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Abstract

Many problems in engineering involve systems with vibrating components which
can impact with a rigid boundary. The aim of this research is to improve our under-
standing of the dynamics associated with such vibro-impact systems, thus enabling
more accurate mathematical modelling of associated engineering problems.

Initially we consider a single degree of freedom impact oscillator system. Such
systems have been widely studied and are discussed here in terms of fundamental
impacting motions and nonlinear mappings. The bifurcational behaviour of the
system is studied and compared to results from an experimental system. In partic-
ular we consider the codimension two bifurcations which occur and demonstrate
how these events can be used to maintain periodic motion of the beam during
parameter variation.

We then consider developing a structured approach for parameter estimation
using experimentally recorded data. An energy analysis for single degree of freedom
systems is presented. This is used to develop a method for estimating the coefficient
of restitution and damping parameters using a time series obtained #ke from a
physical system.

Using a purpose built experimental impact load cell we estimate e impact
forces for an impacting beam system. We discuss the analysis of impulse spike data,
and show how system dynamics can be reconstructed using interspike intervals.

We then consider the dynamics of multi-degree of freedom impact oscillators,
including sticking and chatter motions, using a two degree of freedom lumped
mass model as an example. The energy analysis developed for the single degree
of freedom system is extended to multi-degree of freedom systems and the effect
of energy transfer between modes and reduction in coefficient of restitution is
discussed.

Finally we consider how such work may be applied to continuous systems such
as the cantilever beam using a Galerkin approach. We compare these results

qualitatively with experimental data from flexible vibro-impacting beams.
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Chapter 1

Introduction

1.1 Vibro-impact systems

The motivation for this work arises from the desire to gain a greater understanding
of the dynamics of systems which experience impacts during vibration. By “im-
pacts” we mean a series of collisions or contacts between system components, while
vibration of the system occurs as a response to some form of external forcing. We
refer to such systems as impact oscillators or vibro-impact systems. Many physical
examples of these systems occur in engineering applications, and the associated
design problems have long been a focus of study for engineers and applied math-
ematicians. With an improved understanding of the dynamics of vibro-impact
systems we can hope to provide more accurate mathematical modelling techniques
for such systems.

The effect of an impact occuring in a vibrating system, is that a strong nonlin-
earity is introduced. The colliding components experience large impulsive forces
and sudden changes of direction. One of the simplest ways to model this process
is to assume that these changes of direction occur instantaneously, such that the
model contains nonsmooth jumps when impacts occur. In this case, the mathe-
matical models associated with impact oscillators can be considered as a simple
example of a wider class of nonsmooth dynamical systems. Such systems have a

wide and continually expanding range of applications in applied mathematics and
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engineering.

1.1.1 Examples of vibro-impacting engineering systems

Most design problems associated with physical vibro-impact systems are concerned
with minimising unwanted effects such as noise, excessive wear, non-periodic or
large amplitude type motions that can occur during excitation of the system. Many
of these problems arise from mechanisms with clearance between components such
as gears (Pfeiffer & Kunert 1990; Karagiannis & Pfeiffer 1991; Kahraman & Singh
1990), bearings (Neilson & Gonsalves 1993) and railway wheels (Meijaard 1991,
Knudsen, Feldberg & True 1992). Another example is the the problem of unwanted
“buzz” motions of an impact print hammer in dot matrix printers (Tung & Shaw
1988).

Offshore engineering has provided many examples of vibro-impact problems.
These arise in situations where vessels, or offshore structural elements are tethered,
or restrained in some way, while simultaneously being forced by the motion of the
sea waves. For a range of sea conditions, certain systems exhibited undesirable
large amplitude or non periodic type motions. Lean (1971) considers the problem
of the of a ship moored to a quay under the action of wave forcing. Thompson and
coworkers (Thompson 1983; Thompson & Elvey 1984; Thompson et al. 1984a;
Thompson et al. 1984b) considered the subharmonic resonances of offshore struc-
tures due to bilinear stiffness. This work is summarised in chapter 14 of Thompson

& Stewart (1986).

Vibro-impacting flexible elements

Many vibro-impact problems which occur in engineering systems involve flexible
structures or structural elements. A selection of such problems are shown in figure
1.1. If a flexible element such as a pipe or tube is supported along it’s length
by “loose” constraints, then exciting the system will induce vibro-impact motion.
This problem can occur in heat exchangers/nuclear reactors, where “bundles” of

tubes (fuel rods) are subjected to fluid cross-flow (Rogers & Pick 1976; Goyder &
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impractical such as those designed to eliminate vibrations in steam turbine blades,

airplane wings and tall chimneys (Kobrinskii 1969).

Electrical engineering

A recent study of a DC to DC buck converter (di Benardo, Champneys & Budd
1998), highlighted the similarities found in modelling these systems, and vibro-
impact systems. Many of the phenomena observed in the model for the converter,
are also found in vibro-impact systems. This example is of particular interest as
it does not have physical “impact” phenomena. This demonstrates the diversity
of applications which can be modelled using simple nonsmooth models, and the

similarity in the underlying dynamics.

1.1.2 Theoretical studies of vibro-impact systems
Historical Background

The dynamics of impacting bodies has been studied by many of the great applied
mathematicians throughout history. As far as we are concerned, the work of Isaac
Newton (Cajori 1934) is of most direct significance to the theoretical analysis both
vibration and impact problems. In Principia (Newton 1686) Newton presented
three laws of motion which have become the foundation of classical mechanics,
and which we use to derive the equations of motion for vibro-impact systems.

For much of the work in this thesis we will consider the dynamics of a single
degree of freedom linear oscillator, with a motion limiting constraint on one side.
This configuration is shown schematically in figure 1.2. The mass m is driven by a
harmonic forcing term A cos(27), where A is the forcing amplitude, Q2 the driving
frequency and 7 is time. The motion of the mass is resisted by a linear spring
with constant stiffness & and a linear viscous damper with damping constant c.
The spring exerts a restoring force on the mass of —ky, and the viscous damping
exerts a resisting momentum on the mass of —cdy/dr.

By applying Newton’s second Law; force=mass X acceleration we obtain the
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A cos(Q21)
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Figure 1.2: Schematic representation of a single degree of freedom impact oscillator

equation of motion for the system

d’y dy
me + 3, + ky = Acos(Q27). (1.1)

However as the motion of the mass is constrained, this equation is only valid when

the displacement of the mass is less than the stop distance y < ys;.

Dealing with impacts

Also in Principia, Newton describes the results of experiments performed on im-
pacting bodies. In these experiments (figure 1.3), Newton tested impacting spheres
of differing material, including glass, steel and cork. Two suspended spheres were
released for an initial position at the same time, allowed to impact, and the return
heights after impact noted. From these studies, he developed the concept of a
material constant, for each material, based on the ratio of velocities before and
after impact. This constant is known as the coefficient of restitution, and has been
extensively used for modelling impact problems.

For the constrained linear oscillator (figure 1.2) an impact occurs when y = y,.
When modelling the dynamics of the system an ¢mpact law must be applied to $e-
represent the effect of the mass colliding with the solid constraint. The coefficient

of restitution is defined as the ratio of the velocity just before impact v(7_) and
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model developed by Hertz, known as the Hertz Law (Goldsmith 1960). This is
equivalent to assuming that the constraint in the system has some form of nonlinear
stiffness. A simplified version of this model is two assume a linear stiffness such
that a bilinear, or piecewise linear model is obtained. This would have two linear
stiffnesses, one for the motion away from impact, and the other (much greater) to
represent the stiffness of the constraint. Using such impact laws in a vibro-impact
model results in a model with two regimes of behaviour. Usually, when modelling
vibro-impact processes we are concerned with the overall dynamics of the system,

and the simpler the impact law the better.

Dynamical systems theory

Classical (or Newtonian) dynamics have been applied to many engineering prob-
lems (Bishop & Johnson 1960; Harris & Crede 1976; Timoshenko et al. 1974).
More recently, the study of nonlinear dynamical problems has increased rapidly
due to the advent of powerful computing technology, allowing large scale numerical
computation. This branch of mathematics has become known as dynamical sys-
tems theory (Thompson & Stewart 1986; Guckenheimer & Holmes 1983; Glendin-
ning 1994), which has a wide range of applications to the dynamics of engineering
systems (Moon 1987; Kapitaniak 1992; Thompson & Bishop 1994).

In their study of “a random repeated impacting process” Wood & Byrne (1981)
highlighted some of the early investigations into vibro-impact and in addition
mentioned some the the work of Lorenz (1963) in connection with unpredictable
response from nonlinear systems. Other studies around this time also highlighted
the problems associated with oscillating systems with repeated impacts (Whiston
1979; Davies 1980).

Wood & Byrne studied random repeated impacting processes modelled on in-
dustrial applications associated with the problem of machine noise reduction. As a
simple model they used a ball bouncing on a vibrating table. They studied the case
for Gaussian type random forcing, but mentioned evidence that for sinusoidal ex-
citation of similar systems seeming random output could be encountered. Holmes

(1982) showed this to be possible by applying the newly developed tools of dynami-
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cal systems theory to the bouncing ball problem. He also highlighted the relevance
of the topic to applications in particle physics. Thompson & Ghaffari (1982, 1983)
produced early numerical simulations of impact oscillators dynamics, derived from
their work in modelling marine engineering phenomena. Periodic vibro-impact
motion, period doubling cascades, and strange chaotic attractors were found by
the authors, who used a purely elastic impact (r = 1) combined with an equation
of motion similar to equation 1.1.

In 1983, Shaw & Holmes (1983c) studied the dynamics of a harmonically forced
single degree of freedom piecewise linear oscillator. It was shown that for an infinite
stiffness limit bounding the motions of the oscillator’s mass on one side an impact
oscillator system is obtained. Using the equations of motion and the coefficient of
restitution rule the authors constructed a mapping, from one impact to the next,
now generally known as the impact map. This mapping along with periodicity
conditions were used to construct analytical solutions for periodic orbits which
had a single impact per period. Stability analysis and conditions for bifurcation
were also developed for these solutions. The authors also noted the discontinuous
nature of the impact map due to a singularity in the derivative.

The same authors followed this work closely with studies on chaos and long
period motion (Shaw & Holmes 1983b) and an impact oscillator with large dissipa-
tion (Shaw & Holmes 1983a). This later work considered the case of coefficient of
restitution equal to zero which resulted in a one dimensional discontinuous map-
ping. Work by Hindmarsh & Jefferies (1984) considered the bifurcation loci in a
two dimensional parameter space by using the analytical techniques of Shaw &

Holmes.

The Grazing bifurcation

The initial work by Shaw and Holmes work was continued by Shaw with papers
on subharmonic motions and local bifurcations (Shaw 1985a) and chaotic motions
and global bifurcations (Shaw 1985b). This work also highlighted discontinuities in
gradient inherent to the system. Whiston (1987a), (1987b) considered the global

dynamics of an impact oscillator and noted the non-differentiable nature of the
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impact map. Two sided impact oscillators were also considered by Shaw & Shaw
(1989) and Natsiavas (1990).

Nordmark (1991) considered the singularity in derivative in impact oscillator
dynamics highlighted by previous authors. He considered the motions of stable
periodic orbits which touch the impact stop with zero velocity and denoted such
an occurrence a graze and such an orbit a grazing orbit. Nordmark constructed
a localised truncated mapping for orbits close to the grazing condition and noted
that the singularity took the form of a square root (see also Nordmark 1992).

This map has become known as the Nordmark Map and has been the subject
of extensive study (Chin et al. 1994; Casas et al. 1996). In addition the grazing
bifurcation has been considered as an example of a wider class of border collision
bifurcations (Nusse & Yorke 1992; Nusse et al. 1994). Detailed work on topological
aspects of the singularities encountered in vibro-impact dynamics has been carried

out by Whiston (1991) and (1992).

From Grazing to one dimensional maps

During the last few years it has become apparent that vibro-impact dynamics has
been widely studied in Russia and Eastern Europe during this century. Initially
work by Kobrinskii (1969), Feigin (1970), Babitskii (1978), Perterka & Vacik (1992)
and the references therein indicated that work on vibro-impact had been going on
since the 1960’s.

Peterka and coworkers (Perterka 1994; Perterka & Formanek 1994; Perterka
& Kotera 1995) considered stability of analytical solutions and the transitions
between periodic and non-periodic motions. This highlighted the interesting codi-
mension two bifurcation which occurs in a single degree of freedom impact oscilla-
tor. The nature of this bifurcation is also considered by Foale (1993) and Ivanov
(1993). Ivanov (1996) considered further classification of the grazing bifurcation
using a combined impact law model.

Foale & Bishop (1992) considered the dynamical complexities of impact os-
cillators. They also studied the bifurcational behaviour of such oscillators (Foale

1994) highlighting two types of grazing bifurcation relating to the codimension two
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bifurcation and subharmonic solutions. In addition comparison between Hertz law
and coefficient of restitution models were considered (Foale 1993). This work led
to the consideration of one-dimensional maps which exhibit grazing like behaviour
(Foale & Bishop 1994).

Budd & Dux (1994b) considered the intermittency of impact oscillators close
to resonance, developing an approximately one dimensional map relating one low
velocity impact to the next. Further work includes studies on chattering behaviour
(Budd & Dux 1994a), frequency and clearance variations (Budd et al. 1995),
grazing and one-dimensional maps with square root singularities (Budd 1996). In
addition Budd & Lee (1995) extended the work of Shaw & Holmes to analytical
solutions for periodic orbits with two impacts per period.

Nordmark (1997) extended the work of Budd & Dux (1994b) to obtain a one
dimensional map representing the key dynamics associated with a single degree of
freedom impact oscillator. Higher dimensional systems have also been considered
using localised Nordmark type maps (Fredriksson & Nordmark 1997).

The application of control of chaos methods to nonsmooth systems has also
been studied. Kalagnanam (1994) showed that control of chaos methods could
be applied to impact oscillators. More recent work has focussed on controlling or

maintaining certain types of motion as parameters are varied (Bishop & Xu 1997).

1.1.3 Comparing theoretical and physical systems

So far we have given a brief review of some of the phyéical problems which arise
in nonsmooth systems, and the development of impact oscillator theory. If we are
aiming to model the behaviour of the physical system, then the theory developed
must be compared with this physical behaviour. This process is shown schemati-
cally in figure 1.4. This figure shows how physical problems arising in industry can
be modelled. Data from the physical system, or from an experimental model of
the system must be recorded. Applied mathematics provides the tools to create an
effective model to compare with this data. Essentially the comparison is carried

out using numerical simulation of experimental results, or data recorded from real
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Engineering and Industry Appliet;l Mathematics
Mechanical/Offshore Dynamical Systems
Electrical Nonsmooth dynamics
Impact Engineering Engineering analysis
Vibro-impact problems Vibro-impact dynamics
Noise/wear Grazing
Large amplitude motion Periodic/chaotic motions
Sticking/chatter Codimension 2 bifurcation
Recorded data Mathematical models
From physical systems Single degree of freedom
From experiments Impact laws
Signal processing Multi-degree of freedom
Comparison

Explain physical behaviour
Improve modelling
Insight into nonsmooth dynamics

Figure 1.4: Schematic diagram showing ef the inter-relationship between physical sys-

tems and mathematical models.

systems.

Vibro-impacting experimental studies

Moon (1987) carried out the several early experimental studies which demonstrated
that chaotic type motions occurred in physical systems. Amongst these studies
was the first of a vibro-impacting system indicating evidence for chaotic behaviour
(Moon & Shaw 1983). The experimental apparatus consisted of a harmonically
forced cantilever beam with a one-sided motion constraint at the free end. Digital
simulations of the motion were also presented. Shaw (1985c) continued this work
demonstrating that a single degree of freedom impact oscillator model gave a very
good approximation to the impacting beam dynamics.

The dynamics of an impacting pendulum have been considered by (Shaw &
Shaw 1989; Moore & Shaw 1990; Bayly & Virgin 1993) and a double sided impact
oscillator has been studied by Blazejczyk et al. (1994). Flexible cantilever beams
were also considered by Cusumano et al. (1994), Thompson et al. (1994), Fang
& Wicket (1994) and Bishop et al. (1996) including bifurcation behaviour and
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comparison with numerical results.

Other impacting systems have been considered by Reid & Whineray (1995)
and Stennsson & Nordmark (1994). Weger et al. (1996) show a comparison
between experimental results and the Nordmark map. Kahraman & Blankenship
(1997) investigate the dynamics of an experimental gear rig. Hinrichs et al. (1997,
Oestreich et al. (1997) consider a very precise test rig built to simulate a single
degree of freedom impact oscillator with no damping. They produce experimental

and numerical bifurcation diagrams which are in very close agreement.

1.2 Motivation from experimental work

From the preceding section, we can see that cantilever beam systems have been
used extensively in experimental studies. These experimental systems have shown
good qualitative agreement with simple mathematical models. At University Col-
lege London just such a cantilever beam experiment was constructed, and the
behaviour of the beam modelled using a single degree of freedom model (Foale
1993; Bishop et al. 1996; Thompson et al. 1994). A schematic representation
of the cantilever beam system is shown in figure 1.5. The beam kes-is clamped
vertically into a steel base, forced using a magnetic forcing transducer and the
displacement recorded using a capacitative displacement transducer. A detailed
description of all experimental work is given in Appendix B.

This beam was considered sufficiently “stiff” as to provide a comparison with
a single degree of freedom model when forced close to its first natural frequency.
However, in order to match experimental and numerical results very low values of
coefficient of restitution had to be used. Thompson et al. (1994) postulated that
higher modes of vibration were excited due to impacts, and that energy was being
dissipated in these higher modes, such that a reduced value of the coefficient of
restitution was required in the single degree of freedom model. So, although the
single degree of freedom model can be used to qualitatively model the beam motion,
it cannot explain all aspects of the beam dynamics. Addressing this problem was

direct motivation for the work in this thesis.
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Figure 1.5: Schematic representation of the stiff beam apparatus

This can be seen in a wider context of engineering systems more generally,
where problems such as modal behaviour and noise occur regularly. Cantilever
beam systems are good examples of more complex engineering systems such as
plates and shells, and insight from the study of such a beam system will have a

wide range of engineering applications.

1.3 Objectives of work

The overall objective of these thesis is to gain insight into the vibro-impact (nons-
mooth) dynamics of engineering systems. This is motivated by physical examples,
particularly the cantilever beam experiment. Initially, following the work of (Foale
1993), we examine the bifurcations which occur in single degree of freedom oscil-
lators and highlight applications in controlling the number of impacts in simple
engineering system.

Problems with estimating the coefficient of restitution encountered by Foale
(1993) and coworkers means that one of the key objectives for this work is to

present a systematic approach to parameter estimation for mathematical modelling
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of these systems. The main part of this is the development a method for estimating
the coefficient of restitution.

We also wish to study the validity of a short term impact model such as the
coefficient of restitution in relation to real engineering systems. Of further interest
to engineers are the problems of remote analysis of vibro-impact systems and
measurement of impact force and velocity, important concepts for wear problems
in engineering systems.

In addition to these topics, we wish to gain a greater understanding of the
dynamics of higher degrees of freedom linear systems subject to motion limiting
constraints. We conjecture that modal excitation (in systems such as the cantilever
beam) leads to higher levels of energy loss in the system. Thus we seek to explain
the process by which higher modes are excited during vibro-impact motion, and
how energy from impact is transferred between modes. This can then be used to
explain the need for a reduced value of coefficient of restitution in single degree of
freedom models.

This work leads naturally to considering energy and modal analyses of vibro-
impact systems, two approaches common to engineering analysis. In addition it
has wider implications for considering the more general problem of multi dimen-
sional systems subject with nonsmooth discontinuities, and coupled nonsmooth
systems. An overall aim of such work is to understand the dynamics of con-
strained multi-dimensional systems leading to applications and understanding of

continuous systems, such as flexible beams.

1.4 Thesis overview

In chapter 2 we review the theoretical analysis associated with a of single degree
of freedom impact oscillators and consider how the system can be reduced to a one
dimensional mapping containing the essential dynamics. In addition we describe
phenomena such as natural frequency shift which are important for the design of
engineering systems.

Then, in chapter 3, we consider the codimension one bifurcations that occur in a



CHAPTER 1. INTRODUCTION 33

single degree of freedom impact oscillator system. We show numerical simulations
of the experimental results from the stiff beam system. We then consider the topics
of codimension two bifurcations and control of vibro-impact systems. Using this
analysis we demonstrate how periodic motions can be maintained in an engineering
system via parameter choice or control of chaos techniques.

In addition we include bifurcation data from flexible beam experiments in this
chapter. This demonstrates the complexity of the behaviour of these systems,
indicating the future goal of this research field in being able to understand such
behaviour.

In chapter 4 we consider parameter estimation techniques for accurate mod-
elling of vibro-impact systems, such as the cantilever beam experiment system. We
develop a new technique for parameter estimation of simple vibro-impact systems
based on an energy balance of the single degree of freedom system. We show how
this method can be applied using a variety of experimental data.

In chapter 5 we consider the measurement of impact forces, velocity, and time
of contact in a physical vibro-impact system. This is carried out experimentally
using a specially constructed impact load cell. We use the experimental results to
examine the validity of using an instantaneous impact law. In addition we examine
reconstructing the dynamics of the system using interspike intervals.

In chapter 6 we consider the modelling of vibro-impact motion of multi-degree
of freedom systems. As an example, we study a simple two degree of freedom
model. The energy balance method developed for the single degree of freedom
system is extended to multi-degree of freedom systems. The two degree of freedom
model is used to examine modal excitation and energy transfer between modes due
to impact. General conclusions on the effect of modal excitation on the coefficient
of restitution are discussed.

Finally, in chapter 7 we consider the modelling of vibro-impact motion of a
cantilever beam system. We develop a numerical model using the results from
chapter 6, the Galerkin method and normal mode analysis. These results are
compared, qualitatively, with experimental results from flexible beam experiments.

The limitations and future applications of this method are discussed.
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Experimental results

Rather than being contained in a single chapter, experimental results will be in-
cluded where appropriate in the text. Background information regarding experi-

mental work can be found in Appendix B.
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Chapter 2

A single degree of freedom impact

oscillator

2.1 Preliminaries

We consider here an impact oscillator system which is the combination of a forced
linear oscillator with a single degree of freedom, and a motion constraint on one
side. This is the simplest and most widely studied type of impact oscillator.

If the constraint is of some finite (linear) stiffness such that the boundary
deforms due to a collision, the oscillating component will stay in contact with the
boundary for a short time. Assuming the oscillator has linear stiffness prior to
contact, this type of oscillator is know as bilinear or piecewise linear (Thompson,
Bokaian & Ghaffari 1983). If the stiffness of the fixed boundary is very large the
corresponding time of contact will be very small. The limiting case occurs as the
boundary stiffness tends to infinity, then the time of contact tends to zero, and an
(almost) instantaneous impact occurs, giving rise to an impact oscillator (Shaw &

Holmes 1983c). We refer to the motion limiting constraint as the impact stop.

2.1.1 Nondimensionalisation

Studies of the impact oscillator carried out in recent years almost exclusively con-

sider equations of motion in a nondimensional form. Alternative methods of scal-
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ing to achieve this have been proposed, but because of the nonlinear nature of the
system some scaling methods result in ill defined equations of motion for certain
parameter values. The following shorthand notation is used; kilogrammes (kg),
seconds (s), metres (m), Hertz (Hz) and Newtons (N).

Equation 1.1 is the most basic dimensional form of the forced linear oscillator
equation, it has dimensions of force (N). The equation can be simplified into al-
ternative dimensional forms and also transformed into nondimensional forms. For
example, by dividing through by mass m, equation 1.1 can be expressed as

d? d
d_T:Z + QCwnﬁ + w,zly = wflyst cos(§27) (2.1)

where w, = \/l% is the natural frequency, ( = c¢/c. is the ratio of damping ¢
to critical damping ¢, = 2mw, and y;s = A/k is the static displacement of the
mass due to a constant force A. Equation 2.1 has dimensions of distance and
time. This form of the forced linear oscillator is used in many standard texts on
vibration theory (for example see Meirovitch (1967)) and has been used extensively
by physicists and engineers for many dynamical applications. It’s dimensions of

distance and time are the natural dimensions of real physical dynamics.

Scaling time

By defining dimensionless time as ¢t = w,7, then velocity and acceleration become;

dy _ dy d*y _,d%y

- n 1. 5 a5 — n 3.9 ° 2.2
dr ~ “"ar dr2 T M ae (22)

Equation 2.1 can then be written as
7+ 2¢Y + y = yst cos(wt) (2.3)

where w = Q/w, and an overdot denotes differentiation with respect to dimension-
less time ¢. Thus the effect of such scaling is to nondimensionalise time and also
introduce a nondimensional frequency w such that w = 1 corresponds to resonance.

It is also interesting to note that

wt = ﬂw,ﬂ' =Qr (2.4)
Wn
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such that the value of the cosine term is the same for both dimensional and nondi-
mensional forms. The natural period of the forced motion T' = 27/Q will have a

nondimensional form T* = 27 /w, where T* = w, T

Scaling displacement

Equation 2.3 now has dimensions of distance only, so dividing through by a distance
constant will give a fully nondimensional form. Defining such a constant b equation

2.3 can be written in the form
Z+2¢i + x = F cos(wt) (2.5)

where z = y/b is the nondimensional displacement, and F' = y/b is nondimen-
sional forcing,.

Some of the work on impact oscillators has been done by scaling out distance
by dividing by distance to the impact stop ys, (Thompson et al. 1994), such that
b = y, and the nondimensional displacement and forcing become z = y/y, and
F = ysu/ys and the nondimensional stop distance y,;/ys = 1. However, if the
distance to the stop ¥ is zero the nondimensional equation is ill defined.

An alternative formulation uses the static displacement b = y,; such that z =
Y/yst, F = 1 and the stop distance a = y,/ys;. Hence, if ys; # 0 then this
formulation is defined for all y,. Examples of this type of approach are shown by
Perterka (1994) and Budd & Dux (1994b).

Studies where y; is used in the nondimensionalisation (Thompson, Bishop &
Foale 1994) use F' as a bifurcation parameter because a is effectively fixed at the
value @ = 1. In a similar manner studies in which use scaling such that F' = 1
(Budd & Dux 1994b) use a as a parameter. So in effect the dynamics will be
qualitatively the same, but plotted in a different parameter space, in terms of
differently scaled variables. A complete dimensional analysis is given in Appendix

A.
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Modelling physical systems

The issues of nondimensionalisation and scaling are only usually encountered by
those attempting to relate results from experimental or physical systems to the-
oretical or numerical studies. All potential problems come from scaling distance,
so if possible this is better avoided by using equation 2.3 with the distance to the
impact stop y, both with dimensions of distance. However the form of equation 2.5
is essentially the same, so if the system is defined for all relevant parameter values,
with suitable scaling it can be interpreted in a dimensional or a nondimensional
way as required. In this thesis, we use nondimensional forms when considering the
mathematical aspects of vibro-impact systems, and physical coordinates for rela-
tion to experimental work. In addition physical coordinates are used for concepts
such as energy (as it makes more sense) and analysis of beams.

In the experimental work presented in this thesis, units are usually given in
volts. These are the units recorded from the data acquisition process. When
modelling we can consider the displacement in voltage units, if the forcing and

stop distance are also input as volts (which experimentally they are).

2.1.2 Plotting convention

Throughout this text whenever we plot a displacement graph against a param-
eter value, such as frequency, we use the measure “maximum minus minimum
displacement per period”. This means that for each period of forcing we record
the maximum (positive) displacement and the minimum (negative) displacement
of the response. We then plot the maximum minus the minimum displacement.
The reason for adopting this convention is to avoid problems which occured when
either maximum displacement or the maximum absolute value of displacement
per period is used. With these systems motions which have a negative amplitude
which is less than the positive stop distance, always record a maximum value as

the stop distance. This is shown in figure 2.1 where z(—) < z(+) = a.
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dx/dt x=a

.___/

x(-) x(+)=a

Figure 2.1: Schematic representation of a single degree of freedom impact oscillator

trajectory in R? demonstrating the plotting convention.

2.1.3 Numerical methods

Nonlinear problems which have no analytical solution (i.e. most of them) can
be approximated using a variety of numerical methods. In fact so dependent are
we on these methods in the field of nonlinear dynamics, that they have become a
significant area of study in themselves. However, practically all numerical methods
(as the rest of mathematics) has been developed for smooth, continuous functions,
thus the nonsmooth discontinuities which occur in impact oscillator dynamics are
not easily dealt with.

To overcome this problem the functions are considered as piecewise smooth,
such that between nonsmooth discontinuities, standard methods can be applied.
Then only the points of discontinuity require special consideration. The standard
numerical techniques for dynamical systems are summarised in the paper by Foale
& Thompson (1991). The relevant concepts discussed in this work were imple-
mented in C code, mainly using routines from Press et al. (1994). Also very useful
was the work by Parker & Chua (1989).

Thus we consider a nonsmooth dynamical system in the following way. The
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system is governed by a smooth non-autonomous differential equation

dx
e f(x,p), x € R", pER™, (2.6)
where x = x(t), is the vector of time dependent state variables and p is vector of

system parameters. This smooth system is subject to a set of constraint equations

9(x,p) =0, (2.7)

which restricts the motion of the system in some way causing nonsmooth points

to occur. At the constraint, a further set of equations
h(x,p) =0, (2.8)

governs the behaviour of the system at this boundary. Thus to implement a numer-
ical simulation of such a system, locating the points of nonsmooth discontinuity is

of primary importance.

Locating nonsmooth discontinuities

For simple nonsmooth systems, such as the single degree of freedom impact oscil-
lator we can define a single plane ¥ € R™ to represent the plane of discontinuity.
This is effectively a n — 1 dimensional Poincaré section through the flow.

To locate the nonsmooth points we need to locate the intersection of the flow
with this plane. This can be done with several different root finding methods.
However, nonsmooth systems have singular points where the flow becomes tangent
to ¥ at the point of intersection. This effect violates the standard condition for
sampling a flow using a Poincaré section which requires that the flow be everywhere
transverse to the section. Further, these points are of fundamental interest in
nonsmooth systems, so instead of avoiding them, research is focussed on greater
understanding of such singularities.

In terms of numerical simulations, this means that root finding methods should
be able to cope with such events if possible. Thus methods which use derivative
estimates, such as Newton and Hénon are not a good choice as the possibility of

dividing through by a very small number is likely. In the work for this thesis it
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x2-x1
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12-11

Figure 2.2: Linear interpolation to find intersection of oscillators trajectory with the

impact boundary at z =a

was found that a linear interpolation type routine was the most robust method for
this purpose.

This method can is demonstrated in figure 2.2. Here we see that the orbit h
intersects with the plane of discontinuity x = a at point g. Discrete points are
computed along the orbit until one point 1 < a and the next 2 > a. Then using
similar triangles the an estimation of the time of intersection ta can be obtained

(t2 — t1)

r—s1) (2.9)

ta =tl + (a — 1)

This process is repeated iteratively, a new value of 1 being computed on each
iteration. To simplify this iteration, we add half the estimate to ¢1

(t2 — t1)

2(z2 — 1)’ (2.10)

ta =tl + (a — 1)

such that z1 — a from below.

2.1.4 Semi-analytical methods

For smooth nonlinear systems equation 2.6 completely governs the motion of the
system and f(x, p) is a nonlinear function. Thus in order to integrate the equations

of motion a numerical integration method such as a Runge-Kutta method must
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be used. In nonsmooth systems f(x,p) could be linear or nonlinear. If f(x, p) is
a linear function (as is the case for the impact oscillator), then the nonlinearity in
the system comes from the nonsmooth discontinuity introduced by equation 2.7.
In terms of numerical simulation, this means that between discontinuous points
the solution to equation 2.6 can be found ezactly, thus combined with a numerical
root finding method, the simulation becomes semi-analytical, semi-numerical.

Hence is we assume that f(x,p) is linear and ¥(t) is a solution trajectory of
equation 2.6 with initial conditions 9y at ¢ = ¢y, then J(t) can be evaluated a
small time step increments At until such time that ¥(¢) intersects with the plane
of discontinuity (defined by equations 2.7). This is detected by two consecutive
points on either side of the plane ¥. The root finding method is then used to find
the exact time of intersection ¢t*. At this point any other conditions defined by
equation 2.8 are applied to the system. Then discrete evaluation of 9(¢) continues
until the next such crossing.

During the work for this thesis we have used both this semi-analytical approach
and purely numerical methods. There is a certain flexibility in using purely nu-
merical methods which is sometimes advantageous, and computationally these are
often easier to implement. It has also proved useful to check semi-analytical results

using equivalent numerical routines, where possible this has been carried out.

2.2 Fundamental dynamics of impact oscillators

2.2.1 Equations of motion

Away from the fixed boundary the governing equation of motion for a forced linear
oscillator is a second order ordinary differential equation which can be expressed in
the form of equation 2.5 combined with the restriction that for free motion z < a
to give

£ +2¢z + z = F cos(wt) z < a. (2.11)

In general the solution to a non-homogeneous differential equation such as

equation 2.11 will be in the form z(t) = z4 + =, where z, is the general solution
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and z, is a particular solution. To obtain the general solution we consider the
unforced system

E+2(z+z=0 <z<a. (2.12)

We consider the motion away from the impact stop starting at an arbitrary time
to. Substituting a trial solution of the form z = Ce*(t~%), the auxiliary equation

for the unforced system can be written as
w4+ 2u+1=0 (2.13)

so that
u=—-CEt+/-1 (2.14)

The discriminant (2 — 1 governs the form of the general solution. There are three
different cases; over damped (2 > 1, critically damped ¢? = 1 and under damped
(% < 1. Most real mechanical systems operate within the under damped regime.
This is therefore the only case considered here. We use the condition ¢ < 1 which
implies ¢? < 1.

For the under damped case the auxiliary equation has complex roots u = p+igq,

thus the general solution can be expressed in the form
Ty = e"’(t‘t")[Kl COS((I(t - to)) + K2 sin(q(t — to))] (215)

where K; and K, are arbitrary constants.

We can express the solution to the auxiliary equation as

u=—C+iy/1—(2=—C+iwg (2.16)

where w, is the damped natural frequency, and i = v/—1.

So, the general solution for the under damped case becomes
Ty = B_C(t_to)(Kl cos(wd(t - to)) + K2 sin(wd(t - to))) (217)

As time ¢ — oo the amplitude of this solution tends to zero due to the exponential
damping term. Thus the general solution represents the component of the system

response for time ¢ > t; due to the initial conditions at ;.
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A particular solution of the form
z, = 6 cos(wt) + ysin(wt) (2.18)

can be added to the general solution to account for the harmonic forcing term.
Differentiating this solution as necessary and substituting into the equation of

motion (equation 2.11) gives
cos(wt)(—w?8 + 2wy + 6) + sin(wt)(—w?y — 2¢wé +v) = Fcos(wt). (2.19)

Comparing coefficients of the sine and cosine terms and solving the subsequent

pair of simultaneous equations gives the relations

F(1 - w?)

O = (=t + 4C]

(2.20)

B F2(w
7T A - Wt A

The complete solution of equation 2.11 is then the sum of the general solution

(2.21)

and the particular solution
z(t) = e St (K7 cos(wy(t—to))+ Ky sin(we(t—to)))+0 cos(wt)+ysin(wt). (2.22)

To determine the arbitrary constants K; and K, we consider the initial state
of the system at time ¢; = to such that z(¢;) = z; and £(¢;) = ;. For an impact
oscillator these initial conditions are most naturally taken at the impact stop

(hence our use of the subscript i).

2.2.2 The impact event

When the oscillators mass comes into contact with the rigid boundary an impact

occurs. A simple coefficient of restitution rule is then applied such that
z(t-) = —ri(ty) rT=a (2.23)

where £(t,.) is the velocity just before impact, £(¢_) is the impact just after impact

and r is the coefficient of restitution with a value in the range r € [0, 1].
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The time of contact is assumed to be so short that it can be considered as
instantaneous. Hence the position of the oscillator’s mass will not change during
contact but the direction and magnitude of the velocity will. The effect of the
coefficient of restitution rule is to make the impact oscillator model nonsmooth and
non-differentiable at the point of impact although the system remains piecewise
smooth and continuous.

The constants K; and K5 can be found by applying the initial conditions
as those just after impact (i.e. those just prior to free motion) as z(t;) = a,
#(t;) = —rv;. Thus between two arbitrary impacts at times ¢; and ¢;;, the motion

of the system is governed by equation 2.22 with
K) = a — d coswt; — ysinwt;, (2.24)
and

K, = Jl-[—rvi + a + (—¢6 — wy) coswt; + (—(y + wd) sinwt;]. (2.25)
d

Differentiating equation(2.22) with respect to ¢ gives the velocity

:L'(t) = e‘C(t‘t")(—Klwd sinwd(t - ti) + Kowg cos wd(t - t,'))
—Ce Sttt (K coswqa(t — t;) + Ko sinwy(t — t;)) (2.26)

—6w sin wt + yw cos wt,

hence for any time ¢ such that ¢; < ¢t < t;4; the state of the system can be found

explicitly using equations 2.22 and 2.26.

2.2.3 Non-impacting motion

First we consider non-impacting motion of the oscillator. As t — oo the contri-
bution to the response from the general solution becomes small z, — co and the

complete solution is governed by the terms of the particular solution such that
z(t) = é cos(wt) + v sin(wt) (2.27)
which can be expressed as

z(t) = D(w)F cos(wt — ¢) (2.28)
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where the phase angle ¢ of the solution is defined by

y 2Cw
t == 2.29
wo=3 =2 (2.29)
and the dynamic amplification factor D(w) is defined as

D(w) = (/8 + )/ F = 1 (2.30)

(1= w?)? +4¢%7] 2
The maximum amplitude Z,,.; of such a non-impacting motion will occur when

cos(wt — ¢) = %1 such that for a value of w

F
(1~ w2+ 4¢2u2)s

|Zmaz| = £D(W)F = + (2.31)

from which it naturally follows that for non-impacting motion |z,..| < a for all
w.

Such a non-impacting motion is both smooth and continuous. When a phase
portrait is plotted, i.e (z, ) space, the trajectory forms an ellipse which is symmet-
ric about both axes. The period of the motion is defined as the time taken for the
motion to repeat. If we define the period of the motion T then z(t +T') = z(t) for
periodic motion. From equation 2.28 it can be seen that the motion repeats when
T = 2nw/w. The frequency of the motion f is the inverse of the period f = 1/T,
thus f = w/27.

It is usual to consider the dynamic magnification factor D(w) as a function of
w and for damping ¢ and forcing F to be held at a constant value. The main
resonance peak occurs when w = 1 where D(w) is a maximum D(w)me, = F/2(.

For the undamped system ¢ = 0, D(w)qez = 00.

2.2.4 Impacting motion

Introducing an impact stop such that |Z,.;| > a will induce impacting motion for
a range of frequency values. The effect of introducing an impact in terms of the
mathematical model is to reset the initial conditions at each impact. Thus the
terms of the general solution in equation 2.22 will only decay during the time be-

tween two successive impacts. As a result the terms of equation 2.22 for impacting
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motion cannot be described as either transient or steady state in the same sense
as non-impacting motion. We consider the term “steady state” to mean the long
term motion of the system. For the impact oscillator, this type of motion includes
both the terms from the general and particular solution.

If the system is in a steady state non-impacting motion such that w < 1 and
(by definition) |Znq;| < a, and w is slowly increased, then (allowing transients to
decay after each increment of w) |Z,,| Will increase according to equation 2.31.
Providing @ < D(w)maz @ point will occur where |Zmq..| = a for a particular value
of 0 < w < 1. This event corresponds to the oscillators mass just touching or
grazing the impact stop at the maximum amplitude of the orbit |z, |. It is clear
that at = |Zma.|, the velocity £ = 0, thus a grazing orbit is one such that the
mass touches the stop with zero velocity.

This type of orbit marks the boundary between non-impacting and impacting

motion. Substituting the condition |z,,.:] = a into equation 2.31 and assuming

a > 0 gives
o= F : (2.32)
(1 - w?)2 + 477}
solving for w? gives
F?
wr=(1-2¢3)+ \J (2¢2 —1)* - (1 - ?) (2.33)

from which there are two positive values of w corresponding to the two points where
a boundary between non-impact and impact motion exists. If we denote these
values @w; < 1 and w, > 1, impacting motion will exist in the range w; < w < ws.
As an example we consider the case with the parameter values ( = 0.05 and
F = 0.5. If we assume that an impact stop is positioned at a = 1.0 then from
equation 2.33, w; = 0.711 and w, = 1.219. The non-impacting resonance curve
is shown in figure 2.3. The solid lines represent the non-impacting motion which
exists while |Zmes| < a. The rest of the non-impacting resonance curve is shown
as a dashed line. Two other vertical dashed lines are used to show the position of

the boundary between impact and non-impact motion at the points @w; and wj.
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(b) w = 0.925000, P(1,2)

(d) w = 0.733000, P(4, 4)

Figure 2.4: Numerically computed impact oscillator steady state phase portraits for

parameter values: r = 0.7, ( =0.05, F = 0.5, a =1 and w = 0.733 — 0.925.
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solution which contribute to the overall solution, but decay during one period of
motion. This asymmetry is accentuated by the fact that the the coeflicient of
restitution 7 < 1. However even for the perfectly elastic case where r = 1 the orbit
retains its asymmetric nature due to the component of the general solution which
is decaying in amplitude (¢ # 0) over the period.

As an example of periodic impacting motion which occurs in a physical system,
we show in figure 2.5, a P(2, 2) motion recorded experimentally from the stiff beam
apparatus described in chapter B. Both the motions shown in figure 2.5 are P(2, 2).
That in figure 2.5 (b) has been recorded at a higher sampling rate (and frequency)
and higher modal components of the motion are clearly evident. This will be

discussed in detail in chapters 4, 6 and 7.

Natural frequency of periodic vibro-impact motion

For impacting motion, the period of the motion, and therefore the frequency,
is governed by the forcing frequency and the position of the impact stop. The
introduction of such a stop reduces the amount of time between repetition of
motion. Thus the period of motion is less than for non-impacting motion with
similar parameter values. Hence via the inverse relationship between period and
frequency this means that the frequency is increased.

If we assume that the impact motion is a truncated non-impacting motion
(Todd & Virgin 1996) as shown in figure 2.6 then the period of the impact orbit

can be expressed as

T = 1 [arcsin (

Wn

) n g] : (2.34)

Then the ratio of the natural (angular) frequency for the impact motion will be

xmaz

Wnr ™
-l _ ) 2.35
wn  arcsin(a/Tmaz) + /2 (2.35)

This function is plotted in figure 2.7 (see also Moon & Shaw (1983)). From figure
2.6 when a/z,., = 1 the orbit is at grazing, where impacting and non-impacting
motions meet, thus wn; = w, = 1. For a/zme = 0 (i.e. a = 0, Tyne, =constant),

wnr = 2 which is intuitively the case as the time taken for one period of motion will
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05 1

T

Figure 2.8: Numerically computed chaotic vibro-impact motion. Parameter values are:

r=08,(=00,F=1.0a=0.0 w=238.

be half that taken by a non-impacting motion of a similar maximum amplitude
and therefore the frequency will double. For preloaded systems —1 < /T < 0,
the frequency increases such that as a/zmez — —1, wpy — 00.

In terms of a resonance curve this means that the value of frequency at which
resonance occurs becomes greater than that of the non-impacting solution i.e. the
behaviour is that of a hardening spring. This effect is known as natural frequency
shift, and has important implications for the design of engineering systems, as
the difference between, impacting and non-impacting natural frequency can be

significant.

2.2.6 Other impacting motion

Chaotic impacting motion can occur for a range of parameter values. For systems
where a > 0, this type of motion will occur directly after a first grazing bifurcation.
In systems where there is no region of non-impacting motion (i.e a < 0) regimes
of chaotic motion alternate with windows of periodic type motion. An example
of chaotic impacting motion is shown in figure 2.8. The figure was computed by

allowing 1000 periods motion to occur before recording 15 periods of motion.
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Much has been written on chaotic motion of nonlinear systems (Thompson &
Stewart 1986; Moon 1987; Glendinning 1994). Such literature deals mainly with
smooth, continuous nonlinear systems. Sensitive dependence on initial conditions,
exponential divergence of nearby trajectories and fractal like attracting structures
are all characteristics of chaotic motion. Lyaponov exponents can be used to in-
dicate if a system is chaotic or not (Moon 1987; Guckenheimer & Holmes 1983).
The method of finding Lyaponov exponents has been extended to nonsmooth ex-
perimental data by Miiller (1995) and calculations for the impact oscillator carried
out by Hinrichs, Oestreich & Popp (1997).

Chaotic motion occurs in deterministic nonlinear systems, and as the system is
linear away from impact , the nonlinearity can be attributed to the impact event
alone.

Another type of impacting motion which can occur in a single degree of freedom
impact oscillator is that of chatter (Budd & Dux 1994b; Budd & Dux 1994a). This
occurs when the acceleration towards the stop is greater than the acceleration away
from the stop for several successive impacts. This type of behaviour can eventually
lead to sticking where the mass is effectively stuck to the stop. This happens with
a bouncing ball which, if unforced, eventually comes to rest on the ground after a
series of impacts with the maximum amplitude decreasing between each successive

impact. This is discussed in more detail in chapter 6.

2.3 Nonlinear mappings

2.3.1 Geometry of phase space

For the impact oscillator the geometry of the phase space is important when
defining the associated mappings (Whiston 1987a; Nordmark 1991; Budd & Dux
1994b). We consider the equations of motion (between impacts) in the form of a

set of first order non-autonomous differential equations, equation 2.6,

dx
E = f(X,t), (236)
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where x is the state vector and f defines the evolution of the system by the flow
vi(x) = (x,t) on a vector field in R™.

The state vector for the one degree of freedom impact oscillator model is x =
{z,z,t}T, such that x € R3. However the impact stop restricts the displacement
of the mass such that z < a, so z € (—00, a]. In this simple phase space orbits can
exist in the subspace E = {x € R®: z < a} and, since a is constant, the impact
stop is represented as the plane ¥ = {x € R3: z = a}. An example of this type
of phase space is shown in figure 2.10.

However, since the system is periodically forced we can define a time phase
6 = t mod (2r/w) Such that each value of ¢ has an associated value of §. Thus the
state vector can be described by x = {z,z,6}7, such that x € R? x §. Thus the
subspace in which orbits can exist becomes E = {x € R? x § : £ < a} and the
impact stop is represented by ¥ = {x € R? x # : z = a}, such that ¥ is the
cylinder R x S! where R represents velocity .

The hypersurface ¥ consists of three distinct subsets which correspond to the
sign of the velocity. For positive velocity ¥, = ax [0, 00) x S!, for negative velocity
¥_ =ax (—00,0] x St and for zero velocity o =X, NE_ =a x [0] x S™.

The complete modulo time phase space is shown in figure 2.9. It can be seen
from the figure that the set X, corresponds to the circle S'. This set is important
in understanding the singularities in impact oscillator dynamics because this set

contains all zero velocity impact points.

2.3.2 Poincaré maps

In order to simplify the geometrical picture of the dynamics of an n dimensional
phase space, a Poincaré section can be taken through the flow. In general a
Poincaré section is an n — 1 dimensional hypersurface in an n dimensional space.
This hypersurface need not be planar, but the flow must be transverse to it (Guck-
enheimer & Holmes 1983). So, for the single degree of freedom impact oscillator
Poincaré sections will be hypersurfaces of dimension 2. Thus the flow ¢;(x) € R?

becomes a point 7 € R? in the Poincaré section when the two intersect.



CHAPTER 2. A SINGLE DEGREE OF FREEDOM IMPACT OSCILLATOR 56

xX=a
E </\C¢
®2=R 2 v}\ E+ @1.—_R 2
\‘Oq B
%o
>

9 Q\Z:R XSt

Figure 2.9: Single degree of freedom impact oscillator: Schematic representation of a

modulo time phase space, R? x S*.

If two Poincaré sections Il,; are defined such that as ¢:(x) evolves forward
in time ¢ it intersects first II, at point 7, and then II, at point 7,, then the
mapping from the point 7, to 1, is known as a Poincaré map P : II, — I,
P(ny) = pat(n.) = mp where At is the time interval for the flow between II, and
I1,.

The stroboscopic map is defined by P, : ©; — ©; in modulo time phase space,
such that the flow is sampled (i.e. it intersects with the Poincaré section) once per
forcing period. Here © represents a plane of constant phase ©; = {x € R? x 6 :
6 = 6,}. Depending on the number of impacts occurring during a forcing period,
a stroboscopic map Ps, would be the composition of mappings governed by the
equations of motion between impacts combined with a mapping defined by the
coefficient of restitution rule at each impact such that the total time corresponds
to one forcing period. Such a map can be globally constructed to capture both
non-impact and impact behaviour, although much information regarding impacts
is lost.

An impact map (first considered by Shaw & Holmes (1983c)) consists of a

mapping P; from one impact to the next; Py : ¥, — ¥,. This map is perhaps a
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such that the time of the first impact t; = ¢ty = ¢; from the assumption of an
instantaneous coefficient of restitution rule.

The second part of the mapping is of type P, which maps to the next impact
at time ¢ and is defined implicitly by the flow

T2 = x(t2;a,t1,v1) (2.38)

vy = (ty;a,t1,v1)
such that the time of next impact t;,, = t,.
The complete map is the composition P; = P, o P;. Alternatively the maps
can be combined simply by using the P, mapping as an initial condition for the

P, (note also that by definition z; = a) to give

= z(tiy1; 0,1, —TY;
P,:{ a = altniat,—ru) (2.39)

v = Z(tiy15a,t;, —T0;)

However, because of the transcendental nature of the relations defined in equa-
tion 2.38 it is not possible to write this map explicitly, but it can be computed
numerically. This is achieved by taking an initial point (¢;,v;) € . The system
is then iterated forward at small time steps using equations 2.22 and 2.26 until
the displacement z intersects the impact plane at time ¢;,; with velocity v;1; As
an example figure 2.11 shows a typical chaotic type motion encountered in impact
oscillator dynamics via the impact map. Note: This example has also been shown
by Shaw & Holmes (1983c), Budd & Dux (1994a) and Whiston (1987a).

Although the impact map itself cannot be written explicitly, the Jacobian of
the mapping D Py can, by using implicit differentiation. The general form of the

Jacobian is i
Otiy1 Otip

O(tit1, Vit1)

8ti Bvi
DP; = l ] (2.40)
B(t,, Ui) Oviy1 Ovip
Bti 6"01- J
and the individual elements are given by the relations

ati+1 1 0Oz 6ti+1 1 8.’[;
=-——= =-—= 2.41
Ot; Vit Ot |y, | ov; Vit Oi |y, (241)
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Phase at impact

Figure 2.12: The sets S and W, computed numerically, in the impact plane 3. Parameter

values; as 7 =0.7,(=0.1, F=0.5,a=1.0 and w = 1.0

The determinant det(D Pr) has the simple form

det(DP;) = r2H2%. (2.46)

Thus in the general case where r < 1 and ¢ > 0 the impact map is area contracting

in phase space.

2.3.4 Zero velocity impacts

It is possible for a zero velocity impact to occur in the impact map P;. Such
an event occurs at a local extremum of z(t) (equation 2.22) which violates the
transversality condition of the Poincaré section and is thus a degenerate impact.
Such degenerate impacts are either sticking or non-sticking depending on the sign
of the acceleration at impact.

The set of zero velocity impacts is ¥y. This can be subdivided such that
Yo = A_ U Ap U A, corresponding to zero velocity impacts with negative, zero,
and positive acceleration (Whiston 1987a). These three subsets correspond to the
three different stationary points which can occur, two extremum (maximum and

minimum) and a point of inflection.
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Sticking is the result of a zero velocity impact occurring with acceleration
passing through zero, from negative to positive, at the same time. In other words
a point of inflection occurs. This means that the mass has come to rest against the
stop with zero velocity and is held against it until such time that the acceleration
changes sign. This behaviour clearly violates the assumption of an instantaneous
impact although it is a rare occurrence as v; = A; = 0 simultaneously at impact.

Whiston (1987a) demonstrated that the preimage P;y'(Ay) = @, (where 0 is
the empty set), so that local minima cannot occur at a zero velocity impact. This
leaves the subset A_ corresponding to local maxima, non-sticking impacts, and
Ao where points of inflection occurs causing sticking impacts. For a zero velocity

impact, the acceleration (at impact) is
A = Fcos(wt;) — a (2.47)

soifa > F, ¥y = A_ and Ay = (0 hence no sticking regions exist. If a < F
both sticking and non-sticking regions can exist simultaneously, this is discussed
in detail by Whiston (1987a). Non-sticking orbits are grazing orbits touching
the stop with zero velocity and negative acceleration. Such an orbit causes a
singularity in the impact map because as v;; — 0, det(DP;) — 0o equation 2.46.
Sticking orbits are rarely encountered although they do occur in conjunction with
chattering (Budd & Dux 1994a); the impact map is ill defined for such orbits. We
consider chattering in chapter 6.

In general we can define the discontinuity set of P; to be S the preimage of
Yo such that S = P;(%,). Thus points in this set will lead to a zero velocity
impact at the next forward iteration of the map. The set S € ¥ is determined
from solutions to z(6; + A) = a, and v(6; + A) = 0 projected onto the impact
surface ¥ = R x S'. We can also define the image of ¥y as W = P;(Z,) which is
the dual of S, W = P?(S). Both these sets occur as one dimensional manifolds in
Y such that S;=SN¥ € R and W; = WNX € R. Figure 2.11 shows these sets,
calculated numerically, in the impact plane. For this case a > F, so no sticking
regions exist. This is discussed further in (Budd & Lee 1995) along with discussion
of the nth image or preimage W", §".
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Figure 2.13: Numerically computed vibro-impact motion P(1,2). Parameter values
r=0.7,¢(=0.1, F =0.5, a = 1.0. (a) Close to grazing w = 0.85. (b) Orbit with an

intermediate grazing impact w = 0.839.

If we consider the behaviour of points close to Sy, then these points will be
close to a grazing bifurcation in the next iteration of P;. Those starting on the
non-graze side of S; will be mapped to the next impact without grazing, figure
2.13 (b), and hence to the non-graze side of W;. However, those starting on the
graze side of S experience a graze before reaching the next impact, figure 2.13 (a).
As a result such points are first mapped close to v = 0 and then to the graze side
of Wy. The effect of the graze in between two non-grazing impacts is that v; > 0
and v;y1 (the graze) is close to zero. Hence elements of the Jacobian (equation
2.43) can become very large causing large stretching in phase space leading to a

high degree of distortion to orbits crossing this discontinuity.

2.3.5 Periodic orbits

We have already stated that periodic impacting orbits can be defined as P(p, q)
orbits where p impacts occur in ¢ forcing periods of 27 /w. Solutions for P(1,q)
orbits were developed by (Shaw & Holmes 1983c) and for P(2, ¢) orbits by (Budd
& Lee 1995). A P(2,2) orbit is shown in figure 2.14. In terms of the impact map
a point 7o is ¢ periodic when P{(n) = mo. Explicit solutions for P(1,q) can be

found by imposing the periodicity condition A = 27n/w on one iteration of the
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Figure 2.14: P(2,2) orbit. Parameter val-
ues; 7 = 0.7, =0.1, F = 0.5, a = 1.0 and
w=0.81
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T

Figure 2.15: P(1,2) non-physical orbit.
Parameter values; r = 0.7, ( = 0.1, F =

0.5,a=1.0 and w = 0.81

mapping P; (equation 2.39) from which we can obtain the relations

TY; =
P[ . {
0 =
where

z = (—(6 - Yw

29 = ('—C’)’ + dw

23 =a (C’)’ +
wy = ((6 +yw) (1+;>+wd6 (

w3——a(C(1+—)-l-cud(E1£ -
r w

H, =

Sy = Sin

Cy = COS

(1

21C; + 228; + 23

(2.48)
W1C; + WaS; + W3
(S(/Jd 1
e P 2.4
- (Cw Hw>)’ (2.49)
_wd _ L)) 2.50
“ (- 7)) (2.50)
d 1
e N 2.51
4 (=), (2.51)
D i4eH ) +spH, — — ) (2.52)
r C‘U) w S'U) w Tstw H M
1
- - 2.
r 1 +CwHw) sl rstw)’ (2.53)

—14 cwHw) + suH, — TS:HN)), (2.54)
e~ s@m/w), (2.55)
[wa(2mn/w)], (2.56)
[wa(2mn/w)], (2.57)

s; = sin(w#;) and ¢; = cos(w#;). Note also that v; = v;4; for a P(1,q) orbit.
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There are two approaches to solving equation 2.48. First we can solve 0 =

wi¢; + wes; + ws directly (Shaw & Holmes 1983c), to give the phase of impact as

1 Wa Ws
0; = — | arctan (—) + arccos | ————— |- (2.58)
‘“( W (\/w%+w§))

The velocity at impact can then be found by substituting this value of 8; into the
first part of equation 2.48.
An alternative approach (Foale & Bishop 1992) is to treat the expressions in

equation 2.48 as simultaneous in ¢; and s;, thus giving

S; = (7"1),' - w5)w4 (259)

and
¢ = —%(rvi — ws)wy — Ys, (2.60)

wq wn
where
wp= — (2.61)
W29 — Z21Wo

and

Wy = (Z3 — 21%> . (262)
w

Then time can be eliminated using the fact that ¢? + s? = 1 giving

Xv:4+Yvu+2Z=0. (2.63)
where

,w2
X =r’w? (1 + —3) : (2.64)

wq
Y = —2rw, <w5w4 + &2 (Ez—w5w4 — %)) , (2.65)

w1 \W1 un
2
Z = wiw? + (%w(;ws - 3”3) -1 (2.66)
w1 w1

Equation 2.63 is a quadratic in v; giving two values for v; which can be sub-
stituted back into the expressions for s; equation 2.59 and ¢; equation 2.60 to give
four possible values of 6;. So the four points 7y = {6;,v;}T € T are possible values
for a P(1,1) impact orbit. In our derivation we have assumed that v; is positive

(i.e. v; = vg in figure 2.9) so only positive values of v; will correspond to physically
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possible orbits. To ensure that the orbit is physically possible z must equal a at

phase 6;;; and must not be greater than or equal to a at any other time during the

orbit’s period otherwise the orbit is a penetrating, non-physical orbit figure 2.15,

(see also Budd & Lee (1995)). These conditions can be checked numerically.
Applying the periodicity conditions to equation 2.43 gives

tr(DP;) = ":‘:iw (Fe; — a)(1+ 1) — 2H,rew, (2.67)
det(DP;) = r?HZ. (2.68)

The eigenvalues of the Jacobian can be found using

tr(DP;)? & \Jtr(DPy)* — 4det(DP)

2= ' (2.69)

and thus the stability of the P (1, g) orbit can be found. This analysis has been used
to investigate the codimension one bifurcations which occur in impact oscillator
dynamics (Shaw & Holmes 1983c; Hindmarsh & Jefferies 1984; Foale 1994) and

will be discussed in chapter 3.

2.3.6 The Nordmark map

Nordmark (1991) developed a mapping which captures the main characteristics of
the grazing bifurcation which has since become know as the Nordmark Map. The
map essentially considers the transition between non-impacting and impacting
behaviour of a periodic orbit as a system parameter is varied. The map represents
a localised approximation (via Taylor expansion) of the flow close to grazing and

has the general form

Xn+1 = aX,+Y, +p

} X, <0 (2.70)
Yn+l = _’YXn

Xn+1: _VXn+Yn+p

} X,>0 (2.71)
Yo = 7’ X

where X and Y are transformed coordinates in a plane of constant phase ©, such

that when X, < 0 the non-impact mapping (equation 2.70) applies and when
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X, > 0 the impact mapping (equation 2.71) applies. X, = 0 corresponds to a
grazing orbit. Both mappings have been constructed on the basis of a periodic
orbit with period 27 /w, and the impact mapping has been constructed such that
one low velocity impact occurs during such a period.

Considering the sets S and W projected onto O, local axes can be defined
orthogonal to and along §; X, Y, such that X, is positive on the impact side of
S and Y is positive in the direction of orbits from &, which graze with decreasing
phase 6. Likewise similar local coordinates can be defined on W, Y,,,X,,. Thus
the Nordmark map can be considered to be a local mapping constructed such that
(Xs,Y;) = (Xu,Yy), which is a stroboscopic type mapping with two represen-
tations dependent on the sign of X, which corresponds to being on the graze or
non-graze side of S.

The parameter p is normalised in such a way that p = 0 at first grazing, p < 0
corresponds to a non-impacting steady state motion, and p > 0 to an impacting
motion. Hence the map is usually considered as p is varied from negative to positive
and plotted as a bifurcation diagram for p.

The Jacobian of the mapping containing a low velocity impact (equation 2.71)

1s

1
- 1
OXnin, Yor) _ | 2V (2.72)
O(Xn, Ya) ’
—r? 0

which has a square root singularity term at a grazing orbit (when X,, = 0). The
occurrence of this term in the map can be understood by considering a local Taylor

expansion of the flow around a grazing orbit.

Local analysis of a grazing orbit

A schematic representation of the phase space close to a grazing orbit is shown in
figure 2.16. Part of a grazing orbit, g is shown intersecting three planes of constant
phase, ©; at point (1) = {1, v1,6,}7, Oy at point (0) = {a,0,0;}T and ©, at point

(2) = {z2,v2,02}T. So point (0) is a grazing impact (i.e. a zero velocity impact
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with negative acceleration), point (1) is in the set formed by the intersection of S
with ©; and point (2) is in the set formed by the intersection of W with ©,.

We consider points (z1,v1) € ©; and (z,v3) € O as governed by the flow
with initial conditions in the impact plane. We can form a local approximation for
the flow by expanding the expressions for z (equation 2.22) and v (equation 2.26)

in powers of local phase ¢ = 6 — 0; and v; giving

ALp?
T =a—v0+ E + ..., (273)
U1:’U,‘—A+Q+...
and
A_p?
Io=a—TV;0+ 9 +..., (274)

vp=-—-rv; —A_p+ ...
where A, is the acceleration at impact before application of the impact rule (see
equation 2.45) and A_ is the acceleration at impact after the application of the
impact rule (equation 2.44).
The discontinuity set Sg is defined by the points (zs,vs) = {(z1,v1) € Se :

v; = 0} such that
Ao’
2
vs=—Ajo+...

Ts=a-+ + ..

(2.75)

and by eliminating g we see that locally Sg is governed by the relation

vs = Kva — zg, (2.76)

where K = —/2A,. So, we can see that, locally, S¢ has a parabolic form. As
a result grazing orbits are also approximated by a parabola, which demonstrates
the origin of the square root singularity in the dynamics.

This can be further demonstrated by considering the effect of the second map-
ping (equation 2.74) on the local area X, o < 0 by considering the two local line
segments which locally bound this region.The line ¢ = 0, v; > 0 is mapped to the
line £ = a, v = —rv;. The second line v; = 0, ¢ < 0 is mapped to equation 2.75
with negative acceleration A_ and phase —p such that the two lines are tangen-

tial at the point (¢ = 0,v; = 0) and hence a singularity in the derivative occurs.
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Figure 2.16: Schematic representation of a grazing orbit in R® phase space.

Figure 2.17: Schematic representation of the square root singularity in the Nordmark

map.
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2.3.7 One dimensional mappings

Having reduced the dynamics of a single degree of freedom impact oscillator to
a two dimensional map, many investigators thought it possible that a one di-
mensional map existed which represented the dynamics. Foale & Bishop (1994)
studied one dimensional mappings with similar characteristics to the vibro-impact
maps. Budd & Dux (1994b) developed an approximately one dimensional map for
the impact oscillator while studying the intermittent chaotic behaviour of impact
oscillators. They noted that such systems have “fingered” attractors, consisting
of a set of disconnected one dimensional branches, one branch representing low
velocity impacts. Using this observation, they developed a mapping between one
low velocity impact and the next. Nordmark (1997) extended this approach to

obtain a one dimensional map of the form

svd— X, + A X, X, <d
AXn Xp2>d

Xpp1 = { (2.80)
where now d is the bifurcation parameter and s and A are constant parameters, s
is usually scaled so s = 1. Also note the similarity with equation 2.76. For d < 0
a stable fixed point exists at £ = 0. At d = 0 a bifurcation occurs (with a square
root singularity) and subsequent motion is one of three types dependent on the

value of A, which is related to the coefficient of restitution.
0 < A < 1/4 No chaotic motion, transition to periodic motion. Figure 2.19 (a).

1/4 < XA < 2/3 Chaotic motion combined with windows of periodic motion.

Period adding occurs. Figure 2.19 (b).
2/3 < XA <1 Chaotic motion without periodic windows. Figure 2.19 (c).

Thus for a single degree of freedom impact oscillator the effect of the discon-
tinuity introduced by the coefficient of restitution rule is to induce a square root
type singularity in the system. This can be seen clearly when the system is reduced
to a one dimensional map. Other studies relating to the one dimensional map and

intermittent chaos have been carried out by (Budd 1996) and (Lamba 1994b).
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Chapter 3

Bifurcations in impact oscillators

3.1 Preliminaries

In this chapter we consider bifurcations that can occur in a single degree of freedom
impact oscillator model. We consider the codimension one and codimension two

bifurcations which occur and show comparisons with experimental results.

3.1.1 Numerical methods

Path following methods can be used to examine the behaviour of a nonlinear
dynamical system as a parameter is varied; single parameter variation. The imple-
mentation of such methods developed for smooth dynamical systems to nonsmooth
systems is challenging but not impossible. For the work in this chapter we have
used a path following algorithm based on the exact solutions described in chapter
2. A single parameter is varied, and for each increment, the maximum-minimum
amplitude of the exact solution recorded. In addition, using the stability criteria
for such solutions, we can follow the bifurcations in a two dimensional parameter
space.

These results have been checked using a path following method based on the
variational equations for the impact map (Foale & Thompson 1991). The stability
of these solutions was computed using finite differences. A similar method devel-

oped to path follow in the two degree of freedom impact oscillator is described
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in detail in chapter 6. By extending these techniques, bifurcation points can be
followed in a two dimensional parameter space, such that the bifurcation loci are

identified.

3.2 Codimension one bifurcations

3.2.1 “Smooth” bifurcations

A bifurcation will occur when the fixed point in the impact map becomes non-
hyperbolic, causing it to loose structural stability. So, for a system parameter p a
bifurcation value yg is a value such that the dynamical system is not structurally
stable. For a map (or a flow reduced to a map) this occurs when a fixed point of
the map is non-hyperbolic; when at least one of the eigenvalues of the linearised
mapping at the fixed point has modulus equal to one. Detailed definitions of,
structural stability and hyperbolicity are given in Guckenheimer & Holmes (1983).

Thus we consider the impact map P; and its Jacobian DFPj, equation 2.43,
from which we can determine the eigenvalues of the system. Periodic solutions
defined by the equation 2.48 correspond to fixed points in P; for P(1,q) orbits.
Thus having found a fixed point in the impact map, examining the eigenvalues of
DP; indicates it’s stability. If the modulus (absolute value) of both eigenvalues are
less than one, then the motion is stable. If the modulus of one of the eigenvalues
is greater than one, the motion is unstable.

Thus (excluding the grazing case) there are theoretically three possible ways
for a fixed point in the impact map to become non-hyperbolic: real eigenvalues
A £ 1 or complex eigenvalues |A\| = 1 However, for positive damping ¢ > 0, H, < 1
from equation 2.55. Therefore the determinant det(DPFP;) < 1, via equation 2.68.
From equation 2.69, it is clear that if the eigenvalues A, A5 are complex then they
will be conjugate, and by rearranging this expression A\ Ay = det(DP;). Thus loss
of stability via a complex eigenvalue |[A\| = 1 is not possible for this system. As
det(DPr) < 1, this excludes the possibility of a Hopf bifurcation case (Hindmarsh
& Jefferies 1984; Natsiavas 1990). So only eigenvalues of A = +1 on the real
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axis are possible. These correspond to the period doubling (or flip) bifurcation
when A = —1 and the saddle node (or fold) bifurcation when A = 1. Both these

bifurcation occur in impact oscillator dynamics.

3.2.2 Grazing bifurcations

Orbits which graze against the impact stop have been discussed in detail in chapter
2. For a stable periodic orbit, the occurrence of a graze will lead to a bifurcation
in behaviour. This can occur when a non-impacting periodic orbit grazes against
the impact stop, denoted first grazing, or when a vibro-impacting periodic orbit
grazes between two other impacts, which we refer to as intermediate grazing.

As discussed in chapter 2 a grazing orbit formed by the extremum of a periodic
orbit (either impacting or non-impacting) touching the impact boundary with zero
velocity results in the system having one zero eigenvalue while the other tends to
|oo|. Therefore this type of bifurcation is inherently unstable.

There are two types of grazing bifurcation (Foale 1994), they are shown in
figure 3.1 as; GP, grazing period double, and GS grazing saddle node. The grazing
period double has an eigenvalue which tends to —oco and can be considered as
the non-smooth limit of a period doubling (or flip) type bifurcation. The grazing
saddle has an eigenvalue which tends to +o0o and in a similar way can be considered
as the non-smooth limit of a saddle node (or fold) bifurcation (Foale 1994).

In all these cases the occurrence of a grazing bifurcation introduces an extra
impact(s) to the motion. When a parameter is varied such that a vibro-impact
motion effectively “looses” an impact(s) a grazing bifurcation happens “in reverse”.
For example, this can occur in a P(p, q) solution such that p — p — 1, or in the
change from vibro-impact to non-impact motion. Subsequent motion will either
remain unstable, or if another stable attracting P(p,¢) solution exists then the
unstable motion will stabilise onto this, such as during the transition between
impacting and non-impacting motion.

In terms of the impact map a periodic solution undergoing a reverse type

grazing bifurcation approaches the line of discontinuity S from the impacting side.
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This means that the impact velocities are v; and v;,, decrease at a rate proportional
to r (via the coefficient of restitution rule), up to the point when the discontinuity
is crossed. At this point a similar instability is invoked by v; > 0, v;3; — 0 in
equation 2.46.

An example of this type of event is shown in figure 3.4. Prior to thee reverse
grazing figure 3.4 (a) and just after figure 3.4 (b). In this case a stable periodic
solution exists on both sides of the grazing discontinuity so that after crossing the

discontinuity the motion quickly restabilises, thus P(2,2) — P(1,2).

3.2.3 Numerical example

As an example we consider the dynamics associated with the impact oscillator
when F' = 0.5, 7=0.7, a = 1.0 and ( = 0.1. In order to capture all the dynamics
from numerical computation we plot two bifurcation diagrams. In both plots the
bifurcation parameter is angular forcing frequency w. The first plot, figure 3.3 (a),
shows a maximum minus minimum displacement for each 27/w period against
frequency. Impacts occur close to w = 0.72 producing a max-min displacement
of 2 x a following the convention of figure 2.1. The second plot, figure 3.3 (b),
shows the velocity at impact as frequency is varied. Both plots were obtained by
numerically integrating the equations of motion for the system until all transients
had decayed, by allowing 1000 periods of forcing to elapse. Then for figure 3.3 (a)
the maximum minus minimum displacement per period was sampled over the next
20 forcing periods. For figure 3.3 (b) the impact velocity was recorded for impacts
occuring during the subsequent 20 forcing periods. This process was repeated for
each increment of forcing frequency, and the whole frequency range was swept by
increasing and decreasing the bifurcation parameter, w.

Thus, for periodic solutions we are able to see the number of impacts ¢ (from
figure 3.3 (a)) that occur within the period of the solution 27n/w (from figure 3.3
(b))

Starting at a frequency of w = 1 a P(1,1) impacting solution exists. Then as

frequency is decreased a period doubling bifurcation occurs at w = 0.936 forming
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a P(2,2) solution which quickly becomes a P(1,2) solution via a reverse grazing
bifurcation. An intermediate grazing bifurcation occurs at an w value just less than
0.85. The effect of this type of bifurcation is to add an impact so that the motion
again becomes P(2,2). After this a sequence of period doubling bifurcations occur
P(2,2) — P(4,4) — ... forming a cascade into chaotic motion. Chaotic motion
continues until the behaviour becomes non-impacting (via a reverse type grazing
bifurcation), at w = 0.72. beyond this value the impact map is undefined and hence
there is no continuation in figure 3.3 (b). However the non-impacting motion is
captured in figure 3.3 (a) and displays the behaviour of a normal linear resonance
curve for values of w < 0.72.

The total sequence of motions is P(1,1) — P(2,2) —» P(1,2) — P(2,2) —
P(4,4) — ... Chaos — Non-impact. A similar sequence in reverse exists if
frequency is increased from 0.6 to 1.0. We see from this sequence that when a
period doubling bifurcation occurs both the period of motion and the number of
impacts is doubled.

We can track the eigenvalues of the P(1, 1) solution over the same parameter
range using equation 2.69. These eigenvalues are shown in figure 3.2 (complex
values are shown as absolute value). It is clear from the figure that the P(1,1)
solution has an eigenvalue A = —1 at w =~ 0.936 and that for 0.936 < w < 0.516,
|A1,2] < 1 (stable motion) and for 0.6 < w < 0.936 at least one |A;] > 1 (unstable
motion). The eigenvalues at grazing can be clearly seen, at GP (w & 0.78) where
one eigenvalue tends to —oo and the other to 0, and at GS (w ~ 1.27) where values
of +00 and 0 occur. At w =~ 0.516 the P(1,1) solution has an eigenvalue of A =1
which corresponds to a saddle node bifurcation.

A full semi-analytically computed bifurcation diagram for the P(1,1) solution
in the example considered is shown in figure 3.1. Solid lines represent stable P(1, 1),
and dashed lines represent unstable P(1,1). The smooth bifurcation points (for the
P(1,1)) are marked as PD for period doubling, and SN for saddle node. Thus the
overall bifurcational structure around resonance is evident for the set of parameter
values considered. Above the resonant frequency value w = 1 a region of hysteresis

exists between GS and SN.
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Figure 3.4: A reverse grazing bifurcation. Parameter values are: F' = 0.5, r = 0.7,
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CHAPTER 3. BIFURCATIONS IN IMPACT OSCILLATORS 80

3.2.4 Bifurcation loci

Using equation 2.31 we can obtain an analytical expression for the value of forcing
amplitude at which a grazing bifurcation will first occur for any chosen frequency

via the relation;

Fyraze = ay/(1 — w?)? + 40202 (3.1)

The locus of these first grazing bifurcations can be plotted in the (F,w) parameter
space.

For P(1, q) solutions it is also possible to write expressions defining the loci of
the flip and fold bifurcations in F,w parameter space (Hindmarsh & Jefferies 1984;
Foale 1994) or in the equivalent a,w space (Perterka 1994; Budd & Dux 1994b).

This is achieved by rearranging equation 2.69 such that

By substituting in expressions for ¢7(DPy), equation 2.67, and det(DFPy), equation
2.68, algebraic expressions for the period double (+) and saddle node (-) loci can
be obtained.

Figure 3.5 (a) shows the bifurcation loci for the single degree of freedom im-
pact oscillator in F,w and figure 3.5 (b) the same loci in a,w space. These two
figures demonstrate the equivalence of using stop distance a or forcing amplitude
F, discussed in chapter 2 subsection 2.1.1.

The figures show the bifurcation loci for first grazing, period doubling (flip)
and saddle node (fold) bifurcations. The region between the flip and fold lines
is P(1,1) motion. It is clear form this that P(1,1) is the most dominant type
of motion in the parameter space. It is also interesting to note from this that
because the P(1,1) is bounded by the flip and fold lines at no point can it loose
stability via a grazing bifurcation. Points where the first grazing, flip and fold
bifurcations meet are codimension two bifurcations. The parameter space can be
further subdivided for other bifurcation boundaries of P(p, ¢), and chaotic motion
(Perterka 1994). Thus the complete parameter space can be mapped.

To demonstrate the relation between the parameter space and the response
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Figure 3.6: Parameter space response diagram for impact oscillator. Frequency vs forcing

amplitude vs maximum minus minimum displacement.

diagram figure 3.1 we consider the combined parameter space-response diagram
shown in figure 3.6.

Here the locus of first grazing bifurcations is shown as a solid line in the fre-
quency vs forcing amplitude plane. The dashed line between the points C'1 and C3
is the locus of period doubling bifurcations. The other dashed lines in this plane
representing loci of saddle node bifurcations. The structure of the response curve
from figure 3.1 can be seen in the displacement vs frequency plane. Dashed lines
are used to show how bifurcation points on this curve relate to the bifurcation loci
in the (F,w) plane. The locus of first grazing bifurcations contains both the GP
and GS type. The solid line between points C2 and C3 is a locus of GP type
bifurcations, other solid lines are of the GS type.
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bifurcation plot shown in the preceding sections, e.g. figure 3.1. The points where
the grazing bifurcations GP and GS can be clearly seen, as can the point where
the saddle node bifurcation SN occurs. The flip bifurcation is more difficult to
distinguish. In fact this experimentally recorded plot can be matched closely using
the single degree of freedom impact oscillator model. Estimating the parameters
to achieve this is discussed in chapter 4. The resulting numerical simulation is
shown in figure 3.8. This simulation matches the experimental data closely, on
the non-impacting curve, and close to first grazing. Close to the saddle node
bifurcation point, where the spread of experimental data is greatest, the match is
not very close. This can be explained by the fact that near to the saddle node,
the impact velocity is much higher than just after first grazing. Hence, much more
modal behaviour is induced close to the saddle node, than just after grazing. In
other words, just after first grazing the single degree of freedom system is a good
model, but as impact velocity increases, the model becomes less appropriate, due
to additional modal behaviour.

This figure also indicates another problem related to modelling non-smooth
systems. We have to match parameters to a smooth system, non-impacting, and a
non-smooth system simultaneously. In addition, these two systems may also have

different degrees of freedom.

3.3.2 Experimental bifurcation data from flexible beams

Although we will discuss multi-degree of freedom impact oscillators in chapters 6
and 7, we include in this section some of the experimental results from tests using
the two flexible beams. This data was recorded in exactly the same way as for
the stiff beam, and the results are shown in figure 3.9. It is clear from the figure
that there is a high degree of qualitative similarity between figure 3.9 (a), (b) and
(c) and the stiff beam bifurcation diagram shown in figure 3.7. This suggests that
for some parameter settings, it may be possible to model these beams using a low
(possible single) degree of freedom model.

Figure 3.9 (d), has been forced at a greater amplitude (by moving the magnetic
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the expression for tr(DPy), equation 2.67, it is clear that this is only possible when
Sw» = 0 such that,
t’I’(DP[) = 2Hw’l‘, (34)

because when s, = 0, the 1/v; term is cancelled, and ¢, = —1. Thus we can reduce

the stability criteria (using equations 3.4 and 2.68) to
12rH,| < |(1+ (rH,)?)|. (3.5)

For physical systems the values of 7 < 1 and damping ¢ > 0 such that H, < 1
is always the case. In fact for all dissipative systems, rH, < 1, and thus the
inequality holds for all frequency values.

Thus for dissipative systems the motion at a codimension two bifurcation is
stable despite the fact that a zero velocity impact (grazing) occurs. In order to
find the location of these bifurcations in parameter space, we must identify the
points where s, = 0. The condition for s, = 0 is

2
2 _1,2,3,... (3.6)
w

We label the points accordingly as C'1,C2,C3,... so that for a system with fixed
damping ¢ we can calculate wg and then identify the corresponding values of w for
each C1 value using equation 3.6. The corresponding value of forcing Fi; can then
be found by substituting the w value associated with the point C% into equation
3.1, thus locating the point C7 in (F,w) plane.

For the parameter values used to compute figure 3.6 the first three codimension
two bifurcations occur at frequency values: wg; = 1.9975,wee = 0.9988, wes =
0.6658.... In the parameter range shown in the figure only the points C2 and
C3 are present. The region around C3 is schematically shown in close up in
figure 3.10, indicating regions of different dynamic behaviour. The inset diagrams
illustrate a typical phase plane (z, ) for each of the regions. The impacting and
non-impacting regions are separated by the GP and saddle node line. Within the

impacting region there are three separate areas;

1. Stable P(1,1) impacting.
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between non-impacting and impacting motion occurs without loss of continuity,
figure 3.11 (b). Finally at a forcing value just less than Fg3, unstable motion
occurs after the grazing bifurcation before the (reverse) period doubling cascade

to stable P(1,1) motion, figure 3.11 (c).

3.5 Control of vibro-impact motion

3.5.1 Using parameter choice

We can exploit the properties of the system already discussed to develop a control
strategy for maintaining P(1,1) motion. Firstly designing a system to go through
the codimension two point would allow a continuous change from non-impacting
to impacting behaviour and avoid unstable motion. This may be difficult to im-
plement for real engineering systems, but just being close to the codimension two
point minimises the amount of hysteretic or chaotic behaviour in the system.

This scenario is numerically demonstrated in figure 3.12 where we see that
only non-impacting period one, and stable P(1, 1) motion exists as w is increased
through the codimension two point. The point labelled GC3 is the codimension
two grazing point associated with F3. Hysteretic jumps will still occur at SN for
increasing w and GS for decreasing w.

For values of forcing amplitude larger than F- a saddle node bifurcation occurs
before the grazing (when increasing w from zero). This behaviour is shown in
figure 3.13. Thus for a system with typical F' values above F¢ (but within the
parameter range shown in figure 3.5 (a)), P(1,1) motion is maintained although
now jumps will occur at grazing and saddle node bifurcations for both increasing

and decreasing w with hysteresis between SN and GS.

Experimental results

The bifurcational behaviour shown in figure 3.13, occurs in systems with low stiff-
ness (high flexibility). As a result, an attempt to find this type of behaviour

experimentally was carried out using flexible beam 1. We note however that the
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3.5.2 Control of chaos methods

For values of forcing amplitude less than F, chaotic motions or periodic motions
other than P(1,1) cannot be avoided. This may create severe problems in a prac-
tical engineering environment since the number and velocity of impacts can no
longer be predicted. Following studies on the control of chaos (Ott, Grebogi &
Yorke 1990), we note that while the P(1,1) impacting motion is no longer stable
after grazing at GP an unstable solution does exist, thus we can attempt to con-
trol the dynamics by stabilising this motion using a control in conjunction with a
tracking technique to follow the orbit as w is varied.

To carry out the control a variety of methods could be applied, however in this
example we have used a self-locating scheme based on the Newton root finding
algorithm which incorporates the feedback of an output sequence on accessible
parameters. More details of the method can be found in Bishop & Xu (1997). In
order to apply control only an approximate location of the position of the unstable
orbit is required which can be found using the analytical solutions in chapter 2
section 2.3.5. The forcing amplitude F is used as the control parameter, although
stop distance a could also be used.

The control input is adjusted once during each period of the tracked orbit.
Figure 3.15 indicates the path of the tracked period-1 impacting motion as w is
decreased towards the grazing bifurcation (GP). To perform the tracking w is
adjusted once the difference between successive amplitudes of the periodic orbit
is within 0.0001. For successful tracking, particularly close to GP very small
increments in frequency must be taken. For this numerical study we chose Aw =
0.0001 under which conditions we can approach to within a distance (in terms
of frequency) of 0.009 of the grazing. Close to grazing the magnitude of the
eigenvalues increases dramatically so that in a small zone of frequency the control
process fails but this zone is small when compared to the original unstable zone.

Thus we see that for this example P(1,1) motions can be maintained in the
region of parameter space considered. This has application for both designing en-

gineering systems such that they operate in an appropriate region, either including
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Chapter 4

Parameter estimation for

vibro-impact systems

4.1 Estimating system parameters

When attempting to model an engineering vibro-impact system, accurate param-
eter estimation is vital if the modelling process is to give any useful results. Ex-
perimental studies carried out so far have often used non-impacting tests such
as free vibration and frequency response, to estimate system parameters such as
natural frequency and damping. This approach may not always be possible for
physical vibro-impact systems. In this chapter we develop a method of estimating
key parameters which avoids this approach and in which we attempt to exploit
the characteristics of constrained systems.

The first consideration is that of obtaining suitable data from the system such

that accurate parameter estimations can be made. We make the following assump-

tions:

1. A displacement and/or velocity time series signal of the vibro-impact motion

can be obtained from the physical system.

2. The external forcing variables; amplitude y; and frequency 2, are known or

can be measured without difficulty.
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These requirements are no different from current non-impacting parameter esti-
mation methods.

The other main assumption we make is that the dimensionality of the system is
known. We are dealing here only with single degree of freedom systems, or higher
dimensional systems which have dynamics dominated by the first mode of vibration
and, as a result can be modelled using single degree of freedom. Reconstructing
the dynamics of a nonlinear system using experimental data has been possible for
some time (Broomhead & King 1986). In terms of choosing the number of degrees
of freedom for a model of a particular system, the topological dimension of the
system needs to be estimated (Broomhead, Jones & King 1987). Applying, these,
or similar methods to nonsmooth systems is an ongoing research field (Lamba
1994a).

Our current method for estimating the dimension of the system is to use the
power spectrum of a time series for the non-impacting system. This method is
limited in that it is qualitative, and that it is difficult to use for vibro-impact
motion as the power spectrum contains components from the nonlinear effect of
the impact.

With these assumption in mind, we now consider a systematic approach to
estimating the system parameters. When little is known of fundamental system
parameters such as mass and stiffness, this is best achieved using equations 2.1
and 1.2 to model the system. Then the parameters which need to be estimated
are then; damping ratio ¢, natural frequency wy,, stop distance y,; and coeflicient

of restitution r. The approach is the following;

1. Estimate the dimensionality of the system. We consider single degree of
freedom systems only in this chapter, higher degree of freedom systems are

considered in chapter 6.
2. Estimate the natural frequency and stop distance.

3. Estimate the coeflicient of restitution and damping.

We consider first the some existing techniques of parameter estimation for non-

impacting vibrating systems.
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4.1.1 Parameter estimation for a non-impacting vibrating
engineering system

We consider the approach used for estimating parameters for non-impacting engi-
neering systems. For the vibro-impact systems we are considering here the system
is linear away from impact. For the non-impact (single degree of freedom) system
the equation of motion is equation 2.1, and thus only two parameters need to be
estimated; damping ratio ¢ and natural frequency w, (assuming forcing is known).

There are three main methods for estimating natural frequency in an approxi-

mately linear engineering system:

1. Free vibration test: A time series of the free vibration of the system re-
leased from rest is recorded. After some initial transient motion, the system

response will decay with oscillations close to the natural frequency.

2. Frequency-Response: the maximum amplitude of the steady state response
of the system is recorded for a (large) range of forcing frequency. The main
resonance peak occurs when the forcing frequency coincides with the natural

frequency.

3. Power spectrum; Computing the power spectrum of a time series signal from
the system indicates the frequency components. For a single degree of free-
dom linear system, this is dominated by the natural frequency, which is
usually also the first (e.g. that with the lowest frequency) to appear in the

spectrum.

The damping ratio can be estimated in a variety of ways, the simplest of which

are:

1. Free vibration test: Either using logarithmic decrement or curve fitting an

exponential envelope.

2. Frequency-Response: Techniques have been developed for estimating ¢ from
the bandwidth of the frequency response curve (Nashif, Jones & Henderson

1985).
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