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Abstract

Many problems in engineering involve systems with vibrating components which 

can impact with a rigid boundary. The aim of this research is to improve our under

standing of the dynamics associated with such vihro-impact systems, thus enabling 

more accurate mathematical modelling of associated engineering problems.

Initially we consider a single degree of freedom impact oscillator system. Such 

systems have been widely studied and are discussed here in terms of fundamental 

impacting motions and nonlinear mappings. The bifurcational behaviour of the 

system is studied and compared to results from an experimental system. In partic

ular we consider the codimension two bifurcations which occur and demonstrate 

how these events can be used to maintain periodic motion of the beam during 

parameter variation.

We then consider developing a structured approach for parameter estimation 

using experimentally recorded data. An energy analysis for single degree of freedom 

systems is presented. This is used to develop a method for estimating the coefficient 

of restitution and damping parameters using a time series obtained th e  from a 

physical system.

Using a purpose built experimental impact load cell we estimate e f  impact 

forces for an impacting beam system. We discuss the analysis of impulse spike data, 

and show how system dynamics can be reconstructed using interspike intervals.

We then consider the dynamics of multi-degree of freedom impact oscillators, 

including sticking and chatter motions, using a two degree of freedom lumped 

mass model as an example. The energy analysis developed for the single degree 

of freedom system is extended to multi-degree of freedom systems and the effect 

of energy transfer between modes and reduction in coefficient of restitution is 

discussed.

Finally we consider how such work may be applied to continuous systems such 

as the cantilever beam using a Galerkin approach. We compare these results 

qualitatively with experimental data from flexible vibro-impacting beams.
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Chapter 1

Introduction

1.1 Vibro-impact systems

The motivation for this work arises from the desire to gain a greater understanding 

of the dynamics of systems which experience impacts during vibration. By “im

pacts” we mean a series of collisions or contacts between system components, while 

vibration of the system occurs as a response to some form of external forcing. We 

refer to such systems as impact oscillators or vibro-impact systems. Many physical 

examples of these systems occur in engineering applications, and the associated 

design problems have long been a focus of study for engineers and applied m ath

ematicians. With an improved understanding of the dynamics of vibro-impact 

systems we can hope to provide more accurate mathematical modelling techniques 

for such systems.

The effect of an impact occuring in a vibrating system, is that a strong nonlin

earity is introduced. The colliding components experience large impulsive forces 

and sudden changes of direction. One of the simplest ways to model this process 

is to assume that these changes of direction occur instantaneously, such that the 

model contains nonsmooth jumps when impacts occur. In this case, the mathe

matical models associated with impact oscillators can be considered as a simple 

example of a wider class of nonsmooth dynamical systems. Such systems have a 

wide and continually expanding range of applications in applied mathematics and
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engineering.

1.1.1 Examples of vibro-impacting engineering system s

Most design problems associated with physical vibro-impact systems are concerned 

with minimising unwanted effects such as noise, excessive wear, non-periodic or 

large amplitude type motions that can occur during excitation of the system. Many 

of these problems arise from mechanisms with clearance between components such 

as gears (Pfeiffer & Kunert 1990; Karagiannis Sz Pfeiffer 1991; Kahraman & Singh 

1990), bearings (Neilson & Gonsalves 1993) and railway wheels (Meijaard 1991; 

Knudsen, Feldberg & True 1992). Another example is the the problem of unwanted 

“buzz” motions of an impact print hammer in dot matrix printers (Tung & Shaw 

1988).

Offshore engineering has provided many examples of vibro-impact problems. 

These arise in situations where vessels, or offshore structural elements are tethered, 

or restrained in some way, while simultaneously being forced by the motion of the 

sea waves. For a range of sea conditions, certain systems exhibited undesirable 

large amplitude or non periodic type motions. Lean (1971) considers the problem 

of the of a ship moored to a quay under the action of wave forcing. Thompson and 

coworkers (Thompson 1983; Thompson & Elvey 1984; Thompson et al. 1984a; 

Thompson et al 1984b) considered the subharmonic resonances of offshore struc

tures due to bilinear stiffness. This work is summarised in chapter 14 of Thompson 

& Stewart (1986).

V ibro-im pacting flexible elem ents

Many vibro-impact problems which occur in engineering systems involve flexible 

structures or structural elements. A selection of such problems are shown in figure 

1.1. If a flexible element such as a pipe or tube is supported along i t ’s length 

by “loose” constraints, then exciting the system will induce vibro-impact motion. 

This problem can occur in heat exchangers/nuclear reactors, where “bundles” of 

tubes (fuel rods) are subjected to fluid cross-flow (Rogers & Pick 1976; Goyder &
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Figure 1.1: Schematic representation of some flexible vibro-impact problems.

Teh 1989; Paidoiissis & Li 1992). Excessive wear to the tubes can occur when flow 

velocities are too high.

Another example from structural engineering occurs when tall buildings vibro- 

impact against each other during earthquakes. This phenomena is known as 

"pounding", and can occur in earthquake prone cites with a high density of high 

rise buildings (Jing & Young 1990; Davis 1992; Leibovich et al. 1996; Papadrakakis 

1995; Filiatrault et al. 1995).

Other related work related to earthquake excitation and vibro-impact includes 

that on rocking block motion by Hogan (1989). This work considers the rigid body 

dynamics of free standing objects during ground excitation.

M echanisms which exploit vibro-impact

There are some mechanisms which are designed to exploit the properties of vibro- 

impact motion. For example spring/vibrating hammers, vibro-hammer pile drivers, 

vibrating conveyers and shaker grids (Kobrinskii 1969; Wood & Byrne 1981).

Impact dampers have been considered as a method to reduce excessive motions 

for a variety of systems (Chatterjee, Mallik & Ghosh 1995). Although some are
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impractical such as those designed to eliminate vibrations in steam turbine blades, 

airplane wings and tall chimneys (Kobrinskii 1969).

Electrical engineering

A recent study of a DC to DC buck converter (di Benardo, Champneys & Budd 

1998), highlighted the similarities found in modelling these systems, and vibro- 

impact systems. Many of the phenomena observed in the model for the converter, 

are also found in vibro-impact systems. This example is of particular interest as 

it does not have physical “impact” phenomena. This demonstrates the diversity 

of applications which can be modelled using simple nonsmooth models, and the 

similarity in the underlying dynamics.

1.1.2 Theoretical studies of vibro-impact system s 

H istorical Background

The dynamics of impacting bodies has been studied by many of the great applied 

mathematicians throughout history. As far as we are concerned, the work of Isaac 

Newton (Cajori 1934) is of most direct significance to the theoretical analysis both 

vibration and impact problems. In Principia (Newton 1686) Newton presented 

three laws of motion which have become the foundation of classical mechanics, 

and which we use to derive the equations of motion for vibro-impact systems.

For much of the work in this thesis we will consider the dynamics of a single 

degree of freedom linear oscillator, with a motion limiting constraint on one side. 

This configuration is shown schematically in figure 1.2. The mass m  is driven by a 

harmonic forcing term Acos(flr), where A  is the forcing amplitude, f] the driving 

frequency and r  is time. The motion of the mass is resisted by a linear spring 

with constant stiffness k and a linear viscous damper with damping constant c. 

The spring exerts a restoring force on the mass of —ky, and the viscous damping 

exerts a resisting momentum on the mass of —cdy/dr.

By applying Newton’s second Law; force=mass x acceleration we obtain the
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m

Figure 1.2: Schematic representation of a single degree of freedom impact oscillator

equation of motion for the system

d^w d?7 
m -—  +  c-— ky = A cos(ü t ). 

dr^ d r
(1.1)

However as the motion of the mass is constrained, this equation is only valid when 

the displacement of the mass is less than the stop distance y < ys-

D ealing w ith  impacts

Also in Principia, Newton describes the results of experiments performed on im

pacting bodies. In these experiments (figure 1.3), Newton tested impacting spheres 

of differing material, including glass, steel and cork. Two suspended spheres were 

released for an initial position at the same time, allowed to impact, and the return 

heights after impact noted. From these studies, he developed the concept of a 

material constant, for each material, based on the ratio of velocities before and 

after impact. This constant is known as the coefficient of restitution^ and has been 

extensively used for modelling impact problems.

For the constrained linear oscillator (figure 1.2) an impact occurs when y = ys- 

When modelling the dynamics of the system an impact law must be applied to -fee- 

represent the effect of the mass colliding with the solid constraint. The coefficient 

of restitution is defined as the ratio of the velocity just before impact u(r_) and
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Figure 1.3: Extracts for Newton’s Philosophiae naturalis principia mathematica  (a) title 

page; (b) description of impact experiments.

just after impact v(r^), where v = dy/dr. Such that the coefficient of restitution 

r = v { t ^ ) / v { t - ) ,  is assumed to be constant dependent on the material properties 

of the impacting components. Assuming this process occurs instantaneously we 

we can define a simple impact law

i)(r+) = -™ (r_) y = ys ( 1 .2 )

such that we can find the velocity after impact if we know the velocity just before. 

The minus sign indicates that the velocity is reversed at impact. The assumption 

that this process occurs instantaneously simplifies the modelling process signifi

cantly, and can be used to model systems where the time of impact is “small” 

compared with the time away from impact.

A lternative impact models

Since the work of Newton, many other models for the impact process have been 

developed. We refer to this topic as impact engineering, (Brach 1991; Macaulay 

1987), as the study of the process of impact itself. Most notable is the nonlinear
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model developed by Hertz, known as the Hertz Law (Goldsmith 1960). This is 

equivalent to assuming that the constraint in the system has some form of nonlinear 

stiffness. A simplified version of this model is two assume a linear stiffness such 

that a bilinear, or piecewise linear model is obtained. This would have two linear 

stiffnesses, one for the motion away from impact, and the other (much greater) to 

represent the stiffness of the constraint. Using such impact laws in a vibro-impact 

model results in a model with two regimes of behaviour. Usually, when modelling 

vibro-impact processes we are concerned with the overall dynamics of the system, 

and the simpler the impact law the better.

D ynam ical system s theory

Classical (or Newtonian) dynamics have been applied to many engineering prob

lems (Bishop & Johnson 1960; Harris & Crede 1976; Timoshenko et al. 1974). 

More recently, the study of nonlinear dynamical problems has increased rapidly 

due to the advent of powerful computing technology, allowing large scale numerical 

computation. This branch of mathematics has become known as dynamical sys

tems theory (Thompson & Stewart 1986; Guckenheimer & Holmes 1983; Glendin- 

ning 1994), which has a wide range of applications to the dynamics of engineering 

systems (Moon 1987; Kapitaniak 1992; Thompson & Bishop 1994).

In their study of “a random repeated impacting process” Wood & Byrne (1981) 

highlighted some of the early investigations into vibro-impact and in addition 

mentioned some the the work of Lorenz (1963) in connection with unpredictable 

response from nonlinear systems. Other studies around this time also highlighted 

the problems associated with oscillating systems with repeated impacts (Whiston 

1979; Davies 1980).

Wood k, Byrne studied random repeated impacting processes modelled on in

dustrial applications associated with the problem of machine noise reduction. As a 

simple model they used a ball bouncing on a vibrating table. They studied the case 

for Gaussian type random forcing, but mentioned evidence that for sinusoidal ex

citation of similar systems seeming random output could be encountered. Holmes 

(1982) showed this to be possible by applying the newly developed tools of dynami-
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cal systems theory to the bouncing ball problem. He also highlighted the relevance 

of the topic to applications in particle physics. Thompson & Ghaffari (1982, 1983) 

produced early numerical simulations of impact oscillators dynamics, derived from 

their work in modelling marine engineering phenomena. Periodic vibro-impact 

motion, period doubling cascades, and strange chaotic attractors were found by 

the authors, who used a purely elastic impact (r =  1) combined with an equation 

of motion similar to equation 1.1.

In 1983, Shaw & Holmes (1983c) studied the dynamics of a harmonically forced 

single degree of freedom piecewise linear oscillator. It was shown that for an infinite 

stiffness limit bounding the motions of the oscillator’s mass on one side an impact 

oscillator system is obtained. Using the equations of motion and the coefficient of 

restitution rule the authors constructed a mapping, from one impact to the next, 

now generally known as the impact map. This mapping along with periodicity 

conditions were used to construct analytical solutions for periodic orbits which 

had a single impact per period. Stability analysis and conditions for bifurcation 

were also developed for these solutions. The authors also noted the discontinuous 

nature of the impact map due to a singularity in the derivative.

The same authors followed this work closely with studies on chaos and long 

period motion (Shaw & Holmes 1983b) and an impact oscillator with large dissipa

tion (Shaw & Holmes 1983a). This later work considered the case of coefficient of 

restitution equal to zero which resulted in a one dimensional discontinuous map

ping. Work by Hindmarsh & Jefferies (1984) considered the bifurcation loci in a 

two dimensional parameter space by using the analytical techniques of Shaw & 

Holmes.

The Grazing bifurcation

The initial work by Shaw and Holmes work was continued by Shaw with papers 

on subharmonic motions and local bifurcations (Shaw 1985a) and chaotic motions 

and global bifurcations (Shaw 1985b). This work also highlighted discontinuities in 

gradient inherent to the system. Whiston (1987a), (1987b) considered the global 

dynamics of an impact oscillator and noted the non-differentiable nature of the
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impact map. Two sided impact oscillators were also considered by Shaw & Shaw 

(1989) and Natsiavas (1990).

Nordmark (1991) considered the singularity in derivative in impact oscillator 

dynamics highlighted by previous authors. He considered the motions of stable 

periodic orbits which touch the impact stop with zero velocity and denoted such 

an occurrence a graze and such an orbit a grazing orbit. Nordmark constructed 

a localised truncated mapping for orbits close to the grazing condition and noted 

that the singularity took the form of a square root (see also Nordmark 1992).

This map has become known as the Nordmark Map and has been the subject 

of extensive study (Chin et al 1994; Casas et al 1996). In addition the grazing 

bifurcation has been considered as an example of a wider class of border collision 

bifurcations (Nusse & Yorke 1992; Nusse et al 1994). Detailed work on topological 

aspects of the singularities encountered in vibro-impact dynamics has been carried 

out by Whiston (1991) and (1992).

From Grazing to one dim ensional maps

During the last few years it has become apparent that vibro-impact dynamics has 

been widely studied in Russia and Eastern Europe during this century. Initially 

work by Kobrinskii (1969), Feigin (1970), Babitskii (1978), Perterka & Vacik (1992) 

and the references therein indicated that work on vibro-impact had been going on 

since the 1960’s.

Peterka and coworkers (Perterka 1994; Perterka & Formanek 1994; Perterka 

& Kotera 1995) considered stability of analytical solutions and the transitions 

between periodic and non-periodic motions. This highlighted the interesting codi

mension two bifurcation which occurs in a single degree of freedom impact oscilla

tor. The nature of this bifurcation is also considered by Foale (1993) and Ivanov 

(1993). Ivanov (1996) considered further classification of the grazing bifurcation 

using a combined impact law model.

Foale & Bishop (1992) considered the dynamical complexities of impact os

cillators. They also studied the bifurcational behaviour of such oscillators (Foale 

1994) highlighting two types of grazing bifurcation relating to the codimension two
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bifurcation and subharmonic solutions. In addition comparison between Hertz law 

and coefficient of restitution models were considered (Foale 1993). This work led 

to the consideration of one-dimensional maps which exhibit grazing like behaviour 

(Foale & Bishop 1994).

Budd & Dux (1994b) considered the intermittency of impact oscillators close 

to resonance, developing an approximately one dimensional map relating one low 

velocity impact to the next. Further work includes studies on chattering behaviour 

(Budd & Dux 1994a), frequency and clearance variations (Budd et al. 1995), 

grazing and one-dimensional maps with square root singularities (Budd 1996). In 

addition Budd & Lee (1995) extended the work of Shaw & Holmes to analytical 

solutions for periodic orbits with two impacts per period.

Nordmark (1997) extended the work of Budd & Dux (1994b) to obtain a one 

dimensional map representing the key dynamics associated with a single degree of 

freedom impact oscillator. Higher dimensional systems have also been considered 

using localised Nordmark type maps (Fredriksson & Nordmark 1997).

The application of control of chaos methods to nonsmooth systems has also 

been studied. Kalagnanam (1994) showed that control of chaos methods could 

be applied to impact oscillators. More recent work has focussed on controlling or 

maintaining certain types of motion as parameters are varied (Bishop & Xu 1997).

1.1.3 Comparing theoretical and physical system s

So far we have given a brief review of some of the physical problems which arise 

in nonsmooth systems, and the development of impact oscillator theory. If we are 

aiming to model the behaviour of the physical system, then the theory developed 

must be compared with this physical behaviour. This process is shown schemati

cally in figure 1.4. This figure shows how physical problems arising in industry can 

be modelled. Data from the physical system, or from an experimental model of 

the system must be recorded. Applied mathematics provides the tools to create an 

effective model to compare with this data. Essentially the comparison is carried 

out using numerical simulation of experimental results, or data recorded from real
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Figure 1.4: Schematic diagram showing-ef the inter-relationship between physical sys

tems and mathematical models.

systems.

V ibro-im pacting experim ental studies

Moon (1987) carried out the several early experimental studies which demonstrated 

that chaotic type motions occurred in physical systems. Amongst these studies 

was the first of a vibro-impacting system indicating evidence for chaotic behaviour 

(Moon & Shaw 1983). The experimental apparatus consisted of a harmonically 

forced cantilever beam with a one-sided motion constraint at the free end. Digital 

simulations of the motion were also presented. Shaw (1985c) continued this work 

demonstrating that a single degree of freedom impact oscillator model gave a very 

good approximation to the impacting beam dynamics.

The dynamics of an impacting pendulum have been considered by (Shaw & 

Shaw 1989; Moore & Shaw 1990; Bayly & Virgin 1993) and a double sided impact 

oscillator has been studied by Blazejczyk et al (1994). Flexible cantilever beams 

were also considered by Cusumano et ai (1994), Thompson et al (1994), Fang 

& Wicket (1994) and Bishop et al (1996) including bifurcation behaviour and
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comparison with numerical results.

Other impacting systems have been considered by Reid & Whineray (1995) 

and Stennsson & Nordmark (1994). Weger et al. (1996) show a comparison 

between experimental results and the Nordmark map. Kahraman & Blankenship 

(1997) investigate the dynamics of an experimental gear rig. Hinrichs et al. (1997, 

Oestreich et al. (1997) consider a very precise test rig built to simulate a single 

degree of freedom impact oscillator with no damping. They produce experimental 

and numerical bifurcation diagrams which are in very close agreement.

1.2 M otivation from experim ental work

From the preceding section, we can see that cantilever beam systems have been 

used extensively in experimental studies. These experimental systems have shown 

good qualitative agreement with simple mathematical models. At University Col

lege London just such a cantilever beam experiment was constructed, and the 

behaviour of the beam modelled using a single degree of freedom model (Foale 

1993; Bishop et al. 1996; Thompson et al. 1994). A schematic representation 

of the cantilever beam system is shown in figure 1.5. The beam hffcs-is clamped 

vertically into a steel base, forced using a magnetic forcing transducer and the 

displacement recorded using a capacitative displacement transducer. A detailed 

description of all experimental work is given in Appendix B.

This beam was considered sufficiently “stiff” as to provide a comparison with 

a single degree of freedom model when forced close to its first natural frequency. 

However, in order to match experimental and numerical results very low values of 

coefficient of restitution had to be used. Thompson et al. (1994) postulated that 

higher modes of vibration were excited due to impacts, and that energy was being 

dissipated in these higher modes, such that a reduced value of the coefficient of 

restitution was required in the single degree of freedom model. So, although the 

single degree of freedom model can be used to qualitatively model the beam motion, 

it cannot explain all aspects of the beam dynamics. Addressing this problem was 

direct motivation for the work in this thesis.
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Figure 1.5: Schematic representation of the stiff beam apparatus

This can be seen in a wider context of engineering systems more generally, 

where problems such as modal behaviour and noise occur regularly. Cantilever 

beam systems are good examples of more complex engineering systems such as 

plates and shells, and insight from the study of such a beam system will have a 

wide range of engineering applications.

1.3 Objectives of work

The overall objective of these thesis is to gain insight into the vibro-impact (nons

mooth) dynamics of engineering systems. This is motivated by physical examples, 

particularly the cantilever beam experiment. Initially, following the work of (Foale 

1993), we examine the bifurcations which occur in single degree of freedom oscil

lators and highlight applications in controlling the number of impacts in simple 

engineering system.

Problems with estimating the coefficient of restitution encountered by Foale 

(1993) and coworkers means that one of the key objectives for this work is to 

present a systematic approach to parameter estimation for mathematical modelling
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of these systems. The main part of this is the development a method for estimating 

the coefficient of restitution.

We also wish to study the validity of a short term impact model such as the 

coefficient of restitution in relation to real engineering systems. Of further interest 

to engineers are the problems of remote analysis of vibro-impact systems and 

measurement of impact force and velocity, important concepts for wear problems 

in engineering systems.

In addition to these topics, we wish to gain a greater understanding of the 

dynamics of higher degrees of freedom linear systems subject to motion limiting 

constraints. We conjecture that modal excitation (in systems such as the cantilever 

beam) leads to higher levels of energy loss in the system. Thus we seek to explain 

the process by which higher modes are excited during vibro-impact motion, and 

how energy from impact is transferred between modes. This can then be used to 

explain the need for a reduced value of coefficient of restitution in single degree of 

freedom models.

This work leads naturally to considering energy and modal analyses of vibro- 

impact systems, two approaches common to engineering analysis. In addition it 

has wider implications for considering the more general problem of multi dimen

sional systems subject with nonsmooth discontinuities, and coupled nonsmooth 

systems. An overall aim of such work is to understand the dynamics of con

strained multi-dimensional systems leading to applications and understanding of 

continuous systems, such as flexible beams.

1.4 Thesis overview

In chapter 2 we review the theoretical analysis associated with a of single degree 

of freedom impact oscillators and consider how the system can be reduced to a one 

dimensional mapping containing the essential dynamics. In addition we describe 

phenomena such as natural frequency shift which are important for the design of 

engineering systems.

Then, in chapter 3, we consider the codimension one bifurcations that occur in a
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single degree of freedom impact oscillator system. We show numerical simulations 

of the experimental results from the stiff beam system. We then consider the topics 

of codimension two bifurcations and control of vibro-impact systems. Using this 

analysis we demonstrate how periodic motions can be maintained in an engineering 

system via parameter choice or control of chaos techniques.

In addition we include bifurcation data from flexible beam experiments in this 

chapter. This demonstrates the complexity of the behaviour of these systems, 

indicating the future goal of this research field in being able to understand such 

behaviour.

In chapter 4 we consider parameter estimation techniques for accurate mod

elling of vibro-impact systems, such as the cantilever beam experiment system. We 

develop a new technique for parameter estimation of simple vibro-impact systems 

based on an energy balance of the single degree of freedom system. We show how 

this method can be applied using a variety of experimental data.

In chapter 5 we consider the measurement of impact forces, velocity, and time 

of contact in a physical vibro-impact system. This is carried out experimentally 

using a specially constructed impact load cell. We use the experimental results to 

examine the validity of using an instantaneous impact law. In addition we examine 

reconstructing the dynamics of the system using interspike intervals.

In chapter 6  we consider the modelling of vibro-impact motion of multi-degree 

of freedom systems. As an example, we study a simple two degree of freedom 

model. The energy balance method developed for the single degree of freedom 

system is extended to multi-degree of freedom systems. The two degree of freedom 

model is used to examine modal excitation and energy transfer between modes due 

to impact. General conclusions on the effect of modal excitation on the coefficient 

of restitution are discussed.

Finally, in chapter 7 we consider the modelling of vibro-impact motion of a 

cantilever beam system. We develop a numerical model using the results from 

chapter 6 , the Galerkin method and normal mode analysis. These results are 

compared, qualitatively, with experimental results from flexible beam experiments. 

The limitations and future applications of this method are discussed.
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Experim ental results

Rather than being contained in a single chapter, experimental results will be in

cluded where appropriate in the text. Background information regarding experi

mental work can be found in Appendix B.
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Chapter 2 

A single degree of freedom im pact 

oscillator

2.1 Preliminaries

We consider here an impact oscillator system which is the combination of a forced 

linear oscillator with a single degree of freedom, and a motion constraint on one 

side. This is the simplest and most widely studied type of impact oscillator.

If the constraint is of some finite (linear) stiffness such that the boundary 

deforms due to a collision, the oscillating component will stay in contact with the 

boundary for a short time. Assuming the oscillator has linear stiffness prior to 

contact, this type of oscillator is know as bilinear or piecewise linear (Thompson, 

Bokaian & Ghaffari 1983). If the stiffness of the fixed boundary is very large the 

corresponding time of contact will be very small. The limiting case occurs as the 

boundary stiffness tends to infinity, then the time of contact tends to zero, and an 

(almost) instantaneous impact occurs, giving rise to an impact oscillator (Shaw & 

Holmes 1983c). We refer to the motion limiting constraint as the impact stop.

2.1.1 Nondim ensionalisation

Studies of the impact oscillator carried out in recent years almost exclusively con

sider equations of motion in a nondimensional form. Alternative methods of seal
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ing to achieve this have been proposed, but because of the nonlinear nature of the 

system some scaling methods result in ill defined equations of motion for certain 

parameter values. The following shorthand notation is used; kilogrammes (kg), 

seconds (s), metres (m). Hertz (Hz) and Newtons (N).

Equation 1.1 is the most basic dimensional form of the forced linear oscillator 

equation, it has dimensions of force (N). The equation can be simplified into al

ternative dimensional forms and also transformed into nondimensional forms. For 

example, by dividing through by mass m, equation 1 . 1  can be expressed as

-h 2 (cJ n -^  +  — ^nystCOs(Qr)  (2 .1)

where =  ^Jk/m  is the natural frequency, (" =  c/cc is the ratio of damping c 

to critical damping Cc = 2mUn and yst =  A /k  is the static displacement of the 

mass due to a constant force A. Equation 2.1 has dimensions of distance and 

time. This form of the forced linear oscillator is used in many standard texts on 

vibration theory (for example see Meirovitch (1967)) and has been used extensively 

by physicists and engineers for many dynamical applications. I t’s dimensions of 

distance and time are the natural dimensions of real physical dynamics.

Scaling tim e

By defining dimensionless time as t =  w^T, then velocity and acceleration become;

Equation 2.1 can then be written as

ÿ^-2Çÿ + y = yst cos(wt) (2.3)

where u  = Q./uJn and an overdot denotes differentiation with respect to dimension- 

less time t. Thus the effect of such scaling is to nondimensionalise time and also 

introduce a nondimensional frequency w such that w =  1 corresponds to resonance. 

It is also interesting to note that

u t  = — o;„T =  ÇLt  (2.4)
Uln
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such that the value of the cosine term is the same for both dimensional and nondi

mensional forms. The natural period of the forced motion T  = 2tt/ ü, will have a 

nondimensional form T* = where T* =  o;„T.

Scaling displacem ent

Equation 2.3 now has dimensions of distance only, so dividing through by a distance 

constant will give a fully nondimensional form. Defining such a constant b equation 

2.3 can be written in the form

X -f- 2(x X = F  cos(wf) (2.5)

where x = y/b is the nondimensional displacement, and F — yst/b is nondimen

sional forcing.

Some of the work on impact oscillators has been done by scaling out distance 

by dividing by distance to the impact stop (Thompson et al 1994), such that 

b = ys and the nondimensional displacement and forcing become x  =  y/ys  and 

F  = yst!Vs and the nondimensional stop distance ysjys =  1- However, if the 

distance to the stop ys is zero the nondimensional equation is ill defined.

An alternative formulation uses the static displacement b = yst such that x = 

y /yst, F  = 1 and the stop distance a = ys/yst- Hence, if yst /  0 then this 

formulation is defined for all y s. Examples of this type of approach are shown by 

Perterka (1994) and Budd & Dux (1994b).

Studies where ys is used in the nondimensionalisation (Thompson, Bishop & 

Foale 1994) use F  as a bifurcation parameter because a is effectively fixed at the 

value a =  1. In a similar manner studies in which use scaling such that F  = 1 

(Budd & Dux 1994b) use a as a parameter. So in effect the dynamics will be 

qualitatively the same, but plotted in a different parameter space, in terms of 

differently scaled variables. A complete dimensional analysis is given in Appendix 

A.
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M odelling physical system s

The issues of nondimensionalisation and scaling are only usually encountered by 

those attempting to relate results from experimental or physical systems to the

oretical or numerical studies. All potential problems come from scaling distance, 

so if possible this is better avoided by using equation 2.3 with the distance to the 

impact stop y g both with dimensions of distance. However the form of equation 2.5 

is essentially the same, so if the system is defined for all relevant parameter values, 

with suitable scaling it can be interpreted in a dimensional or a nondimensional 

way as required. In this thesis, we use nondimensional forms when considering the 

mathematical aspects of vibro-impact systems, and physical coordinates for rela

tion to experimental work. In addition physical coordinates are used for concepts 

such as energy (as it makes more sense) and analysis of beams.

In the experimental work presented in this thesis, units are usually given in 

volts. These are the units recorded from the data acquisition process. When 

modelling we can consider the displacement in voltage units, if the forcing and 

stop distance are also input as volts (which experimentally they are).

2.1.2 P lotting convention

Throughout this text whenever we plot a displacement graph against a param

eter value, such as frequency, we use the measure “maximum minus minimum 

displacement per period” . This means that for each period of forcing we record 

the maximum (positive) displacement and the minimum (negative) displacement 

of the response. We then plot the maximum minus the minimum displacement. 

The reason for adopting this convention is to avoid problems which occured when 

either maximum displacement or the maximum absolute value of displacement 

per period is used. With these systems motions which have a negative amplitude 

which is less than the positive stop distance, always record a maximum value as 

the stop distance. This is shown in figure 2.1 where a;(—) < x(-l-) =  a.
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dx/dt x=a

x(-) x(+)=a

Figure 2.1: Schematic representation of a single degree o f freedom im pact oscillator 

trajectory in demonstrating the plotting convention.

2.1.3 Numerical m ethods

Nonlinear problems which have no analytical solution (i.e. most of them) can 

be approximated using a variety of numerical methods. In fact so dependent are 

we on these methods in the field of nonlinear dynamics, that they have become a 

significant area of study in themselves. However, practically all numerical methods 

(as the rest of mathematics) has been developed for smooth, continuous functions, 

thus the nonsmooth discontinuities which occur in impact oscillator dynamics are 

not easily dealt with.

To overcome this problem the functions are considered as piecewise smooth, 

such that between nonsmooth discontinuities, standard methods can be applied. 

Then only the points of discontinuity require special consideration. The standard 

numerical techniques for dynamical systems are summarised in the paper by Foale 

& Thompson (1991). The relevant concepts discussed in this work were imple

mented in C code, mainly using routines from Press et al (1994). Also very useful 

was the work by Parker & Chua (1989).

Thus we consider a nonsmooth dynamical system in the following way. The
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system is governed by a smooth non-autonomous differential equation 

dx
—  =  /(x , p), X  G p G 7^"", (2.6)

where x  =  x(t), is the vector of time dependent state variables and p  is vector of 

system parameters. This smooth system is subject to a set of constraint equations

i? (x ,p )= 0 , (2.7)

which restricts the motion of the system in some way causing nonsmooth points 

to occur. At the constraint, a further set of equations

/ i ( x ,p ) = 0 , (2 .8 )

governs the behaviour of the system at this boundary. Thus to implement a numer

ical simulation of such a system, locating the points of nonsmooth discontinuity is 

of primary importance.

Locating nonsm ooth discontinuities

For simple nonsmooth systems, such as the single degree of freedom impact oscil

lator we can define a single plane E G to represent the plane of discontinuity.

This is effectively a n — 1 dimensional Poincaré section through the flow.

To locate the nonsmooth points we need to locate the intersection of the flow 

with this plane. This can be done with several different root finding methods. 

However, nonsmooth systems have singular points where the flow becomes tangent 

to E at the point of intersection. This effect violates the standard condition for 

sampling a flow using a Poincaré section which requires that the flow be everywhere 

transverse to the section. Further, these points are of fundamental interest in 

nonsmooth systems, so instead of avoiding them, research is focussed on greater 

understanding of such singularities.

In terms of numerical simulations, this means that root finding methods should 

be able to cope with such events if possible. Thus methods which use derivative 

estimates, such as Newton and Hénon are not a good choice as the possibility of 

dividing through by a very small number is likely. In the work for this thesis it
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x2

x=a

a-xl x2-xJ

t-tlxl

ta t2tl

t2-tl

Figure 2.2: Linear interpolation to find intersection of oscillators trajectory w ith the 

impact boundary d± x =  a

was found that a linear interpolation type routine was the most robust method for 

this purpose.

This method can is demonstrated in figure 2.2. Here we see that the orbit h 

intersects with the plane of discontinuity x = a at point g. Discrete points are 

computed along the orbit until one point x l  < a and the next x2 > a. Then using 

similar triangles the an estimation of the time of intersection ta can be obtained

(t2  — tl)
ta  =  t l  +  (a — x l) (2.9)

{x2 — x l)

This process is repeated iteratively, a new value of x l  being computed on each 

iteration. To simplify this iteration, we add half the estimate to t l

(t2  — tl)
ta =  t l  +  (a — x l)

2 { x 2 - x l ) '
(2 .10)

such that x l  ^  a from below.

2.1.4 Semi-analytical m ethods

For smooth nonlinear systems equation 2.6 completely governs the motion of the 

system and /(x , p) is a nonlinear function. Thus in order to integrate the equations 

of motion a numerical integration method such as a Runge-Kutta method must
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be used. In nonsmooth systems /(x , p) could be linear or nonlinear. If /(x , p) is 

a linear function (as is the case for the impact oscillator), then the nonlinearity in 

the system comes from the nonsmooth discontinuity introduced by equation 2.7. 

In terms of numerical simulation, this means that between discontinuous points 

the solution to equation 2 . 6  can be found exactly^ thus combined with a numerical 

root finding method, the simulation becomes semi-analytical, semi-numerical.

Hence is we assume that /(x , p) is linear and is a solution trajectory of 

equation 2 . 6  with initial conditions do at f =  ô, then d{t) can be evaluated a 

small time step increments A t  until such time that d{t) intersects with the plane 

of discontinuity (defined by equations 2.7). This is detected by two consecutive 

points on either side of the plane E. The root finding method is then used to find 

the exact time of intersection t*. At this point any other conditions defined by 

equation 2.8 are applied to the system. Then discrete evaluation of d{t) continues 

until the next such crossing.

During the work for this thesis we have used both this semi-analytical approach 

and purely numerical methods. There is a certain flexibility in using purely nu

merical methods which is sometimes advantageous, and computationally these are 

often easier to implement. It has also proved useful to check semi-analytical results 

using equivalent numerical routines, where possible this has been carried out.

2.2 Fundamental dynamics of impact oscillators

2.2.1 Equations of motion

Away from the fixed boundary the governing equation of motion for a forced linear 

oscillator is a second order ordinary differential equation which can be expressed in 

the form of equation 2.5 combined with the restriction that for free motion x < a 

to give

X-\-2(^x-\-X = F  cos{ijüt) X < a. (2.11)

In general the solution to a non-homogeneous differential equation such as 

equation 2 . 1 1  will be in the form x[t) = Xg Xp where Xg is the general solution
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and Xp is a particular solution. To obtain the general solution we consider the 

unforced system

X 2 ( ^ x X  — X < a. (2.12)

We consider the motion away from the impact stop starting at an arbitrary time

to- Substituting a trial solution of the form x = the auxiliary equation

for the unforced system can be written as

u^ +  2Cu +  l =  0 (2,13)

SO t h a t

u =  - c  ±  -  1. (2.14)

The discriminant — I governs the form of the general solution. There are three 

different cases; over damped > Ij critically damped =  1 and under damped 

< 1. Most real mechanical systems operate within the under damped regime. 

This is therefore the only case considered here. We use the condition C < 1 which 

implies < 1 .

For the under damped case the auxiliary equation has complex roots u = pdziç, 

thus the general solution can be expressed in the form

Xg = cos{q{t -  t o ) )  +  K 2 sin{q(t -  to))] (2.15)

where K i  and K 2 are arbitrary constants.

We can express the solution to the auxiliary equation as

u =  “ C ±  iy^l -  =  -C  ±  i(̂ d (2.16)

where ujd is the damped natural frequency, and i =  y / ^ .

So, the general solution for the under damped case becomes

Xg = cos{uJd{t -  t o ) )  +  K 2  sin{ujd{t -  t o ) ) )  (2.17)

As time t —> 0 0  the amplitude of this solution tends to zero due to the exponential 

damping term. Thus the general solution represents the component of the system 

response for time t  > t o  due to the initial conditions at to-
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A particular solution of the form

Xp =  ôcos{cjt) +  (2.18)

can be added to the general solution to account for the harmonic forcing term. 

Differentiating this solution as necessary and substituting into the equation of 

motion (equation 2 .1 1 ) gives

cos{iüt){—u ‘̂ ô + 2Cwy +  6 ) 4 - — 2(uô  +  7 ) =  Fcos(w^). (2.19)

Comparing coefficients of the sine and cosine terms and solving the subsequent

pair of simultaneous equations gives the relations

The complete solution of equation 2.11 is then the sum of the general solution 

and the particular solution

x(t) =  e~‘̂ ^^~^°\KiCOs{cüd{t-to))+K2 sm{(jüd{t—to)))+ôcos{iüt)-\-'ysm{ujt). (2 .22)

To determine the arbitrary constants Ki  and K 2 we consider the initial state 

of the system at time ti = to such that x{ti) = Xi and x(ti) =  For an impact 

oscillator these initial conditions are most naturally taken at the impact stop 

(hence our use of the subscript i).

2.2.2 The impact event

When the oscillators mass comes into contact with the rigid boundary an impact 

occurs. A simple coefficient of restitution rule is then applied such that

x{ t - )  =  —rx{t+) X =  a (2.23)

where x{t+)  is the velocity just before impact, x{ t - )  is the impact just after impact 

and r is the coefficient of restitution with a value in the range r G [0,1].
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The time of contact is assumed to be so short that it can be considered as 

instantaneous. Hence the position of the oscillator’s mass will not change during 

contact but the direction and magnitude of the velocity will. The effect of the 

coefficient of restitution rule is to make the impact oscillator model nonsmooth and 

non-differentiable at the point of impact although the system remains piecewise 

smooth and continuous.

The constants Ki  and K 2 can be found by applying the initial conditions 

as those just after impact (i.e. those just prior to free motion) as x{ti) = a, 

x{ti) = —rvi. Thus between two arbitrary impacts at times t{ and the motion 

of the system is governed by equation 2 . 2 2  with

Ki = a — Ô cos LJti —'j sin uti, (2.24)

and

K 2 — — [—TVi T (̂ a +  (—(̂ 6 — oj'y) cos ujti +  (—(̂ 'y T ljô) sin cuti]. (2.25) 

Differentiating equation(2.22) with respect to t gives the velocity

x{t) = KiUd sin Ud{t -  t i ) K 2 UJd cos Ud{t -  ti))

_(^e-C(i-ii)(/fi cos Ud{t -  ti) +  K 2 sinud{t -  ti)) (2.26)

—ÔLÜ sin Lût +  7 CJ cos cut,

hence for any time t such that ti < t < the state of the system can be found 

explicitly using equations 2 . 2 2  and 2.26.

2.2.3 Non-im pacting m otion

First we consider non-impacting motion of the oscillator. As t 0 0  the contri

bution to the response from the general solution becomes small Xg ^  0 0  and the 

complete solution is governed by the terms of the particular solution such that

x{t) = 6 cos(wt) 7  sin(w^) (2.27)

which can be expressed as

x{t) =  D [u)F  oos(üût — (j)) (2.28)
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where the phase angle (j) of the solution is defined by 

and the dynamic amplification factor D{u) is defined as

.  ( V F T f V F = ( « • )

The maximum amplitude Xmax of such a non-impacting motion will occur when 

cos(w^ — (/)) =  ± 1  such that for a value of u

=  ±D{u.)F  =  (2-31)

from which it naturally follows that for non-impacting motion \xmax\ < ^ for all

LJ.

Such a non-impacting motion is both smooth and continuous. When a phase 

portrait is plotted, i.e (x, x) space, the trajectory forms an ellipse which is symmet

ric about both axes. The period of the motion is defined as the time taken for the 

motion to repeat. If we define the period of the motion T  then x{t + T) = x{t) for 

periodic motion. From equation 2.28 it can be seen that the motion repeats when 

T =  2tt/ üj. The frequency of the motion /  is the inverse of the period /  =  1/T, 

thus f  = u /2n.

It is usual to consider the dynamic magnification factor D{uj) as a function of 

LÜ and for damping (" and forcing F  to be held at a constant value. The main 

resonance peak occurs when u = 1 where D{uj) is a maximum D(u)max = F /2 (. 

For the undamped system (  =  0, D{uj)max = oo.

2.2.4 Im pacting motion

Introducing an impact stop such that \xmax\ > cl will induce impacting motion for 

a range of frequency values. The effect of introducing an impact in terms of the 

mathematical model is to reset the initial conditions at each impact. Thus the 

terms of the general solution in equation 2 . 2 2  will only decay during the time be

tween two successive impacts. As a result the terms of equation 2 . 2 2  for impacting
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motion cannot be described as either transient or steady state in the same sense 

as non-impacting motion. We consider the term “steady state” to mean the long 

term motion of the system. For the impact oscillator, this type of motion includes 

both the terms from the general and particular solution.

If the system is in a steady state non-impacting motion such that w <C 1 and 

(by definition) \xmax\ < cl, and w is slowly increased, then (allowing transients to 

decay after each increment of w) \xmax\ will increase according to equation 2.31. 

Providing a < D{uj)max a point will occur where \xmax\ =  a for a particular value 

of 0 < w < 1. This event corresponds to the oscillators mass just touching or 

grazing the impact stop at the maximum amplitude of the orbit \xmax\- ft is clear 

that at T =  |xrn,ax|5 the velocity x = 0, thus a grazing orbit is one such that the 

mass touches the stop with zero velocity.

This type of orbit marks the boundary between non-impacting and impacting 

motion. Substituting the condition \x„iax\ =  cl into equation 2.31 and assuming 

a > 0  gives

a = ------------------------- r  (2.32)
[ ( 1 - C j 2)2 +  4^2^2]2

solving for gives

=  ( 1  -  2 Ĉ ) ± ( 2 C 2 - l f - ( l - : ^ )  (2.33)

from which there are two positive values of u  corresponding to the two points where 

a boundary between non-impact and impact motion exists. If we denote these 

values vji < 1  and tU2 > 1 , impacting motion will exist in the range wi < u  < W2 - 

As an example we consider the case with the parameter values C =  0.05 and 

F  =  0.5. If we assume that an impact stop is positioned at a = 1.0 then from 

equation 2.33, tui =  0.711 and W2 =  1.219. The non-impacting resonance curve 

is shown in figure 2.3. The solid lines represent the non-impacting motion which 

exists while \ x m a x \  < cl. The rest of the non-impacting resonance curve is shown 

as a dashed line. Two other vertical dashed lines are used to show the position of 

the boundary between impact and non-impact motion at the points Wi and W2 -
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Figure 2.3: Non-impacting resonance curve, (  =  0.05 and F  =  0.5. For a constraint at 

'ijs =  1.0, the solid line represents non-impact motion, and the dotted lines the region of 

impacting motion.

2.2.5 Periodic impacting motion

Periodic im p actin g  m otions are classified as P (p , q) m otions where p  im p acts occur 

in q periods o f forcing 2n/uj. T he first set o f im p actin g  m otion s which those  

which contain  a single im pact i.e. P ( l , ç )  m otion s for q =  1 , 2 , 3 , . . . .  A n alytica l 

so lu tion s for th is set o f m otions have been developed  (Shaw & H olm es 1983c). 

T he first o f these m otions P ( l , l )  has been described as the fu n d a m e n ta l  im pact  

m o tio n  (Perterka & Vacik 1992). Perterka (1994) also uses a w ider classification  of 

fundam ental im pact m otion s  as the set o f m otion s for which q =  1, p  =  1, 2 , 3 . . .  

i.e. P (p , 1) m otions. T he rem aining set o f m otion s for p =  1, 2, 3 . . . ,  ç =  2, 3 , 4  . . .  

are classified as the group o f  subharm onic m otions.  N um erical s im u lation s o f a 

range o f these m otions are shown in figure 2.4.

T he phase portrait for a P ( l ,  1) im pacting  m otion  is shown in figure 2.4 (a). 

T he im pact stop  is positioned  at a =  1 and at th is value there is a d iscontinuous  

ju m p  in the phase trajectory due to the coefficient o f restitu tion  rule.

T he phase trajectory is clearly asym m etric, due to  the term s from  the general
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Figure 2.4: Numerically computed impact oscillator steady state phase portraits for 

parameter values: r  =  0.7, (  =  0.05, F  =  0.5, a =  1 and cu =  0.733 — 0.925.
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solution which contribute to the overall solution, but decay during one period of 

motion. This asymmetry is accentuated by the fact that the the coefficient of 

restitution r < 1. However even for the perfectly elastic case where r  =  1 the orbit 

retains its asymmetric nature due to the component of the general solution which 

is decaying in amplitude (( /  0 ) over the period.

As an example of periodic impacting motion which occurs in a physical system, 

we show in figure 2.5, a P(2, 2) motion recorded experimentally from the stiff beam 

apparatus described in chapter B. Both the motions shown in figure 2.5 are P ( 2 , 2).

That in figure 2.5 (b) has been recorded at a higher sampling rate (and frequency)

and higher modal components of the motion are clearly evident. This will be 

discussed in detail in chapters 4, 6  and 7.

N atural frequency o f periodic vibro-im pact m otion

For impacting motion, the period of the motion, and therefore the frequency, 

is governed by the forcing frequency and the position of the impact stop. The 

introduction of such a stop reduces the amount of time between repetition of 

motion. Thus the period of motion is less than for non-impacting motion with 

similar parameter values. Hence via the inverse relationship between period and 

frequency this means that the frequency is increased.

If we assume that the impact motion is a truncated non-impacting motion 

(Todd & Virgin 1996) as shown in figure 2.6 then the period of the impact orbit 

can be expressed as

T  = —  arcsin f —— ) +  ̂  . (2.34)
L \ ̂ max ' 2 .

Then the ratio of the natural (angular) frequency for the impact motion will be

—  =  ~ T  r — FT—7Ô' (2.35)
UJn R ic sm [a /X m a x )  +  7r/2

This function is plotted in figure 2.7 (see also Moon & Shaw (1983)). From figure 

2 . 6  when a /x m a x  =  1  the orbit is at grazing, where impacting and non-impacting 

motions meet, thus ujni =  =  1 . For a/x^ax =  0 (i.e. a =  0, x^ax ^constant),

LUni = 2  which is intuitively the case as the time taken for one period of motion will
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Figure 2.5: Experimentally recorded time series for stiff beam yst =  2.5 volts; (a) ys 

—0.1 volts, Ü =  10.99Hz, sample rate 2000 sam ples/second, (b) ys =  —0.8 volts, 12 

17.00Hz, sample rate 6000 samples/second
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Figure 2.6; Schematic truncation of a linear elliptic orbit in 7Ẑ .
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Figure 2.7: Variation of impacting natural frequency with stop distance.
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Figure 2.8: Numerically computed chaotic vibro-impact motion. Parameter values are: 

r  =  0.8, =  0.0, F  =  1.0, a =  0.0, w =  2.8.

be half that taken by a non-impacting motion of a similar maximum amplitude 

and therefore the frequency will double. For preloaded systems — 1 < ajxmax < 0, 

the frequency increases such that as ajxmax — —1 , ^ni  oo.

In terms of a resonance curve this means that the value of frequency at which 

resonance occurs becomes greater than that of the non-impacting solution i.e. the 

behaviour is that of a hardening spring. This effect is known as natural frequency 

shift, and has important implications for the design of engineering systems, as 

the difference between, impacting and non-impacting natural frequency can be 

significant.

2.2.6 Other impacting motion

Chaotic impacting motion can occur for a range of parameter values. For systems 

where a > 0 , this type of motion will occur directly after a first grazing bifurcation. 

In systems where there is no region of non-impacting motion (i.e a < 0) regimes 

of chaotic motion alternate with windows of periodic type motion. An example 

of chaotic impacting motion is shown in figure 2.8. The figure was computed by 

allowing 1000 periods motion to occur before recording 15 periods of motion.
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Much has been written on chaotic motion of nonlinear systems (Thompson & 

Stewart 1986; Moon 1987; Glendinning 1994). Such literature deals mainly with 

smooth, continuous nonlinear systems. Sensitive dependence on initial conditions, 

exponential divergence of nearby trajectories and fractal like attracting structures 

are all characteristics of chaotic motion. Lyaponov exponents can be used to in

dicate if a system is chaotic or not (Moon 1987; Guckenheimer & Holmes 1983). 

The method of finding Lyaponov exponents has been extended to nonsmooth ex

perimental data by Müller (1995) and calculations for the impact oscillator carried 

out by Hinrichs, Oestreich & Popp (1997).

Chaotic motion occurs in deterministic nonlinear systems, and as the system is 

linear away from impact , the nonlinearity can be attributed to the impact event 

alone.

Another type of impacting motion which can occur in a single degree of freedom 

impact oscillator is that of chatter (Budd & Dux 1994b; Budd & Dux 1994a). This 

occurs when the acceleration towards the stop is greater than the acceleration away 

from the stop for several successive impacts. This type of behaviour can eventually 

lead to sticking where the mass is effectively stuck to the stop. This happens with 

a bouncing ball which, if unforced, eventually comes to rest on the ground after a 

series of impacts with the maximum amplitude decreasing between each successive 

impact. This is discussed in more detail in chapter 6 .

2.3 Nonlinear mappings

2.3.1 Geom etry of phase space

For the impact oscillator the geometry of the phase space is important when 

defining the associated mappings (Whiston 1987a; Nordmark 1991; Budd & Dux 

1994b). We consider the equations of motion (between impacts) in the form of a 

set of first order non-autonomous differential equations, equation 2 .6 ,

^  =  /(x ,t ) ,  (2.36)
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where x is the state vector and /  defines the evolution of the system by the flow 

=  < (̂x, t) on a vector field in 7^” .

The state vector for the one degree of freedom impact oscillator model is x = 

{x ,x ,t} '^ ,  such that x G However the impact stop restricts the displacement 

of the mass such that x < a, so x e  (—0 0 , a]. In this simple phase space orbits can 

exist in the subspace E = {x  Ç: : x < a} and, since a is constant, the impact

stop is represented as the plane T, = {x  e : x = a}. An example of this type 

of phase space is shown in figure 2 .1 0 .

However, since the system is periodically forced we can define a time phase 

0 = t mod (27T/w) such that each value of t has an associated value of 9. Thus the 

state vector can be described by x =  {%, 2 ,#}^, such that xÇi'R? x 9. Thus the 

subspace in which orbits can exist becomes E  = {x E E? x 9 : x < a} and the 

impact stop is represented by T, = {x E E? x 9 : x = a}, such that E is the 

cylinder IZ x  where 1Z represents velocity x.

The hypersurface E consists of three distinct subsets which correspond to the 

sign of the velocity. For positive velocity E+ =  a x [0,0 0 ) x for negative velocity 

E_ =  a X (—cxD, 0] X and for zero velocity Eq =  E+ D E_ =  a x [0] x 5 ^

The complete modulo time phase space is shown in figure 2.9. It can be seen 

from the figure that the set Eq corresponds to the circle 5 ^  This set is important 

in understanding the singularities in impact oscillator dynamics because this set 

contains all zero velocity impact points.

2.3.2 Poincare maps

In order to simplify the geometrical picture of the dynamics of an n dimensional 

phase space, a Poincaré section can be taken through the flow. In general a 

Poincaré section is an n — 1 dimensional hypersurface in an n dimensional space. 

This hypersurface need not be planar, but the flow must be transverse to it (Guck

enheimer & Holmes 1983). So, for the single degree of freedom impact oscillator 

Poincare sections will be hypersurfaces of dimension 2. Thus the flow y?((x) G IZ  ̂

becomes a point rj e P? m  the Poincaré section when the two intersect.
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x=a

Figure 2.9: Single degree of freedom impact oscillator: Schematic representation o f a 

modulo tim e phase space, x S^.

If two Poincaré sections Ifg & are defined such that as (pt(x) evolves forward 

in time t it intersects first Ila at point rja and then lift at point rji, then the 

mapping from the point % to r]b is known as a Poincaré map P  : Ha lift, 

P{Va) = ^AtiVa) = Vb whcrc At is the time interval for the fiow between Ha and 

lift.

The stroboscopic map is defined by : 0 i  —)• 0 i  in modulo time phase space, 

such that the fiow is sampled (i.e. it intersects with the Poincaré section) once per 

forcing period. Here 0  represents a plane of constant phase 0 i  =  {x G x ^ : 

9 = #i}. Depending on the number of impacts occurring during a forcing period, 

a stroboscopic map Pg, would be the composition of mappings governed by the 

equations of motion between impacts combined with a mapping defined by the 

coefficient of restitution rule at each impact such that the total time corresponds 

to one forcing period. Such a map can be globally constructed to capture both 

non-impact and impact behaviour, although much information regarding impacts 

is lost.

An impact map (first considered by Shaw & Holmes (1983c)) consists of a 

mapping P/ from one impact to the next; P/ : S+ —>• S+. This map is perhaps a
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(2)x=a

Figure 2.10: Schematic representation of an impact oscillator orbit in 7Ẑ .

more natural choice for studying vibro-impact dynamics, although it is undefined 

for non-impact motions and thus cannot be globally defined for systems where 

both such motions exist. This occurs where a > 0 such that the system can 

oscillate without impact until the maximum amplitude of displacement equals a. 

Systems where a < 0 are preloaded (Whiston 1987b) and in systems where a = 0 

any motion will be impacting. We consider the impact map in detail in the next 

section.

2.3.3 The impact map

An impact oscillator orbit in a rectangular phase space is shown schematically 

in figure 2.10. The impact map from {to.vo}'^ G S at point (0) in the figure to 

{̂ 2 , G E at point (2 ) is the composition of two localised mappings, where 

V = X  at impact.

The first part of the map is a mapping Pi which takes point (0) to point (1) 

via the coefficient of restitution rule

P i  :
t\ — to

Vi = -rvo
(2.37)
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such that the time of the first impact U = to = ti from the assumption of an 

instantaneous coefficient of restitution rule.

The second part of the mapping is of type P2 which maps to the next impact 

at time ^2 and is defined implicitly by the flow

(2.38)

such that the time of next impact ti^i = Î2 .

The complete map is the composition Pj =  P2 o P-̂ . Alternatively the maps 

can be combined simply by using the Pi mapping as an initial condition for the 

P 2 , (note also that by definition X2 =  a) to give

P i (2.39)
a = x{ ti+ i,a ,ti ,-rv i)

V2 = x{ti+i;a,ti ,-rvi)

However, because of the transcendental nature of the relations defined in equa

tion 2.38 it is not possible to write this map explicitly, but it can be computed 

numerically. This is achieved by taking an initial point {ti,Vi) G E. The system 

is then iterated forward at small time steps using equations 2 . 2 2  and 2.26 until 

the displacement x  intersects the impact plane at time with velocity As 

an example figure 2 . 1 1  shows a typical chaotic type motion encountered in impact 

oscillator dynamics via the impact map. Note: This example has also been shown 

by Shaw & Holmes (1983c), Budd & Dux (1994a) and Whiston (1987a).

Although the impact map itself cannot be written explicitly, the Jacobian of 

the mapping DPi can, by using implicit differentiation. The general form of the 

Jacobian is

D P i  =

■ dti+i dti+i

d{ti+i,Vi+i) dti dvi

d{ti,Vi) dvi+i dvi+i
. dti dvi .

(2.40)

and the individual elements are given by the relations

dti+i 1 dx dti+i 1 dx
dti V i + l dti 5

t —Ii+l
dvi y  i +1 dvi (2.41)

t=ti +  1
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Figure 2.11: Numerically computed impact map at parameter values; r =  0.8, (  =  0, 

F  =  1, a =  0 and w =  2.8

and

dvi+ 1 dv
dU dU

, .. % +i dv i+1 dv
dti ’ dvi dvi i-\-1

d_ t^
(2.42)

Using the equations of motion these expressions can be evaluated to give the 

Jacobian

DP i =

H
{—rViCi\LV(i +  {Ai — ÇrVi)S^) tH S a

^d^i+l

Vi+l 
i+1

^i+ 1
—rvi H — {Ai — ( r v i ) ) ^ )  —tH{Ca — {  -------— )Sa )c

(AJ(lVi+l Wd
(2.43)

where Sa = sin[wd(A)], C'a = sin[wd(A)], H  =  A = — C, the acceleration

just after the impact at time C is

Ai = F cos{cüti) +  2ÇrVi -  a 

and the acceleration at the impact at time is

A^+i = Ti+i = Fcos(wC+i) -  2 (n,+i -  a.

(2.44)

(2.45)
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Figure 2.12: The sets S  and W,  computed numerically, in the impact plane E. Parameter 

values; as r = 0,7, (  = 0,1, F = 0,5, a — 1,0 and lü = 1,0

The determinant det{DPi) has the simple form

Videt(DPi) = r^H2 r j2

V i + l
(2.46)

Thus in the general case where r  < 1 and (  > 0 the impact map is area contracting 

in phase space.

2.3.4 Zero velocity impacts

It is possible for a zero velocity impact to occur in the impact map P/, Such 

an event occurs at a local extremum of x{t) (equation 2 ,2 2 ) which violates the 

transversality condition of the Poincare section and is thus a degenerate impact. 

Such degenerate impacts are either sticking or non-sticking depending on the sign 

of the acceleration at impact.

The set of zero velocity impacts is E q , This can be subdivided such that 

Eo =  U Ao U A+ corresponding to zero velocity impacts with negative, zero, 

and positive acceleration (Whiston 1987a), These three subsets correspond to the 

three different stationary points which can occur, two extremum (maximum and 

minimum) and a point of inflection.
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Sticking is the result of a zero velocity impact occurring with acceleration 

passing through zero, from negative to positive, at the same time. In other words 

a point of inflection occurs. This means that the mass has come to rest against the 

stop with zero velocity and is held against it until such time that the acceleration 

changes sign. This behaviour clearly violates the assumption of an instantaneous 

impact although it is a rare occurrence as Uj =  =  0  simultaneously at impact.

Whiston (1987a) demonstrated that the preimage Pf^{A^)  = 0, (where 0 is 

the empty set), so that local minima cannot occur at a zero velocity impact. This 

leaves the subset A -  corresponding to local maxima, non-sticking impacts, and 

A q where points of inflection occurs causing sticking impacts. For a zero velocity 

impact, the acceleration (at impact) is

A = F  cos{uti) — a (2.47)

so if a > F , Eo =  A -  and A q = 0 hence no sticking regions exist. If a < F  

both sticking and non-sticking regions can exist simultaneously, this is discussed 

in detail by Whiston (1987a). Non-sticking orbits are grazing orbits touching 

the stop with zero velocity and negative acceleration. Such an orbit causes a 

singularity in the impact map because as -> 0, det{DPi) -A oo equation 2.46. 

Sticking orbits are rarely encountered although they do occur in conjunction with 

chattering (Budd & Dux 1994a); the impact map is ill deflned for such orbits. We 

consider chattering in chapter 6 .

In general we can deflne the discontinuity set of F/ to be S  the preimage of 

Eo such that S  = FF^(Eq). Thus points in this set will lead to a zero velocity 

impact at the next forward iteration of the map. The set <S G E is determined 

from solutions to x{9i +  A) = a, and u(^  ̂ -t- A) =  0 projected onto the impact 

surface E =  77. x 5 ^  We can also deflne the image of Eq as W =  T/(Eq) which is 

the dual of <S, W =  Pfi^)-  Both these sets occur as one dimensional manifolds in 

E such that <5/ =  <5 fl E G 77 and W/ =  W D E G 77. Figure 2.11 shows these sets, 

calculated numerically, in the impact plane. For this case a > F, so no sticking 

regions exist. This is discussed further in (Budd & Lee 1995) along with discussion 

of the nth image or preimage W", <S”.
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Figure 2.13: Numerically computed vibro-impact motion P(l,2). Parameter values 

r — 0.7, C = 0.1, F  = 0.5, a = 1.0. (a) Close to grazing w = 0.85. (b) Orbit with an 

intermediate grazing impact uj = 0.839.

If we consider the behaviour of points close to <S/, then these points will be 

close to a grazing bifurcation in the next iteration of P/. Those starting on the 

non-graze side of Si  will be mapped to the next impact without grazing, figure 

2.13 (b), and hence to the non-graze side of VP/. However, those starting on the 

graze side of <S experience a graze before reaching the next impact, figure 2.13 (a). 

As a result such points are first mapped close to u =  0 and then to the graze side 

of W/. The effect of the graze in between two non-grazing impacts is that Vi > 0 

and ViĴ i (the graze) is close to zero. Hence elements of the Jacobian (equation 

2.43) can become very large causing large stretching in phase space leading to a 

high degree of distortion to orbits crossing this discontinuity.

2.3.5 Periodic orbits

We have already stated that periodic impacting orbits can be defined as P(p, ç) 

orbits where p impacts occur in q forcing periods of 27t/ u . Solutions for P ( l ,  g) 

orbits were developed by (Shaw & Holmes 1983c) and for P(2, g) orbits by (Budd 

& Lee 1995). A P ( 2 , 2) orbit is shown in figure 2.14. In terms of the impact map 

a point T]o is q periodic when Pjipo) = Vo- Explicit solutions for P ( l ,  g) can be 

found by imposing the periodicity condition A =  27rn/u on one iteration of the
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Figure 2.14: P(2,2) orbit. Parameter val

ues; r = 0.7, ( --= 0 .1 , F = 0.5, a = 1.0 and 

u) = 0.81

Figure 2.15: P (l, 2) non-physical orbit. 

Parameter values; r = 0.7, ( = 0.1, F  = 

0.5, a = 1.0 and u> = 0.81

mapping Pj (equation 2.39) from which we can obtain the relations

' rVi = ziCi + Z2 Si H- zs
Pi :

0 =  W i C i  4- W 2 S i  + W s

where
(  Sud (  1Z\ = -(O  -  7 0 ; -------- ICyj- —
\ Syj \  P-UJ

Z2 = ( -C 7  —  (cyj -  ^
\  S y j  \  - t l uj

=  ((̂ (5 4- 7w) ^1-1— 1 4- Lüdà f —  f  1 4- c-ujHS) +  SyjH^----------
V r /  \Syj \ r  J rsyj.

W2 =  (Ct ~  f 1 "I— 1 ( — (  1 +  --------
V r j  \ S y j  \ r  J r s w

“'3 = ■ “ + y + (S ( 7  “  ^
%  =  e-((2Ww)_

s„ =  sin[wj(27r»/w)],

Cy, =  cos[wj(27r»/w)],

Si =  sin(u)di) and c, =  cos(w0j)- Note also that Vi =  Vi+\ for a P ( l, q) orbit.

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)
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There are two approaches to solving equation 2.48. First we can solve 0 =  

wiCi +  W2 Si +  W3 directly (Shaw & Holmes 1983c), to give the phase of impact as

, _  ]_ /  ^W2 \  ,  I W39i = — \ arctan ( —  ) +  arccos | —y = = =  | | . (2.58)
LÜ y \ w iJ

The velocity at impact can then be found by substituting this value of 6 i into the 

first part of equation 2.48.

An alternative approach (Foale & Bishop 1992) is to treat the expressions in 

equation 2.48 as simultaneous in c* and thus giving

Si = [rVi -  ws)w4 (2.59)

and

Ci = — —  (rVi -  ws)w4 -  — . (2.60)
Wi Wi

where

W4 =
W\Z2 — Z1 RI2

W4 = --------   , (2.61)

W5 — [ Z3 — Zi—  ) . (2.62)

and

'W5 = \ Z3 — Zi
Wi

Then time can be eliminated using the fact that cf -j- sf = 1 giving

Xv1 +  Tui +  Z =  0. (2.63)

where

w
(2.64)

- - ) ) > (2.65)
W\j  )

- 1 . (2 .6 6 )

\  W i  \ W i

2 2 , W3 ŸZ  = W a W .  +  — W 4 W 5 -----------
\ W i  W i J

Equation 2.63 is a quadratic in V{ giving two values for vi which can be sub

stituted back into the expressions for si equation 2.59 and q  equation 2.60 to give 

four possible values of 6 i. So the four points t]q =  {Oi, Vi}^ G E/ are possible values 

for a P ( l ,  1) impact orbit. In our derivation we have assumed that Vi is positive 

(i.e. Vi =  Vq in figure 2.9) so only positive values of Vi will correspond to physically
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possible orbits. To ensure that the orbit is physically possible x  must equal a at 

phase 6 i+i and must not be greater than or equal to a at any other time during the 

orbit’s period otherwise the orbit is a penetrating^ non-physical orbit figure 2.15, 

(see also Budd & Lee (1995)). These conditions can be checked numerically. 

Applying the periodicity conditions to equation 2.43 gives

tr{DP,)  =  -  a){l + r) -  2H^rc^,  (2.67)

det{DPi) =  P h I- (2.68)

The eigenvalues of the Jacobian can be found using

t r { D P , f  ±  ^ t r ( D P , y  -  Adet(DPj)
^1,2 — ----------------------------2----------------------------  (J .d9)

and thus the stability of the P ( l ,  g) orbit can be found. This analysis has been used 

to investigate the codimension one bifurcations which occur in impact oscillator 

dynamics (Shaw & Holmes 1983c; Hindmarsh & Jefferies 1984; Foale 1994) and 

will be discussed in chapter 3.

2.3.6 The Nordmark map

Nordmark (1991) developed a mapping which captures the main characteristics of 

the grazing bifurcation which has since become know as the Nordmark Map. The 

map essentially considers the transition between non-impacting and impacting 

behaviour of a periodic orbit as a system parameter is varied. The map represents 

a localised approximation (via Taylor expansion) of the fiow close to grazing and 

has the general form

a X „  +  y„ +  p j  (2.70)

Y n + l =  - 7 ^ n  J

+  +  M  (2.71)

Tn+ 1  =  - jr '^Xn }

where X  and Y  are transformed coordinates in a plane of constant phase 0c such 

that when < 0 the non-impact mapping (equation 2.70) applies and when
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> 0 the impact mapping (equation 2.71) applies. Xn = 0 corresponds to a 

grazing orbit. Both mappings have been constructed on the basis of a periodic 

orbit with period 27t/ uj, and the impact mapping has been constructed such that 

one low velocity impact occurs during such a period.

Considering the sets S  and W  projected onto 0c, local axes can be defined 

orthogonal to and along S; Xs,Ys  such that Xs is positive on the impact side of 

S  and Ys is positive in the direction of orbits from <S, which graze with decreasing 

phase 6 . Likewise similar local coordinates can be defined on W, Yw,Xyj. Thus 

the Nordmark map can be considered to be a local mapping constructed such that 

{XsjYg) -> (Xu),Yyj), which is a stroboscopic type mapping with two represen

tations dependent on the sign of X ,  which corresponds to being on the graze or 

non-graze side of S.

The parameter p is normalised in such a way that p =  0 at first grazing, p < 0 

corresponds to a non-impacting steady state motion, and p > 0  to an impacting 

motion. Hence the map is usually considered as p is varied from negative to positive 

and plotted as a bifurcation diagram for p.

The Jacobian of the mapping containing a low velocity impact (equation 2.71)

is

^(^n+l; Yn+i) 2 Æ
(2.72)

—7 r^ 0

which has a square root singularity term at a grazing orbit (when Xn  =  0). The 

occurrence of this term in the map can be understood by considering a local Taylor 

expansion of the flow around a grazing orbit.

Local analysis of a grazing orbit

A schematic representation of the phase space close to a grazing orbit is shown in 

figure 2.16. Part of a grazing orbit, g is shown intersecting three planes of constant 

phase, © 1  at point (1 ) =  {%i, ©o at point (0 ) =  {a, 0 , 6 i}^ and © 2  at point

(2 ) =  {x 2 ,V2 , 0 2 } ^ . So point (0) is a grazing impact (i.e. a zero velocity impact
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with negative acceleration), point (1 ) is in the set formed by the intersection of S  

with © 1  and point (2) is in the set formed by the intersection of W with ©2 .

We consider points G © 1  and (3:2 , 2 2̂ ) G © 2  as governed by the flow

with initial conditions in the impact plane. We can form a local approximation for 

the flow by expanding the expressions for x (equation 2.22) and v (equation 2.26) 

in powers of local phase q = 6  — 6 i and Vi giving

x , - a - V i e +  —  +  . . „  (2.73)

V\ = Vi — v4_|_̂  +  . . .

and

x , - a - r V i e  + —  + . .„  (2,74)

V2 — — TV{ — A.— Q +  . . . 

where is the acceleration at impact before application of the impact rule (see 

equation 2.45) and v4_ is the acceleration at impact after the application of the 

impact rule (equation 2.44).

The discontinuity set S q is deflned by the points {xs,Vs) = {(a:i, f i)  G S q ’ 

Vi = 0} such that

2  (2,75)
Vs =  —A^g  +  . . .

and by eliminating g we see that locally S q is governed by the relation

Vs =  Ky/a — Xs, (2.76)

where K  = —y/ 2 A+. So, we can see that, locally, S q has a parabolic form. As 

a result grazing orbits are also approximated by a parabola, which demonstrates 

the origin of the square root singularity in the dynamics.

This can be further demonstrated by considering the effect of the second map

ping (equation 2.74) on the local area E+, p < 0 by considering the two local line 

segments which locally bound this region.The line g =  0 , ?;% > 0  is mapped to the 

line X  = a, V = —rvi. The second line =  0, g < 0 is mapped to equation 2.75 

with negative acceleration A_ and phase —g such that the two lines are tangen

tial at the point [g =  0 , -yj =  0 ) and hence a singularity in the derivative occurs.
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V, =0

V

x=a

Figure 2.16: Schematic representation of a grazing orbit in 71̂  phase space.

V

Figure 2.17: Schematic representation of the square root singularity in the Nordmark 

map.
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Figure 2.18: Numerically computed Nordmark map bifurcation diagram, a  =  0.65, 

7 =  0.05, =  1.

This scenario is shown schematically in figure 2.18. A complete derivation of the 

Nordmark map is given by Nordmark (1991).

R e la tio n  to  physical system s

In terms of the impact oscillator parameters the relationship between the map and 

system parameters is (Weger, Binks, Molenaar & van de Water 1996)

P =

7  -

a  =  2 7 ^/^C^, 

{ F / F g -  1)(1 - 0  + 7 )

(2.77)

(2.78)

(2.79)
[2 7 (w/wj)2 ( l + r ) 2 S'2 ) '

So for physically admissible systems 0 < 7  < 1 and —2^/7 < o < 1 + 7 . An 

example bifurcation plot for the Nordmark map is shown in figure 2.17. Detailed 

studies of the Nordmark map have been carried out by Chin et al. (1994) and 

Casas et al. (1996).
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2.3.7 One dimensional mappings

Having reduced the dynamics of a single degree of freedom impact oscillator to 

a two dimensional map, many investigators thought it possible that a one di

mensional map existed which represented the dynamics. Foale & Bishop (1994) 

studied one dimensional mappings with similar characteristics to the vibro-impact 

maps. Budd & Dux (1994b) developed an approximately one dimensional map for 

the impact oscillator while studying the intermittent chaotic behaviour of impact 

oscillators. They noted that such systems have “fingered” attractors, consisting 

of a set of disconnected one dimensional branches, one branch representing low 

velocity impacts. Using this observation, they developed a mapping between one 

low velocity impact and the next. Nordmark (1997) extended this approach to 

obtain a one dimensional map of the form

= I (2.80)
I XXn Xn > d

where now d is the bifurcation parameter and s and A are constant parameters, s 

is usually scaled so s =  1 . Also note the similarity with equation 2.76. For d < 0 

a stable fixed point exists at a; =  0. At d =  0  a bifurcation occurs (with a square 

root singularity) and subsequent motion is one of three types dependent on the 

value of A, which is related to the coefficient of restitution.

0 < A < 1/4 No chaotic motion, transition to periodic motion. Figure 2.19 (a).

1/4 < A < 2/3 Chaotic motion combined with windows of periodic motion. 

Period adding occurs. Figure 2.19 (b).

2/3 < A < 1  Chaotic motion without periodic windows. Figure 2.19 (c).

Thus for a single degree of freedom impact oscillator the effect of the discon

tinuity introduced by the coefficient of restitution rule is to induce a square root 

type singularity in the system. This can be seen clearly when the system is reduced 

to a one dimensional map. Other studies relating to the one dimensional map and 

intermittent chaos have been carried out by (Budd 1996) and (Lamba 1994b).
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Figure 2.19: Numerically computed one dimensional map bifurcation diagrams, s =  1; 

(a) A =  0.25, (b) A =  0.5, (c) A =  0.75.
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Chapter 3

Bifurcations in impact oscillators

3.1 Preliminaries

In this chapter we consider bifurcations that can occur in a single degree of freedom 

impact oscillator model. We consider the codimension one and codimension two 

bifurcations which occur and show comparisons with experimental results.

3.1.1 Numerical m ethods

Path following methods can be used to examine the behaviour of a nonlinear 

dynamical system as a parameter is varied; single parameter variation. The imple

mentation of such methods developed for smooth dynamical systems to nonsmooth 

systems is challenging but not impossible. For the work in this chapter we have 

used a path following algorithm based on the exact solutions described in chapter 

2 . A single parameter is varied, and for each increment, the maximum-minimum 

amplitude of the exact solution recorded. In addition, using the stability criteria 

for such solutions, we can follow the bifurcations in a two dimensional parameter 

space.

These results have been checked using a path following method based on the 

variational equations for the impact map (Foale & Thompson 1991). The stability 

of these solutions was computed using finite differences. A similar method devel

oped to path follow in the two degree of freedom impact oscillator is described
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in detail in chapter 6 . By extending these techniques, bifurcation points can be 

followed in a two dimensional parameter space, such that the bifurcation loci are 

identified.

3.2 Codimension one bifurcations

3.2.1 “Sm ooth” bifurcations

A bifurcation will occur when the fixed point in the impact map becomes non- 

hyperbolic, causing it to loose structural stability. So, for a system parameter /i a 

bifurcation value fiQ is a value such that the dynamical system is not structurally 

stable. For a map (or a flow reduced to a map) this occurs when a fixed point of 

the map is non-hyperbolic; when at least one of the eigenvalues of the linearised 

mapping at the fixed point has modulus equal to one. Detailed definitions of, 

structural stability and hyperbolicity are given in Guckenheimer & Holmes (1983).

Thus we consider the impact map Pj and its Jacobian D P/, equation 2.43, 

from which we can determine the eigenvalues of the system. Periodic solutions 

defined by the equation 2.48 correspond to fixed points in P/ for P ( l ,ç )  orbits. 

Thus having found a fixed point in the impact map, examining the eigenvalues of 

DPj  indicates i t ’s stability. If the modulus (absolute value) of both eigenvalues are 

less than one, then the motion is stable. If the modulus of one of the eigenvalues 

is greater than one, the motion is unstable.

Thus (excluding the grazing case) there are theoretically three possible ways 

for a fixed point in the impact map to become non-hyperbolic: real eigenvalues 

A ±  1 or complex eigenvalues |A| =  1 However, for positive damping (  > 0, Ĥ j < I 

from equation 2.55. Therefore the determinant det{DPj) < 1 , via equation 2.68. 

From equation 2.69, it is clear that if the eigenvalues A/, A2 are complex then they 

will be conjugate, and by rearranging this expression A1 A2 =  det{DPi). Thus loss 

of stability via a complex eigenvalue |A| =  1 is not possible for this system. As 

det(DPi) < 1 , this excludes the possibility of a Hopf bifurcation case (Hindmarsh 

& Jefferies 1984; Natsiavas 1990). So only eigenvalues of A =  ± 1  on the real
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axis are possible. These correspond to the period doubling (or flip) bifurcation 

when A =  — 1 and the saddle node (or fold) bifurcation when A =  1. Both these 

bifurcation occur in impact oscillator dynamics.

3.2.2 Grazing bifurcations

Orbits which graze against the impact stop have been discussed in detail in chapter

2. For a stable periodic orbit, the occurrence of a graze will lead to a bifurcation 

in behaviour. This can occur when a non-impacting periodic orbit grazes against 

the impact stop, denoted first grazing^ or when a vibro-impacting periodic orbit 

grazes between two other impacts, which we refer to as intermediate grazing.

As discussed in chapter 2  a grazing orbit formed by the extremum of a periodic 

orbit (either impacting or non-impacting) touching the impact boundary with zero 

velocity results in the system having one zero eigenvalue while the other tends to 

|oo|. Therefore this type of bifurcation is inherently unstable.

There are two types of grazing bifurcation (Foale 1994), they are shown in 

figure 3.1 as; GP, grazing period double, and OS grazing saddle node. The grazing 

period double has an eigenvalue which tends to —oo and can be considered as 

the non-smooth limit of a period doubling (or flip) type bifurcation. The grazing 

saddle has an eigenvalue which tends to -t-oo and in a similar way can be considered 

as the non-smooth limit of a saddle node (or fold) bifurcation (Foale 1994).

In all these cases the occurrence of a grazing bifurcation introduces an extra 

impact(s) to the motion. When a parameter is varied such that a vibro-impact 

motion effectively “looses” an impact (s) a grazing bifurcation happens “in reverse” . 

For example, this can occur in a P(p, g) solution such that p i-> p — 1, or in the 

change from vibro-impact to non-impact motion. Subsequent motion will either 

remain unstable, or if another stable attracting P(p, ç) solution exists then the 

unstable motion will stabilise onto this, such as during the transition between 

impacting and non-impacting motion.

In terms of the impact map a periodic solution undergoing a reverse type 

grazing bifurcation approaches the line of discontinuity S  from the impacting side.
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Figure 3.1: ’Sem»Analytically computed bifurcation diagram showing codimension one 

bifurcations. Parameter values are: F  =  0.5, r =  0.7, a =  1.0, d =  0.1. Solid line; stable 

P ( l ,  1) solution. Dashed line unstable P ( l ,  1) solution.
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Figure 3.2: Semi-analytically computed eigenvalues for P ( l ,  1) solution shown in figure 

3.1. Complex values are shown as the absolute value.
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This means that the impact velocities are Vi and V{+i decrease at a rate proportional 

to r  (via the coefficient of restitution rule), up to the point when the discontinuity 

is crossed. At this point a similar instability is invoked by Vi > 0 , Vi^i i-> 0  in 

equation 2.46.

An example of this type of event is shown in figure 3.4. Prior to thee reverse 

grazing figure 3.4 (a) and just after figure 3.4 (b). In this case a stable periodic 

solution exists on both sides of the grazing discontinuity so that after crossing the 

discontinuity the motion quickly restabilises, thus P(2,2) t-4 P ( l,2 ) .

3.2.3 Numerical example

As an example we consider the dynamics associated with the impact oscillator 

when F  = 0.5, r =  0.7, a = 1.0 and (  =  0.1. In order to capture all the dynamics 

from numerical computation we plot two bifurcation diagrams. In both plots the 

bifurcation parameter is angular forcing frequency w. The first plot, figure 3.3 (a), 

shows a maximum minus minimum displacement for each 27t/uj period against 

frequency. Impacts occur close to w =  0.72 producing a max-min displacement 

of 2 X a following the convention of figure 2.1. The second plot, figure 3.3 (b), 

shows the velocity at impact as frequency is varied. Both plots were obtained by 

numerically integrating the equations of motion for the system until all transients 

had decayed, by allowing 1000 periods of forcing to elapse. Then for figure 3.3 (a) 

the maximum minus minimum displacement per period was sampled over the next 

20 forcing periods. For figure 3.3 (b) the impact velocity was recorded for impacts 

occuring during the subsequent 20 forcing periods. This process was repeated for 

each increment of forcing frequency, and the whole frequency range was swept by 

increasing and decreasing the bifurcation parameter, u.

Thus, for periodic solutions we are able to see the number of impacts q (from 

figure 3.3 (a)) that occur within the period of the solution 27rn/w (from figure 3.3

(b)).

Starting at a frequency ofcj =  l a P ( l , l )  impacting solution exists. Then as 

frequency is decreased a period doubling bifurcation occurs at w % 0.936 forming
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Figure 3.3: Numerically computed impact oscillator bifurcation diagrams. Parameter 

values are: F  =  0.5, r =  0.7, a =  1.0, d =  0.1; (a) displacement, (b) impact velocity.
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a P(2,2) solution which quickly becomes a P ( l,2 )  solution via a reverse grazing 

bifurcation. An intermediate grazing bifurcation occurs at an u  value just less than

0.85. The effect of this type of bifurcation is to add an impact so that the motion 

again becomes P (2 ,2). After this a sequence of period doubling bifurcations occur 

P (2 ,2) 1 -4  P (4 ,4) . . .  forming a cascade into chaotic motion. Chaotic motion

continues until the behaviour becomes non-impacting (via a reverse type grazing 

bifurcation), at cu % 0.72. beyond this value the impact map is undefined and hence 

there is no continuation in figure 3.3 (b). However the non-impacting motion is 

captured in figure 3.3 (a) and displays the behaviour of a normal linear resonance 

curve for values of w < 0.72.

The total sequence of motions is P ( l , l )  P ( 2 , 2 ) P ( l , 2 ) i-> P (2 , 2 ) i-)-

P(4,4) ^  Chaos t-4 N on-im pact. A similar sequence in reverse exists if 

frequency is increased from 0.6 to 1.0. We see from this sequence that when a 

period doubling bifurcation occurs both the period of motion and the number of 

impacts is doubled.

We can track the eigenvalues of the P ( l ,  1) solution over the same parameter 

range using equation 2.69. These eigenvalues are shown in figure 3.2 (complex 

values are shown as absolute value). It is clear from the figure that the P ( l ,  1 ) 

solution has an eigenvalue A =  —1 at w 0.936 and that for 0.936 < u  < 0.516, 

1̂ 1 ,2 ! < 1 (stable motion) and for 0.6 < w < 0.936 at least one |A%| > 1 (unstable 

motion). The eigenvalues at grazing can be clearly seen, at GP [u % 0.78) where 

one eigenvalue tends to — 0 0  and the other to 0, and at GS (w % 1.27) where values 

of -1 - 0 0  and 0 occur. At uj % 0.516 the P ( l ,  1 ) solution has an eigenvalue of A =  1  

which corresponds to a saddle node bifurcation.

A full semi-analytically computed bifurcation diagram for the P ( l ,  1 ) solution 

in the example considered is shown in figure 3.1. Solid lines represent stable P ( l ,  1 ), 

and dashed lines represent unstable P ( l ,  1 ). The smooth bifurcation points (for the 

P ( l ,  1 )) are marked as PD for period doubling, and SN for saddle node. Thus the 

overall bifurcational structure around resonance is evident for the set of parameter 

values considered. Above the resonant frequency value w =  1 a region of hysteresis 

exists between GS and SN.
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Figure 3.4: A reverse grazing bifurcation. Parameter values are: F = 0.5, r = 0.7, 

a = 1.0, d = 0.1;(a) P(2,2) solution = 0.93;(b)P(l, 2) solution w = 0.929
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3.2.4 Bifurcation loci

Using equation 2.31 we can obtain an analytical expression for the value of forcing 

amplitude at which a grazing bifurcation will first occur for any chosen frequency 

via the relation;

Fgraze = 0,\J(1 ~ (3.1)

The locus of these first grazing bifurcations can be plotted in the (F, w) parameter 

space.

For P(l ,  9) solutions it is also possible to write expressions defining the loci of 

the flip and fold bifurcations in F, w parameter space (Hindmarsh & Jefferies 1984; 

Foale 1994) or in the equivalent o, w space (Perterka 1994; Budd & Dux 1994b). 

This is achieved by rearranging equation 2.69 such that

det{DPi) ±  tr{DPi)  +  1 =  0. (3.2)

By substituting in expressions for tr(DPi),  equation 2.67, and det{DPi), equation 

2 .6 8 , algebraic expressions for the period double (+) and saddle node (-) loci can 

be obtained.

Figure 3.5 (a) shows the bifurcation loci for the single degree of freedom im

pact oscillator in F, w and figure 3.5 (b) the same loci in a,uj space. These two 

figures demonstrate the equivalence of using stop distance a or forcing amplitude 

F , discussed in chapter 2 subsection 2.1.1.

The figures show the bifurcation loci for first grazing, period doubling (flip) 

and saddle node (fold) bifurcations. The region between the flip and fold lines 

is P ( l , l )  motion. It is clear form this that P(l ,  1 ) is the most dominant type 

of motion in the parameter space. It is also interesting to note from this that 

because the P( l ,  1) is bounded by the flip and fold lines at no point can it loose

stability via a grazing bifurcation. Points where the first grazing, flip and fold

bifurcations meet are codimension two bifurcations. The parameter space can be 

further subdivided for other bifurcation boundaries of P(p, q), and chaotic motion 

(Perterka 1994). Thus the complete parameter space can be mapped.

To demonstrate the relation between the parameter space and the response



C HAPTER 3. BIFURCATIONS IN IMPACT OSCILLATORS 8 1

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0
1.60.6 0.8 1.2 1.40.4 1

(a)

5.5

4.5

tc
3.5

Q
t 2.5

0.5
0.6

CO

(b)

Figure 3.5; Numerically computed bifurcation loci in two dimensional parameter space; 
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dashes. Saddle node bifurcations short dashes.
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Figure 3.6: Parameter space response diagram for impact oscillator. Frequency vs forcing 

amplitude vs maximum minus minimum displacement.

diagram figure 3.1 we consider the combined parameter space-response diagram 

shown in figure 3.6.

Here the locus of first grazing bifurcations is shown as a solid line in the fre

quency vs forcing amplitude plane. The dashed line between the points C l  and C3 

is the locus of period doubling bifurcations. The other dashed lines in this plane 

representing loci of saddle node bifurcations. The structure of the response curve 

from figure 3.1 can be seen in the displacement vs frequency plane. Dashed lines 

are used to show how bifurcation points on this curve relate to the bifurcation loci 

in the (F, w) plane. The locus of first grazing bifurcations contains both the GP  

and GS  type. The solid line between points G2  and G3 is a locus of G P  type 

bifurcations, other solid lines are of the GS  type.
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Figure 3.7: Experimental bifurcation diagram for stiff beam showing maximum minus 

minimum displacement vs forcing frequency. 50 transient periods allowed to decay before 

10 steady state periods recorded.

3.3 Experimental data

A detailed description of the experimental apparatus used in tins work is given 

in Appendix B. Essentially we consider the dynamics of the stiff beam, described 

briefly in chapter 1 as comparable to the single degree of freedom model. In 

addition we show results from two more flexible beams, which we denote flexible 

beam 1 and flexible beam 2 .

3.3.1 Simulation of experimental results

We now consider an experimentally recorded bifurcation diagram taken from the 

stiff beam apparatus. In order to accomplish this a special program was written 

using Lab View software. Appendix B. For each increment of frequency 100 forcing 

periods were allowed to occur, then the maximum minus minimum displacement 

for each of the next ten periods was recorded. The frequency range was swept 

forward, increasing forcing frequency and backward, decreasing forcing frequency. 

The results are shown in figure 3.7.

There is a high degree of similarity between this figure and the analytical
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bifurcation plot shown in the preceding sections, e.g. figure 3.1. The points where 

the grazing bifurcations GP and GS can be clearly seen, as can the point where 

the saddle node bifurcation SN occurs. The flip bifurcation is more difficult to 

distinguish. In fact this experimentally recorded plot can be matched closely using 

the single degree of freedom impact oscillator model. Estimating the parameters 

to achieve this is discussed in chapter 4. The resulting numerical simulation is 

shown in figure 3.8. This simulation matches the experimental data closely, on 

the non-impacting curve, and close to first grazing. Close to the saddle node 

bifurcation point, where the spread of experimental data is greatest, the match is 

not very close. This can be explained by the fact that near to the saddle node, 

the impact velocity is much higher than just after first grazing. Hence, much more 

modal behaviour is induced close to the saddle node, than just after grazing. In 

other words, just after first grazing the single degree of freedom system is a good 

model, but as impact velocity increases, the model becomes less appropriate, due 

to additional modal behaviour.

This figure also indicates another problem related to modelling non-smooth 

systems. We have to match parameters to a smooth system, non-impacting, and a 

non-smooth system simultaneously. In addition, these two systems may also have 

different degrees of freedom.

3.3.2 Experimental bifurcation data from flexible beams

Although we will discuss multi-degree of freedom impact oscillators in chapters 6  

and 7, we include in this section some of the experimental results from tests using 

the two flexible beams. This data was recorded in exactly the same way as for 

the stiff beam, and the results are shown in figure 3.9. It is clear from the figure 

that there is a high degree of qualitative similarity between figure 3.9 (a), (b) and 

(c) and the stiff beam bifurcation diagram shown in figure 3.7. This suggests that 

for some parameter settings, it may be possible to model these beams using a low 

(possible single) degree of freedom model.

Figure 3.9 (d), has been forced at a greater amplitude (by moving the magnetic
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Figure 3.8: Experimental and numerical bifurcation diagram for stiff beam, maximum  

- minimum displacement vs forcing frequency. Experimental data; dots. Numerical 

data: increasing frequency; diamonds, decreasing frequency; crosses. Parameter values 

r =  0.38, C =  0.08054, F  =  0.15, ijs =  0.2, u; =  1.0.

forcing transducer closer to the beam). The response of the beam is more complex, 

with super harmonic resonance peaks clearly visible. We will discuss such multi

modal behaviour, and possible approaches to modelling multi-dimensional systems 

in chapters 6  and 7.

3.4 The codimension two bifurcation

It was noted in section 3.2.4 that when grazing, period doubling, and saddle node 

bifurcation loci coalesce, a codimension two bifurcation occurs. This can be ex

plained by rearranging equation 2.69 (see also equation 3.2) to give the stability 

condition as the inequality

(3.3)

(Ivanov 1993) (see also equation 3.2). At a codimension two bifurcation a stable 

transition between impacting and non-impacting motion can occur. By examining
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Figure 3.9: Experimentally recorded frequency-response diagram for flexible beams; (a) 

flexible beam 1, yg ~  1.1 volts, yst ~  0.6 volts; (b) flexible beam 2, yg ~  1.25 volts, 

ijgt ~  0.6 volts; (c) flexible beam 2, yg % 0.47 volts, ygt ~  0.6 volts; (d) flexible beam 2, 

yg % 0.5volt, % 1.6 volts .
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the expression for tr{DPi),  equation 2.67, it is clear that this is only possible when

5 a; =  0  such that,

tr(DPi) = 2H^r, (3.4)

because when 5a, =  0, the 1/vi term is cancelled, and Co, =  —1. Thus we can reduce

the stability criteria (using equations 3.4 and 2.68) to

\2rH^\<\ { l  +  {rH^)% (3.5)

For physical systems the values of r  < 1 and damping C > 0 such that < 1 

is always the case. In fact for all dissipative systems, < 1, and thus the 

inequality holds for all frequency values.

Thus for dissipative systems the motion at a codimension two bifurcation is 

stable despite the fact that a zero velocity impact (grazing) occurs. In order to 

find the location of these bifurcations in parameter space, we must identify the 

points where 5 a, =  0. The condition for 5 a, =  0 is

— - =  1,2,3, . . . .  (3.6)
LÜ

We label the points accordingly as C l, C 2 , C 3 , . . .  so that for a system with fixed 

damping C we can calculate and then identify the corresponding values of co for 

each Ci  value using equation 3.6. The corresponding value of forcing F a  can then 

be found by substituting the uj  value associated with the point Ci into equation 

3.1, thus locating the point Ci in {F,u) plane.

For the parameter values used to compute figure 3.6 the first three codimension 

two bifurcations occur at frequency values: ljci = 1.9975, wc2 =  0.9988, co’c'3 =

0.6658__  In the parameter range shown in the figure only the points C2 and

C3 are present. The region around C3 is schematically shown in close up in 

figure 3.10, indicating regions of different dynamic behaviour. The inset diagrams 

illustrate a typical phase plane {x, x) for each of the regions. The impacting and 

non-impacting regions are separated by the GP  and saddle node line. Within the 

impacting region there are three separate areas;

1 . Stable P ( l,  1) impacting.
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Figure 3.10: Close up around C3 in the parameter space; frequency vs forcing amplitude 

for the impact oscillator. Inset diagrams represent typical phase portraits {x^x)  for each 

of the regions of dynamical behaviour.

2 . Unstable P( l ,  1) impacting, where other periodic and chaotic behaviour may 

be present.

3. Hysteresis; non impacting period- 1 and stable P ( l , l )  impacting solutions 

coexist in a hysteretic loop.

Within the window of parameters given in figure 3.10. it can be seen how at 

the point C3 the period doubling and saddle node lines coalesce with the GS  and 

GP  lines. As discussed in Perterka & Vacik (1992) and Ivanov (1993),choosing 

the appropriate value of forcing amplitude Fc so that as u  is increased we pass 

directly through the point G3. This produces a motion which moves continuously 

from non-impacting to impacting through grazing.

The behaviour close to this point is shown in figure 3.11, where for three values 

of forcing, a frequency bifurcation diagram has been plotted. Here we can see that 

at a forcing amplitude greater than that at point C3 (we denote this value F^s) 

a hysteretic loop exists, figure 3.11 (a). At the forcing value Fes the interchange
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between non-impacting and impacting motion occurs without loss of continuity, 

figure 3.11 (b). Finally at a forcing value just less than Fes, unstable motion 

occurs after the grazing bifurcation before the (reverse) period doubling cascade 

to stable P ( l,  1) motion, figure 3.11 (c).

3.5 Control of vibro-impact motion

3.5.1 Using parameter choice

We can exploit the properties of the system already discussed to develop a control 

strategy for maintaining P ( l ,  1) motion. Firstly designing a system to go through 

the codimension two point would allow a continuous change from non-impacting 

to impacting behaviour and avoid unstable motion. This may be difficult to im

plement for real engineering systems, but just being close to the codimension two 

point minimises the amount of hysteretic or chaotic behaviour in the system.

This scenario is numerically demonstrated in figure 3.12 where we see that 

only non-impacting period one, and stable P ( l ,  1) motion exists as uj  is increased 

through the codimension two point. The point labelled GCS is the codimension 

two grazing point associated with Fes- Hysteretic jumps will still occur at S N  for 

increasing uj and GS  for decreasing uj.

For values of forcing amplitude larger than Fc  a saddle node bifurcation occurs 

before the grazing (when increasing w from zero). This behaviour is shown in 

figure 3.13. Thus for a system with typical F  values above Fc (but within the 

parameter range shown in figure 3.5 (a)), P ( l ,  1) motion is maintained although 

now jumps will occur at grazing and saddle node bifurcations for both increasing 

and decreasing uj with hysteresis between S N  and GS.

Experim ental results

The bifurcational behaviour shown in figure 3.13, occurs in systems with low stiff

ness (high flexibility). As a result, an attem pt to find this type of behaviour 

experimentally was carried out using flexible beam 1. We note however that the
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Figure 3.14: Experimentally recorded bifurcation diagram for flexible beam 1. Forcing 

amplitude yst ~  2.5volts, stop distance yg ~  0.25volts.

flexible beam will, in general, need a multi-degree of freedom model to capture the 

dynamics. However, in view of the experimental results for flexible beams shown 

in section 3.3.2, parameters where computed using the single degree of freedom 

model, and a series of experiments carried out. For one particular set of experi

mental parameters, a result qualitatively similar to figure 3.13 was obtained and 

is shown in figure 3.14. Here we see that there are two GS  type first grazing bifur

cations, and two saddle node bifurcations as in figure 3.13. However between the 

two saddle nodes, the amplitude of excitation is much greater for the experimental 

plot than the numerical plot. We postulate that this is due to the modal be

haviour of the beam, which is not captured by the single degree of freedom model. 

Unfortunately, attempts to repeat this experimental result were unsuccessful, we 

therefore cannot claim to have proven the existence of such motion experimentally. 

However, we believe that the motion exists for a very small range of parameter for 

this particular beam.
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3.5.2 Control of chaos methods

For values of forcing amplitude less than Fc, chaotic motions or periodic motions 

other than P ( l ,  1 ) cannot be avoided. This may create severe problems in a prac

tical engineering environment since the number and velocity of impacts can no 

longer be predicted. Following studies on the control of chaos (Ott, Grebogi & 

Yorke 1990), we note that while the P ( l ,  1) impacting motion is no longer stable 

after grazing at GP  an unstable solution does exist, thus we can attem pt to con

trol the dynamics by stabilising this motion using a control in conjunction with a 

tracking technique to follow the orbit as u j  is varied.

To carry out the control a variety of methods could be applied, however in this 

example we have used a self-locating scheme based on the Newton root finding 

algorithm which incorporates the feedback of an output sequence on accessible 

parameters. More details of the method can be found in Bishop & Xu (1997). In 

order to apply control only an approximate location of the position of the unstable 

orbit is required which can be found using the analytical solutions in chapter 2  

section 2.3.5. The forcing amplitude F  is used as the control parameter, although 

stop distance a could also be used.

The control input is adjusted once during each period of the tracked orbit. 

Figure 3.15 indicates the path of the tracked period-1 impacting motion as u  is 

decreased towards the grazing bifurcation {GP). To perform the tracking u j  is 

adjusted once the difference between successive amplitudes of the periodic orbit 

is within 0 .0 0 0 1 . For successful tracking, particularly close to GP  very small 

increments in frequency must be taken. For this numerical study we chose Auj =

0 . 0 0 0 1  under which conditions we can approach to within a distance (in terms 

of frequency) of 0.009 of the grazing. Close to grazing the magnitude of the 

eigenvalues increases dramatically so that in a small zone of frequency the control 

process fails but this zone is small when compared to the original unstable zone.

Thus we see that for this example P ( l ,  1) motions can be maintained in the 

region of parameter space considered. This has application for both designing en

gineering systems such that they operate in an appropriate region, either including
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unstable motion or not, and for the active control of systems in the case where a 

control parameter can be varied during operation.



C H A P TER  4. P A R A M E T E R  ESTIM A TIO N  FOR VIBRO-IMPACT S Y ST E M S  95

Chapter 4 

Param eter estim ation for 

vibro-im pact system s

4.1 Estim ating system  parameters

When attempting to model an engineering vibro-impact system, accurate param

eter estimation is vital if the modelling process is to give any useful results. Ex

perimental studies carried out so far have often used non-impacting tests such 

as free vibration and frequency response, to estimate system parameters such as 

natural frequency and damping. This approach may not always be possible for 

physical vibro-impact systems. In this chapter we develop a method of estimating 

key parameters which avoids this approach and in which we attem pt to exploit 

the characteristics of constrained systems.

The first consideration is that of obtaining suitable data from the system such 

that accurate parameter estimations can be made. We make the following assump

tions:

1. A displacement and/or velocity time series signal of the vibro-impact motion 

can be obtained from the physical system.

2. The external forcing variables; amplitude yst and frequency fi, are known or 

can be measured without difficulty.
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These requirements are no different from current non-impacting parameter esti

mation methods.

The other main assumption we make is that the dimensionality of the system is 

known. We are dealing here only with single degree of freedom systems, or higher 

dimensional systems which have dynamics dominated by the first mode of vibration 

and, as a result can be modelled using single degree of freedom. Reconstructing 

the dynamics of a nonlinear system using experimental data has been possible for 

some time (Broomhead & King 1986). In terms of choosing the number of degrees 

of freedom for a model of a particular system, the topological dimension of the 

system needs to be estimated (Broomhead, Jones & King 1987). Applying, these, 

or similar methods to nonsmooth systems is an ongoing research field (Lamba 

1994a).

Our current method for estimating the dimension of the system is to use the 

power spectrum of a time series for the non-impacting system. This method is 

limited in that it is qualitative, and that it is difficult to use for vibro-impact 

motion as the power spectrum contains components from the nonlinear effect of 

the impact.

With these assumption in mind, we now consider a systematic approach to 

estimating the system parameters. When little is known of fundamental system 

parameters such as mass and stiffness, this is best achieved using equations 2 . 1  

and 1.2 to model the system. Then the parameters which need to be estimated 

are then; damping ratio (, natural frequency a;„, stop distance ps and coefficient 

of restitution r. The approach is the following;

1 . Estimate the dimensionality of the system. We consider single degree of 

freedom systems only in this chapter, higher degree of freedom systems are 

considered in chapter 6 .

2. Estimate the natural frequency and stop distance.

3. Estimate the coefficient of restitution and damping.

We consider first the some existing techniques of parameter estimation for non

impacting vibrating systems.
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4.1.1 Parameter estim ation for a non-im pacting vibrating  

engineering system

We consider the approach used for estimating parameters for non-impacting engi

neering systems. For the vibro-impact systems we are considering here the system 

is linear away from impact. For the non-impact (single degree of freedom) system 

the equation of motion is equation 2 .1 , and thus only two parameters need to be 

estimated; damping ratio (  and natural frequency Un (assuming forcing is known).

There are three main methods for estimating natural frequency in an approxi

mately linear engineering system:

1 . Free vibration test: A time series of the free vibration of the system re

leased from rest is recorded. After some initial transient motion, the system 

response will decay with oscillations close to the natural frequency.

2 . Frequency-Response: the maximum amplitude of the steady state response 

of the system is recorded for a (large) range of forcing frequency. The main 

resonance peak occurs when the forcing frequency coincides with the natural 

frequency.

3. Power spectrum; Computing the power spectrum of a time series signal from 

the system indicates the frequency components. For a single degree of free

dom linear system, this is dominated by the natural frequency, which is 

usually also the first (e.g. that with the lowest frequency) to appear in the 

spectrum.

The damping ratio can be estimated in a variety of ways, the simplest of which

are:

1 . Free vibration test: Either using logarithmic decrement or curve fitting an 

exponential envelope.

2 . Frequency-Response: Techniques have been developed for estimating from 

the bandwidth of the frequency response curve (Nashif, Jones & Henderson 

1985).
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Q

Figure 4.1: Frequency-Response curve recorded from stiff beam maximum minus mini

mum displacement vs forcing frequency.

We consider the example of data recorded from the stiff cantilever beam apj)a- 

ratiis described in appendix B. A Frequency-Response plot for this beam is shown 

in figure 4.1. During this test the forcing frequency was increased from 0 to 50 

Hertz and then decreased to zero. One clear resonance peak was found centred 

around a frequency of /  % 22.5Hz, where /  =  D/27r, and Q/uJn = 1.

In a separate test the same beam was released from a fixed amplitude and 

allowed to oscillate freely. A displacement time series from this test is shown in 

figure 4.2. The damping factor (  was estimated by fitting a curve to the decay 

envelope of the free oscillations. This was achieved by recording the maximum 

positive displacements for each period of oscillation and using them to fit a curve. 

The initial portion of data which contains transient motion was ignored, and the 

test carried out on 10 seconds of data. The results are shown in figure 4.3. The 

equation of the fitted curve is

A" = 0.68 X e x p (—0.19 x T) (4.1)

where X  is the amplitude of displacement and T is time in seconds. From this 

Ccüri = 0.19, and having estimated / ,  and thus we can estimate (. This test was
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carried out on eight different data sets, from which it was found that, C ~  0.00152 

as an average of all the tests.

It was only possible to carry out these experimental tests by removing the con

straint from the beam system. This is very often the case in a research laboratory, 

but cannot be guaranteed for engineering systems. Therefore it would be more 

useful, to be able to estimate system parameters using data from vibro-impact 

motion.

4.1.2 Param eter estim ation for a vibro-im pacting engineer

ing system

The difficulties of estimating parameters for a vibro-impacting system are clearly 

illustrated by the stiff beam system. Figure 4.4 (a) and (b) shows two time series 

recorded from the stiff beam system. Figure 4.4 (a) shows non-impacting motion, 

and figure 4.4 (b), vibro-impacting motion. The impact stop is at a displacement 

value of approximately -0.41, and non smooth points can be seen in the time series 

of figure 4.4 (b). These two time-series look quite similar, however the difference 

between then become clear in the Power Spectra shown in figure 4.4 (c) and (d).

The non-impacting time series has only one significant power spike, and this 

is at the (first) natural frequency of /  % 22.5. The vibro-impacting time series 

has many more frequency components due to the introduction of the constraint, 

which makes the system nonlinear, but also due to excitation of higher modes. 

The first three natural frequencies of the stiff beam calculated analytically are: 

f i  = 21.6, / 2  =  135.3, /a =  378.9,... Power spikes can be seen around these values, 

which would correspond to the excitation of these modes. This demonstrates the 

problem of estimating the dimensionality of the system using power spectrum 

methods.

Finally we show the reconstructed phase portraits for the stiff beam data in 

figure 4.4 (e) and (f). The velocity was estimated using the Savitzky-Golay method 

(Press et ai 1994). The vibro-impacting motion appears as an unsymmetrical 

orbit, although it is not strictly nonsmooth (i.e. with a discontinuous jump) as the
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Figure 4.4: Time series, power spectra and reconstructed phase portraits from experi

mental data; (a), (c) and (e) non-impacting; (b), (d) and (f) vibro-impacting.
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idealised model is. This is due, in part, to the smoothing effect of the Savitzky- 

Golay method. The non-impacting motion is being forced close to the natural 

frequency, and exhibits beating behaviour (see Timoshenko et al. (1974)), but is 

otherwise an approximately linear response.

Savitzky-G olay filtering

The Savitzky-Golay filtering method is primarily used for smoothing data. How

ever it can also be used effectively to estimate derivatives. This concept is described 

by Davies (1997). For the work in this thesis this was used for reconstructing phase 

portraits and the energy balance method presented later in this chapter.

The Savitzky-Golay method is essentially a polynomial fitting routine, which 

estimates a polynomial fit for each data point based on points to the left (previous) 

and right (future) of it. It was found that a polynomial of order 2 with four data 

points left and right of the central point gave adequate derivative estimates for 

most data, although higher numbers of data points were used occasionally.

In order to process discontinuous data, such as that from the impact oscillator 

times series, end effects had to be overcome. This was achieved by using a Savitzky- 

Golay filter where smooth value is calculated using future data points at the start 

of a discontinuous set of data. Conversely an Savitzky-Golay filter used at the end 

of a discontinuous data set used only previous data points.

E stim ating natural frequency and stop distance

Calculating the natural frequency for a single degree of freedom impact oscillator 

was considered in chapter 1 , section 2.2.5. We need to know either the stop distance 

or the natural frequency of the non-impacting system in advance. For many 

physical vibro-impact systems the stop distance ys can be physically measured. 

In our experimental system, we displace the beam until is touches the stop, and 

record the subsequent voltage displacement reading. For some systems, especially 

those which are non-mechanical, this may not be the case.

The simplest way to calculate the natural frequency for a physical vibro-impact
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system is to record a P ( l,  1) motion (this is a highly predominant motion in many 

vibro-impact systems). The frequency of this motion can be measured directly 

from the time series, using the relation ujni =  27t/T, where T is the period of 

the motion, which for P ( l ,  1) motion is the time between impacts. Thus using 

equation 2.35, which relates natural impact frequency Uni, natural (non-impacting) 

frequency o;„, stop distance ys and maximum displacement (in this case y max), we 

can estimate cUn for the system assuming the stop distance is known (or can be 

measured). Conversely we can estimate the stop distance if is known.

4.2 Energy analysis

Now we consider estimating the parameters which define energy loss in the system, 

damping ratio (  and coefficient of restitution r. We consider the coefficient of 

restitution (which is a non-dimensional parameter) to be effectively a measure of 

the energy lost during impact.

When applying the model to an engineering system a value for r must be 

estimated. So far this has been achieved using empirical data from experimental 

studies of simple impacting components such as a sphere colliding with a fiat plate 

under gravity (Goldsmith 1960). However, it is clear from such studies that in 

general r  is a nonlinear function of the impact velocity and component geometry 

such that a range of values usually apply, i.e. for steel impacting on steel r  has 

the range 0.9 — 0.95. In addition, if higher modes of vibration are present in 

an engineering vibro-impact system, additional energy will be dissipated by this 

modal excitation, as for the stiff beam in figure 4.4. For this type of system the 

additional energy loss can be represented by an appropriate reduction in the value 

of r, such that we regard the coefficient of restitution r as an overall energy loss 

factor for a vibro-impacting system.
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Figure 4.5: Phase portrait for sem i-analytically com puted P ( l , l )  vibro-im pact orbit. 

Parameter values; =  32.82Hz, (  =  0.11, Ps =  0.0, r =  0.92, yst =  2.3mm, ÇI =  

64.3232, Ti =  144.7930s and Vi =  —226.9101m /s.

4.2.1 Energy balance m ethod

P ( l ,  1) motion is the predominant motion in many vibro-impacting systems, thus 

we choose this motion for analysis, although if required it could be applied to any 

motion. The phase portrait of a P ( l,  1 ) vibro-impact orbit is shown in figure 4.5. 

The natural frequency and damping ratio were calculated from the parameters 

m = 0.092kg, c =  0.6714kg/s and k =  99.0850 kg/s^. The velocity at impact is 

denoted Vi, and via the coefficient of restitution rule the velocity immediately after 

impact is —rvi.

When considering the analysis of such an orbit the initial conditions are taken 

to be at the start of the free flight of the mass such that r  =  T%, y{Ti) = ys and 

y{Ti) = —rvi. The conditions for the orbit to be period one is that the time of the 

next impact, r^+i is given by = Ti 27t/Ü  and yin+i) = y s.

An expression for the energy at any intermediate time ti < r* < Ti during the 

orbit can be obtained by multiplying the equation of motion, equation 1 . 1  by ÿ
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and integrating from T* to t * to give

r T *  Ç T *  r T *  r T *

m  / ÿ ÿ d r  +  c / y y d r  -\-k y y d r  =  A cos{Qr)ydT.  (4.2)
Jn JTi JTi JTi

Integrating the kinetic and strain energy terms gives

-  ÿ{Tif)  +  ^  cos(Qr)?/dr -  c { ÿ f  dr.
m
~2

(4.3)

In general, for periodic impacting orbits ti is not equal to zero. This is because 

stable impact solutions are defined in terms of the impact map, which has coordi

nates of time and velocity, (r, u). Thus no terms in equation 4.3 can be neglected 

and closed form solutions for the remaining integrals are difficult to obtain.

For the energy over the whole time between impacts we set t * =  r^+i =  T% + 

and integrate from (Ti,ys, —rVi) to (r^+i,2/5 , Ui+i). Using the fact that for a 

periodic P ( l ,  1) orbit Uj+i =  Vi gives the relation

= A [  cos{Qr)ydT — c [  (^)^dr. (4.4)
2  Jn Jn

The term on the left hand side of equation 4.4 represents the loss in kinetic 

energy due to the impact. Only kinetic energy is lost when the impact is assumed 

to be instantaneous because there is no change in displacement during contact, 

only an instantaneous change in velocity. The terms on the right hand side of the 

equation represent the energy associated with the harmonic forcing

F E  = A f  cos(f2r)?/dr (4.5)
Jn

and dissipation due to damping

D E  = c r * ' { y f  At . (4.6)
Jri

We note that there will be other energy losses from a real system, cuch ac oeuné, 

heat-etc. For simplicity, we choose to neglect these losses in this analysis.

It is clear from equation 4.4 that if r  =  1 then no energy is lost due to the 

impact and F E  =  D E  as for steady state motion in a non-impacting forced linear 

oscillator. In fact for unconstrained systems, this type of energy balance can be
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used to estimate damping (Timoshenko et al. 1974; Meirovitch 1967). When 

0 < r  < 1, F E  /  D E  and {FE — B E )  > 0 at the end of the free flight of one 

period, the remaining energy is then dissipated during the impact. We denote 

the quantity F E  — B E  as residual energy. We can exploit this property of the 

vibro-impact system to apply an energy balance method

As Ti ^  0 in general the orbit will be asymmetric, thus the point of maximum 

displacement y = Vm (when the trajectory passes through the point of zero veloc

ity) does not necessarily occur at half the period. However, when the velocity is 

zero, a stationary point in the energy will occur such that

4 - ( F E - D E )  = 0. (4.7)
d r

This condition can be used to locate the time when the velocity d y /d r  = 0 and 

the maximum amplitude of displacement y = ym occurs.

4.2.2 Analytical examplerundamped case

We consider now an analytical example for an undamped impact oscillator, in order 

to demonstrate the calculation of FE.  If the oscillator is undamped c =  0 , C =  0  (or 

has very low damping (< C l) ,  then the equation of motion (using nondimensional 

coordinates) can be reduced to

X X  = F  cos üüt {x < a) (4.8)

and the coefficient of restitution law remains as before such that if r  < 1 the 

system is dissipative (which is the only case we will consider). The solution to this 

equation with initial conditions at the stop t = ti,x{ti) = a,X- = —rVi is

X  = {a -  jCi) cos{t -  ti) 4- {iojSi — rvi) sin(t -  ti) -h'ycos{ut) (4.9)

and the derivative with respect to t is

X = —{a — 'yci) sin(t — ti) -I- {ujjSi — rVi) cos{t — ti) — u'ysmÇut) (4.10)

where c* =  cos(wt%), s* =  sin(wt%) and 7  =  F / ( l  — w^). For this case the energy 

balance equation, equation 4.4 can be expressed as

{1 — r ) = / F  cos{ut)xdt. (4.11)
Jti
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Figure 4.6: Energy gain over one period of motion (FE) for undamped analytically 

computed P (l, 1) impact orbit: yg = 0,r = 0.8, F  = 0.5, w = 2.

The integral can be evaluated by substituting equation 4.10 into equation 4.11 to

give

2
(1 -  r^) =  {Luj cos(7r/w -  uU)  +  cos(7r/w +  ujU))

-\-a{L^ sin(7r/w — ujU) +  sin(7r/w +  ljU)) (4.12)

+ —(1 -  w^)(2 sin(7r/w) cos(2w^,)) +  F(1 +  sin(7r/w)]

where T — u  — 1 and -I- 4 - w — 1.

Thus for this simplified expression we have an analytical expression for FE,  

and a quadratic expression for r  or As an example we consider the undamped 

impact oscillator with parameters a =  0, r  =  0.8, F  =  0.5, w =  2. The oscillator 

has a P ( l , l )  orbit at these parameter values, and using the Shaw & Holmes 

analysis (1983c) we find that ti % 0.78539816 % Ti/^,Vi % 3.3333333. The energy 

gain, in this case F F , over one period of such motion is shown in figure 4.6. The 

forcing energy F E  at the end of the period can be found by evaluating either side 

of equation 4.12, which in this example gives F E  = 2, this can also be seen from
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the figure.

There are two stationary points for this example. A local maximum occurs 

where the forcing changes sign at t = 3 7 t / 4 , and a local minimum where x =  0 at 

t % 2.463 so that Xm % —3.0182. These last values were found numerically using 

the condition given by equation 4.7.

4.2.3 Estim ating the coefficient of restitution

We now return to the theme of parameter estimation. If a phase plot could be 

recorded of a single degree of freedom engineering system during a P ( l ,  1) impact 

motion with minimal (or zero in the idealised case) noise, the most direct way 

of finding the coefficient of restitution would be to compare the velocity before 

and after impact. This may be possible for certain systems where noise from the 

recorded signal can be filtered out to a sufficient degree. However, any additional 

modal behaviour present in the system after impact will disrupt the recorded time 

series signal, making estimation of the actual velocities before and after impact 

difficult. This can be seen in the following example.

In their work on the Dynamics of oscillators with impact and friction, (Hinrichs 

et al. 1997) carried out a series of experiments with a specially constructed test 

rig capable of simulating the action of a single degree of freedom impact oscillator. 

The authors have kindly allowed us to analyse the experimentally recorded P ( l ,  1) 

impact data shown in this paper. The phase portrait of a single period of motion 

(between two impacts) is shown in figure 4.7. Note this data is shown as figure 3a 

in Hinrichs, Oestreich & Popp (1997). It can be seen from this figure that higher 

modes of vibration are present after impact, and dissipate before half a period of 

motion.

We consider now a method of estimating the coefficient of restitution based on 

the energy balance combined with some signal processing techniques. Essentially 

we consider any physical vibro-impact system, which has dynamics dominated by 

the fundamental mode but may also have noise and higher modal excitation in the 

system due to impact. These two factors are assumed to have an insignificant effect
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Figure 4.7: Experim entally recorded phase portrait of a single period of m otion between  

two im pacts. D ata from Hinrichs et al (1997).

on the dynamics of the system, but a significant effect in dissipating energy. Thus 

we would like to retain the simplicity of the single degree of freedom model and 

include additional energy losses in the coefficient of restitution term. Therefore we 

propose the use of an energy loss factor e instead of the coefficient of restitution.

Rearranging equation 4.4, gives an expression in terms of e (r) such that

e = \ 1 —
mv}

[ F E - DE). (4.13)

If we assume that a time series signal can be taken from a real engineering system, 

then the parameters that need to be found to estimate the coefficient of restitution 

r, are the residual energy {FE — DE)  and the initial velocity Vi.

The residual energy (F E —DE)  term can be found by estimating the derivatives 

of the recorded time series using a suitable method (Davies 1997) and numerically 

approximating the integrals in equations 4.5 and 4.6. To estimate derivatives we 

have used the Savitzky-Golay method (Press et al. 1994), and to approximate 

integral terms we have used Simpson’s rule.

The velocity at impact Vi still needs to be estimated from the recorded time 

series data. This can be achieved by first establishing from the data the time
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(or phase (f)i =  mod 27t/Q) at impact, and the maximum positive or negative 

displacement ym during the orbit such that y = Vm  when ÿ = 0 and t  = Tm- 

Equation 4.3 can then be used to integrate from {Pm, ym, 0) to (r^+i, 7/5 , Vi+i) giving

[Vm ~  2/s
Tm Tm

from which Vi can be found using the results of the Savitzky-Golay method for 

ÿ and numerically approximating the integrals. Then r can be estimated using 

equation 4.13.

We summarise the energy balance method as follows:

=  Ifem  -  vf>+A f  ^ cos(nr)ydr ~ c  (  * {y fàT  (4.14)
Z  Z  JTm JTm

1 . Record a discrete time series, time and displacement, of a single period of 

motion from the system.

2 . Estimate the derivatives using a suitable method to give the velocity for the 

recorded data.

3. Estimate Vi using the velocity data and equation 4.14, numerically approxi

mating the integrals.

4. Estimate the residual energy F E  — D E  using the velocity data and equations 

4.5 and 4.6, numerically approximating the integrals.

5. Calculate e using equation 4.13.

6 . Repeat the process until an average r value of sufficient accuracy is obtained.

If the measured derivative information is available it could be used directly and 

the Savitzky-Golay method can be employed to smooth the data replacing step 

2 above. The limitations of this method come mainly from the signal processing 

aspects. The time series has to be split into data segments between impacts. The 

Savitzky-Golay method seems to work well for continuous data, but for discon

tinuous data we observe “end effects” . In addition estimating derivatives from 

experimental data is sensitive to noise and other effects (Davies 1997) without 

trying to process nonsmooth data.
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Figure 4.8: Derivative estim ate using the Savitzky-Golay m ethod (broken line) and 

measured derivative from experiment data Hinrich et al (1997) (solid line).

4.2.4 Experimental Data

Using the time series data from (Hinrichs et al.) the results of the Savitzky-Golay 

filtering are shown in figure 4.8. Here we used the displacement time series data 

to estimate the derivatives using the Savitzky-Golay method.

The energy gain for the period has been computed using equations 4.5 and 4.6 

and is shown in figure 4.9. It is clear from the figure that in this case the energy 

dissipated due to damping is small compared to the forcing energy. For such a 

system, it may be justifiable to include the damping energy loss into the energy 

loss during impact, which we consider next.

4.2.5 Estim ating damping

Current estimations of damping (  (or c) are taken from non-impacting responses, 

which as we have stated may not be possible for real vibro-impact systems. The 

energy balance method can be adapted to this purpose as a parameter fitting 

technique, to obtain estimates for both damping and coefficient of restitution.
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Figure 4.9: Energy profile for P (l, 1) motion from experimental data Hinrich et al (1997). 

To do this we first rewrite equations 4.13 and 4.14 in the form

6  — a/ 1 ---- (4.15)

= ^niVm ~  y]) +  ‘̂ {yst^n^*F ~  2 C^n^d) (4-16)

and E represents a numerical approximation to the integral terms, using Simpson’s 

rule, such that

/■h+l /"(i + l „

E f ~  A / cos(Qr)ÿdr, E^ «  c / [ÿ) dr,
Jt i  Jt i

E^ % v4 /  cos{Q.T)ydr, E^ % c /  {y^dr.
tm tm

(4.17)

(4.18)

Now we can substitute equation 4.16 into equation 4.15 to give 

\
e = ‘̂ {yst^n^F — 2 C^n^d)

-  g/D +  2 (2/,,wgE^ -  2 (w ,E :) '

We can also rearrange equation 4.16 to give

C = 2Üj~Ë* + n̂iyh ~ yl) -

(4.19)

(4.20)

Thus we can estimate (  directly from equation 4.20 by substituting Vi and ym 

from the measured time series, and e from equation 4.19, although this means that
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Figure 4.10: Experim ental data (broken line) and single degree o f freedom model es

tim ation for P ( l , l )  motion (solid line) Parameter values F = 2.3, ys =  0.0, C =  0.1, 

cjji =  32.81, r =  0.89 and Q =  64.32.

we will have a poor estimate of Vi. In effect we have two equations, 4.13 and 4.14. 

One of which, equation 4.13, we require to estimate e. The other can be used to 

estimate one other parameter, for example u ;o r ( .  Which parameter is a m atter 

of choice, depending what is known about the system.

Applying this method to the Hinrichs et al (1997) data we find that ^ ~  0 . 1  

and e % 0.8953. Using these estimated parameters, we numerically simulated an 

orbit, the results are shown in figure 4.10. There is a very close match between 

the simulated orbit and the experimental orbit, demonstrating the power of this 

technique for estimating vibro-impact parameters.

The effect of including the energy dissipation due to viscous damping in the 

energy lost at impact is to produce a more distorted approximation to the actual 

orbit, although with care the maximum amplitudes could be matched. However 

such an approach will give a poor approximation to the system dynamics at other 

parameter values.
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Figure 4.11: Experimental P ( l , l )  beam data. Parameter values Yq = 2.5 volts, ys 

—0.2volts and O = 138.42Hz. Sampling rate: 4000 samples/sec.

4.3 Estimating the coefficient of restitution for 

a cantilever beam

We now consider estimating the coefficient of restitution for the stiff beam appa

ratus. Non-impacting parameter estimation shows that for this beam the natural 

angular frequency o;„ % 134.83, and the damping ratio is (  % 0.00152. The beam 

is forced using a magnetic forcing transducer at some point along i t ’s length. This 

configuration makes estimating the actual forcing applied to the beam difficult. 

However, as damping (  is known for this case, we can estimate yst by rearranging 

equation 4.16.

A displacement time series taken from the beam is shown in figure 4.11. Here 

Yq is the (displacement) amplitude of forcing output to the magnetic forcing trans

ducer. The motion is P ( l ,  1) so we can apply directly the energy balance method 

to a single period of the motion.

The estimated parameter values from the energy balance method are Ç % 

0.080536 and e = 0.380875 such that in balancing the energy, the method has
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Figure 4.12: Stiff cantilever beam phase portrait: Experimental P ( l , l )  reconstructed 

beam data (dotted line). Numerical simulation (solid line); parameter values F = 0.15, 

= 0.080536, Us = 0.2, w % 1 and r = 0.38.

increased (  from the non-impacting estimate. Therefore some of the additional 

energy loss in the system is now being accounted for in the viscous damping term, 

the remained in the energy loss factor term. The reconstructed phase portrait 

and numerical simulation are shown in figure 4.12. Note here we are showing the 

reconstructed phase portrait, not the experimentally recorded phase portrait as the 

Hinrichs et al (1997) data. For this example we have used 16 points to the left and 

right of each point in the data set to estimate the derivatives in the Savitzky-Golay 

method, an order 2 polynomial fit was used. We can see from this figure that the 

numerical simulation is quite a good match for the reconstructed phase portrait, 

except near impact. Here the simulated impact velocity appears to be much less 

than the reconstructed data. Also, the end effects from the Savitzky-Golay method 

can be seen clearly in this figure.

By reducing the forcing value, and using an energy loss factor of e =  0.38 we 

have effectively imposed a numerically single degree of freedom solution onto the 

experimental data, however there is clearly some difference between the two orbits. 

However the use of a low value for energy loss factor (coefficient of restitution)
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explains the problem referred to by (Bishop, Thompson Sz Foale 1996) where the 

authors had to use a value of 0 . 2  in order to get the best match of maximum 

amplitudes across the frequency range near the fundamental frequency.

We have shown how some of the properties of vibro-impact systems can be 

used to estimate model parameters. In addition we propose the use of an energy 

loss coefficient for this type of modelling.
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Chapter 5 

Estim ating impact forces and 

reconstructing dynamics

In many engineering systems, measurement of impact forces has important applica

tions in the design of machine parts or structural components which are subject to 

impact loading. In this chapter we consider experimental results from the impact 

load cell apparatus. This technique has similarities with the sensing block method, 

Chuman, Mimura & Tanimura (1997), for measuring an impact force using strain 

gauges mounted on a “block” . The recorded experimental signal from the load cell 

consisted of a series of impulsive spikes, often referred to as spike trains. The anal

ysis of spike data also has applications in the analysis of biomedical data (Racicot 

& Longtin 1995; Richardson et al 1998). We consider briefly the issues associated 

with acquiring and processing this type of data such as sampling rate and spike 

identiflcation using threshold values.

In addition we consider the issue of determining a measure of the time of 

impact, in order to asses the suitability of an instantaneous impact model to real 

systems. In order to achieve this we deflne an contact time measure and consider 

typical values from the cantilever beam system.

Finally we consider reconstructing the dynamics of a noisy (i.e. experimental) 

system using interspike intervals (Sauer 1994). We apply the interspike interval 

technique to the experimental data recorded from the cantilever beam system.
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Figure 5.1: Schematic representation of the impact load cell apparatus

Then we explain how unwanted effects are introduced by the data acquisition 

process and the subsequent limitations of the interspike interval approach.

5.1 Impact load cell

A specially constructed impact load cell was designed and built in order to estimate 

impact forces during vibro-impact motion. A schematic representation of the is 

shown in figure 5.1. The load cell was designed and tested by Mr D. W. Vale at 

the Department of Civil & Environmental Engineering, University College London. 

The aim was to design a load cell capable of detecting longitudinal impacts with 

forces as low as 1 Newton. In order to achieve this the strain gauges were mounted 

on a aluminium tube with a wall thickness of 0.23mm. To detect a force of 1 

Newton the gauges need to detect strain values down to approximately 3 x 10'^, 

assuming Young’s modulus E, for aluminium to be E  % 7.05 x 10 °̂ N/m^.

The composite cell is made up of three distinct parts. A solid 9.53 m m  diameter 

aluminium rod threaded at the fixed end which is used to attach the cell to the 

experimental rig held in place with the clamp nut. The load sensing cell consists of 

a thin wall aluminium tube which is screwed into the free end of the solid rod. Four 

SHOWA Nll-FA-2-120-23 electronic resistance strain gauges (ERSG) are bonded 

onto the outside of the tube wall, two primary gauges mounted longitudinally.
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and two secondary gauges circumferentially to form an active four arm bridge. A 

PTFE (plastic) sleeve which slides over the cell protects the strain gauges from 

external effects. The final part of the assembly is a mild steel rounded tip screwed 

into the free end of the tubular cell to take the impact force.

The ERSG bridge is supplied with a stabilised 7 volts supply from a condition

ing unit which also contains a high gain stable amplifier. The gain may be varied 

and, for this particular application has been adjusted to x770. A high gain is 

necessary since at a load of 1 Newton, the bridge output is of the order of only 20 

/iV. To calibrate the load cell, it was clamped in a vertical position and was then 

energised for a period of 2  hours to allow the cell and the conditioning equipment 

to warm up to a stable operating temperature. The cell was dead loaded in 80 

gramme increments to a maximum of 320 grammes, the cell output being measured 

after each increment of load. The response of the cell was linear over this range of 

0-3.14 Newtons. The results were used to calculate a sensitivity of 21.8 mV/N for 

the load cell. A theoretical sensitivity value of 24.0 mV/N was calculated using 

the the assumed value of Young’s modulus E, the difference between the values is 

most likely to be due to this assumption.

The load cell is mounted perpendicular to the beam at a point close to the 

tip, this can be seen in the photograph shown in figure 5.2. The output from the 

load cell was recorded using an SGA800 strain gauge monitor, linked to a personal 

computer.

5.2 Recording spike data

In this section we describe the techniques used to record the impulse spike data 

from the load cell. The voltage signal b{r), where r  is time, from the strain gauge 

monitor was digitally sampled and recorded using a National Instruments LabPC-l- 

data acquisition board and Labview 4.0 software installed on a personal computer 

(see appendix B). The maximum sample rate R, we were able to achieve using this 

configuration was R = 60000 samples/second. Figure 5.3 (a) shows a data sample 

(or time series) recorded using this sample rate. Similar data from a mechanical
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m m

Figure 5.2: Photograph of impact load cell apparatus fixed to stiff beam apparatus.

experiment has been shown by Pollard (1977). At this rate of sampling, recording 

N  = 5000 samples corresponds to O.OSseconds of data. The sample contains one 

impulse spike, the remaining data being noise generated in the electronic circuitry 

used for instrumentation and from external disturbance/ vibration of the system.

5.2.1 Sample rate

A close up of the impulse spike is shown in figure 5.3 (b)(where we have shown 

the individual sample values as diamonds). The spike rises very quickly to a peak, 

and has a more gradual decay which contains additional oscillatory components, 

possibly caused by reflected waves in the load cell and/or relaxation of the strain 

gauges. The number of samples S ^  90 recorded while the beam is in contact 

with the constraint may be determined from figure 5.3 (b). It follows that the 

time of contact Tc is related to the sample rate by the relation Tc = S/R.  Thus 

we can choose an appropriate sample rate R  from the time of contact T̂ , such 

that we can achieve a desired number of samples per spike. Setting R < 1/tc 

means that the interval between samples A r is large enough for whole spikes to be 

missed. Therefore, the minimum sample rate must be higher than this value, at 

least double, and the ideal rate, significantly higher, depending on the application.
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Figure 5.3: Time series of a vibro-impact motion showing response of impact load cell 

response b{r) as strain (volts). Sample rate 60000 samples/second, (a) 5000 samples (b) 

120 sample close up of impulse spike, individual samples shown as diamonds.
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However, sampling at very high sampling rates has the disadvantage that large 

amounts of data are recorded for relatively short time spans. In addition for spike 

data, most of the signal is noise, the spikes constitute only a small part, and 

therefore most of the data recorded is actually unwanted. For example, the data 

shown in figure 5.3, N  = 5000 and S = 90, therefore approximately 4910 points or 

98.2% of the data is noise. We can be overcome this problem by using thresholds, 

which we discuss in section 5.2.2.

The sample rate also has a significant effect on the peak value of the impulse 

spike. Because the spikes rise and fall so quickly, it is quite easy for the peak 

recorded value to be some way from the actual peak value. Therefore an attem pt 

to balance the need for accuracy and using excessive computing power must be 

made. For data which is to be used for quantitative analysis, such as the calculation 

of impact forces, we have used a sample rate oi R  = 50000, for qualitative data 

lower sample rates have been used.

5.2.2 Threshold values

To avoid recording excessive quantities of unwanted data we can define a threshold 

value H  to distinguish between unwanted data (noise) and wanted data (impulse 

spikes). Such that 5(r) > Ff is recorded, and b{r) < H  is disregarded. For 

example, for the data shown in figure 5.3, a threshold value oi H  — 0.005 could be 

chosen to distinguish between noise and spike data. This choice is arbitrary, and 

can lead to the following scenarios

1. Threshold value too high; low velocity impacts will be missed.

2 . Threshold value too low; noise peaks may be mistaken for impulse spikes.

Experimentally, another problem encountered is that of zero offset drift, where 

the strain gauge monitor zero offset changes slowly during an experiment, causing 

the threshold value to effectively change. We define these problems collectively as 

spike identification. Other possible methods of identifying spikes are, averaging 

type processes (Sauer 1994), or the imposition of an additional threshold value on
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Figure 5.4: Experimental tim e series of a vibro-impact motion showing impact spikes 

(solid line) and motion of the mass (broken line).

S, such that a S  must be greater than a certain minimum threshold value before 

6 (r) > H  constitutes a spike. However these processes are just different ways 

of choosing arbitrary threshold values, so which method is used depends on the 

application. The effect of choosing threshold values will be discussed further in 

section 5.4.

5.2.3 Experimental results

A P ( l ,  1 ) impact motion was recorded using the experimental apparatus and the 

time series is shown in figure 5.4. Here we show both the motion of the mass 

(broken line) and the signal from the impact stop (solid line) as voltage output 

from respective transducers/gauges. For this particular test the impact stop was 

positioned at a value of 7/5 % 0.092. The impact spikes can be seen to coincide 

with the minima of the displacement curve, which is where impacts occur.

We now consider a set of spike trains, or time series, recorded in the frequency 

range 21.5 < /  < 24.5. Four of these recorded time series are shown in figure 

5.5. We can see from the figure that, in general terms, the magnitude of the 

impulse spikes increases as /  increases. The problem of spike identification can be 

clearly seen in the time series in figure 5.5 (a). For the other time series setting
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Figure 5.5: Time series data recorded from impact load cell (a) /= 2 1 .5 , (b) /= 2 2 .5 , (c) 

/= 2 3 .1 , (d) /= 2 4 .0 . Data recorded by George Karpodinis.
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a threshold value is quite straight forward. All the motions recorded here are 

periodic, in fact they are all P ( l ,  1) motions. We observe that the maximum 

amplitude of the spikes varies significantly throughout all the time series. This 

may be a result of the limitations of digital sampling, mentioned in section 5.2.1, 

or modal behaviour of the beam, or a combination of both. The maximum value of 

the spikes appear qualitatively to rise and fall as if within some envelop frequency, 

similar to the beating phenomenon. As we are forcing the beam close to i t ’s first 

natural frequency, beating may explain this behaviour, but equally it could be an 

aliasing type of behaviour, the effect of noise, or simply a modal beam behaviour.

In general, the cantilever beam is an infinite dimensional dynamical system. 

Usually however, the dynamics of such systems reduce onto a finite dimensional 

manifold within an infinite dimensional phase space. Thus the finite dimensional 

dynamics of the (beam) system can be described by a vector = x (r), in a finite 

(k) dimensional phase space, x G 7^*. This is discussed further in chapter 7.

5.2.4 Time at impact

The introduction of a threshold provides a means of experimentally determining 

the time of impact and the time interval between impacts. Theoretically, we can 

assume there is a limit such that, as the time the beam stays in contact with the 

stop, Tc —)■ 0 an instantaneous impact occurs, as described in chapter 2. This is 

a theoretical concept only, as any physical impact will be of some finite duration. 

However, using the statistical properties of the data recorded from the system we 

can compute the proportion of the time which the beam spends in contact with 

the stop Thus, we can quantify the assumption made in the study by Bishop et al.

(1996) using the instantaneous model, that the physical contact time Tc is “short” 

compared to the time between impacts.

We denote B as the region of phase space corresponding to the impact stop, 

and let fj, be an ergodic invariant probability measure describing the evolution of 

the physical system (Lasota & Mackey 1994). Then, by ergodicity, //(5) is the 

long-term proportion of the time that the beam spends in contact with the stop.
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An invariant measure value close to zero, ji{B) 1 corresponds to the system 

spending a small amount of time in B (i.e. at the impact stop). Thus, we can 

quantify the assumption made in the study by Bishop et al. (1996) using the 

instantaneous model, that the physical contact time Tc is “short” compared to the 

time between impacts.

Let {xt-} denote the evolution of the (beam) system in phase space, so that 

the voltage stream (recorded at the stop) is given by b{r) = 6(xt). We consider 

the time series from the load cell to have a sequence of firing times to, ti, 2̂ , ...tn 

corresponding to the discrete voltage signal h[rk) crossing the threshold H  with 

positive slope, such that b{Tk) > H, b{rk-i) < H.  Thus, B = {x  : b{x) > H}.  We 

assume that time is scaled such that to =  0. After each firing time, tj, an impulse 

spike occurs with duration above the threshold 6(r) > H, Sj, (i.e. Sj % Tc for spike 

j).  The time of contact measure fin can be defined as

I f t  1 fin
Hh = /^(^) =  lim -  /  Xn(xr)dr % — / x s M d r ,  (5.1)

t—̂oo r  J t =0 tfi J t =0

where

Xs(x) =  |   ̂ (5.2)
0 if X ^ 5.

Clearly x e B ^  b{x) > H,  so that Xb(xt) =  X[h,oo){K'^))- Thus

1 1 ^
T- /  X [ H ,o o ) ( b { T ) ) d T  =  — zJ  (5 3)
Zn J t —0 Zji J —0

The smaller the hh value, the closer the real system is to a short duration impact. 

The time of contact measure computed for the cantilever beam system for the 

frequency range 21.7 < /  < 24.0 is shown in figure 5.6. At each frequency setting

an impulse spike time series was recorded (data shown in figure 5.5), and hh

computed. The maximum standard error for these computation was < 0.00025 

for all time series, this is shown in figure 5.7. From figure 5.6, we see that hh 

initially increases approximately linearly with frequency, and for this data all the 

values fall below approximately 0.025. This implies that for all motions the time 

spent in contact with the stop is < 2.5%. In view of the conclusion from Bishop 

et al. (1996) that the instantaneous impact rule models the dynamics of the system



C H A P TER  5. ESTIMATING IM PACT FORCES AND R ECO NSTRU CTING  D YNAM ICS 127

0.03

0.025 -

0.02

0.015 -

0.01 -

0.005

21 21.5 22 22.5 23 23.5 24 24.5

Forcing frequency /
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adequately, we can postulate that for systems with an time of contact invariant 

measure jin < 0.025 an instantaneous impact rule is a valid approximation when 

modelling the system. In addition we conclude that systems where < 0.025 

have short impacts.

We also note that this approximation is better for lower frequency values, 

possibly because the impact forces (discussed in section 5.3) are lower. The relation 

between the beam system dynamics x̂ - and the voltage signal 5(r) is discussed 

further in section 5.4 where we consider reconstructing the dynamics of the beam 

Xt- using the signal h[r).

5.2.5 M ultiple impact spikes

An interesting phenomenon observed from the data is the occurrence of multiple 

impact spikes. By this we mean two or more spikes which occur very close together, 

such that on the scale shown in figure 5.5 they may appear as a single spike. For 

P ( l ,  1) motion where the beam is forced at a frequency / ,  the time between impacts 

is approximately the period of the forcing T  ~  1 / /  (i.e the interspike interval 

7 % T). For periodic motion, multiple spikes will occur close to the periodic time 

of impact, mod (T%) % constant, z =  0,1, 2 ,3...n. Thus a group of individual spikes 

forming a multiple spike lies within some small time perturbation e, e <C 1 of r ,̂ 

Ti ±  e. Other spikes which occur in the remaining interval (tî +  e, r^+i — e) are 

referred to as spurious spikes, whether caused by an impact or noise.

As an example of multiple spikes, we consider the time series shown in figure

5.5 (d). The forcing frequency for this test was /  =  24 Hz, so the period of forcing 

is 1 / /  % 0.04167 s, which we expect to be approximately equal to the period of 

the response and hence the interspike interval 7, such that 7 % 1 / / .  The time 

of contact vs interspike interval is shown in figure 5.8, from which we can see 

that there is a group of points around the T  % 0.04167, Tc ~  0.0005. In addition 

four points grouped together have a much smaller 7 value, these correspond to 

the additional spikes. In fact there are four double spikes in this time series, one 

of which is clearly visible in figure 5.5 (d). For this particular example e =  0.005
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Figure 5.8: Contact time T c v s  interspike interval I  for data shown in figure 5.5 (a).

would be a suitable value to define the multiple spikes. We note that these multiple 

spikes seem to occur for higher frecjuencies where impact forces are greater (see 

section 5.3), and we postulate that they are caused by modal activity of the beam.

5.3 Measurement of impact force

The measurement of impact forces has important applications in engineering sys

tems where components are subject to impact loading. The impulse momentum 

law (Goldsmith 1960) can be used to relate the velocity of the mass of the impact

ing object (the beam in our case) before and after impact to the force during the 

time of contact Tc,
fU+

mVi{Ti_) -  mVi{Ti+) =  / F(r)dt,  (5.4)
Jn-

where m  is the (lumped) mass (of the beam), û (T̂ _) is the velocity at the start 

of the impact at time r^_, fi(rj+) is the velocity at the end of the contact time 

= T̂ _ -f- Tc, where Tc is the duration of the contact interval. F (r) , for T,_ < 

T < T;+, represents the force applied by the mass to the impact stop. We can 

relate the velocity before impact and the velocity after impact via the coefficient
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of restitution rule, equation 1.2,

Vi{Ti+) = (5.5)

where r is the coefficient of restitution with a value in the range r e  [0,1] de

pending on the material properties of the system. For physical systems, such as 

the cantilever beam system, the coefficient of restitution r  < 1 as some energy 

is always dissipated when contact occurs. Combining equations 5.4 and 5.5 we 

obtain an expression for the impact velocity

=  (5.6)

We can obtain discrete values of F { t ) directly from the voltage signal 5(r) 

by using the calibration constant b{r)/F{r) = 21.8mV/N. Thus by computing the 

integral on the right hand side of equation 5.6 (as a discrete approximation) we can 

estimate the impact velocity providing we know the the mass and the coefficient 

of restitution of the system. We have carried out this computation for the time 

series shown in figure 5.5, and the results are shown in figure 5.9 (a), where we 

have plotted the impulse, i.e. the right hand side of equation 5.6. The impulse 

grows approximately linearly with increasing frequency, as for the peak impact 

force values shown in figure 5.9 (b). For the cantilever beam system, we estimate 

a value of effective mass (discussed in chapter 7) m  = 0.052 kilogrammes and 

choose arbitrarily r = 0.9 for a steel on steel impact (Goldsmith 1960). Note, 

we do not want to use energy loss factor e for this calculation, as this represents 

energy lost by the beam. Using these values the maximum impact velocity (of the 

beam against the stop), at /  =  24.0, is approximately 9.2mm/s.

In figure 5.9 (b) we have computed the average peak impact force over each of 

the time series shown in figure 5.5. We have computed this by recording the max

imum value for each spike in the time series, and then computing the mean value. 

For this and the impulse computation we imposed the additional restriction that 

a spike must have at least four consecutive points above the threshold value. This 

was done so that discrete integral computations were possible for each spike. The 

peak impact forces also appear to increase approximately linearly with increasing
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Figure 5.9: Computation of impact forces using the time series data shown in figure 5.5:

(a) Average impulse value for each time series, (b) Average peak impact force value.
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frequency. In addition we note that all the peak impact forces are in the range 

0.2 — 1.0 Newtons.

5.3.1 Contact force functions

We now make an observation regarding the form of impulse spikes. Most analysis of 

impact phenomenon, focusses of the single impact event, and often uses functional 

approximations to the impact force F{r),  during contact (Goldsmith 1960; Fathi 

& Popplewell 1994). This type of analysis would apply to the spike shown in 

figure 5.3 (b). However on a larger scale, figure 5.3 (a) or 5.5, we propose that 

the most suitable functional approximation is a Dirac delta type function, with an 

amplitude related to the peak force of the impact.

To do this we note that the Dirac delta function itself can be approximated 

(Greiner 1994) using a variety of functions, including the sinusoidal functions which 

have been used to approximate the contact force function F{r)  (Goldsmith 1960). 

Thus, by using this fact we can develop a link between a single impact event 

fj,H ^  I, and the global dynamics of the system <C 1. For our cantilever 

beam system, this is in effect a scaling phenomenon, which can be represented 

by the contact time measure ^ h - As an example we show a bell shaped curve to 

approximate the contact force function in figure 5.10. This function is a normalised 

(such that the maximum amplitude is equal to 1) version of the bell-shaped curves. 

In the limit e —> 0 this function approaches an instantaneous spike rc  —> 0, while 

the bell-shaped curves approach the Dirac delta function.

The effect of scale can be seen in the difference between figure 5.10 (a) where 

e = 0.05 and (b) where e =  0.001. Thus for this particular function, we could relate 

epsilon to fin to give a link between single impact events and global dynamics 

modelled using instantaneous impact assumptions.
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5.4 Reconstructing dynamics using interspike in

tervals

We now consider reconstructing the dynamics of the system by using interspike 

intervals. The concept of reconstructing the dynamics of a system using time series 

data was first introduced by Takens (1981), and a general review of the subject 

can be found in Broomhead & King (1986). The application of these techniques to 

interspike intervals was carried out by Sauer (1994). Essentially we assume that the 

time series signal is generated by an underlying dynamical system. For our beam 

system we assume that this dynamical system is deterministic with an additional 

noise component. As a result the time signal can be rewritten h{r) =  6(r) +  

where 6(r) is the deterministic part of the signal, and ^ corresponds to noise 

(Broomhead & King 1986). For this type of data, the method of delays (Takens 

1981) or singular systems analysis (Broomhead & King 1986) can be implemented 

to reconstruct the underlying dynamics of the system. By underlying dynamics, 

we mean reconstructing the attractor on which the trajectories of the dynamical 

system converge for a particular set of parameter values. Reconstructing dynamics 

for nonsmooth systems using intervals between impacts has also been considered 

by (Lamba 1994a).

5.4.1 Interspike intervals

When using interspike intervals to reconstruct the dynamics of the system, the 

only information is the sequence of firing times tj, i =  0 ,1 ,2...n, and from this we 

can construct a sequence of interspike intervals A, z =  0,1, 2...n. The firing times 

can be obtained either by integrate and fire (Sauer 1994) or by threshold crossing, 

as for our data. Sauer (1994) demonstrated (numerically, without noise) that 

reconstructing dynamics can be achieved for a deterministic nonlinear system using 

the method of delays applied to interspike intervals obtained using the integrate 

and fire technique. The firing times for our system are obtained via the threshold 

crossing method indirectly i.e. we can make no direct measurements of the beam
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system itself.

The cantilever beam is an infinite dimensional dynamical system with dynamics 

which reduce onto a finite dimensional manifold in phase space. In fact, Bishop 

et al. (1996) concluded that a single degree of freedom model was sufficient to 

model qualitative dynamics of the system. Thus the finite dimensional dynamics 

of the (beam) system x,-, x G 7^ ,̂ are related to the voltage measurements at the 

load cell such that, b{r) = F(xi-), where F : is the measurement function

(Sauer 1997).

We note that, interspike interval data could be recorded directly from a system, 

for example by using an electrical contact, in which case the interspike interval 

method would be the only way of gaining insight into the system behaviour.

5.4.2 Delay reconstruction

We reconstruct the dynamics using the method of delays (Takens 1981; Broomhead 

& King 1986; Sauer 1994) by introducing a delay vector of inter spike intervals 

{li^ l i^i,  ...Ii_rn+i}, where m  is the embedding dimension. Castro & Sauer (1995) 

demonstrated that the correlation dimension d of the attractor can be found 

using interspike intervals (integrate and fire). In addition the authors postulated 

that estimating the dimension when using threshold generated intervals would give 

the dimension of the attractor in a d — 1 dimensional space. This is true when 

recording the times trajectories intersect with a threshold, which is qualitatively 

the same as taking a d — 1 Poincare section through the flow. For impacting 

systems, recording the time of impact is qualitatively the same as recording the 

times of intersection of the system trajectories with a hypersurface E denoting the 

position of the impact stop. The mapping E i->- E is the impact map (Shaw & 

Holmes 1983c). Essentially we are recording these times via the load cell signal 

b(r). Thus if we reconstruct the dynamics of the system, it will be the dynamics 

in E, essentially that of the impact map.

We have recorded two samples of interspike interval data from the load cell, 

shown in figure 5.11 (a) and (b). A clear banded structure can be seen in both
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these plots, corresponding to multiples of the forcing interval 7 % 1 / / .  The corre

lation dimension d can be estimated using the method proposed by (Grassberger 

& Procaccia 1983). Figures 5.11 (c) and (d) show a (In, In) plot of the correlation 

dimension vs the e radius used to compute it. Three sets of data are shown corre

sponding to m =  1 diamonds, m = 2 crosses, m =  3 boxes. In figure 5.11 (a) we 

see that most of the data is concentrated at the value I  = 0.0452 % 1/22.1 Hence 

in figure 5.11 (c), there is near complete correlation ln(d) =  0, until e reduces below 

this value (another threshold type effect, which occurs at — ln(e) % 3.09), after 

which the correlation becomes approximately constant with zero slope, before a 

final sharp upturn. This final upturn is due to the band of data very close to zero, 

caused by multiple spikes. In the data from figure 5.11 (b), I  =  0.0498 % 1/20.1, 

but many more bands are apparent. Thus, the correlation dimension for this data, 

figure 5.11 (d), has a more gradual transition between complete correlation and 

constant correlation with zero slope. There is no final upturn in this data due to 

a much smaller proportion of the data being close to zero.

The correlation dimension for the attractor A  is taken to be the slope of the 

linear part of the (In, In) plot. This is open it some interpretation, as can be seen 

in figures 5.11 where the slope is plotted against — Ine. From these plots we can 

see that as the radius becomes small e 0, the correlation dimension for both 

sets of data d\-^ 0. The data we have analysed comes from periodic vibro-impact 

solutions of the beam, which will have fixed point attractors in the impact map, 

which will be dimension zero.

From embedding theory, the dynamics of the sequence of intervals can be re

constructed in 7^^, where m > 2d-f 1. So for our data m > 1, and we reconstruct 

the dynamics using a simple return map in 7^ ,̂ i.e. a 2 dimensional delay plot.

The delay plots from the load cell data is shown in figure 5.12. The data 

in figure 5.12 (a) was recorded at /  =  22.1 where period(l, 1) motion exists, 

so that all the intervals should be approximately equal. However, we see that 

instead of a single (fixed) point the data is distributed over a lattice of squares 

with size approximately I. Similar data has been shown by Lontin & Racicot

(1997) in connection with neural firing events. The lattice structure is caused by
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a combination of unwanted effects. Firstly noise recorded as part of the signal 

and multiple spikes which seem to occur due to the modal behaviour of the beam. 

Also, due to the limitations in the spike identification process (section 5.2), some 

spikes are missed completely, and some spurious spikes, are recorded.

We can understand these effects by considering the P ( l ,  1) motion (all intervals 

equal) A =  / ,  for all i. Thus with no unwanted effects, there will be a single point 

in the delay plot at ( / , / ) .  The effect of missing a spike is to produce a point 

at (/, 2 /), and on the subsequent iteration at (2 /,/) .  Similarly for p missing 

spikes points occur at {I,pi),  and {pi, I). Thus, points are reflected in the line 

7̂ +1 =  li giving rise to the lattice type data structure. The probability of missing 

k consecutive spikes decreases exponentially with k, thus less points accumulate 

at intervals > 7. Lontin & Racicot (1997) refer to the spike missing process as 

skipping.

The effect of spurious spikes is to convolve Mi with the family of maps Ma : 

7j+i =  ali, a G (0,1).  The reflective properties of the return map, then causes 

bands of points forming a triangle in the first lattice square (0 ,0) ,  (0, 7), ( 7 ,7 ) ,  (7 ,0).

5.4.3 Numerical simulation

We can further understand these effects by considering a numerical simulation of 

the experimental data. This can be done either by simulating the motion of the 

beam by integrating the equation of motion for a single degree of freedom impact 

oscillator (Shaw & Holmes 1983c), or by using the simple mappings described in the 

preceding section. For both methods, (white) noise is added to the numerically 

generated signal, and the effects of missing and spurious spikes included using 

random probability. Using the beam equations with added noise, we show the delay 

plot in figure 5.13 (a). The effect of missing spikes was simulated by randomly 

deleting firing times using a 5% probability, the effect of this can be seen in figure 

5.13 (b). Here, apart from the main concentration seen before, there are some 

other, smaller ones, evenly spaced at multiples of 7. The effect of spurious spikes, 

is demonstrated in figure 5.13 (c), times between actual impacts have been added
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using a 1% probability. The result in the plot is the horizontal, vertical and 

diagonal of bands of point dots visible in the figure. Finally, in figure 5.13 (d) we 

show the experimentally recorded data. This is closely matched by the numerical 

simulation. The effect of multiple spikes, can be seen as a series of points with 

small interspike interval values < / ,  close to the axes of the plot. Thus we see that 

using the method of delays on such data results in a highly complex plot due to a 

combination of noise in the system, and the data acquisition process.

5.4.4 Probability densities

An alternative method for analysing interspike data, is to consider the probability 

density of the interspike intervals /?(/). To illustrate this we plot the probability 

density for the examples shown in figure 5.12, in figure 5.14. From figure 5.14 (a) 

it is clear that for the data shown in figure 5.12 (a) the majority of the points 

occur around the I  % 0.0452 interval, and that the underlying dynamical motion 

i s P ( l , l ) .

We can use this method to interpret P ( l ,ç )  motions, i.e the motion is still 

period one with respect to the number of impacts, but period q with respect to 

the forcing period. Thus we would expect an interspike interval of approximately 

q / f ,  which can be recognised from the probability density plot which will be 

qualitatively similar to figure 5.14 (a). P(p, q) motions where p impacts occur in q 

forcing periods can also be recognised, if the interval between impacts is not equal. 

For example, a period two motion will have two intervals (and two impacts) in two 

forcing periods, and thus two main values (peaks) of p{I). This is shown in figure 

5.16 (a). However, if the intervals are equal (or close to being equal) this motion 

will appear as period one (one peak /?(/)) with an interval q / f .  The probability 

density for the chaotic motion shown in figure 5.15 is shown in figure 5.16 (b).

We now consider the motion shown in figure 5.12 (b). The probability density 

for this data is shown in figure 5.14 (b). From this we can see that the main 

concentrations of data, are separated by the forcing interval 7 % 1 / /  % 0.0498. As 

the intervals are approximately the same, we have no way of determining whether
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/  = 20.1.
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Figure 5.15: Numerically generated interspike interval plot showing chaotic attractor 

Parameter values C =  0, o. =  0, F  =  1, 17 =  2.8, r =  0.8; same as figure 2.8.

this is a P(p, r/) motion or a P ( l , l )  motion masked by the effects of noise and 

data acquisition. This data was recorded at /  =  20.1 where a P( l , 3 )  motion 

exists in the numerical simulation, and we note that the largest density /;(/) is 

at 3/. However, at this frequency value the impacts are of very low velocity, and 

difficult to determine above the noise. In addition, we would not expect high p(I) 

values at I  and 21 for a P( l ,  3) motion. Thus we conclude that the distribution 

of the data at even intervals across the probability spectrum, (and the lack of 

spurious data) suggests that the threshold level was too high and that the data 

distribution is due to the high number of missed spikes. Thus for systems with 

low velocity impacts (or low spikes generally) the interspike interval technique is 

limited by the need to threshold the data.
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Figure 5.16: Probability density (histogram) of interspike interval; (a) P (2 ,2 )  motion 

shown in figure 2.4 (c); r =  0.7, (  =  0.05, F  =  0.5, a =  I u) =  0.838687, (b) chaotic 

motion shown in figure 5.15; r =  0.7, (  =  0.0, F  =  1.0, a =  1 uj =  2.8.
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Chapter 6 

Coupled system s: M ulti-degree of  

freedom impact oscillators

In this chapter we consider the dynamics of multi-degree of freedom impact os

cillators. We define such an oscillator as a system of coupled masses, where the 

motion of one mass is restricted by an impact stop. Each mass is assumed to act 

at a single point, and is connected to the neighbouring masses via springs and 

dashpots which are assumed to have no mass. These connecting mechanisms, pro

vide the coupling between masses, such that the displacement of each mass has an 

effect on i t ’s immediate neighbours, and hence the overall system. Non-impacting 

multi-degree of freedom (lumped mass) systems are used extensively to model en

gineering systems (Bishop & Johnson 1960; Timoshenko et al 1974; Meirovitch 

1967).

An engineering example of a multi-degree of freedom impact oscillator is the 

impact damper (Masri 1972; Chatterjee et al 1995). This is essentially a two 

degree of freedom system with a primary mass and an additional impacting mass, 

which has similarities with the (non-impacting) dynamic vibration absorber (Tim

oshenko et al 1974). The two-degree of freedom impact oscillator has also been 

considered by Shaw & Shaw (1989), who studied bifurcations, and the onset of 

chaotic motion in such systems, while Neilson & Gonsalves (1993) considered the 

dynamics of rotor bearings using a two degree of freedom model.
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The effect of an impact damper on a multi-degree of freedom system has been 

considered by Nigm & Shabana (1983). Higher degree of freedom impact systems 

have also been considered by Cusumano & Bai (1993), who considers the dynamics 

associated with a ten degree of freedom impact oscillator, and Fredriksson & Nord- 

mark (1997) who consider grazing incidence in a multi degree of freedom impact 

oscillator.

Natsiavas (1993) has generalised the method for finding periodic P(p, q) orbits 

developed by Shaw & Holmes (1983c), described in section 2.3.5, to N  degree 

of freedom impact oscillators. This method employs a root finding method to 

locate the time of impact for the periodic orbit. More recently Pun et al. (1998) 

have considered the type of 'P{p,q) motions which occur in a constrained multi

degree of freedom impact oscillator, although only a two degree of freedom example 

is considered. Related work on the dynamics of multiple impacting bodies (a 

Newton’s Cradle) has been considered by Lee (1996).

Our aim here is to investigate the behaviour of a constrained linear multi

degree of freedom system. The first part of this chapter considers the analysis of 

a general multi-degree of freedom impact oscillator. The types of vibro-impact 

motions which can occur are then illustrated using the example of a two degree of 

freedom system, which can be regarded as the next level of complexity following 

the single degree of freedom system. However, most of the analysis developed in 

this chapter can be applied to an arbitrarily large N  degree of freedom system.

In addition to understanding the behaviour of such systems we have a particular 

emphasis on understanding the energy loss at impact, and how this relates to 

the coefficient of restitution. In the second part of this chapter we examine this 

topic by applying the energy analysis developed in chapter 4 to multi-degree of 

freedom systems. Again using a two degree of freedom example, we show how the 

occurrence of an impact can transfer energy into higher modes, and explain the 

significance of this in relation to estimating the coefficient of restitution.
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Figure 6.1: Schematic representation of an N  degree of freedom impact oscillator

6.1 M athem atical model

We consider a simple N  degree of freedom coupled linear oscillator with N  lumped 

masses. A schematic representation of such a model is shown in figure 6.1. The 

equations of motion for the coupled masses can be expressed as

m iÿi + Ciivi -  i/i-i) + Ci+i(ÿi -  Vi+i) + h{Vi -  Vi-i) +  ki+iiVi -  Vi+i) -  M'^)’
(6.1)

for z =  l , 2 . . . , A ^ —1 and

m N V N  +  Cn H / N  -  i / N - l )  +  ^ N i V N  -  V n - i ) =  / a t M (6 .2)

ÎOI i = N  (Gladwell 1986). Here yi represents the displacement of mass mf, 

an overdot is used to represent differentiation with respect to time r  and f i(r)  

represents the forcing functions. These expressions govern the motion while the 

displacement is less than some fixed value ys corresponding to the position of 

an impact stop. When =  Vs impact occurs and an instantaneous coefficient 

of restitution rule is applied

yw(r+) =  -ryN{T-) (6.3)

where, as for the single degree of freedom system, r_ is the time just before impact, 

r+ is the time just after impact and r is the coefficient of restitution with a value 

in the range r G [0,1].
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The equations of motion for the coupled masses can be expressed in matrix 

form as

[M]ÿ +  [C]ÿ +  [i^]y =  f(r)  Vn  < Vs (6.4)

where [M], [C], [K] are the mass, damping and stiffness matrices respectively, y =  

{yi, 2/2 • • •, Vn }'^ the displacement vector and f(r) =  { /i, / 2 . . . ,  / n }^  the external 

forcing vector. The coupling between masses occurs via the matrices [C] and 

[i^], which are nondiagonal (although usually banded). The mass m atrix [M] is a 

diagonal matrix.

In matrix form the coefficient of restitution rule is

y(T+) =  [fi]y(T_) Vn  =  Vs (6.5)

where r_ is the time just before impact, is the time just after impact, and [R] 

is the N  X N  matrix

[R] =

1 0 

0 1

0 . . .  0 1 0

0 . . .  0 0 —r

(6 .6 )

Equation 6.4 can be decoupled for a set of [M], [C], [K] matrices, if [C] can be 

expressed in terms of [M] and [K] (Meirovitch 1967). We consider the simplest 

case where rr ij = m, cj =  c, kj = k for j  = 1,2, . . . ,  N.  This assumption is anal

ogous to a commonly used modelling technique, where systems with continuously 

distributed mass are assumed instead to have a series of lumped masses. Thus we 

can rewrite equation 6.4 in the form

m  + ^ [ E ] y  +  ^ [ E ] y  = i f ( r ) (6.7)
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where [E] is the N  x N  coupling matrix

[E] =

2 - 1  0 0 . . . 0

- 1 2 - 1 0 . . . 0

0 - 1  2 - 1  . . . 0

0 . . .  - 1 2 - 1 0

0 . . .  0 - 1  2 - 1

0 . . .  0 0 - 1 1

(6 .8)

and [/] is the identity matrix.

6.1.1 M odal decoupling

Away from impact, < Vs the system is governed by equation 6.7. By consid

ering the undamped, unforced, (non-impacting) system (Timoshenko, Young & 

Weaver Jr 1974) the natural frequencies of the system are given by uinj = y X j k / m  

for j  =  1 , 2 , . . . ,  Y  where \ j  are the eigenvalues of matrix [E]. The eigenvectors 

corresponding to each Xj normalised such that || ||=  1 define the corresponding

mode shapes of the system. Using these eigenvectors we can construct a modal ma

trix [^] =  [{6 ) 5  {&}, • • •, {^w}]- The modal matrix has the property 

such that it forms an orthogonal basis onto which we can project the dynamics. 

In addition =  [A], the diagonal matrix of the eigenvalues of [E].

We can then define modal coordinates (also referred to as principle coordi

nates), using the linear transform y =  [4 ]̂q where q =  {9 1 , ^ 2 5  • • Substi

tuting this into equation 6.7 and premultiplying by decouples the system to 

give
n  h  1  _

(6.9)[/]q +  ^[A]q +  ^[A]q -  ^[^]""f(r).

Equation 6.9 represents a set of N  uncoupled equations such that for each mode 

of vibration

1 N

Qj -f 2QuJnjqj +  ~  j  — U 2, . . . , TV, (6 .10)
i=l
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where Q = {c/2)y j \ j /km  is the modal damping coefficient. Hence in modal co

ordinates the effect of the forcing is distributed across each mode via the modal 

matrix such that each mode is separately subjected to a proportion of the 

overall forcing terms.

However, the motion of the system is constrained such that Vn < Vs during 

free flight of mass N.  We define the vector ÿ  =  • • • 3 then in

terms of modal coordinates an impact occurs when = ys- Hence equations 

6.9 and 6.10 are valid only for 1/) q < which is equivalent to the condition that

We will consider only harmonic forcing of the form f(r)  =  Acos(r2r), A = 

{Ai, A2 , . . . ,  . Thus we can simplify equation 6.10 to give

. 0 F
Qj +  ^Cj^njQj +  ~  ^  cos(ilr), (0 .1 1 )

where F =  [^]^A, F =  {Fi, F2, . . . ,  Fn}'^ .

Equation 6.11 can be solved exactly, and for under-damped oscillations 0 < 

Q < 1 the solution is

q.  =  c o s ( w j y ( T  -  T o ) )  -I- D i  s in ( W ( ÿ ( T  -  T o ) ) )  +  Q j  c o s ( H T  -  4>j)

(6 .12)

where ujdj = ujnjy^ — (J is the damped natural frequency. Also

3

is the j th  modal transfer function.

Qj ~  r nl/2 (6.13)

is the j th  modal phase and Bi and D{ are arbitrary constants determined from the 

initial conditions. If required, these solutions can be reformulated in matrix form 

(Nigm & Shabana 1983), such that the modal vector can be expressed as

q =  B G i ( t ) -t- D G 2 ( t ) -f Q{cos(r^T -  (f>j)}, (6.15)

where G i ( t )  =  diag[e~^^^'^AT~'^o) cos(W (^(T —T o))], G 2 (t)  =  s m { u d j { r -

T o)))] and Q =  {Qi, Q2 , • • •
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Equation 6.12 is essentially the same as the exact solution for the single degree 

of freedom system, equation 2.22 derived in chapter 2. Thus by working in modal 

coordinates, it may be possible to apply results from the single degree of freedom 

system, to multi-degree of freedom systems.

6.1.2 Initial conditions and com puting solutions

Away from or between impacts < Vs, we can find the exact solution for any 

N  degree of freedom system with constant mass, stiffness and viscous damping. 

We therefore take initial conditions just after an impact such that tq =  t + .  Initial 

conditions for each modal displacement and velocity can then be found using the 

relation q =  [̂ ]""̂ y and it’s time derivative q. As discussed in chapter 2, in general 

the time of impact cannot be found analytically (Shaw & Holmes 1983c). Therefore 

solutions must still be computed numerically. This is achieved by iterating the 

exact solution (equation 6.15 forward in small time increments A t  until an impact 

occurs, then a root finding method (section 2.1.3) is used to locate the time of 

impact. The impact rule, equation 6.5, is then applied before the next iteration. 

Thus, by computing the fiow between impacts, we are in effect computing the 

impact map for the system.

As only a single mass is constrained, this map can be defined in a similar way to 

the map for a single degree of freedom system discussed in chapter 2. The impact 

map is formed by considering the plane in phase space S defined by the impact 

stop Vn  = Vs- This is a Poincare type section through the fiow, although it may not 

be n — 1 dimensional, where for a N  degree of freedom oscillator, the phase space 

is in general 7^^, n = 2N -\-l. The impact map is formed by intersections between 

this section and the fiow. For example, a two degree of freedom system has a 

five dimensional phase space, but the impact map is two dimensional, defined by 

impact velocity and time of mass 2. This is only a theoretical concept, in practice 

to locate solutions,e.g. periodic orbits we must root find in an n — 1 dimensional 

space.
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6.1.3 Periodic orbits

We can locate periodic orbits in the flow, as flxed points in the impact map Pj : 

^  Thus for a flxed point t] = {ri,vi}, 77 G E, of the map

T/, Pi{ri) — 77 =  0. Deflning the residual map U[rj) =  ^ 7 (77) — 77, a flxed point 

corresponds to U{ri) — 0. The flxed points can be computed using the Newton- 

Raphson root finding method

= V i -  [DrjU{rii)]-^U(r]i), (6.16)

where [DrjU{r]i)] is the Jacobian of U{r}) (Foale & Thompson 1991). To solve 

equation 6.16, we set ô = rji — 77^+1 . This gives the matrix equation

[D,[/(77d](^ =  C/(77d, (6.17)

for Ô, which can be solved using singular value decomposition (Press et al. 1994). 

Then we obtain the next Newton-Raphson iteration from 77^+1 = rji — Ô. To im

plement this procedure numerically, we have to include all variables of the linear 

system except 7/7/ which is always equal to t/s in the impact map. Thus we form a 

vector rj = {7/1 , . . . ,  t/at-i, u l , . . . ,  v^}  for this purpose, where Tijsf, the time of 

impact of mass N,  is used as a variable instead of t/at-

The remaining issue is how to obtain the Jacobian matrix [DrjU(7]i)]. For the

single degree of freedom system we have obtained an exact expression for this 

(chapter 2 , equation 2.43). Pun, Lua, Law & Cao (1998) used a variational type 

method to compute stability for a two degree of freedom system. This requires 

some analytical and computational effort, and for systems with N  > 2 could 

be very cumbersome. For this analysis, we have instead used a finite difference 

approximation

{D^Piim)h = +  (6.18)
3̂

where u = ( 0 ,0 , .. . ,  e -̂,. . . ,  0)^, (-)ÿ denotes the {i,j)th  element of a matrix and 

(')% denotes the Rh element of a vector.

When a flxed point in the impact map has been found using the Newton- 

Raphson method, i t’s stability can be determined by examining the eigenvalues of
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Finally by extending the variable space to include a parameter /z, such 

that r] =  {?/i , . . . ,  i/N-i, TiM, u l , . . . ,  / i } ,  we can path follow fixed point solution

as / i  is varied (Foale & Thompson 1991).

6.2 The two degree of freedom system

As an example, we consider a two degree of freedom impact oscillator with, masses 

m i =  m 2  =  1, stiffness ki = k 2 = I and viscous damping Ci =  C2  =  0.1. Using 

equations 6.1 and 6.2, the equations of motion for the coupled masses can be 

expressed as

ÿi  +  0.1 (2ÿi — ^2 ) +  (2î/i — 2/2 ) =  /i(^ ) ,

(6.19)

2 /2  +  0 .1 (2 /2  — 2/1 ) +  (2 /2  — yi) =  / 2 (t) . 

where 2 /1 represents the displacement of mass m% and 2 /2  the displacement of mass 

m 2 . When 2 /2  =  Vs an impact occurs and an instantaneous coefficient of restitution  

rule is applied via equation 6.3, such that

(6 .20)

Setting A 2 = 0 and Ai = 0.5, the non-impacting response of the system is 

shown in figure 6.2. This shows a numerically generated plot of the maximum mi

nus the minimum displacement per period for each mass against forcing frequency 

Q. The solid line corresponds to the displacement of 2/2 and the broken line to the 

displacement of 2/1 - Two clear resonance peaks can be seen corresponding to the 

two natural frequencies of the non-impacting system, w^i =  0.618 and o; „ 2  =  1.618 

(Timoshenko et al. 1974).

6.2.1 M odal solution

The eigenvalues of the 2 x 2  coupling matrix [E] are Ai =  0.382 and A2 =  2.618, 

and the corresponding normalised eigenvectors

_ n
(6.21)

0.526 -0.851
6  = , 6  =

0.851 0.526
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Figure 6.2: Num erically computed non-im pacting resonance curves for the two degree 

of freedom coupled linear oscillator, maximum minus minimum displacem ent vs forcing 

frequency. Param eter values m\ =  m 2 =  1, k\ =  k2 =  1, ci =  C2 =  0.1, forcing A 2 =  0.0, 

A \  = 0 .5 .  Solid line represents y 2  ̂ dotted line represents y\ .

give the mode shapes for the system. These mode shapes can be visualised as a 

lumped mass cantilever beam which is shown schematically in figure 6.3 (b) and 

(c), where mode 1 corresponds to and mode 2 to ^2 - We see that for mode 1 

the masses are in phase, and mode 2 the masses are out of phase.

6.2.2 Vibro-im pact motions

A bifurcation diagram indicating the maximum minus minimum displacement of 

t/2  sampled per period of forcing for the two degree of freedom example, is shown in 

figure 6.4 (a). Regimes of both periodic and non-periodic motion exist within this 

parameter range. As for the single degree of freedom system, we classify periodic 

impacting motions as P(p, g), where p impacts occur in q forcing periods of ILf jVt. 

For the periodic regimes, figure 6.4 (a) indicates periodicity of the motion in terms 

of the number of forcing periods q.

In figure 6.4 (b) the velocity at impact 2/2 ('T'-) is plotted against forcing fre-
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Figure 6.3: Schematic representation of a two degree of freedom lump mass beam model, 

(a) beam configuration; (b) mode 1; (c) mode 2.

quency. This figure indicates the periodicity of the motion in terms of the number 

of impacts p. By comparing the two figures we can see for example, that at Q =  0.6 

a P (2 ,l)  solution exists; two impacts (p = 2) from figure 6.4 (b) in one forcing 

period {q = 1) from figure 6.4 (a). The time series of this motion is shown in figure 

6.5 (d), where the displacement yi is shown as a broken line and 2/2 as a solid line 

and the position of the impact stop, Ps, corresponds to 0.1 on the displacement 

axis.

Increasing Q the P (2 ,1) solution undergoes a series of bifurcations at around 

Q % 0.85 after which it stabilises onto a P ( l ,  1) solution. The time series for this 

solution is shown in figure 6.6 (a) where =  0.9. At =  1.4 the solution is 

still P ( l ,  1) but appears qualitatively different, as shown in figure 6.6 (b). It is 

interesting to note that in this figure the oscillation of yi is always negative. The 

P ( l , l )  solution bifurcates into a P(2, 2) solution at around % 1.65, and again 

at % 1.68 such that at =  1.7 a P(4,4) solution exists, figure 6.6 (c). After 

this the motion appears to become chaotic with a small window of P(2, 3) motion 

around % 1.74.

Again increasing H the motion becomes stable as a P (1,2) impacting motion, 

figure 6.6 (d). At Q «  2.19 the motion becomes non-impacting. The impact map 

is undefined for this motion as can be seen in figure 6.4 (b). We have computed 

the impact map for the motion at =  1.75 which appears to be chaotic and is
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Figure 6.4: Numerically computed two degree of freedom impact oscillator bifurcation 

diagram. Parameter values m i =  m 2 =  1, =  &2 =  1, ci =  ^2 =  0.1, =  0.1, forcing

A 2 =  0.0, Ai  =  0.5. (a) maximum minus minimum displacement 1/2 per period vs forcing 

frequency H. (b) Impact velocity 1/2 ( t - )  v s  forcing frequency Ü.



CHAPTER 6. COUPLED SYSTEMS: MULTI-DEGREE OF FREEDOM IMPACT OSCILLATORS 157

5

0.3

0.2

- 0.1

- 0.2

-0.3

-0.4

-0.5

700 720 740 760 780 800

0.4

0.2

- 0.2

-0.4

- 0.6

- 0.8

720 725 730 735 740 745 750

0.4

0.2

- 0.2

-0.4

- 0.6

750 760 770 780 790 800

0.6

0.4

0.2

- 0.2

-0.4

- 0.6

10 455 460 465 470 475 4Éü 485 4 %  495

(c)
Time (seconds)

(4)

Figure 6.5: Numerically computed time series for a two degree of freedom impact os

cillator. Solid line y 2 , broken line yi.  Parameter values m i =  rn  ̂ =  1, ki =  k-2 =  1, 

Cl =  C2 =  0.1, ys — 0.1, forcing A 2 — 0.0, Ai =  0.5. (a) Ü =  0.1 (b) Ü =  0.2; (c) Ü =  0.4; 

(d) n  =  0.6.
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Figure 6.6: Numerically computed time series for a two degree of freedom impact os

cillator. Solid line y 2 , broken line y\.  Parameter values m \  =  m 2 =  1, A;i =  A;2 =  1, 

Cl =  C2 =  0.1, ijs =  0.1, forcing A 2 =  0.0, Ai =  0.5. (a) Q =  0.9; (b) Q, =  1.4; (c) 

=  1.7; (d) Q -- 2.0.
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Figure 6.7: Numerically computed impact map for two degree of freedom impact oscil

lator showing a chaotic attractor which occurs just after a grazing bifurcation. Impact 

velocity vs impact phase. Parameter values m i  =  m 2 =  1, ki =  k 2 =  I, ci =  C2 =  0.1, 

Us =  0.1, forcing A 2 =  0-0 and Ai =  0.5, ys =  0.1, fl =  1.75 and r =  0.7. Crosses denote 

P(2 , 2 )  fixed point which exists at w =  1.7477.

shown in figure 6.7. We note the structure of this attractor has several seemingly 

disconnected one dimensional sets, especially those leading to low velocity impacts. 

Similar structures have been observed for the single degree of freedom system by 

Budd & Dux (1994b). We observe from figure 6.7, that a large proportion, but not 

all, of the attractor could be approximated using one dimensional sets, implying 

that it may be possible to get close to a one dimensional map for the system. This 

has been investigated by Fredriksson & Nordmark (1997), who obtain limited 

results using a local grazing analysis.

Iden tify ing  b ifurcations

Considering more carefully the bifurcations which occur between these vibro- 

impact motions, we examine the region around Ü = 0.85. Figure 6.8 (a) shows 

a close up of the bifurcation diagram around Ü = 0.85. In this figure dots cor

respond to the numerically computed solution, and the line shown in the right 

hand side of the figure was computed using the path following method outlined 

in section 6.1.3. This computation breaks down at the bifurcation point close to
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Figure 6.8: Identifying bifurcations for two degree of freedom impact oscillator example 

shown in figure 6.4. (a) close up of bifurcation diagram: Time series of motion; (b) 

n  =  0.83; (c) n  =  85; (d) Ü =  87.
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Figure 6.9: Eigenvalues of two degree of freedom example shown in figure 6.8 in the 

range 0.856 < SI < 0.9; stable P (l, 1) motion.

SI =  0.856, as additional impacts are created, destroying the P ( l ,  1) fixed point in 

the impact map. We can understand the behaviour of this region by considering 

the time series plots shown in figure 6.8 (b), (c) and (d). Figure 6.8 (b) shows the 

P (2 ,1) motion which exists at =  0.83. At approximately % 0.831 the motion 

“looses” an impact via a reverse type grazing bifurcation. However, instead of 

becoming a P ( l,  1), the period of the motion doubles such that a P(3, 2) motion 

is formed, figure 6.8 (c). This motion exists, until another bifurcation occurs at 

S7 % 0.856. Here the motion looses an impact, and the period of the motion halves 

simultaneously, such that a P ( l ,  1) motion occurs. The eigenvalues computed us

ing the path following method are shown in figure 6.9. Here we can see, all values 

are less than the unit circle, and therefore the motion is stable up to the point 

where the numerics break down. The numerical routine fails as it is “unaware” of 

the proximity of the grazing bifurcation until it occurs, at which point the P ( l ,  1) 

solution is destroyed.

These bifurcations are interesting because changes of periodicity and number 

of impacts change simultaneously, in an asymmetric way. This is in contrast to the 

period doubling bifurcations observed in the single degree of freedom system where
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for example, P ( l ,  1) —> P(2, 2). The symmetric period doubling also occurs in the 

two degree of freedom system, for example at Q % 1.6 where P ( l ,  1) -4 -  P(2,2). 

The asymmetric behaviour of the two degree of freedom system, is due to the 

influence of an additional mass in the system. For this particular set of parameter 

values no saddle node type bifurcations are observed, and no regions of hysteresis 

exist.

R esonance Peaks

An interesting feature of the bifurcation diagram shown in flgure 6.4 (a) is the 

occurrence of three clear resonance peaks at forcing frequency values of Q ^  0.82, 

Q % 1.17 and Ü % 1.69. Comparing this with flgure 6.4 (b) for the impact velocity 

a clear resonance peak can be seen at % 1.16 with lesser peaks at % 0.82 and 

Q % 1.69. This implies that at % 0.82 and % 1.69 the impact velocities are 

less than the main resonance peak but that the difference between the maximum 

and minimum displacement per period is almost the same as the main resonance 

peak.

This effect is due to the difference in the vibro-impact motions at each resonance 

peak. When ÇI % 0.82 the motion is P (2 ,1), at H % 1.17 the motion is P ( l ,  1), and 

at % 1.69 the motion becomes P(4,4). Figure 6.10 shows the phase portrait of 

each of these motions, from which it can be seen how the maximum displacement 

of each motion is approximately the same but the impact velocity of the P ( l ,  1) 

motion (flgure 6.10 (b)) is significantly greater than the impact velocities of the 

other two motions. This type of behaviour is not observed in the single degree of 

freedom system, and could be exploited for engineering purposes. For example, 

maintaining high amplitude motions but reducing impact velocity.

We also note that the occurrence of these resonance peaks does not coincide 

with the non-impacting resonance peaks on the frequency axis. This is not un

expected for an impact oscillator, as it is known for a single degree of freedom 

system that reducing the stop distance increases the resonant frequency such that 

for a stop distance of zero the resonant frequency of the impact oscillator is double 

that of the non-impacting oscillator (section 2.2.5). This phenomena may account
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Figure 6.10: Numerically computed two degree of freedom impact oscillator phase por

trait showing large amplitude motions. Solid line ?/2 , broken line y\ .  Parameter values; 

m i =  7712 =  1, =  ^’2 =  1, Cl =  C2 =  0.1, Ai  =  0.5, À 2 -  0.0, ys =  0.1 and r =  0.7. (a)

=  0.82; (b) ft =  1.17; (c) =  1.69.
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for the resonance peak around Q % 1.17 which is close to double the first nat

ural frequency of the system. In fact considering only figure 6.4 (b), where the 

main resonance occurs at this value, this may seem appropriate. However, there 

is no similar peak corresponding to a value double that of the second natural fre

quency. Thus we can only assume that the interaction between masses causes this 

additional resonant behaviour at % 0.82 and Q % 1.69.

6.2.3 Sticking and chatter motions

For chattering to occur in a vibro-impact system, the acceleration of the impacting 

mass must remain positive for a sequence of low velocity impacts. If the sequence 

is long enough the velocity of the impacting mass tends to zero such that the mass 

effectively becomes stuck to the stop. Chatter leading to sticking is referred to as 

complete chatter, if the sequence does not lead to sticking the chatter is incomplete. 

A detailed study of this behaviour including the dynamics associated with such 

motions in the single degree of freedom impact oscillator have been considered by 

Budd & Dux (1994a).

After a complete chatter sequence, the impacting mass, m 2 for the two degree 

of freedom system, is held against the stop. The force holding m 2 in this position 

during sticking is

Fs = cÿi +  k{yi -  ps). (6.22)

Thus the mass will remain against the stop while Fs > 0, and the point where Fg 

decreases through zero represents the end of the sticking motion.

While m 2 is stuck to the stop, only mi can oscillate. The motion of m% is then 

governed by the equation

ÿi 4- 2(0.1 ) ^ 1  +  {2yi -  3/2 ) =  Acos(Qr). (6.23)

When trying to model the system numerically, a chattering sequence leads to 

the time between impacts decreasing rapidly to zero. In order to overcome the 

resulting computational difficulties, we adopt the method proposed by Cusumano 

& Bai (1993) by setting a threshold level for the interval between impacts. Once
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the time interval between impacts falls below this level we assume m 2 is stuck to 

the stop. The time at which F 5 =  0 is computed by root finding to locate the end 

of the sticking period.

It is clear that from figure 6.2 that there is a potentially large range of frequency 

values for which chattering and sticking motions could occur. However, as the 

forcing frequency increases and the period of the motion decreases, the time during 

the period in which chattering can become compete and lead to sticking diminishes. 

In fact for this example all sticking motions are observed for Q < 0.35. This can 

be seen in figure 6.4 (b) where sticking motions exist in the range 0.2 < Q < 0.35. 

In addition for Q > 0.35, impact velocities become much higher, so that motions 

become periodic impacting motions with a high number of impacts q rather than 

incomplete chatter motions. Although defining the boundary between these two 

types of motion is difficult. For example figure 6.5 (c) shows the time series of 

the motion just after the region of sticking motions at Q =  0.4, which is P ( 4 ,1). 

Thus for this model, chatter and sticking motions occur in regions of low forcing 

frequency where the response has low amplitude and hence low velocity at impact.

The assumption used for the coefficient of restitution rule, is that the time 

of impact is considered to be instantaneous. As a result if the mass is stuck to 

the stop for some finite time then an infinite amount of instantaneous impacts 

could occur. This conceptual problem is an unresolved compromise to simplify the 

overall model (see Budd & Dux (1994a) for a more complete discussion).

Examples of a periodic motion with both chatter and sticking are shown in 

figure 6.5 (a) and (b). As there are effectively an infinite number of impacts 

during the period we denote such a motion as P(oo,g). Considering figure 6.5 (b) 

during one period, starting at time r  =  770 for example, the motion of mass 2 

is in free flight and approximately in phase with the motion of mass 1 . At time 

r  % 778 a first impact occurs, followed by a complete chatter sequence until mass 

2 becomes stuck to the stop. During this time mass 1 is displaced beyond the stop 

distance thus causing Fs to remain positive. As mass 1 returns from beyond the 

stop Fs passes through zero and m 2 is thus released from the sticking position into 

free flight again. The period of the forcing is approximately 31.42 seconds, thus
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Figure 6.11: Two degree of freedom impact oscillator numerical bifurcation diagram; 

chatter and sticking region. Parameter values m i =  m 2 =  1, k\ =  k2 =  I, c\ =  C2 =  O.l 

forcing A 2 =  0.0, Ai =  0.5, ys = 0 . 1  and r =  0.7.

we can see that the motion repeats in one period of forcing, i.e. from r  = 770 to 

T % 801.42 seconds. Therefore the motion can be characterised as P(oo, 1) motion. 

It is interesting to note that during the time when mass 2 is chattering and then 

sticking, mass 1 appears to have an additional higher frequency oscillation. This 

effect can be seen more clearly in figure 6.5 (a) where Q =  0.1.

A close up of the sticking region of the bifurcation diagram, figure 6.4 (b), is 

shown in figure 6.11. This includes the motions shown in figure 6.5 (a) and (b). At 

a forcing frequency of Q =  0.2 the complete chatter combined with sticking motion 

exists. As the forcing frequency is increased this type of motion persists until a 

frequency just greater than = 0.3. At this value the sticking phase of motion no 

longer exists, so the chatter is incomplete. Continuing to increase frequency this 

motion successively losses impacts until the P (2 ,1) motion is reached at % 0.47.

The sticking region itself appears to have a complex bifurcation structure. 

There are two points Q % 0.138 and Q % 0.228 where the impact velocities of 

the chatter sequence becomes small compared to the rest of the region. Between 

these points chattering sequences with higher impact velocities are encountered,
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although in comparison with the complete bifurcation diagram 6.4 (b) all the 

impact velocities for chatter and sticking motions are all relatively low. In was not 

possible to compute solutions for < 0.1 due to the amount of time the mass was 

stuck to the stop.

6.3 Modal energy analysis

We now consider applying the modal energy analysis developed in chapter 4 to 

multi-degree of freedom systems. We are particularly interested in understanding 

the transfer of energy which occurs between modes at impact. Energy loss in the 

system occurs at impact via the coefficient of restitution rule, and during free 

flight due to viscous damping. Energy is input to the system via harmonic forcing. 

In chapter 4 we used the energy balance method to estimate the coefficient of 

restitution for a single degree of freedom model of a multi-modal system. Here we 

wish to understand how energy loss/transfer between modes occurs, giving a better 

insight into the conjecture that for vibro-impact systems, energy is dissipated via 

the vibration of higher modes excited due to impact (Thompson et al. 1994).

In order to achieve this, we consider a modal energy analysis of a steady state

vibro-impact motion of a multi-degree of freedom impact oscillator. From this 

analysis we derive a relation between energy lost during impact and free flight 

(modal energy).

6.3.1 M odal energy transfer at impact

In modal space the coefficient of restitution rule, equation 6.5, becomes

M  ' q(T+) =  [R][^] • q(r_), -0 . q =  y,. (6.24)

This leads to the relation for the modal velocities after impact

q(r+) =  [^ ]-q (r_ ), ”0 • q =  2/s- (6-25)

Where [R] = is the matrix which represents a linear transform via

which the modal velocities just before impact are transformed to new values cor-
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4i

Figure 6.12; The action of the linear transformation [B]. The square OABCO is trans

formed to OA’B ’C ’O

responding to the modal velocities just after impact. This transformation also 

represents the discontinuous jump in velocities at impact. This jump occurs in 

both modal and physical coordinates, although in physical coordinates the veloc

ity of the non-impacting — 1 masses are be continuous although a nonsmootli 

change in slope (i.e. velocity) may occur. As modal energy transfer at impact is 

dependent only on modal velocity (because only kinetic energy is transferee! for an 

instantaneous impact), we refer to [R] as the modal energy transfer matrix.

The effect of the linear transformation, [R], is shown schematically in figure 

6.12. Here the square OABCO is transformed via [R] to OA’B’C’O, via a reflection, 

distortion and reduction in area. The area of OABCO is reduced by det([.R]). The 

line segment OP represents the set of points (çi, %) which map to (çi,0) (line 

segment OP’), such that the kinetic modal energy after impact is zero for mode 2. 

Controlling a system onto these solutions (should they exist) would be a practical 

way to minimise the effect of higher modal vibration from excitation of mode 2.

To consider the actual change in modal energy at impact we multiply equation
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6.25 by (m /2)q^(r+) to give

yq^(T+)q(T+) = yq^(T+)[$]-'[A][$] ■ q(r_). V" q = %. (6.26)

This represents the kinetic energy transfer due to an instantaneous impact. Using 

the relation q^(r+) =  q^(r_)[^]“ ^[/?][^] we obtain

yq^(T+)q(T+) =  (T _ )M - 'M [j(]M  . q(T_). ^ - q  = ys. (6.27)

We denote [i?*] =  as the total modal energy transfer matrix, which

represents the transfer of energy at impact in modal coordinates.

6.3.2 M odal energy during free flight

Premultiplying the (modal) equation of motion for an N  degree of freedom system, 

equation 6.9, by m q^ and integrating with respect to r  gives an expression for the 

energy at time r*

y  (q^q(i-*) -  q^q(n)) +  |(q^[A ]q(r*) -  q^[A]q(n))

=  [  q^F  cos(Qr)dr — c [  q^[A]qdr,
J T i  Jn

(6.28)

where t i  < t *  < r^+i is a time between two consecutive impacts, T% and r^+i. The 

terms on the right hand side of this expression represent the modal forcing energy 

F E  and modal damping energy D E  respectively. For each mode, we refer to 

F E j  — D E j  at the end of a period as the residual modal energy. This is a measure 

of modal energy gain during free flight, over one period of motion for each mode, 

and the sum over all modes represents the energy gain for the whole system.

As for the single degree of freedom analysis (chapter 4), we evaluate this ex

pression for a periodic P ( l ,  1) orbit. Thus to examine the whole period of motion 

between two impacts and for such an orbit by setting r* = r^+i. As we are 

considering the system from one impact to the next, the modal displacement will 

be the same at and r^+i, and hence the strain (or potential) energy term is zero. 

For each impact and T%+i =  r_. The kinetic energy term (first term on left
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in equation 6.28) can be evaluated using the relations

q(r_) =  [«']-^y(T_), 

q ^ (r_ )= y ^ (r_ )[^ ] , 

q(r+) =  M "'[B]y(T_), 

f  (T+) =  y'^(r_)[i?][^],

(6.29)

to give

which reduces to

y(ÿ^('r-)ÿ (T _) -  ÿ^(r_)[fl][fl]ÿ(r_)), (6.30)

-  r ')  (6.31)

where denotes the velocity of mass N  at (just before) impact. Thus we can 

reduce equation 6.28 to an expression for the energy lost at impact

-  r ')  =  f ; ( F E ,  -  D E j) . (6.32)
j=i

However, now the energy lost at impact (left hand side) is the sum of the residual 

energy of all the modes in the system.

Two degree of freedom system

We consider a detailed example of this derivation by developing the same result 

for the two degree of freedom system using the individual modal equation 6.10. 

Multiplying equation 6.11 by rnqj and integrating from T% to r* gives

TÏ1 Jc \  ■ f  T *  f T *

y ( % ( T ) ^  -  q j { T i ) ^ )  +  -  q j ( T i f )  =  F ,  £  c o s ( Q t ) ? j ( 1 t  -  c \ j  2  q j q j d T

(6.33)

for j  = 1,2. Considering the energy over one period of a steady state P(l ,  1) 

vibro-impact motion, the initial conditions at the stop are (r+, Çj(r+), Çj('r+)) and 

the final conditions after the free flight of the orbit are (r_, Çj(r_), Çj(r_)). Here 

T_ =  r+ -t- 27rn/Q such that for a periodic orbit the time phase ^(r_) =  0{r+). 

Using equations 6.29 we can deduce that

Qjiu)  = ^u6i(T_) -  r^2jÿ2{r-) j  = 1,2 (6.34)
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and

qj{r-) = ^ ijÿ i(r_ ) +  ^2ji/2{r-) j  = 1, 2. (6.35)

Substituting these relations into equation 6.33 gives

"^(^22^2(^ — r^) +  2^i2^22'^1'^2(1 +  P)) — F E 2 ~  D E 2

(6.36)

Where Vj = ?/j(r_) is the velocity sampled at time r_ when mass 2 impacts, which 

is constant for the periodic orbit. Because of the orthogonal nature of the modes 

(equation 6.21), we note that ( ^ 1 1 ^ 2 1 ) =  - ( ^ 1 2 ^ 2 2 ), so that by summing the 

equations 6.36, leads to the relation

-  r") =  (6 ^7)

where ^ 2 1  +  ^ 2 2  =  f from the normalisation of the eigenvectors.

The term on the left of equation 6.37 represents the kinetic energy lost at 

impact by mass 2. The term on the right is the sum of the residual energy for 

each mode. This expression is equivalent to equation 4.4 in chapter 4 for the single 

degree of freedom system, and equation 6.32 but setting N  = 2.

Expression for the coefficient o f restitution

Finally, by rearranging equation 6.32 we can obtain an expression for the coefficient 

of restitution, r, in a similar manner to the single degree of freedom system

r =
\

N

1  -  -  DE^)}.  (6.38)
j = l

Thus we now have an expression for r  as a function of the impact velocity and 

the sum of the residual modal energies for an N  degree of freedom system. This 

result is of key significance in explaining energy loss via higher modal excitation 

in multi-degree of freedom impacting systems, because it relates the coefficient of 

restitution to modal energy. We now consider the modal energy analysis of the 

two degree of freedom system, as an example.
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Figure 6.13: Two degree of freedom impact oscillator numerically generated phase por

traits. Parameter values m i =  m,2 =  1, A;i =  &2 =  1, ci =  C2 =  0 1, =  0 1, ^ 2  — 0 0,

A] =  0.5, Ü =  0.9 and r =  0.7. (a) Modal coordinates: Solid line çg, broken line qi. (b) 

Physical coordinates: Solid line y 2 , broken line yi.

6.3.3 Example: Two degree of freedom system

We consider the system described in section 6.2, with =  0.9. At these parameter 

values a steady state P ( l, 1) vibro-impact motion exists which is shown in figure 6.6 

(a). We can compute the semi-analytical modal solution using equation 6.15 and 

its time derivative to form a phase portrait of the modal trajectories. This is shown 

in figure 6.13 (a). Figure 6.13 (b) shows the same solution in physical coordinates. 

It is interesting to note that both modal trajectories have discontinuous jumps, but 

when transformed into physical coordinates only the y2 trajectory is discontinuous. 

This is the effect of using a modal coordinate transformation in a system with a 

plane of discontinuity E, figure 6.14.

Using the numerically generated data shown in figure 6.13 (a), we have com

puted the the residual energy (right hand side of equation 6.32) by using a discrete 

approximation of the integral terms (right hand side of equation 6.28). We can 

compute the initial energy of the system (just after impact) as the sum of the ki

netic and potential energies, which for this example is approximately 0.2145 Joules 

(J). Then by computing the energy gain over the period for each increment of A r 

we compute the total energy for the system over one period of P ( l,  1) vibro-impact
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Figure 6.14: Schematic representation of modal transformation, showing the effect of 

the plane of discontinuity. In (?/i, 7/2 ) space E has no effect on ^1 , when transformed into 

modal space (<7 1 , <72)5 ^  causes a discontinuity in both coordinates.

motion.

This period of motion, between two consecutive impacts, is shown in figure 

6.15 (a). Here we have indicated the initial energy value at the start of the period 

using a horizontal line. The residual energy is the difference between the total 

energy at the beginning and end of the period, which from the data in figure 6.15

(a) is — DEj)  % 0.1578. From 6.13 (b) the impact velocity V2 ~  0.7882.

Suljstituting this value into (the left hand side of) equation 6.37, with m =  1 and 

r = 0.7 gives % 0.1578. Thus over each period, the total energy is increased during 

free flight, then at impact approximately 0.1578 Joules are dissipated. This value 

can also be computed using the total modal energy transfer matrix, which for this 

example is

[B'] = TiiTi2 +  r2T2iT22 -0.63153 -0.22829

T 1 1 T 12 +  r^^21^22 -0.22829 0.41225
(6.39)
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Figure 6.15; Two degree of freedom impact oscillator, numerically generated energy data 

over one period of motion. Parameter values rni =  m 2 =  I, k\ — k2 =  I, ci =  C2 =  O-l, 

'Us =  0.1, A 2 =  0.0, Ai =  0.5, Ü =  0.9 and r =  0.7. (a) Total energy; (b) Modal energy, 

solid line; mode 1, broken line mode 2.
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For the two degree of freedom system the modal energy transfer matrix is 

[R] = ^^1 — r^21 ^11^12 — r'^21^22

^11^12 — r^21^22 ^12 ~  ?̂ 2̂2

-0.23026 -0.76096

-0.76096 0.53053
(6.40)

In figure 6.15 (b) we have plotted the modal energies over the same period of 

motion as figure 6.15 (a). We have computed the initial energies for each mode; 

mode 1 approximately 0.0497J, mode 2 approximately 0.1739J. Then we have 

computed the energy gain during free flight for each mode over the period, and as 

before we indicate the initial energy with a horizontal line. It can be seen from 

figure 6.15 (b) that the residual energy is positive for mode 1 and negative for mode 

2 at the end of the period. By examining the right hand end of figure 6.15 (b), 

which corresponds to an impact, we can see that energy from mode 1 is reduced 

from approximately 0.3653J to approximately 0.0406J the initial energy (solid 

horizontal line). However, the energy of mode 2 is increased from approximately 

0.0067J to approximately 0.1735J. Thus at impact energy is transfered from mode 

1 to mode 2. Mode 1 looses approximately —0.3247J, mode 2 gains approximately 

0.1668J, and the sum of these residual energies is equal to the energy dissipated 

at impact approximately 0.1578J, equation 6.38. Thus in effect mode 1 loses a 

proportion of i t’s energy to impact, and transfers a proportion into mode 2, the 

only other mode of vibration.

6.3.4 General modal energy transfer

We now consider some of the general points highlighted by the work in this section. 

We are considering a linear coupled system in physical coordinates y  with a plane of 

discontinuity representing an impact law; the coefficient of restitution. This plane 

of discontinuity crosses only a single coordinate axis y^- Transforming this system 

into modal coordinates, using the linear transform defined by the modal matrix 

[^] decouples the equations of motion. However, transforming the discontinuity 

into this modal space results in all modal coordinates becoming discontinuous (as 

shown in figure 6.14). As a result, in general, all modal energies will also be
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discontinuous, such that FEj  — D E j  ^  0, and thus every mode will contribute to 

energy transfer during impact.

We have shown for a two degree of freedom example how energy is transfered 

from the primary mode, mode 1, into the higher mode, mode 2. This implies (that 

for this particular example) mode 2 is excited, by impact, by which we mean it is 

transformed from a low energy state, to a high energy state.

We can generalise the key relationship developed in this chapter, equation 6.32 

to the form

" =

where K E i  = mvj^/2 is the kinetic energy at impact, and R E  =  —DEj )

is the residual energy. We know that r  G [0,1], is a real positive quantity. The 

kinetic energy at impact > 0 is a strictly positive quantity. Thus we can see 

that for real values of r, 0 < R E  < KEi .  These bounds apply to systems with an 

arbitrary N  degrees of freedom. We can see now, that by increasing residual energy 

or decreasing kinetic energy at impact, the coefficient of restitution is reduced. This 

is shown in figure 6.16 (a) for KEi  =  10, and in figure 6.16 (b) for KEi  > RE.

For the examples in this chapter, instead of estimating r (as in chapter 3), we 

have chosen a value of r and then discussed the subsequent modal behaviour of the 

system. However, these examples demonstrate the type of modal behaviour of a 

multi-degree of freedom impacting system. This gives an analytical framework to 

the conjecture of (Thompson et al. 1994) that higher modes of vibration, excited 

by impact, dissipate more energy than is accounted for by the classical definition 

of the coefficient of restitution.

We have used a two degree of freedom example with simplifying assumptions, 

in order to demonstrate the main points regarding energy transfer between modes, 

and to obtain an analytical expression for the coefficient of restitution. It is clear 

there are many other configurations which would could be studied. For example, 

forcing both masses, non-harmonic forcing, containing the motion of both masses. 

In addition considering examples with N  > 2 and unequal mass, stiffness and 

damping give more possible configurations. However, by generalising the results
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Figure 6.16: Coefficient of restitution as a function of energy for multi-degree of freedom 

impact oscillators, (a) r vs RE  with KEi  = 10. (b) r a s a  function of R E  and KEi,  

KEi  > RE.
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of the modal energy analysis to apply to any N  degree of freedom system, the two 

degree of freedom example is sufficient to demonstrate the key concepts of modal 

energy transfer at impact.
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Chapter 7 

Vibro-im pact cantilever beam  

analysis

In this chapter we consider a vibro-impacting cantilever beam system. Such a beam 

system is an example of a wider class of continuous systems. Usually in struc

tural / mechanical engineering systems these are system components, such rods, 

beams, shells and membranes. The dynamics of continuous systems is highly 

complex, due to the fact that they possess infinite degrees of freedom. Thus, to 

construct a model, the number of degrees of freedom must be limited to a finite 

number, which capture adequately the dynamics of the system.

In terms of non-smooth dynamics, such continuous systems (we discuss only 

beams here) have only been modelled effectively using a single degree of freedom. 

Moon & Holmes (1979) considered the nonlinear dynamics of a beam subject to 

harmonic and magnetic forcing, using a Galerkin method to reduce the system 

to a single degree of freedom (see also Watanabe (1978)). Moon & Shaw (1983) 

and Shaw (1985c) considered a single degree of freedom approach to modelling a 

vibro-impact cantilever beam experiment. The system was considered as piecewise 

linear, and the single degree of freedom model was obtained using a Galerkin 

method applied to each linear part. Also using a single degree of freedom approach 

to model beam dynamics were Bishop, Thompson & Foale (1996), the previous 

investigators of the stiff beam apparatus used in this thesis. Some beam analysis
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has been discussed in association with contact force problems for the cantilever 

by Fathi &: Popplewell (1994) and Wang & Kim (1996). In general, the Galerkin 

method has been used as a dimension reduction technique, to obtain a nonlinear 

single degree of freedom model.

An alternative modelling approach is the use of a finite element/ difference 

model for the beam combined with a nonlinear boundary condition, see for example 

Fey et al. (1994). The finite element approach is used extensively in engineering 

design to model dynamical problems with more than a single degree of freedom. 

The method is advantageous for systems with complex geometries, although the 

choice of the model elements and hence the dimension of the system is problematic 

and somewhat ad hoc.

In the first part of this chapter we review classical cantilever beam analysis, 

and the application of the Galerkin method to reduce a partial differential equation 

to a set of ordinary differential equations. Then we describe how this analysis 

can be used to produce a single degree of freedom model for a stiff beam, which 

demonstrates the link with the work in chapters 2, 3 and 4.

After considering experimental results from the more flexible beams, we apply 

the Galerkin approach to systems containing a nonsmooth discontinuity (impact). 

This is achieved by applying the analysis developed in chapter 6  for multi-degree 

of freedom lumped mass vibro-impact models. We show qualitative comparisons 

using a four degree of freedom model, and discuss the limitations, and possible 

future applications of this approach.

7.1 Classical cantilever beam analysis

We consider the classical approach to analysing a cantilever beam (without con

straint at first). A full account of this type of analysis can be found in many classic 

engineering texts, for example Timoshenko, Young & Weaver Jr (1974), Bishop & 

Johnson (1960) and Meirovitch (1976). We consider the analysis of a cantilever 

beam which has continuously distributed mass and elasticity and is homogeneous 

and isotropic. In common with all such continua an infinite number of coordinates
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are required in order to specify the position of every particle in the beam. So 

the beam possesses an infinite number of degrees of freedom and i t ’s governing 

equation of motion a partial differential equation; the Euler-Bernoulli equation.

The effect of rotary inertia and shear deformation is usually considered for 

beams with a thickness to length ratio greater than 0.1 see (Timoshenko 1937; 

Timoshenko, Young & Weaver Jr 1974). This excludes the beams we are consid

ering here, assuming that the beam vibrates with only small amplitude motion. 

In addition though, one must consider that at higher (idealised) modes of vibra

tion, rotary inertia and shear deformation will come into effect, as the beam is 

assumed to have an increasing number of nodes (section 7.1.3) a decreasing dis

tance apart. With these limiting assumptions in mind, we consider the derivation 

of the Euler-Bernoulli beam equation.

7.1.1 The Euler-Bernoulli equation

For beams vibrating with small displacements in the linear elastic range we can 

derive the equation of motion in terms of the transverse vibration u{x, r) of the 

centre line of the beam where x  is the length along the beam and r  is time. And 

we assume that rotary inertia and shear deformation can be neglected. Such a 

beam is shown in figure 7.1. We consider the bending moment M, shear force V  

and viscous damping 77 across an element of beam 6 x with density p and cross 

sectional area A, due to an external forcing f{x^r).

The equations of motion of the beam element ôx are

(7.1)

dV
—  = pAu -  f (x ,  r) +  77Û. (7.2)

and

Using the relation

M - E / g  (7.3)

where E  is the Young’s modulus, and I  the second moment of area for the beam
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^  X

Figure 7.1: Schematic representation of a continuous cantilever beam.

of length L, we can write

du d'^u , .
(7,4)

This is the Euler-Bernoulli beam equation with viscous damping. In the most 

general case p,A and I  can be considered as functions of x. In the following 

analysis we consider them as constant parameters, corresponding to the case of a 

beam with constant cross section.

7.1.2 Classical normal modes: The eigenvalue problem

In order to obtain the normal modes of the cantilever beam, we first consider i t ’s 

free vibration by setting the forcing function f { x , T )  = 0. We scale the distance 

along the beam x  by the total length of the beam L  such that s = x / L  is the 

normalised distance along the beam. Hence the Euler-Bernoulli equation becomes

E l  d^u du . d^u
(7.5)

Using separation of variables, we the assume a solution of the form u{s,r) = 

U{s)F{r), i.e.

2i(s,T) =  Ce^'e^ '' (7.6)
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where C  is an arbitrary constant, and i =  \ / ^ .

Here we seek nontrivial solutions (7 /  0 for values of A. Substituting this trial 

solution into the Euler-Bernoulli equation yields

F'T
— -f T]\uj -  pAJ^  =  0 (7.7)

which can be expressed as

Â  -  (4 =  0 (7.8)

where
.4  _  {uj'^pA -  ir]uj)L'^

e  = '  (7.9)

The four solutions to equation 7.8 are

A =  ±^, ± i^  (7.10)

so that

u (g, T) =  (Q e^ ' +  -b (7.11)

The normal modes for the beam can now be solved by considering the space 

dependent function C/(s), where

U(s)  =  C ie«“ +  C2e"«“ +  (7.12)

By using the relationship between the exponential and hyperbolic functions, equa

tion 7.12 can be expressed in the form

U{s) = Bi  cos(^s) -b B 2 sin(^s) +  B 3 cosh(^s) -b B^ sinh(^g). (7.13)

The eigenvalue problem can now be formulated by using the boundary condi

tions for the beam to solve for the constants Bk{k =  1 ,2,3,4). For a cantilever 

beam fixed at x =  0 (s =  0) and free at a; =  L (s =  1) the boundary conditions 

are: At s =  0; defiection, u = 0 , and slope, du/ds  = 0. Hence U = 0 and U' = 0. 

At s =  1; bending moment [ E l / L ‘̂ )d‘̂ u/ds ‘̂ =  0 and shear —{EI/L^)d^u/ds^ = 0. 

Hence U” = 0 and U"' = 0. Where ()' represents differentiation with respect to s.
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Differentiating equation 7.13 and using the boundary conditions we can write 

the matrix equation

1 0  1 0  

0 1 0  1 

— cos f  — sin ̂  cosh ^ sinh ̂  

sin f  — cos f  sinh ̂  cosh ^

which has a nontrivial solution only if

1 0  1 0  

0 1 0  1 

-  cos ̂  — sin ^ cosh ^ sinh ̂  

sin^ — cos^ sinh^ cosh^

Bi 0

B2 0

Bs 0

B a 0

(7,14)

=  0 . (7.15)

In other words we need to find the eigenvalues and eigenvectors for the matrix in 

equation 7.14. The eigenvalues are related to the natural frequencies of the beam, 

and the eigenvectors to the normal mode shapes. Calculating the determinant 

leads to the expression

cosh ̂  cos ^ +  1 =  0. (7.16)

This can be solved numerically to find the eigenvalues The first five values are 

shown in table 7.1.

Table 7.1: Eigenvalues for normal mode solution of a 

cantilever beam

j 1 2 3 4 5

& 1.875104 4.694091 7.854757 10.995541 14.137168
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7.1.3 Normal mode shapes

To find and the normal mode shapes we note from equation 7.15 that = 0

and ^ 2  +  B 4 =  0 so that equation 7.13 can be expressed as

U{s) = Bi{cos^jS — cosh^js) +  B 2 {sm^jS -  sinhf^s), (7.17)

then using the boundary conditions at s =  1 , (x =  L) we can write

0 = B i{— cos (j — cosh^j) +  B 2 { - s in ^ j  — sinh^j) (7.18)

and

0 =  J5i (sin (j — sinh ̂ j) +  B2 ( -  cos — cosh (j). (7.19)

Rearranging equation 7.19 gives

Substituting this into equation 7.17 leads to

U{s) = Cj {(cosh ^jS — cos^js) — <7 j(sinh^j5  — sin^js)} (7.21)

where
=  ( s i n h ^ - s i , ^  2 2 )

(cosh +  cos ^j)
and Cj is an arbitrary constant.

These expressions define the modes shapes for a cantilever beam. We define 4>j 

as the normal mode shapes

0j(s) =  (cosh^jS — cos^js) — (7j(sinh^jS — sin^js) j  = 1 ,2 ,3 , . . .  (7.23)

such that (j)j{s) has been evaluated to within an arbitrary constant. The first 

five continuous modes for a clamped-free cantilever beam are shown in figure 7.2, 

where the amplitude </> =  (t>j{s)/ (f)j{s)max- For the cantilever beam, (t)j{s)max = 2. 

The data for cantilever and other beams can be found in (Blevins 1979). Node 

points occur where a mode shape crosses the centre line of the beam (t>j{s) =  0  

Each mode has j  — 1 node points. These node points are the roots of the equation 

(j)j =  0  in the range [0 , 1 ] (which represents the length of the beam in terms of s). 

The node points for the first five modes of a cantilever beam are shown in table 

7.2.
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Figure 7.2: First five normal modes for a continuous cantilever beam.

Table 7.2; Node points for normal modes of a cantilever 

beam

Mode Number Node Points

1 0.0

2 0.0, 0.78344455

3 0.0, 0.50354787, 0.86767759

4 0.0, 0.35833752, 0.64408794, 0.90556401

5 0.0, 0.27875171, 0.49991483, 0.72322359, 0.92654700
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M ode shapes for constrained continuous system s

One issue concerning the application of normal mode analysis to constrained sys

tems is whether the normal mode shapes are adequate to describe the motion of 

an impacting beam. Moon & Shaw (1983) and Shaw (1985c) match the solution 

of a clamped-free cantilever, with a clamped-pinned beam at impact, to obtain a 

solution for a piecewise linear beam model. However, we are assuming that the 

beam is in contact with the stop for a negligible amount of time, and choose not to 

adopt this approach for our current analysis. Instead, we use the fact that we are 

considering the simple case of a single point of constraint along the beam. Then 

by considering the mode shapes in figure 7.2, the beam should be able to deform in 

any linear combination of this shapes to effectively accommodate a constraint at a 

single point. We postulate, that for a single point constraint, the linear combina

tion of the normal modes is at least a good first order approximation to the mode 

shapes adopted by the vibro-impacting cantilever beam. For sticking motions, the 

Shaw (1985c) approach could be used.

This problem, is one of great interest for future research. Effectively a set of 

nonsmooth or constrained modes needs to be developed for the beam (and other) 

systems. This is a similar problem to that of nonlinear normal modes which has 

been studied by Shaw & Pierre (1993) and Boivin, Pierre & Shaw (1995).

O rthogonality o f normal m odes

The general solution we assumed when deriving the eigenvalue problem can now 

be written as
oo

u{s,r) = (7.24)
j=i

where Cj is an arbitrary constant. Substituting this into the Euler-Bernoulli equa

tion (equation 7.5) for free vibration and cancelling the common time factor, we 

see that for the j th  mode we obtain a fourth order ordinary differential equation
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If we consider two solutions ÿ, and to equation 7.25

=  ( f *  (7.26)

(7.27)

where ()' represents differentiation with respect to s. Multiplying each of the

expressions by the other solution and integrating over the length of the beam

(which with respect to 5 is equal to 1) gives

f% T<t>kds^ i t  [%i<j>kds (7.28)
VO Vo

f '  cf'k't’ids = i t  M i d s .  (7.29)
Vo Vo

Evaluating the left hand sides and using the symmetric property of the inner 

product fLf{s)g{s)ds = (f ,g) = ( g j )  gives

W ”̂ k]l -  f  M k d s  (7.30)
Vo Vo

[4>k't>z^o-Wk'l>',]l + <t>'l4>lds = i t  M k d s .  (7.31)

The end conditions for the cantilever beam result in the integrated terms become

zero. Hence subtracting one result from the other gives

i i t - i t )  f ' M k d s  = 0 (7.32)
Vo

and as the eigenvalues and are distinct,i.e. for i ^  k, then

[  (j)i(j)kds =  0 {i ^  k) (7.33)
Vo

and conversely (see (Blevins 1979))

r ^ j d s  = l. (7.34)
Vo

For the general case

[  (j)i(l)kds = 6 ik (7.35)
Vo

where 6%* is the Kronecker delta; 6 ik = 0 for (z /  k)^ Sik = 1 for {i = k). This 

demonstrates the orthogonality property of normal modes.
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Substituting equation 7.33 into equation 7.30 and 7.28 we obtain the relations

/  <f>i(l>kds = 0 (7.36)
Jo

[%T<l>kda = Q { i j t k )  (7.37)
Jo

so ÎOT i = k equations 7.28 and 7.30 give

=  Çf / '  .pjds = (7.38)
Jo Jo

= (7.39)

7.1.4 Galerkin m ethod

The Euler-Bernoulli equation can be reduced to an infinite series of ordinary differ

ential equations by making a substitution involving separation of space and time 

variables, which we have demonstrated in section 7.1.2 when computing normal

modes. Here we consider a general form of this separation known as the Galerkin

method (Fletcher 1984). The transverse displacement of the beam is approximated 

by
oo

“ (s. T) =  (7.40)
i=i

where as before (j)j{s) represent the normal mode shapes. Çj(r) represent the modal 

coordinates which can be determined in a variety of ways.

Substituting for u(s, r) into the Euler-Bernoulli (equation 7.5) gives

ET °° °° °°
TT E  " Â'J 9('^) +  ^ E  </’j(s)gj('^) =  (7.41)
^ j=l j=l

We can now use the principle of orthogonality to decouple the equation. First 

multiply by an arbitrary mode shape i ^  j  and integrate over the length of 

the beam to give

o o  r l  (^40. oo oc
I ]  / ( f ) j ( l ) i dsq j {T)pAY,  (j)j(f)idsqj{T)= f{s,r)(f)ids.
j —l JO 0,3 Jo j_^ Jo Jo

(7.42)
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Then by using equations 7.35, 7.38 and 7.56 and assuming that damping 77 is a 

linear combination of mass and natural frequency, we obtain

ë  +  ^Q^njqjir)  +  Qjir) = W  ) j  =  1 ,2 ,3 . . .  0 0 . (7.43)

where Qj ( r )  is the generalised force

Q j ( T )  =  ^  f ( s , T ) ( / ) j d s  (7.44)

These equations represent an infinite set of uncoupled equations. Which have a 

form similar to the single degree of freedom linear oscillator equations for free 

vibration of a beam. They can be truncated to a suitable number N  needed to 

model the modes excited in the beam. Such that for the j t h  mode

+ 9 j ( t )  =  ^ % ( r )  (7.45)

This equation is essentially the same as equation 6.11 in chapter 6  (and the single 

degree of freedom equation, equation 2 .1 ). And the exact solution, equation 6 . 1 2  

can be used once the forcing terms in 7.45 have been computed.

7.1.5 Initial conditions and forcing

The initial conditions for the motion of the beam can be determined from

00

0) =  ]^ÿj(g)9j(0) (7.46)

and
00

«(s,O) =  ^0 ,(s)g ,(O ) (7,47)
J = 1

Applying the orthogonality principle gives

qj{0) = J  u { s , 0 ) < l ) j d s  (7.48)

Çj(0) = J  ù { s , 0 ) ( l ) j d s .  (7.49)

Assuming that the initial conditions are known, or can be calculated by equa

tions 7.48 and 7.49, the only unknown is the forcing function Qj { r )  given by
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equation 7.44. The forcing function / ( s , r )  is assumed to be separable such that 

/ ( s , r )  =  g{s)h{T) and equation 7.44 can be expressed as

Q j ( t )  =  h ( r )  j  g { s ) 4 > j d s . (7.50)

It can be seen from this expression that if the time dependent forcing h{r) is 

modally independent; applied to the whole beam, then the integral term acts

effectively as a modal distribution which distributes the effect of the forcing h(r)

across the j  modes considered in the analysis. So in the case when the distribution 

across the beam is even g{s) = 1 the modal distributions aj become

aj = J  (f)jds. (7.51)

Using equation 7.25 and third derivative of (j)j this expressions can be written as

Qfj — f  (f)jds =  (7.52)
Jo

so that

Qj {r )  = ajh{r). (7.53)

See (Blevins 1979) page 455. The first five values are given in table 7.3.

Table 7.3: Modal distribution factor for cantilever beam

j 1 2 3 4 5

aj 0.78299176 0.43393590 0.25442530 0.18189802 0.14147084

If however, the forcing h{r) is applied at a single point on the beam s = c, 

g{s) becomes the Dirac delta function g{s) = ô{s — c) and evaluating equation 7.50 

gives

Qji^) = /^(7')< ĵ(c). (7.54)

From this equation it can be seen that if c is a node point of mode k, then this 

mode will not be directly excited since (j)k{c) =  0 for a node point. However if c is 

not a node point (j)k{c) represents the modal distribution for the point forcing at 

X  = c.
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If g{s) is a mode shape (j>k then Qj{t) — h{t) for j  = k, and Qj{t) = 0  for j  ^  k. 

Thus a non-impacting beam would vibrate in the kth. mode only.

7.1.6 Natural frequencies

First consider the undamped case, when 77 =  0. So that =  uj‘̂ pAL^/EI.  The 

natural (angular) frequencies for each can be found directly from the relation

(7.55)

Here the u  term in the assumed solution is exactly the angular natural frequency 

of the system Un, and since there are an infinite number of solutions for 

j  = 1 ,2 ,3 .. . 0 0 , there are a corresponding infinite number of Unj.

In the case when viscous damping is present 77 /  0,

f* .  (7.57)

We can solve for uj  if 77 is a linear combination of the form 77 =  4 - d2 C0 nj- Thus

solving for uj,  with di =  0  and d.2 = 2 (^pA gives

U , . = ( v „ j { i 0 ± y r ^ }  (7.58)

where Q = p/pc is the ratio of damping to critical damping pc = 2pAunj. Equation 

7.58 can be written as

“ j =  ±  wj (7.59)

such that =  uinjJl — Cf is the damped natural frequency for the yth mode of 

the beam.

C om putation of natural frequencies for experim ental beam s

We include here the calculation of the natural frequencies for the three beams used 

in the experimental work. First we show the parameters necessary to compute 

the natural frequency for each beam in table 7.4. See also chapter 3 for beam 

dimensions.
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Table 7.4: Parameters for experimental beams

Parameter Stiff beam Flex beam 1 Flex beam 2

Young’s Modulus E  (N/m^) 

Second moment of area I  (m^) 

Density p (kg/m^)

Cross sectional area yl(m^) 

Length L  (m)

205x10^
56.3x10-12

8500

7.5x10-5

0.332

205x10^

24.4x10-1^

8500

12.4x10-5

0.3

205x10^

85.5x10-15

8500

18.7x10-5

0.3

Here we have used “standard” values of Young’s Modulus and Density for mild 

steel, taken from Nelkon (1969). Using these values combined with equation 7.56 

we have computed the first five natural frequencies for the three beams. The 

results are shown in Table 7.5, were we have shown fi = o;„j/27r.

Table 7.5: Natural frequencies for experimental beams

Stiff beam Flex beam 1 Flex beam 2

3 fj fj f j
1 21.6 4.3 6.5

2 135.3 26.84 40.9

3 378.9 75.1 114.5

4 742.5 147.3 224.4

5 1227.3 243.4 370.89

Thus far we have referred to beams as “stiff” or “flexible” . Here we quantify 

the stiffness of the three beams using kg = 3EI/L^ ,  the static stiffness of the beam 

(Coates, Coutie & Kong 1972).

Table 7.6: Static stiffness values for experimental beams

Stiff beam Flex beam 1 Flex beam 2

kg (N/m) 945.33 5.56 19.48
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7.2 Experimentation

7.2.1 M odelling beams as single degree of freedom system s

So far in this chapter, we have reviewed normal mode analysis for a cantilever 

beam. In the previous section, we outlined the analytical computations for esti

mating the natural frequencies of such a beam system. For the work in chapters 

2, 3 and 4 we have assumed that the results from the stiff beam apparatus can be 

modelled using a single degree of freedom model. Having reviewed normal mode 

analysis of a cantilever beam, and described the Galerkin method for reducing a 

partial differential equation to a set of ordinary differential equations, it is clear 

that a single degree of freedom model is obtained by setting N  = 1. This can be 

seen from the equation of motion for each mode, equation 7.45, which is of the 

same form as that for the single degree of freedom oscillator, equation 1.2. The 

normal mode analysis demonstrates how direct beam parameters such as length L, 

cross sectional area A  and density p can be used to estimate parameters in a single 

degree of freedom model. These are non-impacting parameters such as natural 

frequency ujn and damping (, as opposed to impact related parameters such as the 

coefficient of restitution, which has been discussed in detail in chapter 4.

When considering the beam as a single degree of freedom system certain as

sumptions have to be made. First we consider that the mass of the beam acts 

at the point of impact, and that this point on the beam is the displacement be

ing modelled by the single degree of freedom system. It is also assumed that the 

impact stop is positioned at or near to the free end of the beam, well away from 

the node point of mode two, such that mode one is the predominant mode of vi

bration. For experimental results to match a single degree of freedom model, it is 

important to minimise the excitation of any modes greater than the first. For this 

reason, during most experimental work with the stiff beam apparatus, the forcing 

transducer was positioned at the node point of mode 2 (table 7.2) to minimise the 

excitation of this mode.
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Effective mass

Reducing the system to a single degree of freedom implies that there is a single 

lumped mass oscillating in the system. In terms of the beam, this implies that 

a proportion of the mass of the whole beam is assumed to act. We refer to this 

proportion the effective mass of the beam. We computed this value for the stiff 

beam in the following way. First we assume that the natural frequency of the single 

degree of freedom system is equal to the first natural frequency computed using 

normal mode analysis (verified experimentally) uJn = <̂ ni- Then we computed the 

stiffness, k, of the system as the static stiffness shown in table 7.6. The effective 

mass was then computed via the relation irieff = k/uj" .̂

The total mass of the stiff beam m =  0.2117kg. If rueff = then to match 

the first natural frequency of the beam, P % 0.25. So only approximately a quarter 

of the beam’s mass is assumed to act. This was used in chapter 5 when computing 

impact velocities.

M odelling forcing and initial conditions

We have already touched upon the problems associated with modelling magnetic 

forcing in chapter 4. This arises from the experimental configuration, where the 

beam is forced by a non-contact magnetic forcing transducer (appendix B). Exper

imentally, more accurate results could be obtained using a shaking table apparatus, 

where the whole rig is shaken at a fixed amplitude and frequency. The problem 

with using a magnetic forcing transducer is estimating the forcing amplitude im

parted to the beam. The difficulty of estimating forcing applies to a wide range 

of engineering problems, for example, systems which are forced by the motion of 

fluids. For this work, we have estimated forcing amplitude using the equations 

developed in chapter 3, using an energy balance approach which could be directly 

related to forcing amplitude. Forcing frequency could be controlled quite accu

rately, and experimental values could be compared directly to numerical ones.

The application of forcing at a point or to the whole beam has been discussed 

in section 7.1.5. For all the experimental work, the forcing was applied at a single
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point (the node point for mode two).

Determining initial conditions for the experimental beam, was straight forward 

in that it was motionless prior to tests. However, it was subject to a static offset 

from the forcing magnet, which for the stiff beam was negligible. The static offset 

was a problem for the flexible beams which deflected considerably under this effect. 

This meant that the forcing transducer had to be positioned a satisfactory distance 

away from the beams to limit this effect, and as a result the forcing which could 

be applied was restricted.

7.2.2 Experim ental results from flexible beams

We now consider experimental results obtained from flexible beams 1 and 2. Both 

these beams exhibit a high degree of flexibility and from table 7.6 we see that both 

are significantly more flexible than the stiff beam.

One problem in acquiring data from a flexible beam is that of beating (Tim

oshenko et al. 1974). This occurs when the beam is forced close to a natural 

frequency, but not exactly at the natural frequency (which is never possible ex

perimentally). We show this effect in figure 7.3 where we have recorded a non

impacting time series for Flexible beam 1 where the amplitude varies from 0.2 to

0.65 (approximately). We note however that constraining the beam, reduces this 

effect significantly, as shown by the time series recordings in figure 7.4, where the 

beam is forced at the same frequency and amplitude but (a) is non-impacting and 

(b) is vibro-impacting. This effect could possibly be exploited for some engineering 

applications, where beating needed to be reduced.

Flexible beam 1 has the greatest flexibility of the three beams considered. A 

frequency response diagram for flexible beam 1 is shown in 7.5. Here we have 

included the first two resonance peaks, corresponding to the first two natural 

frequencies of the beam. We can compare the occurrence of these peaks with 

the calculated values of natural frequency in table 7.5, the first peak occuring at 

approximately f i  % 3.5, and the second / 2  ~  21.5. From which we see that the 

calculated values are close (but not exactly) to the actual values.
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Figure 7.3: Experimentally recorded time series for flexible beam 1, forcing frequency 

f  =  21.0Hz.

In figure 7.6 (a) we show a non-impacting response recorded from flexible beam 

1 forced at /  =  21Hz, close to the second natural frequency, the power spectrum 

of this signal is shown in figure 7.6 (b). From this we can see that the non- 

impacting response is composed of the first four modal components corresponding 

to approximately f i , f 2 , fs  and f^. As we are forcing the system close to / 2 , this 

is the largest component in the response.

7.2.3 Comparison between a stiff and flexible cantilever 

beam

We now show a comparison in experimental results between the stiff beam and 

flexible beam 2. This demonstrates the effect that increased flexibility has on 

an impacting beam. In figure 7.8 we show plots of time series, power spectrum 

and reconstructed phase portrait for each beam. The motion shown is a P(2,2) 

recorded at /  =  17Hz for the stiff beam and /  =  4.5Hz for the flexible beam. 

The vertical lines on the power spectrum plots indicate the calculated natural 

frequencies for the system, from table 7.5.

We can observe from all plots, that the stiff beam signal has more high fre-
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Figure 7.4: Experiineiitally recorded time series for flexible beam 1 forcing /  

showing effects of impacts on beating, (a) non-impacting; (b) im pacting.
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Figure 7.5: Experimentally recorded frequency-response diagram for flexible beam 1, 

showing first two resonance peaks. Maximum minus minimum displacement vs forcing 

frequency.

cpiency components than flexible beam 2. Comparing the power spectra, figures 

7.8 (c) and (d), we see that the flexible beam appears to have contributions to the 

signal (figure (d)) corresponding to the normal modes, compared to the stiff beam 

which appears to have much more non-modal components. Thus it appears, qual

itatively that the stiff beam response has a greater degree of nonlinearity, than the 

flexible beam. From this observation, we postulate that the greater the flexibility 

of the system, the more degrees of freedom, and hence the greater the ability to 

compensate for amplitude limiting constraint.

7.3 Vibro-impact cantilever beam analysis

7.3.1 Normal mode analysis for a constrained beam system

We now consider the scenario shown in figure 7.9, where a vertically clamped 

cantilever beam is constrained by an impact stop at a single point. The stop is 

positioned at b along the beam, with a transverse distance from the beam of a. We 

assume that the beam is harmonically forced at a point c along it’s length. This
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Figure 7.6; Experimentally recorded signal for flexible beam I f  — 21.0Hz. (a) non

impacting time series, (b) power spectrum.
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Figure 7.7: Numerical simulation of non-impact motion in figure 7.6 (a). Parameter 

values; F  =  0.6, Ü =  144, TV =  4.

scenario is exactly the experimental set up we have used for the cantilever beam 

experiments throughout this work.

We assume that the Euler-Bernoulli equation, has been reduced to a set of 

N  ordinary differential equations of the form of equation 7.45 using the Galerkin 

method. Thus when u{x, r) < a, we can apply the analysis developed in section 

7.1. When an impact occurs we apply a simple coefficient of restitution rule of the 

form

û(6, r+) =  - r û ( 5 ,  r_ ), (7 .60)

where u{b,T) is the transverse displacement of the beam at x = 6, and r is the 

coefficient of restitution as before. However, during the application of this impact 

rule, the rest of the beam x by continuity, must satisfy

il[x 7  ̂ 6, T+) =  u(x 7  ̂ 5, r_). (7.61)

Thus we wish to develop an expression which defines the impact rule in terms of 

these constraints. In fact we have already done this in chapter 6, for lumped mass 

systems, and we apply this approach here.

First, we construct an TV x TV modal matrix [T] for the system. To do this we 

evaluate the mode shape function (j){x) at TV equidistant points along the length
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Figure 7.8: P (2 ,2 ) vibro-impact motion; stiff beam /  =  17Hz (a), (c)and (e); flexible 

beam 2 /  =  4.5Hz (b), (d) and (f).
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Figure 7.9: Schematic representation of a cantilever beam , w ith an am plitude lim iting  

constraint and harmonic forcing.

of the beam, which must include the point of impact x = b and the point of 

forcing x = c. Hence using equation 7.40, the Galerkin substitution, truncated to 

N modes,

01 (^i) 0 2 (3 :1 ) . . .  0w(3:i)

0 1 (3:2 ) 0 2 (3 :2 ) ••• 0w(3:2)

0 1 (3 :3 ) 0 2 (3 :3 ) . . .  0w(3:3)m  = (7.62)

0 1  (3:7V ) 0 2  (3:7V ) . . .  07V (3:7V )

This is an approximation to the modal matrix, and we note that the inverse of this 

matrix is not necessarily equal to i t’s transpose, although this may be true for N  

large. Thus in the following analysis, and when computing numerical solutions, 

we use the inverse of [^] rather than the transpose, as used in chapter 6.

Substituting equation 7.40 (for N  modes) into equations 7.60 and 7.61 then 

gives the modal form of the coefficient of restitution equation for a multi degree 

of freedom system, equation 6.24; [’F] . q(r+) =  [A][4̂ ] . q(t_). We can define 

the modal energy transfer matrix [R] = • [ 7 7 ] as before, and thus we
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can compute approximate solutions using modal superposition for an N  degree of 

freedom cantilever beam system. By transforming this back to physical coordinates 

u{x,t) ,  via equation 7.40, we can compute the displacement of any point on the 

beam. Usually of interest is the displacement of the point of impact u(6, r).

In effect, what we have done in this section is to apply a Galerkin method to 

a continuous, system with a nonsmooth discontinuity. In effect we have placed 

an additional constraint on the decoupled system of equations (equation 7.43) 

using equations 7.60 and 7.61 transformed into a modal matrix form using the 

analysis developed in the chapter 5. The result is a Galerkin method for this 

particular nonsmooth system. In physical terms, this corresponds to reducing the 

system to an equivalent lumped mass system, where the masses are equal, and 

equidistant, and coincide with the impact and forcing points. This approach may 

have applications to a wider class of nonsmooth continuous problems, and is similar 

to the approach used by (Moon & Shaw 1983) for a piecewise linear system.

We have taken no account of estimating an appropriate size for the basis func

tions (i.e. the number of normal modes) or the application of a nonlinear type 

Galerkin method where modes are divided into “active” and “passive” (Foale, 

Thompson & McRobie 1998), with passive modes slaved to the active set.

7.3.2 Numerical simulation of flexible beam m otion

We now show some numerical simulations of experimental results from the flexible 

beams using the Galerkin methods described in the previous sections. Firstly, in 

figure 7.7, we show the simulation of the non-impact motion shown in figure 7.6 (a) 

using a four degree of freedom model. This simulation has been computed using a 

Galerkin method, described in section 7.1.4, with =  4. This technique is widely 

used to model beam dynamics, and from the figures there is good qualitative 

correlation.

In figure 7.10 (a) we show a vibro-impact, non-periodic time series recorded 

from flexible beam 1 at a forcing frequency of Q =  20.8Hz. The power spectrum of 

this motion is shown in figure 7.10 (c), here vertical lines represent the computed
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Figure 7.10: Flexible beam 1; (a) Experimentally recorded signal for flexible beam 1 

and power spectrum (c). (b) Numerical simulation, parameter values Us =  —0.7, N  = 4,  

A = 0.6, Ü =  28.3, c = 0.1, r =  0.8. (d) power spectrum of numerical simulation. 

Dotted lines represent location of theoretical natural frequencies.

natural frequencies. From this we can see that the first four modes of vibration 

are the main components of the motion. In addition we can see how the computed 

natural frequencies are accurate for the first and second modal components in the 

spectrum, but then become increasingly inaccurate for higher components.

The simulated motion (figure 7.10 (b)), using the nonsmooth Galerkin ap

proach, with N  = 4, appears to give qualitatively similar type motion to the 

experimental time series. Here, we have estimated N,  simply by by inspecting the 

power spectrum of an experimental signal, and estimating the number of normal 

modes which contribute to the response. The power spectrum of this simulated
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motion is shown in figure 7.10 (d). As would be expected, the main frequency 

components of this signal correspond to the first four computed natural frequen

cies. One significant additional frequency component occurs close to the second 

natural frequency, this can also be seen in the experimental spectrum, and may 

be caused by the nonsmooth effect of the constraint.

In figure 7.11 (a) we show a final example of a periodic impacting motion, 

P ( l , l ) ,  recored from flexible beam 2. The numerical simulation, using a multi

modal system with A  =  4, is shown in figure 7.11 (b). We note that the motion 

is similar, although the simulation seems to have more high frequency oscillations. 

In addition, the experimentally recorded signal seems to have a longer time at 

impact, perhaps for this motion, the instantaneous impact rule is inappropriate, 

or there maybe a sticking event which the model is not capturing fully.

7.3.3 Limitations in modelling flexible beams

We have shown in the preceding section, some qualitative simulations of flexible 

beam vibro-impact motion. This has been possible due to the application of normal 

mode analysis and the multi-degree of freedom analysis developed in chapter 6, to 

form a Galerkin approach which incorporates a nonsmooth discontinuity. There 

are several limitations which exist with this approach.

1. For flexible beams large amplitude motions are possible (and probable), such 

that the system is nonlinear away from impact.

2. The impact time for flexible beams may not always be small.

3. There is no effective way of estimating the dimension of the model.

The first point contradicts the assumption made in cantilever beam analysis, 

section 7.1, that the amplitude of beam motions is small, which allows use to use a 

linear model away from impact. The second point, contradicts the assumption that 

the time of impact is instantaneous. It also indicates the need for an understanding 

of “sticking modes” , mode shapes for the beam in contact with the constraint. The 

final point has two parts, firstly estimating the overall dimension of the system
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Figure 7.11: Flexible beam 2: (a) Experimentally recorded frequency-response = 37.7, 

1000 samples/second; (b) Numerical simulation, parameter values are stop distance Ug = 

—0.6, degree of freedom N  = 4, forcing h{t) = Acos{Üt) A = 0.35, Ü = 37.7, damping 

c = 0.1, r = 0.8, other parameters as table 7.4.
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(Broomhead, Jones & King 1987), and second estimating the number of modes 

which are “active” and those which are “passive” i.e. slaved to the active modes 

(Foale et al. 1998) if using a nonlinear Galerkin approach.

These problems are common to a wide range of engineering systems, and are 

active areas of research in nonlinear dynamics. We have already mentioned non

linear Galerkin methods, another possible (related) approach would be to apply 

inertial manifold techniques (Foias et al. 1988). Other general approaches to un

derstanding the dynamics of infinite dimensional systems can be found for example 

in Nicolaenko et al. (1989) and Temam (1988).

In conclusion, we have applied the Galerkin method for simulating the motion 

of a vibro-impacting cantilever beam system using a combination of normal mode 

analysis and the lumped mass analysis developed in chapter 6. There are several 

limitations with the application of this method to modelling the motion of flexible 

beams. However, we feel that this demonstrates, qualitatively, the possibility for 

more accurate modelling of complex vibro-impact problems.

We note also that applying equations (7.60) and (7.61) to the beam is equivalent 

to the application of a discontinuous velocity field. This is a theoretical concept 

which can be applied when we consider the beam to be a series of discrete elements 

(masses). Physically, the beam may chatter against the stop while the parts of the 

beam away from the stop displace past the stop, in a flexible beam this may result 

in the beam being held against the stop for a short time. If the beam is very stiff 

(i.e. rigid) the displacement past the stop will be very small, and the beam will 

rebound from the stop almost instantaneously.
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Chapter 8

Conclusions

Modelling nonsmooth processes in engineering systems is a challenging and com

plex problem. This is especially so for systems with more than a single degree of 

freedom. Yet as most physical systems exhibit some degree of multi-dimensionality, 

methods for modelling such systems are continually sought by engineers. Recent 

advances in dynamical systems theory, particularly the analysis of nonsmooth 

systems, have been applied extensively to single degree of freedom nonsmooth sys

tems, giving an insight into their nonlinear behaviour. However multi-dimensional, 

and continuous systems have received very little attention, except when reduced 

to a low dimensional nonlinear model (usually single degree of freedom). Such 

systems have a wide range of applications throughout engineering, a selection of 

which were described in chapter 1.

In this thesis we have sought to gain a greater understanding of multi-dimensional 

and continuous vibro-impact systems using both single and multi degree of free

dom models. In addition we have attempted to answer questions relating to the 

modelling of the impact process, such as the suitability of instantaneous impact 

rules and estimating the coefficient of restitution. In all these investigations we 

have made an attem pt to gain a greater understanding of the underlying dynamics 

of the system, as well as develop methods for modelling system behaviour.

Essentially we have studied an engineering problem using the tools from dy

namical systems theory where appropriate. It is hoped that in this work we have
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bridged a small part of the gap between these two disciplines, and that by doing 

so we provide some new information for both engineers and mathematicians.

We have considered the a class of nonsmooth systems known as vibro-impact 

systems (or impact oscillators). Starting with single degree of freedom vibro- 

impact systems, we have given a review of the the underlying dynamics associated 

with a simple impact oscillator. The key dynamics can be reduced to a one dimen

sional map and, following Nordmark, we have discussed how the grazing bifurca

tion is reduced to a square root singularity in the map, defining the underlying 

nonlinearity in the system. We also discuss the use of semi-analytical solutions to 

model periodic motions, and other issues such as natural frequency shift which are 

important for engineering design.

From an engineering application viewpoint, the bifurcational behaviour of these 

systems is of particular importance. We have discussed the occurrence of codimen

sion one bifurcations in these systems, and have provided comparisons with data 

recorded from a stiff cantilever beam experiment. In addition we have examined 

the codimension two bifurcations which occur in the single degree of freedom sys

tem. We have described the criteria for the occurrence of these events, and the 

relevance for the design and control of engineering systems. In particular we have 

shown how it is possible to maintain a particular periodic motion for a range of 

parameter values in a vibro-impact system.

One of the most important issues associated with the mathematical modelling 

of engineering systems is that of parameter estimation. Current methods are 

restricted to those developed for non-impact systems. Here we have presented a 

systematic approach to estimating the key parameters for single degree of freedom 

vibro-impact systems. Of particular significance is the estimation of the coefficient 

of restitution, such that a single degree of freedom model can be applied to systems 

with energy lost in higher modes of vibration. This was achieved using an energy 

balance method, which was combined with some signal processing techniques to 

provide an effective parameter estimation technique. We have demonstrated the 

practical application of this model on a variety of experimental data including the 

(stiff) cantilever beam experiment. Following this work, we have proposed the use
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of an energy loss coefficient, when modelling these type of systems.

Another important issue for the design of physical systems, is the estimation of 

impact forces experienced by the system components. We have shown how this can 

be achieved using a specially constructed impact load cell, which has similarities to 

the sensing block method of impact force estimation. We have considered the time 

of impact and developed a contact time measure. By analysing results from the 

impacting beam experiments we have concluded that the coefficient of restitution 

model is a suitable model for these systems.

In addition to estimating impact forces, the data obtained from the load cell 

can be used to reconstruct the dynamics of the system. This can be considered 

as a form of remote analysis, which has many possible applications for systems 

where direct measurements of the moving components cannot be obtained. We 

have discussed the issues relating to the analysis of spike data, and reconstructing 

the dynamics using time series analysis methods. This has related applications in 

the analysis of neuron firing data.

Multi-degree of freedom systems occur in a wide variety of engineering applica

tions. We have described how such systems can be modelled when their motion is 

constrained at a single point. A two-degree of freedom example is used to demon

strate the typical dynamics of such a system. The key difference between single 

and multi-degree of freedom systems is that the later have the ability to exhibit 

modal behaviour. In addition, following the work of Budd and coworkers, we 

have considered the chatter and sticking motions which occur in the two degree of 

freedom system.

We have extended the energy analysis developed for single degree of freedom 

systems to the multi-degree of freedom systems, and considered the issue of energy 

transfer between modes, using a two degree of freedom example. We have gener

alised this approach for a system with an arbitrary degree of freedom, indicating 

the key relationship between, coefficient of restitution, kinetic energy at impact 

and residual energy for periodic impacting motion. This work demonstrates, an

alytically, the effect of additional energy loss (lower coefficient of restitution) due 

to higher modal excitation.
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Finally we have considered a vibro-impacting cantilever beam. This can be 

considered as an example of a wider class of continuous systems with motion 

limiting constraints, found in many engineering systems. Using a combination of 

normal mode analysis and the constrained multi-degree of freedom analysis, we 

have developed a Galerkin type approach for our nonsmooth system. This has 

enabled us to numerically simulate the motion of a cantilever beam constrained 

at a single point along i t ’s length. This analysis has been used to numerically 

simulate complex motions for multi-dimensional cantilever beams, and the results 

have been compared qualitatively to experimental results recorded from flexible 

cantilever beam systems.

Overall, in this thesis we have progressed from single degree of freedom vibro- 

impact systems, which are now generally quite well understood in terms of nonlin

ear dynamics (chapters 2 and 3), to multi-degree of freedom lumped mass vibro- 

impact systems (chapter 6), which are only beginning to be understood. In chap

ters 6 and 7, we have considered multi-degree of freedom and continuous systems. 

We feel that the one of the main objective of this current research is to gain a 

greater understanding of multi-degree of freedom and eventually continuous vibro- 

impacting systems.

Future research

Coming to the end of a piece of work such as this thesis, you realise that you have 

only just begun to explore the possible areas of research in your chosen fleld. Due 

to the nature of research work, there a many topics which we have only been able 

to mention briefly. We consider that the control aspects are particularly important 

areas for future research. Control engineering is a vast subject in itself, and we have 

only discussed briefly control of chaos techniques. Particularly relevant would be 

the application of these techniques in an experimental system. For example using 

control to damp the vibrations of higher modes using the analysis presented in 

chapter 6. Another example of application of this work could be controlling the 

dynamics of constrained fuel rods, by altering the position of the constraint along
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the length of the rods.

The ability to model multi-degree of freedom vibro-impact systems can be 

applied directly to a number of engineering problems, which may have advan

tages over the current approach of using finite element software. For example, the 

problem of high rise buildings “pounding” during earthquakes could be modelled 

accurately using the analysis we have outlined for lumped mass systems. Also, un

derstanding the occurrence of resonance peaks, the unsymmetric nature of period 

doubling, and reducing the dynamics to a low dimensional mapping, are all areas 

of future work for multi-degree of freedom systems.

Continuous impacting problems which occur in engineering such as, loosely con

strained flexible elements in a fluid flow, fuel rods, pipe-work, etc, could be exam

ined using the normal mode-Galerkin approach. Addressing such problems, could 

lead to investigating much wider applications associated with systems governed 

by partial differential equations, with constrained motion or impacts; continuous 

impacting problems such as wave deck slamming, loose laminates, or impacting 

cables, for example. In addition, such results could be usefully applied to con

trol problems in engineering systems. The conjecture we made in chapter 7 that 

flexible elements seem to compensate for motion constraints with less nonlinearity 

than stiff elements is also an area for future investigation.

Following directly from the work on continuous systems presented here would 

be further development of the Galerkin approach for nonsmooth systems. Es

sentially this is a dimension reduction problem, which for the beam is related to 

stiffness. Justification for reducing a beam system to a single degree of freedom 

model is based on the beam’s stiffness. Throughout this thesis we have used the 

terms “stiff” and “flexible” to describe ■©¥ experimental beam systems. We have 

shown that the stiff beam can be modelled adequately using a single degree of 

freedom model, and that flexible beams need a model with a higher degree of free

dom to capture the dynamics. However, there is no qualitative way of determining 

whether the beam is stiff or flexible. A key area of future work would be to quan

tify these statements, such that if the stiffness/ flexibility of a beam was known, 

the reduced dimension of the system could be computed.
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Several other future directions arise from the work in chapter 7. For example, 

the application of other techniques from dynamical systems theory, such as inertial 

manifolds and nonlinear Galerkin methods. These methods could lead to consid

ering the system as a set of coupled maps, another active area of research. We 

also noted that for flexible beams, a full nonlinear model is required. This leads 

to the possibility of studying nonlinear-nonsmooth systems. Also of interest is the 

application of an energy balance method for continuous structural elements such 

as the cantilever beam.

We have also briefly discussed the functional form of the impact forces in the 

system. Although this is already a large area of research (generally known as 

impact engineering), we believe that there is scope for bridging the gap between 

single impact event research and the dynamical systems-vibrational analysis ap

proach adopted in this thesis. For example we could relate instantaneous and 

piecewise linear models, and interchange between them using a control parameter. 

This is particularly applicable of flexible beam elements, where experimental ob

servations indicate that short time impacts may not be an appropriate model for 

the system.

The study of multi-dimensional systems raises many other questions, such as 

deflning nonsmooth or constrained mode shapes for a particular system, and the 

effect of forcing and constraint at differing, or multiple locations. Another area 

of research in multi-dimensional systems, is the interaction of vibro-impacting 

systems, or components e.g. the Newton Cradle. In general, the dynamics of 

multi-body and multi-dimensional systems provides a challenging problem with 

many applications.

Parameter estimation for multi-degree of freedom systems is another area of 

future work. Estimating the dimension of physical vibro-impact system is a key 

problem, which we have already discussed. In addition estimating other key pa

rameters such as forcing and damping are active research areas, particularly modal 

or nonlinear damping.

The analysis of spike data recorded from the impact load cell proved to have 

interesting areas of application to medical data, particularly neuron firing events



C H A P T E R S .  CONCLUSIONS  2 1 5

which is an active research area. Interspike intervals, and the remote analysis of 

systems, is another area which may have a wide number of application, both in 

engineering and other areas of the physical sciences.
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A ppendix A  

Dim ensional analysis

Considering the dimensionality of equation 2.1 in terms of fundamental dimen

sional units, we reduce the dimensions of the variables to three basic quantities, 

mass [M], length [L] and time [T].

The displacement of the mass y is measured in metres, y = [L].

Time r  is measured in seconds, r  = [T].

The oscillators mass m  is measured in kg. m  = [M].

The harmonic forcing frequency Q is measured in H z= l/s.

The harmonic forcing amplitude A  is measured in N, where N=kg m/s^, so A = 

[MLT-2].

The stiffness k is measured in N/m =  kg/s^, so k = [MT~^].

The viscous damping c is measured in N s/m = kg/s, so c =  [MT~^].

The velocity of the mass y' is measured in m/s. y' = [LT~^].

The acceleration of the mass y” is measured in m/s^. y" =  [LT“ ]̂.

The distance to the impact stop ys is measured in metres, ys =  [L].

The static displacement yst is measured in metres, yst — [L].
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From this it is clear that all the terms in equation 1.1 have the dimension of force 

(N) e.g. Acos(Qr) =  [M L T -‘̂][T-'^][T] =  [MLT"2] =kgm/s^=N. Likewise all 

terms in equation 2.1 have dimensions of acceleration (m/s^). We note also that 

the dimensions of the natural frequency

UJn =  \    =

[MT
[M]

- 2 1

= [T- n (A.l)

are Hz.
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A ppendix B

Experim entation

Throughout this work we have made reference to data or results from experimental 

work. Unless otherwise stated, all such information has been obtained by exper

imental work carried out by the author at University College London. Here we 

describe the various different apparatus used, some of which has been used in pre

vious studies (Foale 1993), and some of which has been built specifically for this 

research.

B .l  Experimental apparatus

All experimental work was carried out in the Cowdray Laboratory in the Civil 

Engineering department at University College London. Data was recorded from 

all experimental apparatus using a National Instruments LabPC-f data acquisition 

board. This was mounted in a Dell OptiPlex ON PC and controlled using Labview 

4.0 software. Using this software, programs were written to acquire time series data 

and to drive the magnetic forcing transducer.

The effect of impacts occuring in the experimental rig, may induce vibrations 

which disturb displacement recordings. To minimise this and other external distur

bance effects, the apparatus was weighed down with a large amount of laboratory 

weights.
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Figure B.l: Schematic representation of the stiff beam apparatus

S tiff b eam  a p p a ra tu s

This beam apparatus was used by Foale (1993) and formed the basis of experi

mental studies by (Thompson, Bishop & Foale 1994; Bishop, Thompson & Foale 

1996). A schematic diagram of the apparatus is shown in figure B.l.

The cantilever beam has dimensions free length 332mm width 25mm and thick

ness 3mm . The beam is clamped vertically into a steel base, clamped length is 

48 mm. A steel frame is attached to the base which provides a housing for the 

impact stop, displacement and forcing transducers.

The impact stop is a 3mm diameter steel rod fixed to the frame with a lock 

nut. The magnetic forcing transducer consists of an electro magnet capable of 

producing a variable magnetic field from an input analogue voltage signal which 

is provided via the LabPC-b board.

The capacitative displacement transducer works in conjunction with a Wayne 

Kerr TE 100 Mk II feedback amplifier. The transducer is calibrated to read dis

placements in the range of ±  1.25mm. The signal from the Wayne Kerr is read by 

the LabPC-b board. The complete set up is shown schematically in figure B.2. In
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Figure B.2: Schematic representation of the stiff beam apparatus experimental set up
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Mi
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Figure B.3: Photograph of stiff beam apparatus.

addition a photograph of the stiff beam apparatus is shown in figure B.3.

Flexible beam  ap p ara tu s

A separate piece of apparatus was built during the course of this research such 

that data could be recorded from flexible beams. A schematic representation of 

this apparatus is shown in figure B.4.

This apparatus is similar to the stiff beam apparatus except that the steel frame 

has only one side wall, and the displacement transducer is mounted separately. The 

fixed end clamp was formed using two angle brackets, due to the low stiffness of 

the beams used this configuration was adequate to act as a rigid clamp.

Two different flexible beams were used during experiments and they shall be 

referred to a flexible beam 1 and flexible beam 2 respectively. Flexible beam 1 has 

dimensions 300 x 25.5 x 0.49mm. Flexible beam 2 has dimensions 300 x 25.33 x

0.74mm.
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Figure B.4: Schematic representation of the flexible beam apparatus

B.2 Experimental com putation

B.2.1 D igital signal processing techniques

The analogue signals recorded from the experimental apparatus were digitised and 

recorded in data flies as single precision (6 decimal places) data. These data files 

were either plotted directly, or post processed as necessary using programs written 

in C code. Most of this code was written using the routines given in the excellent 

text by Press, Teukolsky, Vettering Sz Flannery (1994). The main techniques 

used included were power spectrum estimation and derivative estimation using 

Savitzky-Golay filtering. We have already described Savitzky-Golay filtering in 

chapter 4.

Power spectrum  estim ation

Power spectrum estimation was carried out using data windowing and overlapping 

segmentation as described in chapter 13 of (Press et al 1994). For a data file of 

N  data points, the data was segmented into K  segments of M  points, where M  is 

a power of 2, most usually 1024. These data segments overlap each other by half
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their length. A Bartlett window of the form

j  -  M/2
bj =  1 — (B.l)

M/ 2

was applied to each segment. The windowed data is then fast Fourier transformed 

and combined such that the power is calculated as as “mean square amplitude” . 

This is referred to as power spectral density or PSD

PSD = i E c j .  (B.2)
j=0

In all figures the logarithm of this value is plotted against frequency.

B .2 .2 Data acquisition programs

As already stated, these programs were written using LabView 4.0 software. Three 

main programs were written:

1. Function generation program which produced a continuous sine wave of fixed 

amplitude and frequency. These variables could be set at the desired values 

prior to testing. The generated signal was sent to the voltage output terminal 

of the data acquisition board.

2. Time series recording program. This program scanned multiple voltage input 

channels (up to maximum of 8) from the data acquisition board using a 

double buffering system. These input signals could be streamed to a data 

file when the user required. Variables, were; sample rate, number of channels 

to record and buffer size.

3. Single parameter bifurcation program. Essentially a combination of the pre

vious two programs. Designed to sweep continuously up then down through 

a preselected frequency range. Changes in frequency were made such that 

the input sine wave remained smooth and continuous at all times. The num

ber of transient periods to decay for each frequency setting could be selected, 

then maximum minus minimum displacement was recorded for a number of 

steady state periods, also user defined. In addition the user could choose to
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average over a number of steady state periods. For example take the average 

max-min displacement of ten steady state periods, ten times, such that a 

hundred steady state periods were recorded.

These programs could have been written an implemented in many languages. The 

Lab View 4.0 software used a graphical programming interface, which was easy to 

use after some familiarisation.
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