projection of the embedded attractor onto a space of lower dimension. The usual 

practice to overcome this, is to start with a short delay vector and progressively 

increase its dimension, until the trajectories in the reconstructed space do not 

intersect.

Another problem is that the high sampling rates often used in experimental 

data acquisition result in high correlation within the data contained in the delay 

vector. This correlation can be dealt with by introducing a time lag, / > 1, so that 

the elements of the delay vector are not successive samples. The modified delay 

vector is thus:

^i+li ) ' (3-5)

There are more methods to reconstruct the phase space of a dynamical system 

from time series of observables (Gibson et  a l  1992). However, these are not 

reviewed in this thesis, as they are not linked with the presented work. The 

method of delays though is a necessary prerequisite for the reconstruction using 

interspike intervals.

3.1.2 An example of delay coordinates reconstruction

The Rossler system (Rossler 1976) is used here to illustrate some issues of the 

reconstruction process. The system is described by three, first-order ODEs:

X = —y  — z\  ÿ  =  X a y ;  z  =  b z { x  — c).  (3.6)

The parameters, a, 5, c, were set to 0.398, 2 and 4 respectively. This configuration 

produces a topological structure known as the s im p ly  fo lded  band.  The single band 

attractor, yielded by the above set of equations, is shown in figure 3.1a.

A complete attem pt to reconstruct the original attractor has not been per

formed. This could be a long and cumbersome process, unnecessary for the pur

poses of this example. Instead, only the first two reconstructed dimensions are
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a) b)

c) d)

e) f)

F igure 3.1: a) ary-projection of the Rossler a ttrac to r. Rest of figures are recon

structions with a different lag, I. h) I =  I, c) I =  10, d) / =  15, e) / =  20, f) 

I =  24.
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used (and plotted). This however does not make the illustration less accurate, 

since the projection in the xy-plane of the first two reconstructed dimensions of 

the attractor are independent of the length of the delay vector used. The reason 

why this is so, is simple: A delay vector (z%, has the same xy  projection as

any other longer delay vector (xj, Xi^i, • • • , for the same value of I.

The rest of the plots in figure 3.1 are projections in the xy-p\âne of several 

reconstructions. The difference between them is that the time lag. I, between 

the data used as elements of the delay vectors is not the same. For the first 

reconstruction, figure 3.1b, / =  1. This means that there is no lag and the elements 

of the delay vector have been consecutively sampled from the system. The fact 

that the points on the plot fall so close to the diagonal of the embedded space is 

the result of the fore-mentioned high correlation of densely sampled data.

Figures 3.1c, d, e and f are further reconstruction attem pts using I = 10, 15, 20 

and 24 respectively. It can be seen that the reconstructed attractor increasingly 

resembles the original.

3.2 Interspike intervals

As showed earlier, delay vectors can be used to reconstruct the dynamics of a 

system from time series of an observable. However, it is not always feasible to 

obtain amplitude measurements of a system variable or any other property. In 

many cases series of event timings is the only thing available to record. This is 

typical when dealing with point processes. The resulting time series is a spike train 

containing only the times when certain events took place. Figure 3.2 is a graphical 

representation of a typical spike train. The spike train is one dimensional. The 

vertical axis in the plot does not represent the amplitude of any quantity; it is 

present only to make the plot more legible.
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Time (sec)

F ig u re  3.2: Graphical representation of a typical spike train . Vertical lines cor

respond to firing times.

3.2.1 The integrate-and-fire model

Sauer (1994) took the idea of delay vector reconstruction further. He suggested 

using delay vectors to investigate the underlying dynamics of point processes. 

His method is simple, yet powerful: Suppose that a finite-dimensional dynamical 

system, dÿ/dt = F(ÿ), settles onto an attractor M. The system is being observed 

by means of a time evolving observable, x = h(^) = g(t). A pre-set threshold, C, 

is said to be exceeded at time t = r^+i, if:

cn+i
/  g( t )dt  =  C ,

dr.
(3.7)

where r^+i is the new time at which the threshold was exceeded and T* is the previ

ous one. This way of generating firing times is also known as the integrate-and-fire 

model. By repeating the above rule, a series of firing times, To, Ti, • • • ,Ti, • • • is 

generated. From these times we can calculate the interspike intervals, fi, i.e. the 

time elapsed between successive crossings of the threshold, as follows:

U + l  —  T i + l (3.8)

The delay vector is applied to the resulting time series, /i, / 2 , • • • , /j+i, • • •.

This is the main difference between this method and the original method of delays.

An exam ple of reconstruction  using in tersp ike in tervals

A numerical example is used here to demonstrate state space reconstruction through 

interspike intervals. The dynamical system used in the example is again the Rossler
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a) b) c)

F ig u re  3.3: a) z^-projection of the Rossler a ttrac to r, b), c): reconstructions 

using / =  1 and I =  2 respectively. C =  40.

system (3.6), for direct comparison with the previous example. A xy-projection 

of the Rossler a ttrac to r is reproduced in figure 3.3a. The observation function is 

g{t) = x{t) + 4 0  and the pre-set threshold, C, is 40. It follows th a t g(t) must have 

a positive mean value in order to give firing times, using the above value of C.

After obtaining a series of interspike intervals from the firing times, as explained 

above, two different reconstructions are attem pted. For the first one the delay 

vector is used with no time lag. The result is shown in figure 3.3b.

It seems th a t the same problem exists here as in the corresponding case of the 

reconstruction using the original method of delays (see figure 3.1b): points fall 

close to the diagonal of the embedded space. However, this is not the case if a 

value for I greater than  1 is used.

This in fact is shown in the second reconstruction in figure 3.3c. The delay 

vector used in this case is (/%, A+2), i.e. there is a time lag / =  2, so the elements 

of the delay vector are not consequent elements of the interspike intervals series.

There are many aspects in the reconstruction of a dynam ical system using an 

integrate-and-fire model th a t require attention. The first one has to do with the 

process th a t generates the interspike intervals. The choice of the threshold, C, 

greatly affects the result. A large value for C in a rapidly evolving system can lead 

to loss of essential features of the dynamics which will not be reproduced in the 

reconstruction. This will happen because in such a case the tim e elapsed between
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F ig u re  3.4: Reconstructions of the Rossler a ttrac to r using interspike intervals 

generated by the integrate-and-fire model. From left to right the value for C  is 

20, 30, 40, 50 and 60.

F ig u re  3.5: Reconstructions of the Rossler a ttrac to r using interspike intervals 

generated by the integrate-and-fire model. From left to right the value for I is 2, 

4, 6 and S. C =  40.

successive firing events will be enough for the system to produce a behaviour that 

will not be captured by the firing times. The effect of increasing C is illustrated 

in figure 3.4. From left to right the threshold is gradually increased by 10. It can 

be seen that after a value of about 50 the reconstruction fails to reproduce the 

folding of the band, which is a major feature of this attractor.

Incorporating a time lag factor in the delay vector can result in similar effects. 

A small value for / can help in making the reconstructed attractor resemble the 

original more closely. A comparison of figure 3.3b, where / =  I, with figure 3.3c, 

where I = 2, clearly demonstrates this. However, values of I greater than 2 can 

destroy the reconstruction as can be seen in Figure 3.5. The effects of increasing 

values for C and I are absolutely analogous with the effects observed in the original 

delay reconstruction when large time delays are involved.
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F ig u re  3.6: a) Poincaré section created by a period-2 orbit at x =  2. b) Poincaré 

section created by a chaotic orbit at x =  0.

3.2.2 T he threshold-crossing m odel

Apart from using the integrate-and-fire model to produce firing times, Castro & 

Sauer (1997) also considered a threshold-crossing model. According to this model, 

firing times are generated each time the signal crosses a pre-set threshold with the 

same direction. However, these interspike intervals cannot be used for geometric 

reconstruction of an attractor, like the integrate-and-fire interspike intervals. These 

interspike intervals are essentially the time it takes for system trajectories to return 

to a surface of the state space after they move away from it. This bears great 

similarity with a Poincaré section.

A Poincaré section of a flow in a d-dimensional space is defined as an (d — 1)- 

dirnensional surface transverse to all the trajectories of the flow. If we create the 

set of all the intersections of the flow trajectories with the surface each time a 

trajectory pierces the surface with the same direetion, useful information can be 

derived about the behaviour of the dynamical system.

Figure 3.6a shows how a Poincaré section can be created for a period-2 orbit. 

The Poincaré section in this case consists of the two points marked as big dots.
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corresponding to piercings of an imaginary surface at a; =  2 with positive direction 

(i.e. when x  is positive). As the dynamical system is iterated, successive piercings 

of the imaginary surface alternate between the two marked points. This indicates a 

periodic behaviour with period 2. In the case of a chaotic system, as in figure 3.6b, 

the orbit will never pierce the surface (this time at a; =  0) at the same point. In 

this plot, two surfaces are shown. They correspond to crossings of a; =  0 with 

positive and negative direction respectively.

The similarity of Poincaré sections and the threshold-crossing model is quite 

obvious. Despite the fact that the interspike intervals produced by this model 

cannot be used for geometric reconstruction, they can provide useful information 

about a system’s periodic or chaotic behaviour.

An exam ple of using interspike intervals generated by threshold-crossing

A useful way of presenting interspike intervals is by means of a delay plot. A delay 

plot is a 2-dimensional plot, showing an interval, A+i, against the previous one, 

li. The way this can provide information about a system’s periodic behaviour is 

shown in figure 3.7. The plots on the left-hand side are spike trains produced by 

crossings of a pre-set threshold. Their form is the same with that of figure 3.2. The 

difference here is that threshold crossings that occurred in the same periodic cycle 

are marked with bars of different heights. This however aims only in distinguishing 

them from crossings that took place in other cycles of the periodic motion and does 

not imply that we have any additional information about these events, apart from 

their timings.

The time on the rr-axis of the spike train plots is shown in terms of cycles of 

forcing, where T„=i^2,3, - corresponds to the cycle of forcing. Despite the fact 

that previous examples did not involve forcing, incorporating it here results in 

greater similarity with the presentation and interpretation of experimental inter

spike intervals at later stages of the work. So for this example it is assumed that 

the data were generated by a forced vibro-impact system, like a beam that is being 

periodically forced with a constant period.

The plots on the right-hand side of figure 3.7 are delay plots of the interspike
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F ig u re  3.7: Example of identification of periodic behaviour by means of interspike 

intervals, produced by a threshold-crossing method.
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intervals, corresponding to the time elapsed between the successive spikes of the 

spike trains on the left. Spike trains and delay plots are shown for several cases 

of periodic behaviour. The first example is a spike train produced by a system 

performing a period(l,l) motion. In general, as a period(n,m) motion we refer 

to a motion having n threshold crossings per m  complete periods of forcing. The 

spike train shows a threshold crossing at time tq =  0, then another one at t \  =  

and so on. The same behaviour repeats at the beginning of every forcing cycle. 

Interspike intervals can be calculated from (3.8). Thus, the first interval will be 

/i  =  Ti — 0 =  Ti and the second will be I2 = 2Ti — Ti =  T\. The rest of the 

interspike intervals have all the same value i.e. /n=i,2, -,oo =  ^ 1  for all n. These 

values are placed on the delay plot as pairs 7*), producing a single point at 

( T u L ) .

The second set of plots correspond to a period(l,2) motion. This motion pro

duces one threshold crossing every two cycles of forcing. Therefore crossings occur 

at times r  =  2A;Ti, where k =  0 ,1 ,2, • • •. The interspike intervals in this case have 

values twice as large as in the previous case i.e. /n=i,2,- -,<x3 = T2 = 2 T%. This is 

due to the longer wait between successive crossings. The pairs (Ii+i,Ii) produce 

again a single point on the delay plot only this time it is (7 2 , ^ )  =  (2Ti, 2Ti).

In the third example the motion is of period(2 ,2 ). The spike train shows a 

threshold crossing at time tq = 0, then another one at Ti =  O.6 T1 . The same 

behaviour repeats at the beginning of every second forcing cycle. The first two 

interspike intervals are thus 7i =  O.6 T1 — 0 =  O.6 T1 and I 2 = 2Ti — O.6 T1 =  

1.4Ti. Performing similar calculations the rest of the interspike intervals for this 

spike train can be found. They all have values that alternate between those of 

I\ and 7 2 , estimated above. We therefore have: 7i =  7g =  7s =  7? =  O.6 T1 and 

I2 = I4 = h  = 1.4Ti. The delay plot contains two points, (1.4Ti, O.6 T1) and 

(O.6 T1,1.4Ti). Similarly, the rest of plots are spike trains and the corresponding 

interspike intervals delay plots for motions of period(3,2), (4,2), (2,3) and (3,3).

A striking feature of the above plots is that the number of distinct points on 

the delay plot matches the number of threshold crossings per forcing cycle. This 

of course is not exactly the case when examining experimental data because a
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F ig u re  3.8: a) A period-1 orbit and the surface a t z  =  1, used as a threshold for 

the firing times, b) Delay plot of the interspike intervals produced by crossing of 

the threshold at z  =  1 from the period-1 orbit shown in a)

real-life system does not repeat exactly the same behaviour in each cycle, even if 

it is periodic. This means that the duration of periodic cycles may slightly vary, 

and the same holds for the timings of threshold crossings.

The result of this is that delay plots of interspike intervals, produced by real-life 

systems, will probably have a large number of points close together in the place of 

what would — in the absence of noise and small fluctuations — be a single point, 

as in the case of the numerical examples in figure 3.7.

Figure 3.8a is the plot of a numerically produced period-1 orbit. White noise 

has been added so that the orbit resembles an experimentally produced one. Noise 

(or noise-like effects) may be present in experimentally obtained data because of 

noise in the instrumentation, or other error-generating aspects of the data acquisi

tion process. The surface shown at x =  1 is used as a threshold for the generation 

of firing times. Each time the trajectory crosses the threshold with positive speed, 

a firing time is recorded. The delay plot of the produced interspike intervals is 

shown in figure 3.8b.

It can be seen that although the motion is of period-1 and the interspike in-
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tervals correspond to such a periodicity, their values vary slightly resulting in a 

group of points rather than a single point. This type of delay plots are a common 

way to present interspike intervals results, and are often used in later chapters.
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Chapter 4 

Experim ental analysis through  

im pulse spike recordings

This chapter is an experimental study of the dynamics of a steel cantilever beam 

with a motion limiting constraint on one side, subject to harmonic forcing. Impacts 

between the beam and the constraint can occur for a range of forcing frequency 

values. This results in vibro-impact motion of the beam. For systems which are 

linear away from the constraint, such as the beam system vibrating with small 

amplitude displacements, the nonlinearity in the system is induced by the non

smooth nature of the impact.

The experimental apparatus used for this work has been used in the past by 

Bishop et ai and a dynamical study of the system was presented in (Bishop et al. 

1996). The present setup has the addition of a specially constructed impact load 

cell to measure the force applied to the stop by the beam at each contact. The 

load cell was constructed using strain gauges mounted on a thin wall aluminium 

tube, such that the longitudinal displacement of the tube is measured (as strain) 

and then related to the force of impact. This technique has similarities with the 

sensing block method (Chuman et al. 1997), for measuring an impact force using 

strain gauges mounted on a ‘block’.

Here attention is focused on interpretation of the dynamics of the beam using 

only an experimentally recorded signal from the tip of the impact stop. Interspike
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F igure 4.1: A schematic diagram of the experim ental apparatus.

intervals are used to investigate the periodicity of the system. The coefficient of 

restitution ruie (see section 2.3.1) is used to model the vibro-impact behaviour 

and to compare numericaf predictions with experimental results. By measuring 

the duration of the impacts an assessment is made over the suitability of the 

instantaneous impact assumption used in the numerical modelling.

4.1 Experimental setup

A schematic representation of the experimental setup used for this study is shown 

in figure 4.1. The impacting oscillator is a steel beam held vertically. One end 

of the beam is clamped to a heavy metal base, while the other is free to move 

laterally. Two steel walls are fixed at the metal base, one at each side of the beam. 

These are used to hold an adjustable impact stop, an electromagnetic exciter and 

a capacitative displacement transducer.

The forcing exciter was placed close to the node of the second lateral mode 

of vibration of the beam (see appendix B for estimation of this position). This is 

a small distance from the top of the beam and ensures minimal excitation of the 

second mode by forcing (Thompson et al. 1994).
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Depending on the position of the impact stop and the forcing frequency, the 

beam would perform vibro-impact motion. For these tests the impact stop was 

placed near the tip of the beam, with a pre-set gap between the beam and the tip 

of the impact stop, referred to as the stop distance. This distance was fixed at a 

value corresponding approximately to a -0.092 volts reading in the displacement 

transducer. The transducer behaves linearly in the range of the oscillation ampli

tude of the beam and 1 Volt corresponds to 10mm. Therefore, the stop distance 

was approximately 0.9mm.

For the particular configuration of stop and the beam used, vibro-impact mo

tion occurs for forcing frequencies, / ,  in the range 19.9 < /  < 24.5 Hz. T =  1 / /  is 

the period of forcing. Close to the tip of the adjustable stop an impact load cell is 

mounted. This is used to record the strain exerted at the tip of the stop while the 

beam is in contact with it. The cell is capable of detecting longitudinal impacts 

with forces as high as 1 Newton.

The output from the load cell was recorded using a strain gauge monitor, linked 

to a National Instruments LabPC-l- data acquisition board. The board was also 

providing the analogue voltage signal required to drive the electromagnetic exciter 

through a direct link with the exciter. The data acquisition board was controlled 

by a PC running Labview 4.0 software. This allowed control of the frequency and 

waveform of the forcing, both of which could be programmed on the computer. In 

our experiments forcing has sinusoidal amplitude variation.

A detailed description of the experimental apparatus is given in appendix A.

4.2 Recording of data

In this section we describe the techniques used to record the impulse spike data 

from the load cell. The voltage signal, 6(r), where r  is time, from the strain 

gauge monitor was digitally sampled and recorded using a personal computer. 

The maximum sampling rate i?, possible to achieve using this configuration was 

R  = 60000 samples/second. Figure 4.2a shows part of a time series recorded using 

this sample rate, where strain (in volts), b{r), is plotted against time r . Similar
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as diamonds. (Figure produced by D.J. Wagg)
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data from a mechanical experiment has been shown in (Pollard 1977).

At this rate of sampling, recording N  = 5000 samples corresponds to 0.08 

seconds of data. The sample contains one impulse spike, the remaining data be

ing noise generated in the electronic circuitry used for instrumentation, and from 

external disturbance/ vibration of the system.

4.2 .1  Sam p lin g  rate

A close up of the impulse spike is shown in figure 4.2b (where individual sample 

values are shown as diamonds). The spike rises very quickly to a peak, and has 

a more gradual decay which contains additional oscillatory components, possibly 

caused by refiected waves in the load cell and/or relaxation of the strain gauges.

The number of samples, S  % 90, recorded while the beam is in contact with the 

constraint may be determined from figure 4.2b. It follows that the time of contact, 

Tc, is related to the sample rate by the relation Tc = S /R .  Thus, an appropriate 

sample rate can be chosen, such that a desired number of samples per spike will 

be recorded. Setting R  < 1 /tc means that the interval, A r, between samples is 

large enough for whole spikes to be missed. Therefore, the minimum sample rate 

must be higher than this value, at least double, and the ideal rate, significantly 

higher, depending on the application.

However, sampling at very high sampling rates has the disadvantage that large 

amounts of data are recorded for relatively short time spans. Furthermore, most 

of the signal is noise, while the spikes constitute only a small part, and therefore 

most of the data recorded is actually unwanted. For example, the data shown in 

figure 4.2, N  =  5000 and S  % 90, therefore approximately 4910 points or 98.2% of 

the data is noise. This problem may be overcome by using thresholds, which are 

discussed in section 4.2.2.

The sampling rate also has a significant effect on the peak value of the impulse 

spike. Because the spikes rise and fall so quickly, it is quite easy for the peak 

recorded value to be some way off from the actual peak value. Therefore a com

promise between the need for accuracy and the use of excessive computing power
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must be made. For data intended for quantitative analysis, such as the calculation 

of impact forces, a sampling rate oi R  = 50000 was used whereas for qualitative 

data lower sampling rates where chosen.

4 .2 .2  T h resh old in g

As mentioned in section 4.2.1, a way to separate the useful from the unwanted 

data in real-time, is by using a threshold. A threshold is simply a pre-set value, 

H, such that 6(r) > H  is recorded, and b(r) < H  is disregarded.

In the data shown in figure 4.2 for example, a threshold value oî H  = 0.005 

could be chosen to distinguish between noise and spike data. This choice is arbi

trary and may raise one of the following issues:

1. Threshold value too high; low velocity impacts will be missed.

2. Threshold value too low; noise peaks may be mistaken for impulse spikes.

The effect of choosing threshold values will be discussed further in section 4.4.

Another problem encountered experimentally is that of zero offset drift, where 

the strain gauge monitor zero offset changes slowly during an experiment, causing 

the threshold value to effectively change. We define these problems collectively as 

spike identification.

Other possible methods of identifying spikes are, averaging type processes 

(Sauer 1994), or the imposition of an additional threshold value on S, such that 

a S  must be greater than a certain minimum threshold value before 6(r) > H  

constitutes a spike. However these processes are just different ways of choosing 

arbitrary threshold values, so which method is used again depends on the appli

cation. Dealing with experimental data sampled at very high rates, demanded a 

spike identification method that could perform reasonably well in real-time. This 

justifies the choice of using a fixed value threshold.



CH APT ER 4. EXPERIMENTAL ANALYSIS THROUGH IMPULSE SPIKE RECORDINGS 67

0.08

0.06

0.04

0.02

I
o
>

- 0.02 -

-0.04

-0.06

-0.08

0 200 400 600 800 1000
Samples

F ig u re  4.3: Time series of a vibro-impact motion showing tiie displacement of the 

beam top (dotted) and response a t the im pact load cell (solid). (Figure produced 

by D.J. Wagg)

4.3 Information from impulse spikes

4.3.1 Frequency dependence o f im pact force

From previous experimental observations (Bishop et al. 1996) it is known that 

period(l,l) motion is predominant in this cantilever beam system. Vibro-impact 

motion having n impacts per m  complete oscillations of the external forcing is 

generally referred to as period(n,m). A typical time series of the beam motion and 

the impact load cell response, is shown in figure 4.3, as voltage output from the 

respective transducers/gauges.

The impulse spikes can be seen to coincide with the minima of the displacement 

curve (dashed line in figure 4.3), where impacts occur. The amplitude of these dis

placement minima correspond approximately with the stop distance, -0.092 volts. 

Figure 4.3 demonstrates qualitatively the connection between the motion of the 

beam and the response of the load cell. In the remainder of this work the sig-



CHAPT ER 4. EXPERIMENTAL ANALYSIS THROUGH IMPULSE SPIKE RECORDINGS 68

U.U4
0.035

0.03

0.025

0.02

0.015

0.01

0.005

-0.005

- 0.01

(a)

CO 0.035

0.03

0.025

0.02

0.015

0.01

0.005

- 0.01

( c )

0.035

0.03

0.025

0.02

0.015

0.01

0.005

-0.005

- 0.01

(b)

0.035

0.03

0.025

0.02

0.015

0.01

0.005

-0.005

- 0.01

(d)

Time (seconds)
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nal from the load cell (impact stop) is exclusively used in the investigation of the 

system dynamics. The forcing frequency, / ,  is always assumed to be known.

Figure 4.4 shows four spike trains recorded with the forcing being in the range 

21.5 < /  < 24.5 Hz. Motion in this frequency range is of period(l,l). This may 

be deduced from the regular spacing of the spikes. Although other periodic and 

non-periodic motions can occur for this beam (Bishop et al. 1996), they occur in a 

very small frequency range, approximately 19.0 < /  < 20.5 Hz, just after grazing 

has occurred. Impacts which occur just after grazing are, by their nature, of low 

velocity, and as a result the impulse spikes recorded with the load cell are very 

difficult to distinguish from the background noise. An example of a motion from
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this frequency range is discussed in section 4.4.

It can be seen from figure 4.4 (see also figure 4.7) that, in general terms, 

the magnitude of the impulse spikes increases as /  increases. The problem of 

spike identification can be clearly seen in the time series in figure 4.4a, which is 

recorded at the lowest frequency level of 21.5 Hz. For the other time series shown 

in figure 4.4, the impulse spikes have greater amplitudes which makes it easier to 

choose suitable threshold values.

It may also be observed that the maximum amplitude of the spikes varies 

significantly throughout all the time series. This may be a result of the limitations 

of digital sampling, mentioned in section 4.2.1, modal behaviour of the beam or a 

combination of both. The maximum value of the spikes appear qualitatively to rise 

and fall as if within some envelope frequency, similar to the beating phenomenon. 

As the beam is forced close to its first natural frequency, beating may explain this 

behaviour, but it may equally be an aliasing type of behaviour, the eflPect of noise 

or simply a modal beam behaviour.

In general, the cantilever beam is an infinite dimensional dynamical system. 

Usually however, the dynamics of such systems reduce onto a finite dimensional 

manifold within an infinite dimensional phase space. Thus the finite dimensional 

dynamics of the system can be described by a dynamical system of the form 

Xt =  F(xy), where x^ =  x (r), is the state vector in a finite, A;-dimensional, phase 

space X G IR .̂

4.3.2 Duration of im pacts

The introduction of a threshold provides a means of experimentally determining 

the time and duration of impact, as well as the time interval between impacts. 

Theoretically, it may be assumed that there is a limit such that, as the time, Tc, 

the beam stays in contact with the stop approaches zero, an instantaneous impact 

occurs. This is a theoretical concept only, as any physical impact will be of some 

finite duration. However, the assumption that % 0 simplifies the mathematical 

modelling of the beam system considerably.
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Using the statistical properties of the data recorded from the system one can 

compute the proportion of time the beam spends in contact with the stop: Let 

B denote the region of phase space corresponding to the impact stop, and let /i 

be an ergodic invariant probability measure describing the evolution of the phys

ical system (Lasota & Mackey 1994). Then, by ergodicity, ii{B) is the long-term 

proportion of the time that the beam spends in contact with the stop. An invari

ant measure value close to zero { i i { B )  <C 1), corresponds to the system spending 

a small amount of time in B  (i.e. in contact with the impact stop). Thus, the 

assumption made in the study by Bishop et al (1996) using the instantaneous 

model, that the physical contact time Tc is ‘short’ compared to the time between 

impacts may now be quantified.

Let {x,-} denote the evolution of the beam system in phase space, so that the

voltage stream (recorded at the stop) is given by b{T)  = b { x r ) .  The time series

from the load cell is considered to contain a sequence of firing times T q, Ti, T2 , ...T„, 

corresponding to the discrete voltage signal, 6(t>), crossing the threshold H  with 

positive slope, such that b { r k )  > H  >  b { T k - i ) .  Thus, B  =  { x  : 6(x) >  H}. If it 

is assumed that time is scaled such that To =  0, then T„ is the total time of the 

signal. After each firing time, T) , an impulse spike occurs with duration Sj above 

the threshold i.e. Sj % Tc for spike j .  The contact time measure hh  can be defined 

as:

I  n t  2 pTn

Hh = fJ>{B) = lim -  /  XB(xr)dr % —  / Xe(xr)dr, (4.1)
t^ootJt^Q lnJt=0

where

X b (x )  =  |   ̂ (4.2)
0 Ï ÎX.  ^  B .

Clearly x G 5  6(x) > H, so that Xb(xt) =  X[h,oo){K'^))- Thus

I  f T n  I  ^

f^H ^  7 ^  X [ H ,o o ) { b ( r ) ) d r  =  (^-^)
-^n J t = 0  ^  Ti

The smaller the hh value, the closer the real system is to a short duration impact.
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Figure 4.5. shows the value of the time of contact measure, /t//, for several 

foreing frequencies, / ,  in the range 21.5 < /  < 24.0 Hz, as computed from experi

mental data. For each forcing frequency an impulse spike time series was recorded 

(similar to those shown in figure 4.4), and rh was computed. The maximum stan

dard error for these computation was less than 0.00025 for all time series, rh 

seems to linearly depend on the forcing frequency. The linear increase in figure 4.5 

is due to the hardening spring behaviour of the vibro-impact beam system (Bishop 

et al. 1996). A saddle node bifurcation occurs soon after /  = 24 Hz. At this point 

the period(1,1) motion becomes unstable and the behaviour of the system settles 

on a stable, non-impacting motion of period-1.

For this data all the values fall below approximately 0.025, which implies that 

for all motions the time spent in contact with the stop is less than 2.5% of the 

total vibro-impacting duration. The conclusion of Bishop et al. (1996), that the 

instantaneous impact rule models the dynamics of the system adequately, can be 

quantified by postulating that for systems with a contact time invariant measure
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Hh < 0.025, the instantaneous impact assumption is a valid approximation when 

modelling the system. In addition we may conclude that systems where hh < 0.025 

have short impacts.

The instantaneous impact approximation is better for lower frequency values, 

presumably because the impact duration is shorter. The relation between the beam 

system dynamics and the voltage signal h{r) is discussed further in section 4.4.

4.3.3 M ultiple impact spikes

An interesting feature observed from the data is the occurrence of multiple impact 

spikes; two or more spikes may occur very close together, such that on the scale 

shown in figure 4.4 they are indistinguishable from a single spike. For period(l, 1) 

motion where the beam is forced at a frequency / ,  the time between impacts is 

approximately equal to the period of the forcing, T  % 1 / / .  Thus, the interspike 

interval (see chapter 3), / ,  between any two successive impacts is also 7 % T.

As impacting motions only exist around the first natural frequency of the beam, 

all motions are dominated by the response of the first mode and are hence pre

dominantly period(1,1). However, the occurrence of impacts induces contribution 

to the response from higher modes of vibration. As a result, multiple spikes will 

occur close to the periodic time of impact, mod(T%) % constant, i = 0 ,1 ,2 ,3 ...n 

for periodic motions. Thus a group of individual spikes forming a multiple spike 

lies within some small time perturbation of r ,̂ Ti ±  e, where e C  1. Other spikes 

which occur in the remaining interval (r̂  4- e, Tj+i — e) are referred to as spurious 

spikes, whether caused by an impact or noise.

As an example of multiple spikes, we consider the time series shown in figure 

4.4d. The forcing frequency for this test was /  =  24 Hz, so the period of forcing is 

1 / /  ~  0.04167 seconds, which we expect to be approximately equal to the period 

of the response and hence the interspike interval / ,  such that I  % 0.04167. In 

figure 4.6a Tc is plotted against I  for the data shown in figure 4.4d. From this 

figure it can be seen that there is a group of points around (0.04167, 0.0005), that 

correspond to the period of forcing. In addition four points grouped together have
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F ig u re  4.6: a) Contact time, Tc, v s  interspike interval, I  for the da ta  shown in 

figure 4.4d. /  =  24 Hz. b) Enlargement a double spike in figure 4.4d.

a much smaller I  value, these correspond to the additional spikes which form the 

multiple spikes. In fact there are four double spikes in this time series, only one 

of which is clearly visible in figure 4.4d. An enlargement of one of the spikes is 

shown in figure 4.6b. For data shown in figure 4.4d, e = 0.005 would be a suitable 

value to define the multiple spikes. Generally, vibro-impact motions contain a 

greater number of multiple spikes at higher values of / .  This is a direct result of 

the increase in higher modal activity for greater impact forces, discussed in section 

4.3.4.

4.3.4 Measurement of impact force

The measurement of impact forces has important applications in engineering sys

tems where components are subject to impact loading. Discrete values of the 

impact force, T (r), may be obtained directly from the voltage signal, 5(r), by 

using the calibration constant 5 (r)/F (r) = 21.8mV/N. Figure 4.7 shows the vari

ation of the average peak impact force with the frequency of forcing. The average 

peak impact force was computed by recording the maximum value for each spike 

in the time series, and then calculating the mean value. The peak impact forces for 

the recorded time series are in the range 0.2-1.0 N and appear to increase approx-
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F ig u re  4.7: Variation of the average recorded peak force with forcing frequency. 

Values were retrieved from time series sampled at 50000 samples/sec.

im ately linearly with increasing forcing frequency. As with the tim e of contact, 

the linear increase is due to the hardening spring behaviour of the im pacting beam 

system (Bishop et al. 1996). It should be noted th a t although the values on the 

plot are all clearly above the noise level, both the peak values and the noise level 

are averaged. Therefore there may exist im pact spikes in a time series th a t are 

very com parable to the noise signal level. The trend is probably not linear below 

the frequency range of the data  in the figure. Nevertheless, from the plot it can be 

realised tha t correctly identifying im pacts at forcing frequencies lower than  about 

/  =  21.0 Hz can be extremely difficult.

The change in mom entum during the im pact may be calculated using the 

impulse m om entum  law (Goldsmith 1960):

rn+
mv{Ti_) -  mv{Ti+) = / F ( r ) d r ,

J T j _

(4.4)

where m is the (lumped) mass (of the beam ), u(T^_) is the velocity a t the s ta rt of 

the im pact at tim e r^_, u(T^+) is the velocity a t the end of the contact tim e and
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+Tc, where Tc is the duration of the contact interval. F { t ) represents the 

force applied by the mass to the impact stop in the time interval t i -  < t  <  

Thus by computing the integral on the right hand side of (4.4) (as a discrete 

approximation) the change in momentum during impact can be estimated.

As explained in section 2.3.1, for impacting systems the change in momentum 

during impact can be related to the coefficient of restitution, r, via the coefficient 

of restitution rule:

v{Ti+) = - ru (n _ ) . (4.5)

Combining equations 4.4 and 4.5 we obtain the relation:

pTi+
m (1 +  r) u(Ti_) =  / F ( r )  dr. (4.6)

Jn-

This analytic expression describes the relationship between the force applied on 

the beam during impact and the impacting velocity of the beam. Assuming that 

the impact law is instantaneous, as in section 4.3.2, implies that F { r )  is a Dirac 

delta function, with an amplitude related to the peak force of the impact. This

assumption can be made when considering the global dynamics of the system, such

that the contact time measure <K 1 as discussed in section 4.3.2. For single 

impact analysis (see figure 4.2b), where % 1, alternative functional forms for 

F { t ) will be more suitable. If additional experimental measurements are available 

from the system, equation 4.6 can be re-arranged and used to obtain an estimate 

of either the impact velocity or coefficient of restitution for the beam system.

4.4 Information from interspike intervals

Interspike intervals where introduced in chapter 3 along with techniques that utilise 

them in order to reconstruct the dynamics or investigate certain system properties. 

The term ‘interspike interval’ refers to the time elapsed between successive firing 

times of a point process. In the context of our experimental dynamical system, 

the term is used for the time interval between two successive spikes, as recorded 

from the impact load cell.
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As noted by Castro & Sauer (1997), the interspike intervals generated by a 

threshold-crossing method cannot be used to reconstruct the dynamics in the way 

this was done by Takens (1981) and Sauer (1994). Instead, these interspike in

tervals are very similar to a Poincaré section and they offer a reduction of the 

dimension of the attractor has settled on by one. They nevertheless can be used 

in the investigation of other system properties, such as periodicity.

4.4.1 Spike trains

When using interspike intervals to reconstruct the dynamics of the system, it is 

assumed that the only information is the sequence of firing times r ,̂ i = 0 ,1 ,2...n. 

From this a sequence of interspike intervals, A, can be constructed by A =  T% —T*_i.

In order to derive valid results from the interspike intervals, a large number of 

firing times must be obtained. This is not feasible however, if all the samples taken 

from the strain gauge are recorded because this would produce huge data files which 

would be difficult to handle and process. To avoid recording considerable amounts 

of unwanted data, a threshold method separating the required from the rejected 

data was used. The time series recorded this way are spike trains, containing only 

the times when data exceed the threshold. This is similar to the threshold-crossing 

method proposed by Castro & Sauer (1997).

A detail of a typical spike train recorded from the impact load cell using a 

threshold is shown in figure 4.8. This gives a qualitative representation of the data 

which will now be used to investigate the dynamics. An alternative way to obtain 

these data would be to use a triggering circuit that records data only when the 

beam is in contact with the impact stop. In such case, the interspike intervals 

would be the only way of gaining insight into the system behaviour. However, this 

was not implemented initially because the study of interspike intervals was not the 

only scope of these experiments. Furthermore, such a technique would not enable 

us to understand about the full system dynamics.
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F ig u re  4.8: Detail of a typical spike train , recorded from the stra in  gauge. /  == 

20.1 Hz

4.4.2 Correlation dimension

Castro & Sauer (1997) demonstrated that the correlation dimension, d, of the 

attractor A, on which the trajectories of a dynamical system converge for a par

ticular set of parameter values, can be found using (integrate-and-hre) interspike 

intervals. In addition, the authors postulated that threshold generated intervals 

will reconstruct the attractor A  in a space that is of one dimension less than the 

space containing the original attractor. This is true when recording the times 

trajectories intersect with a threshold, which is qualitatively the same as taking 

a d — 1 Poincaré section through the flow. For impacting systems, recording the 

time of impact is qualitatively the same as recording the times of intersection of 

the system trajectories with a hypersurface E, denoting the position of the im

pact stop. The mapping E t-4 E is now known as the impact map, following the 

work of Shaw & Holmes (1983c). Essentially these times are recorded via the load 

cell signal b(r). Thus, reconstruction of the system dynamics will essentially be 

reconstruction of the dynamics on E, i.e. that of the impact map.

Two samples of interspike interval sequences estimated from data from the 

impact load cell are shown in flgures 4.9a,b. A clear banded structure can be seen 

in both these plots, corresponding to multiples of the forcing interval, which we 

define as 7 = 1 //.
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F ig u re  4.9: Interspike interval sequences for (a) f  =  22.1 Hz (b) /  =  20.1 Hz. 

(c), (e) Correlation dimension for d a ta  in (a), (d), (f) Correlation dimension for 

da ta  in (b). Legend: diamonds: m =  1, crosses: m =  2, boxes: m  =  3. (Figure 

produced by D .J. Wagg)
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The correlation dimension, d, can be estimated using the method proposed 

by Grassberger & Procaccia (1983). Figures 4.9c,d show a In —in plot of the 

correlation dimension against the e radius used to compute it. Three sets of data 

are shown, corresponding to m =  1 (diamonds), m = 2 (crosses)and m  = 3 

(boxes), where m  is the embedding dimension. In figure 4.9a it can be seen that 

most of the data is concentrated at the value I  =  0.0452 % 1/22.1. Hence in figure 

4.9c, there is near complete correlation ln(d) =  0, until e reduces below this value 

(another threshold type effect, which occurs at — ln(e) % 3.09), after which the 

correlation becomes approximately constant with zero slope, before a final sharp 

upturn. This final upturn is due to the band of data very close to zero, caused-by 

multiple spikes.

The data in figure 4.9b occurs at banded intervals of, I  = 0.0498 % 1/20.1, but 

many more bands are apparent than the data in 4.9a. Thus, the correlation di

mension for this data, figure 4.9d, has a more gradual transition between complete 

correlation and constant correlation with zero slope. There is no final upturn in 

this data due to a much smaller proportion of the data being close to zero. Thus 

for a fixed point attractor, it would be expected that d =  0, which appears to be 

the case for both sets of data.

The correlation dimension for the attractor A  is taken to be the slope of the 

linear part of the In — In plot. This is open to some interpretation, as can be 

seen in figures 4.9e and 4.9f, where the slope is plotted against — In e. From these 

plots it appears that as the radius, e, becomes smaller (e ^  0), the correlation 

dimension for both sets of data decreases to zero. The data analysed come from 

periodic vibro-impact solutions of the beam, which have fixed point attractors in 

the impact map, E, of dimension zero.

4.4.3 Delay Reconstruction - Periodicity

From embedding theory, the dynamics of the sequence of intervals can be recon

structed in IR” ,̂ where m > 2d-f 1. For the data presented in the previous section, 

d % 0, so m > 1, and therefore the dynamics can be reconstructed using a simple



CHAPTER 4. EXPERIMENTAL ANALYSIS THROUGH IMPULSE SPIKE RECORDINGS 80

0.181

0.1357

1+1 0 .0 9 0 5 .  . * . * 4

0.0452

0.0452 0.0905

(a)

0.1357 0.181

0.3984

0.2988

0.1992

0.0996

T . •
0 .0996  0.1992  0 .2988  0.3984

/,
(b)

F ig u re  4.10; Experim ental interspike interval delay plot: a) /  =  22.1 Hz, b) 

/  =  20.1 Hz.

delay plot in IR .̂

Two interspike intervals delay plots from experimental data are shown in fig

ure 4.10. The data in figure 4.10a was recorded at /  =  22.1 Hz, where period(l,l) 

motion exists, so that all the intervals should be approximately equal. However, it 

can be seen that instead of a single, fixed point the data is distributed over a lattice 

of squares with size approximately I. Similar data has been presented by Longtin 

& Racicot (1997) in connection with neural firing events. The lattice structure 

is caused by a combination of disturbance effects. Noise recorded as part of the 

signal, combined with limitations in the spike identification process (section 4.2), 

results in some spikes being missed completely, and some spurious spikes recorded. 

In addition, the multiple spikes occurrences discussed in section 4.3.3 contribute 

to the distribution of points in the figure.

These effects can be understood better by considering an undisturbed (ideal) 

period one motion with all intervals exactly equal, U = I  for all i. With no distur

bance effects, there would be a single point in the delay plot at ( / , / ) .  The effect 

of missing a spike is to produce a point at (7,27), and on the subsequent itera

tion at (27,7). Similarly for p missing spikes points occur at (7, p7), and (p7, 7). 

Thus, points are reflected in the line Ii = 7;+i, giving rise to the lattice type data
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F ig u re  4.11: Histogram of probability density of interspike intervals, p{I): a)

/  =  22.1 Hz, b) /  =  20.1 Hz.

structure. The probability of missing k consecutive spikes decreases exponentially 

with k, thus less points accumulate at intervals greater than / .  Longtin & Racicot 

(1997) refer to the spike missing process as skipping.

The effect of spurious spikes is th a t an interval a l  occurs, where 0 <  a <  1. Due 

to the reflective properties of the delay plot, this causes bands of points forming a 

triangle in the first lattice square, { ( / ; ,L^+i) : k  G (0 ,7 ];/i+ i G (0,7]}. Multiple 

spikes, which correspond to points 7 % 0, can be seen clearly in figure 4.9a,b and 

close to  the origin in figure 4.10a.

P ro b ab ility  densities

An alternative m ethod for analysing interspike data , is to consider the probability 

density of the interspike intervals, p{I). To illustrate this, the probability densities 

for the examples shown in figure 4.10 are plot in figure 4.11. From figure 4.11a it 

is clear th a t for the da ta  shown in figure 4.10a the m ajority  of the points occur 

around the I  % 0.0452 interval, and th a t the underlying dynam ical motion is of 

period (1,1).

This m ethod can be used to interpret period(l,q ) motions, i.e motions of period- 

1 w ith respect to the number of im pacts, but period q w ith respect to the forcing
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period. Thus an interspike interval of approximately q/ f  would be expected, which 

can be recognised from a probability density plot qualitatively similar that of 

figure 4.11a. Period(p, ç) motions where p impacts occur in q forcing periods can 

also be recognised, provided that the interval between impacts is not equal. For 

example, a period(2,2) motion will have two impacts in two forcing periods, and 

thus two interspike interval values. These will appear as two major peaks in a 

p{I) plot. A numerical example of such a period(2,2) motion is shown in figure 

3.7, together with more examples of periodic motion. However, if the intervals 

are equal (or approximately equal), a period(n,n) motion will be indistinguishable 

from a period(l,l) motion in a p{I) plot.

Now the motion shown in figure 4.10b is considered. The probability density 

for this data is shown in figure 4.11b, where several concentrations of data appear. 

These are separated by approximately the forcing interval I  % 0.0498. This motion 

was recorded in the frequency range where it is possible for motions other than 

period(l, 1) to exist. Normally, a period(p, q) motion would produce either a series 

of differing intervals or a single interval at an integer multiple of the forcing interval,

I. Since the concentrations in figure 4.10b are evenly spaced across the probability 

spectrum, it could mistakenly be deduced that this motion is one of period(l,l), 

‘disguised’ by the effects of the data acquisition process.

However, this is in fact a period(l,3) motion. The high peak at /  =  3 / of the 

probability distribution of p{I) points to this conclusion. This is also reinforced 

by studying the results of noise on the experimental interspike intervals, discussed 

later in section 4.4.5. The periodicity of this motion is also verified by numer

ical simulations which show that at this forcing frequency, motion is in fact of 

period(l,3).

Non-periodic motions, such as deterministic chaos, would produce a broad 

band distribution of intervals. A numerical example of the probability density of 

interspike interval data from a chaotic signal is shown in figure 4.12.

It is interesting to note that although the motions shown in figure 4.11a,b 

represent similar types of periodic motion (period(l,n)), they appear to be quali

tatively different. The reasons are the two spike identification problems discussed
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interval da ta  for chaotic motion. (Figure produced by D.J. Wagg)

ill section 4.2.2. In the case of figure 4.11a, some low im pact spikes have probably 

be missed, giving rise to the interspike intervals higher than 0.0452. In the second 

case, th a t of figure 4.11b, high noise spikes have mistakenly been recorded, pro

ducing the interspike intervals with values lower than  0.1493. The first problem is 

responsible for the interspike intervals higher than  0.1493.

These problems seem to be far more intense at /  =  20.1 Hz than when /  =  22.1 

Hz. This is because the im pacts a t /  =  20.1 Hz are of significantly lower intensity. 

The recorded signal will thus be of much lower am plitude in this case. In fact, 

for a frequency of 20.1 Hz all the spikes are difficult to distinguish above the 

background noise level. Figure 4.13 shows part of the tim e series recorded from 

the im pact load cell a t /  =  21.5 Hz. At this frequency, im pacts are more severe 

than im pacts a t /  =  20.1 Hz. However, the two im pacts in the plot are hardly 

distinguished from the background noise. Thus at low forcing frequencies — which 

in practical applications is often the area of most interest — the limits of these 

spike identification techniques for this experim ental setup are reached.

This example clearly dem onstrates the difficulties in the correct interpretation 

of such spike data. For systems with low am plitude spikes (corresponding to low
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F ig u re  4 .13: Time series, recorded from the strain  gauge. /  =  21.5 Hz, sampling 

rate=50000 sam ples/sec.

velocity im pacts for the beam system) the interspike interval technique is limited 

by the need to threshold the data, although with careful analysis inform ation can 

be gained. If the spikes are well defined, the dynamics of the system can easily be 

characterised using interspike intervals and probability densities.

4.4.4 S im ulation  o f the data acquisition  process

These effects can be further understood by considering a numerical sim ulation of 

the experim ental data. This can be done by sim ulating the motion of the beam 

through integration of the equation of motion for a single degree of freedom im pact 

oscillator (Shaw & Holmes 1983c). First, white noise is added to the numerically 

generated signal, and then the effects of missing spikes and spurious spikes are 

simulated using random  probability. Figure 4.14a is a numerical interspike intervals 

delay plot w ith added white noise. The effect of missing spikes was sim ulated by 

random ly deleting firing times using a 5% probability. The effect of this is shown 

in figure 4.14b. Here, apart from the main concentration seen in 4.14a, there are 

some other, smaller ones, evenly spaced a t multiples of I.  The effect of spurious 

spikes, is dem onstrated in figure 4.14c. Here, times between actual im pacts have 

been added using a 1% probability. The result in the plot is the horizontal, vertical
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and diagonal of bands of point dots visible in the figure. The appearance of these 

bands is better explained in figure 4.15: The generic case is that the introduction 

of a single spurious spike splits an interspike interval of unit duration (1) into two 

smaller ones with durations x and 1 — x. The new ISI give three new points on 

the delay plot. With repetition and a random x G [0,1] each time, they form the 

horizontal, vertical and diagonal bands.

Figure 4.14d shows the experimentally recorded data, which closely match the 

numerical simulation. The effect of multiple spikes, can be seen as a series of points 

with small interspike interval values <K /, close to the axes of the plot. Thus it can 

be seen that using the method of delays on such data results in a highly complex 

plot due to a combination of noise in the system, and the data acquisition process.

4.4.5 Effects of pure noise

The effect of thresholding the measurements to detect impacts is not simply an 

artefact produced by the data acquisition process. In particular, the effect of
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missing spikes is similar to what actually happens when a sensitive oscillating 

system operates in a ‘noisy’ environment. In such a case, the oscillator might 

be affected by fluctuations present in its environment, such as a vibrating floor. 

Longtin et ai (1991) commented that the effect on noise on interspike intervals is 

still an unanswered issue.

To investigate this, the beam was numerically simulated, adding several levels 

of Gaussian noise in the measurements during integration. This is totally differ

ent from adding the noise to the final time series, because now the noise affects 

subsequent integration. The numerical model used for the simulations is described 

analytically in section 2.4.2 (also in Thompson et al (1994) and in Karpodinis & 

Bishop (2001)). Noise is actually added to the speed of the oscillator. The choice 

of adding noise to the speed and not to the displacement was made because of 

its physical meaning; adding noise to the displacement of the oscillator results in 

sudden and instant jump to another position, which is not physically possible.

The level of added noise is thus defined as a percentage of the speed. For 

example, 5% noise means that the induced random disturbances have in fact a 

maximum amplitude, that is 5% of that of the oscillator’s speed. The noise gen

erator used produced normally distributed noise. The perturbations induced by 

noise in the above example, were thus normally distributed between —2.5% and 

+2.5% of the oscillator’s speed.

Phase portraits of a period(1,1) motion produced by adding different levels of 

noise are shown in figure 4.16, for /  =  22.1 Hz. It can be seen that as the noise 

level increases, impacts occur with an increased range of speeds, some higher and 

some lower than the speed of impact without any noise. At a critical noise level 

(% 0.47%) some oscillations continue once, without hitting the stop. This affects a 

delay plot qualitatively in exactly the same way as missing non-consecutive spikes 

during data acquisition, when /  =  22.1 Hz. As the noise level increases further, 

this effect becomes more apparent. At a second critical level (% 0.96%) there are 

oscillations that continue twice before hitting the stop. A delay plot in this case 

produces the same concentrations as one obtained when two consecutive spikes 

are missed during data acquisition. These results on the delay plots are shown in
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figure 4.17.

Two histograms of the probability distributions of interspike intervals against 

various noise levels are shown in figures 4.18a and 4.18b, for a period(l,l) and a 

period(1,3) motion respectively. From the plots it can be seen that even though 

the motion is originally of period(1,1) and period(1,3) respectively, intervals corre

sponding to lower and higher periods appear at higher noise levels. This justifies 

the patterns in the experimental plots, shown in figures 4.11a,b.

These results show that there is a similarity between setting a threshold to 

capture impacts and taking measurements in a noisy environment. Both tasks 

affect the data in a similar way. One may therefore suggest, that there is an implicit 

equivalence between the results obtained by thresholding the measurements for the 

motion at /  = 20.1 Hz, for example, and the results obtained for the same system
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F igu re 4.18: Probability distributions of interspike intervals against noise level. 

Produced numerically for a) f  =  22.1 Hz, b) /  =  20.1 Hz.



C H A P T E R  4. EXPERI MENT AL  ANALYSIS T H R O UG H IMPULSE SPIKE REC OR D IN G S  90

without a threshold but contaminated with 0.713% of noise. The similarity of 

these two scenarios is illustrated in figure 4.19.
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F ig u re  4.19: Comparison of p(I)  histogram s for /  =  20.1 Hz: a) experimental, 

b) numerical with noise level 0.713%.
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Chapter 5 

Experim ental analysis through  

impact sound recordings

In order to make use of the dynamics reconstruction techniques detailed in chapter 

3, it is necessary to have access to physical points of the dynamical system for the 

collection of data. In the particular analyses presented in chapter 4, such a point 

was the tip of the impact stop, where the impulse spike data were recorded from.

In real-life systems however it is not always feasible to access such appropri

ate points. Furthermore, the data acquisition instrumentation might sometimes 

perturb the system’s behaviour. In such cases it would be very useful if a remote 

method for data acquisition existed.

In this chapter such an interventionless way of collecting data is presented. The 

experimental system used is essentially the same vibro-impact oscillator used in 

the experiments presented in chapter 4. Analysis is again done using the method 

of interspike intervals reconstruction. The difference is that the data analysed here 

derive from sound recordings of the oscillator’s impacts.

5.1 Experimental Setup

The impacting oscillator for these experiments, shown in figure 5.1, closely resem

bles the one used for the work presented in chapter 4. There is a slight difference
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F ig u re  5.1: A schematic diagram of the experim ental apparatus.

in the values of the forcing frequency for which certain periodic motion if ob

served. This is due to a different stop distance of 1 mm (-0.10 volts reading in 

the displacement gauge) used here. For the particular configuration of stop and 

the beam used, vibro-impact motion occurs for forcing frequencies, / ,  in the range 

21.6 < /  < 23.8 Hz, T = 1 / f  being the period of forcing.

Furthermore, the impact load cell (introduced in chapter 4) is not used in the 

following experiments as a means of collecting data. Instead, the sound of impacts 

was captured and processed. Time series of the beam displacement were used to 

verify the results produced by sound processing.

5.2 Recording and processing of sound files

The sound produced when the beam collided with the stop was captured by a 

microphone and recorded on a portable cassette recorder. The sound recording 

was then converted into a standard digital audio form at\ so that it could be 

processed by a computer. The software used for the analyses was Matlab 5.3.

^The standard  non-lossy audio format on PCs running the Windows operating system is the 

WAVE format.
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F ig u re  5.2: Top plot: sample of sound recorded at 22050 Hz. The plot contains 

4410 points. Bottom  plot: same plot converted to a sampling rate  of 8000 Hz. 

Contains 1600 points.

The files contained sound recorded at a sampling frequency of 22050 Hz. Sam

pling rate was reduced to 8000 Hz prior to processing. This helped in reducing 

the computational power and storage required for the analyses. The results were 

not affected since the patterns of interest are not dependent on the sampling rate. 

As an example, part of a sound recording at 22050 Hz is shown together with 

its corresponding 8000 Hz sample in figure 5.2. The amplitude of the signal is 

normalised to a maximum value of 1. Conversion to a lower sampling rate did not 

result in loss of accuracy. It can be seen from figure 5.2 that sound patterns are 

well preserved after the reduction in the sampling frequency. The files containing 

sound at 8000 Hz were the ones used in the subsequent analysis. For the rest of 

this text, the term ‘sound signal’ refers to the 8 kHz recordings.
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It is easy to interpret the pattern of the sound files. It can be seen that the 

amplitude of the signal becomes large at regular intervals and it decays thereafter, 

approaching a zero level, until it once again jumps higher. The moments when 

this happens correspond to an impact of the beam with the stop.

The interspike intervals are calculated from a time series of the impact times, 

as in the case of the impulse impact spikes. In order to estimate the interspike 

intervals, the times at which impacts occurred must be identified first. Despite the 

fact that this seems trivial by inspection of the sound pattern, it is not so straight

forward when it comes to programming a computer to do this automatically.

The method used in order to find the impact times from the signal is the 

following:

• first all samples of the sound signal where made positive. This was done by 

using an absolute value function on each sample value.

• the signal was then smoothed, using a moving average filter with a smoothing 

window of 10 samples.

• the smoothed signal was then scanned for impacts. Scanning was performed 

in a moving window, containing 15 samples at a time. Two thresholds where 

used. The most recent sample was accepted as an impact manifestation if it 

was above the higher threshold and every other sample in the moving window 

was above the lower threshold.

However, there are some parts in the sound recordings were the patterns of 

interest are not well defined. Figure 5.3 shows two parts of a recording. The 

circled peaks correspond to times identified by the computer program as impacts. 

In the top plot impacts are regular and the signal reaches maximum amplitude 

almost only when an impact has occurred. In the bottom plot though, the sound 

produced by the impact before the last one is not clear enough for the algorithm 

to capture. This impact was therefore missed. The same impact was missed even 

from the original recording of 22050 Hz. This reinforces an earlier statement, that 

the quality of the sound recordings does not affect the estimation of the impact 

times.
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F ig u re  5.3: Circled peaks correspond to  im pacts identified by the computer 

program . Top plot: peaks correctly identified as impacts. B ottom  plot: a badly 

recorded im pact is missed by the com puter program  a t 21.38 sec.

Missed impacts obviously affect any furtlier produced results. However, this 

is a rather rare event so the results still represent the behaviour of the system 

correctly.

5.3 Results

5.3.1 Periodic motion

Two cases where the system exhibits fundamentally different behaviour are con

sidered. The first case is when the beam is forced at a frequency /  =  23.81 Hz. At 

this value of /  the oscillator follows a period(1,1) motion. Apart from numerical 

simulations that verify the behaviour of the oscillator at this forcing frequency, 

impact is audible and happens at very regular intervals. Having estimated the 

interspike intervals. In, from the sound recordings we produce a delay plot of In 

versus shown in figure 5.4a.

The largest concentration of points lies on (0.042, 0.042). This would suggest
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F ig u re  5.4: Interspike intervals for /  =  23.81 Hz. a) Delay plot, b) Probability 

distribution of I  values.

a period(1,1) motion. However, it is difficult to assess the relative size of the dif

ferent concentrations from this plot. The probability distribution of the interspike 

interval values, p(/), is plotted in figure 5.4b. It is obvious from this plot that the 

great majority of all interspike intervals falls close to 0.042 sec. Furthermore, the 

combined probability of all bins in the range [0.032, 0.050] is 0.96.

The existence of I  values twice and three times as high as 0.042 is due to missing 

of impacts that were not clearly recorded, as mentioned earlier. The values of I  

can take even higher multiples of T  if more that one consecutive impacts are not 

identified. The probabily of this happenning though decreases exponentially with 

the number of successive missed spikes (Wagg et al. 1999).

These findings and the high probability for I  close to 0.042 clearly suggest a 

period(l,l) motion with period T  % 1/23.8 =  0.042 sec.

5.3.2 Grazing

The other case of behaviour considered through its sound recordings is when 

/  = 21.55 Hz. At this forcing frequency the system shifts from a period-1 non

impacting motion to grazing. This means that impacting motion has just started
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Time (sec)

F ig u re  5.5: P art of a sound recording from grazing behaviour. Im pacting alter

nated with long intervals of non-impacting motion. The distance between gridlines 

on the time axes corresponds to three complete cycles of the forcing.

and that theoretically the beam touches the stop with zero velocity. Many studies 

have focused on grazing bifurcations and behaviour (Foale 1994; Chin et al. 1994; 

Chin et al. 1995; Hu 1995; Casas et al. 1996; Peterka 1996; de Weger et al. 1996; 

Nordmark 1997; di Benardo et al. 1998).

The motion of the oscillator is highly irregular during grazing. Motion is non

periodic and vibro-impact behaviour alternates with long intervals without im

pacts. The time history of the sound recording in figure 5.5 demonstrates this. 

Circled peaks indicate points of the recording identified as impacts by the com

puter program. The last circled point is wrongly identified as impact. It is quite 

difficult to totally eliminate wrong identification of some peaks. This would in

volve incorporation of constraints specific for each file and it would thus ruin the 

generality of the method. Besides, it is quite easy to remove the effects of most 

of the mistaken impacts from the results, if necessary. In the particular exam

ple of figure 5.5 the spurious impact at 7.252 sec will give a very low value for 

/ . This is generally the case because wrong identification happens almost exclu

sively very close to a correct one. Therefore, the wrong interspike intervals will 

be gathered at the low end of the range of /  values. Removing these low I  values 

and re-calculating p{I) for the remaining interspike intervals totally removes the 

unwanted effects, induced by the spurious spikes.
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F ig u re  5.6: Interspike intervals for /  =  21.55 Hz. a) Delay plot, b) Probability 

distribution of I  values.

The interspike intervals delay plot for the system behaviour at grazing fre

quency is shown in figure 5.6a. The points are scattered in the plot, showing no 

sign of any regularity. This is typical of the behaviour at the onset of grazing. 

Part of the scattering is of course due to spurious and missed impacts. The prob

ability of occurrence of values for / ,  p(/), is plotted in figure 5.6b. The highest 

p value corresponds approximately 0.046 sec, which is the period of the forcing 

at /  =  21.55 Hz. However, this could not support claims for a period(1,1) orbit, 

since large density of points occurs at a wide range of other interspike intervals.

The audible impacts produced at this forcing frequency assist in deducing that 

the motion in this case is not periodic. Furthermore, the interspike intervals prob

ability plot in figure 5.6b closely resembles the numerical data shown in figure 4.12. 

We may therefore conclude that motion at /  =  21.55 Hz could as well be chaotic. 

Chaotic motion may be thought as the superimposition of many coexistent un

stable periodic orbits. If motion is indeed chaotic, the high peak at 0.046 sec 

of figure 5.6b could be the result of the system oscillating chaotically close to a 

period(l,l) orbit, which — at this forcing frequency — is unstable.

The high p values before I  =  0.046 are the effects of the wrongly identified
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impacts, mentioned previously. Knowing that, they can be ignored in the inter

pretation of the plot. However, a small but unknown proportion of these might be 

due to the multiple impact phenomenon, discussed in section 4.3.3. Another fac

tor greatly affecting the sound recordings is background room noise and external 

noise.

5.4 Comparison with the impulse spike m ethod

The results produced using the sound recording seem to be in good agreement 

both, with the actual system behaviour and with the results obtained by using 

data acquired from the impact load cell (chapter 4).

From the analyses carried out so far, it seems that the impulse spikes, recorded 

from the impact load cell, contain additional information about the system be

haviour. The severity of the impacts may be determined by comparing the peak 

values of the recorded strain, applied on the impact stop. Such information does 

not initially seem to be carried by the sound of the impacts. This however might 

be due to limitations of the recording method or/and the software used. The lim

itation of the sound signal amplitude to a range [—1,1] is most likely inherent in 

the digital sound format used. If there was no cut-off maximum value, the volume 

might be a valid indication of the impact intensity.

Another type of information that is difficult or even impossible to extract from 

the sound recordings is the duration of the impacts. In the sound recording there 

is no indication as to when the beam leaves the impact stop. The sound is audible 

for a much longer period of time that the actual duration of impact. This can be 

also realised by the very gradual and slow decrement of the sound intensity in the 

plots of the sound recording. The sound amplitude just before an impact is much 

larger that the background noise in comparison with impulse spikes. This is in 

part due to the background room noise and external noise, but it might as well 

imply that sound from one impact has not completely ceased until the next impact 

occurs. This made the simple threshold method used in chapter 4 inappropriate 

for these data. Instead, a more sophisticated impact detection method had to be
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used.

Despite the limitations of the equipment and software used, this method ac

curately captures the main features of the system behaviour. Furthermore, it has 

the benefit that no special setup is required and data can be recorded easily using 

even domestic sound recorders. The existence of a method that produces correct 

results by collecting data without the need of intervening in a dynamical system, 

might appear to be useful in many cases where conventional methods would be 

difficult to apply.
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Chapter 6 

Control of the vibro-im pact 

system

6.1 Introduction

In the early days of the discovery of chaos and until recently, the presence of 

chaos in the behaviour of dynamical systems was considered to be something that 

induced extra difficulties. Chaotic motion was thought to be impossible to predict 

or to control. This forced engineers and designers of dynamical systems to take 

special care, so that the systems they built would not behave chaotically.

This view of chaos changed recently. Around 1950 John Von Neumann sug

gested that carefully planned local perturbations in the atmosphere, induced by 

chemicals sprayed by aeroplanes, could lead to desired, large scale changes in the 

weather pattern. He also proposed the use of offshore atomic explosions to control 

the course of monsoons and improve the climate of the Sahel (Kwa 1994; Edwards 

1997).

Following these ideas, Hiibler & Lüscher (1989) showed that it was possible 

to control chaos and made some first attempts. These methods succeeded only in 

some cases and they had severe limitations. The first robust method for controlling 

chaotic motion was presented by Ott, Grebogi & Yorke (1990). Since then many 

other successful attempts to produce efficient algorithms for control of chaos have



CHA PT ER  6. CONTROL  OF THE VIBRO-IMPACT SYSTEM 103

X

F ig u re  6.1: The transition to chaos of the logistic map =  C — xj).  

been made.

In this chapter a control method is studied numerically in conjunction with 

the vibro-impact system presented earlier. The study serves as a demonstration of 

the possible benefits a control scheme could have in an engineering context. The 

chaotic properties of the system are exploited in order to regulate impacting.

6.1.1 Fundamental theory of control methods

Control is based on exploitation of certain properties of chaotic motion. The first 

such property is that any chaotic attractor has unstable periodic orbits simulta

neously embedded within it. This can be seen easily in the transition of many 

dynamical systems to chaos, through a series of period doubling bifurcations. An 

example of such a transition is shown in fugure 6.1 for the logistic map. Each 

bifurcation creates a new stable orbit, having twice the previous period, while the 

previous orbit becomes unstable. These unstable orbits do not cease to exist, even
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when the system is well into the chaotic regime. In figure 6.1, the first bifurcation 

occurs at approximately C % 0.73. The period-1 orbit becomes unstable and a 

new, period-2 orbit appears. The unstable period-1 orbit continues to exist and is 

traced by a light line.

Usually, these embedded unstable orbits are the ones that control techniques 

aim to stabilise. However, some methods allow stabilisation of orbits that are 

not embedded in the original attractor. This is mainly done by applying large 

perturbations on the system. Large perturbations however may significantly alter 

the dynamics of the original system.

The other feature of chaotic motion exploited by control techniques is the 

sensitive dependence on initial conditions: very small perturbations will, in finite 

time, produce subsequent motion that is very distant from the path the system 

would follow without perturbing it. This feature of chaotic systems, previously 

seen as a disadvantage, can be used to ‘drive’ the system towards any desired 

state. This is called targeting (Shinbrot et al 1990; Barreto et al. 1995; Arecchi 

& Bocaletti 1997). Ergodicity dictates that every chaotic trajectory will eventually 

come arbitrarily close to any point within the region of the phase space occupied 

by the attractor. This enables the required stabilising perturbations to be very 

small, if the system is given time to approach the area of interest by itself.

Control can be achieved by slightly perturbing an accessible system parameter 

or a variable, in a controlled manner, so that the next iterate falls closer to the 

desired state. Thus, the motion of the chaotic system can be stabilised close to 

any unstable periodic orbit embedded within the chaotic attractor.

These developments have greatly affected the way engineers think of chaos. 

Building chaotic dynamics purposely into an engineering system, can even be of 

advantage. With successful control, a system can be forced to follow any desirable 

orbit within its state space. This can be very cost effective because applying small 

perturbations on an accessible system parameter is, most probably, cheaper than 

changing the entire system configuration in order to obtain the desired behaviour. 

On the other hand, controlling systems that are not chaotic is not as effective, 

because in order to achieve a large change in the behaviour of the system it is
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likely that very large perturbations will be required.

6.1.2 The OGY algorithm

In 1990 Ott, Grebogi & Yorke presented a computer algorithm, known as the 

‘OGY algorithm’, that was able to stabilise a chaotic trajectory of a system onto 

a periodic orbit, which was embedded in the system’s attractor. This was the first 

effective attem pt towards the control of a chaotic dynamical system and it was 

bound to change the way scientists and engineers were confronting chaos.

The algorithm operates on a Poincaré section of the desired periodic orbit. 

Suppose that a specific unstable periodic orbit embedded in a chaotic attractor is 

to be stabilised. Using a Poincare section, the unstable periodic orbit is reduced 

to a fixed point. A local linearisation around the fixed point is then made. By 

ergodicity, any trajectory of the system will eventually come close enough to the 

periodic orbit, so that the linearisation is valid. The region on the section, for 

which the linearisation is valid, can be visualised as the area enclosed by a circle 

of small radius, with the fixed point in the centre.

When a chaotic trajectory passes close enough to the desired orbit, successive 

piercings of the section will give points within the region for which linearisation 

is valid. When a point falls within this region, the control procedure is activated. 

The requirement that the trajectory must first pass close to the unstable periodic 

orbit in order to activate the control, exists for two reasons. First, linearised 

approximations are only valid for a small region around the unstable orbit and 

second, the stabilising perturbations required for a trajectory that is far from the 

unstable periodic orbit would be very large.

The perturbations are applied on an accessible system parameter, have to be 

very small and are time dependent. They are chosen in such a way, so that the 

next point on the section will fall closer to the stable manifold of the fixed point. 

Eventually, the chaotic trajectory will coincide with the stable manifold of the 

required periodic motion. From this point onwards, no further control is required, 

and the evolving trajectory will eventually approach the desired periodic orbit.
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The method is quite simple in its concept. There are two major advantages 

of the OGY method of control. The first is that there is no need to have explicit 

knowledge of the dynamical system’s equations. The necessary elements are simply 

a chaotic time series, obtained from an observable variable of the system, and one or 

more accessible parameters. This makes the method very suitable for experiments, 

where it is often that only some time series can be obtained and that the dynamics 

of the system are not known.

The second advantage is that any orbit within the attractor can theoretically be 

stabilised, using appropriate sections. A drawback of this is that the stable and un

stable eigenvalues and manifolds of the desired orbit are required but, then again, 

their estimates can be quite approximate. The stable and unstable manifolds of 

the fixed point are calculated using As and A«, the stable and unstable eigenvalues 

of the Poincaré map at the fixed point, and from Cg and e^, the unit vectors in 

the stable and unstable directions. All of As, A„, Cg and are experimentally 

determined, since explicit knowledge of the governing differential equations of the 

system is not required.

The OGY method can be easily applied to both, maps and flows, by means 

of suitable Poincaré sections. However, the use of a Poincaré section, in order 

to achieve control, makes it unsuitable for fast systems. That is because in fast 

systems, the time required for a trajectory to return to the section will probably 

be large enough for the system to move away from the controlled region.

The OGY method has been shown (Auerbach et al. 1992) not to work well 

when it comes to dynamical systems that are high-dimensional but eventually 

evolve on attractors of a lower dimension. Also, noise induces difficulties and 

limitations, especially when the orbit to be stabilised has large unstable eigenvalues 

and effective Lyapunov exponents (Hiibinger et al. 1994).

The convergence of the OGY algorithm has been thoroughly studied and it has 

been shown that Ag determines the rate of convergence. This holds, provided that 

the chaotic trajectory is close enough to the unstable orbit. Of course, without any 

external influence, quite a long time might be required in order for the trajectory 

to come sufficiently close to the fixed point on the section, so that control can be
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activated.

6.1.3 Other control techniques

Following the presentation of the OGY method, many other methods were pub

lished, aiming in the control of chaotic motion. There is a variety of techniques 

used in these methods. All of the techniques attem pt to control chaotic systems 

using one of the following: weak parametric perturbations, addition of second pe

riodic forcing, systems’ coupling, external noise to suppress chaos, proportional 

feedback, rounding-off and linear optimal control.

The first techniques to evolve were essentially non-feedback techniques. The 

control perturbations, in such techniques, are applied either on the parameters of 

the dynamical system or directly on its variables. In the first case, perturbations 

usually have the form of a weak periodic signal. The motivation for these methods 

initiates from observations that parametric perturbations can change the stability 

properties of hyperbolic fixed points in linear systems. Such a technique was 

introduced by Alekseev & Loskutov (1987) to control the Rossler system. Also, 

Lima & Pettini (1990) used small parametric perturbations of suitable frequency 

to suppress chaos in the Dufhng-Holmes oscillator.

Non-feedback methods that apply perturbations on the system variables, in

stead of its parameters, essentially involve coupling of a chaotic system to a simple, 

autonomous one. The idea originates from reports that a shift of the period dou

bling bifurcation occurs by the addition of a second periodic force in the Duffing 

oscillator and in a driven pendulum . Later, a method was proposed (Kapitaniak 

et al. 1993), using this idea, that coupled a chaotic to a simple system. Demon

strations of the technique include application on the Rossler oscillator (Ogorzalek 

1993) and the Chua circuit (Kapitaniak 1993; Kapitaniak et ai 1993). A similar 

technique was used to control the heartbeat of a rabbit (Garfinkel et al. 1992).

Other methods have been developed (Molgedey et al. 1992; Fahy & Hamann 

1992; Rajasekar & Lakshmanan 1993) that use external noise to suppress chaotic 

motion. The effectiveness of these methods lies in the observation that the addition
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of a suitable external noise term affects the sensitive dependence of chaotic systems 

to initial conditions. More specifically, when noise levels exceed a critical value, 

the originally strange chaotic attractors cease to be chaotic.

The most effective class of methods, considering their simplicity, are those us

ing proportional feedback (Hunt 1991; Pyragas 1992; Roy et al 1992; Johnson & 

Hunt 1993; Bielawski et al 1994; Kittel et al 1995). In these methods, calcula

tion of the perturbations is done using the difference of the current state of the 

system to time-delayed state. This is essentially equivalent to synchronising the 

system with its time history. The advantage of proportional feedback is that it 

does not require explicit knowledge of a system’s dynamical equations. Therefore 

it is very suitable for experiments and for analyses of dynamics from time series. 

Furthermore, construction of the perturbations does not require any external ref

erence signal or a computer (as for example in the case of the OGY method). 

Proportional feedback techniques have successfully been applied in experimental 

control such as in lasers (Bielawski et al 1994), synchronisation of two dynamical 

systems (Kapitaniak et al 1994) and electronic circuits (Pyragas & Tamasevicius 

1993; Celka 1994; Kittel et al 1994).

When a continuous time dynamical system is iterated on a computer, it is 

simulated by a series of discreet points. This implies that eventually, any orbit 

will become periodic if enough time is allowed for. This is because of the limited 

precision available by computers. This observation initiated research on possible 

suppression of chaos by numerical round-off errors or by application of perturba

tions that are analogous to round-off errors. Such a technique was presented by 

Rajasekar & Lakshmanan (1993).

Another strategy is to use conventional linear control to transform chaotic 

motion to periodic. The technique attempts to determine a feedback weight, such 

that all the eigenvalues of the Jacobian matrix of the dynamical system will be 

less tha t unity (Chen & Dong 1992; Paskota et al 1994).

Finally, there is a group of methods using geometric approaches to control 

(Toroczkai 1994; Bishop et al 1996; S ass & Toroczkai 1996; Xu & Bishop 1996). 

Algorithms using such techniques, usually involve procedures for automatic search
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and location of periodic orbits and fixed points. These methods are beneficial 

when stabilisation of an unstable periodic orbit is required with high accuracy.

6.2 Pyragas’s m ethod

In 1992 Pyragas proposed a control method, based on time-continuous delayed 

feedback perturbations (Pyragas 1992). Further work was done later (Pyragas 

1993; Pyragas 1995; Kittel, Pyragas & Richter 1994; Kittel, Parisi, Pyragas & 

Richter 1994; Kittel et al. 1995) to refine and improve the method. This method 

— which will for the rest of the text be called the Tyragas’s method’ — seems 

to overcome some of the drawbacks of the OGY method and the non-continuous 

techniques in general.

Pyragas’s method deals with fiows, i.e. dynamical systems that can be de

scribed by a set of ordinary differential equations :

x = r{x,y)]  y = Q{x,y),  (6.1)

where y{t) is an observable variable of the system (or of specific interest), and x{t) 

is the vector of the rest of the system variables. P and Q are vector fields, not 

necessarily known.

The system is going to be controlled by means of a time dependent perturba

tion, F{t),  applied on the observable variable, y{t), such that:

y(t) = Q{x,y)  + F{t).  (6.2)

Perturbations must be modified during the control process, as to drive the 

system towards the required periodic motion. This implies that when the system 

eventually moves along the desired unstable periodic orbit, the perturbation must 

be set to zero. Such a type of perturbation can be constructed from the difference 

of two states of the system. One of them is the current state and the other one is 

a time-delayed previous state of the system. Thus, a suitable expression for F{t) 

is:

F{t) =  K ( y ( t  -  r )  -  y { t ) y ,  |F(i)| < F». (6.3)
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where r  is the time delay and K  controls the amplitude of the perturbations. This 

expression represents a valid perturbation, according to the requirements stated 

earlier.

When the trajectory moves close to an orbit of period r , the terms y{t — r) and 

y{t) are almost equal and thus, their difference (i.e. the perturbation) becomes 

nearly zero. The imposed perturbations have to be very small so that the dynamics 

of the system are not altered. Therefore, a cut-off limit, Fq > 0, must be set. If 

the calculated value for |F (t) | exceeds Fq, then F{t) is set to ±Fq, depending 

on the sign of F{t).  It must be noted that a system controlled by perturbations 

should be considered as a new system. However, following the transient period 

after activation of control, perturbations become extremely small so that the new 

system is very close to the original.

To stabilise motion close to a desired periodic orbit, we need to be able to vary 

the delay time, r . When control is first activated, r  is equal to the distance (in 

time) between M +  1 successive maxima of the observable output, where n is the 

period of the orbit we wish to stabilise. For instance, if the desired final motion 

is of period-2, then r  is set equal to the distance between 3 successive maxima. 

After each forcing cycle, r  is updated to the distance between the n-\-l most recent 

maxima.

This particular control method has attracted much interest, for a variety of 

reasons. The method is very suitable for experimental use, where the equations of 

the underlying dynamical system are not known, and only a few of its variables 

are accessible for observation. It is also resistant to noise (Pyragas 1993), which 

is always a concern when dealing with experimental systems. Furthermore, the 

perturbations are constructed simply by using the history of the observed output. 

Therefore, control does not require any external signal as reference, neither the 

use of a computer. Calculation of the perturbations can be performed by simple 

analogue circuitry. Another feature of the method is that no knowledge — not 

even approximate — of the position of the periodic orbits is required in order to 

stabilise them.



CHAPT ER 6. CONTROL  OF THE VIBRO-IMPACT SYSTEM 111

Stable orbit

Unstable orbit

4

Chaotic
regime

Period-1
(non-
imoactine)

Period (1,1) 
(impacting)

1

0
22.018.5 19.0 19.5 20.0 20.5 21.0 21.5 22.5

Forcing frequency (Hz)

F igu re 6.2: Diagram of the periodicity of the im pacting oscillator. Estim ated 

from numerical data.

6.3 Periodic orbits in the vibro-impact system

As mentioned earlier, the chaotic regime of the dynamics of a system contains 

co-existing unstable periodic orbits. Control methods usually aim to stabilise the 

trajectory of the system close to one of these unstable orbits.

The impacting oscillator, used for the work presented in the preceding chapters, 

exhibits a number of bifurcations as a result of changes in the frequency of the 

external forcing, / .  Initially ( /  < 19.9 Hz), the motion is non-impacting. At 

a certain value of the forcing frequency ( /  % 19.9 Hz) grazing occurs. Further 

increases in the value of /  result in the appearance of vibro-impact motions of 

varying periodicity, interrupted by a very short chaotic regime. A numerical plot 

of the behaviour of the system varying with forcing frequency is shown in figure 6.2. 

The solid black lines represent stable periodic orbits while the grey lines indicate 

unstable ones. As /  increases, the current stable periodic orbit becomes unstable 

and a new one of different period becomes stable. Following the chaotic regime.
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two more impacting periodic motions are successively formed.

All of the impacting periodic orbits are unstable and coexistent within the 

chaotic regime. The numerical examples shown in the next sections aim in sta

bilising some of these orbits. The forcing frequency is kept constant at a value of 

/  =  20.3355 Hz, which is within the chaotic range. Small perturbations, calculated 

using Pyragas’s method, are then applied on a system variable in order to stabilise 

one of the unstable orbits at a time.

6.4 Problem  specific considerations

Since the beam is treated as a SDOF system, it is modelled using two variables: 

the normalised displacement, x{t), and the normalised speed, x{t). A detailed 

description of the numerical model used is given in section 2.4.2. Therefore, the 

system variables in equation 6.1 correspond to:

x{ t )=x{ t ) ;  y { t )=x{ t ) .

Control is more efficient when perturbations are applied to more than one 

variable or system parameter at the same time (Pyragas 1993): it leads to faster 

convergence for any K  > Kmim compared to one-dimensional control, where Kmin 

is the minimum value for K,  so that control is successful. Therefore, applying 

control only to one variable, preserves generality and guarantees that results are 

applicable in cases of higher-dimensional control.

The speed of the oscillator is chosen as the control variable. This choice was 

made because applying perturbations on the displacement of the beam lacks phys

ical sense, since the beam would have to instantaneously jump to a new place. 

Therefore all perturbations refer to x{t).

In Pyragas’s method, the only control parameter enabling selection between 

different periodic orbits is the time delay, r. This works fine for simple orbits of 

period-n, where n =  1,2, • • •. However, when dealing with impacting orbits, there 

is the additional periodicity indicator of the number of impacts per forcing cycle. 

Since there is no provision in Pyragas’s algorithm for such a feature, selection
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F igu re 6.3: Phase portrait of the vibro-impact system a t /  =  20.3355 Hz. Motion 

is aperiodic. The plot contains 250000 points recorded after 100000 iterations were 

passed, to eliminate the transients. Im pacts occur when x(t) =  1.

can only be made by specifying period with respect to forcing cycles. Therefore 

period(m, n) orbits are treated as ones of period-n and individual period(m, n) 

orbits, where rn = 1, 2, • • • and n=constant, cannot be targeted.

A similar situation arises when trying to stabilise motions of higher periods. 

A period-n motion is also of period-/cn, where A: = 2, 3, • • •. Therefore, a period-n 

motion may be stabilised where in fact a period-Zcn orbit is sought. This happens 

again because the choice of periodicity is solely dependent on r  and there is no 

other mechanism to locate a specific orbit. This makes the stabilisation of higher 

orbits a trial-and-error process, where different initial conditions have to be tried.

Figure 6.3 shows the phase portrait of the system for /  = 20.3355 Hz. Motion 

at this value of the forcing is not periodic. The area covered by the trajectory in 

figure 6.3 is the area containing the unstable periodic orbits.
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F ig u re  6.4; Phase portra it of a stabilised period(1,1) orbit (solid black line). 

Control param eters: K  =  0.15, Fq =  0.1. The light grey trace is the regime 

covered by the chaotic trajectories.

6.5 Results

6.5.1 Stabilisation of periodic orbits

As a first attempt, a period(1,1) orbit is stabilised. A phase portrait of the suc

cessfully stabilised period(1,1) orbit is shown in Figure 6.4. The perturbations for 

this orbit were calculated using the values K  =  0.15 and Fq = 0.1. As mentioned 

earlier, the time delay, r, was adjusted at each forcing cycle to the distance be

tween the two most recent maxima of y{t). Figure 6.5 shows the variation of these 

quantities for a short time after activation of control.

It can be seen that the control method is very efficient for this periodic orbit. 

Control was activated on the 200000th iterate. Both the applied perturbation, 

F{t), and the time delay, r, have large fluctuations during the first six periods 

of the forcing following the activation of control. After this interval, motion is 

stabilised on one of period(l,l) and perturbations quickly decay to approximately 

zero, while r  remains almost fixed at T = 1 / /  % 0.0492 sec.
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F ig u re  6.5: Evolution of orbit after activation of control, targeting a period-1 

orbit. Control s tarts  a t the 200000th iterate. Top: speed, y( t ) .  Middle: control 

perturbation , F( t ) .  Bottom: tim e delay, r .  Control param eters: K  =  0.15, 

Fq =  0 .1 .
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F ig u re  6.6: Phase portra it of a stabilised period(l,2) orbit (solid black line). 

Control param eters: K  =  0.15, Fq =  0.1. The light grey trace is the regime 

covered by the chaotic trajectories.

A similar result is obtained in the attempt to stabilise the system response 

on a period-2 motion. The phase portrait of the stabilised orbit — which is of 

period(l,2) — is shown in figure 6.6, while figure 6.7 shows the variation of y(t), 

F{t) and r  for a short time after activation of control. K  = 0.15 and Fq = 0.1 as 

in the previous example.

Stabilisation in this case is almost instantaneous, with both F{t) and r  as

suming their final values after approximately two cycles of the forcing, following 

activation of control. It should be noted that the scale of the F(t) plot in figure 6.7 

is not the same with that for the period(l,l) orbit. Perturbations are less that 

half the size of those required in order to stabilise the period(l,l) motion.

In both cases, perturbations are indeed insignificant in comparison with y(t). In 

fact, the perturbations required to maintain the stabilised orbits are approximately 

0.77% and 0.14% of y(t) for the period(l,l) and period(l,2) respectively.
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F ig u re  6.7: Evolution of orbit after activation of control, targeting a period-2 

orbit. Control s tarts  a t the 200000th iterate. Top: speed, y ( t ) .  Middle: control 

perturbation, F( t ) .  Bottom: time delay, r . Control param eters: K  =  0.15, 

Fq =  0.1.
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y(t)
amplitude

initial F{t) 
amplitude

maintenance F{t) 
amplitude

period(l,l) 1.760 0.0435 (2.47%) 0.0136 (0.77%)

period(l,2) 1.787 0.0185 (1.03%) 0.0026 (0.14%)

Table 6.1: Sum m ary of p e rtu rba tion  m agnitudes for controlled period (1,1) and 

p eriod (l,2 ) orbits. Values in parentheses refer to  percentage of the  y(t)  am plitude.

6.5.2 Effect of the control parameters

As mentioned earlier, Fq is used to ensure that perturbations remain small enough, 

so that the system dynamics are not altered. In the previous two examples however, 

perturbations never reached the peak value of ±0.1, specified by F q. The maximum 

perturbation for the period(l,l) orbit was 0.0435 and for the period(l,2) orbit 

0.0185. Both of these values occurred only once at the very initial stages of control. 

These results are summarised in table 6.1.

Although large perturbations can alter the dynamics, very small perturbations 

may not give the required effect either. The system may be driven away from 

the desired periodic orbit, if perturbations are not strong enough to keep that 

trajectories stabilised. Figure 6.8 is an example of control that was too weak 

to stabilise a period(l,l) motion. The control parameters for this example are 

K  = 0.01 and Fq =  0.1.

A similar result was obtained when control was attempted on the same pe- 

riod (l,l) orbit with K  = 0.45 (figure 6.9). In this case the perturbations were too 

large for the system to remain on the desired path. The large perturbations change 

the controlled variable too fast for the remaining variable to follow the changes.

A quite unexpected result was obtained when K  = 0.05 was used. The system 

in this case moved along a period(2,4) orbit (figure 6.10), where in fact a period-1 

orbit was being targeted.

The uncertainty of the outcome, which is apparent in the above control exam

ples, lies partially on the Pyragas’s method’s lack of an orbit locating mechanism. 

However, the major factor affecting the outcome in such a way, is the fact that
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F ig u re  6.8: Phase portrait of an unsuccessful a ttem pt to stabilise a p erio d (l,l)  

orbit. Control param eters: K  — 0.01, Fq =  0.1.
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F ig u re  6.9: Phase portra it of an unsuccessful a ttem pt to stabilise a p e rio d (l,l)  

orbit. Control param eters: K  =  0.45, Fq = 0 .1 .
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F ig u re  6.10: Phase portrait of a stabilised period(2,4) orbit (solid black line). 

Control parameters: K =  0.05, Fq =  0.1. The light grey trace is the regime 

covered by the chaotic trajectories.

all of these periodic orbits occupy a very thin strip in the phase space, as shown 

in figure 6.11. The orbits are therefore very close to each other, with no major 

fluctuations to clearly distinguish them (figure 6.12). Their difference is so small 

that is comparable to the perturbations themselves. This makes it very difficult 

to approach and stabilise a certain orbit with accuracy.

The period(2,4) is a type of orbit not exhibited by this system outside the 

chaotic regime. This example demonstrates the power and versatility in the control 

of chaotic systems; apart from being able to change the behaviour into one that 

is stable only outside the chaotic regime, motions that are not observed otherwise 

can also be stabilised.

6.6 Impact regulation

These results suggest that control could be employed in vibro-impact systems, 

in order to regulate impacting. Figure 6.13 compares the rates of impacting for 

three different types of motion: chaotic (uncontrolled), period(l,l) (controlled)
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F igu re 6.12: Superimposed y{t) histories of controlled orbits: Blue: period(l,l). 

Red: period(l,2). Black: period(2,4).
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F ig u re  6.13: Regulation of im pacts using control.

and period(l,2) (controlled). The rates differentiate from the moment control is 

activated. Furthermore, switching between different types of motion can be used 

to select the required behaviour (see section 6.7).

As mentioned in chapter 1, there are engineering systems that exploit vibro- 

impact motion. Control can potentially be used to enhance the functionality of 

such systems, at a cost that could be much lower than that for the production of 

different designs, corresponding to different modes of operation. Behaviour which 

might require complex and expensive design in order to be achieved, might be 

feasible from a much simpler controlled system, with chaotic dynamics purposely 

built in it.

6.7 Migration between orbits

In order to be able to flexibly use control, it is essential to be able to switch 

between different types of motion. For techniques that include mechanisms for 

locating orbits this is straightforward. However, it is not clear that this is the case 

when using a continuous delayed feedback method, such as Pyragas’s.
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Some tests were run, in order to investigate whether migration between different 

orbits at will was feasible. The control algorithm was modified so that r  could be 

set to a different value at any time. This new value would then be used to seek 

orbits of different period. A period(l,l) orbit was first stabilised and then a switch 

to a period(l,2) orbit was attempted. After some time control was switched back 

to a period(l,l)- The results are shown in figure 6.14.

The initial part of the plot is exactly the same with figure 6.5: control was 

activated at the 200000th iterate and the period (1,1) motion was stabilised in 

the same way. At the 230000th iterate, r  was suddenly changed to the distance 

between three maxima, so that a period-2 orbit would be followed. It can be seen 

that F{t) lagged behind r , after the change was made. This was because the 

period(1,1) orbit is also a period-2 orbit. Therefore it took some time before the 

change in r  produced large enough inaccuracies in the period(l,l) orbit, to actually 

aflFect the control. Eventually, the system moved away from the period(1,1) orbit 

and was successfully stabilised on the period(l,2) orbit until the 260000th iterate. 

At this point r  was changed again to follow the period-1 orbit. Perturbations 

immediately responded to the change, because a period-2 orbit is not also of period- 

1 .

6.8 Performance considerations

Control using the Pyragas’s method was proved to be successful for certain periodic 

orbits of the vibro-impact system. For some of the periodic orbits, control may 

be achieved using a wide range of control strengths {K).  Figure 6.15 is a plot 

of the same period(l,2) orbit as in figure 6.7, but stabilised using K  = 0.015. 

The perturbations required to maintain the orbit in this case are of the same 

magnitude as when K  = 0.15. However, the initial perturbations as approximately 

four times lower. Stabilisation takes longer, apparently because of the lower initial 

perturbations. Nevertheless, if it is important that perturbations are extremely 

small, control is still possible even with very low values of K.

Rapid migration between different orbits was also shown to be possible by
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F ig u re  6.14: M igration between different periodic orbits. 200000-230000 iter

ates: p e rio d (l,l) ; 230000-260000 iterates: period(l,2); 260000-300000 iterates: 

period(1,1). Top: speed, y{t). Middle: control perturbation , F{t).  Bottom: time 

delay, r . Control param eters: A' =  0.15, Fq =  0.1.
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F ig u re  6.15: Evolution of orbit after activation of control, targeting a period-2 

orbit. Control s tarts  at the 200000th iterate. Top: speed, y { t ) .  Bottom: control 

perturbation F{t).  Control param eters: K  =  0.015, Fq =  0.1.
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F ig u re  6.16: Controlled period-1 (solid) and period-2 (dashed) orbits of the 

Rossler system.

altering the control time delay, r. This might not however be possible for every 

pair of periodic orbits due to the reasons explained earlier.

As mentioned in section 6.1.3, the same method has been used in the past to 

control other systems. The periodic orbits in those systems however (and especially 

in the Rossler and Lorenz systems), are clearly distinguishable (see figure 6.16), 

which greatly increases the accuracy of control for a wider range of K  values (Kar- 

podinis 1996). The novelty of this work is that none of the previously controlled 

systems had a nonlinearity induced by a discontinuity, like the vibro-irnpact sys

tem has. This induces the same kind of discontinuity in the control perturbations 

as well.

A control approach that would combine proportional delayed feedback with an 

orbit location algorithm, might prove effective in overcoming the problems pre

sented earlier. Such an approach however might lack the generality and simplicity 

of Pyragas’s method, since system specific information would most probably be 

required.
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Chapter 7

Conclusions

Many engineering problems involve modelling of systems that exhibit non-smooth 

dynamics. It is therefore essential that the phenomena associated with such dy

namical behaviour are investigated and understood, in as much detail as possi

ble. Sound knowledge about the behaviour of such systems can greatly enhance 

the effectiveness of their modelling, and consequently the forecasting of their be

haviour. This would directly benefit their design. Vibro-impact systems are prob

ably the most common examples of physical systems exhibiting non-smooth dy

namics. They are encountered in many engineering problems, a representative 

selection of which has been presented in chapter 1.

In scientific and engineering practice, monitoring and analysis of dynamical 

systems is at least as important as their modelling. Meaningful results often have 

to be produced by monitoring systems whose underlying dynamics are not known 

in advance. Furthermore, the experimentally observable quantities may not be 

the ones used in their models, such as the variables of a system. Methods that 

enable this kind of analysis are constantly sought by engineers and academics for 

the obvious benefits they carry. Moreover, the attem pt to extract the necessary 

information from expressions of the result of a dynamical process, instead of the 

process itself, is very challenging.

In this thesis, we have tried to enhance our understanding of vibro-impact sys

tems through experiments and simulations of their behaviour, using single degree
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of freedom models. At the same time, we have attempted to address certain is

sues relating to the modelling and use of the impact process. The goal of these 

investigations was to exploit the impacts as a useful source of information for the 

behaviour of vibro-impact systems, and to demonstrate the use of control for the 

regulation of the impact process.

Our source of experimental data is a harmonically forced beam, fixed at the 

bottom and free to oscillate laterally at the top. The beam impacts to a rigid 

constraint for a certain range of frequencies. The benefit of using this particu

lar system is that its vibro-impacting motion has been studied in the past, and 

therefore its dynamics are known. Prior knowledge of its behaviour would assist 

in interpreting our results.

By monitoring the time of the impacts, the dynamics of the beam would es

sentially become a point process, from an analysis point of view. The dynamics of 

point processes is a very active field of research, due to its immediate applications 

to neuron activity studies. A specially constructed impact load cell was mounted 

at the tip of the impact stop. We used the cell to obtain time series of the force ex

erted on the impact stop upon impact. These time series had the form of impulse 

spike trains.

We calculated the interspike intervals of the vibro-impact motion for selected 

forcing frequencies, using impulse spike trains thresholded in real-time. This was 

necessary in order to avoid recording useless data and to obtain enough impact 

timings for our results to be representative and valid. Using the interspike intervals, 

we calculated the correlation dimension for two periodic orbits of the system. In 

this type of data, the correlation dimension is directly linked to the embedding 

dimension, should a reconstruction be attempted. The correlation dimension was 

found to be zero, which is the value we expected for a fixed point attractor.

Since the correlation dimension was zero, the embedding dimension for these 

data sets had to be equal to or greater than 1. We therefore reconstructed the 

dynamics using delay plots in IR .̂ This suggests that the dynamics of the system 

can essentially be reduced to a simple one-dimensional mapping, that captures the 

characteristic features of the motion. In the interpretation of the results we found
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that the probability distribution of the interspike intervals was a very convenient 

tool.

Encouraged by the results obtained from the impulse spike trains, we sought 

a more remote way of obtaining appropriate information for reconstruction of the 

dynamics. We used recordings of the sound of the impacts as a possible suitable 

source of information. As we demonstrated in the analyses, although sound carries 

similar data about the impact process, this information is much more difficult 

to extract from the sound times series, than in the case of the impulse spikes. 

Nevertheless, we successfully estimated the interspike intervals from these time 

series with enough accuracy to reconstruct the dynamics of the system.

Previous research, involving the same experimental system, has suggested the 

use of a single degree of freedom model to simulate the observed behaviour. The 

model treats the system as linear, away from the impact stop. Impacts are assumed 

to be instantaneous and they are modelled using a coefficient of restitution rule. 

We used data from the impact load cell to assess the impact durations, for which 

the assumption of being instantaneous is valid. We formulated this quantification 

with the introduction of a contact time measure. We futher showed that for the 

stiff beam, used in our experiments, the instantaneous impact assumption does 

not sacrifice the accuracy of the results. These findings can be potentially very 

useful for other research, involving similar vibro-impact systems which are treated 

as single degree of freedom.

During the course of our investigations we found that the data acquisition 

process — and essentially the thresholding of the data — induced artefacts in 

the results. We numerically simulated the data acquisition process and isolated 

its effects on the results, as well as their cause. This enabled us to interpret the 

results in a more accurate manner and to draw conclusions that were not affected 

by limitations in our method.

In order to address the issue of noise, and especially how it affects the interspike 

intervals (Longtin et al. 1991), we simulated a vibro-impact system that operates 

in a ‘noisy’ environment. This was done by adding levels of Gaussian noise to 

one of the system variables during integration. We found that noise affects the
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interspike intervals in qualitatively the same manner as the thresholding performed 

on the experimental time series. High noise levels can seriously affect an otherwise 

periodic process and totally disguise any indication of periodicity. We have shown 

that the impact of noise is much greater for impacting orbits of higher periodicity.

Our attention was then focused on exploiting impacting itself, via control tech

niques. A self-adaptive, proportional feedback method was chosen because of its 

suitability for experimental systems, as well as because of its proven effectiveness 

in the control of other numerical and experimental systems. We showed that tiny 

carefully planned perturbations can achieve stabilisation of many different periodic 

impacting orbits, while the system operates in its chaotic regime. We also tested 

the ability of the method to switch between any of the controlled orbits at will.

Although this particular control method had not been previously used on a 

vibro-impact system, the results were encouraging. In chapter 1 we gave a brief 

account of engineering vibro-impact systems, that actually make use of impacting. 

A control scheme that allows precise customisation of the impacting could therefore 

find many applications in such systems.

Further improvements and future work

At the end of a work, such as this thesis, there is always a plethora of open 

questions left for future study. The possible areas open to research in a field, such 

as experimental dynamics, are infinite, while individual research studies can do no 

more, that just touch a small part of this. There are many issues that — due to 

the nature and limitations of scientific work — were only briefly mentioned and 

could certainly fuel more detailed research. The topics investigated in more detail 

always call for refinement and improvement.

In this work we have analysed experimental data gathered from various sources. 

The quality of experimental data is always subject to the suitability of the equip

ment, the data acquisition techniques and the limitations imposed by resources 

and time. Our data were collected using equipment built to serve many different 

purposes. This makes the techniques more general and the results are easier to
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reproduce by other researchers. Nevertheless, purpose-specific equipment might 

provide more accurate data and overcome certain difficulties and complications.

One particular aspect of the experimental setup that can certainly be improved 

is the forcing method. The difficulties in estimating the force applied on the beam 

by the electromagnetic exciter were mentioned in section 2.5. A better method 

of forcing would be to use a special shaking table, to shake the rig at a certain 

frequency and amplitude. Such an apparatus would also enable easier experimental 

implementation of the control method described in chapter 6.

As explained in chapter 4, impact times were estimated by thresholding the 

data collected from the impact load cell. This was necessary, in order to gather 

enough impact times without recording huge amounts of unwanted data. This is 

an approximate method, subject to the choice of the threshold. More accurate 

impact times may be gathered using a contact circuit, triggering recording of data 

only when the beam is in contact with the impact stop.

Our technique of capturing and analysing sound utilised conventional equip

ment and software. Although the quality of the sound was not important in deter

mining the impact times, other aspects, such as the strength and the duration of 

impacts, cannot be adequately captured by low quality sound recordings. Special 

equipment and sound manipulation software, as well as a sound insulated room, 

could enable recordings that can reproduce these features of the impacts.

Particularly important for future work can be the modelling of the impact pro

cess. The coefficient of restitution approach generally produces good results for 

systems that are stiff enough to justify a reduced number of degrees of freedom 

treatment. However, systems consisting of flexible components cannot be accu

rately modelled in this way. For these systems, impacts would last longer and 

therefore the assumption of instantaneous impact would be ill-based. Although 

such systems can still be studied using piecewise linear models with finite stiff

ness and multi degree of freedom models, accurate modelling of the impact forces 

could enhance the accuracy of the results, as well as open new possibilities for 

analytic studies. Furthermore, such work could assist in a better unification of the 

theory covering single impacts and repetitive impacts as part of the vibro-impact
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dynamics.

The area of control of dynamical systems is also a very active field of research. 

The possibilities o-pen to exploitation of chaotic properties by control are numerous. 

In the context of the control method presented in chapter 6, several areas of the 

implementation can attract further investigation.

The technique itself is not tailored to select orbits that differ in the number of 

impacts per periodic cycle. This was expected, since Pyragas’s method had not 

been used on a vibro-impact system before. Modification of the method to enable 

such selection could make the technique more suitable for such systems. Also, 

the method lacks a facility to locate the orbit to be stabilised. In fact it is an 

advantage of the method that knowledge of the location of specific orbits is not 

required. However, when periodicity is determined by more that one parameter 

(e.g. period(n,m)), such an addition might be necessary. Other schemes could also 

prove to be suitable for control of vibro-impacting. For example, variation of the 

position of the impact stop could be used to control impacting orbits. Control of 

vibro-impact systems will be particularly relevant in industrial applications, such 

as altering the dynamics of constrained fuel rods and pipes carrying high-speed 

flows.

Control could also benefit academic work. In the experimental studies of multi 

degree of freedom systems, investigations sometimes focus on the effect of certain 

modes of vibration. Since it is difficult to isolate a specific mode, control might be 

used to damp the modes that are not of interest, but nevertheless interfere with 

the results. This could also benefit the study and design of mechanical components 

that vibrate, by enabling selection of the desired mode of vibration and suppression 

of the unwanted ones.

The spike data, analysed in chapters 4 and 5, were found to carry enough infor

mation to enable reconstruction of the dynamics. These spike trains are qualita

tively similar to spike trains generated by many point processes. This encourages 

further investigation of the dynamics of point processes, since it could yield results 

that will find a wide number of applications, such as in engineering, heart studies 

and neuroscience.
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A ppendix A

Experim ental setup

A .l General arrangement

In the preceding work there are references to several sets of experimental data. The 

apparatus used in all of these experiments is an impacting oscillator. The oscillator 

consists of a stiff steel beam held vertically. The beam itself has dimensions 332 x 

25 X 3 mm. The bottom end of the beam is clamped to a heavy steel base, which in 

turn is screwed on a heavy steel plate, while the top is free to move laterally. The 

heavy base and plate are used to reduce vibration of the equipment caused by the 

impacts of the beam and from external factors. Two steel walls are attached to 

the base, one at each side of the beam. The walls are used to hold an adjustable 

impact stop, and several pieces of equipment and instrumentation. Forcing is 

achieved with the use of a non-contact electromagnetic exciter and a capacitative 

displacement transducer is used to capture the displacement of the beam tip.

This setup and equipment was used in all experiments. The experimental setup 

is schematically shown in figure A.I.

A .2 The impact load cell

For the experiments where data were collected from the impact stop, a specially 

constructed impact load cell was used. This was mounted perpendicular to the
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F ig u re  A .l :  Schematic representation of the experim ental setup.
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F ig u re  A .2; Schematic representation of the im pact load cell. All dimensions are 

in mm. (Figure produced by D.J. Wagg)

beam and close to the tip of the adjustable stop. It was used to record the strain 

exerted at the tip of the stop while the beam is in contact with it. A schematic 

representation of the impact load cell is shown in figure A.2.

The aim was to design a load cell capable of detecting longitudinal impacts 

with forces as low as 1 Newton. In order to achieve this the strain gauges were 

mounted on a aluminium tube with a wall thickness of 0.23mm. To detect a 

force of 1 Newton the gauges need to detect strain values down to approximately 

3 X  10“®, assuming the Young’s modulus, E, for aluminium to be E % 7.05 x 10̂ ® 

N /m ^ .

The load cell is made up of three distinct parts. A solid 9.53 mm diameter 

aluminium rod threaded at the fixed end (right hand side in figure A.2) which is 

used to attach the cell to the experimental rig held in place with the clamp nut. 

The load sensing cell consists of a thin wall aluminium tube which is screwed into 

the free end of the solid rod. Four SHOWA Nll-FA-2-120-23 electronic resistance 

strain gauges (ERSG) are bonded onto the outside of the tube wall, two primary 

gauges mounted longitudinally, and two secondary gauges circumferentially to form 

an active four arm bridge. A PTFE (plastic) sleeve, which slides over the cell, 

protects the ERSG from external effects. The final part of the assembly is a mild 

steel rounded tip screwed into the free end of the tubular cell to take the impact
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F ig u re  A  3: Im pact load cell positioned in cantilever beam experimental appa

ratus.

force.

A photo of the impact load cell mounted at the tip of the impact stop is shown 

in figure A.3.

A .3 Forcing and data acquisition

A personal computer was used for both, control of the forcing and recording of 

experimental measurements. The connections between the computer and the in

strumentation are schematically shown in figure A.4.

The output from the load cell was recorded using a strain gauge monitor, 

linked to a National Instruments LabPC+ data acquisition board. The board was 

also providing the analogue voltage signal required to drive the electromagnetic 

exciter, through a direct link with the exciter. The data acquisition board was 

controlled by a PC, running Labview 4.0 software. This allowed precise control of
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F ig u re  A .4: Schematic representation of the connections between the personal 

com puter and the instrum entation.
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the frequency and waveform of the forcing, both of which could be programmed on 

the computer. The forcing in the experiments had sinusoidal amplitude variation.

The ERSG bridge is supplied with a stabilised 7 volts supply from a condition

ing unit which also contains a high gain stable amplifier. The gain may be varied 

and, for this particular application, had been adjusted to x770. A high gain is 

necessary since at a load of 1 Newton, the bridge output is of the order of only 

20 /iV. The load cell was calibrated, and found to have a linear sensitivity of 21.8 

mV/N over a range of 0-3.14 Newtons.

The output from the load cell was recorded using an SGA800 strain gauge 

monitor, linked to the data acquisition board.

A .4 Data acquisition software

The software used in the data acquisition process was National Instruments Lab

view 4.0 for Windows. The software operates in conjunction with a data acquisition 

board, featuring several input and output channels. The program offers a graph

ical interface for programming and driving the data acquisition board. Programs 

were stored and run as scripts.

Several scripts were written and used, depending on the application and the 

required optimisations. Essentially, two kinds of scripts were used throughout this 

work:

1. A waveform generation routine, capable of producing a sinusoidal wave of 

fixed amplitude and frequency. These parameters could be set before each 

run. This script was used to provide the analogue voltage signal to the 

electromagnetic exciter.

2. A time series recording routine, capable of capturing and recording several 

simultaneous signals from the input channels. The routine used a double

buffering system i.e. two arrays where used to temporarily store the data. 

Each time one array was full, it was streamed to the hard disk, while the
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other was taking over to temporarily store the new data. This helped in 

improving the speed of recording and the consistency of the sampling rate.

A variation of this routine was used to record the thresholded data, used in 

chapter 4.
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A ppendix B 

Estim ation of positon of second  

m ode of vibration node

In order to position the electromagnetic exciter close to the node of the second 

lateral vibration mode of the beam, an analytic solution was used for the estimation 

of the exact point. The solutions for the natural frequencies and modal shapes are 

exact for the unforced, undamped beam. However, the results are very close to 

the solutions for the damped, forced case (Paz 1991). The solution is summarised 

in the following paragraphs.

B .l  Equation of motion for the undamped, un

forced uniform beam

In order to derive an equation for the motion of a uniform beam subjected to an 

external force, we consider the schematic diagram shown in figure B.la. The beam 

has a uniform mass distribution, m, per unit length and fiexural stiffness E L  The 

curvature of the beam, (Ev/dx^ is related to the bending moment at position x, 

M {x), as shown below:

dPv
= (B.l)
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F ig u re  B .l :  a) Uniform beam with distributed load q{x).  b) Differential element 

of the beam in a).

where v{x) is the displacement of the beam in the y direction at position x along 

its length.

Figure B.lb is a diagram of a differential element of the beam in figure B.la, 

together with the forces and moments acting on it. The distributed load is denoted 

by q(x) and for the short length of the beam element is assumed to be constant. 

The balance of the forces acting on the element requires that:

q dx -  dV = 0, (B.2)

where V  is the shear force. Similarly, the balance of moments about the centre of 

the element requires that:

V dx -  dM = 0. 

Combination of (B.2) and (B.3) yields that:

Q = dx“̂

which combined with equation B.l becomes:

(B.3)

(B.4)

(13.5)
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The distributed load, q{x), is the combined effect of any externally applied 

forces and of the inertial force in the y direction. In the absence of external 

forcing, q(x) accounts only for the inertial force, which varies with position along 

the beam, as well as with time, i.e. it is a function of x  and t. Therefore, q{x) can 

be written as:

dj^v
q(^x) = —f h . (B.6)

From (B.5) and (B.6) we get:

+ =  (B.7)

The use of partial derivatives in (B.7) is necessary because of the existence of the

two variables, x  and t. Equation B.7 is analogous to the equation of motion for a

SDOF unforced, undamped oscillator.

B.2 Free oscillation

The solution of (B.7) is the displacement, v, as a function of both x  and t. It is 

reasonable to assume that v{x,t) varies with x  and t as two separate functions, 

i.e.:

v{x,t) = (f){x)^p{t), (B.8)

where ^{x) gives the shape of the deflected beam as a function of the distance 

from the origin and describes the change of shape as a function of the time. 

This also assists in solving (B.7) by separation of variables. Equation (B.7) can 

now be re-written as:

™ V'W = 0 ^

-0(t) m(j){x)  dx"̂

The equality of the two sides in (B.9) implies that both sides are constant. If we 

denote that constant as we can construct from (B.9) two ordinary differential
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equations that can provide the solution to the equation of motion:

'ip{t) = 0. (B.IO)

= (B .ll)

The solution to (B.IO) will therefore be of the form:

ip{t) = Cl cos(w t) +  C2 sin(w (B.12)

where Ci, C2 are integration constants dependent on the initial conditions. From 

(B .ll) LÜ may be determined. The solution to (B .ll) has to be a function that 

retains its form after the fourth differentiation. This property is common among 

many of the trigonometric functions and it can be verified that the general solution 

of (B .ll) is:

(j){x) = C3 sin(ax) +  C4 cos(ckT) +  C5 sinh(aa;) +  Cq cosh (a z), (B.13)

where 0 3 ,4,5,6 are coefficients dependent on the boundary conditions of the beam 

and a  is biven by:

B.3 Solution for a cantilever beam

The solution of equations (B.12) and (B.13) depends on the initial and boundary 

conditions respectively, the former derived from the initial setup and the latter 

imposed by the type of beam under analysis. For a cantilever beam, which is the 

type of beam used in our experiments, these are:

zero displacement at the fixed end: u(0,^) =  0, (B.15a)

zero slope at the fixed end: J ( 0 ,* )  =  0. (B.15b)

zero bending moment at the free end: (B.15c)

zero shear at the free end: E C , ; ( L , t )  = 0, (B.15d)
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mode, n OLji L

1 1.875 21.59 Hz

2 4.694 135.31 Hz

3 7.855 378.91 Hz

T a b le  B . l :  Sum m ary of the first three solutions of (B.16) and the  corresponding 

na tu ra l frequencies,

where L is the length of the beam measured from the origin that is chosen to 

coincide with the fixed end (a: =  0 ).

If equations B.15 are substituted in the general solution, (B.13), the system 

may eventually be reduced to:

cos(ctL) cosh(aL} +  1 =  0. (B.16)

To each solution (anL) of (B.16) corresponds a natural frequency, and 

a modal shape, (t)n{x). The natural frequencies, may be calculated by re

arranging (B.14):

(a»T)2 /E7
V

For the beam used in the experiments, these parameters are: E l  = 11.5313 Nm^, 

L =  0.332 m and m =  0.6375 kg/m. The first three numerically obtained solutions, 

together with the corresponding natural frequencies, are shown in table B.l. In 

the SDOF context used in the previous chapters, Un refers to the first natural 

frequency of the beam.

The expression of the modal shape is given by:

, / \ \ \ , sin(o;„L) +  sinh(o;„L) . . .  . ,
(pn(x) = sm(o;„x) -  smh(o;„a;) +  7 7 7 7 7—t \ , — 7 7  (cosh(a„a:) — cos(cKn3;)).

cos(a„ L) -f cosh (an L)
(B.18)

The shapes of the first three modes of vibration are shown in figure B.2 , together 

with the corresponding natural frequencies, obtained from (B.17).

The position of the node for the second mode of vibration is the non-zero 

solution of <̂2 (3;) =  0. This is approximately 0.26 m from the fixed end.
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uji = 22.59 Hz

LÜ2 =  135.31 Hz

ids — 378.91 Hz

F ig u re  B .2: Shapes of the first three modes of vibration of a uniform cantilever 

beam.
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A ppendix C

Contents of cover CD

The cover CD contains has the following directories:

• \ . .  (root directory):

Contains a single file, th e s is  .ps, which is the PostScript source of this 

thesis. It also contains the following two directories:

• \C om puter code

Contains the source C code used for the analyses presented earlier in the 

thesis. Comments within the . c files describe their functionality.

• \C hapter 5 - Sound recordings

Contains the sound recordings (in WAV format) used in chapter 5. Readme. tx t  

describes the contents of the two files.

The complete file/directory structure (including file sizes) is the following:

U:\
15654917 th e s is .p s

<DIR> Computer code
5388 Single DOF sim .c 
1539 Moving average. c 
3382 Find impacts.c
5001 Pyragas con tro l.c

<DIR> Chapter 5 -  Sound recordings
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796654 2155.wav
814806 2381.wav

281 Readme.tx t
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