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A BSTR A C T

This thesis examines theoretically the structure of unsteady three- 

dimensional disturbances mainly in wall-jet flows and partly in channel flows, 

these disturbances having a spot-like character sufficiently far downstream of 

the initial disturbance. A start is made by using an approach similar to that 

in recent work by Doorly and Smith (1992), Smith (1992).

The inviscid initial-value formulation taken, involving the three-dimensional 

unsteady Euler equations for an incompressible fluid, allows considerable an­

alytical progress on the nonlinear side, as well as being suggested by some of 

the experimental evidence on turbulent spots and by previous related theory. 

The behaviour at large scaled times and large scaled distances is associated 

with two major length scales, proportional to (time)^/^ and to (tim e), in the 

evolving spot. Within both scales it is found that nonlinear effects first enter 

the reckoning in the edge-layer(s) or caustic region(s) of the spot disturbance. 

The amplitude acquires the form of a nonlinearly distorted Airy function in 

this edge-layer, decaying exponentially outside the wing-tip region but approx­

imately sinusoidally inside. As the typical amplitudes increase the nonlinear 

effects move towards the middle of the spot.

Numerical solutions for the governing nonlinear amplitude equations in 

the (fzme)^/^ region are shown for two different amplitude levels. The com­

putational results and accompanying analysis confirm that the positions of 

maximum amplitude gradually move towards the middle of the spot’s trailing 

edge. As the amplitudes are increased further the governing equations for the 

wall-jet spot become analogous with those for the boundary-layer spot, and 

comparisons are made. The edge-layer properties further downstream are also 

examined.
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CHAPTER 1

INTRODUCTION



§1.0 B R IE F  H IST O R IC A L  R E V IE W  OF T U R B U L E N C E

In recent years much time and effort has been spent on examining nonlinear 

systems in nature and in general, such as in weather prediction, stock market 

analysis, turbulence modelling and so on, using numerous techniques ranging 

from experimental and com putational studies to analytical studies; some of 

these techniques as applied to turbulence modeling of fluid flows are described 

below. Indeed-in this introduction we will concentrate specifically on transi­

t ional/turbulent flows only, as regards examining nonlinear systems. However 

before discussing these points we should note tha t interest in turbulence as 

a phenomenon is as old as recorded history. For example, the Bible contains 

several references to turbulence or chaos; Publius Ovidus Naso in his classic 

masterpiece the Metamorphoses writes. Before there was any earth or sea, be­

fore the canopy o f heaven stretched overhead, Nature presented the same aspect 

the world over, that to which man has given the name of Chaos ...; Leonardo 

da Vinci was intrigued by turbulence, as his sketch reproduced in fig 1.0.1 

indicates.

I '  I

fig 1.0.1

Very early observations of turbulence -  sketch by Leonardo da Vinci circa 1500



But the modern scientific study of turbulence dates form the late 1800s 

with the work of Osborne Reynolds. Early investigations on transition from 

laminar to turbulent flow were made by Reynolds (1883) and in his classic 

paper on the instability of flow down a pipe he writes as follows.

The .... experiments were made on three tubes .... The diameters of these 

were nearly 1 inch, 1/2 inch and l / f  inch. They were all about 4 feet 6 inches 

long, and fitted with trumpet mouthpieces, so that water might enter without 

disturbance. The water was drawn through the tubes out o f a large glass tank, 

in which the tubes were immersed, arrangements being made so that a streak 

or streaks of highly coloured water entered the tubes with the clear water.

The general results were as follows:

(1) When the velocities were sufficiently low, the streak of colour extended in 

a beautiful straight line through the tube (see fig 1 .0 .2 a).

(2) I f  the water in the tank had not quite settled to rest, at sufficiently low 

velocities, the streak would shift about the tube, but there was no appearance of 

sinuosity.

(3) As the velocity was increased by small stages, at some point in the tube, 

always at a considerable distance from the trumpet or intake the colour band 

would all at once mix-up with the surrounding water, and fill the rest of the 

tube with a mass of coloured water (see fig 1.0.26). Any increase in the velocity 

caused the point of breakdown to approach the trumpet, but with no velocities 

that were tried did it reach this. On viewing the tube by the light of an electric 

spark, the mass of colour resolved itself into a mass of more or less distinct 

curls, showing eddies (see fig 1.0.2c) (Acheson 1990).

W ith these observations in mind 0 . Reynolds theoretically decomposed 

the velocity field into a mean-fiow plus a perturbation, and time averaged the 

Navier-Stokes equations on the basis of this decomposition. The equations he 

obtained are now called the Reynolds-averaged Navier-Stokes equations. The 

averages of the products of the perturbation terms appear in the mean-fiow 

equations as virtual stresses, which are usually known as Reynolds stresses.



fig 1.0.2a

For low velocities a straight line is observed

fig 1.0.2b

At higher velocities the colour band mixes with the surrounding fluid

fig 1.0.2c

Eddies are seen when the tube is observed by the light of an electric spark
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These Reynolds stresses represent the nonlinear effect of the fluctuating flow 

on the mean-flow, for the above decomposition. From the above Reynolds 

was able to gauge in a fairly decent way some of the important parameters 

controlling the breakdown of laminar flow.

§1.1 TH EO RETICAL A N D  EX PER IM EN TA L D EV ELO PM EN TS

The onset of turbulent flow in a boundary layer requires the presence of 

sufficiently strong disturbances, but the required strength of the disturbances 

depends on their form and the Reynolds number. In the absence of such 

sources of finite disturbance as surface excrescences or waviness and with a 

low level of turbulence in the external flow (Tu less than about 0.1 %, where 

Tu is a simple measure of the turbulence intensity in the free stream, i.e. 

Tu =  ( - )^/^/ug. (u ',v ',w ')  are the perturbation components of the

velocity vector in the streamwise, normal and spanwise directions and Ug is the 

free stream velocity. ) the process begins with the amplification of unsteady 

Tollmien-Schlichting waves on quasi-flat surfaces and/or the appearance of 

streamwise Taylor-Gortler vortices associated with surface or streamwise cur­

vature. These in turn depend on the Reynolds number and the pressure dis­

tribution. However, there may then be a large streamwise distance between 

the positions at which these waves or vortices first appear and the onset of 

turbulence, and our knowledge of the physics of the process (the transition) 

that develops within that distance is far from complete.

An important line of attack that has been pursued for many years is to ex­

tend the classical small-perturbation stability theory to disturbances of finite 

amplitude, by including the nonlinear terms in the equations of the perturbed 

flow, e.g Stuart (1960), Reynolds and Potter (1967). This brings into play har­

monics of the basic sinusoidal disturbance considered and demonstrates that, 

even for conditions of stability to linear modes, the instantaneous velocity pro­

files resulting from the combined mean and disturbance velocities can readily 

be sufficiently inflected to be destabilized (over a part of the disturbance wave) 

with an associated strong amplification rate. The wavelengths of the distur­
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bances that are destabilized tend to be large relative to the boundary layer 

thickness (~  1 0 ^, where 6 is the boundary layer thickness) so that the inflected 

profiles can be present over a significant extent of the surface and for time 

intervals of the order lO^/ug. These regions of inflected profiles can introduce 

the possibility of a chain of instabilities developing over a wide spectrum, lead­

ing to a flow that could be described as turbulent, with a mean flow differing 

markedly from the original laminar flow.

However, alternative and, in some quarters, more readily accepted ideas on 

the development of the transition process in certain configurations , from the 

appearance of Tollmien-Schlichting waves to turbulence, have emerged from 

the work of Emmons (1951), Schubauer and Klebanoff (1956) and the subse­

quent work of Narasimha (1957). The ideas concern so-called turbulent spots. 

Although in fact there are many transition paths (depending on the particular 

input disturbances) and numerous corresponding theoretical ideas (e.g above), 

our concern in this thesis is primarily with understanding the properties of 

spots. From observations of the flow on a water table, Emmons formulated the 

view that turbulence is not initiated along a continuous front but starts in the 

form of randomly distributed ’spots’ of turbulence, each of which expands as 

it moves downstream. Fully developed turbulent flow then begins when these 

expanded regions of turbulence merge across the whole span. The transition 

region can therefore be said to begin at the streamwise position where the 

spots first appear and to end where they have merged to form a continuous 

front. Emmons first suggested that the probability of the generation of spots 

is constant with distance x downstream from the beginning of the transition 

region but later modified this by assuming the probability is proportional to 

x” where n > 1 .

In a purely laminar region the probability is zero, while in the turbulent 

region the probability is unity and the fraction of time over which the flow at 

a point in the transition region is turbulent is referred to as the ’intermittency 

factor’ (7 ). For a fiat plate at zero incidence it is found that 7  can be described

12



as a function of where (  =  (æ — X f ) / A  and A =  c c ^ = o . 7 5  — a î ^ = o . 2 5 ,  while Xt  

marks the beginning of transition. However, Narasimha (1957) has shown that 

Emmons’s (1951) hypothesis for the generation of spots over the transition 

region leads to a distribution of 7  that does not fit the experimental data. 

Narasimha (1957) then postulated that spots form at a preferred streamwise 

position but randomly in time and spanwise location. This postulate led to 

a relation for a flat plate at zero incidence, 7  =  1 — exp(—0.412^^), which is 

in better agreement with the experimental data. Adverse pressure gradients, 

noise, turbulence in the external flow, increases in the Reynolds number and 

other such destabilizing factors increase the rate of generation of spots.

Experimental studies have shown that from a small surface excrescence a 

continuous stream of spots is generated which expand as they move down­

stream to form a wedge of turbulence of semi-apex angle ~  1 0 ° in boundary 

layer flows. Such wedges have long been observed in wind tunnels with the aid 

of suitable flow visualization techniques, for example by Carlson, Widnall and 

Peeters (1982) who have studied spot generation in channel flows; see below.

Schubauer and Klebanoff (1955) studied experimentally spots in a boundary 

layer on a flat plate. Details of the geometry of the spots and their growth with 

movement downstream were demonstrated in the experiments by Schubauer 

and Klebanoff. A spot was introduced into a laminar boundary layer on a flat 

plate in a wind tunnel by means of an electrical spark discharge normal to 

the surface through the boundary layer. The spot’s development and growth 

downstream is illustrated below (see Stuart (1963)), where it is seen that its 

forward apex moves downstream at close to the main stream velocity, but its 

rear edge convects downstream at about half that speed. Hot-wire records 

within the growing ’triangular’ region are much the same as those of fully 

developed turbulent flow but upstream of this region at any instant the flow is 

smooth and laminar. Consistent with this, it was found that the instantaneous 

velocity profiles in the transition region are for part of the time characteristic 

of turbulent flow, and at other times they are those of a laminar boundary

13



layer; hence the concept of intermittency.

0'

32
ELev'oim

fig 1.1.1

We note that even in nominally two-dimensional flow the Tollmien- 

Schlichting waves that develop in regions of instability do not remain rectilinear 

but show evidence of spanwise warping or bending which becomes increasingly 

marked with movement downstream. See experiments by Klebanoff, Tidstrom 

and Sargent (1962) and recent theory by Stewart and Smith (1992). The warp­

ing appears to arise from initially small irregularities in the main flow. Hence 

the associated disturbance vorticity develops streamwise components which 

grow as the warping increases, and these in turn induce secondary flows to and 

from the surface which help to intensify the warping. The disturbance vortic­

ity lines thus form hairpin-like bends and as the bends grow the vorticity lines 

stretch and strengthen along the inclined sides of the bends. This results in 

’peaks’ and ’hollows’ of high and low disturbance intensity with higher amplifi­

cation rates at the ’peaks’. At some stage the hot wire records at a peak show 

’spikes’ of a kind that can be identified as due to turbulence and we can infer 

that a spot is born (see Stuart (1963), Stewart and Smith (1992)). The above 

description is illustrated below in fig 1.1.2. We note that the process described
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above in which turbulent spots eventually appear is forced, as opposed to intro­

ducing a small amplitude disturbance into the flow and letting it develop freely 

into a transitional/ turbulent spot. Indeed this is what is assumed below in the 

work that follows. We also note that surface excrescences, external turbulence 

and noise can in some measure bypass the initial Tollmien-Schlichting wave 

stage of the above process, since they can introduce directly disturbances of 

sufficiently large amplitude associated with highly unstable three-dimensional 

flow patterns which can readily generate ’spots’.

TRANSITION

ZO N E

fig 1.1.2

Stages in the transition process. (1) stable laminar flow, (2) Tollmien-Schlichting 

waves, (3) Warping of waves, formation of vortex loops, (4) Development of 

nonlinear instabilities, (5) Formation and growth of turbulent spots,

(6) Fully developed turbulent flow (from Young (1989)).
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§1.2 DIR EC T NUM ER IC AL SIM ULATION

Here we briefly review the results obtained from certain direct numerical 

simulations (on spots mainly). The basic approach in all the numerical schemes 

that have been developed for the numerical solution of the Navier-Stokes equa­

tions for unsteady flows is to use finite differencing or spectral decomposition 

of the space for the numerical approximation of the spatial derivatives. From 

these the partial-time derivatives of Ui (the velocity components) are then 

found, and from them the flow field may be extrapolated to the next time 

interval.

Patera and Orzag (1981) performed numerical simulations of transition 

from the two-dimensional Tollmien-Schlichting instability wave stage to the 

stage of breakdown into small-scale turbulence. They were able to demonstrate 

that the breakdown is initiated by a secondary three-dimensional instability 

of the two-dimensional Tollmien-Schlichting wave. Henningson, Spalart and 

Kim (1989) examined computationally the evolution of a turbulent spot in a 

channel flow. Figure 1.2.1 shows a contour plot for the normal velocity. In 

figure 1 .2 . 1  we see the appearance of oblique wave trains at the leading edges 

of the spot. These waves are seen in experiments, see Lindberg et ^  (1984); 

however the same characteristic waves are not found in boundary layer spots.

In a more recent study Henningson and Kim (1991) investigated the turbu­

lence characteristics inside a turbulent spot in plane Poiseuille flow by analyzing 

a database obtained from a direct numerical simulation. The authors found 

that the spot consists of a wave area and a turbulent area, with the flow inside 

the turbulent area resembling a fully developed turbulent channel flow. While 

in the wave area they find that inflexional mean spanwise profiles cause a rapid 

growth of oblique waves, which break down to turbulence, see fig 1 .2 . 2

16
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fig 1.2.1

Contours of normal velocity at centre plane of a turbulent spot in a 

channel for nondimensional time t  =  258 (from Henningson, Spalart and Kim (1989)).
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fig 1.2.2

Time development of the instantaneous normal velocity at the centreline

±0.01 contours at (a)t =  246, (b)t =  249, (c)t =  252, (d)t =  255, (e)t =  258

(from Henningson and Kim (1991)).
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§1.3 CH ARACTERISTICS OF SPOTS IN BO U N D A R Y -LA Y ER  

A N D  CH A N NEL FLOWS

In this section we review in a little more detail the results obtained from 

experiments on turbulent spots in boundary-layer and channel flows. Firstly 

for boundary-layer spots (see Wygnanski, Sokolov and Friedman (1976)):

• a typical lateral spread angle of the spots is 1 0 ° to each side of the plane 

of symmetry. This wedge angle which represents the spanwise growth of 

the spot is independent of the location of the disturbance and the free 

stream velocity.

• far downstream all quantities measured seem to be independent of the 

type of disturbance which generated the spot in the first place.

• as noted above Schubauer and Klebanoff (1956) found that the leading 

arrowhead shape of the boundary-layer spot propagates with about 90% 

of the free stream velocity and that it consists of an overhang with laminar 

fluid underneath, while the straight rear interface moves with about half 

the free-stream speed. In this way the spot entrains laminar fluid through 

its interfaces, resulting in its elongation as it proceeds downstream.

• the spanwise velocity component is everywhere directed outwards (i.e 

away from the plane of symmetry). The normal component of velocity 

is directed towards the surface near the leading interface and away from 

it in the remaining part of the spot.

• the front and the spanwise edges, or wing-tips, of the spots are notably 

sharp, see Smith (1992).

• the height of the overhang interface corresponds initially to the thick­

ness of the laminar boundary layer but once the spot has developed the 

surrounding boundary-layer seems to have little or no effect on the spot 

shape. The laminar boundary layer does, however, affect the rate of 

growth of the spot.

19



• much of the dynamics in a spot resembles closely that in a fully turbulent 

boundary-layer.

• Wygnanski, Haritonidis and Kaplan (1979) found Tollmien-Schlichting 

waves trailing the spanwise wingtips of the spots, and they put forward 

the idea that the breakdown of these waves causes the spot(s) to spread, 

while Glezer, Katz and Wygnanski (1989) found that in certain instances 

the breakdown of the waves adds to the turbulent part of the spot. Con­

trary to this. Chambers and Thomas (1983) argue that these waves play 

no significant role in the spreading or breakdown of the spot itself, and 

they further argue that the trailing wave packet is only a remnant of the 

waves caused by the initial disturbance.

We now list some of the properties which characterize Poiseuille-flow spots in 

channels.

• Turbulent spots in channel flows have the arrowhead pointing in the up­

stream direction in contrast with the boundary-layer spot; see Carlson, 

Widnall and Peeters (1982). The channel geometry may be one of the 

factors which needs to be considered, in relation to this change in direc­

tion of the arrowhead.

• Around the spot a wave pattern occurs. Oblique waves are seen at the 

spanwise wingtips and trailing the turbulent region.

• Alavyoon, Henningson and Alfredsson (1986) showed that the propaga­

tion velocities vary with the Reynolds number, with typical values of 80% 

and 50% of the centreline velocity for the front and the trailing interface, 

respectively.

• The typical lateral spread-angle of the spot is found to increase with 

Reynolds number although the typical value is again 10°.

• Widnall (1984) found that the turbulent part of the spot acts as a partial 

flow blockage for the laminar fluid outside the spot.

20



Below we show the results of a how-visualization study of transition in 

plane Poiseuille flow, by Carlson, Widnall and Peeters (1982). In all the figures 

1.3.2a—f ,  x /h  (in the notation of the last named paper) represents the distance 

downstream of the generator, where h is the channel depth, and R  represents 

the Reynolds number, see Carlson, Widnall and Peeters (1982). In figure 1.3.2e 

it is seen that the spot ultimately splits into two separate spots, a feature which 

has not been seen in boundary layer fiows.

F low  direciic.T

fig 1.3.1

spot nomenclature: (1) spreading half-angle; (2) spanwise tips; (3) streaks;

(4) region of small scale turbulence; (5) spot leading edge; (6) spot front;

(7) oblique waves; (8) tongues of breakdown (from Carlson, Widnall and Peeters (1982))

21



fig 1.3.2a, spot at x j h  — 50, R  — 1000.

In addition to the region of small-scale turbulence and the trailing 

streaks, oblique waves are visible at the sides and at the rear.

ik  ; ij5  ̂ 16 17

fig 1.3.2b, spot a t  x /h  =  64, R  — 1000.

Strong oblique waves are visible, both upstream of the leading edge 

of the spot and at the spanwise tips.
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fig 1.3.2c, spot at x j h  — 132, R  = 1000.

At this stage the front tip is less well defined, and the centre region 

is filled with longitudinal streaks. We observe the beginning of spot splitting.

fig 1.3.2d, spot at x / h  = 132, R  — 1000.

This figure shows a spot slightly downstream of tha t  of fig 1.3.2c. 

Tongues of breakdov/n on the oblique waves are present.
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fig 1.3.2e, spot a t  x / h =  260, R  = 1000.

The spot is now quite large and very flat. The channel is 6mm deep, while 

the diameter of the spot is 500mm. The spot has essentially 

become two spots separated by a region of longitudinal streaks.
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fig 1.3.2f, spot at x j h  — 132, R  — 1100.

At these higher Reynolds numbers, the oblique waves are less swept, 

and the wake flow is more turbulent.
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§1.4 TH EO RETICAL STUD IES ON SPO TS, 

A N D  PR E SE N T  W ORK

To date there have been numerous experimental and computational studies 

on turbulent spots, as described above, but little theoretical work has been done 

in the area. Exceptions, attempting to build up a theoretical model of such 

spots, are Doorly and Smith (1992), Smith (1992), Smith, Dodia and Bowles 

(1994), Smith, Doorly and Rothmayer (1990), Bowles and Smith (1994) ( see 

also G aster (1975), Caster and Grant (1975), Caster (1990) on laminar spots). 

In Doorly and Smith the authors address a linear model, as a starting point, 

for a transitional and/or turbulent spot in a compressible or incompressible 

boundary-layer. They define a spot as follows; ’a spot disturbance is the flow 

perturbation that develops from an initial disturbance, to a boundary-layer in 

the present setting, with the typical development involving mostly downstream 

travel, some amplitude growth, and spatial spreading of the spot’.

Their analysis concentrates on relatively long-scale disturbances in the con­

text of the unsteady Euler equations. In the incompressible regime they find 

that concentrated wake activity is found downstream inside a wedge of half­

angle 19.47° and that the maximum amplitude growth occurs at the edges 

of this wake. They note that this aspect is the same as for the Kelvin ship- 

wake and as studied in another context by Cheng and Johnson (1982). Their 

study suggests that significant effects arise mainly in two regions far down­

stream, the first of which has the streamwise and spanwise scaled coordinates, 

X , Z  say, large and 0(T^/^), whereas the second region further downstream is 

where X , Z  are 0(T) .  They draw the general conclusion that nonlinear effects 

need to be incorporated in order that their results match with the previous 

experiments and computations, since in particular the half-angle prediction 

is over-estimated compared with experiments and computations. However the 

gross features which they obtain for the spot structure match qualitatively with 

experiments, e.g a wedge shape with accentuated edge effects downstream at 

relatively large times.
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In Smith (1992) a nonlinear follow-up study is presented, and in many 

respects it is a seminal contribution to the understanding of 

transitional/ turbulent spots theoretically, in this author’s view. The main 

conclusion is that as the characteristic amplitudes present in the edge-layer 

increase the influence of nonlinearity can spread from the edge-layer inwards 

towards the middle of the spot, so that the spread angle becomes reduced.

In a more recent interesting and important study by Bowles and Smith 

(1994), the authors analyze short-scale effects on model boundary-layer spots. 

They find that taking into account short scales acts to reduce the spread half­

angle to approximately 1 1 °, which is more or less the typical value obtained 

from experiments. Also amongst other features they find that the ’lift-up’ 

profile and the central bulge are in agreement with experimental results and 

that the maximum disturbance amplitude occurs at the wingtips both in the 

model and in observations. The authors also suggest tentatively that the ‘calm 

region’ observed in experiments, see for instance Glezer, Katz and Wygnanski 

(1989) and references therein, may correspond to a linearly disturbed zone 

that lags behind the trailing edge of a nonlinear spot, in their study. Their 

main general conclusion is that both nonlinearity and short-scale effects play 

important roles.

The aim of the work which follows below is to model the above mentioned 

spot(s) in wall-jet and channel flows theoretically, although only the wall-jet 

case is studied in detail. A start is made by using the approach of Doorly 

and Smith (1992), and Smith (1992). A number of distinct regions of the spot 

are examined, namely the edge-layer or wing-tip region of the spot at 0 (t^/^) 

and 0{t)  (see chapters 2 and 4) distances in the streamwise and spanwise 

directions, and the middle-region of the spot covering the entire trailing-edge 

zone, see chapter 5. Also we investigate the influence of raised amplitudes in 

the zone, and establish that increased nonlinearity plays an important

role. However we note that in the wall-jet case inflectional modes/disturbances 

are neglected by and large, in order to gain insight into nonlinear neutral
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disturbances instead, although the former disturbances can be accommodated 

in the higher-amplitude theory.

Firstly a linear model is set-up in chapter 2 , from which we obtain some 

important elementary properties of the spot disturbance. The half-angle pre­

diction is found to be 30° for both the wall-jet and channel flows, which is 

a huge over-estimate since in experiments the typical value is approximately 

10° for channel flows, as discussed above. However we show that raising the 

amplitude by carrying out a nonlinear study acts to reduce this angle slightly. 

Although as noted above short-scale effects also act to reduce this half-angle 

significantly, here we do not examine those effects. As in Doorly and Smith 

(1992) we find that increasingly concentrated waves form in the wake far down­

stream, but with their maximum amplitudes occurring at the edges, see chapter

2. Second a nonlinear model is presented, where we use the results from the 

linear theory as a starting point. At this first higher amplitude stage which we 

shall refer to as amplitude level I, we find as in Smith (1992), Smith, Dodia 

and Bowles (1994), that the main governing amplitude equation confirms the 

linear theory at small amplitudes, whereas the full nonlinear system which we 

obtain requires a computational treatment, which is shown in part 2  of chap­

ter 2. This amplitude level I investigation in specifically centered around the 

^(jii/S ) distance in the streamwise and spanwise directions, near the

wing tips or side edges of the spot and it suggests that further higher ampli­

tude effects need to be examined. In chapter 3 amplitude level II is analyzed. 

The amplitude equations that we obtain are analogous to those obtained in 

Smith, Dodia and Bowles (1994), Dodia, Bowles and Smith (1994/5). We find 

that a modified version of the governing system of equations needs to be solved 

initially, since the actual equations are difficult to solve at first. However when 

more information using a phase plane analysis on the modified equations is 

obtained, we are able to find suitable solutions for the actual governing equa­

tions. The main conclusion that we draw from the results is that nonlinear 

effects move towards the centre of the spot disturbance, at these higher am-
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plitudes, i.e the spread angle is reduced. In chapter 4, we examine the edge 

layer further downstream at scaled distances of 0{T)  in the streamwise and 

spanwise directions. As for the scaling we carry out both a linear and

a nonlinear analysis. Again we find that the spread half-angle is 30°, because 

all along the edge layer up to 0{T)  scaled distances the governing equations 

that we initially address are the thin layer Euler equations. Also as before an 

Airy function dependence is found in the wing tip region, with linear properties 

holding outside the edge layers. However we find that in this 0{t)  zone the 

initial disturbance affects the amplitude at leading order, or in other words 

this region feels the ’footprint’ of the initial disturbance. For the particular 

details with which we choose to work with, it is found that the amplitude 

is damped down exponentially. Concerning mainly higher amplitude effects 

again we investigate in chapter 5 (amplitude level III) strongly nonlinear ef­

fects at substantially increased amplitudes, guided by the results from chapter

3. At this level nonlinearity gradually floods into the centre of the spot, and 

we find Reynolds stresses and the KDV equation appearing amongst other fea­

tures. The analysis in this midspot area is similar to that in Smith, Dodia 

and Bowles (1994), Bowles, Dodia and Smith (1994/5), for the boundary layer 

spot case, partly because the mean pressure-displacement law then plays only 

a passive role. Finally in chapter 6  we modify the analysis for the wall-jet spot 

case and examine a spot in a plane Poiseuille channel flow. Further details are 

given in the introductions to each chapter.
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CHAPTER 2

PART I

LINEAR & NONLINEAR INITIAL VALUE PROBLEMS
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§2.0 IN TR O D U C T IO N

This chapter concentrates upon applying, to spots in wall-jet flows, the 

techniques employed by Doorly and Smith (1992), Smith (1992), Smith, Dodia 

and Bowles (1994) in boundary layers. We start by considering the three- 

dimensional unsteady Euler equations which are believed to be relevant to 

the transitional-turbulent regime (see Smith and Burggraf (1985), Smith et ^  

(1990), C.R.Smith et ^  (1991)), and to the study of spot disturbances, and 

so we are concerned with the inviscid dynamics of the initial-value problem 

for such spots. Also the entire study below is for Newtonian, incompressible- 

fluid flows only. In Smith, Doorly and Rothmayer (1990) the authors find 

agreement between the Euler-stage theory and experiments on certain of the 

established scales for fully turbulent flow. So the main concern here is with 

the three-dimensional Euler setting since we feel that the scales and speeds 

of real spots are captured using this setting, and attention is then focused on 

an unsteady thin-layer version appropriate to relatively long-scale disturbances 

(see also footnote 1 below).

In section 2.1 a linearized version of the thin-layer equations is examined, 

as a first step, permitting a relatively simple analysis which produces useful 

and ’universal’ results at large times. In particular, concentrated wake activ­

ity is found far downstream inside a wedge of half-angle 30° in plan view (see 

fig 2 .0 .1 ) and the main amplitude growth occurs at the edges of this wake. 

Sample computational solutions of the dispersion relation obtained by Doorly 

and Smith (1992) from their linearized theory for a boundary layer spot are 

shown (see figures (2.2.1a,b), (2.2.2a,b), (2.2.3a,b)) for comparison. The corre­

sponding wake half-angle prediction is sin“^(l/3) =  19.47° for their problem. 

The dispersion relation obtained for the wall-jet case in the present setting is 

examined in section 2 .2 .

The linear theory just mentioned shows the emergence of two major length 

scales, being proportional to the scaled time and to its cube root. It is found 

that nonlinear effects first enter the reckoning of the large-time large-distance
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behaviour in the edge layers near the spot’s wing-tips (which correspond to 

caustics in linear theory), as the typical input amplitude is increased. In sec­

tions 2.3 and 2.4 the linear theory is used as a guide in setting up the nonlinear 

problem. The above-mentioned cube-root (scaled time) zone is examined. We 

note the interesting point that the three-dimensional Euler equations acquire 

a double-deck structure in this zone. In effect a similarity problem has to be 

solved at that stage. The amplitude equation which arises from the nonlinear 

study in the edge-layer region appears as a solvability condition, and is found 

to be an Airy equation but with an additional nonlinear contribution. The 

Airy dependence matches with and confirms the earlier linear study. As a 

check an alternative method of obtaining the linear result is also shown, using 

the pressure-displacement law from the linearized theory.

In section 2.6 a wall-layer study is presented, in which we establish which 

mixture of the two main governing mean-flow equations is needed in order to 

satisfy the correct wall conditions, given that the mean-flow correction veloci­

ties in the bulk of the motion outside the wall layer are singular on approach 

to the wall layer. There is also an internal critical layer but at the current rela­

tively high input amplitudes it plays only a passive role, self-consistent with the 

analysis in Smith (1992) (see also Benney and Bergeron (1969), Bodonyi, Smith 

and Gajjar (1983)), as opposed to the active role for lower input amplitudes 

in, for example, Goldstein and Choi (1989), Smith, Brown and Brown (1993), 

Hall and Smith (1991) and references therein. The present wall-layer yields 

the appropriate mean-flow relation which is then coupled with the amplitude 

equation.

In part II of the present chapter we solve the above coupled system nu­

merically using a finite-diflerence procedure. Sample solutions for the pressure 

and amplitude are presented. The solutions confirm that nonlinear effects en­

ter the edge-layer(s) first and that at small amplitudes we obtain solutions 

which match with the linear theory. However as we raise the amplitude (nu­

merically) we expect the nonlinear effects to move towards the centre of the
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spot, although at the present amplitude level we are unable to obtain entirely 

conclusive computational evidence for this. As we shall see in chapter 3 this 

problem can be overcome.
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fig 2.0,1

Schematic diagram of the flow structure (in plan view, upper 

half only) for the large-time large-distance behaviour.
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fig 2.0.2

Schematic diagram for the wall-jet flow case.
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§2.1 THE O R D ER  REGION: LINEAR THEORY

We begin with the full three-dimensional Navier Stokes equations,

u t  4-  ( u . V ) u  =  — - V p  +  =  0
P ^

where

u = {u,v ,w)  and i / =

/i, p being the viscosity and density respectively.

To non-dimensionalize the three-dimensional problem above, we make the 

following transformations,

X — ^0^ j y — ^oV ) ^ )

U =  UqU* ̂  V =  UqV*j W =  UqW* ̂

P = pUoP*, t = Uo

in cartesian coordinates [x, y, z), where denotes the width of the wall-jet, Uo 

is the typical velocity and p is the density of the fluid (see figure 2 .0 .2 ). Here 

(æ*, 1/* ,z*) are our new non-dimensional spatial coordinates and {u*^v*,w*) 

are the new non-dimensional velocity variables in the streamwise, spanwise 

and normal directions respectively. Then with the Reynolds number defined

by
M  »  1

V

and dropping the superscript for convenience the governing equations of 

continuity and momentum become

U x V y W z  = 0, (2 .1 .1 a)

U t u u x v u y W U ; ,  = —pxj (2.1.16)
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Vt-\-UV;C-\-VVy-\-WV^ = —'Py, [2 .1 .\c)

Wt-\-UW^-\-VWy-\-WW;, = —Pzi (2.L id)

i.e the unsteady, inviscid, three-dimensional Euler equations. These equations 

apply subject to appropriate boundedness conditions in the farfield

—> oo) including matching to the basic wall-jet profile, u = Uo{y) say, 

upstream and subject to the tangential flow constraint u =  0  at the wall.

We investigate below long-scale 3D disturbances^. Thus (x ,z )  = i ( X , Z )  

say, with the non-dimensional length scale i  being large, and the main time

scale has t = P T ,  where X ,  Z, T  are typically 0(1). An order-of-magnitude

argument (similar to the argument for triple-deck theory, in fact, and summa­

rized just after (2.1.76) below) suggests that in the t = 0 ( P )  zone the large­

time solution of the unsteady Euler problem (2.1.1a-d) takes on a double-deck 

structure as follows. The lower and upper deck scalings are, in turn,

[u,v,w,p] ~  [ r ^ u , r ^ v , i - ^ w , r ^ p ] ,  y = r " r ,  (2 .1 .2 a)

[u,v,w,p]-^ [uo{y)-}-i u i , i  v i , i  w i , l  pi], y =  0 (1 ), (2.1.26)

where the profile Uo(y) is supposed here to be monotonie, inflexion-free and 

uo(0) =  0, tio(O) =  Ao > 0, an example being the Blasius profile. The asymp­

totic expansions (2.1.2b) in the core, region I, imply the governing equations

= 0, (2.1.3a)

= 0, (2.1.36)

În experiments, e.g Carlson, Widnall and Peeters (1982), the typical scalings are consis­
tent with the assumption X, Z >■ T where X , Y, Z  are the streamwise, normal and spanwise 
coordinates respectively.
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'^o'^lX — Plyj (2.1.3c)

y^o^ix = -P iz ,  (2.1.3c?)

from the leading-crder continuity, streamwise, lateral and spanwise momentum 

balances respectively. So solving (2.1.3a-c) we obtain

^ 1  =  ^)y ^1  =  -Uo{y)Ax{X, Z)

and

pi = P i { X , 0 , Z ) A x x { X j Z )  f  ul{y)dy.  (2.1.4)
Vo

Hence we may now write (2.1.2b) as

[u,v,w,p] ~  [uo{y)-{-i~^u^Ari~^uoAx,i~^wi,i~^Pi] y =  0(1). (2.1.5)

We note that (2.1.4) gives the pressure-displacement (A) relations

— P~ = 2Axxi  P = —A x x ,  (2 .1 .6 a — b)

for the channel and wall-jet flows respectively, in non-dimensional form, where 

-f and — correspond to the upper and lower channel walls respectively (see

chapter 6  below). As F  oo (2.1.2a), (2.1.5) yield the matching conditions

C /-A o ( r  +  A), W -> 0 , (2.1.7a)

while the tangential-flow constraint at the wall requires that

V = 0 at y  = 0. (2.1.76)

Having established the pressure-amplitude law ( in 2.1.66) we can now see that 

the balances
u p
t  X x ’

n ~  2/ ~  A,
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A

(from (2.1.16), (2.1.7a) and (2.1.66)) require the scalings in (2.1.2a) for the 

near-wall response. Substituting (2 .1 .2 a) into (2 .1 .1 a — d) then gives the non­

linear unsteady thin-layer system

V.U = 0, (2 .1 .8 a)

(dT-hlJ .VXU,W) = - ( P x ,P z ) ,  V  = (dx ,dy ,dz ) ,  (2 .1 .8 6 - c )

subject to

V  = 0 at Y  = 0, U ^ \ o { Y - \ - A ) ,  W ^ O  as Y  ^  oo (2.1.8d)

from (2.1.7a,b). The work below concentrates mostly on the system (2.1.8a —d) 

for which we note in passing that the constant \ q may be normalized to unity.

§2.2 D E V E L O P M E N T  FR O M  A N  IN IT IA L  S P O T  D IS T U R B A N C E

In this section, as a start, we consider small disturbances in which the basic 

flow U = Y  is slightly disturbed, to examine the linearized features. There to 

leading orders

[ U - Y , V , W , A , P ]  = h [ Ü , V , W , À , P ] A . . . ,  

say, with ^ <C 1. As a result (2.1.8a-d) become

Üx -\-Vy -\-Wz = 0 , (2 .2 .1 a)

Üt A Y Ü x  + V  = - P x ,  (2.2.16)

Wt A Y W x  = (2 .2 .1 c)

with

V  = 0 at V =  0, and Ü A , W  0 as Y  oo. (2 .2 .Id)
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An appropriate solution may be derived from adding together the X —, Z — 

derivatives of (2.2.1b-c) respectively, which yields a quasi-2D system for ÏJx +  

Wzt Vx whose solution subject to suitable initial conditions has tJx + 

independent of Y  and hence identically equal to Ax-  This is consistent with 

the momentum balances provided

Hence the function A{X, Z ,T )  satisfies

A x t  = (2 .2 .2 )

since P = —Axx^  We may now solve for A  by taking the double Fourier 

transform (denoted **) in X ,  Z  of (2.2.2) to obtain

iaA*^* = (q 2 +  l3^)a^A*\

where a, /3 are the transform variables corresponding to X ,  Z  respectively. 

Hence the displacement is given by

fOO fOO _
i i r ^ A { X ,Z ,T ) =  /  Q{a,l3)exp{iaX+ipZ-[a^+0^]iaT)dadl3 (2.2.3)

J — OO J — oo

where Q[ol̂ (3) is the initial distribution of the negative-displacement transform 

A**(o:;^; 0).We note that the equation (2.2.3) also holds for the channel-flow 

case. Here (2.2.3) determines the development of the displacement in space 

and time, and hence the pressure from (2 .1 .6 b), for any prescribed initial dis­

tribution. We note the broad similarities between (2.2.3) and the dispersion 

relation obtained by Doorly and Smith (1992), i.e.

/ oo f  oo _
/  Q ( a J ) e x p ( i a X  +  i 0 Z  -  ia[a^ + j3^]^'^T)dad0,

-CO J — oo

sample solutions of which are shown in figures (2.2.1a, 6 ), (2.2.2a, 6 ), (2.2.3a, 6 ).

We are interested in the behaviour of the flow solution at large times, as 

mentioned above, from the start. From (2.2.3) we observe that X ,  Z  are 

^ (  ju / 3 ) significant effect to be present there, provided that X  ~  a~^
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(a)

(b)

fig 2.2.1a,b

Numerical results for the incompressible boundary layer.

Surface plots of disturbance A { X . Z , T )  for very large time T. (T  =  256) 

Frovvv DocrW
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(a)

(b)

fig 2.2.2a,b

Surface plot of A { X , Z,  T)  for short time T. (T =  2) 

Doorly ctnci .
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fig 2.2.3a,b

Contours of A{X,  Z , T )  for short (a) and long (b) times.

At large times, the maximum amplitudes are clearly seen to lie along the caustic,

froM Door y  0^^ S ^ \ h  ? 442^
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and T  ~  where a  <C 1 (the second region of interest further down­

stream, occurs when the distances are increased to 0{T)\  this is examined in

chapter 4). This observation is suggested by the fact that we require cc, z to be 

0{l)  for t of from above. Therefore in (2.2.3) we write

(X, Z)  = Z) = T^'^R{cos e, sin 6), (2.2.4a)

(a, P) = P) = r - '/" r (c o s  (j), sin (f>), (2.2.46)

in terms of polar coordinates. Substituting these into (2.2.3) yields

2xÂ ~  0) r  , (2.2.5)

after an integration with respect to (f> . Here Jo is the standard Bessel function 

of zeroth order and Q(0, 0) is the double integral with respect to X ,  Z  of the 

initial disturbance A(X,  Z, 0), while $  = Also (2.2.5)

gives most of the large-time behaviour for 0 (1 ) values of the scaled distance 

R  = (X^ -f %2 y / 2yi-i /3  0(1) angles B. For large distances R  the beginning

of a confined ’wake’ can be distinguished. For then the range f  =  (cri2)^/^ Z$> 1 

is important (with cr of order unity), giving =  R?{g — 2co^ -f cr̂ ) 1 

(where c =  cos 0) and so Jo(^) ~  (2 / 7t$)^/^ cos($ — 7r / 4 ). Since R  ^  1 the 

major contributions to the integral are made when /(cr) =  (a — 2 ca^ -t- has 

a maximum, as Jo is largely oscillatory. But f'{cr) = 3 (cr — 2c/3)^ -f (1 — 4c^/3) 

so maxima are possible only for > 3/4, i.e when |0| < $c, where Be = 30° is 

the “spread half-angle” .

For such angles ’inside the wake’ we may use the method of stationary 

phase to deduce analytically the large-time behaviour of (2.2.5). After some 

working (near the stationary points of /(cr)) we obtain

( B ^ c o s ( H 3 / ^ B r ) ] .  (2 .2 .6 )
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for Æ 1 with —6 c < 0 < 0 c ,  consisting of two wave forms in which

= (^x — 2 £riC +

BiiO) =  (3 <7i -  2 c ) B f \

af{9)  =  ( l / 3 )(2 c ±  (4c^ -  3)"/^), c =  cos

From this it can be seen that increasingly concentrated waves form in the wake 

far downstream, but with their maximum amplitudes occurring at the edges (or 

caustics) 6 ~  ±^cj since B 2 —> 0, —> 0(1) as |0| —> 6c- Near the caustic the

two roots of f{cr) coalesce at cr =  2c/3; therefore we introduce fj, = a — 

and since tan =  3“^̂  ̂ = Z f X  we introduce A  = Z j X  — 3“ '̂̂ .̂ Hence we can 

evaluate the integral (2.2.5) in detail by expanding $  as

® (D + A '" ')  +
This allows (2.2.5) to be evaluated near the caustic as

2xrÂ = 0)(2w)'/'A-'/^2^/^3-"/^^ cos(BiX^/')A(x7), (2.2.7)

where Ai is the Airy function, while

Î) =  (3 ^/^/2 ^/^)XA,

and

B i =  ( (2 / 3)^/' +  ( l / 2 ' / ')A )

(see Cheng and Johnson (1982), Pedlosky (1987)). Hence near each edge of 

the spot A  acquires the form of an Airy function, matching with the wave-like 

behaviour (2 .2 .6 ) inside the wake and with the exponentially small response 

outside (for |0| > 6c)- We note here that due to a typographical error the factor 

T “^Ç(0,0) did not appear in the work of Doorly and Smith (1992) (page 96, 

equation (3.9)).
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§2.3N O N LIN EA R  T H EO R Y : A M P L IT U D E  LEV EL I

We now use the linear work above as a starting point for the following 

nonlinear approach, as in Smith (1992), Smith, Dodia and Bowles (1994). 

We start by obtaining our governing equations, using the scalings {x ,z)  = 

(see below) and appropriate expansions for the velocity , pressure 

and amplitude.

The aim of the present nonlinear approach is to obtain the governing non­

linear amplitude and mean-flow equations as in Smith (1992), near the spot’s 

wing-tips in two ’edge layers’, where nonlinear eifects can be concentrated.

These equations have solutions that match with the linear theory in a low-
g

amplitude limit and they ;anable us to gauge what happens as the amplitude 

is increased. These aspects will be examined in more detail later.

§2.3.1SETTIN G -U P T H E  N O N L IN E A R  P R O B L E M

In section 2.1 we used the scalings (2.1.2a) which are valid for all scaled 

times. Then the dispersion relation (2.2.3) suggests that

(x ,z )  = , Z)] hence in a sense the time t replaces the length scale P.

Keeping this in mind we modify (2.1.2a) as below,

[u,v,w,p,A] = [r^l^Û (2.3.1a)

[x,y,z] =  (2.3.16)

where these velocity, pressure, amplitude and spatial variables hold in the low­

est layer. Substituting (2.3.1a—6 ) into the governing Euler equations (2.1.1a-d) 

we obtain

= 0, (2.3.2a)

2 s.
3

A X A 1 A \  A / A % A \  A / A I A \ A Au+[ u-  -xj  Uji + [v + - r j  û  + { w-  -zj  =  -p^, (2.3.26)
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2 ^  1 A \  A / a 2 ' ' \ ^  X A 2 A \  A A- -W+[U-  - x j  Wx + [y+ -Yj Wf+(w-  -zj  Tfg =  - f g ,  (2.3.2c)

with (2 .1 .1 c) confirming that

^  =  0 . 
d Y

The main boundary conditions are

y  =  0 at Ÿ  = Oj (2.3.3a)

+  as y  ^  oo, (2.3.36)

from (2.1.7a-b) respectively. The pressure amplitude relation is now given by

P = (2.3.4)

Thus (2.3.1a, b) represent a large-time asymptote of the three-dimensional Eu­

ler system.

§2.4 M A IN  FE A T U R E S  IN  T H E  BU LK  O F T H E  FL O W

We use the term bulk to refer to the major part of the flow structure in 

the normal direction. The expansion of the flow solution at relatively large 

distances A  Z$> 1 is inferred from above and takes the form,

Û = Xs+{Euo+E-' 'u l )X- '^ /*+. . .+{E^ui2X-^ '^+EunX-^f*+X- '^ ' \ io+c.c )

+ . . .  +  E u 2iX-^^* +  (2.4.1a)

V  =  X^/\Evo+E-'^v 'o)  +  . . .+X^/\E^v ,2X-^^^+Evi iX-^ /*+X-'^^^vio+c .c )+  

. . .  + ^ E \ 2 z X - ^ ' *  +  . . .  +  Ev2iX-^'*  +  . . . )  + . . . ,  (2.4.16)

lY  =  (Ewo~hE  ^u;q)X  • •~i~(E^wi2X ^^^-t-EwjiX +  X  ^^^W\oYc.c)
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+ i - i / 2 (£;3^ 2^ ^ - 9 /4  ^  Ew 2 iX -^^ ‘̂ +  . . . )  +  . . . ,  (2.4.1c)

for the velocity components, and

P  =  {Ego +  +  . . .  +  X{E^gr2X - ^ / ^  +  +  X'^ /^g .o  +  c .c )

+X^/\E^g23X~^'*  +  . . . )  +  . . . ,  (2.4.W)

i  =  ( £ A o  +  f i - M ; ) ! - ' / "  + . . .  +  (E^At iX-^^^  +  E A i i X - ^ / *  + +  c.c)

_ ^ ^ -1/2 ( ^ 3 ^^ 3 J^-9 /4  ^  ^  EA^yX-^l* +  . . . )  +  . . . ,  (2 .4 .1 e)

for the pressure and displacement respectively. We justify using these particu­

lar expansions later in section 2.9. The unknown velocity coefficients Wn

depend only on 5,77 while Qn^^n are unknown functions of rj alone, with the 

explicit E — dependence shown. Here c.c denotes the complex conjugate and 

the wave contribution is

E = +  a iX^ /^ )] ,  (2.4.2)

where 6 1 , Ui are constants. Also

Ÿ  =  X s ,  7) = Z — qX,  (2.4.3a, b)

where the constant q is equal to 1/3^/^, corresponding to the wake half-angle

of 30°, in view of the linearity holding outside and in-between the two edge

layers, and s, 77 are 0(1). The expressions for the wave contribution and edge 

layer follow from (2.2.7), while in order to obtain (2.4.3a) we need to take the 

balances

Û Û - Ÿ ,
X

from (2 .3 .2 b) and (2.3.3b) respectively; the result (2.4.3a) follows. So (2.4.1a — 

e), (2.4.2) and (2.4.3a, 6 ) form the basis for the nonlinear theory, with the 

transformations

> dj^ — qdfj — X  ^sdg, 8ÿ X  drj,
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and

E x  = iE, = a^X^/HE,

from above.

Substituting (2.4.1a-d) into the large-time equations (2.3.2a-c) yields the 

successive controlling equations as follows. At first order (E terms only) the 

continuity, streamwise and spanwise momentum balances give

iBuo +  voa 4- iaiwo = 0, (2.4.4a)

Uo 4- i6uo = —igoB, (2.4.46)

i6wo =  —iaigo, (2.4.4c)

respectively, where B  =  | 6i — qai and 6 = Bs  — 6%/2. These controlling 

equations apply subject to the constraints

uq =  0 at 5 =  0, uq —> Aq as s —̂ oo,

from (2.3.3a,b). The solutions for Uq, Uq, wq hence obtained are

Uq =  Aq +  (2.4.5a)

vq =  —i B A qSj (2 .4 .5 6 )

Wq =  —6 ĝoCLij (2.4.5c)

with the resulting ’internal’ pressure-displacement relation being

Aq =  K>go where /c =  26j"^5“^(aJ 4 - B^). (2.4.6)

The results here and in the remainder of this section hold strictly for ^ ^  0,

i.e for 5 ^  6 1 / 2 B, outside a critical layer. At second order (E terms only) the 

continuity, streamwise and spanwise momentum balances yield

iBui i  4 - iaiWii +  v iu  — quorj 4- Wqh = 0, (2.4.7a)
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iSuii +  Vil ~ squQi  ̂— —iBgii  +  qgorj, (2.4.76)

iSwii — sqwo^ = —gorj — icLign, (2.4.7c)

respectively. The solutions for {uii,Vii ,Wn)  subject to the constraints

Uii =  0 at 5 =  0, uii —> All  as 5 —> oo,

are

Vii = qs I  +  ^ofj| — iBgii  +  ç^qtj — iSun^ (2.4.86)

Wii =  —{ (2 4: 8c)

where

OL — —ia^gii — 2 a i( l +  qaiB )gofj,

P = -qa^hiB  ôf?.

The internal pressure-displacement relation between A n  here takes the 

form

3
ibiKgii = ibiAii +  2gofjB ^[~biq — q^di — 2ai — a^qB ]̂. (2.4.9)

Similarly at third order (E terms only) the controlling equations are

iB u 2 i +  V2 is +  iaiW2 i +  ^ai^iuo -  qun^ +  Wim = 0, (2.4.10a)

i6u2i -  squiifj +  V2i +  ^ ( 5  -  l)ai77ZUo = -iBg2i  +  qgiir  ̂ -  ^ a i ^ o ,  (2.4.106)

—2(5 — V j a i i j W o  — sqwiii^ +  2^ 1̂ 21 — ~ ^d,ig2 i-, (2.4.10c)
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from the continuity, streamwise and spanwise momentum balances respectively. 

We can rewrite these for U21 , V2 1 , W2 1  as

s s
[— + z^o i(2  +  qaiB ^)gorjrj'^

-\-ialrjgo— — ia\rigQ— — — igofjfj)-^

1 5
9ofjv-^] da, (2.4.11a)

U21 — —iBg2\ +  9 5 'iitJ — ~  ^ — l)airjiuo +  squn^ — i6u2i, (2.4.116)

1Ü21 — —iS ^[sqwii^ — —%(a — l)aii7u;o — 9iifj — io>i92i]i (2.4.11c)

subject to

U21 =  0  at s =  0 , U21 —> A 2 1  as a 0 0 .

Now the fourth-order E  balances give

iBu^i  -h v^ia +  icbiw^i — qu2 irj + 1^21% 4" cL\f}iu\\l2 — suoa — iio/4 =  0, (2.4.12a)

iSu:ii -j- U3 1  + (a — I)ai7jiuiij2 + i B uiqUq 4- uioitoa 4- ' ôUios 4" wioUoaii

—squ2iri — ( 5  — l)auo5 — 4- —  ̂Uq — quorj/3

— ~Bigzi  +  992\fi ~  ^i'^9ii9/‘̂  ~  3^o/4, (2.4.126)

— sqw2iri + 2 ( 5  — l)airjwiil2  — 4- —  ̂u;q — (a — l)au;oa—

riWoijl3 4- voWioa 4- VioWoa 4- iBuioWo + iaiWio^o

=  —921t} ~  2<2i5̂ 31j (2 .4 .1 2 c )
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from the continuity, streamwise and spanwise momentum balances respectively. 

Further work on these controlling equations is shown in section 2.7.

We now need to consider the leading order mean-flow responses con­

tributions), at various orders. These arise mainly at two levels as follows. At 

third order we obtain

+ 1^203 +  tuioq =  0, (2.4.13a)

^20 — ^gUlOri = 0, (2.4.136)

—sqwio^ = 0, (2.4.13c)

from the continuity, streamwise and spanwise balances respectively, hence

wio = 0 , V20 = sqAioij, uio =  Aio.

The next level leads to the controlling equations for (uao, U4 0 , it/ao), as below,

(—l/2)uio — qû ofi — suioa -f U405 +  =  0, (2.4.14a)

from the continuity balance, and

(2/3)5Uioa — (1/3)^i6iotj ~  ( l / 2 )suio — ( l / 2 )uio +  U40 — squso^

-l-UloUiOa — ( s  — (l/3))sUiOa +  / i  =  9 5 'io ĵ (2.4.146)

where

f i  = [uquJi, 4- -  woaiiul^ -  Wuaiiu^ -f wqUq̂  -  uoqu^^ +  c.c]

SWiOa ~  •Ŝ 'LülOj — (1/3)171^1077 — ( l / 2 )u^io — (1/2)51^10

— SqWzQr) +  I'lQll̂ lGa +  / 2  =  ~ 9 l0 r}̂ (2.4.14c)

where

/ 2  =  [vQiüii, 4- Vu Wq̂  4- wowlfi -  iBuowl^ -  î B u h Wq -  uoqwl^ -f c.c],
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from the streamwise and spanwise momentum responses respectively. The 

tangential flow condition as 5 —> 0  therefore yields the mean-flow results,

9̂ 107) =  — 2 ^ 1 0  — + ( \̂){\go\^)fi  ̂ (2.4.15a)

9107) =  +  o,l){\go\^)rj, (2.4.156)

for (2.4.14b,c) respectively. Here we have made use of the solutions for 

{uo,uii,Wo,Wii) from earlier in this section.

At first sight (2.4.15a,b) seem to contradict each other, since in equation 

(2.4.15a) we have extra mean-flow momentum contributions present through 

the terms proportional to Aio, but a resolution is provided by examining a 

thin wall-layer present close to the surface, between the current s ~  0 (1 ) zone 

and the surface. Further details on this wall-layer are provided in section 2.6. 

Finally in this section we note that the second-order (FJ°) balance from the 

continuity equation reveals

V105 — 0 )

which is consistent with the result uio =  0  from the streamwise momentum 

equation (second order balance).

§2.5 E X T E R N A L  R ELA T IO N S

From section 2.3 we have the pressure-displacement relation

P = --^xx>

for the wall-jet study. We can substitute the expansions (2.4.Id,e) into this 

law to obtain ’external’ relations between (9 0 , 9 1 1 , 9 2 1 , 9 3 1 , 9 io) and 

(Aq, A h, A21 , A3 1 , Aio), which may then be coupled with the internal relations 

of the previous section. This process is described below. We proceed as before 

and derive the controlling equations at various orders.

At first order

go =  AqR^, (2.5.1a)
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at second order

Qii =  A\\B^  -f 2qiAofjB, (2.5.16)

at third order

5^21 =  ~Ç^^orfn d" dirjAoB +  A 2 \B^ +  2qiBAnfj^ (2.5.1c)

at fourth order

3̂1 =  A^iB^ -\-2qiA2iffB — q^Aiifjrj-{- dirjAiiB-\-iqairjAofi-\-iaiqAo/2, (2.5.Id)

where all of these relations come from balancing terms proportional to E. From 

the terms at leading order we have the equation

~9l0 = 9̂  AiOrjq- (2.5.2)

Coupling the external relation (2.5.1a) and the internal relation (2.4.6) gives

6i = 2B{a\ +  B ^ \

which is the dominant eigenrelation, leaving the amplitude function qq still 

arbitrary. Coupling (2.5.1b) with (2.4.9) gives

2a\B"^ — qb\ =  qB(^B^ — ^i)j

the eigenrelation leaving go, gn  arbitrary. Given that we know q = 1/3^/^ we 

can use these eigenrelations to determine the other constants B, ai, and 6%. 

For the half-angle 6c = 30° the constants are found to be

consistent with the linear work above.

§2.6 T H E  W ALL LA Y ER

As mentioned in section (2.4) a thin wall-layer, close to the surface, helps 

us to decide on which mixture of equations (2.4.15a, 6 ) we need. This extra 

layer arises because of the singular response 0 (5 ~^) of the mean-correction
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velocities u^q, W3 0  as 5 —> 0 (see below), while v^o 0 as s ^  0. We start with 

our mean-flow equations (subject to the tangential flow constraint as 5 —̂ 0+) 

from the continuity, streamwise and spanwise equations respectively , i.e

——Aio +  U40J — çîi.30  ̂+  1̂3077 = 0  , . (2.6.1a)

—squzofj +  U40 +  Bio — ^ ( B ^  -f o,i){\go\ )̂Ti — — 95'iotj , (2.6.16)

where

-^10  — —-^gAiofj — -Aio,

—sqw3 0 fj -f p { B ^  +  ^i){\9o\^)v = ~9i0ri • (2 .6 .1 c)

Taking the combination (2.6.16) -f g* (2.6.1c) yields

— g s[u 3 o ^  +  Q'^sorj] +  "^40 +  B i o  — —s A i o  =  0 ,  ( 2 . 6 . 2 )

and equation (2 .6 .1 c) gives the asymptote

~  A305  ̂ +  P30 +  . . . ,  (2.6.3a)

where

3̂0 = 9 M̂ io + ^(^^ + ^Dd^oDl- 

Also the partial derivative of (2.6.16) with respect to 5 implies

— — "S 91/30773 +  1/403 — 2 -<4.10 =  0 )

i.e

— qsû orja ~  1̂ 30% =  0 -

So the asymptote for U30 is

1/30 ~ ------1" i^3oln 1̂1 4- ^30 +  • • • ) (2.6.36)s

with
-̂ 30 Ô -̂ 30

0=30 =  P30 —----- —-
9 9
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Then combining (2.6 .2),(2.6 .3a) and (2.6.36) we obtain after some working 

1̂40 ~  [—-Bio +  "̂ 307)(g  ̂+  1 )] + çPsoTjS In |s| +  —Sv4io +  . . . .

Now the tangential flow constraint as s —> 0 means that 

t;4o —>• 0 => A30V} =  Bio(l +  q^)~^ ^  0; 

this result implies that

1̂ 30 ~  5 U30 ~  3 ^ ,

i.e as 3 —> 0 and U40 —> 0, U30 and W3 0  become singular as 0 (3 “^). To incor­

porate the singular behaviour of U3 0 , W3 0  into the wall-layer we need to adopt 

the new scaling Y  = This scaling for the thickness of the wall-layer is

deduced from comparison of the basic mean-flow term X s  in (2.4.1a), and the 

corrective term 0 {X~^^^s~^) due to U3 0 , giving the scaling as 3  ~  i.e

Y  ~  The implied expression for the wall-layer solution is therefore

+X-'^/\E^Ü23X-^/* +  . . .  +  EüiiX-^ '*  +  . . . )  +  X ~ \ . .. +  X-^/^E^Û32+

X  Eu 3 3  “t" X  4- ' ) 4" c.c) 4” • •. ) (2.6.4a)

^-3 /4
V  =  (^Evqi 4* c.c) +  X^^^(^Evii H c.c -h . . . )  4- X  ^̂ '̂ÿooT

j^ - 3 /4  j^ - 1 /2   ̂ ^ - 1 /2

X { E V 21 +  c.c +  V20 ) +  X^/^(. . . +  3̂0 +  . . .) -h . . .

. -f X ° (X “ ^/^[t4o^ 5 /4  +  (In y — InX®/^)] +  (2.6.46)

W  = X  +  X  ^^^[Ewqi 4- c.c) -f . . .  4" {E ^w i 2X  4- - - - 4- c .c)+

X  ^^^{^Ew2\ X  4" • • • 4" c.c) 4~ X  ^ ( . . .  T  X  4- - - -) 4-. - -, (2.6.4c)

56



as suggested by the behaviour of the bulk-flow components (2.4.1a — c). Here 

the boundary conditions are such that, as y —> oo

Uqo ~  ÿ +  ^3oy

vqo ~  f̂ 40} where K40 =  ^3o^(ç  ̂+  1 ) ~  ^lo, 

T40 ~  Aio/2,

ü̂ oo ~  Agoÿ ^

to match with the previous solutions from the bulk. Also

Ü01 -  2BÿoK' ^ 1 1  ~  0(1), 

voi ~  - iBngoy Vn ~  0(y),

woi ~  2aigob^^ wu  ~  0(1).

The modified transformations are

~

and the dependence on the fast variable E  is as before. From here a process 

similar to that in section 2.4 is used where the leading-order controlling equa­

tions are obtained. From substituting (2.6.4a-c) into the continuity equation 

(2 .3 .2 a), the leading order balances for terms in E  are

i B uqi -f Uoly icLiWoi =  0, (2.6.5a)
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iBui i  — quoi^ +  l'iiÿ +  iaiWii +  wqi^ — 0, (2.6.56)

where again B  = (3/2)6i — qai, and the leading-order balances for terms in 

are

~Q^oofj +  tiooy +  '^oofj =  0, (2 .6 .6 a )

—qAiorj -f- ^200 — 0- (2 .6 .66)

The streamwise momentum equation yields

—üoi — ÇqB,  (2.6.7a)

— -biiüii  = —Bigii  4- qgorĵ  (2.6.76)

at first and second order {E terms only) respectively, and

gpiof) — ~~Aio — —rjAiOrj +  Üoofiooÿ + '’̂OÔQOfj ~  q̂ OÔOOrj + (2.6.7c)

as the leading-order mean-flow term balance (.E° terms only) where

Fi = -q-^{B^al){\go\ '^)rj  at y = 0.

The spanwise momentum balance yields

—biWoi = ai^oj (2.6.8a)

at first order {E terms only)

——biiwii = —gorj — diiCLih (2.6.86)

at second order {E terms only), and

~9iofj ~  voqWqo  ̂4" WooWooij — qwoô ÜQo Ë2 , (2.6.8c)

where

F2 = — — at ÿ =  0,
q
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as the leading-order mean-flow balance. Equations (2.6.6a), (2.6.7c) and 

(2.6.8c) now need to be combined to give a single equation linking (5̂10, ô> ^lo)- 

So taking the combination —q * (2.6.7c) -f (2.6.8c) we obtain

— 9 A10 +  +  Qooyÿoo +  Qoorj' ^ 0 0  — QoOt)Ç̂ OO =

—(9  ̂+  1 )9107) +  {çFi — F2 ), 

where Qqq = {—qûoo -f ü)oo)j so (2.6.6a) becomes

Qoof] +  ÔOy = 0.

The boundary conditions are now

Qoo ~  —9 ( 9  +  OLsoy  ̂+  . . . )  + Aaoÿ  ̂ -f . . . ,

i.e

Qoo ~  - q y  +  0 {y~^) and üqg ~  «40 +  . . . ,  as y ^  00,

and

Uqq — 0 at y — 0.

Therefore a particular solution is

Qoo — qy y 00 — 4̂0}

provided

(—9 9 )7) +  (^4o)y =  0, 

which holds true, and provided

- 9 ^ 1 0  +  - 9 9 ^ 107) — 9^40 =  —(9  ̂+  1 )9 1 0  ̂+  (çFi — F 2 ),

which also holds true, but to satisfy the condition at ÿ =  0 we need K40 =  0. 

This corresponds to adding q times the momentum equation (2.6.16) to (—1) 

times (2.6.1c) and then setting 5 =  0 in the resulting combined momentum 

equation. Also that confirms that both of the tangential velocities U3 0 , 1030
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are singular of order s  ̂ as 5 ^  0 + in the bulk flow, these singularities being 

smoothed out in the wall layer. So finally we have

giofj =  + ^ i ){ \9o \^ ) f i  -  _2 ^  ( 2^^° , (2.6.9)

the main mean-flow equation linking (^lOj '̂o, ^lo)-

§2.7 GOVERNING AM PLITUDE EQUATION

In this section the governing amplitude equation for the current amplitude 

level I is derived.

From equation (2.4.12c) we have

1U31 =  — 2 6  ^ { s q w 2 i f i  —  i { s  — l ) a i T j w i i / 2  +  ^  W q  -j- ( 5  — l ) s w o g - \ -

V'^of}/^ ~ '^o' îos ~  ' l̂o'^oa ~~ iBuioWo — iaiWiQWo

—9 2 1 V ~  (̂̂ 1 9 3 1 )•

Now taking the derivative of (2.4.126) with respect to s and substituting for 

1^31 and U31 gives

U3 1  = A3 1  — % /  6 ^B^ids, (2.7.1)
J 00

subject to U31 —̂ A31 as 5 —> 0 0  after some manipulation. Here

where

B 3 1  — Çi +  0 2 ,

Q i  —  <^16 ^ { — v o W i Q g  — v i o W o g  —  i B u i Q W o  —  i a i W i o W o ' j

— {i BUxqUq -f- ViqUqs -f VoUlOa +  WiQUQaii^aj

0 2  =  1^21% — ( 5  — 1 )0 1 1 7 2 ^ 1 1 5 /2  - f  S q U 2i f i3 +  ("S  ̂ — s ) u o a a - \ -  

^  Uoa +  TjuonalS - f  {sqw2irj ~  i{s ~  l ) a i r j w n / 2

—921fj — iO'l931 +  ^ J  +  Wq-^ {s — l)57i;05 +  TjWorilS).
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Therefore substituting this expression for U31 into (2.4.126) and taking the limit 

5 ^ 0  establishes the internal relation at forth order as

1 _  , 7 1f°° - I  - 1 7 1 ^
I ^ B2\ds — iAz\ — — + iBAioUo — — uq — —rjuQfj —

J  a J 2 12 J

1 3
—Bigzi +  95'21t7 — — ~go- (2.7.2)

Simplifying (2.7.2) using the external relations (2.5.16 — d), i.e eliminating the 

9z\i 9 2 1 , 9iirji 9ii terms leaves as a solvability condition the amplitude equation

~  99(^  ̂ = ~i^io9obi ^{B^ +  aj), (2.7.3)

for go. The right-hand-side of (2.7.3) contains all the nonlinear effects therefore 

for a linear disturbance the amplitude equation reduces to Airy’s equation for 

9o{rj), giving the solution

go oc (2.7.4)

in terms of the Airy function A{, which agrees with the linear theory as required 

(the constant of integration is zero since linear theory holds outside the edge 

layer).

We now have two main governing equations (2.6.9), (2.7.3) for (Aio,^o)? 

where gio in (2.6.9) is replaced by (2.5.2). These equations in normalized form 

are

9vrj ~ V 9  = B  where D^= —iAg, (2.7.5a)

after setting

-  3 -t- (2.7.56)

(  4
4 =  ^ 1 0  =  ^ 0  =  19^

63/2 , 1/2 X 1 /3

where fi = 6i(B^ +  a?)~\  ̂= ^g(B^ +  â )": f ^  j

At low amplitudes the equivalent of the Airy function (2.7.4) applies, whereas 

at most amplitudes (2.7.5a, 6 ) require a computational treatment. The latter 

is addressed in part II of chapter 2.

61



§2.8 ALTERNATIVE APPRO A C H

Here we show an alternative method by which the linear result (2.7.4) and 

the linear portion of (2.7.3) may be obtained. From section 2.2 we have the 

relation

Axt = ~^2DP'

Rescaling this pressure-amplitude law, using the scalings in section 2.3, namely 

(x, Z, A, p) =

gives

A x  ^  - Z A x 2 = P xx  ^ z z '  (2.8.1)

Substituting the large-time expansions for A, P  into this relation yields the 

leading order controlling equations between (^o, ^1 1 ,^ 2 1 ,^ 31) and 

(Ao, All, A2 1 , A3 1) as shown below.

—A q[B 4- qa,i)B = go{B^ +  a^), (2.8.2a)

——biAiiB — iqAorj— — —5 1̂1(5  ̂ +  al) — 2igori{qB — a i), (2.8.26)

1 2  1 1  3
— 2^2i6iH — —AoaiijB — -qbiAmji  — -qa\f)AQ =  ——biBg2\ 4- gaiR^2i

~ o \ g 2\ ~  ^ q i B g i i r i  4- 2ai%̂ n̂  — g o a i r j B  4- {q^ 4- l)pof}77, (2.8.2c)

— (^Igzi — B ^ g 3 i  — 2çiR5'2iTj + 2zaî 2iT7 — c L i g B g u  -f q ^ g n ^  4- giififi

3 5 1
-iqaiTjgorj +  -iBgo +  -iBgo -  -igoa^q =

—- 6 1RA 31 — -iÿ>\A2\-q — -UitJRAh — -qa\r}A\i +  -irjBAo^

2 .  1 1 _
— —iqaiTjAoij -f —i a i i j q A o ^  4- i B A q — — i q a i A o ,  (2.8.2d)
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from the first, second, third and fourth order E  term balances respectively. 

We now couple (2.8.2a — d) with the external pressure-displacement relations 

(2.5.1a — d). Coupling the first-and second-order balances fixes the constants 

ai, bi and B.  At fourth order however we obtain the linear Airy equation, i.e

4 1 1 _ n
3 2 2 1 /2 ^°^^  ̂ 3 3 /2 2 1 /2 ’? °̂  ̂ 3 3 / 2 2 1 /2 ^ 0  ~

for go. Making the transformation rj = gives

{9 0 m — V9o)tj = 0,

confirming the linear contribution above, e.g compare with (2.7.5a). The same 

method can be adapted to verify the nonlinear portion on the right-hand side 

of (2.7.3) or (2.7.5a)

§2.9 A P P E N D IX

Before moving on to solving the governing equations numerically, we present 

here the argument for using the particular form of the large-time expansions 

(2.4.1a — e).

Consider the form

Â  = X ^ - \ E A o  +  c.c) +  . . . ,  (2.9.1)

for the amplitude, where the notation is as before and m is a constant to be 

fixed. The relative effect of the typical amplitude-squared nonlinearity is of 

the order since Û is equal to X s with an 0 (X ^ ~ ^ )  correction due to

(2.3.36). This is to be compared with the relative effect in (2.4.2) of order X ~ ^ . 

The two effects are comparable when 2m — 4 =  —1; giving m =  3/2. So at this 

stage the streamwise momentum, amplitude and pressure expansions are

Ù =  X s  4 - X^^^(^Euq -f- c.c)k -f- . . .  -f X^(^E^ui2 k^ +  Eu\\k  -f- u\q 4- c.c) -f . . . ,

Â  =  X^^ '^ i^EAo  4" c . c j k  4"... 4" X ^ { E ^ A i 2k^  4~ E A \ \ k  4- A i o  4* c.c) 4- . . . ,
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p  — + c.c)k +  . . .  +  Jc(^E^Çi2 k^ +  E g u k  +  çiok^ ~\~ c.c) +  . . . ,

where k =  = 1 for m =  3/2, but we also need to consider the mean-flow

balance between gio, A iq. In particular

^k^9io  ~  ^^Aio,

because of the pressure-amplitude law (essentially this is comparing the relative 

effect in (2.4.2) with [mean-flow correction due to the pressure-amplitude law 

’X ’]* ). Hence k = and this yields another value m = 1 for the

index. This value gives

Ù — X s X^{^Euq -f- c.c) -j- . . . ,

Â. =  X^(^EAq  T  c.c) -[-. . .  -j- X^(^E^Ai2X   ̂ -f- . . .  4" Aiq c.c) -t- . . . ,

P  — X(^Ego +  c.c) -f . . .  -|- X[E^gi 2 X   ̂ -f E g n X  4- X  4- c.c) 4* • • • •

Initially these expansions seemed appropriate but further points need con­

sideration. Firstly to match the nonlinear theory to the linear we need to 

go to fourth order in our expansions (see above); and secondly the pressure- 

displacement relation is special for the mean-flow-corrective terms, in that we 

require the mean-flow amplitude Aio ~  V and for Aiofjfj oc (using the nota­

tion of section 2.4) for the nonlinear theory to connect with the linear theory. 

To clarify the second point we note that go (from expansion (2.4.Id)) satisfies 

the Airy equation; this yields the asymptote go oc s in (||i7 | /̂  ̂ 4- const.)

(see (2 .7 .5 a) above), and Aio ~  9o follows form the pressure-displacement 

relation (2.7.56). Hence Aiq ~  77 /̂  ̂ i.e Aiq “grows and overwhelms” 77. There­

fore we reduce the order of go by e say. After some working it is found that 

e =  177!"^/^, so we still have the relation Aiq ~  \go\  ̂ but now Aiq ~  rj. These 

above mentioned points suggest after some working, the expansions (2.4.1a—e).
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§2.10 SU M M A R Y

In the above part of chapter 2 we have presented first a linear model for a 

spot disturbance in a wall-jet or channel flow, and second a nonlinear model 

based on this for a spot in a wall-jet flow only. The emphasis has been on 

long-scale disturbances throughout, partly because experiments suggest that 

the streamwise and spanwise length-scales can be typically larger than the 

normal scale for part of the spot development.

The linear theory suggests that increasingly concentrated waves form far 

downstream within a wedge of semi-angle 30°, although the maximum ampli­

tudes occur at the edges or caustics of this wedge; also linear properties hold 

outside the edge layer(s). In practice this 30° prediction is however an overesti­

mate for spots in channel flows, since the typical angle is 10° from experiments. 

Also we find that significant effects arise in two main regions far downstream 

at distances of order and [time).

The nonlinear theory is based around the streamwise and span-

wise scales. The governing amplitude equations that we obtain match with the 

linear theory at low amplitudes, whereas at higher amplitudes the full set of 

nonlinear equations needs a computational treatment. We note that the non­

linear interaction at this amplitude level is dominated by interplay between 

the fundamental fluctuations and the mean-flow correction E^.
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CHAPTER 2

PART II

NUMERICAL METHOD & SOLUTIONS
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§2.11 N U M ER IC A L M ETHOD & SOLUTIONS

In this part we describe a numerical scheme used to solve equations 

(2.7.5a, b), involving a finite difference procedure. The following discretizations 

were used:

3 9j {9 j +i  -  9 j - i )  , g j { g j + i  -  g j - i )
^  - A ,  -  = ---------2Â --------+ ---------2Â--------'

(2 .1 1 .1 a)

for (2.7.56), where B  = Afj and is discretized as

1 (5 , +  (2.11.16)

— — ^ 2   ̂ -  Vj9i + iA jg jA  =  Dj, (2.11.1c)

k=j
Dj  = — ' ^ i A k g k ^  4- i A j g j A ,  (2.1 1 .Id)

where

for (2.7.5a). Second order accuracy is maintained throughout. The rj variable 

is given by rj-oo + { j  ~  1 )A =  fjj, with 1 < j  < J , where rjoo = rj-oo +  ( J  -  

1 )A and 7)005 9 - 0 0  are chosen to be suitably large, with the step size A being 

small. The system (2.11.1a — d) is then solved using an iterative process, 

where the p j’s obtained from (2 .1 1 .1 c) by inversion of a tridiagonal system, are 

substituted into (2 .1 1 .1 a) to obtain the A /s  by inversion of a multi-diagonal 

system (Guassian elimination is used to invert the matrices). The p ’s and A’s 

are then substituted into (2 .1 1 .Id) to establish what the new D ’s are and so on. 

This process is repeated until a converged solution is obtained. We note that 

the ’theoretical’ boundary conditions (cf. next paragraph) on g are p(=Foo) =  0 , 

since we require g to satisfy Airy’s equation. Also the left-hand-side of equation 

(2 .1 1 .1 a) is ’Airy-like’, hence we expect A(q=oo) =  0  as theoretical boundary 

conditions.

In practice the linear version of (2.11.1c) is solved numerically with a non­

zero input amplitude (LA) at ^ - 0 0 5  Le p i(—0 0 ) =  /.A , and this produces the 

expected Airy function for g. This is used as an initial guess for g to start up 

the iterative process. Typical converged results are shown below.
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We note here that relaxation is used to encourage convergence. Also we 

expect the nonlinearity to reduce the spread half-angle, i.e we want the maxi­

mum amplitude to move towards the centre of the spot, but this is as yet not 

clearly visible from the numerical plots shown in the figures, although as we 

shall see in chapter 3, as the amplitude is raised even further, we do find a 

definite inward trend towards the centre. However in general the results are 

encouraging since the amplitude decays exponentially away from the centre 

and algebraically towards the centre.
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fig 2.11.1a

Solution computed for the wave contribution g (i real part, ii imaginary part), 

for the small amplitude solution in fig 2.11.16.
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Solution computed for the mean amplitude A .

70



o
CM

O
<D

O
C>

O O m o m
CM

fig 2.11.2a

Solution computed for the wave contribution g (real part).
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fig 2.11.2b

Solution computed for the wave contribution g (imaginary part).
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fig 2,11.2c

Solution computed for the mean amplitude A corresponding 

to the wave contribution g in figs 2.11.2a, h.
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Solution computed for the wave contribution g (real part).
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Solution computed for the wave contribution g (imaginary part).
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fig 2.11,3c

Solution computed for the mean amplitude A corresponding 

to the wave contribution g in figs 2.11.3a, 6.
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CHAPTER 3

AMPLITUDE LEVEL II
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§3.0 IN T R O D U C T IO N

The aim in this chapter is to understand the influence of raised amplitudes 

in the zone near the trailing edge of the spot, and to find whether the

positions of maximum amplitude gradually move towards the middle of the 

spot’s trailing edge.

We start below with the governing equations (2.7.5a, 6 ) of chapter 2 and 

consider what happens when the typical scale of |^| expands like A (A 1 ) 

say, with g ~  exp[zA^/^F„] and A  ~  A^/^a^ for consistency, where

Fn, am are all generally 0 (1 ) real functions of the new 0 (1 ) coordinate 

fj = see section 3.1. The leading-order equations obtained for Fn,

Gn, O'm, are found to suggest at first sight three possible phase branches for 

^  for a given a^(^), but after some working only one branch is felt to be 

mathematically consistent, as is explained in sections 3.2, 3.3.

A modified version of the above mentioned higher-amplitude system of 

equations is studied in section 3.4, since the modified version allows us to obtain 

more analytical insight about the actual system. The modified equations are 

studied computationally and analytically. On the analytical side we carry out 

a phase-plane analysis in section 3.4, which shows that three saddle-points are 

present; an alternative method using Taylor series expansions is also shown 

in section 3.5, which confirms these results. Numerically we use a classical 

fourth-order Runge-Kutta shooting method to solve the system, see section 

3.6; again we observe that three saddle points are present. Other details are 

also presented.

Numerical solutions for the actual system are then shown ( ’shooting’ for­

wards and backwards from 17 =  0). The effect of increased nonlinearity in the 

edge-layer is clearly seen from the solutions of this system, i.e. a definitive 

inward trend towards the middle of the spot for the amplitude am is obtained.

We note that the main governing equations at this amplitude level corre­

spond to the higher amplitude limit of level II in the work of Smith et ^  (1994) 

for the boundary-layer spot (again see below).
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§3.1 H IG H ER  A M PLITU D E EQUATIONS

We have from Chapter 2 (Part I) the governing equations

9fififi — V9v — 9 = (3.1.1a)

^iim  -  3 (3.1.16)

to consider first. As mentioned in the introduction to this chapter, we examine 

what happens as the typical scale of fÿ (in the above notation) expands like

V = Â 77,

say, where the constant factor A 1 . For g to satisfy (3.1.1a) at leading order 

at the current amplitude level we need the balance

gg' ~  iAg.

So taking g oc at large fj as guided by the Airy function, we have

i.e A  ~  Hence we consider the pressure g and amplitude A  to have the

following expansions,

g =  (17)61 +  (j2 (^)c2 +  . . . ) + . . . ,  (3.1.2a)

A = A"/"a_(^) +  +  . . . ,  (3.1.26)

where Cn =  exp[zA^/^E„(f7)], n =  1,2,—  Here c% and C2 are constants to 

be determined, and the e„’s give the fastest behaviour present. Substituting 

(3.1.2a, 6 ) into (3.1.16) gives for the right-hand-side,

(I^Hf) =  Â^''^(Â"^[(|Gi|^)f) -f (|(?2|^)n +  ...] +  Â^/^Ô2Ôie2ei ^ip2 +  • • .)j

(3.1.3a)

and for the left-hand-side we have
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+ Â «  (^ieje-'i^Fj'^Â^/^ -  f fà^/^Aeie-^P^ -  ^Â e^er') ■ (3.1.36)

Balancing the leading-order terms from (3.1.3a, 6), we therefore have

^2ci-l ^  ^3/2 d  =  5/4,

and
^2ci+l/2 ^  ^C2^3/2 ^  c2 =  3/2.

So we are left with the expansions

g — -f Gĵ 2  +  .••) +  . . . ,  (3.1.4a)

A = Â^^^a^(rj) +  +  . . . ,  (3.1.46)

for the pressure and displacement respectively, cf. Smith et. ^  (1994). Further

terms in the expansions can be obtained through a procedure similar to that 

above.

Substituting these higher-amplitude expansions (3.1.4a, 6) into the equa­

tions (3.1.1a, b) yields the governing equations for the current amplitude level, 

i.e.

+ = -am,  (3.1.5a)

(36= +  rjy^ -h (Shr^h'  ̂+  l)rn  =  0, (3.1.56)

{ r \ r \ -{■ r \ .. .)f, — — (3.1.5c) 

for n =  1,2,3, . . . ,  where hn — —F^ and =  |ônl, cf. Smith et. (1994).
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§3.2 TH R EE N O N L IN E A R  M ODES

In this section we show that the system (3.1.5a — c) has a ’cut-off’ value 

(see below) at a finite value fj = fjo, there being only one nonlinear ’mode’ Vn 

for fj > fjo but three nonlinear ’modes’ for fj < fjo. Only one of these three 

modes turns out to be mathematically consistent however.

So for 97 < 0 we put 97 =  —( say (f > 0) and set

(  =

Substituting these into equation (3.1.5a) yields

4:1̂  - 3 h = (3/2'

which we consider for now as an equation for h, given a^ . This admits a

solution of the form

h =  cos cos 39 = ( 3 / 2 ’

i.e.

cos30 = - - a „ y

determines the three values of 9, or the three nonlinear ’modes’, and is valid 

provided
1 -3/2

<  1. (3.2.1)

This implies a ’cut-off’ value at

3 /2

O m - ± 2 ( g

Similarly for 77 > 0 we write

Therefore introducing hi = sinh 9, we obtain

sinh 3^ =
Cl
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I.e.

sinh 3^ =  —am fv\
2 I sJ

- 3 / 2

SO that in general this suggests only one nonlinear mode for 17 > 0. The 

question of how many of these modes are present in the solution of the full 

system (3.1.5a — c) now needs to be tackled.

§3.3 ’C U T -O F F’ ANALYSIS

We expect the amplitude a^  to have the form

fig 3.3.1

See section 2.11. Now (3.1.5a) gives

fig 3.3.2

Therefore we have a double root where,

+  V^n =  -am  and ^ =  0 ,
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I.e.

fjo =  —3/i^ < 0, (3.3.1a)

and

am = cLo = ±2 j (3.3.16)

which agrees with (3.2.1). So assuming a^  has a finite value at the ’cut-off’ 

point we consider a^  to have the form

~  ao +  7 ( ^ 0  — f)Y + 7 ( 7 0  ~  -|-. . .  j (3.3.2a)

as 77 ^  7 o— for 0 < 6  <  1, where 7  >  0 if 6  <  1 (from fig 3.3.1). Then for fii,

6,3 say, we have the forms

6-1,3 ~  o: T Pivo — +  P{fjo — v Y  +  • • • (3.3.26)

from (3.1.5a), (3.3.1a, 6 ), where a  < 0 and for r i and rs (corresponding to hi, 

and 6,3 respectively) we have

^1,3 oc ( 7 0  — fj) +  -̂ 1 ( 7 0  ~  "ijŶ  ̂+  • • • (3.3.2c)

Substituting the a„i, À3 , and combination into equation (3.1.5a) we obtain

the following equations at various orders,

ct  ̂ “t" fjoCi = —clq, (3.3.3)

from an 0 (1 ) balance

3a^/3 +  fjoP = 0, 

from an 0{fjo — fjY^^ balance. This last balance implies

f7n\l/2

” - M )
Substituting this expression for a  into the 0(1) balance above we get

T7.\3/2
CLq

which agrees with our expression for a^  at the ’cut-off’ (3.3.16). Now at 

0 (7/0 — fjY we have

4- 3a/3^ 4- fjoP = - 7 ,
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i.e 3q:/?  ̂ =  — 7  which implies 7  > 0 (since o: < 0). If the forms for hi ^3 and r i ,3 

are valid then

h2 ~  —2a  +  /?(^o — 17)̂  +  . . . ,

since

hi h2 — 0.

Substituting À2 into (3.1.5a) yields

{2 a Y  +  fjo{2 a) = ao, 

from as 0 (1 ) balance, therefore if

fjo = -3 a^ ,

then

(“?)
which again agrees with the earlier result, also

1 2 a^^ + fjo^ = - 7 , 

from an 0{fjo — fjY (if N  = 6 ) balance, which holds if

P = and fjo = -3 a^ ,

Now equation (3.1.56) implies

<  ^  (3^n/tn +  1)
rn (3% + 77)

therefore substituting

/i2  2a  +  P{fjo -  f jY,  h'2 =  -<^^(^0 -  ^)^"\

into (3.3.4) and using 7 0  =  —3o:̂  we obtain

[ 2 _____ ^^{ÿo -  vY~^
r 2 3 a  ’

after some working, i.e

T2 ~  0 ( 1 )  {fjo -  v Y  - f ----
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Having established through the working above that the expressions for 

(/ii,/i2 ,/la), (t’i,î"2}7’3) are consistent, we examine equation (3.1.5c) near the 

’cut-off’ value fjo. We first take the ri (or r^) asymptote which becomes singular 

at Tj — ?yo, I.e

{f)0 -  I ? ) - '/ '- ' ~  -Voa'rn,

from (3.1.5c), so

which contradicts (3.3.2a). So we are left with a ( a ^ , 7*2 ) combination, i.e 

one nonlinear mode for fj <  fjo and one nonlinear mode for fj >  fjo (below we 

drop the subscript ’2’ for convenience).

§3.4 P H A S E -P L A N E  A N ALYSIS

Initially an attem pt was made to solve the reduced system above numeri­

cally, using iterative techniques and a Runge-Kutta shooting method, but no 

conclusive results were obtained. The Runge-Kutta algorithm did however 

suggest that singularities may be present at certain critical points. To gain 

some analytical insight into the structure of these critical points we therefore 

study now a modified system, namely

f jh = —am,  (3.4.1a)

(3 /1^ -|-7) ) / d- (3 /1/1' -I-l ) r  =  0, (3.4.16)

(3.4.1c)

The change that we have made to the original reduced system is to multiply

the term  —fja’̂  with the coefficient 3/2, which enables us to integrate (3.4.1c).

Making the transformation
d  d  d h

dfj d h  dfj ’

yields

-{- ijh = —CLm, (3.4.2a)
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dr df}
(3/i +  77)—  + (3/1 +  37')’' — O5dh dh

(3.4.26)

where r  ̂ am, are now functions of h. Integrating (3.4.2c) we obtain

+ Tc, (3.4.2(f)

for some constant say (r =  at 77 =  0). After some manipulation of 

equations (3.4.2a, b,d) the following form is obtained,

(3.4.3a)

^  =  —Qhvc — 7̂7 (77 +  6h^Y — 21h^ . (3.4.36)

We can now carry out a phase-plane analysis, based on finding where (3.4.3a, 6 ) 

are simultaneously identically zero to determine the critical points. So putting 

ff = h'^v into (3.4.3a, 6 ) yields

9 \2  33
= 0 , (3.4.4a)

=  — 6 h r c  — - h ^ v [ { v  +  6)  ̂ — 21] =  0 , 
dt 2

and hence we need to solve the cubic equation

(3.4.46)

=  V (v +  6 )  ̂ -  2 1

for V. The solutions are

3-f(21)^/2 3 - (2 1 )1 /2
Vl = - 3 ,  V2 = ------   , 773 =   2--- •

Therefore choosing Tc = 0.5 (without loss of generality) we can locate the three 

critical points, which are found to be

ui =  - 3 ,  hi = -0.560977572, 771 =  -0.944087511,
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3 +
i;2 = -------------- , h2 = -0.371182824, 772 =  0.522351087,

3 -  (2 1 ) ^ / 2
773 = ----------— , /13 =  0.83760129, 773 =  -0.555148501,

using (3.4.4a).

To determine the nature of these critical points we perform a local analysis. 

So if in general we have a critical point at (77*, hi) then we set

h = hi-\-Y, 77 =  ?7i +  X,

with X ,  Y  small. Substituting these into (3.4.4a, b) gives 

d Y  3 3
Y '  ^  9/i-]X +  -[27hifji + I5h^ +  4^f]F, (3.4.5a)

~~ T 15h^]X — -[2 4- 2^fjlhi +  6077*/t?]y, (3.4.56)

after some working. Inserting the 77, h values for the critical points into 

(3.4.5a, 6 ), we find that all three points are saddle points, again after some 

standard phase-plane analysis. We now briefly examine (3.4.3a,b):

when h = 0, —
dfj ’

dh
so -rr —> TO as 77 ± 0 0 ;drj

when 77 =  0 , —
dh ( 1  -f %6 .̂ )
dfj Sh

dh L Iso —-----> — 0 0  as a —> ± 0 0 ,
dfj

but ^  is positive when h is small and negative for ( 1  +  |/i®) > 0 , i.e in the

-  ( I ) ' ' '  < /. < 0 ,
drj

region

See figure 3.4.2a for a plot of the phase-plane. We see from the plot of the 

phase-plane that a possible solution or phase trajectory has h < 0 for all i.e.
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fig 3.4.1

and all the analytical features from the above phase-plane analysis are present. 

Having studied the modified system we turn our attention back to the actual 

equations, for which we might expect to obtain a solution similar to that above 

for h. However before moving on we see from the phase-plane plot that the Ag 

solution which we obtained from the analytical analysis, is no longer a suitable 

possibility because of the location of the critical points, but an alternative 

solution, phase trajectory does exist, which is smooth throughout as sketched 

above.
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fig 3.4.2a

Phase plane plot for the system (3.4.lo  — c)
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§3.5 TA Y LO R  SE R IE S  M E T H O D

Before moving on to solving the actual system numerically we examine the 

modified equations locally near the singular points using Taylor-series expan­

sions for the variables h, r, a^ , as an alternative to the phase-plane analysis. 

Thus, near the singularity rji, say we set i] = rji s {s > 0) and substitute the 

following Taylor-series expansions in s into (3.4.1a, 6), (3.4.2d),

h = hi hiS ^

CL —  O j  - j -  ,

r  =  +  fi5 - f ----

The leading-order equations obtained from (3.4.1a) are

hi -f- Tjihi — a*,

(3/i^ - f  7]i)hi hi =  —â i ,  

while equation (3.4.16) gives

{3hi +  rii)fi 4- {3hihi -f l )n  =  0, 

and equation (3.4.2d) gives

2 3Ti = - -d iV i  

3
2n f i  =  --{âiTji  -t- ai).

After manipulation of these five leading-order equations we obtain an expres­

sion for hi ,
_ 2rc -\-^hi \̂ {2r]i +  )̂  -

 ̂ 6h irc  +  §77i [{T)i -b 6 /iJ )2  -  2 1 / i j ]  ’
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which matches with the expression from (3.4.3a, 6 ) for dh/df}. So, near the 

critical points, the above Taylor series method yields the same structure as the 

phase-plane analysis. This analysis provides a check on the previous working 

for the modified system.

§3.6 N U M E R IC A L  RESU LTS

Below we show numerical results derived for the actual system (A/S),

-(- i]h = —cLrrn (3.6.1a)

(3/i^-|-7))r'- |-(3 /i/i'-f l ) r  =  0, (3.6.16)

(r^)n =  (3.6.1c)

and for the modified system (M/S) for comparison. A classical fourth-order 

Runge-Kutta shooting method is used, where we shoot forwards and backwards 

from 17 =  0, for different h, r and am values. In particular we choose a value 

for r  at 77 =  0  and then try different values for 6, at 77 =  0  until we obtain a 

valid solution; we note that choosing h fixes a„̂  at ^ =  0 from (3.6.1a).

Different step lengths (e.g steps of size 0.001, 0.00125, 0.004 were tried, 

however we find that apart from obtaining a slightly more accurate solution 

when using refined grids the solution form remains the same) and ranges for 77 

are used, although since all the critical points are located near the origin, the 

range 77-00 =  —20 to 77+00 =  20 is sufficient. We conclude from the results below

that solutions exist which stretch from — 0 0  to oc in 77, which was part of our

aim and that the solution at this amplitude level confirms that the positions of 

maximum amplitude move towards the centre of the spot, and hence the spread 

angle is reduced. We note that the Runge-Kutta shoots back-up the phase- 

plane plot, and that the critical points present are clearly evident. However 

numerically it is difficult to obtain the unique solution which exists, for each 

set of initial values r ( 0 ), 6 .(0 ), a^i(O).
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fig 3.6.1c

In figures (3.6.1a— c) numerical solutions for the actual system are shown. Shooting 

backwards from h(0) =  —0.649, r(0) =  0.707106, Om(0) =  0.273359.
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fig 3.6.2c

In figures (3.6.2a — c) numerical solutions for the actual system are shown. Shooting 

forwards from h(0) =  —0.649, r(0) =  0.707106, 0,^(0) =  0.273359.
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fig 3.6.3c

In figures (3.6.3a — c) we shoot backwards (for the A /S) with 

h(0) =  -0.649, r(0) =  2.0, o^(0) =  0.273359.
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For completeness we shoot backwards (for the A /S) with 

h{0) — 0.5, r(0) =  0.707106, Om(0) =  —0.125,

and note the presence of the critical point
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We shoot forwards in figures (3.6.5a — c), (3.6.6a— c), (3.6.7) (for the A /S) 

so as to emphasize the existence and location of the critical point, 

fig (3.6.5a -  c), h{0) =  -0 .58 , r(0) =  0.707106, Om{0) =  0.195112.

fig (3.6.6a -  c), /i(0) =  0.8, r(0) =  0.707106, a^(0) =  -0.512.

fig (3.6.7), h{0) =  0.65, r(0) =  0.707106, a^(0) =  -0.274625.
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Numerical solutions for the modified system. Shooting 

backwards with, h(0) =  —0.58, r(0) =  0.707106, 0^(0) =  0.195112.
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Numerical solutions for the modified system of equations.

Shooting forwards with, h(0) =  —0.58, r(0) =  0.707106, am(0) =  0.195112.
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§3.7 SU M M A R Y

In this chapter the governing equations relevant to the current higher- 

amplitude level-II have been derived, in sections 3.1, 3.2, 3.3. A ’cut-off’ 

value at a finite value 7] = fjo has been identified. We note here for comparison 

purposes that the solution for the governing system (3.6.1a — c) is different 

from the solution for the boundary-layer higher-amplitude equations of Smith 

et al (1994). The reason for this is that the pressure-displacement laws yield 

different governing relations. For the present wall-jet case we have

)v — ~  (3.7.1)

whereas in the boundary-layer case

=  1  r
7T J—oo fj — Ç

in our notation (Smith et al 1994). Nevertheless as the amplitudes increase in 

the boundary-layer spot case an analogue of (3.6.1c) eventually holds, i.e.

-  2̂ 771 -  V^'m =  (IpoH'

in the notation of the last-named paper. Finally we observe here that as the 

typical value of the pressure r  at 17 =  0  increases, the maximum amplitude 

moves towards the middle of the spot’s trailing edge.

The next move is to consider the new stage that must arise as the amplitude 

is raised still further. At this new amplitude level the entire trailing-edge region 

becomes affected by nonlinearity. In effect we have Z — qX  increasing to 

0 ( X ) ,  which corresponds to A  increasing to 0 {X ) .  So |A io|, |uio| increase to 

(9 (X 3/2 ) they are comparable and hence the mean-flow correction becomes 

comparable with the basic mean-flow X s ,  formally. As a result a strongly 

nonlinear effect is implied at that level, with the fluctuating part oc 

also increasing to the order X  since |Ao| oc |^o| ~  In chapter 5 we

investigate this in further detail.
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CHAPTER 4

THE EDGE LAYER FURTHER DOWNSTREAM
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§4.0 IN T R O D U C T IO N

In this chapter, to help complete the overall picture of the spot, we investi­

gate the edge-layer further downstream in the x = 0( t)  region which forms the 

bulk of the spot, this 0( t)  scaling being suggested by the analysis of section 

2.2. We begin by considering the thin-layer versions of the three-dimensional 

unsteady nonlinear Euler equations, which are valid for all scaled time, along 

with the rescaled versions of (2.4.2), (2.4.3o, 6) in section 4.1 below. The gen­

eral approach here is similar to that in chapter 2, i.e. we obtain the relevant 

controlling relations from the momentum, continuity and pressure-amplitude 

balances and then we manipulate these controlling equations to obtain the 

main governing amplitude equations at x = 0(t).  We note that the amplitude 

equations at this order are partial differential equations (whereas at x = 

we have ordinary differential equations), see section 4.3.

In section 4.4 we modify the linear theory of chapter 2, by increasing the 

distances x, z to 0(t).  At this distance the major contributions to the integral

(2.2.3) come from 0(1) values of a, /3. So the new feature emerging here 

is that the detailed distribution Q(a,/3) now modifies the solution amplitude 

at leading order, and in particular it has a damping effect on the amplitude. 

There are again two wave families present containing an infinite number of 

waves analogous with those in (2.2.6). Moreover, the wake remains confined 

to 1̂1 < Oc, with a modified form of (2.2.7) applying in the edge region, the 

caustic zone of the spot disturbance.

In sections 4.3 and 4.4 we match the nonlinear and linear theories. As a 

consequence of using the thin-layer Euler equations in examining the nonlinear 

theory, we find that in the lower amplitude limit (i.e. matching back to the 

linear theory) we regain Airy’s equation, damped down by an exponentially 

decaying factor from Q(a,j3) ; also the governing relations in the 0( t)  zone are 

analogous with those for the trailing-edge region.
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§4.1THE O R D E R  t R E G IO N : N O N L IN E A R  T H E O R Y

The governing equations to be addressed here are the thin-layer versions of 

(2.1.1a — d), namely

“t“ T njj. — Oj (4.1.1a)

U t - \ - U U ^ - \ - V U y + W U ^  = -p:c, (4.1.16)

W t  U W x  V W y  W W z  = — P z ,  (4.1.1c)

which are valid for all scaled time in the present context. Our new scalings for

the spatial variables are

{x ,y ,z )  = { t X , Ÿ , t Z )

where X ,  Y ,  Z  are all 0(1) generally. The normal scaling in the current 0{t)

region follows from (2.3.16) and (2.4.3a), while the x, z scalings define the

current region of interest. Substituting these scalings into (2.4.2) and (2.4.36) 

we obtain after some manipulation

E = exp{i[th{X) +  f /% ( Â ) ] ) ,  (4.1.2a)

z — qx — (4.1.26)

respectively, where 6,, g are generally of 0(1) at most X  values of 0(1) but

Â(Â) -  ^(Â) -  as Â - ^ 0

to match with the previous work. Also rescaling the expansions (2.4.1a — e) of 

the flow solution we have now

u = Ÿ  +  E-'^ûl) + . . .  +  -h û i o f +  c.c)+

. . . +  +  E^Û2 2 t~'  ̂ +  EÜ2 lt~^^^ +  Ü2 ot~^^^ +  C.c) +  . . .

Eû^it -j- ûgot -\- c.c) (4.1.3a)
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i; =  t - ^ > \ E v o  +  E ~ ^ v l)  +  . . .  +  +  c . c ) +

. . . +  t - ^ l h ‘̂ l \E^V23t^^'‘‘ +  E^i>22t~^ +  E v 2lt~^^^ +  V2ot~^'^ +  C.c) +  . . .  

+ r ^ lH ^ I \E * V 3 i t - '^  +  £3^33i-3/2 +

E^V32t  ̂ 4* E v ^ i i  + V3ot +  c.c) +  . . . ,  (4.1.36)

w  =  r ^ / % E w o  +  E -'^w ;) +  . . .  +  t - ‘̂ l \ E ‘̂ W22t-'- +  E w iit-^^ ^  +  +  c.c)+

. . .  +  t~^'H-'^l\E'^W23t-^''‘ +  E^W22t~'- +  E w 2l t-^ '^  +  W20f^^^ +  C.c) +  . . .

E^W22 i   ̂ 4" E w ^ i t  +  tDsoI 4" c.c) +  . . . ,  (4.1.3c)

for the velocity components, and

p =  r"/^('/"(Epo +  E-'^p'o) +  . . .  +  r"/"(E"pi2(-^/^ +  E p iit^ /^  +  pio(-'/^ 4- . . . )  

^j-4/3^1/3(^3-^3^-3/2 ^  E % 2t" '^  4" 4" P2oi^' 4" C.c) +  . . .

r * i \ E % i t ~ ^  +  E^p33r^/^+

E^P32^  ̂ 4" E p s \ t  4" P3ol  ̂ 4- c.c) +  . . . ,  (4.1.3d)

A  =  4- E - ' i ; )  4- . . .  4- r^ ^ ^ {E ^ A i2t~^ +  e i u r ' / ^ 4 -

+  c.c) 4- . . .  4- +  E ^ À 22t -^  4- E À 2 i t - ^ '^ +

+  c.c) 4 - . . . t -^ ^ H - ^ ^ \E * À 34t -^  +  E ^À zzt-^ l^  +  £^^321“' 4 -

E Â 32t  4" ^3ol 4" c.c) +  . . . ,  (4.1.3c)

for the pressure and displacement respectively, where û^, Vn, are functions 

of X j  77, Y  and p„, are functions of rj and X  only. Equations (4.1.1a — c) 

apply subject to the constraints.

u y - \-A , w ^ O  as y  ^  oo, (4.1.4a)
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?; =  0 at y  = 0, (4.1.46)

and the pressure-displacement relation is, from (2.1.66),

p — -̂ xx* (4.1.5)

In the analysis which follows below we use the transformations

dy dÿ,

dz

dt dt — t — (l/3 ) t

and

% i{th^ +

Eÿ ^  it^'^gE,

E t - ^ i { h  + { \ IZ )r^ l^ 'g )E ,

from above.

Substituting (4.1.3a — d) into the governing thin-layer system (4.1.1a — c) 

yields the successive controlling equations as follows. At first order [E terms 

only) we have

— qg) -f Vqÿ +  =  0, (4.1.6a)

iüo(Ji — d" — 9^^) "h — —̂ PoiJ^x — 9^); (4.1.66)
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iwo(h — Xhj^ +  — qŸg) = —igpo, (4.1.6c)

from the continuity, streamwise and spanwise balances respectively. These 

controlling equations apply subject to the constraints

ûo =  0 at ÿ  =  0, Üq Ao  as Ÿ —> oo.

2 ^
“̂ 0  =  ^ 0 , (4.1.7a)

The solutions for uq, vq, wq hence obtained are

ĝ P( 
à p

Vq =  —i à À o Ÿ ,  (4.1.76)

Wq =  — (4. 1. 7c)  

with the resulting ’internal’ pressure displacement relation being

À q =  Fpo) (4.1.8)

where

P  =  ^ - \ - Ÿ â ,  ^  =  h - X h x .

At second order { E  terms only) the continuity, streamwise and spanwise mo­

mentum balances yield

— qg) +  +  füor} =  0, (4.1.9a)

i ü i i ( h  — X hj^  Ÿhj^ — q Ÿ g )  4- v u  — qŸüorj =  —i p i i i ^ x  ~  9^) d" (4.1.96)

i w i i ( h  — X h x  +  Ÿ h x  ~  q Ÿ g )  — qŸwQf^ =  ~ i g p i i  ~  Pofji (4.1.9c)
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respectively. The solutions for ûu ,  ûn, wu  subject to the constraints 

ûii =  0 at ÿ  =  0, ûii —> All as ÿ  —)• oc,

are therefore

“ 11 "  i  ’ (4.1.10a)

where

â = -[igpii +  2por} +  2qgpofj/à]g,

r = qf^pof j là ,

1̂1 = q ÿ — iâpii +  qporj ~  i^üi i ,  (4.1.106)

■Lüii — ^[qŸwoff — igpii — Por)\- (4.1.10c)

The internal pressure-displacement relation between pn , A n  here takes the 

form

ip „ r $  =  -  Poiilq -  2g/à -  # /& " ] .  (4.1.11)

Similarly at third order {E terms only) the controlling equations are

iÛ2 i{h^ -  qg) +  û^iÿ +  ~  gfiiif) +  =  0, (4.1.12a)

iÛ2i{h -  X h x A Ÿ h j ç - Ÿ q g ) - \ - V 2 i -  Ÿ qum^ +  iûo{Ÿrjgx -  Xrjgj^)

= - i p 2 i{hx -  qg) +  qpiiv -  iqgxPo, (4.1.126)

iw 2 i(h -  X h x  -\-Ÿhj^ - Ÿ q g )  -  Ÿqwnfi Aiwo{Ÿrjgj^ -  Xrjgx)

= —igp2 i — Piifj, (4.1.12c)
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fro m  th e  co n tin u ity , s tre a m w ise  a n d  sp an w ise  m o m e n tu m  b a la n c e s  re sp ec tiv e ly . 

T h e se  a re  s u b je c t  to

‘021 =  0 a t  Y  =  0 , ‘Û21 —> À 21 as ÿ  —> 0 0 .

H en ce  w e h av e  fo r { u2i , V 2i , W 2i)

Ü2 1  = À 2 i - i  [  ^[Yqû-^iüŸ -  -  ^ )^oŸ  +  +  g^~'^ŸqwnrjJoo p

- g t ^ z w o r g x i ÿ  -  -  9 P ~ ' i g V 2i -  9 ^ % ! ^ ]  d Ÿ ,  (4 .1 .13a )

f»2i =  - i p 2i à  +  qpiiTi -  iggjcPo -  iÛ2iP  +  ŸgûiiT, -  i ü o f i g x i Ÿ  -  X ) ,  (4 .1 .136)

W 2 1  =  - i / 5  guiiiT} -  i w o T j g j ^ { Ÿ  -  X )  -  i g p 2 i  -  P i i r j ) -  (4.1.13c)

The resulting internal pressure-displacement relation between P2 1 , ^ 2 1  is 

- i p 2 l  -  * ^ ^ 2 1  +  Pl l f i  ^ 9  -  ^

+ipofHi i ^  + ^ 4 “ +  ■̂  ) +  ÀoipgjiX + ipo{rigxg^ jà^ -  =  0. (4.1.14)
y  a  o r  ol  J

Now at fourth-order the controlling equations are found to be 

iuziQix -  qg) +  f'aiÿ +  i^3i^ -  qÛ2 ir} +  W2 ifj + iûiirjgx +  Ûqx = 0, (4.1.15a)

iüsi(h — X h x  +  — Ÿ  qg) + ‘Û31 — Ÿ  qu2 ir) +  i ^ w g x iX  — X)rf-\-

û o (-5 /6  +  +  i^iùio -  ûioqig) +  û^xiX  -  X )  -  (l/3)i7Û(w} +  ûio^oÿ

+Ooûioÿ =  -^P3i(^x -  qg) +  qP2 \ri -  Piiipgx -  PoJĉ  (4.1.156)

iw 3 i(h — X h x  +  — Ÿ  qg) — Ÿ  qw2 irj +  iÜJngxiŸ — X)Tj-\-
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'iI'o(‘"5/6 4- ihxüio +  igwio — ûioqig^ +  Wqx(Ÿ  — X )  — [1 / 3)fjWo^ +  viqWqÿ

■i-voŵ QŸ = -WP31 - P 2 ii), (4.1.15c)

from the continuity, streamwise and spanwise E  term balances respectively. 

We examine (4.1.15a — c) further in section 4.3.

The leading order mean-flow responses ( contributions), meanwhile, are 

as follows. At second order we obtain

4" ^ 2 0 Ÿ "h '^10‘n ~  0 (4.1.16a)

—Ÿ çûio»7 4" V2 0  =  0 (4.1.166)

-Ÿqwioij = 0 (4.1.16c)

from the continuity, streamwise and spanwise balances respectively; hence

1Ü10 =  0, Û20 =  ?gAiof), Ù10 =  Â10 ,

where the displacement function A\q is unknown. At the next order, the con­

trolling equations linking (Û3 0 , ^4 0 , f^so) are

Û40 —î^çÛ30T7+fiioÂ’( ^  — '^ )~ (l/3 )^ ftio ^ + ‘ÿiof^ioy'""'^io4-ni — gpioi), (4.1.17a) 

where

III =  [-gû o îtZ n  +  ^ i iÛqÿ +  ~  ^ 11% ^  +  ^ 0%  -  '^0^11^9 +  c .c ],

from the streamwise momentum balance, and 

—yçû;30T}4-û'ioÂ-(^^~'^)“ (l/3)^'^iOï7 + '^io^ioy~'^io4-n2 =  —Pio»}, (4.1.176) 

where

II2 =  [—quQWQ̂  4- 4" ûo^iiÿ 4- — WQw\^ig — WwWQig

—Uiiwlihx — Uow{-^ihx +  Uoqw{^ig -f Unqwlig -f c.c],
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from the spanwise momentum balance. Following the pattern of section 2.6 we 

take the combination q times (4.1.17a) minus (4.1.176), and then set Ÿ =  0 in 

the resulting momentum equation to give

—qXÀ^Qj^ — -qrjÀioij — qÀiQ +  {q  ̂ -f- 1)11 =  (ç^ +  1)piotjj (4.1.18)

where

Here we have made use of the solutions for (ûojf i n , f ^ n )  to obtain the 

expression for IT. We note that the mean-flow balance at first-order from the 

streamwise momentum equation is

flio =  0,

consistent with the result v^qÿ — 0 from the continuity equation (second order 

balances).

§4.2 E X T E R N A L  R E LA T IO N S

From chapter 2 we have the pressure-displacement relation

P -- ~-^xx, (4.2.1)

for the wall-jet case. Substituting the expansions (4.1.3d, e) into (4.2.1) yields 

the external relations as follows. From balancing mean-flow terms proportional 

to we obtain

Pio ~  (4.2.2)

linking pio, ^lo- Now balancing terms proportional to E  we have

po = À o à \  (4.2.3a)

at first order,

Pii — -f- 2içÂofjô:, (4.2.36)

at second order,

p2i =  +  2 î g À i i T j â  4 -  2 r j g j ^ A o 0 L  — ( 4 . 2 . 3 c )
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at third order,

P31 =  +  2iqÀ2iT}à — À n ^  +  2T]gj^Àiiôi — 2iÀQj^à

-\-2qirjg Àoi  ̂+  ‘̂ qigx^Q — Àoihj^j^, (4.2.3d)

at fourth order. Coupling the external and internal pressure displacement 

relations above we then obtain the following eigenrelations;

$  = —à^ , (4.2.4a)

from coupling the first-order relations (4.2.3a), (4.1.8), leaving po arbitrary, 

and

-Sqa^  +  2ga -  q f  = 0, (4.2.46)

from coupling the second-order relations (4.2.36), (4.1.11), leaving po and pu  

arbitrary. This last eigenrelation yields

à = gq.

Coupling the third-order relations (4.2.3c), (4.1.14) we obtain the eigenrelation 

~i-^ 0 rrn{~^ôiq^ -f 2qg — â) + iÀo[—g^ X  — 3ÔL̂ )i]gx = 0, (4.2.4c)

leaving p 2 i, pu  arbitrary. Substituting à = gq into (4.2.4c) yields

-I , (4.2.5)

which is used below.

§4.3 G O V E R N IN G  A M P L IT U D E  E Q U A T IO N S 

O F T H E  0{t)  E D G E -L A Y E R

We now derive the main governing amplitude equation for the current 0{t)  

edge-layer region, using the fourth-order balances (4.1.15a — c).

Taking the derivative of (4.1.156) with respect to Y  and substituting for 

dial, dai gives

dai =  Â31 — % /  ^  ^ÔaidY, (4.3.1)
J 00
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subject to Û31 Asi as Ÿ  00 after some manipulation. Here

Ô31 — ^ 1  +  ^ 2 ,

where

T>i = -gP~'^[vioWQŸ + f^o^ioÿ +  iàwoüio +  igwoWio]

— [iàüoûio +  igüoWio + ViqÜ̂ ÿ  4- ûo'^ioyjÿ')

V 2 = W2lfi + yqÜ2lfiŸ -  

~ { y  ~  ^)'^oxŸ + 3 ’î^o^f — '^9^^ ^?3i — gP~^P2ifj +  gP~^Ÿq^2ifi

- ig 0 - ^ w n g x ( .ÿ  -  X)f ,  +  -  f r ^ W o x { Ÿ  ~  ^ )  +

Substituting this expression for Û31 into (4.1.156) and taking the limit as Ÿ —̂ 0 

establishes the amplitude equation at fourth order as

( 337?^°^^ “  3 ^^°) - ~  —iàgoÂ-^Q, (4.3.2a)

for Po, after some working. Here we have made use of the expressions for 

the external relations (4.2.3a — c) amongst other details. As before we note 

here that the right-hand-side contains all the nonlinear effects. Therefore for 

a linear disturbance the amplitude equation again reduces to Airy’s equation 

for Po, giving the solution

P o  oc (4.3.26)

in terms of the Airy function A{, where «S(A’) is determined by matching with

the linear theory holding in between the edge layers. In the general nonlinear

case we have two main governing partial differential equations (4.1.18), (4.3.2a) 

for Aio, Po, which after further simplification are

_ _ 3 ' / 2

V
~  (4.3.3a)

1 - - 3 3 /2^ 4
~ ^ ^ i o x  ~  -  Â 1 0 ----------------------------------------------------------- (4.3.36)
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So in general we have sets of nonlinear governing amplitude equations along 

the edge-layer which reduce to Airy’s equation in the linear limit. The main 

reason for the present structure is that we have used the ’thin-layer’ versions of 

the unsteady incompressible Euler equations throughout and the analysis has 

been restricted to ’large distances’ [x^z) < 0(t).  For larger distances beyond 

0{t)  we would expect the full Euler equations to apply again since locally the 

streamwise and spanwise scales would then be comparable with the normal 

coordinate scaling,

§4.4 0{T)  L IN E A R  T H E O R Y

From section 2.2 we have, for the amplitude outside the edge-layer, the 

integral representation

1 /*°° ~
Â(X, Z, T)  = — ~ /  Q{a, p) exp[iaX +  ip Z  -  (a^ +  p ^ a T j i a d p .

47T J — o o  %/ —  oo
(4.4.1)

So in the current 0{T)  region we write

{Xj Z)  = T { X , Z) = TR{cos 6,s'm6), (a,/?) =  r(cos sin ( )̂, (4.4.2)

in polars. It is observed that Q{a,P)  affects the amplitude at leading order 

since a, P are now 0(1). For Q[ol̂ P) we assume the Gaussian form

= exp[—(a^ +  P^)], (4.4.3)

as an example. Substituting (4.4.2), (4.4.3) into (4.4.1) and integrating with 

respect to (j) we then obtain

1
A =  —  'y{r)Jo{Tc)rdr, (4.4.4)

7̂T J0

where

c =  (r^R2 _  2r^R cos 6 -f / ) " / ^

7 (r) =  exp(-r^),
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after some manipulation. Here Jo is again the zeroth order Bessel function. 

As in section 2.2 we make the substitution r = for >> 1 and use the

method of stationary phase to obtain

2'/'7TÂ

R
(2T)i/2

R

( ------   r-exp{—Ra^)exp[iTR^^ ‘̂ B ^ ± ' ^ ]
1/2

\TR^/^B} J j^3/4 -̂ 1 ^

( tA bt) e x p ( - f i . r ) ±

(4.4.5)
( 2 T ) ' / 2

for —$ c < B < 6 c  where

Bi(ff) =  ( u i  —  2 ( T j  C O S 0  +

-^2(^) — (—2 COS 0 -|- ,

(7^(0) = ^[2 cos ^ ±  (4cos^ 6 — 3)^/^].

So the present amplitude decays exponentially far downstream in this 0 (T ) 

range. This effect is a direct consequence of the 0(1) contribution made by 

Q[a,(3). We note also that the half-angle prediction remains the same, 6c = 

30°. In detail (4.4.4) gives

(4.4.6)

where

Bi -

3 / 21/2%

3 1 / 2

c = and 7],X are 0(1).

Once again we notice the factor which acts to damp down the ampli­

tude sufficiently far downstream.
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Now using Po ~  cos[^|p|^/^] as 77 —0 0  as our boundary con­

dition, and matching with the linear result (4.4.5) in the centre of the wake 

region, we have that

oc exp(-X cj(0 )/ cos 9), 

which may be used to simplify (4.3.36) a little for small amplitudes as X  —> 0 0 .
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§4.5 SU M M A R Y

In this chapter we have derived the governing nonlinear amplitude equations 

(4.3.3a, b) valid in the front-end caustic region of the spot. These equations 

are found to be analogous with those in the trailing-edge region of

the spot further upstream, except that the amplitude is now damped by an 

exponentially decaying factor in the edge layers. The other main

conclusion is that we have sets of nonlinear amplitude relations along the edge 

layers for distances (x, z) up to 0(t).
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CHAPTER 5

AMPLITUDE LEVEL III

NONLINEAR EFFECTS IN THE ENTIRE 
TRAILING EDGE REGION
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§5.0 IN T R O D U C T IO N

This chapter presents the first half or so of work which is still in progress. 

The aim in this chapter is to consider raising the amplitude still further, leading 

in effect to a study of the entire trailing-edge region. The nonlinear interac­

tion present now is found to become strongly nonlinear and, in contrast with 

the interactions addressed in the previous chapters, effectively all the higher 

harmonic fluctuations also play a significant role; see sections 5.1, 5.2, 5.3 be­

low. As in previous chapters we derive a closed system of equations linking 

all the major unknown variables and in particular we establish analogues of 

(3.6.1a — c); see section 5.3.

We show in section 5.3 that the leading-order equations for the wave term 

are related to the KDV equation and that the mean-flow balances at leading 

order involve ’Reynolds stresses’, while the wave-term balances at the next 

order are needed in order to obtain a closed system.

The general method used is similar to that in chapter 2, except that since 

we are now concerned with the entire trailing edge region we work in polar 

coordinates. Also, since all the fluctuation terms are present at the current 

amplitude level we introduce Fourier expansions, as is seen in section 5.3.

We note that the results from the current work also hold in general for 

the case of the boundary-layer spot (Smith, Dodia and Bowles (1994)), partly 

because the mean pressure-amplitude law plays only a passive role for these 

higher levels of disturbance. The current analysis for the boundary-layer spot 

appears in a review paper by Smith, Dodia and Bowles (1994) in brief and will 

appear in detail in Bowles, Dodia and Smith (1994/5). Prof F. T. Smith and 

Dr R. G. A. Bowles are happy to confirm that this work was done jointly.
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§5.1THE G O V E R N IN G  EQ U A TIO N S A N D  E X P A N S IO N S

Since we are now examining the entire trailing edge region we work in polar 

coordinates. Defining U and W  as our R —, 6— velocities, we have

Û = Ü cos 6 — W  sin 6,

W  = U sin 6 W  cos 6,

so that our governing equations at the current amplitude level III which we 

need to address are

- ^ Ü  + { ü -  Ü r + ( ÿ  + Üf + ̂ {W){Üe -W)= -pR, (5.1.16)

A w + ( ü -  ifî) + % + ~{W){Ws + Ü) = - ^ ,  {5A.U)

i.e the continuity, R — momentum and 6— momentum equations. Our matching 

condition (2.3.36) becomes

(C/, IV) ~  (V + i)(cos e, -  sin 0)

at large Y.  Also the normal scaling s now equals R~^Y,  of order unity, and is 

comparable with the previous s in section 2.4. From section 3.7 we have that as 

we raise the amplitude to the current level, |Aio|, |uio| increase to 0{X^^^)  and 

hence the mean flow correction becomes comparable with the basic flow Xs ,  

while the fluctuating part oc X~^/^Aq increases to 0{X) .  So the expansions 

for the velocity variables at the current amplitude level are

Ü  =  R{uojn{s^ 6)  +  Uqi(R,  0,  i ) )  +  . . .

^ R u u { F ,  e, s) +  6, s) +  R-^>^u^m) +  • • •

+  (i2u23 +  R  +  R  1̂̂ 21 + 72 l̂t2m) +  • • •
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+ (i2u34 +  R  +  R ^U32 +  R  +  R '^̂ '̂ Ẑm') +  • • •, (5.1.2a)

V = R^^^vqi 4- . . .  4" {^R̂ ^^vi2 4" Rv\i  4* Rvm) 4" •..

4-(i2̂ ^̂ V23 4" R v22 4" R  4" R ^^^V2m) 4" • • •

4"(i2^^^v34 4- Rv^:  ̂4" R ^^^vz2 4“ R ^vz\ 4- R ^yzm) 4~ • • •, (5.1.26)

w  =  R[wom 4" Wol) 4- . . .  4- {Rwi2 4“ R  4- R  4" . . .

-\-(^Rw2Z 4" R ^^^W22 4“ R 1̂̂ 21 4" R ^W2m) 4~ . . .

4 *(i2iü34 4" R ^^^y^zz 4" R ^y^z2 4- R  4- R "^^^wzm) + . . . ,  (5.1.2c)

where

F = R^/^B{Ô),

and we have

P — R^poi 4" . . .  4" {R^Pi2 4- R}^^Pii 4- R ^Pom) 4- . . . ,  (5.1.2d)

À = R(^Aom 4" .Aqi) 4". . .  4" {RAi 2 4- R A\\  4~ R  4- . . . ,  (5.1.2e)

for the pressure and amplitude respectively. The mean-flow terms with the 

subscripts m  are functions of 5, 6 whereas the fluctuating terms depend also on 

the rapid variable F  and represent in effect Fourier series in F . The expressions 

for 5 and F  yield the following transformations

d e ^ d e - \ -  R^^^B'dp. 
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§5.2 T H E  C O N T R O L L IN G  E Q U A TIO N S

We now obtain the controlling equations from substituting {5.1.2a — d) into 

(5.1.1a — c). From the continuity equation at first order we have

3
- B u q i f Vo i s B ’wqif = 0 (5.2.1a)

from the wave-term contributions, while

•SUomS ~t~ “t“ "h VJomd — 0 (5.2.16)

from the leading-order mean-flow term balance, and at second order we have

3
^Bui iF  4" viis +  B'wiiF — -suois +  2uoi +  wqi$ = 0, (5.2.1c)

from the wave-term contributions. Now the momentum equation yields 

1 3  3
( 'tiO m  +  Uoi  — - ) { —B U o i f ) +  ^’0 l( '^^0 m 5  +  '^^O lî) +  ('Î^O m  +  VJoi ) B ' u o i f  =  — —B p o i F i

(5.2.2a)

from a leading 0{R^^^) balance;

2 1 3
— —{v>QTn +  "aoi) +  {uom  +  ~  g)("̂ OTTi +  ^01 ~  SUQms ~  SUqis +  —B U h f )

3 2
+  ( ‘l^lm +  V,u ) {  — B u o i f ) +  {U i i s  +  y ' lms) vo i  +  ( v n  +  “üm +  —s ) { u o m i  +  ^O lâ)

+  ('l̂ Om +  'l^0l)('l^0me +  1/016 +  B ' u n F  ~  WQm ~  1/̂ 01 ) 4"
3

(t^ii 4- v)im){B'uoiF)  =  ——Bpi iF  — 2poi, (5.2.26)

at 0{R)', and the 0-momentum equation yields 

1 3
( l /O m  +  l /O l  —  ' ^ ) ~ B w o i F  +  Voi{woTnS  +  VJq i s ) +  {Wom  +  1/^01 =  — B ' p o i p ,

(5.2.3a)

from a 0{R^^^) balance; while

2 1 3
— -{'IVOm 4- t^Ql) 4- {Uom 4* Uqi — -){wom  +  VJqi — ^(woTnâ +  “Ô Ol*) +  ~ B W i i f )

3 2
+  (l/lm +  V‘1i)-BwoiF  +  {Wiis +  'â lm5)l 0̂1 +  (l^ll +  l̂ m 4" — 5 )(u;oTnâ +  V}qis)2 o

+  (l/̂ Om +  1/̂ 01 )(l/^0m6 +  VJQie -f B ' w u p  4" UOm +  1/Qi) +
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{ w i i  +  w i m ) B ' w o i F  — — B ' p w f  —  p o i f l j  ( 5 . 2 , 3 6 )

at the next order. We now transform the pressure-displacement relation

P = - A x x ,

into polar form, namely

P — — (5.2.4)

where c =  cos s = sin6. From substituting the expansions (5.1.2d — e) into

(5.2.4) we obtain the following controlling equations. At first order

/3  \ ^
-Poi = f - c B  — sB ' j  A qiff\ (5.2.5a)

at second order

—Pii =  C.B — AiiFF +  ^2"^ ~ ^scB'  - f -  B" —c^B^ A qif

B'  — SscB^AqifB' (5.2.56)

These are used below.

§5.3 F O U R IE R  SE R IE S EX PA N SIO N S

In section 5.1 above we noted that the fluctuating terms represent Fourier 

series in F. Below we examine this aspect in more detail and consider whether 

we have a closed system. Making the substitutions

oo oo oo oo

Uoi =  ^  Uoi =  ^  6^E"", Woi =  ^  CnE” , Poi =  '^QnE'^,
— OO —oo —oo —oo

with Uq — 6g =  Co =  0; CL—n ~  ~  ~  ^n^9—n ~  9n where E = 6 ,

we obtain from (5.2.1a), (5.2.2a), (5.2.3a) 

3

-B inan  +  bns +  B'inCn = 0, (5.3.1a)

1 3  3
(“̂Om ' '̂j^BlTLCLn "t" UOmsbn 4" WOmB ITldn 4” ^ E  ^  ̂djCLn—jt^Tl J )4"
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3
bjOin—jS 4" B  ^  ̂Cjdn—jijTl j') ~  (5.3.16)

j j

1 3  3
{uom -  - ) - B in C n  +  Womsbn +  WomB'iuCn +  ajCn-ji{n -  j ) +

^ V bjCfi—js 4" B  ^ ] CjCn—jii^Ti 7 ) ~  B  ÇniTl. (5.3.1c)
J 3

(5.3.1a — c) hold for all n ^  0, and when n =  0 we have 0 =  0 from (5.3.1a)

Y ,  bja*s 4- B 'Y ^ j ( ^ * A ~ j )  = 0, (5.3.2a)

from (5.3.16) since ^ B ' ^ j  ajaji{—j )  = 0,

B ^ a jC jZ ( i )  4 - 6jCj-— 0, (5.3.26)
3 3

from (5.3.1c) since B' Yij Cj C * j i ( — j )  = 0, which we assume later are satisfied. 

So taking the combination |B  * (5.3.16) 4- * (5.3.1c) and setting rom =

\Buom 4- B'wom, l l  =  ( | B ) ^  4" B ' ^ ,  T „ = I B a n  4- B ' c n ,  we obtain

'7’Om 7̂1̂  ̂4" ^ T7^n—j^(^ J' ) 4" 7"n—j»6j 4~ 7"om»6n =  (5.3.3a)
J J

also the continuity equation becomes

iuTn 4- 6ns =  0. (5.3.36)

Further progress can be made by assuming that Tom =  0 :1 ( 5  4- Aom) so that

Tn — OLi A qyij bji — ITlTjiS

is a solution where oli =  ( |B c  — B's). Substituting the above expressions for 

'Tom, Tn, 6n into (5.3.3a) yields

ot-iAom — — m ai Aon 4- ictl 5^(n  -  j)AojAon-j = (5.3.4a)
3

Coupling (5.3.4a) with the pressure-displacement relation (5.2.5a) we obtain 

B
0:1 Aom — 2 naiAon +  ol\ ^(?% — j)AojAon_j =  —̂ In^a\Aon.  (5.3.46)
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This last relation is linked to the KDV type equation

ctiAp  +  ol\ A A f = 'y^alAFFFj  (5.3,5)
, B^\Aom ^

since substituting the form A = into (5.3.5) we obtain (5.3.46) ex­

actly. We now examine the mean-flow balances from (5.2.16), (5.2.26), (5.2.36). 

Similarly to above we put

oo oo oo oo

U\i = ^  Un =  ^  ^11 =  CnE^, Pu = Y 9 n E %
— oo —oo —oo —oo

where ho = ho = Cq = 0, â_n =  , 6_^ = 6*, c_^ =  So our

governing mean-flow balances from (5.2.16), (5.2.26), (5.2.36) are

«Sltomâ "h 2lio77x T  '^ms T  '̂ OmB — 0 , ( 5 .3 .6 o )

''^Om T  "̂̂ Om 2^ (^Om 4" T  ^Omi

where

— ̂ 1 — X^[ûm(aJ^ — sa*^~) -h hrnà*̂  ̂+  r̂hQ‘*inâ
fh

'\-CTh{—B 'im â^  +  — c^) -f Cm{—B'iina^)] +  c.c

(^Om “  S'^Oms) +  (vm +  ^Omî
2 
3

TU7om("̂ Omfl 4” ”̂ 0m) — «̂ 2 ; (5.3.6c)

where

—̂ 2 — Y.Wmj —-^Bimc^ 4- — âc^â) 4- âm{—- B im c ^ )

4 " ^ m ^ m â  4"  r̂hC-ifis 4"  ^ ( ^ m f l  4"  ^ T h ) ]  4"  C .C .

Here the .7^, ^ 2  give the ’Reynolds stresses’. Next we derive the equations 

governing the wave terms at next order from (5.2.1c), (5.2.26), (5.2.36). Namely

zTVTn 4“ hfig 4“ 2 flf^ scL^s  4~ CfiQ — 0 , ( 5 . 3 . 7 d )
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from (5.2.1c)

2 1 3 
“ g'^n +  {y^Om “  3 ~  +  a„(Tom ~  ^Toms) +  U lm - B ir iT n  +  &n' l̂mâ +

2 3 3
(”̂m 4" 2>s)t^5 4“ WQjji(̂ Tfi0 —BCn -f- B  Ûtx) 4" Cnî TOmO '^BWqjji B  liom)

-i-WimB'Tnin +  (rom -  ^B)znfn + bnTomS 

+  +  Tl -  STls^ +  à ^ ^ B ilT L  +  6^TLg +

brh' L̂s 4" Cfn ^B 'î Ltl 4" tlq — — .Bcz, 4- B 'a i^  4-

ĉ B 'H tl] = -^ Ign in  -  ZBg^ -  B'g^e (5.3.76)

with L =  n — fhj  for rh ^  n  from combining (5.2.26), (5.2.36) as *  (5.2.26) +

5 '*  (5.2.36). The next stage is to examine what happens when we take the real

and imaginary parts of equations (5.3.7a, 6). We may take this to be equivalent 

to regarding a„, c„, gn as real and 6„ as pure imaginary since

T„ = oqAon, 6„ =  -iriTnS

is a solution, and similarly it follows that â„, Cn, gn may be regarded as real 

and bn as pure imaginary. Therefore the real part of equation (5.3.7a) yields

QiOin 4“ — 0, (5.3.8a)

and the real part of equation (5.3.76) yields

2 1 
— ~'7’n 4- (uom — g)(7"n ~  ^^nâ) 4" a-n('̂ Om ~  -SToms)4-

2 3 3
('^m 4- -s)Tns 4" Wom{Tnd ~  +  B'an) 4" Cn{Tome ~  '^Bwom 4" B 'uqjd)

4- ( t l  — -stlî) 4- Cjn î LO ~  +  B '

— ~^Bgn — B'gnd- (5.3.86)

Hence as a consequence of carrying out this process we observe that the higher 

order terms Ui^, ^ îm, Tim, àn, 6„, ôi, gn have droped out. Our complete 

system, subject to the particular solutions and assumptions we have made,
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controlling the major unknowns, namely the dominant fluctuations, the total 

mean flow and the phase function B{6) is thus prescribed by equations (5.2.5a), 

(5.3.4a) plus (5.3.6a, 6, c) and (5.3.8a, 6), however the above analysis does need 

generalization. We note that the analogy we have made with amplitude level II 

suggests that the equations which are derived from the leading order wave bal­

ance, (5.2.5a), (5.3.4a), correspond to (3.6.1a), and that (5.3.6a, b, c), (5.3.8a, h) 

from the mean flow and higher order wave balance respectively correspond to 

(3.6.1c, b) respectively.
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§5.4 SU M M A R Y

In this chapter we have studied the influence of higher amplitude nonlinear 

effects in the entire trailing edge region. As in previous chapters we again 

find that we have a mean flow/wave interaction. The KDV and Benjamin-Ono 

equations obtained for the wall-jet and boundary layer spot cases respectively, 

tend to imply that the ‘spot structure’ may be preserved as solitons retain their 

structure. A tentative link with the experimental observations of ‘coherent 

structures’ in turbulent boundary layers is suggested by Smith and Burggraf 

(1985), Kachanov et al (1993). Although the analysis is incomplete as yet, we 

do still find that the governing equations that we obtain are generally analogous 

with those at lower amplitudes in the caustic regions. Also the system is quite 

involved and complex and hence difficult to solve, but it is hoped that further 

follow-up study can be made.
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CHAPTER 6

PLANE-POISEUILLE FLOW CASE
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§6.0 IN T R O D U C T IO N

In this chapter we examine the case of a spot introduced into plane 

Poiseuille flow in a channel. The results of the linear theory in chapter 2 are 

used; there we noted that certain important properties are valid for both the 

channel and wall-jet cases; here we modify the nonlinear analysis of chapter 2, 

for the X = region.

One of the main differences between the present channel-flow case and the 

wall-jet case is that we have two wall-boundaries to consider, see figure 6.0.1, 

where the flow properties near the upper and lower channel walls interact 

through the pressure-displacement relation across the core. Naively we might 

expect to obtain more or less the same amplitude equations as in the wall- 

jet study. However we find instead that the symmetry of the geometry here 

acts to change the governing amplitude equations. In particular it is found 

that the nonlinear terms drop out eventually, although the remaining linear 

amplitude equations do match with the linear theory correctly, see sections 

6.1, 6.2. In section 6.2 a method for overcoming this problem is suggested, 

although no details are presented. The main point of the above-mentioned 

modifled approach is that we need to introduce an extra phase term in order to 

bring in nonlinear effects, this phase term implying a higher amplitude analysis 

as in Smith, Dodia and Bowles (1994). We describe the channel geometry and 

coordinate system as in Smith and Bowles (1992).
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§6.1 G O V E R N IN G  EQ U A TIO N S

In the analysis which follows below we shall use the notation of chapter 2 

for the velocity, pressure, amplitude and spatial variables. In addition we shall 

use the superscripts ’ to denote properties holding near the upper and

lower channel walls, (see figure 6.0.1). As in chapter 2 part I we start with the 

large-time equations

{U^ 4" "h — 0; (6.1.1a)

( _ _ â  + [à  -  -X ]Ù ^  + [V+ - Ÿ ] ù f  +  [ # -  - Z ] Û ^ f  =  (6.1.16)

{ - \ w  + [ Û -  \ x \ W ^  +  [ÿ  +  ^ Ÿ ]W f  +  [TV -  \ z ] W ^ Ÿ  =  - P | .  (6.1.1c)

subject to the main boundary conditions

= 0 at ÿ  =  0, (6.1.2a)

T V * - > O a s F - . o o  (6.1.26)

The pressure-displacement relation is now given by

P + - P - = 2 4 ; f ,  (6.1.3)

see section 2.1. Also we use the same large-time expansions as for the wall-jet 

case namely

= X s  + {Eu^ + +  . . . -h

+  E u f^ X -^ f*  +  X - ' - ^ \ f o  4- c.c) 4- . . . ,  (6.1.4a)

V± =  X®/“(Eu± 4- P ’ ^u;*) 4- . . .

+X^f^{E^v%X~^>^ + Evf^X-^/* + +  c.c) -f . . . ,  (6.1.46)
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= X - '^ / \E w ^  +  £ - 'u );± ) +  . . .

+X°{E^wt2 X~^^^ + Ewf^X-^'*  +  X-^'^wfo + c.c) + . . . ,  (6.1.4c)

P± = X ^ / \ E g ^  +  E-^g;^]  +  . . .

+ X ( E % % - ^ / ^  +  E g jk % -3 /4  +  X - ' / 2X - ' 5 ±  +  c .c )  +  . . . ,  ( 6 .1 . 4 4

Â = X~'^/‘‘{EAo + E-'^Al) + . . .

+X°{E^A i2X-^^'‘ + EAi iX-^ l*  + +  . . . ) +  . . . .  (6.1.4c)

We note that the expressions for the transformations and the oscillatory term 

E  remain unchanged. Using a process similar to that in chapters 2, 4 we 

obtain the controlling equations for ( n ^ , u j , A „ ) ,  from the continuity, 

streamwise, spanwise momentum balances and from the pressure-amplitude 

relation, by substituting the large-time expansions (6.1.4a — d) into the large­

time asymptotes (6.1.1a — c), and from substituting the expansions (6.1.4d, e) 

into (6.1.3) respectively. As in the wall-jet case we find that we have an E^ — E^ 

interaction.

Below we show the external pressure-displacement relations. At first order

9o ~  9o (6.1.5a)

at second order

5^11 ~ 9ii — ~2(A iiB  2qiAofjB), (6.1.56)

at third order

921 ~  921 ~  ~2( — + diTjAoB -f A 2 \B^ +  2gzBAiiy}), (6.1.5c)

and finally at fourth order

9 3 1  ~  9 3 1  —  — 2 ( ^ 3 1 ^ ^  - f  2 g z A 2 i T j 5  — 4- a - j j A w B  4 -  i q A o f j a i r j  - f  —a i q i A o ) ^

(6.1.5d)
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from contributions proportional to E. Balancing mean-flow terms (i.e con­

tributions) we obtain

9io ~ 9io = ~2Aior7T}9̂ - (6.1.5e)

Now we show the solutions/ forms for the velocity variables.

At first order we obtain

(6.1.6a)

(6 .1.66)

subject to

± ^i9o
6 ’

Uq —> =pAo as 5 ^  oo, =  0 at 5 =  0, 

with the internal pressure-amplitude relation

(6.1.6c)

(6.1.6d)

where

/c =  26"^B“^(^^ + aJ)

At second order

where

and

ufi — T ^ ii  +  Q

P — —qa\hiB

(6.1.7a)

=  9s -  Big^^ 4- qg% -  (6.1.76)

“  ^9qt) +
isqa\9Q^

P  ’
(6.1.7c)
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subject to

ufi —̂ T ^ ii  as 5 —> GO, = 0 at s = 0, 

with the internal pressure-displacement relation

3
ibiK,g^  ̂ = ^ ib iA ii  + 2gQ-B ^[—biq — q^a\ — 2a\ — a\qB  ^). (6.1.7d)

At third order

/** 1
= T^2i -  i /  “  ô('® “

Joo  Z

(6.1.8a)

uJi =  +  qgf^  ̂ -  -aiTjig^ -  - ( a  -  l)airjiu^ +  squf^^ -  i6uf^, (6.1.86)

' ^ 2 1  = -  gtirj -  (6.1.8c)

subject to

 ̂ T -^21 as 5 —> oc, =  0 at s = 0.

Finally at fourth order we have

w31 f  +  2
L4 12J

Wr

+ ( 5  -  l)5u;J, +  -  ‘'̂ 1 0 ^ 0 5  -  iBu^QW^ -  ia^w^QW^], (6.1.9a)

where

and

Ugi — T-^31 ~   ̂ ^ -̂®3i ds
J 0 0

^31* =  <3i* +  Q t,

(6.1.96)

= ai6 -  'î̂ iô ‘̂ 05 iBufoW^ -  iaiW^QW^]

-[iBufoU^ +  U1V 05 + ^ 0  1̂05 +  wfou^aiijs,
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Q t = -  ^(-s -  +  (5  ̂ -  s)21fj 2 ^J^'^'l''^lls~^^^^2lTj3~^\'^ ĵ'^Osa

+  (j-s -  ^ )  “o. +  +  ai^"M -Snü -

- i i ( s  -  l)am « 'n  +  ( i  +  1^) "*0 +

So we find that the velocity variables are analogous with those from the wall-jet

case. As before in chapter 2 we can manipulate the equations at fourth order

and obtain the governing amplitude relation for A q. The main difference now is 

that we have two sets of results holding near the upper and lower channel walls, 

which interact through the pressure-displacement relations (6.1.5a — e). Before 

obtaining the above mentioned amplitude equation (in section 6.2) however, we 

derive the eigenrelations from the internal and external pressure-displacement 

relations. First (6.1.5a) with (6.1.6d) gives

6i =  2B{B^ + al),

which is effectively the dominant eigenrelation leaving §q arbitrary. Second 

coupling (6.1.56) with (6.1.7d) gives the eigenrelation

q B ( ^ B ^  —  U j )  =  — q b i  4 -  2 a i B ^

leaving Çq , gfi arbitrary. We note that these eigenrelations are identically 

equal to those for the wall-jet case, and hence for the constant q = 1/3^/^ 

corresponding to the half-angle 6c = 30° we find that the other constants re­

main the same. These results are used in the working leading to the amplitude 

equation for A q.

Finally in this section we examine the mean-flow term balances obtained 

from the continuity and momentum equations. At second order we obtain

~9‘̂10rj "b yfoa +  “̂ 10  ̂ ~  (6.1.10a)

=  0, (6 .1.106)

151



-sqw ^Q ^ =  0, (6.1.10c)

from the continuity, streamwise and spanwise momentum balances respectively; 

hence

l^io — 0, 1̂20 — "̂ 10 “

At the next order the controlling equations linking lu^) are

(2/3)s«fo. -  (l/3W«fo*j -  ( l /2 ) s “ ?o -  (l/2)«?o +  >̂40 “  «9«304

'̂fo“ io. -  -  (l/3))s«fo5 + f i  = 9sfoij, (6.1.11a)

where

f i  =  +  V u K f  -  w ^ a i i u l f  -  w f ^ a i i u l ^  +  ~  +  ^.c],

•5̂ 105 -  -  (l/3)î?^ïb^ -  (l/2 )w ^  -  {l/2)swfo

+ ^fo^i05 +  f t  = -9tofi^ (6.1.116)

where

f t  = ~  “  iBuf^Wo^ -  u^qw*^ +  c.c],

from the streamwise and spanwise balances respectively. Following the pattern 

of chapter 2 and using (6.1.5e) we can take the combination q times (6.1.11a)

minus (6.1.116) and then set s =  0 in the resulting equation to give

- 2 f A , o m  -
2 ^
-V^lOri +  ^10 +

where

Ù = —46j +  o,l)[gQgQ* — gQ gQ *]%),

but we have from (6.1.6d) that
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so Ù =  0 , and we are eventually left with

— 2q Aiorjfjf} — Tz:
2 ^
~V^10ri +  ^10 (6.1.12)

( f  + 1)

So comparing with the wall-jet case we see that the term proportional to \go\  ̂

has dropped out. It is felt that this is due to the symmetry of the channel 

geometry.

§6.2 G O V E R N IN G  A M P L IT U D E  EQ U A T IO N

In this section we show the main amplitude equation governing A q . As for 

the wall-jet case this equation is obtained from the fourth order continuity, 

streamwise and spanwise momentum balances, using the external pressure- 

displacement equations to eliminate the (çq , gtij fftij dti) terms. After some 

manipulation we find as a solvability condition the amplitude equation

4 1 1
Aorpjfj — zvAoij  —  ~Aq = 0, (6.2.1)33/2 3 ^  3

for A q which reduces to Airy’s equation for Ao(i)) after an integration with 

respect to rj. Comparing with the wall-jet amplitude equation (2.7.3) we see 

that there is no longer a nonlinear contribution present, again this effect is 

attributed to the symmetry in the geometry of the channel. So we have two 

main governing equations (6.1.12), (6 .2 .1 ), with no nonlinear terms present. A 

possible way to resolve this difficulty is to consider an extra phase effect in the 

wave contribution term, i.e

E = /{■>})]

say, where i needs to be determined and / ( 17) is the phase. This in a sense 

corresponds to examining higher amplitude effects, so 17 in the above wave term 

expression needs to be increased (cf. Smith, Dodia and Bowles (1994)).
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§6.3 SU M M A R Y

Modifying the earlier analysis of chapter 2, we have examined, as far as is 

possible now, a spot disturbance in a channel flow. The amplitude equations 

that we obtain are linear; the nonlinear terms that are present in the wall-jet 

case drop out in the current analysis because of the symmetry of the channel.

Our conclusion is that higher amplitudes need to be taken into account, 

as in Smith, Dodia and Bowles (1994), by introducing an extra phase effect. 

However other details may need consideration.
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CHAPTER 7

SUMMARY & CONCLUSIONS
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§7.0 SU M M A R Y  & C O N C L U SIO N S

In this thesis we have presented a theoretical study on the properties of 

spots in wall-jets and channel flows. In chapter 2 we addressed a linear model, 

and it was found that for large-scaled distances, X  = where T  denotes

scaled time, the beginning of a confined wake with a half-angle of 30° can 

be distinguished. Also the maximum amplitude occurs near the edges of the 

wake, the amplitude having an Airy function dependence within the thin edge- 

layer(s), and decaying exponentially outside the wake region, but with multiple 

waves in-between the two edges.

A nonlinear model built up from the linear theory is also presented in chap­

ter 2. The aim of the nonlinear study is to understand how the nonlinear effects 

which enter the edge-layer(s) first affect the trailing region of the spot, and to 

obtain some guidance on 3D amplitude dependent effects in spot development, 

so that we may build up a picture of the flow structure in a typical nonlinear 

spot. Outside the edge-layer(s) we find that the linear properties continue to 

hold, leading in particular to the 30° half-angle prediction, as the flow solu­

tion matches back to the linear theory. However at higher amplitudes we have 

a full nonlinear set of amplitudes equations holding near the edge-layer(s). 

Numerical solutions for these equations confirm that the amplitude decays ex­

ponentially outside the edge-layer(s) and algebraically inside. Unfortunately 

there seems to be no experimental work to compare with as regards spots in 

wall-jet flows, as far as we know, although we would expect that in practice 

spots in boundary-layer flows and plane Poiseuille flows in channels would have 

properties similar to those of spots in wall-jets, in broad terms. So comparing 

the results mentioned so far with a channel flow spot say, e.g Carlson, Widnall 

and Peeters (1982), the half-angle prediction is over estimated, even though 

the overall structure is in agreement. Although we note cautiously that the 

‘reversed’ arrowhead shape found in practice in channel flows, is not predicted 

by the theory.

In chapter 3 we consider raising the amplitude further analytically and
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investigate the effects of stronger nonlinearity. The governing equations that 

we obtain are difficult to solve and so a modified system of equations suitable 

for a phase-plane analysis is studied. For this modified system we find that 

three critical points are present, see section 3.4, but a unique solution for a 

particular selected set of initial conditions is possible. This information is used 

to find numerical solutions for the actual system, a Runge-Kutta shooting 

method being used. The main conclusion drawn from this chapter is that 

nonlinear effects move inwards towards the centre of the spot disturbance, and 

hence the spread angle is reduced, a property which is not so well confirmed 

from the numerical results for the amplitude level I equations.

In chapter 4 we examine the edge-layer properties further downstream at 

streamwise and spanwise distances of 0(t).  In this zone we find that the 

initial disturbance A{X, Z ,0 )  acts to change the solution amplitude at leading 

order, see section 4.4. In particular for the detailed distribution Q[a,l3) = 

exp( —[a^-|-/?^]) (see section 4.4), the amplitude is damped by an exponentially 

decaying factor . We note that the spread half-angle is again 30° in the

linear limit because our investigation is aimed specifically at the unsteady thin- 

layer Euler equations and also the governing amplitude equations are analogous 

with those in the region. We draw the conclusion that along the edge-

layers up to distances of 0 (t) , sets of nonlinear amplitude equations apply, 

which in general require a computational treatment

Increasing the amplitude further still from that of chapter 3 we find that 

nonlinearity floods the entire trailing-edge, region. We find that

the dominant fluctuations are represented by a modified KDV equation, the 

Benjamin-Ono equation being the corresponding traveling wave equation ob­

tained for the boundary-layer spot study in Smith, Dodia and Bowles (1994). 

These equations verify the existence of nonlinear multiple waves. We should 

however note that a simplification is made by assuming the skewed mean flow 

component Tom to be equal to a uniform shear, i.e Tom =  « 1 ( 5  +  Aom), see 

section 5.3. The other main feature of the work in chapter 5 is that Reynolds
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stress terms proportional to the square of the typical amplitudes of the dom­

inant fluctuations are present, which is encouraging, since they are generally 

associated with ’turbulence’, see section 1.0. A fuller study on this amplitude 

level III is to be presented in Bowles, Dodia and Smith (1994/5).

Finally as regards this thesis, the corresponding analysis for the plane 

Poiseuille flow spot is shown in chapter 6 . Briefly, we find that since the 

geometry of the channel is symmetric, the nonlinear terms at amplitude level 

I cancel out, although it is felt that by increasing the amplitude we may yet 

find nonlinear effects playing a significant role. The linear theory, on the other 

hand, does predict a 30° half-angle for the wake as for the wall-jet case and 

also the amplitude is dominant near the edges of the wake, again as for the 

wall-jet study.

At distances beyond 0 (t) , x — 0(p )x^  where 7  > 1 say, we would expect 

the full Euler equations to hold, since in the local region x under investigation 

short-scale effects become active. In essence we would have an interaction 

between long and short length scales, as in Smith, Dodia and Bowles (1994). 

All of this implies a large numerical task. Other important factors which we 

have so far neglected are:

• compressibility,

• viscosity,

• short-scale effects.

From the studies of Doorly and Smith (1992), Smith (1992), Smith, Dodia and 

Bowles (1994), Bowles and Smith (1994), it seems clear that in order to obtain 

a full knowledge of the physics of transitional/ turbulent spots, most of these 

factors need to be incorporated along with nonlinearity already introduced.

As in Smith, Dodia and Bowles (1994) we note here that the theory ten­

tatively appears to fall in line with some of the experimental findings outlined 

in chapter 1 , i.e
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1. much of the dynamics in a spot resembles closely that in a fully turbulent 

boundary-layer/channel flow,

2. a turbulent spot develops fast, typically from localized disturbances with 

large initial amplitude,

3. the spanwise growth of the spot greatly exceeds the growth normal to 

the surface.

These features are all implicit in the present theory. However as regards the 

spot spread angle, the agreement with experiments is poor, although as men­

tioned previously above, short-scale effects need consideration and the solutions 

at amplitude level III and beyond may prove to be useful.

We end this study by noting that although transitional/ turbulent spots in 

general, in many different contexts, e.g, airfoil flows, turbomachinery, are very 

interesting and important coherent structures which need detailed investiga­

tion, they are by no means the only important quantities in the transition 

process leading to turbulence.
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