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Abstract
Following the work of Milevsky and Prisman (Milevsky (1997a)) we develop 

a tax-adjusted hedging algorithm that finds the tax-adjusted hedging price of a 
European option. We use a non-recombining binomial tree framework because 
the tax liability on the stock transactions is path dependent. In general, we find 
that in a Cox Ross Rubinstein environment (Cox(1979)) the hedging portfolio 
(of stock and bond) does not equal the option payoff, on a post-tax basis; there 
is a tax-mismatch. The algorithm uses an iterative procedure to force the tax- 
mismatch to zero across all the final nodes on the tree, thereby ensuring that 
the option writer is fully hedged on an after-tax basis.

We can consider the non-recombining binomial tree framework as being one 
in which we have an equal number of unknowns (the deltas and bond amounts 
at each node on the tree) as linearly independent equations. We can find 
the general forms for the deltas and bonds by partially solving the system of 
equations. The simultaneous equation algorithm uses these general forms to 
find the tax-adjusted price of the option. This algorithm is less demanding on 
memory and computationally faster than the tax-adjusted hedging algorithm.

The simultaneous equation approach allows us to derive an analytic formula 
for the tax-adjusted hedging price of the option, and in the one-period case we 
can use this to prove some of the empirical results found using the tax-adjusted 
hedging algorithm.

We relax one of the assumptions made in the original framework -  the tax 
year-end coincides with the option’s maturity -  and allow a tax year-end to oc
cur during the life of the option. This requires us to consider two tax charges: 
one paid during the life of the option at the first tax year-end, and one paid 
after the option expires at the second tax year-end. The simultaneous equa
tion approach is used again and we develop the tax year-adjusted simultaneous 
equation algorithm that finds the tax-adjusted price of the option when the tax 
year-end can occur during the option’s life.

Scholes has derived a modification to Black-Scholes, termed the tax-adjusted 
Black-Scholes equation (Scholes (1976)). We form a tax-adjusted risk neutral 
probability in the Cox Ross Rubinstein environment and use this to form the 
tax-adjusted binomial option pricing model. This is shown to be the discrete
time precursor to the tax-adjusted Black-Scholes equation. The tax-adjusted 
Black-Scholes equation is generalised to relax the assumption in the original 
derivation that the derivative is taxed as income. A martingale derivation 
is given for this equation, as for Milevsky and Prisman’s tax-adjusted Black- 
Scholes equation with dividends (Milevksy (1997a)).
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0.1 N otation  and abbreviations

A guide to the main notation and abbreviations used in this thesis is given below. 

N o ta tio n

V a r i a b l e / N o t a t i o n D e s c r i p t i o n

Adjusted cost base at node

ATB^N,j> After-tax bond position at {N^j).

ATO<N,j> After-tax option position at {N,j).

ATScN,j> After-tax stock position at {N,j).

Bond amount at node

Tax-adjusted bond amount at node

Cox Ross Rubinstein bond amount at node (f, j )  .
TDcall

<hJ> Cox Ross Rubinstein bond amount at node (*,/) for a call.
Tjput

<i,3> Cox Ross Rubinstein bond amount at node {i,j) for a put.

Bond amount at node (%,j) on an N-period tree.

Bonds at node {i,j) on when a tax year-end occurs at period m.

B k j > Tax-adjusted bonds on gth iteration of tax-adjusted hedging algorithm.

^ h N j ) Total bond interest accumulated up to and including node {N,j)  .

c European call price.

Tree-delta at node

d Total return if stock moves down.

d W f An increment of Brownian Motion under the real-world measure P.

dW ? An increment of Brownian Motion under the risk-neutral measure Q.

£«[•] Expectation operator under the risk neutral measure Q.

h Discretisation interval (=  T /N )
Table 0.1: Notation



V a r i a b l e / N o t a t i o n D e s c r i p t i o n

Unique node k periods before node

K Strike price of the option.

m Period when a tax year ends on the tree.

^ { N , j ) Tax-mismatch at node {N,j).

M Expected rate of return on the underlying (drift).

N Number of periods on the tree (maturity period of the option).

P European put price.

q Dividend yield rate or real-world probability of an up move in the stock.

7T Risk-neutral probability of an up-move in the stock price.

r Annual risk-free rate.

R One plus the risk-free rate over one period.

R N G c N , j > Realised net gain at node {N^j).

S Price of asset underlying the derivative.

Stock price at node {i,j).

a Volatility.

T Time at maturity of derivative.

Tb Tax rate that applies to bond transactions.

Ts Tax rate that applies to stock transactions

To Tax rate that applies to option transactions

Ti Income tax rate.

Tcg Captial gains tax rate.

U Total return if stock moves up.

V Value of derivative security.

Generic European put or call price.
^ c n t s Continuous approximation to option price from tree of n-periods.

mkt  Y Market price of the option at node {rn,j) .

Synthetic tax-adjusted payoff from the option.
Table 0.1 ctd. 
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A bbreviations

A b b r e v i a i t o n M e a n i n g

ACB Adjusted cost basis.

ATB After-tax bond.

ATO After-tax option.

ATS After-tax stock.

BOPM Binomial option pricing model

BI Bond interest.

CRR Cox, Ross, Rubinstein

RNG Realised net gain

taBOPM Tax-adjusted binomial option pricing model.
?able 0.2: Abbreviations
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Chapter 1

Introduction and Literature R eview

1.1 Introduction

1 .1 .1  O v erv iew

The aim of the thesis is to take the two approaches that are identified in the literature review, 

namely Scholes's tax-adjusted Black-Scholes equation (Scholes (1976)) and Milevsky and Pris

man’s (M&P) discrete-time tax-efficient hedging algorithm (Milevsky (1997a)), and develop 

them.

C hapter 2

A tax-adjusted hedging algorithm is developed that finds the tax-adjusted hedging price of 

European equity call and put options. This is an iterative procedure that uses the same 

backward recursion as in the Cos, Ross, Rubinstein environment (CRR) (Cox (1979)).

C hapter 3

Using the framework of Chapter 2, a simultaneous equation approach is proposed. This allows 

us to develop a simultaneous equation algorithm to find the tax-adjusted price of the option, 

which is computationally faster and less demanding on computer memory than the tax-adjusted 

hedging algorithm of Chapter 2.
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C hapter 4

Using the approach of Chapter 3, we relax the assumption, made in Chapters 2 and 3, that 

the tax year-end coincides with the maturity of the option. Here we allow the tax year-end 

to occur during the life of the option, and develop a tax year-adjusted simultaneous equation 

algorithm to find the tax-adjusted price of the option under these circumstances.

C hapter 5

A tax-adjusted binomial option pricing model is developed that uses tax-adjusted risk-neutral 

probabilities to value European equity call and put options. This model is shown to be the 

discrete time precursor to the tax-adjusted Black-Scholes equation (Equation (1.2) derived in 

Scholes (1976)). A generalised version of the tax-adjusted Black-Scholes equation is derived 

and the solutions for a European put and call are given.

C hapter 6

The conclusions of this research are presented.

1.2 Literature review

The use of options before 1973 was limited, mainly because there was no generally agreed 

method for valuing them. Two events occurred that year which revolutionised the options 

industry: Fischer Black and Myron Scholes published the paper containing their option valua

tion model (Black (1973)), and the first exchange-traded options were launched on the Chicago 

Board Options Exchange. With the publication of the Black-Scholes model, option pricing 

was at last given a rigorous mathematical framework that was accepted by academics and 

practitioners alike.

In the intervening twenty-six years, the original Black-Scholes model has been modified in 

several important ways to relax some of the assumptions implicit in the original formula. The 

emphasis here is the pricing of options in the presence of taxes, an area which has until recently 

been largely neglected.

12



Scholes himself extended the original Black-Scholes model to include taxes (Scholes (1976)). 

The original Black-Scholes partial differential equation, together with Scholes’ tax adjusted 

version (see Appendix A for an alternative martingale derivation of this equation), are shown 

below.

V  is the value of the derivative, t is the time, a is the volatility of the underlying security, 

S, and r is the risk-free rate.

The B lack-Scholes p a rtia l differential equation:

^  -  r y  =  0. (1,1)

The tax -ad ju sted  Black-Scholes p a rtia l differential equation:

(Ti  -  Tcg ) rr -  '
(1 -  Tcg) _

d V
5 —  -  r y  = 0, (1.2)

where Ti and Tcg are the tax rates for income and capital gains respectively.

Equation (1.2) has been analysed by Merton when the underlying is common stock that 

pays dividends proportional to the stock’s price (Merton (1973)). The constant dividend yield 

in this context would be equal to r(Ti — Tcg)/{I — Tcg).

Subject to the assumptions made in the derivation of (1.2), the effect of taxes is to increase 

the price of a put and decrease the price of a call, compared with the classical Black-Scholes 

values, provided that T% > Tcg. The longer the life of the option, the more pronounced these 

price differences become.

It can be seen from (1.2) that when T% =  Tcg, the tax-adjusted Black-Scholes equation 

collapses to (1.1), the original Black-Scholes equation. This result seems to imply that for 

market participants whose marginal tax rates are equal, taxes have no effect on option valuation. 

M&P believe that this result is responsible for the lack of research into pricing options in the 

presence of taxes (Milevsky (1997a)). The result is borne out by M&P’s work with a one-period 

discrete model with taxes (Milevsky (1996c)).

M&P have extended Scholes’ analysis to include the case where the underlying asset pays 

dividends (Milevsky (1997a)). The partial differential equation they have derived is given

13



below (Appendix B contains an alternative martingale derivation):

where,

ÿ _ ^ i T a - T ^ ) ( l - T i )  ( 1 - r , )
(1 — Tj) ’ (1 —T% )(l--Tj) (1 —Tu)

Ti is the marginal tax rate on interest income (usually ordinary income), tj, is the marginal 

tax rate on the derivative security, Tu is the marginal tax rate on the underlying security, and 

Tq is the marginal tax rate on the constant dividend yield q. Equation (1.3) collapses to the 

Black-Scholes equation with dividends if all the marginal tax rates are set equal to each other.

The effect of taxes is to increase the price of a put and decrease the price of a call, compared 

with values obtained with Merton’s extension of Black-Scholes to include dividends. As before, 

the longer the life of the option, the more pronounced these price differences become.

M&P argue that the tax-adjusted Black-Scholes equation and the tax-adjusted Black-Scholes 

equation with dividends. Equations (1.2) and (1.3), are derived using assumptions that ignore 

some fundamental features of tax systems (Milevsky (1997a)). The most obvious example is 

the assumption that the tax liability is paid on a continuous basis. As M&P point out, this 

may be a justified assumption when dealing with dividend payments on a large stock index, 

but in the case of taxes this does not distinguish between the timing of the tax liabilities and 

ignores the time-value of money. This is because tax is generally due for payment on one date 

in the year, and not spread continuously over the course of the year.

If the underlying or the derivative security is tax-marked-to-market at the end of the tax 

year (i.e., the tax is calculated from the marked-to-market profit or loss at the tax year-end), 

M&P show that it is possible for generic European options to become path-dependant (Milevsky 

(1997a)). This feature is of course completely ignored in the derivation of Equations (1.2) and 

(1.3), as is the distinction between the hedging and replicating price of an option. The hedging 

price and replicating price of an option are defined below.

The technique for modern derivative pricing in a frictionless market involves building a 

portfolio of simple instruments that replicates the exact payoff of the derivative. Applying

14



the no-arbitrage principle, the price of the derivative is the minimum cost of building such a 

portfolio. If this is not so, arbitrage profits are possible if the cheaper of the two (the derivative 

and the replicating portfolio) is bought, while the expensive one is sold. The minimum cost of 

the replicating portfolio is termed the replicating cost of the derivative.

M&P maintain that extending this to a taxable world is a case of simply applying the no

arbitrage principle on an after-tax basis, i.e., the price of a derivative is the minimum cost of 

building a portfolio of primitive securities that replicates the payoff from the derivative on an 

after-tax basis (Milevsky (1996c)). If the no-arbitrage principle holds, combining the derivative 

and the portfolio together in a composite portfolio, providing there is a short position in one 

and a long position in the other, should not yield arbitrage profits on an after-tax basis - the 

positions should neutralise each other exactly. However, although the overall cashflow from a 

portfolio of securities, in the absence of taxes, is simply a linear sum of the individual cashflows 

in that portfolio, with taxes this linear relationship often does not hold. M&P call this a non

additive tax system, and in these circumstances the tax treatment of the composite portfolio 

may be such that arbitrage profits can be made (Milevsky (1997a)).

In order to tackle the portfolio problem, M&P define another price for the derivative in 

addition to the replicating cost (Milevsky (1997a)). This is the hedging cost, and is the cost of 

the primitive underlying securities that replicate the exact opposite of the after-tax payoff from 

the derivative, when they are all held in one portfolio. The objective is to create a portfolio 

of securities that negate each other at payoff time. The advantage of the hedging cost lies in 

the fact that the tax laws used are those which relate to assets held in portfolios and not held 

individually. This is important because the tax-treatment of a portfolio of securities can be 

different from the tax-treatment of the same securities held individually. The tax treatment 

is therefore built into the no-arbitrage assumption at the outset, which is not the case when 

defining the replicating cost.

M&P provide a tax-efficient algorithm to find the hedging price of a European call option 

with taxes (Milevsky (1997)). A non-recombining binomial tree approach is used, programmed 

in MAPLE to take advantage of its symbolic properties. This algorithm is examined in more 

detail in Section 1.4.

M&P have also looked at tax arbitrage with options (Milevsky (1997a)). With the no-

15



arbitrage condition applied to put-call parity on a post-tax basis, it is possible for investors to 

exploit arbitrage opportunities if their marginal tax rate on capital gains is higher or lower than 

the “market rate” (i.e., the rate that prevails in the market to give the no-arbitrage condition). 

M&P also argue that, providing the income tax rate is higher than the capital gains tax rate, 

the price of a put with taxes will be more than a put without taxes, while the price of a call with 

taxes will be lower than a call without taxes. This result is consistent with the tax-adjusted 

Black-Scholes equation.

M&P show that it is optimal for Canadian investors to liquidate their short equity option 

positions prior to the tax year-end, and reopen them in the new tax year (Milevsky (1996a)). 

They also show that in some circumstances American style options may sell for less than 

European style options, because of the different Canadian tax treatment of naked and covered 

positions.

M&P have looked into hedging using derivatives when the tax treatment is uncertain 

(Milevsky (1996b)). The cost of the hedge is increased in these circumstances, but M&P 

argue that this is due to the tax uncertainty, and should be compared to other legal expenses 

involved in resolving tax issues.

1.3 M otivation

It is useful at this stage to look at a simple numerical example, using a one-period binomial 

tree, and show why we need to develop a tax-adjusted scheme for pricing and hedging European 

options in the presence of taxes. We will look at the CRR situation, which assumes there are 

no taxes, and then show that when we look at this classical hedge on an after-tax basis, we are 

no longer perfectly hedged.

Let us assume that the stock price when we write the call option is £100, and its strike 

price is also £100. When the option expires one year later we will assume that the stock can 

be either £110 or £90 (so the payoffs are £10 and £0, respectively). We will assume a constant 

risk-free rate of 5% for the life of the option.

In the CRR environment we compute the amount of stock (the delta) and holding in the 

riskless asset (the bond) that we need at the start of the option’s life, such that we will be

16



perfectly hedged when the option matures, whether or not the stock moves up to £110 or down 

to £90. The situation is illustrated in Figure 1.1.

Stock=110 

/  Payoff—10

Stock=100 

Delta—0.5 

Bond—42.857 

Option=7.143

\  Stock=90 

Payoff—0
Figure 1.1: One-period CRR binomial tree

Tax due to  th e  stock  transactions

Let us assume that the stock transactions are taxed at a rate of 25%.

In the scheme identified in Figure 1.1 we should hold 0.5 units of stock for the year. If the 

stock moves up we have a gain of £5 ( =0.5 x (110-100) ). If the stock moves down we have a 

gain of -£5 ( =0.5x (90-100) ). The resulting tax charges are £1.25 ( 0.25x5 ) and -£1.25 (

0.25 X (-5) ) respectively.

Tax due on th e  bond transactions

Let us assume that the bond transactions are taxed at a rate of 40%.

In the scheme identified in Figure 1.1, we sell £42.857 in bonds. These grow at the risk-free 

rate to £45, which is the amount we have to repay at the option’s expiry. The resulting gain 

is -£2.143 (=42.857-45). The resulting tax charge is -£0.8572 ( =  0.4 x (-2.143) ).

Tax due on th e  option

Let us assume that the option is taxed at a rate of 25%.

The gain to the option holder if the stock moves up is £2.587 ( =10-7.143 ). The gain if the 

stock moves down is -£7.143 ( =0-7.143 ). The resulting tax charges are £0.647 ( =0.25x2.587

17



) and -£1.786 ( =0.25 x (-7.143) ) respectively.

Overall

For the CRR hedge to work on an after-tax basis, for each state of the world (either an up move 

in the stock price or a down move), the tax charge on the hedge (the sum of the tax charges 

on stock and the bond) must equal the tax charge on the option.

Stock=£110 Stock=£90

Tax charge stock (£) 

Tax charge bond (£)

1.25

-£0.86

-£1.25

-£0.86

Tax charge hedge (£) 

Tax charge option (£)

£0.39 -£2.11

£0.65 -£1.77
Table 1.1: Tax charges for the hedge and option

We see from Table 1.1 that the tax-charge for the hedge and the option are not equal for 

either the up state or the down state. Therefore, we require a tax-adjusted hedge to ensure 

that the two are equal for all states of the world.

We will now look at M&P’s work in more detail to see how they have approached the 

problem.

1.4 The M ilevsky and Prism an algorithm

This section describes the tax-efficient hedging algorithm advocated by M&P in Milevsky 

(1997), Milevsky (1997a), Milevsky (1996c), and Milevsky (1996).

The price defined is the hedging price of a European call option (see Section 1.2 for a 

definition of the hedging price). The analysis starts in a single period setting and is then 

extended, as with CRR, to a multiperiod setting. However, in contrast to the classical case 

the development of a multiperiod model with taxes is quite complicated. This is because the 

tax liability in the multiperiod model is path dependent. The main culprit is the stock, since 

the tax liability on the stock at a particular node at the end of the tree is calculated from the
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history of sales and purchases of the stock up to the final node, all made at various prices. The 

path-dependent nature means a non-recombining binomial tree has to be used.

Indeed, to demonstrate the fact that a classical delta hedge does not work with taxes, M&P 

show that the after-tax payoff from a call option at the final nodes in the classical tree, is 

generally not equal to the after-tax payoff from delta hedging with stock and bonds. In other 

words, a tax-mismatch arises as we saw in Section 1.3. The concept of the tax-mismatch forms 

the basis for the tax-adjusted hedging algorithm given in Chapter 2.

D efin ition  1.1: T he tax-m ism atch  at the final nodes o f th e  tree

tax-mismatch =  after-tax stock -f after-tax bond — after-tax call. (1.4)

At the moment it is not important to concern ourselves with how the individual quantities 

in (1.4) are calculated (although we looked at a numerical example in the single-period case 

in Section 1.3), but instead to recognise that the need for a tax-efficient hedging algorithm 

is motivated by the argument that the no-arbitrage condition at the final nodes on the tree, 

generally, does not hold on an after-tax basis.

1 .4 .1  N o ta t io n  for th e  n o n -reco m b in in g  tr e e

Consider a non-recombining binomial tree of iV-periods. The Cartesian coordinates for each of 

the nodes on the tree are represented by a vector (z,j) G Here i G {0,1,..., A"}, represents 

the period, and j  G {0,1,...,2* — 1} gives the specific node in the current period (see Figure 

1.2). We can use this notation to identify the stock, bond, and delta at node (%, j)  as , 

and respectively.

The unique node, prior to node (i, j) , is denoted by {i,j, —k). As an example, the node 

immediately prior to (3,0) in the tree above, is denoted (3 ,0 ,—1) =  (2,0). l i  k = —2, this 

would take us back two periods, and (3,0, —2) =  (1,0). This notation makes it easy to describe 

the entire path taken to a particular node.
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Figure 1.2: Co-ordinates for the non-recombining tree

1 .4 .2  A ssu m p tio n s

1. No transaction costs.

2. Short selling is allowed.

3. The stock pays no dividends,

4. One plus the interest rate, i2, stays constant over the life of the option.

5. The tax falls due at the final nodes of the tree.

6. The period does not traverse a tax year end, i.e., all transactions take place in the same

tax year.

7. Losses can be used to offset other gains. This means that even if a long call option expires 

worthless, an effective cash flow equal to the tax rate multiplied by the option premium 

(its price at t =  0) is received by the option holder, as he or she can offset this against 

other gains for tax purposes.

1 .4 .3  T ax  r eg u la tio n s

Delta-hedging the short call option means that the underlying security is being purchased and

sold many times at a variety of prices which creates a path dependent tax liability. In order to
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calculate the tax liability at the year-end, the total profit or loss must be calculated based on the 

adjusted cost basis (ACB) of the securities. When the security is bought or sold, the adjusted 

cost basis of the entire position must be recalculated to incorporate the new transaction price.

D efin ition  1.2: T he A djusted  C ost B asis (from M ilevsky 1996c),

VA(,„ >  0. (1.5)

is the adjusted cost basis at the current node, is the adjusted cost

basis at the previous node, ^{ij)  is the delta at the current node, is the delta at the

previous node and is the stock price at the current node.

Interpretation  o f th e  A CB

Equation (1.5) is given by M&P as the way to calculate the changing cost basis of the stock 

over the life of the hedge. The accounting treatment that is used to derive that equation is 

analogous to accounting for stock (“stock” as in items held in a warehouse) on a first-in-first-out 

basis. However, it is not clear to which countries’ tax laws the accounting treatment relates.

The ACB is a linear sum of all the past purchase and sales prices divided by the current 

holding (delta) in the security. When a sale takes place there will be either a profit or a loss 

on the position. A profit will result if a sale takes place and the current level of the security 

is greater than the current ACB. This will generate a tax liability that falls due at the end 

of the current tax year, which we assume coincides with the final node of the tree. If a sale 

takes place and the current level of the security is less than the current ACB, a loss is incurred, 

which can be used as a deduction against other taxable gains. The profit or loss incurred on 

each transaction is called the realised net gain (RNG), and it is defined more formally below.

D efin ition  1.3: T he R ealised  N et Gain (from M ilevsky 1996c),

RNG( îj) =  min[A(ij) -  A( ĵ _i)^0](AC'B îj _i) -  + RNG(^ij_iy (1-6)
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T he tax  liability  at th e  final nodes in th e tree

The tax liability at the end of the final time period, which is also the tax due date, on the 

hedged short call position is comprised of three elements:

1. The tax on the stock transactions which is represented by the realised net gain,

2. the tax on the premium received from the sale of the option less the payoff,

'^o(c(o,o) -

3. the reduction in the tax liability from the interest paid on the short bonds (this is a 

negative liability since the BiS are negative),

Tb (^{R -  1) B{N,j,-k)^ •

This gives a total tax liability of:

T s { R N G { ^ N j ))  +  To(C(0,0) -  C(ATJ)) + T& (^ {R  -  1)  ̂ • (1-7)

This tax liability (or rebate) is responsible for the tax mismatch at the end of the classical 

binomial tree, which was given in Definition 1.1.

1 .4 .4  T h e  ta x -e ff ic ie n t a lg o r ith m  o f  M ile v sk y  an d  P r ism a n

The classical hedge does not work with taxes when the RNG is given by Equation (1.6) and 

the ACB by Equation (1.5), and so M&P modify the binomial tree by adjusting the payoffs to 

incorporate the tax liability. The price defined is the hedging price of a short call option. All 

tax rates are assumed to be equal (i.e., the writer of the call pays his marginal tax rate on all 

transactions), so Ts = Tq = Tb = r.

Note that the following equations use the same node subscripts as found in Milevsky (1996c).
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This is done to ensure consistency between the exposition here and M&P’s work. It would be

clearer if, for example, were written as j _.^y

At all nodes prior to maturity we require:

~  ^  0 where z G {0,1,..., N  -  1}. (1.8)

The asterisk denotes the variable or security as being tax-adjusted.

At maturity the tax liability is explicitly incorporated into the system.

For an “up” movement in the stock price:

- T  - 1 )  (1-9)

= max -  K,0)  (1 -  r)  +

and for a “down” movement in the stock price:

^ * N - l , j ) ^ { N - l , j ) d  -  t {RNG<^n j )) +  ^ * N - h j )

/  / N - 1  \  \

- T  l^(^-l) +^dV-l,i) j  j

= max {S(^N-i,j)d -  K, 0 )  (1 -  r) +

At maturity, =  0 for 0 < j  < 2 ^  — 1, and so using Equation (1.6) M&P get:

RNG/^NJ) =  -  S {N, j) )  RNG(^fsj_ijy
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Equations (1.9) and (1.10) become, with this substitution:

+ ^ { V lj)  1) j  (1-11)

= max (5^;v-ij)^ -  -^,0) (1 -  %) + c*Q Q̂T,

and,

^ { N - i , j ) ^ { N - i , j ) d  +  r  (ACB(^_ij) -  S(^N-i , j)d)  ~  RN G /^ n - i j )^

+BÎN-iJi - r U R -  1) ( E  j  (1-12)

=  max — K,0) (1 — t) +  cJ,ojT.

Solving for they establish that:

max ( V - iJ > “ -AT,0) -  max (S(N-ij)d - K ,0 )

M&P point out that Equation (1.13) is the result found by Scholes: the delta does not 

depend on the tax position of the investor (Scholes (1996)). This only works in a one-period 

setting since the bond terms contain the tax bracket of the investor and this feeds into the 

deltas when moving back through the tree in the multiperiod model.

R(jv-ij) found from substituting (1.13) into (1.12) to give:

_  (m ax(^(^_ij)d  -  i^ ,0 )(l -  r )  +  c*q R*N-ij,-k}
-  ( r - r R + 1 )

(t  - t R +  1)

The price of the call option at nodes (N — l , j )  is given by the hedge portfolio:

^(N-IJ) =  (1-15)
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Problem s to  overcom e

There are two problems to overcome:

1. The initial price of the call option, c*qq̂ , is contained in the above expressions.

2. The and RNG(^N-i,j) &re functions of not only the current delta

but also of the previous deltas in each path. However these deltas are not known at 

the current time, and to find them we need to evaluate the current delta. This cannot 

be done because the current delta is a function of the previous deltas. The problem is 

therefore a circular one involving an unknown feedback mechanism.

The first problem is relatively easy to solve. The expression for c*q , which is found by 

working back through the tree, will be a function of itself and other variables (namely 

R, u, d, and N).  Consequently, finding c*qq̂  is simply a question of solving for the "fixed 

point”.

The second problem is a little more difficult to overcome. M&P advocate using the following 

dynamic routine:

1. Compute and by solving a single-period system of two equations and two

unknowns, expressing and B*.j^ in terms of the current RNG(^i^j)^

By  ■ and the yet to be determined c*q .

2. In the nodes {N — l , j ) , where j  = 0...2^~^ — 1, the next period’s tax liability is explicitly 

incorporated into the system of equations. In all the nodes prior to {N — 1, j) , the tax 

liability is implicitly contained in the variables.

3. Write RNG(^ij) and j) in terms of A*^  ̂ RNG{i j_i)  ^md AGB(^i^j_iy

4. Re-solve for and By^.^ in terms of the past RNG(^i^j_i), _i),

and the yet to be determined c*q .

5. Express the current cy .ŝ = Ay^.^S(^ij) + B y j y

6. Proceed backwards through the tree until the first node, at which we finally obtain that 

(̂0 0) “  ■ (̂‘̂ (0 0)) where the function F(-) should not contain any terms besides S'(o,o), R^ 

u, d, TV, and c*qq̂ .
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7. The final stage is to solve for the fixed point of the function F{-) and extract the tax- 

adjusted no-arbitrage equilibrium price of the option.

1.5 Analysis o f the M ilevsky and Prism an algorithm

1 .5 .1  T h e  b o n d  a t th e  final n o d es

The third term in Equations (1.9) and (1.10) is In the taxless binomial option pricing

model (Cox (1979)), this term is multiplied by R  (one plus the risk-free interest rate over a 

single period). Therefore, the bond term in the M&P algorithm should be multiplied by R, as 

the only other bond term in these equations, the fourth term, is the tax on the bond interest. 

This gives Equations (1.9) and (1.10) as:

- r  U  -  1) B (V i j,-.> +  )  (1 16)

=  max {S^N_ij)U -  K,  O) (1 -  r)  -F c*q

and,

^*N-i,j)^{N-i,j)d -  r{RNG(^M-i,j)) +  ^^{N-i , j)

-T  -  1) f  g  j,-.> +  )  (1-17)

=  max -  K,  O) (1 -  r) +  c*̂ o,o)'̂ -

Again substituting for and solving for we get:

(max{S(^N_ij)d -  AT,0)(1 - r ) - \ -  c*o ô)0 “  Z  B*^N-i,j,-k)

= ---------------------------------( T _ T E T ^ ) ----------- ---------------------

(t  -  tR-\- R)
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The only difference between Equation (1.14) and Equation (1.18) is the denominator, which 

is changed from (r — r R  +  1) to (r — t R  +  R). The delta remains unaffected and is given in 

Equation (1.13).

1 .5 .2  T h e  a d ju ste d  c o st  b ase  a n d  rea lised  n e t  g a in

The calculation of the tax on the bond and the call is relatively straightforward, but the tax on 

the stock is more complicated, and where the tax treatment is most likely to vary, say between 

different countries. The RNG and ACB given by Equation (1.5), are therefore the key features 

that incorporate the tax laws into the model.

Is there another way to calculate the profit (or loss) on the stock transactions? In Chapter 

2 we will look at another version of the RNG which is simpler to handle.

1 .5 .3  T h e  sy m b o lic  n a tu re  o f  M A P L E

M&P have implemented their algorithm using the symbolic computational language, MAPLE, 

in order to find a symbolic expression for the option price. The symbolic nature of this language 

has two advantages over a numerical one: the final expression for the call price can be obtained 

exactly, as opposed to the approximate solution that a numerical system produces; and the 

ability to represent values symbolically enables easy investigation into the sensitivity of the call 

price with respect to changes in its arguments. However, using a numerical routine does have 

three distinct advantages over a symbolic one: it is easier to implement; results are obtained 

much more quickly (in Chapter 2 we will see at worst a few minutes, whereas the symbolic 

approach can take hours) ; and being able to “see” the numerical values for the option delta, 

bond and call at each node on the tree, helps the user understand how the algorithm reaches 

the tax-adjusted option price.

1.6 Summary

There have been two attempts to value options in the presence of taxes: Scholes’ (Scholes 

(1976)) modification to the Black-Scholes equation, later extended by M&P to include dividends 

(Milevsky (1997a)), and M&P’s tax-efficient hedging algorithm (Milevsky (1997)). Scholes’
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analysis indicates that the effect of taxes is to increase the price of a put and decrease the price 

of a call, provided the income tax rate is greater than the capital gains tax rate. M&P do not 

give any indication of the effect of taxes on option prices in their approach, although they point 

out that the assumptions made by Scholes in developing his tax-adjusted Black-Scholes model 

are unrealistic. Indeed, it is one of the implications from Scholes’ work (Scholes (1996)), in 

particular that option values are unchanged by taxes if all marginal tax rates are equal, that 

M&P believe is responsible for the lack of research in the field.

M&P’s algorithm for valuing a call with taxes (Milevsky (1997)) uses a symbolic approach 

to overcome the two major hurdles that taxes introduce into option valuation in a binomial 

setting: the inclusion of the initial price of the option in the payoffs, and the feedback problem 

involving the calculation of the delta and bond amounts. The discussion of their algorithm has 

identified some issues that warrant further attention, as does the choice of a symbolic language 

to code the algorithm. In view of this, the next chapter presents an alternative tax-adjusted 

hedging algorithm implemented in C-H-1-, which values European calls and puts in the presence 

of taxes.

28



Chapter 2

The Tax-A djusted H edging Price of 

Options: A D ynam ic Program m ing  

Approach

2.1 Introduction

The previous chapter looked at M&P’s tax-efficient hedging algorithm. In this chapter we 

will develop an alternative tax-adjusted hedging algorithm. Before that, in Section 2.2, we 

discuss the aims of the thesis and define the option price that we are trying to find, being “the 

tax-adjusted hedging price”, and look at how this relates to the concept of a “tax-adjusted 

no-arbitrage price” . In Section 2.3 the tax-adjusted hedging algorithm is developed and results 

and numerical examples obtained using this algorithm form Sections 2.4 and 2.5. A method to 

obtain an approximation to the continuous-time option price, from discrete-time binomial tree 

prices, is presented in Section 2.6, and this allows tax-adjusted put-call parity to be examined 

in the context of prices obtained using the tax-adjusted hedging algorithm. Section 2.7 is a 

summary of the chapter.

The remainder of this section deals with some basic background information regarding 

options, which is included for completeness, and a basic guide to taxation.
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2.1.1 A ssu m e d  k n ow ledge  

O ptions

The fundamental principle which underpins the valuation of options and derivative securities, in 

general, is the no-arbitrage condition. If the payoff from a derivative security can be replicated 

by a portfolio of simple instruments, then the initial price of the derivative must be the same 

as the minimum cost of building the portfolio of simple instruments. If this were not the 

case, arbitrage profits could be made by buying the cheaper of the two (the derivative and the 

portfolio) and selling the other, since at payoff the two will give a combined profit of zero. The 

no-arbitrage principle states that such profits cannot be made.

The binomial model, CRR, is a simple, discrete-time approach to valuing derivative secu

rities. The life of the option is broken down into discrete time-steps, and the possible stock 

prices over this time form a binomial tree. At the end of the tree, the payoff from the option 

can be calculated. At the nodes prior to payoff the holdings in the underlying and a riskless 

security (a discount bond) can be found which replicate the payoff of the option. Using the 

principle of no-arbitrage, the price of the option at each node must be the same as the cost of 

the replicating portfolio at that node. By working back through the tree, the holdings in the 

underlying and bond at the first node can be found. The initial price of the option is equal to 

the initial value of this portfolio.

A basic guide to  tax a tio n

The following guide to taxation is not intended to be a comprehensive one, but instead aims to 

capture the general flavour of a generic tax system. The motivation behind this approach is 

to start from a relatively simple mathematical treatment of the tax laws, and to build in more 

complexity as we progress through the chapters. Even the simplified treatment of the tax laws 

adopted in this thesis proves demanding.

T axation  of stock  and  bonds. When a profit is made on a transaction it is subject to 

taxation. That is, a proportion of the gain is paid to the government. The proportion of the 

gain that is paid is called the tax rate. For example, if a person buys some stock for £100 and 

then sells it one year later for £120, they have made a gain of £20. If the tax rate is 25%, the
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tax on that transaction is £5 (0.25 x £20). This is an example of a capital gain, because stock 

transactions are of a capital nature. The gain here is uncertain; the stock could quite easily 

have decreased in value and the investor would have lost money on the transaction. Losses 

also have a tax implication (see below for more details).

Now consider if the person had instead used their £100 to buy a default-free bond with a 

face value of £100, a maturity of one year, and an annual coupon of 10% paid semi-annually. 

After one year the investor will have received £10 (two payments of £5) plus his/her initial 

£100 back as the bond is redeemed at its face value. This means the investor has made a gain 

of £10 which is subject to tax. This time the gain is income, since the investor was guaranteed 

to receive this amount as long as he/she held on to the bond until its maturity. The tax rate 

on this transaction may be 40%, which is higher than the capital gains tax rate of 25% because 

this is an income transaction, and this gives a tax charge of £4 (0.4x £10).

The two examples of stock and bond transactions here are very simple, but relevant to 

pricing options in the presence of taxes since we hold a portfolio of stock and bond when 

hedging a short option position. However, because dynamically hedging a short option with 

a portfolio of stock and bond means rebalancing the amounts of stock and bond held in the 

portfolio, the tax charge on this portfolio becomes more difficult to calculate than our simple 

examples above.

The tax on the bond simply relates to the interest paid on the bond, and this remains 

straightforward. The tax calculations involving the stock are more complicated, since when 

performing the hedge we are buying and selling different amounts of stock at a variety of 

different prices. This is why we need to define the Realised Net Gain, which was discussed in 

Chapter 1 and will be discussed further in this chapter, and why we need to value options using 

a non-recombining tree: the Realised Net Gain is path dependant.

T axation  of op tions We will be pricing European cash-settled equity options in the presence 

of taxes. We need to know not only the tax involved in hedging the option, but also the tax 

charges that relate to the option itself. For the writer of the option we have a gain, which is 

the premium received at the inception of the option, and a cost, which is the amount the writer 

has to pay to the option buyer at maturity. From these two amounts we can calculate whether
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the writer has made a profit or loss on the option, and hence determine the tax charge relating 

to it.

We will assume that the option is taxed as capital gains.

T he end  of th e  ta x  year. The tax year-end is the date in the year when the tax charge 

for that year is determined. We will assume throughout this thesis for simplicity that the tax 

charge is also payable on this date, although in reality it is usually due some time after the tax 

year-end.

To start with we will assume that the option is written in one tax year and matures at the 

tax year-end (when the tax is payable). In Chapter 4 we will relax this assumption and allow 

the option to be written in the first tax year and to expire in the second tax year. In this case 

we have to look at two tax charges, one for each of the two tax years.

Losses Generally speaking, when a loss is made on a transaction it can be used to offset gains 

on other transactions that the writer may have made. This means that the tax charge on the 

profits of the writer is reduced by an amount equal to the loss multiplied by the tax rate. In 

effect, the writer receives a rebate equal to the loss multiplied by the tax rate.

Again, it is worth stressing that this is an extremely simplified treatment of the tax laws, 

and is certainly not intended to capture every nuance of any particular country’s tax system.

2.2 The tax-adjusted no-arbitrage price and the tax-adjusted  

hedging price

It is important to establish what we mean by the phrase “tax-adjusted no-arbitrage” and to 

determine whether it actually makes any sense to define the tax-adjusted no-arbitrage price of 

an option. To do this let us first consider the no-tax CRR situation.

N o-tax  case

In the CRR environment we hedge the option by dynamically rebalancing a portfolio of stock 

and bond. No-arbitrage under these circumstances means that the value of the portfolio at
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each node on the tree is equal to the value of the option at that node. At maturity of the 

option we can write:

value of the hedging porfolio at maturity =  payoff from the option. (2.1)
' '  "        ' '  ^  ^  “ “  ■ ^

Long portfolio from perspective of writer Long option from perspective of buyer

We could also argue that the option writer should be perfectly hedged at maturity. We 

write this as:

value of the hedging porfolio at maturity — payoff from the option =  0. (2.2)V------------------------------------------ -̂---------------------------------------- /
Long portfolio and short option from perspective of the writer

It is obvious that the two equations above are equivalent, just written from differing per

spectives: (2.1) is written by considering the writer as being long the hedging portfolio and the 

buyer as being long the option, whereas (2.2) is written by considering the writer to be long 

the hedging portfolio and short the option. The two are equivalent because the writer’s short 

position in the option is exactly the same as the buyer’s long position.

T he tax-adjusted  case

If we are looking at the situation on an after tax-basis then the “after-tax no-arbitrage condi

tion” is:

after-tax value of the hedging porfolio at maturity =  after-tax payoff from the option.
Long portfolio from perspective of writer Long option from perspective of buyer

(2.3)

The “after-tax hedging condition” is: 

after-tax value of the hedging porfolio at maturity — after-tax payoff from the option =  0.
Long portfolio and short option from perspective of the writer

(2.4)

Now the long after-tax payoff from the option from the buyer’s perspective may not, in 

general, be the same as the short after-tax payoff from the writer’s perspective because the
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writer and the buyer may have different tax positions. (2.3) and (2.4) are equivalent only if 

we have the following condition:

C ondition  2.1: for equivalence of th e  a fte r-tax  no -arb itrage  and  a fte r-tax  hedging 

conditions The tax position of the buyer is the same as the tax position of the writer. This 

means that the writer and the buyer pay the same tax rates, have the same ability to use losses 

to offset gains and pay their tax on the same date.

If market participants have different tax positions it doesn’t make any sense to talk about 

“after-tax no-arbitrage” because we can’t define a price that precludes after-tax arbitrage op

portunities for all market participants. In view of this, to have an “after-tax no-arbitrage 

condition” and to define an “after-tax no-arbitrage price” we need a stronger condition than 

the one given above. This is the following condition:

C ondition  2.2: to  define an  “a fte r-tax  no -arb itrage  price” or “a fte r-tax  no -arb itrage  

condition” All market participants (buyers and sellers) have the same tax position.

Consequences

Throughout this thesis we will be looking at the after-tax position of the long hedge and short 

option from the writer’s perspective. We will therefore be finding the “tax-adjusted hedging 

price” of the option. This is the price that the seller assigns to the option such that he/she is 

perfectly hedged on an after-tax basis.

We can argue that this is the “tax-adjusted no-arbitrage price” of the option only if we 

make the assumption that all market participants have exactly the same tax position. With 

this assumption, using the phrase “after-tax no-arbitrage” is valid. However, is this a plausible 

assumption to make? It is perhaps unrealistic to assume that all market participants have 

the same tax position, especially when we consider whether losses can be used to offset other 

gains, as this is an extremely complex issue and likely to be market participant specific. That 

said, the original assumptions in Black-Scholes, including the assumption of no taxes, are also 

unrealistic.

As is stated above, the price that is defined in this thesis is the “tax-adjusted hedging price” 

of an option. Whether we can call this the “tax-adjusted no-arbitrage price” is dependent on
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whether we can make the assumption that all market participants have the same tax posi

tion. Throughout this thesis the phrases “tax-adjusted hedging price” and “after-tax hedging 

condition” will be used in most cases. If the reader wishes to make the assumption about 

the equivalence of the tax position of all market participants, then the reader can substitute 

“tax-adjusted no-arbitrage price” and “after-tax no-arbitrage condition” in their place.

On specific occasions it will be pointed out in the text the price that is being defined.

2.3 The tax-adjusted hedging algorithm  for European equity  

call and put options

The aim is to develop a tax-adjusted hedging algorithm that gives us the amount of stock (delta) 

and holding in bonds that we require at each node on the non-recombining tree (the tax on the 

stock transaction is path dependent) such that the option writer is fully hedged, on an after-tax 

basis, at the maturity of the option. That is, we aim to find the tax-adjusted self-financing 

hedging portfolio of stock and bonds at each node on the tree, where the tax-adjusted hedging 

price is the value of this portfolio at the initial node on the tree.

When the option writer is fully hedged at maturity, the following equation, which is the 

after-tax hedging condition as given by (2.4), is true for j  = 0,1,..., 2^  — 1:

ATS<̂ N,j) +  =  0, (2-5)

where ATS(^n j '̂ is the after-tax stock position, ATB^^j^ j'̂  is the after-tax bond position and 

ATO(^n j '̂ is the after-tax option position, at node (N,j) .  Now Equation (1.4) in Definition 1.1 

is:

(2.6)

where ^ { n j ) is the tax-mismatch at node {N,j).  So another way of satisfying the after-tax 

hedging condition is to require that the tax-mismatch be zero across the final nodes, i.e., that
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the following equation is true for j  =  0 , 1 , 2 ^  — 1:

(2.7)

The concept of the tax-mismatch and the requirement that it be zero across all the final 

nodes on the tree is fundamental to the operation of the tax-adjusted hedging algorithm.

E volution  o f th e  stock  price

It is worth pointing out at this early stage that we evolve the stock price in exactly the same 

manner as in CRR. The usual formula for an “up” and “down” move over one period are:

u = exp

d = exp

T

—O

(2.8)

(2.9)

where g is the annual volatility, T  is time to maturity of the option in years, and N  is the 

number of periods on the tree.

Therefore, the evolved stock price forms a recombining tree. The recombining stock price 

tree has to be superimposed on the non-recombining tree that we use to value the option. 

As an example, let us consider a two-period non-recombining tree. Over the first period, 

the stock price moves to <S'̂ i,o) =  ^{o,o)'  ̂ or =  <S'(o,o)̂ - Over the second period we

have iS'̂ 2,0) ~  *̂ (2,1) ~  *̂ (2,2) — *̂ (o,o) ^ ^ 5  ^nd <9̂ 2,3) ~  Of course,

»̂ {2,i) =  ^{2,2) =  *̂ (0,0)? so although we have four distinct nodes after two periods, the stock 

price is the same at two of them.

2 .3 .1  T h e  a fte r -ta x  payoffs from  th e  sto ck , b o n d  a n d  ca ll a t th e  fin a l n o d es

T he ta x  liability  on th e stock , bond and option  transactions at th e  final nodes on  

th e  tree

1. The tax on the stock transactions. We need to know the net profit (or loss) along each 

path on the tree due to the stock transactions and this is given by the realised net gain
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(RNG). The tax liability on the stock transactions is:

—Ts{RNG(^n j '̂ ).

The RNG is explained more fully below.

2. The tax on the bond transactions. We need to know the net profit (or loss) along each 

path on the tree due to the bond transactions. This is simply the sum of the interest paid 

or received on the bond holdings along a particular path on the tree. The tax liability 

on the bond transactions is:

3. The tax on the option transactions. We need to know the net profit (or loss) on the 

option transactions. For a long option position, the net profit is given by the payoff 

minus the initial cost of the option. The tax liability on the long option position is:

-ro(X(AT,j) -  ^(0,0) )-

The reason why the tax liability for the option has been given on a long option position, 

whereas we need it in terms of a short position, is because of the way Equation (2.6) 

is written; we define in terms of a long option position, so — j),  as it

appears in (2.6), represents the after-tax short option position.

We will now formally define the after-tax positions in the stock, bond and option at the 

final nodes on the tree.

D efin ition  2.1: T he A fter-T ax Stock payoffs at th e  final nodes, ATS(yyj)

=  ^ { N , j , - l ) S { N , j )  -  Tg(RA G (jyj)). (2.10)
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D efin ition  2.2: T he A fter-T ax Bond payoffs at th e  final nodes,

= RB{N,j,-i) -  n  (^{R - 1)

D efin ition  2.3: T he A fter-T ax O ption payoffs at th e  final nodes, ATO<^N,j>

ATO(^N,j) =  (1 — '^o)A^7Vj) +  ToA(o,o), (2.12)

where X  is the generic notation for an option, either a European put or call.

It is important to remember that we are defining the tax-adjusted hedging price of the 

option. Definitions 2.1, 2.2 and 2.3 all relate to the writer of the option holding the hedging 

portfolio of stock and bonds, and a short position in a call option written on the stock. There

fore, the tax rates and assumptions about the deductibility of losses, all relate to the writer 

of the option. The after-tax payoff from the option given in (2.12) is for a long position in 

the option, and looks as though it relates to the buyer of the option, since the buyer would 

receive the payoff multiplied by one minus the tax rate, plus a rebate given by the premium paid 

multiplied by the tax rate. However, as we explained above when discussing the tax liability 

on the option, when Equation (2.12) is substituted into the tax-mismatch equation, (2.6), the 

negative sign correctly specifies the short option position that the writer holds.

2 .3 .2  T h e  rea lised  n e t  g a in

The RNG is the key quantity that incorporates the tax treatment into the model, since this 

determines the tax on the stock transactions. Here we use a RNG that is intended to capture 

the marked-to-market method of recording the profit or loss, which, certainly in the UK, seems 

to be the most reasonable way to calculate the profit or loss on the stock transactions while delta 

hedging an equity option. With this method, a profit or loss is generated on each movement 

of the stock price.
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D efin ition  2.4: T he m arked-to-m arket realised net gain,

yN
RNG^^J) -  {^{Nj-k+l) -  S{N,j-k)) (2.13)

From now, when we refer to RNG in the text or RNGi^ij^ in an equation, we will mean this 

marked-to-market version.

2 .3 .3  T h e  after-tcix  h ed g in g  c o n d itio n  for th e  ta x -a d ju s te d  d e lta s  an d  b o n d s

Let us denote the unique^ tax-adjusted deltas and bonds as and B*ijy where i =

0,1,..., — 1 and j  = 0 ,1 ,...,2^  — 1, such that the after-tax hedging condition, as specified

by Equation (2.5), is satisfied . Substituting for (2.10), (2.13),

(2.11) and (2.12) in (2.5), we get:

0 =  - '^sY^^^^^ \N ,3-k)[^{N,j -k+l) -S(^N,j -k) )  (2.14)

-  n  ( {R - 1) ( E w :  S (V .,,_ „ ) )

- (1  -  -  ToXj) 0)

As with the no-tax CRR case, the self-financing property of the hedging portfolio means

that we have the following relationship between the portfolios at connected nodes (%, j, —1) and

• (2-15)

Of course, the initial tax-adjusted hedging price of the option is given by:

"̂ (0,0) — ■̂ (0,0) *̂ (0,0) +  -̂ (0,0) • (2.16)

 ̂Chapter 3 deals with the question of uniqueness. For now we will assume that we have unique tax-adjusted 
deltas and bonds.
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2.3.4 T he afker-tax hedging condition for eirbitrary deltas and bonds

In general, for deltas and bonds other than and the after-tax hedging condition

will not be satisfied across all the final nodes on the tree. Let us denote these deltas and bonds 

by Â  ̂ and where Equations (2.14), (2.15) and (2.16) become:

^ { N , j )  =  -  Ts ^ \ N , j , - k )  { B { N , j - k + l )  -  B{N, j , -k) )  (2-17)

-1) “  (^{R -  1)

- (1  -  To)%(Arj) -

f  0,

and

Â (o,o) — ' (̂0,0)‘̂ (0,0) + -®(o,o)- (2-19)

A tw o-period exam ple

Figure 2.1 shows a two-period tree and the tax-mismatch across each of the final four nodes. 

We can immediately see why we need a non-recombining tree since the tax-mismatches at nodes 

(2,1) and (2,2), equivalent in the no-tax CRR tree in the sense that they are both zero, are 

clearly distinct in our taxable environment.
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(2 , 0)

/
(1, 0) \

/  (2, 1)

(0 , 0)

\  (2, 2)

(1, 1) /

\

(2 ,3 )

^(0,0) (*̂ (1,0) -  S{0,0)) +  ^(1,0) {*̂ (2,0) -  5'(i,o))

+^^(1,0) - n { R -  1) (^(0,0) +  ^ a ,0 ))  “  (1 “  To)X(2,0) -  Tc^|}) 0)

^ 2 , 1 >  -  ^ (1 ,0 ) *^(2,1) -  Tg [A^o.O) ( ‘̂ (1,0) -  % ,0 > ) +  ^ (1 ,0 ) ('^(2,1) “  "^(1,0) ) 

+■^^(1,0) - n { R -  1) (^(0,0) +  ^(1,0>) “  (1 “  To)%(2,l) -  Tc^{o_o)

1̂'1<2,2> — ^(1,1) *̂ (2,2) "7" 6 ^(0,0) (' (̂1.1) “  ‘̂ (0.0)) +  ^(1,1) [S{2,2) -  '5(1,1))

+^^?1,1) - n { R -  1) (^(0,0) +  ^ a ,l) )  “  (1 “  '^o)X(2,2) - 0)

^ 2 , 3 >  -  ^(1,1) 5(2,3) -  (5(1,1) -  5(0,0)) +  A^i i) (5(2,3) -  5(1,1))

+^^(1,1) - n { R -  1) (^(0,0) +  -^ a ,l))  ~  (1 “  To)A'(2,3) -  Tc%g) 0)

Figure 2.1: A two-period tree with the tax-mismatch at the final nodes 

2 .3 .5  T h e  ta x -a d ju s te d  h ed g in g  a lg o r ith m

In the previous two sections we have looked at the unique tax-adjusted deltas and bonds, A*̂  

and B*. , that satisfy the after-tax hedging condition at the final nodes so the tax-mismatch

is zero across all of these nodes, and arbitrary deltas and bonds, Â  ̂ and where the

after-tax hedging condition is not satisfied at the final nodes so the tax-mismatch is not equal 

to zero across all these nodes. How do we get from our arbitrary deltas and bonds, A^ 

and to our unique tax-adjusted delta and bonds, A*̂ ^̂  and and hence the

tax-adjusted hedging price of the option? One method is to use the algorithm that is given 

below.

The basic idea behind the algorithm is to form adjusted payofis for the option which are 

used to compute new bonds and deltas in the tree using the usual CRR recursive procedure. 

The tax-mismatch is used to provide feedback and to adjust the payoffs.
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T he algorithm

1. Set p =  0.

2. Form the synthetic payoff the iteration from the previous synthetic payoff

minus the previous tax-mismatch.

(a) If p > 0, where j  = 0 , 1 , 2 ^  -  1.

(b) If ^ =  0, — ^N,j)  ~  ) where j  = 0,1,..., 2^  — 1.

3. Using the normal recursive procedure as in CRR, work back through the tree computing 

the delta and bonds at each node.

where i =  1,2, . . . ,N — 1 and j  = 0,1, ...,2* — 1.

4. Form the tax-adjusted hedging price of the option at the initial node for the iteration.

(a) -̂ 5̂) 0) “  ^ ( 0,0) *̂ (0,0) +  -S[o,o)-

5. Form the tax-mismatch using the deltas and bonds computed in Step 3.

(a) .J =  A T S f^  .̂  + A T B l^  .̂  -  AT O f^  .y

6. Test whether the tax-mismatch has been reduced to zero across all the final nodes. If it 

has, we have found the unique tax-adjusted delta and bonds and hence the tax-adjusted 

hedging price of the option.

(a) If = 0 Vj, then =  A .̂^  ̂ and for 2 =  0,1, . . . ,N  -  1 and

j  = 0,1,..., 2* -  1, and End.

(b) Else g = g -\-l. Return to Step 2.

N otes to  th e algorithm

1. For p =  0 the synthetic option payoffs are simply the normal CRR option payoffs. Conse

quently, A^. ^̂  =  A g^^ and B^. .ŝ = where % =  0,1,..., iV - 1  and j  =  0,1,..., 2* -  1,

and =  ^(o'of • superscript C R R  indicates no-tax CRR quantities.
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2. When computing the tax-mismatch in Step 5, the option payoffs that are used are the 

classical CRR payoffs, as shown, for example, in Equation (2.14), and not the

current synthetic payoffs,

3. For a European call option, =  max [5'̂ at,;) — O] , and for a European put,

X(N,j) = max [K -  .

Tax-adjusted option  prices at th e  in term ediate nodes

In the classical CRR case the no-arbitrage price of the option at an intermediate node (i,j) 

(where i = 1,2,..., jV — 1) is given by the value of the hedging portfolio at this node. In the tax- 

adjusted model this is not the case; the hedging portfolio at an intermediate node is specified 

on a pre-tax basis and so does not represent the tax-adjusted option price at that node.

The tax-adjusted hedging price at an intermediate node on the tree is equal to the price 

obtained by applying the tax-adjusted hedging algorithm to that node, i.e., by treating the 

intermediate node as the initial node. Therefore, at node (z,j) where i = 1,2, ...,7V — 1, the 

tax-adjusted hedging price is given by:

% ) = 4 o , o ) .  (2-20)

where is the tax-adjusted hedging price, the tax-adjusted initial price of an

option obtained by applying the tax-adjusted hedging algorithm with the following parameter 

adjustments:

N = N  — i
T

T =

'(0,0) ~  % j) '

It is as if we sell the option at the intermediate node and hedge it until maturity in the 

usual (tax-adjusted) way.
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2.4 The results obtained from a C -\—|- im plem entation of the  

tax-adjusted hedging algorithm

The tax-adjusted hedging algorithm has been implemented in C+-t- using a 633Mhz, 512MB 

Pentium III PC.

M em ory requirem ents and speed o f com putation

The algorithm is very demanding of memory since we have to store all the values in the tree 

for the stock, delta, option and bonds, and store the RNG at the final nodes in the tree. The 

size of each of the arrays for these variables therefore increases exponentially with the number 

of periods used, because the tree is non-recombining.

The speed of computation slows with an increase in the number of periods because the 

time taken to perform one iteration to adjust the payoff and compute the bonds and deltas is 

increased. The total number of iterations required to achieve convergence stays more or less 

the same as the number of periods increases, assuming all other parameters are unchanged.

Table 2.1 shows the number of iterations required for the algorithm to converge and the 

CPU time taken as the number of periods increases. The parameters used were: S  = K  = 

100,r  -= 0.05,(7 = 0.25,T  =  1,T5 =  0.4, Tg =  0.3, =  0.2.
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Periods, N Iterations required to converge, g CPU time (s)

1 -  14 < 9 < 1

15 8 1

16 8 2

17 8 5

18 8 10

19 8 20

20 8 40

21 8 80

22 9 180

> 23 Memory requirements too great NA
Table 2.1: Number of iterations and time taken for algorithm to converge 

2 .4 .1  R esu lts:  an  o v erv iew

The results in this section are presented in Tables 2.2 and 2.3 and Figures 2.2 to 2.7. The 

tax-adjusted hedging algorithm has been used to examine the following three cases:

Case 2.1: T he bond is taxed  cis incom e and th e stock  and option  are tcLxed as 

capital gains

Tb =  Ti and Ts = To = Tcgt where T% > Teg- If the option is written and hedged in the same 

tax-jurisdiction, this is the most likely situation in which the stock, bond and option would be 

taxed at different rates.

Case 2.2: T he option  and th e hedge are taxed  at different rates

Ts = Tb To- This could occur if the option is written in one tax-jurisdiction and hedged in 

another.
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Case 2.3: T he bond and option  are taxed  as incom e and th e  stock  is taxed  as 

capital gains

Tb = To = Ti and Ts =  Tcgi where Ti > Teg. This situation is not very likely since the option is 

likely to be taxed as capital gains. However, this scenario is included because in Scholes (1976) 

it is assumed that the option is taxed as income when deriving the taBS equation.

Tax rates ITM call (K=80) ATM call (K=100) OTM call (K=120)

Tb Ts To Price % diff CRR Price % diff CRR Price % diff CRR

0 0 0 25.4191* 0.0 12.4876* 0.0 4.92731* 0.0

0.25 0 0 24.642 -3.1 11.882 -4.8 4.5861 -7.0

0.4 0 0 24.1722 -4.9 11.5221 -7.7 4.38745 -11.0

0.25 0.25 0.25 25.4191 0.0 12.4876 0.0 4.92731 0.0

0.4 0.25 0.25 24.7981 -2.4 12.0025 -3.9 4.65334 -5.6

0.4 0.4 0.4 25.4191 0.0 12.4876 0.0 4.92731 0.0

0 0 0.25 25.0124 -1.6 12.2878 -1.6 4.84849 -1.6

0 0 0.4 24.6186 -3.1 12.0943 -3.1 4.77215 -3.1

0.25 0.25 0 25.7328 +1.2 12.6417 +1.2 4.98813 +1.2

0.25 0.25 0.4 25.1129 -1.2 12.3371 -1.2 4.86796 -1.2

0.4 0.4 0 25.9248 +2.0 12.736 +2.0 5.02535 +2.0

0.4 0.4 0.25 25.6695 +1.0 12.6106 +1.0 4.97585 +1.0

0.25 0 0.25 24.3416 -4.2 11.7371 -6.0 4.53019 -8.1

0.4 0 0.4 23.7007 -6.8 11.2974 -9.5 4.30186 -12.7

0.4 0.25 0.4 24.5562 -3.4 11.8855 -4.8 4.60795 -6.5
Table 2.2: Tax-adjusted call option prices obtained from the tax-adjusted hedging algorithm 

^Indicates CRR price
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Tax rates ITM put (K=120) ATM put (K=100) OTM put (K=80)

n Ts To Price % diff CRR Price % diff CRR Price % diff CRR

0 0 0 19.0748* 0.0 7.6105* 0.0 1.51743* 0.0

0.25 0 0 20.1426 +5.6 8.17904 +7.5 1.67969 +10.7

0.4 0 0 20.8061 +9.1 8.53768 +12.2 1.78464 +17.6

0.25 0.25 0.25 19.0748 0.0 7.6105 0.0 1.51743 0.0

0.4 0.25 0.25 19.9252 +4.5 8.06245 +5.9 1.646 +8.5

0.4 0.4 0.4 19.0748 0.0 7.6105 0.0 1.51743 0.0

0 0 0.25 18.7697 -1.6 7.48876 -1.6 1.49315 -1.6

0 0 0.4 18.4742 -3.1 7.37085 -3.1 1.46964 -3.1

0.25 0.25 0 19.3103 +1.2 7.70444 +1.2 1.53615 +1.2

0.25 0.25 0.4 18.8451 -1.2 7.51882 -1.2 1.49915 -1.2

0.4 0.4 0 19.4544 +2.0 7.76192 +2.0 1.54762 +2.0

0.4 0.4 0.25 19.2627 +1.0 7.68546 +1.0 1.53237 +1.0

0.25 0 0.25 19.897 +4.3 8.07931 +6.2 1.65921 +9.3

0.4 0 0.4 20.4002 +6.9 8.37112 +10.0 1.74983 +15.3

0.4 0.25 0.4 19.7309 +3.4 7.98381 +4.9 1.62995 +7.4
Table 2.3: Tax-adjusted put option prices obtained from the tax-adjusted hedging algorithm 

^Indicates CRR price

N otes to  Tables 2.2 and  2.3

1. The following parameters were used: =  15,5 =  100, r  =  0.05, cr =  0.25, T  =  1.

2. The top six rows contain the results relating to Case 2.1.

3. The following six rows contain the results relating to Case 2.2.

4. The bottom three rows contain the results relating to Case 2.3.

Notes to Figures 2.2 to 2.7:

1. Figures 2.2 and 2.5 contain results relating to Case 2.1 for a call and put respectively.
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2. Figures 2.3 and 2.6 contain results relating to Case 2.2.

3. Figures 2.4 and 2.7 contain results relating to Case 2.3.

4. In Cases 2.1 and 2.3 there is the following restriction on the tax rate: T% > Teg- Figure 2.2,

2.4, 2.5 and 2.7 do not include this restriction and show the whole option price surface,

5. The diagonal line along the surface that corresponds to the tax rates all being equal, in 

each of the figures, indicates the CRR price of the option.

6. ITM stands for “in-the-money”; OTM stands for “out-of-the-money” ; ATM stands for 

“at-the-money” .

K ey results contained in Tables 2.2 and 2.3 and Figures 2.2 to  2.7

Option prices produced by the tax-adjusted hedging algorithm show the following:

1. When Th = Ts = To, Â <o,o> ~

2. Case 2.1 and Case 2.3

(a) When c:;,o,o> < and

(b) For both puts and calls the relative price difference (cf CRR) increases as we move 

from ITM through ATM to OTM options.

3. Case 2.2

(a) When =  r^, %<o,o> <

(b) When < T& =  Tg, %<o,o> >

(c) In both 3a and 3b the relative price differences (cf CRR) stay constant whether the 

option is a call or a put or whether it is ITM, ATM or OTM.
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Figure 2.2; ATM call option price as a function of the bond tax rate and the stock/option
tax rate

a>u•Ca
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Figure 2.3: ATM call option price as a function of the option tax rate and the stock/bond
tax rate
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Figure 2.4: ATM call option price as a function of the stock tax rate and the option/bond
tax rate
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Figure 2.5: ATM put option price as a function of the bond tax rate and the stock/option
tax rate
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Figure 2.6: ATM put option price as a function of the option tax rate and the stock/bond
tax rate
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Figure 2.7: ATM put option price as a function of the stock tax rate and the option/bond
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2.5 Numerical exam ples

It is useful to look at some numerical examples to explicitly show the tax-adjusted deltas and 

bonds in the tree, and to confirm that the after-tax hedging condition is satisfied.

2 .5 .1  A  co m p a riso n  o f  th e  ta x -a d ju s te d  tr e e  w ith  th e  C R R  tr e e

If we compare the values for the option delta and bond, and the option prices in a tax-adjusted 

tree with a CRR tree, we can gain some insight into how the tax-adjusted hedging algorithm 

described in Section 2.3.5 modifies these values throughout the tree to produce a tax-adjusted 

hedging price for the option. Figure 2.8 shows the stock, delta, bonds and option price in a 

two period tree for a call and a put for the tax-adjusted and CRR cases.

N otes to  Figure 2.8

1. The following parameters were used: N  = 2, S  = K  = 100, r  =  0.05, cr =  0.25, T  = l,Tb = 

0.4, Tg = To = 0.25.
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a. N o-tax call

119.336
1

- 97.531
2 1 .8055

100
0.613551
- 50 .1442

1 1 . 2 1 1

83.7967

97.531
13.7343

\ 8 3 .7967\ 0
0
0

c. N o-tax put

119.336
0

t 0/ 0

100
- 0 .3 8 6 4 4 9
44 .9788
6.33391

142,412
0
0

42 .119

100
0
0
0

100
0
0
0

70 ,2189
0
0
0

142.412
0
0
0

100
0
0
0

100
0
0
0

7 0 .2189
0
0

29.7811

b. W ith-tax call 142.412

4 1 .6 6 5

100

- 0 .7 4 6 9 4 3

100

- 0.250691

70.21

- 0.250691

1 42 .412
W ith-tax put

0 .2 3 8 0 7 6

100

0 .2 3 8 0 7 6

100

0 .7 3 4 3 2 8

70 .2 1 8 9

3 0 .5155

0 .2 3 2 1 9 8
0 .2 3 2 1 9 8

119.336

100
- 0 .4 0 0 0 6 7

46 .7903
6 .78358

9 8 .2472
14.4505

83 .7967

- 0 .2 4 4 5 0 2
- 0 .2 4 4 5 0 2

83 .7967

■98 .2595
2 1.077

19.336

100 
0 . 599933 
- 4 9 .2 6 9 6  
10.7237

Figure 2.8: Tax-adjusted delta, bonds, and option values in a two period tree compared with CRR

We can see from Figure 2.8 that the synthetic tax-adjusted payoff^ from the with-tax call 

is slightly lower when compared to the no-tax call (Figures 2.8a and 2.8b), and the synthetic 

tax-adjusted payoff from the with-tax put is slightly higfier when compared to the no-tax put 

(Figures 2.8c and 2.8d). Moreover, when the call (put) finishes out-of-the-money the with-tax 

tree shows a slight negative (positive) payoff. The decreased (increased) payoff for the call 

(put) explains why its price on the initial node is lower (higher) than in the CRR case.

■̂ The term “synthetic tax-adjusted payoff” refers to the adjusted payoff that is produced by the algorithm  
such that the hedging portfolios satisfy the after-tax hedging condition across the final nodes on the tree.
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It is also interesting to note that the delta is unchanged as a result of the modified payoffs 

when the option finishes out-of-the-money. At the initial node on the tree, the long (short) 

delta decreases (increases) for a call (put).

Figures 2.8b and 2.8d also show explicitly how taxes introduce path-dependency to the tree. 

For both these two trees, the middle two states in the final period, show different payoffs for the 

option. In the CRR case, these two states are identical given that there is no path dependency.

R isk -n eu tra l valuation

In the CRR setting it is possible to calculate the option price by using risk-neutral valuation. 

In this case, the initial price of the option is found by discounting its expected future payoff, 

where the expectation is taken under the risk-neutral measure. Given the tax-adjusted hedging 

algorithm operates in a CRR environment by using synthetic tax-adjusted payoffs to calculate 

the tax-adjusted hedging price, applying the CRR risk-neutral probabilities to the adjusted 

payoffs will give us the tax-adjusted option price at the initial node:

(2 .21)

where is the tax-adjusted price of the option (a European put or call), 1 /R ^  is the

discount rate over the life of the option, represents the synthetic tax-adjusted payoffs

from the option at the final nodes, and E^[-] is the expectation operator where the expectation 

is taken under the same risk neutral measure as in the CRR case.

Exam ple Using the parameters used to produce the trees given in Figure 2.8 we get:

u = exp{ay/T/N) = 1.193365

d = exp(-(7\/T /N ) =  0.837967

R  =  exp(r-^) =  1.025315 
^  N
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The risk neutral probability of an “up” move is given by Cox (1979):

7T =  =  0.527151 (2.22)
u — d

The tax-adjusted value of the call shown in Figure 2.8b is given by (2.21):

<o,o> =  ^ (4 1 .6 6 5 7 r^ - (0.746943+ 0.250691)(1 - 7 t)t - 0.250691(1 -7r)2)

=  10.723675

We see from the Figure 2.8b that the value of the call at time zero is 10.7237 currency units.

This analysis confirms that the tax -adjusted hedging algorithm described in Section 2.3.5 

does exactly what it is intended to do: it adjusts the payoffs from the option so that the hedging 

condition holds on an after-tax basis. In other words, the tax-mismatch given by Equation

(2.6) is zero across all the final nodes on the tree. The risk-neutral probabilities are exactly 

the same as those on the corresponding CRR tree, and to value the option using risk-neutrality 

we can discount the expectation of the adjusted payoffs under this measure. The problem is 

how to determine these adjusted payoffs, and this is achieved by using the iterative procedure 

given in Section 2.3.5.

2 .5 .2  T h e  a fte r -ta x  h ed g in g  c o n d it io n  an d  th e  h e d g in g  p o r tfo lio  

A num erical exam ple o f th e  after-tax  hedging condition

We can work through the calculations to show explicitly that the model produces a hedging 

portfolio that is equivalent to the option payoff at the final nodes, on an after-tax basis, for 

Figure 2.8b.

Let us calculate the after-tax position on the stock transactions. We first need to calculate 

the RNG at each of the final nodes in the tree, and to do this we use the following equation:

RNG(^N,j) = 'Y2k=i _fc)) (2.23)
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The RNGs at the final nodes are:

RNG(^2,o) -  0.600(119.336 -  100) +  1.000(142.412 -  119.336) =  34.678;

RNG(^2,i) = 0.600(119.336 -  100) +  1.000(100 -  119.336) =  -7.734;

R N G (̂ 2,2) = 0.600(83.797 -  100) +  0 =  -9.722;

RNG(^2,3) =  0.600(83.797 -  100) +  0 =  -9.722.

The after-tax stock (ATS) positions are given by the following equation:

= ^*N,j-l)^{N,j) -  'TsiRNGf^Nj)) (2.24)

At the final nodes the ATS positions are:

A T S (̂2,0) = 1-00 X 142.412 -  0.25 x 34.678 =  133.743;

A T S (̂2,1) = 1.00 X 100 -f 0.25 x 7.734 =  101.934;

A T S (̂2,2) = 0.000 X 100 +  0.25 x 9.722 =  2.431;

ATS(^2,3) = 0.000 X 70.219 +  0.25 x 9.722 =  2.431.

Now let us calculate the after-tax bond (ATB) positions at the final node. The first step

is to calculate the total bond interest (BI) for each path. The equation for bond interest is:

BliNj) = { R - l )  ( E l l  (2.25)

The values calculated for tree 2.8b are:

B I (2,0) = ( exp (0.5 X 0.05) -  l)(-49.270 -  98.260) =  -3.735;

BI{2,i) = (exp (0.5 X 0.05) -  1)(-49.270 -  98.260) =  -3.735;

BI{2,2) = (ex p (0.5 X 0.05) -  l)(-49.270 -  0.244) =  -1.253;

B I {2,3) = (exp (0.5 X 0.05) -  1)( - 4 9 . 2 7 0  -  0.244) =  -1.253;
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The ATB positions at the final nodes are given by the following equation:

(2.26)

For tree 2.8b we find,

A T B (2,0) =  -9 8 .2 6 0 X exp (0.5 x 0.05) +  0.4 x 3.735 =  -99.253; 

A T B (2 ,1 ) =  -98 .260  X exp (0.5 x 0.05) +  0.4 x 3.735 =  -99.253; 

ATJ5(2,2) — —0.244 X exp (0.5 x 0.05) T  0.4 x 1.253 =  +0.250;

ATB(2 ,3) =  - 0 . 2 4 4 X exp (0.5 x 0.05) +  0.4 x 1.253 =  +0.250.

Now we need to find the after-tax call (ATC) positions at the final nodes. These are given 

by the following equation:

ATC(^N,j) =  (1 -  '^c)C{N,j) +  TcC(0 0)

For tree 2.8b we find,

ATC(2,o) =  0.75 X 42.412 +  0.25 x  10.724 =  3 4 . 4 9 0 ;  

ATC(2,i) =  0 +  0.25 X 10.724 =  2.681;

ATC7(2,2) =  0 +  0.25 X 10.724 =  2.681;

ATC(2,3) =  0 +  0.25 X 10.724 =  2.681.

For the hedging condition to be satisfied on an after-tax basis, we want the following equation 

to hold across the final nodes:

=  ATC(^N,j)
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Substituting the values into the above equation we get:

133.743 -  99.253 

101.934 -  99.253

2.431 +  0.250

2.431 +  0.250

34.490 -  ATC(2,o>; 

2.681 =  ATC(2,i>;

= 2.681 =  A T C (2,2>;

=  2.681 =

We have demonstrated explicitly that the call price given by the algorithm is consistent with 

the after-tax hedging condition.

A n explicit exam ple showing th e  op era tio n  of th e  hedging portfolio

It is useful to explicitly go through the numbers at the final nodes to show that the writer of the 

option is fully hedged on an after-tax basis. We again use the tree given in Figure 2.8b, and 

consider each of the final nodes in turn. The payments due from the option writer at maturity 

are listed on the left side, and the receipts due to the writer on the right side. Examples of the 

calculations can be found in the previous section.

N ode <2,0>

D e s c r i p t i o n  o f  p a y m e n t V a l u e D e s c r i p t i o n  o f  R e c e i p t V a l u e

Payoff from option 42.41 Tax rebate from option 7.93

Repayment of bonds 100.75 Tax rebate on bonds 1.49

Tax due on stock transactions 8.67 Liquidation of stock 142.41

Total 151.83 Total 151.83

N ode <2,1>

Payoff from option 0.00 Tax rebate from bonds 1.49

Repayment of bonds 100.75 Tax rebate from stock transactions 1.94

Tax charge on option premium 2.68 Liquidation of stock 100.00

Total 103.43 Total 103.43
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N ode < 2 ,2>

Payoff from option 0.00 Tax rebate from bonds 0.50

Repayment of bonds 0.25 Tax rebate from stock transactions 2^3

Tax charge on option premium 2 j# Liquidation of stock 0.00

Total 2.93 Total 2.93

N ode <2,3>

Payoff from option 0.00 Tax rebate from bonds 0.50

Repayment of bonds 0.25 Tax rebate from stock transactions 2.43

Tax charge on option premium 2^3 Liquidation of stock 0.00

Total 2.93 Total 2.93

We can see from the above analysis that the option writer is perfectly hedged (i.e., the 

payments made at maturity match the receipts exactly), on an after-tax basis, if they follow 

the trading strategy advocated in Figure 2.8b.

We can also see from this analysis that the values at the final nodes for the call option, the 

synthetic tax-adjusted payoffs, are purely there to establish the delta and bond amounts in the 

tree and do not represent an actual after-tax payoff from the option. This is the reason why 

they are called the synthetic tax-adjusted payoffs.

2.6 A  numerical approxim ation to  the continuous-tim e price of 

an option and tax-adjusted put-call parity

It is possible to obtain an approximation to the continuous-time price of an option from the 

discrete prices calculated using binomial trees. With an approximation to the continuous-time 

option price, we can examine tax-adjusted put-call parity.
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2 .6 .1  A  c o n tin u o u s-tim e  p rice  a p p ro x im a tio n  fro m  d isc r e te  t im e  p r ices

Using CRR, if we plot a graph of option price as a function of even periods and option price as 

a function of odd periods on the same axes, we see that each graph appears to converge to some 

value as the number of periods increases: odd periods converge from above and even periods 

converge from below. We know in the CRR case that the limiting price as the number of periods 

goes to infinity is the BS price, since CRR is the discrete-time precursor to the continuous-time 

BS model. Figures 2.9 and 2.11 show this for a CRR call and put respectively. If we take the 

two prices we have at any one period, one on the even period plot and the other on the odd 

period plot, and average them, we should obtain a price that is close to the BS price, assuming 

that the two plots converge at the same rate. Thus, we can obtain an approximation to the 

continuous-time price from discrete-time prices. We will explain this method more formally 

below.

Figures 2.10 (call) and 2.12 (put) show the variation in option price with odd and even 

periods for the tax-adjusted case. We can see that these graphs are very similar to the CRR 

cases, and the plots appear to converge to some value as the number of periods increases. 

Therefore, we should be able to apply the same method, as advocated with CRR, to obtain 

continuous-time price approximations in the tax-adjusted case.

N otes to  Figures 2.9 to  2.12

1. The following parameters were used: S  = K  = 100, r  =  0.05, cr =  0.25, T  =  1, and 

additionally for Figures 2.10 and 2.12, =  0.4, Tg = Tq = 0.25.

2. To obtain the odd-period data points on the even-period plot, and vice-versa, the two 

adjacent option prices were averaged. For example, the option price for period nine on 

the even-period plot is given by the sum of option price at period eight and the option 

price at period ten, divided by two.

3. Figures 2.9 and 2.11 show the BS price of the option as a straight line, whereas Figures 

2.10 and 2.12 show the taBS price as a straight line.
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A m eth od  to  find an approxim ation to  th e  continuous-tim e option  price from a 

binom ial tree

1. Set n equal to the period at which we wish to approximate the continuous-time option 

price.

2. Compute n%<o,o>, (n+i)^<o,o> and (n-i)-^<o,o>5 using a binomial tree method (either 

CRR or using the tax-adjusted hedging algorithm), where nA<o,o> represents the initial 

value of an option using a tree with N  = n.

3.

_  _(j^X<0,0> +  2 ((M+1) ^ < 0,0> +(n-l) ^<0,0>)), (2.27)

where is the approximation to the continuous-time option price. The leading

subscript n can been retained to indicate the approximation is derived from a binomial 

tree with n periods. In future we will use to denote the tax-adjusted case, dropping

the leading subscript to ease the notation.

E xam ple o f a calculation

Setting n =  15 and using CRR to value a call option with the same parameters as used for 

Figures 2.9-2.12, we get i4 %<o,o> =  12.1611, i5 A<o,o> =  12.4876, and i6A<o,o> =  12.1828. 

Using (2.27) we find:

=  i(12 .4876 +  i(1 2 .1 8 2 8 +  12.1611)) 

=  12.3298

The BS value is found to be 12.3347, and so 12.3298) is valued 0.04% lower

compared to BS.
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R esults

Tax rates 

'̂ b s To

ITM call (K=80)

^cnts* (bs=25.4131)

ATM call (K=100)

^cnts* (bs=12.3347)

OTM call (K=120)

^cnts* (bs=5.02526)

0 0 0 25.4363 +(+0.09%) 12.3298 +(-0.04%) 5.02074 +(-0.09%)

0.25 0 0 24.6598 11.7218 4.67691

0.4 0 0 24.1903 11.3606 4.47659

0.4 0.25 0.25 24.8157 11.8428 4.74468
Table 2.4: Approximations to continuous-time tax-adjusted call prices

Tax rates 

Tfc Ts To

ITM put (K=120) 

pcnts*  (bS=19.1728)

ATM put (K=100)

pcnts*  (bs=7.45761)

OTM put (K=80)
pcn ts*  (1 .51148)

0 0 0 19.1682 +(-0.02%) 7.45270 +(-0.07%) 1.53465 +(-1.53%)

0.25 0 0 20.2334 8.01885 1.69745

0.4 0 0 20.8952 8.37622 1.80271

0.4 0.25 0.25 20.0166 7.90272 1.66366
Table 2.5: Approximations to continuous-time tax-adjusted put prices 

"^indicates approximation to BS value.

N otes to Tables 2.4 and 2.5

1. The following parameters were used: n = 15,5 =  100, r  =  0.05, cr =  0.25, T  =  1.

2. The BS value for each strike used is given in brackets.

3. The first row is equivalent to using CRR to approximate BS and the difference in price,

compared to BS, is given in brackets.
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Figure 2.9: Variation of CRR call price with odd and even
periods

T=1; vol=0.25; r=0.05; S=K=100; tr-option/stock=0.25; tr-bond=0.4
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Figure 2.10: Variation of tax-adjusted call price with even and
odd periods
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Figure 2.11: Variation of CRR put price with odd and even
periods

T=1; vol=0.25; r=0.05; S=K=100; tr-option/stock=0.25; tr-bond=0.4
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Figure 2.12: Variation of tax-adjusted put price with odd and
even periods

T=1; vol=0.25; r=0.05; S=K=100; tr-optlon/stock=0.25; tr-bond=0.4
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2 .6 .2  T a x -a d ju sted  p u t-c a ll p a r ity

For a European put and call with no dividends put-call parity is given by the following rela

tionship:

c ^ K e - ^ ^  = S  + p. (2.28)

Milevsky and Prisman have derived a tax-adjusted put-call parity relationship (Milevsky

1997a) by arguing that the after-tax rate of return from holding a zero-coupon bond with a face

value of K ,  the options’ strike price, should be the same as the after-tax rate of return from 

holding a long stock, a short call and a long put. They assume that the option and stock are 

taxed as capital gains, and the bond as income. The equation they have derived is as follows:

S+ p *  - c *  = aKe~^\  (2.29)

where.

E xam ple

Using and for the ATM strike from Tables 2.4 and 2.5, where Tg = Tq = Teg = 0.25 

and Tb = Ti = 0.4 we find:

a = 1.00985,

and.

^cnts* _  pcnts* ^  11.8428 -  7.90272 =  3.94008

S  -  aKe~^^ = 100 -  1.00985 x lOOe'^ ^̂  =  3.94009

We see that the approximate continuous-time tax-adjusted prices for the put and call calculated 

using the tax-adjusted hedging algorithm satisfy the tax-adjusted put-call parity relationship

64



derived by Milevsky and Prisman. 

R esu lts

Tax rates

“T b s To a

A: =  80

S  -  aKe-^^ ^cnts* _pCnts*

AT =  100 

S  -  aKe-^^ ^cnts* _pCnts*

0 0 0 1.00000 23.90165* 23.90165* 4.87706* 4.87707*

0.25 0 0 1.01234 22.96235 22.96232 3.70294 3.70294

0.4 0 0 1.01990 22.38756 22.38756 2.98446 2.98442

0.4 0.25 0.25 1.00985 23.15206 23.15209 3.94009 3.94008

Tax rates 

Tb Ts To a

a: =  120

S  -  aKe-^^ ^cnts* _pCnts*

0 0 0 1.00000 -14.14753 -14.14751

0.25 0 0 1.01234 -15.55647 -15.55649

0.4 0 0 1.01990 -16.41865 -16.41863

0.4 0.25 0.25 1.00985 -15.27791 -15.27189
Table 2.6: Tax-adjusted put-call parity using option prices from Tables 2.4 and 2.5

N otes to  Table 2.6

1. The following parameters were used: n, =  15,6" =  100, r  =  0.05, cr =  0.25, T  =  1.

2.7 Summary

The following summarises the main results of this chapter:

1. A basic guide to taxation is given, which is intended to capture some of the generic basic 

elements of tax systems.

2. We argue that the “tax-adjusted hedging price” is equivalent to “the tax-adjusted no

arbitrage price” if and only if all market participants have the same tax position.

3. A tax-adjusted hedging algorithm is developed that finds the tax-adjusted hedging price 

of European equity call options. At the heart of the numerical method is an algorithm
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that forces the tax-mismatch to zero via an iterative procedure.

4. Some option prices obtained using the tax-adjusted hedging algorithm are examined:

(a) If the tax rates on the stock, bond and option are all equal, the tax-adjusted hedging 

price of both puts and calls are seen to be equal to their CRR counterparts.

(b) The algorithm prices call (put) options below (above) their CRR counterparts if the 

tax rate on the stock and option is less than the tax rate on the bond.

(c) The algorithm prices call and put options above (below) their CRR counterparts if 

the tax rate on the stock and bond is greater (less) than the tax rate on the option.

5. A method to find an approximation to the continuous-time price of an option from 

discrete-time prices is presented. This allows us to show that the tax-adjusted hedging 

algorithm produces tax-adjusted option prices (which are used to find “continuous-time” 

tax-adjusted option prices) that satisfy the tax-adjusted put-call parity relationship.
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Chapter 3

The T elx- A djusted H edging Price of 

Options: A  Sim ultaneous Equation  

Approach and One-Period Analysis

3.1 Introduction

In the previous chapter we looked at how to find the tax-adjusted hedging price of an option 

using the tax-adjusted hedging algorithm. That approach owed much to the classical CRR 

method in that we were using backward recursion in a binomial tree environment, albeit itera

tively. In this chapter we will see that the problem of finding the tax-adjusted hedging price of 

an option, using exactly the same framework as in Chapter 2, is the same as solving a system of 

simultaneous equations (Section 3.2). In Section 3.2 we will also derive the general form for the 

delta at any node for A-periods, and the general form for the bond at the initial node. These 

equations form the basis for the simultaneous equation algorithm, which is computationally 

faster and less demanding of memory, than the tax-adjusted hedging algorithm of Chapter 2.

In Section 3.3 we will look at some analysis of the one-period case, given that we can find an 

analytic formula for the one-period tax-adjusted option price using the simultaneous equation 

approach. Specifically, we will look at how the tax-adjusted option price is related to the CRR 

price and examine tax-adjusted put-call parity. The last part of Section 3.3 demonstrates, in
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the one-period case, that the tax-adjusted hedging algorithm converges to the analytic formula 

for the option price as the number of iterations goes to infinity.

The assumptions and notation are the same as in Chapter 2. Any new notation will be 

explained as it is used in the text.

3.2 A sim ultaneous equation approach

We can consider the problem of finding the tax-adjusted hedging price of an option, as

being the same as solving a system of simultaneous equations.

3 .2 .1  F o rm u la tin g  th e  sy s te m  o f  eq u a tio n s

Let us assume that the tax-mismatch is zero across all the final nodes at maturity. Equation 

(2.14) can be written as follows:

ATS < N , j >

- ( ( 1  -  To)X(^N,j) +  To 0̂ 5(0,0) +  ^(*0.0))) =
V -  ' ^

ATO<r ĵ>

where we have substituted for =  A*q o)'̂ {0,o) +  O)- ^  have 2^  equations of the form

of (3.1), one for each of the final nodes on the tree.

For each of the (z, j)  intermediate nodes, where z =  1,2, ...N — 1, we have equations of the 

form:

+  H d )  ^  -1)’ (^-2)

being the self-financing property of the hedging portfolio. We have 2^ — 2 intermediate nodes 

and consequently 2^ — 2 equations of the form of (3.2).

68



In total we have 2^ + 2^ — 2 = 2^~^^ — 2 equations.

D eterm in ing th e  number o f unknowns

The unknowns consist of and at each of the {i^j) nodes prior to maturity, where

i = 0,1, ...A' — 1. We have 2^ — 1 nodes prior to maturity and consequently 2 {2^ — l) = 

2"^+  ̂ — 2 unknowns.

U niqueness o f  th e  A*̂ ^̂ s and

We have 2' "̂'‘  ̂ — 2 unknowns and 2"̂ "'"̂  — 2 linearly independent equations. Because we have 

the same number of unknowns as we have linearly independent equations, we can solve them 

simultaneously to find unique and and consequently a unique the tax-

adjusted hedging price of the option.

3 .2 .2  T h e  s in g le -p er io d  ca se

We have two unknowns, i A*qq  ̂ and i.B*oo)’ two equations, being the two mismatch equa

tions at nodes (1,0) and (1,1). The leading subscript denotes the number of periods.

(1, 0)

/

0 -  1 ̂ (0,0)*̂ {1,0) -  'I’s 1 A*o,o) ('̂ (1,0> -  %,0)) +  R  1^*0,0) “  "^b(^ -  1) 1^(0,0>

-(1  -  To)%(i,0) -  To (lA*o ô (̂o,0) +  1^(0,0))

(0 , 0)

\

( 1, 1>
0 -  1 ̂ (0,0)* (̂1,1) “  1^(0,0) (*̂ (1.1) ~ ^(0,0)) +  R  1^(0,0) “  '^b^R ~  1) 1^(0,0)

- (1  -  To)X(i,i) -  To (lA*o ô (̂o,0> +  1^*0,0))

Figure 3.1: The tax-mismatch equations for a one-period tree
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Solving the above two equations simultaneously we get:

A* _  (1 -  To)
(0>0) (1 -  Ts) (-S(î o) -  <̂ (1,1)) ’

(3.3)

and,

1^03,0) [R — TI){R — 1) — To]

1^(0,0) {■’’» (‘̂ (1,0) “  ^{0,0}) -  ■5(1,0) +  ''■<>‘5(0,0)} +  (1 “  '’■<>) V(i,o)

(3.4)

Note, if To =  Ts the delta in the single-period case collapses to its CRR equivalent. As we 

will see, this only occurs in the single-period case.

3 .2 .3  M u lt ip le  p er io d s

We can work through the algebra for two, three and four periods to find a general A^-period 

expression for representing all the deltas in the AT-period environment where i =

0,1,..., AT — 1 and j  = 0,1,..., 2* — 1, and an expression for gy The algebra quickly 

becomes extremely involved; going to four periods means we have 30 equations to deal with.

The expressions for n A*. and are given below. Appendix C contains the deriva

tions.

{R{ i+l ,2 j )  -  S { i + l , 2 j + l ) )  ( - T s  +   ̂  ̂ -  Tb{R -  1) Y l a = 0  * R “)

(1 -  To) “  "^(iV,(2i+l)2JV-^-i))

-  T6(R -  1)

(R ^-«  -  Tb(R -  1) E C iS '" '

.  ( R ( a + l , j 2 “+ l - * )  -  R ( o j 2“- » ) )

+R<a+l,(2;+l)2-^> ( R ^ ^ '  "  Ta(R -  1)

-R(o,(2j+l)2“-i-i) (R ^~ “ -  Tb(R -  1) 

- T s  ( R { a + l , ( 2 j + l ) 2 “- b  -  R ( a , ( 2 i + l ) 2 “- * - i ) )

+

N - 1
-  E  n A

a = i + l (aj2“-b

(3

N - l
+  E

a = i + l

70



^ - ^ ( 0 ,0 )

+ (1 -  To) %(AT,0)

(3

—tvA (0 ,0)

AT-l

E
a = l

-7'o'^(0,0) -  Ts  (<5(1,0) -  *^(0,0)) +  *5(1,0)  ̂ -  T b { R  -  1) J2a=0  ^ “) ]

- T s  (* 5 (a + l,0 )  -  *5 (0 ,0 )) -  *5(0,0) -  n ( i 2  -  1 )  E C o ^

_  +.5(,+i,0) '  -  Tb(A - 1 )  E C 8 '" "
(o,0)

T he sim ultaneous equation algorithm

We can use (3.5) and (3.6) to form an algorithm that finds the tax-adjusted hedging price of 

an option. The overall idea being the algorithm is to start at the TV — 1 nodes and move back 

through the tree (if we still want to think of the environment as that of a non-recombining 

tree) calculating the deltas as we go. Once we have the deltas we can find n R*q q) â nd hence

^"^(0,0) -

1. Set i = N  — 1.

2. Set j  = 0.

3. Using Equation (3.5), compute and store in an array. This requires a sub-routine:

(a) Set a =

(b) Set sum_upper_delta = sum_lower_delta  =  0.

(c) Form the sums ^  and EbLV~‘'

(d) Form the two coefficients, upper_ œ e f  fiaient and lower_coef fiaient^ to atA*^ j 2°--̂ ) 

and atA*^ (2j+i)2“-"-i) respectively (with the help of the sum formed in Step 3c).

(e) Set:

i. sum_upper_delta = sum_upper_delta— A^A*^ .̂ga-q x upper_coef ficient]

ii. sum_lower_delta = sum Jlower_delta-\- _coeffiaient.

(f) I f a < i V - l ,
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i. then, a =  a +  1; return to Step 3c;

ii. else, go to Step 3g.

(g) Compute and store in an array. We can calculate here because

we have found sum_upper_delta  (which equals the — E fÜ + i in

(3.5)) and sum_lower_delta  (which equals the +  ArA*̂  (2j+i)2“-»-i)

in (3.5)), and all the other terms are known or straightforward to calculate.

4. I f ;  < y  -  1,

(a) then, ; = ;  +  !; return to Step 3;

(b) else, go to Step 5,

5. If 2 > 0,

(a) then, 2 =  2 — 1; return to Step 2.

(b) else, go to Step 6.

6. Using Equation (3.6), compute jv-S*oo)‘ requires a sub-routine:

(a) Set a =  1.

(b) Set sum_delta  =  0.

(c) Form the sums E « « d

(d) Form the coefficient {coefficient) to a t ( w i t h  the help of the sums formed in 

Step 6c).

(e) Set sum_delta = sum_delta— ^ coefficient.

(f) I f a < 7 V - l ,

i. then, a =  a +  1; return to Step 6c;

ii. else, go to Step 6g.

(g) Compute n B*q , given that we have found sum_delta  which equals the — 

N^*a,0) tGrm in (3.6).

7. Compute n ^*q q'̂ = ivA*Q Q̂ iS'̂ o,o)+ NB*^ Qy
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R esu lts

The simultaneous equation algorithm has been implemented in C ++  using a 633Mhz, 512MB 

Pentium III PC. The results obtained from this algorithm agree with the results obtained from 

the tax-adjusted hedging algorithm given in Chapter 2, as we would expect.

M em ory  requ irem en ts  and  speed of com puta tion

The algorithm is demanding on memory since we have to store all the values in the tree for the 

stock and delta and the size of each of these arrays increases exponentially with the number of 

periods. However, the simultaneous equation algorithm only requires two arrays (of approxi

mate size 2^) as opposed to the five arrays (again, of approximate size 2^) that were used in 

the tax-adjusted hedging algorithm of Chapter 2. Consequently, the simultaneous equation 

algorithm is less demanding on memory than the tax-adjusted hedging algorithm.

The speed of computation slows with an increase in the number of periods because the 

number of deltas to be computed increases as 2^. The simultaneous equation algorithm is 

faster than the tax-adjusted hedging algorithm because the deltas only have to be computed 

once, and only one bond term is found. This is born out by Table 3.1, which shows a comparison 

of the CPU time taken for the simultaneous equation and tax-adjusted hedging^ algorithms to 

reach the tax-adjusted hedging price of the option, as the number of periods increases. We can 

also see that the reduction in memory requirements for the simultaneous equation algorithm 

allows us to use three more periods, compared with the tax-adjusted hedging algorithm, before 

we run out of memory.

The parameters used to compile Table 3.1 were: S  = K  = 100, r  =  0.05, cr =  0.25, T  =  

1, Tb =  0.4, Ts = 0.3, To = 0.2.

^From Table 2.1.
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Periods, N Simultaneous equation alg. CPU time (s) Tax-adjusted hedging alg. CPU time (s)

1 - 1 4 <  1 <  1

15 <  1 1

16 <  1 2

17 1 5

18 3 10

19 5 20

20 10 40

21 18 80

22 35 180

23 70 Memory requirements too great

24 175 Memory requirements too great

25 25minsl0s Memory requirements too great

> 26 Memory requirements too great Memory requirements too great
Table 3.1: Time taken for algorithms to find tax-adjusted price

3.3 Single-period analysis

3 .3 .1  T a x -a d ju sted  h ed g in g  prices: r e la tio n sh ip  to  C R R  an d  ta x -a d ju s te d  

p u t-c a ll p a r ity

R elationsh ip  to  C R R

The well known CRR delta and bond formula (Cox (1979)) in the single-period case are:

C R R  ^(1.0) -  ^ (1 ,1 ) (3.7)

and,

CRR
(1,0)

(^(1,0)
(*5(1,0) -  *5(1,1)) '(1,0) (3.8)
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We can see immediately from Equation (3.3) that the tax-adjusted delta and the CRR delta 

are related by:

CRr{^ ~ '^o) 
( 1 - T , ) '

(3.9)

We need to write Equation (3.4) in a different way to see how the tax-adjusted bond and 

the CRR bond are related. If we substitute for iA*qq^ and bring (1 — Tq) outside the main 

bracket we get the following:

p .  _
'  <0,0) -  [ A - t ,{R  -  1) -  r , (3.10)

We can recognise the top line in the square bracket as being equal to We find that

the tax-adjusted bond and CRR bond are related by:

p . _  (1 -  "̂ o) (3.11)

With Equations (3.9) and (3.11) established, we can look at tax-adjusted option prices 

compared to CRR option prices in the single-period environment. We will look at Case 2.1 

{Th =  and Ts = To = Teg, where T% > Teg) which was given in Section 2.4.1.

T heorem  3.1

If the tax rates are those given in Case 2.1 then,

(3.12)

and.

1̂ (0,0) > i% 6)
C RR (3.13)

Note, the relationships in Theorem 3.1 are consistent with the results found in Section 2.4.1.
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P ro o f

Substituting and Ts = To = Tcq into (3.9) and (3.11) we get:

1^(0,0) ~  (3-14)

^^*0,0) ~  ^  ) (3.15)

where,

“  =  IR -  t !(R

We need to look at a  in the above equation:

Ti >  T eg

eg

Ti R — T i —R  > T cgR — T eg — R

egR { \ —Ti)-\-Ti  < R { \  — T eg) T,

R{1 — Ti) Ti — Teg < R { l — Teg)

1 < ^  Q!.
R  — Ti(^R — 1) — Teg

The fact that R >  1 has been used above.

So we find that,

a  > 1. (3.17)

The price of the option is given by:

1^(0,0) — *̂ (0,0) ^  ■ (3.18)
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For a call, < 0. Because a  > 1,

1̂ (0,0) — *̂ (0,0) +  ^  i^(o5f ^  - (3.19)

For a put, > 0. Because a  > 1,

1̂ (0,0) — *̂ (0,0) ^  > ^pfo^of- (3.20)

T heorem  3.2: Tax-adjusted put-call parity

If the tax rates are those given in Case 2.1 then,

S{o,o) +  iP(o,o) ”  i (̂o,o) = o.KR~^, (3.21)

where.

This is the tax-adjusted put-call parity relationship given by Equations (2.29) and (2.30) in 

Section 2.6.2, where R~^ =

P roof

Using Equations (3.19) and (3.20) we can write,

*5(0,0) +  iP(o,o) -  1 (̂0,0) =  *5(0,0) ( l  +  1 A^,o) “  i^(o,o)) (3 23)

+ a  -  i^^,o)) ,

where the superscripts 'put and call denote the CRR quantity for a put and call respectively.

It is easy to show that:

i^ ^ o )  “  i^(o,o) — (3-24)
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and consequently (from classical put-call parity) that:

=  K R -K  (3.25)

Therefore, (3.23) becomes:

*̂ (0 ,0) +  iP(o,o) “  1̂ (0,o> ^  (3.26)

Now we know that:

R{1 — Teg)
R  — Ti {R — 1) — Teg

(1 -  Teg)

______ (1 -  Teg)______
(1 — Ti) -f {Ti — Teg)R~^

So,

o: =  a.

This gives (3.26) as:

R{o,o) +  iP(o,o) “  î (o,o) —
- 1

3 .3 .2  T h e  co n v erg en ce  o f  th e  ta x -a d ju ste d  h ed g in g  a lg o r ith m  o f  C h a p ter  2 

to  th e  a n a ly t ic  ta x -a d ju s te d  h ed g in g  p r ice  (o n e  p er io d  case)

It was noted in the results part of Section 3.2.3 that empirically the tax-adjusted option 

prices found from the simultaneous equation approach agree with prices obtained from the 

tax-adjusted hedging algorithm of Chapter 2. In this section we will show, in a more rigor

ous manner, that the tax-adjusted hedging algorithm given in Section 2.3.5 converges to the 

analytic formula for the option price found from the simultaneous equation approach of this 

chapter, as the number of iterations goes to infinity. We will only do this in the single-period 

case because even here the algebra is very time-consuming.
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We will start by finding a general equation for the delta for the iteration, in terms of 

the delta at all previous iterations, and the same for the bond (in terms of the previous bonds 

and deltas). Once we have these expressions we will be able to look at how  ̂ i A*qq ,̂

and i.B^oo) 1 ^ * 0  o) &s p ^  0 0 . As a reminder, the superscript, g, represents the iteration

that the tax-adjusted hedging algorithm has reached.

A  general expression  for i A^qq̂  and i^^qo)

The equations that are used in the tax-adjusted hedging algorithm are:

^ U j ) =  (3-27)

^  where (3.28)

and,

(3.29)

In the single-period environment we have two equations of the form of (3.27):

^(1,0) =  1 (̂0,0)'^<1,0) -  1^(0,0) ("̂ (1,0) -  %,o)) (3-30)

+R  l5 ^ o ,0 )  “  '^b{R -  1 )  l ^ f o ,0 )  “  ( 1  “  T o ) A ( i_ o )  -  T o A ^  o ) ,

and.

^(1,1) -  1^(0,0) ('̂ <1,1) “  % o )) (3.31)

i^fo,o) “  '^b(^ -  1) i^fo.o) “  (1 “

We have two equations of the form of (3.28):

^(1,0) “  ^(1,0) “  ^(1,0)’ where q) — ^ ( 1,0) > (3.32)
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and,

(3.33)

We have two equations of the form of (3.29):

(0,0)'̂ (1.0) ^  n\ — n\)(0,0) -  -̂ (1,0): (3.34)

and,

(3.35)

And of course.

(3.36)

If we start at ^ =  0 and solve for A^q and we get(0 ,0)

and.

aO _  (^(1,0) -^(1,1)) _  A C R R

'  “  (5(1,0) -  S (u> ) "  ’

dO _  ±  
1^(0,0) -  ^ iB C RR  

(0,0) ,

as we expect.

The d e lta  Now let’s look at what happens to the delta for p =  1,2, and 3:

1^/1(0 ,0) (<S'(i,o) -  ^(1,1))

+  (^(1,0) -  ^(1,1)) +  (^(1,0) -  ^(1,1)) (1 “  '^o) 

~  1 ̂ (0 ,0 )('^ (1 ,0 ) -  <^(1,1)) (1  -  T a)

(3.37)
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a 2
(<̂ (1,0) -  -^(l,!)) 

+  (■̂ (1,0) -  ^(1,1)) +  2(^(1,0> -  ^(1,1)) (1 -  To)

1^(0,0) +  1^(0,0) ('̂ <1,0) -  (1 -  Tg)

(3.38)

(‘5(1,0) -  5(1,1))

+  (^(1,0) -  ^(1,1)) +  3(%(1,0) -  ^(1,1)) (1 “  To)

1^(0,0) +  1^(0,0> +  1^(0,0) (5(1,0) -  5(1,1)) (1 -  Tg)

(3.39)

We can write down the general case for ^-iterations as:

l^ (0 ,0 ) (5(1,0) -  5(1,1))

+  (^(1,0) -  ^(1,1)) +  ^(^(1,0) -  ^(1,1)) (1 “  To)

J 2 i= o  i^ ( o ,o )  ('5(1,0) -  5 (1 ,1 )) (1  -  Tg)

(3.40)

The bond Now for the bond for g = 1,2, and 3:

1^(0,0) -  ^

( - ^ ( 1 , 1) ‘S'(1 ,0 ) - ^ ( i , 0 ) , S ' ^ i , i ) ) + ( X ( i _ i ) g ( i , 0 ) - X ( i , 0 ) 5 ( 1 , i ) ) ( l - T o )

(-5(1,0)-5(1,1))

-  1 ^ (0 ,0 )  (Tg -  To) 5(0,0) -  1 ^ (0 ,0 ) (-5 “  T f,(i?  -  1) -  To)

(3.41)

d2 _  1
1^(0,0) -  ~B

(-^<1 ,i) -5 (i,o )-^ ( i,o )-5 (i,i))+ 2 (X (i,i)  5(1,o ) -X ( i ,0)5(1,i ) ) ( l -T o )

(-5(1,0)-‘5(1,1))

1^(0,0) +  1^(0,0) ('̂ « “  5(0,0)(0 ,0)

;o
(0 ,0)i-G/nm +  l-S(o,0) (-R — T&(.R -  1) -  To)

(3.42)

i^fo,o) -  -
1
R

( - ^ < i , i ) - 5 ( i ,o ) - ^ ( i ,o ) - 5 ( i , i ) ) + 3 ( X ( i , i ) 5 ( i , o ) - X ( i , o ) 5 ( i , i ) ) ( 1 - T o )

(-5(1,0)--5(1,1)

1^(0,0) +  l^/nn\ +  lA?,(0,0) X0,0)

1^(0,0) +  l-®/nn\+(0 ,0) (0 ,0)

(Tg — To) 5(0,0)

{ R — Tb{R — 1) — To)

(3.43)
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We can write down the general case for ^-iterations as:

(‘5(1,0)-‘5(1,1))

E U  iB

\ 0 ,0)

(0,0)

{Ts -  To)  5'(0,0)

{ R — Tb{R — 1) — To)

(3.44)

With the expressions for and i -̂ ^qo) by (3.40) and (3.44), we can look to

finding an expression for each in terms of only the stock, tax rates, option payoffs (pre-tax) and 

R, from which the behaviour as g goes to infinity can be examined. We will look at the delta 

and bond separately, starting with the delta.

C onvergence o f i A^q q̂ to  i AJq ^̂

We want to show that:

lim 1 A — 1 A/n Q\ — (A"(i,o) -  ^ ( 1,1)) (1 -  '^o)
(0,0) (0,0) (3.45)

Using (3.40) we can eliminate the previous deltas by repeated substitution. The algebra is 

quite involved and time-consuming. Eventually we find:

(3.46)

We can recognise the square bracket above as being the sum of two geometric series:

(3.47)

and.

(3.48)

The geometric series is convergent iff |ts| < 1 as p —>• oo, and has the sum 1/(1 — Tg) (see 

pp786-787 Kreyszig (1993)).
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Therefore,

iA°°(0,0)
(^(1,0) -^(1,1)) 
('5(1,0) -  5(1,1))
(X(i^o) -% (i,i))
(5(1,0) -  5(1,1))

.(1 -  Tg) (1 — Tg)

(1 -  To)
(1 “  Tg)_

since 0 < Tg < 1.

Thus, we have shown that lA ^  i^(oo) as p ^  oo.

(3.49)

C onvergence of i ^^qg) 

We want to show that:

(0 ,0)

i^fo,o)
g—*oo

-  1^ ( 0 ,0)

[-5 — Tb{R — 1) — To]
(^(1,1)5(1,0) -  %(1,0)5(1,1)) (X(1,1) -  %(1,0)) (1 -  T o) ,  ,

(3.50)

(3.51)

(3.52)

where we have written i -B*qq  ̂ in a different way to that given in (3.4).

Using (3.44) and (3.40) we can eliminate the previous bonds and deltas by repeated substi

tution. The algebra is even more demanding than in the case of the delta above. Eventually 

we find:

(^(1,1)5(1,0) ~ ^ (1 ,0 )5 (1 ,1 ))  

R  (5(1,0) -  5(1,1))

(^(1,0) -  ^(1,1)}+

_i=0 i=0
(3.53)

where,

Y  = [-R — T b (i?  — 1) — To] 

R
(3.54)
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So we actually want to show that for the term,
^ (5 (1 ,0 )- ‘5(1,1) j

lim
g—*oo

9-1

i=0 i= 0
(3.55)

and for the term,«(‘5(1,0)- ‘5(1,i)j

9-1 9-1-:
,1 “  Z  ( - ^ ) '  [ i i h )  + E ,=1 ( f+ i)  -  ^o) r i  \

i=0
=  Y -1 (1 ~ ^o) 

(1 — Ts)
(3.56)

T he  ^(i.o)‘5(i,i)} te rm  The first term in the square bracket of (3.55) is straight-
« ( ‘5 ( i ,0 ) - ‘5 (i.i) j

forward as this is a binomial series:

(3.57)
2=0

The second term in the square bracket of (3.55) is almost a binomial series, but we need to 

play around with it a little:

9 -1

(1 I'o) ( Z ) (i+i) — (1 'To) Sg,
2 = 0

where.

(?) - y(?) + y'(?) - Y ^ i i )  + . . .  + (-y)"-' m (3.58)

We want to find Sg. If we start with a binomial series multiplied by {—Y )  we get:

- y - ^  (1 -  y ) '  =  - y - i  +  ( f ) - y ( « ) + y 2 ( 9 )  +  .„ +  (_ y )9 -i(« ) (3.59)

  —y   ̂+  Sn.

Therefore:

Sg = y - '  -  y - '  (1 -  y ) ' (3.60)
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Bringing it all together we find that the term is:

Z  [ (!) +  (i!i) (1 -  ^o)l =  (1 -  y)^ +  (1 -  T,) y - '  [i -  (i -  y ^
2=0

Because 0 < y  < 1 (as we will show below),

lim (1 -  y y  +  (1 -  To) y - ^  [i -  (i -  y y ]  =  (i -  to) y ~ \  (s.ei)
g—>oo

Therefore,

p iâ) (?) +  (z-fi) (1 “ - ( i - ' ^ o ) y  \
2 = 0

which is as we require from (3.55)

Subject to proving that 0 < Y 

(3.53) converges to the correct quantity as p oo.

(3.62)

Subject to proving that 0 < Y < 1, we have shown that the term m

T he (^1^’°̂  te rm  We can immediately recognise the first term in the square brackets{1,0)- (̂1,1))
of (3.56) as Sg. Therefore:

5-1
E  ( . f i ) = - 1""'  (1 -  ^)- (3.63)
2 = 0

from (3.60).

After further time-consuming algebra we find that the second term in the square brackets
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of (3.56) is:

z ' ( 5 ) ( T » - T . ) T r '

2=0 ;=1
( , - 1 )  _  +  y 2 ( » - l )  _  y 3 ( . - l )  +  +  ( _ y ) 5 - 2  g - 1 )

+T» { + ...  +  ( -y )» -^  i i z l ) }

+T: { C l") -  Y(^-^) + y2 (»;3) + ...  +  ( - y r "  (»:D }

+ . . .

( 3 .64)

— ('^s 'To)

+rî-mi)}

Applying the same method that we used to find (3.60) to each of the series inside the square 

brackets of (3.64), we find:

=  {T s -  To)

E(-y/z ( 5 ) ( T , - T . ) T r
2=0 J = 1

+T, | y - i  -  y - i  (1 -  Y y - ‘̂ \  

+ tI  {y -*  -  y - i  (1 -  y )« -^ | 

+  ... 

+Tf"^ ( y - 1  -  y - i  (1 -  y)^} 

+rf-qy-' -y-i(i-y)}

We can re-write (3.65) as two series in the following manner:

E ( - > ^ r  e "  (? .! ) (— o ) . r '
2=0 j = l
{ T s  -  T o )  Y ~ ^  X

1 +  T .  +  To +  .. . +  "rf  ̂+  T?

(3.65)

(3.66)

-  {(1 -  y)"-' + r, (1 -  y)«-2 + T̂  (1 -  y )« -3  + ... +  (i -  y)^ + r?-  ̂(i -  y )}
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The first series in (3.66) is a geometric one and it is straightforward to show that:

( i - n - )

The second series in (3.66) needs a little more work:

(1 — Ts)
( 3 .67)

Q g . 2  =  (1 -  Y y - ' - + r,  (1 -  v y - ' ^ + T ' i { i -  y y - =  + . . . + (i  -  y ) ^ + (i  -  v ), _2 -5 -3 \2 I t-5-2 H _

So:

(3.68)

= T « ( i -  y y - '‘ + r? (1 -  r y - ^ + (i -  r y - *  + . . . + T

Subtracting (3.69) from (3.68) gives:

\ 5 - 3  I

Q g - 2  — ( 1 - y ) Q„-2 =  { l - v y - ' - r r '

-  ( 1 ^ )  =

Therefore,

Q g - 2  =
(1-y)

Bringing it all together we find that the '’I**’* \ term is;

5-1

2 = 0  ^

= Y - 1
i- ( i -y ) ‘
+  (T s — To)

5-1
s

-  ( l i % )  ((1 -  n » - '  -  rî- ')

(3.69)

(3.70)

(3.71)
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Because 0 < < 1, and as we will show below, 0 < Y < 1 ,

lim Y  ^
g—̂ oo

=  y - i  

=  y - i

i - ( i - y ) ‘

+  ('Ts — To)

(1 -  To)

( d - y y - ' - T r )
(1

Therefore,

ff-i

2=0
= Y - 1 (1 ~ '^o)

(1 — Ts)

which is as we require from (3.56).

Subject to showing that 0 < T  < 1, we have shown that as ^  ̂ oo.

P ro o f th a t  0 < T  < 1

We know that R  = exp [ r ^ ] , where r is the annual risk-free rate. Because r > 0, R  > 1.

1 < R,
0 < R - h

( R - 1 )  <  0.

Since 0 < t<, < 1:

— (R — 1) < —Th {R — 1) ^  0.



And since 0 < To < 1:

— [R — 1) — 1 <  — T b  (_R — 1) — To ^  0,

—R  <  —Tb {R — 1) — To <  0,

- 1  <

0 < 1 +  < 1, 

0 < ;RzJ 1 C ^ z 3 L j :£ <  1.

Therefore,

o < y  <1.

With the following conditions satisfied we know that the one-period algorithm will converge 

to the correct A*q :

0 < Tb < 1,

0 < Ts < 1 ,

0 < To < 1,

R > 1.

3.4 Summary

The following summarises the main results of this chapter:

1. In the non-recombining tree environment we have — 2 unknowns (being the deltas 

and bonds at each node) and 2^^^  — 2 linearly independent equations. Therefore we can 

find ^ a n d  n B*qq̂  (and hence by solving the equations simultaneously.

2. Using the simultaneous equation approach we derive a general form for (the deltas

at every node) and n B*q . These equations are used to form the basis for the simulta

neous equation algorithm, which finds the tax-adjusted hedging price of the option. This
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algorithm is computationally faster and less demanding on memory, than the tax-adjusted 

hedging algorithm of Chapter 2. Empirically we note that the two algorithms find exactly 

the same price, as we would expect since and jv^*oo) unique.

3. The simultaneous equation approach allows us to find an analytic formula for the tax- 

adjusted hedging price of the option. For the one-period case, two theorems are proven 

for the situation where ti, = Ti, Tg = Tq = Teg, and Ti > Teg.

4. For the one-period case we demonstrate that the tajc-adjusted hedging algorithm of Chap

ter 2 converges to the analytic formula for the option price as the number of iterations 

goes to infinity:

1^ ( 0 ,0) ^  1^ ( 0,o> as s  oo,

i-®(o,o> as s  —► oo,

and therefore.

^  as ^ oo.
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C hapter 4

The Tax-Adjusted Option Price  

w hen the Tax Year-End Occurs 

During the O ption’s Life

4.1 Introduction

In this chapter we allow a tax-year end to occur during the life of the option. This relaxes the 

assumption given in Section 1.4.2, that the tax falls due at the maturity date of the option, 

at the final nodes on the tree. The approach we take is the same as that of Chapter 3 as we 

consider the problem to be one of formulating and solving a system of simultaneous equations.

In Section 4.2 we set up the framework that we are working in and formulate the system of 

equations that we need to work with. In Section 4.2 we also derive the general form for the 

delta at any node for iV-periods, and the general form for the bond at the initial node. These 

general forms constitute the basis for the tax year-adjusted simultaneous equation algorithm 

of Section 4.3. In Section 4.4 we look at some option prices obtained from the algorithm and 

compare them to equivalent prices obtained when the tax year-end coincides with the option’s 

maturity.
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4.2 The tax year-end occurs during the life of the option

Here we allow the tax year-end to fall at any time during the life of the option. Figure 4.1 

illustrates the situation in which the option’s life spans a tax year-end. We have the following 

additional assumptions:

1. To simplify the analysis, we impose the restriction that the option has a maturity of one 

year or less.

2. The option is tax marked-to-market at the first tax year-end. This is explained in Section 

4.2.1.

T = maturity o f  option 
N = number o f  periods until maturity 
m = period when current tax year ends 
h = T/N

1 year to next tax 
year end

l-(T-mh)T-mh

Current tax year end Option maturity 
Period m Period N
Time mb Time T

N ext tax year end 
Time mh+1

Figure 4.1: The tax year-end occurs during the life of the option

N otes to  Figure 4.1

1. Figure 4.1 shows a four-period binomial tree (a recombining tree is shown for simplicity, 

although we still require a non-recombining tree) with the tax year-end at period m{=
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2), which occurs at time mh  (since the first node on the tree is at time zero, and the 

discretisation interval is h).

2. The next tax year-end will occur one year later, at time {mh -f 1), and this is marked 

towards the right side of the figure.

3. The length of time between the maturity of the option, at time T, and the next tax 

year-end is given by (1 — (T — mh)), or equivalently by, {1 — {N — m)h).

A pproach to  th e  problem

We will use the simultaneous equation approach, advocated in Chapter 3. This seems the best 

way to tackle the problem since we now have two tax charges to calculate, one for each tax 

year. Consequently we need to alter the equations, compared to the situation in Chapter 3, to 

take account of the tax charge that is paid (or received, if a loss) during the life of the option, 

at period m. Let us now formulate these equations.

4 .2 .1  F o rm u la tin g  th e  s y s te m  o f  eq u a tio n s

We have two tax years to deal with. We will look at them separately.

T he first ta x  year: periods 0 to  m

For each of the {i,j) intermediate nodes, where i =  l,2 ,...,m  — 1, we have equations of the 

form:

+  A (4-1)

being the self-financing property of the hedging portfolio. The leading subscript denotes the 

maturity period, and the leading superscript the tax year-end period.

When we get to period m  the above equation does not apply because we have to take into 

account the tax charge on the transactions that take place during the first tax year. We have
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the following equation:

N ^ { m , j - l ) ^ { m , j )  ^  i ^ { ' m , j - k + l )  ~  ^ { m , j , - k ) )  (4-2)

ATS < T n , j >

+ R  - 1) - n { R -  1) [ J 2 k = l  NB{m, j, -k)

ATB < m , j >

- T o  ( ( 5 v A * o  0 ^ 5 (0 ,0 )  +  n R { 0 , 0 ) )  -

_ m \*  q I mp*
— /V^/rr, m.-iS +  /V-D

The above equation is of a similar form to (3.1). Let us look at each of the elements of 

(4.2) in turn:

ATS<^rn,j> This is the usual after-tax stock position, this time relating to the stock transac

tions that take place in the first tax year.

ATB<^rn,j> This is the usual after-tax bond position, this time relating to the bond transac

tions that take place in the first tax year.

ATO<rn,j> This is the tax marked-to-market option position at the end of the first tax year. 

The writer has a gain (equal to (A*q q̂ S'̂ q.o) +  ^*oo))) the sale of the option at time

zero, and is assumed to have bought it back (nominally, for tax purposes) for , which

represents the market price of the option at the tax year-end. The net position of the two, 

multiplied by the tax rate that applies to the option, gives the marked-to-market tax charge 

relating to the option.

We will discuss how we determine '^^^X(^rn,j) Section 4.3.1.

term is the value of the hedging portfolio at the start of the new 

tax year, and would, of course, be equal to zero if the option had expired at the end of period 

m.
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T h e second tax  year: periods m + 1 to N

For each of the (i, j)  intermediate nodes, where i =  m +  1, m + 2 , — 1, we have equations 

of the form:

^  (4-3)

being the self-financing property of the hedging portfolio.

At the final nodes, at maturity, we have:

N ^ * N , j , - l ) ^ { N , j )  -  ATs N ^ * N , j - k )  ( S { N , j - k + l )  ~ S ( ^ N j - k ) )  (4.4)

ATS/fj_

+R  -  An (R - 1) ( e I T

ATB i N̂—m,j)

~((1  “  ATo)X(jyj) +  ATo =  0,
 ̂ — — — " * ^ ^

—m,j)

where A =  exp[—(1 — {N — m)h)r\ and is a discount factor used to recognise the fact that the 

tax charges relating to the second tax year are not payable until the end of the second tax year, 

which occurs after the option has expired at time (1 — {N — m)h) (see Figure 4.1).

In (4.4) includes the market price of the option at period m  on the path that

leads to node {N,j).  This time appears as a gain, whereas in (4.2) it appeared

as a loss, as we require when marking-to-market.

Solving th e  equations

We obviously still have the same number of unknowns (2-^+  ̂ — 2) as in Chapter 3. We also 

have the same number of linearly independent equations (2̂ """̂  — 2), although some are now 

of the form of (4.2). Therefore, we can solve them simultaneously to find unique and

and consequently a unique A*qq̂ , the tax-adjusted hedging price of the option.

Let us now look at the two-period case, being the simplest given we want a tax year-end to
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occur during the option’s life.

4 .2 .2  T h e  tw o -p e r io d  ca se

We have six unknowns and six linearly independent equations.

Given m = 1, we have two equations, relating to the first tax year, of the form:

2 ^ ( 0 ,0 ) '^ ( l j )  “  2 ^ (0 ,0 )  ~  *^(0,0)) +  R  2^*0,0) ~  “  1) 2 ^ (0 ,0 )

- T o  ( ( 2^ * 0 ,0)*^(0,0) +  2 - 8 ( 0 ,0 ) )  -  ( 4  5 )

^  2 ^ (lJ) ‘̂ (ld) +  2-8(1 J),

where j  =  0,1.

We have four equations, relating to the second tax year, of the form:

2 ^ (2 ,;-1 )8 (2 ,-  At3 2^(2,j_ i) (S{2,j) ~ S{2,j,-1)) (4.6)

+ R  2^*2,j,-l) ~  {R -  1) 2-8(2,j ,-l)  -  ((1  -  ATo) %(2,j) ~ o ’̂ **^(2,j,-l))

=  0 ,

where j  = 0,1,2,3.

Solving the system of six equations simultaneously, we get:

w *  _  (1 -  Xtq) (x*2,2j) -  ^(*2,2j+l))
(1 -  \ T s )  (8(2,2j) -  8(2,2j+l))
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where j  =  0,1;

1 A*
2 ̂ ( 0 .0) (5'(l,0) -  *̂ (1,1)) (1 “  ^s) -  AT{,(/2 — 1)]

+ (1 -  ATo) (%(2,0) -  ^(2,2))

_  To [R — X t I ) { R  -  1) — A]

{̂2,0) — ^{1,0) {R ~ XTb{R — 1))

- X ts {S{2,o) -  S{1,0))

^{2,2) ~  *̂ (1,1) (-R “  X rb {R  — 1))

- X T s {S{2,2) -  ^{1,1))

(4.8)

1 A *
-  2^(1,0)

+  2^*1,1)

and.

1 D* 
2^(0,0) [i2 — Tb{R — 1) — To] [i? — XTb{R — 1)]

+  (1 -  XT o) ^(2,0)

—To ^^^^(1,0) [-R — XTb{R — 1) — A]

~  2 ^ ( 0 ,0 )  [ ‘̂ (1>0) ~  ('^ (1 ,0 ) “  *^(0,0)) -  '^0*5(0,0)] -  X T b { R  ~  1)]

+ *^ (2 ,0 ) ~  ‘̂ (1 ,0 ) (R —  X T b { R  —  1))

- X T s  {S(2,0) -

(4.9)

"  2^(1,0)

4 .2 .3  M u ltip le  p er io d s

We can work through the algebra for two, three and four periods in an attempt to find a general 

jV-period expression for representing all the deltas in the jV-period environment where

2 =  0,1,..., N  — 1, j  =  0,1,..., 2* -  1, and 0 < m < iV, and an expression for Y}R{o o)- As with 

Chapter 3, the algebra quickly becomes extremely involved; going to four periods means we 

have 30 equations to deal with.

The expressions for and are given below. Appendix D contains the deriva

tions.
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m  p *
N^(0,0) (4.10)

-T „ (m,0)
N —m —l

JlN-m -  1) E
a = 0

m  A* 
N ^{ 0 , 0 )

~'^oS(o,o) -  Ts {S{1,0) -  ^{0,0))
/  m —2

+*̂ (1,0) ( — Tb{R — 1) ^  R^
a=0

m —1
E m / \ *  

N^{a,0)

N - 1

-  E (a,0)

- T s  {S{a+1,0)  -  ^{a,0))

—S,(a,0)

( \

+ ‘5 ( a + l ,0 )

j^m-a
m —1—a

- n ( i î - i )  E  iz" / 
6=0 /

/  a—1 \
m —2—a

- T i ( i î - l )  E  ^
6=0

j^N-m
N —m —l

—Xrb{R—l) ^  -R“
a = 0

j ^ N - m

N —m —l
— \Tb{R—l) Ÿl R^ 

6=0

TV—1 —0

—XT s (S{a+l , 0)  — *^(a,0)) ~  <^(a,0) ( R ^  “ “  X T b { R  — l )  Y1  R^
\  6=0

+ ‘S'(o+i,o) ( r ^~^~^ — Xrb(R — 1) ^  R^
\  6=0
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m  A * ( 4.11

( % + l , 2 j )  -  % + l , 2 j + l ) )

+ (1 -  ATo) “  ^(^■,(2j+l)2^-‘-i))

—I i < m  ~  ”^^ ^^(m ,(2j+ l)2"^-*-i)) ”̂ 0

j ^ N - m  _  X

N - 1E m A *
N̂ {a,j2<̂ -i)

a = i + l

'■a<m

N —m —l
— \Tb{R—l)

a = 0

( 771—2  — 0

i î— “-1 -T ( ,(Æ -1 )  E  A"
6=0

/  771 — 1 — 0  \

\  6 = 0  /

_  -Tg (5^a+l,j2“+l-») -  'S'(a,j2“-»))
N —m

Ia>m

N - 1
I 771 A *

+  Y^(a,(2j+l)2“-»-i)
0 = 2 + 1

+'^(o+lJ2“+i-») Arfc(i?— 1) ^
\  6=0

“ *^(0 ,7 2 “-») ( r ^ ~ ^  — ^ T b { R  — 1) Y1
\  6=0  /

-ATs (5 '^ a + l j2 “+ i - ‘) “  '^{o,i2“- o )

( j ^ —a—1

+ '5 '(a + l ,(2 j+ l)2 “-»)

to<77l

771 — 2  — d

T t ( A - l )  E  
6=0

R r n - a

771 — 1 —0

- n ( i j - i )  E
6=0

-'^s (<S'(a+i,(2j+l)2“-^) -  '5(a,(2j+l)2“-i-i))
JlN-m

N —m —l
—Xrb{R — l) Ÿ2 ^

6=0

Ia>m

+ ‘5 ' ( o + l , ( 2 j + l ) 2 “-» )

/  TjiV-o-

-S , ( o , ( 2 i+ l ) 2 “- » - l )

N —2—a
—X T b { R — l ) X] 

6=0 
(  j^N-a

N —  1  — d

— A r { , ( i ?  — 1 )  X /  
6=0

- A T s ( 5 ' (o + i^ ( 2 j+ i ) 2 “ - i )  -  ' 5 ( o , ( 2 j + l ) 2 “- * - i ) )
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where:

if 2 <  m,

0  =
j ^ N - m

_ - r t ( i î - l ) E r = o '“ ‘ ^  .
(4.12)

if 2 > m.

P =
N - i - 2

-  1) V  if*^—̂a—0 (4.13)

and.

^a<m —
1 if a < 772 

0 otherwise
etc.

We can see that (4.10) and (4.11) are similar to (3.6) and (3.5). The main driving factor 

behind the additional terms we have in (4.10) and (4.11) is the relationship between the quan

tities we are calculating and the tax year-end. For example, if we are calculating the deltas at 

period-2 we need to know whether i is greater than or equal to, or less than, m  because this 

determines the delta coefficient, /?, as given by (4.12) and (4.13).

4.3 The tax  year-adjusted sim ultaneous equation algorithm

We can use (4.10) and (4.11) to form an algorithm that finds the tax-adjusted price of an option, 

when a tax year-end occurs during the life of the option. Before we look at the algorithm we 

need to think about what to use as a proxy for the market prices of the option at the tax 

year-end, since we obviously do not know these when the option is written.

4 .3 .1  D e te r m in in g  th e  m ark et p rices  o f  th e  o p tio n

In Section 2.2 we discussed what we meant by the tax-adjusted hedging price and the tax- 

adjusted no-arbitrage price of the option. If we are finding the tax-adjusted hedging price of
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the option then we are not arguing that the market prices of options follow their tax-adjusted 

prices. In other words, the market prices of options are constrained by no-arbitrage arguments 

that ignore taxation, rather than those that are tax-adjusted. In this case we will assume 

that the market prices of options are equal to their CRR prices, since these are defined using 

no-arbitrage arguments that ignore taxation.

If we are finding the tax-adjusted no-arbitrage price of the option, the market prices of the 

option at the tax year-end must, by tax-adjusted no-arbitrage arguments, be equal to their 

tax-adjusted no-arbitrage values.

Sub-algorithm : settin g  th e  m arket prices o f the option  at th e  tax  year-end to  the  

C R R  prices

1. Set j  = 0.

2. Set equal to the CRR price with the following parameters:

(a) Number of periods, N  = N  — m.

(b) Time to maturity, T  = T  — m ÿ .

(c) Initial stock price, *S(o,o) =

(d) All other parameters are the same as for the tax-adjusted option we are pricing.

3. If j  < 2"̂  — 1 then j  = j  1. Go back to Step 2.

4. End.

Sub-algorithm : settin g  th e  mcu*ket prices o f the option  at th e  ta x  year-end to  the  

tax-adjusted  prices

Note, in this algorithm the tax rates are adjusted by the discount factor, A. This is because 

the maturity date of the option in the second tax year does not coincide with the end of that 

tax year. Consequently, we need to discount the tax charge to recognise the fact that the tax 

is not payable until some time after the option matures (see Figure 4.1).

1. Set j  = 0.
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2. Set equal to the tax-adjusted option price (using the simultaneous equation 

algorithm of Chapter 3) with the following parameters:

(a) Number of periods, N  = N  — m.

(b) Time to maturity, T  = T  —

(c) Initial stock price, *Ŝ o,o) =  •

(d) The tax rates, =  Ar^, fs  = Ar^ and fo = Atq.

(e) All other parameters are the same as for the tax-adjusted option we are pricing.

3. If jf < 2 ^  — 1 then j  = j  1. Go back to Step 2.

4. End.

T he tax  year-adjusted  sim ultaneous equation algorithm

As with the simultaneous equation algorithm of Chapter 3, the overall idea is to start at the 

N  — 1 nodes and move back through the tree calculating the deltas as we go. Once we have 

the deltas we can find and hence

1. Set equal to either or depending on whether we are finding

the tax-adjusted no-arbitrage price, or the tax-adjusted hedging price of the option. We 

use the relevant sub-routine given above to achieve this.

2. Set 2 =  iV -  1.

3. If 2 < 77%, Ii<m =  1 otherwise Ii<_m =  0.

4. Set j  = 0.

5. Using Equation (4.11), compute and store in an array. This requires a sub-routine:

(a) Set a = i + 1.

(b) If a < 772, Ia<m =  1 and Ia>m = 0; otherwise li^rn =  0 and 7a>m =  1-

(c) Set sum_upper_delta =  sum_lower_delta = 0.
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(d) Form the two coefficients, upper_coef ficient  and lower_coef ficient,  to 

and respectively (given we know Ia<m and Ia>m)-

(e) Set:

i. sum_upper_delta = sum_upper_delta— ^ upper_coefficient]

ii. sumJlower_delta = sum_lower_delta+ ^ A * ^ _coeff icient.

(f) I f a <  j V - 1 ,

i. then, a =  a +  1; return to Step 5b;

ii. else, go to Step 5g.

(g) Compute and store in an array. We can calculate ^A*^ here because

we have found sum_upper_delta  (which equals the —J2a=i+i Îv^(aj2“-*) ^®rm in 

(4.11)) and sum_lower_delta (which equals the iv^(a (2j+i)2“- ‘-i) term

in (4.11)), and all the other terms are known or are straightforward to calculate.

(We know Ii<̂ rn and so we know which version of (3 to use - either (4.12) or (4.13).)

6. I f ;  < 2 * - l ,

(a) then, ;  =  ;  +  1; return to Step 5;

(b) else, go to Step 7.

7. If i > 0,

(a) then, i = i — 1\ return to Step 3.

(b) else, go to Step 8.

8. Using Equation (4.10), compute This requires a sub-routine:

(a) Set a =  1.

(b) Set sum_delta  =  0.

(c) Form the coefficient {coefficient) to 5()A*̂ q̂ :

i. If (2 < m, then use the — N^*a o) (4.10) to form the coefficient;

ii. else, use the — Y2a=r!i N^*aO) (4.10) to form the coefficient.
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(d) Set sum_delta = sum_delta— ^ coefficient.

(e) If a < AT — 1,

i. then, a =  a +  1; return to Step 8c;

ii. else, go to Step 8f.

(f) Compute given that we have found sum_delta  which equals the

term in (4.10), and all the other terms are known or are straightforward to calculate.

9. Compute 5^0,0)+ n ^{ o,o)-

M em ory requirem ents and speed  o f com putation

The tax year-adjusted simultaneous equation algorithm has been implemented in C-t—t- using 

a 633Mhz, 512MB Pentium III PC. The algorithm is more demanding on memory than the 

simultaneous equation algorithm of Chapter 3, since we have to store the values for the market 

price of the option at the tax year end m, and the size of this array increases approximately 

as 2" .̂ In fact, from Table 4.1 we can see that the memory requirements vary depending on

whether we are using or for the market prices of the option. The tax-

adjusted market prices require more memory because we have to use the simultaneous equation 

algorithm of Chapter 3 and this algorithm is more demanding on memory than a CRR procedure 

(whose memory requirements grow linearly with the number of periods).

The speed of computation slows with an increase in the number of periods because the 

number of deltas to be computed increases as 2^. Table 4.1 shows that if we are using tax- 

adjusted market prices for the option, the speed of computation is slower than for CRR market 

prices. Again, this is due to the fact that we have to use the simultaneous equation algorithm 

of Chapter 3 to calculate the tax-adjusted market prices, and this algorithm is much slower 

than a CRR procedure.

The parameters used to compile Table 4.1 are: S = K  = 100, r = 0.05, a = 0.25, T  = l,Tb =

0.4, Ts = 0.3, To = 0.2.
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Periods, N Option marked to CRR price (m=N-2) Option marked to tax-adjusted price (m=N-2)

3 - 1 4 <  1 < 1

15 <  1 1

16 1 2

17 2 4

18 4 6

19 6 10

20 15 21

21 30 45

22 60 135

23 120 Memory requirements too great

24 300 Memory requirements too great

> 25 Memory requirements too great Memory requirements too great
Table 4.1: CPU time (s) taken for the algorithm to find the tax-adjusted price

4.4 Results

The results are presented in Tables 4.2 and 4.3. The three cases examined in Section 2.4.1 are 

looked at again, this time using the tax year-adjusted simultaneous equation algorithm. The 

percentage differences between the prices obtained here and those obtained in Chapter 2 (where 

the tax year-end coincides with the option’s maturity) are given for comparative purposes.
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Tax rates Call rakd-to-mkt with CRR price Call mkd-to-mkt with tax-adjusted price

n Ts To Price % diff Table2.2 Price % diff Table2.2

0 0 0 12.4876* 0.00 12.4876* 0.00

0.25 0 0 11.8834 -hO.Ol 11.8834 +0.01

0.4 0 0 11.5258 +0.03 11.5258 +0.03

0.25 0.25 0.25 12.4876 0.00 12.4876 0.00

0.4 0.25 0.25 12.0009 -0.01 12.005 +0.02

0.4 0.4 0.4 12.4876 0.00 12.4876 0.00

0 0 0.25 12.2854 -0.02 12.2878 0.00

0 0 0.4 12.0851 -0.08 12.0943 0.00

0.25 0.25 0 12.6413 -0.003 12.6413 -0.003

0.25 0.25 0.4 12.3348 -0.02 12.3377 +0.005

0.4 0.4 0 12.735 -0.01 12.735 -0.01

0.4 0.4 0.25 12.611 +0.003 12.6099 -0.006

0.25 0 0.25 11.7316 -0.05 11.739 +0.02

0.4 0 0.4 11.2818 -0.14 11.3018 +0.04

0.4 0.25 0.4 11.8784 -0.06 11.8885 +0.03
Table 4.2: Tax-adjusted call option prices where the option’s life spans a tax year-end 

^Indicates CRR price
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Tax rates Put mkd-to-mkt with CRR price Put mkd-to-mkt with tax-adjusted price

Tb Ts To Price % diff Table2.3 Price % diff Table2.3

0 0 0 7.6105* 0.00 7.6105* 0.00

0.25 0 0 8.17762 -0.02 8.17762 -0.02

0.4 0 0 8.53392 -0.04 8.53392 -0.04

0.25 0.25 0.25 7.6105 0.0 7.6105 0.0

0.4 0.25 0.25 8.06393 -kO.02 8.06008 -0.03

0.4 0.4 0.4 7.6105 0.0 7.6105 0.0

0 0 0.25 7.48732 -0.02 7.48876 0.00

0 0 0.4 7.36522 -0.08 7.37085 0.00

0.25 0.25 0 7.70421 -0.003 7.70421 -0.003

0.25 0.25 0.4 7.51741 -0.02 7.51919 +0.006

0.4 0.4 0 7.76132 -0.01 7.76132 -0.01

0.4 0.4 0.25 7.68571 -kO.003 7.68508 -0.005

0.25 0 0.25 8.08275 +0.04 8.07816 -0.01

0.4 0 0.4 8.38109 +0.12 8.36808 -0.04

0.4 0.25 0.4 7.98821 +0.06 7.98186 -0.02
Table 4.3: Tax-adjusted put option prices where the option’s life spans a tax year-end 

*Indicates CRR price

N otes to  Tables 4.2 and  4.3

1. The following parameters were used: N  = 15, m =  4,6' =  100, R' =  100, r  =  0.05, cr =

0 .25 ,T =  1.

2. The top six rows contain the results relating to Case 2.1.

3. The following six rows contain the results relating to Case 2.2.

4. The bottom three rows contain the results relating to Case 2.3.

5. Where duplication of results would occur in two or more of the three cases, only the first
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instance is included.

K ey results contained in Tables 4.2 and 4.3

Option prices produced using the tax year-adjusted simultaneous equation algorithm show the 

following:

1. The price differences with respect to option prices in Tables 2.2 and 2.3 (obtained from 

the tax-adjusted hedging algorithm where the tax year-end coincides with the option’s 

maturity) are very small, being of the order of 0.01 percent.

2. When — Ts — Tq,

3. Put and call prices, when tax rates are not all equal, move in opposite directions when 

compared to option prices in Tables 2.2 and 2.3, except for those in Case 2.2 where the 

price differences are the same whether the option is a put or a call. For example, if the 

call price is below its value in Table 2.2 then the corresponding put price is above its value 

in 2.3.

4.5 Summary

The following summarises the main results of this chapter:

1. We relax the assumption that the tax year-end coincides with the maturity of the option 

and allow a tax year end to occur at period m, during the life of the option (we impose 

the restriction that the option’s life is less than or equal to one year).

2. We have to consider two tax years: the first, which ends at the end of period m during the 

life of the option, and the second, which ends one year later, after the option has expired. 

Therefore we have two dates when the tax is due and we alter the equations accordingly:

(a) At first tax year-end when we move from the nodes to the (m ,j) nodes

we pay the tax liability due on the transactions that took place in the first tax year 

and form the hedging portfolio at the start of the second tax year;
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(b) At the second tax year-end we pay the tax liability due on the transactions that took 

place in the second tax year. Given the second tax year-end occurs some time after 

the option has expired, we discount these cash flows back to the expiry date of the 

option.

3. We assume that the option is tax marked-to-marked at the first tax year-end. This 

requires us to have a proxy for the market prices of the option at this tax year-end. 

There are two choices:

(a) The CRR prices, if options are valued using no-arbitrage arguments that ignore 

taxation. In this case we are finding the tax-adjusted hedging price of the option.

(b) The tax-adjusted hedging prices, if options are valued using tax-adjusted no-arbitrage 

arguments. In this case we are finding the tax-adjusted no-arbitrage price of the 

option.

4. We have the same number of unknowns as linearly independent equations — 2) as

in Chapter 3, and so we can find and n ^*oo) hence by solving the

equations simultaneously.

5. Using the simultaneous equation approach we can derive a general form for (the 

deltas at every node) and n B*q . These equations are used to form the basis for the tax 

year-adjusted simultaneous equation algorithm, which finds the tax-adjusted hedging price 

of the option when a tax year-end occurs at period m.  This algorithm is computationally 

slower and more demanding on memory than the simultaneous equation algorithm of 

Chapter 3, because we have to find the market prices of the option at the tax year-end.

6. We see that the option prices we obtained using the tax year-adjusted simultaneous equa

tion algorithm show a difference, of the order of 0.01 percent, with respect to corresponding 

prices obtained using the tax-adjusted hedging algorithm of Chapter 2 (or equivalently, 

the simultaneous equation algorithm of Chapter 3).
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Chapter 5

The Tax-A djusted Binom ial O ption  

Pricing M odel and Convergence to  

th e Tax-A djusted Black-Schoies 

Equation

5.1 Introduction

In Chapter 1 we looked at an extension to the Black-Scholes PDE, derived in Scholes (1976), 

which incorporates tax into the model. The resulting PDE was termed the tax-adjusted Black- 

Scholes (taBS) equation, and its derivation is contained in Appendix A. We know that the 

original binomial option pricing model converges to the Black-Scholes model as a special limiting 

case (Cox (1979)). In this chapter we will look at an analogous discrete-time option pricing 

model with taxes (Section 5.2), which converges to the taBS model (Section 5.3), again as a 

special limiting case. This tax-adjusted model we will call the “tax-adjusted binomial option 

pricing model” (taBOPM).

Section 5.4 presents an alternative to taBS, the “generalised tax-adjusted Black-Scholes” 

(gtaBS) equation, which does not assume the derivative is taxed as income, as is the case in 

taBS.
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Throughout this chapter we are looking at the “tax-adjusted no-arbitrage price” of an 

option, and so we make the assumption that all market participants have the same tax position 

(i.e., are subject to the same tax rates, have the same ability to use losses to offset other gains, 

and their tax is due for payment on the same date).

5.2 The tax-adjusted binomial option pricing formula

This section uses the same framework as CRR to develop a tax-adjusted binomial option pricing 

formula for a European call or put. This means we are working in a recombining binomial 

tree environment, where there is a linear relationship between the number of periods and the 

memory requirements.

5 .2 .1  T h e  s in g le -p e r io d  s e tt in g  

A ssum ptions

We assume that the stock price follows a binomial process over discrete periods. The rate of 

return of the stock over each period can have two possible values: u — 1 with probability g, or 

d — 1 with probability 1 — g. Thus, if the current stock price is 5, the stock price at the end 

of the next period will be either uS  or dS. We evolve the stock price on a pre-tax basis since 

the option payoff is determined pre-tax.

The other assumptions are listed below:

• The interest rate is constant;

• Individuals may borrow or lend as much as they wish at the interest rate;

• There are no transaction costs, or margin requirements;

• The stock pays no dividends;

• The option writer has other gains that can be offset with losses;

• The tax is due at the end of the period.
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We require that there be no arbitrage opportunities involving the stock and riskless bor

rowing or lending, on an after-tax basis. Therefore, we need to define the tax-adjusted total 

returns.

T he tax-adjusted  to ta l returns

The total return for an up or down movement in the stock price can be adjusted to take into 

account the tax on the transaction. Since stock transactions are associated with capital gains, 

the relevant tax rate is Teg, the capital gains tax rate.

D efinition  5.1: T he tax-adjusted  to ta l return for an ‘up’ m ovem ent in th e stock

price

U* — U -  { u - l ) T c g .  (5.1)

D efinition  5.2: T he tax-adjusted  to ta l return for a ‘dow n’ m ovem ent in th e stock  

price

d  =  d  — (d — l)Tcg. (5.2)

The total gain (loss) from investing (borrowing) at the risk-free rate will be taxed as income, 

and so the relevant tax rate is T%, the income tax rate.

D efinition  5.3: T he tax-adjusted  to ta l risk-free return

R* = R - { R - l ) T i ,  (5.3)

where R  is one plus the risk-free interest rate over one period.

T he no-arbitrage condition

We can now apply the no-arbitrage condition that must exist at every period on the tree on

an after-tax basis, since we wish to value options on an after-tax basis. This is similar to the
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classical CRR case, but now we are using tax-adjusted total returns:

r/* >  R* (5 .4)

T he option

If the stock price moves up, the option price at the end of the period is given by Xu {Xu = 

max[S'u — K,  0] for a call and Xu = Tnax[K — Su, 0] for a put), and if the stock moves down the 

option price at the end of the period is given by Xd (where d replaces u in the payoffs for the 

up state). We need to work out the after-tax position.

D efin ition  5.4: T he tax-adjusted  option  position  for an ‘up’ m ove in th e stock

=  (5.5)

since the profit is X u  — X  (the buyer has received X u  after paying X * ,  the initial price of the 

option). The tax rate that applies to the option is Tq.

D efinition  5.5: T he tax-adjusted  option  position  for an ‘dow n’ m ove in th e stock

(5.6)

since the profit is X d ~  X  (the buyer has received X d  after paying X * ) .

T he hedging portfolio

We form a hedging portfolio at beginning of the period given by A* of stock and B* of bonds 

such that,

A*u*S-\-R*B* = X * ,  (5.7)
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and.

ù^*æS + WB* = X2. (5.8)

Solving for A* and B* in (5.7) and (5.8), we find:

and.

V* _ V"*

If there are to be no arbitrage opportunities, it must be true that,

Jf* =  A*S +  B* (5.11)

{u* — d*) {u* — d*)R*

where X* is the current tax-adjusted price of the option.

The tax-adjusted  risk-neutral probabilities

We can re-write (5.11) in the following way:

=  +  (5.12)

where,

Now 7T* is always greater than zero and less than one, so it has the properties of a probability. 

It is the value that g, the real probability of an up move, would have if investors were risk- 

neutral on an after-tax basis. In an after-tax risk-neutral world the after-tax expected rate of
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return on the stock would be the after-tax riskless interest rate. Thus:

q{u*S) +  (1 -  q){d*S) -  R*S, (5.14)

and,

Therefore ir* is the tax-adjusted risk-neutral probability.

We can derive tt* using an alternative method. Given the no-arbitrage condition in (5.4), 

there exists a strictly positive number, tt*, that takes a value between zero and one such that,

TT*U* = R*. (5.15)

Solving for tt* we get (5.13)

Substituting (5.1), (5.2) and (5.3) into (5.13) we obtain the tax-adjusted risk-neutral prob

ability for an up move in the stock price:

* ^  R - d - ( R -  l ) T j  + (d -  l )Tcg

U - d  -  {U -  l)Tcg +  (d -  l)Tcg ’

and for a down move:

_  * ^  U - R + ( R -  l ) T j  -  (u -  l )Tcg  

u - d  -  {U -  l )Tcg  + (d -  l )Tcg '

We see that (5.16) and (5.17) collapse to their no-tax counterparts when the tax rates are 

set to zero. We can also see that if Teg is set equal to Ti, (5.16) and (5.17) again collapse to 

their no-tax counterparts.
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R isk-neutral valuation  w hen Tq =  T%

If we substitute (5.5) and (5.6) into (5.12) we get:

X* = {^u — To{Xu — X*)) {1 — T̂ *) [Xd — To[X(i — X*))] (5.18)

=  [tt* (1 — T o )  X u +  (1 — TT*) (1 ~ To) Xd +  TqX* ]  .

Rearranging we find:

+  (5.19)

Therefore:

+  ( 1 -  •
(5.20)

If we substitute for R* using (5.3) and assume that the option is taxed as income (which is the 

assumption made in Scholes (1976)) so Tq = Ti, we get:

X* =  1  [x*X„ +  (1 -  7 T * )X < i]. (5.21)

The above equation uses the pre-tax discount factor, 1/R, and the pre-tax option values, 

Xu and Xd-

5.2.2 T h e  m u ltip e r io d  s e t t in g

The single-period analysis can easily be extended to a multiperiod setting, as is done in Cox

(1979). We assume that the tax is paid at the end of every period, and the option is taxed as

income.

T he tax-adjusted  binom ial option  pricing form ula

The tax-adjusted binomial option pricing formula for a call option is given by:

^taBOPM ^  -  K R - ’̂ ^a-, n, tt*] (5.22)
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where.

7T

TT =

R  — d  —  ( _ R  —  1 ) t { { d  —  1 ) t , eg
U  — d  — [u — l ) T c g  { d  — 1 ) T c ç  

7V*{u / R )

a = the smallest non-negative integer greater than In
K

0 if a >  n

the number of periods on the tree 

$[a;n,7r*] =  the complementary binomial distribution function.

n =

See Cox (1979) for the derivation of the classical precursor to Equation (5.22), which is the 

same as (5.22) except that t t *  is replaced with t t ,  the classical risk-neutral probability of an up 

move in the stock price.

5 .2 .3  T h e  effect o f  ta x e s  on  o p tio n  p rices  

Theorem  5.1

Calls (puts) are valued by taBOPM at a level less (greater) than their CRR counterparts if the 

income tax rate is greater than the capital gains tax rate.

More formally,

^aBOPM ^  ^CRR

p ta B O P M  ^  p C R R

if Ti >  Teg-

P roof

Let us look at the effect of taxes on the tax-adjusted risk-neutral probability.
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We can write (5.16) in the following way:

*   R  — d  — [ R  — l ) T i  +  ( d  — l)T c g f

U  — d  — ( u  — l ) T c p  { d  — l ) T c g

R  — d  — Ç R  — 1 ) t ^  +  (cJ — X ) t  eg

{ u  — d ) { l  — T e g )

Dividing by { R  — d )  gives:

TT* ( u  — d )  R  — d  — {^R — 1 ) T î  +  ( d  — 1 ) T e g  

( R  — d )  { R  — d ) ( l  — T e g )

Substituting in t t  and adding zero to the right side gives:

7T* _  (1 — T j )  — d ( l  — T e g )  { T j  — T e g )  R { 1  — T e g )  — R { 1  ~  T e g )

7T { R  — d ) { l — T e g )  ( R  — d ) { l — T e g )

R O -  — T i )  { T i  — T e g )  — R { 1  — T e g )

{R — d){l  — Teg) 
(1 — R) {Ti — Teg)
{R — d) {1 — Teg)

^  _  (1 -  R) {Ti  -  Teg)

7T {R — d) {1 — Teg)

Let us look at the terms on the right side of the above equation. 

N u m era to r

( 1 - A )  < 0,

{Ti -  Teg) > 0, if Ti > Teg.

(5.23)

(1 — R) {Ti  — Teg)  < 0. (5.24)
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D enom inato r

(-R — d) > 0,

(1 — Teg)  > 0.

{ R - d ) { l - T e g ) > 0 .  (5.25)

O verall Relationships (5.24) and (5.25) imply:

— - 1  < 0,
7T

^  < 1.
7T

Therefore:

7T <  7T.

So the tax-adjusted risk-neutral probability of an up move is less than the CRR risk-neutral 

probability of an up move, and as a result the tax-adjusted probability of a down move is 

greater than the classical probability of a down move. Calls (puts) finish in the money when 

the stock moves up (down), above (below) the strike price. Consequently, if the tax-adjusted 

risk-neutral probability of an up move is lower than the CRR probability, calls (puts) will be 

priced below (above) their CRR counterparts.

A num erical exam ple

It is useful to consider a numerical example to see the effect that taxes have on the risk-neutral 

probability. The parameters used are: S  = K  = 100,r  =  0.05,c  =  0.25,T  = = 0 . 4 , =

To = 0.25.

The risk-neutral probabilities for the CRR tree are found from t t  =  ^5^, and we find using
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the parameters above:

7T =  0.51693,

and,

1 -  7t =  0.48307.

The tax-adjusted risk-neutral probabilities are found from Equation (5.16), and we find for 

the parameters above:

TT* =  0.50796,

and.

1 -  7T* =  0.49204

Immediately, we can see that if the income tax rate is greater than the capital gains tax 

rate, as is the case here, then the risk-neutral probability of an up (down) move is lower (higher) 

with taxes than without taxes.

Applying the CRR risk-neutral probability and the tax-adjusted risk neutral probability to 

a five period tree, with parameters given above, we find the prices of the options given in Table 

5.1.

Option value % difference CRR

CRR call 12.7946 0.0

taBOPM call 12.1888 -4.7

CRR put 7.91759 0.0

taBOPM put 8.30276 4-4.9

Table 5.1: CRR vs tax-adjusted binomial model option prices 

With reference to Table 5.1 we can see that a call priced under the tax-adjusted probability
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is less expensive than the CRR call, and a put priced under the tax-adjusted probability is 

more expensive than the CRR put, as we expect from Theorem 5.1.

It is worth reiterating that the payoffs used in the tax-adjusted binomial model are exactly 

the same as those used in the CRR model; the only change is the risk-neutral probability.

5.3 Convergence to  the tax-adjusted Black-Scholes model

We can apply the method advocated in Section 2.6, which approximates the continuous-time op

tion price from discrete-time prices, to taBOPM. Table 5.2 shows the approximate continuous

time prices of put and call options obtained using discrete-time prices from the taBOPM and 

CRR models. The parameters used to compile Table 5.2 were: N  = 1000,5' = K  = 100, r  =

0.05, a  — 0.25, T  — l,Tb = 0.4, =  0.25.

Option value % diff taBS Option value % diff BS

taBS call 11.7186 0.000 Black-Scholes call 12.3347 0.000

taBOPM call 11.7192 0.005 CRR call 12.3359 0.009

taBS put 7.8365 0.000 Black-Scholes put 7.4576 0.000

taBOPM put 7.8371 0.008 CRR put 7.4588 0.016

Table 5.2: The convergence of the taBOPM to the taBS model

We can see from Table 5.2 that the prices obtained from the taBOPM for both calls and 

puts are very close to the values calculated using the taBS model. In fact, the differences are 

slightly smaller than those found when comparing CRR prices with Black-Scholes prices.

T heorem  5.2

The discrete time precursor to the taBS model is the taBOPM, in the same way that CRR is 

the discrete time precursor to Black-Scholes.

P roof to  T heorem  5.2

See the next section for the derivation of the implied continuous-time trading equation.
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5.3.1 The im plied continuous-tim e trading equation

For convergence of the CRR model to the Black-Scholes model, the following three conditions 

are required (Cox (1979)):

1. u =

2. d =

3. R = r^

Where t is the time to expiration, n is the number of periods in the tree, h is the discretisation 

interval (also equal to t/n ), r is the risk-free rate over fixed length of calendar time, and a is 

the volatility.

The no-arbitrage equation in the tax-adjusted binomial model is given by:

7T*Xu  +  [1 -  TT*] X d - R c  =  0 , (5.26)

where Xu  is the option price on an up move in the stock, Xd is the option price on a down 

move, and X  is the current call option price.

Equation (5.26), after substitution for the tax-adjusted risk-neutral probabilities derived 

above in (5.16) and (5.17), becomes:

R  — d — (R — 1)T% -h (d — l)Teg
u — d — (u — 1)tc  ̂ 4- (d — 1)t ,

Xu +
u — R-{- (R — l)T^ — (ti — 1)t ,eg
u — d — (u — 1)T eg +  (d — 1)t eg J

Xd — R X  — 0.

We can also include the functional dependencies:

(5.27)

R — d — (R — l)T% +  (d — 1)teg

+ 

=  0 .

U — d  — (u — l)Tcg + (d — l )Tcg

u — R-\- (R — 1)t{ — (u  — l)T cg

u — d — (u — 1)tc^ +  (d — 1)tc^_

X  {uS, t — h) 

X { d S , t - h ) - R X

(5.28)
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After substitution for u, d, and R  given by three conditions above, we get:

rh -  -  {r^ -  l ) n  +  { e ~ ^ ^  -  1)t ,eg
,aVh _  _  ( ê̂ y/h _  +  (^^-aVh _ eg

+ 

=  0 .

^ay/h _  „h— + {r^ — l)Ti — (e*^^ — l ) r eg
e<rV h  _  ^ - a V h  _  (^^aVh  _  l)Tcg +  -  1)Tc5

(5.29)

X { e - ^ ^ S , t - h ) - r ^ X

We can expand the “up” value as a Taylor series around X{S,t)^ keeping only terms mul

tiplied by y/h or h, since the remaining terms become negligible as h becomes small. This 

gives:

X{e'’^ S , t -  h) = X(S , t )  +  -  1 ) S ^  +  (5.30)
OS 2

The expansion for the “down” value is the same, except —ay/h replaces ay/h. 

We can also expand the exponential functions and as Taylor series:

^ay/h

ry/h _

1 -h ay/h +  -f 

1 — (jy/H -|- —(7 /̂i —

= 1 - f / i l n r ...

(5.31)

(5.32)

(5.33)

Substituting (5.30), (5.31), (5.32), and (5.33) into (5.29), and retaining only terms up to 

order h, we obtain:

(5.34)

where 91 is the remainder term.

If we divide through by h, the 91//i term goes to zero, and we obtain the tax-adjusted 

Black-Scholes PDE:

+ !■} ""'I (Inr-)S ^ - ^ -  {lnr)X{S,t)  = 0. (5.35)
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5.4 A n alternative tax-adjusted Black-Scholes equation

We have shown in Section 5.3 that the taBOPM converges to the taBS model in the same way 

that the BOPM converges to the Black-Scholes model. We saw that when formulating the 

taBOPM, the tax rate arising from the option transactions does not feature in the model if we 

assume that the option is taxed as income (see (5.20) and (5.21)). The same occurs in the 

derivation of taBS, shown in Appendix A: the income tax term in Equation (A.16) relating to 

the bond and derivative cancels to give the taBS equation (Equation (A. 17)).

However, what if we can’t assume that the derivative is taxed as income (it is more likely 

to be taxed as capital gains)? In this case we have the following equation, which is given as 

(A. 16) in Appendix A where it is derived:

where Tq is the tax rate that applies to the option. We can write this equation in the following 

way:

f +  +  =  (5.37)

where.

and.

Equation (5.37) is termed the “generalised tax-adjusted Black-Scholes” equation (gtaBS). 

The solution for a the price of a European call, c, or put, p, is given by the following:

c = e ')SiV(di) -  (5.40)
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p =  Ke-'^'^-*'>N{-d2) -  (5.41)

where di and d2 are given by:

ln (gm  + ( r ' - f  + X ) ( T - ( )

(^2 —  d \  — cry/T — t. (5.43)

5.5 Summary

The following summarises the main results of this chapter:

1. The tax-adjusted total returns are defined for:

(a) an up move in the stock price, u* = u — {u — l)rcg]

(b) a down move in the stock price, d *  =  d  — { d  — l)rcg; and,

(c) the risk free rate, R* = R  — { R — l)Ti.

2. The after-tax positions in the option are defined as:

(a) X* = Xu — Ti {Xu — X*), for an up move; and,

(b) X^  = Xd — Ti {Xd — X*), for a down move.

3. The taBOPM uses the tax-adjusted total returns and after-tax option positions to form 

the tax-adjusted hedging portfolio and the tax-adjusted risk-neutral probability of an up 

move in the stock price. Option valuation can be achieved either by recursively forming 

the tax-adjusted hedging portfolio at each node, or by risk-neutral valuation using the 

tax-adjusted risk-neutral probability.

4. Two theorems, relating to the taBOPM, are proven:

(a) Theorem 5.1 states that tax-adjusted calls (puts) are priced below (above) their 

CRR counterparts if the income tax rate is greater than the capital gains tax rate

{Ti > Teg), because the tax-adjusted risk-neutral probability of an up move is less

than the corresponding CRR probability; and,
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(b) Theorem 5.2 states that the taBOPM is the discrete time precursor to the taBS 

model.

5. An alternative to the taBS equation, the gtaBS equation, is proposed that does not assume 

that the derivative is taxed as income. The solutions to gtaBS for a put and call is given.
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Chapter 6

Conclusions

In Chapter 2 we take M&P’s work (in particular, Milevsky (1997a)) as a starting point and 

develop a tax-adjusted hedging algorithm that finds the tax-adjusted hedging price for a put 

or call option. We argue that the tax-adjusted hedging price can only be thought of as a tax- 

adjusted no-arbitrage price if, and only if, all market participants have the same tax position. 

The tax-adjusted hedging price is the price that the option writer must charge to be perfectly 

hedged on an after-tax basis. If the tax-adjusted option price is greater than the CRR price, 

then an option writer performing a classical CRR hedge will not be fully hedged on an after-tax 

basis at the expiry of the option.

The tax-adjusted hedging algorithm uses a non-recombining binomial tree framework. We 

calculate the after-tax positions for the three elements that are involved in delta hedging an 

option at the final nodes on the tree: the after-tax stock position, which is given by the usual 

CRR stock calculation at the final nodes, minus the tax liability on all the stock transactions 

made during that path on the tree; the after-tax bond position, which is given by the usual 

CRR bond calculation at the final nodes, minus the tax liability on the bond transactions made 

during that path on the tree; and, the after-tax option position, which is given by the usual 

CRR option payoff, minus the tax liability on the option for that path on the tree.

We see that the tax liability (or rebate, if a loss is made) on the stock transactions is path 

dependent, which is why we need to use a non-recombining binomial tree. The tax liability on 

the stock transactions is calculated using a marked-to-market method, whereby a tax charge 

is generated on each movement of the stock price. The tax charge on the option includes the

127



initial premium for the option, which is, of course, not known at the final nodes.

In general at a specific final node on the tree, the after-tax stock position plus the after-tax 

bond position does not equal the after-tax option position. This gives rise to the concept of 

the tax-mismatch. This forms the heart of the tax-adjusted hedging algorithm, which forces 

the tax-mismatch to zero via an iterative procedure. Iterations are required because of the 

fact that the initial option premium is included in the after-tax option calculation at the final 

nodes on the tree.

Option prices obtained using the tax-adjusted hedging algorithm show the following:

1. If tax rates on the stock, bond and option are all equal, tax-adjusted option prices are 

equal to their CRR counterparts.

2. Call (put) options are priced below (above) their CRR counterparts if the tax rate on the 

stock and option is less than the tax rate on the bond.

3. Call and put options are priced above (below) their CRR counterparts if the tax rate on 

the stock and bond is greater (less) than the tax rate on the option.

4. Approximate continuous-time tax-adjusted option prices satisfy the tax-adjusted put-call 

parity relationship.

In Chapter 3 we recognise that we can find the tax-adjusted hedging price of the option 

by solving a system of simultaneous equations. This is because we have the same number of 

unknowns (being the deltas and bond amounts at every node on the tree prior to maturity) 

as linearly independent equations. Taking this approach we can derive a general form for the 

delta at any node and a general form for the bond amount at the initial node. These general 

forms are used to form the simultaneous equation algorithm, which finds the same tax-adjusted 

hedging price for the option as the tax-adjusted hedging algorithm. The simultaneous equation 

algorithm is less demanding on memory, and computationally faster than the tax-adjusted 

hedging algorithm.

Using the simultaneous equation approach, we can find an analytic formula for the tax- 

adjusted option price in the single-period case. This analytic formula allows us to prove in the 

single-period case that:
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1. Call (put) options are priced below (above) their CRR counterparts if the tax rate on the 

stock and option is less than the tax rate on the bond.

2. Tax-adjusted put and call prices satisfy the tax-adjusted put-call parity relationship.

3. The tax-adjusted simultaneous hedging algorithm converges to the tax-adjusted option 

price formula as the number of iterations it performs goes to infinity.

In Chapter 4 we relax the assumption that the tax year-end coincides with the maturity 

of the option at the final nodes on the tree. We allow the tax year-end to occur during the 

option’s life. Using the simultaneous equation approach, we again derive a general form for 

the delta at any node and a general form for the bond amount at the initial node. These 

general forms are used to form the tax year-adjusted simultaneous equation algorithm. This 

algorithm is more demanding on memory, and computationally slower than the simultaneous 

equation algorithm. This is because we assume that the option is tax-marked-to-market at the 

tax year-end and this requires us to compute and store values for the option’s market price.

We argue that if we are finding the tax-adjusted no-arbitrage price for the option, then 

it should be marked-to-market with its tax-adjusted value at the tax year-end; otherwise, we 

assume option prices are constrained by pre-tax no-arbitrage arguments, and we mark-to-market 

with the CRR price at the tax year-end.

Option prices obtained using the tax year-adjusted simultaneous equation algorithm show 

very small differences (of the order of 0.01%) compared with their counterparts valued using 

the simultaneous equation algorithm.

In Chapter 5 we look at Scholes (1976) and his extension to the Black-Scholes equation that 

includes tax - the tax-adjusted Black-Scholes equation.

The tax-adjusted total returns for an up movement in the stock price, a down movement 

in the stock price, and the risk free rate are defined. This allows us to derive a tax-adjusted 

risk-neutral probability and form the tax-adjusted binomial option pricing model. Under 

the assumptions given in Scholes (1976), the derivative is taxed as income and the stock and 

option as capital gains, we can prove that the tax-adjusted binomial option pricing model is 

the discrete-time precursor to the taBS equation, as CRR is the discrete-time precursor to the 

BS equation.
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The assumption that the derivative is taxed as income can be relaxed and this allows us to 

derive a generalised taBS equation.

In this thesis we have assumed that the option writer has losses which he or she can use 

to offset other gains. Thus, if a loss is made the tax charge becomes, in effect, a tax rebate 

and the writer receives a nominal cashflow from the tax authorities. However, it is not certain 

that the writer will have other gains available, or will be able to use them in this way. Future 

research could look at the question of restricting the ability of the writer to offset gains with 

losses. Preliminary thoughts would indicate that this would cause the hedging-price of the 

option to increase since the writer would no longer receive rebates if he or she makes a loss.

Throughout, we have been considering equity put and call options. It would be interesting 

to look at the post-tax position of exotic options, and at the tax implications for products with 

different underlyings, most obviously interest rate derivatives.
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A ppendix A

D erivation o f the tax-adjusted  

Black-Scholes equation

This appendix is included because the method used gives us a better insight into the tax- 

adjusted Black-Scholes equation than the original PDE derivation (Scholes (1976)), and it 

contains the derivation of Equation (5.36) given in Chapter 5

The assumptions are the same as for the original BS equation (Black (1973)), except that 

the transactions in the bond and the underlying are taxed at rates of T% and tJ- , respectively, 

on a continuous basis. This assumes that the bond and option are taxed as ordinary income 

and the underlying is taxed as capital gains. We assume that tax liabilities (or rebates) are 

not only incurred, but also paid on a continuous basis.

The asset price follows geometric Brownian motion, where:

dSt = fiStdt 4- a S td W f .  (A.l)

The analysis here is complicated because we have to develop tradable stock and tradable 

bond processes to take into account the continuous tax liability (or rebate) that is generated 

over the life of the option. These are denoted Si and respectively.

^Note that 0 < r  < 1, for a generic tax rate r.
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Form th e tradable bond process

A tax liability (rebate) is generated when there is a gain (loss) on the bond. The notation 

dB^ represents an infinitesimal change in B ^ . Because changes, a tax liability (or rebate) 

is generated equal to dt. Therefore we can write:

dB^  =  r B ^  d t  — t i t B^ d t

= r ( l  — Ti)B^ dt. (A.2)

The solution for B^ is:

B^ =  exp [r(l -  Ti) t ] (A.3)

Form th e tradable stock  process

A tax liability (rebate) is generated when there is a gain (loss) on the stock. The infinitesimal 

change in is given by dS^ and so the tax liability (or loss) is TcdSi. Therefore we can write:

dSi = jiSi dt +  aSi d W f  — Tcgi/Ĵ St dt +  dW/*)

=  { 1  —  T c g ) t J ' S i d t ( 1  —  T c g ) c r S ^ d W f . (A.4)

Ito’s lemma verifies that the solution for is:

=  So exp (1 -  Teg) t +  (rWf

Convert (̂ B̂  )  ̂5̂  into a m artingale

Find the total differential of (̂ B̂  )  ̂S^:

(A.5)

(Bi) ^ s ;] = {b ;) ^ d s ; ^ s ; d U B ; )  ' (A.6)
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Substitute for d  ̂ from Equation (A.2), and dSi from Equation (A.4):

{Bl) ' 5 ;  = { B l )  " S t [ { l - T , g ) i x - r ( \ - T i ) ] d t + { B l )   ̂Sl{l-Tcg)<T<m[. (A.7)- 1

We require the drift term in (A.7) to be zero for [B^ )  ̂5'̂  to be a martingale. We use the 

Girsanov theorem to convert {B^ )  ̂ into a martingale:

d W ^  = d W f  + dXt. (A.8)

With

dXt — —
(7

dt.
(1 -  Teg)  _

we can see that substituting for d W f  in (A.7), using (A.8), gives us:

d

(A.9)

(A. 10)

The above equation is now driftless, and so we have converted (̂ B̂  )  ̂Si into a martingale by 

changing the probability measure from P  to Q.

Form  a  new equation  for dSt under th e  risk -n eu tra l m easure

We use the Girsanov theorem to change the measure in the original equation for dSt (that is 

Equation (A.l), and not the tradable stock equation). This is achieved by substituting (A.8) 

and (A.9) into (A.l). The result is:

dSt = ^ ' \ dt +  aStdW^^.
(1 ' ĉg)

C onvert (P^) {Si^t) in to  a  m artingale  

Find the total differential of (P^)  ̂V

(Bl)  = ( s ; )  ^ d v ; + v t d  {Bl)

(A .ll)

(A.12)
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where is used to denote V (St,t). Note, we are using the tradable bond equation. 

Using Ito’s Lemma we can write the tradable equation for the derivative:

dVf = (1 — To) . (A.13)

We can now write:

d =  ( A ) - ’
9 v ;
d t

( l - r „ ) - r ( B ; )  V ; ( l - T j ) d  

(A.14)

Substituting for dSt as given in (A .ll) gives:

( B ; )  V ' ( S , , t ) ]  =  a S t ^ ( l - T o ) d W , Q (A.15) 

dt.

For {B^)  ̂V  {St,t) to be a martingale, Equation (A.15) has to be driftless. This will be the 

case when:

(A.16)

In the original derivation of taBS, it is assumed that the tax rate that applies to the derivative 

is Ti. Setting Tq = T% results in:

^  +  (r -  f) -  rVt -  0, (A.17)

which is the tax-adjusted Black-Scholes PDE, where.

r =
r{Ti -  Teg)
(1 -  Teg)

(A.18)
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The solution for a the price of a European call, c, or put, p, is given by the following:

c =  e-*'V-‘)5AT(di) -  (A. 19)

p = ATe-’'(^-*)Ar(-rf2) -  (A.20)

where di and ^2 are given by:

ln{S/K) + { r - f  + ^ a ^ ) { T - t )
‘ “  a V T ^ t  ’

^2 — di — (T — t. (A.22)
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A ppendix B

D erivation o f the tax-adjusted  

Black-Scholes equation w ith  

dividends

This appendix is included because the method used gives us a better insight into the derivation 

of the tax-adjusted Black-Scholes equation with dividends than the original PDE derivation 

(Milevsky (1997a)).

Here we assume that the underlying pays a continuous dividend and all the transactions are 

taxed (see Appendix A).

The analysis here is complicated because we have to develop a tradable stock process to take 

into account the continuous tax liability (or rebate) that is generated from the stock and the 

reinvested dividends. We also need a tradable bond process to take into account the continuous 

tax liability from the bond. These tradeable processes are denoted 5  ̂ and respectively.

Form th e  tradable bond process

A tax liability (rebate) is generated when there is a gain (loss) on the bond. The notation 

dB^ represents an infinitesimal change in B ^. Because B^ changes, a tax liability (or rebate)
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is generated equal to TirB^ d t .  Therefore we can write:

dB^ =  rB^ d t  — TivB^ d t

=  r { l — T i) B ^ d t . (B.l)

The solution for is:

B̂ . = exp [r(l -  Ti)t] (B.2)

Form  th e  trad ab le  stock process 5'̂

The tradable stock process that includes tax is (see Appendix B):

ds;  =  (1 -  T c ) f i S ; d t  +  (1 -  Tc)<rS;dWt‘ (B.3)

We need to include dividends as well. The dividend payment is qS^ d t ,  of which, TqqS^ d t  

is paid as tax. Therefore, the total dividend received that is reinvested in the stock is 

(1 — Tq) qS^ d t .  Therefore our overall tradable stock is written as:

—  [(1 "  +  (1 —  T q ) q ]  S ^ d t  { 1  — T c )(j S^  d W ^ .

Ito’s lemma verifies that the solution for is:

g(l -  Tg) 1 OSi = So exp +
( 1 - T c )  2

-  -(7^(1 - T c )  t  +  aW i

C onvert {B^ )  ̂S^ in to  a  m artingale

Find the total differential of [B^ )  ̂5  ̂:

(B.4)

(B.5)

(B.6)
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Substitute for d (Bl)   ̂ from Equation (B .l), and dŜ  from Equation (B.4):

i ^ t )  Si [^{1 — Tc)-i-q{l -  Tq) — r{l — Ti)]dt-\-(^B^) S t{ l  — T j a d W

(B.7)

We require the drift term in (B.7) to be zero for  ̂ to be a martingale. We use the

Girsanov theorem to convert  ̂Si into a martingale:

dWi^ = d W f  +  dXi. (B.8)

With

dXt = —
cr

dt,
( l- 'T c ) (1 -  Tc)

we can see that substituting for d W f  in (B.7), using (B.8), gives us:

(Bl) 's;  ={Bl) ‘ SM^-rc)dW^.- 1 rQ

The above equation is now driftless, and so we have converted (B  ̂)  ̂Si into a martingale by- 

changing the probability measure from B to Q.

(B.9)

(B.IO)

Form  a  new  equation  for dSt un d er th e  risk-neu tra l m easure

We use the Girsanov theorem to change the measure in the original equation for dSt (that is 

Equation (A.l), and not the tradable stock equation). This is achieved by substituting (B.8) 

and (B.9) into (A.l). The result is:

dSt = St ^ (1 -  Ti) (1 -  Tg)

, (1 -  Teg)  (1 -  Teg)_
dt + aStdwP.
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C onvert {St,t) in to  a  m artingale

Find the total differential of  ̂V  {St, t):

d (Bl)  V ( S t , t ) l  =  (b ;)  ^ d v ; + V t d \ { B ; )  ' (B.12)

where is used to denote V {St,t). Note, we are using the tradable bond equation. 

Using Ito’s Lemma we can write the tradable equation for the derivative:

dVt =
dt dSt 2 dSf (1 — To).

We can now write:

d - 1 ( l - T o ) - r ( 5 ^ )  V t { l - T i ) d

(B.14)

Substituting for dSt as given in (B .ll) gives:

d (B j) ' y  (^ ,,t)j =  (T & ^ ( l- T o )d W Q

+  (B,-)
- 1

r dv; ^
“ a t

d v ;  ■ 
d S t

(B.l

(1 -  T o ) d t  -  r ( l  -  Ti)Vt d

For (Bf )  ̂V  {St,t) to be a martingale, Equation (B.15) has to be driftless. This will be the 

case when:

a y
dt r*Vt = 0, (B.16)

which is the tax-adjusted Black-Scholes PDE with dividends as derived by Milevsky and Pris- 

man (Milevsky 1997a), where.

r = r (1 -  n )
(1 — To) ’

(B.17)
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and,

The solution for the price of a European call, c or put, p, is given by the following:

C  =  (B.19)

p = (B.20)

where di and c/2 are given by:

ay/T — t
c/2 —- d\ — <7 ■\/T' — t. (B.22)
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A ppendix C

D erivation o f th e N -Period form for 

th e D eltas and Bonds

If we solve the system of simultaneous equations for N  = 1,2,3 and 4, and find formulas for 

the bonds and deltas in each case, then we may be able to see a pattern and derive a formula 

for each in the general case.

C .0 .1  T h e  d e lta s

N  = 1

(1 -  Tq) (^(1,0) -  ^(1,1)) 
(1 -  Ts) (5'(i,o) -  ^{1,1))

(C .l)

N  = 2

2 A (o ,o > (' (̂1,0) — ' (̂1,1)) + R -  Tb{R — 1))

+  (1 -  To) (%<2,0) -  ^(2,2))

R{2,q) ~ '^(1,0) {R -  '̂ biR - 1)) 

-Ts  {S{2,0) -  ^{1,0))

R{2,2) -  R{i,i) {R -  '̂ b{R - 1))

- T s  (*5(2,2) -  *5(1,1))

— lA

+  iA

(1 ,0)

(1,1)

(C.2)

143



At period one, where j  =  0,1, we have:

=
(1 -  To) (A(2,2j) -  ^(2,2j+l))
(1 -  Ts )  [S{2,2j)  -  S{2 ,2 j+1 ) )

N  = 3

(0 ,0)

— 3^/

(*5'(l,0) — *5'(1 ,1)) [—Ts — Tb(R -  1) +  R { R  — Tb {R — 1))] 
+ (1 - To) (A (3  0) -  A (3_4))

+<̂(2,0) {R — Tb(R — 1))
—"̂ (1,0) [-R {R ~ '^b{R — 1)) — '^b{R — 1)]

- T s  (*5(2,0) -  5(1,0)}

5(3,0) - 5(2,0) { R - T b { R - ' ^ ) )

- T s  (5(3,0) -  5(2,0)}

+5(2,2) { R  — T b { R — 1)}

—5(ij) [E {R — Tb{R — 1)) — Tb{R — 1)] 
- T s  (5(2,2) - 5(1,1)}
5(3,4) -  5(2,2) {R -  Tb{R -  1}}

- T s  (5(3,4) -  5(2,2)}

- 3 A

+  3^

+  3 A

(1 ,0 )

(2,0)

(1 ,1)

(2,2)

(C.3)

(C.4)

At period one, where j  = 0,1, we have:

3 A (1,;) (5(2,2;) -  5(2,2;+1)} { ~ T s +  -R ~  Tb{R ~  1))

+  (1 -  To) (A(3J22) -  A(3_2(2;+l))}

5(3,;22) -  5(2,2;) { R  ~  Tb{R ~  1})

(% ,;22) -  5(2,2;)}

5(3,2(2;+1)) -  5(2,2;+!) (^  ~ Tb{R ~  1)) 

- T s  (5(3,2(2;+1)) ~  5(2,2;+!)}

-  3 A (2,2;)

+  3 ̂ (2,2;+!)

(C.5)
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At period two, where j  =  0 ,1 ,2 ,3 , we have:

- X I(1 T q )  ^*-(3,2j+l)

(1 -  Ts) (5(3_2j) -
(C.6)

We can see already that the form for the delta at period f is a function of the number of 

periods from maturity, N  — i: iA*qq^ given by (C.l) is of the same form as (C.3) and

sX*2j) (G.6); 2 A*Q (C.2) is of the same form as (C.5).

4A (0 ,0)

+  (1 -  To) (.^(4,0) -  '’̂ (4,8) )

+ ‘S'(2,0) ( ^  — T b { R  — 1)) — T b { R  — 1)}

~*^(1,0) { R  [-  ̂{ R  ~  '^b{R — 1)) — T b { R  — 1)] — T b { R  — 1)}

_ - T s  [S{2fi )  -  S { l f i ) )

+ ‘S'(3,0) { R  ~  '^b{R — 1))

-  4A(2,o> ~R{2,0)  { R  { R  ~  T b { R  — 1)) — T b { R  — 1)}

_ - T s  {R{3,0) -  R{2,0))

-  4^(3,0)
+*5(4,0) -  *5(3,0) ( R  -  T'b{R — 1)) 

. (*5(4,0) -  *5(3,0))

+*5(2,2) { R  { R  ~  '^b(R — 1)) — T b { R  — 1 )}

+  4^*1,1) “ *5(1,1) { R  [-R ( R  “  '^b(R — 1)) — T b { R  — 1)] — '^b{R — 1 )}

_ - T s  (*5(2,2) -  *5(1,1))

+*5(3,4) { R  -  T b { R  -  1))

+  4 ̂ *2,2) “ *5(2,2) { R  ( R  — T b { R  — 1)) — T b { R  — 1)}

_ - T s  (*5(3,4) “  *5(2,2))

+  4A*3^4)
+*5(4,8) “  *5(3,4) ( R  “  T b { R  — 1)) 

_ “ '7's (-5(4,8) “  *5(3,4))

x (C .7 )
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The form of the deltas at periods one, two and three is given by Equations (C.4), (C.5) and 

(C.6), respectively.

T he  general case

Now we will show how we can use the deltas for N  = 1,2,3 and 4, to find the general case,

N^*i j) where i =  0,1,..., N  — 1 and j  = 0,1,..., 2̂  -  1.

T he  overall coefficient The stock terms are simply the stock at the two connected nodes,

one period later. The form for the other bracket, containing R and the tax rates, can be seen

by more clearly from the following table.

N - i

1

2

3

4
N  — i

Bracket containing R and the tax rates

—Ts +  1

—Ts +  R — Ti {R — 1) (1)

—Ts + — T b { R  — 1) (1 + R )

—Ts + R^ — Tf){R — 1) (l + i? + R̂)
- T .  + - njR - 1) A"

Table C.l: Development of the overall coefficient

So the general form for the overall coefficient is:

(0 .8)

T he bracket containing th e  op tion  payoffs We start at node {i , j ): the first payoff is given 

by following the path which gives the second payoff is given by following the

path which gives (2j+i)2^-»-i)’ The usual notation to represent an “up” move

(u) and a “down” move (d) has been used.

The general form for the bracket containing the option payoffs is:

(C.9)
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T he deltas inside th e  m ain square  bracket We have two sets of deltas. The first set, 

whose elements are all negative, is given by all the deltas along path starting at node (z, j)

but not including this node. The second set, whose elements are all positive, is given by all 

the deltas along path starting at node (z, j)  but not including this node. Therefore,

the first set is:

N - l

- E
a = i + l

(C.IO)

and the second set is:

N - l

a = 2+ l

T he coefficients to  th e  deltas inside th e  m ain  square bracket The coefficients are of 

the same form for the two sets of deltas at each period. For example, the coefficients to (— 

4 A*j q̂ ) and (+ 4 A*j in (C.7) are of the same form. We will only look at the coefficients to 

the negative set of deltas, since the coefficients to the positive set will follow immediately.

Let us consider the coefficient to the following delta, There are three

terms to the coefficient: a positive stock term, where the stock is that at the “up” node from 

the delta, (<S'̂ o+ij2“+i-b)> ^ negative stock term, where the stock is that at the same node 

as the delta, &nd a term involving Tg and the two stock prices, given simply by

(‘5(a+l,j2“+i-i) -  ‘S'(oj2“-b)-

N  — a *^(a+lj2“+̂ ~*) term ~'^(aj2“-») term

1

2

3

N  — a

1

R^ — Tfc(iî — 1) (1 +  R)

R - T b i R - 1 )  (1)

R^ — Tb{R — 1) (1 -f- R)

R^ — Tb{R — 1) ( l +  i? +  R^^

Table C.2: Development of the stock terms for the delta coefficients 

Table C.2 gives the stock terms in the delta coefficients.
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The general form for the coefficients to the deltas is:

+S(a+1 J2-+1-*) ( i î ' " - - '  -  Tt{R -  1) R ”)

-% j2.-') -  n(R - 1) Et~o~" R!’'
(S'(<i+lj2«+'-‘) -  -5(0,j2<-'))

C om bining th e  elem ents When we combine all the elements together we get the general 

form for

(R{i+l,2j) -  R{i+l ,2j+l ))  +  R'^ ' ’ -  Tj ,(R -  1) ' R “

+  (1 -  To) -  X(Af,(2j+l)2«-‘- l) )

+S(a+lj2->+l-‘> -  T,(R -  1) A")

-g<.,;2.-.) {r"-'̂  -  n(R - 1) E w '"  R') 
_ - T s  (5 {a + lj2 “+ l - ‘> -  R{aJ2“- ' ) )

+ S („ + l .(2 j+ l)2 - ‘> { R ^ - ' ' - ^  -  T t { R  -  1) 

- S (a .( 2i+ l ) 2<.-.-l> -  n{R -  1) E m  ■“ R̂ )
. ( ‘̂ {o+l,(2j+l)2—‘) -  ■5{a,(2j+l)2—<-l))

(C.

N - l
X'.. ^^{oj2“- ‘)

a = î+ l

N - l

C .0 .2  T h e  b o n d s

We can write the initial bond amount in terms of the deltas for N  = 1,2,3 and 4. The deltas 

are given by (C.12).

N  = 1

^(0,0) - [R — Tb{R — 1) — To]
+  (1 -  To)%(i^0>

_ ~  1^(0,0) [~'^oS{0fi) -  Ts (5(1,0) -  «5(0,0)) +  5(1,0)] _

(C.13)
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N  = 2

2B
-̂To - n { R - i )  +  R { R - n ( R  -1 )} ]

+ (1 -  To) %(2,0)

-  2 ^ (0 ,0 )  [-T o 5 '(0 ,0 ) -  Ts (5(1^0) -  <^(0,0)) +  <^(1,0) {R ~ '^b{R ~  1))] 

+ 5 '(2 ,0 ) -  <^(1,0) { R  -  '’’b ( R  -  1))

-Ts (S{2,0) -  S{1,0))

(C.14)

— 2 A
( 1,0)

sB (0,0)

-  sA

sA

-  sA

(0,0)

(1,0 )

(2,0)

—To — Th(R — 1) +  i l  [i? {R — Tb{R — 1)) — Tf){R — 1)]]

+  (1 -  To) ^(3,0)

- T o ‘S'(o,0) -  Ts  (<5(1,0) -  5(0,0))

+ 5 (1 0 ) { Ü { R — Tb{R — 1)) — Tb{R — 1)}

+5(2,0) { R — Tb{R — 1)) — 5(1 0) { i l  ( i l  — Tb{R — 1)) — Tfc(il — 1)}  

- T s  (5(2,0) -  5(1,0))

+5(3,0) — 5(2,0) ( R  — Tb(R -  1))

-T s  (5(3,0) -  5(2,0))

(C.15)
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N  =  4

aB (0,0)

—To — Tb[R  — 1) 4- jR
R l R { R - r b i R - l ) ) - T b { R - l ) ]

(C.16)

- 4 A

- 4 A

(0 ,0)

(1,0)

—T b { R  — 1)

— T o )  %(4,0)

- l ' o ‘5(o,0) -  I’s (*^(1,0) -  *^(0,0))

+<̂(1,0) {-R [-R (-R — Tb{R — 1)) — Tb{R — 1)] — Tb{R — 1 )}

+*^(2,0) { R { R  — T b { R  — 1)) — T b { R  — 1)}

~*^(i,o) { B  [-R (-R — T b { R  — 1)) — T b { R  — 1)] — T b { R  — 1)}

. (*^(2,0) -  '^(1,0))

+*^(3,0) (-R “  T b { R  — 1))

~^{2,0) {-R {B — Tb{R — 1)) — Tb{R — 1)}

- I 's  (*5'(3,0) -  B{2, 0) )

+*^{4,0) -  * (̂3,0) (-R -  '^biB -  1))

- ' T s  (*5(4,0) -  *5(3,0))

- 4 A (2,0)

- 4 A (3,0)

T he general case

T he overall coefficient Table C.3 shows the pattern for the overall coefficient.

N

1

2

3

4 

N

1 /(Overall Coefficient)

—To R  — Tb{R — 1)(1)

—To +  R^ — Tb{R — 1) (1 +  R)

—To +  R^ — Tb{R — 1) (l +  jR +  R^^

—To +  R^ — Tb{R — 1) (l T .R T R^ T R^)

—T o R
N - 1

Tb{B -  1) R°
Table C.3: Development of the overall coefficient for the initial bond term
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From Table F.3 we can see that the overall coefficient for the general case is:

7------------------- ----------- 7 r .  (C.17)

T he op tion  payoff te rm  This is straightforward, and the general case is:

{1 — To)  (C.18)

T he deltas The set of deltas is that given by following the path starting at node (0,0).

The general case is:

N - l

-  NX’lafi)-
a—0

T he coefficients to  th e  deltas For 7\tA*qq ,̂ the To and Ts terms are straightforward. The 

coefficients of a,re the same as those given in Table C.3, with N  = N  — 1 and no Tq term. 

The general case is:

5(1,0) ( a " - :  -  n(R  -  1) ^ 2 ; '  R ')  . (C.19)

Now for the rest of the deltas. Let us consider the coefficient to the following delta, 

(— Q̂ .  There are three terms to the coefficient: a positive stock term, where the stock 

is that at the “up” node from the delta, (5(a+i_o)); a negative stock term, where the stock is

that at the same node as the delta, (—<S'̂ a,o))5 and a term involving Tg and the two stock prices,

given simply by -Tg (^(^+1,0) “  {̂a,0))-
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N  — a B { a + l , 0 )  t e r m ~ B { a , 0 )  t e r m

1

2

3

N  — a

1

R  — '^b{R — 1) (1)

— T~b{R — 1) (1 4- R )

R  — T b { R  — 1) (1)

R^ — T b { R  — 1) (1 +  R )

R ^  — T b { R  — 1) ( l  +  +  R^^

Table C.4: Development of the stock terms for the delta coefficients

Table C.4 gives the stock terms in the delta coefficients. Note, Table C.4 is the same as 

Table C.2.

The general form for the coefficients to the deltas is:

n A (a,0)
{^(o+l.o) -  ‘5(0,0)) -  ■5(0,0) “ -  'I'biR -  1) Z )fco'

_ +5(o+i,0) -  n { R  -  1) E f c o ' '“ R!’)
(C.20)

C om bining th e  e lem ents When we combine all the elements together we get the general 

form for NB*Q Qÿ

n B (0,0)

+ (1 -  To) %(jv,0)

X (C

—atA (0 ,0)

N - l
E
a=l

-  E  n A

~''"o'5(0,0) - ' ^ s  (* (̂1,0) — *^(0,0)) +  *̂ (1,0) ( R ^   ̂ - T b { R  — I )  Y la=Q

- '^ s  {S{a+1,0)  -  B{a,0)) -  B{a,0) -  T b { R  ~  I )  EfeLo^ °

_ +5(„+i.o) -  n { R  -  1) E w ' " '
(a,0)
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A ppendix D

D erivation o f th e N -Period form  for 

th e D eltas and Bonds w hen th e Tax 

Year Occurs D uring th e Life o f the  

O ption

As with Appendix C, if we solve the system of simultaneous equations for N  = 2,3 and 4, and 

find formulas for the bonds and deltas in each case, then we may be able to see a pattern and 

derive a formula for each in the general case. The situation is more complicated here because 

the tax year-end can occur at any intermediate period on the tree: for these values of N we 

have six different versions of the deltas and bonds - N  = 2, m  = 1-, N  = 3, m  = 1,2-, N  = A, 

m =  1,2,3 - as opposed to three versions in Appendix C.

The basic form of the expressions follows those in Appendix C. The additional terms arise 

due to the tax year-end at m, and in particular the relationship between the tax year-end and 

the quantity we are looking at.
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D .0.3 The deltas

iV =  2, m =  1

1  A *2 ̂ (0,0) (*5(1,0) -  *5(1,1)) (1 -  '^s) [R -  ><Tb{R -  1)]

+  (1 -  ATo) (%(2,0) -  -^(2,2))

_  T o [ R  — XTb{R — 1) — A]

*5(2,0) -  *5(1,0) { R  -  X r b { R  -  1))

- X t s  (*5(2,0) -  *5(1,0)}

*5(2,2) “  *5(1,1) ( R  ~  XTb{R — 1))

- X T s (*5(2,2) -  *5(1,1)}

(D.l)

“  2^(l,0)

+  2^(1,1)

At period one, where j  =  0,1, we have:

_  ( 1  X T q) ( x^2 ,2 j )  ^ { 2 , 2 j + l } )

^  ( I ' j )  ( 1  -  X T s ) ( * 5 ( 2 , 2 ; )  -  * 5 ( 2 , 2 ; + 1 ) }

1  A * (1) 2)
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N  =  3, m = 2

2 a * 
3 ^ (0 ,0 )

-  3^(1,0)

"  3 ̂ (2.0)

+ 3^(2,2)

[R — \ t}) (jR — 1)]

(̂ (1,0) “ *̂(l,l>) — T b { R — l ) — Ts][R — XTb{R — 1)]
+  (1 - ATo) (X(3,0) “  ^(3,4))

-  (-"*%(2,o> -  T, [72 -  A -  AT6(72 -  1)]

+*5(2,0)

-*5(1,0) [ R  -  T b { R  -  1)]

-'^ s  (5(2,0) -  5(1,0))

5(3,0) -  5(2,0) (-R -  Ar{,(72 -  1))

-A T s (5(3,0) -  5(2,0)}

+5(2,2)

-5 (1 ,1 ) [ R  — '^b{R — 1)]

- T s  (5(2,2) -  5(1,1)}

5(3,4) -  5(2,2) { R  -  ^Tb[R -  1))

-A T s (5(3,4) -  5(2,2)}

[72 — \Tb (72 — 1)]

At period one, where j  =  0,1, we have:

2 a*
3^(lj) (5(2,2;) — 5(2,2j+l)} [1 -  Ts] [72 -  \ T b { R  ~  1)]

+  (1  -  ^T o} (^ (3 ,j2 2 )  -  ^ (3 ,2 (2 ;+ l) )}

-("" 'X (2 ,2 ;> - -^'% (2,2;+l)}To[72-A-AT6(72-l)] 

5(3,j22) -  5(2,2;) { R  -  ^Tb{R ~  l ) )

-A T s (5(3,j22) -  5(2,2;)}

5(3,2(2;+1)) -  5(2,2;+1) ( R  ~  ATb(72 -  1)) 

-A T s (5(3,2(2j+1)) -  5(2,2j+l)}

'  3^(2,2j>

+  3^{2.2j+l>

(D.3)

(D.4)

At period two, where j  = 0,1,2,3, we have:

155



2 a*A l =
( 1 - A T o )  X )

3 <2j> (1  -  ATs ) (5(3^2j ) -  ■5(3,23+1))
(D.5)

— 3, 771 =  1

1 a* 3^(0,0) X

-  3'^â.O)

3'^(2,0)

+  3^(1,1)

+  3^(2,2)

(5(1,0) “  5(1,1)) [1 “  ■'■«] “  Ari,(iî —1){R +  1)]

+  (1 ~ Ar„) (X(3,o) -  %(3,4))

-  (’"‘‘Af(i,o) -  -" 'X d,!)) To [R̂  -  \ n ( R  -  1) (iJ +  1) -  A]

+'S'(2,o) [-R — Ar^ (-R — 1)]

— ̂ Tb{R — I) { R +  1)]
- X T s (*5(2,0) -  *5(1,0))

*5(3,0) — *5(2,0) [-R - XTb(R — 1)]
- X T s (*5(3̂0) - *5(2,0)}
+*5(2,2) [R — X T b { R — 1)]
“ *5(1,1) [R"̂  “  Xrb{R — l ){R-\-1)]

- X T s (*5(2,2) -  *5(1,1)}

*5(3,4) — *5(2,2) {R -  XTb{R — 1)]
- X T s (*5(3,4) -  *5(2,2)}

(D.6)

At period one, where j  =  0,1, we have:

1 A* X
(*5(2,2;) “  *5(2,2;+!)} “  XTb{R ~  1) ~  Xt s]

+  (1 -  XTo) (AT(3J22) -  A'(3,2(2;+l))}

*5(3,;22) “  *5(2,2;) [ R  “  X T b { R  ~  1}]

- X T s (5(3 j22) -  5(2,2;)}

5(3,2(2;+!)) -  5(2,2;+1) [ R  “  X T b { R  ~  1}] 

- X T s  (5(3,2(2;+1)) “  5(2,2;+l)}

1 A*-  3^(2,2;)

+  3^(2,23+1)

(D.7)
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At period two, where j  =  0,1, 2,3, we have:

1 A *ATo =
(1 -  Ato) (ATTo 2,\ -  XZ(3 ,2 ;) ^ ( 3 , 2 ; + l ) )

® ( 1 - A T s )  (5 (3^ 23) -  •5{3,2j + 1 ) )
(D.8)

A" =  4, m =  3

3 A * 
4^(0,0)

-  4^(1,0)

4^(2,0)

-  4'!̂ (3,0)

+ 4^(1,1)

+  4^(2,2)

+  4^(3,4)

[R — Xti){R — 1)]

[-R — Xti){R — 1)]

{^{1,0) ~  *^(1,1)) “  ' ^ b i R  — 1) (i?  +  1) — Ts] [i? — \ T b { R  — 1)]

4- (1  -  A T o )  ( A ( 4  0 )  -  % ( 4 , 8 ) )

_  0) — 4 ) )  To [i? — A — A r t  ( i?  — 1)1

+ ‘̂ (2,0) -  '^biR -  1)]

“  '^b{R — 1) (-R +  1)]

- ' T s  (5'(2,0) -  <^(1,0))

+ ‘5'(3,0)

—< (̂2,0) [ R  ~  T b { R  — 1)]

- ' ^ s  {S{3,0) -  % ,0 ))

+*S'(4,0) ~  '^(3,0) [R — XTb( R— 1)]

- A T s (% ,0 )  -  <^(3,0))

+ ‘5'(2,2) [ R  -  ' ^ b { R  -  1)1

~ ‘S’(1,1) [-R̂  — Tb{R — 1) (R +  1)]

-Ts (R(2,2) -  R(l,l)}

+ R ( 3 ,4 )

—R(2,2) [R -  Tb(R — 1)]

- T s  (R (3 ,4 )  -  ^ { 2 , 2 ) )

+ R ( 4 ,8 )  -  R (3 ,4) [R  -  ATb(R — 1)]

- A T s (R (4 ,8 )  -  R (3 ,4 ))

(D.9)

[R — XTb{R — 1)]

[R — At{,(R — 1)]

The form of the deltas at periods one, two and three is given by Equations (D.3), (D.4) and 

(D.5), respectively.
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T he general case

As mentioned above, the basic form for the delta equations is derived in Appendix C. To 

derive the general form for the delta, as given in Equation (4.11) we start with the

basic framework given in Appendix C and look for a pattern in the terms considering the 

number of periods, N,  the tax year-end, m, and the period we are evaluating the delta for, i. 

To go through the entire procedure would be extremely involved. Instead let us consider an 

example and show how the overall coefficient, given by in (4.11), is arrived at.

F ind ing  /? in (4.11) Table D .l shows (3 for all the deltas given above where i > m .

Delta N - i
1  A * 1 [ 1  —

2 A* 1 [ 1  —

1  A * 1 [ 1  —  ^Ts]

1  A * 2 [ i 2  — X t  s — X t i } { R  — 1 ) ]

3  A *
4 ^ ( 3 ,0 ) 1 [ 1  —  s]

Table D.l: Coefficient /3 when i > m

From Table D .l we can write down the general form as:

R N - i - 1 ^-^AT-i-2
—x t s —\T b{R—1) Q (D.IO)

if z > m.

Table D.2 shows (3 for all the deltas given above where i < m .
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Delta N  — m m — z — 1 P
1 A* 
2^(0,0) 1 0 [R — \ T b { R  — 1)] [1 — Ts]

2 A* 1 0 [R — ATb(R — 1)] [1 — Ts]

2 A* 
3^(0,0) 1 1 [R — Arb(R — 1)] [R — Tb(R — 1) — r^]

1 A* 3^(0,0) 2 0 [R^ — \ T b { R  — 1) (1 +  R)] [1 — Ts]

:^ (2 j) 1 0 [R — Arb(R — 1)] [1 — Tg]

4^(lj) 1 1 [R — \Tb{R — 1)] [R — Tb{R — 1) — Ts]

4 ^ (0 ,0 ) 1 2 [R — Arft(R — 1)] [R^ — Tb{R — 1) (1 + R) — Tgj

Table D.2: Coefficient /3 when i< m

From Table D.2 we can write down the general form as:

/3 =
J l N - m

(Dll)

if Z < 771.

We can repeat this procedure for all the terms until we arrive at the general form for ^  ,

given by Equation (4.11).

D .0 .4  T h e  b o n d s

iV =  2, 771 =  1

1 p* 
2^(0,0) [i? — ti){R — 1) — To] [.R — At{,(R — 1)]

+  (1 -  ATo) %(2,0>

_To ^^^^{1,0} [R ~ Arb(R — 1) — A]

“  2^(0,0) [‘̂ (1,0) “  («5(1,0) -  «5(0,0)) -  '̂ o«5(0,0)] [R -  ^Tb{R -  1)]

+«5(2,0) “  «5(1,0) [R — Art(R — 1)]

- A ts (R(2,o) -  «5(1,0)}

(D.12)

1 A*-  2^(1,0)
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N  = 3, m =  2

2 T D *

3-0(0,0) [R^ — T b { R  — 1) { R  +  1) — To] [ iî  — At{,(-R — 1)] 

+  (1 -  ATo) %(3,0)

~ T o  ^ ^ ^ ^ {2 ,0) [-R — A — X r b { R  — 1)1

~'^ o S {0 ,0 )  s (5'(1,0) -  <5(0,0)) 

+5(1,0) [R  ~  T b { R  — 1)]

+5(2,0) — 5(1^0) -  '^h {R  -  1)]

(5(2,0) -  5(1,0)}

+5(3,0) ~  5(2,0) [ R  ~  X T b { R  — 1)] 

-A T s (5(3,0) -  5(2,0)}

(D.13)

2 a *
-  3 ^ (0 ,0 )

“  3^(1,0)

2 a * 
3 ^ (2 ,0 )

[-R — Xti){R — 1}] 

[R — XTb{R — 1)]

1 p*
3^(0,0)

3^(0,0)

“  3^(1.0>

1 A * 
3 ^ (2 ,0 )

[R“̂ — XTfj{R — 1) {R +  1}] [jR — Tb{R — 1) — To]

+ (1 -  '̂To) ^(3,0)

—To ^^^^(1,0) [-R̂  — A — XTb{R — 1) (i2 +  1) 

-T o5(o,o) -  Ts (5(1,0) -  5(0,0)} 

+5(1,0)

+5(2,0) [R ~~ Xrb{R — 1)]

—5(1,0) [R"̂  ~ Xrb{R — 1) (-R+ 1}] 

- A t s  (5(2,0) -  5(1,0)}

+5(3,0) — 5(2,0) [R — XTb{R — 1}] 

- X T s (5(3,0) -  5(2,0)}

(D.14)

[-R  ̂ — At {,(jR — 1} (i? +  1)]
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N  =  4, m =  3

3 D* 
4-0(0,0> [jR̂  — T h { R  — 1) +  i? +  1) — To] [ iî  — X ti) { R  — 1)]

+  (1 -  ATo) %(4,0)

_'^o  [-R — X r b { R  — 1) — A]

-ToS(0^0) -  Ts  (5'(1,0) -  <5(0,0))

+<5(1,0) [-R̂  — T b ( R  -  1) (-R +  1)] 

+<5(2,0) [-R — Tb{R — 1)]

—<5(1,0) [-R̂  — T b { R  — 1) (-R +  1)]

- T s  (5(2,0) -  5(1,0)}

+5(3,0)

-5(2,0) [-R -  T b ( R  — 1)]

- T s  (5(3,0) -  5(2,0)}

+5(4,0) — 5(3 0) [-R — Xrb{R — 1)]

- X T s (5(4^0) -  5(3,0)}

(D.15)

3 a * 4^(0,0)

3 a *
-  4 ^ ( l ,0 )

3 a*
4 ^ (2 ,0 )

3a*
4 ^ (3 ,0 )

[R — Xrb{R — 1)]

[jR — XTb{R — 1)]

[-R — XTb{R — 1)]

T he general case

We use a similar procedure to that used to find (3 for the deltas, for all the terms in 

until we arrive at the general form given by Equation (4.10).
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