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ABSTRACT

This thesis examines theoretically the structure of unsteady three-
dimensional disturbances mainly in wall-jet flows and partly in channel flows,
these disturbances having a spot-like character sufficiently far downstream of
the initial disturbance. A start is made by using an approach similar to that
in recent work by Doorly and Smith (1992), Smith (1992).

The inviscid initial-value formulation taken, involving the three-dimensional
unsteady Euler equations for an incompressible fluid, allows considerable an-
alytical progress on the nonlinear side, as well as being suggested by some of
the experimental evidence on turbulent spots and by previous related theory.
The behaviour at large scaled times and large scaled distances is associated
with two major length scales, proportional to (time)!/® and to (time), in the
evolving spot. Within both scales it is found that nonlinear effects first enter
the reckoning in the edge-layer(s) or caustic region(s) of the spot disturbance.
The amplitude acquires the form of a nonlinearly distorted Airy function in
this edge-layer, decaying exponentially outside the wing-tip region but approx-
imately sinusoidally inside. As the typical amplitudes increase the nonlinear
effects move towards the middle of the spot.

Numerical solutions for the governing nonlinear amplitude equations in
the (time)/® region are shown for two different amplitude levels. The com-
putational results and accompanying analysis confirm that the positions of
maximum amplitude gradually move towards the middle of the spot’s trailing
edge. As the amplitudes are increased further the governing equations for the
wall-jet spot become analogous with those for the boundary-layer spot, and
comparisons are made. The edge-layer properties further downstream are also

examined.
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CHAPTER 1

INTRODUCTION



§1.0 BRIEF HISTORICAL REVIEW OF TURBULENCE

In recent years much time and effort has been spent on examining nonlinear
systems in nature and in general, such as in weather prediction, stock market
analysis, turbulence modelling and so on, using numerous techniques ranging
from experimental and computational studies to analytical studies; some of
these techniques as applied to turbulence modeling of fluid flows are described
below. Indeed-in this introduction we will concentrate specifically on transi-
tional/turbulent flows only, as regards examining nonlinear systems. However
before discussing these points we should note that interest in turbulence as
a phenomenon is as old as recorded history. For example, the Bible contains
several references to turbulence or chaos; Publius Ovidus Naso in his classic
masterpiece the Metamorphoses writes. Before there was any earth or sea, be-
fore the canopy of heaven stretched overhead, Nature presented the same aspect
the world over, that to which man has given the name of Chaos ...; Leonardo
da Vinci was intrigued by turbulence, as his sketch reproduced in fig 1.0.1

indicates.

fig 1.0.1

Very early observations of turbulence - sketch by Leonardo da Vinci circa 1500



But the modern scientific study of turbulence dates form the late 1800s
with the work of Osborne Reynolds. Early investigations on transition from
laminar to turbulent flow were made by Reynolds (1883) and in his classic
paper on the instability of flow down a pipe he writes as follows.

The .... experiments were made on three tubes .... The diameters of these
were nearly 1 inch, 1/2 inch and 1/4 inch. They were all about 4 feet 6 inches
long, and fitted with trumpet mouthpieces, so that water might enter without
disturbance. The water was drawn through the tubes out of a large glass tank,
in which the tubes were immersed, arrangements being made so that a streak
or streaks of highly coloured water entered the tubes with the clear water.

The general results were as follows:

(1) When the velocities were sufficiently low, the streak of colour eztended in
a beautiful straight line through the tube (see fig 1.0.2a).

(2) If the water in the tank had not quite settled to rest, at sufficiently low
velocities, the streak would shift about the tube, but there was no appearance of
sinuosity.

(8) As the velocity was increased by small stages, at some point in the tube,
always at a considerable distance from the trumpet or intake the colour band
would all at once miz-up with the surrounding water, and fill the rest of the
tube with a mass of coloured water (see fig 1.0.2b). Any increase in the velocity
caused the point of breakdown to approach the trumpet, but with no velocities
that were tried did it reach this. On viewing the tube by the light of an electric
spark, the mass of colour resolved itself into a mass of more or less distinct
curls, showing eddies (see fig 1.0.2¢) (Acheson 1990).

With these observations in mind O. Reynolds theoretically decomposed
the velocity field into a mean-flow plus a perturbation, and time averaged the
Navier-Stokes equations on the basis of this decomposition. The equations he
obtained are now called the Reynolds-averaged Navier-Stokes equations. The
averages of the products of the perturbation terms appear in the mean-flow

equations as virtual stresses, which are usually known as Reynolds stresses.



fig 1.0.2a

For low velocities a straight line is observed

fig 1.0.2b

At higher velocities the colour band mixes with the surrounding fluid

fig 1.0.2¢

Eddies are seen when the tube is observed by the light of an electric spark
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These Reynolds stresses represent the nonlinear effect of the fluctuating flow
on the mean-flow, for the above decomposition. From the above Reynolds
was able to gauge in a fairly decent way some of the important parameters
controlling the breakdown of laminar flow.

§1.1 THEORETICAL AND EXPERIMENTAL DEVELOPMENTS

The onset of turbulent flow in a boundary layer requires the presence of
sufficiently strong disturbances, but the required strength of the disturbances
depends on their form and the Reynolds number. In the absence of such
sources of finite disturbance as surface excrescences or waviness and with a
low level of turbulence in the external flow (Tu less than about 0.1 %, where
Tu i1s a simple measure of the turbulence intensity in the free stream, i.e.
Tu = (ﬁ’L;z"'—’-‘E-)l/z/ue. (u',v’',w’) are the perturbation components of the
velocity vector in the streamwise, normal and spanwise directions and u,. is the
free stream velocity. ) the process begins with the amplification of unsteady
Tollmien-Schlichting waves on quasi-flat surfaces and/or the appearance of
streamwise Taylor-Gortler vortices associated with surface or streamwise cur-
vature. These in turn depend on the Reynolds number and the pressure dis-
tribution. However, there may then be a large streamwise distance between
the positions at which these waves or vortices first appear and the onset of
turbulence, and our knowledge of the physics of the process (the transition)
that develops within that distance is far from complete.

An important line of attack that has been pursued for many years is to ex-
tend the classical small-perturbation stability theory to disturbances of finite
amplitude, by including the nonlinear terms in the equations of the perturbed
flow, e.g Stuart (1960), Reynolds and Potter (1967). This brings into play har-
monics of the basic sinusoidal disturbance considered and demonstrates that,
even for conditions of stability to linear modes, the instantaneous velocity pro-
files resulting from the combined mean and disturbance velocities can readily
be sufficiently inflected to be destabilized (over a part of the disturbance wave)

with an associated strong amplification rate. The wavelengths of the distur-
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bances that are destabilized tend to be large relative to the boundary layer
thickness (~ 106, where § is the boundary layer thickness) so that the inflected
profiles can be present over a significant extent of the surface and for time
intervals of the order 106/u,. These regions of inflected profiles can introduce
the possibility of a chain of instabilities developing over a wide spectrum, lead-
ing to a flow that could be described as turbulent, with a mean flow differiné
markedly from the original laminar flow.

However, alternative and, in some quarters, more readily accepted ideas on
the development of the transition process in certain configurations , from the
appearance of Tollmien-Schlichting waves to turbulence, have emerged from
the work of Emmons (1951), Schubauer and Klebanoff (1956) and the subse-
quent work of Narasimha (1957). The ideas concern so-called turbulent spots.
Although in fact there are many transition paths (depending on the particular
input disturbances) and numerous corresponding theoretical ideas (e.g above),
our concern in this thesis is primarily with understanding the properties of
spots. From observations of the flow on a water table, Emmons formulated the
view that turbulence is not initiated along a continuous front but starts in the
form of randomly distributed ’spots’ of turbulence, each of which expands as
it moves downstream. Fully developed turbulent flow then begins when these
expanded regions of turbulence merge across the whole span. The transition
region can therefore be said to begin at the streamwise position where the
spots first appear and to end where they have merged to form a continuous
front. Emmons first suggested that the probability of the generation of spots
is constant with distance ¢ downstream frem the beginning of the transition
region but later modified this by assuming the probability is proportional to
z™ where n > 1.

In a purely laminar region the probability is zero, while in the turbulent
region the probability is unity and the fraction of time over which the flow at
a point in the transition region is turbulent is referred to as the ’intermittency

factor’ (y). For a flat plate at zero incidence it is found that v can be described
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as a function of ¢, where { = (z — z;)/A and A = z4—0.75 — T,=0.25, While z;
marks the beginning of transition. However, Narasimha (1957) has shown that
Emmons’s (1951) hypothesis for the generation of spots over the transition
region leads to a distribution of v that does not fit the experimental data.
Narasimha (1957) then postulated that spots form at a preferred streamwise
position but randomly in time and spanwise location. This postulate led to
a relation for a flat plate at zero incidence, v = 1 — ezp(—0.412€?), which is
in better agreement with the experimental data. Adverse pressure gradients,
noise, turbulence in the external flow, increases in the Reynolds number and
other such destabilizing factors increase the rate of generation of spots.
Experimental studies have shown that from a small surface excrescence a
continuous stream of spots is generated which expand as they move down-
stream to form a wedge of turbulence of semi-apex angle ~ 10° in boundary
layer flows. Such wedges have long been observed in wind tunnels with the aid
of suitable flow visualization techniques, for example by Carlson, Widnall and
Peeters (1982) who have studied spot generation in channel flows; see below.
Schubauer and Klebanoff (1955) studied experimentally spots in a boundary
layer on a flat plate. Details of the geometry of the spots and their growth with
movement downstream were demonstrated in the experiments by Schubauer
and Klebanoff. A spot was introduced into a laminar boundary layer on a flat
plate in a wind tunnel by means of an electrical spark discharge normal to
the surface through the boundary layer. The spot’s development and growth
downstream is illustrated below (see Stuart (1963)), where it is seen that its
forward apex moves downstream at close to the main stream velocity, but its
rear edge convects downstream at about half that speed. Hot-wire records
within the growing ’triangular’ region are much the same as those of fully
developed turbulent flow but upstream of this region at any instant the flow is
smooth and laminar. Consistent with this, it was found that the instantaneous
velocity profiles in the transition region are for part of the time characteristic

of turbulent flow, and at other times they are those of a laminar boundary
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layer; hence the concept of intermittency.

i 2 32

Elevatitm
fig 1.1.1

We note that even in nominally two-dimensional flow the Tollmien-
Schlichting waves that develop in regions of instability do not remain rectilinear
but show evidence of spanwise warping or bending which becomes increasingly
marked with movement downstream. See experiments by Klebanoff, Tidstrom
and Sargent (1962) and recent theory by Stewart and Smith (1992). The warp-
ing appears to arise from initially small irregularities in the main flow. Hence
the associated disturbance vorticity develops streamwise components which
grow as the warping increases, and these in turn induce secondary flows to and
from the surface which help to intensify the warping. The disturbance vortic-
ity lines thus form hairpin-like bends and as the bends grow the vorticity lines
stretch and strengthen along the inclined sides of the bends. This results in
'peaks’ and ’hollows’ of high and low disturbance intensity with higher amplifi-
cation rates at the 'peaks’. At some stage the hot wire records at a peak show
‘spikes’ of a kind that can be identified as due to turbulence and we can infer
that a spot is born (see Stuart (1963), Stewart and Smith (1992)). The above
description is illustrated below in fig 1.1.2. We note that the process described
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above in which turbulent spots eventually appear is forced, as opposed to intro-
ducing a small amplitude disturbance into the flow and letting it develop freely
into a transitional/turbulent spot. Indeed this is what is assumed below in the
work that follows. We also note that surface excrescences, external turbulence
and noise can in some measure bypass the initial Tollmien-Schlichting wave
stage of the above process, since they can introduce directly disturbances of
sufficiently large amplitude associated with highly unstable three-dimensional

flow patterns which can readily generate 'spots’.

TRANSITION
ZONE

fig 1.1.2
Stages in the transition process. (1) stable laminar flow, (2) Tollmien-Schlichting
waves, (3) Warping of waves, formation of vortex loops, (4) Development of
nonlinear instabilities, (5) Formation and growth of turbulent spots,

(6) Fully developed turbulent flow (from Young (1989)).
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§1.2 DIRECT NUMERICAL SIMULATION

Here we briefly review the results obtained from certain direct numerical
simulations (on spots mainly). The basic approach in all the numerical schemes
that have been developed for the numerical solution of the Navier-Stokes equa-
tions for unsteady flows is to use finite differencing or spectral decomposition
of the space for the numerical approximation of the spatial derivatives. From
these the partial-time derivatives of u; (the velocity components) are then
found, and from them the flow field may be extrapolated to the next time
interval.

Patera and Orzag (1981) performed numerical simulations of transition
from the two-dimensional Tollmien-Schlichting instability wave stage to the
stage of breakdown into small-scale turbulence. They were able to demonstrate
that the breakdown is initiated by a secondary three-dimensional instability
of the two-dimensional Tollmien-Schlichting wave. Henningson, Spalart and
Kim (1989) examined computationally the evolution of a turbulent spot in a
channel flow. Figure 1.2.1 shows a contour plot for the normal velocity. In
figure 1.2.1 we see the appearance of oblique wave trains at the leading edges
of the spot. These waves are seen in experiments, see Lindberg et al (1984);
however the same characteristic waves are not found in boundary layer spots.

In a more recent study Henningson and Kim (1991) investigated the turbu-
lence characteristics inside a turbulent spot in plane Poiseuille flow by analyzing
a database obtained from a direct numerical simulation. The authors found
that the spot consists of a wave area and a turbulent area, with the flow inside
the turbulent area resembling a fully developed turbulent channel flow. While
in the wave area they find that inflexional mean spanwise profiles cause a rapid

growth of oblique waves, which break down to turbulence, see fig 1.2.2
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fig 1.2.1
Contours of normal velocity at centre plane of a turbulent spot in a

channel for nondimensional time ¢ = 258 (from Henningson, Spalart and Kim (1989)).
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Time development of the instantaneous normal velocity at the centreline
+0.01 contours at (a)t = 246, (b)t = 249, (c)t = 252, (d)t = 255, (e)t = 258

(from Henningson and Kim (1991)).
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§1.3 CHARACTERISTICS OF SPOTS IN BOUNDARY-LAYER
AND CHANNEL FLOWS

In this section we review in a little more detail the results obtained from
experiments on turbulent spots in boundary-layer and channel flows. Firstly

for boundary-layer spots (see Wygnanski, Sokolov and Friedman (1976)):

e a typical lateral spread angle of the spots 1s 10° to each side of the plane
of symmetry. This wedge angle which represents the spanwise growth of
the spot is independent of the location of the disturbance and the free

stream velocity.

e far downstream all quantities measured seem to be independent of the

type of disturbance which generated the spot in the first place.

e as noted above Schubauer and Klebanoff (1956) found that the leading
arrowhead shape of the boundary-layer spot propagates with about 90%
of the free stream velocity and that it consists of an overhang with laminar
fluid underneath, while the straight rear interface moves with about half
the free-stream speed. In this way the spot entrains laminar fluid through

its interfaces, resulting in its elongation as it proceeds downstream.

e the spanwise velocity component is everywhere directed outwards (i.e
away from the plane of symmetry). The normal component of velocity
is directed towards the surface near the leading interface and away from

it in the remaining part of the spot.

e the front and the spanwise edges, or wing-tips, of the spots are notably

sharp, see Smith (1992).

o the height of the overhang interface corresponds initially to the thick-
ness of the laminar boundary layer but once the spot has developed the
surrounding boundary-layer seems to have little or no effect on the spot
shape. The laminar boundary layer does, however, affect the rate of

growth of the spot.
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e much of the dynamics in a spot resembles closely that in a fully turbulent

boundary-layer.

e Wygnanski, Haritonidis and Kaplan (1979) found Tollmien-Schlichting
waves trailing the spanwise wingtips of the spots, and they put forward
the idea that the breakdown of these waves causes the spot(s) to spread,
while Glezer, Katz and Wygnanski (1989) found that in certain instances
the breakdown of the waves adds to the turbulent part of the spot. Con-
trary to this, Chambers and Thomas (1983) argue that these waves play
no significant role in the spreading or breakdown of the spot itself, and
they further argue that the trailing wave packet is only a remnant of the

waves caused by the initial disturbance.

We now list some of the properties which characterize Poiseuille-flow spots in

channels.

e Turbulent spots in channel flows have the arrowhead pointing in the up-
stream direction in contrast with the boundary-layer spot; see Carlson,
Widnall and Peeters (1982). The channel geometry may be one of the
factors which needs to be considered, in relation to this change in direc-

tion of the arrowhead.

e Around the spot a wave pattern occurs. Oblique waves are seen at the

spanwise wingtips and trailing the turbulent region.

e Alavyoon, Henningson and Alfredsson (1986) showed that the propaga-
tion velocities vary with the Reynolds number, with typical values of 80%
and 50% of the centreline velocity for the front and the trailing interface,

respectively.

e The typical lateral spread-angle of the spot is found to increase with
Reynolds number although the typical value i1s again 10°.

e Widnall (1984) found that the turbulent part of the spot acts as a partial
flow blockage for the laminar fluid outside the spot.

20



Below we show the results of a flow-visualization study of tramsition in
plane Poiseuille flow, by Carlvson, Widnall and Peeters (1982). In all the figures
1.3.2a— f, z/h (in the notation of the last named paper) represents the distance
downstream of the generator, where A is the channel depth, and R represents
the Reynolds number, see Carlson, Widnall and Peeters (1982). In figure 1.3.2¢
1t is seen that the spot ultimately splits into two separate spots, a feature which

has not been seen in boundary layer flows.

Flow direciicn 7

fig 1.3.1
spot nomenclature: (1) spreading half-angle; (2) spanwise tips; (3) streaks;
(4) region of small scale turbulence; (5) spot leading edge; (6) spot front;

(7) oblique waves; (8) tongues of breakdown (from Carlson, Widnall and Peeters (1982))
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fig 1.3.2a, spot at xjh — 50, R — 1000.
In addition to the region of small-scale turbulence and the trailing

streaks, oblique waves are visible at the sides and at the rear.

ik ; ij5 ~ 16

fig 1.3.2b, spot at x/h = 64, R — 1000.
Strong oblique waves are visible, both upstream of the leading edge

of the spot and at the spanwise tips.

22
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fig 1.3.2¢c, spot at xjhA — 132, R = 1000.
At this stage the front tip is less well defined, and the centre region

is filled with longitudinal streaks. We observe the beginning of spot splitting.

fig 1.3.2d, spot at x/h = 132, R — 1000.
This figure shows a spot slightly downstream of that of fig 1.3.2c.

Tongues of breakdov/n on the oblique waves are present.
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fig 1.3.2e, spot at x/h= 260, R = 1000.
The spot is now quite large and very flat. The channel is 6mm deep, while
the diameter of the spot is 500mm. The spot has essentially

become two spots separated by a region of longitudinal streaks.
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fig 1.3.2f, spot at xjh — 132, R — 1100.
At these higher Reynolds numbers, the oblique waves are less swept,

and the wake flow is more turbulent.
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§1.4 THEORETICAL STUDIES ON SPOTS,
AND PRESENT WORK

To date there have been numerous experimental and computational studies
on turbulent spots, as described above, but little theoretical work has been done
in the area. Exceptions, attempting to build up a theoretical model of such
spots, are Doorly and Smith (1992), Smith (1992), Smith, Dodia and Bowles
(1994), Smith, Doorly and Rothmayer (1990), Bowles and Smith (1994) ( see
also Gaster (1975), Gaster and Grant (1975), Gaster (1990) on laminar spots).
In Doorly and Smith the authors address a linear model, as a starting point,
for a transitional and/or turbulent spot in a compressible or incompressible
boundary-layer. They define a spot as follows; ’a spot disturbance is the flow
perturbation that develops from an initial disturbance, to a boundary-layer in
the present setting, with the typical development involving mostly downstream
travel, some amplitude growth, and spatial spreading of the spot’.

Their analysis concentrates on relatively long-scale disturbances in the con-
text of the unsteady Euler equations. In the incompressible regime they find
that concentrated wake activity is found downstream inside a wedge of half-
angle 19.47° and that the maximum amplitude growth occurs at the edges
of this wake. They note that this aspect is the same as for the Kelvin ship-
wake and as studied in another context by Cheng and Johnson (1982). Their
study suggests that significant effects arise mainly in two regions far down-
stream, the first of which has the streamwise and spanwise scaled coordinates,
X, Z say, large and O(T'/?), whereas the second region further downstream is
where X, Z are O(T). They draw the general conclusion that nonlinear effects
need to be incorporated in order that their results match with the previous
experiments and computations, since in particular the half-angle prediction
is over-estimated compared with experiments and computations. However the
gross features which they obtain for the spot structure match qualitatively with
experiments, e.g a wedge shape with accentuated edge effects downstream at

relatively large times.
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In Smith (1992) a nonlinear follow-up study is presented, and in many
respects it 1s a seminal contribution to the understanding of
transitional/turbulent spots theoretically, in this author’s view. The main
conclusion is that as the characteristic amplitudes present in the edge-layer
increase the influence of nonlinearity can spread from the edge-layer inwards
towards the middle of the spot, so that the spread angle becomes reduced.

In a more recent interesting and important study by Bowles and Smith
(1994), the authors analyze short-scale effects on model boundary-layer spots.
They find that taking into account short scales acts to reduce the spread half-
angle to approximately 11°, which is more or less the typical value obtained
from experiments. Also amongst other features they find that the ’lift-up’
profile and the central bulge are in agreement with experimental results and
that the maximum disturbance amplitude occurs at the wingtips both in the
model and in observations. The authors also suggest tentatively that the ‘calm
region’ observed in experiments, see for instance Glezer, Katz and Wygnanski
(1989) and references therein, may correspond to a linearly disturbed zone
that lags behind the trailing edge of a nonlinear spot, in their study. Their
main general conclusion is that both nonlinearity and short-scale effects play
important roles.

The aim of the work which follows below is to model the above mentioned
spot(s) in wall-jet and channel flows theoretically, although only the wall-jet
case is studied in detail. A start is made by using the approach of Doorly
and Smith (1992), and Smith (1992). A number of distinct regions of the spot
are examined, namely the edge-layer or wing-tip region of the spot at O(t!/3)
and O(t) (see chapters 2 and 4) distances in the streamwise and spanwise
directions, and the middle-region of the spot covering the entire trailing-edge
zone, see chapter 5. Also we investigate the influence of raised amplitudes in
the O(t'/3) zone, and establish that increased nonlinearity plays an important
role. However we note that in the wall-jet case inflectional modes/disturbances

are neglected by and large, in order to gain insight into nonlinear neutral
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disturbances instead, although the former disturbances can be accommodated
in the higher-amplitude theory.

Firstly a linear model is set-up in chapter 2, from which we obtain some
important elementary properties of the spot disturbance. The half-angle pre-
diction is found to be 30° for both the wall-jet and channel flows, which is
a huge over-estimate since in experiments the typical value is approximately
10° for channel flows, as discussed above. However we show that raising the
amplitude by carrying out a nonlinear study acts to reduce this angle slightly.
Although as noted above short-scale effects also act to reduce this half-angle
significantly, here we do not examine those effects. As in Doorly and Smith
(1992) we find that increasingly concentrated waves form in the wake far down-
stream, but with their maximum amplitudes occurring at the edges, see chapter
2. Second a nonlinear model is presented, where we use the results from the
linear theory as a starting point. At this first higher amplitude stage which we
shall refer to as amplitude level I, we find as in Smith (1992), Smith, Dodia
and Bowles (1994), that the main governing amplitude equation confirms the
linear theory at small amplitudes, whereas the full nonlinear system which we
obtain requires a computational treatment, which is shown in part 2 of chap-
ter 2. This amplitude level I investigation in specifically centered around the
O(T*/3) scaled distance in the streamwise and spanwise directions, near the
wing tips or side edges of the spot and it suggests that further higher ampli-
tude effects need to be examined. In chapter 3 amplitude level II is analyzed.
The amplitude equations that we obtain are analogous to those obtained in
Smith, Dodia and Bowles (1994), Dodia, Bowles and Smith (1994/5). We find
that a modified version of the governing system of equations needs to be solved
initially, since the actual equations are difficult to solve at first. However when
more information using a phase plane analysis on the modified equations is
obtained, we are able to find suitable solutions for the actual governing equa-
tions. The main conclusion that we draw from the results is that nonlinear

effects move towards the centre of the spot disturbance, at these higher am-
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plitudes, i.e the spread angle is reduced. In chapter 4, we examine the edge
layer further downstream at scaled distances of O(T) in the streamwise and
spanwise directions. As for the O(T/?) scaling we carry out both a linear and
a nonlinear analysis. Again we find that the spread half-angle is 30°, because
all along the edge layer up to O(T) scaled distances the governing equations
that we initially address are the thin layer Euler equations. Also as before an
Airy function dependence is found in the wing tip region, with linear properties
holding outside the edge layers. However we find that in this O(t) zone the
initial disturbance affects the amplitude at leading order, or in other words
this region feels the ’footprint’ of the initial disturbance. For the particular
details with which we choose to work with, it is found that the amplitude
is damped down exponentially. Concerning mainly higher amplitude effects
again we investigate in chapter 5 (amplitude level III) strongly nonlinear ef-
fects at substantially increased amplitudes, guided by the results from chapter
3. At this level nonlinearity gradually floods into the centre of the spot, and
we find Reynolds stresses and the KDV equation appearing amongst other fea-
tures. The analysis in this midspot area is similar to that in Smith, Dodia
and Bowles (1994), Bowles, Dodia and Smith (1994/5), for the boundary layer
spot case, partly because the mean pressure-displacement law then plays only
a passive role. Finally in chapter 6 we modify the analysis for the wall-jet spot
case and examine a spot in a plane Poiseuille channel flow. Further details are

given in the introductions to each chapter.

29



CHAPTER 2

PART I

LINEAR & NONLINEAR INITIAL VALUE PROBLEMS
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§2.0 INTRODUCTION

This chapter concentrates upon applying, to spots in wall-jet flows, the
techniques employed by Doorly and Smith (1992), Smith (1992), Smith, Dodia
and Bowles (1994) in boundary layers. We start by considering the three-
dimensional unsteady Euler equations which are believed to be relevant to
the transitional-turbulent regime (see Smith and Burggraf (1985), Smith et al
(1990), C.R.Smith et al (1991)), and to the study of spot disturbances, and
so we are concerned with the inviscid dynamics of the initial-value problem
for such spots. Also the entire study below is for Newtonian, incompressible-
fluid flows only. In Smith, Doorly and Rothmayer (1990) the authors find
agreement between the Euler-stage theory and experiments on certain of the
established scales for fully turbulent flow. So the main concern here is with
the three-dimensional Euler setting since we feel that the scales and speeds
of real spots are captured using this setting, and attention is then focused on
an unsteady thin-layer version appropriate to relatively long-scale disturbances
(see also footnote 1 below).

In section 2.1 a linearized version of the thin-layer equations is examined,
as a first step, permitting a relatively simple analysis which produces useful
and ’universal’ results at large times. In particular, concentrated wake activ-
ity is found far downstream inside a wedge of half-angle 30° in plan view (see
fig 2.0.1) and the main amplitude growth occurs at the edges of this wake.
Sample computational solutions of the dispersion relation obtained by Doorly
and Smith (1992) from their linearized theory for a boundary layer spot are
shown (see figures (2.2.1a,b), (2.2.2a,b), (2.2.3a,b)) for comparison. The corre-
sponding wake half-angle prediction is sin™(1/3) = 19.47° for their problem.
The dispersion relation obtained for the wall-jet case in the present setting is
examined in section 2.2.

The linear theory just mentioned shows the emergence of two major length
scales, being proportional to the scaled time and to its cube root. It is found

that nonlinear effects first enter the reckoning of the large-time large-distance
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behaviour in the edge layers near the spot’s wing-tips (which correspond to
caustics in linear theory), as the typical input amplitude is increased. In sec-
tions 2.3 and 2.4 the linear theory is used as a guide in setting up the nonlinear
problem. The above-mentioned cube-root (scaled time) zone is examined. We
note the interesting point that the three-dimensional Euler equations acquire
a double-deck structure in this zone. In effect a similarity problem has to be
solved at that stage. The amplitude equation which arises from the nonlinear
study in the edge-layer region appears as a solvability condition, and is found
to be an Airy equation but with an additional nonlinear contribution. The
Airy dependence matches with and confirms the earlier linear study. As a
check an alternative method of obtaining the linear result is also shown, using
the pressure-displacement law from the linearized theory.

In section 2.6 a wall-layer study is presented, in which we establish which
mixture of the two main governing mean-flow equations is needed in order to
satisfy the correct wall conditions, given that the mean-flow correction veloci-
ties in the bulk of the motion outside the wall layer are singular on approach
to the wall layer. There is also an internal critical layer but at the current rela-
tively high input amplitudes it plays only a passive role, self-consistent with the
analysis in Smith (1992) (see also Benney and Bergeron (1969), Bodonyi, Smith
and Gajjar (1983)), as opposed to the active role for lower input amplitudes
in, for example, Goldstein and Choi (1989), Smith, Brown and Brown (1993),
Hall and Smith (1991) and references therein. The present wall-layer yields
the appropriate mean-flow relation which is then coupled with the amplitude
equation.

In part II of the present chapter we solve the above coupled system nu-
merically using a finite-difference procedure. Sample solutions for the pressure
and amplitude are presented. The solutions confirm that nonlinear effects en-
ter the edge-layer(s) first and that at small amplitudes we obtain solutions
which match with the linear theory. However as we raise the amplitude (nu-

merically) we expect the nonlinear effects to move towards the centre of the
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spot, although at the present amplitude level we are unable to obtain entirely
conclusive computational evidence for this. As we shall see in chapter 3 this

problem can be overcome.
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= 0O(T)

fig 2.0.1

Schematic diagram of the flow structure (in plan view, upper

half only) for the large-time large-distance behaviour.
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fig 2.0.2

Schematic diagram for the wall-jet flow case.
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§2.1 THE ORDER T%/® REGION: LINEAR THEORY

We begin with the full three-dimensional Navier Stokes equations,
ug + (u.Viu = —le +vVin | Veu=0
p

where

u = (u,v,w) and v = u/p,

W, p being the viscosity and density respectively.
To non-dimensionalize the three-dimensional problem above, we make the

following transformations,

z = boz*, y=2boy", z=boz",

* * *
u = Uu*, v=Up* w=Uu’,

- 501
p = pUsp®, AR

in cartesian coordinates (z,y, z), where §, denotes the width of the wall-jet, Uy
is the typical velocity and p is the density of the fluid (see figure 2.0.2). Here
(z*,y*,2*) are our new non-dimensional spatial coordinates and (u*,v*,w*)
are the new non-dimensional velocity variables in the streamwise, spanwise

and normal directions respectively. Then with the Reynolds number defined

by
Uobo

v

Re = >1

and dropping the superscript '+’ for convenience the governing equations of

continuity and momentum become

Uz + vy +w, =0, (2.1.1a)

ug + uuz + vuy + WU, = —Pg, (2.1.1b)
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vt + wvg + VUy + W, = —py, (2.1.1¢)

Wy + uwWg + vwy + ww, = —p,, (2.1.1d)

1.e the unsteady, inviscid, three-dimensional Euler equations. These equations
apply subject to appropriate boundedness conditions in the farfield

(z? 4+ 22 - o0) including matching to the basic wall-jet profile, u = u,(y) say,
upstream and subject to the tangential flow constraint v = 0 at the wall.

We investigate below long-scale 3D disturbances’. Thus (z,z) = {(X, Z)
say, with the non-dimensional length scale £ being large, and the main time
scale has t = £3T, where X, Z, T are typically O(1). An order-of-magnitude
argument (similar to the argument for triple-deck theory, in fact, and summa-
rized just after (2.1.7b) below) suggests that in the ¢ = O(£3) zone the large-
time solution of the unsteady Euler problem (2.1.1a-d) takes on a double-deck

structure as follows. The lower and upper deck scalings are, in turn,

[u,v,w,p] ~ [0, L5V, £*W,£7*P], y=£?Y, (2.1.2a)

[u,v,w,p] ~ [uo(y) +‘Z_zul)E_svl’e_4w1az_4p1]’ Yy= 0(1)7 (212b)

where the profile uo(y) is supposed here to be monotonic, inflexion-free and
up(0) = 0, up(0) = Ao > 0, an example being the Blasius profile. The asymp-

totic expansions (2.1.2b) in the core, region I, imply the governing equations

urx + vy =0, (2.1.3a)

UoU1x + V1Uoy = 0, (2.1.3b)

In experiments, e.g Carlson, Widnall and Peeters (1982), the typical scalings are consis-
tent with the assumption X, Z 3> Y where X, Y, Z are the streamwise, normal and spanwise
coordinates respectively.
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UV1X = —P1y; (2.1.3¢)

UoW1X = —P12, (2.1.3d)

from the leading-order continuity, streamwise, lateral and spanwise momentum

balances respectively. So solving (2.1.3a-c) we obtain
Uy = u,o(y)A(X’ Z), v = —u,(y)Ax(X, Z)

and

Yy
p =n(X,0,2) + Axx(X, 2) /0 u(y)dy. (2.1.4)

Hence we may now write (2.1.2b) as
[, v, w,p] ~ [uo(y) + £ 2u Art3uoAx, £ 4wy, £7%p;]) y = O(1). (2.1.5)
We note that (2.1.4) gives the pressure-displacement (A) relations
Pt — P~ =24xx, P=—Axx, (2.1.6a — b)

for the channel and wall-jet flows respectively, in non-dimensional form, where
+ and — correspond to the upper and lower channel walls respectively (see

chapter 6 below). As Y — oo (2.1.2a), (2.1.5) yield the matching conditions
U~X(Y+A), W0, (2.1.7a)
while the tangential-flow constraint at the wall requires that
V=0atY=0 (2.1.7b)

Having established the pressure-amplitude law ( in 2.1.6b) we can now see that

the balances

“g

u2
~ — o~
T

8|3

u~y~ A,
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A

~ —

z?’
(from (2.1.18), (2.1.7a) and (2.1.6b)) require the scalings in (2.1.2a) for the
near-wall response. Substituting (2.1.2a) into (2.1.1a — d) then gives the non-

linear unsteady thin-layer system

vV.U=0, (2.1.8a)

(6r + U.V)(U,W) = —(Px, Pz), V =(0x,0,0z), (2.1.80—¢)
subject to

V=0at Y=0 U~XY+4), W—-0as Yoo (2.1.8d)

from (2.1.7a,b). The work below concentrates mostly on the system (2.1.8a—d)

for which we note in passing that the constant Ay may be normalized to unity.

§2.2 DEVELOPMENT FROM AN INITIAL SPOT DISTURBANCE
In this section, as a start, we consider small disturbances in which the basic
flow U =Y is slightly disturbed, to examine the linearized features. There to

leading orders
[U—-Y,V,W,A,P)= AU, V,W,A P|+...,

say, with b < 1. As a result (2.1.8a-d) become

Ux + VW +Wz=0, (2.2.1a)
Ur+YUx +V = —Px, (2.2.1b)
Wr +YWx = — Py, (2.2.1¢)
with
V=0a Y=0 and U > AW >0 as Y — oo. (2.2.1d)
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An appropriate solution may be derived from adding together the X—, Z—
derivatives of (2.2.1b-c) respectively, which yields a quasi-2D system for Ux +
Wz, Vx whose solution subject to suitable initial conditions has Ux + Wy
independent of Y and hence identically equal to Ax. This is consistent with

the momentum balances provided
Axr = —-V?P, V?=(0%,82).
Hence the function A(X, Z,T) satisfies
Axr = V*Axx, (2.2.2)

since P = —Axx. We may now solve for A by taking the double Fourier

transform (denoted **) in X, Z of (2.2.2) to obtain
Ay = (o? + f%)a? A",

where a, 8 are the transform variables corresponding to X, Z respectively.

Hence the displacement is given by
4m*A(X,Z,T) = /oo /oo Q(a, B) exp(iaX +i8Z —[a®+B%iaT )dadB (2.2.3)

where Q(a, B) is the initial distribution of the negative-displacement transform
A**(a,3,0).We note that the equation (2.2.3) also holds for the channel-flow
case. Here (2.2.3) determines the development of the displacement in space
and time, and hence the pressure from (2.1.6b), for any prescribed initial dis-
tribution. We note the broad similarities between (2.2.3) and the dispersion

relation obtained by Doorly and Smith (1992), i.e.
4n?A(X, Z,T) = / ” / " O(a, B) expliaX +iBZ — iaa® + B°T)dadp,

sample solutions of which are shown in figures (2.2.1a, b), (2.2.2a, b), (2.2.3a, b).
We are interested in the behaviour of the flow solution at large times, as
mentioned above, from the start. From (2.2.3) we observe that X, Z are

O(T*/3) for any significant effect to be present there, provided that X ~ a™!
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(b)

fig 2.2.1a,b
Numerical results for the incompressible boundary layer.

Surface plots of disturbance 4{X.Z,T) for very large time T. (T = 256)
How DocrW
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(b)

fig 2.2.2a,b

Surface plot of 4{ X, Z, T) for short time T. (T = 2)

Doorly ctnci
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fig 2.2.3a,b

Contours of A(X, Z,T) for short (a) and long (b) times.
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At large times, the maximum amplitudes are clearly seen to lie along the caustic. -

From ’Doorbj amd  Saith (1992)
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and T ~ a3, where @ < 1 (the second region of interest further down-
stream, occurs when the distances are increased to O(T); this is examined in
chapter 4). This observation is suggested by the fact that we require z, z to be
O(¢) for t of O(£3), from above. Therefore in (2.2.3) we write

(X,2)=T"Y}X,Z) = T*3*R(cos §,sin §), (2.2.4a)

(e, B) = T73(&, B) = T~*/37(cos ¢, sin ¢), (2.2.4b)

in terms of polar coordinates. Substituting these into (2.2.3) yields

o A ~ T~23((0,0) /0 R, (8)dF, (2.2.5)

after an integration with respect to ¢ . Here J, is the standard Bessel function
of zeroth order and Q(O, 0) is the double integral with respect to X, Z of the
initial disturbance A(X, Z,0), while ® = (#2R2—27* R cos §+7°)!/2. Also (2.2.5)
gives most of the large-time behaviour for O(1) values of the scaled distance
R = (X?+ Z*)Y/2T-1/3 and O(1) angles 6. For large distances R the beginning
of a confined 'wake’ can be distinguished. For then the range 7 = (¢ R)*/2 > 1
is important (with o of order unity), giving $* = R%*(c — 2c0® + 0%) > 1
(where ¢ = cos ) and so J,(®) ~ (2/7®)/2cos(® — 7/4). Since R > 1 the
major contributions to the integral are made when f(o) = (¢ — 2co? + ¢2) has
a maximum, as J, is largely oscillatory. But f'(c) = 3(c —2¢/3)? + (1 —4c?/3)
so maxima are possible only for ¢ > 3/4, i.e when |0| < 6., where 6. = 30° is
the “spread half-angle”.

For such angles ’inside the wake’ we may use the method of stationary
phase to deduce analytically the large-time behaviour of (2.2.5). After some

working (near the stationary points of f(¢)) we obtain

2125 A ~ T~23Q(0,0)R~/? cos(R¥?Bi )+

{BF B

1

WCOS(R:VZBI_)], (226)
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for R > 1 with —0. < 0 < 6., consisting of two wave forms in which
By(6) = (01 — 207c + 03)"/?,

: Bz(e) = (30’1 - 2C)Bl_1,
ot (8) = (1/3)(2¢c £ (4c* — 3)'/?), ¢ =cosé.

From this it can be seen that increasingly concentrated waves form in the wake
far downstream, but with their maximum amplitudes occurring at the edges (or
caustics) 8 ~ +0., since B, — 0, B; — O(1) as |6| — 6.. Near the caustic the
two roots of f(o) coalesce at o = 2¢/3; therefore we introduce p = o — 371/2,
and since tanf, = 3712 = Z/X we introduce A = Z/X —37'/2. Hence we can

evaluate the integral (2.2.5) in detail by expanding ® as

& = X3/? 2)¥? T A+ Dt oy +0(p*, )
- 3 3i2g” T g T gt ol

This allows (2.2.5) to be evaluated near the caustic as
o A = T=23Q(0,0)(27) /2 R~1/421/3375/24 cos( B, X3/2) Ai(), (2.2.7)
where A; is the Airy function, while
n = (3°/2*%)X),
and

By = ((2/3)*% + (1/2'")})

(see Cheng and Johnson (1982), Pedlosky (1987)). Hence near each edge of
the spot A acquires the form of an Airy function, matching with the wave-like
behaviour (2.2.6) inside the wake and with the exponentially small response
outside (for || > 6.). We note here that due to a typographical error the factor
T-1Q(0,0) did not appear in the work of Doorly and Smith (1992) (page 96,
equation (3.9)).
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§2.3NONLINEAR THEORY: AMPLITUDE LEVEL I

We now use the linear work above as a starting point for the following
nonlinear approach, as in Smith (1992), Smith, Dodia and Bowles (1994).
We start by obtaining our governing equations, using the scalings (z,2) =
13X, Z ) (see below) and appropriate expansions for the velocity , pressure
and amplitude.

The aim of the present nonlinear approach 1s to obtain the governing non-
linear amplitude and mean-flow equations as in Smith (1992), near the spot’s
wing-tips in two ’edge layers’, where nonlinear effects can be concentrated.
These equations have solutions that match with the linear theory in a low-
amplitude limit and they fmable us to gauge what happens as the amplitude

is increased. These aspects will be examined in more detail later.

§2.3.1SETTING-UP THE NONLINEAR PROBLEM

In section 2.1 we used the scalings (2.1.2a) which are valid for all scaled
times. Then the dispersion relation (2.2.3) suggests that
(z,2) = t1/3(X, Z); hence in a sense the time ¢ replaces the length scale £3.

Keeping this in mind we modify (2.1.2a) as below,

[u,v,w,p, A] = [t7230, 1753V 1=2/*W ,1~4/3P t~*/3 4], (2.3.1a)

[z,y, 2] = [tY/3X,t23Y,4/32), (2.3.1b)

where these velocity, pressure, amplitude and spatial variables hold in the low-

est layer. Substituting (2.3.1a—b) into the governing Euler equations (2.1.1a-d)

we obtain
Ug + Vo + W5 =0, (2.3.2a)
20 (o 1o\ (o 2:Na [ 15 o .
20+ (0- %) Og+ (V4 V) 0y + (W - 32) Uy = —Py, (2320
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O fa TN (e 2o\ e 1\ )
W+ (U - §X> We + (V + §Y> Wy + (W - 5z) W, = —B,, (2.3.2¢)

with (2.1.1c) confirming that

The main boundary conditions are
V=0atVY=0, (2.3.3a)

U~Y+A W0 a Yo oo, (2.3.3b)

from (2.1.7a-b) respectively. The pressure amplitude relation is now given by
P=—Agy. (2.3.4)

Thus (2.3.1a, b) represent a large-time asymptote of the three-dimensional Eu-

ler system.

§2.4 MAIN FEATURES IN THE BULK OF THE FLOW
We use the term bulk to refer to the major part of the flow structure in
the normal direction. The expansion of the flow solution at relatively large

distances X > 1 is inferred from above and takes the form,
0 = XS+(EU0+E—1'UIS)X_1/4+. . .+(E2u12X_3/2+EU11X_3/4+X_1/2U10+C.C)

XV (BPugps Xt 4. 4+ Bun X4 ) 4., (24.1a)

V= X5/4(Ev0+E_1v3)+. . .+X3/2(E2v125(‘3/2+Ev11X'3/4+X‘1/2v10+c.c)+

o+ X(BPups X4+ 4 Eupn X34 )+, (2.4.1b)

W = (E'wo + E'le)X"IM +...+ (E2‘UJ12X_3/2 + EW11X_3/4 + X—l/z'wlo + C.C)
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+ XV BPuwyp X 4+ Bun X4 )+ (2.4.1¢c)

for the velocity components, and

P=(Eg+E'g)X? +... + X(E?q12 X7 + Egi; X34 + X~3%g,5 + c.c)

F XV (B X ™t 4 )+ .., (2.4.1d)

A=(BA+EADX Y 4. +(B2AX 4 BAL X34+ X2 Ajp+ c.c)

+X VB A X 4+ EAnX )+ (24.1¢)

for the pressure and displacement respectively. We justify using these particu-
lar expansions later in section 2.9. The unknown velocity coefficients up, vn, wn
depend only on s,7n while g, A, are unknown functions of 77 alone, with the
explicit F— dependence shown. Here c.c denotes the complex conjugate and

the wave contribution is
E = exp[i(b; X%/? + a, X*/?5))], (2.4.2)
where b;, a; are constants. Also
Y=2Xs, #=2-qX, (2.4.3a, b)

where the constant g is equal to 1/3'/2, corresponding to the wake half-angle
of 30°, in view of the linearity holding outside and in-between the two edge
layers, and s, 7 are O(1). The expressions for the wave contribution and edge

layer follow from (2.2.7), while in order to obtain (2.4.3a) we need to take the

balances .
0~ gy,
X

from (2.3.2b) and (2.3.3b) respectively; the result (2.4.3a) follows. So (2.4.1a—
e), (2.4.2) and (2.4.3a,b) form the basis for the nonlinear theory, with the

transformations
8y — 04 — §0; — X~'s8,, 0p — X7'0,, 0z — 0,

48



and
3, sy 1o .
E; = (Ele”z + 5alx—lfzf,) iE, E;=a, XY%E,
from above.
Substituting (2.4.1a-d) into the large-time equations (2.3.2a-c) yields the

successive controlling equations as follows. At first order (E terms only) the

continuity, streamwise and spanwise momentum balances give

’l:B’LLO + Vos + ialwo = 0, (2440)
vy + 18ug = —1goB, (2.4.4b)
1wy = ~1ia1go, (2.4.4¢)

respectively, where B = 3b; — ga; and § = Bs — b;/2. These controlling

equations apply subject to the constraints
vo=0 at s=0, uyp— Ap as s — oo,

from (2.3.3a,b). The solutions for ug, vo, wo hence obtained are

2
a

uo = Ao + —113’15—", (2.4.50)

Vo = —iBAoS, (245b)

wo = —6 goay, (2.4.5¢)

with the resulting ’internal’ pressure-displacement relation being
Ao = kgo where k = 2b7'B~!(a? + B?). (2.4.6)

The results here and in the remainder of this section hold strictly for é§ # 0,
i.e for s # b /2B, outside a critical layer. At second order (E terms only) the

continuity, streamwise and spanwise momentum balances yield
iBuu + ia1w11 + V11s — q’U«o,‘, + Wos = 0, (2470)
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7:511411 + ﬁll — s@uoﬁ = —'iBgll + qgoﬁ, (247b)

16wy — SqWo; = —goii — 181911, (2.4.7¢)

respectively. The solutions for (u11,v11,w11) subject to the constraints

vi1=0 at s=0, u;; > 4;; as s > o0,

are
1 [
un =g {g + 2’%} + Au, (2.4.8a)
algos . ‘
V11 = 45 { ggn + AOf;} —1Bg11 + qgo5 — 1du11, (2.4.85)
wyy = — { L] B0 (2.4.8¢)
where

a = —ialg1; — 2a,(1 + ga; B~V gos,

B = —gabB ' gos.
The internal pressure-displacement relation between g;;, A;; here takes the

form

: : 103, . R

1b1kg11 = 1b1 A1 + 2905 B I[Eblq — ¢%ay — 2a; — a2¢gB71). (2.4.9)
Similarly at third order (E terms only) the controlling equations are

iBu21 + V214 + ia1w21 + 50,17}2'11,0 - Quuﬁ + Wiig = 0, (24100.)

) 1 .. ) _ 1 .
18Uz — SqQUui1s + Va1 + 5(3 — 1)a1fiug = —iBga1 + G911 — —2—a1mgg, (2.4.100)

1. . _ . .
52(3 — Dayfiwo — sqwiis + tdwa = —gu1s — 101921, (2.4.10¢)
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from the continuity, streamwise and spanwise momentum balances respectively.

We can rewrite these for us;, v21, way as

. [ _ 58 . _ _ S
U = Ay — 1/00[—29111‘,(1055 +142a1(2 4 ga,1 B 1)90171*;33
. 2. 8 P | . 1
+iatigo 5 — iaiigo 3 — (219114 — igom)
PR R S g 8
—1a1921 57 + 4G a1 b1gosn g + 1014 Goii 5] ds, (2.4.11a)
. N 1 .. 1 " _ )
vo1 = —1Bga1 + §g115 — 5017190 — E(s — 1)a17tug + squiry — 16uqr, (2.4.110)
o1 = 1. . .
Wy = ——1,6 [sqwnﬁ — 52(5 — 1)(117]’(1)0 — 115 — zalgm], (24116)

subject to

v =0 at s=0, uy — Ay as s — oo.

Now the fourth-order E balances give

1Bua; + va1, + 1a1Wa; — qUars + Wars + @111 /2 — Suos — Ue/4 =0, (2.4.12a)

16uz; + va1 + (s — 1)a1fiu11/2 + 1 Buiouo + vioUos + VolUios + WioUoast

s T .
—8qua15 — (8 — 1)suo, — (Z + I—Z_) Uo — 7uos/3
= —B?;ggl + q-ggl,‘, — alignﬁ/2 - 390/4, (2412b)
. _ . o s 7
'L(S’UJ31 — 5qW215 + Z(S - 1)a17)w11/2 — (Z + E) wo — (s — ]_)swoa_.

NWos/3 + VoWios + V10Wos + 1BUowo + 1a1W10W0

= —@g214 — ia1g31, (24126)
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from the continuity, streamwise and spanwise momentum balances respectively.
Further work on these controlling equations is shown in section 2.7.

We now need to consider the leading order mean-flow responses (E° con-
tributions), at various orders. These arise mainly at two levels as follows. At

third order we obtain

—qu104 + V205 + W10 = 0, (2.4.13a)
V20 — SqU105 = 0, (2.4.13b)
—sqwios = 0, (2.4.13¢)

from the continuity, streamwise and spanwise balances respectively, hence
wio =0, v = 57A105, w10 = Aio.
The next level leads to the controlling equations for (uao, v40,w30), as below,
(—=1/2)u10 — quaos — Su10s + Va0s + w307 = 0, (2.4.14a)
from the continuity balance, and
(2/3)su10s — (1/3)Hu105 — (1/2)su10 — (1/2)u10 + vao — Squ30s

+v10U10s — (S - (1/3))3U10, + f1 = leo;,, (2414b)

where

—_ * * . . L = %
fi = [vouly, + v11ug, — woariul; — wi1a1tug + Wolgs — Uougs + C.c]

SWi10s — szwm, - (1/3)7?’!.010,?, - (1/2)11110 - (1/2)311)10
—8qW304 + V1oW1o0s + f2 = —G104 (2.4.14¢)
where
f2 = [vowyy, + viawg, + wowg; — 1Buowy; — tBunwg — uoqwg; + c.c},
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from the streamwise and spanwise momentum responses respectively. The

tangential flow condition as s — 0 therefore yields the mean-flow results,

_ 1, 1 -
49104 = —gﬂAloﬁ - §A1o — 4gb7%(B? + a?)(|90/%)5, (2.4.15a)

4
G105 = —B'%;(Bz + a2)(1go[*)a, (2.4.15b)

for (2.4.14b,c) respectively. Here we have made use of the solutions for
(to, u11, Wo, wq1) from earlier in this section.

At first sight (2.4.15a,b) seem to contradict each other, since in equation
(2.4.15a) we have extra mean-flow momentum contributions present through
the terms proportional to A;o, but a resolution is provided by examining a
thin wall-layer present close to the surface, between the current s ~ O(1) zone
and the surface. Further details on this wall-layer are provided in section 2.6.
Finally in this section we note that the second-order (E°) balance from the
continuity equation reveals

Vios = 0)

which is consistent with the result v;0 = 0 from the streamwise momentum

equation (second order E° balance).

§2.5 EXTERNAL RELATIONS

From section 2.3 we have the pressure-displacement relation
P=—-Azz

for the wall-jet study. We can substitute the expansions (2.4.1d,e) into this
law to obtain ’external’ relations between (go, 911, 921, 931, g10) and
(Ao, A11, A21, A, A1o), which may then be coupled with the internal relations
of the previous section. This process is described below. We proceed as before
and derive the controlling equations at various orders.
At first order
go = AoB?, (2.5.1a)

53



at second order

g1 = AuB® + 2 Aoy B, (2.5.1b)
at third order
g2 = _q_zAOﬁﬁ + alﬁAoB + A2132 + 2q_’iBA11ﬁ, (2516)

at fourth order
ga1 = A3le + ZQiAzlﬁB — qullﬁﬁ + aqf]AuB + iq_alﬁAoﬁ + ialq"Ao/Z, (251d)

where all of these relations come from balancing terms proportional to E. From

the E° terms at leading order we have the equation
—g10 = §° Ao (2.5.2)
Coupling the external relation (2.5.1a) and the internal relation (2.4.6) gives
b, = 2B(a,f + Bz),

which is the dominant eigenrelation, leaving the amplitude function go still

arbitrary. Coupling (2.5.1b) with (2.4.9) gives
201 8% — gby = §B(B” — a}),

the eigenrelation leaving go, g11 arbitrary. Given that we know g = 1/3/? we
can use these eigenrelations to determine the other constants B, a;, and b,.

For the half-angle 6. = 30° the constants are found to be

1 2\%/? _
0 = o1 b1=(§) , B=aa,

consistent with the linear work above.

§2.6 THE WALL LAYER
As mentioned in section (2.4) a thin wall-layer, close to the surface, helps
us to decide on which mixture of equations (2.4.15a,b) we need. This extra

layer arises because of the singular response O(s™!) of the mean-correction
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velocities ugg, wao as s — 0 (see below), while vyo — 0 as s — 0. We start with
our mean-flow equations (subject to the tangential flow constraint as s — 0+)

from the continuity, streamwise and spanwise equations respectively , i.e

1
—51410 + V405 — QU305 + W305 = 0 , - (2.6.1a)
— QU307 B—EB‘* 2 2~—3A = §G105 2.6.1b
qu3os + V40 + Dio bg( + a1)(190/%)5 23 10 = 99105 , (2.6.1d)
2 ~
where
1. 1
B = —§ﬂA10ﬁ - §A10,
4
—sqwsos + b—2(32 +a3)(l90]")s = —g108 - (2.6.1c)
1

Taking the combination (2.6.1b) + g * (2.6.1¢) yields
~gsfusos + quson] + vao + Bro — 5510 = 0, (2.6.2)
and equation (2.6.1c) gives the asymptote
w3g ~ X308 '+ P+ ..., (2.6.3a)

where
__ 4
Mo=q [0+ E(Bz +a3)(l9ol*)]-
Also the partial derivative of (2.6.1b) with respect to s implies
—QqU304 — SqU304s + V40s — §A10 =0,
l.e
—§su30ﬁ, — W3os = 0.

So the asymptote for usg 1s

Uzo ~ 339+B301n|s|+ﬂ30+..., (2.6.3b)
with
Y - P
Q3o = ﬁ, .330 = —ﬁ-
q q
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Then combining (2.6.2),(2.6.3a) and (2.6.3b) we obtain after some working
vgo ~ [—B1o + )\3077(@2 +1)]+ @ésoﬁs In|s| + %SAm +....
Now the tangential flow constraint as s — 0 means that
v40 — 0 = Aaos = Bio(1 + )1 # 0;
this result implies that
wso ~ s, uzg~ ST,

i.e as s — 0 and vg — 0, uzo and w3 become singular as O(s™!). To incor-
porate the singular behaviour of u3g, wsp into the wall-layer we need to adopt

1/4,

the new scaling Y =2X- y. This scaling for the thickness of the wall-layer is

deduced from comparison of the basic mean-flow term Xs in (2.4.1a), and the

2 —1)

corrective term O(X -3/ due to ug, giving the scaling as s ~ X~5/4, i.e

Y ~ X~1/4 The implied expression for the wall-layer solution is therefore
[j = X~1/4EOQ+X—1/2A10+X—1/4(Eﬁ01 +C.C) +(E2ﬁ125{_3/2+Eﬂ11X_3/4+C.C)
FX VB X % 4+ 4 Ean X4+ )+ X7+ X2 B g+

X—3/4Eﬁ31 + X—I/Z,BBO +.. ) + C.C) +..., (2.6.4(1)

v —3/4

. . X .
V = (E%o, + c.c) + X**(Evy, Zo Hoct )+ XY 250+

X3/ X X2
/2
X(E'l)gl),\(/ + c.c+ Ty 65/4)+ (.. +v30X5/4+...)+...
XO(X_I/z[T40 + q,B30,, (lny In X5/4)] +.. ) +... , (2646)

X5/

W = X454 + X_1/4(Eu')01 +ce)+...+ (E’wuf(‘?’/z +...+co)+

X VAEw X3+ . 4ce)+ X ..+ X VPPp+.. ) +..., (26.4c)
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as suggested by the behaviour of the bulk-flow components (2.4.1a — ¢)

the boundary conditions are such that, as § — oo

_ N Ac1
Ugo ~ Y + Qzoy ,

Ugo ~ K40, Where K49 = /\307”;(‘72 +1) — Bio,
Tao ~ A10/27

— e |
Woo ~ Asoy

to match with the previous solutions from the bulk. Also
Ugy ~ 2Bgobl_1 Uy ~ 0(1),

Vo1 ~ —iBrgo§ 1 ~ O(3),
’U_)ol ~ 2a1gob;1 17]11 ~ 0(1)

The modified transformations are

6]7 - XIMGQ:
9z — 0y

1, o_
05 — 0x — 305+ 79Xy,

. Here

and the dependence on the fast variable E is as before. From here a process

similar to that in section 2.4 is used where the leading-order controlling equa-

tions are obtained. From substituting (2.6.4a-c) into the continuity equation

(2.3.2a), the leading order balances for terms in E are

1Biigy + U015 + 1a1Wo1 = 0,
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1Biiyy — Qo4 + D11y + 1a1W11 + Wor4 = 0,

(2.6.5b)

where again B = (3/2)b; — gai, and the leading-order balances for terms in E°

are

—QUoos + Voog + Woos = 0,

—qA104 + V205 = 0.

The streamwise momentum equation yields
by _
Eum = goB,
1, . : _
_Eblzull = —B1g11 + 4905,
at first and second order (E terms only) respectively, and

1 1, o o L _
9105 = —§A10 - §7)A1oﬁ + Vooloog + Woolkoos — JUootkoos + F1,

as the leading-order mean-flow term balance (E° terms only) where
F = - B? + a? 2 t =0
1= —QE( +ai)(l9ol*)s at §=0.

The spanwise momentum balance yields

1, _
§b1w01 = @140,
at first order (E terms only)
1, ._ .
—Eblzwll = —goq — 11017,

at second order (E terms only), and
—g10ii = TooWooy + WooWoos — Woortoo + Fa,

where

(2.6.6a)

(2.6.6b)

(2.6.7a)

(2.6.7b)

(2.6.7¢)

(2.6.8a)

(2.6.8b)

(2.6.8¢)



as the leading-order mean-flow balance. Equations (2.6.6a), (2.6.7¢) and
(2.6.8¢) now need to be combined to give a single equation linking (g10, go, A10)-

So taking the combination —g * (2.6.7c) + (2.6.8¢c) we obtain

1 1 . _ _ —
EQAlo + ganlo-ﬁ + Qoogloo + QoosWoo — QoosGloo =

—(@® 4 Vgros + (§F1 — F),

where Qoo = (—gtioo + Woo), s0 (2.6.6a) becomes

Qooi + Yooy = 0.

The boundary conditions are now

Qoo ~ —q(f+zd t+...)+A0d M+,
l.e
Qoo ~ —qy + O(ﬁ_z) and Ugo~Kgpo+..., as Y — 00,

and

Too=0 at gy=0.
Therefore a particular solution is
Qoo = —q§ Voo = Ko,

provided

which holds true, and provided

1 1_, _ _ = ~
Equ + gq_'f)Amf, — K40 = —(q2 + 1)g105 + (§F1 — F3),

which also holds true, but to satisfy the condition at § = 0 we need k40 = 0.
This corresponds to adding g times the momentum equation (2.6.1%) to (—1)
times (2.6.1c) and then setting s = 0 in the resulting combined momentum

equation. Also that confirms that both of the tangential velocities uzo, wao
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1

are singular of order s™" as s — 0+ in the bulk flow, these singularities being

smoothed out in the wall layér. So finally we have

4 1 1,
g0 = —E(BZ + a?)(I90/*)5 — qzi 7 (§Am + gﬂAm,) , (2.6.9)

the main mean-flow equation linking (g10, 9o, A10)-

§2.7 GOVERNING AMPLITUDE EQUATION
In this section the governing amplitude equation for the current amplitude
level I is derived.

From equation (2.4.12¢) we have

s 1
i ﬁ) wo + (s — 1)swo,+

. _1 —_ . -~
wa1 = —187 (sqwars — i(s — 1)ayfjwil /2 + (
ﬁw0ﬁ/3 — VoWi10s — V10Wos — 1Bujowo — 1a1w10wWo

—3g213 — 'ialgal)-

Now taking the derivative of (2.4.12b) with respect to s and substituting for

w3y and v3; gives

L -
Uzl = A31 - ’L/ 6_1331d8, (271)
o0
subject to uz; — A3; as s — oo after some manipulation. Here
le = Q1+ Qa,
where
Q1 = a16~ 1 (—vow10s — VioWos — 1BuUowo — ta1w10wo)

—(2Bu1ouo + v10Uos + VolU1os + W1oUp@11)s,

Qz = Waj — (8 - 1)017?7:'“11;/2 + squaiss + (-5‘2 - S)'uo,.d-
5

1 . 1, _ . n
1 (s — 5) Uos + TUoss/3 + @16 Ysqwaiz — i(s — 1)ariws1/2

. s T .
—g215 — 101931 + (Z + '1‘2‘) o+ (s— l)swo, + fwoi/3).
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Therefore substituting this expression for u3; into (2.4.12b) and taking the limit

s — 0 establishes the internal relation at forth order as

b [ [ s-15 : 1 : 7 1,
51 [/; 8§ 'B31ds — 1 A3 | — Eamzuu +1BAoug — 1—2'uo _ EUUOﬁ —
: _ 1 .. 3
_Bzgs1 + 99217 — 50:1172911 - Zgo. (272)

Simplifying (2.7.2) using the external relations (2.5.16 — d), i.e eliminating the

931, 921, 9117, 911 terms leaves as a solvability condition the amplitude equation

4 A . —_
(31/2-90'777 - 7790) T ~1A1090b; 1(B2 + af), (2.7.3)
i

for go. The right-hand-side of (2.7.3) contains all the nonlinear effects therefore
for a linear disturbance the amplitude equation reduces to Airy’s equation for

go(7), giving the solution
go o< A(31/°47 %), (2.7.4)

in terms of the Airy function A;, which agrees with the linear theory as required
(the constant of integration is zero since linear theory holds outside the edge
layer).

We now have two main governing equations (2.6.9), (2.7.3) for (A1, g0),

where g0 in (2.6.9) is replaced by (2.5.2). These equations in normalized form

are
gs7 — 19 = D where sz —iAg, (2.7.5a)

A 7A;
Agig — 3 (5 + %) = (191*)4, (2.7.5b)

after setting

4 1/3
ﬁ=(—) 7, Aw=9Q4, g =19,

31/2
where Q=b(B®+a)”?, 7=2-q(B"+a}) (T) |

At low amplitudes the equivalent of the Airy function (2.7.4) applies, whereas
at most amplitudes (2.7.5a, b) require a computational treatment. The latter

is addressed in part II of chapter 2.
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§2.8 ALTERNATIVE APPROACH
Here we show an alternative method by which the linear result (2.7.4) and
the linear portion of (2.7.3) may be obtained. From section 2.2 we have the

relation

Azt = —Vipp.

Rescaling this pressure-amplitude law, using the scalings in section 2.3, namely

(2,7, 4,p) = (5%, 095, -3 4 143 -
gives
A 1.4 144 A -
AX+§XAXX+§ZA}?Z"=PXX+P22' (2.8.1)

Substituting the large-time expansions for fi, P into this relation yields the
leading order controlling equations between (go, 911, 921, 931) and

(Ao, All: Agl, A31) as shown below.

1
—3'A0(B + cjal)B = 90(32 + af), (282&)

1 b .
—5h1AnB — iqAoy = —gu(B* + o) ~ 2igoq(4B — a1), (2.8.20)

1 2 . 1_ o1, 3 _
_§A21b1B - §A001773 - §qb1A11ﬁ7' - gqaano = —5513921 + qa; Bgxn
—alga1 — 23iBgu1; + 2119115 — goarn B + (3* + 1)goss, (2.8.2¢)

—a2gs — B’g31 — 2qiBgais + 21a19215 — a1 Bgu1 + 3 gu195 + 91194

. 3. 5. 1. _
—1qa17go; + 71 Bgo + ZZBQO — 190010 =

4 2
1 1. 2 ., 1_,, 1.,
-—EblBA;;l - EqulAnﬁ - galnBAn bl —G‘QGET]AH + E’L’I']BAQ.;,
2._ ., 1. . : 1.
—§zqa17)Ao,~, + gzalnquﬁ +1BAg — Ezqale, (2.8.2d)
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from the first, second, third and fourth order E term balances respectively.
We now couple (2.8.2a — d) with the external pressure-displacement relations
(2.5.1a — d). Coupling the first-and second-order balances fixes the constants

ay, by and B. At fourth order however we obtain the linear Airy equation, i.e

4 1, 1
329172907 ~ 33729172 "19% T 3372917290 = 0,

for go. Making the transformation 7 = 2%/37/3/6 gives

(go#i — 7190)7 = 0,

confirming the linear contribution above, e.g compare with (2.7.5a). The same

method can be adapted to verify the nonlinear portion on the right-hand side

of (2.7.3) or (2.7.5a)

§2.9 APPENDIX

Before moving on to solving the governing equations numerically, we present
here the argument for using the particular form of the large-time expansions
(2.4.1a —e).

Consider the form
A=X""YEAy+cc)+..., (2.9.1)

for the amplitude, where the notation is as before and m 1s a constant to be
fixed. The relative effect of the typical amplitude-squared nonlinearity is of
the order X?m~* since U is equal to X's with an O(X™1) correction due to
(2.3.3b). This is to be compared with the relative effect in (2.4.2) of order X1,
The two effects are comparable when 2m —4 = —1; giving m = 3/2. So at this

stage the streamwise momentum, amplitude and pressure expansions are

0 = XS + XI/Z(EUO + C.C)k +...4+ XO(Ezulzkz + Eunk + U0 + C.C) + ... ,

A=XVYEAo+cc)k+...+ X°(E*Ak® + EAnk + Ao+ co) + . ...,
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p = X3/2(Ego + C.C)k + ...+ X(Ezglzkz -+ Eguk + glokz + C.C) + ... ,

where k = X™3/2 = 1 for m = 3/2, but we also need to consider the mean-flow

balance between gq0, A10. In particular
X’nglo ~ XOAlo,

because of the pressure-amplitude law (essentially this is comparing the relative
effect in (2.4.2) with [mean-flow correction due to the pressure-amplitude law
'X°]* X2~ ). Hence k = X~'/? and this yields another value m = 1 for the

index. This value gives

U=Xs+XEuo+cc)+...,
AZXO(EAOJrC.C)-f'...+XO(E2A12X_1+...+A10+C.C)+...,

]3 = X(Ego + C.C) + . + X(Ezng—l + Ean_l/z + X—lgw + C.C) + e

Initially these expansions seemed appropriate but further points need con-
sideration. Firstly to match the nonlinear theory to the linear we need to
go to fourth order in our expansions (see above); and secondly the pressure-
displacement relation is special for the mean-flow-corrective terms, in that we
require the mean-flow amplitude A;o ~ 7 and for A4 o |go|® (using the nota-
tion of section 2.4) for the nonlinear theory to connect with the linear theory.
To clarify the second point we note that g (from expansion (2.4.1d)) satisfies
the Airy equation; this yields the asymptote go o || ~/*sin(2|#[*/2 + const.)
(see (2.7.5a) above), and Ajp ~ g3 follows form the pressure-displacement
relation (2.7.5b). Hence Ao ~ 7%/% i.e Ajo “grows and overwhelms” . There-
fore we reduce the order of go by € say. After some working it is found that
e = |f]|~'/4, so we still have the relation Ajo ~ |go|® but now Ajo ~ 7. These

above mentioned points suggest after some working, the expansions (2.4.1a—e).
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§2.10 SUMMARY

In the above part of chapter 2 we have presented first a linear model for a
spot disturbance in a wall-jet or channel flow, and second a nonlinear model
based on this for a spot in a wall-jet flow only. The emphasis has been on
long-scale disturbances throughout, partly because experiments suggest that
the streamwise and spanwise length-scales can be typically larger than the
normal scale for part of the spot development.

The linear theory suggests that increasingly concentrated waves form far
downstream within a wedge of semi-angle 30°, although the maximum ampli-
tudes occur at the edges or caustics of this wedge; also linear properties hold
outside the edge layer(s). In practice this 30° prediction is however an overesti-
mate for spots in channel flows, since the typical angle is 10° from experiments.
Also we find that significant effects arise in two main regions far downstream
at distances of order (time)'/3 and (time).

The nonlinear theory is based around the (time)!/? streamwise and span-
wise scales. The governing amplitude equations that we obtain match with the
linear theory at low amplitudes, whereas at higher amplitudes the full set of
nonlinear equations needs a computational treatment. We note that the non-

linear interaction at this amplitude level is dominated by interplay between

the fundamental fluctuations E*! and the mean-flow correction E°.
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CHAPTER 2

PART II

NUMERICAL METHOD & SOLUTIONS

66



§2.11 NUMERICAL METHOD & SOLUTIONS
In this part we describe a numerical scheme used to solve equations

(2.7.5a,b), involving a finite difference procedure. The following discretizations

were used:
Bj+1—2B;j+ Bj_1 3 . 9i(G41 — 93-1) | 95(gi+1 — gi-1)
——A. — B. = 3 J 2 J
A2 g =M on T A
(2.11.1a)
for (2.7.5b), where B = Aj; and is discretized as
1 A —A;_
5(Bi + Bj1) = —’—A’—l, (2.11.18)
. —2a. -
G =G LI g, + g = Dy, (2.11.1¢)
where
k=3
D_.,' = — Z'LAkgkA + iA]'ng, (2111d)

for (2.7.5a). Second order accuracy is maintained throughout. The 7 variable
is given by f_c + (7 — 1)A = 7;, with 1 < j < J, where floo = flooo + (J —
1)A and 7jeo, f-o0 are chosen to be suitably large, with the step size A being
small. The system (2.11.1a — d) is then solved using an iterative process,
where the g;’s obtained from (2.11.1c¢) by inversion of a tridiagonal system, are
substituted into (2.11.1a) to obtain the A,’s by inversion of a multi-diagonal
system (Guassian elimination is used to invert the matrices). The g’s and A’s
are then substituted into (2.11.1d) to establish what the new D’s are and so on.
This process is repeated until a converged solution is obtained. We note that
the 'theoretical’ boundary conditions (cf. next paragraph) on g are g(Foo0) = 0,
since we require g to satisfy Airy’s equation. Also the left-hand-side of equation
(2.11.1a) is ’Airy-like’, hence we expect A(Foo) = 0 as theoretical boundary
conditions.

In practice the linear version of (2.11.1¢) is solved numerically with a non-
zero input amplitude (I.A) at 7j_c, i.€ g1(—00) = I.A, and this produces the
expected Airy function for g. This is used as an initial guess for g to start up

the iterative process. Typical converged results are shown below.
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We note here that relaxation is used to encourage convergence. Also we
expect the nonlinearity to reduce the spread half-angle, i.e we want the maxi-
mum amplitude to move towards the centre of the spot, but this is as yet not
clearly visible from the numerical plots shown in the figures, although as we
shall see in chapter 3, as the amplitude is raised even further, we do find a
definite inward trend towards the centre. However in general the results are
encouraging since the amplitude decays exponentially away from the centre

and algebraically towards the centre.
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fig 2.11.1a

Solution computed for the wave contribution g (i real part, ii imaginary part),

for the small amplitude solution in fig 2.11.1b.
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Solution computed for the mean amplitude A.
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Solution computed for the wave contribution g (real part).
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Solution computed for the wave contribution g (imaginary part).
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Solution computed for the mean amplitude A corresponding

to the wave contribution g in figs 2.11.2a, b.
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Solution computed for the wave contribution g (real part).
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Solution computed for the wave contribution g (imaginary part).
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Solution computed for the mean amplitude A corresponding

to the wave contribution g in figs 2.11.3a, b.

76

20.0

10.0

0.0

-10.0

-20.0

\&



CHAPTER 3

AMPLITUDE LEVEL II

7



§3.0 INTRODUCTION

The aim in this chapter is to understand the influence of raised amplitudes
in the O(T'/?) zone near the trailing edge of the spot, and to find whether the
positions of maximum amplitude gradually move towards the middle of the
spot’s trailing edge.

We start below with the governing equations (2.7.5a,b) of chapter 2 and
consider what happens when the typical scale of || expands like A (A > 1)
say, with g ~ AS4QG, exp[iA3¥?F,] and A ~ A¥2a,, for consistency, where
G, F,, am are all generally O(1) real functions of the new O(1) coordinate
n = A‘lﬁ: see section 3.1. The leading-order equations obtained for E,,
G, am, are found to suggest at first sight three possible phase branches for
F! for a given am(7), but after some working only one branch is felt to be
mathematically consistent, as i1s explained in sections 3.2, 3.3.

A modified version of the above mentioned higher-amplitude system of
equations is studied in section 3.4, since the modified version allows us to obtain
more analytical insight about the actual system. The modified equations are
studied computationally and analytically. On the analytical side we carry out
a phase-plane analysis in section 3.4, which shows that three saddle-points are
present; an alternative method using Taylor series expansions is also shown
in section 3.5, which confirms these results. Numerically we use a classical
fourth-order Runge-Kutta shooting method to solve the system, see section
3.6; again we observe thaththree saddle points are present. Other details are
also presented.

Numerical solutions for the actual system are then shown ( ’shooting’ for-
wards and backwards from 77 = 0). The effect of increased nonlinearity in the
edge-layer is clearly seen from the solutions of this system, i.e. a definitive
inward trend towards the middle of the spot for the amplitude a,, is obtained.

We note that the main governing equations at this amplitude level corre-
spond to the higher amplitude limit of level IT in the work of Smith et al (1994)

for the boundary-layer spot (again see below).
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§3.1 HIGHER AMPLITUDE EQUATIONS
We have from Chapter 2 (Part I) the governing equations

i — 197 — 9 = —1Ag, (3.1.1a)
A 7A;
Amma =3 (5 + 122) = (19, (3.1.15)

to consider first. As mentioned in the introduction to this chapter, we examine

what happens as the typical scale of 77 (in the above notation) expands like

i = A,

say, where the constant factor A > 1. For g to satisfy (3.1.1a) at leading order

at the current amplitude level we need the balance
7g' ~ 14g.
So taking g es il at large 7 as guided by the Airy function, we have
ﬁ|,’7|1/2e§ilﬁla’2 ~ Ae%t’lﬁl’/”

i.e A ~ A3? Hence we consider the pressure g and amplitude A to have the

following expansions,

g=ANG1(H)er + Ca(B)ez +...) + ..., (3.1.2a)
A= Aa, (7)) + A% Aeser* + ..., (3.1.20)
where e, = emp[iAS/zﬁ'n('F))], n = 1,2,.... Here ¢; and c, are constants to

be determined, and the e,’s give the fastest behaviour present. Substituting

(3.1.2a, b) into (3.1.1d) gives for the right-hand-side,

(1925 = A% (AT(1G1)n + (1G2)s + - ] + AY2GaGlesel iFy + .. ),
(3.1.3a)
and for the left-hand-side we have
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3. . 3
A;,;,;, - ('2“14 + ﬁA,—,) = A3/2 (——2-am - 'f)a:n)
+Ae (Aegel_liaﬁ’éaAa/z — §A3? AejeT i FY — gﬂewl—l) : (3.1.3b)
Balancing the leading-order terms from (3.1.3a, b), we therefore have

A=t = A32 o ¢ = 5/4,

and

Atl/2 _ A2 A3/2 o o — 3/2.

So we are left with the expansions

g = A5/4(élel +G;€2+)+, (3.14:(1)
A= Aa, (7)) + A¥?Aesel + . .., (3.1.4b)

for the pressure and displacement respectively, cf. Smith et. al (1994). Further
terms in the expansions can be obtained through a procedure similar to that
above.

Substituting these higher-amplitude expansions (3.1.4a,b) into the equa-

tions (3.1.1a, b) yields the governing equations for the current amplitude level,

ie.
b3 + 7 = —am, (3.1.50)
(3% + 7)rl + (3hnhl + 1)r, = 0, (3.1.5b)
3
(Pritrie. )= —50m — fa,,, (3.1.5¢)

forn=1,2,3,..., where h, = —F" and r, = |G,|, cf. Smith et. al. (1994).
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§3.2 THREE NONLINEAR MODES

In this section we show that the system (3.1.5a — ¢) has a ’cut-off’ value
(see below) at a finite value 7 = 7y, there being only one nonlinear 'mode’ r,
for 7 > 7o but three nonlinear 'modes’ r,, for 7 < 7jo. Only one of these three
modes turns out to be mathematically consistent however.

So for 77 < 0 we put 57 = —¢ say (£ > 0) and set
_ 35 1 = 92/3g1/2F,
é - 22/36) - { .
Substituting these into equation (3.1.5a) yields

=3 7 Am
4" - 3h =~ 75,

which we consider for now as an equation for h, given a,,. This admits a

solution of the form

h = cos ¥, cos30=-§%,
l.e. 32
1 £\
0=—=a,|=>
cos 3 2a (3)

determines the three values of 6, or the three nonlinear 'modes’, and is valid

provided
1

¢ -3/2
3 (5)

This implies a ’cut-off’ value at

<1. (3.2.1)

Similarly for 77 > 0 we write

3 _
7= b and h = 223¢7R,.

Therefore introducing k; = sinh 6, we obtain

Qm
3/2?
&/

sinh 30 = —
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1.e.

. L\ —3/2
) am (7

h3 = —— (=
sinh 3 5 (3)

so that in general this suggests only one nonlinear mode for 7 > 0. The

question of how many of these modes are present in the solution of the full

system (3.1.5a — ¢) now needs to be tackled.

§3.3 "CUT-OFF’ ANALYSIS

We expect the amplitude a,, to have the form

[~

ey

fig 3.3.1
See section 2.11. Now (3.1.5a) gives

Qm

fig 3.3.2

Therefore we have a double root where,
k3 + by = —am and 3hZ+4 =0,
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l.e.
o= —3h2 <0, (3.3.1a)
and

7\ 3/2
U = Qo = £2 (%) , (3.3.10)

which agrees with (3.2.1). So assuming a,, has a finite value at the ’cut-off’

point we consider a,, to have the form

am ~ a0 + ¥(Fo — 1) + (7o — 7)%¥2 + ..., (3.3.2a)
as 1] — fo— for 0 < § <1, where vy > 0if § < 1 (from fig 3.3.1). Then for h;,
hs say, we have the forms

his~aF B(f —7)%+ B(Fo—7) + ... (3.3.2b)

from (3.1.5a), (3.3.1a,b), where a < 0 and for r; and r3 (corresponding to Ay,

and hj respectively) we have
T1,3 X (’I_]o — ﬁ)_6/4 + /\1(7_]0 — 77)6/4 + ... (3326)

Substituting the a,, hs, and r3 combination into equation (3.1.5a) we obtain

the following equations at various orders,
a3 + ’ﬁoa = —dao, (333)
from an O(1) balance
3’ + 7o = 0,
from an O(7jo — 77)%/? balance. This last balance implies
( 770)1/2
a = — —'3— y

Substituting this expression for a into the O(1) balance above we get

= \ 3/2
wt(H)"

which agrees with our expression for a, at the ’cut-off’ (3.3.16). Now at
O(7jo — 1)® we have
3a’f + 3B + 71oB = —,
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i.e 3aff? = —y which implies vy > 0 (since a < 0). If the forms for k3 and 713

are valid then
b~ =20+ B0 — )Y +...,
since

hi+ hy + h3 = 0.
Substituting A, into (3.1.5a) yields
(20)° + 7o(2¢2) = ao,

from as O(1) balance, therefore if

then

,@ = —— and o = —3a?,
Now equation (3.1.5b) implies

!
Tn

T __ (3hnhy +1)

W R (334

therefore substituting
ha ~ =20+ B(do —7)°, by = —6B(70 — )",

into (3.3.4) and using 7jo = —3a? we obtain

T2 _26(i0 — 1)
Ty 3 a ’

after some working, 1.e
ra ~O) + (o — ) +....
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Having established through the working above that the expressions for a,y,,
(h1, he, h3), (r1,72,73) are consistent, we examine equation (3.1.5¢c) near the
‘cut-off’ value 75. We first take the r; (or r3) asymptote which becomes singular
at 7 = 7o, 1.€
(flo = 7)7**7" ~ —Tjoay,,
from (3.1.5¢), so
@ ~ (70 —71) 7%/

which contradicts (3.3.2a). So we are left with a (am, ha,72) combination, i.e
one nonlinear mode for % < 7o and one nonlinear mode for 7 > 7, (below we
drop the subscript '2’ for convenience).
§3.4 PHASE-PLANE ANALYSIS

Initially an attempt was made to solve the reduced system above numeri-
cally, using iterative techniques and a Runge-Kutta shooting method, but no
conclusive results were obtained. The Runge-Kutta algorithm did however
suggest that singularities may be present at certain critical points. To gain
some analytical insight into the structure of these critical points we therefore

study now a modified system, namely

R® + Hh = —am, (3.4.1a)

(3% +1i)r’ + (3hR' + 1)r = 0, (3.4.1b)
2 3 ;

(r)s = —5(am + ap,)- (3.4.1c)

The change that we have made to the original reduced system is to multiply
the term —#a/_ with the coefficient 3/2, which enables us to integrate (3.4.1c).

Making the transformation

d_dan
dy ~ dhdp’
yields
R® +1h = —am, (3.4.2a)
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. dr di
(3h? +n) o+ (3h +

dh) =0, (3.4.2b)
dr 3 dyp _dam
27‘@ —'2— (amﬁ + ﬂﬁ') y (3426)
where 7, a,,, 7 are now functions of k. Integrating (3.4.2c) we obtain
2 3
ré = —Eamn + 7, (3.4.2d)

for some constant r. say (r = rl/? at 7 = 0). After some manipulation of

equations (3.4.2a, b, d) the following form is obtained,

dh 3 . 9.\ 33,
E = 2T'c + Eh [(27] + Zh ) - Eh :I ’ (3430,)
dij _ 3.1~ 242 4

We can now carry out a phase-plane analysis, based on finding where (3.4.3a, b)
are simultaneously identically zero to determine the critical points. So putting

% = h?v into (3.4.3a, b) yields

dh .3, 9\? 33] _

E‘: = 27':: + Eh [(211 + '4') - E:| = 0, (344a)
di

T = ~ghr. - §h%[(v+ 6) — 21] = 0, (3.4.45)

and hence we need to solve the cubic equation

3[(2v+g)2—ﬁl — v [(v+6)? - 21]

for v. The solutions are

3+ (21)Y/2 3 —(21)/2

vy = =3, vy = > , vz = 5

Therefore choosing 7. = 0.5 (without loss of generality) we can locate the three

critical points, which are found to be

vy = =3, h, = —0.560977572, 71 = —0.944087511,

86



3+ (21)Y/2

V2 = 9
3—(21)'/2
= SO

hy = —0.371182824, 17, = 0.522351087,

hs = 0.83760129, 73 = —0.555148501,

using (3.4.4a).
To determine the nature of these critical points we perform a local analysis.

So if in general we have a critical point at (7;, h;) then we set
h=hi+Y, f=+X,

with X, Y small. Substituting these into (3.4.4a, b) gives

dy 3 3
= = 5h,~[877,- +9h?)X + 5[27h? i + 15h; + 472]Y, (3.4.50)

dX 3 3
— = _5[3773 + 247;h? + 15R] X — 5[2 + 2472 h; + 607;A7]Y,  (3.4.5b)

after some working. Inserting the 7, h values for the critical points into
(3.4.5a,b), we find that all three points are saddle points, again after some

standard phase-plane analysis. We now briefly examine (3.4.3a,b):

dh 2
WheIl h = 0, Zﬁ— ~ —é—ﬁ—i,
dh
so — —F0 as 17— too;
dij
. dh (1+ ghs)
when n=u -LE ~ ——sh—,
S0 d—’_z—v—oo as h — too,
dr

but % is positive when k is small and negative for (1 + 2h®) > 0, i.e in the
1/5
region — (%) Pch<o
See figure 3.4.2a for a plot of the phase-plane. We see from the plot of the

phase-plane that a possible solution or phase trajectory has h < 0 for all 7, i.e.
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N

fig 3.4.1

and all the analytical features from the above phase-plane analysis are present.
Having studied the modified system we turn our attention back to the actual
equations, for which we might expect to obtain a solution similar to that above
for h. However before moving on we see from the phase-plane plot that the h,
solution which we obtained from the analytical analysis, is no longer a suitable
possibility because of the location of the critical points, but an alternative
solution, phase trajectory does exist, which is smooth throughout as sketched

above.
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fig 3.4.2a

Phase plane plot for the system (3.4.1a — ¢)
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Contour plot for equations (34107 c)
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§3.5 TAYLOR SERIES METHOD

Before moving on to solvihg the actual system numerically we examine the
modified equations locally near the singular points using Taylor-series expan-
sions for the variables A, 7, a,,, as an alternative to the phase-plane analysis.
Thus, near the singularity 7;, say we set 7 = n; + s (s > 0) and substitute the
following Taylor-series expansions in s into (3.4.1a, b), (3.4.2d),

h=nhi+hs+...,

a=a;+ a5+ ...,

r=r;+rms+....

The leading-order equations obtained from (3.4.1a) are

hi + nihi = —a;,

(3h% + mi)ha + by = —,
while equation (3.4.1b) gives
(3R? + n,)71 + (3hihy + 1)r; = 0,
and equation (3.4.2d) gives

T T + 7o,

3
2rif = —5(5'1"7;’ + a;).

After manipulation of these five leading-order equations we obtain an expres-

sion for Ay ,
g et 2hi [(2n: + 3h2)? — Ehi]
' Ghirc + 3ni[(n + 6R2)? — 21Af]’
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which matches with the expression from (3.4.3a,b) for dh/d5. So, near the
critical points, the above Taylor series method yields the same structure as the
phase-plane analysis. This analysis provides a check on the previous working

for the modified system.

§3.6 NUMERICAL RESULTS

Below we show numerical results derived for the actual system (A/S),

R34+ 5h = —apm, (3.6.1a)
(3R% 4+ 7)r' + (3hh' + 1)r = 0, (3.6.1b)
(r?); = —ga,,. —ial, (3.6.1c)

and for the modified system (M/S) for comparison. A classical fourth-order
Runge-Kutta shooting method is used, where we shoot forwards and backwards
from 7 = 0, for different A, r and a,, values. In particular we choose a value
for 7 at 77 = 0 and then try different values for A at 77 = 0 until we obtain a
valid solution; we note that choosing h fixes a,, at 5 = 0 from (3.6.1a).
Different step lengths (e.g steps of size 0.001, 0.00125, 0.004 were tried,
however we find that apart from obtaining a slightly more accurate solution
when using refined grids the solution form remains the same) and ranges for %
are used, although since all the critical points are located near the origin, the
range - = —20 to 740 = 20 is sufficient. We conclude from the results below
that solutions exist which stretch from —oo to oo in 7j, which was part of our
aim and that the solution at this amplitude level confirms that the positions of
maximum amplitude move towards the centre of the spot, and hence the spread
angle is reduced. We note that the Runge-Kutta shoots back-up the phase-
plane plot, and that the critical points present are clearly evident. However
numerically it is difficult to obtain the unique solution which exists, for each

set of initial values 7(0), h(0), am(0).
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fig 3.6.1c
In figures (3.6.1a — ¢) numerical solutions for the actual system are shown. Shooting

backwards from h(0) = —0.649, r(0) =0.707106, &, (0) = 0.273359.
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In figures (3.6.2a — ¢) numerical solutions for the actual system are shown. Shooting

forwards from h(0) = —0.649, »(0) = 0.707106, a.(0) = 0.273359.
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In figures (3.6.3a — c) we shoot backwards (for the A/S) with

R(0) = —0.649, r(0)=2.0, an(0)=0.273359.

101



0.0

1.00

I T T T - T
o
B 1o
[]
o
- _‘_I_:X:-
o
- 7o
1
| n 1 ! | 1 ) o
Al
o o o o o'
o @ N © 10
o o o o o

fig 3.6.4
For completeness we shoot backwards (for the A/S) with
h(0)= 0.5, r(0)=0.707106, an(0) = —0.125,

and note the presence of the critical point

102



€01

eg'9¢ 8y

0.20

0.00

-0.20

-0.40

-0.60

-0.80

0.0

5.0

10.0

15.0 20.0



20.0

15.0

0.0

0.80

0.70

0.60 -

fig 3.6.5b

104

-0.10 r

-0.20



5.0

20.0

15.0

0.40

0.30

L
’ 0.20 ﬂ

fig 3.6.5¢

105

0.10

0.00

0.0



2.0

1.5

1.0 -

05

fig 3.6.6a

106

00

-0.5

-1.0

10.0

0.0



09 r

1,4

fig 3.6.6b

107

-0.1

-03 r

-0.5

10.0

5.0

0.0

>=



1.0

0.8

06

fig 3.6.6¢

108

-0.8

10.0

5.0

0.0

=



1.0

05
0.0
05 |
%0

fig 3.6.7
We shoot forwards in figures (3.6.5a — c), (3.6.6a — c), (3.6.7) (for the A/S)
so as to emphasize the existence and location of the critical point.
fig (3.6.5a — c), h(0) = —0.58,  r(0) = 0.707106, @y, (0) = 0.195112.
fig (3.6.6a — c), h(0) = 0.8, 7(0) = 0.707106, Gy (0) = —0.512.

fig (3.6.7), h(0) = 0.65, r(0) = 0.707106, @, (0) = —0.274625.
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Numerical solutions for the modified system. Shooting
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§3.7T SUMMARY

In this chapter the governing equations relevant to the current higher-
amplitude level-II have been derived, in sections 3.1, 3.2, 3.3. A ’cut-off’
value at a finite value 7j = 7)o has been identified. We note here for comparison
purposes that the solution for the governing system (3.6.1a — ¢) is different
from the solution for the boundary-layer higher-amplitude equations of Smith
et al (1994). The reason for this is that the pressure-displacement laws yield

different governing relations. For the present wall-jet case we have

3
(7'2),7 = —Eam — fa._, (3.7.1)

whereas in the boundary-layer case

1 [
—p? = / ‘fm_(q)dq
mJow i —gq
in our notation (Smith et al 1994). Nevertheless as the amplitudes increase in

the boundary-layer spot case an analogue of (3.6.1¢c) eventually holds, i.e.

A

Do

2)1

1 . R
—ZA, —pA =
5 1 Am = (

in the notation of the last-named paper. Finally we observe here that as the
typical value of the pressure r at 7j = 0 increases, the maximum amplitude
moves towards the middle of the spot’s trailing edge.

The next move is to consider the new stage that must arise as the amplitude
is raised still further. At this new amplitude level the entire trailing-edge region
becomes affected by nonlinearity. In effect we have Z - qf( increasing to
O(X), which corresponds to A increasing to O(X). So |Aso, |u10| increase to
O(X 3/2) as they are comparable and hence the mean-flow correction becomes
comparable with the basic mean-flow X s, formally. As a result a strongly
nonlinear effect is implied at that level, with the fluctuating part oc X~1/4A4,
also increasing to the order X since |Ao| o« |go| ~ X5/*. In chapter 5 we

»

investigate this in further detail.
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CHAPTER 4

THE EDGE LAYER FURTHER DOWNSTREAM

117



§4.0 INTRODUCTION

In this chapter, to help complete the overall picture of the spot, we investi-
gate the edge-layer further downstream in the = O(¢) region which forms the
bulk of the spot, this O(t) scaling being suggested by the analysis of section
2.2. We begin by considering the thin-layer versions of the three-dimensional
unsteady nonlinear Euler equations, which are valid for all scaled time, along
with the rescaled versions of (2.4.2), (2.4.3a,b) in section 4.1 below. The gen-
eral approach here is similar to that in chapter 2, i.e. we obtain the relevant
controlling relations from the momentum, continuity and pressure-amplitude
balances and then we manipulate these controlling equations to obtain the
main governing amplitude equations at z = O(t). We note that the amplitude
equations at this order are partial differential equations (whereas at z = O(¢!/3)
we have ordinary differential equations), see section 4.3.

In section 4.4 we modify the linear theory of chapter 2, by increasing the
distances z, z to O(t). At this distance the major contributions to the integral
(2.2.3) come from O(1) values of a, . So the new feature emerging here
is that the detailed distribution Q(a,ﬂ) now modifies the solution amplitude
at leading order, and in particular it has a damping effect on the amplitude.
There are again two wave families present containing an infinite number of
waves analogous with those in (2.2.6). Moreover, the wake remains confined
to |0] < 6., with a modified form of (2.2.7) applying in the edge region, the
caustic zone of the spot disturbance.

In sections 4.3 and 4.4 we match the nonlinear and linear theories. As a
consequence of using the thin-layer Euler equations in examining the nonlinear
theory, we find that in the lower amplitude limit (i.e. matching back to the
linear theory) we regain Airy’s equation, damped down by an exponentially
decaying factor from Q(a, B) ; also the governing relations in the O(t) zone are

analogous with those for the trailing-edge region.
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§4.1”THE ORDER ¢t REGION: NONLINEAR THEORY
The governing equations to be addressed here are the thin-layer versions of

(2.1.1a — d), namely

Uz + vy +w, =0, (4.1.1a)
U + UUg + VUy + WU, = —Py, (4.1.15)
wy + uw, + vwy + ww, = —p,, (4.1.1¢)

which are valid for all scaled time in the present context. Our new scalings for

the spatial variables are
(z,y,2) = (tX,Y,tZ2)

where X, Y, Z are all O(1) generally. The normal scaling in the current O(#)
region follows from (2.3.15) and (2.4.3a), while the z, z scalings define the
current region of interest. Substituting these scalings into (2.4.2) and (2.4.3b)

we obtain after some manipulation
E = exp(i[th(X) + t*/24§(X))), (4.1.2a)
z — gz = /34, (4.1.2b)
respectively, where k, § are generally of O(1) at most X values of O(1) but
RE) ~ X2, §(X) ~ XM a5 X o0

to match with the previous work. Also rescaling the expansions (2.4.1a — €) of

the flow solution we have now
u=Y+t5%Bio+E1al)+.. .+t 3(E?iypt ™ + Byt ™2 4 ot ™ P 4 c.o)+
o TR (Bt BRiigat ™t 4 Biignt Y2 4 digot ™2 ce) + ...
12343 EA gt~ + E3tiast=32 + E2iigpt~1+
Etigt™ % 4 ot P 4 cc) + ..., (4.1.3a)
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v =t"(Edo + E7'53) + ... + t753(E%15 + Evy1t? + 510823 + c.o)+
et TP (Bt %% + E2p5t ™ 4 Edigt Y2 4 G0t ™3 4 ) + ...
+t-5/3t1/3(E4'[}34t—2 + E3ﬁ33t—3/2+

E2535t™ 4+ Byt ™2 4 G50t 4 ce) + ..., (4.1.3b)

w =t~/ B+ E7Y08) + . ..+t /3Byt~ + Byt V% + 410t~ + co)+
TV (BRagst ™ 4 EPigpt ™t + Bbgrt Y2 4 bgot ™3 4 o) + ...
t"2/3t_2/3(E471134t_2 + B3t =324

Ez'(j);gzt_l + E?I)31t_1/2 + 11)30t_1/3 + C.C) + ... N (413C)
for the velocity components, and
p =t Y Epo + E7'55) + ..+t V3B iat P + Ept 4+ prot ™3+ )
+t—4/3t1/3(E3ﬁ23t_3/2 + Ezﬁzzt_l + Eﬁzlt-l/z + ﬁzot_l + C.C) + ...

Ezﬁggt—l + Eﬁ31t—1/2 + ﬁgot_l + C.C) + ... N (4:13d)

A=tV EA + E7YAY) + ...+ t73(E2 At~ + EAt~Y24
At P tce)+... +t 3TV EP Apst ™32 + E*Apyt ™t + EApt ™%+
Aot B 4 cc)+ .. 473 3B Aagt ™2 4 E3Agat ™% 4+ B Agpt ™'+
EAst7 % 4 Aot P 4 co) + ..., (4.1.3¢)

for the pressure and displacement respectively, where 4,,, ¥, W, are functions
of X, 7, Y and p,, A, are functions of # and X only. Equations (4.1.1a — ¢)
apply subject to the constraints.

u~y+A w—o0 as y— oo, (4.1.4a)
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v=0 at y =0, (4.1.4b)

and the pressure-displacement relation is, from (2.1.6b),

In the analysis which follows below we use the transformations

0, — 710y — gt /%8,

0y — Op,

6, - t_1/36ﬁ,

Oy — Oy — t‘lXBX — (1/3)t_1'f]3ﬁ,

and

Ey — i(thy +7t"?§3)E,

E; — it'?3E,

E; — i(h +(1/3)t™*/*3)E,

from above.
Substituting (4.1.3a¢ — d) into the governing thin-layer system (4.1.1a — c)
yields the successive controlling equations as follows. At first order (£ terms

only) we have

iiio(hg — §§) + Top + 110§ = 0, (4.1.6a)

sto(h — Xhyg + Vhy — qV§) + 90 = —ipo(hg — 73), (4.1.6b)
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wbg(h — Xhy + Yhy — gY§) = —idpo, (4.1.6¢)
from the continuity, streamwise and spanwise balances respectively. These

controlling equations apply subject to the constraints
99 =0 at f/=0, ﬁoﬂflo as Y — oo.
The solutions for %, Uy, Wo hence obtained are

. §°Po

Up = + Ao, (4.1.7a)
ap
o = —i&AoY, (4.1.7b)
- _ —gPo
Wo = =, (41.7C)
B
with the resulting ’internal’ pressure displacement relation being
/10 = Fﬁo, (418)
where
p__(a+3/3) &= hyg — g3,
(h— Xhg)’

f=b+Va &=h-Xhy
At second order (E terms only) the continuity, streamwise and spanwise mo-

mentum balances yield

tiy1(hg — §§) + yy9 + 111§ — Giios + Wosz = 0, (4.1.9a)

ttia1(h — Xhg + Vhy — gV§) +u — §Viios = —ipn(hg — 43) + dPos, (4.1.9b)

iy (h — Xhy + Yhg — @V §) — @V 0oz = —1§P11 — Poss (4.1.9¢)
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respectively. The solutions for #;;, 911, W11 subject to the constraints

v =0 at Y =0, ﬁn—a;lu as ¥ — oo
are therefore

L (e 7
i = A ol = - L.
U1 11+&<ﬁ+ﬂ2>, (4110a)
where
= —[1gp11 + 2Pos + 24GPos/ &3,
F = 33°®Pos/ &,
@*Pos = ~
91y = qY¥ [ &ﬁn + Aoﬁ} —1ap11 + @Pos — P11, (4.1.100)

Wy = —i,é—l[q?ﬁhﬁ — 1gP11 — Pos)

(4.1.10¢)
The internal pressure-displacement relation between pi;, A;; here takes the
form

191 0P = 1® Ay — Pos[q — 24/a — 35°/&3). (4.1.11)
Similarly at third order (E terms only) the controlling equations are
iiigy(hg — §§) + Uyyp + 121§ — lars + Wias + 1l0NGz = 0 (4.1.12a)
ifm(ﬁ - Xi‘)'( + ?EX -7 ) + v — Y‘ﬁuﬁ + iﬁo(?ﬁgk - Xﬁgx)
= —ipa(hyg — 49) + @us — Mz Po, (4.1.125)
7,’LU21(71 - Xﬁx + ?71,)2 - ?qg) qun,, + ‘Lwo(i/ﬁ
= —1gPn —

P11+,
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from the continuity, streamwise and spanwise momentum balances respectively.

These are subject to
'521:0 at ?:0, ’1‘121—)1&.21 as }7—-)00

Hence we have for (@21, D21, Wa1)

- Y1 . - -~
o= An =i [ (Ve — 732 (¥ = XYiog + dusg + 567V qus

=}

o =

Y- X) — §B7 4GP — .‘}B_lﬁllﬁ] dy, (4.1.13a)

—

LT
Ba1 = —iP216 + qPr1g — Gz Po — 1unB + Y Giinng — 1i0hdz (Y — X), (4.1.13b)

Wy = —1B~ WY Gibn1s — 1ofigz (Y — X) — 1§Pa1 — Pras)- (4.1.13¢)
The resulting internal pressure-displacement relation between ps,, A, is
. . d Lz g . . gg® 23
—1P21 (Ol + gg) — 1P Az + Pr1ji (q - qggz— - 12)

.~ 265 ngz 1 X A~ v o A~ ~D a2 ~e
+1Pos ¥+-&T+&: + Agtigg X +1po(11G2§°/&" — 7gz) = 0. (4.1.14)

Now at fourth-order the controlling equations are found to be

bz (B — Xhg +YVhy —Yqg) + 0a1 — Y Ging + tt01dz (Y — X)i+
'(7,0(—5/6 + iibxfho ~+ 1gWyo — ﬁlocﬁg) + ﬁox(}.’ - X) — (1/3)ﬁﬂoﬁ + V10Ugy

+oilygp = —ipar(hg ~ @§) + @ans — Pr1ifdz — Pox, (4.1.15b)

g (h — Xhyg + Yhg — Y3g) — Yqmg + c0ugeg (Y — X )i+
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wo(—5/6 + ihgiiio + 1§ — ©108id) + Wz (¥ — X) — (1/3)ithos + D10
+1701D10? = —i§ﬁ31 - ﬁzj_ﬁ, (41156)
from the continuity, streamwise and spanwise E term balances respectively.
We examine (4.1.15a — c) further in section 4.3.

The leading order mean-flow responses ( E° contributions), meanwhile, are

as follows. At second order we obtain

— QU104 + Vgoy + Wi05 = 0 (4.1.16a)
—Y Giir04 + 20 = 0 (4.1.16b)
—Y @105 = 0 (4.1.16¢)

from the continuity, streamwise and spanwise balances respectively; hence
W10 = 0, V20 = Y @A105, 10 = Ao,

where the displacement function ;110 is unknown. At the next order, the con-

trolling equations linking (%ao, V40, W30) are

40— Y Gliaos+ g5 (¥ — X ) —(1/3)A 104+ D10ty gy — Gro+ 11 = @Bros, (4.1.17a)
where

Tl = [—Giioiig; + Prailly + Boils,g — raiigid + Doty — Woiig;id + c.c),

from the streamwise momentum balance, and

— Y qson+ by 3 (¥ — X) — (1/3)fh104 + D10ty g — W10+ 2 = —Pros, (4.1.17b)
where

II; = [—qlowg; + D1y + Tody,y + WoWss — WoWi 1§ — W11Wotd
— by — G thy + odWiid + G11qWEG + c.cl,
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from the spanwise momentum balance. Following the pattern of section 2.6 we
take the combination § times (4.1.17a) minus (4.1.175), and then set ¥ = 0 in

the resulting momentum equation to give

- 1 . - = ~ . -
—qX Az — 5‘? Aros — GA10 + (% + 1)II = (§% + 1)pros, (4.1.18)
where
(@*+3%), -
= -8,

Here we have made use of the solutions for (#g,%11,We,W11) to obtain the
expression for II. We note that the mean-flow balance at first-order from the

streamwise momentum equation is
Vio = 0)

consistent with the result 9,,3 = 0 from the continuity equation (second order

E° balances).

§4.2 EXTERNAL RELATIONS

From chapter 2 we have the pressure-displacement relation
p = —Aqa, (4.2.1)

for the wall-jet case. Substituting the expansions (4.1.3d, €) into (4.2.1) yields
the external relations as follows. From balancing mean-flow terms proportional
to E° we obtain

P10 = — G A1oi, (4.2.2)

linking pio, Ajo. Now balancing terms proportional to E we have

fo = A&, (4.2.3a)
at first order,
P = Aud® + 2§ Ao, (4.2.3b)
at second order,
P = Apd® + 2iGA115a + 27§z Aod — G Aosa, (4.2.3¢)
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at third order,
P31 = A31512 + 27;(?/1217‘;& - ng‘illﬁﬁ + 277.‘}5(;1115‘ - 2”10)'{&
1237 ¢ Ao + 2GiGz Ao — Aothg g, (4.2.3d)

at fourth order. Coupling the external and internal pressure displacement

relations above we then obtain the following eigenrelations;
z_ =2~ , 9
®=-a (a + —;—) , (4.2.4a)

from coupling the first-order relations (4.2.3a), (4.1.8), leaving po arbitrary,
and

—33a% +25a — q3° =0, (4.2.4b)

from coupling the second-order relations (4.2.3b), (4.1.11), leaving po and pyy

arbitrary. This last eigenrelation yields
a=gq.
Coupling the third-order relations (4.2.3c), (4.1.14) we obtain the eigenrelation
—~iAoii(—364° + 24§ — &) +3Ao(—§% + X — 38%)7gg = 0, (4.2.4¢)

leaving pa1, P11 arbitrary. Substituting & = §g into (4.2.4¢) yields

Qe
fl
[\Dl Nt

)1/2 , (4.2.5)

which is used below.

§4.3 GOVERNING AMPLITUDE EQUATIONS
OF THE O(t) EDGE-LAYER
We now derive the main governing amplitude equation for the current O(2)
edge-layer region, using the fourth-order balances (4.1.15a — c).
Taking the derivative of (4.1.15b) with respect to ¥ and substituting for
W3y, Us1 glves )
Y

g = Ay — / 31Q,,d7, (4.3.1)

(o o)
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subject to U3; — Az as Y — oo after some manipulation. Here
Q31 =D, + D,

where
~A=11~ ~ ~ - o~~~ e~~~
Dy = =3B~ [D10Wep + DoWygy + 16Woti10 + 1§WoW10)

—[zauoulo + 19Ugwio + Uloﬁo? + 1~’011101?']1":

. - e T O~ 5.
D, = w5+ Yquzlﬁ? - Zg)?’?(Y - X)uu)'f + guoff

~ ~ 1. . o 4 = e
—(Y = X)dyzp + E,;’?uor,}" —i§°p 11931 —3gpB 11021;, + 4B 1quzm

e E e = S e DeBle a3 1~ o | P
—igB g (Y — X)i + 98 Mo — gB Mg (Y — X)) + 3790 LB
Substituting this expression for i3, into (4.1.15b) and taking the limit as Y -0

establishes the amplitude equation at fourth order as

4 1.. e
(Wpom‘, - 5’7270) = —1apo Ao, (4.3.2a)
)

for po, after some working. Here we have made use of the expressions for
the external relations (4.2.3a — ¢) amongst other details. As before we note
here that the right-hand-side contains all the nonlinear effects. Therefore for
a linear disturbance the amplitude equation again reduces to Airy’s equation

for po, giving the solution
Po ox A;(31/%47135)8(X), (4.3.2b)

in terms of the Airy function A;, where S (]~( ) is determined by matching with
the linear theory holding in between the edge layers. In the general nonlinear
case we have two main governing partial differential equations (4.1.18), (4.3.2a)

for Aio, Do, which after further simplification are

b o — o) = — o &M% A 4
(317?0;;17 - ﬂpo)ﬁ = "otz 190 A10, (4.3.3a)
> 3 1, - - 3% 4 .
_XA10)~( - 'gnAlOﬁ - AlO - 72—|po g, = —mAloﬁﬁﬁ. (433b)



So in general we have sets of nonlinear governing amplitude equations along
the edge-layer which reduce to Airy’s equation in the linear limit. The main
reason for the present structure is that we have used the ’thin-layer’ versions of
the unsteady incompressible Euler equations throughout and the analysis has
been restricted to ’large distances’ (z,z) < O(t). For larger distances beyond
O(t) we would expect the full Euler equations to apply again since locally the
streamwise and spanwise scales would then be comparable with the normal

coordinate scaling.

§4.4 O(T) LINEAR THEORY
From section 2.2 we have, for the amplitude outside the edge-layer, the

integral representation

AX,2T)= 15 [ [ @a,p)exsliaX +ip2 (o + F)iaT|dadp.
(4.4.1)

So in the current O(T') region we write
(X,Z)=T(X,Z) = TR(cosb,sinb), (a,B)=r(cos¢,sing),  (4.4.2)

in polars. It is observed that Q(a,ﬂ) affects the amplitude at leading order

since a, 8 are now O(1). For Q(a,) we assume the Gaussian form

Q(a, B) = exp[—(a® + %), (4.4.3)

as an example. Substituting (4.4.2), (4.4.3) into (4.4.1) and integrating with

respect to ¢ we then obtain

A %/Ow y(r)Jo(T¢)rdr, (4.4.4)

where

¢ = (r*R* — 2r*Rcos 8 + r°)'/%,

7(r) = exp(—r?),

129



after some manipulation. Here Jp is again the zeroth order Bessel function.
As in section 2.2 we make the substitution r = (¢R)'/? for R >> 1 and use the

method of stationary phase to obtain

N2r A ~
R or \Y? 1 i
_pat mp3/2p+ 4 U
(2T)1/2 (TRC"/ZB;) R3/4Bi;.1/2 exp(—Roy )expiTR*“Bf + 1 ]
R 2 1/2 1 3 T
—Ro= ; /2g- 4 X%
+ (2T)/? (TR"/ZB;) R3/4Bl_1/2 exp(—Roy ) exp[iTR**B; + 1 I,

(4.4.5)
for —0. < 6 < 6, where

Bi(6) = (01 — 202 cos 8 + o3)M/2,

B,(0) = (—2cos 8 + 301)B; Y,

1
cf(6) = §[2 cos 0 + (4 cos? 6 — 3)1/2).

So the present amplitude decays exponentially far downstream in this O(T)
range. This effect is a direct consequence of the O(1) contribution made by

@(a,3). We note also that the half-angle prediction remains the same, 6. =
30°. In detail (4.4.4) gives

- R-1/4 34\ 3/4 3 S reise = )
A~ —47'('1/2Tc5/4 (—) COS(B1X3/2T) (T21/23) e X/c3 /2A,;(31/62 2/317)’

2
(4.4.6)

where

2\32 pT-2/3
B = [(5) + 21/25(]
31/2 .
c=— and 7,X are O(1).

—X/c3t/?

Once again we notice the factor e which acts to damp down the ampli-

tude sufficiently far downstream.
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Now using pp ~ S(X)

7|71/% cos[2||*/?] as § — —oo as our boundary con-
dition, and matching with the linear result (4.4.5) in the centre of the wake

region, we have that
S(X) « X'? exp(—Xo(8)/ cos §),

which may be used to simplify (4.3.3b) a little for small amplitudes as X — oco.
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§4.5 SUMMARY

In this chapter we have derived the governing nonlinear amplitude equations
(4.3.3a,bd) valid in the front-end caustic region of the spot. These equations
are found to be analogous with those in the trailing-edge O(t'/3) region of
the spot further upstream, except that the amplitude is now damped by an

exponentially decaying factor g=X /3

in the edge layers. The other main
conclusion is that we have sets of nonlinear amplitude relations along the edge

layers for distances (z, z) up to O(t).
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CHAPTER 5

AMPLITUDE LEVEL III

NONLINEAR EFFECTS IN THE ENTIRE )
TRAILING EDGE REGION
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§5.0 INTRODUCTION

This chapter presents the first half or so of work which is still in progress.
The aim in this chapter is to consider raising the amplitude still further, leading
in effect to a study of the entire trailing-edge region. The nonlinear interac-
tion present now is found to become strongly nonlinear and, in contrast with
the interactions addressed in the previous chapters, effectively all the higher
harmonic fluctuations also play a significant role; see sections 5.1, 5.2, 5.3 be-
low. As in previous chapters we derive a closed system of equations linking
all the major unknown variables and in particular we establish analogues of
(3.6.1a — c); see section 5.3.

We show in section 5.3 that the leading-order equations for the wave term
are related to the KDV equation and that the mean-flow balances at leading
order involve 'Reynolds stresses’, while the wave-term balances at the next
order are needed in order to obtain a closed system.

The general method used is similar to that in chapter 2, except that since
we are now concerned with the entire trailing edge region we work in polar
coordinates. Also, since all the fluctuation terms are present at the current
amplitude level we introduce Fourier expansions, as is seen in section 5.3.

We note that the results from the current work also hold in general for
the case of the boundary-layer spot (Smith, Dodia and Bowles (1994)), partly
because the mean pressure-amplitude law plays only a passive role for these
higher levels of disturbance. The current analysis for the boundary-layer spot
appears in a review paper by Smith, Dodia and Bowles (1994) in brief and will
appear in detail in Bowles, Dodia and Smith (1994/5). Prof F. T. Smith and
Dr R. G. A. Bowles are happy to confirm that this work was done jointly.
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§5.1THE GOVERNING EQUATIONS AND EXPANSIONS

Since we are now examining the entire trailing edge region we work in polar

coordinates. Defining U and W as our R—, §— velocities, we have

U=Ucosb — W sin 6,

W = Usin6+ W cos¥,

so that our governing equations at the current amplitude level III which we
need to address are _ _

_ u - W

UR+E+V?+E =0, (5.1.1(1)

2 - -1 - _ 2 _ 1, - - - _
o (U - §R) Or + (V + gRs) Uy + (W)U — W) = ~Pr, (5.1.18)
= (U— lR) Wr+ (V + gR") Wy +L(W)(W +0)=-=, (5.1.1¢)
3 37) 'R 37°) YR eTEIE TR e

i.e the continuity, R— momentum and §— momentum equations. Our matching

condition (2.3.3b) becomes
(T, W) ~ (Y + A)(cos 8, —sin 6)

at large Y. Also the normal scaling 5§ now equals R-1Y, of order unity, and is
comparable with the previous s in section 2.4. From section 3.7 we have that as
we raise the amplitude to the current level, | Aso|, Juo| increase to O(X3/?) and
hence the mean flow correction becomes comparable with the basic flow X,
while the fluctuating part o« X~1/4A, increases to O(X). So the expansions

for the velocity variables at the current amplitude level are
U = R(uom(3,8) +uoi(F,0,3) + ...
+(Ruyz(F,0,5) + R *u1,(F,8,3) + R urm) + ...
+(Ruqs + R Y5 + R %uy + R%upm) + ...
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+(Ruzq + R—1/2u33 + R %uz, + R_7/2U31 + R_7/2U3m) +..., (5.1.2a)

V = R 51 4+ ... 4+ (R*?v13 + Rviy + Rup) + ...
+(R* 053 + Rvas + R vg1 + R 205,) + ...

+(R*?v34 + Rvzs + R %vg + R %va1 + R 2v0gm) + . ., (5.1.26)

W = R(wom + wo1) + - .. + (Rwyz + R wy; + R_l/zwlm) +...

+(Rwos + R 2wy + R 2wy + R2wam) + ...
+(Rwss + R ?wa3 + R 2way + R ?ws + R wam) + ..., (5.1.2¢)

where

F = R¥?B(6),

and we have

P =Ry +...+ (R*p12 + R*p11 + R pom) + .. ., (5.1.2d)

A= R(Aom + Anr) + ...+ (RA1 + RV A1 + RV A1) + ..., (5.1.2¢)

for the pressure and amplitude respectively. The mean-flow terms with the
subscripts m are functions of 3, § whereas the fluctuating terms depend also on
the rapid variable F' and represent in effect Fourier series in F'. The expressions

for § and F yield the following transformations

3 )
Or — O + SR/ B — %a;,
61} — R‘IB;,

8y — O + R**B'p.
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§5.2 THE CONTROLLING EQUATIONS
We now obtain the controlling equations from substituting (5.1.2a — d) into

(5.1.1a — c). From the continuity equation at first order we have

3
EBUOIF + Vo1s + B'wmp =0 (521(1)

from the wave-term contributions, while
—S8Uoms + 2Uom + Ums + Woms = 0 (5.2.1b)
from the leading-order mean-flow term balance, and at second order we have
3 , , .
—2—Bu11F + v11; + Bwur — Suois + 2uo + woig = 0, (5.2.1¢)

from the wave-term contributions. Now the R-momentum equation yields

1.3 3
(uom + vo1 — g)(EBUmF) + vo1(uoms + uo15) + (Wom + wm)B'umF = _EBPMF’

(5.2.2a)
from a leading O(R%/?) balance;

2 1 - - 3
—g(uom + ug1) + (Uom + Uo1 — 5)(U0m + Uor — SUoms — SUo15 + §BU11F)

3 2.
+(u1m + u11)(§Buo1F) + (w115 + Y1ms)vor + (v11 + vm + 53)(‘“0";5 + uo13)
+(wom + Wo1)(%oms + Uors + B'ujir — Wom — wo1)+
3
(‘U)n + ‘LU1m)(B"LL01F) = —EBqu - 2p01, (522b)

at O(R); and the f-momentum equation yields

1.3
(uom + uo1 — 5)—Bw01p + vo1(Woms + wo1s) + (Wom + wo1 ) B'worr = —B'porr,

2
(5.2.3a)
from a O(R®/?) balance; while

2 1 . 3
—g(wom + wo1) + (Uom + uor — 5)(100"; + wo1 — 3(Woms + Wwo1s) + §B’w11F)
3 2.
+(u1m + Uu)EmeF + (w115 + Wims)vor + (V11 + v + §3)(w0m§ + wo1s)

+(wom + Wo1)(Woms + wo1e + B'wiir + vom + uvo1)+
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(w11 + Wim)B'worr = —B'p11r — poss, (5.2.3b)

at the next order. We now transform the pressure-displacement relation
P = _AXX,

into polar form, namely

_ 2
P=- (caR - %ag) A, (5.2.4)

where ¢ = cos 8, s = sinf. From substituting the expansions (5.1.2d — e) into

(5.2.4) we obtain the following controlling equations. At first order
3 2
—Po1 = (ECB - SB,) A01FF; (525(1)
at second order
3 ! 2 3 ! 2 " 9 2
Cpu = (—2-cB - sB) Avrr + (53 ~3scB'+ 'B" + 7 B) Aotr
+(2s*B’ — 3scB) Ao e (5.2.5b)

These are used below.

§5.3 FOURIER SERIES EXPANSIONS
In section 5.1 above we noted that the fluctuating terms represent Fourier
series in F'. Below we examine this aspect in more detail and consider whether

we have a closed system. Making the substitutions

[o ] oo 0 o0
Ugy = Z anE", vo; = Z bnE™, wo; = ZCnE": Po1 = ZgnE",
—o00 —00 —-00 —o0
F

with ag = bp = ¢ =0, a_p, = a},b_, = b},,¢c_n = Ch,g—n = g;, where E = €'7,

we obtain from (5.2.1a), (5.2.2a), (5.2.3a)

- Binay + by + Blincy =0, (5.3.1a)

1.3 } 3 ) )
(vom — 3)5 Binan + tomsbn + Wom B'ina, + 3B 2 858nji(n — 5)+
J

w
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. : 3.
Y bjan_js + B'Y  citnji(n —j) = —EBmgn, (5.3.1b)
J 3

1.3

. . 3 . :
(tom — -)§B1,1'1,cﬂ + Womsbn + Wom B'inc, + EB Z aicn—ji(n —7)+
2

w

Z bicn—js + B'Z CiCn_ji(n — j) = —B'gnin. (5.3.1c)
(5.3.1a — c) hold ;or all n # 0, anjd when n = 0 we have 0 = 0 from (5.3.1a)
Z bjaj; + B’ cjaji(—j) =0, (5.3.2a)
3 3
from (5.3.1b) since 2B Y; aja}i(—j) =0,
gBZ ajcii(—7) + Z bjc;; = 0, (5.3.2b)
j i

from (5.3.1c) since B'}; cjcii(—j) = 0, which we assume later are satisfied.
So taking the combination 3B * (5.3.16) + B’ * (5.3.1c) and setting Tom =
2 Buom + B'wom, 72 = (gB)2 + B”?, 1, = 3Ba, + B'c,, we obtain

(TOm - g) Tpin + Z TiTa—ji(n—7)+ Z Tn-jsbj + Tomsbn = —¥2ing,, (5.3.3a)
J J
also the continuity equation becomes
nT, + by = 0. (5.3.3b)
Further progress can be made by assuming that 7om = @1(5 + Aom) so that
Tn = 1Aon, bn = —inT,S

is a solution where a; = (3Bc — B’s). Substituting the above expressions for

Tom, Tn, bn into (5.3.3a) yields
B .
[alAOm — 3] inoy Aop + 102 Z(n — 7)AojAon—j = —~¥ing,. (5.3.4a)
j
Coupling (5.3.4a) with the pressure-displacement relation (5.2.5a) we obtain

B .
{alAOm - 5] noy Aon + o2 Z(n — 7)AojAon—j = ~v2in3al Aon. (5.3.4b)
J
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This last relation is linked to the KDV type equation

B
[alem - 3] a1 Ar + afAAF = ’yfafAFFF, (535)

since substituting the form A = 3; Aone™" into (5.3.5) we obtain (5.3.4b) ex-
actly. We now examine the mean-flow balances from (5.2.1b), (5.2.2b), (5.2.3b).

Similarly to above we put
(o]} [e 2] " o0 00
U1 = Z aE", vy = Z b E™, wy = ZénEn, P11 = ZgﬂEnf

where a9 = bg = é = 0,4_n = a,b_n = b},6_, = &,§-n = g.. So our

governing mean-flow balances from (5.2.15), (5.2.2b), (5.2.3b) are

—§u0m§ + 2uOm + Ums + Wome = O, (5360)
s -3+ (o3
3u0m Uom 3 Uom Uoms YUm 33 Uoms
+Wom(Uoms — Wom) = JF1, (5.3.60)
where
~F1 =Y lam(al, — 3ah;) + bndl; + bmak;
+em(—B'itay, + apg — ¢) + ém(—B'imal)] + c.c
2 +<u l)( — Sw )+<v +g§)w
3w0m Om 3 Wom Om3s m 3 Oms
+Wom(Woms + Uom) = Fa, (5.3.6¢)
where

3 _.
-F = Z[a,ﬁ(—gBiﬁzé,'i + ¢y, — Scn) + &ﬁ,(—EBzfnc:ﬁ)
tbimins + bmCins + cm(Chg + af)] + c.c.

Here the Fy, F, give the 'Reynolds stresses’. Next we derive the equations
governing the wave terms at next order from (5.2.1¢c), (5.2.2b), (5.2.3b). Namely

P + b + 2an — 5n; + Cno = 0, (5.3.7a)
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from (5.2.1¢)

2

1 . . 3 .
—=Tn + (Yom — 5)(% ~ 8Tns) + @n(Tom — 5Toms) + u1m§Ban + bnTims+

3

2. 3 3
('Um + §S)Tn§ + wOm(Tno - EBC‘R + Bla"n) + Cn(’Toma - E'Bwom + Bluo‘m)

) 1_.. A
+wimB'Tain + (Tom — EB)'m'Fﬂ + bpToms

m

3. . - . ) R
+ [am (gBZLTL + 7L — STLs) + aﬁz%BzLTL + bnTLs+

A~

. 3
baTLs + cm (B’zLTL + Tre — EBCL + B’a,;) +
émB'iLT) = —72Gnin — 3Bgn — B'gns (5.3.7b)

with L = n —m, for 7 # n from combining (5.2.2b), (5.2.3b) as 3B = (5.2.2b) +
B'%(5.2.3b). The next stage is to examine what happens when we take the real
and imaginary parts of equations (5.3.7a,b). We may take this to be equivalent

to regarding a,, ¢, gn as real and b, as pure imaginary since
Tn = Q1A0n, b, = —inT,s

is a solution, and similarly it follows that a,, ¢,, gn may be regarded as real

and b, as pure imaginary. Therefore the real part of equation (5.3.7a) yields
20, — 8an; + cpg = 0, (5.3.8a)
and the real part of equation (5.3.7b) yields

1
—=Tn + (Yom — =) (Tn — 37ns) + an(Tom — 8Toms )+
3

3

2. 3 3
(vm + —3-3)7,,5 + Wom(Tne — -2—Bcn + B'ay) + cn(Toms — §Bw0m + B'uom)

2
= —3Bgn — B'gns. (5.3.8b)

- 3
+ E[aﬁ, (TL - STL;) + cm (TLg — —Bcp, + B'aL)

Hence as a consequence of carrying out this process we observe that the higher
order terms Uim, Wim, Tim, @n, 5,,, Cn, gn have droped out. Our complete

system, subject to the particular solutions and assumptions we have made,
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controlling the major unknowns, namely the dominant fluctuations, the total
mean flow and the phase function B(f) is thus prescribed by equations (5.2.5a),
(5.3.4a) plus (5.3.6a,b,c) and (5.3.8a, b), however the above analysis does need
generalization. We note that the analogy we have made with amplitude level II
suggests that the equations which are derived from the leading order wave bal-
ance, (5.2.5a), (5.3.4a), correspond to (3.6.1a), and that (5.3.6a, b, ¢), (5.3.8a, b)
from the mean flow and higher order wave balance respectively correspond to

(3.6.1c, b) respectively.
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§5.4 SUMMARY

In this chapter we have studied the influence of higher amplitude nonlinear
effects in the entire trailing edge region. As in previous chapters we again
find that we have a mean flow/wave interaction. The KDV and Benjamin-Ono
equations obtained for the wall-jet and boundary layer spot cases respectively,
tend to imply that the ‘spot structure’ may be preserved as solitons retain their
structure. A tentative link with the experimental observations of ‘coherent
structures’ in turbulent boundary layers is suggested by Smith and Burggraf
(1985), Kachanov et al (1993). Although the analysis is incomplete as yet, we
do still find that the governing equations that we obtain are generally analogous
with those at lower amplitudes in the caustic regions. Also the system is quite
involved and complex and hence difficult to solve, but it is hoped that further

follow-up study can be made.
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CHAPTER 6

PLANE-POISEUILLE FLOW CASE
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§6.0 INTRODUCTION

In this chapter we examine the case of a spot introduced into plane
Poiseuille flow in a channel. The results of the linear theory in chapter 2 are
used; there we noted that certain important properties are valid for both the
channel and wall-jet cases; here we modify the nonlinear analysis of chapter 2,
for the z = O(¢!/3) region.

One of the main differences between the present channel-flow case and the
wall-jet case is that we have two wall-boundaries to consider, see figure 6.0.1,
where the flow properties near the upper and lower channel walls interact
through the pressure-displacement relation across the core. Naively we might
expect to obtain more or less the same amplitude equations as in the wall-
jet study. However we find instead that the symmetry of the geometry here
acts to change the governing amplitude equations. In particular it is found
that the nonlinear terms drop out eventually, although the remaining linear
amplitude equations do match with the linear theory correctly, see sections
6.1, 6.2. In section 6.2 a method for overcoming this problem is suggested,
although no details are presented. The main point of the above-mentioned
modified approach is that we need to introduce an extra phase term in order to
bring in nonlinear effects, this phase term implying a higher amplitude analysis
as in Smith, Dodia and Bowles (1994). We describe the channel geometry and

coordinate system as in Smith and Bowles (1992).
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0

— U=O(1)

fig 6.0.1

Schematic diagram for the channel flow case.
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§6.1 GOVERNING EQUATIONS

In the analysis which follows below we shall use the notation of chapter 2

for the velocity, pressure, amplitude and spatial variables. In addition we shall

use the superscripts '+’, '—’ to denote properties holding near the upper and

lower channel walls. (see figure 6.0.1). As in chapter 2 part I we start with the

large-time equations

(U + Vg + Wy)* =0,

(6.1.1a)

-

2, o 1. "2 A A .
(—3U+ U -3 XU + [V + 3Y]Up + [W - EZ]Uz)* =—Pz, (6.1.1b)

2+ a1l 2. s 1
(—§W +[U - EX]WX +[V+ EY]Wy + W — EZ]Wz)i

subject to the main boundary conditions

A

VE=0 at Y =0,
(jifv}A’?A, W* 50 as ¥ o oo

The pressure-displacement relation is now given by

A A

Pt — P =244,

= —Pf, (6.1.1c)
(6.1.2a)

(6.1.2b)

(6.1.3)

see section 2.1. Also we use the same large-time expansions as for the wall-jet

case namely

Ut = Xs+ (Bu} + BB X4

(Ezuﬁ,X—s/z + Buf, X~%* 4+ X V2E o ce)+t..., (6.1.4a)
VE = XS4 EvE + E7 ) + ...
+ X3P (BEX Y 4 EvEX34 4 X7V L ce)+..., (6.1.4b)
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W* = X~V4(BwE + E7'wi) + ...

+XO(BwE X% 4 BwE X3 4 XV 4 co)+ ..., (6.1.4¢)

Pt = XY (EgE + E7'g%) + ...

+X (B2 X3 4 EgE X34 + X2 X gk 4 co)+ ..., (6.1.4d)

A=X"V4EA +EA)+ ...
+XO(E?Ap X2 + EARX 3+ X 2400+ .. ) + ... (6.1.4¢)

We note that the expressions for the transformations and the oscillatory term
E remain unchanged. Using a process similar to that in chapters 2, 4 we
obtain the controlling equations for (uZ,vE, wE, pE, A,), from the continuity,
streamwise, spanwise momentum balances and from the pressure-amplitude
relation, by substituting the large-time expansions (6.1.4a — d) into the large-
time asymptotes (6.1.1a — ¢), and from substituting the expansions (6.1.4d, €)
into (6.1.3) respectively. As in the wall-jet case we find that we have an E°— E*

interaction.

Below we show the external pressure-displacement relations. At first order

9% — 90 = —24cB%, (6.1.50)
at second order
98 — 911 = —2(An B’ + 2§iAo; B), (6.1.5b)
at third order
951 — 95 = —2(—q*Aoss + a1 AoB + A2 B? + 2B Ans), (6.1.5¢)

and finally at fourth order

1
94— 9m = (A31B +2qi1An7B —q An + a1 A11 B +1qAcsa17 + 2a1qu0)
(6.1.5d)

148



from contributions proportional to E. Balancing mean-flow terms (i.e E° con-

tributions) we obtain
910 = 910 = —2410m7 -
Now we show the solutions/forms for the velocity variables.

At first order we obtain

a? +
vE = +iB Aos,
+ alg(:)k
wo = - 6_ ’

subject to

uf — FA; as s > 00, v¥=0 at s=0,

with the internal pressure-amplitude relation
Ao = :F"f‘goi )

where

k = 2b]'B7}(B? + a).

At second order

1 |a
uﬁ-‘-?/‘hr*‘glg*’é%],

where

a = —ialgt — 2a;(1+ q‘alB_l)gOﬂ:ﬁ,

and

B = —qafblB_lgétﬁ,

- Ao;,] _ Bigh + o — ifud,

+ a,lgf‘1 — ig(fﬁ N iscjalgatﬁ
1 — = 5 52 )
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(6.1.5¢)

(6.1.6a)

(6.1.6b)

(6.1.6¢c)

(6.1.6d)

(6.1.7a)

(6.1.7b)

(6.1.7¢)



subject to

uf, — FA;; as s =00, vi=0 at s=0,

with the internal pressure-displacement relation

) ) 1,3, _  _ R

’Lblfcgﬁ = :FZblAll + QgS}IB I(Eblq — q2a1 - 2(11 - aqu 1). (617d)
At third order

L]
up = FAn - 7:/00 5~1[3§uﬁﬁs + w1i1f; - 5(3 — Darriiug,

1 - 1, . :
+a167 [squii; — —z-z(s — Dayhwy — gy, — 1195 )|ds, (6.1.8a)

1

: 1 .. :
2a1ﬁ1,g3: ~ E(s — Dasfeuy + squii; — 16uz;, (6.1.8b)

"’21 = 7'3921 + qgnn

cemir = 1. . )
wy; = —i8 " [squij; — i(s — Daviug — gii; — targzi); (6.1.8¢)

subject to

uf, —» FAy as s s o0, v =0 at s=0.

Finally at fourth order we have

. _ 1. . s 7
wh = —i671(—gh, — fargh + squhy — Jils — Daviwd + |7 + 15| ui
1, . .
+(s — Dswi + gnwé}l —viwk, — viwi — iBufwt —igwiuwi], (6.1.90)
ui = [q:Agl i [ 6By ds] , (6.1.95)
where
= =+ —
By =@+ Q3
and

i -1 + + + + .p.+. + +. 0+
Q17 = a6 [_UOwIOa VioWo, — tBUjwy _wl'wm’wo]

[ZB'“'mUo + 'U1ou0a + 1’o ”10: + wmuo alz],,
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1 .- _
QF = uhiy — 2o~ Davhivd, + sy, + (7 — s,

5 5 1, - . _
t (Zs B ﬁ) ug:a + §nu(:)tﬁa + a16 1[—93:1;, - zalggtl + Sqwg:lﬁ

—%i(s - l)alﬁwlﬂ:1 + (z + %) wO’E +(s— l)swf)t, + %ﬁwatﬁ].
So we find that the velocity variables are analogous with those from the wall-jet
case. As before in chapter 2 we can manipulate the equations at fourth order
and obtain the governing amplitude relation for Ag. The main difference now is
that we have two sets of results holding near the upper and lower channel walls,
which interact through the pressure-displacement relations (6.1.5a — e). Before
obtaining the above mentioned amplitude equation (in section 6.2) however, we

derive the eigenrelations from the internal and external pressure-displacement

relations. First (6.1.5a) with (6.1.6d) gives
b1 = 2B(B2 + af),

which is effectively the dominant eigenrelation leaving g& arbitrary. Second

coupling (6.1.5b) with (6.1.7d) gives the eigenrelation
q_B(BZ - af) = —le + 2G1B2

leaving gF, g arbitrary. We note that these eigenrelations are identically
equal to those for the wall-jet case, and hence for the constant § = 1/3'/2
corresponding to the half-angle 8. = 30° we find that the other constants re-
main the same. These results are used in the working leading to the amplitude
equation for Ap.

Finally in this section we examine the mean-flow term balances obtained

from the continuity and momentum equations. At second order we obtain

_‘Tu';tt)ﬁ + "’;tm + wihof*, =0, (6.1.10a,)

v¥ — squiy; =0, (6.1.100)
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—squiy, = 0, (6.1.10c)

from the continuity, streamwise and spanwise momentum balances respectively;

hence

+ _ + _ = + _
wip =0, vy = Fsqhios, U = Fhio

At the next order the controlling equations linking (uf,, v, wk) are
(2/3)suio, — (1/3)fues — (1/2)suiy — (1/2)uly + vio — squsoy
viouio, — (s — (1/3))suiy, + fi = qgit()ﬁa (6.1.11a)
where
£ = [puit, + viugy — whartuiy — wiianiug® + wyugy — ugquey + c.c,
switO, — s*wip, — (1/3)77wih0ﬁ - (1/2)'“’1:&0 - (1/2)5wih0
_sqwé.toﬁ +ojpwi, + f5 = _gitoﬁ’ (6.1.11d)
where

+ _ ..+, .x% + . *xt 3+, =t . 4+, =t . + =t 4+ - xt
f3 = [vowii, + viiwes +wywoy — tBugwit — iBujjwg™ — ug qwey + c.c,

from the streamwise and spanwise balances respectively. Following the pattern
of chapter 2 and using (6.1.5¢) we can take the combination ¢ times (6.1.11a)

minus (6.1.11b) and then set s = 0 in the resulting equation to give

- q 2, x
—23" Asosn = (_52—3-—15 [gﬂAmﬁ + AIO] +Q,

where

Q= —4b7%(B” + a)log 63" — 95,95 "1

but we have from (6.1.6d) that

géh - :FK’—IAU)
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so 0 = 0, and we are eventually left with

_ 2,
_2q2A10f‘r;’,~7 = @%5 [EUAloﬁ + AIO] . (6112)

So comparing with the wall-jet case we see that the term proportional to |gol|?

has dropped out. It is felt that this is due to the symmetry of the channel

geometry.

§6.2 GOVERNING AMPLITUDE EQUATION

In this section we show the main amplitude equation governing Ay. As for
the wall-jet case this equation is obtained from the fourth order continuity,
streamwise and spanwise momentum balances, using the external pressure-
displacement equations to eliminate the (g3, g%, 95, 95) terms. After some

manipulation we find as a solvability condition the amplitude equation

Ao =0, (6.2.1)

| =

4 1,
3372 Aoimn — 571 Aoq —

for Ao which reduces to Airy’s equation for Ay(7) after an integration with
respect to 7. Comparing with the wall-jet amplitude equation (2.7.3) we see
that there is no longer a nonlinear contribution present, again this effect is
attributed to the symmetry in the geometry of the channel. So we have two
main governing equations (6.1.12), (6.2.1), with no nonlinear terms present. A
possible way to resolve this difficulty is to consider an extra phase effect in the

wave contribution term, i.e
E= exp[i(blj(s/2 + a XV + X‘f(ﬁ)]

say, where ¢ needs to be determined and f('f;) is the phase. This in a sense
corresponds to examining higher amplitude effects, so 7 in the above wave term

expression needs to be increased (cf. Smith, Dodia and Bowles (1994)).
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§6.3 SUMMARY
Modifying the earlier analysis of chapter 2, we have examined, as far as is
possible now, a spot disturbance in a channel flow. The amplitude equations
that we obtain are linear; the nonlinear terms that are present in the wall-jet
case drop out in the current analysis because of the symmetry of the channel.
Our conclusion is that higher amplitudes need to be taken into account,
as in Smith, Dodia and Bowles (1994), by introducing an extra phase effect.

-

However other details may need consideration.
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CHAPTER 7

SUMMARY & CONCLUSIONS
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§7.0 SUMMARY & CONCLUSIONS

In this thesis we have pfesented a theoretical study on the properties of
spots in wall-jets and channel flows. In chapter 2 we addressed a linear model,
and it was found that for large-scaled distances, X = O(T/3) where T denotes
scaled time, the beginning of a confined wake with a half-angle of 30° can
be distinguished. Also the maximum amplitude occurs near the edges of the
wake, the amplitude having an Airy function dependence within the thin edge-
layer(s), and decaying exponentially outside the wake region, but with multiple
waves in-between the two edges.

A nonlinear model built up from the linear theory is also presented in chap-
ter 2. The aim of the nonlinear study is to understand how the nonlinear effects
which enter the edge-layer(s) first affect the trailing region of the spot, and to
obtain some guidance on 3D amplitude dependent effects in spot development,
so that we may build up a picture of the flow structure in a typical nonlinear
spot. Outside the edge-layer(s) we find that the linear properties continue to
hold, leading in particular to the 30° half-angle prediction, as the flow solu-
tion matches back to the linear theory. However at higher amplitudes we have
a full nonlinear set of amplitudes equations holding near the edge-layer(s).
Numerical solutions for these equations confirm that the amplitude decays ex-
ponentially outside the edge-layer(s) and algebraically inside. Unfortunately
there seems to be no experimental work to compare with as regards spots in
wall-jet flows, as far as we know, although we would expect that in practice
spots in boundary-layer flows and plane Poiseuille flows in channels would have
properties similar to those of spots in wall-jets, in broad terms. So comparing
the results mentioned so far with a channel flow spot say, e.g Carlson, Widnall
and Peeters (1982), the half-angle prediction is over estimated, even though
the overall structure is in agreement. Although we note cautiously that the
‘reversed’ arrowhead shape found in practice in channel flows, is not predicted
by the theory.

In chapter 3 we consider raising the amplitude further analytically and
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investigate the effects of stronger nonlinearity. The governing equations that
we obtain are difficult to solve and so a modified system of equations suitable
for a phase-plane analysis is studied. For this modified system we find that
three critical points are present, see section 3.4, but a unique solution for a
particular selected set of initial conditions is possible. This information is used
to find numerical solutions for the actual system, a Runge-Kutta shooting
method being used. The main conclusion drawn from this chapter is that
nonlinear effects move inwards towards the centre of the spot disturbance, and
hence the spread angle is reduced, a property which is not so well confirmed
from the numerical results for the amplitude level I equations.

In chapter 4 we examine the edge-layer properties further downstream at
streamwise and spanwise distances of O(t). In this zone we find that the
initial disturbance A(X, Z, 0) acts to change the solution amplitude at leading
order, see section 4.4. In particular for the detailed distribution Q(a,ﬁ) =
exp(—[a?+3?]) (see section 4.4), the amplitude is damped by an exponentially

~X/<3'/* We note that the spread half-angle is again 30° in the

decaying factor e
linear limit because our investigation is aimed specifically at the unsteady thin-
layer Euler equations and also the governing amplitude equations are analogous
with those in the O(¢!/?) region. We draw the conclusion that along the edge-
layers up to distances of O(t), sets of nonlinear amplitude equations apply,
which in general require a computational treatment

Increasing the amplitude further still from that of chapter 3 we find that
nonlinearity floods the entire trailing-edge, O(t!/3), region. We find that
the dominant fluctuations are represented by a modified KDV equation, the
Benjamin-Ono equation being the corresponding traveling wave equation ob-
tained for the boundary-layer spot study in Smith, Dodia and Bowles (1994).
These equations verify the existence of nonlinear multiple waves. We should
however note that a simplification is made by assuming the skewed mean flow
component T, to be equal to a uniform shear, i.e Tom = a1(5 + Aom), see

section 5.3. The other main feature of the work in chapter 5 is that Reynolds
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stress terms proportional to the square of the typical amplitudes of the dom-
inant fluctuations are presenf, which is encouraging, since they are generally
associated with 'turbulence’, see section 1.0. A fuller study on this amplitude
level III is to be presented in Bowles, Dodia and Smith (1994/5).

Finally as regards this thesis, the corresponding analysis for the plane
Poiseuille flow spot is shown in chapter 6. Briefly, we find that since the
geometry of the channel is symmetric, the nonlinear terms at amplitude level
I cancel out, although it is felt that by increasing the amplitude we may yet
find nonlinear effects playing a significant role. The linear theory, on the other
hand, does predict a 30° half-angle for the wake as for the wall-jet case and
also the amplitude is dominant near the edges of the wake, again as for the
wall-jet study.

At distances beyond O(t), ¢ = O(t")Z, where v > 1 say, we would expect
the full Euler equations to hold, since in the local region & under investigation
short-scale effects become active. In essence we would have an interaction
between long and short length scales, as in Smith, Dodia and Bowles (1994).
All of this implies a large numerical task. Other important factors which we

have so far neglected are:
e compressibility,
e viscosity,
e short-scale effects.

From the studies of Doorly and Smith (1992), Smith (1992), Smith, Dodia and
Bowles (1994), Bowles and Smith (1994), it seems clear that in order to obtain
a full knowledge of the physics of transitional/turbulent spots, most of these
factors need to be incorporated along with nonlinearity already introduced.
As in Smith, Dodia and Bowles (1994) we note here that the theory ten-
tatively appears to fall in line with some of the experimental findings outlined

in chapter 1, i.e
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1. much of the dynamics in a spot resembles closely that in a fully turbulent

boundary-layer/ channel flow,

2. a turbulent spot develops fast, typically from localized disturbances with

large initial amplitude,

3. the spanwise growth of the spot greatly exceeds the growth normal to

the surface.

These features are all implicit in the present theory. However as regards the
spot spread angle, the agreement with experiments is poor, although as men-
tioned previously above, short-scale effects need consideration and the solutions
at amplitude level III and beyond may prove to be useful.

We end this study by noting that although transitional/turbulent spots in
general, in many different contexts, e.g, airfoil flows, turbomachinery, are very
interesting and important coherent structures which need detailed investiga-
tion, they are by no means the only important quantities in the transition

process leading to turbulence.
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