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Abstract

The natural evolution of tuberculosis in the absence of any medical interventions and
its evolution in populations where control measures are implemented, are studied using
various mathematical techniques and especially those of stochastic models.

In developed countries the numbers of tuberculosis cases increased and then de-
clined, even before the introduction of effective therapy. Although now curable, tuber-
culosis remains endemic in developing countries and among infectious diseases it is the
leading cause of death worldwide. Serious questions have been raised with respect to
the efficacy of the control measures currently available and the reasons for their fail-
ure to control the spread of tuberculosis in some areas. This thesis investigates the
spread of tuberculosis in the absence and in the presence of medical interventions and
addresses questions about the endemicity of the disease and the efficacy of the controls,
via stochastic models describing the dynamics of the infection.

In particular, the probability of extinction of the disease, the time until extinction,
the size of an individual epidemic, and the distributions of the numbers of infected
and infectious individuals are considered. Special attention is given to epidemiological
indices, such as prevalence, risk of infection, incidence, and mortality, which are used by
public health authorities to assess the severity of an epidemic. Approximating methods,
including the use of deterministic models, are investigated and their results are compared
with those from numerical simulations of the stochastic models being studied. The effect
of chemotherapy in controlling an epidemic is assessed by the percentage reduction in
the epidemiological indices for various levels of detection and cure rates. The effect of

BCG vaccination is studied separately for various coverage and protective levels.
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Chapter 1

Introduction

In the 18th century tuberculosis was promoted to the rank of “captain of all these men
of death”. Major epidemics arose in Europe and North America in the 17th century and
then declined throughout the 19th century, even before the introduction of chemotherapy
(Bloom & Murray 1992). When effective therapy became available, in the late 1940’s,
tuberculosis (TB) began to fade from existence in most developed countries (Bloom &
Murray 1992). Nevertheless, TB epidemics still remain at tragic levels in many de-
veloping countries, despite effective control programs (Dye, Scheele, Dolin, Pathania &
Raviglione 1999). In addition, a reéurgence of TB has been witnessed in developed coun-
tries since 1985 (Enarson & Rouillon 1998). The “captain” still keeps his place as the
leading cause of death among infectious diseases worldwide (Bloom & Murray 1992).
Various explanations have been proposed for this “rise and fall and rise” of TB, but the
causes have not been completely determined.

Are subsequent outbreaks of TB going to follow in developed countries and when?
Is the epidemic wave in developing countries on its way up or down? What is the impact
of control measures and what can ensure their success? Answers to epidemiological
questions like these are hidden within the characteristics and dynamics of Mycobacterium
tuberculosis (the causative agent of TB) and the current state of tuberculosis infections.
Answers to such questions can be extracted if the appropriate techniques are developed.
Mathematical modelling is one of the techniques that have substantially contributed to
the understanding of observed epidemiological trends and predictions for future trends
for other infectious diseases (see, e.g., Bailey 1975, Anderson & May 1991).

The first effective modelling of TB was that of Waaler, Geser & Andersen (1962)
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and subsequent modellers have mainly been concerned with deterministic and simula-
tion models (see, e.g., ReVelle, Feldmann & Lynn 1969, Blower, McLean, Porco, Small,
Hopewell, Sanchez & Moss 1995, Vynnycky 1996, Brewer, Heymann, Colditz, Wilson,
Auerbach, Kane & Fineberg 1996, Dye, Garnett, Sleeman & Williams 1998, Aparicio,
Capurro & Castillo-Chavez 2001). Stochastic models, in contrast to deterministic ones,
allow for statistical fluctuations and, in many respects, the probability element is essen-
tial in the study of epidemic phenomena. In this thesis we consider stochastic models
that describe the natural evolution of TB and the evolution after the introduction of a

control policy. The structure of this thesis is as follows.

Tuberculosis and epidemic modelling:
Chapter 2 discusses the basic concepts and principles of the epidemiology of TB. A brief

review of the literature concerned with epidemic modelling is given in Chapter 3.

Models for the natural evolution of TB:

In Chapter 4 we present a simple closed model for the natural evolution of TB; this is a
three-class model for a population with constant size. A similar model for a population
with varying size is studied in Chapter 5; here we allow for immigration of susceptibles
and death (both natural and caused by TB). In Chapter 6 we present a more detailed
model (called Zeus) which accounts for some subtle features of TB (such as reinfection of
individuals with an old infection), which for simplicity were not included in the previous

two models.

Models for the effects of chemotherapy and vaccination:

Model Zeus (Chapter 6) is extended to allow for the fact that some of the TB cases
receive treatment and then further extended to allow for the possibility of vaccination of
newborns. In Chapter 7 we present the model for treatment, called Clio. By comparing
numerical results from models Zeus and Clio (Chapters 6 and 7), we assess the effec-
tiveness of chemotherapy and the levels of detection and cure rates necessary to achieve
certain levels of reduction in the severity of TB epidemics. In Chapter 8 we present the

model for treatment and vaccination, called Erato!. Numerical results are compared

!The names of the models Zeus, Clio, and Erato reflect their relationship and the purpose for their
development. In Greek mythology, Zeus was the supreme deity, considered as the “father” of all gods.
Clio and Erato were two of the nine Muses, daughters of Zeus. Model Zeus (for the natural evolution of
TB) was developed with a view to extending it to models that account for medical treatment (such as
Clio and Erato), so that model Zeus can be considered as the ‘parent’ model of Clio and Erato.

15



with results from Chapter 7 in order to assess the additional effectiveness of the vaccine

(over and above that of chemotherapy).

Discussion:
In Chapter 9 we conclude with a summary of the main results presented in this thesis

and discuss possible modifications and extensions.
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Chapter 2

Tuberculosis

2.1 History

Tuberculosis (TB) has a very long history, since its occurrence has been traced back
to 4000 BC, through Egyptian mummies and Stone Age skeletons. Nevertheless, major
epidemics did not arise in Europe until the early 1600’s and somewhat later in North
America. The incidence of TB increased to pandemic proportions in the following cen-
turies and TB was referred to as “phthisis”, “consumption”, the “white death”, and the
“white plague”.

Even until the second half of 19th century, TB was attributed to causes such as
heredity, evil spirits, and demons. In 1882 Robert Koch announced that TB is caused
by the bacillus Mycobacterium tuberculosis. This discovery contributed to the decline of
the incidence of TB, which was witnessed in most developed countries, from at least the
beginning of this century, although effective therapy had not been introduced then. Seg-
regation of the infectious people in sanatoria, higher standards of hygiene, higher living
standards, and better nutrition are some of the possible explanations for this decline.
In the later half of the 20th century, the introduction of chemotherapy accelerated this
decline in most industrial countries and it was hoped this would be the end of TB.

However, celebrations proved to be premature. In many developing countries,
there has been virtually no decline in the incidence of TB, which remains at tragic
levels. And even in developed countries there has been a resurgence of TB since 1985,
attributed mainly to the rise of the HIV/AIDS epidemic, the emergence of multidrug-

resistant TB, immigration, increased poverty, homelessness, unsanitary living conditions,
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poor nutrition, and substance misuse. In the rise of the new millennium, TB remains a
problem worldwide: the World Health Organisation (WHO) estimates that about one
third of the world population is infected with TB and approximately 2-3 million people
die of TB annually.

References: Blower et al. (1995), Cohen & Durham (1995), Dye et al. (1999), Kanai
(1990), LaScolea & Rangoonwala (1996), May (1995), Murray, Styblo & Rouillon (1993).

2.2 Diagnosis

The diagnostic tools used for the detection of tuberculous infection and disease also
provide a means for the classification of those who have been infected, according to the
degree of infectivity, stage of the disease, and site of the infection. The most important
diagnostic tools are the following:

Tuberculin Skin Test (intradermal injection of tuberculin that causes an induration in
48-72 hours); it is neither 100% sensitive (which means that there are false “negative”
reactions) nor 100% specific (false “positive” reactions). It does not distinguish between
recent and remote infection or between infection and disease. False “positive” reactions
may be caused by the presence of other mycobacteria and former BCG vaccination.
Chest Radiography (x-ray); it is high in sensitivity, but low in specificity. It needs ex-
perienced x-ray interpreters, because several pulmonary diseases may have radiographic
abnormalities similar to those of TB and pulmonary TB may result in almost any kind
of radiographic abnormality. Also, most persons with severe immunosuppression present
with atypical radiographic findings.

Sputum Microscopy; this is the most important tool to detect highly infectious TB
cases, because the patients whose sputum contains sufficient bacilli to be detected by
microscopy are the most infectious. These are referred to as smear-positive and they
make up approximately half of the TB cases. However, smear examination does not
exclude TB infection or infectiousness and a positive test may be caused by organisms
other than M. tuberculosis.

Sputum Culture; cultures take 4-6 weeks to give results, but they allow the identifi-
cation of the organisms and drug susceptibility tests to be done. Patients who are
smear-negative and culture-positive are 9/10th less infectious than those who are smear-

positive.
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References: American Thoracic Society (1990), Cohen, Harriman & Madsen (1995),
De Cock, Binkin, Zuber, Tappero & Castro (1996), LaScolea & Rangoonwala (1996),
Murray et al. (1993), Pan American Health Organization (1986), Styblo (1991).

2.3 Transmission, infection, and development of disease

Tubercle bacilli include several members of the genus Mycobacterium, including M. tu-
berculosis, M. bovis, M. africanum, and M. microti. TB is most commonly caused
by M. tuberculosis. The second most frequent source of infection is raw milk containing
M. bovis from cows infected with this bacillus, which causes a disease clinically similar to
TB. Other means of infection are very rare. The most common site of TB is pulmonary,
but almost any organ can be infected; these cases are referred to as extra-pulmonary
TB, in contrast to pulmonary TB.

The most important route of transmission of TB is through inhalation of infected
droplet nuclei. These nuclei are created by a person suffering from infectious pulmonary
TB through forced exhalations, such as coughing, sneezing, yelling, singing, and loud
talking. The very smallest of them may remain airborne for several hours (so that a
room may remain infectious for a while, even in the absence of the infectious person)
and when inhaled, infection may become established.

There are several factors that influence whether or not tuberculous infection
occurs relating to the host (nutritional status, immune competence, presence of other
diseases), the organism (virulence of strain, concentrations of M. tuberculosis in droplet
nuclei, size and number of aerosolised droplets), the environment (crowding, unclean
living conditions, fresh air ventilation), the contact with the source patient (duration
and closeness), and the source patient (site of TB, positive or negative sputum smear,
TB medication status). For example, smear-negative patients are far less infectious than
smear-positive and non-pulmonary TB patients are virtually non-infectious.

Apart from all these factors, the host’s defence system is the ultimate determinant
for the establishment of infection and its further development. When a person inhales
droplet nuclei containing tubercle bacilli, only the very smallest of them can penetrate
into the respiratory system and implant on the alveolar surface. If that happens, alve-
olar macrophages (one of the most critical kind of cells in the human defence system

against pathogens) ingest the tubercle bacilli and can kill or remove them, in which
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case infection does not occur. However, if the microbiocidal capacity of macrophages
is exceeded (depending on the number and virulence of the tubercle bacilli and char-
acteristics of the alveolar macrophages) then the surviving organisms will multiply and
establish tuberculous infection.

When the infection occurs, the immunological defences are stimulated, but they
only become effective after 3-8 weeks. In the mean time, the host has no specific defence
against M. tuberculosis; the bacilli proliferate and, transported within the macrophages,
they enter into the bloodstream; then they can be seeded throughout the body, creating
potential sites for extra-pulmonary tuberculosis development.

The stimulation of the defence system initiates a series of responses which result
in the formation of granulomas, a type of histological pattern, that contain any viable
organisms. The tubercle bacilli can survive within these granulomas indefinitely, but
they can not proliferate.

This favourable result occurs at the expense of local host tissue; the granuloma
formation results in tissue necrosis, fibrosis, encapsulation, and scar formation. Caseous
sites of necrotic tissue (so named because of their “cheesy” consistency) are produced.
At that point, the host is asymptomatic and the infection is latent. The tuberculin skin
test is usually positive and a chest x-ray may show some abnormalities (for example, the
granulomas or the caseous sites). For the majority of those infected, there is no further
development; they never develop disease and are immune to tubercle bacilli, usually for
life.

The crucial point is whether or not caseous necrosis undergoes liquefaction, be-
cause that will determine whether or not the infection develops to disease. If liquefaction
does occur, the liquefied material is expelled and a cavity forms. Caseous M. tuberculosis
becomes widespread and the tubercle bacilli multiply. Patients with cavitary tuberculosis
typically exhibit coughing and systematic symptoms and the infectiousness of the host is
increased. The relation between the stage of the disease and the extent of infectiousness
is still not clear. Some pointers for assessing the infectiousness of a TB patient are the
presence or absence of cavities on x-ray, radiological extent of the disease, bacteriological

status, and cough frequency.

Risk of developing disease (after infection). The risk varies with age, with a

peak at the very young and the very old ages; it is higher for men than women and
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higher for non-whites than whites. It is enhanced by immunosuppression, malnutrition,
alcoholism, etc. It is estimated that approximately 80-90% of those infected will never
develop disease; of the remaining, half will develop disease in the first few years (primary

TB) and half much later (secondary TB) even several decades after infection.

Reactivation vs. Reinfection. There is a strong controversy about secondary TB.
The first theory maintains that tubercle bacilli cannot survive forever, immunity wanes,
and inhalation of tubercle bacilli by persons who have been infected, say five years
previously, increases the risk of development of TB after this reinfection. According to a
second theory, tubercle bacilli can remain alive within their host during his/her lifetime
and at any time they may start multiplying and cause the development of disease;
immunity can remain intact, protecting the host against reinfection, usually for life.
The truth probably lies between the two theories. In areas with low risk of infection,
secondary TB is mostly due to reactivation of an old infection, while in areas with high

risk of infection it is mainly due to reinfection.

TB and HIV infection. When a person is infected with both HIV and TB, the
development of TB follows the same pattern, but more rapidly. HIV infection increases
the risk of developing disease after infection; between 5% and 10% of persons co-infected
with M. tuberculosis and HIV will develop TB each year, compared with less than 0.2%
of persons infected with M. tuberculosis but not HIV. Those with both TB and HIV
have shorter incubation and infectious periods, higher mortality rate, they are more
susceptible to reinfection and reinfection with multidrug-resistant TB. Also, they are

more likely to develop extra-pulmonary TB, than TB patients who are HIV negative.

The fate of TB patients without treatment. After the onset of disease, about
10-15% of smear negative patients will become smear positive. Approximately 10% of
all TB patients 0-14 years old and 50% of all patients older than 15 are smear positive.
A patient remains infectious for two years, on the average. 50-60% of patients (60-70%
for smear-positive, 40-50% for smear-negative) will die within the first five years. The
majority of those who remain alive eight years after diagnosis have quiescent TB (they
are naturally cured, but they may relapse later) and the remaining are chronic excretors
of tubercle bacilli (sporadically infectious and ill). There is a 30% chance of spontaneous
cure, but among those who recover 4.4% relapse each year for the first five years and

1.6% annually for the second five years.
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References: Clancy (1990), De Cock et al. (1996), Dolin, Raviglione & Kochi (1994),
Grzybowski & Enarson (1978), Kanai (1990), LaScolea & Rangoonwala (1996), Murray
et al. (1993), Pan American Health Organization (1986), Shekleton (1995), Styblo (1991).

2.4 Symptoms

In most cases, the clinical presentation of TB involves only a gradual development of
insidious and vague symptoms. The most common symptoms are cough, hemoptysis,
sputum production, fatigue, anorexia, chilly sensations, night sweats, low grade fever,
chest pain, and dyspnoea. These symptoms may or may not be present and with vari-
able severity. There are patients who are truly asymptomatic. Others may have only
nonspecific symptoms (such as anorexia, fatigue, weight loss) which are often attributed
to overwork or emotional stress. Also, the symptoms may be attributed to other diseases
(such as influenza, pneumonia, asthma, lung cancer). Actually, several studies have re-
ported that the percentage of missed diagnoses is about 40-50% at the time of hospital
admission and about 5% of cases are only discovered by autopsy. The presentation of
TB in HIV patients is usually atypical, with symptoms such as malaise and weight loss,
which are also seen as part of the HIV infection. In extra-pulmonary TB the symptoms

are related to the organ system affected and there may be nonspecific symptoms, as well.

References: American Thoracic Society (1990), Cohen et al. (1995), Crofton, Horne &
Miller (1992), LaScolea & Rangoonwala (1996), Stead & Dutt (1988).

2.5 Treatment

The first anti-tubercular drug, Streptomycin, was discovered in 1944, by Selman Waks-
man. Since then, a number of anti-TB drugs have been developed, among which Iso-
niazid, Rifampin, Pyrazinamide, and Ethambutol are the most frequently used. Their
main effect is that they reduce bacteria counts, cough frequency, and excretion of tu-
bercle bacilli, thus rendering the patient much less infectious. Therefore, the benefits of
chemotherapy are not only direct (for the patient treated), but also indirect (reduced
transmission of the disease).

Indeed, high cure rates have been achieved with regimens consisting of the drugs

aforementioned. Under ideal conditions of 100% compliance, 80-90% of smear-positive
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cases will have converted to smear-negative after two months of treatment and the re-
maining in the following two months. Even among patients who discontinue chemother-
apy at two months, only 40% will be smear-positive (or dead) after two years. The
indirect benefits of chemotherapy were clearly depicted by the rapid decline of the inci-
dence of TB in most developed countries between 1950 and 1985.

However, despite these potential high cure rates, most chemotherapy programs
in developing countries failed to achieve the WHO target of 85% cure rate. The primary
reason for this is failure to ensure patients’ compliance (due to financial constraints, for
instance). Nevertheless, cure rates of 80-90% have been achieved (for instance in Malawi,
Mozambique, Tanzania, and China) with intensive control programs, that provided for
close supervision of treatment, bacteriological examinations, etc. It is, therefore, or-
ganisational/administrative, as well as technical, factors that are the most important

determinants for the success of a control program.

Multidrug-resistant TB. Soon after the introduction of chemotherapy, it was dis-
covered that drug-resistant organisms would begin to appear in the sputum by the fourth
week of therapy. Even from the 1960’s there are studies reporting that the frequency of
Isoniazid-resistant bacilli was 1.5% in Canada in 1964 and 13.6% in Taiwan in 1963 (and
rose to 27% by 1968). Combination therapy with at least two drugs was then introduced,
as the “miracle solution”, but again TB proved to be an ingenious opponent; strains of
M. tuberculosis were becoming resistant to multiple drugs, as a result of a sequence of
strains resistant to individual drugs. For instance, a strain resistant to drug A, say,
infects a person who is then treated with drugs A and B. Basically, this is monotherapy,
likely to cause resistance to drug B. The result is resistance to both drugs.

In general, the possible ways of drug-resistance development are: (a) a drug-
sensitive patient develops drug-resistance during treatment with regimens that are poorly
conceived or poorly complied with, (b) drug-resistant patients infect susceptibles (not
previously infected) who become drug-resistant, (c) there is exogenous reinfection with
a new multidrug-resistant strain of TB, during or after therapy for drug-sensitive TB.

Several studies indicate that there is an increasing trend in the prevalence of
multidrug-resistant TB; for instance in the United States it increased from 2% to 9%
in the last 30 years. Moreover, there is a concern that the HIV epidemic is likely to

increase the risk of developing drug resistance.
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Currently, the basic regimens are for six months and include four drugs. For TB
and HIV infected patients, extra-pulmonary TB patients, the elderly, and infants the
therapy is often extended to at least nine months. If multidrug-resistant TB is suspected

or proved the regimen includes at least five drugs.

References: Chan & Yew (1998), China Tuberculosis Control Collaboration (1996),
Clancy (1990), Dye et al. (1998), Grzybowski & Enarson (1978), Kanai (1990), Kochi,
Vareldzis & Styblo (1993), LaScolea & Rangoonwala (1996), Murray et al. (1993), Mur-
ray, DeJonghe, Chum, Nyangulu, Salomao & Styblo (1991), Pan American Health Orga-
nization (1986), Small, Shafer, Hopewell, Singh, Murphy, Desmond, Sierra & Schoolnik
(1993), Stead & Dutt (1988), World Health Organization (1993).

2.6 The BCG vaccine and preventive therapy

The purpose of the BCG (bacille Calmette-Guérin) vaccine is to prevent the development
of disease after infection. Its protection lasts for 10-15 years and it is not clear, yet,
whether revaccination has any significant effect. With pulmonary TB, the efficacy of
BCG varies from 0% to 80%. Several factors account for this large variation and for
particular ages or countries the variation is smaller (for instance 40-70% for children
0-14 years old if given at birth and 20~-30% in India). It is suggested that it should be
given at birth or as early in age as possible. There are still questions about vaccination
at older ages, as well as about people who are vaccinated and then infected with HIV.
But for advanced HIV and AIDS patients it is contra-indicated, because of the high
risk of disseminated BCG infection. In most developed countries BCG is not routinely
recommended, except in specific situations, due to the variation of its efficacy and its
invalidation of the tuberculin skin test.

Preventive therapy (also referred as chemoprophylaxis) is used in preventing the
establishment of infection and the development of infection to disease. In general, mass
chemoprophylaxis is not recommended, but only indicated for specific situations (such
as suckling babies of infectious mothers, close contacts of TB patients, HIV/AIDS pa-
tients, and newly infected persons who have not developed disease). Several other factors
may determine the applicability of chemoprophylaxis (for instance, age, degree of ex-
posure to TB, presence of other infections and/or diseases) and still there are many

questions regarding its applicability and effectiveness. Reductions by 60-90% of the risk
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to develop disease have been reported and the protective effect may last for several years.
Chemoprophylaxis is also effective in reducing TB incidence in HIV-infected individuals,

especially those with a positive tuberculin skin test.

References: De Cock et al. (1996), Horne (1990), LaScolea & Rangoonwala (1996),
Murray et al. (1993), Pan American Health Organization (1986), Smith & Fine (1998),
Styblo (1991).

2.7 Current epidemiology of TB

TB Incidence (number of new TB cases reported during a year per 100,000 general
population): The global incidence of TB remains at tragic levels, as it is estimated that
about 7.5-8 million new TB cases occur per year worldwide. Particularly in developing
countries, about 120-260 cases are notified per 100,000 population annually (Dye et al.
1999, Murray et al. 1993).

Annual Risk of TB infection (percentage of population that is infected or reinfected
during a year): The annual risk of infection in developing countries is between 0.5%
and 2.5%; in the absence of HIV, it is stable or decreasing by 1-2% per year (a rate
slightly less than the population growth in these countries). HIV infection is believed
to increase the risk of infection. In Eastern Europe and the former USSR the risk was
about 0.05-0.35% in 1994 and in developed countries less than 0.1%. It is estimated
that an undiagnosed and untreated TB patient infects about 10-14 susceptibles each
year and is infectious for almost two years; a smear-positive case infects 2-5 persons
(2-3 in developed countries and 4-5 in developing countries) before his/her detection.
Again, all the numbers above may vary depending on age, sex, and other factors (Bloom
& Murray 1992, Murray et al. 1993, Murray et al. 1991, Raviglione, Rieder, Styblo,
Khomenko, Esteves & Kochi 1994, Styblo 1991).

TB prevalence (number of registered TB cases per 100,000 general population): In
1997 the global prevalence was around 277 cases per 100,000 population. The percentage
of smear-positive cases among all TB cases is about 10% for those 0-14 years old and
about 50% for those older than 15. Smear-positive TB is rare in children; about 80% of
smear-positive cases occur between the ages 15-59 (Dye et al. 1999, Murray et al. 1993,
Styblo 1991).

Prevalence of TB infection (proportion of infected individuals in a given popula-
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tion): In 1997 approximately 32% of the world’s population was infected with M. tuber-
culosis. In developed countries 20% of those infected were less than 50 years old, while
in developing countries the same percentage is about 75% (Cohen 1995, Dye et al. 1999).

Mortality Rate (number of deaths from TB in a given population): Despite the
implementation of chemotherapy programs, TB continues to exact a terrible toll. In
1997 an estimated 1.87 million people died of TB. About 10-20% of these deaths were
in children. The developing world bears the heaviest burden accounting for 98% of TB
deaths (Cohen 1995, Dye et al. 1999, Murray et al. 1993).

TB Fatality (Lethality) Rate (number of TB deaths per 100 cases of TB): Without
treatment, approximately 50-60% of TB patients will die (60-70% of smear-positive and
40-50% of all other TB cases). In 1997 the global case fatality rate was estimated
to be 23%, but more than 50% in some African countries. In the pre-chemotherapy
era, the average time from diagnosis to death (over all age groups) was 13-14 months,
ranging from 18 months for those 15-44 years old and down to 3 months for those
older than 65. With good chemotherapy programs case fatality can be reduced to 10—
15% (China Tuberculosis Control Collaboration 1996, Dye et al. 1999, Grzybowski &
Enarson 1978, Murray et al. 1993, Styblo 1991).
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Chapter 3
Review of epidemic modelling

3.1 The roots of mathematical modelling of epidemics

“We share the world with the smallest living things: bacteria and viruses...
A hundred million virus particles could live very comfortably in an area the
size of the period at the end of this sentence. This planet in many respects, is
ruled not by the macrobes, but by the microbes — which have a far greater

power to kill.” (LaScolea & Rangoonwala 1996).

These powerful “planet-mates” of ours cause the major epidemics that have scourged
our planet for thousands of years and accounted for tremendous numbers of human lives
lost. It is therefore not surprising that these formidable epidemics attracted the interest
of many scholars and scientists of various disciplines, from the very early years.

Records of epidemics date back to the ancient Greeks (e.g. the “Epidemics” by
Hippocrates, 458-377 BC) and medical statistics to the 17th Century (e.g. J. Grant,
1620-1674 and W. Rethy 1623-1687) (Bailey 1975, Anderson & May 1991). In 1760
Daniel Bernoulli used a mathematical method to evaluate the effectiveness of variolation
(a technique of inoculation) against smallpox, with a view to influencing public health
policy (Bailey 1975, Dietz & Schenzle 1985). More mathematical studies were developed
in the 19th century that used patterns of cases to examine the spread of diseases (e.g.
J. Snow, 1855 and W. Budd, 1873) and investigated the use of curve-fitting to data on
various diseases (e.g. W. Farr, 1840; J. Brownlee, 1906) (Bailey 1975).

Progress in biomedical sciences lead to the modern scientific achievements of the

20th century in this field and enhanced the flourishing of medical statistics as well as
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of the mathematical theory of epidemics. From the beginning of this century there was
a definite upsurge in epidemic modelling. Hamer (1906) and Ross (1908) were the first
who formulated mathematically certain hypotheses about the mechanisms of infectious
diseases. Hamer, in particular, was the first who considered that the course of an epi-
demic must depend on the number of susceptibles and infectives. Soper (1929) worked
on the ideas of Hamer and Ross and deduced important results about the periodicity of

some epidemics.

3.2 The Kermack-McKendrick and Reed-Frost models

McKendrick (1926) published the first purely stochastic model of epidemics. He assumed
that an individual is infectious from the moment he receives infection until he recovers
or dies or is isolated and that the probability of one new infection occurring in a short
interval is proportional to the length of the interval and the numbers of susceptible and
infectious individuals.

Kermack & McKendrick (1927) developed deterministic models, whose structure
forms the basis of the general stochastic model, one of the now classical epidemic models.
They considered a population divided into three classes, those who are susceptible to
the disease, those who are infectious, and those who have recovered or been removed (so
that they are considered as non-infectious and immune). The population is subject to
homogeneous mixing, which means that the contact rate is the same for each individual
(and thus, at any instant each susceptible has the same probability of being infected and
each infective has the same chance of infecting any susceptible).

The number of new infections in a very short time interval is proportional to the
length of the interval and the current numbers of susceptible and infectious individuals,
X (t) and Y (t), respectively. The latent period is assumed negligible and the infectious
period is exponentially distributed. They considered both variable and constant infection
and removal rates. In the case of constant rates, the probability of one new infection
occurring in the interval [t, t+dt] is 8X (t)Y (t)dt+o(dt) and the probability of a recovery
or a removal in the same interval is vY (t)dt + o(dt).

One of the most important results deduced in this paper is the celebrated Thresh-
old Theorem. According to this theorem, no epidemic can occur unless the density of

susceptibles exceeds the threshold value p/n (where n is the total population size and
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p = v/B). A similar result is deduced for the general case entailing variable infectivity
and recovery rates.

Around 1928 L. J. Reed and W. H. Frost developed a different kind of probabilistic
model, which was illustrated for teaching purposes, but was not published until much
later; also, Greenwood (1931) developed a slightly different variation of this model (see,
e.g., Bailey 1975, Chapter 14). The Reed-Frost model (also referred as the chain-binomial
model) assumes that the latent and the incubation periods can be regarded as constant
and the infectious period is reduced to a single point. Starting with one infective (or with
several simultaneously infective persons) the process will continue in a series of stages,
separated by intervals equal to the latent period. At each stage, the susceptibles will
yield a number of new cases at the next stage, which under certain conditions, will be
distributed in a binomial series, depending on the numbers of susceptibles and infectives

at the previous stage. We thus have a chain of binomial distributions.

3.3 Models for macroparasitic infections and other popu-

lation processes

The models described in the previous section have the common characteristic that the
population is divided into several classes (such as susceptibles, infectives, immune and/or
removed) but there is no distinction as to the severity of the infection (i.e. the abundance
of the parasite within the host); an individual simply either has or does not have the
disease. This formulation is generally adequate for microparasites (viruses, bacteria, and
protozoa) but not for macroparasites (helminths and arthropods). The former multiply
within the host at high rates, but the latter generally do not have direct reproduction
within the host and they accumulate only via reinfection. The factors characterising
the development of the infection within a host (such as transmissibility of the infection,
presence and severity of symptoms, immunity of the host) depend on the number of
parasites harboured in the host. Therefore, models for macroparasitic infections take
into account the distribution of parasites among hosts (see, e.g., Bailey 1975, Dietz &
Schenzle 1985, Anderson & May 1991).

Another characteristic of the models for microparasitic infections is that after a
successful contact between an infective and a susceptible, the number of susceptibles

is decreased by one, and that of infectives is increased by one. This is not always the
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case for other population processes, such as the predator-prey processes, where after a
“successful” contact the number of prey decreases by one, but the number of predators
remains the same (see, e.g., Bailey 1964, Hitchcock 1986).

M. tuberculosis is a microparasite and hence the following review concentrates on

the literature for microparasitic infections.

3.4 Development of epidemic modelling

During the last five decades variants of the Kermack-McKendrick and Reed-Frost models
have been developed and many new results have been published. Most of the relevant
work up to 1974 is covered in Bailey (1975). Here we can find a detailed description of the
most important epidemic models, including discussion of probabilistic analyses of these
models, simulation studies, estimation of parameters, and applications to household
data. Recent reviews of the relevant literature and theory have also been published (see,
e.g., Lefevre 1990, Dietz & Schenzle 1985, Isham 1993, Mollison, Isham & Grenfell 1994,
Daley & Gani 1999, Renshaw 1993, Anderson & May 1991).

The Kermack-McKendrick model is concerned with diseases of the SIR type,
which entails a closed, homogeneously mixing population divided into three classes:
susceptible to the infection (S), infected and infectious (I), and removed, recovered, or
dead (R). Other formats are:

e the SI model: the population is divided into two classes, susceptible (S) and infectives
(I), and the only possible transitions are infections (S — I)

e the SIS model: again there are only susceptibles and infectives, but after infection
immunity may wane, so that an infective may become susceptible. Hence, the possible
transitions are infections (S — I) and loss of immunity (I — S).

e the SIRS model: the population is divided into three classes, susceptibles (S), infec-
tives (I), and removed or recovered (R). The possible transitions are infections (S — I),
removals or recovery (I — R) and loss of immunity after recovery (R — S).

Several other types of epidemics have been examined and described by models
whose structure is based on that of the Kermack-McKendrick model. Some of these are
the following:

Recurrent epidemics; Soper (1929) was the first to investigate the periodicity of recurrent

outbreaks of measles. Other researchers followed and Bartlett, in a series of papers and
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his books (see, e.g., Bartlett 1956, 1957, 1960a, 1960b), made a considerable contribution
by the formulation and study of stochastic models, primarily concerned with measles and
smallpox.

Carrier models; these involve the presence of carriers, i.e. individuals who are infected
and infectious but appear outwardly healthy (see, e.g., Downton 1967).

Competition between epidemics; here there are two types of infectious agents and hence
two types of infectious individuals, who may recover or be removed, forming two classes
of “removals”. Susceptibles can be infected by either type of infection (see, e.g., Kendall
& Saunders 1983).

Multistate models; the underlying mechanisms of some diseases are too complicated to
be described with three or four classes of individuals. The available control measures for
these diseases resulted in models involving a large number of states. Most of these models
are deterministic or simulation models (e.g. Blower, Small & Hopewell 1996, Brewer
et al. 1996).

Most of these types of models can be further classified according to whether or
not they entail immigration into and/or migration out of the population; some models
account for recruitment of susceptibles and/or infectives, deaths due to natural causes
and due to the disease, and the total population size may be constant or variable (see,
e.g., Bartlett 19605, Lefevre 1990, Jacquez & O’Neill 1991, Isham 1993).

Advances made in stochastic processes in the 1940’s enhanced the use of more
advanced (mathematically) techniques and formulations: branching process formulations
(e.g. Bartoszynski 1967), coupling methods (e.g. Ball 1995), point processes (e.g. Lefevre
1990), modelling on random graphs (e.g. Barbour & Mollison 1990), and many others.
There is also a growing interest in the development of methods of statistical inference
for the analysis of infectious disease data (e.g. Becker 1989).

Approximating stochastic systems and asymptotic approximations have also been
used and proved a very helpful tool in the study of stochastic models. For instance,
Tan & Hsu (1989) developed an approximating system by assuming the number of
susceptibles to be a deterministic function of time (under the assumption that this
number is always large) and keeping all the other probabilistic elements of the model.
Kurtz (1970, 1971, 1981) proved that certain stochastic systems can be approximated

by Gaussian diffusion processes, if the initial numbers of susceptibles and infectives are
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large.

The variability of parameters and stages of the models is a problem that has re-
ceived a lot of attention and prompted the development of more variants of the Kermack-
McKendrick and the Reed-Frost models (see, e.g., Lefevre 1990, Mollison 1995, Mollison
et al. 1994). Some of the problems considered are: the existence of several types of
infectives (with different distributions for the period of infectiousness), the variability in
susceptibility and/or infectiousness, variable transition rates, and several stages of the
infectious and/or incubation period. One of the basic assumptions of the first stochastic
models of epidemics was that of the homogeneous mixing, i.e. that at any given instant,
any susceptible has the same probability of being infected by each infective. In reality,
this is not always the case, both because of differences between individuals (e.g. dif-
ferences in susceptibility and behavioural differences) and because of heterogeneity of
mixing (due to the geographical distribution of cases, for instance). Several attempts
have been made in order to deal with this problem, for example the development of

spatial and multi-population models (see, e.g., Bailey 1975, Lefevre 1990).

3.5 Important statistics in epidemic theory

One of the important statistics in epidemic theory is the final size of an epidemic, i.e. the
total number of individuals infected during the epidemic, not counting the initial infec-
tives (or equivalently, for closed populations, the total number of susceptibles uninfected
at the end of the epidemic). Both the exact distribution and the asymptotic behaviour
of the total size have been investigated. For instance, Kermack & McKendrick’s (1927)
deterministic treatment deduced the Threshold Theorem and from that the approximate
result that when the density of susceptibles exceeds the threshold value, then the size of
the epidemic will be twice the excess, and thus, at the end of the epidemic, the density
of susceptibles will be just as far below the threshold density, as initially it was above it.
Fundamental results were published later (see, e.g., Whittle 1955, Kendall 1956) about
the J-shaped and U-shaped form of the probability distribution of the ultimate number
of individuals infected during the epidemic, together with recursive techniques to obtain
this distribution. Ridler-Rowe (1967) worked on a model involving immigration of new
susceptibles and new infectives and deduced results for the probability of extinction of

the infectives (and hence of the infection) and the mean time until extinction. See also
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Daniels (1967), Sellke (1983), Abramov (1994), Ball (1983).

Another statistic of interest is the maximum number of infectives present at any
time during an epidemic. Kendall (1956) in his deterministic treatment of the Kermack-
McKendrick model derived exact solutions of the equations for the ultimate number of
infectives and removals and from these deduced the maximum number of infectives, over
the course of the epidemic. Asymptotic results for the distribution of this maximum
have also been obtained (see, e.g., Daniels 1974, Abramov 1994).

Mention should also be made of the basic reproduction ratio (usually denoted by
Ro). This is effectively defined as the number of cases generated by one infective over
the period of infectiousness, when this infective is introduced into a large population of
susceptibles (see, e.g., Diekmann & Heesterbeek 2000, Jacquez & O’Neill 1991). Formally
Ro can be calculated from the following definition by Diekmann & Heesterbeek (2000)
(see also Heesterbeek 1992, Diekmann, Heesterbeek & Metz 1990):

Definition 3.1 Assume that the infected individuals could be in a finite (say k) number
of different states and the number of individuals in each state is T,,Z2,... ,T;. State
transitions occur according to a rate matriz S and death occurs according to a diagonal
rate matriz D. Let T be the matriz whose (1,7) element is the rate at which an infected

individual with state j produces secondary cases with state i. Then the vector x =

(z1,--- ,zK) satisfies the differential equation
dx
— = (T -D
and Ry is the dominant eigenvalue of the matriz K = —T(S — D)~! (dominant in the

sense that Rg > |A| for any other eigenvalue A of K).

The progress of the epidemic and the endemic steady state of the system (and
whether this state is achieved) depend on Ry and other parameters. For instance, for
the general stochastic model described in Section 3.2, with infection and removal rates
B and 7, respectively, the basic reproduction ratio is Rg = n/p, where n is the total
population size and p = /8. If Ry is greater than one, then with a deterministic model
there will always be an epidemic (i.e. a major outbreak), while with a stochastic model
the probability of an epidemic is 1 — (1/R()*, where « is the initial number of infec-
tives (Kermack & McKendrick 1927, Whittle 1955). Nevertheless, things become more

complicated in other complex models, for example, when the population is divided into
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subpopulations or when the period of infectiousness comprises several different stages

(see, e.g., Mollison et al. 1994).

3.6 Mathematical modelling of tuberculosis

The first model for TB was developed by Waaler, Geser, and Andersen in 1962. This
is a deterministic three-class model involving susceptibles, infectious, and non-infectious
cases subject to homogeneous mixing, recruitment of susceptibles, natural death, and
excess death caused by TB. Non-infectious cases may become infectious (as the disease
progresses) and infectious cases may heal and become non-infectious. The number of
new infections occurring in a short interval is assumed to be proportional only to the
length of the interval and the number of infectious cases. Waaler and Piot carried out
extensive and remarkable research on various epidemiological aspects of TB and the
effectiveness and cost-benefits of control measures mainly using simulation models (see,
e.g., Waaler & Piot 1969, Waaler & Piot 1970).

Another breakthrough in TB modelling came through the models developed by
ReVelle, Lynn, and Feldmann in the late 1960’s. The assumption that the rate of spread
of TB infection depends on the numbers of both the susceptible and the infectious
individuals was introduced and the effects of BCG vaccination, chemoprophylaxis, and
chemotherapy were incorporated in a deterministic multi-state model (see, e.g., ReVelle
et al. 1969).

The structure of this model and that of Waaler, Geser, and Andersen influenced
the development of subsequent models for TB, although several other issues have been
considered in the recent literature. For instance, the variability of epidemiological factors
(such as the infection, recovery, and relapse rates) by age has been considered by several
authors (see, e.g., Rusu 1973a, Schulzer, Radhamani, Grzybowski, Mak & Fitzgerald
1994, Vynnycky 1996, Vynnycky & Fine 1997, Dye et al. 1998); the technique employed
in these cases is that of dividing the population into specific age-groups as well as clinical
states. Other authors have considered the variability of the epidemiological factors in
time (e.g. Trefny & Hejdova 1982) and the effect of clustering (i.e. populations divided
into clusters of close contacts, such as the home, the work place, and/or the school —
see, e.g., Aparicio et al. (2001)).

The effect of the available control measurements (BCG vaccination, chemopro-
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phylaxis, and chemotherapy) has attracted the interest of many authors (see, e.g.,
Vynnycky 1996, Vynnycky & Fine 1997, Blower et al. 1996, Castillo-Chavez & Feng 1997,
Dye et al. 1998, Goh & Fam 1981, Azuma 1975, Joesoef, Remington & Tjiptoherijanto
1989, Chorba & Sanders 1971, Trefny & Hejdova 1982). Also, the effect of multidrug-
resistance (e.g. Blower et al. 1996, Castillo-Chavez & Feng 1997) and of the HIV infection
(e.g. Schulzer et al. 1994, Brewer et al. 1996) have been examined.

All of these models are deterministic, hybrid (mixed deterministic-stochastic),
or simulation models (e.g. Blower et al. 1996, Schulzer et al. 1994, Chorba & Sanders
1971, Brewer et al. 1996). Operational models have been developed, especially for the
study of the cost-effectiveness of the various control measures (see, e.g., Rusu 1973,
Joesoef et al. 1989, Chorba & Sanders 1971). Also, statistical models have been studied
for parameter estimation (see, e.g., Vynnycky 1996, Vynnycky & Fine 1997, Schulzer,
Enarson, Grzybowski, Hong, Kim & Lin 1987).

Finally, mention should also be made of models for the spread of bovine TB
(caused by M. bovis) in animal populations (see, e.g., Barlow 1993, Bentil & Murray
1993).
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Chapter 4

The first model:

a simple closed model for TB

4.1 Introduction

We start modelling TB by considering first only the natural evolution of the disease.
Infectivity and immunity are the most important determinants for the spread of TB
within a population. Therefore, as a first approach, we consider a fixed population of size
n subject to homogeneous mixing. The assumption of homogeneous mixing implies that
the contact rate is the same for each individual, so that at any instant each susceptible
has the same probability of being infected and each infective has the same chance of

infecting any susceptible. The population is divided into three classes:

(a) those who are susceptible to TB (they are neither infectious nor immune)

(b) those who have developed clinical disease and are infectious

(c) those who have been infected, but are not clinically diseased (either because the
infection is still latent, or because they developed TB in the past and recovered sponta-

neously); they are non-infectious and immune (temporarily or permanently).

Individuals in each of the above classes will be referred to as susceptibles, infec-
tious cases (or infectives), and inactive cases, respectively (for simplicity of terminology,
sometimes we will abuse the adjectives susceptible and inactive as nouns). The sizes of
these classes at time ¢ will be denoted by X (t), Y (t), Z(t), respectively.

As was explained in Chapter 2, the duration of the latent period for TB can be

very short or very long — less than one year and up to several decades or even lifelong
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(Shekleton 1995). Therefore we assume that it is possible to have transitions from the
susceptible to both the infectious and the inactive classes. The rates of these transitions
are proportional to the number of susceptibles and the number of infectives. The possible

transitions and their rates are illustrated in Figure 4.1.

1— Y
X 7Y BZ
FXY z

Figure 4.1: The first model for the spread of tuberculosis

In particular, we assume that c is the rate at which each individual in the popula-
tion contacts others so that ¢X (t)/n is the rate at which each infective in the population
contacts susceptibles, assuming homogeneous mixing. Now, if ¢ is the probability of
transmission per contact between a susceptible and an infective, then the probability
that an infective will infect a susceptible in the interval [t,t + dt] is gcX (t)dt/n + o(dt).
If o = gc, then the probability of one new infection occurring in the interval [¢,t + dt]
is aX(t)Y (t)dt/n + o(dt). Let 1 — p denote the probability that the infected will
develop disease soon (and the latent period is negligible). Then the probability of
a transition from the susceptible to the infectious class in the interval [¢,t + dt] is
(1 = p)aX(t)Y (t)dt/n + o(dt) while the probability of a transition from the suscepti-
ble to the inactive class in the same interval is paX (¢)Y (t)dt/n + o(dt).

Those who are inactive may develop disease at some point and become infectious
either because of reactivation of an old infection or because of relapse after recovery.
The reactivation and relapse rates are not necessarily exactly the same, but as a first
approximation we will assume that they are equal; let 8 denote this common rate. Then
transitions from the inactive to the infectious class occur at a rate §Z. An infectious
individual may recover spontaneously and become inactive. The per capita recovery rate
is 7, which means that transitions from the infectious to the inactive class occur at a

rate 7Y . Therefore the transitions from state (X,Y, Z) that can occur in the interval
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[t,t + dt] and the respective probabilities are:
P(X,Y,Z) = (X-1,Y +1,2)]=(1 - p)%XYdt + o(dt)
P[(X,Y,2) = (X —1,Y,Z + 1)] = p%XYdt + o(dt)
P[(X,Y,Z) = (X,Y — 1, Z + 1)] = 7Y dt + o(dt)
P[(X,Y,Z) > (X,Y + 1,2 — 1)] = BZdt + o(dt).

The total population size is n = X () + Y (t) + Z(t), which is constant in time.
Therefore, the number of inactive cases can be completely determined by the num-

bers of susceptibles and infectives and we have a two-dimensional stochastic process

{(X(®),Y(t),t >0}

4.2 The deterministic model

For the corresponding deterministic model, let z(¢),y(t), and z(¢) denote the number
of susceptibles, infectives, and inactive cases, respectively, at time ¢t. The differential

equations for z, y, z are:

dz _ _a

dt y

d

dzt/ (1-p)= —zy =y + Bz (4.1)

dz Ty + Bz
a P Yy+y — Pz,
where z, y, and z are non-negative continuous variables. Initially there are z( suscepti-

bles, yp infectives, and z; inactive cases, where z, yg, 20 are non-negative integers such

that 0 < yo+ 20 < n and z¢ + yo + 29 = n. Since 2(t) = n — z(t) — y(t), the system (4.1)

reduces to
d¢ n ‘
dy (4.2)

priad Gl )—xy—ﬂ:v - (B+7)y + fpn.
The function My(¢1, ¢2;t) = exp{d1Z + ¢2L}, of the deterministic proportions
z/n and y/n, corresponds to the moment generating function of the random variables
X/n, Y/n when the variables X, Y take the values z, y, respectively, with probability
one. Then My satisfies the following differential equation:

o0 ﬂ¢z( 6Md> (84 7) o2 +[(1— p)ags — o] o

Or0¢2’

5 (4.3)

with initial condition My(¢1, ¢2;0) = exp{qbl-’-lQ + ¢},
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The equilibrium of the deterministic model

The first of equations (4.2) shows that z(t) is a non-increasing function of ¢. As long
as y is not zero the value of z(t) will be decreasing until it becomes zero. If y(t) is
zero at some point t, then the second equation of (4.2) shows that the derivative of y
will be positive (since z(t) is always strictly less than n). Hence y will increase to some
positive value and then z will begin decreasing once more. Intuitively, this shows that
the only possible equilibrium value for z is zero. Formally, solving the system (4.2)
with dz/dt = dy/dt = 0, it follows that the system (4.2) admits two possible equilibria
v* = (0,8n/(B +~)) and v** = (n,0). Since z(0) = z¢p < n and z(t) is a non-increasing
function of ¢, v** is not a possible equilibrium for the system (4.2) with initial condition
z(0) < n and thus v* is the only possible equilibrium.

In order to study the stability of v*, write the system (4.2) in the form

dv
E? - F(V)a

where v(t) = (z(t),y(t)) for ¢ > 0 and F is a mapping from R? into R? with coordinates
fi(z,y), i = 1,2, defined by

f(zy) = —%ivy

falz,y) = gg—n_—p):vy — Bz — (B+7)y + Pn.
Let DF(v*) be the Jacobian matrix of F' at the point v*, i.e. the matrix whose (7, 7)
element is 8f;(v*)/0j for i = 1,2 and j = z,y. Then »

* __ - Ofl-'r 0
P ¢ ("“;T'fl - 1) —(B+7)

If both eigenvalues of DF(v*) have negative real parts, then v* is uniformly asymptot-
ically stable (see, e.g., Reinhard 1986, Chapters 2, 3). The eigenvalues of DF(v*) are
AL = —af/(B + ) and A2 = —(08 + +v), which are both strictly negative (if both o and

(3 are positive) and hence v* = (0,4n/(8 + 7)) is stable.

4.3 The stochastic model

4.3.1 The probability generating function

Assume that initially there are z( susceptibles, yg infectives, and zj inactive cases, where

Zo, Yo, 20 are non-negative integers such that 0 < yp + 29 < n and g+ yo + 20 = n. The
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only possible transitions to and from the class of susceptibles X are infections, which
each decreases the size of X by one. Therefore the number of susceptibles can only
decrease from its initial value, g, and hence X (t) < zo for all ¢ > 0 and the state space

S of the process {(X(t),Y (t))} is
S={(r,s)€Z%: 0<r<mz;, 0<s<n, 0<r+s<n},

where ZT denotes the set of all the vectors (zi,. .. , Zr,) with non-negative integer entries,
such that z; =0,1,... foralli=1,... ,m.

Let prs(t) be the probability that there are r susceptibles and s infectives in the
population at time t. Then the p,4(t) satisfy the equations

d;
g;s = y(s+ l)pr,s+1 +Bn—r—-s+ ]-)pr,s—l
1-—
T [ (4.4)
(61 (04
+ %(T + l)spr+l,s - [;)"T‘S +fBn— fr+(y - ﬁ)s] Prs,

for (r,s) € S, and p,s(t) = 0 for all other values of (r,s). The initial conditions are
Pzoyo(0) = 1 and pr4(0) = 0 for any other (r, s) # (Zo, Yo)-
The joint probability generating function (PGF) of X(t) and Y (t) is defined as
P(z,y;t) = E [oXOyY 0] = 3 p,(0)a"y"
(r,8)€ES

Using (4.4) it can be shown that P(z,y;t) satisfies the differential equation

opP oP oP
- =Bnly—1)P-Pz(y-1)5-— (- 1By+7)5-
at oz dy
2 (4.5)
+ L= oy +p— 2] 22
=Py +p—dgza,
with initial condition P(z,y;0) = z®oy¥.
The PGF can be written in the form
o
P(z,y;t) = Y _ o fr(y;t), (4.6)
r=0
where
n—r
feuit) = ¥°prs(t), T=0,1,... 30, 47)

s=0
a method suggested by Gani (1965) and Siskind (1965). The functions f, are defined

only for r = 0,1,... , o, since p,s(t) = 0 whenever r > z(, and hence f, = 0 for any
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r > xzo. Substituting (4.6) in (4.5) and equating the coefficients of z", the following

equations are deduced:

a_;} =Bly—Vn-r)fr - [(y -1)(By+7)+ %yr] %{f

a 6f}+1
+ -;ly[(l -py+p)(r+1) 9y

forr=0,1,..,z9 and f,=0forr=2¢+1,...,n.

Theoretically speaking it is possible to solve these equations recursively. Gani
(1965) and Siskind (1965) suggested this approach for the SIR model. Siskind solved the
set of equations for the f,, while Gani solved the respective equations for the Laplace
transforms of f,. In both cases the algebra required was quite cumbersome and the
results that Gani and Siskind deduced for the probabilities p,s(t) involve highly com-
plicated formulae. In order to get some insight into the feasibility of these recursive
solutions for the model presented in this chapter, we consider a simple case of a popula-
tion with two susceptibles and one infectious case at time t =0 (zg = 2, yo = 1, 29 =0,
and n = 3). According to (4.8), f3 = 0 and f, satisfies a first-order partial differential
equation whose solution is f2(y;t) = p20(t) + p21(t)y, where

CoC1

p20(t) = 2\/E
po1 () = 255 [co exp {— (1 + co) Bt} — c1 exp {— (1 +¢1) Bt}],

[exp {— (1 + co) Bt} — exp {— (1 + c1) Bt}]
(4.9)

and ¢ = D+ VE,c; =D —VE, D = (y— B+22/3)/(28), and E = D? + /8 > 0.
Since df2(y;t)/0y = pa1(t), equation (4.8) for r =1 gives

% =26y —1fH - [(y - 1By +7) + %y] %—J; + %ay [(1 = p)y + plp2a1(t).  (4.10)

The method of separation of variables, applied to both (4.10) and to its equivalent
for the Laplace transform of f;, does not prove to be very effective in obtaining a solution.
Substituting for f; from (4.7) and equating the coefficients of y* in (4.10), we obtain
a system of three differential equations with four unknowns, the pio(t), p11(t), pi2(t),
po1(t). Substituting for po; (t) from (4.9), the system will also include expressions of t.
It is clear that this recursive technique will be difficult to implement in practice, with
a population of even a moderate size, and so we have not continued further with this

approach.
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A similar approach for solving (4.5) was suggested by Dietz (1967). For this,
write the PGF in the form

n

Pla,yit) =3 (;‘) (z - 1Y £33 1), (4.11)

7=0
where the functions f; are to be determined. Substituting (4.11) in (4.5) and equating
the coefficients of (z—1)7, a system of differential equations for the f;’s is obtained, which
can be solved iteratively. Again the amount of algebra required makes this methodology
difficult to implement in practice.
Also the method of separation of variables is not applicable for equation (4.5);
the time dependence can be separated, but not that of z and y, since the variables X (%)

and Y (t) are not independent.

4.3.2 The moment generating function and the moments of X and Y

Let U(t) = X(t)/n and V(t) = Y(t)/n denote the proportions of susceptibles and
infectives, respectively, in the population at time f. From the differential equation for
the PGF, it is easily shown that the moment generating function (MGF), My (¢1, ¢2;t) =
Elexp{1U(t) + ¢2V (t)}], for the proportions U and V satisfies the equation

oM, o oM,
i G "1)< P a¢1p)
oM
—¢2/n A 2/n| 227D
+n[7e"’/ + (B —7) — Be? ]a¢2”

2 [(L=0) (4,_0)/n PO __gim _ @ M,
+n [—————n e =+ ne 6¢16¢2'

Substituting the series expansions for the exponentials in (4.12) and keeping only

(4.12)

the terms of order n®, we obtain the same differential equation (4.3) that is satisfied
by the MGF for the deterministic proportions. Including the terms of order n~! in the

expansion of equation (4.12), we obtain:

(e 8) -2

-6+ e+ 6 -mE] Bl

+a[(1—/)) (¢2-—¢1+(¢2 $1)” ) ( b1 +¢2>] g;f‘gz;;

from which a normal approximation to the distribution of U, V' (and of X, Y as well)

(4.13)

can be deduced. For, a bivariate Gaussian distribution with mean & = (£1,&2) and

42



covariance matrix X = (0j;), ,j = 1,2, has moment generating function of the form

My (91, p2;t) = exp {45151 + ¢alo + %(d)fcfu +2¢1¢2012 + ¢3022)} . (4.14)

Substituting (4.14) in both sides of (4.13) and equating the coefficients of ¢, ¢o, the

following system for the approximate moments of X and Y is deduced:

dux  «

= n(axy + pxpy)

d a(l —

—5{1 = Bn — Bux — (B+7)uy + (Tp)(axy + uxpy)
do‘XX _ 20 (o

F - (uxoxy + uyaxx) + H(UXY + uxpy)
do a

d):y = —Boxx = (B+7oxy + —(uyoxy + uxoyy) (4.15)

a(l —
+ (—n—pz(pxaxy + puyoxx —oxy — ﬂX#Y)

do

d’;” = B(n —px) — (B—Y)py — 2Boxy — 2(B +7)oyy

4 2ol =) (1-p)

(6]
(byoxy + pxoyy) + (oxy + uxpy),

where pux, puy and oxx, oyy are the means and variances of X, Y, respectively, and
oxy 1s the covariance of X, Y.

The system (4.15) can also be deduced directly from the corresponding system
for the exact first and second moments of X and Y, by using the appropriate moment
relationships for the bivariate normal distribution. The exact moments are obtained from
the differential equation for the MGF, or that for the PGF, or from the forward equations
for the expectations of X, Y, X2, Y2, and XY. The equations for the means are the
same as in (4.15). The equations for the variances and the covariance of X and Y (given
in the Appendix, equation (A.1)) involve third order moments of X and Y. Hence the
system of equations for the first and second moments involves higher-order moments (a
result of the non-linearity of the transition rates), so that it is an open system and cannot
be solved. Assuming normality, the third moments of X and Y can be expressed in terms
of the first and second moments, thus yielding the closed system (4.15). Alternatively,
the system (4.15) can be deduced from the cumulant-generating function by setting all
the cumulants of order greater than two to be zero.

Further approximations can be obtained by incorporating cumulants of order
greater than two. For instance, replacing My(¢1,d2;t) by exp{K(¢1,$2;t)}, (where
K(¢1, ¢2;t) is the cumulant-generating function) in (4.12), expanding both sides of the
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resulting equation in powers of ¢; and ¢o, and equating coefficients, yields an open
system of equations for the cumulants (the system for the cumulants of order up to m
includes cumulants of order m +1). If we assume that all the cumulants of order greater
than m are zero, then we get a closed system. In this case it is preferable to work with
the cumulant-generating function, since that gives directly a system for the cumulants
and the order of the approximation (i.e. the highest order of the cumulants included
in the system) can be changed easily (see, e.g., Matis & Kiffe 2000 and references).
Other approximation techniques, such as the saddlepoint approximation (see, e.g., Ren-
shaw 1998, 2001) and the linear approximation (see, e.g., Herbert 1998 and Sections 5.4
and 6.3.8) have also been developed. In this chapter only the normal approximation has
been investigated and its results are compared with results from simulations and from
the deterministic model in Section 4.4.

The idea for the normal approximation follows from a suggestion of Whittle
(1957) and its validity has been established for a more general class of Markov processes
(see, e.g., Kurtz 1970, 1971, 1981) by limiting results showing that such processes can
be approximated by Gaussian diffusion processes as the total population size tends to

infinity appropriately. The relevant theorem is as follows:

Theorem 4.1 (Kurtz 1970, Theorem 8.1, and Kurtz 1971, Theorem 8.1) Let Xy (t)

with N = 1,2,... be a one-parameter family of continuous time Markov chains with
state space Exy C ZF and let V() = N™'Xpn(t). If qg are the infinitesimal rates of

Xy, we assume that there exists a continuous function f : R x Z*¥ — R that satisfies

1
dx,x+h = Nf (ﬁx7 h) 3
for all positive integers N, x € Ey, and increments h = (hy,... ,hi) € Z*. Define the
functions F : Rk — R¥ and g;; R 5 R fori,j=1,2,... .,k by

F(v)= Y hf(v,h)
h

9i5(v) = D hihjf (v, h),
h

for v € R*. Let G(v) be the matriz whose (3,5) element is g;j(v). Suppose that there

ezists an open set E C R¥ such that

(a) there ezists a constant M such that

|F(v1) = F(v2)| < M|vi —va|, forallvy, voin E
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(b) sup Yy |h|f(v,h) < oo
veE h

(c) hm sup E |h|f(v,h) =0

©VEE i |h>d

(d) the solution Z(t,zg) of the deterministic initial value problem:

{ﬁ—F@)ﬂ)—m}

is such that Z(t,20) € E for allt < T and limy_00 %X n(0) = 2o.

>e] =0.
1 1

t
MM=NMM—NM@FAFWMW

Then for every e > 0

XN () - 2(t,70)

lim P [sup
N—oo t<T

Let

and Wy (t) = VNZy(t). If G(v) is bounded and uniformly continuous in E and
i h h) =
Jim sup > |h2f(v,h) =0,
h:|h|>d
then, as N — oo, W (t) converges weakly to the diffusion process W (t) with charac-

teristic function

Efexp{iW (£)}] =exp{ 2299 / 95 (Z(s, zo))ds}.

Kurtz (1981) defines N as “a parameter which has the same order of magnitude
as the total population size”. For the model considered in this chapter, NV can be taken
equal to the actual population size n. It then follows from this theorem that for large
populations (and as long as the initial numbers X scale with N so that the proportions
Vo = Xo/N are kept fixed) the process can be approximated by a Gaussian diffusion
process about its expected value.

For our model the increments h € R? are
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The functions f : R> x Z2 - R and F : R?> - R? are defined by

( a(l — p)vivg i=1
QpU1v 1=2

f(V, hz) = 9
YU 1 =3
\ﬂ(l—’ul—vz) 1=4

—a1v9
ol — p)vrvz — fuy — (B+7)v2 + B

for v = (v1,v2). It can easily be proved that the conditions of Kurtz’s theorem hold and

F(v) =

hence the process can be approximated by a Gaussian diffusion process as n tends to

infinity.

4.3.3 The equilibrium state of the process
The process described by (4.4) is a continuous time Markov chain with finite state space
S={(r,s)€Zi: 0<r<zy 0<s<n, 0§r+s§n}.
The state space S can be partitioned into the sets Dy, Dy,..., Dy, where
D,={(r,s)€S: 0<s<n-r}, forr=0,1,...,z.

All the states within each of the sets Dy, D;,..., Dg, communicate with each
other and hence each of the sets Dy, Dy,..., Dy, is an irreducible class. There is a
positive probability for transitions from D, to Dy forany r =1,... ,z9 and ' < r, but
there cannot be any transitions from any D, to any D,» with ' > r. This means that the
classes D;,... , Dy, are open, while Dy is closed. Hence if the chain reaches one of the
states in Dy then it will remain within Dy. From Markov chain theory it is known that
open irreducible classes are transient, while finite closed irreducible classes are positive
recurrent (see, e.g., Wolff 1989, Chapters 3, 4). Therefore Dy is positive recurrent and
D,,... ,Dy, are transient. The irreducible classes of S are illustrated in Figure 4.2.
Let W(t) = (X(t),Y (t)) and P;;(t) = P[W(t) = j|W(0) = 4], for 4,5 in S and
t > 0. For finite-state Markov chains the pointwise limits lim;_,, P;;(t) always exist and
they are equal to zero if § is transient. Therefore
Jim P(t) =0 if j ¢ Do
lim P;(t) =1,

t—o0
J€Dg
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Da:o Dzo—l Dl DO

Dr={(7‘a3)€Zi= OSSSn—r}, forr=0,1,... ,2¢

Figure 4.2: The irreducible classes of S

which means that the chain will ultimately be absorbed in Dy and there will be no
susceptibles in the population.

Intuitively this result should be expected since there is no replenishment of the
susceptible population. As long as there exists at least one infective in the population,
he may infect any existing susceptibles and thus reduce that population. If at some
point there are no infectives in the population then there will be n — X (t) > 0 inactive
cases (since X (t) is always strictly less than n); the system will remain in this state until
a latent or recovered individual develops disease. Then there will be one infective who
may infect any existing susceptibles and the population of susceptibles may be reduced
again.

Therefore ultimately all the susceptibles will get infected and the population
will consist of infectious and inactive cases only. After the last susceptible has been
infected, there will still be transitions between the infectious and the inactive class (due
to recovery, relapse and reactivation), so that the numbers of infectious and inactive
cases will still vary with time. At that point the number of infectives can be described
by a birth and death process, which will reach an equilibrium state, depending on the
parameters of the process.

The limiting distribution can be deduced in terms of the dominant eigenvalue of
the infinitesimal matrix, @, of the process (since for Markov processes with finite state
space, S, the matrix P(t) = {P;;(t),4,j € S} can be expressed as P(t) = %), or from
the differential equation (4.5) for the probability generating function. Let

grs = lim prs(t) and Q(z,y) = quswrys_
t—o0 p_

Taking the limits as ¢ = oo and setting y = 1 and 8Q/dt = 0 in (4.5) gives:

a 62Q @ o n-—r 1
0= ;(1 — ) [69’31/]3,:1 = E(l - x)Zer:v Grs-

r=1 s=1
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Equating the coefficients of ", we find that:

n—r
Esqﬂ, =0, forallr=1,2,..., %,
s=1
and hence
grs =0, foranyr>0ands>0. (4.16)

Taking the limits as ¢ — oo in (4.4) and setting s = 0, equation (4.4) reduces to
0=+v¢r1 — B(n —7)gr, forr>0.
Use of (4.16) leads to
gro=0, foranyr>0. (4.17)
If X, is the random variable whose distribution is defined by
P[X, = r] = Jim P[X(t) =1],

and similarly for Y, and Z,, then combining (4.16) and (4.17) we deduce that

1= Z grs = ZQOJ = P[Xe = O]a (4.18)

(r8)es s=0
which shows that the population of susceptibles will ultimately be exhausted with prob-

ability one and hence

To n—r

E[X] =) rgs=0.

r=1 s=0
Since X, + Y, + Z, = n, from (4.18) also follows that the probability of ultimate
extinction of TB, P[Y, = Z, = 0], is zero. The limiting distribution of the number
of infectives is easily obtained from the probability generating function; using (4.16)

and (4.17), Q(z,y) becomes a function of y only:

o n—r n
Qz,y) =D ) &V qs = 1y°q0 = Q(y)-
r=1 s=0 s=0

Therefore the derivatives of @ with respect to z are zero and (4.5) reduces to a

homogeneous first-order partial differential equation, whose solution is

(2 . B N\
Q(y)_(ﬁ+7+ﬁ+'r) '
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This is the probability generating function of the binomial distribution with parameters

n and B/(B + ), so that the distribution of the number of infectives at equilibrium is

n ﬂs,yn_s
(M2 _ fors=0,1,...,n,
e (s) B "

with mean and variance

E[Y,] = % Var[Ye] = (?ﬁ—_g)_g

Also, since E[Z,] = n — E[X,] — E[Y,], it follows that E[Z,] = yn/(8 + 7)-

It is possible though that the size of the susceptible population becomes zero
before the process of infectives reaches this equilibrium state. Then the distribution of
the numbers of infectives and inactive cases may still vary in time. Supposing this is
true, let T be the time that the number of susceptibles becomes zero and write the time
point t as t = T + 7 (so that 7 counts the time after T').

The mean and variance of X, the covariance of X and Y, and their derivatives
are zero after T'. Hence the system for the first and second moments of X and Y reduces

to a system for the mean and variance of Y only, whose solution is

E[Y(T + T)] = ﬁﬂn [1 _ e—(ﬂ+7)r] + mSe"(ﬂ""Y)"'
_Bm

Var[Y(T + 7)) = B

+[Bn - (B+7) mo](ﬁ n ) e~ ()T (4.19)

,32" (B - ’Y)mo] —2(8+
+ |ve — '7)'r
[" B+7? " B+
where m§ = E[Y(T)] and v§ = Var[Y(T)]. The mean and variance of Z and the co-

variance of Y, Z after time T are obtained from (4.19), since Z(t) = n — Y (¢), for
t>T.
After the extinction of the susceptible population, the process of infectives can

be described by a birth and death process with birth and death rates, respectively,
B(n — s) s=0,1,...,n—1 vs s=12,...,n
Ag = s =
0 otherwise 0 otherwise.

If ps(r) = P[Y(T + 7) = s] is the probability that there are s infectives at

time T + 7 then the probability generating function, G(y; T Z y°ps(T), satisfies the
=0
equation
G 9,0G
—_— = -1 - — —_—. 4.2
5, = Bnly— DG+ [y +(B-7)y—By’] 3 (4.20)
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This equation can also be deduced from the differential equation (4.5) for the
probability generating function, by setting 8P/8z = 0 and P(z,y;T + 7) = G(y; 7).
The solution of (4.20) is of the form

n n—j
Gly;7) =) e Py — 1)7 (y + 1) :
3=0
where the coefficients c¢; are determined by solving the initial conditions G(y;0) =
s=0 Y'PY(T) = s].

Differentiating (4.20) with respect to y and taking the values for y = 1, the differ-

ential equation for E[Y (T + 7)] is obtained, whose solution is given in (4.19). Similarly,

the expression in (4.19) for the variance of Y (T + 7) can be deduced.

4.3.4 The time until the extinction of susceptibles
The distribution of the time, T', until the extinction of the susceptibles is given by
n
P[T <t]=P[X(t) = 0] = ) _ pos(t) = P(0,1;2), (4.21)
=0

and, in principle at least, this can be determined using an iterative scheme, as discussed
in Section 4.3.1. Another possible way to derive the distribution of T is by considering
the times between successive infections. Let 71 be the time until the first infection and

7, the time between the (r — 1)th and the rth infection, for r = 2,3,... ,z9. Then

Zo

T=3

r=1
and the distribution of 7' can be deduced from that of 7. However it is not straight-
forward to determine the distribution of 7, because this depends on the number of
infectives present during the interval 7, which may change during the interval.

To this end, we consider the embedded random walk: the successive states of the

process are described by the points (r, s) on the plane, wherer =0,... ,z9, s =0,... ,n,

and 0 < 7 + s < n. The transition probabilities are:

Pl(r,s) = (r— 1,5 + 1)) = 2L =Prs/n

TS

P[(Tv 3) - (1" - 1,8)] = w
s"‘” (4.22)
Pl(r,) = (s = 1] = o~
_Bln—r—3s)
P[(r,s) = (r,s+1)] = e
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where
a
Qrg = a—rs+’ys+ﬁ(n—r—-s),

for r = 0,1,... ,29, s = 0,1,... ,n, and 0 < r 4+ s < n. The process starts from
the point (zo, ¥o) and ends at some point (0, s), s = 0,... ,n. The line r = 0 is an
absorbing barrier. From (4.22) it follows that the time from the epoch when the process
enters the point (r, s) until the first transition out of (r, s) is exponentially distributed
with parameter a,,; the probability that this first step from (r, s) is an infection is
an~lrs/ays.

Let E,, denote the expected number of steps until absorption for a random walk
starting from (u, v). Then E,, is equal to Ey_; 441 + 1 if the first step is “infection that
leads to disease”, E,_1 4 + 1 if the first step is “infection followed by non-zero latent
period”, and E, ,_1 + 1 or Eyy41 + 1 if the first step is “recovery” or “development of

disease”, respectively. Therefore, using (4.22), E,, can be written as

a(l — p)uv apuv
Euu = J_’l—Eu—l,v+1 + ~ Eu-1,v
N0y N0y (4.23)
v Bln—u—v
+ l‘ uu—1 + 'L_—)Eu,v+l +1,
Oyy Quy

with initial condition Ey, = 0, for any value of v. The simplest case is when there is just

one susceptible left. Setting u = 1, (4.23) reduces to

v n—1—v
7 Eyy1+ u
Qly a1y

Ey, = Eiyp1+1, forv=0,1,... ,n—1 (4.24)

The general solution of the homogeneous equation corresponding to (4.24) is

EL™ = A1} + Az},

1v

where

bil) = LA gy L2 VI )

Aj, A; are constants, §(v) = yv/ayy, €(v) = B(n—1—v)/a1y, and 1 — 4¢(v)d(v) > 0 for

any v > 0. Now, if ¢ is a solution of (4.24), then its general solution is
E1y = ¢o + A1 + A245.

The values of the constants A;, A, are determined by the initial condition, E}g, which

is unknown. One possibility is to obtain approximations to the general solutions E;, by
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using numerical results to approximate the value of Ejg, but solution by this approach
will not be pursued further here. Equations similar to (4.23) can be deduced for the
expected time until absorption and the probability generating function for the number

of steps until absorption, but similar problems in determining solutions arise.

4.4 Numerical Results

In this section results are presented for an epidemic in a population of size n = 1000
starting with the introduction of ten infective cases at time ¢t = 0, so that ¢ = 990 and
1o = 10. The values of the parameters were chosen to be representative of those for TB

(see references in Sections 2.3 and 2.7):

a=10 B = 0.0022
p =0.9725 v = 0.066.

(4.25)

The values of the deterministic z, y, 2 and the stochastic means of X, Y, Z
as obtained from the normal approximation and from 10000 simulations are shown, as
functions of time, in Figures 4.3, 4.4, and 4.5. Table 4.1 shows the respective values
for X and Y for the first 15 years, while Figures 4.7 and 4.8 show the values of X (¢)
and Y (t) from an individual realisation of the stochastic model. The distribution of
the time until the extinction of susceptibles was also calculated from the simulations
(Figure 4.6). The results for the deterministic model and the normal approximation
were obtained by solving numerically the systems (4.1) and (4.15), respectively. Details
for the implementation of the simulations can be found in the Appendix (Section A.1.2).

The results for the X means are presented in Figure 4.3. The three curves are
for the deterministic z, the mean of X based on the simulations, and the mean of X
from the normal approximation. Initially the three curves are almost the same. During
the interval between 5 and 20 years the deterministic  decreases more rapidly and falls
below the values of the stochastic means. TB spreads quickly among the susceptibles
and by time ¢ = 50 both the deterministic z and the stochastic means have become zero.
In the single realization presented in Figure 4.7 the value of X(t) became zero during
the 27th year.

The distribution of T', the time that the last susceptible gets infected, is given by

Fr(t) = P[T < t] = P[X(t) = 0].
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Figure 4.3: The deterministic z(t) and the stochastic means of X (t) as obtained from the normal
approximation and from simulations. The parameter values are as shown in (4.25) and n = 1000,
zo = 990, yo = 10. Time is measured in years.

-+ delerministic
~ - normal approximation

n L " " I I
o 5 10 15 20 25 30 35 40 45 50
Time ¢

Figure 4.4: The deterministic y(t) and the stochastic means of Y (t) as obtained from the normal
approximation and from simulations. The parameter values are as shown in (4.25) and n = 1000,
zo = 990, yo = 10. Time is measured in years.
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Figure 4.5: The deterministic z(t) and the stochastic means of Z(t) as obtained from the normal
approximation and from simulations. The parameter values are as shown in (4.25) and n = 1000,
o = 990, yo = 10. Time is measured in years.

e
0 10 20 30 40 50 60
Time ¢

Figure 4.6: Estimates of the distribution of the time T until the extinction of susceptibles. The
parameter values are as shown in (4.25) and n = 1000, o = 990, yo = 10. Time is measured in
years.
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X(1)

25 30 35 40 45 50
Time ¢

Figure 4.7: The value of X (t) as obtained from an individual realisation of the stochastic model.
The parameter values are as shown in (4.25) and n = 1000, zo = 990, yo = 10. Time is measured
in years.

40 T T T ~T T T T T T

—_— Y(t)
-------- Mean at equilibrium

10 A L i " s 1 1 s n
1] 5 10 15 20 25 30 35 40 45 50

Time t

Figure 4.8: The value of Y (¢) as obtained from an individual realisation of the stochastic model.
The parameter values are as shown in (4.25) and n = 1000, 2o = 990, yo = 10. Time is measured
in years.
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Year | = EnlX] Es[X]] ¥ En[Y] EY]

1 886.0 886.2 886.2 | 12.2 122 12.2
2 | 7743 775.0 774.7 | 14.7 147 14.8
3 659.1 661.2 660.6 | 17.4 174 175
4 |546.1 550.5 549.5 | 20.1 200 20.1
5 | 440.7 448.1 446.6 | 22.7 225  22.6
6 3473 3574 355.8 | 24.9 24.7  24.8
7 |268.1 280.3 278.9|26.9 26.6  26.6
8 203.1 216.8 215.5 | 284 28.1  28.2
9 151.8 165.8 164.8 | 29.7 29.3 29.4
10 | 112.1 125.7 125.0 | 30.6 30.3  30.3

11 82.2 94.6 94.2 | 31.3 31.0 31.0
12 59.9 70.9 70.7 | 31.8 31.5 315
13 43.5 52.9 52.9 | 32.2 31.9 319
14 31.4 39.4 39.5 | 32.4 32.2 32.2
15 22.7 29.2 29.4 | 32.6 324 324

Table 4.1: The deterministic z, ¥ and the stochastic means of X, Y as obtained from the normal
approximation (E,[X], E,[Y]) and from simulations (E;[X], E,[Y]). The parameter values are
as shown in (4.25) and n = 1000, zo = 990, yo = 10.

The results for Fr(t) as obtained from the simulations are presented in Figure 4.6. After
20 years the probability P[T' < t] increases very rapidly and by time ¢t = 62 it becomes
equal to one. At that point there were no susceptibles remaining uninfected in any of
the 10000 simulations.

Figure 4.4 shows the results for the Y means. Initially the three curves are almost
identical. In the interval between 5 and 25 years the value of the deterministic y deviates
slightly from those of the stochastic means, which remain very close. By time ¢ = 50, the
three values are almost equal to the equilibrium mean fn(8+v) ! = 32.3 (which is equal
to the deterministic equilibrium). From the single realisation presented in Figure 4.8 it
can be observed that the value of Y (¢) increases rapidly during the first 7 years and then
fluctuates around the equilibrium mean Bn(8 + v)~!.

The results for the Z means (Figure 4.5) are deduced from those for the X and
the Y means. Initially the deterministic z deviates from the means of Z. After ¢t = 20
the three curves remain very close and by time ¢ = 50 they are around the deterministic

equilibrium level yn(8 +v)~! = 967.7.
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Chapter 5

The second model:

a simple open model for TB

5.1 Introduction

This model is an extension of the model presented in the previous chapter. The popu-
lation is divided into three classes: susceptibles, infectives, and inactive cases. The sizes
of these classes are X (t), Y(t), Z(t), respectively. The transitions between the classes
and the relevant rates of these transitions are as in the first model: infections occur at
a rate aXY/n (where n is the initial total population size); p is the probability that an
infection is followed by a non-zero latent period; the common reactivation and relapse
rate is §; and ~y is the per capita recovery rate.

The difference here is that we also have immigration of new susceptibles (at a
constant rate b), death from normal causes (at a rate y per capita), and excess death of
the infectives from TB (at a rate § per capita). The total population size is N(0) =n
initially and N(t) = X (¢)+Y (¢) + Z(t) at time ¢ (not constant in time). At some points
the special case b = un will be studied. The possible transitions and their rates are

illustrated in Figure 5.1.

5.2 The Deterministic Model

For the corresponding deterministic model, let z(t), y(t), and 2(t) denote the number of

susceptibles, infectives, and inactives, respectively, at time ¢. The differential equations
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Figure 5.1: The second model for the spread of tuberculosis

for z, y, z are

d_x___gz —pr+b

d n y—H

d «

d—§=(1—p);fvy—(7+u+5)y+ﬂz (5.1)
dz «a

7 =Pyt = B+

Here z, y, and 2 are non-negative continuous variables. The initial conditions are z(0) =

zo, ¥(0) = yo, 2(0) = 29, with (o, yo, 20) € Sp where
So={(z,4,2) €Z3:1<z<n-Lz+y+z=n} (5.2)

The infected individuals can be in two different states, infectious Y and non-

infectious Z. Therefore, following the notation in Definition 3.1, the basic reproduction

ratio, Ry, is the dominant eigenvalue of the matrix K = —T(S — D)1, where
- d 0 1-— 0
s_ |7 A ’ oo | 4t ’ T_|@=-n ,
Yy -8B 0 4 ap 0
and hence

B+up)y+8+p) =By
The total population size is N(t) = z(t) + y(¢) + z(¢t). By adding the equations
of system (5.1) the differential equation for N(t) is deduced

dlz_ft) = b— uN(t) - y(t). (54)

With integration, (5.4) gives

t
N(t) = b + e H (n - —b-> - Je‘”t/ ety(s)ds,
I K 0
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for t > 0. From this equation it follows that N(t), and hence z(t), y(t), and z(t) as well,
are always bounded above by n if b < un and by b/u if b > pn. If b = un then, in the
absence of excess death due to TB, the population size remains constant in time and
N(t) = n. This is the case applying, at least approximately, in many populations, so for
the rest of this section we will assume that b = pn (for simplicity of notation, sometimes
the term b will still be used), so that whatever fluctuations in the population size are
observed are caused by the excess TB death rate.

Solving the system (5.1) with dz/dt = dy/dt = dz/dt = 0, it follows that the
system (5.1) admits two possible equilibria, €; = (n,0,0) and ez = (Ze,, Ye,, 2e; ), Where

_n(B+p)y+d+p) By

Loy = 5.5a
“a  B+(-pu (552)
n{b
Yez = (g -H) (5.5b)
1 a(l -
Zey ZB [’7+6+l‘— ( n p)xez] Yes- (5.5¢)
The two points e; and e, are equal if and only if Ry = 1.
Feasibility of e; and e,
If N, is the total population size at equilibrium, then (5.4) gives
O=b“.UNe—5ye,
which, for N, = z. + ye + 2, can be written as
b= pze+ (p + 6)ye + pze- (5.6)

It can easily be proved that both e; and e; satisfy (5.6). Since b = un, from (5.6)
it follows that V., and hence z., y., and z, as well, are bounded above by n. In addition,
these numbers must be non-negative. Therefore, we will call a critical point (ze, ¥e, ze)
feasible if 0 < z¢, Ye, 2e < 1.

Clearly e, is feasible. That is not always the case for es. From (5.5a), it follows
that ze, is always well-defined and positive if the parameter values (o, 8, v, J, 1, p, and
1 — p) are not zero. Also ze, < n if Rp > 1, and then ye, > 0. From (5.5b), it results

that ye, < mn if

(5.7)

a+p
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Finally, from (5.5¢), it follows that, when ye, > 0, ze, is non-negative if
1—
7+5+u—¥we220, (5.8)
and, substituting ye, from (5.5b), that ze, < n if

After some calculations it can be shown that the conditions (5.7)—(5.9) hold for
any set of positive parameters (o, 8, v, §, 4, p, 1 — p) and therefore e, is feasible if and

only if Ro > 1.

Stability of e; and e,

The system (5.1) can be written in the form

dv

E = .7'-(V), (5.10)
where v(t) = (z(t),y(t),2(t)) for t > 0 and F is a mapping from R3 into R® with
coordinates fi(z,y,z), i =1,2,3 given by

0]
fl(msyaz) = - ;Iy—utc-l-b

a(l —p)

- zy— (y+d+p)y+ B

fa(z,y,2) =
f3(z,y,2) = gnewy +9y — (B + p)z.

Let v* be an equilibrium point of (5.10), so that F(v*) = 0. Let DF(v*) be the
Jacobian matrix of F at the point v*, i.e. the matrix whose (%, j) element is df;(v*)/87,
for i = 1,2,3 and j = z,y,2. If all eigenvalues of DF(v*) have negative real parts,
then v* is uniformly asymptotically stable (see, e.g., Reinhard 1986, Chapters 2, 3). For

v* = eq, the Jacobian matrix of F at e; is

i —a 0
DF(e1)=| 0 a(l-p)—(y+6+p) B
0 ap+v —(B+u)

One can easily compute the eigenvalues of DF(e;) and prove that if Ry > 1 then at
least one of them is positive, but if Ry < 1 then they are all negative (where Ry is as
defined in (5.3)). Therefore e; is stable if Ry < 1 and unstable if Ry > 1. In order to

study the stability of es, we will use the following criterion:
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Theorem 5.1 (Routh-Hurwitz criterion)
Suppose that the vector v(t) = (v1(t),... ,vm(t)) defined in RT for t > 0 satisfies the

system

dv
e = F(v), (5.11)

where F is a mapping from R into R™ with coordinates fi(v) = fi(vy,... ,vm) = dv;/dt
fori=1,... ,m. Suppose that v* is an equilibrium point of (5.11), so that F(v*) = 0.
Let DF(v*) be the Jacobian matriz of F at the point v*, i.e. the matriz whose (i,7)
element is 0f;(v*)/0v; for i,j =1,... ,m. Let Py=(7) = det(DF(v*) — 7I) denote the

characteristic polynomial of DF(v*)
Po(T) = o™ + 1™ + -+ + Q1T + O,
and define a matriz H as follows

ap a3 Qa5 --- MR €3] /B |
Qy az a4 --- T O2m-2
a1 a3

Qp Q2

0O 0 0 --- e Qm

where ag,ay, ... ,an are the coefficients of Py+(T) and apmyj =0 for j=1,... ,m —1.
If ag > 0 then all the eigenvalues of DF(v*) have negative real parts if and only if all

the principal minors of H are strictly positive.

For v* = ey the Jacobian matrix of F at eg is

__b —-Q, 0
Tey n~e2
DF(e)=| (1-p) (£ -n) Cla—(v+s+w) B |,
p (x':z —u) Lo, + —(B+u)
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with characteristic polynomial Pe,(7) = —(ap73 + 0172 + o7 + a3), where ag = 1 and

1-—
a1=ﬂ+’7+5+2u+;b—-—9-(—-p—)a:

e2
ex n

o= - %we2[ﬁ+2(1 =l +[-Br+(B+p)y+d+u)]+ x—z-(ﬂ+7+5+2u)
o3 = ﬁ[—ﬂ*ﬁ- (B+p)(v+8+p) - %(ﬂ+ (1= p)p)ute,-

The matrix H in this case is

ap ag 0
H= ay a O 3
0 ] a3

and its principal minors are D; = a3, D2 = ajas — a3, and D3 = azD,. After some
calculations it can be shown that if Ry > 1 and all the parameters (a, G, v, 9, 4, p,
1 — p) are positive then D;, Dy, D3 are positive and hence every eigenvalue of DF(e3)
has negative real part, which implies that es is stable.

Summarising the results above, the system (5.1) admits two equilibria, the disease-
free equilibrium e; and an endemic equilibrium e;. If Ry < 1 then only e; is feasible
and it is asymptotically stable, so that the epidemic eventually dies out. If Ry > 1 then
both e; and e, are feasible, but e; is unstable and e; stable, so the epidemic settles
down at an endemic level.

It should be noted that this study was carried out with the assumption that all
the parameters of the model (namely, ¢, 3, 7, d, 4, p, and 1—p) are non-zero. The reason
for making this assumption is the fact that for each of the quantities whose signs needed
to be strictly positive or negative (for instance, the principal minors of H), a different
subset of the set of parameters (e, G, 7, 6, 1, p, and 1 — p) must have strictly positive
entries. In order to avoid complicated assumptions and, instead, have an assumption
that applies throughout the whole study of this model (both the deterministic and the
stochastic) we exclude the possibility of having any of the parameters equal to zero.
Simpler special cases of this model resulting by setting some parameters equal to zero
(such as the SIR model, for § = § = p = p = 0), can be investigated separately or
by taking the limits of the full solutions as the respective parameters tend to zero, and
some special cases have already been extensively studied in the literature (see, e.g.,

Bailey 1975, Lefévre 1990).
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5.3 The Stochastic Model

5.3.1 The transient behaviour

Let prsy(t) be the probability that there are r susceptibles, s infectives, and v inactive
cases in the system at time ¢ > 0. Initially there are zy susceptibles, yy infectives, and
2g inactive cases, where (zo,y0,20) € So as defined in (5.2), so that pzyygz(0) = 1 and

Prsy(0) = 0 for any (r,s,v) # (o, Yo, 20)- The differential equation for the probabilities
prsv(t) is

dprsy (t)

di = ﬁ[(v + 1)pr,s—1,v+1 - 'Uprsv] + 7[(3 + l)pr,a+1,v—1 - 3Prsv]

«a o
+ =1 =p)(r+1)(s— l)Pr+1,s—1,U + —p(r + 1)3Pr+1,3,v—1
n n (5.12)

a
- E'rsPrsv + b(pr—l,s,v — Prsv) + p((r + 1)Pr+1,s,-u — TDrsy)
+ (P‘ + 6)((3 + l)pr,a+l,v - 3prsv) + N((U + 1)pr,s,v+1 - 'Uprsv)a

for (r,s,v) € Z3 and p,4y(t) = 0 otherwise. The probability generating function, defined
as P(z,y, z;t) = E[zXByY®) 2] satisfies the equation

oP

did ilid
at dy

= b= VP — (e = )50 + bz — ) + (1 +6)(1 ~ 9)]

o*P

o7 (5.13)
+[ﬂ(y—2)+#(1—2)]a + y[(l—p)y+pz—fv] 320y’

with initial condition P(z,y, z;0) = z¥oy¥0z%.
From (5.13) a system of differential equations for the first and second moments

of X, Y, and Z can be deduced; the equations for the means are the following:

dmx  «

5 =~ (oxy + mxmy) —umx +b

d

_Z‘tl = %(1 - p)(oxy + mxmy) — (v + p+ 8)my + fmz (5.14)
dm «a

—dtZ = —ﬁ-p(axy + mxmy) + ymy — (8 + p)mz,

where my(t) is the expected value of W (t), for W = XY, Z, and oxy(t) is the covari-
ance of X (t) and Y (t). The equations for the variances and covariances are given in the
Appendix (Section A.2.1).

The system of differential equations for the first and second moments of X, Y,
Z involves third order moments and hence it is open and cannot be solved. One way of

overcoming this problem is to express the third order moments in terms of the first and
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second moments. For example, if (X,Y, Z)' has a multivariate normal distribution, then
E[XY Z] = E[X]E[Y]E[Z] + E[X]Cov[Y, Z] + E[Y]Cov[X, Z] + E[Z]Cov[X,Y], (5.15)

with similar expressions for E[X2Y], E[XY?] etc. Substituting for the third order mo-
ments from these expressions, makes the system for the first and second moments closed
and hence it can be solved. Distributions other than the normal can also be used, for
instance the Negative Binomial (see, e.g., Herbert 1998, Herbert & Isham 2000). In
addition, it has been observed that there may be situations where it is unreasonable to
assume that the vector (X,Y, Z)’ has a multivariate normal distribution, and yet the
moments of X,Y,Z can be very well approximated by those of a multivariate normal
using the formulae like (5.15) (see, e.g., Herbert 1998). When the actual distribution is
not known, one way of assessing which type of approximation is more appropriate is via
simulations of the stochastic model; for instance, if the distribution has a single spike
at the mean, then the normal approximation could be more appropriate, while if the
distribution is highly skewed then the negative binomial might be a more appropriate
choice.

The validity of the normal approximation can be established by Kurtz’s theory
(see Theorem 4.1). If the excess death rate § due to TB is zero then the mean population
size remalins constant and equal to n. Therefore if § has a small positive value then there
will be only small fluctuations of the total population size N(t) around n (at least in
the relatively short term) and hence we can assume that n and N(¢) will be of the same
order of magnitude. In this case the parameter N in Kurtz’s notation can be taken as
the initial total population size n.

With the notation in Theorem 4.1, the function F : RS — R? is defined by

—aWVo+u—uWy
F(V)= | a(l-pWVa = (v+8+p)Va + 6V3
apViVa + 4Va — (B + p) V3,
where V = (V1, V5, V3). It can easily be proved that the conditions of Kurtz’s theorem
hold and hence the process can be approximated by a Gaussian diffusion process if n is

large.

From system (5.14) the differential equation for the expected value my(t) of the
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total population size at time ¢ is deduced

CiZL_tN =b—umpy — dmy = pu(n —my) — émy, (5.16)
which shows that initially the population decreases, since my(0) = n. With integra-

tion, (5.16) gives
t
my(t) =n— 6e'“‘/ my (w)etdw.
0

This means that my(t) < n, for t > 0, and therefore mx(t), my(t), and mz(t) are

always less than or equal to n, too.

5.3.2 The equilibrium state of the process

The process described in this chapter is a Markov process in continuous time with
countable state space S = Zi. Let A denote the subset of S that contains the states of

the form (z,0,0) for z > 0, and D the remaining set of states

A={(z,0,0) € 23}

D=§S-A= {(x,y,z) €Z_3+_:(y,z) 7& (070)}

It can easily be seen that all states in .4 communicate with each other, all states
in D communicate with each other, but there can be no transitions from the set 4 to the
set D; once the chain reaches one of the states in .4 there are no infected individuals in
the population and hence there cannot be any more infections and the chain will remain
within the set .A. On the other hand there is always a positive probability for transitions
from D to A. Therefore the sets A and D form two irreducible classes, the former is a
closed absorbing class and the latter is an open and hence transient class.

The fact that a subset of the state space S is absorbing does not in general mean
that the chain will be absorbed in this subset. Nevertheless we will show that this is
the case for this process using the theorems of Reuter (1961), who is concerned with
a particular class of Markov processes which he calls competition processes. These are
processes in continuous time with a countable set of states S = Z2, having the property
that jumps from a state (m,n) € S always lead to one of the following adjacent states:
(mx1,n), (mnxl), (m—1,n+1), (m+1,n—1). The boundariesm =0and n=0

of the positive (m,n)-quadrant cannot be crossed, and all the states (m,0) and (0,n)
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are absorbing. For such a process, Reuter gives sufficient conditions for the chain to be
absorbed and, if that happens with probability one, conditions for the expected time
until absorption to be finite.

In the following we define a class of Markov processes with state space Z for
m > 2 and absorbing states (z,0,...,0) and Theorem 5.3 gives an extended form of

Reuter’s results for these processes.

Definition 5.2 Consider a time-homogeneous Markov process {X(t),t > 0}, with con-
tinuous time parameter t and state space S = {(z1,%2,... ,Zm) € ZT}, for m > 2. For

X,y € S define the transition matriz P(t) = {p(x,y;t),x,y € S}, where
p(x,y;t) = P[X(t) = y|X(0) = x].
The transition rates are q(x,y) = p'(x,y;0), subject to the conditions

q(x,y) 20 forx#y

0< —g(x,x) = g(x) = ) q(x,y) < 0.
y#x

Define the matriz Q@ = {q(x,y),x,y € S}. At least one such matriz ezists; if
there is ezactly one, the matriz Q is called reqular (thus regularity means that the matriz
Q defines the process uniquely — see also Reuter 1961, Wolff 1989). Forx = (z1,... ,Zm)
andy = (y1,-.. ,Ym) in S, the g(x,y) are defined as follows:

r

ai(x) fy=x+e; i=1,...,m

d;(x) fy=x—e i=1,...,m
qa(x,y) = 4 ' - o

eij(x) fy=x-—e;+ej h,j=1,... ,m,j#1

0 any other y # x,

where e; is the vector of ZT whose i-th coordinate is equal to one and all the other
coordinates are zero. The functions a;, di, e;j; are such that a;(x) > 0, di(x) > 0,
eij(x) >0, for all i,j =1,... ,m with j # i and x € S, and they are equal to zero if
x ¢ S. Finally the q(x,x) are defined by

—q(x,x) = g(x) = Z[ai(x) +d;i(x)] + Z E eij(x),x € S.
=1

i=1 j#£i
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Since there are no states with negative coordinates, we must also have

d1(01z21z37"' 7°Tm) = elj(0,$2,2‘3,... 7Im) =0 VJ 76 1
do(21,0,23,... ,Zm) = €2i(21,0,23,... ,Tn) =0 Vi #2
2(1,0,73 m) = e2i(z1,0,z3 m) j# (5.17)
dr(z1,22,23,... ,0) = enj(z1, 22,23,...,0) =0 Vi # m,
for all zy,z9,... ,z;m = 0,1,.... Therefore jumps from the state x = (z1,... ,Zm) € S

always lead to one of the adjacent states x+e;, x—e;+e;, fori,j=1,... ,m and j #1,
but the boundaries £1 =0,z2 =0,... ,z;, = 0 cannot be crossed.

Assume that the states (,0,... ,0) are absorbing, so that a;(z;,0,...,0) =0,
di(z1,0,...,0) =0, €;(21,0,...,0) =0, forallz, € Zy, i,j =1,... ,m, and j # 1,
but

Zai(x)>0 and Zdi(x)>0,

i=1

whenever x € D =S — A, where

A= {(z,0,...,0) € Z7}

D=8-A={(z1,22,... ,Tm) €EZT : (T2,... ,Zm) # (0,...,0)}.
Finally, for every k =1,2,... define

Ap = {(z1,-.. ,Zm) €ED:z1+ -+ Zrp = k}

m
Ty = Inax ai(x
k Ak,z:; 1()
m
S8 = min d;(x
k xe.Ak; z()

Theorem 5.3 Consider a Markov process as defined in Definition 5.2. The following

three statements hold:
(a) A sufficient condition for regularity is

1 2. /1 s Sk...8
81:_+Z(_‘+ TP L 3)=oo.
T2 k=3 Tk TETk-1 Tk---T9

(b) For a regular process let m(x,y) = limi00p(X,y; t) for x,y € S. Then n(x,y) =1
ifx=y €A, n(x,y) =0 ify €D, and ax = 3, 7(x,y) is the probability that

some absorbing state is reached from x € D. Also, ax =1 for all x € D if

> 81...8E
Sz=z = 00.

TL...T
k=1 1 k
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(c) If in statement (b) ax = 1 for all x € D, let 7x be the mean time to reach A,
starting at x € D. Then 17x < o0 for allx € D if

1 e T
172 - Tk—1
53=—+E —_— < 0.
81 k=2 8182...8%

The proof of this theorem is almost identical to Reuter’s proof (see Reuter 1961)
so we present only a brief outline here. To prove statement (a) we use the following
criterion (see, e.g., Wolff 1989, Chapter 4):

(A) @ = {q(x,y)} is regular if, for each A > 0, the equations

Awx = Z q(x,y)wy,
y

where 0 < wx < 1, have only the trivial solution {wx =0, for all x}.

Suppose that a non-trivial solution {wy} exists with0 < wyx < 1. Fork =1,2,...
let Wj, be the maximum of wy over all x = (zi,...,Zy) such that 2, + --- + z,, =
k and (z2,...,Tm) # (0,...,0). Then, it can be shown that if S; = oo the series
Y pe1(Wii1 — Wy) diverges and hence Wy, tends to infinity as & — oo, which contradicts
the initial assumption that 0 < wx < 1 for all x. Hence w, = 0 and the process is
regular.

To prove (b) we will use the following criterion (see Reuter (1961) for a proof):

(B) Suppose Q is regular. Then 3, m(x,y) =1 for all x, if there ezist ux >0

such that uxy — 00 as x = oo and
Zq(x, Y)uy <0, forall x. (5.18)
y

Define Uy =0, Uy = 1, and Ugy1 = Ug+(s182...8k)/(rira...18), fork = 1,2,....
Clearly, Uy > 0 for all k = 0,1,... From the assumption that S; = oo, it follows that
limg_, o0 Uy = 00. Finally, it can be shown that the sequence {ux} with ux = Uz, 4.4z,
for x = (z1,... ,2m) € S satisfies (5.18). Therefore, from criterion (B) it follows that
2y m(x,y) =1 for all x.

For statement (c) we use the following criterion (see Reuter (1961) for a proof):

(C) Suppose that Q is regular. Let A and D denote the sets of absorbing and
non-absorbing states, respectively. Let Tx be the ezpected time to reach A, starting from
the state x. If there ezist finite uy > 0 such that

Zq(x, Yuy +1<0, forallxinD, (5.19)
y
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then 7« < ux < o0 for all x in D.

Let {V%} be the sequence defined by
V, = 5152005 [VO_ (L+T_1+...+M)],
r172...Tk S 8182 8182...8k
for k =2,3,... and V] = (s1/r1)}(Vo — 1/s1). Since S3 < oo, the sequence
l 1 rre...Te—-1

+—4-+
81 8182 8182...8%

Qp =

is bounded. Hence, we can choose Vj finite and positive but sufficiently large, such that
Vi > 0 for any £ = 1,2,.... Now, let {ux} be the sequence defined by uyx = U} for
x=(Z1,--- ,Zm) €ED,k=z1+-+-+ 2y and Ugy) = Uy + Vj, for k =0,1,.... Choosing
Up > 0, it can be shown that {ux} satisfies (5.19) and thus 7x < oo for allx € D.
Criterion (C) also provides a means to find upper bounds for the expected time

until absorption, which we summarise in the following lemma.

Lemma 5.4 Consider a Markov process as defined in Definition 5.2. Let ar be the
sequence

1 T T172...Tp—1
ap=—+—+- -+ ——"2"2 fork>2,
S1 81892 8182...8%

with @) = 1/s;. If
rire...Tg—
S3=— + ML SARRL S P 0,
8= S1 Z 8182.-.8k
then there exists M > 0 such that 0 < ap < M < oo for all k > 1. Choose Uy > 0 and
Vo > M > 0 and define

8182.-.8%

Vi = Vo—a), k21,

™rre...Tg
and Uy, = Vi+Ug, for k > 0. Then the ezpected time until absorption, 7, starting from
the state x = (z1,... ,Zm), with (z9,... ,Zm) # (0,... ,0) andz; +---+zp, =k > 1 is
bounded above by Uy : 7« < Ug.

For the process described in this chapter, the functions a;,d;, e;; are:

a1(z,y,z) =b e12(z,y,2) = ol — p)zy/n
az(z,y,2) =0 e13(z,y,2) = aPﬁvy/ﬂ
a3(z,y,2) =0 e (z,y,2) =

di(z,y,2) = pz es(z,y,2) =7y

da(z,y,2) =+ 0y enl(s,,2) =0

d3(z,y,2) = pz es2(z,y,z) = Pz,
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for (z,y,z) € 8 = Z3, which satisfy the conditions (5.17). Also it should be noted
that the states (z,0,0) are not absorbing; but the set A = {(2,0,0) : z = 0,1,...}
is absorbing, in the sense that once (y,z) becomes (0,0) then the infection dies out
and the population of susceptibles grows as a simple birth-and-death process. The
device of “freezing” the states (z,0,0) can be adopted in this case, since the evolution
of the process after the extinction of the infection does not affect the evolution before
the extinction. Therefore, we will assume that a;(z,0,0) = d;(z,0,0) = 0, for any
z=0,1,... and thus the states (z,0,0) are absorbing.

Under these assumptions (and using the notation in Definition 5.2) one easily
computes that 7y = b and sy = pk for £ > 1. Hence from the statements (a), (b), and

(c) of Theorem 5.3 it follows that:

1 (1 kuy k(k—1u? k(k—1)...3uF2
-31=E+kz_3(3+—+———+---+ T = o0,

b? b

and hence the process is regular.
S (4)"
L4 SQ = k' = = 00,
k=1 b
hence, if X(t) is the vector (X (t),Y (), Z(t)) and
m(x,y) = tl_l)réxop(x,y;t) = tli)nolo PX(t) =y|X(0) =x], x,yinS,

then m(x,y) = 0 for all y in D. Also, if ax = >_, 7(x,y) with x € D is the
probability that the chain will be absorbed in .4 starting at x € D, then ax =1

for all x € D.
LSO/ 1y
s Se=p =5 (¢ -1) <o

therefore the mean time 74 to reach A, starting at x € D, is finite for all x € D.

The upper bounds for the average extinction time deduced from Lemma 5.4 for some
specific sets of parameter values and initial conditions will be presented in Section 5.3.6.
Results for the limiting distribution of (X (t),Y (t), Z(t)) can also be obtained
from the differential equation (5.13) for the probability generating function P. Define
Grsw = Jim prsa(t), for (r,5,0) €S

and

Q(z,y,2) = Z 'Y’ 2" Grsv- (5.20)
(r,8,0)€ES
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Setting 0@/t = 0 and z = 1, (5.13) becomes

a oQ
0=Dte=n)+ G+ - [F2| +ow-a)+u0-21 | 3]
625 =1 z=1
o
+—yl(1 - p)y+pz - 1] [a—@] L
and substituting for the derivatives of @ from (5.20) this gives
0= [7(2 -y +(p+o)1 - y)] Z sys_lzvq”zv
7,8,V
+[BW =)+ u(1 = 2] Y 0y e+ 3L = Py + p2 = 1Y r5y" 2 gres.
733,V r,8,v

Equating the coefficients of y* and 2? we obtain systems of equations from which we

deduce successively that

o0

D =0 forallv>0,s>0

r=0 (5.21)
> grow=0 forallv>0.

r=0

If Y, is the random variable whose distribution is given by
PlY. =s] = t1_1+1°n°P[Y(t) =s], fors=0,12,...,

and similarly for X, and Z,, then (5.21) implies that Y, cannot have any finite positive
value with probability one. This, along with the results from Theorem 5.3, implies that

P[Y,=s]=0 foralls>0, (5.22)
and
PlY,=0]=P[Y.=Z,=0]=1 (5.23)

Equations (5.22) and (5.23) imply that Q(z,y, z) is a function of z only. Hence its
derivatives with respect to y and z are zero and equation (5.13) reduces to a homogeneous

first-order partial differential equation whose solution is
Q(z) = "=,

which is the probability generating function of the Poisson distribution with mean n =

b/u. Thus

—N,,T
e 'n
gro0 = — for r=0,1,...

grsv =0 for (s,v) # (0,0).
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Summarising, the results obtained so far are
m(x,y) = tl_i)m P[X(t) = y|X(0) =x] =0, forally in D
o0

ax = Z m(x,y) =1, for all x in D (5.24)
YEA '

0 YED
e y=(r0,0 €A,

r!

ay = tl_i)r(r)loP[X(t) =y]=

where A = {(r,0,0) : r=0,1,...} and D = S — A. The probability of extinction of the
disease is one and the expected time until extinction is finite.
Finally let m§;, denote the mean of W, for W, = X,,Y,, Z¢, Ne = X + Y, + Z,.

From equation (5.16) it follows that the m$,m$,, m% must satisfy the equation
b= umy + omy = pm% + (p + )M + um%, (5.25)

which is exactly the equation (5.6) that the deterministic ze, Y., 2. satisfy. Also (5.23)

implies that m§, = m$ = 0 and therefore (5.25) gives m§ = m$, =n.

5.3.3 The deterministic values and the stochastic means

The study presented so far shows that there is a difference between the behaviour of the
stochastic model and that of its deterministic counterpart. For the deterministic model
the disease dies out only if Ry < 1 (and otherwise stabilises at an endemic equilibrium),
while for the stochastic model it always dies out with probability one. This difference
has been observed in other models as well, for instance in Bartlett (1956) and Stirzaker
(1975) for the open SI model and in Jacquez & Simon (1993) for the closed SIS and the
open SI models.

Since the deterministic model can be viewed as an approximation to the stochastic
(the system for the moments of X, Y, and Z reduces to the deterministic system (5.1)
if the random variables X, Y, Z take the values z, y, z with probability one), at least
in this sense no fundamental differences between their behaviours is to be expected.
Nevertheless there is a basic difference (at least mathematically) between the two models
that can cause such fundamental differences.

The deterministic model is described by the system (5.1) in which the functions

z(t), y(t), and 2(t) are continuous functions. But in real life these numbers are discrete
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since they represent the numbers of susceptibles, infectives, and inactives, respectively.
The stochastic model does account for this discreteness; it is described by the differential
equations for the transition probabilities p,s,(t) and in this case the stochastic variables
X(t), Y(t), and Z(t) can take only integer values. The relation between a stochastic
model and its deterministic counterpart has been explored in the literature of epidemic
modelling where it has been shown that the stochastic elements introduced into the
description of epidemiological processes (by accounting for the fact that humans exist
in integer units and not as fractions) can affect the behaviour of the process in various
ways (see, e.g., Bartlett 1957, Bartlett 1960a, Anderson & May 1991, Section 6.5).

With respect to the equilibrium state of the process for the deterministic model if
there exists even a small fraction of infectivity in the population (for example if y(¢) has
a positive value less than one) then this can cause a new infection and thus prevent the
infection from extinction. With the stochastic formulation though that can not happen;
if the number of infectives is equal to one at some point ¢, then it will either remain equal
to one or decrease to zero or increase to two. There is always a positive probability that
it will decrease to zero and Theorem 5.3 proves that eventually this will happen with
probability one and in finite time. The same holds for the number of inactive cases, Z(t),
and hence ultimately the vector (Y (t), Z(t)) becomes equal to (0,0), which means that
the infection dies out for any set of positive parameters. But for the deterministic model
this happens only for certain sets of parameters (that satisfy Ro < 1) and otherwise the
epidemic settles down at an endemic equilibrium.

This behaviour of the deterministic model is shown in Figure 5.2. The sys-
tem (5.1) for the deterministic z(t), y(t), and 2(t) was solved numerically for two sets
of positive parameters, the first one with Ry = 0.591 < 1 and the second one with

Ry = 5.914 > 1. The values used in the second case are representative for TB:

a=10 p=0.9725
= 0.0022 = 0.066
8 7 (5.26)
= 0.02 §=0.13
b= un,

while the values used in the first case are the same as in (5.26) except for o which
was taken equal to 1. For the same sets of parameters, the means of X (t), Y (¢), and

Z(t) as obtained from the normal approximation and from 10000 simulations are also
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Figure 5.2: (a), (b), (c) The means of X, Y, and Z, respectively, with Ry = 5.914. The
parameter values are as shown in (5.26). (d), (e), (f) The means of X, Y, and Z, respectively,
with Rp = 0.591. The parameter values are as shown in (5.26), except that @ = 1. In each
graph there are three curves, one for the deterministic value, one for the mean from the normal
approximation, and one for the mean from simulations. The initial conditions are n = 1000,
o = 990, yo = 10, 20 = 0. Time ¢ is measured in years.
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presented in Figure 5.2 (details of the implementation of the simulations can be found
in the Appendix, Section A.2.2). For all these cases the initial conditions are n = 1000,
zo = 990, yo = 10, zgp = 0. In all cases the three curves (for the deterministic, the normal
approximation, and the simulations) are very close, and in some cases they can hardly
be distinguished.

What is most surprising from these results is the fact that when Ry > 1 the
stochastic means of Y (t) and Z(t) (both from the normal approximation and from the
simulations) do not tend to zero, but seem to stabilise at a level that is quite close to the
deterministic equilibrium. At first this result seems odd since the limit of the probability
of extinction of TB as time tends to infinity is equal to one.

For the solutions of the system for the means under the normal assumption, it is
not so unreasonable that they exhibit a behaviour that is closer to the behaviour of the
deterministic model than that predicted for the stochastic model; according to Kurtz’s
theory (see Theorem 4.1), when the initial population size n is large the deterministic
model provides a good approximation to the stochastic model. Despite the fact that
the discreteness of X, Y, Z (accounted for in the stochastic model but not in the
deterministic), as explained above, may give rise to various differences between the two
models, its effects are in a way diminished in the solution of the system of differential
equations for the moments, because the means are continuous functions. If at some point
the mean of Y (¢) has a positive value less than one, this means that there is positive
probability that the value of Y () is positive and thus there could still be new infections.

Also it should be noted that for a general random variable Y (t) which has a
limiting distribution with mean E[Y], this need not necessarily be the same as the limit,
lim; o E[Y (¢)], of the expected value of Y (t), since the lim and E operators are not
always interchangeable. One example of this is the birth and death process with birth
and death rates A and p per capita, respectively, with A = u. For this model it has
been proved (see, e.g., Cox & Miller 1965, Section 4.3) that if N(t) is the size of the
population at time t then

lim P[N(t) =0] =1,

t—o0

and hence the expected value of this limiting distribution is zero, but
Jim B[N (5)] = B[N ()],
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Figure 5.3: The value of Y (¢) as obtained from an individual realisation of the stochastic model.
The initial conditions are n = 1000, z¢ = 990, yo = 10, and 2y = 0. The parameter values are as
shown in (5.26). Time is measured in years.

and that is why, as Cox & Miller (1965) comment, when A = u the equation for the
expected value of N(t) “does not give a good idea of the behaviour of individual re-
alisations”. Thus the fact that the values of E[Y(t)] do not seem to tend to zero as t
increases (which is what we observe from the simulations for large t) does not prove that
the expected value of the limiting distribution of Y (t) is not zero.

In addition, there is another argument that explains why the stochastic means
do not seem to tend to zero. Figure 5.3 shows the results for Y (t) from an individual
realisation of an epidemic in a population of initial size n = 1000 starting at ¢t = 0
with ¢ = 990, yo = 10, 2p = 0 (the results were obtained from numerical simulation,
using the parameter values shown in (5.26)). The value of Y (t) fluctuates around the
deterministic endemic equilibrium ye, and it does not exhibit any decreasing tendency
to justify the fact that ultimately it will become zero (as predicted theoretically by the
analysis in the previous section). Around ¢ = 820, Y finally becomes equal to zero,
but the value of Z is positive at that point. Soon afterwards an inactive case becomes
infectious and the value of Y increases to positive values once more and continues to
fluctuate around ye, until { = 1000 when the simulation terminates.

This phenomenon is quite common in many stochastic processes and not only

those for epidemics (see, e.g., Oppenheim, Shuler & Weiss 1977 for chemical reactions,
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Hitchcock 1986 for predator-prey processes): ultimate extinction of a class of the popu-
lation is certain, but the process exhibits an apparent stationarity and it does not seem
to die out over any reasonable length of time.

One well-known and extensively studied example of this phenomenon is the open
SI model (see, e.g., Bartlett 1956, Stirzaker 1975, Ridler-Rowe 1967). In a series of
papers Bartlett (1956, 1957, 1960a) studied this model and tried to explain the sustained
oscillations that the number of infectives exhibit, despite the fact that it was proven
that extinction of the infection is certain. It has been proposed (see, e.g., Pollett &
Stewart 1994) that the explanation for this apparent stationarity is that the underlying
process has a quasi-stationary (or limiting-conditional) distribution. This may well be
the case for the model presented in this chapter, and we discuss this possibility in the

following sections.

5.3.4 Quasi-stationary distributions

In the literature there are several forms and definitions for quasi-stationary distributions
and limiting-conditional distributions. We will focus our discussion on the following

distributions.

Definition 5.5 Let {X(t),t > 0} be a Markov process in continuous time with denu-
merable state space S. Let A denote the set of absorbing states and D the remaining set
of states where D is an irreducible class. Suppose that the probability of ultimate absorp-
tion in A is 1 and the ezpected time until absorption is finite for any initial conditions.
Finally let p;;(t) = P[X(t) = j|X(0) =1] for i,7 in S and P(t) = {pi;(t)} be the matriz
of transition probabilities.

A distribution m = (mj,j € D) over D is a quasi-stationary distribution (QSD)
if, whenever P[X(0) = j] =m; for j in D,

P[X(t) = j|X(t) ¢ A|=mj, jinD, t>0,

which means that if the initial distribution of the process is m then the distribution of
X(t) conditioned on non-absorption by t is m.
A distribution u = (uj,j € D) over D is called a limiting-conditional distribution

(LCD) if

Jim PIX(t) = jIX(0) =i,X() ¢ Al = uj, i,j in D. (5.27)
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A distribution v = (vj,j € D) over D is called a doubly limiting-conditional
distribution (DLCD) if

lim lim P[X(t) = j|X(0) =i, X(t+3) ¢ A] =v;, 4,jinD. (5.28)

t—o00 8—00

Kingman (1963) proved that to each irreducible class D there corresponds a
number A > 0, called the decay parameter of D, such that

.1 .o
tl_l’IcI)lo I logpij(t) = —-A, ¢,7inD. (5.29)

If X\ > 0 then (5.29) implies that p;;(t) = O(e™*) as ¢ — oo which means that the
probabilities p;;(t) decrease exponentially to zero and X is the common rate of decrease.

Using the decay parameter A, an irreducible class D can be classified as A-
recurrent or A-transient according as f0°° pii(t)eMdt diverges or converges for all ¢ in
D. Further, a A-recurrent class is called A-positive recurrent if lim;_, p,-j(t)e'\t > 0 for
all 7, j in D and A-null recurrent otherwise. Kingman (1963) showed that A-transience
and A-positivity are “solidarity” properties, so that either all or none of the transition
probabilities exhibit the behaviour of the specified type.

Therefore apart from the standard classification of the states (as positive recur-
rent, null recurrent, or transient) according to the limit behaviour of the probabilities
pij(t), there is a further classification according to the behaviour of p;;(t)e*, where ) is
the common rate of decrease of the probabilities p;;(t) to zero. Hence even a transient
class may be A-positive recurrent. Moreover there is a relationship between A-positive
recurrence and existence of QSD’s and LCD’s similar to the relationship between positive

recurrence and stationary distributions.

Theorem 5.6 (Kingman 1963, Theorem 4) If D is a A-recurrent class then there ezist
vectors x = (2,5 € D), y = (y;j,7 € D) unique (up to constant multiples) such that:

Zpij(t)xj = e_’\tz,-, 1€D
jED

> vipii(t) = e My;, jeD,
ieD

which means that if P(t) is the restriction of P(t) to the class D then x and y are the

right and left eigenvectors, respectively, of P1(t) corresponding to the eigenvalue e *:
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P;(t)x = e *x and y'P;(t) = e *y'. The class D is A-positive recurrent if and only if
> keD TkUk < 00 and then

Lim p::(t)eM = _&_’

t—}copu( ) EkeD TkYk

From this theorem it follows that (see, e.g., Vere-Jones 1969, Flaspohler 1974) if D

is A-positive recurrent then the limits in (5.27) and (5.28) (LCD and DLCD, respectively)

i,j €D.

exist, are independent of the initial state 4, and are given by

Yj

lim P[X(t) = §1X(0) =, X(t) ¢ A = =% 4,jinD
Jim PIX(0) = 1X(0) =i, X0 ¢ A = <Hr
- . . Ty

tlirgo slggo P[X(t) = j|X(0) =, X(t+s) ¢ A = —_Zkev P 1,7 in D,

where x and y are the unique eigenvectors defined by Theorem 5.6 and the limit (5.27)
is equal to zero if Y, p Yk = 0.

Nair & Pollett (1993) proved that a proper distribution y over D is a QSD on
D if and only if y is a left eigenvector for P;(t) corresponding to an eigenvalue e™#
for some p > 0. This result combined with Theorem 5.6 proves the existence of QSD’s
for A-recurrent classes. Therefore A-recurrence implies the existence of a QSD and A-
positive recurrence the existence of LCD and DLCD. Nevertheless, in contrast to the
theory for stationary distributions, if a class is not A-positive recurrent the limiting-
conditional distribution may still exist (see, e.g., Seneta 1966). Similar conditions for
the existence of LCD’s can be stated that depend on the reversed process or on the
infinitesimal parameters g;; of the process (see, e.g., Flaspohler 1974, Pollett 1988).

Also, the relationship between the eigenvectors of the P; matrix and those of the
Q; matrix (the restriction of the g-matrix to the class D) has been investigated since for
practical purposes the g-matrix is easier to manipulate. If the P matrix of the process is
the minimal transition function! (which is the case for regular processes) then any non-

negative left eigenvector of P; corresponding to an eigenvalue e™#* is a left eigenvector

!The matrix P(t) = {pij(t),i,j € S} is the minimal transition function (see, e.g., Reuter 1957) if the
probabilities p;;(t) are the minimal solution to the backward Kolmogorov equations

pi(t) =D qupki(t),  t>0,
kes

and p};(0) = ¢i;. The minimal transition function also satisfies the forward Kolmogorov equations

P = > ptlars,  t>0.
kES
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of Q; with the eigenvalue —u for y > 0 (Vere-Jones 1969). If in addition the minimal
transition function P(t) is honest (i.e. 3 ,cspij(t) =1, foralli€ S,t>0)andy isa
convergent left eigenvector of Q, for the eigenvalue —u satisfying

Do vigia=p)_ v

i€eD i€D
then y is a left eigenvector for Py(t) corresponding to the eigenvalue e~#t (Pollett &
Vere-Jones 1992).

Another interesting point that should be made is about the extremal character
of the decay parameter A. Vere-Jones (1969) showed that if the matrix P is strictly
stochastic, the non-absorbing states form an irreducible class D with decay parameter A
and the equations

Z’Uipij(t) =vje™™, t>0, €D
i€D
hold for some non-negative, non-zero eigenvector v = (vj,j € D) then 0 < p < A

For Markov processes with finite state spaces there exist unique positive left and
right eigenvectors for this extremal eigenvalue e~*¢ and therefore there is only one QSD
which is the LCD (see Darroch & Seneta 1965, 1967). If the state space is infinite then
QSD’s may or may not exist, there may be more than one QSD and even if QSD’s do
exist an LCD may not exist.

The existence of LCD’s was established for branching processes by Yaglom (1947),
for random walks by Seneta (1966) and Pakes (1973) and for birth and death processes
by Good (1968) and van Doorn (1991). Unfortunately for multidimensional processes
with infinite state spaces there have not been many significant advances and even for the
open SI model mentioned above the proof for the existence of QSD’s and LCD’s remains
an open problem.

The existence of limiting-conditional distributions results in the apparent sta-
tionarity that these processes exhibit before absorption. Ultimately the process will be
absorbed in the absorbing class A, which is the set {(z,0,0) : z = 0,1,2,... } in our

case. But since the distribution of the process conditioned on non-absorption,
P[X() =j|X(0) =2,X(t) ¢ A], i,j€D=S8-A4, (5.30)

has a stationary (limiting, as ¢ — oo) distribution, it may go through this stationary

phase before it gets absorbed in A; the process will remain there for some time and then

80



eventually will be absorbed. “Eventually” may be a very long time (as the numerical re-
sults in Figure 5.2 suggest) so it makes sense to study the conditional distribution (5.30).
Let P 4(t) be the probability of extinction of TB, that is

PAO) =PY () = 20) =0 = > pasolt), ¢20.
z=0

The distribution of the process conditioned on non-absorption is given by

Gy (t) = PIOKC. Y (0, 2(6) = (.9, (Y (0, 2(0) # (0,0)] = 122200

for (z,y,2z) in D and ggy,(t) = 0 otherwise, where D = {(z,y,2) € Z3 : (y,2) # (0,0)}.
If we define ¢(v,w) the coefficient of py(t) in the equation (5.12) for dpy(t)/dt (where
Dv(t) = pzy,(t) for v = (z,y,2) € S), then the equation (5.12) can be written as

M = ZC(V, w)pw(t), v ED.

dt -
From this equation it follows that
dgy (t)
— = 2. eV, W)gw(t) + & (DQ(t), vED, (5.31)

w

where

Qt) = (n+68) Y goro(t) +p > ao(t), t>0.

z=0 z=0

The limiting-conditional distribution can be deduced by solving equation (5.31)

with the left-hand side set equal to zero. The last term in (5.31) makes the equation non-
linear so that an analytical solution for the g;y.’s can not easily be deduced from (5.31).
A computational procedure for evaluating the limiting-conditional distributions is de-
scribed by Pollett & Stewart (1994). This method, which is an ‘iterative version’ of
Arnoldi’s algorithm (see Pollett & Stewart 1994 for references), is based on the idea of
truncating the g-matrix (restricted to the non-absorbing states) to an m X m matrix
and constructing a sequence of vectors {z,,}, such that z,, is the left eigenvector of
the truncated matrix corresponding to the eigenvalue with maximum real part. Then
the quasi-stationary distribution can be estimated by taking successively larger trunca-
tions until the difference in the normalised eigenvectors is as small as desired. Pollett
& Stewart (1994) describe a method for calculating the eigenvectors z,, and illustrate

their algorithm with reference to the open SI model studied by Ridler-Rowe (1967).
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5.3.5 The marginal distributions

The marginal distributions of X, Y, and Z have been calculated from numerical simu-
lations of the stochastic model (details of the implementation of the simulations can be
found in the Appendix, Section A.2.2). Figure 5.4 shows the marginal distributions of
X and Z with n = 50, yp = 1, £p = n — yp and the parameter values shown in (5.26),
for which Ry = 5.914.

The probability mass distribution soon splits into two distributions: one has
mass distributed around the stochastic equilibrium (m¢ = n, mg = 0, m7 = 0, which
corresponds to the extinction of TB) and the other has mass distributed around an
endemic level, which is close to the deterministic endemic equilibrium. During the first
two years the distribution of Z is basically unimodal with one peak between the stochastic
equilibrium 0 and the deterministic equilibrium z., = 37.86. As time increases this peak
moves closer to 2., and becomes smaller, with a second peak developing at z = 0.
By time ¢ = 15 the distribution has become bimodal, with a very high peak around
the deterministic equilibrium. After ¢ = 40 the mass around ze, starts decreasing and
“moves” towards the point z = 0 (the peak around z., becomes more flat, more mass
appears between the points z = 0 and z = z.,, and the probability at z = 0 increases).
The simulation was carried out up to time ¢ = 500 (results not shown here) and at that
point the peak around ze, is almost flat and the probability P[Z(500) = 0] is 0.5.

The same observations can be made from the distribution of X (here we show
the results up to time ¢ = 500). The distribution is again bimodal, with one mode
around the stochastic equilibrium z = 50 and one around an endemic level close to the
deterministic equilibrium ze, = 8.45. Slowly in time the mode around z, reduces in
size and the mode around z = 50 increases, showing the tendency towards extinction.

Figure 5.5 shows the marginal distribution of Z for two other cases with (a)
n =50, yo = 1, zp = n — yp and the parameter values shown in (5.26) except a = 20,
for which Rg = 11.828 and (b) n = 50, yo = 5, Tp = n — yo and the parameter values
shown in (5.26), for which Ry = 5.914. Comparing the first of these with that for the
distribution of Z in Figure 5.4 shows the effect of increasing the value of Ry. Again
during the first 2-3 years the distribution is unimodal with one peak between z = 0 and
z = ze, = 41.71. However, this mode moves more quickly towards z = ze, than when

a = 10 (Figure 5.4) and during the first 20 years the distribution remains unimodal with
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of n. It appears that the time until extinction can be very long and also that it is more
likely to be long for large values of n and Ry. The following section presents some more

information about how long the extinction time can be.

5.3.6 The time until extinction and the size of the epidemic

Lemma 5.4 provides an upper bound for the expected time until extinction (which is
finite, as shown in Section 5.3.2). Using the notation of the lemma for our process ry = b

and s; = pk for k > 1. Therefore the sequence ay defined by

1 I
ak=_+r_1+...+r_1u'f_1_, k> 2,
81 8182 S8182...8%k
and o) =1/g; is
1g b/u)"
EZ > 1.

Since S3 < 0o, where

1 S ryr r 1
.S'3=—-}-2:———1 2 k_1=—(eb/“—1),
81 k=2 8182...8% b

we can choose Uy = 0 and Vy = eP/# /b and define the sequences

k
Sk.--81 kU 1|y (b/u)?
Vi = Vo—ar) = ———= |[e"* — kE>1
Uy = Ug-1 + Vi1 k>1.

Then the expected time, 7(z, y, 2), until extinction starting from the non-absorbing state
(z,y,2) withz+y+2z=k > 1is 7(z,y,2) < Ux. Some numerical results for these upper
bounds are given later in this section.

Lower bounds for the expected extinction time can be deduced from Lemma 5
of Ridler-Rowe (1967) which provides lower bounds for the mean absorption time for
Markov processes with state space S = {(z1,... ,Zm) € ZT} where all the states with
Zy, = 0 are absorbing. This lemma can be modified to account for processes with

absorbing states (z1,0,...0):

Lemma 5.7 Consider a Markov process in continuous time with state space S = Z7
for m > 2. Let qxy be the infinitesimal parameters of the process with gxy > 0 for all
x#y and 0 < —gxx = gx = )y dxy < 0. Let A = {(z1,0,...,0) € S} be the set
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of absorbing states and D = S — A the remaining set of states. Assume that the process
almost surely reaches A from any initial state. Let 7(y) be the mean absorption time

starting ot y and define X =z 4+ 23+ - + Ty, for x = (z1,22,... ,Tm) €S. If

gxy =0, whenever y <x—1

Qv= sup Z gxy,

X:X=v yiy=%—1

(5.32)

then

T(x) > Z for all x € D.

The proof is similar to Ridler-Rowe’s proof, so we will present only an outline
here. Let pxy(t) denote the transition probabilities of the process and p}, (t) the n-step
transition probabilities in the Feller minimal process (see Reuter 1957). Define ¢xy(6)
and ¢%,(f) to be the Laplace transforms of pxy(t) and p,(t), respectively. Then it is
known (see Reuter 1957) that ¢3,(6) =0 for all § > 0 and x, y in S and

(0 +a)8551(0) = by + D_ 0ty (6), X,y €S, 6>0, n20,
z#EX
(where dyy is the Kronecker delta) and for a regular process ¢%, (6) 1 ¢y, (6) as n — co.

Let the absorbing states be classed as one state, say .A. Define

17 @
¢n(0)—5kl;[19+q

and o(6) = 1/8 for 6 > 0. Clearly ¢2 ,(6) < ¥x(0) for any § > 0, x € S and
#% 4(0) < % 4(6), for any 6 > 0, k > 0. We will show that ¢% ,(8) < 1x(6) for any x in S
and k > 0. For x # A suppose that ¢¥ ,(6) < ¢x(6) for some k > 0 and let X =n > 0.
Then

0>0, n=12,...,

(0 + )53 (0) = bxa+ D GuyB5.4(6) < Y axy 5 (6) (5.33)
y#x y#x
Z Qxy'%bn (1 + a") Z QXy"/)n(e) (5'34)
y:y<x " y:§>Ry#£x
= "l’n(o) {QX +0— Z Qxy} > (0 + QX)
" yiy<x

where the inequality (5.34) follows from the fact that the sequence 1y, is a decreasing
function of n and ¥n_1(0) = ¥n(0)(1 + 0/Qn) for n > 1. Therefore ¢& ,(8) < ¥x(6) for
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any xin S, k > 0, § > 0. Letting k — oo, follows that ¢x4(0) < ¥ (6) for all x € S.
From Reuter (1961) we know that

- 0¢xA(0)
9 = p =240,

and hence for all x # A

7(x) > tim L= %%(6) 0¢x Z o

60

Lemma 5.7 can be modified to give a tighter bound for 7(x). If ||x||; denotes the
I, norm on Z™ defined by ||x||; = |z1| + |z2| + - - + |Zm| and the conditions (5.32) are
substituted by

gxy =0, whenever ||y||; <|[x|[i =1

Q:;= sup { E qu}, v=12,...,
x|xlli=v | y.|\y|li=lx][1 -1

lix|1x
T(x) > 3 for all x # A with ge4 = 0. (5.35)
i— i

then

The proof is similar to the proof for Lemma 5.7 and is omitted here. The states
x # A with gx4 # 0 have to be excluded in this case because for these states the
inequality (5.33) does not necessarily hold.
For our process
Q= sup{u+6)y+pz} (p+d0)v, v=12,...
y+z=v

Q,= sup {pr+(p+d&y+pzt=E+dv, v=12....
z+y+z=v

Therefore if the process begins from the state (z,y, z) € S then the mean time 7(z,y, 2)

until extinction is bounded below by

1 3
Ly=——) -, for (z,y,z) € Swithy+22>1
u+ i=1 '
1t
Lgsu—_r- - for (z,y,2z) € S withy+2 > 2,

where L, Lo are the two lower bounds from Lemma 5.7 and (5.35), respectively.
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Initial population size | Lower bound £, | Upper bound
10 19.5 1.245-10°
25 25.4 1.503-10'!
50 29.9 5.293-102
100 34.6 1.358-10%3

Table 5.1: Bounds for the expected extinction time. £, is the bound from inequality (5.35), for
processes starting with yo+29 > 2. The upper bound (obtained from Lemma 5.4) is for processes
with yo + zp > 1. Both bounds were calculated with the parameter values shown in (5.26).

Yo + 20 1 2 5 10 20 100 | 200 | 1000
Ly 6.67 | 10.00 | 15.22 | 19.53 | 23.98 | 34.58 | 39.19 | 49.90

Table 5.2: The lower bound £; from Lemma 5.7 for the expected extinction time (for processes
starting with yo + 2o > 1) and for u = 0.022, § = 0.139.

Tables 5.1 and 5.2 show the values of these lower bounds and the upper bound
from Lemma 5.4 for several initial conditions using the parameter values shown in (5.26).
Unfortunately the intervals defined by the lower and upper bounds are very wide because
these bounds account for extreme cases. For instance the lower bound £; is essentially
the expected extinction time for a death process that starts at level yp + zp and has
death rate @Q, = (u + d)v when the size of the population is v. Therefore £; basically
counts only the time until all initial infectives and inactives have died assuming that no
other event occurs. It has to be noted though that both lower bounds tend to infinity
as the initial sizes y + z or £ + y + z tend to infinity.

Processes starting with one infectious and zero inactive cases

First we consider only epidemics that begin with the introduction of one infectious case
into a wholly susceptible population, so that the initial conditions are zg =n—1,yp =1,
2zp = 0. In order to determine the effect of n and Ry, the process was simulated for the
following values of n and a: n = 50, 100,200,400 and o = 2, 3,4 (recall from (5.3) that
Ry is a multiple of a, so that by increasing a, the value of Ry increases proportionately).
The other parameter values are as shown in (5.26). The simulations were repeated 10*
times and terminated at a time point large enough such that the epidemic had died out
by that point in all 10* runs. Also, the size of the epidemic (defined as the total number

of susceptibles infected from time ¢ = 0 until the epidemic dies out) was calculated from
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n = 50 n = 100 n =200 n =400
Min: 2.079-10~* 5.069-10* 3.563-10~* 6.659-10~°

Qi 6.815-10%!  7.056-10*'  6.989-10%!  7.000-10%!
Q2 1.418-10*%  1.517-10%% 1.546-10t® 1.552.10%2
a=2 | Mean: 1.771.10%%2 205810t 2.402-10%% 2.856.1012
Qs: 2.453-10%%  2.812.10*? 3.127-10*%  3.264.10*2

Max:  1.441.10%® 1.701-10t® 246210t 3.928.10%°
SD: 1.531.10%2  1.959-107%2 2.649-107®* 3.870-10%2
Corr:  8521-10~' 8.809-10~! 9.004.10"' 9.287.10~*
Min:  2.363-10 % 7.71310~* 4.233.10 % 1.543.10 *
Q: 9.627-.107'  9.675.107* 9.697.107' 1.022-10%?
Q2 1.916-10%% 2.133.10%%2 2.290-10%%?  2.486.10*2
a=3 | Mean: 2.459-107®* 3.453.10%% 6.827-10%% 3.497.10%"3
Qs: 3.334.1072  4.707-10*2 8.867-107% 4.258-101°
Max:  3.142:10%% 4.541.10%® 1.071-10** 6.266-10™*
SD: 2.179:10t%  3.783-10%% 1.004-10%® 6.474-101
Corr:  9.153-10~! 9.546.10~' 9.857.10~! 9.988.10™"
Min:  9.47410°% 1.040-10~° 481510~ % 1.074-10~°

Qu: 1.122:10%%  1.242.1072  1.239-10%?  1.280-10%2
Qa: 2.279.1072  3.349.10%%2 6.771.101% 1.819.10**
a=4 | Mean: 3.029-10*®> 6.007-10%2 2.597.10%® 9.976.10"*
Qs: 4.151-10%%  8.390-10*% 3.672-10%®  1.402-10%5

Max:  2.423.10%% 6.322-107® 4.261.10™* 1.540-10%®
SD: 2.725.10%%  6.936-.10*% 3.978.107* 1.612.10"5
Corr:  9.430-10~! 9.823.10°' 9.984.10"! 9.999.10!

Table 5.3: Summary statistics of the extinction time for processes that begin with one infectious
case (yo = 1, zp = 0). The parameter values are as shown in (5.26) except for a which has the
value indicated in the table. With these values and a equal to 2, 3, and 4, the value of Ry is equal
to 1.183, 1.774, and 2.366, respectively. Time is measured in years. Q;, @2, Q3 are the first,
second, and third quartiles, respectively. “Corr” is the correlation coeflicient for the extinction
time and the size of the epidemic.

the simulations (details of the implementation of the simulations can be found in the
Appendix, Section A.2.2).

Table 5.3 shows summary statistics for the extinction time 7" and the distribution
of T is shown in Figure 5.7. As n and/or Ry increase, the probabilities P[7” < t] decrease
for each t > 0, more so if both Ry and n increase. For instance with @ = 2 and n = 50
more than 80% of the simulation runs ended with extinction at time ¢ = 300, while
with @ = 4 and n = 400 this proportion is less than 45%. Also the mean and standard
deviation, the first, second, and third quartiles, and the maximum of 7 increase. For
large values of n, the increase (as a increases) is more significant than for small values
of n and similarly for large values of a: the moments increase more (as n increases) than
they do for small values of a.

The statistics in Table 5.3 and the graphs in Figure 5.7 also show that the distri-
bution of 7 is highly skewed to the right, with a very high peak at the very beginning
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(first 1-2 years). As n and/or Ry increase, the distribution becomes less skewed, the
peak in the beginning reduces in size and the tail of the distribution becomes longer and
has more mass.

The same trend was observed for the size of the epidemic. Table 5.4 shows
summary statistics for the size and Figure 5.8 shows the distribution of the size and a
scatter plot of the size against the extinction time for the case with @ = 2 and n = 50.
The other cases were qualitatively the same and are not shown here. The distribution
of the size is highly skewed to the right. As n and/or Ry increase, the distribution
becomes less skewed and it is more likely that the size of the epidemic will be large. The
scatter plot in Figure 5.8 and the correlation coefficient of the size and the extinction
time (Table 5.4) show that there is a very strong positive correlation between the two

variables.

Processes starting with more than one infected individual

In this part we consider epidemics that begin with more than one infected individual, so
that yo + zp > 1. The process was simulated for the following three cases: a =2 and n
= 50; a =2 and n = 100; o = 4 and n = 50. For each of these three cases, four different

sets of initial conditions were used:

yo=10%ofn and 2z =0

=20% ofn and 2z =0
vo =% 0 (5.36)
y0=0 and 20=10% ofn

Yo = 0 and 20 = 20% of n.

For each of these twelve combinations of parameter values and initial conditions,
the simulations were repeated R = 10% times and terminated at a time point large enough
such that the epidemic had died out in all runs. From each individual run, the extinction
time and the size of the epidemic were obtained, thus yielding a sample 7 = {r,... ,7g}
from the distribution of the extinction time 7" and a sample s = {s1,... ,sg} from the
distribution of the size of the epidemic. These two samples were used to calculate the
statistics of 7 and those of the size, shown in Table 5.5. Also their distribution was
calculated and is shown in Figures 5.9 and 5.10 for some of the cases (the other cases
were qualitatively the same and are not presented here).

As yg or zp increase the statistics (mean and standard deviation, quartiles, min-

93



7 8

231 211 11 =11 11 311 11 711111

Q &
7 8 7 8
21 #
211 11 =11 11 ‘q:':lll ( (11] gil 11
<(:@ & % G #P
Yo< +& " Q (# #+'8
EF EF NBe E° % G Gt..2 (%
7< '+8 %
EF EF) % ,4 AR6T7<2.8 ,4 A 7.2%82 (9
%<. $ % &# E 4F
& 4 %
% U #7M e (
& F L U
% % ( $ % #"
E .IF I T. % " * 4 #1
E .IF L U (
<(7 <(: 2
* 0 % V 5 X #( $ * G #
( % %
? 5 #X E %
G < * 0% % 5 G <F(

% <(9(<



a=2,n=50
(y01z0) = (510) (yo,zo) = (101 0) (yo,zo) = (0, 5) (yo,zo) = (0,10)
T Size T Size T Size T Size

Min: 17.4 1.0 82.7 10.0 9.8 0.0 17.0 0.0
Qr: 196.5 36.0 216.9 47.0 77.5 0.0 120.0 0.0
Q2: 266.3 54.0 284.9 64.0 120.7 0.0 179.9 4.0
Mean: | 300.3 66.4 | 319.7 76.8 | 159.0 11.5 | 217.0 204
Qs: 365.9 84.0 | 382.2 93.0 | 199.3 70 | 273.2 26.0
Max: | 1415.0 419.0 | 1821.0 504.0 | 1217.0 297.0 | 1616.0 455.0
SD: 148.7 45.6 | 148.8 43.6 | 1241 28.4 | 139.0 35.6
Corr: 0.8247 0.8202 0.8119 0.8208
a=2,n=100

(yO: 20) = (101 0) (yo,zo) = (207 0) (yo)zo) = (0’ 10) (yovzo) = (01 20)
T Size T Size T Size T Size

Min: 87.8 11.0 108.9 49.0 29.6 0.0 52.4 0.0
Qr: 281.0 97.0 | 293.7 117.0 121.7 0.0 181.3 4.0
Q2 370.3 141.5 | 383.6 158.0 | 182.7 40 | 263.2 26.0
Mean: | 421.3 169.3 | 435.7 189.6 | 242.0 38.5 | 320.5 65.4
Qs: 507.0 211.0 | 5217 230.0 | 298.3 36.0 | 403.0 90.0
Max: 1932.0 1007.0 | 1971.0 1016.0 | 2919.0 1266.0 | 2068.0 1058.0
SD: 202.9 104.5 | 2029 104.6 186.2 80.6 | 200.0 95.2
Corr: 0.8599 0.8676 0.8810 0.8759
a=4,n=>50

(yO: Zo) = (5)0) (y0>z0) = (1070) (yo, 20) = (075) (yo,zo) = (07 10)
T Size T Size T Size T Size

Min: 54.8 6.0 97.9 26.0 7.3 0.0 20.5 0.0
Qu: 259.0 70.0 261.9 71.0 79.0 0.0 127.6 0.0
Qa2 370.4 121.0 368.6 118.0 129.3 0.0 209.5 10.0
Mean: 451.1 159.1 446.4 157.7 212.9 39.2 301.9 67.1
Qs: 561.7 207.0 552.0 201.0 251.7 240 | 388.2 95.0
Max: 255656.0 1106.0 | 2932.0 1362.0 | 2606.0 1111.0 | 2392.0 1015.0
SD: 274.9 125.7 | 266.9 122.0 224.7 90.5 259.6 112.1
Corr: 0.9367 0.9359 0.9350 0.9392

Table 5.5: Summary statistics of the extinction time, 7, and the size of the epidemic for
processes with yo + 29 > 1. The parameter values are as shown in (5.26) except for a which has
the value indicated in the table. With these values and a equal to 2 and 4, the value of Ry is
1.183 and 2.366, respectively. Time is measured in years. @; is the i-th quartile, for i = 1,2, 3.
“Corr” is the correlation coefficient between the two variables.

yo on the marginal distributions of X, Y, and Z and the explanation for this effect is
the same as for the marginal distributions. If the epidemic starts with a small number
of infectives the infection may die out before this number increases. The greater the
value of 1o, the less likely it is that all of these yg infectives will die within a year,
and hence the minimum of 7 is larger, the probabilities P[7” < t] are smaller, and the
histogram of 7~ does not have the peak at ¢ = 1 that it has in the cases with yg = 1. The
more infectious cases are present when the epidemic starts, the more likely it is that the
infection will persist and it will take a longer time until it dies out. The same holds if

there are many inactive cases in the beginning but the effect is not so strong because
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Figure 5.10: Histograms for the size of the epidemic with (a) (yo, 20) = (5,0) and (b) (y0,20) =
(0,5). In both cases n = 50, a = 2 (Ro = 1.183), and the other parameter values are as shown
in (5.26). In these histograms the width of each box is equal to 50.

the inactive cases cannot infect any susceptibles and spread the infection (for instance,
starting with ten inactive cases boosts the persistence of the infection more than starting
with five inactives, but still not as much as starting with ten infectious cases).
Increasing yg or 2y had the same effect on the size of the epidemic. As yy or 2
increases the moments and the minimum and maximum value of the size increase and its
distribution becomes much less skewed, although with a longer tail. This result should
be expected since for epidemics that begin with a large number of infected individuals it
is more likely that they will last long and therefore more susceptibles will be infected. It
has to be noted though that the effect of increasing z; as described above is not always
the same if we compare cases with (yg, 29) = (1,0) with cases (yo, z9) = (0, m), for some
positive integer m. For instance the distribution of the size when (yp,2p) = (0,5) is
slightly more skewed than when (yg, z0) = (1,0) and also its statistics are smaller. This
result at first may seem odd, but it is probably due to the fact that with & = 2 the value
of Ry is just above one (1.183) so that the dynamics of the infection are not that strong
and the epidemic dies out in some simulation runs before any of these 5 inactive cases

become infectious (or before they infect any susceptibles, if they do become infectious).

5.3.7 Discussion and conclusions

When R < 1 the dynamics of the infection are weak and the infection dies out regardless
of the population size for both the deterministic and the stochastic models. When Ry > 1

the dynamics of the infection are stronger and the deterministic model always stabilises
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at an endemic equilibrium. For the stochastic model though things are different; the
infection eventually dies out with probability one but it may take a very long time for
this event to occur.

If the population size is small or Ry is not much larger than one then the disease
dies out in a relatively short time. If the population size is large and R is much greater
than one, then after the initial phase of almost exponential growth of the number of
infected individuals, the marginal distributions of X, Y, and Z split into two distribu-
tions, one centred around the stochastic equilibrium and the other around an endemic
level which is close to the deterministic endemic equilibrium. The larger the initial pop-
ulation size and/or Ry the more mass appears around the endemic level. In these cases
the process exhibits a quasi-stationary behaviour centred around the conditional means
which are close to the deterministic endemic equilibrium. The simulations show that the
process settles down there for some time. Nevertheless this is a temporary phenomenon
and the infection eventually dies out. This can be observed in Figure 5.4 where the
mode around the endemic level reduces (and the mode around the disease-free equilib-
rium increases) in size as time increases and the distribution tends to become unimodal.
Unfortunately, from the perspective of demonstration via simulation, “eventually” may
be a very long time and some simulations cannot show that. The larger the initial size
of the population, the greater the possibility that this quasi-stationary behaviour will
appear and last a long time.

For instance, Figure 5.3 shows the results for Y'(t) from an individual realisation
of the stochastic model with n = 1000 and yy = 10, 29 = 0. For 800 years the value of Y
fluctuates around the deterministic endemic equilibrium (ye, = 10) and does not show
any tendency to become zero. Around ¢t = 830, finally Y becomes zero, but Z is positive
at that point and hence Y starts increasing again and continues to fluctuate around ye,
up to ¢t = 1000 when the simulation was terminated.

This also explains why the mean of Y (t) remains positive for finite ¢ (and does
not tend to zero, as for the case with Ry = 5.914 in Figure 5.2). The expected value
of Y(t) is a weighted average of the results with and without extinction and hence the
mean of Y'(t) tends to zero as the probability of extinction increases. As was explained
above, for large values of n it is likely that the Y'(t) will remain at the quasi-stationary

level for a long time. Therefore during this time the probability of extinction increases
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Figure 5.11: The stochastic means E[Y ()] and E[Y (¢)|(Y (s), Z(s)) # (0,0),s < t] (as obtained
from numerical simulations) and the deterministic y(¢). The parameter values are as shown
in (5.26) except a = 2 (Ro = 1.183). The initial conditions are n = 100, yo = 1, zo = 0. Time is
measured in years.

very slowly and the mean of Y (t) remains around the endemic level.

For instance, in the results shown in Figure 5.2 with Ry = 5.914, there was no
simulation that ended with Y = Z = 0 and the expected value of Y (t) remained very
close to ye,. In contrast, we present the results from another simulation with » = 100 and
Ro = 1.183 (Figure 5.11) where we also calculated the expected value of Y () conditioned
on non-extinction of TB by time ¢. The proportion of simulations in which the infection
died out soon is very small so that the conditional and unconditional means are very close
initially. As the probability of extinction increases (see Figure 5.7, the curve for a = 2,
n = 100), the difference between the conditional and unconditional means increases:
the conditional mean gets closer to the deterministic and the unconditional falls more
and more below these two values, tending to zero. Therefore we have this seeming
contradiction that the mean of Y () remains positive over long periods (and sometimes
does not even seem to tend to zero, as in Figure 5.2) although the expected value of the
limiting distribution of Y is zero.

The same analysis holds for the number of inactive cases and this probably makes
the time until the extinction of the disease even longer (than if, for instance, there were
no class of inactive cases in the population) because the disease dies out only when
both Y (t) and Z(t) become zero. But each of the events {Y (t) = 0} and {Z(t) = 0}

is quite unlikely to occur, at any particular time point ¢. Actually in some realisations
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(for instance the one shown in Figure 5.3) the value of Y (t) became zero at some point,
fluctuated between the values 0 and 1 for a while, but Z(t) had a positive value during
this period and finally Y (¢) started increasing and “ended” up (when the simulation was
terminated) fluctuating around the deterministic ye,.

Finally, it should also be mentioned that according to Anderson & May (1991),
the presence of the latent (inactive) class makes the extinction of the disease less likely.
Because it acts like a “reservoir” of the infection (latents are not infectious but they may
become infectious; also there is no excess death for the inactive class) thus boosting the
persistence of the infection.

In conclusion, when Ry < 1 the disease dies out, but when Ry > 1 it tends to
stabilise at an endemic equilibrium; in the deterministic formulation it always does but
in the stochastic only when the population is large and even then this is a temporary
phenomenon. The stochastic fluctuations will eventually interrupt this quasi-stationarity
and extinguish the infection. If the population size is small the infection may die out even
without exhibiting this quasi-stationary behaviour. Nevertheless, the numerical results
presented in this chapter suggest that the time until extinction of the infection may be
very long, especially for large values of n and Ry, and hence for any practical purposes it
is only the endemic steady state that will be observed. For further research it might be
interesting to modify this model by introducing immigration of infected individuals, so
that the whole state space will becox‘ne a single irreducible class of recurrent states and

then the endemic steady state observed may become a genuine equilibrium distribution.

5.4 Linear Approximation

5.4.1 Formulation and analytical results

The first epidemic models that appeared in the literature were relatively simple and
could be studied analytically quite extensively (see, e.g., Bailey 1975). In time modellers
have turned to more complicated models resulting in quite complicated stochastic models
that are not manageable and hence analytical results cannot easily be deduced.

One of the elements of epidemic models that makes them so complicated and not
“solvable” is the non-linear term that is used in most cases for the rate at which new

infections occur-(defined as a fraction of the product of the number of susceptibles and the
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number of infectives). Obviously this non-linearity makes the model more complicated
mathematically. For instance if all the rates (at which the various events occur) were
linear, the differential equation for the probability generating function would be of first
order and the system for the moments would be closed (with the non-linear terms they
are always open, containing higher order moments, and cannot be solved).

One of the methods that have been used in order to make the stochastic models
simpler is the linear approximation: one of the variables in the non-linear terms is taken
as deterministic and the resulting model is linear (see, e.g., Tan & Hsu 1989, Isham
1991, Herbert 1998). Depending on the structure of the original stochastic model and
the purposes of the approximation, more than one variable can be taken as deterministic
and not only those involved in the non-linear terms. It is expected that the resulting
linear model will give reliable approximations if the values of the variables that are
taken as deterministic are large enough, since it has been shown that in these cases the
deterministic values approximate the stochastic means quite well (see, e.g., Bailey 1975,
Chapter 5).

One of the main advantages of this method is that it makes the stochastic model
simpler and more manageable, while keeping the structure of the original model (for
instance, without reducing the number of variables involved or changing the rates).
Of course this happens with the cost of “losing” some of the randomness of the original
stochastic model, which means losing all the information for the variation of the variables
that are taken as deterministic. This can further affect the information for the remaining
stochastic variables as well. However, a model of this short still accounts for more
variation than for instance the corresponding deterministic model.

Overall there are indications that this approach can be helpful at least in some
cases (for instance approximating the moments). In the remaining part of this section
we present a linear model that approximates the stochastic model studied in this chapter
and at the end we discuss the advantages and disadvantages of this approach. The linear
approximation is used again for the model presented in the following chapter and some

further remarks can be found in the corresponding Section 6.3.8.
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The transient behaviour

Consider the model defined in Section 5.1 (Figure 5.1) and assume that X and Z evolve
deterministically. The number of infectious cases, Y(t), is a random variable for ¢ > 0.
Note that the numerical results presented in the previous sections indicate that the sizes
of both X and Z are quite large in general, so that the model discussed in this section
may be a good approximation to the original stochastic model.

Define pi(t) = P[Yy(t) = y] fort > 0 and y = 0,1,.... The pg(t) satisfy the
differential equations

dpt (¢)
dt

= [ - Sa(t)w - 1) +B20)] Bha O + (v + 1+ 8)(y + D ()

(5.37)
= [ =P 2@y + B2(t) + (v +  + 8] B (1),

fory =0,1,... and pf,(t) = 0 for any other y. Initially there are zy susceptibles, yg
infectives, and zo inactive cases, so that pf (0) = 1 and p(0) = 0 for any y # yo. The
probability generating function Py(6;t) = E[6¥()] satisfies the equation

9Pr _

= = B2(8)(6 — )P+ (1 - p)2(t)f — (v + 1+ )] (9_1)%, (5.38)

with initial condition Py(8;0) = 6%.

From (5.38) the following equations for the mean and variance of Yy are deduced:

dE[;,:(m - |- p)%‘”(t) —(rtut 5)] E[Y(t)] + Ba(t) (5.39)
JVL;[?(L)] = Ba(t) + [(1 - P)%-’B(t) +y+ut 5] E[Yy(t)] (5.40)

+2[(1 = p)Zalt) - (7+ u+96)] Varl¥(8)],
whose solutions are given by
E[Y(t)] = yoel ® 4 F®) /(: Bz(w)e F®)dy (5.41)
Var[Ys(t)] = e2F® /0 * h(w)eF @ duy, (5.42)
where

t
Fi#) = (1-p)2 /0 z(w)dw — (7 + p + Bt

ht) = B2(t) + (1= ) Sa(t) + 7+ 4 + 8] BY(®)].
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The equation (5.39) for the mean of Yy is the same as the equation for the deter-
ministic y (system (5.1)). Since the solution for E[Y;(t)] depends also on the values of
the deterministic z(t) and z(¢) (equations (5.39) and (5.41)), the value of the mean of Y,
from the linear approximation is the same as the value of the deterministic y. Numerical

results for the moments of Y; are shown at the end of this section.

Equilibrium
Define z., 2z, the values of z(t), z(t) at equilibrium
nlme = fms)
and Yp, the random variable defined by the limiting distribution of Yg(t)
JLim P[Yy(t) = y] = P[Yee = y] = gy,

for y = 0,1,.... Let Pg(6) be the probability generating function of Yy, defined by
Pye(0) = E[¥ec]. Taking the limits as ¢ tends to infinity in (5.38), it follows that Py,

satisfies the equation

oP
0= BzPee + (L - p)=aeb — (v +u +8)| T2,

whose solution is given by

1 K
P[e(e) = [Ql + (1 _ Ql)g] ) (5'43)
where
_ y+é+pu _ Bze
@ = Y+ 8+p—a(l—p)ze/n and K= a(l = p)ze/n (5.44)

If 2z = 0 then Py (8) = 1 for any 6, hence for & = 0 as well. Therefore gg =1 and g, =0
for any y # 0. If z, # 0 then equation (5.43) gives the probability generating function of
the negative binomial distribution with parameters X and pg. = 1/Q; (where the X and
@, are non-negative because z, and z. are non-negative and from the second equation
of (5.1) at equilibrium it follows that v+ 6 + u — a(1 — p)z./n > 0; also @; > 1 so that
0 < pge < 1). Thus the limiting distribution of Yy(t) is given by

K+y-1
qy=( }Cgl )pfe(l—pge)y, y=0,1,.... (5.45)
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The limiting distribution (5.45) can also be deduced directly from the equation (5.37),
taking the limits as t — oo. Finally, from the mean and variance of the negative binomial

distribution it follows that

Bze
Y+3+p— ol —p)ze/n

Var[Yze] = K(Q1 - 1)Q1 = [ +o f:jo}f)lg;;ze/n]2'

E[Yfe] =K@ —1)=

(5.46)

(5.47)

In Section 5.2 it was shown that the deterministic model has two equilibria e; =
(n,0,0) and €2 = (Tey, Yess 2e;)s given by (5.5a)-(5.5¢). If Ry < 1 then e; is stable and
e, infeasible; if Ry > 1 then e; is unstable and e; stable. From (5.5¢) it follows that

- Bze,
Y+8+p—al —p)ze,/n’

Yes (5.48)

which also gives the limit of E[Y;(t)] as ¢ tends to infinity, since the value of E[Y(t)] is
equal to the deterministic y(t). The right hand sides of (5.46) and (5.48) are the same if
Te = Te, and ze = ze,. Therefore the mean of the limiting distribution and the limit of
the mean of E[Y}] are the same as the deterministic equilibrium y: equal to 0 if Ry < 1

and positive if Rg > 1. Finally, the probability of extinction of the disease is given by

1, if 2o =0
= 5.49
qo _lfa lf Ze 5£ O, ( )
Q1

where the @, and X are as defined in (5.44).

5.4.2 Numerical results

In Section 5.3.1 the system of differential equations (5.14) was deduced for the means of
X, Y, Z. This system involves second order moments and similarly the system for the
variances and covariances involves third order moments. Therefore the system for the
first and second moments is open and cannot be solved. This is a problem encountered
in most epidemic models, resulting from the non-linear term XY for the rate at which
new infections occur.

One way of overcoming this problem is to express the higher order moments in
terms of the first and second moments (see, e.g., Isham 1991, Herbert 1998 for moment

closure methods). For instance, if (X,Y, Z)’ has a multivariate normal distribution then

E[XY Z) = E[X]E[Y]E[Z] + E[X]|Cov[Y, Z] + E[Y]Cov[X, Z] + E[Z]Cov[X,Y], (5.50)
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with similar expressions for E[X?Y], E[XY?] etc. Substituting for the third order mo-
ments from these expressions, makes the system for the first and second moments closed
and hence it can be solved at least numerically (see Section 5.3.1 for the validity of
the normal approximation). The idea of using the normal distribution to approximate
the distribution of (X,Y, Z)' is based on a suggestion by Whittle (1957). Distributions
other than the normal can also be used (for instance the Negative Binomial, see, e.g.,
Herbert 1998, Herbert & Isham 2000). Moreover it has been observed that there may be
situations where it is unreasonable to assume that the vector (X,Y, Z)' has a multivari-
ate normal distribution, but the moments of X,Y, Z can be very well approximated by
those of a multivariate normal using the formulae like (5.50) (see, e.g., Herbert 1998).

The linear approximation is another way to overcome this problem since it makes
the stochastic model linear and hence the resulting system for the moments is closed (see,
e.g., Tan & Hsu 1989 and Isham 1991 for applications of the linear approximation). In
this section we present numerical results from both the linear and the normal approxima-
tion and compare them with results from the simulations. For the linear approximation,
the system of equations (5.1) and (5.40) was solved numerically, since the mean of Y
from the linear approximation is simply the deterministic y. For the normal approxima-
tion the third order moments were expressed in terms of the first and second moments
and the resulting system was solved numerically.

For the results discussed in this section, we used the parameter values shown
in (5.26), n = 500 and n = 1000, and for each of these two values of n the following sets

of initial conditions:

yw=1%ofn, 2=0
(5.51a)

yo=1%ofn, z=1%ofn

Yo = 10% of n, 2z2p= 0
(5.51b)
yo = 10% of n, 2z9 = 10% of n.

Also the case with n = 500 and yo = 10% of n, zp = 0 was examined with other sets of
parameter values: (a) the values shown in (5.26) except o = 8 and (b) the values shown
in (5.26) except 8 = 0.0012. Figures 5.12 and 5.13 show the means of X, Y, Z and the
standard deviation of Y for the cases with n = 500, zp = 0, and (a) yo = 1% of n, (b)

yo = 10% of n, respectively. For the other cases the results were qualitatively similar (as
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Figure 5.12: Results from the linear model, the normal approximation, and numerical simula-
tions for (a), (b), (c) the mean of X, Y, Z, respectively, and (d) the standard deviation of Y. In
each graph there are three curves, one for each of the methods mentioned above (linear, normal,
simulation). The parameter values are as in (5.26). The initial conditions are n = 500, yo = 5,
zgp = 0. Time t is measured in years.

it will be explained later) and are not shown. The three analyses were carried out up to
time ¢t = 300 so that the results discussed here are for the time interval I; = [1, 300].
For the means the three analyses seem to agree quite well and in some cases the
three curves can be hardly distinguished. In most cases, though, the linear approxima-
tion gives slightly different results, while there is closer agreement between the normal
approximation and the simulations.
For the standard deviations there were two kinds of behaviour observed:
(1) in the cases with initial conditions (5.51a) (and for both n = 500 and n = 1000) the
standard deviation from the simulations was quite a bit larger than that from the linear
and the normal approximations, throughout the interval I;. All three curves have a peak
during the first 10-20 years, and after £ = 40 they settle down.
(ii) in the cases with initial conditions (5.51b) (and for both n = 500 and n = 1000) the
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Figure 5.13: Results from the linear model, the normal approximation, and numerical simula-
tions for (a), (b), (c) the mean of X, Y, Z, respectively, and (d) the standard deviation of Y.
The parameter values are as in (5.26) and n = 500, yo = 50, 20 = 0. Time ¢ is measured in years.

behaviour is the same as for the cases with (5.51a), but in the beginning the standard
deviation from the simulations is very much larger than that from the normal and linear
approximations. The peak in the beginning (for all three curves) appears at an earlier
time point (the first 5-10 years) and they settle down earlier (after ¢t = 25).
It has to be noted though, that for each value of n the value of the standard deviation
to which the curves finally settled down was the same with all initial conditions (5.51a)
and (5.51b) (for instance with n = 500 and all four sets of initial conditions, the standard
deviation from the simulations was around 7 at ¢ = 300 and around 2.5 from the normal
and the linear approximations).

The large standard deviation from the simulations (compared to that from the
other two methods) in the beginning can be explained from the difference between the
initial value yg and the final value 7. (at ¢t = 300) of Y. For instance with n = 500 the

value of the endemic equilibrium y, (i.e. the deterministic equilibrium ye, and the mean
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of the quasi-stationary distribution of Y) is y. = 4.9. With y9 = 5 (1% of n = 500)
in the beginning of the epidemic the value of the stochastic Y slightly increases (to a
maximum around y = 6) from its initial value yo and then drops to y. = 4.9. With
yo = 50 (10% of n) the stochastic Y drops steeply to ye, but the difference from yo = 50
to ye = 4.9 is already quite large (and larger than the difference between the maximum
y = 6 and y. = 4.9 for the case with yp = 5). Therefore there will be more variation
(between realisations) in the actual value of Y during the interval that it drops to y.
and the time it takes to “cover” this difference and hence a greater standard deviation
during the beginning of the epidemic. Similarly for the cases with n = 1000, for which
the value of y, is around 9.8.

Nevertheless this variation cannot be “measured” in full by the linear approxi-
mation because in the linear model only the Y variable is stochastic, so that some of the
randomness of the full stochastic model (which is reflected in the value of the standard
deviation of Y') is not accounted for in the linear model, resulting in smaller standard
deviation for Y. Also, the normal approximation seems to fail in these situations, since
clearly it does not account for this variation in the value of Y (in the beginning of the
epidemic) and agrees more with the linear approximation than with the simulations.

After the first 50 years, the value of the standard deviation has settled down in
all cases. Its value is underestimated by the normal and the linear approximations until
the end of the interval I;. For the linear approximation this can be expected since, as
was explained above, the linear model does not account for all the randomness of the
stochastic model, and that will be reflected in the variation of Y (the only stochastic
variable in the linear model) as well. For the normal approximation, it was expected that
it would agree more with the simulations than with the linear approximation, but this is
not the case here. One possible explanation for this is the fact that for the assumption
for normality to be valid, it is not only n that has to be large, but also the proportions

X/n, Y/n, Z/n. The proportions Y/n were around 1% in all cases examined here.

5.4.3 Discussion and conclusions

The results presented in this section suggest that the method of linearising a model
like the one presented in this chapter can be helpful in deducing analytical as well as

numerical results. For the numerical results, it appears that in some situations the
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linear approximation can give equally good estimates of the moments, as the normal
approximation or even the numerical simulations. However, there is the disadvantage of
a loss of information for the variation of the variables that are taken as deterministic,
which can further affect the variation of the remaining stochastic variables (for instance,
in the numerical results presented here, the linear model underestimates the standard
deviation of the stochastic variable).

Also, care needs to be taken as to whether and how the analytical results from
the linear model can be extended to the stochastic one. For example, for this model
with the linear formulation, the epidemic ultimately dies out with probability one only
when Ry < 1, but when Ry > 1 the probability of ultimate extinction is gg < 1 (see
equation (5.49)). On the other hand, with the stochastic formulation the epidemic always
dies out with probability one. For the simple underlying model discussed in this chapter,
this substantial qualitative difference may not be so significant for any practical purposes,
because in most cases of interest for TB, it is not the actual stochastic equilibrium
(extinction) that will be observed, but the endemic quasi-stationary distribution; and
there the two models agree. Nevertheless, in other situations differences like this may be
significant and one should be cautious in interpreting the results from the linear model.

The linear approximation is used again for the model presented in the following
chapter. Further remarks about the advantages and disadvantages of this method and

the merits of each approximation can be found in the corresponding Section 6.3.8.
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Chapter 6

Model Zeus:
a detailed model for TB

6.1 Introduction

The two models presented in Chapters 4 and 5 have accounted for the most important
determinants of the spread of tuberculosis within a population and they provide a means
of understanding the very basic intrinsic dynamics of the infection. Nevertheless there are
some further interesting features of TB that, for simplicity, were not taken into account
(for instance the possibility of reinfection of individuals with an old latent infection)
which we are going to investigate in this chapter.

Also, our ultimate goal is to study the effects of the various control measures
currently available (vaccination, chemoprophylaxis, and chemotherapy). With this goal
in mind the model presented in Chapter 5 will now be modified to account for some fea-
tures of TB that previously were either omitted or simplified. For instance in Chapter 5
we assumed that the population is divided into three classes: susceptibles, infectives,
and inactives. Chemoprophylaxis is recommended only for those with a latent infection
and close contacts of infectious cases. Since homogeneous mixing is assumed we will
assume that chemoprophylaxis is used only for latents and therefore these individuals
must be in a separate class in the model from the other inactive cases.

An interesting question from a public-health point of view is with respect to the
effect of treating non-infectious cases (which constitute about half of the TB cases - see

Chapter 2). In order to answer this question the number of non-infectious cases must
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Figure 6.1: A detailed model for TB: Model Zeus

be known.
Therefore now we consider a population subject to homogeneous mixing and

divided into five classes:

(a) uninfected: individuals who have never been infected with TB

(b) latents: individuals who have been infected (at least once) but the infection has
remained latent (they are non-infectious and healthy)

(c) infectious TB cases: individuals who have developed clinical disease and are infectious
(smear-positive TB cases)

(d) non-infectious cases: individuals who have developed clinical disease but they are
not infectious (this class includes all the smear-negative TB cases: patients with non-
pulmonary TB and those with smear-negative pulmonary TB)

(e) recovered: individuals who have developed clinical TB and recovered spontaneously

without treatment

The sizes of these classes at time ¢ will be denoted by X (t), Z(t), Y (t), W(t), U(t),
respectively, and the size of the population by N(t) = X(t)+ Y (t)+ Z(t)+ W(t) + U(t)
(for simplicity these classes will be sometimes referred to as the X class, the Z class,
and so on). The initial sizes of the five classes are X(0) = z¢, Y (0) = yo, Z(0) = 2y,
W(0) = wp, U(0) = ug, and N(0) = zo+yo + 20 + wo +up =n, where 1 < zy <n -1,
yo >0, 290 >0, wg >0, up > 0, and n > 2. Occasionally we will use the notation X(t)
and x for the vectors (X (t),Y (t), Z(t), W(t),U(t)) and (z,y, 2, w, u), respectively.

If at time ¢ there are X(t) uninfected and Y () infectious cases in the popu-
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lation then the probability of one new infection occurring in the interval [t,t + di] is
aX (t)Y (t)dt/n + o(dt) where « is the effective contact rate (as was explained in Sec-
tion 4.1). Among those who get infected a proportion p develop clinical TB within a
year after infection (primary TB) and the remaining proportion, 1 — p, become latents;
those who develop TB are infectious or non-infectious with probabilities ¢; and 1 — q,
respectively. The difference between primary and secondary TB (i.e. whether an in-
fected develops TB within a year or later) could be modelled with a time-delay model,
but in this chapter we will not investigate this possibility and we keep the structure of
a basic Markov process.

Latents may develop clinical disease at some point as a result of endogenous
reactivation of an old infection or exogenous reinfection (acquiring a new infection).
There have been doubts about whether exogenous reinfection is possible for TB (see
Section 2.3) but in the recent literature it has become more certain that reinfection is
possible and should be taken into account, especially in areas with high risk of infection
(see, e.g., Vynnycky 1996, Dye et al. 1998). Therefore, the possibility of exogenous
reinfection for the latents is included in this model. On the other hand, we assume that
reinfection is possible only for the latents and not for the non-infectious and recovered
cases, since the relapse rates from these two classes (to the infectious class) are very
high, so that the effect of reinfection is negligible for these cases.

The reactivation rate is denoted by 3 so that the probability of an endogenous
reactivation occurring in [t, t+dt] is BZ(t)dt+o(dt). After reactivation the individual has
infectious or non-infectious TB with probability g2 and 1—g¢s, respectively. For exogenous
reactivation we assume that the effective contact rate between latents and infectious cases
is pra, where 0 < p, < 1. If p, = 0 then reinfection is not possible; if p, = 1 this means
that past infections confer no immunity at all, so that latents are equally likely to get
infected as the uninfected. This is not the case with TB, since infection does provide
immunity (at least partial and/or temporal) and therefore p, must be strictly less than
1. A more realistic approach would be to assume that p, is an increasing function of the
time since infection since most results (see, e.g., Styblo 1991, Dye et al. 1998) suggest
that immunity conferred by an old infection wanes in time. This approach though would
increase substantially the complexity of the model (since that implies keeping track of the

time since infection for each infected individual) and therefore for simplicity we assume
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that p, is constant. After reinfection an individual develops clinical disease within a year
(primary TB) or remains latent with probabilities p3, 1 — p3, respectively; those who
develop TB are infectious or non-infectious with probabilities g3, 1 — g3, respectively. For
simplicity we will denote ap = pspra so that the probability of a reinfection leading to
primary TB occurring in [t, t+dt] is a2 Z(t)Y (t)dt/n+ o(dt). We assume that additional
infections do not change the reactivation rate S or the effective contact rate as.

Non-infectious TB cases become infectious at a rate §W. Infectious and non-
infectious cases recover spontaneously at rates «p and &y per capita, respectively, and
those who have recovered may relapse later and become infectious or non-infectious cases
at rates e;U and exU, respectively.

Finally, there is immigration of susceptibles at a constant rate A, normal death
at rate p per capita, and excess death due to TB at rates 1 and po (per capita) for the
infectious and non-infectious cases, respectively. Individuals with latent infection and
those who have recovered are healthy and hence there is no excess death for these two
classes. At some points the special case A = un will be investigated.

The definitions of the variables and parameters used for this model are sum-
marised in Table 6.1. The possible transitions and their rates are illustrated in Fig-
ure 6.1.

It has to be noted that this formulation assumes that the values of ¢;, g2, g3 may
be different in general. This means that when an individual develops clinical disease the
probability that the form of disease will be infectious or non-infectious depends on
(a) whether the individual had an old infection or not (g, g3 for the former, ¢; for the
latter)

(b) for an individual who had an old infection, whether the current incidence of disease
is a result of the old infection (endogenous reactivation) or of a new additional infection
(exogenous reinfection); the probabilities are gz and g3, respectively.

In the literature there is not enough evidence to prove either that the ¢, g2,
gs are equal or that they are not, and therefore modellers have taken either line (for
instance, Dye et al. (1998) assumed that ¢, = g2 = ¢3; Blower et al. (1995) assumed that
q1 and ¢o are not equal and ¢z = 0). In this chapter we have used the three different
parameters q;, g2, g3, since that allows for both approaches to be adapted, and in some

cases we investigate the situation ¢; = g2 = g3 as a special case.
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X (t) | Number of uninfected individuals at time ¢
Y (t) | Number of infectious TB cases at time ¢
Z(t) | Number of latents at time ¢
W (t) | Number of non-infectious TB cases at time ¢
U(t) | Number of naturally recovered patients at time ¢

A Immigration of uninfected individuals

g | Normal death rate (per capita)

p1 | Excess death rate due to TB for infectious cases (per capita)

p2 | Excess death rate due to TB for non-infectious cases (per capita)

o The effective contact rate between uninfected and infectious cases

p | Probability of developing primary TB (after first infection)

q1 | Probability of developing infectious TB for those with primary TB
(after the first infection)

B | Reactivation rate for the latents

g2 Probability that reactivation leads to infectious TB
pro. | The effective contact rate between latents and infectious cases

p3 | Probability of developing primary TB (after reinfection)

(8 Q2 = p3pro

g3 | Probability of developing infectious TB for those with primary TB
(after reinfection)

) Rate at which non-infectious cases become infectious
Yo | Natural recovery rate for infectious cases
do | Natural recovery rate for non-infectious cases
€1 | Relapse rate to the infectious class (for those naturally recovered)
€2 | Relapse rate to the non-infectious class (for those naturally recovered)
n Initial total population size

Table 6.1: Variables and parameters used in model Zeus

The same problem arises for p and p3. Assuming that they are not equal means
that the probability that an individual develops primary TB after infection depends on
whether this is the first infection or a superinfection. The mathematics here are carried
out with the two distinct parameters and the situation p = p; is studied as a special

case.

6.2 The deterministic model

For the corresponding deterministic model, let z(t), y(t), z(t), w(t), and u(t) denote

the number of uninfected, infectious cases, latents, non-infectious cases, and recovered,
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respectively, at time ¢. The differential equations for z, y, z, w, and u are:

dz _ ax 24+

dt n y—H

dy a as

3 = POTY + B Yz - Ty + g2Bz + dw + €1u
dz

o] o
pri (1 —p);wy - fyz — B,z (6.1)

dw a a
- = p(l1- ql)ﬁwy +(1- qs);zyz + (1 - q2)Bz — Ayw + e2u

du
i (1 + dow — Equ,

where, for simplicity, the parameters have been grouped as

Ps=v+p+m
Ag =06+ +u+p2
Es=e+e+u

&, =6+ p.

Here z, y, z, w, and u are non-negative continuous functions. The initial conditions are

((0), (0}, 2(0), w(0), u(0)) = (<o, Yo, 20, wo, uo) € Sp, where
So={x=(z,y,2,w,u) €Z5:1<z<n-1lz+y+z+w+u=n} (6.3)

where n > 2 is the initial total population size: n = zo + yo + 20 + wo + ug. From the
system (6.1) it follows that the total population size, N (t) = z(t)+y(t)+z(t)+w(t)+u(t),
satisfies the following equation:

dN(t)

5 = A= uN () — my(t) — paw(t). (6.4)

With integration this gives

N(t) = 2 +eH (n - 2) —eH /: e’ [u1y(s) + paw(s))ds, (6.5)

for t > 0. From this equation it follows that N(t), and hence z(t), y(t), z(t), w(t), and
u(t) as well, are always bounded above by n if A < un and by A\/u if A > un.

Solving the system (6.1) with the derivatives on the left-hand side equal to zero,
we see that the system (6.1) admits three possible equilibria, €; = (£, yf, 2f, w§, uf), for
i = 1,2,3. The first of these points, e;, corresponds to the extinction of the infection:

e; = (A/1,0,0,0,0), while the other two points, e; and e, are defined by

e__§02+\/5&n e__(»02"'\/1_)

Ty = 2(,01 d I3 = 2(‘01 y (6.6)

114



where D = 2 — 4¢3, and for i = 2,3

e A — pzf
t azf/n
2 Ell — P)aTiy;
az,e
Yy g B+u (6.7)
e 5 —aq1) Z et — g2 22850 4 Y062, e - e
Y= AR, —bee [p(l q)ziy; + (1 - gs)~yial + E, ¥t (1 qz)ﬂZ,]

1
uf = E:('Yoyf + dows),

where

P = %(5]3, + 6061)_1 {%(1 —p)(Bdz — ©.d3) + (%@, - u%)[pdl +(1 —p)d3]}
AGS2lpds + (1 = P)ds] = (58 — pS)[Ce(AsB — doez) = 0(d2 + 1)

e 5, + 601
— az [Ts(AsE, — doea) — vo(dez + €10,)]
p3= =X n 0E; + doer ’ (6.8)
and

dj = qj(AEs — doe2) + (1 — g;)(0E, + doe1), j=1,2,3.

Depending on the parameter values, the coordinates of e2 and e3 may be positive,
negative, or complex. So we will call an equilibrium point e feasible if all its coordinates
are non-negative. e; is always feasible. Table 6.2 shows when e; and e3 are feasible,

where R is the basic reproduction ratio, defined by

_aXMu p®sd + (1 — p)Bdy
n @, [[s(AE; — doe2) — vo(de2 + €1As)]’

Ro (6.9)

(see Section A.3.1 for the calculation of Rg) and 6, is defined (whenever Ry < 1) as

[Fs(AsEs - 6062) —Yo(de2 + ElAs)] [\/ﬂgnz + \/%¢3(1 - RO)Jz
(6Es + doe1) M/ ‘

6, = (6.10)

When Ry > 1 the system has only two possible equilibria, the disease-free equi-
librium e; and the endemic equilibrium eq, as is the case with most epidemic models.
When Ry < 1 though, we have a situation that is not that common in epidemic mod-
elling: there is a subset of the parameter space where the system admits three feasible
equilibria: the disease-free one and two endemic. In the remaining of this section we will
study the stability of these critical points for the cases with Ry # 1 (when Ry = 1 the

study of the stability is more complicated and since Ry is a function of 15 parameters,
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Conditions Other Equilibrium
on Ry conditions® points
Ro>1 e, €

p1 < —0; e, €z, €3
Ro<1 p1 = -0 e, €2
1> —60; e
(P1>0,C¢>0 e, e3
1 >0,C,<0 e, €2
_ p1>0,C,=0 e
Ro=1 <p1<0,C¢<0 e, €3
p1 <0, C«, >0 e
w1 =0 e;

%0, and 6, are defined in (6.8) and (6.10), respec-
tively, and C,, is defined by C, = @2 + 21 A/ pe.

Table 6.2: The distinct and feasible equilibria of the deterministic model

it is highly unlikely that it can be exactly equal to 1; therefore the cases with Ry =1
have not been studied here).
The system (6.1) can be written in the form

dv
EZ - F(V),

where v(t) = (z(t),y(t), z(t), w(t),u(t)) for t > 0 and F is a mapping from RS into R°
with coordinates f;(z,y,z,w,u), i =1,2,...,5 given by f1(v) = dz/dt, fa(v) = dy/dt,
f3(v) =dz/dt, fa(v) = dw/dt, fs(v) = du/dt and the derivatives of z, y, z, w, and u as
defined in (6.1).

For the equilibrium points eg, k = 1,2, 3, let DF(ex) denote the Jacobian matrix
of F at the point e, i.e. the matrix whose (%, j) element is df;(ex)/0j fori =1,...,5
and j = z,y,z,w,u. Then DF(eg) is defined by

Y —age 0 o o0 |
Pa1 Yk pa gy + a3tz — T B3 RYE + @B & &
(1 -p)7ui (L —p)aei — T2 ~SY— % 0 0
p(l—a)zy; Pl-aq)pzp+ (1 -z (1-a)TFyi+(1-q)8 -4 e

| 0 Yo 0 b —Es

where e, = (z§,y§, 2§, wf, uf) for k= 1,2,3 as defined in (6.6) and (6.7).
The characteristic polynomial P;(7) of DF(e;) is
Py(1) = —(u+7)(r* + Mu7® + Mip7? + MisT + Myy), (6.11)
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where the My, M2, M3, M4 are functions of the parameters (see Section A.3.1).
According to the Routh-Hurwitz criterion (see Theorem 5.1) e; is stable if the following

four quantities are positive:

D, = My D3 = Mi3Dy — M3 My,

Dy = M1 M3 — M3 Dy = M4D;.

After some calculations it can be shown that if Rg < 1 then D; > 0foralli =1,2,3,4 so
that e; is stable, but if Ry > 1 then at least one of the D; is negative and e; is unstable.
If Ry =1 then D4y = 0 and the criterion does not apply.

The characteristic polynomials P,(7) and P;(7) of DF(e3) and DF(e3), respec-

tively, are
Py(r) = —(1° + My7" + M7 + Mis7® + My + M;s), i =2,3, (6.12)
where the M;ji, ... , Mjs are functions of the parameters (see Section A.3.1). According

to the Routh-Hurwitz criterion (Theorem 5.1) e; is stable if the following five quantities

are positive:

D = M;

Diz = MMz — M3

Di3 = Mi3Dip — My (MiaM;y — M;s5)

Diq = MisDig — Mis| My (M — Mig) — MigMis + M;s]

D;5s = MisDjy.
The coefficient M35 can be written as
Mss = —(0E, + 6 Y51 (28)?
35 = —(0E, + 061)ze[ p1(z3)” + ea),
3

and from that it can be shown that if g < 1 and y; < —6, then M35 < 0 and therefore
at least one of the D34, D35 is negative and hence e3 is unstable. Therefore in the
subspace of the parameter space where ej is feasible (when Ry < 1 and ¢; < —6,) it is

also unstable. If we define

D = 5 — 4p103

R _ 201\ (6.13)
1= = /=

—p2+ VD
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then the second equilibrium point e; is ez = (5, 5, 25, w§, u5) where

7§ = x—f (6.14)
Y5 = :%(Rl -1), (6.15)

and 2§, w§, u§ as defined in (6.7). Also it can be shown that the conditions for the
feasibility of e; (shown in Table 6.2) are equivalent to the condition R; > 1: f R; > 1
then e, is feasible; if R; = 1 then e = e;; otherwise (if R; < 1 or R, is not real) then
€9 is not feasible. It can be shown that if R; > 1 then Dg; > 0 and M35 > 0. So it only
remains to show whether (or when) Do, Doz, and D24 are positive. Unfortunately the
algebra involved in these calculations does not allow us to investigate the signs of these
quantities. Further results can possibly be deduced using a computer algebra package,
although here we will try a numerical approach instead.

First of all it has to be noted that the expression (6.14) for z§ is quite common in
epidemic models (see, e.g., Jacquez & Simon 1993), where instead of R; it is usually Ry,
the basic reproduction ratio, that appears in the denominator of (6.14). When A = un
equation (6.14) gives an approximation to the proportion of uninfected individuals

7 _ 1
n R

Because of the form of es and the way it is defined we suspect that e, is stable
if Ry > 1 and unstable if R; < 1. One way to assess this numerically is by minimising
the quantities Dgg, Da3, Doy over the whole parameter space and under the condition
R1 > 1. If the minimum values of Dgg, Da3, Doy are positive in this subspace (where
R1 > 1) then Dgg, D3, Doy are positive whenever R; > 1 and hence ey is stable. Details
for the implementation of the numerical minimisation can be found in the Appendix
(Section A.3.1).

The minimum values for Dqy, Dy3, Dy4 were found to be positive, but floating
underflow occurred during the implementation of the method (i.e. some of the quantities
calculated during the procedure were smaller than the smallest number that the machine
recognises). This fact does not necessarily invalidate the final result (that the minimum
values are positive) but certainly raises serious questions for its validity. Also the fact
that the numerical minimisation did not give negative values for the Dag, Do3, D24 means
that at least for some combination of parameters with R; > 1, ez is indeed stable. We

will investigate this point in a little more detail.
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Value of 7y Stability
Ro>1L,Ri>1
e; unstable
e, feasible, stable
e3 infeasible
Ro<lL,Ri>1
e; stable
e, feasible, stable
eg feasible, unstable
Ro <1, Ry not real
e; stable
e, infeasible
e3 infeasible

0.0001, ... ,0.1587

0.1588, ... ,0.3244

0.3245,... ,1

Table 6.3: Feasibility and stability of the deterministic equilibria in a subspace of the parameter
space: grid for vy

not real and hence e; and e3 are not feasible.
Figure 6.2 shows the values of z§, z§, z§ as -y varies from 0.0001 to 0.3244 (when
7o > 0.3245 the values of z§, z§ are not real).

These observations (which are summarised in Table 6.3) show that indeed there
is a subspace of the parameter space where Rq is less than one but still the endemic
equilibrium is stable. Of course this is local stability since the disease-free equilibrium is
also stable in the area where Rg < 1 and R; > 1. We investigated further this behaviour
of e; by taking another grid of the parameter space, this time centred around the values
which are representative for TB. For this grid we used n = 100, ¢ = 0.02, A = pun,
as = pra and for the other parameters the range of values shown in Table 6.4. All
the combinations of parameters in these ranges were tried and for each combination the
values of Day,... ,Da5, Ro, and R; were calculated. The result deduced was the same
as above: whenever R; > 1 (even if Ry < 1) e is stable.

It goes without saying that the results aforementioned do not constitute proof
of our assertion that e is stable whenever R; > 1 (and not only when Ry > 1), but
they do give positive indications that this could be the case, and most of all they do
prove that the endemic equilibrium e can be stable even when Ry < 1. This behaviour
is not common in epidemic models, although in the recent years it has appeared in the
literature (see, e.g., Castillo-Chavez & Feng 1997, Kribs-Zaleta & Velasco-Hernindez
2000, Kribs-Zaleta 2001, and their references), partly because modellers have turned to
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Parameter | Range of values
q =¢q2 =¢q3 | 0.50,0.51,...,0.60
1 0.05,0.06, ... ,0.20
Yo = dg 0.055,0.056, ... ,0.075
€1 =€ 0.010,0.011,... ,0.020

Py 0.30,0.31,... ,0.60
B 0.0020, 0.0021, . ... ,0.0040
) 0.010,0.011, ... ,0.020
” 0.10,0.11,... ,0.20

pia 0.08,0.09,... ,0.15
o 8,9,...,13

Table 6.4: Grid of the parameter space centred around values representative for TB

more complicated models, which in some cases yield non-trivial behaviours.

The question that naturally arises from this behaviour is what happens when
both e; and e; are stable. When two equilibrium points are locally stable, each one
has a domain of attraction, say .4; and .Aj, respectively, so that if the vector of initial
conditions xg = (zo, Yo, 20, Wo, uo) belongs to A; then the vector x(¢) tends to e; as t
tends to infinity, while if xg € Az then x(t) tends to es.

The deterministic system (6.1) was solved numerically with various initial con-
ditions xp and with the parameter values shown in (6.16) and 9 = 0.2. For these
parameter values Rg = 0.9475, R; = 2.6481, and both e; and e; are stable. With
zp = 1, zp = n — 1 the system tends to extinction, while with ¥y = 1, 2o = n — 1;
wg =1, 20 =n-1; and yp = 1, g = n — 1 it tends to the endemic equilibrium.
These four points x( are the ones that are “closest” to the disease-free equilibrium, since
we are only interested in integer values for the initial conditions xg (see (6.3) for the
definition of the initial values xg). Therefore it seems that for any practical purposes,
the point x(l, = (n—1,0,1,0,0) is the only point x¢9 # e; from which the disease-free
equilibrium can be reached, and for all the other possible x( the system tends to the
endemic equilibrium.

We tried different parameter values from the ones shown in (6.16), changing one
of the paramefers at a time (and keeping vy = 0.2, since we know the behaviour when

o varies) for the two points

x§=(n—-1,0,1,0,00 and x3=(n-1,1,0,0,0).
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In all cases the same behaviour was observed: starting from x(l, the system tends to e;
and starting from x2 it tends to e;. The only exceptions were the following:

(a) Close to the point where Ro—1 changes sign, the deterministic system tends to e (as
long as R; > 1) with both initial conditions x}, x2. For instance with vy = 0.1587 (Rq >
1) and 7o = 0.1588 (Ry < 1) the system tends to ez with both x} and x2. The same
happens with g; = 0.6. So we calculated the values of Dy, ... , Dos, R, and R; for those
parameter values (as in (6.16) and vy = 0.2) and for ¢; = 0.0001,0.0002, ... ,1.0000. The
results are shown in Table 6.5 which shows that ¢; = 0.6 is close to the point where Ry—1

changes sign.

Value of q; Stability
Ro < 1, Ry not real
0.0001,... ,0.3066 e; stable

e, infeasible
Ro<lL,Ri>1
0.3067,... ,0.5994 e; stable
e, feasible, stable
Ro>1,Ri>1
0.5995,...,1 e; unstable
e, feasible, stable

Table 6.5: Feasibility and stability of the deterministic equilibria in a subspace of the parameter
space: grid for ¢

(B) Close to the point where R; — 1 changes sign or changes between being positive and
pure complex (and as long as Ry < 1) the deterministic system tends to e; with both
initial conditions x}, x3. For instance that happens with 7o = 0.3244 (R, > 1) and
0 = 0.3245 (R; non-real) and also for p = 0.07. Table 6.6 shows that the value p = 0.07
is close to the point where R; changes from being non-real to real and greater than one.

It seems therefore that close to the point where R; — 1 changes behaviour (and
as long as Ry < 1) the system is attracted to e;; in most of the numerical solutions
this happened at a slower rate than when the corresponding parameter value (that was
varied) was far away from that point. On the other hand, close to the point where Ry—1
changes sign (and as long as R; remains greater than 1) the system is attracted to ea.
In some cases it is more accurate to say that the system is ultimately attracted to eq;

Figure 6.3 shows the value of z over a period of 6000 years ((a) shows the first 1000 years
and (b) the whole period) for a system that begins from x} = (n — 1,0, 1,0,0) with the
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Summarising the results for the equilibrium of the deterministic system, we have

found the following:

e The deterministic system has three equilibrium points: the disease-free equilibrium e,
and two endemic equilibria e; and ej.

e e is locally stable when Ry < 1 and unstable when R > 1.

® e, is feasible when R, > 1 and infeasible otherwise. The numerical results presented in
this section prove that e; is stable in some subsets of the parameter space where R; > 1
(and with either Ry > 1 or Ry < 1) and suggest that maybe this is the case throughout
the region R; > 1 (even when Ry < 1).

e e3 is unstable in the space where it is feasible.

Finally it has to be noted that the fact that the endemic equilibrium can be
stable even when Ry < 1 has serious implications for the control of the disease. If public
health policies aim at reducing ¢ in order to control the disease, then for TB this is not
enough: reducing Ry to a value less than one makes the disease-free equilibrium stable,
but still the disease may not tend to extinction (depending on the initial conditions) if
R, is still greater than one. Therefore R; has to be reduced (to a value less than 1)
as well, in order to “guarantee” the extinction of the disease. In any case, though, the
time until extinction (if extinction is achieved) can be very long, as the results in the

following sections will show.

6.3 The stochastic model

6.3.1 The transient phase

Let px(t) = p(z,y, z, w, u;t) be the probability that there are z uninfected individuals, y
infectious cases, z latents, w non-infectious cases, and u recovered cases in the population

at time ¢t > 0:
px(t) = p(:l:, Y,2,W,U; t) = P[X(t) =z, Y(t) =Y, Z(t) =2z, W(t) =w, U(t) = u]a (617)

for t >0, x € S = Z%, and px(t) = O otherwise. The initial conditions are px,(0) =
1 and px(0) = 0 for any x # xo where x9 = (o, %o, 20, Wo,%) € Sp as defined
in (6.3). The corresponding Kolmogorov forward equations for px(t) are given in the Ap-

pendix, equation (A.7). The joint probability generating function P (61,02, 03,64, 05;t) =
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E[of“t)ﬂf (t)ef (t)ezv ‘”e,ﬁ’("] satisfies the equation

P oP
7 = MO —1)P +pu(l - 01)6_01

+ (a4 )0 = 8) + 20005 — )| 2
+ 5L — 85) + 286 — 8a) + (1 g2) (64 — ea)]g;’—;
(1 + p2)(1 = 00) + 6(63 — 04) + (65 — 00)) 5 (6.18)

oP
+ [p(1 — 65) + €1(82 — 65) + €2(64 — 05)]@;
o 5*P
+ —1;02[—01 +p@162 + (1 —p)fs +p(1 — Q1)94]m9—2
*P

o2
x 1— — 9
+- 02[g362 + (1 — g3)04 — 63] 36,00,

with the initial condition P (6, 82, 03, 04, 05; 0) = 7°65°65°6,°6%°.
From equation (6.18) a system of differential equation for the first and second

moments of X, Y, Z, W, and U is deduced; the equations for the means are the following

% = - %E[XY] — uE[X] + A

_dE;[:f] = pqlgE[XY] + g3 %%E[YZ] —I'LE[Y] + ¢28E[Z] + dE[W] + 6, E[U]

P — (1 - 2BIxY] - 2By Z] - (8 +wE(Z] (6.19)
%:V] =p(l - ql)%E[XY] +(1- q3)‘;—?E[YZ] + (1 — ¢2) BE[Z] — AE[W] + e2E[U]
L‘[Eg_] = 1E[Y] + SE[W] — (e1 + €2 + p)E[U],

where the I'; and A, are as defined in (6.2) and the terms E[XY] and E[Y Z] can be

expressed as

E[XY] = Cov[X,Y] + E[X]E[Y]
E[Y Z] = Cov[Y, Z] + E[Y]E[Z].

The equations for the variances and covariances are given in the Appendix (Sec-
tion A.3.2). The system of equations for the first and second moments contains higher-
order moments and hence it is open and cannot be solved directly.

From the system (6.19) it follows that the expected value of the total population
size satisfies the equation

dE[N(2)]

7 = A= WE[N(8)] = mE[Y ()] - mEW (1),
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which with integration gives

BN @] = % tet (" B 3) - fo e (E[Y (s)] + poE[W (s)]}ds.  (6.20)

Equation (6.20) shows that the mean population size is bounded above by A/u if A > un
and by n if A < pn. Therefore, E[X ()], E[Y ()], E[Z(¢)], E[W (t)], E[U(t)], and E[N(t)]
are bounded above by max{n,\/u}, for all ¢t > 0.

6.3.2 The equilibrium state of the process

The process described in this chapter is a Markov process in continuous time with
countable state space § = Zﬁ_. Let A denote the subset of S that contains all the states

of the form (z,0,0,0,0) and D the remaining set of states:

A= {(z,0,0,0,0) € Z5}
D=8S-A={(z,y,2,w,u) € Z‘:’L : (y,z,w,u) # (0,0,0,0)}.

The sets A and D form two irreducible classes. The former is closed and absorb-
ing, while the latter is open and transient. The fact that the class A is absorbing means
- that once the chain reaches one of the states in .A then it will remain within 4 (because
there are no infected individuals in the population and hence there will be no more new
infections and the population will remain free from the infection). Using Theorem 5.3
we will show that the chain will be absorbed in A with probability one.
Following the notation in Definition 5.2, we define the functions a;(x), d;(x),
eij(x), for x = (z,y,2,w,u) € S, 4,7 = 1,2,...,5 and i # j, as follows: a;(x) = A
and a;(x) =0, for § = 2,3,4,5; di(x) = pz, d2(x) = (1 + p1)y, d3(x) = pz, ds(x) =
(p + p2)w, and ds(x) = pu. The definitions of e;; are shown in Table 6.7.

j e1;(x) e2;(x) e3; (x) eqj(x) | es;(x)
1 — 0 0 0 0

2 pq12zy - @Bz + g3 yz dw €1u
3| 1-p)2zy 0 - 0 0

4| p(l1—q)8zy 0 (1 —g2)Bz+ (1 —q3)Fyz - €U
5 0 Yoy 0 dow -

Table 6.7: The functions e;; from Reuter’s Theorem

The functions d; and e;; satisfy the conditions (5.17) for all j = 1,...,5 and
i # j. Also, by “freezing” the states (z,0,0,0,0), i.e. assuming that a;(z,0,0,0,0) =
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dy(z,0,0,0,0) = 0 for all z = 0,1,..., the states (z,0,0,0,0) become absorbing and
Theorem 5.3 can be applied. Let A; denote the set of all states (z,y, z,w,u) € D such
that c+y+z+w+u=~kfork=1,2,.... Then it follows that

5
TR = ;{2:‘}4’: ;ai(X) = A (6.21)
5
S = :Ie.‘lﬂ.’t zZ;d,-(x) = uk, (6.22)

for all k =1,2,.... From the statements (a), (b), and (c) of Theorem 5.3 the following

results can be deduced:

_1 /1 Sk 8k -+ S3
e S1=—+ —+ +.oF—_—

T2 os \TE  TkTk-1 Tg---T2
1 X/1 ok k(k—1)---3uk-2
—X+k_3(x+ﬁ+ R E=1 = 0.
Hence the process is regular.
. 81 Sk SN
So = = (—) k! = co.

Therefore w(x,y) =0ify € D and a(x) = EyeA m(x,y) = 1 for all x € D, where
m(x,y) is the limit as ¢ tends to infinity of the probability P[X(t) = y|X(0) = x]
for x,y € S.
1 &mrgeormpor . LemMw)f 1y,
= TraccTk-t 2 == -1 .
. 53 31+k22 8182+~ Sk )\g k! }‘(e )<oo

Hence the mean time to reach A, starting from any state ¢ in D, is finite.

Since px,(0) = P[X(0) = xo] = 1, the above results imply that 3 . s 7(y) = 1

where
m(y) = lim P[X(t) =y], for y €S,

so that the population will ultimately be free from the infection with probability 1. After
the extinction of the infection, the process of the uninfected individuals can be described
by a birth and death process with birth and death rates Ay = A and px = upk, respectively,
for k = 0,1,.... The limiting distribution is a Poisson process with parameter \/u.

Summarising, the results of this section are:

e The process will be absorbed in A with probability 1, so that extinction of the infection

is certain: 3 . 4 m(y) =1.
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e The mean time until extinction is finite.
o After extinction of the infection, the limiting distribution of the uninfected individuals

is Poisson with parameter A\/u and

X() ] 0 if yeD
lim P[X(t) =y] = 2w k
tvoo “'——(2,/—“) if y=(k,0,0,0,0) € A.

6.3.3 The quasi-stationary distribution

The results in the previous section show that the TB infection will die out in finite
time with probability one. The fact that extinction occurs in finite time, though, does
not set any limits to the length of the extinction time, which can be arbitrarily large.
Moreover, as was explained in Section 5.3.4, before extinction the process may settle
down around a quasi-stationary level and remain there for a long time before proceeding
to extinction. Some of the most important results on the theory of quasi-stationary and
limiting-conditional distributions were presented in Section 5.3.4. Here we will briefly
discuss the implications of the existence of quasi-stationary distributions.

For X(t) = (X (t),Y (t), Z(t), W(t),U(t)), the state space S = Z3 of the process

{X(t),t > 0} consists of an absorbing class A and a transient class D = S — A, where
A={(z,0,0,0,0) : z € Z,}.
If the limits
Jim P[X(t) = j|X(0) =4, X(t) ¢ Al = ¢j, &jinD

exist and are independent of the initial conditions ¢ then the process has a limiting-
conditional distribution. This means that the process conditioned on non-absorption in
A has a stationary distribution over D. Given the fact that ultimate absorption in A is
certain, this implies that the (unconditional) process can go through this “stationary”
distribution, where it will settle for some time and then eventually it will be absorbed
in A. Thus if we look at an individual realisation of the process we may observe an
apparent stationarity (at a level different from the one corresponding to the extinction
of the infection) while the process is still in the transient class D (and hence in the
transient phase) before it reaches the absorbing class A.

The numerical results that we present in the following sections exhibit this be-

haviour. For instance the means of X, Y, Z, W, U stabilise at a level different from
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(A p,0,0,0,0) which corresponds to the extinction of TB. Also the marginal distribu-
tions (Section 6.3.6) split into two distributions, one centred around the disease-free
equilibrium and the other around an endemic equilibrium (the equilibrium of the condi-
tional means).

It appears therefore that our process has a limiting-conditional distribution and
for that reason the conditional properties of the process have been studied along with the
unconditional ones in the following sections, where we present some numerical results
(from simulations of the stochastic process). Analytically the conditional properties can

be deduced from the differential equation (A.7) for the probabilities px(t); define
pa(t) =P[X(t) e A|=PlY(t) = Z(t) =W (t) =U(®) =0 = > _ px(t)
x€A 6.23
px(t) ( )
1—pa(t)’

for t > 0, x € D, and gx(t) = 0 otherwise. Then the differential equation for the

ax(t) = P[X(t) = x|X(t) ¢ A] =

probabilities gx(t) can be deduced by differentiating with respect to time in (6.23) and
substituting in (A.7). The conditional probabilities gx(t) can also be evaluated numeri-
cally with the algorithm developed by Pollett & Stewart (1994) (see also Section 5.3.4).

6.3.4 Epidemiological indices

In this section we will study some epidemiological indices which are helpful in assessing

the severity of an epidemic. The indices to be studied are the following:

Definition 6.1

e Risk of infection and reinfection: The risk of infection at year i is the number of
primary infections that occurred during the i-th year, ezpressed as proportion per 100,000
general population. Primary infections are the infections of uninfected individuals (so
that this indez does not account for reinfections). The risk of reinfection at year i is
the number of reinfections that occurred during the i-th year, ezpressed as proportion per

100,000 general population.

e Incidence: The total incidence at year i is the number of new cases that developed
during the i-th year per 100,000 general population. On some occasions the incidence of
infectious TB (number of new infectious cases) and the incidence of non-infectious TB

(number of new non-infectious cases) will be given separately.
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