
Theoretical and Experim ental 

Investigations of Frustrated  

Pyrochlore M agnets

John Dickon Mathison Champion
University College London

Supervisor: Prof. S T  Bramwell

A thesis subm itted fo r  the 

degree of D octor of Philosophy in Chem istry



ProQuest Number: U643990

All rights reserved

INFORMATION TO ALL USERS 
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a complete manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed,

a note will indicate the deletion.

uest.

ProQuest U643990

Published by ProQuest LLC(2016). Copyright of the Dissertation is held by the Author.

All rights reserved.
This work is protected against unauthorized copying under Title 17, United States Code.

Microform Edition © ProQuest LLC.

ProQuest LLC 
789 East Eisenhower Parkway 

P.O. Box 1346 
Ann Arbor, Ml 48106-1346



Abstract

This thesis describes the investigation of frustrated magnetic systems based on the 

pyrochlore lattice of corner-sharing tetrahedra.

Monte Carlo simulations and analytical calculations have been performed on a 

pyrochlore ferromagnet with local (1 1 1 ) easy-axis anisotropy related to the prob­

lem of ‘spin ice’. The anisotropy-temperature-magnetic field phase diagram was 

determined. It contained a tricritical point as well as features related to some real 

ferroelectrics. A pyrochlore antiferromagnet with local (111) easy-plane anisotropy 

was studied by Monte Carlo simulation. A general expression for its degenerate 

ground states was discovered and normal-modes out of the ground states were cal­

culated. Both systems are frustrated yet have a long-range ordered state at low 

temperature. The degeneracy lifting observed is discussed as well as the reasons 

for its presence.

The rare-earth titanate series Ln2 Ti2 0 7  (Ln =  rare earth), crystallizes in the 

FdSm  space group, with the magnetic ions situated on the 16c sites which consti­

tute the pyrochlore lattice. Crystal-field effects are known to play a significant role 

in the frustration observed in these compounds. Powder neutron diffraction was 

performed on gadolinium and erbium titanate. Both systems are frustrated antifer- 

romagnets yet show long-range magnetic order at ~  1 K and ^  1.2 K respectively. 

The magnetic structures of both these compounds have been determined by pow­

der neutron diffraction techniques and related to other theoretical results as well 

as the theoretical results of the author. Further neutron scattering experiments 

on the ‘spin ice’ materials Ho2Ti2 0 7  and Dy2 Ti2 0 7  are also described.
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Chapter 1

Introduction

‘The entropy of a pure condensed substance in internal thermodynamic 

equilibrium should be zero at the absolute zero.’ [1 ]

Planck’s formulation of the third law of thermodynamics suggests that at absolute 

zero there should be only one microscopic configuration of the system W,  if the 

entropy S  is defined:

S  =  k B\ n{ W) .  ( 1 .1)

This definition necessarily describes asymptotic behaviour of the system as the 

temperature T  —>• 0, since some systems, such as the 1 -d Ising ferromagnet, do 

not order at any finite temperature but do exhibit long-range.order at zero tem­

perature [2 ]. This effectively implies that the ground state configuration is non­

degenerate and unique in its arrangement as T  —>• 0.

Zero-point entropy of ice

The definition above does include the caveat for systems which have a zero-point 

entropy, but only with the hypothesis that they are not in internal thermodynamic 

equilibrium. A particularly simple example of such a system is in crystalline water 

ice. Giauque et al. determined the absolute entropy of water in the gas phase to
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be 45.17 E.U (where 1 cal deg“  ̂ mol“  ̂ =  1 E.U) from spectroscopic measurements 

using the Sackur-Tetrode equation [3].

The absolute entropy of materials is often very difficult to measure and a com­

mon method is to measure the difference in entropy between two states, by inte­

grating the specific heat C:
pTa

A?5 =  ^  -  dT. (1.2)

If 5  —)■ 0 as T  —> 0 then both types of measurement would be expected to 

give the same result. Accurate measurements of the specific heat to very low 

temperature by Simon [4] and Giauque et al. [5], when integrated, revealed a 

discrepancy in the entropy of 0.87 E.U [5]. This was larger than the errors of the 

calculations, and initially put down to the persistence of rotation of ortho water 

molecules ( |  of the total) about their electric moment axes, giving an entropy of 

|i? ln ( 2 ) =  1.03 E.U [3].

Pauling proposed a different explanation for the zero-point entropy of ice. Ice 

crystallizes with oxygen atoms at the centres of corner-shared tetrahedra. The 

Bernal and Fowler ‘ice-rules’ stipulated that every oxygen must only have two 

short covalent oxygen-hydrogen bonds and two longer hydrogen bonds [6 ] (see 

Fig. 1 .1 ). Pauling considered that for a system of N  molecules of water there are 

a total of 2 ^^ configurations with hydrogen atoms between adjacent oxygen atoms 

(this allows molecules with more than two covalent oxygen-hydrogen bonds) [7]. 

There are 2̂  =  16 possible arrangements of four hydrogen atoms around a given 

oxygen atom. Of these only six arrangements satisfy the ice-rules, all others have 

either too many or too few covalent oxygen-hydrogen bonds. The total number of 

configurations possible W  is therefore:

Thus S{T  -> 0) =  i? ln ( |)  =  0.805 E.U [7]. This value compares favourably 

with the measured discrepancy and is believed to be the true origin of the zero
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F igure  1.1: Every oxygen (o) has two hydrogen atoms (•) close to it (covalent 

bond) and two further away (hydrogen bond).

point entropy for ice. Ice is therefore disordered as T —> 0 with multiple random 

arrangements of the hydrogen atoms according to the ice-rules. Wollan et al. later 

confirmed this to be the structure using neutron diffraction methods [8 ]. However, 

it is widely believed (though not proven) that the disordered state is not the true 

equilibrium state as T 0.

1.1 M agnetic System s with Residual Entropy

The implication of the third law to magnetic systems is simple. It predicts that all 

magnetic systems will be unique and ordered as T  0 with 5  -> 0. W hat happens 

if 5  =  0{N)?  This means that a system has many degenerate ground states, and 

is the start of an investigation into frustrated magnetism. This property has been 

observed in some real magnetic compounds.

There now follows a brief introduction to real compounds which have zero-point 

entropy.

1.1.1 Holmium Titanate

Holmium titanate, Ho2 Ti2 0 7 , is a member of the family of compounds called the 

‘oxide pyrochlores’ which belong to the FdZm space group. They have a general 

chemical formula with A and/or B magnetic, with A often a rare-earth
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Figure 1 .2 : Rare earth sites in the pyrochlore structure.

iou. The A and B ions occupy the 16c and 16d sites respectively, which are each 

situated ou their own pyrochlore lattice of coruer-shariug tetrahedra, shown in 

Figure 1.2.

An oxide iou is situated at the centre of each tetrahedron of Hô "̂  ions. The 

proximity of these ions along the (1 1 1 ) axes causes the free ion ground state 

term to be split, resulting in a low lying M j  =  ± 8  doublet ground state. Inelastic 

neutron scattering measurements have confirmed this splitting and shown the first 

excited state to be hundreds of Kelvin above the ground state [9].

The effect of the crystal electric field is therefore to restrict the Ho^’*’ ions to lie 

only on their local (1 1 1 ) axes, either pointing into or out of each tetrahedron. This 

effect is called single-ion anisotropy. It has been confirmed by bulk magnetization 

measurements, where, on application of a strong magnetic field, the saturated 

moment observed is only half that expected 1 0  îb  [1 0 ].

When adjusted for crystal-shape dependent demagnetizing effects, susceptibil­

ity measurements showed the system to be ferromagnetic, with a Curie-Temperature 

= 1.9 ±0.1 K [1 1 ]. The material also seemed to have antiferromagnetic prop-
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Figure 1.3: The ground state of a (111) Ising ferromagnet

erties as well, with a peak in the susceptibility at ~  1 K [12].

Initial f,iSR and neutron scattering measurements on Ho2 Ti2 0 7  showed no signs 

of ordering in the compound down to 50 mK [13]. This was a remarkable obser­

vation since a naive assumption is that all simple ferromagnets must order at low 

temperature, and this was assumed to be the case for Ho2 Ti2 0 y. Two-state spins 

fixed along an axis are known as Ising spins (see section 1.2.2), and can only lie 

parallel or anti-parallel with the axis. In the case of Ho2 Ti2 0 7  the spins lie on the 

(1 1 1 ) or easy-axes of the tetrahedron which join the corners with its centre (see 

Fig. 1.3).

The ground state of an Ising pyrochlore ferromagnet is one with two spins 

pointing into the tetrahedron and two spins pointing out (see Fig. 1.3). There are 

six possible ways in which this ground state can be arranged on one tetrahedron, 

each one with the same energy. It is therefore possible to arrange the spins on 

the pyrochlore lattice in a ground state if and only if the configuration on every 

tetrahedron is ‘two in -  two out’. Over the whole lattice the spins can be quite 

disordered.

The pyrochlore lattice is the medial lattice {i.e. the lattice formed by the mid­

points of the bonds) of the diamond-type oxide sublattice in cubic ice [14]. If the
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(a) Coordination of H2O molecules in 

ice represented by proton displacement 

vectors.

Figure 1.4: The spin ice mapping.

(b) Spins in the spin ice model.

position of the proton is described by a displacement vector on the vertices of the 

lattice (see Fig. 1.4(a)), it is easy to see that the ground state condition of an Ising 

pyrochlore ferromagnet maps onto the ice-rules (see Fig. 1.4(b)). It follows from 

this that the ground states of the Ising pyrochlore ferromagnet are macroscopically 

degenerate [11, 15]. With this mapping in mind Ho2Ti2 0 y was called ‘spin ice’, to 

represent the remarkable similarity between the two different systems.

If the ground state condition of Ho2Ti2 0 y obeys the ice-rules, it must follow 

that Ho2 Ti2 0 7  also has a zero-point entropy. For a system of N  two-state Ho atoms 

the total number of possible configurations at high temperature is simply W  = 2^. 

Every Ho atom is shared between two tetrahedra, so there are y  tetrahedra in the 

system. Using the same arguments as Pauling, the total number of spin ice ground 

states W  = [7]. The expected entropy difference is thus:

5 ( T ) - 5 ( T ^ 0 )  = kB\n{2f

= i? ( ln(2 ) -  i l n

N3 \ T

where R = NkB (1.4)
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The existence of zero-point entropy in Ho2 Ti2 0 7  has been confirmed by integra­

tion of the measured specific heat from 0.3 -  2 0  K, once the nuclear Schottky 

contribution had been subtracted [16, 17].

Ho2 Ti2 0 y cannot simultaneously satisfy all its near neighbour ferromagnetic 

interactions and its ground state is also macroscopically degenerate. It belongs to 

a class of magnets called ‘frustrated magnets’. Frustrated magnets either order 

with Tc <C Ocw or they do not order at all. Recently frustrated magnetic systems 

have been a topic of much research [18, 19], and are the prime topic of this thesis.

1.1.2 Dysprosium  Titanate

Dy2 Ti2 0 7  is another oxide pyrochlore with magnetic Dy '̂*' ions situated on the py- 

rochlore sites of the FdSm  space group. Dy2Ti2 0 7  has a positive Curie-Temperature 

Ocw O.bK, suggesting that it has ferromagnetic interactions [2 0 ]. Similarly to 

Ho2Ti2 0 7  it also shows no ordering down to 0.2 K, with no sign of a sharp peak 

in the measured specific heat [2 0 ].

There is no nuclear contribution to the specific heat in Dy2Ti2 0 7  and measure­

ment of the zero-point entropy is much more straightforward than for Ho2Ti2 0 7 . 

Ramirez et al [20] measured the specific heat of Dy2 Ti2 0 7  from 0.2 -  1 2  K. Inte­

gration of the results provided the first ever direct experimental evidence for the 

spin ice theory. Figure 1.5 shows the entropy found by integrating the measured 

specific heat, with the discrepancy determined in Eqn. (1.4).

1.2 Frustration in M odel M agnetic System s

Frustration arises when a system cannot simultaneously minimise all its bond 

interactions. Consequently, this often leads to a degeneracy of the ground states. 

Often the frustration is caused by the geometry of the lattice and these systems 

are referred to as ‘geometrically frustrated magnets’ [18, 19]. This section explains



Chapter 1. Introduction

&
o
E

CO

\ R l n 2  

R(ln2 - l/2ln3/2)

4

2

0

7(K)

F igure 1.5: Entropy of Dy2Ti2 0 7 , after Ramirez et al. [20]

how and why these systems can become frustrated, as well as other properties of 

frustrated systems.

1.2.1 Types of Ordering in M agnetic Lattices

For ions that obey Russell-Saunders coupling, the magnetic moment ^  of an ion 

is proportional to the total spin S  and orbital L  angular momentum present.

SJ{J  +  1) +  S{S  +  l )  — L{^L +  1)
— Q j y / d" 1) with 9j =

(1.5)

where gj is the Lande ^-factor and J  = \L\ ±  |5 | according to Hund’s rules, for a 

many electron atom. In a crystalline lattice of magnetic ions, the moment or ‘spin’ 

is situated on the site of each magnetic ion, and its direction is represented by a 

vector. To a first approximation the magnetic energy of the system is determined 

by the interactions and relative orientations between nearest neighbour spins on
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(a) Ferromagnetic

Î 1
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Î

(b) Antiferromagnetic (c) Paramagnetic

F igu re  1 .6 : Different types of ordering for spins on a simple square lattice.

a lattice (nearest neighbour exchange). At low temperatures the system often 

seeks to order itself such that its magnetic energy is minimised. To all intents and 

purposes the magnetic energy can be considered as the internal energy U where 

the Gibbs free energy G is defined:

G = U - T S - M h (1.6)

If the system lowers its magnetic energy by orienting its near neighbour spins paral­

lel with one another it is said to be fe rro m ag n e tic  (see Fig. L 6 (a)). If the system 

lowers its magnetic energy by orienting its near neighbour spins anti-parallel with 

one another it is said to be an tife rro m ag n e tic  (see Fig. 1.6(b)). At high temper­

atures the system is excited and randomly disordered (see Fig. 1 .6 (c)). A magnetic 

system is at equilibrium if its free energy is at a minimum. An ordered system at 

low temperature minimises the free energy by having a low internal energy. An 

ordered system has a low entropy {W —> 1 ) which makes little contribution to 

the Gibbs free energy. A paramagnetic system has a high internal energy, but is 

disordered and has a much higher entropy contribution to the free energy.
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1.2.2 M agnetic Spin M odels

There are three common magnetic spin models, in which a simple spin vector is 

defined as follows:

S =  5 , i  +  5yj +  5 ,k . (1.7)

where i, j  and k are Cartesian unit vectors.

Ising  spins

One-dimensional spin vectors simply point up or down with respect to a particular 

axis, such as the z direction. So S =  ± 1  with for example 5^ =  1 and = Sy = 0.

These are called Ising spins. In the case of the Ising pyrochlore system described

in section 1 .1 , the spins point in or out of the tetrahedra with respect to the 

easy-axis of each tetrahedron.

X Y  spins

Two-dimensional spin vectors are fixed to lie in a plane. The simplest example is 

the XY plane where Sl~\- Sy = 1 and 5^ =  0 , and for this reason they are referred 

to as X Y  Spins. The spins can alternatively be fixed in planes where all three 

spin components take values, with S • d  ̂ =  0, where d% is a local anisotropy axis. 

These cases are described in more detail in Chapter 4.

H eisen b erg  spins

Three-dimensional spins are able to point in all possible directions, and 5^ 4- 5^ -1- 

5^ =  1. These are referred to as H eisenberg  Spins.
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H am iltonian

The internal magnetic energy U = E  oî a simple magnetic spin model is defined 

by minimising the Hamiltonian:

B =  Sj (1 .8 )
( i . j )

where J  is the nearest neighbour exchange interaction and (%,j) denotes a sum 

over all nearest neighbour spins in the lattice {i.e. every bond in the lattice once). 

For a ferromagnetic system J  > 0 and for an antiferromagnetic system J  < 0. 

This expression is valid whatever the dimensionality of the spin variables of the 

system. Extra perturbations such as anisotropy or the application of a magnetic 

field can be added as extra terms in the Hamiltonian (see section 2.2.2).

1.2.3 A Simple Frustrated Model: The Triangular Anti- 

ferromagnet

The simplest example of a frustrated magnet comprises antiferromagnetic Ising 

spins on a triangle. The first two spins can easily be placed in an antiferromagnetic 

arrangement (see Fig. 1.7(a)). In order to lower the energy the system requires 

as many antiferromagnetic bonds as possible. The problem arises when the third 

spin needs to be positioned. Whichever way it is placed (up or "down) there are two 

antiferromagnetic bonds and one ferromagnetic one (see Fig. 1.7(b) and Fig. 1.7(c)). 

Using Eqn. (1.8), both arrangements are degenerate with E  = —\J\. l î the triangle 

was repeated on a lattice, it is easy to see that the ground state has a macroscopic 

degeneracy. In fact, for a simple triangle, there are six configurations all with the 

same energy. The system is geometrically frustrated and cannot simultaneously 

minimise all its bond interactions.



Chapter 1. Introduction 12

(a) { h ) E = - \ J \  { c ) E  =  - \ J \

F igure  1.7: Frustrated spins on a triangular unit.

1.2.4 The Ground State of a Geom etrically Frustrated Anti- 

ferromagnet

Lattices are often considered in terms of the basic ‘simplex’ unit or plaquette of q 

interacting spins. If ç =  3, the plaquette is a triangle, and if ç =  4, it is a tetra­

hedron. As we have seen above, geometrically frustrated systems cannot minimise 

all their bond interactions. What is the ground state condition for a geometrically 

frustrated antiferromagnet? Initial insight to the problem was provided by Vil­

lain [2 1 ]. He reasoned that any state in which each individual plaquette has its 

energy minimised must also be a ground state for the whole system. This implies 

that only the local plaquettes are frustrated. When they are put together to form 

the lattice there is no increase in the local frustration. This is a particular property 

of geometrically frustrated systems. Disordered systems sucR as spin glasses do 

not necessarily have this property [2 2 ].

The proof of this condition is straightforward. We consider the energy on a 

single plaquette of q interacting Heisenberg spins, where the sum is over all bonds
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twice, and therefore there is a factor of a half [23].

n  =  y E S i - S ,

- E s , . s ,
Z= 1

(1.9)

In Eqn. (1.9) the —q term is constant and independent of the direction of the 

spins on the plaquette. Therefore in order to minimise the energy, the positive 

(S i= i Si)^ term must be zero. The only way for this to happen is if XlLi =  0. 

Therefore the sum of the q interacting spins on a plaquette is zero. The argument 

can easily be extended to the whole lattice. For a lattice of corner-sharing units 

there are 2N/q separate units. Therefore the energy of the whole system can be 

described thus:
2N/ q

= E | ; |

a = l i = l

(1 .10)

For Eqn. (1.10) to be a minimum the same condition applies, and the total energy 

of the system Etot =  2N/g x |J |/2  x —q = —N\J\.

1.2.5 The Effect of Constraints on the System

The ground state of any geometrically frustrated antiferromagnet (with continuous

degrees of freedom), is one with the total magnetic moment of the q interacting

spins on each plaquette equal to zero, as described in section 1.2.4. For Heisenberg

spins this creates three different constraints:
q Q q

Six =  0 , — 0 ; a n d  Siz = o ,
t = l  i = l  i = l

For a one dimensional problem the Hamiltonian can be expanded in a Taylor 

expansion in the single phase space variable x  about x = Xg, where the constraint
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H ( x ) ~ x *

(a) Quadratic potential. (b) Quartic potential.

F igure 1.8: Restoring forces for displacement away from x = Xq.

is satisfied and there is a minimum in energy Ho = H[xo). We can consider the 

energy of the system as a function of its position in phase space.

dH
H{x) = Ho +

dx
, . I d‘̂ H
[ X  — X q) +  —

X = X o 2
X = X o

The linear term in {x — Xq) in this expansion is zero by definition, since otherwise 

there would not be a minimum. The constraint should give rise to an harmonic 

restoring force for displacement from x = Xo (see Fig. 1.8(a)). The first term in 

the Taylor expansion should therefore be quadratic [24, 25].

From this argument, in the multi-dimensional problem considered here, each 

constraint should have an harmonic force associated with it and therefore a quadratic 

term in the Hamiltonian. By equipartition of energy, each quadratic term (which 

is called a quadratic mode) in the Hamiltonian contributes to the specific heat. 

Therefore for a unit cell, the specific heat is equal to the number of constraints 

multiplied by /c^T/2 . There are q spins in every unit cell, with two degrees of free­

dom per spin (for Heisenberg spins). When q = A (pyrochlore lattice) there will be 

eight degrees of freedom per unit cell, and eight modes. Associated with every unit 

cell in the pyrochlore lattice is an up tetrahedron and a down tetrahedron, even 

though there are only four sites in the unit cell (rhombohedral). The constraint 

applies to all tetrahedra in the lattice, and there are therefore six constraints per 

unit cell (three for each tetrahedron). This leaves two unconstrained degrees of
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freedom for the unit cell, which contribute zero to the specific heat. These are true 

‘zero modes’. The specific heat per unit cell is thus:

C , = 6 x ^  +  2 x 0  =  ^
C/, 3

NUbT  4 ’ 

where Ch/NkBT  is the specific heat per spin.

Remarkably it is found that at some special points on the energy surface (if 

they exist), the constraints are imposed in a non-linear way. The leading term in 

Eqn. (1.11) is quartic. The cost in energy by making these fiuctuations is zero 

in the harmonic approximation and they are sometimes called ‘zero modes’. The 

cost in energy for displacement out of x = Xq is quartic in x, which for small x 

is effectively zero. These ‘soft modes’ give a quartic restoring force to the energy 

surface (see Fig. 1.8(b)). The quartic terms in the Hamiltonian, or quartic modes, 

contribute UbT/A  to the specific heat [24].

The specific heat then depends on the number of quadratic and quartic modes 

per unit cell.

Ch (#  of quadratic modes x 1 ) 4 - (#  of quartic modes x 1 )
NkB T ^  ~q

The quartic modes are not true zero modes, but are the result of specific collective

organisation of all the spins of the system, which leads to the^quartic corrections.

In order to determine if there are any quartic modes in the system, the normal

modes of the system must be calculated, which are associated with different ground

states {i.e. different parts of phase space) (see section 2.3).

1.2.6 The Effect of Quartic M odes on the Entropy and 

Order by Disorder

Quadratic modes contribute 0(T)^/^ to the partition function Z  and quartic modes 

contribute 0(T)^/^ [24]. The partition function for the region of phase space
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containing the ground states characterised by N 4 quartic modes and N 2 quadratic 

modes can be expressed [25]:

Z =  A =  (1.13)

with a a constant of order unity. The derivation of this expression is shown in 

Appendix B. The partial free energy G = —T\n{Z)  for this area of phase space is 

thus [25]:

G = ~ T N \ n { a ) - T ( ^  + ^ ] \ n { T ) .  (1.14)
4 2 /

The partition function defined in Eqn. (1.13) represents the probability of the sys­

tem existing in that part of phase space. As T  —>■ 0 the second term in Eqn. (1.14) 

is positive since ln(T —> 0) < 0 . In order to minimise the free energy, the system 

will choose to exist in a part of phase space with at a maximum, so that the 

positive term in Eqn. (1.14) is a minimum [25].

The entropy of the system can easily be defined in terms of the free energy in 

zero field:

5 = ^ ^ .  (1.15)

Clearly when the free energy is at a minimum the entropy will be at a maximum. 

This effect can be described in different way.

The curves in Figure 1 . 8  describe the limit of the allowed fiuctuations in en­

ergy, as a function of temperature. For a fixed energy excitation, the system in a 

quartic potential can fluctuate further from the ground state. This is illustrated in 

Figure 1.9, where X2 represents the maximum displacement in a quartic potential 

and Xi represents the maximum displacement for a quadratic potential; clearly 

X2 > xi.  If the system can fiuctuate further out of the ground state it will have a 

higher entropy associated with it. The quartic fluctuations are ‘soft fluctuations’.

The concept of ‘order by disorder’ was first suggested by Villain et al [26] who 

considered a ‘toy model’ which showed long-range ferromagnetic order at finite 

temperature, but which was strictly disordered at T=0. In all of these ground
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H(%)

F igure 1.9: Different fluctuations out of the ground state.

states the internal energy U of the system is the same, and for T =  0 the system 

will have no order. The degeneracy of the ground states leads to a configurational 

entropy contribution to the free energy, since the system can explore all of the 

degenerate ground state manifold, unlike an ordered system which has only one 

configuration. However, anomalous soft fluctuations out of a particular ground 

state can sometimes occur, as described above. If there are many of these modes 

and they are sufficiently soft, the system will spend more time in this nearby part 

of phase space. If the entropy gained by making these soft fluctuations dominates 

that associated with exploring the ground state manifold, then the system will 

spend all of its time in these states [27]. The existence of these soft quartic modes 

is associated with collective behaviour of all the spins in the system. Often this 

leads to a form of long-range order. The order can be simply coplanarity of all the 

spins such as in the kagomé Heisenberg antiferromagnet [24] or the nematic order 

of the XY pyrochlore antiferromagnet [28] (see also section 4.1.1). The selection 

of these states can be associated with a phase transition, an ‘order by disorder 

transition’ [29].
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120 '

F ig u re  1.10: Si +  S2 +  S3 =  0 for three spins on a triangular plaquette, which 

necessarily lie in a plane.

1.2.7 Frustrated Antiferromagnets

This section introduces some examples of appropriate frustrated systems with q = 

3 and q = 4 plaquettes.

Ç =  3: H eisenberg  spins on th e  kagom é la ttic e

The kagomé lattice is one of corner-sharing triangles, and is a common structure 

for many real compounds [18] (see Fig. 1.11(a)). The lattice is described by the 

12k sites of the P ^s /m m c  space group. Antiferromagnets on the kagomé lattice 

are frustrated for the same reasons described in section 1.2.3.

If there is zero moment on every triangle, this is a ground state (see sec- 

tion 1.2.5). For this to occur the three spins must necessarily lie in a plane, 

mutually oriented at 120° to one another (see Fig 1.10). There is a macroscopic 

degeneracy of ground states since there are many ways of fitting these planar units 

together [24].

There are two special points on the ground state manifold which correspond 

to long-range ordered states of the system: (i) the ‘q = 0 ’̂  ground state structure, 

where the arrangement of spins is the same on every triangular unit cell (see

‘note that in this thesis ‘q’ and ‘k ’ are both used as a label for a wave vector
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(b) q=0 (c) \/3  X \/3(a) Kagomé lattice of 

corner-sharing triangles

F igure  1 .1 1 : The Kagomé lattice and its ordered antiferromagnetic ground states, 

after Frunzke et al. [31].

Fig. 1 .1 1 (b)), (ii) the ‘>/3 x \/3 ’ ground state structure, which has =  27r(|, | )  

(see Fig. 1.11(c) [30]). In both these ground states all the spins in the system are 

arranged in the same plane. However, there are also many coplanar ground states 

in which the spins are disordered [24].

In this system thermal fluctuations cause the spins to select ground states in 

which all the spins are coplanar. There are soft fluctuations out of these coplanar 

ground states. These are quartic modes (see section 1.2.6), and the energy cost 

of these fluctuations is zero in the harmonic approximation. Chalker et al  [24] 

determined that the most zero modes occurred out of these coplanar states. It was 

reasoned in section 1 .2 . 6  that a system will select ground states with the most zero 

modes. This selection is therefore an example of an order by disorder mechanism.

As mentioned in section 1.2.5 the specific heat per spin is sensitive to the 

presence of quartic modes. A similar mode counting argument can been used 

to predict the low temperature specific heat of the system as follows. In the 

kagomé lattice the unit cell consists of three Heisenberg spins with six degrees of 

freedom. There are two triangles (‘up’ and ‘down’) in each unit cell, so there are 

six constraints. In the absence of any quartic modes the specific heat per spin
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would simply be:
n , fi X i

=  1 , (1.16)
Ch 6 x 1

iV/cfiT 3

Chalker eX al [24] determined the normal modes of the system out of a set of 

coplanar ground states and found that one quadratic mode becomes quartic. The 

specific heat per spin therefore becomes:

CA ^  (5 X 1) +  (1 X 1) ^  11 
N k g T  3 1 2 '  ̂ ’

Monte Carlo simulations of the specific heat for the system confirmed this 

value [24]. The q=0 and \/3 x y/S structures are special members of this set of 

coplanar ground states because they are characterised by a single wave vector. 

The precise nature of the nematically ordered states was a topic of considerable 

debate [32, 33, 30]. The most convincing results suggested that there were y/Sxy/S  

correlations in the system, but as > oo the y/Sxy/3  moment tended to zero [30], 

and there is possibly no long-range order in the system at all.

A good example of an experimental kagomé system is the jarosite series 

^ 5 3 (S0 4 )2 (0 H) 6  (where A=Na+, K+, H3 O+; B =  Fe^+, Cr^+, V^+). When these 

systems order, they show q= 0  structures in every case, in contradiction to theoret­

ical predictions [31, 18]. These lattices are not ‘perfect’ kagomé systems and are 

made up of stacked kagomé layers. It has been suggested that the disagreement 

between experiment and theory is due to interplanar interactions having an effect 

on the intraplanar spin configurations [18].

q =  A: Heisenberg spins on the pyrochlore lattice

Determination of states satisfying the ground state condition for the Heisenberg 

pyrochlore is quite straightforward. Such states can be obtained by associating the 

four spins into two sets of anti-parallel paired spins (these are of course not the 

only possible ground states). This leads to an infinite number of possible ground 

states [2 1 ]. It has been shown that any particular ground state can be continuously



Chapter 1. Introduction 21

deformed into any other at no extra cost in energy [28]. The ground state manifold 

is said to be ‘fully connected’. Monte Carlo simulations have shown there to be no 

order by disorder [27, 28]. No ordering or freezing of the spins is observed, and the 

system is never expected to show static Neel order even at T =  0 K [23, 34, 27].

In section 1.2.5 the modes of the system were discussed. In this case the number 

of constraints is less than the number of degrees of freedom. In the condensed 

state this is rare, and the Heisenberg pyro chlore system is said to be a classical 

spin liquid or a ‘cooperative paramagnet’ [2 1 ]. Calculations on a similar quantum 

system show no ordering either, and the system is said to be a ‘quantum spin 

liquid’ [35, 36].

Gd2Ti2 0 7  has been proposed as a possible experimental realisation of a classi­

cal spin liquid, but the system shows ordering at a finite temperature [37]. This 

is discussed in more detail in Chapter 7, where new experimental results are dis­

cussed.

1.2.8 Frustrated Ferromagnets

Until very recently the only known frustrated ferromagnetic system was the (111) 

Ising pyrochlore already mentioned. In fact this system is one of the most frus­

trated of all. It is related to the problem of antiferromagnetic Ising spins on the 

same lattice. The ground state for such a system is one with two spins*pointing 

up and two spins pointing down (see Fig. 1 .1 2 ). Anderson related the up/down 

states of the spins to the positions of protons on the ice-lattice [14] (see also sec­

tion 1 .1 ). However, (a) Anderson’s model is unphysical in that it breaks the cubic 

symmetry of the pyro chlore lattice; (b) there is no direct relationship between spin 

position and proton position. Harris et al. [11] made explicit the link between spin 

direction and proton position, the ‘spin ice mapping’ [15]. Thus all three systems 

are frustrated to the same degree. The problem is to a first approximation an 

experimental realisation of the 16-vertex model of statistical mechanics [38].
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F igure 1 .1 2 : Ground state of the Ising Pyrochlore antiferromagnet

Recently, a kagomé analogue of spin ice was discovered [39]. This model sys­

tem also consists of Ising spins and has a macroscopic ground state degeneracy. 

Integration of the specific heat confirmed it also had a zero-point entropy [39].

1.3 Degeneracy Lifting in Frustrated Systems: 

Perturbations of the Simple M odel

In some special cases the degeneracy in frustrated systems can be lifted by adding 

extra perturbations into the Hamiltonian, or sometimes collective action of all the 

spins in the system causes order (see section 1.2.5).

1.3.1 Application of a M agnetic Field

When a magnetic field is applied to Ho2 Ti2 0 y along the [110] direction, two classes 

of magnetic Bragg peaks are observed. The Bragg peaks are consistent with q= 0  

or q=X ordering in the system [11]. The q=0 structure is effectively the arrange­

ment of spins in Figure 1.3 on every ‘up’ or ‘down’ tetrahedron in the lattice. 

Figure 1.13(a) illustrates how two spins on every tetrahedron are fixed to have



Chapter 1. Introduction 23

4 —

(a) The q=0 structure

/

(b) The q=X structure

F igure  1.13: The magnetic structures observed in Ho2Ti2 0 y, projected down the 

z-axis. The tetrahedra are shown as grey squares, with the ‘+ ’ and ‘ —’ representing 

the sign of the Sz component of each spin. The bold arrow indicates the direction 

of the applied field, after Harris et al. [11].

components in the direction of the field, and so gain energy by coupling with it. 

In the simple model the other two spins on the tetrahedron are theoretically de­

coupled with respect to the field. One possibility is that they choose to arrange 

themselves so that the configuration of spins on every ‘up’ or ‘down’ tetrahedron 

is the same, the q= 0  structure. Another possibility is that the decoupled spins 

adopt an antiferromagnetic arrangement, the q=X structure (see Figure 1.13(b)). 

This is a particularly interesting result since in the simple model they should not 

order as they are decoupled. This could be an effect of the dipolar interactions 

at work in the real material or even quantum fluctuations playing a role in the 

ordering processes.

Harris et al. [40] performed Monte Carlo simulations of the Ising pyrochlore 

ferromagnet in an applied magnetic field. When a field is applied to the system.
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F ig u re  1.14: The phase diagram for the spin ice model with the magnetic field 

applied along the [100] direction, after Harris et al. [40].

an extra term is added to the Hamiltonian,

N

U = - j ' ^ S i - S j - ' Y ^ h - S i ,  (1.18)
<i,j> i=l

where the vector h denotes the direction and strength of the applied magnetic 

field. In this case the field was applied along the [100], [110] and [111] directions. 

When the field was applied along the [100] direction the degeneracy was lifted due 

to the coupling of all of the spins with the field. The transition was first-order and 

occurred at a finite applied field [40]. There is also a critical temperature and field 

associated with the termination of the phase transition line (see Fig. 1.14). This 

line separates two phases with the same symmetry but different magnetization, and 

is considered to be like that of the liquid-gas transition in a fluid (see section 1.4).

When the field was applied along the [110] direction, two of the spins on every 

tetrahedron were coupled with the field. The spins perpendicular to the field 

remained truly independent and randomly ordered. There is ordered moment only 

from two of the spins in every tetrahedron and no phase transition is observed [40].

More complex behaviour is observed when the field is applied along the [111] 

direction. With the field along the [100] and [110] directions, the spins in each



Chapter 1. Introduction 25

Figure 1.15: The configuration of spins with 1 in and three out when the magnetic 

field is applied along the [111] direction. The bold arrow represents the direction 

of the applied field.

case which did couple to the field, did so by the same amount. The ice-rules were 

preserved in both cases. With the field along the [1 1 1 ] direction one of the spins 

on every tetrahedron is parallel with the field and has coupling different from the 

other spins. The amount of coupling is dependent on the projection of the direction 

of the spin onto the direction of the field. So, in this case one of the spins has a 

full projection onto the field. It is locked instantly into alignment with the field 

and the rest of the spins arranged according to the satisfaction of the ice-rules. 

As the magnetic field increases it manages to break the ice-rules degeneracy to 

give a ground state with one spin pointing into the tetrahedron and three pointing 

out (see Fig. 1.15) [40, 16]. Magnetization curves for all three cases are shown in 

Figure 1.16.

Bulk magnetization experiments on a single crystal of Ho2 Ti2 0 ? showed quali­

tatively similar results to that of the theory with the field along the [1 0 0 ] and [1 1 1 ] 

directions [16]. The observed saturated moment along the [111] direction was 20 % 

higher than expected. With the field along the [110] direction more anomalous be­

haviour was observed with much slower saturation of the moment with respect to 

the other field directions. The value of the saturated moment was higher than that 

expected in the theory and put down to the effect of dipolar interactions in the
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(a) h II [100] (b) h II [110] (c) A II [111]

0.4

0 4 01 2 0 20 40 « 0

h h h

F ig u re  1.16: The magnetization, M, per spin for the spin ice model, calculated 

at a temperature of T / J  =  0.1, with a magnetic field, H, applied along the three 

symmetry directions of the pyrochlore lattice: (a) [1 0 0 ], (b) [1 1 0 ], and (c) [1 1 1 ]. 

Beneath each magnetization curve is shown a view of a single tetrahedron of spins 

looking down its 4i axis, thus appearing as a square in projection. The black 

arrows represent the projections of spins ordered by the maximum field applied in 

each case, while the open circles represent spins unaffected by the field and thus 

disordered. The white arrows show the projections of the field directions, after 

Harris et al. [40].
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F igure  1.17: Magnetization as a function of applied magnetic field along the listed 

crystalline directions for Ho2Ti2 0 y at various temperatures, after Cornelius and 

Gardner [16].

material [16, 1 1 , 40]. Conversely, recent magnetization measurements on a single 

crystal of Dy2 Ti2 0 7  showed excellent agreement with theoretical predictions [41].

Further investigations have been carried out on the system and are described 

in section 8 .1 .

1.3.2 Effect of Dipolar Interactions

In real materials there are often much longer interactions than nearest neighbour 

exchange. These are magnetic dipole-dipole electrostatic interactions, and their
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strength depends on the size of the magnetic moment of the cation and the distance 

between the interacting moments (1/r^). Rare earth cations have relatively large 

magnetic moments, and the dipole energy is not inconsiderable. The dipolar energy 

scale is typically 0(1 K) (see Eqn. (1.20)). This is important since the exchange 

interaction J  is typically of the same order.

The dipole energy is defined as an extra term in the Hamiltonian;

H  =

(Ü)

where Ising spins SJ’ of unit length are constrained to their local Z{ =  (111) axes; 

J  is a near neighbour exchange coupling and D the dipolar coupling. Because of 

the local Ising axes the effective nearest neighbour energy scales are Jnn =  J /3  

and Dnn = 5D/3 [42, 43, 44]. This sum effectively defines interactions between 

every possible pair of spins on the lattice {i.e. 2 "*̂ nearest neighbours, nearest 

neighbours etc. across the whole lattice). There is some disagreement when to cut 

off the interactions. Some have chosen to stop at the 5̂  ̂ or 1 2 ^̂  nearest neighbour 

interaction [45, 46], whereas another, possibly more accurate method, is to use the 

Ewald summation which considers an effective dipole-dipole interaction between 

all the spins in the system [47, 48]. The discussion here will only relate to the 

results from simulations using the Ewald summation technique, which gives results 

in agreement with experiment. For a particular cation the dipolar coupling D^n is 

a constant value and can be defined:

Dnn =  Ô ^  ~  +2.35K, (1.20)3 V47r/

where rnn =  3.54 Â for both Ho2Ti2 0 7  and Dy2Ti2 0 7 . With both the nearest 

neighbour and dipolar interaction taken into account there is an effective nearest 

neighbour energy scale Jgff, for (111) Ising spins:

«/eff =  «/nn +  T^nn- ( 1 - 2 1 )
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Since for Ho and Dy, D^n is fixed (see Eqn. (1.20)), the only variable in this equa­

tion is the nearest neighbour exchange Jnn- Simulations were performed by den 

Hertog and Gingras [42] for systems with various Jnn- The existence of spin ice 

properties were followed by numerical integration of the specific heat, such that 

the entropy was within a few percent of the Pauling value in Eqn. (1.4) [42]. For 

all Jnn > 0 spin ice behaviour was observed in the system [42]. This behaviour 

actually existed for Jnn ^  —0.91. Values for the exchange in the real systems were 

fitted according to the shape and maximum of the experimental specific heat mea­

surements. These values were negative for both Ho2Ti2 0 7  (Jnn ~  —0.52K) [17] and 

Dy2 Ti2 0 7  (Jnn ~  1.24K) [42]. This could go some way to explaining the anoma­

lous antiferromagnetic characteristics observed in the susceptibility measurements 

of Cashion [1 2 ]. Both values give Jeff > 0 in agreement with the frustrated nearest 

neighbour spin ice model. For Jnn < —0.91 a second-order phase transition was 

observed to the non-degenerate FeFg structure with all spins either pointing into 

or out of every tetrahedron [49, 50]. In these single spin flip simulations the dipolar 

interactions have not lifted the degeneracy.

When the model is simulated with loop dynamics (loops of spins are flipped 

each step such that there is no increase in the exchange energy term of the Hamil­

tonian, the dipolar term does increase), the system undergoes a first-order phase 

transition to a q=X type ordered state [43].

1.3.3 Effect of F inite Anisotropy

For an Ising system the anisotropy of the spin is effectively infinite. It is also 

possible to apply a finite anisotropy to the system. In such cases this also lifts the 

degeneracy of the system allowing the spins to cant off their easy-axes. Further 

details of this investigation are discussed in Chapter 3.
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1.4 Phase Transitions in a Fluid System

In nature three different phases of a material system are commonly observed: solid, 

liquid and gas. The existence of these three phases is governed by a functional 

relationship between the thermodynamic parameters pressure p, density p and 

temperature T, of the form f (P ,p ,T )  = 0, known as the equation of state.

The Gibbs free energy is expressed naturally as a function of temperature and 

pressure G{T,p) and is therefore the correct thermodynamic function to describe 

the experimental situation where T and p are the independent variables. In this sit­

uation volume (and entropy) are dependent variables and equilibrium corresponds 

to the minimum of G with respect to these variables. For a particular pressure 

and temperature the phase with the lowest Gibbs free energy will therefore be the 

most stable.

The solutions to the equation of state are therefore those with a minimum in 

the free energy. At certain points in the three-dimensional coordinate system of 

p, T  and p there are singularities in the free energy, and it changes discontinuously 

(see section 1.4). When this occurs it defines a phase transition between two 

phases; these points are often joined together to form a ‘phase boundary line’. 

On the phase boundary line the Gibbs free energy is the same for both phases. 

Both phases are equally stable and there is equilibrium between them [51]. The 

conditions on the Gibbs free energy apply equally to the chemical potential p, since 

it is the Gibbs free energy per particle g{T,p).

The Gibbs free energy is related to the enthalpy H  and entropy 5  of a system 

by Eqn. (1.22) and to chemical potential by Eqn. (1.23), where N  is the number 

of particles in the system.

G = H - T S  G = Ng{T,p)  (1 .2 2 )
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F igu re  1.18: Chemical potential/Gibbs free energy versus temperature at con­

stant pressure, for a pure substance.

In a plot of the chemical potential of a system versus temperature at a constant 

pressure (see Fig. 1.18), the selection of a phase is observed according to which one 

has the lowest chemical potential. At T^, the melting point, the solid and liquid 

phases have the same //, the phases coexist and the system is at equilibrium. This 

point corresponds to a particular point on the phase boundary line. The same 

applies to the boiling point 7),.

It is convenient to consider projections of the surface onto the pT, pp and 

pT planes. These are shown in Figures 1.19(a), 1.19(b) and 1.19(c) respectively. 

In Figure 1.19(a), the representation of separate regions of solid, liquid and gas 

is called the phase diagram. Each phase boundary line represents equilibrium 

between the respective phases {i.e. the vapour pressure curve between liquid and 

gas, the sublimation curve between solid and gas and the fusion curve between 

solid and liquid). The triple point, at which there is equilibrium between all 

three phases is also observed. The vapour pressure curve terminates at the so- 

called critical point, beyond which there is no observable difference between the
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F ig u re  1.19: Projection of the surface onto different thermodynamic planes.

liquid and gaseous phases { i .e .  pi =  pg).  The critical point has an associated 

temperature Tc, pressure Pc and density pc- Figure 1.19(a) also shows that it is 

possible to convert a liquid to a gas without crossing the phase boundary line.

F irs t-o rd e r  phase  tran sitio n s

The plot of chemical potential versus temperature is equivalent to that of Gibbs 

free energy versus temperature at constant pressure [p < Pc, see Fig. 1.18). For 

each phase G changes with temperature and at the equilibrium point the Gibbs 

free energy of the two phases is equal. Rewriting Eqn. (1.22) in terms of a change 

between two phases a and b:

AgG =  A l H  -  T A I S  

AgG =  0 ^  = TA J5

(1.24)

There is a change in entropy and enthalpy between the two phases, so there is a 

latent heat associated with the change from one phase to the other. If the entropy 

and volume are expressed as derivatives of the Gibbs free energy:

dT
(1.25)



Chapter 1. Introduction 33

the entropy of each phase corresponds to the slope of the line for each phase in 

Figure 1.18. At and the slope changes discontinuously. This is the main 

feature of a first-order phase transition. Therefore a f irs t-o rd e r phase  tra n s itio n  

is defined as that in which a discontinuity in one or more of the first derivatives 

of the free energy G occurs, such as the volume or the entropy.

Second-order phase  tran sitio n s

The next case to consider is what happens to the system when we travel along 

the liquid-gas phase boundary line. For T  > Tc the phases are not distinguish­

able as mentioned above. For T  < Tc there is coexistence of the liquid and gas 

phases, resulting in the observation of two separate densities. This is known as 

phase separation. The difference between the densities smoothly increases as the 

temperature is decreased, as shown in Figure 1.19(c). The parameter pi  — pc is 

known as the order parameter and at T  =  Tc there is a critical phase transition. 

The order parameter has the property that it is non-zero below the phase transi­

tion, and zero above it. This is a general property of order parameters and is valid 

for all phase transitions.

For the change from a non-differentiable mixture to the coexistence of two 

phases, there is no discontinuity in the first derivatives of the Gibbs free energy, 

since the entropy is the same on both sides of the transition. If all the derivatives 

of the free energy are continuous at the transition, then this is referred to as a 

continuous or critical phase transition. In this case there is often a discontinuity 

observed in the second derivative of the Gibbs free energy, such as the specific heat

and the transition is referred to as a second-order phase transition. At a second- 

order phase transition there is a continuous change of the order parameter with 

respect to T, whereas in a first-order phase transition there is a discontinuity in
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the order parameter.

It should be noted that thermodynamics only describes experimental observa­

tions of systems, it does not explain them.

1.5 Phase Transitions in a M agnetic System

This section deals with the properties of a simple ferromagnet. To study mag­

netic systems there are two important changes of variable. If pressure is applied 

to a fluid system the density increases, and if a magnetic field {h) is applied to a 

ferromagnetic system the magnetization (M) increases. Therefore the pressure is 

analogous to the field and the density to the magnetization. The magnetization is 

also the order parameter. The equation of state becomes a function of the mag­

netic field, magnetization and temperature. Substitution of the thermodynamic 

parameters also takes place [52].

V  —> —M  and p h

This results in the following thermodynamic relations:

G = A — Mh, A = U — T S  and H  = U — M h  (1.26)

Similarly to the fluid system, if the temperature and magnetic field are im­

posed, there is a minimum in the magnetic Gibbs free energy, with respect to the 

magnetization (the dependent variable).

The projection of the thermodynamic surface onto the hT, M h  and M T  planes 

is shown in Figures 1.20(a), 1.20(b) and 1.20(c). The projection onto the hT  plane
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Figure 1.20: Projection of the surface onto different thermodynamic planes.

is much simpler for a magnetic system and two distinct phases are observed: i) 

with predominantly all the spins up and ii) with predominantly all the spins down 

(see Fig 1.20(a)). The symmetry of the phase diagram is due to the symmetry of 

a ferromagnet under reversals of the magnetic field.

Figure 1.20(b) shows the projection of the surface onto the M h  plane for various 

values of temperature, where obvious parallels can be drawn between the shapes 

of the isotherms of the two systems. The simpler picture for the magnetic system 

is again due to the symmetry previously mentioned. Isotherms crossing the phase 

boundary (T < X ) result in a first-order phase transition and a discontinuous 

change in the order parameter. This symmetry does not exigt for the liquid-gas 

transition. There is a critical point at X  and he = 0 which terminates the line of 

first-order phase transitions.

The isotherm for T  > Tc is continuous. This is not a continuous phase tran­

sition, but reflects a continuous change in the magnetization from one sign to the 

other as the direction of the field is switched. It also represents part of a curve 

in which the system can change from all the spins pointing up to all the spins 

pointing down without crossing the phase transition line, analogous to that of the 

fluid system.
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For the projection on to the MT plane a similar diagram to the fluid system 

again exists (see Fig. 1 .2 0 (c)). In the ferromagnetic system for T  < Tc there are 

two possible minima in the free energ}' for the system to choose and the system 

has to pick a state with either the majority of spins up or with the majority of 

spins down. There is no coexistence and symmetry breaking occurs instead. As 

a paramagnetic system is cooled from high temperature, small pockets of parallel 

spins form amongst a sea of disordered spins. Gradually the pockets become larger 

and larger and the system makes its choice which minimum to pick (either all up 

or all down).

In reality this is slightly inaccurate since domains form and there is coexistence, 

which is due to the interaction of the dipole moments. This projection is along 

the h = 0 cross-section of the h M T  surface and for T  > Tc M  =  0. This part 

of the line represents a paramagnetic phase and at T  = Tc there is a second- 

order or continuous phase transition, since there is a continuous increase in the 

order parameter with respect to temperature. There is no discontinuity in the first 

derivative but there is a discontinuity in the specific heat Ch'

There is another discontinuity in the isothermal susceptibility x t  which is an­

other second derivative of the Gibbs free energy:

The discontinuity in the susceptibility can be understood by considering the con­

sequences of determining the gradient defined in Eqn. (1.30) on Figure 1.20(b). 

For all T  <Tc isotherms the gradient is infinite.
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1.6 Critical Behaviour of M agnetic System s

1.6.1 Critical Exponents

Section 1.5 stated that quantities such as the susceptibility and specific heat have 

discontinuities, or divergences close to the critical point. W ith the notion of uni­

versality (see section 1 .6 .2 ) it is important to understand the nature of these di­

vergences, and the singular behaviour of the thermodynamic functions near the 

critical point.

More often than not, the divergence of these quantities follows a simple power 

law. For example, a measure of proximity to the critical temperature called the 

reduced temperature t is defined

t = ^ ^ .  (1.31)
C

It has been observed that measurements of the isothermal susceptibility close to 

the critical point, in small fields, fit the law:

X T  = (1.32)

where a and 7  are constants. This relationship can be rearranged very easily

and it is obvious that a plot of log x r  versus log t will have a slope of —7 . This

is illustrated in Figure 1.21 which shows such a plot for iron alloyed^with 0.5 

% tungsten. The plot gives a value of 1.33 to the constant 7 . The indices in 

the various power laws, such as 7 , are called critical exponents. The numerical 

values of the critical exponents vary from substance to substance and property to 

property, but very often a power law fit is observed.

Critical exponents can be defined in a more general fashion. If a function f{x)  

has critical exponent A close to the critical point a: =  0 , as the critical point is 

approached from positive T,

f{x)  ~  x^ when x  -4- O'*". (1.33)
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Another way of expressing this is:

A =  lim (1.34)
i->o+ In a;

Analogous exponents A' can be defined for a; —>■ 0~. Early Renormalisation Group 

theory showed that A =  A' [54].

A has been defined by asymptotic behaviour close to the critical point, but 

further away in temperature the simple power law may not hold so well. Correction 

terms to this asymptotic law can be defined [55],

f ( x ) = A x ^ ( l  +  ayX  ̂+  . . . ) (1.35)

where y > 0 and the correction term dies away as the limit goes to zero.

A problem can occur in the plotting of graphs such as Figure 1.21, if there is 

uncertainty in the value of Errors in Tc can generate large variation in small 

X and small variations in large x. Often in plots such as Figure 1.21, Tc is a fitted 

parameter so that there is a straight line at small x. These discrepancies in Tc can 

therefore generate errors in the calculated critical exponents. These uncertainties 

are usually in the region of 0.01 -  0.02 because of the above difficulties. However, 

very accurate neutron diffraction studies on magnetic systems can determine the 

true value of Tc with sufficient accuracy to make this source of error negligible. 

Table 1.1 lists some common critical exponents of thermodynamic properties, their 

simple power law and conditions.

1.6.2 Universality

An analysis of all the data collected on critical exponents, either experimentally 

or from theoretical models, has revealed some systematic trends. These trends 

are generally known as the hypothesis of universality [55], which states that for 

a continuous phase transition the static critical exponents depend exclusively on 

the following three properties: (i) the dimensionality of the system, (ii) the di­

mensionality of the order parameter (or more precisely, the symmetry of the order
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Property Exponent Power Law Conditions Ni

XT 7 T > /i =  0 1.33 ±0.02

Cp a T > Tc, /i =  0 0.04 ±0.12

M p { - t y T  > Tc, h = 0 0.358 ±  0.003

M s hi T  = Tc 4.22

Table 1 .1 : Definitions of some common critical exponents with some experimental 

values observed for a Nickel ferromagnet (taken from Ref. [56, 52]).

parameter i.e. the number of dimensions in which the order parameter is free 

to vary.), (iii) whether the forces are of short or long-range. This is a profound 

generalisation, as it makes the assumption that the type of microscopic interaction 

is irrelevant, and only its range is important. Other interpretations are that the 

classical or quantum mechanical nature of the system is immaterial. In magnetic 

systems it predicts that the critical exponents will be the same whatever the crys­

tal structure, as long as the systems are in the same universality class. Universality 

classes are the groups of systems which all have characteristic critical exponents. 

They are usually labeled by the simplest model systems belonging to them (eg. 

2D-Ising, 3D-Heisenberg etc.). One of the most striking pieces of evidence in sup­

port of universality is the plot obtained by Guggenheim [57] (see Fig. 1.22). This 

is a plot of the coexistence curves of eight different fiuids, which when normalised 

lie more or less on the same line over a large range of densities.

1.7 Landau Theory of Phase Transitions

In magnetic systems the requirement for stability is that there is a minimum in the 

Gibbs free energy G (see section 1.5). In Landau theory [58], the basic assumption 

is that near to the critical point the thermodynamic energy functions may be 

expanded as a Taylor series. The thermodynamic function £  is used, which is an
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F ig u re  1 .2 2 : The coexistence curves of eight different fluids all with /? =  |  where 

P  — P c  ~  (-^)^, after Guggenheim [57].

approximation to the Gibbs free energy [55, 59]. It is assumed that state functions 

such as the specific heat can be derived from C as if it was the Gibbs free energy. 

In zero field G = A  since G = A — hM.

1.7.1 Second-order Phase Transitions

For a simple magnetic phase transition (paramagnetic -4 ferromagnetic) the Gibbs 

free energy is a function of the temperature and magnetization. For generality the 

order parameter M  is written as r] and C{T^t]). Near the critical point the order 

parameter is small and C is expanded such that:

C(T, jj) =  Co{T) + qi2(T)7?' +  at{T)r,^ + . . . (1.36)

There are no odd terms in the expansion due to the symmetry present. The free 

energy is the same under a reversal of field, that is, for a change in order parameter
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r] -> —rj. For a given temperature the system will be in equilibrium when C{T, t])

has a minimum value, and the derivatives in Eqn. (1.37) and Eqn. (1.38) apply.

Application of Eqn. (1.37) and Eqn. (1.38) to Eqn. (1.36) gives.

7 7 0 2 (7 ) +  277̂ 04 (T) =  0 (1.39)

0 2 (7 ) +  6 7 7 ^ 0 4  (T) > 0 (1.40)

For T  > Tc 7] = 0, this implies from Eqn. (1.40)

0 2 (7 ) > 0  for T  > Tc. (1.41)

For T  < Tc 77 7  ̂ 0, which implies:

0 2 (7 ) =  - 277^0 4 (7 ) for T  <Tc (1.42)

.'. 0 2 (7 ) < 0  if 77^0 4 (7 ) > 0  .'. 0 4 (7 ) > 0 .

0 2 (7 ) therefore changes sign at T  =  Tc {i.e. 0 2 (T) =  0 at T — Tc), and 0 4 (T) is 

always positive for this type of transition.

0 2  (T) can be expanded about T =  Tc with the lowest non-zero terms retained.

0 2 (7 ) =  (7  -  7c) Oo (1.43)

By rearranging Eqn. (1.42) and substituting with Eqn. (1.43) we get:

= '« 'T < T . (l.«)

kl oc I -  ^  =  -

For this particular transition the critical exponent ^  \  can be deduced. Fig­

ure 1.23 shows the plots of the C versus 77 for various isotherms. For T  > Tc there
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L-Co C-C,, C- Cv

n T < T .

(a) # 2 > 0  (b) # 2  =  0 (c) # 2  < 0

Figure 1.23: £  — £o =  <̂2 ^  ̂+  for various values of 0 2 .

is only one minimum, 7; =  0  (see Fig. 1.23(a)). k t  T  = Tc there is a flattening of 

this curve as its splits into two minima for T  < Tc (see Fig. 1.23(b)), which contin­

uously move away from the origin as T  decreases below These two degenerate 

minima correspond to the two possible states formed due to the two possible fleld 

directions (see Fig. 1.23(c)). This is a continuous transition, since the minima of 

energy (and observed order parameter) change continuously with temperature [60]. 

Expressions can easily be derived for the specific heat Ch using Eqn. (1.29) and 

Eqn. (1.26), for small applied fields and substitution of Eqn. (1.44)

=  f o r T > T ,

(1.45)

Ch = - T + a: for T < T r
h ^^4

0=4 is assumed to be independent of temperature, and /i —>■ 0 . From Eqn. (1.45) 

Ch is predicted to have a downward discontinuity of —T a l j l a ^  at T  = Tc. This 

prediction illustrates a major failing of Landau theory, since there is a divergence 

in specific heat at the critical temperature, not a simple jump discontinuity. The 

other inadequacy of Landau theory is that it predicts critical exponents that do not 

agree with those experimentally observed. Experimentally ~  |  not | . The main 

reason for these shortcomings is the fact that the initial assumption was incorrect. 

As mentioned above, the thermodynamic energy functions are not analytic at the 

critical point. However, the theory does hold well for systems with interactions of
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infinitely long-range, such as ferroelectrics or type I superconductors [55, 61].

1.7.2 First-order Phase Transitions

Even though it has the failings discussed above, Landau theory is equally applicable 

to first-order transitions. Eqn. (1.36) is extended to include a further term Qq(T):

C(T, ri) = Co{T) +  a 2 (T)rf- +  ai(T)Tf + a^(T) j f  +  . . .  (1,46)

The same conditions of equilibrium Eqn. (1.37) and Eqn. (1.38) apply to give:

2n(a2(T) + 2rfai(T)  +  Zrfoi^{T)) =  0 (1.47)

2(a2(T) +  677 0̂14(T) +  1577^a6(T)) > 0 (1.48)

These equations lead to the same solutions as Eqn. (1.44) with =  |  if both

0 4  > 0  and 0 6  > 0 .

If the free energy is also a function of other (non-ordering) fields g (such as 

anisotropy or a staggered field /i’), Tc will also be a function of g, as will the 

parameters o^. There will be a line of critical points in the T  — g plane. 0 4  is 

assumed to depend analytically on g and 0 2  on T  [62].

Close to Tc T] is small, therefore 77  ̂ is small and can be approximated using 

Eqn. (1.44).

Eqn. (1.49) can be substituted into Eqn. (1.47) to give an expression for rf.

This expression can be seen as correction terms to power law behaviour, similar to 

Eqn. (1.35), {i.e. it determines the range of temperatures for which /5 =  |  applies). 

As g is varied changes, and at a particular point it will be zero. When 0:4 =  0 

Eqn. (1.47) can be simply solved to give Eqn. (1.51), where a new value for the
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critical exponent can be deduced, ^

|t?| a  I - i | j  ;8 =  -

(1.51)

This particular point is called a tricritical point [60, 63]. As 0 4  —>■ 0 the correc­

tion term in Eqn. (1.50) becomes larger and larger, and the range of temperatures 

for which P = \  becomes narrower and narrower. When 0 4  =  0 the correction term 

is infinite and Eqn. (1.50) becomes invalid. There is also a new critical exponent, 

^  = \- This is called a tricritical exponent [64]. The region where /? =  |  —>• |  is 

called the tricritical region.

When 0 4  < 0, Eqn. (1.47) can be solved simply and has five solutions.

30206 \
77 =  0  and 77 = (1.52)

3oe

These solutions correspond to three minima and two maxima of the Gibbs free 

energy. In Figure 1.24 C is plotted versus 77 for three different isotherms. For 

T  > To the lowest minimum is at 77 =  0 , representing the paramagnetic state. The 

other minima represent metastable states in which the system is very unlikely to be, 

since they have a higher free energy. The energies of these states gradually decrease 

as T  To, and at T = To there are three degenerate minima. This is therefore 

a representation of coexistence between ordered ( 7 7  0 ) and -paramagnetic states

( 7 7  =  0 ). When T  < To these ordered states decrease in energy below that of the 

paramagnetic state. Therefore the order parameter changes discontinuously, and a 

first-order phase transition occurs at T = To. The system changes discontinuously 

from a disordered state into an ordered state. A tricritical point therefore separates 

a line of continuous phase transitions from a first-order line in the T  —g ot a 2 ~a ^  

plane. The line of first order transitions can be described in the « 2  — (I4 plane by 

the relationship in Eqn. (1.53) [55].
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c-c,, C-Co C — Co

n

4ae (C) « 2  < £4ae

Figure 1.24: £  — £o =  <̂2^  ̂— +  <̂6 ^  ̂ for various values of 0 2 .

H ysteresis in first-order phase transitions

Sometimes in first-order phase transitions a phenomenon occurs called hystere­

sis [65]. As described above, for T  > To metastable states exist. If these states 

are stable for small fluctuations, on heating through To the system may remain in 

these states for a little while longer, for T  slightly greater than To (see Fig 1.24(a)). 

Therefore a non-zero order parameter will be observed for T  > To. At higher tem­

peratures more fluctuations force the system out of these metastable states and 

the first-order transition occurs. The transition is seen to occur at a higher tem­

perature for heating than for cooling. This observation is known as hysteresis, and 

is a common characteristic of first-order phase transitions.



Chapter 2 

Introduction to the Theoretical 

Techniques

This chapter gives a brief introduction to the theoretical techniques which have 

been used in this thesis. These range from Monte Carlo simulations to more 

analytical calculations.

The first sections describe the statistical mechanics underlying the Monte Carlo 

method, and discuss the way it has been applied to the simulation of magnetic 

systems.

The latter part of the chapter contains an example calculation of the normal 

modes of a one-dimensional lattice with a basis. This introduces the technique 

which is used in Chapter 4.

2.1 The M onte Carlo M ethod

Monte Carlo Simulations are an important tool in condensed m atter physics. They 

can be used to probe the physical properties of model systems which cannot be 

analytically solved.

47
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2.1.1 Statistical Mechanics

Monte Carlo simulations are founded on the ability of statistical mechanics to 

make predictions for the bulk thermodynamic properties of a system. Through 

knowledge of the microstates of a system, statistical mechanics is able to predict 

an expectation value of a thermodynamic property A  (Eqn. (2.1)). The property 

A  might be the internal energy or the density of a system.

{ A ) = J 2 P(Ar)Ar,  (2.1)
r

where the expression in Eqn. (2.1) is a sum over all the possible microstates of the 

system. Ar is the value of A  in state r, with P(Ar) the probability of the system

existing in state r. The expectation value can be considered as the mean value of

a sharply peaked probability distribution of A.

For a system in thermal equilibrium every microstate has a probability of ex­

isting, which is directly proportional to its Boltzmann factor.

P{Er) a  exp {-PEr) P = (2 .2 )

Er is the internal energy of a system in state r. The Gibbs probability for finding 

the system in state r is

/ > ( £ : , ) .  ,  ( 2 . 3 )

where Z is the partition function, and used as a normalization factor,

Z  = ^  exp {—PEr). (2.4)
r

A final expression for the average internal energy of a system can be determined: 

(E) = Y . P { E . ) E .  = =  - g y . (2.5)
r

The fiuctuations of thermodynamic properties with time in a system at equi­

librium can also be calculated. Specifically this is related to the variance of the
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thermodynamic property. The average internal energy is directly related to the 

enthalpy H  of the system. This in turn can be used to create an expression for 

the fluctuations of the energy:

A full derivation is illustrated in section A. 1 .1 .

2.1.2 Sampling and Markov processes

Simple numerical simulation of a system involves calculation of its partition func­

tion, and with it the thermodynamic properties. Implicit calculation of the par­

tition function is very often not feasible for large systems. For an Ising system it 

is not difficult to see that the total number of possible microstates is 2 ^, where 

N  is the total number of spins in the system. This is a number which is very 

large, and direct numerical evaluation of the partition function is only feasible for 

N  < 40. For low N  the relative fluctuation is quite large {N =  40, ^  =  0.16), 

better statistics require simulation of a larger system. Approximation to the ther­

modynamic limit requires a macroscopic system N  ^  10^ ,̂ and it is obvious that 

sampling of the system is required.

Every microstate of the system can be considered as a point in an abstract 

p hase  space, with its own Boltzmann factor (Eqn. (2.2)). At thermal equilibrium 

the system exists in a region of phase space where the Boltzmann factors are high 

[i.e. when the internal energy is low); this is the Boltzmann distribution. The 

vast majority of microstates have energies that are too high, and make a negligible 

contribution to the partition function.

S im ple sam pling

One type of sampling is called simple sampling. A number of microstates are 

generated at random, and their energies and other thermodynamic variables are
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averaged. This would result in a Gaussian distribution of all the properties. For 

example in a magnetic system the probability distribution of magnetization per 

spin (m) is defined [6 6 ]:

P(m) cx exp ^ ^  . (2.7)

This distribution would have little overlap with that of a system at thermal equilib­

rium. These randomly picked microstates are not representative of the particular 

region of phase space associated with thermal equilibrium.

Im p o rta n c e  sam pling

It is necessary to use a sampling technique that will directly sample the important 

part of phase space in which the system sits at thermal equilibrium. An ‘impor­

tance sampling’ approach was developed by Metropolis et al. in 1953 [67]. This 

technique is known as the Monte Carlo method due to its use of random numbers.

It is assumed that phase space is discrete. Division of phase space into very 

small cells approximates to a continuous phase space such as in a Heisenberg 

system. The Hamiltonian must be known, and the energy of a microstate must be 

easy to calculate. If microstates are sampled according to their importance, then 

the average of a thermodynamic quantity will be:

(^)m c =  ^  ^  +  O _  (2 .8 )

The quantity r can be thought of as a measure of time, and denotes a configuration 

sampled at a ‘time’ r. R  is the number of microstates sampled and (A) is the true 

thermodynamic average of the system. A Markov process is used to generate a 

Markov chain of microstates. Over a period of time (akin to thermal equilibrium 

of a physical system), these states have the same probabilities as those given by 

the Boltzmann distribution. A Markov chain is a sequence of microstates, each of 

which depends on the preceding one. The transition from one state to another is 

described in the following way. A random configuration is chosen, and altered
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using a random process to give a new configuration (for example a spin is picked 

at random and flipped). The probability that the system is allowed to move from 

^  u per unit time is denoted by W (/i —> z/). The Markov system will converge 

on states relevant to the thermodynamic average if the system is ergodic (all states 

are eventually accessible), and the condition of detailed balance is obeyed [6 6 ].

p ( % ) w { ü ^  -4 n , )  = -4 Q^) (2.9)

P{Q>r) is the probability that the system is in configuration Qr- The method of 

Metropolis et al. chooses a transition probability that obeys both conditions.

(2 .10)
[ 1 i î E ,  ^

The choices defined above, called the Metropolis algorithm, are those used in 

Monte Carlo simulations.

2.1.3 The M etropolis Algorithm

Monte Carlo Simulation can easily be performed on a magnetic system according 

to the theory described in section 2.1.2. The procedure used in the computer 

program is illustrated in Figure 2 .1 .

At each temperature the thermodynamic average of a property, such as the 

magnetization, is calculated. In a Heisenberg system the magnetization vector can 

point in any direction as the system is isotropic.

Therefore a root mean square magnetization per spin is calculated, as defined in 

Eqn. (2.11), together with its square. The fluctuations of the magnetization can 

also be determined in the same way as the energy. When M  is the magnetization
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Calculate averages of variables
<A)mc =  (A> +  0 ( 1 / V N )

I f R > z
Accept change of spin position

E o  =  E ,'temp

Update spin configuration

I f R < z  
Reject change of spin position

Calculate thermodynamic variables A, 
After N changes MC = MC + 1 
Store variables for MC > MCgn

Set up Lattice sites & nearest neighbours 
Generate random spin configuration 

Calculate Eo 
Set counter MC = 1, choose MCeq

Pick a spin at random and change its direction by a random amount 
Calculate Eteĵ p, AE Ê emp - Eo 

R = exp ( - p AE )
Generate random number 0 < z < 1

Figure 2 .1 : The Metropolis algorithm
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per spin, x t  is isothermal magnetic susceptibility per spin. A full derivation is 

illustrated in section A. 1 .2 .

x r  =  [(M ') -  (M)^] (2 .1 2 )

In each Monte Carlo step only one spin is moved. There will be large cor­

relations between two successive spin configurations in the Markov chain, if the 

spin move is accepted. Therefore not every single configuration is used to calcu­

late the average. Configurations are averaged after every N  Monte Carlo steps. 

This period is denoted 1 Monte Carlo Step per spin. The length of simulations 

are measured by their number of Monte Carlo steps per spin (M C S/S ) .  As de­

scribed in section 2.1.2 the Markov chain needs to equilibrate, so the first 30-40% 

of M C S / S  are not included in the average. This is the quantity MCeq described in 

the flowchart in Figure 2.1. The thermodynamic quantities measured are the mag­

netization (Eqn. (2.11)) and the energy (Eqn. (2.5)) of the system. The specific 

heat (Eqn. (2.6)) and magnetic susceptibility (Eqn. (2.12)) are calculated from the 

fiuctuations of these variables over the course of the simulation.

A Monte Carlo run is made for a succession of decreasing temperatures. The 

first simulation is generally started from a random configuration. The final con­

figuration is conserved and is used as the starting point for the next temperature.

2.2 Simulation of Pyrochlore System s

This report is concerned with the simulation of magnetic systems on the pyrochlore 

lattice (see Fig. 1 .2 ). A computer program has been written in FORTRAN 77, 

using the Metropolis algorithm to simulate a magnetic system. The procedure 

followed is based on the theory discussed in section 2.1.2. By a simple choice of 

input parameters different types of magnetic models can be studied. Ferromagnetic 

or antiferromagnetic systems can be investigated, as well as those with or without 

anisotropy or magnetic field applied.
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|Sil = 1

Sx = sin (0 ) cos (([)) 

Sy = sin (0 ) sin (c|)) 

S = cos (0)

F ig u re  2 .2 : 3-d spin vector as polar coordinates

2.2.1 Definition of the M icroscopic Variables

The direction of a magnetic spin S* is described simply as a three dimensional vec­

tor (Eqn. (2.13)), where i, j  and k are Cartesian unit vectors. The spin components 

are also expressed in terms of polar coordinates (f) and 6  (see Fig. 2.2).

S i — Sxi  i + S y i]  -f Szi  k. (2.13)

The pyrochlore lattice is made up of four interpenetrating face-centred cubic 

lattices (see Fig. 1 .2 ). The sites of the lattice form corner-sharing tetrahedra. In a 

cubic unit cell there are sixteen separate positions, each defined by a face-centering 

operation on a four site basis (see Table 2 .2 .1 ). A magnetic moment is situated on 

every site. The lattice is generated on an array of cubic unit cells. The number of 

cubic unit cells along one axis is denoted by L, therefore the total number of spins 

in a system N  =  16L^.
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Position S. 4
(0,0,0) +  FC 1

\/3
1

V3
1

v/3
( i ,0 . i )  +  FC 1

\/3
1

v/3
1

\/3
(0. 1) +  FC 1

\/3
1

%/3
1

\/3
( | , | , 0 )  +  FC 1

V3
1

\/3
1

v/3

T able 2 . 1 : Pyrochlore lattice positions for a cubic basis. FC denotes the face- 

centering operation (0 , 0 , 0 ; 0 , 0 , 0 )

2.2.2 The Energy Hamiltonian

The internal energy of the system for a particular state is defined by the Hamil­

tonian in Eqn. (2.14). The first term is the exchange interaction between nearest 

neighbour spins over all the bonds in the system. In the pyrochlore lattice each 

spin has six nearest neighbours. At the boundaries of the system the spins do not 

have nearest neighbours, and an approximation is made. A spin on one cubic face 

of the lattice is assumed to interact with the spin in the corresponding position on 

the other side of the lattice. This is referred to as ‘periodic boundary conditions’.

The constant J  is an exchange energy. Positive J  favours ferromagnetic or­

dering of the system, and negative J  favours antiferromagnetic ordering (normally 

J  =  ± 1 ). Each site in the lattice has its own anisotropy axis 6 % associated with it. 

These are also listed in Table 2.2.1.

H =  -  J  y ]  Si ■ S,- -  D (5i • Si)" Si (2.14)
<i,j> z=l i=l

The second term in the Hamiltonian is the anisotropy energy. The relative

strength of the anisotropy is determined by the parameter D. It is often quoted

relative to the constant J . The third term in the Hamiltonian represents the

application of a magnetic field.
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Local easy-axis an iso tro p y

If the variable D is positive, the system will lower its anisotropy energy if the 

spins point along the directions of the easy-axes (6 %). The dot product is squared 

since the direction the spin takes along the axis is not important. This is known 

as local easy-axis anisotropy. If the value of D  is infinity, then Ising spins are 

simulated. This is equivalent to spin ice if the interactions were ferromagnetic (see 

section 1 .1 ).

Local easy-plane an iso tro p y

Since the anisotropy interaction is squared, all anisotropy contributions to the total 

energy are positive. Therefore if the variable D  is negative, the lowest possible 

anisotropy term is zero, which will happen if the spins are perpendicular to the 

anisotropy axes. This is called local easy-plane anisotropy.

2.3 The Calculation of Normal M odes

Section 4.5 includes a calculation to determine the possible existence of soft modes 

in the easy-plane antiferromagnet on the pyrochlore lattice.

This calculation follows in principle the same calculation for a much simpler 

case: a one-dimensional lattice with a two-atom basis. The calculation fof'a simple 

lattice is instructive, since the answer is already known in advance. It is a good 

way to test the method for the more complicated system.

2.3.1 The M odel and its Hamiltonian

The model is simply a linear chain of sites with Nceii unit cells, each zth unit 

cell contains two spins “Si and 8̂ % (see Fig. 2.3). The primitive lattice vector is 

a. There are two types of interaction in the Hamiltonian, the first within each
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a
I-------------------------►

i - l  i i +1

H H
a b a b a b

F ig u re  2.3: A one-dimensional linear chain of spins

unit cell with exchange constant Ji > 0  and the second between unit cells with 

exchange constant J2 > 0. The spins interact, with periodic boundary conditions, 

according to the Hamiltonian:

^ c e l l  ^ c e l l

H  =  -  J i ^  “S j S i - J 2 Y ,  ‘S i •“ S i+ i. (2.15)
i i

The next step is to consider a small deviation out of a ferromagnetic ground 

state by an amount for each spin, and its effect on the Hamiltonian.

"^Siy =  y / l -  % 1 -  for m =  a, 6  % =  1 , Ncdi

Both exchange interactions can be simplified in the following general argument 

for m = a,b, if the product is small.

=  "6i"6j +  (1 -  ^ " S i')(l -

=  1  -  ^(-E i -  % ) '

Where Hq is the ground state component of the energy, the Hamiltonian be­

comes in terms of the excitation parameter e:

j  ^ c e l l  j  ^ c e l l

HI — i/o  =  H  — N ( J i  4- J 2 ) =  ——  (2.16)
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2.3.2 Determ ination of the Dynamical matrix

The next stage in the calculation is to rearrange Eqn. (2.16) in terms of the dy­

namical matrix such that:
-, N ce ll N ceU  O t= b £ = b

H -  =  -  £  £  E  (2.17)
i j  a = a ,P = a

The ‘4th rank tensor’ is essentially made up of four different two-dimensional 

matrices: and M^j. and Mfj contain only diagonal terms,

whereas and M ÿ  contain off-diagonal terms due to the interactions between 

different spins [a ^  p) in consecutive unit cells [i ^  j).

M f ^  and D iagonal terms

The elements of Eqn. (2.16) which contribute diagonal terms are considered first:

£  +  “^i+i^),
i

which is simplified by a change of variable (Xli+i ^f+i ~  Z f  where i - \ - l  = i') 

to
Ncell Ncell a=b ,P =b

^  -(J l +  J2)(“̂ î  + ) =  ^  ^  -(«̂ 1 +
i i a = a ,P = a

where Sap =  1 for a  =  /?, and ôap =  0 for a  /d. This therefore leads to a simple 

diagonal matrix, since there are no other diagonal terms:

M r  =  M^‘ = J i  +  J 2 (2.18)

M f j  and M ÿ: Off-Diagonal terms

There are two separate elements of Eqn. (2.16) which contribute mixed terms. The 

first element defines interactions between spins in the same unit cell.
Ncell  ̂ Ncell OL=b,P=b

(2.19)
a = a , p = a
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The same bond is counted twice to include elements in the and matrix. 

The total is then halved to cancel out the extra counting.

The second element contributing mixed terms defines interactions between 

spins in different unit cells:

ĉell -I ĉell

i ^ i
Nceii a = b ,P = b

=  (2 .20)
i a = a ,P = a

where the same double counting argument is used. This leads to the two remaining 

component matrices of .

M ÿ  =

— J7

— J2 —J\

— J2 —J\

(2 .2 1 )

M \f  =

—J\ —J2

—J\ —J2

—J7

(2 .22)

2.3.3 Treatment of the Dynamical M atrix

The elements of the dynamical matrix depend on — R j only, so will be

diagonal in reciprocal space. So, defining =  R^ — R j, M “^(Rij) is created,

which can be Fourier transformed to give a matrix with elements

(2.23)
Ri
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Rij is simply the primitive lattice vector for interactions between two different unit 

cells. Hij = 0 for interactions within the same unit cell.

If the Fourier transform is applied to Eqn. (2.17) it is reduced to

m - H o =  (2.24)
q

where

“ £q =  - À =  ( - : q . R i )  (2.25)
VNceU X

For example =  0) =  — Ji and M^^ÇElij = —a) = —J2 so:

M^^(q) =  - J i(e x p  (iq.O)) -  J 2 (exp (%q. — a)) =  — Ji -  J 2 exp (-iq .a ),

and all other elements can be constructed in the same way. The matrix 

can thus be written:

M “^(q) = (2.26)
Ji +  J2 ~J \  ~  J2 Gxp (—%q.a)

—J\ — J2 Gxp (iq.a) J\ J2

Diagonalization of (q) and rewriting in terms of the eigenvectors of (q) 

the Hamiltonian reduces to a set of N  independent harmonic oscillators, since there 

are a total of 2 Nceii = N  eigenvalue solutions which describe the normal modes of 

the system.
^  N

HI -  7 / 0  =  ^  ^ 2  r̂node4>mode (2.27)
mode=l

Xmode and respectively the eigenvalues and eigenvectors of M “^(q).

Determination of the eigenvalues of M “^(q) gives two solutions, which are the 

acoustic and optical branches.

A =  +  J 2 i  yjJ-^ +  +  2 J 1J2 COS (q.a) (2.28)

This solution is analogous to the determination of phonons in a one-dimensional 

lattice with a two atom basis.



Chapter 2. Introduction to the Theoretical Techniques 61

J > 0 J < 0

D > 0 Easy-axis ferromagnet Easy-axis antiferromagnet

D < 0 Easy-plane ferromagnet Easy-plane antiferromagnet

T able 2 .2 : Combinations of local anisotropy D  and exchange J  for the (111) 

pyrochlore magnet

2.4 Summary: Aims of the Theoretical Work in 

this Thesis

By interchanging the signs of the two parameters J  and D, four different permuta­

tions are possible using the same Hamiltonian (Eqn. (2.14)). These are described 

in Table 2.2. A systematic investigation has been made into the properties of each 

of these systems using primarily Monte Carlo simulation, as well as other theoret­

ical techniques. Chapters 3 and 4 describe detailed investigation of the easy-axis 

ferromagnet and the easy-plane antiferromagnet respectively. The other two sys­

tems are not frustrated and have a singly degenerate ground state. They have also 

been investigated and the results are discussed in sections 9.4.1 and 9.4.2.



Chapter 3

Easy-Axis Ferromagnet

Monte Carlo simulations have recently been performed on the spin ice model, a 

ferromagnetic pyrochlore system with (111) Ising anisotropy [1 1 , 40, 15]. These 

simulations corresponded to an easy-axis Heisenberg model with infinite anisotropy 

{D =  oo). This chapter is concerned with investigations of a ferromagnetic system 

with finite anisotropy. This is also referred to as the ‘continuous spin ice model’. 

The first part deals with simulations of a system with zero applied field. The 

second part deals with simulations of a system with an applied field.

3.1 Initial Investigation of the Zero Field Order­

ing Processes

Monte Carlo simulations were performed for a system with the Hamiltonian defined 

in Eqn. (2.14). A survey was made of systems with anisotropy ranging from D / J  = 

0.1 — 25.0, on lattices ranging from L =  3 — 9. The runs were generally started in 

a random configuration at high temperature (T /J  ~  2D). The system was then 

slowly annealed with each successive temperature being 90-95% of that previously 

measured. The length of the simulations was generally 100,000 M C S / S  with 

30,000 equilibrium M C S /S .  For each simulation thermodynamic averages were

62
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taken of the energy (Eqn. (2.5)) and the magnetization (Eqn. (2 .1 1 )). The specific 

heat (Eqn. (2.6)) and magnetic susceptibility (Eqn. (2.12)) were determined from 

the fluctuations of the energy and magnetization respectively. Once the system 

had been cooled it was then heated up, in order to check for any hysteresis in the 

system.

Sublattice order parameter

As discussed in section 2 .2 . 1  the pyrochlore lattice consists of 4 FCC sublattices. 

An extra property of the system which can be calculated is the sublattice order 

parameter M s l ^
m ,f _  TTtg -I- +  m e  +   ̂ ^

—  : -------------------------------------

TTT'fi. —

The term iria is equivalent to the magnetization per spin of the spins situated on 

sublattice a. If M sl = 1, there is full q=0 order in the system, since the order has 

the periodicity of the lattice.

The fluctuations of M sl can easily be determined, in an identical way to the 

isothermal magnetic susceptibility (Eqn. (2.12)).

^ (3.2)

3.1.1 Initial Results: Finite T Phase Transition

The primary result shown in Figure 3.1 is that for all values of D  the system 

undergoes a phase transition to a long-range ordered state. That is, the infinite 

ground state degeneracy is lifted. The precise nature of the ordered state is however 

slightly different for each of the values of D /J ,  since the saturated magnetization 

is different for each case. The same result is observed for all lattice sizes
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F igure 3.1: Hysteresis curves for L=4-9. From right to left D / J  = 

0.5, 3.24,4.79, 7.08,10.47,15.49, 22.91 (L =  4,5,6 only).



Chapter 3. Easy-Axis Ferromagnet 65

SL

0.8

0.6

0.4

0.2

0.5

T / J

F igure 3.2: Msl vs T / J  for D / J  = 2.18 — 22.91 with L= 6 .
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For all values of anisotropy the system has full q=0 order. This is illustrated 

by the behaviour of the sublattice order parameter in Figure 3.2. For all values of 

D / J  the sublattice order parameter has a saturation value of unity. In all cases 

the transition is marked by a maximum in specific heat and susceptibility (both % 

and Xmsl)-

O rd er of th e  tra n s itio n  for sm all D

If the system had zero anisotropy (£)/ J  =  0), then a simple Heisenberg ferromagnet 

would be modelled. In three dimensions this orders with a second-order phase 

transition, irrespective of the lattice (simple cubic, pyrochlore etc.), and has a 

simple ferromagnetically ordered state with magnetization per spin M  =  1 . It is no 

surprise therefore that for very low anisotropy systems the saturated magnetization 

per spin is very close to unity, and that the system seems to undergo a second- 

order transition. This type of behaviour does not seem to be exclusive to very 

small anisotropies. The continuous transition in the magnetization is mimicked by 

the sublattice order parameter.

O rd er of th e  tra n s itio n  for large D

As the anisotropy in the system is increased, the saturated magnetization per spin 

'decreases. However, there is still long range q=0 order in the system. The transi­

tion observed seems to be first-order, as for the most part there is a discontinuous 

change in the magnetization and sublattice order parameter.

Preliminary interpretation of the results implies that there is a tricritical point 

in the temperature/anisotropy phase diagram.

3.1.2 Microscopic Animations of the Ordering Process

During the course of a simulation the microscopic positions of the spins are always 

declared. This facility can be used to visualize the magnetic state of the system
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over ‘Monte Carlo time’. The positions of the spins were recorded at three equally 

spaced intervals after equilibration. These ‘snapshots’ of the magnetic state of the 

system were taken at every temperature of the simulation. They were then joined 

together to form an animation of the simulation and the ensuing phase transition.

C o n s tru c tio n  of th e  an im atio n

In order to preserve clarity of view only 16 tetrahedra were selected for the ani­

mation and the centre unit cell of an L =  5 lattice was selected to represent the 

system. Strictly this would have only 16 spins, but the associated tetrahedra on 

the centres of the faces and the corners of the cube are included. This amounts 

to 16 tetrahedra, with 56 different sites in all. Software was written to visualize 

the microscopic positions of the 56 spins in 3-d [6 8 ]. Animations were created for 

two different values of anisotropy [DJJ = 22.91 and D / J  =  1.0) and are included 

as animated .gif files on the enclosed CD-ROM. They are presented in the form of 

a webpage ‘Spinice.htm’. In the bottom right-hand corner of each animation the 

current temperature is displayed in blue lettering.

A n im a tio n  for D / J  =  1.0

This animation starts at T / J  =  3.5, a high temperature with respect to the tran­

sition temperature at T / J  ~  1.3. At this temperature the system has a significant 

amount of energy and the spins are in a random paramagnetic arrangement with 

no ordering. The paramagnetic regime holds until just above the transition, where 

short-range correlations begin to be visible. As the temperature decreases these 

correlations increase in length and a cooperative effect occurs. Between T / J  ^  1.2 

and T / J  ~  0.9 the majority of the spins all seem to point in roughly the same di­

rection, yet the direction they point in often changes. This cooperative movement 

is much like that of a shoal of fish, being a classic example of an infinite correlation 

length in a magnetic system. This is the type of behaviour that would be expected
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in any second-order phase transition [52], such as in a simple ferromagnet.

The final ordered state is very much like one observed in a simple ferromagnet, 

with a magnetization very close to unity. This is no surprise since the anisotropy 

is very low.

A nim ation for D / J  =  22.91

This animation starts at a high temperature (T /J  =  44.0), and again the system 

is in a random paramagnetic state. The spins can point in all possible directions. 

This regime again persists for a long time. Between T / J  ~  5 and T / J  ~  1.5 the 

spins start to be restricted to the region around their easy-axes. Their position 

either changes by a very small amount or is equivalent to an Ising spin flip. The 

system is still randomly disordered. Below T / J  ~  1.5 the spins become confined 

even more to the region around their easy-axes. Single spin flip dynamics persist 

until the transition temperature at T / J  ~  0.35. At the transition temperature 

there is an abrupt ordering of the spins, which is a confirmation of a first-order 

phase transition. The movement of the spins is then restricted to a small precession 

around their positions.

The final ordered state is a ‘q=0’ type (as already confirmed in section 3.1.1), 

with the same arrangement of spins on every ‘up’ or ‘down’ tetrahedron. This 

arrangement is one with two spins pointing into the tetrahedron and two spins 

pointing out.

3.1.3 Thermal Hysteresis in the System

First-order transitions are often accompanied by a hysteresis, where the transition 

temperature on cooling the system is different from that of heating the system. 

This effect can be explained in terms of Landau theory (see section 1.7.2).

In order to investigate the first-order nature of some of the transitions, heating 

and cooling curves were measured for all lattices and anisotropies. These are shown
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in Figure 3.1. The tricritical point, at which the transition changes from first to 

second order, might be determined by following the appearance of hysteresis with 

respect to D /J .  This method has been used before to determine the position of a 

tricritical point [69, 70].

For the small lattices hysteresis is only observed for the larger anisotropies -  

D / J  = 15.49, 22.91. As the lattice size increases it is observed for D / J  =  10.47, 

but this is the lowest D / J  at which it is observed, even when L =  9. It is difficult 

to determine exactly where the hysteresis stops appearing. In this case the method 

is not sensitive enough and only confirms the first-order nature of the transition 

for the large anisotropies.

3.1.4 The Probability D istribution o f the M agnetization

Observation of a bimodal energy distribution during the phase transition is good 

evidence that the transition is first-order [71, 72]. Even if hysteresis is not evident 

by comparing heating and cooling curves, it shows that the system simultaneously 

exists in two different states. A bimodal magnetization distribution will also be 

observed in such a system. A second order phase transition will have a Gaussian 

distribution throughout all the simulation [71, 72].

Hysteresis was not obvious for some values of D / J  whose phase transitions 

"seemed to be first-order. Therefore, in order to confirm their nature, histograms 

were determined of the distribution of the energy and the magnetization. The sys­

tems were put in the ordered state below the transition temperature and gradually 

heated up. A probability distribution of the magnetization P(M )  (with M  defined 

by Eqn. (2 .1 1 )) was created by binning the data after every M C S / S .  Longer sim­

ulations were performed at these temperatures to improve the quality of statistics. 

Figure 3.3 shows an example of an observed bimodal distribution.

This method might also be used to determine the tricritical point of the system. 

The existence of bimodal distributions could be followed for changing anisotropy.
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P(M)

0.20.0 M  0 .4 0.6

Figure 3.3: P(M ) for D /J  =  8.5 at T / J  =  0.667 with 2,500,000 M C S j S  and 

30,000 equilibration steps

The tricritical point would exist when the distributions became purely Gaussian. 

Further investigation into this possibility proved unsuccessful since it was only 

possible to determine very obvious bimodal distributions. The method is also not 

very sensitive since it is difficult to establish if the histogram is bimodal or not; it 

is only useful to confirm a first-order transition.

3.2 Second-order Transition: Finite-size Scaling 

Analysis

The obvious second-order nature of the transition for small anisotropy prompts 

calculation of critical exponents for the transition. In order to minimise the finite- 

size effects on the magnetization, the data collected from the largest system (T = 9) 

were analyzed.
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D / J 0 . 1 0.5 1 . 0 2.18 3D-Ising 3D-Heis.

/3 0.32±0.01 0.33±0.01 0.33±0.01 0.33±0.01 0.326 0.367

7 1 .2 0 ± 0 . 0 1 1.23±0.01 1 .2 2 ± 0 . 0 1 1.25±0.01 1.2378 1.388

Table 3.1: Critical exponents determined from the data for L = 9, compared with 

the 3D-Ising and Heisenberg universality classes (from Ref. [55]).

3.2.1 Initial Critical Exponents

The exponents ^  and 7  were determined for the following values of anisotropy: 

D / J  = 0.1, 0.5, 1.0, 2.18. The results are shown in Table 3.1. An example of each 

one of the fits is shown in Figure 3.6. It proved much more difficult to fit the 

specific heat exponent a  to any sensible value over any range of temperature.

The results in Table 3.1 suggest that the transition is in the 3D-Ising univer­

sality class. This is in itself an interesting result, since exponents for the 3D- 

Heisenberg class might be expected. The Ising-like 7  reflects the broken rotational 

symmetry of the Hamiltonian for finite D /J .

3.2.2 Scaling of the Susceptibility

In the second-order regime the maximum of the magnetic susceptibility (xmax) 

should scale as [73], where 7  and 1/ are the critical exponents describing the 

divergence of the susceptibility and correlation length. In the Ising universality 

class one has 7 / 1/ =  1.969 % 2 [56].

If is plotted for each lattice size and one value of anisotropy then all val­

ues should collapse into a single point. If this is plotted over a range of anisotropic 

systems which are all in the same finite-size scaling regime, then a roughly hori­

zontal line will be observed, provided they are all in the same universality class.

In first-order phase transitions the specific heat and magnetic susceptibility 

often scale with [74]. In these cases it is dependent on the correlation length
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Figure 3.4: ^  =  0.32 ±  0.01
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Figure 3.5: 7 =  1.20 ±  0.01

Figure 3.6: Critical exponent fits to data for D /  J  =  0.1, with t  =  T  — Tc
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being shorter than the lattice size. The existence of the second-order regime can 

therefore be followed as a function of anisotropy with respect to the scaling of 

Xmax- A rough position of the tricritical point will be indicated by the termination 

of data collapse.

The histograms generated in section 3.1.4 suggested that the tricritical point 

was somewhere between D / J  =  2.0 — 7.0. Therefore Xmax was determined for 

intermediate D / J  from 2.0 — 7.0 with A D / J  = 0.2. This was done for lattice sizes 

L =  4 — 8 . The results of the scaling analysis are shown in Figure 3.7.

The simulations performed to generate the data in Figure 3.7 were heating runs 

out of the ordered state. These were the same length as those performed before, 

but with regular steps in temperature (A T /J  =  0.01).

As expected, good finite-size scaling is observed for low values of anisotropy. 

As the anisotropy increases the data gradually stop collapsing onto the same curve. 

When this happens the Xmax observed for larger lattices are systematically lower 

values than might be expected {i.e. they do not show proper scaling). It is often 

difficult to equilibrate systems with first-order transitions, since they often show 

hysteresis. Doubling the length of the simulation to 2 0 0 , 000 M C S / S  with 100,000 

equilibration steps did not always lead to any obvious improvement in the results. 

Time restrictions prevented checking of the anomalous results for the much larger 

lattices.

The breakdown of LJ scaling in Figure 3.7 suggests that the tricritical point 

occurs at Dtc/ J  — 5.0 ±  0.5. This is very much a qualitative result, owing to the 

difficulties mentioned above.

3.3 The M agnetic Structure of the Ordered State

Insight is gained into the ordered state through analysis of the microscopic posi­

tions of the spins at low temperature. Figure 3.8 shows the microscopic structure
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D = 2 D = 7 D = 20

Figure 3.8: Ordered magnetic structure for a selection of anisotropies.

on one tetrahedron for D / J  = 2, 7, 20.

As described in section 1.1, the ground state for a ferromagnetic Ising system 

is one with two spins pointing in and two spins pointing out. Figure 3.8 shows 

that for systems with large anisotropy the spins are, to a first approximation, fixed 

on the easy-axes. The spins have canted off the axes by a small amount and the 

magnetization of the system observed is slightly higher than that which is observed 

for a full Ising system {M =  ;^ )  [40].

As the anisotropy is decreased the spins gain more and more energy by canting 

off the axes, and the characteristics of the ordered state change. The spins become 

gradually more and more ferromagnetically ordered and the saturated magnetiza­

tion increases (as D /J  —)• 0, M  ^  I).

3.4 Analytical Expression for the M agnetization  

and Energy

In order to understand fully the results of Figures 3.1 and 3.8, the energy of 

the possible ordered states described in section 3.3 must first be considered, in 

particular the two limits D / J  -4- 0 and D / J  -4  oo. The ordered state of each
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of these limits is a q= 0  state, with a magnetic unit cell consisting of a single 

tetrahedron, and therefore can be described by the positions of the four spins on 

one tetrahedron.

3.4.1 Limiting Expressions for the Energy

The energy is calculated using Eqn. (2.14) which is repeated below for convenience.
N  N

H =  - 7  ^  Si
< i , j >  i = l  i = l

The four crystal field directions are as follows:

=  l/ \ /3 [ l ,  1,1], (^2 =  l / \ / 3 [ l , - 1 , - 1 ] ,

Ô3 = l /v /3 [ l , - l , l ] ,  54 =  1 /V 3[1 ,1 ,-1]. (3.3)

The particular sign of the crystal field is unimportant since the anisotropy term is 

squared.

D / J  —)• 0 Ground state energy

For D /J  —> 0 the ground state is a perfect ferromagnet with all spins pointed along 

the [001] direction. It is termed the ‘[001]’ state. All bonds are ferromagnetic and 

contribute — J  to the total exchange energy of — 3iVJ, since there are 3iV bonds 

in the system. The total anisotropy energy is — A D /3  since every site contributes 

—D /3. The total energy is therefore

f  =  - 3 /  -  (3.4)

D / J  OO Ground state energy

For D / J  —)■ oo the ground state is one with the spins directed along their local 

easy-axes in a two-in two-out fashion:

S i  =  l / v ^ [ l , l , l ] ,  S 2  =  1 / n/ 3 [ - 1 , 1 , 1 ] ,

S 3  =  l / v ^ [ l , - l , l ) ,  S 4  =  1 /V 3 [-1 ,-1 ,1 ] . (3.5)
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Here, this state is termed the ‘(111)’ state and has a magnetic moment along 

z =  [001] of size 1 / \/3. For each tetrahedron there are 4 bonds making an exchange 

contribution of — J /3  and two of J/3 . There are N /2  tetrahedrons on the lattice 

each contributing —2 J /3  to give a total of —N J / S  for the exchange energy. The 

anisotropy term is simply —D for every site and therefore the total energy for the 

state is

§  =  -  -D (3.6)

3.4.2 Energy Expression for F inite Anisotropy

Neither of the ground states described above is valid for any finite values of D /J .  

They are for the limits only, but are a good starting point for a general state. An 

estimation can be made of the ground state spin orientation for large and small 

D / J  by making the reasonable ansatz that the relaxation away from, or towards 

(111) is homogeneous for the four spins of the unit cell. This ansatz seems likely 

considering the intermediate ground states shown in Figure 3.8.

The extent of relaxation is defined by a deformation parameter e. The energy 

is expanded as a function of £ and then minimised. This process produces an 

expression for the energy and magnetization in terms of anisotropy (in the form 

of a small parameter).

Sm all D / J  expansion

For weak crystal field there is a deformation out of the [001] state towards the 

(111) state. Each spin is defined such that |5a;| =  £, \Sy\ = e, 15̂ 1 =  \ / l  — 2 6 .̂ 

The deformed spin directions then become:

Si — [ £ , £ , V l  — 2s ]̂, S2 — [—6, 6, \/l — 26 ]̂,

S3 =  [s, —6, \ / l  — 26^], S4 =  [—6, —€, y/ l  — 2s^]. (3.7)
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The energy is now calculated using the same ideas illustrated in section 3.4.1. For

each spin the dot product Si.ôi — ±1/\/3(2ê: +  y/l  — 2s^). The scalar product

exchange term takes on two possible values.

81.82 =  81.83 =  82.84 =  83.84 =  1 — 2g^

8 1 . 8 4  =  8 2 . 8 3  =  1 — 46^. (3.8)

As in section 3.4.1 the contribution from each bond in one tetrahedron is summed 

and then divided by two, to give a value for the energy per spin to the second 

order in e.

( ~ f  ( “ T  +  8 -^) ^ ' +  0 ( 4  (3-9)

Eqn. (3.9) is minimised with respect to s where we have defined the small param­

eter a = D /J .

dE AaJ
+ ( - ^ + 1 6 j \ s + 0{£^)  (3.10)

de 3

This expression is solved to leading order in a  to give:

£ =  — +  0{a^). (3.11)

Substituting this value back into Eqn. (3.9) and for M  =  y /1  — 2e^ one finds:

M  -  \ / l  -  — . (3.13)

Large D / J  expansion

For strong crystal field there is a deformation out of the (111) state towards the 

[001] state. Each spin is defined such that Sz — l/> /3  +  e and again imposing the



Chapter 3. Easy-Axis Ferromagnet 79

condition that \Sx\ = l^yl, which gives the deformed spin directions:

Si =
1 1

y/3 2  ’ V 3  a / 3  2  ’ 7 3

So =

Si =

Sa =

1 1
''3 V3 2’Va V3 2'V3

3 y s  2 ’ V 3 x/3 2 ’ V3

1 1 1

3 V3 2 '  V 3  V3 2 ’ v ^ ' ^ ^
(3.14)

Again the anisotropy term takes the same value for each spin, which is then ap­

proximated using a binomial expansion to the leading order in e.

(dj.Si) — -  2 w - ------— — — -i-
1

1  _  ^  _  e!
3 7 3  2

3 7 3  2 73

+  . . .

+ £

\/3  2 8\/3

( 3 . 1 5 )

( 3 . 1 6 )

(3.17)

For the exchange energy there are again two possible values for the scalar product.
2

S 1 .S2 =
1 1 2£

V 3 ^ V  s'*"
( 3 , 1 8 )

( 3 . 1 9 )

The energy per spin is determined again to the second order in e by the same 

method:
F. /  J \  « J  / ^ n  \  _

(3.20)+ ( f - 4 7 ) 4  + 0 4 4 -
Eqn. (3.20) is minimised with respect to e:

dE 
d£
^  =  0 =  - , ^  +  ( -8  7 +  3£»)e +  0 (e2 ) \/3  '  \ ) (3.21)
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This expression is solved to the leading order in the small parameter 7  =  J /D  to 

give:

£ =  ^  +  0 ( f ) .  (3.22)

Substituting this value back into Eqn. (3.20) and ioi M  = + e one finds:

I =

3.4.3 Numerical Test of the Analytic Expression

To test the theoretical predictions, the magnetization was computed by performing 

zero temperature Monte Carlo simulations. This is a simple variant on the method 

described in section 2.1.2. In this case only spin moves which lower the energy are 

accepted [75]. In Fig. 3.9 these estimates are plotted versus the anisotropy D / J  and 

compared with the small anisotropy result (Eqn. (3.13)) and the large anisotropy 

result (Eqn. (3.24)). The agreement is seen to be excellent in both cases, with 

each asymptotic equation breaking down near the tricritical point at Dtc/J = 5. 

It is therefore tempting to associate the change in order of the transition with a 

non-linear cross over from a regime that is nearly ferromagnetic, to one that is 

nearly q= 0  spin ice.

3.5 Determ ination of the Magnetic Phase  

Diagram

Further insight into the nature of this cross over is gained by a consideration of 

the magnetic phase diagram. The behaviour of the continuous spin ice model is 

considered in an external magnetic field applied along the [1 0 0 ] direction which 

sustains the symmetry of the ordered state for all finite D /J .  In Ref. [40] it was



Chapter 3. Easy-Axis Ferromagnet 81

Large D /J

m
0.6

•  Monte Carlo data0.4

Small D / J
0.2

250 5 10 15 20

F igure 3.9: Comparison of the numerical zero temperature magnetization mo, 

estimated by a zero-temperature Monte Carlo method, with that estimated by 

the analytical expressions Eqn. (3.13) (left hand line) and Eqn. (3.24) (right hand 

line). Both asymptotic expressions are seen to break down near the tricritical point 

D f c / J  =  5.0 ±  0.5.

shown that the magnetic phase diagram of the near neighbour spin ice model with 

the field along [1 0 0 ] has two lines of first-order phase transitions that separate 

phases of different magnetization (see section 1.3.1). Both lines terminate in crit­

ical points. It was argued that the phase diagram can be considered analogous to 

that of a liquid-gas system, where a line of first-order transitions separates phases 

of different density. In this section the equivalent phase diagram for the continuous 

spin ice model has been mapped out.

3.5.1 Details of the Simulations

In this investigation it was decided to make simulations on only one size of sys­

tem (L =  5, A  =  2000). It was hoped that the system would be small enough to 

be at equilibrium after 30,000 M C S / S  and large enough to give good statistical
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results. Two types of measurement were made, as described below. All simula­

tions were of the same length (100,000 M C S /S )  with the same equilibration time 

(30,000 M C S /S ) .  In each case the phase boundary was estimated from the max­

imum in the magnetic susceptibility (Eqn. (2.12)) and specific heat (Eqn. (2.6)).

Constant field

In this case the system was placed in the ordered state at a low temperature with 

a fixed applied magnetic field. The temperature was increased in small regular 

amounts AT =  0.005,0.01. This was then repeated for different fixed values of 

applied magnetic field.

Constant tem perature

In this case the system was placed in the ordered state in a high applied magnetic 

field at a fixed temperature. The magnetic field was decreased in small regular 

amounts Ah =  0 .0 2 . This was then repeated for different fixed temperatures.

Anisotropy

The third axis on the magnetic phase diagram under investigation is the anisotropy. 

Three different anisotropic systems were simulated with D j J  =  20.0,15.0,10.0.

3.5.2 Results: Description of the Phase Diagram

The results are shown in Figure 3.10a, and represented schematically in Fig­

ure 3.10b. It is seen that the two first-order lines of the spin ice phase diagram 

coalesce below the ordering temperature, which is therefore seen to be a triple 

point (see Fig. 3.10b). The triple point temperature increases with decreasing 

D j  J  and eventually the two ‘wings’ disappear and give way to a line of first-order 

transitions along the zero field axis, typical of a ferromagnet.
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F ig u re  3.10: Magnetic phase diagram for the continuous spin ice model defined 

by Eqn. (2.14). (a) Phase diagram determined by Monte Carlo simulation on a 

system oî N  = 2000 spins. Points on the coexistence lines were determined from 

the maximum in the susceptibility in fixed temperature (vertical error bars) or 

fixed field (horizontal error bars) Monte Carlo runs. For ease of comparison with 

experiment and Ref. [40], the field h is defined as /i =  i f  x (^b/^b) =  if/0.06717, 

with JjLb and /cb the Bohr magneton and Boltzmann’s constant respectively, and if  

defined in Eqn. (2.14). (b) Schematic phase diagram showing the case of D / J  =  0 

(short dashed line), D / J  = D t d J  (thin line), D / J  > D i d 3  (thick line) and 

f ) / J  oo (long dashed line)
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3.6 Conclusions

This investigation has suggested the existence of a tricritical point in the system. 

Landau first looked at systems in which the order of transition changed and de­

veloped a theory to explain the phenomenon [58]. The term ‘tricritical point’ was 

first coined by Griffiths in his investigation of the superfluid transition in ^He-^He 

mixtures [63]. The term refers to a confluence of three lines of ordinary phase tran­

sitions, with a notion of three phases becoming identical at one point. It is relevant 

to briefly review some previous work on tricritical points in magnetic systems.

3.6.1 Tricritical Points in M etam agnets

Real examples of tricritical points in magnetic systems occur in metamagnets such 

as FeCl2 [76, 77] and DysAl^Oig [78]. In model systems as well as real metam­

agnets, there are often intra-sublattice antiferromagnetic interactions and inter­

sublattice ferromagnetic interactions. The magnetic spins are often uniaxial Ising 

spins with a longitudinal magnetic field applied. In zero-field there is a continuous 

paramagnet to antiferromagnet phase transition. If a simple cubic lattice is con­

sidered, the antiferromagnetic phase is stabilised by both interactions present in 

the system. The phase diagram for a metamagnet is shown in Fig. 3.11. When a 

disordering magnetic field is applied to the system (with respect to the antiferro­

magnetic order), there is competition between the antiferromagnetic interactions 

of the spins, and the desire for the spins to align ferromagnetically with the field. 

At a certain critical field there is a phase transition to a ferromagnetically ordered 

state.

For Ttc < T  < Tyv the application of the field does not affect the order of the 

transition and critical exponents are observed such as those in the zero-field case. 

At low temperatures the effect of the magnetic field is more evident, the phase 

transition is first-order and phase coexistence between the ordered and disordered
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H A

F ig u re  3.11: Schematic phase diagram of a metamagnet.

phases is observed (in a real system). At T =  Ttc there is a crossover in the 

nature of the phase transition. The transition is notionally second-order, but has 

particular ‘tricritical’ exponents associated with it [79, 77, 62].

A simple order parameter for the metamagnet under consideration is the mag­

netization of each ferromagnetically aligned sublattice, or ‘staggered magnetiza­

tion’ M b Therefore it is useful to consider the effect of applying a ‘staggered’ 

magnetic field which couples directly to the staggered magnetization. This 

is of course impossible to apply to a real system. The third axis creates the 

possibility of ‘up’ and ‘down’ staggered magnetization separated by the phase co­

existence surface at zero applied staggered field. The schematic phase diagram 

is shown in Fig. 3.11. The application of staggered field also creates a pair of 

coexistence surfaces which extend symmetrically into the i / f  > 0  and < 0  

regions, separating the ordered and disordered phases. These two surfaces meet 

at the line of first-order phase transitions observed and are bounded by a line of 

critical points which meet at the tricritical point (Tfc,Hic)- The properties of the 

critical behaviour change with respect to the ratio of the inter- to intra- sublattice 

interactions [80, 62].

All these metamagnetic properties have been observed in real [76, 77, 78] and
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theoretical systems [81, 82, 62, 83].

3.6.2 Tricritical Point in Continuous Spin Ice

The continuous spin ice system under investigation in this chapter was shown to 

have a tricritical point. This system is also one of competing interactions, very 

similar to the metamagnets. In metamagnetic systems the antiferromagnetic ex­

change term in the Hamiltonian competes with the non-ordering magnetic field 

between the ordered and disordered phase. In continuous spin ice the ferromag­

netic exchange term competes with the anisotropy within the ordered phase. In 

continuous spin ice the disordered phase is truly paramagnetic. The frustration 

of the exchange interaction (inherent in the spin ice model) is relieved by the fi­

nite nature of the anisotropy. The Heisenberg spins are allowed to cant off the 

easy-axes and gain some exchange energy at the cost of anisotropy energy (see 

section 3.3). This is the source of the degeneracy lifting in the system. Canting 

off the axes creates a non-degenerate ground state. The point at which the two 

properties are balanced is the tricritical point, where the system is neither spin 

ice-like nor ferromagnetic.

The anisotropy in the spin ice system has replaced the uniform field present 

in the metamagnet and the magnetic field along the [1 0 0 ] direction has replaced 

the effect of the staggered field. Consequently, application of the magnetic field 

creates two symmetrical coexistence surfaces separating areas of q= 0  order and 

paramagnetic disorder. These ‘wings’ disappear precisely at the tricritical point 

determined above, D td  J  % 5. This kind of phase diagram is exhibited by idealized 

ferroelectrics and also some real ones such as BaTiOa [61] (see also section 9 .1 ).



Chapter 4

Easy-Plane Antiferrom agnet

In this chapter, the ordering and degeneracy of an easy-plane pyrochlore antiferro­

magnet are considered. While there is an infinite ground state degeneracy in the 

system, ordering still occurs. The nature of this ordering is discussed, as well as 

the reasons why it occurs.

The first part of the chapter deals with Monte Carlo investigations of the system 

and its possible ground states. The second part considers a theoretical calculation 

which sheds more light on the reasons for the ordering in the system.

4 .1  P r e v io u s  S tu d ie s  o f  X Y  P y r o c h lo r e  A n tifer -  

ro m a g n ets

As discussed in section 1.2.4 the ground state of a frustrated pyrochlore antiferro­

magnet is one with all four spins on every tetrahedron summing to zero. The first 

XY pyrochlore antiferromagnet studied was by Bramwell et al. [84]. However, it is 

convenient to discuss first the simpler model studied by Moessner et al. [28]. Both 

examples discussed here are frustrated antiferromagnets.

87
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(a) XY planes (b) A ground state

F igure 4.1: Copianar XY antiferromagnet

4.1.1 Copianar XY Antiferromagnet

Moessner et al. studied a pyrochlore antiferromagnet which consisted of copianar 

XY spins [28]. A diagram showing an example of the orientation of the planes is 

shown in Fig. 4.1(a). It should be noted that these planes do not have the symme­

try of the pyrochlore lattice and are not comparable with any known experimental 

system.

It is often instructive to consider the ground states of a single tetrahedron. 

In such cases a simple ground state is one with two spins pointing up and two 

spins pointing down (see Fig. 4.1(b)). This is not the only ground state since 

the energy will be minimised by associating the four spins into two pairs of anti­

parallel spins. This leads to an infinite number of possible ground states. The 

manifold is described as ‘fully connected’, since any particular ground state can 

be continuously deformed into any other at no extra cost [28]. This argument can 

be extended to cover the lattice as a whole and not just the single tetrahedron.

This is a ‘smaller’ degeneracy than that of the Heisenberg pyrochlore antiferro­

magnet, these ground states are simply a subset of copianar states in the fully 

connected Heisenberg manifold.



Chapter 4. Easy-Plane Antiferrom agnet 89

Moessner et ai [28] calculated a probability distribution W{9) for the angle 

6  between a pair of spins, integrating over all the four spins with a Boltzmann 

distribution and the Hamiltonian. They determined that the distribution in the 

limit T  —>■ 0  is particularly concentrated near collinear spin arrangements (0 =  0 

and 7t). They found that there were soft modes out of the collinear states.

The specific heat of a system  w ith order by disorder

Moessner et al. [28] determined how many soft modes per unit cell were present for 

a collinear state. The specific heat can be determined using the method described 

in section 1.2.5. There are four degrees of freedom with four constraints per unit 

cell (since there are only two component spins). In the absence of order all four 

modes are quadratic and Ch/N ksT  =  1/2. The soft mode calculation in Ref. [28] 

showed that for a collinear state two of the quadratic modes become quartic. The 

specific heat per spin is thus C/i/A/c^T =  3/8.

Monte Carlo simulations confirmed the reduction in specific heat [28]. This 

represents selection of these states by thermal fluctuations since there are soft 

modes out of the collinear states. This is an example of order by disorder (see 

section 1 .2 .6 ), where there is a concentration of statistical weight on a submanifold 

of ground states.

The order observed in the system has a nematic/collinear order, where two 

spins are pointing up and two spins are pointing down on every tetrahedron. But 

this arrangement is disordered over the whole lattice, in much the same way as 

spin ice, where two spins are pointing in and out of every tetrahedron, yet with no 

long range order.
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Spin Cartesian equation Crystallographic form

1 X +  y  z  =  0 [1 1 1 ]

2 X — y  z  = 0 [1 1 1 ]

3 X — y  — z  = 0 [1 1 1 ]

4 X y  — z  = 0 [1 1 1 ]

T able 4.1: Cartesian and crystallographic description of the easy-planes. 

4.1.2 Easy-Plane XY  Antiferromagnet

Bramwell e t  al.  studied a Heisenberg pyrochlore antiferromagnet with local easy- 

plane anisotropy [84]. The Hamiltonian used is shown below (Eqn. (2.14)).

N

H = - J  ^  S, -Sj -DY^{6i -Si f
<i, j>  i = l

This is a system with a variable anisotropy and allows out of plane fluctuations. 

The anisotropy may be set strong enough to consider the system as being effec­

tively XY/easy-plane. A diagram of the easy-planes is shown in Fig. 4.2(a). The 

equation of each easy-plane is listed in Table 4.1 with its associated spin label in 

Figure 4.2(a).

Identification of the possible ground states for this system is more complex due 

to the non-coplanar nature of the easy-planes. It is again instructive to consider 

the possible ground states of a single tetrahedron. Bramwell et ai proposed a 

T  = 0 ground state for the system that maximised the number of antiferromagnetic 

bonds. The arrangement of the spins is shown in Fig. 4.2(b) and from now on 

this will be referred to as ‘state I ’. In this copianar arrangement there are two 

fully antiferromagnetic bonds and four bonds which make no contribution to the 

exchange energy (since the spin pairs are perpendicular). The anisotropy energy 

is trivially zero as the spins are fixed in the easy-planes. There are also two other 

arrangements related by symmetry, in which the spins are perpendicular to the 

two other coordinate axes [84].



Chapter 4. Easy-Plane Antiferromagnet 91

2 4 / 2

(a) (b) State I (c) State II

F igure  4.2: The easy-planes of a tetrahedron and two ground states.

Other related ground states are generated by flipping the pairs of spins, see 

for example Fig. 4.2(c) which will be referred to as ‘state I I ’. When considering 

the lattice as a whole, the authors considered ground states consisting of rods of 

antiferromagnetically aligned spins. These are in fact the perpendicular bonds ‘1- 

4’ and ‘2-3’ in Fig. 4.2(b) on each tetrahedron, propagated over the whole lattice. 

If the system was in a q=0 ordered state, it could be disordered by flipping all 

the spins on different rods [84]. These disordered states of copianar spins maintain 

zero spin on every tetrahedron, creating a macroscopic degeneracy of ground states. 

This manifold is rugged, since the proposed ground states cannot be continuously 

deformed into each other with no increase in the energy of the system.

Bramwell and co-workers performed Monte Carlo simulations of the system 

with J  = — 1 and D / J  = —5. The system undergoes a first-order magnetic phase 

transition to a long-range ordered state. The authors concluded that the selection 

of the q= 0  state must be caused by thermally-induced coupling between the spin 

rods. This type of ordering is another example of order by disorder [84].

No investigation was made into the low temperature specific heat or the micro­

scopic nature of the ordered state. This chapter is concerned with a more detailed
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investigation of the same system, albeit one with infinite easy-plane anisotropy, 

D = oo. One of the main results presented here is that the ground state mani­

fold proposed by Bramwell et al. is incomplete, as it does not contain all possible 

ground states (see section 4.3).

4.2 M onte Carlo Simulations of the Easy-Plane 

Antiferromagnet

Monte Carlo simulations were performed on a system with a simplified Hamiltonian 

with D = CO such that the spins are confined rigorously to the easy-planes, and 

any out of plane fluctuation is at infinite energy cost:

H =  - j y ] S i - S j .  (4.1)
<ij>

In this case, J  = —1 and the spins are fixed in their easy-planes.

The runs were generally started in a random configuration at high temperature 

(T/  J  ~  1 ). The system was then slowly annealed with each successive temperature 

being 90-95% of that previously measured. The length of the simulations was 

generally 400,000 M C S / S  with 2 0 0 , 0 0 0  equilibrium M C S /S .  A survey was made 

of systems with lattices ranging from L =  3 — 6 .

For each simulation thermodynamic averages were taken of the energy and 

the sublattice order parameter defined in Eqn. (3.2). The specific heat was again 

determined from the fluctuations of the energy.

4.2.1 Initial R esults

The sublattice order parameter is plotted versus temperature for different lattice 

sizes in Fig. 4.3. The main result from Ref. [84] is reproduced, with a strongly 

first-order phase transition at T / J  «  0.125 to a q=0 long range-ordered state.
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F igure  4.3: Transition to an ordered q=0 state.

Bramwell et al. observed scaling of the specific heat maxima with [84]. This 

occurs when the correlation length is shorter than the size of the lattice [74]. The 

results collected here did not seem to show such scaling, but the transition seems 

very strongly first-order. It may be that, in the case of infinite anisotropy, the 

correlation length is larger than the size of the lattice.

4.2.2 The M agnetic Structure of the Ordered State

As in section 3.3, insight is gained into the ordered state through analysis of the 

microscopic positions of the spins at low temperature. The system has q=0 long- 

range order and again it is only necessary to show the spin arrangement on one 

tetrahedron. The low temperature spin arrangement is shown in Figure 4.4(a) and 

will be referred to as ‘state III’. This is a particularly interesting result, since 

the state III is spatially different from state I. State III has zero spin on every 

tetrahedron, and is another ground state for the system. It is evident that there are
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(a) State III (b) State IV

F igure  4.4: Ground states observed for the easy-plane tetrahedron.

many q= 0  ordered states which satisfy the ground state criteria for the easy-plane 

antiferromagnet. These are discussed more fully in section 4.3.

As the system was cooled below the transition temperature there was some­

times a sharp dip in the order parameter (see Fig. 4.5). On further cooling, the 

system either recovered its full ordering, or stayed in a defected state down to very 

low temperatures. The dip in ordering can be explained by the existence of an 

infinite line defect of spins in the lattice. Figure 4.6 shows one such line of spins, 

which exist independently in a ‘sea’ of q=0 ordered spins. The red spins show the 

arrangement of q=0 spins, and the defect spins are superimposed as blue spins. It 

it interesting to note the arrangement of the spins on the tetrahedra which have 

bonds intersecting with the line defect (see Fig. 4.4(b)). Two spins are arranged 

in the manner of state III, and two of the spins are defected, (these are the blue 

spins in Figure 4.6). This state will be referred to as ‘state IV ’, since it is also 

a ground state for a single tetrahedron and has a total spin of zero over the four 

spins.
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F igure 4.5: The effect of a defect on the sublattice order parameter for two dif­

ferent sized lattices. The black line shows a system which recovers q=0 order after 

experiencing a defect (L=5). The red line shows a system which does not recover 

q=0 order (L=4).

4.3 A General q=0 Ground state for the system

In section 4.2.2 some new ground states other than state I and state II were 

discussed. In order to determine a general solution of ground states, the constraints 

on the system must be stated in a consistent fashion. The ground states for a single 

tetrahedron are sufficient for the whole system.

4.3.1 Ground State Constraints

A spin at site i in the tetrahedron is defined

Si =  Syi] -t- Szik.
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F igure 4.6: An infinite line defect in the lattice.
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State I State I I State I I I State I V

i 5 x Sy 5 z 5 x Sy 5 . 5 x Sy 5 . 5 x Sy 5 z

1 1 1
V2

0 1
y/ 2

1
v/2

0 1
v/6

1 2
v/6

1
vÆ

1
v/6

2
V6

2 1
V2

1
V2

0 1
y/ 2

1
V2

0
1

v/6
1

v/6
2

V6
1

v/6
1

v/6
2

v/6

3 1
V2

1
V2

0
1

v/2
1

v/2 0
1

v/6
1

v/6
2

v/6
2

v/6
1

v/6
1

v/6

4 1
V2

1
V2

0 1
v/2

1
v/2

0 1
v/6

1
v/6

2
v/6

2
v/6

1
v/6

1
vÆ

T able 4.2: The spin orientations of different ground states of the system.

For 2 =  1 — 4 there are constraints on the spins such that they lie in the easy-planes 

of the tetrahedron:

5x1 4- Syi +  Szi =  0 

5x2 — 5y2 +  Sz2  =  0 

5x3 — 5y3 — Sz3  =  0 

5x3 +  5y4 — Sz4  =  0.

The sum of the four spins on the tetrahedron must be zero:

5x1 +  5x2 +  5x3 +  5x4 =  0 

5yl +  5y2 +  5y3 +  5y4 =  0 

S z l  T Sz2  T Sz3  +  Sz4  =  0 .

The spins must all be of the same length:

|Si|  =  IS2I =  IS3I =  IS4I =  1.

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

Ground states I ,  I I ,  I I I  and I V  are all valid solutions and their spin orientations 

are detailed in Table 4.2.
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4.3.2 Solution of the Constraints

Linear equations (4.2) -  (4.8) can be solved by row-echelon matrix reduction [85]. 

There are twelve variables and seven equations, so there will be seven dependent 

variables and five independent variables (5^2, S y ^ ,  S z s ,  5^4, S za) ,  shown below:

S x l  =  S z2  +  SyA S y i  =  Sz3 — SyA +  SzA S z l  =  ~ S z 2  ~  Sz3  ~  <$'z4

Sx 2  =  ~ S z 2  ~  S y 3 — Sz 3  ~  SzA Sy2 =  ~ S y Z  — Sz3  ~  SzA S z 2  =  S z2

S x3  =  Sy3  +  Sz 3  Sy3 =  Sy3 S z3  =  Sz3

SxA ~  SyA T SzA SyA — SyA SzA — SzA'

The solutions above will include spins of different length. A subset of these general 

solutions which give spins of unit length is then required. Eqn. (4.9) must also be 

satisfied:

{Sz2  +  SyA)"^ +  {Sz3  — SyA +  S zaY  +  { ~ S z 2  ~  S z3  ~  S za) ‘̂  =  1 (4.10)

{ — Sz 2  — S y ^  — S z3  — S za)"̂  +  ( ~ S y 3  — Sz3  — S za)"̂  +  %  “  1 (411)

(5y3 +  5 3̂ )̂  +  5y3 +  5^3 =  1 (4.12)

{ — SyA + SzaY +  ‘S'y4 +  <Ŝ 4 =  1 (4.13)

We now have four equations in terms of five variables, so there will be one degree 

of freedom in the solutions. These equations have been solved analytically [86], 

but the proof is too complicated to explain briefiy in this thesis. It is possible 

to use computer software to solve the equations for a given variable (where the 

variable must be a possible solution) [87].

For a given variable such as Sxi = a there are eight possible solutions. Each

solution can be considered as a linear combination of two specific basis vectors:

“Si = a ‘iy^ + l3 “i/f , a^ + l3'̂  = l, -  1 <  a  <  1 (4,14)

where z =  1 — 4, s denotes each separate solution and both positive and negative

values of /5 are used for each value of a. are normalised basis vectors, specific
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Solution

i 1 2 3 4 5 6 7 8

a a a a a a a a

1 b b b b c c c c

c c c c b b b b

—a - b —a —a —a —c —a —a

2 b a c b c a b c

—c —c - b —c - b - b —c - b

a b a c a c a b

3 - b —a - b - b —c —a —c —c

—c —c —c —a - b - b - b —a

—a —a —a —c —a —a —a - b

4 - b - b —c - b —c —c - b —c

c c b a b b c a

Table 4.5: General form of the solutions, where +  6̂  -I- =  1.

to each spin for each different solution, taking the form:

’ I,: ^

I ' i  = Vi (4.15)

Tables 4.3 and 4.4 list the u  for each spin i and solution s. The solutions could be 

expressed in terms of only one basis vector set, with specific relations between the 

coefficients ag,Ps for s =  1,8. However, these relations are elliptical and difficult 

to express clearly.

If the same a  and /3 are used for each solution then the solutions can be directly 

compared. Table 4.5 shows the general form of each solution where this is the case. 

For a particular solution of one spin component Sx\ = a there are two possible
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orientations of Si with Sy\ = b,c and Szi = c,b respectively (where =  1).

It can be seen that there is a family of solutions for each orientation of Si. 

There is a symmetric solution where:

I'S'xil =  |5x2| =  \Sxz\ = I&4 I =  a

l^ y l l  =  I5y2| =  \Sy3\  =  15y4 1 =  b 01 C

=  I&2 I =  ISzzl =  I&4 I = c o i  b.

There are three defect solutions with pairs of spins satisfying the following condi­

tion: \Sxi \ = IS'xil and |5yi| =  |5yi| and \Szi\ = where i is equal to either 2,3 

or 4 in each case (for instance 2 =  3 for solutions 3 and 7 etc.). The components 

of the other spins take values such that the ground state conditions are satisfied 

(these values are taken specifically from {±o, ±b, ±c}). State I is a special exam­

ple of a defect state since it satisfies the condition for both symmetric and defect 

states.

For a = ±0.5, ±1 two defect solutions become coincident with each symmetric 

solution (see Table 4.6). So, for these special cases there are only six solutions. 

The symmetric solutions 1 and 5 in these cases are specific variants of state III.

4.3.3 R eduction of the Solutions

In principle the eight solutions described in Table 4.5 could be reduced to irre­

ducible representations of the tetrahedral point group. This is not a trivial exercise 

and has not been attempted. Inspection of Table 4.5 shows that in a more general 

case the family of solutions 5 - 8  has the same ‘shape’ as solutions 1 -  4, by dint 

of a simple transposition of b with c.

However, inspection shows that there are basically two types of groups -  de­

fect and symmetric. States II and III are examples of symmetric solutions and 

states I and IV are examples of defect solutions.
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a Symmetric solution Defect solution

1 1 2

5 8

0.5 1 3

5 7

-1 1 2

5 8

-0 .5 1 4

5 6

Table 4.6: Coincident solutions for various values of a.

4.4 The Structure, Stability and Behaviour of 

the Ground States for T < Tjv

In this section, the structure and dynamics of the system below the phase transition 

are discussed. The system can be placed in particular ground states, even though 

these are not the ones which the system orders in. Their stability can then be 

observed with respect to Monte Carlo time. A study of states I, II, I I I  and IV  in 

this way represents a complete investigation of the model.

4.4.1 The Distribution of Individual Bond Energies of the 

System

The Hamiltonian H =  —JJ2<i,j> is a sum over all bond interactions in the

system. The bond interactions are simply inner products which can take values 

from —1 to 1. Therefore it is possible to calculate the distribution of individual 

bond energies of the system. A probability distribution P{Eij) is created by simply 

binning all the bond energies of the system every M C S / S  once the system is
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equilibrated.

P{Eij) is calculated for temperatures ranging from T / J  = 0.09 -  0.005 for 

both state I I I  and state I and the results for L =  4 are shown in Figures 4.7 to 

4.14. The data have not been normalised but are directly comparable since the 

conditions were the same for each simulation.

Figure 4.3 shows that the system orders into a q=0 ordered state with T̂ v ~  

0.0125. If the system orders into a single state then there will only be small 

fluctuations about a clearly deflned point. This behaviour will be represented in 

the bond energy distribution.

P{Eij) for s ta te  I

In state I there are two bonds with Eij =  — 1 and four bonds with E{j = 0. 

P{Eij) would therefore be expected to have a simple two peaked distribution. If 

the system is placed in state I at T < T/v (see Fig. 4.8) the distribution is already 

bimodal around the two expected values of Eij. As the temperature is decreased 

the distribution quickly becomes sharper around these values.

P{Eij) for s ta te  I I I

In state I I I  there are four bonds with Eij =  — |  and two bonds with Eij = | .  

However unlike state I, P{Eij) has a finite value over the whole range of energies: 

Eij =  — 1 to Eij = I (see Fig. 4.7). This means that the system is not entering 

into a single ordered state, instead there is a phase transition onto a ‘continuous 

manifold of q=0 ordered states’. This is a particularly interesting phenomenon to 

observe. As the temperature decreases the bond energy distribution does indeed 

become bimodal, but at a much slower rate than that of state I. It is also inter­

esting to note that for the same number of bonds in each case the distribution in 

Figure 4.13 at Eij =  — |  is much more spread out than the corresponding distri­

bution in Figure 4.14 at Eij =  0. This shows that there is much more freedom for
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State III State I
PiEij]
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Figure 4.7: T /J  =  0.09 < Tat
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le+07

-1 0 Eij
Figure 4.9: T / J  =  0.05
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-1 0 Eij 1
Figure 4.11: T /J  =  0.01
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Figure 4.13: T /J  =  0.005 <C T/v

1.5e+07

le+07
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5e+06

0 -1 0 Eij 1
Figure 4.8: T /J  =  0.09 < Tyv

2e+07

le+07

-1 0 E,j
Figure 4.10: T /J  =  0.05
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le+08 ■

5e+07 ■^  J 0 A
-1 0 Eij
Figure 4.12: T /J  =  0.01

P{Ei j )

2e+08
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0 -1 0 E,j 1
Figure 4.14: T /J  =  0.005 TjN
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2e+06

le+06

-1

F igure  4.15: T / J  =  0.3 > TjN

the spins to fluctuate in state I I I  than state I, even at low temperature.

This evidence suggests selection of a single state at low temperature out of a 

degenerate manifold of states at T / J  < Tat- This is consistent with an order by 

disorder mechanism.

For T / J  =  0.3 > the energy distribution is also continuous. There is enough 

thermal energy in the system for the high energy bond interactions to be probable 

(see Fig. 4.15). It is particularly interesting to note the features at Eij =  — 

which is characteristic of the average bond energy interaction for two paramagnetic 

spins on two easy-planes [28].

4.4.2 Angular Distribution of the Spins on the Easy-Plane

It is possible to investigate in more detail the fluctuations of the spins referred to 

in section 4.4.1. The position of a spin can be described by its angle (0 < (/> < 27r) 

within its easy-plane. The distribution P{(f>) for spins on a sublattice (since there 

is q=0 order in the system) can therefore be measured in the same way as in 

section 4.4.1.

The results are shown in Figure 4.16 for the same temperatures as section 4.4.1. 

The distribution of only one sublattice is shown for simplicity since the shapes are 

identical for each sublattice.
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3.00E+06

2.50E+06 -

 T /J = 0.09
 T /J = 0.05
 T /J = 0.01
---■T/J = 0.005

2.00E+06 -

1.50E+06 -

l.OOE+06 -
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O.OOE+00

^  I I I

F igure 4.16: P[(f)) for state I I I  (red lines) and state I (black lines). One division 

is equal to 11.25°.

P(0) for s ta te  I

The sublattice distributions for state I are much as expected and the spins have 

very small fluctuations around the ordered state with little spread.

P{(j)) for s ta te  I I I

The sublattice distributions for state I II  showed the system to be fluctuating 

around the ordered spin directions. But when T / J  = 0.9, P (0  =  >a; +  7 r /5 )~ c

and there is very little change in P(0) over the range. The spins have a similar 

probability of existing over a small range of (f). This observation is still consistent 

with the system existing on a q=0 manifold.

For all temperatures the fluctuations are larger for state I I I  than state I.
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4.4.3 Stability of the Ground States for T <

Results from sections 4.4.1 and 4.4.2 showed that if the system is placed in state I 

for T < Tjv it is rigidly confined to that state and does not leave it at all. It 

is therefore interesting to investigate the stability of another defect state such as 

state IV  or another symmetric state such as state II. To achieve this, the angle (f) 

of a q=0 ordered sublattice has been measured as a function of the length of the 

simulation. It shows collective q=0 movement of the spins on one sublattice from 

one state to another. Comparison of all the sublattice angles show any correlation 

of the spins on each sublattice which heretofore has not been discussed.

The data are collected by simply averaging over the ÿ of each sublattice spin 

after every N  M C S / S .

T he s tab ility  of s ta te  II

In Figure 4.17 an L =  4 system has been put into the symmetric q=0 state II  

at M C S / S  =  1 with T j J  — 0.05 and allowed to relax out of it. After only 500 

M C S / S  each sublattice has entirely left its initial configuration. In fact the spins 

have relaxed into state III. This is of particular interest and will be discussed in 

section 9.3.2.

It is important to observe the correlation of the spins between the sublattices. 

Figure 4.17 shows that in state I I I  two pairs of sublattices of spins are highly corre­

lated with each other. There is a very short response time between the correlations 

which can be ascribed to the sequential nature of the sampling method.

This is an important observation, since it shows that there are two independent 

pairs of sublattices which in themselves are highly correlated (i.e. if (̂ 2,3 =  ^  and 

01,4 =  V: then X is independent of y). There appears to be an internal degree of 

freedom in the system, which gives rise to bigger entropy fiuctuations.
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F igure 4.17: 0s for each sublattice s =  1 — 4 for T / J  =  0.05. Relaxation out of 

state II  into state I I I  as a function of Monte Carlo time.
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 ̂ 3-1.5 

^  2 "2.0

 ̂ 1 -1.5

 ̂4

M C S / S

F ig u re  4.18: (^5 for each sublattice s — 1 — 4 for T / J  =  0.05. Relaxation out of 

state IV  into state I as a function of Monte Carlo time.

T h e  s ta b ility  o f s ta te  IV

In Figure 4.18 an L =  4 system has been put into the defect q=0 state IV  at 

M C S j S  — 1 with T / J  =  0.05 and allowed to relax out of it. After only 1000 

M C S / S  each sublattice has entirely left its initial configuration. In fact the spins 

have relaxed into state I. This is also of interest and the consequences will be 

discussed in section 9.3.2.

It is also important to observe the correlation of the spins between the sublat­

tices. Figure 4.18 also shows that in state I  all the sublattices of spins are highly 

correlated with each other. There is again a very short response time between the 

correlations. Not only are all the spins on each sublattice correlated (i.e. q=0 

order), but the movement of spins on different sublattices is also correlated. The 

mutual dependence of the sublattices on each other restricts the total number of 

possible configurations W . The associated entropy will therefore be much lower
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than that of state III , and confirms the idea of the system as being very ‘rigid’.

The properties described in each case are valid for seemingly all T  < As 

T  gets smaller the amount of time it takes to reach state I increases. As T  —)• Tjv 

the amount of noise in the data increases, since the sublattice order parameter 

decreases (see Fig. 4.3).

4.5 State III: Calculation of the Normal Modes

The results from the Monte Carlo simulations and theoretical solution of the 

ground states show that there is a macroscopic set of degenerate solutions. There 

must be some sort of order by disorder in the system which makes the system 

choose type I I I  ordered states. It therefore seems likely that ‘soft’ fluctuations 

exist out of state III. To determine whether these soft modes exist, the normal 

modes of the system have been calculated with respect to excitations out of ground 

state III.

In section 2.3 an example of a normal mode calculation was illustrated for a 

one-dimensional lattice with a two atom basis. The pyrochlore lattice is a three- 

dimensional lattice with a four atom basis. The pyrochlore calculation is slightly 

more complex, yet still follows the same principle of the earlier example.

4.5.1 The U nit Cell and its Nearest Neighbours

The pyrochlore lattice is a face-centred cubic Bravais lattice with a four-atom basis. 

The cubic unit cell contains sixteen atoms. However the simplest primitive unit 

cell is rhombohedral, again with a four-atom basis. The rhombohedral primitive
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lattice vectors a, b  and c are as follows (in units of the cubic cell) [8 8 ] :

•  -  { 1 1 °

h = ( l o i

with the four atom basis:

vi — 0 0 0
b

V 2  -  -

V 3  =  2

=  2 -

respectively (see Fig. 4.19). The ith unit cell therefore has position:

R j =  n ia  +  7i2b +  nsc, (4.16)

where =  1 , . . . ,  Umo for m =  1,2,3 and Nceii = riion2onzo- The system consists 

of A  =  ANceii spins.

N ea re s t ne ighbours of a to m s in th e  u n it cell

In section 2.3 the nearest neighbours were simply defined. In the pyrochlore lattice 

each site has three neighbours in its unit cell (ni, 712, 713) and three neighbours 

(5, S  =  1,2,3 or 4) in different unit cells. The four atoms in the zth unit cell 

therefore have general position:

OL\  =  R i  +  V i

0 L2 =  R% +  V 2

a s  =  Ri +  V3 

a4 =  Ri +  V4 .
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F igure  4.19: Rhombohedral axes with respect to the cubic unit cell.

The positions of the nearest neighbours in different unit cells are determined in 

the following way. Atom P  has neighbours of type S  and S  at:

0 s  ~  T (~Vp +  vg)

/3§ =  a p - ( - v p  +  V5).

For F  =  1 and S =  2 the neighbours are determined thus:

/^2 =  a i  +  (-V i+ V 2)
b

—  riiSi  + 7T-2b +  TtgC +  —

02 =  O C i -  ( - V i  +  V 2 )

b
— 77.1a +  772b +  773C — —

= 77ia  +  (772 — l)b  +  773C +  ^  since 772b -  ^  =  (772 -  l)b  +

Neighbour 2 is therefore present in unit cell 771, 772,773 with neighbour 2 present in 

unit cell 771,772 — 1 , 773. The same process can be used for P  =  1,4 and 5  =  1,4 

and the general positions of neighbours in other unit cells for each atom are listed 

in Table 4.7, with the associated unit cell of each neighbour.
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Atom Neighbour Position Unit Cell

1 2 n^a + {ti2 — l)b + ti^c + ^ ^ij 2̂ — 1, 3̂

3 Tiia + 712 b + (723 — l)c + 1 77i, 772, 773 — 1

4 (t7i — l)a + 7%2b + 77,30 + ^ 77i — 1, 772, ^3

2 Ï 77,1a + (77,2 — l)b + 773 c M'l, T72 — 1, 773

3 7%ia + (772 + l)b + (773 — l)c + 1 77i, 772 +  1, 773 ~ 1

4 (771 — l)a + (772 + l)b + 773 c + 1 77i — 1, 772 +  1, 773

3 Ï 77ia + 772b + (773 + l)c 77i, 772, 773 4- 1

2 77ia + (772 — l)b + (773 + l)c + ^ ^1J ^2 ~  I5 ^3 + 1
4 (77% — l)a + 772b + (773 + l)c + 1 77i — 1, 772, 773 + 1

4 Ï (771 + l)a + 772b + 773 c 77i +  1, 772, '̂ 3

2 (771 + l)a + (772 — l)b + 773 c + ^ 77i +  1, 772 — 1, 773

3 (771 + l)a + 772b + (773 — l)c + 1 ÎT'l'.rl" I3 ?̂2j î̂ 3.““ 1

Table 4 .7: Nearest neighbours of sites in other unit cells.
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The reciprocal lattice vectors

The reciprocal lattice vectors a ,  (3 and 7  are defined:

4.5.2 The Sym m etrised Harmonic Ham iltonian

The Hamiltonian

H =  J ^   ̂ Si • Sj,
< i , j >

is rearranged such that there is a sum over all ^  nearest neighbours of each spin 

“Si on every %th unit cell.
T Ncei/ a=4  ;3=6

E 4 E E E
< i , j >  i = l  a = l  P =1

and
ĉell l̂o f̂ 2o ÎZo
E = E E E
i = l  n i = l  r i 2 = l  M3 = 1

The total is divided by two since all bonds are counted twice.

To simplify the notation, the spin “Si in unit cell 1 =  ^1,722, 713, is denoted “Sq. 

In unit cell i =  ni ±  1 ,722,723 a spin is denoted “S±ioo and for 722 ±  1 and 723 ±  1 

respectively. The Hamiltonian is written out in full:

M =  — ^Sq • (^So +  ^Sq- 10 +  ^So +  ^Sqo- 1 +  +  “̂S-ioo)
2 ni,n2,n3

4- ^So • (^Sq +  ^Soio +  ^Sq +  ^ S o i- i  +  ^So +  ^S_iio)

+  ^So • (^So +  ^Sooi +  ^Sq +  ^So- 1 1  4- ^So +  ^S_ioi)

+  ^So • (^Sq +  ^Sioo +  ^Sq +  ^Si_io +  ^So +  ^Sio_i) (4.20)
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a Plane “ / ( “£) “/ ' ( “e)

1 X y z = 0 ^  ^  ± + 4%/6“e -  12“e2 - “/ ( “£) -  “e

2 X — y + z = 0 ^  ^  ±  l%/6 -  4 \/6“£ -  12“£2 “/ ( “£) -  “£

3 X — y — z = 0 ^  ±  l \ / 6  +  4 \/6“£ -  12“£2

4 X +  ?/ — z =  0 ^  ±  i \ / 6  -  4 \/6“£ -  12“£2 ° / ( “£) +  “£

Table 4.8: State III; The solution of the excitation terms.

4.5.3 Excitations Out of the Ground State: = ^Sq +

The next step in the calculation is to determine a general expression for the excited 

spin variable. Each excited spin variable is expressed as “5  =  for each spin

in the tetrahedron (a =  1,4), where So is the ground state term and s is a small 

displacement parameter. It is constructive to consider the spin in its component 

form:

(4.21)

(4.22)

(4.23)

The y and z parameters are related to that of the x  by the functions /  and / '  since 

each spin satisfies the condition of lying in its plane. The norrrialization condition 

must also be applied to “5  and the following equation must be solved to find the 

functions /  and / ':

r s z o + " 6 ] ' + 4 -  ' ' / r e ) ] " + + " / r e ) ] "  =  i. (4.24)

This equation is solved for a  =  1,4 quite easily using the XMAPLE commercial 

software package [87]. Table 4.8 lists the equation of the easy-plane and the /  

and / '  solutions for each spin. The ^Sq values for each spin are those elucidated 

already in Table 4.2 for state III.
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a " / M

1 - 'g  +  f  Y 1 2 
3 ^

2 ^ 2  2
3 ^

3 \/6 3 2
3 ^

4 4g - ^ 6 - ^  Y - V l  4g2
3

T able 4.9: State III: Expansions of the excitation terms.

There are two sets of solutions for “ / .  “ /  was evaluated for both solutions with 

“e: =  0.1. The solution which returned the lowest value was used since an excitant 

/ ( e  —> 0) =  0 is required, “/ ( “s) was expanded to the second order term in “e. 

The expansions for each spin are listed in Table 4.9.

4.5.4 The Separation of Hq from H{e)

If “5  =  “5o +  then any dot product in Eqn. (4.20) can be expressed in the 

following way.

4- ^6) (4.25)

In this case the ground state term in the Hamiltonian H q = °‘So - The

expression g{°‘e,^e) can be expanded to the second order in “e and These 

expansions are shown for each combination of a  and /3 in Table 4.10.

It is interesting to note that there are linear terms in g{°'e,^e) for some of 

the bonds. This shows that the bond is not in its ground state configuration and 

that any small deviation of either spin in the right direction will lower its energy. 

However, when all the bond interactions are summed together the linear terms are 

all cancelled out. This shows that the system is globally in a ground state, but not 

every single bond. This is a result of the system being frustrated: by definition 

the spins cannot fully satisfy all the antiferromagnetic interactions at once. It 

is for this reason that the linear terms may be ignored when the Hamiltonian is
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a P g{^£,^£)

1 2 f ( ^ 6 - ^ 6 )  +  | ( Y  +  V )

1 3 - ^ ( ^ 6  +  ^e) 4- 6̂̂  +  ^6^

1 4 2 V 6 - | ( Y - b V )

2 3 2‘̂£^£ — |(^£:^ 4- ^6^)

2 4 ^ (^ 6  4 -4 )  + Y  4-Y

3 4 : ^ ( 3 6 - Y  +  | ( Y 4 - Y )

T able 4.10: State III; Expansions of the function g{°‘e,^e) for each bond in the 

tetrahedron.

evaluated according to Eqn. (4.20) -  expressed as a function of £ as follows:

B. — Ho 

H{e)

H{s)

I  5  4('eo' +  ' s . '  +  's o ' +  ^so')
711712/13

4-4^6o&0 +  2(^6o^6_ioO +  ^̂ 0̂ ^100 )

+ 4 6̂ 0 ^ 6 0  +  2(^6Q^6oi_i +  ^6o^6o_i_i), (4.26)

Eqn. (4.26) is then used to create the dynamical matrix of the system.

4.5.5 Determ ination of the Dynam ical m atrix

The determination of the dynamical matrix follows the same route described in 

section 2.3, except this time there are more combinations of a  and P to consider, 

since there is a four atom basis.

Eqn. (4.26) is broken down quite easily into diagonal and off-diagonal terms. 

There are also off-diagonal interactions between spins in the same unit cell. It is 

clearer to summarise the different elements of M “^(Rij) in a Table 4.11 with each 

element’s associated Hij =  Ri — R j (where R% is defined in Eqn. (4.16)). The
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a R ÿ

Diagonal Terms 1 1 4 J 0

2 2 4J 0

3 3 4J 0

4 4 4J 0

Off-Diagonal Terms M ÿ 1 4 2 J 0

4 1 2 J 0

2 3 2J 0

3 2 2J 0

K 1 4 2 J a

4 1 2 J —a

2 3 2J - b  -f c

3 2 2 J b  — c

Table 4.11: State III: Diagonal and off-diagonal terms of

same double counting argument as used in section 2.3 has been used for the 

entries, all other terms in the matrix being zero.

a/3
ii

4.5.6 Treatment of the Dynamical M atrix

is Fourier transformed in the same way as in section 2.3 such that:

M “^(q) =  E  («q-Ri,). (4.27)

and Eqn. (4.26) is reduced to

1 1

Ri

=  ô Â r E E % ̂ cell _ aq q)3

where

“£q =  E  “£i exp (- jq .R i) .

(4.28)

(4,29)
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The elements of M “^(q) are then calculated, for example:

=  0) =  2J 

=  a) =  2 J

M^^(q) =  2J(exp (iq.O) +  exp (iq.a)) =  2J(1 -f exp (zq.a)), 

and so on for all elements in M “^(q), to give Eqn. (4.12).

Points in the Brillouin zone

The system is made up of Nceii = riion2o' ẑo cells. If Uio =  ri2o =  n^o =  tIq there are 

cells. The points in the Brillouin zone are described in terms of the reciprocal 

lattice vectors such that

qfe.9.,9,) = “ ( 5 ) + ^ ( 5 ) + T ' ( 5 )

=  — ( a m i  + /3 m2 +  7 7 7 1 3 )
TIq
2?r

q (9z , 9y ,9z) =  — [ ( - m i  +  m 2 +  m 3), (m i -  m 2 +  m 3), (m i +  m 2 -  m 3)]
TLq

for rui = 0, {rio -  1).

4.5.7 Diagonalisation of M^^{q)

The branches of the normal modes are described by the eigenvalues A(q) of ma­

trix 4.12. They are found by solving

= 0,

which reduces to the solution of the following quartic equation in A.

((G  -  A)' -  jG ^ a )  ((G  -  X f  -  I g ^ b )  =  0 (4.30)

where G = 4J, A =  1 4- cos(q.a) and B = 1 + cos(q.(c — b)). If the substitution 

1 4- cos(x) =  2cos^(|) is made for A  and B,  the solutions of Eqn. (4.30) A(q) are
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elucidated.

A(q)± = 4:J ( l ±  cos ( ^ )  ) (4.31)

A(q)j. =  4J  Tl ±  cos f  ^ (4.32)

4.5.8 Zero M odes Out of the Ground State

If A(q) =  0 for any values of q then it is a zero mode in the harmonic approximation 

and will be able to travel out of its ground state at a zero energy cost. These 

particular wave vectors might be singular points in reciprocal space, lines of points 

or even planes of points. These displacements are the soft modes mentioned in 

section 1.2.5.

Eqns. (4.31) and (4.32) will be zero when either q.a =  0, or q.(c — b) =  0 

respectively. This will only happen if q is perpendicular to either a =  (1 ,1 ,0) or 

c — b =  (—1 ,1 ,0). Wave vectors which satisfy these conditions make up planes in 

reciprocal space. It is presumed that there are quartic corrections and there are 

two planes of zero modes which contribute ksT/A  to the specific heat.

Figures 4.20-4.26 show plots of the eigenvalues A(q) versus q along different 

axes in the Brillouin zone. It is clear from the Figure 4.22 that wave vector 

q = (0,0, q) is perpendicular to both a and c —b, since there are two superimposed 

branches at A(q) =  0. Wave vectors q =  (g, g, 0) and q (g, g, g) are only 

perpendicular to c — b, so there is only one branch at A(q) =  0 for those wave 

vectors (see Figures 4.23 and 4.26 respectively). There are no zero branches for 

any of the other wave vector directions other than q =  (0,0,0).

4.5.9 The Implications for the Specific Heat

The specific heat for an XY pyrochlore system with no order by disorder was 

discussed in section 4.1.1. There are four degrees of freedom per unit cell and 

four constraints with Ch/N  =1 / 2 .  The same is true of the easy-plane pyrochlore.
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Figure 4.22: q =  (0,0, ç)

/\(q)
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Figure 4.23: q =  (g, ç,0)
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Figure 4.25: q =  (0, q,  q )
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Figure 4.26: q =  (g, g, g)
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The precise number of quartic modes per unit cell was known for the coplanar 

system [28], but it is more complicated for the local easy-plane situation studied 

here.

One plane in reciprocal space contains zero modes. Therefore the number 

of zero modes per unit cell is ? since there are two planes. Using the method 

described in section 1.2.5 the specific heat per spin is thus:

1
N k e T  4

1 1 1

( 4  -  2 JV-y^) i  +  2 N - f \

2 2"/3 L

^ -  c l  (4.33)
N k ^ T  2 L

where Nceii = 4L^ and C is a constant. Therefore if |  ^  is plotted versus a

straight line graph should result. This figure has been determined using data from 

Monte Carlo Simulation (see Fig. 4.27). D ata were collected for L =  1 — 7 at a 

temperature of T / J  =  0.0001 with 1,000,000 M C S / S  and 500,000 equilibration 

steps, with five separate simulations averaged for each lattice point. The agreement 

with prediction is remarkable, confirming that there is order by disorder in the 

system. The precise gradient of the line is of the same order of magnitude as that 

predicted, 0.063 as opposed to 0.0787. However, it is not the value predicted, at 

present it has not been possible to explain the discrepancy in the slope.

4.6 State I: Calculation of the Normal Modes

In order to confirm that the only soft fluctuations are out of state III, another 

identical calculation can be performed for defect state I. This will constitute a full 

investigation of the ground states of the system. The method is exactly the same, 

except that the functions /  and g are different. The ground state spin directions
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Figure 4.27:  ̂ ^  vs ^ for State III.

So are also different.

4.6.1 Excitations Out of the Ground State: = Ŝo + “e

The functions / ,  / '  and g associated with the position of the spin under a general 

displacement are listed in Tables 4.13 and 4.14.

It is again interesting to note the absence of linear terms in the 1 — 4 and 2 — 3

a Plane “/ ( “£)

1 X y z = 0 - Ÿ  -  Y ±  +  1 2 V 2 “s -  12“£2 - “/ ( “£) -  “£

2 X — y z = 0 ^  + ^ ± 1 ^ / 2  + \ 2 y/2 “e -  12“s2 “/ ( “£) -  “£

3 X — y — z = 0 ^  ±  i ’y/2 + 12V2“£ -  12“£2 - “/ ( “£) +  “£

4 X y — z = 0 ^  ^  ±  i \ / 2  + 12V2“e -  12“£2 “/ ( “£) +  “£

Table 4.13: State I: The solution of the excitation terms.
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a P

1 2 — \ / 2 {}€ +  ‘̂e) +  4 ^ A  +  3(^6^ +  ^6^)

1 3 y/2i}e — ^s) — 4̂  A  -  3(^6^ 4-

1 4 - 2 ^£^£ +  3(^6  ̂+  V )

2 3 - 2 %  +  3 (Y  +  Y )

2 4 y/2i^e — ^g) — 4l̂ £^£ — 3(^6^ +  ^6^)

3 4 y/2{^£ +  ^g) +  A^£^£ +  3(^6^ +  ^6 )̂

Table 4.14: State I: Expansions of the function g{^e,^e) for each bond in the 

tetrahedron.

bonds. This is because they are full antiferromagnetic bonds, and therefore the 

bonds are in a ground state. There are linear terms in the other bond interactions 

for the same reason stated in section 4.5.4.

4.6.2 The Separation of Ho from H{e)

Application of the expressions for /  and g to Eqn. (4.20) creates the following 

expression for the Hamiltonian in terms of the displacement parameter e.

— Ho

H{e)
J ĉell

=  ^  E  i 2 ( V + v + v + V )
nin2Ti3

+ 8 6̂ 0 ^ 6 0  +  4(^6o^6o_io +  ^^0 ^^0 1 0) 

—8 6̂ 0 ^ 6 0  — 4(^6o^^oo-i +  ^^0 ^^0 0 1) 

—4}eq̂ £q — 2 ( 6̂ o'̂ 6 _ioo +  6̂:0 6̂ 1 0 0 ) 

—4 6̂ 0 ^ 6 0  — 2(^£‘ô £̂ o1-1 +  6̂:0 6̂ 0 - 1 1)

—8̂ 6o'̂ 6o — 4(^6o^6_iio +  '^6o^6i_io) 

+ 8 &̂0^ ^ 0 T 4(^6o^6_ioi +  6̂:0 6̂ 1 0 - 1) (4.34)
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a M«^(R,j) Kij

1 1 12J 0

2 2 12J 0

3 3 12J 0

4 4 12J 0

T able 4.15: State I; Diagonal terms of

4.6.3 D eterm ination of the Dynam ical M atrix

Eqn. (4.34) is again broken down into diagonal and off-diagonal terms. The diago­

nal elements are listed in Table 4.15. In this case there are many more off-diagonal 

terms, with a greater variety of different they are listed in Table 4.16. The 

double counting argument has been used again for the entries.

4.6.4 Treatment of the Dynamical M atrix

is Fourier transformed in the same way as before to give de­

tailed in Eqn. (4.17).

4.6.5 Diagonalisation of M"^(q)

The branches of the normal modes are described by the eigenvalues A(q) of ma­

trix 4.17. They are found by solving

=  0 . (4.35)

It has not been possible to solve Eqn. (4.35) analytically. However, it can be 

solved numerically for particular values of q [89]. Figures 4.28-4.34 show plots of 

the eigenvalues A(q) versus q along different axes in the Brillouin zone. The most 

important result to note is that there are no zero modes in any direction in the 

Brillouin zone, other than at q =  (0,0, 0).
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a /? Rÿ a Rÿ

M f 1 2 4J 0 1 2 4 J b

1 3 - 4 J 0 1 3 - 4 J c

1 4 - 2 J 0 1 4 - 2 J a

2 1 4J 0 2 1 4 J - b

2 3 - 2 J 0 2 3 - 2 J c — b

2 4 - 4 J 0 2 4 - 4 J a  — b

3 1 - 4 J 0 3 1 - 4 J —c

3 2 - 2 J 0 3 2 - 2 J - ( c - b )

3 4 4J 0 3 4 4 J a — c

4 1 - 2 J 0 4 1 - 2 J —a

4 2 - 4 J 0 4 2 - 4 J - ( a  -  b)

4 3 4J 0 4 3 4 J - ( a - c )

T able 4.16: State I: Off-diagonal terms of M “^(Rÿ).
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A(q)

Figure 4.28: q =  (g, 0,0)
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Figure 4.29: q =  (0,g,0)
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4.7 Conclusions

This chapter has provided an insight into the ordering processes involved in the 

frustrated easy-plane pyrochlore antiferromagnet. The following section sum­

marises the main results.

4.7.1 Degeneracy of Ground States

The results in this chapter have shown that the ground state degeneracy in the 

easy-plane antiferromagnet is much greater than first thought [84]. The q=0 

ground states are fully connected and explicitly described by the linear combi­

nation of eight separate pairs of basis vectors. The key difference with the analysis 

of Ref. [84] is the identification of state III, which turns out to be the true ground 

state of the model. It is also possible to observe disordered ground states, con­

sisting of infinite line defects existing in a ‘sea’ of q=0 order. These defects are 

observed less as the lattice size is increased. There are O(L^) independent rods 

which support the existence of these defects.

4.7.2 Order by Disorder

The observed ordered state for the model was shown to be state III, which was 

not discussed in Ref. [84]. A normal mode calculation was performed to determine 

the fluctuations out of state III. There are O(L^) zero modes (in the harmonic 

approximation) in the spin wave spectrum. These results provide an explicit mech­

anism for the order by disorder transition in the system: since long-range order 

is observed for finite temperature and at T  =  0 the degeneracy strictly prevents 

ordering [26].

The same calculation was repeated for the defect state I. No zero modes were 

determined, other than at q =  (0,0,0). It is presumed that the zero modes are 

strictly a property of state III, since they are also not observed for the symmetric
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state I I  [90].

4.7.3 Relation of these Results to Er2TÎ20y

The results of this chapter have a direct relation to those presented in Chapter 6 , 

in which Er2 Ti2 0 7  is described as a realisation of the local easy-plane pyrochlore 

antiferromagnet. A precise comparison between the theoretical results presented 

in this chapter, and the powder neutron diffraction data in Chapter 6 , is made in 

the conclusion (see section 9.3.3).



Chapter 5 

Introduction to N eutron  

Scattering Techniques

This thesis contains experimental results from the neutron diffraction of both pow­

der and single crystals. This chapter aims to introduce the very basic elements of 

neutron scattering theory [91]. The analysis of powder neutron diffraction data 

is then discussed, with respect to the determination of magnetic structures. The 

neutron scattering instruments which have been used are described very briefly, 

followed by the aims of the experimental work which has been carried out.

5.1 Basic Neutron Scattering Theory

For the purposes of neutron scattering, neutrons are considered as particles with 

a de Broglie momentum p and kinetic energy E\

with h Planck’s constant, m  mass of the neutron and A the wavelength. E = 25 meV 

corresponds to A =  1.8 Â, which is of the same order of magnitude as the inter­

atomic distances in a crystalline solid. Neutrons have a magnetic spin S  = ^ and

133
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interact with the magnetic fields from impaired electrons (magnetic scattering) as 

well as atomic nuclei (nuclear scattering).

The neutron-matter interaction is very weak as most neutrons miss the nuclei. 

The consequences of this are that neutrons probe the bulk of the sample (they 

penetrate ~  1 cm), but they cause no damage to the sample. The linear response 

of the system can be quantified well by theory allowing for excellent interpretation 

of neutron scattering results.

5.1.1 Scattering from a Nucleus and a Crystalline Lattice

The incoming neutron wave function 'ipinc is described by a plane wave and the 

scattered wave function 'ipsc is a spherical wave.

' t p i n c  =  exp(zk^z)

î sc = exp(zk/r) /c =  ^

where z is the direction of the incoming plane wave, r the radius of the scattered 

sphere and k^/y the incident and final wave vectors, b is the amplitude of the 

scattered wave, and is sometimes called the scattering length, b varies with isotope 

and with nuclear spin orientation.

When neutrons are scattered from the planes of a lattice, each atom scatters 

with a spherical wave, but the diffracted patterns can interfere constructively to 

give another plane wave. The neutrons need to travel an integral number of wave­

lengths for scattering to be constructive and the wavelengths to be the same. This 

will only occur when the diffraction condition is satisfied:

nX = 2dsin9, (5.2)

where d is the spacing between planes and 6  is half the scattering angle, Eqn. (5.2) 

is known as Bragg’s law.
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A neutron scattering instrument measures the intensity of the scattered neu­

trons from the different planes of a crystalline lattice. The intensity of the scattered 

neutrons from nuclei is dependent on the nuclear structure factor F//:

I n  oc (5.3)

Fn = ' ^ b „ exp(iQ • r„) Q =  kj -  k /. (5.4)
n

This is a sum over all the atoms in the unit cell, where bn is an average over all 

isotopes present in the crystal.

As mentioned above neutrons are scattered by magnetic moments. Magnetic 

Bragg scattering occurs, which has an associated scattering intensity I m and struc­

ture factor Fm -

/ a/ a  sin^0|FMp (5.5)

Fm = f { Q ) Y l  exp(iQ • r„) (5.6)
n

where f{Q)  is the magnetic form factor and 6  is the angle between the magnetic 

moment fi and Q. The magnetic form factor reduces the intensity of the scattering 

for larger |Q|, since at larger angles the phase difference between waves scattered 

from different parts of the atom (since scattering from electrons) increases with 

angle. The total observed scattering intensity I  =  7̂ - -I- 7^.

5.1.2 Time of Flight Crystallography

The neutron source at ISIS is a pulsed spallation source, and a time of flight 

technique is used to obtain the diffraction patterns of the crystalline samples. 

Relating Eqn. (5.1) and Eqn. (5.2), one can write:

Am, =  2 4 h  sin 0 =  =  —  (5.7)

In time of flight neutron diffraction, X̂ ki is determined by measuring the time of 

fight thki of the neutrons over a known path length L from the source to the detec-
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tor, passing through the sample. The velocity v of the neutron can be calculated 

as u =  L/thki- Substituting i/ into Eqn. (5.7) and rearranging for thki gives:

thki =  ‘̂ dhkiL sin 9 (5.8)

5.2 Rietveld Refinement

Rietveld refinement is a method for fitting experimental powder diffraction mea­

surements to a calculated structural model. The method aims to match the entire

experimental profile by taking account of a model for the crystal structure and also 

the instrumental parameters [92]. The essential feature is that the whole pattern is 

matched, rather than decomposed into separate Bragg peaks as in other structure 

refinement methods. During the refinement the models are improved to obtain the 

best possible fit of the calculated and observed profile.

The pattern is digitized as a series of intensities y^, with a least squares fit 

made to all the calculated intensities simultaneously. The quantity minimised is

'^ iiVobs ~  Vc) J (^'^)
i

where W{ = Vlbs is the observed intensity for the zth step and yl is the

calculated intensity for the ith step.

The intensity at the ith  point is calculated primarily using the structure factor

for the model, yl is defined:

2/c ~  2/J +  s ^ 2  ^/c|EA:p0(2^i — 26k)PkA, (5.10)
k

where y^ is the background intensity, s  is the scale factor, Lk includes Lorentz 

polarisation and multiplicity factors, (j) represents a peak profile function, A  is the 

absorption factor and Fk is the structure factor of the Bragg reflection.

Since the pattern is not decomposed a contribution from neighbouring peaks 

within a suitable range is summed. The contributions from the background and
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the instrumental effects are also included. The intensity is calculated and then the 

residuals are obtained iteratively. These are used to calculate shifts that are applied 

to the initial parameters to improve the model. The process is then repeated. 

This is implemented by computer, several programs exist and in this work all 

refinements are carried out using the GSAS software of Larson and Von Dreele [93].

The Rietveld method is not designed to solve a structure ab initio. If a stable 

refinement that reaches the global minimum is to be obtained, it requires a rea­

sonably good starting model. Often a sufficient start can be obtained using the 

atom positions of an isostructural compound and adjusting the lattice parameters 

manually.

Whilst the best guide to the progress of a refinement is usually the difference 

curve, it is essential to be able to quantify the goodness of the fit. The refinement 

program minimises the residual and then calculates several R-factors. These are

D _  E  IVobs ~  Vcl / r  1 o\

" • (5-1^)

where Ik is the intensity assigned to the Bragg reflection at the end of the 

refinement cycle. Ik is rarely observed and is obtained from programmatic allo­

cation of the total observed intensity in a collection of overlapping peaks to the 

individual reflections according to calculated reflection intensity.

These R-factors provide a guide to the adequacy of the model. R^p is the 

most meaningful as it actually includes the residual being minimised. Because Rp  

and R b include the Ik intensities which are not actually observed but are deduced 

using the model, these R- factors favour the model being used. However, it is not
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sufficient to obtain a small R^p] for example, a high and well fitted background 

may lead to a low Ryjp as the slowly varying background is relatively easily fitted. 

The associated of the least squares fit is also determined:

where Nobs and Nyar are the number of experimental and varying points respec­

tively.

5 .3  T h e  A p p lic a t io n  o f  G rou p  T h e o r y  to  M a g ­

n e t ic  o rd er in g

In Chapters 6  and 7 Representational Analysis has been used to help determine 

the magnetic structure of Er2 Ti2 0 7  and Gd2Ti2 0 7 . This section gives a brief 

introduction to the method.

5.3.1 The Ordering Wave Vector

The ordering wave vector has already been mentioned with respect to two ground 

state structures in the kagomé antiferromagnet and the pyrochlore ferromagnet in a 

field (see sections 1.2.7 and 1.3.1). The magnetic structure is a periodic property of 

the crystal, but need not necessarily have the same period as the atomic structure.

If the magnetic ordering is considered to be a distribution of moments mij 

associated with the Bravais sublattice j  of the nuclear unit cell, they can be Fourier 

expanded as

m i j  =  ^  rukj exp (-zk .R /) (5.16)
k

where R/ is the position of the Ith. unit cell [94]. The wave vector k is of central 

importance in the determination and description of the magnetic structure. It is 

a propagation vector describing the relation between the nuclear basis and the
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magnetic superlattice. The wave vector k is one member of a set of equivalent 

wave vectors kp called the star of k. The other wave vectors in the star are 

obtained by applying the symmetry operations of the paramagnetic group to k. 

A magnetic structure may be characterized by more than one wave vector giving 

single-k or multi-k structures. The magnetic structure belongs to a magnetic 

symmetry group. These contain the information of the crystallographic space 

group, and also additional symmetry operations to take account of the magnetic 

moment at each site [95]. Many ordered structures are possible since there are 

1421 magnetic symmetry groups. The structure may be collinear, non-collinear, or 

helical. The essential feature of all magnetic structures is that the order is invariant 

under arbitrary lattice translations (with consideration of the propagation vector), 

and that the magnetic energy is minimised.

5.3.2 Symmetry-allowed M agnetic Structures

The calculations of Representational Analysis [96, 95, 97] allow the determina­

tion of the different symmetry-allowed magnetic structures given only the crystal 

structure before the magnetic ordering transition and the propagation vector of 

the magnetic structure, again with respect to the nuclear cell before the transi­

tion. They involve first the determination of the space group symmetry elements, 

g, that leave the propagation vector k invariant: these form the little group Gk- 

The magnetic representation, F^, of an atomic site R, can be decomposed in terms 

of the Irreducible Representations (IRs) of Gk:

rR = ' ^ n ^ T ^  (5.17)

where the number of times, that the IR Fj, appears in the magnetic represen­

tation F is given by:

= iTTT ^  xWxZW) (5.18)
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Here, % is the character of the magnetic representation P, and Xv is the character 

of the IR with index z/.

The unique basis vectors, that transform according to the jj, dimensional IR 

are projected from of the representation matrix Dj, using the general projection 

operator formula:

V-*" = E  ksiSkR '̂r, (5.19)

where 6  ̂ represents the determinant of the rotational part of g and the summation 

is over the symmetry elements of the little group Gk. ijĵ  is the column matrix of 

the spin component projected from the test function 'ip̂ . The index i labels the 

Bravais-sublattice.

5 .4  P r a c tic a l Im p le m e n ta tio n  o f  R e p r e se n ta tio n a l  

A n a ly s is

The determination of specific symmetry-allowed basis vectors described above is 

necessarily complicated. Fortunately the relevant calculations can be performed 

automatically using a computer program. The software used in this thesis was the 

‘SARA/i-2K Representational Analysis’ written by Andrew Wills [98].

5.4.1 Sara/i Representational Analysis

The SARA/i program performs the symmetry calculations mentioned in section 5.3. 

Given only the crystallographic space group, the positions of the magnetic atoms 

and the propagation vector before the magnetic transition. The program produces 

a set of symmetry-allowed basis vectors for the system. A particular advantage of 

the software is that no knowledge of theoretical exchange Hamiltonian or crystal 

electric field are required.

The program has been integrated with the standard software package GSAS [93],
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so that refinement of the magnetic structure is simple and straightforward. The 

method of refinement follows a simple path. The atomic spin on a particular atom 

5* is most generally given by the sum of the symmetry-allowed basis vectors for a 

particular irreducible representation

= (5.20)
U

where Cl is the mixing coefficient for atom i of the basis vector v. The refinement 

of the orientation of an atomic moment is in effect the refinement of the mixing 

coefficients Cl of the basis vectors within the irreducible representation being ex­

amined. SARA/i creates the appropriate magnetic structures and enters them into 

the GSAS ‘.EXP’ file. GSAS then calculates the appropriate magnetic structure 

factors and performs a least-squares fit to the data, by refining the length of the 

magnetic moment. The number of variables in the refinement is simply the number 

of unique basis vectors that transform according to a particular representation [98].

5 .5  N e u tr o n  S ca tter in g  In s tr u m e n ts

Both single crystal and powder neutron scattering results are discussed in this 

thesis. Two instruments in particular were used, both are based at the ISIS neutron 

facility of the Rutherford Appleton Laboratory. These instruments are very briefly 

discussed in this section.

5.5.1 POLARIS

The Polaris high-intensity diffractometer, is a medium resolution instrument situ­

ated on the N7 beamline at the Rutherford Appleton Laboratory’s ISIS Facility. 

Due to its high intensity it has the ability to characterize condensed m atter struc­

tures rapidly, with only a small amount of sample material.
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Sample environment

The sample is placed 12 metres from the ambient temperature water moderator, 

where it receives a polychromatic ‘white beam’ of incident neutrons. The beam is 

collimated to be 40 mm high by 20 mm wide, which can be reduced to match the 

sample size, if required. A dilution refrigerator with vanadium tails can be placed 

on the beamline to provide very low temperature conditions.

Detector banks

Figure 5.1 shows the detector arrangement setup of the POLARIS instrument. 

The highest resolution {Ad/d  % 5 x 10“ )̂ detector bank is the backscattering or 

C bank which is made up of two pairs of 29 ^He detectors. It has a d-range of 

0.2 Â - 3.2 À, with 130° < 29 < 160°.

Due to the magnetic form factor, magnetic Bragg peaks generally have more 

intensity at longer d-spacing. For this reason the low-angle or A bank can be used 

as well. This has two pairs of 40 ^He detectors, but due to the lower angle of 

scattering the resolution is lower (Ad/d «  1 x 10~^). It has a much longer d-range 

of 0.5 Â -  8.3 Â, with 28° < 29 < 42°.

The POLARIS instrument provides good structural and magnetic data which 

can be easily analysed by Rietveld Refinement with the GSAS package [93].

5.5.2 PRISM A

The PRISMA instrument at ISIS is an inelastic spectrometer which can also be 

used as a high resolution, low background diffractometer. It receives a poly­

chromatic beam of thermally moderated neutrons. The moderator used is liquid 

methane at 100 K.

In diffraction mode there are sixteen ^He tube detectors which are separated by 

1 °. They can be used simultaneously to map out a large area of reciprocal space
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F ig u re  5.2: Mapping out reciprocal space.

very rapidly. For a single setting of the spectrometer, each detector measures a 

radial scan in reciprocal space so that a set of detectors covers a fan-shaped area. 

Figure 5.2 shows a schematic view of reciprocal space for a crystal, with the fan 

corresponding to radial scans from 4 detectors. Further details of the instrument 

can be found in Ref. [99].

PRISMA provides an excellent tool for investigating the diffuse magnetic scat­

tering of single crystals. A dilution refrigerator or a sorption cryostat can be 

placed on the beamline to provide low temperature conditions. The scattering of 

the sample can also be measured in a magnetic field with the use of a cryomagnet.

5.6 Summary: Aims of the Experimental work 

in this Thesis

The main aim of the experimental work carried out in this thesis was to determine 

the magnetic structures of Er2 Ti2 0 7  and Gd2 Ti2 0 %. The technique of powder 

neutron diffraction was used in both cases. Both these systems are frustrated yet 

show an ordering transition. The results of the work on Er2 Ti2 0 7  are presented 

in Chapter 6 . The magnetic structure observed is specifically relevant to the 

theoretical results obtained in Chapter 4, since Er2Ti2 0 7  is believed to be an 

antiferromagnet with local easy-plane anisotropy [13]. The results of the work
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on Gd2Ti2 0 y are presented in Chapter 7. The work follows on from the specific 

heat measurements of Raju et al. [37] which reported ordering in the system. The 

observed magnetic structure is then compared with that predicted by Palmer et 

al. [1 0 0 ].

Further experiments have been made on the spin ice materials Ho2Ti2 0 y and 

Dy2 Ti2 0 7 . The understanding of these systems has been improved by further com­

parison with the dipolar spin ice model. These results are presented in Chapter 8 .



Chapter 6

M agnetic Structure of Er2TÎ20%

Er2Tl2 0 7  is a pyrochlore antiferromagnet which has a magnetic ordering transition 

at ~  1.2K  [13]. It is a system which will have strong crystal field effects and it has 

been suggested to have easy-plane anisotropy [13]. The aim of the work described 

in this chapter was to test this conjecture, by determining the magnetic structure 

of the ordered state

Group theory has been used to calculate the different symmetry allowed mag­

netic structures with the k =  0 0 0  ordering wave vector, which is observed in 

Er2 Ti2 0 y (see Fig. 6.3). The possible structures have been tested against new 

powder neutron diffraction results of Er2 Ti2 0 7 .

6.1 Previous Work on Er2Tl207

Er2 Ti2 0 7  was first determined to be a cubic pyrochlore {FdSm) by Knop et al in 

1965 [101]. Nuclear structure factors were calculated and compared with those ob­

served in neutron and x-ray diffraction as well as the spectra from other rare-earth 

titanates. In 1966 Van Geuns demonstrated by susceptibility and demagnetization 

experiments that the compound was antiferromagnetic in nature with a very large 

Curie-Weiss temperature 9cw = — 2 2  K [102]. Bldte et al performed specific heat

146
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measurements and observed a magnetic ordering transition with Tjv=l-25 K [1 0 2 ]. 

They postulated that the large 9 observed could be rationalised by crystal field 

effects, since it was too large to be due solely to antiferromagnetic exchange in­

teractions. They suggested that there might be a low-lying crystal field excitation 

about 1 meV above the ground state Kramers doublet of Er^+. However, this 

level was not observed by neutron scattering: rather, two low-lying excitations are 

present at 6 - 8  meV above the ground state level [10]. It seems unlikely that these 

excitations can fully account for the large Curie-Weiss temperature.

The 4/^^ electronic configuration of Er̂ "*" gives rise to a free ion magnetic 

moment of 9.59//^ {L = 6 , S  = 3/2) with a ^Ii5 / 2  ground state term. The large 

value of L suggests a significant amount of anisotropy in the system but does not 

give an idea of the type, uniaxial or planar. Transitions are observed in real [49] 

and theoretical (see Chapter 4 and section 9.4.2) antiferromagnetic systems with 

both types of anisotropy. Preliminary single crystal neutron scattering showed 

there to be magnetic ordering with the periodicity of the lattice. The magnetic 

Bragg peaks observed are coincident with the structural Bragg peaks, indicating 

an ordering wave vector k=000. A system ordering with this wave vector will 

have the same arrangement of spins on every ‘up’ or ‘down’ tetrahedron. The 

antiferromagnetic fluoride pyrochlore FeFg has (1 1 1 ) easy-axis anisotropy similar 

(though much weaker) to that of Ho2 Ti2 0 7 . The ground state for this system is 

non-degenerate and has k = 0 0 0  ordering, where all the spins point into the centre 

(or away from the centre) of every tetrahedron. This consequence of such ordering 

is that the (1,1,1) magnetic Bragg peak is absent [49], whereas in Er2Ti2 0 7  it is 

present [13]. This suggests that the dominant anisotropy in the system might be 

planar [13]. This speculation was supported by direct measurements of the crystal 

field interaction by Rosenkranz et al [9, 45].
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6.2 Powder Neutron Diffraction Experim ent

Powder neutron diffraction data were collected using the POLARIS high intensity 

diffractometer at the ISIS pulsed neutron facility (see section 5.5.1). The sample 

was contained in a vanadium can with a small amount of ^He exchange gas. The 

can was mounted in an Oxford Instruments dilution refrigerator, and then placed 

in a cryostat. ^He exchange gas was introduced into the Inner Vacuum Chamber 

(IVC) of the cryostat to maintain stability of the dilution refrigerator.

Data were collected for ~  1 2  hours above and below the ordering transition 

(T^ ~  1 . 2  K) at 4.85 K and 50 mK.

6.2.1 Analysis of the 4.85 K data

Refinement of the data collected at 4.85 K was performed using the GENLES 

routine of the GSAS Suite [93]. The optimum refined profile is shown in Fig. 6 .1 . 

The sample was proved to be phase pure and the structural data  could be easily 

refined. Details of the refinement parameters are shown in Table 6.1. These 

results are within 3 e.s.d of the room temperature results of Knop et al. (a;(0 2 ) =  

0.4200(10)) [101].

6.2.2 Representational Analysis

As previously reported [13] and confirmed below, the magnetic diffraction peaks 

of Er2 Ti2 0 7  could be indexed on a k = 000 propagation vector. In section 5.3 the 

theoretical basis of group theory applied to magnetic structures was outlined. In 

this section it is applied to the case of k =  0 0 0  propagation vector, for the spins 

on the 16c sites of the FdSm  space group.
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Figure 6 .1 : Refined profile for data collected from the C and A detector banks of 

the POLARIS instrument from Er2 Ti2 0 7  at 4.85 K
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A Bank C Bank

CLq 10.03740(8) 10.04758(7)

X{0 2 ) 0.419326(54) 0.419820(34)

% .(E r) 0.01346(31) 0.00164(4)

0.00973(52) 0.00152(10)

UisoiO) 0.01155(32) 0.00279(3)

Abs. Coeff. 0.36031(631) 0.32682(77)

Rwp 0.0136 0.0123

3.735 24.81

T able 6 .1 : Refinement parameters of Er2 Ti2 0 7  at 4.85 K. A linear absorption 

correction was used [93] and the thermal parameters of the oxygen atoms were 

restricted to be the same. For the structural parameters see Appendix C.

6.2.3 Decom position of the M agnetic Representation

Gk is defined as the little group of symmetry elements that leave the propagation 

vector k invariant. The magnetic representation, FEr, of the Er site (16c in FdSm, 

this is common for the majority of rare-earth titanates), can be decomposed in 

terms of the irreducible representations (IRs) of Gk- These are listed in Table 6 . 2  

along with their associated basis vectors. The application of Gk to the four Er 

positions of the tetrahedron of the asymmetric unit results in a single orbit. For 

these sites the decomposition of the magnetic representation F Er is:

VEr =  o r < ^ > + o r ‘' ^ + i r ^ ‘' + o r i ‘ > + ir i ^ > + o r ^ ^ '+ i r ^ ^ > + o r ® + 2 r S ,^ > + o r f o \  ( e . i )

T h e basis vectors

Landau theory requires that only one representation can be involved in a critical 

transition, so with this constraint there are four possible magnetic structures in



IR Basis Vector Atoml Atom 2 Atom 3 Atom 4

77%! my m^ Tnx niy mx TUy ruz mx ITly rriz

Ts 1 1 1 - 1 - 1 1 - 1 1 - 1 1 - 1 -1

Ts 1 - 1 0 - 1 1 0 - 1 - 1 0 1 1 0

'ip3 1 1 - 2 - 1 - 1 2 - 1 1 2 1 - 1 2

Ty 1p4 0 1 - 1 0 1 1 0 - 1 - 1 0 - 1 1

1p5 - 1 0 1 - 1 0 - 1 1 0 - 1 1 0 1

^ 6 1 - 1 0 - 1 1 0 1 1 0 - 1 - 1 0

Tg 'lp7 1 0 0 1 0 0 1 0 0 1 0 0

0 1 1 0 1 - 1 0 - 1 1 0 - 1 - 1

'lp9 0 1 0 0 1 0 0 1 0 0 1 0

-010 1 0 1 1 0 - 1 - 1 0 - 1 - 1 0 1

0 1 1 0 0 1 0 0 1 0 0 1 0 0 1

0 1 2 1 1 0 - 1 - 1 0 1 - 1 0 - 1 1 0

Table 6.2: Non-zero IRs and associated basis vectors for the space group Fd3m  with k =  0 calculated using the 

program SARA/i-Representational Analysis. [98, 97]. The labelling of the propagation vectors and the IRs follows the 

scheme of Kovalev [103].
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which the system can order. These are discussed below with reference to visual 

representations of the most characteristic basis vectors (see Fig. 6 .2 ).

Representation Fg is one-dimensional, and corresponds directly to the FeFg 

ordered magnetic structure with all spins pointing into or out of the tetrahedron, 

along the easy-axes.

Representation Pg is two dimensional and therefore the possible directions for 

one particular site will all be in a plane. In fact, linear combinations of -02 and 'ipz 

map out arrangements in which the spins are situated in the (1 1 1 ) planes of the 

tetrahedron. These are the easy-planes in the XY model that is expected to apply 

to Er2Ti2 0 y.

Representation Py is three dimensional, and has associated with it three non- 

orthogonal basis vectors. Consequentially, linear combinations that involve non­

zero contributions from more than one basis vector will describe configurations of 

spins with differing lengths. Therefore, given the assumption that all the moments 

of a given crystallographic site have equal length, as is typical for an insulator, only 

linear combinations which involve single basis vectors are of interest, i.e. or

'ipQ. The moments associated with each of these basis vectors again lie in the (111) 

easy-planes of the XY-model. Each basis vector has been refined individually.

Representation Pg is much more complicated. As in the case of P7, the six 

basis vectors are not all orthogonal to one another. To simplify the refinement 

only orthogonal sets of basis vectors have been tested. There are three pairs of 

orthogonal vectors: 'ipj ips, 'ipg 'ipio and ^pll ip\2 . There is also one orthogonal triplet: 

^ 7  '011-

6.2.4 Analysis of the 50 mK data

As expected, new reflections were discovered below the transition temperature 

(1.2 K). The new magnetic Bragg reflections confirmed the suspicion that the 

ordering was of the k=000 type. A difference plot for the A Bank is shown in
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E

E
V',

A

E7

E

F igure 6 .2 : Graphical representation of the basis vectors listed in Table 6 .2 . The 

ipn not shown in the figure are identical arrangements, but are aligned along dif­

ferent axes.
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Er2Ti207 difference plot A bank 
Bank no. = 3 Two-theta = 35.00 Observed Profile

1 . 0  2 . 0  
D-spaclng, A

3 . 0 4 . 0 5.0 6 . 0 7.0

F igure  6.3: Magnetic diffraction pattern of Er2Ti2 0 %, obtained by subtracting 

the high temperature scan (4.85 K) from the low temperature scan (50 mK). The 

low multiplicity magnetic Bragg peaks are indexed accordingly.

Fig. 6.3 to illustrate the new magnetic peaks observed. The strongest magnetic 

peaks are present in this part of the spectrum.

The refinement of the 4.85 K data was used as a starting point for the 50 mK 

data. Only the lattice and background parameters were varied for the system at 

lower temperature.

Magnetic structure factors were calculated using the GENLES routine of the 

GSAS suite [93], while the orientations of the magnetic moments were controlled 

and refined separately by the simulated annealing-based program SARA/i-Refine 

for GSAS [98].

The basis vectors enumerated in section 6.2.2 were refined sequentially and the
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A Bank C Bank

IR Rwp Rwp

Ts 13.07 0.0271 1 1 . 6 8 0.0424

Ts 4.462 0.0158 2.720 0.0205

T7 V'4 24.30 0.0369 19.99 0.0116

^5 24.30 0.0369 19.99 0.0116

24.30 0.0369 19.99 0.0116

Tg ^7^g 24.21 0.0369 20.56 0.0117

24.21 0.0369 20.56 0.0117

^ 1 2 24.21 0.0369 20.56 0.0117

V̂7 ^ 1 1 41.95 0.0485 32.75 0.0148

Table 6.3: Goodness of fit parameters and R^p for each of the possible combi­

nations of IRs, for the data measured on the A and C detector banks of POLARIS.

and Ryjp values for each refinement are shown in Table 6.3. In the case of Py 

and Pg the particular basis vector combinations are identified.

6.3 Conclusions

6.3.1 The Ordered Magnetic Structure

It is clear from the values listed in Table 6.3 that P5 is the only serious candidate 

for the magnetic structure of Er2Ti2 0 7 . It is noted that scattering was again 

observed at the [1 1 1 ] magnetic Bragg peak. This observation ruled out the second 

best structure, P3, which has no such scattering [13]. The final refined profile is 

shown in Figure 6.4.

The system orders within representation P5. It was found that every linear 

combination of 'ip2 and ^ 3  has the same value of x^, suggesting that the magnetic
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scattering intensity is the same for all linear combinations of the basis vectors.

Powder neutron diffraction gives the average scattering over all crystallites in 

the sample. For a particular Bragg peak the magnetic structure factor

2

=  - ^ ' ^ S ^ f n Q ^ v { ‘̂ ' ï ï i { h X n / a  +  k y n / h  +  l Z n / c ) ) ,  (6 .2)
n

can be calculated, where S-^ is the resolved component of the spin vector on to 

the reflection plane [hkl] and /„  is the magnetic form factor. If is calculated 

for each magnetic Bragg peak and averaged over all magnetic domains (of a single 

crystal), the values remain constant for all linear combinations of ^ 2  and ip̂ . This 

confirms the refinement result observed.

6.3.2 The Ordered M agnetic M om ent

At low temperatures the maximum observed magnetic moment by neutron diffrac­

tion is g jJ  [104]. For Er^’*' this moment is The refined value of the ordered 

moment of Er2Ti2 0 7  is 3.01 ±0.05 /i^. This is only a third of the expected value.

In antiferromagnetic systems a reduced moment is often observed. This is due 

to zero-point quantum fluctuations, which are a general property of antiferromag- 

nets [105, 106]. There is normally only a very small deviation from the expected 

value, as in the case of Gd2Ti2 0 7  (see section 7.4). The large deviation observed 

in Er2 Ti2 Û7 is quite a remarkable observation and cannot be easily explained. 

Quantum fluctuations, exacerbated by frustration, might be playing a role in the 

system.
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Figure 6.4: The final refined magnetic profiles for data collected from the A and 

C detector banks of the POLARIS instrument from Er2Ti2 0 7  at 50 mK (nuclear 

refiections are marked by the lower line of ticks)



Chapter 7

M agnetic Structure of Gd2TÎ20%

In this chapter, the low temperature properties of Gd2 Ti2 0 7  are discussed. This 

material is of great interest as it was expected to be an ideal first example of an 

Heisenberg pyrochlore antiferromagnet (see section 1.2,7). However, specific heat 

measurements disproved this supposition by showing a transition to an ordered 

state [37]. The aim of this work was to determine the magnetic structure of the 

ordered state.

Powder neutron diffraction experiments were performed on isotopically en­

riched ^^°Gd2Ti2 0 7 . In the first experiment, the sample showed signs of long-range 

magnetic order, but proved to be impure (see section 7.2). Therefore, the sample 

was re-annealed and the full magnetic structure was determined after a  second 

experiment. Group theory was used to facilitate determination of the magnetic 

structure (see section 5.3).

The results presented in this chapter have been published in Ref. [107], the 

title of which lists the collaborators with whom this work was performed.

158
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7.1 Previous Work on Gd2Ti20%

In section 1.2.7 various models of geometrically frustrated antiferromagnetism were 

introduced. The Heisenberg pyrochlore antiferromagnet was described as having 

a spin liquid ground state with an absence of order at T  = K  [27, 35]. It also 

has an absence of any kind of order by disorder, unlike the Heisenberg kagomé 

antiferromagnet [24].

Experimental realisations of pyrochlore magnets have been found in the rare 

earth pyrochlore oxides, particularly the titanates, which have the general formula 

Lu2 Ti2 0 7  (see section 1.1). These systems have been of particular interest due to 

their well defined single-ion anisotropies e.g. ( I l l )  Ising ferromagnets (Ln =  Ho or 

Dy) (see Chapter 8) and the (111) XY-antiferromagnet (Ln =  Er) (see Chapter 6). 

In these materials, the anisotropies result from the very strong axial crystal electric 

field generated by the oxide environment of the rare earth site. Due to these 

crystal field effects, previous work on the isotropic pyrochlore antiferromagnet 

has focused on another crystal system, the fluoride pyrochlore CsNiCrFe [108]. 

Good comparisons were found between Monte Carlo simulation and single crystal 

neutron diffraction results. However, the use of CsNiCrFe as a model system is 

limited by the presence of a disorder on the (Ni, Cr) site.

Gd2 Ti2 0 7  has therefore attracted much interest from both experimentalists 

and theorists as a possible model Heisenberg antiferromagnet on the pyrochlore 

lattice because in this material the isotropic nature of the Gd^+ ion (4/^, L =  0) 

prevents the crystal electric field from being important.

Confounding expectations, Gd2Ti2 0 7  was found to have an ordering transition 

at 0.97 K, a temperature smaller than the Curie-Weiss temperature of 9.6 K [37], 

but not as small as in some frustrated systems. The transition was evinced by a 

peak in the specific heat, as shown in Figure 7.1. To understand this transition, 

two recent theoretical studies are particularly important, both of which developed 

the mean field theory approach of Reimers et al [23]. The first, by Raju et al. [37],
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F ig u re  7.1: The ordering transition is evinced by a sharp peak in the magnetic 

specific heat Cm at ~  0.97 K  (after Raju et al.)

considered a Heisenberg antiferromagnet with dipolar coupling and showed that 

this does not completely lift the ground state degeneracy to second order in the 

expansion of the free energy, but rather stabilizes a degenerate set of periodic states 

with h h h propagation vectors (where h is the Miller index). It was therefore 

suggested that the transition observed in Gd2 Ti2 0 y might be provoked by thermal 

or quantum fiuctuations, or alternatively by additional energy terms in the spin 

Hamiltonian. The second study, by Palmer and Chalker [100],'in contrast, showed 

that the fourth order term in the free energy expansion would select, from the 

degenerate h h h set, an ordered state with propagation vector k  =  0. These 

predictions are tested by the work described in this chapter.

7.2 Results of the First Experiment

Natural Gd is almost opaque to neutrons due to the high absorption cross section 

of ^^^Gd and ^^^Gd. Therefore, for neutron studies the ^®°Gd isotope must be
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used. Isotopically enriched ^®°Gd2 Ti2 0 7  was prepared from ^®°Gd2 0 3  and Ti02 

by J. Gardner. Stoichiometric quantities were mixed, ground, pressed into a pellet 

and fired at ~  1350 K for 60 hours. Powder neutron diffraction data were col­

lected using the POLARIS high intensity diffractometer at the ISIS pulsed neutron 

facility (see section 5.5.1). The sample was contained in a vanadium can with a 

small amount of ^He exchange gas. The can was mounted in an Oxford Instru­

ments dilution refrigerator, and then placed in a cryostat. D ata were collected for 

~  9 hours at 1.5 K for ~  9 hours, above the ordering transition (Tc ~  0.97 K), 

at intermediate temperatures between 1 K and 300 mK for ~  45 minutes and at 

300 mK for ~  15 hours.

7.2.1 Analysis of the 1.5 K data

Refinement of the data taken at 1.5 K was performed using the GENLES routine 

of the GSAS Suite [93]. The optimum refined profile is shown in Fig. 7.2. The 

data were refined with two impurity phases: rutile (Ti0 2 ) and Gd2TiOs.

T i02

The strongest rutile impurity peaks were observed specifically at the following d- 

spacings: 2.18, 2.30, 2.48 Â. In Figure 7.2 the nuclear reflections of the rutile phase 

are marked by the middle line of ticks.

Gd2TiOs

The strongest Gd2 TiOs impurity peaks were observed specifically at the following 

d-spacings: 3.37, 3.55, 4.75, 4.97, 7.63 Â. In Figure 7.2 the nuclear reflections of 

the Gd2 TiOs phase are marked by the top line of ticks.
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F igure 7.2: Refined profile for data collected from the C (top) and A (bottom) 

detector banks of the POLARIS instrument from Gd2 Ti2 0 7  at 1.5 K, before the 

sample was re-annealed (Ti0 2  - middle row of ticks, Gd2 TiOs - top row of ticks).
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F igure 7.3: Diffraction pattern of Gd2 Ti2 0 7 , taken at 300 mK from detector bank 

A. The low wave vector magnetic Bragg peaks are indexed accordingly and the 

black arrows show the magnetic impurity peaks.

7.2.2 Analysis of the 300 mK data

The low temperature data could still be utilised to good effect. New reflections 

were observed below T^ and the diffraction pattern is shown in Figure 7.3. This 

figure shows a section of data taken from detector bank A to illustrate the new 

reflections at d =  2.66, 2.86, 3.92, 4.67, 6.12 Â. These reflections can be indexed 

with a magnetic propagation vector of k =  | | | .  Full refinement of these data 

proved to be difficult due to the impurities in the sample. Figure 7.3 also illustrates 

magnetic impurity peaks such as those at d =  4.3-4.6, 6.37 A. These peaks impaired 

proper refinement of the ordered magnetic structure.
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7.3 Experimental Results: Re-annealed Sample

In view of the above results, it was decided to re-anneal the sample for another 

~  48 hours at 1350 K. This was carried out by T. Fennell. The conditions of the 

neutron experiment with the annealed sample were slightly different from those 

described in section 7.2. Data were collected for 17 hours above and below the 

ordering transition at 5 K, 500 mK and 50 mK.

The sample was contained in a vanadium can with a small amount of '^He 

exchange gas. The can was mounted in an Oxford Instruments dilution refriger­

ator, and then placed in a cryostat. ^He exchange gas was introduced into the 

Inner Vacuum Chamber (IVC) of the cryostat to maintain stability of the dilution 

refrigerator.

7.3.1 Analysis of the 5 K data

In this experiment, the nuclear pattern of the re-annealed sample did not contain 

any of the impurity peaks described in section 7.2.1. The pattern could be easily 

refined and the fits are shown in Fig. 7.4. Details of the refinement results are 

shown in Table 7.1.

7.3.2 Representational Analysis

The new peaks appearing below 1 K could again be indexed with a k = 111 
propagation vector. In section 5.3 the theoretical basis of group theory applied 

to magnetic structures was outlined. In this section it is applied to the case of 

k =  111 propagation vector, for the spins on the 16c sites of the FdZm  space 

group.
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F igure 7.4: Refined profile for data collected from the C and A detector banks of 

the POLARIS instrument from Gd2Ti20% at 4.85 K
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A  Bank C Bank

CLq 10.15185 10.15185(4)

^ ( 0 2 ) 0.422078(73) 0.422555(79)

C/»o(Gd) 0.00172(38) 0.0008(28)

^iso 0.00154(77) 0.00014(51)

Uiso{0) 0.00158(30) 0.00102(26)

Abs. Coeff. 0.08174(375) 0.18083(253)

Ryjp 0.0181 0.0191

2.072 7.195

T able 7.1: Refinement parameters of Gd2 Tl2 0 7  at 4.85 K. A linear absorption 

correction was used [93] and the thermal parameters of the oxygen atoms were 

restricted to be the same. The lattice parameter for the A Bank was constrained 

to be the same as that of the C Bank (due to the C Bank’s higher resolution). For 

the structural parameters see Appendix C.
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D ecom position  of th e  m agnetic  re p re se n ta tio n  and  th e  basis vec to rs

The non-zero Irreducible Representations (IRs) in the decomposition of the mag­

netic representation Fed, and their associated basis vectors V’l/ are given in Ta­

ble 7.2. The labeling of the propagation vectors and the IRs follows the scheme 

used by Kovalev in his tabulated works [103].

Gk is defined as the little group of symmetry elements that leave the propa­

gation vector k invariant. The magnetic representation, F^d, of the Gd site (16c 

in FdSm), can be decomposed in terms of the irreducible representations (IRs) of 

Gk. These are listed in Table 7.2 along with their associated basis vectors. The 

application of Gk to the four Gd positions of the tetrahedron of the asymmetric 

unit results in two orbits. When applied to 0 ,0 ,0  it generates only the position 

0,0 ,0  — orbit 1. When applied to another seed position, say |  , it generates 

the remaining 16c sites: | ,  | ,  I  a n d | , | , | — orbit 2.

These two orbits can be understood in terms of a description of the pyrochlore 

lattice as a set of two dimensional kagomé lattice sheets (the ( 1 1 1 )  planes) 

decorated by interstitial spins which serve to link the sheets. These form ‘up’ and 

‘down’ pointing corner-sharing tetrahedra. If the lattice is described in this way, 

then orbit 2 describes the three atoms that make up the triangular motif of a 

particular kagomé sheet and orbit 1 is the unique atom present in the interstitial 

site. The decomposition of the magnetic representation Tcd for orbits 1 and 2 are:

(2)rg-Kii _ orw + + ir̂ >̂ + or
+  or®  +  3rf>. (7.1)

Landau theory states that the magnetic ordering transition in a system with 

only terms of order 2 in the Hamiltonian can involve only one IR becoming critical. 

Therefore, the basis vectors involved in the resulting structure are limited to those 

associated with a single IR. This allows all the degrees of freedom of a magnetic 

structure to be split into distinct symmetry-allowed models, with in general only a



Orbit 1 : Orbit 2:

IR BV Atom 1 IR BV Atom 2 Atom 3 Atom 4

TTLx rrix rriy rrix rriy rriz rux rriy rriz

Bs V’l 1 1 1 B2 -04 1 1 0 0 1 1 1 0 1

Bs 1 Ï 0 05 0 0 1 1 0 0 0 1 0

^3 1 1 2 B4 0 6 1 I 0 0 1 i Î 0 1

Be 07 1 1 0 0 Ï I Ï 0 I

0 8 0 0 1 Ï 0 0 0 Ï 0

09 0 0 0 0 Ï 1 I 0 1

T able 7.2: Non-zero IRs and associated basis vectors 1})̂  for the space group FdSm  with k =  calculated using the 

program SARA/i-Representational Analysis. [98, 97]. The labelling of the propagation vectors and the IRs follows the 

scheme of Kovalev [103].
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few variables involved in each. Thus, the determination of a magnetic structure is 

reduced to the sequential testing of the basis vectors associated with the different 

non-zero IRs. In the case of systems with atoms on several Bravais lattices, or 

when orbits are present within one Bravais lattice, Landau theory states that the 

same IR should be responsible for ordering of the different atoms. As the same 

IRs are not present in the decomposition of Tgd on the different sites, the only 

restriction that symmetry affords in the present case is the constraint that each 

site or orbit orders under a single IR. There are therefore six possible permutations 

of IRs between the two orbits that need to be tested against the experimental data.

7.3.3 Analysis o f the 50 mK data

The refinement of the 5 K data was used as a starting point for the 50 mK data. 

Only the lattice and background parameters were varied for the system at lower 

temperature.

Magnetic structure factors were calculated using the GENLES routine of the 

GSAS suite [93], while the orientations of the magnetic moments were controlled 

and refined separately by the simulated annealing-based program SARA/i-Refine 

for GSAS [98]. The six permutations discussed in section 7.3.2 were refined se­

quentially and the and Ryjp values for each refinement are shown in Table 7.3.

7.3.4 Possible M agnetic Structures

It is clear that, among the six possibilities, there are only two candidates for 

the magnetic structure; all the other combinations can be immediately discarded. 

These candidate structures are referred to as (i) and (ii), see Table 7.3.

While both involve the basis vector 'ipe for orbit 2, they differ in that, for orbit 

1, structure (i) involves xpi while structure (ii) involves the two basis vectors ijj2 and 

The basis vector which refers to the kagomé planes, in fact corresponds to
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Label Orbit A Bank C Bank

1 2 Ry)p Ryjp

Ls F2 43.44 0.0876 1 1 . 6 8 0.0424

(i) Ls F4 3.844 0.0261 2.720 0.0205

Ls Le 13.17 0.0483 5.168 0.0282

Ls F2 40.76 0.0849 11.62 0.0423

(ii) Ts L4 2.838 0.0224 2.494 0.0196

Ts Le 1 1 . 6 6 0.0454 4.957 0.0276

(iii) 0 F4 2.977 0.0229 2.186 0.0184

T able 7.3: Goodness of fit parameters and R^p for each of the six alternative 

combinations of IRs, for the data measured on the A and C detector banks of 

POLARIS. The last line indicates the fit that considers ordering only in orbit 2 . 

The IRs corresponding to models (i), (ii) and (iii) are indicated.

the ‘q= 0’ spin structure observed in ordered kagomé antiferromagnets [109] (see 

also section 1.2.7). For the interstitial site, structure (i), with the basis vector 

-0 1 , corresponds to a spin pointing parallel to the [1 1 1 ] direction which is per­

pendicular to the kagomé plane. Structure (ii), with basis vectors ^ 2  and 0 3 , 

corresponds to a spin lying with any orientation in a plane parallel to the kagomé 

sheet. It is noted that powder neutron diffraction cannot distinguish the absolute 

orientation of the spins in this plane. Three dimensional visualizations of the two 

possible structures are shown in Fig. 7.5. In both cases (i) and (ii) the interstitial 

spins are ferromagnetically aligned within their planes, and alternating planes are 

antiferromagnetically aligned.

Both structures (i) and (ii) fit well to the data, but there is an important 

difference at d % 3.1 Â (see Fig. 7.5). Here, structure (i) predicts more intensity 

than structure (ii), while experiment suggests that the reflections at this d-spacing
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(for example | , | , | )  are systematically absent. Thus neither structures (i) nor 

(ii) are satisfactory. A further fit was made which assigned zero moment to the 

interstitial site, structure (iii). This is plausible, since a planar antiferromagnetic 

structure on the kagomé sheets gives a zero mean field at the interstitial site.

Structure (iii), with zero interstitial moment was found to improve the fit to 

experiment by, most importantly, removing the peak at 3.1 Â (see Fig. 7.5). It is 

therefore concluded that structure (iii), with zero interstitial moment, is fully con­

sistent with the experimental data. It should be noted that the current diffraction 

experiment cannot shed any light on whether the fourth moment is zero as a result 

of static or fluctuating disorder. The final refined profile is shown in Fig. 7.6 and 

goodness of fit parameters are listed in Table 7.3.

7.4 Discussion

In high symmetry crystals powder neutron diffraction does not give an unambigu­

ous determination of the magnetic structure, because there is always the possibility 

of a multi-k structure. In the present case, multi-k structures can be formed by 

contributions from any of the four equivalent arms of the star of k. However, recent 

investigations of Gd2Ti20y by Mossbauer spectroscopy [110] suggest that all the 

magnetic spins lie in planes perpendicular to the [111] direction below the ordering 

temperature. ESR measurements on the system above Tc have also indicated that 

the spins lie preferentially in the (111) plane [111]. These observations rule out a 

multi-k structure as the latter would always have a finite spin component parallel 

to [111].

The result that h =  agrees with the prediction of Raju et al [37]. These 

authors considered a dipolar Heisenberg Hamiltonian with coupling parameters 

appropriate to Gd2 Ti2 0 7 . They showed that, to quadratic order in the Landau 

expansion of the free energy, the ground state consisted of a degenerate manifold of
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F igure  7.5: The intensity of the magnetic reflection as a function of the different 

structural models (i), (ii), (iii) defined in the text, for the spin at position (0,0,0).
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F igure  7.6: The final refined magnetic profiles for data collected from the A and 

C detector banks of the POLARIS instrument from Gd2Ti2 0 7  at 50 mK (nuclear 

refiections are marked by the lower line of ticks)
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magnetic structures with h h h  propagation vectors. It was therefore suggested that 

thermal or quantum fluctuations, or additional terms in the Hamiltonian, might 

operate to select a single ordered state in the real material, with one particular 

value of h. Palmer and Chalker extended this calculation to the fourth order term, 

and found it to be minimised by setting moments of equal magnitudes on each 

site of the elementary tetrahedron. A general state was constructed by combining 

three basis vectors of the type -06 (in our notation). Each of these basis vectors 

has three coplanar and one zero moment, as described above, but differ in the 

choice of (1 1 1) plane. The condition of equal moments was found to restrict the 

possibilities to a single ground state with h = 0, with the four spins in a (1 0 0) 

plane, contrary to the findings presented here.

There are two possible explanations for the disagreement between experiment 

and theory. The first is that the real material has additional terms in the spin 

Hamiltonian, such as further neighbour exchange, that overcome the fourth order 

terms in the free energy expansion. The influence of such terms was considered 

in a rather general sense by Reimers et al. [23] and it would be interesting to 

develop the latter study in the present context. From an experimental perspec­

tive, the Hamiltonian could be investigated by studying relatives of Gd2Ti20? 

such as Gd2 Su2 0 7  and Gd2 SbGa0 7 , where additional energy terms might have 

a different weighting. The second, and perhaps more intriguing explanation, is 

that quantum fluctuations, neglected in the classical theory, play a role in deter­

mining the ordering pattern. However, the refined value of the ordered moment 

of Gd2Ti2 0 7  is 6.73 ±  0.05/i^, which is comparable with the maximum expected 

value of 7.0/iB [104]. This suggests that quantum mechanical fluctuations out of 

the ground state are not very important in this spin S  = ^ system.



Chapter 8 

Single Crystal N eutron Scattering  

Studies

This chapter describes further experiments on Ho2Ti2 0 7  and Dy2 Ti2 0 7 . They are 

presented only for completeness, since this work is not the main focus of the thesis. 

The results are nonetheless important, and have been included to present a fuller 

picture of the understanding of spin ice materials.

These investigations described here were performed in collaboration with the 

following people: T. Fennell, S. T. Bramwell, M. J. Harris, B. C. den Hertog, 

M. J. P. Gingras, J. S. Gardner, D. F. McMorrow, A. R. Wildes, A. L. Cornelius, 

R. G. Melko, B. Fâk and O.Petrenko, who also performed the majority of the data 

analysis.

Single crystal neutron scattering studies have been performed on two of the 

rare-earth titanates: Ho2Ti2 0 7  and Dy2 Ti2 0 7 . In both cases neutron scattering 

was carried out at the ISIS facility on the indirect geometry spectrometer PRISMA 

(see section 5.5.2). The spectrometer was configured in the diffraction mode so 

that sixteen ^He tube detectors were used simultaneously. Rotation of the crystal 

in question allowed a rapid mapping of a large section of reciprocal space.
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8.1 Scattering Picture of Ho2Ti207

The diffuse magnetic scattering from a flux grown single crystal of Ho2Ti20y was 

measured. The crystal was oriented with [1Î0] vertical such that the (hhl) scat­

tering plane included the three principal symmetry axes [100], [110] and [111]. 

Figure 8.1(a) shows the scattering pattern at T  ~  50 mK.

One of the main features of these data is the intense scattering around 0,0,0.

Diffuse scattering is also observed around 0 ,0 ,3  with a broader region of slightly

weaker scattering around | ,  | ,  §• The width of the intense regions indicates short- 

range correlations on the order of one lattice spacing. Qualitative agreement with 

the scattering of ice is observed [112].

The nearest neighbour model of spin ice has been shown to be a relatively 

good model of Ho2 Ti2 0 7  through comparison of the inverse susceptibility, and 

field-induced ordered states [11, 15] (see section 1.1). Figure 8.1(b) shows the 

calculated neutron scattering 5(q) of the nearest neighbour spin ice model defined:

5(q) <x (8.1)

Zi = (111) denotes the associated easy-axis of each zth spin, ( . . . )  denotes a thermal 

average and S^T is the spin component at site i perpendicular to q.

Figure 8.1(b) successfully reproduces the main features of Figure 8.1(a), the 

main differences being in the extension of the scattering along [hhh] from 0,0,0 ab­

sent in Figure 8.1(a). The scattering at | ,  | ,  |  is more localised than Figure 8.1(a) 

which is spread out more along the diagonal directions.

It has been suggested that a better model for Ho2Ti2 0 7  is one with dipolar 

interactions [42, 43, 44] (see also section 1.3.2) with the Hamiltonian:

H  =
(Ü)

+  ’ (8-2)
i > j  . I M J I
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F igure 8.1: (a) Experimental neutron scattering pattern of Ho2 Ti2 0 7  in the (hhl) 

plane of reciprocal space at T ~  50 mK. Dark blue shows the lowest intensity level, 

red-brown the highest. Temperature dependent measurements have shown that 

the sharp diffraction spots in the experimental pattern are nuclear Bragg peaks 

with no magnetic component, (b) S(q) for the nearest neighbor spin ice model 

at T =  0.15J. (c) S'(q) for the dipolar spin ice model at T =  0.6 K. The areas 

defined by the solid lines denote the experimental data region of (a).
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F igu re  8.2: Experimental neutron scattering intensity of Ho2 Ti2 0 7  (filled sym­

bols) along the (001) direction of reciprocal space. For quantitative comparison is 

the intensity (open symbols) obtained from Monte Carlo simulation of the dipolar 

spin ice model with J^n =  -0.52 K and =  2.35 K.

where Ising spins S^' of unit length are constrained to their local z, =  (111) axes; 

J  is a near neighbour exchange coupling and D the dipolar coupling. Because of 

the local Ising axes the effective nearest neighbour energy scales are =  J /3  

and Dnn =  5D/3 [44].

Specific heat measurements had previously only been used to compare the dipo­

lar model with experiment. Figure 8.1(c) shows the calculated neutron scattering 

for the dipolar model (Eqn. (8.1)) with single spin-flip dynarnics. The agreement 

between the theoretical and experimental results is striking, particularly in the 

shape of the four intense regions around 0, 0, 0 and the spread of the broad fea­

tures along the diagonal.

Quantitative comparisons of the measured scattering intensity have also been 

made with theoretical simulations of the dipolar spin ice model [17] (see Fig. 8.2). 

Again the agreement is remarkable confirming the applicability of the dipolar spin 

ice model to the properties of Ho2Ti2 0 7 .

All the experimental and theoretical results referred to in this section have been
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published in Ref. [17].

8 .2  Scattering Picture of DygTigOy

The absorption cross section of natural Dysprosium is a a = 994 barn, the large 

value being due mainly to the presence of Isotopically enriched Dy20s

with composition ^^®Dy< 0.01%, ^^®Dy< 0.01%,^®°Dy= 0.02%, ^®^Dy= 0.47%, 

i620y= 96.8%,^®^Dy= 2.21% and ^®^Dy= 0.5% was prepared by Goss Scientific 

Instruments Ltd. Enrichment in ^®̂ Dy was considered optimum as it has a high 

abundance and the dominant impurity is ^®̂ Dy which has a slightly lower absorp­

tion cross section. Enrichment in ^®̂ Dy would have led to ^^^Dy as the dominant 

impurity. Through enrichment, the absorption cross section was reduced by a 

factor of five to 208 ±  13 barn.

A single crystal of Dy2 Ti2 0 7  was prepared from the isotopically enriched Dy2 0 3  

and Ti02 by the floating zone technique [113].

Diffuse magnetic scattering was measured at 270 mK in a zero field on the 

PRISMA spectrometer at ISIS. The scattering map of the {hhl) plane was again 

recorded (see Fig. 8.3). All areas of diffuse scattering seem to be connected, with 

predominantly less scattering around the structural Bragg peaks.

There is qualitative agreement of Figure 8.3 with Figure §.l(a), with common 

areas of diffuse scattering, but the diffuse scattering in Figure 8.3 seems to be more 

connected.

When a field was applied along the [100] direction all diffuse scattering dis­

appeared and magnetic Bragg peaks were observed in the q=0 positions such as 

2 ,0 ,0  1,1,1 and 2,2,0 [11].

When the field was applied along the [1Ï0] direction, magnetic Bragg peaks 

were again observed consistent with a q=0 structure. In this case the diffuse 

scattering of Fig. 8.3 developed into localised features at points such as 3,3,0 and
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hhO

F igure  8.3: Diffuse scattering of Dy2 Ti2 0 7  in the {hhl) plane. In zero field at 

270 mK no magnetic Bragg peaks are observed. All resolution limited intense 

features are of nuclear origin. Black shows the lowest intensity level, white the 

highest. Diffuse scattering is shown in red.
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F ig u re  8.4: A fragment of the pyrochlore lattice illustrating the q=X structure.

1,1,2 , consistent with a q=X structure [11] (see Figure 8.5).

A graphical representation of the q=X structure is shown in Figure 8.4. The 

applied field is projected into the plane of the page and pins the unshaded spins 

into ferromagnetic chains. The shaded spins in the vertical rods are not coupled 

to the field but are governed by the ‘ice-rules’. The shaded spins may form two 

structures, either q=0 with all shaded spin chains parallel or q=X  with shaded 

spin chains anti-parallel. This degeneracy is not raised by the field. This explains 

the coexistence of the q=0 structure and the q=X structure in the applied field. 

When the field is applied along the [100] direction all the spins are coupled with 

the magnetic field and only the q=0 structure is formed [40].

All the experimental results in this section are taken from Ref. [114].
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F igure  8.5: Diffuse scattering of Dy2Ti20y in the (hhl) plane with a field of 1.5T 

applied on [1Î0] at % 60mK. q=0 magnetic Bragg peaks have appeared at positions 

such as 2,2,0 and the diffuse features observed in zero field at positions such as 

3,3,0 and 1,1,2 have sharpened into features elongated on [00/]. Black shows the 

lowest intensity level, white the highest.



Chapter 9

Conclusions and Further Work

In this chapter, it is aimed to extend the conclusions presented in previous chapters. 

The main results are summarised and more general conclusions are put forward. 

In particular, various elements of the thesis have been brought together and it has 

been endeavoured to show the importance of the work.

9.1 The Easy-Axis Ferromagnet

In Chapter 3 the continuous spin ice model was shown to have q=0 order. The 

transition to the long-range ordered state was either first-order or second-order, 

depending on the strength of the local easy-axis anisotropy. -The tricritical point 

was observed for D td  J  ~  5.

When a magnetic field was applied along the [100] direction a magnetic phase 

diagram was revealed similar to that found in some ferroelectrics [61]. If the mag­

netic field h is replaced by the electric field E  and magnetization M  by polarisation 

P  a remarkably similar phase diagram is observed for D id  J  < D /  J  < oo.

183
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9.1.1 Comparison with Ferroelectrics

The phase diagram shown in Figure 9.1 was mapped out and can be discussed in 

terms of Landau theory. In section 1.7 the Landau free energy C was introduced. 

When a magnetic field is applied to the system it can be rationalised as such [59]:

C, =  jCq T 0 2 7 7  ̂ 4" 0 4 7 7  ̂ T  +  . . .  ~  Ni]h (9.1)

Here, 77 and h are the order parameter and conjugate applied field and the a „ ’s 

are constants related to the n-th order susceptibilities.

As mentioned in section 1.7 if 0 4  > 0 then the zero-field transition is second- 

order and if 0 4  < 0  it is first-order, with the characteristic ‘winged’ phase diagram 

(see Fig. 9.1). The slopes of the wings are approximately ~  [61]. The edge

of the ‘wing’ represents the termination of the existence of field-induced first-order 

phase transitions for finite D / J  > D td  J- 1  ̂ general, the termination points of 

first-order lines need not be associated with critical fiuctuations, in which case 

they should be termed ‘first-order critical points’. This analysis also agrees with 

the results of Harris et al. [40], where no critical fluctuations were observed at the 

termination of the line of first-order phase transitions.

One such point is known to occur on the zero-field axis of the phase diagram 

of the one dimensional Ising ferromagnet with additional inverse square inter­

action [115]. In fact it has been suggested [60] that the end-point of a line of 

symmetry sustaining transitions is usually first-order, the liquid gas transition be­

ing a special case. In general, at a first-order critical point, the susceptibility will 

diverge, but there may or may not be critical fluctuations [60, 116]. A detailed 

analysis of this question with regard to the current system would be an interesting 

topic of future study.

It is plausible that ice itself would exhibit a phase diagram such as that in 

Figure 9.1. But in the case of ice the dynamics are immeasurably slow at tem­

peratures well above the triple point [5]. However ice is not proton ordered in the
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F igure  9.1: Schematic magnetic phase diagram for the continuous spin-ice model.

absence of defects or stabilizing surfaces and there is much debate concerning the 

true nature of its ground state [117, 118, 119, 120, 121].

9.1.2 Comparison of Ho2Ti20% and Dy2Ti20% with Dipolar 

Spin Ice

When the dipolar spin ice model is simulated with single spin-flip dynamics it 

has been shown to be a very good model for the experimental observations of 

Ho2 Ti2 0 y [42, 17](see also section 8.1).

Recently a Ho2Ti2 0 7  sample has been cooled in zero fleld to 50 mK and the 

magnetic field applied along the [110] direction, q=0 and q=X magnetic Bragg 

peaks formed as expected. The system was heated up slowly until q=X features 

were at maximum intensity [11]. The system was then cooled back down to base 

temperature and the field removed. The q=0 peaks were heavily reduced but the 

q=X features remained, and were stable.

The results in sections 8.2, and 8.1 suggest that Dy2 Ti2 0 % has very similar
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behaviour to that of H0 2 T 12O7 . The existence of q=X features is common to both 

compounds and the neutron scattering maps were also very similar, with common 

areas of diffuse scattering.

W hat this means exactly with respect to the ground state of Ho2 Ti2 0 7  and 

D\'2 Ti2 0 7  is not clear. The stability of the q=X in Ho2 Ti2 0 7  features and the 

agreement with the dipolar spin-ice simulation suggest that the true ground state 

of Ho2 Ti2 0 7  and Dy2Ti2 0 7  might be the q=X structure. However, no zero-held 

ordering is seen in either of the compounds at base temperature. It is possible that 

the q=X structure is dynamically inhibited from being accessed on experimental 

timescales [43].

Further experiments on the dynamics of the experimental systems are necessary 

to shed light on the problem. In view of the results presented in this thesis, it might 

be that the ordered state favoured by the long-range part of the dipolar coupling 

competes with that favoured by continuous spins. A real system has continuous 

spins in the classical approximation, but a real system is also necessarily a quantum 

mechanical one. A continuous model is closer to a real system with respect to 

the classical approximation, but note that a real system also necessarily contains 

dipolar interactions.

9.2 T h e  M a g n e t ic  s tr u c tu r e  o f  Gd2Tl20%

In Chapter 7, the Heisenberg antiferromagnet ^^°Gd2Ti2 0 7  was shown to have 

long-range magnetic order at 50 mK, with a magnetic phase transition at 1 K. 

The best fit of the powder neutron diffraction pattern showed a partially ordered 

magnetic structure. The structure is one with q=0 order of the spins on the kagome 

planes, and zero moment on the interstitial spins. The precise dynamics of the 

ordering of the spins is unclear. It is possible that the moment on the interstitial 

site has a freezing transition at a finite temperature above 50 mK. Further neutron
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experiments are proceeding to determine the magnetic structure as a function of 

temperature.

The partial order of chemically pure GdgTigOy contrasts with the behaviour of 

Heisenberg antiferromagnets with small amounts of quenched chemical disorder, 

such as CsNiCrFe [108] and Y(Sc)Mn2 [1 2 2 ]. These materials show spin freezing 

transitions in the absence of long range order and spin correlations characteris­

tic of the pure Heisenberg system [36, 108, 122]. Thus the results presented in 

Chapter 7 support the idea that quenched chemical disorder is a strongly relevant 

perturbation in the pyrochlore system that is responsible for the glassy ground 

states often observed [2 2 ].

The system selected k =  111 as an ordering wave vector. This result is valid 

with respect to the results of Raju et al. [37] where a general propagation vector 

0 Î h h h was predicted. In symmetry terms h h h is an equivalence line in the 

Brillouin zone, such that all possible ordering wave vectors share the IRs and basis 

vectors that are enumerated in Table 7.2. It is possible that h =  1 is specific 

to ordering in GdgTigO? or might be more general; this question remains to be 

answered.

The higher order theory of Palmer and Chalker [100] predict a value of h =  0 

which does not agree with the results of Chapter 7. The disagreement between 

experiment and theory in this case is very puzzling. It will Remain an interest­

ing challenge, both experimental and theoretical to ascertain the origin of this 

disagreement.

9.3 Er2TÎ20% and the Easy-Plane Antiferromagnet

The easy-plane antiferromagnet and the real Er2 Ti2 0 7  systems have some common 

properties. This section addresses these similarities and speculates on some of the 

consequences.
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9.3.1 Degeneracy and Order of the Easy-plane Antiferro­

magnet

Section 4.3 illustrated the possible q= 0  ground state configurations possible for 

the system. There is one degree of freedom in the system, for example the x- 

component of spin 1 . Once this is fixed, there is a set of eight different solutions 

with the same x-component on spin 1. For special values of the degree of freedom 

there are only six solutions, since two pairs of solutions become coincident with 

one another. The set of solutions is fully connected and one ground state can be 

easily deformed into another with no increase in the internal energy.

A representative set of ground states was studied, labelled I  to IV . Sec­

tions 4.4.3, 4.4.1 and 4.4.2 showed that some of the states, such as state I were 

‘rigid’ with little thermal entropy whereas others, such as state I I I , had much 

more freedom of existence. These properties were formally confirmed after ana­

lytical calculation of the normal modes for excitations out of the different states. 

State I I I  was shown to have zero modes which contributed ksT /A  to the specific 

heat. These analytical calculations were confirmed by Monte Carlo simulation. 

The mechanism of the ‘order by disorder’ transition reported in Ref. [84] was 

therefore established with certainty.

Order by disorder and the infinite line defect

Section 4.2.2 showed that an infinite line defect sometimes formed in the lattice for 

T  < Tat. The defect coexisted in a ‘sea’ of q= 0  ordered states, and the total energy 

of the system was at a minimum. There are of the order independent rods in 

the lattice which could support the defect. In some cases microscopic examination 

of the spin configurations showed two defects coexisting within a q= 0  ordered 

system. These line defects seem somewhat analogous to weathervane defects in 

the kagome lattice. Their observation is consistent with the spin wave calculation



Chapter 9. Conclusions and Further Work 189

and O(L^) modes.

Weathervane defects are formed by six spins on a hexagon rotating simulta­

neously out of the plane [24, 123]. This rotation is at zero cost to the internal 

energy. It has not been possible to determine the microscopic process of the for­

mation of the defects in the easy-plane system in the same way. It is clear that the 

instantaneous cooperative movement of all the spins on each rod is required. It 

seems unlikely that the defect is topological (where the defect cannot be removed 

by small movements of spins), since the system is observed to escape from defected 

states (see section 4.2.2).

9.3.2 The Free Energy Surface

The Gibbs free energy of a system is defined:

G = U - T S - M h .  (9.2)

As discussed in section 1.2.6, a degenerate system which has order by disorder 

fluctuates in a special part of phase space where it can gain entropy and thus 

lower its free energy. A system will order into a state where its Gibbs free energy 

G is at a minimum with respect to its magnetization.

In section 4.4.3 the system was placed in particular ordered states and allowed 

to relax out of them. It might be expected that the system would always relax into 

the ground state with the lowest free energy {i.e. state III). The results of these 

tests suggested otherwise. This suggests that there exists a free energy surface 

with local maxima and minima. A schematic diagram of such a surface is shown 

in Figure 9.2.

When the system was placed in defect state IV  it relaxed directly into the local 

free energy minimum of defect state I. In the same way, the symmetric state II  

relaxed into ground state I I I  which does have the lowest free energy. It would 

be interesting to do a more complete mapping of the free energy surface. More
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G
State IV y /

State I

\
State II

State III

F igure  9.2: Local easy-plane antiferromagnet; Free energy versus phase space 

parameter x (schematic).

insights into the dynamics of the system might be revealed as well as the particular 

positions of the local free energy maxima and minima.

9.3.3 Similarities with Er2Ti20%

In Chapter 6  Er2Ti2 0 7  was confirmed (using powder neutron diffraction) to be an 

easy-plane antiferromagnet and not an easy-axis system. The system was shown 

to have q= 0  ordering within the two dimensional representation F5

In section 4.3 the symmetric solution to the model system was described using 

the positions of the spins in states I I  and I I I  as basis vectors. The directions 

of "02 and 0 3 , the basis vectors of Fs, are identical to the spin configurations of 

states I I  and I I I  respectively. It is remarkable that both experimental and model 

systems order into states described by the same set of basis vectors. The necessary 

domain averaging of a powder experiment precluded the isolation of the precise 

ordering pattern of Er2 Ti2 0 7 . Further single crystal experiments on Er2Ti2 0 7  

are in progress. Preliminary results suggest the ordered magnetic structure to be 

state I I I  [124].
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It would be interesting to extrapolate the properties of the Monte Carlo system 

to the real one. The degeneracy of ground states must certainly be applicable. The 

main difference is that the real system orders with a second and not a first-order 

transition.

The model system does not include any dipolar interactions which are ubiq­

uitous in real materials. Palmer and Chalker calculated the ground state of an 

Heisenberg antiferromagnet with dipolar interactions [100]. They found the ground 

state to be state I  and other symmetry related structures. As state I  is a ground 

state for the local XY model, this means that state I  is the energetic ground state 

for the XY model with additional dipolar interactions. However, Er2Ti2 0 7  cer­

tainly does not order in this way. Dipole interactions may, however, affect the 

order of the transition.

Er2 Ti2 0 7  can be described as an effective S  = ^ system due to the crystal field 

interaction. The specific moment reduction observed for Er2 Ti2 0 7  suggests that 

quantum fluctuations are of importance in this system [105, 106]. It is probable 

that the classical spin wave calculation correctly captures the effect of these fluc­

tuations [105]. Hence should the system order only with basis vector (as seems 

so [124]), it is prescient to suggest that Er2 Ti2 0 7  is a spectacular example of a real 

system with quantum order by disorder.

9.4 Investigation of the Easy-Plane Ferromagnet 

and the Easy-Axis Antiferromagnet

This section discusses the last two combinations of exchange and anisotropy men­

tioned in section 2.4. Both these systems are described by the Hamiltonian below:

N

H  =  - J  y ]  S i  • S j  -  (<5i • S i ) ^

<i,j> i=l

Very brief details are given of each investigation and the results obtained.
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Figure 9.3: Ground state of the easy-plane ferromagnet.

9.4.1 The Easy-Plane Ferromagnet

This system consists of spins which have a competition between lying in the local 

easy-planes and ferromagnetic alignment. For finite easy-plane anisotropy the 

spins can cant off the easy-planes and lower their internal energy at the expense of 

anisotropy energy. This happens in much the same way as the continuous spin-ice 

model (see section 3.6.2). Unlike the spin-ice model for \D /J\ — oo there is a 

single non-degenerate q=0 ground state observed in the system. The spins can 

form a non-collinear ferromagnetic ground state with the spins fixed in the local 

easy-planes, which has a saturated magnetization M  = ^  (see Fig. 9.3).

Figure 9.4 shows the results of the investigation. For all values of anisotropy 

there is a phase transition to the long-range ordered state described above. As 

D /J  —> 0  the system becomes more like a simple ferromagnet, the spins cant off 

the local easy-planes and M —)■ 1 .

9.4.2 The Easy-Axis Antiferromagnet

The easy-axis pyrochlore antiferromagnet has already been studied theoretically [50, 

125]. The system undergoes a phase transition into a long-range ordered ground
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<M>

0.7
D/J I = 00

0.4 -

0.1

0 0.5 T / J  ^ 1.5 2

Figure 9.4: Plot of magnetization vs T / J  for the easy-plane ferromagnet. Simu­

lations were performed for a system with J  = 1,L = 5 and a range oï D /J  < 0, 

with 1 0 , 0 0 0  M C S /S  and 3000 equilibration steps.

state with either all four spins pointing into or out of every tetrahedron (see 

Fig. 9.5). FeFg was shown to be an experimental realisation of a system with 

these magnetic properties and ordered ground state [49].

Figure 9.6 shows the results of the investigation. For every value of finite 

anisotropy D, as well as the Ising case when D = oo, there is long-range sublattice 

order into the same q=0 ordered state. In this case the anisotropy energy and the 

exchange energy can both be minimised, and there is no degeneracy present. As 

T / J  —)■ 0  the transition temperature decreases since the system is becoming more 

like the fully frustrated Heisenberg pyrochlore antiferromagnet, and the exchange 

energy becomes more important.

These results agree with the previous work of Reimers et al. [50] and Moess- 

ner [125].
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Figure 9.5: Ground state of the easy-axis antiferromagnet.

<Msl>
— D/
—  D/  

D/
—  D/

D/
D/ =  00

0,4

02

0 0 5 1.5 2
T / J

Figure 9.6: Plot of M sl vs T / J  for the easy-axis antiferromagnet. Simulations 

were performed for a system with J  = —1 ,L  = 8  and a range of D /J  > 0, with 

20,000 M C S /S  and 6000 equilibration steps.
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9.4.3 A General Relation between the Ground States

There is a remarkable parallel between the ferromagnetic and antiferromagnetic 

ground states of each of the two types of anisotropy (easy-axis and easy-plane). 

In each case the ferromagnetic and antiferromagnetic ground states are related by 

the flipping of a pair of spins. Considering the variety of properties shown by these 

models, this simple relationship is quite a fundamental observation.

9.5 Perspectives

This thesis describes an investigation of four simple combinations of exchange and 

anisotropy for a simple Hamiltonian expression. While these simple models have 

limited application to real materials, this study has shown that they can be used 

as an excellent starting point for the study of more complex phenomena. The 

rare-earth titanate series shows a wide range of complex properties. Models are 

required to enhance the understanding of these complex systems.

The local easy-plane antiferromagnet model has been shown in this work to be 

in excellent agreement with the experimental results for Er2 Ti2 0 7 . The easy-axis 

antiferromagnet has long been known to be applicable to the ordering of FeFg.

The Ising ferromagnet (the spin ice model) has been shown to be relevant 

to Ho2Ti2 0 7  [11, 40, 15, 114] and Dy2 Ti2 0 7  [2 0 , 41). The "addition of dipolar 

interactions to this model was able to improve the understanding of the properties 

shown by [42, 44, 17]. It is possible that the easy-plane ferromagnet is applicable 

to the Yb2Ti2 0 7  system [126].

The investigation of Gd2 Ti2 0 7  showed that there are some systems which are 

less easy to explain with simple models. Tb 2 Ti2 0 7  is another example of a system 

with more complicated properties [127].

Figure 9.7 shows a summary of the results in this thesis, with their application 

to real systems.
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A ppendix A

Statistical M echanical Definitions

A .l Fluctuations of the Energy and M agnetiza­

tion

A .1.1 Specific Heat

Eqn. (2.6) can easily be derived from Eqn. (2.5) and the thermodynamic definition 

of specific heat.

r  = ( ^ \  = - A
'  [ d r j ^  [ & T  d T

(A.l)

d  ^  d p  d  1 d p  ^  p
d T ^ d T d p  k g T  d T  T

(A.2)

p  d^ P - d

d p
(InZ) P - d { E )  

T  d p
(A.3)
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Z r  exp (-p E r) (A.4)

c ~  r j y

Z r  e x p ( - p E r )  

Z r  e x p  (-/3-Br)

Z r Er exp {-pEr)

Z r  e x p  i ~ P E r ) J
(A.5)

= ^  [{E^) -  {E f] (A.6)

A .1.2 M agnetic Susceptibility

The expression for the magnetic susceptibility in Eqn. (2.12) is derived in a similar 

way. When a magnetic field is applied to the system the Hamiltonian H is expressed 

as a function of the applied field h and the partition function is thus [128]:

z  = J 2 ^ x p (-p m (h )) (A.7)

Using Eqn. 2.1 and Eqn. (A.7) the average magnetization of the system is 

defined:
Z r  eXp(-;ÔH{/î))

(M) = (A.8)



A ppendix A. Statistical Mechanical D efinitions 199

We differentiate Eqn. (A.7) with respect to h: 

d ln Z  I d Z
dh Z  dh Z

;

_  d{M) _  1 0  ̂ln(Z) 
^  “  dh ~  p  dh?- 
9  ̂ln(Z) I U" E e x p ( - / 3H ) j

9  ̂ I n (^ )  ^  ^ 2  / Z r  e x p ( - ^ H )  \  _  ^2  / Z r  %  6X p ( - 9 H ) '  ^

dh? '̂  \  Z

f  ((M^) -  <A/)^) 

X =  9  ((M^> -  (M)^)



A ppendix B

Expression for the Partition  

Function

The partition function Z  can be expressed as an indefinite integral:

= J exp{—̂ H {x))d x^  (B.l)

If H{x) ~  x “̂,x^ the different terms can be separated:

Z =  |y^exp(-/?x^)da;| |y *  ex p (-^ x ^ )d x | (B.2)

Where N 2 is the number of quadratic modes and A4 is the number of quartic 

modes. By making the changes of variable =  Px“̂ and = Px^, Eqn. (B.2) can 

be simplified:

Z =  J ex p (-y ^ )d y | |/3~^ J ex p (-y ^ )d y | (B.3)

The remaining integrals have standard solutions which are just constants of order 

unity. Eqn. (B.3) is then evaluated to give a simple expression for Z  where P = -^  

with k = 1 :

Z  = A { T ) ^ + ^ ,  A =  a", (B.4)
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A ppendix C

Structural data

The structural parameters for the Fd2>m Space Group are shown below with re­

spect to R2Ti20y. In most cases x[02)  ~  0.42.

R 2 T 1 2 O 7

Cubic, F d3m

Site X y Z

R 16c 0 0 0

Ti m 1
2

1
2

1
2

Oi Sa 1
8

1
8

1
8

O2 48/ X 1
8

1
8
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