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Abstract

This work is aimed at identifying the factors that determine the anterior/posterior 

stability of knees that have prosthetic articulations. It is also aimed at clarifying 

the manner in which each of the factors contributes to the determination of knee 

stability; and at determining ways in which anterior/posterior instability of the 

knees can be prevented.

The subject of knee stability and previous contributions to knee modelling and 

related empirical work were reviewed, and the limitations of current orthopaedic 

practice and research were identified. Stability-determining methods of 

engineering, physics, and mathematics were also reviewed; and a method was 

selected for the purpose of this thesis.

With femorotibial motion restricted to the sagittal plane, a wide range of knees 

that have prosthetic articulations were represented by a generalized mechanical 

system. On the basis of this system, nonlinear analytical models were 

developed on the knee's kinematic constraint, energy, quasi-static force versus 

deflection, stiffness and anterior/posterior stability.

Model-based simulations were carried out to show the effects of specific system 

configuration variables, input load-parameters, and ‘constants’ on the 

anterior/posterior stability of the knee. Graphical results on the anterior/posterior 

force versus deflection and anterior/posterior stiffness versus deflection 

behaviour of the knee were plotted. The anterior/posterior stability maps that 

correspond to these graphs were also plotted. The stability maps show regions 

at which the knee will be stable, and regions at which it will be unstable.

The validity of the anterior/posterior equilibrium equations and knee stability 

models was investigated.

The anterior/posterior stability of a knee that has prosthetic articulations is 

determined by the algebraic sign of the anterior/posterior stiffness of the system 

constituted by the knee and its inputs. The factors that determine the stability of 

the knee are the configuration variables, input load-parameters and ‘constants’ of 

the system constituted by the knee and its inputs. The manner in which designers 

of prosthetic articulations, knee surgeons, physiotherapists and the patient can 

help in preventing anterior/posterior instability of the knee has been identified. 

Also, the relationships between anterior/posterior laxity, stiffness and stability of 

the knee have been established.
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Nomenclature

0 Femorotibial flexion angle

Pci Sagittal femorotibial contact angle or sagittal femoro-meniscal contact angle

Hy Anterior/posterior menisco-tibial translation [posterior translation of meniscal

bearing(s) relative to the tibia is taken as positive]

00, Pcio & HyQ: Values of 0, p d , and Hy at a given equilibrium position

01 Effective centre of curvature of each of the two tibial articular surfaces in the sagittal 

plane

0 2 Effective centre of curvature of each of the two femoral articular surfaces in the 

sagittal plane (note that this involves femoro-tlbial or femoro-meniscal articulation, not 

femoro-patellar articulation)

0 3 Centre of head-of-femur

Hxo Height of the effective centre of curvature Oi of the tibial articular surfaces, above a

datum horizontal plane that is aligned with the tibial plateau

Hzo Medial/lateral displacement of plastic tibial insert relative to the tibia

{PAx,PAy»Mtl A force system that Is used to represent all the forces that act on the tibia

relative to the femur. This force system consists of two orthogonal forces 

Pax and PAy, and a moment Mt.

{P2x,P2y.Mf} A force system that is used to represent all the forces that act on the femur

relative to the tibia. This force system consists of two orthogonal forces Pax 

and Pay, and a moment Mf.

P2x An inferior/superior force that acts on the femur, at point O a . This force is

parallel to the longitudinal axis of the tibia.

P2y An anterior/posterior force that acts on the femur, at point O2 . This force is

parallel to the tibia-based anterior/posterior direction.

Mf A flexion/extension moment that acts on the femur, relative to the tibia.

Pax An inferior/superior force that acts on the tibia, at point Oa . This force is

parallel to the longitudinal axis of the tibia.
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PAy An anterior/posterior force that acts on the tibia, at point Oa This force is

parallel to the tibia-based anterior/posterior direction.

Mt A fiexion/extension moment that acts on the tibia, relative to the femur.

P2 Input-load vector that acts at point O2. P2 = - P2x i + P2y i

Pa Input-load vector that acts at point Oa - Pa = Pax • - PAy j

Finf/sup An inferior/superior force that acts on the femur relative to the tibia (or on the

tibia relative to the femur). Fjnf/sup = Pax = Pax

Fap An anterior/posterior force that acts on the femur relative to the tibia (or on

the tibia relative to the femur). Fap = P2x = P2x

M A flexion/extension moment that acts on the femur relative to the tibia (or on

the tibia relative to the femur). M= Mt = Mf

Kap Anterior/posterior stiffness of the system constituted by the knee and its

inputs. This stiffness term is derived from the elastic forces, gravitational 

forces and input-load parameters of the knee.

C = |0102| = |0102*| i.e., the difference between the radii of curvature of the femoral and

tibial articular surfaces (or the femoral and meniscal articular 

surfaces) in the sagittal plane

Lf Effective length of the femur

Lf Minimum distance between tibia-based point Oa and a reference horizontal plane

that is aiigned with the tibial plateau.

Rio Effective unstretched-length of the ith ligament of the knee

Rj Effective instantaneous stretched-length of the ith ligament of the knee

Pj Inter-insertion spacing of the ith knee ligament. This is the shortest distance

between femur-based centre of insertion pi and tibia-based centre of insertion Q| of

the ligament. 

ei Eiongation of the ith iigament

Fj Tension in the ith ligament
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ajj Stiffness of the ith ligament, whose force versus deflection relationship can be stated

as. Fj = ajj*[R| - R|oP

j The index of the elongation of the ith ligament in the deformation law just presented

above

COC or Oc Femoro-tibial or femoro-meniscal centre of contact (also called Oc)

CO I Centre of insertion

Pi Proximal CGI or proximal node of the ith ligament (i.e., centre of insertion of the ith

ligament of the knee into the femur)

Oj Distal CGI or distal node of the ith ligament (i.e., centre of insertion of the ith

ligament of the knee into the tibia)

rpi Proximal lever arm of the ith ligament (this is the perpendicular distance between the

mediolateral reference axis through point O2 , and the proximal node pi' of the ith 

ligament) (figure 3.1).

dj Medial or lateral offset of node pi from the sagittal plane (this is the perpendicular

distance between a sagittal plane through node p; and the reference sagittal plane 

through points Gi and G2)

sgn(dj): A signum function that symbolizes the direction, away from the reference sagittal 

plane, in which dj is measured. By the convention adopted in this work, when pj is on 

the lateral side, sgn(dj) = +1, otherwise sgn(dj) = -1.

ĵ Proximal ligament insertion constant (this is defined as the angle of inclination of

vector 0 2 Pi' to vector O3O2)

Xcj X coordinate of the distal CGI of the ith ligament (note that the x axis is proximally

directed relative to the tibia)

ycj y coordinate of the distal CGI of the ith ligament (note that the y axis is posteriorly

directed relative to the tibia)

Zcj z coordinate of the distal CGI of the ith ligament (note that the z axis is laterally

directed relative to the tibia)

6Rj wrap Model-based imperfection in stretched-length Rj of the ith ligament of the knee
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Xpi X coordinate of the proximal CO! of the ith knee ligament relative to the tibia-based

global coordinate frame

Ypi y coordinate of the proximal COI of the Ith knee ligament relative to the tibia-based

global coordinate frame

Zpj z coordinate of the proximal COI of the ith knee ligament relative to the tibia-based 

global coordinate frame

XYZ Tibia-based global coordinate frame

sgn(i) A signum function that symbolizes whether the ith knee ligament is taut or lax.

Whenever the ligament is taut sgn(i) is set equal to +1, otherwise it is set equal to -1.

Qe. Qpci & ÛHy

Generalized forces that are associated with configuration variables 0, pci and 

Hy of the knee.

Go Tibia-based origin for defining anterior/posterior displacement of the meniscal

bearing(s) relative to the tibia. This is the global origin.

O A projection of point Gq onto a plane that is parallel to the tibia-based sagittal plane.

Line GqG is perpendicular to the sagittal plane and of a length |GoG|=Hzo.

G* Meniscal bearing based origin for defining anterior/posterior displacement of the

meniscal bearing(s) relative to the tibia.

Vei Elastic potential energy derived from ith knee ligament

Vg Total elastic potential energy of the knee

Fap Anterior/posterior drawer force

Uap Anterior/posterior displacement of the femur relative to the tibia

S.F Scaling factor for simulating the anterior/posterior force versus deflection curves of

knees that are more lax than usual, given the force versus deflection curve of a 

functional knee (Chapter 5).

Model 0=15mm & Model C=15mm/C=35mm

Two models on the anterior/posterior force versus deflection of a knee that has 

prosthetic articulations (Appendices 1 and 3).
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Pc2 is a femur-based femoro-meniscal or femoro-tibial contact angle, as illustrated in 

figures A1.1 and A1.2 of Appendix 1. Pc2=0+Pci

02* Second sagittal centre of curvature of femoral articular surfaces 

To2 The position vector of point 0 2

To2* The position vector of point 02*

^c2blend - 102^2 |l 

Csmall=|Ol O2I!

^large~C ~ |O l O2 |

DSF Dislocation Safety Factor of a knee

MOL Medial Collateral Ligament

LCL Lateral Collateral Ligament

PCL Posterior Cruciate Ligament 

ACL Anterior Cruciate Ligament

(mpiastic*9) A gravitational force that is derived from the mass of the plastic tibial-insert. 

This force acts on the tibial-tray.

Rc Femoro-tibial or femoro-meniscal contact reaction between the femoral

component and the plastic tibial-insert, of a knee that has partially-conforming 

femoro-tibial or femoro-meniscal articulations.

Pstatic The coefficient of static friction between the femoral component and plastic

tibial insert of a knee that has condylar type of prosthesis.

Ffric/top Femoro-meniscal frictional force.

Ffric/base Tibio-meniscal contact force.

Rbase A resultant contact reaction that acts at the base of the plastic tibial insert.

Fap/peripherai A resultant anterior/posterior force that is imposed on the periphery of the 

plastic-insert by soft-tissue or other sources.

M-top Coefficient of static friction of the femoro-meniscal articulation.
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M-base Coefficient of static friction of the menisco-tibiai articulation.

Oa

O2O3

Point of intersection of the longitudinal axis of the tibia and an 

anterior/posterior axis that passes through the tibial tuberosity.

The mechanical axis of the femur.

Biend-point The point at which the large sagittal femoral arc is tangentially blended with 

the small one, to form the sagittal profile of the femoral component (figure 

A1.2)

Pc2blend

Rc2blend

Pc2

An angle that defines the location of the biend-point relative to a femur- 

based reference frame (figure A1.2).

Distance between the first and second centres of curvature (02 and O2*) of 

the femoral articular surfaces. Rc2biend =1̂ 202'! (figure A1.1).

Femur-based femoro-meniscal contact angle (figure A1.2).

sgn(Rc2biend) A signum function that is defined by the expression:

S g n ( R c 2 b l e n d )  —

0.0

1.0

If (0 -I- Pci) ^  Pc2blend

If (0 -I- Pci) ^  bc2biend

l"oA Position vector of tibia-based point Oa-
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Chapter 1: Introduction

1.1 Nature and scope of the problem investigated

Some structurally defective knees can become severely unstable during activities 

of daily living. Notable among such knees are anterior cruciate ligament deficient 

knees, arthritic knees, knees with inadequate musculature control, and knees 

whose components have been replaced by prosthetic or biological substitutes but 

with unfavourable outcome of surgery (Insall 1993, Kapandji 1987). For these 

knees pronounced instability usually results in undesirable events, such as a 

momentary loss of voluntary control of the knee, overloading of structural 

components, soft tissue related pain, structural damage, and inability to 

satisfactorily accomplish the immediate load bearing and positioning tasks of the 

knee (Insall 1993, Ahmed et al. 1987, Andriacchi 1990, Berchuk et al. 1990). In 

current orthopaedic practice, treatment of such ailing knees is usually necessary; 

and this may involve surgical intervention, physiotherapy, and re-education of the 

patient as to the current capabilities of his/her knee.

However, for surgeons, designers of prosthetic knee components and other 

rehabilitation personnel to satisfactorily contribute to the treatment of the knees, 

they need to be conversant with the possible solutions that can be provided and 

the consequences of each solution. This goal can be realized if the principles that 

govern the stability of the knee are well understood. But at present this is not so, 

as will be shown in the literature review of section 1.3. For example, despite 

previous contributions to the subject of stability and instability of the knee, detailed 

systematic identification of the factors that determine the stability of the knee (and 

the manner in which they do so) have still not been carried out.

Following from the above background, this thesis is aimed at clarifying the 

cause-effect chain that is associated with the stability and instability of the knee by 

means of engineering principles. Due to space limitations, the scope of the work
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is limited to knees that have prosthetic articulations, and femorotibial motion is 

considered to be restricted to the sagittal plane. Furthermore, because functional 

knee muscles should be able to control flexion/extension directly; the principal 

form of instability of the knee that will be addressed in this thesis is 

anterior/posterior instability (Insall 1984, Kapandji 1987).

In other words, this thesis is aimed at studying the anterior/posterior instability of 

knees that have prosthetic articulations, for situations under which femorotibial 

motion is restricted to the sagittal plane.

In the sections that follow, further background information on the subject of this 

thesis will be presented, the literature will be critically reviewed; and the strategy 

and scope of the thesis will be stated.

1.2 Further background information

The human knee, its biological components and its possible internal devices 

From a biomechanical perspective, the knee is the compound connection 

between the femur and the tibia; and it consists of articulations, ligaments and 

muscles.

The articular sub-system of a natural knee consists of the medial and lateral 

femoral condyles, tibial condyles, menisci, and patello-femoral articular surfaces. 

As a result of structural defects of the knee, one or more of these may sometimes 

have to be replaced by prosthetic articular components. For example, a knee that 

has prosthetic femoro-meniscal/menisco-tibial articular components is illustrated 

in figure 1.1. Based on this figure, a knee that has prosthetic femoro-tibial 

articulation of the condylar type can be similarly illustrated, simply by eliminating 

the mobility of the menisco-tibial articulations.

The ligamentous sub-system of the knee consists of four main ligaments, namely 

the medial collateral ligament (MCL), the posterior cruciate ligament (PCL), the 

lateral collateral ligament (LCL) and the anterior cruciate ligament (ACL). A
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distal
femur

prosthetic 
femoral surface

meniscal bearing

tibial tray

proximal 
tibia

quadriceps
pull

patella

patella
tendon

tibial
turbercle

anterior fibres of 
medial collateral 
ligament

Antero-medial view (MCL.ant)

Fig. 1.1 A knee with prosthetic femoro-meniscal/menisco-tibial articulations

lateral collateral 
ligament (LCL)

fibula

Antero-lateral view

schematic representation of these ligaments is shown in figure 1.2 , and an  

anatomical view of the sam e can be found in the orthopaedic literature (M cM inn  

and Hutchings 1988). As a result of structural defects of the knee, one or more of 

these ligaments may sometimes have to be replaced by prosthetic components or 

biological substitutes.

The musculature subsystem of the knee consists of specialized groups of m uscles  

that can be classified under four functional groups (Kapandji 1987, Insall 1984 ). 

These are extensor muscles, flexor muscles, medial rotator muscles (capable of 

causing internal rotation of the tibia relative to the femur), and lateral rotator 

muscles (capable of causing external rotation of the tibia relative to the femur). 

The muscles that belong to each of these groups are illustrated in figure 1.3.
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1

A"
MCL.ant. ft MCL.post.

_#  %___ -

VA

%
ivy

Fibula

Key to symbols

Rigid surface 
(femur, tibia or fibula)

A ligament

Transient node
(between ligament and bone)

Permanent node: 
proximal or distal 
insertion zone of a ligament

Tibia

MCL.ant. and MCLpost. denote the anterior and posterior fibres of the MCL respectively.

Fig. 1.2 Femorotibial ligamentous lattice: featuring permanent and transient 
ligament-to-bone connections. The transient connections arise as a result of 
'wrap-around'.

Following from the information presented above, the three possible types of 

internal devices that a knee can have are articular internal devices, ligam entous  

internal devices and m uscle-related internal devices, in this work, only the first 

two options will be considered, since the third option is highly futuristic.

Major functions of the knee

The major functions performed by the human knee can be listed as follows: (i) it 

controls the position and orientation of the femur relative to the tibia, (ii) it bears  

femoro-tibial loading, (iii) it is a m eans of obtaining bionic feedback signals on the  

dynamical state of the musculo-skeletal linkage of the lower limbs, (iv) it is a 

biomechanical passage for mass and heat transfer between the shank and foot, 

and the rest of the body; (v) it is a biochemical passage between the shank and  

foot, and the rest of the body; (vi) it is a bionic passage between the shank and
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foot, and the rest of the body. Of these six functions, only the first two are pertinent 

to the study of anterior/posterior instability of the knee.

L-y I T iJ—

(The quadriceps)

Extensors Medial rotators Lateral rotators

^— biceps femorls 

—  semltendlnosus

 sefnimenbranosus
~ —  gracilis

sartorius

-gastrocnemius

Flexors

Fig. 1.3 The major muscles of the knee
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1.3 A review of the Literature

1.3.1 A review of current orthopaedic practice, regarding the stability and 

instability of the knee

Misuse of the words stability and instability

The words stability and instability are often loosely used in the orthopaedic 

literature as exemplified by the following quotations.

(1) "To evaluate the prosthesis, kinematics (motion) and stability were measured using 

cadavers" (Walker and Masse 1973).

(2) "Stress radiographical measurement of the anteroposterior, medial and lateral stability of the 

knee joint" (Jacobsen 1976).

(3) "The stability of eight fresh cadaveric knees was measured ..." (Markolf et al. 1979).

(4) "Instrumented measurement of knee instability" (Jacobsen 1981).

(5) "stability = ..." (Walker 1982).

(6) "Lateral instability (varus), medial (valgus) anterior and posterior (drawer), as well as rotatory 

instability can be measured" (Jacobsen and Iversen 1985).

(7) "... we have developed an apparatus to measure the anteroposterior stability of the knee ..." 

(Shino et al. 1987).

(8) "Measurement of stability of the knee and ligament force after implantation of a synthetic 

ACL" (More and Markolf 1988).

(9) "Two-times laxity factor meant twice the stability ..." (Walker 1988).

(10) "By applying various external loading conditions to a knee joint undergoing dynamic flexion 

and extension, dynamic stability can be directly measured" (Reuben et al. 1989).

(11) "The measurement of knee stability is now routinely ..." (Walker 1993).

(12) "Anteroposterior instability was measured with the KT-1000 arthrometer..." (Hillard-Sembell 

et al. 1996).

(13) "... more than ten millimeters of valgus instability" (Hillard-Sembell et al. 1996).

The main concern with the above citations is that, based on the scientific definition 

of stability, stability cannot be measured; it is neither a variable nor a parameter, 

and numerical values and units cannot be assigned to it. In fact, what was really
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measured in the studies cited above is the amount of femorotibial displacement 

that was brought about by the application of specified values of input forces and/or 

moments to the knee; not stability. In the past, an objection to the idea of 

measuring (or seeking to measure) knee stability has been raised by Seedhom 

(1989); but despite Seedhom's objection this idea still persists in the field of 

orthopaedics.

To rectify this anomaly, the current orthopaedic notion of instability of the knee will 

have to be brought into line with the more widely accepted scientific notions of 

stability and instability of systems. Once this has been done, well-tested scientific 

theories on the stability of systems can be directly applied to the knee.

Prediction of the stability of the knee is based on rules of thumb 

In the fields of engineering, physics and mathematics, the stability of a system is 

determined by means of criteria and techniques that have proven theoretical 

bases (Leipholz 1987; Huseyin 1975,1976,1978,1986; Jackson 1989; Thompson 

and Stewart 1986; Hagedorn 1988; Pippard 1988; Wiggins 1990). In contrast, in 

the field of orthopaedics, the prediction of whether or not a knee will be stable 

during activities of daily living is based on rules of thumb regarding the allowable 

extent of the anterior/posterior laxity, rotary laxity, or jump in the femorotibial 

configuration variables that is exhibited by the knee, when subjected to 

femorotibial input forces and moments (Insall 1993).

Thus, there may be a need for studying the stability of the knee by means of formal 

scientific theories on the stability and instability of systems, that can be found in 

the engineering, physics, and mathematics literature; rather than by means of 

rules of thumb. Also, there is a need for the development of methods for predicting 

the stability (or instability) of a given knee during activities of daily living.
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Clinical techniques for assessing the structural integrity of knees, and for 

predicting knees that are likelv to become markedly unstable during activities of 
daily living

The clinical tests that are employed in the manual investigation of the structural 

integrity of the knee can be classified as tests for detecting a ruptured anterior 

cruciate ligament (ACL), and tests for detecting a ruptured posterior cruciate 

ligament (PCL) (Kapandji 1987, Insall 1984). The major clinical tests for the 

detection of ACL rupture are the anterior drawer test, the Lachman test, the Losee 

test, the drawer test of Noyes, the Slocum test, the Lateral Pivot shift test of 

McIntosh, and the Jerk test of Hughston; while those for detecting PCL rupture are 

the posterior drawer test, the pivot shift reverse test, the lateral rotation-valgus- 

flexion test, the postero-lateral drawer test of Hughston, the lateral hyper-mobility 

test of Bousquet, and the recurvatum-lateral rotation test (Kapandji 1987, Insall

1984). Also, apart from the above clinical tests, the McMurray test, the Apley test, 

and the Steinmann test (Insall 1984) are used to assess the structural integrity of 

the menisci; and radiographical methods are sometimes used to determine the 

amount of femorotibial displacement that is brought about by standardized 

femorotibial forces and moments (Jacobsen 1981).

Some of the above tests involve a visible jump in the femorotibial configuration 

variables, and they are sometimes referred to as dynamic knee tests (Kapandji 

1987). These are, the Losee test, the drawer test of Noyes, the Slocum test, the 

Lateral Pivot shift test of McIntosh, the Jerk test of Hughston, the pivot shift reverse 

test, the lateral rotation-valgus-flexion test, the postero-lateral drawer test of 

Hughston, the lateral hyper-mobility test of Bousquet, and the recurvatum-lateral 

rotation test.

Traditionally the above tests are performed manually by clinicians; who estimate 

or measure the amount of femorotibial displacement and/or rotation that is brought 

about by the appiication of a force and a torque to the proximal tibia, relative to the
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femur. The manually-applied force is usually an anterior/posterior force, and the 

manually-applied torque is usually associated with internal/external rotation 

and/or varus/valgus rotation.

Although this manual approach has been very useful, it has more recently been 

recognized that the ciinicai examination of the knee by means of specially 

designed computer-assisted instruments and fixtures can be of great help in the 

acquisition of objective empirical data on knee behaviour, and that the use of 

clamps and fixtures can enhance the manipulation of the knees of obese patients, 

during clinical examination. This realization has led to the development of knee- 

testing systems such as the Genucom System (Oliver et al.1985, Highgenboten 

1986, Selsnick et al. 1986, Hendrey 1987, Maureen and Baxter 1987); the KT- 

1000 Arthrometer (Bach et al.1990, White et al. 1991); the Leeds Knee Analyzer 

(Dahlkvist and Seedhom 1990a,b); the knee-testing equipment presented by 

Daniel et al. (1985); and that presented by Shino et al. (1987). Other knee testing 

systems that can be found in the literature are Jacobsen's equipment for 

radiographic stress evaluation of the knee (Jacobsen 1981, Jacobsen and Iversen

1985); the Stanmore Laxitometer system, which was developed by this author as 

part of the empirical aspects of this thesis (Warren, Olanlokun et al.1994); and the 

Kneelax arthrometer (Siebel et al. 1995).

Two major concerns can be raised against these knee laxity testing systems. 

Firstly, the displacement transducers and fixtures have to be fastened onto the 

skin, not directly on the femur and tibia; such that as a result of soft-tissue 

deformation, it is difficult to avoid undesirable displacements of the transducers 

and fixtures. Secondly, for an anterior/posterior drawer force of ±100N, the range 

of anterior/posterior displacement of a pathological ACL deficient knee that is kept 

at about 20 to 30 deg. flexion is usually about 10 to 14 mm, and that of a normal 

knee is usually about 5 to 7 mm (Hsieh and Walker 1976; Markolf et al. 

1976,1979; Bach et al. 1990; Steiner et al. 1990; Wojtys et al. 1990; Warren,
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Olanlokun et al. 1994; Wada et al. 1996). Thus, the difference between the range 

of anterior/posterior displacement of a pathological ACL deficient knee and that of 

a normal knee, will usually be more than 4 mm. This difference can be easily 

spotted by the clinician's well trained eyes during manual examination of the knee.

The primary goal of the above clinical tests is to identify knees that are relatively of 

poor structural integrity when compared to normal knees, by estimating or 

measuring the amount of laxity and the extent of resistance posed to manually 

applied femorotibial forces and moments. After surgery has been performed on a 

knee, the results of the clinical tests have been widely used to predict whether or 

not the knee will give way during normal activities of daily living. The results of the 

tests have also been used to predict the nature of a knee's defect, prior to possible 

arthroscopy.

The major problem with current clinical practice regarding the prediction of 

stability and instability of the knee is that the link between excessive laxity of the 

knee, the jump that manifests during (so called) dynamic tests such as the pivot 

shift test, and the likelihood of a knee becoming unstable during activities of daily 

living, is not well understood. This situation calls for further biomechanical 

research.

Orthopaedic techniques for treating knees that frequently become markediv 

unstable durinc activities of daily living

In current orthopaedic practice, an ACL deficient knee that frequently becomes 

severely unstable during activities of daily living can be treated by any or a 

combination of the following methods: (i) replacement of a missing or defective 

ACL by a biological tissue (HeyG roves 1917, 1920; Jones 1963, 1970; Slocum 

and Larson 1968; Slocum et al. 1973, 1974a,b, 1976; Nicholas 1973; Macintosh 

1974; Cho 1975; Ellison et al. 1976; Losee 1978; Insall 1984); (ii) replacement 

of a missing or defective ACL by a prosthetic ligament (Insall 1984, Amis 1989); 

(iii) strengthening of knee muscles and the improvement of the patient's ability to
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control the muscles by means of physiotherapy; (iv) the passing on of advice on 

knee management to the patient.

Similarly, if a knee that has one or more prosthetic internal devices frequently 

becomes severely unstable during activities of daily living, it is treated by any or a 

combination of the following methods: (i) revision surgery involving repositioning 

or replacement of articular or ligamentous internal devices of the knee, 

(ii) strengthening of knee muscles and the improvement of the patient’s ability to 

control the muscles, by means of physiotherapy, (iii) the passing on of advice on 

knee management to the patient (Insall 1984).

Arthritic knees that frequently become unstable during activities of daily living are 

treated by: (i) surgical modification of mild articular defects of the knee; (ii) the 

replacement of highly defective articular surfaces of the knee by prosthetic 

articulations (Insall 1984).

Knees with inadequate musculature control will frequently become unstable 

during activities of daily living, and they are treated by: (i) the use of orthotic 

devices, (ii) the functional electrical stimulation of knee muscles, (iii) strengthening 

of knee muscles and the improvement of the patient’s ability to control the 

muscles, by means of physiotherapy.

Improvements can be made to current clinical solutions to the problem of 

instability of the knee, by systematically studying the fundamental basis of the 

problem. If the cause-effect chain that is associated with instability of the knee is 

adequately understood, then the formulation of a solution to the problem can 

proceed in a well-structured manner. In addition, a knowledge of the cause-effect 

chain that is associated with the instability problem can be used to carry out an 

appraisal of current solutions to the problem. In particular, improvements can be 

made to the design and surgical placement of articular internal devices of the
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knee, and the advice given to patients on the usage and management of the 

reconstructed knee.

1.3.2 A review of previous research-based empirical contributions to the 

understanding of knee stability and related issues

In the field of orthopaedic biomechanics, numerous research-based empirical 

studies have been focused on the understanding of the force (and torque) versus 

deflection behaviour of the knee. In those studies attention has been focused on 

knee laxity and knee stiffness; and how these two properties are influenced by 

specific ligaments, menisci, articular cartilage, prosthetic component design, 

prosthetic ligament design, and specific surgical techniques. Notable 

contributions made by these knee stability related studies are as discussed below.

The stiffness versus deflection curves and force (and torque) versus deflection 

curves, of normal knees and knees that have prosthetic articulations of the 

condylar type, have been experimentally obtained. Graphical results on the 

nonlinear stiffness characteristics of the knee have been obtained by means of an 

in-vitro study that was aimed at providing data for the finite element modelling of 

knee behaviour (Piziali et al. 1977). Graphical results on the stiffness and laxity of 

the knee at ±100N anterior/posterior drawer force level have been obtained by 

means of an in-vivo study (Markolf et al. 1978). In addition to these, graphical 

results on the anterior/posterior force versus deflection (and varus/valgus moment 

versus deflection) of knees that have condylar prostheses have been obtained by 

means of an in-vitro study (Markolf et al. 1979).

The rotational flexibility of the knee under the combined influence of a 

varus/valgus moment and an internal/external rotation producing torque, has been 

studied by Mills and Hull (1991), who showed that the interaction of varus/valgus 

moment and an internal/external rotation producing torque plays a major part in 

bringing about excessive femorotibial displacement, and excessive strain within 

the ligaments.
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The influence of articular compression on the force (and torque) versus deflection 

characteristics of the knee has been studied by Hsieh and Walker (1976), Markolf 

et al. (1981), and Shoemaker and Markolf (1985). It has been shown that the 

imposition of a femorotibial compressive load on the knee reduces the 

anterior/posterior laxity and rotary laxity of the knee (Hsieh and Walker 1976). it 

has also been shown that the imposition of such a compressive load on the knee 

generally increases the stiffness of the knee (Markolf et al. 1981). In addition, it 

has been shown that this type of compressive load can increase the stiffness of a 

ligament deficient knee, and reduce the laxity of the knee, for a specified value of 

the anterior/posterior drawer force (Shoemaker and Markolf 1985).

The effect of the conformity of the femoral and tibial articular surfaces, on the force 

(and torque) versus deflection characteristics of prosthetic condylar replacements 

of the knee has been studied by Walker and Hsieh (1977), Walker and Seitelman 

(1978), Walker and Wolf (1978) and Walker and Lawes (1980). Their results 

were presented in the form of: (i) anterior/posterior shear force per unit articular 

compression versus anterior/posterior displacement, (ii) internal/external torque 

per unit articular compression versus internal/external rotation. In these studies, it 

has been shown that an increase in the conformity of the femoral and tibial 

articular surfaces generally leads to a decrease in the anterior/posterior laxity, a 

decrease in the rotary laxity, and an increase in the stiffness of the knee; for 

specified values of the anterior/posterior drawer force and the internal/external 

rotation producing torque.

Some previous studies have shown that muscular defence can attenuate the 

laxity, and increase the stiffness, of the knee (Iversen et al. 1989, Olmstead et al. 

1986, Louie and Mote 1987).

All the previous knee deformation studies cited above have to do with knee 

stiffness (or stiffness-related issues), thus they are indeed knee-stability-related 

studies. However, they are not quite knee stability studies, because they did not
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proceed further to bridge the gap between their stiffness (or stiffness related) 

results, and the stability or instability of the knee. This is understandable, because 

some of the studies were not aimed at the subject of knee stability. However 

amongst the above knee deformation studies, all the studies that bear the word 

"stability" or "instability" in their titles can be said to have fallen short of reaching 

their goals.

Improvements can be made to some aspects of previous empirical investigation of 

knee stability, in the following areas.

Firstly, although jump-related techniques such as, the pivot shift test, and the jerk 

test of Hughston have been widely used by clinicians to assess the structural 

integrity of knees, the biomechanical cause-effect chain that leads to the jump 

phenomenon is still not well understood, despite the physiological explanations of 

Kapandji (1987), Matsumoto (1990), and others. Thus, it may be necessary to 

investigate this cause-effect chain by means of combined analytical and empirical 

techniques.

Secondly, the forces that act on the knee during critical activities of daily living 

such as standing, walking, and running are far more severe than those to which 

the knee is subjected during conventional “seated-patienf clinical examination. 

Thus, a modification of current knee-testing techniques may be needed.

But even after these improvements have been made, some serious limitations will 

still militate against all forms of experimental investigation of knee stability.

Firstly, every empirical 'proof of the stability of a knee rests squarely on the 

apparent absence of divergence, flutter and jump-related phenomena (that are 

indicative of pronounced instability of the knee), when the knee is subjected to 

standardized or random inputs. This may however not be satisfactory because 

absence of evidence on the existence of a phenomenon may not always imply an
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evidence on the absence of the phenomenon. In fact, instability of the knee may 

occur without being detected by the experimentalist.

Secondly, if special instruments are used to investigate the behaviour of the knee, 

any instability that is observed in the experimental output-variables should not be 

arrogated to the knee alone, but to the overall dynamical system constituted by the 

knee, the data acquisition equipment (including the computer), the transducers, 

and the soft-tissue layers that prevent the direct fixation of the transducers onto the 

femur and tibia. In fact, the instability observed in the experimental data may not 

be due to the knee at all, but to some of the other factors mentioned above. This 

situation represents a major set-back of empirical investigation of knee stability.

Lastly, several factors such as, gravitational forces, centripetal and centrifugal 

forces, inertia, elastic stiffness, load-dependent stiffness, configuration variables, 

system 'constants' and input load-parameters, determine the stability of the system 

constituted by the knee and its inputs; and it is difficult (if not impossible) to 

examine how all these factors affect the stability of the system, in a single 

experimental setting.

Based on these limitations, it may be advisable to carry out future knee stability 

studies by means of combined analytical and empirical techniques.

1.3.3 A review of previous contributions to the analytical study of knee 

stability

Although several analytical studies have been carried out on knee-stability-related 

issues such as the dynamics, static and quasi-static equilibrium, stiffness, and 

laxity of the knee (as to be reviewed in subsection 1.3.4), only three previous 

attempts at determining knee stability analytically can be found in the 

orthopaedics and biomechanics literature (Walker 1982, Delp et al. 1995).
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Writing on the biomechanical aspects of artificial Joints, Walker (1982) proposed 

two definitions on the stability of a prosthesis. Firstly, it was proposed that the 

stability or constrainment of a given prosthesis can be expressed in geometric 

terms as:

"Stability = rate of distraction per unit displacement"

And secondly, it was proposed that the stability of a prosthesis can be expressed 

in terms of applied forces as:

"Stability = . displacement   „
 ̂ displacing force x compressive force

A number of objections can be raised against these definitions. To start with, it is 

clear from a dimensional analysis that at least one of the two definitions is 

erroneous, because the right hand sides of two equations that have identical left- 

hand sides should not be of dissimilar units.

On a closer look, the two definitions may not be acceptable on the following 

grounds.

(i) The word stability is an uncountable noun that means the quality of being 

stable, and it belongs to the same class as the attributes goodness, attractiveness, 

appropriateness, etc. However, in the two definitions presented above stability 

has been treated as a variable or parameter. This is unsatisfactory because 

stability is neither a variable nor a parameter; it has no units and it cannot be 

measured.

(ii) In presenting the two definitions, the words constrainment and stability were 

used interchangeably. Perhaps the two definitions were intended to be of the 

form:

Stability related constrainment parameter 1 = rate of distraction per unit displacement 

and
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Stability related constrainment parameter 2 = —— ;— :— displacement— _— ------
displacing force x compressive force

(iii) Even when this kind of modification has been made, there will still be an 

additional need to establish the relationship between the parameters and the 

stability of the prosthesis.

The above pioneering attempts at studying knee stability analytically are 

speculative, and at variance with the scientific notion of the stability of a system 

that can be found in the engineering, physics and mathematics literature (Jackson 

1989, Leipholz 1987, Huseyin 1986).

More recently, Delp et al. (1995) presented a work on the stability of condylar 

prostheses that have a tibial spine and a femoral cam. For motion restricted to the 

sagittal plane, they used the kinematic computer model of a prosthetic articulation 

to monitor whether a posterior displacement of the tibia relative to the femur will (in 

the absence of soft-tissue restraints) cause total dislocation of the prosthesis, or 

bring about contact between the tibial spine and the femoral cam. They 

characterized the stability of the prosthesis by a geometrical parameter which they 

called 'the dislocation safety factor' (DSF). And they defined this parameter as the 

inferior/superior displacement of the top of the tibial spine relative to the bottom of 

the femoral cam, as measured parallel to the longitudinal axis of the tibia.

To determine the stability or instability of the prosthesis, they noted that if the 

condition DSF>0 is satisfied the bottom of the femoral cam will be below the top of 

the tibial spine; such that if the tibia is displaced posteriorly relative to the femur, 

attempts to cause dislocation of the prosthesis will be resisted (even in the 

absence of appreciable soft-tissue restraints). They also noted that if the condition 

DSF<0 is satisfied, the entire femoral cam will lie above the top of the tibial spine; 

such that if the tibia is displaced posteriorly relative to the femur, dislocation of the 

prosthesis is imminent (unless it is restrained by knee ligaments, muscles or 

external factors). In addition, for the case DSF>0, they noted that the larger the
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magnitude of DSF the less likely it is for the prosthesis to suffer a dislocation when 

the tibia is subjected to a posterior displacement relative to the femur.

They used the above scheme to investigate the effects of five design parameters 

on the propensity of a prosthesis to dislocate. These five parameters are, the 

height of the tibial spine, the anterior/posterior position of the tibial spine, the 

posterior radius of the femoral component, the anterior/posterior position of the 

femoral cam, and the distal/proximal position of the femoral cam.

The fundamental basis of the work of Delp et al. (1995) can be partially justified by 

a civil engineering theory on the geometric stability of structures, which states that 

a structure will be stable if every incipient displacement of its members is met with 

sufficient resistance (Tuma 1969). However, the work is of limited scope, and the 

approach presented in it can be misleading; as explained below.

Firstly, in the work, ligaments, muscle forces and external forces were not 

considered. Thus, in real life, dislocation of the knee will usually not occur even if 

the condition DSF<0 is satisfied. Secondly, in the work, anterior displacement of 

the tibia relative to the femur was not considered; and combined superior/inferior 

distraction and posterior displacement of the tibia relative to the femur was also 

not considered. For these two unconsidered cases, dislocation of the knee can 

still occur even if the condition DSF>0 is satisfied. Thirdly, only total dislocation of 

the knee was considered; subluxation of the knee (which is a more common 

orthopaedic problem) was not considered. Fourthly, the method employed in the 

work is highly dependent on the existence of a tibial spine and a femoral cam. 

However a vast number of prostheses do not have these features. Even for 

prostheses such as the 'Insall-Burstein PS' that have these features, the femoral 

cam does not come into contact with the tibial spine until the flexion angle 

exceeds about 75 deg. (Insall 1984).
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To avoid the shortcomings of the above attempts, an analytical study of knee 

stability can be carried out by applying well-tested stability-determining 

techniques to an analytically explicit mathematical model that satisfactorily 

describes the quasi-static or dynamic mechanical behaviour of the system 

constituted by the knee and its inputs. In this regard, two steps will be taken. In 

the next subsection, the major previous models on the dynamics and quasi-static 

behaviour of the knee will be reviewed. And in Chapter 2, methods that can be 

used to study the stability of systems will be reviewed, and some of these will be 

selected for the purpose of this work.

1.3.4 A review of previous models on the quasi-static and dynamic 

behaviour of the knee

In this subsection, a review of the major models on the quasi-static and dynamic 

behaviour of the knee will be carried out, with a view to identifying models that 

could be readily used to study the stability of knees that have prosthetic 

articulations. If no suitable model is found, the next line of action will be to 

develop some models on the quasi-static and/or dynamic behaviour of the knee 

from scratch. Other reasons for reviewing previous models on the quasi-static and 

dynamic behaviour of the knee are to acquire the commendable aspects of the 

previous models, and to identify the shortcomings of each model with the intention 

of avoiding them if new models on knee behaviour have to be developed.

Previous models on the quasi-static mechanical behaviour of the knee 

The major models on the quasi-static behaviour of the knee that can be found in 

the biomechanics literature are the spatial models of Crownishield et al. (1976), 

Piziali et al. (1977), Wismans et al. (1980), Andriachi et al. (1983), Essinger et al. 

(1989), Garg (1988), Blankevoort (1991), and Loch et al. (1992). Other major 

models are the planar models of Fitzpatrick and O'Connor (1989), Zavatsky and 

O'Connor (1992a,b), and Beynnon et al. (1996).
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Crownishield et al. (1976) presented an analytical model of the knee that directly 

took into consideration the femur, the tibia and the ligaments. They modelled the 

ligaments as a collection of spring elements, which they connected between the 

femur and the tibia. They then subjected the system constituted by the femur, the 

tibia and the ligaments to typical femorotibial motion, based on empirically- 

obtained data on the femorotibial motion of a normal knee. In effect, the 

contribution of the articular surfaces to femorotibial guidance was indirectly 

incorporated into their model by means of the empirically-obtained data. Their 

main result was presented in the form of tension in the ligaments versus 

femorotibial position variables. The basis of their work is that, by means of 

empirically obtained data on the femorotibial motion of a particular knee, the 

elongation of each of the knee ligaments (and thus the tension in each ligament) 

can be calculated as a function of the femorotibial configuration variables. One 

major set-back of their work is that it is only applicable to the particular knee from 

which the empirical data on femorotibial motion were obtained.

Piziali et al. (1977) applied the stiffness method of structural engineering to the 

modelling of knee stiffness. They approximated an empirically obtained 

nonlinear load versus deflection curve of the knee by a polynomial. They then 

differentiated the polynomial to obtain stiffness coefficients of the knee as a 

function of femorotibial displacement. The basis of the work of Piziali et al. (1977) 

is that the contributions of the articular surfaces, ligaments, musculature, and 

external force system to the stiffness of the knee can be modelled by a single 

nonlinear stiffness matrix that is a function of the knee's configuration variables.

Wismans et al. (1980) developed a three-dimensional model of the knee that 

featured the geometry of femorotibial articular surfaces, and the geometry and 

material properties of knee ligaments and capsule. They represented the 

femorotibial articular surfaces by polynomials, based on empirical data, and they 

modelled the ligaments and capsule as nonlinear springs. But they did not model
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the menisci. The inputs to their model were specified as a static resultant external 

force and a static resultant external moment. And the outputs were graphically 

presented in the form of; (i) anterior/posterior force versus deflection curves;

(ii) anterior/posterior femorotibial displacement versus flexion angle graphs, that 

showed femorotibial pathways for specified values of the anterior/posterior drawer 

force; (iii) the location of femorotibial contact points for specified values of the 

flexion angle and the external forces; (iv) the strain in each of the ligaments for 

specified values of the flexion angle. The basis of the work of Wismans et al. 

(1980) is that, by modelling femorotibial articular surfaces analytically, and knee 

ligaments as springs, a model of the knee can be assembled whose equilibrium 

characteristics under the influence of static input forces is equivalent to those of an 

identically loaded passive knee.

Andriacchi et al. (1983) developed a three-dimensional model of the knee that 

was based on the direct stiffness approach of structural mechanics. Their model 

featured the contribution of femorotibial articular surfaces, and knee ligaments, to 

the mechanical behaviour of the knee. They modelled knee ligaments as springs 

and beam elements. The geometric and material nonlinearities of the knee were 

incorporated into their model. Their results include a graph of varus stiffness 

versus flexion angle, and a graph of varus stiffness versus varus moment. The 

basis of the work of Andriacchi et al. (1983) is similar to that of Wismans et al. 

(1980) except for the fact that the former employed the finite element method.

Essinger et al. (1989) developed a three-dimensional model on the mechanical 

behaviour of knees that have prosthetic articular surfaces. Their model is based 

on the minimization of the total potential energy of the knee. And it took into 

consideration, a deformable tibial articular surface, a rigid femoral articular 

surface, body-weight, and rigid patellofemoral articular surfaces. For flexion 

angles that lie within the interval 0 to 120 degrees, they used the model to predict 

quadriceps forces, ligament forces, and femorotibial motion. Their work can be
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viewed as an analytical simulation that directly corresponds to the empirical 

studies of Kurosawa et al. (1985), Reuben et al. (1989), and Rovick et al. (1991). 

The bases of the model of Essinger et al. (1989) are that the knee can be 

modelled as an assembly of mechanical analogues, each of which is derived from 

the components of the real-life knee; and that the equilibrium of the knee occurs 

along a path of minimum potential energy.

The following observations can be made on the model of Essinger et al. (1989). 

Firstly, the actual equilibrium position of the knee will usually deviate from the 

minimum potential energy path, because of the effect of the work done by external 

forces and other control forces that were not modelled by Essinger et al. 

Secondly, for a highly nonlinear system such as the knee, the minimum potential 

energy path may not be unique. For example, there can be a bifurcation of the 

equilibrium path, such that two or more equilibrium positions may exist for the 

same value of the input force. Thirdly, in the model of Essinger et al. (1989), the 

total energy of the system constituted by the knee and its inputs was taken to be 

the sum of the elastic potential energy of the ligaments, gravitational potential 

energy of a mass that is mounted on the femur, deformation energy of the tibial 

articular surface, and the potential energy of the extensor mechanisms of the 

quadriceps. The kinetic energy of the system was understandably not taken into 

consideration because the study involved an equilibrium position. Nevertheless, it 

may have been better to refer to the energy function used in their study as the total 

potential energy of the knee, not the total energy of the knee. Finally, the total 

potential energy that was calculated by Essinger et al. is not an analytic function. 

This implies that for their model, algebraic manipulation cannot be employed 

beyond the early stages of the modelling process. Under such a situation, an 

early plunge into numerical analysis is inevitable.
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Despite the aforementioned limitations, the model of Essinger et al. (1989) is one 

of the few major works on knee modelling that employed an energy method in an 

arena of multibody system dynamics that is dominated by Newtonian mechanics.

Garg (1988), Garg and Walker (1990), and Walker and Garg (1991) presented a 

model on the geometry and quasi-static behaviour of the knee. They obtained 

data on the average three-dimensional geometry of the articular surfaces and 

ligaments of the knee, by sectioning twenty-three cadaveric knees. They also 

obtained data on knee motion via a separate cadaveric study. They calculated 

the internal forces of the knee joint during the stance phase of gait, by means of 

quasi-static equilibrium equations. However, they did not present the detailed 

form of the equilibrium equations. They employed the length of the posterior 

cruciate ligament as the criterion for maximizing the range of flexion of the knee. 

And they presented results that show how the range of flexion of the knee can be 

affected by the geometry and surgical placement, of prosthetic articular 

components.

The bases of the work presented by Garg and Walker (1990) are as follows:

(i) given the average geometry of the femoral condyle, the tibial condyle, and the 

major ligaments of the knee, a geometrical model of the knee can be established;

(ii) the permissible range of flexion of the knee model can be determined on the 

basis of the maximum permissible length of the posterior cruciate ligament;

(iii) optimum prosthetic articular surfaces of the knee can be synthesized by 

means of equilibrium equations and the posterior cruciate ligament based 

criterion mentioned above.

Some limitations of the model are as follows. Firstly, although averaging can help 

in arriving at the typical properties of a set of knees, it can also shroud the 

peculiarities of particular knees. For the purpose of designing prosthetic 

components, averaging will help in arriving at a finite number of sizes. In the 

understanding of knee mechanics however, there is an important place for the
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independent modelling of individual knees. Also, the criterion for determining the 

range of flexion of the knee was based on the maximum permissible length of the 

posterior cruciate ligament only. Perhaps a better option could have been to use 

the maximum permissible lengths of the intact ligaments of the knee.

Blankevoort (1991) presented a three-dimensional model on the motion of the 

passive knee. He modelled femorotibial articular surfaces by three-dimensional 

surfaces that were derived from experimental data. He modelled knee ligaments 

by nonlinear elastic line elements, and employed spatial external loads as inputs 

to the knee. In his model, deformation of the femorotibial articular surfaces was 

accounted for, but the menisci were not modeiled. He modeiled the femoral and 

tibial articular surfaces by polynomials, based on spherical and cartesian 

coordinates respectively. He then used the model in simulating the 

anterior/posterior drawer test and the varus/valgus laxity test among other 

findings. The basis of the work of Blankevoort (1991) is that, the real-life knee can 

be transformed into an assembly of analogues, from which an associated 

analytical model of the knee can be developed. And that the equilibrium of the 

knee can be determined by the force balance approach of Newtonian mechanics. 

The major limitation of Blankevoort's model is that (like Wismans et al.'s model) it 

is based on a meniscectomized knee.

Loch et al. (1992) presented a three-dimensional model on the contribution of a 

single ligament, such as the anterior cruciate ligament (ACL), to the joint motion 

and tissue forces of the knee. In their model the femur, the tibia, the ACL (or ACL 

graft), and articular cartilage were specifically modelled. All other components of 

the knee were modelled as a single structure, which they represented by a single 

empirically determined stiffness element. They modelled the ACL graft as a linear 

spring element, the femoral condyles as spheres, and the tibial plateau as a 

plane. In addition, they modelled the deformable articular cartilage in the 

neighbourhood of each of the femorotibial contact zones as a compression spring.
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Their results show the interdependence between tension in the ACL, cartilage 

stiffness, loads in other knee structures, and the knee's contact forces. They found 

that stiffer ACL grafts (and a reduction in the unstretched length of the graft) lead to 

higher contact forces. They also found that cartilage stiffness affects the load 

sharing between the knee's other components. The basis of the work of Loch et 

al. (1992) is that the knee can be modelled as the femur, the tibia, and a lumped 

deformable structural stiffness element, which represents the ligaments, articular 

cartilage, menisci and other soft tissues of the knee. The model of Loch et al. is 

based on the same underlying idea as the model of Piziali et al. (1977); and the 

additional hypothesis that the contribution of a particular ligament (the ACL) to the 

mechanical behaviour of the knee, can be determined by modelling the knee as 

two subsystems, namely the ACL, and all other components of the knee other than 

the ACL.

Major set-backs of this model are as follows, (i) It is well known that knee 

ligaments and ACL grafts behave like nonlinear spring elements (Trent et al. 

1976, Amis 1989). And it is also well known that a linear model cannot 

satisfactorily represent a nonlinear mechanical system when the nonlinear system 

is subjected to large displacement. Therefore, the assumption of a linear spring 

behaviour is an unnecessary simplification, since nonlinearity could have been 

incorporated into the model without much additional analytical rigour. A better 

approach to that adopted by Loch et al. (1992) could have been to model the 

nonlinear behaviour of knee ligaments, model the nonlinear behaviour of the 

knee, and then present a linearized form of the latter; if need be. (ii) Because only 

one equilibrium position was studied by means of the model, anterior/posterior 

force versus displacement curves were not presented, (iii) Lastly, the model did 

not feature the resultant inferior/superior femorotibial force that acts along the 

direction of the longitudinal axis of the tibia.
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Fitzpatrick and O'Connor (1989) presented a planar model on the femorotibial 

drawer test. They modelled the femur, the tibia and the cruciate ligaments as a 

four-bar linkage. They represented the sagittal profiles of the tibia condyles by a 

line (as an approximation of the convex sagittal profile of the lateral tibial condyle 

and the concave sagittal profile of the medial tibial condyle). Their formulation 

involves a statically indeterminate problem, which they solved via the finite strain 

theory. They employed a linear elastic approximation in computing ligament 

stresses. They calculated ligament forces based on the stresses and cross- 

sectional areas of the ligaments. They then obtained an analytical expression that 

describes the anterior/posterior drawer force versus anterior/posterior 

displacement of the knee, for specified angles of flexion. The results of their 

model-based study were presented in the form of: (i) anterior cruciate ligament 

force versus flexion angle curves, (ii) applied load versus anterior tibial 

displacement curves, (iii) anterior cruciate ligament force (and medial collateral 

ligament force) versus anterior tibial displacement curves, (iv) anterior laxity 

versus flexion angle curves.

Zavatsky and O'Connor (1992a,b) modelled the guidance of the femur relative to 

the tibia (in the sagittal plane) by means of a four-bar linkage that is formed by the 

femur, the tibia, and selected cruciate ligament fibres. These selected fibres were 

assumed to be isometric links; and other ligament fibres were connected between 

the femur and tibia as an ordered array of fibres. They calculated the strain in 

each of these other fibres, for specified values of anterior/posterior displacement 

of the tibia relative to the femur. They presented their equations in detail, although 

not as a compact set of algebraic equations. They presented graphs showing:

(i) the effect of anterior translation of the tibia on the ligament length versus flexion 

angle characteristics of the knee, (ii) anterior/posterior drawer forces versus 

anterior/posterior displacement curves, (iii) how the magnitude of the ACL force 

per unit anterior/posterior drawer force varied with the flexion angle, for specified 

values of anterior/posterior tibial translation.
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The limitations of the above four-bar linkage models are that they rely heavily on 

the existence of a neutral (isometric) fibre within each cruciate ligament, and the 

ability to accurately pinpoint the locations of these neutral fibres. In addition, to 

use any of the models to study the behaviour of knees that have condylar 

prostheses; the sagittal profile of the tibial articular surfaces will have to be 

modelled as a concave arc, not a straight line. Furthermore, the four-bar linkage 

models cannot be readily applied to knee prostheses that do not preserve both 

cruciates.

Recently, Beynnon et al. (1996) presented an analytical model on the quasi-static 

behaviour of the tibio-femoral articulation and the cruciate ligaments in the sagittal 

plane. They investigated the motion of the tibia relative to the femur, with the thigh 

kept in the horizontal plane. Their model is based on the same underlying 

analytical technique as the spatial model of Wismans et al. (1980). They 

considered the femoral and tibial articular surfaces to be rigid, and they 

represented each cruciate ligament by two nonlinear elastic elements. They 

represented the effective sagittal profile of the femoral articular surfaces by an 

ellipse as done by Yamaguchi and Zajac (1989). And they represented the 

effective sagittal profile of the tibial articular surface by a second order polynomial 

that was derived from the lateral tibial articular surface. Based on this 

representation, they presented the kinematic constraint equations of the knee as 

five independent scalar equations, with seven variables. Their graphical results 

were presented in the form of: (i) strain within the cruciate ligaments versus flexion 

angle; (ii) tension within the cruciate ligaments versus flexion angle; (iii) pathway 

of the instantaneous centre of rotation and corresponding locations of tibio

femoral centre of contact; (iv) anterior/posterior drawer force versus displacement 

curves of the knee for 0, 20 and 90 deg. flexion. Their work featured an extensive 

sensitivity analysis, with which they demonstrated how small changes in the input 

parameters and 'constants' of the knee can affect knee behaviour.
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Regarding the suitability of the model of Beynnon et al. (1996) for the purpose of 

this thesis, questions can be raised about the following issues. First, in modelling 

tibio-femoral articular guidance, only the (convex) sagittal profile of the lateral 

tibial articular surface was considered. The influence of the (concave) sagittal 

profile of the medial tibial articular surface was not taken into consideration. 

Secondly, the equilibrium equations were not presented in detail; and the 

algebraic relationship between the anterior/posterior force, the tibio-femoral 

configuration variables and the system constants, was not presented as a compact 

algebraic formula.

Previous models on the dynamics of the knee

The major models on the dynamic behaviour of the knee that can be found in the 

biomechanics literature are the planar models of Moeinzadeh et al. (1983), 

Wongchaisuwat et al. (1984), Tumer et al. (1991), and Abdel-Rahman and Hefzy 

(1993). In addition to these, a general model on the dynamics of an articulating 

joint was presented by Moeinzadeh and Engin (1983); and an approach to the 

solution of the highly nonlinear dynamics problems associated with joint 

biomechanics was presented by Engin and Tumer (1991). All of these were 

carried out by a group of researchers who are associated with Ohio State 

University, Columbus Ohio.

Moeinzadeh et al. (1983) developed a two-dimensional model on femorotibial 

dynamics in the sagittal plane, via a Newtonian formulation. Based on information 

derived from radiographs, they described femorotibial articular geometry by 

means of polynomials. They modelled knee ligaments as nonlinear elastic 

springs. They then derived nonlinear equations of motion and nonlinear 

constraint equations of femorotibial motion. They approximated time derivatives 

by Newmark difference formulae and solved the resulting nonlinear algebraic 

equations numerically by means of the Newton-Raphson method. They then 

used their model to predict the mechanical response of the knee, under the
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influence of time-dependent input-forces that are applied to the centre of mass of 

the tibia. Two types of inputs were considered, namely rectangular pulses and 

exponentially decaying pulses. They presented graphical results on the time 

histories of the flexion angle, calculated ligament forces, and calculated locations 

of the femorotibial contact point. Their model did not feature the contribution of 

frictional forces to knee dynamics.

Abdel-Rahman and Hefzy (1993) presented a model on knee dynamics that 

differs from the model of Moeinzadeh et al. (1983) by the inclusion of additional 

ligament fibres, and the representation of the sagittal profile of the femoral articular 

surfaces by a circular arc.

Wongchaisuwat et al. (1984) presented a dynamic model on the control of the 

knee in the sagittal plane; based on a Newtonian formulation. They examined the 

role of primary ligaments of the knee as a system of controllers. They represented 

the femoral condyles by an elliptical profile, and represented the tibia! articular 

surfaces by a straight line. Their study was focused on small free oscillations of 

the shank and foot about the knee, relative to a grounded horizontally positioned 

femur, with the shank and foot lying below the knee in a gravitational environment. 

They presented results on the time histories of anterior/posterior and 

inferior/superior displacement of the tibia relative to the femur, flexion angle, 

calculated muscle forces, and contact reaction. They concluded that the stability 

of the knee is provided mainly by ligaments and muscles.

Wongchaisuwat et al. (1984) did not incorporate the curvature of the tibial articular 

surfaces into their model. Furthermore, damping was not included in their model, 

although it could have been easily included. In addition, free oscillation of the 

shank and foot below the knee and a grounded horizontally positioned femur, is 

not representative of the usual, or critical, mode of utilization of the knee.
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Also, the equations of motion used by Wongchaisuwat et al. (1984) were 

linearized, which implies that the end results are only relevant to small oscillations 

of the tibia about an equilibrium position.

Tumer et al. (1991) presented a two dimensional model of the knee that featured 

the femur, the tibia, the patella, femorotibial articulation, and femoro-patellar 

articulation. Their work followed in the steps of Moeinzadeh et al. (1983) but 

differed by the inclusion of the patello-femoral articulation, and the numerical 

method employed in the solution of the system's equations. Their model is also 

based on a Newtonian formulation.

It can be noted that all the models of knee dynamics that were discussed above 

are based on the Newtonian formulation, although some other methods offer 

some advantages over the Newtonian formulation under certain circumstances. 

Ten methods that can be used to develop the dynamic equations of motion of a 

multibody system such as the knee are the Newtonian formulation, the 

Hamiltonian formulation, the Lagrangian formulation, the Gibbs Appel principle, 

the Work-energy principle, the Impulse-momentum principle, the Virtual-work 

principle, the Boltzman-Hamel equations and Kane's equation (which is also 

called the principle of virtual power) Huston (1990).

Suitability of the models reviewed above for the purpose of this thesis 

One of the reasons for carrying out the review presented in this section was to 

explore the possibilities of using some of the existing models as they are, to study 

the stability of knees that have prosthetic articulations in this thesis. A suitable 

model for this purpose should be analytically explicit (with several aspects of knee 

behaviour described by means of algebraic formulae); and should be general 

enough to cater for different kinds of knee prostheses. In addition, to be able to 

show the connection between instability of the knee and other aspects of knee 

behaviour, the model should preferably belong to a set of inter-related knee 

models that deal with different issues of knee mechanics such as work, energy.
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statics, dynamics, force versus deflection characteristics, stiffness, control and 

stability. None of the above quasi-static and dynamic knee models fully satisfies 

these requirements. Thus, there is a need for the development of models on the 

quasi-static equilibrium (or dynamic behaviour) of knees that have prosthetic 

articulations, for the purpose of this thesis.

1.4 Strategy and scope of the thesis

Strateov of the thesis

To overcome the shortcomings of previous work that were identified in the 

literature-review of section 1.3, the following steps will be taken.

A combined analytical and empirical approach will be employed in this thesis. 

Femoro-tibial motion will be considered to be restricted to the sagittal plane, and 

the principal type of instability of the knee that will be studied is the instability of 

anterior/posterior equilibrium of the knee. Stability determining methods of the 

fields of engineering, physics and mathematics will be reviewed, and methods that 

are suitable for studying the stability of the knee will be selected. Next, a set of 

inter-related models will be developed on the kinematics, energy, quasi-static 

force versus deflection, stiffness and stability of knees that have prosthetic 

articulations. In doing this, a Lagrangian formulation will be employed; because 

such a formulation is usually more suitable than a Newtonian formulation, in the 

modelling of the mechanical behaviour of a multibody system that has one or 

more deformable bodies (Wells 1967, Rivin 1988, Sandor and Erdman 1984).

Scope of the thesis

In this chapter, the nature and scope of the problem under study has been 

established. A critical review of the state of the art has been carried out, and a 

direction in which this study can proceed has been identified. In Chapter 2 

methods that can be used to study knee stability will be reviewed, and methods 

that are considered suitable for the realization of the goals of this thesis will be
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selected. In Chapter 3 the methodology of this thesis will be presented. The 

Chapter will cover the representation of the system that is under study, and the 

derivation of algebraic expressions that determine the anterior/posterior stability of 

knees that have prosthetic articulations. In Chapters 4 graphical results on the 

stability of the anterior/posterior equilibrium of knees that have prosthetic 

articulations will be presented. In Chapter 5 the validity of the knee stability 

models will be scrutinized. In Chapter 6 the principles, relationships and 

generalizations shown by the results, the limitations of this work and how this work 

has advanced the subject of knee stability will be discussed. And in Chapter 7, 

the principal conclusions of this work and recommendations for future work will be 

presented.

Details on the derivation of all equations are presented in the Appendices.
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Chapter 2

A review of methods that can be used to study the stability of systems 

and selection of methods for studying the stability of the knee

2.1 Review of analytical methods for studying the stability of systems

Some of the major analytical methods and criteria that are used to study the 

stability of systems in the fields of engineering, physics and mathematics are 

the classical energy method, the modified energy method, the static criterion, 

the kinetic (Borchardt) criterion, the kinetic (Hurwitz) criterion, catastrophe 

theory, Huseyin's multiple-parameter stability theory, Lyapunov's methods, the 

phase space method and a theory on the stability of systems with impulse 

effects. Further details on these techniques and their suitability for studying 

knee stability, are presented below.

Classical energy method (for conservative scleronomic systems)

The classical energy method (Leipholz 1987, Arya 1990) is based on the 

principle of virtual work, and the additional consideration that: (i) a system will 

be stable at a given equilibrium position, if all possible small displacements 

away from the equilibrium position lead to significant consumption of energy;

(ii) that the system can be expected to be unstable at the given equilibrium 

position, if a small displacement away from the equilibrium position leads to a 

significant release of energy. In the first case incipient displacement away 

from the equilibrium position will be resisted, while in the second case 

incipient displacement away from the equilibrium position will be assisted.

The classical energy criterion stipulates that for a given equilibrium position q, 

a system will be stable if its total potential evergy V is minimum; it will be 

unstable if V is maximum; and it will be of neutral equilibrium if V corresponds 

to a point of inflection. In other words, if det[9^V/9q2]>0, the system is
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declared stable; if det[9^V/9q^]<0, the system is declared unstable; and if 

det[92V/9q2]=o the system is declared to be at its stability boundary.

Although the classical energy criterion is applicable to the determination of 

the stability of conservative systems, it may not hold for some non

conservative systems (Leipholz 1987). Thus, the use of the method as a valid 

means of studying knee stability is contingent upon the knee and its inputs 

being a conservative (or slightly non-conservative) system.

Modified energy criterion (for non-autonomous non-conservative systems)

A modified form of the energy criterion that can be used to determine the 

stability of non-autonomous non-conservative systems can be found in the 

literature (Leipholz 1987). The method takes into consideration the system's 

Hamiltonian, generalized impulses and non-conservative generalized forces; 

and is particularly suitable for vibrating systems. For static or quasi-static 

conservative systems, this criterion is reduced to the classical energy criterion.

Static criterion (equilibrium method)

The static stability criterion is based on the classical equilibrium method, and 

it can be used to study the stability of equilibrium of a system, for situations 

under which the system is subjected to small displacements away from a 

specified equilibrium position (Leipholz 1987).

The equation that describes the behaviour of a linear conservative 

mechanical system that is kept under equilibrium can be expressed as 

[K]{q}=0, where K is an nxn overall stiffness matrix that is derived from elastic 

forces, gravitational forces, and applied loads; and q is a Ixn vector of system 

configuration variables. The trivial equilibrium solution of this system can be 

stated as, det[K]#0, (q}=0; while the non-trivial equilibrium solution can be 

expressed as, det[K]=0, {q}#0. The static criterion stipulates that if non-trivial
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equilibrium positions exist adjacent to an original equilibrium position of a 

linear conservative system, the operating point of the system can shift from an 

original equilibrium position to nearby equilibrium positions without 

appreciable hindrance, even when the input forces are kept constant.

If the condition det[K]=0 is satisfied, the system will offer no resistance to 

incipient motion (because of its zero effective stiffness). It will be of neutral 

equilibrium, and it will be at its static stability boundary i.e its buckling-point. If 

the condition det[K]>0 is satisfied, the system will resist incipient motion 

because of its positive effective stiffness, and it will be statically stable. If the 

condition det[K]<0 is satisfied, the system will assist incipient motion, because 

of its negative effective stiffness, and it will be statically unstable.

The static criterion holds for conservative systems (and systems that are 

slightly non-conservative); and it can thus be used to study the stability of 

equilibrium of the knee, whenever the system constituted by the knee and its 

inputs is conservative or mildly non-conservative. For conservative systems, 

the static criterion leads to the same result as the classical energy method.

Kinetic criteria (of Borchardt and Hurwitz)

Some objections have been raised about the applicability of the classical 

energy method and the static criterion to some systems (Hamel 1949, Shield 

and Green 1963, Leipholz 1987). It has been shown that these methods may 

not be suitable for studying the stability of some non-conservative systems 

(Ziegler 1968). To overcome this problem, Ziegler recommended the use of 

the kinetic approach.

In the kinetic approach, the disturbed motion that follows the small 

displacement of a system from an equilibrium position is studied. If this 

motion remains bounded at all times, the equilibrium state under study is
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stable. Otherwise, it is unstable. Two major kinetic stability criteria that can 

be found in the elastomechanics literature are the kinetic (Borchardt) criterion 

and the kinetic (Hurwitz) criterion (Leipholz 1987). Kinetic (Borchardt) 

criterion can be used to study the stability of a system if damping is negligible; 

and kinetic (Hunwitz) criterion can be employed if damping is appreciable.

Following from the above background, if it is shown that the system 

constituted by the knee and its inputs can be highly non-conservative, the use 

of the static criterion alone may not suffice as a means of determining knee 

stability; and there may be the additional need to employ a kinetic criterion.

Catastrophe theory

Catastrophe theory is a theory on sudden changes (Jackson 1989; Thom 

1969,1975,1977); and it can be used to study the stability of highly nonlinear 

systems that lose their stability via bifurcation of equilibrium or singularity- 

related jumps. According to this theory, as the operating point of a system in 

state/parameter space approaches certain critical regions, it is possible for a 

jump in the state variables of the system to occur even when the input 

parameters are slowly varied. Such critical regions constitute the catastrophe 

set of the system. Catastrophe theory is closely linked with the structural 

stability of systems, and it is most applicable to gradient systems and quasi

static systems.

To study singularity-related instability of a gradient system by means of 

catastrophe theory, the system's differential equation(s) can be expressed in 

the form:

- ^  = - V E(qk,c), k =1,2,...n; (2.1)
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where qi< are the state variables, c is a vector of input parameters, n is the 

number of state variables, the notation V denotes thè gradient operator ;

and E(qk,c) is a potential energy function that is derived from the system's 

elastic, gravitational, and applied forces.

Next, the equilibrium equations of the system can be written as:

V E(qk,c) = 0 (2.2)

and an elementary catastrophe set k  can be defined as the set of operating

points of the system in state/parameter space that simultaneously fulfil the two 

conditions:

■ 02E(i) V E(qk,c) = 0, = 0 (2.3)aqi3qj

To study singularity-related instability of a quasi-static system by means of 

catastrophe theory, the equations of the equilibrium surface of the system can 

be expressed as:

^  ■ Q q m  =  0 ,  (2.4)

And the catastrophe set of the system can be defined as the set of operating 

points within the equilibrium surface that satisfy the additional condition:

02v  90m = 0 (2.5)9qm9qn 9qn

where V is the system's potential energy (which is derived from gravitational 

and elastic forces); Qm are generalized forces that are derived from external 

forces; and qi, qa, ... are the system's configuration variables.

Catastrophe theory can be used to study the stability of critical equilibrium 

states of the knee, whenever the system constituted by the knee and its inputs 

is functioning as a gradient system or a quasi-static system.
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The multiple-parameter stability theory (of Koncay Huseyin)

The multiple-parameter stability theory (Huseyin 1975,1976,1978,1986) is a 

theory on the stability of systems with several parameters; it was originally 

developed for potential systems, but has been modified to cater for 

autonomous systems. This theory differs from catastrophe theory in two ways. 

Firstly, a single slowly varying control parameter is considered in the original 

catastrophe theory, whereas a slowly varying parameter vector is considered 

in the multiple parameter stability theory. Secondly, the multiple parameter 

stability theory was developed from a civil engineering perspective while 

catastrophe theory was developed from the mathematical theory of 

discontinuities (Andronov and Pontryagin 1937; Thom 1975).

For the multiple parameter stability theory, an autonomous system of the form:

^  = X(x,T|) (2.6)

is considered, where x is a vector of state variables, and ti is a vector of 

system parameters. Then an equilibrium surface is defined by means of the 

equation X(x,r|) = 0, and the path along which the system's parameters evolve 

is prescribed by means of a scalar function of the parameters. For this 

method, the underlying principle for determining the stability of a system is 

based on the position of the eigenvalues of the system as for the static and 

kinetic criteria of elastomechanics. The equilibrium surface of the system may 

consist of stable, unstable, and critical states.

Both static instability and dynamic instability of a mechanical system can be 

studied by means of the multiple parameter stability theory. Thus, the method 

can be used to study the stability of the knee.
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Lyapunov's methods

Lyapunov's stability theory (Lyapunov 1892, La Salle and Lefschetz 1961, 

Liapunov 1966, Leipholz 1987, Hagedorn 1988) has been widely used in 

clarifying the stability (and instability) of systems.

The basic theory of differential equations can be used to determine the 

stability of systems whose differential equations can be solved in closed form. 

However, for highly nonlinear systems and for nonlinear time-invariant 

systems, closed form solutions may be cumbersome or impossible to find. To 

cater for this difficulty, Lyapunov developed two stability determining methods.

Lyapunov's first method (the method of first approximation)

To use Lyapunov's first method to investigate the stability of a nonlinear 

nonautonomous system whose differential equation is of the form:

^  = G(x,t), (2.7)

the following steps are followed.

(i) A series expansion of the nonlinear nonautonomous equation that is of the 

form:

dx
= A(t)x + e(x , t) (2.8)

is obtained. This is usually a Taylor series expansion.

(ii) The series expansion is then solved to obtain a series solution.

(iii) From the series solution, the stability of equation 2.8 is established.

(iv) Then, by means of one of Lyapunov's theorems (theorem 5 in Leipholz 

1987), an investigation is carried out to determine whether the stability of 

equation 2.8 implies the stability of equation 2.7. If this is so, the stability 

investigation is complete; otherwise, a different stability determining method 

may have to be sought.
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A major set-back of Lyapunov's first method is that it may be difficult, or even 

impossible, to obtain the solutions on which this method depends. 

Nevertheless, the method has served as the basis for proving the validity of 

the static criterion, the energy criterion, and some other stability determining 

criteria.

Lyapunov's second method (the direct method)

Lyapunov's second method can be used to determine the stability of the trivial 

solution of an equation of the form:

^  = G(x,t) without obtaining a general solution, and without any mandatory

need for approximations (such as the Taylor series expansion). With this 

method the integration of the system's differential equations (a cumbersome 

or sometimes impossible task) can be avoided.

To use Lyapunov's second method to investigate the stability of a nonlinear 

nonautonomous system whose differential equation is as stated in equation 

2.7, the following steps are usually followed.

(i) A Lyapunov function is prescribed.

Any real scalar function V(x,t) of the vector x and time t, that is continuous with 

its partial derivatives in a region D containing the origin, is a Lyapunov

function if it is positive definite within region D, and its time derivative

is negative semi-definite within D. For a mechanical system, the total 

potential energy function or some other energy related expressions can 

usually be employed as a Lyapunov function.

(ii) A verdict on the system's stability is sought by means of Lyapunov's 

stability theorems or Lyapunov's instability theorem (Hagedorn 1988).
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A major set-back concerning the use of Lyapunov's second method in 

carrying out an analytical study of knee stability is that the whole undertaking 

depends on being able to find a Lyapunov function. There is no standard 

procedure for finding such a function, and the search for one may be 

extensive, time wasting or totally unfruitful. To compound things further, 

inability to find a Lyapunov function does not imply instability.

Phase space method

A phase space is a multidimensional space whose coordinates are the 

variables that are required to fully specify the state of a system (Moon 1987, 

Pippard 1988, Hagedorn 1988, Wiggins 1990). To carry out an analytical 

investigation of the stability of a system in phase space, the following 

procedure is usually followed; (i) A set of first-order differential equations that 

satisfactorily describe the system's behaviour is obtained, (ii) The stationary 

points of these differential equations are determined, (iii) The nature of the 

stationary points is assessed to know whether they are simple or non-simple 

(a simple stationary point is one for which the Taylor series expansion is 

dominated by the linear term; and a non-simple stationary point is one for 

which the nonlinear terms contribute appreciably to the Taylor series 

expansion), (iv) Nonlinear variational equations are derived for any non

simple stationary points, (v) By means of appropriate variational equations 

and the isocline method, phase curves are plotted in the neighbourhood of 

each non-simple stationary point, (vi) Finally, the stability of each of the 

system's stationary points is determined by inspecting the geometry of the 

phase curves.

In an experimental setting, the stability of the knee can be studied by 

comparing the unperturbed phase curves of the knee with the phase curves 

that are obtained when perturbations are imposed on the steady motion or
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equilibrium of the knee. Thus, the phase space method can be used to 

determine the stability of small and large oscillations of the knee during 

activities of daily living; such as running and jumping.

However, there can be a problem with attempting to study knee stability 

analytically in phase space, because the required intermediate integrals and 

analytical solutions may be difficult (or impossible) to find.

Theory on the stability of systems with impulse effects

In most stability theories continuity of dynamical evolutionary processes is 

assumed. Also, the inputs of a system are usually assumed to be smooth 

functions of time and/or the system's generalized coordinates. These 

assumptions may not be valid for systems with impulse effects.

A system with impulse effects is one whose evolutionary processes undergo 

rapid changes. To model the dynamical behaviour of such a system 

mathematically, the duration of the rapid change can be ignored, and the 

system can be assumed to have changed its state by jumps.

The development of a satisfactory theory on the stability of systems with 

impulse effects is a current frontier of stability studies (Bainov and Simeonov 

1989). Therefore, the theory may not be ripe for application to practical 

problems such as instability of the knee.

A qualitative method that can be used to predict the stability of some 

mechanical systems

A qualitative method for predicting the stability of a statical structure can be 

found in the structural engineering literature (Tuma 1969). The method 

involves the geometrical stability of a structure, as explained in the following 

quotations:
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(i) "A structure is geometrically stable if for any incipient movement a 

resistance to this movement is developed. This requires the presence of at 

least three non-concurrent, non-parallel forces" (Tuma 1969).

(ii) "A structure that has a sufficient number of reactions but incorrectly placed 

for stability is geometrically unstable" (Tuma 1969).

This qualitative method can be used to explain why anterior cruciate ligament 

deficient knees frequently become unstable during activities of daily living; 

because absence of this ligament leads to a marked reduction in the 

resistance to incipient anterior displacement of the tibia relative to the femur. 

The method can also be used to assess the adequacy of surgical techniques 

that are used to repair (or replace) knee ligaments. However, because of its 

qualitative nature, the method cannot provide quantitative and detailed 

analytical information on instability of the knee.

2.2 Review of empirical methods for studying the stability of systems

The goals of an empirical study of knee stability can be to 'capture' numerical 

data on the phenomenon of instability of the knee, to graphically display the 

data, and to establish the physical characteristics of the phenomenon. 

Alternatively, in the absence of instability of the knee, the goal may be to 

obtain data on the relative stability of the knee.

An empirical study of the stability of the knee can be carried out in two stages. 

First, experimental data on the time histories of the femorotibial configuration 

variables and input forces can be collected, while the passive knee is 

subjected to critical loading and femorotibial motions that are representative 

of what happens during critical activities of daily living. Then, the data can be 

analyzed to determine whether instability of the knee has occurred. The data
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can also be analyzed from the point of view of relative stability of the knee. 

Further details on how these goals can be realized are presented below.

(i) To empirically investigate the occurrence of buckling of the knee when the 

knee is subjected to small femorotibial displacements about an equilibrium 

position; one can, guided by the static criterion, search for empirical evidence 

on static instability (divergence). The overall stiffness det[K] of the system 

constituted by the knee and it inputs, can be obtained from empirically- 

obtained load versus deflection curves, for specified values of the femorotibial 

configuration variables and input forces. But care should be taken to 

incorporate the contributions of gravitational forces and input forces into this 

overall stiffness. At regions of the load versus deflection curve where the 

overall stiffness det[K] of the system is negative, the system must have been 

unstable; at regions where the overall stiffness det[K] is positive, the system 

must have been stable; and at regions where the overall stiffness det[K] is 

zero, the system must have been at its stability boundary.

To empirically determine the degree of relative static instability of the knee for 

specified inputs; one can establish how close det[K] is to being negative.

(ii) To empirically investigate the occurrence (or absence) of flutter of the 

knee, when the knee is subjected to small femorotibial oscillations about an 

equilibrium position one can, guided by kinetic (Borchardt) criterion and 

kinetic (HunA/itz) criterion, search for empirical evidence on kinetic instability 

(i.e., oscillations whose amplitude grow with time).

(iii) To empirically investigate the occurrence of jumps in the femorotibial 

configuration variables when the knee is subjected to large femorotibial 

displacements, one can (guided by catastrophe theory or the multiple 

parameter stability theory) search for empirical evidence on jumps that are 

disproportionate to slowly-implemented changes in input forces.
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(iv) To empirically investigate the occurrence (or absence) of oscillatory 

instability of the knee when the knee is subjected to large femorotibial 

oscillations; one can, guided by the phase space method, search for empirical 

evidence on large fluctuations in phase space.

However, some limitations militate against an empirical study of knee stability, 

as already discussed in Subsection 1.3.2 of Chapter 1. Thus, empirical 

investigation of knee stability should, as much as possible, be combined with 

related analytical investigations.

2.3 Selection of methods

Based on the scientific literature on the stability of systems (Huseyin 1986; 

Leipholz 1987; Hagedorn 1988; Jackson 1989; Wiggins 1988, 1990), it can 

be expected that any multibody system that has the features of the system 

constituted by the knee and its inputs may exhibit two main types of 

instabilities, namely static instability and dynamic instability. Thus studies of 

knee stability can be focused on two main issues, namely the stability of a 

given equilibrium state of the system constituted by the knee and its inputs, 

and the stability of a given motion of the system.

Following from the review presented in Section 2.1, the analytical methods 

that can be used to study the stability of equilibrium of the knee are the 

classical energy method, the static criterion, catastrophe theory, and the 

multiple parameter stability theory. Furthermore the kinetic criteria of 

Borchardt and Hurwitz, can be used in conjunction with the static criterion, if 

the system constituted by the knee and its inputs is found to be highly non

conservative.

Again, based on the review presented in Section 2.1, the analytical methods 

that can be used to investigate the dynamic stability of the knee are the
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modified energy method, the kinetic criteria of Borchardt and Hurwitz, the 

multiple parameter stability theory, Lyapunov’s methods, the phase space 

method, and the theory on the stability of systems with impulse effects.

However, the widely reported orthopaedic problem of instability of the knee 

involves subluxation of the femur relative to the tibia (Insall 1984); rather than 

oscillatory femorotibial motion whose amplitude grows to large values with 

time. Consequently, of the two knee stability issues stated above, only the 

stability of equilibrium of the knee is pertinent to the goals of this thesis. Thus, 

analytical methods that can be used to study the orthopaedic problem of 

instability of the knee can be listed as: the classical energy method, the static 

criterion, catastrophe theory and the multiple parameter stability theory.

For a quasi-static study of the static stability of a conservative system, these 

four criteria will lead to identical results. Thus, for situations under which the 

system constituted by the knee and its inputs is conservative (or slightly non

conservative), any of the four criteria can be used to study the stability of 

equilibrium of the knee. The central strategy here will be to identify regions of 

the knee’s configuration/load-parameter space at which the effective stiffness 

of the system constituted by the knee and its inputs is positive, zero or 

negative. These regions can then be declared as regions at which the knee 

will be of stable equilibrium, neutral equilibrium, or unstable equilibrium 

respectively.

Experimental investigation of instability of the knee can be guided by the four 

analytical techniques that were selected above.
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Chapter 3 Methodology employed in this work

The methodology employed in this work can be described in five stages. The first 

stage involves the representation of a wide range of knees that have prosthetic 

articulations, by a generalized mechanical analogue. The second stage involves 

the development of models on the quasi-static equilibrium of knees that have 

prosthetic articulations. The third stage involves the development of models that 

can be used to determine the stability of equilibrium of the knee, when subjected to 

anterior/posterior displacement at constant flexion. The fourth stage involves the 

plotting of graphs that correspond to the analytical results of the preceding stages; 

whilst the fifth stage involves an investigation of the extent to which the analytical 

and graphical stability results are valid.

The notations employed in this chapter have been defined in the nomenclature.

3.1 Generalized representation of the mechanical system constituted by a 

knee that has prosthetic articulations (and its inputs), for motion restricted to 

the sagittai plane

The mechanical system that is constituted by a knee that has prosthetic 

articulations and its input forces, was represented (in a generalized manner) as 

shown in figure 3.1. This mechanical system consists of the femur and the femoral 

component, the tibia and the tibial-tray, a plastic tibial-insert, ligaments, and an 

input force system that represents the resultant effects of muscle forces and 

external forces that act on the passive knee. Further details on this representation 

are as described below.

In the figure, point Oi is the sagittal centre of curvature of the proximal articular 

surface of the plastic tibial insert. Point O2 is the sagittal centre of curvature of the 

distal region of the femoral component’s articular surface. Point O2* is the sagittal 

centre of curvature of the posterior region of the femoral component’s articular 

surface. Point Oc is the femoro-meniscal (or femoro-tibial) centre of contact. Point 

O3 is the centre of the hip. Point Oa is the point of intersection of the longitudinal
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Fig. 3.1
The system constituted by the passive knee and its inputs

This system consists of the femur and femoral component; the tibia, fibula and tibial-tray; 
a plastic tibial-insert; knee ligaments; a force system {P2x,P2y,Mf} that acts on the 
femur; and a force system {PAx,PAy,Mt} that acts on the tibia. For the passive knee to 
be kept under static equilibrium, the conditions: PAx=P2x; PAy=P2y; Mt=Mf have to be 
satisfied.
Only the collateral ligaments are shown, for clarity.
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axis of the tibia and an anterior/posterior axis that passes through the tibial 

tuberosity. The mechanical axis of the femur was represented by line O2O3. Point 

Pi is the centre of insertion of the ith knee ligament into the femur, and point Q| is 

the centre of insertion of the ligament into the tibia.

The system’s global coordinate frame is represented by axes X, Y and Z. The X 

axis coincides with the inferior/superior axis of the tibia, the Y axis is posteriorly 

directed relative to the tibia, whilst the Z axis points out of the page.

The position of any arbitrary point pj on the femur, relative to a local femoral 

coordinate frame whose origin is located at point O2 was described by means of 

cylindrical coordinates {rpj, ĵ, sgn(dj)*dj}. Link parameter rpj was defined as the 

distance between points O2 and pj'. Radial vector 02pi' was defined to lie within the 

femur-based sagittal plane, while the medial/lateral vector pipi' was defined to be 

perpendicular to plane 0302Pi'. A signum function sgn(dj) was used to indicate 

whether point pi lies in the medial or lateral compartment, as defined in the 

nomenclature. With this scheme, the positions of the femur-based centres of 

insertion of knee ligaments were described by specifying appropriate values of rpj,

Çi, and sgn(d|)*d|. The position of the centre of insertion Q j of a knee ligament into 

the tibia, relative to a tibia-based coordinate frame, was described by means of 

cartesian coordinates {Xd, yd, Zd}-

For motion restricted to the sagittal plane, the prosthetic femoro-meniscal and 

menisco-tibial articulations of the system shown in figure 3.1 provide a roll-slip 

hypocycloidal femoro-meniscal guidance and a prismatic menisco-tibial guidance.

Knee-ligaments were represented by stiff springs that have nonlinear force versus 

deflection characteristics, and the material properties of the springs were based on 

data obtained from the literature (Trent et al. 1976). This approach is the same as 

that used by Wismans et al. (1980), Moeinzadeh et al. (1983) and Essinger et al. 

(1989). Data on the link-geometry of the distal femur and proximal tibia, featuring
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the relative locations of the centres of insertion pj and Q j of knee ligaments into the 

femur and tibia, were obtained from a cadaver.

The position of the femur relative to the tibia was defined by means of 

flexion/extension angle 0, sagittal femoro-meniscal (or femoro-tibial) contact angle 

pci, and anterior/posterior menisco-tibial displacement Hy.

In agreement with previous work that can be found in the biomechanics literature 

(Wismans 1980, Moeinzadeh et al. 1983, Blankevoort 1991, Beynnon et al 1996); 

all the forces that act on the tibia relative to the femur were represented by two 

orthogonal forces Pax, PAy and a moment Mt, as shown in figure 3.1. In a similar

manner, the external forces acting on the femur relative to a tibia-based reference 

frame were represented by a moment Mf and two orthogonal forces P2x and P2y 

that act at femur-based point O2, as shown in figure 3.1. Load components Pax and 

P2x were defined to be aligned with the longitudinal axis of the tibia, whilst load 

components PAy and P2y were defined to be aligned with a tibia-based

anterior/posterior axis. Thus in terms of orthopaedic terminology, the 

anterior/posterior force Fap that acts on the femur relative to the tibia was defined 

by the equation Fap = Pay- Also, the inferior/superior force Fjnf./sup that acts on the 

femur relative to the tibia was defined by the equation Fjnf./sup. = P2x, as shown in 

figure 3.1.

The mechanical system shown in figure 3.1 can be used to represent a wide range 

of knees that have prosthetic articulations. To model knees that have condylar type 

of prosthesis, the plastic tibial-insert was fixed to the tibial-tray, and 

anterior/posterior menisco-tibial displacement Hy was kept constant. To model a 

knee that has movable meniscal bearings with fully-conforming femoro-meniscal 

articulations, sagittal femoro-meniscal contact angle pci and condylar conformity 

constant C were set equal to zero. Furthermore, by keeping anterior/posterior 

menisco-tibial displacement Hy and sagittal femoro-meniscal contact angle Pci
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constant, the above representation can also be used to model a knee that has the 

simple hinge type of prosthesis.

3.2 Development of models on the quasi-static equilibrium of knees that have 

prosthetic articulations

The main goal of this stage was to develop models on the anterior/posterior 

equilibrium of knees that have prosthetic articulations. To realize this goal, models 

on the knee's kinematic constraint, ligament-based elastic strain energy, and 

generalized forces, were developed. Next, a joint-coordinate-based formulation of 

the quasi-static equilibrium equations of knees that have prosthetic articulations 

was carried out. Then, equations that describe the anterior/posterior equilibrium of 

knees that have prosthetic articulations were derived. Further details on these 

equations are as presented below.

Generalized kinematic constraint equations that describe the roii-siip hypocycioidai 

femorotibial guidance of knees that have prosthetic articulations

Based on the mechanical analogue of the knee that is shown in figure 3.1, the

generalized kinematic constraint equations of knees that have prosthetic

articulations were derived in Appendix 1, and the equations are as presented

below.

(a) Relative to a tibia-based cartesian coordinate frame, the coordinates Xpj, ypj and

Zpi of any arbitrary femur-based point pj were expressed as:

Xpj = Hxo ■ C Cos{3ci - rp|Cos(0 - ^i) + sgn(Rc2blend)Rc2blendCos(0 - Pc2blend)

Ypj = Hy + C SinPd - rp |S in(0-^|) + sgn(Rc2blend)Hc2blendSin(0 - Pc2blend)

Zpi = Hzo + sgn(dj)*dj (3.1)a,b,c

where,

Csmall if (6+Pcl)-Pc2blend 
C = j  (3.1 )d

-Cjarge if (0+Pcl)-Pc2blend
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0 .0  if (6 + P c l)-P c 2 b le n d

(3.1)e
1 -0  if (6 + P c l)-P c 2 b le n d

sgn(Rc2blend) =  '

Rc2blend =  Q a rg e  " Csm all (3.1)f

(b) The effective length Rj of the (taut) ith knee-iigament was algebraically expressed as: 

=  [(Xpl -  Xci)2 +  (Ypj -  yc i)2  +  (zp j -  Zci)^ +  5 R j wrap.

[H xo  ■ C  C o s P c I " rp jC o s (0  - ^ j) +  s g n (R c 2blend)R c2b le n d C o s (0 -  Pc2blend) “ Xcl]^

+  [H y  +  C  S in P c I " rp jS in (0  - ^j) +  s g n (R c 2blend)H c2b le n d S in (0  -  Pc2blend) " Yci]^

+ [Hzo + sgn(dj)*dj - Zci]  ̂ | + 8R| wrap. (3.2)

where all notations are as defined in the nomenclature.

(c) The effective unstretched length of the ith knee-ligament was represented by the 

notation Rio . And a knee ligament was considered to be activated whenever

Rj >  R io, and deactivated whenever Rj < Rjo-

(d) Elongation ej of the ith knee-ligament was expressed as:

0 for Rj < Rio
6 i =  ' (3.3)

Rj - Rio for Rj > Rjo

Models on the ligament-based elastic potential energy Ve of knees that have  

prosthetic articulations

Based on the mechanical analogue of the knee that is shown in figure 3.1, and the 

kinematic constraint equations that were presented above, the elastic potential 

energy of passive knees that have prosthetic articulations were derived in 

Appendix 2 as functions of the knee's configuration variables. Details of how this 

was done are as follows.
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To obtain an expression that describes the elastic potential energy of the ith knee 

ligament, the longitudinal tensile force Fj that is associated with an elongation ej of 

the ligament was expressed in polynomial form as:

Fi = E sgn(i) aij [Ri(e,pd.Hy) -  R|o] (3.4)
j=1

Then, by means of the work/energy principle, the ligament's elastic potential energy 

Vei, was expressed as:

n aij I
Vei = Work done on ith ligament = E sgn(i) j [R|(e,pci,Hy) - Rio] (3.5)

j=i J

Then, the total elastic potential energy due to 'Nug.' activated ligaments of the knee 

was expressed as:

N|ig. n aji i
Ve ligaments = ^  Vei = S Z sgn(i) , [Ri(0,Pci,Hy) - Rjo] (3.6)

i=1 j=1 J

where, all notations are as already defined.

Because prosthetic knee articulations do not undergo large deformation during 

activities of daily living, the elastic potential energy due to articular compression 

was assumed to be negligible when compared to the sum of the knee's ligament- 

based elastic potential energy and work done by external forces.

Thus, the total elastic potential energy V@ of the system was expressed as:

N|ig. n ajj i
Ve = Ve ligaments = Z Z sgn(i) . [Ri(6,Pc1>Hy) - Rjo] (3.7)

1=1 j=1 J

First and second partial derivatives of the system’s total elastic potential energy Vq, 

with respect to configuration variables 6, pci and Hy

The first partial derivatives of the system’s total elastic potential energy Ve with 

respect to configuration variables 0, pci and H y  were expressed (in Appendix 2) as:

^  i  sgn(i) aij [RrRio] ^  ^  (3.8)
00 i=1 j=1 00
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aV̂  Niig. n
= 1 1  sgn(i)ajj [Rj-Rjo]^’''

3P ci i=i j=i

aRj
^Pc1

(3.9)

aVa '̂ 19- a
aK

= 1 1  sgn(i)aij [Rj-Rjo] '̂''
i=1 j=1

aRj
aHv

(3.10)

And the second partial derivatives of Ve with respect to configuration variables 0, 

pci and Hy were expressed as:

02w N|jg n
^  = I  Isgn(i) a
ae' 1=1 j=i V a0 y

+ [ R i - R io ] ' "

apci^0 38^Pci

N|ig n [
= I  lsgn(i)ay (j-1) Pi-Rio]

i=i j=i

1-2

(3.11)

d X  _ 3"Ve
aHyao a© ahy

(3.12)

N|ig n 
= I Is g n ( i)a jj 

i=1 j=1
0-1) [R|-Rio]''^

(3.13)

-  " f
^Pc1 i=1 j=1

(j-1) [Rj- Rio] j-2  ̂aRj 
v^Pdy

+  [ R i - R i o l ' "  
3̂Pcl”

(3.14)

d X

9Ry9Pc1 9Pcl3Ry

^lig n
1  Ssgn(i)a|j 
1=1 j=i

Ü-1) [R|-R|o] i-2
3Hy lapc i

+ [ R i - R i o ] ' "
ôHySPcI 

(3.15)
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'  .2.\2

ydH^j
( j-1) [Ri-Riol'"^ I # - 1  + [Ri-Rfo]'-’ ^

oHy

(3.16)

where all notations are as already defined above.

Generalized forces that are associated with Joint coordinates 6, pci and Hy 

The generalized forces Qe, Qpci, and Qhy that are associated with flexion angle 0, 

femoro-meniscal contact angle pci. and menisco-tibial displacement Hy; were 

expressed (in Appendix 3) as:

Qe = -Mf (3.17)

Qpci = - P2xCSinPcl + P2yCCosPci (3.18)

QHy = P2y (3.19)

Quasi-static equiiibrium equations of motion of knees that have prosthetic  

articulations

Based on a Lagrangian formulation, the equilibrium equations of the system shown 

in figure 3.4 were expressed (in Appendix 3) as:

1 ^ " ° ' ^ ' ' '  (3.20)a,b,c

By substituting the detailed forms of the generalized forces Qe, Qpci and Qhy (that 

are stated in equations 3.17 to 3.19) into the above equations, the quasi-static 

equilibrium equations of the system were re-written as:

^ - M f =0 (3.21 )a
C/9

^  + P2xCSinpoi - P2yCCospci=0 (3.21 )b
oPc1

- P2y = 0 (3.21 )C
c/Hw
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Next, by substituting Fap=P2y and Fjnf./sup.=P2x into equations (3.21)a,b&c; the

equilibrium equations were re-expressed (in terms of orthopaedic load components

Fap and Fjpf/sup) as:

^  - Mf = 0  (3.22)a

20  ̂ înf,/sup.CSin(3ci - FapCCospct = 0 (3.22)b
oPcI

- Fap = 0 (3.22)c
aVe 
aHy ■

where Fap is the anterior/posterior force, Fjnf./sup is the inferior/superior force; and 

Ve is the system’s elastic potential energy, which is a function of configuration 

variables 0, Pci and Hy as established in Appendix 3.

In addition, for knees that have meniscal bearings with partially-conforming femoro- 

meniscal articulations, the condition for the anterior/posterior equilibrium of the 

plastic tibial-insert relative to the tibia was expressed as:

Pc1 ~
-1  ̂Ptop Pbase ^ (3.22)d

 ̂ PtopPbase

where ptop and ppase are the coefficients of static friction of the femoro-meniscal 

and menisco-tibial articulations, respectively.

Three important reduced forms of the above set of equations were considered, as 

presented below.

(i) For knees that have condylar type of prostheses with no meniscal bearing, 

Hy was kept constant; and the equilibrium equations of the two degree of freedom

system were expressed as:

1 avFap -  Q  SecPci + Fjnf/suppSinPci (3.23)a

M f = ^  (3.23)b
90
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(ii) For knees that have prosthetic meniscal bearings with fully-conforming femoro- 

meniscal articular surfaces, pci was kept constant; and the equilibrium equations of

the two degree of freedom system were expressed as:

Fap  = ^  (3.24)a

Mf = ^  (3.24)b
do

(iii) For knees that have hinge type of prostheses, and H y  were kept constant, 

and the equilibrium equation of the one degree of freedom system was expressed 

as:

Models on the anterior/posterior equilibrium of knees that have prosthetic  

articulations

The equation that describes the anterior/posterior displacement Uap of the femur 

relative to the tibia was expressed (in Appendix 1) as:

U ap  = H y  + C SinPcI + s g n (R c 2b lend)H c2blend S in (0  -  Pc2blend) (3.26)a

where,

Csmall if (9+Pcl)-Pc2blend

.Ciarge if (0+Pcl)^Pc2blend
C = (3.26)b

sgn(Rc2blend) - (3.26)0
0.0 if (0+Pcl)-Pc2blend

1.0 if (0+Pcl)-Pc2blend

Rc2blend = C|arge " Csmall (3.26)d

By combining these equations with the equations of anterior/posterior force Fap, the 

anterior/posterior equilibrium equations of knees that have condylar type of 

prostheses were expressed (in Appendix 3) as:



Fap -  Q  Secpci

74

 ̂ ^nf./supP '̂*^Pc1 (3.27)a

Uap -  Hyo + C SinPci + sgn(Rc2blend)Rc2blendSin(0o - Pc2blend) (3.27)b

In a similar manner, the anterior/posterior equilibrium equations of knees that have 

movable meniscal bearings with fully-conforming femoro-meniscal articulations, 

were expressed (in Appendix 3) as:

F ap  = (3.28)a

U ap  =  H y  +  C  S in P c to  + sg n (R c2 b le n d )H c2 b le n d S in (6 o  -  Pc2blend) (3.28)b

Also, the anterior/posterior equilibrium equations of knees that have movable 

meniscal bearings with partially-conforming femoro-meniscal articulations, were 

expressed (in Appendix 3) as:

Fap = 1 ^  (3.29)a
7

U ap  =  H y  +  C  SinPdo + sgn(Rc2blend)Rc2blendSin(0o - Pc2blend) (3.29)b

Pc1 ~ -1 M-top +  M-base (3.29)0
1 M'topM'base

where ptop ^nd p^ase ^re the coefficients of static friction of the femoro-meniscal

and menisco-tibial articulations respectively. Equation 3.29(c) defines a necessary 

condition for the anterior/posterior equilibrium of the meniscal bearing(s) relative to 

the tibial-tray and tibia. For the frictionless case, femoro-meniscal contact angle pd 

will be equal to zero.
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3.3 Development of models that can be used to determine the stability of 

equilibrium of the knee; when subjected to anterior/posterior displacement, at 
constant flexion

In accordance with the static criterion, the energy method, catastrophe theory, and 

the multiple-parameter stability theory of Koncay Huseyin (Leipholz 1987, Hagedorn 

1988, Jackson 1989, Huseyin 1986); it was recognized that the main determinant of 

the stability of the system's anterior/posterior equilibrium is the total 

anterior/posterior stiffness Kap (that is derived from elastic forces, gravitational 

forces and input load-parameters). For this reason, detailed analytical equations 

that describe the knee’s total anterior/posterior stiffness Kap were derived in

Appendix 4; for knees that have condylar type of prostheses, and for knees that 

have movable meniscal bearings. These equations are as presented below.

For knees that have condvlar type of prostheses

With flexion angle 0 kept constant, the anterior/posterior stiffness Kap of knees that 

have prosthetic articulations of the condylar type was expressed (in Appendix 4) as:

_  dFap  _  dFap d P d  

^ ^ P - d U a p  “  dPci dU ap  

2

= 1̂—secPcij j - — + Fgp C sinpci + Finf./sup. ^  Cospgi  ̂ (3.30)a

and the associated anterior/posterior femorotibial displacement was expressed as: 

Uap =  Hyo + C SinPd + sgn(Rc2blend)Rc2blendSin(0o • PcZblend) (3.30)b

For knees that have prosthetic meniscal bearings (with fully-conforming femoro- 

meniscal articulations)
With flexion angle 0 kept constant, the anterior/posterior stiffness Kap of knees that 

have this type of prosthesis was expressed (in Appendix 4) as:

'<ap = d ü î  = d i?  d o j  = 1 ^

and the associated anterior/posterior femorotibial displacement was expressed as: 

Uap =  Hy + C S inpdo + sgn(Rc2blend)Rc2blendSin(0o " Pc2blend) (3.31 )b
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For knees that have prosthetic meniscal bearings (with partially-conforming femoro- 
meniscal articulations^

With flexion angle 0 kept constant, the anterior/posterior stiffness Kap of knees that 

have this type of prosthesis was expressed (in Appendix 4) as:

XaP = = f Ç  S  sec (3.32)a

The associated anterior/posterior femorotibial displacement was expressed as:

Uap = Hy + C SinPcIo +  sgn(Rc2blend)Hc2blendSin(0o * Pc2blend) (3 .32)b

and the condition for the anterior/posterior equilibrium of the meniscal bearing(s), 

relative to the tibia, was expressed as:

Poi = tan ’ M-top M-base 

 ̂“  l^topM-base
(3.32)0

Establishment of the conditions that determine the stabiiity of the system 

In accordance with the selection of analytical techniques for studying knee stability 

that was made in Chapter 2, and the engineering literature on the stability of quasi

static systems (Leipholz 1987, Hagedorn 1988, Jackson 1989, Huseyin 1986); the 

stability of the system was determined in the following manner.

(i) The system was declared to be of stable anterior/posterior equilibrium; whenever 

the pertinent anterior/posterior equilibrium equation was satisfied, whilst the total 

anterior/posterior stiffness Kap was positive.

(ii) It was declared to be of unstable anterior/posterior equilibrium; whenever the 

pertinent equilibrium equation was satisfied, whilst the total anterior/posterior 

stiffness Kap was negative.

(iii) It was declared to be at its anterior/posterior stability boundary; whenever the 

pertinent equilibrium equation was satisfied, whilst the total anterior/posterior 

stiffness Kap was zero.
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3.4 Graphical results on knee stability

Based on the analytical expressions of sections 3.2 and 3.3, the manner in which 

the configuration variables, input-load parameters, and system ‘constants’ can 

affect the anterior/posterior equilibrium and anterior/posterior stiffness of knees that 

have prosthetic articulations of the condylar type, was investigated by means of 

computer simulations.

For each simulation, the values of equilibrium flexion angle 0 and menisco-tibial 

displacement Hy, were kept constant at stated values 0=0o and Hy= Hyo 

respectively. Anterior/posterior contact angle Pci was varied between -20 and +20 

degrees in steps of 5 degrees; whilst the inferior/posterior force Fjnf./sup. was varied 

from -1kN to +1kN in steps of O.SkN. Then, the values of anterior/posterior force 

Fap, anterior/posterior stiffness Kap and anterior/posterior displacement Uap were 

calculated by means of equations 3.27(a), 3.30(a) and 3.27(b).

The graphical results of each simulation were presented in three graphs namely,

(i) a graph of anterior/posterior force Fap versus anterior/posterior deflection Uap,

(ii) a graph of anterior/posterior stffness Kap versus anterior/posterior deflection Uap,

(iii) an anterior/posterior stability map that is presented in Fap versus Uap space,

(see the figures of Chapter 4).

For a given set of values of flexion angle 0q and menisco-tibial displacement Hyo, 

and for the range of values of anterior/posterior contact angle Pci and 

inferior/posterior input force Fjnf./sup. that were stated above, regions at which a 

given knee will be stable were identified as the regions at which the 

anterior/posterior stiffness Kap was positive. In a similar manner, regions at which 

the knee will be unstable were identified as the regions at which the 

anterior/posterior stiffness Kap was negative.
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Graphical results on the anterior/posterior equilibrium and anterior/posterior stability 

of knees that have meniscal bearings were not presented in this work, because of 

space limitations.

3.5 Investigation of the validity of the stability models

Because the stability models of this thesis involve the stability of equilibrium, an 

investigation of the validity of the nonlinear quasi-static equilibrium equations of 

section 3.2 was carried out. This was done by comparing the anterior/posterior 

load versus deflection curves of the knee that were obtained by means of the 

model, with those obtained experimentally. Also, the validity of the kinematic 

constraint equations that were used to develop the equilibrium equations, was 

investigated by comparing model-based and empirically-obtained graphs that show 

how the cartesian coordinates Xpj, ypj & Zpj of a femur-based point changes with the 

flexion angle; relative to a tibia-based frame.

In addition, predictions made by means of the stability model were compared to 

some well established clinical observations.
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Chapter 4 Graphical Results

in this Chapter graphical results that correspond to the analytical results of 

section 3.2 and 3.3 of Chapter 3; will be presented in the form of anterior- 

posterior equilibrium paths, stiffness curves and stability maps. The graphical 

results are presented at the end of this Chapter; and they show how changes in 

the configuration variables, input load-parameters and ‘constants’ can affect the 

stability of anterior/posterior equilibrium of knees that have prosthetic 

articulations of the condylar type. The graphs also show how the membership 

of the set of functional ligaments that exist within the knee can affect the 

stability of the aforementioned type of knee.

Regions at which the knee will be practically unstable can be identified on the 

graphs as the regions at which anterior-posterior stiffness Kap is zero or

negative. In addition, the relative stability of the knee can be monitored by 

noting: the gradient of the force versus deflection curves in graph(i), how close 

Kap is to being negative in graph(ii), and the anterior/posterior span of the

regions that correspond to an unstable knee in graphs(ii & iii). Further details 

on the graphs are as presented below.

Figures 4.1.1 to 4.8.2 show how the stability of anterior/posterior equilibrium of 

knees that have condylar prostheses can be affected by changes in: (i) flexion 

angle flexion angle 0, (ii) menisco-tibial configuration variable Hy, (iii) sagittal

condylar conformity constant C, (iv) surgery-determined inferior/superior 

spacing Hxo, (v) the unstretched lengths Rjo of knee ligaments, (vi) stiffness 

coefficients ay of the ligaments, (v) stiffness indices ‘j ’ of the ligaments, 

(vi) anterior-posterior force Fap (vii) inferior-superior force F jn f./s u p .. (viii) the 

membership of the ligamentous sub-system of the knee. In addition, all the 

figures of this chapter show the effects of anterior/posterior displacement Uap,
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anterior-posterior force Fap and inferior/superior force F in f . /s u p .  on the 

anterior/posterior stability of the knee.

The configuration variables whose effects on knee stability were examined in 

this simulation are the knee's equilibrium position variables Go, pcio and Hyo. 

The input load-parameters whose effects on knee stability were examined are 

anterior/posterior force Fap and inferior/superior force Finf./sup.- The system 

'constants' whose effects on knee stability were examined are C, Rb, ay, j and 

Hxo. However, each of the 'constants' Lf, rpi, di, sgn(di), Xd, yd, Zd, and 5Ri 

w rap, was given a fixed value for all aspects of the simulation. The alternative 

sets of knee-ligaments that were considered are: (i) MCULCL i.e., the medial 

and lateral collateral ligaments; (ii) MCL/LCI_/PCL i.e., as in (i) plus the 

posterior cruciate ligament; (iii) MCl_/LCL/ACL i.e., as in (i) plus the anterior 

cruciate ligament; (iv) MCULCUACL/PCL i.e., a knee with all its four ligaments 

intact.

Unless otherwise indicated in specific graphs, the standard values of 

configuration variables, load-parameters and 'constants' that were used to carry 

out the simulation are as follows: Go =20 deg.; Pcio = -20 to +20 deg. in steps 

ofSdeg.; Hyo =0.0 mm; Hzo =0.0 mm; Hxo =62.0 mm; F a p  e[-1.5,+1.5] kN; 

F in f . /s u p .w a s  varied between -1kN and +1kN in steps of O.SkN; C s m a ll =15.0 

mm; Ciarge =35.0 mm; Lf=450.0 mm; N|jg= number of functional ligaments that 

exist within the knee = 2, i.e., M C I  &  L C L ;  j = 3.0; ajj = 0.018 kN/mm^; 

A R jo = 0 .0  mm. The values of other ligament-related system 'constants' that 

were used to carry out the simulation are as presented below in Table 3.1
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Table 4.1 Ligament-related system 'constants'

Ligament-based
constant

MCL LCL POL
(central)

ACL
(central)

Ref. No. "i" 1 2 3 4

rpi 15 mm 22 mm 30 mm 30 mm

di 38 mm 38 mm 7 mm 10 mm

sgn(dj) -1 +1 -1 +1

î 0 deg. 25 deg. 17 deg. 45 deg.

xci 0 mm -30 mm 0 mm 8 mm

Yci 0 mm 0 mm +15 mm -15 mm

zci -38 mm -t-38 mm 0 mm -8 mm

4.1 Effect of configuration variables

Effect of flexion angle 9

As shown in figures 4.1.1 to 4.1.4, a change in flexion angle 0 generally causes 

a change in the Fap versus Uap stability map of the knee. The stability of the 

knee worsened as the flexion angle was varied from -10 to 20deg.; remained 

virtually unaffected as the flexion angle was varied from 20 to 50deg.; and 

worsened further as the flexion angle was varied from 50 to lOOdeg.

It can be observed that, within the 0 to 40deg flexion region (which is highly 

utilized during activities of daily living), knees that have prosthetic articulations 

of the condylar type are most unstable in the neighbourhood of 20deg. flexion. 

It can also be observed that, for large flexion angles, such knees will be most 

unstable when the flexion angle is larger than about 60deg. However, the 

posterior cruciate ligament (or the tibial-spine and femoral-cam mechanism) is 

usually employed in enhancing the stability of the knee when the flexion angle 

is larger than about 60 deg. (Insall 1984). Thus regarding anterior/posterior
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instability of the knee, the neighbourhood of 20deg. flexion is the major 

problematic region of the range of flexion. For this reason, and because of 

space limitations, a decision was made to base the remaining graphical results 

of this chapter on the behaviour of the knee at 20deg. flexion.

Effect of anterior/posterior femorotibial displacement Uap

The graphical results of figures 4.1.1 to 4.8.2 show that changes in the value of 

anterior-posterior femorotibial displacement Uap can affect the stability of the 

knee. Increasing or decreasing the value of Uap, away from the minima of the 

Kap versus Uap curves, enhances the stability of the knee.

Effect of sagittal femoro-tibial contact ancle |3m

For the range of values of sagittal femoro-tibial contact angle Pci that was 

considered in this work (-20 deg. to 20 deg.), the value of sin Pci tends to Pci: 

such that Uap and pci are almost linearly related (see equation 3.26a). For this 

reason the effect of pd on knee stability follows the same trend as the results 

presented for Uap in the preceding paragraph. Increasing or decreasing the 

value of pci away from the minima of the Kap versus Pci curves, enhances the 

stability of the knee.

Effect of anterior/posterior menisco-tibial displacement Hy 

For knees that have prostheses of the condylar type, Hyo describes the 

anterior/posterior displacement of the plastic tibial insert relative to a tibia- 

based reference frame. Three situations were considered in figure 4.2. First 

the tibial insert was positioned at its standard position (in case b, for which 

Hyo =Omm); next it was shifted anteriorly relative to the tibia-based reference 

frame (in case a, for which Hyo =-5mm); and lastly it was shifted posteriorly 

relative to the tibia-based reference frame (in case c, for which Hyo =+5mm).
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The graphical results of figure 4.2 show that a 5mm change in Hyo can affect 

the stability of the knee.

Cases (a) and (b) of figure 4.2 show that changing the value of menisco-tibial 

anterior/posterior displacement Hyo by -5mm can enhance the relative stability 

of the knee when the tibia is subjected to posterior displacement relative to the 

femur. But this change in Hyo can also worsen the relative stability of the knee 

when the tibia is subjected to anterior displacement.

Cases (b) and (c) of figure 4.2 show that changing the value of menisco-tibial 

anterior/posterior displacement Hyo by +5mm can enhance the relative stability 

of the knee when the tibia is subjected to anterior displacement relative to the 

femur. But this change in Hyo can also worsen the relative stability of the knee, 

when the tibia is subjected to posterior displacement.

For this particular simulation, the anterior/posterior symmetry of the equilibrium 

curves about the Dap axis improved when Hy was changed from 0 to -5mm (i.e. 

when the tibia-based origin was shifted anteriorly relative to the tibia. The 

symmetry worsened when Hy was changed from 0 to +5mm).

4.2 Effect of input load-parameters

Effect of anterior/posterior force

The graphs presented in this chapter show that regions at which the knee will 

be unstable lie in the neighbourhood of Fap=0 . The results show that an 

increase in the magnitude of the anterior/posterior force Fap can have a 

stabilizing effect on the knee.

Effect of inferior/superior force Rnf /gi.p

The graphs presented in this chapter show that regions for which the knee will 

be unstable correspond to negative or zero values of Fjnf./sup .- For positive
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values of FinUsup., the system’s relative stability improved as the magnitude of 

F in f./sup . was increased. For negative values of F |n f./su p ., the system’s relative 

stability worsened as the magnitude of Fjpf./sup. was increased.

4.3 Effect of system ‘constants’

Effect of sacittal femoro-tibial condylar conformity constant C

The sagittal femoro-tibial condylar conformity constant C can be defined by the

expression C=Rt-Rf, where Rt and Rf are the sagittal radii of curvature of the

tibial and femoral articular surfaces respectively.

The graphical results of figure 4.3 show that a 5mm increase in sagittal 

condylar conformity constant C can markedly worsen the stability of the knee 

whilst a 5mm reduction in C can markedly improve the knee’s stability.

Apart from figure 4.3, all the other graphs presented in this chapter were plotted 

with a femoral component whose sagittal profile consisted of two blended 

circular arcs, (with C s m a ii= 1 5 m m , C |a r g e = 3 5 m m , and P c 2 b ie n d = 1 2 d e g ) .  The 

discontinuities that are noticeable in graphs(ii) of figures 4.1.1(b) to (d) and 

figure 4.1.2(a) to (c) correspond to regions where the point of contact changes 

from the large sagittal femoral arc to the small one. This feature can also be 

noticed in graph(ii) of most of the other figures. The results show that the 

aforementioned blended arcs can affect the relative stability of the knee 

whenever the point of contact is capable of shifting between the large and small 

sagittal arcs of the femoral component. For example for case (b) of figure 4.1.2 

(for which C s m a ii= 1 5 m m , C ia r g e = 3 5 m m , P c 2 b ie n d = 1 2 d e g .)  the anterior-posterior 

span of the region at which the knee will be unstable, is about 8 .5 m m .  And for 

case (b) of figure 4.3 (for which C = 1 5 m m ) ,  the anterior-posterior span of the
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aforementioned region, is about 6.5mm. For both of these situations the flexion 

angle was kept at 20 deg.

Effect of ‘constant’

The ‘constant’ Hxo is the inferior/superior distance between a reference 

horizontal plane that is aligned with the tibial plateau, and the sagittal centres of 

curvature of the medial and lateral tibial articular surfaces.

The graphical results of figure 4.4 show that a 2mm increase in inferior-superior 

femorotibial spacing Hxo can markedly enhance the stability of the knee. The 

graphs also show that a 2mm reduction in Hxo can drastically worsen the 

knee’s stability.

Effect of unstretched-lengths Rin_of knee ligaments

The effect of small changes in the unstretched lengths Rjo of knee ligaments, 

on the stability of the knee is demonstrated in figure 4.5; for the condition:

{00 = 20deg. Hyo=O.Omm}. The graphical results show that a 1 mm increase in 

Rjo can worsen the stability of the knee. The graphs also show that a 1mm 

reduction in Rjo can enhance the stability of the knee.

Effect of ligament stiffness coefficient ajj

The graphical results of figure 4.6 show that an increase in the stiffness 

coefficients ajj of knee ligaments can enhance the stability of the knee, whilst a 

reduction in ajj can worsen the knee’s stability.

Effect of ligament stiffness index i

The graphical results of figure 4.7 show that an increase in stiffness index j of 

knee ligaments can enhance the stability of the knee, whilst a reduction in j can 

worsen the knee’s stability.
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Effect of membership of ligamentous subsystem

For the graphical results of figure 4.8.1, flexion angle was kept at 20 deg. For 

these results; a comparison of cases (a) and (b), or cases (c) and (d), shows 

that the presence or absence of the posterior cruciate ligament (PCL) may not 

affect the stability of the knee at 20 deg. flexion. In addition; a comparison of 

cases (a) and (c), or cases (b) and (d), shows that the anterior cruciate 

ligament (ACL) can have a stabilizing effect on the knee when the tibia is 

subjected to anterior displacement at 20 deg. flexion.

For the graphical results of figure 4.8.2, flexion angle was kept at 60 deg. For 

these results; a comparison of cases (a) and (b), or cases (c) and (d), shows 

that the posterior cruciate ligament (PCL) can have a stabilizing effect on the 

knee when the knee is subjected to posterior displacement at 60 deg. flexion. 

In addition; a comparison of cases (a) and (c), or cases (b) and (d), shows that 

the anterior cruciate ligament (ACL) could have a mild stabilizing effect on the 

knee when the knee is subjected to anterior displacement at 60 deg. flexion. 

For the results shown in figure 4.8.2, this stabilizing effect of the ACL is mild, 

and can only be observed in graphs (i) and (ii) of the cases concerned.
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o Regions at which the knee will be of unstable equilibrium

Fig. 4.1.3 Effect of flexion angle 0o on the stability of equilibrium of
of a knee that has prosthetic articulations of the condylar type: Part III
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(a): 0=  70 deg.
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Fig. 4.1.4 Effect of flexion angle 00  on the stability of equilibrium of
a knee that has prosthetic articulations of the condylar type: Part IV
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Case (a): Hyo= -5 mm (plastic tibial-insert shifted anteriorly relative to tibia-based origin)
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Note that the resistance to 
posterior drawer is enhanced.

(iii) Stability map Legend is for 
graphs (i) and (ii) 
of each row.

Case (b): Hyo= 0 mm (standard setting)
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Case (c): Hyo= +5 mm (plastic tibial-insert shifted posteriorly relative to tibia-based origin)
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Note that the resistance to 
anterior drawer is enhanced.
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Key for the • Regions at which the knee will be of stable equilibrium

stability maps  ̂ Regions at which the knee will be of unstable equilibrium

Fig. 4.2 Effect of anterior/posterior menisco-tibial displacement Hy on the stability 

of equilibrium of a knee that has prosthetic articulations of the condylar type:
when flexion angle 0=2Odeg.
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Case (a): 0=10 mm
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Case (b): C=15 mm (standard setting)
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Key for the * Regions at which the knee will be of stable equilibrium 

stability maos o Regions at which the knee will be of unstable equilibrium

Fig. 4.3 Effect of sagittal condylar conformity constant C on the stability of
equilibrium of a knee that has prosthetic articulations of the condylar type: when flexion

angle 0=2Odeg.
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Case (a): Hxo=60mm
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Case (b): Hxo=62mm (standard setting)
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Key for the Regions at which the knee will be of stable equilibrium

stability maps  ̂ Regions at which the knee will be of unstable equilibrium

F ig . 4 .4  Effect of inferior/superior femorotibial spacing Hxo on the stability
of equilibrium of a knee that has prosthetic articulations of the condylar type: when
flexion angle 0=2Odeg.
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Case (a): ARio= +1 mm
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graphs (i) and (ii) 
of each row.

Case (b): ARio= 0 mm (standard setting)
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Case (c): ARio= -1 mm
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Key for the ' •  Regions at which the knee will be of stable equilibrium 

stability maps  ̂ Regions at which the knee will be of unstable equilibrium

Fig. 4.5 Effect of changes in the unstretched lengths Rio of knee ligaments 

on the stability of equilibrium of a knee that has prosthetic articulations of the 

condylar type: when flexion angle 6=20deg.
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Case (a): aij=0.01 kN/mm^2
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Case (b): aij=0.018 kN/mm^2 (standard setting)
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Case (c): aij=0.026 kN/mm^2
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Key for the * at which the knee will be of stable equilibrium

stability maps o Regions at which the knee will be of unstable equilibrium

Fig. 4.6 Effect of ligament stiffness coefficient aij on the stability of equilibrium
of of a knee that has prosthetic articulations of the condylar type: when flexion

angle 0=2Odeg.
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Case (a): j=2.5
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Case (b): j=3.0 (standard setting)
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Key for the •  Regions at which the knee will be of stable equilibrium 

stability maps  ̂ Regions at which the knee will be of unstable equilibrium

Fig. 4.7 Effect of ligament stiffness Index j on the stability of equilibrium
of a knee that has prosthetic articulations of the condylar type: when flexion angle

0=2Odeg.
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Case (a): 9= 20 deg., MCL/LCL (standard setting)
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Case (b): 9= 20 deg., MCULCUPCL

(iii) Stability map Legend is for 
graphs (i) and (ii) 
of each row.
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Case (c): 9= 20 deg., MCULCL/ACL

(iii) Stability map
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Case (d): 9= 20 deg., MCL/LCUACUPCL

(iii) Stability map

1.5

1
a- 0.5

0
-0.5

1
-1.5

-15 -10 -5 0 5 10 15

?  0.3

0.2
0.1
0

-0.1
15 -10 -5 0 5 10 15

Uap (mm)

L
It ’
^ 0 . 5

1

1

I 0 1

! -0.5 :: 1

' -1

-1.5
-15 -10 -5 1D 5 10 15

1 /m m \

Key for the 
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(i) AP Equilibrium paths (ii) AP Stiffness Kap (iii) Stability map

Regions at which the knee will be of stable equilibrium 

Regions at which the knee will be of unstable equilibrium

Fig. 4.8.1 Effect of membership of ligamentous subsystem on the stabiiity of
equilibrium of knees that have prosthetic articulations of the condylar type: Part I
(0=20deg.).
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Case (a): 0= 60 deg., MCL/LCL (standard setting)
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graphs (i) and (ii) 
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Case (c): 0= 60 deg., MCL/LCL/ACL
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stability maps  ̂ Regions at which the knee will be of unstable equilibrium

Fig. 4.8.2 Effect of membership of ligamentous subsystem on the stability of
equilibrium of a knee that has prosthetic articulations of the condylar type: Part

(0=6Odeg.).
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Chapter 5 Validity of the knee stability models

In this chapter, the extent to which the knee stability results of the preceding 

chapters are valid will be investigated. This will be done in two ways. First, 

evidence will be provided on the validity of the nonlinear quasi-static equilibrium 

equations that were used to derive the knee stability models. Then, predictions 

made by means of the stability models will be compared to well established 

clinical observations on the stability of knees that have prosthetic articulations.

5.1 Evidence on the validity of the nonlinear quasi-static equilibrium  

equations

Based on Appendix 3, the general equations that describe the quasi-static 

anterior/posterior force versus deflection of knees that have prosthetic 

articulations (of the condylar type) can be expressed as:

/  -NW \

(lap -  Q  Secpci  ̂ + hnf./sup.(^^i^Pcl
v'^rci /

(5.1)a
,^Pcl

Uap = Hyo + C SinPci + sgn(Rc2blend)Hc2blenclSiii(®o " Pc2blend) (5.1 )b

0 =

where,

Csmall Pc2 = + Pci) - Pc2blend

if Pc2 = (9 + Pci) -  Pc2blend 

0.0 if (9+Pcl)-Pc2blend

1.0 if (9+Pcl)-Pc2blend
sgn(R c2blend) =  '

(5.1 )c

(5.1)d

In these equations, Fap is the anterior/posterior drawer force, Uap is the 

anterior/posterior displacement of the femur relative to the tibia, 0  is the sagittal 

femorotibial articular conformity constant, Pc2=9+Pci, Ve is the elastic potential 

energy of the knee, and all other notations are as defined in the nomenclature 

and Chapter 3.
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These nonlinear quasi-static equilibrium equations will be valid if they 

satisfactorily represent the real-life behaviour of knees that have prosthetic 

articulations of the condylar type; for a wide range of activities of daily living for 

which the knee is subjected to femorotibial displacements, negligible inertial 

forces and negligible velocity-dependent forces. Evidence in support of the 

validity of the equations is presented below.

(a) Anterior/posterior force versus deflection curves a t 2 0  deg. flexion

Model-based results and empirical results on the anterior/posterior force versus 

deflection behaviour of knees that have prosthetic articulations of the condylar 

type are presented in figures 5.1 to 5.3. These three figures are based on knees 

that have PFC, Insall-Burstein, and Kinemax types of prostheses respectively. 

Each figure consists of data on three patients. Fap is an anterior/posterior drawer 

force that is applied on the tibia relative to the femur (or on the femur relative to 

the tibia). Dap is the posterior displacement of the femur relative to the tibia, and it 

is equivalent to the anterior displacement of the tibia relative to the femur.

The empirical force versus deflection curves of figures 5.1 to 5.3 are based on an 

earlier study (Walker, Morris, Amberek, Olanlokun et al. 1994; Walker, Amberek, 

Morris, Olanlokun et al. 1995). Further details on the experiment are presented 

in Appendix 5. Patients were tested while standing; first with the knee bearing 

zero or negligible body weight (graphs a1,b1 & cl), and then with the knee 

bearing half body weight (graphs a2, b2 & c2). In each of the graphs an 

empirically-obtained curve was plotted, together with two model-based curves.

One of the model-based curves is based on a condylar prosthesis whose femoral 

component has a sagittal profile that can be represented by a single circular arc.
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(c l)  Patient PFC-3; No body weight (c2) Patient PFC-3; Half body weight

Legend

Empirical data on 
patient's knee

Model-based data 
tof C=15 mm

Hxo=62 mm

Model-based data 
for C=15 m m /C ^ 5  mm, 
with pc2b(end=12 deg.

- 1-1x0=62 mm ------------

The model-based 0=15 mm/C=35 mm curves were displaced to the right for darity.

Fig. 5.1 Comparison of model-based results and empirical results on the 
anterior/posterior force versus deflection behaviour of knees that have PFC 
prostheses. For each knee, the AP drawer test was conducted at about 20 deg. flexion, with the 
patient standing. The knee was subjected to an articular compressive force that is equal to half 
txxly weight (for the right-hand graphs), and zero body weight (for the left-hand graphs).
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The model-based C=15 mm/C=35 mm curves were displaced to the right for clarity.

Fig. 5.2 Comparison of model-based results and empirical results on the 
anterior/posterior force versus deflection behaviour of knees that have Insall-Burstein 
prostheses. For each knee, the AP drawer test was conducted at about 20 deg. flexion, with the 
patient standing. The knee was subjected to an articular compressive force that is equal to half body 
weight (for the right-hand graphs), and zero body weight (for the left-hand graphs).
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The model-based C=15 mm/C=35 mm curves were displaced to the right for clarity.

Fig. 5.3 Comparison of model-based results and empirical results on the 
anterior/posterior force versus deflection behaviour of knees that have Kinemax 
prostheses. For each knee, the AP drawer test was conducted at about 20 deg. flexion, with the 
patient standing. The knee was subjected to an articular compressive force that is equal to half body 
weight (for the right-hand graphs), and zero body weight (for the left-hand graphs).
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For this curve Csmall was set equal to 15 mm in equation 5.1(c), and only the 

condition Pc2=(0+Pci)^Pc2blend was considered in equations 5.1(b) and 5.1(d).

The second model-based curve is based on a condylar prosthesis whose 

femoral component has a sagittal profile that can be represented by two circular 

arcs. For this curve, C s m a ll and C ia rg e  were set equal to 15 mm and 35 mm 

respectively in equation 5.1(c), and both conditions p c 2 = ( 0 + P c i) ^ P c 2 b le n d  and 

P c 2 = (0 + P c i )^ P c 2 b le n d  were considered in equations 5.1(b) and 5.1(c). The 

value of P c2b lend  was set equal to 12 deg, based on measurements made on 

Kinemax and Insall-Burstein prostheses.

Details on how the model-based curves were obtained are presented in 

Appendix 3.

In general, the model-based force versus deflection curves are in good 

agreement with the empirically-obtained curves. For some patients it can be 

observed that the model-based 0=15 mm curve is more aligned with the 

experimental curve than the 0=15 mm/0=35 mm curve. For most of the patients 

however, the reverse is the case. This is understandable for three reasons. 

Firstly, a small mismatch between the value of the flexion angle used in the

modelling and that used during experimentation can determine whether the

0=15 mm curve or the 0=15 mm/0=35 mm curve will prevail. Secondly, for the 

model-based simulation, exact specification of the real-life values of the system 

constants (Rjo, Hxo, rpj, Pc2blenci. C, ay and j) of each patient's knee was not

feasible. And thirdly, several unavoidable sources of error such as the

placement of displacement transducers on soft tissues can affect the features of 

the empirically-obtained force versus deflection curve of the knee, as already 

discussed in section 1.3 of Ohapter 1.
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(b) Range of anterior/posterior femorotibial displacem ent Uap caused by varying  

anterior/posterior draw er force Fap between the limits ± 1 0 0  N, with the knee kept 

at 2 0  deg. flexion

The model-based results and the empirically-obtained results of this thesis are in 

good agreement on this issue (Table 5.1). In addition, these results agree with 

data reported in the literature. For example for zero body weight, with the knee of 

seated patients kept at 20 deg. flexion under the influence of ±100 N 

anterior/posterior drawer force, Warren, Olanlokun et al. (1994) reported a mean 

anterior/posterior laxity value of 5.6 mm for patients with Insall-Burstein 

prostheses, and 6.5 mm for patients with Kinemax prostheses. And in a similar 

study, with the knee kept at 25 deg. flexion under the influence of ±89 N 

anterior/posterior drawer force. White, O'Connor and Goodfellow (1991) reported 

a mean anterior/posterior laxity value of 4.3 mm (std±2.2 mm) for eight patients 

with Insall-Burstein prostheses.

(c) Anterior/posterior force versus deflection curves at several angles of flexion; 

with and  without body weight

With the passive knee bearing negligible body-weight, model-based 

anterior/posterior force versus deflection curves of passive knees that have 

prosthetic articulations of the condylar type are presented at a series of flexion 

angles in figures 5.4(a) and 5.5(a), for cases 0=15 mm and 0=15 mm/0=35 mm 

respectively. In a similar manner, with the passive knee bearing a partial body 

weight of (35*9.81 )N, the model-based curves are as shown in figures 5.4(b) and 

5.5(b). These figures show that an increase in body weight can alter the slope of 

the anterior/posterior force versus deflection curve of the knee. The figures also 

show that an increase in body weight can reduce the range of anterior/posterior 

femorotibial displacement that is brought about by varying the anterior/posterior 

drawer force between the limits ±100 N (or any specified limits). This is
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consistent with previous findings on the effect of joint load on knee laxity (Hsieh 

and Walker 1976, Markolf et al. 1979, Thatcher et al. 1987).

Table 5.1
Summary of net range of anterior/posterior displacement Uap that is brought about by 
the variation of anterior/posterior drawer force Fap between the limits ±100 N, with the 
knee kept at 20 deg. flexion.

Type of knee Ant dispi.
Uant (mm)

Post dspl.
Upost (mm)

lAnt dIspl.l+IPost dlspl.l
lUantl+IUpostI (mm)

Net range of AP dIspi.
(mm)

PFC Patient 1 zero BW 3.5 3.1 6.6 5 .0
1/2 BW 1.3 1.3 2.6 2 .5

PFC Patient 2
zero BW 3.7 2.7 6.3 6 .3

1/2 BW 2.8 2.1 4.9 4 .0

PFC Patient 3 zero BW 5.8 2.3 8.0 6 .8
1/2 BW 3.7 1.7 5.3 4 .7

IB Patient 1

IB Patient 2

IB Patient 3

zero BW 3.0 2.3 5.3 5 .0
1/2 BW 3.5 1.3 4.8 4 .0

zero BW 5.5 3.0 8.5 6 .5
1/2 BW 2.8 2.1 4.9 4 .0

zero BW 4.1 2.4 6.5 5 .2
1/2 BW 3.5 2.0 5.5 5 .0

zero BW 4.3 4.0 8.3 7 .5
1/2 BW 4.4 2.3 6.7 4 .7

zero BW 6.0 4.3 10.3 8 .3
1/2 BW 4.0 1.8 5.8 4 .8

zeroBW 5.5 3.5 9.0 7 .0
1/2 BW 4.0 2.0 6.0 5 .0

Kinemax Patient 1

Kinemax Patient 2

Kinemax Patient 3

Model, for 
C=15 mm

zero BW 
1/2 BW

3.1 3.3 6 .4  6 .4
2.1 1.8 3 .9  3 .9

Model, for 
C=15 mm/C=35

zero BW 
1/2BW

4.3 4.3 8 .6  8 .6  
2.8  3.6 6.3  6 .3

These results were derived from figures 5.1 to 5.3. Note that in those figures, the empirically-obtained 
posterior drawer curves did not always take off from the origin.

It can be noted that as the knee is flexed from -10 to 90 deg. the equilibrium path 

of femur-based point 02 shifts posteriorly relative to the tibia. For model C=15 

mm (figure 5.4a), the shift in the equilibrium path of point 02 is about 6 mm for 

values of Fap ranging between ±100 N. For model 0=15 mm/C=35 mm (figure 

5.5a), the shift is about 28 mm. The reason for this difference is explained below.
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Fig. 5.4 Model-based anterior/posterior force versus deflection curves of a 
passive knee that has prosthetic articulations of the condylar type, for specified 
values of flexion angle 0: Case 0= 15  mm; with Hxo=62 mm, Hy=0.0 mm.



1 0 8

01
Femur5 0 0

02

02 Meniscai
beanng3 0 0

Tibia
200

100
Femur

02
-100 Meniscai

bearing02
-200

Tibia

-3 0 0

Modes of contact
for model C=15 mm/C =35 mm-4 0 0

-5 0 0

12 16 20  
Postenor displacement of point 
0 2  of femur relative to bbta -

24 28  

Uap (mm)

32

(a) For articulation, ligaments, and anterior/posterior drawer force Fap.

(deg.)

-to

5 0 0 -  -5

3 0 0

20
200

25

30

100
35

40

50

60
-100

70

80-200

- 100-3 0 0

-4 0 0

-5 0 0

12 16  2 0  
Posterior displacement of point 
0 2  of femur relative to tibia -

2 4 2 8  

Uap (mm)

3 2

(b) For articulation, ligaments and anterior/posterior drawer force Fap, with 
an inferior/supenor compressive load Finf/sup of 350N.

Fig. 5.5 Model-based anterior/posterior force versus deflection curves of a 
passive knee that has prosthetic articulations of the condylar type, for specified 
values of flexion angle 0; Case 0 = 1 5  mm/C=35 mm; with Hxo=62 mm, Hy=0.0 mm.
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As shown in figure 5.5 (inset), for (0+pci)^Pc2biend the femoral reference point is 

point 0 2 ,  and femorotibial guidance involves the circular femoral arc centred at 

point 0 2 .  However, for (0+Pci)^Pc2biend the femoral reference point is still point 

0 2 ,  but femorotibial guidance involves the circular femoral arc centred at point 

02*. Thus for this second mode of contact, the expression for anterior/posterior 

displacement Uap of femur-based point 0 2  involves the additional term

sgn(Rc2blend)Rc2blend Sin(0 - Pc2blend) =  sgn(R c2blend) | 0 2 0 2  |Sin(0 - Pc2blend)î 

in equation 5.1(b) of section 5.1 (see Appendix 1 for further details).

Corroborative in-vivo data on the overall geometry of the equilibrium surface of 

patients' knees were not obtained due to ethical restrictions regarding patients' 

safety. Furthermore, apart from the model of Essinger et al. (1989), no previous 

model on the detailed geometry of the nonlinear equilibrium surface of knees that 

have prosthetic articulations of the condylar type could be found in the literature. 

However, for three reasons, a direct comparison cannot be drawn between the 

results of this thesis and those of Essinger et al. (1989). Firstly, the model of 

Essinger et al. involves a spatial equilibrium path of the knee, whilst models 

0=15 mm and 0=15 mm/0=35 mm of this thesis involve the equilibrium path of 

the knee for motion restricted to the sagittal plane. Secondly, the input force 

employed by Essinger et al. is the quadriceps force, such that the 

anterior/posterior force was understandably not specified. Thirdly, the work of 

Essinger et al. was not aimed at presenting the anterior/posterior force versus 

deflection curves of the knee at a series of flexion angles. For these same 

reasons, the experimental results of Rovick et al. (1991) and Reuben et al. 

(1989) cannot be directly compared with the results of figures 5.4 and 5.5.

In another vein, the model-based and empirical results of Wismans et al. (1980), 

G rood et al. (1988), Zavatsky and O’Connor (1992b), Blankevoort (1991) and 

Mommersteeg et al. (1996) cannot be used to investigate the validity of the
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model-based curves of this thesis because the aforementioned previous results 

are based on normal knees with all four ligaments intact, while this thesis is 

based on passive knees that have prosthetic articulations and collateral 

ligaments.

In view of the above observations, there may be the need for carrying out an in- 

vitro study of the force versus deflection characteristics of knees that have 

prosthetic articulations at a series of flexion angles, in the future.

(d) A 2  mm increase in Hxo can m arkedly increase the slope of the 

anterior/posterior force versus deflection curves, and  can reduce knee laxity

As defined in the nomenclature and figure 3.1, Hxo is the inferior/superior 

distance between the sagittal centre of curvature 01 of the tibial articular 

surfaces, and a reference horizontal plane that is parallel to the tibial plateau. 

The model-based anterior/posterior force versus deflection curves of figures 5.5 

and 5.6 were obtained by setting Hxo equal to 62 mm and 64 mm, respectively. 

By comparing the two figures, it can be observed that a 2 mm increase in Hxo can 

increase the slope of the anterior/posterior force versus deflection curves of the 

knee, for a stipulated value of anterior/posterior force Fap. In addition, the 

aforementioned increase in Hxo can reduce the range of anterior/posterior 

displacement Uap that is brought about by varying Fap between the limits ±100 N 

or other specified limits.

These findings are in agreement with clinical experience, because in carrying 

out condylar knee replacement, after the condyles have been resected, and the 

flexion gap and extension gap checked to ensure satisfactory soft-tissue balance, 

knee surgeons still have a means of dealing with unforseen laxity or excessive 

tightness of the knee. They can increase or decrease Hxo, by using a plastic tibial 

insert or meniscai bearing that is thicker or thinner than the standard-sized 

component (Insall 1984).
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Fig. 5.6 Model-based anterior/posterior force versus deflection curves of a passive 
knee that has prosthetic articulations of the condylar type, for specified values of 
flexion angle 0: Case 0 = 15  mm/C=35 mm; with Hxo=(62+2) mm, Hy=0.0 mm.
Note that the value of Hxo used in figure 5.5 is 62 mm, while that used here is 64 mm.
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(e) Range of anterior/posterior femorotibial displacement for standardized  

values of Inferior/superior and anterior/posterior input forces: with and without 

knee ligaments

The effect of knee ligaments on the anterior/posterior force versus deflection 

curve of a knee that has condylar type of prosthesis is demonstrated in figure 

5.7(a & b); with the knee positioned at 20 deg. flexion.

Curve (a)Curve (b)

Q.

0.05

M CL & LCL 

No ligament

-0.05

- 0.1

Uap (mm)

Fig. 5.7
The effect of knee ligaments on the range of anterior/posterior femorotibial 
displacement that is brought about by the variation of the anterior/posterior 
force Fap within the limits ±100N, whilst a compressive inferior/superior 
femorotibial load Finf/sup of 350N is imposed on the knee.

In curve(a) all knee ligaments were deactivated, but in curve(b) the collateral 
ligaments were left intact. In both cases, the knee was kept at 20deg. flexion.

To obtain curve (a) of the figure, all knee ligaments were deactivated, and the 

articular surfaces were subjected to an anterior/posterior force Fap and a 

superior/inferior compressive load F in f./sup - This graphical result shows that, for 

an anterior/posterior drawer force Fap that ranges between the limits ± 100 N 

and a superior/inferior compressive load F jn f./s u p  of 350 N, the range of 

anterior/posterior displacement undergone by the femoral component relative to 

the tibia will be 16.5 mm.
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Curve (b) of figure 5.7 was obtained by subjecting the passive knee, that is 

constituted by the articular surfaces and the collateral ligaments, to the same 

loading situation described above. For this simulation, the range of 

anterior/posterior displacement Uap is 7.2 mm.

The difference in the range of anterior/posterior displacement Uap is 

understandable, because it can be argued that the additional constraints 

provided by the collateral ligaments reduced the amount of anterior/posterior 

displacement from 16.5 mm to 7.2 mm.

(f) Effect of friction on the force versus deflection curves

The effect of friction on the force versus deflection characteristics of knees that 

have prosthetic articulations is demonstrated in figure 5.8, based on the model 

presented in Appendix 6.
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Fig. 5.8 Effect of friction on the anterior/posterior force versus deflection of a 
prosthetic knee articulation, under the combined Influence of anterior/posterior force 
Fap, and superior/inferior compressive load Finf/sup.

Femorotibial condylar conformity constant C=15.0 (mm).
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For contact between the metallic femoral component and the ultra-high 

molecular weight polyethylene tibial component of prosthetic knee articulations, 

typical values of the coefficient of static friction p s ta tic  ranges between 0.021 and 

0.04 (Soundry et al. 1986, Walker and Salvati 1973). The results of figure 5.8 

show that friction can alter the anterior/posterior equilibrium path of knees that 

have prosthetic articulations. As the coefficient of static friction Astatic is 

increased from zero, the equilibrium path shifts upwards along the direction of 

the positive F a p /F jn f ./s u p . axis whenever the tibia is moving anteriorly relative to 

the femur; and downwards along the direction of the negative F a p /F jn f . /s u p . axis 

whenever the tibia is moving posteriorly. For |is ta tic  = 0.02 and a specified value 

of load parameter F a p /F jp f ./s u p .. the upward and downward shift in the 

equilibrium path can reduce the range of anterior/posterior displacement by 

about 2x0.3 mm. For jXstatic = 0.04 and a specified value of load parameter 

F a p /F jn f./s u p .. this reduction can be up to 2x0.6 mm.

If the anterior/posterior drawer force Fap is varied between the limits ±100 N 

whilst the femorotibial articulation is subjected to a superior/inferior compressive 

load F jn f./s u p . of 350 N, the value of load parameter F a p /F jn f . /s u p . will change 

between the limits ±100/350. For this change in F a p /F jn f . /s u p . the range of 

anterior/posterior displacement Uap of the tibia relative to the femur will be about 

8.2mm if ! is ta t ic = 0 .0 ;  5.7mm if | is ta t jc = 0 .0 2 ;  and 5.1mm if p ,s ta t ic = 0 .0 4  (figure 5.8). 

However, once sliding begins the influence of friction on the force versus 

deflection of the knee could be less than the range of values quoted above, 

because the pertinent friction coefficient will now be the kinetic friction coefficient 

which is less than the static friction coefficient.

It can also be noted in figure 5.8 that in all cases the displaced curve is parallel to 

the zero-friction curve. This means that the anterior/posterior stiffness of the knee 

may not be markedly affected by friction.
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With the evidence presented above, it has been demonstrated that the nonlinear 

quasi-static equilibrium equations that were used to develop models on the 

anterior/posterior stability of the knee, in this thesis, are consistent with previous 

research findings.

5.2 Comparison of model-based predictions on knee stability to well 

established clinical observations

The goal of this section is to compare predictions made by means of the stability 

models, with some well established clinical observations on the stability of knees 

that have prosthetic articulations.

5.2.1 Stability-related features of the force versus deflection curves 

Depending on the nature of the input forces, the anterior/posterior equilibrium 

path of the system constituted by the knee and its inputs can be of three possible 

forms as illustrated in figure 5.9. These three possibilities correspond to the pre

buckling behaviour, the onset of buckling, and the post-buckling behaviour of the 

knee.

' '1  h
AP stiffness=0 /  
within this zone /

Fap

Uap

..  ' a ---------- ------- ^9/ Uap

AP stiftness is -ve 
within this zone

Uap

(a) Stiffness is +ve tfiroughout. (b) Anterior/posterior stiffness (c) Anterior/posterior stiffness can
can be +ve or zero. be +ve, zero, or -ve.

Fig. 5.9 Three possible forms of the anterior/posterior equilibrium path of the 
system constituted by the passive knee, an inferior/superior distractive load, 
and an anterior/posterior drawer force.

In figure 5.9(a), the anterior/posterior stiffness is positive for all values of 

anterior/posterior force Fap and anterior/posterior displacement Uap. In addition, 

the further the operating point of the knee is away from the anterior/posterior 

centre of the curve, the higher the anterior/posterior stiffness. According to the
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static criterion and catastrophe theory, for the range of values of Fap and Uap 

spanned by the curve and for the conditions under which the force versus 

deflection test was carried out, any knee with this force versus deflection 

characteristics will be stable in the anterior/posterior direction. The 

anterior/posterior force versus deflection curve of the passive knee is normally of 

this form, whenever the knee is subjected to an anterior/posterior drawer force 

(with or without a superior/inferior femorotibial compressive load).

In figure 5.9(b), the overall anterior/posterior stiffness of the knee is zero for 

sufficiently small magnitudes of anterior/posterior displacement U a p , and positive 

for sufficiently large magnitudes of Uap. According to the static criterion and 

catastrophe theory, the zero stiffness zone corresponds to the static stability 

boundary and catastrophe set of the system constituted by the knee and its 

inputs. For the range of values of Fap and Uap spanned by the curve and for the 

conditions under which the force versus deflection test was carried out, such a 

knee will be practically unstable because its operating point can shift to nearby 

equilibrium positions even when the value of Fap is kept constant. The overall 

anterior/posterior force versus deflection curve of the passive knee can be of this 

form, if the knee is subjected to the combined influence of an anterior/posterior 

drawer force and an inferior/superior femorotibial distractive load. And it can also 

be of the aforementioned form, if all ligaments are lax for some values of 

anterior/posterior displacement Uap.

In figure 5.9(c), the overall anterior/posterior stiffness of the knee is negative for 

sufficiently small magnitudes of anterior/posterior displacement Uap, and positive 

for sufficiently large magnitudes of Uap. According to the static criterion and 

catastrophe theory, the 'negative-stiffness zone' corresponds to a knee that is 

statically unstable. Furthermore, points T and 'g' of figure 5.9(c) lie on both the
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static stability boundary and catastrophe set of the knee. For the range of values 

of Fap and Uap spanned by the curve and for the conditions under which the test 

was carried out, such a knee will be practically unstable because its operating 

point can without any hindrance jump to other equilibrium positions even when 

the value of Fap is kept constant. The overall anterior/posterior force versus 

deflection curve of the passive knee can be of this form, if the knee is subjected to 

the combined influence of an anterior/posterior drawer force and an 

inferior/superior femorotibial distractive load.

5 .2 .2  Simulation of anterior/posterior buckling of functional and non-functlonal 

knees, given data that describe the pre-buckling anterior/posterior force versus 

deflection behaviour of a functional knee

Equations 5.1 (a to d) of section 5.1 were used to plot the quasi-static force versus 

deflection curves shown in graphs (a to f) of figures 5.10 and 5.11. The six 

graphs in each figure correspond to six values of load F jn f./s u p .- In each of the 

graphs, the curve that describes the overall anterior/posterior force versus 

deflection behaviour of the passive knee under the influence of load parameter 

F jn f./s u p . was obtained by considering the two terms of equation 5.1(a). The 

curve that describes the anterior/posterior force versus deflection behaviour of 

the passive knee (only) was obtained by setting F jn f./s u p . equal to zero in the 

equation. In addition, the curve that describes the contribution of load F jn f./s u p . to 

the overall anterior/posterior force versus deflection behaviour of the knee was 

obtained by setting the term that does not involve F jn f./s u p . to zero in the 

equation.

To simulate the anterior/posterior force versus deflection curves of passive knees 

that are more lax than usual at 20 deg. flexion, a scaling factor S.F was used to 

scale down the model-based Fap versus Uap curve of a functional knee along the
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Fig. 5.10 Model-based simulation of the effect of compressive superior/inferior 
load Finf/sup on the anterior/posterior force versus deflection curves, stiffness 
and relative stability of a knee that has prosthetic articulations, with the knee kept 
at 20 deg. flexion. As compressive load Finf/sup is increased, the knee becomes less 
lax, its AP stiffness increases, and its relative AP stability improves.
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For the system constituted by the passive 
knee and a compressive load Fintfeup, under the 
Influence of an AP force.

For passive knee under the
influence of an AP force, with load
Finf/sup set equal to zero in equation 5.1(a).

Contribution of load Finf/sup to the AP For all curves: C=15 mm for (d + fic l)s ^ b le n d ;
force versus deflection of the knee in and  C = C '=35  mm for ( 6 + ^  1 )>^2b len d .
equation 5.1(a). Hxo=62 mm.

Fig. 5.11 Model-based simulation of the effect of distractive inferior/superior load 
Finf/sup on the anterior/posterior force versus deflection curves, stiffness and 
relative stability of a knee that has prosthetic articulations, with the knee kept at 20 
deg. flexion. As the m ^ n itu d e  of distractive load Finf/sup is increased, the knee 
becomes more lax, its AP stiffness can become zero or negative, and its relative AP 
stability worsens.
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Fap axis as shown in figure 5.12. The total anterior/posterior femorotibial 

displacement brought about by the variation of anterior/posterior drawer force 

F a p  between the limits ±100 N are also shown in the figure, for stipulated values 

of scaling factor S .F .  For this simulation Fjnf./sup . was set equal to zero.
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Numerical data obtained from the curves

Scaling factor S.F 1.0 0 .9 0 .8 0 .7 0 .6  j 0 .5 0 .4  j 0 .3 0 .2

Range of AP dispi. Uap (mm), 
for Fap ranging between ±100 N 8.6 9 .2 9.9 10 .9 1 1.6 I 12 .6 13 .8 15 .4 17 .9

Fig. 5.12 Model-based anterior/posterior force versus deflection curve of a 
functional knee that is kept at 20 deg. flexion (thick black curve); and those of 
hypothetical knees that are more lax than the functional knee. The thick black 
curve is the same as the thick grey curve of figures 5.1 to 5.3 for which body weight is zero. 
The thin curves were obtained by scaling down the aforementioned curve along the Fap axis, 
using the values of scaling factor S.F specified in the legend. For this simulation, 
inferior/superior load Finf/sup was set equal to zero.

To simulate how an inferior/superior distractive load F jn f./s u p . can destabilize the 

knee, the following steps were taken. Based on case (C=15 mm/C=35 mm, zero 

body weight) of figures 5.1 to 5.3, with scaling factor S .F  varied between 1.0 and
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0.2 in steps of 0.1, the value Fjn f./sup . buckling of load F jn f./s u p . that will lead to the 

onset of anterior/posterior buckling of the knee was determined by varying 

F jn f./s u p . (in an interactive computer graphics setting) until the slope of the 

anterior/posterior force versus deflection curve became zero at a point. For this 

critical value of load F jn f./s u p . the range of anterior/posterior femorotibial 

displacement Uap, brought about by the variation of anterior/posterior drawer 

force Fap between the limits ±100 N, was calculated. The results of this 

simulation are presented in Table 5.2.

Table 5.2
Results of simulation showing the relationship between anterior/posterior laxity 
of the knee, and the limiting value of distractive inferior/superior load Finf/sup 
that will permit the anterior/posterior buckling of the knee.

Scaling factor S.F 1.0 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2

Value of load Finf/sup 
that will cause AP buckling 
of the knee (N) -617 -554 -493 -431 -370 -309 -247 -185 -125
Range of AP dispi. Uap (mm), 
for Fap ranging between ±100 N 13.5 13.9 14.2 14.7 15.4 16.1 17.4 18.3 20.3

Flexion angle 9 was kept equal to 20 deg.
The more lax a knee becomes, the smaller the minimum magnitude of distractive 
inferior/superior load Finf/sup that win permit an anterior/posterior drawer force Fap to 
destabilize it.

5 .2 .3  Predictions on knee stability and how they com pare with clin ical 

observations

(a) A femorotibial compressive force can enhance the stability o f the knee

In figure 5.10, it is shown that a compressive superior/inferior hip force Fjnf./sup. 

can enhance the anterior/posterior stability of a knee that is subjected to an 

anterior/posterior drawer force. It is also shown that the higher the magnitude of 

this compressive force, the steeper the slope of the quasi-static anterior/posterior 

force versus deflection curve of the knee becomes for stipulated values of
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anterior/posterior femorotibial displacement U a p . This situation also leads to the 

enhancement of the relative anterior/posterior stability of the knee. These 

findings are quite understandable because a compressive load F jn f./sup . will tend

to resist the 'up-hill' motion of the femoral articular surfaces, along the concave 

sagittal profiles of the dished tibial articular surfaces (Walker, Wang and Masse 

1974; Hsieh and Walker 1976; Markolf et al. 1981; Shoemaker and Markolf 1985; 

Thatcher et al. 1987).

(b) A femorotibial distractive force can worsen the stability of the knee

In figure 5.11 it is shown that a distractive inferior/superior hip force F jn f./s u p . can 

worsen the anterior/posterior stability of a knee that is subjected to an 

anterior/posterior drawer force. It is also shown that the higher the magnitude of 

this distractive force, the less steep (or the more negative) the slope of the quasi

static anterior/posterior force versus deflection curve of the knee becomes for 

stipulated values of anterior/posterior femorotibial displacement Uap that are 

close to the origin, and the worse the relative anterior/posterior stability of the 

knee becomes. These findings have not been widely reported in the orthopaedic 

literature in the past. One explanation for the destabilizing effect of a distractive 

force on the knee is that this type of force will tend to assist the 'up-hill' motion of 

the femoral articular surfaces, along the concave sagittal profiles of the dished 

tibial articular surfaces.

(c) A knee that is more lax than usual is more likely to becom e unstable during  

activities of daily living than one with normal laxity characteristics

By means of the data presented in figure 5.12 and Table 5.2 it has been 

demonstrated that the more lax a knee becomes, the smaller the minimum 

magnitude of distractive load F jn f./sup . that will permit an anterior/posterior drawer 

force Fap to destabilize it. This finding is consistent with previous findings.
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because it has been widely recognized that knees that become severely 

unstable during activities of daily living tend to be markedly more lax than usual 

(Walker, Wang and Masse 1974; Markolf et al. 1978,1979; Insall 1984; Kapandji 

1987).

(d) A knee with abnorm ally low anterior/posterior stiffness Is more likely to 

becom e unstable during activities o f dally living than a norm al knee

This finding follows from the observation made in (c) above, because excessively 

lax knees usually have excessively low anterior/posterior stiffness.

(e) Most knees that becom e m arkedly unstable during activities of dally living do  

so occasionally

This clinical observation is in agreement with the results of this thesis, because 

by means of cautious control of the knee (that is based on proprioception and 

experience) the operating point of the knee can be prevented from reaching 

regions of the configuration/parameter space at which the effective 

anterior/posterior stiffness Kap will be negative or zero.

(f) From an Instability point of view, the knee Is most vulnerable when kept within 

the 15 to 3 0  deg. range of flexion

In this thesis it was shown, from the point of view of anterior/posterior instability, 

that knees that have prosthetic articulations are most vulnerable when kept within 

the 15 to 25 deg. range of flexion, or at flexion angles that are greater than 60 

deg. These findings are in agreement with current clinical beliefs and practice, 

because the anterior/posterior drawer test is usually conducted with the knee 

kept at about 20 deg. flexion; and the pivot-shift phenomenon occurs at about 25 

to 30 deg. flexion (Insall 1984). Moreover, for large flexion angles that are greater 

than 60 deg., the posterior cruciate ligament (or the tibial-spine and cam 

mechanism) is usually provided to enhance the stability of the knee (Insall 1984).
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With the evidence presented above, it has been demonstrated that the stability 

results of the preceding chapters are consistent with real-life observations on the 

stability of knees that have prosthetic articulations.
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Chapter 6 Discussion

The problem of instability of anterior/posterior equilibrium of knees that have 

prosthetic articulations has been investigated in this thesis. In Chapter 1, it was 

argued that there was a need for the provision of answers to some orthopaedic 

questions that are associated with the anterior/posterior instability of knees that 

have prosthetic articulations. These questions are: (i) When will a knee that has 

prosthetic articulations be of stable anterior/posterior equilibrium, and when will it 

be of unstable anterior/posterior equilibrium?; (ii) What factors determine the 

anterior/posterior stability of such knees and in what manner does each of these 

factors influence the stability of the knees?; (iii) What should the designers of 

prosthetic articular components, knee surgeons, physiotherapists, and the patients 

do to prevent the anterior/posterior instability of knees that have prosthetic 

articulations? The work presented in Chapters 2 to 5 was carried out to provide 

answers to these questions.

The literature review of Chapter 2 and the analytical models of Section 3.3 show 

that a knee that has prosthetic articulations will be of stable anterior/posterior 

equilibrium if the total anterior/posterior stiffness Kap of the system constituted by 

the knee and its inputs is positive. The knee will be of unstable anterior/posterior 

equilibrium whenever the anterior/posterior stiffness Kap is negative; and it will be 

at its stability boundary whenever the value of stiffness Kap is equal to zero.

6.1 Principles, generalizations and exceptions shown by the results

The factors that determine the stability of the anterior/posterior equilibrium of a 

knee that has prosthetic articulations are the factors that determine the total 

anterior/posterior stiffness Kap of the system constituted by the knee and its 

inputs. The analytical expressions presented in Section 3.3 show that these 

factors consist of the configuration variables, input load-parameters, and 

‘constants’ of the system constituted by the knee and its inputs.
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The configuration variables that are capable of influencing the stability of 

anterior/posterior equilibrium of the knee are the flexion/extension angle 0, the 

femoro-tibial (or femoro-meniscal) contact angle pci, and anterior/posterior 

menisco-tibial displacement H y . For a knee that has condylar type of prostheses 

anterior/posterior menisco-tibial displacement H y  will be constant. For a knee that

has meniscal bearings with fully-conforming femoro-meniscal articulations, 

femoro-meniscal contact angle pci can be eliminated from the formulation or set

equal to a constant value. For a knee that has meniscal bearings with partially- 

conforming femoro-meniscal articulations, all the three configuration variables will 

be available.

The input load-parameters that determine the stability of the anterior/posterior 

equilibrium of the knee are the total anterior/posterior load Fap, the total 

inferior/superior load Fjnf/sup and the total flexion/extension moment M; that act on 

the femur relative to the tibia, or on the tibia relative to the femur. In this work it 

was assumed that functional knee muscles should be able to provide the 

flexion/extension moment that is needed to keep the flexion angle constant. Thus, 

with the knee kept at constant flexion, the input load-parameters that determine 

the stability of the anterior/posterior equilibrium of a knee that has prosthetic 

articulations are the anterior/posterior load Fap and inferior/superior load Fjnf/sup 

that act on the passive knee. These forces are derived from sources that are 

external to the passive knee, namely muscle forces and other forces that act on 

the femur relative to the tibia, or on the tibia relative to the femur.

The system ‘constants’ which determine the anterior/posterior stability of knees 

that have prosthetic articulations are articulation-related, articulation/link related, 

and ligament/link related.
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The major articulation-related system ‘constant’ that was used in this work is the 

sagittal femoro-tibial (or femoro-meniscal) condylar conformity constant C which is 

the difference between the sagittal radii of curvature of the tibial and femoral 

articular surfaces, i.e., C = R t ib ia  -  R fem ur. (figure 3.1 and figure A1.1 of 

Appendix 1).

The major articulation/link related system ‘constant’ of this work is the femoro-tibial 

inferior/superior spacing Hxo; which is the inferior/superior distance between a

reference horizontal plane that is aligned with the tibial plateau, and the sagittal 

centres of curvature of the medial and lateral tibial articular surfaces (figure 3.1 

and figure A1.1 of Appendix 1). Hxo is determined by the radius R tib ia . the centre-

to-centre inferior/superior thickness of the plastic tibial-insert or meniscal bearings, 

the thickness of the tibial-tray, and the thickness of any layer of bone-cement that 

is used to fix the tibial-tray onto the tibia.

The major ligament/link related system 'constants' of the knee that were used in 

this work are the unstretched lengths Rio, stiffness coefficients ay and stiffness 

indices j of knee ligaments; the tibia-based local cartesian coordinates {xoi, yci, Zci) 

of the centres of insertion of knee ligaments into the tibia; and the femur-based 

local cylindrical coordinates {sgn(dj), d|, rpi, Ç|} that describe the position of the 

centre of insertion of the ligaments into the femur. One other factor in this 

category is the membership of the set of knee ligaments that are left intact after 

surgery.

The manner in which each of the configuration variables, input load-parameters 

and ‘constants’ can influence the anterior/posterior stiffness and stability of knees 

that have prosthetic articulations is presented below; for knees that have condylar 

prostheses, and two types of knees that have meniscal bearings.
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Knees that have Condylar Prostheses

Flexion angle 0

The results of figures 4.1.1 to 4.1.4 show that, with only the collateral ligaments left 

intact, knees that have prosthetic articulations of the condylar type are most 

unstable when the flexion angle is kept in the neighbourhood of 20deg. flexion, or 

at flexion angles that are greater than 60deg. The neighbourhood of 20deg. flexion 

is heavily utilized during critical activities of daily living such as standing, walking 

and running; whilst large flexion angles that are greater than 60deg. are required 

during activities such as sitting and squatting.

This finding is in agreement with current knee testing procedures, because the 

assessment of the anterior/posterior laxity of the knee is usually carried out with 

the knee kept at about 15 to 30 deg. flexion (Insall 1984, Kapandji 1987, Jacobsen 

and Iversen 1985).

The results of figure 4.8.2 show that the POL can enhance the stability of the knee 

for flexion angles that are greater than or equal to 60deg. This result provides an 

argument in favour of the retention of the POL or the use of a prosthesis that has 

the tibial spine and femoral cam mechanism (Insall 1984); because the PCL 

becomes taut again at about 60deg. flexion, and the tibial spine and femoral cam 

do not become engaged until the flexion angle reaches about 75deg. flexion (Insall 

1984).

Anterior/posterior displacement Uap snd  femoro-tibial (or femoro-meniscal) contact 

angle Pci

All the graphical results of Chapter 4 show that increasing or decreasing the value 

of anterior/posterior displacement Dap away from the minimum of the Kap versus 

Uap curves enhances the stability of the knee. This finding is understandable, 

because if knee ligaments are taut, the displacement of the femur from its initial 

equilibrium position will lead to the consumption of energy.



129

For a knee prosthesis, the range of values of pci is sufficiently small, such that Pci 

and Uap are linearly related (equation 3.26a). Thus the findings of this work 

regarding the effect of contact angle pci on knee stability, follow the same trend as 

the findings on the effect of anterior/posterior displacement Uap.

Anterior/posterior displacement Hy

For a knee that has condylar prosthesis, Hy is the anterior/posterior position of the 

plastic tibial-insert relative to a tibia-based reference frame, and it is kept constant.

The results of figure 4.2 of Chapter 4 show that a -5mm change in the value of Hy

can enhance the relative stability of the knee when the tibia is subjected to 

posterior displacement relative to the femur. Also this same change in Hy can

worsen the relative stability when the tibia is subjected to anterior displacement. 

Furthermore, a +5mm change in the value of Hy can enhance the relative stability

of the knee when the tibia is subjected to anterior displacement relative to the 

femur, and this same change in Hy can worsen the relative stability when the tibia

is subjected to posterior displacement.

These findings can be understood by considering how a change in Hy can affect 

specific knee ligaments. If the plastic tibial-insert is shifted anteriorly relative to the 

tibia, the posterior structures such as the LCL and the PCL will be made relatively 

more taut whilst the anterior structures such as the MOL and ACL will be made 

relatively less taut. Displacement of the tibial-insert in the opposite direction will 

have an opposite effect.

These results show that during knee surgery, the setting of Hy can be used to 

achieve symmetry of the anterior-drawer half and the posterior-drawer half of the 

equilibrium curve, about the horizontal anterior/posterior displacement axis Uap.
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For example, in the graphical results of figure 4.2, the best symmetry of the 

equilibrium paths about the Uap axis was obtained when H y  was set equal to 

-5mm, and the worst symmetry was obtained when H y  was set equal to +5mm.

These results provide a rationale for new designs of condylar prostheses for which 

the surgeon is able to adjust the position H y  of the plastic tibial-insert relative to the

tibial-tray, even when the femoral component and tibial-tray have been fixed onto 

bone.

Anterior/posterior load Fap

The graphical results of Chapter 4 show that the regions of the equilibrium surface 

at which the knee will be unstable lie in the neighbourhood of F a p = 0 .  The results 

also show that an increase in the magnitude of Fap can have a stabilizing effect on 

the knee.

As the magnitude of Fap increases, the anterior/posterior equilibrium position Uap 

of the knee will change, and the anterior/posterior stiffness of the passive knee will 

increase, due to the nature of the geometric and material property related 

nonlinearities of the passive knee. Also, as the magnitude of Fap increases, the 

femoral sagittal arc will be pushed 'up-hill' along the circular sagittal arc of the 

plastic tibial-insert; and this situation will lead to an increase in the load-dependent 

stiffness term (FapSinPd) of equation 3.30(a), because Fap and Pci will be of the 

same algebraic sign.

Inferior/superior load Fjnf/sup

The graphical results of Chapter 4 show that regions for which the knee will be 

unstable correspond to negative or zero values of inferior/superior load Fjnf/sup- 

The results also show that for positive values of Fjnf/sup, the relative stability of the 

knee improved with increase in the value of Fjnf/sup- And for negative values of 

Fjnf/sup, the relative stability worsened with increase in the magnitude of Fjnf/sup-



131

In real-life it is questionable whether the inferior/superior force Fjnf/sup ever 

becomes negative during activities of daily living. The load Fjnf/sup is derived from 

muscle forces and other external forces that act on the passive knee. But knee 

muscles impose compressive loads on the passive knee. Thus, the resultant of the 

external forces will have to be distractive and larger in magnitude than the total 

inferior/superior force provided by muscles, for Fjnf/sup to be negative.

In examining the effect of Fjnf/sup on the anterior/posterior stability of the knee, it 

may be necessary for one to focus on zero or small magnitude of Fjnf/sup as the 

worst scenario that will be encountered during activities of daily living. And it may 

also be necessary for one to focus on the stabilizing effect of positive Fjnf/sup-

The results on the influence of inferior/superior load Fjnf/sup on knee stability show 

that, during knee testing, the ‘anterior/posterior’ drawer force should not deviate 

from the anterior/posterior direction. Otherwise the drawer force will consist of two 

components; a reduced anterior/posterior load, and an (unintentionally imposed) 

inferior/superior load. The inferior/superior load will be compressive at one phase 

of the drawer test and distractive at the other.

Sagittal condylar conformity constant C

An increase in C can worsen the anterior/posterior stability of a knee that has a 

condylar type of prosthesis. A reduction in C can enhance the anterior/posterior 

stability of the knee (figure 4.3).

As the femoral component is displaced anteriorly or posteriorly relative to the tibia, 

‘up-hiir motion of the femur will occur (Walker, Wang and Masse 1974; Hsieh and 

Walker 1976; Markolf et al. 1981; Shoemaker and Markolf 1985; Thatcher et al. 

1987). This will usually lead to the distraction of the femoral and tibial insertion 

points of knee ligaments. This situation will tighten up the ligaments and improve 

the stability of the knee. A reduction in C corresponds to an increase in the



132

conformity of the articular surfaces, and this will accentuate the stabilizing effect of 

the ‘up-hiir motion.

In subjecting a knee that has prosthetic articulations of the condylar type to the 

anterior/posterior drawer test, care should be taken to avoid a switch in the value 

of C as Pci is varied. This goal will be realized if the flexion angle is kept at a 

value that will keep the sum (0+pci). of the flexion angle and the sagittal 

femorotibial contact angle, less than or greater than the blend-point angle pcabiend 

(equation 3.1d). When this precaution has not been taken the experimentalist 

should be aware of the possibilities of a switch in the value of C, when interpreting 

experimentally obtained anterior/posterior force and torque versus deflection 

curves of the knee.

Constants associated with blended sagittal arcs: Rc2biend, sgn(Rc2biend) a n d  

Pc2blend

The link-length Rc2biend is the difference between the two values Ciarge & Csmaii of 

condylar conformity constant C (equation 3.1f and figure 3.1). The constant 

Pc2biend is the femur-based angle that defines the location of the blend-point at 

which two sagittal arcs are tangentially blended to form the piece-wisely circular 

sagittal profile of the femoral articular surfaces (figure A1.2a of Appendix 1). The 

signum function sgn(Rc2biend) is as defined in expression (3.1e).

These three factors are associated with the switching of the value of C from Csmali 

to Ciarge. and vice versa. Thus, they can affect the anterior/posterior stability of the 

knee via changes in the value of 0. Both Rc2biend and Pc2biend are design 

constants.
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Inferior/superior femorotibial spacing Hxo

The main observations regarding inferior/superior femorotibial spacing Hxo are that 

a 2mm increase in this spacing can markedly enhance the anterior/posterior 

stability of a knee that has condylar type of prosthesis; and that a 2mm reduction 

in Hxo can markedly worsen the knee’s stability.

The reason for these observations is that the inter-insertion vector of each of the 

collateral ligaments is dominated by an inferior/superior component. Thus, an 

increase in Hxo will distract the femur-based insertion points of the ligaments away 

from the tibia-based ones, and tighten up the ligaments. Reduction in Hxo will

have an opposite effect. Thus if the ligaments are taut, the amount of work that 

the anterior/posterior force Fap will have to do to cause a unit anterior/posterior 

displacement of the femur relative to the tibia will increase with increase in Hxo-

The inferior/superior femorotibial spacing Hxo, is by definition the sum of: the 

sagittal radius of curvature Rt of the tibial articular surfaces, the minimum 

inferior/superior thickness of the plastic tibial-insert, the inferior/superior thickness 

of the tibial-tray, the inferior/superior spacing between the tibial-tray and a 

reference horizontal plane that is aligned with the tibial plateau. Thus, the value 

of Hxo and the anterior/posterior stability of a knee that has condylar prosthesis 

can be affected by the design features of a prosthesis via the sagittal radius of 

curvature Rt.of the tibial articular surfaces, the minimum thickness of the plastic

tibial insert, and the thickness of the tibial tray.

Furthermore, surgical placement of the prosthesis can affect the value of Hxo via 

the thickness of the bone-cement layer that is used to fix the tibial-tray onto the 

tibia, and the size of the flexion/extension gap that is left after the resection of the 

tibial and femoral condyles.
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In the post-operative knee, sinkage of the tibial-tray, and loosening of the 

prosthesis-to-bone fixation can alter the value of Hxo- These factors can thus 

affect the anterior/posterior stability of the knee.

Unstretched lengths %  of knee ligaments

It was observed that a 1mm increase in the unstretched-lengths Rio of knee 

ligaments can worsen the anterior/posterior stability of a knee that has condylar 

prosthesis; and a 1mm reduction in Rjo can enhance the anterior/posterior stability

of the knee (figure 4.5). A reason for this observation is that, for a given knee, the 

reduction in the unstretched lengths Rjo, can increase the initial strain energy of

the taut knee ligaments, such that the amount of work that the anterior/posterior 

force will have to do to produce a unit displacement of the femur relative to the 

tibia will increase. This will also increase the anterior/posterior stiffness Kap for 

stipulated values of anterior/posterior displacement Uap.

Ligam ent stiffness coefficients ajj and ligam ent stiffness indices j  

An increase in stiffness coefficients ajj and/or stiffness indices j of knee ligaments 

can enhance the anterior/posterior stability of a knee that has condylar prosthesis 

and reduction in aij and/or j can worsen the stability of the knee (figures 4.6 and 

4.7). This situation is so because the anterior/posterior stiffness of the passive 

knee is derived from the longitudinal stiffnesses of knee ligaments and the 

femorotibial articular constraint.

Mem bership of the ligamentous subsystem

The membership of the set of ligaments that are left intact after knee surgery can 

affect the stability of a knee that has prosthetic articulations of the condylar type. 

In section 4.3 of Chapter 4, it was found that the posterior cruciate ligament (PCL)
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may not affect the anterior/posterior stability of the knee at 20deg. flexion, whilst 

the anterior cruciate ligament (ACL) can. However, for knees that have condylar 

prostheses, the ACL is normally resected.

At 60deg. flexion and beyond, the PCL is taut and will affect the anterior/posterior 

stability of the knee (figure 4.8.2). This observation is in agreement with current 

practice, in that for knees that have condylar prostheses a tibial-spine and femoral 

cam, or the PCL, is used to prevent posterior subluxation of the tibia at large 

flexion angles that are greater than or equal to about 75deg. flexion (Insall 1984).

For knees that have meniscal bearings (with fully-conforming femoro-meniscal 

articulations)

Formulae for calculating the anterior/posterior stiffness of this type of knee were 

presented in sections 3.2 and 3.3 of Chapter 3. These analytical results show that 

the anterior/posterior force Fap of a knee that has this type of prosthesis depends

on the term which is dependent on flexion/extension angle 0,
o H y

anterior/posterior menisco-tibial displacement Hy and the system ‘constants’ Hxo, 

Rjo, ay and j. Furthermore, the anterior/posterior stiffness Kap and the 

anterior/posterior stability of a knee that has this type of prosthesis depends on the

term ----- 1-; which is dependent on flexion/extension angle 0, anterior/posterior
3Hy

menisco-tibial displacement Hy, and the system ‘constants’ Hxo, Rio, &ij and j. For 

this type of prosthesis, the four major ligaments of the knee are usually left intact.

It should be noted that, for this type of knee, ‘constants’ C, Csmaii, Ciarge, Rc2biend, 

sgn(Rc2biend) and pczbiend: and contact angle pci: need not appear in the 

expressions for anterior/posterior force Fap and anterior/posterior stiffness Kap. 

Also, it should be noted that Hy is now a variable, not a constant. At constant 

flexion angle the anterior/posterior displacement Uap=Hy+constant. It should also 

be noted that the inferior/superior load Fjnf/sup may not have a direct influence on
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the anterior/posterior stiffness of this type of knee, except via frictional forces or 

imperfection in the alignment of the tibial-tray with the tibial-plateau based 

horizontal plane.

For knees that have generalized meniscal bearings (with partially-conforming 

femoro-meniscal articulations)

The equilibrium equations of a knee that has this type of prosthesis consists of 

three equations for the equilibrium of the femur relative to the tibia, and one 

equation for the anterior/posterior equilibrium of the meniscal bearing relative to 

the tibia (equations 3.22a, b, c & d).

For a knee that has this type of prosthesis, the meniscal bearings may not be 

under anterior/posterior equilibrium if pci is not zero, unless forces that can 

oppose the anterior/posterior component of the femoro-meniscal contact forces 

are provided by menisco-tibial frictional forces, restraints imposed on the anterior 

or posterior surfaces of the meniscal bearings by peripheral soft tissues; or by 

other means (equation A3.20 and figure A3.1 of Appendix 3).

Formulae for calculating the anterior/posterior stiffness of this type of knee were 

presented in sections 3.2 and 3.3 of Chapter 3. These analytical results show that 

the anterior/posterior force Fap of a knee that has this type of prosthesis depends

on the term which is dependent on flexion/extension angle 0,
3Hy

anterior/posterior menisco-tibial displacement Hy and all the system ‘constants’ 

considered in this work. The analytical results also show that anterior/posterior 

stiffness Kap and the anterior/posterior stability of a knee that has this type of

prosthesis depend on the term which is dependent on flexion/extension

angle 0, anterior/posterior menisco-tibial displacement Hy; and all the system
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‘constants’ employed in this thesis. For this type of prosthesis, the four major 

ligaments of the knee are usually left intact.

The manner in which prosthesis designers, orthopaedic suroeons. rehabilitation 

personnel and the patient can contribute to the prevention of instability of the knee

The anterior/posterior stiffness of the knee will be influenced by the design and 

surgical placement of the prosthetic articular components, and the post-operative 

values of the system ‘constants’ of the passive knee.

Designers of prosthetic knee articulations can influence the anterior/posterior 

stiffness and stability of a knee that has prosthetic articulations, through the 

specification of the degrees of freedom and configuration variables of the 

prosthesis. They can also influence the stability of the knee through the 

specification of the values of the sagittal radii of curvature of the femoral and tibial 

articular surfaces (or the femoral and meniscal articular surfaces), which are the 

determinants of sagittal conformity constant C and the partial determinants of 

femoro-tibial inferior/superior spacing Hxo-

The major influence of knee surgeons on the anterior/posterior stiffness and 

stability of a knee that has prosthetic articulations is through the choice of the type 

and size of the prosthesis, the membership of the set of knee ligaments that are 

left intact after surgery, the size of the flexion/extension gap and soft-tissue 

balancing (Insall, 1984). These decisions can be viewed as the choice of 

permissible configuration variables, and the setting of the articular and ligament- 

based system ‘constants’ of the knee.

The mode of usage of the knee can influence the values of the input load- 

parameters and the configuration variables, and can therefore influence the 

anterior/posterior stability of the knee. Thus, the choice of the regions of the 

configuration/load-parameter space that will be reached during activities of daily 

living, plays a major part in the prevention of the instability of anterior/posterior 

equilibrium of the knee.
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Post-operative changes in the passive knee can affect the values of the system 

‘constants’, and consequently the anterior/posterior stability of the knee. In 

particular changes can arise in the articular surfaces, the femorotibial 

flexion/extension gap, the unstretched-lengths of the ligaments, the ligament 

stiffness coefficients, the ligament stiffness indices, and the membership of the set 

of intact ligaments that exist within the knee

Physiotherapy can enhance the patient’s ability to control the muscle forces, which 

are partial determinants of input load-parameters Fap, Fjnf/sup and M.

6.2 Comparison with previous work and contributions to knowledge

Comparison with previous work

The findings of this thesis on the anterior/posterior equilibrium and stability of the 

knee were compared to previous findings in sections 5.1 and 5.2 of Chapter 5. The 

nonlinear quasi-static equilibrium equations that were used to develop models on 

the anterior/posterior stability of the knee, in this thesis, were found to be 

consistent with previous research findings. Also, the stability results of this thesis 

were found to be consistent with real-life observations on the stability of knees that 

have prosthetic articulations.

Contributions to knowiedge

The major set-backs of the three previous attempts at determining knee stability 

analytically that were reviewed in section 1.3 of Chapter 1, have now been 

overcome. In this thesis stability has been dealt with directly, not a knee stability- 

related parameter of the type defined by Walker (1982). Also, in this thesis, 

articulations, ligaments, and the combined influence of muscle forces and external 

forces were modelled; in contrast to the work of Delp et al. (1995) which involves 

articulations and a dislocation safety factor only. Although the work of Delp et al. 

(1995) can be partially supported by a theory on the geometric stability of
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structures (Tuma 1969), it has been shown to be of highly limited scope due to 

reasons stated in section 1,3 of Chapter 1.

Furthermore, by means of the approach employed in subsection 5.2.2 of Chapter 

5, numerical data can now be provided for rating the relative stability of a given 

knee. Given the empirically-obtained force versus curve of a knee, the lowest 

value of anterior/posterior stiffness Kap can be measured and this can be denoted 

as K ap.iow est- Next, the knee can be considered to be subjected to a distractive 

inferior/superior femorotibial load F in f./sup . and an anterior/posterior drawer force 

Fap. Then, with the aid of validated mathematical models, the limiting values of 

loads F in f./s u p . and Fap that will just allow anterior/posterior buckling of the 

particular knee to occur, can be calculated; and these can be denoted as 

Finf./sup.buckiing and Fap.buckling respectively. In this manner, the relative stability of 

a given knee can be rated in terms of the magnitudes of Kap.iowest» f"inf./sup.buckling  

and Fap.buckllng-

In addition to the areas identified above, contributions to the knowledge of the 

stability and instability of the knee have also been made in the following areas.

The shortcomings of previous orthopaedic notion of knee stability that were 

pointed out in section 1.3 of Chapter 1 have been avoided in this work, by 

employing well tested scientific methods on the stability of systems.

Concerning clinical knee testing techniques, a link has now been established 

between excessive anterior/posterior laxity of the knee and the occurrence of 

anterior/posterior instability of the knee during activities of daily living. This link 

has been established by means of the anterior/posterior equilibrium equations, 

anterior/posterior stiffness equations, and associated graphical results of Chapters 

3, 4 and 5.



1 4 0

The analytical stability models of this thesis can be used to systematically 

establish how designers of prosthetic components, surgeons, physiotherapists and 

the mode of usage of the knee, can contribute to the prevention of 

anterior/posterior instability of the knee. This can be done by studying the detailed 

form of the equation that describes the anterior/posterior stiffness of the knee 

(equation 3.30a, 3.31a and 3.32a).

Concerning research-based empirical knee stability studies, the link between the 

anterior/posterior stiffness, force versus deflection characteristics and stability of 

knees that have prosthetic articulations; has now been established by means of 

empirically validated analytical equations (sections 5.1 and 5.2 of Chapter 5).

Also, it has now been shown that the overall stiffness of the system constituted by 

the knee and its inputs can be positive, negative or zero; not just positive as 

commonly presented in previous work. In addition, by means of knee stability 

models it is now possible to show how knee stability is simultaneously affected by 

several factors such as; gravitational forces, elastic stiffness, and load-dependent 

stiffness. It is also possible to show how these factors are in turn determined by 

the system 'constants', configuration variables and input load-parameters of the 

knee. In this thesis, the knee was positioned and loaded in a manner that can be 

representative of what happens during a vast number of critical activities of daily 

living such as standing, seating, walking, squatting, stooping, and stair-climbing; 

unlike the 'seated patient' approach adopted in most previous stability-related 

studies.

The limitations of empirical knee stability studies that were identified in section 1.3 

of Chapter 1 have now been bypassed by the combined use of analytical and 

empirical techniques.

Lastly in this work, by means of analytically explicit models and a unified set of 

notations, it has been possible to show the relationship between the stability of
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knees that have prosthetic articulations and other aspects of the mechanical 

behaviour of such knees; namely the kinematic constraint, elastic potential energy, 

quasi-static force (and torque) versus deflection curves, and stiffness.

6.3 Limitations of this work

In this thesis, femorotibial motion and femoro-meniscal/menisco-tibial motion were 

considered to be limited to the sagittal plane; spatial femorotibial motion was not 

considered. The rationale for this was that the study was focused on 

anterior/posterior instability of the knee.

Also, in this work knees that have prosthetic articulations were represented by a 

generalized mechanical analogue. One underlying assumption of this 

representation is that d isarticulation of the fem orotib ia l or femoro- 

meniscal/menisco-tibial articulations is prevented by the tension within the 

ligaments, and the joint-binding effects of the muscles.

In modelling the geometry of prosthetic knee articulations in this thesis, the sagittal 

profiles of the proximal articular surfaces of the tibial component and the meniscal 

bearings, were represented by circular arcs. Furthermore, the sagittal profile of 

the articular surfaces of the femoral component was represented by one or two 

tangentially-blended arcs, as applicable. This representation conforms with the 

geometry of most knee prostheses. However, for any knee whose articular 

geometry differs from the above form, the models on knee behaviour that were 

developed in this thesis may have to be adapted or re-derived from scratch.

Under functional loading, the deformation of the high-density polyethylene tibial 

component of the knee will normally be very small when compared to the 

physiological range of anterior/posterior femorotibial translation. The deformation 

of the tibial articular surface was therefore neglected in the models presented in 

this thesis. However, under certain situations, this type of kinematically
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insignificant deformation may still have an appreciable effect on knee energy and 

knee dynamics.

In this thesis, knee ligaments were modelled as line elements. It can be argued 

however, that numerous ligamentous fibres are required to fully model a single 

knee ligament. But were this to have been attempted, the modelling of the twisted 

longitudinal fibres and cross-linked fibres of each ligament would have 

complicated the model of the ligament beyond reasonable limits.

The combined action of muscle forces, gravitational forces, and forces that are 

external to the musculo-skeletal system, was modelled by a simpler but equivalent 

force system. The equivalent force system consists of two orthogonal forces and 

a moment namely; anterior/posterior force Fap, inferior/superior force F inf./sup. and

flexion/extension torque M. Detailed modelling of muscle forces was avoided 

because of the complexity of muscle architecture, and because such a modelling 

exercise belongs to a separate and extensive field of study.

The work presented in this thesis is only applicable to situations under which the 

knee is at equilibrium, or of a dynamic motion that is dominated by the knee's 

quasi-static behaviour. Dynamic forces such as inertial forces, centrifugal forces 

and Coriolis forces were not modelled. Also only smooth non-impulsive forces 

were considered. Thus the work is most applicable to activities of daily living such 

as, standing, slow walking, squatting and stair-climbing.

For a thick ligament, the set of ligament fibres that are taut will usually change as 

the femorotibial position variables are varied. This means that the effective value 

of unstretched length Rjo may be perturbed by changes in the femorotibial position

variables.

Condylar knee prostheses that have the cam and spine mechanism were not 

considered in this work, because a wide range of condylar prostheses that do not
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have this feature still perform satisfactorily. Another reason for this decision is that 

in most cases, the conventional cam and spine mechanism does not prevent 

anterior subluxation of the tibia. Thus, the mechanism was in this thesis treated as 

a fail-safe device against posterior drawer related total dislocation of the knee.

Some of these limitations point at the possible directions of future studies on the 

subjects of knee stability and knee performance.
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Chapter 7 Conclusions and Recommendations

7.1 Conciusions

The following conclusions can be drawn from the work presented in this thesis.

A  knee that has prosthetic articulations will be of stable anterior/posterior 

equilibrium if its total anterior/posterior stiffness is positive. The factors that 

determine the anterior/posterior stability of the knee are the configuration 

variables, input load-parameters, and ‘constants’ of the system constituted by 

the knee and its inputs.

The configuration variables that determine the anterior/posterior stability of 

knees that have prosthetic articulations are the flexion/extension angle, the 

sagittal femoro-tibial (or femoro-meniscal) contact angle, and the 

anterior/posterior displacement of the meniscal bearings (or plastic tibial-insert) 

relative to the tibia.

The input load-parameters that determine the anterior/posterior stability of a 

knee that has prosthetic articulations can be stated as the anterior/posterior 

force, the inferior/superior force, and the flexion/extension moment that act on 

the femur relative to the tibia (or on the tibia relative to the femur).

The system ‘constants’ that determine the anterior/posterior stability of a knee 

that has prosthetic articulations can be classified as articular system ‘constants’ 

and ligament-based system ‘constants’.

The articular system ‘constants’ that can determine the anterior/posterior 

stability of a knee that has prosthetic articulations are the femoro-tibial (or 

femoro-meniscal) conformity ‘constant’, the femoro-tibial inferior/superior 

spacing, and three geometrical constants that describe the tangential blending 

of two circular arcs, to create the sagittal profile of the femoral articular 

surfaces.



145

The ligament-based ‘constants’ that determine the stability of the knee are the 

coordinates of the centre of insertion of each ligament fibre into the tibia, 

relative to a tibia-based coordinate frame; and the coordinates of the centre of 

insertion of each ligament fibre into the femur, relative to a femur-based 

coordinate frame.

The manner in which each of these factors determine the anterior/posterior 

stability of knees that have prosthetic articulations have been established by 

means on analytical models.

1. The stability of a knee that has prosthetic articulations can worsen as the 

flexion angle reaches the 15 to 25 deg. range of flexion, and as the flexion 

angle exceeds about 60 deg.

2. Anterior/posterior displacement of the femur away from an initial equilibrium 

position enhances the anterior/posterior stability of the knee.

3. Increasing the sagittal conformity of the femorotibial (or femoro-meniscal) 

articular surfaces improves the degree of stability of the knee. Increasing 

the inferior/superior spacing of the femoral and tibial transverse axes of the 

knee by just 2mm, can enhance the stability of the knee.

4. The membership and physical attributes of the set of functional ligaments 

that exist within the knee and the activity of each of the ligaments, can 

influence the stability of the knee. The stability characteristics of the knee 

can be worsened by a 1 mm increase in the unstretched-length of a knee 

ligament, and it can also be worsened by a decrease in the stiffness 

coefficient or stiffness index of the ligament.

5. An increase in the magnitude of the anterior/posterior force can have a 

stabilizing effect on the knee.
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6. A compressive (superior/inferior) femorotibial force can have a stabilizing 

effect on the knee. A distractive (inferior/superior) femorotibial force can 

have a destabilizing effect on the knee.

7. Deactivation of knee ligaments is a major cause of anterior/posterior 

instability of the knee.

Other conclusions of this work are described below.

8. The stability of anterior/posterior equilibrium of the knee can be 

investigated by applying the static criterion, catastrophe theory, or the 

multiple parameter theory, to the nonlinear equilibrium equations of the 

system constituted by the knee and its inputs.

9. There is a need to rethink the traditional misuse of femorotibial equilibrium 

as a sufficient condition for knee stability. The existence of a system under 

equilibrium does not necessarily imply the stability of its equilibrium; the 

equilibrium state can be stable, unstable or critical.

10.The regions of the configuration/parameter space at which a given knee will 

be of negative or zero-valued anterior/posterior stiffness may lie outside the 

region of the configuration/parameter space that is utilized during activities 

of daily living. Under this situation the knee will be functionally stable.

11. A force versus deflection curve of the knee involves a highly localized 

region of the knee's configuration/parameter space. Such a curve cannot 

provide adequate information on the equilibrium of the knee outside the 

localized region.

12. It is illogical to refer to a particular knee as 'stable' or 'unstable' without due 

reference to specific values of the configuration variables and input load- 

parameters for which knee stability was determined.
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13. Given an experimentally-obtained anterior/posterior force versus deflection 

curve of a knee that has prosthetic articulations, a model-based technique 

now exists for predicting the limiting values of the input loads, at which 

anterior/posterior instability of the knee will occur. This method can be 

incorporated into clinical knee function assessment schemes.

14. If the sagittal profile of the femoral component of a condylar prosthesis can 

be represented by two or three tangentially-blended arcs, a change in the 

degree of conformity and stiffness versus deflection characteristics of the 

knee can occur as the anterior/posterior femorotibial displacement is varied 

at constant flexion. This phenomenon should be taken into consideration, 

in the interpretation of the results of knee-laxity tests.

7.2 Recommendations for future work

1 Future work on the subject of knee stability can be geared towards the 

application of the principles established by this thesis to orthopaedic practice. 

Progress can be made in the design of prosthetic articular components, the 

development and appraisal of surgical techniques, the development of knee 

testing schemes, the design of knee simulators and the understanding of 

injury mechanisms of the knee.

2 In this thesis, the anterior/posterior stability of knees that have prosthetic 

articulations has been analytically investigated, with femorotibial motion 

restricted to the sagittal plane. Future work on the analytical study of knee 

stability can be focused on spatial femorotibial motion.

3 The focus of future research in the field of knee mechanics can be shifted to 

the wider issue of knee performance (which includes knee stability). In this 

way, it is hoped that the overall performance of knees that have prosthetic 

components can be improved rather than stability only.
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4 Since the knee is utilized within the musculo-skeletal multibody system of the 

lower limbs, it is recommended that some future stability studies be focused 

on the stability of the hip-knee-ankle-ground linkage rather than the stability of 

the knee in isolation. This could be done alongside conventional gait 

analysis.

5 A study of the dynamical strategies that are employed by humans in 

controlling the knee, is another future area of research for which the analytical 

models presented in this thesis can serve as stepping stones.

6 Lastly, the effect of pulsating loads on the stability of the knee can be studied 

in the future.
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Appendix 1

Derivation of generaiized kinematic constraint equations of passive knees 

that have prosthetic articuiations, for motion restricted to the sagittai piane

Generalized kinematic constraint equations of passive knees that have prosthetic 

articulations will be derived and validated in this appendix, for situations under 

which femorotibial motion is restricted to the sagittal plane. The equations are 

needed for the development of models on the energy, force (and torque) versus 

deflection characteristics and stiffness characteristics, of knees that have prosthetic 

articulations in Appendices 2 to 4.

The derivation will be based on the roli-slip hypocycloidal guidance of the femur 

relative to the tibia, with the sagittal profile of the articular surfaces of the femoral 

component represented by two tangentially-blended circular arcs.

A1.1 Description of the system and notations

Two modes of femoro-meniscal contact of a femoro-meniscal/menisco-tibial 

articulation are shown in figure A1.1(a & b). In figure A1.1(a), femoro-meniscal 

contact occurs between the large sagittal arc of the femoral articular surface(s) that 

is centred at point O2, and the sagittal arc of the meniscal bearing(s). However, in 

figure A1.1(b) femoro-meniscal contact occurs between the small sagittal arc of the 

femoral articular surface(s) that is centred at point O2*, and the sagittal arc of the 

meniscal bearing(s).

Point Oi is the sagittal centre of curvature of the proximal articular surface(s) of the 

meniscal bearing(s). Point O2 is the effective sagittal centre of curvature of the 

femoral articular surface(s) for situations under which femoro-meniscal contact 

occurs on the sagittal femoral arc with large radius of curvature. Point O2* is the 

effective centre of curvature of the femoral articular surface for situations under 

which femoro-meniscal contact occurs on the sagittal femoral arc with small radius 

of curvature.
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(a) First mode of contact: Femoro-meniscal contact occurs on large femoral arc, C=Csmaii
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(b ) Second mode of contact: Femoro-meniscal contact occurs on small femoral arc, C=Ciarge

Fig. A1.1
Two modes of femoro-meniscal (or femoro-tibiai) contact of a knee 
prosthesis whose femoral articular surfaces can be represented by two 
tangentially-blended circular arcs, in the sagittal plane.
For clarity, ligaments are not shown.
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Let femorotibial conformity parameters C be defined as the difference between the 

sagittal radius of curvature of the articular surface of the meniscal bearing, and that 

of the femoral articular surface. Then, whenever femoro-meniscal contact is 

between the large femoral arc and the meniscal bearing, we can write: 

C=|0i02|=Csmaii* And whenever femoro-meniscal contact is between the small 

femoral arc and the meniscal bearing, we can write: C=|0i02*|=Ciarge-

The position of any arbitrary point pj that lies on the femur is described in 

cylindrical coordinates relative to axis 0302 of the femur, by means of radial link- 

length rpj, medio-lateral link-length dj, a signum function sgn(dj) and angle 

(figures A1.1 & A1.2). rpj is equal to |02pr’|.

Rc2biend is the distance between the first and second centres of curvature ( 0 2  and 

O 2I  of the femoral articular surfaces, such that Rc2biend = |0 2 0 2 *|.

0 is the flexion angle; pci is the meniscal-bearing based femoro-meniscal contact 

angle; pc2 is the femur-based femoro-meniscal contact angle; and Hy is the 

posterior displacement of the meniscal bearing(s) relative to the tibia (figures A1.1 

and A1.2).

Point Oo is the tibia-based origin of the system. XYZ is the global coordinate 

frame of the system, and it is centred at point Oo. Point O* is the anterior/posterior 

centre of the base of the plasic tibial-insert. The XY plane is the tibia-based sagittal 

plane. Point O* is displaced from point Oo by a distance Hy in the 

anterior/posterior direction, and a distance Hzo in the medial/lateral direction.
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Fig. A1.2
Link geometry of a knee prosthesis whose femoral articular surfaces 
can be represented by two tangentially-blended circular arcs, in the 
sagittal plane.
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A1.2 Relationship between femur-based contact angle pc2, 

meniscal-bearing based contact angle pci and flexion angle 6

Whenever the large femur-based sagittal arc centred at point 02 undergoes 

combined rolling and sliding relative to the sagittal arc of the meniscal bearings 

that is centred at point 01, without loss of contact, the geometrical relationship 

(Pc2=0+Pci) holds. Furthermore this condition also holds if the relative motion 

between these two arcs involves pure rolling or pure sliding.

Proof

With femoro-meniscal contact maintained, we know that for the roll-slip 

hypocycloidal guidance of figure A1.3 the following conditions hold.

(i) For the first mode of contact shown in figure A1.1 and for the articulation 

shown in figure A1.3, points 01, 02 and centre of contact Oc are collinear. 

And for the second mode of contact shown in figure A1.1, it is points 01, 

02* and centre of contact Oq that are collinear.

(ii) Flexion angle 0 is the angle of inclination of line 0302 to the 

superior/inferior tibial axis which is vertical in figures A1.1 and A1.3.

By definition, femur-based contact angle Pc2 indicates the location of centre of 

contact Oc on the femur, and it is the angle of inclination of femoral axis 0302 to 

the femur-based contact vector 020c (figure A1.3). Based on the geometrical 

construction of figure A1.3 it can be seen that pc2= 0+Pci-
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Femoral 
component

Fig. A1.3

Meniscal bearing 
or tibial component

Relationship between femur-based contact angle Pc2, 
meniscal bearing or tibia based contact angle Pci and flexion angle 6

For combined rolling and sliding, pure rolling or pure sliding of the femoral 
component relative to the tibial component or meniscal bearing, the relationship 
between femur-based contact angle pc2, tibia or meniscal bearing based 
contact angle pc1 and flexion angle 0, can be expressed as; pc2 =0 + pc1

A1.3 Conditions that determine whether contact point is on the large 
femoral arc or the small femoral arc

The large sagittal femoral arc is tangentially blended with the small one at the  

blend-point whose location is defined by fem ur-based contact angle P c2b iend  

(figure A1.2).

If pc2 < Pc2biend. contact will occur on large femoral arc, fem oro-m eniscal contact 

will involve points 0 1 , 0 2  and O c , and C  will be equal to C sm aii.

If p c2 > Pc2biend, contact will occur on small femoral arc, fem oro-m eniscal contact 

will involve points 0 1 , 0 2 * and Oc, and C will be equal to Ciarge.

If pc2 = Pc2biend. C will be double-valued, and a sudden change in its effective 

magnitude can occur from C = C s m a il fo C = C (a rg e  or vice versa, if the value of p c2 is 

perturbed.
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A1.4 Coordinates Xpj, ypj and Zpj of an arbitrary point p; that lies on the 

femur, relative to a tibia-based coordinate frame

For the 1 st mode of contact

Whenever (6+Pci) < Pc2biend the mode of contact shown in figure A1.1(a) applies. 

And the cartesian coordinates of an arbitrary femur-based point pj can be 

expressed as:

Xpi = |0 *0 i| - IO1O2I Gospel - |02pi| Cos( Çj - 0)

= Hxo ■ C CosPd - rpjCos(0 - ^j) (A1,1)a

ypi = |0 0 1  + IO 1O 2 I SInPci + |02Pi| SlnRi - 0)

= Hy + C S In P d  - rp jS ln (0 -y  (A1.1)b

Zpj = Hzo + sgn(dj)*di (A1.1)c

where Hzo is the z coordinate of point O*, sgn(dl) Is a signum function that signifies 

whether point pj lies within the lateral or medial compartment, and sgn(dj)*dj Is the 

z coordinate of point pi.

For the 2nd mode of contact

Whenever (0+Pd) > Pc2biend the mode of contact shown In figure A1.1(b) applies. 

And the cartesian coordinates of an arbitrary femur-based point pi can be 

expressed as:

Xpi = |0 Oi I - IO1O2 I CosPd + IO2 O2I Cos(0 - Pc2blend) " |G2Pl| Gos(^j - 0)

= Hxo “ G GosPd + Rc2blendGos(0 - Pc2blend) " rp|Gos(0 - ^j)

= Hxo " G GosPd - rp|Gos(0 - î) + Rc2blendGos(0 - Pc2blend) (A1.2)a

ypj = |00*| + |0 i02*| SInPd + |02*02| Sln(0 - pc2blend) + |02Pil Gln(5i - 0)

=  H y  +  G  S In P d  +  R c 2 b lendG ln (0  -  Pc2blend) “ rp jS in (0  -  ^i)

=  H y  +  G  S In P d  -  rp |S ln (0  -  ^i) +  R c 2b le n d G ln (0  - Pc2blend) (A 1 .2 )b

Zpj = Hzo + sgn(dj)*dj (A1.2)c
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The two sets of equations stated above can be re-written in a combined form as:

Xpi =  H xo  ■ C  C o s P d  " rp |C o s (0  -  ^ i) +  s g n (R c 2 b le n d )H c 2 b le n d C o s (0  -  P c2blend) 

Ypj =  H y  +  0  S in P c I " rp |S in (0  -  ^i) +  s g n (R c 2 b le n d )H c 2 b le n d S in (0  -  Pc2blend)

Zpj = Hzo + sgn(dj)*dj (A1.3)a,b,c

where,

Csmall if (0+Pcl)-Pc2blend
0 = (A1.3)d

Plarge if (0+Pcl)̂ Pc2blend

sgn(Rc2blend) =  '
0 .0  if (0+Pcl)̂ Pc2blend

(A1.3)e
1.0 if (Q+Pcl)-Pc2blend

For motion restricted to the sagittal plane, this set of equations can be used to 

describe the cartesian coordinates of any arbitrary femur-based point pi that is 

guided by a knee that has prosthetic articulations, if the sagittal profile of the 

femoral articular surfaces can be represented by two circular arcs (or a single 

circular arc).

A1.5 Partial derivatives of Xpj, ypj and Zpj with respect to position variables 0 ,

P c i and H y

The first partial derivatives of Xpj, ypj and Zpi with respect to position variables 0, pci 

and H y  can be expressed as:

0 X r

00— ^  =  r p iS in ( 0 - Ç i )  -  R c 2 b le n d S in (0  -  pc2blend) (A1.4)

= 0 SinPd ; = 0.0 (A1.5&A1.6)

= - rpjCos(0 - Çi) + Rc2blendCos(0 - Pc2blend) (A1.7)

= 0 CosPd ; 0 ^  = 1 "0 (A1.8 & A1.9)

^  ^  ^  (A1.10toA1.12)
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And the associated second partial derivatives of Xpj, ypj and Zpi can be expressed

as:

0 0 2  -  rpjCos( 8  - î) - Rc2blendCos(0 - Pc2 blend) (A1.13

aeapd "  apciae

_ a K = o . O  (A1.15aeaHy -  aHyae

a^XEL _ J ! M -  = 0.0 (A1.16
9Pc1^Hy 8Hy3Pc1

azx
3Pcl

azx

^  = C  CosPd (A1.17

a H y 2
El _= 0.0 (A1.18

= rpiSin(e-Çi) - Rc2blendSin(0 - Pc2blend) (A1.19

a e ^  = a p ^  =

^^ypi _ Ü veL _ 00
aeaHy -  aHyae ~ "  "

_
3Hy2

(A1.21

apc/aHy -  BHyapd ”

= -C  SinPd (AI.23
0Pc1^

= 0.0 (A1.24)

All the second partial derivatives of Zpi with respect to position variables 0, pci : 

and Hy are equal to zero.
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A1.6 Anterior/posterior displacement Uap of femur-based point 02 , relative 

to the tibia

In figure A1.1, it can be seen that the x and y coordinates of point 02 will be the 

same as those of point pj if link-length rpj is equal to zero. Thus, by setting rpj 

equal to zero in the expression for ypj in equation A1.3(b), anterior/posterior 

displacement Uap of femur-based point 02 relative to the tibia, can be expressed 

as:

Uap = Hy + 0 SinPd + sgn(Rc2blend)Hc2blendSin(0 - Pc2blend) (A1.25)a

where.

Csmall if (0+Pcl)̂ Pc2blend 

Piarge if (Q+Pcl)̂ Pc2blend

0.0 if (0+Pcl)-Pc2blend

1.0 if (0+Pcl)-Pc2blend

C  =

sgn(Rc2blend) = '

(A1.25)b

(A1.25)c

A1.7 Expressions that describe how length R j of the ith ligament of the knee 

is controlled by configuration variables 6, Pd and Hy

Let (Xcj,yci,Zci) represent the coordinates of the centre of insertion of the ith 

ligament of the knee into the tibia (i.e., the coordinates of the distal centre of 

insertion of the ith ligament). Detailed expressions for the coordinates Xpj, ypj, and 

Zpj of the proximal centre of insertion of the ligament have just been derived in

equation A1.3  above. The inter-insertion spacing Pj of the ith ligament of the knee 

can be defined as the shortest distance between the proximal and distal centres of 

insertion of the ligament, i.e..

Pi = V[(Xpi - Xci)2 +  (Ypi - Yci)2 +  (Zpi - Zci)2 ] (A1.26)
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Now if the ligament is taut and straight (with no wrap-around) its effective length 

will be exactly equal to its inter-insertion spacing. However, if the ligament is taut 

and curvilinear, its effective length will be equal to the inter-insertion spacing plus 

some model-based imperfection caused by the wrapping of the ligament around 

bone or any other obstruction. Thus, for femorotibial or (femoro-meniscal/menisco- 

tibial) motion that is restricted to the sagittal plane, the effective length Rj of the ith 

ligament of the knee can be symbolically expressed as:

Rj -  [(Xpl - Xci)̂  + (ypj - yci)  ̂+ (Zpj - Zcj)̂  + 6Rj wrap.

= j [Hxo - C Cospci ■ rpjCos(0 - Çj) + sgn(Rc2blend)Rc2blendCos(0 - Pc2blend) " Xcj]^

[Hy + C S inPd ■ rp jS in(0-^j) + sgn(Rc2blend)Rc2blendSin(0 - Pc2blend) ■ Ycip

+ [Hzo + sgn(dj)*dj - Zcjp [ + 5Rj wrap. (A1.27)

Let the effective unstretched-length of the ligament be RjQ. Then, the ligament will 

be activated whenever Rj > Rjo, and it will be deactivated whenever Rj < RjQ.

If the wrap-around-dependent term 6Rj wrap of equation A1.27 is negligible, the 

partial derivatives of Rj with respect to the configuration variables can be 

expressed as:

(A1.28)

3Ri 
9Pcl ■ f t P̂c1

(A1.29)

aK
2
Ri

/  \ ^^pi / \ ^ypi f  \ ^Zpj
(Xpi -  ĉi) (ypi ~yci) (Zpj ~^c\ )  -j|_ |3K

(A1.30)
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And, by differentiating the first partial derivatives that have Just been obtained, with 

respect to appropriate configuration variables, the following second partial 

derivatives of Rj can be obtained:

a2Ri
302 "  Ri 1 ■ ’^ '^‘3 6 ^  *  (ypi ■ +  (Zpi - Zci)

9̂ ypi 32zpi

302

9ypi 
V 90 y

\2

V 90 y

3Ri^^
30

(A1.31)

32Ro 'n i 1 j .  ̂ 32xpi  ̂ 92ypj _  ̂ 32zpi
303pci -  R|] (Xpi-% )ae3Pci (ypi'^") 303pci ^ (^ p i '^ )  303pci

3xpi 3xpi 3ypi 3ypi 3zpi 3zpi 3R| 3R|
"i" 30 3Pcl 90 3Pci "i” 30 3pci 30 3Pci (A1.32)

32Ri
303H,

1 J , , 32xpi , , 32ypi  ̂ 32zpi
R. 1 (Xpi - Xci) gegHy + (yp i-yci)gegH y + (Zpi ■ Zci) gegHy

9xpj 3xpi By pi Bypi Bzpi Bzpi BR| BR|
36 3Hy 36 3Hy ^ 36 3Hy 36 3Hy (A1.33)

32Rj 1 y a^Xpj y y 32ypj y _  ̂ ^^^pj
3pci3Hy -  Ri |(^pi ■ 3pci3Hy + (^Pi ' 3Pci 3Hy + (^Pi ’ ^ i)  3pci3Hy

3xpj 3xpi 3ypi 3ypi 3zpi 3zpi 3R| 3R| | yŷ ^
+ 3pci 3Hy + 3pci BHy + 3pci 3Hy ■ 3pci BHy J

32R| 1 I y y B̂ Xpj y y ^̂ ypi  ̂  ̂  ̂ ^̂ P̂l
3pclZ  -  R j i  (X p i-% ) gp_.^2 +  (y p i-y °> a p ^ i2  +  (^ P i'^ i> 3 p c l2

3xpi
\2

^3Pc1y
3ypi

\2 3zpl
v9pciy

3Ri
v9Pciy

(A1.35)

32R|
3 H y 2

1 J , , 32xpi ' 32ypi 32zpi
-  R. I  (Xpi - Xci) g|_|^2 +  (yPi‘ y“ )3H y2 "i" ( P ''^ '^ 3 H y 2

+
\9Hyy

'9y \2
pi

y3Hyy
'9Zpr^
\9Hyy

^3R|^^ 
v9Hyy

(A l .36)
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Appendix 2

Derivation of expressions that describe the ligament-based elastic
potential energy V@ of knees that have prosthetic articulations: for motion
restricted to the sagittal plane

Equations that describe the ligament-based elastic potential energy V@ of knees 

that have prosthetic articulations will be derived in this appendix. Equations that 

describe the first and second partial derivatives of Ve with respect to the 

configuration variables will also be derived. These equations are needed for the 

derivation of the quasi-static equilibrium equations of the knee, via a Lagrangian 

formulation, in Appendix 3.

A2.1 Elastic potential energy function Vei of the ith ligament of the knee

Let Fj represent the longitudinal tensile force that is associated with an elongation 

ej of the ith ligament of the knee (figure 3.1). The force versus deflection equation 

of the ligament can be expressed in polynomial form as:

Fj = sgn(i)*( an + a \2 *ej + ai3*ej2 +...+ )

= sgn(i)*[ an + ai2(Rj - Rio) + ai3(Ri - Rio)  ̂ +••■+ ain(Ri - Rio)""'' ]

= 1 sgn(i) aij [Ri(0,Pci.Hy) -  Rfo] (A2.1)
j=1

where, R| is the instantaneous length of the ith ligament, and R|o is the 

unstretched-length of the ligament. The symbol ay represents the Jth stiffness 

coefficient of the ith ligament, 9 is the flexion angle. Pel is the sagittal femorotibial 

(or femoro-meniscal) contact angle, Hy is the posterior translation of the meniscal 

bearing(s) relative to the tibia, and sgn(i) is a signum function that is defined by the 

expression:

1 for Rj > Rio
sgn(i) = ' (A2.2)

0 otherwise
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Then, by means of work energy principle, the elastic potential energy Vei, that is 

associated with elongation ei and the tensile force Fj of the ith ligament, can be 

expressed as:

ei=Ri-R|o
Vei = Work done on ith ligament = sgn(i) f  F\ dej

ej=0

ej=Rj-R|o
= sgn(i) /  aii + aj2*ej + ai3*ej2 +...+ ain*e|n-i dej 

ej=0

/'\ r 1̂2 9 cii3 o ajn i
= sgn(i) *[ aii*ei+ "2 ' *®i + " 3 " ‘© r+ -”+ ~  ©i' Ĵ

ai3 Sin

= sgn(i) *{ aii[Rj-Rio] + " ^  [Rj-Rio]^ + “^  *[Ri-Rio]  ̂ *[Ri-Rio]  ̂ }
ai3

Ri-R|o
0

ajn Rj-RI r&IO

aii
= I  sgn(i)^[R i(0,poi.Hy)-R io]  ̂

i=i J
(A2.3)

Comment

Based on the work of Trent et al. (1976), the force versus deflection curves of knee 

ligaments can be adequately modelled by retaining only the term for which j-1=2, 

in equation A2.1 (i.e., we retain only the term for which j=3). This force versus 

elongation relationship is identical to those adopted by Wismans et al. (1980), 

Moeinzadeh et al. (1983), Essinger et al. (1989), and Tumer et al. (1991).

A2.2 Total ligament-based elastic potential energy Vei of the knee

The total elastic potential energy due to 'Niig.' activated ligaments of the knee can 

be expressed as:

'̂ ''9- n ail i
Ve lig.= Ve(0,Pci.Hy) = E Vei = % % sgn(i)y-[Rj(0,pci.Hy) - Rjo] (A2.4)

i=1 j=1 ^

Where all notations are as already defined.
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A2.3 First partial derivatives of total ligament-based elastic potential energy  

function Ve with respect to the configuration variables

The first partial derivatives of total ligament-based elastic potential energy Vg with 

respect to configuration variables 0, pci and Hy can be written as:

avg n j.i 3Ri
-go" = zJ Xsgn(i)aij [Ri(e,pci,Hy) - R|o] gg- 

i=1 j=1

avg 1-1 aRi
a g  -  z T  S ® 9 n ( i ) a i j  [R i(6 .P c 1 .H y )  -  Rjo]

i=1 j=1

avg i  j-i aRi
= X  Ssgn(i)aij [Ri(9,pci,Hy) - Rfo]3H\

i=1 j=1

where all symbols are as already defined above.

(A2.5)

(A2.6)

(A2.7)

A2.4 Second partial derivatives of total ligament-based elastic potential 

energy function Vg with respect to the configuration variables

The second partial derivatives of total ligament-based elastic potential energy Vg 

with respect to configuration variables 0, pci and Hy can be written as:

30‘
—  = s£sgn(i)a ,
30“ i=1 j=1

^3Ri\
90 JI + [Rj-Rio]

3^Vg _
9pci90 90 9pci

l̂ig n [ i P
=  I  l s g n ( i ) a i j  0 - 1 )  [ R r R | o ] ' ' ^

i=i j= i

^3Ri Y3R^
30v^Pci/

3̂ Vg _ 3̂ Vg
9Hy90 90 9Hy

N|ig n
= I I s g n ( i ) a j j  

i=1 j=1
0-1) [R|-Rio]''^

^ 3rY
|̂ 3Hy

(A2.8)

+ [Ri-Rio]'"^ 9pci90

(A2.9)

( f l  *
3^R|

3Hy30

(A2.10)
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e _ N|ig n
Z Isgn(i)aji 
i=1 j=1

3R|

v^Pd/
+ [Ri-Rfo]'-^

i_i 9^R|

3Po1̂

(A2.11)

aHyaPci apciaHy

l̂ig n 
= IZ s g n ( i)a  

i=1 j=1
0-1) [Ri-Riol'’^

9Ri Y 3R|

aHy j^apd + [R i-R io]'-’
aHyapci 

(A2.12)

^  = I f  Ssgn(i)a, 
aHy i=1 j=1 0-1) [Ri-Rio]''^ -1 a-̂ Ri

[Ri-Riol*-^ 3̂Hy2

(A2.13)

where all symbols are as already defined above, and as defined in the 

nomenclature. In particular, the first and second partial derivatives of Rj with 

respect to the configuration variables, are as stated in Section A1.7 of Appendix 1.
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Appendix 3

Derivation of the quasi-static equilibrium equations of knees that have 

prosthetic articulations, for motion restricted to the sagittal plane

A3.1 Generalized forces

With reference to figure 3.1, the position vector ro2 of centre O2 of the distal 

femur, can be expressed as:

ro2 = { |0 *O i|- |O i02|Cospci}i + { |00*| + 10i 02|Sinpci} j 

— {Hxi " C CosPci} i + {Hy + C SinPci} ] (A3.1)

and the position vector roA of tibia-based centre Oa can be expressed as: 

roA = “U i + 0.0 j (A3.2)

Thus, the partial derivatives of vectors ro2 and roA with respect to the femoro

tibial position variables can be expressed as:

^ = 0 . 0 i  + 0.0 j (A3.3)
O0

+ C SinPci i + c CosPd I (A3.4)
°Pc1

| ^ = 0 . 0 i  + 1.0j (A3.5)
oHy

% ^ = 0 .0 i + 0.0] (A3.6)
00

^ = 0 . 0 i  + 0.01 (A3.7)
oPc1

| ^ = 0.0 i + 0.0) (A3.8)
oHy

Next, force P2 that acts at centre O2 of the distal femur, and force Pa that acts 

at tibia-based point Oa, can be expressed (in vectorial form) as:

P2 = - P2x i + P2y i (A3.9)

Pa = PAxi - PAyi (A3.10)
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Then, the generalized forces Qe, Qpci, and Qhy that are associated with flexion 

angle 0, femoro-meniscal contact angle pci, and menisco-tibial displacement 

H y , can be expressed as:

aeQe = 2 P r ^  + P A - ^ + Q e -

= {‘ P2x i + P2y ]} ■ 0.0 i + 0.0 j}

+ {PAxi-PAyi}-{O.Oi + O.Oj} + {M f}  

=  +  M f

(where Qe*= M f)

(A3.11)

= {-P2x i + P2y j} • { C SinPci i + C Cospd j} 

+ {PAxi-PAyj} *{0.0 1 + 0.0]}+ 0.0 

=  - P 2x C S in P c 1 +  P2yCCoSpc1

(where Qpci*= 0.0)

(A3.12)

ÜHy = I  Pj
ar01
aHv = P2

aro2
aK + pa

afpA
aHv + Qhv*

= {-P2x i + P2y ]} ' (0.0 i + 1.0 ]} 

+ {PAxi-PAyj}*{O.Oi + 0.0 ]} 

= P2y

(where QHy*= 0.0)

(A3.13)

A3.2 Quasi-static Equilibrium equations (general formulation)

Based on a Lagrangian formulation, the equilibrium equations of the system 

shown in figure 3.1 (of Chapter 3) can be expressed as:

av,
ae

e _ Qe;
av,e _
^Pcl

= Qpci ; av
an.

e _= QHy ; (A3.14)a,b,c

where Ve is the elastic potential energy of the system.
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By substituting the detailed forms of the generalized forces Q e , Q p c i and ÜHy 

into the above equations the quasi-static equilibrium equations of the system 

can be re-written as:

^ ■ M f =0  (A3.15)a

+  P 2 x C S in P c l -  P 2y C C o s p c i = 0 (A3.15)b
ave
aPci

- P 2y = 0 (A3.15)cave
aHy

By substituting (Fap=P2y and Finf./sup.=P2x) into these three equations, the

equilibrium equations of the system can be re-written (in terms of orthopaedic 

load components Fap and Finf./sup) as:

aVe
M f =0 (A3.16)a

30

+ Finf/sup.CSinPct " FapCCosPci = 0 (A3.16)b3Ve

3Pcl

| ^ - F a p  = 0 (A3.16)c
OMy

These three generalized equilibrium equations can be used to describe the 

force (and torque) versus deflection behaviour of a wide range of knees that 

have prosthetic articulations, whenever femoro-tibial motion is restricted to the 

sagittal plane.

A3.3 Necessary condition for the anterior/posterior equilibrium of the 

plastic tibial-insert

For a knee that has movable meniscal bearings (with partially-conforming 

femoro-meniscal articulations), the plastic tibial-insert may not always be under 

anterior/posterior equilibrium. The free-body diagram of the plastic tibial-insert 

of this type of knee is illustrated in figure A3.1.



Y

1 7 7

AX

oi y

/

/pc1

Fap/peripheral
Oc

Ffric base

Rbase

Fig. A3.1 Free-body diagram of the plastic tibial-insert of a knee that 
has partially conforming femoro-meniscal articulation.

The forces acting on the plastic-insert are gravitational force (rripiastiĉ g). 

femoro-meniscal contact reaction Rc, femoro-meniscal frictional force Ffnc/top. 

resultant tibio-meniscal contact force R p a s e . tibio-meniscal frictional force 

F fr ic /b a s e . and a resultant anterior/posterior force F a p /p e r ip h e ra l that is imposed 

on the periphery of the plastic-insert by soft-tissue or other sources.

Let the coefficients of static friction of the femoro-meniscal articulation be 

represented by ptop, and let that of the menisco-tibial articulation be 

represented by p p a s e -  Then, the condition for the inferior/superior and 

anterior/posterior equilibrium of the plastic tibial-insert relative to the tibia can 

be derived in the following manner.

(i) The condition for the quasi-static equilibrium of this plastic-insert in the 

inferior/superior direction can be expressed as:
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—RcCosPci “  ̂ îric/top̂ **̂ Pc1 b̂ase ~ *̂ plastic * 9 “  0 (A3.17)

where fïric/top ~ M̂ top̂ c

such that, equation A3.17 can be re-written as:

—RgCosPgi — M-top^c *̂*^3c1 ^base “  Aplastic 9 ~ ^ (A3.18)

For all practical purposes, the gravitational load (mpiastic*9) will be very small

compared to the sum of the other terms of equation A3.18; and can be

neglected without loss of generality.

If we neglect the mass of the plasic tibial-insert, equation A3.18 can be re

written as:

^base “  ■*"M'top̂ **̂ Pcl) (A3.19)

The condition for the quasi-static equilibrium of the plastic-insert in the 

anterior/posterior direction can be expressed as:

RcSinPd ~ Ffric/topCos^Qi -  Ffric/base '^Fap/peripheral “  ® (A3.20)

But Ffric/pase “  M̂ basê base Ffhc/top ~ M-top̂ c» such that, equation A3.20 

can be re-written as:

RcSinPct ~ M-top̂ ĉ ^̂ Pd “  M-basêbase Fap/peripheral ~ ® (A3.21 )

By substituting equation A3.19 into equation A3.21, we can write:

RcSinPct “ Ptop̂ ĉ ^̂ PcI ~M'basê c(̂ ®̂Pc1 Ftop̂ '̂ P̂ct) ^p/peripheral “  0 

such that,

Fap/peripheral ~ —RcSinPct Ptop̂ ĉ ^̂ Pct '*"M'basê c(̂ ®̂Pct Ftop̂ ^̂ Pct)

(A3.22)

If the anterior/posterior force acting on the periphery of the plastic insert is 

negligible compared to other forces within the system, we can set Fap/peripheral 

equal to zero; such that equation A3.22 can (conditionally) be re-written as:
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RcSinPci ~ M^top^c^^^Pd ~ M^basG^c(^®®Pc1 M t̂op *̂*^Pcl) ~ ^ (A3.23)

^  ^c[(M-top ■*"M'base)^®^Pc1 ■*‘ (M'topM'base ~^)^**^Pcl] ~  ® (A3.24)

=* Rc=0 (trivial !), or

[(p̂ top M-base)^®^Pc1 (M-topM-base “  ^)^**^Pcl] ~ ^ (A3.25)

^ t a n p , ,  A t ^ b a s e  (A3.26)

1 top M-base

such that:

/   \
Pci = tan-1 M'top M-base

V
1- M-topM-base

(A3.27)

A3.4 Special cases: of the equilibrium equations

(i) For knees that have hinge type of prostheses. and Hy will be constant, 

such that the equilibrium equation of the system can be expressed as:

Mf = ^  (A3.28)
96

(ii) For knees that have condvlar prostheses (with no meniscal bearing), Hy will 

be constant, and the equilibrium equations of the system can be expressed as:

Mf = 0  (A3.29)a
96

+ Fjnf,/sup.CSinPc1 ■ F apCCosj3ci = 0 (A3.29)baVe
apci

With some re-arrangement, these two equations can be re-written as:

Mf = - ^  (A3.30)a
(70

^9Ve
Fap — Q Secpci + fînf/sup^^**^Pc1

v^Pct
(A3.30)b
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(iii) For knees that have prosthetic meniscal bearings (with fully-comforming 

femoro-meniscal articular surfaces), pci will be constant, and the equilibrium 

equations of the system can be expressed as:

^ - M f = 0  (A3.31)a

| ^ - F a p  = 0 (A3.31)b

And, again with some re-arrangement, these two equations can be re-written 

as:

Mf = ^  (A3.32)a
(70

Fap = 1 ^  (A3.32)b

(iii) For knees that have prosthetic meniscal bearings (with partially-comforming 

femoro-meniscal articular surfaces) three equilibrium equations are required for 

the static equilibrium of the femur relative to the tibia. A fourth equation is 

required for the friction-dependent anterior/posterior equilibrium of the plastic 

tibial-insert relative to the tibia. These four equilibrium equations are as stated 

in equations A3.16 (a to c) and A3.22, and can with some rearrangement be re

written as:

Mf = ^  (A3.33)a
(70

F ap  = ^  (A3.33)b

Fi‘nf./sup -  — C o s e c p d VapCCospd -  ^
3Pc1

(A3.33)c

F ap /periphera l “  “ F p S in p a f  +  F to p ^ c ^ ^ ® P c 1  '* 'H b a s e ^ c (^ ® ® P c 1  ’* 'F to p ® *^ P c l)

(A3.33)d
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As established in Section A3.3, the anterior/posterior force Fap/peripheral that 

acts on the periphery of the plastic tibial-insert is negligible, equation A3.33(d) 

can be re-written as:

Pci = tan-1 f-t-top M̂base 
 ̂“  lltop*^^base

= constant (A3.33)d'

A3.5 Expression of displacement Uap as a function of 6, Pci and Hy

In Appendix A1, the equation that describes the anterior/posterior displacement 

Uap of the femur relative to the tibia was expressed as:

Uap = Hy + C Sinpci + sgn(Rc2blend)Rc2blendSin(0 - Pc2blend) (A3.34)a 

where,

Csmall if (6+Pcl)-Pc2blend

-Ciarge if (0+Pcl)-Pc2blend

0.0 if (0+Pcl)-Pc2blend

1.0 if (6+Pcl)-Pc2blend

C =

sgn(Rc2blend) = '

(A3.34)b

(A 3.34)c

To describe the anterior/posterior force versus deflection curves of knees that 

have prosthetic articulations, equation A3.34a can be used in conjunction with 

equation A3.30b, A3.32b and A3.33b.
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Appendix 4

Derivation of expressions that describe the anterior/posterior stiffness of 

knees that have prosthetic articulations

A4.1 For knees that have prosthetic articulations of the condylar type

With reference to equations A3.30(b) and A3.34(a) of Appendix 3, the equations 

that describe the anterior/posterior equilibrium of this type of knee can be written 

as:

^ap -  Q  SecPci
^Pcl

(A4.1)a

U a p  =  H y  +  C  Sin^cl + sgn(Rc2blencl)Rc2blendSin(0 - Pc2blend) (A4.1)b

where Fap is the anterior/posterior force and Uap is the anterior/posterior 

displacement of the femur relative to the tibia.

For condylar prostheses menisco-tibial displacement H y  will be constant, such 

that we can express U a p  in the form: U a p = f ( 0 ,P c i ) -  Also, we can express F a p  in 

the form: F a p = f (0 ,p c i .F in f .s u p . ) -  Furthermore, if this knee is kept at a constant 

angle of flexion, we shall have: U a p = f ( P c i ) ;  F a p = f (P c i,F in f .s u p .) .

Thus, for a specified value of inferior/superior load Fjnf.sup., the 

anterior/posterior stiffness Kap of this type of knee can be expressed as:

= d p f f  d D ^

It should be noted that anterior/posterior stiffness Kap is the slope of the 

anterior/posterior force versus deflection curve.

By making SinPd the subject of equation A4.1(b), the equation can be re-written 

as:

S in P d  = o' [ Uap - Hyo - sgn(Rc2blend)Rc2blendSin(0 - Pc2blend)] (A4.3)

which is of the form: f(Pci)=f(U ap)
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If we differentiate equation A4.3 with respect to Uap we shall obtain:

(A4.4)

such that:

^  =S ' SecPd (A4.5)

By differentiating equation A4.1(a) with respect to pci we can obtain:

dF
dPcizf" - Q Pci Pci aVe

^Pcl
HnfVsup. ^ Pci

1
+ -  Sec Pci

^Pcl
2 hnf./sup. ^ CosPd (A4.6)

And by substituting equations A4.5 and A4.6 into equation A4.2, the equation 

that describes the anterior/posterior stiffness Kap of the system can be re

expressed as:

dPap _ dPap dpci 

^^ap ^Pcl ^^ap

^ s e c p d l jtanpd
aVe

,̂ Pc1
+ a %

^Pcl
2 n̂fVsup. ^ Cô PcI

But from equation A4.1(a), we can note that:

(A4.7)

aVe

^Pcl
fïnf./sup.^^'’̂ Pc1 — ^ p C  C o s P d (A4.8)

Thus we can write, 

\2
Kap - — secPd Pap C  C o s P d  t a n P c i  +  2 ^ ̂ nf./sup. C o s P c i

oPci

—  secPd
a^Vc

^Pcl^
+ âp ^ SinPd + f̂ nf./sup, ^ CosPd (A4.9)
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Consequently, the equations that describe the anterior/posterior stiffness (and 

anterior/posterior displacement) of knees that have condylar prostheses can be 

expressed as:

f  1
Kap =1^— s e c P d J  j — +  F^p 0  Sinp^i +  •ïnf./sup. ^  C o s p d (A4.10)a

Uap = Hyo + C S in P d  + sgn(Rc2blend)Hc2blendSin(0o - Pc2blend) (A4.10)b

A4.2 For knees that have prosthetic articulations of the m eniscai-bearing  

type (whose femoro-meniscal articular surfaces are fully-conforming)

With reference to equations A3.32(b) and A3.34(a) of Appendix 3, the equations 

that describe the anterior/posterior equilibrium of this type of knee can be written 

as:

Fap = {A4.11)a
OMy

Uap = Hy + 0  SinPdo + sgn(Rc2blend)Hc2blendSin(0o * Pc2blend) (A4.11 )b

with Uap being of the form: Uap = Hy + constant.

Thus, the anterior/posterior stiffness Kap that is associated with equations 

A4.11(a&b) can be expressed as:

Consequently, the expressions that describe the anterior/posterior stiffness (and 

anterior/posterior displacement) of knees that have movable meniscal bearings 

(with fully-conforming femoro-meniscal articulations) can be expressed as:

Kap = ^  (A4.13)a
^ 3Hy2

Uap = Hy + C S inPdo + sgn(Rc2blend)Hc2blendSin(0o - Pc2biend) (A4.13)b
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A4.3 For knees that have prosthetic articulations of the m eniscai-bearing  

type (whose femoro-meniscal articular surfaces are partially-conforming)

For this type of knee, the equations that describe the anterior/posterior 

equilibrium of the femur relative to the tibia can (with the aid of equations A3.33 

and A3.34a of Appendix 3) be written as:

Fap = (A4.14)a

1Finf./sup -  Q Co sec Pci FapCCosPd - (A4.14)b
^Pc1

And the equation that describes the equilibrium of the plastic tibial-insert relative 

to the tibia can be stated as:

Fap/peripheral ~ M-topRcCosPd + l̂ baseRc(CosPd +M'top̂ **̂ Pcl)

(A4.14)c

As established in Section A3.3, if the anterior/posterior force Fap/peripheral that 

acts on the periphery of the plastic tibial-insert is negligible, equation A4.14(c) 

can be re-written as:

Pci ~ tan
-1 M-top + P̂base = constant (A4.14)c'

 ̂“  M-top̂ P̂ base

where jitop and |ibase are the coefficients of static friction of the femoro-meniscal 

and menisco-tibial articulations, which are constants. This means that the value 

of Pel that will ensure the equilibrium of the plastic tibial-insert will be constant. 

And equation A3.34(a) can be re-written in the form: Hy = Uap - Constant , such

that: ^ =1.0. (A4.15)
^^ap

Because Fap appears in two of the femoro-tibial equilibrium equations (i.e., 

equations A4.14 a & b), the expression for — —  can be obtained via either of
dHy

these two equations.
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(i) Using equation A4.14a, we can write,

F .p .

such that:

(A4.16)

dRap 3 Vg

dHy 9Hy^
(A4.17)

(ii) Using equation A4.14b we can write.

-  Q  SecPci
3V ^

^ ^nf./supP^‘'^Pc1 -  f(Hy) 
oPc1 y

(A4.18)

such that:

dRap

dK J
Seĉ Q-)

3Hy3pci

dR,

(A4.19)

Thus, by combining equations A4.17 and A4.19, — —  can be expressed as:
dHy

dRap

d K
3^Ve
3Hy2 c] 3Hy3Pci

(A4.20)

Consequently, with the aid of equations A4.20 and A4.20, the expressions that 

describe the anterior/posterior stiffness (and anterior/posterior displacement) of 

knees that have movable meniscal bearings (with partially-conforming femoro- 

meniscal articulations) can be expressed as:

Kap —
dPap dHv dRap

dK, dUap d K ' 1.0 =
3^Ve
3Hy2

SecPai
3^V,

3Hy3Pci
(A4.21)a

Uap -  Hy + 0  SinPcio + sgn(Rc2blend)Hc2bienc|Sin(0o ■ Pc2blend) (A4.21 )b
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Appendix 5

A description of how patients’ knees were tested as part of the vaiidity 

investigation of Chapter 5

Patients’ knees were tested as described in the published work that is 

presented on pages 188 to 197.

The author’s contribution to this paper includes the development of the 

equipment, the planning of the experiments, the analysis of data, the 

interpretation of the results, and the testing of patients’ knees.

(P.T.O)
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under low compressive loads. Designs of mod
erate to high conformity could be fully self- 
stabilizing under all realistic conditions. How
ever, for all designs, the AP displacement was 
only a few millimeters under functional loads, 
indicating that special care must be taken 
during surgery to avoid conflict between the 
condylar surfaces and the retained cruciate 
ligaments so that restriction of motion and 
excessive wear do not occur.

Knee stability can be regarded as the control 
o f relative motion between the femur and 
tibia within acceptable limits. A t the same 
time, it is recognized that normal knees have 
a wide range o f stability without any appar
ent compromise o f function. The reasons 
are evidently the adaptation o f individual 
functional behavior to the particular knee 
mechanics, and the increased inherent sta
b ility  o f the knee under weight-bearing con
ditions.'^'^ Even in knees with anterior cru
ciate deficiency, gait and muscle patterns 
alter to reduce the shear forces that would 
otherwise have been carried by this liga
ment.' Regarding anterior-posterior (AP) 
stability in the normal knee, numerous stud
ies have shown that the primary stabilizers 
are the cruciate ligaments, and that these 
ligaments provide tension forces to lim it the

87
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displacements, with the anterior cruciate 
generally more important in early flexion 
and the posterior cruciate in late flexion. 
The posterior cruciate ligament produces a 
posterior displacement o f the femur on the 
tibia as flexion proceeds, while the rela
tively greater stability on the medial side as 
compared with the lateral side results in a 
differential in rollback, producing internal 
rotation.’’  However, the motion pattern can 
vary depending on the external forces and 
moments acting on the jo int.

Since the introduction o f condylar knee 
replacements in the early 1970s, there has 
been an ongoing difference in approach as 
to whether stability should be provided by 
the ligaments in conjunction with shallow 
prosthetic surfaces, by only the posterior 
cruciate ligament in conjunction with shal
low or moderately dished surfaces, by 
somewhat more dished surfaces without the 
cruciate ligaments, or by dished surfaces 
augmented by an intercondylar stabilizing 
arrangement. Biomechanical studies in knee 
replacements have shown differences in gait 
patterns, external moments across the jo int, 
and postural positions with these different 
schemes o f stability.’  ̂ However, clinical 
assessment methods have been unable to de
tect any differences between cruciate-re- 
taining or -sacrificing d e s i g n s . I n  10- 
year followup studies, it has been difficult 
to show any substantial differences in loos
ening or radiolucent lines that may have 
been ascribed to differences in the shear 
forces carried by the components o f d iffer
ent inherent stability.

In recent years, designs with low inherent 
stability that preserve the posterior cruciate 
ligament have been widely used, their ad
vantages being freedom o f motion and al
lowance o f rollback. However, on the basis 
that flatter geometries tend to have higher 
contact stresses and allow considerable slid
ing, both o f which are believed to accelerate 
wear, there has been a tendency for in
creased conformity, particularly with im 
proved techniques o f posterior cruciate liga

ment balancing and release. Excess AP 
sliding also has been implicated in increas
ing wear,^^ which again would favor greater 
conformity. However, recent retrieval stud
ies have shown that low conformity does not 
necessarily lead to high wear i f  the plastic is 
o f sufficient quality, whereas more con
forming designs often have shown serious 
wear evidently caused by misalignment and 
overconstraint.^^’  Hence, the stability in a 
total knee prosthesis may be increased to 
the point o f lim iting motions that would oth
erwise occur during function, leading to ex
cessive long-term deformation and wear in 
the plastic, and a possible increase in long
term interface breakdown. When the sur
faces themselves allow little laxity, the role 
o f the existing ligaments can be questioned. 
Also, at surgery, even though ligament bal
ancing may appear to be satisfactory under 
lightly loaded conditions, the reduced laxity 
o f the surfaces under weight bearing may 
still lead to excessive ligament tensions and 
restriction of motion. The present study in
vestigated the inherent stability o f the im 
plant surfaces themselves and used an ex
trapolated theoretical treatment to predict 
the relative importance o f surfaces and liga
ments in providing stability in different ac
tivities.

MATERIALS AND METHODS

A  rig was constructed into which the subjects 
were positioned for testing (Fig 1 ). The frame
work was made from nonmetallic materials to 
avoid interfering w ith the magnetic fields o f the 
motion measurement system, which was a Pol- 
hemus 3-Space Tracker (Polhemus, Colchester. 
VT). The subject stood in the rig w ith  the back 
o f the thighs against adjustable shaped pads 
made from rigid foam, such that the knee was 
at 20° flexion. A  broad strap held the waist in 
place to maintain the subject in a vertical posi
tion. A  horizontal bar was locked tightly across 
the front o f the knee with a shaped pad to engage 
the patella. The source o f the Space Tracker was 
affixed to this bar. An orthotic fixture, on the 
front o f which was the sensor o f the Space
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Fig 1. A schem atic of the test rig 
shows the leg clam ped into the 
frame and the location of the source 
and sensor for measuring the mo
tion.

-Source

■Sensor

Electronic
Unit

ComputerFORCE

i—
Load ceil

Tracker, was strapped along the anterior tibia. 
The foot was ti.xed to a load platform interfaced 
with a computer to record the foot-to-ground 
force during testing. A strap arrangement with 
a handle in front was fixed around the top o f the 
tibia. The handle incorporated a load cell that 
interfaced with the computer to record the AP 
force. Software was written to continuously re
cord the relative motion between the femur and 
the tibia at 60 Hz. and to indicate when the .AP 
forces reached their required maxima.

W ith the subject in the ng and the fixtures as 
tight as could be tolerated, equal weight was 
placed on each leg. which was checked by the 
readings from the force plate. It was found that 
this was readily accomplished with only small 
fluctuations in the foot-to-ground force. .An ante
rior force o f 100 N was applied to the tibia in 2 
to 3 seconds, the force was relaxed to zero, and 
then a posterior force o f 100 N was applied. This 
was repeated 3 times to enable the subject to 
become fam iliar with the procedure and to pre
condition the knee. The data were recorded from 
the next force application. The subject then 
leaned over onto the opposite leg to relieve 
weight from the test leg. The .AP draw test was 
repeated.

Although a higher .AP force than 100 N might 
have been ideal to compare with the forces cal
culated in a c t i v i t i e s . m a n y  subjects could not 
tolerate a higher force. To examine the reproduc
ib ility  o f the method. 2 subjects were tested 4 
times, going through the entire procedure each 
time, including being fixed in the rig. For the

first subject, the .AP displacements were in the 
range o f 4.7 to 5.2 mm. and for the second sub
ject they ranged from 5.1 to 5.9 mm. This was 
considered sufficiently reproducible for this 
study.

To assess the rig id ity o f fixation o f the subject 
in the rig. motions other than .AP displacement 
were recorded for all tests. The maximum values 
were 2° flexion. 1° internal-external rotation, 
and 0.5° varus-valgus rotation. This indicated 
secure fixation, as well as defining the test as 
constraining the other motions other than .AP 
displacement.

The follow ing subjects were tested; 10 knees 
in 7 normal subjects, but 2 knees had known 
anterior cruciate deficiency; 15 knees in 15 sub
jects who had Kinemax Condylar implants (pos
terior cruciate retaining) (Howmedica. Ruther
ford. NJ); 10 knees in 10 subjects w ith Press Fit 
Condylar implants (posterior cruciate sacrific
ing) (Johnson and Johnson. Braintree. M A ); and 
12 knees in 9 subjects with Insall-Burste in Pos
terior Stabilized implants (posterior cruciate sac
rific ing) (Zimmer. Warsaw. IN). The criteria for 
selection o f the subjects were postoperative time 
o f 1 to 3 years and good to e.xcellent clinical 
results as determined from the Hospital for Spe
cial Surgery sconng system. Normal alignments 
o f the components in frontal and sagittal planes 
were confirmed from the radiographs. The sub
jects were 55 to 85 years old.

Tests then were performed on samples o f the 
prosthetic components themselves, provided by 
the manufacturers from standard stock. The
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components were mounted onto plastic bones 
and affixed in the test rig at 20° flexion, the same 
angle as for the test subjects. A platform was 
located at the level o f the femoral head on which 
weights could be placed along a vertical axis 
through the center o f the knee. Anterior-poste
rior tests were performed under exactly the same 
conditions as for the subjects, with the weight 
progressively increased from 200 N to 700 N. 
To measure the frictional contribution o f resis
tance to the AP force, the tests were performed 
under dry conditions, with distilled water, bo
vine serum, and bovine synovial fluid. The sur
faces were thoroughly cleaned between the ap
plication o f each lubricant. Reproducibility tests 
were performed for each o f the 3 designs by 
performing the tests 20 times under dry condi
tions. There was a high reproducibility with a 
maximum range o f 1 mm and a standard devia
tion <0.3 mm.

The radii o f curvature o f the prosthetic sur
faces in the sagittal plane was measured using a 
calibrated traveling microscope. .An analysis was 
then developed to theoretically predict the AP 
motion under the conditions o f the test, using 
the radii data. Having established the relation 
between the theory and experiment, the theory 
was extrapolated to predict the AP displace
ments under conditions o f higher load beanng 
to simulate functional situations.

RESULTS  

Experim ental

A typical force displacement curxe is shown 
in Figure 2. As the force was applied anteri
orly, there was some lag in the displace
ment, consistent with a frictional force de
laying sliding. However, this characteristic 
was not always distinct, probably because 
o f the soft tissues between the fixtures and 
the bones themselves. As the force was re
leased and then reversed, there was some 
lag in the displacement (hysteresis) caused 
by friction and viscoelastic effects in the 
soft tissues. It is noted that the zero displace
ment position at the start o f the test was 
somewhat arbitrary, again because o f fric
tion and a low stiffness region at the lowest 
point on the jo in t surfaces. Therefore, total

/
75 -

i

AP DISP'_a:£ -£ \

■3 - 2 1  7  »  ,

■2̂ —~ *»
? "

_ '50  - -

Fig 2, A typical force (vertical axis) versus dis
placement curve. The unfilled squares show the 
complete pull (upper right) and push (lower left) 
loop. (The filled squares represent displacement 
magnitudes that were mirrored to produce the 
lower left part of the loop.)

AP displacement was the most useful pa
rameter.

In a few cases, the unloaded data were 
not recorded because o f d ifficulty in re
laxing the muscles. The displacements for 
the unloaded normal knees decreased within 
an expected range, with a mean value of 
8.9 mm, with the anterior cruciate ligament 
deficient knees showing much higher values 
(Fig 3). The effect o f the compressive force 
was to reduce the AP displacement by an 
average o f 29%. The unloaded values for the 
total knee designs showed wide variations 
between subjects. The mean AP displace
ments under load were 8.3 mm for the Kine
max knees and 6.4 mm for the Insa ll- 
Burstein and Press Fit Condylar knees. In 
all instances, the values reduced with the 
load by averages o f 25% for the Kinemax 
knees, 29% for the Press Fit Condylar 
knees, and 35% for the Insall-Burstein 
knees. The mean AP values for the Kinemax
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NORMAL KNEES
□  LOADED □  UNLOADED

C O M P R E S S IV E  FORCE (N)

KINEMAX SUBJECTS
□  l o a d e d  □  u n l o a d e d  *  THEORY

I I
207 21* 225 :** 2*9 5 261 2:9 309 3iO H6 32' 368 390 *59

C O M P R E S S IV E  FORCE (N)

INSALL-BURSTEIN SUBJECTS
LOADED □  UNLOADED 'TH E O R Y

□
np:/ . 11

A H !
r; f! ri !

C O M P R E S S IV E  FORCE (N)

PRESS FIT CONDYLAR SUBJECTS
j a  LOADED □ U N L O A D E D  ‘ THEORY

I
C O M P R E S S IV E  FO RC E (N)

Rg 3. The AP displacements for the test subjects. Each pair of bars represents the data for the 
unloaded (unfilled bars) and loaded (hatched bars) knees. The numbers for each pair of bars are the 
compressive forces across the joint. The stars show the values calculated using the theory for the 
loaded knee.

knees were higher than for the Press Fit 
Condylar and Insall-Burstein knees, but the 
differences were not signihcant because of 
the large variations and the relatively small 
number o f cases.

For the tests on the implant components 
themselves, there was a steady reduction in 
the AP displacement values as the compres
sive force was increased from 200 N to 700 
N (Fig 4). The values were approximately 
13 to 3 mm for the Kinemax knees and 7 
to 1 mm for the Insall-Burstein and Press 
Fit Condylar knees. Apart from a tendency 
for higher AP values for distilled water for 
the Insall-Burstein knees, the values were 
similar for all o f the lubricants and for the 
dry condition. The measured radii o f curva
ture (Table 1. Fig 6) showed that the femoral

components had larger distal radii as com
pared with the posterior radii, whereas the 
tibial radii were all constant except for the 
Kinemax knees, which had larger posterior 
radii than anterior radii.

Theoretical

The axial compressive force (V) was first 
applied, and then the anterior tibial force 
(HA) (Fig 6). Equilibrium was reached 
when the femur rode up the posterior curve 
o f the tibia, with a reaction force (NA) act
ing along the common perpendicular at the 
contact point at an angle (THA) to the verti
cal and a friction force (//.NA) acting paral
lel to the surface where (//) was the coeffi
cient of friction. Resolving horizontally and 
verticallv:
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Fig 4A-C. The AP displacements 
for tests on the components them
selves. Note that the curves for the 
different lubricating conditions are 
similar. (A) Kinemax, (B) Insall- 
Burstein, and (C) Press Fit Condylar.
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TABLE 1. The Radii of Curvature (mm) 
Measured From the Components

Femur Tibia

Prostheses
RAF R P F  RAT R PT
(m m ) (m m ) (m m ) (m m)

Kinemax 
Insall-Burstein 
Press Fit Condylar

4 8
4 0

32

20
20
20

60
52
44

70
52
4 4

RAF and RPF are the anterior and postenor sagittal radii of the 
femoral component. RAT and RPT are the corresoonding radii 
for the tibial component. The notation is illustrated m Figure 6.

HA -  NA.sinTHA -  u.NA.cosTHA = 0

V -  NA.cosTHA + u.NA.sinTHA = 0.

From the geometr>'. the anterior displace
ment o f the tibia was;

ZA = (RT -  RFi.smTHA

where RT and RF were the applicable sagit
tal radii o f curvature o f the femur and tibia 
at the contact point (Fig 6).

Similar equations are written for a poste
rior force applied to the tibia. The total AP 
displacement is ZA + ZP. It is noted that 
ZA and ZP are not equal i f  the radii at the 
anterior and posterior o f the surfaces are 
different.

Using the above equations with a friction 
coefficient of 0.05. the theoretical values for 
the total AP displacement were superim
posed on Figure 3 for the subjects with total 
knee replacements. In the Kinemax knee, 
the anterior displacement was larger than 
the posterior displacement because of the 
larger posterior tibial radius as compared 
with the anterior radius. For many o f the 
subjects with total knee replacements, there 
was close agreement between the experi
mental and theoretical results. The values 
that were larger than theory can be interpre
ted as being caused by a lower coefficient 
o f friction than 0.05. or to the posterior ra
dius o f the femoral component rather than 
the distal radius acting during anterior dis
placement. Conversely, theoretical values 
that are less could be attributed to the contri
bution o f ligaments and other soft tissue re
straints. or to higher friction.

Comparing the theory with the tests on 
the components (Fig 4) showed a close 
agreement for the Kinemax knee, but for 
the Insall-Burstein and Press Fit Condylar 
knees, the theory predicts 1 to 2 mm more 
AP laxity than was measured. This could 
have been because of a friction coefficient 
>0.05 in the samples or because the theory 
does not account for local deformation of

1 2 - 

11 

? 10 
£  9

THEO RETICAL EXTRAPOLATION

SHEAR Z  200 
FORCE ~  300 

(N) 400

Fig 5. Theoretical extrapolation ap
plied to activities. For level walking, 
200 N is the normal shear force. For 
flexion activities (stairs), 300 N shear 
force is applicable.

KIN PFC;IB KIN PFC/IB
LEVEL W ALKING LOAD BEARING  IN FLEXIO N

CO M PR E SS IVE FO RC E = 1500 N C O M P R E S S IV E  FO R C E  = 2250 N
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THEORY

anterio r tibial 
disp lacem ent

za

M EASUREMENT
OF RADII

RPF \RAF

RPT RAT
Forces Applied  
to Tibia

Fig 6. Left: The applied forces are 
V and HA. The forces acting at the 
contact point are NA and fxNA, 
where /i is the coefficient of friction. 
THA is the angle of /jNA to the hori
zontal, while RF and RT are the 
femoral and tibial radii of curvature 
at the contact point. Right: The ra
dii of curvature of the femoral and 
tibial surfaces at the locations indi
cated.

the plastic. However, the theory was consid
ered to be sufficiently close to experiment 
to allow it to be used to extrapolate data 
outside o f the experimental range.

Data in the range of level walking'^ with 
an axial compressive force of 1500 N (ap
proximately 2 times body weight), an AP 
shear force o f 200 N, and a low flexion 
angle such that the distal radii o f the femoral 
components were applicable showed that for 
all 3 implant designs the AP displacements 
were <3  mm (Fig 5). When the shear force 
increased to 300 N. the AP values were still 
only 3.5 to 5.0 mm. However, for vigorous 
walking where the shear force could reach

400 N. the AP displacement for the Kine
max knee was >7  mm. When ascending or 
descending stairs the axial compressive and 
shear forces were calculated to be 2250 N 
(approximately 3 times body weight) and 
300 N, respectively.'- Under these condi
tions. where the knee was flexed, the AP 
values were 7.4 mm for the Kinemax knee 
and 4.3 mm for the Insall-Burstein and 
Press Fit Condylar knees. When the shear 
forces increased to 400 N. the displacements 
were 11.3 and 6.5 mm. respectively.

The effect o f the coefficient of friction 
was substantial. Theory predicted that for a 
range o f 0.0 to 0.1. the AP laxities reduced
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Fig 7. A test on the Kinemax con
dylar knee under particular condi
tions showing the repeatability, the 
small effect of surface damage, and 
the dramatic reduction in displace
ment caused by acrylic particles on 
the surfaces.
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from 4.5 to 1.1 mm for the Kinemax knee 
in extension, and from 11.9 to 2.9 mm in 
flexion. For a friction coefficient >  0.13, 
the shear force did not overcome the friction 
and there was no sliding at all.

From the above equations, the AP dis
placement was proportional to the d iffer
ence between the femoral and tibial radii. 
Thus, simple equations were formulated for 
the 2 loading conditions used as illustration: 

Axial force 1500 N, shear force 200 N; 
and axial force 2250 N, shear force 300 N: 
AP = 0.16 (RT -  RF)

This simple equation was used to esti
mate the total sliding for everyday activities 
and to compare different designs.

DISCUSSION

Tests on subjects with total knee replace
ments showed that even for Joint compres
sive forces o f around 'A body weight, there 
was a significant reduction in the AP dis
placement in the range 25% to 35%. Com
paring the displacements with the theoreti
cal predictions suggested that even at that 
relatively low compression, the jo in t sur
faces o f the total knee implants were provid
ing most i f  not all the restraint to the AP 
forces. Testing the components themselves 
showed that when 1 body weight compres
sion was applied the AP displacements were 
<3  mm. The theoretical extrapolation then 
showed that based on literature values for 
the forces in different activities, all 3 total 
knee designs would be self-stabilizing with 
no requirement for soft tissue restraint. The 
only exception was for the Kinemax design, 
where some soft tissue restraint would be 
preferable in vigorous activity to reduce AP 
displacement at the bearing surfaces. The 
small values o f AP displacement, especially 
with the Insall-Burstein and Press Fit Con
dylar knee designs, would imply high con
straint, such that in designs with sim ilar ra
d ii o f curvature where the posterior cruciate 
was preserved, care would be necessary dur
ing surgery to avoid a conflict and overten

sioning under loaded conditions. This point 
becomes even more important i f  the knee is 
rotated as little as 5°, which has the effect 
o f reducing AP displacements even more 
(unpublished data). The importance o f 
avoiding the ingress o f acrylic particles was 
highlighted also (Fig 7). The very small (<  1 
mm) AP displacements, caused by the 
higher frictional restraint, would tend to pre
vent sliding and may well interfere with a 
smooth continuous kinematic behavior.

There were a number o f limitations in the 
study. There was likely to be some inaccu
racy in the measurements on the test sub
jects, although the evidence was that this 
would be mainly lim ited to heavier subjects, 
based on the reproducibility tests and on 
radiographic comparisons made in a previ
ous s tu d y .T h e  lim itation on testing to 100 
N and loading to 'A body weight in the test 
subjects meant that the loading conditions 
occurring in activities were not reproduced. 
However, the tests on the components them
selves and the theoretical analysis provided 
sufficiently close correlation for the extrapo
lation. Finally, the load values occurring in 
activities (taken from the literature) were 
calculated based on a number o f assump
tions, and the values o f the AP shear forces 
themselves are particularly uncertain.

In comparing these results with others, 
the issue o f whether other degrees o f free
dom were constrained or unconstrained dur
ing the AP test must be considered. For un
constrained conditions, mean AP displace
ment under no compressive load for normal 
knees was 9.1 mm'^ and 13 m m ," whereas 
under constrained conditions values o f 5.5 
mm'- and 4.7 mm’  ̂ were obtained. In tests 
on total knee components, the force dis
placement curves varied widely between 
different designs depending on surface ge
ometry.^ Implants that subluxed at physio
logic loads were identified as requiring ex
trinsic stability. Sim ilar conclusions were 
reached in a generally similar study under a 
wider range o f testing conditions simulating 
function.-^ In a study on subjects w ith total
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knee implants, mean AP laxities o f 4.7 mm 
fo r normals, 6.5 mm for the Kinemax knee, 
5.5 mm for the Insall-Burstein knee, and
5.1 mm for the Oxford Meniscal (Biomet 
Ltd, Swindon, United Kingdom) knee were 
measured.'"* These results were slightly 
lower than in the present study, but this can 
be accounted for by the differences in exper
imental techniques, a factor that is generally 
applicable to the many reports o f AP mea
surement.

The results for the Oxford knee, which 
has no inherent stability other than friction, 
indicated that with appropriate surgical 
technique,'* the total AP displacement can 
be lim ited to acceptable levels by a combi
nation o f the jo in t surfaces and the ligamen
tous restraints."' Despite the fact that the 
surfaces o f the total knee implants in the 
current tests could provide all o f the neces
sary stability in certain activities, it would 
be misleading to conclude that soft tissue 
restraint was not required at all. For exam
ple, there are many types o f loading condi
tion where high shear forces can be trans
mitted w ith relatively low compressive 
forces for which either the posterior cruciate 
ligament or intercondylar stability would be 
desirable.

Regarding application o f the study to 
other total knee designs, the Kinemax con
dylar knee can be taken as a boundary such 
that less femorotibial conformity would re
quire posterior cruciate retention, whereas 
greater conformity could be self-stabilizing.

For example, based on measurements o f 
newer designs, the NexGen Cruciate Re
taining (Zimmer Inc, Warsaw, IN) knee 
would require posterior cruciate ligament 
retention, whereas the NexGen Posterior 
Substituting and the Kinemax Lo-Stress 
knee designs would be self-stabilizing. For 
any particular design, the total AP displace
ment in function could be estimated from 
the simple formula 0.6 (RT-RF), with ap
proximately 6 mm being the boundary be
tween designs that would require soft tissues 
fo r stability. A t the same time, the overall

geometry o f the surfaces must be considered 
in relation to rotational as well as AP stabil
ity, as well as in regard to the local stresses 
at the contact points for the different posi
tions.
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Appendix 6

Effect of friction on the anterior/posterior force versus deflection curves of 
knees that have prostheses of the condylar type

This appendix is aimed at modelling the effect of friction on the anterior/posterior 

force versus deflection curves of knees that have prostheses of the condylar type.

The system that is under study here is shown in figure A6.1. This system consists 

of the femur and the femoral component, a plastic tibial-insert, the tibial-tray and 

the tibia, an anterior/posterior force Fap, an inferior/superior compressive load 

Finfsup, a flexion/extension momemt M, frictional force Ffric, and contact reaction 

Rc

The standardized set of input load-parameters { F a p , , F | n f s u p . M }  will be used to 

represent the ligament forces, muscles forces and external forces that act on the 

prosthetic articulation.

The goal here is to obtain the conditions for the static equilibrium of the femur and 

the femoral component of the system shown in figure A6.1, relative to the tibial 

component, when articular frictional force Ffric. is of appreciable magnitude.

The conditions for the static equilibrium of the femoral component can be stated as 

follows:

(i) For equilibrium in the inferior/superior direction, the condition: [IFx = 0] has 

to be satisfied,

Rc Cosj3ci " Finfsup. " sgn(Ffric) Ffric.Sin(3ci = 0 

Finfsup. = Rc CosPcI ” sgn(Ffric) Ffric.SinPd

= Rc CosPci " sgn(Ffric) l-tstaticRcSinPci 

i.e., Finfsup. = Rc (Gospel - sgn(Ffric) UstaticSinpci) (A 6.1)a

where sgn(Ffric) is a signum function that is defined by the expression:
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Fig. A6.1
Set-up for modelling the effect of frictional force F tn c  on the 
anterior/posterior force versus deflection curves of knees 
that have prostheses of the condylar type.
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+1 if femoral articular surface is about to slide posteriorly relative to tibia
sgn(Ffric) = I -1 if femoral articular surface is about to slide anteriorly relative to tibia

(A6.1)b

(ii) For equilibrium in the anterior/posterior direction, the condition: [S F y  = 0 ]  has to 

be statisfied,

=> -Rc SinPd + Fap - sgn(Ffric) Ffnc.Cospd = 0 

Fap = Rc Sin(3ci + sgn(Ffnc) Ffric.CosPcI 

= Rc Sinpd + sgn(Ffric) listaticFcCosPd 

i.e., Fap = Rc (SinPd + sgn(Ffric) P-staticCosPci) (A6.2)

Consequently, by combining equations A6.1(a) and A6.2, we can express load-

parameter — as: 
hnfsup.

Fap _ Rc(SinPd + sgn(Ffric)l-istaticCospd) 
iïn fsup . Rc(Cospd - sgn(Ffric)M'StaticSinpd)

SinPd + sgn( Ffric) |lstaticCosPci
CosPci - sgn(Ffric)|-tstaticSinPd

_ tanpd + sgn(Ffric)P-static /^0
1 - sgn(Ffric)Itstaticl^npci

Uon
By noting that Uap = |0 i 02|Sinpd= 0*SinPd we have Sinpd = which

implies that Pd = Sin'i 

expressed as:

^ap _

 ̂ Fan
Thus, load parameter - — —  can now be

Mnfsup
^ap

tan + sgn( Ffric) ̂ S tatic

1 - sgn(Ffric)(^staticl^ri

(A6.4)
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(iii) For equilibrium in terms of flexion/extension moment, the condition: [ZM = 0] 

has to be statisfied,

=* M© - Fjnfsup * do + Rc*0 + sgn(Ffrjc) Ffric,* |020c|

=> Me - Fjnfsup * do + Rc*0 + sgn(Ffric) Ffric.* Pf

=» Me = Fjnfsup * do - sgn(Ffric) {^staticRc/ Pf

Me . sgn (Ffric )M'Static^c*Pf
— Of

Infsup. Infsup

where Pf = |020c|.

But from equation A6.1 (a), Rc = Infsup.

CosPci sgn(Ffric)M'StatlG ’̂^Pc1

(A6.5)

Also, we can note that CosPci = V(1-Sin2pd) = sqrt 1 -

v C ,

Me ^ sgn (Ffric )tistatic^c* P ̂
—  Q q  -  —

Infsup

Infsup. "Infsup CosPci -sgn(Ffric)HstaticSinpci

= dm -
sgn(Ffric)flstatic.* Pf

CosPci - sgn(Ffric)HstaticSinPci

= do +
S9’̂ (̂ fric)M'Static.*Pf

sgn (Ffric )M.static
"Uap"
v C ,

-sq rt 1 -

ap
(A6.6)


