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Abstract

This thesis provides a systematic analysis of registration algorithms for application to medical images.
We divide our survey into four parts, each of which concentrates on a particular aspect of the algorithms.
Linear methods are reviewed in respect to their selection of corresponding features, and their application
to the inter-modality case. Non-linear methods are extensively analysed to understand the transition from

a conceptual physical or statistical model to the mathematical model and its implementation.

A chapter is devoted to hierarchical methods and their application to solving the local minima problem.
Constructions of hierarchies are grouped as temporal variations in data complexity, in warp complexity
and in model complexity. These divisions are paralleled in the classification of inhomogeneous methods,
where the application of an algorithm varies spatially within the image. Thus we identify variances in
relevance of data, in deformability and in chosen model type. In respect of these divisions, we have in-
troduced a nomenclature to describe the restriction or otherwise of the deformation of selected regions in
the image. We distinguish between passive and actively-deforming regions, between strongly and weakly
deformable regions, and describe two specialisations of rigid regions, namely those which are motionless

and those which are independently moving.

The second main contribution of this work is in presenting three inhomogeneous variants to the viscous
fluid registration algorithm, one for each of the three classes of inhomogeneity an algorithm may exhibit.
In particular one of the variants exhibits a varying viscosity over the image. They are all tested for their
ability to restrict the deformation of a specified region independently of the information contained within
it.

Finally we evaluate a selection of non-linear registration algorithms using both global and local registra-
tion metrics in a variety of tests. The dissertation concludes with three interesting suggestions for future

projects.
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Abbreviations
bc boundary conditions
CSF cerebral spinal fluid
CT computed tomography
DT distance transform
EBS elastic body spline
EDT Euclidean distance transform
FFT fast Fourier transform
fMRI functional MRI
MAP maximum a posteriori
MCMC Markov chain Monte Carlo
MF1 modified fluid 1 (forces filter)
MF2 modified fluid 2 (extra boundary conditions on velocities)
MF3 modified fluid 3 (varying viscosity)
MI mutual information
MMSE minimum mean sum of errors
MR(I)  magnetic resonance (imaging)
MTQ multiquadric
PA principal axes
PDE partial differential equation
PET proton emission tomography
SOR successive over-relaxation
SPM statistical parametric mapping
SSD sum of squared differences
TPS thin-plate spline
UNC University of North Carolina
VOI volume of interest



Notation

We employ standard mathematical notation. The following list of reserved symbols are employed in the

text.
r(Z,9)
D(S,T)
Dy(S,T)
D.(S,T)
Di(S,T)
R(4)
J(.)
A
Ay
S(%)
T(z)
Qs ,Qr,Q
Q;
R
1(S(2)), I(T(&))
$(2)

(%)

distance function
distance function; similarity measure
sum of squared differences

correlation coefficient

mutual information between source and target

roughness measure or smoothness constraint

cost or energy functional
regularisation parameter

elasticity or viscosity parameters
source (deforming) image

target (matched) image

source, target, image domain
region of image

set of regions in image

pixel intensities in source / traget
contrast or pixel intensity mapping
transformation or domain mapping
set of transformations

the k! basis function

the ith weight function

covariance matrix = [c;;]

inertia tensor = [€;;]
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inter-modality the source and target are obtained from different scanning modalities

perioperative the target image is acquired during a surgical procedure and the source is registered to it

in real-time
pre-/post-operative the images are acquired before and after a surgical procedure

cross-population a set of source images is drawn from a population of data and registered to a common

target

time studies source image(s) of the same subject are obtained over a period of time such as several

months

dynamic source images of the same subject acquired at short time intervals (seconds or minutes)

Examples of perioperative applications are the real-time registration of a video image of the subject in
the operating theatre to a pre-operative anatomical scan for tumour location, and/or to a labelled atlas
identifying sensitive regions to avoid, and/or to a model with the planned surgical route marked. Pre-
and post-operative anatomical scans are compared to evaluate the success of the operation such as the
removal of a lesion: the cancerous tissue may be indistiguishable to the naked eye from normal tissue,
and may only be visible in an MR scan where the variable tissue density is apparent. Registration is ap-
plied in cross-population studies for tasks such as the construction of an averaged ‘normal’ data set as
a basis for an atlas. and identification of schizophrenics from normals by comparing sizes of ventricles
in the brain. A°  subject scan may be matched to an atlas for passing labels or segmentations. Often
the transformation required is highly non-linear and furthermore a homology* may not exist. Time stud-
ies are performed to monitor the course of an abnormality and its treatment - such as growth or shrink-
age of tumours, or for the early detection of Alzheimer’s disease by detecting brain atrophy. There are
many varied pathologies which introduce abnormal structures into the subject [Weir and Murray, 1998;
Du Boulay, 1984; Partridge, 1985; Simpkins, 1988; Grainger and Allison, 1997]. The chest and abdomen
contain highly-deformabletissue [Weir and Abrahams, 1997] so even intra-subject cases may be complex.
Neither is registration of images of relatively rigid structures such as the brain [Talairach and Tournoux,
1988; Crossman and Neary, 1995; Thompson et al., 1996; Kapur et al., 1996] simple in the inter-subject

or subject-atlas case where cross-population variability is high.

An automatic algorithm requires a method for determining whether registration has been successful. To
this end, a distance function is computed which evaluates the closeness of the specified corresponding
features in the registered image pair. In most algorithms, registration is a gradual process. The source
image is repositioned or deformed slightly many times, reducing the value of the distance function at

each step, until no further improvements can be made, at which point the algorithm terminates.

The distance function could hypothetically be plotted for each deformation of the source, giving a surface.

The minimum of this surface is at the deformation which gives the lowest value of the distance function.

*two images exhibit an homology if for each structure, howeversmall, in one image, the correspondingstructure can be identified

in the other image, and likewise with the roles of the two images reversed.
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However, due to the complex nature of medical image data, there may be many deformations which match
structures which appear similar but which are not the true correspondences. They give local minima in
the distance function surface, but are not the true required deformation which gives the lowest or global

minimum. Figure 1.5 illustrates global and local minima of a one-dimensional surface.

|
|
| l

Figure 1.5: Local minima (marked with thin arrows) and the global minimum (thick arrow) of a one-

dimensional surface.

Many registration methods therefore incorporate schemes for initially simplifying the distance function
surface, removing many of the local minima. Some reduce details in the image pair leaving only the
larger, more global structures to be matched first. Others restrict the initial deformations to be more global
in nature, since it is more likely that strong, highly local deformations cause misregistrations. Once the
global minimum has been approximated, complexity in the image data or in the range of allowable de-
formations is re-introduced, so that the solution can be finely tuned to find the optimum match. These
methods of increasing complexity temporally are called hierarchical methods. We identify three differ-
ent hierarchical strategies, as increasing in data complexity, in warp complexity and in model complexity.
An additional advantage is that the initial matches are often performed rapidly due to a reduction in input

data quantity or the calculation of a simplified transformation.

Medical images represent anatomies consisting of varying tissue types each of which deforms differently
in nature - bones remain rigid, muscles stretch in preferential directions, etc. When registering images of
the same subject, ideally these differences in true tissue behaviour should be imitated or approximated by
registration schemes providing spatially varying deformation models. These are called inhomogeneous

methods.

In this dissertation, we present three new inhomogeneous registration algorithms which are derived from
a non-linear algorithm which models a viscous fluid. The fluid model allows severe local distortions and
the creation of new regions from boundaries in the source. The three variants all have the ability to curtail
the deformation in specified regions of the image, independently of the data in the image pair. In the first
modification, referred to as modified fluid 1 (MF1), the data in the specified region are ignored in the
application of forces to drive the registration, and hence the deformation of the region is due only to its
context. An intended application is the registration of an image pair where the source contains a known
additional structure for which no homologue exists in the target, but which may be confused with a region

of similar intensity in the target.

The second variant, modified fluid 2 (MF2), enables specified regions to remain completely undeformed

and unaltered. We intend it as the precursor to an algorithm which allows rigid body motion within the
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fluid.

The third variant restricts the deformability of specified regions by altering the behaviour of the underly-
ing physical model, by increasing its viscosity. The mathematical equation for the fluid model has been

amended by Dr Kalvis Jansons of the Department of Mathematics, UCL, to effect the adaptation.

Having developed and/or selected a particular algorithm, and before introducing it into general use, it
should first be evaluated using a representative set of image pairs to establish the accuracy of its resuits.
Registration accuracy is measured locally in specified regions or at specified structures, or a global es-
timate is obtained for the image pair as a whole. The former case involves measuring the distance of
features in the deformed source from their corresponding features in the target. For accurate registration,
the features will be superimposed, and the distance will therefore measure zero (or a minimum). Appro-
priate features are landmark pairs or surface boundaries. A global estimate of registration is obtained by
evaluating a function known as a (dis)similarity measure which compares the intensities (or a derivation

thereof) of each spatially corresponding point in the image pair.

We have now introduced the main classes of medical registration algorithms according to their ability to
reproduce the complexity of deformation required to register any reasonable image pair, and have briefly
discussed the choice of algorithm. In the next part of the introduction we will set medical image registra-
tion in a broader context. First we will summarise image registration as applied in the non-medical tasks
of industrial computer vision and remote sensing. We will then return to the medical field and consider
registration as one element of a series of operations performed on medical image data. In particular, we

devote a section to the acquisition of the data from four main modalities (CT, PET, ultrasound and MR).

1.1 Overview of General Image Registration

Registration of images is also required in non-medical imaging tasks, the two major non-medical fields
being industrial vision (matching images of objects to templates for identification), and remote sensing of
land images. In both cases, the images to be matched require only a slight deformation, if any, to achieve
registration. An extensive survey of registration in these two fields, together with the medical case, is

given in [Brown, 1992].

In industrial computer vision, images are of object shapes which can be approximated as combinations
of geometric primitives, and so pattern matching concentrates on edge detection and template matching.
Remotely sensed data [Heipke, 1997; Buiten and van Putten, 1997; Fonseca and Manjunath, 1996; Fo-
gel, 1996; Goshtasby, 1988a] consist of images of a terrain acquired by a sensor mounted on aircraft or
satellite. Depending on the geographic location and height of the sensor, the images may contain a few
or many shapes approximating geometric primitives such as lines (roads, rivers) and circles (manhole
covers, volcanic craters, lakes) as well as well-contrasted regions and edges. Image pairs presented for
registration may be multi-sensor [Fonseca and Manjunath, 1996] (to fuse images which provide compli-

mentary information) and multi-temporal (to detect changes over time) but always represent the same or
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overlapping underlying terrain which is assumed rigid. Slight distortions may be introduced by aircraft
motion or atmospheric effects and so a slight warp may be needed to undo these distortions. Hence the
registration techniques used almost universally involve identifying corresponding features in the image
pair by pattern matching or edge detection and applying a rigid, affine, low-order polynomial [Buiten
and van Putten, 1997; Goshtasby, 1988a] or spline warp [Fogel, 1996] to transform the source into the

coordinate system of the target.

1.2 Medical Image Data

This section aims to provide an understanding of the methods of acquisition of medical images and of
the information contained within them. It is however only a brief summary. For further information on
image acquisition the reader is referred to Brown and Semelka [1995]; Gadian [1995] and Webb [1988].
Westbrook [1994] and Weir and Abrahams [1997] give a less technical overview, with the latter illustrated

with images from each modality.

Digital medical image data consist of 2D images, sets of 2D slices through a volume or full 3D volume im-
ages. The data are acquired by one of various scanning modalities: computed tomography (CT), magnetic
resonance (MR) and ultrasound (US) providing anatomical information, and positron emission tomogra-
phy (PET) and functional magnetic resonance (fMR) providing functional information, mainly used to
monitor neurological activity. The term tomogr;zphy originates from the Greek Topoo (tomos, section)
and ypadoo (graphos, writing), since these images are (often) acquired as (parallel) 2-dimensional slices
through the 3-dimensional volume. The images are sampled into regular 2D arrays of pixels or 3D arrays
of voxels. In the full 3D case we may expect isotropic voxel dimensions. However, when the volume is
sampled as a series of discrete 2D slices, the inter-slice spacing may be relatively high compared to the
inter-pixel distances within each slice; in this case we describe the latter as the in-plane resolution and

the former as the between-plane, inter-slice or axial resolution.

X-ray CT

X-ray CT images (commonly referred to as CT) are produced by sending X-ray radiation through the
subject and measuring the strength of the signal exiting on the opposite side. As in conventional X-rays,
an image of the subject is formed by the differential in attenuation of the radiation by the various tissue
densities. Bone reduces the signal the most compared to soft tissue, fat and water, and air attenuates the
least; thus CT shows good contrast of hard tissue and soft tissues show up as shadows. For CT studies of
soft tissue such as in the abdomen, a contrast medium (opaque to X-radiation) is administered in solution

prior to scanning, timed so that it is passing through the volume of interest at scanning time.

Conventional X-ray imaging projects the radiation in parallel rays through the subject, capturing the ex-
iting signal directly onto photographic film in a single plane giving a 2D image. CT creates a 3D volume
of data by shifting and rotating the X-ray projector around the subject (figure 1.6, left); the subject may
be passed through the scanner so that the data is collected in a helical path (figure 1.6, right). CT image
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brain function during strokes; in this case an isotope with a longer half-life is administered and the pa-
tient is scanned at a later time when he/she is fit to enter the scanner. The resolution of the PET images

is fairly low; typical values are around 3 x 3 mm in-plane and 8mm between-plane.

Ultrasound

Ultrasound (US) images are formed by interrogating the subject with high frequency sound waves, which
reflect off surfaces at boundaries between tissues of different accoustic impedance. Ultrasound can also
monitor movement or measure blood flow velocity due to the Doppler effect (the reflected sound waves
from a receding surface appear to have a reduced frequency). Ultrasound is the least expensive of the
scanning modalities, with images commonly acquired using a simple hand-held scanner, and is com-
pletely non-invasive. However the images obtained are of poor quality, with a low signal-to-noise ratio.

Ultrasound is mainly used for monitoring heart motion and foetuses.

MRI

Magnetic resonance imaging (MRI) measures the slight magnetic field of nuclei such as hydrogen iso-
topes which are paramagnetic due to their containing an odd number of neutrons plus protons. These
nuclei precess, that is, they exhibit a double rotation: they are spinning around an axis which itself is
rotating at an angle about an axis aligned to the magnetic field (figure 1.8). The nucleus can absorb and
emit energy in the form of electromagnetic (EM) radiation at its resonance frequency determined by the
particular isotope and the strength of the magnetic field. For hydrogen isotopes in strong magnetic fields

(between 0.5 and 7 tesla) the resonance frequencies are within the radio-frequency (RF) range. Hydrogen

magnetic
field

Figure 1.8: Precession of a paramagnetic isotope.

is abundant in soft tissues, in particular in body fluids and fat. A clinical MR scanner contains a strong
magnet (field strength 1.5 tesla), and auxiliary magnets whose field strengths are gradated in each of the
z,y and z directions. Hydrogen isotopes in the soft tissues of a subject inside the scanner align with the
magnetic field (figure 1.9). The scanner also contains a transmitter coil and a receiver coil. The former
sends out pulses of electromagnetic radiation at the resonance frequencies of the hydrogen nuclei; given
a sufficiently long pulse (called a saturation pulse), the orientation of the magnetic fields of the nuclei flip
to 90° to that of the scanner (figure 1.10 A and B). The nuclei immediately start to lose their additional
energy by emitting it at their resonance frequency at an exponential rate, called free induction decay or
FID. These emitted signals are detected in the receiver coil. The particular frequency received specifies

the strength of the magnetic field in which the emitting nucleus lies and hence identifies its location in
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Figure 1.11: T2 relaxation. A: After receiving RF pulse, the collection of nuclei in the region exhibit a net
magnetic field perpendicular to that of the scanner magnet. B: Net perpendicular magnetic field becomes

zero due to variable precession rates of the nuclei.

fMRI

Functional magnetic resonance imaging (fMRI)is a variant of MR used for monitoring functional activity,
usually neural activity within the brain. Deoxyhaemaglobin (present in deoxygenated blood) is param-
agnetic, unlike oxyhaemaglobin. The presence of paramagnetic ‘impurities’ causes a varying magnetic
field, leading to a drop in the MR signal proportional to the concentration of deoxygenated blood. Neu-
roactivity requires increased bloodflow - more oxygenated blood goes to the areas of the cortex where
there is activity, giving a positive change in the MR signal. However the change is only very slight and
requires a very high magnetic field to be noticeable. Subtraction of an fMR image ob-
tained during neuroactivity from a base-line image obtained at rest identifies regions of increased oxy-
haemaglobin levels. Obtaining high temporal resolution to monitor the rapid fluctuations in oxyhaema-
globin levels necessitates a reduction in spatial resolution. Thus prior to a functional MR study at low
spatial resolution, a high-resolution conventional anatomical MR image is obtained in the same scanner.
The functional data are overlaid on the anatomical image to more accurately locate the areas of functional

activity.

Comparison of MRI and fMRI to CT and PET

In the thesis we have used MR image data. The advantages of MR, especially in the context of neu-
romimaging, are its high contrast for soft, deformable tissues, and that it does not employ ionising radi-
ation. In comparison to US and PET data, MR exhibits high signal-to-noise ratio. In addition, for func-
tional studies, MR can produce both anatomical and functional data. MR is unsuitable for subjects with
metal implants (such as metal prosthetics, pacemakers or metal fragments) due to the strong magnetic
field. Apart from distorting the magnetic field they are likely to damage the subject by rapidly passing
through him/her in attraction to the magnet, or by vibrating rapidly, causing friction burns. The magnet
produces a loud banging noise as it moves when the field changes, and the bore of the magnet is fairly
restrictive so most scanners are unsuitable for subjects who are claustrophobic. There are however new

open-bore scanners coming into use; these also enable perioperative scanning.
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1.3 Medical Image Processing

Medical images provide an abundance of anatomical and functional information. To extract and manip-
ulate this information requires a series of tasks which may be described as an image processing pipeline.
Figure 1.12 is a simple illustration of the medical image processing pipeline. The first step after image
acquisition in extracting useful information is pre-processing. These methods enhance the quality of the
image by emphasising and clarifying the useful information which it contains and suppressing or remov-
ing confusing or random information (rnoise) which may have been introduced by the scanner. Examples
of pre-processing tasks are noise reduction [Jain, 1989, chap. 8], [Rudin et al., 1992; Black et al., 1998;
Sijbers et al., 1998], enhancement of contrast between tissue types [Gauch, 1992] and corrections of ge-

ometric distortions introduced by the scanner [Maurer, Jr et al., 1996].

image

acquisition

pre-processing registration

by

data analysis

segmentation

by

visualisation

by

manipulation
and interaction

Figure 1.12: The medical image processing pipeline

The pre-processing tasks improve image quality without examining what the information represents. The
next two tasks in the pipeline, registration and segmentation, analyse and manipulate the data at a higher
level, by considering the underlying anatomical (or functional) information represented by the image.
Either one or both of these two tasks may be performed, and additionally one might be used as a tool
to aid the other. Segmentation identifies different structures or tissue types within the image. Structures
such as the cortical surface of the brain may be segmented prior to registration of two head volumes by
a method which matches their cortical surfaces. Conversely, registration of a subject image to a labelled

atlas is a means of obtaining a segmentation of the image.

The following is a list of typical structures which may be segmented from medical image data:

surface of the brain [Atkins and Mackiewich, 1996; Kapur et al., 1996]; for registration [Davatzikos,
1996] and in particular for registration of images acquired by different scanning modalities [Itti
et al., 1997]; for localisation of activity monitored by electrical methods [Dale and Sereno, 1993];
to construct a probabilistic surface atlas, that is, to define the expected cortical shape using infor-
mation from a population of subjects [Thompson et al., 1996]; or to describe the cortical shape of

a particular individual [Schnabel, 1997]
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deep structures of the brain for shape analysis or radiation treatment planning [Székely et al., 1996] or
to build an anatomical atlas [Wells IIl et al., 1996; Sonka et al., 1996; Bucholz et al., 1997; Nowinski
et al., 1997]

the spinal chord to describe its shape [Schnabel, 1997]

tumours as a diagnostic or surgical aid [Peck et al., 1996]

contours of the face prior to 3D visualisation [Cohen and Cohen, 1992]

structures of the knee for image-guided surgery [Smith, 1998]

cavities of the heart from noisy ultrasound or low spatial resolution - high temporal resolution MR data

[Cohen and Cohen, 1990; Belohlavek et al., 1996; Kucera and Martin, 1997]

The above list also suggests some of the applications of the image manipulation. Main headings for these
are listed in the final column of figure 1.12. Data analysis tasks extract further quantitative or qualitative
information about the subjects(s). Typical quantitative information includes estimation of tumour vol-
ume [Peck et al., 1996] or brain volume [Saeed et al., 1997] since this is known to atrophy in subjects
with Alzheimer’s and schizophrenia. In functional imaging, the aim is to extract qualitative information
regarding location of cortical areas responsible for specific functions. Examples in the literature are the
somatosensory cortex [Gelnar et al., 1998], subdivisions of the auditory cortex [Wessinger et al., 1997],

areas connected to cognitive tasks {Desmond et al., 1998] and to language [Thiel et al., 1998].

3D visualisation of the image volumes is particularly helpful for a wide range of applications [Toriwaki
and Mori, 1998; Linney and Alusi, 1998]. These include diagnosis and surgery planning, where a 3D
visualisation clarifies the location of tumours in relation to sensitive structures such as the optic nerve
[Wells et al., 1996]. 3D visualisation techniques are divided between volume rendering and surface ren-
dering; in the latter case the required surfaces must first be segmented from the image. In functional
imaging studies, where the functional images are of poor spatial resolution, the locations of functional
activity are extracted and superimposed as colour-coded regions on high resolution 2D anatomical im-
ages. Similarly, two scanning protocols may be applied to a subject, one giving high contrast for tumours
and another giving better resolution overall for the anatomical structures; the two images obtained are

then superimposed. In both cases, the images must be registered to ensure accurate superimposition.

The image data may be manipulated further in interactive systems for training, surgery simulation and
image-guided surgery [Gibson et al., 1998; Troccaz et al., 1998; Colchester et al., 1996; Pareras and
Martin-Rodriguez, 1996].

Having introduced the main concepts and context of medical registration, we will proceed to define the

aims of this work and to specify its scope.
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1.4 Definitions, Statement of the Problem, Aims and Scope

1.4.1 Definitions

We give here a list of definitions of terms to which we shall refer throughout the thesis. Further definitions

relating specifically to inhomogeneous registration algorithms are given in chapter 6.
We will refer to both pixels and voxels as pixels when the context is applicable to both the two-

dimensional and the three-dimensional case.

Definition 1.1 (Transformation) Let Q1 be the domain {Z} of pixel locations in the target image T'(Z)
and Qs be the domain {Z} of pixel locations in the source image S(Z). Furthermore, let the source and
target have the same domain such that Qp = Qg = Q. A transformation @(Z € Qg) of the source image

is a function or a set of functions mapping ¥ € Qg — ¥ € Q.

Definition 1.2 (Registration) LetU be a set of transformations {4;(Z) = §}. A transformation @(Z) is
a registration of two images S(Q2), T(?) if 3 some distance function D(S(£), T(¥)) of a feature space
of S and T such that D(S(i(Z)), T(Z)) < D(S(%i (%)), T(Z)) Vui(Z) eU

Typical feature spaces are

e pixel intensities {I(S(Z)), I(T(Z))};

e curvatures or spatial second derivatives of the intensities;

e segmented structure boundaries

o manually-selected landmark locations in the source and target image pair.

Definition 1.3 (Linear) A registration (Z) of a source S(Q?) and target T'(Q) image is linear if @ is a

linear function of £ over Q2.

We now consider dividing the image into a set of regions, or isolating regions within an image. This will
have application in chapter 6. First we will defined adj acehcy for the 2-dimensional and 3-dimensional

cases.

Definition 1.4 (4-adjacent) Two pixels p = (pz,py) and § = (4z,4y) € R? are 4-adjacent if one of the
following two statements is true: ‘
Ipr —gz| =1 and |py—qy|=0

|pz —4s| =0 and |Py“ly|= 1

Definition 1.5 (8-adjacent) Two pixels § = (ps,py) and § = (4z,9y) € R? are 8-adjacent if they are
4-adjacent or if

lpr —gz| =1 and |py—gqyl=1
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Definition 1.6 (6-adjacent) Two voxels p = (pz, Py, P:) and § = (4z, 9y, q:) € R are 6-adjacent if one

of the following three statements is true:

lps —qz| =1 and |py—qy|=0 and |p.—q.|=0
lpz — ¢z =0 and |py—gqy|=1 and |p,—g:|=0
lpr —9z| =0 and |py —qy|=0 and |p.—q.|=1

Definition 1.7 (18-adjacent) Two voxels p’'= (ps, Py, P:) and § = (¢z,4y,qz) € R® are 18-adjacent if

they are 6-adjacent or if one of the following three statements is true:

lpz —qz| =1 and |py—gqy|=1 and |p,—gq.|=0
lpx—Qzlzo and lpy—qy|=1 and IPZ—QZIZ]-
Pz —92]=0 and |py—qyl=0 and |p,—q¢.|=1

Definition 1.8 (26-adjacent) Two voxels p’ = (pz, Py, p:) and § = (4z,9y, 9:) € R are 26-adjacent if

they are 18-adjacent or if the following statement is true:
lpz —gz|=1 and |Py_qy|:1 lp: —g:] =1

Definition 1.9 (n-Connected) Two pixels p, § are n-connected if there exists a set {7;}, i € {1,..., L},

such that
P and 7y are n-adjacent,

7 and ¢ are n-adjacent, and

7; and 741 are n-adjacent
forn =4,8ifp,§ € R? andn = 6,18,24 if p, § € R3. We then write Cy,(P, 7).

Definition 1.10 (n—simply-connected) A set A is n—simply-connected if Cn (7, q) V P, § € A.

Definition 1.11 (Region) A region €; in the domain S is an n-simply-connected set of pixel locations

7 €Q, wheren € {4,8} ifQ C R? and n € {6,18,26} if @ C R3,

Definition 1.12 (Partition) A partition of the domain Q is a set R = {4}, € © of regions Q; C Q
where © is an indexing set,

Uai=2

i€®
and

[ Qi=0

i€EO



1.4. Definitions, Statement of the Problem, Aims and Scope 38

Definition 1.13 (Piecewise-linear) A registration i(Z) of a source S(Q) and target T (S2) image pair is
piecewise-linear if 3 a partition R of Q and 4(Z) is a set of functions u;(Z) where for each region

Q; € R, i is a linear function of £ constant over §2;.

Definition 1.14 (Non-linear) A registration @(Z) of a source S(S2) and target T(S2) image pair is non-
linear if @(Z) is a higher-order function of £. If the registration (&) consists of a set of functions u;(Z)
defined over a partition R of the source domain S then 4 is non-linear if there exists at least one region

Q; € Q2 such that its mapping function u;(Z € ;) is a higher-order function of .

Definition 1.15 (Deformation) A mapping 4(Z) of a source image S(?) is a deformation if it is

piecewise-linear or non-linear.

1.4.2 Statement of the Problem

The objective is to find a mapping #(Z) from a source image S(Z) to a target image T'(Z) so that homol-

ogous or anatomically corresponding features are identically located in the target and deformed source.

This goal is in most cases too demanding and is modified to require finding the mapping from a given
set of functions which gives the closest match of corresponding features in respect to a selected distance

measure.

An assumption is that T' is a deformed version of S, being images of the same anatomical structures.
In practice this is not true, especially if 7" and S are scans of different individuals, obtained at different
times during progression of, or treatment of, disease, or were produced by different scanning modalities.

However, for the simple case, we assume the problem to be:

Determine the mapping i(Z) such that

D(¢(T'(%)), S(@(Z))) (1.1)
is minimised.

where D is a given distance measure and where ¢(.) is an optional contrast mapping to modify the pixel

intensities of the target.

The following are also required of the registration algorithm:

the registration must be reproducible - deterministic - that is, given the same data twice, it should

give the same registration result both times.

a smooth mapping is encouraged so that the integrity of the image is maintained, without tearing

or folding (although specific algorithms may be constructed to intentionally flaunt this rule).

the registration should be robust with respect to noise, and without terminating in local minima

a considerable degree of automation may be desirable



1.4. Definitions, Statement of the Problem, Aims and Scope 39

e occlusions or missing data should not affect the outcome of the registration.

¢ we do not require that any one algorithm be generically applicable to all registration applications,
but we do require that the range of data for which it is valid be specified. We may require that the

algorithm be suitable for inter-modality registration.

1.43 Aims

The aims of this project, within the scope stated below, were to:

1. survey and analyse the state of the art
2. evaluate the fluid algorithm with respect to other registration methods, and to

3. extend the fluid algorithm to the inhomogeneous case

1.4.4 Scope of this work

We limit the scope of our work to lie within the following boundaries:

o Other than in the chapter on linear registration, we will restrict our analysis to the intra-modality

case, and in our evaluation we will use either real MR or synthetic data.

e Other than in the chapter on linear registration, we will not consider occlusions or missing data; we
will assume the ideal case that the corresponding feature exists in the target for each feature in the

source and vice versa.

o We will concentrate on the registration of static images - we will not discuss problems specific to

gated heart studies or the real time perioperative case.

e The source and target images are both provided as intensities of a pixel lattice, stored in a sampled

grid in two or three dimensions; the output deformed target is to be similarly presented.
e We will not research methods of optmising the computational speed or efficiency of algorithms.

o Other than the discussion on the use of hierarchical schemes to avoid misregistrations, we will not

analyse the various search algorithms.
o Similarly we will not review or evaluate segmentation methods.

e The discussion on scale spaces will be restricted to its use as a tool to generate a rough hierarchy
of detail. We will not study at depth the generation of the scale spaces nor optimise its temporal

sampling.

o The evaluation of algorithms will be a demonstration rather than a thorough clinical trial.
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1.4.5 Original contributions

A list of our contributions is given in the final chapter. We give here a brief summary.

Whereas there have been extensive surveys and evaluations of linear registration algorithms, there has not
been a systematic analysis of non-linear algorithms. This we have achieved, while providing a structure
within which any registration algorithm may be described according to its ability to determine in a robust

manner the appropriate transformation of a given complexity.

We have constructed three variants of the viscous fluid algorithm, one for each of the three classes of

inhomogeneity an algorithm may exhibit.

We have comparatively evaluated the fluid, landmark-based spline and SPM models, as well as the inho-

mogeneous versions of the fluid and spline.

To conclude, we are satisfied that we have met our objectives.

1.5 Structure of the Thesis

The thesis surveys a broad spectrum of medical image registration techniques, in particular for the ap-
plication to MR images of the brain. We have arranged the review into four main chapters, dealing with

linear, single-level non-linear, hierarchical and inhomogeneous methods.

Chapter 2 reviews linear registration methods, classifying them into four groups: principal axes, match-
ing extracted features, matching by pair-wise pixel similarity measures and optical flow. We include this

chapter for reasons explained in its introduction.

Chapter 3 commences a survey of basic non-linear algorithms by outlining representations of the deforma-
tions they compute, which are of three main types: a full discrete pixel displacement field; coefficients of
a basis function expansion; or a combination, consisting of a sparse set of landmarks or. nodes, with splines
or finite elements as interpolants. Continuing the general analysis of non-linear methods, registration is
described as an optimisation problem, using regularisation theory, and statistical and mechanical models

to derive the cost function.

Rough analogies are drawn with linear methods in the presentation of specific algorithms in three groups:
matching extracted features such as landmarks, with spline interpolation; registration with basis-function
expansions driven by statistical similarity measures; and fluid registration, which, as in optical flow, fol-
lows image gradients over time. A fourth group is the elastic registration, whose historical development
we summarise. The mathematical model of the spline is presented as a non-linear extension | of the matrix
methods for linear registrations, and we survey several variants. Both elastic and fluid registration can be
computed using either a basis function decomposition or using finite differences in a relaxation method

such as SOR. We chose to describe the computation of fluid registration using the latter.

Chapter 4 gives a new classification of hierarchical methods, as those of increasing data complexity, warp



1.5. Structure of the Thesis 41

complexity and model complexity. We chose to concentrate on the analysis of scale space methods for
increasing data complexity, and in chapter 5 give a quantitative comparison of the progress of the fluid
algorithm in isotropic Gaussian scale space, closure scale space and without scale space. Inhomogeneous
scale spaces may be of particular interest in the future development of anisotropic elasticitity operators

for inhomogeneous registration|

In the first part of chapter 5 we present results of a quantitative comparison of one algorithm from each
of the three groups of deformation descriptors: the thin-plate spline (combination), SPM (basis function

expansion) and fluid (discrete pixel displacement field).

In chapter 6 we classify inhomogeneous algorithms into those of variable data influence, of variable
deformability, and of variable model type. We review three published inhomogeneous algorithms and
present two modifications to the implementation of the viscous fluid algorithm. We then develop the
fully inhomogeneous fluid model, where the viscosity is allowed to vary spatially over the source im-
age domain. Chapter 7 presents an evaluation of inhomogeneous registration algorithms, giving results

of application to a selection of 2D and 3D data.

Chapter 8 concludes the main body of the thesis with a summary and suggestions for future work.
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2.1 Introduction

We begin our analysis and review of medical registration algorithms by devoting a chapter to those in
which the movement of the source image is restricted to linear transformations only. Although this dis-
sertation aims to present non-linear registration methods, we have included this chapter for three reasons.
Firstly, since historically the linear registration problem was the precursor to the non-linear. Secondly
non-linear registration is almost always preceeded by a linear registration,which is usually much faster.
Lastly, many of the considerations and techniques used in the solution to the linear problem are applicable

in the non-linear case.

For intra-subject matching of anatomies whose physical deformation is minimal, such as the brain which
is constrained within the cranial cavity, rigid body motion may be assumed*. That is, the required map-
ping of the source will consist of a simple translation and/or rotation. Where the image dimensions or
voxel dimensions in the source and target are different, the transformation may also require a scaling.

These transformations are all linear, that is, they are of the form

ap+ a1z + asy + asz
#4(2,9,2) = | as+asz +asy+arz 2.1)

as + agr + a10y + @112

where the a; are all constants. Depending on the constants chosen, the transformation may involve shears
or changes in perspective!. Medical image registration rarely requires these transformations, other than

to correct for distortions introduced by the imaging device!.

Brown [1992] identifies four key components in the development of a registration algorithm: the feature
space, where features to be matched are selected in the image pair; the search space, or range of transfor-
mations to be used; the search algorithm for finding the optimum transformation within the search space;
and the similarity measure or distance function to measure the optimality of a transformation for the se-
lected feature set. In practice a similarity measure may be replaced by a dissimilarity measure®, which is
to be minimised. For linear registration, the search space is simply the set of all linear transformations,

which are described by a small number of parameters.

The search strategy is chosen from one of several standard optimisation algorithms, which are discussed
in any good numerical analysis text; Press et al. [1995] is also a good source of these. Generally an initial
estimate of the linear mapping can be refined by repeatedly updating the transformation parameters to
improve on a similarity measure extracted from the image pair. We recall that in image registration the
function to be minimised is not a continuous surface but is discrete due to the discrete nature of the images.

In addition, it may contain an abundance of local minima and so the minimisation algorithm to be selected

* Although the brain itself can deform very slightly. Additionally there are conditions in which the normal or abnormal brain
may grow or shrink (atrophy), and in inter-modality studies one of the modalities may introduce a slight deformation. Finally the

assumption is invalid if the studies are pre-/post-operative or are time studies of developing lesion(s).
"using a modified form of equation 2.1 with 15 constants, sce page 47.
t Although shears may be used as decompositions of rotations as in Danielsson and Hammerin [1992]
$This is nevertheless is often referred to as a similarity measure.
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should be robust to local minima traps. To avoid local minima, some hierarchical strategy is suggested,

such as matching in scale space. Hierarchical strategies are described in chapter 4.

The variety in linear registration methods is due to the selection of similarity measures and feature spaces,
in particular with respect to their applicability to inter-modality registration. The algorithms concentrate

on extracting features in the image pair, and on determining correspondences between them.

In the summary that follows we group linear registration algorithms into four:

1. The principal axes transformation
2. Feature matching
3. Pixel matching methods

4. Directed search based on optical flow

The first three groups are according to the major choices of feature spaces. Optical flow is an interesting
technique which may be thought of as the linear analogue to the non-linear fluid algorithm which we
describe in chapter 3. All except for the optical flow have adaptations for application to inter-modality
matching. We give a brief overview of the groups here and then study each separately at greater depth in

sections 2.3-2.6.

Principal axes

Registration of principal axes is almost universally used only for a fast rough registration prior to other
algorithms which require a good initial approximation. Essentially each image is implicitly approximated
as an ellipsoid and the matching is by the location and orientation of their principal axes. This is the only
group of the four which derives directly in one step an analytic solution to the matching problem; the
remaining methods require iterative approximations to the optimal solution and thus have an increased

computational burden.

Feature matching

Under this heading we include matching by geometric invariants extracted from the images in pre-
processing steps which may or may not be automated. The implication is that the image information
is summarised by a finite number of significant features. A general requirement is the guarantee (how-
ever not always given) that the features selected for matching form corresponding sets and are accurately
isolated, although statistical methods may take outliers into account. For inter-modality matching the

assumption is that the features chosen are readily identifiable in each modality.

Pixel matching

This group of linear registration algorithms minimise a statistical measure such as cross-correlation which

compares the intensity values of the image pair pixel-wise, [Woods et al., 1992]. Most have been specif-
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ically adapted, with varying degrees of sophistication, for application to matching images obtained from
different scanning modalities, where corresponding structures in the image pair generally exhibit differ-
ent contrasts. The simplest apply pre-processing stages of intensity mappings to improve the similarity of
the tissue depictions of the image pairs before continuing with a regular cross-correlation registration as
used in the intra-modality registration, [Richardson and Bury, 1996; van den Elsen et al., 1994]. Others
incorporate the intensity mappings into the cross-correlation estimates themselves, in that separate cross-
correlation variances are calculated for each tissue type of one of the images and then all the results are
combined into a unified measure to be minimised [Woods et al., 1993; Hill et al., 1993]. For a comparison
between these two methods, see Kiebel et al. [1997]. The most sophisticated replaces cross-correlation
by its generalisation, the mutual information measure, which can be directly applied to the inter-modality
image pair without any pre-processing of intensity mappings or tissue type segmentation, [Maes et al.,
1997; Wells et al., 1996]. Matching using correlation of image descriptors other than pixel intensities is

an alternative, [Chen et al., 1994].

Optical flow

The optical flow method models source and target as copies of the same image displaced over time. The
transformation parameters are estimated from differences between source and target and also from gra-
dients in the “‘moving’ source; due to its search strategy the method may be susceptible to local minima
traps. Although this is not as often used for image registration in a medical context, it is included here

since it bears some similarity to the non-linear fluid algorithm discussed in section 3.8.1.

2.2 Linear transformations

We assume the reader is fully conversant with all the material in this section; we include it only for com-

parison with that presented later in section 3.5.1.

Linear registration methods apply linear transformations globally to the coordinates of the pixel set. The
transformations may be written in matrix notation, with matrix operators for the elemental transforma-
tions of rotation, translation and scaling (and shearing and change in perspective if required). To allow
translation (and perspective change) to be performed by matrix multiplication, the pixel coordinates must
be written as homogeneous coordinates, that is, raised into a space of dimension one higher. 2D coor-
dinates (z, y) are represented as a(z,y,1)” and 3D (z, y, 2) as a(z, y, z,1)T, where « is any strictly
positive scalar. The transformations applied to 3D images are represented by the following elemental

matrices:
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scaling
sz 0 010 1 0 010 1 0 00
0 1 010 0 s 00 01 00
Sz = Sy = Sz =
0 0 10 0 0 1|0 0 0 s,|0
0 0 0f1 0 0 0|1 0 0 0]1

where sz, sy and s, are scaling parameters in the z, ¥ and z directions respectively. These three elemental

matrices can be combined by matrix multiplication into one rescaling operator Sz y

s; 0 010
0 00
Szlylz = sy
0 0 5,10
0 0 o0]1
rotation, angle € about z axis
1 0 00
0 cosf —sinf
Rz;ﬂ -
0 sinf cosf | 0
0 0 01
rotation, angle ¢ about y axis
cos¢g 0 sing |0
By = 01 00
¢ —sing 0 cos¢ |0
0 0 01
rotation, angle 3 about z axis
cosy —sinyy 0|0
sin ¥ cosyy 010
R,y =
0 0 110
0 0 01

translation

Properly, an elemental translation matrix produces translation in only one of the z, y or z directions. So

for elemental matrices two of the three translation parameters ¢1, {2, t3 in the following are set to zero:

1 0 0]t

0 1 0]ty
Txay)z;tlytZ)tS =

0 0 1|ts

0 0 0|1
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change in perspective

1 0 00

Pz y,2p1,p2,05 = oL e
0 0 1{0

71 op2 p3|l

with only one of p;, pa, p3 non-zero for the elemental case.

concatenation

Two or more elemental operators may be concatenated by matrix multiplicationto produce a more general
linear transformation; note that as matrix multiplication is not commutative, the order of the operations

is important and the matrix decomposition of a general linear transformation is not unique.

A general 3D linear operator has the form

\ P ]y

where R is a block matrix determining rotations, scaling and shears, T is a colummn vector of translations

and P introduces perspective distortions.

The 3D linear transformation may thus be summarised by a number of parameters, depending on its flex-
ibility. Six parameters are needed for a rigid body transformation (three translations, three rotations), and
a further three for scaling (or one for uniform or isotropic scale). The more general affine transformation

allowing shears requires twelve in total, and a full perspective transformation requires fifteen.

2.3 Principal Axes

The principal axes transformation for medical image registration originated in papers by Gamboa-Aldeco
and Chen [1986], and by Faber and Stokely [1988]. In [Gamboa-Aldeco and Chen, 1986] the authors ap-
ply the transformation using only the surface pixels of the volume of interest , and thus errors in outlining

the surface have greater effect.

The basic principal axes method gives a rough estimate for the six affine transformation parameters of
translation and rotation; a more sophisticated version will additionally estimate scaling in three mutually
perpendicular directions. The theory may be approached from either a physical or statistical viewpoint.
Either way, for each image, a matrix is constructed describing the image shape approximated as an ellip-
soid, of which a centre is determined. The centre is not necessarily the geometric centre of the shape but

may be weighted by the variation of pixel intensities across the image. Perpendicular axes crossing at the



1"4D 1 F

$ % %
( C 1" D"
)A B<4
, 1" > 5 (
! 5 3
W / $
(
!
|
% 3% & Cl $HDW .7."&,
CB.)D 3% & >
C > | B.)
9 > | B.)
% | B.)" !
w "$ 9E % "$ 8X3$ %
%
, % 5
? J V D
% N IP & & h Z IP"
1 $%
QW "
X3, TQ 7 TJ P
9CID NIr'J 7 377 AJT"

TJ T J7"

%

%

&P

C!'D "

%



2.3. Principal Axes 49

with

Qz:r: = Z ((y_g)2+ (z_z)2) p(.’II)
(2.9,2)

Gy = Y (6-2"+(-27)p@
(#,9,2)

% = Y (-2"+w-9°)r@
(z,9,2)

Uy = Y, (&-2)(y—9)p@
(:y,2)

R, = Z (z— %) (2 - 2) p(Z)
(z.9,2)

Q. = Y, (¥-9)(z—2)p()
(z.9,2)

The 2D image is analogous to a thin-plate, modelled as having infinite thinness in the vertical direction.
In the continuous case, the density function p(z, y, z) is replaced by o(z, y) §(2) where o(z, y) gives the

mass per unit area and (z) is a dirac-§ function. The inertia tensor then reduces to

Joyr - f ozy 0
Q(z) = —[ozy [oz? 0
0 0 fo (2:2 +y?)
. . A Czz Coy .
In the discrete 2D case we use the matrix Q(Z) = (symmetric)
Czy Cyy

where

Py W — 9)21(%)

R Y ()
Yoy =2y - YI(@)

v T 7 >y @)
Ly (@ =2)(@)

v = )

The principal axes of the body are given by the eigenvectors of Q andthe eigenvalues of Q areits principal

moments of inertia.

The centres of mass and principal axes are found for each image and then the required translation, rotation
(and scale - optional) are applied to bring them into register. The exact parameters for each will vary

depending on the order in which these operations are done, since the transformations do not commute.

The images supplied to a principal axes algorithm may first require a preliminary adjustment if there are
pixels whose intensities are represented by negative values: all pixels values in the image are first raised

by the absolute size of the minimum pixel intensity to avoid negative ‘masses’.
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principal axes exist. However the solution is unique for asymmetrical volumes which can be assumed
of medical images. Errors are mainly due to inaccuracies in the initial segmentation of the volume to be

registered, and to lack of compensation for anisotropic sampling in the 3D volume¥.

2.4 Feature Matching Methods

In this section we subdivide feature matching into landmark-based methods, surface matching, matching
of crest lines and of involutions in the convoluted surface of the cortex. For recent surveys, see Maintz

et al. [1996]; Merickel [1988]; Maguire Jr et al. [1985].

2.4.1 Landmark-based

In landmark-based matching methods, homologous points known as landmarks or fiducials are identi-
fied either manually or automatically at corresponding anatomical locations in the image pair, and their
relative positions are used to compute the required transformation. Some medical images are acquired
with fiducial markers placed on the subject for this purpose [Hill, 1993]. Generally though it is difficult
and time-consuming to identify corresponding landmark sets. If more than four landmarks are identified
in the 3D data sets, uncertainty in the landmark locations can be considered and a solution found which

minimises the distance function in a least-squares sense.

2.4.2 Surface matching

Members of this group are the most ‘ad hoc’, in that the only unifying theory is the minimisation of inter-
surface distances from pre-segmented structures. The methods vary in their segmentation, definition of
the distance function and choice of search algorithm. Typically, curves or surfaces are extracted by slice-
by-slice edge detection or morphological processes of dilation and erosion, and the image pixels are as-
signed classification values of inside/outside/surface. Matching algorithms are then applied which min-
imise the least squares distances of the (corresponding) surfaces. Accuracy of the method is limited by
the initial feature extraction, upon which the registration is highly reliant, as often no other information is
taken into account once the surfaces have been segmented. An advantage is that if the features are iden-
tifiable in both images, the method can be applied to inter-modality matching; two related structures may
also be matched, such as the inside of the skull (in CT) to the outer surface of the brain / meninges (in
MR). Brain surface matching may also be applied to PET images if transmission scans are used (with
each emission scan, a transmission scan is produced, which is used to correct attenuation in the emission

scan).

The ‘Head-hat’ algorithm by Levin, Pelizzari, Chen, Chen, and Cooper [1988]; Pelizzari, Chen, Spel-
bring, Weichselbaum, and Chen [1989] is the classic surface matching algorithm. The skull or brain sur-

faces are first segmented slice by slice; the larger of the image surfaces is stored as the ‘head’, represented

11f the spatial sampling distances in the z-direction were known in relation to the in-plane sampling, this could be corrected by

weights when calculating the centres of mass and the inertia tensor.
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which is a difficult procedure both when performed manually or automatically, and the identification of
correspondences between the extracted features. Where only few features are extracted, accuracy of reg-
istration depends heavily on the reliability of their location, while other information present in the image
pair is ignored. In the next section, a match is obtained using all (or most) of the available information,

by considering the sets of pixel intensities of the image pair.

2.5 Pixel Matching Methods

The third group of algorithms discussed in this chapter compute a (dis)similarity measure from compar-
isons of pixels at identical locations in the image pair. The transformation is adjusted iteratively until the
(dis)similarity measure has been minimised. Three popular pixel intensity (dis)similarity measures are
the sum of squared differences, the correlation coefficient and the mutual information measure. We de-
fine each of these below and then elaborate on the use of the latter two in linear registration. A further

measure is the variance of intensity ratios for which we reproduce the steps in its computation.
2.5.1 Pair-wise pixel intensity measures

Sum of Squared Differences

The sum of squared differences is computed as

Da($,T) = 3 (S(3) - T(@)’ @2

#eq

where the sums are taken over all pixel locations £ € Q. It ideally measures zero for an intra-subject intra-
modality image pair in complete registration but in practice this lower bound is not attained due to noise
present in both images, and possible underlying fluctuations in intensity caused by inhomogeneities in
the imaging device. The squaring strengthens the misguiding effect of noise. Further, it is inapplicable to
inter-modality matching since in this case we cannot assume that corresponding tissues are represented by
similar intensities in both modalities - often the images are complimentary, in that they display disparate
contrasts of tissue structures. The sum of squared differences is popular for driving nonlinear registration
methods since it is fast to compute and its derivative is easy to obtain. Refer to sections 3.4.1, 3.6.1 and

3.8.

Correlation coefficient

The correlation coefficient is a normalised coefficient measure calculated as [Gonzalez and Woods, 1992]
Ezea (5() - 5) (T(F) - T)
IS YA A |
(Tsea (53) - 5)° (1(3) - T)°)

where S and T are mean intensity values of source and target images respectively. The correlation co-

D.(S,T) =

(2.3)

efficient rises to the value 1 for perfectly registered images. An alternative is to use the correlations of
gradients of images. This avoids possible bias from intensity inhomogeneities due to a varying field in

the scanning device, which, as slowly varying, are not so apparent in the intensity gradients.
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Mutual Information

Mutual information [Maes et al., 1997], derived from information theory, measures the statistical depen-
dence of one image on another. It is associated with the probability of accurately predicting the pixel
intensities in one image given the intensities at corresponding locations in the other, and is calculated as

Di(S,T) = ) psr(s,1) log, % (2.4)
from the joint distribution pg7 and marginal distributions pg, pr taken from histograms of pixel inten-
sities in the source and target images. Mutual information gives a greater value for better registration,
reflecting the higher probability of accurately predicting pixel intensities in the deformed source given

those in the target.

Derivation of mutual information measure

The source and target images S and T are each a set of pixel intensities {s} and {¢}. The histogram ps(s)
is the distribution of intensities s in the source, and for a specific value of s gives the probability of any
pixel having that value. It is computed as

(s) = number of occurrences of intensity s in S
psis) = total number of pixels in S

pr(t) is similarly defined.

The joint distributionpgsr (s, t) is a 2-dimensional histogram showing the distribution of pairs of intensity
values in the source/target image pair. In practice, psr(s,t), ps(s) and pr(t) are computed only for
the region of overlap of the two images. ps(s) and pr(t) are marginal distributions and are found by

summing columns or rows of the joint distribution psr (s, t).
To understand the mutual information measure, some elementary probability theory is required.

Two random variables A, B (grey level intensities in source and deformed target image) are said to be

independent if
paB(a,b) = pa(a)-pB(b) (2:5)

and maximally dependent if a one-to-one mapping ¢ exists, as included in equation (1.1), such that

pa(a) = pp(4(a)) = paB(a, $(a)) (2.6)
so given a pixel value in A we can predict the pixel value at the same location in B.
Additionally we must define the concept of entropy:
The information of a particular greylevel k is given by [Jain, 1989]

I, = —log,p(k) bits

The average information over the whole image is 3 ,_, Jxp(k) which is [Jain, 1989; Sonka et al., 1993]

H == p(k)logyp(k) @7
k=1
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This is called the entropy of the image. For independent pixels, H is estimated from the histogram of pixel
intensities. Maximum entropy is achieved when the distribution is uniform, that is, any pixel intensity in

the range k = 1,...,n is equally likely, and so for all k, p(k) = L. Then, from equation (2.7),
n 1 1 1 1 1, _
maxp, H = —Zkﬂ;logz; =- n(;logzg) = 1052(;) ' = logyn

To measure the mutual information in the image pair, we sum the average information (entropy) in both

source and target and subtract the total information content of the two images taken together.

Di(S,T) = —H(S,T)+H(S)+H(T)

2.8)
= Y psr(s,t)logpsr(s,t) — Y _(log ps(s))ps(s)
- Z(log pr(t))pr(t) by equation (2.7)
= > psr(s,t)logpsr(s,t) — ) (10gps (s) (ZPST(Sat)))
- Z (long(t) (Z psr(s, t)) )
(the reverse of summ;tion to marginal distributions)
= ZpST(s, t)logpsr(s,t) — Zpsr(s, t) log Ps(s) 2.9)
- EPST(S’ t) long(t)
= Y psr(s,t) logpsr(s,t) — logps(s) — log pr(t)]
N e 1o PS80
= ;pST( ,t) log ps(s).pr(2)

as given above in equation (2.4).

As an interesting aside, mutual information is the discrete version of the Kullback-Leibler measure of
divergence [Ripley, 1996] between two continuous distributions on the same domain with densities p, g,

given by:

d(p,q) = f p(z) log%

so —D; is the divergence of psr (s, t) from the independent case ps (s)pr () (equation2.5) and thus mea-

sures the independence of image S from 7', and so mutual information measures the dependence of S on

T and gives higher vatues when S is more similar to T'.

Maes et al. [1997] show that mutual information can be extended further to more general f-information
measures.

Variance in intensity ratios

Woods et al. [1992] use an alternative similarity measure: the variance of the pixel-wise intensity ratios
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between the two images. The assumption is that these ratios will have a constant value across the image
domain if the image pair is in register, although in practice there will be some slight variation due to noise,
shape differences in the images and partial volume effects!l. When the image pair is mis-registered, the
ratios will vary more markedly across the image domain and the variance of their distribution will give

an indication of the quality of registration.

The measure is computed as follows:

o for every voxel i, the ratio between source S and target 7" is found:

_ 5(1)

T TE)

This gives a ratio volume R, = {r;}

e all »; where S(2) is less than a threshold (empirically set at 21.5 % of the maximum value in S) are

re-set to zero to give a masked ratio volume.

e a measure of the variance in the distribution of R, is calculated as

Or

Tmean

where o, is the standard deviation of R, and rmean is the mean of remaining non-zero voxels in

R

e the above calculations are repeated with the roles of S and T reversed, giving

oy’

Tmean’

which is then averaged with
Or

Tmean

to give a final variance measure
Tbrain
Tbrain
In this way there is no bias from assignment of one image as source and the other as target in the

variance measure.

Having described above a selection of pixel intensity similarity measures, we will now elaborate on their
use in linear registration algorithms.
2.5.2 Cross-correlation variants for adaptation to the inter-modality problem

We recall the problem of intra-subject inter-modality matching such as CT to MR: although the image sets represent

the same underlying structure, there is a differential in how the various tissue types respond to the imaging

llone pixel representing intensities from two or more neighbouring tissues.
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device (section 1.2). CT shows a high contrast between hard tissue (high intensity) and soft tissue/water/-
air (low intensity or background), whereas in MR this is roughly inverted, with bone, air and CSF** taking

low or background intensities, and soft tissues responding with highest intensities.

‘We noted in section 2.4.5 that feature-matching techniques are readily adapted to the inter-modality prob-
lem: once corresponding features have been segmented, the registration proceeds as for the intra-modality
case. A little more thoughtis necessary for the adaptation of cross-correlation-type matching for the inter-

modality case.

Three generations of algorithm address the problem with solutions of increasing sophistication. The sim-
plest and most straightforward is to apply a pixel intensity mapping to the CT image to make it appear
more like an MR image, prior to progressing with a regular cross-correlation optimisation search. This
is the pre-processing approach. The second generation applies cross-correlation to the unaltered image
but includes some grouping strategy within the calculation of correlation measures - this is effectively
considering each tissue type as an image in itself. We discuss these under the heading grouping during
measure. Finally, using the mutual information measure instead of simple cross-correlation, the original

technique may be applied directly without any pre-processing or segmentation.

2.5.3 Pre-processing

The pre-processing method aims to convert the inter-modality image pair to one imitating the intra-
modality case before commencing registration. Recall the optional contrast mapping ¢(7(Z)) in equa-
tion 1.1. The aim is to map the intensities of each tissue type of one image to the intensities that would
have been produced by the imaging modality that produced the other image - that is, to enforce the trend
similarity. The (linear) maps use prior knowledge or assumptions of the intensities manifested by cor-
responding tissue types in each modality. Richardson and Bury [1996] preprocess the CT image by ap-
plying a threshold to force low-intensity pixels to take on background intensity (zero), and then inverting
the entire greyscale range. Low intensity values in CT are from soft tissue, high intensities from bone.
By removing the soft-tissue shadow and inverting the bone to black and remainder to high intensity, the
cross-correlation will now register optimally bone to bone which are now black in both images. This is
an over-simplified approach since the MR is also zero-intensity for non-bone regions such as air, and we

can expect a high frequency of misregistrations.

van den Elsen et al. [1994] choose two intensity maps with higher selectivity: the first, a delayed ramp,
enhances the differences between CT and MR, and the registration then aims to minimise the correlation
measure. The alternative (the triangle map) enforces a segmentation on the CT image by varying the
mapping depending on the original intensity; low intensity pixels representing background are thresh-
olded to zero, the lower-intermediate intensities (soft tissue) are increasingly enhanced with a rising ramp,
upper-intermediate intensities (soft bone) are dampened with a decreasing ramp, and the highest inten-

sities (bone) are thresholded to zero. The cut-off points for each intensity grouping are pre-determined

**depending on image acquisition strategy
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empirically and fixed. One drawback will be that if the image suffers from inhomogeneities induced by
a varying field in the scanner, they may be seriously enhanced if they are in regions close to the cut-off
points, with false structures resulting. The algorithm using the first mapping also requires a few manually-
placed landmark pairs (their positioning need not be exact) to guide the registration to avoid misregistra-
tions. Itis suggested that landmarks be used likewise in the triangle map since this suffers misregistration
when mapping incomplete volumes (such as MR brain to CT whole head). The search progresses up a
multiresolution pyramid, with region size for parameter values shrinking as resolution increases, reflect-
ing a higher confidence level in the estimated parameters produced by the previous level. Several options
may be followed for the value of each parameter, each having its own route up the pyramid, until on ter-

mination the parameter value set giving lowest correlation value is determined to be the best fit.

2.5.4 Grouping during measure

In the second method of dealing with inter-modality cases, consideration of the varying tissue contrasts is
delayed until calculations of similarity measures during the registration itself. Woods et al. [1993] adapt
an earlier method [Woods et al., 1992] using variance in intensity ratios (section 2.5.1) for inter-modality
applications by individually considering the match of each tissue type manifested in the more varied of
the two images to its counterpart in the other image. The assumption is that for images in register, the
intensity ratios are constant within each tissue type. In effect, prior to calculating the variances of the
ratios, the intensity ratios of pixels at the same location in both images are binned according to the inten-
sity in the more complex modality. The variance of each bin is computed and then finally all variances
are averaged, giving a global estimate of the goodness of registration. Registration is applied to edited
brain images (scalp removed) to avoid misregistration. Convergence is not guaranteed: oscillations be-
tween two parameter values are blocked on detection by averaging the two values; longer loops cannot

be resolved, in which case the registration exits with failure.

Instead of averaging all correlation variances, an alternative is to predetermine which tissue types (in the
complex image) are most influential in directing the registration, and to compute the variances only for

these intensities. Hill et al. [1993] thus utilise only certain regions in the joint histogram of intensity ratios.

The ideal answer to the inter-modality problem is to use a dissimilarity measure which is optimised at the
correct registration regardless of the inter-modality difference in tissue contrasts. One such measure is

that of mutual information, whose use we describe next.

2.5.5 Mutual Information

Mutual information can be applied directly to the inter-modality image pair without preprocessing or in-
terference during measurements, since it is a measure of statistical dependence rather than actual inten-
sity differences. Furthermore it shows greater robustness with respect to occlusions and incomplete data.
Maes et al. [1997] show that the algorithms in both [Woods et al., 1993] and [Hill et al., 1993] mentioned

in the previous section are restrictions of a full mutual-information implementation. They note that the
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method of Hill et al. [1993], restricting measurements to the joint histogram only, is equivalent to assum-
ing both marginal distributionsare independent of the choice of transformation parameters. They add that
if either (but not both) of the marginal distributions is independent of the transform parameters, such as if
one image is always contained within the other, this reduces to computing the conditional entropy of the
image pair which essentially is what Woods et al. [1993] does. Wells et al. [1996] and Maes et al. [1997]
both use mutual information but differ in their search strategies. Wells et al. estimate the mutual infor-
mation from subsets of intensity pairs drawn from the image pair, rather than using the whole histogram.
As well as reducing computation time this also increases the influence of noise in the intensities, auto-
matically introducing a randomness into the search. Conversely, Maes et al. retain the whole histogram
for measurement, and use the Powell descent method [Press et al. 1995], relying on the smoothness of the
search. space due to spatially correlated intensities (neighbouring pixels have roughly similar intensities

and so there are no sharp boundaries) and so slowly altering the parameter values should slowly alter the

mutual-information measure.

The feature-based and pixel-based algorithms discussed in this chapter have concentrated on defining
a feature space and specifying a (dis)similarity measure to be minimised; the search strategy has been
chosen independently of the image data from a selection of standard minimisation algorithms or statistical
methods to find the minimum in the optimisation surface. The next method discussed differs in that the

search strategy is derived directlyfrom information in the image pair.

2.6 Directed search based on optical flow

The optical flow [Horn and Schunk, 1981] method registers source to target by slowly updating its trans-

formation according to intensity gradients in the target.

The optical flow technique is usually used for object tracking in video sequences. However, for two iden-
tical images slightly out of register, it can be applied to find the affine transformation to map one to the

other. We follow here the method of Barber et al. [1995].

The source S and target 7" are assumed to be copies of the same image g, the source having undergone a

small displacement (Az, Ay, Az). The target and original are identical:

T(z,y,2) = 9(z,y,2,t = to) (2.10)
while the source is the original after a small time interval At:

S(z,y,2) = g(=,y,2,t + At) (2.11)
The source is an affine transformation of the target,

T(z,y,2) = 9(z + Az,y+ Ay, 2+ Az, 1 + AY) (2.12)
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where the displacement vector is given by

ain+1 ai a3 | a1q T T+ Az
a +1 a a + A
21 a2 23 24 y[_| Y Y 2.13)
a31 azz asz+1|ass z z+ Az
0 0 0 1 1 1
equating (2.10), (2.11) and (2.12) and Taylor expanding about time ¢ = £, we have:
2.10
T(z,y, Z) ( = ) y(x,y,Z,i = tO)
(212) g(z + Az, y+ Ay, z + Az, t + At)
= g(z)y>21t:t0)+
3y) g Og g
Az (— + Ay (— +Az (> +At (=} (19
0z ) |i=s, 0Y / |s=tq 0z / |y=t, Ot ] sty
Since S and T are copies of g displaced over time At, we have the additional approximation
8 S-T 8g _ar
- a0 B2y, O cte
and hence (2.14) becomes
or or oT S-T
=Az— — — t———— 2.15
0 :caz+Ayay+Azaz+A A7 (2.15)
Using the affine transformation in (2.13) gives for (2.15):
oT
T(z,y,2) = 8(z,9,2) + (a117 + 612y + @13z + a14)6_z
or
+(az12 + azey + a23z + 024)%—
or
+(as1z + as2y + azzz + 034)6—2 (2.16)

where the coefficients a;; in the inverse transformation of equation (2.13) will map the source back to
the target. Since approximations have been made in the Taylor expansions and the derivatives, (2.16)
is not exact and so must be solved iteratively: in each iteration, twelve voxels (z, y, z) from the target
and current source image are used in (2.16) to compute transformation coefficients a;;. These are used to
transform the source to a new position and the process repeated until the true match has been found (when
the a;; are all zero). To avoid blurring of the source by successive resampling, the transformation matrix
with the new coefficients is concatenated to the previous ones and the total transformation is applied to a

copy of the original source image.

Application of the algorithm is limited to images where only a small displacement is required to bring
them into register. Large displacements render the Taylor expansion inaccurate and then convergence
is not guaranteed. Additionally, it is assumed the images are noise free, else the erroneous values of
S(z, y, z) will knock the registration off course and the gradients will be incorrect. In both these respects,
a prior smoothing of the images improves convergence as it reduces noise and lowers the higher deriva-

tives (which have been ignored in the Taylor expansion).



2.7. Piecewise-linear methods 63

The optical flow registration is the linear analogue of the fluid method which will be described in the
following chapter on non-linear methods. Before proceeding to fully non-linear methods we first mention

algorithms which use local linear transformations to approximate a non-linear deformation.

2.7 Piecewise-linear methods

Piecewise-linear registrations were defined in definition 1.15. They involve subdividing the images into
small regions for which independent /inear transformations are computed to register them individually.
Constraints are applied to ensure that the transformations of neighbouring regions are sufficiently simi-
lar to ensure some degree of continuity, which is further enforced by applying some form of interpolant
between them. An example is the algorithm of Collins et al. [1994], used for registration of a population
of brains into a common coordinate system to create an ‘average’ brain. The coordinate system chosen
is that proposed by Talairach and Tournoux [1988]. Each brain volume is subdivided into twelve sub-
volumes, each of which is linearly registered into the corresponding sub-volume of the standard brain.
The cross-correlation dissimilarity measure is minimised for each subvolume pair, computed from either
corresponding pixel intensities or corresponding pixel gradients and then cubic interpolation is used to
smooth the deformation field. Piecewise-linear registrations give the appearance of a non-linear defor-

mation.

2.8 Summary

This chapter surveyed linear registration methods, classifying them according to the feature spaces used
on which distance measures are to be minimised. The three main groups of feature spaces studied were:
principle axes; landmarks and extracted structures such as surfaces; and pixel intensity pairs. In addition,

the optical flow method was included as an interesting linear registration technique.

In the next chapter we discuss single-level non-linear methods, before proceeding to multi-level or hier-

archical non-linear methods in chapter 4.

Further discussions and comparisons of linear registration algorithms can be found in West et al. [1997];

Banerjee et al. [1995]; Ayache [1995] and van den Elsen et al. [1993].
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3.1 Introduction

This chapter reviews registration algorithms which compute a non-linear transformation in order to regis-
ter the source to the target. In the previous chapter, our discussion was centred on the adequate selection
and extraction of features and the identification of their correspondences, and of the application of the
algorithms to the inter-modality case. These considerations are equally relevant to the non-linear case.
Non-linear algorithms however are distinguished by their greater complexity of search space, or range of
allowable transformations. Of particular interest is the selection and adaptation of a model through which

the deformations are conceptualised and implemented.

For this reason, we identify the realisation of a non-linear registration algorithm as consisting of three
stages. First, a physical model is proposed which describes the ideal deformation of the target image.
Typically the target is modelled as a deformable substance with properties which ensure the deformation
is well behaved, most importantly that the material will not tear or fold. Alternatively, the model may be
a statistical concept, describing a method for finding the most likely deformation to give a good match.
Next, this is formulated as a mathematical model, in which the proposed transformations are described
as equations and the values of parameters are identified. Finally, the model is translated into the practical
implementation, which may only be an approximate realisation of the physical or mathematical models.
The practical implementation may be constrained by data structures (eg solution on a finite pixel lattice),

memory or time constraints, and is often affected by inaccuracies introduced by sampling and truncations.

We work through these stages in reverse order, commencing with the practical implementation followed
by the derivation of the mathematical model, and finally review one statistical and three physical models.
Hence the chapter is divided into seven sections. The first two concern the description of a deformation
and its practical implementation in respect to the regularly sampled pixel grids of the image pair. Section
3.4 describes various approaches to deriving the mathematical model. These are regularisation theory,

Bayesian statistics, and the balancing of forces in a physical model.

The last four sections each analyse a physical or statistical model on which the registrations are based.

These are:

landmark matching with spline interpolation;

statistical truncated basis function expansion methods;

elastic registration based on a physical model;

fluid registration.

These roughly correspond with the second, third and fourth groups identified in the linear registration
methods on page 44: the thin-plate spline matches landmarks, ‘elastic’ registration in its basis functions
and full deformation field versions can be implemented by minimising pairwise pixel intensity measures,

and fluid registration is similar to optical flow techniques in that registration takes place over time by
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followingimage gradients. One particularly complex aspect is that of avoiding local minima in the surface

of optimal registration; this is dealt with in chapter 4 on hierarchical registration methods.

3.2 Representations of deformations

Linear registration calculates an affine transformation that is applied globally to the image pixel locations.
Non-linear registration finds deformations, where the mappings of the pixel locations vary over the im-
age. A deformation may be described in the spatial domain as a full discrete deformation field on the
pixel lattice, or as its dual in the spectral domain, as coefficients of some function basis. Alternatively, a
combination of these two types of descriptors is used, as a sparse deformation set of nodes or landmarks,

together with coefficients of interpolating functions to summarise the internodal deformations.

3.2.1 Deformation field vs. basis function expansions

We assume the target 7" and source S are related by a specific case of equation (1.1), withD = S(@(Z)) —
¢(T'(2)):
5(i(2)) = ¢(T(2)) (3.1)

and further we may assume that ¢(.) is the identity function.

The deformation #(Z) may be implemented either as a displacement field or as an analytic function [Amit,
1994].

In the first case, #(Z) gives a displacement for every pixel in the lattice,

#4(Z) = (u1(Z), u2(F), us(£)) (inthe 3D case)

A full deformation field allows for the displacement of each pixel to be relatively independent. Examples
of its use are found in versions of the elastic and fluid models when solved using finite differences (section
A4).

In the second case, the deformation (%) is expanded as

u(Z) = (Z w1, Be(21), Y uz, Be(22), Y us, B (za)) (32)
k k k

where u1, , uz, and ug, are coefficients (to be found) and Sk are a set of (orthonormal) basis functions.
Typically they are the Fourier or some other trigonometric basis (eg the cosine transform); alternatively
they may be a wavelet basis [Amit, 1994] which has the advantage of producing more localised deforma-
tions, wavelets having local support. Ideally the sum is infinite (0 < k¥ < oo) allowing for all frequencies
in the deformation; in practice the basis is truncated so that only the first N of the lowest frequencies are

used (0 < k < N).

The basis function expansion of the mapping can be considered a dual form of the displacement field, the

latter being the a set of displacements {(u1(z), u2(z), us(z))} in the spatial domain and the former a set
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of basis function coefficients {u1,, u2,, 3, } in the spectral domain.

3.2.2 Landmarks with interpolating functions

There are two types of the combination representation, namely landmark-based splines such as the thin-
plate spline (TPS), and finite elements. Both consist of a sparse set of points (nodes or landmarks) for
which the true deformation is specified, together with coefficients for a set of interpolating functions from

which an approximation to the deformations at internodal points can be calculcated.

Thin-plate spline

In the case of the thin-plate spline, the landmarks may be scattered in any formation over the image, al-
though the spline approximation is only valid within the region bounded by landmarks (since it is an in-
terpolant, not an extrapolant). Pairs of inter-landmark distances are given as arguments to a set of radial
basis functions, from which a matrix is constructed to describe the initial landmark configuration. When
inverted and applied to the final landmark positions (as defined by the sparse deformation field), the result
is a set of coefficients to the interpolating functions which are applied to the entire image to deform it.

Section 3.5.1 contains a fuller treatment of thin-plate spline deformations.

Finite elements

The target image is tesselated into elements (regions) bounded by nodal points, with neighbouring ele-
ments sharing nodes. Nodal displacements are solved using for example the elastic PDE (equation 3.66),
while internal displacements (for pixels within the elements) are found by interpolation of nodal displace-
ments using isoparametric shape functions. Practical finite element theory using isoparametric shape
functions is explained well by Hinton and Owen [1977]. The elements are 4-sided with parabolic curved
sides.This allows originally square-shaped regions to be mapped to deformed regions with the shape func-
tions as the interpolator, reducing the effect of aliasing (whether the mapping is performed from source

to target or in reverse).  Aliasing is the next topic for discussion.

3.3 Pixel/voxel intensity interpolation and resampling

This section relates a computed deformation to its practical implementation within the regularly sampled
pixel grids of the source and target image pair. The theory it summarises is also necessary for the imple-
mentation of linear algorithms, but we discuss it here since we additionally mention points of particular

relevance to the non-linear case.

When applying a computed transformation to a source image, pixels are generally mapped into interstitial
locations, whereas the required output transformed image must be stored and displayed on a regular pixel
grid*. Resampling is necessary to deduce intensity values at the lattice points of the transformed image

from the values at the interstitial locations. This is a particular case of interpolation. Interpolation is the

*we are not discussing finite element representations here.
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estimation of values at locations within the convex hull of a set of given data values, usually using a model
of an underlying continuous function. When mapping the source image, one might think the underlying
continuous function is the particular anatomy of the scanned subject. In reality however, the underlying
function depends on the imaging modality and is an intermediary between the true physical anatomy and
the pixel grid. The reader is referred to the descriptions of image acquisition in section 1.2. The image
samples data collected by the scanner, which may be counts of isotopes (PET), estimated tissue densities
in small regions (CT) or various density and contrast information reconstructed from the Fourier into the
spatial domains (MR). In the latter case we speak of the point spread function which is the shape modelling

the intensity surface of individual points in the reconstructed spatial domain.

Hou and Andrews [1978] identify interpolation as a theoretically two step process: first, building the
underlying model, and second, re-sampling the model at the required locations. For interpolation at the
pixel-level, these two steps are generally combined into one operation, with a pre-determined underlying

model assumed before the process starts.

Interpolation comes in two classes for non-linear registration; we shall call these micro-level (or pixel-

level) and macro-level interpolation.

Macro-level interpolation is an essential part of non-linear registration methods involving matching of
landmarks or segmented structures. These features, for which a match is determined, populate the images
sparsely; the intervening regions however also require a mapping from one image to the other. This is the
macro-level interpolation, determining transformation vectors in unknown regions using the estimated
maps at the landmarks. Here too since the true mapping is unknown, a model must be used, such as one

of those introduced in section 3.2.2.

Micro-level interpolation is that applied at the pixel level to deduce intensity values at grid points from
those computed at interstitial locations. It utilises one of a few models, of varying non-linearity, which

we list in the following subsection.

So far we have considered applying a transformation to the undeformed source and resampling intensities
from interstitial locations into pixel locations. In section 3.3.2 we will consider the reverse mapping,
called back-sampling. This applies the inverse of the transformation to pixels in the deformed source,
resamples pixel intensity values into interstitial locations in the undeformed source and paints these into
the corresponding pixel locations in the deformed source domain. Since it is more common to apply back-

sampling, we will discuss the interpolation models in this context.

3.3.1 Common interpolation models for pixel-level / micro interpolation

There are a few common models used for pixel-level interpolation. The choice of model depends on a
compromise between speed and simplicity, and accuracy. For simplicity we will illustrate the shapes of
the one-dimensional interpolants only. The two- and three-dimensional versions are obtained by repeated

application of the 1-dimensional interpolation in each of the z, y (and z) directions (the functions being
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Cubic interpolation

The one-dimensional cubic spline used for pixel interpolation weights the intensities of four neighbouring

pixels and is given by Keys [1981]

323 — 522
f2:T+1 0<z<1
2% .3
fle) = f1:5x_2—_z_+2 1<z<?2 , (33)
0 2<z

with symmetry about the origin, where {2} is the coordinate system local to the interpolation model. The

function is shown in figure 3.3. Note that the function is zero outside the region of support. The bicubic

2 -1 0 1 2

Figure 3.3: 1D bicubic spline function
interpolant gives an approximation to the sinc interpolant, which we describe next.

Sinc interpolation

1
- . yaN
T o T~
3 -2 -1 1 23

Figure 3.4: Sinc function (left); pulse or rect function (right)

The sinc function is defined as
sinc(z) = sin(rz)
Tz
It has infinite support - the oscillations about the x-axis reduce in amplitude but continue indefinitely
in both directions (to £ = +o00). As a practical interpolant, a truncated version must be used, using a
neighbourhood of finite size. The full sinc function in the spatial domain corresponds to the pulse or rect
function in the Fourier domain (figure 3.4, right). Hence if a rect function is used to sample a continu-
ous function in the frequency domain (for example by the MR scanner) then the original function can be

completely re-constructed in the spatial domain by convolution of the sample points with a sinc function.
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Reconstruction by a truncated sinc will introduce error into the reconstruction since although its ampli-
tude is low at any single point at a large distance |z| from its centre, the sum of its energy over all |z| is
substantial, and part of this has been lost in the truncated version. The Fourier transform of a truncated
sinc, figure 3.5, displays high frequency oscillations around the cutoff point. The result is that some fre-
quencies beyond the cutoff point are included, and frequencies within the cutoff are either amplified or

attenuated [Foley et al., 1992, p634], [and see also Jain, 1989].

T

cutoff

Figure 3.5: Fourier transform of truncated sinc, an approximation to the pulse/rect.

A solution is to multiply the sinc by an appodising! function, one that takes the value of 1 at zero and
decreases smoothly to zero at the edge of the required neighbourhood (figure 3.6). Magnetic resonance
images are acquired in the Fourier domain, and their frequency content is strictly band-limited, hence
the sinc is the best in-plane interpolant, matching the: point-spread function in the spatial domain. For
2.5D images, that is, data sets consisting of a series of 2D slices, the in-plane resolution exceeds that of
the between-plane resolution and the point-spread function is anisotropic; the sinc function is still the

best in-plane interpolant, but in the z-direction there is no advantage in using the sinc over cheaper inter-
polantst[Hajnal et al., 1995b]. It is suggested [Hill et al., 1994] that the images be extrapolated before

interpolation to avoid having a sharp edge at their boundaries which will cause artifacts in the Fourier

domain®. Lemieux et al [1998] found sinc interpolation gave a reduction of < 1% in
the structure of difference images compared to that of linear interpolation.

1

appodising function

Figure 3.6: Appodised sinc

t<cutting-off feet’
1 For true 3D images, the appodised 3D sinc is the best interpolant.
§Since sharp edges are of high frequency
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undistorted sinc may no longer be the best approximation to the (distorted) point spread function. Figure
3.9 illustrates the problem. The left-hand column shows some original underlying continuous function
f(z) (dotted) with the sinc interpolant overlaid (top row). For a linear transformation of the underly-
ing function, the interpolant is shifted (second row) and used to resample the underlying function (third
row), giving the final result (bottom row). The right-hand column gives case of a non-linear deformation.
The top row shows the original underlying function (dotted) and the sinc interpolant as before, and also
the deformed continuous function f(u(z)). The second row shows the sinc interpolant and the sampled
f(u(z)); the third and fourth rows estimate the application of the sinc to the samples taken from f(u(z))
- the result bears hardly any similarity to the true f(u(z)). Instead of the sinc function, the required in-
terpolant is the deformed sinc, sinc(u(z)) for forwards interpolation or its inverse for the backwards

mapping. In practice this is unknown or impractical to apply.
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3.4 Registration as an optimisation problem

Registration is an optimisation problem: we require a transformation to maximise the similarity between
the image pair, while constraining the transformation to be smooth. Formally, we adapt the problem (1.1)

to:

minimise J(&) = D(S(&), T) + AR(d) (3.4)

where J (i) is the cost function, D(S(&), T) is some dissimilarity measure between the target image 7"

and the deformed source S(#), and R(%) is a measure of the roughness of the deformation field 4.

The mathematical model (3.4) is derived using one of three standard theories (figure 3.10): regularisation,
physical models of continuous media, or Bayesian statistics (closely related to decision theory). Reg-
ularisation theory gives a tradeoff between similarity measures and smoothness constraints to derive a
cost function to be minimised. Physical models of continuous media balance external forces and internal
stresses to derive a partial differential equation (PDE) to be solved. Bayesian statistics incorporates prior
and likelihood probability distributions into a posterior distribution for which the highest probability is to
be obtained. When Gaussian distributions are used, the statistical and physical models have links through
statistical physics via Gibbs distributions and the Bayesian approach may be converted to the regulari-
sation format by taking logs of the probaility density functions. The connection between regularisation
theory, Bayesian theory and physical models is given by Gee and Peralta [1995]. We give a summary of

the three approaches in the following sections.

PHYSICAL REGULARISATION BAYESIAN
MODEL MODEL MODEL
internal/ external | cost function | log posterior
forces ™ J@)=D +AR |*

| |/
minimise minimum at derivative.of
energy — d(@)=0 <———— Jog posterior

statistical physics
Figure 3.10: Derivation of the mathematical model
We note also that there may be an additional set of constraints implicit in the implementation of the algo-

rithm such as approximations of the deformation using a truncated set of basis functions and premature

termination due to time constraints. These prevent a true registration from being achieved.
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3.4.1 Regularisation

Regularisation is the process of optimising an expression containing two or more terms whose relative

contribution is governed by a hyperparameter(s) (also called the regularisation parameter) A, as in
J=A+AB 3.5)

where A is an expression often depending on observed data while B is a functional inserted into the prob-
lem to give stable solutions. A itself may be a variable quantity, in which case it is a ‘weak’ hyperparam-
eter. The theory of regularisation is well developed; for a good introduction the reader is referred to Press
et al. [1995]. Non-linear registration may be cast as such an optimisation problem by assigning B to be
a smoothness constraint and .4 as a similarity measure, such as those introduced in section 2.5.1, giving
equation (3.4). Regularisation then gives a tradeoff between maximising the similarity in the image pair

and the smoothness of the deformation.

The transformation must be 1-1 and onto (that is, homomorphic) and continuous, so that the relative po-
sitions of structures in the deforming image are respected and no tears or folds are introduced. Such con-
straints are imposed by minimising some second-order derivative of the deformation, representing cur-
vature or bending and stretching; examples are the Laplacian V2, the square of the Laplacian V* or other
differential operators derived from physical models. Where the deformation is represented as basis func-
tion expansions, smoothness is automatically guaranteed by limiting the expansion to the first few func-

tions in the basis, which are of a lower frequency (see for example section 3.6). ¥

3.4.2 Physical Models

A physical model of a continuous medium may be employed in deriving the smoothness constraints, or
in modelling the entire registration process as the solution of a partial differential equation describing the
behaviour of the physical material. In this case the regularisation achieves a balance between external
and internal forces. The external forces are those which drive the registration to match corresponding
features. Smoothing constraints are provided by internal forces or stresses maintaining the cohesiveness

of the material.

driving forces

" “Forces’ driving the registration are derived from some distance function between features in the image
pair. These may be pre-segmented landmarks, curves or surfaces, in which case the registration procedure
aims to match these exactly or in a least squares sense, with the remaining image areas deformed using

some smooth interpolant (macro-level interpolation, section 3.3) . Alternatively, the driving forces are

Tt may be of interest to refer to [Rudin et al., 1992; Alvarez et al., 1992; Evans and Spruck, 1991] who discuss L and L2 norms
in the context of algorithms for noise removal. There the problem is to reduce noise while retaining edge strengths. The L1 norm

uses information from the gradient V, rather than (gradient)?. The constrained optimisation problem of

minimize /ﬂ VJui +ud dody (3.6)

in 2D is the Ly norm of the gradient, being the size of (Vz, Vy).
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derived from some statistical measure of difference between the full set of corresponding pixels in the
image pair (section 2.5.1), usually the sum of squared differences Dg = Y_(S(#@(&)) — T(Z))?, although
as in linear registration, cross-correlation and mutual information are other possibilities. Using standard
gradient-based optimisation methods (see for example Press et al. [1995]), the forces are proportional
to the derivative of this function, which is a product of the difference image and gradients in the source

(S(#(Z)) — T(£)).V(S(1d(Z)), hence the presence of edges drive the registration.

internal cohesive forces

The most frequently used physical models providing smoothness constraints are the thin pliable sheet,
or thin-plate (section 3.5.1 and equation 3.13) and elastic media (section 3.7 and equation 3.66). The
thin-plate deformation minimises bending energy, given by Rohr et al. [1996]

2 i 2
2 01! . 'O!d! ~[Kd (axfl . .6333‘) dz (3'7)

01+...+ad=2

where d is the image dimension, ied = 2 ord = 3.

Elastic media give an elastic smoothness energy cost term obtained from sums of extensional and shear

stresses which for 3D deformations is [Miller et al., 1993]

ZZ / [ (Bu.(:i")) (61;,;(1?)) +/‘(6'§}(f) +aig$(f))z] b

i=1 j=1

A and p are Lamé elasticity constants and are derived in continuum mechanics theory; we include an
outline of the derivation in an appendix A.2. In the 2D version, there are no z3-direction components of

extensional stress, nor shear stresses in the (z1, £3) and (2, z3) planes, so

dug  Ou _
5131 61‘3 -
Ouz  Oux
ey T Ozs

and also

dus _ A (%+%
Ozs ~ A+2u \ Oz, Oz

Christensen [1994] gives a linearised version where the cross-terms in the shear stresses are ignored:
Ou; e Ou; ( 5:') 8Uj @)\’
() vass (ot

These models will be analysed in greater detail in sections 3.5 and 3.7

3.4.3 Statistical Models and the Bayesian Approach

The Bayesian formulation [Ripley, 1996; Geman and Geman, 1984] is a version of the regularisation prob-

lem, where the outcome is not one single mapping, but rather a distribution of most probable deforma-
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tions. The associated variance of a chosen probable mapping can be used as an estimate of its accuracy,

given that the true form of the target is uncertain due to noise in image acquisition.

The application of Bayesian statistics to image registration [Gee and Peralta, 1995] generates an optimi-
sation expression similar in structure to that derived from regularisation theory shown in equation (3.5).
The terms A and B are derived from the likelihood and prior, probability distributions obtained respec-
tively from information in the data (source and target images) and prior assumptions on the form of the
mapping. These are combined to give a cost function derived from a posterior distribution whose peak
indicates the most likely deformation of the target reasonably close to the form of the mapping suggested
by the prior. The hyperparameter A can be thought of as a global measure of confidence in either the prior

or likelihood estimates.

The aim is to find the deformation # which gives the most likely mapping of source into target. Three
factors affect the decision: the data (the source image as is presented to the algorithm); a model of source
degredation (usually what noise processes were involved when the source image was produced); and prior
assumptions of what the mapping should look like. The first two factors combine in the likelihood, which

is a function of the similarity between source and target.

Minimising the likelihood alone may encourage bad deformations. For example, neighbouring regions
may exhibit disparate differences between source / target due to different tissue structures represented
by similar intensities. Should two such structures overlap in the source and target, the algorithm will be
confused into thinking this area is well-matched, while neighbouring areas exhibit high differences since
they contain pixels from other tissue structures whose intensities are dissimilar. As a result, the first region
will be given low displacements and the neighbouring regions high, with discontinuities in the mapping
along the region boundary. To avoid discontinuous or non-smooth mappings such as these, the algorithm
is also encouraged to prefer a deformation which is as smooth as possible; this is the third factor in the

selection of an optimum mapping.
A Bayesian methodology is used to combine the likelihood and prior information.
Bayes’ Theorem states:

P(A|B) « P(B|A).P(A) (3.8)

that is, the probability of the occurrence : of A given an event B is proportional to the products of the prob-

ability of event B given that A has occurred and the probability of event A happening in the first place.

Bayesian statistics combines likelihoods and prior distributions in the right hand side of (3.8), to give
a posterior distribution on the left hand side. The true (unknown) mapping # of source to target is one
possibility drawn from a distribution/ of all possible mappings. Similarly the presented data S(z, y),
the source image, is just one arrangement of pixel intensities selected from a distributionS of all possible

colourings of the image pixel grid.

The likelihood f(S|u, T) expresses the possiblility of the given appearance S of the source image given
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noise degredation and other intensity-altering processes which result in the target not being merely a spa-
tial deformation of the source. In other words, were we to know the exact (inverse) mapping from target
to source (ie given @ or @~ 1), the likelihood estimates how well the mapped source would represent the
version of the source that we see. If no noise were present, the two should be identical and in this case
the likelihood would rise to a certainty (probability = 1). The likelihood allows us to incorporate explic-
itly our model of the noise degredation. For example, assuming a Gaussian noise distribution, the sum of

squared differences similarity measure gives the likelihood distribution
F(8|@,T) = e~ 3 Z2(S@E)-T(@))?

The advantage of specifying the prior and likelihood distributions to be Gaussian is that the posterior

distribution will be Gaussian alsoll. Taking logs of equation (3.8) in the form

e™ = e A B (.9
converts it to the familiar form of equation (3.5).

The prior m(#) is an assumption of the form of the mapping, such as that it should be smooth. We can
insert a model mapping to act as the prior. For example, if the mapping will depend on a weighted sum

of certain basis functions, we can introduce suggested weights by means of the prior.

The form of Bayes’ theorem for image registration is therefore:

(d@|S, T) o 7(@) £(S|@,T) (3.10)

with 7(]|.S) being the posterior distribution giving the probability of @ being the true mapping, given the

particular instantiation S of the data.

Selection of the optimum deformation from the posterior distribution uses a statistical estimate such as
the minimum mean squared error (MMSE) and the maximum a posteriori (MAP) [Gee et al., 1995b]. We

give a brief description of the latter below:

MAP - Maximum a Posteriori estimate

Let us suppose, for simplicity, that both likelihood and prior have Gaussian-shaped distributions. (We can
enforce such a distribution on the prior since it is determined by us. The likelihood may have a bimodal
or multimodal distribution if there is more than one likely transformation,; this is the case where there is

more than one minimum in the optimisation problem).

A Gaussian (normal) distribution X ~ N{u, 0} has, in the univariate case, density

1(z —p)?
3_2 0'2

p(z) = 2wo

with mean y and variance 02 (= square of the standard deviation).

I althou gh with Bayesian methods other distributions may be considered
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The equilibrium state for the system (at a fixed temperature T', for given internal and external forces) is
found by minimising its associated energy function. This gives the maximum a posteriori (MAP) estimate
in the case where the distribution modelled is Bayesian. Note that the Gibbs distribution is essentially of
exponential form. Ignoring the constants and taking its logarithm obtains the energy function. If the prior
and likelihood both have Gibbs distributions, so will the posterior (by Bayes’ theorem; and the multipli-

cation of two exponential functions gives an exponential):

prior ~ €97
likelihood ~ e9
posterior o 9P 9L = IPtIL

log posterior = logedPt9L = gp 4 g,

and so the energy function is a sum of those associated with the prior and likelihood.

Geman and Geman [1984] pioneered the use of this analogy for image restoration. The Gibbs distribution
theory is useful because it enables the modelling of the pixel grid as a Markov random field (a lattice
with conditional probabilities) and then simulated annealing [Press et al., 1995] can be applied for the

optimisation.**

3.4.4 Solution of the optimisation problem

The method of solving the registration problem (equation 3.4) computationally depends on the final rep-
resentation of the deformation @. In the case of the thin-plate and smoothing splines (sections 3.5.1 and
3.5.2), an analytic solution is given by the matrix equations (3.29) and (3.40). However in general a gra-
dient descent method is used to find the mapping @(Z) which minimises the cost function J(#). Optimi-
sation may take place in the spatial or spectral domain depending on the representation of @. For solution
in the spatial domain, differential terms in J (%) are approximated by finite differences and then equation
(3.4) is solved by an iterative method such as multigrid [Press et al., 1995] or successive overrelaxation
(as in section A.4). Solution in the spectral domain uses the method of Green's functions [Dennery and
Krzywicki, 1967], a classical analytic method for the solution of second order differential equations with

given boundary conditions.

As with linear registration, the reader is referred to Press et al. [1995] or to any good numerical analysis
text for standard algorithms for the solution of optimisation problems. Since the optimisation surface is
usually complex, some strategy is required to avoid local minima traps. A reasonable approach is to suc-
cessively solve a series of equations (3.4) starting with a high value of A and so placing more emphasis
on the smoothing term, in an attempt to prevent the algorithm from being distracted into local minima

traps in the form of high frequency localised deformations. The resulting deformation is then used as a

**The amplitude of the distribution curve 3.12 can be controlled with the parameter T - a small value increases the amplitude,
and hence reduces the variance and so reduces the probability of higher energy states. This is the principle behind simulated an-
nealing, where the parameter T is gradually reduced. Refer to sections 3.6.1 and 3.7.1 for instances of gradual modifications to the

regularisation parameter during minimisation of the energy function.
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starting estimate for the solution to the next version of (3.5), with a lower value for A. As registration
progresses and the solution is closer to the global minimum, X is gradually reduced - so that the smooth-
ing constraint has less effect and the similarity measure is allowed to carry more weight. In the statistical
parametric mapping (SPM) method [Friston et al., 1995] described in section 3.6 this is effected by mul-
tiplying A by the sum of differences between source and target; as registration progresses the difference
decreases, bringing a corresponding decrease in A. Further methods of avoiding local minima are dealt

with in chapter 4 on hierarchical methods.

We now analyse four models (three physical and one statistical) used as the basis for the majority of
non-linear registration algorithms developed over the past twenty years. These are: the landmark-based
splines, statistical parametric mapping, elastic registration and the viscous fluid model. We commence

with the landmark-based splines.

3.5 Model One: Landmark matching with spline interpolation

The most common non-linear landmark-matching method is that of the thin-plate spline (TPS). This re-
quires corresponding landmark pairs to be matched in the source and target, and provides a smooth macro-
level interpolant to specify the deformation of the remaining image. The derivation of the mathematical
model is of particular interest when seen as a non-linear extension of the matrix methods described in sec-
tion 2.2. Additionally, the landmark-based spline has several variants, both in the choice of interpolating
functions and in the assumptions of error in landmark locations. The thin-plate spline is also a special case

of kriging methods, but this is beyond the scope of this survey; we will list references for the interested

reader. We begin by describing the original TPS and its mathematical model.
3.5.1 The Thin-Plate Spline

The Physical Model

The term spline originates in the ship-building industry where it refers to a thin plank of wood that was
bent to the required shape by the application of weights to points along its length. The thin-plate spline
is modelled on an infinitely wide thin pliable sheet, originally lying in the (z, y) plane that is distorted
by displacing m given points (z;, ¥;) in its surface to positions z; above and below the plane. Due to
the physical nature of the material, the sheet will adopt the surface shape f(z,y) which minimises an

approximation to its total bending energy (equation 3.7), which in 2D is the functional

62 2 2 2 2 2
L @)oo

while exactly fitting the displacements, ie

f(zi,4) —2 =0 (3.14)

at all the constraining points ¢. The surface satisfying these conditions is [Bookstein, 1989]

f(z,y) = a1 +azz+ayy+ Z wiK (|(zi, %) — (z,9)]) (3.15)

i=1
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where
K(Z) = |Z" log |2

For 2D image warping, the original image is modelled as a flat metal sheet which is subjected to a dou-
ble within plane ‘bending’. Selected points (z, y), referred to as landmarks are independently displaced
within the plane. The displacements have both z— and y—directional components and these are consid-
ered separately, thus two thin-plate spline models are required to warp one 2D image. The z—directional
displacements are used as the ‘vertical’ displacements in the first thin-plate spline model, and its re-
sulting deformed surface f;(z,y) prescribes the z-directional components of the warp. Similarly, the
y-directional landmark displacements are inserted as the vertical displcements in the second thin-plate
spline model, whose resulting surface fy(z,y) provides the y-directional warp components. The min-
imisation of bending energy is a smoothness criterion which ensures that the warp consists of a smoothly

varying deformation between the landmark points.

The thin-plate spline as a mathematical interpolator was established by Duchon [1976] and Meinguet
[1979], used extensively in the field of geostatistics [Hutchinson and Gessler, 1994; Myers, 1994] and
applied to image registration by Goshtasby [1988b] and to shape deformation by [Bookstein, 1989; Book-
stein and Green, 1992, 1993, 1994]. Since then they have been a popular choice for general image warp-
ing, see for example Barrodale et al. [1993] and Arad et al. [1994], and in particular (in either 2D or 3D) to
medical image registration, for example Kim et al. [1995], where the initial and final landmark positions
are usually corresponding readily-identifiable physiologically-significant points in the source and target
images, for example [Kim et al., 1996; Sprengel et al., 1996; Little et al., 1997]. We will not give the
derivation of equation (3.15) from the physical model but in the following section present the thin-plate
spline deformation as an extension to the general linear transformation, give the theoretical 3D thin-plate
spline and conclude with particular aspects of the warp which have relevance to the image matching prob-

lem.

The Mathematical Model

We consider mappings of the n-dimensional space R™ onto itself, where n = 2 or 3.
Recall from section 2.2 the affine map in 2D space of a set of points { P, . . ., Pm} = {(z1, v1), (22, ¥2),
..+, (€m, ym)} into new coordinates {@1, - .., @m} = {(u1,v1), (u2,v2), ..., (¥m, vm)} is given with

homogeneous coordinates by the matrix equation

Uy Uz ... Uy [ 7 ayx ai. Zy T2 ... Ty
v vz ... Uvm | S| Gy @y, |a1y Y1 Y2 ... Ym (3.16)
1 1 1 0 0 1 1 1 1

or equivalently as
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1 1 ... 1 1 0 0 1 1 ... 1
up Uz ... Um | = | 615 |Gz ay, 1 Ty ... Ty (3.17)
v1 (%) vee Um aly a,,.y ayy n Ya2 ver Ym

a a

where the coefficients a1, and a1, are the translation parameters and the submatrix re Wz de-
Gzy Oy,

termines rotations, scales and shears. The form (3.16) of the equation is that conventionally used when

describing affine transformations; we have re-written it in the form (3.17) since this will assist in under-

standing the spline theory which follows.

For simplicity we will isolate just one coordinate pair Py — @1 or (z1,¥%1) — (u1,v1), which reduces
(3.17) to

1 0 0
1 1
ai Az ay
Uy | = : ‘ i z (3.18)
aiy azy ay,
U1 . n
translations | rots, scales, shears

The thin-plate spline extends these mappings to include non-linear distortions, with mappings of the form

(0 \

K (ra1)
) 0 0 0 0 1 0 0 .
wy ws ceo w a; a a ’
U — T T mz z Tz Yz K (rml) (319)
wly ’wa e wmy aly azy ayy —1—
v1
warps transl | rots, scales, shears
T

\y1

K (.) is a function of the distances r1; between the point P; and another point P; of the original point set.

For example, suppose we are mapping the set of 4 points

{P1, Pp, P3, Ps} = {(z1,11), (%2, 2), (%3, y3), (%4, ya) }
into their new positions

{Q1,Q2, @3, Qa} = {(u1,v1), (u2,v2), (u3, va), (ug, va)}
The mapping of P; — @1 is given by the 2 equations

U = w150+ we, K (r12) + wa,. K (r13) + wag-K (r14)

+ai1z- 1+ azp.21+ay .4 (3.20)

v wly.O + ’wzy.K (7‘12) + ’u}3y.K (7‘13) + 'U)4y.K (1‘14)

warp
+ a1l + ay, -T1+ay,. 4 (3.21)

translations  rotations,scales,shears
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Xs’ys
X0 13

l-] 4
®

XpYs
Figure 3.12: distances between point P; and other points in the set

Looking at equations (3.20, 3.21) we see that

1. Translations depend on the constant 1 only, so the displacement of P; to )1 due to the translation

part of the map is uniform over the entire image.

2. The remaining parts of the affine map - rotation, shears and/or scales, depend on z; and ¥, so the
displacement of a point P; due to the remaining affine parts depends on the original position of the

point P;.

3. The warp depends on the distances r; ;, so the resulting displacement of P; depends on its location

relative to the other points in the set.

Extending equation (3.17) we can write the warp equation for all points in the set as

Uy Uy ... Uy _ (W‘A) K |P .
V1 U2 ... Uy PT | 0
where
(wla)= (0 "o Bne e e B (3.23)
Wiy Wy .. Wmy |Gly | Gzy Gy,
and
[ o K(riz) - K(rim) |1 z1 3 )
K (r21) 0 o K(ram) |1 zo w
L= Ii 1; =| K(rm1) K(m2) - 0 |1 2m ym (3.24)
1 1 1 0 0 0
1 T Tm
\ un Y2 o Ygm |00 0 )

and we have dropped the extra (top) row in the homogeneous coordinates, although implicitly it is still

there.

To summarise so far, the transformation is given as two functions, one mapping the point set to new z-
coodinates, and one giving the y-coordinate mappings, each function being of the form given in (3.15)
consisting of a linear part and a higher-order part, of a weighted sum of functions of distances between

the original points.
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Returning to equation (3.17) which gives a mapping for the whole plane R? onto itself, the coefficients
a1, a; and ay are uniquely determined by solving (3.17) for three known points P;, P, and P3 with their

corresponding new positions @1, @2 and Q3. For the 3-dimensional most general affine map,

Uy u2 Um Azy Oy, Gzp | G1g Ty &2 Tm
v U2 Um Qg Gy a; a v Y2 ... Ym
= M A (3.25)
11 19 im Gz, Gy, Gz; | a1, 21 22 ... Zm
1 1 ... 1 0 0 0 1 1 1 ... 1

we insert sets of m = 4 known points { P, ..., P4}, {Q1,...,Qa}, Pi = (=i, %, %), Qi = (ui,vi, t;)

into (3.25) and solve for the coefficients a;,,, I,n € {1,z,y,2} . We then can apply (3.25) to any
other points P; in the plane to find their corresponding mapped positions Q ;. The known points which

determine the mapping are called fiduciaries or landmarks.

The same is true for the 2D warp mapping, except that here the number m of initial known landmarks
needed to determine the coefficients is not fixed - or rather, the warp complexity depends on how many
known fiduciary mappings there are. This is because the warp part of the map for any point depends
on functions of the distances between the original coordinates of the landmark set. Given the matrix Q

containing the mapped coordinates of the known points,

u; U u
o= ' ™ (3.26)
(41 Vg Um
from which an augmented matrix @4 is constructed:
U U unp [0 0 O
Q= ' ™ (3.27)
v V2 Um 0 00

and given the matrix L containing information about the original absolute and relative locations of the

landmarks, we solve twice for the coefficients . and w__ :

(wl wo W | 61 Gy ay)zL_lQa (3.28)

once using the first row of @, to solve for the coefficients of the mapping to £-coordinates in equation

(3.20), and once using the second row of @, for the mapping (3.21) to y-coordinates.

The 3-D version of the warp (3.22) is easily constructed as

U1
U1

31

where

(wl4)

U2
U2

to

Um
wm | = (w|a).
tm
Way WUmg | Q1g
’u}zy wmy aly
Wz, Wm, | G1;

K P (3.29)
PT |0 '
Gzy Gy, Gz
Qgy ayy Gzy (330)
Az, Gy, Gz,
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and
(0 K(rz) - K(m) |1 21w 2 )
K (ra1) 0 o K(ram) |1 22 2 =
I = K P — K (rml) K (rm2) T 0 1 Zm Um 2m (3.31)
PT |0 1 1 -+ 1 0 0 0 0
3} Z9 e Tm 0 0 0 0
() Y2 e Ym 0 0 0 O
\ =« Zn o zm |00 0 0 )
For the thin-plate spline, the functions K (r;;) are
r2logr : 2D version
K(r)= (3.32)
|®| 3D version
The 2D version is the fundamental solution z(z,y) = —K(r) of the biharmonic equation V*K = 0,

which determines the shape in 3D space adopted by a thin pliable sheet lying roughly parallel to the plane

z = 0 and fixed to the origin, so as to minimise its bending energy, in the absence of gravitational forces.

The warps are determined by the in-plane mappings of landmarks in the image, which are derived from a
model of forced out-of-plane (vertical) displacements of landmarks in the pliable sheet, which otherwise
would lie parallel to the plane 2 = 0. Bookstein [1989] works through the example of a pliable sheet
constrained by 4 landmarks displacements with their original in-plane coordinates at (1, 0), (0, 1), (—1, 0)

and (0, —1), shown in figure 3.13.

(-1,0) o)

(1,0)

0,1

Figure 3.13: Vertical displacements upwards of landmarks originally at (0, 1) in the plane z = 0 and
downwards of those originally at (+1, 0)

The surface adopted by the sheet to minimise its bending energy is described in terms of the original

landmark coordinates Px as

w29 = K(Va2+ly—1P) - K (VE+1P+#7)
+E (VA B+ TP) - (VE-TP+7)

4

= D (-D*K(I(z,y) — Pil) (3.33)

k=1
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which is an instance of the warp (3.20) with no affine component and weights w; = =+1; it is a weighted
sum of the fundamental solution K (r)- Bookstein [1989] examines the behaviour of the plate far from

the landmarks as follows:

Equation (3.33) when re-written with V(s) = K (/s) is

2z,y) = V(@++1) -2V (@ +y+1)+V (2 +[y-1]°)
~{V([+1°+9*) -2V (z* +4* +1)
+V (21" +4*)} (3.34)

Using the second derivative finite difference approximation

d*f _ f(s+h)—2f(s) + f(s — h)
ds? = h2

with h = 2y or h = 2z, (3.34) reduces to

2 d2V(s) d2V (s)
z(z,y) ~ (231)2 ds? - (22’)2 ds?

withs = 22 + y? + 1. But V(s) = slogs — dz;: ) -1

3

So we have
A(y* — 2°)
Z(:C,y) ~ $2+y2+1
or for large z, y,
Ay’ — =)
z(z,y) = e
Finally, using the double-angle identity cos20 = cos?# — sin? 6 and cos(arctan(¥)) = ——2—,
sin(arctan(¥)) = L VEity
z(z,y) ~ —4cos (f) with =2 arctan(%)

Hence far from the origin, the surface is sinusoidal (with small amplitude of 4). This displays an undesir-
able quality of the thin-plate spline for medical image warping, namely that it does not have finite support,
ie perturbations of landmarks in one region of the image will necessarily involve small movements over
the whole image. Note also that the spline was originally intended as an interpolant rather than an ex-
trapolant and as such does not claim to accurately predict behaviour in regions far from the known data
(landmarks).

The total bending energy for the deformation is given by WX KW, or equivalently QT L' Q, where K
and W are as given in equations (3.24) and (3.23) or (3.31) and (3.30) respectively, Q contains the mapped
landmarks (equation 3.26) and L;! is the upper m X m submatrix of L™'. A description of the defor-
mation is provided by the eigenvectors of L,' K L.}, known as principal warps. These are directions
within the initial landmark configuration, such as along axes describing the configuration shape, and the
corresponding eigenvalues give ratios of contributions to the bending energy in the principal warp di-

rections. For example, if a 2-dimensional warp summarised by L;;! K L;! has eigenvectors €}, €2 and
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€3 with corresponding eigenvalues a1, 3 and g, the z— and y— direction warps f(z, y) and fy (2, y)

given by equation 3.15 can each be expanded in terms of €3, €3 and €3:
fo(z,y) = c1€1+c282 + caé3 (3.35)
fy(z,y) = di€1 + d263 + d3é3 (3.36)
for some constants c;, d;. The total bending energy for the warp is given by
a1 (e + d}) + aa(cf + df) + as(c3 + d3) (3.37)
The theory of principal warps is detailed in [Bookstein, 1989].

There are variations of the thin-plate spline which improve its usefulness and expand its range of appli-
cations. Firstly, the basis function K (r) in equation (3.32) depends on the chosen physical model: this

choice of K (r) is the Green’s function solving the biharmonic equation
ViK =6

minimising the bending energy of a pliable sheet. Other radial basis functions are equally, if not bet-
ter, suited, once strict adherence to the physical model is no longer required. For example, some basis
functions introduce parameters governing the localisation of the warps. Also, if the exact interpolation
conditions of the new landmark locations is not enforced, error or uncertainty in landmark locations can
be built into the model, with the measures of uncertainty modifying the basis-function weights. All these

variants will be discussed in the following sections.

3.5.2 Extensions to the Thin-Plate Spline

Smoothing spline

Often the exact locations of the landmarks is uncertain, when the landmarks have been selected manu-
ally or by an automatic landmark-finding algorithm. In this case the interpolating conditions f(z;, ¥i) =
(ui,vi) (for the m landmark sets {(zi, %)}, {(ui,v:)},¢ = 1,...,m) can be relaxed in favour of a
smoother warp [Arad et al., 1994; Myers, 1994]. The method will not correct for systematic errors, where
all landmarks share an underlying smoothly varying error, but may correct for outliers - cases of only
a few misplaced points from the landmark sets - which produce a higher degree of bending. The in-
terpolating thin-plate spline finds the basis-functions coefficients to minimise the bending energy func-
tional (3.13) while satisfying the interpolating landmark conditions (equation 3.14) f(z;, %) — (ui, v;) =
0. This can be recast as a regularisation problem (equation 3.4) by introducing the similarity measure
D(S(f(zi, %)), T(uiri ) = ||f(zs, i) — (ui, vi)||? and requiring the basis-functions coefficients to min-

imise over the whole image a new combined functional

) = ARG +D(S(),T)
= [ () )+ (Gh)) s

3 f (i w) — (us, ) |2 (3.38)
=1
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where the roughness measure R(f(z;, ¥i)) is the thin-plate bending term

f\2 2F\* [82f\?
((W) +2(535) *+ (&) ¢3)

The limiting case of A — 0 gives the interpolant, where the landmarks match exactly (satisfying 3.14).

For an approximating or smoothing spline, the tradeoff parameter or regularisation constant A can take
any value between 0 and 1, with a higher X placing a greater emphasis on the bending energy and relaxing

the interpolation conditions.

The thin-plate spline solution, equation (3.29) is then replaced by

Uy U2 ... Um

K+l | P
V1 VU3 ... Um = ( w l A ) . = 0 (3.40)
tp, i3 ... tm

where [ is them x m identity matrix.

Dyn and Wahba [1982] and Rohr et al. [1996] take this one stage further: We may have an estimate of
the accuracy of each target landmark position, given by the variance o; of the probability distribution of

its location. In this case, equation (3.38) becomes

(3.41)
which is solved by
u u R/
v " K+)XC?| P -
V1 U2 ... Um = (WlA) T 0 (3.42)
th i ... tn
where
o1 - 0
C =
0 Om

Automated Thin-Plate Spline

Kim et al. [1996] produce a (semi-) automated thin-plate spline, where an initial choice of source land-
marks are iteratively repositioned so as to minimise the measure of mutual information in the image pair.

They break down their algorithm into four separate tasks, which they describe as:

1. registration : determine spline coefficients
2. reconstruction (trilinear)
3. MI (mutual information) computation

4. multivariate minimisation
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