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Abstract

The thesis describes a unique experiment conducted in the UK Coastal Research Facility (UKCRF) to 

investigate the transformation of near-hnear gravity waves propagating across a narrow horizontally 

sheared jet-like current in constant depth water. The UKCRF is a novel large-scale wave basin 

incorporating a multi-directional wave generator and a refined current generation system making it 

ideally suited to the study of three-dimensional wave-current interactions. Setting the current 

generation system required particular care to create a jet-like current that remained uni-directional and 

produced minimal recirculation within the basin. A single wave condition was studied, propagating 

across the current orthogonally and at oblique incidence, in both a following and opposing sense to the 

current. The length-scale of the current’s shear layers was comparable to the incident wavelength.

The experiment is the first attempt to assess the kinematics and dynamics o f the interaction of regular 

waves and currents in three-dimensions at a physically realistic scale. The resulting benchmark data 

set provides direct quantitative measurements of the spatial variation of the primary flow variables, the 

velocity vector, u, and the surface elevation, 77. Observations showed the following wave to be 

refracted to a more current-parallel direction with an increased wavelength and reduced wave height 

as it moved onto the current, while the opposing wave became more current-normal with a shortened 

wavelength and enhanced wave height. NegUgible reflection of the incident wave at the current shear 

layers was observed.

Four analytical models, each making different assumptions about the current properties, are compared 

with the data set to assess their suitability for predicting wave transformation by narrow jet-like 

currents. Predictions based on the WKBJ approximation agree well with the trends observed in the 

data indicating a slowly-varying current behaviour. The classification of a current as rapidly- or 

slowly-varying based solely on the parameter P  = ùP‘LIg is therefore inappropriate.



Acknowledgements

I am indebted to my supervisor Richard Simons for his patient guidance and encouragement throughout 

the course of this research and particularly during the completion of this dissertation. I would also like 

to thank Tony Grass for his helpful comments in my time with the Fluid Mechanics Group.

The research was funded by the Commission of the European Communities Directorate General for 

Science, Research and Development under Contract MAS3-CT95-0011 as part o f the Kinematics and 

Dynamics of Wave-Current Interactions (KADWCI) project. I appreciated the friendly and supportive 

atmosphere that existed between the members of this group, in which fruitful discussions were 

conducted with good humour. I would particularly like to thank Gareth Thomas, for assisting my 

understanding of theoretical matters, and Maarten Dingemans for drawing my attention to his excellent 

book.

I would also like to thank the technical staff of the Department o f Civil & Environmental Engineering 

and particularly Bill Fairman and Keith Harvey, of the Fluid Mechanics Group, for their humour and 

unquestioning assistance in preparing for the experimental programme.



Table of contents

Abstract 2

Acknowledgements 3

Table of contents 4

List of figures 7

List of tables 13

Nomenclature 14

Chapter 1: Introduction & Literature Review ...................................................... 16

1.1 Introduction 16

1.2 Wave Transformations 17
1.2.1 Surface Waves 18
1.2.2 Currents 19
1.2.3 Current-induced wave transformations 20

1.3 Developments in wave-current transformation modelling 21
1.3.1 Fundamental studies - uniform current 22
1.3.3 Horizontally sheared current 28

1.3.3.1 Slow variation 29
1.3.3.2 Discontinuous variation 35
1.3.3.3 Arbitrary variation 39

1.4 Experimental studies of wave transformation 41
1.4.1 Field studies 41
1.4.2 Laboratory studies 46

1.5 Thesis objectives 51

Chapter 2: Wave current interaction theory........................................................ 52

2.1 Linear wave solution on homogeneous flow 52

2.2 Linear wave solution on a slowly-varying inhomogeneous flow 55
2.2.1 Slowly-varying flow 55
2.2.2 Slowly-varying flows involving caustics 59
2.2.3 Mild shear approximation 64

2.3 Linear wave solution on a discontinuously-varying inhomogeneous flow 66
2.3.1 Depth independent current 67
2.3.2 Smith’s approximate model 72
2.3.3 Currents with vertical variation 76

2.4 Linear wave solution on an arbitrarily-varying inhomogeneous flow 78

Appendix 2A: Linear wave motion on still water 83

Appendix 2B: Evaluation of the integral term in the Mild Shear Equation. 86

Appendix 2C: MCA solution for a depth independent current in finite depth. 88



Chapter 3: Experimental facility, instrumentation and analysis techniques . 93

3.1 The UK Coastal Research Facility 93
3.1.1 Overview 93
3.1.2 Co-ordinate system 95
3.1.3 Wave generation 95
3.1.4 Current generation 98
3.1.5 Instrument bridge 99
3.1.6 Data acquisition system 100
3.1.7 Video 100

3.2 Instrumentation 100
3.2.1 Surface elevation 101
3.2.2 Velocity 103

3.3 Primary data analysis techniques 110

3.4 Secondary data analysis techniques 112
3.4.1 Wave propagation direction 112

3.4.1.1 Velocity vector techniques 112
3.4.1.2 Wave probe array techniques 114
3.4.1.3 Dispersion relation technique 115

Chapter 4: Design of experiments and preliminary te s ts ................ ................118

4.1 Wave properties 119
4.1.1 Oblique wave generation 119
4.1.2 Wave stability 121
4.1.3 Preliminary experiments 122

4.2 Current properties 127
4.2.1 Controlling cross-shore current profiles 128
4.2.2 Current strength 130
4.2.3 Development of a jet current 132

4.3 Proposed measurements 138
4.3.1 Sample durations 139

Appendix 4A: Pump settings and sluice gate apertures 142

Chapter 5: R esults............................................................................ ................144

5.1 The jet-like current 144
5.1.1 Mean characteristics 144
5.1.2 Temporal variations 153
5.1.3 Theoretical model descriptions of the current 157

5.2 Wave alone conditions 158

5.3 Combined wave and currents 175
5.3.1 Mean current characteristics 175
5.3.2 Wave characteristics 181



Chapter 6: D iscussion..........................................................................................199

6.1 Model predictions 199
6.1.1 WKBJ Approximation 199
6.1.2 Mild shear equation model 205
6.1.3 Vortex sheet model 206
6.1.4 3D Moderate Current Approximation model 211

6.2 Model performance 212

6.3 Experimental study 215

Chapter 7: Conclusions....................................................................................... 219

7.1 Conclusions 219

7.2 Future research 221
7.2.1 Recommendations for experimental development 221
7.2.2 Recommendations for model developments 224

References ................................................................................................................225

Appendix A: Experimental data s e t ........................................................................232



List of figures

Figure 1.1: Classification of surface waves (taken from Kinsman ( 1984), figure 1.2-1). 18

Figure 1.2: The nearshore current system: (a) a schematic diagram; (b) field measurements
(taken from Horikawa & Sasaki (1972), figure 1 and figure 12). 20

Figure 1.3 

Figure 1.4 

Figure 1.5

Definition of wave propagation direction relative to the current direction. 24

Solutions to the Doppler-shifted dispersion relation. 24

Examples of surface current vectors measured with HF radar: a) tidal flow, b) 
wind induced flow, and c) Gulf Stream boundary (taken from Shen et al. (2000), 
figure 3). 43

Figure 1.6: The experimental facility for Hughes & Stewart’s (1961) study of wave 
transformation by a horizontally sheared current (taken from Hughes & Stewart 
(1961), figure 1). 46

Figure 1.7: The experimental facility for Hales & Herbich’s (1972) study of wave 
transformation by jet-like ebb-flows from a tidal inlet (taken from Hales & Herbich 
(1972), figure 1). 47

Figure 1.8: Streak photograph indicating the structure of the ebb flow from a tidal inlet in
the absence of waves (taken from Hales & Herbich (1972), figure 7). 48

Figure 1.9: Qualitative example of the transformation of a gravity wave normally incident 
upon a jet-like ebb flow from a tidal inlet. Waves are propagating from left to right 
towards the inlet mouth located centre right. Incident wave length decreases from 
upper to lower photograph (taken from Hales & Herbich (1972), figures 11-13). 49

Figure 1.10: Time-lapse streak photography of a jet-like current emerging into a still basin.
The merging of turbulent eddies (separately numbered in the first image) can be 
observed through the sequence. Water depth is four times greater than inlet width 
(taken from Dracos et al. (1992), figure 12). 50

Figure 2.1: Coordinate system. 53

Figure 2.2: Wave refraction across a slowly-varying shear layer (adapted from Jonsson
(1990), figure 10). 56

Figure 2.3: Wave ray behaviour on a jet-like current. Upper image - total reflection at 
caustic line. Lower image - partial reflection at a near-caustic line (adapted from 
Peregrine (1976), figure 9). 58

Figure 2.4: Coordinate system and current profile for slowly-varying jet-hke current
IZ=(f/(y,z),0,0). 59

Figure 2.5 : Coordinate system and current profile for vortex sheet representation of a jet-like
current. 67

Figure 3.1 

Figure 3.2 

Figure 3.3

Schematic of the UK Coastal Research Facility. 94

The wave generation system of the UK Coastal Research Facility 95

Oblique wave generation in a basin with fixed internal boundaries, (a) 
Difficulties: (1) diffraction; (2) reflection at boundaries; (3) local disturbances at 
wave generator, (b) Effect of preventative measures. 97

Figure 3.4: The wave probe array (after Teisson & Benoit, 1994). 101

Figure 3.5: Photograph of the three ADVs deployed in the UKCRF. 104



Figure 3.6: The acoustic Doppler velocimeter (ADV) probe: (a) plan, (b) elevation, in
which the third receiver has been omitted for clarity. 105

Figure 3.7: Schematic of the ADV system as deployed in the UKCRF. Components: (a) the
ADV system; (b) transmission line; (c) the data acquisition system. 107

Figure 3.8: Arrangement of the ADV probes and their relation to the basin coordinates: (a) 
arrangement A, tests involving the jet current alone and the oblique incidence waves;
(b) arrangement B, tests involving the normal incidence wave. 108

Figure 3.9: Recovering the wave propagation direction from the measured horizontal 
velocity vector: (a) theoretical velocity vector for long crested waves; (b) measured 
velocity vector; (c) first harmonic velocity vector. 113

Figure 3.10: Recovering the wave propagation direction from surface elevation
measurements. 115

Figure 3.11: Sketch for recovery of incident and reflected wave parameters (adapted from
Isaacson (1991), figure 2). 116

Figure 4.1: Wave ray theory prediction of refraction for waves at oblique incidence to a
following and an opposing current. Incidence angle measured relative to current 
normal. 119

Figure 4.2: Paddle element positions during the generation o f an oblique incidence wave. 120

Figure 4.3: Relative amplitudes of the required (p=0) and the first four spurious (p=±l, ±2) 
wave modes when generating an oblique wave (taken from Schaffer (1998), figure 
3). 120

Figure 4.4: The range of validity of several common wave theories (taken from Le Méhauté
(1976), figure 7). 122

Figure 4.5: The influence of the wave generation active absorption system on the quality of
the wave train: (a) without active absorption; (b) with active absorption. 124

Figure 4.6: The influence of the method of determining the underlying oscillatory period in 
calculating ensemble average properties. Three different methods have been used: 
a zero crossing period of surface elevation time series; a zero crossing period of 
reference signal time series; a specified repeat period. The zero crossing wave height 
is 0.0325m with zero crossing crest and trough elevations indicated by the horizontal 
dashed lines. 125

Figure 4.7: The ensemble averaged surface elevation profile together with the first three 
harmonic components thereof: (a) normal incidence wave (90°); (b) oblique incidence 
wave (60°). A second order Stokes surface elevation profile is also shown 126

Figure 4.8: The stages of development of a plane turbulent jet (taken from Tennekes &
Lumley (1976), figure 4.7). 128

Figure 4.9: Flow past a drowned sluice gate. 129

Figure 4.10: The cross-shore profile of the jet-like current. 131

Figure 4.11: Flow patterns observed in the UKCRF at various stages of the development of
the jet-like current. 134

Figure 4.12: Development of the jet-like current across the measurement section (phase 1).
Depth averaged horizontal velocity components at three shore-normal sections: o,
5m upstream of basin centre-line; •, basin centre-line; a , 5m downstream of basin 
centre-line. 135

Figure 4.13: The flow pattern of the jet-like current in the final stages of development. 136



Figure 4.14: The cross-shore profile of the jet-hke current (phase 2). o , depth averaged 
horizontal velocity components on the basin centre-line. •, repeated measurements 
with slight adjustment to inlet sluice gate apertures. 137

Figure 4.15: Typical temporal variation of the jet-hke current velocity components: u, 
stream-wise; v, span-wise; w, vertical. Measurements made near the current centre- 
hne. 139

Figure 4.16: Variation of mean velocity with sample length. 140

Figure 4.17: Variation of the ensemble averaged wave height with number of wave cycles
included in the calculation. 140

Figure 5.1: Vertical profiles of the mean stream-wise velocity at locations across the jet 
current. Error bars indicate the standard deviation of the velocity. The dashed hnes 
are to indicate individual profiles and do not represent velocity away from the 
measurement locations. 145

Figure 5.2: Span-wise profiles of mean stream-wise velocity at several elevations. The sohd 
line represents a least squares fit of the Gaussian distribution, equation [5.1] for each 
profile. The error bars indicate the standard deviation o f the velocity, (a) Elevation 
1: ADV2, ADVl, ADVO at z=360,200,40mmrespectively; (b) Elevation 2: ADV2,
A D V l, ADVO at z=400, 240, 80mm respectively; (c) Elevation 3: ADV2, A D V l,
ADVO at z=440,2 8 0 ,120mmrespectively; (d) Elevation 4: A D V l, ADVO at z=320,
160mm respectively. 147

Figure 5.3: Power Law representation of the vertical distribution o f the mean stream-wise
velocity at locations across the jet current. Variable power law exponent. 148

Figure 5.4: Power Law representation of the vertical distribution of the scaled mean stream-
wise velocity. Constant power law exponent. 149

Figure 5.5: Span-wise variation of depth-averaged approximations of the mean stream-wise
velocity. 151

Figure 5.6: Development of the depth-averaged jet current velocity through the test region.
Solid lines are least squares regressions o f the Gaussian-like profile, equation [5.1], 
dashed lines are least squares regressions of the sech^ profile, equation [5.2]. 152

Figure 5.7: Time series and low frequency detail of the energy density spectrum of the 
orthogonal velocity components measured near the centre-line of the mean jet current, 
y=6.386m. Measurements made at approximately mid-depth, z=240mm. Frequency 
resolution of spectra 0.005Hz. 154

Figure 5.8: Time series and low frequency detail of the energy density spectrum of the 
orthogonal velocity components measured near the off-shore edge of the mean jet 
current, y=3.386m. Measurements made at approximately mid-depth, z=240mm. 
Frequency resolution of spectra 0.005Hz. 155

Figure 5.9: Full range energy density spectrum of the orthogonal velocity components: (a) 
near the mean current centre-line; (b) near the off-shore edge of the mean current. 
Measurements made at approximately mid-depth, z=240mm. Frequency resolution 
of spectrum O.lHz. 156

Figure 5.10: Surface elevation time series at locations across the basin centre-line for a wave
in the absence of the jet current, (a) y=3.4m, (b) 5.4m, (c) 7.4m, (d) 9.4m. 159

Figure 5.11: Variation of the 1st harmonic wave height for normal incidence waves in the 
absence of the jet current (WAN). Solid line is a prediction of the modulation caused 
by two spurious waves propagating at 20° and 160° 160



Figure 5.12: Variation of the 1st harmonie wave height for oblique incidence wave in the 
absence of the jet current (WAF). Solid line is a prediction of the modulation caused 
by spurious waves. 161

Figure 5.13: Variation of the 1st harmonic wave height for oblique incidence wave in the 
absence of the jet current (WAO). Solid line is a prediction of the modulation caused 
by spurious waves. 161

Figure 5.14: Wave propagation directions inferred from the surface elevation phase 
differences between all eight probes of the wave probe array. Nominal propagation 
directions: WAF condition, 60°; WAN condition, 90°; WAO condition, 120°. 163

Figure 5.15: Phase speed inferred from the surface elevation phase differences between all 
eight probes of the wave probe array. The dashed line indicates the global estimate 
of the phase speed. 163

Figure 5.16: The span-wise variation in horizontal velocity components for an oblique 
incidence wave in the absence of the jet current (WAF). Upper part: oscillatory 
components, ensemble averaged vector (solid line), first harmonic vector (dashed 
line). Lower part: mean components. Measurements at z=310mm by A D V l. 165

Figure 5.17: The span-wise variation in horizontal velocity components for an oblique 
incidence wave in the absence of the jet current (WAO). Upper part: oscillatory 
components, ensemble averaged vector (solid line), first harmonic vector (dashed 
line). Lower part: mean components. Measurements at z=310mm by A D V l. 166

Figure 5.18: The span-wise variation in wave propagation direction, estimated from the 
horizontal velocity vector at several vertical elevations, for an oblique incidence wave 
in the absence of the jet current (WAF). 168

Figure 5.19: The span-wise variation in wave propagation direction, estimated from the 
horizontal velocity vector at several vertical elevations, for an oblique incidence wave 
in the absence of the jet current (WAO). 169

Figure 5.20: The span-wise variation in wave propagation direction, estimated from the 
horizontal velocity vector at several vertical elevations, for normal incidence wave 
in the absence of the jet current (WAN). 170

Figure 5.21 : Comparison of wave propagation direction inferred from the measured velocity 
vector and a prediction based on the velocity vector produced by the wave 
components identified as producing the wave height modulation: (a) WAF case (b)
WAO case (c) WAN case. 171

Figure 5.22: Vertical variation of the first harmonic amplitude of the horizontal velocity 
vector at several locations across the basin centre-line (WAF case). Solid line 
indicates the linear wave theory prediction for finite depth water. 173

Figure 5.23: Vertical variation of the first harmonic amplitude of the vertical velocity at 
several locations across the basin centre-line (WAF case). Solid line indicates the 
linear wave theory prediction for finite depth water. 174

Figure 5.24: Vertical profiles of the mean stream-wise velocity at locations across the jet 
current under combined wave-current conditions. Normal incidence wave (WCN).
The dashed lines are to indicate individual profiles and do not represent velocity away 
from the measurement locations. 176

Figure 5.25: Vertical profiles of the mean stream-wise velocity at locations across the jet 
current under combined wave-current conditions. Following oblique wave (WCF).
The dashed lines are to indicate individual profiles and do not represent velocity away 
from the measurement locations. 177

10



Figure 5.26: Vertical profiles of the mean stream-wise velocity at locations across the jet 
current under combined wave-current conditions. Opposing oblique wave (WCO).
The dashed lines are to indicate individual profiles and do not represent velocity away 
from the measurement locations. 178

Figure 5.27: Vertical profiles of stream-wise velocity at current centre-line for the JET 
condition and all combined conditions. The dashed lines are to indicate individual 
profiles and do not represent velocity away from the measurement locations. 179

Figure 5.28: Jet current velocity distribution on basin centre-line for the combined wave-
current tests. 180

Figure 5.29: Variation of wave phase along the measurement section for the oblique incidence 
combined wave-current conditions. The variation for the oblique wave alone 
condition is shown for comparison. The wave phase is shown relative to that of the 
first measurement point. 181

Figure 5.30: Variation in wave phase along the measurement section for a normal incidence 
wave both in the presence of, and also the absence of, the jet current. Phases are 
relative to that of the first measurement point. 182

Figure 5.31 : Surface elevation time series at locations across the measurement section for the
combined wave-current case WCF. (a) y=3.4m, (b) 5.4m, (c) 7.4m, (d) 9.4m. 183

Figure 5.32: The influence of the current on the mean and standard deviation o f the zero 
crossing wave period, (a) Measurements of mobile wave probe 1 at locations across 
the basin centre-line, (b) Measurements of static wave probe A during the traverse 
across the basin centre-line 184

Figure 5.33: Surface elevation spectra of waves in the absence of the jet current. Spectra are
of the time series presented in figure 5.10, with a frequency resolution of 0. IHz. 185

Figure 5.34: Surface elevation spectra of waves in the presence of the jet current. Spectra are
of the time series presented in figure 5.31, with a frequency resolution of O.lHz. 185

Figure 5.35: Variation of wave height for normal incidence combined wave-current condition
(WCN). 186

Figure 5.36: Variation of wave height for the oblique incidence combined wave-current
condition WCF. 187

Figure 5.37: Variation of wave height for the oblique incidence combined wave-current
condition WCO. 187

Figure 5.38: Variation in the wave propagation direction, a, established from the surface 
elevation phase lags, for the three combined wave-current conditions: (a) WCF, (b)
WCO, (c) WCN. The dashed lined indicates the direction of the wave alone 
conditions. 189

Figure 5.39: Variation in the wave propagation direction, a, established from the oscillatory
velocity vectors for the combined wave-current condition WCF. 190

Figure 5.40: Variation in the wave propagation direction, a, established from the oscillatory
velocity vectors for the combined wave-current condition WCO. 191

Figure 5.41: Variation in the wave propagation direction, a, established from the oscillatory
velocity vectors for the combined wave-current condition WCN. 192

Figure 5.42: Comparison of the wave propagation direction, a, established from the surface 
elevation phase lag and the oscillatory velocity vector for each of the combined wave- 
current conditions: (a) WCF, (b) WCO, (c) WCN. 193

11



Figure 5.43: Least squares optimisation of equation [5.10] to the wave phase variation for the
oblique incidence combined wave-current conditions. 194

Figure 5.44: Variation in the wave phase velocity, established from the surface elevation 
phase lag, for the three combined wave-current conditions: (a) WCF, (b) WCO, (c)
WCN. 196

Figure 5.45: The span-wise variation in horizontal velocity components for the oblique 
incidence combined wave-current condition WCF. Upper part: oscillatory
components, ensemble averaged vector (solid line), first harmonic vector (dashed 
line) and the principle wave direction (straight line). Lower part: mean components. 
Measurements made at z=310mm by instrument ADV 1. 197

Figure 5.46: The span-wise variation in horizontal velocity components for the oblique 
incidence combined wave-current condition WCO. Upper part: oscillatory
components, ensemble averaged vector (solid line), first harmonic vector (dashed 
Une) and the principle wave direction (straight hne). Lower part: mean components. 
Measurements made at z=310mm by instrument ADV 1. 198

Figure 6.1: WKBJ prediction of the variation of wave properties for the combined wave- 
current condition, WCF: (a) phase velocity; (b) propagation direction (established 
from the wave probe array); (c) wave height. Incident wave height taken to be 
0.032m. 201

Figure 6.2: WKBJ prediction of the vertical velocity amphtude for the combined wave-
current condition WCF. Comparison to measured amplitudes. 202

Figure 6.3: WKBJ prediction of the variation of wave properties for the combined wave- 
current condition, WCO: (a) phase velocity; (b) propagation direction (established 
from the wave probe array); (c) wave height. Incident wave height taken to be 
0.032m. 203

Figure 6.4: WKBJ prediction of the vertical velocity amplitude for the combined wave-
current condition WCO. Comparison to measured amplitudes. 204

Figure 6.5: MSB prediction of the variation of wave properties for the combined wave- 
current condition, WCF: (a) phase velocity; (b) propagation direction (established 
from the wave probe array); (c) wave height. Incident wave height taken to be 
0.032m. 207

Figure 6 .6 : MSB prediction of the variation of wave properties across the combined wave- 
current condition, WCO: (a) phase velocity; (b) propagation direction (established 
from the wave probe array); (c) wave height. Incident wave height taken to be 
0.032m. 208

Figure 6.7: Vortex sheet model prediction of wave height for the combined wave-current 
condition, WCF. Incident wave height taken as 0.032m. (a) L = velocity half-width,
U2  = centre-line magnitude; (b) L = maximum shear, U2  = centre-line magnitude; (c)
L = velocity half-width, U2  = average magnitude; (d) L = maximum shear, U 2= 
average magnitude. 210

Figure 6 .8: Vortex sheet model prediction of wave height for the combined wave-current 
condition, WCO. Incident wave height taken as 0.032m, L is location of maximum 
shear and U2  is the centre-line magnitude. 211

12



List of tables

Table 3.1 

Table 3.2 

Table 4.1 

Table 4.2 

Table 5.1

The location of the four permanent wave probes.

The “weak spots” of the ADV.

Wave parameters for design wave.

Position of measurement locations along shore-normal sections.

Parameters for the Power Law representation of the vertical distribution of the 
mean stream-wise velocity, equation [5.3], across the jet current on the basin centre
line. (a) The Power Law exponent allowed to vary between profiles, (b) A single 
exponent for all profiles. is the free surface velocity at Zj=0 .

Table 5.2: Uniform over depth approximations to the vertically sheared current profile at
each measurement location across the basin centre-line.

Table 5.3: Parameters for the span-wise variation of the mean depth-averaged stream-wise
jet current velocity.

Table 5.4: Parameters used in the prediction of the wave height modulation.

Table 5.5: Parameters for the span-wise variation of the mean depth-averaged stream-wise
jet current velocity. A Gaussian-type profile has been used.

Table 6.1: The dependency of the predicted reflection and transmission coefficient on
choice of vortex sheet location and current strength.

102

106

123

138

149

150

152

162

180

209

13



Nomenclature

a wave propagation direction

p  current length-scale parameter, p  -  û?L!g
A a fraction, 0<A<1

ô relative current strength, ô  = Ulc

e wave slope, e = a k

Tj surface displacement

7] mean current vorticity

@ local solution for depth variation function

d  phase function, 6{x,t)=k.x-ot

X wavelength, X-2nlk

fi a real constant

p  fluid density

o  intrinsic (relative) wave frequency

0  velocity potential

<p wave velocity potential

X propagating wave depth variation function

ijf parameter defined in equation [2.33]

Ü  functional description of the absolute frequency, cj=Ü{^,t)
CO absolute wave frequency

a wave amplitude

A orbital angular momentum vector

A orbital angular momentum magnitude

A WKBJ amplitude function

c absolute phase speed, c = colk

Cq intrinsic phase speed, Cq = oik

c absolute group velocity

Cgj. relative group velocity

d  water depth

E wave energy, E=V2pga^

g  gravitational acceleration vector, g  = (0 ,0 ,-g)

k wavenumber vector, k = (/,m,0)

k wavenumber magnitude

1 %-wavenumber, I = ^cos(a)

L shear layer length-scale

m y-wavenumber, m = Asin(a)

p  pressure

Sjj radiation stress tensor

t time

T wave period
u instantaneous velocity vector, u = (m,v,w)

LL mean current velocity vector

U current magnitude

14



surface current magnitude 

Û  weighted average current magnitude
C/g equivalent uniform current magnitude

X horizontal position vector, ^ = (%,y)

z vertical coordinate

15



Chapter 1 : Introduction & Literature Review

1,1 Introduction

When waves move across spatially varying mean flows, they can experience significant changes in 

amplitude, phase speed, direction, kinematics, and bed friction, all of which affect both their local 

characteristics and their potential impact on the natural and man-made environment. That such wave- 

current interaction phenomena exist is widely acknowledged. Indeed, an intuitive understanding of the 

effect of currents on surface waves is common amongst sea-faring cultures - Jonsson (1990) provides 

the example of Polynesian sailors identifying the location o f currents by observing the transformation 

of surface waves. Yet despite this widespread qualitative understanding, the quantitative understanding 

remains incomplete. This is not for lack of attention, either theoretically or experimentally. On the 

contrary, wave-current interaction has been studied widely with developments in the subject being 

reviewed regularly (Peregrine, 1976; Jonsson, 1990; Thomas & Klopman, 1997). However, an 

enduring conclusion has been that of the shortcomings of the contemporary knowledge base and the 

need for further study.

The study of wave transformation by currents is of great practical importance as well as being the 

subject of significant academic interest. Current-induced wave transformations can lead to hazardous 

navigation conditions. This is particularly so when a current runs counter to the incident waves where 

the waves will shorten and steepen. James (1969) describes the occasion when an oil-drilling rig 

anchored off Cape St. James in the Charlotte Islands, British Columbia, Canada was struck by a wave 

one hundred feet high propagating against an ebb tide flow. Even the large-scale major ocean currents 

can have a profound effect on the surface waves incident upon them. Mallory (1974) analysed eleven 

incidents o f shipping travelling on the Agulhas Current off the south-east coast of South Africa 

encountering giant or freak waves and incidents continue to be reported (Lavrenov, 1998). A 

particularly detailed description of such an encounter was given by Captain Joshua Slocum (1899) 

during the first solo circumnavigation of the globe. While sailing approximately 50 miles off the 

Patagonian coast to avoid the hazardous tidal races around the capes south of Buenos Aires, he found 

himself with “on/y a moment to g e t.. up on the peak halyards, out o f  danger" as the Spray’s hull was 

completely submerged by a '''tremendous wave". The position locates him on the eastern boundary of 

the south flowing Brazil Current.
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Major river outflows can remain as a coherent current for significant distances from the river mouth. 

The transition from riverine to marine waters at the boundary of the outflow occurs over length-scales 

of a few metres, producing regions with strong horizontal gradients in current strengths and even 

directions. Dissolved and sediment bound nutrients and pollutants in the river can have a significant 

impact on the surrounding nearshore ecosystem (Vogelzang et a l ,  1997). As waves play an important 

role in the mixing, transportation and dispersal of sediments, an understanding o f the transformations 

that occur at such river outflows is required for an accurate assessment of the impact of river borne 

material.

Waves also play a dominant part in the morphodynamics of the nearshore environment, driving 

sediment transport processes and bed evolution. Accurate modelling of the morphodynamics relies 

fundamentally on the correct modelling of wave transformations to allow the nearshore wave field to 

be determined from the off-shore incident wave conditions. One of several key aspects identified by 

Hamm et al. (1993) as being necessary for the correct prediction of the nearshore wave field was the 

refraction of waves by horizontally sheared currents such as those formed at river mouths, tidal inlets, 

tidal races and around coastal structures.

Clearly, the study of current-induced wave transformation is of significant importance. The remainder 

of this chapter presents a summary of transformations that a wave can experience (§ 1.2), the progress 

that has been made in modelling some of these transformations (§ 1.3) and also in making observations 

of them (§1.4), before concluding with the aims of this thesis (§1.5).

1.2 Wave Transformations

In the coastal environment a wave can be transformed by both variations in water depth and variations 

in the current strength. While depth induced transformations, such as shoaling and depth refraction, 

are perhaps more significant than current-induced changes, these are relatively well understood 

phenomena and are not considered in the present study. Sobey & Bando (1991) have recently reviewed 

shoaling effects.

The presence of a current induces a change in the wave properties, while at the same time the wave 

induces a change to the current properties. A significant body of experimental work has considered
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Figure 1.1: Classification of surface waves (taken from Kinsman (1984), figure 1.2-1).

both these effects. Kemp & Simons (1982, 1983) and Klopman (1994) observed significant wave 

induced changes to the mean current profile near the bed and also near the surface, while Thomas 

(1981) and Swan et al. (2001) observed current-induced changes to the wave properties. The two 

processes are inextricably linked, the wave induced modification to the current in turn alters the wave 

properties which in turn will alter the current profile until, ultimately, an equilibrium is achieved. 

However, the present study will restrict attention to the effect of a pre-existing and defined current on 

the waves.

1.2.1 Surface Waves

Any disturbance to a free surface can be thought of as a surface wave. Surface waves can be classified 

in a variety of ways (figure 1.1) although it is common to use one of three categories: according to 

period or frequency, to disturbing force, or to restoring force. Capillary waves, high frequency (short 

period) waves, are typically wind generated and dominated by the restoring force of surface tension. 

Gravity waves, which have a wide frequency range, from a few hertz to a fraction of a hertz, are again 

wind generated but with a restorative force provided by the earth’s gravity. Tidal waves are long 

period waves generated by lunar and, to a lesser extent, solar gravitational forces.

This study focuses on gravity waves. Although capillary waves play an important role in many wave 

processes such as growth and breaking, surface tension is not considered important here. Long period 

waves, or tides, are only considered indirectly through their interaction with the nearshore bathymetry 

to produce tidal currents and races.
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1.2.2 Currents

Waves rarely propagate on quiescent water. Generally they propagate on mean flows induced by wind 

stresses, lunar and solar tidal forces, gravity and by nearshore recirculation processes. The mass 

transport associated with the wave motion itself can also induce a mean flow and although this is only 

significant for waves of finite amplitude, it can produce appreciable flows in situations where 

dissipation occurs, through wave breaking for example (Peregrine, 1976). However wave-induced 

currents will not be considered here.

In many coastal areas strong tidally induced currents in excess of Im/s can be found. In UK coastal 

waters, the tidal flows around Portland Bill and the Cherbourg Peninsula in the English Channel have 

magnitudes of between 3.5 - 3.9m/s while the strongest currents are found in the Pentland Firth off the 

northern Caithness coast where flows of 5.5m/s have been measured (Soulsby, 1990). The largest 

currents in the world are found in the Slingsby Channel, British Columbia, Canada where flows as high 

as 8.2m/s have been recorded (Hedges, 1987). In the nearshore region the circulation of water between 

the surf-zone and off-shore can produce narrow swift currents (see figure 1.2). Long-shore currents 

induced by wave breaking may attain speeds of 2.5m/s within the breaker zone. The return flow off

shore is achieved through rip currents which can attain speeds of 1.5m/s and can extend seawards 

beyond the breaker zone for distances of up to 1.6km. On undeveloped shore-lines the rip currents are 

transitory features, varying in position and strength with time (Hamm et a l ,  1993). However, the 

presence of breakwaters, piers and other shore-line features can influence the nearshore recirculation 

producing permanent rip currents that pass off-shore parallel to the feature (Whitehouse et a l ,  1997).

Oceanic currents are generally slower and extend over greater span-wise distances. In the open ocean 

the average flows are generally less than 0.2m/s. However, the effect of the Earth’s rotation (the 

Coriolis effect) produces narrower more intense flows on the western boundaries of the oceans: the 

Gulf Stream and Brazil Current in the North and South Atlantic; the Agulhas Current off the eastern 

coast o f South Africa; the Eastern Australian Current; and the Kuroshio Current off Japan. The 

Agulhas Current is between 90-165km wide with a maximum speed o f 2 to 2.5m/s (Mallory, 1974; 

Lavrenov, 1998) while the Gulf Stream is approximately 100km across with peak flows of 2 to 2.5m/s 

(McGraw-Hill Encyclopaedia, 1997). Although the boundary currents are essentially shore-parallel 

flows, meanders can form within them. This is especially so when the current moves away from the 

coast (as the Gulf Stream does at Cape Hatteras). These meanders can roll up and pinch off to form
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Figure 1.2: The nearshore current system: (a) a schematic diagram; (b) field 
measurements (taken from Horikawa & Sasaki (1972), figure 1 and figure 12).

large eddies or oceanic rings (van Leeuwen et al., 2000) up to 200km in diameter. These rotating 

bodies of fluid can persist for several days or even weeks before dissipating. Smaller eddies or current 

whirls have also been observed elsewhere. Whirls up to 30km in diameter with currents in excess of 

1.5m/s are found in the Norwegian coastal current (Mathiesen, 1987).

1.2.3 Current-induced wave transformations

When a component of the current acts in the direction of wave propagation, that component of the
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current will influence the properties of the wave. The influence is manifest through several phenomena, 

some or all of which may occur coincidentally. The presence of a current modifies the wave length, 

lengthening it when the current flows in the same direction as the wave, shortening it when the current 

opposes the wave. Wave amplitude is also modified, generally decreasing on a following current and 

increasing on an opposing current. When the wave and the current meet at an oblique angle, the 

propagation direction is modified and the wave is refracted. Upon meeting a following current, the 

direction becomes more aligned with the current direction, while with an opposing current the direction 

becomes more orthogonal to the current direction. If the following current is sufficiently strong, the 

wave can become collinear with the current direction, at which point the wave is reflected. Such 

locations are called caustics. If a current varies perpendicularly to its flow direction in the form of a 

jet, as well as varying in the flow direction, an obliquely incident wave can become trapped between 

the two shear layers of the jet.

When the wave and current direction are initially collinear, refraction does not occur. A following 

collinear current, whose strength increases in the wave propagation direction, will progressively 

increase the wavelength and decrease the wave amplitude. However, an opposing collinear current, 

whose strength increases in the wave propagation direction, will shorten and steepen the wave until for 

a sufficiently strong current the wave can no longer propagate against the current. The current 

magnitude producing this effect is referred to as the stopping velocity and the phenomenon referred to 

as wave blocking. Under these conditions the wave can break and/or be reflected. This process is not 

wholly predictable theoretically nor extensively studied experimentally. At present a theory for the 

reflection of small amplitude gravity waves at the blocking point has been developed by Stiassnie & 

Dagan (1979) and extended to include surface tension effects by Shyu & Phillips (1990) and Trulsen 

& Mei (1993) but these exclude dissipation and other non-linear effects. Experimental studies have 

shown reasonable agreement with theory, apart from very near the blocking point, reinforcing the 

importance of an^litude dispersion and energy transfer due to side-band instabilities in this region (Lai 

et a l ,  1989; Chawla & Kirby, 1998; Suastika et a l ,  2000).

1.3 Developments in wave-current transformation modelling

'''Wave current interaction is a complicated problem involving wave propagation in an 

inhomogeneous, non-isotropic, dispersive, dissipative, moving medium that also interacts with the
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wave" (Jonsson, 1990). In spite of the obvious complexity of the problem, considerable progress has 

been made in modelling such interaction since Stokes, in 1847, first considered the motion of a surface 

wave on a still ideal (inviscid) liquid under the action of a purely gravitational restoring force. The 

development of the theoretical modelling of current-induced wave transformation has been regularly 

reviewed (Peregrine, 1976; Jonsson, 1990; Thomas & Klopman, 1997) and forms a part of the recent 

book by Dingemans (1997).

1.3.1 Fundamental studies - uniform current

There is no general mathematical solution to the problem of water wave motion and consequently 

approximate solution techniques must be used. Various approximate solutions exist, each of which 

have limitations on their range of validity. One particular solution, the power series expansion of 

Stokes’s (1847) for wave motion of a small amplitude on the surface of an otherwise still inviscid fluid, 

underlies almost all subsequent theoretical work on water waves (Peregrine, 1985). The motion is 

assumed to be irrotational, periodic and of permanent form. At leading order, the linear solution for 

the vertical surface displacement, 77, and the velocity potential, 0 , of a plane purely progressive wave 

of infinitesimal wave amplitude are given by the real part of

77(x,0 = [1.1]

and

4.(;c ,z ,0  .
k sinh[W]

with k the wavenumber vector whose components are assumed to be real valued, a  the radian wave 

frequency, a the wave amplitude, z the vertical coordinate with origin at the undisturbed free surface 

and X the position vector in the horizontal plane of the undisturbed free surface. The wavenumber and 

wave frequency are not independent but are related through the dispersion relation

£7̂  = gkidiV&\kd [1.3]

for motion on a fluid of depth d, where  ̂= | ^ | , the magnitude of the wavenumber vector. The 

solution is periodic in both space, with wavelength X=2Tilk, and time, with period T = 2 n lo .

Non-propagating solutions, or evanescent wave solutions, are also possible. Such solutions have 

purely imaginary wavenumbers and are periodic in time but not in space, having an amplitude that 

decays exponentially away from the source of the disturbance.
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Propagating waves of finite amplitude, non-linear waves, can be modelled by including the solutions 

for the higher order terms in the expansion. However, the expansion is not universally convergent and 

fails in shallow water. The present study will restrict attention to the leading order, or linear, case 

applied in the intermediate water depth regime. A good presentation of Stokes wave theory up to third 

order is given by Dingemans (1997) while accurate solutions up to fifth order are given by Fenton 

(1985).

Wave motion on a still fluid represents a special case of the more general problem of wave motion on 

a uniform flow of the form U {x,z,f) = 2 ,^) where U  ̂ and f/2 are constants. The two solutions

are identical if appropriate frames of reference are adopted. A uniform flow with a velocity U  when 

viewed in a stationary frame of reference will appear to be still when viewed in a frame of reference 

moving with velocity U.. Thus the solution for wave motion on a still fluid can also be considered as 

the solution for wave motion on uniformly flowing fluid viewed in a moving frame of reference. The 

dispersion relation in the presence of a uniform current is then

= {ù )-k .U .Ÿ  = gkid i^kd  [14]

where o  is referred to as the relative or intrinsic wave frequency, that viewed within the frame of 

reference moving with the current, while o) is referred to as the absolute wave frequency, that viewed 

within the stationary frame of reference. This is usually referred to as the Doppler-shifted dispersion 

relation and alternatively can be written as

c = + [1.5]

where c = cjik is the absolute phase velocity, Cq = oik  is the intrinsic phase velocity, and U  is the 

current magnitude = ((/j  ̂+ .

The vector product in equation [1.4], k.LL, can be written as kUcos(a) where f/cos(a) is the magnitude 

of the current component acting in the wave propagation direction, a  being the angle between the 

current direction and the wave propagation direction (see figure 1.3). For a following current C/cos(a) 

is positive, and for an opposing current t/cos(a) is negative. Given t/cos(a) and the wave frequency 

CO observed in a stationary frame of reference, the dispersion relation can be solved to determine the 

wavenumber magnitude, k. The solution is presented graphically in figure 1.4. Of the four possible 

solutions only two (A & B) represent a wave that could be generated on still water (solution E). With 

a following current, the wavelength is increased over that which would be observed on still water 

(solution B), while with an opposing current the wavelength is decreased (solution A). The other two
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k = (/, m, 0)

Figure 1.3: Definition of wave propagation direction relative to the current direction.

solutions (C & D) represent waves that can only be generated upon a current and the reader is referred 

to the reviews of Peregrine (1976) or Jonsson (1990) for a discussion of their physical significance. 

For a given value of a, if an opposing current is sufficiently strong, the two solutions A and C can 

coincide. In this situation the magnitude of the wave group velocity, c^, the velocity at which the wave 

energy propagates, is balanced by the component of current velocity acting in the opposite sense to the 

wave propagation direction, such that + Ucos(a)  = 0 . The wave energy can no longer propagate 

and the wave is blocked by the current. For yet stronger opposing currents, resulting in 

+ Ucos(a) < 0 , neither of the wave solutions A or C can exist.

Opposing 
current 

o = CO - ^t7cos(a)a

No current

Following 
current 

o = CO - i{7cos(a)

Figure 1.4: Solutions to the Doppler-shifted dispersion relation.
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1.3.2 Vertically sheared current

Variation of a current with depth occurs naturally through several mechanisms: wind stresses acting 

at the surface; frictional stresses acting at the bed; and sudden changes in depth leading to flow 

separation (Peregrine, 1976). Viscous stresses, and turbulent mixing in the case of turbulent currents, 

transmit these variations through the body of the flow producing a depth-varying current profile. Some 

studies (McKee, 1986; Thomas, 2001) have considered vertical shear within a truly three-dimensional 

problem, where the current can also vary in the horizontal plane, but these will be discussed in the 

following section. When the current does not vary in the horizontal direction the problem is essentially 

two-dimensional. The apparently three-dimensional problem of waves propagating at an angle a to 

a horizontally uniform current is readily established from the two-dimensional problem of a wave 

propagating collinearly upon the current of strength f/cos(a). For the remainder of this section, a 

unidirectional horizontally uniform current of the form L l(x ,z,t)  = (f/j (z ) ,0 ,0 ) and a collinear wave 

is assumed.

Studies o f both linear and non-linear waves propagating on an arbitrarily sheared flow have been 

reviewed by Thomas & Klopman (1997). The rotational nature of the current means the wave motion 

no longer satisfies the Laplace equation, as was the case for a uniform current, and instead requires 

solutions of the Rayleigh equation (the inviscid Orr-Sommerfeld equation) of hydrodynamic stability 

theory (Peregrine, 1976). Exact analytical solutions to the Rayleigh equation are only possible for a 

small number of current profiles, generally where the second derivative of the current profile is zero. 

One such profile is that of linearly varying shear (constant vorticity) for which Biessel (1950) obtained 

the dispersion relation

= {ù)-kU^Ÿ = [gk-ri{ù)-kU^)\i2x:i\kd [1.6]

where is the surface velocity, rj the constant vorticity such that the current profile is 

f/j (z) = U^+ 7JZ and the relative frequency cris defined relative to the surface velocity. Experimental 

studies have supported the validity of this expression (Nepf & Monismith, 1994).

When the second derivative of the current profile is not zero, numerical solutions of the governing 

Rayleigh equation are necessary. Fortunately this is a relatively straightforward task provided the 

current profile is specified beforehand (Fenton, 1973). For linear waves, Fenton (1973) presented a 

general formulation that required an analytical expression for the non-linear current profile. In a 

similar formulation, Thomas (1981) used experimentally observed current profiles to predict the wave
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properties on the current, obtaining close agreement with experimental values. However, because of 

the weak nature of the shear, the irrotational wave solution and the Doppler-shifted dispersion relation, 

using a depth-averaged approximation to the observed current, agreed equally well over the majority 

of the water column. For non-linear (finite amplitude) waves, Dalrymple (1977) and later Thomas 

(1990) have developed finite difference numerical models in which the current profile is defined either 

in terms of stream function values (Dalrymple, 1977) or directly in terms of the vertical coordinate 

(Thomas, 1990). Solutions have also been achieved by approximating the non-linear vertical shear as 

a piecewise linear distribution. The original bi-linear representation of Dalrymple (1974) was later 

extended to five layers by Cummings & Swan (1993) to model strongly sheared flows.

Approximate analytic solutions for arbitrary current profiles have been produced based on the 

Moderate Current Approximation (MCA). Defining Ô as the ratio of a characteristic current strength 

to the wave phase velocity, 0=Ulc, and fa s  the wave slope, e^ak, then the MCA assumes that e«^<l. 

Assuming linear wave motion, and employing a perturbation expansion, in terms o f Ô yields a hierarchy 

of equations in increasing powers of ô. At first order, 0(<^, the correction to the linear wave phase

speed Cq was determined by Stewart & Joy (1974) for deep water as

0

f7 = 2<: J t / , ( z ) e “ 'Æ  [1.7]

such that c = Cq + Ü. The corresponding finite depth correction was given by Skop (1987) as

Ü  = -
1-  e - 4 k d

j  U^(z) + [1.8]
-d

If Ui(z) is uniform over depth then Û = U and the Doppler-shifted dispersion relation, equation [1.5], 

is recovered. The second order correction, for finite depth, was given by Kirby & Chen (1989) who 

concluded that for a number of relatively simple analytical profiles, for which exact dispersion relations 

could be established, it was necessary to include the second order term to obtain a good approximation 

to the exact dispersion relation. This contrasts with the conclusions of Skop (1987), who considered 

the first order term to be sufficient in the case of deep water, and those of Kantardgi (1995) who made 

similar observations for a linearly sheared current in both deep water and finite depth.

In addition to determining approximate solutions for the dispersion relation, Kirby & Chen (1989) also 

produced solutions for the stream-function at each order, from which the velocity field can be 

established. However, these solutions are incorrect: in determining the solutions Kirby & Chen
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neglected the kinematic free surface boundary condition, and instead chose to set to zero one of 

unknown coefficients. The correct expressions for the stream-function are presented by Thomas & 

Klopman (1997). Although the approximate solutions were determined under the assumption of 

relatively weak currents ( J « l )  with arbitrary shear, they are also valid for strong currents as long as 

the shear is weak (Kirby & Chen, 1989).

A similar perturbation analysis has been used to investigate the influence of strong near surface 

vorticity on linear wave motion within the weak current regime, where ô  = o(c) (Swan, 1992; Swan & 

James, 2001). Such flows are characteristic of wind driven currents. The problem is formulated in 

terms of the orthogonal curvi-linear co-ordinates corresponding to the stream function and distance 

along the streamlines, Unes of constant stream function. Solutions for the dispersion relation and the 

fluid kinematics were estabhshed to second order and identified the importance o f surface shear in 

predicting not only the dispersive characteristics but also the fluid kinematics through the entire water 

column. The depth variation of vorticity leads to additional oscillatory velocities not present in 

irrotational solutions. The second order correction to the dispersion relation was found to be less 

important than that at first order, an observation similar to that of Skop (1987), but contrasting with 

that o f Kirby & Chen (1989), for a flow in the moderate current regime.

In the work described above, the current distribution is specified beforehand and solutions are sought 

for the properties of a wave assumed to be of a permanent form when viewed in a frame of reference 

moving at the wave phase speed. Baddour & Song (1998) have questioned whether a periodic wave 

of permanent form can exist on a non-linearly sheared current. Rather than specify the current profile 

beforehand, Baddour & Song (1998) formulated the problem in terms of a stream function, unknown, 

but assumed to exist, for a stable rotational combined flow of a finite amplitude wave on an unknown 

depth-varying current. Taking the wave motion to be periodic and of permanent form, solutions for 

stream function were found to consist of aperiodic and periodic components. For the case where the 

vertical decay of the wave motion occurs at the length-scale of the wavenumber magnitude, the form 

of the aperiodic component was found to be that of a linearly sheared current, which includes the 

special cases of a uniform current or still water. Thus, for waves propagating on a non-linear current 

profile, a regular unmodulated and permanent form does not exist. Solutions for other cases, where 

the vertical decay of the wave motion does not occur at the length-scale o f the wavenumber magnitude, 

were not considered. The implications of this study on the previous work is not clear.
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An alternative engineering approach to determining the dispersive characteristics of a wave on a 

vertically sheared current was proposed by Hedges & Lee (1992). The weighted average 6  ̂ in 

equations [1.7] and [1.8] is the leading order correction to the wave alone phase speed, Cq, due to the 

presence o f the sheared current. The similarity between this leading order correction and the exact 

correction in the Doppler-shifted dispersion relation for a depth independent current, equation [1.23], 

led Hedges & Lee (1992) to introduce an equivalent uniform current, Ug, as ''the current that produces 

the same wavelength as the actual depth-varying current fo r  a given wave period, height and water 

deptK \  and defined as 

. 0

J x  f  [19]

Substituting Ug in the Doppler-shifted dispersion relation and solving for the wavenumber estimates 

the effect of the vertically sheared current on the wavelength. The definition of Ug only considers the 

current variation over some fraction A, where 0<A<1, of the wavelength below the surface. This 

recognizes the rapid decay of wave motion through the water column, which occurs at the scale of a 

wavelength. Provided the current is approximately linearly sheared in the region AÀ below the surface, 

with the constant vorticity satisfying rj  ̂« 4gA:(tanhW)"^, then A was found to be approximately 

(tanhW ) U n .  Direct measurement of the wavelength on an arbitrary non-uniform current allowed 

Simons & Maclver (2000) to estimate the magnitude of the equivalent uniform current from solutions 

of the Doppler-shifted dispersion relation. These were found to agree well with the predictions of 

equation [1.9].

The equivalent uniform current provides a simple technique for predicting correctly the dispersive 

characteristic of the wave, however, it does not predict the kinematics of the wave induced flow field 

correctly (Swan, 1992).

While these stream function formulations are appropriate for two-dimensional problems they cannot, 

by definition, be extended to the three-dimensional problem. A different approach must be used here.

1.3.3 Horizontally sheared current

Real currents vary with both time and space taking a form l l (x ,z , t )  = ( U fx , z , t ) ,  U2 (x ,zJ) ,  0 )  and 

only occasionally will the assumption of horizontal uniformity, as adopted in the previous sections, be 

reasonable. In general the current will be three-dimensional, varying spatially in the stream- and span-
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wise directions of the horizontal plane and also in the vertical plane.

Modelling this fully three-dimensional flow field is complicated although approximate solutions have 

been obtained by adopting some basic assumptions about how the current varies. The variation in the 

horizontal plane is generally assumed to fall into one of two categories: that current properties vary 

slowly and smoothly over the scale of many wavelengths; or that current properties vary 

discontinuously. The former assumption is readily associated with the large-scale oceanic currents 

where the width o f the shear layers can be several hundred times the incident wave length. The latter 

assumption would seem to be more appropriate for currents formed at river or tidal inlets where the 

width of the shear layers may be less than five times the incident wave length. Only very recently have 

these restrictions on the length-scale of the horizontal variation been relaxed and attempts been made 

to model currents which possess an arbitrary horizontal shear. It is also usual to restrict attention to 

the case where the current possesses no vertical variation. The studies of wave propagation on 

vertically sheared currents presented in the previous section are generally formulated in terms of the 

stream function and are therefore restricted to the two-dimensional problem with no possibility of 

extension to three-dimensions. It is only recently that alternative approaches have been proposed that 

incorporate a vertical shear in a tmly three-dimensional situation (McKee, 1986; Thomas & Klopman, 

1997; Thomas, 2001).

1.3.3.1 Slow variation

The slowly-varying current approach has been well documented in the reviews of Peregrine (1976) and 

Jonsson (1990). Variations of the current can be considered negligible at the scale of a wave period 

and wavelength if

\d U I d t \  «\ù)lL\  and \ Y . L l \ « \ k . L l \  [1.10]

If these conditions are met, the problem becomes one of a short wave propagating in a slowly-varying 

medium which is analogous to the geometrical optics approach to light propagation (refraction theory) 

where it is assumed that the curvature of the wave fronts is small and hence diffraction effects can be 

excluded. Solutions are found using WKBJ methods (named after the work of Wentzel, Kramer, 

Brillouin and Jeffreys - see Dingemans (1997, p.57)) and otherwise known as Liouville-Green 

methods. The essence of this method is to assume the amplitude function of a quantity varies much 

more slowly in time and space than the phase function (Dingemans, 1997; Olver, 1997; Peregrine,

1976). Locally, the current can be considered constant. If it is also considered depth independent then
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the linear waves are locally plane, irrotational and purely progressive such that a phase function 6{x, t)  

can be introduced with the wavenumber and the absolute wave frequency defined as

f y = - —  and k = V 6  [1.11]

As the wavenumber and wave frequency will be slowly-varying functions of (%,^), the Doppler-shifted 

dispersion relation, equation [1.4], will have an explicit dependence on {x , t )  as well as k, such that 

( 0  = û { k , x , t ) .  Considering the spatial differentiation of the dispersion relation co = û { k , x , t )  and 

making use o f equation [1.11] yields the first order wave conservation equation

dk
— +(a^.V)k=-W [1,12]

where = d û l d k  is the local group velocity vector. Defining a wave ray as the path of a fluid element 

moving with the local wave group velocity, dx /dt  = , then equation [1.12] defines the rate of change

of the wavenumber k with time along a wave ray due to the non-uniformity of the fluid expressed as 

-VÜ. For a known dispersion relation, co = û ( k , x , t ) ,  corresponding to a known current distribution, 

solving the wave conservation equation along a wave ray for k provides a description of the variation 

in wavelength and direction, the wave refraction.

While ray tracing methods, on which there is a vast literature (see Martin et a l ,  1997), can be used to 

study the kinematic problem, the dynamic problem is not so straight forward. Peregrine (1976) noted 

three approaches suitable for modelling the dynamic properties of a wave propagating in a slowly- 

varying medium. One is the classical approach involving the direct integration of the equations of 

motion over depth and averaging over a wave cycle to establish an energy balance (Longuet-Higgins 

& Stewart, 1960). A second uses an averaged Lagrangian as developed by Whitham (1974). A third 

substitutes an appropriate perturbation expansion solution for the primary variable in the equations 

of motion.

Prior to the work of Longuet-Higgins & Stewart (1960) it had been assumed that wave energy was 

conserved and simply propagated at the local group velocity c^ = ( U  + c^^), the linear sum of the 

current velocity and the relative group velocity. However, Longuet-Higgins & Stewart recognized the 

importance of a hitherto neglected term in the energy balance equation describing the rate of energy 

transfer between the wave and current, which they termed the radiation stress. This led to the wave 

energy balance equation
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du. du.

. dx. dX;.
=  0 [1.13]

where E is the wave energy per unit horizontal area (defined as Vipga^, where a is the wave amplitude) 

and Sij is the radiation stress. Because of the interaction between the wave and the current, wave 

energy is not conserved along a wave ray. However, the scalar quantity, first introduced by Bretherton 

& Garrett (1968), defined as Elo, the ratio of wave energy E to the relative frequency o, and termed 

‘wave action’ is conserved along a wave ray. The conservation equation derived by Bretherton & 

Garrett (1968) is

Elo + (V .ç„)£ /a  =0 [1.14]

Solving for wave action along a given wave ray allows the variation in wave energy to be recovered. 

The wave action conservation equation was shown to be identically equivalent to the wave energy 

balance equation of Longuet-Higgins & Stewart. Wave action conservation has dominated subsequent 

work involving wave dynamics.

In a novel approach to the dynamic problem, Kenyon & Sheres (1996) considered the variation of wave 

amplitude along a wave ray in terms of orbital angular momentum. For wave motion in deep water, 

each fluid particle describes a circular orbit centred on its undisturbed location. Hence each fluid 

particle possesses an orbital angular momentum about its undisturbed location which can be 

represented hy A = A { z . x k )  where A is the magnitude, f  is a unit vector in the vertical direction and k 

is a unit vector in the direction of the wave number. The magnitude (per unit volume) is given by 

A = yO I r x y  I, where |r| = r(z) is the radius and | y | =  (or{z) the velocity of the orbit. Integration over 

depth revealed the magnitude of the angular momentum per unit horizontal area, for plane deep water 

waves, to be (y2/?ga^)/cr which is identical to the scalar quantity wave action. Despite this relation, the 

conservation of wave action along a wave ray in an inhomogeneous medium (equation [1.14]) does not 

imply that angular momentum is also conserved. Angular momentum is a vector whose direction 

changes along a wave ray as the wave is refracted. Consequently a source term must exist to drive this 

change of direction. Considering the time rate of change of the angular momentum along a wave ray 

produces the equation

dx
. i \ k

[1.15]

Both terms on the right hand side represent torques. The first acts in the direction of the angular
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momentum and affects only the magnitude while the second acts in the direction o f the wavenumber 

and affects only the direction of the angular momentum. This last torque is directly related to the 

current shear by the term da^dx. If this is known along a wave ray, the angular momentum vector can 

be established by the time integration of equation [1.15]. Using this and the variation of the intrinsic 

frequency allows the wave amplitude to be established.

There are limits to the current strength for which the WKBJ or wave ray solutions exist. For the case 

of a simple shear layer in an opposing current, the wave rays become normal asymptotes to the current 

direction in the limit U ^ In the case of a simple shear layer in a following current, the wave rays 

become tangential asymptotes to the current direction in the Limit

u  -  [1.16]
COS «Q

where Cq is the wave phase velocity and ocg the wave direction of the incident wave on still water 

(Longuet-Higgins & Stewart, 1961). The locations of these limits in a shear layer are termed caustic 

lines or, in the theory of WKBJ approximations, as turning points. At a caustic in a following current 

the waves will be totally reflected. However, the WKBJ solutions assume the absence of any reflected 

wave and consequently in the vicinity of a caustic, the assumption of a locally plane linear wave with 

a unique phase function is no longer valid and the solution for the wave amplitude becomes singular.

Longuet-Higgins & Stewart (1961) provided a clear description of the nature of the wave motion in 

the vicinity of a single caustic, and also proposed an appropriate form of solution. However, it was not 

until the work of McKee (1974; 1975; 1977) that solutions were actually developed. McKee produced 

WKBJ-type asymptotic solutions to the full linearized equation o f motion, for simple shearing flows 

with a single caustic (McKee, 1974) and for jet-like flows containing caustic pairs (McKee, 1975), or 

a near-caustic (McKee, 1977). The latter situation refers to the case where the jet-like current has a 

maximum strength that is slightly weaker than that at which a caustic would occur. An underlying 

assumption of these models required the parameter ù ? L ! g , proportional to the ratio of the current 

length-scale L to deep water wavelength, to be large. Where the models differed was in the form of the 

asymptotic solution that was sought. For a shear layer containing a single caustic, a solution valid in 

the vicinity of the caustic was sought in terms of Airy functions, as suggested by Longuet-Higgins and 

Stewart (1961). The solution is strictly valid only when the flow contains a single caustic in the range 

-oo<y<oo.  For a jet-like current this is clearly not the case as each shear layer will form a caustic. For
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this problem McKee (1975) sought a solution in terms of a parabolic cylindrical function, although if 

the caustic pair are widely separated it was possible to seek Airy function solutions at each caustic 

individually and match the two solutions in the region between them. McKee (1977) proposed a 

slightly modified parabolic cylindrical function as the solution for the case of a near-caustic or two 

closely spaced caustics.

The caustic and near-caustic solutions of McKee permit the determination of the reflection coefficient 

as well as the transmission coefficient at the shear layer. The single caustic solution predicted total 

reflection of the incident wave. With a caustic pair, reflection was found to vary from unity for a 

widely spaced pair, to \ N l  when the two caustics are coincident at the maximum velocity of the jet 

current. In the case of a near-caustic the WKBJ solution is valid and hence zero reflection is predicted. 

This implies the unlikely situation of a discontinuous change in reflection behaviour as a caustic 

appears in the flow (Peregrine, 1976). The solution proposed by McKee (1977) predicts a smooth 

variation from zero reflection when conditions are far from forming a caustic, and the WKBJ solution 

is valid, to total reflection for widely spaced caustics. However, Smith (1983) suggests that the McKee 

(1977) near-caustic model does not approach the WKBJ solution or the single caustic solution in the 

appropriate limits. The assumption that the cross-jet component of the wavenumber be small relative 

to the wavenumber magnitude, which is equivalent to restricting attention to near collinear waves and 

current, fails before the WKBJ conditions are met. Consequently, Smith (1983) returned to, and 

extended, the McKee (1975) model for a real caustic pair to allow predictions at a near caustic. As well 

as re-establishing the transmission and reflection coefficients. Smith evaluated the amplitude variation 

across the jet current.

The “mild-slope equation” was initially developed to describe the combined refraction and diffraction 

of a wave by depth variations from deep to shallow water. It was subsequently extended to include the 

simultaneous variation of both current and depth by Booij (1981 - cited in Dingemans, 1997), Liu 

(1983) and Kirby (1984) who corrected the two earlier derivations. These mild-slope models consider 

only propagating waves, neglecting evanescent waves, take the current to be depth independent and 

assume that variation in both the depth and current strength occurs slowly. Furthermore, it is assumed 

that local solutions possess the vertical structure of a linear wave on a horizontal bed with a constant 

current, thus reducing the problem to variations in the two-dimensional wave propagation space of the 

free surface (Peregrine, 1985). The resulting partial differential equation is of the elliptic type and it
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can be solved numerically as a boundary value problem assuming appropriate boundary conditions can 

be developed around the solution domain. As this can be problematic, it is usual to seek 

approximations to the mild slope equation. The most common approach is to adopt the “parabolic 

approximation”, which can be regarded as a modification to ray theory to incorporate wave diffraction 

effects. Under the approximation, diffraction effects are considered negligible in the wave propagation 

direction but important in the transverse direction, allowing energy to diffuse across a wave ray. The 

resulting partial differential equation is of the parabolic type which is amenable to initial value 

solutions. For the approximation to be reasonable there must be a principal wave direction, specified 

beforehand, about which only small deviations are generally permitted, although recent developments 

have incorporated deviations of up to 70° from the principal direction (Li, 1997). Furthermore, the 

parabolic approximation ignores reflected waves propagating against the principal wave direction 

although reflections have been modelled through a coupled pair of parabolic equations (Liu & Tsay, 

1983). The mild slope model, and the parabolic approximation to it, have been used extensively to 

model wave transformation by both depth and current variations (see Liu, 1990; Dingemans, 1997).

In a direct analogy o f the “mild slope equation”, McKee (1987; 1996) has re-formulated the problem 

o f wave propagation across a slowly-varying current as the “mild-shear equation”. While the mild 

slope models assume a locally constant depth independent current, the derivation of the mild shear 

model allows the current to posses a vertical variation. In common with mild slope models, evanescent 

wave solutions are neglected. A weak unidirectional current (<5<1) is assumed. An additional 

restriction, requiring all depth variations to occur solely in a direction perpendicular to that of the 

unidirectional current, yields an ordinary differential equation for the surface elevation which can be 

solved numerically, but only for depth independent currents. While the initial formulation (McKee, 

1987) assumed p  to be large, corresponding to a slowly-varying current, this was subsequently relaxed 

to allow p  to be of arbitrary magnitude (McKee, 1996). The latter development was used to investigate 

the phenomenon of enhanced reflection (Bragg reflection) by a periodic shearing current (McKee, 

1994).

For non-linear wave propagation in shallow water, Boussinesq models, and the parabolic 

approximations to them, have also been developed to include the influence of a horizontally varying 

current as well as variation in water depth (Yoon & Liu, 1989; Chen et a l ,  1998). Again the current 

is assumed to vary on a length-scale greater than that of a wavelength. At leading order the horizontal
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velocity components are uniform over depth and the evolution equations are derived in terms of the 

depth-averaged velocity. While Yoon & Liu (1989) required the current strength to satisfy the 

condition aid « <5 « 1, essentially a shallow water equivalent of the moderate current approximation, 

Chen et al. (1998) permitted ô~ 1 allowing for the possibility of wave blocking. Yoon & Liu (1989) 

established numerical solutions for the problem of cnoidal waves normally and obliquely incident upon 

a rip current flowing off-shore over a gently shelving bed.

For waves propagating colhnearly with a current that varies slowly in the direction of flow and also 

possesses arbitrary vertical shear, Thomas & Klopman (1997) have developed an appropriate averaged 

Lagrangian, based on the first order approximation of the moderate current approximation, from which 

conservation relations can be obtained.

1.3.3.2 Discontinuous variation

At the opposite extreme to the slowly-varying currents considered in the previous section are currents 

whose properties vary rapidly over a length-scale much less than that o f the wavelength, that is, where 

P  is small. The obvious limit of these conditions is to assume that any shear layer within the current 

is infinitely narrow such that the current strength changes discontinuously. Thus the current is assumed 

to consist of distinct regions with a horizontally uniform velocity separated by infinitely narrow shear 

layers. If the flow is considered inviscid and incompressible then the discontinuities can be modelled 

by vortex sheets.

Vortex sheet methods have been used to estabhsh wave propagation solutions for the deep water case 

(Evans, 1975), the finite depth case (Smith, 1983; McKee & Tesoriero, 1987) and the shallow water 

case (Peregrine, 1976; Mei & Lo, 1984 & 1986; Kirby, 1986). A simple shear layer, modelled by a 

single vortex sheet, was considered by Evans (1975), Smith (1983), McKee & Tesoriero (1987) and 

Peregrine (1976) while a jet-like current, modelled with two parallel vortex sheets (a top-hat current), 

was considered by Smith (1983), Mei & Lo (1984; 1986) and Kirby (1986). In all these studies the 

current is assumed to be constant over depth. However, McKee (1986) has considered the simple shear 

layer problem with a current that decays exponentially over depth.

The formulation of the problem is independent of the number of vortex sheets involved as each sheet 

is considered independently. The flow in two neighbouring regions, separated by a vortex sheet, is
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assumed irrotational such that a velocity potential can be introduced representing a linear combination 

of the current and the wave-like perturbations to it. For both the deep water and finite depth case, in 

each current region the general solution for the wave perturbation potential, <p̂  with « = 1,2, involves 

the complete eigenfunction expansion of the governing Laplace equation, including contributions from 

both propagating waves and trapped evanescent waves. It then remains to find suitable matching 

conditions at the vortex sheet for the wave solutions on either side. Evans (1975) found wave action 

to be conserved across the discontinuity if, at the vortex sheet, pressure was continuous, namely

and that motion of fluid particles initially on the vortex sheet follow that of the sheet itself, namely

Here ^is the position of the perturbed vortex sheet. Assuming the wave perturbations to have an x- 

and f-dependence of the form Qxp[i(lx-cot)], the matching conditions can be expressed as

= [1.19]

and

11.201
dy dy

respectively, where = co- I i s  the intrinsic frequency (Smith, 1983). Evaluating these matching 

conditions related the potential amplitudes for the propagating waves through a complex transmission 

matrix yielding both the magnitude and phase of the scattered waves. Establishing this relation 

requires the convolution over depth of the horizontal velocity at the vortex sheet with the depth 

variation functions for the propagating and evanescent waves, together with use o f the orthonormality 

properties of the depth variation functions. However, evaluating the elements of the transmission 

matrix requires the solution of a set of singular integral equations for which analytical solutions were 

considered unlikely (Evans, 1975). Consequently, to solve the kinematic problem Evans (1975) sought 

approximate analytical solutions using a two term Galerkin approximation. This essentially considers 

the variation over depth at the boundary to be a linear combination of the propagating wave solutions 

only, neglecting the evanescent waves. Smith (1983) reports repeating this approach for finite depth, 

and McKee & Tesoriero (1987) subsequently included more terms in the Galerkin approximation, 

equivalent to including leading order evanescent waves, before seeking numerical solutions to the 

integral equation.
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Smith (1983) also produced an approximate model, the “smooth action-based model”, which adopted 

an arbitrary averaging over depth of the matching conditions. To enforce the conservation of wave 

action, the arbitrary averaging of the propagating wave depth variation, {X{z)),  was required simply 

to satisfy the condition {X{z) ) = 1. An average satisfying this condition is the root mean square over 

depth. This was sufficient to determine the amplitudes of the pertiu*bation potential for the propagating 

waves. However, the phase-shifts of the propagating waves at the vortex sheet were not recovered by 

this analysis.

Under the shallow water approximation, the current, and wave-like perturbations to it, are both 

considered as depth independent quantities. The governing equation in each current region reduces to 

the one-dimensional Schrodinger equation for the surface elevation (Mei & Lo, 1984; Kirby, 1986). 

The correct matching conditions at the vortex sheet, conserving wave action, were given by Kirby 

(1986), correcting those proposed by Mei & Lo (1984). These are essentially depth-averaged 

equivalents of those used by Evans (1975) and Smith (1983): continuity o f pressure, equations [1.17] 

and [1.19], is expressed as continuity of surface elevation; and, the kinematic condition, equation

[1.18] and [1.20], becomes 

1 377j _ 1 drj^

This follows directly from equation [1.20] after applying the relation d(f)^ldy «  d n j j d y  which 

arises from the shallow water momentum equation.

While the full solution for the kinematic problem in these models usually requires numerical evaluation, 

it is normally possible to derive analytical formulae for the reflection and transmission coefficients by 

considering the far-field asymptotic behaviour. For a single vortex sheet in finite depth water, the 

expressions estabhshed by the approximate model of Smith (1983) agreed closely with the more 

accurate Galerkin solutions of Evans (1975) (reformulated for finite depth by Smith) and McKee & 

Tesoriero (1987) for weak currents, where <5 <0.3. Within this range, the inclusion of evanescent 

waves in the Galerkin solution had no effect on the magnitude of the coefficients. As the current 

strength increases the agreement between the approximate and the Galerkin solutions becomes 

increasingly poor. However, Smith (1983) argued that naturally occurring jet-like currents are usually 

weak currents, an idea supported by the examples of naturally occurring jet-like currents presented by 

Mei & Lo (1984), and that the approximate model was suitable for practical applications. The
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inclusion of evanescent waves in the Galerkin solution only becomes apparent with strong currents, 

0 > l ,  producing a slight reduction of the magnitude of both coefficients, although incorporating more 

than the first four evanescent wave terms produced little further change.

In the case of a jet-like current, the expressions for the reflection and transmission coefficients 

established by the approximate model of Smith (1983) for finite depth proved to be identical to those 

established in shallow water by Kirby (1986). It would appear that the arbitrary averaging over depth 

of the matching conditions adopted by Smith essentially satisfies the conditions required by the shallow 

water approximation. However, perhaps the most striking result to emerge from these vortex sheet 

models is the agreement between the transmission coefficients established for the single shear layer 

problem by the vortex sheet solution (infinitely narrow shear layer) of Evans (1975) and the slowly- 

varying solution (infinitely wide shear layer) of Longuet-Higgins & Stewart (1961). Away from the 

limiting current strength at which the WKBJ solution is singular, the agreement was remarkable, both 

qualitatively and quantitatively, especially considering the marked difference between the basic 

assumption of both models (Evans, 1975). Where the two models do differ, the vortex sheet model 

predicts a slightly lower transmission coefficient due to the reflection of wave energy, a phenomenon 

not accounted for in the WKBJ solution. Evans suggests that the true transmission coefficient for a 

shear layer of finite width would be bounded by the two predictions.

When considering the local behaviour in the region of the vortex sheet it is necessary to include the 

contribution of the evanescent wave solutions. These solutions smooth the transition between the 

discontinuous properties of the propagating wave at the vortex sheet. The inclusion of evanescent 

waves in the numerical solutions of McKee & Tesoriero (1987) could have allowed them to consider 

the local behaviour but they restricted their attention to far field properties. Smith (1983), on the other 

hand, observed that the contribution of the evanescent waves could be approximated by an exponential 

smoothing over a length-scale that depended on the incident wavenumber.

The inclusion of a vertically sheared current in a vortex sheet model is relatively straightforward. As 

the current on either side of the vortex sheet is considered horizontally uniform, the governing equation 

for the wave perturbation potential in these regions is the Rayleigh equation (as mentioned in §1.3.2). 

The solutions to the Rayleigh equation in each region are then matched at the vortex sheet in the same 

manner as the solutions to the Laplace equation were matched in the case of a depth independent
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current. In this manner, McKee (1986) modelled waves propagating from a region of still water onto 

a vertically sheared current. As simple solutions to the Rayleigh equation are only possible if the 

vertical variation of velocity is linear or varies in either a trigonometric or exponential manner, McKee 

considered a current of the form

U { z ) - c  = { U ^ - c) q^̂  [1.22]

where represents the surface current magnitude, c is the incident wave phase speed and the real 

constant fi determines the nature of the exponential shear. Attention was focused on the effect of 

vertical shear on the far field quantities of transmission and reflection coefficients. Only long waves 

showed any significant difference to those coefficients predicted for a uniform current, experiencing 

a substantial reduction in the magnitude of both coefficients. This suggests that as the wavelength 

increases, and the wave motion penetrates further into the water column, the effect o f the current shear 

becomes increasingly significant.

The form of the current in equation [1.22], chosen to avoid technical difficulties in solving the integral 

equations, is unusual in depending on the incident wave phase speed. It is not clear how representative 

it is of sheared currents in general and consequently how applicable the quantitative results are, 

although fair agreement was expected in the qualitative sense. Evaluating solutions for currents with 

arbitrary vertical shear would involve a full numerical solution to the governing integral equations, a 

task that has yet to reported.

1.3.3.3 Arbitrary variation

When a current possesses arbitrary horizontal and vertical shear the flow is rotational in three 

dimensions. Consequently, the usual simplifications to the equations of motion, such as the 

introduction of stream functions or velocity potentials, are not appropriate and other techniques are 

required. In the only work to consider the interaction of waves with such an arbitrarily sheared current, 

Thomas (2001) has employed a two parameter perturbation expansion of the primary variable 

solutions. The expansion is in terms of the wave slope e  and the relative current strength Ô, the ratio 

of current magnitude to wave phase velocity. Both of these parameters are assumed to be small 

quantities. With e « l ,  attention is restricted to the linear wave regime and although J « 1, it is taken 

that ô ^ e  ’m anticipation of significant interaction between the wave and current. The parameters then 

satisfy the Moderate Current Approximation (MCA) condition e « ô « l .  The model has been 

formulated for a jet-like current defined as one that is uni-directional, is of finite width, and whose

39



magnitude possesses a single maximum and tends to zero at its extremities. Furthermore it is assumed 

that no caustics are formed on the current. No other restrictions are placed on the form of the current.

Separate formulations of the model are presented for the cases of shallow water, finite depth and deep 

water in terms of either the surface elevation (shallow water) or pressure (finite depth and deep water). 

Solutions to the governing equations, at the order of the primary interaction terms, are developed for 

the arbitrary current profile Ll{x,z,t)  = (C/j(y,z),0 ,0 ) ,  Generic expressions for the transmission and 

reflection coefficients were also recovered in terms of the arbitrary profile by imposing a radiation 

condition on the far-field asymptotic behaviour. This requires only propagating waves, moving away 

from the interaction region, in the far field. In most cases the solutions for any given current profile 

would require numerical evaluation. However, some success in estabhshing analytical solutions was 

achieved for current profiles of the form

f/j(y,z) = U^Y(y)Z(z)  [1.23]

in which the functional description of the horizontal and vertical shear can be separated. Analytical 

solutions were produced for two depth independent (Z(z)=l) jet-like currents with specified symmetric 

horizontal variations and for a current with arbitrary horizontal variation but an exponential decay with 

depth (Z(z) = e^^).  In the latter case, the effect of the depth variation on the transmission and 

reflection coefficients was governed by the non-dimensional ratio fi/k, both coefficients decreasing as 

fi/k increases. This same trend was observed by McKee (1986) for waves incident upon the 

discontinuous change between still water and a current with an exponential vertical decay.

Although the 3D MCA model (Thomas, 2001) was formulated for arbitrarily sheared jet-like currents, 

the model is inappropriate if the current is both strong and broad. Additionally, the model is valid only 

if yffis at most of 0 (1), It is, therefore, complementary to the slowly-varying models, which require p  

»1, while being comparable to the vortex sheet models which require p « \ .  Indeed, the transmission 

and reflection coefficients established by the vortex sheet models for jet-hke currents are identical to 

those established by the 3D MCA model in all three wave regimes (shallow water, finite depth and deep 

water).
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1.4 Experimental studies of wave transformation

Experimental studies of wave-current interaction phenomena are important for several reasons. Not 

only do they provide data against which existing analytical and numerical models can be validated, but 

they can provide an insight into phenomena that are acknowledged to exist but are too difficult to 

model at present. However, experimental observations have not kept pace with the theoretical 

developments. While the pioneering theoretical work of Longuet-Higgins & Stewart (1961) was 

accompanied by supportive experimental observations (Hughes & Stewart, 1961), since then there has 

been a lack of suitable experimental studies designed to validate the analytical and numerical models 

that have been developed subsequently. It is a common appeal of such papers that good quality 

experimental studies are required to validate the model results (Liu, 1983; Jonsson, 1990; Mei & Liu, 

1993; Thomas & Klopman, 1997)

Experimental studies of wave-current interaction can be categorized into two groups: field studies and 

laboratory based physical modelling. Both categories hold a distinct place in furthering the 

understanding of the interaction processes. Field studies can provide the basic observations of 

phenomena producing, to a large extent, qualitative observations of the processes. Physical modelling 

can identify and isolate the essential component features of the processes and study their interaction 

in a controlled and repeatable manner that is not usually possible in the field.

1.4.1 Field studies

Detailed quantitative field measurements of wave transformation by currents are rather scarce. This 

is due to the difficulties of making in situ measurements of both the wave field and the underlying 

current field in a spatially varying situation.

Traditionally, field studies have deployed instrumentation at fixed locations and recorded only a limited 

number o f parameters. In fact it is common for just the surface elevation spectrum to be recorded. 

Other parameters or basic conditions are inferred from the recorded parameters or other information 

sources such as weather charts. Battjes (1982) inferred the relative strength and direction of nearshore 

tidal currents from the mean sea surface elevation. Wang et al. (1994) and Liu et al. (1989) inferred 

the presence of a Gulf Stream meander from the changes in sea temperature. Consequently, studies 

have tended to draw conclusions of a qualitative nature. The modulation of wave properties, such as 

significant wave height, direction and spectral width, at the tidal period has been frequently observed
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(Wolf & Prandle, 1999; Masson, 1996; Tolman, 1991; Gonzales, 1984). The refraction of waves as 

they encounter oceanic currents (Liu et ai ,  1989) and ebb flows from tidal inlets (Cialone & Seabergh, 

1997) have been inferred from observations of wave height variation at a fixed location. Although 

such field studies provide a detailed temporal description o f the behaviour at a few discrete locations, 

they fail to provide sufficient information spatially to describe the broader incident conditions.

The development of remote sensing techniques have provided the opportunity to establish two- 

dimensional synoptic quantitative measurements of oceanographic parameters over relatively large 

areas, a few hundreds of kilometres square, at spatial resolutions down to 25m (Philhps, 1988; 

Robinson, 1994). The techniques rely primarily on the property that the ocean surface absorbs, reflects 

and emits electromagnetic energy which can be detected by satellite or airborne remote sensors. Either 

passive or active sensors are used to monitor the energy in the visible, infra-red or microwave bands 

and the characteristic signatures and images observed can be correlated with known oceanographic 

parameters. Passive infra-red sensors monitor the intensity of the infra-red energy emitted from the 

surface of warm bodies which is related to the surface temperature. Sea-surface temperature 

information can be used to study the positions of, and features within, the major ocean currents. Active 

high-frequency and microwave radar sensors monitor the spectrum of the radar signal backscattered 

from surface waves with a length equal to one-half of the radar signal wavelength X=2X^ (Bragg 

reflection). The characteristics of the radar return are fundamentally related to the roughness of the 

reflecting surface - short wavelength waves in the case of the ocean. Parameters such as the mean sea 

surface elevation, the surface slope and the surface roughness can be determined directly while other 

oceanographic parameters or features, for example the wavelength of longer swell waves, the location 

of current fronts, current strengths, and directional wave spectra, can be inferred from their influence 

on the surface roughness.

Shore-based high frequency (HE) radar has been used to map surface currents in coastal regions 

(Prandle, 1991; Masson, 1996; Shen et a l ,  2000). On still water the scattered signal will experience 

the Doppler-shift ±dX^ where c is the phase speed of the surface wave - a positive (negative) shift 

corresponding to waves propagating radially outward (inward) along the hne of the radar beam. In the 

presence of a surface current the Doppler-shift is assumed to be offset by the amount UIX̂  (Prandle, 

1991). Here U is the magnitude of the radial component of the current in the direction of the radar 

beam. This presumes that the scattering surface wave propagates on an otherwise undisturbed surface
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and is simply advected by the current. With high frequency radar, the wavelength of the scattering 

wave can be small enough such that the presence of longer swell components will modulate the short 

wave (Longuet-Higgins & Stewart, 1960), resulting in a spatially varying Doppler-shift. However, the 

relatively low spatial resolution of these systems, typically only a kilometre, averages the variations.

The observed surface current will also be dependent on the vertical shear of the current and the radar 

signal wavelength (Stewart and Joy, 1974). The kinematic properties of surface waves are dependent 

on both the magnitude and vorticity of the current over the depth to which the wave motion penetrates 

(see §1.3.2). Thus the observed surface current is actually the equivalent uniform current defined by 

Hedges & Lee (1992). This will correspond to the tme current magnitude at some depth below the free 

surface. For linear shear, the observed surface current is equivalent to the actual current at a depth of 

7.8% of the wavelength of the scattering surface wave (Stewart & Joy, 1974).

Despite the reservations expressed above, comparison with in situ current meter measurements have 

observed HP radar surface cunent measurements to be accurate to less than 0.1 m/s (Shay et al., 1998). 

The accuracy together with the large range of up to a few hundred square kilometres, makes HP radar 

current measurement a very useful tool. While the low spatial resolution is adequate for observing 

general features of the horizontal variation in the surface current strength (figure 1.5), it is not suitable 

for providing detailed measurements required to identify regions of strong horizontal shearing.
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Figure 1.5: Examples of surface current vectors measured with HP radar: a) tidal flow, b) 
wind induced flow, and c) Gulf Stream boundary (taken from Shen et al. (2000), figure 3).
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Satellite, or airborne, synthetic aperture radar (SAR) images have produced astonishingly detailed and 

intriguing ghmpses of the distribution of short surface waves over the ocean surface. Yet the ability 

to correctly interpret the images has lagged behind the ability to produce them. The actual mechanisms 

for producing SAR images are beyond the scope of this study and are not considered here, although 

details can be found elsewhere (Robinson, 1994). However, recovering useful information from such 

images relies on the correct understanding of two processes: the backscattering of the radar signal from 

a dynamic surface roughness, in this case short waves on the ocean surface; and how the oceanographic 

features of interest influence this surface roughness and can therefore be imaged.

Motion along the line of the radar beam can both degrade the image resolution and result in the 

scattering target being displaced from its tme location. The effect of motion perpendicular to the radar 

beam is less dramatic leading to a blurring of the image and an associated loss of resolution. The 

displacement of a ship from its wake is an obvious, and perhaps amusing, artefact of the imaging 

process. However, the displacement effect due to the propagation of the short scattering waves 

themselves, their advection by an underlying current or the motion of larger swell waves, is much 

harder to discern and interpret. Only by assuming that the motion of the scattering waves is slow 

enough such that the additional effects introduced by their motion can be considered as a small 

perturbation from the otherwise stationary state can an interpretation of the SAR images be achieved. 

The extent to which the violation of this assumption renders invalid any interpretation of the image is 

not clear (Robinson, 1994).

SAR images undoubtedly reveal variations in the distribution of the sea-surface roughness. On a 

surface otherwise undisturbed by waves or currents, the energy and frequency distribution of short 

waves is closely related to the mean wind speed. A uniform and steady wind would produce a uniform 

surface roughness and hence a uniform radar backscatter. The variation in the radar backscatter 

observed in the SAR images is an indication of the modulation of the short waves by other 

hydrodynamic processes. All the significant mechanisms influencing the radar backscatter must be 

modelled appropriately if the true physical phenomenon is to be inferred from the modulation. It is 

common to associate such modulations with the presence of long period swell waves. The undulating 

surface, the horizontal motion and the vertical motion of the swell all independently contribute to the
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modulation of the radar backscatter either by direct hydrodynamic modulation of the short waves 

(Longuet-Higgins & Stewart, 1960) or by influencing the way the radar responds to the surface 

roughness (Robinson, 1994). However, if the swell wave height is too high or low, the dominant 

wavelength too short, the wave propagating in the wrong direction, or if the wind speed is too low to 

roughen the surface then the swell wave may not appear on the image at all. Despite this sensitivity, 

measurements of wavelength and direction have been made in this manner. In addition to swell waves, 

other physical processes will also effect the characteristics o f the radar backscatter and these effects 

continue to be incorporated into the modelling of the radar backscatter. For example, the influence of 

current convergence and shear has been used to interpret radar images o f current fronts at the Rhine 

outflow (Vogelzang et a l ,  1997).

Synoptic meteorological charts have been used to provide information about the local mean wind 

conditions, direction and strength. Scoon & Robinson (2000) interpreted, in a qualitative sense, the 

variations from the expected mean wind backscatter as features influencing the surface wind stress, 

such as atmospheric boundary layer instabilities, or small-scale bathymetric-ciurent interactions. 

However they recognized that ephemeral wind effects can produce small-scale changes in the surface 

roughness which could be mistaken as evidence for dynamic ocean processes.

The undeniable advantage of remotely sensed data over more traditionally acquired field data is the 

two-dimensional synoptic nature of the measurements over a large area and at spatial resolutions which 

are appropriate for the validation of large-scale modelling. Resolutions down to 25m have been 

achieved recently (Scoon & Robinson, 2000). This contrasts with the sparse discrete measurements 

that the physical and economic constraints of traditional field studies impose. However, the remotely 

sensed data can only provide direct information about surface properties. Any information about the 

variation with depth must be inferred from the influence of the depth variation on the surface 

properties. Also the temporal resolution of remotely sensed data is generally low, one or two images 

per day. These criticisms are usually outweighed by the considerable wealth of information contained 

in a remotely sensed image. A more fundamental disadvantage is the ambiguous correlation between 

the remotely sensed images and accepted and understood oceanographic parameters. Methods for 

determining these parameters are still being developed and this will require the combination of 

traditional field studies with remote sensing observing systems to provide the true sea conditions with 

which to validate and verify model predictions (Mooers, 1999). In conclusion, field studies and
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remotely sensed data are not suited to the rigorous validation o f  models.

1.4.2 Laboratory studies

A major difficulty in undertaking physical studies of wave/current interaction for the purpose of model 

validation is the generation of a stable uniform current, as most large-scale flows are turbulent and not 

unidirectional (Peregrine, 1976). The models invariably ignore the presence of turbulence.

The study of Hughes & Stewart (1961) was a direct investigation of the energy balance equation 

derived by Longuet-Higgins & Stewart (1961) for a gravity wave propagating on a horizontally sheared 

current (equation [1.13]). Hughes & Stewart sought to investigate the significance of the new radiation 

stress term which accounted for the non-linear interaction between the wave and the sheared current. 

Their elegant solution to the turbulence problem was to use a novel small-scale experimental facility 

(figure 1.6) to create a stable cylindrical Couette shear flow across which cylindrical capillary-gravity 

waves, with frequencies of 6-lOHz, propagated. The Couette flow was created by rotating an annular
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Figure 1.6: The experimental facility for Hughes & Stewart’s (1961) study of wave 
transformation by a horizontally sheared current (taken from Hughes & Stewart (1961), figure 1).
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ring, concentric to but of slightly smaller diameter than the outer wall of the tank, using a series of 

water jets located between the ring and the outer wall that impinged on its surface. Capillary-gravity 

waves were generated by vertical oscillations of an immersed cone connected to a loudspeaker coil. 

The difficulty of incorporating wave absorption into the facility resulted in waves being generated in 

short pulses of iOs duration to prevent interference from a build up of reflected waves. The mean flow 

properties were established by streak photography of paper markers and showed velocities of 

approximately 0 .15m/s near the annular ring. Wave properties (amplitude and length) were established 

from the distortion of the reflection at the water surface of a fixed pattern of light sources and lines. 

Once viscous dissipation and radial dispersion were accounted for, the measurements supported the 

inclusion of the non-linear interaction term, the radiation stress, to correctly describe energy 

propagation on a sheared current. However, the measurements indicated the radiation stress had a 

greater effect than predicted. The disparity was subsequently shown to be due to surface tension 

effects which were not accounted for in the energy balance equation but would have been significant 

for the capillary-gravity waves used in the experiment (Longuet-Higgins & Stewart, 1964).

The transformation of gravity waves propagating collinearly against a free turbulent jet-like current 

flowing through a narrow inlet to a tidal bay was studied by Hales & Herbich (1972) in a three- 

dimensional wave basin at a relatively large scale (figure 1.7). M easurements of surface elevation and 

velocity at a single elevation, at eight locations along the axis of the inlet from the ocean region through 

the inlet to the bay region, were used to form functional relationships for the change in wave height and 

length as a function of current strength. Streak photography of the ebb flow highlighted a non-uniform.

I
II
II I L E G E N D

P L A N

SC A LE IN FEET

Figure 1.7: The experimental facility for Hales & Herbich's (1972) study of wave transformation 
by jet-like ebb-flows from a tidal inlet (taken from Hales & Herbich (1972), figure 1).
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Figure 1.8: Streak photograph indicating the structure of the ebb flow from a tidal inlet in
the absence of waves (taken from Hales & Herbich (1972), figure 7).

turbulent character as well as residual circulation within the ocean region (figure 1.8). The 

transform ation of waves propagating against this current can be clearly seen in the sequence of 

photographs in figure 1.9. Also clearly demonstrated is the effect of meanders and turbulent eddies 

in the current which produce the non-symmetric pattern of wave crests about the inlet axis (figure 

1.9(b)) and lead to the progressively short-crested behaviour as the relative strength of the current 

increases (figure 1.9(c)). An almost identical experiment was performed by Ismail & Wiegel (1983). 

However, the emphasis of that study was the increased spreading rates of the weak jet-like current 

((5 <0.1) in the presence of opposing collinear gravity waves.

The structure of a turbulent jet-like current emerging into a still basin, similar to an ebb-tide flow from 

a tidal inlet, was subject to a detailed investigation by Dracos et al. (1992). This indicated several 

stages in the development of the jet-like current. In the near-field, distances of less than two water 

depths from the jet mouth, the classic two-dimensional jet structure was observed. At distances 

between two and ten water depths, secondary currents developed. These helical flows, with axes 

parallel to the jet axis, promoted an increased mixing of entrained fluid and resulted in a non-uniform 

vertical profile of mean velocity. In the far-field, at distances greater than ten water depths, the current 

consisted of two rows of large-scale two-dimensional turbulent eddies, one on each side of the jet 

centre-line, with a meandering flow between them (figure 1.10). As the eddies were convected 

downstream, neighbouring pairs merged and increased in size. Despite the presence of these structures, 

the mean flow properties continued to exhibit the self-similar behaviour of a classic jet.
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(b)

%

(C)

Figure 1.9: Qualitative example of the transformation of a gravity wave normally incident upon a 
jet-like ebb flow from a tidal inlet. Waves are propagating from left to right towards the inlet 
mouth located centre right. Incident wave length decreases from upper to lower photograph (taken 
from Hales & Herbich (1972), figures 11-13).
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Figure 1.10: Time-lapse streak photography of a jet-like current emerging into a still basin. The 
merging of turbulent eddies (separately numbered in the first image) can be observed through the 
sequence. W ater depth is four times greater than inlet width (taken from Dracos et al. (1992), 
figure 12).
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1.5 Thesis objectives

In the most recent review of wave-current interaction, Thomas and Klopman (1997) identified the total 

absence of, and subsequently the need for, quantitative experimental studies o f three-dimensional 

wave-current interactions. Such experiments are necessary for two reasons - to produce data for the 

validation of existing theoretical models and also to provide an insight into the phenomena in order to 

direct future model developments.

One reason for the absence of any three-dimensional studies has been the lack o f suitable experimental 

facilities. However, with the construction of the UK Coastal Research Facility (UKCRF) this has 

changed. This novel large-scale wave basin incorporates a multi-directional wave generator and a 

refined current generation system making it an ideal facility for the study of three-dimensional wave- 

current interactions. Even with the benefit of such a facility, great care is required to design and carry 

out an experiment if any meaningful conclusions are to be drawn from the resulting data.

This thesis describes a unique experiment conducted in the UKCRF to investigate the transformation 

of near-linear deep water gravity waves propagating across a narrow horizontally sheared current, a 

jet-like current, in water of constant depth. The experiment is the first attempt to assess the kinematics 

and dynamics of the interaction of regular waves and currents in three dimensions. The unique data 

set provides direct quantitative measurements of the spatial variation of the primary flow variables, the 

velocity vector, u, and the surface elevation, 77. The data are used to validate the existing analytical 

models and to assess their suitability for prediction of wave transformation by narrow jet-like currents.

Theoretical models of wave transformation by horizontally sheared currents are presented in chapter 

2. Only those models most pertinent to the present problem are considered. As the experiment was 

designed to be performed specifically in the UKCRF, the experimental conditions and procedures were 

determined, to some extent, by the capabilities of the facility. Consequently, the layout and 

infrastructure of the UKCRF is described first (chapter 3) before considering the design of the 

experiment (chapter 4). The results of the experiments are presented in chapter 5. The performance 

of the theoretical models are presented and assessed in chapter 6 together with a discussion of the 

experimental results and suggestions for the developing the present experiment. Conclusions drawn 

from the study are presented in chapter 7.
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Chapter 2: Wave current interaction theory

This chapter presents the theoretical developments that are pertinent to the present problem of wave 

interaction with a jet-hke current. Attention is restricted to gravity waves (surface tension effects are 

not considered) interacting with pre-existing currents such as those that exist in oceans, coastal waters 

and rivers. Waves generated upon currents will not be considered.

The chapter begins by presenting the solution for a linear wave propagating on homogeneous, or 

spatially uniform, flows (§2.1). When the current properties are no longer homogeneous, but vary both 

in space and possibly time, i.t. U{x,z, t)  = U^ix , z , t ) , 0 )  approximate solutions to the wave

problem are obtained by adopting basic assumptions about the current variation. These generally fall 

into one o f two categories: current properties vary slowly and smoothly over the scale of many 

wavelengths; or current properties vary discontinuously. Solutions for the case of a slowly-varying 

inhomogeneity, where the velocity shear is considered very weak on the spatial and temporal scale of 

the wave, are presented in §2.2. However, such slowly-varying models fail at caustics, locations where 

the current strength is sufficient to cause total reflection of the wave. For the case of flows containing 

caustics, suitable forms of solution can be found whose asymptotic expansions remain valid both at 

and in the vicinity of a caustic. Solutions adopting the assumption of discontinuous current properties, 

where the velocity shear occurs over an infinitesimal distance, are presented in §2.3. The exception 

to this categorization is the moderate current approximation model of Thomas (2001) which makes no 

assumptions about the current shear length-scales. This is presented in §2.4.

The theoretical developments have been chronicled in the comprehensive review articles of Peregrine 

(1976), Jonsson (1990) and most recently Thomas & Klopman (1997). The reviews o f Peregrine 

(1976) and Jonsson (1990) pay particular attention to wave current interaction under the assumption 

of a slowly-varying current. A good discussion of the subject can also be found in Dingemans (1997).

2.1 Linear wave solution on homogeneous flow

This solution, first established by Stokes (1847), is the basis from which all subsequent developments 

are estabhshed. Consider a surface wave propagating away from a disturbance zone on a fluid of
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z  =  -d

Figure 2.1 : Coordinate system,

uniform depth d .  A coordinate system is chosen such that the A:-axis and y-axis lie on the undistiu'bed 

free surface where the z-axis, defined as positive upward, has its origin (see figure 2.1). For an inviscid 

irrotational flow the equation of motion is the Euler equation

dt p
[2.1]

where m=(m,v,w) is the velocity vector, p=/7(x,z,0 is pressure, g=(0,0,-g) is the gravitational acceleration 

vector, and p  is the fluid density. Assuming incompressibility, the velocity vector satisfies the 

continuity equation,

V.M = 0 [2.2]

A solution for the vertical displacement of the free surface for a linear, plane, purely progressive wave 

of amplitude a propagating on otherwise still inviscid fluid is

77Ü.0 = [2.3]

for which the velocity potential function, (p, can be written as

( p { x z j )  =  ^  C O S h [ k j z + d ) ]  - at)
k sinhW

[2.4]

and the dispersion relation is

= gktanhkd [2.5]

where A:=|A|, the magnitude of the wavenumber vector k, a  is the radian wave frequency, x is the 

position vector in the horizontal plane of the undisturbed free surface and the real part of equations 

[2.3] and [2.4] are taken. The solution is periodic in both space and time, with the variation described 

by the phase function d(x,t )  = k . x -  at.  The components of the wavenumber vector ai&k = (/,m,0) 

with I = kcos{a)  and m = A:sin(a) where the angle of wave incidence a  is measured relative to the
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positive x-3i\is, positive in a clockwise sense. Establishing this approximate solution requires the 

following conditions to be satisfied: the linearization of the free surface boundary condition requires 

both ak«l and a/d«l  to be satisfied, while the higher order terms can only be considered negligible if 

a / ( k V )  « I . Physically these conditions require the amplitude to be small compared to both the 

wavelength and the depth. These conditions are met in a wide variety of practical situations and the 

linear wave solution is commonly used. A derivation of this solution is presented in appendix 2A,

As discussed in the previous chapter, the case of a still fluid represents a special case to the more 

general problem of wave motion on a uniform flow of the form ( 0 ,̂1 1 2 ’̂ ) where f/j and U2  are 

constant. In a frame of reference moving with the uniform flow, the wave motion is identical to that 

in still water. Position vectors in the two frames of reference are simply related by x  ̂= x^+ U t ,  where 

x  ̂ is measured in the stationary frame and in the moving frame. Thus the phase function for wave 

motion on a still fluid, err), can be re-written as ik .x^-  k . U t  ~ err) or ik.x^ -  cot) to describe

wave motion on a uniform flow U  where <0 = cr+k.U-  The dispersion relation in the presence of a 

uniform current, usually referred to as the Doppler-shifted dispersion relation, becomes

er̂  = { ( O - k . U Ÿ  = gkidcc^kd [2.6]

where er is the relative or intrinsic wave frequency while co is the absolute wave frequency. In a 

uniform flow, the vector product, k . U, can be written as kUcos{a) where t/cos(a) is the magnitude of 

the current component acting in the wave propagation direction, a being the angle between the current 

direction and the wave propagation direction. For a following current, a  lies in the range 0< 7t/2 and

£/cos(a)>0, while, for an opposing current, a lies in the range 7i/2 <a^7t and f/cos(a)<0. Given the 

magnitude of the current component acting in the wave propagation direction, t/cos(a), and the wave 

frequency, co, the dispersion relation can be solved to determine the wavenumber magnitude, k. The 

solution to equation [2.6], presented graphically in figure 1.4, identifies two solutions (A & B), out of 

the possible four, that could have been generated on still water (solution E). Manipulation of equation 

[2.6] yields (Jonsson, 1990)

W tanh[W ] = p j ]

which can be solved numerically for the wavenumber, k, of a wave with period T on a current with 

strength t/cos(a) in the direction of the wave in a water depth d. Here k̂  = a^lg is the deep water 

wavelength in the absence of a current.
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2 .2  L in ear w ave solution on a s lo w ly -vary ing  inhom ogeneous f lo w

2.2.1 Slowly-varying flow

The variations of the current can be considered negligible at the scales of a wave period and wavelength 

if (Jonsson, 1990)

\ d U I d t \ « \ c j . U \  and | V. f / |  « [2 .8]

The problem can then be interpreted as one of a short wave propagating on a slowly-varying current. 

Locally the current can be considered to have a constant strength [/(%), and the results of the preceding 

section for linear plane purely progressive waves on a constant ciuient are thus valid. The slow 

variation of the current properties over large distances, or time, results in a slow variation in wave 

properties.

The changes in length and direction can be determined from kinematic considerations only. For linear 

plane purely progressive waves, a phase function 6{x, t )  = k . x - c o t  permits the wave frequency and 

wavenumber to be defined as

and k = V d  [2 .9]

Further differentiation of these expressions provides the first order consistency relations, conservation 

of waves and irrotationality of wavenumber vector, respectively

dk
—  + V<y = 0 and V x ^ = 0 [2.10]
dt

As both the wavenumber and wave frequency are slowly-varying functions of t), the dispersion 

relation, equation [2 .6], will have an explicit dependence on (jç, t) as well as k, such that 

( 0  = Q { k , x , t ) .  Evaluating Vwand substituting into the conservation of waves equation produces the 

expression

dk
— +(£ . Y)^=-VJ2 [2.11]
dt ^

where c^=dü/dk is the local absolute group velocity vector. Defining a wave ray as the path of a fluid 

element moving with the local absolute group velocity, dx/dt=Qg, then equation [2 .11] represents the 

rate o f change of the wavenumber k along a wave ray due to the non-homogeneity of the fluid 

expressed as -VÛ. For a known dispersion relation, co=Q{k^,t),  the solution of equation [2.11] along 

a wave ray for k provides a description of the variation in wavelength and direction, the wave 

refraction.
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Figure 2.2: Wave refraction across a slowly-varying shear layer (adapted from 
Jonsson (1990), figure 10).

If the current is a unidirectional shear layer (figure 2.2) particularly simple relations are obtained 

directly from the consistency relations, equation [2.10]. Taking the current to have the form 

U  = (f/(y),0,0), that is, uniform in both the vertical (z) and stream-wise (%) directions and varying only 

in the span-wise (y) direction, there is no variation of properties in the %-direction, and hence 

d m / d x  = 0 . Irrotationality of wavenumber then requires dl  Idy  to be zero also. This gives directly 

that /, the wavenumber in the x-di recti on, is constant and hence that

A j/co sa , = A^/cosa^ [2.12]

where A,; and a  ,,are the wavelength and wave direction at some location n. This is simply an 

expression of Snel’s Law. Then, if the wavelength Aj, direction a j ,  and current strength f/j are known 

at one location, and the current strength U2 is known at a second location then the wavelength A2  and 

wave direction « 2  at the second location can be established using equation [2.7] and Snel’s Law, 

equation [2.12], respectively.

The change in wave amplitude can be established through one of three techniques (Peregrine, 1976): 

direct integration over depth of the equations of motion and averaging over a wavelength; averaged 

Lagrangian; and the WKBJ approximation method whereby an assumed form of solution, expressed 

in terms of a perturbation expansion, is substituted into the equations of motion. The first technique 

recovers the wave energy balance equation of Longuet-Higgins & Stewart (1961)

E + (V .Q )E  + S,
dxj dx.

=  0 [2.13]
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where E is the wave energy (E=V2pga^) and 5"̂ is the radiation stress which describes the rate o f energy 

transfer between the waves and the sheared current. However, for a non-zero radiation stress term, 

wave energy is not conserved along a wave ray. The second technique establishes the wave action 

equation of Bretherton & Garrett (1968),

E/a + (V.Q^)Ela = 0 [2.14]

Wave action, defined as Elo, the ratio of wave energy E to the relative frequency a, is conserved along 

a wave ray, the temporal variation in wave action being balanced by the spatial variation in wave action 

flux. These two equations are identically equivalent. For the case of the simple shear layer under 

steady conditions, such as that shown in figure 2.2, both these equations reveal the variation in wave 

amplitude between two locations along a wave ray to be given by

a }  1+G , sin 2a,
[2,15]

'-I l+G g sin2(%2

for water of arbitrary depth d  where = 2k^d/sinh[2k^d] (Jonsson, 1990).

With the WKBJ approximation method, solutions to the equations of motion are sought in the form

A(y,z,/3) [2.16]

The essence of the WKBJ method is to assume the amplitude function, A(y,z,P), varies slowly in time 

and space, at the scale of the slowly-varying medium, while the phase function, 6 {y), varies rapidly at 

the scale o f a wavelength. Consequently, p  is assumed to be a large quantity and the amplitude 

function is assumed to have the asymptotic expansion,

A{y,z ,p)  = Ao(y) + ^  [2.17]
;■'! { iPy

valid for large /?. At leading order, 0(y,z) is a solution to the local eigenfunction problem representing 

the depth variation while the phase function 6 {y) satisfies the relation

[2.18]

where differentiation is denoted by the subscript. This last equation is usually referred to as the eikonal 

equation. The amplitude Aq is found to satisfy the relation

2 rAqS - —dz = constant [2.19]

For the case where the current is depth independent, cris also depth independent and equation [2.19] 

shows AQ^dy to be constant. This is equivalent to the conservation of wave action flux.
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Figure 2.3: Wave ray behaviour on a jet-like current. Upper image - total reflection at caustic 
line. Lower image - partial reflection at a near-caustic line (adapted from Peregrine (1976), figure 
9).

There are limits to the current strength for which these slowly-varying solutions can exist. In the case 

of a wave incident upon a following current, where a ,  lies in the interval (0,;r/2), solutions exist for 

« 2  for all 3= Ulc outside the range

[ l - ( c o s a j ) ''" ] /c o s a ,  < 3  < [l+ (cosa,)'^^]/cosocj [2.20]

(Evans, 1975). In the limit

-  [l - ( c o s a ,) '^ ] / c o s a ,  [2.21]

the wave rays become tangential asymptotes to the current direction, « 2  ^ 0 (Longuet-Higgins & 

Stewart, 1961). As the current strength approaches this limit, partial reflection of the incident wave 

occurs, culminating in total reflection in the limit. The wave ray behaviour in these situations is 

indicated in figure 2.3. The location of the limit is referred to as a caustic line or, in the theory of 

WKBJ approximations, as a turning point. Physically, for 3  less than the limit o f equation [2.21] the 

frequency and phase of the incident wave is matched on the current by the frequency and phase of a 

longer wave propagating in the current direction. At and above the limit, such a match is not possible 

and the wave is totally reflected. At a caustic the solution for the wave amplitude is singular, both 

equations [2.15] and [2.19] indicate that wave amplitude tends to infinity as (%2 , and hence 6^, tends 

to zero. Also in the near-caustic situation the presence of a reflected wave invalidates the assumption 

of a locally plane linear wave with a unique phase function. Consequently, in the vicinity of a caustic 

the slowly-varying approximations fail and a more elaborate model is necessary. If the current strength 

increases above the limit [l + (cosaj)'^“] / c o s a , , propagating waves can again exist on the current.
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Figure 2.4: Coordinate system and current profile for slowly-varying jet-like current

However, such a wave propagates upstream, against the current, while its energy is swept downstream, 

solution D in figure 1.4. For the case of an opposing current, a ,  in the range (7r/2,;r), the wave rays 

become normal asymptotes to the current direction ( « 2  -  nIT) in the limit U ^

2.2.2 Slowly-varying flows involving caustics

Although the WKBJ approximation fails at a caustic, choosing an alternative form for the proposed 

solution yields WKBJ-type asymptotic solutions that remain valid at a caustic or a near-caustic. 

McKee has developed such asymptotic solutions for shearing flows with a single caustic (McKee, 

1974) and for jet-like flows containing caustic pairs (McKee, 1975), or a near-caustic (McKee, 1977).

These models start with the same assumptions. The current is taken to be unidirectional in the jc- 

direction but with variations allowed in both the transverse (y) and vertical (z) directions, 

Ll = ((7(y,z),0 ,0) (figure 2.4). Wave-like perturbations to the current, with a frequency a> and x- 

wavenumber /, are considered to be proportional to , While McKee (1974) originally

formulated the problem for a variable depth and a stratified fluid, where density varies in the vertical 

direction, both density and depth are assumed to be constant in this presentation. The linearized 

equation of motion, the Laplace equation, is written in terms of the perturbation pressure p,

-  r-p/a~  = 0  [2.22]

This must be satisfied throughout the fluid together with the boundary conditions
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P ^ - { c F^ l g ) p  = 0  a t z = 0
[2.23]

= 0 z = - d

Here (%();,z) = co-1U{y,z)  and the subscripts denote differentiation with respect to the subscripted 

parameter. Only when the current is depth independent does a  represent the Doppler-shifted dispersion 

relation.

The relative importance of the terms in equations [2.22] and [2.23] can be determined by rewriting 

them in a non-dimensional form. Scaling the variables according to the following scheme

( z , d )  = g lco^(z*,d*)  ( x , y )  = L ( x * , y * )

U = glcoU^ l = c o V g r  [2.24]

a =  (o a* p  = pga p

where the non-dimensional variables are indicated by *, equations [2.22] and [2.23] become

[Pyl(r^]y + -  P^l^p!(J^=Q [2.25]

with

p  ~(7 ^ p =0  a t z = 0
[2.26]

p  ̂ = 0  at z = '«

where P  -  Câ L  I g is proportional to the ratio of current width length-scale L to the deep water 

wavelength and the * has been dropped. Where the various models differ is in the form of the 

asymptotic solution sought for the perturbation pressure.

For the case of a shear layer containing a single caustic, the solution in the vicinity of the caustic is 

found to be in terms of the Airy functions. McKee (1974) sought solutions for the perturbation 

pressure in the form

p(y ,z ,P)  = e(z- ,y){Fly ,z ,p)  C [ - p ^ 4 ( y ) ]  + ip-'<^G(y,z,P) [2.27]

The slowly-varying amplitude functions F and G are assumed to have the asymptotic expansion for

large /?,

F(y,z.p)  » F^^y) * and G{y,z ,P)  = G^iy) + [2.28]

and C[X\ is one of the Airy functions, either Ai[X] or Bi[X], or a linear combination of them, and the 

dash indicates the derivative with respect to the argument. The function 0(z; y) represents the local 

vertical variation given by the solution of the local eigenfunction problem
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l o
0 ^  -  —̂ 9 ^ -  P 9  = 0 [2.29]

with the boundary conditions

9 - a ^ 9  = 0  a t z = 0
[2.30]

0 = 0  dii z = - d

While essentially a function of z, a parametric dependence on y  is introduced by the wavenumber k. 

It is assumed that the current strength increases monotonically in the positive y-direction such that a 

caustic is located at y=0, with for y<0 and iP" <1^ for y>0. Then, substituting equation [2.27] 

into the governing equation, equation [2.25], and considering terms at leading order in p,  a solution for 

the perturbation pressure can be shown to be

p{y,z ,P)  = ------------- 9{ z \y )  Ai[-/?^^^(y)] [2.31]

where

0
[2.32]

y
2/3{-f(>>)}“  = >>0

0

and

\  02
ip{y,z) = — dz [2.33]

i

and Y is a constant. In the region y<0, the asymptotic form of the Airy function at large argument 

consists of an incident and a reflected propagating wave of identical amplitude but a phase difference 

of ;z/2, indicating total reflection at the caustic. Beyond the caustic, where y>0, the asymptotic form 

indicates a rapid exponential decay in amplitude.

With a jet-like current, a second caustic exists beyond the position of maximum current strength and 

the condition that everywhere beyond the caustic no longer holds. The condition is only 

satisfied between the two caustics. In this case a solution can be found in terms of the parabolic 

cylinder function W[y,(]. Such functions are solutions to the equation

W"[Y,C] + W[y,Ç] = 0 [2.34]

where the dash indicates differentiation with respect to the second argument of W[Y»C]- For the case

when two caustics exist on the current, McKee (1975) sought a solution of the form
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p{y , z ,P )  = 0 { z \ y )  [F{y,z ,P) W[pa^,p^'^p{y)] +
, [2.35]

ip'^''^G{y,z,P) W  [Pa^,p^'^p(y) ] }

where 0,  F  and G are as before. Considering a wave incident from y=-°o , McKee showed that, at 

leading order, a solution for the perturbation pressure was

p(.y,z,fi) = [y .  W(/?a^/0‘'V ) + Y.

where ^ is  given by equation [2.33], p  satisfies the relation

[2.36]

P y { - ^ p ^ - a ^ ) = k \ y ) - l ^  [2.37]

with the parameter a related to the spacing of the caustics, located at \y\=b, through

= — f  { l^ - k ^ f '^ d y  [2.38]
^  -b

While the two parabolic functions in equation [2.36] are linearly independent solutions to equation 

[2.34], the requirement that only transmitted waves, propagating in the positive y-direction, are present 

beyond the second caustic relates the constants y+ and y . through

y ,  = i K y _  [2.39]

with K = (1 +

The asymptotic behaviour of the parabolic cylinder functions in equation [2.36] at large argument 

yields a reflection coefficient

R = = [l + [2.40]
l + K ^  '■ ^

This decreases from unity when the caustic pair is widely spaced to a value 1/V2 in the limit of a 

coincident caustic pair. For slightly weaker currents, no caustics occur in the flow and the WKBJ 

solution, predicting zero reflection, is valid. Peregrine (1976) considered it unlikely that the reflection 

coefficient would exhibit such a discontinuous change as caustics appeared in the flow, arguing that 

where the maximum current strength is slightly lower than that at which a caustic occurs, a near-caustic 

situation, the reflection coefficient should vary smoothly between that of the WKBJ solution and that 

of the parabolic cylinder function solution.

The situation where the maximum current strength is either slightly greater than or slightly lower than 

that at which a caustic occurs, produces either two closely spaced caustics in the former case, or a near

caustic in the latter case (Peregrine, 1976). At the location of maximum current strength, the
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magnitude of the total wavenumber, k, has an absolute minimum value, k .̂ Then -f" can be written 

as {1̂  - k^)  + {k(^ - f'), where the first term is always positive while the second term can take either 

sign, being negative for two closely spaced caustics and positive in the case of a near-caustic. 

Assuming \kQ̂  - /  ̂ | to be small, of the order McKee (1977) proposed a solution of the form

piy , z ,P )  = 0(z ',y){F(y,z ,P) W[a,p^'^p(y)\ + P~^''^G{y,z,P) W[a,p^'^p(y)\  } [2.41]

where

F{y,z,P)  = Fo(y) + and G{y,z,P)  = G^iy) + [2.42]
;"1 P ~ !  7-1 p ~ !

and a and p  are assumed to be expansions of the form

« = and p{y) - Ÿ p J . y ) P ' " '  [2.43]
m=0 m-0

At leading order the solution for the perturbation pressure is

P(y,z ,p)  = 9 ( z ’,y) F^iy) W[a^, P^'^p^iy)] [2.44]

where Pq satisfies

\p o P o y  = k \ y ) - k o  [2.45]

and

= [2.46]

The leading order amphtude Fq is found to satisfy the relation

fI  pQ y ip = constant [2.47]

where again ^ is  given by equation [2.33].

The asymptotic behaviour of the parabolic cyhnder functions at large argument recovered a reflection 

coefficient

F = (1 + [2.48]

which is similar in form to the caustic pair expression, equation [2.40] but varies smoothly through the

value 1/72 as k^̂  - P,  and hence changes sign.

However, Smith (1983) suggests that McKee’s (1977) near-caustic model does not approach the 

WKBJ solution or the single caustic solution in the appropriate limits. The assumption that \k^ -  Ẑ | 

is small restricts attention to the case of a near-colhnear wave and current and this assumption fails 

before the WKBJ conditions are met. Smith proposed an extension of the real caustic pair model
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(McKee, 1975) to include the near-caustic case. For the reflection coefficient to decrease smoothly 

through the value 1/72, the parameter defined in equation [2.38], is required to become negative 

as the caustic pair disappears from the flow. Taking y=±b^ to be imaginary locations where p=±2a,  

such that Â: (̂y) -  / ̂  = 0 , the integral expression for was re-written as

b:li
-1

= —  f  ( P - k i i s f y ^ d s  [2.49]
-i,ii

where the change of variable y=is is used.

2.2.3 Mild shear approximation

The methods used in the mild-slope approximation have been applied to the problem of wave 

propagation across a slowly-varying current by McKee (1987) to produce the mild shear equation. The 

current is assumed to be weak ((5<1), to be unidirectional with no variation in the current direction. It 

also assumed to possess arbitrary horizontal and vertical shear (see figure 2.4). In this sense, the mild 

shear approximation is more general than the mild-slope approximation which assumes irrotational 

wave motion and thus restricts attention to currents with only certain limited forms of vertical structure. 

However, in the treatment of depth variation, the mild shear approximation is more restrictive than the 

mild-slope approximation as it assumes that any variation in water depth occurs solely in the plane 

perpendicular to that in the current direction. This restriction simplifies the problem to one in two- 

dimensions in the vertical plane. Here the depth is assumed to be constant.

The non-dimensional governing equation [2.25], and boundary conditions, equations [2.26], for the 

perturbation pressure in the case of constant depth are used as the starting point. The function & (z;y) 

is introduced which satisfies the local eigenfunction problem defined by equations [2.29] and [2.30]. 

Multiplication of equation [2.25] by 0  (z;y) and integrating over depth yields

0 0

j  0 [Py /a^]ydz  + J  0 p / a ^ d z  = O [2.50]
-d -d

Following the practice of the mild-slope approximation, solutions for the perturbation pressure are 

sought in the form p  ~ t]iy)0{z\y), where piy) is the free surface elevation. This form of solution 

neglects the influence of the evanescent solutions of the local eigenvalue problem, essentially requiring 

A^>0 everywhere in the flow. Substituting for p  in equation [2.50], integrating by parts and making 

use of the boundary conditions yields

64



\^'ny]y^ ^ [ ^ y i  <̂ ' ]̂ydz [2 .51]
~d

where i//(y) is given in equation [2.33]. Recall that the function varies on the slowly-varying scale 

of the current while 77 varies on the rapidly-varying scale o f a wavelength. Then, for large p,  the y- 

deiivatives of 77 are of order p  while those of 0  are of order one and consequently, the right hand side 

of equation [2.51] can be neglected as it is an order term compared to the terms retained. This 

recovers the “mild-shear equation” of McKee (1987)

\^ V y ]y ^  P ^ { k \ y ) - l ^ ) i l / i ]  = 0  [2.52]

However, if the horizontal and vertical structure of the current is known, it is possible to evaluate the 

integral on the right hand side of equation [2.51] explicitly and it is no longer necessary to impose the 

restriction that P  is large. Analytical expressions for the integral in the case of a depth independent 

current in both finite depth and deep water are presented in appendix 2B.

The equations [2.51] and [2.52] are both linear second order ordinary differential equations. With a 

jet-like current, in the limit \y |-«), the magnitude of the current and its derivatives tend to zero, and k(y) 

tends to a constant value, k. In this limit, the solution to either o f equations [2.51] or [2.52] for a unit 

amplitude wave incident from y=-o° can be written as

^ i m y  + ^  Q - i m y  y ^ _oo
7 -  [2.53]

Te"^ y -00

where m^ = k ^ - P  and R and T, the complex reflection and transmission coefficients, satisfy the 

conservation of wave action flux, |Rp + | Tp = 1. On the current, the general solution of either equation 

[2.51] or [2.52] is the linear sum of two independent solutions, 77̂ and 772, namely

77=A77i(y) + Br]^{y) [2.54]

where A and B are arbitrary complex constants. This general solution incorporates both the kinematic 

and dynamic properties of the surface elevation. The independence of the solutions, 77̂ and 772, which 

must be established numerically using standard Runge-Kutta integration methods, is assured if  at some 

location within the range of integration the Wronskian of the two solutions, defined as 

W= Tj T̂j 2  -  772 771, is not equal to zero. A suitable choice of initial values for the surface elevation

and its first derivative in the integration will satisfy this condition. The unknown constants can then 

be established by matching the solution on the current with those in the limit |y|-°°, the matching 

conditions being that of continuity of surface elevation and slope. In practice, the current is considered
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to extend over the finite range -M<y<M, with the matching conditions applied at y=±M.  The value for 

M  must be large enough to ensure that the magnitude of the current and its first two derivatives are 

essentially zero.

Within the model limits, the reflection coefficient con^ares well with that predicted by the near-caustic 

model of Smith (1983).

2.3 Linear wave solution on a discontinuously-varying inhomogeneous flow 

The solutions of the previous section shared the common assumption that the conditions in equation 

[2.8] were satisfied and the problem was one of short waves propagating on a slowly-varying current. 

Solutions are also possible when the contrary assumption is made, that the inverse of these conditions 

is satisfied. Under this assumption the current varies rapidly at the spatial and temporal scale of the 

wave. The obvious hmit of these conditions is to assume that any shear layer within the current is 

infinitely narrow such that the current strength changes discontinuously. Thus, a current is assumed 

to consist of discrete regions with constant stream-wise magnitude separated by infinitely narrow shear 

layers.

If the flow is considered inviscid and incompressible, then the discontinuities can be modelled by 

vortex sheets. Furthermore, if the fluid motion on either side of the vortex sheet is irrotational then the 

solutions presented in §2.1 for the wave kinematics are valid in these regions. Irrotationahty is usually 

achieved by assuming the current to be depth independent. However, even when the current varies over 

depth, analytical solutions are still possible if the variation takes one o f a limited number of forms, 

namely a linear or trigonometrical or exponential variation with depth. It then remains to apply suitable 

matching conditions at the vortex sheet for the wave solutions on either side.

Vortex sheet methods have been used to establish wave propagation solutions on depth averaged 

currents for the deep water case (Evans, 1975; Smith, 1983), the finite depth case (Smith, 1983; 

McKee & Tesoriero, 1987) and the shallow water case (Peregrine, 1976; Mei & Lo, 1984 & 1986; 

Kirby, 1986). A solution for wave propagation on a depth-varying current in finite depth has been 

established by McKee (1986).
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y =

z = -d

y  = +L

Figure 2.5: Coordinate system and current profile for vortex sheet representation of 
a jet-like current.

2.3.1 Depth independent current

The formulation presented here follows that of Evans (1975) but developed for the case of finite depth, 

as studied by Smith (1983), and is independent of the number of vortex sheets involved in modelling 

the flow. A simple shear layer separating two current regions is modelled with a single vortex sheet 

(e.g. Evans, 1975), while a jet-like current is modelled with two parallel vortex sheets, a top-hat current 

(e.g. Smith, 1983). The coordinate system is chosen with the x-axis and y-axis on the undisturbed free 

surface with the z-axis defined as positive upwards. The current is considered to be unidirectional in 

the x-direction and uniform in both the x- and z-directions. Variation in the y-direction consists of 

distinct regions within which the current is uniform in the y-direction with a constant strength (/„ in

region n (figure 2.5). As the fluid is inviscid, incompressible and irrotational, a velocity potential can

be introduced

O (x ,y ,z ,0  = U^x + (p^{x,y,z,t) [2.55]

the first term on the right hand side representing the current and the second term perturbations to it. 

It is assumed the perturbation potential <f)̂  is that of a wave-like disturbance with a frequency o) and 

x-wavenumber I such that

<^(x,y,z,r) = ^ (y ,z )  [2.56]

This must satisfy the linearized equation of motion, the Laplace equation expressed in terms of the 

perturbation potential, throughout the fluid
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= 0
dz^

together with the usual linearized boundary conditions

[2 .57]

= 0
<T„ dz

at the undisturbed free surface, z=0, and

à ‘t>„

[2.58]

dz
=  0 [2.59]

at the bed, z=-d. Here = co-11)  ̂is the intrinsic wave frequency in region n. Recall that uniformity 

of the flow properties in the jc-direction, together with the wavenumber irrotationality condition results 

in a constant jc-wavenumber, /.

The complete eigenfunction expansion to the Laplace equation for the perturbation potential (equation 

[2.57]) in each region yields

J ( l x - c o t )
[2.60]

where the vertical variation of the propagating waves, ;jf„, and the evanescent waves, given by

k li/2

, 2 k d  + sinh2A d.
coshk(z+d) [2.61]

and

. 2 X d  + sm 2 X d .

1/2

cosk. (z+d) [2.62]

respectively, have been normahzed to satisfy the eigenfunction orthonormality conditions, namely

0

f x l ( z ) d z  = 1
- d

f  = 0 [2.63]
- d

- d

These expressions for the vertical variation functions correct a typographic error in those presented by 

Smith (1983). The last term in the perturbation potential represents an infinite sum of evanescent 

waves. Writing the perturbation potential in terms of the absolute value o f y, and including the factor
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{sgn};}, ensures the amplitude of these waves decays away from the vortex sheet. However, under this 

notation the interpretation of the two leading terms differs depending on the region being considered. 

In region 1, where y<0, the first term represents a wave propagating in the positive y-direction and the 

second term, one propagating in the negative y-direction. In region 2, where y>0, the first term now 

represents a wave propagating in the negative y-direction and the second term, one propagating in the 

positive y-direction. In equations [2.60]-[2.62], = {k^ -  and and the total

wavenumber of the propagating waves satisfies the dispersion relation equation [2.5], while the 

wavenumber of the evanescent waves satisfies the dispersion relation gX^XanX^. =

In the deep water limit, the discrete evanescent modes of equation [2.60] become continuous and the 

perturbation potential is (Evans, 1975)

QÎ(lX-Ù)t)

0

with the depth variations becoming

Zj^z) = [Ik^Y' ê''"" and =

where r„(i) =

1/2
[AcosAz +  ̂ sinAz]

[2.64]

[2.65]

The matching conditions to be applied at the vortex sheet separating neighbouring solutions and 

are the same as those applied at the free surface. Expressed in terms of the perturbation potential, 

continuity of pressure across the sheet becomes

[2.66]

while the kinematic condition requiring fluid elements initially in the vortex sheet to remain there 

becomes (Evans, 1975)

P .67]
o;,.! 3y

As with the free surface, in the presence of a wave-like perturbation, the location of the vortex sheet 

is strictly unknown as the fluid elements in the vortex sheet are displaced horizontally by the wave 

motion. Consequently, the matching conditions are linearized and applied at the undisturbed boundary 

between the regions.
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Taking the undisturbed vortex sheet to be located at y=0, the horizontal velocity of a particle in the 

sheet is given by

—  2 y.(z) = [2.68]
. oy J y=o /»!

The convolution over depth of this expression with the depth variation functions, j^(z) and ^ ( z ) ,  

establishes, after making use of the orthonormality properties of equation [2,63], the relations

0

[2.69]

= f  V l z ) f J , z ) d z [2.70]

Then, defining V{z) as V{z) = oVJ^z) , evaluating the matching condition for pressure, equation [2.66], 

and making use of equations [2.69] and [2.70], produces an integral equation for V(z)

2 0

where

-d

G(z,t) = É  n̂i 0n/(O

[2.71]

[2.72]
n“l /=!

Equation [2.71] can be further reduced to a pair (n=l,2) of linear integral equations of the first kind 

to be solved over -d<z<0 ,

0

d^(z) = jG{zd)u^{t )dt
~d

where dĵ z) = %̂ (z) and m„(z) is a normalized velocity defined by

[2.73]

[2.74]

The velocity potential amplitudes of the propagating wave modes, and are related by

{B ,̂B^) = T{A^,A^) [2.75]

wherer = + iS) with

0

0
[2.76]

and iS a scattering matrix whose elements are given by
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= jd f i )u f i )d t  [2.77]
-d

Once equation [2.73] is solved for u {̂t), the scattering matrix can be established from equation [2.77] 

and hence the velocity potential amplitudes for the propagating modes can be established.

Evans (1975) observed that there was little hope of inverting equation [2.73] explicitly and instead 

sought approximate solutions to this linear integral equation of the first kind. For such an integral 

equation, a suitable form of approximate solution is a linear combination of a finite number of known 

functions each of which satisfy the boundary conditions of the problem (Kom & Korn, 1968). The 

depth variation functions of the propagating and evanescent waves on either side of the vortex sheet 

meet this requirement. Thus, an approximate 2W-term solution can be formed from the sum of the 

depth variation functions for the propagating wave and the first Â -1 evanescent waves on either side 

of the vortex sheet,

2N

[2.78]

where

djiz) = OTjZjiz) , 7 = 1,2

4 / i W  = 1 , [2.79]

The constants can be determined by Galerkin’s weighted functions method, which results in a 

system of 2 by 2N linear equations that can be solved for The system of linear equations can be 

expressed in matrix notation as F=Q.E where the elements o f the 2 by IN  matrix F are given by 

0

fns = j  d j j ) d ( , z ) d z  [2.80]
-d

and those o f the 2N by 2N matrix E are given by

0 0

n̂s " f  f  G{z, t )dJj )d^{ t )dzdt  [2.81]
-d -d

Once the constants have been determined, substituting equation [2.78] into [2.77] gives the 

scattering matrix as

2N

K  = E v / -  [2.82]

or in matrix notation ^  = ( £ .  F ), or equivalently ^  = {F.E~^).E-  With 3. known the perturbation
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potential amplitudes and hence the reflection and transmission coefficients can be determined.

Both Evans (1975) and Smith (1983) sought a solution involving only the propagating waves (A^=l) 

while McKee & Tesoriero (1987) sought solutions involving the propagating waves and up to the first 

four evanescent waves (N=5) for the single vortex sheet problem.

Alternatively the elements of the transmission matrix T can be found be substituting trial functions for V(z) 

directly into equations [2.71] and [2.69] and solving (Smith, 1987).

2.3.2 Smith’s approximate model

Smith (1983) has presented a simpler approach for determining the magnitudes of the propagating 

wave modes. Rather than establish, and then seek solutions to, the integral equation [2.73], Smith 

argued that it was sufficient to require that wave action was conserved across a vortex sheet, together 

with the assumption that both the pressure and kinematic matching conditions at the vortex sheet were 

subject to the same vertical average. Only the propagating wave terms were retained in the solution 

for the perturbation potential, equation [2.60] or [2.64], the evanescent wave terms being ignored. 

Thus, the true value for y  can be used instead of its absolute value and the factor {sgn y} can be 

dropped. This produces a consistent physical interpretation of the terms: the term involving 

represents a wave propagating in the positive y-direction and that involving Aĵ , one propagating in the 

negative y-direction. For a single vortex sheet located at y=yy, substituting the perturbation potential 

into the matching conditions, equations [2.66] and [2.67], and applying the arbitrary vertical average 

produces the new matching conditions

y(A,e""'"^ + gie"'"^) = (A/"^"^ + g /":"^ )
[2.83]

where

(7i (%i(z)>

and ( %̂ (z) ) represents the arbitrary average of the vertical variation function.

The conservation of wave action, equation [2.14], holds in both an absolute frame of reference, in 

which case c^=U+c^j. is the absolute group velocity, or in a relative frame of reference, in which case

c=Cg^ is the relative group velocity (Dingemans, 1997; Andrews & MacIntyre, 1978). Also for steady
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flow conditions, conservation of wave action reduces to the condition of constant wave action flux. 

Thus, the wave action flux in the regions on either side of the vortex sheet must be equal. Taking the 

wave action flux to be positive for waves propagating in the positive ^/-direction conservation of wave 

action requires

- S i  [£ * -£ ,' ' ]  = -£:î [e / - £ / ]  [2.85]

where

2 k d  + sinh2k J6(7 m„c
c '’

" 6m„ 2/:„ [2 .86]sinh2^^J

is the ^-component of the relative group velocity and and are the energies associated with a 

wave propagating in the positive and negative y-direction respectively, in the finite depth region n. 

Now the surface displacement amplitude of a wave is related to the wave perturbation potential 

amplitude through the dynamic free surface boundary condition giving,

o y  (0)
[2.87]

and consequently the wave energy E^  ̂(=V2p g b ^ )  in finite depth water is given as

s i n h l k d
e B = [2.88]

2 k ̂ d + smh2 k^d

with a similar expression for e Ĵ . Thus the condition for conservation of wave action, equation [2.85], 

requires

m^(.B^-A^)  ̂ [2.89]

For the case of a wave propagating in the positive y-direction (such that A 2  can be taken as zero) and

incident upon a vortex sheet located aty=0, the matching conditions, equations [2.83], can be solved

for the amplitudes of the reflected and transmitted wave perturbation potential, Aj and B2  respectively,

in ratio to the incident wave perturbation potential amplitude, giving

Substitution into equation [2.89] shows that wave action is conserved if

= iZiiz))^ [2.91]

The same condition is recovered if the deep water limits of equations [2.86] and [2.88] are taken, as 

presented by Smith (1983). The condition implies that wave action is conserved if the arbitrary 

averages of the vertical variation on either side of the vortex sheet are identical. Smith (1983) took an
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unnecessarily restrictive interpretation of this condition, suggesting that although one form

of averaging that produces identical averages is the root mean square o f the vertical variation,

r 0 W /2

= I f z l i z ) d z ^  = 1 [2.92]

which evaluates to one through the orthonormality properties of

Defining the reflection and transmission coefficients as the ratio o f the surface displacement amplitude 

of the reflected and transmitted wave to that of the incident wave then

a , A , _ ( o r - 1 )

J  ̂  ̂ 2 a  X4P)
*1 a *  I %,(0)

where the ratio is

[2.93]

%2(0)
%i(0)

1/2

1/2 Ik^d + s\r^2 k^d cosh/:2<i

coshÂ:j<i

in deep water

[2.94]
in finite depth

For weak currents, | <5 | < 0.5, in deep water, the reflection and transmission coefficients of equation 

[2.93] are indistinguishable from those established by the Galerkin solution of the integral equation.

For the case of a jet-like current, two vortex sheets are required to model the current shear layers. 

These are taken to be located at y=±L such that between the vortex sheets (|y | <L) the mean velocity 

is non-zero, while outside the vortex sheets (|y  | >T) the mean velocity is taken to be zero (see figure 

2.5). Such a current is usually referred to as a top-hat current. Evaluating the matching conditions, 

equations [2.83], at each vortex sheet produces a set of four equations relating the perturbation 

potential amplitudes in each region. For a wave incident fi"om y=-oo and propagating in the positive 

y-direction (^2=0), the four equations can be solved for the amplitudes of the reflected and transmitted 

wave perturbation potential, and Bg respectively, and the amplitudes of the waves propagating on 

the current A 2  and 8 2 -, in ratio to the incident wave perturbation potential amplitude. For a unit 

amphtude incident wave (5^=1) the remaining potential amplitudes are found to be
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«3 = __________________________  [2 95]

^  _ - ( l - ^ ) [ e - ' ' ^ - e M e - ' " " ' ^  ^296]

A; = r ( l^ -g )  [2.97]

B; .  y ( l ^ + 4 e'(«r'^)'.g^ [2.98]

The depth dependency in these amplitudes is introduced through the parameter a. The surface 

elevation in each region is given by the real part of

'nSx,y,t) = +Z?^e"”''^]e'^ [2.99]

where the relation between the local surface displacement amplitudes, and b ,̂ and the potential

amplitudes, and is given by equation [2.87]. The variation in surface displacement amplitude

in each of the regions can be shown to be given by

l%l = K r  +

l%l = [-42̂ , + AI; + + b Î  + IB^^iA^^coslm^y + A .̂ sinlm^y) -

2^ 2, sin2^ 2); -  A2, cos 2^ 2);)]̂ ^̂

|t7j| = [ l  + ^2r + A .̂ + 2 A 2 ^cos2 m^y + 2A2,. sin2m^y]^^  ̂

where the subscripts r and i indicate the real and imaginary parts of the constants.

This simple model neglects any change of phase of the propagating waves at the vortex sheet. Also, 

as the evanescent waves are neglected, the solutions for the surface elevation are discontinuous at the 

vortex sheet. The effect of the evanescent waves is to smooth the transition between the discontinuous 

propagating wave properties. Their effect was approximated by Smith (1983) using an exponential 

smoothing away from the vortex sheets.

Although not directly relevant to the present study, it is worth noting in passing the similarities between 

the reflection and transmission coefficients determined by the approximate model o f Smith for a top- 

hat current in finite depth water, equations [2.96] and [2.95], and those determined by the vortex sheet 

model of Mei & Lo (1984; 1986) and Kirby (1986) for a top-hat current in shallow water. In shallow 

water, the steady current and the wave-like perturbations to it are considered to be depth independent.
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The governing equation in each region is then

a % O'-
2

gd
% = 0 [2.101]

6 /

which can be reduced to the one-dimensional Schrodinger equation for surface elevation by introducing 

the quantity ç=gd/o^ (Mei & Lo, 1984; Kirby, 1986). The matching conditions at the vortex sheet, 

which were correctly identified by Kirby (1986), are essentially depth-averaged equivalents of those 

used by both Evans and Smith. Continuity of pressure is replaced with continuity of surface elevation 

across the sheet while the kinematic condition, that a fluid particle remains in the vortex sheet, becomes

1 3î?„ 1
[2.102]

In the case of a top-hat current of width 2L with vortex sheets at locations y=±L, the transmission and 

reflection coefficients were given as

j  ^  ^ __________________________

These are identical to the expressions obtained by Smith’s approximate model for finite depth. The 

omission of the multiplicative factor e that appears in the numerators o f Smith’s expressions is 

a consequence of the adoption by Kirby of a separate y-origin in each still water region, each shifted 

to the location of the vortex sheet separating that still water region from the current. Smith’s arbitrary 

vertical averaging of the pressure and kinematic matching conditions in the approximate model is 

essentially producing the same conditions as those assumed by the shallow water approximation. The 

equivalence of the models was only recently noted by Thomas (2001).

2.3.3 Currents with vertical variation

When the current is depth dependent, analytical solutions are only possible if that depth dependency 

is of a linear, a trigonometric or an exponential form. The latter two forms also require the current to 

depend on the incident wave conditions (Peregrine, 1976). McKee (1986) considered the case of a 

wave incident upon a vortex sheet separating a region of still water (region 1) from a second region 

(region 2) in which the current was defined as f/=  (/t/(z),0 ,0) with an exponential vertical variation 

in the form
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U{z) = {Uq- c) çP̂  + c [2.105]

and Uq=U{0) is the surface current magnitude. Here is a real constant and the incident wave 

properties, I the jc-wavenumber and c the phase velocity, are assumed to be known. The governing 

equations were formulated in terms of the perturbation pressure, see equations [2.22], rather than 

perturbation potential, see equations [2.57]. The solution remains the same as equation [2.60] but with 

the potential replaced by the pressure. In region 1, still water, the vertical variation for the propagating 

waves and the evanescent waves are as before, equations [2.61] and [2.62]. However, in region 2, the 

vertically sheared current, they become

2r^^^[rcosh[r(z+^)] -  (5sinh[r(z + J )]] ê  ̂

[2 Td{r^ -  0^) + 2t(5(1 -co sh rJ ) + (t^+0^)  sinh2rj]^^^
[2.106]

and

^  (2) = 2(f) l̂ [̂(p̂ .cos[(p2i(z+d)] - ôsin[(p2i(z+d)]] e*   ̂  ̂ ^

[2(/)2id(4>l + ô ^ ) - 2 ( p 2 i â i l - c o s 2 ( p 2 i d )  + ( (p 2 i - à^ )s m 2 (p 2 i dY ^

where T̂  = k'  ̂+ (5̂ and = + 0^. The effect of the vertical shear upon the matching conditions,

to be satisfied at the vortex sheet, is to introduce an exponential factor in the kinematic matching 

condition. The pressure and kinematic matching conditions become

P\ = P2

1 Q-2 ÔZ dp^ at y = 0 [2.108]

Following the procedure outlined in §2.3.1, the matching conditions are ultimately reduced to a pair 

of integral equations which must be solved to recover the reflection and transmission coefficients. 

Approximate solutions to the integral equations are sought using Galerkin’s weighted functions 

method, as described in §2.3.1, where the appropriate form of the two-term approximation is

«„fe) = E  [2.109]
=̂1 Qxz)

where

= = [2.110]
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2.4 Linear wave solution on an arbitrarily-varying inhomogeneous flow 

The only work to date to consider the case of wave interaction with a current possessing arbitrarily 

wide horizontal shear is that of Thomas (2001). The model has been developed for linear or near-hnear 

waves under the moderate current approximation. This requires that the wave slope be small, e = a k  

« 1, that the characteristic current magnitude, Û, be small compared to the wave phase velocity, Ô = Ûlc 

« 1 and that the two parameters satisfy the condition that e «  0 « \ .  No constraint is placed on the scale 

of the horizontal variation of the current nor on the nature o f the vertical variation in the formulation 

of the model. However, the recovered transmission coefficient is dependent on the total mass flux of 

the current and requiring the transmission coefficient to be physically meaningful, imposes a limitation 

on the current magnitude and horizontal extent.

The model is formulated for the interaction between a jet-like current and waves in the shallow water, 

finite depth and deep water regimes. For each regime solutions to the governing equations were 

obtained for the local wave kinematics in terms of the Fourier transform of the arbitrary current profile 

U(y,z). Expressions for the reflection and transmission coefficients are obtained from consideration 

of the far-field asymptotic behaviour. The difficulty of establishing analytical forms of the Fourier 

transform, and its subsequent inversion, Umits the forms of the current profile for which analytical 

solutions, expressed directly in terms of the current profile U(y,z), are possible. However, numerical 

evaluation of the solution is possible for arbitrary profiles.

The formulation presented here is that for finite depth. As in previous sections a coordinate system 

is chosen such that the x- and y-axis lie on the undisturbed free surface where the z-axis, defined as 

positive upward, has its origin. The current is assumed to be jet-like and of the form U.=(U(y,z), 0,0), 

that is flowing in the positive x-direction but varying in both the span-wise and vertical directions (see 

figure 2.4). The bed is taken to be horizontal and located at z=-d. Regular waves of frequency co and 

wavenumber vector k={l,m,0 ) are generated on still water and meet the current at an arbitrary angle a. 

It is assumed that caustics are not formed in the flow.

For an in viscid, incompressible fluid of constant density and negligible surface tension, the governing 

equations of motion are the Euler equation (equation [2.1]) and the continuity equation (equation [2.2]) 

together with the usual boundary conditions at the bed and the free-surface. Solutions for the velocity, 

pressure and surface elevation are sought in terms of a perturbation expansion in the two parameters
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e  and â  of the form

U  =  ô u ^  +  6 ^ ( m , q +  . . . )  +  . . . )  +  . . .

p  = - p g z  + (^^02 + % ]  + g(Pio+ •••) + -  [2.111]

77 =  J ^ 7 7 o 2  +  ^ ^ 0 1  +  ^ ( ^ 1 0 +  ^ ^ 1 1 +  • • • )  +  ^ ( ^ 2 0 +  ^ ^ 2 1 +  ” • )  +  -  

The wave phase speed is also expanded in a similar manner,

c — + Cqq + £t(C]q+ <5cj j +. . . ) + ... [2.112]

Substituting these expansions into the equations of motion and boundary conditions and grouping

terms of similar order results in a hierarchy of equations governing the motion at each order. At order

Ô the motion is that of the current alone. The order e equations govern the wave alone, or incident

wave, motion. The primary interaction between the wave and the current, that is the transmitted and

reflected wave, is governed by the order eô  equations.

For the wave alone motion, the solution to the governing equations at order e  for the surface elevation 

and pressure correspond to the usual linear Stokes’ theory,

t/jq = k~^cos(lx + my -  cot)

P.113]

C(J) = gk~^ tanh W

This represents a physical wave propagating in the positive y-direction with amplitude a. For the 

primary interaction between wave and current, the Euler equation and the continuity equation at order 

eô  are respectively

 ̂ [2,114]

[2.115]

In the Euler equation the temporal derivative, d/dt has been replaced by where 0  = I x -  cot is

the phase function. Applying the operator V to the Euler equation at this order yields

[ ( f / g. V ) + (M]o 5 )1 /^ ] [2.116]

after making use of the continuity equation. The form of the solutions for interaction quantities 

and 77̂ 2 are assumed to be
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/7jj(x,y,z,r) = F (y ,z )e '‘" and ri^^{x,y,t) = N { y ) è ^  [2.117]

where the real parts are to be taken. The constant factor to the amplitude function P{y,z) has been 

chosen to simplify the following equations, and consequently P{y,z) has dimensions of velocity. 

Introducing the proposed solution for and the order e  solutions, given in equation [2.113], into 

equation [2.116] yields

dy^ dz^

im cosh[/:(z+J)] sinh[/:(z+J)] , i m y
[2.118]k cosh kd dy cosh kd dz 

to be solved for Piy,z). At order eô, the bed boundary condition can be written as

- ^ = 0  at z = -^  [2.119]

while the dynamic and kinematic free surface boundary conditions yield

M(y) = at Z = 0 [2.120]
A C C q o

-  AtanhM P  = -llU^idirhkd e'"*̂  at z = 0 [2.121]

respectively. In the above, the wavenumber magnitudes, k, I and m, are constants taking the values for 

the incident wave on still water. Any variation in the pressure due to the presence of the current Uq, 

is contained in amplitude function P(y,z). Solving equation [2.118] for P(y,z) subject to the bed 

boundary condition, the kinematic free surface boundary condition and the application of a radiation 

condition to ensure that the transmitted and reflected waves propagate away from the interaction zone 

yields

P(y ,z )  = [A*e™^ + /l-e-"">']C(fcz) + - ^ j L ^ ( a , z ) e - “‘’'d a  [2.122]

The details of the solution are presented in appendix 2C. Here, and A'  are complex constants, 

C{k,z) =cosh[k(z+d)] andLg(a,z) is defined in equation [2C.16]. Given this solution for P(y,z), the 

surface elevation perturbation, is obtained directly from the dynamic free surface boundary 

condition. However, evaluating the integral term in the solution for P(y,z) is not straightforward. The 

function L^a,z)  itself depends on several integrals involving the Fourier transform of the function 

V{y,z) = f/Q(y,z)e""^. The analytical evaluation of these integrals is only possible if the current profile 

belongs to a small number of profiles with particular forms. For an arbitrary current profile it will be 

necessary to resort to a numerical evaluation.
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Fortunately, regardless of whether analytical or numerical solutions are being sought, the integrals can 

be simplified if it is assumed that the horizontal and vertical variation of the current profile are 

separable - that the profile can be expressed in the form

% (y,z) = U J { y ) Z { z )  [2.123]

for some constant such that the functions Y{y) and Z(z) are of order one. The simplest situation is 

to assume Z(z) = 1, in other words that current has no depth variation. Then the function L^a,z)  

evaluated at the free surface, z=0 , becomes

m T(k)L J a , 0 )  = 21 V J a ) [2.124]k i a - m )  P T { P ) - k T { k )  

w h e r e = a^+l^ and the notation T(J3) = tanh [fid] has been used, and the pressure, equation [2.122], 

evaluated at the free surface becomes

P (y ,0 ) = \A * e‘"̂ y + A-e-^'^y]C(k,0) + —  e' '“^ -
kTTJ ( a - m )

n  J  p n p ) - m k )

[2.125]

where V^a)  is the Fourier transform of V{y) = f/o(y)e"”̂ . This expression is valid for all y. It then 

remains to establish the complex constants A"*" and A' and evaluate the integrals. However, only the 

first integral can be readily evaluated for an arbitrary U^iy) and y. Although such an evaluation is not 

possible for the second integral, approximations can be made in the far-field limit of large \y\. The 

details of this approximation and evaluation o f the integrals, together with establishing the constants 

A"*" and A', are presented in appendix 2C. The solution for the surface pressure, at large \y\, is there 

shown to be

mQikd)
- i m y  _({sgny} -1 )  j  U^iy) Q̂ '̂̂ y dy  e"'"

[2.126]
i lk

mQikd)

where Q(kd)  = 1 + (2 k d / s m h lk d ) .

({sgny} +1) j* UQiy)dy^'^y

The surface elevation is obtained by substituting either of equations [2.125] or [2.126] into the 

dynamic free surface boundary condition (equation [2.120]) and taking the real part. Using the far field 

solution recovers the reflection and transmission coefficients. Considering just the linear wave (order 

e) contributions, the surface elevation behaviour in the far-field, for an incident wave with amplitude
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a, can be written as

,  = < 5 ,.. .  ô^nn . . ) » (  ^

where R̂  and T̂  are the physical reflection and transmission coefficients. The physical coefficients 

are themselves subject to a perturbation expansion in terms of the current strength parameter

/?! -  <5T?jj+ Ô̂ R. 2̂ '̂
[2.128]

The terms R ^̂  and represent the coefficients associated with the primary interaction between the 

wave and the current. In the absence of a current, when <5=0, this yields zero reflection. Substituting 

the expansions into equation [2.127] and equating terms at order ô  yields

y 00
[2.129]

y  -* - 0 0

where the coefficients Tj j and R̂  j must be order one quantities. From the far-field solution for t/j 

the reflection and transmission coefficients at order £r<5are given immediately as

*'7ii

« 1 , =
- 2  i lk

and

Tn =

m c ^  Q(kd)

- 2 i lk  
mcQQ Qikd)

1 -  ^  Q{kd)

f  ^ o i y ) d y

[2.130]

[2.131]

The transmission coefficient is clearly proportional to the mass flux of the current (the integral term). 

Thus, the requirement that is an order one quantity imposes a limit on the strength and horizontal 

extent of the current for which the MCA is appropriate.
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Appendix 2A: Linear wave motion on still water

Consider a surface wave propagating away from a disturbance zone on otherwise still water of depth 

d. The chosen coordinate system has the x-axis and y-axis lying on the undisturbed free siuface with 

the z-axis defined as positive upwards (see figure 2.1). Such motion on an ideal (inviscid) liquid was 

considered by Stokes (1847) for a purely gravitational restoring force. It is this same problem that is 

considered here. As for any hydrodynamic problem, the theory of surface waves begins with 

application of Newton's second law of motion to bulk liquid. This results in the Navier-Stokes 

equation, or momentum equation, which for laminar flow in an incompressible fluid is

du
+(m.V)m

. ot
= -Yp + + /?  ̂ [2A.1]

where n is the velocity vector (w,v,w), g the gravitational acceleration vector (0,0,-g), /x is dynamic 

viscosity, p is density and p  is pressure. This must be solved together with the continuity equation for 

an incompressible fluid,

V.M = 0 [2A.2]

The Navier-Stokes equation is non-linear because of the quadratic term (M.V)M. However, under the 

assumption that the fluid motions are everywhere infinitesimally small, the non-linear term may be 

neglected with respect to the unsteady term duldi and perhaps more importantly the term (Lamb, 

1932). The linearized Navier-Stokes equation is then,

= -Vp + + pg  [2A.3]
at

Attention is restricted to an inviscid fluid (fi=0) on which the wave motion is a perturbation to the state 

of rest. As in a state of rest the vorticity is zero, the velocity field of the perturbed state can reasonably 

be assumed to contain no vorticity, that is the flow is irrotational. Thus the velocity field can be written 

as the gradient, -V<p, of a single valued potential function (p, and the linearized Navier-Stokes equation 

can be reduced to

^  -  gz = fit)  [2A.4]
ot p

where j{t) is an arbitrary function resulting from the integration to remove the operator V, and the 

continuity equation (equation [2A.2]) reduces to Laplace’s equation

V V  = 0 [2A.5]

Taking normal and tangential stresses at the free surface, defined as z=7j(x,y,t), to be zero, evaluating
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equation [2A.4] at the free surface then yields the linearized dynamic free surface boundary condition 

-  8 7J = 0 [2A.6]
dt

provided that the velocity potential can be re-defined to include the arbitrary function J{t) and the 

constantp j p .  With the free surface defined as z=f]{x,y,t), the variation o f z  with respect to time is

dz
dt

Bt]  ̂ ^  dx  ̂ dr] dy

ẐTJ dt dx dt dy dt [2A.7]

Under the assumption of infinitesimally small motion, the last two terms on the right hand side are 

products of infinitesimally small quantities and can be neglected in a linear analysis. Equation [2A.7] 

reduces to the linearized kinematic free surface boundary condition

dz Z‘ TJ

=  ^  
dt [2A.8]

after introducing the velocity potential representation of the velocity w  = dzJdt. The dynamic and 

kinematic free surface boundary conditions can be combined and evaluated at the undisturbed free 

surface z=0, again under the assumption of infinitesimally small motion, to yield the Cauchy-Poisson 

condition at the free surface

 ̂ 1 d^(p 
dz g dt^

=  0 [2A.9]
z-O

In water of finite depth d  a further boundary condition can be specified, that of a zero component of 

velocity normal to the bed at z=-d, which for a horizontal bed can be expressed as

w\ z = - d dz
=  0 [2A.10]

z = - d

Thus the linearized wave problem on an incompressible inviscid and otherwise still fluid reduces to 

solving the Laplace equation (equation [2A.5]) together with the free surface and bed boundary 

conditions (equations [2A.9] and [2A.10] respectively).

Consider long-crested wave motion, such that there is no variation in the second horizontal coordinate, 

%. The Laplace equation is then

d 4̂> d̂ (f)
=  0 [2A.11]

dy^ dz^

Solutions representing propagating waves are sought using the method of separation of variables. The 

velocity potential is expressed as
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<p{y,z,t) = Yiy) .7{z) .T{t) [2A.12]

and substitution in the Laplace equation gives

As either side is a function of a single variable, both sides must be equal to the same constant, say.

Consequently a pair of ordinary differential equations is obtained

—  +k^Y = 0 and —  = 0 n \  141
dy^ '

Propagating, or oscillatory, wave solutions are recovered if is a positive constant whereas

evanescent, or exponential, wave solutions are recovered if is a negative constant. The general

solutions for propagating waves are

y(y) = Ae''^^+Be"^y and Z(z) = Ce^^+De"*^ [2A.15]

Applying the bed boundary condition gives Ce"^  ̂= De '̂  ̂= HU  so that

Z(z) = H
ç k { z * d )  ^  Q -k ( z + d )

= //cosh[Â:(z+i/)] [2A.16]
2

and the velocity potential can be expressed as

4>(y,z,t) = Hcosh[k(z+d)](AQ‘’̂ y + Be- ‘̂ y)nt)  [2A.17]

Evaluating the free surface boundary condition, equation [2A.9], produces the differential equation

^  + a^T = 0 [2A.18]

where = gk tanhWis the dispersion relation which provides a relation between the periodic spatial

variation and the periodic temporal variation. The general solution for T{t) is

T(t) = E e'^  + Fe"'^' [2A.19]

which produces the following general solution for the velocity potential for propagating waves

(piy,z, t ) = Hcosh[k(z+d)]  (Ae'^ + ge-^)^(Ee'^ + F e ’'^0 [2A.20]

of which the specific solution

(p{y,z, t) = Gcosh[Â:(z+J)]e'(^^-^') [2A.21]

represents a wave propagating in the positive y-direction. The solution is simply generalised to

represent a wave propagating in a horizontal plane as follows

(p(x,z,t) = Gcosh[/:(z+i/)] [2A.22]
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Appendix 2B: Evaluation of the integral term in the Mild Shear Equation.

When the vertical and horizontal structure of the current is known, the integral that appears on the 

right-hand side of equation [2.51],

J  0(z-,y)
~cl

y

can be evaluated explicitly. If the current is assumed to be depth independent, then the relative wave

frequency, o{y)  = 1 - 1  U(y), is also depth independent. In deep water,

a^(y)  = k{y)  [2B.2]

0 ( z ; y )  = e'“  [2B.3]

and so

Evaluating the integral yields the expression

where

j _ 2kdcoûi[2kd] -  sinh[2W]

[2B.4]

[2B.5]

In finite depth water,

a^{y) = k tanh[W] [2B.6]

0(z ' ,y)  = cosh [^(z+6f)] sech[Â:û?] [2B.7]

and so

The expression for the integral can be written as

C j{/, -  l 2 dtanh[kd]}  + C2 k {l^ -  l 2 d^}  [2B.9]

[2B.10]

2kd+  sinh[2W] n n  i n
h  4^ L2B.11J

j  _ 3{1 + 2(kdf}  sinh[2W] + 2 k d {2 {k df  -  3 cosh[2W ]}

 ̂ 24k^
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and

and

f [2B.13]

- 2 1 U
q = ^  [2B.14]

z. _
 ̂ BsQch^[kd] [2B.15]

where

B = kd+ V2smh[2kd] [2B.16]

which gives

By = 2kydcosh^[kd] [2B.17]
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Appendix 2C: MCA solution for a depth independent current in finite depth.

The amplitude function P{y,z) for the perturbation pressure order eÔ, satisfies

dy^ dz^ 

with the bed boundary condition

ijn cosh [k(z+d)]   ̂ sinh [k{z+d)]
k cosh kd dy  cosh kd dz

limy
[2C.1]

= 0 at z = - d  [2C.2]

and the dynamic and kinematic free surface boundary conditions

N(y) = at z = 0
^^00

[2C.3]

-  A;tanhW P  = - l lU^tar^kd  e'"'  ̂ at z = 0 [2C.4]

This partial differential equation can be converted into an ordinary differential equation using the 

Fourier transform method. The Fourier transform and its inverse are defined as

P^{a,z)  = f p ( y , z ) e ' “̂ dy, P(y ,z )  = P^(a,z)e- “̂ d a  [2C.5]

respectively, where the subscript E denotes the transformed quantity. The Fourier transform of 

equation [2C.1] is then

 ^  -  P^P^ = F^a,z)  [2C.6]
dz^

where p^ = a ? + 1̂  and F(y,z) is taken to be the right hand side of equation [2C.1]. This ordinary 

differential equation can be solved using the method of variation o f parameters. As the method is 

straightforward, the details are omitted and the solution for P^a, z)  is written as

P^{a,z)  =  G{a)C<J},z) -  F^(a,z' )S{P,z' )dz'  *
d

S (f i z )  I C ( P . z ' ) d z '

[2C.7]

P

where C{P,z)  =cosh[/?(z+<i)] and 5(/?,z) = sinh[/?(z+<i)] after making use of the transformed bed 

boundary condition. The integrals in equation [2C.7] can be evaluated explicitly. First the Fourier 

transform of F(y,z) is given by
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d V J a , z )
Fg(y,z) = - i (a+ m)A^ C(k,z )V^(a,z )  + A ^ S i k z )  —-----  [2C.8]

where

PC.9]

and V^a,z) is the Fourier transform of FCy,z). Substituting this into the integrals and integrating yields

z
jF^{a ,z ' )S { j3 , z ' )dz '  = A^SiKz)S{fi ,z ) V^{a,z) -  /^(a,z) [2C.10]
~d

z

I F^(a,z')C{j3,z' )dz'  = A^S{k,z) C(P,z) V^(a,z) -  [2C.11]
-d

where

z

7^(a,z) = j  ̂ i{a +m)A -̂^kA^C{k,z') S{P,z') +
-d

PA^ S(k.z')  C 0 . z ' ) j  V^(a,z') dz'

and

[2C.12]

lç (a ,z )  = f  {[/(a +m)Ay+kA2 ] C(k,z') C(j3,z') +
i  [2C.13]

PA  ̂S(.k.z') SiP,z')} V^(a,z') dz'

The solution for P ^ cl,z) can then be written

P^(a,z) = G(a)  C(P,z)  + /j(a ,z ) -  I^a^z)  [2C.14]

The function G{a) is established from the transformed kinematic free surface boundary condition after 

which the solution for P^a, z)  can be written

P^(a,z) = 27t [A* 6{a+m) + A '  b(a -m)] C(fi,z) + L^(a,z)  [2C.15]

where

Lya,z) = [ / s ( a ,z ) - / j ( a ,0 ) ] - ^ ^ ^  -  l^ (a ,z )^ ^  +

[ P - k T ( k m P ) ]  c ( P z )
 ̂ ’ lPT(P)-kT(k)] P

A'*’ and A" are complex constants, 0( ) is the Dirac delta function and the notation T{P) = tanh [Pd~\ has

been used. Taking the inverse Fourier transform of equation [2C.15] gives the solution for P{y,z) as
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P(y ,z)  = [a  + A C(k,z)  + ^  e''“V a  [2C.17]

The surface elevation is directly related to the surface pressure, P(y,0), through the dynamic free 

surface boundary condition, equation [2C.3]. For the case o f a current with no vertical variation, the 

surface pressure is given by

P (y ,0 ) = \A +0'̂ "̂  + A -Q^^y]C{k,0) + —  f - . I . ^ ..Q-‘^yda  -
kTTJ ( a - m )
Im }  V^(«)

( a - m )
[2C.18]

n  i^pnfi)-kT(k)

This is valid for aU y. It remains to establish the constants and evaluate the integrals to determine the 

full solution for the surface pressure.

The first integral can be evaluated by making use of the Fourier inversion theorem (Lighthill, 1958). 

This states that

j M ^ ( a )  N^(a) e ’^^ d̂a = 2;r j"M(y') N ( y - y ' ) d y '  = 2;r J M ( y - y ' )  N(y' )dy'  [2C.19]
— 00 —00 —00

where M ^ a )  and N ^ a )  are Fourier transforms of M(y) and N(y) respectively. Choosing 

N(y) = ÜQ(y)e'"'y and M(y) such that its Fourier transform M^(a)=(a-m)~^, in which case 

M(y) = { sg n y }e“"" /̂(2i) , then the first integral can be written as

-  2ju ^ (y ) e ^ ' '" y 'd y ' \  [2C.20]

where the second form of the Fourier inversion theorem has been used.

The second integral does not permit such evaluation, and must be evaluated numerically for arbitrary 

y. However, approximations can be sought for large |y|. Noting that the integrand is singular when 

p=k, which corresponds to a=±m, then, at large |y|, the contributions from the vicinity of these 

singularities dominate the behaviour of the integral and the integrand can be expressed as the sum of 

the contributions. Expanding the function /?T(/^ as a Taylor series about the singularity at a=m gives

j3T(j3) = kT(k) + (a-m)mk~^T(k)Q(kd)  + ... [2C.21]

where Q(kd)  = 1 + (2kd I s m h lk d ) . A  similar expansion about the singularity at a=-m is obtained by 

replacing m by -m. The integral at large |y| can be approximated by
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Ik y  pim) Vpi-m)
[2C.22]

m nQ ik d)  (oc+m)

The Fourier inversion theorem can again be used to evaluate these integrals giving the large \y\ 

behaviour of the second integral to be

i lk
{sgny) IUo(.y')e''"y'dy' -  f  £/„(y')<fy' [2C.23]

m Q(kd)

Replacing the integrals in equation [2C.18] with equation [2C.20] and [2C.23] gives the surface 

pressure at large \y\ for a current with no vertical variation to be

f ( y ,0 )  = [a + A "e"''"̂ ] C(k,0) + 

kit m
. m Qikd) k . [2C.24]

i lk
mQikd)

{sgn>;} e''”^J UQ{y)dy

To determine the constants A"*" and A', it is assumed that at the integral involving in equation 

[2C.17] evaluated at the free surface can be written as

);> 0
e ”'“ <̂7oc =

)/ <0
[2C.25]

( A + % 0 ) + A ^ ) e ' ^  + ( A - % 0 )  + A p e - ' ^

where A" ,̂ A' ,̂ and A'^ are complex constants and both Qpiy) and Q J ^ )  tend to zero as y  -±o°. 

Then at large \y\ the surface pressure amplitude can be written

^ oo
[2C.26]

l ( A + % 0 )  + A ;)e '^  + ( A - % 0 ) + A j e - ' ^  3;- —

Restricting attention to interactions that produce only outwardly propagating waves, the radiation 

condition, requires A ~C{k,0) + Ap = 0 and A "̂ C(A:,0) + A^ = 0 . Then relating equation [2C.26] to 

[2C.24] together with the radiation conditions yields

i l kA+ =

A" =

m Qikd) Cik,0)

i l

f  U o i y ) d y

C(A:,0)
m

. m Qikd) k .

[2C.27]

Substituting these expressions into equation [2C.24] gives the solution for the surface pressure as
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i l k
mk Qikd)

( l s g n y ] - l ) e - ‘”>'f U ^ (y )^ " ‘ydy

i l k
mQikd)

({sgn};}+ l)e""^ J UQiy)dy

[2C.28]

valid for large |}|.

Expressions for the reflection and transmission coefficients arise directly from equation [2C.26] giving

A~C(k.O)-^A-^ _ A T i k , 0 ) ^ A ;
R =

‘̂ 00 0̂0 

which after substituting for the constants produces

T =

R =

- 2 i l k
mcQQ Qikd) 

-  2 i lk
mcQo Qikd)

j ^ o i y ) d y

[2C.29]

[2C.30]
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Chapter 3: Experimental facility, instrumentation and analysis
techniques

3.1 The UK Coastal Research Facility

3.1.1 Overview

The UK Coastal Research Facihty (UKCRF) sited at HR Wallingford is a unique large-scale three- 

dimensional wave-current basin specifically designed to provide a controlled environment in which 

coastal processes can be simulated at a physically meaningful scale. The general design and 

capabihties of the basin have been described elsewhere (Simons et al., 1995). Consequently, only 

those features of the facihty relevant to the present experiment will be discussed here and the reader 

is referred to the above reference for further details.

The UKCRF, shown in schematic form in figure 3.1, measured 54m by 27m overall. The internal 

dimensions of the rectangular basin measured 36m by 20m, determined by the position of the fixed 

internal boundaries: the wave generator forming the eastern boundary; current inlet/outlets forming the 

northern and southern boundary; and the shore-Une forming the western boundary. The test section 

measured 20m by 15m, centred about the basin centre-hne. The basin could operate with water depths 

between 0.3m and 0.8m. Bed levels were accurate to within ±10mm on the horizontal bed and ±2mm 

on the 1:20 plane beach. This basic bathymetry could be modified to suit the specifications of an 

individual project. For the experiment undertaken as part of this study the basic bathymetry was 

retained although the bed was covered with a single layer of nominally 10mm diameter angular granite 

chippings. The water depth was 0.49m over the flat bed region from the wave generator to the toe of 

the plane beach. The major systems within the UKCRF are: the wave generation system; the current 

generation system; the instrumentation bridge; and the data acquisition system. These were all 

operated by computer from the control room. The UKCRF was equipped with a wide range of 

instmmentation. An inventory of the equipment available during the evaluation and commissioning 

study is given in Simons et al. (1995). The instrumentation used in this study is detailed in §3.2.
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Figure 3.1: Schematic of the UK Coastal Research Facility.



3.1.2 Co-ordinate system

The coordinate system for the experiment was chosen as follows. The x-axis was taken to be parallel 

to the wave generator with the origin at the basin centre-line and positive from north to south. The 

basin centre-line was taken as the line perpendicular to the parked paddle faces at the boundary 

between wave paddles numbered 36 and 37. The y-axis was taken to be the basin centre-line with the 

origin at the face of the parked wave generator and positive away from the paddles (east to west). The 

z-axis was taken to be the vertical with its origin at the bed level and positive upwards.

3.1.3 Wave generation

The wave generation system consisted of seventy-two independent paddle elements, each 0.5m wide, 

mounted along the eastern side of the basin (figure 3.2). This could produce monochromatic, random 

and short-crested wave fields at angles of incidence between ±30° to the shore-normal, with periods 

between 0.8s and 3.0s and heights up to 0.25m.

I
I

Figure 3.2: The wave generation system of the UK Coastal Research Facility

The seventy-two paddles were controlled by a system of master and slave computers. The paddles 

were sub-divided into three independent banks of twenty-four, with each bank having a dedicated slave 

computer dealing only with the control signals for each paddle in that bank. The three slave computers 

were linked to a master computer, sited in the control room, which synchronised the control signals 

supplied to each of the three banks. The whole system was operated through the software package
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“WAVEGEN” designed by HR Wallingford. This created the control signals for the desired wave 

condition. To generate a control signal the user specified the type of wave required (long-crested 

regular, bi-directional, long-crested irregular, or short-crested irregular) and the wave characteristics 

appropriate for that type of wave. For example, generating a long-crested regular wave required the 

wave period, wave height and incidence angle to be specified.

Each paddle element was a piston-type wavemaker, driven by a stepper motor through a rack-and- 

pinion drive. Neighbouring paddles were separated by a small gap of, on average, 5mm as was the 

bottom of each paddle from the basin floor. This allowed leakage from behind the wave generator to 

occur, introducing a small additional disturbance to water surface in the basin. To dismpt the 

formation of cross-waves along the face of the wave generator, each paddle had two vertical baffles 

running over its full height. A steep shingle beach placed along the eastern boundary o f the facility was 

used to absorb the disturbances generated by the rear faces of the paddles.

A draw-back of the fixed internal boundaries of the wave basin became apparent when generating 

oblique wave conditions. The uniformity of the wave condition within the basin is affected by 

diffraction at either end of the wavemaker, reflection at the basin boundaries and disturbances 

originating at the gaps between the paddle elements (Hughes, 1993). These are shown schematically 

in figure 3.3(a). At one end of the wave generator the oblique wave propagated directly onto the 

neighbouring sidewall, where it was reflected and propagated back into the basin causing a potential 

interference with the proposed experimental conditions. To minimise the amount of wave energy 

propagating directly onto the sidewall it was necessary to reduce the stroke of, or switch off completely, 

those paddle elements nearest the sidewall (see figure 3.3(b)). The “WAVEGEN” software allowed 

a linear reduction in the paddle stroke from full to none over a specified range of paddle elements. At 

the other end of the wave generator the problem was not so dramatic. Here the wave propagated away 

from the sidewall creating a wave shadow zone. Diffraction into the shadow zone led to a local 

reduction in wave height and changes in local propagation direction in this region. A similar wave 

shadow zone was produced by the stroke reduction strategy adopted for the other end. In such 

situations, it is common to use a wave-guide, an artificial sidewall aligned in the wave propagation 

direction (perpendicular to the wave crests). However, this can introduce other difficulties. 

Misahgnment of the wave-guide can lead to wave reflection, thus contributing to the problem it was 

intended to alleviate. Additionally, the impermeable nature of the wave-guide prevents the introduction
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of long-shore currents into the basin, thus reducing the capabilities of the basin. An alternative 

approach, as adopted in the UKCRF, was to restrict the test section of the basin to a central region thus 

making it remote from the wave shadow zones and their effects.

The wave generator included an active absorption system to prevent wave energy reflecting from the 

paddle elements only to propagate back into the test section in combination with the desired incident 

wave, thus altering the incident wave condition. Absorption is achieved by moving the paddle elements
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in a manner that matches the motion of the wave incident upon it. To achieve this requires information 

about the wave behaviour at the face of the paddle elements which is then used to modify appropriately 

the motion of the paddle element through an active feedback circuit (Schaffer & Klopman, 2000). This 

ensures the requested incident wave condition is generated correctly. The wave behaviour is usually 

inferred from measurement of either the force acting on the paddle element or from the surface 

elevation immediately in front of the paddle. In the UKCRF, the latter approach is used with the 

surface elevation monitored with a resistance-type wave probe attached to the element face. The 

absorption system on each paddle element operated independently of its neighbours, responding only 

to the water level immediately in front of it. Consequently, the direction of the wave components 

producing the deviation from the required surface elevation at that paddle element cannot be 

determined. The absorption system is then overly sensitive to wave components propagating parallel 

to the face of the elements, which can result in the erroneous modification of the requested wave and 

cause the generation of spurious wave components that subsequently propagate into the basin. For this 

reason, which is demonstrated later in chapter 4, the active absorption system was not used during the 

experiment.

3.1.4 Current generation

Current generation was controlled through four independent, reversible, variable speed pumps 

operating under computer control. Each pump formed part of a closed loop, drawing from and 

discharging into a dedicated sump situated along the northern and southern side of the basin. For 

example, what was drawn from sump B at the downstream boundary was discharged into sump B at 

the upstream boundary (see figure 3.1). This arrangement is only capable of producing shore-parallel 

flows. Large scale motions within the sumps, induced primarily by the pump discharge, were 

suppressed with vertical baffles. The discharge from (or into) each sump into (or from) the basin was 

controlled by ten 0.5m wide undershot sluice gates and associated guide flumes, allowing fine tuning 

of the cross-shore current profiles. Disturbances to the free surface immediately downstream of the 

weir were generally dissipated along the 5m long guide flumes, before the flow emerged into the basin. 

The reversible system allowed the generation of currents that flow either from north to south or from 

south to north.

Commissioning tests for the facility had demonstrated that each pump had a maximum operational 

volume flow rate of approximately 0.34m^/s. This discharge, distributed evenly across the ten sluice
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gates in a sump, will produce a depth averaged velocity of approximately 0.14m/s for a water depth 

of 0.5m. Varying the settings of the sluice gates within a sump will result in larger local flow rates.

The pumps were operated using the software “VIEWDAC” which could operate the pumps in one of 

two modes - static or dynamic. In this experiment the pumps were operated in static mode in which 

the user sets the required operating speed of a particular pump before starting it. The pump then 

operated at this speed, after a short lead-in time, until switched off. In dynamic mode, the user 

specified a data file which contained a prescribed discrete time-variation for the operating speed of each 

pump. The prescribed time-variation was continually repeated until the pump was switched off. 

Dynamic mode would allow time dependent currents, such as tidal cycles, to be modelled.

The current generation system is certainly very versatile. Wave driven currents, generated in the 

nearshore surf zone, can be recirculated externally to the basin thus reducing, and possibly eliminating, 

recirculation within the basin itself. Tidal currents can be generated flowing in the opposite direction 

to a recirculated wave driven current. However, it does have some limitations. The closed loop 

pump/dedicated sump system is satisfactory so long as the cross-shore distribution of the current at 

the downstream boundary of the basin is essentially similar to that at the upstream boundary. This 

requires the current to remain shore-parallel and uniform along the basin. Any significant cross-shore 

disturbance of the flow, such as might occur when structures are present within the basin or as a result 

of wave-current interactions, could result in too much, or too little, flow approaching a particular 

pump/sump loop. Consequently, a significant cross-shore re-distribution of the flow will be produced 

as the disturbed flow approaches the downstream boundary in order to maintain the required flow rate 

through each pump/sump loop.

3.1.5 Instrument bridge

A computer controlled instrument bridge with movement in three orthogonal directions was used to 

deploy instrumentation at any location within the test section o f the facility. The main structure of the 

bridge was mounted on parallel, levelled rails that ran along the western wall and along the wave 

generator framework allowing movement in the x-direction. The bridge spanned the full width of the 

basin. A carriage mounted from the bridge could be traversed in the y-direction from the western wall 

to within a few metres of the wave generator. A vertically mounted stem on the carriage provided 

movement in the z-direction. Movement in all three axes was achieved using stepper motors and rack-
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and-pinion drives.

Instrumentation could be mounted on the z-axis if remote positioning was required in three-dimensions. 

Alternatively it could be mounted off the carriage itself which restricted remote positioning to the two 

horizontal axes. In the latter case, vertical positioning of the instrumentation was achieved manually. 

Cabling for instrumentation was laid through tmnldng on the bridge back to the control office.

The instrument bridge was operated using software created in-house at HR Wallingford. It had two 

modes of operation: manual operation, where the bridge motion was controlled using a joystick; or pre

programmed operation where the bridge moved sequentially through a series of pre-determined 

positions. All distances were relative to the bridge home position which was determined by the 

position of three proximity transducers, one on each axis. The home position was located toward the 

northern end of the western boundary of the basin.

3.1.6 Data acquisition system

The facility was equipped with a forty-eight channel data acquisition system controlled using the 

proprietary software “DATSPlus” (Prosig). The analog-to-digital conversion had a twelve bit 

resolution. With an input analog signal range of ±10Volts this produced a resolution o f approximately 

5mV/digit on the sampled signals (the signal range of -lOV to +10V represented by 2^  ̂integer values 

between 0 and 4095). The sampled data were stored as the most significant bits of a two byte integer 

in a binary format file. A bank of twenty-four general purpose amplifiers (GPAs) allowed instrument 

signals with low voltage ranges to be amplified prior to acquisition to increase the resolution of the 

acquired signal.

3.1.7 Video

Video footage of the test conditions was recorded using two video cameras mounted in the roof space 

above the facility connected to monitors and video recorders sited in the control room. The two 

cameras provided coverage of the northern and southern halves of the basin’s test section, each with 

a field of view approximately 18m square. The fixed viewpoint and the large field of view meant the 

experiment’s measurement section occupied about one third of the image. This combined with poor 

lighting in the basin made it difficult to accurately visualize the wave transformation and the recordings 

were not used for data analysis.
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3.2  Instrum entation

3.2.1 Surface elevation

Surface elevation measurements were made with surface piercing resistance-type wave probes. Two 

types of wave probe were used, here referred to as shallow-water probes and deep-water probes.

Eight shallow-water probes were mounted in a fixed geometry array as shown in figure 3.4. The 

identification system adopted for the wave probes is also shown. The arrangement of this array 

represents an optimal arrangement for directional wave spectrum measurements determined by Teisson 

& Benoit (1994). The array was mounted on a support stem attached to the instrument carriage and 

aligned such that the centre-line of the array, on which probes 1 to 4 are located, was parallel to y-axis 

of the basin, with probe 1 nearest the wave generator. In this manner, once the array was deployed at

7
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Figure 3.4: The wave probe array (after Teisson & Benoit, 1994).
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the start of a test, the instrument carriage could position the array accurately at any x, y  location in the 

test section without the operator entering the basin. This permitted a rapid mapping of the surface 

elevation behaviour. In determining wave direction from these measurements (see §3.4.1.2), the design 

of the array allowed it to be considered as a single grouping of probes or as several sub-groups.

The support stem for the array had holes drilled accurately at 50mm intervals which were used to vary 

the vertical position of the entire array. Reference marks on both the support stem and array allowed 

repeatable and accurate alignment of the array with the shore-normal direction. The shallow-water 

probes themselves were constructed from twin wire rods 2mm in diameter, 190mm in length and 

mounted 12.5mm apart. Each probe was mounted on a small support stem that had holes drilled at 

10mm intervals allowing the probe to be raised or lowered accurately (see figure 3.4). Raising and 

lowering both individual wave probes and the entire array had to be performed manually, requiring the 

operator to enter the basin. The wave probes were positioned such that they were immersed 70mm 

when the array was at its lowest elevation on the support stem. The gains o f the wave probe amplifiers 

were set to unity.

The deep-water probes formed part of the standard instrumentation of the facility. They were 

constructed from twin wire rods 5mm in diameter, 500mm in length and mounted 50mm apart. A 

motor unit was connected to the wave probe through a rack-and-pinion drive and could be used to raise 

or lower the wave probe in steps of 10mm. The motor unit was remotely operated from the control 

room. The remote adjustment of the probe immersion speeded up the calibration process as it was not 

necessary to enter the basin and thereby disturb the water surface. Four deep-water wave probes, 

mounted from tripods, were permanently deployed throughout the experimental programme although 

the facility had the capability to deploy and operate up to sixteen deep-water probes at any one time.

The locations of the four permanent or static wave probes deployed in this study are given in table 3.1 

and are indicated in the schematic of the UKCRF (figure 3.1). The y-locations of the wave probes were

Permanent Wave 
Probe x(m ) y (m)

A 2.97 3.44
B -3.03 3.44
C 2.97 11.29
D -3.03 11.29

Table 3.1 : The location of the four permanent wave probes.
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established with the aid of the scale marked along one side of the instrument bridge. A plumbline was 

used to relate the wave probe and paddle face position to the scale. In this manner the error associated 

with the );-location was considered to be less than 5mm. The A:-locations were determined from the 

instrument bridge control software. This displayed the distance travelled by the bridge from its home 

position which could be related to the A:-axis.

Each probe was set with 200mm of its length immersed. This was found to be the rninimum immersion 

possible as the instrument signal became contaminated by a significant noise component with less of 

the probe immersed. The source of the noise was not traced. As the wave amplitudes were 

significantly smaller than the 200mm immersion depth, the gain on the wave probe amplifiers was set 

to 2.55 to improve the resolution of the acquired data.

Both types of wave probes were connected to amplifier units located in the control room by 

approximately 50m of twin-wire cable. The amplifier unit produced an analog voltage output 

proportional to the wetted length of the probe. The same units were used for both types of wave probe.

During the experimental programme all wave probes were calibrated at the start of every day. 

Calibrations were taken over the range of -0.04m to 0.04m. Occasionally a second calibration would 

be made later in the day if a probe had been adjusted or a cross-check on the first calibration was 

required. Initially, calibrations were performed using the “HRWAVES” software which yielded a 

calibration in terms of metres/digit. This calibration was subsequently converted into a metres/Volt 

format using the relation between the analog voltage range and the digital range. In later tests the 

calibrations were performed using the “DATSPlus” data acquisition software to record short samples 

at each of the calibration heights, subsequent analysis of which yielded a calibration directly in terms 

of metres/Volt.

3.2.2 Velocity

Velocity measurements were made with Nortek acoustic Doppler velocimeters (ADVs). These 

instruments, which are shown in figure 3.5, provide a measure of three orthogonal velocity components 

by detecting the Doppler-shift imparted to an emitted sound pulse, o f a known frequency, by scattering 

particles moving with the fluid flow (Kraus et a l ,  1994; Lohrmann et a l ,  1994).
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Figure 3.5: Photograph of the three ADVs deployed in the UKCRF.

A transm itter transducer emits tightly focused high frequency acoustic pulses (lOM Hz) that are 

scattered by small particles in the fluid. The scattered energy is detected by three tightly focused 

receiver transducers placed at 120° azimuth intervals about the transmitter and tilted 30° relative to 

the transmit beam path (see figure 3.6). The scattered energy is Doppler-shifted by the movement, 

relative to the transducers, of scattering particles in the fluid flow. The Doppler-shift detected at a 

receiver is proportional to the bistatic velocity, the component of velocity along the bisector of the 

transmit beam path and the receiver beam path (see figure 3.6(b)). As the geometrical arrangement 

of the receivers relative to the transmitter is known accurately, the three bistatic velocities can be 

transformed into three orthogonal velocity components. O f the three orthogonal components, one is 

directed along the axis of the transmit beam with the two remaining components contained in a plane 

perpendicular to the transmit beam. The exact orientation of these two components within this plane 

depends on the type of probe involved. Forward-looking probes (the central probe in figure 3.5) have 

one component located in the same plane as one of the receiver transducer arms: the upper arm in the
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Figure 3.6: The acoustic Doppler velocimeter (ADV) probe: (a) plan, (b) elevation, 
in which the third receiver has been omitted for clarity.

case o f the probe in figure 3.5. Side-looking probes (the two other probes in figure 3.5) have one 

component aligned with the shaft supporting the probe head.

The location of the sample volume, the intersection of the three receiver beam paths with the 

transmitter beam path, is determined by the geometry of the probe head and occurs a known distance 

from the transmitting transducer. For a known speed of sound, the time taken for a pulse to travel from 

the transmitter to the sample volume and for a scattered pulse to reach the receiving transducer is 

known accurately. By sampling the receiver output at regular intervals after the emission of the 

transmitted pulse, the spatial origin of each sample can be determined. In principle, only that sample 

associated with the location of the transmitted and received pulse path intersection would be used to
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determine the velocity. However, as the beams are of finite dimensions the intersection occurs over a 

finite volume. In practice, several samples, taken about the expected time, are used to determine the 

velocity in the sample volume. Thus each internal sample is both a time averaged and a spatially 

averaged quantity. For the ADV-Lab system used in this study the centre o f the sample volume was 

located approximately 55mm from the transmitter and was approximately 7mm long. Operating the 

ADV near an acoustically reflective surface can result in reflected signals interfering with signals 

backscattered from the sample volume, although the acoustic sampling scheme is automatically 

adjusted to minimise such interference. Despite this optimization, operating the ADV with the sample 

volume at particular distances from a reflective boundary results in unavoidable deterioration in data 

quality, decreased signal correlation and increased signal to noise ratio. The location of these “weak 

spots” vary with the selected velocity range, as shown in table 3.2 (ADV Operation Manual, 1997).

Velocity range 
(cm/s)

Sample volume to boundary 
distance (m)

±3 0.28 & 0.56
±10 0.18 & 0.35
±30 0.08 & 0.17

±100 0.04 & 0.09
±250 0.03 & 0.07

Table 3.2: The “weak spots” of the ADV.

The operation of the ADV requires the speed of sound to be specified. This is dependent on fluid 

temperature and salinity. However, salinity is not relevant when working with fresh water and the 

system is relatively insensitive to temperature fluctuations - an error of 1°C in temperature will only 

produce a 0.2% error in velocity (Lohrmann et al., 1994).

An ADV system consists of three components: the probe, the conditioning module and the processing 

module (figure 3.7). The probe head is connected to the conditioning module by a waterproofed 

flexible cable approximately Im in length. A second cable connects the conditioning module to the 

processing module. The processing module contains a powerful digital signal processor that computes 

the three orthogonal velocity components and a digital-to-analog processor producing an analog output 

of those components. For the ADV-Lab system the processing module is a PC interface card located 

in the controlling computer. Velocity data can be produced at output rates of up to 25Hz. However, 

the processing module over-samples at rates of up to 200Hz depending on the flow conditions before 

performing a simple vector average over the requested sampling period. For example, a user-selected 

sample rate of IHz will produce data that are in fact the average of up to 200 internal samples.
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Figure 3.7: Schematic of the ADV system as deployed in the UKCRF. Components:
(a) the ADV system; (b) transmission line; (c) the data acquisition system.

Three ADV probes were deployed simultaneously in this study, two side-looking probes and one 

forward-looking probe (figure 3.5). These were mounted from the wave probe array such that the 

sampling volume of each probe lay in a vertical column directly below one of the wave probes of the 

array. The relation between the measured orthogonal velocity components of each ADV probe and the 

basin coordinate axes is shown in figure 3.8. For measurements of current only flows, and flows 

involving obliquely incident waves, the ADV probes were mounted beneath wave probe 1 of the array 

with the probe shafts parallel to the basin y-axis (arrangement A - figure 3.8(a)). For measurements 

of normally incident waves the ADV probes were mounted beneath wave probe 5 of the array with the 

probe shafts parallel to the basin %-axis (arrangement B - figure 3.8(b)). The two arrangements were 

chosen to reduce flow interference by the probe and its supporting structure. The limitation of cable 

length permitted between the conditioning and processing modules required the controlling computer 

to be positioned on the carriage of the instrument bridge. However, it was operated from the control 

room via an extended cable link for the keyboard and monitor. The nine analog output signals (three 

orthogonal velocity components for each of the three probes) were transmitted to the data acquisition 

system in the control room.

The ADVs were operated using the “ADVLab” software (version 2.6). The user was required to 

specify the water temperature and salinity (and hence the speed of sound), the required sample rate and 

to select one of five velocity ranges; ±3, ±10, ±30, ±100, or ±250cm/s. The selected range should be 

larger than the maximum velocity expected to occur during the experiment. The consequences of a 

velocity component exceeding the selected range are a degradation of signal quality on the remaining 

components as well as an over-range signal for the component concerned.
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Figure 3.8: Arrangement of the ADV probes and their relation to the basin coordinates:
(a) arrangement A, tests involving the jet current alone and the oblique incidence waves;
(b) arrangement B, tests involving the normal incidence wave.
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The analog output voltage range of ±5V was mapped directly onto the selected velocity range. The 

obvious relation between velocity, u, and analog output voltage, V", is then

y
“ " y  '̂ range [3.1]

where  ̂is the selected ADV velocity range. However, the voltage recorded by the data acquisition 

system may be slightly different from the voltage output by the processing module. This can be due 

to variations in the electrical properties of the transmission cables (e.g. cable impedance) and the 

digitising circuit. The exact relation could be determined using the ADV software “ADVCALAO”. 

This sets the analog output voltage to three predetermined velocity levels, that corresponding to the 

minimum velocity zero velocity and maximum velocity Recording the analog output

voltages with the data acquisition system produces the calibration constants

_ 2  ̂

for the conversion

[3.2]

u = — V + b  
G ^ r a n g e [3.3]

where G is the general purpose amplifier (GPA) gain used during the test measurement. When the 

software operates several probes, the selected velocity range is applied to all probes. This can cause 

a loss of resolution when the probes are experiencing widely different velocities. To alleviate this, all 

analog signals were passed through GPAs, applying a gain of either unity, two or five to the signal 

prior to data acquisition. Separate calibration constants were produced for each component of velocity 

measured by the ADV probe. Calibrations were performed at the start of every day. A single data file 

was acquired recording roughly equal durations of the output voltage at each velocity level. The GPA 

gain was set to unity during calibration. The cahbration constants, a and b, were consistently similar 

for each probe velocity component. The gradient a varied by only 0.01% - 0.02% of the selected 

velocity range.

The satisfactory operation of the ADVs requires an appropriate concentration of seeding particles in 

the flow. Whether the particles are present naturally or are introduced artificially is irrelevant. All 

seeding material will gradually settle out of suspension unless the experimental conditions are suitably 

energetic: a characteristic that the conditions used in this study were found to lack. Consequently, 

material that settled out was periodically brought back into suspension through a process of agitation
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achieved by the generation of large wave conditions and also the manual sweeping o f the basin bed. 

Using this approach, it was found that appropriate concentration levels could be maintained for periods 

of between three and four hours, sufficient to complete a measurement traverse. Artificial seeding of 

the flow in the vicinity of the measurement location was also attempted. However, the combined effect 

of the extent of measurement area to be seeded and the difficulties experienced in ensuring that the 

seeded portion of the flow eventually passed through the measurement location rendered this approach 

impractical and was abandoned in favour of the approach described above.

3.3 Primary data analysis techniques

The data files produced by the “DATSPlus” data acquisition software contained the voltage time series 

stored in a binary format. While the “DATSPlus” software was used to view the ‘as acquired’ voltage 

time series and perform simple data analysis, the main data processing was performed using a suite of 

FORTRAN programs. The primary processing of each sample consisted o f converting the measured 

voltage data into engineering units, calculating the sample statistics (mean and standard deviation) and, 

for those tests involving waves, calculating the ensemble average and its harmonic properties (Fourier 

analysis).

Any measured quantity, F(t) say, can be split into a mean part F, an oscillatory part F(t) ,  and a 

turbulent part F' (r)such that

Fi t )  = F + Fi t )  + F' it )  [3.4]

The sample mean and the variance about this mean were calculated according to.

^ -1 2

F = iZ L _  . 'T/ = ‘  ̂ [3 3]
N  N - \

respectively, A being the number of discrete realisations of F̂ , the measured quantity. The oscillatory 

component of the measured quantity can be recovered by calculating the ensemble average, defined as

1
 ̂ ^  E [ f ( ' - ^ [ > - l ] F ) - f ]  , 0 ^ t < T  [3.6]

' = 1

where T is the period of the oscillatory part and is the number of complete oscillation periods within 

a sample. The turbulent component is then recovered by subtracting the sample mean and oscillatory 

component from the measured quantity. This remainder will include, not only contributions from the
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flow turbulence, but also any random errors within the measurements, such as electronic noise.

To permit the study of the phase relationships between measured quantities, not only within the same 

test measurement, but also between separate test measurements, it is necessary to use a reference signal 

to begin the ensemble average at an identifiable event within that reference signal. In studies o f regular 

waves, it is common practice to use a signal originating from the wave generator system. The wave 

period, T, can then be determined from a zero up-crossing analysis o f the reference signal and the 

ensemble average for every instrument signal started from the time o f the first zero up-crossing in the 

reference signal. Unfortunately, the UKCRF wave generation system does not make such a signal 

available. This represents a significant flaw in the design of the UKCRF. Consequently, the time 

series of one of the permanent wave probes had to be adopted as the reference signal.

The ensemble average is, by definition, a periodic function with period T. Such a function can be 

represented by a Fourier series - an infinite sum of sinusoidal components, harmonics, with amplitude 

and phase such that

^ ( 0  = ^0 + è  X^cos[lnnf^t -  [3.7]

The mean component of F{t) is represented by %Q. The frequencies of the harmonic components are 

integral multiples o f / j =1/7, the fundamental frequency, with amplitudes and phases defined as

Xfi = ^ ’ « = 1,2,... [3.8]

^  «  = 1, 2,... [3.9]

where

" 7 / ^ ( O cos[ 2 tc« / i ?] J r ,  «  = 1 ,2 , . . .  [3 .10 ]

^  f  F(r)sin[27T«/jr] dt,  « = 1,2,... [3.11]
0

The information required for converting the voltage data into engineering units was stored in ASCII 

format calibration files. A single FORTRAN programme was used to read, convert and process the 

data producing a separate ASCII data file for each test measurement. These processed data files
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contained for each instrument signal: the sample mean, standard deviation, maximum and minimum 

values; the ensemble average; and the amplitude and phase o f the first four harmonic components of 

the Fourier series representation of the ensemble average. Also recorded was information relevant to 

the ensemble averaging process, such as the number of complete oscillation periods with the sample, 

the number of data in an oscillation period and the sampling period used in the data acquisition.

Both the wave height distribution and mean and oscillatory velocity components are recovered directly 

from the primary analysis.

3.4 Secondary data analysis techniques

3.4.1 Wave propagation direction

In a study of wave transformation, one fundamental property that must be established is the wave 

propagation direction. This has been achieved using data from the primary analysis, namely, the 

magnitude and phase of the horizontal velocity vector and the phase behaviour of the surface elevation. 

Three different techniques are described.

3.4.1.1 Velocity vector techniques

Long-crested waves produce a two-dimensional flow with particle motions contained in a vertical 

plane. In the horizontal plane this is observed as a straight line at an angle to the coordinate axes that 

represents the wave propagation direction (figure 3.9(a)). If there are other wave components present, 

propagating in different directions, the wave is no longer long-crested and the motion in the horizontal 

plane will take an ellipsoidal form (figure 3.9(b) and (c)). However, the major axis of this ellipsoid will 

represent the propagation direction of the dominant wave component. When the frequencies of the 

secondary wave components are the same as the dominant wave the motion is that o f a smooth ellipse 

(figure 3.9(c)). However, when one or more of the secondary wave components have a different 

frequency, such as if free higher harmonics are present, the ellipsoidal form is much less smooth (figure 

3.9(b)).

Two techniques have been used to establish the major axis of the measured horizontal velocity vector 

u = ( m , v )  and its angle to the coordinate axes. The first relates the gradient m o f the least squares fit 

v=mu to the ensemble averaged horizontal velocity vector to the wave propagation direction through

112



Ideal long-crested 
wave motion

Ensemble average 
velocity vector

1st harmonic 
velocity vector

Least Squares 
Linear Fit

Major Axis 
o f Ellipse

Figure 3.9: Recovering the wave propagation direction from the measured horizontal 
velocity vector: (a) theoretical velocity vector for long crested waves; (b) measured velocity 
vector; (c) first harmonic velocity vector.

/n=tan(a) (figure 3.9(b)). This method is adequate if the vector remains essentially linear - that is, the 

length of the minor axis remains small. As the vector becomes increasingly circular, the length of the 

minor axis increases, and the least squares estimate of the gradient increasingly underestimates that 

of the major axis, tending to zero as the vector becomes circular.

The second method uses the vector formed from the first harmonics of the ensemble average horizontal 

velocity components (figure 3.9(c)). This vector will be an ellipse described parametrically by

u = cos (car -  , v = cos (car -  <^) [3.12]

The angle between the major axis and the x-coordinate axes is

oc = atan ‘'("'max)

" ("'max)
[3.13]

where is the phase at which the velocity vector magnitude, |a | = («^ is maximum. This

is found by substituting equation [3.12] into the expression for the vector magnitude, differentiating 

with respect to the phase car and equating to zero. Algebraic manipulation of the resulting equation 

yields

1 rt,; sin 2(f),̂  sin2(|)^
[3.14]

rzJcos2(|)^ + rz;cos2(|)^

This can be the phase of either the maximum or minimum magnitude and it is, therefore, essential to 

evaluate the velocity vector magnitude to confirm which. As the phase difference between the 

maximum and minimum is n:/2, it is a simple matter to establish the phase of the maximum magnitude
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if it is the minimum phase that is recovered from equation [3.14].

3.4.1.2 Wave probe array techniques

An alternative method is to relate the phase difference between surface elevation measurements to the 

wave propagation direction and phase speed. For a regular wave propagating on a homogeneous 

medium, the phase difference A ̂ between two locations with a known separation (Ax, Ay) is a function 

of the wave phase speed, c and the wave propagation direction a relative to the measurement axes, 

namely

A 0 =  — (A xcosa  +A ysin a) [3.15]

Measurements at three locations provide two independent phase differences and thus two equations 

with which to solve for the two unknowns, a and c, the solutions being

Ax,A(j), -  Ax.Acj),

and

c =
0) [Ax,Ay2 -  AxjAyJ

11/2 [3.17]
[(Ay^Ac]), -  Ayj A4>2)̂  + (Ax2A({)  ̂ -  Axj A(j)2) ]̂

With measurements at four or more locations, the system is over-specified and a least squares 

optimisation is necessary. Defining the following parameters

s1 = E  Ax/ , h  = Ay/ , -̂3 = E  Ax.Ay. ,
/•I (=i j”i

[3.18]
n n

•̂4 = E  Ax,.A(J). , = E  Ay,A((),.
/=i /=i

where n is the number of independent phase differences in the optimisation, the solution for cc and c 

can be written,

1S3 1S4 ~ '̂ 1 *̂5
tana = ---------------- [3.19]

2̂ -S4

and

c =  ----------------------------------------^  [3.20]
[ ( i ,  S5 -  + ( j j  -  s,

The wave probe array allows simultaneous measurements of the surface elevation at eight known

locations (see figure 3.10) providing up to seven independent phase differences. However, in combined

wave and current conditions the jet current strength, and hence the wave properties, can vary
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Figure 3.10: Recovering the wave propagation direction from surface elevation 
measurements.

significantly from one end of the array to the other. To improve the situation the array was considered 

in three sub-groups of four probes. One group contained probes 1, 2, 5 and 6, another contained 

probes 2, 3 ,5  and 6, and the third contained probes 3, 4, 7 and 8. The wave phase at each location is 

established from the first harmonic of the ensemble averaged surface elevation.

3.4.1.3 Dispersion relation technique

The linearized Doppler-shifted dispersion relation for a constant over depth current U can be written

{(Ù -  k U c o s a Ÿ  = gkidir&ikd [3.21]

where f/cosa is the current strength in the wave propagation direction and k is the local wavenumber. 

Writing the wavenumber k in terms of the y-component wavenumber, k = m/sin a , this becomes

2
co rn f/co sa

sm a
_ g m

sma
tanh m d

sm a
[3.22]

Assuming the wave frequency is known, this equation has three unknowns: U, m and a. Thus, given 

any two of these quantities, the equation can be solved for the third. If the current strength and y- 

component wavenumber can be estabhshed empirically the equation can be solved for the wave 

direction using an iterative scheme such as Newton’s Method.
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Figure 3.11: Sketch for recovery of incident and reflected wave parameters (adapted from 
Isaacson (1991), figure 2).

3.4.2 Wave reflection

Incident and reflected wave parameters can be established from surface elevation data using the least 

squares optimisation method described by Isaacson (1991). Measurements at three known, spatially 

separate locations provide an amplitude, A„, at each location and two independent phase differences, 

(figure 3.11). The surface elevation can then be written in complex form as

= \exp[f(<^; + J )]  exp[-iot]  [3.23]

where is the phase at location 1. It is assumed the wave field is described by linear wave theory and 

is comprised of an incident wave, amplitude â , and reflected wave, amplitude a ,̂ with a known wave 

frequency, wavenumber and incidence angle. Then the surface elevation is given by

T]̂  = [a.exp[/Â:y,] exp[/AJ + p)]  ex p [-/A j] exp[-/ar] [3.24]

where Â  = A:Aŷ  sin(a), with Ay  ̂= Ae separation between the measurement locations, and p  

is the phase-shift of the reflected wave. The presence of additional wave components is treated as noise 

on the incident and reflected waves. Forming the sum of squares of the error between measured and 

expected, and minimising the expression with respect to the incident and reflected amphtude, yields 

solutions for the incident and reflected wave amplitude

a . ^ \ X . \ ,  [3.25]

where the complex quantities and are

X = [3.26]

and
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3 3
= exp[/2A J , *̂2 = S e x p [ - / 2 A J  ,

rt=i «=1

* 3  = E'^„exp[i(<5„+A„)], ^ 4  = EA„exp[i(<5„-A„)],
«”1 7J =  1

i5 = S , i2 - 9

The phase-shift of the reflected wave can also be recovered withy0 = 2ky^ -A R G [X .]  +ARG[X^] 

where ARG[ ] represents the argument of the complex quantity in the brackets.
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Chapter 4: Design of experiments and preliminary tests

The UKCRF at HR Wallingford is a commercial wave-current basin and access to this facility is both 

in demand and expensive. Programmes of work must be performed under strict time constraints. This 

study acquired a total o f ten weeks in the UKCRF which was deliberately scheduled in three separate 

phases spread over nine months to allow periods of reflection in which to analyse acquired data, assess 

progress and adjust the experimental plan accordingly. Phase 1 was undertaken during September 

1996, phase 2 in March 1997 and phase 3 in June 1997.

The principal aim of this study was to produce a benchmark data set from an experimental study of the 

transformation of gravity waves propagating at oblique angles of incidence across a jet-like current 

characterised by a strong horizontal shearing over a span-wise dimension of the order of a few 

wavelengths. This data set would then be used to test the validity of the models described in chapter 

2. To facilitate comparison the experimental conditions were chosen to adhere as closely as practically 

possible to the model conditions. Invariably, the models assume the wave motion to be described by 

linear wave theory, that is the wave amplitude is small compared to the wavelength {ka«\).  The current 

is generally considered to vary only in a direction perpendicular to the flow direction, having constant 

properties both in the vertical and stream-wise directions, the exception being the model of Thomas 

(2001) which permits vertical variation of the current. Thus, the three-dimensional physical problem 

is treated as a quasi two-dimensional one.

The choice of experimental conditions was in principle governed by the need to produce a significant 

amount of refraction that would not be lost in experimental difficulties. Wave ray theory indicates that 

shorter period waves exhibit a greater degree of refraction for a given current strength and angle of 

incidence (figure 4.1). A greater degree of refraction is also achieved for a given current strength and 

wave period with larger initial angle of incidence and for a given wave period and angle of incidence 

with a stronger current. Thus, it was decided to use a short period wave at a large angle of incidence 

on a strong current. However, the choice of wave and current properties were ultimately constrained 

by the characteristics and design of the UKCRF.
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Figure 4.1 : Wave ray theory prediction of refraction for waves at oblique incidence to a
following and an opposing current. Incidence angle measured relative to current normal.

4.1 W a v e  properties

4.1.1 Oblique wave generation

In principle, an infinitely long wavemaker composed of infmitesimally narrow paddle elements can 

produce any oblique wave. In practise, the finite extent of the wavemaker and the finite width of the 

paddle elements introduce limitations in addition to those identified in §3.1.3.

The generation of oblique wave conditions requires neighbouring paddle elements to move out of phase 

with each other. This results in a discretized sinusoidal variation of the paddle face position (figure 

4.2). The wavelength of the variation along the paddle face is related to the generated wavelength 

X and incidence angle a h y X ^ = N b  = A,/cosa, where b is the width of the paddle elements and N  is the 

number of paddle elements over the length X̂ . In addition to the required wave, the out of phase 

motion between neighbouring paddle elements is responsible for the generation of spurious wave 

components (Sand, 1979). Such waves are evanescent in nature if

b ^ cosa_ _  <  ---------------
A 1 + COS a [4.1]

and will be confined to the immediate vicinity of the paddle. However, if the inequality is not satisfied 

one or more progressive spurious wave components are generated at incidence angles other than that 

of the required wave. The progressive nature of these spurious waves can contaminate the whole basin. 

Expressions for the direction of these spurious waves were derived by Sand (1979). For wavelengths
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Figure 4.2: Paddle element positions during the generation of an oblique incidence wave.

greater than twice the paddle element width, X/b>2, the inequality is satisfied at all incidence angles 

and no progressive spurious waves are generated. However, even when the inequality is satisfied, the 

evanescent modes can have arbitrarily high amplitudes (Schaffer, 1998). The amplitudes are a function 

of and are proportional to (Sand, 1979),

sin(7i(/7 -  1/AO)
[4.2]

n i p - U N )

where p  represents the various wave modes, p=Q being the required wave, p= ±\ ,  ±2, etc. are the 

spurious waves. Figure 4.3 shows the amplitudes for the required wave and the first four spurious 

waves. Clearly, when N<2 the main spurious wave dominates the required wave. However, over a 

wide range of incidence angles the main spurious wave amplitude can be reduced to an acceptable level

p = 0 p =
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Figure 4.3: Relative amplitudes of the required (p=0) and the first four spurious (p=±i, ±2) 
wave modes when generating an oblique wave (taken from Schaffer (1998), figure 3).
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if the condition Mb>2 is satisfied (Sand & Mynett, 1987). For a paddle element width of 0.5m, a 0.8s 

wave is the shortest period satisfying this condition and imposing an upper limit o f ±30° to the shore- 

normal for the incidence angle restricts the main spurious wave amplitude to less than l/3rd of the 

primary wave amplitude. In general evanescent wave modes decay rapidly away from the wavemaker, 

with amplitude reduced by 99% at a distance equivalent to three times the water depth (Hughes, 1993). 

The influence of spurious waves can be neglected by ensuring that all measurements are made at 

distances greater than three times the water depth from the wave generator.

The desire to create a short period wave at a large angle of incidence is constrained by the practicalities 

of oblique wave generation to a minimum period of 0.8s at a maximum incidence angle of 30° to the 

shore-normal, with measurements being made more than 1.5m from the wave generator. To avoid 

reflection at the sidewall at this oblique incidence, paddle elements 1 to 12 were turned off and the 

stroke of the next ten elements increased linearly from zero at element 13 to full stroke at element 22.

4.1.2 Wave stability

The linear dispersion relation predicts a wavelength of 0.996m for a 0.8s period wave in 0.49m water 

depth. Such a wave lies on the cusp between a deep water conditions (d/X>0.5) and intermediate depth 

conditions (0.05<û?/à<0.5). Now, water waves are inherently unstable when kd>l.363  (Benjamin, 

1967). The instability can result in initially uniform waves breaking down into a highly modulated 

wave as energy is transferred to sideband frequencies about the primary wave frequency. In a water 

depth of 0.49m, the inequality predicts that a wave will be unstable if À<2.305m or equivalently if 

r<1.30s assuming the linear dispersion relation. Clearly a 0.8s wave will be susceptible to these 

sideband instabilities. However, small amplitude waves are less prone to growth in the sideband 

frequencies. Lake et al. (1977) observed no instabilities for deep water waves with ka<0.\, arguing 

that for these low energy waves viscous dissipation suppressed the growth o f energy in the sideband 

frequencies. Thus, to minimise the influence of sideband instabilities, attention is restricted to 

amplitudes that satisfy the condition ka<Q.l, which corresponds to amplitudes of less than 0.016m for 

the 0.8s wave considered. Furthermore, the time-scale required for such modulations to manifest 

themselves is much greater than that available in the tests.

The aim was to generate wave conditions that were linear or at least near-linear. Figure 4.4 shows the 

ranges of validity of several wave theories. From this figure, the wave amplitudes corresponding to
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Figure 4.4: The range of validity of several common wave theories (taken from Le 
Méhauté (1976), figure 7).

the limits of validity of the various wave theories can be determined for any given wave period and 

water depth. For a 0.8s period wave in 0.49m water depth, Stokes first order (linear) theory is only 

applicable when o<0.003m while Stokes second order theory is applicable when 0.003m<a<0.022m. 

The generation of a wave in the linear regime was impractical as the very small amplitude wave 

involved would be easily masked by other effects in the basin. Restricting attention to amplitudes 

satisfying the wave stability criterion discussed above results in a second order wave, but only weakly 

second order. Even at the upper limit, when a=0.016m, the ratio of the second order component of 

surface elevation amplitude to that of the first order component, given by 

3 -  idiwh^kdR = ka
4 tanhU r/

[4.3]

is only 5%.

4.1.3 Preliminary experiments

The properties of the design wave condition chosen for the experiment are summarised in table 4.1. 

Active Absorption Assessment

Phase 1 of this study, was the first project to use the UKCRF after the active absorption capability had 

been brought on-line. This capability was considered beneficial to these experiments as the shear
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Water depth, d 0.49m
Wave period, T 0.8s
Wave length \  X 0.995m
Phase speed, c 1.244m/s

d i x 0.492
kd 3.091

0.078

Maximum wave amplitude, Stokes first order theory ^ 0.003m
Maximum wave amplitude, Stokes second order theory ^ 0.022m
Maximum wave amplitude, such that ka = 0.\ 0.016m

Wave amplitude, a 0.016m
Wave slope, ka 0.10
Ratio of 2nd order wave amplitude to 1st order wave amplitude ^ 0.051
Ursell number, X^H ! d^ 0.269

 ̂Calculated from linearized dispersion relation, o)  ̂= gk tanh kd
^ Maximum wave amplitude that still satisfies conditions for Stokes wave theory (see figure 4.4) 
 ̂Given by ka (3-tanh^ kd) ! (4 tanh^ kd)

Table 4.1 : Wave parameters for design wave.

layers o f the jet current were expected to reflect a proportion of the incident wave. However, in 

preliminary tests the wave field was observed to be of poorer quality with active absorption than 

without. The desired wave appeared to have short period multi-directional waves superimposed upon 

it with active absorption that were not present when the active absorption was turned off. A basic 

assessment was undertaken, generating a single wave condition at normal incidence first with and then 

without active absorption. The assessment was conducted in still water with no reflective stmctures 

present, apart from the spending beach, with surface elevation measured at the centre of the test section 

on the basin centre-line. The time series in figure 4.5 confirmed the observations that the wave quality 

deteriorated when active absorption was used.

The source of this short wave energy appears to be the inability of the absorption system installed in 

the UKCRF to determine the propagation direction of wave energy incident upon a paddle element of 

the wave generator. Thus, a paddle element will respond equally to a normally incident wave as to one 

propagating parallel to the paddle face. In the latter case no absorption is required, however, the 

response of paddle element generates a disturbance which propagates into the basin. Consequently the 

active absorption capability was not used in the further phases of the study.
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Figure 4.5: The influence of the wave generation active absorption system on the quality of the 
wave train: (a) without active absorption; (b) with active absorption.

Measured wave conditions

Establishing the oscillatory component of the measured properties through ensemble averaging 

techniques requires knowledge of the period of oscillation contained in the time series. This can either 

be specified explicitly at the beginning of the analysis or, preferably, calculated directly from a zero 

crossing analysis of a reliable data signal as part of the analysis. It is usual to use the wave generator 

control signal for the reliable time signature as the wave generator is the source o f oscillatory motion. 

Alternatively, the recorded time series of one of the measured properties can be used, e.g. surface 

elevation. The wave generation system of the UKCRF did not produce an externally available signal 

and rather than relying solely on a measured property as the reliable time signature, the preliminary 

experim ents also recorded an independent reference signal generated from a square-wave signal 

generator. This gave three options for determining the underlying oscillation period: explicitly 

specifying the period; a zero crossing analysis of a measured property time series; and a zero crossing 

analysis o f the reference signal. The choice of option was found to effect the magnitude of the 

ensemble average (figure 4.6). The first two options resulted in identical ensemble average while the 

reference signal option produced an ensemble average that underestimated the crest and trough 

magnitudes. Although the signal generator displayed the oscillation period with a resolution of 0.001s, 

the adjustment of the instrument was rather coarse and the period could be set only to within ±0.003s 

of that required. Such precision was not sufficient for the long durations, o f up to 600s, involved in
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Figure 4.6: The influence of the method of determining the underlying oscillatory period in
calculating ensemble average properties. Three different methods have been used: a zero 
crossing period of surface elevation time series; a zero crossing period of reference signal 
time series; a specified repeat period. The zero crossing wave height is 0.0325m with zero 
crossing crest and trough elevations indicated by the horizontal dashed lines.

these experiments. Over this period of time the signal generator drifted out of phase with the wave 

motion which resulted in the observed reduction of the crest and trough of the ensemble average. The 

time series from one of the static probes sited on the flat bed, seaward of the current, was therefore 

adopted as the reference signal for the remainder of the experiment.

The difference between the ensemble average crest and trough magnitudes and those established from 

the average of individual wave values (figure 4.6) indicates some variability in the phase of the crest 

and, particularly, the trough within a wave cycle.

The ensemble averaged surface elevation measured by static probe A for the test wave at normal and 

60° incidence are shown, together with the first three super-harmonics, in figure 4.7. The ensemble 

averaged profiles are clearly not of a linear, sinusoidal, nature. In both instances the second order 

harmonic component has an amplitude that is approximately 7% of the first harmonic amplitude. This 

is larger than the predicted Stokes second order amplitude (see table 4.1). The increase is thought to 

be due to the presence of free second harmonics caused by the use of a piston-type wavemaker to
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Figure 4.7: The ensemble averaged surface elevation profile together with the first three harmonic 
components thereof: (a) normal incidence wave (90°); (b) oblique incidence wave (60°). A second 
order Stokes surface elevation profile is also shown
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generate essentially deep water waves. This idea is supported by the phase of the second harmonic 

which differs from that of the first harmonic - a bound super-harmonic would have the same phase as 

the primary harmonic. Despite this, the wave is considered sufficiently linear for the present study.

The design of the current generation system in UKCRF allows wave-induced long-shore flows in the 

surf-zone, generated by the shoaling and breaking of oblique wave conditions, to be recirculated outside 

of the basin. The design wave condition broke very close, less than Im, to the shore-line producing 

a narrow surf-zone and a weak long-shore flow. While recirculating this flow externally prevented a 

return flow at the downstream boundary, as it was re-introduced at the upstream boundary, the flow 

was observed to move off-shore almost immediately. Upon re-introduction, the flow encountered a 

wave field which, due to diffraction in the shadow zone, was propagating obliquely against it. These 

conditions combined to produce a recirculation cell in the wave shadow zone. To prevent this situation 

external recirculation was not used. Instead, the sluice gates to sump A were opened fully. The weak 

long-shore flow then entered the sump through those guide flumes bordering the still water line, before 

returning to the basin through the remaining guide flumes of the sump.

4.2 Current properties

The currents considered by the models vary only in the span-wise direction, perpendicular to the flow 

direction, and possess constant properties in both the vertical and stream-wise directions. Ideally it 

would be desirable to create such a current for these experiments with a span-wise variation 

characterised by a strong horizontal shearing over a distance of a few wavelengths, a jet-like current. 

However, such behaviour is practically unattainable as a plane turbulent jet is naturally inhomogeneous 

in both span-wise and stream-wise directions (Townsend, 1976). In the absence of any external 

influences, the evolution of a plane turbulent jet is driven by influences inherent within the turbulence. 

Such development passes through several stages (figure 4.8).

Initially the core of a jet is bordered by two mixing layers which grow with distance before ultimately 

merging. Only some distance after merging does a jet become a fully developed self-preserving flow. 

Tennekes & Lumley (1972) argued that in a self-preserving jet the velocity half-width should increase 

linearly and the centre-line velocity should decrease as some power of stream-wise distance. By 

considering the stream-wise momentum integral they found that the span-wise profile of mean stream-
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Figure 4.8: The stages of development of a plane turbulent je t (taken from Tennekes & 
Lumley (1976), figure 4.7).

wise velocity was of the form U=U^  sech^ [(y/6)^/2]^ with the empirical estimate of the centre-line 

velocity, = 2.7f/j (jr/6j)'^. Here is the initial jet velocity, b is the velocity half-width and is the 

initial width of the jet. The presence of bounding surfaces, for example, the basin bed and the free 

surface, affects the evolution of a turbulent plane jet at large stream-wise distances (Dracos et «/., 

1992). They observed the development of large two-dimensional quasi-periodic vortical structures 

within the je t at stream-wise distances from the jet source of greater than ten times the fluid depth. 

This gave the jet the appearance of a staggered vortex street surrounding a meandering jet. However, 

the presence of such features had no significant effect on the self-preserving form of the mean velocity 

of the jet which could be approximated by Reichardt's solution U = exp[-A(y/6)^] where A=ln(0.5).

A jet-like current generated in the UKCRF is not a true free jet as its evolution is subject to the external 

influence of a pressure gradient caused by the extraction of the current at the downstream boundary of 

the basin. This might be expected to suppress, to some degree, the natural tendency of a jet current to 

slow and spread, thus maintaining a greater uniformity in the stream-wise direction. While some 

broadening of the current was accepted as inevitable, the centre-line of the current was required to 

remain parallel to the wave generator along the length of the basin.

4.2.1 Controlling cross-shore current profiles

Flow from a sump into the basin is through ten independent drowned sluice gates, each discharging into
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Figure 4.9: Flow past a drowned sluice gate.

a separate current guide. In this manner, the cross-shore profile of a current can be controlled by 

adjusting individual sluice gates. The section across a typical drowned sluice gate is shown in figure 

4.9. The discharge past a sluice gate, Q, depends on the aperture between the sluice gate and the bed, 

h, and the head drop across the sluice gate, M ,  according to

Q =
CJyL^/2gAh

[4.4]

where L is the width of the channel (Chow, 1959). The coefficient of contraction, C^, depends 

prim arily on the geometry of the sluice gate but also weakly on the ratio of the gate aperture to 

upstream water depth. However for a sharp edged gate, it is sufficiently accurate to adopt a constant 

value of 0.61 for C^.

Equation [4.4] can be rearranged to provide a prediction of the gate aperture in terms of the discharge 

and head drop

b -  = X . i -
A/i C [4.5]

2gq .A /7L :

and also to provide a prediction of the head drop in terms of the discharge and gate aperture (taking 

the positive roots)

a
 ̂ 2g(C6)::L:J

.  2(2“ [4.6]
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The gate apertures required to achieve a desired cross-shore velocity profile could be predicted using 

equation [4.5] but only if the head drop across each gate was known. Although, the water depth 

downstream of the sluice gate is known, being that of the basin, the upstream water depth, that of the 

sump, is not as this depends on the pump discharge and the aperture of each of the ten sluice gates of 

that sump.

The problem can be sin^lified if it is assumed that for a particular sump, the sluice gate through which 

maximum flow occurs has a known aperture then the head drop across that sluice gate required to 

achieve a desired discharge is given by equation [4.6]. If it is further assumed that this head drop is 

then applicable for the remaining sluice gates in the same sunq), then equation [4.5] yields the apertures 

for the remaining sluice gates.

This procedure for determining the sluice gate apertures required to produce a particular cross-shore 

current profile was initially proposed by L.E. Coates (private communication, 1994). It was not used 

for the outlet sluice gates at the downstream boundary of the basin primarily because the cross-shore 

distribution of the jet current was not known in advance. Outlet gate apertures were either set to 

replicate those at the inlet, and adjusted empirically to reflect the cross-shore distribution observed at 

the downstream boundary. This was an iterative procedure as the cross-shore distribution was 

dependent on the chosen gate apertures. Acceptable settings were those which reduced re-circulation 

cells within the basin to a minimum.

4.2.2 Current strength

Generation of the current over the horizontal bed of the UKCRF would allow measurements of any 

ciurent-induced transformations in isolation from any depth refraction effects. Positioning the current 

such that it was bordered by regions of still water, lying between the current and the wave generator 

and between the current and the foot of the spending beach, would allow the incident, reflected and 

transmitted wave properties to be established in the absence of any current effects or the shoaling and 

depth refraction effects of the spending beach.

In a self-preserving form, a jet current develops in a slow and stable manner. To encourage the early 

development of a self-preserving form, the jet current was introduced into the basin with shaped profile 

similar to that shown in the mid-profile in figure 4.8. The jet current was introduced through eight
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current guides spanning the boundary between the two off-shore sumps (C and D in figiu'e 3.1) to 

produce a 4m wide jet. The extent of the jet current and its location satisfied the requirements 

described above. The sluice gates were used to produce a cross-shore profile symmetric about the jet 

centre-line. This consisted of a central section of uniform flow rate, 2m wide, with the flow decaying 

in a Gaussian manner over Im on either side of this. The desired depth-averaged velocity profile can 

be expressed as

I'l  ̂ 1

l < | s | i 2  [4.7]

0 U|>2

where s is the distance from the jet centre-line and is the depth-averaged velocity in the central 

section. The profile is shown in figure 4.10. The exponential term in equation [4.7] is proportional 

to the standard normal distribution probability function with the factor q determining the velocity 

magnitude at the outer edges of the jet current profile. Suitable values can be readily determined from 

statistical tables of the standard normal distribution. For example, taking q = 2.33, the exponential 

decay of the profile is truncated at 5=±2m such that only 1% of the total area under the standard normal 

distribution lies outside the boundaries of the jet profile.

Ü

210•2 1

Jet width relative to jet centreline (m)

Figure 4.10: The cross-shore profile of the jet-like ciurent.

Forcing the exponential decay to occur over Im, or two current guides, requires it to be approximated 

rather crudely in two steps (see figure 4.10). The velocity in each guide, relative to the as yet 

unspecified maximum velocity, is obtained by averaging the exponential distribution o f equation [4.7] 

over the width of each guide. The average between locations s=a and s=h is then simply
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^  f  ^  Æ  (0 (g a ) -  $ (g 6 )) [4.8]
b - a  J b - a  q

where 5 ' = 5-I, and 0  is the standard normal distribution cumulative probability function defined as

®(z) = —  f  [4.9]
^  {

Taking q = 2.33 and evaluating equation [4.8] across each of the two current guides produces the 

following discharges: 0.8133m^^ per metre depth for the guide spanning l<|j|<1.5 and 0.2412w ,^  

per metre depth for the guide spanning 1.5<|5|<2. The total discharge of this profile, expressed in terms 

of the maximum depth-averaged velocity is given by the area under the profile, namely,

(4x0.5 + 2x0.5x0.8133 + 2x0.5x0.2412) = 3.0545 per metre depth

It then remains to establish the magnitude of the maximum depth-averaged current strength achievable 

in the UKCRF. Each pump had a maximum discharge of 0.34m^/s. If the profile defined in equation 

[4.7] were confined to a single sump, in 0.49m water depth, the maximum depth-averaged velocity 

would be = 0 .34/(3.0545x0.49) = 0 .23m/s. Positioning the current profile across a sump 

boundary would double the available discharge, and increase the maximum attainable current strength 

up to a maximum of 0.46m/s when the profile was positioned symmetrically about the sump boundary. 

Creating the jet current over flat bed region limited the usable sumps to the two off-shore sumps (C 

& D in figure 3.1). Locating the current across the boundary of these two sumps had two main 

benefits. The increased centre-line velocity, would increase the horizontal shear and thus enhance the 

wave transformation, and it maintained sizeable regions of still water on either side of the jet.

4.2.3 Development of a jet current

The positioning, pump discharges and sluice gate apertures of the jet current developed through several 

configurations before an acceptable flow was established. The characteristics of any particular 

configuration were initially assessed with flow tracers, both surface and depth-averaging types. In this 

manner, the flow pattern within the facility, the path of the current and the identification of recirculation 

cells, could be quickly established. Once the general pattern of the flow was considered satisfactory, 

quantitative measurements of the current were undertaken which were used to inform further 

refinements of the jet current.

The initial configuration positioned the current with the constant central section and one of the
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Gaussian decay regions generated from sump D with the other Gaussian decay region generated in 

sump C. Pump D was operated at maximum discharge, and was expected to produce a maximum 

depth-averaged velocity of 0.27m/s. At the downstream boundary, the jet current was removed through 

the two off-shore sumps with the outlet gate settings identical to those at the inlet.

Flow visualisation revealed the inevitable spreading of the jet current as it moved down the basin. 

More importantly, the overall flow direction remained shore-parallel only over the first third of the 

basin (figure 4.11(a)). After this point it moved gradually towards the wave generator before moving 

back on-shore as the flow was drawn into the outlet sluice gates. The off-shore movement coincided 

with the upstream limit of a large recirculation cell that formed over the beach region in the southern 

part of the basin and which extended over approximately two-thirds of the length of the basin. This 

appeared to be caused by a significant component of the flow not being drawn into the outlet sluice 

gates but passing shoreward along the face of the weir gates, setting up the recirculation cell.

The flow pattern was modified over several stages through adjustments to the pump discharges and 

inlet and outlet sluice gate apertures. These attempted to remove the shoreward recirculation cell, keep 

the current direction shore-parallel over the basin length and maintain a still water region between the 

jet and the wave generator. A chronological summary of the adjustments made and effects observed 

are given below with the settings for the pump voltages and sluice gate apertures tabulated in appendix 

4A.

A) All the outlet sluice gates in sumps C and D opened to the same aperture to extract the 
flow across a wider area. No reduction in the recirculation observed.

B) The flow rate through sump C was increased, primarily to increase the outlet flow and so 
suppress the recirculation at the expense of a higher discharge into the on-shore tail of 
the inlet flow. While the main flow appeared to follow a more shore-parallel path, no 
reduction in the recirculation observed (figure 4.11(b)).

C) The discharge of sump D was reduced and the width of the current 'tails' was increased 
to 1.5m to promote stability and decrease the spreading of the jet. Some improvement 
in the jet direction was observed with typical off-shore displacements reduced to 
approximately Im before being drawn back on-shore near the outlet. The extent of the 
shoreward recirculation cell was also reduced. However, a recirculating flow was 
observed along the face of the wave generator.

D) The on-shore 'tail' was extended to maintain a weak flow, roughly Icm/s, across the 
remainder of sump C. This appeared to suppress the shoreward recirculation cell and the 
jet was observed to remain straight over the entire length of the basin although the 
recirculating flow observed along the face of the wave generator was still present (figure 
4.11(c)).
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Figure 4.11: Flow patterns observed in the UKCRF at various stages of the 
development of the jet-like current.
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Figure 4.12: Development of the jet-like current across the measurement section (phase 1). 
Depth averaged horizontal velocity components at three shore-normal sections: o , 5m 
upstream of basin centre-line; • ,  basin centre-line; a, 5m downstream of basin centre-line.

The cross-shore profile of both stream-wise and span-wise depth-averaged velocities of the resulting 

current are shown in figure 4.12. Unfortunately, measurements were limited to distances greater than 

approximately 4.5m from the wave generator face due to a limitation in the range of the instrument 

bridge. While the natural pattern of development in a jet can be observed, the stream-wise component 

indicating the current slowing and widening, the change through the test section was considered 

acceptable. The weak off-shore span-wise velocities suggested the current centre-line was still moving 

slowly off-shore through the test section, although the movement was small by the downstream 

boundary.

It was not feasible to modify the instrument bridge to extend the off-shore limit, and it was therefore 

necessary to move the jet current location on-shore to permit measurements of the off-shore tail of the 

current. Simply translating the settings determined in the first phase of development would 

compromise the desire to maintain a region of still water between the current and the spending beach
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Figure 4.13: The flow pattern of the jet-like current in the final stages of development.

and so a second current was developed. The initial profile was reduced to that of a classic jet, a section 

of constant discharge two metres wide, with the current centre-line moved 1.5m on-shore. The tails 

were abandoned to create a narrower jet current which would maintain the on-shore still water region. 

The flow produced was not dissimilar to that observed with the earlier current, a recirculation cell 

forming over the beach and along the face of the wave generator together with a gradual movement of 

the jet towards the wave generator. As with the earlier current, this current was developed through 

several stages, the details of which are presented in appendix 4A. The main developments are 

summarised below:

A) The inlet and outlet sluice gate apertures were reduced in proportion. The increased head 
drop across the sluice gates was expected to produce greater sensitivity in controlling the 
inlet cross-shore profile and create a greater draw at the outlet to suppress recirculation.

B) On-shore and off-shore tails were reintroduced at the inlet. The on-shore tail extended 
across the remainder of sump C. The resulting flow was essentially shore-parallel 
although lateral movements of ±0.5m were observed. Recirculations were still observed: 
a weak flow was observed over the southern section of the spending beach; a narrow 
return flow was observed along the face of the wave generator (figure 4.13).

C) The arrangement of the outlet sluice gates was adjusted to suppress the recirculation 
along the face of the wave generator.

The cross-shore profile of stream-wise and span-wise depth-averaged velocities indicated a narrower 

and stronger jet current lying within the measurement limits of the instrument bridge (figure 4.14). the 

on-shore tail of the current extended to the foot of the spending beach.

The high flow rates and the narrow, throttled, gate apertures used to create this current generated highly
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Figure 4.14: The cross-shore profile of the jet-like current (phase 2). o, depth averaged 
horizontal velocity components on the basin centre-line. # ,  repeated measurements with 
slight adjustment to inlet sluice gate apertures.

energetic large-scale eddies within the current guides at the inlet. The eddies persisted for a significant 

distance into the basin and were responsible for wave disturbances that propagated out into the basin 

from the inlet. Although small, such waves would corrupt the test conditions. Increasing the sluice 

gate aperture reduced the intensity of the disturbances but at the expense of reducing the sensitivity in 

creating differing discharges between sluice gates. Additionally, the disturbances could be reduced by 

reducing the overall current strength. Neither strategy was desirable. The alternative that was adopted 

was to place wire mesh in the current guides. Mesh sheets were fixed in each current guide at a 

distance of approximately two-thirds of the length of the current guide from the sluice gate and 

spanning the full width and depth of the guide. This proved successful in suppressing the disturbances.

A detailed survey of the structure of this jet current was undertaken as part of the main experiment. 

These measurements will be reported in chapter 5.
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4.3 Proposed measurements

The main measurement section was located on the basin centre-line with measurements made along that 

part of the centre-line located roughly between the off-shore and on-shore static wave probes (see 

figure 3.1). The off-shore extent of the section was limited by the range of motion of the instrument 

carriage. On-shore, measurements extended approximately Im shoreward of the beach toe. Surface 

elevation was recorded using the wave probe array at eleven locations along the section, giving the 

wave height distribution and the wave direction. The y-coordinates of wave probes 1 and 5 at each 

location are recorded in table 4.2.

Measurement
location

Array Wave Probe 1, 
y (m)

Array Wave Probe 5, 
y (m)

A 3.386 3.686
B 3.886 4.186
C 4.45 4.75
D 4.886 5.186
E 5.386 5.686
F 5.886 6.186
G 6.386 6.686
H 6.886 7.186
I 7.386 7.686
J 8.486 8.786
K 9.386 9.686

Table 4.2: Position of measurement locations along shore-normal sections.

For measurements of the jet current alone, of oblique incidence waves alone, and of combined current 

and oblique waves the AD Vs were positioned directly beneath probe 1. For measurements of normal 

incidence waves alone and combined with the current the AD Vs were positioned directly beneath probe 

5. This arrangement reduced the degree to which the AD Vs interfered with the flow. At each 

measurement location, the AD Vs recorded velocities at up to twelve elevations, providing the mean and 

oscillatory components of the flow field and a separate measure of the wave direction.

The effect of the paddle stroke reduction required to prevent an oblique wave at ±30° to the shore- 

normal from reflecting at the basin sidewall actually encroaches upon the design test section of the 

basin, that is ten metres either side of the basin centre-line. For this study, the stream-wise extent of 

the test section, in which the wave conditions could be considered as uniform, was reduced with the 

upstream and downstream boundaries of the modified test section located five metres either side of the 

centre-line. Two secondary measurement sections were located at these boundaries across which the 

same measurements were made as on the main section but at fewer locations.
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The jet current was located almost entirely between the off- and on-shore sets of static wave probes. 

The off-shore static wave probes could then be used to monitor incident wave conditions and be used 

as a reference signal for the ensemble averaging process. Also, the change in the phase difference 

between the off- and on-shore probes, from the value observed in the wave alone conditions, upon the 

introduction of the current, provides a global indication of the impact of the current upon the wave.

4.3.1 Sample durations

The instantaneous velocity components of the jet current display distinct temporal variation (figure 

4.15). The fluctuations occur on several distinct time-scales: of the order of one second, of the order 

of ten seconds, and of the order of a minute. The latter fluctuation, which is best observed in the span- 

wise velocity in figure 4.15, is consistent with the observation of Dracos et al. (1992) that a bounded 

free jet has the form of a staggered vortex street surrounding a meandering jet at large distances from 

its source. Such fluctuations raise the question of the what is the most suitable data sample duration 

to obtain an accurate estimate of the true mean velocity. The variation of the sample mean from short 

sub-samples of different durations taken from a single twenty minute sample is shown in figure 4.16. 

The means of sub-samples greater than ten minutes duration in the figure are not truly independent 

realisations and may give a false impression of convergence. Even so, the variation appears to 

converge to an acceptable level for sub-sample durations between eight to ten minutes. A sample
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Figure 4.15: Typical temporal variation of the jet-like current velocity components: u, 
stream-wise; v, span-wise; w, vertical. Measurements made near the current centre-line.
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Figure 4.16: Variation of mean velocity with sample length, 

duration of ten minutes was adopted for measurements involving the jet current.

A sim ilar procedure was adopted to establish a suitable duration for wave alone tests. To recover

consistent oscillatory properties for wave alone tests it is usually sufficient to take samples with a

duration equivalent to approximately 50 wave periods (Sleath, 1987). In the present tests, sub-samples 

with as few as 10 wave periods produced properties that were within 1% of the full sample value, 

containing up to 500 wave periods (figure 4.17).
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Figure 4.17: Variation of the ensemble averaged wave height with number of wave cycles 
included in the calculation.
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The variation between sub-samples approaches a minimum for samples containing between 100 and 

150 wave periods. Adopting a sample duration equivalent to 100 wave periods would be sufficient to 

produce consistent estimates of the wave height. However, it was anticipated that the wave 

propagation direction would be determined using a directional wave spectrum technique. While the 

frequency range of a spectrum depends on the sampling frequency, the resolution depends on the 

duration of the data sample. For a data sample of duration T, sampled at a frequency/g, the frequency 

range is 0 to/g/2 with a frequency resolution of HT. A time series of long duration produces a highly 

resolved spectrum albeit at the expense of an increased data storage requirement. Also choosing the 

sample duration to be an integer multiple of the wave period forces one of spectral estimates to be at 

the wave frequency. Consequently, a sample duration of five minutes, equivalent to 375 wave periods, 

was chosen for measurements involving waves alone.
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Appendix 4A: Pump settings and sluice gate apertures

The following tables present the pump operating voltages and sluice gate apertures (in centimetres) 

used at the various stages of developing a stable jet-like current in the UKCRF. The pump discharge 

values were recorded by ultrasonic flow meters mounted on the pipe-work in the vicinity of the pumps. 

The accuracies of the meters were not known and values are presented only to indicate the order of 

magnitude of the flow rates.

Phase 1:

Sump

Pump Sluice gate aperture (cm): Inlet ( Outlet )

Voltage RPM
Discharge

(IVs)
10 9 8 7 6 5 4 3 2 1

Initial configuration of the jet current (September 3)

D
C

4.72
0.55

1300
754

348.1
33.7 12(12) 4 (4 )

- - 4 (4 ) 12(1 2 ) 2 5 (2 5 ) 2 5 (2 5 ) 25 (25) 25 (25)

Amendment A - Adjust outlet sluice gates

D
C

4.72
0.55

1300
754

348.1
33.7

(25)
12 (25)

(25)
4 (2 5 )

(25)
(25)

(25)
(25)

4 (2 5 )
(25)

12 (25) 
(25)

2 5 (2 5 ) 25 (25) 25 (25) 25 (25)

Amendment B - Increase pump C flow rate

D
C

4.72
0.75

1300
770

348.1
48.2

(25)
12 (25)

(25)
4 # %

(25)
(25)

(25)
(25)

4 (2 5 )
(25)

12 (25) 
(25)

25 (25) 25 (25) 2 5 (2 5 ) 25 (25)

Amendment C - Increase current ‘tail’ width and adjust pump C & D flow rate (September 4)

D
C

3.89
1.1

1027
780

285.1
73.7

(25)
2 5 (2 5 )

(25)
14 (25)

(25)
5 (2 5 )

5 (2 5 )
(25)

14 (25) 
(25)

22 (25) 
(25)

25 (25) 25 (25) 25 (25) 25 (25)

Amendment D - Extend onshore ‘tail’ across sump C. Tailoring sump C & D outlet sluice gates.

D
C

3.89
1.55

1020
787

285.1
109.7

(30)
25 (40)

(30) 
16 (40)

(30)
6 (4 0 )

5 (4 0 )
3 0 %

14 (40) 
3 (2 5 )

22 (40) 
3 0 %

25 (40) 
2 (2 0 )

25 (40) 
2 (2 0 )

25 (40) 
2 (2 0 )

25 (40) 
2 (2 0 )
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Phase 2; Initial configuration of new current, ‘jet2’.

Pump Sluice gate aperture (cm); Inlet ( Outlet )

Sump
Voltage RPM

Discharge
(L/s)

10 9 8 7 6 5 4 3 2 1

Initial configuration of the second phase current
Straight jet with no ‘tails’. Centre-line moved onshore by 1.5m. (September 25)

D 0.87 776 53.7 _ _ (25) (25) 25 (25)
C 2.62 820 195.9 25 (25) 25 (25) 25 (25) (25) (25) - - - - -

Amendment A - Move jet further onshore and add short offshore tail and extend onshore tail. 
Sluice gates lowered to increase head difference across gates

0.38 ?? 18.7 (10)
4.08 ?? 303.4 16(20) 16 (20) 16 (20) 16 (20) 5 (1 0 ) 1 (5 ) 1 (5 ) 1 (5 ) 1(5 )

10 (20) 
1(5)

Amendment B - Increasing pump D discharge.
Adjusting sump D outlet gates to reduce return flow along wave generator

1.1 763 63.1 (3) (3) (3) (10)
4.08 ?? ?? 16 (20) 16(20) 16 (20) 16 (20) 5 (1 0 ) 1 (5 ) 1(5 ) 1 (5 ) 1 (5 )

10 (20) 
1(5 )

Measurement of ‘jet2’ current (amendment B). Profile along basin CL (September 26)

1.3 795 81.0 (3) (3) (3) (3) (3) 4 (7 )
4.08 1176 301.0 16 (20) 1 6(20) 16 (20) 8 (1 0 ) 8 (1 0 ) 2 ^ 0 1 (5 ) 1 (5 ) 1(5 )

16(7)
1(5)
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Chapter 5: Results

5.1 The jet-like current

5.1.1 Mean characteri sties

The current introduced into the basin is a free, plane turbulent jet. Such currents will always spread 

into the surrounding fluid and are necessarily inhomogeneous in the stream-wise, as well as the span- 

wise, direction (Townsend, 1976). The centre-line stream-wise velocity, decreases and the velocity 

half-width, b, the position at which the current velocity is half that of the centre-line velocity, increases 

with increasing stream-wise direction. Expressions for the span-wise variation o f the stream-wise and 

span-wise velocity components can be obtained from the stream-wise momentum equation and the 

continuity equation respectively. For a free turbulent jet, McComb (1991) and Dracos et a l  (1992) 

present the self-similar distribution for the mean horizontal velocities 

U{Ti)IU^  ̂ = exp[-A  7/2],

[5.1]
f  exp[ 'A Tf\àT] + ;;exp[ -A  77̂ ]

. ^ 0

where r ]= {y -e ) lb  is the dimensionless span-wise coordinate measured from the jet centre-Une located 

aty=g, is the linear rate of increase in velocity half-width and A = -In (0.5) is a constant. Dracos 

et a l  (1992), considered a jet current constrained vertically by bounding surfaces, corresponding to the 

basin bed and the free surface in the present study, and observed to be approximately 0.1. An 

alternative self-similar distribution was estabhshed by Tennekes & Lumley (1972),

[5.2]

U{T])IU^ = sech^[77/V^] ,

y{'n)IU^ = C ^ |-^ tan h [77 /v^ ] + 77sech^[7;/\/2]j

These profiles are vaUd on any span-wise plane and also for the depth-averaged velocities.

The vertical structures of the time mean stream-wise velocity at each of the eleven measurement 

locations across the current on the basin centre-hne are presented in figure 5.1. The most striking 

feature, observed in several of the profiles, is data that differ significantly from the general trend within 

that profile (e.g. profile B). The cause of these discontinuities in the mean velocity does not seem to 

be an instrument effect. The elevations at which the discontinuities occur do not coincide with the 

“weak spots” of the AD Vs listed in table 3.2. For the ±30cm/s velocity range used these would be
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Figure 5.1: Vertical profiles o f the mean stream-wise velocity at locations across the jet
current. Error bars indicate the standard deviation of the velocity. The dashed lines are to 
indicate individual profiles and do not represent velocity away from the measurement locations.

expected to occur when the sample volume is positioned 80mm and 170mm from a reflective boundary. 

Also, data from ADWi exhibit these discontinuities and yet there is no reflective boundary for A D V l. 

No correlation exists between the suspect data and a higher than usual sample deviation that could be 

indicative of low signal-to-noise ratio within the sample which could bias the measurements.
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Presenting the data shown in figure 5.1 as horizontal profiles of the stream-wise velocity at particular 

vertical elevations (figure 5.2) echoes the manner in which the test measurements were undertaken: 

horizontal traverses of the AD Vs across the current at one of four elevations. This permits a 

comparison of the results from temporally consecutive measurements, and clearly identifies locations 

at which all three probes record a significant departure from the expected Gaussian or sech^ trend in 

the current profile. For example, at measurement location C, elevation 1 (figure 5.2(a)) and at 

measurement locations A and B, elevation 3 (figure 5.2(c)) all three probes yield mean velocities that 

are larger than would be expected from the trend of the neighbouring data. This could suggest that 

during these measurements the current was displaced horizontally off-shore, resulting in the 

measurement locations being nearer the current centre-line, and hence subject to larger mean velocities, 

than otherwise expected. If such movements did occur, then on-shore displacements should also be 

expected, resulting in the measurement of smaller mean velocities. Indeed, measurement location F, 

elevation 3 (figure 5.2(c)) indicates just such a reduction in velocity. Despite identifying the likely 

cause of the discontinuities, this does not provide a robust mechanism for retaining or rejecting 

individual data.

To facilitate the separation of the horizontal and vertical variation, a functional description for the 

vertical profile at each location is sought. The power law

(7(z)= C /,(z /z ,) ‘'" [5.3]

where is the mean velocity at some elevation is used, as it is recognised as providing good 

approximation to the mean velocity profile of a developed turbulent current. The power law 

approximation to each profile, established by a least squares regression, is presented in figure 5.3 with 

the parameters given in table 5.1(a). The exponent in equation [5.3] is known to vary depending on 

experimental conditions - Clauser (1956) observed values of between 1/3^  ̂ and 1/10^ .̂ Those 

observed here range from approximately l/3f^ at the outer edge to 1/7^ near the centre of the current. 

This variability is inconvenient if the functional description of the horizontal and vertical variation of 

the current are to be separated. Ideally, the exponent would be constant across the whole current 

yielding self-similar profiles, scaled on the velocity t/^. The least squares regression of such a profile 

to the data is shown in figure 5.4 with the recovered parameters presented in table 5.1(b). Not 

surprisingly, the outlying data are from measurement locations near the edges of the current for which 

the constant exponent provides the poorest representation to the observed profile.
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Figure 5.2: Span-wise profiles of mean stream-wise velocity at several elevations. The solid line 
represents a least squares fit of the Gaussian distribution, equation [5.1] for each profile. The error 
bars indicate the standard deviation of the velocity, (a) Elevation 1: ADV2, A D V l, ADVO at 
z=360, 200, 40mm respectively; (b) Elevation 2: ADV2, A D V l, ADVO at z=400, 240, 80mm 
respectively; (c) Elevation 3: ADV2, A D V l, ADVO at z=440, 280, 120mm respectively; (d) 
Elevation 4: A D V l, ADVO at z=320, 160mm respectively.
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Figure 5.3: Power Law representation of the vertical distribution of the mean stream-wise
velocity at locations across the jet current. Variable power law exponent.
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Figure 5.4: Power Law representation of the vertical distribution o f the scaled mean
stream-wise velocity. Constant power law exponent.

(a) M easurement Locations

A B C D E F G H I J K

C , (m /s) 0.057 0.083 0.130 0.167 0.202 0.225 0.232 0.214 0.178 0.091 0.063

n 2.9 4.0 6.4 5.2 6.0 6.1 6.1 6.8 7.0 6.4 2.4

(b) M easurement Locations

A B C D E F G H I J K

Cj (m /s) 0.050 0.078 0.131 0.164 0.202 0.225 0.232 0.217 0.181 0.092 0.056

n 6.1

Table 5.1: Parameters for the Power Law representation of the vertical distribution of the mean
stream-wise velocity, equation [5.3], across the jet current on the basin centre-line, (a) The Power 
Law exponent allowed to vary between profiles, (b) A single exponent for all profiles, f/j is the 
free surface velocity at Z|=0.
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The uniform-current approximation to the mean stream-wise and span-wise velocity profiles is 

obtained by integrating the vertical profiles over depth. A simple numerical integration of the observed 

data is used to allow for the non-uniform spacing and the absence of data at both the limits of 

integration, namely the bed and the free surface. The water column is sub-divided with the sub-division 

boundaries equidistant between neighbouring data. Exceptions to this are the sub-divisions containing 

the lower and upper data whose lower and upper boundaries are extended to the bed and free surface 

respectively. The uniform-current approximation is obtained by dividing the sum of the sub-division 

areas by the depth. In the case of the stream-wise velocity, the power law representation, equation 

[5.3], can be integrated over depth analytically to recover the uniform stream-wise velocity 

if Ui is taken to be the free surface velocity. The numerical and analytic integrations 

yield nearly identical values for the uniform stream-wise velocity (figure 5.5 and table 5.2). This lends 

confidence to the use of the numerical scheme to establish the span-wise uniform velocity for which 

there is no analytic expression to integrate. The effect of requiring a constant exponent, n, across the 

whole current has little effect on the recovered uniform velocity (see table 5.2).

M easurem ent L ocations

A B C D E F G H I J K

A nalytical integration o f  Pow er L aw  representation

Uj )  (m /s) 
V ariable  
exponent

0.043 0.066 0.112 0.140 0.174 0.194 0.199 0.187 0.156 0.079 0.045

U d  (m /s) 
Constant 
exponent

0.043 0.067 0.112 0.141 0.174 0.194 0.199 0.186 0.156 0.079 0.048

N um erical integration

U d  (m /s) 0.044 0.068 0.113 0.141 0.174 0.194 0.199 0.187 0.156 0.079 0.044

V/) (m /s) -0.005 -0.006 -0.011 -0.010 -0.011 -0.008 -0.004 -0.002 0.002 -0.001 0.000

Table 5.2: Uniform over depth approximations to the vertically sheared current profile at each
measurement location across the basin centre-line.

The span-wise distribution of the depth-averaged mean horizontal velocity components at three 

different sections across the jet current follows the general behaviour of a turbulent jet outlined above 

(figure 5.6). The agreement between the measured mean stream-wise velocity and that in equation

[5.1] is excellent across the full width of the current with the exception, perhaps, of near the in-shore 

edge of the current. This aberration is probably due to the influence of the spending beach. While the 

trend of the measured mean span-wise velocity also agrees well with that in equation [5.1], it appears
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Figure 5.5: Span-wise variation of (depth-averaged approximations o f the mean stream-wise
velocity.

to be offset by an off-shore flow of approximately 4mm/s across the entire measurement section. The 

values of the parameters and 6, established from a least squares regression of equation [5.1] at each 

of the three sections shown in figure 5.6, are given in table 5.3. The span-wise location of the jet 

centre-line remains constant through the measurement section indicating a shore-parallel mean flow 

(parameter e of table 5.3). The visual evidence of float tracking tests confirmed the jet current 

remained shore parallel over the whole length of the basin.

The span-wise distribution of mean stream-wise and span-wise velocity is predicted almost as well by 

the expressions of Tennekes & Lumley (1972) (see figure 5.6). The agreement is slightly poorer at the 

in-shore and off-shore edges, a feature also observed by Tennekes & Lumley. A least squares 

regression of equation [5.2] produces slightly larger estimates for the centre-line velocities and velocity 

half-widths and essentially identical centre-line locations (see table 5.3). The development of the mean 

centre-line velocity follows the empirical prediction of Tennekes & Lumley,

= [5.41

where % is measured from the end of the current guides and x^, is a false origin introduced to account 

for the effective development length produced by introducing a shaped jet profile into the basin. Here 

f/^and bj'àïQ the initial jet velocity and width, respectively, of the classical free jet emerging at the false
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Figure 5.6: Development of the depth-averaged jet current velocity through the test region.
Solid lines are least squares regressions of the Gaussian-like profile, equation [5.1], dashed 
lines are least squares regressions of the sech^ profile, equation [5.2].

Gaussian profile Sech^ profile

b e b e
(m/s) (m) (m) (m /s) (m) (m)

Upstream 0.226 1.603 6.247 0.232 1.732 6.240

Centre-line 0.199 1.941 6.249 0.203 2.219 6.240

Downstream 0.182 2.143 6.248 0.185 2.353 6.236

Table 5.3: Parameters for the span-wise variation of the mean depth-averaged stream-
wise jet current velocity.
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origin that would produce the observed behaviour. A least squares estimate of these parameters 

recovers a false origin at x^S.lAm  and f/^=0.252m/s, 6^=2.00m, which agree with the estimates based 

on the sluice gate settings.

5.1.2 Temporal variations

Because of the turbulent nature of the jet current, the mean flow was expected to be disturbed by eddies 

at a variety of length-scales. In particular, the large-scale vortical structures observed by Dracos et al. 

(1992) in bounded jet currents were expected to be present, giving the jet the appearance of a staggered 

vortex sheet surrounding a meandering current. Velocity time series, measured near the centre-line of 

the mean current indicate the presence of both long and short period disturbances (figure 5.7). The low 

frequency part of the energy density spectra associated with the time series indicates that, for the span- 

wise velocity, significant fluctuations occur at a period of between 55s and 75s. While the stream-wise 

velocity is also subject to fluctuations of the same period, the significant fluctuation has a period of 

approximately 300s. The sample duration used in measurements involving the current, namely 600s, 

is considered to be suitable to provide an accurate measurement of the mean velocity. The absence of 

these fluctuations in the vertical velocity spectrum indicates that the features are purely two- 

dimensional and contained in the horizontal plane. Similar characteristics are observed at the edge of 

the ciurent albeit with a much reduced magnitude (figure 5.8).

The energy spectrum over the full frequency range also indicates a distinct peak at 3.65Hz in all three 

velocity components for measurements at the centre of the jet that are not observed at the edge of the 

jet (figure 5.9). The magnitude of the span-wise velocity component peak is an order larger than that 

of the stream-wise or vertical component. This motion is attributed to a flow-induced vibration of the 

support for the ADV probes, caused by the shedding of vortices. Above this frequency, the span-wise 

velocity, v, displays significantly lower turbulence levels than the two other velocity components. This 

is an instrument artefact, whereby that orthogonal velocity component directed along the axis of the 

transmit beam of the instmment (see figure 3.6) is resolved with greater precision than those 

components contained in the plane perpendicular to the transmit beam. In the data shown in figure 5.9, 

it is the span-wise velocity component, v, that is aligned with the transmit beam. This observation, 

which has also been noted elsewhere (Nikora & Goring, 1998), contradicts the designer’s claim that 

all velocity components are subject to the same noise level (Kraus et al., 1994; Lohrman et al., 1994).
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Figure 5.7: Time series and low frequency detail of the energy density spectrum of the orthogonal velocity components measured near the centre-line of 
the mean jet current, y=6.386m. Measurements made at approximately mid-depth, z=240mm. Frequency resolution of spectra 0.005Hz.
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Figure 5.8; Time series and low frequency detail of the energy density spectrum of the orthogonal velocity components measured near the off-shore edge 
of the mean jet current, y=3.386m. Measurements made at approximately mid-depth, z=240mm. Frequency resolution of spectra 0.005Hz.
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5.1.3 Theoretical model descriptions of the current

The current observed in the basin must be interpreted in the same analytical form as adopted within 

the models, both the slowly-varying current and vortex sheet models. The non-dimensional scheme 

of the slowly-varying current models requires a representative length-scale for the horizontal variation 

of the current to be identified. The top-hat current of the vortex sheet models also requires a length- 

scale, corresponding to the position of the vortex sheets, as well as identifying a current strength in the 

region between them. In both cases, the relation between the physical characteristics of the current and 

the parameters of the model current are somewhat arbitrary.

Taking the form of the jet-like current to be that given by equation [5.1], a natural choice for the length- 

scale for the slowly-varying current models is the velocity half-width, b. For the current profile on the 

basin centre-line this gives a value of 1=1.94m. Then, in the case of the 0.8s period wave considered 

in this experiment, the non-dimensional current strength ô  = g is 0.159 and the non-dimensional 

parameter P =  (x?LI g  has a value of 12.2. However, alternative choices of the length-scale could be 

chosen with equal validity, and, through the dependence of the parameter P  upon L, could result in 

significantly different model predictions. For example, using a definition analogous to that of boundary 

layer thickness with the length-scale taken as the distance, from the centre-line, over which the current 

magnitude drops by 0.99f/^, would give 1=5.00m in which case the non-dimensional parameter 

p=?>\A. Consequently, caution must be exercised when comparing experimental results and model 

predictions. The effect of alternative model descriptions is discussed later.

A natural choice for the length-scale of the top-hat current representation of equation [5.1] is, again, 

the velocity half-width, although another possibility is the location of maximum shear, given by 

y = [7A ] ~ 0.851. For the magnitude of the top-hat current, the two likely choices are the centre

line (maximum) velocity of the physical current or a velocity averaged between the vortex sheet

locations. With vortex sheets located at y=±yy, the averaged velocity, defined as

>”v
U2 = — \ U ( n ) d y  [5.5]

-y,

evaluates to 0.810f/^ for y^=b and 0.856(7^ for y  ̂ = [2A]"''^1. Again the model predictions are

sensitive to changes in the width and strength chosen for the top-hat current.

For a jet-like current with a profile proportional to cos^y. Smith (1983) observed good agreement
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between a slowly-varying model and a vortex sheet model when both models had roughly equivalent 

length-scales and the velocity of the top-hat current had a magnitude equal to the centre-line 

(maximum) velocity of the cos^y profile.

5.2 Wave alone conditions

To be able to identity any reflection of wave energy from the jet current it is first necessary to quantify 

the reflection of wave energy from the beach in the absence of the current. This was established from 

surface elevation data using the least squares optimisation method described by Isaacson (1991) and 

presented in §3.4.2. The reflection coefficient was found to lie between 1% and 4% for both normal 

incidence (a=90°) and oblique incidence (a=60° and 120°) conditions. This is in excellent agreement 

with a predicted reflection coefficient of 1% based on the empirical formula R « 0.1%̂  for normal 

incidence waves (Battjes, 1974), where tana / (H/Lq)̂ '  ̂ is the Iribarren number which relates the 

slope o f the reflective structure, tana, to the incident deep water wave steepness. The present 

experimental conditions lie outwith the range of conditions that formed the basis o f this relation, the 

present beach slope being shallower than the shallowest beach slope used. However, the reflection 

coefficient data used to establish the empirical formula are under predicted by the formula at shallower 

beach slopes. Consequently, the present measurements for both normal and oblique incidence are 

consistent with previous data.

The wave generated in the basin is temporally stable, the surface elevation showing negligible variation 

at any particular location (figure 5.10). However, the spatial variation of wave height across the basin 

centre-line shows a modulation whose wavelength does not agree with that expected for the case of a 

simply reflected wave, that is half the incident wavelength in the case of normal incidence waves (figure 

5.11). For a 0.8s period wave in 0.49m of water the 1st order dispersion relation predicts a wavelength 

of 0.995m corresponding to a wavenumber of 6.31rad/m. The wavelength can also be determined 

directly from measurements of the wave phase variation in the propagation direction (Simons & 

Maclver, 2000). The average slope of the wave phase measured along the basin centre-fine will yield 

an estimate of the wavenumber in the y-direction, m = X:sin(a), of the dominant wave component. At 

normal incidence (a=90°) this will equal the total wavenumber, k. As with the wave height, the 

presence of spurious waves simply modulates the local slope about this mean. A linear least squares 

regression to the phase data in figure 5.11 estimates a total wavenumber ^=6.39rad/m, corresponding
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Figure 5.10: Surface elevation time series at locations across the basin centre-line for a wave 
in the absence of the jet current, (a) }^=3.4m, (b) 5.4m, (c) 7.4m, (d) 9.4m.

to a wavelength À=0.983m, which agrees to within approximately 1% of the linear dispersion relation 

estimate. However, the observed modulation has a wavelength of approximately 1.5m. The probable 

cause of this was identified as a spurious wave originating from the current guides along the basin side 

walls. As the test wave moves past the mouth of each guide, some proportion of the wave energy 

diffracts into it. This reflects from the weir gate and re-emerges into the basin forming a spurious wave 

that propagates at 45° to the guides, in an on-shore direction, with the same period as the test wave. 

Although the basin dimensions mean such a wave would not impinge directly on the basin centre-line, 

diffraction will cause the measurement region of the basin centre-line to be subject to the additional 

disturbance of a wave propagating at an angle of between 10° and 30° to the %-axis, depending on 

location. Assuming the surface displacement in the measurement region is due to three wave 

components, the test wave and two spurious waves originating from the corners between the north and 

south current guides and the wave generator, it can be written as
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T]{y,t) = cos[/:sin[(Xj]>' - (ot\ +

o^cos[X:sin[(%J y - ù ) t  + <p^ + a^cos[/:sin[aJ y  -  cot +
[5.6]

where is the amplitude and cc, the direction of the wave component and (p̂  a phase-shift relative to 

the test wave. The modulation of surface displacement across the basin centre-line can be shown to 

be

\ r i iy )?  =(i\ + «2“ + «3"

+ 2rt,«2Cos[/:(sin[c(,]-sin[a^])>' -  0.,]
r 1 [5.7]

+ o^cos[X:(sin[a,]- sin[c(^])}' -  (p^\

+ 2(%2n[^cos[&(sin[a.,]-sin[(% ]̂))' + 0 , -

For the normal incidence test wave, a numerical least squares regression of equation [5.7], shown as

the solid line in figure 5.11, estimates an incident wave height of 31.8mm modulated by spurious waves

of height 1.3mm, propagating at 20° & 160°. This assumes the wave directions remain constant over

the measurement region and that the spurious waves are identical in all respects other than the sense

of the propagation direction in relation to the .v-axis. W hile other factors, such as the beach reflection,

will also influence the modulation, the spurious waves have a significant effect. This is particularly

so in the case of normal incidence waves, where both sets of current guides act as generators.
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Figure 5.11: Variation of the 1st harmonic wave height for normal incidence waves in the absence 
of the jet current (WAN). Solid line is a prediction of the modulation caused by two spurious 
waves propagating at 20° and 160°

With oblique incidence wave conditions, the wave height modulation differs significantly from that of 

the normal incidence wave (figures 5.12 and 5.13). The scale of the main modulation is longer, 

although features with a similar scale to that in the normal incidence case are also apparent (for

160



0.04 -

H  (m)

0 .0 3  -

0.02 -

0.01  -

0.00 ^

^  Wave height 

•  Wave phase

r  4 0

! . .

! . .

! .

Wave 
phase, my  
(radians)

-1-----1— 1 -------1------1------1------1------1------1------1------1------1------1------1------1------1------r
2 3 4  5 6  7 8 9  10 11

y (m)

Figure 5.12: Variation of the 1st harmonie wave height for oblique incidence wave in the absence 
of the jet current (WAF). Solid line is a prediction of the modulation caused by spurious waves.

example, the WAF case, figure 5.12). The nature of oblique incidence wave generation, namely paddle 

stroke reduction and the inherent wave shadow zone, significantly reduces the possibility of spurious 

wave generation at the current guides. However, there must be one or more spurious waves present 

to produce the observed wave height modulation although as with the normal incidence case the wave 

phase behaviour is relatively unaffected by the spurious waves. The average rate of increase for the 

W AF and W AO cases recover estimates for the y-wavenumber of 5.47 and 5.50rad/m respectively. 

These agree to within 1% of the expected value, m=/csina=5.47rad/m, assuming k to be the solution 

to the linear dispersion relation and using the nominal wave directions, namely a=60° and 120°. 

A lternatively, given the measurements of m and a value for k, the wave direction can be estimated. 

Using the linear dispersion relation solution for k results in wave directions of 60.0° and 119.3°, while
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Figure 5.13: Variation of the 1st harmonic wave height for oblique incidence wave in the absence 
of the jet current (WAO). Solid line is a prediction of the modulation caused by spurious waves.
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W A N W A F W A O

a  (m ) a ( ° ) <»(°) a  (m ) a C ) 4>(°) a  (m ) a ( « ) ^ ( ° )

T est w ave 0.0159 90.0 - 0.0160 58.8 - 0.0155 120.5 -

Spurious 1 0.0007 20.0 83.8 0.0026 90.5 -191.5 0.0044 89.5 272.9

Spurious 2 0.0007 160.0 83.8 0 .0020 131.5 -36.0 0.0036 44.6 -77.5

Spurious 3 - - - 0.0005 21.2 -170.1 0.0005 152.9 -10.2

Table 5.4: Parameters used in the prediction o f the wave height modulation.

the k measured in the WAN condition results in the directions 58.8° and 120.5°. As both sets of 

directions agree closely with the nominal values, these will be retained as the actual incident wave 

directions.

The predictions of wave height presented in figures 5.12 and 5.13 are obtained using a four wave 

equivalent to equation [5.7]. The direction of the test wave was held constant, at the value determined 

from the phase behaviour, while all other parameters were free to vary. The modulation in both the 

WAF and WAO cases can be achieved by a combination of essentially the same three spurious waves 

(see table 5.4). This is not surprising as the two cases are mirror images of each other. While the 

direction and amplitude of spurious wave 3 in table 5.4 are consistent with those generated at the 

current guides in the normal incidence case, the physical explanation of the other waves is less clear. 

A piston-type wavemaker is most suited to the generation of shallow water wave conditions, thus, using 

one to generate an essentially deep water wave condition could result in the generation of additional 

free wave components as fluid motion in the immediate vicinity of the paddle element evolves from that 

of a shallow water wave to that of a deep water wave. Another possibility is the excitation of 

additional wave components because of the obUque nature of the test wave. However, the predictions 

of Sand (1979) would suggest that the oblique wave conditions and characteristics of the wave 

generator used in the present tests should not result in propagating spurious waves.

In addition to the global estimate of wave direction from the phase behaviour o f the surface elevation, 

the local direction can be estimated from the phase relation between surface elevation measurements 

of the wave probe array. The directions, established using phase information from all eight probes, 

show a small variation about the global estimate, approximately 1° for the WAF case, 2° for the WAO 

case and 4° for the WAN case (figure 5.14). The greater variability in the WAN case reflects the 

stronger modulation of wave height observed in this case. An estimate of the local wave phase speed
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is also recovered from this analysis (figure 5.15). The value is reasonably constant across the basin 

centre-line with the average value of 1.255m/s being only marginally higher than that predicted by the 

hnear dispersion relation at 1.244m/s.

The wave direction at a particular location can also be inferred from the alignment o f the major axis 

of the horizontal velocity vector. Typical examples of the ensemble averaged velocity vector, and the 

first harmonic representations of it, are presented in figures 5.16 and 5.17 for measurements at one 

vertical elevation and several locations across the basin centre-line for the WAF & WAO cases 

respectively. The linear least squares regression to each vector, from which the direction can be 

estimated, are also indicated. The open elliptic nature of the horizontal velocity vector indicates the 

presence of one or more wave components in addition to the test wave. That the vectors are not simple 

ellipses also indicates that one or more of the additional wave components differs in frequency from 

that of the test wave. Inspection of the higher harmonics of the ensemble average velocity reveals a 

small, yet significant, fourth harmonic component to be present in all the vectors in figures 5.16 and 

5.17, whose magnitude and direction varies little between measurement locations. While the frequency 

of the fourth harmonic (5.0Hz) is not comparable with that observed in the jet current alone 

measurements, and attributed to vortex shedding induced movement of the instrument support, it is 

quite possible that the different nature of the forcing in the case of wave motion may induce oscillations 

at a different frequency.

The mean velocities indicated in figures 5.16 and 5.17 are generally negligible as expected with wave 

alone conditions, however, at some locations the mean flow has a magnitude of up to 40% of the 

oscillatory velocity vector magnitude. These measurements coincide with the action of bringing 

sediment in the basin back into suspension in order to improve the signal quality o f the ADVs. The 

observed mean flows are therefore most likely to be residual currents produced by the agitation process. 

It would seem that the stilling period allowed between the agitation and the subsequent measurement 

was, on occasions, not sufficient.

Despite the open elliptic nature of the ensemble averaged velocity vectors, both the least squares 

method and the first harmonic vector method yielded wave directions that agreed to within a fraction 

of a degree. However, unless the velocity components of the additional waves causing the elliptic 

nature are exactly out of phase with those of the test wave, the wave direction inferred from the velocity
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vector will differ from the true direction of the test wave.

Wave directions inferred from the velocity vectors for each of the wave alone test conditions are 

presented in figures 5.18 to 5.20. The form of the figures reflects the manner in which the velocity 

measurements were made for any particular wave condition: in three separate span-wise traverses with 

the instmment support set at a different vertical position for each traverse. The recovered wave 

directions display a distinct variation across a traverse. However, the variation is not purely random. 

Within any particular traverse the same span-wise variation is recorded by all three instmments, and 

for a particular wave condition the same span-wise variation is repeated, almost identically, in each 

traverse. Clearly, the variation is a physical effect and probably a consequence of the presence of the 

additional spurious wave components. Using the properties of the wave components identified as 

producing the surface elevation modulation to establish corresponding velocity components at a 

particular vertical elevation and location on the basin centre-line, a wave direction can be established 

from the resulting horizontal velocity vector (figure 5.21). Although the quantitative agreement is 

generally poor, the form of the span-wise variation is reproduced reasonably well qualitatively in all 

three wave alone cases. At the very least, it indicates the magnitude of the variation that can be caused 

by the presence of additional wave components. While it is possible to constmct a model involving 

both surface elevation and velocity, recovering estimates of the unknown wave parameters is not a 

simple matter as the resulting equations are non-linear in the unknown parameters.

It is clear that there are systematic variations in the wave directions recovered from the velocity vectors. 

One possible source of systematic variation is the adjustment o f the instmment support between 

traverses, which would affect the alignment of all three probes relative to the basin. For each probe, 

the mean wave direction varies by approximately ±1° between traverses, indicating the accuracy to 

which the instrument support can be reset. Occasionally, there are also systematic differences between 

probes. For example, in the WAF case, the directions established from A D V l are offset by 

approximately 5° from those of the remaining probes, while in the W AN case the directions are offset 

by approximately 3° from one another. This can only be due to an undetected rotation of the probe in 

the horizontal plane during the manipulation of the instmment support.
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The decay over depth of the first harmonic amplitude of the vertical velocity and the horizontal velocity 

vector is predicted well by finite depth linear wave theory,

' smh[W] sinh[W]  ̂ ^

Profiles for the WAF case are presented in figures 5.22 and 5.23. The predictions use the local wave 

amplitude measured immediately above location of the vertical profile, while the wavenumber is taken 

to be 6.31 rad/m, as estabhshed from the rate of increase in wave phase in the WAN case. 

Discrepancies are apparent in the near-surface horizontal velocity vector data, with data being 

consistently over-estimated by theory. It is doubtful that these discrepancies are caused by the presence 

of the spurious or reflected waves. Basing the prediction of the horizontal velocity amphtude on the 

local wave height of the modulated wave field, as shown in figure 5.12, would result in both under- and 

over-estimation of the data depending on whether the measurement location was at a node or an anti

node respectively. The same behaviour was observed for the other two wave alone conditions.
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5.3 Combined wave and currents

5.3.1 Mean current characteristics

The vertical structures of the mean stream-wise velocity profiles for the three combined conditions 

(figures 5.24 to 5.26) exhibit some, but not all, of the trends previously observed in two-dimensional 

mean current flows in the presence of a wave (Kemp & Simons, 1982, 1983; Klopman, 1994). This 

is perhaps best communicated by comparing the vertical structures observed at the location of the 

current centre-line in each the four conditions (figure 5.27). While the following oblique wave does 

result in a reduction in mean flow in the upper third of the water column, relative to that observed with 

the JET condition, and an increase in the lower two thirds of the water column, the opposing oblique 

wave does not result in the usual trend of increased mean flow in the upper part of the water column. 

The structure produced with the opposing oblique wave remains very similar to that of the JET 

condition albeit with a general reduction in magnitude. With a normal incidence wave, the same 

vertical stmcture as the JET condition should be observed, as no wave-current interaction is expected. 

However, while the near-surface velocities remain the same, over the greater part o f the water column 

the magnitudes are reduced. The vertical structure continues to be described well by the power law 

distribution albeit with slightly different parameters than those for the JET condition. Smaller 

exponents are recovered, with values ranging from approximately V2  at the outer edge of the current 

to 1/6'̂ *̂  near the current centre-line, compared with values of l/3f^ to 1/7^̂  respectively. All three 

combined conditions contain data that are obviously outliers to the general trend of the profile at that 

location, as was observed with the JET condition.

The distribution of the depth-averaged mean horizontal velocity components is still well predicted by 

equation [5.1] (figure 5.28), meaning that the mean flow remains self-similar under combined wave- 

current conditions. The parameters of the mean current vary both between the three combined 

conditions and from that of the current alone condition, although the variation is small (see table 5.5). 

AH combined conditions exhibit a small reduction in centre-line velocity of less than 7.5% of the JET 

centre-line velocity. The normal and following oblique conditions also result in a smaller velocity half

width than the JET condition, a narrower jet current, while the opposing oblique condition results in 

a larger half-width, a wider current, although the values differ by less than 6% of the JET half-width. 

An increase in spreading rate of a turbulent free jet current in the presence of an opposing wave has 

been observed previously by Ismail & Wiegel (1983) for the case of a collinear wave and current. They 

also observed the centre-line velocity to slow at a faster rate. The wave momentum flux, arising from
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wave refraction about the current centre-line, was identified as the dominant mechanism for this 

behaviour. Whether the same mechanism can be used to explain the changes observed here for a 

following current requires further study.

More dramatic is the lateral displacement of the current under combined conditions which is most 

pronounced under oblique incidence conditions. The current centre-line is displaced approximately one 

metre off-shore for the WCO condition, actually preventing measurements at the off-shore edge of the 

current, and approximately 0.3m on-shore for the W CF condition. For the normal incidence condition, 

the centre-line is within 0.1m of the JET condition. This lateral movement under oblique wave 

conditions is believed to be due to the presence of the wave shadow zone immediately downstream of 

the inlet current guides and as such is an artefact of the basin design.
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Figure 5.28: Jet current velocity distribution on basin centre-line for the combined wave- 
current tests.

JET W CN WCF W CO

b e U,n b e U,n b e b e
(m /s) (m) (m) (m /s) (m) (m) (m /s) (m) (m) (m /s) (m) (m)

Upstream 0.226 1.603 6.247 - - - 0.221 1.602 6.441 0.215 1.711 5.706

Centre-line 0.199 1.941 6.249 0.186 1.831 6.152 0.195 E888 6.545 0.184 2.060 5.118

Downstream 0.182 2.143 6.248 - - - - - - - - -

Table 5.5: Parameters for the span-wise variation of the mean depth-averaged stream-wise jet
current velocity. A Gaussian-type profile has been used.
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5.3.2 Wave characteristics

It is expected that a wave obliquely incident to a current will be transformed as it propagates onto the 

current. The variation of the slope of the wave phase across the current, and hence the variation of the 

wavenumber vector, provides a qualitative indication of the transformation of the kinematic properties 

of the wave (figure 5.29). This variation is due to a change in both the wave direction and wavelength. 

At both the in- and off-shore edges of the current, where the current strength tends to zero, the slope 

tends tow ards the oblique WA value. On the current, the slope is reduced for the W CF case and 

increased for the W CO case reaching a minimum and maximum respectively near the location of the 

maximum current strength. The reduction in slope is consistent with a longer wavelength and a more 

current parallel propagation direction, while the increase in slope corresponds to a shorter wavelength
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Figure 5.29: Variation of wave phase along the measurement section for the oblique 
incidence combined wave-current conditions. The variation for the oblique wave alone 
condition is shown for comparison. The wave phase is shown relative to that of the first 
measurement point.
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and more current perpendicular propagation direction. For the W CN case, the slope of the phase 

variation remains constant over the current, at the same value as that observed with the WAN 

conditions (figure 5.30). This suggests that there is no significant transformation of a wave 

propagating at normal incidence to the current, despite the turbulent nature of the current.

In the presence of the current, the surface elevation time series indicates a temporal modulation that 

becomes more pronounced with distance on-shore: compare figures 5.31 and 5.10. This was reported 

by Simons & M aclver (1998). An effect of this modulation is an increased variability in the wave 

period over that observed in the absence of the current (figure 5.32). The temporal modulation is most 

pronounced about the centre-line and on-shore tail of the current, resulting in a greater variance in the

o  P h a se  = 6 .3 9 1 0 ,V

4 0

Wave 
phase, m y  
(radians) 35

0.20

(m/s)
0.12
0 .0 8

0 .0 4

0.00
6  7

y (m)
10 11

Figure 5.30: Variation in wave phase along the measurement section for a normal incidence 
wave both in the presence of, and also the absence of, the jet current. Phases are relative to 
that of the first measurement point.
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Figure 5.31: Surface elevation time series at locations across the measurement section for 
the combined wave-current case WCF. (a) }=3.4m, (b) 5.4m, (c) 7.4m, (d) 9.4m.

period. This is a purely spatial effect as there is no evidence to suggest the modulation increases over 

time at any particular location, such as one of the static wave probes (figure 5.32(b)). The increased 

period variance has only a small effect on the mean wave period, resulting in a maximum difference 

of approximately 0.0003s (figure 5.32(a)). While this is insignificant in comparison with the 0.02s 

tem poral resolution of the data, the consequence of increased variance for quantities that are 

established under the assumption of a constant wave period is significant. In particular, recovery of 

oscillatory quantities by ensemble averaging will underestimate the amplitude as the basic time series 

are no longer phase locked exactly. In the absence of the current, the spectrum of surface elevation is 

sharply peaked at the fundamental frequency and its harmonics (figure 5.33). In the presence of the 

current the peaks are broadened, and the background noise level is increased, obscuring the peaks of 

the higher harmonics (figure 5.34). However, the majority of the wave energy remains concentrated 

in a narrow band about the peak spectral frequency. Therefore, for combined wave and current 

conditions, the wave height was determined from the energy contained in this narrow band about the 

peak spectral frequency.
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Figure 5.32: The influence of the current on the mean and standard deviation of the 
zero crossing wave period, (a) Measurements of mobile wave probe 1 at locations 
across the basin centre-line, (b) Measurements of static wave probe A during the 
traverse across the basin centre-line
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Figure 5.33: Surface elevation spectra of waves in the absence of the jet current. Spectra are 
of the time series presented in figure 5.10, with a frequency resolution of 0.1 Hz.
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Figure 5.34: Surface elevation spectra of waves in the presence of the Jet current. Spectra 
are of the time series presented in figure 5.31, with a frequency resolution of O.lHz.
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The measured wave height under normal incidence combined conditions (WCN) displays a significant 

degree of scatter (figure 5.35). However, an underlying modulation pattern can be identified 

particularly over the off-shore tail and the centre of the current, although over the on-shore edge the 

wave height appears essentially constant. This could indicate reflection at the shear layers of the 

current. At the on-shore edge, the wave heights appear smaller than the mean of those measured over 

the off-shore edge, approximately 4mm or 12% smaller. However, the reflection coefficient, obtained 

with the method described by Isaacson (1991) using the surface elevation measurements nearest the 

wave generator, is less than 2%. This is of a similar magnitude to that observed under wave alone 

conditions and indicates no reflection at the current shear layers.

H (m)

0 .0 4

0 .0 3

0.02

0.01

0.00
2 3 5 7 8 9 104 6

r  0.2

-  0.1
'-'d

(m/s)

L- 0.0

V(m)

Figure 5.35: Variation of wave height for normal incidence combined wave-current 
condition (WCN).

The range of measured wave heights is similar to that observed under W AN conditions (see figure 

5.11). Also, near the centre of the current the wavelength of the modulation appears to be similar to 

that observed under the WAN conditions although without the same spatial regularity. This lack of 

regularity is perhaps not surprising, as under combined conditions the obliquely incident spurious 

waves identified as the cause of the W AN modulation would be refracted by the current, resulting in 

conditions more akin to the oblique wave alone cases.

Under oblique incidence combined conditions, the wave height measurements follow the expected 

general trend. For the following oblique wave (WCF) the wave height begins to decrease just off-shore 

of the current centre-line, reaches a minimum just on-shore of the current centre-line, before increasing
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to the off-shore magnitude towards the on-shore edge (figure 5.36 - compare with the wave alone 

condition of figure 5.12). For the opposing oblique wave (WCO) the off-shore displacement of the 

current has prevented measurement over the off-shore tail of the current. However, the initial 

m easurem ents indicate a wave height, slightly larger than the nominal incident value, which then 

increases further to maximum about the current centre-line, remains essentially constant over the 

majority of the on-shore tail of the current, before decreasing to a wave height smaller than that 

observed at the off-shore edge (figure 5.37 - compare with the wave alone condition of figure 5.13).
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Figure 5.36: Variation of wave height for the oblique incidence combined wave-current 
condition WCF.
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Figure 5.37: Variation of wave height for the oblique incidence combined wave-current 
condition WCO.
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Estimates of the reflection coefficient for the WCF condition, using data located furthest off-shore, lie 

between 2% and 6%. This indicates a slight increase over the wave alone value, estimated previously 

to lie between 1% and 4%. However, given the degree of variation observed in the estimates for the 

wave alone conditions, the increase is not considered significant. No meaningful estimate of the 

reflection coefficient under WCO conditions was possible because o f the off-shore displacement of the 

current.

The variation of the local wave propagation direction across the current, established from the phase 

lag in surface elevation measurements between probes of the wave probe array, confirms the general 

trends inferred from the global variation of the surface elevation phase. It also reveals a more complex 

behaviour (figure 5.38). For the combined conditions, the local wave direction at both the on- and off

shore edges of the current tends to the directions observed under the WA conditions. The exception 

is the WCO condition where the direction fluctuates about that of the WA condition at the on-shore 

edge, while the off-shore displacement of the current prevents measurement at the off-shore edge.

On the current, the local direction is generally more current parallel for the following wave, is more 

current normal for the opposing wave, and is largely unaffected by the normal incidence wave. 

However, the detail of the variation over the current is more complex. With the following wave 

condition (figure 5.38(a)) a rough symmetry can be observed about a point approximately 0.5m on

shore of the current centre-line. Between the off-shore edge and a location approximately Im off-shore 

of the current centre-line, the propagation direction becomes increasingly current parallel, experiencing 

a change of approximately 6°. Then, from here until the line o f symmetry the direction becomes 

increasingly current normal again, changing by approximately 4°. On-shore of the line of symmetry, 

the propagation direction becomes, at first, more current parallel before becoming more current normal 

again, approaching the incident wave direction as the wave moves off the current.

For the opposing wave condition (figure 5.38(b)), the off-shore displacement of the current prevents 

comment on the behaviour of the wave propagation direction over the off-shore edge of the current, 

thus preventing comment on any symmetry in the propagation direction behaviour. The available data 

indicates an increasingly current normal propagation direction as the current centre-line is approached, 

the direction changing by approximately 6° from that observed for the WAO condition. Moving on

shore from the current centre-line, the direction initially becomes slightly more current parallel, after
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Figure 5.38: Variation in the wave propagation direction, a, established from the surface elevation 
phase lags, for the three combined wave-current conditions: (a) W CF, (b) WCO, (c) WCN. The 
dashed lined indicates the direction of the wave alone conditions.
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which it remains essentially constant for a distance of approximately Im, before rapidly approaching 

the WAO direction. Peculiarly the most on-shore measurements, which coincide with a region of very 

small mean flow, indicate the direction becoming once again more current normal.

For the normal incidence wave condition (figure 5.38(c)), the direction on the current oscillates about 

the direction obtained at the edge of the current, a value of approximately -1.3°, with a rough symmetry 

about the current centre-line.

The local wave propagation direction established from the horizontal oscillatory velocity vector under 

combined conditions (figures 5.39 to 5.41) exhibit the same characteristics as was observed under WA 

conditions: the trend in the span-wise variation within a traverse is consistently reproduced by each 

instmment, although the magnitudes can be subject to systematic differences between instruments; and 

the same trend is reproduced in separate traverses.
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Figure 5.39: Variation in the wave propagation direction, cc, established from the oscillatory 
velocity vectors for the combined wave-current condition WCF.
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Figure 5.40: Variation in the wave propagation direction, a, established from the oscillatory 
velocity vectors for the combined wave-current condition WCO.

However, there are exceptions. For example, the opposing wave combined condition (figure 5.40) 

shows a much poorer consistency between traverses than is observed with the other two combined 

conditions. Overall, the trends observed in the velocity vector propagation direction are in excellent 

agreement with those established from the surface elevation phase lag, although there are occasional 

systematic differences in the magnitudes. For the following combined condition however, there is also 

excellent agreement in magnitude if the propagation directions established from the instrument ADV 1 

are used (see figure 5.42). The other instruments establish directions that are systematically between 

6° and 7.5° more current normal in each traverse. For the opposing combined condition, the instrument 

ADV 1 consistently recovers directions that are 4° more current parallel than the surface elevation 

estimates.
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Figure 5.41: Variation in the wave propagation direction, cc, established from the oscillatory 
velocity vectors for the combined wave-current condition WCN.

With a known spatial variation of the mean current magnitude, U, such as those presented in §5.1, and 

a known variation of the y-wavenumber magnitude, m, the sole unknown in the Doppler-shifted 

dispersion relation

o) - m Ucosa
s i n c e

tanh m d
[5.9]

s i n c e  s i n c e

is ce, the angle between the current and the wavenumber vector, for which the dispersion relation can 

be solved using Newton’s Method. For both following and opposing combined conditions, a functional 

representation of the span-wise variation in the y-wavenumber magnitude, m, defined as the rate of 

change of wave phase in the y-direction, is sought in terms of the expression

d{y) ^ a y  + b + c'àim{dy + e) [5.10]

The derivative, with respect to y, of equation [5.10] gives m as
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m = a + cd
[5.11]

1 +{dy + e f

which tends to the constant value a in the limit consistent with a wave propagating on a current

which tends to zero in the same limit. A numerical least squares optimisation of equation [5.10] 

produces an excellent representation of the wave phase data for both W CF and W CO conditions (figure 

5.43).
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Figure 5.43: Least squares optimisation of equation [5.10] to the wave phase variation for 
the oblique incidence combined wave-cunent conditions.

For the WCF condition, the solution for a  indicates an incident propagation direction of approximately 

62°. This becomes more current parallel on the cuirent, changing to approximately 54° a little before 

the current centre-line, before returning to the incident direction towards the on-shore edge of the
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current. The variation observed with the previous estimates is not replicated. This is due to the form 

of equation [5.10] which has only a single inflexion point and results in a y-wavenumber that, in the 

case of a following wave, decreases steadily to a minimum before increasingly steadily to again to the 

incident value.

For the WCO condition, the magnitudes of the measured mean current and the y-wavenumber do not 

yield a solution for a  over the majority of the measurement section about the current centre-line. While 

solutions are found at the on-shore edge of the current, the recovered directions are significantly more 

current normal than those established by the previous estimates. The absence of a solution could 

indicate that the depth-averaged approximation to the vertically sheared current calculated over the full 

depth may be underestimating the effective current strength. However, even the effective current 

proposed by Hedges & Lee (1992), which averages only the near-surface current to a depth equal to 

a fraction of the wavelength (see equation [1.9]), fails to establish solutions for a.

The behaviour of the phase velocity in the combined conditions holds no surprises (figure 5.44). The 

phase velocity of the following wave increases from the WA value of 1.23m/s to a maximum of 

1.5 3 m/s at the current centre-line before decreasing again to the WA value as the current strength 

decays (figure 5.44(a)). With the opposing wave the phase velocity decreases to a minimum of 

1.04m/s at the location of maximum current strength before increasing again as the current strength 

decays (figure 5.44(b)). The normal incidence phase velocities are randomly grouped about the WA 

value over the full extent of the current with a mean value of 1.24m/s (figure 5.44(c)).

The horizontal plane oscillatory velocity vectors, from which the propagation directions discussed 

above were obtained, exhibit the same characteristics as observed under WA conditions. Examples 

of the velocity vectors, established from the ensemble averaged horizontal velocity components, at one 

particular vertical elevation under oblique combined conditions are presented in figures 5.45 and 5.46. 

The vectors exhibit an apparent reduction in the oscillatory magnitude as the wave moves on-shore. 

However, the vectors are established from ensemble averaged quantities, and as such the reduction is 

predominately due to the increased variability in wave period previously identified in the surface 

elevation measurements (figure 5.32). The reduction in amplitude is not observed if the oscillatory 

velocity amplitude is determined from the spectral energy contained in a narrow band about the peak 

frequency.
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Figure 5.44: Variation in the wave phase velocity, established from the surface elevation phase lag, 
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Chapter 6: Discussion

The aim of this thesis was to perform a physical modelling investigation into the transformation of 

gravity waves propagating obliquely across a laterally sheared jet-like current, where the length-scale 

of the shear layers was comparable to the incident wavelength. The role of physical modelling is two

fold: providing observations of the fundamental characteristics of a natural phenomenon and data with 

which to test the validity of the mathematical models describing the phenomenon. Observations and 

quantitative measurements of the phenomenon have been presented in the preceding chapter. It now 

remains to evaluate the models detailed in chapter 2 and to test the predictions against the data. Each 

model is evaluated, and the predictions tested, individually in the following section (§6.1). The 

performances of the models are then discussed in §6.2.

6.1 Model predictions

6.1.1 WKB J Approximation

For the WKBJ, or wave ray, approximation, the current is assumed to be uniform in both the vertical 

and stream-wise directions and slowly-varying in the span-wise direction, although locally it is 

considered to be uniform. The wave is assumed to be long-crested, irrotational, with the vertical 

structure of a linear wave on a uniform current. Furthermore, it is assumed that no reflection occurs 

at the current. Then, for a known wave incident upon a current with a known span-wise variation, the 

subsequent transformation of the wave can be predicted. The first order consistency relations, in 

particular the condition of an irrotational wavenumber, yield Snel’s Law

^jcoscc, = A:2C0S(%2 [6.1]

relating the wavenumber and propagation direction at two locations. Given the flow conditions 

(wavenumber, direction and current strength) at one location, denoted by subscript 1, the Doppler- 

shifted dispersion relation, re-written as

W  tanh[W ] = krA\ 1 -
2

[6.2]
Ù)

can be solved for the wavenumber at any other location, denoted by subscript 2, where the current 

strength is known. Snel’s Law then yields the propagation direction at that location. With the 

kinematic properties established, the dynamic properties (wave amplitude) can be established from
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either the energy balance or the conservation of wave action along a wave ray, both of which reduce 

to the relation

a l  1 +Gj sin 2a j 
^  '  T T g ; sin2a,

for water of arbitrary depth d  where = 2k^d/smh[2k^d] .

The model fails at a caustic, which occurs in the limit

(5 -  [l -(cosaj)^^^]/cosaj [6.4]

under WCF conditions and in the limit <5-°° under WCO conditions. For the WCF conditions in this 

study, the value for ôai the current centre-line is 0.156, and a caustic would only be formed for a wave 

incident at an angle of less than 40°. Also, it is clear that a caustic will not be formed under WCO 

conditions, and the use of the model is valid.

The WKBJ prediction of propagation direction, phase velocity and wave height, for the WCF condition, 

are compared with observations in figure 6.1. The variation of phase velocity and wave height across 

the current are predicted well, although, about the current centre-line, the phase velocity is slightly 

under-estimated, by approximately 5%, while the reduction in wave height is also under-estimated. 

With the propagation direction prediction, the magnitude of the maximum refraction is reproduced 

well; however, the spatial variation over the current does not agree with observation.

The linear theory variation of the velocity amplitude through the water column, based on local WKBJ 

predictions of wavenumber and wave height, are compared to observations in figure 6.2. The velocity 

amplitude measurements at the extreme on- and off-shore locations, where the current tends towards 

zero, show a reasonably good agreement with the WKBJ prediction if the spectral value for the velocity 

amplitude is used. Elsewhere on the current there is a tendency for the model to slightly over-predict 

the observations.

Comparison of prediction with observation for the WCO condition are made in figures 6.3 and 6.4. 

For these conditions the model predicts slightly less refraction, by one or two degrees, than was 

observed while there is reasonable agreement between observed and predicted phase speeds. However, 

the increase in wave height is not reproduced well. As expected as the current strength tends to zero
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Figure 6.1 : W KBJ prediction of the variation of wave properties for the combined wave-current 
condition, WCF: (a) phase velocity; (b) propagation direction (established from the wave probe 
array); (c) wave height. Incident wave height taken to be 0.032m.
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Figure 6.2; WKBJ prediction of the vertical velocity amplitude for the combined wave-current condition WCF. Comparison to measured amplitudes.



(a)
1.6 -

Phase 
velocity 1.4 -  

(m /s)
1.2 -

1.0 -

0.8 -

0.6 -

0.4 -

0.2 -

0.0 -

❖  A

(b)
130 -  

ot(°) 125 I

120 ^

1 ,5  j  

110 z 

105 £ 

100 z

« j

90 ^

^  A

(c)

H i m )

0 .04

0.03

0.02

0.01

0.00
2 3 5 6 8 9 104 7

p 0.2 

-  0.1 

-  0.0

(m/s)

y (m)
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condition, WCO: (a) phase velocity; (b) propagation direction (established from the wave probe 
array); (c) wave height. Incident wave height taken to be 0.032m.
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at the on-shore measurement locations, the observed vertical variation of velocity amplitude is well 

predicted by the local linear wave solution if the spectral amplitude is taken. Elsewhere on the current, 

the local prediction under-estimates the observations.

6.1.2 Mild shear equation model

In deriving the governing equation of this model, the mild shear equation,

0
= - 7 1 J  4{(p^l o^]^dz [6.5]

-d

it is assumed that the current is weak (ô « 1), and that it is uniform in the stream-wise direction but can 

possess vertical as well as span-wise shear. Imposing the condition that f i s  large, that is the current 

is slowly-varying in the span-wise direction, results in a simplified governing equation where the right 

hand side can be neglected. However, this condition is not strictly necessary as all terms in the 

equation can be evaluated if the vertical and horizontal structure of the current are known. However, 

in implementing the model it is further assumed that the current does not vary with depth. Locally, the 

current is assumed to be constant and that the wave solution possesses the vertical structure of the 

linear wave solution.

In solving equation [6.5] for the surface elevation, the current magnitude is assumed to be non-zero 

over the finite range |y|<M, where M  is some suitably large value of the non-dimensional coordinate y. 

Within this range, the general solution for the surface elevation,

71=A7]^(y) + Brj^iy) [6.6]

requires numerical integration of the mild shear equation to establish the independent solutions ?Ji and 

JJ2 - Outwith the range the solution is that of linear propagating waves

[ Qiniy + Q-imy y <~M
77 = [6.7]

[ Te"^ y > M

At |y|=M, both the surface elevation and its first derivative must be continuous. Applying these

matching conditions determines the complex amplitudes A and B together with the complex reflection

and transmission coefficients which in turn must satisfy the conservation of wave action flux,

|Rp + | r p = i .

The procedure was implemented in double precision FORTRAN using the NAG double precision 

routine D02PCF (release 19) to perform the numerical integrations. The physical current was
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represented by a truncated span-wise profile of the form 

0 |y| > M
ujy) _ I 

Ô
[6.8]

Although the magnitude is continuous at \y\=M, for any M, the derivatives, first and higher order, are 

only continuous for sufficiently large M. Only when M  is sufficiently large are the recovered reflection 

and transmission coefficients independent of the choice for M. Consequently, the value of M  was 

increased until the values for both R and T had converged to within an error of 10"̂ .̂ A value of M=5 

was found to be adequate. Once the coefficients had been established, the time variation was re

introduced and the solution for the surface elevation monitored over the duration of a wave cycle to 

establish the variation of the wave parameters across the current.

For both the WCF and WCO conditions, the MSE predicts a zero reflection coefficient. As this agrees 

with the WKBJ approximation assumption that no reflection occurs the predictions o f the MSE model 

should be identical to those of the WKBJ model. This is indeed the case, as is demonstrated in figures 

6.5 and 6.6 which show the predicted behaviour of wave direction, phase velocity and wave height. 

The MSE predictions of the vertical velocity amplitude are indistinguishable from those of the WKBJ 

model presented in figures 6.2 and 6.4. This suggests that the slowly-varying current assumption is 

applicable for the present experimental conditions.

6.1.3 Vortex sheet model

The “top-hat” representation of the jet-like current assumes the current to be depth independent and 

of uniform strength between vortex sheets located at y=±L, with still water outside of this region. A 

wave propagating in the positive y-direction, that is incident from y=-°°, with a unit potential amplitude 

onto this top-hat current results in a surface displacement amplitude given by

|%| = [^Ir + ^ 2 i + + b I  + IB^^iA^^coslm^y + sinlm ^y) -
[6.9]

2 B2 -(A2 ^sin2 m2 y  -  cos 

|t7j| = [ 1 + + A2i + 2A2^cos2/7îjy + 2 A2; sin2m^y]^^^

where the subscripts 1,2 and 3 denote the regions y<-L, |y|<L, and y>L  respectively and the subscripts 

r and /  indicate the real and imaginary parts of the potential amplitudes
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Figure 6.5: MSE prediction of the variation of wave properties for the combined wave-current
condition, WCF: (a) phase velocity; (b) propagation direction (established from the wave probe 
array); (c) wave height. Incident wave height taken to be 0.032m.
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fis =

/I, =

4are

j\ = ~^) g'K+»l2)^

_  y { l + a )  Um̂ -ni2)L

B-,

[6.10]

[6 .11]

[6.12]

[6.13]

The potential amplitude A3 is identically zero, as only waves incident from y=-°° are considered. Wave 

kinematic properties in each region are established in the same manner as for the WKBJ 

approximation, whereby given the incident wave properties (wavenumber and direction) and the 

strength of the top-hat current, the Doppler-shifted dispersion relation is solved for the wavenumber 

on the current, with Snel’s law yielding the propagation direction. Then, given the locations of the 

vortex sheets, the complex potential amplitudes and surface displacement amplitudes can be evaluated. 

The model predictions depend on the values chosen for current strength and vortex sheet locations. 

Two logical choices for each parameter were identified in §5.1.3: for the vortex sheet location, either 

the velocity half-width or the position of maximum shear, while for the ciurent strength either the 

centre-Une velocity or the average velocity between the vortex sheet locations. This yields four 

possible combinations of current parameters. With the WCF condition, the reflection coefficients 

established for each of these conditions are small, but non-zero, quantities. The magnitudes vary 

between the estimates, with an apparent greater sensitivity to the choice o f the vortex sheet separation 

than to the current magnitude (table 6.1).

Vortex sheet location Current Strength R T

(a) Half-width, b Centre-line, 0.046 0.999

(b) Maximum shear, 0.856 Centre-line, 0.039 0.999

(c) Half-width, b Average, 0.81f/,„ 0.046 0.999

(d) Maximum shear, 0.856 Average, 0.86(7^ 0.045 0.999

Table 6 .1 : The dependency of the predicted reflection and transmission coefficient on
choice of vortex sheet location and current strength.

The reflection at the vortex sheets produces a modulation of the wave height, both on the current and 

in the incident wave region (figure 6.7), while the transmitted wave height is uniform and essentially
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condition, WCO. Incident wave height taken as 0.032m, L  is location of maximum shear 
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the same magnitude as the incident wave. The amplitude of the predicted modulation is similar to the 

observed modulation. However, this observation must be tempered by the likelihood that part, if not 

all, of the observed wave height modulation is caused by the interaction between the main wave and 

additional wave components within the basin and not necessarily caused by reflection from the shear 

layers of the current. The discontinuous change in wave height at the vortex sheets is a consequence 

of neglecting the evanescent waves, which would smooth the variation across the vortex sheet. The 

spatial agreement between the nodes and anti-nodes of the predicted and observed wave height 

modulation is mixed. It would appear that locating the vortex sheets at the position of maximum shear 

results in a fair agreement between the modulation, particularly on the current, on-shore of the centre

line, and possibly off-shore of the off-shore vortex sheet. No such agreement is observed with the 

vortex sheets located at the velocity half-width. This does not, however, indicate that the maximum 

shear is the appropriate location. The model does not include the possibility of a phase-shift in the 

reflected waves which could significantly alter the distribution of nodes and antinodes in regions 

containing reflected waves. Consequently, any agreement must be considered somewhat fortuitous.

6.1.4 3D Moderate Current Approximation model

In seeking predictions from the 3D MCA model, a simple depth independent representation of the 

cunent is assumed for which the reflection and transmission coefficients are given by equations [2.130] 

and [2.131]. Evaluating these expressions using the Gaussian-like depth-averaged representation to 

the current yields a zero reflection coefficient while the transmission coefficient T , , has a magnitude
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of 5.4. This is not consistent with the condition that the magnitude of the leading order term for the 

transmission coefficient be at most an order one quantity. Consequently, at leading order, the 3D MCA 

model is not compatible with the experimental conditions. The model would require the mass flux of 

the current to be significantly smaller than that actually used.

6.2 Model performance

Discrepancies between experimental results and theoretical predictions are more likely to be due to 

inaccuracies, anomalies and artefacts of the experiment rather than shortcomings of the models 

(Svendsen, 1985). Also, it is useful to consider the ease of implementation of a model against the 

benefit of improved accuracy of prediction. If improvement in accuracy occurs at the expense of simple 

evaluation it is possible that the benefits will not be taken up.

The WKBJ model assumes slowly-varying properties, with the local solution that of a linear irrotational 

wave on a depth independent current. Specifically it precludes wave reflection and ignores the effect 

of vertical shear. However, the model is particularly simple to implement and the prediction of wave 

transformation by the mean current agrees reasonably well with observation.

The MSE model relaxes to some extent the slowly-varying assumption. The model requires the 

solution to an ordinary differential equation which, despite being relatively straightforward, requires 

the functional form of the current and its derivatives to be specified. In the situation where the data set 

is sparse this may not be accurate or even possible. Although formulated for a vertically sheared 

current, solutions are only readily available under the assumption of a depth independent current. An 

advantage over the WKBJ model is the inclusion of reflected waves. However, as little or no reflection 

was observed with the present conditions, the MSE model predictions are essentially identical to those 

of the WKBJ model.

The implementation of the simplified vortex sheet model of Smith (1983) is particularly simple, 

amounting to the evaluation of an algebraic expression. The predictions differ from those of the 

slowly-varying models in that the reflection coefficient is a small non-zero quantity. This reflection 

produces a modulation of the wave height that has a similar magnitude to the observations. However, 

the neglect of information providing the phase-shift at the vortex sheet prevents the correct prediction

212



of wave height distribution on the current. To recover this it is necessary to use the Galerkin solution 

methods. Despite this drawback, the simplified vortex sheet model is satisfactory for recovering the 

far-field quantities. The prediction of a non-zero reflection coefficient is consistent with the 

observations of Evans (1975) for the vortex sheet model of a simple shear layer which also predicted 

a small non-zero reflection compared with the prescribed zero reflection of the slowly-varying approach 

(Longuet-Higgins & Stewart, 1961). The tme value was considered to lie somewhere between the two 

predictions (Evans, 1975).

The twin vortex sheet top-hat current representation of a jet-like current is a rather crude 

approximation. The positioning of the vortex sheets and the current strength are not specified uniquely 

by the form of the jet current and yet the predictions are dependent on their choice. Despite this, the 

development of a multiple vortex sheet method could allow better modelling of this and more arbitrary 

current profiles. The approach would lend itself particularly to modelling experimental data where 

measurements of the span-wise variation in current strength are made at discrete locations. A multiple 

vortex sheet representation would locate vortex sheets equi-distant between measurement locations, 

with the measured current strength taken as the uniform current in the region between vortex sheets. 

The matching conditions applied at each vortex sheet would produce a system of simultaneous 

equations that could be solved for the potential amplitudes in each uniform current region.

The most general of the models, the 3D MCA model, was developed in parallel with the physical model 

study. It offers the prospect of modelling the transformation of a wave by any horizontally and 

vertically sheared current. It is perhaps not surprising that the absence of constraining assumptions 

on the form of the current results in governing equations which require advanced mathematical 

techniques to achieve solutions which themselves require numerical evaluation. The simplification of 

assuming the horizontal and vertical shear can be represented independently goes some way towards 

making the model more usable, although, even here, the general solution requires numerical evaluation. 

However, the current in this study is essentially depth independent over the majority of the water 

column, with vertical shear only significant in the near-bed region. This means that the additional 

complexity involved with modelling vertical shear is not necessary in this particular case. With a depth 

independent current the solution to a singular integral equation is required, although relatively simple 

far-field solutions are found. In this case, the recovered reflection and transmission coefficients are 

proportional to the mass flux of the current and the requirement that the transmission coefficient
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remains an order one quantity, limits the range of validity of the model. This constraint was unforeseen 

at the start of the experimental study and, in fact, was not identified until after its completion. 

Unfortunately, the properties of the current created in the experiment did not satisfy the constraint. 

Consequently, the model is not suitable for comparison with the present data set.

Consideration of the scale of the constituent parameters contained in the expression for the 

transmission coefficient provides an indication of the situations for which the 3D MCA model would 

be suitable. If the volume flux is represented as UL, where U is some appropriate velocity and L an 

appropriate width, the transmission coefficient can be written

rr - l i l k  j j j  - 2 i U  cosa  , ,LT, , = ----------------u  L = ----------------------- k d — r^ ix i
mcQQikd) CqQ{M) sin a d  1 • J

since I = A:cos(a)and m = Asin(a). The MCA requires U «C q, and, for the sake of argument, it is 

assumed that ô= UIcq has the magnitude 0.1. The magnitude of the function cot(a) is less than one 

for directions within ±45° of the current normal and less than ten for directions within ±84° of the 

current normal. In shallow water conditions, kd <0.3 with (2=2, and consequently the term L d  cota 

can be of order ten and still satisfy the requirement that be of order one. Then, for a current width 

at the scale of the wavelength, such that L<i >20, the incidence angle would be limited to within ±45° 

of the current normal, approximately. Wider currents would restrict incidence angles to an increasingly 

narrower range about the current normal. In deep water conditions, kd >3 with Q =\ and, for a current 

width at the scale of a wavelength, Ld'^ < 2 . Again, this restricts valid incidence angles to lie within 

±45° o f the current normal with wider currents resulting in a narrower range. The same restriction 

applies at intermediate depths. For any given circumstance, an increased current strength giving larger 

Ô would limit the range of valid incidence angles to a narrower band about the current normal.

The influence of vertical shear on wave properties is well documented in two-dimensional flows (see 

§1.3.2). While the vertical shear of the jet-like current produced in this experimental study was 

negligible, leading to good agreement with depth-uniform models, this will not always be the case. For 

example, the stratification that occurs at a river outflow, where the fresh river water overlies the denser 

saline estuary waters, can result in significant shear in the near-surface layer. In such situations the 

inclusion of vertical shear in the models will be important for accurate prediction of the wave 

transformation. The 3D MCA model provides the first steps towards such a capability.
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6.3 Experimental study

A physical model is a reduced scale representation of a natural flow. Off the North Sea coast of the 

British Isles, the typical coastal wave has a period of approximately 4s (Draper, 1976). Comparing 

this prototype wave to the physical model wave gives the ratio of time-scales as 5:1. Dynamic 

similarity to the full-scale flow requires the physical model to be geometrically undistorted, possessing 

a single length-scale, and maintain equality of Froude number (the ratio o f inertial to gravity forces) 

and Strouhal number (the ratio of temporal to convective acceleration) to that o f the full-scale flow. 

The combination of these last two conditions produces a relation between the time-scales and length- 

scales, the ratio of length-scales being the square of the ratio of time-scales. This is referred to as 

Froude scaling and yields the ratio of length-scales to be 25:1 and the ratio of velocity-scales to be 5:1. 

For complete dynamic similarity, the Reynolds number (the ratio of inertial to viscous forces) would 

also be identical but this is rarely achieved, resulting in viscous shear stresses being scaled incorrectly. 

However, this only becomes important in the boundary layers where viscous forces are significant. 

Thus the physical model conditions correspond to prototype conditions o f a 4s wave (a wavelength of 

approximately 25m) with a wave height of 0.8m, propagating over a current roughly 200m across with 

a maximum velocity of Im/s, in approximately 12m of water.

The currents encountered in near-shore, coastal, and ocean regions are predominately turbulent and 

truly three-dimensional, varying in magnitude in all three coordinate directions. In this respect, the 

present current is typical of such flows. However, none of the wave-current interaction models 

considered in chapter 2 incorporate the effect o f turbulence nor, with the exception of the 3D MCA 

model, vertical shear. The current is considered to be a laminar mean flow with uniform properties in 

the vertical and stream-wise directions. The creation of a laterally sheared current, whose properties 

are otherwise uniform, in a large-scale physical model for the purpose of model validation is a major 

experimental problem, as large-scale flows are inherently turbulent and not unidirectional (Peregrine, 

1976). Fortunately, if the turbulence is small-scale, with length-scales significantly less than the 

wavelength, the only significant effect is an enhanced energy dissipation and measures can be 

introduced to reduce small-scale turbulence to an acceptable level. In addition, repeated measurements 

can be used to reduce further its influence in a statistical sense. However, this is not the case when the 

flow contains turbulent eddies at a scale of the wavelength or greater (Peregrine, 1976), as is probably 

the case in the present study. The angular velocity of such turbulent eddies in combination with their 

large size can create significant locahzed mean flows which can lead to significant local wave
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transformation. Maintaining a region of strong lateral vorticity is only possible if there is some factor 

to oppose the usual turbulent spread. At best, the currents, as defined in the models, can only be an 

appropriate description for some small portion of the flow field.

An estimate of the scale of the turbulent eddies in the jet current can be achieved by invoking Taylor’s 

hypothesis of frozen convection (Taylor, 1938). This estabhshes a relationship between the frequency 

and wavenumber spectrum in situations where the turbulent fluctuations are much smaller than the 

mean velocity. Although Taylor’s hypothesis has been used extensively and is widely thought to be 

validated, it remains, at best, a useful approximation and its apphcation continues to be the subject of 

critical assessment (McComb, 1991; Dahm & Southerland, 1997). Keeping this in mind, it is applied 

to velocity measurements of the jet current.

The hypothesis proposes that observed temporal fluctuations in velocity at a location are due to the 

convection of a frozen pattern of turbulent motion, at some mean velocity U, past that location. This 

can be expressed as u {x,t) = u{x Local time derivatives are then related to a convective

derivative,

I  '  [G 15]

from which the relation between the wavenumber and frequency, k = col U ,\s  established and the 

frequency spectrum can be transformed into a wavenumber spectrum according to S{cj) = S {k ) /U .  

The hypothesis is applied to measurements of the frequency spectrum of the span-wise velocity 

component made at the periphery of the current, with U taken to be the mean stream-wise velocity. 

This approach is adopted as the observations of Dracos et al. (1992) indicate the structure of a plane 

jet consists of a fast flowing meandering stream contained between an asymmetric pattern of eddies 

located on the periphery of the current. Thus, the fluctuations of the span-wise velocity at locations 

on the periphery of the current will be due to the convection of the eddy, at the mean stream-wise 

velocity, past the measurement location. The span-wise velocity frequency spectrum at the furthest off

shore location on the basin centre-line (figure 5.8) shows a peak frequency of 0.0183Hz (55s period) 

while the mean depth-averaged stream-wise velocity is 0.045m/s (figure 5.6). This yields an estimate 

of approximately 2.44m for the length-scale of the eddies. (A resolution of 0.005Hz in the frequency 

spectrum, means the peak spectral estimate corresponds to length-scales in the range 2.15m to 2.83m). 

The peak energy corresponds to a velocity amplitude within the eddy of approximately O.Olm/s.
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If the fluctuations of the stream-wise velocity at the same location are considered, much larger eddy 

length-scales are estimated. The peak frequency of 0.0033Hz (300s period) yields a length-scale of 

approximately 13.5m. This is equivalent to approximately one third of the basin length and is 

significantly larger than the current width. Again the peak energy corresponds to a velocity amplitude 

of approximately O.Olm/s. These fluctuations are not thought to be due to the eddies but rather 

associated with a possible variability of the pump output. Basin seiching can be ruled out as the first 

modal period is much shorter than the peak frequency indicates. A rectangular basin 46m in length and 

0.49m deep, has a first modal period of approximately 42s, given h y l L / \ f ^  (Dean & Dalrymple, 

1991).

The length-scale of the eddies vary, increasing with distance in the stream-wise direction, as 

neighbouring eddies merge as they are advected downstream (Dracos et al., 1992). The localized 

focusing, and de-focusing, that occurs as a wave passes across this street of varying sized eddies results 

in an increasingly short-crested wave condition shoreward of the current which can produce large wave 

events (see figure 5.31). The concept of periodicity of the vortical structures within the current is 

supported by the periodic repetition of similar features in the temporal modulation pattern of the 

surface elevation shoreward of the current. A regular distribution of nodes and anti-nodes was 

observed during the experiment moving over the region shoreward of the current.

The wave motion observed in the wave alone tests is described well by small amplitude (linear) 

irrotational wave theory. The wave steepness parameter, e=  ak, which has the value 0.1, is sufficiently 

small to satisfy the condition c « l .  Linear theory also provides a good description of wave motion in 

many natural situations and thus the use of a small amplitude wave condition in the physical model is 

both a good representation of natural wave motion and appropriate for mathematical models. This is 

not to suggest that finite amplitude (non-hnear) effects are unimportant, rather that the mathematical 

benefit afforded by the relative simplicity of a linear wave model is further enhanced by the 

applicability of such a model to a wide range of real flows.

The relative current strength parameter, ô = U/c, takes the value of approximately 0.16 using the 

centre-line velocity as the representative current magnitude. This places the current in the moderate 

current regime, where e « 0 « \ ,  according to the classification of Thomas & Klopman (1997), although 

it is possible that the weak current approximation, where ô = o(e) « 1, may also be applicable.
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The width of the shear layers of the mean current extend approximately 4m either side of the current 

centre-line, equivalent to approximately four wavelengths (see figure 5.6). The prediction of negligible 

reflection by the MSE model, and the observation of negligible reflection, suggests that such a current 

behaves as if it were slowly-varying. This appears to contradict the classification based on the non- 

dimensional length-scale of the span-wise current variation, defined as P  and proportional to

the ratio of the current length-scale, L, and the deep water wavelength (McKee, 1987). Typical values 

of P  for ocean currents, for which the slowly-varying assumption is generally taken to apply, are of the 

order o f hundreds, while near-shore and coastal currents take values of the order of tens and, by 

implication, are not slowly-varying (McKee, 1987). For this experiment p, takes a value of 

approximately thirteen, depending on the choice for L. Thus, according to the classification of McKee, 

the present current is representative of near-shore and coastal currents. The strength and width of the 

prototype current are also commensurate with observations of natural near-shore currents.

The slowly-varying assumption is commonly expressed as requiring any current variations to occur 

over “many” wavelengths. The obvious question that arises concerns the precise magnitude of “many”, 

or in relation to the present study, can four wavelengths be regarded as “many”? A physical 

requirement for slow spatial variations was given by Jonsson (1990) as | V.I/1 « \ k . U \ .  Even at the 

locations of maximum shear, the span-wise gradient, | Y . f / | , of the present current remains an order 

of magnitude smaller than \k .U .\. Thus, according to this criterion, the present current is indeed 

slowly-varying. So four wavelengths can be regarded as “many”.

It would appear that, apart from in the limits of p-*°° and /? - 0, the current variation parameter, p, is 

not sufficient to categorize whether the conditions are slowly-varying, or not. This parameter does not 

account for the magnitude of the current shear. For example, the shear layers of a current may be of 

the same horizontal extent and yet have significantly different changes in strength over the length-scale. 

At intermediate values, the current strength parameter ô  must also be taken into account.
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Chapter 7 : Conclusions

7.1 Conclusions

The unique capabilities of the UK Coastal Research Facility have been exploited to carry out a physical 

modelling study quantifying the transformation of a gravity wave propagating obliquely across a 

narrow, horizontally sheared, jet-like current where the length-scales of the lateral shear layers were 

comparable to the incident wavelength. The main features of this study are these:

•  A narrow jet-like current has been created that remained uni-directional within the test section 

and produced minimal recirculation elsewhere within the basin. This was achieved by taking 

particular care in the adjustment of the current generation system and represented the major 

difficulty of the experimental study.

•  A single wave condition was generated orthogonally and obliquely, in both a following and 

opposing sense, to the current direction. The period and oblique incidence angle of the wave 

was chosen, within the capabilities of the facility, to accentuate the refraction produced by the 

current.

•  A benchmark data set quantifying the transformation of the kinematic and dynamic properties 

of the wave as it passes across the ciurent has been produced. This consists of primary 

variables, surface elevation, and mean and oscillatory velocity vectors, at twelve elevations 

through the water column at eleven elevation locations across an orthogonal section through the 

current.

The main findings of the physical model study are:

•  The observed transformation of wave properties follows generally accepted trends: a following 

wave is refracted to a more current parallel direction with an increased wavelength and reduced 

wave height; while an opposing wave is refracted to a more current normal direction with a 

shortened wavelength and enhanced wave height.

•  No significant reflection of the incident wave at the current shear layers was observed.

•  The vertical shear of the current was effectively confined to the near-bed region and 

consequently did not have a significant influence upon the wave properties.
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•  The jet-like current was physically realistic, that is, it was turbulent with inhomogeneous mean 

properties in both span- and stream-wise directions.

•  In the absence of wave motion the observed deceleration and lateral spreading characteristics 

of the jet-like current are those of a plane free turbulent jet flow. The same is true in the 

presence of oblique waves although the deceleration and spreading characteristics differ in 

magnitude: for the following wave the lateral spreading is marginally suppressed while the 

opposing wave enhances both the deceleration and lateral spreading.

•  The lateral displacement of the current, observed in the presence of oblique waves, is an artefact 

of the design o f the experimental facility.

•  The use of the non-dimensional span-wise len g th -sca le= aP'Llg is not sufficient to classify 

a current as either slowly- or rapidly-varying, apart from in the limits /?-0 or o°. To provide a 

correct classification, it is necessary to take account o f the relative current strength 

parameter ô = U lc . The criteria used by Jonsson (1990), equation [2.8], are more appropriate 

for classifying the scale of variation.

•  The angular flow associated with the large two-dimensional vortical structures present in the 

shear layers of the current result in a localized focussing and de-focussing of the incident wave. 

This results in an increasingly short-crested wave field as the wave passes from the current. 

Significant variation in wave height over the time-scale o f a few wave periods was observed.

Comparing the physical model data with theoretical model predictions identified the following:

•  Predictions based on a depth-independent approximation to the current produce good agreement 

with observations.

•  The predictions from the slowly-varying WKBJ model agree well with the general trends 

observed in the refraction and wave amphtude data. This is also the case with the oscillatory 

velocities. The assumption of no reflected wave energy precludes the prediction of any 

modulation in wave properties.

•  The mild shear equation model predicts an essentially zero reflection coefficient and hence 

produces predictions identical to those of the slowly-varying WKBJ model at the expense of a 

more involved evaluation procedure.
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•  Vortex sheet model predictions depend critically on the choice of the parameters for the top-hat 

current representation of the real current. Values for these parameters are not necessarily 

obvious for a given span-wise profile. Although this model predicts a small, but non-zero 

reflection coefficient, the lack of phase shift information compromises the ability of the model 

to accurately predict wave height variations on the current.

•  Although the 3D MCA model is formulated for waves propagating on jet-hke currents with 

arbitrary horizontal and vertical shear characteristics, the solutions impose a limitation on the 

magnitude o f the current mass flux. This limitation prevents valid predictions from being 

evaluated for the present experimental conditions.

The physical model study identified certain limitations in the performance of the UKCRF:

•  The active absorption system was shown to cause an unacceptable deterioration in the quality 

of the generated wave. Consequently, active absorption has not been used in the study.

•  Wave properties within the test section were modulated by wave energy reflected from the 

current guide flumes that form the side walls of the basin. This was particularly so with normal 

incidence wave conditions.

•  The acoustic Doppler velocimeters were not suitable for turbulence measurements.

7.2 Future research

7.2.1 Recommendations for experimental development

Because of its unique capability, it is likely that further physical studies of the phenomenon considered 

here would also be conducted in the UKCRF. With this in mind, the following recommendations are 

made for developing the present experiment.

In creating the present current, the pumps of the current generation system were operated at their 

maximum output. Any increase in current strength would require the generation of a narrower current, 

unless the current generation system could be modified to permit pump output to be directed through 

any sump. While this is advantageous for the study of strong narrow jet-like currents, the increased 

flow through the sluice gates would inevitably exaggerate the problem of turbulent disturbances in the
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current guides. Reducing the width of the current, while maintaining the same water depth, would have 

the effect of extending the region of linear growth of current width, thus delaying the onset of the 

turbulent eddies and meandering current (Dracos et ah, 1992). The former effect will not aid stream- 

wise uniformity, while the latter effect may be beneficial if the eventual onset occurs beyond the test 

section. Wave reflection could be significant with stronger shear layers, in which case improvements 

to the active absorption system of the wave generator would be required. Techniques for detecting the 

direction of waves obliquely incident upon the paddle elements exist (Schaffer & Klopman, 2000) and 

one of the techniques described therein would need to be incorporated into the active absorption system 

of the UKCRF.

The present limit for oblique wave generation, being ±30° to the current normal, represents a narrow 

experimental range. Extending the range to a more acute, or obtuse, angle of incidence would be 

advantageous. However, to avoid the creation of troublesome spurious waves, the wave generator 

would need to be re-designed to incorporate a greater number of narrower paddle elements. This raises 

the issue of mechanical reliability, as the likelihood of an individual element failing increases as the 

number of elements increases. The present seventy-two paddle element wave generator experienced, 

on average, between one and two failures each week during this study. A more acute, or obtuse, angle 

of incidence would also require the test section to have a greater stream-wise extent, which, in turn, 

would require the current to remain uniform over a greater stream-wise distance if  the quasi-3D nature 

of the models are to be satisfied. An alternative would be to generate the current at either an oblique 

angle to the shore-line or even orthogonal to the shore-line. Generating an oblique current in the 

UKCRF would require modification of the current generation system to permit pump output to be 

directed through any sump. The generation of a current flowing orthogonally to the shore-line, through 

the spending beach, replicates the flow in a river estuary or tidal inlet. Combining this with oblique 

wave generation would extend the study of Hales & Herbich (1972) where waves propagated 

coUinearly against a current emergent from a tidal inlet. Such a current has been created in the UKCRF 

previously (O’Connor et a l, 1997). However, it has the drawback of effectively disabling the present 

current generation system and requires any recirculation induced by the current to occur within the 

basin.

The preceding proposals involve a significant structural re-design of the UKCRF. However, 

improvements could be made without altering the present design. One significant improvement to the
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present study would be the suppression of the spurious wave components identified as originating from 

the current guides. The inclusion of some method of wave dissipation in each current guide would not 

only dissipate wave energy entering the guides but also could be used to dissipate the turbulent 

disturbances generated at the sluice gates. The limited span-wise range of the instrument bridge 

prevented measurements being made off-shore of the current. This limitation could be rectified in one 

of two ways: extend the range further off-shore; or, reduce the width of the spending beach, thus 

increasing the width of the flat bed region and allowing the current to be generated further on-shore.

To improve upon the quality of the present data set, further refinements should focus on the generation 

of the current. Attention should be given to producing a shear flow in which the presence of the large- 

scale turbulent eddies are minimised and the homogeneity in the stream-wise direction is improved. 

This is not envisaged as being an easy task particularly at the experimental scale of the UKCRF. 

Therefore, it might be advantageous to reduce the scale of the experiment as in the study conducted by 

Hughes & Stewart (1961). This too is not without its difficulties: in the small-scale experimental study 

of Hughes & Stewart (1961), the influence of surface tension in the physical model data was not 

accounted for in the theoretical model predictions resulting in poorer agreement than was actually the 

case.

In performing the experiments for the purpose of validating wave transformation models, expediency 

would suggest placing greater emphasis on the measurement of far field wave properties, to establish 

reflection and transmission coefficients, over a range of wave and current conditions in the first 

instance. These parameters are sufficient for assessing the performance of the models. Only then 

should the time-consuming task of detailed surface elevation and velocity measurements be undertaken.

The generation of oblique wave conditions with a more current-parallel propagation direction, and 

particularly opposing wave conditions, would be more representative of the conditions encountered at 

river estuaries and tidal inlets. This would complement existing experimental studies of a jet-like 

current opposing collinear waves: the wave transformation study of Hales & Herbich (1972); and the 

current transformation study of Ismail & Weigel (1983).

In such future studies greater attention should be given to observing the changes experienced by the 

mean current in the presence of an obliquely incident wave. This is relevant to the understanding of
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the transportation of sediments and pollutants.

7.2.2 Recommendations for model developments

The present current conditions were adequately represented by a slowly-varying depth independent 

approximation. However, it is common for near-shore currents to possess significant vertical shear and 

consequently it is important to incorporate the effect in predictive models. While the 3D MCA model 

(Thomas, 2001) recognised this and accounted for vertical shear, its range of applicability was found 

to be limited and not appropriate for the comparison with the present data. In an alternative approach, 

a slowly-varying averaged Lagrangian approach based on the two-dimensional MCA models for a 

vertically sheared current is currently being developed by the same author. The data set presented here 

would be ideally suited to validating this model.

The “top-hat”, or twin vortex sheet, approximation of the jet-like current is a crude representation. 

This results directly in an ambiguity in choosing the vortex sheet locations and current strength. A 

multiple vortex sheet representation would provide a better representation of the discrete velocity 

information usually recovered from experimental observations in both the laboratory and the field. The 

natural location of vortex sheets and current strength are then clear; vortex sheets would be positioned 

equidistant between measurement locations; while the current strength for a region is that recorded at 

the measurement location contained within it. This has the advantage of not requiring a functional 

form for the observed current to be established.
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Appendix A: Experimental data set

Streamwise velocity, U (m/s)

z (mm) 3.386 4.45 4.886 5.386
y (m)
5.886 6.386 6.886 7.386 8.386 9.386

40
80
120
160
200
240
280
320
360
400
440
480

0.0272
0.0275
0.0373
0.0332
0.0438
0.0447
0.0566
0.0501
0.0453
0.0491
0.0599

0.0412
0.0497
0.0727
0.0553
0.0604
0.0657
0.0937
0.0769
0.0569
0.0751
0.0892

0.0926
0.0904
0.0961
0.1027
0.1273
0.1196
0.1231
0.1334
0.1271
0.1159
0.1186

0.0970
0.1172
0.1268
0.1395
0.1362
0.1547
0.1622
0.1741
0.1379
0.1534
0.1586

0.1273
0.1435
0.1583
0.1750
0.1788
0.1871
0.1947
0.2115
0.1765
0.1830
0.1888

0.1455
0.1600
0.1708
0.1872
0.2131
0.2091
0.2146
0.2264
0.2109
0.2034
0.2060

0.1447
0.1685
0.1853
0.1851
0.2157
0.2172
0.2252
0.2264
0.2158
0.2106
0.2130

0.1428
0.1581
0.1710
0.1795
0.2009
0.2009
0.2104
0.2150
0.1966
0.1939
0.1983

0.1242
0.1338
0.1345
0.1477
0.1733
0.1711
0.1704
0.1788
0.1697
0.1645
0.1621

0.0626
0.0665
0.0659
0.0673
0.0941
0.0871
0.0870
0.0841
0.0930
0.0842
0.0798

0.0358
0.0370
0.0467
0.0526
0.0516
0.0557
0.0626
0.0510
0.0483
0.0527

Spanwise velocity, V (m/s)
y (m)

z (mm) 3.386 3.886 4.45 4.886 5.386 5.886 6.386 6.886 7.386 8.386 9.386
40 0.0070 0.0050 -0.0034 -0.0008 -0.0039 -0.0023 -0.0002 -0.0016 0.0001 -0.0077
80 0.0011 0.0016 -0.0073 -0.0022 -0.0046 -0.0049 -0.0002 -0.0007 0.0011 -0.0037 -0.0059
120 0.0033 -0.0028 -0.0033 -0.0049 -0.0064 -0.0023 0.0009 0.0026 0.0027 -0.0077 -0.0072
160 0.0045 0.0043 -0.0027 -0.0075 -0.0076 -0.0055 -0.0005 0.0008 0.0042 -0.0020 -0.0037
200 -0.0023 -0.0032 -0.0154 -0.0103 -0.0146 -0.0170 -0.0102 -0.0107 -0.0029 -0.0067 -0.0040
240 -0.0083 -0.0079 -0.0183 -0.0161 -0.0186 -0.0156 -0.0137 -0.0086 -0.0066 -0.0049 -0.0039
280 -0.0113 -0.0156 -0.0161 -0.0207 -0.0188 -0.0137 -0.0136 -0.0088 -0.0048 -0.0058 -0.0013
320 -0.0078 -0.0102 -0.0183 -0.0220 -0.0209 -0.0184 -0.0138 -0.0121 -0.0054 -0.0011 0.0002
360 -0.0060 -0.0055 -0.0114 -0.0059 -0.0057 -0.0067 0.0041 0.0040 0.0101 0.0049 0.0056
400 -0.0107 -0.0123 -0.0110 -0.0106 -0.0090 -0.0051 -0.0009 0.0036 0.0067 0.0065 0.0064
440
480

-0.0164 -0.0139 -0.0135 -0.0130 -0.0117 -0.0009 -0.0033 0.0019 0.0068 0.0102 0.0088

Vertical velocity, W (m/s)
y  (m )

z (mm) 3.386 3.886 4.45 4.886 5.386 5.886 6.386 6.886 7.386 8.386 9.386
40 -0.0013 -0.0022 -0.0024 -0.0029 -0.0038 -0.0039 -0.0055 -0.0060 -0.0054 -0.0027
80 -0.0022 -0.0020 -0.0017 -0.0037 -0.0044 -0.0044 -0.0069 -0.0066 -0.0042 -0.0023 -0.0020
120 -0.0038 -0.0016 -0.0036 -0.0024 -0.0042 -0.0045 -0.0071 -0.0067 -0.0049 -0.0031 -0.0030
160 -0.0020 -0.0016 -0.0043 -0.0043 -0.0075 -0.0055 -0.0054 -0.0060 -0.0043 -0.0024 -0.0027
200 -0.0026 -0.0013 -0.0049 -0.0047 -0.0053 -0.0053 -0.0074 -0.0062 -0.0060 -0.0038 -0.0043
240 -0.0033 -0.0002 -0.0039 -0.0037 -0.0038 -0.0057 -0.0063 -0.0064 -0.0037 -0.0025 -0.0028
280 -0.0038 -0.0014 -0.0031 -0.0039 -0.0051 -0.0066 -0.0072 -0.0061 -0.0044 -0.0029 -0.0042
320 -0.0026 -0.0032 -0.0051 -0.0057 -0.0073 -0.0066 -0.0069 -0.0070 -0.0041 -0.0024 -0.0022
360 -0.0008 0.0000 -0.0009 -0.0015 -0.0014 -0.0013 -0.0025 -0.0019 -0.0015 -0.0005 -0.0016
400 -0.0012 0.0002 -0.0013 -0.0013 -0.0010 -0.0023 -0.0022 -0.0021 -0.0008 -0.0004 -0.0009
440
480

-0.0010 -0.0014 -0.0019 -0.0024 -0.0027 -0.0028 -0.0029 -0.0029 -0.0017 -0.0005 -0.0016

Table A. 1 : Mean velocity components of the jet-like current alone condition, JET. Measurements
made on the basin centre-line section.
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Streamwise velocity, (J (m/s)
y  (m)

z  (mm) 3.386 3.886 4.45 4.886 5.386 5.886 6.386 6.886 7.386 8.386 9.386
40 0.0101 0.0687 0.1407 0.1600 0.1223 0.0414
90 0.0171 0.0722 0.1689 0.1951 0.1402 0.0507 0.0298
140 0.0144 0.0767 0.1747 0.2100 0.1567 0.0518 0.0361
200 0.0145 0.1025 0.2036 0.2381 0.1709 0.0629 0.0414
250 0.0300 0.0961 0.2159 0.2500 0.1741 0.0686 0.0453
300 0.0250 0.0972 0.2141 0.2564 0.1795 0.0680 0.0474
360 0.0235 0.1045 0.2006 0.2354 0.1603 0.0638 0.0430
410 0.0331 0.0971 0.2117 0.2388 0.1606 0.0700 0.0468
460 0.0304 0.0988 0.2006 0.2391 0.1636 0.0709 0.0364

anwise velocity , V  (m /s)
y  (m)

z  (mm) 3.386 3.886 4.45 4.886 5.386 5.886 6.386 6.886 7.386 8.386 9.386
40 0.0043 0.0001 -0.0012 -0.0007 0.0028 -0.0088
90 0.0073 -0.0011 -0.0062 -0.0002 0.0041 -0.0055 -0.0082
140 0.0056 -0.0032 -0.0054 -0.0016 0.0083 -0.0070 -0.0047
200 0.0053 -0.0106 -0.0162 -0.0118 -0.0020 -0.0074 -0.0058
250 -0.0016 -0.0096 -0.0211 -0.0134 -0.0055 -0.0051 -0.0037
300 -0.0028 -0.0106 -0.0204 -0.0170 -0.0049 -0.0038 -0.0022
360 -0.0050 -0.0070 -0.0044 0.0032 0.0064 0.0053 0.0030
410 -0.0065 -0.0095 -0.0080 0.0023 0.0066 0.0098 0.0063
460 -0.0105 -0.0117 -0.0067 -0.0063 0.0056 0.0194 0.0008

tical velocity , W  (m /s)
y (m)

z  (mm) 3.386 3.886 4.45 4.886 5.386 5.886 6.386 6.886 7.386 8.386 9.386
40 -0.0012 -0.0028 -0.0044 -0.0044 -0.0054 -0.0018
90 -0.0017 -0.0038 -0.0061 -0.0072 -0.0054 -0.0012 -0.0024
140 -0.0025 -0.0036 -0.0068 -0.0072 -0.0054 -0.0017 -0.0038
200 -0.0027 -0.0035 -0.0063 -0.0068 -0.0046 -0.0020 -0.0043
250 -0.0036 -0.0037 -0.0071 -0.0086 -0.0046 -0.0014 -0.0042
300 -0.0012 -0.0025 -0.0056 -0.0078 -0.0039 -0.0019 -0.0037
360 -0.0005 -0.0014 -0.0020 -0.0028 0.0004 0.0006 -0.0022
410 -0.0015 -0.0009 -0.0025 -0.0031 -0.0021 -0.0009 -0.0014
460 -0.0009 -0.0020 -0.0035 -0.0047 -0.0025 -0.0005 -0.0010

Table A.2: Mean velocity components of the jet-like current alone condition, JET. Measurements
made on the section 5m upstream of the basin centre-line.
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Streamwise velocity, U (m/s)
y (m)

z (mm) 3.386 3.886 4.45 4.886 5.386 5.886 6.386 6.886 7.386 8.386 9.386
40 0.0178 0.0795 0.1124 0.1307 0.1134 0.0641
90 0.0413 0.0865 0.1466 0.1557 0.1117 0.0803 0.0381
140 0.0533 0.0985 0.1577 0.1672 0.1276 0.0843 0.0539
200 0.0351 0.1284 0.1688 0.1972 0.1658 0.0951 0.0554
250 0.0623 0.1151 0.1910 0.2080 0.1462 0.1080 0.0519
300 0.0664 0.1259 0.1932 0.2076 0.1610 0.1046 0.0725
360 0.0395 0.1290 0.1664 0.1911 0.1612 0.0946 0.0526
410 0.0661 0.1145 0.1815 0.2040 0.1385 0.1037 0.0452
460 0.0656 0.1218 0.1817 0.2023 0.1514 0.0984 0.0612

anwise velocity , V (m /s) 

z (mm) 3.386 3.886 4.45 4.886 5.386
y (m)
5.886 6.386 6.886 7.386 8.386 9.386

40 0.0043 -0.0023 -0.0014 -0.0086 0.0000 -0.0052
90 0.0011 -0.0029 -0.0069 0.0008 -0.0006 -0.0026 -0.0051
140 -0.0067 -0.0040 -0.0058 -0.0013 -0.0020 -0.0023 -0.0012
200 -0.0044 -0.0128 -0.0109 -0.0165 -0.0040 -0.0041 -0.0025
250 -0.0098 -0.0144 -0.0207 -0.0126 -0.0069 -0.0031 -0.0034
300 -0.0148 -0.0182 -0.0192 -0.0135 -0.0066 -0.0023 0.0007
360 -0.0049 -0.0101 -0.0045 -0.0029 0.0074 0.0078 0.0040
410 -0.0125 -0.0122 -0.0111 -0.0005 0.0040 0.0089 -0.0002
460 -0.0135 -0.0151 -0.0074 0.0000 0.0050 0.0092 0.0070

tical velocity , W  (m /s) 

z (mm) 3.386 3.886 4.45 4.886 5.386
y (m)
5.886 6.386 6.886 7.386 8.386 9.386

40 -0.0010 0.0045 -0.0052 -0.0041 -0.0025 -0.0031
90 -0.0028 -0.0015 -0.0068 -0.0045 -0.0041 -0.0034 -0.0021
140 -0.0022 -0.0021 -0.0063 -0.0053 -0.0032 -0.0032 -0.0035
200 -0.0028 -0.0023 -0.0037 -0.0066 -0.0048 -0.0031 -0.0027
250 -0.0034 -0.0031 -0.0054 -0.0050 -0.0027 -0.0034 -0.0020
300 -0.0023 -0.0039 -0.0064 -0.0068 -0.0057 -0.0031 -0.0043
360 -0.0009 -0.0012 -0.0019 -0.0025 -0.0012 -0.0015 -0.0002
410 -0.0016 -0.0010 -0.0023 -0.0021 -0.0012 -0.0012 -0.0009
460 -0.0017 -0.0028 -0.0035 -0.0039 -0.0031 -0.0014 -0.0021

Table A.3: Mean velocity components of the jet-like current alone condition, JET. Measurements
made on the section 5m downstream of the basin centre-line.
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H  (m) H  (m) H  (m)
y (m)________WAN y (m)________WAF_______WAO
3.686 0.0356 3.386 0.0331 0.0340
3.886 0.0345 3.586 0.0333 0.0330
4.236 0.0286 3.936 0.0314 0.0339
4.536 0.0294 4.236 0.0322 0.0299
4.75 0.0313 4.45 0.0345 0.0320
4.95 0.0329 4.65 0.0343 0.0315
5.3 0.0316 5 0.0351 0.0314
5.6 0.0301 5.3 0.0316 0.0294

5.686 0.0305 5.386 0.0348 0.0299
5.886 0.0306 5.586 0.0333 0.0293
6.236 0.0323 5.936 0.0309 0.0307
6.536 0.0356 6.236 0.0306 0.0337
6.686 0.0353 6.386 0.0305 0.0333
6.886 0.0328 6.586 0.0317 0.0326
7.236 0.0276 6.936 0.0320 0.0352
7.536 0.0297 7.236 0.0313 0.0347
7.686 0.0314 7.386 0.0305 0.0343
7.886 0.0332 7.586 0.0295 0.0328
8.236 0.0338 7.936 0.0319 0.0339
8.536 0.0321 8.236 0.0313 0.0317
8.786 0.0301 8.486 0.0346 0.0327
8.986 0.0289 8.686 0.0344 0.0315
9.336 0.0305 9.036 0.0349 0.0321
9.636 0.0350 9.336 0.0347 0.0342
9.686 0.0339 9.386 0.0368 0.0391
9.886 0.0326 9.586 0.0356 0.0371
10.236 0.0298 9.936 0.0364 0.0372
10.536 0.0316 10.236 0.0346 0.0354

Table A.4: Wave heights on the basin centre-line section for the three WA conditions.
1st harmonic wave height.
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Wave height at measurement location (m)

3.686 4.186 4.75 5.186 5.686
y (m)

6.186 6.686 7.186 7.686 8.786
H (m) 0.0335 0.0320 0.0361 0.0365

9.686
0.0330 0.0327 0.0306

Stream-wise velocity amplitude (m/s)
y (m)

z (mm) 3.686 4.186 4.75 5.186 5.686 6.186 6.686 7.186 7.686 8.786 9.686
50 0.0019 0.0010 0.0008 0.0028 0.0013 0.0014 #N/A
100 0.0019 0.0009 0.0009 0.0028 0.0015 0.0007 0.0019
150 0.0022 0.0015 0.0016 0.0038 0.0015 0.0013 0.0016
210 0.0020 0.0018 0.0023 0.0035 0.0031 0.0028 0.0014
260 0.0020 0.0025 0.0025 0.0039 0.0045 0.0010 0.0018
310 0.0023 0.0060 0.0047 0.0057 0.0058 0.0041 0.0014
350 0.0112 0.0051 0.0048 0.0146 0.0059 0.0061 0.0090
400 0.0131 0.0069 0.0076 0.0183 0.0066 0.0076 0.0120
450 0.0147 0.0093 0.0058 0.0196 0.0103 0.0038 0.0080

Span-wise velocity amplitude (m/s)
y (m)

z (mm) 3.686 4.186 4.75 5.186 5.686 6.186 6.686 7.186 7.686 8.786 9.686
50 0.0128 0.0127 0.0135 0.0137 0.0129 0.0143 #N/A
100 0.0152 0.0144 0.0146 0.0157 0.0160 0.0172 0.0188
150 0.0184 0.0180 0.0181 0.0189 0.0197 0.0186 0.0208
210 0.0239 0.0236 0.0247 0.0250 0.0237 0.0243 0.0264
260 0.0316 0.0305 0.0305 0.0328 0.0332 0.0348 0.0339
310 0.0422 0.0408 0.0410 0.0439 0.0450 0.0400 0.0429
350 0.0495 0.0485 0.0528 0.0539 0.0493 0.0494 0.0481
400 0.0730 0.0703 0.0702 0.0744 0.0785 0.0800 0.0677
450 0.0970 0.0941 0.0986 0.0993 0.1042 0.0894 0.0960

tical velocity am plitude (m /s)
y (m)

z (mm) 3.686 4.186 4.75 5.186 5.686 6.186 6.686 7.186 7.686 8.786 9.686
50 0.0040 0.0037 0.0040 0.0043 0.0038 0.0024 #N/A
100 0.0083 0.0078 0.0078 0.0083 0.0087 0.0075 0.0046
150 0.0128 0.0127 0.0130 0.0135 0.0136 0.0112 0.0099
210 0.0204 0.0197 0.0215 0.0223 0.0201 0.0194 0.0174
260 0.0293 0.0277 0.0275 0.0305 0.0315 0.0313 0.0273
310 0.0412 0.0393 0.0404 0.0435 0.0432 0.0366 0.0372
350 0.0509 0.0496 0.0549 0.0588 0.0509 0.0504 0.0456
400 0.0779 0.0724 0.0699 0.0734 0.0808 0.0788 0.0637
450 0.0976 0.0949 0.1007 0.1042 0.1054 0.0903 0.0914

Table A.5: Oscillatory velocity amplitudes for the wave alone condition, W AN - normally
incident wave. Measurements made on the basin centre-line. Oscillatory amplitudes are those of 
the 1st harmonic.
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Wave height at measurement location (m)
y (m)

3.386 3.886 4.45 4.886 5.386 5.886 6.386 6.886 7.386 8.486 9.386
H (m) 0.0331 0.0345 0.0348 0.0305 0.0305 0.0346 0.0368

Stream-wise velocity amplitude (m/s)
y (m)

z (mm) 3.386 3.886 4.45 4.886 5.386 5.886 6.386 6.886 7.386 8.486 9.386
50 0.0050 0.0055 0.0058 0.0054 0.0053 0.0065 #N/A
100 0.0046 0.0055 0.0050 0.0063 0.0058 0.0063 0.0076
150 0.0061 0.0075 0.0071 0.0074 0.0069 0.0079 0.0086
210 0.0112 0.0129 0.0132 0.0129 0.0125 0.0143 0.0155
260 0.0136 0.0152 0.0145 0.0163 0.0162 0.0168 0.0180
310 0.0187 0.0217 0.0192 0.0213 0.0202 0.0225 0.0234
350 0.0205 0.0241 0.0248 0.0251 0.0242 0.0273 0.0290
400 0.0264 0.0335 0.0281 0.0321 0.0318 0.0327 0.0324
450 0.0328 0.0376 0.0345 0.0406 0.0381 0.0407 0.0419

Span-wise velocity amplitude (m/s)
y (m)

z (mm) 3.386 3.886 4.45 4.886 5.386 5.886 6.386 6.886 7.386 8.486 9.386
50 0.0110 0.0119 0.0116 0.0108 0.0108 0.0125 #N/A
100 0.0123 0.0126 0.0125 0.0122 0.0127 0.0139 0.0170
150 0.0151 0.0158 0.0153 0.0150 0.0161 0.0169 0.0194
210 0.0198 0.0213 0.0210 0.0203 0.0198 0.0218 0.0246
260 0.0267 0.0270 0.0272 0.0257 0.0272 0.0287 0.0317
310 0.0350 0.0343 0.0332 0.0322 0.0348 0.0367 0.0398
350 0.0449 0.0488 0.0482 0.0450 0.0476 0.0506 0.0548
400 0.0666 0.0695 0.0679 0.0640 0.0667 0.0711 0.0759
450 0.0781 0.0850 0.0793 0.0829 0.0859 0.0910 0.1032

Vertical velocity amplitude (m/s)
y (m)

z  (mm) 3.386 3.886 4.45 4.886 5.386 5.886 6.386 6.886 7.386 8.486 9.386
50 0.0040 0.0041 0.0040 0.0038 0.0038 0.0035 #N/A
100 0.0079 0.0083 0.0081 0.0076 0.0074 0.0078 0.0064
150 0.0128 0.0133 0.0124 0.0118 0.0125 0.0141 0.0125
210 0.0212 0.0217 0.0217 0.0188 0.0190 0.0217 0.0226
260 0.0290 0.0299 0.0296 0.0274 0.0268 0.0310 0.0324
310 0.0412 0.0402 0.0375 0.0359 0.0376 0.0432 0.0435
350 0.0541 0.0575 0.0567 0.0503 0.0529 0.0591 0.0623
400 0.0743 0.0796 0.0776 0.0678 0.0668 0.0841 0.0887
450 0.0976 0.0982 0.0917 0.0883 0.0916 0.1032 0.1125

Table A.6: Oscillatory velocity amplitudes for the wave alone condition, WAF - wave obliquely 
incident in a following sense (60°). Measurements made on the basin centre-hne. Oscillatory 
amplitudes are those of the 1st harmonic.
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Wave height at measurement location (m)

3.386 3.886 4.45 4.886 5.386
y (m)

5.886 6.386 6.886 7.386 8.486
H (m) 0.0340 0.0320 0.0299 0.0333

9.386
0.0343 0.0327 0.0391

Stream-wise velocity amplitude (m/s)
y (m)

z  (mm) 3.386 3.886 4.45 4.886 5.386 5.886 6.386 6.886 7.386 8.486 9.386
50 0.0070 0.0071 0.0070 0.0072 0.0077 0.0080 #N/A
100 #N/A 0.0081 0.0079 0.0078 0.0095 0.0100 #N/A
150 0.0104 0.0106 0.0106 0.0106 0.0119 0.0126 0.0157
210 0.0128 0.0127 0.0127 0.0137 0.0143 0.0139 0.0160
260 #N/A 0.0158 0.0158 0.0156 0.0184 0.0192 #N/A
310 0.0235 0.0231 0.0244 0.0233 0.0254 0.0267 0.0326
350 0.0291 0.0290 0.0282 0.0297 0.0333 0.0322 0.0372
400 #N/A 0.0398 0.0384 0.0392 0.0478 0.0482 #N/A
450 0.0599 0.0647 0.0643 0.0615 0.0612 0.0626 0.0786

n-wise velocity amplitude (m/s)
y (m)

z  (mm) 3.386 3.886 4.45 4.886 5.386 5.886 6.386 6.886 7.386 8.486 9.386
50 0.0100 0.0094 0.0093 0.0102 0.0103 0.0106 #N/A
100 #N/A 0.0112 0.0107 0.0117 0.0122 0.0121 #N/A
150 0.0141 0.0134 0.0133 0.0134 0.0149 0.0149 0.0197
210 0.0183 0.0171 0.0168 0.0187 0.0186 0.0187 0.0221
260 #N/A 0.0238 0.0225 0.0244 0.0256 0.0249 #N/A
310 0.0330 0.0317 0.0305 0.0319 0.0338 0.0332 0.0427
350 0.0399 0.0363 0.0355 0.0396 0.0401 0.0398 0.0452
400 #N/A 0.0559 0.0504 0.0550 0.0574 0.0588 #N/A
450 0.0797 0.0794 0.0758 0.0798 0.0795 0.0738 0.1031

leal velocity amplitude (m/s)
y (m)

z (mm) 3.386 3.886 4.45 4.886 5.386 5.886 6.386 6.886 7.386 8.486 9.386
50 0.0042 0.0042 0.0037 0.0040 0.0041 0.0033 #N/A
100 #N/A 0.0084 0.0073 0.0079 0.0087 0.0074 #N/A
150 0.0133 0.0137 0.0115 0.0129 0.0140 0.0126 0.0151
210 0.0195 0.0188 0.0175 0.0198 0.0203 0.0191 0.0219
260 #N/A 0.0279 0.0254 0.0278 0.0301 0.0273 #N/A
310 0.0401 0.0413 0.0343 0.0392 0.0426 0.0392 0.0530
350 0.0514 0.0485 0.0452 0.0510 0.0536 0.0505 0.0605
400 #N/A 0.0728 0.0653 0.0661 0.0746 0.0717 #N/A
450 0.1038 0.1081 0.0907 0.1012 0.1016 0.0907 0.1365

Table A.7: Oscillatory velocity amplitudes for the wave alone condition, WAO - wave obliquely
incident in an opposing sense (120 ). Measurements made on the basin centre-line. Oscillatory 
amplitudes are those of the 1st harmonic.
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H  (m) H  (m) H  (m)
y (m) WCN y (m) WCF WCO
3.686 0.0305 3.386 0.0318 0.0302
3.886 0.0316 3.586 0.0301 0.0278
4.186 0.0316 3.886 0.0284 0.0286
4.236 0.0306 3.936 0.0288 0.0286
4.386 0.0304 4.086 0.0294 0.0279
4.536 0.0301 4.236 0.0304 0.0267
4.736 0.0268 4.436 0.0303 0.0278
4.75 0.0305 4.45 0.0250
4.95 0.0290 4.65 0.0238
5.036 0.0280 4.736 0.0281 0.0274
5.186 0.0290 4.886 0.0301 0.0316

5.3 0.0281 5 0.0245
5.386 0.0291 5.086 0.0290 0.0293

5.6 0.0265 5.3 0.0238
5.686 0.0308 5.386 0.0309 0.0306
5.736 0.0258 5.436 0.0288 0.0296
5.886 0.0292 5.586 0.0295 0.0284
6.036 0.0297 5.736 0.0278 0.0286
6.186 0.0300 5.886 0.0266 0.0223
6.236 0.0312 5.936 0.0283 0.0287
6.386 0.0284 6.086 0.0272 0.0229
6.536 0.0311 6.236 0.0262 0.0285
6.686 0.0279 6.386 0.0279 0.0283
6.736 0.0247 6.436 0.0258 0.0227
6.886 0.0235 6.586 0.0279 0.0269
7.036 0.0253 6.736 0.0247 0.0243
7.186 0.0251 6.886 0.0248 0.0303
7.236 0.0230 6.936 0.0279 0.0270
7.386 0.0245 7.086 0.0255 0.0269
7.536 0.0257 7.236 0.0270 0.0263
7.686 0.0283 7.386 0.0236 0.0283
7.736 0.0248 7.436 0.0239 0.0277
7.886 0.0251 7.586 0.0231 0.0274
8.036 0.0263 7.736 0.0244 0.0270
8.236 0.0243 7.936 0.0246 0.0267
8.536 0.0252 8.236 0.0218 0.0259
8.686 0.0185 8.386 0.0216 0.0240
8.886 0.0176 8.586 0.0225 0.0230
9.236 0.0179 8.936 0.0220 0.0198
9.536 0.0179 9.236 0.0222 0.0174
9.686 0.0204 9.386 0.0242 0.0187
9.886 0.0205 9.586 0.0249 0.0163
10.236 0.0198 9.936 0.0263 0.0143
10.536 0.0199 10.236 0.0250 0.0147

Table A .8: Wave height on the basin centre-line section for the three WC conditions. 
1st harmonic wave height.
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y (m)
H (m) 
WCN y (m)

H (m) 
WCF

H (m) 
WCO

3.686 0.0328 3.386 0.0327 0.0348
3.886 0.0341 3.586 0.0310 0.0334
4.186 0.0356 3.886 0.0302 0.0355
4.236 0.0338 3.936 0.0301 0.0345
4.386 0.0343 4.086 0.0316 0.0347
4.536 0.0335 4.236 0.0317 0.0340
4.736 0.0314 4.436 0.0321 0.0354
4.75 0.0341 4.45 0.0358
4.95 0.0330 4.65 0.0343

5.036 0.0327 4.736 0.0310 0.0354
5.186 0.0341 4.886 0.0325 0.0358
5.3 0.0325 5 0.0366

5.386 0.0343 5.086 0.0317 0.0343
5.6 0.0321 5.3 0.0360

5.686 0.0345 5.386 0.0328 0.0382
5.736 0.0317 5.436 0.0318 0.0366
5.886 0.0328 5.586 0.0314 0.0362
6.036 0.0371 5.736 0.0312 0.0360
6.186 0.0357 5.886 0.0302 0.0351
6.236 0.0350 5.936 0.0307 0.0368
6.386 0.0343 6.086 0.0305 0.0355
6.536 0.0359 6.236 0.0291 0.0364
6.686 0.0351 6.386 0.0309 0.0372
6.736 0.0317 6.436 0.0297 0.0350
6.886 0.0321 6.586 0.0311 0.0354
7.036 0.0329 6.736 0.0284 0.0363
7.186 0.0333 6.886 0.0285 0.0388
7.236 0.0306 6.936 0.0315 0.0369
7.386 0.0321 7.086 0.0295 0.0359
7.536 0.0338 7.236 0.0316 0.0364
7.686 0.0367 7.386 0.0286 0.0373
7.736 0.0318 7.436 0.0281 0.0371
7.886 0.0334 7.586 0.0288 0.0357
8.036 0.0341 7.736 0.0299 0.0362
8.236 0.0326 7.936 0.0303 0.0354
8.536 0.0346 8.236 0.0288 0.0340
8.686 0.0314 8.386 0.0311 0.0338
8.886 0.0310 8.586 0.0313 0.0324
9.236 0.0302 8.936 0.0321 0.0302
9.536 0.0310 9.236 0.0325 0.0284
9.686 0.0305 9.386 0.0357 0.0289
9.886 0.0306 9.586 0.0353 0.0265
10.236 0.0299 9.936 0.0371 0.0255
10.536 0.0307 10.236 0.0365 0.0254

Table A.9: Wave height on the basin centre-line section for the three WC conditions. 
Spectral wave height.
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Streamwise velocity, (J (m/s)
y (m)

: (mm) 3 .686 4.186 4.75 5.186 5.686 6.186 6 .686 7 .186 7 .686 8.786 9.686
50 0 .0306 0 .0560 0.1032 0.1259 0.1421 0 .1435 0 .1357 0.1101 0 .0743 0 .0414
100 0 .0338 0 .0605 0.1172 0.1306 0 .1577 0 .1650 0.1581 0.1311 0 .1088 0.0422 0.0221
150 0 .0420 0 .0836 0.1227 0.1448 0 .1689 0 .1762 0.1671 0 .1377 0 .1047 0.0618
210 0 .0407 0 .0686 0 .1250 0.1548 0 .1786 0 .1790 0 .1673 0 .1 3 3 6 0 .0904 0 .0559 0.0220
260 0 .0405 0 .0760 0.1315 0 .1464 0 .1822 0.1891 0 .1808 0 .1 4 9 7 0.1231 0 .0438 0.0256
310 0 .0533 0 .0915 0.1341 0.1561 0 .1778 0.1901 0 .1789 0 .1 5 8 8 0 .1177 0 .0650
350 0 .0577 0 .0922 0.1490 0.1819 0 .2036 0 .2045 0 .1947 0 .1 5 7 7 0 .1109 0.0679 0 .0248
400 0 .0654 0 .1005 0.1553 0.1726 0.2083 0 .2144 0 .2073 0 .1 7 2 4 0 .1462 0.0476 0.0321
450 0 .0725 0 .1176 0.1639 0.1799 0 .2014 0.2098 0 .1980 0 .1847 0 .1417 0.0771

Spanwise velocity, V (m/s)
y (m)

■ (mm) 3 .686 4 .186 4.75 5.186 5 .686 6 .186 6 .686 7 .186 7 .686 8.786 9.686
50 0 .0022 0.0011 0.0002 -0.0036 0 .0045 -0 .0017 -0 .0012 -0 .0050 -0 .0056 -0 .0052

100 0 .0017 0 .0020 -0.0013 0 .0017 0 .0026 -0 .0036 0 .0026 -0.0021 -0 .0006 -0 .0014 -0 .0022
150 0 .0002 -0 .0018 -0.0039 -0 .0025 -0.0019 -0 .0012 0 .0013 0 .0 0 0 6 0 .0013 -0 .0007
210 -0 .0043 -0 .0020 -0.0133 -0.0118 -0 .0072 -0 .0047 -0 .0039 -0 .0045 -0 .0066 -0 .0024 -0 .0018
260 -0.0031 -0 .0107 -0.0128 -0 .0092 -0 .0066 -0 .0093 -0.0031 -0 .0016 0 .0000 -0 .0012 -0 .0020
310 -0 .0110 -0 .0143 -0.0161 -0.0126 -0 .0118 -0 .0116 -0.0051 0 .0012 0 .0004 -0 .0015
350 -0.0081 -0 .0047 -0.0070 -0.0028 -0 .0015 0 .0032 0.0088 0 .0092 0 .0055 0 .0049 0 .0003
400 -0.0131 -0 .0142 -0.0104 -0.0073 -0 .0024 -0 .0004 0 .0070 0 .0093 0 .0108 -0 .0006 -0 .0016
450 -0 .0244 -0 .0220 -0.0181 -0 .0072 -0.0059 -0.0001 0 .0099 0 .0079 0 .0110 0 .0056

Vertical velocity, W (m/s)
y (m)

: (mm) 3.686 4 .186 4.75 5.186 5.686 6 .186 6 .686 7 .186 7 .686 8.786 9.686
50 -0.0011 -0 .0016 -0.0016 -0 .0022 -0 .0035 -0 .0027 -0.0021 -0 .0036 -0 .0022 -0 .0013

100 -0 .0010 -0 .0013 -0.0018 -0.0025 -0.0031 -0 .0032 -0 .0037 -0 .0039 -0 .0023 -0.0021 -0 .0018
150 -0 .0037 -0 .0032 -0.0020 -0.0031 -0 .0034 -0.0031 -0 .0039 -0 .0030 -0.0021 -0 .0030
2 10 0 .0002 0 .0000 0.0018 0 .0022 0 .0022 0 .0027 0 .0029 0 .0027 0 .0002 -0.0011 -0 .0012
2 60 0.0001 0 .0002 0.0014 0.0027 0 .0035 0 .0029 0 .0034 0 .0026 0.0011 -0 .0026 -0 .0026
310 -0 .0025 -0 .0009 0.0014 0 .0023 0 .0033 0 .0027 0 .0022 0 .0027 0 .0012 -0.0011
350 0 .0014 0 .0030 0.0051 0.0062 0 .0068 0 .0077 0 .0075 0 .0063 0 .0035 0 .0013 -0.0001
4 00 0 .0020 0 .0040 0.0060 0 .0067 0 .0088 0 .0084 0 .0085 0 .0070 0 .0053 0 .0005 0 .0006

4 50 0 .0017 0 .0032 0.0052 0 .0058 0 .0064 0 .0067 0 .0058 0 .0065 0 .0049 0 .0020

Table A. 10: Mean velocity components for the combined condition, WCN - wave normally 
incident upon a jet current. Measurements made on the basin centre-line section.
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Wave height at measurement location (m)
y (m)

3 .686  4 .186  4.75 5.186 5 .686  6 .186  6 .686  7 .1 8 6  7 .686  8 .786  9 .686
H (m) 0 .0357  0 .0342  0.0339 0.0353 0 .0359  0 .0352  0 .0 3 2 8  0 .0 3 3 8  0 .0 3 3 7  0 .0313  0 .0310

Streamwise velocity amplitude (m/s)
y (m)

z  (mm) 3 .686  4 .186  4 .75  5 .186 5 .686  6 .186  6 .686  7 .1 8 6  7 .686  8 .786  9 .686
50  0 .0027  0 .0033  0 .0045 0 .0055 0 .0053  0 .0066  0 .0 0 5 8  0 .0 0 5 4  0 .0 0 4 0  0 .0040

100 0 .0 0 3 3  0 .0038  0 .0047 0 .0052 0 .0054  0 .0 0 5 4  0 .0 0 6 6  0 .0 0 5 6  0 .0048  0.0041 0 .0040
150 0 .0 0 4 3  0 .0049  0.0051 0 .0060 0.0061 0 .0062  0 .0 0 6 8  0 .0 0 6 2  0 .0058  0 .0047
210  0 .0 0 4 2  0 .0039  0.0057 0 .0064  0 .0064  0 .0064  0 .0067  0 .0 0 6 3  0 .0056  0 .0056  0 .0048
260  0 .0059  0 .0054  0.0069 0 .0072  0 .0075  0 .0075  0 .0 0 8 4  0 .0 0 8 6  0 .0 0 7 7  0 .0066  0 .0064
310  0 .0089  0 .0083  0.0080 0 .0088 0 .0094  0 .0103  0 .0 1 0 8  0.0111 0 .0099  0 .0083
350  0 .0 1 0 6  0 .0127  0.0137 0.0151 0.0141 0.0151 0 .0 1 6 8  0 .0 1 3 6  0.0141 0 .0136  0 .0126
40 0  0 .0 1 5 4  0 .0173  0.0227 0.0191 0 .0194  0.0201 0 .0 2 7 3  0 .0 2 2 4  0 .0205  0 .0174  0 .0168
45 0  0 .0236  0 .0290  0.0287 0 .0283 0.0301 0 .0339  0 .0305  0.0311 0 .0259  0 .0236

Spanwise velocity amplitude (m/s)
y (m)

z  (mm) 3 .686  4 .186  4 .75  5 .186 5 .686  6 .186  6 .686  7 .186  7 .686  8 .786  9 .686
50  0 .0139  0 .0139  0.0138 0 .0144  0 .0157  0 .0158  0 .0147  0 .0 1 4 4  0 .0 1 4 6  0 .0149

100 0 .0 1 5 5  0 .0153  0.0159 0 .0156  0 .0166  0.0161 0 .0 1 7 0  0 .0 1 6 9  0 .0 1 7 4  0 .0170  0 .0176
150 0 .0194  0 .0199  0.0196 0 .0206  0 .0203  0 .0202  0 .0 1 9 7  0 .0 2 0 4  0 .0 2 1 0  0 .0212
210  0 .0264  0 .0258  0.0271 0 .0280  0 .0288  0 .0 2 8 4  0.0281 0 .0 2 8 3  0 .0 2 6 4  0 .0260  0 .0266
260  0 .0339  0 .0333  0.0360 0 .0349 0.0361 0 .0 3 5 8  0 .0363  0 .0 3 6 5  0 .0365  0 .0346  0 .0328
310  0 .0452  0.0471 0.0486 0.0449 0 .0455  0 .0483  0 .0460  0 .0 4 8 6  0 .0489  0 .0458
350  0 .0545  0.0531 0.0522 0 .0536  0 .0537  0.0521 0 .0509  0 .0 5 1 2  0 .0 5 2 6  0 .0508  0 .0493
40 0  0.0731 0 .0716  0.0725 0 .0688 0 .0702  0 .0712  0 .0 7 0 2  0 .0 7 0 3  0 .0709  0 .0708  0 .0666
450  0 .1009  0 .1037  0.1018 0 .0940 0 .0934  0 .0906  0.0881 0 .0 9 5 9  0 .0968  0 .0929

Vertical velocity amplitude (m/s)
y (m)

■ (mm) 3.686 4.186 4.75 5.186 5.686 6 .186 6.686 7 .186 7 .686 8.786 9.686

50 0 .0046 0 .0050 0.0053 0.0058 0 .0066 0 .0070 0 .0062 0 .0059 0 .0056 0.0031
100 0 .0087 0 .0085 0.0094 0 .0088 0 .0093 0 .0096 0.0091 0 .0094 0.0091 0.0071 0 .0045

150 0 .0137 0 .0144 0.0143 0 .0142 0.0141 0 .0154 0.0151 0 .0138 0 .0 1 4 2 0 .0134

210 0 .0225 0 .0210 0.0233 0.0238 0 .0247 0 .0239 0.0231 0 .0228 0 .0220 0 .0199 0 .0185

260 0 .0307 0 .0302 0.0337 0.0311 0 .0318 0 .0317 0.0331 0 .0309 0 .0332 0 .0296 0 .0266

310 0 .0440 0 .0458 0.0485 0.0423 0 .0438 0 .0466 0 .0437 0 .0456 0 .0452 0 .0433
350 0 .0556 0 .0532 0.0528 0.0549 0 .0556 0 .0545 0 .0513 0 .0528 0 .0535 0.0500 0 .0468

4 00 0 .0745 0 .0730 0.0770 0.0691 0 .0733 0 .0722 0 .0763 0 .0682 0 .0723 0 .0716 0 .0665

4 50 0 .1062 0.1111 0.1133 0.1002 0 .0984 0 .1018 0 .0996 0 .1007 0 .1024 0 .1045

Table A .11: Oscillatory velocity amplitudes for the combined condition, WCN - wave normally 
incident upon a jet current. Measurements made on the basin centre-line. Oscillatory amplitudes 
are established from a narrow frequency band about the peak spectral frequency.
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Streamwise velocity, U (m/s)
y (m)

z  (mm) 3 .386 3.886 4.45 4.886 5 .386 5.886 6.386 6 .886 7 .386 8 .486 9 .386

40 0 .0300 0 .0562 0.1097 0 .1233 0 .1362 0 .1532 0 .1507 0 .1405 0 .0826
90 0 .0306 0 .0635 0.0960 0.1222 0.1470 0 .1678 0 .1869 0.1821 0 .1562 0.0883 0.0433
150 0 .0606 0.1103 0 .1296 0.1561 0 .1846 0 .1915 0.2041 0 .1729 0 .0904 0 .0429

200 0 .0372 0 .0725 0.1439 0.1711 0 .2006 0 .2219 0 .2243 0 .1949 0.1155 0.0504
250 0 .0262 0 .0643 0.1006 0 .1346 0.1745 0.2064 0 .2307 0 .2269 0 .1946 0.1060 0.0541

310 0 .0515 0.1028 0.1227 0.1640 0 .2015 0 .2226 0 .2322 0 .1913 0 .1019 0 .0494

360 0 .0145 0 .0423 0.1030 0 .1346 0 .1638 0 .1904 0.1941 0 .1720 0.0986 0.0452

410 0 .0037 0 .0329 0.0528 0 .0850 0 .1355 0 .1715 0 .1892 0 .1839 0.1481 0 .0792 0.0345

460 0 .0219 0 .0580 0 .0743 0 .1090 0 .1477 0 .1796 0 .1745 0 .1387 0.0728 0.0343

inwise velocity, V (m/s)
y (m)

z  (mm) 3.386 3.886 4.45 4.886 5.386 5 .886 6.386 6 .886 7 .386 8.486 9 .386

40 -0.0041 -0 .0099 -0.0135 -0 .0130 -0 .0087 0 .0004 0 .0028 0 .0045 0.0031

90 -0 .0097 -0 .0086 -0.0123 -0.0111 -0.0131 -0.0081 0.0011 0 .0060 0 .0088 0.0049 0.0031

150 -0.0061 -0.0027 -0.0023 0 .0013 0 .0055 0 .0144 0.0231 0 .0227 0.0120 0.0051

200 -0 .0092 -0 .0166 -0.0233 -0 .0239 -0 .0226 -0 .0186 -0 .0098 -0 .0022 0.0018 -0 .0027

250 -0 .0090 -0 .0078 -0.0140 -0 .0147 -0 .0180 -0 .0167 -0 .0133 -0 .0073 -0 .0034 -0 .0008 0 .0013

310 -0 .0060 -0.0046 -0.0032 -0 .0032 -0.0011 0 .0009 0 .0029 0 .0032 0 .0037 -0 .0015

360 0 .0029 -0.0021 -0 .0035 0.0009 0 .0009 0 .0009 0.0011 0 .0014 -0 .0006 -0 .0019

410 -0.0031 0 .0018 0.0011 0 .0008 0 .0017 0 .0006 -0.0001 -0 .0010 -0 .0047 -0 .0085 -0.0091

460 0 .0002 0.0085 0.0136 0 .0164 0 .0166 0 .0147 0 .0090 -0 .0005 0.0035 0 .0067

tical velocity, W (m/s)
y (m)

z  (mm) 3 .386 3.886 4.45 4 .886 5.386 5 .886 6 .386 6 .886 7.386 8.486 9.386
40 0.0001 -0 .0026 -0 .0044 -0 .0050 -0 .0045 -0 .0055 -0 .0055 -0 .0048 -0 .0023
90 -0 .0016 -0 .0017 -0.0028 -0.0048 -0 .0056 -0 .0055 -0 .0079 -0 .0073 -0 .0055 -0 .0029 -0 .0022

150 -0 .0026 -0.0038 -0 .0044 -0 .0057 -0 .0077 -0 .0076 -0 .0089 -0.0071 -0 .0040 -0 .0024
200 0.0009 -0.0011 -0.0013 -0 .0008 0 .0005 -0 .0026 -0 .0027 -0 .0015 0.0002 -0 .0016
250 -0 .0008 -0 .0005 -0.0016 -0.0030 -0 .0029 -0 .0048 -0 .0058 -0 .0052 -0 .0037 -0 .0007 -0 .0012

310 -0 .0006 -0.0033 -0.0043 -0.0051 -0 .0079 -0 .0076 -0 .0097 -0 .0064 -0 .0034 -0 .0027

360 -0.0011 0 .0003 -0.0020 -0 .0022 -0 .0043 -0 .0069 -0 .0069 -0 .0038 -0 .0018 -0 .0015

410 -0 .0020 0 .0015 0.0002 -0.0005 -0 .0009 -0 .0025 -0 .0037 -0.0041 -0 .0033 -0 .0004 -0 .0003

460 -0.0001 -0.0007 -0.0007 -0 .0008 -0 .0023 -0 .0032 -0 .0034 -0 .0028 -0.0011 -0 .0007

Table A. 12: Mean velocity components for the combined condition, WCF - wave obliquely 
incident upon a following jet current. Measurements made on the basin centre-line section.

243



Wave height at measurement location (m)

3.386 3.886 4.45 4.886 5.386
y (m)
5.886 6.386 6.886 7.386 8.486

H (m) 0 .0327  0 .0302
9.386

0.0325 0 .0328 0 .0302  0 .0309  0 .0285  0 .0286  0.0311 0.0357

Streamwise velocity amplitude (m/s)

z  (mm) 3 .386 3.886 4.45 4.886 5.386
y (m)
5.886 6.386 6.886 7 .386 8.486 9.386

40
90

150
200
250
310
360
410
460

0 .0066
0 .0084

0.0115
0.0203

0.0271
0.0400

0.0065
0.0070
0.0076
0.0110
0.0166
0.0214
0.0248
0.0332
0.0379

0.0071
0.0098

0.0167
0.0270

0.0329
0.0525

0.0084
0.0088
0.0120
0.0146
0.0202
0.0320
0.0311
0.0376
0.0618

0.0102
0.0124
0.0117
0.0160
0.0269
0.0284
0.0328
0.0517
0.0627

0 .0125
0.0129
0.0122
0.0143
0 .0266
0 .0277
0.0319
0.0491
0.0691

0.0125
0.0112
0.0114
0.0138
0.0212
0.0254
0.0282
0 .0384
0 .0714

0.0129
0 .0094
0.0098
0.0132
0.0164
0.0228
0 .0255
0 .0306
0 .0714

0 .0097
0.0077
0.0097
0 .0144
0.0157
0.0233
0.0303
0.0300
0.0611

I 0 .0088
j:.. .0,0068  

0 .0087

0.0239  
( ' 0:0306"Lqmz.

0 .0499

0.0010
0.0077
0.0079
0.0142
0.0163
0.0211
0.0303
0.0322
0.0342

Spanwise velocity amplitude (m/s) 

z  (mm) 3 .386  3.886 4.45 4.886 5.386
y (m)
5.886 6 .386 6.886 7 .386 8.486 9.386

40
90

150
200
250
310
360
410
460

0.0113
0.0138

0.0157
0.0271

0 .0438
0.0694

0.0120
0 .0128
0 .0170
0.0165
0.0241
0.0360
0.0451
0.0601
0 .0764

0.0120
0.0175

0.0225
0.0358

0.0546
0.0707

0.0131
0.0142
0.0182
0.0176
0.0249
0.0364
0.0446
0.0578
0.0671

0.0138
0.0165
0.0195
0.0178
0.0273
0.0369
0 .0444
0.0623
0.0695

0.0161 
0 .0170  
0.0197  
0.0180  
0.0275  
0.0367  
0.0423  
0.0611  
0.0695

0.0167
0.0159
0.0194
0.0183
0.0262
0.0361
0.0452
0 .0596
0 .0673

0 .0154
0.0133
0.0195
0.0167
0.0222
0 .0347
0.0421
0 .0467
0 .0596

0.0144
0 .0116
0 .0168
0 .0176
0.0201
0 .0322
0.0441
0 .0424
0 .0537

0 .0130
0 .0 1 Q 4

0.0171
0:0170
0 .0190
0 .0347
0 .0458
0 .0462
0.0554

0.0013
0.0119
0.0178
0.0196
0.0213
0.0368
0.0513
0.0517
0.0560

Vertical velocity amplitude (m/s)
y (m)

' (mm) 3.386 3.886 4.45 4.886 5.386 5.886 6.386 6.886 7 .386 8.486 9.386
40 0.0034 0.0041 0.0052 0 .0056 0.0055 0.0061 0 .0065 0 .0058 s 0 .0043 0.0003
90 0 .0086 0 .0072 0.0070 0.0083 0.0101 0.0102 0.0094 0 .0083 0 .0078 . 0 .0060 0.0044

150 0.0121 0.0139 0.0148 0 .0154 0 .0155 0 .0145 0.0141 0 .0138 0 .0127 0.0116
200 0 .0150 0.0139 0.0167 0.0166 0.0161 0 .0169 0 .0152 0 .0160  :r  b :0155 0.0141
250 0 .0328 0.0253 0.0243 0.0287 0.0337 0 .0338 0 .0287 0.0231 0 .0215  : 0 .021^  ; 0.0235
310 0.0383 0.0413 0.0439 0.0443 0.0444 0 .0416 0 .0398 0 .0368 0.0382 0.0423
360 0 .0533 0.0496 0 .0544 0.0547 0.0497 0 .0509 0 .0474 0 .0490  ;5 0 .0526  ' 0.0591
410 0 .0813 0.0646 0.0618 0.0696 0.0795 0.0804 0 .0682 0 .0526 0 .0485 0.0623
460 0 .0908 0.0961 0.1013  

Indicates m easurem ents made at y=8.386m

0.0999 0.1001 0 .0945 0 .0920 0.0841 0 .0907 0 .1058

Table A. 13: Oscillatory velocity amplitude for the combined condition, WCF - wave obliquely 
incident upon a following jet current. Measurements made on basin centre-line. Oscillatory 
amplitudes are established from a narrow frequency band about the peak spectral frequency.
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Streamwise velocity, U (m/s)
y (m)

: (mm) 3 .386 3.886 4.45 4.886 5.386 5 .886 6.386 6 .886 7 .386 8 .486 9.386

50 0 .0708 0.1043 0.1313 0.1513 0 .1335 0.1131 0.0911 0 .0652 0 .0523 0 .0179

100 0.0859 0.1146 0.1480 0.1613 0 .1597 0 .1346 0 .1072 0 .0873 0 .0703 0 .0290 0 .0073

150 0 .0757 0.1233 0.1565 0.1693 0 .1752 0 .1485 0 .1243 0 .0872 0 .0702 0.0239 0.0075

210 0.1041 0.1497 0.1852 0.2062 0 .1902 0 .1600 0.1341 0 .0968 0 .0806 0 .0303 0.0061

260 0 .1134 0.1536 0.1928 0.2068 0.2041 0 .1757 0 .1485 0 .1192 0 .0996 0.0491 0.0157

310 0 .1098 0 .1633 0.2030 0.2138 0 .2172 0 .1918 0 .1653 0 .1199 0 .0983 0 .0432 0 .0149

350 0 .1149 0 .1602 0.1903 0.2001 0 .1904 0 .1637 0 .1488 0 .1119 0 .0917 0 .0458 0 .0149

400 0 .1269 0 .1694 0.1887 0.2008 0.2011 0.1821 0 .1678 0 .1330 0 .1080 0 .0634 0 .0282

450 0 .1438 0 .1888 0.1896 0.1975 0 .2056 0 .2004 0 .1703 0 .1226 0 .1083 0 .0584 0 .0196

Spanwise velocity, V (m/s)
y (m)

r (mm) 3 .386 3.886 4.45 4.886 5.386 5.886 6.386 6 .886 7 .386 8.486 9.386

50 -0 .0073 -0 .0063 -0.0091 -0.0033 -0 .0062 -0 .0065 -0 .0055 -0 .0120 -0 .0132 -0 .0065

100 -0 .0074 -0 .0073 -0.0057 -0.0030 -0 .0055 -0 .0030 -0 .0039 -0 .0067 -0 .0098 -0 .0085 -0 .0123

150 -0 .0066 -0 .0097 -0.0063 -0 .0048 -0 .0057 -0 .0038 -0.0021 -0 .0073 -0 .0088 -0 .0097 -0 .0134

210 -0 .0165 -0 .0193 -0.0224 -0 .0206 -0 .0180 -0 .0170 -0 .0117 -0 .0102 -0 .0092 -0 .0069 -0 .0059

260 -0.0171 -0 .0190 -0.0224 -0 .0216 -0 .0200 -0 .0143 -0 .0093 -0.0081 -0 .0063 -0 .0047 -0.0091

310 -0 .0197 -0 .0248 -0.0244 -0 .0222 -0 .0212 -0 .0140 -0 .0100 -0 .0070 -0 .0079 -0 .0060 -0.0101
350 -0.0161 -0 .0167 -0.0128 -0.0103 -0 .0040 -0 .0014 0.0041 0 .0048 0 .0049 0.0006 -0 .0029

400 -0 .0245 -0 .0244 -0.0198 -0.0158 -0 .0123 -0 .0040 0 .0038 0 .0074 0 .0072 0.0043 -0 .0030
450 -0 .0419 -0.0391 -0.0267 -0.0198 -0 .0142 -0 .0144 -0 .0067 0 .0015 0 .0102 0 .0014 0 .0007

Vertical velocity, W (m/s)
y (m)

z  (mm) 3.386 3.886 4.45 4.886 5 .386 5.886 6 .386 6 .886 7 .386 8.486 9.386
50 -0 .0028 -0 .0032 -0.0047 -0 .0064 -0 .0073 -0 .0030 -0 .0035 -0 .0043 -0 .0037 -0 .0012

100 -0 .0037 -0 .0050 -0.0049 -0.0060 -0 .0078 -0 .0063 -0 .0042 -0.0031 -0 .0069 -0 .0033 -0 .0024
150 -0 .0029 -0 .0052 -0.0062 -0.0070 -0 .0100 -0 .0065 -0 .0047 -0 .0045 -0 .0056 -0.0021 -0 .0033
2 10 -0 .0038 -0 .0028 -0.0052 -0.0078 -0 .0077 -0 .0072 -0 .0048 -0 .0055 -0 .0072 -0 .0026 -0 .0019
260 -0.0041 -0 .0048 -0.0059 -0.0067 -0 .0068 -0 .0068 -0 .0055 -0 .0042 -0 .0077 -0 .0047 -0 .0045
310 -0 .0060 -0 .0065 -0.0068 -0.0069 -0.0089 -0 .0064 -0 .0066 -0 .0055 -0 .0076 -0 .0035 -0 .0054
350 -0 .0017 -0 .0022 -0.0025 -0 .0042 -0 .0040 -0 .0033 -0 .0018 -0.0021 -0 .0033 -0 .0016 -0 .0015
400 -0 .0025 -0 .0026 -0.0043 -0.0038 -0 .0042 -0 .0037 -0 .0032 -0 .0019 -0 .0029 -0 .0017 -0 .0024
4 50 -0 .0034 -0 .0043 -0.0059 -0 .0060 -0 .0062 -0 .0057 -0.0051 -0 .0040 -0 .0025 -0 .0018 -0 .0013

Table A. 14: Mean velocity components for the combined condition, WCO - obliquely incident 
wave upon an opposing adverse jet current. Measurements made on the basin centre-line.
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Wave height at measurement location (m)
y (m)

3 .386  3 .886  4 .45  4 .886  5 .386  5 .886  6 .386  6 .886  7 .386  8 .486  9 .386
H (m) 0 .0348  0 .0355  0 .0358  0 .0358 0 .0382  0.0351 0 .0372  0 .0 3 8 8  0 .0 3 7 3  0 .0338  0 .0289

Streamwise velocity amplitude (m/s)
y (m)

z  (mm) 3 .386 3.886 4 .45 4.886 5.386 5 .886 6 .386 6 .886 7 .386 8 .486 9 .386
50 0 .0062 0 .0064 0 .0068 0.0076 0.0072 0 .0076 0 .0072 0 .0074 0 .0078 0.0088

100 0 .0075 0 .0069 0 .0078 0 .0073 0 .0080 0.0099 0 .0082 0.0089 0.0091 0 .0102 0.0111
150 0 .0092 0.0092 0.0091 0 .0094 0.0089 0.0096 0 .0100 0.0110 0 .0118 0 .0116 0 .0123
210 0 .0116 0 .0105 0 .0107 0.0110 0.0117 0.0130 0 .0126 0.0139 0 .0148 0 .0158 0 .0130
260 0 .0162 0 .0145 0 .0154 0.0148 0.0158 0 .0169 0 .0176 0.0181 0 .0197 0 .0206 0 .0210
310 0 .0220 0 .0212 0 .0202 0.0217 0.0213 0 .0225 0 .0239 0 .0266 0 .0268 0 .0253 0 .0252
350 0 .0307 0 .0288 0 .0296 0.0289 0 .0319 0 .0319 0 .0328 0 .0376 0 .0358 0 .0368 0 .0288
400 0 .0459 0 .0444 0 .0479 0 .0446 0 .0516 0 .0485 0 .0516 0 .0502 0 .0520 0 .0496 0 .0488
450 0 .0662 0.0622 0 .0498 0 .0488 0 .0524 0.0670 0.0639 0.0621 0 .0 5 5 4 0 .0560 0 .0493

înwlse velocity amplitude (m/s)

z  (mm) 3 .386  3 .886  4 .45 4.886 5.386
y (m)
5.886 6.386 6 .886 7 .386 8.486 9 .386

50 0 .0088 0 .0085 0.0087 0.0096 0 .0093 0 .0086 0 .0103 0 .0098 0 .0098 0.0101
100 0.0103 0 .0097 0.0104 0.0109 0 .0105 0 .0117 0 .0110 0 .0122 0 .0118 0 .0120 0.0137
150 0.0133 0 .0122 0 .0124 0.0128 0 .0128 0.0141 0 .0134 0 .0140 0.0141 0 .0142 0 .0148
210 0 .0167 0 .0164 0 .0166 0 .0175 0 .0178 0 .0165 0 .0188 0 .0184 0 .0183 0 .0180 0 .0175
260 0 .0246 0.0231 0 .0242 0.0238 0 .0232 0 .0229 0 .0248 0.0259 0 .0260 0 .0249 0 .0262
310 0 .0340 0 .0324 0 .0330 0.0338 0 .0332 0 .0347 0 .0335 0 .0342 0 .0345 0 .0330 0.0321
350 0 .0418 0 .0432 0 .0425 0.0446 0.0441 0 .0424 0 .0436 0 .0432 0 .0433 0 .0409 0 .0356
400 0.0631 0 .0606 0.0630 0.0654 0 .0600 0 .0608 0 .0632 0 .0625 0 .0614 0.0566 0 .0595
4 50 0.0931 0 .0919 0 .0845 0.0849 0 .0834 0 .0848 0 .0748 0 .0713 0 .0795 0.0719 0.0652

tical velocity amplitude (m/s) 

z  (mm) 3 .386  3 .886 4 .45 4.886 5.386
y (m)
5.886 6 .386 6 .886 7.386 8.486 9.386

50 0 .0048 0 .0052 0.0057 0.0065 0 .0058 0 .0056 0 .0055 0 .0052 0 .0046 0 .0034
100 0 .0079 0 .0080 0.0088 0.0087 0 .0084 0.0081 0 .0088 0 .0097 0 .0093 0 .0080 0 .0064

150 0 .0127 0 .0120 0 .0127 0.0131 0.0131 0 .0127 0 .0135 0 .0140 0 .0145 0 .0128 0 .0116
210 0 .0182 0 .0179 0 .0184 0.0192 0 .0193 0 .0187 0.0201 0 .0216 0 .0 2 1 4 0 .0197 0 .0167
260 0 .0279 0 .0264 0 .0275 0.0288 0 .0280 0 .0266 0 .0294 0 .0319 0 .0317 0 .0288 0 .0295
310 0 .0404 0 .0393 0 .0398 0.0414 0 .0398 0.0411 0 .0422 0 .0432 0 .0437 0 .0397 0 .0398
350 0 .0514 0 .0525 0 .0523 0.0547 0 .0555 0 .0513 0 .0554 0 .0602 0.0571 0 .0530 0 .0445
4 00 0 .0775 0 .0765 0 .0790 0.0817 0 .0802 0 .0754 0 .0815 0 .0843 0 .0834 0 .0748 0 .0764

450 0 .1173 0 .1192 0 .1119 0.1154 0 .1120 0 .1124 0 .1092 0 .1070 0 .1165 0 .1017 0.0981

Table A. 15: Oscillatory velocity amplitudes for the combined condition, WCO - wave obliquely 
incident upon an opposing jet current. Measurements made on the basin centre-line. Oscillatory 
amplitudes are established from a narrow frequency band about the peak spectral frequency.
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