
HYDRODYNAMIC FORCES ON OSCILLATING SUBMERGED BODIES AT
FORWARD SPEED

hy
Vu Guoxiong

A thesis submitted for the degree of Doctor of Philosophy 

in ocean engineering and naval architecture 

in the Faculty of Engineering,

University of London

Department of Mechanical Engineering 

University College London 

1986



ProQuest Number: 10016035

All rights reserved

INFORMATION TO ALL USERS 
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a complete manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed,

a note will indicate the deletion.

uest.

ProQuest 10016035

Published by ProQuest LLC(2016). Copyright of the Dissertation is held by the Author.

All rights reserved.
This work is protected against unauthorized copying under Title 17, United States Code.

Microform Edition © ProQuest LLC.

ProQuest LLC 
789 East Eisenhower Parkway 

P.O. Box 1346 
Ann Arbor, Ml 48106-1346



To My Parents

and

To My Wife



Abstract

This work attempts to solve the problem of a ship advancing in 

waves using potential theory. The results of resistance in otherwise 

calm water and hydrodynamic coefficients of oscillating submerged bodies 

at forward speed are presented. For the resistance problem the free sur

face condition is linearized but the body surface condition is exactly 

satisfied; while for the oscillating problem both conditions are linear

ized.

The linearized mathematical model is discussed in detail and a 

review of previous work on ship motions especially the strip theory is 

given in chapter one. Following the introduction, the mathematical 

equations are derived and the details of numerical procedure to be 

adopted are discussed in chapter two. This numerical method combines 

localized finite elements in the near region with representation by a 

boundary integral equation in the far field. The method is first exam

ined at two dimensional level in chapter three by consicering infinitely 

long cylinders. After a review of previous work on ship wave resistance, 

the method is then extended to general three dimensional submerged 

bodies in chapter four. The further extension of the present method to 

more general problems in ship hydrodynamics such as nonlinear wave 

resistance, the motion through an arbitrary time history, the added 

resistance in a regular sea, the elastic deformation of the ship, etc, 

is discussed. An analytical formulation for the potential problem of a 

submerged spheroid advancing in waves is presented for the purpose of 

providing a basis to check the numerical results. It is confirmed that 

the present method is one of the most promising methods in ship hydro-



dynamics.
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INTRODUCTION

1.1. The linearized potential theory of ship motions

An ocean going ship will be excited by wave forces and as a result 

be set into motion. This motion will affect the performance of the ship 

in many aspects and may raise some serious problems, such as increased 

resistance, deck wetting, slamming, vertical acceleration and propeller 

emergence, etc. While every aspect above has become a specialized sub

ject in ship hydrodynamics, the fundamental problem remains as to esti

mate the overall motion of the ship in the ocean or the response of the 

ship to ocean waves.

In order to predict ship motions in waves, the ship is usually 

regarded as a rigid floating body having six degrees of freedom. The 

fluid loading on the ship is estimated by the linearized velocity poten

tial theory. This theory assumes that the fluid is inviscid and 

imcompressible, the fluid flow is irrotational, and both incoming wave

elevation and the body oscillation are small. It yields that the velo-
2city potential <(> satisfies Laplace equations V (f)=0 and the corresponding

condition = L(#)+a#+b on the mean position of the fluid boundary,on
where L is a linear differential operator, a and b are constants and n 

is the normal of the boundary surface. In mathematics this equation is 

a familiar form and many theories concerning its solution have been 

established. These theories provide some principles and disciplines in 

seeking the solution in a very broad sense. Unfortunately, it is con

cluded that except for very few special cases, it is impossible to 

obtain the analytical solution of this equation. The special difficulty 

in ship hydrodynamics is that for most practical ships their surfaces
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are described by the coordinates of some discretised points rather than 

being able to be described by some simple mathematical functions. This 

makes the analytical solution out of the question. The existence of the 

free surface and the infinitely large fluid domain make the problem more 

complicated. Therefore it seems inevitable that a numerical method has 

to be used to obtain the solution.

The essential spirit of the numerical method is to find a function 

which satisfies governing equations at discretised points or in a uni

form sense rather than in the whole continuous fluid domain. This func

tion is always an approximate solution in terms of rigorous mathematics; 

but it is possible in principle that the numerical solution can provide 

any wanted accuracy by imposing governing equations at more and more 

discretised points, if one can afford the computer time and the error 

due to the machine is always far less than acceptable. In this sense, 

the numerical method will give the exact solution.

As the strategy of the numerical analysis, it usually first consid

ers some problems of special geometries, such as a circular cylinder or 

sphere. These geometries are by no means similar to practical ships, but 

as the semi-analytical solutions in the series form containing some spe

cial functions can be obtained, the results may provide a basis to check 

the numerical method.

There have been many computer programmes using numerical techniques 

to calculate ship motions in waves. Some of them are for ships of spe

cial geometries, such as slender or rectangular; and others are for 

ships of arbitrary geometries. These programmes have been successfully 

used in many cases. It is difficult to conclude that a particular
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numerical method employed by some programmes is always better than the 

others. But in terms of the basic requirements for the numerical method, 

ie, accuracy and efficiency, it seems that the boundary integral method 

and coupled finite element method are most promising methods for most 

practical ships.

The bounaary integral method transfers the Laplace equation into a 

boundary integral equation with the help of Green function. This 

reduces the problem in the whole fluid domain into that on the body sur

face. The numerical detail will be different corresponding to whether 

the direct or indirect method^S is used, but the basic idea is to divide 

the body surface into many small panels. On each of these panels the 

parameter to be found is assumed as constant or as a simple function 

containing some unknown coefficients. By invoking the body surface con

dition, the unknown constants or coefficients on each panel can be 

found. The advantage of this method is that it minimizes the unknown 

coefficients, since only the potential on the body surface is usually 

needed; the disadvantage is that the numerical integration of the Green 

function over the body surface is not always easy and the solution is 

non-unique at certain discrete frequencies for floating bodies, as 

known as the irregular frequency^l.

The coupled finite element method divides a domain surrounding the 

body known as the near region into many small sub-domains. In each of 

these sub-domains, the potential is expressed by a shape function con

taining some unknown coefficients. The potential in the other region or 

the far region is expressed in a series form or in a boundary element 

integral form. By a variational statement, the solution of the potential
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can be obtained, which guarantees the continuity of the potential and 

its first order normal derivative on the boundary separating two 

regions. The advantage of this method is that the numerical difficulty 

of the integration of the Green function over the body surface is 

avoided; the irregular frequencies can be predicted if the boundary 

separating two regions is chosen as some simple forms and the irregular 

frequencies can be easily changed by altering the geometry of the boun

dary. The disadvantage is that the number of unknown coefficients is 

increased and the preparation of the input data needs more effort.

In general, these two methods give satisfactory results where 

linearized potential theory is valid. But their applications to the 

problems of ship motions in waves are strongly affected by the assump

tions of the linearized potential theory. A serious limitation of the 

linear potential theory is due to the absence of the drift force. It has 

been observed that if the incoming waves contain two components of 

slightly different frequencies w ± the higher order force on the

ship will have the components of frequencies 2w and When the res

toring force of the ship motion in mode i is small or zero, the second 

component known as slowly-varying drift force will influence the ship 

motion in this mode significantly. Since there is no static restoring 

force on surface ships in horizontal plane, the consequence of this 

force is to increase the resistance and influence the course-keeping 

ability of ships. For compliant offshore structures employed in the oil 

industry this force can cause severe strain in the mooring line attached 

to the structure.

The accurate estimation of the slowly-varying drift force needs the
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solution of the second order potential which is not an easy task. A 

closely related and rather easier problem is that of mean drift force?^ 

in regular waves, which is also neglected by the linearized potential. 

This force is due to the fact that the time average of the product term 

of the linear potential in Bernoulli’s equation is not equal to zero so 

that it yields a steady force on the ships or offshore structures. As it 

is easy to model and sheds considerable light on the behaviour of com

pliant systems in irregular waves, this steady drift force has received

much attention^^'25,32,91,93.

The second effect of the application of the linearized potential 

theory is that it neglects the viscosity of the fluid (rigorously speak

ing, the limitation due to this effect applies to all potential theories 

which are not necessarily linearized). The real fluid flow is a very 

complicated physical process which can not be simply described by a 

velocity potential. As water is regarded as Newtonian fluid, this pro

cess in ship hydrodynamics follows the law described by the Navier- 

Stokes equation. This is a set of coupled nonlinear differential equa

tions. To obtain the solution of these equations associated with the 

complicated free surface condition is extremely difficult if not impos

sible.

In fluid dynamics, however, it has been observered that when the 

flow of real fluid hits a body, a boundary layer will be created 

attached to the body surface. The fluid flow outside the boundary layer 

can be regarded as inviscid so that the potential theory is used; while 

the Navier-Stokes equation should be used for the viscous flow inside 

the boundary layer. Rigorously, the whole problem should be solved by a
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potential theory outside the boundary layer matching the solution of the 

Navier-Stokes equation inside the boundary layer. But since the boundary 

layer is confined to a thin region, its existence will not affect the 

potential solution significantly. The solution outside the boundary may 

be obtained by ignoring the existence of the boundary layer; the solu

tion inside the boundary may be obtained from the Navier-Stokes equation 

and by invoking the boundary condition on the body surface and matching 

the potential solution on the interface with the outside inviscid flow. 

The details and criteria of matching the inner solution and the outer 

solution have been discussed by Van Dyke^^^.

The most important effect of viscosity on ship motions is that it 

can cause the separation of the fluid flow from the body, which will 

generate vortex shedding. It yields that the potential theory is not 

valid in a large region. Fortunately the separation usually happens or 

is significant when the body is small compared with the wavelength and 

wave amplitude. In this case the existence of the body will not affect 

the incoming wave significantly. The force on the body may be obtained 

by the Morison equation?0,96. When the body is large compared with the 

wavelength and wave amplitude, the effect of viscosity can be usually 

neglected and the potential theory may be used. As has been observered, 

the potential theory gives very satisfactory results for ship motions 

except that associated with roll^^.

The third limitation is that associated with the rigid body assump

tion, since the real ship is always a flexible structure. But its flex

ural deformation is usually far smaller than its rigid motion so that it 

can be neglected in the estimation of the ship motions. The important
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effect of the flexural deformation is to induce the dynamic stress in 

the ship structure and this deformation can be also significant in 

offshore structures, such as risers. The subject of hydroelasticity 

concerns this problem in detail. A simplified mathematical model is to 

regard the ship as an elastic beam and the hydrodynamic loading may be 

obtained by the simplified two dimensional strip theory. A comprehensive 

discussion about this problem can be found in the book <<Hydroelasticity 

of Ships >> by Bishop and Price!!.

There are many other factors which will affect the applicability of 

the linearized potential theory such as the incompressible assumption of 

the fluid and neglect of the free surface tension. These effects on the 

ship motion however are far less important than those discussed above 

except for very specialized subjects. Therefore we are not going to dis

cuss these effects in detail.

1.2. A review of previous work

A closely related problem to the motion of a ship advancing in 

waves is the resistance on the ship. It is part of our concern in this 

thesis, but the detailed discussion of this subject will be in later 

chapters. Specifically, a review of the previous work on ship wave 

resistance will be given in chapter four; while here we will concentrate 

on the review of the theory of ship motions in waves and mention some 

work on the resistance problem occasionally.

The theoretical research in this area was started by the work 

Froude^G and K r y l o v & 5  in the last century. They assumed that the 

existence of the ship would not affect the incoming wave structure. The



resultant force on the ship is known as the Froude-Krylov force later 

on. The first work taking into account the effect of the ship on the 

fluid flow is the work by Michell?^ in analysing the wave resistance on 

the ship. He regarded the ship as a thin body so that the potential flow

can be determined by a source distribution on the centerplane of the

ship and the source strength can be obtained from the geometry of the 

ship directly without solving any complicated integral equations. These 

works provided some qualitative guidance in ship design but have never 

given any satisfactory quantitative results. It can be understood that 

the theoretical model used by them is for the need of mathematical sim

plification. It does not reflect the practical situation and therefore 

fails to give satisfactory quantitative results.

It is due to the appearance of the computer in the 1940s that the

solution of the problem associated with the real ship can be obtained

numerically. As a typical ship can be regarded as a slender body which 

means that its length is much larger than its width and draught, the 

mathematical problem can be solved based on the strip theory. The strip 

theory assumes that the fluid flow corresponding to each section of the 

ship is two dimensional and the effect from other sections can be 

neglected. For the two dimensional flow, the analysis had been well 

treated by Ursell105,106 for a floating circular cylinder and his method 

can be extended to an arbitrary cylinder by combining with the mapping 

technique^?. Therefore Korvin-Kroukovsky and Jacobs^^ were able to give 

the first version of strip theory in 1957. Although they established 

this theory mainly based on physical intuition rather than a rigorous 

mathematical derivation, surprisingly the theory gives very good results 

comparing with experiment in many cases. However, since it lacks a firm
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theoretical basis, this theory has a vital weakness that it does not 

satisfy Timman and Newman’s symmetry relation^which is regarded as a 

touchstone of strip theories. Therefore this theory inevitably has some 

limitations in applications specially when a ship has forward speed.

Although many extensions and modifications were made after this 

original strip theory, such as the work by Gerritsma^^ and by Grimai, 

they were still not consistent from a rigorous mathematical point of 

view. To avoid some difficulties and to make the theory have easy prac

tical application, some inconsistent assumptions were usually made, 

which lead to the final equation containing terms of different orders.

Ogilvie and Tuck®^ observed this problem and started their strip theory 
1 / 2from the order e , where e is the ratio of body width to its length.

In this, known as "rational theory", the influence of forward speed on

the body surface and on the free surface is taken into account in a

manner consistent with their assumptions. As a result, all equations
1 / 2have terms of order 0(e ). From the mathematical point of view it is

a rigorous theory. But as a strip theory, it is not wiaely used because

of its complexity. In fact, the purpose of the strip theory is to pro

vide a simple mathematical method to solve the complicated problem of 

ship hydrodynamics. On the other hand, although many simple strip 

theories are not consistent from the beginning, they do provide some 

satisfactory results compared with experiment. Therefore the practical 

significance of developing a very complicated strip theory is question

able otherwise a three dimensional theory may be used.

The most commonly used strip theory was developed by Salvesen, Tuck 

and F a l t i n s e n 9 5 .  in this, known as the STF strip theory, the basic
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assumption of original strip theory remained. The two dimensional prob

lem analysed by them did not include any effect of forward speed. This 

effect was taken into account only in the relation between the pressure 

and potential. Although their theory is less rigorous than rational 

strip theory from a purely mathematical point view, it does satisfy the 

Timman and Newman relation and is much easier to use.

A novel modification of the conventional strip theory was made by 

N e w m a n ^ O ,  According to his derivation the exciting force on each sec

tion of a ship should be determined from the hydrodynamic coefficients 

of this section at wave frequency rather than at encounter frequency.

But apart from that this theory is quite similar to the conventional 

strip theory.

The assumptions of these conventional strip theories require chat 

the frequency is high, so that the interaction of the fluid flow between 

the different sections of the ship can be neglected. When the frequency 

becomes low or even moderate it has been shown by Ursell^^® considering 

horizontal slender bodies of revolution that the interaction is not 

negligible. His conclusion was extended by N e w m a n ? ^  to horizontal 

slender bodies of arbitrary shape. Rigorously speaking therefore, the 

conventional strip theory is not valid at low frequency. Fortunately, at y 

low frequency the hydrodynamic force from the potential theory is of 

small order while the static force is of leading order which is exactly 

estimated by the strip theory. Thus as shown by the results of heave and 

pitch response of barges to waves of different frequencies at zero for

ward speed given in Fig.1 to Fig.3, the strip theory gives very good 

results.t The surprising thing is that even if the ratio of beam to

t These figures are reproduced from the results obtained in the
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1length reaches — which by no means corresponds to slender body, the 

strip theory still gives very good results in general.

As one of the serious limitations of the strip theory, the two 

dimensional theory gives infinitely large added mass when the frequency 

tends to zero, as the consequence of the neglect of the interaction 

between different sections of the ship. To remove such limitations of 

the conventional strip theory, Newman®^ developed a unified strip theory 

in 1978. He divided the fluid domain into two domains: The near region 

surrounding the body and the far region tending to infinity. The flow 

corresponding to the slender body in the near region is regarded as two 

dimensional. The solution is obtained by the localized two dimensional 

method and is expressed as a sum of a particular solution and a homo

geneous solution associated with a "constant" which is virtually a func

tion of the body's longitudinal coordinate and can be interpreted as the 

interactions between sections. The flow in the far field is three

dimensional in general. The solution for slender bodies is obtained by 

the source distribution along the axis of the body. By matching two 

solutions in their common region, the constant and source strength can 

be obtained. Using this theory, Sclavounos^? calculated the case without 

forward speed. His results show that added mass has been improved 

dramatically at low frequency. Later Sclavounos calculated the case 

with forward speed^®. It is understood that this theory is not easy to 

be used in this case unless a further assumption about the relative ord

ers of magnitude of encounter frequency w and forward speed U is made

such that U<<o)L or Fn=— — <<w.
\|iL ^

where L Is the length of the body ana

author's Msc report for Ocean Engineering, Department of Mechani
cal Engineering, University College London, 1984
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g is gravitational acceleration. Although this assumption is not expli

citly declared by Sclavonous in his work, it is essential, at least from 

a mathematical point of view. From his results of heave and pitch hydro- 

dynamic coefficients, Sclavonous showed that unified theory provided an 

improvement over STF theory with the exception of cross-coupling added 

mass and gave better agreement with experimental data. We may notice

however that comparison in this work is in the region Fn<<w^ where

the exclusion of the forward speed effect on the near field solution is 

acceptable. Therefore it is interesting to see what the results would 

be at low frequency and large Froude number. In the author’s view, the 

present unified strip theory is superior to the conventional strip 

theory in many aspects, provides good results for slender ships advanc

ing at low forward speed in waves, and its inexpensive computation 

effort is particularly attractive, but the assumption of the relative 

order of magnitude of encounter frequency and forward speed will limit 

the application of the unified strip theory to an appropriate region. 

Moreover it has been observed recently that it is difficult to conclude 

that the unified strip theory will give better results than conventional 

strip theory in finite water depth^^.

Since the strip theory has its inherent limitations, it is there

fore necessary to establish a more accurate mathematical model. To over

come the limitation of the slenderness assumption of the body, which is

invalid for many unconventional ships such as barges and offshore plat-
1

forms, the three dimensional theory has been developed. This theory has 

no such requirement for the body geometry and wavelength as the strip 

theory. It is valid for a general three dimensional body provided that 

the assumption of the linearized potential theory is acceptable. At zero
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forward speed, there have been many works2G;29,32,38 using either the 

source distribution method or coupled finite element method. A review 

was given by Mei^^ and more recent developments were discussed by 

Yeungll^ and Eatock T a y l o r ^ S .  These three dimensional theories give 

very good results compared with experimental data except the rolling 

damping where the effect of the fluid viscosity is important (e.g. 

reference^5 ).

If the body has forward speed, the three dimensional theory becomes 

more difficult to implement. There are mainly two difficulties. The 

first is that the potential due to the oscillatory motions of the body 

contains the second order derivatives of the potential generated by for

ward speed in its body surface condition which needs to be accurately 

evaluated. The second difficulty is the waterline integration, since the 

Green function on the waterline of the surface ship in the boundary 

integral equation may not be convergent. Changé  ̂ was the first person 

who challenged the problem of the surface ship advancing in waves using 

three dimensional theory. The conventional source distribution method 

was used. After paying the price of large computer time, better agree

ment than strip theory with experimental data was obtained. But the 

improvement was not as significant as one expected. This may raise the 

question whether this expensive price is worthwhile. However the 

difference could be due to the numerical process rather than the 

mathematical model itself, since the similar work by Guevel and Bougis^^ 

using the source distribution and a mixture of source and dipole distri

bution improved Chang's results and the numerical results are in a 

better agreement with experimental data in general. This is further sup

ported by Bougis and Vallier's work considering the problem of the barge
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connecting its tug advancing in waves^^. The source distribution was 

also used by Inglis and Price59 and by Kobayashi^^. To avoid the diffi

culty of the waterline integral, Inglis and Price calculated this 

integration along a line close to the free surface while Kobayashi 

neglected this contribution.

As the purpose of this work, we are determined to establish a more 

efficient three dimensional method to calculate the ship response to 

waves at forward speed. For this particular problem, the advantage of 

the coupled finite element method becomes more apparent. The finite ele

ment representation in the near field enables us to calculate the second 

order derivatives of the potential generated by forward speed on the 

body surface using the shape function; the appropriate choice of the 

boundary of the localized element region enables us to calculate the 

waterline integral explicitly, so that these two difficulties can be 

overcome. Therefore the coupled finite element method is used in this 

work.

1.3. Discussion of the present work

The coupled finite element method was first introduced into ship 

hyarodynamics about a decade ago. This was applied to the two dimen

sional harmonical motion problem^ then extended to the three dimensional 

p r o b l e m ^ » 2 9 , 1 1 8  ̂ j p  terms of the representation in the far field, this 

method is usually classified as the boundary integral element method and 

the boundary series element method^®. The first one uses the Green’s 

identity to obtain an integral equation on the localized finite element 

boundary. The second one expands the potential in the far field into a 

series. The detail discussion and comparison of these two methods has
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been given by Eatock Taylor and Zietsman^®.

For the present problem, it seems very difficult to obtain an 

appropriate series in the far field. We will use the boundary integral 

element method as the Green function employed in the integral equation 

is available. Following this chapter, we will derive the mathematical 

equations for the linearized potential problem of ship motions in waves 

and discretize these equations in terms of the numerical technique of 

the boundary integral element method. In the third chapter, the problem 

is solved at the two dimensional level by considering the motions of 

infinitely long cylinders. We first calculate the resistance and lift on 

the cylinders then investigate the influence of forward speed on the 

hydrodynamic coefficients of cylinders. This two dimensional problem is 

of practical interest since many problems of elongated bodies can be 

approximated by a two dimensional solution. But the main purpose of this 

part is to assess the theoretical techniques and investigate the numeri

cal methods at a simpler level than a fully three dimensional case. Hav

ing done that, we discuss some possible extensions of the present method 

to more general cases. The discussions of the non-linear wave resistance 

problem and the motion through an arbitrary time history are given in 

detail. The fourth chapter is the main purpose of this thesis. The 

detail discussion about the ship resistance is given. The wave resis

tance is calculated based on the linearized potential theory and using 

the present numerical method. Following that an efficient form of Green 

function for the problem of a ship advancing in waves is derived using 

the exponential integral. The numerical results of damping coefficients 

for a submerged sphere are provided and compared with those obtained 

from the first approximation solution. Further extensions are



- 16 -

discussed. The analytic formulations for a spheroid advancing in waves 

are derived. The principle is demonstrated by considering the diffrac

tion problem in head seas or following seas. The second extension dis

cussed is the added resistance, as the component of the drift force in 

the forward speed direction. The equations for calculation of the drift 

force and moment using the integral over the body are derived. The third 

extension is the discussion about the flexural deformation of the ship 

in waves. The boundary value problem is established and the equations 

for the hydrodynamic force are derived.

As the first step towards the purpose of developing a more effi

cient method to calculate the problem of the surface ship advancing in 

waves, the results given in this thesis are for the radiation problem 

of submerged bodies at forward speed. The principle and numerical pro

cedure employed here may however be used to solve the general problem.
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2^ THE MATHEMATICAL MODEL

The potential flow problem has been discussed in detail in many 

text books. But most of them concentrate on the problem without-free 

surface; give some general physical mechanism of the potential flow and 

introduce some concepts such as added mass. It was the book << Hydro

dynamics >> by Lamb^G which first discussed the free surface potential 

problem in detail and remains as a classic reference in ship hydro

dynamics. The more recent discussion was given in the book << Marine 

Hydrodynamics >> by Newman®^. Here we will not repeat the discussion of 

this well established basic material. Instead we will start our discus

sion immediately from the mathematical model of ship advancing in waves 

and many topics in this chapter have referred to the paper by Newman®^.

2.1. General

For convenience, we define the following three coordinate systems

(a) Xq = (Xq y^ Zq) is fixed in space with 2^=0 as the undisturbed 

free surface, and pointing upwards.

(b) X=(x,y,z) is moving with the ship at the same forward speed U, 

and X is pointing in the direction of forward speed.

(c) X' = (x',y',z') is fixed on the ship and its mean position is

X'=X.

These coordinates then satisfy the following relations

X = (xQ-Ut,yQ Zq ) (2.1)

X ’ = X - â  (2.2)



-  1

where

a = (â  ,a^,a^)

= I + Q X X» (2.3)

is the displacement of the point on the body relative to X; Ç and Q are 

translation and rotation respectively. The validity of equation (2.3) is 

subject to that the rotational displacement is small. Based on the 

assumption that the fluid is inviscid and the flow is irrotational and 

incompressible, the potential whose gradient is the velocity

will satisfy the Laplace equation

^  ^  = 0 (2.4)
'^0 3=0

in whole fluid domain. Since

= [V^] = [V^] (2.5)
Xq X X'

which can be easily obtained from equations (2.1) and (2.2), the poten

tial (J) will also satisfy the Laplace equation in coordinate systems

(b), (c).

Mathematically there is an infinite number of solutions satisfying 

equation (2.4), unless some appropriate conditions are imposed on the 

boundaries of the fluid domain. In the potential flow problem, the 

kinematic condition is usually assumed to be that a fluid particle will 

not flow through or apart from the boundary surface of the fluid 

domain. Its mathematical interpretation can be written as

= V . H (2.6)9n
on the boundary S of the fluid, where V is the velocity of the point on
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S corresponding to the fluid particle; n is the normal of S at the same 

point. It should be emphasized however that equation (2.6) is far more 

complicated than it looks. In hydrodynamics, the boundary of the fluid 

domain is mainly composed of free surface, body surface, etc. In the 

general case, the position of these boundaries will change with the 

time, and the shape of the free surface is not prescribed. Therefore 

the boundary surface S in equation (2.6) is unknown before the potential 

problem is solved, which in turn depends on how equation (2.6) is prede

fined. Furthermore it is not necessary that the Laplace equation will 

always have a solution, or the solution may be always unique for any 

given boundary conditions. In fact, in hydrodynamics it does happen for 

the mathematical model associated with some kinds of boundary conditions 

that there is no solution at all or maybe there is an infinite number 

of solutions. One typical example is the linearized potential problem of 

a two dimensional surface cylinder having constant horizontal forward 

speed in otherwise calm water. This argument however does not imply 

that the physical problem may not have a solution or may have an infin

ite number of solutions. There is no doubt that the physical problem 

always has a solution and the solution is always unique. But the 

mathematical model of it is an idealization which more or less may 

diverge from its origin. This may yield nonexistence or nonuniqueness of 

the mathematical solution.

Sometimes even though the mathematical model has been proved to 

have a unique solution, but the infinite number of solutions may come 

out due to the solution technique. The well known example is the irregu

lar frequency phenomenon in the linearized potential problem of floating 

bodies, when the boundary integral method is used. But in this case the
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problem is not the mathematical model itself, and it can be easily 

solved by either modifying the solution technique or using other tech

niques .

In this work, only the linearized problem is considered. It means 

that condition (2.6) will be satisfied on the mean position of the boun

dary and the higher order terms will be neglected, so that the potential 

problem can be solved at a simpler lever. This process starts from the 

need for mathematical simplification, but the result has its own physi

cal significance as discussed in the previous chapter. It is well 

known, when the sea condition is not too rough, or the incoming wave is 

an infinitesimal wave in more rigorously mathematical terms, that the 

corresponding linearized model is quite acceptable. Although the 

existence and uniqueness of the solution of the linearized potential 

have not been proved in the general case, it has been shown in many spe

cial cases^l'TOO that for the periodical motion without forward speed 

the solution exists and is unique. This is strongly supported by a lot 

of numerical evidence. In particular, it seems that there is little 

argument about there being a unique solution for a submerged body in 

periodical oscillation or having forward speed^^, although the conclu

sion still needs to be rigorously proved. But this is not the main pur

pose of this work, we will concentrate on finding the numerical solution 

for a given problem, rather than attempting to establish this firm 

mathematical theory.

2.2. Free surface condition

The free surface profile can be defined by a function 

Zo=ri(Xo, Yq » t). Based on the kinematic condition imposed on velocity
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potential, which states that the velocity of the fluid particle should 

be equal to the velocity of the same point on the free surface, the 

relation between the potential and free surface profile may be written 

as

^  flo 5h ^^0 9n
dt 0 ^ dt 9Xq dt 9y^ dt 9t

9$ 9n 94> 9n 90 9n
3=0 3*0 3*0 3yg 3yo at

= 0 (2.7)

on ZQ=n. As a boundary condition for the potential on the free surface, 

however, this equation is not complete since n(x^,y^,t) in it is unk

nown. The further equation may be obtained from the fact that the pres

sure on the free surface should be equal to atmospheric which can be

assumed as constant. Then from the well known Bernoulli’s equation, the 

other relation between the potential and free surface profile can be 

written as

+ gz^ = 0  (2.8)

on Zq=ti. Combining equation (2.7) and (2.8) it is possible to eliminate

n from them and obtain an appropriate boundary condition for the poten

tial on the free surface. Since it is not the interest of this work to 

find an exact solution satisfying this complicated condition, we do not 

attempt to give this equation. Instead, a simplified condition will be 

derived by linearizing the problem based on some sort of assumptions. 

As this work concerns the problem of the body advancing in waves at con

stant forward speed U, the potential in equations (2.7) and (2.8) is 

decomposed as
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$(XQ,t) = UcD(Xq ) + *(XQ,t) (2.9)

where $(XQ) is the steady potential due to unit forward speed and is

taken as the solution without the oscillatory motion; <|)(X^,t) is the

unsteady potential composed of the radiation and diffraction potential 

which will be affected by forward speed. Using

■ '-Ji ~ (2.10)
and substituting equation (2.9) into (2.8), we obtain

-U + (-^ - U-^)(() + -̂ V(U$+(())V(UiI>+(J)) + gz = 0 (2.11)

on z = n, in which -^[$(X)] = 0 has been used. If the incoming wave is of 

infinitesimal height, the unsteady potential can be regarded as a small 

quantity. When the terms of order higher than 0(#) are neglected, equa

tion (2.11) becomes

-U^-^ + V$ + UV$ V* + gz = 0 (2.12)

Correspondingly equation (2.7) becomes

on z = n which is now an approximation of that in equation (2.11).

Since (j) is the potential without oscillatory motion, it satisfies 

the conditions by taking ({>=0 in equations (2.12) and (2.13). We obtain

_ 2
-U^ll + + gz = 0 (2.14)

and

9$ 9n 9$ 9n 9$  ̂ 9n  ̂ o  iq^

on z=n which is the wave profile generated by forward speed.
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To find equations (2.12) and (2.13) should be used in general. 

However as the incoming wave is an infinitesimal wave, the difference 

of the potential # on n and n will be of higher order. Therefore condi

tions (2.12) and (2.13) can be satisfied on the free surface profile n 

without losing further accuracy, on which equation (2.14) and (2.15) can 

be used. Equation (2.12) then becomes

II - u|| + UViV(|) + gn = 0 (2.16)

and equation (2.13) becomes

on z =n. It should be noticed that the n in these two equations is due 

to unsteady potential cj) only.

Equation (2.16) and (2.17) are consequence of the linearization of 

the potential <t>. However no assumptions have been made about the steady 

potential $, therefore the product terms containing 0 are still retained 

in equation (2.14) and (2.15). If this potential generated by forward 

speed is also a small quantity, equations (2.14) and (2.15) can be 

further simplified as

-u^ll + gn = 0 (2 .18)

on z=0. Substituting equation (2.18) into (2.19), we obtain

g|| + = 0 (2.20)

on z =0. Equation (2.16) and (2.17) can be also be simplified as

f - u M * g n - 0  (2.21)
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Il - Il + "11=0 (2'22)
on z=0. Substituting equation (2.21) into (2.22) we obtain

= ° (2-23)
When these two linearized potentials are found, the corresponding wave

profile can be obtained by

n  .  (2.18a)g 9x
due to the steady potential and

(2-2'a)
due to the unsteady potential.

2.3. Body boundary condition

The kinematic condition for the potential on the body surface 

Sq (x ,y,z,t)=0 can be written as

|i=V.H (2.24)

in coordinate system Oxyz, where V is the velocity of the corresponding 

of the fluid particle on the body surface. For the present problem, it 

can be written as

V = Ui + (2.25)

where i is the unit vector in the x direction, U and a are defined as

before. Equation (2.24) is the exact boundary condition on the instan

taneous position of body surface SQ(x,y,z,t). For, the linearized problem

this condition may be transferred to the mean position Sg(x,y,z). Sub

stituting equations (2.9) and (2.25) into equation (2.24), we obtain

^.n-W.ii (2.25)
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on SQ(x,y,z,t)=0, where

W = UV(* - x) (2.26a)

From the kinematic condition of 0 on the body surface it is obvious that

W.n=0 (2.26b)

on the mean position of the body surface Sq. In general case however, 

W.n̂ O on the instantaneous position , therefore it should be retained 

in equation (2.26). But as the unsteady motion is a small quantity we 

may write

[W.n]„ = {[W-flxW + (a.V)W].n} (2.27)

after the higher order terms are neglected. Similarly

[a.n] = [a.n] (2.28)

then the linearized body boundary condition on potential (J) is

^n + [M X w - (a X V)W].n

= + Vx(axW)].n (2.29)

on Sg(x,y,z)=0, after some straightforward vector calculation®^.

In this equation, the product term of the steady potential $ with 

the displacement a is retained since we have not made any assumptions

about its order on the body surface. To be consistent with equation

(2.20) on the free surface, the steady potential should be deleted from 

equation (2.29), based on the assumption that it is a small quantity.

Then this equation becomes

in = - U(0*l)].n (2.30)
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For a deeply submerged body which is the main concern of this work, how

ever, the disturbance due to forward speed on the free surface is a 

small quantity but it may be significant on the body surface. Therefore 

the contribution from the product terms containing $ on the free surface 

may be neglected but has to be retained on the body surface in general, 

so that equation (2.29) should be used.

Since we have completed the linearization of the body surface con

dition, we will use to denote 8^ in latter part of this thesis unless 

it is specially declared otherwise.

2.4. Radiation condition

The radiation condition is that imposed on the potential at

2 2\|x +y In reality, no fluid domain is unbounded, but in ship hydro

dynamics the ocean is so large compared with ships that the effect of 

its boundary on the ship motion can be neglected. So the ocean can be 

regarded as a half (since it always has a free surface) unbounded fluid 

domain. When the ship is in a restricted water such as canal, the prob

lem is treated differently.

Since the radiation condition is a condition artificially defined

2 2at \|x +y its physical meaning is also quite artificial. Its jus

tification is impossible to confirm by experiment directly. Experiment 

ususlly checks the mathematical model as a whole rather than every 

detail. Thus if the prediction of the ship motion by the potential 

theory agrees well with experiment, it only can be concluded that the 

mathematical model as a whole is acceptable, but it does not mean every 

detail in it is always correct, since one can not deny mistakes in a
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mathematical model can cancel each other or they may not be important in 

some cases. This seems meaningless in engineering, but it is important 

to remember that the justification of some assumptions has never been 

proved. When something goes wrong, it is then possible to establish the 

cause. Since the justification of the radiation condition has never been 

proved, it could be always this cause.

There is a lot of argument about what kind of radiation condition 

should be used in ship hydrodynamics, but it seems that for the linear

ized problem the general agreement has been reached. Considering the 

fundamental solution in ship hydrodynamics, which physically is the 

potential due to a source in a similar motion to the ship, it is found 

that this solution is not unique unless the radiation condition is

imposed. For the steady potential, it is assumed that the gradient of
.1

this fundamental solution far ahead of the source is zero, then it 

yields a unique solution which has a wave term far behind the source. 

Since the rigid moving body can be mathematically represented by moving 

sources distributed over its surface, it is usually assumed that there 

is no wave far ahead of the body but there is a wave far behind the 

body.

For the periodically oscillatory motion, the procedure is similar. 

The radiation condition states that the wave generated by the body will

2 2travel in all directions and its amplitude at \|x +y decreases in 

proportion to the inverse square root of the distance from the origin of 

the body to the corresponding field point. For a body moving in regular 

waves, the problem is more complicated. Due to the effect of forward 

speed, it is found that there will be four waves instead of one in the
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fundamental solution traveling with different speeds, when the motion is 

subcritical. The waves are assumed ahead of the body or behind the body 

in terms of whether their group velocities are larger or smaller than 

forward speed. If the forward speed is large enough so that the motion 

is supercritical, it is assumed that the body will overtake the wave far 

ahead of it and the corresponding wave terms in the mathematical equa

tion should be deleted. The detail of this process will be discussed 

when the mathematical equations are derived in later chapters.

2.5. Decomposition of the unsteady potential

If the discussion is restricted to periodically oscillatory motion,

the translation and rotation of the body relative to coordinate Oxyz may

be written as

I . R e [ ( S , (2.31) 

n - Re[(n, .üj.n

= (2.32)

where w is the oscillatory frequency of the body. When the unsteady 

potential is correspondingly written as

(J)(x,y,z,t) = Re[*(x,y,z)e^^^] (2.33)

the body surface condition (2.29) becomes®^*®®

a 6 6
— [(J)(x,y,z)] = iw Z Ç n + U E Ç m (2.3%)
dn J J j=i J J

where

(n^,n2,n^) = n (2.35a)
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(n̂ ,n̂ ,n̂ ) = (Xxn) (2.35b)

and

U ( m ^ = Um=-(n.V)W (2.36a)

U(m̂ ,m̂ ,m̂ ) = -(n.V)(XxW) (2.36b)

Therefore if (j)(x,y,z) is decomposed as

(j)(x,y,z) = ChQ((J)Q + (pj) + Z Cj^j] (2.37)

where (J)̂ is the potential due to an incoming wave of amplitude tIq; <Pj Is 

the scattered potential due to the reflection of (f)̂ by the body and <J>j 

(j=1,2,...,6 ) is the radiation potential corresponding to the motion of 

mode j respectively; then we obtain the boundary condition for each com

ponent of the unsteady potential as

80
= iwn. + Um . (2.38)J J

and

90y 90q
9n 9n (2.39)

on SQ(x,y,z)=0.

The corresponding free surface condition (2.23) becomes 

2
0. + -— 0. - 2ii0. - v0. = 0 (2.40)jz v^jxx ^jx

where

wUT = g
(2.4la)

2
V = —  (2.41b)g

These final two equations (2.38) and (2.40) suggest that the unsteady
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radiation potential problem can be reduced to independent components 

corresponding to six degree motions of the body. This obviously is the 

consequence of the linearization. In fact, from equation (2.8), it can

be easily seen that these components are coupled with each other due to

product ( or nonlinear ) terms in the resulting expression.

In the process of decomposition no further assumptions are made, 

therefore all discussions made for (j) are also suitable for (J)̂ . Since the 

components satisfy similar equations as <p, the existence and unique

ness theory for  ̂will also hold for .

2.6. Hydrodynamic forces

From Bernoulli’s equation the pressure in the fluid may be written

as

P = -p(0^ + + gZg) (2.42)

where p is the density of the fluid. Substituting equations (2.9) and

(2.10) into it we obtain

P = H  + UV̂ V(f) + gz)

—  2
= + W.Vd) + gz) (2.43)

after neglecting the higher order terms. We retain the terms V(J)V(j) and 

WV$ in this equation as <{> may not be a small quantity. To find the 

hydrodynamic force on the body, it is desirable to use the expression 

for the pressure on its mean position. It is obvious that the difference 

of the unsteady pressure

P ' ̂  = -p[#^ + W.V(J)] (2.44)
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on the instantaneous body surface and its mean position is of higher 

order; but the difference of pressure due to the steady potential

2—  —  —P’g = -p[-U 4^ + (2.45)

may be significant. Using

f(x+a^ , y+a^, z+o^) = f(x,y,z) + a.Vf + O(a.a) (2.46)

equation (2.45) may be written

2
p»s = - - U^a.V^x + (4)̂  + a.V(J)̂ )̂  + ((J)̂ + a.V*y)^

+ (i + a.Vi)^] } z z bQ

2 _
= -  p { - U ^ O _  + ^V(pV(p -  U ^ a . [ V ( p  -  ((|) V(j) + U(}) V(J) + <J) V(f) ) ] }X c  X X X  y J /j 6 Oq

= [ p ,  + l p S . V W ^ ] „  ( 2 . 4 7 )
® bo

where is the mean position of the body as defined before; and 

?- _ _Pg = -p[-U (J)̂ + -̂V(J)V(|)] (2.48)

is the pressure due to the forward speed only which is identical to that

in the case without oscillatory motion. Equation (2.43) then can be

written as

P = p + p  (2.49)

where

p = p' + -Ipa.VW^ (2.50)u u 2
after the hydrostatic contribution is neglected. The hydrodynamic force 

F and moment M on the body can be found by the integration of the pres

sure over its surface. Thus
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F = S S pndS (2.51a)
Sq

M = // p(Xxn)dS (2.51b)

Substituting equation (2.45) into (2.51), we obtain

F = F + F (2.52a)
3  U

M = M + M (2.52b)s u
where

F = / / p ndS (2.53a)

M = // p (Xxn)dS (2.53b)

are the force and moment due to the steady pressure, which are related

to the problems of resistance, sinkage and trim of the ship; and

F = / / p ndS (2.54a)u _ u
0

Mu = / / p^(XxR)dS (2.54b)
. ^0

are the force and moment due to the unsteady pressure, which are

related to added masses and damping coefficients and wave exciting

forces.

When the unsteady motion is periodic, substituting equations

(2.33), (2.37), (2.44) and (2.50) into equation (2.54) , we have the

complex force

^u " ~ {iw[hQ(OQ + <j)y) + Z Sj*j] + W.V[nQ(4>Q + (|)y)
Sq J = 1
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+ I C.4.]}n dS + ^p// (a.VW^)ndS
j=1 J  ̂ Sq

= [( E Ç T + z P C ’ + x J i  + ( Z Si?2 i + E S,c’ + Xp)j 
j = 1  ̂ 'J j = 1 ̂ ' j = 1  ̂ j = 1

6 6 _ ,
* ( Z Ç . T , ,  + Z 5,0- , + xJk] (2.55a)j=1 J 3J J 3J 3

similarly the complex moment

" u  =  [ ( . Ç , S j T 4 j  + '  X , ) l  ^  '  j : , S j C ' 5 j  '  % 5 ' j

6 6 _ i t-
+ ( E S. T . .  + Z E_c’ + Xf)k] (2.55b)

j=1 J j=1 J
where are composed of added mass and damping coefficient and 

are defined as

T .  . .  0 . ^ j j  -  I c o X j j

= - p//(icü(|). + W.V(J>.) n dS; (2.56)S J J
c ’̂ j are the coefficients associated with the force proportional to the 

aisplacement; this can be regarded as stiffness and is defined by

(C,c.,, (E^T+Sgj+Egkj.VW^n^dS; (2.57a)

S ç C j ç .  î g ^ i g )  = -  ^ p / / C ( Ç , , T + £ ^ J + £ g k ) x X ] . V W ^ n . d S !  ( 2 . 5 7 b )

®0
and is the exciting force defined as

Xi = “PHq/J [(iw(^Q + (|)y) + W.V((J)q + <t>̂)] n^ dS. (2.58)

Equation (2.55) to (2.58) provide the means to find the hydro-
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dynamic forces on the body from the velocity potential, which are valid 

provided the amplitude of the oscillatory motion is small. Generally, 

these results are not independent of each other, many relations between 

these hydrodynamic forces having been well developed in the case without 

forward speed. Some of them have been extended to the case with forward 

speed. The most well known is the Timman and Newman symmetry relation^ 

which states

A_(-U) = Aj.(+U) (2.59a)

where A_(-U) on the left hand side represents the damping coefficients 

of the oscillatory motion with reversed forward speed. The validity of 

this equation is subject to the condition that

[V*(-U) - uT] = -[v*(+u) + uT) (2.60)

is approximately satisfied on the body surface. As a particular appli

cation of this relation, Timman and Newman considered the problem of the 

body of symmetry. They obtained that A^j+Aj^=0 for all crossing-coupling 

coefficients except A^^-A^^=0 and ^42^^'

It can be understood that based on the present definition of 

(without c'^j ), the Timman and Newman relation can be extended to

T.j(+U) = Tj.(-U) (2.59b)

This was shown under condition (2.60) by Newman?? using a different pro

cedure. Thus for the body of symmetry, we have + except

î,5-^51=0 ana

2.7. Numerical approach through the coupled element technique

The problem to be solved can be summarized as follows. The total
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potential can be decomposed as a steady potential (|) which satisfies 

equations (2.4), (2.20) and (2.26b); and unsteady potential whose com

ponents satisfy equations (2.4), (2.38), (2.39) and (2.40). In the for

mulations of the coupled finite element method without forward speed, 

the differential equation is equivalently satisfied by a variational 

statement^®. Unfortunately when there is forward speed, it seems diffi

cult to obtain such equivalent statement. Therefore we use the Galerkin 

method to solve the present problem with forward speed^?. Instead of 

satisfying equation (2.4) exactly, we may impose the condition

// / ijido = 0 (2.61 )

where is an arbitrary function (under some appropriate mathematical 

conditions); is the fluid domain surrounding the body; is the

potential in . Using Green's identity, equation (2.61) becomes

fS J V(()Vn;do - / / -̂ ij;dS = / / -̂ \j;dS (2.62)
s / "

where Sj is a fully submerged boundary of R̂  , and encloses but does not

intersect the body. In this equation on has been defined as thedn u
body boundary condition and on S. is to be determined by the boundaryon J
integral in the far field R^. Since equation (2.62) is only a weak form 

it is only a necessary condition, not sufficient; the immediate question 

is whether the potential satisfying this equation for any given ip is the 

solution of the original problem; how many functions will satisfy this 

equation. It is a complicated mathematical problem and is difficult to 

give an immediate answer. Some of theoretical background may refer to 

the book by Oden and Reddy®^. In numerical analysis, it is quite often 

necessary to find the solution for any given problem directly rather
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than waiting for these questions being answered. If one and only one (in 

the numerical sense) stable and converged numerical solution is 

obtained, this solution itself may give some heuristic evidence that the 

solution of this problem exists and is unique, although one may not gen

eralize this conclusion to other problems.

The boundary integral representation in the far field to match 

equation (2.62) can be obtained with the help of a Green function which 

is defined as the potential due to a source in the corresponding motion 

to the ship’s. It may be written as

G(x,y,z,a,b,c) = p + H(x,y,z,a,b,c) (2.63)

for three dimensional problem, where P(x,y,z) is the field point and 

Q(a,b,c) is the location of the source and

r = \|(x-a)^ + (y-b)^ + (z-c)^; (2.64)

H is a harmonic function in the fluid domain and may be obtained by 

imposing appropriate free surface condition (S^), bottom condition (S^) 

and radiation condition (S^). Using the Green’s identity, we obtain

OgfP) = - G(Q)]dS (2.65)

in Rg, where S=Sj+Sp+S^. Using the condition for and G on Sp and S^, 

this equation usually can be written as

1 arfû') (2.66)
j

in R̂ . When the field point P is on Sj, 4tt in this equation should be 

replaced by the subtended angle a at this point. Using the continuity of 

the potential and velocity on S^,
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= <p̂ (2.67a)

9({) 9(f)
-37T'  ( 2 -67b)

where n points out of appropriate fluid domain, equation (2.66) becomes

1 94).(Q)
(D. (P) = -// [ 4 ) / Q ) ^ % ^ ----1---G(Q)]dS. (2.68)I a Ç 1 dn dn

j
94>i

From this equation is determined by (J>̂ on . Substituting it into

equation (2.62), we can obtain an equation involving 4)̂ only by discret

ization of these equations.

In the present numerical procedure of the discretization, the 

potential in equation (2.62) is expressed by means of isoparametric 

shape functions

ne
4). = Z 4>i . (2.69 )

1 = 1
where 4>̂ ̂  is the value of the potential on the element nodes and n^ is

the number of nodes. Similarly on S . may be also expressed by means
dn J

of shape functions

^2.70)
1 =  1

where n̂  is the number of element nodes on S^. Since the choice of ip is 

quite arbitrary, we take it as , so that equation (2.62) becomes

94). 94>.
/ / / V4).VN.do-/;^N,dS = / / ^ N . d S ;  (2.71)I I  dn 1 dn 1

1̂ ^0 
and equation (2.68) becomes

"e 9G. "e 9*.,
(2.72)
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on Sj, where 6^^ is the Kronecker function. In matrix form we have

[A][*^] = (2.73)

where matrix A has the coefficients

"ij = 'ij - (2-74)
j

and matrix B has the coefficients

bjj = - ^7 / G M.dS. (2.75)

Thus

C-jjp] - [C][*,] (2.76)

where

[C] . [B]"’[A]. (2.77)

Substituting equations (2.60), (2.70) and (2.77) into equation (2.71), 

we have

"e "j "j
= E [(/// VN,VN.do)(J), .] + ;; Z [ z c, y*. \]M N dS
j = 1 R, j 1 S k=1 L=1 ^

"e "j "j
= I [(///VN,VN.do)(j), ,] + Z [(//N. Z C, .M dS)*..,, J
j=1 R, J 1 L=1 S. "k=1 ^

94).
= N.dS (2.78)Q on 1 

0
where j(L) is the relation between the numbering of the nodes on Sj and
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in . In matrix form, we have

[Â  + A*][*^] = [P^] (2.79)

where is a symmetric matrix with coefficients

a = // / VN VN .da; (2.80)
 ̂ R̂  J

*
is the square matrix with

"j
^ J ( L )  = (2.81)

and P.J is the matrix containing the appropriate body surface boundary

condition.

For the two dimensional problem, the Green function has the form 

G(x,z,a,c) = Inr + H(x,z,a,c) (2.82)

with

r = \ (x-a)^ + (z-c)^. (2.83)

Following the same derivation, we may obtain a similar result except the 

minus sign should be deleted and should be replaced by 2ir in equation 

(2.65) and these changes should be retained throughout the deriva- 

tion^?»28 ̂
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ANALYSIS OF THE Ttm DIMENSIONAL PROBLEM

3.1. General

The two dimensional problem is definea so that the velocity of 

fluid particle at any point is parallel to a fixed plane, such as Oxz, 

and is independent of the distance of the point from this plane. In 

theory, such kind of motion can be generated only by infinitely long 
cylinders. In practice, the problem involving an elongated body usually 

can be approximated by assuming that the flow corresponding to each sec

tion of the body is two dimensional, such as the problem of wave resis

tance on long hydrofoils moving in transverse direction and the problem 

of slender ship response to waves. Thus, this theory is of great practi

cal importance. Although the purpose of this work is to develop a fully 

three dimensional theory for the general body, it is valuable to con

sider first this simplified case. This enables theoretical techniques to 

be assessed and numerical methods investigated at a simpler lever than 

for the fully three dimensional case.

As a direct result of the two dimensional assumption, the equations

in the previous chapter can be simplified by taking -^=0. Thus thedy
governing equations for the steady potential defined in equation (2.9) 

become

= (3.1)
ax az

in whole fluid domain;

- "1 '3.2)
on the body surface
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^xx " ® (3.3)
con the free surface S^, where
U

1 1 = 0  (3.«)

on the bottom of the fluid; and

8x
as x-̂ +œ;

#  . 0 (3.5a)

|||| < *» (3.5b)

as x^-®.

The governing equations for unsteady potential (f)̂ (j = 1,3,5) in 

equation (2.37) become

V <p. = — —  + — ^  = 0 (3.6)
dx dz

in whole fluid domain;

*Jz ' ir*jxx - ZlT+jx - '"fj = 0 '3.7)
on the free surface;

9(f)J = iwn. + Um. (3.8)9n 'j '' J
on the body surface, with

” ‘ " l ^  "  " 3 ^ ’ " i M  *  " 3 ^ '
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and

B<})
T T = °  ‘3.10)

on the bottom of the fluid.

As already seen, the starting point of solving these equations here 

is to find the solution of (P which is known as the two dimensional 

Neumann-Kelvin (N~K) problem. While it will contribute to the body sur

face condition on 4) also has its own practical importance since it 

is related to the important problem of wave resistance on the ship. Thus 

we will begin the two dimensional analysis by solving the steady poten

tial problem <p first.

3.2. Steady potential

3.2.1 . A brief review of previous work

The first work on the two dimensional N-K problem was completed by 

Havelock in 1936^^. He considered a particular problem of the submerged 

circular cylinder moving in infinite water depth. The potential was 

expressed by a series satisfying the Laplace equation, free surface con

dition and radiation condition. The unknown coefficients in the series 

were found by imposing the body surface condition on the potential, so 

that the analytic solution in a series form was obtained. The solution 

of this particular problem was also obtained by Wehausen and Laitone^^^ 

using an extension of another method suggested by Havelock as well^®»^^. 

Starting from a harmonic function f^ satisfying the body surface condi

tion, a harmonic function f̂  is found by imposing the free surface con

dition on f^+f^ ; the fg is found by imposing the body surface condition 

on f^+f^. This procedure is repeated by satisfying the body surface and
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free surface condition alternately, until satisfactory accuracy is

reached. The solution then can be obtained as f= E f . Wehausen and Lai-
n=l "

tone proved that this series will converge for u(h-a)>0.4, where h is 

the distance of the center of the cylinder to the free surface and a is 

the radius of the cylinder (it seems this condition is not necessary as 

far as the existence of the solution is concerned, although is suffi

cient) .

The problem of an arbitrary cylinder moving below the free surface 

remained unsolved until about thirty years later after Havelock’s work. 

With the help of the computer, Giesing and Smith^O were able to obtain 

numerical solutions for arbitrary cylinders based on traditional 

representation by a source distribution over the surface of the 

cylinder. Quite similarly, Chang and Pien^® used a dipole instead a 

source distribution over the body. The advantage claimed for this 

method is that the potential can be found from the dipole strength 

without the calculation of any further complicated integrals.

About a decade ago, this problem was solved again by the coupled

element method. Bai^ used the finite element method in the near field 

and a series in the far field; Mei and Chen transformed the problem into 

a fictitious radiation and diffraction problem?^; Yeung ano B o u g e r ^  

used the Rankine source distribution over the complete boundary of the 

near field to represent the potential in this region, and combined with 

series expansion of the potential in the far field. An alternative

representation of the far field using boundary element integral and a

similar localized finite element representation to tha' of Bai in the

near field was used by Eatock Taylor and Wu^?. However these works have
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mainly concentrated on the submerged body problem since the N-K problem 

for a floating cylinder seems unattackable. There have been many 

attempts to challenge this problem but they usually end up with an unc

ertain c o n c l u s i o n ^ ^ *31 » 1011109, The main difficulty is due to the

uncertainty of uniqueness of the N-K problem for a floating cylinder. 

This may raise the question whether the mathematical model of the N-K 

problem is valid for the floating cylinder. But as it is not our main 

interest to discuss the floating cylinder problem, we are not going to 

answer this question here.

3.2.2. Havelock's method and its extension

For a circular cylinder of radius a and submergence h (distance 

from the center of the cylinder to the free surface), Havelock^^ 

obtained the complex potential w as a series form satisfying all boun

dary conditions except on the body surface. It may be written as

w = const + UZ + Z Ua^(ia)^  ̂b .Z  ̂
n=1

- const + E D z "  (3.11)
n=1 " n=1 "

where

Z = X + i(z+h) (3.12)

with the origin at the center of the cylinder;

C = 6. U + U a ^-^^ lim m" (m)dm (3.13)n In n! ^m - p - ik
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D = Ua^(ia)^  ̂b (3.1%)n n-l

b (ma)
f(m) = Z----- -- (3.15)

n=0
with M=-% as defined before and star denoting the conjugate of the com- 

U
plex. Imposing the body surface condition, the unknown coefficients may 

be obtained from

2n *= a (3.16)

Having found b^, the horizontal force and vertical force may be 

obtained by the Blasius formula

^0

n=1 a

= -2ïïpÛ ai 1 n(n+1 )b b"" (3.17)
n=l "

This method is limited to the case of a circular cylinder, but we 

may extend it to the case of multiple circular cylinders. Without losing 

generality, we consider the case of two cylinders of radii â  , a^ and 

submergences ĥ  , h^ respectively. The complex potential may be written

as

w = const + UZ + Z Uau(ia )"  ̂b. Z.
n=l n-1

o ”  ̂ 4 * -imZ.-2mh
- iUa lim'f-   r̂ f (m)e dm

' K-O o'" ■ " ■ ’

+ I Ua^da )'" 'b  z"'" 
n-l n-1
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9 “ma  - i * -imZ_ - 2mh_
- iUa. lim f -    (m)e dm

2 K^o 0* - * - 2

= const + UZ + Z A z + : B, Z,"
n=1 n n=1 n

+ Z Ag Zg " + Z Bg Zg" (3.18)
n=l n n=1 n

where and are the local coordinates corresponding to cylinder one

and cylinder two respectively, satisfying the relation

Ẑ  = Z^ - 6; (3.19)

B is the coordinate of the center of the cylinder one in Z^. Similar to

equations (3.13) to (3.15), A. , B. (j=1,2) are defined by

A. = Ua^(ia.)'^'^b. (3.20)
'̂n  ̂  ̂ n̂-1

9/ .xH-l  ̂ -2mh. „
B. = Da. j  lim /----  m^ e ^f.(m)dm
Jn J <->0 o" - U - 1C J

(3.21)

f.(m) = Z-q^(ma.)*^ (3.22)
J n=0"! J

To impose the condition of cylinder one, we use Maclaurin series

z ' "  = (Z, * 8) ' "

- Z _ (-l)kG-n-k zk; |z | < | b | (3.23)
k=0 " K '

Substituting them into equation (3.18), we have

w = const + UZ^ + Z Â  Z^" + Z B̂  z" 
n=1 n n=1 n

9 m 4. - i * -ikZ - ikB - 2mh
- lUa lim /--------- r-f_(m)e dm

2 K.0 0^ - W - l< 2
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const + UZ + I A Z " + Z B z" + Z B’ z" 
n=1 n n=1 n n=1 n

= const^ + Z z" + Z Z^" 
n=1 n n=l n

(3.24)

where

D, = A, 
n n

(3.25)

C, + B'z *
n n n k=1 k

(3.26)

g/ ,\n-1 <” , -2mh -imB *
B’ = Ua  j  lim /----  ^  m e  f (m)dm (3.27)

The body surface condition on cylinder one suggests

\ ■

(3.28)

Similarly we may have

w = const^ + Z + I Dg Z^"
n=1 n n=1 n

(3.29)

in coordinate system Z^, where

n n
(3.30)

'=2 ' * ®2  ̂®'l V  2/ln n n k=1 k
(3.31)

..n-1  ̂ _ -2mh +imB *
B' =--------  llm-f----Ï m e f (m)dra

'n ' <*0 o'" - w - Ix '
(3.32)

and with the relation
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2n *Dg = (3.33)
n n

Equations (3.28) and (3.33) provide the means to find the unknown coef

ficients bj . The forces on the cylinders may obtained by

'’ i x  -  d ;  ( 3 . 3 4 )
n=1 a.j n n+1

and

•"zx - 1^22 ' 2wp D* (3.35)n=1 a^ n n+1

These two equations are similar to that obtained by Havelock for a sin

gle cylinder (equation (3.17)). The difference is that D. in equations
^n

(3.34) and (3.35) contain the effect from the other cylinder since the 

solution of b. involves solving two infinite set of coupled equations.

To obtain this solution, the procedure used by Havelock can be adopted 

here after some modifications in evaluating the coefficients of the 

linear equations. The results to be obtained in this analysis can pro

vide some general phenomena of multi-body motion, which are important 

for some ships moving together and for twin hull vessels.

3.2.3. The Green function

The geometry of the fluid domain used in the present numerical 

analysis is shown in Fig.4. The Green function employed to obtain in 

discussed in section 2.7 can be obtained by imposing equation (3.1) 

on H, and equations (3.3),(3.4) and (3.5) on G in equation (2.82). One 

may find the solution (except for an arbitrary additive constant)!13 as

 ̂ , r  ̂ , *"2  ̂*!m+u -me coshm(c+d)G = In— + In—  + J— -ed d Q m ysinhmd - mcoshmd
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[1 - coshm(z+d)cosm(x-a)]dm

ucoshm^Cc+d)
- 2tt ------------   coshm (z+d)sinm (x-a) (3.36)

m^Cpd - cosh m^d)

where

r = [(x-a)^ + (z-c)^]^^^ (3.37a)

= [(x-a)^ + ( z + 2 d + c ) ^ ] ^ ( 3 . 3 7 b )  

d is the water depth, is the non-zero solution of

ysinhmd - mcoshmd = 0 (3.38)

and exists only if Fn=— -— <1. The last term in equation (3.36) is asso-
\|gd

ciated with the singularity in the integrand at m=mQ, which should be 

deleted when Fn^l . Numerically it is not difficult to evaluate this 

Green function for any given points P(x,z) and Q(a,c), apart from some 

tedious effort in dealing with the singularity. Here we adopt the pro

cedure similar to that used in references[27,28], we write

r ^2G = In— + In-j" + 2Gd d pv

ycoshm (c+d)
- 2 it ----------- 2---  coshmQ(z+d)sinmQ(x-a) (3.39)

mQ(yd - cosh m^d)

where

g(u) - g(u ) ■» , ,

cosh^(c+d)[1 - cosh^(z+d)cos^(x-a)]
f(u) = e'^-----^ ^ ^ ------ (3.40b)u coshu

f(u)(u - u )
- TV a n h u - V  '3.-00)
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g(Ug) = limg(u) = f(u^) — --- -----2 (3.40d)
u^Uq 0 - 0 - Uq

u = md ,Uq = m^d ,o = pd (3.40e)

In the case of infinite water depth, we have

m(z+c) , .
G = Inr + Inr + 2pv/  ----- cosm x a_

1 0 k - y

+ 2ne^^^*^^sinp(x-a) (3.^1)

wi th

= [(x - a)^ + (z + (3.42)

And in a manner similar to equation (3.39), this one may be written as

G = Inr - 2Gpy + 27re^^^‘"^^sinp(x-a) (3.43)

where

2 u ~m
G = / - ? _ ]  am (3.44a)pv  ̂ m - u 2p U - m m

m(z+c)
f(m) = (u + m)- cosm(x-a) (3.44b)

-m
g(m) = - f(m) - (m - p)^j^ (3.44c)

g(p) = - f(y) (3.44d)

The evaluation of the integration in equations (3.40a) and (3.44a) 

may be fulfilled by the Gaussian method. The step is appropriately 

chosen by the careful consideration of the oscillatory behaviour of the 

function cos(x) in the integrand. The integration is truncated at 

^m(z+c)^.|Q 6̂  detail of the analysis is discussed in references

[118,119] in the case of harmonic motion and the principles are adopted
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here.

As a particular advantage of this method, it is possible to chose 

the boundary of the localized finite element region so that the sur

face integral of the Green function can be evaluated explicitly. It is 

convenient to specify a rectangular boundary in the two dimensional case 

for Sj, and then the main task in evaluating the surface integral is the 

calculation of

J x^G dx, f dx (3-^5a)

on a horizontal part of boundary S^; and

/ z^Gdz, / dz (3.46a)

on a vertical part of boundary S^. Here p=0,1,2 for the quadratic shape 

functions used in this work. For the Green function given in equations 

(3.39) and (3.40),the calculation of equations (3.45a) and (3.46a) is to 

evaluate

/ x^cosm(x-a)dx, / x^sinm(x-a)dx (3.45b)

on the horizontal part of boundary S^, and

J z^coshm(z+d)dz, /z^sinhm(z+d)dz (3.46b)

for finite water depth,

/ zPeM'z+c'dz (3.H60)
for infinite water depth, on the vertical part of the boundary . All 

these explicit integrals for the harmonic motion problem were worked out 

by Zietsman and Eatock T a y l o r ^ a n d  the results are extended to the 

present case in this work.
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3.2.%. Discussion of results

To verify the present numerical approach, we first consider the 

case of a submerged circular cylinder at h=2a solved by Havelock analyt

ically, Fig.5 gives a typical mesh of 12 elements employed in the 

present numerical analysis; while Table 1 gives the results of nondimen- 

sional coefficients of resistance and lift for several meshes from 

coarse (8 elements) to fine (2% elements). The analytical solution is 

obtained from equations (29) and (30) in reference[5%] and the present 

numerical results are obtained by integrating the pressure in equation 

(2.%8) over the cylinder surface. The comparison shows that the present 

method gives very accurate results.

Table 1
Convergence and comparison of the resistance and lift on 

a submerged circular cylinder (h=2a)

Fn
8

number of the elements 

12 16 20 24 analytic
0.5 0.02507 0.02719 0.02739 0.02744 0.02745 0.02695
0.6 0.14296 0.15049 0.15108 0.15118 0.15121 0.15069
0.7 0.30639 0.31989 0.32085 0.32102 0.32113 0.32317
0.8 0.40383 0.41939 0.42034 0.42045 0.42077 0.42095 s
0.9 0.42308 0.43737 0.43835 0.43849 0.43737 0.43647
1 .0 0.39846 0.41730 0.41121 0.41130 0.41129 0.41011
1 .1 0.35673 0.36653 0.36721 0.36715 0.36722 0.36721
0.5 -  ü.nr29"' -  'OTTf^aT ■ 0:11595 0.11614 0.11615 0.11816
0.6 0.20365 0.20087 0.20103 0.20209 0.20112 0.20499
0.7 0.17889 0.17842 0.17795 0.17781 0.17758 0.18244
0.8 0.05664 0.05993 0.05925 0.05906 0.05854 O.O6O23 s
0.9 -0.08010 -0.07416 -0.07553 -0.07541 -0.07389 -0.07490
1 .0 -0.19378 -0.18669 -0.18738 -0.18777 -0.18790 -0.18730
1 .1 -0.28109 -0.27325 -0.27383 -0.27465 -0.27480 -0.27448

S '
resistance 

2pgTva S '
lift

2pgira

Having confirmed the justification of the present numerical method, 

we calculate several cases associated with a variety of problems. The
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influence of water depth d on the resistance and lift of a circular 

cylinder is shown in Fig.6. It can be seen from Fig.6a and Fig.6b that 

this influence becomes important for a circular cylinder at h=2a when 

d<10a. When the water is very shallow, the resistance becomes very sen

sitive to the depth and will be significantly increased by the reduction 

of water depth. Physically, the vertical flow of the fluid will be pro

gressively blocked when the gap between the cylinder and even bottom 

becomes smaller. The only way for fluid to pass by the body is for its 

horizontal speed to increase. As the consequence, the wave amplitude 

will be increased, as given by the equation (2.18a). It is obvious that 

the body will suffer larger resistance when the wave amplitude is 

larger.

Fig.6c and Fig.6d give the curves of resistance and lift on the

circular cylinder submerged in different depths against Froude number

defined as Fn=— It can be seen that both resistance and lift are 
\|gd

approximately linear functions of the Froude number. It seems that there

might be a water depth between 4.5a and 7a in which the resistance on

the cylinder is independent to the Froude number. It has been observed

that these is a discontinuity of the lift at the critical Froude number

Fn=— -— =1, and the resistance on the cylinder is zero in the supercriti- 
\|gd

cal region.

As the linear theory is based on the small perturbation of the free 

surface as discussed in the previous chapters, the effect of nonlinear

ity of the free surface may become important in shallow water as the 

wave amplitude increase with the reduction of the water depth. However, 

from equation (3.38)» it can be easily known that the length of the wave
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far behind the moving body will also increase with the reduction of 

water depth. Thus it can not be directly concluded that the nonlinear

ity will become severe in shallow water, before the careful analysis is 

made. Intuitively, if the body is sufficiently deeply submerged in 

infinite water depth so that its disturbance on the free surface is not 

severe, it is hard to believe that this disturbance due to the existence 

of an even fluid bottom below the body will be severe. But for the 

uneven bottom the situation is different; in this case the water depth 

can not be taken as simply as influence factor in the N-K problem. 

Instead the obstruction on the bottom should be regarded as another body 

which may generate nonlinear waves35.

Fig.7 gives the results of nondimensional resistance and lift on

elliptical cylinders with their major axis in the direction of forward

speed. It can be seen the force will be significantly decreased by the

reduction of the ratio of the half minor axis b to half major axis a and

it can be anticipated the force will tend to zero when ^^0. The

interesting point is that the zero lift speed is far less sensitive to

the ratio of — .a

To illustrate the flexibility of the method. Fig.9 gives the

results of two submerged circular cylinders, while the geometry for this 

problem is shown in Fig.8. The results are from a mesh using two groups 

of elements similar to the group shown in Fig.5. It can be seen that the 

effect of the downstream body on the upstream body is to reduce both 

resistance and lift on the upstream body. Physically there is a region 

of high pressure before a moving body below the free surface and a 

region of low pressure behind it. The resistance is due to their differ
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ence. When two bodies are moving together, the low pressure behind the 

upstream body will be increased by the high pressure before the down

stream body. This causes a reauction of the resistance on the upstream 

body. It can be understood that this reduction will disappear when the 

horizontal distance between the two cylinders tenas to infinity, as can 

be seen in equations (3.26) and (3.27) for a circular cylinder. The 

situation for the downstream cylinder is rather different. It is found 

that the resistance and lift on the downstream body oscillates with the 

Froude number and the resistance can even be negative. This can be 

understood by realizing that there is always a wave behind a moving 

body, so that the downstream body is moving in the wave generated by the 

upstream body instead of in a uniform stream. In the two dimensional 

problem, since the wave generated by the moving cylinder will go to 

infinity without decreasing its amplitude gradually, the influence of 

the upstream body on the downstream body will always exist even when the 

horizontal distance between two cylinders tends to infinity. The most 

interesting point in Fig.9 is that the total resistance on two cylinders 

can be zero. This is a very important feature and needs further inves

tigation. Some theoretical support for this feature might be obtained 

using the extension of Havelock's method to multiple cylinder problem as 

discussed in section 3.1.2.

3.3. Unsteady potential

3.3.1. The hydrodynamic force on a circular cylinder in an unbounded 

fluid

From a rigorous mathematical point of view, the numerical results 

from the present method will converge to the exact solution in a uniform
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sense. That is, if the exact solution of the Laplace equation is denoted 

by (|)̂ and the solution from Galerkin method of n finite elements is

denoted by 0*̂, we have lim{// as the dimensions of
n^« R.

1

all elements tend to zero. There is no guarantee for the potential that
n 6(p -*<p at any points. Since the body surface condition for the unsteady 

potential (j)̂ contains derivatives of the steady potential <p, one needs 

some assurance of the accuracy of <p before the coupled finite element 

method can be used to solve this problem. Thus, we consider the problem 

of a circular cylinder in an unbounded fluid domain, as its analytical 

solution can be easily derived to check our numerical results.

To obtain the analytical solution for this particular problem we 

define the polar coordinate (r,6) with its origin located at the center 

of the cylinder and 0=0 being the direction of forward speed. The solu

tion of the steady potential for a circular cylinder at unit forward in

the unbounded fluid may be obtained as®®

2
(f) = -  — COS0 ( 3 . 4 7 )r

Using n = -cos0 , n_= -sin0 and -|̂  = - -|̂  the linearized body surfaceI 3 on dr
conditions (3.8), (3.9) then become

9r 1 9r9x

. iwcose 4. Sicosie (3.48)

= - iwnu + U-—9r 3 9r9x

= iwsln0 + 2Usin20 (3.49)
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'̂̂ 5 3 — —[z((j) - 1 ) - X(()_3r 3r ' "^z]

= 0 (3.50)

The solutions can be obtained as

af Ua?= -iw-p-cosB - — — cos28 (3.51)
r

af UaZd)_ = -iw^sine - ^ s i n 2 6  (3.52)

4c = 0 (3.53)

The hydrodynamic force may be obtained by substituting the solutions of

14 and 4j into equation (2.56). Using

—  II a -W.V4j = — (4 - rcosG) (3.54)

(on the surface of the circular cylinder, we have

2 tt 2 U
T.. = -p J [io)(-iwacose - Ucos28) + —  sin8 (iwasinG
n  0 ®

+ 2Usin28)]acos8d8

^ ^ 2  2 4U^= pa / [wa cos8 - iwUcos28 + 2iwUsin 8 +  sin8 sin28]cos8d8
0 ^

2 2U^= pa / [wa cose + iwU - 2iwUcos28 +  (cos8 - cos38)]cos8d8
0 ^

^ ^ 2  2U^ 2= pa / (oi a +  )cos 8d8
0 ^

2
= puaiJa + ^ )  (3.55)

Thus
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2
^ = pTT(â  + (3.56a)

w

 ̂ = 0 (3.56b)

Similarly we obtain other results as

T33 = (3.57)

3 ~ 3̂1  ̂  ̂ (3.58)

*̂ 15 " 5̂1 " ^35 " ^53 ^55 " ° (3.59)

Before starting the numerical analysis of this problem, it is

interesting to briefly compare equations (3-56) to (3.59) with the 

results from the harmonic motion without forward speed. It can be seen 

that the difference is that the added masses ŷ  ̂ and y^^ are no longer 

constants, but both frequency and speed dependent. The extra term in

them shows that the added mass will tend to infinity when the frequency
2 2tends zero, while the added mass force w ŷ  ̂will tend to 2wpU for unit

oscillating amplitude. It is particularly interesting to notice that

the influence of forward speed on added masses of a circular cylinder is

independent of the radius of the cylinder, so that for a large cylinder

this influence may be neglected.

From equations (2.71), (3.2) and (3.8), the equation used in the 

present numerical analysis can be written as

J/V<tiVN.do - /I^N.aS = /n.N.aS (3.60)
R, : S / "  : S /  ^

for the steady potential and

//V(().VN.do - f -r-̂ N .dS = / ( icon . + Um . )N,dS
p J  ̂ Q i Q J J ^
^1 J ^0
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= io)/ n.N.dS + U/m.N.dS (3.61)Q J 1 Q J 1

for the unsteady potential. The Green function employed to determine 

on Sj is Inr in these two cases. Since the problem of the steady poten

tial in equation (3.60) is a special case of that in the previous sec

tion, its solution can be straightforwardly obtained. However, great 

care is needed to deal with the last term in equation (3.61), which 

involves second order derivatives in the definition of m̂  (see equation 

(3.9) ). Generally, if the shape function used to represent the poten

tial is of order n and typical length of the element is 6, the error of

the mth order derivative of the potential will be of order 0(6 *̂̂

In the present work, the quadratic shape function is used so that on 

this basis the error of the second order derivatives of 4) in equation

(3.61) would be 0(6), which requires very fine mesh. Indeed, we have 

observed that a large number of elements would be needed to obtain accu

rate results if equation (3.61) is used directly.

To avoid this difficulty, we may use the relation obtained by Ogil- 

vie and Tuck®® for the general case of a floating body. In the present 

case, this relation can be derived in a slightly different manner. From 

equation (3.9), we obtain

u;.,N,as. -u; [N 
Sq Sp 3x

■ -»/ '«A, • è»
Using V̂ (p=0 (equation (3.1) ), W.n=0 on (equation (2.26b) ), dx=n^dS 

and dz=-n^dS, and noticing that the second integration is zero for the 

submerged cylinder, we obtain
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^2— 9N „ _
U / m N.dS = U / [-N .— 5-]dz - V f  -^((p-x)n.ûSQ ' J Q J Ci *7 O

0 ^0 ^0

9N - 9N
= U/ l^T 9ldz - u; —  -(,},-x)n^dS

9N 9N _
' [inr âZ + lüT â;(*-x)]nidS 

0

= -/ WVN .n dS (3.62a)

In general, we have

U/m.N.dS = -/WVN.n.dS (3.62b)
So Sq

after a similar derivation. The right hand side of this equation con

tains only the first derivatives of the steady potential, so that the 

accuracy of the numerical analysis can be improved.

Fortunately, in the present method, the body surface condition on 

containing the derivatives of (j) is satisfied in an integral form

(3.61), so we do not need to worry about the accuracy of <p itself as

discussed at the beginning of this section. Table 2 gives results of

U and y from a mesh of 12 elements at Fn = — -—  = 0.4. It can be
\|gi

seen that the error in the analytical solution obtained from equation 

(3.56a) in the whole frequency region we have calculated is about \% or 

less. This gives strong evidence to guarantee that the problem of a 

body moving in waves can be solved by the coupled finite element method.
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Table 2
The comparison of added mass of circular 
cylinder in the unbounded fluid domain

numerical
va 1̂1 ^33 analytic2 2p7ra pira
0.1 4.1964 4.1175 4.2000
0.2 2.5969 2.5575 2.6000
0.3 2.0638 2.0375 2.0667
0.4 1.7972 1.7775 1.8000
0.5 1.6373 1.6215 1 .6400
0.6 1.5306 1.5175 1.5333
0.7 1.4545 1.4432 1.4571
0.8 1.3973 1.3875 1.4000
0.9 1.3529 1.3442 1.3555
1 .0 1.3174 1.3095 1.3200

2
(JO

V = — , Fn = == 0.4
5 \|ga

3.3.2. Green function

The Green function in the present problem of an oscillating 

cylinder at forward speed may be obtained by traditional Fourier tech

niques. We write equation (2.82) in a slightly different form

G = Inr - Inr^ + H(x,z,a,c) (3.63)

for infinite water depth. The second term in this equation is physi

cally the potential due to a sink located at the mirror image position 

Q^(a,-c) of the source point Q(a,c) about the free surface. Since^^

Inr = / 
0

-m -m|z-c| e - e ' 'cosm(x-a) dm

“ -m m(z+c) , X 
inr, .  cosmOc^

1 g

(3.64)

(3.65)

we way write H in the form
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H = / e^(z+c) [A(m)cosm(x-a) + B(m)sinm(x-a)] dm (3.66)
0

Imposing the free surface condition on G, we obtain 

2
— m A(m) - 2iTmB(m) + mA(m) - vA(m) + 2]cosm(x-a)

0 ^

2
+ [- -^m B(m) + 2ixmA(m) + mB(m) - vB(m)]sinm(x-a)}dm = 0 (3.67)

This equation can be satisfied by taking the coefficients of sine and

cosine function as zero. Thus

2
[- — m^ + m-v]A(m) - 2ixmB(m) = -2 (3.68a)

V

2
2iimA(m) + [- -^m^ + m-v]B(m) = 0 (3.68b)

from which we obtain

,  < 3 . 6 9 . )
L~t m + mv - V J - 4t m V

and

. 2 2 -/  ' ' " h  , 2 2 2 (3.69b)L“T m + mv - V J - 41 m v
For numerical evaluation, we decompose

A(m) = + vm - v^]v
2 2 2 2 2 2 [-T m + m v  -  V + 2 T m v ] [ ~ T  m + m v  -  v  -  2 i m v ]

= - [ ---------- y---------- + ----------- y----------- ]
 ̂ 2 2 2 2 2  2 _“T m + mv - V + 2xmv - t  m + mv - v - 2xmv

' -----------------[ — 1------------------------------------------------------------- [ — !----------------------------------------( 3 . 7 0 )

where

(1-4T)'/2 m-k, m-kg m-k̂  m-k̂

k  , k  =  - ^ [ 1  -  2 t  ±  ( 1 - k T ) ( / 2 ]  ( 3 . 7 1 a )

2t
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k ,k̂  = -^[1 + 2t ± (1+4%) (3.71b)
 ̂ 2t

Similarly, we obtain

We notice that both A(m) and B(m) are singular at m=k^ (i=1,2,3,4). 

The way to deal with these singularities depends on the radiation condi

tion. It is hard to give a specific reason to define the radiation con

dition for this problem, as discussed in section 2,4. But it has to 

ensure that this Green function will recover the form used in the prob

lem of harmonic motion only or forward speed only when U+0 or w+0 

respectively. Thus it is assumed that there is a wave at x=+® with wave 

number k̂  and there are three waves at x=-« with wave numbers 

k̂  k̂ , and k̂  respectively. Using the well known relationship

+w sinR(x-x )
limpvlf(x) 2 bx = ±nf(x ) (3.73a)
R+±œ 0 * *0

+“> cosR(x-x )
limpvff(x)--------- dx = 0 (3.73b)
R+±® 0 *"*0

when Xq>0, the Green function G may be written as

00
G = Inr - Inr + pv/e^ [A(m)cosm(x-a) + B(m)sinm(x-a)]dm

0
 ̂ k^(z+c) k2(z+c)

+----. rAe sink, (x-a) + e sink^(x-a)]
(1-4%)

k (z+c) ky(z+c)
+ ----— ;̂ [e sink (x-a) - e sink.(x-a)]
(1+4%)^^^ ^

k^(z+c) k2(z+c)
+ -----— -rxEe cosk (x-a) f e cosk (x-a)]
(1-4%)
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k (z+c) k.(z+c)
[-e cosk.(x-a) + e cosk,,(x-a)] (3.74)

Haskind^^ used a different procedure of derivation and obtained the 

Green function in a double complex form about space and time. It can be 

found that the present form is equivalent to the real part about space 

of Haskind’s form. When w=0, we have k^=k^=p and k2=k^=0, and the Green 

function (3.74) becomes

G = Inr - Inr, + 2pvfe^----- cosm(x-a)(— -̂^)dm1  ̂Q m-p m

+ 2%e^^^^^^sinp(x-a) + const (3.75)

Substituting equation (3.65) into equation (3.75), equation (3.41) will 

be recovered apart from a constant. Similarly, when U+0 we find the 

result of harmonic motion only will be recovered.

From equation (3.71a), it can be seen that k̂  and k^ are real only

when tS1/4. In other words, A(m) and B(m) in equation (3.69) have only

two singularities at m=k^, kĵ when t>1/4 and have the form

■ , V  -  . ( 1 - 2 , ) .  .  ‘

Correspondingly, the terms containing k̂  and k^ in equation (3.74)

should be deleted and the Green function can be written as

G = Inr - Inr + pv/e"’ [A(m)cosm(x-a) + B(m)sinm(x-a)]dm
0

k_(z+c) k,(z+c)TT r 3 _ 4■[e sink.(x-a) - e sink„(x-a)]
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-k (z+c) k.(z+c)
 ̂ [-e cosk-(x-a) + e cosk,,(x-a)] (3.77)

(1+4T)'/2 ' ■ ' 3 ' ' ■ • • • 4
associated with the definition of A(m) and B(m) in equation (3.76). The 

physical interpretation of these mathematical results when T > 1 / 4  is that 

there is no wave far in front of the body and there are two waves with 

wave number k̂  and k̂  far behind the body.

Comparing equation (3-74) and (3.41), it can be found there is more 

similarity than difference between them. Thus we may borrow the numeri

cal method from there to evaluate this Green function. To deal with the 

singularities at m=k^, we may write the principal integration in (3,74)

as

where

4
G = Z G (3.78)
P'' 1 = 1 P''!

2ki g.(m) - g (k ) ~ g.(m)
0 = / -------1------ dm + / ----1— dm
pv. Q m-k. 2k.m ■ ‘̂i

^^i h.(m) - h.(k.) * h (m)
+ / — — dm + / — dm (3.79a)
0 m - ki 2k."-ki

. , m(z+c) , \
g.(m) = (-1)'+' (3.79b)

[1 + (-1)“ 4?]

h.(m) = -(-1)B (3.790
[ 1  + (-1 )"

i(l+1) a = — ^ (3.79d)

g = (3.79e)

Following the procedure discussed in section 3.2.3» the evaluation of



66 -

these equations and the integration of the Green function over the boun

dary Sj are straightforward.

However, attention should be paid to the critical point t=1/M. For 

this particular case, the principal integration of the Green function 

becomes

c m[(z+c) - i(x-a)]
-  - %V3 - «PV,

Because of the second order singularity at m = in the first term in 

this equation, G^^ will tend to infinity. This could yield unstable 

numerical results when t is close to 0.25.

3.3.3. Discussion of the results

We first consider the problem of a circular cylinder submerged 

below the free surface, which was solved by Grue and Palm^3 using the 

source distribution method. For this particular case they were able to 

write the source distribution Y(0) over the cylinder in Fourier series 

form

Y(e) . [ (C e*"® + (3.81)
n=1 "

with * denoting the complex conjugate. As a result the integral equation 

for T(6) can be transformed into two infinite sets of linear uncoupled 

equations for C^. Table 3 to Table 5 give the comparison of the present 

damping results obtained from a similar mesh to that discussed in 3.2 

with Grue and Palm's results^^ from the truncated series after ten terms 

in equation (3.81). The nondimensional damping force is defined as

pga ’
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It can be seen in Table 3 that the present results converge very 
rapidly. Twelve elements can provide sufficient accuracy and so this 
number is used for obtaining Table 4 and Table 5. The comparison 
with analytic solution by Grue and Palm shows that the present 
numerical method gives very good results. It is found that the present 
numerical results become unstable when t is too close to the critical 
value of 0.25. However this instability is limited to a very small 
range of v as we can see from these tables.

Table 0 shows an important feature of the influence of forward 

speed. The damping force in some frecjuency region can be negative. This 

can be explained by noting that the wave has a negative wave energy 

flux, as discussed by Grue and Palm. Thus when the wave becomes dom

inant the damping force can be negative.

Fig. 10 and Fig. 11 show the results of tlie forward speed influence 

on the hydrodynami ca1 coefficients of a circular cylinder. is

defined so that T=j. It can be found that for each given Froude number 

the results jump sharply in the region near the critical point; but the 

genera I feature is that the most significant influence of forward speed 

is in the region of low frequency and this influence seems to,^decrease

wi th increase of tiie frequency (except in the region near the critical

point). Theoretically, when tiie frequency becomes very low for a given



- 68 -

forward speed, the first term in equation (3.8) can be neglected so that

we have the body surface condition on ({)j as

9(t)
W  = “"j <3.82)

Similarly the terms containing w in equation (3.7) may be also

neglected, so the free surface condition becomes

*Jz * wOjxx - 0 (3.83)

From these two equations and the radiation condition on (J)̂ as oi-K), we 

may obtain the solutions

(3.84a)

3̂ " (3.84b)
Therefore the solutions <i)̂ will be dominated by the steady motion of 

the body at low frequency.

Correspondingly, the terms containing forward speed in equations 

(3.7) and (3.8) can be neglected at high frequency, so that

(j). - v(p = 0 (3.85)J z J
on the free surface; and

9(|)
= iwn . (3.86)

dn J

on the body surface. It can be seen that these conditions are identical 

to those in the harmonic motion problem. But the solutions will not be 

the same since the radiation conditions are different. For the present 

problem, when the frequency becomes so high that the fluid flow becomes 

supercritical (t>^), there will be two waves far behind the body but 

there is no wave far before the body; for the harmohic motion without
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forward speed, there will be always a wave far before the body and a 

wave far behind the body. This yields different solutions for the two 

problems. However, when these waves in both cases will progres

sively disappear, so that the asymptotical behaviour of the two poten

tials as o)->«> is similar. In other words, the radiation potential will 

not be affected by forward speed as

It can also be observed from the results shown in Fig.10 and Fig.11 

that the Timman and Newman relation is satisfied when

Fn=— -— $0.4, but the difference between p._ and -p , becomes significant

after that, which is caused by the violation of condition (2.60). This 

condition requires either V$(-U) = V^(+U) or | | V(J>(±U) | | <<U, but it is hard 

to conclude that one of these two equations will be always satisfied for 

arbitrary bodies at any Froude numbers. Therefore the Timman and Newman 

relation is not a general relation in the linearized potential problem. 

Its application will be strongly affected by condition (2.60). But it is 

not intended here to deny the significance of this relation in strip 

theory. Since the pre-condition of the validity of a strip theory is 

that the body must be slender and the longitudinal disturbance is of 

small order, the condition (2.60) will be satisfied automatically. This 

shows why the Timman and Newman relation is a touchstone of strip 

theories.
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Table 3a. Convergence and comparison of damping force
of surge on a submerged circular cylinder

h=2a Fn = ---  = 0.4 v a=0.3906
\ |gâ ^

va
12

number of 

16

elements

20 24 results by 
Grue and Palm

0.0500 0.0085 0.0085 0.0085 0.0085 0.0084
0.1000 0.0881 0.0885 0.0885 0.0886 0.0881
0.1500 0.3320 0.3339 0.3340 0.3341 0.3325
0.2000 0.6961 0.7000 0.7003 0.7005 0.6974
0.2500 0.9981 1.0036 1.0041 1.0043 1.0005
0.3000 1.1589 1.1649 1.1656 1.1657 1.1622
0.3500 1.1768 1.1798 1.1811 1.1810 1.1734
0.3700 1.0852 1.0844 1.0841 1.0843 1.0742
0.3800 0.9394 0.9359 0.9344 0.9320 0.9222
0.3850 0.7783 0.7732 0.7705 0.7686 0.7595
0.3900 0.3576 0.3506 0.3506 0.3490 0.3465
0.3905 0.2167 0.2146 0.2128 0.2129 0.2120
0.4000 0.1084 0.1082 0.1039 0.1030 0.1039
0.5000 0.1330 0.1329 0.1330 0.1331 0.1343
0.6000 0.1569 0.1568 0.1569 0.1569 0.1581
0.7000 0.1741 0.1739 0.1741 0.1741 0.1753
0.8000 0.1855 0.1853 0.1855 0.1855 0.1867
0.9000 0.1920 0.1918 0.1920 0.1920 0.1932
1.0000 0.1948 0.1945 0.1946 0.1947 0.1958
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Table 3b. Convergence and comparison of damping force
of heave on a submerged circular cylinder

h=2a Fn = U
\|ga

= 0.4 \) a=0.3906 c

va
12

number of 

16

elements

20 24 results by 
Grue and Palm

0.0500 0.0101 0.0101 0.0101 0.0101 0.0102
0.1000 0.1021 0.1025 0.1026 0.1026 0.1030
0.1500 0.3771 0.3787 0.3792 0.3794 0.3840
0.2000 0.7775 0.7814 0.7827 0.7831 0.7844
0.2500 1.1002 1.1065 1.1086 1.1093 1.1102
0.3000 1.2629 1.2716 1.2746 1.2756 1.2754
0.3500 1.2669 1.2756 1.2764 1.2770 1.2757
0.3700 1.1608 1.1629 1.1636 1.1643 1.1626
0.3800 1.0001 0.9965 0.9957 0.9957 0.9934
0.3850 0.8250 0.8176 0.8166 0.8158 0.8132
0.3900 0.3598 0.3588 0.3598 0.3574 0.3568
0.3905 0.2116 0.2100 0.2106 0.2087 0.2084
0.4000 0.0937 0.1035 0.1055 0.1092 0.0884
0.5000 0.1156 0.1156 0.1156 0.1156 0.1154
0.6000 0.1370 0.1370 0.1370 0.1370 0.1369
0.7000 0.1527 0.1528 0.1527 0.1527 0.1526
0.8000 0.1633 0.1633 0.1633 0.1633 0.1632
0.9000 0.1696 0.1696 0.1695 0.1695 0.1695
1.0000 0.1723 0.1723 0.1722 0.1722 0.1723
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Table 4. Comparison of damping force
on a submerged circular cylinder

h=2a Fn = U
\|ga

= 1.0 \) a=0.0625 c

surge heave
va present Grue & Palm present Grue & Palm

0.0100 0.2806 0.2794 0.3921 0.3905
0.0200 0.3460 0.3443 0.4947 0.4926
0.0300 0.3507 0.3489 0.5173 0.5144
0.0400 0.3046 0.3025 0.4683 0.4651
0.0500 0.2002 0.1980 0.3305 0.3269
0.0600 -0.0160 -0.0181 0.0163 0.0119
0.0620 -0.1189 -0.1209 -0.1352 -0.1398
0.0624 -0.1656 -0.1675 -0.2035 -0.2082
0.0630 -0.2030 -0.2047 -0.2583 -0.2627
0.0640 -0.2013 -0.2030 -0.2562 -0.2606
0.0700 -0.1917 -0.1933 -0.2449 -0.2484
0.0900 -0.1645 -0.1659 -0.2098 -0.2139
0.1000 -0.1539 -0.1544 -0.1954 -0.1995
0.2000 -0.0783 -0.0792 -0.1044 -0.1081
0.3000 -0.0358 -0.0361 -0.0549 -0.0582
0.4000 -0.0053 -0.0057 -0.0213 -0.0244
0.6000 0.0353 0.0357 0.0237 0.0210
0.8000 0.0618 0.0622 0.0527 0.0505
1.0000 0.0794 0.0791 0.0726 0.0705
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Table 5 . Comparison of daming force
on a submerged circular cylinder

h=3a Fn = — ^  = 0.4 V a=0.3906
\|ga c

sway heave
\)a present Grue & Palm present Grue & Palm

0.0500 0.0059 0.0059 0.0061 0.0061
0.1000 0.0463 0.0460 0.0472 0.0477
0.1500 0.1305 0.1297 0.1327 0.1337
0.2000 0.2243 0.2230 0.2276 0.2287
0.2500 0.2862 0.2848 0.2900 0.2909
0.3000 0.2963 0.2953 0.2998 0.3003
0.3500 0.2526 0.2514 0.2548 0.2543
0.3700 0.2237 0.2230 0.2254 0.2250
0.3800 0.2145 0.2144 0.2166 0.2160
0.3850 0.2228 0.2236 0.2262 0.2253
0.3900 0.4034 0.3988 0.4032 0.4041
0.3905 0.6804 0.6687 0.6825 0.6796
0.4000 0.0527 0.0544 0.0529 0.0524
0.5000 0.0628 0.0641 0.0620 0.0619
0.6000 0.0682 0.0694 0.0672 0.0672
0.7000 0.0702 0.0712 0.0690 0.0690
0.8000 0.0694 0.0704 0.0682 0.0683
0.9000 0.0669 0.0678 0.0657 0.0658
1.0000 0.0632 0.0640 0.0621 0.0622

3»̂  • Discussion of' some possible extensions

In the previous section the finite coupled element method has been 

used to solve the hydrodynamic problem of an oscillating cylinder 

advancing beneath the free surface. The results from the test cases are 

generally in good agreement with tiiose obtained by others using dif

ferent means. I he influence of forward speed on hydrodynamic coeffi

cients has been investigated at the two dimensional level. This may be 

regarded as a step towards to fully understanding the mechanism of the 

forward speed influence on the ship response to waves. The success in 

the previous sections further shows that the present method is one of
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the most promising methods in ship hydrodynamics, and it also provides 

a basis for the solution of the more general three dimensional problem.

However since the results obtained above are from the linearized 

potential theory, their practical application and the conclusions drawn 

from them are subject to the validity of the linearized potential 

theory. While this theoretical model is a very successful representation 

for many practical problems, it is still necessary to develop a more 

general and accurate model to overcome its limitations. Therefore before 

we move to three dimensional analysis, we will discuss some more general 

problems and the potential applications of the coupled finite element 

method to these problems.

3.^.1 . The effect of second order non-linearity at the free surface on 

the steady potential

It has been well known that the linearized potential does not pro

vide satisfactory results of resistance for practical surface ships. 

There are many factors causing the discrepancy. One of them is the 

assumption of linearized potential theory on the free surface which 

unrealisticly requires that the ship is either thin or deeply submerged. 

To remove this assumption, there have been many studies using a non

linear free surface condition. Two different procedures are usually 

used to find the corresponding solution. The first one uses iteration 

method to satisfy the exact free surface conditions (2.14) and (2.15)35. 

But here we will concentrate our discussion on the second procedure 

using the perturbation method. The essential spirit of this method is to 

write the potential as a polynomial series of a perturbation parameter e
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(|) = 4̂  + + #2 + ••• + 4^ + •••

= 4^ + + ... + + ... (3.87)

Usually ic is found that it is convenient to define e so that It is 

small (e<<1) and nondimensional. If a finite positive number M can be 

found so that the series will converge at the speed e. The

governing equation for usually has terms containing ij;̂

(i = 1,2,...,n-1). Thus the solution of <J) will be found by solving one 

by one, until the terms afterwards are no more significant.

In the present problem, e can be defined as the ratio of the ampli

tude of wave generated by forward speed to its length. In a similar 

manner to equation (3.87), the wave elevation n may be written as

n = + h2 + hn + • • •

= + ... + E^S^ + ... (3.88)

Substituting this and equation (3.87) into equations (2.14) and (2.15), 

rearranging the results systematically in the order of E^O, we may 

obtain the free surface condition for cj)̂ and (f>̂ as

U — ^  + g = 0 (3.89a)

on z=0, with

U ^̂ 1n. = - (3.89b)

and
1 g 3x

2 3^*2 3* M S P
"  ̂8 I T  ' 2U H . 8*1,) (3.90a)

on z=0, with
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U ^^2 1 ^
"2 " i T T  - 2i

while (|)q Is identical to zero. In a similar way there is no difficulty 

in obtaining the free surface condition on <J)̂ (n>2), but the derivation 

is rather lengthy and the results are not so widely used as the first 

two for the timebeing. Therefore they will not be given here.

Corresponding to equations (3.89) and (3.90), the body surface condition 

can be obtained as

9(i).
= Un. (3.91)9n 1

and

9<1>P
T Ï Ï -  -  0 ' 3 . 9 2 )

Therefore (j)̂ here is identical to the linearized steady potential which 

has been solved in section (3.1); but is something new which is a

correction towards a more accurate mathematical model. To find its 

solution by the coupled finite element method we substitute equation 

(3.92) into equation (2.62). The Galerkin form of the differential equa

tion of in the near field R then can be simplified to 
1 ^

/ / V * .  9 * d o  -  = 0 ( 3 . 9 3 )
R, 1 S.

in the two dimensional case. But the integral equation in the far field 

Rg will become more complicated due to the nonhomogeneous free surface 

condition on and the uncertainty of its radiation condition at infin

ity. In fact because of that one can not jump from equation (2.65) to 

(2.66), if the same Green function as that in section 3.2 is used. 

Instead when the boundary conditions on (J)̂ and G are invoked, equation 

(2.65) becomes
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3*2 (Q)

 h —

2 3^*2 (Q)

3<(., (Q)

3*2 (Q)

j

3*2 (Q)
' 2^ / G(o)fids - %<«> - G(Q) - ^ 3 : :

F

3*2 (Q)

' À /  [ T  *'«>22 - -r«'«>]''s (3.9*.)

Where y=-^ and f denotes the right hand side of equation (3.90a). The 
U

first term in this equation is the familiar form used in the linearized 

potential problem and the second term can be regarded as a constant 

after (J)̂ has been found. But the difficult thing to deal with in this 

equation is the third and fourth terms which are contributions from 

infinity. Since there has not been a generally accepted explicit radia

tion condition for the nonlinear potential, the role of these two terms 

in the whole problem remains unknown. However careful analysis may sug

gest that f̂  will tend to zero as |x|^=, which yields that satisfies 

the same free surface condition at infinity as <{)̂ . This may provide 

heuristic evidence that has a similar asymptotical behaviour to at
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infinity, so that we may be able to assume that (J)̂ satisfies the same 

radiation condition as <J)̂ . Then following the discussion by Ursell^^^ 

the third and fourth terms may be disregarded as in the formulation of 

(j)̂ by Eatock Taylor and Wu^?. Thus we have

1 3G 1 +"Gf,dx (3.95)
j

The physical interpretation of this equation is that the nonlinearity of 

the free surface condition is localized and it will die out at infinity. 

This sounds reasonable but may not be necessarily true in the two dimen

sional case. Since the amplitude and length of the wave generated by 

forward speed of the body are constants for the given Froude number at 

infinity based on the present potential theory, there is no reason why 

the former is always far smaller than the latter so that the wave can be 

regarded as infinitesimal. Thus it is not our intention to conclude here
i

that this radiation condition is correct, and this problem appears to 

need further investigation. But if we temporarily accept this condi

tion, we may substitute equation (2.67) into (3•95) so that we have

+2,<P) 4  / [G - 3 T  - I; ; Gf,dx (3.96)
j 1 - 0 0

where P is located on Sj and a is the subtended angle at P. Combining 

this equation with equation (3.92), the solution of (j)̂ can be found by 

the coupled finite element method. The essential task in this process 

will be finding (j>̂ and its derivatives on the free surface, so that the 

second term in equation (3.95) can be evaluated. In principle this is 

not difficult. We may use equation (2.65) to find (f)̂ on the free surface 

if its value on the boundary Sj has been obtained. By appropriately
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differentiating both sides of equation (2.65), the derivatives of (|)̂ on 

the free surface can be also found. However numerically it is not so 

straightforward, one has to ensure that the accuracy of and its 

derivatives on the free surface by this process is guaranteed, and the 

infinite integration should be appropriately truncated and oscillatory 

behaviour must be carefully dealt with.

Some theoretical background to <f)̂ has been investigated by Tuck^O^ 

considering a submerged circular cylinder. Extending Wehausen and 

Laitone’s s c h e m e ^ for the linear potential, he found that the effect 

of non-linearity at the free surface on the force on the circular 

cylinder is important even when the submergence is twice as much as the 

radius. From this result, he strongly warned that one should not be too 

keen on the linearized N-K problem. While one may argue that the example 

given by him is a non-streamlined body so that the potential is invalid 

anyway, Salvesen^^ considered a practical example of a submerged two 

dimensional hydrofoil. He found that the effect of <t>̂ on the force is 

also Important in this case and the results after second order correc

tion are in good agreement with experimental data at low and moderate 

Froude number. Therefore the solution of <t>̂ is of practical importance.

3.%.2. The motion through an arbitrary time history

While the application of the linearized potential is limited by its 

assumptions in general, the problem we have solved is a further special

ized case since we assume that forward speed is constant and the oscil

lating motion is periodic. This idealized motion is based on the need of 

mathematical simplification and provides a basis for the Fourier 

analysis of arbitrary motion. In practice, ship motions in waves are a
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random process, and can by no means be simplified as periodic motion. 

As one approach, the frequency domain method using the Fourier transform 

technique can be employed to analyse the non-periodic motions, but this 

method does not give the history of the motion. This history may be very 

important in many cases. One example is the wave resistance test in a 

wave tank. After the ship model is towed into motion, one can not start 

the measurement until the fluid flow becomes stable in the coordinate 

system fixed on the ship model. Therefore the essential problem is to 

know how long this process will take, which needs knowledge of the time 

history of the motion.

Some theoretical aspects of the arbitrary motion have been investi

gated by H a v e l o c k 5 5 .  Using a first approximation method, he obtained 

the solution of a circular cylinder starting suddenly from rest. From 

his results, it was discovered that the resistance on the cylinder 

oscillates with the distance travelled with a period of roughly 

where is the wave length far behind the cylinder after the motion 

becomes stable. It was also discovered that the amplitude of this oscil

lation is approximately proportional inversely to the square root of the 

distance travelled; as t-*®, the resistance will tend to the first 

approximation solution in steady motion. At the same time Havelock^G 

considered the problem of a submerged circular cylinder starting from 

rest with a uniform acceleration; his results shows that at the same 

speed the resistance will significantly change with the acceleration, 

depending in other words on the history of the motion.

After Havelock's work, there have been many theoretical and numeri

cal researches in this field usually called the transient problem. The
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development was briefly reviewed by Euvrard^O. in these works, it is 

most interesting to notice the work by Jami^O coupling finite elements 

and an integral representation. Unlike the classic coupled element 

method, he used the boundary integration over the body surface to 
represent the the potential on the localized finite element boundary as 
denoted as in the present work, so that the boundary condition on Sj 

becomes of Dirichlet type. The advantage of this method as discussed by 

Euvrard^O is that the integral representation is not singular (since 

there are not any common points on and ) and can be computed via 

Gauss quadratures, thus allowing finite element discretization of high 

order of accuracy. But in the author's view, this representation will 

still suffer the difficulties of the conventional source distribution 

method over the body surface. Because of the oscillatory behaviour of 
the integral part of the Green function, it is not easy to evaluate its 

numerical integration over a body surface of high irregularity. Using 

the present coupled element method, however, this difficulty can be 

avoided since the appropriate boundary Sj can be chosen as discussed 

before. The singularity in evaluating the integration of Inr (or p in 

the three dimensional case) and its derivatives over the boundary 

will not appear in numerical analysis since the appropriate choice of 
this boundary enables this integration to be calculated explicitly.

Therefore, if the initial value of the potential and wave elevation 

is zero and there is no pressure on the free surface or the pressure is 

constant, the integral representation in the far field of the linearized 

potential through an arbitrary time history may be written as3^»1^3

*2 ' (3.97)
j
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for the two dimensional problem, while a similar equation to (2.71) can 

be used in the near field. The Green function used in this equation can 

be defined as the solution of the following equations

z G(Xg,ZQ,a,b,t,T) = ô(xQ-a)(Zq -c ) (3.98a)

in whole fluid domain;

Gl  ̂ + G = 0  (3.98b)tt Zq

on the free surface;

G = 0  (3.98c)
0̂

on the bottom of the fluid; and the initial condition

G = G^ = 0 (3.98d)

for t=T and 2^=0. The solution has been obtained as^^

«» -md sinhmz^sinhmc 
G = i n r q  - i n r ^ ,  *    c o s m f x ^ - a i d m

^ ;  c o 8 m ( Z o + d ) o o 8 h m ( o + d )  i - c q 3 [ „ (  ta n h m d )   ̂^ f t ) ]

0 cosh^md mtanhmd

cosm(xQ-a)dm (3.99)

in finite water depth of d; and

G = Inr - Inr - 2/e  ̂   cos\|m(t .tAcosm(x -a)dm (3.100)(J ui Q m u

in infinite water depth, where

[ X q - a ] 2  4. [ Z q - o ] ^  ( 3 . 1 0 1 a )

'’o i \ [ X p - a ] ^  + [ z Q + c ] 2  ( 3 . 1 0 1 b )
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It can be seen from equation (3.97) that the solution for the 

potential at time t depends on the results in 05t<%. The contribution is 

in a form of continuous integration which is usually discretized using a 

finite difference scheme in numerical analysis. Thus, in principle we 

can find the potential from equation (3.97) and a corresponding finite 

element representation in the near field at each time step. However, 

numerically this process is much more complicated than for periodic 

motion with constant forward speed. One of the difficulties is the sta

bility of solution when t becomes large. Since the numerical error at 

each step will be summed to the next step, one has to ensure that the 

final error is within reasonable limit.
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^  ANALYSIS OF I W  THREE DIMENSIONAL PROBLEM

4.1. General

Having confirmed the justification of the present numerical method 

at the two dimensional level, we can be confident in trying to analysis 

the three dimensional problem, while the two dimensional theory provides 

the means to calculate the problem associated with elongated bodies, the 

three dimensional theory has no particular requirement for the relative 

order of body dimensions in different directions. It can be used for an 

arbitrary body provided that the linearized potential theory is valid.

The three dimnesional theory is of particular importance in the 

calculation of the ship wave resistance. For practical ships, forward 

speed is usually in the longitudinal direction. The wave resistance on 

the ship due to forward speed is dominated by the pressure near the bow 

and stern. The flow in these areas is always three dimensional. There is 

no justification that the longitudinal flow can be neglected so that a 

two dimensional method like the strip theory can be used.

The extension of the numerical procedure in the previous chapter to 

the three dimensional problem is straightforward in principle. The 

potential flow in the near field is expressed by the twenty points three 

dimensional quadratic shape function. The localized finite element boun

dary is chosen as single planes. Each plane is perpendicular to one of 

the coordinate axes. On these planes, plane quadratic rectangular ele

ments are used. This kind of mesh was previously used by Zietsman for 

harmonic motion problem, and the details have been discussed^. The 

most difficult aspect of the present analysis is that the Green func
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tions in both steady and unsteady potential problems are of very compli

cated form. Much effort is needed to obtain stable and converged 

results.

The material in this chapter is organized in a similar way to the 

previous chapter. In addition a detailed discussion of resistance on the 

ship and a review of the work on the wave resistance is given at the 

beginning of the next section; and discussion of the possible extension 

of the present method to various problems, such as added resistance and 

elastic deformation, is given at the end of this chapter.

4.2. Steady potential

4.2.1. A review of previous work on wave resistance on the ship

The resistance on the ship can be defined as the force against the 

ship advancing at forward speed, which usually refers to the force in 

otherwise calm sea. This force changes its value in waves and the 

difference from the resistance without incoming waves is called added 

resistance. Added resistance is an important subject in ship hydrodynam

ics, but in this section we mainly discuss the ship resistance in other

wise calm sea.

The resistance on the ship has a very complicated physical mechan

ism. In the classic treatment, in the middle of the last century, Froude 

divided the total resistance into frictional force R̂, and residual 

force R^. This division was motivated by the need for similarity in 

experiments. The similarity between the real ship and its model

requires that the Froude number — -—  and Reynolds number —  of the real
\|gL

Urn
ship are equal to the corresponding numbers — --- and   of the ship

\|sLm
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model, where U and L are forward speed and length of the ship respec

tively, V is the viscosity coefficient of the sea water, and the sub

script m indicates those corresponding to the ship model. Since v is 

approximately equal to and the gravitational acceleration g is

regarded as constant in ship hydrodynamics, the requirement that Froude 

number and Reynolds number of the ship model are equal to the 

corresponding numbers of the real ship is virtually impossible to meet.

Therefore Froude assumed that the nondimensional residual resistance
1 2coefficients 0̂ ,=̂ /̂— pU 3 depend on Froude number only, where p is the 

density of the fluid and 3 is the wetted area of the ship, and the fric

tional resistance on the ship is equal to that on a flat plate of the 

same wetted area, length and forward speed. In a model test, the Froude 
number of the ship model equals that of the real ship. Having measured 

the total force and calculated the frictional force using an appropriate 

equation, the residual resistance coefficient can be obtained which 

equals that of the real ship. Using the same equation to calculate the 

frictional force on the real ship, the total resistance can be obtained 

(because of the different flow state inside the boundary layer between a 

real ship and its model, some artificial stimulation is needed in the 

experiment to disturb the laminar boundary layer so that a turbulent 

boundary layer is generated).

Froude's assumption laid solid foundations for future model test

ing. Although history has changed his original separation of the total 

resistance in many ways, his assumption remains as an essential princi

ple in the wave tank. However Froude’s assumption has an important 

disadvantage that it does not allow the mathematical calculation of the 

residual resistance which contains the contribution of the viscosity of
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the fluid. But in some cases specially for a streamlined body it has 

been found that the residual resistance is dominated by the wave resis

tance, which is the force on the ship assuming that the fluid is invis- 

cld and can be obtained by the potential theory.

The calculation of the wave resistance is one of the main subjects 

in ship hydrodynamics. It has been observed that the resistance due to 

viscosity is not very sensitive to the shape of ship hull for a given 

ship length and wetted area, except some considerations are needed in 

design to avoid or to postpone the separation of the fluid from the ship 

surface. However the wave resistance is extremely sensitive to the 

shape of ship hull. Thus the reduction of wave resistance is one of the 

main concerns in ship hull design.

The first mathematical calculation of wave resistance was by 

Michell?2. For mathematical simplification, he assumed that the ship is 

thin so that its width is far smaller than its length and draught. The 

potential is obtained from a source distribution over the centerplane of 

the ship, which satisfies the linearized free surface condition and 

radiation condition but does not satisfy the body surface condition. 

Although Michell theory never gives satisfactory quantitative results of 

the wave resistance, the curves of the results from his theory against 

Froude number exhibit humps and hollows resembling experimental curves 

of residual resistance. This usually gives some qualitative guidance in 

ship design. Because of that, specially because of the simplicity of 

Michell's theory, there has been always a temptation to develop and 

modify this original thin ship theory. The most significant work was by 

Guilloton^? suggesting a transformation of coordinates along isobars.
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This transformation yields an "equivalent linearized ship hull", whose 

lateral offsets at x=Ut are equal to the real ship hull y offsets at 

x=ut, where U is ship forward speed and u is the local x component velo

city on the appropriate isobar along the hull. The details may be 

found in references37'^G.

Another approach to calculate the wave resistance is to attempt to 

satisfy the ship surface boundary condition more accurately, while 

retaining the linearized free surface condition. The attempt was ini

tiated by Havelock. Some of his two dimensional work satisfying the 

exact body surface condition has been mentioned in the previous chapter. 

Although he did not obtain a solution satisfying the exact body surface 

condition in the three dimensional problem, his results of approximate 

solutions for submerged slender s p h e r o i d s ^ Z  and e l l i p s o i d s ^ B  are very 

accurate indeed. The solution satisfying the exact body surface boundary 

condition of the spheroid was obtained much later by F a r e l l 3 3  by 

expressing the source distribution on the body surface as a series of 

Legendre functions, or spherical harmonics.

To satisfy the body surface condition of the surface ship exactly, 

and retain the linearized free surface condition at the same time (i.e. 

the three dimensional Neumann-Kelvin (N-K) problem), Brard's work^^ pro

vided a milestone. He pointed out that the potential flow of a surface 

ship can not be equivalently represented by the source distribution over 

the body surface alone; an extra distribution along the waterline of the 

ship is needed. He demonstrated the importance of this line integral by 

considering the asymptotical case as forward speed tends to zero. His 

results for the elliptical cylinder showed that there is significant
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difference between the solutions from source distribution and dipole 

distribution over the body surface only, but the inclusion of the line 

distribution will eliminate this difference. Like its importance how

ever, the difficulty of evaluation of the waterline integration has been 

widely recognized. Thus many traditional ways of exclusion of the 

waterline integral survive and still receive much attention^?#62,73,92^ 

However, the inclusion of the waterline integration in N-K problem is 

quite likely to give better behaved numerical results, as discussed by 

Gadd37. The inclusion of the waterline integration analysis was 

achieved by T s u t s u m i ^ *^3. Bai^ used the localized finite element method 

to solve the problem of a ship advancing in a canal, so that the line 

integration was calculated along the waterline of the localized finite 

element boundary.

For the N-K problem of a floating body, inclusion of the waterline 

integral will give the exact solution. However, the N-K problem is not a 

consistent mathematical model in general, since the body surface condi

tion and free surface condition are imposed at different orders. The 

importance of the nonlinearity of the free surface has been discussed at 

the two dimensional level in the previous chapter. In the three dimen

sional case, experimental data shows that the linearized potential does 

not provide satisfactorily quantitative results for most practical 

ships. This suggests that a more accurate mathematical model is needed, 

but it does not deny the significance of the solution of the linearized 

potential. The solution of the N-K problem is the first step towards a 

more accurate mathematical model by perturbation analysis, and as argued 

by Guevel, Delhommeau and Cordonnier^^, if a numerical method does not 

succeed in the linearized potential problem it is hard to believe that
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it will succeed in higher order potential problems.

As in the two dimensional problem, the methods of iteration and

perturbation are essential methods to calculate the nonlinear wave

resistance based on the three dimensional mathematical model. These

methods are widely used in slender-ship theory and slow-ship theory. As

proposed by Noblesse®^, the zeroth order potential can be taken as

zero for the slender ship. The boundary integral equation (similar to

equation (2.65) after S. is replaced by S_) then contains only on theJ u dn
right hand side which is known from the boundary conditions. Thus the 

first order potential on the left hand side may be obtained. Sub

stituting into the right hand side in the same equation, one may
(2 )get the second order potential (j) . This procedure can be repeated

until satisfactory results are obtained. N o b l e s s e ® ^  proved later for the 

particular problem of an elliptical cylinder at low Froude number that 

the result from this iteration process converges to the solution of the 

slow-ship theory.

The slow-ship theory takes the double body potential as the zeroth 

order solution. The next order solution is a free surface layer poten

tial which is obtained by imposing the free surface condition on the sum 

of these two potentials. The product terms of the double body potential 

are retained in the free surface condition but the product terms of the 

free surface layer potential are usually neglected^.

There are many other methods to calculate the wave resistance such 

as ray theory and some special methods dealing with the flow around the 

bow and stern of ships. It is inappropriate to discuss all these 

theories in detail in this thesis. Some of earlier works have been
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reviewed by W e h a u s e n ^ M o r e  recent development may be found in ITTC 

(International Towing Tank Conference) proceedings and the proceedings 

of Workshop on Ship Wave-Resistance Computations. However despite almost 

one century's effort since Michell's pioneering work, the theoretical 

calculation still can not provide quantitatively satisfactory results 

for the wave resistance compared with experimental data for many practi

cal ships. While further research is needed, some fundamental problems 

have to be kept in mind. The wave resistance is an artificial separation 

from the total resistance, required for mathematical calculation. It is 

virtually impossible to measure this resistance. The traditional 

methods of measurement are based on either momentum consideration or 

wave-pattern a n a l y s i s ^ T h e  first method measures the velocity dis

tribution on a control plane behind a ship. The results will be affected 

by the viscosity and breaking wave, and the size of the plane is limited 

by the wave tank. The second method measures the elevation along an 

appropriate line. The results will be affected by the wall of the wave 

tank. Most ironically, the calculation of the wave resistance from the 

measured wave elevation is usually based on the relation obtained from 

the linearized potential theory and the use of this result to check the 

resistance from the potential theory.

Although the experimental data corresponding to this idealized 

wave resistance is not obtainable which makes it difficult to confirm 

the mathematical theory, it does not deny the significance of theoreti

cal calculation of wave resistance. Experience has shown that if the 

wave resistance of a ship under certain conditions is reduced by the 

theoretical method, the total force on the ship will also be reduced. 

Thus the important thing for theoretical research is to improve the
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mathematical model such as to consider the ship resistance as a whole so 

that the physical problem can be better represented.

This work, however, is one step towards that goal. The purpose of 

this part of the thesis is to provide a more efficient method to solve 

the existing N-K mathematical model and to try to establish a basis to 

solve the more sophisticated and accurate mathematical model in the 

future. Following the discussion above, we will start to solve the wave 

resistance problem by first introducing the three dimensional Green 

function for the three dimensional N-K problem.

4.2.2. The Green function

Like the two dimensional problem, the Green function may be 

obtained by imposing the Laplace equation on H(x,y,z,a,b,c) and the free

surface condition and radiation condition on G(x,y,z ,a,b,c) in equation

(2.63). The classical method is to separate the variables using the 

Fourier transform. The solution may be found as^l^

1 1 4p 7e^^^^^^cos[m(x-a)cos0]cos[m(y-b)sin0]^G = — - —  - —  J d0 pvj------------------r------------------ dmr r TT 21 0 0 mcos 0 - p

-4y / gP(z+c)sec Ggin[p(x-a)sec0]cos[p(y-b)sin0sec^0]sec^0d0(4.1) 
0

in infinite water depth, where

r = [(x-a)^ + (y-b)^ + (z-c)^]^^^ (4.2a)

r̂  = [(x-a)^ + (y-b)^ + (z+c)^]^^^ (4.2b)

p = -%- (4.2c)
U
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Numerically the evaluation of this Green function is much more dif

ficult than that in the two dimensional problem. The positioh of the

singularity and the oscillatory behaviour of the cosine function in the

first integral in equation (4.1) depend on the second integral variable 

0. This yields that the result of the first integral is very sensitive 

to the value of 0 so that a very small step of 0 is needed in order to

obtain converged results. Thus, this form of Green function is not

widely used in practical calculation. However the advantage of this 

form of the Green function in the present method is that the integrand 

is a simple function of x,y,z. This enables the integration of the Green 

function over the rectangular boundary of localized finite elements to 

be calculated explicitly.

2To deal with the singularity at m=ysec 0, we write the Green func

tion in a similar manner to the two dimensional case

G = Ĝ  + G^ + Gg (4.3)
where

G. - — -1 - Jr r, (4.4a)

2m,
1+t ]cos[m(y-b)t/\ 21+t^]

mp(z+c)
e cos[mQ(x-a)\ 1+t^]cos[mQ(y-b)t/\11 +t̂ ]

}dmm - m0

+ f e^^^^^^cos[m(x-a)\ 1+t ]cos[m(y-b)t/\ 1+t^]
2m m - m dm} (4.4b)
0 0

G_ = -4p/ gW(z+c)(1+t )gin[u(x-a)\|l+t^]cos[u(y-b)t\|l+t^]dt(4.4c) 
 ̂ 0
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dIq = y(1+t^) (%.4d)

It has been found during the course of this work that the change of 

variable t=tan0 gives better performance of the numerical evaluation. 

As the integrands in and are function of x, y, z in the form 

e^^,cosBx,cosTy, the integration of the Green function over the boundary 

Sj can be calculated using similar equations to (3*^5) and (3.46).

To avoid the numerical difficulty of evaluation of the Green func

tion in equation (4.1), there are many works using modified 

formsl8*^5,99, it seems that the form proposed by Noblesse is the most 

desirable. One may find the solution as^S (we write it in a slightly 

different form here)

G = p - pN(x,y,z) - pW(x,y,z) (4.5)

where

4-1
N = -V - 2(1 + --r - :-|-) + ImCe^E, (Z) + InZ + ï]dt (4.6)r’ r't|x'| 1

4-00

W = -H(x')4I Ime

X' = p(x-a) (4.9a)

y» = p(y-b) (4.9b)

z’ = p(z+c) (4.9c)

r’ = [x'^ + y'^ + (4.9d)

T = \ 1+t^ (4.9e)
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and E^(Z) is the well known complex exponential integral^; H(x’) is the 

Heaviside step function defined as H(x')=0 for x'<0 and H(x’)=1 for 

x’>0, Ï =0.57721 56649... is Euler’s constant.

This Green function is virtually equivalent to that defined in 

equation (4.1), but as discussed by Noblesse the integrand in N is well 

behaved for -1<t$+1, In the present numerical method, this advantage ia 
gained at the expense of losing the explicit calculation of the surface 

integral over the boundary . Since the integrand in N is no more a 

simple function of x,y,z, the integration of the Green function over the 

boundary Sj needs to be calculated numerically.

Corresponding to equation (4.6), the first order derivatives of N 

about X, y and z may be obtained as^S

•SUCI')»,, - 44̂  - S
+ 1

+ - /Re[e^E,(Z) + InZ + Y]\ 1-t^dt (4.10a)
" - 1 1

N = y ' + 2 - z ’ y ’
y’ ” ^,2 r’ F* + |x’I r’+|x’I r’

4. y' [.. J.yl., 4 2( rr’ + |x’I r’ +1X» I 3 r’ + |x’|

2 Z+ - / Im[e E (Z) + InZ + Y]\
^ -1

1-t^tdt (4.10b)

^z' ’ " rF[x-'T

- 2,0 * -z' r, _ 3 |x' I _ . -z'
3̂  r'+|x'I 2 r'+|x'| ^r'+|x'|^
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+1
+ - /Im[e^E (Z) + InZ + T](1-t^)dt (4.10c)

^ -1

Thus, the essential task to calculate N and its first order derivatives 

is the evaluation of e^E^(Z) + InZ. This may be obtained by the s e r i e s ® ^

e E, (Z) + InZ = - Y - I (InZ + Y - E - ) ^  (4.11a)
' n=l m=l"'

The series is valid for 0$^z|<+m, but it does not offer a practical com

putation for large values of |z|. Instead the asymptotical expansion of 

E^(Z) may be used. One may find the series aŝ

e^E (Z) + InZ = InZ + Z (-1)'^-^ (4.11b)
nai z"

Alternatively, the exponential integral can be computed by the Hess and 

Smith formula^?

e^E^(Z) = ^  + e(Z); 0<|z|<«; |e(Z ) | . 1 ( 4 . 1 2 )

where

2 ^ 4  M = -(1+m^Z + m^Z + m^Z + m^Z )lnZ

2 Q 21 RN = ~v(nQ + n^Z + n^Z + n^ + Z + n^Z + n^Z ) 

D = 1+d^Z + dgZ^ + d Z^ + dyZ^ + d^Z^ + d^Z^

V = 0.5772156649 n^ = 0.99999207 d̂  = -0.76273617

m̂  = 0.23721365 n̂  = -1.49545886 d^ = 0.28388363

m^ = 0.020654300 n^ = 0.04l806426 d^ = -0.066786033

rn̂ = 0.00076329700 n^ = -0.03000591 d^ = 0.012982719 

m̂  = 0.0000097087007 n̂  = 0.0019387339 d^ = -0.00087008610
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= -0.00051801555 = 0.00029892040

Similarly to equation (4.11), the first order derivatives of W may 

be obtained as

W^, = - H(x -)h7 r6 eCz'T ' Tdt (it.13a)

+00

W = - H(x»)4/Re e^^'^  ̂ Ttdc (4.13b)
—  CÎ

W^, = - H(x’)4/Im e^^'^ T^dt (4.13c)

Having obtained G^,, G^, and G^,, ^  in equation (2.68) may be found 

from

= p(n,Ĝ , + n̂ Gy,  ̂ryÔ ,) (H.IH)
In the present work, the boundary 8^ consists of only the planes perpen

dicular to the axes, so that = pG^, on the planes x=const, = pG^, 

on the planes y=const and = pG^, on the planes z=const.

4.2.3. Discussion of the results

We consider the problem of a submerged sphere of radius a and sub

mergence h=2a. A typical mesh of 24 elements with 4 on each face is 

shown in Fig.12. The problem is solved using both Green functions 

defined in equations (4.1) and (4.5) respectively. The numerical 

integration of the Green function (4.5) over the boundary is computed 

via the double Gaussian integration method. Nine points are used on each 

element with three on each side. The expontential integral is computed 

using equation (4.12). The comparison of the resistance from these two 

computations and that obtained by Guttmann^® using a coupled element
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method similar to that used by Jami as discussed in section 3*^*2 is 

shown in Table 6. The results have been nondimensionalized by irpgâ . 

In the present calculation, 24 elements correspond to 174 nodes (74 

nodes are on ) and 54 elements correspond to 384 nodes (164 on Sj); 

The results by Guttmann using quadratic isoparametric tetrahedron ele

ments are from 178 nodes on a half mesh (symmetry is used), which is 

similar to the 54 elements in the present computation.

T a b l e  6
Comparison of the resistance on a submerged sphere (h=2a)

from various methods

Fn
G.f.

24 elements

(4.1)

54 elements

G.f.

24 elements

(4.5)

54 elements

Guttmann

0.5000 0.00357 0.00393 0.00357 0.00391 0.0035
0.6000 0.01764 0.01927 0.01767 0.01885 0.0174
0.7000 0.03731 0.03981 0.03683 0.03916 0.0350
0.8000 0.05147 0.05420 0.05068 0.05376 0.0530
0.9000 0.05712 0.06020 0.05623 0.05968 0.0590
1.0000 0.05679 0.05997 0.05565 0.05916 0.0595
1.1000 0.05300 0.05632 0.05100 0.05499 0.0550

Fn=-
\|gh

G.f. = Green function

The table shows that for a given mesh the results from the two 

present computations are very close to each other. There is some differ

ence between the results from 24 elements and 54 elements, which sug

gests that 24 elements are not enough for the sphere. It can be seen 

that when Fn^O.8, the present results from 54 elements are in very good 

agreement with Guttmann’s. One of the possibilities why the agreement is 

poorer at low forward speed is that the wavelength is smaller, so that 

the results are sensitive to the size of elements and a fine mesh is 

needed.

As a rough estimation, we may consider the wave pattern due to a
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moving source. As is well known, the wave in this case is in the limited

region a Sâ -rr, where a =arcsin^ and x-a=Rcosa, y-b=Rsina. One may find c c j
the solution as^^3

- 1 / 2
n(R,a) = D\|2Ï^ ---^

3/2 ucsec 0̂   ̂ 3/2
{sec B^e cosCyRu^- -jj-ir) + sec 8^

2̂ucsec 8^ ^
e cos(uRu2+ (4.15a)

as R+m, where 8̂  (i=1,2) are the two roots of

1 2 tanB = - ÿC0ta[1 ± \|l-8tan a] (4.15b)
2with 82>8 ;̂ , ^2 the corresponding values of sec 8^cos(8~a). From

these results, one can see that the wave length changes with the value

of a and is inversely proportional to the square of the Froude number

(since u=— Since as a-»TT which yields zero wavelength, the
hFn

numerical solution of the three dimensional Neumann-Kelvin problem is 

not easy, especially at low forwara speea. The detailed discussion about 

this wave pattern can be found in reference [107].

The present computation experience shows that computer time very 

much deponds on the form of Green function. Roughly, the computer time 

when Green function (4.5) is used only a third of that when (4.1) is 

used. This may question the advantage of the coupled finite element 

method. Throughout this thesis, we have argured that one of the main 

advantages of the coupled finite element method is that the integration 

of Green function over the boundary may be calculated explicitly. But



-  1 0 0  -

the presetit result suggests that the eom|)Uter' time rlepenhs more on the 

i nt>̂ P.r at ion in r.he (Ireen funotion itself than on the integration of 

Oreen I inu't i on over the surf see. Since an ef ( io ierit form of Green f uno- 

tfon neeria 10 3 3  compni.er’ time to of) (a i n ttie potential even titough the 

sur ( ar?e integral lias to be caleulateci numerically, it seems that the 

'tource fl istr'ihui. ion method over- the body surf ace is mor e ef f icient. How- 

over , it is Important to reaIi ze that the nnmericaI integration over a 

surf ace is iiiiicli easier to calculateon a simple finite element boundary 

than on an irregular body surf ace. I bus, tlie advantage of the coupled 

fit) I te element method r-emains in the sense of a more efficient numerical 

surf af’o intégrât ion.

Wf> next consider- a mor e practical problem, a submerged spheroid 
defined by

X - ccoshn^^cosO

V - cs I nlut̂ yS i nOs in'f)

7, - cs I rthn̂ ŝ i nOcosii

with half t.fie Iength of the major axis a = ccoshn^^, and half the length of

the minor axis b=csinhnQ. The results for the nondimensional resistance 
(R/ïïpgb^) given in Table 7 for the spheroid of a=2.5b and submerged at 
h=2b are from a mesh of 54 elements and 384 nodes with 164 nodes on the 
localised finite element boundary. The detail of the mesh is shown in 
Fig. 13. Fig. 13a shows the elements on the body surface while Fig. 13b 
shows the whole mesh. The Green function in equation (4.3) is used to 
obtain the results in Table 7 while the exponential integral is computed 
using equation (4.12). The results from Guttmann in Table 7 were 
obtained from a similar mesh (with 178 nodes) to that he used for the
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sphere (Table 6). The comparison with the results by Guttman gives 
very good agreement. The discrepancies in these results are believed 
to be associated with the meshes used. Greater accuracy could be 
achieved by increasing the number of elements.

The success of the present method suggests that N-K problem of a 
submerged body is not ill-posed mathematically. The failure of some
analysis may be due to the numerical procedure. The Green function
for the three dimensional N-K problem needs careful evaluation. The 
problem is further complicated by the practical ships. Most ships 
are slender, which means the longitudinal component of the surface 
normal is small, apart from the area near to the bow and stern. 
Therefore tedious numerical modelling is needed for the potential to
satisify the body surface condition accurately. As a result, a fine
mesh of small elements is needed in the present analysis.
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Table 7
Comparison of the resistance on a submerged spheroid (h=2b)

Fn Present Guttmann
0 . 7 0 . 0 4 2 5 4 0 . 0 4 2 2
0 . 8 0 . 0 9 5 4 8 0 . 0 9 6 0
0 . 9 0 . 1 3 3 9 6 0 . 1 3 6
1 . 0 0 . 1 5 0 4 6 0 . 1 5 4 2
1 . 1 0 . 1 5 0 6 7 0 . 1 5 6 0
1 . 2 0 . 1 4 1 7 4 0 . 1 4 8 4

Fn=
72b

a=2.5b

H.3. Unsteady potential

4.3.1. The hydrodynamic force on a sphere 1n an unbounded fluid

As in the analysis of the two dimensional problem, it is necessary 

and valuable to consider the case without free surface. To obtain the 

analytical solution for a sphere, the spherical coordinate system 

( r , 0 , r t )  is defined as

X rcosO

y = rsinOcosa

z = rslnOslna

(4,16a) 

(4.16b) 

(4.160)

We assume that i|; is the potential of the harmonic motion without for-
9.K

ward speed satisfying the body surface condition -g--=nj (j=1,2,3). From 

the detail discussion in section (3.3), it is straightforward to see 

tiiat the potential (j = 1,2,3) with forward speed may be written as

'■ (M.IT)

where
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(x̂  ,%2,x ) = (x,y,z) (4.18)

Since for the sphere of radius a, we have^O 

1 a^
 ̂  ̂ ~ 2 ~~2 cosG (4.19a)r

1 a3
= ■■ 2 ~2 sin8cosa (4.19b)

r

1 a3
^3  ̂~ 2 ~2 sinOsino (4.19c)

the solution of (|)j can be obtained as 

3 3
*1 = " IT ̂ 2 cose - I %  (3cos^e-1) (4.20a)

r r

3 3
(j)̂ = " ÿ  ̂  sinScosa - ^  sin20cosa (4.20b)

r r

3 3
^2 sinGsina - ̂  ^  sin26sina (4.20c)

Substituting this equation into (2.56), we have

= - pf I iw[- ^acosB - ^(3cos^0-1 )
^0

QTJ 1
+ — sine (2dwasin0 + 3Ucos0sin0)]cos0dS

p 2ïï TT 2
= pa / da/[-^acos0 - -^(3cos 0-1 ) 

0 0

+ lysine(-^asin0+3Ucos0sin0)]sin0cos0d0

pira^/(^acose + %^-cos0sin^0)sin20d0 
0 ^
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= pna^(^a + ^  (4.21)

Thus

2
.J = pit(— — ^a ) (4,22a)

O)

= 0 (4.22b)

After a similar derivation, we have

2
^ 2 2 ^ 3 3 " pn(^a^ + ^ ^ a )  (4.23a)

U)

X^2 = ^23 “ ^ (4,23b)

In the present numerical analysis, the finite element formulation

in the near field (equation (2.62)) can be written as

;;;V*VN.do - //|^N,dS = ;/n,N.dS (4.24)
R,  ̂ S / "   ̂ S /  ^

for the steady potential and

9(J>.
///V(|).VN.da - / / -r— N . dS = / / ( iwn . + Um . )N . dS D J 1 „ 9 n i  _ J j 1

= iwf/n.N dS + U// m.N dS (4.25)
«0 ' J

for the unsteady potential. The Green function employed to determine dn
on Sj is p in both cases. Following a similar derivation to that used in 

obtaining equation (3.62), the second term on the right hand side of 

equation (4.25) becomes

U//m.N.dS = -//WVN.n.dS (4.26)
So ' ' Sg  ̂J
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which will give better performance in the numerical analysis as dis

cussed in detail in section (3.3.1).

Table 8 gives the comparison for the added masses of a sphere of 

radius a. The analytic results are obtained from equations (4.22a) and 

(4.23a), while the numerical results are obtained from a similar mesh to 

that used for Table 6 of 54 elements. Since the present

numerical calculation, it is not given in the table. It can be seen 

from Table 8 that the error of the numerical results from 54 elements 

compared with the analytic solution is much bigger than that in the 

results from 12 elements for the two dimensional circular cylinder given 

in Table 2. The error can even reach 10% at low frequency. It becomes 

smaller when the frequency is higher, where the contribution from (|) is 

smaller, but it still remains a few per cent. This suggests that a finer 

mesh of more elements is needed. However as a means to investigate the 

numerical procedure, the results in this table are very encouraging. It 

gives sufficient evidence that the coupled finite element method ' is 

suitable for the problem of a body moving in surface waves.
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Table 8
The comparison of added masses of the sphere

in the unbounded fluid domain
1̂1 p22

va pV0 pV0
numerical analytic numerical analytic

0.1 3.3008 3.3800 2.3768 2.6600
0.2 1.8978 1.9400 1.4357 1.5800
0.3 1.4300 1 .4600 1.1220 1.2200
0.4 1.1962 1.2200 0.9652 1.0400
0.5 1.0559 1.0760 0.8711 0.9320
0.6 0.9623 0.9800 0.8083 0.8600
0.7 0.8955 0.9114 0.7635 0.8086
0.8 0.8454 0.8600 0.7299 0.7700
0.9 0.8064 0.8200 0.7038 0.7400
1 .0 0.7752 0.7880 0.6828 0.7160

Fn =
\|ga

= 0.4,

4.3.2. Green function

9(f).
The Green function used to determine on S. in the case of gen-

o n  J

eral three dimensional problem with a free surface may be obtained asJ13

1 1 2k  ̂ ”G = — - —  + — /d9/dmF(0,m)
^ 0 0
P ir/2 TT

+ —  J de f dmF(0 ,m) + —  / d0 / dmF(0 ,m)
*  y  tt/ 2  L p

where T=wU/g defined as for the two dimensional problem;

(4.27)

7 = 0  

if t <1/4;

(4.28a)

Ï = cos  ̂(j^) (4.28b)

if and t

t The difference in the present formulation of the Green function 
from that in Wehausen and Laitone’s paper is cue to tĥ  ̂different 
definition of the periodic motion. In this thesis e is used,
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^^m[z+a-i(x-a)cose]2os[m(y-b)sine] (4.29)
gm - (w+mUcos8)'

There are two singular points at m=k^ and m=k^ in the second integra

tion of equation (4.27) obtained by

\ gki -T—  1 - \ 1-4 t c o s 8gk = ----^ --- :----0)
3  2 t C O S 8

and also two singular points in the last integration obtained by

(4.30a)

1 + \ 1-4 t c o s 8-O) (4.30b)2 t c o s 8
The integration path is from 0  to » and at singular points it is defined

as k^+ie, k^-ie, k^+ie and k^ + ie, as e-̂ +0.

For the present numerical evaluation, it is desirable to decompose 

the integrand F(8,m) in terms of its singularities. Thus, we write

F(8,m) = J [■ '
k

g \  11 - 4  T C 0 S 8  ^ ^2

2 j^m[z+c-i(x-a)cos8]

cos[m(y-b)sin8] (4.31a)

for y<8<n/2; and

F(6.m) = — -----
g \ | l - 4 T C O s 8  3  4

cos[m(y-b)sin8] (4.31b)

for ir/2<8SiT. The Green function then becomes

G = — - —  + —^/d8 /dmF(6,m) 
*̂1 %  0

2gTT/2+ 1 d8 pv /dmF(e,m) / d8 pv /dmF(8,m) 
tt/2 0

4tt̂while e is used there.
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ir/2 k k [z+c-i(x-a)cos0]
- 2i /  e cos[k^(y-b)sin0]de

ï  \  I 1 - M  T C O S 0

tt/ 2 k k [z+c-i(x-a)cos0]
- 2i / — ■ ■ -e cos[k (y-b)sin0]d0

Y \I1 - 4 t c o s 0

TT k k [z+c-i(x-a)cos0]
- 2i / ----------- e cos[k^(y-b)sin0]d0

i t/ 2 \  11 - 4  T C O S 0

TT k. k.[z+c-i(x-a)cos0]
+ 2i / — .....  e cos[k^(y-b)sin0]d0 (4.32)

T T / 2 \  I 1 - 4  T C O S 0

As discussed in section (4.1.2), the evaluation of this kind of
Green function is not an easy task. In fact this is even more difficult

here, since the four singularities k̂  (i = 1 , 2 , 3 , 4 )  are much more compli-
2cated function of 0 than mQ = ysec 0 in equation ( 4 . 1 )  for the steady 

potential. Thus the computer time for evaluation of Green function 

( 4 . 3 2 )  will be at least four times that of evaluation of Green function

( 4 . 1 ) .  This may be an expensive price.

To reduce the computer time, an alternative of equation ( 4 . 3 2 )  is 

to use the exponential integral. We may write equation ( 4 . 2 7 )  as

- (Igi+Igg) + (1 3 3 *1 3 ,,) - (I„3 *I«m) (“ •33)

where

.Y k “> exp(mC )
1̂ 1 = -/ --   d0/ — — r  dm

^ 0  i \ | 4 T C O S 0 - 1  0  1

. Y k_ «> exp(mC. )
 / ----------- d0/  j  dm (4.34a)

"^0 i \ | 4 T C O S 0 - 1  0  " ’ 2

.Y k “ exp(mC )
1 = -/----— — — -  a e f   r  dm

^ 0  i\|4TCos0-1 0  ^ ' 1
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. Y k «> exp(mÇ )
+ -/ — — izzi: de; --- dm ( 3 . 3 4 b )

0 i\|4TCOs0-1 0 2

. tt/2 k . « exp(mC . )
I, , ‘ ! - ae; ---jT— j- dm ( %. 3 %c )

\|l-4aTC0s8 0 ^ 1

= (z+c) + i[ -(x-a)cos0 + (y-b)sin0] ( 3 . 3 5 a )

Cg = (z+c) + i[ -(x-a)cos0 - (y-b)sin0] (4.35b)

^3 = e* (4.35c)

= Cl (4.35d)

and * denotes the conjugate of the complex. The integration path at

singularities in equation (4.34c) is defined as before. It can be

understood that i>0 in equation (4.34c) and Y’=Y, a=1 for i=1,2, Y'=0,

a=-1 for i=3»4. The definitions of k̂  and k^ in equations (4.34a) and

(4.3%b) are the extension of equation (4.30) to complex. They maÿ be

written as

1 ±  i \  4 t c o s 0 - 1, gk, = T - (4.36)\I 2 \I 1 2 t c o s 0
as 0SY.

Performing the change of the integration variable

u = -Cj(m-k^) (4.37)

for the corresponding integral I^^ (i=0,...,4,j=1,/..,4), equations

(4.34), equations (4.34a) and (4.34b) become

Y k exp(k C ) Y k exp(k C.)
1̂ 1 =--- ---------- E_(k,C. )d0 - -/   E_(k^C,)d0 (4.38a)

^0 i\|4TCOs0-1 ̂  0 i\|4TCOS0-1 ^

Y k exp(k C ) Y k exp(k C )
In- =--- -----------E (k c.)d0 - -/ — ----------- (k^C.)d0 (4.38b)

"O 1 \ | I | “ c'5 s 9-1 p ’ 2 "o i \ | W i F T  9 ^ ^
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where

E (Z) = E (Z) = E,(Z) (4.39a)P Q I
when Re(Z)aO; and

Ep(Z) = E^(Z) Im(Z)aO (4.39b)

Ep(Z) = E^(Z) - 2TTi Im(Z)<0 (4.39c)

Eq(Z) = E^(Z) + 2TTÎ Im(Z)ao (4.39d)

Eq(Z) = E^(Z) Im(Z)<0 (4.39e)

when Re(Z)<0. in equations (4.38a) and (4.38b) are given by equa

tion (4.36a).

Similarly, equation (4.34c) becomes 

7f/2 k . exp(k C . )
Ilj - ; ; — = = = : ^ r  (kiSj)d8 (*-*0)^Y' \|l-4axcos0 i ^

where

E (Z) = E (Z) Im(Z)>0 (4.41a)
i

E^ (Z) = E^(Z) - 2iTi Im(Z)<0 (4.4lb)

for i=1,3,4; and

E^ (Z) = E^(Z) + 2ïïi Im(Z)aO (4.4lc)

E^ (Z) = Ê  (Z) Im(ZXO (4.4ld)

for i=2. k̂  in equation (4.40) are given by

k,. k, = ^ \ |1-‘IT°°S9 ^ (4.42a)
2 ' 2 x ^ 6
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for Y < 0 S tt/ 2 ,  and

K„. k, . Mi^'iTcose ^ (%.42b)3 ^ 2 2,
2 t  c o s  b

for Ô 0Sir/2. It can be easily shown that the definition of

(i=1,2,3,4) by equation (4.42) is equivalent to that by equation 

(4.30).

The computation of the exponential function E^(Z) is straightfor

ward using equation (4.12) or equation (4.13) depending on the value of 

Z. It takes the value of (Z+0) when lm(Z)=0 in equations (4.39) and 

(4.41). As the computer time for the steady potential problem when 

Green function (4.5) is used is only about a third of that when (4.1)

used, a significant reduction of computer time can be anticipated when

the exponential integral is used for the present problem.

Fig.14 to Fig.17 give the comparison of the results from Green

function (4.27) and (4.33) for different Froude numbers from 0.2 to 0.6. 

The source point is at (0,0,-2) and the field point is at 

(rcos#,rsin#,0). Because the Green function is symmetric about y-0, the 

results given are in the range 05*^n with the step being n/4. These fig

ures show that the results from the two different forms of Green func

tion are in very good agreement. However, much effort has been spent to 

get the satisfactory results of Green function (4.27), especially at 

high frequency.

A common feature of these figures is the discontinuity of the Green 

function at t = 1 /4. Although it is not straightforward to obtain the 

value of Green function at = or t = is easy to find the

value of the jump. From equation (4.33), we have
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 ̂ 0̂1 ~ ^02 (^.^3)
Using equation (4.38) as ?^(^)+Q and 9=0, equation (4.43) becomes

G[(1)^q] - G[(l)_^]

= [̂kiexp(l<î 1 )Ep(l<î 1 ) - l<2exp(k2Ç̂  )Ê (k2̂  ̂)

+ k^exp(k^S2)Ep(k^t2) " I<2exp(k2^2^^q^k2^2^^

- 1 , 1 \

lim (4.44)

The limit in this equation can be obtained as

llm —

= lim -
xO^\ 11 -cosx

= lim *
x^0^\|2sinx/2 

= \|2 (4.45)

Noticing that k̂  = k^=4v^ and S^=C2=S=(z+c)-i(x-a), when t = 1 / 4  and 8=0, 

equation (4.44) becomes

G[(l),o] - G[({)_o]

>l\|2v̂
= — :-- [exp(4v E)E (4v E) - exp(4v E)E (4v E)ITT O p C  C Q C

+ exp(4v E)E (4 v  E) - exp(4v E)E (4v E)] (4.46)c p C C CJ c
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where v^is defined such that As Re(C)<0 for submerged source,

equation (4.46) becomes

G[({)^q ] - G[(j)]_g] . -16\|2v^exp(l|v^t) (4.47)

based on the definition of and in equation (4.39).

It can be seen the jump of the Green function at the critical point

is nonzero unless v =0 or v =“. Since v =-r̂ , it can be concluded thatc c c 16
there is a jump of the Green function at the critical point for any fin

ite forward speed, but the Green function is continuous everywhere when 

U=0 or U=“. This agrees with the fact that the Green function without 

forward speed is continuous at any frequency. A special case of equa

tion (4.47) is when Im(S)=0 or x-a=0 which yields that the right hand 

side of the equation is a purely real number. Thus the imaginary part of 

the Green function is continuous in this particular case of Im(C)=0, 

while the jump of the real part reaches its maximum for given v̂ , z+c 

and r.

4.3.3. Discussion of the results

4.3.3.1. The solution by the first approximation method

Due to the complexity of the problem of oscillating bodies at for

ward speed, there has not been any exact analytic solution yet, even for 

a very simple geometry such as a sphere. There are a few numerical works 

mentioned in the first chapter, but they do not provide any comparable 

results. Therefore it is purpose of this section to derive an approxi

mate solution for a deeply submerged body. The approximate analytical 

solution for the submerged sphere is given. This is used to check the 

numerical results.
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As has been well known, the main difficulty in ship hydrodynamics 

is the existence of the free surface. However for the deeply submerged 

body, it is reasonable to assume that the effect of the free surface on 

the potential near the body is negligible. Thus the potential on the 

body can be taken as the solution without free surface, so that the dif

ficulty due to the free surface can be avoided. This method, usually 

called the first approximation method, was Initiated by Lamb^^ and was 

widely used when the exact solution was not easy to obtain. Some appli

cations by Havelock have been mentioned in chapter three. For the prob

lem of an oscillating submerged body at forward speed, N e w m a n ? ^  used the 

extension of Havelock's method for the three dimensional steady poten- 

tial52 and obtained the first approximation solution for the damping 

coefficients for ellipsoids. Here, this method is restated in a more 

general sense so that it can be applied to an arbitrary body. The prin

ciple is demonstrated by the solution of a sphere.

From the Green's identity, we have

 ̂ - |^G]dS (H.HS)

where the Green function is defined by equation (4.27) or (4.33) for 

the present problem. Based on the assumption of the first approximation 

method, the potential on the right hand side of this equation can be 

taken as the solution (|)q without the free surface but satisfying the 

same body surface condition as (}>. Equation (4.48) then becomes

®0

The numerical solution of for general three dimensional bodies
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can be obtained by solving a similar integral equation to (4.48) with G 

being simply taken as 1/r, or by many other techniques (such as the cou

pled finite element method discussed in detail in section (5.2,1)). For 

some special geometries, the availability of the analytical solution for 

(|)q enables the first approximation solution to be easily obtained. We 

may take the sphere as an example. From section (5.3.1), it is easy to 

have

•o2 ■ ¥ ■  - ÿ
ituâ  ^[1] - -^--[1] (4.50c)03 2 9z r q^3 9x9z r

where

r - [(x-S,)2+(y-S2)2+(z_Sg)2]1/2 (It.51)

With (S^,%2»Sg) being the center of the sphere. Substituting equation 

(4.50) into (4.49) and using Green’s identity inside the sphere, we

obtain

*2 = - W C #  ̂  ^  4o(x.y.z.C,.S,.,,) («.52a)

*2 = - 4 ■ ÿ
Where is the coordinates of the source (corresponding to

(a,b,c) in equation (4.29)) which is to be taken as the center of the

sphere.
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Having obtained the potential, the hydrodynamic forces can be found 

by equation (2.56). If only the damping coefficients are of interest, we

2 2may use the asymptotical expansion of (J)̂ at infinity. As R=\jx +-y 

the Green function can be written

n'du n 'n

exp{X (u )[z+S +i(x"C )cosu +i(y-Ç )sinu l Æ }  (4.53)m n  j 1 n d. n 4

where

X = RCOS0 (4.54a)

y = Rsin0 (4.54b)

A (u) = — — — [1 + 2 t c o s u ± (  1-»-4t c o s u )  ̂ (4.55)
2u2cos2u

- a
S2(u) = -1 (4.56b)

and the (±) sign in equation (4.53) is determined by the sign of

cos(u -0) (4,57)du nn
The second summation is over the N roots of the equation

2 1 / 2  sin u ± ( 1 + 4 t c o s u  )

  -sH î S-osiT — ---- (*-58)n n
which is obtained from

A cos(u -0)]=O (4.59)du m n
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and satisfies the inequality

-TT^u^|e| - |8|$n (4.60)n-'~' 2
Substituting equation (4.53) into (4.52), we obtain

, . . ,A)l/2 , , = .1/2
 ̂ m,n sln^u |;^oos(u -0)|n'du n 'n

s (u )exp{A (u )[z+iRcos(u -0)]±^}P.(u ) (4.61)m n  m n  n 4 j n

where

P,(u) ' Tr;;[^(-lco8u^) + ^  cos\x^(u^)]

\ (u )exp[-X (u )h] (4.62a)m n m n

3 3
P?(u) = J-[^^^--(-isinu ) + ^ sinu cosu A (u )] 2 4tt 2 n ^^3 n n m n

A (u )exp[-A (u )h] (4.62b)m n m n

3 3
P (u) = icosu A (u .]A (u )exp[-A (u )h] (4.62c)J  ̂ n r n r i y m n  m n

for the submerged sphere, h being the submergence of its center.

Having obtained the potential at infinity, the damping coefficients 

can be obtained from the energy conservation law. The results can be 

found as?5

A.. = - —  Z /    r-T%|P .(u) I s (u)du (4.63)
JJ ”V l  0 (1+%?oosu)'/2 J

where ï is defined by equation (4.28), Performing the change of
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integration variable

K -   ̂ + 2 t c o s u  ±  \ | 1 + 4 t c o s u2^--^ (4.64)
2 t  c o s u

equation (4.63) becomesJ^

A = -^pa^v^J’ _ (KT-1)5|KT-1| exp[-2vh(KT-1)^]Q^dK (4.65)

where

S  ' ' 1 (4.66a)

^^(K) . - { w[(Kl:l)2,ZjK!]I{! (4.66b)

Qg(K) = - jw(KT-1) (4.66c)

The prime in equation (4.65) indicates that the integration is cal

culated in the region where

(Kt-1)^ - K^>0 (4.67)

Thus the integration of equation (4.65) may be written as

(4.68a)
+ 00 . "1 "3 + 00

; ’ = / + ; * /
"2 K 4

t <1/4; and

+ 00 "3 + 00
I ' = / + /

K 4

T21/4, where

" 2.1
2 t -1 ±  \ 1 -4 T

2 x 2

" 4.3
2 t +1 ±  \ 1 + 4 t

2 x 2

(4.68b)

(4.69a)

(4.69b)
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Equation (4.65) shows that the damping coefficients of surge and 

heave tend to infinity as t^-0, but the sway damping coefficient 

remains finite. This agrees with the result for ellipsoids by N e w m a n ? ^ ,  

In fact, the present result for a sphere can be directly obtained by 

taking in Newman’s solution for ellipsoids. We have followed a
different procedure of derivation to demonstrate the principle of using 
equation (4.49) for the arbitrary body.

The reason for the continuous damping coefficient of sway at the 

critical point can be obtained from equation (4.47). It shows that the 

jump of the Green function at the critical point is independent of y. 

Thus from equation (4.52b) it can be seen that the potential by the 

first approximation method for sway is continuous. It can be also seen 

that there is a jump for the potentials for surge and heave. This yields 

the coreesponding behaviour of the damping coefficeints.

To demonstrate the applicability of the first approximation method, 

Fig.17 gives a comparison of the damping coefficients with those from 

the coupled finite element solution for a submerged sphere of radius a 

and submergence h=2a at zero forward speed. As ^ e q u a 

tion (4,65) when U=0, which is confirmed by the numerical results. 

Fig.17 gives only results for It can been seen that the first

approximation provides very good results in this case.

4.3.3.2. Numerical results at forward speed by the coupled finite ele- 

ment method

Fig. 18 compares the numerical results of damping coefficients A^j 

(j=1,3) of the sphere obtained by the coupled finite element method with
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the first approximate solution at Froude number Fn=— =0.4 and the
\  I gâ

4 1submergence h=2a. The results have been nondimensionalized by —irpga . 

As the first step, the Green function (4.27) is used for the purpose of 

simplicity of the computer programme. As a result, the computation is 

rather expensive. Thus, as a test of numerical procedure and computer 

programme, we use a mesh of only 24 elements to obtain the results in 

Fig.18.

The figure shows that the results from the coupled finite element 

method and from the first approximation are in a reasonable agreement 

except in a region close to the critical point v^=0.3906. This is simi

lar to the two dimensional case^3. The interesting thing is that 

although the Green function has a jump at t=1/4 and the first approxima

tion method gives infinite and X^^, it seems that the damping coef

ficients from the present numerical method are continuous at the criti

cal point. This is a welcome result, since there is no experimental evi

dence that there is a jump of hydrodynamic force at t  = 1/4, as discussed 

by Ogilvie and Tuck®®.

Because of the rather expensive computation, it is hard to give 

more results at this stage. But as we have derived the alternative form 

of Green function, the computer time could be significantly reduced by 

using Green function (4.33). Further reduction of computer time can be 

achieved by employing the symmetry of the body, which is a common 

feature for most practical ships. This would provide a means of more 

extensive calculation for a variety of practical problems.
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4.4. Further extension

The extensions of the present numerical method to some more general 

problems have been discussed in detail at two dimensional level in the 

last chapter. All these discussions can be applied to the three dimen

sional problem. Here we will discuss some other extensions of the 

present numerical methods and some suggestions for future research.

4.4.1 . The analytical formulations for submerged oscillating spheroids 

at forward speed

As has been discussed in the previous sections, it is necessary to 

derive some exactly analytical solutions to provide a basis to check the 

numerical results. Generally, the potential problem for the submerged 

body can be represented by a source distribution o(C,h,G) over the body 

surface, or

4) = j/o(C,n,;)G(x,y,z,S,n,;)dS (4.70)

where the coordinates (S,n,c) of the source point are similar to (a,b,c) 

in equation (4.27). The source distribution o in this equation is to be 

found by the body surface condition on 4>, or

- 2iro + J / ol^dS (4.71)9n 9n
0

In most cases, the solution of equation (4.71) is obtained by a numeri

cal method of discretisation of the body surface, as discussed in detail 

in the first chapter. However for the spheroids considered presently, 

the source distribution can be obtained using spheroidal harmonics. To 

demonstrate the principle of the method, we consider the diffraction 

potential of the spheroid in head or following seas. This allows that
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the symmetry can be used, but it does not imply that this method only 

applies to this case.

It can be found t h a t 3 3

' n , .\m+1 P^\cos8)cosm#
° = !: ^  m---------   2------2“T72 <*'72)n=0m=0 P^(coshnQ)sinhnQ(cosh n^-oos 0)

for the spheroid defined by

X = c coshn COS0 (4.73a)

y = c sinhn sin0 sin# (4.73b)

z = c sinhn sin0 cos# - h (4.73c)

when n=hQ, where h is the submergence of the center of the spheroid. p|̂ 

in equation (4.72) is the well known associated Legendre function of the

first kind! (similarly is the associated Legendre function of the

second kind; P^, are the Legendre function of the first and second

kind respectively, which will be used later). Substituting equations 

(4.27) and (4.72) into equation (4.70), we obtain

'• 00 , .m+1 P^(cos0)cosm#
A . ; ; I z c A" "

s. n=1m=0 " P™(ooshiiQ)3lnhnQ(oosh2ri^-oos2e)'‘*̂2

Y 00 
—  /dt/dkF(t,k) 

^ 0 0

2^/2 ÏÏ
+ —  / dt/dkF(t,k) + —  / dt/ dkF(t,k)]}dS (4.74)

 ̂ Y L̂  ̂ir/2 Lg
where Y , L^, L^ and F(t,k) are defined as in section 4.3.2. Use is made

o f  t h e  following r e l a t i o n s 3 3
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CO n
/ / :̂ adS = - E E P^(cos8)cosm#Q^(coshn) (4.75a)
S n=0m=0 ^

2 “ n ^
// expEkç - ikC^cost + nsint)]odS = ^  E E (-1)^
Sq n=0m=0

(sect+t a n t  ̂ ]j (A)exp(-kh) (4.75b)
(sect+tant)^

A = kc cost (4.75c)

exp[kz+ik(xco3t+ysint)] = exp(-kh)[ E C  (cose)P (coshn)
n=0 "

00 n
+ E E (C cosm$ + B sinm(J))P*̂ (cos0)p"’(coshn)] (4.75d)
n=im=1 "

Q = i"(2n+1 )jĵ (A) (4.76a)

Cn.m ' {^^(Zn+DCCsect^tant)"*

+ -----   -] j_(A) (m>l) (4.76b)
(sect+tant)

, n+m+1 (n-m)!
n,mB_. = i' ) i (2n+1 )[ (sect + tant)'in+m)!

 ̂ ] j (A) (4.76c)
(sect+tant)"’ "

and is the spherical Bessel function of the first kind. We also use 

I ! — odS

So'i

IT “
= / / — / dt/dkexp{k(z+ç) + ik[(x-^)cost+(y-n)sint]}odS

Sq 0

TT “ «> n
= —  / bt/dkexp(-2kh){ E E C  cosm#

0 n=Ora.O
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P^(cos0)pJJ(coshnE Z (-1)"
n’=0m’=0

A [(sect + tant) + --------------y] j_,(A) (4.78)
(sect + tant)

to obtain

® n , \ ;
-c z Z i P^(cos0)cosiïi(j)Q̂ (coshn)n=0ra=0 " (n+m)! n n

 ̂ TT ™ ' n
- 7s~f dt/dkexp(-2kh){ Z Z C cosm#

0 n=0m-0

2 TO '
p";(oos9)P™(ooshn)){^ E E ,(i))

n'.Om'.O "

P T  ®  tt/ 2  it

+ — {/dt/dk + / dt / dk + J dt / dk}F’(t,k)
^ 0 0  y 7t/ 2  Lp

o; n

{[ Z Z D  cosm<j)P^(cos0)P^(coshn) 
n=0m=0 ^

c" E .(-A)]
n-=0m-=0 2 "

where

TO n
+ [ Z Z D ’ cosm#P^(cos0)P^(coshn) 

n=0m=0 "

o" Ë T  -̂ '>”'!'i»’-"-’A^;R^:(t)J^,(-A)]} (4.79)
n’=0m'=0

F’(t,k) = ----- —   —  (4.80a)
2[gk - (w + kUcost) ]

D^ „(k,t) = „(k»TT-t) = (-1)"*^C (k,t) (4.80b)rifDi n ÿ rn n ̂ m
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D’ (k,t) = C (k,TT+t) = (k,t) (11.80c)n,m n,m n,m

T^(t) = (sect + tant)^ + ------    (4.8Gd)
^ (sect + tant)^

S*(t) = T*(n-t) = (-l)"Tj!|(t) (H.80e)

R"’(t) = T^Vn + t) = (-1)"V^(t) (4.8Gf)n n n
and m,n are from zero to infinity and P^=P , = Q . The terms ofn n n n
sinm^ have been neglectea in equation (4.79) because of symmetry.

Rearranging equation (4.79) in terms of P^\cos8)cosm^, we obtain

4 = -c Z I Q^(coshn)P^(cos8)cosm4
n.Om.O "

2 00 n “ n ’
- Z Z {P^\coshn)P^(cos8)cosm# Z Z

^n=Gm=G ^  ̂ n’=Gm’=G

^m|(-i ̂ n'+l.n'+m'^j. dt/dkexp(-2kh)T^|(t)j ,(A)C ]}n — n n n I m
"IT 0

2 00 n " n ’
+ ^ Z Z {P^^coshn)P^(cos8)cosm# Z Z

 ̂n=Gm=G " " n'=Gm'=G

y 00 tt/ 2  tt

[A^|(-1)"'^^i"'^^'(;dt;dk + ; dt; dk + / dt; dk)
" G G Y tt/ 2  Lg

The harmonic incident potential can be obtained as 

(f)̂ = — exp[k_z - ik_(xcos6 + ysinB)] (4.82)U U)q u u

for unit amplitude, where , k^ are incoming wave frequency and number 

respectively satisfying the relation
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^0 ^0  ̂ (4,83a)

Ü) = o)q - kgUcosB (4,83b)

and u) is the encounter frequency. The incoming wave incident angle g is

defined so that 8=0 corresponds to a following sea and 8=tt corresponds

the head sea. Using equation (4,75d), we obtain

(|)- = — exp(-k-h) E ED' (k ,B)P (coshn)P„(cos0)cosm(j> (4,84) 
° “o ° n-Om-0 "•"> 0 " "

With 8=0 or 8=tt. Imposing the body surface condition (see section (2,5))

^  (I).85)on on
on n = n̂ , we obtain an infinite set of equations

- ^  ;i[p'”(ooshnn)] I Z dt;dkexp(-2kh)
dn n 0 n'.om'.O " -, 0

2 00 00 ,n*+1,n'+m
n'=0m'=0

T “ Tr/2 TT
C/dt/dk + / dt/dk + / dt/dk]F'(k,t)j ,(-A)
0 0 Y tt/ 2

for n^m^O.

Apparently, the essential task to solve equation (4,86) is the 

evaluation of the following two integrals

TT , “
I(n,m,n',m') = SC (t)T ,(t)dt/exp(-2kh)j (A)j (A)dk (4,87a) n I m n  ̂ n n

-TT 0
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y «> tt/2 TT
H(n,m,n’,m’) = g[/dt/dk + 7 dt/dk + / dt/dk]

0  0  y  tt/ 2

^ ( t)]F-(k. t)

Y «> tt/ 2  tt
2g[/dt/dk + / dt/dk + / dt/dk]

0 0 Y tt/ 2  Lg

F'(k.t)] (%.87b)

In these two equations, we have defined

Cn.m = Cn.m(k.t) '

Dn.m ' (*'88b)

D'n.m = D'n,m(k.t) =
and C (k,t),D (k,t),D* (k,t) are given by equations (4.76) andn,m n,m n,m
(4.80). Since

J n ( A )  = \ /à^n+1/2(A)
Where Bessel function of the first kind, and^^^

(-1 )S(l4)"^"'^^*^^r(n+n'+2s+2)
^n+1/2(A)Jn'+1/2(A) = ^^s!f(n+n'+s+2)r(n+s+3/2)F(n'+S+3/2)s=0

where f is the Gamma function, we obtain
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I'(n,n',t) = / e x p ( - 2 k h ) ( A ) d k

 ̂ * (-1)^(^^G08t)"*"'*2s*Tr(n+n'+2s+2)
Jexp(-2kh)2k2cost ! r(n+n'+s-2) r(n+s+3/2)r(n’+s+3/2)^*^ u s=u

“ (-1 )̂ (-̂ cost)̂ *̂̂  ^^^r(n+n*+2s+2) * n+n'+2s
4  ̂ s!r(n+n'+s+2)r(n+s+3/2)r(n'+s+3/2) 2kh)k dk8=0 0

_  (-1)S(|co3t)"+"'+2:r(n+n.+23+2) r(n.n'.23.1)
= IT E4 ^s!r(n+n'+s+2)r(n+s+3/2)r(n’+S+3/2) ,_..n+n'+2s+18=0

r(n+n'+2s+2)r(n+n'+28+1)
3 !r(n+n'+5+2)r(n+s+3/2)r(n* +8+3/2)

Uslngl

1 / 2

(4.91)

2 r(n+8+1)
equation (4.91) become8

I(n,n-,t) = £ (-i)S(£2^ ) 2s
3=0

r(n+n'+28+2)r(n+n'+2s+1)r(n+8+1 )r(n'+s+1 ) (4.93)8ir(n+n'+8+2)r(2n+28+2)r(2n* +28+2)

Substituting I'(n,n',t) into (4.87a), I(n,m,n’,m') can be obtained by 

means of

I:/2
I(n,m,n*,m') = 4 / C (t)T ,(t)I'(n,n',t)dt (4.94a)Q n, m n

for n+m+n’+m' being even;

I(n,m,n’,m') = 0 (4.94b)
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for n+m+n’+m' being odd.

The series in equation (4,93) converges absolutely and can be accu

rately computed numerically when c cost<h. If c costZh, the direct 

integration in equation (4.91) may be more efficient.

To calculate the integration over k in equation (4,87b), we write

y
H(n,m,n’,m’) = (t)T^](t)H ’(n,n’,t)dtQ II J ill il U

+ / C  (t)T ,(t)[H ’(n,n’,t)-H ’(n,n’,t)]dt) y n,m n’ i d

,
+ / „(t)T',(t)[H,’(n,n',t)-Hn'(n,n',t)]dt (4.95)Q n J171 n 0 4

where

™ k exp(-2kh)
H '(n,n',t) . — ..... [/---- j— r--j (A)j ,(A)dk

i\|4Tcost-1 0 1

«> k exp(-2kh)
+ / -- 7— Z Jn(A)jn’(A)dk] (4.96a)
0 2

and

«° k.exp(-2kh)
H;'(n,n',t)   I ----T/-n---- j^(A) j^, (A)dk (4.96b)
 ̂ \|l-4TCOSt0 ^i n n

for i2i . The definition of k^ and the integration path at the singular

point in equation (4.96) are defined as in section (4.3.2).

Substituting equations (4.89) and (4.90) into equation (4.96), and

also using equation (4.92), we obtain

k ~ (-1)S(^^ost)"*"'*2Sr(n+n’+2s+2)
HL'(n,n',t) = ----------- ~ Z0 ' ' i\|4Tcost-1 Vo®!r(n+n’.s+2)r(n+s+3/2)r(n’+s+3/2)
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and

k “ (-1)^(§cost)"^^ ^^^r(n+n’+2s+2)2 IT _ 2
TT Ll\|irrco-iFl- \.oS!r(n*n'*s*2)r(n^s.3/2)r(n'.s.3/2)

k (2ccost)" " «)
   -..  ■ E (-1)®(2ccost) 3
i\|4xcost-l s=0

r(n+n'+2s+2)r(n+s+1)r(n* +s+1) 
s!r(n+n’+s+2)r(2n+2s+2)r(2n» +2S+2)

k (2ccost)^*" ” c p
+ — — ---------- Z (-1)S(2ccost)^s

i\|4TCOst-1 s=0

r(n+n'+2s+2)r(n+s+1)r(n*+s+1) 
s!r(n+n’+3+2)r(2n+2s+2)r(2n’+2s+2)

H Q ’23+n+n’(^^) (4.97a)

k. «> (-1 )S(^^o3t)"*"'*2Sr(n+n'+23+2)
H.'(n,n',t) = -----   ^ I' \|i? aiFo3t %s=oS.r(n+n'+3+2)r(n+3+3/2)r(n'+3+3/2)

k.(2ccost)"^^ ”
— ------------  E (-1)®(2cco3t)
\11 -4aTC03t 3=0
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r(n+n*+2s+2)r(n+s+1)r(n'+s+l) 
s!r(n+n’+s+2)r(2n+2s+2)r(2n’+2s+2)

^^,2s+n+n'(^^) (4.97b)

for 121, where (see equations from (4.33) to (4.42))

00 s+n+n ’
H ,s+n+n (k ) = ; r-z-\r- exp(-2kh)dk 
u ' 0 1

,s+n+n* , , s+n+n'-l 
- k - k k a+n+n'-1

= / ------- -g-----------  exp(-2kh)dk + k^H^' (k^)

= ;k®""""'-’exp(-2kh)dk + k , H . ( k , )
0

r(s*n*n')  ̂ s*n*n'-l( (*.g8a)
(2h)S+"+"' ’ ° '

Hq'°(k,) . exp(-2k^h)E (-2k^h) (M.98b)

s i m i l a r l y

 < • ■ « = >

Hg'Ofk^) = expC-EkghjE (-2kgh) (l|.98d)

H.'S""+"'(k,) = + k,H.':+"'"'-1(k,) (H.98e)1 i (2h)S+n»n 1 1 1

Hj’°(kj) = exp(-2k h)Ep (-2k h) (9.98f)

It can be understood that a=1 for 1 = 1,2 and a=-1 for 1=3,4 In equation

(4.97b). The definition of Ep(Z), Eg(Z) and E^^(Z) are given In section

(4.3.2).

Apparently, for large c or k^, the series expression for
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H(n,m,n',m') does not offer practical computation. The direct numerical 

integration of equation (4.96) is more efficient.

I
The formulations above provide a basis to obtain the analytic solu

tion of the scattering potential of a submerged spheroid in head or fol

lowing sea. The remaining problem is the existence and uniqueness of a 

finite solution of the infinite sets of equations (4.86). A sufficient 

condition is that the sum of the modulus of the coefficients in the 

equation is finite (e.g. Hulme^B ). Further research is needed to prove 

that equation (4.86) satisfies this condition. However, it is not unrea

sonable to assume that the solution exists and is unique, as stable and 

converged results of the wave resistance on the spheroid have been 

obtained by F a r e l l ^ B  using this method. Thus we may be able to find the 

solution directly without the solia proof of its existence and unique

ness first.

4.4.2. The added resistance ^ the x component of the drift force

One of the influences of ocean waves on a ship is to increase the 

resistance. The mechanism of this increase has not yet been fully under

stood. Based on the potential theory, this is usually explained by the 

nonzero time average of the pressure due to the unsteady potendtial on 

the body surface, so that a steady force and moment on the body is gen

erated. The component of this force in the forward speed direction is 

usually regarded as added resistance. In the linearized potential 

theory, this steady force is neglected in estimation of a ship’s oscil

latory response to waves as being of higher order. But even in the case 

of small wave height and small body motion amplitude, the steady force 

can be important where the restoring force is small. As discussed in the
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introduction, since the ship has no restoring force in the horizontal 

plane, this steady force can not be disregarded.

In the general case, calculation of the steady force and moment on 

a ship needs exact solution of the nonlinear potential problem. By use 

of the perturbation theory, the steady force and moment are calculated 

up to the second order at the present (in fact this is the first order 

that the steady force begins to contribute). Maruo^^ derived an equa

tion for the added resistance from the momentum consideration

-Ï tt/2 3tt/2 p k (k cosa - vcosB)
AR = 2mp{[ I + f - f ]|H(k ,a)| — ---------  da

- tt/ 2  Ï tt/ 2  \ 11 - Hicosa

2 it- ï  _ k (k cosa - vcosS)
+ / |H(k ,a)| -- ----- -------da} (4.99)

Y \11 -4 Tcosa
where 6 is the direction of the incoming wave, k̂  , k^ are given by 

(4.42a), and H(k,0) is the Kochin function and can obtained by

H(k,e) = //[(|)-^ - [exp(kz+ikxcos0 + ikysine)]dS (4.100)„ dn dn
0

for a submerged body. The potential (p in equation (4.100) includes the 

linearized radiation potential and diffraction potential (see equation 

(2.37)). The computation of H(k,0) needs the integration over the body 

surface. Based on the coupled finite element method, however, this 

integration can be calculated over the localized finite element boun

dary Sj, or

H(k,0) = - -|^][exp(kz+ikcos0+ikysin0)]dS (4.101)

In an experiment, the Kochin function H(k,0) can be obtained by the 

measurement of wave elevation ç along a line y=const. It is found 

that^y
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H(1<2,0) = -^f çexp( ik^cose )dx

 ̂ expCik ysin0sgn(cos9)]
^sln0sgn(oose)----(J V  ly k ^ d d s e  ) "  ('l-.102a)

. exp(ik ysin0)
H ( k , , e )  = - ^ /  c e x p d k ^ x o o s e X lx  (11 .102b)

As an alternative to equation (U.98), we will derive the equation 

to calculate the added resistance by the time average of the integration

of the presure over the wetted body surface. Generally, the hydro-

dynamic force F and moment M on a body can be written as

F(t) = p // pndS (4.103a)
S(t)

M(t) = p // p(Xxn)dS (4.103b)
S(t)

where S(t) is the instantaneous position of the body surface. Substitut

ing equation (2.42) into (4.103), we obtain

F(t) = -p // [Re(4> ) + 3Re(V$)Re(V$) + gz]ndS (4.104a)
S(t)

M(c) = -p fj [Re($ ) + ^^e(9$)Re(V$) + gz](X»n)dS (4.104b)
S(t)

Where $ is the total potential including the steady potential <p(x,y,z) 

and unsteady potential (j)(x,y,z,t) ; the partial derivative with respect 

to t is calculated in the coordinate system fixed in space (see section 

2.1). Using equations (2.9), (2.10) and (2.33), equation (4.104)

becomes

F(t) = -p // + Re[(iw* - U^)e^wt)
S(t)

2
+ + UV4Re(V*el*t) + ^^e(V*el*t)Re(V*e^*t)
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gz}ndS (4.105a)

M(t) = -p /J {-U^-^ + Re[ ( iu)(j)-U-̂ )
S(t)

2
- ÎLy'^V^ + UV^Re(V4)e^‘*'̂) + ^#e(V*el*^)Re(V*e**t)

+ gz}(Xxn)dS (4.105b)

From Taylor series, we have

f(x+a^ .y+a^.z+a^) = f(x,y,z) + (Oi^^^a2̂ ^^ag^^)f(x,y,z)

' * 0(|â|̂ )(«.106a)

n , X = [n + Oxn + e^Hn] (4.106b)o V Ü; Oq

[Xxn] , X = [Xxn + %xn + fix(Xxn) + Sx(Qxn) + e^H(Xxn)]„ (4.106c)olCy Oq
  2where a,C,W are defined by equations (2.3), (2.31) and (2.32); e H con

tains the terms OLOj of order 0(|a|^) as defined by Ogilvie^?. Substi

tuting equations (4.106) into equations (4.105), the Integration over 

the instantaneous body surface can be transformed to that over the mean 

position, or

F(t) = -pj; [1 *
0

{V|î + Re[(lw* - u|̂ )ê “’̂] + - UV*Re(9*ê "'̂ )

+ R̂e(9$ê *̂ )Re(V*ê ^̂ ) + gz)(n + Rxn + t̂ Hn)dS
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4- 0(|âp) (4.107a)

M ( t )  = -pf f [1 + " « 2 ^  * “ 3 ^ ’^ ^ ’

0

{-Û ll + Re[(iw* - u||)e‘“’̂] + ̂ V*?* + UHRe(V<(:ê “’̂)

+ R̂e(V<jiê “’'')Re(7(tie''‘“'') + gz)

[Xxn + (xn + Rx(Xxn) + Çx(sxn) + e H(Xxn)]dS

+ 0( |ap) (1.07b)

Taking the time average of equation (4.107), noticing that only the 

terms associated with cos^wt or sin^wt and of order |a|^ will contri

bute, we obtain the steady force F and moment M on the submerged body

F = + Fg (4.108a)

where

M = + Mg (4.108b)

-p//Re[|(o,g^ + «20^ + " gz)(Oo*n)]dS
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—  2
+ gz][Re(E^H(,)]ndS (l|.109a)

?2 = -pJ7(lv*v/ + iRe[Ca,g^ + «20?^ " “30^ ’*^^“'*' ' * »W't')]}HdS

-p;/iRe[(l«)()i - u|| + UV^V*)(n*xïï)]dS (4.109b)
®0

-  2
= -p//(-U^|| + + gz)(X*n)dS

" “20^  + " V ’*’* " gz)(XxR)dS
0

-P^4Rel(“,o^ " “20^  " “3 o H ’*<'“ '̂|I " + gz)
^0

[(CgX" + 51x(Xxn)]}dS

—  2
-p//^(-U^|^ + ~7<pV<p + gz){Re[^Qx(j2^xn)] + Re(e^HQ) 
^0

(Xxn)}dS (4.110a)

Mg = p//{-̂V(()V(}) + + a-^ + “30"^^ ( iuxj) - U ~  + UV(J)V<j))]}

(Xxn)dS

-p;/lRe{ (Itü* - u|^ + U7?7<(>)[I*xn + n*x(XxH)])dS (4.110b)
®0

Where a=Re(oQe^^^); Q^, are similarly defined; and the star *

denotes the conjugate of the complex.
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The first integrations in equations (4.109a) and (4.110a) are the

steady force and moment on a submerged body moving in calm water. The 

other three integrations in equations (4.109a) and (4.110a) are also 

contributions from the steady potential, but they exist only when there 

are oscillatory motions. These terms arise from the transform of the

integration of the steady potential over the instantaneous body surface 

to the mean position. We retain them in the equations since the steady 

potential may not be a small quantity (see the comments after equation 

(2.29) and (2.30)).

If the steady potential is also a small quantity, equations (4.109)

and (4.110) can be simplified as

-  2
F - + ĵ-v'ÏV'ï * gz)naS (4.111a)

Fg = + ̂ReCa^. V( 3 }ndS

- p/;lReC(iu3<(i-u|^)(n*xH)]ds (4.nib)

-  2
M, = -p//(-U^|^ + + gz)(Xxïï)dS (4.112a)' Q  OX (-

0
— 1 *  1 a A _
Mg = -pff{-jjV(l)V<t) + gReCaQ. V( iaxj)-U-̂ ) ] }ndS

- p/;|Re{[iu)())-u||][Xx?i*ir*x(XxH)])dS (4.112b)

These equations apply only to submerged bodies. For the floating 

body, the extra terms due to the change of the wetted body surface, S^, 

by the free surface wave elevation and the body motion in the vertical
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airection should be included. Thus, while retaining equation (4.107), 

for the floating body, we have an extra term

F (t) = -// pndS (4.113)
 ̂ Sn

Using the equation (4.106), equation (4.113) becomes

n - O g

F (t) = -/ dC / [p + a.Vp]ndz + 0(|a|^) (4.114)
 ̂ WL 0

where WL denotes the waterline of the floating body in the calm water 

and n is the wave elevation along the waterline. Using Bernoulli’s 

equation, we obtain

n-Og
—  — 3F (t) = -p / dC / [-g(n-a ) + gz]ndz + 0(n )
 ̂ WL 0 ^

= (n-a ) %  dC + O(n^) (4.115)
WL ^

where is the normal of the body surface along the waterline and the 

steady potential has been regarded as a small quantity. Since

n = - ^ { ( ^ ^  - ^ R e ( # e ^ ^ ^ ) ]  + -^V[U(J)+Re((|)e^^^)]V[U(j)+Re((j)e^^^)]}

= - -{-U^-P + + Re[(iüjv-u|^)e^‘̂ ]̂ + UV̂ Re(VcJjê '̂ )̂
g  o X  c d X

= n - l{Re[(io)(j)-u||)e ‘̂̂ ]̂ + UV R̂e(V(f,ê ^̂ )

+ ̂ fe(V*e^*t)Re(V*elwt)) (4.116)

where n is the wave elevation due to forward speed of the ship in calm

water, equation (4.115) becomes

WL



- 140 -

+ a^}dC + O(n^) (4.117)3

Taking the time average, we obtain

^  = ^1 ' ^ 2  (4 ̂ 18)
where

f^2 “ ïJ^"wlI'^o ~ “03I (“t.iigb)

Here tIq in equation (4.119b) is the wave elevation due to the unsteady 

potential only and is given by

tIq = - -̂(iwcj) - U^) (4,120)

After a similar derivation, we obtain

"n1 = (t.l21a)

V  = - "osl'dC (‘••121b)

Combining equations (4.111) and (4.120), equations (4.112) and (4.121),

the steady force and moment on the floating body can be written as

F = Fq + AF (4.122a)

M = Mq + AM (4.122b)

where
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Fq = Fi . F 1̂ (4.123a)

Mq = (4.123b)

are the contributions from the steady potential and the x component of 

Fq is the wave resistance; and

AF = Fg + F^2 (4.124a)

AM = + M^2 (4.124b)

are the contributions from the unsteady potential and the x component of 

AF is the added resistance.

A special case of equations (4.124) is when U=0. We have

AF = ~p//{-̂ V(J)V4) + -^Re[aQ. V( iu)(() ) ] }ndS
^0

- p//lRe[ (iiü(J))(qQxn)]dS + | / | nQ-a^^ | ̂ dC (4.125a)
Sq WL

AM = -p/J{|V(|)V4)* + lRe[a*.V(i(o(J))]}(Xxn)dC 
^0

- p//^Re{ [i(D(j)][Xxn + ^Qx(Xxn)] }dS
^0

* (‘'•125b)

It can be shown that these equations are identical to those for the 

drift force and moment without forward speed obtained by Pinkster and 

Oortmerssen^l.

A more general case of equation (4.124) is for a surface piercing 

and articulated structure in current and waves. An extra term due to 

the bottom of the fluid should be included. This term was first observed
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by Drake, Eatock Taylor and Matsui in the case without current^O. Their 

results can be straightforwardly extended to the case with current fol

lowing a similar derivation above. But since the disturbance in the 

ocean decays exponentially in the vertical direction, the contribution 

from the sea bed is much smaller than that from the free surface, as has 

been noticed by Drake et al. The contribution from the sea bed may 

become important in shallow water, but it has little practical signifi

cance for the present offshore industry, since articulated structures 

are designed to operate in deep water. Thus the extention of equation 

(4.124) to include the sea bed contribution is omitted.

4.4.3. The elastic deformation of the ship

While the six degrees of freedom motion of a ship dominates its 

overall response to waves, the flexural deformation dominates the 

aynamic stress in the ship hull. The dynamic stress is superposed on the 

stresses generated by hydrostatic pressure and various loads on the 

ship. A ship can be split as a consequence of the total stress being 

excessive. Thus it is important to provide some reliable method to 

predict the dynamic stress.

However the theoretical prediction of the dynamic stress is not an 

easy task. Even the vibration problem for a practical ship hull in 

vacuo needs tedious numerical modelling. The problem of a ship advancing 

in waves is further complicated by the nonlinear interaction between the 

structure deformation and fluid loading. Therefore, like the rigid body 

analysis, the problem of ship structure deformation is usually linear

ised. This permits the structure and fluid problems to be solved 

independently (e.g. Bishop and Price^ , Eatock T a y l o r ^ Z  ),
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Generally, the governing equation for the elastic deformation X of 

the structure can be written

. 2—  —
M ^ + b || + K X . F  (H.126)

where M, B, K is the mass, damping and stiffness of the structure 

respectively; F is the external exciting force including fluid loads. 

Equation (4.126) assumes that the continuum properties of the structure 

have been discretized in some approximate manner (finite element method 

for example)21. The solution of equation (4.126) can be usually found 

by the so called modal analysis?. Corresponding to equation (4.126), 

the undamped free vibration of the structure in vacuo can be obtained 

from

P|2t7 _
M ^  + KX = 0 (4.127)

9t
If the structure is approximated by N degrees of freedom, N natural fre

quencies (D̂ (r=1,...,N) and N corresponding mode shapes can be

obtained from equation (4.127). The general solution of equation 

(4.121) then can be expressed by the sum of principal coordinates 

associated with the mode shapes

_ N
X = E Pp(t)^^ (4.128)

r = 1
Substituting this into equation (4.121), we can get the governing equa

tion for rth principal coordinate

d^p (t) dp (t)
— '2—  + at”  " ' V  (*-'29)

The equation has employed the orthogonality relation 

6. .K. .=6. .uuM .=4uK̂ i. (e.g. Bishop et al^O ) ; and the assumption is made
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that the structural aamping has a similar property to the structure 

stiffness so that the orthogonality relation can be also applied to it.

The equation (4.129) is based on the dry modes. The remaining prob

lem is to find the exciting forces. The exciting forces may have many 

different components. One of them commonly concerned is the wave load

ing which can be obtained from the potential theory.

The main difference between the potential theories of the rigid

body and a flexible structure is that vibrations will contribute extra

terms to the body surface condition. Generally, from equation (4.128), 

equation (2.3) should be written as

_ _ N__________
a = C + Z p (t)^ + pxX' (4.130)

r=1 ^
if both amplitudes of rigid oscillation and flexural vibration are

small. After a similar derivation to that in chapter two, the body sur

face condition (2.34) becomes

6 6
^-{*(x,y,z)] = iw E C.n + U Z S.m

. j = 1 J J j = 1  ̂J

N _ _ N _ _
+ iw Z p ^ .n + U Z p # .m (4.131)

r=1  ̂  ̂ r=1 r r
where , n, m are defined by equations (2.31), (2.35a), (2.36a)

respectively; and

py(t) = Re[p^e^^^] (4.132)

Thus, if the total potential (J>(x,y,z) is decomposed as

6 N+7
4) = + *?) + Z + Z p._7*.u u f J J j=8 J J

the body surface condition for each component can be written as

(4.133)
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d(|)
= iwDj + m .  j =.1.... 6 (4.134a)

9(J) 3(|)
I T  = - 1ÏT j-7 (*.-'34b)

9<f>i _ _ _ _ _
= iw^y_y.n + J=8,...N+7 (4.134c)

Here, the first eight components (j=0,...,7) of the potential are asso

ciated with the modes of rigid motion, while the rest of the components 

are the contribution from the flexural vibration. It can be easily seen 

that the inclusion of the elastic defromation in the body surface contl- 

tion does not offer any difficulty to the potential theory. If the prin

cipal modes have been found by structural dynamics, the method used 

obtaining the solution for the rigid body can be directly extended to 

find the solution for the flexural vibration.

Having obtained the potential and following the derivation in sec

tion (2.6), we find the hydrodynamic loading in equation (4.129)

F = F + F + F ’ (4.135a)s u u

M = M + M + M ’ (4.135b)s u u
where F^, are given by equation (2.54) and contribute a steady force 

and moment; F^ and are given by (2.55); and F^’ and M^’ are defined 

by

N+7

J=o

N+7
" u "  '  '  " e j k ]  ( “1 . 1 3 6 b )

where

"ij '
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= -p//(iu)(J) + W.V(J) )n dS (4.137)S J J 1

for i=1,...,6, j=8,...,N+7.

As (J)j (j^8) satisfy the same free surface condition and radiation 

condition, it can be easily shown that satisfy the Timman and Newman 

relation provided the condition (2.60) is satisfied.

A complete solution (probably the only one so far) of this problem 

has been obtained by Bishop et al^ using the source distribution method. 

As an approximation, they . neglected the contribution from (|) and took 

W=-Ui (equation (2.26)). As a consequence, forward speed will not affect 

the body surface condition associated with translation. This may be jus

tified for a slender ship. In the general case however, we may see from 

equations (3.51), (3.52) and (3.56), (3.57) in the two dimensional case 

and equations (4.20) and (4.22), (4.23) in the three dimensional case 

that the contribution from ({> is significant.
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S. Conclusions

This thesis has analysed the hydrodynamic problems of a ship 

advancing in waves at constant forward speed. The problem is solved 

based on the linearized potential theory and using the method of cou

pling finite elements and the boundary integral equation. The theoreti

cal basis and numerical process have been tested for the case of sub

merged bodies. The success of these tests shows that the principle of 

the present method can be applied to the general case of a surface ship 

advancing in waves. It also shows that present method can be employed 

in more sophisticated mathematical models, such as the nonlinear poten

tial theory. From the present numerical analysis and results for sub

merged bodies, the following conclusions can be drawn

1. The coupled finite element method is one of the most promising 

methods in hydrodynamics. The use of the shape function avoids the 

integration of the Green function over the body surface, which is diffi

cult especially when the body shape is highly irregular; and it also 

avoids the calculation of the second order derivatives of the steady 

potential on the body surface which appear in the body surface condition 

on the unsteady potential.

2. Desirable accuracy is much easier to get for the two dimen

sional problems. The computer time in the three dimensional problem very 

much depends on the form of the Green function. The forms in Wehausen 

and Lai tone's classic paper, both for uniform forward speed motion and 

for periodic oscillatory motion with uniform forward speed are not suit

able for numerical analysis. The author strongly warns that these forms
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should not be used directly. The Green function for uniform forward 

speed motion obtained by Noblesse, and the form of the Green function 

for the periodic motion with uniform forward speed obtained by the 

author have much better numerical performance.

3. The two dimensional results show that the wave resistance and 

lift on cylinders are significantly affected by the water depth. The 

resistance is increased with the reduction of the water depth. The 

interaction between two cylinders moving together is important. For two 

identical circular cylinders moving one behind the other, it is observed 

numerically that the total resistance can be zero.

4. The two dimensional results also show that the most important 

influence of forward speed on the hydrodynamic coefficients of the 

cylinder is mainly in the low frequency region and the effect will pro

gressively disappear when the frequency tends to infinity. But the 

behaviour at the critical point is highly irregular.

5. The numerical solution of the three dimensional N-K problem is 

further complicated for practical ships. The slenderness of most conven

tional ships requires a fine mesh so that the potential can satisfy the 

body surface condition at bow and stern accurately, where the pressure 

dominates the resistance. In this sense the three dimensional N-K prob

lem is much more expensive than the oscillatory motion problem.

6. As the problem of a ship advancing in waves has the steady 

potential due to forward speed in its body surface condition, it needs 

an even finer mesh than the three dimensional N-K problem. Careful con-
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sideiatioii is required in the numerical process to reduce the computer 

time. It is particularly important to use an appropriate Green function 
form.
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Figure 5. 12 element mesh fo r  submerged c i r c u la r  cy l inder
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  Green Function (1,33)
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