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Abstract
This thesis describes a novel method, multi-channel processing, for measuring
the elevation of the continental ice sheets from satellite altimeter echoes. Unlike
previous methods, which use a single echo to measure the surface height, the multi
channel processing method uses a set of correlated echoes and the entire echo
waveform to perform a single measurement
A theoretical framework for the multi-channel processing method is presented,
based on linear optimal estimation theory. This theory requires a description of the
covariance of the altimeter echoes and the cross-covariance of the altimeter echo and
the surface. These covariances and their numerical computation are described.
A separable solution is also described for which the computational requirement
can be considerably reduced. As part of the solution, a narrow-beam echo is
introduced. This is the echo that would result were the altimeter to have a line-beam in
the along-track plane. The a priori covariances of the separable estimation are
described.
The vertical and horizontal scales of the surface undulations, and the number
of echoes which are averaged on-board in order to reduce the speckle noise, have
effects on the accuracy of the measurement. In addition, the spatial density, coverage,
and the duration of the echo which are selected as the input data for the multi-channel
processing method can also affect the accuracy of the measurement. All these effects
are studied through the calculation of the least RMS error of the optimal estimation,
and the computer simulation of the surface retrieval process.
By computer simulation, three different scales of undulating features of surface
are recovered using the multi-channel processing method, and the results are compared
with the conventional retracking method. Three different levels of speckle noise of the
echoes are used in the simulation. The results of these two methods are compared.
Finally, the feasibility of the multi-channel processing method is confirmed, and the
results of the research are summarised and concluded.
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Chapter 1
Introduction.
1.1 The scope of the research.
Glacier ice covers approximately 10% of the land surface of the Earth and
comprises 90% of the global fresh water reserve. Since the 11th century, descriptions
of glaciers had already appeared in some Icelandic literature, but the flow of the solid
ice mass had not been noticed until 500 years later. Since then, the dynamics and
thermodynamics of large ice mass have been studied (Paterson 1981). Owing to the
fact that most of the ice mass is located in remote and hostile regions, which has
hampered the investigation and progress of glacier studies, a proper understanding of
the dynamics and thermodynamics of ice masses was not been reached until the past
few decades.
During the International Geophysical year of 1957-1958, numerous
exploratory survey programs were carried out to understand the ice sheet in Antarctica.
Surface altitudes were measured by oversnow barometry and geodetic levelling. A
pattern of a central flattened dome of a few km in elevation, with steep coastal regions
and a mosaic of buttressing ice shelves has gradually emerged as the character of the
Antarctic ice sheet. In the late 1960's, radio echo sounding from aircraft/balloons was
developed and became a systematic activity for surveying ice thickness and subglacial
bedrock over Antarctica and Greenland. The continuous surveys permitted a moderate
amount of data of a first order of precision of the surface and sub-surface morphology
of the continental ice sheet, with which the dynamic and thermodynamic processes that
govern the flow and stability of the large ice mass were analysed ( e.g. Robin et al.
1967, Budd et al. 1971, Oswald & Robin 1973, Gudmandsen 1975, Levanon et al.
1977, Rose 1979, McIntyre 1986). The next stage of the glaciological requirement
was to improve the quantity and quality of measurements in terms of accuracy,
coverage, density and time-dependency. These are critical to determine significant
changes in ice volume and to integrate ice sheet behaviour with models of global
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meteorological, climatic, oceanographic and lithospheric processes.
Robin (1966) first proposed to survey the Antarctic ice sheet by a radio
altimeter carried in a satellite in a polar orbit The rapid and systematic areal coverage
from the satellite could give a detailed contour map of the Antarctic continent in a few
weeks and at a fraction of the cost of other survey methods. Zwally (1975) later also
suggested that the satellite radar altimeter could measure changes in the elevation of ice
sheet synoptically because of its repeatability of measurement. Satellite altimetry may
answer a key scientific question raised in recent decades: whether the continental ice
sheets are growing or shrinking.
Historically, the satellite-borne radar altimeter was proposed in 1966 for the
geodetic purpose of refining the marine geoid. After 7 years, the first satellite-radar
altimeter was launched, beginning a succession of others. These altimeters were
designed for measuring ocean parameters, such as surface elevation, wave height,
wind speed and swell. The height measurement of ocean parameters is now achievable
to the order of a few centimetres; at an altitude of an altimeter, a thousand kilometres,
this is a remarkable achievement. Although the application of satellite radar altimetry
differed from Robin's idea, satellite altimeters for oceanographic missions have also
shown that they are capable of providing accurate measurements over the ice surface
which has exceeded the expectation of the original design.
A fundamental input for glacial studies is the measurement of ice surface
elevation, since many glaciological parameters are derived from the surface elevation.
Changes in height with time determine net ice mass balance which is intimately related
to global sea level and climate changes (Thomas et a l 1979, Zwally 1989). Mercer
(1978) warned that the present growth rate of fossil fuel consumption will double the
CO2 content in the atmosphere in about 50 years and result in a greenhouse-warming
effect. This effect will be magnified in polar regions and may cause a disintegration of
the West Antarctic ice sheet. In consequence, a 5m rise in global sea level would
happen. His speculation of this imminent climatic disaster has further emphasised the
need for ice mass studies over the continent.
Ice surfaces have undulations with surface slopes at different scales. Surface
slopes of a hundred km scale indicate the direction of the ice flow, and the location of
21

ice streams and drainage basins (Bindschadler 1984, Drewry et al. 1985, Rose
1979). Surface slopes or topographic undulations of the order of 10 km wavelengths
result from subglacial/bedrock topography, and allow ice thickness and stress
associated with the ice flow to be derived (Robin 1967, Budd 1970, Budd 1971,
Budd and Carter 1971, McIntyre 1986). Surface slopes at both large and small scales
are an important source for predicting the katabatic wind field (Parish 1981, Parish
and Bromwich 1987).
The satellite altimeter data collected over the polar regions permit ice sheet
elevation maps of Greenland and Antarctica to be constructed {e.g. Brooks et at.
1978, Zwally et al. 1983). Brooks et al. (1983) were the first to use satellite altimeter
data to map the Amery Ice Shelf. Subsequently, Zwally et al. (1987) also used the
altimeter data to generate elevation maps of the Amery and Fimbul Ice Shelves. These
maps are superior to those obtained from other conventional methods in terms of
detail, accuracy and density of information. Many glaciological parameters and special
features of the continental ice sheet have been further derived. McIntyre (1991) has
given a detailed account of the present applications of the altimetry data and its derived
maps to glaciology.
The analysis of satellite altimeter data over the ice surface is more complicated
than over the ocean because of the effects of the undulating features of ice surfaces.
The present philosophy behind the processing of altimeter data over the ice surface is
copied from the technique of processing the ocean data. This is only properly
satisfactory when the ice surface is smooth and similar to the ocean’s morphology, but
this is uncommon. Problems arise when the ice surface has slopes and undulations
which differ significantly from the ocean's features. In consequence, an unknown
height bias and incorrect or loss of undulation features will be introduced into the
altimeter elevation map through this "ocean approach". This is a well-known problem
{e.g. Robin et al. 1983). The principal problem of measuring the ice sheet
topography will be further discussed in §1.4.
The main core of this thesis is to investigate a new technique for processing the
altimeter data over the ice surface, to overcome the present problems caused by the
effects of ice surface undulations. In §1.5, the objective of this research will be
22

described in further detail.

1.2 Historical perspective.
In 1966, satellite radar altimetry was proposed to NASA for making geodetic
measurement or refining the marine geoid with a short-term acciu'acy of ± Im and
long-term accuracy of ± 10cm. A year later, the oceanographic community also
realised the importance and ability of radar altimeters for measuring the dynamic
features of the ocean. In 1969, a meeting was held in Williamstown, Massachusetts
where a multi-disciplinary group gathered to study the application of space and
astronomic techniques to the terrestrial environment, and to examine the scientific
value of satellite radar altimetry. A study report (Kaula 1969) subsequently
emphasised the long-term and short-term accuracies of satellite radar altimetry required
by the oceanographic and geodetic communities. The NASA Earth and Ocean Physics
Application Program (EOPAP) in 1972 further demanded the development of an
altimetry technology with a 10cm accuracy with at least 100km spatial resolution for
the global measurement of the ocean surface. Hence, a long-range program was
projected which relies on satellite radar altimetry for achieving this goal.
The launch of the Skylab satellite radar altimeter in 1973 was the first NASA
radar altimeter experiment, S-193. The objective of the experiment was to make high
precision measurements of ocean dynamics for use in oceanography and to determine
the geoid for geodetic purpose (McGoogan et al. 1974). Some of the results of this
experiment and its practical applications are discussed in McGoogan (1975). The
experimental results, more importantly, provided design information for improving
future satellite altimeter missions planned to achieve the EOPAP goal. The instrument
precision of Skylab satellite altimeter was about Im in height measurement.
The second in a series of NASA satellite radar altimeter was the Geodynamics
Experimental Ocean satellite (Geos 3) which was launched in April 1975. The
successful operation of Geos 3 provided more than three and a half years of data for
which global oceanographic and geophysical parameters were derived (Stanley 1979).
The satellite-to-ocean height measurement accuracy of Geos 3 was 60cm. The overall
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performance of Geos 3 far exceeded its expectation, and this led to a rapid shift of
satellite altimetry technology from the experimental stage to an application orientation.
The Seasat-A satellite altimeter, launched in 1978, was the next in the series of
NASA's satellite altimetry program. The Seasat-A altimeter was the first attempt to
achieve the EOPAP goal of 10cm accuracy sea-surface height measurement. Its design
description is documented in Mac Arthur (1978). Postlaunch engineering assessment
showed that Seasat-A has met the design specification of 10cm instrument precision,
and the Seasat-A data was shown to be better than all of its predecessors (Tapley et
al. 1982). However, it is not the satellite measurement between the distance of the
satellite and the ground that is useful oceanographic information, but the sea-surface
height relative to the geoid. Briefly speaking, the geoid is the equipotential of the
ocean surface at a sea mean level arising when the ocean is everywhere in stationary
equilibrium relative to the earth (Robinson, 1985). Achieving a 10cm accuracy of seasurface height measurement requires the knowledge of the precise satellite ephemeris
with reference to the earth ellipsoid, and the accurate shape of the geoid relative to the
same ellipsoid, as shown in fig. 1.1. This was the major limiting factor for Seasat-A
altimeter attaining this goal (Lerch et al. 1982).
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Fig. 1.1 The relationship between the altimeter measurement and the surface in
different reference systems.

The Seasat-A satellite altimeter was only operated for 3 months due to power
system failure. The mission of the U.S. Navy Geosat-A satellite radar altimeter in
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1985 was to extend the altimetry measurement to support continuously research in
geodesy and oceanography. The Geosat-A altimeter is basically an improved version
of the Seasat-A altimeter. Several improvements such as a longer-life, lower-power
travelling wave tube amplifier for the transmitter, higher pulse compression ratio and a
lower receiver noise figure were made in Geosat-A. A detailed description of this
altimeter can be found in Frain et al. (1984). The instrument precision of height
measurement is 3.5 cm, which further improved the ability to resolve oceanographic
phenomena.
Further developments of altimeter technology are made in the present
generation of satellite altimeters, but, in general, they are basically similar to the Seasat
and Geosat altimeters. The joint NASA/CNES oceanography mission of the Topex
and Poseidon altimeters is currently operating two years into a 3-5 year mission.
These altimeters are carried in the same satellite, which is flown in a higher orbit for
reducing atmospheric drag. In consequence, the orbital position of the satellite can be
determined more accurately. A Dual-wavelength radar instrument is implemented in
Topex for providing an accurate ionospheric correction to the altimeter data. The all
transistor transmitter in Poseidon has potential advantages of reliability and lifetime.
The Topex/Poseidon altimeters are tailored to the measurement of sea surface
topography and the instmments are designed for 2cm precision, which has been met.
The launch of the ERS-1 satellite altimeter in 1991 was the first mission of
remote-sen sing satellite of the European Space Agency. Unlike previous missions, the
ERS-1 altimeter was equipped with two operating modes. One operating mode was
designed primarily for ocean applications, and the alternative mode was specifically
designed to gather data over ice surfaces. The orbit configurations were chosen with a
higher inclination than previous missions, allowing access to a large portion of the
Antarctic ice sheet and ice shelves, and to the whole of Greenland. The ERS-1 followon mission ERS-2, due for launch in early 1995, will extend the measurements begun
by ERS-1 until 1998 if all goes well. Envisat will be launched in early 1998, and is
planned to be operational into the next century. Its orbit configuration is similar to
ERS-1/2.
The Geoscience Laser Altimeter system (GLAS) is being developed for the
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U.S. Earth Observing System with a planned mission early in the next century. Laser
altimetry does not suffer from topographic effects, which limit the modem technology
of microwave radar altimetry. GLAS is anticipated to provide globally temain height
profiles tied to a single geodetic reference frame, with a single-shot height precision of
order 10 and 100 cm depending upon the terrain statistics.

1.3 Ocean operation of satellite radar altimeter.
To understand the objective of this work, which is described later in the
chapter, some understanding of radar altimeter operation is necessary. A brief
summary of ocean altimeter operation is given in this section
The radar altimeter is an active microwave transceiver. It transmits a short
duration pulse, and times the passage of the pulse radiating to the surface and back
again. If the satellite position is known, then converting the measured delay time into
range can be used to derive the surface height with reference to the Earth's ellipsoid.
The altimeter also records the signal backscattered from the ground from which other
oceanic parameters such as wind speed and wave height can be estimated (McGoogan
1975, Brown 1979).
In theory, an altimeter can be operated in two different modes. The beamlimited configuration gives a "pencil-beam" antenna footprint on the ground of the
scale of a hundred metres, whereas the pulse-limited altimeter illuminates the ground
with a wide footprint of the scale of twenty kms in diameter. Over homogeneously
rough surfaces such as those of the oceans, either mode of operation may be
employed, since the same information will be obtained.
For surfaces with undulating features, like ice surfaces, the beam-limited
altimeter is far better than the pulse-limited altimeter. The narrow-beam footprint of the
beam-limited altimeter restricts the surface area sampled at each location of the
altimeter and therefore reduces the range distribution between the illuminated footprint
and the altimeter. In consequence, a more precise range measurement can be made.
However, in practice, beam-limited altimetry is technologically difficult and expensive
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because of its large antenna size and the stringent requirement of the pointing angle of
the antenna. These have ruled out the use of the beam-limited mode in satellite radar
altimetry.
Pulse-limited mode altimeter operation uses a wide beam, and therefore a
smaller diameter antenna. The requirement on antenna pointing is far less stringent
with this beam geometry. The pulse-limited altimeter is characterised by the way that
the surface is illuminated with time. The pulse of microwave energy propagates away
from the instrument as a spherical shell, the thickness of which is defined by the pulse
duration. As the shell intersects with the surface, the illumination spreads out, first
forming a circular spot, and later an annulus of a constant area, as shown in fig. 1.2,
until the illumination is attenuated by the antenna response pattern. For a flat surface
with a small scale homogeneous roughness, such as that of an ocean, the returned
echo begins with a rapid rise, corresponding to the circular illumination by the early
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Fig. 1.2 The development of the illuminated surface area and the resulting altimeter
echo for the case of pulse-limited altimeter over the homogeneously rough
surface like the oceans (Ridley & Partington 1988)
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part of the shell, and a slower tailing off corresponding to the spreading out of the
annulus. The initial circular spot of illumination defines the pulse-limited footprint
(PLF) within the beam-limited footprint (BLF). The altimetric range measiu*ement is
made by measuring the time to the mid-point of the rapidly rising part of the echo, or
the echo's leading edge as it is known.
The altimeter does not record the complete echo due to hardware and telemetry
restrictions. In general, the echo is truncated at the trailing edge, sampled, and placed
in a set of digital memory locations called range gates or bins. The interval between
each gate is the delay time resolution or the measurement resolution. The set of range
gates holding the truncated echo is the range window. The way that the echo is
recorded in the range window is largely based on an on-board range tracking
algorithm, or "range tracker". In brief, the algorithm estimates the range between the
surface and the altimeter in accordance with the previous estimate. The altimeter then
tracks the half-power point on the return at the central gate of the range window. The
measured delay-time at this cential gate is the on-board range estimate between the
surface and the satellite. This estimate, and the altimeter waveform, are telemetered to
the ground station for storage and further processing. Although the tracking
algorithms used in some altimeters are different, in general they serve the same
purpose

tracking the altimeter echo within the range window. Technical details of

the tracking algorithm that is implemented in the Seasat-A satellite altimeter can be
found in MacArthur (1978).
Fig. 1.3a illustrates the interaction between the orbit of the satellite altimeter and
the Earth's rotation. As the satellite altimeter travels along the orbit, the altimeter
generates tracks on the ground, as shown in fig 1.3b. These tracks indicate the paths
along which the altimeter travels, transmits a pulse and receives the echoes. These
tracks are called along-tracks and the echoes considered in these tracks are the alongtrack echoes whose spatial sampling interval is in the order of 10m. The along-tracks
can be in both ascending and descending direction on the ground surface. The tracks at
different directions will cross each other and give measurements at the same points of
the surface, cross-over points.
When only either ascending or descending tracks are considered, the sequence
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of echoes which are perpendicular to the along-tracks are referred to as the acrosstrack echoes. This sequence of echoes are located in the across-track, as shown in
fig.1.3c.

Earth Rotation

A

B

Across-track echo(

Across-track

Along-track echoes

A long-frack

Fig. 1.3 (a) The interaction between the satellite motion and the Earth rotation; (b) The
Ground tracks (along-tracks) in ascending and descending directions on the
ground surface; (c) The relation of the along-track and the across-track.

The operation of the pulse-limited altimeter over the oceans is well-defined, as
shown in fig. 1.2. From the altimetry point of view, an ocean can be described as
having a flat surface exhibiting homogenous roughness on a small spatial and vertical
29

scale compared with the altimeter footprint and the pulse length respectively. The
interaction of the pulse and the surface, and, in consequence, the echo formation and
its shape are all predictable, and can be described by theoretical models, for example
Brown's model (Brown 1977). From the altimeter measurements and the appropriate
model for describing the interaction of the radar signal with the surface, ocean
parameters such as mean siuface elevation, significant wave height and wind speed
can be obtained with high precision ( Fedor et al. 1979, Fedor & Brown 1982).

1.4 Principal problems of measuring ice sheet
topography.
Ice surfaces have variations in elevation at all horizontal and vertical scales.
McIntyre and Drewry (1984) have categorised the ice sheet surface into three
distinctive terrain types according to their topographic features. The first of their
categories is the large-scale geometry of the ice sheet, typically on the vertical scale of
a few km and horizontal scale of lOOkm^ rested stably and frozen to a flat bed. The
second is the dynamic surface topography with a vertical scale of a few tens of metres
and a horizontal scale of 10km which has the same order as the altimeter antenna
footprint. The last of their categories is transient surface features with a vertical scale
of a few metres and horizontal scale of 100m. These three types of surface can exist as
individual features or in a superimposed form.
The term "topography" or "undulation" is used to describe the first and second
categories of the ice sheet surface. The vertical and horizontal scales of variation of the
surface topography are large enough for individual undulations to affect the echo
profile. In addition, the undulating features of the topography can be mapped. They
differ from area to area. The term "roughness" is used to describe the last category of
the ice surface. The variations on a small enough scale that individual undulations are
not apparent to the altimeter, and can only be described by statistical parameters of
surface elevation. These small scale features are easily visible via aerial photographs,
but not measurable by other means, hence there is very little measured information
available on such small rough features.
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In §1.4.1, we shall discuss the bias of the measurement caused by the largescale geometry of the ice-sheets and the methods for the correction of this bias. In
§1.4.2, we shall describe another type of measurement error which is caused by the
dynamic surface topography. This error is very difficult to estimate and correct, hence
it forms the fundamental problem in the measuring ice surface topography.

1.4.1 Surface slope.
When the radar altimeter encounters the large-scale geometry of the ice-sheet
(the first category), the altimeter will "see" it as a sloping plane, as shown in fig. 1.4.
Two main effects needed to be considered. Firstly, the waveform
S a te llite
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Fig. 1.4 Schematic description of the pulse-limited altimeter over the large scale of
surface undulation and the slope-induced error. Ah.

becomes distorted as is illustrated in fig. 1.5. Secondly, although the leading edge of
the altimeter echo is distinguishable, it no longer corresponds to the nadir point of the
altimeter but to the nearest point which is upslope of the nadir, as shown in fig. 1.4.
This leading edge is tracked by the on-board range tracker of the altimeter and is
misinterpreted as the two-way path delay time between the altimeter and the surface
nadir point. This results in a geometrical error in height known as the slope-induced
error (Brenner et al. 1983). This error can be as high as 80m in height or 11km in
lateral displacement in practice.
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Fig. 1.5 The distortion of the altimeter echoes corresponding to varying degrees of
surface slope (Martin et al, 1983).

Three common methods are generally used for the correction of surface slopes
in topographic altimetry. They are the direct and relocation methods (Brenner et al.
1983) and the intermediate method (Remy et al. 1989). Since the slope is not known
a priori, these methods use an iterative scheme to deduce the slope from the altimeter
data. This is possible because slope information may be obtained without considering
absolute heights and height biases. Once the slope parameter is obtained, by the
geometry of fig. 1.4, the correction of the slope-induced error can be made. The
distinction between the three correction methods are the ways that the slope-induced
error is corrected.
When the ice surface is planar and sloping, the bias of the altimeter-derived
surface is only due to the slope-induced error. This bias can be easily removed by the
slope-correction methods. However, when smaller scale undulations or dynamic
surface topography are present on the sloping surface, an unknown bias on top of the
slope-induced error will be introduced. This unknown bias is neither constant nor may
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it be corrected and this will be discussed in §1.4.2.

1.4.2 Dynamic surface topography.
Dynamic surface topography with a wavelength of the order of 5-20km is
intimately related to the ice flow over irregularities in the bedrock topography, ice
thickness and other flow parameters. These relations have been discussed by several
authors (Robin 1967, Budd 1970, Budd 1971, Budd and Carter 1971, McIntyre
1986). The bedrock-generated undulations appear to be dominant features of the
surface profile of the polar ice sheet (Paterson 1981), and play an important role in the
understanding of ice sheet dynamics.
Over dynamic surface topography, the surface morphology is different from
that of an ocean. The ice surface exhibits different scales of non-homogeneous
roughness and height variation, as shown in fig. 1.6a. In consequence, the
instantaneous illumination of the surface as the pulse expands is far less regular and
predictable than in the ocean's case. This can be easily understood by comparing the
instantaneous illuminated area of the ocean surface in fig. 1.2 with the illuminated area
of the ice surface in fig. 1.6 (b) and (c). The altimeter echoes are therefore much more
irregular (see fig.l.6d) and cannot be described by a simple analytical model. The
ambiguity arises because scatterers with the same range from the altimeter, but from
widely different locations within the footprint, contribute to the same point on the
echo.
The fundamental problem for measuring the elevation of the ice surface is to
determine the point of the echo which corresponds to the surface height at the satellite
nadir point. In brief, to determine this point requires solving an under-determined
problem, i.e. the unknown height of thousand of different facets whose reflected
power is integrated in forming the altimeter echo. This problem can not be solved
analytically or by other means.
The echoes returning from this dynamic surface topography are irregular, but
sometimes they may contain leading edges on their echo profile, depending on the
individual undulating pattern of the surface. However, these leading edges no longer
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associate with the surface height at the nadir point, but an unknown position of the
surface. Due to the relation of the surface topography and the echo being unclear,
then, for convenience, the half power point of the leading edge of the echo is generally
regarded as the surface height at the altimeter nadir point (details will be discussed in
§2.3)

Satellite radar altimeter

G

Instantaneous
^illuminated area

yr -

(b)

Dynam ic '
surface topography
po w er

(d)

Fig. 1.6 (a) The pulse-limited altimeter over the ice surface; (b) The illuminated area at
earlier time; (c) The illuminated area at later time; (d) The resulting altimeter
echo.

Over dynamic surface topography, interpreting the half-power point of the
leading edge of the echo as the surface height, like the ocean case, is thus simple and
convenient, but this interpretation does not relate to the physics of echo formation or to
any particular virtue. Hence, an unknown bias is introduced into the measurement. A
common method for monitoring the accuracy of the altimeter height measurement is
the comparison of repeated measurements at close locations (Remy et al. 1989,
Zwally et al. 1983), known as cross-over analysis. This method can demonstrate the
orbit ephemeris error due to inaccuracy in the Earth's gravity field model, drag and
solar radiation pressure models. However, it is unclear to us how the cross-over
analysis can determine the accuracy of the height measurement. The observations from
the altimeter may have common biases due to the illumination of the same area of
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surface topography. This can be easily verified from fig. 1.7 where three repeated
measurements from the Seasat satellite altimeter, and the surface height measured by
the barometer and geoceiver are compared. The common bias from the altimeter
measurements is obvious in the figure and it is clear that the cross-over analysis fails
to monitor the accuracy of the altimeter height measurement.
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Fig. 1.7 The altimeter elevations of three repeated measurements for revolutions 1193,
1236 and 1279, and actual surface height measured from geoceiver and
barometer (copied from Gundestrup et al. 1986).

1.5 Objective of the research.
In general, the present method for measuring the ice sheet topography is to
determine the half-power point of the leading edge of the echo, and this point is treated
as the surface height at the altimeter nadir point. This approach is basically derived
from the measurement of the ocean surface, where the ocean's mean elevation is
determined. However, as discussed in §1.4, the radar altimeter functional response
over the ice sheets is considerably more complex than over the oceans, and measuring
the surface topography by an ocean's approach will introduce an unknown bias.
The present methods determine the half-power point of the echo for measuring
the elevation of the surface topography. Hence, only the leading edge of the echo is
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used, and the remainder of the waveform, which is normally the greater part, is not
utilised. For the satellite-radar altimeter, the antenna footprint (about 25km) is far
larger than the spatial sampling interval (about 7m) of the echoes, and thus one area on
the surface will be observed by the altimeter at many different locations. Echoes that
have regions in common within their respective illuminated areas will, as a
consequence, be correlated. However, these correlations have not, hitherto, been
utilised.
Wingham (1991) first recognised the potential for exploiting these correlations
between echoes at adjacent locations and between the entire echo waveform, to
improve the accuracy of the measurement of the surface topography. The idea of this
new approach is very different from the present approach, where the surface height is
estimated from the leading edge of a single echo only.
Later, in 1992, a preliminary framework for the multi-channel processing
method was published in a report (Wingham et al. 1992). This method measures the
surface elevation from a set of correlated echoes. This report was the first produced on
the theoretical development of the multi-channel processing method. However, the
theoretical framework of this method was incomplete, and was not tested and
confirmed. In addition, it had not been analysed and practically implemented in any
form. Hence, the feasibility and merits of this new method for measuring the ice sheet
topography were left open to question.
The objective of this research is to further develop the theoretical framework of
the multi-channel processing method described by Wingham et al. (1992). The
framework is tested and confirmed here. Then, the multi-channel processing method is
implemented and analysed. Finally, a computer simulation of the retrieval of ice sheet
topography is carried out, in which the multi-channel processing method is compared
with the present "ocean-based" method. From this simulation, the feasibility of the
multi-channel processing method for improving the accuracy of the measurement will
be confirmed.
The research presented in this thesis is the first investigation of the feasibility
of the multi-channel processing method for measuring the ice sheet topography that
has been carried out.
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1.6 Thesis layout.
Central to the thesis is the study of the theoretical and numerical framework of
the multi-channel processing method. The method is derived from the physics of radar
altimetry and the echo formation process. In chapter 2, the basic theory of satellite
radar altimetry is described, which forms the foundation of the multi-channel
processing method. The present "ocean-based" methods for measuring the ice sheet
topography are reviewed in this chapter.
In chapter 3, the theoretical framework for the multi-channel processing
method is reviewed. The corrected and refined form of this framework is presented.
To obtain an unbiased surface elevation, the multi-channel processing method requires
a simultaneous processing of the along-track and across-track echoes to resolve the
surface topography in two dimensions. However, processing this amount of data
simultaneously is computationally very expensive. This practical problem may be
overcome by partitioning the process of multi-channel processing method into two
sequential processes. Each separable process will also be described in chapter 3.
In chapter 4, numerical results for the new technique will be presented, from
which the behaviour and characteristics of this new method are observed and
analysed. The computer simulation starts in chapter 5. Three discrete surfaces with
different horizontal scales of topographic features are generated, and the synthetic
altimeter echoes are calculated over these surfaces. The synthetic echoes are processed
by the new multi-channel processing method and the present methods. The advantage
of using synthetic data over measured data is that the recovered surfaces can be easily
compared with the true surfaces. Finally, the RMS error of the retrieved surfaces are
calculated. The results obtained from the "ocean-based" method are illustrated in
chapter 5, and those obtained from the new multi-channel processing method are given
in chapter 6.
In the concluding chapter, chapter 7, a summary of the work and the main
achievements are presented. The feasibility of the multi-channel processing method for
improving the measurement of the surface topography is confirmed. The advantages
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and the disadvantages of the multi-channel processing method are examined. Future
work on multi-channel processing is suggested. Finally, the chapter lists the
conclusions that have resulted from the investigation of the multi-channel processing
method.
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Chapter 2
Relevant theories of satellite radar
altimetry.
The radar altimeter is a remote sensing instrument whose primary purpose is to
measure the distance between itself and the Earth's surface. It is a highly accurate
instrument which is able to measure that vertical distance with centimetre precision
over the calm sea. The basic operation of the radar altimeter over the oceans and ice
surfaces were discussed in chapter 1. The principal problems of the present techniques
for measuring ice sheet topography were also discussed in that chapter. In this
chapter, all the relevant theories of the radar altimetry that will be used to develop the
multi-channel processing method will be reviewed. Our treatment is based on that
given by Wingham etal. (1992)
Before the main study is described, two terms which can easily get confused
are clarified. The first term is "dynamic surface topography". In this study, it means
the surface topography intimately related to the ice flow over irregularities of the
bedrock topography. It has wavelength of the order 5-20km which is the same scale as
the antenna footprint. This term, sometimes used elsewhere in the literature, is
interpreted as the change of elevation of the surface topography in time. The first
interpretation of the dynamic topography is used throughout this study.
The second term is the "temporal" sample of the echo. In this study, a temporal
sample of the echo means a discrete sample of the duration of the echo or the echo
waveform. Some other interpretations, like the cross-over echoes of the ascending and
descending tracks, or repeated tracks recorded at different times wül not be considered
in this study.
In §2.1, the surfaces that are used in this study are described. The equations
that describe the echoes returned from these surfaces are introduced in §2.2. Finally,
the present methods of estimating the surface height from the altimeter signal will be
reviewed in §2.3.
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2.1 Surface model.
The altimeter echo returned to the satellite radar altimeter depends upon the
nature of the surface. A natural surface can be described by the statistical distribution
of its deviation from a certain mean level. However, the distribution does not give us
the full picture of the surface. For example, whether the hills and valleys are denselypacked together or are far apart. The surfaces that have been chosen for this study are
Gaussian surfaces which can clearly tell us the vertical and horizontal scale of the
surfaces. A Gaussian surface is statistically stationary, with the surface height and its
spatial spectrum normally distributed about zero. Although the description of the
natural surface in this way is a simplification, the Gaussian surface is commonly used
in theoretical discussions. For example. Brown (1977) assumed the ocean surface has
Gaussian height distribution; Remy (1989) assumed the ice surface topography has
Gaussian covariance function; and Berry (1973) studied the statistics of echoes from a
Gaussian rough surface. We choose this surface because it allows us to study the
consequences on the surface height measurement of changes in the vertical and
horizontal scales of a reasonably general class of surfaces.
As discussed in §1.4.1, when the ice sheet has a large-scale geometry, the
altimeter will "see" the surface as a sloping plane. It is well known that the sensitivity
of the altimeter measurement depends strongly on the magnitude of this sloping trend
(e.g. Robin 1966, Brenner 1983, Remy et a l 1989) and correction methods have
been developed to correct the slope-induced error (see §1.4.1). Although the main
concern of this study is to improve the measurement of the dynamic surface
topography which has a horizontal scale of variation comparable to the antenna
footprint, this linear trend of the large scale geometry is added to our surface model in
order to facilitate future research.

2.1.1 Surface statistical distribution.
The surface topography is described as
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f(r)=fp(r) + s.r.

(2.1)

The surface f(r) is described as a Gaussian surface f^(r) which is superimposed on a
sloping plane s.r. The vector diagram of (2.1) can be seen on fig.2.3. The Gaussian
surface fj.(r) is used to describe the dynamic surface topography (see §1.4.2) and the
sloping plane s.r describes the large-scale geometry of the surface topography (see
§1.4.1). The sloping plane will pass through the origin of the surface. The vector s is
a fixed vector. It indicates the direction and magnitude of the slope and its gradient is
described as

Isl = V(Sx2+Sy2)

(2.2)

where s^ and Sy are the slope of the surface in the x and y direction. Our description
of a Gaussiansurface fr(r) is based on that given by Berry (1973), whodenoted it as
an a undulating surface. His description of this surface is, in turn,based on the
treatment discussed by Beckmann and Spizzichino (1963).
The Gaussian surface fj-(r) is a random variable and has a probability density
function (pdf)

p(fr(r))=(0s-l(2Ji)-l/2)exp[-fj.(r)2/(2as2)J,

where

(2.3)

is the standard deviation of the surface height. The second order pdf of the

surface height is a joint Gaussian random process, described as

P(fr(ri),fr(r2))=

(27tas2{l-C2(lri-r2l)}l/2)-l

X

exp[-{fr(ri)2

+ fr(r2)^ - 2fi.(ri)fi.(r2)C(lri-r2l)}/{2as2(l-c2(lri-r2l))}]
(2.4)
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The correlation coefficient C(lrl) is defined as

C(lrl)=exp[-lr|2A.2]

(2.5)

The parameter L is the surface correlation length. The physical significance of the
correlation length is that it is the distance for which the correlation between two
locations of the surface will drop to e"l. Thus, a correlation length = 0 implies that
there will be no correlation between any two points of the surface, which can be
described as the surface densely packed with discontinuities and irregularities, like the
case of the ocean surface. In contrast, a large correlation length will imply a gently
rolling surface, that can be thought as having a large distance between its hills and
valleys, as in the case of ice sheet topography.

2.1.2 Surface characteristic function.
The characteristic-function (Papoulis 1991) of the Gaussian surface height fj-(r)
is defined as

<exp[jo)fr(r)]>|^=exp[-((O^Og^/2)]

(2.6)

where the notation <> denotes expectation and subscript "t" denotes the random
process due to the uncertainty of the surface height. The joint characteristic function is
given as

<exp(-j(cofi-(ri) + (o'f].(r2))>t=exp[-(Og^/2)(co^4-co'^-2(OCO'C(lri-r2l)].

(2.7)

The following function is also needed to simplify the theoretical framework of the
multi-channel processing method

<fr(r)exp[jcûfi<ri)]>t=jcûC (lr-ril)as2exp[-(û)2as2)/2]
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(2.8)

In our analysis, the surface height standard deviation

with its travel time

equivalent
G(=2(7g/c

(2.9)

is frequently used.
The statistical characterisation of a Gaussian surface has been defined. In
§2.2.5, the ensemble mean of the altimeter echo is derived based on a Gaussian
surface. In addition, the theories in this section are used heavily in the development of
the multi-channel processing method described in §3.

2.1.3 Gaussian surface generation.
In this study, the feasibility of using the multi-channel processing method for
improving the current measurement of the dynamic ice sheets is investigated. This will
be confirmed by performing a computer simulation of the ice surface retrieval process.
First of all, a known surface is selected and the synthetic altimeter echoes are
generated over this surface. The echoes will be processed by two different
approaches, multi-channel processing and present retracking. The advantage of the
computer simulation is that the surface is known a priori from which the accuracy of
the retrieved surfaces can be easily calculated.
In the simulation, the Gaussian rough surface is selected as a known surface.
Our treatment for generating the Gaussian surface is based on that given by Fung and
Chen (1985). Although their consideration of the Gaussian profile only varies in one
direction (x-axis) which is different from our case - the Gaussian profile varies in two
directions (x and y-axes) - the procedures for generating the Gaussian surface for both
cases are analogous. The desired random profile is given as a convolution of a filter
Wjj and a sequence of independent Gaussian variables, X(rij), with zero mean and
standard height deviation Og,

fr(r) = ZZ WijX(r-hrij)
i j
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(2.10)

Generating the Gaussian variables -X'(rjj) is a standard procedure (Morgan
1984, Press et al 1992) which is provided by many software packages such as
Matlab, Nag numerical library etc.. The filter Wjj's are given as

Wÿ = (2/(Vn D ) exp[-2{(iAx)2 + (jAy)2}/L2]

(2.11)

where Ax and Ay are the sampling intervals of the discrete surface and L is the surface
correlation length.

2.2 Altimeter echo characteristics.
In this section, the altimeter echo characteristics are studied. The echo's noise
and its properties are described in §2.2.1 and §2.2.2; the mean echo and its
approximation are discussed in §2.2.3 and §2.2.4 respectively; the average of the
echoes over a large area of surface is described in §2.2.5; the generation of the
synthetic echoes used in the main simulation of this study is described in §2.2.6; and
examples of the echo samples are given in §2.2.7.

2.2.1 Speckle noise of a altimeter echo.

The vast majority of natural surfaces are rough relative to the transmitted
microwave frequency with a wavelength of centimetre scale. Under the wide
illumination of the antenna beam from the altimeter, the electromagnetic wave reflected
from the surface consists of individual contributions from many independent
scatterers. The propagation of the reflected wave from these scatterers to a distant
receiver may have a relative delay of several wavelengths. In the sum of all these
dephased scattering components, their interference results in a non-deterministic
altimeter echo, V^, as shown in fig.2.1.
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Vx

Fig.2.1 Example of phasor addition for random-angle phasors.

is the envelope

voltage of the altimeter echo.

This noisy component of the altimeter echo is signal dependent and is termed
"speckle noise". This phenomenon is a well-known problem and is well described in
many publications (e.g. Goodman 1976 and Dainty 1970). It also has many different
names, such as the fading model for an area extensive target (Moore & Williams 1957,
Ulaby et al. 1982), the incoherent problem (Berry 1973), and the random-walk
problem (Papoulis 1991). These are basically the same principle but the one chosen
depends on one's context and one's discretion.
Speckle is the result of adding up a series of randomly phased phasors over a
large area, as shown in fig.2.1. When each individual scatterer located on the ground
contributes more or less equally to the total scattered signal, the statistics of the
resultant vector or the envelope voltage, V^, can be described by a Rayleigh
distribution (Ulaby et al. 1982)

P(Vc) = (V e/av2)exp(-V c2/(20v2))

=0

Vc>0,

(2 . 12)

Vq<0

where Qy is the standard deviation of the individual rectangular components of the
phasor sum. In addition, the phase a of Vq shown in fig.2.1 is uniformly distributed
over the period [0,27:].
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The square law detector of the altimeter gives the power form of the echo,

<t>= V c2.

(2.13)

which has an exponential distribution (Ulaby 1982),

p((|))=<(|)>g"^ e

(2.14).

The notation <> denotes expectation, and the subscript "s" describes the random
process due to speckle noise. The exponential distribution of the altimeter echo gives
the variance

(Ulaby et al. 1982)

G(()^=<(()>g^.

(2.15)

The fluctuation (standard deviation) of an altimeter echo is equal to its mean value. For
this reason, a good estimate of surface elevation from a single echo is often impossible
to obtain. The speckle noise can be reduced by averaging independent/uncorrelated
echoes together, the variance of the average becoming

0(|,N^ = cT(|)^/N

(2.16)

where N is the numberof independent echoes in the average. The relation (2.16) is
only true when theechoes are uncorrelated. The requirementfor echo decorrelation
will be discussed in the following section.

2.2.2 Echo decorrelation.
The altimeter travels at a fixed velocityand transmits pulses regularly towards
the ground. The frequency of the transmitting pulse train is referred to as the pulse
repetition frequency (PRF) and its period gives the spatial sampling interval. When we
consider the location of the altimeter within a confined area of our concern, we can
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give the discrete coordinate of the echo at the jth track and ith location as

nj=roj + (i rg)nj,

(2.17)

where rQj is the origin of the jth track of the area of concern, nj is unit vector along the
direction of the jth track and r§ is the spatial sampling interval of the altimeter. The
echo decorrelation depends on the sampling interval.

2.2.2.1 Analytical discussion.

In general, the echoes are correlated in two ways. They are correlated due to
speckle-noise. For a physical interpretation of this: when the altimeter travels from one
sampling location to another with a change in the path difference of the sum of two
respective illuminated footprints less than 7t/(cûQ), i.e. the phase difference of a
between two echo envelopes

(see fig.2.1) is less than 180®, the echoes are

correlated. The echoes can also be correlated due to the surface correlation. For the ice
sheet, the surface is not densely-packed with irregularities, and a correlation exists
between the distance of a mountain and a valley. This surface correlation will give rise
to echo correlation (this will be discussed in chapter 3). In this section, we shall only
be concerned with the echo correlation due to speckle noise.
Echoes are decorrelated provided the following relationship is satisfied

<{Vc(x,r)exp(ja(x,r))}{Vc(x’,r')exp(-ja(x',r'))}>s

- ^CycYc*(x,Ar)>g=0

(2.18)

As discussed in 1.3, the altimeter echo has a long tail whose duration is many times
longer than the transmitted pulse, hence the voltage envelope, V^, is a function of time
and the sampling location r. The two-way path delay is chosen from the instant when
the centre of the pulse would be received from the altimeter after reflection from the
Earth's reference plane at range h, hence
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x=t-2h/c

(2.19)

The phase a is also a function of time and location. The transmitted pulse is modulated
by the carrier frequency, cOq*

(2.18), the symbol * denotes the conjugate. The

function <CvcVc*^s is the correlation of two complex echo voltage waveforms due to
speckle.
The echo correlation, C y c Y c * (i,A r), given by Berry(1973), is the
contribution of the speckle and surface correlation. The echo correlation depends upon
the surface correlation length (L) and also the vertical scale (<Jg). In order to exclude
the surface correlation, we shall consider the surface correlation length as having the
same scale as the wavelength of the transmitted carrier frequency, which is in the order
of 1 cm. The echo only consists of contributions from virtually independent scatterers
which are uncorrelated after 1cm. Hence, any echo correlation that exists after this
distance is mainly due to speckle.
We shall give-an example to demonstrate the speckle correlation between
echoes separated at distance lArl. The example given here will consider the scatterers to
be on a surface which has a vertical scale (Og) less the spatial pulse width (cXp). For
Gs<cXp, Berry (1973) gave the analytic solution of the echo correlation as

f

dx'Qz(x’)p2(t-x’)D(lArl,x’)

CvcVc*(’^’^'') ”

-----------------------------------

(2.20)

dx'Qz(x')p2(x-X')

Here, p(t) is the transmitted pulse envelope of approximate duration Xp

p(t)=(7ul/2xp)- lexp[-(t/Xp)2],

Qz(.) and D(.) are defined as
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(2.21 )

Qz(T:') = {cL2/(4Cs^)} {1 - exp[-

X

}

exp[ {-%'cL^/(4hGg^)}{1 - exp[- 40g^c0o^/c^]}]

and

(2.22)

D(IArl,x') = yo(2IArlcOoV(x7ch))

where J q is the Bessel function of order zero.

Walsh (1982) also established a theoretical relation from which the decorrelation
distance between two echoes can be roughly estimated. This relation is described as

d = 0.305(2itc/®o) {h/(cT) )

(2.23)

2.2.2.2 Examples.

We are interested in the minimum distance lArlj^jn of (2.20) for which the
echoes are decorrelated. In practice, uncorrelated speckled samples can only be
obtained if lArlmin ^ h- We present in fig.2.2 the echo correlation as a function of
lArl. The calculation is based on the ERS-1 satellite altimeter, where h=785km;
û)o/27t=13.8GHz; the spatial sampling interval rg=7m; Xp=12ns and the temporal
sampling interval T=Xp. The surface parameters used in the calculation of fig.2.2 are
L=lcm and Cg=lm. In this case, any correlation that exists between echoes IArl>lcm
is for which contributed by the speckle-noise. The curve drawn as a solid line is the
echo correlation at x=T in (2.20) which is the first arrival time of the echo (1st
temporal sample), and the curve drawn as a dotted line is the echo correlation of the
10th sample (x=10T) of the echo. The straight line indicates the spatial sampling
interval rg. It can be easily seen from the figure that the echo at a later arrival time
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decorrelates faster than the leading samples. We shall assume that the echoes are
decorrelated when the echo correlation has dropped below 6dB. The minimum
decorrelation distance, IArinin, of the 1st echo sample (x=T) is about 2m and the 10th
sample (x=10T) is less than Im. In general, the echoes are sampled at interval rg=7m,
as shown by the straight line in fig.2.2. For this interval, the speckle of the echoes is
decorrelated. The relation (2.23) described by Walsh (1982) is also used to calculate
the decorrelation distance. The results also show that the echoes are decorrelated with
a sampling interval of 7m.

0 .5

LU

- 0 .5

T he spatial d istan ce in m etre

Fig.2.2 Echo correlation due to speckle noise (2.20). The parameters used in the
calculation are L=lcm, Og=lm and Xp=T=12ns. The curve drawn as a solid
line is the echo correlation of the 1st temporal sample (x=T) between two
spatially separated echoes; and the curve drawn as a dotted line is the echo
correlation of the 10th temporal sample (x=10T).

We have also found that the echo correlation (2.20) is insensitive to Gg. This is
consistent with (2.23) described by Walsh(1982), whose decorrelation distance is
independent of the vertical scale G g.
The altimeter echo is recorded at a duration pre-determined by the length of the
range window and is sampled at interval amounts equal to the pulse duration, as
described in §1.3. According to the geometry of the interaction between the spherical
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pulse shell and the surface (see fig. 1.2), when the echo is sampled at the same interval
as the pulse duration, the instantaneous illuminated area that contributed to one
temporal sample of an echo is different from the area of other samples of the same
echo. By virtue of this, the temporal samples of an altimeter echo are uncorrelated.
The consequence of the spatial and temporal decorrelation of the speckled altimeter
echo results in the following relationship (Wingham et al. 1992)

'^^(*’ij» 10 ^(Hm’ln)^s ~

+

(1 - Sjiôjmôjo^) «j)(rij, t}ç)>s<(()(rin^,tn)>s

(2.24)

6jj is the Kroneker delta, rjj denotes the location of the ith sample on the jth track. The
notation tj^ and t^ denotes the kth and nth temporal sample of a altimeter echo
respectively.

2.2.3 Mean echo.
An altimeter echo is an integral over all the scatterers within the area of an
antenna footprint of the altimeter. Individual returned echoes are likely to look
different from each other because of the speckle noise, as described in §2.2.1. Hence,
the altimeter echo cannot be expressed in any analytic and deterministic form. For this
reason, the mean echo is usually considered for the purpose of understanding the
relation of the echo and the surface.

2.2.3.1 Brief review

The term "mean echo" is defined as the echo that would be received at a
particular location r in the absence of speckle-noise. From the altimetry point of view,
the mean echo can only be approximated by the average over many independent
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returns with the underlying assumption that each scatterer remains "virtually" fixed in
position in the return pulse during the averaging so that the roughness and topography
will not be averaged out. However, a slight change in position of the altimeter is
required to provide sufficient phase variation from pulse to pulse in order to obtain
independent samples. In fact, it is impossible to meet both assumptions, hence only an
approximation of the mean echo can be obtained. In §2.2.4, we shall describe how
this approximation can be acquired by the altimeter.
The analytical model of the mean echo gives us a very useful tool to
understand the relation of the echo and the surface parameters. This relation is
important in the altimeter measurement because the surface parameters are not directly
measured, instead they are derived from the echo. The mean echo was first described
by Moore and Williams (1957) based on a flat surface model. They derived the mean
echo as a convolution of the transmitted pulse p(t) and the average flat surface impulse
response Ppg(t) which includes the effects of the antenna pattern, ground properties
and the instantaneously illuminated pattern on the ground. Later, Berry (1973) derived
the complex voltage form of the mean echo based on Kirchhoffs diffraction theory
(Berry 1972). The integral of the mean echo was not restricted to any type of surface
because the surface height was a variable in the integrand. However, the radiation of
the pulse was assumed to be emitted isotropically, and the antenna pattern was
neglected. Because of this and the complex voltage form of the mean echo, his
description of mean echo is not appropriate for the pulse-limited altimeter model.
Brown (1977) further developed the mean echo model based on Moore and
Williams (1957). The modified model took into account the surface roughness with
the underlined assumption that the surface was homogeneously rough, like the ocean
surface. With this assumption, a function which described the distribution of this
surface could be added to the convolution of the mean echo and it became

<({)(t)>s=p(t)*q(t)*PFS(t)

(2.25)

where the new function q(t) is the surface height distribution in delay-time. For
describing the ocean mean echo. Brown (1977) further assumed that q(t) has a
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Gaussian distribution. With this assumption, together with the assumption that the
surface is homogeneously rough, he subsequently simplified the convolution of the
mean echo (2.25) and gave the analytic solution in (A.l).
Later, Wingham et al. (1992) derived the integral of the mean echo based on
Berry (1973). The power form of the mean echo is derived with further consideration
of the antenna pattern, the orbital error and surface slope. The general integral of the
mean echo is reviewed in the following section.

2.2.S.2 General integral.

Moore and Williams (1957) demonstrated that the mean power of the altimeter
echo at location r is the sum of the returned power from individual scatterers under the
illuminated area of an antenna footprint. We shall use this characteristic to describe the
general integral of the mean echo. Fig.2.3 illustrates the geometry of the pulse-limited
altimeter observation of a surface. The range between the altimeter and the Earth’s
ellipsoid is denoted by h and the altimeter is at the location r. We shall first consider
the mean power returned from a small facet AA at r with height f(r'), with a facet
containing M scatterers. We let t^j be the two-way path delay time of the return power
from the facet

at r'. Hence, by geometry, the arrival time of this facet is

td = 2 { ( h - f(r') )2 + I r - r' |2 ) 1/2 / c.

(2.26)

The square root in (2.26) is expanded by the Binomial theorem

{( h-f(r') )2 + lr-r'|2 ) 1/2 = h - 2f(r') + lr-r'|2/2h

(2.27)

We only take the first and the second terms of the expansion.The rest of them are
neglected in (2.27). There are two principal assumptions in this approximation. They
are

f(r’) « h, Ir-r'I^^^/h « 8
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(2.28)

In general, the satellite radar altimeter satisfies these two assumptions and we will
hardly commit any significant error in the approximation.

Satellite radar altim eter

origin

Fig.2.3 Geometry of the pulse-limited altimeter observation of a surface.

The ground surface is illuminated by an antenna beam which has an
illumination pattern g(r). This pattern is described as a Gaussian function

g(r)=exp[-(lrl/y)2/2].

C129)

The length y is the radius for which the intensity of illumination by the antenna beam
will drop to

We can roughly treat the length 2y as the finite horizontal resolution

of an altimeter instrument.
The basic transmission and reception equation for radar is given as (Skolnik
1970)

Pr= {PjGtGpa;^2F^2Fj.2}/{(4;c)3R4|
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C130)

The first term of (2.30) is the returned signal power, and the second term is the noise
power in the receiving system. The symbols are defined as follows:

Pi-

received signal power.

Pt

transmitted signal power.

Gt

transmitting-antenna power gain.

Gj-

receiving-antenna power gain,

a

radar target cross section.

X

transmitting carrier wavelength.

F|;

pattem-propagation factor for transmitting-antenna-to-target path.

Fj.

pattem-propagation factor for target-to-receiving-antenna path.

R

radar-to-target distance (range),

k

Boltzmann's constant.

Tg

receiving system noise temperature.

Bji

noise bandwidth of the receiver.

The satellite radar altimeter uses the same antenna for transmission and
reception, hence

Gj=Gj.=G, Fj=Fj.=F

(2.31)

An individual scatterer within the small area AA has the average cross section
Gm. The average scattering cross section per unit area over AA with M scatterers is
defined as

m=M

GO(Y)=ZGm/AA

(2.32)

m=l

From (2.26), (2.27) (2.29) and (2.30), we shallgive the return power from a
particular facet atlocation r' containing M scatterers as (weshall ignorethe noise
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power for the moment)

Pi-(r') = {^2F2}/{(4„)3R4}G2g(|r-r'l)p(t - (2h/c - 2f(r')/c + I r- r ’ |2/ch + Bf))

X

m=M
20mAA/AA
m=l

(2.33)

Substituting (2.32) into (2.33), we obtain

Pr(r') =
{ } / { (47t)3R^}G^g(lr-r'l)p(t - (2h/c - 2f(r')/c + I r- r' l^/ch + e^)) g ®(\)/)AA
(2.34)

The notation

denotes the uncertainty of the delay time. This uncertainty is to account

for the combined effects of the atmosphere, some instrumental effects, and, most
importantly, the orbital error introduced by the uncertainty in the satellite position.
It is natural to measure the arrival time of the echo not at the instant the pulse is
transmitted (t=0), but at the instant when the pulse would be received from the
reflection from-the reference plane (t=2h/c), hence the expression (2.19) will be used
here.
We shall assume that the scattering cross-section is independent of the angle of
incidence. This assumption may not be universally adequate for satellite altimeter
echoes, but it is a good one over the surface of principal concern to us, the ice sheet.
We take

G°(Y) = a®

(2.35)

The mean echo returned from the ground surface is simply the integral of all
facets (2.34) across the altimeter footprint. Hence, from (2.34) and (2.35), the mean
echo is

56

<({)(r,T)>g=G°^^F^/(47c)^ I I R‘^g(lr-rM)p(x - (I r r P/ch - 2f(r')/c + 6^ )) dA
(2.36)

The altimeter echoes are regularly sampled along the track. The notation rjj denotes the
echo recorded at the location r of ith sample and jth track. The area element dA can be
taken as dxdy or dr'. We shall include the noise term and rewriting (2.36), the general
integral of the altimeter echo becomes

<(j)(rij,x)>s=a°(ch7i:)-l

g(lr-r'l)p(x - (I r- r P/ch - 2f(r')/c + 6^^ )) d r' +
(2.37)

The echo is normalised such that when the surface is mirror-like, and an impulse is
transmitted with uniform antenna pattern (f=0, g=l, a °= l, p(t)=5(t)), the echo is

-

<(j)(r2j,x)>s = 1 + }Xn
= ^ln

where the term

1 —0

(2.38)

t< 0

is the normalised noise power which has the effect of shifting up “

the strength of the mean echo.

2.2.4 Telemetered echo.
For the ocean surface, the relation of the surface parameters and the mean echo
is well-defined, as expressed in A.I. However, in practice, the altimeter echo is
subject to speckle noise, which causes a departure of an individual echo from its mean
and this fluctuation amounts to its mean value (2.15). This scale of fluctuation causes
extreme difficulties in interpreting the surface parameters from an individual return. In
order to obtain a good approximation of the mean echo, the on-board controller of the
altimeter averages/integrates N individual echoes prior to telemetering the signal to the
ground station. As discussed in §2.2.2, the altimeter echoes satisfy the requirement of
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decorrelation, hence the variance of the average can be reduced by a factor of N.
The average over N individual echoes is also termed the telemetered echo 0.
The names altimeter echo and telemetered echo can easily cause confusion in our later
description. We shall, henceforth, describe a single return as an "individual altimeter
echo" and the average as the "telemetered echo". The term "altimeter echo" will refer to
the received signal of the altimeter in general.
We shall describe an individual altimeter echo

4)(rij, lyO

+£rij)'

(2.39)

The time origin is chosen as in (2.19). The notation tyo denotes the adjustment of the
time origin of an individual echo. The range and rapidity of variations in surface
elevation can be large, especially with a sloping surface. The on-board range tracker in
the altimeter is to maintain lock with the varying trend of the surface, such that the
echo is retained within the range window. As a consequence, the adjustment of the
time origin tyo is in accordance with the action of the range-tracket adapting to the
surface trend. In our analysis, we shall assume that the adjustment of the on-board
time origin tyo has a linear relationship with the slope of the surface

lyO“ 2s.ry / c.

(2.40)

With the assumption of the linear response of the tracker, our analysis will
become simplier. Another observation concerning this assumption is that the altimeter
controller correctly estimates the trend of the surface in the direction of the satellite
motion, and then the statistics of the echo along the track become spatially stationary.
The location of the satellite at the time of measurement is only known
approximately. The radial error in the satellite location cannot be ignored in the
altimetric measurement, especially in the ocean measurement, where this error
dominates. For the local region we consider, we shall assume the radial error is
constant along any satellite track and statistically independent from track to track,
hence
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6rij = 6j and <Ej,6j„> = <6j,><6j,,>

(2.41)

In general, the orbital error will be decorrelated after the satellite has moved along five
revolution periods (Mazzega & Houry 1989, Remy et al. 1989). When we consider
the ground tracks over a confined region, the travelling distance of the altimeter
separated between two ground tracks is usually longer than the decorrelation distance
of the orbital error. Thus the decorrelation of orbital error of different tracks is
approximately satisfied in practice.
The on-board filter is a convolution filter which can be written as a spatial
convolution of a rectangular filter and the individual echoes along the track. The
telemetered echo of the ith sample on the jth track of the kth time sample becomes

6(rij,tk) = ~ X

ti'jo + tk + 6j)

(2.42)

where

R(a)=l.................

-N /2<a< N /2,
(2.43)

R(a)=0..................

-N/2>a > N/2.

N is the number of echoes averaged on-board and R(a) is an on-board averaging filter.
For analytical convenience, we shall restrict the bandwidth of the on-board
filter by approximating it with a Gaussian function. We shall rewrite the telemetered
echo

6 (rij,k) = G(N') X

exp[ (i^)2 ] (|)(ri.j, t^jo + tk + ej),

i = -oo

where G(N') is a normalising constant of the Gaussian filter, defined such that
59

(2.44)

G(N’) X

exp[-(i'/N')2] =1,

(2.45)

hence

G(N’) = l/(jtl/2 N')

( N '» l).

(2.46)

The parameter N' should be chosen so that the variance-reduction-ratio
obtained by the Gaussian filter (2.44) is the same as that obtained by the on-board
filter of parameter N (2.42). We shall first give the variance of the average performed
by the Gaussian filter

i'= o o

%2

= 2 Go2(i’) <(|)(ri'j)<t)(ri'j)>5 - Go2(i')<$>g2

(2.47)

where G q is the Gaussian filter. It immediately follows
i'=os
OG^=o$^ Z

where

Go^(i')

(2.48)

is the variance of an individual echo, and the summation term in (2.48)

becomes

g 2(N)

% exp[-2(i'/N)2] = (2tcN'2)'^^^

(2.49)

Substituting (2.49) into (2,48) and comparing the results with (2.16), we obtain

N =N '/(2 Jc)l/2.
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(2.50)

The purpose of the on-board averaging is to obtain a good approximation to
the mean echo (2.37). Increasing N will reduce the speckle fluctuation, however it
also removes high spatial frequency components from the data, as shown in (2.44),
which is possibly a source of information loss. One should balance this loss with the
gain of suppressing the speckle noise. The effect of this parameter on the accuracy of
the measurement will be discussed in §4.5, §5.6 and §6.3.

2.2.5 Ensemble mean echo.

The normalised integral of the speckle-mean altimeter echo is described in
(2.37). This expression is independent of the type and statistics of the surface. The
ensemble of the altimeter echo is considered as the expectation of the mean echo (2.37)
over a large population of surfaces. From the altimeter point of view, the ensemble
echo will be obtained when N in (2.42) and (2.43) tends to infinity. The theoretical
discussion of the ensemble echo is given in §2.2.5.1 and its characteristic will be
observed in §2.2.5.2.

2.2.5.1 Theoretical discussion.

To obtain the ensemble mean from the echo expression (2.37), it is very
obvious that the surface statistics of f(r) and the statistics of the orbital error are
required. A Gaussian surface is assumed and its statistic is described in §2.1. What
we lack are the statistics of the orbital error which wiU be discussed now. The location
of the satellite at the time of measurement is only known approximately. With the
assumption that the orbital error in different tracks are uncorrelated (2.41), the
probability density function of an orbital error is described as

p(ej)=((27c)-l/2ao-l)"^exp[-ej2/(2ao^)]

where Gq is the standard deviation of an orbital error.
The characteristic function of the orbital error is given as
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(2.51)

<exp[-jcû£j]>o = exp[-(co^Go%].

(2.52)

and its joint characteristic function is

<exp[-jco£j + jcû’ej']>o = exp[ -(Go^/2)(co^ + co'2 - 2 ûxo') ]

(2.53)

The complex voltage form of the ensemble echo was described by Berry(1973). Later,
Wingham et al. (1992) derived a power form of the ensemble echo more suitable for
the altimeter model. The ensemble echo is the expectation of an echo which is a
random variable of three independent processes, the speckle, the topography, and the
orbital error. The mechanism of obtaining the expected value of each individual
random process wiU be reviewed here.
From the definition of the mean echo (2.37), antenna pattern (2.29),
approximation of the orbital error (2.41) and the assumption of the linear response of
the on-board tracker to the surface slope (2.40), the ensemble mean echo is described
as

- <«(()(rij, tj^ + tjjo + £j>s^o^t “

=^n + (chjt)'^

du exp[-(lrij-ul/y)2]

« p ( tk - Ej - 2s.rjj/c + 2f(u)/c - lrij-u|2/ch)>o>t
(2.54)

where o

denotes expectation, the subscripts "s", "o", "t" denote the random

processes of speckle noise, surface height variation and the orbital error respectively.
We shall rewrite (2.54) in the frequency domain by giving the transmitted pulse p(t) in
(2.21) in its spectral form

p(t) = (1/2tc) I dco exp[-(XpC0)2/4 +jcot].
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(2.55)

By substituting (2.55) into (2.54), the ensemble mean becomes

0 ( t ^ = |in + (27t^ch)'l j dco exp[j(a)x - 2s.rij/c) -co^x^/4] <exp[-jcoej]>o
(2.56)
X

du exp[-j%(co)lrij-u|2]<exp(j2cof(u)/c]>t

where

%(co) = o )/(c h )-j/f

(2.57)

Substituting (2.52) into <>q, (2.1) and (2.6) into <>i of (2.56), the ensemble is
simplified as

0 ( t k ) = M-n + (27t^ch)‘ l I

dco exp[j(cox - (co^(c7s% +

+

Ci^)/2]
(2.58)

X

j j dv exp[-j%(co)lv|2 + 2jcos.v/c]

We shall solve the last double integral of (2.58) by rewriting it into polar coordinates

f f dv(.) = (Jo dr exp[-jr^] fJ-nexp[j2colslrcos0/c]d0

J-ojJ.cc

(2.59)

The second integral inthe R.H.S of (2.59) is a standard integral as described in
Gradshteyn & Ryzhik (1980), eqn 8.411.1. We shall refer tothis

equation as

GR8.411.1. Substituting GR8.411.1 into (2.59) gives another standard integral with
solution given in GR6.631.4. After some algebra and with the addition of the noise
term, (2.58) becomes
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2
jlTCCh

dm ^

expüûMk] exp[- ^

^

..coy 2
+ CJ,^ ) +

]

(2.60)

From (2.60), we can see that the ensemble mean echo only depends on the
vertical scale of the surface

but not correlation length L. This is in agreement with

Berry (1973) where the ensemble voltage is derived. Wingham et al. (1992) proved
that the ensemble echo (2.60) is identical to the Brown's mean echo (A.l) where the
latter is based on the ocean surface. This is true because the statistic that describes the
surface topography over a large area can be used to describe the statistic over the
illuminated footprint of a homogeneously rough surface, like the ocean surface. For
this reason, the ocean's mean echo is identical to the ensemble mean echo.

2.2.5.2 Observation concerning the ensemble mean.

Approximately speaking, an altimeter echo is subject to two kinds of
distortion. The first distortion is due to the speckle noise which causes the noisy
features of the echo profile. The second distortion is due to surface topography which
gives rise to the irregular profile of the echoes. In this section, we shall observe the
ensemble-mean value of the altimeter echo (2.60)
The horizontal and vertical scales of the topographic undulations have effects
on the echo profile. However, when the echoes are averaged over a large surface, the
ensemble-mean of the echo is independent of the horizontal scale (L) but dependent on
the vertical scale (dg), as given in (2.60). We present in fig.2.4 the ensemble mean of
the altimeter echo with four different vertical scales of surface variation. Echo (a) is
from a flat surface. This has a very rapid rising edge, within one range bin, and the
trailing edge is due to the attenuation of the antenna pattern. As the standard height
deviation Gg increases from 5m to 20m, the echo leading edge gradually expands, and
also causes a decrease in the returned power, as shown in fig.2.4.
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Fig.2.4 The ensemble mean value of the altimeter echo (2.60). The figure is for a
temporal sampling interval of 12ns; range window of 63 bins; (a) is a flat
surface; (b) is a surface of 5m roughness; (c) is a surface of 10m; (d) is a
surface of 20m roughness.

When the surface has topographic features, the echoes from different locations
will not arrive at the same time, some arriving earlier or later than the others. When the
different arrival-times of echoes are averaged together, this gives rise to a slower
tailing off of the ensemble echo. The larger the vertical scale of height variation, the
longer the spread of the arrival-times of the echoes. In consequence, the ensemble
echo will be broadened as shown in fig.2.4.

2 .2 .6 S y n th e tic a ltim eter ech o g e n eratio n .

To investigate the feasibility of the multi-channel processing method, synthetic
altimeter echoes are used in the final simulation of the surface retrieval process. The
altimeter echo simulator was coded at the Mullard Space Science Laboratory (MSSL)
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by (Palmer et al. 1992) and validated by (Jackson et a/. 1992). A single waveform or
trains of waveforms returned from a user's defined surface at a given pulse interval
can be calculated. In this section, we shall briefly review the procedures for generating
the synthetic echoes in the waveform simulator and the procedures to validate the
echoes.
The mean echo is calculated in the simulator program. The calculation is based
on the Brown' integral (Brown 1977) describing the convolution of the three functions
of (2.25):

<|)(r,t) = I ' j ’ dA X2/(4ic)3 02(\)/)a0(\|/) s(t - 2R/c)

(2.61)

The geometry involved in (2.61) is shown in fig.2.3. The function G is the antenna
pattern derived by Brown(1977) and s(t) is the convolution of the transmitted pulse
p(t) and the local surface roughness q(t) (2.25).
To perform the numerical computation of the integral (2.61), the surface is
digitised by splitting it into a set of small cells, each of dimension lOOxlOOm. Each
cell has an associated elevation f(r), standard height deviation of small scale roughness
Gg,

and the scattering cross-section

G ® (\|/).

These attributes of each cell are defined by

the user in the input file. The integral of (2.61) becomes the summation of the returned
power of all the cells lying within the footprint. The antenna beamwidth is also defined
by the user. The cells are summed in a manner such that their returned powers are
binned into a number of range gates, with the number defined by the number of time
gates in the echo and with the resolution defined by the echo temporal interval T.
Under the assumption of a Gaussian distribution and homogeneously rough
surface. Brown (1977) has solved the integral (2.61) which gives the analytic solution
of the ocean echo in A.l. The procedure to validate the synthetic echoes is to compare
them with Brown's solution (A.l). We shall give two examples to confirm the validity
of the synthetic echoes generated by the simulator program (Details of the testing can
be found in Jackson et al. 1992) ).
We present in fig.2.5 the synthetic echoes and Brown's analytic echoes for
four different surface roughness. From the figure, it can be easily verified that both
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Fig.2.5 The comparison of Brown's echo (A.l) and the synthetic echo (2.61) returned
from a flat and rough surface. Brown's echoes are slightly above the synthetic
echoes, (a) is a flat surface; (b) is a surface of 5m roughness; (c) is a surface
of 10m roughness; (d) is a surface of 20m roughness.

echoes have the same shape. The difference between the synthetic and analytic echoes
is about 2% on average, which is small enough to be neglected.
The mispointing angle of the antenna, (p, in Brown's solution (A .l) is
equivalent to the surface having a slope of the same extent (p. As described in §1.4.1,
the upslope part of the surface is closer to the satellite than the downslope part. Hence,
the first return is from the shortest range of the upslope surface. In addition, the tail of
the returned echo for a sloping surface decays more slowly than that for a flat surface.
In fig.2.6, the synthetic echoes for four different surface slopes are compared with
Brown's echo for four mispointing angles. We can see that the synthetic echoes are in
good agreement with Brown's echoes and their differences are less than 2%.
In order to make our simulation of the surface retrieval process become more
realistic, speckle noise is added after the mean echo is calculated. The speckled echo
has an exponential distribution (2.14), hence the speckle noise can be obtained by
generating a random variable with an exponential distribution and with a mean equal to
the calculated echo. Generating this random variable is a standard procedure (e.g.
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Morgan 1984) and it is also available in many commercial software packages such as
The Nag Numerical library.

I 0 .9 8 7 -1

1 0 .9 7 9 8

0.0

0.0
0.0

2 5 7 .0

0.0

*

2 5 7 .C

No o f bins

No o f bins

0 .9 9 8 1

* 0 .9 9 3 2 -

0.0 -

0.0
0.0

2 5 7 .0

0 ,0

2 5 7 .0

No o f bins

No o f bins

Fig.2.6 The comparison of Brown's echo (A.l) and the synthetic echo (2.61) returned
from a smooth and sloping surface. Brown's echoes are slightly above the
synthetic echoes, (a) has a surface slope of 0.25°; (b) has a surface slope of
0.5°; (c) has a surface slope of 0.75°; (d) has a surface slope of 1.0°,

2 .2.7 E x a m p le s o f echo sam p les.

So far, we have described four different kinds of echoes - individual echo,
telemetered echo, mean echo and ensemble echo. Their differences are mainly caused
by two effects, which are the speckle noise and the surface topography. The ocean
echo is not subject to the topographic effect, hence the mean echo is unique, and the
surface parameters can be derived from the echo. For example, the mean height can be
obtained from the half power point of the echo. In contrast, the mean echo from
surface topography is irregular and the relation of the surface height and the echo is
very difficult to establish. We shall give examples to demonstrate the effect of the
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speckle-noise and the surface topography on the echo profile.
We present in fig.2.7 four kinds of echo that would be obtained from the
ocean surface and ice sheet topography. The ocean surface has the same vertical scale
as the surface topography, <jg=20m. The correlation length of the surface topography
is 5km. The ocean echoes are calculated from (A.l) where the speckle-noise is taken
into account (see §2.2.6). The mean echo over the surface topography is calculated
from the waveform simulation program where it is based on the general integral of the
mean echo (2.37). The diagrams shown in the L.H.S are the ocean echoes, whereas
the echoes on the R.H.S are calculated from the surface topography. From fig.2.7, it
can be seen that the speckle-noise of the individual echo is so high that we could
hardly find any resemblance between the individual and the mean echo. This is true
because the standard deviation of an individual echo is equal to its mean value (2.15).
This explains why an individual echo is of no practical use.
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Fig.2.7 Examples of four different echo returns from the ocean surface and the ice
sheet topography.
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To obtain a good approximate of the mean echo, the altimeter on-board
controller averages N individual echoes and gives the average, telemetered echo
(2.42). Individual echoes are uncorrelated, so that the variance of the telemetered echo
is reduced by a factor of N (2.16). In fig.2.7, N=50 is chosen, which is the number
that is currently used in the ERS-1 satellite altimeter. Although the telemetered echo
does not appear exactly the same as the mean echo, the general profile of the mean
echo has emerged on the telemetered echo, from which the mean profile and the
speckle noise can be distinguished.
In fig.2.7, the unique profile of the ocean's mean echo and the irregular profile
of the mean echo over the surface topography can be easily verified. The straight line
shown in the range window of the mean echo indicates the equivalent height of the
surface. The relation of the echo and the ocean surface is well-defined, and the half
power point of the echo represents the mean height. However, this is not the case
when the surface has topographic undulation, as shown fig.2.7. Without knowing the
real height of the surface topography, we could not accurately estimate the surface
height from this irregular echo.
The ensemble (2.60) is independent of the horizontal scale (L) of the surface,
hence the ensemble echo over the surface topography is the same as it is over the
ocean surface, as shown in the fig.2.7. The ocean's echo is unique so that the ocean
mean echo is same as the ensemble echo. In contrast, the mean echo over the surface
topography is different from the ensemble. Because of the irregular profile of the mean
echo, the relation of the echo and the surface height is unclear and difficult to
establish, which is the fundamental problem of altimeter measurement over ice sheet
topography.

2.3 Present techniques for measuring the ice sheet
topography.
Most of the previously-launched satellite radar altimeters were designed for use
over the open ocean where the surface is assumed to be uniformly planar and
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homogeneously rough over the altimeter antenna footprint. The altimeter on-board
tracker locates the centre of the range window at the half-power point of the leading
edge of the echo. The two way path delay-time of this centre is measured and is
telemetered to the ground. The range equivalent of this delay time is regarded as the
on-board range estimate.
Sometimes, the leading edge of a sequence of echoes changes rapidly in time
due to rough topography. The tracker may not be able to follow such a rapid change
accurately and, as a result, the leading edge of the echo will be displaced from the
tracking point of the range window. This inability of the range-tracker is known as
"tracker lag". In some circumstances, the return signal will be lost or beyond the scope
of the range window. This phenomenon is termed "loss of track". This usually
happens either when the topographic features of the surface are too rough for the
tracker to respond, or the leading edge of the echo is not detected
Although altimeters were designed for oceanographic purposes, they also
provided useful data for non-ocean surfaces such as the ice surface and sea ice.
However, the analysis and interpretation of the non-ocean data is more difficult due to
topographic effect (see fig.2.7) and tracker lag. However so long as the signal
waveform is retained in the range window, this lag can always be corrected and this
correction process is known as "retracking".

2.3.1 Review of the retracking techniques.
The aim of the retracking method is to correct the tracker lag by computing the
departure of a reference point on the echo waveform from the on-board tracking point.
However, as said in §1.4.2 and §2.2.7, when the echo is returned from the surface
topography, it has an irregular profile and the relation of the echo and the surface
height is unclear. To determine a reference point from this echo as the surface height at
the altimeter nadir point may not be possible. For convenience, the half power point of
the leading edge on the echo, which is the tracking point of the ocean echo, is
generally used as this reference point. Brooks et al. (1983) retracked this half power
point of the echo waveform to produce a topographic map of the Amery Ice shelf.
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Martin et al. (1983) introduced a more sophisticated re tracking technique, known as p
parameter retracking, which fits theoretical ocean models to the echo waveform by the
least square method. The search for the half-power point of the echo leading edge in
this way is less sensitive to speckle noise (Partington et at. 1987) and this least square
fit method was used by Zwally et at. (1983) to produce an elevation map of Southern
Greenland and the Antarctic marginal ice sheet
Later, Zwally et at. (1987) used P parameter retracking to produce a map of
the Fimbulisen and Amery Ice Shelves. In addition, the ice front (margin between seaice/ice shelf) was mapped using the technique introduced by Thomas et al. (1983).
This technique is to identify the ice front by using the characteristics of the altimeter
range measurement just before the altimeter loses track. The sea-ice has higher
reflectivity but lower elevation than the ice shelves. The altimeter tracker is usually
locked onto the sea-ice until the antenna-beam of the satellite altimeter has completely
passed over it. The abrupt change in return power and elevation cause the altimeter to
lose track. There will be a time delay for the altimeter acquisition circuitry to restore
the tracking system, and this gives rise to a measurement gap. Therefore, the location
where the altimeter just loses track is a good indicator of the ice front.
Partington et al. (1987) introduced a new re tracking point which is the firstreturn signal in the waveform. This method provides a spot elevation measurement
that is associated with the nearest surface to the satellite and is used to map the
grounding line (the boundary between grounded and floating ice) and crevassed zone
of the Amery Ice shelf (Partington et al. 1987).
Although different retracking techniques exist, they are generic - defining one
reference point on the echo waveform, retracking this point and regarding it as the
surface height at the nadir. However, these methods were introduced without any
theoretical virtue and any rigorous analyses or validation, hence the accuracy of the
retracked surface is difficult to estimate. In this study, the P parameter retracking
method introduced by Martin et al. (1983), which is believed to be the most
sophisticated method and the most popular one, is selected to compare with the new
multi-channel processing method. The p parameter retracking is reviewed in §2.3.2.
Mazzega and Houry (1989) use least-square or optimal estimation to invert
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altimeter ocean data to obtain the Mediterranean and the Black Sea mean surfaces,
Remy et al. (1989) used the same technique to invert the retracked heights obtained
from ice echoes for improving the accuracy of ice surface measurement. These
procedures will also be implemented in our simulation of the surface retrieval process,
as shown in chapter 5. The procedure for inverting the retracked height data are
described in §2.3.3.

2.3.2 p-parameter retracking technique.

The P-parameter retracking method was developed by the Goddard Space
Flight Centre (Martin gr a/. 1983). Subsequently, this method was frequently used to
measure ice surfaces. This technique fits a theoretical model to the echo waveform by
the least square method from which the half-power point of the echo leading edge is
determined. Finding the echo point in this way is believed to have less sensitivity to
the speckle noise (Partington et at. 1987). However, an ocean-like characteristic of
the surface is assumed in this approach. As discussed in §2.2.7 and shown in fig.2.7,
the ocean echo and the ice echo are very different in nature, hence it is obvious that the
retracking method is not designed to deal with the problem that is caused by the
surface topography, but to correct the tracker lag.
Two echo models are introduced by Martin et at. (1983) but they are basically
similar to the theoretical model of the ocean echo described by Brown (1977). The
first model is a simple ocean echo model which has a clearly-defined leading edge and
a slowly decaying trailing edge as shown in fig.2.8a. This model is defined by a 5parameter function

n = Pi -h p2(l + p5 0 )P(t - P3/P4)

(2.62)

where Q=0 for t<Pg + O.5P4 or Q = 1 for t > P3 + 0.5 P4 and

P(z) =£(l/V(2jc))exp(-q2/2)dq.
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(2.63)

Here, P4 is the risetime parameter and P5 is the slope of the trailing edge.
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Fig.2.8 Echo models for the P parameter retracking; (a) is the 5-parameter model for a
simple ocean-like return which has a single ramp in the waveform; (b) is the
9-parameter model for a double-ramp waveform.

The second model is the sum of two ocean echo models with the 1st arrival
time being different, which gives the double-ramp feature of the second echo model,
as shown in fig.2.8b. Two ramps of the echo model indicate two distinct reflecting
surfaces that are observed simultaneously by the altimeter but horizontally displaced
from each other. The double-ramp echo is defined by a 9-parameter function

n = Pi + p2P(t - p3/p4)(l 4- p 9 Q (X i)) -H p5?(t - p 6 /p 7)(l + PgQ (X 2))

(2.64)

where X%=t - pg - 0.5p4, X2=t - p6 - 0.5p7, Q(x)=0 for X<0 or Q=1 for X>0, and
P(z) is defined (2.63).

Here, P4 and P7 are risetime parameters for the first ramp and second ramp
respectively. The parameter P9 is the slope after the 1st ramp and pg is the slope after
the second ramp.
Retracking the double-ramp waveform is identical to the single ramp case,
except that the offsets of both ramps from the on-board range estimate are calculated.
The on-board range estimate will then be corrected by these two offsets separately.
This gives two resulting ranges which represent two independent ranges from two
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reflecting surfaces. However, there is some ambiguity in determining which of the
two ranges corresponds to the altimetric range at the nadir point.
As a practical matter, fitting the echo model functions, Q in (2.62) and (2.64),
to the telemetered echoes, 0, is a non-linear least squares problem or optimization,

N
minimise F(p) = X [0(tk) - H(p, t^ ]^
P

(2.65)

k=l

There is a wide spectrum of methods for unconstrained and constrained optimisations
of p in (2.65). Two standard optimisation methods are selected from the Nag
numerical library (Mark 14, 1990) for each echo model. The first and second
derivatives of the echo model (2.62) can be obtained analytically and cheaply. Hence,
a comprehensive modified Gauss-Newton algorithm (Gill 1978) is used for searching
for an unconstrained minimum of F(P) for the single-ramp echo model (2.62). This
method requires first and second derivatives of

in (2.62).

For the double-ramp echo model (2.64), sometimes the minimum of F(p) in
(2.65) occurs when the retracking parameters, P% and P5, are beyond the echo
duration. For this reason, constrained optimisation is required to restrict the upper and
the lower limits of the P parameters during the search for the minimum. For the
constrained optimisation. Sequential Quadratic Programming (SQP) method is used
and the first derivative of the echo function (2.64) is required. The comprehensive
modified Gauss-Newton and the SQP methods are provided by many commercial
softwares. In chapter 5, Nag Fortran Library (Markl4, 1990, Routine E04HEF and
E04UPF) is used for the optimisation in (2.65).

2.3.3 Inversion of retracked height data.
Remy et al. (1989) introduced a "three-step inversion" technique which
attempted to reduce the retracking error due to the dynamic surface topography (see
§1.4.2), slope-induced error (see §1.4.1) and orbital error. Firstly, the mean large75

scale reference surface is estimated by fitting the retracked heights to a polynomial
which describes the steady state of the ice sheet that is frozen to a flat bed and is also
perfectly plastic (Paterson 1981). The residue height data are then calculated by
subtracting the retracked heights by the reference surface. In the second step, the leastsquares or optimal estimation of the dynamic surface topography from the residual
height data is performed. This stage is to resolve the instrumental error (retracking
error) and orbital error in order to improve the measurement of the ice sheet
topography. In the final step, the slope error is iteratively corrected; this iteration
process is incorporated with the least-square estimation of the second step.
In this section, we shall describe the second step introduced by Remy et
a/(1989). This step is to resolve the retracking error and the orbital error in order to
improve the measurement of the dynamic surface topography. This step will be used
in our simulation of the retrieval process of surface topography for reducing the
retracking error.
When the dynamic surface topography undulates about the zero-mean surface,
the retracked height data f^ taken at any location r(x,y) is approximated by the
following relation (Remy et a i 1989)

f(j)(**) = fr(r) + Gr(r) + CorbC**)

(2.66)

where fr(r) is the representation of the dynamic surface topography, e^ is the
retracking error and eçrb is the radial component of the orbital error.
Remy et al. (1989) assumed that the retracking error and orbital error are
statistical independent from the surface topography and from each other. Based upon
the least-square criterion (Tarantola 1982), the linear optimal estimation of the surface
topography fj-(r) from the retracked heights f^j, is given by (Mazzega and Houry 1988,
et at. 1989)
M
fr'(r)=2oj(r)[f^(rj)]
j= l
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(2.67)

where M is the number of data, and the coefficients a are defined by
M
aj(r) = X Cff(r,ri) [S'l]ij

(2.68)

i=l
Cff is the a priori covariance function of the surface topography which is defined as
(Remy gr a/. 1989)

Cff(Ar) = Gg^expC-Ar^/L^)

(2.69)

where G§ is the surface height standard deviation and L is the surface correlation
length. The matrix S in (2.68) is given as

Sy = Cff(ri,rj) + Cer(ri,rj) + Corb(n.rj)

(2.70)

where Cgp and Corb ^re the a priori covariance functions of the re tracking error and
orbital error respectively. The a priori covariance function Corb is given as (Remy et
a i 1989)

^orb(^*') ~ ^orb^®s(27iAr/Rj-gY)exp(-Ar^/ÔRj-çY^)

(2.71)

where cJorb is the orbit error variance, and Rfev is the distance of the satellite
travelling for one revolution. The parameter ôR^çy is the decorrelation distance which
is about 5 revolution periods. The retracking error is described as a white noise of
50cm RMS which gives the a priori covariance function as a Dirac-delta function of
amplitude 0.25m

Cer(r+Ar) = 0.255(Ar)

(2.72)

The retracking technique for measuring ice surfaces is not based on any theoretical
model, hence the analysis of the retracking error becomes very difficult. For this
77

reason, Remy et a i (1989) use a simple model (2.72) to describe the statistics of the
retracking error, which we find not very appropriate. However, there isn't any better
one described elsewhere.

2.4 Chapter summary.
The surfaces that we use in our study are Gaussian. These surfaces are
described by two parameters, Gg and L, which indicate the vertical and horizontal scale
of surface variation respectively. The advantages of using the Gaussian surface model
is that it allows us to study the effect of these scales on the altimetric measurement.
The statistics of the Gaussian surface and the procedures for generating the Gaussian
surface are described in this chapter.
In this chapter, four kinds of echoes are described. Individual echoes have a
large speckle fluctuation with a standard deviation equal to the mean value. Because of
this scale of fluctuation, an individual echo has hardly any practical use. The mean
echo is an analytic and deterministic echo which is speckle-noise free and is used in
many theoretical discussions. Without the speckle-noise, the relation of the mean echo
and the surface characteristics can be easily studied. The telemetered echo is an
approximation to the mean echo which can be obtained from the altimeter. Most
satellite-radar altimeter data satisfy the requirement of echo decorrelation. Therefore,
when N individual echoes are averaged on-board, the variance of the telemetered echo
is reduced by a factor of N. For N=50, the telemetered echo was shown to have a
great resemblance to the mean echo.
The ensemble-mean echo is the average of many echoes over a large
population of surfaces. The ensemble echo is affected by the vertical scale of surface
variation. When the vertical scale increases, the echo leading edge expands. When the
surface is homogeneously rough, the ensemble-echo is the same as the mean echo.
Hence, the ocean echo is unique and the relation of the echo and the surface
parameters is well-defined. In contrast, for ice sheet topography, the ensemble echo is
different from the mean echo. This explains why the mean echo from the surface
topography is non-unique.
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In our simulation of the surface retrieval process, synthetic echoes are used
because the accuracy of the measurement can be easily obtained. The procedures for
generating the synthetic echoes are described and they are compared with Brown's
echo.
The altimetric range is first estimated by the on-board range tracker and the on
board range estimate will be further refined on ground. The refining process is called
the retracking technique. There are a few existing retracking methods, and the 13parameter retracking is believed to be the most sophisticated and popular one, hence it
is selected here for the comparison with the new multi-channel processing method
described in chapter 3. The procedures for inverting retracked height data for
improving the accuracy of the measurement is also described.
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Chapter 3
Multi-channel processing
3.1 Introduction.
In general, the retracking technique for measuring the ice sheet topography is
designed to search the half-power point of the leading edge of the echo, and this point
generally is treated as the surface height at the altimeter nadir point. This approach
stemmed from the measurement of the ocean surface, where the mean height at the
nadir is derived from the half power point of the echo's leading edge. As discussed in
§2.2 and demonstrated in fig.2.7, the echo returned from the ocean surface is unique,
which is different from the echo returned from surface topography, where the echo is
irregular and the relation of the surface height and the echo is unclear. Thus, the
retracking technique is a convenient, but imperfect tool for measuring the elevation of
the ice sheet topography.
Since retracking determines the half-power point of the echo, only the leading
edge of the echo is used. The remainder of the waveform, which is normally the
greater part, is not utilised. For the satellite-radar altimeter, the antenna footprint
(about 25km in diameter) is far larger than the spatial sampling interval of the altimeter
echo (about 7m), hence one area of the surface will be observed by the altimeter at
many different locations. Echoes that have regions in common within their respective
illuminated areas will, in consequence, be correlated. However, this correlation has
not been used hitherto.
The objective of this study is to investigate the feasibility of improving the
accuracy of the measurement of the surface topography by deciphering the entire
waveform of the echo and exploiting the correlations existing between neighbouring
echoes.
In this chapter, the theoretical framework of the method which is used to
exploit the echo correlations for improving the measurement is described. The
approach in this method is based upon linear optimal estimation or least mean square
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error estimate (Papoulis 1991) with a simple starting point

iNIN^N
" ^(^k)]

(3-1)

ijk

where f (r) is the best linear estimate of f(r), A are the coefficients to be determined
which will give the least mean square error to the height estimate, 0 is the telemetered
echo (2.42) and d>(tk) is the ensemble mean echo (2.60).
The linear optimal estimation of (3.1) gives us freedom in the selection of the
data - the size (iNON)’ duration of the waveform (kjq) and locations of the echoes
(rij) are not analytically restricted. In addition, they can be chosen in any size that suits
the available computer resources of individual user. The linear optimal estimation uses
more than one echo to estimate the surface height at one location, so we shall call this
estimation the "multi-channel processing" method. Any method which measures the
surface height from the leading edge of a single echo will be, henceforth, described as
retracking.

3.2 Multi-channel processing overview.
As discussed in §1.4, the finite horizontal resolution of the altimeter instrument
(antenna footprint), and the topographic features of the surface, limit the accuracy and
the horizontal spatial resolution of the surface recovered by the on-board height
estimate and the retracking methods. However, the finite horizontal resolution of the
instrument has another consequence. In general, the spatial sampling interval of the
altimeter echo is far less than the antenna footprint. Echoes that have regions in
common within their respective illuminated areas will, in consequence, be correlated.
These correlations will be greater or lesser according to the horizontal and vertical
scale of the topography within the common region. In this section, we shall introduce
the multi-channel processing method, in which the correlations between the adjacent
echoes and between the entire echo waveforms are exploited, to improve the accuracy
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of the measurement of the surface topography. Detailed theories of this method will be
described in §3.3.
It is important to distinguish between the multi-channel processing method
(3.1) and the estimation (2.67) used by Remy et û/.(1989). The method used by
Remy et û/.(1989) described in (2.67) estimates the surface height f(r) from a set of
retracked heights f(|) obtained from the retracking method (2.62) and (2.64). The
surface information contained in the echo waveforms and the neighbouring echoes are
not utilised in the Remy's method.
The idea of multi-channel processing was first suggested by Wingham (1991).
Subsequently, a preliminary framework of the linear optimal estimation described in
(3.1) was established (Wingham et al. 1992). The estimator A in (3.1) is determined,
from which the best linear estimate of the surface height will be obtained. We shall
describe the method in (3.1) as the best linear estimation. In §3.3, we shall see that the
multi-channel processing method implemented by the best linear estimation has a
practical limitation which may limit the amount of echoes used in the estimation (3.1)
of single track data. A bias may be introduced in the estimate due to the surface
topography in the direction that data is not included in the estimation.
Wingham et al. (1992) also suggested a method from which the surface
topography in two dimensions can be taken into account with reduced computer
resources. The surface height estimate (3.1) is separated into two separable estimaties.
Each separable estimation only requires one track of echoes in one direction and
resolves the topographic undulations in that direction. Optimal linear estimation is also
used for each separable estimation but the calculation of each separable estimator
demands far less computer resources than the calculation of the best Linear estimator of
two dimensions described in (3.1). The separable estimation of the multi-channel
processing method will be described in §3.4.
Multi-channel processing was proposed by Wingham et al. (1992). However,
the theoretical framework of this method was not well established, confirmed and
practically implemented. The objective of this study is to further establish, test and
confirm the theoretical framework of the multi-channel processing method and to
refine it to a more practical development. Afterwards, the framework will be
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implemented and analysed. This is the first time an investigation of the feasibility of
multi-channel processing for the recovery of the ice surface topography has been
carried out.
As we shall see in §3.3 and §3.4, the estimator in the best linear estimation in
(3.1) and the separable estimation are the solution of two a priori covariance
functions. The calculations of these a priori covariances are tasks of considerable
analytic complexity. In order to enhance the readability of this chapter, we shall avoid
giving detailed proofs of these covariance functions, but they can be found in the
appendices.

3.3 The best linear estimation of multi-channel
processing.
The starting point for the best linear estimation is described in (3.1). Instead of
estimating the surface height f(r) which is the superimposition of the dynamic surface
topography fj-(r) and the large-scale geometry of the ice sheet s.r (2.1), we would like
to estimate the dynamic topography fp(r), and the slope term s.r will be added after
the estimate. As is well-known (e.g. Papoulis 1991), the best linear estimator A(r)ÿij(3.1) is obtained by finding the weights that are the solution to an equation whose
knowns are the echo autocovariance C qq and echo-surface cross-covariance
Their relations are given as

^fi-0(*’’**lm4n) - S ■'^(**)ijk ^00(*'ij4k’ Hm^n)

(3.2)

ijk

The estimator A(r)yj. is best in the sense that it is determined so as to minimise
the mean square error

Û(r)2 = {fr'(r)-fr(r)}2

(3.3)

where fr'(r) is the height estimate of the surface topography. We shall rewrite the form
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of (3.2) and give the solution of the estimator in a matrix form

''^(*')lmn -

{Cfj.0 (r,rij,tk)}

j^nn

(3.4)

ijk

where

^ijk,lmn

^00(nj4k» *’lm4n)

(3.5)

In practice, the real surface is not known a priori, hence the accuracy of the
measurement is unclear. One of the advantages of the optimal estimation (3.1) is that
the error obtained from the estimate can be calculated analytically. Hence, the bias of
the measurement obtained from (3.1) can be investigated without knowing the details
of the real surface. The least RMS error or a posteriori error of the height estimate
from the optimal estimation (3.1) (Papoulis 1991) is given as

0(r)=V (O ;2. ^ A(r)ijk C f^ (r,rij,t0 )

(3.6)

ijk

where Gg is the surface height standard deviation. The range of the mean square error
is

0 < Û(r)2 <

(3.7)

The first term on the RHS of (3.6) represents our a priori knowledge about the
surface and the second term represents the improvement on this knowledge provided
by the echo observations. When Û (r)^ is zero, it indicates that the estimation is
perfect. In contrast, when Û(r)^ is equal to Gg^, it implies that the estimation in (3.1)
will not give us a better height estimate than we may simply estimate from our a
priori knowledge.
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3.3.1 The a p rio ri covariance function of telemetered echoes.
The solution of the best linear estimator of the surface topography (3.4) is
made up of two a priori covariances Cqq and

In this section, the analytic

solution of C00 given by Wingham et al. (1992) is described. The covariance
will be derived in §3.3.2.
The auto-covariance of the telemetered echoes is defined as

^00(**ij4k» Hm^n) —

^( Hm^nl ^s^o^t " ^(lk)^(%)»

(3.8)

where 6(rjj,t0 is the telemetered echo of the kth temporal sample at the location of ith
individual echo on the jth satellite track and 0 is the altimeter ensemble mean echo
(2.60).
The echo covariance function Cgg(rij,tk, Hm’^n) given by Wingham et al.
(1992) is correct. Here, we shall briefly review the mechanism of how this covariance
is derived.
Substituting (2.44) into (3.8), the covariance of the telemetered echoes can be
written as

1=

X < « (K ri'j,

-o o

1=

-oo

ti'jo +tk +ej)

ti"mo +% + W >s>o>t - ^(tk)<t>(%)

(3 9)

which is

G(N')^ Z

Z

exp[-{(i-i’)/N’}2]exp[-{(l-i")/N'}2] C(j)(j)(ri'j,tk,ri"m,tn)
(3.10)
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where

is the autocovariance of individual echoes. Beny (1973) has found that the

direct calculation of the power form of the echo covariance C(j)(|) would be impossibly
complicated. However, in practice, this problem can be avoided because the speckle is
spatially and temporally decorrelated, as discussed in §2.2.2 and demonstrated in
fig.2.2. With the relationship (2.24), the individual echo covariance becomes

^(j)(f)(*’ij4k’nm4n) ~ ^il^jm^kn'^'^‘^^^(nj4k)^s^o^t

( l - ô i l ô j m ô k n ) ‘^ ^ ^ ^ ( * * i j 4 k ) ^ s ^ ^ ( * * l m 4 n ) ^ s ^ o ^ t "

^ ( tk ) ^ ( V

(3.11)

We shall make use of the statistical characteristics of the speckle in (2.15) and rewrite
(3.11) as

^(f)(|)(nj4k’nm4n) ~

^il^jm^kn^^<(j)>g<((»g(Hj4k’ Hj^k) + ^^(lk) )

^<(j)>g<(|)>g(**ij’*’lm4k4n)*

(3.12)

From (3.12), instead of calculating C(|)(|) directly, the mean echo covariance
C<(l)>g<(j)>g is calculated. This function is expressed as

C<(])>g<())>g(**ij’nm4k4n) =

«(j)(rij, tjjo +tk +£j)>s'^Knm’ llmO "^^n "^^m) ^s^o^t “ ^ (W ^ (ln )
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(3.13)

The speckle mean echo «!»§ is described in (2.37), the 1st and 2nd order statistics of
the orbital error and the surface are available, hence the solution of C<([)>^<(|)>^ is
analytically possible. However, it is still a task of considerable analytic complexity.
The solution of this function is given by Wingham et al. (1992) and it will not be
discussed here. Substituting (3.12) into (3.10), we obtain

cee(n j.tk . rim .W =

exp[-((i-i')/N')2] exp[-((l-i')/N')2]

5il§jmSknG2(N') ^
i'

+ g2(N') £
i'

exp[-((i-i')/N')2] £

exp[-((l-i")/N')2] C<$> 5< ,|,> j(ri.j,r„^,tk,tn)

i"

(3.14)

The telemetered echo autocovariance (3.14) is written in terms of the speckled-mean
individual echo autocovariance C<(j)>^<(j)>^. When we substitute the analytic solution
of C<(j)>^<(|)>^ from (Wingham et al. 1992) into (3.14), after some algebra, Cqq can
be simplified as

^80(^ij4k' nm4n) “

5j„5b,(2;cN'2)-i/2o\tk ) exp[-2( j^ ) 2] + (27tch)-2

dco expljcotk-jco'tn - (0)^4-C0'^)(Tp% +Go^ + CJt^ )/2 ]{ x * (œ ’)x(cû )}-i

M
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ex
c2x(co)x (CO’)

] {Sjn,(exp[(00)'go^] -l){l+Sk„(2jcN'2)-i«exp[-2(^)2] )
^
N

+ {1 + 5jm(exp[C0C0'(Jo^] -1) } {Q(CO,CO',N',rij-rim) + 5jm5knQ(CO,CO',0,0)(27CN'2)-l/2

exp[-2(^)2] ) }

(3.15)

Here, %(co) is defined in (2.57) and %*(co) is its conjugate. The function Q(.) in (3.15)
is defined as

Q(cû,Cû',N',R) =

(cûcû'a^)7 (n!n) w-i/2((o,co',n/L^)
n=l

X

exp[-(a(co,0)',n/L^) I b(R,co,co') 1^

+ 4(N'/2)^( I b(R,co,co')

a

xj 1^ + I b(R,co,co’)

a

Xm P ))/ w(co,co',n/L^)]
(3.16)

where

xj = r§ nj,

(3.17)

r§ is the spatial sampling interval and nj is a unit vector in the direction of the jth track.
The function of b(.) in (3.16) is the vector function

b(R,co,co') = (R + s(x*(co')co - %(co)co')/(%(co)x*(co'))),

(3 .1 8 )

a(Cû,Cû',x) in (3.16) is the function described as

a(co,co’,x) = {1 +jx(x(co) - X*(co'))/(x((o)x*(co')*)}/x,

88

(3.19)

and w(cû, co’, N) in (3.16) is defined as

w(co,co',x)=a2(co,co',x) + 4a(co,co',x)(N'/2)2(| xj P + I

1^) +16(N'/2)^(lxj^Xml^)
(3.20)

and we take wl/2(co,co',x) in (3.16) to have a positive real part. The notation x^y
denotes the cross product of two vectors x and y. The notation lal denotes the dot
product V(a.a). An asymptotic expansion of (3.16) is essential for its numerical
computation, as we cannot compute the series without imposing any constraints or
making any approximations. For large, positive values of coco'at^, Q(o),co',N,R) has
the asymptotic form

Q(co,co',N',R) ~ L^exp[coco'o^](coco'aJ)‘^ w-i/2(co,co',coco'at^)

X

exp[-(a(co,co',coco'at^) lb(R,co,co')l^

+ 4(N'/2)2( I b(R,co,co') A Xj

+ I b(R,co,co’)

a

x^ 1^ ) ) / w(co,co',coco'Ot^)]
(3.21)

The variance of the telemetered altimeter echo cjQs o

over the ensemble mean

echo, 0 (2.60), is defined as

^0s,o,t^ “ ^OOCnjdk» Hmdn) |

j=m, k=n

(3.22)

We have found that the covariance function given in its spectral form in (3.15)
is the most suitable form for numerical computation. We cannot draw much physical
insight from (3.15) as to its importance to the improvement of the measurement.
However, there is one observation about (3.15) worth noting here. As a consequence
of the along-track summation, the function Q(-) (3.16) is sensitive to the relative
direction of the satellite track and the gradient of the linear trend. This implies that the
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accuracy of the measurement will depend on whether the altimeter is moving across
the trend or along it. In §4.2, this observation will be further confirmed numerically.

3.3.2 The a p r io r i cross-covariance function of surface and
telemetered echo.
The a priori covariance Cf^.0 given in Wingham et al. (1992) was also tested.
However, it is given in the form of a convolution between two functions and we
found that the calculation demanded considerable computer resources. Hence, we shaU
rederive this function in a more suitable form for numerical computation. The surface
echo cross-covariance function is defined as

Cf].8(r,rij,k) =

G ( N ' ) X exp[-{(i-i')/N')2]

X

< «f].(r) (j)(ri'j, tj'jo +tk +ej) >s>o>t

(3.23)

In (3.23), we have used (2.44) to approximate the telemetered echo 0. We
shall first solve the speckle-mean process <.>§ by substituting (2.37) into (3.23) and
replace the adjustment of on-board time origin tijo with (2.40); the orbital error
assumption (2.41) is also applied. Then

Cfr6(r,rij,tk) =

G(N') £

exp[-{(i-i’)/N')2](chJt)-l|T<lug(lri'j-ul)

<<fr(r) p(tk - Gj - 2s.rj'j/c + 2f(u)/c - (lrpj-ul)2/(ch)) >o>t
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(3.24)

The negative sign given to the slope term of the time origin adjustment, tpjQ, indicates
that the echo shifts in the opposite direction to the up slope or downslope surface
during the averaging. The transmitted pulse p(t) is defined in (2.21) and we shall
rewrite it in a spectral form

p(t)=l/(27t)| exp[-(XpC0)^/4] exp(jcot] dco

(3.25)

We have also made use of the time-shifting property of the Fourier transform

p(t-to) = l/(27t)| P(co)e"j^^o expljcot] dco

(3.26)

We shall substitute (3.25) into (3.24) and make use of the property (3.26). We shall
also replace the surface height f(u) in (3.24) with (2.1) and the antenna pattern with
(2.29). The surface-echo covariance becomes

Cfj6(r,rij,tk)=

(2ch3t2)-lG(N') 2

X

X

exp[-{(i-i')/N’}2]j2dcoexp[jcotk-co2(Xp2/4)]

I I du exp[-jx(co)lrj'j-u|2 + j2cos.(rj'j - u)/c ]

<exp[-jcoej]>o<fr(r)expljco2fr(u)/c>t

(3.27)

From (2.52) and (2.8), we can simplify <.>q and <.>t in (3.27) respectively, and it
becomes
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Cfr6(r,rij,tk) -

= cat2(2ch;c2)-lG(N’) ^

exp[-{(i-i')/N'}2]

f dû) jco expijcoti; - co2(Tp2/2 +

+ap)/2]

I I du exp[-jx(co)lri'j-u|2 - j2cos.(r;.j - u)/c ] C(lr-ul)

(3.28)

The correlation coefficient C(.) is defined in (2.5) and we shall substitute it into
(3.28). We shall also make the variable change v=r-u and dv=-du. After some
algebra, (3.28) becomes

Cfi.0(r,rij,tk) =

cat2/2(2ch7c2)-lG(N') ^

X

X

X

exp[-{(i-i’)/N'}^]

I dco jco exp[jcot]j; - co^(ip% +

+0^ ) 12]

exp[-2Jcos.(ri'j-r)/c] exp[-j%(co)

expIjlv|2(j/L2 - %(co)) + 2jv.(%(co)(r-rpj) - cos/c)]

(3.29)

We have encountered the v integral (3.29) when we solved the ensemble average of
the echo. We shall follow the same procedure as described in (2.58) and (2.59) and
establish the following relation
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I I du exp[j(alu|2 - u.z)] = (jji/a) exp[-jlzl^/4a]

(3.30)

The v-integral in (3.29) can be simplified by the relation of (3.30), and is given as

Qi-9(r,rij,tk) =

X

X

X

%
i=

X

-cat2/2(2ch7i2)-lG(N')

I dco jco expljcot^ - co^(Xp^/2 +

+0 ^) 12]

(1/L2 + Jx(co))-l exp[-(co|sl/c)2/(l/L2 +JL^x(co))]

exp[-{(i-i’)/N'}2] exp[{-2jcos.(rpj-r)/c - j%(co) lr-rpj|2}/(l + jL^%(co))]
(3.31)

The summation term in (3.31) is simplified in Appendix B. After some algebra
shown in Appendix B, the analytic solution of the surface-echo cross-covariance is
given as

Cfj-0(**Tij4k) =

JL^c(Gt^/4)(ch)-^ I

dco jco exp[jcotk - co^(ip%

+

(5?)I2 ]%(co)'^exp[j(colsl/c)^(co)-^]

i

X

7c(Ay)-l/2{Ax - (N'2XxjXyj)2/(16Ay)}-l/2

exp[ -(By^/(4Ay)
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+{jB^ - jByN'^X^jXyj/(4Ay))^/{4A^ - (N % jX yj)^/(4A y)}]

(332)

where X^j and Xyj is defined as

fsDj - iX^j + jXyj

(3.33)

A x = (N'Xxj/2)2-ja2((0),

(3.34)

Ay = (N'Xyj/2)2 - ja2(co)

(3.35)

and

The function a2(cû) and B in (3.32) are defined as

a2(co)={ l+jL^%(co)}/(4%(co))

(3.36)

B=cûs/(cx(cû)) + r-rjj.

(3.37)

and

The given forms of the a priori covariance functions (3.15) and (3.32) are in
their spectral forms, from which they are suitable for approximation by the discrete
Fourier transform, and as such are the forms we have found most suitable for
numerical computation.

3.3.3 Examples of the a p riori covariance functions.
The horizontal scale of the surface topography affects the profile of an
individual echo but not the ensemble-mean echo. This implies that this scale will have
an effect on the variance of the altimeter echo. We present in fig.3.1 the variance of the
altimeter echo with four different surface correlation lengths L. Curve (a) to curve (d)
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Fig.3.1 The variance of the altimeter echo. The curves (a)-(d) are the variances of the
echo caused by the topographic features of the surface in the absence of the
speckle noise fluctuation. The curve (e) is the variance of the echo caused by
the speckle noise only without the effect of the surface topography. The
surface height fluctuation Og=20m. Curve(a) is the variance caused by surface
topography of 8km surface correlation length; (b) 5km surface correlation
length; (c) 3km surface correlation length; (d) 2km surface correlation length;
(e) is the variance caused by the speckle noise only.

are the echo variances, caused by the topographic effect only (i.e. without speckle
noise). They are calculated from (3.15) with ej =0 and based on the relation given by
(3.22). After the variances from (3.22) are calculated, they are subtracted from the
speckle variance of the telemetered echoes in (2.15) and (2.16) with N=50. Curve (e)
is the echo variance which is due to speckle-noise only and is calculated directly from
the speckle statistical characteristic in (2.16) and (2.15). Curve (a) is the echo variance
obtained from an 8km correlation length which is the largest length in this figure. The
smallest correlation length in the figure is 2km and the echo variance at this length is
shown in curve (d). The variance of correlation length L=5km and L=3km are shown
in curve (b) and (c) respectively. Fig.3.1 has clearly shown the proportional
relationship between the echo variance and the surface correlation length.
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When the correlation length of the surface topography reduces further, the
topography will gradually become surface roughness. At this fine scale of roughness,
the surface becomes homogeneously rough. The altimeter will see it as a "thick
surface", and observe the same echo at different locations. In this phenomenon,
described in §2.2.5 and §2.2.7, the mean echo of a homogeneously rough surface is
identical to the ensemble echo. This explains why the variance of the echo reduces
when the surface correlation length becomes smaller. This also explains why ocean
echoes are identical (neglecting the speckle-noise for the moment), from which the
mean height of the ocean can be determined uniquely for a specific point of the echo.
The speckle-noise in the altimeter echo is reduced by the on-board filter in
which N number of echoes are integrated together (2.42). We can see in fig.3.1, curve
(e), that, after 50 echoes are averaged, the variance of the echo due to speckle-noise is
very small relative to the variance due to the topographic effect (curves a-d). This also
implies that the surface topography has more effect on the accuracy of the
measurement than the speckle noise.
We have seen the variance of the echoes, and in the following examples, we
shall examine the characteristics of the a priori covariance functions. Fig.3.2a shows
the autocovariance of the telemetered echo (3.15) at the same location as the echo
origin with other arrival times i.e. C00(rjj,tQ,rjj,t^) in (3.15). The temporal sampling
interval of the echo, T, is 12ns and 63 samples are recorded in the range window. The
time origin of the echo is chosen from the 2-way path delay time between the satellite
and the mean surface (2.19). The surface parameters used in the calculation is Gg =
20m, the solid line has the surface correlation length L=8km and the dotted line has the
correlation length L=20km. It can be seen from fig.3.2a that the covariance of the
earlier arrival times are almost zero. This is true because the half- range coverage of
the range window is about 55m which is about 30g. In this case, it is unlikely that the
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Fig.3.2 Covariance of telemetered echoes €90 (3.15). The pulse duration Xp and
temporal sampling interval T equal to 12ns are used. The surface parameters
in the calculation is

20m, the solid line has the surface correlation length

L=8km and the dotted line has correlation length L=20km. The covariance in
(a) shows the results of Cee(rij,to,rjj,tj^); (b) illustrates C ee(rij,to,rij,t0 );
and (c) illustrates Cee(rij,t20T,rij,t20T)97

surface will make any contribution to the earlier aiTival times of the echo. From
fig.3.2a, we can also see that the covariance of the echo with L=20km has a higher
covariance value than the covariance with L=8km. This is true because the echo
sample is returned from different regions of the surface when the pulse shell expands
on the ground (see fig. 1.2), and surfaces with a small correlation length decorrelate
faster with spatial distance than for a large correlation length.
Other examples of the echo covariance are illustrated in fig.3.2b and c. The
parameters used in this calculation are the same as those used in fig.3.2a. The echo
covariances are calculated from (3.15) at the same arrival time of the echo but from
different spatial locations within the track, i.e. C00(ry,tjj,rij,tjj) in (3.15). The dotted
curve is the echo covariance with correlation length L=8km and the solid line is the
echo covariance with L=20km. Fig.3.2b shows the spatial covariance with the arrival
time at the time origin of the echo, i.e. C00(rjj,tQ,rij,tQ) and fig.3.2c illustrates the
spatial covariance at the arrival time of 20T, i.e. C00(rij,t2ox,rij,t2ox)- In fig.3.2b
and fig.3.2c, we can see that the echo covariance has a similar characteristic to the
surface correlation which is roughly described by the Gaussian function (2.5). For
instance, the echo covariance has a Gaussian-like decorrelation pattern and the stuface
of L=8km decorrelates faster than the surface of L=20km. We have also found that the
echo covariance at the time origin is generally higher than that at later arrival times.
This implies that the sample at the origin contains more correlation than can be
exploited in the estimate.
The last example is the a priori cross-covariance of the surface and the echoes.
Fig.3.3a shows the cross-covariance of the surface height and the echo at the same
location, i.e. Cfj.0(r,r,ti^) in (3.32). The same parameters as in fig.3.2 are used in
this calculation. It can be seen from fig.3.3a that at earlier arrival times the echo has a
positive covariance with the surface, whereas the tail of the echo has a negative
covariance. This is true because the surface height f(r) at higher altitude is less likely
to contribute to the echo at later arrival times, and vice versa. This opposite relation
results in negative covariance. Fig.3.3 b and c show the cross-covariance at different
locations but at the same arrival time of the echoes. Fig.3,3b shows the cross
covariance at the time origin of an echo, i.e. Cf^0(r,r',to) and fig.3.3c illustrates the
98
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Cross-covariance in (a) shows the results of Cfj.0(r,r,t]^); (b) illustrates
Cfi-6(r,r',t{)); and (c) illustrates CfpO(r,r',t20T)99

cross-covariance at the arrival time of 20T, i.e. Cfp8(r,r',t20T)- Like the echo
covariances shown in fig.3.2, the surface-echo cross-covariance has a similar
characteristic of the surface correlation described by Gaussian function (2.5). The
negative covariance in fig.3.3c can be explained by the negative covariance of the later
arrival times of the echo in fig.3.3a.
From the examples given in fig.3.2 and fig.3.3, the covariance has been
shown between the waveform of the echo, and between the echoes at different
locations. In addition, they also show the covariance between the surface and echoes.
The existence of these covariances verifies that surface information can be obtained
from the entire echo waveform and the adjacent echoes. We anticipate that when this
additional information, hitherto ignored, is exploited in the estimation (3.1), we can
improve the accuracy of the measurement

3.4 Separable estimation of multi-channel processing.
The best linear estimator, A(r)ijj^, in (3.1) will minimise the estimated height
error from the given number of echoes. If we increase the number of echoes in the
estimate, the estimated error will usually decrease until the extra data is no longer
giving any information to the estimate. Then, the estimator will automatically exclude
these redundant data and the estimated error will remain constant.
In theory, there is no restriction to the number of echoes included in the
estimation (3.1). However, the topographic undulations are in two dimensions. The
estimation of the surface height f(r) requires the input echoes to be spatially distributed
about the measurement point r in two perpendicular directions. The principal problem
that emerges in the numerical solution of the best linear estimator A(r) in (3.1) and
(3.4) is that when sufficient echoes are included in the estimation for resolving the
along-track and across-track topography, very large matrices are generated, even for
moderately sized two-dimensional surfaces. Solving this matrix equation can consume
substantial computer resources.
For our limited computing resources, a single Sun Sparc IPX workstation with
32Mbytes of random-access-memory, the estimation of surface height from more than
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one track of data will become intolerably time-consuming. Because of this, we can
only estimate the surface height from a single track of data in the best linear estimation
(3.1). We anticipate that this may introduce bias due the surface topography in the
direction where data is lacking.
In order to reduce the computational requirement, separable estimation is
introduced (Wingham et al. 1992) from which the estimate of the surface height from
the along-track and across-track data in the best linear estimation (3.1) are separated.
Each separable estimation will only act on one track of data and each process will take
into account the surface topography in each direction.
We shall call the first separable estimation "along-track processing" and the
estimator in this process the "along-track filter", A^iong* The operation of along-track
processing is illustrated in fig.3.4. The along-track filter acts on the echo samples on a
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Fig.3.4 Graphical illustration of the along-track processing.
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single along-track and gives an estimate of a "narrow beam" echo, the type of echo
that would result had the altimeter had a very narrow beam in the along-track direction.
A sa consequence of this beam geometry, the profile of the narrow-beam echo is only
affected by the across-track topography. In other words, the along-track topography is
resolved in the first estimate.
The final estimate is the "across-track processing" and the estimator in this
process is the across-track filter, A^cross- This filter acts on the sampled estimate of
the narrow-beam echoes in the across-track direction. These sampled estimates are the
products of the along-track processing. This final process takes into account the
across-track topography and gives the surface height estimate. The operation of the
across-track processing is illustrated in fig.3.5.
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Narrow-beam echoes in an across-track.
These echoes are the results o f the
along-track processing.
—

Across-Track
Filter
Aacross

Retrieved surface.

Fig.3.5 Graphical illustration of the across-track processing.
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In the separable estimation, we have found that the a priori covariance
functions given in Wingham et al. (1992) are incorrect and incomplete. Hence, we
shall rederive them here and present the detailed proofs in the appendices.
In the separable estimation, we shall assume that the tracks are all parallel. The
track-directions are equal and aligned with the x-axis, i.e.

rgnj= ir§ (c.f. 2.17)

(3.38)

We shall also assume the same number of samples on each track, lying at the same xlocation along the track. These assumptions may need to be modified slightly with
measured survey data if the ascending and descending tracks are included.

3.4.1 The along-track processing.
The narrow-beam echo is described analytically as an integral over a line on a
surface. From the solution of the altimeter mean echo (2.37), (2.39) and (2.40), the
narrow-beam echo is described as

Ç(x,yj,t) = (chTt)-l

g^(y-yj)p(t - (y-yj)^/ch + 2f(x,y)/c - ej - 2s%x - 2syy/c) dÿ
(3.39)

This function is the mean of the narrow-beam echo that would be observed by
an altimeter when the antenna-beam is very narrow in the x-axis (along-track
direction). The antenna pattern in (3.39) is along the y-axis (across-track direction)
only and is defined in (2.29). Following the procedures of deriving the ensemble
altimeter echo (2.54) - (2.60), we obtain the analytic solution for the ensemble
narrow-beam echo
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'F(t) =

{

(2ch;i2)-i(jj/j)i/2 I

dco %(o))-^/^exp[jcot-o)^(Tp% +

+ Ot^)/2 + j(co'Sy/c)V%(co)]

(3.40)

The along-track processing estimates the departures of the narrow-beam echo
over its ensemble mean value 'F(t) (3.40). We replace (3.1) with

C*'(x,yj,tn)= X Aaiong(x,yj,tn)ik [ 0(rij,tk) - <I>(tk)]

(3.41)

ik

where

is the best, linear estimate of the departure of the narrow-beam echo from

the telemetered echoes along the jth track. We shall call the best linear estimator
in (3.41) the along-track filter and shall rewrite it as

■^aiong(^’yj4n)lm = X {CÇ0(x,yj,tn,

(3.42)

ik
where

*ik,lm ”

**ij4k’ Hj’W

(3.43)

The new covariance function C^0 introduced in (3.42) is the narrow-beam and
telemetered echo cross-covariance. The size of the echo-covariance matrix [C00] in
(3.42) has been dramatically reduced in comparison with the matrix in (3.4) because
only a single-track of data is required in the narrow-beam echo estimate (3.41).
The mean square error of the sampled estimate

in the along-track

processing can be determined analytically like the best linear estimation in (3.6). The
mean square error of

is given as
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Ûaiong(**’^n)“ ^

~ ^ ^along(**)ik ^Ç0(*'’^n’**ij’^k)]

(3.44)

ik

where (5rL,o,tT' is the variance of the narrow-beam echo estimate over the ensemble
average (3.40) and the variance is defined as

0 ^0, =

Here,

Cçç ( x,yj,tn,x,yj,tk ) I i=j. n=k

(3.45)

is the auto-covariance of the narrow-beam echo. This function will be

described in §3.4.2 and will be defined in (3.56).
The analytic solution for the echo-covariance C qq in the along-track filter
(3.42) is identical to the echo-covariance (3.15) in the best linear estimator (3.4).
However, only the same satellite tracks are involved in the along-track filter (3.42),
hence the covariance in (3.15) becomes C00(rjj,tk, nj,tn).
The narrow-beam and telemetered echo cross-covariance function in (3.42) is
defined as

CÇ0(x,yj,tn, rij,tk) = G(N') %

exp[-{(i-i')/N'}^]

i = -oo

x«<C(x,yj, txyjO + tn +ej) (j)(ri>j, t^yjO +tk +£j) >s>o>t -'F(tn)0(tk)

(3.46)

In (3.46), the on-board filter is approximated by (2.44). The time origin
adjustment, txyjQ, is defined in (D.2). To simplify the random processes < « '> s> o > t
in (3.46), the same concept of deriving the ensemble of the altimeter echo (2.60) and
Cfj.0 (3.32) is used. We shall first simplify the speckle process O g by substituting
(2.37) and (3.39) into (3.46). The ensembles in (3.46) are replaced by (2.60) and
(3.40). Afterwards, the function is transformed into the frequency domain by (3.25)
and (3.26). The characteristic functions of orbital errors in (2.51) - (2.53) and surface
topography described in §2.1.2 are used to simplify the random process <>q and o ^ .
After some algebra shown in Appendix C, we obtain C^0
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CÇ0(x,yj,tn, rij,tk) =

(2ch7T^/'^)-^N'-^

I

dû)'

-M

I

dû) exp[jû)tn-jû)'tk -(û)^+û)'^)(Tp% +Go^ +

[ (j'%^'2){x(co)‘®X*(w'))''

)/2 ]

)] (expLao^coo)'] -1)

+ exp[cTo^CûCO'] % ((Ot^ûXû')n/n! )R(n,ù),(i)') ]
n=l

(3.47)

Here, the function R(n,co,co') in (3.47) is defined as

R(n,co,co')=

Z(Cû')G(Cù)L‘*-n2

Z(0))

exp[ { - 4 + ao^œco' - ^
+
s,2(nco'-Z(co')
. 2 s ^ q 4 ^ )
N2
c2 Z(m')
c2Z(CB’)(n2-Z(a)')G(0))L'')
^
Z(co)

A

+ jx2y‘(0) ')
^

j 2xr,x*(0) ■) +

^

Z(co')

^

+ j 2 S x ^ . 2sxC0'ra*(g)')

N'2

C

)M / {4 (N'-2-jr,2x‘(w

cZ(CO')

)]
(3.48)

where

Z(m') = n/L2-jx*(o)'),
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(3.49)

G(cû) = n /L 2 + jx(cû),

(3 .5 0 )

Here, r§ is the spatial sampling interval of the altimeter echoes in the along-track
(3.38) and aj in (3.48) is the value of i in C^0(x,yj,tn, rjj,tk) with the x-origin of the
surface at zero (C.IO). The rest of the variables are given in the list of the principal
symbols.
The asymptotic expression of the summation series of (3.47) for large positive
values of coco'af^ is also shown in Appendix C. The solution of the along-track filter
in (3.42) is a task of considerable analytic and numerical complexity. We can hardly
gain any physical insight from the analytic solutions of the along-track processing
(3.41), so our understanding and observation of this processing will strongly rely on
its numerical analysis and the simulation in chapter 4 and chapter 6 respectively.

3.4.2 The across-track processing.
The across-track processing is based on the same algorithm, linear optimal
estimation, as is used in the best linear estimation (3.1) and the along-track processing
(3.42). We shall replace the input measurement, departures of telemetered echo (0 d>) in (3.41) with the sampled estimates ^*'(x,yj,tn) obtained from the along-track
processing. We shall also replace the estimated variable ^*'(x,yj,t^) in (3.41) with the
surface height estimate f/(r). The linear optimal estimate in the across-track
processing becomes

fr'(r)= S

C*'(x,yj,tk)

(3.51)

jk

The along-track filter A^iong io (3.23) now becomes an across-track filter
the analytic solution of this filter in the across-track processing is given as
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and

'^across^

^jk,ln

(3.52)

jk

where

Sx 'jk,ln = Cçç(x,yj,tk, x,yj,tn)

Here,

(3.53)

is the auto-covariance of the narrow beam echoes and Cf^.^ is the cross

covariance of the surface height and the narrow-beam echo.
Like the estimated error defined in the best linear estimation (3.6) and the
along-track processing (3.44), we may give an analytic expression for the least RMS
error or a posteriori error of the surface height estimate f/(r) for the across-track
processing

Ûacross(‘')=

^ \cros»Wjk Cf((r.rij,tk)]

(3.54)

jk

Similar to the along-track filter A^iong

(3.42), the solution of the across-

track filter (3.52) is made up of two a priori covariances. In this section, we shall
first give the auto-covariance

and then the cross-covariance

We shall see

that the solution of these a priori covariances is also a task of considerable analytic
complexity from which we can hardly gain any insight or make any references.
Therefore, we will mostly analyse the across-track processing through its numerical
analyses and simulation.
The auto-covariance of the narrow-beam echoes in a single across-track

is

defined as

CÇÇ ( x,yi,tn,x,yj,tk ) =

<«C(x»yi» lxyjO"*"^k "^^i) C(x>yj» ^xyjO ^n
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^s^o^t " '^^(ik)'^(^n)-

(3.55)

The procedure for solving (3.55) is analogous to that for solving other a priori
covariance functions described previously. We shall derive Cçç in Appendix D and
give the analytic solution here. The analytic solution of Cçç is also given in a spectral
form for which it can be easily approximated by the discrete Fourier transform. The
solution is

C ; ; (x,yi,tn,x,yj,tk ) =

j dœ'j

2\-l
^ II dco' II
(2chK^y^

Ar.\
2/0 +G
. ^ o2^ +
. ^o2y )/2 ]
dco exp[jcotn-jco'tk - (co^+co'^)(Zpy2

exp [ -(j2sy(oyi c-i) - (j%(co)yi^) + (j2syCo'yjC'0 + Ox''(œ')y/) ]

y

"
n=l

{ (Q tW )n /n !} [7 t{ K (n ,(o ')[-\.
+j^(co)]
L2 L^K(n,co)

}-i/2

exp[-{(SyCo')2 + 2cSyCû'x*(cû')yj + (cx*(co')yj)^}/(c^K(n,co’))]

exp[ 0.25 { ( —
) + ( j2syC0c-i ) + j2%(co)yi +
}2
jcL^ K(n,co')
jL^ K(n,co’)

{

l2

L^K(n,co’)

+jX(co)

] ]

(3.56)

The function K(n,co') is defined as

K(n,co') = n/L2-jx*(0)')

(3.57)

When the above solution is derived, parallel ground tracks are assumed but this is not
necessary. The parallel track assumption is an important simplification for numerical
computation. With this assumption, the a priori covariance C çç (3.56) becomes
spatially shift invariant in the x or along-track direction. The detailed proof and the
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asymptotic expression of

(3.56) for a large positive values of

are given in

Appendix D.
We shall give the solution of the other a priori covariance Cf^ in the acrosstrack filter (3.52). The solution is a one dimensional spectral function which is
analytically and numerically simpler than the auto-covariance Cçç (3.56) which is a
two-dimensional function. The cross-covariance Cf^ is defined as

Cfj.^(x,y,x,yj,tk) = <<fr(x,y) ^(x,yj, txyjO +tk +£j)>o>t

(3.58)

After the simplification of the random processes and some algebra, as
described in Appendix E, the solution for Cf^ is given as

Cfj^(x.y.x,yj,tk) =

I

dco jco exp [j cot - co^( Xp^/2

)/2 ]

1

(------ -— r)^ ^ exp [ (-j%(co)yj2) - (jZcosyyjc i) - (y^/L^) ]

j5C(co)+L-2

exp[ { Ox(co)yj) + (yL'^) + (jcoSyC-i) Ÿ { j%(œ) + L'^

Like the auto-covariance

]

(3.59)

(3.56), the cross covariance Cf^.^ (3.59) does

not depend on the distance in the along-track direction (x-coordinate) because of the
parallel ground tracks assumption. The detailed proof of this covariance can be found
in Appendix E. The spectrum of the cross-covariance (3.59) does not involve any
summation and is one-dimensional spectrum, so the numerical computation of Cf^.^
will be much simpler than the computation of Cçç.
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3.4.3 Observations concerning the narrow-beam echoes.
In this chapter, the multi-channel processing method was introduced and two
similar techniques of implementing this method were described. The best linear
estimation consumes a large amount of computer resources to resolve the surface
topography in two dimensions. To reduce the computational requirement, separable
estimation is introduced, which we are able to implement practically in two
dimensions. In the first process of the separable estimation, "along-track" processing,
a new type of echo is introduced, which is the "narrow-beam" echo. This type of echo
would result were the altimeter to have an infinitely narrow beam in the along-track
direction. We have found that the a priori covariance functions in the separable
estimation (3.42) and (3.52) have similar characteristics to the covariance functions in
the best linear estimation (3.4) described in §3.3.3. Hence, we shall not describe them
here. We rather note the characteristics of the narrow-beam echo (3.39). In §3.4.3.1,
the ensemble mean and the variance of this echo will be described and compared with
those of the altimeter echo. Examples of narrow-beam echoes returned from the
surface topography, and the sampled estimates obtained from the along-track
processing, will be given in §3.4.3.2.

3.4.3.1 The ensemble-mean and variance of the narrow-beam echoes.

The altimeter echo is an integral of the backscattered power over a circular
footprint, whereas the narrow-beam echo is an integral over a line. To an extent, these
two types of echo have similar statistical characteristics. We present in fig.3.6 the
ensemble-mean of the narrow-beam echo (3.40) with four different vertical scales of
surface height variations. It can be seen in the figure that the response of the narrowbeam echo to the vertical scale is very similar to the response of the altimeter echo in
fig.2.4. When we compare these two figures, we can see that the return power of the
narrow-beam echo is 4000 times smaller than the altimeter echo. This is true because
the returned power of the narrow-beam echo is only a line integral, unlike the altimeter
echo, which is an integral of a full antenna footprint,
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Fig.3.6 The ensemble mean of narrow-beam echoes (3.40). The figure is for a
temporal sampling interval of 12ns; range window of 63 bins; (a) is a flat
surface; (b) is a surface of 5m roughness; (c) is a surface of 10m and (d) is a
surface of 20m roughness.

Another difference between the altimeter and the ensemble-mean echo is that
the trailing edges of the narrow-beam echo decays more rapidly than the altimeter
echo. This can be explained by the physical process of how the echo is formed. The
altimeter footprint is circular, and by geometry, after the illuminated area has first
reached its maximum at tj as shown in fig. 1.2, an annulus of constant illuminated area
at t2 is formed. If we assume the antenna pattern is uniform instead of Gaussian, the
shape of altimeter echo will have a leading edge corresponding to the expansion of the
illuminated area. After the area has reached its maximum, the echo will remain
constant because of the constant area of the annulus. However, for a line-beam, the
maximum length of the illuminated line is the diameter of the maximum illuminated
area of a circular footprint. When the illuminated line further expands, by geometry,
the total length of the illuminated line will decrease by a factor of V2 and this causes a
further decay of the trailing edge of the narrow-beam echo.
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When the surface correlation length reduces, the surface will become more
homogeneous in the sense that the statistics of one patch of the surface will become
similar to those of another patch of surface. Hence, the variance of the altimeter echo
decreases when the surface correlation length reduces, as shown in fig.3.1. This can
also explain the variance of the narrow-beam echo. In fig.3.7, the variances of the
narrow-beam echo with four different surface correlation lengths are shown. They
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Fig.3.7 The variance of the narrow-beam echo (3.45, 3.55). The figure is for a
temporal sampling interval of 12ns; range window of 63 bins; surface height
fluctuation Og=20m; (a) is the variance caused by the surface topography of
8km surface correlation length; (b) 5km surface correlation length; (c) 3km
surface correlation length; (d) 2km surface correlation length.

show the same proportional relation of the echo variance and the surface correlation
length as in fig.3.1. However, the variance of the narrow-beam echo has a slower
response to the change of surface correlation than in the case of the altimeter echo. The
variance reduction ratio of the narrow-beam echo from the correlation length 8km to
2km is 2.4 whereas the reduction ratio of the altimeter echo is 5.4. Their responses are
different because the sampling of the surface by a line-beam is far less than the
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sampling of a circular beam, and the statistics of the surface within the line are less
correlated with the statistics of another line of the surface. In consequence, for a given
correlation length, the narrow-beam echoes have a larger departure from their
ensemble-mean value than is the case for altimeter echoes.

3.4.3.2 Examples of narrow-beam echoes and the sampled estimates.

We shall give examples to demonstrate the profile of the narrow-beam echo
and the sampled estimates of this echo obtained from the along-track processing. The
overall analysis of the best linear estimation and the separable estimation will be
described in chapter 4 and chapter 6.
A Gaussian surface of two-dimensional topographic undulations is generated,
as described in §2.1.3. The surface has a vertical scale Og=20m and a horizontal scale
L=8km. Fig.3.8 shows the surface profile where the narrow-beam echoes (3.39) are
analytically calculated and the sampled estimates are obtained from the along-track
processing (3.41). A track of altimeter-echoes with speckle-noise level N=50 (see
§2.2.6) is generated from the two dimensional surface with the surface heights
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Fig.3.8 A single-profile of a two-dimensional surface topography. The narrow-beam
echoes in fig.3.9 are calculated at the surface locations (a)-(h).

114

illustrated in fig.3.8. These altimeter echoes are used in the along-track processing to
estimate the narrow-beam echoes. We present in fig.3.9 the narrow-beam echoes at
the locations (a)-(h) indicated in fig.3.8. The echo drawn as a dotted line is the
theoretical value of the narrow-beam echo which is directly calculated from (3.39),
and the echo drawn in solid line is the sampled estimate obtained from the along-track
processing (3.41). In fig.3.9, we can see that the narrow-beam echo has a sharp
leading edge and has a rapid decay in its trailing edge as compared with the altimeter
echoes illustrated in fig.2.7. These observations are also consistent with the features
that we described in the ensemble of the narrow-beam echo in fig.3.6.
In fig.3.9, we can see that the sampled estimates are unable to follow the sharp
spike and the rapid change in the leading and trailing edges of the theoretical echo. The
theoretical echo is an integral over a line. We believe that the along-track processing is
unable to resolve the sampling area from a wide, circular footprint of the altimeter into
a line, but rather a rectangular strip with a finite width. In consequence, the spike and
the sharp turning between the leading and trailing edge of the theoretical echo are
smoothed out, because of the finite width of the sampling area. However, the general
profile and the arrival times of the sampled estimates are in good agreement with their
theoretical values. The fluctuation on the trailing edge of the echo at location (g) and
(h) is believed to be due to insufficient stabilisation when the covariance matrix [Cqq]
in (3.42) is inverted. We shall discuss this matter further in §3.5.2.

3.5 Computational issues.
The given forms of the a priori covariance functions of each estimator in the
best linear estimation (3.4) and separable estimation (3.42), (3.52) are suitable for
approximation by the discrete Fourier transform, and as such are the forms we have
found most suitable for numerical computation. It is worth remarking that the
computation of each estimator consumes several hours of central-processor time of the
SUN-SPARC IPX workstation, the bulk of which is spent computing the entries of
the auto-covariance matrix and the inverse of this rnatrix. We shall discuss the
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Fig.3.9 Narrow-beam echoes obtained from the surface at locations indicated in
fig.3.8. The echoes drawn as a dotted line are calculated theoretically from
(3.39) and the echoes drawn as a solid line are the echo estimates obtained
from the along-track processing (3.42). The surface parameters used in the
estimation are Gg = 20m and L =8km.

numerical techniques here, and shall focus on those for handling the computation of
the a priori covariance function and the inversion of the covariance matrix in (3.4),
(3.42) and (3.52), in which extra attention is required to reduce the computing time
and avoid instability of the estimators.
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3.5.1 Computation of the a p rio ri covariance function.

The solution of the a priori covariance functions are simplier in their spectral
forms. This form is suitable for an approximation by the discrete Fourier transform in
which the covariances can be computed by the fast Fourier transform (Proakis and
Manolakis 1988). The approximation of the continuous Fourier transform by the
discrete transform should conform to the sampling theorem. This theorem states

fg > 2B

(3.60)

If the sampling process occurs in the time domain, 1/fg is the sampling interval of the
time signal, and B is the single-sided bandwidth of the signal. In our case, sampling is
performed on the spectrum of the covariance, 1/fg becomes the discrete interval of the
spectrum and B becomes the single-sided span of the covariance in the time domain.
The minimum sampling frequency fg defined in (3.60) is called the Nyquist
frequency. The theorem in (3.60) is a sufficient condition to avoid aliasing (Proakis &
Manolakis 1988, Sklar 1988) due to undersampling.
For the computation of the covariance function, the spectrum is sampled at
discrete intervals prior to performing the inverse discrete Fourier transform. The
sampling interval of the spectrum 1/fg is determined by the time span B of the
covariance, which in turn depends on various altimeter and surface parameters in the
covariance function. There are two general methods of avoiding the aliasing error. The
first method is by oversampling the spectrum and the second one is by applying an
anti-aliasing filter (Proakis & Manolakis 1988, Stremler 1982). The purpose of this
filter is to suppress all the temporal components of the covariance which are higher
than half of the sampling frequency of the covariance spectrum, (l/2)fg. Although
these two methods can avoid aliasing, the a priori covariance Cqq (3.15),
and

(3.47)

(3.56) are two-dimensional spectral functions, and oversampling and pre

aliasing are computationally expensive. Therefore, the temporal span of the
covariance, B, and its relationship to different parameters are determined empirically.
Once the temporal span is determined, we can sample the spectrum at the Nyquist rate.
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For the one dimensional covariance function

(3.32) and CfÇ (3.59), the

computing time is comparatively less time-consuming so that oversampling and anti
aliasing methods can be used efficiently for avoiding the aliasing error. We currently
use the oversampling method to calculate these one-dimensional covariances
The spectrum of the two dimensional covariance functions, C00, C^0, and
CçÇ is concentrated on the diagonal of the frequency axes (co and co'), as described in
fig.3.10. However, the input data to the two dimensional fast Fourier transform must

spectrum

Fig.3.10 The orientation of the 2-dimensional spectrum of the covariance function
with the original axes o) and rotated axes u.

be in a form of a rectangular block. Therefore, the off-diagonal samples of the
spectrum must be filled with "dummy zeroes" for the entry to the fast Fourier
transform. The transform computation of these covariances is very cost-ineffective.
Alternatively, the frequency axes are rotated by 45®, so that the covariance spectrum is
concentrated on the rotated axes (u, u'), as shown in fig.3.10. The relation of the
original and rotated axes are given as (Fante 1988)

co=usina + ucosa

(3.61)

co'=ucosa - u'cosa

(3.62)
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where co, and co' are the original frequency axes; u and u' are the new rotated axes;
and a is the rotated angle.
When we substitute the above expressions into the covariance functions, the
new axes of the covariance spectrum are rotated by

but the position of the spectral

components remains unchanged. The data with reference to the new axes (u,u')
becomes a rectangular block that can be input to the fast Fourier transform directly.
This can save a lot of redundant computation.
After the inverse Fourier transform of the covariance spectrum, the temporal
samples will have the axes referred to the rotated axes (u,u'). The same relations
(3.61) and (3.62) are used to change the reference of the samples from the rotated axes
(u,u') back to the original axes (cû,cû').
When the sampling frequency, fg, of the covariance spectrum is greater than
twice the time span of the covariance (2B), we can always reconstruct the continuous
covariance from the discrete samples without error (Proakis & Manolakis 1988). The
formula we use is called the ideal interpolation formula (Fante, 1988)

C ee (r,t.r.„,t„)= I

I

C e e (r,n T .,n .,n 'ir,)

.S '

n=-oo n'=-‘«

(3.63)

In our case, the sampling frequency of the spectrum at co and co' axes are the same,
hence T^=T2 = fg/Ng, where fg is the sampling frequency of the covariance spectrum
and Ng is the number of discrete samples.
In the calculation of the 2-d covariance functions (3.15), (3.47) and (3.56), for
each frequency co and co', we have to calculate the summation series of the kernel from
n = 1 to oo. To perform this computation, an approximation is made. When the current
value of the kernel is insignificantly small compared with the last total sum of the
kernel, calculation of the series will be terminated, and the total sum of the series will
be approximated by the last sum. We have found that the kernel of the summation
series has a oscillating and decaying fashion. It is important to ensure that the
119

summation terminates in the computation because of the decay of the kernel, not its
oscillation.
As we said earlier, the calculation of the 2-d covariance, involves a calculation
of the series summation for every frequency value (O and co'. For this reason, the
asymptotic expression of these covariance functions are derived. For a large, positive
value of CDCO'at^, the computation can be switched from the non-asymptotic form to
the asymptotic form of the covariances. This can save considerable computing time for
calculating the summation series. In switching the non-asymptotic to the asymptotic
form, one should ensure that a smooth transit of the value is obtained. Otherwise,
discontinuities will be introduced.

3.5.2 Inversion of an ill-conditioned covariance matrix.
The best linear estimator (3.4), along-track filter (3.42) and across-track filter
(3.52) are all made up of two covariance matrices. The first matrix is the inverse of the
auto-covariance matrix C x x '^ and the second one is the cross-covariance matrix
C x Y ThG size of these matrices depends on the input quantities. For instance, with
30 echoes input and each echo having 63 samples, the size of the auto-covariance
matrix is 1890x1890. The auto-covariance matrix maybe singular or ill-conditioned, or
even if the matrix itself is non-singular, a matrix of this size maybe very susceptible to
rounding error in forming its inverse. If this is the case, we wül not be able to proceed
with the calculation of the estimator A.

3.5.2.1 Stabilised inverse.

Consider the familiar set of simultaneous equations

[A]

X

= b.

(3.64)

If the matrix [A] is singular, ordinary inversion will fail to give an inverse of
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matrix [A]. Singular value decomposition (SVD) is commonly used to deal with this
problem. It allows us to determine the minimum norm of x, that is Ix l^ ^ , for which
the solution of [A]x = b is satisfied. In addition, it will select the closest possible
vector of x to the solution in the least square error sense.
The decomposition of a matrix can always be obtained, no matter how singular
the matrix is, and the decomposition is unique. Using SVD, [A]"^ can be expressed as
(Adi & Grevillel974, Press et al. 1992)

[A]-l = [V][diag (l/wj][uT]

(3.65)

The matrices U and V are each orthonormal in a way that their columns are
orthonormal, the matrix V is also row-orthonormal. The column vectors of U that
correspond to the same numbered elements wj which are non-zero, are an orthonormal
basis that spans the range of A ( the subspace of b in (3.64) that can be mapped by A
from the space of x ). In contrast, the columns of V corresponding to the samenumbered elements of the wj which have zero values, are an orthonormal basis for the
null-space of A.
If the matrix A is singular, at least one element wj is zero, or practically it is
numerically so small that its value is dominated by roundoff error. Theoretically
speaking, the matrix is said to be singular if the the ratio of the largest of wj's to the
smallest of the wj's is infinite. Practically, this ratio is called the condition number.
The matrix is ill-conditioned if its condition number is too large ( i.e if its reciprocal
approaches the machine's floating point precision ). In both cases, the inverse of A in
(3.65) is unsolvable, but we can obtain the closest inverse by replacing 1/wj by zero if
Wj

is equal to 0 or if it is numerically small.
The condition number of singular values indicates the level of ill-conditioning

of the matrix. Zeroing the small singular values is a process for stabilising the inverse
of matrix. The threshold for zeroing the small wj's is determined on empirical
grounds. However, in our case, a sharp cutoff of small singular values will have an
adverse effect on the solution x. Instead of choosing a threshold point, we use a
simple filter to moderate the adverse effect caused by a sharp cutoff. As a result, [A]"^
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in (3.65) becomes

[A]-l = [V] [diag { Wj / ( Wj2 + ^2) )] [U]T

(3.66)

The filtering action is performed by diag{}. For fixed v, when wj » D, diag{} >
1/wj. On the other hand, when D » wj, diag{} > 0. The zeroing of small singular
values is still in effect, but the sharp cutoff point has been smoothed.
We have discussed singular value decomposition and how it can give us a
useful and stable inverse of a singular or ill-conditioned matrix. However, the process
of decomposition is very costly, in terms of computing time and memory storage.
Hence, we shall introduce a quicker and simpler method to invert the matrix but at the
expense of losing some precision in the computed inverse.
The singularity of the matrix is caused by some vectors in the matrix being a
linear combination of others. However, if we can modify the matrix accordingly by
adding some value to one of the elements of these corrupted vectors, and "pull" them
in a direction out of dependence on the others, then we have successfully made these
vectors independent. Unfortunately, in practice, those vectors located in the matrix can
never be known. Owing to this scenario, we have no choice but to add a value to
every column and row vector, and the position of the element at which this value is
added must be different for each vector. This is the equivalent of adding a constant to
the diagonal of the matrix and this constant is termed a stabilising constant

k.

The

inverse becomes

A-l = [ [A] + [diag(K)] ]-l.

(3.67)

After the stabilising constant K is added, simple inversion methods can be used to
invert the matrix (3.67).
The method shown in (3.67) can significantly simplify and speed up the
process of inverting an ill-conditioned matrix. However, the solution of x in (3.64)
obtained from (3.67) is no longer minimal norm and a least square solution. In other
words, for the same size of matrix, we anticipate the solution x calculated from SVD
122

(3.65) is more accurate than the method described in (3.67), but the latter can allow us
to double the size of the matrix or the amount of processing echoes in the estimate,
which is practically restricted by SVD. We might expect the benefits that we gain from
(3.67) will significantly outweigh its disadvantage over SVD (3.65).
The computations of the best linear estimate and the separable estimation were
done on a Sun Sparc IPX workstation . The RAM available on the IPX was 32 mega
bytes. For a matrix size of 2000x2000, the calculation of the inverse by SVD is
intolerably time-consuming because -95% of the time is spent swapping data to disc.
Therefore, we have to restrict the size of the covariance matrix or the amount of input
data in the estimate (3.1), (3.41),and (3.51) in order to make the decomposition
possible to calculate. The size of matrix at which the decomposition can be done
quickly is about 1000x1000. This size restricts the estimate to an input of 15 echoes
each with 63 temporal samples. For the method described in (3.67), which requires
less memory in the computation, the 32 mega-bytes of RAM available to our Sun
station is large enough for the computation of the matrices with a size of 2000x2000 to
be done quickly. This size of matrices corresponds to an input of ~30 echoes in the
estimate. Our limited computer resources restrict the size of the matrices in the
estimators (3.4), (3.42) and (3.52) and this in turn constrains the number of echoes
from which the correlations can be exploited in the estimation.

3.5.2.2 Examples of unstable estimates.

We have found that the covariance matrices in the solution of the best-linear
estimator (3.4) and the separable-estimator (3.42) and (3.52) are very ill-conditioned
in the sense the condition number of these matrices are large. The ill-conditioning of
the matrices gives rise to an instability in the estimate. In this section, we shall give
examples to demonstrate how this problem can be cured and how the estimate can be
optimised by the inversion methods introduced in (3.66) and (3.67).
The singular values, wj, in (3.65) are a good indicator to measure the illconditioning of the matrix, as discussed in §3.5.2.1. We present in fig.3.11 the
singular values of 5 matrices decomposed by SVD. The matrices are [C^^] in (3.52)
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and are calculated from 5 different surface correlation lengths L. The singular values
are normalised by the trace of the matrices. The size of the matrix for each curve is
945x945, which is equivalent to 15 echoes and 63 temporal samples each. The
condition number for these matrices (the ratio of maximum and minimum singular
values) is about 10^, which is ill-conditioned enough to give an unstable inverse. We
have also found that the auto-covariance matrix in (3.4), (3.42) and (3.52) is illconditioned for many different surface and altimeter parameters. For example, we can
see in fig.3.11 that the condition numbers of the curves with different surface
correlation lengths are all high.
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Fig.3.11 Singular values, wj, from the singular value decomposition (3.65) of an
auto-covariance matrix [Cçç] (3.52) and (3.56). The vertical scale Og=20m.
The matrix is made up of the covariance between 15 narrow-beam echoes,
corresponding to a matrix of size 945x945. Curve(a) is the singular values of
the covariance matrix [Cçç] where the correlation length L=15km; (b) is
computed with L=8.5km; (c) is computed with L=5km; (d) is computed with
L= 3.75km; (e) is computed with L= 1km.

To overcome the ill-conditioning problem of the matiix, a stabilising constant
K

is added to the diagonal of the matrix (3.67). This constant has an effect on

stabilising the inverse of the matrix and also has effect on the accuracy of the
measurement. To an extent, these two effects work in opposition. Too high a value of
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K

in (3.67) will lose accuracy in the measurement because the vectors of the matrix

have been incorrectly modified; too small a value cannot cure the ill-conditioning
problem. The optimum value of the stabilising constant can only be found empirically.
We shall give examples of how this constant affects the surface estimate. Firstly, a
single surface profile is generated and the narrow-beam echoes (3.39) are calculated
from the surface theoretically. Three across-track filters are calculated by adding
different stabilising constants in their matrix [Cçç] (3.52). These filters are used to
process the narrow-beam echoes. The results are shown in fig.3.12 where three
retrieved surfaces obtained from different stabilising constants, k in (3.67), are
compared with their theoretical surfaces.
In fig.3.12a, the stabilising constant,

K,

is determined as a factor of the

maximum value of the matrix elements. We first choose a small factor to calculate the
estimator, if it gives a noisy or discontinuous profile, we will increase the stabilising
factor in the next calculation. This process is repeated until a smooth profile of the
estimator is obtained. The stabilising factor 0.05 is found to be optimum in this
surface estimate, as shown in fig.3.12a. When this factor is further reduced to 0.005,
instability occurs, as shown in fig.3.12 curve (b). Further increasing the stabilising
constant over the optimum value causes the accuracy of the measurement to be slightly
degraded. This can be verified by comparing the retrieved surface (using the
stabilising factor 0.3) shown in curve (c) with the retrieved surface with optimum
stabilising constant (0.05 stabilising factor) shown in curve (a), the retrieved regions
of two hills from stabilising factor 0.05 are in better agreement than those shown from
stabilising factor 0.3 .
The effects of the stabilising constant

k

in (3.67) on the surface retrieval

process apply equally to the filtering constant D in SVD (3.66). When the filtering
constant v is set too low, the ill-conditioning of the matrix cannot be cured and gives
rise to an unstable surface profile. However, when the constant v is set too high,
many useful sets of equations in the matrix have been thrown away, which results in
losing accuracy of the measurement. The optimum value of v is also determined
empirically.
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Fig.3.12 The surface reconstructions obtained from the across-track processing
(3.51). The true surface is the solid line. The filters have 29 spatial
weightings and each weighting contains another 63 temporal weightings. The
figure shows the reconstructed surfaces obtained from the across-track filters
which are computed by adding a stabilising constant,

k

(3.67), into the

diagonal of [C^^] (3.52). This value is determined by a factor (a) 0.5; (b)
0.05; (c) 0.3 of the maximum value of the matrix.

126

3.5.3. Spatial shift invariant property of the estimators.
The computation of the estimators in the best-linear estimation (3.4) and the
separable estimation (3.42), (3.52) are computationally very expensive in terms of
computing time and memory storage. For this reason, the amount of echoes used in
the estimate is limited by our existing computer resources. The maximum number of
echoes that we can practically use is about 30 and 63 temporal samples of each echo.
This number is far less than the number of echoes in a single track when even a small
surface is estimated.
The altimeter echoes are regularly sampled, and hence the along-track filter
(3.42) is spatially shift invariant. To further reduce the computational requirement, we
shall assume that the ground tracks are regularly spaced. With this assumption, the
best-linear estimator in (3.4) and the across-track filter in (3.52) also become spatially
shift invariant. In consequence, the estimate in (3.1), (3.41) and (3.51) become a
convolution of the estimator and the echoes. In addition, the a posteriori error in
(3.6), (3.44) and (3.64) become independent of the location r. Without these
stationary statistics, a new estimator must be calculated for each different location. In
our numerical analysis in chapter 4 and the simulation in chapter 6, only a spatially
shift invariant estimator is considered.

3.6 Chapter summary.
In this chapter, we have described a new multi-channel processing method for
which the surface is estimated from a set of correlated echoes and the entire echo
waveform. Two similar techniques for this method are introduced. Best linear
estimation requires the input of the along-track and across-track altimeter echoes for
resolving the surface topography in both track directions. This technique is
computationally very expensive. Separable estimation is less costly, and consists of
two sequential processes. The along-track processing resolves the along-track
topography from a sequence of echoes in this direction. The across-track processing
resolves the across-track topography from a sequence of sampled estimates of the
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narrow-beam echoes in the across-track. These estimates are the result of from the
along-track processing.
The altimeter echo and the narrow-beam echo have similar statistical
characteristics. When the vertical scale increases, the echo leading edge expands. The
horizontal scale of variation affects the variance of both echo types. Examples of the
echoes covariance C qq and surface-echo cross-covariance Cf^Q are given. These
examples have confirmed the existence of the covariance between echoes and between
echoes and the surface.
Numerical computation of the estimators of the multi-channel processing is
described. This includes the Nyquist sampling theorem and axes rotation of the
covariance spectrum; ideal interpolation of the discrete covariance samples; inversion
of an ill-conditioned matrix; and the assumption of the spatial shift invariant property
for the altimeter echoes.
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Chapter 4
Numerical Analysis of the MultiChannel Processing method.
In chapter 3, we examined the analytic solutions of two similar estimation
techniques for the multi-channel processing method. However, we found it difficult to
observe their characteristics and behaviour from their analytical solutions. The a
posteriori error is the least RMS error of the surface height estimate, which is derived
analytically from the multi-channel processing method (3.6), (3.44) and (3.54).
Hence, the calculation of the a posteriori error will give us an insight into the
characteristics of the new method.
In this chapter, the a posteriori errors are calculated as a function of surface
and altimeter parameters. The calculation of one point of the a posteriori error curve
requires a computation of an estimator which involves a matrix inversion that is an
expensive process in terms of computing time and memory storage. Therefore, we
shall only observe the a posteriori error for a selection of surface and altimeter
parameters that we believe are characteristic. In addition, a limited number of
computed points are used in forming the a posteriori error curve. We shall also follow
in the rest of this thesis the current operation of the satellite altimeter in which the
temporal sampling interval is equal to the transmitted pulse duration, i.e. T=Xp.
In this study, we describe the surface by three parameters. They are the surface
slope and the vertical and horizontal scales of topographic undulations. In §4.1 and
§4.2, we shall examine the effect of these surface parameters on the accuracy of the
measurement. In the multi-channel processing method, the surface height is estimated
from a sequence of temporal and spatial samples of the echoes. The density and the
temporal and spatial coverage of the echo samples have effects on the accuracy of the
measurement and these effects are described in §4.3 and §4.4. The present method for
reducing the speckle noise is by spatially integrating a fixed number of echoes by the
on-board filter. In §4.5, we shall examine the effect of this number on the accuracy of
the measurement.
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4.1 The effect of the horizontal and vertical scales of
the surface topography on the measurement.
The prime differences between the ice sheets and the oceans are the scales of
their surface variations. These scales are the horizontal and vertical scales of the
surface variations. Because of these scales, the ice surface is generally regarded as
topography and the ocean surface is described as roughness. These terms were
defined in §1.4. It is commonly believed that these two scales have considerable
effects on the measurement of the ice sheet topographies but how these scales
quantitatively and qualitatively affect the accuracy of the measurement have not been
studied elsewhere.
In this study, a Gaussian surface is chosen which allows us to study the
effects of the horizontal and vertical scales on the measurement of ice sheets. For
observing the effects of these scales, the a posteriori error (least RMS error) of the
estimate (3.6), (3.44) and (3.54) is calculated. We shall find in §6.2 that the a
posteriori error is in good agreement with the actual accuracy of the measurement.
The calculation of the a posteriori error from multiple-echoes in the estimate is
very time-consuming because it requires the calculation of the auto-covariance and
cross-covariance matrix of the echoes. In addition, the inverse of the matrix consumes
a considerable amount of computer resources. Of necessity the calculation of the a
posteriori errors will be limited to a small range of the parameter space. For observing
the effect of the surface parameters on the measurement, the absolute value of the a
posteriori error is less important than the relative value, so it is not necessary to use
multiple-echoes in the calculation. Hence, the calculation of the a posteriori error in
§4.1.1 is based on the best-linear estimate from which only a single echo is used,
which allows us to observe the topographic effect with a larger parameter space. In
§4.1.2, examples are given to demonstrate the a posteriori error, calculated from
multiple-echoes. However the error is calculated as the function only of parameter L;
the parameter (?§ is fixed throughout that section.
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4.1.1 S in g le -echo.

We present in fig.4.1 the a posteriori error as a function of the surface height
standard deviation Og and the surface correlation length L. The case presented in
fig.4.1 is for ice mode operation which has a 12ns temporal sampling interval. The a
posteriori errors are calculated from the solution of the best linear estimation (3.4,3.6)
with only a single echo, but with the entire waveform (63 temporal samples) included
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F ig.4.1 The a posteriori error as a function of the parameters L and Gg. The error is
calculated from the best linear estimation (3.4, 3.6) where a single echo is
used in the estim ate. The figure is for a tem poral sam pling interval
T=Xp=12ns (ice mode) and range window of 63 bins.
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in the estimate. However, the a posteriori errors from a single echo are easily
extended to the case of multiple-echoes. The relationship between the accuracy of the
measurement and the vertical and horizontal scales of the surface can be easily seen in
fig.4.1. When the surface height standard deviation increases, the error increases too.
The figure also shows the opposite is true of the relationship between the surface
correlation length and the error.
The results shown in fig.4.1 are in agreement with our physical understanding
of the altimeter measurement. When the surface correlation length is large, it implies
the surface is smooth and the echoes are less distorted in the vicinity of the sub
satellite track topography, hence it is easier to estimate the spot-height with a larger
correlation length. In contrast, when the correlation length is small, the surface will
become densely-packed with discontinuities and irregularities, and it is more difficult
to estimate the surface height at the altimeter nadir point. For surfaces of larger vertical
fluctuation, a wider range distribution will be observed by the altimeter, from which
the echo will be broadened and the surface height at the nadir point will become more
difficult to determine.

4.1.2 Multiple-echoes.
In §4.1.1, a single echo is used in the best linear estimation for the calculation
of the a posteriori error. Although the error cannot reveal the accuracy of the
measurement from multiple-echoes, the effect of the vertical and horizontal scales of
the surface variation on the accuracy of the measurement can be extended to the case
where multiple-echoes are used. In this section, we shall give one example from each
estimate of the multi-channel processing method where 30 echoes are used to calculate
the a posteriori error.
The surface correlation length is a parameter that distinguishes the surface
roughness and topography, thus this parameter has a greater impact on this study. In
the following examples, the a posteriori error is calculated as a function of surface
correlation length where the surface height standard deviation 20m is fixed throughout
the examples. We present in fig.4.2 the a posteriori error of the narrow-beam echo
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estimate (3.44) in the along-track processing which is the first process in the separable
estimation (3.42). The a posteriori error for each surface correlation length has been
norm alised by the standard deviation of the narrow-echo shown in fig.3.7. In the
figure, we can see that the a posteriori error increases when the surface correlation
length decreases. This is in agreement with the case based on a single echo described
in fig .4 .1.
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Fig.4.2 The normalised a posteriori error of the estimated narrow-beam echo. The
results are calculated from the along-track processing (3.42, 3.44) where 30
altimeter echoes are used. The results have been normalised by the standard
deviation of the narrow-beam echo (3.45, 3.56). The a posteriori errors are
com puted with a temporal sampling interval of 12ns; range window of
63bins; Gg=20m. Curve(a) is the a posteriori error of the estimated narrowbeam echo from the surface topography of 8km surface correlation length; (b)
5km surface correlation length; (c) 3km surface correlation length; (d) 2km
surface correlation length.

Further examples are given in fig.4.3 where 30 consecutive echoes are used in
the estimate for calculating the a posteriori error of the surface estimate. Curve (a) in
the figure is the a posteriori error of the surface measurement from which 30 alongtrack echoes are used in the best linear estimation (3.4, 3.6). Curve (b) is the a
posteriori error calculated from 30 narrow-beam echoes in the across-track processing
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of the separable estimation (3.52, 3.54). Both curves in fig.4.3 have shown that when
the surface correlation length increases, the error decreases in an exponential manner
which is consistent with the a posteriori error obtained from a single echo in fig.4.1.
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Fig.4.3 The a posteriori error as a function of the parameter L. The vertical scale of
the surface Og=20m. Curve (a) is calculated from the best linear estimation in
which 30 altimeter echoes are used (3.4, 3.6); and curve (b) is calculated from
the across-track processing where 30 narrow-beam echoes are used (3.52,
3.54).

In fig.4.3, it can be seen that the a posteriori error from the across-track
processing (curve b) is generally lower than the a posteriori error (curve a) from the
best linear estimation. This is true because, in the across-track processing, the surface
measurement is estimated from an echo whose antenna-beam is very narrow in the
along-track direction for which the topographic features along this direction will not
have an effect on the measurement. In consequence, the accuracy of the measurement
from the across-track processing in the separable estimation is better than the accuracy
from the best linear estimation where the echoes used in this estimate are subject to
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topographie distortions in two directions.
For a smoother surface, the sub-satellite track topographies are too distant
from the antenna boresight to have an effect on the returned echo. Hence the surface
height determined from the echo with a narrow antenna beam pattern can be equally
well determined by the echo with a circular beam. This point can be verified in fig.4.3
that convergence of curve (a) from the best linear estimation and curve (b) from the
separable estimation has occurred and they intersect at about 25km.

4.2 The effect of surface slope on the measurement.
When the altimeter is moving over the large-scale geometry of the ice-sheet,
and which is many times larger than the altimeter antenna footprint, this will give rise
to a slope-induced error (see fig. 1.4). This type of error and the current methods for
the correction of this error have been discussed in §1.4.1. However, when the
dynamic surface topography is superimposed on this large-scale topography, the
surface measurement will become more complicated and the bias of the measurement
can no longer be determined.
The measurement of large-scale geometry of the ice-sheet is not the main
concern of this study. However, when the multi-channel processing method is
developed, this aspect is also included in the method in order to facilitate future
research. In this section, the dynamic surface topography is superimposed on different
magnitudes of the surface slope and the a posteriori errors of the estimate of these
surfaces are calculated.
We present in fig.4.4 the a posteriori error as a function of surface slope. The
error is calculated from the best linear estimation (3.4, 3.6) in which 30 consecutive
echoes in the along-track direction are used. The dynamic surface topography with
surface parameters L=8km and Gg=20m is superimposed on different magnitudes of
the surface slope. Curve (a) in the figure has the surface slope perpendicular to the
direction along which the altimeter is moving. Curve (b) has the surface slope parallel
with the along-track direction. It can be seen in the figure that when the surface slope
increases, the measurement error of both curves also increases. This is true because
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when the surface has a slope, the altim eter will start "viewing" the upslope of the
surface and progress towards its nadir point. The width of the range w indow is
limited, hence the higher the surface slope, the less returned power of the echo comes
from the vicinity of the nadir point. In consequence, the echoes contain less surface
information on the altimeter nadir point which, in turn gives rise to a higher bias in the
measurement.
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Fig.4.4 The a posteriori error as a function of the surface slope. The error is
calculated from the best linear estimation (3.4, 3.6) where 30 echoes are used.
The dynamic surface topography of param eters L=8km and Og=20m is
superimposed on the surface slopes. Curve (a) is calculated where the surface
slopes are perpendicular to the selected sequence of echoes; and curve (b) has
the surface slopes in parallel with the sequence of echoes.

During our analysis, we have found that when only a single echo is used in the
estimate of the multi-channel processing method, the orientation of the surface slope
has no effect on the surface measurement. This is true because if we im agine the
satellite altimeter is stationary, it cannot distinguish the orientation of the surface slope
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because different slope directions will give the same echo. However, when a sequence
of echoes are used in the multi-channel processing method, the orientation of the slope
with reference to the direction of the selected sequence of echoes has significant effects
on the accuracy of the measurement. This point has been mentioned in §3.3.1 when
the analytic solution of the echo autocovariance (3.15) was examined. This effect of
the slope orientation can be further verified in fig.4.4. That the surface slope
perpendicular to the sequence of the selected echoes (curve a) has a higher bias than
the slope in parallel with the sequence of echoes (curve b).
When the satellite altimeter is moving along a sloping surface, the on-board
tracker will track the nearest point of the surface, which is upslope of the nadir.
Assuming the altimeter is moving upslope and the slope is high, the altimeter may not
be able to view its nadir point but the nadir points of its successive sampling locations.
However, when a sequence of echoes is used, the surface height information at the
measurement point wiU be contained in one or another of these echoes. We believe that
the estimation process in the multi-channel processing method is able to extract this
information from the appropriate echo and minimise the bias of the measurement.
When the surface slope is perpendicular to the sequence of the echoes, if the
altimeter is not able to view its nadir point, the measurement point will never be
viewed by the altimeter at any location of the selected sequence of echoes. Hence, the
surface information at the measurement point will not be contained in any of the
selected echoes, and in consequence the bias of the measurement will become higher.
It can be verified in fig.4.4 that curve (a) is significantly higher than curve (b).
In fig.4.4 curve b, we can briefly separate the curve into three different
regions. The first region of the curve is between 0® and 0.3®. The error is increasing
at a slower rate because the altimeter nadir point is within the range window coverage
and the echo contains a significant proportion of returned power from the altimeter
nadir point. The second region of the curve is between 0.4® and 0.7®. The error is
increasing at a higher rate because the altimeter nadir point is getting beyond the range
window coverage and the return power from the nadir point is getting less significant.
The final region of the curve is between 0.8® and 1.0®. The error is increasing at a
very slow rate again because the altimeter nadir point has already gone beyond the
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coverage of the range window. However, a sequence of echoes is used in this
estimate, and the surface information on the measurement point will still be contained
within this sequence of echoes. Therefore, further increase of the surface slope will
not make much difference to the accuracy of the measurement.

4.3 The effect of spatial distance and density of the
echoes on the measurement.
In the multi-channel processing method, there is no rule for selecting the
pattern of the input echoes in the estimation. However, the amount of data used in the
estimation is usually restricted by the existing computer resources. In our case, 30
spatial echoes, each of these containing 63 temporal samples, is regarded as the
maximum amount of data in the estimation. For such a limited amount of data, the
pattern of the echoes can be desampled using a larger spatial interval. In turn, the
estimation will have a lower data density but a wider spatial coverage. In contrast, the
echoes can be desampled with a smaller-spatial interval which gives higher input
density but shorter spatial coverage. In this section, we shall discuss how this
selection between the data density and the spatial coverage affects the accuracy of the
measurement.
Fig.4.5 illustrates a posteriori error as a function of the desampling interval of
the input echoes. The results are calculated from the best linear estimation (3.4, 3.6)
which is based on the input of 30 echoes and each echo contains 63 temporal samples.
The a posteriori error is calculated for a surface correlation length L=8km for curve
(a) and L=20km for curve (b). They both have the same vertical scale Gg=20m. In the
figure, the a posteriori error of curve (a) shows that when the spatial interval of the
echoes increases, the error first decreases. However, when the spatial interval further
increases beyond the minimum point at about 550m, the error gradually increases but
in a very slow manner.
The location of the measurement point of the a posteriori error curves in
fig.4.5 is at the centre point of the sequence of the input echoes. It can be seen in the
figure that curve (a) has the minimum point at the sampling interval 550m. This gives
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one-sided spatial coverage for 30 input echoes of about 8km which is the same as the
surface correlation length used in the calculation of this curve. From this point, we can
understand that when a single-sided coverage of input echoes is sm aller than the
surface correlation length, the spatial distance of the echoes is more important than the
data density. This explains why the a posteriori error reduces in the earlier part of the
curve shown in fig.4.5. After the spatial coverage of the echoes has exceeded twice
the surface correlation length, the error curve is almost flat because the effect of a
wider spatial width and lower data density are balanced out.
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Fig.4.5 The a posteriori error as a function of the spatial sampling interval. The error
is calculated from the best linear estimation (3.4, 3.6) in which 30 echoes are
used. The vertical scale of surface variation Gg=20m. Curve (a) has the
surface correlation length L=8km; and curve (b) has the surface correlation
length 20km.

The a posteriori error in curve (b) shown in fig.4.5 is almost a straight line.
W hen the surface correlation length L=20km, the data density and its spatial distance
have an equal and opposite effect on the measurement. In consequence, they are totally
balanced out and give a constant error curve.
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In fig.4.5, we cannot clearly see the individual effects of the data density and
the spatial coverage because when one of these variables changes, the other will
change too. We shall give another example to observe the effect of the data density
when two fixed spatial coverages of the data are used. We present in fig.4.6 the a
p o sterio ri error as a function of the number of echoes used in the estimation. The
error is calculated from the best linear estimation (3.4, 3.6) where the altimeter echoes
from the along-track direction are used. Curves (a) and (a') are calculated from the
surface correlation L= 8km and curves (b) and (b') are calculated from the correlation
length L=20km. All error curves have the same vertical scales, Og=20m. Curve (a)
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Fig.4.6 The a posteriori error as a function of the number of the echoes used in the
estimation. The error is calculated from the best linear estimation (3.4, 3.6)
and the vertical scale of surface variation is (jg=20m. Curve (a) and (a') have
the surface correlation length L=8km where (a) has the spatial coverage of the
echoes of 10km and (a') has coverage of 60km. Curve (b) and (b') have the
surface correlation length 20km where curve (b) has the spatial coverage of
the echoes of 10km and (b') has coverage of 60km.

140

and curve (b) have a spatial distance of the echoes of 60km and curve(a') and
curve(b') have spatial distance 10km.
Fig.4.6 has shown that when the data density increases further, the error tends
to converge to a constant value. The insensitivity of the later part of these curves are
beyond our expectation. We suspect that when the across-track data is not included in
the estimation, which is the case in fig.4.6, the unresolvable across-track topographies
dominate the bias of the measurement. Further increase of the data in the along-track
direction does not improve the knowledge given to the estimation of the surface
topographies in the across-track direction. We have found that the across-track
processing in the separable estimation (3.51) is more sensitive to the change of the
input data than the best linear estimation (3.1). This is true because the narrow-beam
echoes contain the antenna beam orientation which is very narrow in the along-track
direction and the sequence of echoes is selected in the across-track direction, hence
increasing the number in this sequence will give more desired knowledge to the
estimation.
For siuface correlation length L=8km, the later part of curve(a) and curve(a')
shown in fig.4.6 respond very slowly to the increase of the echoes. This is mostly due
to the lack of across-track data in the estimate. Other factors are the spatial coverage of
curve(a) being less than twice the surface correlation length and the low data density of
curve(a'). For the surface of 20km correlation length, the a posteriori error curves (b)
and (b') behave slightly differently to the error curves (a) and (a') of 8km surface
correlation length. We can see in curve (b), where the spatial coverage is 10km, that
the error curve has converged to an asymptotic value while the a posteriori error in
curve (b'), with the data spatial coverage of 60km, is still decreasing at a relatively fast
rate. They intersect at the point where the data density of 10km spatial distance is 2.5
per km and the density of 60km spatial distance is 0.4 per km. This implies that when
the spatial coverage is less than twice the surface correlation, increasing the number of
echoes does not effectively improve the accuracy of the measurement.
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4.4 The effect of temporal duration and interval of an
echo on the measurement.
In §4.3, we have discussed the spatial pattern of the input of altimeter echoes
in the multi-channel processing method. In this section, we shall examine the effect of
the temporal pattern of the input echo on the measurement. At present, satellite radar
altimeters are operating either in an ocean mode which has a temporal sampling
interval of 3ns or in an ice mode with 12ns sampling interval. Most of the ice data
have been collected in an ocean mode operation as a by-product of the oceanographic
satellite altimeter mission. One of the recently launched satellite altimeters, ERS-1,
was equipped with an ice mode and has started collecting the ice data in this mode. In
this section, we shall observe the effect of two temporal sampling intervals on ice
surface measurement. As described in §1.3, the echo is truncated in order to fit into
the pre-fixed length of the range window. We shall also examine the effect of this
length on the accuracy of measurement
We present in fig.4.7 the a posteriori error as a function of the number of time
gates in the range window. The a posteriori error curves are calculated from the best
linear estimation (3.4, 3.6), in which only 5 altimeter echoes are used. Curve (a) has
the temporal sampling interval of 3ns and curve (b) has a 12ns interval. Both curves
have the same surface parameters L=8km and ag=20m. It can be seen in fig.4.7 that
increasing the number of time gates or the length of the range window will decrease
the measurement errors for both curves and finally both curves converge to a similar
asymptotic value.
Fig.4.7 also shows that the a posteriori error in curve (b) of 12ns converges
to an asymptotic value faster than in curve(a) of 3ns. Curve (b) arrives at the
asymptotic value when the number of time gates is about 80, equivalent to the range
coverage of 145m. This coverage is equivalent to 7 standard deviations of the surface
height. This is also true for curve (a). When the range window length of 3ns interval
reaches the the same range coverage of 145m, the error value of 3ns coincides with the
value of 12ns. This point has verified that, for the measurement of ice surface
topography, 12ns ice mode operation performs better than 3ns ocean operation mode
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unless a large number of time gates is allowed in the range window, which is not
practical. However, after both error curves intersect, the error curve of 3ns decreases
slightly, but the curve of 12ns remains constant, because the higher range resolution
of 3ns interval can further reduce the error.
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Fig.4.7 The a posteriori error as a function of the number of time gates within the
range window. The error is calculated from the best linear estim ation (3.4,
3.6) in which only 5 echoes are used. The surface parameters are L=8km and
Og=20m. Curve (a) has the temporal sampling interval of 3ns (ocean mode);
and curve (b) has the interval of 12ns (ice mode).

4.5 The effect of the on-board filtering on the
measurement.
The on-board filtering has been described in §2.2.4 (2.4, 2.44). The purpose
of this process is to average a number of return echoes N in order to reduce the echo
fluctuation due to speckle noise. Integrating N echoes will reduce the speckled
variance by a factor of N. However, when the number N is too large, the filtering will
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lose many details of the surface and, in consequence, increase the bias of the
measurement. In this section, we shall present examples to observe how the parameter
N affects the accuracy of the measurement.
We present in fig.4.8 the a posteriori error as a function of the parameter N.
The error curve is calculated from the best linear estimation (3.4, 3.6) in which only 5
altimeter echoes are used. The surface parameters of this curve are L=8km and
(jg=20m. It can be seen in the figure that the error decreases rapidly below N=3.
Afterwards, the error curve increases slowly in comparison with the earlier part of the
curve. The rapid decrease of the error shows that the reduction of the speckle-noise
level in the echo has improved the accuracy of the measurement. When the error curve
reaches its minimum, it then slowly increases. This illustrates the negative effect of the
on-board filtering - losing details of the surface.
For a given number N, the loss of surface detail is relative to the horizontal
scale of the surface undulations - a smoother surface will not lose as much surface
information as a rougher surface. Hence, an increased rate of the bias after reaching
the minimum point largely depends on the surface correlation length. In order to verify
this point, fig.4.9 and fig.4.10 are presented. Fig.4.9 has a correlation length 2.5km
and it shows that the increased rate of the bias is more rapid than the increased rate
from the 8km correlation length shown in fig.4.8. In contrast, fig.4.10 has a
correlation length of 20km which shows the lowest rising rate of the bias. The surface
in this figure is smooth enough that the surface detail lost during the noise filtering
process is too small to have an effect on the measurement.
We have found that the multi-channel processing method is relatively immune
to speckle noise in comparison with the present re tracking method. This is because
each convolution between the echoes and the estimator in the process of the multi
channel processing is, to a certain extent, similar to the integration of the echoes
temporally and spatially, which acts Eke a noise reduction process. This will be further
verified when the simulation of the surface retrieval process is carried out in chapters 5
and 6. However, at this stage, this immunity is also reflected in fig.4.8, fig.4.9 and
fig.4.10, where the a posteriori error has reached its minimum
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Fig.4.8 The a posteriori error as a function of parameter N. The error is calculated
from the best-linear estimation (3.4, 3.6) in which only 5 echoes are used.
The surface parameters are L=8km and Og=20m.
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Fig.4.9 The a posteriori error as a function of parameter N. The error is calculated
from the best linear estimation (3.4, 3.6) in which only 5 echoes are used.
The surface parameters are L=2.5km and Gg=20m.
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F ig.4.10 The a posteriori error as a function of parameter N. The error is calculated
from the best linear estimation (3.4, 3.6) where only 5 echoes are used. The
surface parameters are L=20km and (jg=20m.

only when N=3. In fig.4.8, only 5 echoes are used in the estimation for calculating
the a posteriori error. However, we believe that when the num ber of echoes is
increased in the estimation, the on-board filtering may not be necessary for the multi
channel processing method, because the method has enough samples to filter out the
speckle noise itself. We shall re-visit this point in §6.3.

4.6 Chapter summary.
Ice surfaces will all have different horizontal and vertical scales of height
variations. These two scales have opposite effects on the accuracy of the
measurement. The bias increases with the vertical scale of variation Og and decreases
with the surface correlation length L.
We have found that the bias has a proportional relationship with the surface
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slope. In addition, a slope which is perpendicular to the selected sequence of echoes
shows a higher bias than a slope parallel with the selected sequence.
When echoes are selected as an input to the estimation, the spatial and temporal
patterns of these echoes have effects on the accuracy of the measurement. Given a
fixed number of echoes, the spatial density and coverage of the echoes can be tradedoff. The spatial density of the echoes can improve the accuracy of the measurement
provided that the data extends over twice the surface correlation length. Once this
criterion is met, increasing the spatial coverage of data will not improve the accuracy
of the measurement. We have also found that when data in the across-track direction is
not included in the best linear estimation, a further increase of the echoes in the alongtrack direction will not effectively improve the accuracy of the measurement
In general, the surface topography has far larger height variation than the
oceans. One of the recently launched satellite altimeters, ERS-1, is equipped with an
additional operating mode which is specifically designed for measuring the ice sheets.
This ice mode has a 12ns temporal interval as compared with the ocean mode of 3ns
interval. The results show that the accuracy of the measurement of surface topography
from 12ns interval is better than from 3ns interval.
The speckle noise is currently reduced by integrating N echoes. We have
found that the multi-channel processing method is a natural noise filter as far as the
speckle noise is concerned. Hence, the number N required in this method is far less
than is required by the present re tracking method.
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Chapter 5
Retrieval of surface topography
from altimeter echoes by the
retracking method.
In chapter 4, the numerical analysis of multi-channel processing is based on
the calculation of an a posteriori error, where many characteristics of this new
processing method have been revealed. In this chapter and chapter 6, a simulation of
the surface retrieval process is described where the problems of the present retracking
technique for measuring the dynamic ice sheet topography, as described in §2.3, can
be easily observed. In addition, the feasibility of the new multi-channel processing
method for overcoming these problems can be easily examined.
In the simulation, synthetic altimeter echoes are used because the recovered
surfaces can be compared with the known surfaces. The echoes will be processed by
the present retracking technique and the multi-channel processing method. The results
obtained from the retracking method are presented in this chapter whilst the results
obtained from the multi-channel processing method will be given in chapter 6. The
results will be compared in chapter 6 and the performance of multi-channel processing
will be analysed in that chapter.
In §5.1, three theoretical surfaces, from which the synthetic altimeter echoes
are generated, and some typical waveforms of these echoes, are presented. The
sampled statistics of the surfaces and echoes will be compared with their theoretical
values. The recovered surfaces and the RMS error obtained from the retracking
technique are presented in §5.2 - §5.4. The overall RMS error of each retracked
surface will be summarised in §5.5. Remy et at. (1989) has inverted the retracked
height data in order to improve the accuracy of the measurement. The improvement of
this additional stage will be examined in §5.5.
Speckle noise is the major noise component in the altimeter echo and is also
signal dependent. In §5.6, the effect of the speckle noise on the present retracking
techniques will be further examined.
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5.1 Surface models & synthetic altimeter echoes.
The generation of Gaussian surfaces and synthetic altimeter echoes has been
described in §2.1.3 and §2.2.6 respectively. A Gaussian surface is described by two
parameters which are the vertical and horizontal scales of surface undulations (2.3,
2.4, 2.5). Three Gaussian surfaces of the same vertical scale but different horizontal
scales of height variations are generated as the known surfaces (2.10, 2.11) in the ice
surface retrieval process. These surfaces will be illustrated in §5.1.1. Examples will
be given to examine how well the generated surfaces agree with the theoretical statistic
thus generated. In §5.1.2, some typical altimeter waveforms returned from each
surface are presented. The statistics of the echoes will be compared with their
theoretical values.

5.1.1 Surface models and statistics.
Three Gaussian surfaces are generated as the known surfaces from which the
synthetic altimeter echoes are calculated. These echoes are processed by the present
retracking technique and the multi-channel processing method which are described in
§2.3 and chapter 3 respectively.
The Gaussian surface is described by 2 parameters. The parameter Og
represents the vertical scale of surface undulation and the correlation length L
represents horizontal scale. The surface correlation length is believed to have more
impact on the measurement of the ice sheet topography because this parameter divides
the surface profile between roughness, dynamic surface topography and the large
geometry of the ice sheets. Hence, three surfaces of the same vertical but different
horizontal scales of undulation are chosen for the surface retrieval process.
Fig.5.1 illustrates three discrete Gaussian surfaces which have the same
surface height standard deviation Gg of 20m but different correlation lengths L. These
surfaces are digitised with interval 100m. Surface (a) in fig.5.1 shows the surface
topography which has correlation length, L, of 25km. This length is about the same
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Fig 5.1 Gaussian surfaces (2.10) and (2.11) of vertical scale parameter Og=20m and
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horizontal correlation length L for surface (a) = 25km; surface(b) = 8km; and
surface (c) = 4km.

as the diameter of an altimeter footprint. When the correlation length is reduced, the
surface undulation becomes rougher and more irregular, and this can be easily
observed from surfaces (b) and (c) in fig.5.1 whose correlation lengths L are 8km and
5km respectively.
As said previously, the Gaussian surface is determ ined by two statistical
parameters Og and L. We shall give an example of one surface in order to validate the
height distribution and the autocorrelation function of the generated surfaces. Fig.5.2
compares the Gaussian distribution function (2.3), where Og=20m, with the sampled
height distribution of surface (a) in fig.5.1. This surface is generated from (2.10) and
(2.11) with generating parameters Gg=20m and L=25km. The
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Fig.5.2 The height distribution of a Gaussian surface with correlation length L=25km
and standard deviation Gg=20m. In the figure the curve is the function of the
Gaussian distribution (2.3); the circles are the sampled height distribution of
surface (a) shown in fig.5.1.

number of sample points is 4,000,000 and the sampling interval is 100m. As shown
in fig.5.2, a good agreement can be seen, which confirms the validity of the vertical
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scale profile of the surface thus generated.
For another statistical parameter, L, surface (a) in fig.5.1 is used again for
comparison. Fig.5.3 compares the normalised auto-correlation of surface (a) with the
theoretical correlation function (2.5) of L=25km. The theoretical value is indicated by
the solid line, the autocorrelation along the y-axis of the generated surface is indicated
by the circled line and the x-axis is indicated by the crossed line. The half value of the
sampled auto-correlation is about 25km which agrees with the theoretical parameter.
W hen the distance is beyond the correlation length, the error of the autocorrelation
along the x-axis increases but along the y-axis it is insignificant. The surface is
digitised with interval 100m, for the Gaussian filter (2.11) of correlation length 20km,
about 400 sampling points are integrated by the filter into forming one point of the
G aussian surface. Hence, we consider that the differences between the sampled
correlation and theoretical values are statistical in origin, and would be reduced by
reducing the sampling interval.

I

0.6

I

8 0.4

°
8

18 0.2

o
c

-

0.2

-0.4

20

30

40

50
km

60

70

100

Fig.5.3 The autocorrelation function of a Gaussian rough surface. In the figure the
solid-line curve is a Gaussian autocorrelation function (2.5) with correlation
length L=25km and standard deviation Og=20ni; the crossed line is the
computed correlation coefficients calculated from the x-axis of surface (a) in
fig.5.1; the circled line is calculated from the y-axis of the same surface.
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5.1.2 Echo samples and statistics

The synthetic altimeter echoes are generated over the known three surfaces in
fig.5.1. A description of how the synthetic echo is calculated is described in §2.2.6.
When the altimeter echoes are generated, 12ns is used for the temporal sampling
interval of the altimeter echo, and a pulse duration equivalent to 1.8m in height. This
value is selected based on the ice mode operation of the ERS-1 satellite altimeter. A
spatial sampling interval for the echoes over surface (a) of 800m is used, and 350m is
used for surfaces (b) and (c). These intervals are larger than the realistic interval and
they are selected because calculating too many echoes will consume a large amount of
computing resources. The tracks are regularly-spaced and parallel to each other with a
track spacing which amounts to the sampling interval of the echoes. As mentioned in
§3.5.3, the assumption of regular-track spacing can reduce the computational
requirement because of the spatial shift invariant property. In consequence, only a
single across-track filter in the separable estimation of the multi-channel processing
method is needed to calculate each surface retrieval.
After the echoes are generated, the on-board filtering is taken into account.
Firstly, speckle noise is added to each echo, 50 different times, and they are averaged
together to form a telemetered echo with N=50 (2.42, 2.44). Although in practice the
echoes are spatially averaged, from which some of the surface information may be lost
and/or a blurring of the echo may occur, for N=50, the increase of the bias due to this
effect is insignificant relative to the improvement of height bias due to the decrease of
speckle-noise during the filtering. This point has been verified in fig.4.8 - fig.4.10.
When N is less 100, the loss of surface information is too small to have an effect on
the accuracy of the measurement.
The altimeter echoes over the undulating surfaces are irregular and non-unique
in their profiles. The rougher the undulating pattern is, the more unpredictable the
features is of the echo profile. This relation can be easily verified by examining some
typical echo waveforms in fig.5.4 returned from the three different surfaces shown in
fig.5.1. The straight line drawn on the range window indicates the real surface height
at the altimeter nadir point. Echoes (a) are returned from surface (a). This surface has a
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correlation length 25km, the same as the diameter of the altim eter footprint. The
majority of the echoes from this surface are ocean-like and the leading edge of the
waveform is not far away from the location of the real surface height.
When the surface becomes rougher, some other profiles emerge. Echoes (b) in
fig.5.4 show two typical waveforms returned from surface (b) of 8km correlation
length. The first echo on the left hand side is described as a "double-ramp" profile
(fig.2.8b) and the right hand side is ocean-like (fig.2.8a). On average, less than half
of the echoes from this surface have a surface height lying near either the first-ramp or
second ramp of the echoes. In case (b) the left-hand echo has the surface height near
the second-ramp, but the echo on the right-hand side has the surface height about 15m
further away from the leading edge.
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Fig.5.4 Samples of altimeter echoes with speckle-noise level N=50. In the figure the
straight line indicates the true surface height, and the delay-tim e has been
converted into range. Echoes (a) are returned from surface (a); echoes (b)
from surface (b); echoes (c) from surface (c). These surfaces are shown in
fig.5.1.

Surface (c) of correlation length 4km shown in fig.5.1 has the roughest
undulating features. The waveforms of the altimeter echoes returned from this surface
are very irregular as shown in echoes (c) in fig.5.4. They fail to fall into any category
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of waveform models described by Martin et al. (1983) in fig.2.8. When we examine
the echo waveforms in fig.5.4, and consider the assumptions about the echo profile
and its relation to the surface height made in the retracking method, we anticipate that
the bias will be higher in retrieving surfaces (b) and (c) than in retrieving surface (a)
The ensem ble means of the altim eter echo (2.60) have been exam ined in
fig.2.4. It is dependent on the vertical scale but not the horizontal scale of variation.
Fig.5.5 compares the ensemble means of the sampled echoes from three different
surfaces in fig.5.1 with their theoretical values. These surfaces have the same vertical
but different horizontal scales of undulation. Although the echo waveforms for each
surface are very different to each other as shown in fig.5.4, their sample means are
about the same and agree with the theoretical ensemble (2.60). The differences shown
in fig.5.5 are considered as a statistical effect which can be reduced if the sample size
is increased.
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Fig.5.5 Ensem ble mean of altim eter echoes. In the figure the solid curve is the
theoretical ensemble mean calculated from (2.60). The curve indicated by the
crossed symbols, "x", is the ensemble mean of altimeter echoes returned from
surface(a); the curve indicated by the circled symbols, "o", is from surface
(b); the curve indicated by the plus symbols,
surfaces are shown in fig.5.1.
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is from surface (c). These

Unlike the ensemble mean of the altimeter echo, the echo variance (3.22, 3.15)
is dependent on the surface correlation length. This effect has been exam ined in
fig.3.1. In fig.5.6 the variance of the sampled altimeter echoes from the three surfaces
in fig.5.1 is compared with their theoretical values. The theoretical values are indicated
by the dotted line and the sample variances are indicated by the solid line. Curves (a)
are the variances of surface correlation length 25km. The num ber of echoes
determining this sample variance is about 44,500. Good agreement is seen between
the samples and theoretical values in curves (a). Curves (b) and (c) in fig.5.6 are the
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Fig.5.6 Variance of altimeter echoes. In the figure the dotted curves are the echo
variance function calculated from (3.22, 3.15) with param eter Og=20m and
the solid curves are the sample variance of the altimeter echoes returned from
the three surfaces in fig.5.1. The theoretical variance shown in curves (a) has
parameter L=25km and the sample variance is calculated from the echoes
returned from surface (a); the theoretical variance shown in curves (b) has
param eter L=8km and the sample variance is calculated from the echoes
returned from surface (b); the theoretical variance shown in curves (c) has
param eter L=4km and the sample variance is calculated from the echoes
returned from surface (c).
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echo variances from the surfaces of correlation length 8km and 5km respectively. The
number of echoes determining these sample variances are 13,600, which is a few
times less than the sample size of curves (a). Thus, the agreement of curves (b) and (c)
are worse than for curves (a). Although curves (b) and (c) in fig.5.6 are not in good
agreement with their theoretical values, the sampled variances are consistent with the
proportional relation of the echo variance and the correlation length. We believe that
when the sample size of echoes in surface (b) and (c) increases, the difference between
their sample and theoretical variances will decrease.

5.2 Surface of 25km correlation length.
The speckled altimeter echoes shown in fig.5.4, which are generated from the
three surfaces presented in fig.5.1, were processed by the retracking technique
described in §2.3.2 (2.62, 2.64). Fig.5.7 compares the retracked surface and the
known surface of 25km correlation length. This known surface is the surface (a)
shown in fig.5.1. The smooth contour is the known surface and the noisy contour is
the re tracked surface. The height values have been removed from this figure in order
to make it easier to visualise, but these values can be obtained by reference to fig.5.1.
The size difference between the known surface and the retracked surface is an artifact
of the radius of an antenna footprint (12.5km). During the retracking process, the
echoes are fitted into a single-ramp echo model (2.62) as the echoes from surface (a)
are simple ocean-like echoes, as shown in fig.5.4a. The noisy component of the
retracked surface in fig.5.7 is mainly due to speckle noise.
The height values of the surfaces in fig.5.7 are indicated in fig.5.1. When the
height values are considered in the retracked surface shown in fig.5.7, it can be seen
that the retracked surface is, on average, slightly below the true surface. This bias is
caused by two effects. First of all, the surface height is not located precisely at the
leading edge of the echo but slightly forward (see fig.5.4a) which is due to the
topographic effect and also the coarse resolution of the temporal sampling interval.
Secondly, the retracked height parameter P3 in (2.62) has a tendency to displace
slightly behind the central point of the functional ramp when the minimum residue is
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reached. W e have found that this displacement becomes more obvious when the
speckle noise level increases in the echoes, and vice versa. Hence, we believe this
tendency is also related to speckle noise. We shall discuss this point further in §5.6.
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Fig.5.7 Comparison of the re tracked surface and true surface. The smooth contour is
the true surface which is the surface (a) with L=25km as shown in fig.5.1.
The noisy contour is the retrieved surface obtained from the retracking
method. The difference in dimension between the true and re tracked surface is
the radius of the antenna footprint.

5.3 Surface of 8km correlation length.
The altimeter echoes in fig.5.4b returning from surface (b) in fig.5.1 have
multiple profiles. The correlation length of this surface is 8km which is about three
tim es smaller than the previous surface. Some of the returned echoes from surface (b)
are ocean-like (fig.2.8a), some are double-ramped (fig.2.8b) and others are irregular
and do not strictly fall into any category of the echo models. Fig.5.8 illustrates the
RM S error of the across-track distance of surface (b) in fig.5.1. The RMS error is
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calculated from the retracked heights in the along-track distance. Tie RM S error
retracked from the first leading edge is indicated by the circled line. The retracked
heights of this curve are determined from the first leading edge of the echo by fitting
the echoes either into the ocean-like (2.62) or the double-ramp model (264).
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Fig.5.8 The RMS error of retrieving the surface of L=8km. The retrieved surface is
obtained from the retracking method, and the true surface is tie surface (b)
with correlation length L=8km as shown in fig.5.1. The RMS error is
calculated from the bias in the along-track distance. In the figure, the RMS
error of the retracked surface which is determined from the firsi leading edge
of the echoes is indicated by the circled symbols, "o"; the re tricked surface
from the second leading edge is indicated by the plus symbols, '+".

The echoes returned from surface(b) are subject to speckle-noise and
topographic distortion. Sometimes, the features of the echoes cannot be easily
distinguished as to whether they are single-ramp or double-ramp in origin. Hence, all
the echoes will also be fitted into a double-ramp model. The curve indicated by the "-h"
line shown in fig.5.8 is the RMS error of the retracked surface which is cetermined by
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the second leading edge of the echoes. When the retracked heights from the second
leading edge coincide with the retracked heights from the first leading edge, this
implies the echoes are single-ramp in origin. It can be seen in fig.5.8 that the surface
height is neither at the first nor second leading edge of the echo. Such a high bias as
shown in fig.5.8 verifies that the relationship between the surface height and the echo
profile assumed in the retracking method becomes invalid when the surface correlation
length is less than the antenna footprint.
We present in fig.5.9 a comparison of a one dimensional profile of the
retracked surface and the true surface. The true surface profile is extracted from
surface (b) shown in fig.5.1 and the location of this profile is at an along-track
distance of about 18km. Fig.5.9a shows the retracked heights determined from the
first leading edge of the echo. The true surface height is indicated by the solid line and
the retracked heights are indicated by the circled line. Fig.5.9b shows the retracked
heights from the second leading edge of the echo which is drawn in

"-I-"

symbols. The

bias of the retracked surface consists of two components. The noise-like component is
due to the speckle noise. As said earlier, this noise in the echoes is uncorrelated. This
gives rise to uncorrelated noisy features in the retracked surface. Another bias
component is due to the topographic effect in which the echo profile is distorted, and
the surface height departs from the leading edge of the echo.
In fig.5.8, a sudden rise in the RMS error is seen along the across-track
distance between 80-100km. The high bias in this region is also seen in the single
profile of the retracked surface in fig.5.9. This high bias is caused by the rough
surface undulations in the along-track distance, as shown in fig.5.10. The figure
illustrates one-dimensional surface undulations with the along-track distance at an
across-track location of 95km. For ease of comparison, the diagram is drawn on the
same scale as in fig.5.9. It can be seen in fig.5.10 that the along-track distance
changes in the vertical by 100m over a horizontal distance of 7km. The altimeter tends
to lock onto the hill in that region which causes a forward shift of the leading edge of
the echoes in the vicinity. In consequence, the re tracked surface under-estimates the
depth of the valley (80-100km) shown in fig.5.9a, and gives rise to a high RMS error
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Fig.5.9 Comparison of an one dimensional profile of the retracked surface and the true
surface. The true surface is at 40km of the along-track distance of surface (b)
with L=8km as shown in fig.5.1. The re tracked surface profile is determined
from (a) the first leading edge of the echoes; (b) the second leading edge of
the echoes.

near that region, as shown in fig.5.8.

5.4 Surface of 4km correlation length.
When the surface correlation length is further reduced to 4km, the echoes
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become more irregular. This can be seen from the echoes shown in fig.5.4c. They fail
to fall into any categories of the echo models (see fig.2.8). Many of them have more
than two leading edges in their profiles. However, in the retracking m ethod, the
echoes are bound to fit into one of the two parameter models, as described in §2.3.2.
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Fig.5.10. The along-track topography of surface (b) in fig.5.1. The location of this
topography is at the across-track distance 95km.

Fig.5.11 illustrates the RMS error of the retracked heights of surface (c) in
fig.5.1. The RMS error in the "o" line is the retracked height from the first leading
edge and the RMS error in the

line is from the second leading edge. The bias

shown in fig .5 .1 1 is the highest among the three retracked surfaces because the
surface topography of the surface (c) is the roughest.
It also can be seen in fig.5.11 that the retracked heights determined from the
first leading edge are, on average, nearer to the true height than those determined from
the second leading edge. However, this is not the case for L=8km shown in fig.5.8.
W hen the surface topography gets rougher, the second leading edge of the echo will
gradually disappear and return to a single ramp profile, like an ocean echo. This
implies that when the surface correlation length is small, the second leading edge of
the echo is less indicative of the surface's elevation.
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F ig.5.11 The RMS error of the retrieved surface of L=4km. The retrieved surface is
obtained from the re tracking method, and the true surface is the surface (c)
with correlation length 4km as shown in fig.5.1. The RMS error is calculated
from the bias in the along-track distance. In the figure, the RMS error of the
retracked surface which is determined from the first leading edge of the
echoes is drawn in circle "o" symbols; retracked surface from the second
leading edge is in plus

symbols.

The retracking errors are generally regarded as w hite noise (2.72),
uncorrelated with themselves and with the surface (Remy et al. 1989). However, this
may not be true. From a realistic point of view, when the altimeter moves along a hill,
it tends to lock onto it as discussed in §5.3. In consequence, the leading edge of the
echoes in this vicinity shifts forward, and result in an overestimate of the true surface
in the region near the hill. By virtue of this, the biases are correlated with themselves
and with the surface in that region within a certain distance. This distance also depends
on the distance between two consecutive hills, because the altimeter will "unlock" one
hill when another one is getting close and then will lock onto that one. This implies
that the bias of the retracked surface has a correlation distance which can be related to
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the correlation length of the surface.
The correlation pattern of the retracking errors, which can be roughly seen in
fig.5.11, has a statistical characteristic which has a correlation pattern similar to the
surface correlation. This effect is more obvious when the autocovariance of the
retracking errors of surface(c) is compared with the surface correlation function (2.5)
with L=4km, as shown in fig.5.12a. There is such a strong resemblance between the
two curves in the figure that we believe the retracking errors are not totally white
noise. In addition, the cross-covariance of the retracking errors and the surface heights
shows a strong statistical characteristic which resembles the statistic of the surface.
This can be easily verified in fig.5.12b where the cross-covariance of the retracking
errors and the surface is in excellent agreement with the auto-covariance of the surface.
However, further studies are required to confirm this point and this is beyond the
scope of this study. Hence for comparison with multi-channel processing, when the
retracking heights are inverted in §5.5, the white noise and uncorrelated properties of
the retracking errors (2.72) as assumed by Remy et al. (1989) will be assumed.

5.5 Overall RMS error of the retracked surfaces.
5.5.1 Retracked height error
The RMS errors of the three retracked surfaces are summarised in the first
column of table.5.1. The second column is the RMS error obtained from inverting the
retracked heights (see §2.3.3), and this will be discussed in §5.5.2. When the
horizontal scale of surface undulation decreases from 25km (surface a) to 8km
(surface b) to 4km (surface c), the retracked error increases. This is due to the
assumptions made in the retracking method having less vahdity, such as the relation of
the profile and surface height. The RMS error of the retracked surface (a) is 3.94 m
which is equivalent to 2 range bins. As said previously, the nue surface height lies
slightly forward of the leading edge of the echo which causes about Ibin equivalent
error. Another bin of error is due to the speckle noise effect and coarse resolution of
the temporal sampling interval.
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Fig.5.12 Covariance of the retracking errors and the surface. In the figure, the dotted
line is the autocovariance function of the surface (2.5) with parameter L=4km.
The solid line in (a) is the autocovariance of the retracking errors; and (b) is
the cross-covariance of the retracking error and the surface. The bias is
obtained from retracking the echoes from surface (c), which has a correlation
length L=4km.

The RMS errors of retracked surfaces (b) and (c) are above 15m, as shown in
table.5.1. The RMS errors of the retracked heights determined by the 1st and 2nd
ramp are both relatively high. This shows that the surface height can neither be
determined from the first nor second leading edge of the echo. The effect of speckle
noise on the bias of re tracked surfaces (b) and (c) is insignificant relative to the bias
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due to the topographic effect. We have varied the speckle noise level in the altimeter
echoes returning from these two surfaces, and the bias remains approximately the
same. We shall further discuss this in §5.6. The bias of these retracked surfaces is
mainly due to the topographic effect, which greatly distorts the echoes, and the surface
heights are shifted to an ill defined point.

Retracking
method

Retracked
heights
inversion

Istram p-^^^
1st ramp—
ramt
_ .^ ^ ^ n d ramt
Surface(a)
as=20m.
L=25km
Surface(b)
a ^ 20m,
L=8km
Surface(c)
as=20m,
L=4km

3 .9 4 m % ^
X

—
1 5 .2 4 m /^

^y% l5.05m
18.33m % ^

3.6m
14.5 I m / ^
^ % ^ 3 .5 m
17.72m % ^

^ % 22.85m ^ / 2 1 . 2 5 m

Table.5.1 The RMS error of the recovered surfaces obtained from the retracking
method. In the table, the first column is the RMS error of the retracked
surface. The second column is the RMS error after the re tracked heights are
inverted, this procedure is described by Remy et a/.(1989) and shown in
§2.3.3.

The RMS error of surface (c) with correlation length L=4km is about 18m, as
shown in table.5.1. When the surface has rough topography, the altimeter tends to
measure the mean surface height rather than the height of the surface. If a Gaussian
surface is assumed, the mean surface will give an RMS error of the nadir point
measurements equal to the height standard deviation. In our case, it is 20m. This effect
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is roughly reflected in table.5.1 - when the surface correlation reduces from 25km to
4km, there is a slight tendency of the RMS error to converge to 20m.

5.5.2 Inversion of retracked surface.
Remy et a/.(1989) inverted the retracked height data in order to improve the
accuracy of the ice measurement. Their method has been described in §2.3.3. We shall
only consider the surface undulation factor in their inversion procedures, and neglect
the orbital error of (2.71). The retracked heights of the three surfaces will undergo this
inversion process.
During the inversion, 30x30 retracked heights equally distributed in both
perpendicular directions are used to estimate the surface elevation at the location of the
centre of these data. Remy et al. (1989) considered the instrumental error, i.e. the
retracking error, as white noise (2.72), as described in §.2.3.3. However, we have
found that there is a correlation pattern in the retracking error which resembles the
surface correlation, but we have not attempted to modify their procedures. They
described the covariance of the retracking error by a Dirac-delta function. The
amplitude of this function is 0.25m^. However, this value does not always give the
minimum value of the RMS error. Hence, the amplitude of the Dirac-delta function is
iterated until the minimum of the RMS error is reached.
The results are shown in the second column of table.5.1. From this table, it
can be seen that the improvement of height accuracy from this additional inversion
process is insignificant. For surface (a), about 0.3m improvement is seen and for the
other surfaces, about Im improvement has been made over 15-20m bias. We believe
that this second stage may not be effective in resolving the surface topography.

5.6 Effect of speckle noise.
We have learnt that the bias of the re tracked surfaces is due to the speckle noise
and topographic effects. The effect of surface topography on the accuracy of the
measurement can be easily observed from table.5.1 because three surfaces of different
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horizontal scales have been retrieved. However, the effect of the speckle noise on the
measurement has not been clearly examined. Hence, in this section, the speckle noise
level in the altimeter echoes will be varied and the surface retrieval process will be
repeated.
In the above sections, the parameter N=50 (2.42) is used to reduce the speckle
noise. Echoes with large speckle noise, N=5, and speckle-free echoes are used for the
surface retrieval process in this section. The filtering process of the echoes here is the
approximation of the on-board filtering which has been described in §.5.2. Losing
surface information due to the filtering has been neglected so far. Two surfaces are
selected to recover in this section. They are surface (a) of L=25km and surface (b) of
L=8km shown in fig.5.1. The RMS error of the retrieved surfaces from the retracking
method by processing the noisy speckled echoes and speckle-free echoes will be
presented here.
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Fig.5.13 Samples of speckled and speckle-free altimeter echoes. The echo indicated
by the solid curve is the speckled altimeter echo with parameter N=5, the echo
indicated by the dotted curve is the speckle-free echo and the straight solid line
is the surface height relative to the range window. Echoes (a) are returned
from surface (a); and echoes (b) are returned from surface (b). The surfaces
are illustrated in fig.5.1.

The speckled echoes for N=5 and the speckle-free echoes are presented in
fig.5.13. The speckled echoes for N=5 are shown by the solid line and the specklefree echoes are shown by the dotted line. The straight line represents the location of
the surface height relative to the echo. In this figure, we can easily observe how the
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speckle noise distorts the echo profile from its mean value. We have shown in fig.5.4
that the speckled altimeter echoes for N=50 the speckled fluctuation is obviously less
than for the speckled echoes with N=5, but the noisy component in the echoes with
N=50 is still apparent in comparison to the speckle-free echoes in fig.5.13.
Table.5.2 compares the RMS errors of two retrieved surfaces by retracking the
altimeter echoes from three different speckle noise levels. Surface (a) has large
correlation length L=25km, the altimeter echoes from this surface are simple ocean
like with a single ramp in the earlier part of the echo (see fig.5.4a). It can be seen from
table.5.2 that the RMS error of surface (a) has increased rapidly when the speckle
noise increases. This phenomenon can be explained in fig.5.14. Two speckled echoes
with N=5 are shown in this figure. The echo parameter function has a smooth profile.
The retracked height determined by the parameter model (2.62) is indicated by the
straight dotted line, and the true surface height is indicated by the straight solid line. It
can be seen that the re tracked heights depart from the half power point of the leading

Retracking method
N=50

N=5

Speckle-free

1st rarap^^”^^^ 1st ra m p ^ ^ 1st ram p"'"^
ram;
^„,.^^nd rami ^^^^"^"2nd ram
Surface(a)
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L=25km
Surface(b)
as=20m.
L=8km

17.58pT

3 .9 4 rn /^

1 6 .2 5 m /^

1 5 .2 4 y /^

14.89m % ^

[5.05m

[5.63m

Table.5.2 The RMS error of the retracked surfaces obtained from the re tracking
method. The first column shows the RMS error by processing the echoes
with speckle noise level N=5; the second column with speckle noise level
N=50; and the third column is the RMS error by processing the speckle-free
echoes.
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Fig.5.14 Speckled altim eter echoes and the echo param eter function after the least
square fit of the echoes into the single-ramp model in the retracking method.
The straight solid line is the true surface height and the dotted line is the
retracked height.

edge of the param eter model. This departure increases when the echo distortion
increases and is shown in fig.5.14.
Wlien the speckle noise level decreases, the RMS error in retrieving surface (a)
decreases, as shown in table.5.2. The RMS error of surface (a) from retracking the
speckle-free echoes is 2.8m. This has confirmed that the speckle noise level of N=50
has caused about Im height bias in the m easurement, and topographic effect of
L=25km and the range resolution has caused about 2.8m of height bias.
The distortion of the echo profile is mainly due to the speckle noise and the
topographic effect. When the surface topography is relatively smooth and the speckle
noise level is moderate, the bias of the re tracked surface is caused equally by both
effects. However, when the surface has rougher undulations, the bias will be
dominated by the topographic effect. When the echoes have been seriously distorted
by the surface topography, a further increase or decrease in the distortion caused by
the speckle noise will not make any significant difference. This point can be easily
verified in table.5.2. Here, the retracked surfaces with L=8km from the echoes with
three different levels of speckle noise do not show significant differences in their RMS
error, whereas the RMS errors of the retracked surfaces of L=25km show a
considerable difference from the three different speckle noise levels.
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5.7 Chapter summary
Three surfaces of different horizontal scales of undulating features are
generated as the known surfaces for the surface retrieval process. The altimeter echoes
are calculated from these surfaces. The statistics of the generated surfaces and echoes
are compared with their theoretical values.
Speckle noise with a level equivalent to N=50 is added to the calculated
echoes. The speckled echoes are processed by the retracking method. The first
retracked surface has shown that when the surface has topography with a surface
correlation length, L, of about the same size as the antenna footprint, the retracked
surface is equally subject to speckle noise and topographic effects. Speckle noise gives
rise to the noisy component of the re tracked surface and the surface topography will
shift the surface height slightly away from the leading edge of the echo. These two
effects cause a RMS error of about 4m for the re tracked surface.
For surfaces with smaller correlation length, the altimeter tends to lock onto a
hill in the vicinity of the sub-satellite track. The echoes are very much distorted by the
topography in this vicinity. In consequence, the distorted echoes do not fall into any
category of echo model. However, in the re tracking method, the echoes are made to fit
either one of the two analytical models. Furthermore, the surface height has also been
shifted to an unknown point of the echo. These result in a high bias of the retracked
surfaces.
The retracked heights are inverted according to the procedures introduced by
Remy et û/.(1989). We have found that the improvement of the accuracy made by this
additional process is not significant.
The speckle noise effect is further examined by separating this effect from the
topographic effect. The echoes of a speckle-noise level equivalent to N=5 and specklefree echoes are used to repeat the surface retrieval process. We have found that when
the surface is smooth, the speckle noise has significant effect on the accuracy of the
measurement. However, when the surface has rough topography, the bias of the
retracked surface is dominated by the topographic effect.
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Chapter 6
Retrieval of surface topography
from altimeter echoes by the
multi-channel processing method.
In chapter 5, we have observed the fundamental problems of the re tracking
method for measuring the dynamic surface topography of ice sheets. Surface
topography is the major problem for this technique, from which a high bias is
introduced into the measurement. Although the effect of speckle noise on the
measurement is far less significant than the topographic effect, the speckle noise
affects the accuracy of the measurement of a smoother topography and will also give
noise-like features to the measured surface. In this chapter, we shall observe the
performance of our newly developed method, the multi-channel processing method.
The retrieved surfaces and the RMS errors obtained from this method will be
presented and compared with those obtained from the retracking method. From this
comparison, the feasibility of the multi-channel processing method for improving the
accuracy of measurement can be easily confirmed.
There are two similar techniques for the multi-channel processing method
introduced in chapter 3. In this chapter, the results obtained from both techniques are
presented and discussed. The results from the separable estimation are discussed in
§.6.1 and the results from the best linear estimation are discussed in §.6.2.

6.1 Separable estimation of multi-channel processing.
Separable estimation is one of the techniques for implementing the multi
channel processing approach, and is described in §3.4. The prime difference between
this technique and the retracking method is that the former does not depend on a
simple echo profile and a simple assumption concerning its relation to the surface
height. In addition, a sequence of correlated echoes are used in separable estimation
which may resolve the surface topography better and improve the accuracy of the
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measurement.
We have observed the performance of the retracking method in chapter 5 . In
this section, we describe the retrieved surfaces obtained from the separable estimation
of the multi-channel processing method. The same order of treatment used in chapter 5
will be used in this section.

6.1.1 Retrieved surface of 25km correlation length.
We first present in fig.6.1 the comparison of the retrieved surface from the
separable estimation and the true surface shown fig.5.1a. The dotted line is the true
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F ig.6.1 Comparison of the retrieved surface and true surface. The dotted contour is
the true surface which is the surface (a) with L=25km as shown in fig.5.1.
The solid contour is the retrieved surface obtained from the separable
estim ation of the m ulti-channel processing method. In each estim ation
process, 30 spatial samples and 63 temporal samples are used. The difference
in dimension between the true and retrieved surface is the radius of the
antenna footprint in addition to the spatial length of 15 echoes.
173

surface height and the solid line is the retrieved surface. In the along-track processing
(3.41) described in §3.4.1, 30 consecutive altimeter echoes in the along-track are used
to estimate the narrow-beam echo. As described in §5.1.2, the altimeter echoes are
regularly sampled and the tracks are parallel, hence only one along-track filter is
needed to retrieve the whole surface. In the across-track processing (3.51) as
described in §3.4.2, 30 consecutive sampled estimates of narrow-beam echoes are
used to estimate the surface height. Regular track spacing is assumed for all surfaces,
hence only a single spatial shift invariant filter is needed to calculate each surface, as
described in §3.5.3. For both processes, the estimated parameter is located at the
centre of the input data. The non-retrieved margin of the true surface in fig.6.1 is an
artifact of the antenna footprint and the allowance distance for half of the input data.
The retrieved surface in fig.6.1 is in good agreement with the true surface.
When the height values of the true surface shown in fig.5.1a are considered, it can be
seen that the downsloping regions between the four valleys which surround the
mountain at coordinate (90km, 70km) are in excellent agreement. When the retrieved
surface in fig.6.1 is compared with the retracked surface in fig.5.7, it can be seen that
the noisy components in the retracked surface have completely disappeared in the
retrieved surface using the separable estimation method. The RMS error of the
retrieved surface from this method is 1.46m. The accuracy has been improved by
270%.

6.1.2 Retrieved surface of 8km correlation length.
We present in fig.6.2 the RMS error of the retrieved surface of surface (b)
with correlation length L=8km, as shown in fig.5.1b. When this figure is compared
with the RMS error of the retracked surface shown in fig.5.8, it can be easily seen that
the accuracy of the recovered surface has been improved significantly by the separable
estimation method, especially in the region of the across-track distance between 80km100km. The RMS error of this region has been reduced from about 35m to 3m.
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Fig.6.2 The RMS error of the retrieved surface of L=8km. The retrieved surface is
obtained from the separable estim ation of the m ulti-channel processing
method, as described in §3.4. The true surface is the surface (b) with the
correlation length L=8km as shown in fig.5.1. The RMS error is calculated
from the bias in the along-track distance. In each separable estim ation
process, 30 spatial samples and 63 temporal samples are used.

The retracking method suffers from speckle noise and topographic effect.
Speckle noise gives rise to noise-like features in the retracked surface. Surface
topography distorts the echo profile on which the re tracking m ethod is based. In
consequence, a bias is introduced into the retracked surface, as clearly shown in
fig.5.9. The multi-channel processing method does not rely directly on the echo
profile and an assumption of the relation between the surface height and echo feature.
This method estimates the surface height by observing a sequence of echoes and their
correlations, and has been shown to give significant improvement in the accuracy of
the measurement. This also can be verified by fig.6.3, where one-dim ension of a
retrieved surface obtained from the sepaiable estimation technique is illustrated. The
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noise-like features and the bias in fig.5.9 have disappeared in fig.6.3. In fig.4,8 fig.4.10, the speckle noise was shown to have very little effect on the multi-channel
processing method. We also see in §6.3 that the multi-channel processing method is
immune to speckle noise because of its inherent averaging property. Another feature of
the separable estimation is that it takes into account the along-track and across-track
topographies. Hence, the high bias in the problem region 80-100km in fig.5.9, due to
the off-track topography shown in fig.5.10, has been rem oved correctly by the
separable estimation, as illustrated in fig.6.3.
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Fig.6.3 Comparison of a one dimensional profile of the retrieved surface and true
surface. The true surface is at the along-track distance 40km of surface (b)
with L=8km as shown in fig.5.1. The retrieved surface is obtained from the
separable estimation of the multi-channel processing method where 30 echoes
with spatial coverage of 10km and each echo of 63 temporal samples are used
in each estimation process.

The overall RMS error of the measurement of surface(b) from the separable
estimation method is 2.88m and the RMS error from the retracking method is 15.24m.
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The accuracy has been improved by 530%.
As discussed in §4.3, when only the along-track altim eter echoes are used in
the best linear estimation, the bias of the measurem ent will be dom inated by the
unresolvable across-track topographies. Because of this, the accuracy of the
measurement from the best linear estimation becomes less sensitive to the change of
the input data density and its spatial coverage. Unlike the best linear estimation (3.1)
with only the along-track data as its input, we have found that the separable estimation
is relatively sensitive to the input pattern of the echoes, as we shall see in the following
example.
In fig.6.3, 30 echoes with spatial coverage of 10km are used in the along-track
and across-track estimates. The retrieved surface is in good agreement with the true
surface. In order to demonstrate the sensitivity of the input pattern of the data to the
separable estimation, an example is given in fig.6.4. In this example, the surface
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Fig.6.4 Comparison of an one dimensional profile of the retrieved surface and true
surface. The true surface is at the along-track distance 40km of surface (b)
with L=8km as shown in fig.5.1. The retrieved surface is obtained from the
separable estimation of the multi-channel processing method where 15 spatial
and 63 temporal samples are used in estimation process.
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retrieval process shown in fig.6.3 is repeated but the number of echoes and hence
spatial coverage, has been reduced to half of its number or length. It can be seen that
fig.6.4 shows a higher bias than fig.6.3, especially in the region between 80-100km
distance. The bias in this region is mainly due to the rough topography along the sub
satellite track, as shown in fig.5.10. We believe that the surface information that can
be exploited from 15 echoes is insufficient to resolve this rough scale of topography
during the estimation which, in consequence, overestimates the valley in the region
between 80-100km distance, as shown in fig.6.4. From fig.6.3 and fig.6.4, it can be
easily understood that, given a fixed data density, increasing the spatial coverage of
data will further improve the accuracy of measurement.

6 .1 .3 R e trie v e d su rfa c e o f 4 k m c o rre la tio n le n g th .

The improvement of the altimetric measurement of surface (a) and (b) (refer to
fig.5.1) from the separable estimation method has been confirmed. The RMS error in
retrieving the last surface in fig.5.1 is illustrated in fig.6.5. Similarly, when we
compare the RMS error obtained from the separable estimation in fig.6.5 with the
RMS error obtained from the retracking method as shown in fig.5.11, we can easily
see the improvement of the accuracy from the separable estimation. The overall RMS
error of fig.6.5 is 5.85m which is a 313% improvement with reference to the RMS
error of 18.33m obtained from the retracking method.

6 .1 .4 O v e ra ll R M S e rro r o f th e re trie v e d s u rfa c e s.

The RMS errors of the three retrieved surfaces which are obtained from the
separable estimation are summarised in table.6.1. In the table, the inverselyproportional relation of the RMS error and the surface correlation length L is shown.
This relation has been well-established in §4.1 where the a posteriori error as a
function of correlation length calculated from the multi-channel processing method is
illustrated. The a posteriori error decreases when the surface correlation length
increases.
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Fig.6.5 The RMS error of the retrieved surface of L=4km. The retrieved surface is
obtained from the separable estimation of the multi-channel processing
method, and the true surface is the surface (c) with correlation length 4km as
shown in fig.5.1. The RMS error is calculated from the bias in the along-track
distance. In each separable estimation process, 30 spatial samples and 63
temporal samples are used.

The improvement made by the separable estimation relative to the retracking
method is about 270% for surface (a) of 25km correlation length, 530% for surface
(b) of correlation length 8km and 310% for surface (c) of correlation length 4km. The
improvement ratio for 8km surface correlation length is the highest and then decreases
in both directions. This can be explained by considering two extreme cases of
correlation length. When the correlation length tends to infinity, it implies the surface
is flat. If the speckle noise is ignored for the moment, the surface height will be
located exactly at the leading edge of the echo which can be determined accurately by
the retracking method. The separable estimation becomes less efficient in terms of the
ratio of improvement.

179

RMS error
Surface(a)
as=20m,
L=25km

1.46m

Surface(b)
as=20m,
L=8km

2.88m

Surface(c)
as=20m,
L=4km

5.85m

Table.6.1 The RMS error of the retrieved surfaces obtained from the separable
estimation. The RMS error is obtained from 30 echoes with about 10km
spatial coverage in each separable estimation process.

In contrast to the flat surface, the second extreme case is zero correlation length
which has a similar discussion in §5.4 and §5.5. In this case, the retracked heights are
the mean heights which give the RMS error of the nadir point measurements that
amounts to the height standard deviation (a Gaussian surface is assumed here). Exact
point measurement of the fine scale surface roughness is not possible for the multi
channel processing method either, unless an infinite number of echoes are used in the
method. As indicated by (3.6, 3.44, 3.54) the RMS error of this method cannot
exceed the standard deviation of surface height. Hence, for surface roughness, the
multi-channel processing method may result in the maximum RMS error which is also
the standard height deviation. In this extreme case, it explains why the improvement
ratio decreases when the surface correlation length further reduces. In order to
improve the accuracy of measuring a rougher undulating surface to a greater degree,
we believe that more data must be used in the separable estimation.
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The feasibility of the multi-channel processing method for the recovery of
surface topography has been confirmed in this section. Additionally, the results have
shown that the accuracy of measuring the dynamic surface topography has been
improved significantly by this method. In §6.2, we shall view the retrieved surfaces
from another estimation technique of the multi-channel processing method, best linear
estimation.

6.2 Best linear estimation of multi-channel processing.
In theory, best linear estimation technique is able to resolve the along-track and
across-track topography by processing the altimeter echoes in both track directions
(3.1). However, it is practically impossible as discussed in §3.4. Although the
separable estimation is basically practical, it is an extremely time-consuming process
when it is applied in practice. In our calculations, the across-track spacing is assumed
regular in order to simplify the calculation of the across-track filters in the separable
estimation because of the spatial shift invariant property, as described in §3.5.3.
Realistically, this is not the case, because the ground tracks are irregularly spaced, and
in consequence the calculation of the across-track filters will also be very timeconsuming because the spatial shift invariant property does not apply.
Unlike the across-track echoes, the along-track echoes are regularly sampled
by the altimeter, and the spatial shift invariant property can be applied to the estimator.
If only the along-track echoes are considered in the best linear estimation, the
calculation will be very much simplified, which is more practically suitable in a
realistic situation. However, with the absence of the across-track information in the
estimation, one can anticipate its performance will be worse than the performance of
the separable estimation but better than the retracking method, as the topography in
one direction will be resolved in the best linear estimation.
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6.2.1 Quantitative assessment.

The RMS errors of the retrieved surfaces obtained from the best linear
estimation (3.1) are summarised in table.6.2. In the estimation, 30 altimeter echoes in
an along-track are used. The first column is the RMS error of the retrieved surfaces
and the second column is the a posteriori error (3.6). The a posteriori errors are

RMS error zposted ori
error
Surface(a)
Gs=20m,
L=25km

1.65m

2.63m

Surface(b)
as=20m,
L=8km

4.65m

5.81m

Surface(c)
as=20m,
L=4km

8.24m

9.04m

Table.6.2 The RMS error of the retrieved surfaces obtained from the best linear
estimation. The first column shows the RMS error obtained from 30 alongtrack echoes in the estimation and the second column shows the a posteriori
error of the estimate (3.6).

about Im higher than the RMS error of the retrieved surface which is less than one
range bin equivalent. We suspect that this minor difference is due to numerical error,
especially in the inversion of the covariance matrix where a value is added to the
diagonal of the matrix in order to overcome the singularity, as described in §3.5.2. In
addition, the generated surfaces are only an approximation of the Gaussian surfaces on
which the calculation of a posteriori error is based. From table.6.2, it can be
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confirmed that the a posteriori error is a good indicator of the accuracy of the retrieved
surfaces. In practice, the true surface is not known a priori, so, in turn, the accuracy
of the recovered surface from the retracking method cannot be determined. One of the
advantages of the multi-channel processing method is that it allows us to calculate the
a posteriori error from which the accuracy of the retrieved surface can be estimated.
By comparing the RMS error from the best linear estimation in table.6.2 with
the RMS error from the retracking method in table.5.1, it can be seen that significant
bias has been removed by the best linear estimation, especially when the surfaces have
smaller correlation length.
Due to a lack of across-track information in the best linear estimation, the
accuracy of the retrieved surfaces from this estimation is poorer than the accuracy from
the separable estimation. This can be easily verified when the RMS error obtained
from the best linear estimation in the first column of table.6.2 is compared with the
RMS error calculated from the separable estimation in table.6.1.

6.2.2 Qualitative assessment.
For a qualitative assessment, one dimensional surface profile of the retrieved
surface from the best linear estimation is presented in flg.6.6. The true surface is from
surface (b) of 8km correlation length shown in fig.5.1. The retrieved surface,
indicated by the "plus" symbols, is obtained by using 30 along-track echoes in the best
linear estimation. When we compare fig.6.6 with fig.5.9, we can easily see the
speckled fluctuation and the high bias in the problem region (80-100km) in fig.5.9 has
been significantly removed by the estimate from a sequence of along-track echoes.
However, without resolving the across-track topography in the best linear estimation,
we can obviously see that the bias of the retrieved surface from the best linear
estimation in fig.6.6 is higher than that from the separable estimation in fig.6.3.
In fig.4.5 and fig.4.6, the a posteriori errors have shown that when only the
along-track data is used in the best linear estimation, the accuracy of the measurement
is not very sensitive to the input pattern of the data. This can be further verified in this
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Fig.6.6 Comparison of an one dimensional profile of the retrieved surface and true
surface. The true surface is at the along-track distance 40km of surface (b)
with L=8km as shown in fig.5.1. The retrieved surface is obtained from the
best linear estimation of the multi-channel processing method in which 30
altimeter echoes of spatial coverage 10km, and each echo of 63 temporal
samples in a single along-track are used.

simulation of the surface retrieval process. The retrieved surface shown in fig.6.6 is
obtained from 30 along-track echoes of spatial coverage 10km. Unlike the separable
estimation described in §6.1.2, we have found that, for a given data density, reducing
half of the input data coverage in the best linear estimation will give approximately the
same quality or bias of the measurements. An example is given in fig.6.7 in order to
further demonstrate this insensitivity to the input data pattern. Fig.6.7 illustrates the
retrieved surface obtained from the best linear estimation, but with a spatial coverage
only half of the coverage in fig.6.6. W hen fig.6.7 is compared with fig.6.6, where
wider spatial coverage of data is used in the estimation, it can be easily seen that the
retrieved surfaces from both figures show similar bias patterns in their retrieved
surfaces. In the separable estimation, when the spatial coverage of the data changes,
the accuracy of the measurement will significantly change too. From these points, we
suspect that, in the best linear estimation, the bias is dominated by the across-track
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topographies.
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Fig.6.7 Comparison of an one dimensional profile of the retrieved surface and true
surface. The true surface is at the along-track distance 40km of surface (b)
with L=8km as shown in fig.5.1. The retrieved surface is obtained from the
best linear estimation of the multi-channel processing method in which 15
altimeter echoes of spatial coverage 5km, and each echo of 63 temporal
samples in a single along-track are used.

Another example given in fig.6.8 is the retrieved surface obtained from the
same estimation but when across-track echoes are used instead of the along-track
echoes. The bias in the problem region 80-100km has been significantly increased, as
compared fig.6.8 with fig.6.6. This is because the sequence of echoes used in the
estimation is from the across-track direction, and hence the along-track topography in
the sub-satellite track shown in fig.5.10 is not resolved in the estimation. In
consequence, the measurements over-estimate the valley in that problem region.
When fig.6.6 and fig.6.8 are compared, the bias patterns of both figures are
different. Some regions in the figures are worse, and some better than the other. This
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implies that when only echoes from one direction are included in the best linear
estimation, the bias due to the topography from another direction will be introduced
into the retrieved surface. After observing the simulation results from the separable
estimation method and best linear estimation, it can be concluded that, to achieve a
higher accuracy of the measurement, the input echoes from both perpendicular track
directions are necessary for the best linear estimation (3.1). However, this is a very
expensive process which far exceeds our computing capability.
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Fig.6.8 Comparison of an one dimensional profile of the retrieved surface and true
surface. The true surface is at the along-track distance 40km of surface (b)
with L=8km as shown in fig.5.1. The retrieved surface is obtained from the
best linear estimation of the multi-channel processing method in which 30
spatial and 63 temporal samples in a single across-track are used.

6.3 The effect of speckle noise.
Speckle noise is the major noise term in the altimeter echo. It is signaldependent and with a fluctuation equal to the mean echo value, as described in §2.2.1.
The echoes are spatially averaged to reduce the speckled fluctuation. When N echoes
are averaged, the variance of the speckled echoes is improved by a factor N. In §4.5,
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we have examined the effect of the parameter N on the accuracy of the altimeter
measurements through the calculation of the a posteriori error. In this section, we
shall re-examine the speckle noise effect in a different manner which is the measure of
the RMS error of the retrieved surfaces.
The response of the multi-channel processing method to the speckle noise is
different from the retracking method. We present in table.6.3 the RMS error of two
retrieved surfaces from the multi-channel processing method. It can be seen from the
table that the multi-channel processing method is immune to the speckle noise. The
RMS errors are about the same from the altimeter echoes with three different levels of
speckle noise.

RMS error
N=50

N=5
Separable
e s tim a t^ ^ ^ M t linear
estimate

Surface(a)
Gs=20m,
L=25km

Separable
estimate
^ x ^ n e s t linear
estimate

1.46rn^%^^

1.5
1.97m

Surface(b) 3.1m
as=20m,
L=8km
y % 4 .8 4 m

Speckle-free
Separable
estimate
Best linear
estimate

XA'Sm yr

1.65m y / ^

1.61m

2.88m yX ^
y % 4 .6 5 m

^^X^4.62m

Table.6.3 The RMS error of the retrieved surfaces obtained from the multi-channel
processing method. The first column shows the RMS error by processing the
echoes with speckle noise level N=5; the second column with speckle noise
level N=50; and the third column is the RMS error by processing the specklefree echoes.

This immunity to the speckle noise is also reflected in the calculation of the a
posteriori error in fig.4.8 - fig.4.10. The bias decreases rapidly until N=3 which is
due to the reduction of speckle noise level. For N larger than this, the speckle noise
effect vanishes and the bias increases very slowly due to the loss of surface
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information in the course of the filtering action. In these figures, the calculation of the
a posteriori error was based on the estimate from 5 telemetered echoes. However, if
30 telemetered echoes are used in the surface retrieval process, the speckle noise effect
will vanish much quicker in response to the parameter N. We shall explain this point
in the following text.
As described in §.2.2.2, the speckle noise is temporally and spatially
decorrelated. In consequence, the variance of the speckled fluctuation will be
improved by a factor of N when N number of echoes are averaged together. The
summation process of one convolution between the echoes and the estimator, to an
extent, has a similar effect to on-board filtering as far as the speckle noise is
concerned. If the weighting of the estimator are assumed equal to one, and in our case
30 echoes and 63 temporal samples are processed in the surface retrieval process, the
variance of the speckle noise will be reduced by the factor of 1890. This explains why
the multi-channel processing method is insensitive to the speckle noise.

6.4 Conclusions on the performance of the multi
channel processing method.
In this chapter, we have observed how the multi-channel processing method
reduces the speckle noise effect and the topographic effect on the measurement. These
effects give rise to a high bias in the retracking method. In addition, we have also
examined and compared two techniques for the multi-channel processing method,
separable estimation and best linear estimation. In this section, we shall conclude the
results obtained from the multi-channel processing method.
For the surface topographic effect, multi-channel processing has improved the
measurement accuracy by 530% for the surface correlation length 8km. When the
surface correlation length further reduces to 4km, the improvement ratio decreases to
350%. When the surface correlation becomes smaller, the retracking method tends to
measure the mean surface which will give a bias that equals the surface height standard
deviation. In addition, for the multi-channel processing method, when the surface
correlation length reduces without increasing the amount of data used in the
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estimation, the bias increases. In consequence, the improvement ratio decreases.
The multi-channel processing method is immune to the speckle noise because it
is a natural noise filtering process. For a surface with less topographic effect, like the
surface with 25km correlation length, the speckle noise effect on the retracking method
and the multi-channel processing method can be examined easily. The increase of
speckle noise in the echoes from the speckle-free level to the level equivalent to the
parameter N=5 has caused 4% rise in the bias in the multi-channel processing method,
whereas the bias has increased by 530% in the retracking method.
In practice, the true surface is not known a priori and, in turn, the accuracy of
the measured surface obtained from the retracking method can not be determined. In
the multi-channel processing method, the a posteriori error, which is analytically
derived from this method, can be calculated. This error gives the least RMS error in
the surface height estimate. The a posteriori error has been compared with the RMS
error of the retrieved surfaces obtained from this method. Their differences are, on
average, about Im, which is less than one range bin equivalent. This has shown that
the a posteriori error is a good indicator of the accuracy of the measurement.
The results of two techniques for multi-channel processing are shown and
compared in this chapter. Separable estimation takes into account the surface
topography in the along-track and across-track directions. However, the best linear
estimation would require a huge amount of computer resources if it were to consider
the surface topography in both track directions. Hence, the best linear estimation
implemented here only takes into account the surface topography in one direction. The
results show that the separable estimation gives better measurement accuracy than the
best linear estimation. For example, for the surfaces with 8km and 4km correlation
lengths, the best linear estimate gives a 60% and 40% higher bias than the separable
estimate respectively. It is believed that the additional bias given by the best linear
estimate is due to the unresolvable topography in the direction from which the data are
absent in the estimation. From this point, it can be verified that the data from both
tracks directions are important for measuring the surface topography accurately.
The disadvantage of the separable estimation is that many correlations that
result from correlations between across-track and along-track topography are ignored.
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In addition, the final estimated error of the surface will be the sum of the error from
two estimation processes instead of a single process like the best linear estimation. For
these reasons, it is believed that the best linear estimation would do better than the
separable estimation if the along-track and across-track data were included in the
former estimation.
The best linear estimation was shown to be better than the retracking method in
terms of the accuracy of the measurement. For the surfaces of 8km and 4km
correlation length, the accuracy has been improved by 330% and 220% by the best
linear estimation respectively over the retracking method.
As a conclusion, the feasibility of the multi-channel processing method has
been confirmed and has shown significant improvement over retracking.

6.5 Chapter summary.
The re tracked surfaces suffer from two effects. Speckle noise gives rise to a
noisy component of the re tracked surface and the effect of surface topography results
in a major bias. The multi-channel processing method has completely removed the
speckle noise effect and gives a smooth measured surface. The topographic effect also
has been improved by the multi-channel processing method from which surfaces of
smaller correlation length can be measured more accurately.
In practice, the true surface is not known a priori, and hence the accuracy of
the measured surface can not be determined. However, in the multi-channel
processing method, the results have shown that the a posteriori error is a good
indicator of the accuracy of the measurement.
To reduce the computational requirements, only single along-track data are
used in the best linear estimation. The accuracy of the best linear estimate is worse
than the separable estimate because the across-track topography has been ignored in
the best linear estimation. However, the best linear estimation has shown considerable
improvement over the retracking method.
The feasibility of the multi-channel processing method has been confirmed in
this chapter. In addition, significant improvement has been shown from this method
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over the present processing technique, retracking.
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Chapter 7
Discussion of results.
7.1 Summary
The objective of this thesis is to investigate the feasibility of the multi-channel
processing method for the measurement of ice sheet topography. In this study, the
dynamic surface topography is approximated by a Gaussian surface model from which
the altimeter echo characteristics are studied. In addition, a complete framework for
multi-channel processing is presented in terms of the theory, analytic solution and
numerical computation. The characteristics and behaviour of the multi-channel
processing method are studied and analysed through the calculation of the a posteriori
error of the height estimate. Finally^ the feasibility of the multi-channel processing
method for the measurement of ice sheet topography is confirmed by computer
simulation. The principal ideas and the results presented in this thesis can be
summarised by the following list.

1) The surface topography and the non-homogeneous undulations over the surface
give rise to an irregular and non-unique echo profile. To determine the surface height
from the non-unique echo is the principal problem in the measurement of ice sheet
topography.

2) The dynamic surface topography is approximated by a Gaussian surface and the
large-scale geometry of the surface is approximated by a sloping plane. The vertical
and horizontal scales of the surface topography are represented by two parameters of
the Gaussian surface, Gg and L.

3) Altimeter echo characteristics are studied from the Gaussian surface model.
Individual echoes are of no practical use because of high fluctuations due to speckle.
The mean echo is speckle-free. The mean echo over the ocean surface is unique, so
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that the mean echo is identical to the ensemble echo. The telemetered echo is an
approximation to the mean echo by an average over N individual echoes. When N=50,
the mean profile merges into the average echo but noisy features are still apparent. The
mean echo over the surface topography is non-unique and irregular so that it is
different from the ensemble echo. For this reason, the relation of the surface height
and the echo cannot be determined uniquely.

4) In principle, the present method of measuring the ice sheet topography is similar to
the method of measuring the ocean surfaces - the surface height is determined by the
half-power point of the echo's leading edge. The P parameter retracking technique is
believed to be the most popular one and the least sensitive to the speckle noise. This
technique fits a theoretical model to the altimeter echo, from which the half-power
point of the echo is found. However, the theoretical models are based on the model
derived from the ocean surface, and these models may not be appropriate for the
measurement of the ice sheet topography. Remy et û/.(1989) have inverted the
retracked height data in order to improve the accuracy of the measurement. Their
procedures are described in §2.3.

5) Multi-channel processing is a new method of measuring the ice sheet topography
and is first introduced by Wingham (1991). The idea is to determine the surface height
from a set of echoes and a full echo waveform is used. Linear optimal estimation is
employed to form the foundation of the multi-channel processing method.

6) Two similar techniques which are based on the linear optimal estimate are
introduced from which the multi-channel processing method is implemented. The best
linear estimate estimates the surface height from a set of echoes in two perpendicular
directions. However, the calculation of the estimator for this quantity of data requires
considerable computer resources, which is practically impossible for us. Hence, the
estimate of the surface height in the best hnear estimation is practically limited to use a
single track of echoes only. In consequence, bias may be introduced due to the surface
topography in the direction from which the echoes are excluded.
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7) Separable estimation is introduced in order to reduce the computational requirement
and the surface topography in two dimensions can also be taken practically into
account. A narrow-beam echo is first estimated from the along-track echoes and this
process is called along-track processing. This echo is that returned from an antenna
beam pattern which is very narrow in the along-track direction, thus the along-track
topography is resolved in this process. The across-track topography is resolved in the
second process, the across-track processing, in which the sampled estimates of the
narrow-beam echoes from a single across-track are used to estimate the surface height.

8) The theoretical framework for multi-channel processing is of considerable analytic
and numerical complexity. The theories and numerical computation of this new
method are described in chapter 3. The characteristics, behaviour and performance of
the multi-channel processing method are mainly observed from the numerical
calculation of the a posteriori error and the computer simulation of the retrieval of the
surface topography. The a posteriori error can be regarded as the minimum root mean
square error of the measurement when the multi-channel processing method is used in
the measuring process. The observations of the numerical results can be summarised
as followings:

- The vertical scale ((?§) and horizontal scale (L) of surface variations affect the
accuracy of the measurement. The bias of the measurement increases with Gg and
decreases with L. A temporal sampling interval of 12ns (ice mode operation of the
altimeter) is shown to be better than a 3ns ( ocean mode) for the measurement of ice
sheet topography.

- When the slope of the surface increases, the bias of the measurement increases.
When single along-track echoes are used in the best linear estimation, the estimate of
the surface height shows a higher bias when the slope is peipendicular to the sequence
of echoes than when it is parallel with the sequence.
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- The spatial and temporal pattern of echoes selected in the multi-channel processing
method affects the accuracy of the measurement. Accuracy increases with spatial
coverage and density of data. When spatial coverage of the echoes reaches about twice
the surface correlation length, the accuracy can only be improved by increasing the
spatial density of the data.

- When the range coverage of the range window increases, the bias decreases until the
coverage has increased to 7 standard deviation of the surface variation (7ctg). Then the
bias of the measurement remains constant. Hence, for a fixed time gate, a 12ns
temporal sampling interval (ice mode operation) is better than a 3ns (ocean mode) for
the measurement of surface topography.

- Three surfaces of different horizontal scales are retrieved during the computer
simulation. The results show that the multi-channel processing method is significantly
better than the retracking technique. In addition, the inversion of the retracked height
data which is introduced by Remy et ûf/.(1989) was found to make no significant
improvement in the accuracy of the measurement.

- The multi-channel processing method is immune to speckle noise whereas the
retracking method is relatively sensitive to it. The results of the simulation are
consistent with the theoretical a posteriori error of multi-channel processing. In
practice, the accuracy of the measurement is difficult to justify because the real surface
is not known a priori. However, the multi-channel processing method allows the
accuracy of the measurement to be estimated through the calculation of the a posteriori
error.

- When a single track of data is used in the best linear estimation, it has been shown
that the accuracy of the retrieved surfaces is worse than the accuracy of those obtained
from the separable estimation. This verifies that the inclusion of echoes from both
perpendicular directions is important in obtaining an unbiased estimate in the multi
channel processing method. However, the best linear estimation is significantly better
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than the retracking method because the along-track topography has been resolved in
the estimate.

7.2 Further investigations.
The investigation of the feasibility of the multi-channel processing method for
the measurement of the surface topography conducted in this study is the first time the
idea of multi-channel processing has been implemented and analysed. It is confirmed
that the accuracy of the measurement can be improved significantly by exploiting the
correlation of the echoes and deciphering the entire echo waveform.
Linear optimal estimation is chosen to develop the idea of multi-channel
processing. This estimation technique is very flexible and it places no theoretical
restriction on the application of multi-channel processing. However, due to the
computational requirement, we assumed that the on-board time origin adjustment of
the echo is linear with the surface slope, and that the ground tracks are parallel and
regularly spaced. With these stationary assumptions, the surface height estimate
becomes the convolution of an estimator and the data, which makes the method
practically possible for our computer resources. However, in practice, the time-origin
of the echo is varied by a non-linear tracker and the ground tracks are irregularly
spaced, which destroys the stationary property of the echoes. This requires the
calculation of different estimators for processing the echoes at different locations. For
this reason, the retrieval of a surface is, in practice, computationally very expensive
even if a small size of surface is concerned.
This study confums that multi-channel processing can improve the accuracy of
the measurement. The multi-channel processing method may be a solution to the
fundamental problem of measuring the ice sheet topography. However, this method is
not readily practical for routine processing due to the extensive computational
requirement. Future research is suggested to investigate alternative methods by which
multi-channel processing can be implemented at less cost in terms of computational
requirement. For example, in parallel to this research, another method based on
Fourier transform methods was estabished (Wingham et <3/. 1993, Wingham 1995)
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from which the spectrum of the echo solution (2.37) can be diagonalised. In this
method, a section of the altimeter echoes is migrated to measure the surface elevation
with less computational requirement. The preliminary results obtained from the twodimensional analysis have shown that the resolution of the measurement can possibly
be improved to 1km scale. However, further research is necessary to extend the
method to deal with the three-dimensional problem of practical ice sheet topography
and the irregular sampling of the across-track echoes. In addition, the truncation of the
echoes by the altimeter-recording system will destroy the simplicity of the Fourier
method because the solution can no longer be diagonalised, and this also needs to be
dealt with.
In this study, it is found that the retracking errors are correlated with
themselves and with the surface. Their correlation patterns are similar to the pattern of
surface correlation and this is within our physical understanding of satellite radar
altimetry. However, further work is required to confirm this. The correct statistics for
the retracking error are important for the improvement of the measurement when the
retracked height data are inverted by the procedures described by Remy et a/.(1989)
(also illustrated in §2.3.3). It is anticipated that the statistics of the retracking error wiU
be difficult to obtain analytically, but its statistical characteristics can be confirmed by
computer simulation of retracking the echoes from different surfaces. I believe that
when the correct statistics of the re tracking error are incorporated with the inversion
procedures, the accuracy of the measurement can be improved significantly.
Bamber (1994) used the Offset centre of gravity (OCOG) and the (3 parameter
retracking methods to retrack two Seasat repeated tracks over part of Antarctica.
Because the real surface was not known, only the repeatability of these two methods
was observed. The OCOG retracking technique was originally designed as a tracking
algorithm for maintaining the echo "in-lock" within the range window over the ice
surfaces (Wingham et al. 1986). In short, this method calculates the centre of gravity
(COG) and the width, W, of the echo, as shown in fig.7.1.
The echo's leading edge is found by offsetting 1 in advance of to the COG
2
of the echo, and the surface height is derived from this leading edge. During our
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computer simulation, it is found that the accuracy of the measurement obtained from
the OCOG method is twice as good as the p parameter retracking method. However,
this observation is based on the results of two retrieved surfaces and needs further
verification. Before the multi-channel processing method becomes practical for routine
processing, the available choices are among different retracking methods. At present,
the OCOG method may be the most suitable choice for measuring the surface
topography.

wer

Width (W)

t im e

Position o f
C -of-G

Centre o f Gravity
Leading-edge position

Fig.7.1 Offset centre of gravity technique for searching the echo's leading edge.

7.3 Conclusion.
In this section, conclusions are drawn in respect of the research carried out in
this study.
A complete framework for multi-channel processing is described in terms of
the theory of satellite radar altimetry, analytic solutions of the method, and numerical
techniques for its computation. The altimeter echo characteristics are studied. These
include the observations of the individual, mean, telemetered and ensemble echoes.
The a posteriori error that describes the accuracy of the measurement obtained
from the multi-channel processing method is calculated in order to understand the
characteristics and behaviour of this method. The surface parameters (ctg, L, s) have
been found to have direct effects on the accuracy of the measurement - accuracy
increases with L and decreases with Qg and Isl. It is verified that a 12ns temporal
sampling interval is better than a 3ns temporal interval for measuring the surface
topography.
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Accuracy can be improved by increasing the spatial coverage and density of
echoes in the estimation. We have found that when the data coverage is less than twice
the surface correlation length, increasing the spatial coverage is more effective in
improving the accuracy of the measurement than increasing the data density.
Averaging the echoes can reduce the speckle noise but can also lose details of the
surface information. It was found that, in general, the minimum bias of the
measurement can be obtained over an average of a few echoes ( N< 5 ). The bias
increases slowly with N but, in general, the increase is insignificant for N<100. This
response also depends on the horizontal scale of the surface. The bias increases faster
with N when the correlation length is small than when it is large.
Computer simulation has been carried out to retrieve the surface topography.
The retracking method suffers from speckle noise and surface topography. Speckle
noise gives rise to noisy features in the measured surface, and surface topography
causes a major bias in the measurement. It is found that the inversion of the retracked
surface introduced by Remy et al.{19^9) shows no significant improvement in the
measurement of surface topography.
The accuracy of the measurement is significantly improved by the multi
channel processing method. This method is immune to speckle noise. In addition, a
sequence of correlated echoes and the entire waveform is used in the measurement,
from which the bias caused by the surface topography is significantly reduced.
Two similar techniques of multi-channel processing are introduced. The
surface topography undulates in two dimensions. Single track data used in the best
linear estimation is found to be inadequate to resolve the surface topography
completely. However, the surface topography in one direction is resolved, so that the
accuracy is significantly better than that obtained from the retracking method. In
addition, the a posterori error calculated from the best linear estimation is a good
indicator of the accuracy of the measurement.
In this study, the separable estimation takes into account the surface
topography in two dimensions, from which the accuracy of the measurement can be
further improved. The separable estimation is introduced to obtain a tradeoff between
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the computational requirement and the performance of multi-channel processing. The
surface height estimate is obtained by two sequential estimation processes from which
a single track of data in one direction is used in each step. The computational
requirement is reduced tremendously in this way and the topographic undulations in
two dimensions are taken into account. However, many of the correlations that result
from correlations of the surface are ignored in this process. It is believed that the best
linear estimation can do far better than the separable estimation if both tracks of echoes
can be included, and an unbiased measurement may be obtained. However, including
both tracks of echoes in the best linear estimation is beyond our computing capability.
As a conclusion, I believe the study of multi-channel processing is complete in
this thesis. The characteristics and behaviour of multi-channel processing are
observed. The problems of the retracking technique are identified. Finally, the
feasibility of the multi-channel processing method for improving the accuracy of the
measurement is confirmed. However, the multi-channel processing method is not
easily used in a practical application on a routine basis because the altimeter echoes are
not regularly spaced, and the surface retrieval process is computationally very
expensive. This study has verified that the idea of multi-channel processing is a
feasible solution to the fundamental problem of topographic altimetry. It remains to be
seen if further research will reduce the computational requirement of the multi-channel
processing method to make it practical for routine processing.
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A pp en d ix .A

Brown's ocean echo.
Brown (1977) has described the mean altimeter echo over the ocean surface as
the convolution of three functions (2.25). The three-folded convolution is graphically
depicted in fig.A.l. Ppg(t) is the average flat surface impulse response, which is the
average backscattered power from a mean flat surface being illuminated by an impulse.
This function is an incorporation of the antenna pattern and the geometric spreading of
the illumination along the surface. The function q(t) is the probability distribution of
surface heights over the ocean or homogeneously-rough surface, and is expressed in
terms of delay time. p(t) is the point target response, which has the transmitted pulse
profile (2.21).
W ide Beam

AR

a)

Fig.A.l The formation of a speckle-mean altimeter echo over a homogeneously-rough
surface like the oceans. The return echo <(|)(t)>g is a convolution of the
average flat surface impulse response Ppg(t), probability distribution of
surface heights q(t) and the point target response p(t) (Rapley et al. 1983).
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Brown(1977) assumed Gaussian distribution of the ocean surface and gave the
analytic solution of the three-folded convolution (2.25) of the speckle mean echo

«t)(t)>s = tiPt Pf s W (2

{1 + Erf[x/(V2ac)] }/2, x < 0
(A .l)

<(|)(t)>s = TiPjPps(x)V(2 7t)(Tp{ 1 + Erf[x/(V2ac)]}/2, x > 0

where

Pf s (^) =[{Go% GO}/{4(4 7t)2Lph3}]

exp[-(4/y)sin?(p - 4cxcos(2(p}/(y^h)]

Io(^/'A|Xcx/h)l/2sin(2(p)

x>0
(A.2)

P p sN - 0

x<0

In (A.l),

Gp = 0.425Xp,

the time origin is chosen as (2.19) and Gq is expressed as

Gc=V{Gp^ + (Gt)^}

Here,

Gq

The maximum antenna gain.
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(A.3)

c

Velocity of wave propagation,

h

Height of the satellite.

Cl

Surface height standard deviation in delay-time

T|

Compression ratio.

(p

Antenna mispointing angle.

X

Radar carrier wavelength.

o®

Backscattering cross section per unit scattering area.

Lp

Two way propagation loss.

Xp

Transmitted pulse duration at 3dBwidth.

Erf(.)

Error function.

Io(.)

Modified Bessel function of zero order.
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Appendix.B
Surface and telemetered echo cross
covariance function, Cfj-G.
In this appendix, the procedures for simplifying (3.31) are described. The
summation term of (3.31) can be written as

% exp[-{(i-i')/N'}^] exp[{-2jcos.(ri'j-r)/c - j%(co) lr-rj'j|2}/(l +jL^%((o))] =
i = -oo

%

exp[-{(i-i')/N'}2] l/(27t)2|J^ dk explj k.(rpj-r)] |J ^ d(ri'j-r) exp[-j k.(rpj-r)]

i = -o®

X exp[{-2jcos.(ri’j-r)/c - j%(co) lr-rj'j|2}/(l+jL2%(co))]

(B .l)

In (B.l), it is given in the form of a spatial spectrum with wave number k. We make
the variable change u= (r^'j - r) and use the relation (3.30) to solve the (rpj-r) integral.
We then substitute the solution of (B.l) into (3.31) and obtain

Qi.0(r,rij,tk) =

X

j7cL2 cat^/2(2ch7c)-lG(N')

X

I dco%'l(co)jcoexp[jcotij;-co2(Xp2/2 + aQ2+<j^2)/2]

X

exp [-j (cols I/c)2/%(co)](1 /(2 tc)2

xj^l^dk exp[ j(cos.k/(c%(co)) + IkP( 1+jL2%(co))/(4%(co))))]
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X

^

exp[-{(i-i')/N'}2] expljk.(ri'j-r)]

(B.2)

1 = -o o

We replace rj'j with (2.17) and rewrite the summation series in (B.2) as

^ exp[-{(i-i')/N'}^] exp|jk.(ri'j-r)]=
i = -oo

exp[-jk.r]expIjk.roj] % exp[-{(i-i')/N'}2] exp[j(i'rsk.nj)]

(B.3)

where rgj is the location of the altimeter echo at the origin of the surface concerned and
rgHj is the direction vector of the satellite track (2.17).
We make use of the following relation which is a property of the speckle-noise
filter in (2.44) (Wingham 1992)

Z exp[-((n-m)/N)^ + jma] = (7t)^/^N exp[jna] Z exp[-{ (a-2jti)N'/2}^]
m=-«x>

(B.4)

i=-oo

We use the relation (B.4) and rewrite (B.3), we obtain

^

exp[-{(i-i')/N'}^] exp[jk.(ri'j-r)] =

i = -oo

(7c)l/2N'exp[jk.(r-rij)] ^

exp[-{(rsk.nj-27ti')N72)}2]
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(B.5)

The summation term in (B.5) is a result of the aliasing of the spatial spectrum. For the
measurement of surface topography, the spatial bandwidth is dominant by 1/L which
is a few orders lower than PRF. Hence, we shall ignore the aliasing effect and give

X exp[-{(rsk.nj-2jti')N'/2))2]~exp[{(rsk.nj)N'/2}2]
i = -oo

(B.6)

From (B.6), (B.5) and (B.3), we obtain the covariance function

Cfi.e(r,rij,tk) ~

X

-j7[L^CG(%(2ch7t^)-1

X J^dco X^(co) jco expljcotk - co^(Xp^/2 +

X

+Ot^)/2]

exp[-j(colsl/c)%(co)](l/(27t)2

xj^ l^ d k exp [ j(cos.k/(c%(co)) + lk|2(l+jL2% (co))/(4% (co))))]

exp[-k.(njN72)2] exp[jk.(rij-r)]

(B.7)

We rewrite (B.7) into a rectangular coordinate; it then becomes

Cfr0(r,rij,tk) -

cat^/2(2ch7c2)-l

XI dco %“^(co) jco expljcùtk - (co^ + co'^) (Xp^/2 +

X

exp[-j(colsl/c)2/%(co)]
215

+cJt^)/2]

X (l/(2 jc )2 |_ d u

exp[ j(uBx + u2{ a2 (co) + j(XxjN'/2)2})]

x|" dv exp[-j(v(By + 2juXxjXyj(N'/2)2) + v2{a22(co) + j(XyjN'/2)2]

(B.8)

The function a2(co) is defined in (3.36); X is defined in (3.33); and B is defined in
(3.37). The v-integral in (B.8) is solved using the following relation given by
GR.3.323.2 (Gradshteyn and Ryzhik 1980)

I exp[-P^x^ + Qx] dx = {(7c)^/^/P}exp[Q2/(4p2)]

[P^ > 0]

(B.9)

After the v-integral is solved, the u-integral in (B.8) is factorised into the same form as
(B.9). After some algebra, the surface-echo cross-covariance Cf^0 in (3.32) is
obtained.
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Appendix C
Narrow-beam and altimeter echo crosscovariance function, CÇ0.
In this appendix, we shall derive the cross-covariance function of the narrowbeam and altimeter echoes

given in (3.47) and shall derive the asymptotic

expression of this function when œcû'at^ is positive and very large. The cross
covariance function is defined in (3.46). The altimeter telemetered echo 0 is
approximated by (2.44). We replace the adjustment of the time origin with (2.40) and
solve the speckle mean process <.>§ by substituting (2.37) and (3.39) into (3.46).
This gives

G(N') % exp[-{(i-i')/N')2] |J_j_dx'dy'dy g(yj-y) g(xi'-x', yj-y')
i=

-oo

X « p ( tn - ej - 2sxx/c - 2syyj/c + 2f(x,y)/c - (yj-y)^/ch )

X

p(tk - £j - 2SxXi'/c - 2syyj/c + 2f(x',y')/c -

X

{[(xj'-x')2 + (yj-y')^]/(ch)}) >o>t - V(tn)<I>(tk)

(C. 1)

The transmitted pulse p(t) is defined in (2.21) and the antenna pattern g( ) is given in
(2.29). The Fourier transform of p(t) is given in (3.25). We substitute (3.25) into
(C.l) and make use of the time-shifting property of the Fourier transform (3.26). The
surface height f(r) is replaced by (2.1) and the cross-covariance
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becomes

Cçe(x,yj,tn,xi,yj,tk) =

(2ch7c2)-2G(N') X

X

II

exp[-{(i-i')/N'}^]

dcûdco' expljcûtn -jcû'tk - (o)2 + co'2) (Xp2/4)]

X |_|_|_dy dy' dx' exp[ -j%(œ)(yj-y)2 + j2cûSy(y-yj)/c ]

X

exp[ j%*(cû')(yj-y')2 - j2syCû'(y'-yj) ]

X

exp[j%*(cû')(xi'-x')2 - j2sxCû'(x'-xi')/c ]

x<exp[-jcû£j + jcû'£j]>o<exp[jco2fi.(x,y)/c - jcû'2fi.(x',y')/c>t - \{/(tn)0(tk) (C.2)

Instead of deriving C^q, we derive its conjugate C^0*. The narrow-beam
echo and altimeter echo are real, hence their cross-covariance is bound to be real. This
gives

cçe = cçe*-

(c.3)

We shall simplify the random process of the orbital error <.>q andsurface height <.>t
in the last line of (C.2) by using their joint characteristic function expressed in (2.53)
and (2.7) respectively. We shall also replace the ensemble mean of the narrow-beam
echo Y(tn)

altimeter echo d>(tj^) in (C.2) with (3.40) and(2.60) respectively. The

cross-covariance function becomes

C;8(x,yj.tn.xi.yj.tk) =
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= (2chit2)-2G(N) X exp[-{(i-i')/N')2]
i = -oo

X l^j^dœdcû’ expljcûtn-jcû'tk - (co^ + co'^) (Xp2/2 +

X

+Gt^)/2]

dy' dx' exp[ -j%(co)(yj-y)^ + j2cosy(y-yj)/c ]

X

exp[ j%*(co')(yj-y')2 - j2syC0'(y'-yj) ]

X

ex p [ jx*(co')(xi'-x')2 - j2sxCo'(x'-xi')/c ]

X {exp[ao^o)co'] exp[at^cocû'C[(x-x')^ + (y-y')^] ] -1 }

(C.4)

The correlation coefficient C[.] in (C.4) is defined in (2.5) and is an exponential
function. Hence, the last exponential term in (C.4) is an "exponential of an
exponential". To simplify this term, we expand the last exponential function in (C.4)
into a power series, such that

exp[G(^oxo'exp[-(r/L)^]] = ^ (ot^oxo'exp[-(r/L)^])^/n!
n=0

(C.5)

Substituting the series (C.5) and (2.5) into the last exponent of (C.4), the covariance
function becomes

Cçe(x,yj,tn,xi,yj,tk) = (2ch7t^)"^G(N') % exp[-{(i-i')/N'}2]

XI I dcûdcû' expijcotn -jco't^ - (co^ + co'^) (Xp^/2 +
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+ o ^)J2\

X[ [

dy' dx' exp [ -j%(co)(yj-y)2 + j2cosy(y-yj)/c ]

X

ex p [ j% *(œ ')(yj-y')2 - j2syCo'(y'-yj) ]

X

e x p [ j% *(co')(xi'-x')2 - j2sxC 0'(x'-xi')/c ]

x{exp[ao^coco'] ^ (a^^coco')^/n! exp[-n(x-x')^/L^] exp[-n(y-y')^/L^] }]
n=l

H(cû,co'){exp[ao^œco'] -1} ]

(C.6)

where

H(co,co') = (l/%((o))l/2(%/j)3/2(l/%*(o)'))

(C.7)

exp[-(cosy/c)2/gx(co))] exp[(co’s/c)2/(jx*(ca'))]

The H(.) function (C.7) is the solution of the triple integral when n=0 in (C.6). We
make the variable change in (C.6), let u=x-x', z=y-yj, v=y'-yj, hence, du=-dx',
dz=dy, dv=dy'. The cross-covariance C^Q in (C.6) can be simplified as

Cçe(x,yj,tn,xi,yj,tk) = (2chjt^)-%(N) % exp[-{(i-i')/N'}2]

X j I dcodco' expijcotn -Jco'tk - (co^ + co'^) (Xp2/2 +
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+G^^)/2]

[[ X exp[ao^coco’] (at^(oco')n/n!
n=l

X

l^dz exp[-z^(j%(co) + n/L^) + z(j2cosy/c)]

X l^dv exp[-v2(n/L^ - j%*(co')) + vÇLm/Û' - j2co'Sy/c)]

xj^du exp[-u2(n/L2 - j%*(co')) + u(2j)(co'Sx/c - %*(co')(x-xi'))] ]

H(o),co'){exp[ao^coco']-1} ]

(C.8)

We have arranged the u, v and z integrals into a form, in which we can use (B.9) to
solve these integrals analytically. The cross-covariance function becomes

Cçe(x,yj,tn,xi,yj,tk) = (2ch7i2)-2G(N')

Xl^l^dcodco' expijcotn -jco’tk - (co^ + co'^) (Xp^/2 +

+crt^)/2]

[ [ % exp[Go^coco'] (Gt^coco')n/n!
n=l

X

jt{Z*(Q)’)L''jt/(Z*(0)')Z(cù)L''- n2)}‘/2/z*(0)’)

exp[-0)'2(si + sS)/(c2 Z*(w'))]

x e x p [ {G 2sy/c)( 0) - — ^
— l^ /{4 (Z(co) - — 0^----- ) ) ]
Ü - Z*(co’)
L‘*Z*(co')

X

exp[2sxCo'x%*(co')/(cZ*(co')) - x^% *(co')% *(co')]
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X

exp[-{(i-i')/N')2]

xexp[{2%*(cû')/Z*(cû') {(SxCû7c) + x%*(cû')}}xi'] exp[(-^^-^ ,^ )xi'^] ]

H(co,a)'){exp[ao^CûCû']

-1} ]

(C.9)

We let

xi'= Xq+ ï Ts ,

(C.IÔ)

where Xq is the origin of the x-axis of the surface concerned and r§ is the spatial
sampling interval of the altimeter echoes. If we assume the origin or the reference
point of the surface is zero, then

(C .ll)

We substitute (C .ll) into (C.9) and rearrange the summation over i' into a discrete
form of (B.9); the series is then approximated by the solution of the continuous
integral (B.9). After some algebra, the cross-covariance C^0 is simplified in a spectral
form given in (3.47).
When Of^coco' is large in (3.47), we can find the asymptotic representation of
CÇ0. This expression is very useful in numerical computation, as it can effectively
reduce the computing time of C^0 . First of all, when at^coco' is large, we can
approximate (C.5) by

exp[Gt^co(o'exp[-(r/L)^]] = exp[G(^coco']exp[-Gt^co(o'(r/L)^])]
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(C.l 2)

Then we compare the above expression (C .l2) with (C.5) term-by-term and follow
the same procedures of deriving C^Q. We shall find that the asymptotic representation
of CÇ0 in (3.47) is simply its analytic solution with the term (exp[ao^coco']-l) in the
third line replaced by - 1, while the term ^

{(at^O)co')n/n!} and variable n are

n=l

replaced by exp[at^œco'] and af^coco' respectively.
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Appendix D
Narrow-beam
function, CÇÇ.

echo

auto-covariance

In this appendix, we shall derive the analytic solution of the auto-covariance
function Cçç given in (3.56) and derive the asymptotic expression of this function.
We shall see that the derivation of this function is similar to the echo cross-covariance
CÇ0 derived in Appendix.C. The auto-covariance of the narrow-beam echoes Cçç is
defined as

Cçç(x,yi,tn,x,yj,tk) =

< <(x,yi, txy.Q + tn +£i) Ç(x,yj, t^yjO +

^xyjO“ ^(^^x

+6j)>o>t-Y(tn)V(W

yi ^y)/c

(D. 1)

(D*2)

We substitute (3.39) into (D.l), and with (D.2)

Cçç(x,yi,tn,x,yj,tij) =

IJ^d y 'd y g(yi-y) g(yj-y')

X « p ( tn - 6i - 2sxx/c - Isyyj/c + 2f(x,y)/c - (yj-y)^/(ch) )

X

p(tk - 8j - 2sxx/c - 2syyj/c + 2f(x,y')/c

(yj-y')^/(ch))>o>t-¥(tn)¥(tk)
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(D.3)

The transmitted pulse p(t) is defined in (2.21) and the antenna pattern g(-) is given in
(2.29). The Fourier transform of p(t) is given in (3.25). We substitute (3.25) into
(D.3) and make use of the time-shifting property of the Fourier transform (3.26). The
surface height f(r) is replaced by (2.1) and the auto-covariance Cçç now becomes

Cçç(x,yi,tn,x,yj,tk) =

(2ch7c2)-2j I dcûdco' exp[jcotn - jco't^ - (co^ + co'^)(Xp2/4)]

X

j_j_dy dy' exp[ j%*(o)')(yj-y')^ - jx(co)(yi-y)2]

X

exp[ (j2sy/c) {co(y-yi) - co'(y'-yj)} ]

x<exp[-jco£i + jco'ej]>o<exp|jco2fr(x,y)/c - jco'2fr(x,y')/c>t - i)/(tn)V(W (D.4)

Instead of deriving

we derive its conjugate

The narrow-beam echoes are

real values, therefore the auto-covariance is bound to be real, hence

Cçç = Cçç*

(D.5)

We replace the random process of orbital error <> q and surface height
fluctuation

in the last line of (D.4) by (2.53) and (2.7) respectively. The ensemble

mean of the narrow-beam echo y in (D.4) is replaced by (3.40). The auto-covariance
becomes

Cçç(x,yi,tn,x,yj,tk) =
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(2ch7i2)-2| I dcûdcû' expljcûtn -jco't^ - (co^ + co'^) (Xp2/2 +

X

I X ^ y dy' exp[ j%*(co')(yj-y’)2 - j%(co)(yi-y)2]

X

exp[ (j2sy/c) {Cù(y-yi) - co'(y'-yj)} ]

X

[{exp[at2coco'C[(y-y')2]]} - 1]

+g ^)!2 \

(D.6)

The correlation coefficient C[.] in (D.6) is an exponential function defined in (2.5).
We apply the summation series (C.5) to deal with the "exponential of an exponential"
in the last Une of (D.5). The auto-covariance Cçç now becomes

Cçç(x,yi,tn,x,yj,tk) =

(2ch7i2)"2| I dcodo)' expijcotn -jco'tk - (co^ + co'^) (Xp^/2 +

X

f j^ d y dy' exp[ jx*(co')(yj-y')2 - j%(m)(yi-y)^]

X

exp[ (j2sy/c) {co(y-yi) - o)'(y'-yj)} ]

^

(at^œcû')^/n! exp[-n(y-y')^/L^]

+<Jt^)/2]

(D.7)

n=l

The summation series in (D.7) starts from n=l instead of n=0. This is because when
n=0, the series is 1, and this result will be cancelled out by the 1 in the last line of
(D.6). We rearrange the integrals over the variables y and y' in (D.7) into the form of
(B.9); afterwards, we can solve these integrals analytically. After some algebra, the
auto-covariance Cçç is simplified in a spectral form given in (3.34).
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We would also like to derive the asymptotic representation for Cçç in (3.56)
when at^coco' is large. This representation is very useful in numerical computation.
When Gt^coco' is large, we substitute the approximation form of "exponential of an
exponential" (C.12) into the last exponential function of (D.6). Following similar
procedures and after some algebra, the asymptotic representation for Cçç becomes

CÇÇ(x,yi,tn,x,yj,tk) =

■2\-l II dco'
Aft\' II
(2ch7tO

‘M

X exp

I
f 2/0 _L
/-r 2 +i rr
dco expljcotn-jco'tk - (co^+co'^)(XpV2
+Go^
o r2 )/2 ]

[ -(j2syC0yi c-i) - (j%(o))y^) + (j2syCo'yjC'i) + (j%*(co')y^) ] [ expCat^coco']

X {K(n,co') [ J L . — n L _ + j% (o )) ]
l2 L‘'K(n,0))
exp[-{(SyC0')2 + 2cSyCû'x*(û)')yj + (c%*(0)')yj)^ )/(c2K(n,w'))]

exp[ 0.25 { ( .
) + ( j2syûx-' ) + j2z(œ)yi
jcL^ K(n,co )

{ - J L - _ n 2 ------ +jx((o)}-i]-M (co,co']
V- L‘*K(n,co')

jL^ K(n,co )

(D.8)

The function K(n,w) is defined in (3.57) and the variable n in (D.8) is re-defined as

n = Gt^coco'

(D.9)

and M(co, co') in (D.8) represents the mean terms, y(tn)v(lk)- M(co, co') is defined as

M(co, co') =
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X

exp[-(j%*(cû')2yj + j2co'Sy/c)2 / ( j4%*(cû') )]

X

exp[0%(cü)2yi - j2œsy/c)2/(j4%(cû) )]
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Appendix E
Surface and narrow-beam echo cross
covariance function, Cfj-Ç.
We shall derive the analytic solution of the cross-covariance function Cf^.^
(3.59) here. We shall see that the derivation of this function is less complex than the
other covariances shown in Appendix.B, C and D. The surface and narrow-beam echo
cross-covariance Cfj^ is defined as

CfjÇ(x,y,x,yj,tk) = « fp(x,y) Ç(x,yj, txyjQ + tk + £j) >o>t

We shall substitute (3.39) into (E.l) and with (D.2),

(E.l)

becomes

Cfj.ç(x,y,x,yj,tk) = «|^dy'g(yj-y')fr(x,y)

xp(tk - Ej - 2sxx/c - 2syyj/c + 2f(x,y')/c - (yj-y’)^/(ch) )>o>t

(E.2)

The transmitted pulse p(t) is defined in (2.21) and the antenna pattern g(-) is given in
(2.29). The Fourier transform of p(t) is given in (3.25). We substitute (3.25) into
(E.2) and make use of the time-shifting property of the Fourier transform (3.26). The
surface height f(x,y') is replaced by (2.1) and the cross-covariance now becomes

Cf].^(x,y,x,yj,tk) = l^dy' exp[-j%(co)(yj-y')^] exp[-(j2cosy/c) (yj-y')]

<exp|j(oej]>o< fr(y) exp[j2cûfr(y')/c]>t

(E.3)

The random processes, orbital error <.> q and surface height fluctuation <.>j- can be
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solved by substituting (2.52) and (2.6) into (E.3) respectively. The covariance
becomes

= jcocat^(2ch7c2)- ^jj^dco

exp[jcotk - co2(Xp2/2 +

+Gt^)/2]

j^dy' exp[-jx(co)(yj-y’)2] exp[-(j2œsy/c) (yj-y')] exp[-(y-y')^/L^]

(E.4)

We then expand (E.4) and factorise the variable y' into the form given in (B.9)
and subsequently simplify the integral over variable y' in (E.4) analytically. After
some algebra and simplification, the cross-covariance Cf^.^ will result in a solution
given in (3.59).
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