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A b s t r a c t

I undertake a study of the Besicovitch-Hausdorff dimension of the residual set of 

arbitrary packings of convex bodies in

In my second chapter, I consider packings of convex bodies of bounded radius 

of curvature and of fixed orientation into the unit plane square. I show that the 

Besicovitch-Hausdorff dimension, s, of the residual set of an arbitrary packing 

satisfies

5 > 1 -f
log re

where re is the bound for the radius of curvature.

In chapter 3, I construct a packing which demonstrates that this bound is of 

the correct order.

I generalise the 2 -dimensional result to higher dimensions in chapter 4. I use 

a slicing arguement to prove this.

In the final chapter, I tackle the disk packing problem. Using Dirichlet cells, I

I



Abstract

improve the bound obtained in [1] to 1.033.
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1. I n t r o d u c t io n

In this thesis I study the Besicovitch-Hausdorff dimension of the residual set of 

packings of convex bodies in R ”. When studying packings of R ” we restrict our 

attention to the unit n-cube in R ”; it is clear that doing so is not detremental to 

the generality of the problem.

Let

/n =  € R"": ||x||oo <

where ||x||oo =  maxi<fc<n for x = {xx, . . .

A packing of In is the union of disjoint open bodies, for i G %, some index 

set, such that

U c i„.
i e i

For a given packing of 7„, we define the residual set

R = I n \ \ J  Oi.
i e i
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1. Introduction

In this thesis I consider arbitrary packings of by reduced copies of some 

general convex body 0. We assume that the orientation of the reduced copies 

are fixed. The results in this thesis give bounds on the Besicovitch-Hausdorff 

dimension of i?, for an arbitrary packing dependent on the convex body

6.

1.1 .  B e s i c o v i t c h - H a u s d o r f F  d im e n s io n

In this section we give the definition of the Besicovitch-Hausdorff dimension of a 

set E  C R ”. Firstly we define the 6 —dimensional Besicovitch-Hausdorff measure 

of E. Let 0 <  s < GO and 6 > 0, then we define

=  inf diam (6,)*; 6, are balls in R ” such that 

E  C Ut ^1, and diam (6*) <  6 } .

It is easy to see that 'Hg(E) is non-increasing, as a function of 6 decreasing. Thus 

the limit

W { E )  = limW K^)



i. Introduction

exists. This limit is the s-dimensional Besicovitch-Hausdorff measure of the set 

E. We can now define the Besicovitch-Hausdorff dimension of the set E.

D efin ition  1 . The Besicovitch-Hausdorff dimension of a set E  C R ” is

dimE  =  sup{s:7i^{E) >  0} =  s u p { s : =  0 0}

=  inf{t: H \ E )  < 0 0 } =  i n f H \ E )  = 0}.

1 . 2 . R e s u l t s

A considerable amount of work has been undertaken concerning packings of open 

discs in the plane. In [1] D.G. Larman showed that a lower bound for the 

Besicovitch-Hausdorff dimension of the residual set of arbitrary packing of disks 

in the plane is 1.03. Previously, in [5], K. Hirst had considered the Apollonian 

packing of circles using different methods. P. Gruber, in [3], considered packings 

of general convex bodies, and dealt with packings where variation of orientation 

was permitted.

In chapter 2 we consider packings of convex bodies of bounded radius of cur

vature, and of fixed orientation. The methods we use are based on those of D.G. 

Larman in [1] for the disc packing problem.

8



1. Introduction

We pack a collection of open, strictly convex bodies of bounded radius

of curvature re and of fixed orientation into the unit plane square I 2 . Then the 

residual set R  =  Ï 2 \  is compact and has Besicovitch-Hausdorff dimension

at least 1. We show that for packings of this type that the Besicovitch-Hausdorff 

dimension S2 {re) of the residual set R  is at least

I e { r e )  where c(rg) =  O [ ^ — ) (1.1)
V log r e  J

0 <  e{re) < 1 ,

and where re is a bound for the radius of curvature of the convex body 0. In 

chapter 3, we continue our study of 2-dimensional packings of convex bodies and 

proceed to construct, for $ sufficiently large, a packing for which the Besicovitch- 

Hausdorff dimension of the residual set is of the* same order as our lower bound.

log re ’

thereby demonstrating that the bound we obtain in chapter 2 is of the correct 

order.

In chaper 4, we consider packings in higher dimensions, where 6 is an n-



1. Introduction

dimensional convex body with radius of curvature bounded above by rg. We 

extend the 2-dimensional result, using an inductive slicing arguement, to show that 

in higher dimensions the Besicovitch-Hausdorff dimension 5„(r^) of the residual 

set R  is at least

^n(rû) > Sn-iirg) 1. (1.2 )

Here is defined by

Sn(rg) =  inf{ s: s is the dimension of the residual set 

of the packing (^m)m=i in ^n]

where the inhmum is taken over all packings of convex n-bodies with radius of 

curvature bounded by rg. This will lead to the result

>  (n -  1) +  e(r0) (1.3)

where, by combining (1 .1) and (1.2 )

• ( " I  ■ °
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1. Introduction

In chapter 5 we turn our attention to arbitrary packings of disks {Om}m=i ^^to 

the plane square I 2 . A lower bound for the Besicovitch-Hausdorff dimension of 

the residual set R  is greater than 1.03. This was shown by D.G.Larman in [1]. 

We improve this bound by developing the methods used to attem pt to obtain the 

best possible result in 2-dimensions. We do this using Dirichlet cell methods.

11



2. C o n v e x  b o d ie s  o f  b o u n d e d  r a d iu s  o f

CURVATURE

T h e o rem  1. Suppose that {0n}^-i forms a packing within the unit plane square 

I 2 of strictly convex bodies whose radius of curvature is bounded above by rg. 

Then the residual set R  =  /2\U%=i 0n has Besicovitch - Hausdorff dimension s 

where

5 > 1 +  e where e
log re

Proof. We may suppose without loss of generality that the $n are open sets, and

that diam (^n+i) <  diam for n =  1 ,2 ,___  This gives us an order to our

packing. The largest copy being $i, and the ^,’s decreasing in size as i increases.

12



2 . Convex Bodies 

Let 6 =  1 +  e where 0 <  e < 1, and define the stage residual set,

= h\ U
m=l

and the residual set, i?, for the packing, by

oo oo

f ]  R n  =  h \  U  O m .  
n=l m=l

Since R  is compact we need only consider coverings of R  by finite collections of 

open squares when determining whether the (iH-e)-dimensional Hausdorff

measure of R  is positive.

Let {CjY_^  be a cover of by a finite number of open squares. We may 

suppose that all of the C /s  are necessary, i.e. none of them are contained within 

any of the n =  1, 2 , . . . ,  nor contained in each other. Let the diameter of C j  

be >/2 Aj, for j  =  1 , 2 , . . .  ,p.

Each Rn is compact, and i?n+i C Rn for each n and hence ^ nested

sequence of non-empty compact sets. This implies there exists some m € N  such 

that

R m C \ J C ,
i = i

13



2. Convex Bodies

and from this point on we shall fix such a sufficiently large m.

We shall find a condition on e such that under this condition cannot

be close to zero which will in turn imply dim(R) >  1 +  e =  s

Now suppose that the a;-axis is the horizontal axis, and the y-axis is the vertical 

axis. Let 0 < x <  1, and let denote the vertical line through the point (x,0), 

i.e. h { { X ,Y ) ,X  = x).

Let l '{x ,j)  be the open interval equal to C H Cj, and let represent its 

length. Then, either we have

— ^y^Diam(Cj) — Aj,

or

Let us define a function f ( x )  to be

/(^ )  -  Y l^ lx jy
j=i

14



2. Convex Bodies

C )

O

O
o

c:> o
i O

I Q

Figure 2 .1 : I f  x =  xi th e n  = 0 . I f  x =  X2 th e n  =  Aj, 

Integrating from 0 to 1 gives,

J  f { x ) d x  — J  ^  — 2
•'o -^0 j= i j= l

(2 .1).

In time we will define another function Çm such that Jq f (x )d x  > Jg gm{^)dx and 

then proceed to show go(^)dx > 0 and deduce our result.

So let us consider then intersects it in a collection of non overlapping

15



2. Convex Bodies

c >

o

o OJ
o

o
iC >

V O
O o

Figure 2.2: For example =  ULi W ) .  

open intervals of lengths

Now each of these intervals can be expressed as the union of chosen

from so

Now < E  and since 0 < e < 1,

v(j-)
i(x,r) — ^(xji)

t= l

16



2. Convex Bodies

Summing over r  gives,

(2-2)
r=l r=l 1=1 j= l

Let us define our function by

9m{x) = Y j iU r y
r=l

So, if we integrate gm,{^) from 0 to 1 and use (2.1), we then have

y l yl ^
9 m{x) dx  =  Z2J(:r,r)dx

« ' 0  J O  -i

< I y lL j )d x
j- 

p
=  (2 3)

j=i

If we show for any cover that

[  dx Z> 1 ,
Jo

then the residual set R  will have Besicovitch-Hausdorff dimension of at least 1 -f e.

17



2. Convex Bodies

(

(

Figure 2.3: intersects Cj U UfcLt+i in a collection of disjoint inter
vals.

Let i be some integer, 0 <  i <  m — 1 and consider

U c ,  u  (J  0,.
j= l k=i+l

Then Ix intersects this union in a collection of disjoint intervals r,%)}  ̂ of

lengths respectively.

18



2. Convex Bodies

Define
u(t,r)

9i{^) — i(x,r,,t)
r=l

If i is one of 1 , . . . ,  m, then

f  g i ( x ) d x = f  g i-i{x)dx-^  f  (gi(x) -  gi-i{x)) dx (2.4)
Jo Jo Jo

We shall show that for any i

f  ( g i ( x )  -  g i - i { x ) ) d x  >  0 Jo

and since we clearly have / q go(x)dx = 1 the result follows, since this implies

/ gm{x)dx >  f  go{x)dx = 1 .
4/0 vO

For 0 < X < I, Ix meets 6i in an interval, possibly empty, of length a  say. 

Let l[x,6i) the interval fl and l(x,6i) be it’s length. Then either

— ^5 if C nieets

or

19



2. Convex Bodies

C >

o

o OJ

<3 o
iC >

V O
O o

Figure 2.4: 

hx,6i) =  0 otherwise.

Now gi{x)  =  5r,_i(x) for those x  such that does not meet Oi. As  there are no 

extra intervals to consider, so we need only worry about those x  where Ix meets
p m

Bi, The segment of Ix which lies in Bi meets [ J  C j U B̂  in a collection of
i = l  Ar=t+1

non-overlapping intervals {r'j)^Z2 of lengths {rj}^Z^, whose closures do not meet

20



2. Convex Bodies

C)
I
I

Figure 2.5:

the boundary of 0,-, and two intervals ri and , (r^ below ri) , whose closures 

meet 0,-, in fact they may coincide.
p m

The line Ix also meets IJ  Cj U | J  &k in two intervals rf,, of lengths
i= i  fc=t+i

'f'OT'f'w+i 1 immediately above and below respectively.

21



2. Convex Bodies

Let us define a function T{x) such that

{ 1 if r[ and r'^ do not coincide 

0 otherwise

Then the difference is

gi(x) -  g i.i(x) = T(x)[{ro +  ri)^ +  r^ +  ---

+  +  (î'iü +  — (r o  +  O! +  r iy + i) ^ ] . ( 2 .5 )

Suppose that 0 <  // < tq and 0 <  A <  r^j+i.

Let

hi{x,fi,X) = T{x)[(fi-\-riY-\-rl-\-----+  +  A)̂

— (/z +  a  +  A) ]̂. (2 .6 )

Then gi(x) -  gi-i(x) = hi(x,ro,r,^^i). We show that gi(x) -  gi-i(x)  >  0 by 

first differentiating hi{x,rQ^r^^i) > hi(x,0,0)  and then that 0 ) >  0 .

Then, since both ri^r^ < a  we have,

22



2. Convex Bodies

■A— I

o
o

Figure 2.6:

//, A) >  0 and //, A) >  0 (2.7)

Let the following intervals be labelled in the following way,

r'o =  AB, =  CD  , rj, U rj =  ABE,  U =  CDF.

23



2. Convex Bodies

Then, if Gi, Hi are points of C\Di respectively , we may define, for all x

such that Ix meets g'i(x) to be the same as gi(x) except that A iB iE i ,  CiDiFi 

are replaced by GiBiEi^ FiC\Hi^ and g[^i{x) defined 2is ^i_i(x) with A\Di 

replaced with G\Hi. Let gi{x) =  gi{x)^ and gi_i{x) =  gi-i[x) for all other x. 

Then we have for all x, using (2.4), (2.6) and (2.7), that

/  gi{x)dx =  / g i- i{ x )d x A  f  {gi{x) -  gi-i{x)) dx
Jo JQ JQ

> gi.i{x) d x ( ^ g ' i ( x )  -  g'i_^(x)) dx (2 .8 )

We use this to simplify our problem.

We examine 6m , and find a polygon Pm which encloses it.

L em m a 1 . Let |  (J  j  form an ordered packing of the unit plane square I 2 . 

Then there exists a convex polygon Pm which encloses 6m and whose interior does 

not intersect 6{ for i < m; Pm having no more than 15 sides.

Proof. Consider 6m and those 6{, I < i  < m, surrounding it.

Let be the maximal ellipsoid which is contained within 6m-, and ^ 2  be the 

minimal ellipsoid which contains 6m > Then ^ 1  has no less than twice the area of 

This is easily shown to be true for the worst case an equilateral triangle and

24



2. Convex Bodies

a circle, all other cases for triangles can be reduced via an affine transformation 

of the equilateral case.

The number of sides of our polygon will depend on all those 1 < i < m  

within some neighbourhood of ûm- Let W3 be the ellipse with the same centre as 

but with radius three times as large. We look at the largest (m — 1) copies 

of 0 which intersect the ellipse ^ 3. Since we only need an upper bound for the 

number of sides of Pm we may replace those 1 <  z < m by the ellipse within 

^ 3. Taking the Dirichlet cell of : z <  m} produces a polygon which has at 

most 15 sides.

, A rea^ 3  -  A rea^ i 167ra6 - 7ra6
The number of sides of P„ = ------     = ----------   =  15.

A rea^i irab

The polygon P^ can be defined as the intersection of some finite number of half

planes, Hi. Let jFf(u,o:) =  G :< > <  o;}. Then

=  =  r < i 5 ,
t=i 1=1

where Ui is the normal to the half-planes Hi chosen to pass through the centre of 

^ 1. We translate each half-plane in turn along their normal until they become

25



2. Convex Bodies

Figure 2.7:

supporting half-spaces of 6m', that is until the boundary of the half-plane touches 

the boundary of 6m- This produces a new polygon Pm which contains 6m-

Then Pm may have fewer sides than P^,  since some may be lost during the 

process of translating the half-planes. So

I I

TL =  n  -  n  o:*), /  <  15
t=i t=i o

26



2. Convex Bodies

m

Figure 2.8;

If X is in the interval [0,1] , and Ix meets Om then Ix meets Pm\0m in two 

intervals G2 B 1 of length li and C1 H 2 of length I2 . By construction of these

two intervals do not meet

Let G = G2 and H  = H 2 then we may define gi{x) , g-Li(x), as g-(x), g-_^(x),

27



2. Convex Bodies

respectively with these choices of G and H, and deduce from (2 .8 ) that

^  g i { x ) d x >  gi^i{x) d x [ g - ( x )  -  g"_i(xfj  dx.  (2.9)

If we show that,

^  {g”{^) -  9Ï-ii^)) dx > 0 , (2 .10)

then we are done. So in view of (2.5) we have to show that,

dx <  C  l{ dx + r  dx, C =  L n  Pn (2.11)
J Q  Jo Jo

The question remains, how do we know there exists such an epsilon?

L em m a 2 . Suppose 0m is our convex body and is contained within some polygon,

Q m  say, then there exists 5 =  (1  +  e) where 0 < e < 1 such that

f  dx <  f  l { d x  +  f  I2 dx, l'̂  =  lxC\ Pn.
Jo Jo Jo

Proof. Suppose that (2.11) is false, then in particular there exists an at most 15

28



2. Convex Bodies

sided polygon Qm containing Om such that,

/  ( O ’” <̂3: <  /  /{” dx +  f  dx. 
Jo Jo Jo

This would be true for every m, so letting m —> 00 we produce a contradiction, 

i.e 1 >  2. Therefore there exists some 6 .0

Let us now cover $m by the intersection of at most 15 discs, whose radii are 

bounded by kre , where k is the reduction factor from $ to We will now 

calculate explicitly a value of e for which

f  (/^)^ dx <  f  l\ dx f  I2 
Jo Jo Jo

which means removing Om decreases the integral in (2 .8 ).

At least one of the edges of Pm will be an interval, [a, 6], of length greater than

kra
15 . Let [a, 6] be the projection of this interval onto the æ-axis. We concentrate

on one of these intervals, as they will contribute most to the integral of 

integrate along this interval [a, 6], doubling up the contribution from the shallowest 

arc, and ignoring the other side. Without loss of generality we may assume it is 

the top arc; the radius of curvature in this interval is kre , and the centre of this

29



2. Convex Bodies

Figure 2.9;

arc is the origin.

To prove our hypothesis we must show

f \ r , T  d x < 2  f '  l{ dx. 
J a  Jo,

30



2, Convex Bodies

Then,

rb r - fc r e  s i n a + ^ c o s o r  /  /  „ „
2 j  l\dx =  2 y \krg — (k r g — z  ̂ j  sec  ̂adx  (2 .12)

/ —8
{krg) cos (j)(l — COS sec  ̂a d(j> (2.13)

-a

=  (2krgŸ'^^ sec  ̂a  f  sin^  ̂ ( ^  j cos (j) d(f>J~~a \  ^ I
> -1.

' —kre  sina+-T -^ cos a
k^dx

-krg sin a  
r—8

=  I k^~̂ r̂g cos <}) d(j).
J —a

(2.14)

(2.15)

(2.16)

So,

L
^2 ^̂  ̂sec  ̂arg^ sin̂ *̂  ^  ] — 1 | cos (f) d(j) > 0

cancelling the other terms. Now we split up our range of integration into the 

intervals [—a, —/?],[—/?, —7 ],[—7 , —̂ ] so that

sin2e > 2  ̂  ̂(rg sec a)

rg sin(—6 ) >
15

(2.17)

(2.18)

31



2. Convex Bodies

We then have,

I  ( sec^(a) sin^  ̂ ( ^  ] — 1 ] cos <j) 
J—a \  \ 2  J J

d<t>

> J sec^(a) sin^  ̂ ^

+ J sec^(a) si” ^

+ J sec^(a) si

sm I -

— 1 I cos (/) d(f>

— 1 I cos <f) d(f)

— 1 j cos <f) d(f>

(2.19)

The first integral will provide a negative contribution, the second will be small 

and positive but insufficient to compensate for the first. The third integral is also 

positive and sufficiently large to compensate. Therefore

/ ( sec^(a) sin^  ̂ ( ^ ]  — 1 | cos <j) dcf)

> /  — cos (f) d<f)-i- I  ( 2^^^re^ sec^(a) sin̂  ̂ ( ^ j — 1 ] cos (j) dcj)
J —a  J  —7 y y Z  J  J

32



2. Convex Bodies

We choose —7  so that

We take

sec^(a) sin^  ̂ — 1 c± ^

so we have

/ ( sec  ̂a  sin^  ̂ (  ̂
—a  V V 2

— 1 I COS (j) d(j)

> /  — cos (j) d(f>-\- f  ( 2 "̂""̂ sec  ̂arg^ si
J  — cy J  —̂  y

1> sin(—a) — sin(—/?) +  -  / cos 4) d4>
Z J —-y

sin^' I ^ — 1 I COS <!> d<j)

> 0

We now take sin a  =  0, the worst possible case. Therefore we have,

jsin(-<5) > sin(-/?) 

sin^  ̂ ( — ̂  I > 2~^~  ̂(r^ seca)'

) -2 e  „ ' 2 e

(2.20)

(2 .21)

(2.22)

33



2. Convex Bodies

Using (2.18)

( 120r«)"^' >  2 - * - '  (re sec a)~‘

Taking logarithms,

2elog(120rg) <  (1 -f- e)log2 +  €log(rg sec a) 

Rearranging this gives,

log 2
e <

log rg + 2 log 120 — log sec a  

Therefore, provided e <

/  (I'^y dx > f  l{dx + f  l\ dx. 
Jo Jo Jo

That is

j [  -  s"-i{x)) d x > o

which imphes,

/  gi{x) d x >  f  gi-i{x) dx f  go(x) dx = 1
Jo Jo Jo

34



2-dimensional Packing Construction

and hence,

^  > f  gn{x) dx
j= i

> 1

as required. □

35



3. C o n s t r u c t io n  o f  a  2 - D im e s n io n a l

P a c k in g

Let I 2 be the unit plane square whose vertices are at [ ±  | , ±  | ] .  Then our 

convex body 6 is the intersection of four discs of radius rg ( 00 > rg Z$> 1 ) of 

centres [0 ,db(rg -  | ) ] ,  [±(rg -  | ) , 0 ].

By construction, at all but four points of the boundary, $ has radius of cur

vature bounded by rg. The construction of 6 can be considered to be the act of 

slicing off the sides of I 2 using shallow arcs. This idea of transforming a square 

into a copy of 0 will be used later.

Let fcL be the boundary arcs oi 9, k — I , ..., 8 .

Let p =  (z, y) be the intersection of the two arcs iP and gP as indicated. This

is where both iP and gP meet the line x = y. We find p =  (x ,2/), enabling us to

evaluate the horizontal distance x  from ^ to / 2, in fact x = ^ — x.

36



2-dimensional Packing Construction 

iV

Figure 3.1: 

The equation of the top arc iF is

\ y +re - i y =

We want to find p — {x^y) and hence x so we substitute in a: =  y. This gives

(x  +  r , - i ) =  rl.

37



2-dimensional Packing Construction

2 x^ +  2 ( r , - i ) x + ( r , - i )

Solutions are of the form

X  =  — ■2 (r. -  j )  ±  ^ iV_ 
2 /

1 r ,  , 1  / g  , 1

=  4 "  2 +

Take the positive root as we want z )> 0.

1 re 1 1
^ =  ï “ T + 2 r ^ + ' ' ^ " ï ’

X =  - - X
1 r ,  1 / .  1

4 +  Y “ 2 V’'  ̂+  ' ' ^“ 4'

38



2-dimensional Packing Construction

For simplicity we use an approximation to x.

X  =
( ( i  ~  ^ )  +  2 \ / ' ~ l  +  ~  0  ( ( 4  ~  ~  2 \/'~ g  +  ’’0 ~  4 )

((ï " ?) ~ + '■» - I)

1 ( ( 2  -  '■«) “  4 )

 ̂ (I - re) - ̂ rj+re-\

^ — I _______

^ \/rg 4- re -  |  -H rg -- 1

2  1 _i_l_ J_
Y 4 ~ 4rg 16r| ~ 2 4rg

1 -   ̂ 4rg

c - 1
s ° ' z ^  g;:;-
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2-dimensional Packing Construction

3 .1 .  T h e  P a c k i n g  a n d  i ts  N o t a t i o n

At each stage we pack countably many reduced copies of 6 into Zg, building up 

the packing progressively. Let Rn be the stage residual set. A cover of Rn is 

given at every stage.

The packing is built up by repeatedly applying a transformation T to Lg , this 

transformation acts upon all squares at this stage in the following way:-

Let Sy  be one such square, and let X  and Y  be previous labels. Let Ay 

denote ^  diam ( Sy  ); in fact Ay is the side length of the square Sy .

T  replaces Sy  by a reduced copy 0 by a factor A ÿ and countably many smaller 

squares, which together cover Sy  apart from a set of small measure. ( Along the 

arcs of the newly created 6 labeled 0y , jtPy .)

T  covers Sy\Oy  with squares by splitting it up into twelve regions.

Four corner squares of side ^  =  A^'', k =  1, ...,4  labeled 5'^*.This leaves 

eight similar regions ^Oy k =  1 , . . . ,8 .  These are approximately triangular; their 

perpendicular sides are of lengths ^ ( 1  — and their other sides are the 

arcs fcFy.

Let A^° =  ^ d ia m  5"^°. The A^° are found by solving Ly° and /cFy to find
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2-dimensional Packing Construction

their points of intersection.

Figure 3.2:

1-1

: y , = X i - Y . ^ n -
3=0

Since we sum over subscripts and not superscripts we write this as

1-1
L v i : Vi =

j=o
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2-dimensional Packing Construction

Figure 3.3:

Let =  A yq.

So at the stage when we pack sideways we increase the length of the 

subscript.

Find Ay. _̂ by solving for j  = 1:-

LYi,i : Vi,i =  ^*,1 -  ,
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2-dimensional Packing Construction

for j  > 1
i - i

Lvi,j : Vi,j =  ^ i , j  -  ^Yi -  X !
k=l

with equation of the relevant arc, in this case

{y +  {re -  re

Let

Sy^ =  A y ._ i -  A y.

So by construction

^ A y - j  =  A y ,,  
j= l

and further

1=0 j = l

A y

2

This leaves us with countably many approximately triangular sections |  .

For simplicity again knowing we are in t^ y  we can drop the superscript. The 

perpendicular sides of the are of lengths 6y =  Ay_^ — Ay., and Ay. for

I — 1, 2 , . . .
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2-dimensional Packing Construction

We then pack the /y. similarly for each i. From now on we drop all the superscripts 

since they are all X q.

Our left over regions are the which are approximately triangular sec

tions with perpendicular sides <Çy.̂  =  Ay._̂ _̂  — Ay._ ,̂ and Ay._̂  for j  =  1, 2 , . . .

Note when j  == 1, ^y-̂  =  6y% — Ayi  ̂ so we let Ay, g =  ^y. for simplicity. So we

repeat the layering process, packing the largest possible square into the corner, 

then the next largest possible underneath it, and so on, labeling as we pack.

Let Sy,,   =  ... -  Ay. the >  0 with Ay., =  Sy,,  ........

So the approximately triangular region has perpendicular sides

and Ay., The A y , =  ;^d iam  (Cy., which are found by solving,

for 2n+i — 1

for Zn+l >  1

tn+l—1

k=\

44



2-dimensional Packing Construction

with equation of the relevant arc, in this case

x^+(ÿ +  ( r « - i ) f = r ^ .

So by construction we have,

T  Ay .    9
t n + i  =  l  ^

OO OO OO A

H  • • • Z ]   i n + l  =  ~ Y
» l = 0 t 2 = l  t’n + l = l

We sum over all subscripts along one side of our initial square S^. Let I  be this 

indexing set, then this gives,

I ^

We have given I 2 the initial label 5J, then at each stage we apply T  to all 

squares created at the previous stage.

Given any Oy it is possible to identify where it entered the packing by the 

depth of the subscript Y .

Define the depth of F , denoted by dep(F), to be n if the subscript Y  is of the
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2-dimensional Packing Construction

form,

‘•[in]

Where each [Li] is a string of integers of countable length. If the subscript Y  has 

depth n then Oy entered the packing at the stage. So at first we apply the 

transformation T  to / 2, which have labeled , this produces a single copy of 6 

labeled and countably many squares. On the next application of T  all those 

newly created squares have their sides sliced off, and become

for ^ =  1, . . .  ,4

and

For each of these 6 there are also countably many squares.

3 .2 . T h e  C over

Our cover for the stage residual set consists of two subcovers;

(1) Covering the sets of small measure on the arcs of the 6y
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2-dimensional Packing Construction

for which dep (Y) <  n,

(2 ) Covering the part of the residual set which is the countable union 

of sets of the form for dep {¥) = n.

3.2.1. The cover of type (1).

For each i in turn we cover the arcs of those 6y with dep (F ) =  z, by choosing 

sets of squares so that,

This is possible since we can choose our squares arbitrarily small and by construc

tion our ^’s will go under the cover.

For each Oy with dep (Y) <  z we cover its arcs ^Fy for k = 1, . . . ,  8 by sets of 

the form Wy = {fciüy such that for each 6y

( rrz.
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2-dimensional Packing Construction

Summing over all $y with dep (y) = i we have,

E D - - E E ( d i a m  < E E - - - > E 2n

Y ':d ep (V )= t V  :d e p (y )= «

1+e

s E E  E ^ ^ ^
F : d e p ( y ) < n —1 

1 + e

2 n

We obtain this for each i = — 1, and so,

E E - - . E E  (diam ( t u j i ) ) " "  <  <  1.
'■--------  ' k ^

Y  : d e p ( y ) < n —1

3.2.2. T h e  cover of ty p e  (2).

We are concerned with those Oy which have most recently entered the packing, 

so those $y with dep (F ) =  n. We cover each section of Rn of the form S y \6 y  

using four strips of 8 rg squares of diameter • We call these sets the Vy .

The set Vy covers S y \0 y  (dep {¥)  =  n), and is of the form Vy = We

choose e so that,
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2-dimensional Packing Construction

i=i

(8r,)'

2 log 2
e >

3 log 2 -f- log rff

And hence,

' V  * ^ J = 1  ' '  V-
y:dep(y)=n y:dep(y)=n

1+e
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2-dimensional Packing Construction

3.2.3. Ju stifica tio n  for th e  use of th is  cover.

For each piece of the residual set of the form SyXOy we choose a cover |  to 

maximise the sum of the diameters of the covering sets to the power 1 -f e. Let us 

drop the subscripts and superscripts for simplicity.So the cover S \9  and

let diam (5) =  \ / 2 A, and diam(uj) =  Then we maximise the following

over all covers,

j e J

subject to,

j e J

Aj-j-i < Aj

Suppose that cover the residual set S \0  and maxiniise the sum subject to

the constraints.

We cover the cover using squares of diameter y / 2 ^ .  This increases the sum, 

but we ensure that the sum is <  Eventually we will show that this over
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2-dimensional Packing Construction

estimate is finite, and hence so is our original.

Suppose without loss of generality, that Ai < ~  and not equal to it. The 

consider,
oo

( Ai -f + (A 2 — A? =
j = 3  1

We have borrowed from A 2 to increase A%. Let =  IZs- Then consider.

E - Z  =  (A i + ^ ) > + '- a ;+' +  ( A 2 - « ) '+ ' - a *+‘
1 2

=  (1 +  e) (A Î  -  A | )  « +  ( A r ‘ -  A r ' )  6'

+  ( l ± l ) ÿ i z i )  (A r=  _  A r )  6= +  . . .  > 0

Since Ai > A2

So we take Ai =  ^ ,  and then we can repeat the procedure borrowing from 

the smaller A j’s to increase the early A /s  in the same manner, until we have 

squares of diameter as required.
00

Now jR, the residual set for our packing is Q  and so C for all n.
n=l

Therefore the (1 +  e) -dimensional measure of R, denoted by {R) is less than

51



2-dimensional Packing Construction

or equal to the (1 -f e)-dimensional measure of the for all n. So,

m {R) < m^+^Rn for all n.

If we show that m^'^^Rn is finite for all n then we have shown that so is (R), 

and we are done. We proceed in the following way. At the stage we have, 

for n =  1,
32rg

m (Ri) < E  <  4
i=i

for n >  1 ,

m(Rn) < 4
32re

E  E  + E  E4my)'+'
Vrdep (y’)=n i=l y:dep(Y’)=n k

< 10

Therefore the (1 +  e)-dimensional measure of R  is at most 10 and hence the 

Hausdorff dimension of R  is at most 1 +  e, where

e =
2 log 2 

3 log 2 +  log re
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4. H ig h e r  D im e n s io n a l  r e s u l t s  o n  t h e

B e s ic o v it c h - H a u s d o r f f  d im e n s io n  o f

P a c k in g s  o f  C o n v e x  b o d ie s  o f  B o u n d e d

R a d iu s  o f  C u r v a t u r e .

In two dimensions we have shown for packings of this type that the Besicovitch- 

Hausdorff dimension 62(7"̂ ) of the residual set R  is at least

1 e{re) where e(r^) ~  ^ — (4.1)
logrg

0 <  e{re) < 1

We will assume that all convex bodies mentioned within this chapter are of 

bounded radius of curvature.
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4. Higher Dimensional Results

We will, using an inductive slicing arguement, show that in higher dimensions the 

dimension Sn(rg) of the residual set R  is at least

Sn{re) > Sn-i{re) +  1

where Snire) is defined by

Sn{re) =  inf{s: s is the Besicovitch-Hausdorff dimension of R}

where the infimum is taken over all packings of bodies with radius of curvature 

bounded by tq. This will lead to the result

^ni^e) ^  — 1) +  (4.2)

where

oc ^  (4.3)
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4. Higher Dimensional Results

by combining (4.2) and (4.3). Hence

^n(re) > n — I for n =  2 ,3 ,----  (4.4)

In the proceeding paragraphs we will need the following notation: let C be a set 

in R", let C(y) denote the vertical slice of C, y units along the axis, i.e. C(y) 

is the subset of C  which lies within the hyperplane Xn  =  y.

Theorem 2. Let {^m}m=i  ̂solid packing of homothetic copies of the convex

n-body 9 into the unit cube 0 having radius of curvature bounded above by 

re.

Then with Sn(re) defined as above we have

^n(re) > ^n-i(re) +  1-

Proof. Let {9m}m=\ t>e a packing of convex n-bodies, with radius of curvature of 

0 bounded above by < oo, into the unit n-cube

We may assume without loss of generality that the {0m} are open since the set

oo

U
m = l
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4, Higher Dimensional Results 

has Besicovitch-Hausdorff dimension n — 1, and we will show

Sn> n — 1

Then the residual set R  is compact and hence it is sufficient to consider finite 

coverings of R  by open sets.

We proceed by defining a function on the reals. For 6 > 0, 0 < s <  5n-i(r^) we 

define

f {z )  =  ml{R(z)),  Vz > 0.

This is the s-dimensional 6-measure of the slice of R  which is contained in the 

hyperplane =  z.

We integrate this measurable function in the Xn direction to produce the required 

result.

We have

/ ( z ) > 0  Vz€ [0 , l ]  (4.5)

To show /  is measurable we use the sufficient condition that /  is a measurable 

function if and only if {z : / (z )  < c} for any real c is a measurable set.

Consider i?(z), this is the (n — l)-dimensional slice of R  which is contained in the
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4. Higher Dimensional Results

hyperplane Xn = z. R{z) is compact for all real z, and so given real A, z, we can

find a finite 6-cover of R(z)  such that

' ^d ia m ^(E i)  < mj(i?(z)) -f A =  /(z )  -f A (4.6)
1=1

diam®(E,) < 6 , i =

Note that the E{ have dimension n — 1.

Let us now define sets Ei(fi) for i =  1, . . .  ,p by

Ei(fi) =  {^ € R" : II® - y \ \  < fi, y e  E J .

This can be viewed as giving thickness to the Ei which are (n — l)-dimensional 

sets sitting in n dimensions. So the have dimension n. They are open sets

and have diameter

diam (Ei) < diam (E,) +  2fi.

It is easy to see that if we choose // correctly we are able to ensure that:

diam(Ei{fi)) < diam(E*) -f 2/  ̂ < 6. (4.7)
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4. Higher Dimensional Results

Let A be a positive real number such that h < fi.

We choose h in such a way aa to ensure that if for some real number z' E {z — 

h ,z  h) our cover is also a cover for R{z'). We find that a sufficient

condition on the size of h is

2{h +  h' )̂ < fi. (4.8)

So let z' E {z — h, z + h) and let a € R ” such that

a = ( 0 , . . . ,  0 , — z').

Suppose z G R{z') and consider (R{z') a) C\ R{z). We have two cases 

Case 1

X G R(z')  and {R{z') +  a) fl R{z) ^  ÿ. Then is also a cover of R{z')

since h < fi.

Case 2

X G R{z') and (R{z') +  a) fl R{z) =  (j). Then there is a 0m such that x  G 0m{z'). 

But x - \ - a £  9m{z) and hence

diam(^T^(z)) — diam(^*(z^)) <  y/2{h +  h^) —
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4. Higher Dimensional Results 

= +

Let

then

1 = 1

d < ( 2 h  + h?)^ < {2h + 2/i^)5 <  II

Hence we have that x +  a is less than a distance ft from the set M jBi- So we have
t = l

that is also a cover for R{z').

Now we have

f ( z )  =  ml(R{z))

and

^ d ia m ^ (E i(//))  < ms(R{z)) +  A
t=i

diam (Ei(fj,)) < 6 z =  l , . . . ,p  

with {Ei(fi)}^-i also a cover for R{z'). So this implies

p
ml ( R( z ) )  < y^^diam^(Eiifi)) < ml{R{z)) +  A, G (z — -f h).

i=l
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4. Higher Dimensional Results 

Writing this with respect to our function /  we have

f{^' )  ^  /(^ )  +  5̂ E (z — A, z 4- A). (4.9)

Let c be some positive real number then define the set

Z{c) = {z : f ( z )  < c}.

Then it follows from (4.8) that Z{c) is open and hence measurable.

Therefore /  is a measurable function. Hence /  is Lebesgue integrable and we have

/Jo z > 0.

Now let us consider a finite open 6-cover of R  by n-cubes with edges of

same orientation as the co-ordinate axis.

Then, if we take an n — 1 dimensional slice of Rn at some real number z we will, 

for some given j ,  have either

1. A face of Cj, i.e. an (n-1) dimensional cube, of diameter

Y Tl 
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4. Higher Dimensional Results

or

2. No intersection with Cj.

Let us define

4(z) =  Ÿ ]diam ^(Q (z)).
j=i

Then g(z) is integrable with f ( z )  < g(z),  Vz 6 [0,1], and we have

0 < /  f { z ) d z <  I  g{z)dz =  '^diam^'^^{Cj{z))Jo Jo

and, since s < Sn-i{re)^ the result follows. That is

>  1 +  6^-1 (rg) □

A corollary to this result is

Sn{re) > n - 1

This result follows inductively from our two dimensional result and our theorem.
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5. A n  im p r o v e d  b o u n d  o n  t h e

B e s ic o v it c h -H a u s d o r f f  d im e n s io n  o f

THE r e s id u a l  SET OF ARBITRARILY PACKED

DISKS IN THE PLANE

In this chapter we turn our attention to arbitrary packings of disks into the unit 

plane square, I 2 . A lower bound for the Besicovitch-Hausdorff dimension of the 

residual set R  was shown by D.G. Larman in [1] to be greater than 1.03. We 

improve this bound by developing the methods used in chapter 2.

T h e o rem  3. Suppose that {^n}^i forms a packing of disks within the unit plane 

square I 2 . Then the residual set R  = l 2 \  6n has Besicovitch - Hausdorff 

dimension s and

s > 1.033.
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5. An Improved Bound

Proof, We may suppose without loss of generality that each disk On is open, and 

that diam (^n+i) ^  diam (^„) for n =  1,2,—  This gives us an order to our 

packing. The largest copy being ^i, and the ^,’s decreasing in size as i increases. 

We define the stage residual set to be

Rn =  h \  U  Om
m=l

and the residual set for the packing.

 ̂= n = ̂2\ u
n=l m=l

Since R  is compact we need only consider coverings of R  by finite collections 

of open squares when determining whether the 6-dimensional Hausdorff

measure of R  is positive. Let the diameter of Cj be y / 2 A j .

Let be a minimal cover of R  by open squares, so all of the C fs  are

necessary, i.e. none of them are contained within any of the On, n =  1 ,2 ,__

Note that each Rn is compact, and that for each n > 0, Rn+i C Rn. Hence 

{Rn}^=i is a nested sequence of compact sets. This implies there exists some 

m € N  such that Rm C Let us now fix such a sufficiently large m.
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5. An Improved Bound

To prove our result we find a condition on s such that under this condition 

Aj  cannot be close to zero which will in turn imply dim(R) >  s.

Suppose that the a;-axis is the horizontal axis, and the y-axis is the vertical 

axis. Let 0 <  æ <  1, and let denote the vertical line through the point (z,0), 

therefore =  {(%, V)  € : X  = x } . '

Let be the open interval equal to fl C j ,  and let the length of be 

Then either

(̂x,j) — -^D iam (C j) =  Aj

or

l ( x j )  =  0.

We now define a function f ( x )  by

j=i

Then we deduce that,

I  f { x ) d x — I  ('^-1)
^ 0  J O  - 1
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5. An Improved Bound

o

Figure 5.1:

We will define another function gm such that Jq f  > and then proceed to

show Jq go > 0 and deduce our result.
p

Let us consider (J  Cj, then C intersects it in a collection of non overlapping 
>=i

open intervals of lengths |j(x,r)} Now each of these intervals can be
v(r) p i;(r)

expressed as the union of chosen from so =  Q
i = l
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5. An Improved Bound

•^W) / o q

0 \ .

Now we have

Figure 5.2:

v(r) p
j{x,r) ^ ^ 2  h^di) — h^d) ^ ~  1, . . . , U

t= l j= l

and since 0 < 6 — 1 <  1,

u(r)

i=l
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5. An Improved Bound

So summing over r  we have,

E  < È  E  < E  '(d) (5-2)
r=l r=l 1=1 j= l

Let US define our function ^  fixed

dm(^) — ^ J (x , r )
r=l

So, from (1) and (2) we have

/  gn,{x)dx =  I  E^Td)^^ 
J O  J O

-  lo E '( * j )
J = 1

=  E ^ r  (5.3)
j= l

If we show that Jq gm(^) dx > 1, for any cover {Cjfc}^_j,then the residual set i? 

will have Besicovitch-Hausdorff dimension of at least s.

Let i be some integer, 0 <  z < m — 1 and consider

U Q u  u  0 ,.
j= l k=t+l
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5. An Improved Bound

on
Figure 5.3:

This is {Cj}^_^ union those disks larger than 6m+i, and smaller than 9i. .

Ix intersects this union in a collection of disjoint intervals ,.,*)} !_î  ̂

lengths respectively.

Define
u(t,x)

9i{^) = 13
r = l
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5. An Improved Bound

So suppose i is one of 1 , . . . ,  m, then,

/  g i ( x )dx= f  g i - i ( x )d x+  f  (gi{x) -  gi-i{x)) dx (5.4)
Jo Jo Jo

We shall show that for any i

Jo

which gives,

/ 9 m ( x ) d x >  f  gm-i {x)  dx >  . . .  >  f  go{x)dx
vO */ 0 V 0

and since we clearly have Jq go{x)dx = 1 the result follows, since this implies

/  gm(x)dx > [  go(x)dx = 
Jo Jo

For 0 <  X <  1, Ix meets in an interval of length 2a say, or does not meet $i 

at all. Let l[x,Oi) the open interval equal to Ix fl which has length l{xA) then

either

=  "A
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5. An Improved Bound

or

Figure 5.4:

hxA) = 2a

Now gi(x) = gi-i(^)  for x such that does not meet 0(̂  as there are no extra

intervals to consider, so we need only worry about those x  where meets ${.

The segment of which lies in $i meets I U I I U I in a collection
V = i  /  \k=i+i )

of non overlapping intervals of lengths whose closures do not
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5. An Improved Bound

meet the boundary of and two intervals r\ and , {r^ below n ) ,  whose 

closures meet in fact they may coincide. The lengths of and being 

and respectively. Ix also meets I U  1 I U  I in two intervals Tq,
\j=i /  \k=i+i )

of lengths ro,rtu+i, immediately above and below 6{ respectively.

Let us define a function T{x)  such that

{ 1 if Tj and do not coincide 
_

0 otherwise.

Then the difference is,

gi{x) -  gi--i{x) = r(x)[(ro  +  ri)*~^+ +  . . .

+  +  (̂ u; +   ̂ — (ro +  2a; +  Tio+i)* (5.5)

Suppose that 0 <  /i <  tq and 0 <  A <  r^+i.

Let

hi{x, fi,X) = T ( x ) [ { f i r i Y   ̂+  Tg  ̂ +  , . . . , +r^_\  +  (riu +  A)® ^

— (/i +  2a +  A)*
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5. An Improved Bound

Figure 5.5:

Then gi(x)—gi-i(x) = tq, We show that gi(x)—gi-i(x)  >  0 by first dif

ferentiating hi(x,rofr^+i) > hi(x,0,0)  and then demonstrating that /i,(x,0,0) >  

0 .

Now,

d/x
hi{x, fi, X) — (s — l)T{x)[{fx -f Tl)®  ̂ — (/X -f 2a -f A)"®
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5. An Improved Bound

and,

— A) =  (s — l)T(a;)[(ri„ +  A)'*  ̂ — ( p 2a -{-Xy

Then since both ri.r^j < 2a we have,

^ /i,(a :,/z . A) >  0 and -^hi{x^ p, X) > 0 (5.6)
Qf.1 uA

Let the following intervals be labelled in the following way,

f ' o ^ Ai B i ,  = CiDi, Vq U r[ =  A iBiEi ,  r'^U =  CiDiFi .

Then if Gi, Hi  are points of AiBi ,  CiDi  respectively, we may define for all x 

such that Ix meets g^x)  the same as gi{x) except that A iB iE i ,  CiDiFi  are

replaced by GiBiEi,  FiCiHi, and gi_i{x) defined as gi-i{x)  with AiDi  replaced

with GiHi.  Let g'i{x) =  gi{x), and gl-iix)  =  for all other x. Then we

have, for all x, using (5.4), (5.5) and (5.6), that

gi(x)dx =  ^  gi-i (x)dx-\-J^ (gi{x) -  gi^i(x)) dx

> gi-i{x) dx A (g-{x) -  g'i_i{x)) dx (5.7)
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5. An Improved Bound

— a

Gi

Hi

Figure 5.6:

We use this to simplify our problem.

We examine 0i, and find a polygon Hi which encloses it. Suppose that the 

disk Oi has diameter 2 t and is centred at (xi^yi), which we label Oi.

Let be the line which passes horizontally throught the centre of ${.

h v i )  =  G : y  =  V i }
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5. An Improved Bound

Now 0i can be contained within a minimal square centred at 0( of diameter 2\/2 t.  

Let Si denote this square.

Now let 7{ be the regular hexagon centred at 0{ of diameter 3\/2 Diam(^,) =  6 \ / 2 t, 

which contains $(. Let the orientation of H  be such that 2 of its sides are parallel 

to the x —aods.

Let . . . ,  be disks centred at 0 ,+ i , . . . ,  Om respectively; each of diameter 2 1 . 

Then there is a subset, say of these, congruent to 0,-, which are contained

in H, having centres some subset of

Let Tik, k = 1, - . . ,  n(z), denote the set of points of 7i which are at least as close 

to OJ. as to any other Oj.

'Hk = < p e H  : min |p - 0 ]\ = \ p -  0 '̂ \

Tik is the Dirichlet Cell (or Voronoi Region) of OJ., and is a convex polygon. We 

now appeal to the following lemma which can be found in [6], page 47.
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Si
P i

Figure 5.7:

L em m a 3. I f  H  is a convex hexagon, {0t}”=i is a packing of circles in 7i, Oi 

denoting the centre of Oi. Let hi be the number o f sides ofTii, then

1=1

Hence if n is sufficiently large, we may assume that the Tik are convex hexagons. 

Let Hi be the hexagon formed by pushing the facets of Hi towards $i until they
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touch its boundary.

Now consider the following polygon:

Pi = Hi n

Then Pi is a polygon that contains 0{ and which has at most 8 non-vertical sides. 

Now if Æ € [0,1] and meets $i then L meets Pi — Oi in two intervals: G2 B 1 , C1 H 2 

immediately above and below Oi respectively.

By construction, G2 B 1 , C1 H 2 do not meet any of the j  =  1 , . . . ,  z — 1.

We shall now define g " ( x )  as g' i {x)  except that G iB iE i,  FiCiHi are replaced by 

G2 B 1 E 1 , F1 C1 H 2 ; and g'i_i(x) as gi-i(x) except GiHi is replaced by G2 H 2 . We 

then have that

and hence from (7),

/ gi{x)dx>  / gi_^{x)dx-\- f  (g'/ix) -  gï_^{x))dx (5.8)
*/ 0 0 •/ 0

Suppose that H2 , G2 lie on the segments QiRi, Q 2 R 2 of the polygon Pi respec

tively. Let 14 be the point of intersection of QkRk and the boundary of $i.
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Figure 5.8:

Let (/ denote the intersection of and L(y.), and the horizontal distances from 

to Vi, V2 be y' and y” respectively.

Now

=  H 2 C1 • (5.9)
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\ U %
Q i J [ /  Oi I kv i)

'v. I -------—------------

^  Oi

. _
R 2

Figure 5.9:

H 2 B 1 has length at most the diameter of hence

(5.10)

Let ip be the acute angle that QiRi makes with L(y-), then

y' = V1 H 2 cos ip (5.11)
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Combining these we get

H 2 B 1 -  2t
(y 'y  sec^ ^

>
2 t

2 t 
/2

Since UH2 is bounded by the radius of $i, {UH2 <  t), it follows that 

Similarly we have

=  G2B1 . G2G1

And using

G2C1 <  2 t y" =  V2 G2 cos rj 

Where 7/ is the acute angle which Q2R2  makes with L{^.) we have

since UG2 < t .
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Given some S € [0,1], and providing that

y' > St, y" > 6 t 

then it follows from (5.12) and (5.13) that

Let s, cr, 6 be positive real numbers which satisfy the following:

and
3 — 1

where cr <  1 and S < 1/81.

We shall verify that an allowable set of values is

1.033

(5.14)

=  1.033 < t= (2 \/5 3 )-‘ S =  ^Yqq (5.17)
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Now using (5.14) and (5.15) we have

2{H2CiY-^ -  {2 UH2 Y-'' > a(2UH2Y~'' (5.18)

2{G2Bi Y~" -  {2UG2Y~" >  <t{2UG2Y~" (5.19)

Except possibly if x belongs to at most 8 intervals whose union is Q. Each interval

of this type having length 2St. The centre of such an interval being a horizontal

projection of a point of contact of Pi with the boundary of 0,-.

Let us suppose that the length of H 2 C1 is greater than G2 B 1 by some length 

denoted r. Then if a* ^  Q we have using (18) and (19)

=  (G2B1 +  r ) ”- i  +  (G 2 B 1 ) '- ' -  (2UG2 +  r ) - '

> 2 (G2B i)’' '  -  (2 C/G2) '- '

>  <r(2f/G 2)*-'
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Hence

+  (G2B 1)’- ' -  ( i ï2G2r '

> ,7mm[{2UG2y-\(2UH2y-^]  (5.20)

If, conversely, G2 B 1 is greater than H 2 C1 by r , we have

(ffjCi)»-* +  (G2B i)’- ‘ -  (% G 2) '- '

=  ( % C i) '- ' +  (% C i +  r) '-^  -  (2 f /%  +  r ) ' - '

>  2 (ff2G i)"-' -  (2 (7 % )-^

> a(2 UH 2 y - y

If r'u coincides with rJ„j then we have

9i{^) = (5.21)

Otherwise, if z ^  Q, we deduce from (5.20)

g!'(i) > ft'-i(x) +  (rm in [(2 f/G 2 )'-\(2 (7 % )'- '] , (5.22)
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If X G Q, then, since Pi C 5,-, it follows that

J^idii^)-9i-i{x))dx > -  j {̂H2G2Y~' d̂x
r26t

>  - 8  /  {2 ty-'^dx
Jo

=  - 8  . (5.23)

Let 6 " be a disk of radius (1 — centred at O,-. The remainder of this proof

then splits into three cases as follows:

C ase 1 A side of Cg, one of the {CjYj=\ meets 6 ”.

C ase 2 Some Cq contains B” entirely.

C ase 3 The disk, B"̂  does not intersect

C ase 1 . If Cg, say, has a side which meets then there is a portion of length

p(g, i) which is entirely contained within Bi. As {CjYj=\ is a minimal cover, we

know that none of the squares {CjYj=\ he entirely within Bi. Then

(5.24)
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Is

From (5.24) we have

Since 3 < 2 we have

Figure 5.10:

- 8  - 2"6f  >  - 8 - 2> " (ç , 0

- 8 - 2 V % 0 > -32/(9, é) (5.25)
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Figure 5.11;

which gives, with (5.8):

/  gi{x)dx> f  g i-i{x)dx-32p^(q ,i)  
«/ 0 0

(5.26)

C ase 2. Let SI be the square that circumscribes which is the same orientation 

as Si. S is sufficiently small to ensure that all four corners of S^ are contained in 

the compliment of Coverings of this type are not economical.
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Figure 5.12:

Now Cq must contain S^. Then Cq must also have all four corners in the compli

ment of 9i.

Suppose that the horizontal intervals where the edges of Cq meet Oi are A3B3, E 3 F3 , 

and the vertical intervals are C3D3, G3 H3  shown in Fig . Some of these intervals 

may not exist.
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Suppose that A 3 B 3  and E 3 F3 both exist, and that

A 3 B 3  <  E 3 F3 .

Let g'"{x)^ Æ i ( ^ )  defined as 9 i_i{x) by taking G\ = B\ and Hi = C\. 

This gives

> f f i 'W  -

Then using (5.7),

I  gi{x)dx> f  gi-i{x)dx+ f  {g'/'{x) -  g'/!_^(x))dx. (5.27)
Jo Jo Jo

Let the points of intersection of 6 i and Cq be as indicated and note their horizontal

projections. If 0 <  z <  1 then meets

(i) Cq n  Oi in an interval of length P{x).

(ii) Oi in an interval of length 2 a[x).

If Q' denotes the union of the intervals E 4 F4 , CéZ^ then it follows that

^  (9Ï'{x) -  9Ï-ii^))d^ > -  {2oc{x)y-'^)dx (5.28)



5. An ImpToved Bound 

Now 2a{x) < 2t and = (t^ — — {\EzFzYY^  Hence

-  (2a(x)Y~^ > - ( 2 a ( x ) - / 3 ( x ) r '

> - ( 2< - / ? ( x ) r >

=  - [ ( ( ') ' / '  -  (F -  ( \ a z B zŸ Y ^

+ ( < 2 ) 1 / 2  _  ( < 2  _  ( i £ 3 i T 3 ) 2 ) l / 2 ] - l

>  — ( 2 ^ 3 - 6 3  +

>  - ( E 3 F3 ) '- '  (5.29) 

Sim ilarly if x belongs to E4 B 4  or to  A 4 F4

( /9 (x ))- ' -  (2q(x))*-‘ >  - ( i f / a F s ) - '  (5.30)

If X belongs to Z'Ü 4

(/3(x))»-' -  ( 2 q ( x ) ) - '  > - ( C 3D3)”- '  (5.31)
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If X  belongs to

(l3(x)Y-^ -  (2a(x))»-> >  - ( % % ) '- '  (5.32)

Combining (5.28) - (5.32) and noting

we find that

J j g ' / ' M  -  9ÏU(=o))dx > - { { A A Y  +  (C3D3Y + {E3F3Y + (G s H s Y ) .  (5.33)

This also holds if ytgBs > E3F3 and therefore combining this with (5.27) we 

obtain, for Case 2,

f  g i(x)dx> f  g i . i { x ) d x - ^ { 'y ( i , q j ) ) %  (5.34)
Jo Jo

where {7 (1,^, j)} j_ i is the disjoint intervals of boundary of Cq which lie in 

C ase 3. If L denotes the maximal line segment of L(y.) fl 0i which contains 0,-,
p

but does not meet (J  Cj, then the length of L is at least (2  — which,
j= i
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using (5.16), is at least equal to As there are at most 8 non-vertical sides 

of Pi there is an interval w  of length on the z-axis which is contained in the 

horizontal projection of L but which does not contain the horizontal vertex of P, 

or horizontal of projection of a point of contact of P,- with the boundary of 0,. 

Hence, there is an interval W  of VF, which has length which is at least a 

distance from the horizontal projection of either a vertex of P,- or a point of 

contact of P, with the boundary of Oi.

Then, if x is a point of VF% let Pg, Ci, U, P i, G2 be as indicated and let the points 

of intersection of Q iRi and Q2 R 2 and the boundary of Oi be Vi, V2 respectively. ' 

As U is at least a distance ^  from the complement of Oi, we have

mm(H2U, UG2)  ^ ( V1 -  ( § )  j  < =  (5-35)

Now suppose that Q i R i ,  Q 2 R 2  are sides of Pi which lie above and below L(y.) 

respectively. Suppose also that both of their horizontal projections onto the x- 

axis contain the interval W .

Let I J  be the segment of P(y.) which projects horizontaly onto W'. Note that the 

X co-ordinate of J  is greater than that of I.
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(y.)

Figure 5.13:

We have for this case that does not meet Uj-iCj and hence none of the squares 

meet I J .  It follows that

-  ( f f jG a ) - ' (5.36)
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Bs

: 7

/ T  - \ 1 ^ 3

\ z '

1 \ l —-J-----  JP.

u - r
II

1 1 1
1 1 1

^4 F  G4

Figure 5.14:

Which, using (5.20), gives

5."(^) > <Tmm[(2UG2y - \ ( 2 UH:,y-^].

So, using (5.35),

f/(=c) -  g'U=^) > a
3 —  1
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5. An Improved Bound

And hence

2^/53 y ~ '  t
27

> 8 • 2‘St‘, (5.37)

using (5.16) and ^  > 6 .

Given (5.8), (5.23) and (5.37), we have

f  gi(x)dx> f  gi^i(x)dx. (5.38)
jQ Jo

We now combine cases 1,2 and 3, using (5.26), (5.34) and (5.38), to deduce

I  gi(x)dx>  I  g i . i ( x ) d x - 3 2 j2 ( 'y ( i ,q J ) Y  (5.39)
JO Jo

where {7 (2, 9 ,i)}j= iare the lengths of the disjoint portions of sides of Cq which lie 

entirely within 9i.

Now repeating this argument for 2 =  m, m — 1, . . . ,  1 we deduce

rl rl m 4
/  gm(x)dx> V ~ ^ d x ~ 3 2 Y , ' ^ ( l i h q J ) ) %  (5.40)

JO JO (=1 j=i

94



5. An Improved Bound

where {7 (i,ç(*),i)}j=:i are the lengths of disjoint portions of the sides of a square,

Cq, of which lie entirely within

Let }i=i be a rearrangement of {{7(*. <z(Oii)}j=i}r=i so that {7 (^J)}% li

is all the lengths of those intervals which belong to the boundary of Cj. Since 

{^t}S:i are disjoint, and s >  1, we have

(5.41)
k=l

So
p ^(i) p

- 3 2 E E 7 ( ^ - J T ^ - 1 2 8 E ^ ’-
j= l k=l j= l

From (5.3), (5.40) and (5.41), we have

E  A; > £  9 n { x ) d x  >  1 -  128 Aj.
J = 1

Hence we obtain
p

T 'A "  >
124E A “ > t4 t (5-42)

j= l

where s is  a real number, 1 < s < 2, such that, with a, 6 , satisfy (5.15) and (5.16). 

So R  has Besicovitch-Hausdorff dimension at least s.
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To show s = 1.033 is an allowable value for s, let

<T =  (2^53)-^ (5.43)

23-2.^2(.-i) =  1 (5.44)

Now substituting (5.43) and (5.45) into (5.44) we have

0 1 3 —1 2 5 C 0 5 ^ -3 s+ 2  1

2 7 ' ^  +  ^

Taking log’s produces the following quadratic

(log 53 -  2 log 2 7 )5^

+ (—12 log 2 — 3 log 5 3 -|-2 log 27)s

4" (13log 2 -j- 2 log 53 — log(l 4- 2\/53) ^) =  0

calculation of the coefficients produces:

u =  -1.1384517
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b =  -5.92246 

c =  7.3330939

The value of s is the larges root of this quadratic, which is 1.033; and this completes 

the proof. □
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