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Abstract

The thesis describes a unique experiment conducted in the UK Coastal Research Facility (UKCRF) to
investigate the transformation of near-linear gravity waves propagating across a narrow horizontally
sheared jet-like current in constant depth water. The UKCREF is a novel large-scale wave basin
incorporating a multi-directional wave generator and a refined current generation system making it
ideally suited to the study of three-dimensional wave-current interactions. Setting the current
generation system required particular care to create a jet-like current that remained uni-directional and
produced minimal recirculation within the basin. A single wave condition was studied, propagating
across the current orthogonally and at oblique incidence, in both a following and opposing sense to the

current. The length-scale of the current’s shear layers was comparable to the incident wavelength.

The experiment is the first attempt to assess the kinematics and dynamics of the interaction of regular
waves and currents in three-dimensions at a physically realistic scale. The resulting benchmark data
set provides direct quantitative measurements of the spatial variation of the primary flow variables, the
velocity vector, u, and the surface elevation, 7. Observations showed the following wave to be
refracted to a more current-parallel direction with an increased wavelength and reduced wave height
as it moved onto the current, while the opposing wave became more current-normal with a shortened
wavelength and enhanced wave height. Negligible reflection of the incident wave at the current shear

layers was observed.

Four analytical models, each making different assumptions about the current properties, are compared
with the data set to assess their suitability for predicting wave transformation by narrow jet-like
currents. Predictions based on the WKBJ approximation agree well with the trends observed in the
data indicating a slowly-varying current behaviour. The classification of a current as rapidly- or

slowly-varying based solely on the parameter 8 = w?L/g is therefore inappropriate.
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Chapter 1: Introduction & Literature Review

1.1 Introduction

When waves move across spatially varying mean flows, they can experience significant changes in
amplitude, phase speed, direction, kinematics, and bed friction, all of which affect both their local
characteristics and their potential impact on the natural and man-made environment. That such wave-
current interaction phenomena exist is widely acknowledged. Indeed, an intuitive understanding of the
effect of currents on surface waves is common amongst sea-faring cultures - Jonsson (1990) provides
the example of Polynesian sailors identifying the location of currents by observing the transformation
of surface waves. Yet despite this widespread qualitative understanding, the quantitative understanding
remains incomplete. This is not for lack of attention, either theoretically or experimentally. On the
contrary, wave-current interaction has been studied widely with developments in the subject being
reviewed regularly (Peregrine, 1976; Jonsson, 1990; Thomas & Klopman, 1997). However, an
enduring conclusion has been that of the shortcomings of the contemporary knowledge base and the

need for further study.

The study of wave transformation by currents is of great practical importance as well as being the
subject of significant academic interest. Current-induced wave transformations can lead to hazardous
navigation conditions. This is particularly so when a current runs counter to the incident waves where
the waves will shorten and steepen. James (1969) describes the occasion when an oil-drilling rig
anchored off Cape St. James in the Charlotte Islands, British Columbia, Canada was struck by a wave
one hundred feet high propagating against an ebb tide flow. Even the large-scale major ocean currents
can have a profound effect on the surface waves incident upon them. Mallory (1974) analysed eleven
incidents of shipping travelling on the Agulhas Current off the south-east coast of South Africa
encountering giant or freak waves and incidents continue to be reported (Lavrenov, 1998). A
particularly detailed description of such an encounter was given by Captain Joshua Slocum (1899)
during the first solo circumnavigation of the globe. While sailing approximately 50 miles off the
Patagonian coast to avoid the hazardous tidal races around the capes south of Buenos Aires, he found
himself with “only a moment to get .. up on the peak halyards, out of danger” as the Spray’s hull was
completely submerged by a “tremendous wave”. The position locates him on the eastern boundary of

the south flowing Brazil Current.
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Major river outflows can remain as a coherent current for significant distances from the river mouth.
The transition from riverine to marine waters at the boundary of the outflow occurs over length-scales
of a few metres, producing regions with strong horizontal gradients in current strengths and even
directions. Dissolved and sediment bound nutrients and pollutants in the river can have a significant
impact on the surrounding nearshore ecosystem (Vogelzang et al., 1997). As waves play an important
role in the mixing, transportation and dispersal of sediments, an understanding of the transformations
that occur at such river outflows is required for an accurate assessment of the impact of river borne

material.

Waves also play a dominant part in the morphodynamics of the nearshore environment, driving
sediment transport processes and bed evolution. Accurate modelling of the morphodynamics relies
fundamentally on the correct modelling of wave transformations to allow the nearshore wave field to
be determined from the off-shore incident wave conditions. One of several key aspects identified by
Hamm et al. (1993) as being necessary for the correct prediction of the nearshore wave field was the
refraction of waves by horizontally sheared currents such as those formed at river mouths, tidal inlets,

tidal races and around coastal structures.

Clearly, the study of current-induced wave transformation is of significant importance. The remainder
of this chapter presents a summary of transformations that a wave can experience (§1.2), the progress
that has been made in modelling some of these transformations (§1.3) and also in making observations

of them (§1.4), before concluding with the aims of this thesis (§1.5).

1.2 Wave Transformations

In the coastal environment a wave can be transformed by both variations in water depth and variations
in the current strength. While depth induced transformations, such as shoaling and depth refraction,
are perhaps more significant than current-induced changes, these are relatively well understood
phenomena and are not considered in the present study. Sobey & Bando (1991) have recently reviewed

shoaling effects.

The presence of a current induces a change in the wave properties, while at the same time the wave

induces a change to the current properties. A significant body of experimental work has considered
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1.2.2 Currents

Waves rarely propagate on quiescent water. Generally they propagate on mean flows induced by wind
stresses, lunar and solar tidal forces, gravity and by nearshore recirculation processes. The mass
transport associated with the wave motion itself can also induce a mean flow and although this is only
significant for waves of finite amplitude, it can produce appreciable flows in situations where
dissipation occurs, through wave breaking for example (Peregrine, 1976). However wave-induced

currents will not be considered here.

In many coastal areas strong tidally induced currents in excess of 1m/s can be found. In UK coastal
waters, the tidal flows around Portland Bill and the Cherbourg Peninsula in the English Channel have
magnitudes of between 3.5 - 3.9my/s while the strongest currents are found in the Pentland Firth off the
northern Caithness coast where flows of 5.5m/s have been measured (Soulsby, 1990). The largest
currents in the world are found in the Slingsby Channel, British Columbia, Canada where flows as high
as 8.2m/s have been recorded (Hedges, 1987). In the nearshore region the circulation of water between
the surf-zone and off-shore can produce narrow swift currents (see figure 1.2). Long-shore currents
induced by wave breaking may attain speeds of 2.5m/s within the breaker zone. The return flow off-
shore is achieved through rip currents which can attain speeds of 1.5m/s and can extend seawards
beyond the breaker zone for distances of up to 1.6km. On undeveloped shore-lines the rip currents are
transitory features, varying in position and strength with time (Hamm et al., 1993). However, the
presence of breakwaters, piers and other shore-line features can influence the nearshore recirculation

producing permanent rip currents that pass off-shore parallel to the feature (Whitehouse et al., 1997).

Oceanic currents are generally slower and extend over greater span-wise distances. In the open ocean
the average flows are generally less than 0.2m/s. However, the effect of the Earth’s rotation (the
Coriolis effect) produces narrower more intense flows on the western boundaries of the oceans: the
Gulf Stream and Brazil Current in the North and South Atlantic; the Agulhas Current off the eastern
coast of South Africa; the Eastern Australian Current; and the Kuroshio Current off Japan. The
Agulhas Current is between 90-165km wide with a maximum speed of 2 to 2.5m/s (Mallory, 1974;
Lavrenov, 1998) while the Gulf Stream is approximately 100km across with peak flows of 2 to 2.5m/s
(McGraw-Hill Encyclopaedia, 1997). Although the boundary currents are essentially shore-parallel
flows, meanders can form within them. This is especially so when the current moves away from the

coast (as the Gulf Stream does at Cape Hatteras). These meanders can roll up and pinch off to form
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current will influence the properties of the wave. The influence is manifest through several phenomena,
some or all of which may occur coincidentally. The presence of a current modifies the wave length,
lengthening it when the current flows in the same direction as the wave, shortening it when the current
opposes the wave. Wave amplitude is also modified, generally decreasing on a following current and
increasing on an opposing current. When the wave and the current meet at an oblique angle, the
propagation direction is modified and the wave is refracted. Upon meeting a following current, the
direction becomes more aligned with the current direction, while with an opposing current the direction
becomes more orthogonal to the current direction. If the following current is sufficiently strong, the
wave can become collinear with the current direction, at which point the wave is reflected. Such
locations are called caustics. If a current varies perpendicularly to its flow direction in the form of a
jet, as well as varying in the flow direction, an obliquely incident wave can become trapped between

the two shear layers of the jet.

When the wave and current direction are initially collinear, refraction does not occur. A following
collinear current, whose strength increases in the wave propagation direction, will progressively
increase the wavelength and decrease the wave amplitude. However, an opposing collinear current,
whose strength increases in the wave propagation direction, will shorten and steepen the wave until for
a sufficiently strong current the wave can no longer propagate against the current. The current
magnitude producing this effect is referred to as the stopping velocity and the phenomenon referred to
as wave blocking. Under these conditions the wave can break and/or be reflected. This process is not
wholly predictable theoretically nor extensively studied experimentally. At present a theory for the
reflection of small amplitude gravity waves at the blocking point has been developed by Stiassnie &
Dagan (1979) and extended to include surface tension effects by Shyu & Phillips (1990) and Trulsen
& Mei (1993) but these exclude dissipation and other non-linear effects. Experimental studies have
shown reasonable agreement with theory, apart from very near the blocking point, reinforcing the
importance of amplitude dispersion and energy transfer due to side-band instabilities in this region (Lai

et al., 1989; Chawla & Kirby, 1998; Suastika et al., 2000).

1.3 Developments in wave-current transformation modelling

“Wave current interaction is a complicated problem involving wave propagation in an

inhomogeneous, non-isotropic, dispersive, dissipative, moving medium that also interacts with the
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wave” (Jonsson, 1990). In spite of the obvious complexity of the problem, considerable progress has
been made in modelling such interaction since Stokes, in 1847, first considered the motion of a surface
wave on a still ideal (inviscid) liquid under the action of a purely gravitational restoring force. The
development of the theoretical modelling of current-induced wave transformation has been regularly
reviewed (Peregrine, 1976; Jonsson, 1990; Thomas & Klopman, 1997) and forms a part of the recent
book by Dingemans (1997).

1.3.1 Fundamental studies - uniform current
There is no general mathematical solution to the problem of water wave motion and consequently
approximate solution techniques must be used. Various approximate solutions exist, each of which
have limitations on their range of validity. One particular solution, the power series expansion of
Stokes’s (1847) for wave motion of a small amplitude on the surface of an otherwise still inviscid fluid,
underlies almost all subsequent theoretical work on water waves (Peregrine, 1985). The motion is
assumed to be irrotational, periodic and of permanent form. At leading order, the linear solution for
the vertical surface displacement, 7, and the velocity potential, @, of a plane purely progressive wave
of infinitesimal wave amplitude are given by the real part of

7(x,0) = ae’d*" " [1.1]

and

ao cosh[k(z+d)] eilk.z-0n

Czy =i ]

[1.2]

with k the wavenumber vector whose components are assumed to be real valued, o the radian wave
frequency, a the wave amplitude, z the vertical coordinate with origin at the undisturbed free surface
and x the position vector in the horizontal plane of the undisturbed free surface. The wavenumber and
wave frequency are not independent but are related through the dispersion relation

o* = gktanhkd [1.3]
for motion on a fluid of depth d, where k = | k|, the magnitude of the wavenumber vector. The

solution is periodic in both space, with wavelength A =277/k, and time, with period T=27/0.
Non-propagating solutions, or evanescent wave solutions, are also possible. Such solutions have

purely imaginary wavenumbers and are periodic in time but not in space, having an amplitude that

decays exponentially away from the source of the disturbance.
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Propagating waves of finite amplitude, non-linear waves, can be modelled by including the solutions
for the higher order terms in the expansion. However, the expansion is not universally convergent and
fails in shallow water. The present study will restrict attention to the leading order, or linear, case
applied in the intermediate water depth regime. A good presentation of Stokes wave theory up to third
order is given by Dingemans (1997) while accurate solutions up to fifth order are given by Fenton

(1985).

Wave motion on a still fluid represents a special case of the more general problem of wave motion on
a uniform flow of the form U(x,z,?) = (U,,U,,0) where U; and U, are constants. The two solutions
are identical if appropriate frames of reference are adopted. A uniform flow with a velocity U when
viewed in a stationary frame of reference will appear to be still when viewed in a frame of reference
moving with velocity U. Thus the solution for wave motion on a still fluid can also be considered as
the solution for wave motion on uniformly flowing fluid viewed in a moving frame of reference. The
dispersion relation in the presence of a uniform current is then

0% = (w-k.U)? = gktanhkd [1.4]
where o is referred to as the relative or intrinsic wave frequency, that viewed within the frame of
reference moving with the current, while w is referred to as the absolute wave frequency, that viewed
within the stationary frame of reference. This is usually referred to as the Doppler-shifted dispersion
relation and alternatively can be written as

c=c+tU [1.5]
where ¢ = w/k is the absolute phase velocity, c,= o/k is the intrinsic phase velocity, and U is the

current magnitude U= (Ul2 + U22 2.

The vector product in equation [1.4], k. U, can be written as kUcos(c) where Ucos(«) is the magnitude
of the current component acting in the wave propagation direction, & being the angle between the
current direction and the wave propagation direction (see figure 1.3). For a following current Ucos(x)
is positive, and for an opposing current Ucos(e) is negative. Given Ucos(a) and the wave frequency
w observed in a stationary frame of reference, the dispersion relation can be solved to determine the
wavenumber magnitude, k. The solution is presented graphically in figure 1.4. Of the four possible
solutions only two (A & B) represent a wave that could be generated on still water (solution E). With
a following current, the wavelength is increased over that which would be observed on still water

(solution B), while with an opposing current the wavelength is decreased (solution A). The other two
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1.3.2 Vertically sheared current

Variation of a current with depth occurs naturally through several mechanisms: wind stresses acting
at the surface; frictional stresses acting at the bed; and sudden changes in depth leading to flow
separation (Peregrine, 1976). Viscous stresses, and turbulent mixing in the case of turbulent currents,
transmit these variations through the body of the flow producing a depth-varying current profile. Some
studies (McKee, 1986; Thomas, 2001) have considered vertical shear within a truly three-dimensional
problem, where the current can also vary in the horizontal plane, but these will be discussed in the
following section. When the current does not vary in the horizontal direction the problem is essentially
two-dimensional. The apparently three-dimensional problem of waves propagating at an angle « to
a horizontally uniform current is readily established from the two-dimensional problem of a wave
propagating collinearly upon the current of strength Ucos(a). For the remainder of this section, a
unidirectional horizontally uniform current of the form U(x,z,?) = (U,(z),0,0) and a collinear wave

is assumed.

Studies of both linear and non-linear waves propagating on an arbitrarily sheared flow have been
reviewed by Thomas & Klopman (1997). The rotational nature of the current means the wave motion
no longer satisfies the Laplace equation, as was the case for a uniform current, and instead requires
solutions of the Rayleigh equation (the inviscid Orr-Sommerfeld equation) of hydrodynamic stability
theory (Peregrine, 1976). Exact analytical solutions to the Rayleigh equation are only possible for a
small number of current profiles, generally where the second derivative of the current profile is zero.
One such profile is that of linearly varying shear (constant vorticity) for which Biessel (1950) obtained
the dispersion relation

0% = (w-kU,)? = [gk-n(w-kU,)|tanhkd [1.6]
where U, is the surface velocity, 7 the constant vorticity such that the current profile is
U,(z) = U_+ nz and the relative frequency o'is defined relative to the surface velocity. Experimental

studies have supported the validity of this expression (Nepf & Monismith, 1994).

When the second derivative of the current profile is not zero, numerical solutions of the governing
Rayleigh equation are necessary. Fortunately this is a relatively straightforward task provided the
current profile is specified beforehand (Fenton, 1973). For linear waves, Fenton (1973) presented a
general formulation that required an analytical expression for the non-linear current profile. In a

similar formulation, Thomas (1981) used experimentally observed current profiles to predict the wave
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properties on the current, obtaining close agreement with experimental values. However, because of
the weak nature of the shear, the irrotational wave solution and the Doppler-shifted dispersion relation,
using a depth-averaged approximation to the observed current, agreed equally well over the majority
of the water column. For non-linear (finite amplitude) waves, Dalrymple (1977) and later Thomas
(1990) have developed finite difference numerical models in which the current profile is defined either
in terms of stream function values (Dalrymple, 1977) or directly in terms of the vertical coordinate
(Thomas, 1990). Solutions have also been achieved by approximating the non-linear vertical shear as
a piecewise linear distribution. The original bi-linear representation of Dalrymple (1974) was later

extended to five layers by Cummings & Swan (1993) to model strongly sheared flows.

Approximate analytic solutions for arbitrary current profiles have been produced based on the
Moderate Current Approximation (MCA). Defining & as the ratio of a characteristic current strength
to the wave phase velocity, d=U/c, and ¢ as the wave slope, £=ak, then the MCA assumes that e«d«l.
Assuming linear wave motion, and employing a perturbation expansion, in terms of J yields a hierarchy
of equations in increasing powers of J. At first order, O(J), the correction to the linear wave phase

speed ¢, was determined by Stewart & Joy (1974) for deep water as

5 0

U =2 f U,(z) e**2dz [1.7]
such that c= ¢, + U. The corresponding finite depth correction was given by Skop (1987) as

0

5o _ 2k k2, a-2k(z+2d

U= —| [ 0@ reter2]dz | [18]
-d

If U/(z) is uniform over depth then U = U and the Doppler-shifted dispersion relation, equation [1.5],
is recovered. The second order correction, for finite depth, was given by Kirby & Chen (1989) who
concluded that for a number of relatively simple analytical profiles, for which exact dispersion relations
could be established, it was necessary to include the second order term to obtain a good approximation
to the exact dispersion relation. This contrasts with the conclusions of Skop (1987), who considered
the first order term to be sufficient in the case of deep water, and those of Kantardgi (1995) who made

similar observations for a linearly sheared current in both deep water and finite depth.

In addition to determining approximate solutions for the dispersion relation, Kirby & Chen (1989) also
produced solutions for the stream-function at each order, from which the velocity field can be

established. However, these solutions are incorrect: in determining the solutions Kirby & Chen
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neglected the kinematic free surface boundary condition, and instead chose to set to zero one of
unknown coefficients. The correct expressions for the stream-function are presented by Thomas &
Klopman (1997). Although the approximate solutions were determined under the assumption of
relatively weak currents (J « 1) with arbitrary shear, they are also valid for strong currents as long as

the shear is weak (Kirby & Chen, 1989).

A similar perturbation analysis has been used to investigate the influence of strong near surface
vorticity on linear wave motion within the weak current regime, where d =o(g) (Swan, 1992; Swan &
James, 2001). Such flows are characteristic of wind driven currents. The problem is formulated in
terms of the orthogonal curvi-linear co-ordinates corresponding to the stream function and distance
along the streamlines, lines of constant stream function. Solutions for the dispersion relation and the
fluid kinematics were established to second order and identified the importance of surface shear in
predicting not only the dispersive characteristics but also the fluid kinematics through the entire water
column. The depth variation of vorticity leads to additional oscillatory velocities not present in
irrotational solutions. The second order correction to the dispersion relation was found to be less
important than that at first order, an observation similar to that of Skop (1987), but contrasting with

that of Kirby & Chen (1989), for a flow in the moderate current regime.

In the work described above, the current distribution is specified beforehand and solutions are sought
for the properties of a wave assumed to be of a permanent form when viewed in a frame of reference
moving at the wave phase speed. Baddour & Song (1998) have questioned whether a periodic wave
of permanent form can exist on a non-linearly sheared current. Rather than specify the current profile
beforehand, Baddour & Song (1998) formulated the problem in terms of a stream function, unknown,
but assumed to exist, for a stable rotational combined flow of a finite amplitude wave on an unknown
depth-varying current. Taking the wave motion to be periodic and of permanent form, solutions for
stream function were found to consist of aperiodic and periodic components. For the case where the
vertical decay of the wave motion occurs at the length-scale of the wavenumber magnitude, the form
of the aperiodic component was found to be that of a linearly sheared current, which includes the
special cases of a uniform current or still water. Thus, for waves propagating on a non-linear current
profile, a regular unmodulated and permanent form does not exist. Solutions for other cases, where
the vertical decay of the wave motion does not occur at the length-scale of the wavenumber magnitude,

were not considered. The implications of this study on the previous work is not clear.
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An alternative engineering approach to determining the dispersive characteristics of a wave on a
vertically sheared current was proposed by Hedges & Lee (1992). The weighted average U in
equations [1.7] and [1.8] is the leading order correction to the wave alone phase speed, ¢, due to the
presence of the sheared current. The similarity between this leading order correction and the exact
correction in the Doppler-shifted dispersion relation for a depth independent current, equation [1.23],
led Hedges & Lee (1992) to introduce an equivalent uniform current, U,, as “the current that produces
the same wavelength as the actual depth-varying current for a given wave period, height and water

depth”, and defined as

0
- L
U, = 57 {A U,(2) dz [1.9]

Substituting U, in the Doppler-shifted dispersion relation and solving for the wavenumber estimates
the effect of the vertically sheared current on the wavelength. The definition of U, only considers the
current variation over some fraction A, where 0<A<l, of the wavelength below the surface. This
recognizes the rapid decay of wave motion through the water column, which occurs at the scale of a
wavelength. Provided the current is approximately linearly sheared in the region A\ below the surface,
with the constant vorticity satisfying 72 « 4 gk(tanhkd)™', then A was found to be approximately
(tanhkd) /2 7. Direct measurement of the wavelength on an arbitrary non-uniform current allowed
Simons & Maclver (2000) to estimate the magnitude of the equivalent uniform current from solutions
of the Doppler-shifted dispersion relation. These were found to agree well with the predictions of

equation [1.9].

The equivalent uniform current provides a simple technique for predicting correctly the dispersive
characteristic of the wave, however, it does not predict the kinematics of the wave induced flow field

correctly (Swan, 1992).

While these stream function formulations are appropriate for two-dimensional problems they cannot,

by definition, be extended to the three-dimensional problem. A different approach must be used here.

1.3.3 Horizontally sheared current
Real currents vary with both time and space taking a form U(x,z,?) = (U,(x,z,0), U)(x,z,7),0) and
only occasionally will the assumption of horizontal uniformity, as adopted in the previous sections, be

reasonable. In general the current will be three-dimensional, varying spatially in the stream- and span-
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wise directions of the horizontal plane and also in the vertical plane.

Modelling this fully three-dimensional flow field is complicated although approximate solutions have
been obtained by adopting some basic assumptions about how the current varies. The variation in the
horizontal plane is generally assumed to fall into one of two categories: that current properties vary
slowly and smoothly over the scale of many wavelengths; or that current properties vary
discontinuously. The former assumption is readily associated with the large-scale oceanic currents
where the width of the shear layers can be several hundred times the incident wave length. The latter
assumption would seem to be more appropriate for currents formed at river or tidal inlets where the
width of the shear layers may be less than five times the incident wave length. Only very recently have
these restrictions on the length-scale of the horizontal variation been relaxed and attempts been made
to model currents which possess an arbitrary horizontal shear. It is also usual to restrict attention to
the case where the current possesses no vertical variation. The studies of wave propagation on
vertically sheared currents presented in the previous section are generally formulated in terms of the
stream function and are therefore restricted to the two-dimensional problem with no possibility of
extension to three-dimensions. It is only recently that alternative approaches have been proposed that
incorporate a vertical shear in a truly three-dimensional situation (McKee, 1986; Thomas & Klopman,

1997; Thomas, 2001).

1.3.3.1 Slow variation
The slowly-varying current approach has been well documented in the reviews of Peregrine (1976) and
Jonsson (1990). Variations of the current can be considered negligible at the scale of a wave period
and wavelength if

|oU/ot| «|wU|  and  [V.U|«|k.U] [1.10]
If these conditions are met, the problem becomes one of a short wave propagating in a slowly-varying
medium which is analogous to the geometrical optics approach to light propagation (refraction theory)
where it is assumed that the curvature of the wave fronts is small and hence diffraction effects can be
excluded. Solutions are found using WKBJ methods (named after the work of Wentzel, Kramer,
Brillouin and Jeffreys - see Dingemans (1997, p.57)) and otherwise known as Liouville-Green
methods. The essence of this method is to assume the amplitude function of a quantity varies much
more slowly in time and space than the phase function (Dingemans, 1997; Olver, 1997; Peregrine,

1976). Locally, the current can be considered constant. If it is also considered depth independent then
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the linear waves are locally plane, irrotational and purely progressive such that a phase function &(x,?)

can be introduced with the wavenumber and the absolute wave frequency defined as

L
ot

W= and k=Vo [1.11]

As the wavenumber and wave frequency will be slowly-varying functions of (x,?), the Doppler-shifted
dispersion relation, equation [1.4], will have an explicit dependence on (x,?) as well as k, such that
w = 2 (k, x,t). Considering the spatial differentiation of the dispersion relation w = £2(k, x,?) and

making use of equation [1.11] yields the first order wave conservation equation

ok
o k= -VQ
5 (G VEk="Y [1.12]

where ¢, = 342/ 3k is the local group velocity vector. Defining a wave ray as the path of a fluid element
moving with the local wave group velocity, dx /dt = <, then equation [1.12] defines the rate of change
of the wavenumber k with time along a wave ray due to the non-uniformity of the fluid expressed as
-V£2. For a known dispersion relation, = £2(k, x,?), corresponding to a known current distribution,
solving the wave conservation equation along a wave ray for k provides a description of the variation

in wavelength and direction, the wave refraction.

While ray tracing methods, on which there is a vast literature (see Martin et al., 1997), can be used to
study the kinematic problem, the dynamic problem is not so straight forward. Peregrine (1976) noted
three approaches suitable for modelling the dynamic properties of a wave propagating in a slowly-
varying medium. One is the classical approach involving the direct integration of the equations of
motion over depth and averaging over a wave cycle to establish an energy balance (Longuet-Higgins
& Stewart, 1960). A second uses an averaged Lagrangian as developed by Whitham (1974). A third
substitutes an appropriate perturbation expansion solution for the primary variable in the equations

of motion.

Prior to the work of Longuet-Higgins & Stewart (1960) it had been assumed that wave energy was
conserved and simply propagated at the local group velocity ¢, = + ggr), the linear sum of the
current velocity and the relative group velocity. However, Longuet-Higgins & Stewart recognized the
importance of a hitherto neglected term in the energy balance equation describing the rate of energy
transfer between the wave and current, which they termed the radiation stress. This led to the wave

energy balance equation
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d
[5 + (Qg.Y)

where E is the wave energy per unit horizontal area (defined as Vapga?, where a is the wave amplitude)
and Sl-j is the radiation stress. Because of the interaction between the wave and the current, wave
energy is not conserved along a wave ray. However, the scalar quantity, first introduced by Bretherton
& Garrett (1968), defined as E/ g, the ratio of wave energy E to the relative frequency ¢, and termed
‘wave action’ is conserved along a wave ray. The conservation equation derived by Bretherton &

Garrett (1968) is

d
[5 +(c,.V)

Elo +(¥.c,)Elo =0 [1.14]

Solving for wave action along a given wave ray allows the variation in wave energy to be recovered.
The wave action conservation equation was shown to be identically equivalent to the wave energy
balance equation of Longuet-Higgins & Stewart. Wave action conservation has dominated subsequent

work involving wave dynamics.

In a novel approach to the dynamic problem, Kenyon & Sheres (1996) considered the variation of wave
amplitude along a wave ray in terms of orbital angular momentum. For wave motion in deep water,
each fluid particle describes a circular orbit centred on its undisturbed location. Hence each fluid
particle possesses an orbital angular momentum about its undisturbed location which can be
represented by A = A (£ % k) where A is the magnitude, Z is a unit vector in the vertical direction and £
is a unit vector in the direction of the wave number. The magnitude (per unit volume) is given by
A = p|rxy|, where |r| = r(z) is the radius and |v| = wr(z) the velocity of the orbit. Integration over
depth revealed the magnitude of the angular momentum per unit horizontal area, for plane deep water
waves, to be (l/ngaz)/ owhich is identical to the scalar quantity wave action. Despite this relation, the
conservation of wave action along a wave ray in an inhomogeneous medium (equation [1.14]) does not
imply that angular momentum is also conserved. Angular momentum is a vector whose direction
changes along a wave ray as the wave is refracted. Consequently a source term must exist to drive this
change of direction. Considering the time rate of change of the angular momentum along a wave ray

produces the equation

[1.15]

Both terms on the right hand side represent torques. The first acts in the direction of the angular
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momentum and affects only the magnitude while the second acts in the direction of the wavenumber
and affects only the direction of the angular momentum. This last torque is directly related to the
current shear by the term dw/0x. If this is known along a wave ray, the angular momentum vector can
be established by the time integration of equation [1.15]. Using this and the variation of the intrinsic

frequency allows the wave amplitude to be established .

There are limits to the current strength for which the WKBJ or wave ray solutions exist. For the case
of a simple shear layer in an opposing current, the wave rays become normal asymptotes to the current
direction in the limit U — <. In the case of a simple shear layer in a following current, the wave rays

become tangential asymptotes to the current direction in the limit

1- [coscco]”2
U~ ——2 g [1.16]
0

where ¢, is the wave phase velocity and o the wave direction of the incident wave on still water
(Longuet-Higgins & Stewart, 1961). The locations of these limits in a shear layer are termed caustic
lines or, in the theory of WKBJ approximations, as turning points. At a caustic in a following current
the waves will be totally reflected. However, the WKBJ solutions assume the absence of any reflected
wave and consequently in the vicinity of a caustic, the assumption of a locally plane linear wave with

a unique phase function is no longer valid and the solution for the wave amplitude becomes singular.

Longuet-Higgins & Stewart (1961) provided a clear description of the nature of the wave motion in
the vicinity of a single caustic, and also proposed an appropriate form of solution. However, it was not
until the work of McKee (1974; 1975; 1977) that solutions were actually developed. McKee produced
WKBI-type asymptotic solutions to the full linearized equation of motion, for simple shearing flows
with a single caustic (McKee, 1974) and for jet-like flows containing caustic pairs (McKee, 1975), or
a near-caustic (McKee, 1977). The latter situation refers to the case where the jet-like current has a
maximum strength that is slightly weaker than that at which a caustic would occur. An underlying
assumption of these models required the parameter 8 = w?L/ g, proportional to the ratio of the current
length-scale L to deep water wavelength, to be large. Where the models differed was in the form of the
asymptotic solution that was sought. For a shear layer containing a single caustic, a solution valid in
the vicinity of the caustic was sought in terms of Airy functions, as suggested by Longuet-Higgins and
Stewart (1961). The solution is strictly valid only when the flow contains a single caustic in the range

-0 <y <. For a jet-like current this is clearly not the case as each shear layer will form a caustic. For
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this problem McKee (1975) sought a solution in terms of a parabolic cylindrical function, although if
the caustic pair are widely separated it was possible to seek Airy function solutions at each caustic
individually and match the two solutions in the region between them. McKee (1977) proposed a
slightly modified parabolic cylindrical function as the solution for the case of a near-caustic or two

closely spaced caustics.

The caustic and near-caustic solutions of McKee permit the determination of the reflection coefficient
as well as the transmission coefficient at the shear layer. The single caustic solution predicted total
reflection of the incident wave. With a caustic pair, reflection was found to vary from unity for a
widely spaced pair, to 1/v2 when the two caustics are coincident at the maximum velocity of the jet
current. In the case of a near-caustic the WKBJ solution is valid and hence zero reflection is predicted.
This implies the unlikely situation of a discontinuous change in reflection behaviour as a caustic
appears in the flow (Peregrine, 1976). The solution proposed by McKee (1977) predicts a smooth
variation from zero reflection when conditions are far from forming a caustic, and the WKBJ solution
is valid, to total reflection for widely spaced caustics. However, Smith (1983) suggests that the McKee
(1977) near-caustic model does not approach the WKBJ solution or the single caustic solution in the
appropriate limits. The assumption that the cross-jet component of the wavenumber be small relative
to the wavenumber magnitude, which is equivalent to restricting attention to near collinear waves and
current, fails before the WKBIJ conditions are met. Consequently, Smith (1983) returned to, and
extended, the McKee (1975) model for a real caustic pair to allow predictions at a near caustic. As well
as re-establishing the transmission and reflection coefficients, Smith evaluated the amplitude variation

across the jet current.

The “mild-slope equation” was initially developed to describe the combined refraction and diffraction
of a wave by depth variations from deep to shallow water. It was subsequently extended to include the
simultaneous variation of both current and depth by Booij (1981 - cited in Dingemans, 1997), Liu
(1983) and Kirby (1984) who corrected the two earlier derivations. These mild-slope models consider
only propagating waves, neglecting evanescent waves, take the current to be depth independent and
assume that variation in both the depth and current strength occurs slowly. Furthermore, it is assumed
that local solutions possess the vertical structure of a linear wave on a horizontal bed with a constant
current, thus reducing the problem to variations in the two-dimensional wave propagation space of the

free surface (Peregrine, 1985). The resulting partial differential equation is of the elliptic type and it
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can be solved numerically as a boundary value problem assuming appropriate boundary conditions can
be developed around the solution domain. As this can be problematic, it is usual to seek
approximations to the mild slope equation. The most common approach is to adopt the “parabolic
approximation”, which can be regarded as a modification to ray theory to incorporate wave diffraction
effects. Under the approximation, diffraction effects are considered negligible in the wave propagation
direction but important in the transverse direction, allowing energy to diffuse across a wave ray. The
resulting partial differential equation is of the parabolic type which is amenable to initial value
solutions. For the approximation to be reasonable there must be a principal wave direction, specified
beforehand, about which only small deviations are generally permitted, although recent developments
have incorporated deviations of up to 70° from the principal direction (Li, 1997). Furthermore, the
parabolic approximation ignores reflected waves propagating against the principal wave direction
although reflections have been modelled through a coupled pair of parabolic equations (Liu & Tsay,
1983). The mild slope model, and the parabolic approximation to it, have been used extensively to

model wave transformation by both depth and current variations (see Liu, 1990; Dingemans, 1997).

In a direct analogy of the “mild slope equation”, McKee (1987; 1996) has re-formulated the problem
of wave propagation across a slowly-varying current as the “mild-shear equation”. While the mild
slope models assume a locally constant depth independent current, the derivation of the mild shear
model allows the current to posses a vertical variation. In common with mild slope models, evanescent
wave solutions are neglected. A weak unidirectional current (d<1) is assumed. An additional
restriction, requiring all depth variations to occur solely in a direction perpendicular to that of the
unidirectional current, yields an ordinary differential equation for the surface elevation which can be
solved numerically, but only for depth independent currents. While the initial formulation (McKee,
1987) assumed Sto be large, corresponding to a slowly-varying current, this was subsequently relaxed
to allow Jto be of arbitrary magnitude (McKee, 1996). The latter development was used to investigate
the phenomenon of enhanced reflection (Bragg reflection) by a periodic shearing current (McKee,

1994).

For non-linear wave propagation in shallow water, Boussinesq models, and the parabolic
approximations to them, have also been developed to include the influence of a horizontally varying
current as well as variation in water depth (Yoon & Liu, 1989; Chen et al., 1998). Again the current

is assumed to vary on a length-scale greater than that of a wavelength. At leading order the horizontal
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velocity components are uniform over depth and the evolution equations are derived in terms of the
depth-averaged velocity. While Yoon & Liu (1989) required the current strength to satisfy the
condition a/d « J « 1, essentially a shallow water equivalent of the moderate current approximation,
Chen et al. (1998) permitted J~1 allowing for the possibility of wave blocking. Yoon & Liu (1989)
established numerical solutions for the problem of cnoidal waves normally and obliquely incident upon

arip current flowing off-shore over a gently shelving bed.

For waves propagating collinearly with a current that varies slowly in the direction of flow and also
possesses arbitrary vertical shear, Thomas & Klopman (1997) have developed an appropriate averaged
Lagrangian, based on the first order approximation of the moderate current approximation, from which

conservation relations can be obtained.

1.3.3.2 Discontinuous variation

At the opposite extreme to the slowly-varying currents considered in the previous section are currents
whose properties vary rapidly over a length-scale much less than that of the wavelength, that is, where
Lis small. The obvious limit of these conditions is to assume that any shear layer within the current
is infinitely narrow such that the current strength changes discontinuously. Thus the current is assumed
to consist of distinct regions with a horizontally uniform velocity separated by infinitely narrow shear
layers. If the flow is considered inviscid and incompressible then the discontinuities can be modelled

by vortex sheets.

Vortex sheet methods have been used to establish wave propagation solutions for the deep water case
(Evans, 1975), the finite depth case (Smith, 1983; McKee & Tesoriero, 1987) and the shallow water
case (Peregrine, 1976; Mei & Lo, 1984 & 1986; Kirby, 1986). A simple shear layer, modelled by a
single vortex sheet, was considered by Evans (1975), Smith (1983), McKee & Tesoriero (1987) and
Peregrine (1976) while a jet-like current, modelled with two parallel vortex sheets (a top-hat current),
was considered by Smith (1983), Mei & Lo (1984; 1986) and Kirby (1986). In all these studies the
current is assumed to be constant over depth. However, McKee (1986) has considered the simple shear

layer problem with a current that decays exponentially over depth.

The formulation of the problem is independent of the number of vortex sheets involved as each sheet

is considered independently. The flow in two neighbouring regions, separated by a vortex sheet, is
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assumed irrotational such that a velocity potential can be introduced representing a linear combination
of the current and the wave-like perturbations to it. For both the deep water and finite depth case, in
each current region the general solution for the wave perturbation potential, ¢, with n=1,2, involves
the complete eigenfunction expansion of the governing Laplace equation, including contributions from
both propagating waves and trapped evanescent waves. It then remains to find suitable matching
conditions at the vortex sheet for the wave solutions on either side. Evans (1975) found wave action

to be conserved across the discontinuity if, at the vortex sheet, pressure was continuous, namely

o6, 2436, o
ot ox ot ox

[1.17]

and that motion of fluid particles initially on the vortex sheet follow that of the sheet itself, namely

% = a—é’+U§§
dy dt  "ox

n=1,2. [1.18]
Here £is the position of the perturbed vortex sheet. Assuming the wave perturbations to have an x-
and ¢-dependence of the form exp{i(Ix-wr)], the matching conditions can be expressed as

0,4 =0, [1.19]

and
—_——_ T — = [1.20]

respectively, where 0, = w- [ U, is the intrinsic frequency (Smith, 1983). Evaluating these matching
conditions related the potential amplitudes for the propagating waves through a complex transmission
matrix yielding both the magnitude and phase of the scattered waves. Establishing this relation
requires the convolution over depth of the horizontal velocity at the vortex sheet with the depth
variation functions for the propagating and evanescent waves, together with use of the orthonormality
properties of the depth variation functions. However, evaluating the elements of the transmission
matrix requires the solution of a set of singular integral equations for which analytical solutions were
considered unlikely (Evans, 1975). Consequently, to solve the kinematic problem Evans (1975) sought
approximate analytical solutions using a two term Galerkin approximation. This essentially considers
the variation over depth at the boundary to be a linear combination of the propagating wave solutions
only, neglecting the evanescent waves. Smith (1983) reports repeating this approach for finite depth,
and McKee & Tesoriero (1987) subsequently included more terms in the Galerkin approximation,
equivalent to including leading order evanescent waves, before seeking numerical solutions to the

integral equation.
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Smith (1983) also produced an approximate model, the “smooth action-based model”, which adopted
an arbitrary averaging over depth of the matching conditions. To enforce the conservation of wave
action, the arbitrary averaging of the propagating wave depth variation, (¥(z)), was required simply
to satisfy the condition (¥(z))= 1. An average satisfying this condition is the root mean square over
depth. This was sufficient to determine the amplitudes of the perturbation potential for the propagating
waves. However, the phase-shifts of the propagating waves at the vortex sheet were not recovered by

this analysis.

Under the shallow water approximation, the current, and wave-like perturbations to it, are both
considered as depth independent quantities. The governing equation in each current region reduces to
the one-dimensional Schridinger equation for the surface elevation (Mei & Lo, 1984; Kirby, 1986).
The correct matching conditions at the vortex sheet, conserving wave action, were given by Kirby
(1986), correcting those proposed by Mei & Lo (1984). These are essentially depth-averaged
equivalents of those used by Evans (1975) and Smith (1983): continuity of pressure, equations [1.17]
and [1.19], is expressed as continuity of surface elevation; and, the kinematic condition, equation

[1.18] and [1.20], becomes
A T3 Ao [1.21]

This follows directly from equation [1.20] after applying the relation d¢ /9y « g, ! dn, /3y which

arises from the shallow water momentum equation.

While the full solution for the kinematic problem in these models usually requires numerical evaluation,
it is normally possible to derive analytical formulae for the reflection and transmission coefficients by
considering the far-field asymptotic behaviour. For a single vortex sheet in finite depth water, the
expressions established by the approximate model of Smith (1983) agreed closely with the more
accurate Galerkin solutions of Evans (1975) (reformulated for finite depth by Smith) and McKee &
Tesoriero (1987) for weak currents, where 6 <0.3. Within this range, the inclusion of evanescent
waves in the Galerkin solution had no effect on the magnitude of the coefficients. As the current
strength increases the agreement between the approximate and the Galerkin solutions becomes
increasingly poor. However, Smith (1983) argued that naturally occurring jet-like currents are usually
weak currents, an idea supported by the examples of naturally occurring jet-like currents presented by

Mei & Lo (1984), and that the approximate model was suitable for practical applications. The
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inclusion of evanescent waves in the Galerkin solution only becomes apparent with strong currents,
0>1, producing a slight reduction of the magnitude of both coefficients, although incorporating more

than the first four evanescent wave terms produced little further change.

In the case of a jet-like current, the expressions for the reflection and transmission coefficients
established by the approximate model of Smith (1983) for finite depth proved to be identical to those
established in shallow water by Kirby (1986). It would appear that the arbitrary averaging over depth
of the matching conditions adopted by Smith essentially satisfies the conditions required by the shallow
water approximation. However, perhaps the most striking result to emerge from these vortex sheet
models is the agreement between the transmission coefficients established for the single shear layer
problem by the vortex sheet solution (infinitely narrow shear layer) of Evans (1975) and the slowly-
varying solution (infinitely wide shear layer) of Longuet-Higgins & Stewart (1961). Away from the
limiting current strength at which the WKBJ solution is singular, the agreement was remarkable, both
qualitatively and quantitatively, especially considering the marked difference between the basic
assumption of both models (Evans, 1975). Where the two models do differ, the vortex sheet model
predicts a slightly lower transmission coefficient due to the reflection of wave energy, a phenomenon
not accounted for in the WKBJ solution. Evans suggests that the true transmission coefficient for a

shear layer of finite width would be bounded by the two predictions.

When considering the local behaviour in the region of the vortex sheet it is necessary to include the
contribution of the evanescent wave solutions. These solutions smooth the transition between the
discontinuous properties of the propagating wave at the vortex sheet. The inclusion of evanescent
waves in the numerical solutions of McKee & Tesoriero (1987) could have allowed them to consider
the local behaviour but they restricted their attention to far field properties. Smith (1983), on the other
hand, observed that the contribution of the evanescent waves could be approximated by an exponential

smoothing over a length-scale that depended on the incident wavenumber.

The inclusion of a vertically sheared current in a vortex sheet model is relatively straightforward. As
the current on either side of the vortex sheet is considered horizontally uniform, the governing equation
for the wave perturbation potential in these regions is the Rayleigh equation (as mentioned in §1.3.2).
The solutions to the Rayleigh equation in each region are then matched at the vortex sheet in the same

manner as the solutions to the Laplace equation were matched in the case of a depth independent
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current. In this manner, McKee (1986) modelled waves propagating from a region of still water onto
a vertically sheared current. As simple solutions to the Rayleigh equation are only possible if the
vertical variation of velocity is linear or varies in either a trigonometric or exponential manner, McKee
considered a current of the form

UR)-c = (U-c)et [1.22]
where U; represents the surface current magnitude, c is the incident wave phase speed and the real
constant y determines the nature of the exponential shear. Attention was focused on the effect of
vertical shear on the far field quantities of transmission and reflection coefficients. Only long waves
showed any significant difference to those coefficients predicted for a uniform current, experiencing
a substantial reduction in the magnitude of both coefficients. This suggests that as the wavelength
increases, and the wave motion penetrates further into the water column, the effect of the current shear

becomes increasingly significant.

The form of the current in equation [1.22], chosen to avoid technical difficulties in solving the integral
equations, is unusual in depending on the incident wave phase speed. It is not clear how representative
it is of sheared currents in general and consequently how applicable the quantitative results are,
although fair agreement was expected in the qualitative sense. Evaluating solutions for currents with
arbitrary vertical shear would involve a full numerical solution to the governing integral equations, a

task that has yet to reported.

1.3.3.3  Aurbitrary variation

When a current possesses arbitrary horizontal and vertical shear the flow is rotational in three
dimensions. Consequently, the usual simplifications to the equations of motion, such as the
introduction of stream functions or velocity potentials, are not appropriate and other techniques are
required. In the only work to consider the interaction of waves with such an arbitrarily sheared current,
Thomas (2001) has employed a two parameter perturbation expansion of the primary variable
solutions. The expansion is in terms of the wave slope € and the relative current strength 6, the ratio
of current magnitude to wave phase velocity. Both of these parameters are assumed to be small
quantities. With £ «1, attention is restricted to the linear wave regime and although & «1, it is taken
that J > ¢in anticipation of significant interaction between the wave and current. The parameters then
satisfy the Moderate Current Approximation (MCA) condition € «d «1. The model has been

formulated for a jet-like current defined as one that is uni-directional, is of finite width, and whose
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magnitude possesses a single maximum and tends to zero at its extremities. Furthermore it is assumed

that no caustics are formed on the current. No other restrictions are placed on the form of the current.

Separate formulations of the model are presented for the cases of shallow water, finite depth and deep
water in terms of either the surface elevation (shallow water) or pressure (finite depth and deep water).
Solutions to the governing equations, at the order of the primary interaction terms, are developed for
the arbitrary current profile U(x,z,t) = (U,(y,2),0,0). Generic expressions for the transmission and
reflection coefficients were also recovered in terms of the arbitrary profile by imposing a radiation
condition on the far-field asymptotic behaviour. This requires only propagating waves, moving away
from the interaction region, in the far field. In most cases the solutions for any given current profile
would require numerical evaluation. However, some success in establishing analytical solutions was
achieved for current profiles of the form

U(y.2) = U, Y() Z(2) [1.23]
in which the functional description of the horizontal and vertical shear can be separated. Analytical
solutions were produced for two depth independent (Z(z)=1) jet-like currents with specified symmetric
horizontal variations and for a current with arbitrary horizontal variation but an exponential decay with
depth (Z(z) = e#*). In the latter case, the effect of the depth variation on the transmission and
reflection coefficients was governed by the non-dimensional ratio p/k, both coefficients decreasing as
w/k increases. This same trend was observed by McKee (1986) for waves incident upon the

discontinuous change between still water and a current with an exponential vertical decay.

Although the 3D MCA model (Thomas, 2001) was formulated for arbitrarily sheared jet-like currents,
the model is inappropriate if the current is both strong and broad. Additionally, the model is valid only
if fis at most of O(1). It is, therefore, complementary to the slowly-varying models, which require
»1, while being comparable to the vortex sheet models which require £ «1. Indeed, the transmission
and reflection coefficients established by the vortex sheet models for jet-like currents are identical to
those established by the 3D MCA model in all three wave regimes (shallow water, finite depth and deep

water).
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1.4 Experimental studies of wave transformation

Experimental studies of wave-current interaction phenomena are important for several reasons. Not
only do they provide data against which existing analytical and numerical models can be validated, but
they can provide an insight into phenomena that are acknowledged to exist but are too difficult to
model at present. However, experimental observations have not kept pace with the theoretical
developments. While the pioneering theoretical work of Longuet-Higgins & Stewart (1961) was
accompanied by supportive experimental observations (Hughes & Stewart, 1961), since then there has
been a lack of suitable experimental studies designed to validate the analytical and numerical models
that have been developed subsequently. It is a common appeal of such papers that good quality
experimental studies are required to validate the model results (Liu, 1983; Jonsson, 1990; Mei & Liu,

1993; Thomas & Klopman, 1997)

Experimental studies of wave-current interaction can be categorized into two groups: field studies and
laboratory based physical modelling. Both categories hold a distinct place in furthering the
understanding of the interaction processes. Field studies can provide the basic observations of
phenomena producing, to a large extent, qualitative observations of the processes. Physical modelling
can identify and isolate the essential component features of the processes and study their interaction

in a controlled and repeatable manner that is not usually possible in the field.

1.4.1 Field studies
Detailed quantitative field measurements of wave transformation by currents are rather scarce. This
is due to the difficulties of making in situ measurements of both the wave field and the underlying

current field in a spatially varying situation.

Traditionally, field studies have deployed instrumentation at fixed locations and recorded only a limited
number of parameters. In fact it is common for just the surface elevation spectrum to be recorded.
Other parameters or basic conditions are inferred from the recorded parameters or other information
sources such as weather charts. Battjes (1982) inferred the relative strength and direction of nearshore
tidal currents from the mean sea surface elevation. Wang et al. (1994) and Liu et al. (1989) inferred
the presence of a Gulf Stream meander from the changes in sea temperature. Consequently, studies
have tended to draw conclusions of a qualitative nature. The modulation of wave properties, such as

significant wave height, direction and spectral width, at the tidal period has been frequently observed
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(Wolf & Prandle, 1999; Masson, 1996; Tolman, 1991; Gonzales, 1984). The refraction of waves as
they encounter oceanic currents (Liu ef al., 1989) and ebb flows from tidal inlets (Cialone & Seabergh,
1997) have been inferred from observations of wave height variation at a fixed location. Although
such field studies provide a detailed temporal description of the behaviour at a few discrete locations,

they fail to provide sufficient information spatially to describe the broader incident conditions.

The development of remote sensing techniques have provided the opportunity to establish two-
dimensional synoptic quantitative measurements of oceanographic parameters over relatively large
areas, a few hundreds of kilometres square, at spatial resolutions down to 25m (Phillips, 1988;
Robinson, 1994). The techniques rely primarily on the property that the ocean surface absorbs, reflects
and emits electromagnetic energy which can be detected by satellite or airborne remote sensors. Either
passive or active sensors are used to monitor the energy in the visible, infra-red or microwave bands
and the characteristic signatures and images observed can be correlated with known oceanographic
parameters. Passive infra-red sensors monitor the intensity of the infra-red energy emitted from the
surface of warm bodies which is related to the surface temperature. Sea-surface temperature
information can be used to study the positions of, and features within, the major ocean currents. Active
high-frequency and microwave radar sensors monitor the spectrum of the radar signal backscattered
from surface waves with a length A equal to one-half of the radar signal wavelength A =24 (Bragg
reflection). The characteristics of the radar return are fundamentally related to the roughness of the
reflecting surface - short wavelength waves in the case of the ocean. Parameters such as the mean sea
surface elevation, the surface slope and the surface roughness can be determined directly while other
oceanographic parameters or features, for example the wavelength of longer swell waves, the location
of current fronts, current strengths, and directional wave spectra, can be inferred from their influence

on the surface roughness.

Shore-based high frequency (HF) radar has been used to map surface currents in coastal regions
(Prandle, 1991; Masson, 1996; Shen et al., 2000). On still water the scattered signal will experience
the Doppler-shift +c/A; where c is the phase speed of the surface wave - a positive (negative) shift
corresponding to waves propagating radially outward (inward) along the line of the radar beam. In the
presence of a surface current the Doppler-shift is assumed to be offset by the amount U/A (Prandle,
1991). Here U is the magnitude of the radial component of the current in the direction of the radar

beam. This presumes that the scattering surface wave propagates on an otherwise undisturbed surface
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Satellite, or airborne, synthetic aperture radar (SAR) images have produced astonishingly detailed and
intriguing glimpses of the distribution of short surface waves over the ocean surface. Yet the ability
to correctly interpret the images has lagged behind the ability to produce them. The actual mechanisms
for producing SAR images are beyond the scope of this study and are not considered here, although
details can be found elsewhere (Robinson, 1994). However, recovering useful information from such
images relies on the correct understanding of two processes: the backscattering of the radar signal from
a dynamic surface roughness, in this case short waves on the ocean surface; and how the oceanographic

features of interest influence this surface roughness and can therefore be imaged.

Motion along the line of the radar beam can both degrade the image resolution and result in the
scattering target being displaced from its true location. The effect of motion perpendicular to the radar
beam is less dramatic leading to a blurring of the image and an associated loss of resolution. The
displacement of a ship from its wake is an obvious, and perhaps amusing, artefact of the imaging
process. However, the displacement effect due to the propagation of the short scattering waves
themselves, their advection by an underlying current or the motion of larger swell waves, is much
harder to discern and interpret. Only by assuming that the motion of the scattering waves is slow
enough such that the additional effects introduced by their motion can be considered as a small
perturbation from the otherwise stationary state can an interpretation of the SAR images be achieved.
The extent to which the violation of this assumption renders invalid any interpretation of the image is

not clear (Robinson, 1994).

SAR images undoubtedly reveal variations in the distribution of the sea-surface roughness. On a
surface otherwise undisturbed by waves or currents, the energy and frequency distribution of short
waves is closely related to the mean wind speed. A uniform and steady wind would produce a uniform
surface roughness and hence a uniform radar backscatter. The variation in the radar backscatter
observed in the SAR images is an indication of the modulation of the short waves by other
hydrodynamic processes. All the significant mechanisms influencing the radar backscatter must be
modelled appropriately if the true physical phenomenon is to be inferred from the modulation. It is
common to associate such modulations with the presence of long period swell waves. The undulating

surface, the horizontal motion and the vertical motion of the swell all independently contribute to the
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modulation of the radar backscatter either by direct hydrodynamic modulation of the short waves
(Longuet-Higgins & Stewart, 1960) or by influencing the way the radar responds to the surface
roughness (Robinson, 1994). However, if the swell wave height is too high or low, the dominant
wavelength too short, the wave propagating in the wrong direction, or if the wind speed is too low to
roughen the surface then the swell wave may not appear on the image at all. Despite this sensitivity,
measurements of wavelength and direction have been made in this manner. In addition to swell waves,
other physical processes will also effect the characteristics of the radar backscatter and these effects
continue to be incorporated into the modelling of the radar backscatter. For example, the influence of
current convergence and shear has been used to interpret radar images of current fronts at the Rhine

outflow (Vogelzang et al., 1997).

Synoptic meteorological charts have been used to provide information about the local mean wind
conditions, direction and strength. Scoon & Robinson (2000) interpreted, in a qualitative sense, the
variations from the expected mean wind backscatter as features influencing the surface wind stress,
such as atmospheric boundary layer instabilities, or small-scale bathymetric-current interactions.
However they recognized that ephemeral wind effects can produce small-scale changes in the surface

roughness which could be mistaken as evidence for dynamic ocean processes.

The undeniable advantage of remotely sensed data over more traditionally acquired field data is the
two-dimensional synoptic nature of the measurements over a large area and at spatial resolutions which
are appropriate for the validation of large-scale modelling. Resolutions down to 25m have been
achieved recently (Scoon & Robinson, 2000). This contrasts with the sparse discrete measurements
that the physical and economic constraints of traditional field studies impose. However, the remotely
sensed data can only provide direct information about surface properties. Any information about the
variation with depth must be inferred from the influence of the depth variation on the surface
properties. Also the temporal resolution of remotely sensed data is generally low, one or two images
per day. These criticisms are usually outweighed by the considerable wealth of information contained
in a remotely sensed image. A more fundamental disadvantage is the ambiguous correlation between
the remotely sensed images and accepted and understood oceanographic parameters. Methods for
determining these parameters are still being developed and this will require the combination of
traditional field studies with remote sensing observing systems to provide the true sea conditions with

which to validate and verify model predictions (Mooers, 1999). In conclusion, field studies and
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1.5 Thesis objectives

In the most recent review of wave-current interaction, Thomas and Klopman (1997) identified the total
absence of, and subsequently the need for, quantitative experimental studies of three-dimensional
wave-current interactions. Such experiments are necessary for two reasons - to produce data for the
validation of existing theoretical models and also to provide an insight into the phenomena in order to

direct future model developments.

One reason for the absence of any three-dimensional studies has been the lack of suitable experimental
facilities. However, with the construction of the UK Coastal Research Facility (UKCRF) this has
changed. This novel large-scale wave basin incorporates a multi-directional wave generator and a
refined current generation system making it an ideal facility for the study of three-dimensional wave-
current interactions. Even with the benefit of such a facility, great care is required to design and carry

out an experiment if any meaningful conclusions are to be drawn from the resulting data.

This thesis describes a unique experiment conducted in the UKCREF to investigate the transformation
of near-linear deep water gravity waves propagating across a narrow horizontally sheared current, a
jet-like current, in water of constant depth. The experiment is the first attempt to assess the kinematics
and dynamics of the interaction of regular waves and currents in three dimensions. The unique data
set provides direct quantitative measurements of the spatial variation of the primary flow variables, the
velocity vector, i, and the surface elevation, 7. The data are used to validate the existing analytical

models and to assess their suitability for prediction of wave transformation by narrow jet-like currents.

Theoretical models of wave transformation by horizontally sheared currents are presented in chapter
2. Only those models most pertinent to the present problem are considered. As the experiment was
designed to be performed specifically in the UKCREF, the experimental conditions and procedures were
determined, to some extent, by the capabilities of the facility. Consequently, the layout and
infrastructure of the UKCREF is described first (chapter 3) before considering the design of the
experiment (chapter 4). The results of the experiments are presented in chapter 5. The performance
of the theoretical models are presented and assessed in chapter 6 together with a discussion of the
experimental results and suggestions for the developing the present experiment. Conclusions drawn

from the study are presented in chapter 7.
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Chapter 2: Wave current interaction theory

This chapter presents the theoretical developments that are pertinent to the present problem of wave
interaction with a jet-like current. Attention is restricted to gravity waves (surface tension effects are
not considered) interacting with pre-existing currents such as those that exist in oceans, coastal waters

and rivers. Waves generated upon currents will not be considered.

The chapter begins by presenting the solution for a linear wave propagating on homogeneous, or
spatially uniform, flows (§2.1). When the current properties are no longer homogeneous, but vary both
in space and possibly time, i.e. U(x,z,8) = (U,(x,z.1), U,(x,z,t), 0) approximate solutions to the wave
problem are obtained by adopting basic assumptions about the current variation. These generally fall
into one of two categories: current properties vary slowly and smoothly over the scale of many
wavelengths; or current properties vary discontinuously. Solutions for the case of a slowly-varying
inhomogeneity, where the velocity shear is considered very weak on the spatial and temporal scale of
the wave, are presented in §2.2. However, such slowly-varying models fail at caustics, locations where
the current strength is sufficient to cause total reflection of the wave. For the case of flows containing
caustics, suitable forms of solution can be found whose asymptotic expansions remain valid both at
and in the vicinity of a caustic. Solutions adopting the assumption of discontinuous current properties,
where the velocity shear occurs over an infinitesimal distance, are presented in §2.3. The exception
to this categorization is the moderate current approximation model of Thomas (2001) which makes no

assumptions about the current shear length-scales. This is presented in §2.4.

The theoretical developments have been chronicled in the comprehensive review articles of Peregrine
(1976), Jonsson (1990) and most recently Thomas & Klopman (1997). The reviews of Peregrine
(1976) and Jonsson (1990) pay particular attention to wave current interaction under the assumption

of a slowly-varying current. A good discussion of the subject can also be found in Dingemans (1997).

2.1 Linear wave solution on homogeneous flow

This solution, first established by Stokes (1847), is the basis from which all subsequent developments

are established. Consider a surface wave propagating away from a disturbance zone on a fluid of
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Figure 2.1: Coordinate system.

uniform depth d. A coordinate system is chosen such that the x-axis and y-axis lie on the undisturbed
free surface where the z-axis, defined as positive upward, has its origin (see figure 2.1). For an inviscid

irrotational flow the equation of motion is the Euler equation

-V
%y (wpu = =2
ot P

4 [2.1]

where u=(u,v,w) is the velocity vector, p=p(x,z,t) is pressure, g=(0,0,-g) is the gravitational acceleration
vector, and p is the fluid density. Assuming incompressibility, the velocity vector satisfies the
continuity equation,

Vu-=0 [2.2]
A solution for the vertical displacement of the free surface for a linear, plane, purely progressive wave
of amplitude a propagating on otherwise still inviscid fluid is

n(x1) = ae'®3™% [2.3]

for which the velocity potential function, ¢, can be written as

ia o cosh[k(z+d)] eilkx-on

X,z,t) =
P(x.2.1) ™ smhid [2.4]
and the dispersion relation is

0? = gktanhkd [2.5]

where k=|k|, the magnitude of the wavenumber vector k, o is the radian wave frequency, x is the
position vector in the horizontal plane of the undisturbed free surface and the real part of equations
[2.3] and [2.4] are taken. The solution is periodic in both space and time, with the variation described
by the phase function 8(x,t)=k.x- ot. The components of the wavenumber vector are k = (I,m,0)

with [ = kcos(t) and m = ksin(e) where the angle of wave incidence « is measured relative to the
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positive x-axis, positive in a clockwise sense. Establishing this approximate solution requires the
following conditions to be satisfied: the linearization of the free surface boundary condition requires
both ak«1 and a/d«1 to be satisfied, while the higher order terms can only be considered negligible if
al(k*d3) «1. Physically these conditions require the amplitude to be small compared to both the
wavelength and the depth. These conditions are met in a wide variety of practical situations and the

linear wave solution is commonly used. A derivation of this solution is presented in appendix 2A.

As discussed in the previous chapter, the case of a still fluid represents a special case to the more
general problem of wave motion on a uniform flow of the form U=(U,,U,,0) where U, and U, are
constant. In a frame of reference moving with the uniform flow, the wave motion is identical to that
in still water. Position vectors in the two frames of reference are simply related by x_= x _+Ut, where
X is measured in the stationary frame and x  in the moving frame. Thus the phase function for wave
motion on a still fluid, (l_c,J_cm- o't), can be re-written as (_k,)_cs— k.Ut - ot) or (/_C.LCS - wt) to describe
wave motion on a uniform flow U where w = o+ k. U. The dispersion relation in the presence of a
uniform current, usually referred to as the Doppler-shifted dispersion relation, becomes
0? = (w-k.U)?* = gktanhkd [2.6]

where o is the relative or intrinsic wave frequency while w is the absolute wave frequency. In a
uniform flow, the vector product, k. U, can be written as kUcos(c) where Ucos(c) is the magnitude of
the current component acting in the wave propagation direction, « being the angle between the current
direction and the wave propagation direction. For a following current, « lies in the range O<a<7/2 and
Ucos()>0, while, for an opposing current, « lies in the range n/2<e<m and Ucos(x)<0. Given the
magnitude of the current component acting in the wave propagation direction, Ucos(ct), and the wave
frequency, w, the dispersion relation can be solved to determine the wavenumber magnitude, k. The
solution to equation [2.6], presented graphically in figure 1.4, identifies two solutions (A & B), out of
the possible four, that could have been generated on still water (solution E). Manipulation of equation

[2.6] yields (Jonsson, 1990)

_kUcos[a] )2 (2.7]

kd tanh[ kd] = k|1
w

which can be solved numerically for the wavenumber, k, of a wave with period 7 on a current with
strength Ucos(w) in the direction of the wave in a water depth d. Here k; = 002 /g is the deep water

wavelength in the absence of a current.
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2.2 Linear wave solution on a slowly-varying inhomogeneous flow
2.2.1 Slowly-varying flow
The variations of the current can be considered negligible at the scales of a wave period and wavelength
if (Jonsson, 1990)

|oU/ot| «|w.U| and  |V.U|«|k.U| [2.8]
The problem can then be interpreted as one of a short wave propagating on a slowly-varying current.
Locally the current can be considered to have a constant strength U(x), and the results of the preceding
section for linear plane purely progressive waves on a constant current are thus valid. The slow
variation of the current properties over large distances, or time, results in a slow variation in wave

properties.

The changes in length and direction can be determined from kinematic considerations only. For linear
plane purely progressive waves, a phase function &(x,t) = k.x - wt permits the wave frequency and

wavenumber to be defined as

== d k=V0
w > an k=Y [2.9]

Further differentiation of these expressions provides the first order consistency relations, conservation
of waves and irrotationality of wavenumber vector, respectively
k
§+2w=0 and Vxk=0 [2.10]
As both the wavenumber and wave frequency are slowly-varying functions of (x, ), the dispersion
relation, equation [2.6], will have an explicit dependence on (x, f) as well as k, such that
= (k, x, t). Evaluating Ve and substituting into the conservation of waves equation produces the

expression

ok
m + (cg..V.)l_c = -VQ [2.11]

where gg.—_ag/azc, is the local absolute group velocity vector. Defining a wave ray as the path of a fluid
element moving with the local absolute group velocity, dx/o¢= Cgr then equation [2.11] represents the
rate of change of the wavenumber k along a wave ray due to the non-homogeneity of the fluid
expressed as -V£2. For a known dispersion relation, w={Xk.x,t), the solution of equation [2.11] along
a wave ray for k provides a description of the variation in wavelength and direction, the wave

refraction.
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where E is the wave energy (E=Y5pga®) and S is the radiation stress which describes the rate of energy
transfer between the waves and the sheared current. However, for a non-zero radiation stress term,
wave energy is not conserved along a wave ray. The second technique establishes the wave action

equation of Bretherton & Garrett (1968),

[% +e,. y)] Elo+(.c,)Elo=0 [2.14]

Wave action, defined as E/ g, the ratio of wave energy E to the relative frequency g, is conserved along
a wave ray, the temporal variation in wave action being balanced by the spatial variation in wave action
flux. These two equations are identically equivalent. For the case of the simple shear layer under
steady conditions, such as that shown in figure 2.2, both these equations reveal the variation in wave

amplitude between two locations along a wave ray to be given by

= [2.15]

2 .
a, 1 +G, sin2a,
— :

a 1 +G, sin2a,

1
for water of arbitrary depth d where G, = 2k, d/sinh[2k, d] (Jonsson, 1990).

With the WKBJ approximation method, solutions to the equations of motion are sought in the form

A(3,2.) 6(y,2) P& [2.16]
The essence of the WKBJ method is to assume the amplitude function, A(y,z,5), varies slowly in time
and space, at the scale of the slowly-varying medium, while the phase function, &y), varies rapidly at
the scale of a wavelength. Consequently, £ is assumed to be a large quantity and the amplitude
function is assumed to have the asymptotic expansion,
apy

valid for large #. At leading order, &(y,z) is a solution to the local eigenfunction problem representing

A(y,z.B) = A(y) +

[2.17]

the depth variation while the phase function &y) satisfies the relation

(8)=k*(yn-1? [2.18]
where differentiation is denoted by the subscript. This last equation is usually referred to as the eikonal

equation. The amplitude A is found to satisfy the relation
0 o2
Ao2 S, f —Q;dz = constant [2.19]
0

For the case where the current is depth independent, o is also depth independent and equation [2.19]

shows A02 ﬁy to be constant. This is equivalent to the conservation of wave action flux.
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p,-(d%g)p=0 at z=0
[2.23]
p,=0 at z=-d
Here 0(y,z) = w-1U(y,z) and the subscripts denote differentiation with respect to the subscripted
parameter. Only when the current is depth independent does o represent the Doppler-shifted dispersion

relation.

The relative importance of the terms in equations [2.22] and [2.23] can be determined by rewriting
them in a non-dimensional form. Scaling the variables according to the following scheme
(z,d) =gl (z",d") (x,y)=L(x%y™)
U=glwU" l=wYgl* [2.24]
o=wo’ p=pgap”

where the non-dimensional variables are indicated by *, equations [2.22] and [2.23] become

[py/oz]y+ﬂ2[pz/02]z-ﬂ2lzp/az=0 [2.25]

with
pz-02p=0 at z=0 526
pz=0 at z=-d [2.26}

where 8 = «?L /g is proportional to the ratio of current width length-scale L to the deep water
wavelength and the * has been dropped. Where the various models differ is in the form of the

asymptotic solution sought for the perturbation pressure.

For the case of a shear layer containing a single caustic, the solution in the vicinity of the caustic is
found to be in terms of the Airy functions. McKee (1974) sought solutions for the perturbation
pressure in the form

p(r.z.B) = 0@y {Fy.2.0) CI-BYEW] + iBG(n.ap) C'-BPE]  [2.27]

The slowly-varying amplitude functions F and G are assumed to have the asymptotic expansion for

large £,
2\ F(y.2) > G.(y.2)
F(y,z.p) = Fy(y) + T~ and G(y,2.8) = Gy(y) + - 2.28
T S Ty O X gy B

and C[X] is one of the Airy functions, either Ai[X] or Bi[X], or a linear combination of them, and the
dash indicates the derivative with respect to the argument. The function éXz; y) represents the local

vertical variation given by the solution of the local eigenfunction problem
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2z

2
e —ﬁQ—k29=0 [2.29]
g

with the boundary conditions

6,-0*0=0 at z=0
6.=0 at z=-d [2.30]
While essentially a function of z, a parametric dependence on y is introduced by the wavenumber £.
It is assumed that the current strength increases monotonically in the positive y-direction such that a
caustic is located at y=0, with k> 12 for y<0 and k* < I for y>0. Then, substituting equation [2.27]

into the governing equation, equation [2.25], and considering terms at leading order in £, a solution for

the perturbation pressure can be shown to be

p(.2.B) = —X— O(z;y) Ail-B>£()]
() [2.31]
where
y
23N = - [k -17)"de y<0
0 [2.32]
y
23(-E( ? = f [12 - k()] 2dt y>0
0
and
0
92
2) = [—d '
¥(»2) fd & [2.33]

and v is a constant. In the region y<0, the asymptotic form of the Airy function at large argument
consists of an incident and a reflected propagating wave of identical amplitude but a phase difference
of /2, indicating total reflection at the caustic. Beyond the caustic, where y>0, the asymptotic form

indicates a rapid exponential decay in amplitude.

With a jet-like current, a second caustic exists beyond the position of maximum current strength and
the condition that k% < I? everywhere beyond the caustic no longer holds. The condition k? < 1% is only
satisfied between the two caustics. In this case a solution can be found in terms of the parabolic
cylinder function W[y,{]. Such functions are solutions to the equation

W"ly,¢1 + (Y4G*-y) W[y,¢1 = 0 [2.34]
where the dash indicates differentiation with respect to the second argument of W[y,(]. For the case

when two caustics exist on the current, McKee (1975) sought a solution of the form
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p(3.2.8) = 6(z:y) {F(y.2.8) W[Ba? B p(y)] +
iﬁ-l/ZG(y’z’ﬁ) W/ [Iga 2,ﬂ1/2p0))] }

where @, F and G are as before. Considering a wave incident from y=-o , McKee showed that, at

[2.35]

leading order, a solution for the perturbation pressure was

p2h) = % [v. WBa® %) + v. WBa®-5"p)] [2.36)
y

where yis given by equation [2.33], p satisfies the relation
pl (3P -a’) = k() -1 [2.37]

with the parameter a related to the spacing of the caustics, located at [y|=b, through

b
2 . _1_ l2_k2 1/2d
a ”.f,,( W2dy [2.38]

While the two parabolic functions in equation [2.36] are linearly independent solutions to equation
[2.34], the requirement that only transmitted waves, propagating in the positive y-direction, are present
beyond the second caustic relates the constants y, and y_ through

Y, =iKy._ [2.39]

with K = (1 + eZﬂ'ﬁaz)UZ _ eﬂﬁaz'
The asymptotic behaviour of the parabolic cylinder functions in equation [2.36] at large argument

yields a reflection coefficient

R = =1 +e
1+K?

1-K* 2npa?| 1 [2.40]

This decreases from unity when the caustic pair is widely spaced to a value 1/v2 in the limit of a
coincident caustic pair. For slightly weaker currents, no caustics occur in the flow and the WKBJ
solution, predicting zero reflection, is valid. Peregrine (1976) considered it unlikely that the reflection
coefficient would exhibit such a discontinuous change as caustics appeared in the flow, arguing that
where the maximum current strength is slightly lower than that at which a caustic occurs, a near-caustic
situation, the reflection coefficient should vary smoothly between that of the WKBIJ solution and that

of the parabolic cylinder function solution.

The situation where the maximum current strength is either slightly greater than or slightly lower than
that at which a caustic occurs, produces either two closely spaced caustics in the former case, or a near-

caustic in the latter case (Peregrine, 1976). At the location of maximum current strength, the
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magnitude of the total wavenumber, &, has an absolute minimum value, ky. Then k2 - 1% can be written
as (k2 - k02) + (ko2 - 12), where the first term is always positive while the second term can take either
sign, being negative for two closely spaced caustics and positive in the case of a near-caustic.

Assuming |k02 - 1 | to be small, of the order £, McKee (1977) proposed a solution of the form

p(.2.0) = 6@y {Fy,2.0) Wia.B%00)] + B2G(r.2.0) W la.f 0]}  [241]

where
= Fi(3,2) = Gi(»2)
Fyof) = F)+Y "= and G»nzp) = G +} —L= [2.42]
o p7 1 p7
and a and p are assumed to be expansions of the form
a=Yapfm™ ad  pOy = p,MN" [2.43]
m=0 m=0
At leading order the solution for the perturbation pressure is
p(y.2.08) = 6(z;y) F(y) Wlay, B py(y)] [2.44]
where p,, satisfies
%pOZPOZy = kX(y) - koz [2.45]
and
Bk ~1%)
G = T2 [2.46]
2_p2\12
2=k |
The leading order amplitude Fy is found to satisfy the relation
F; Py, ¥ = constant [2.47]

where again i is given by equation [2.33].

The asymptotic behaviour of the parabolic cylinder functions at large argument recovered a reflection
coefficient

R =(1+e* 12 [2.48]
which is similar in form to the caustic pair expression, equation [2.40] but varies smoothly through the

value 1/v2 as ko2 - I2, and hence ag, changes sign.

However, Smith (1983) suggests that McKee’s (1977) near-caustic model does not approach the
WKBJ solution or the single caustic solution in the appropriate limits. The assumption that |k02 -1
is small restricts attention to the case of a near-collinear wave and current and this assumption fails

before the WKBJ conditions are met. Smith proposed an extension of the real caustic pair model
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(McKee, 1975) to include the near-caustic case. For the reflection coefficient to decrease smoothly
through the value 1/v2, the parameter a?, defined in equation [2.38], is required to become negative
as the caustic pair disappears from the flow. Taking y==b; to be imaginary locations where p=+2a,

such that k%(y) - 12=0, the integral expression for a® was re-written as

bl
2 _ -1 I TIRCUNT
a? = — f (12 - K(is)*)"ds [2.49]

-b;li

where the change of variable y=is is used.

2.2.3 Mild shear approximation

The methods used in the mild-slope approximation have been applied to the problem of wave
propagation across a slowly-varying current by McKee (1987) to produce the mild shear equation. The
current is assumed to be weak (d<1), to be unidirectional with no variation in the current direction. It
also assumed to possess arbitrary horizontal and vertical shear (see figure 2.4). In this sense, the mild
shear approximation is more general than the mild-slope approximation which assumes irrotational
wave motion and thus restricts attention to currents with only certain limited forms of vertical structure.
However, in the treatment of depth variation, the mild shear approximation is more restrictive than the
mild-slope approximation as it assumes that any variation in water depth occurs solely in the plane
perpendicular to that in the current direction. This restriction simplifies the problem to one in two-

dimensions in the vertical plane. Here the depth is assumed to be constant.

The non-dimensional governing equation [2.25], and boundary conditions, equations [2.26], for the
perturbation pressure in the case of constant depth are used as the starting point. The function & (z;y)
is introduced which satisfies the local eigenfunction problem defined by equations [2.29] and [2.30].

Multiplication of equation [2.25] by & (z;y) and integrating over depth yields
0 0
f@[py/az]ydz + BP(k2- lz)pr/szdz =0 [2.50]
~d ~d

Following the practice of the mild-slope approximation, solutions for the perturbation pressure are
sought in the form p ~ 7(y)éXz;y), where 7(y) is the free surface elevation. This form of solution
neglects the influence of the evanescent solutions of the local eigenvalue problem, essentially requiring
k>0 everywhere in the flow. Substituting for p in equation [2.50], integrating by parts and making

use of the boundary conditions yields
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0
[wn),+ B0 -1un = -0 [6]6,10] de 251]
-d

where #(y) is given in equation [2.33]. Recall that the function & varies on the slowly-varying scale
of the current while 7 varies on the rapidly-varying scale of a wavelength. Then, for large S, the y-
derivatives of 7 are of order £ while those of & are of order one and consequently, the right hand side
of equation [2.51] can be neglected as it is an order § ! term compared to the terms retained. This
recovers the “mild-shear equation” of McKee (1987)

[¥n], +B2K*) -1 yn =0 [2.52]
However, if the horizontal and vertical structure of the current is known, it is possible to evaluate the
integral on the right hand side of equation [2.51] explicitly and it is no longer necessary to impose the
restriction that S is large. Analytical expressions for the integral in the case of a depth independent

current in both finite depth and deep water are presented in appendix 2B.

The equations [2.51] and [2.52] are both linear second order ordinary differential equations. With a
jet-like current, in the limit [y |-, the magnitude of the current and its derivatives tend to zero, and k(y)
tends to a constant value, k. In this limit, the solution to either of equations [2.51] or [2.52] for a unit

amplitude wave incident from y=-co can be written as

eimy + Re—imy y -~ oo
n= [2.53]

Telm y-oo

where m?=k2-1? and R and 7, the complex reflection and transmission coefficients, satisfy the
conservation of wave action flux, |R[* +|T|* = 1. On the current, the general solution of either equation
[2.51] or [2.52] is the linear sum of two independent solutions, 77, and 7,, namely

7=A1,(y) + Bnyy) [2.54]
where A and B are arbitrary complex constants. This general solution incorporates both the kinematic
and dynamic properties of the surface elevation. The independence of the solutions, 77; and 7,, which
must be established numerically using standard Runge-Kutta integration methods, is assured if at some
location within the range of integration the Wronskian of the two solutions, defined as

W= mn,n, - 1,n,,is notequal to zero. A suitable choice of initial values for the surface elevation

and its first derivative in the integration will satisfy this condition. The unknown constants can then
be established by matching the solution on the current with those in the limit [y|-c°, the matching

conditions being that of continuity of surface elevation and slope. In practice, the current is considered
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to extend over the finite range -M<y<M, with the matching conditions applied at y=+M. The value for
M must be large enough to ensure that the magnitude of the current and its first two derivatives are

essentially zero.

Within the model limits, the reflection coefficient compares well with that predicted by the near-caustic

model of Smith (1983).

2.3 Linear wave solution on a discontinuously-varying inhomogeneous flow

The solutions of the previous section shared the common assumption that the conditions in equation
[2.8] were satisfied and the problem was one of short waves propagating on a slowly-varying current.
Solutions are also possible when the contrary assumption is made, that the inverse of these conditions
is satisfied. Under this assumption the current varies rapidly at the spatial and temporal scale of the
wave. The obvious limit of these conditions is to assume that any shear layer within the current is
infinitely narrow such that the current strength changes discontinuously. Thus, a current is assumed
to consist of discrete regions with constant stream-wise magnitude separated by infinitely narrow shear

layers.

If the flow is considered inviscid and incompressible, then the discontinuities can be modelled by
vortex sheets. Furthermore, if the fluid motion on either side of the vortex sheet is irrotational then the
solutions presented in §2.1 for the wave kinematics are valid in these regions. Irrotationality is usually
achieved by assuming the current to be depth independent. However, even when the current varies over
depth, analytical solutions are still possible if the variation takes one of a limited number of forms,
namely a linear or trigonometrical or exponential variation with depth. It then remains to apply suitable

matching conditions at the vortex sheet for the wave solutions on either side.

Vortex sheet methods have been used to establish wave propagation solutions on depth averaged
currents for the deep water case (Evans, 1975; Smith, 1983), the finite depth case (Smith, 1983;
McKee & Tesoriero, 1987) and the shallow water case (Peregrine, 1976; Mei & Lo, 1984 & 1986;
Kirby, 1986). A solution for wave propagation on a depth-varying current in finite depth has been

established by McKee (1986).
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y=+L

Figure 2.5: Coordinate system and current profile for vortex sheet representation of
a jet-like current.

2.3.1 Depth independent current
The formulation presented here follows that of Evans (1975) but developed for the case of finite depth,
as studied by Smith (1983), and is independent of the number of vortex sheets involved in modelling
the flow. A simple shear layer separating two current regions is modelled with a single vortex sheet
(e.g. Evans, 1975), while a jet-like current is modelled with two parallel vortex sheets, a top-hat current
(e.g. Smith, 1983). The coordinate system is chosen with the x-axis and y-axis on the undisturbed free
surface with the z-axis defined as positive upwards. The current is considered to be unidirectional in
the x-direction and uniform in both the x- and z-directions. Variation in the y-direction consists of
distinct regions within which the current is uniform in the y-direction with a constant strength U, in
region n (figure 2.5). As the fluid is inviscid, incompressible and irrotational, a velocity potential can
be introduced

@ (x,y,2,t) = U,x + @, (x,5,2,1) [2.55]
the first term on the right hand side representing the current and the second term perturbations to it.
It is assumed the perturbation potential @, is that of a wave-like disturbance with a frequency @ and
x-wavenumber / such that

&, (xy.2.1) = @,(3,2) e'H N [2.56]
This must satisfy the linearized equation of motion, the Laplace equation expressed in terms of the

perturbation potential, throughout the fluid
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2 2
[3 +_a_-12} é =0 [2.57]

dy? 0z
together with the usual linearized boundary conditions
op
g “n _
o¢ - =0
b £ [2.58]

at the undisturbed free surface, z=0, and

g, _
oz

0 [2.59]

at the bed, z=-d. Here 0, = w-1U,, is the intrinsic wave frequency in region n. Recall that uniformity
of the flow properties in the x-direction, together with the wavenumber irrotationality condition results

in a constant x-wavenumber, /.

The complete eigenfunction expansion to the Laplace equation for the perturbation potential (equation

[2.57]) in each region yields

¢n(x,y,z,t) - {sgny} [(Ane—im,, Iyl +B"eim,, M)Zn(z) +

o0

E (Cni e Iyl) ¥,(2)

i=]

2.
ei(lx-wt) [ 60]

where the vertical variation of the propagating waves, 4,, and the evanescent waves, ¥,,, given by

k 12
=2|—————| coshk (z+
7 [and+sinh2kndJ coshi 2 +d) 2.61]
and
2[ A 112 3 ged)
| = ——— | +
D =2\ 55 dvsinan ] ¢ [2.62]

respectively, have been normalized to satisfy the eigenfunction orthonormality conditions, namely
0
f Zf(z) dz =1
-d

0
[ x@dz =0 [2.63]
~d

0 | o
[t wde = { g 1]
-d

These expressions for the vertical variation functions correct a typographic error in those presented by
Smith (1983). The last term in the perturbation potential represents an infinite sum of evanescent

waves. Writing the perturbation potential in terms of the absolute value of y, and including the factor

68



{sgn y}, ensures the amplitude of these waves decays away from the vortex sheet. However, under this
notation the interpretation of the two leading terms differs depending on the region being considered.
In region 1, where y<0, the first term represents a wave propagating in the positive y-direction and the
second term, one propagating in the negative y-direction. In region 2, where y>0, the first term now
represents a wave propagating in the negative y-direction and the second term, one propagating in the
positive y-direction. In equations [2.60]-[2.62], m, = (k2-1%)"2 and r;= ()Li,.+ 12)122 and the total
wavenumber k,, of the propagating waves satisfies the dispersion relation equation [2.5], while the

2

wavenumber of the evanescent waves A,,; satisfies the dispersion relation gA_tanA . = -o,.

In the deep water limit, the discrete evanescent modes of equation [2.60] become continuous and the

perturbation potential is (Evans, 1975)

¢n(x,y,z,t) - {sgny} {(Ane-im" 3] +Bneimn l)’[)zn(z) +
[2.64]

5

f(cn(k) o Iyl) l/f,,(Z’A) d)u] gillx-wn

0

with the depth variations becoming

2

X =2k  and  yh) =|——
n(A2 +k2)

)
] [AcosAz +k sinAz] [2.65]

where r,(4) = (A2 +1%)%,

The matching conditions to be applied at the vortex sheet separating neighbouring solutions ¢, and
@, are the same as those applied at the free surface. Expressed in terms of the perturbation potential,
continuity of pressure across the sheet becomes

0@y = Oyt P [2.66]
while the kinematic condition requiring fluid elements initially in the vortex sheet to remain there
becomes (Evans, 1975)

19¢ _ 1 4.
g, dy g, Oy

[2.67]

As with the free surface, in the presence of a wave-like perturbation, the location of the vortex sheet
is strictly unknown as the fluid elements in the vortex sheet are displaced horizontally by the wave
motion. Consequently, the matching conditions are linearized and applied at the undisturbed boundary

between the regions.
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Taking the undisturbed vortex sheet to be located at y=0, the horizontal velocity of a particle in the

sheet is given by

5

ay} = V,,(Z) = _imn (A,,‘B,.),%’,,(Z) - irni Cni wm'(z) [2'68]
0

i=1
The convolution over depth of this expression with the depth variation functions, y,(z) and wnj(z),

establishes, after making use of the orthonormality properties of equation [2.63], the relations

0
-im (A -B,) = f V(@) x(2)dz [2.69]
-d
0 ~
1 Ci = [ Va0 $,(dz [2.70]
-d

Then, defining V(z) as V(z) = UnVn(z), evaluating the matching condition for pressure, equation [2.66],

and making use of equations [2.69] and [2.70], produces an integral equation for V(z)

2 0 -
Yo (a+B)x@ = [Gen Viayar [2.71]
n=1 ~d
where
2 o
Gl) = 3.0, Y 1 4@ ¥, (0) [2.72]
n=| i=1

Equation [2.71] can be further reduced to a pair (n=1,2) of linear integral equations of the first kind

to be solved over -d<z<0,

0
d(z) = f G(z,t) u,(H)dt [2.73]
-d

where d (z) = 0, X,(z) and u,(z) is a normalized velocity defined by

2
Vi) = Y, u(2)(A,+B,) [2.74]

n=1
The velocity potential amplitudes of the propagating wave modes, A, and B,, are related by

(B,B) =T(A,A,) [2.75]
where T = (M +iS)"' (M - iS) with

m 0
M-= [ : ] [2.76]
0 m,

and S a scattering matrix whose elements are given by
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0
Sy = f d,(B)u (¥)dt [2.77]
~d

Once equation [2.73] is solved for u,(#), the scattering matrix can be established from equation [2.77]

and hence the velocity potential amplitudes for the propagating modes can be established.

Evans (1975) observed that there was little hope of inverting equation [2.73] explicitly and instead
sought approximate solutions to this linear integral equation of the first kind. For such an integral
equation, a suitable form of approximate solution is a linear combination of a finite number of known
functions each of which satisfy the boundary conditions of the problem (Korn & Korn, 1968). The
depth variation functions of the propagating and evanescent waves on either side of the vortex sheet
meet this requirement. Thus, an approximate 2N-term solution can be formed from the sum of the
depth variation functions for the propagating wave and the first N-1 evanescent waves on either side

of the vortex sheet,

2N
u(z) =y, c, d) [2.78]
s=1
where
d@) = ox(2) , J=1,2

d2j+1(z) = 0 '.”U(z) [2.79]

i=1,2,...N-1
dyjnl2) = O, 5(2) } g

The constants c,,; can be determined by Galerkin’s weighted functions method, which results in a
system of 2 by 2N linear equations that can be solved for c, .. The system of linear equations can be

expressed in matrix notation as F=C.E where the elements of the 2 by 2N matrix F are given by

0
fos = f d (2)d (2)dz [2.80]
-d

and those of the 2N by 2N matrix E are given by

0 0
e, = fd fd G(zt)d (z)d (1) dz dt [2.81]

Once the constants c,; have been determined, substituting equation [2.78] into [2.77] gives the

scattering matrix as
2N
Swp = X; Cps Jus [2.82]
or in matrix notation S = (C.F), or equivalently S=(F.E™").F. With S known the perturbation
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potential amplitudes and hence the reflection and transmission coefficients can be determined.

Both Evans (1975) and Smith (1983) sought a solution involving only the propagating waves (N=1)
while McKee & Tesoriero (1987) sought solutions involving the propagating waves and up to the first

four evanescent waves (N=35) for the single vortex sheet problem.

Alternatively the elements of the transmission matrix 7'can be found be substituting trial functions for V(z)

directly into equations [2.71] and [2.69] and solving (Smith, 1987).

2.3.2 Smith’s approximate model

Smith (1983) has presented a simpler approach for determining the magnitudes of the propagating
wave modes. Rather than establish, and then seek solutions to, the integral equation [2.73], Smith
argued that it was sufficient to require that wave action was conserved across a vortex sheet, together
with the assumption that both the pressure and kinematic matching conditions at the vortex sheet were
subject to the same vertical average. Only the propagating wave terms were retained in the solution
for the perturbation potential, equation [2.60] or [2.64], the evanescent wave terms being ignored.
Thus, the true value for y can be used instead of its absolute value and the factor {sgn y} can be
dropped. This produces a consistent physical interpretation of the terms: the term involving B,
represents a wave propagating in the positive y-direction and that involving A, one propagating in the
negative y-direction. For a single vortex sheet located at y=y,, substituting the perturbation potential
into the matching conditions, equations [2.66] and [2.67], and applying the arbitrary vertical average

produces the new matching conditions

YA, "+ Be™) = (4,7 + Be™)

iy . . , [2.83]
ay(Ae v B]c""‘y") = (Aze My - Bze""?y")
where
}/ - 0'1 <II(Z)) @ = 022 ml [2 84]
02 (Xz(z)> 0']2 m2 '

and ( y,(z) ) represents the arbitrary average of the vertical variation function.

The conservation of wave action, equation [2.14], holds in both an absolute frame of reference, in
which case cg=Utc,, is the absolute group velocity, or in a relative frame of reference, in which case

Co=Cor is the relative group velocity (Dingemans, 1997; Andrews & Maclntyre, 1978). Also for steady
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flow conditions, conservation of wave action reduces to the condition of constant wave action flux.
Thus, the wave action flux in the regions on either side of the vortex sheet must be equal. Taking the
wave action flux to be positive for waves propagating in the positive y-direction conservation of wave

action requires

S (£"-E?] - S (E2-E/] [2.85]
g, g,

where

da, mc, [ 2k,d +sinh2k d
y o= = [ ] [2.86]

S om 2k sinh2k d
is the y-component of the relative group velocity and EnB and EnA are the energies associated with a
wave propagating in the positive and negative y-direction respectively, in the finite depth region n.
Now the surface displacement amplitude of a wave is related to the wave perturbation potential

amplitude through the dynamic free surface boundary condition giving,

a x(0
(ay,b,) = i 220
8

(A,.B,) [2.87]

and consequently the wave energy E 2 (=V2pgb 2) in finite depth water is given as
n n

pao k sinh2k d
EB - n nB2 n
" c " | 2k, d +sinh2k,d

n

[2.88]

with a similar expression for EnA. Thus the condition for conservation of wave action, equation [2.85],
requires

m, (Bl-AD) = m,(B}-A)) [2.89]
For the case of a wave propagating in the positive y-direction (such that A, can be taken as zero) and
incident upon a vortex sheet located at y=0, the matching conditions, equations [2.83], can be solved
for the amplitudes of the reflected and transmitted wave perturbation potential, A; and B, respectively,

in ratio to the incident wave perturbation potential amplitude, giving

A -1 B 2
A and e 2.90]
B, (a+]) B, (a+])
Substitution into equation [2.89] shows that wave action is conserved if
(@) = (r@)* [2.91]

The same condition is recovered if the deep water limits of equations [2.86] and [2.88] are taken, as
presented by Smith (1983). The condition implies that wave action is conserved if the arbitrary

averages of the vertical variation on either side of the vortex sheet are identical. Smith (1983) took an
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unnecessarily restrictive interpretation of this condition, suggesting that { y,(z))=1, although one form

of averaging that produces identical averages is the root mean square of the vertical variation,

0 12
(x,@) = { [ X(2) dz} =1 [2.92]
-d

which evaluates to one through the orthonormality properties of y,(z).

Defining the reflection and transmission coefficients as the ratio of the surface displacement amplitude

of the reflected and transmitted wave to that of the incident wave then

R=-1=_14
b, B, (a+1)
[2.93]
T b, _9% X,(0) B, _ 2« X,(0)
b, 0, x,(0) B, a+1 x(0)
where the ratio ,(0)/x,(0) is
k,v2
[k—] in deep water
Zz(o) - 1
FA0) [k2]1/2[2k1d+sinh2kld 12 coshk,d e [2.94]
k| |2Zkd+sinh2kd| coshkd e e

For weak currents, | § |< 0.5, in deep water, the reflection and transmission coefficients of equation

[2.93] are indistinguishable from those established by the Galerkin solution of the integral equation.

For the case of a jet-like current, two vortex sheets are required to model the current shear layers.
These are taken to be located at y=+L such that between the vortex sheets (|y|<L) the mean velocity
is non-zero, while outside the vortex sheets (|y|>L) the mean velocity is taken to be zero (see figure
2.5). Such a current is usually referred to as a top-hat current. Evaluating the matching conditions,
equations [2.83], at each vortex sheet produces a set of four equations relating the perturbation

potential amplitudes in each region. For a wave incident from y=-o and propagating in the positive

y-direction (A;=0), the four equations can be solved for the amplitudes of the reflected and transmitted
wave perturbation potential, A; and B; respectively, and the amplitudes of the waves propagating on
the current A, and B,, in ratio to the incident wave perturbation potential amplitude. For a unit

amplitude incident wave (B,=1) the remaining potential amplitudes are found to be
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B - 4a,e-2im1L [2 95]
37 Y] : .
(1 +w)ze 2imL (1 _a)z e2|n12L

_ _ =2impL  2imp)L| -2im\L
Al = (1 “2)[?2 L : ] eZ L [2.96]
(1+ay e ™™ -(1-a?e'™

1- i(my+

A, - @g XO) [2.97]
1+2) itm,-

B, - %d‘ mlp [2.98]

The depth dependency in these amplitudes is introduced through the parameter «. The surface
elevation in each region is given by the real part of

7,30 = [a,e”™ + b e™]ei? [2.99]
where the relation between the local surface displacement amplitudes, a,, and b,,, and the potential
amplitudes, A, and B,, is given by equation [2.87]. The variation in surface displacement amplitude

in each of the regions can be shown to be given by

my| = [B32r + Bszi]m

|7, = [Azzr + A22i + Bzzr + Bzzi + 2B, (A, cos2myy + A, ;sin2m,y) -

[2.100]

2B,,(A,, sin2m,y - Ay, cos2m,y) |2

I, = [1 + Azzr + Azzz + 2A,, cos2m,y + 2A,, sin2m1y]”2

where the subscripts r and i indicate the real and imaginary parts of the constants.

This simple model neglects any change of phase of the propagating waves at the vortex sheet. Also,
as the evanescent waves are neglected, the solutions for the surface elevation are discontinuous at the
vortex sheet. The effect of the evanescent waves is to smooth the transition between the discontinuous
propagating wave properties. Their effect was approximated by Smith (1983) using an exponential

smoothing away from the vortex sheets.

Although not directly relevant to the present study, it is worth noting in passing the similarities between
the reflection and transmission coefficients determined by the approximate model of Smith for a top-
hat current in finite depth water, equations [2.96] and [2.95], and those determined by the vortex sheet
model of Mei & Lo (1984; 1986) and Kirby (1986) for a top-hat current in shallow water. In shallow

water, the steady current and the wave-like perturbations to it are considered to be depth independent.
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The governing equation in each region is then

azn” [ 0"2 lz} 0 [2.101]
+H—=-1l%n, = .
dy? gd

which can be reduced to the one-dimensional Schrodinger equation for surface elevation by introducing
the quantity ¢c=gd/o? (Mei & Lo, 1984; Kirby, 1986). The matching conditions at the vortex sheet,
which were correctly identified by Kirby (1986), are essentially depth-averaged equivalents of those
used by both Evans and Smith. Continuity of pressure is replaced with continuity of surface elevation

across the sheet while the kinematic condition, that a fluid particle remains in the vortex sheet, becomes

1 -
) 3y T T2 3y [2.102]
In the case of a top-hat current of width 2L with vortex sheets at locations y=+L, the transmission and
reflection coefficients were given as

4o

(1 +a)2 e-2in12L _ (1 _ a,)z e21'm2L

T [2.103]

1o A2y | aT2imL 2impL
r-_-d e el [2.104]

(1+ae ™™t - (1-aP ™t

These are identical to the expressions obtained by Smith’s approximate model for finite depth. The
omission of the multiplicative factor ¢ “ZimL that appears in the numerators of Smith’s expressions is
a consequence of the adoption by Kirby of a separate y-origin in each still water region, each shifted
to the location of the vortex sheet separating that still water region from the current. Smith’s arbitrary
vertical averaging of the pressure and kinematic matching conditions in the approximate model is
essentially producing the same conditions as those assumed by the shallow water approximation. The

equivalence of the models was only recently noted by Thomas (2001).

2.3.3 Currents with vertical variation

When the current is depth dependent, analytical solutions are only possible if that depth dependency
is of a linear, a trigonometric or an exponential form. The latter two forms also require the current to
depend on the incident wave conditions (Peregrine, 1976). McKee (1986) considered the case of a
wave incident upon a vortex sheet separating a region of still water (region 1) from a second region
(region 2) in which the current was defined as U = (IU(z),0,0) with an exponential vertical variation

in the form
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Uz) = (Uy- c)e% + ¢ [2.105)
and Uy=U(0) is the surface current magnitude. Here J is a real constant and the incident wave
properties,  the x-wavenumber and c the phase velocity, are assumed to be known. The governing
equations were formulated in terms of the perturbation pressure, see equations [2.22], rather than
perturbation potential, see equations [2.57]. The solution remains the same as equation [2.60] but with
the potential replaced by the pressure. In region 1, still water, the vertical variation for the propagating
waves and the evanescent waves are as before, equations [2.61] and [2.62]. However, in region 2, the
vertically sheared current, they become

272[rcosh[7(z +d)] - Ssinh[r(z +d)]] e*
[27d (52 - 6%) +276(1 -coshrd) + 72+ 6?) sinh27d |2

1,2 = [2.106]

and

26 [#y;cos [y, (z +d)] - Ssin[ by (2 +d)]] e

l//,-(Z) =
" [2,d(BE+ 67 - 26, 6(1-cos2,d) + ($2- 6 sin2¢b, d |12

[2.107]

where 7%= k2 +5%and -3 = k2 + 2. The effect of the vertical shear upon the matching conditions,
to be satisfied at the vortex sheet, is to introduce an exponential factor in the kinematic matching

condition. The pressure and kinematic matching conditions become

1 9p, e dp, at y=0 [2.108]

Following the procedure outlined in §2.3.1, the matching conditions are ultimately reduced to a pair
of integral equations which must be solved to recover the reflection and transmission coefficients.
Approximate solutions to the integral equations are sought using Galerkin’s weighted functions

method, as described in §2.3.1, where the appropriate form of the two-term approximation is

2\ €, Xi(2)
=1

u,(z) = 0.

s

[2.109]

where

0,() = ! 0,(z) = 0 e [2.110]
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2.4 Linear wave solution on an arbitrarily-varying inhomogeneous flow

The only work to date to consider the case of wave interaction with a current possessing arbitrarily
wide horizontal shear is that of Thomas (2001). The model has been developed for linear or near-linear
waves under the moderate current approximation. This requires that the wave slope be small, £= ak
« 1, that the characteristic current magnitude, U, be small compared to the wave phase velocity, 8= Ulc
«1 and that the two parameters satisfy the condition that £ « § « 1. No constraint is placed on the scale
of the horizontal variation of the current nor on the nature of the vertical variation in the formulation
of the model. However, the recovered transmission coefficient is dependent on the total mass flux of
the current and requiring the transmission coefficient to be physically meaningful, imposes a limitation

on the current magnitude and horizontal extent.

The model is formulated for the interaction between a jet-like current and waves in the shallow water,
finite depth and deep water regimes. For each regime solutions to the governing equations were
obtained for the local wave kinematics in terms of the Fourier transform of the arbitrary current profile
U(y,z). Expressions for the reflection and transmission coefficients are obtained from consideration
of the far-field asymptotic behaviour. The difficulty of establishing analytical forms of the Fourier
transform, and its subsequent inversion, limits the forms of the current profile for which analytical
solutions, expressed directly in terms of the current profile U(y,z), are possible. However, numerical

evaluation of the solution is possible for arbitrary profiles.

The formulation presented here is that for finite depth. As in previous sections a coordinate system
is chosen such that the x- and y-axis lie on the undisturbed free surface where the z-axis, defined as
positive upward, has its origin. The current is assumed to be jet-like and of the form U=(U(y,z), 0,0),
that is flowing in the positive x-direction but varying in both the span-wise and vertical directions (see
figure 2.4). The bed is taken to be horizontal and located at z=-d. Regular waves of frequency w and
wavenumber vector k=(I,m,0) are generated on still water and meet the current at an arbitrary angle .

It is assumed that caustics are not formed in the flow.

For an inviscid, incompressible fluid of constant density and negligible surface tension, the governing
equations of motion are the Euler equation (equation [2.1]) and the continuity equation (equation [2.2])
together with the usual boundary conditions at the bed and the free-surface. Solutions for the velocity,

pressure and surface elevation are sought in terms of a perturbation expansion in the two parameters
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gand J of the form
u=0U, +eu+0u +..)+ .5‘2(1¢20+ Suy + o) + o
p=-pgz+ &py, + Opy; + €(Py+ Opy + ) + e [2.111]

=021y, + 61y, + €M+ Oy + ) + E2 (M + Oy +.00) + .

The wave phase speed is also expanded in a similar manner,

¢ =0cy + Coy+ E(Cppt Ocy +.0) + . [2.112]
Substituting these expansions into the equations of motion and boundary conditions and grouping
terms of similar order results in a hierarchy of equations governing the motion at each order. At order
J the motion is that of the current alone. The order € equations govern the wave alone, or incident
wave, motion. The primary interaction between the wave and the current, that is the transmitted and

reflected wave, is governed by the order £J equations.

For the wave alone motion, the solution to the governing equations at order ¢ for the surface elevation
and pressure correspond to the usual linear Stokes’ theory,
Mo = k'cos(lx +my - wt)

- cosh[k(z+d)]
10 cosh kd 10 [2.113]
¢t = gk tanh kd
This represents a physical wave propagating in the positive y-direction with amplitude a. For the

primary interaction between wave and current, the Euler equation and the continuity equation at order

&4 are respectively
a]!.“ aﬂ 10 = —_ypu
—kCOO % 01 aﬁ + (_(.! Y)—IO + (ulo Y)LJO - p [2'114]
V.u,=0 [2.115]

In the Euler equation the temporal derivative, 6/0¢ has been replaced by -wd/0 @ where 8 =[x - wt is

the phase function. Applying the operator V to the Euler equation at this order yields
V), = -p Y. [(U, Vuyg + (uy- DU, ] [2.116]

after making use of the continuity equation. The form of the solutions for interaction quantities p;,

and 7, are assumed to be
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