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Abstract

The ability to identify and quantify asymmetrical shape change is potentially 

valuable in the study of biological shape. This thesis describes a new approach to 

the analysis of symmetry in two dimensional shapes.

Two methods of quantifying asymmetry and a means of identifying the 

boundary distortions that cause them are posited. Underlying these techniques is 

the assertion that symmetry is a continuous, measurable property of shape, 

encapsulated in a detectable curve equivalent to the bilateral axis. Theories from 

psychology and computer vision are used to justify these claims and a unique 

combination of image analysis techniques is used in the practical execution of 

these ideas.

Central to the implementation of this new approach to symmetry analysis 

is the ability to isolate and extract the bilateral axis. A novel approach to axis 

identification is developed that involves the interrogation of the local symmetries 

in each boundary in a multi-scale description of a shape using active contours. A 

set of nine test shapes that exhibit a wide variety of asymmetry is used to 

demonstrate the operation and effectiveness of this technique.



Acknowledgements

I would like to thank both my supervisors for their continued support and guidance. I am 

particularly grateful to Dr Alf Linney, my academic supervisor, for giving me the freedom to 

explore, and I indebted to Professor Richard Brook, my industrial supervisor, for keeping me on 

the straight and narrow.

This work has gone through many stages of development and improvement that would 

not have been possible without help and support from Tony Allnutt, Alan Brett, Mark Davey, 

Alexander Birkett, Mandy Fader, Mick Farquharson, Gary Gladwin, John Gardener, Tricia 

Goodwin, Robin Hennessy, Tryphon Lambrou, Daren McDonald, Nigel Pugh, Robin Richards, 

and Julia Schnabel. Many thanks to you all.

I would also like to thank all my friends and family who have encouraged and cajoled 

during the last four years. They are too numerous to mention individually, but they know who 

they are.

This research was undertaken within the Postgraduate Training Partnership established 

between Sira Ltd and University College London. Postgraduate Training Partnerships are jointly 

sponsored by the Department of Trade and Industry and the Engineering and Physical Sciences 

Research Council.



ô^mmeiry is a properi^ cfeacf i^in^s. Q)icf ̂ ou ever

see a iree or a mouniain i/ia i was spmmeirical? ^Ps pne^or 
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Chapter One
Introduction

1. Overview
This thesis gives a detailed account of a new approach to the analysis of symmetry in two 

dimensional shape. In the following chapter the problems associated with the identification and 

quantification of symmetry are discussed and the solutions which are the basis of this new 

analysis technique are outlined. It is also intended that this initial discussion will make clear 

underlying motivations, objectives and assumptions.

Bilateral symmetry is a key notion in this work and will be assumed from the outset to 

be a refiectional symmetry identifiable in instances where more than one mirror symmetry exists 

by the fact that it is the refiectional symmetry about the longest axis. In instances where 

identical axes of symmetry exist the bilateral axis is differentiated in terms of its proximity to the 

vertical. A detailed definition of symmetry can be found in appendix I.



Chapter 1__________________________________________________ Introduction

1.1 Motivation

The Human form is approximately bilaterally symmetric. Most body parts exist in pairs and 

each instance of a particular structure corresponds to its partner with respect to size, shape and 

position relative to a longitudinal axis of symmetry [Weyl 1952]. It is rare that this symmetry is 

perfect; paired organs do not usually correspond exactly, and the symmetry of the internal 

organs is broken by the position of the heart and the appendix [Rosen 1975]. However, a close 

approximation to bilateral symmetry is generally a sign of good health and external symmetry is 

considered to be aesthetically pleasing.

Abnormal asymmetrical distortions are often caused by ill health, growth abnormalities 

or trauma. Following the prevention of further asymmetrical change, surgical intervention is 

often required to correct mechanical dysfunction caused by asymmetry and restore an aesthetic 

appearance. Bilateral symmetry is a particularly important morphological characteristic of the 

face and head. Asymmetrical distortions of the craniofacial region are not only psychologically 

damaging for the sufferer [Giddon 1995] they often require prompt intervention to prevent long 

term difficulties with breathing, speaking and eating.

Asymmetrical distortion of the face is often a subtle non-local phenomenon which 

provokes subjective, aesthetically biased qualitative assessment by all concerned. The critical 

appraisal of the surgical restoration of symmetry in a particular case, or the auditing of the 

surgical techniques used to achieve it, requires a standardised method of assessing facial 

asymmetry pre- and post-operatively that gives consistent quantitative evaluations. Techniques 

which enable the assessment of facial asymmetry have been in existence for some time. These 

include, Morphanalysis [Rabey 1977a; Rabey 1977b; Hodgkinson and Rabey 1986], 

anthropometric measurement [Larson and Nilsson 1983], and stereophotogrammetry [Burke 

1983]. Although these techniques provide reproducible descriptions of an object’s asymmetry, 

the processes involved are dependent on the extraction of three dimensional (3D) information 

from an intermediary two dimensional (2D) projection of a 3D object. This can be a complex, 

time-consuming process prone to inaccuracies and dependent on extensive user interaction 

[Coghlan, Matthews et al. 1987]. More recently, computer based symmetry analysis tools have 

been developed, but they also require considerable user interaction and are limited to specific 

asymmetry detection tasks. For example, Coghlan et al have developed a system specifically for 

the assessment of nasal symmetry following cleft lip repair [Coghlan, Matthews et al, 1987; 

Coghlan, Laitung et al. 1993; Laitung, Coghlan et al. 1993].

The development of fast, non-invasive laser scanning techniques [Arridge, Moss et al. 

1985; Moss, Linney et al. 1987; Moss, Grindrod et al. 1988] which record the coordinates of up 

to 20,000 points on the surface of a face mean that it is possible to obtain 3D geometric 

descriptions of faces which can be analysed directly and independently of a 2D intermediary.
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This suggests that shape information, in particular the symmetrical nature of faces, is now 

accessible in a direct way that has not been feasible before. The possibility of developing a new 

approach to the extraction and quantification of human facial asymmetry and a demand for such 

a tool that does not require time consuming user participation have been the primary 

motivations for the work discussed in this thesis.

1.2 Initial Considerations
The bilateral symmetry apparent in most biological forms undergoes small continuous 

fluctuations throughout life. These changes are a consequence of either genetic or 

environmental stresses which destabilise the developmental processes [Kokko, Floate et al. 

1996]. The monitoring of Fluctuating Asymmetry has become an important tool in the study of 

behavioural ecology and population biology'. It is evaluated in terms of an index which relates 

a given structure either side of an assumed axis of symmetry. For example, the asymmetry of a 

given trait (e.g. ear lobe length or limb bone length) can be expressed as the absolute value of 

the difference in the values of the trait measured either side of the axis.

Comparing and measuring distinct structures is an obvious simple method of isolating 

and quantifying asymmetries. However, the asymmetrical changes that occur in the craniofacial 

region often manifest themselves as ill defined soft tissue distortions not confined to distinct 

measurable structures. For example, a unilateral cleft lip gives rise to a general distortion of the 

nasolabial region of the face [Horswell and Pospisil 1995] and unilateral zygomatic fractures 

give rise to subtle distortions of the cheek [Kawano 1987]. Figure 1.1a and b show the 

asymmetrical faces of tw o people with hemifacial microsomia; compared with the healthy face 

(c) it is clear that they are both asymmetrical but the asymmetry cannot be attributed to any 

particular facial structure.

Figure 1.1 Facial asymmetries. A comparison o f  symmetrical (c) and asymmetrical (a)(b) 
faces shows that asymmetries o f  the human face  are not necessarily confined to any distinct 
measurable structures.

* Overviews o f  the analysis o f  fluctuating asymmetry can be found in [Palm er and Strobeck 1986; Palm er 1994]
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The analysis of facial symmetry requires a technique that goes beyond the comparison 

of differences in specific structures. An approach is required that takes into account the facial 

surface as a 3D whole. An examination of the complexities of this view and uncertainties 

associated with methodology prompted the consideration of a less complicated formulation of 

the problem in which the asymmetries of 2D boundaries are considered as opposed to 3D 

surfaces^. Although considering symmetry analysis in 2D simplifies the problem mathematically 

and makes the task of visualisation easier, the fundamental problem of identifying and 

quantifying ill-defined asymmetries remains the same. It is assumed that the examination of 

surface changes and boundary changes can be performed using the same techniques and with 

some algorithmic adaptations, the transition from 2D to 3D will be a tractable process. Although 

this transition is not considered in the current work, it has been an influencing factor in the 

development of the symmetry analysis technique described in this thesis.

1.3 Symmetry Detection in 2D

The solution to the problem of 2D symmetry analysis described in this thesis is based on a 

relaxation of the traditional definition of symmetry. From a mathematical point of view, 

symmetry is an isometry that maps a set of points in a Euclidean plane (2D) onto itself such that 

after the mapping nothing appears to have changed^. Symmetry is a property of the set of points 

as a whole and consequently a global property of the 2D shape of which they are a part. A shape 

is reflectionally symmetric when one half is a mirror image of the other. This is only ever the 

case when the axis about which the reflection occurs is straight. It follows that if a set of points 

cannot be mapped onto itself by reflection it is not symmetric. Thus a shape either is or is not 

symmetrical and the bilateral axis caimot be anything other than a straight line. This definition 

of symmetry does not allow the approximate symmetries that are so intuitively apparent in our 

perception of objects and their 2D representations. If asymmetries are to be recognised, 

symmetry has to be reconsidered as a continuous property such that approximate symmetry can 

be attributed to a shape.

The global symmetries of any reflectionally symmetrical shape (figure 1.2a) can be 

described as an accumulation of local reflections between pairs of boundary points (P/, Pj) about 

points of reflection (M/) that lie on one of the axes of refiectional symmetry {Sj). By considering 

refiectional symmetry in terms of local symmetries as well as a global property between “halves” 

of a shape, degrees of symmetry can be legitimately identified. Although the global symmetry is

 ̂ The 2D formulation of the problem should not be confused with the 2D intermediary previously mentioned. The 
former is intended to give a clear insight into the nature of the problem of symmetry analysis and the problems 
associated with 3D symmetry analysis rather than a solution in itself.

 ̂A detailed definition of symmetry can be found in Appendix I.
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destroyed by asyiTunetiic boundary distortions, local symmetries persist, and an axis equivalent 

to the original straight bilateral axis - consisting o f the locus of midpoints o f the local 

symmetries - can be derived (figure 1.2b). The change in the bilateral axis from straight to 

curved is proportional to the asymmetrical distortion o f the original boundary; the greater the 

asymmetry the greater the axial distortion. Complex asymmetrical shape changes are 

encapsulated in relatively simple measurable curvature changes in the axis o f reflection. It is the 

quantification o f the axial shape change that will be exploited as a means o f symmetry 

quantification in this work. The direct link between axial distortions and boundary point pairs 

will also be used as a means o f identifying the asymmetrical distortions on the boundaiy. 

Together, the processes o f quantifying the change in the bilateral axis and relating those changes 

to the boundary forni the basis o f the 2D symmetry analysis technique described in this thesis.

-

Figure 1.2 Local symmetries. G lobal symmetries (Sj,S2)  can be described as an accumulation o f  
local sym metries between p a irs o f  poin ts (P„PJ about axial poin ts (Md (a). Non-linear axes o f  
sym metry in asym m etrical shapes can also be described in terms o f  local symmetries (b).

1.4 Isolating The Bilateral Axis
The proposed method of symmetry analysis is dependent on isolating the bilateral axis in any 

given shape. The bilateral axis in a reflectionally symmetric shape is a continuous straight line 

that does not fork and intersects the boundary in two and only two places. It is assumed that the 

equivalent axis in an asymmetiical shape will have the same properties except that it will not be 

straight. Given that the asymmetries being sought aie ill-defined smooth (C2 continuous) 

boundary distortions the desired axis will also be assumed to be smooth.

It has been suggested that the desired axis can be derived in tenns o f the midpoints 

between locally symmetric boundary points. However, this is not a trivial task since any pair o f 

boundary points are locally symmetric about midpoints that are all potential contiibutors to the 

bilateral axis. Techniques exist that enable the extraction o f axial shape descriptions based on 

specific definitions o f local symmetry, but none give an axis that corresponds solely to the 

bilateral axis as described above. A major problem with attempting to identify the local
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symmetries that give rise to the bilateral axis is that, in the absence of a single distinguishing 

property, it is very easy to undermine the detection process by utilising implicitly assumed 

knowledge of the axis being sought. A new approach to bilateral axis extraction described in 

this thesis avoids such difficulties by moving away from the idea of selecting the relevant set of 

boundary points and attempts to find the bilateral axis by multi-scale generation and 

interrogation of all possible midpoints. This approach entails finding the bilateral axis directly 

rather than finding the boundary points that give rise to it.

1.5 Practical Considerations
The use of information other than that contained in an object’s image could make the task of 

bilateral axis detection easier. For example, the analysis of facial symmetry can be simphfied if 

the knowledge that faces are generally ellipsoid with a vertically orientated bilateral axis is used 

to limit the axis identification process. However, the use of specific shape and orientation 

information has been avoided in the work described below. This has enabled a generality to be 

maintained, making the new technique potentially applicable to other 2D axis identification tasks 

in which orientation and general shape information is not known. Areas of potential use include 

the analysis of fluctuating asymmetry, the modelling of perceptual organisation and the 

representation of shape.

A general axis evaluation technique has the disadvantage of being difficult to assess; it is 

not possible to test the proposed method on all possible shapes in all orientations. For the 

purposes of this investigation nine test shapes have been selected which encompass the common 

axial variations (figure 1.3). The desired axis in each of these shapes corresponds with the 

intuitive conception of the bilateral axes as sketched in figure 1.3. A crude evaluation of the 

success of the proposed method of axis extraction can be made in terms of the extent of the 

correspondence between the intuitive and extracted axes. A more rigorous method of evaluation 

will be discussed in the latter part of this work.

It is intended that this approach to symmetry analysis should become part of a general 

purpose symmetry analysis tool. For this reason, effort has be made to minimise user 

intervention and to automate the process as much as possible. Problems that are peculiar to 2D 

image manipulation and not relevant to future 3D applications have been side-stepped. In 

particular the problem of segmentation has been avoided by the use of simple binary 

representations of the test shapes. Similarly, the complications that emerge when a mirror 

symmetric planar shape is viewed obliquely (skew symmetry [Gool, Moons et al. 1995]) have 

not been considered because they are not relevant to current concerns.
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Figure 1.3 Test shapes These shapes capture a  wide range o f  axial variations su itable  fo r  test 
purposes. The intuitive b ila tera l axes are shown as d o tted  lines

1.6 Discussion Outline
Symmetry and its detection have roles in areas as diverse as psychology, computer vision, 

medicine, and entomology. No single review can cover the wealth and diversity of associated 

literature which spans more than one hundred years. As a consequence, this work is not based 

on an all encompassing overview of existing work. Instead, starting from fundamental 

principles, a thread of argument which gives rise to the new approach to symmetry analysis is 

followed through existing ideas and is supported and justified by discussions of relevant past 

work where necessary.

In chapters 2, 3 and 4, the ideas outlined above are developed and the new approach to 

bilateral axial extraction is suggested. The tools and techniques employed in the realisation of 

this idea are discussed in chapters 5,6,7 and 8. The remainder of this work looks at the practical 

implementation of the proposed technique, the strengths and weaknesses of the results, and 

future applications.

1.7 Summary

The work described below is based on the hypothesis that symmetry is a quantifiable property of 

shape and that indices of symmetry can be developed for use in description and quantification of 

asymmetry in biological shapes. This thesis gives a detailed account of the foundational 2D 

work which is intended to be a precursor to development of a 3D symmetry analysis technique.
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The principle objective of this work is to find and quantify the asymmetries caused by boundary 

distortions in 2D planar shapes.

The new approach to symmetry analysis posited in this work is based on the assumption 

that the identification and quantification of asymmetry is possible in terms of the relationship 

between a shape’s bilateral axis and its boundary. A new approach to bilateral axis extraction is 

posited based on the assumption that symmetry can be considered to be a continuous property of 

a shape.



Chapter Two
Symmetry and Perception

2. Overview
The ability to detect and utilise symmetry is a fundamental process in visual perception. In this 

chapter a review of relevant past work will be given which justifies this assertion and highlights 

the theoretical foundations upon which the uses of symmetry in computer vision are based.

Current attempts to explain perception draw on four contrasting theoretical traditions: 

information processing, inference theory. Gestalt theory and stimulus theory [Rock 1995]. 

Although individually consistent, these schools of thought have tended to generate incompatible 

theories that have led to contradictory explanations of cognition. The unification of these 

theories, giving a single coherent explanation of any of the processes involved in perception, has 

rarely been achieved. Consequently, the elucidation of the underlying mechanisms of perception 

has been the result of a combination of relevant aspects of these theories into coherent, but 

unintegrated, sets of beliefs [Rock 1995].

However, there is one particular aspect of perceptual psychology where this is not the 

case. There is a general positive consensus regarding the theoretical explanation of the 

mechanisms underlying perceptual organisation: the ability to impose structural organisation on 

sensory data [Palmer 1983]. It is within this process that symmetry plays an important part in 

perception.

The concept of perceptual organisation was developed principally within the Gestalt 

tradition; it is within this context that the relationship between symmetry and perception will be 

examined. Symmetry has a role in three aspects of perceptual organisation: perceptual 

grouping, figurai goodness’, and shape equivalence. For the sake of completeness each of these 

will discussed. However, it is the first, perceptual grouping, that is central to the work discussed 

in this thesis and will be considered further in later chapters.



Chapter 2_______________________________________ Symmetry and Perception

2.1 The Gestalt Theory of Perception

The Gestalt school of psychology was founded in the early 20th century by three German 

psychologists Koffka [1935], Kohler [1929], and Wertheimer [1923]. Derived from the 

philosophical views of Descartes and Kant, Gestalt theory claims that perception is an interactive 

act [Rock 1995]. Perception is not just the awareness of an image containing two dimensional 

(2D) regions that correspond to external objects: it necessarily involves the imposition of mental 

concepts upon the sensory information received. For example, two dots together on a page have 

the property of orientation; a trait that each individual dot, when considered alone, does not 

have. Orientation is an emergent property attributed by the perceiver onto the world 

[McCafferty 1990]. For the Gestalt psychologist, meaning is derived from visual sensory data 

after it has been organised into sensible wholes or Gestalts. Without this organisational pre

processing, the world would appear as a chaotic juxtaposition of sensory primitives.

2.1.1 Perceptual Organisation - Grouping.

Max Wertheimer, a leading exponent of the Gestalt ideology, postulated processes within the 

visual nervous system that unify perceptual stimuli by conferring the simplest and most balanced 

organisation upon them. Wertheimer claimed that perception organises stimulation by grouping 

stimuli according to certain properties present in the retinal image [Wertheimer 1923]. He 

defined a number of principles that govern how grouping is achieved, for example:

• The principle of proximity. Elements in an image that are close together will be perceived 

as being part of a single entity. Evenly spaced dots appear as a grid with no dominant 

direction or pattern (figure 2.1a). Changing the spacing between the dots results m the 

apparent grouping of the closer dots (figure 2. lb and c). [Gordon 1989, pp 53-54].

• The principle of good continuation. The elements of an image that are aligned in a 

smooth, continuous manner are perceived as being part of the same object. The dots in figure 

2. Id appear to form two distinct curves[Gordon 1989, pp 53-54].

• The principle of similarity. A resemblance in the properties of the elements in an image 

(e.g., size, intensity or colour) causes them to appear to belong to the same object. The 

difference in colour of the dots in figure 2. le causes them to be perceived as part of two 

overlaid triangles [Gordon 1989, pp 53-54].

10
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The principle of symmetry. Symmetrical contours define a figure and isolate it from the 

background.(figure 2. If). The most prominent shapes that can be constructed from a series 

of lines are those that have a symmetrical boundaries. Even when the distinction is biased by 

other segregation phenomena, e.g. colour co-operation where black objects are favoured as 

figures and white as ground, the principle of symmetry dominates the selection (figure 2.1 g 

and figure 2.1h).'^

(a) (b) (c ) (d )

:::
•  •  •  •  •  •

........ .

(e) (f) (g) (h)
o

• #c#c# # 
#o o# 
o# #o

o o#c#o o 
•

Figure 2.1 W ertheim er’s grouping princip les: U ngrouped do ts (a). Proxim ity induced  
grouping into columns (b) and into row s (c). Grouping b y  continuation (d), and sim ilarity  
(e). The p rin c ip le  o f  sym m etry (j) dom inates even when other figu re-grou n d  segregation  

fa c to rs  exist, e.g., co lour co-operation (g, h).

Not only does symmetry have an important role in the specific concept of perceptual 

grouping, it is also fundamental to the general concept of perceptual organisation. Particularly, 

this is the case with respect to the isolation of individual figures previously distinguished by 

grouping. The importance of all the aspects of perceptual grouping in the human visual process 

has been recognised by the computer vision community. Its role in artificial vision systems will 

be discussed in detail in chapter three. Particular attention will be given to symmetry based 

grouping, since the techniques involved in its implementation are central to the ideas developed 

in this work.

2.1.2 Perceptual Organisation - Figurai Goodness

The principles of grouping are considered by Gestalt psychologists to be inherent in the general 

law of figurai goodness (Pragnanz) that governs all perceptual organisation. According to this 

principle, figures possess varying degrees of figurai goodness that enable an object to be easily

* The patterns used to illustrate this example were based on an original design of Bahsen[1928] as cited by Kanizsa 
[1976].

11
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and accurately isolated in a perceived scene. Good figures are simple and regular, and bad 

figures are complicated and irregular.

Subjective feelings of order, regularity and simplicity are associated with the perceived 

form of a figure and it is the extent of these subjective experiences that indicate its goodness. 

Figurai goodness is not a matter of taste. People differ in their aesthetic preference for complex 

irregular figures. However, there tends to be general agreement as to what is good and bad in 

the sense described above [Berlyne 1971]. Arguably such an isolated subjective phenomenon 

has little scientific value. However, most perceptual tasks including recollection, recognition, 

description, and matching have been shown to be directly related to figurai goodness [Gamer 

1974]. Given the importance of figurai goodness, a characterisation of the image properties that 

provoke this subjective response is necessary if perception is to be understood.

2.1.2.1 The Characterisation of Figurai Goodness

The early Gestalt psychologists accepted that goodness is an un-analysable primitive that is 

tentatively related to symmetry. This view is limited and of little practical benefit. The advent 

of information theory saw the first useful characterisation of figurai goodness [Attneave 1954]. 

A good figure was considered to contain less information than a bad one. That is, a good figure 

is highly redundant in the sense that large areas of its own shape are highly predicable fi’om other 

portions of itself [Hochberg and McAlister 1953]. In this respect symmetrical figures can be 

described as having more goodness than non-symmetrical figures. Although potentially 

complicated, they have a predictable repeated structure and therefore contain only a small 

amount of unique information, the rest of which is redundant.

The information theoretical construct of redundancy meant that “figurai goodness” could 

be defined in an objectively stable and non-circular fashion. However, early formulations of this 

idea did not make explicit the mechanism by which the amount of information in a given pattern 

is determined [Attneave 1954]. This was rectified by Leeuwenberg [1971; 1978], who 

developed a systematic coding theory that enabled effective figurai description and the 

quantification of redundancy. The degree of redundancy in a figure is effectively a measure of 

figurai goodness. Both Attneave and Leeuwenberg considered redundancy to be a property that 

identifies the sameness and identity of figure in terms of the relationship between its local parts. 

However, this idea does not conform to the Gestalt notion of wholeness. Another approach, 

more in line with the Gestalt ideology, assumes that a good figure is redundant to the extent that 

it is the same as itself after various transformations [Gamer 1974]. On the basis of this idea 

Gamer developed the reflection and rotation measure which could be used to quantify goodness. 

A reflection and rotation value for any given stimulus equals the number of non-equivalent

12
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patterns produced by its reflection or rotation. Experiments showed [Gamer and Clement 1963] 

reflection and rotation correlated highly with the way subjects rate goodness; the lower the 

rotation or reflection value, the higher the goodness.

Stephen Palmer has reinterpreted Gamer’s work in a way that enables the results to be 

formulated in group theoretic terms enabling a more refined analysis extendible to other sorts of 

geometric regularities. Gamer claims that good figures have few transformational variants 

whereas bad figures have many. Palmer reformulated Gamer’s view so that goodness is 

described in the opposite but nearly equivalent language o f transformational invariance, i.e., 

symmetry. Thus good figures have greater transformational invariance (symmetry) than bad 

figures. This view would seem to corroborate the beliefs of the early Gestaltist’s and Attneave’s 

view that the aspect of figurai goodness best captured by redundancy is symmetry [Attneave 

1959].

2.1.2.2 Goodness and Symmetry

These conclusions have been corroborated in a study performed by Palmer in which it was 

shown that goodness ratings are related to global and local symmetries [Palmer 1983; 1991]. 

Observers were presented with thirty five images of a rectangle and a single small circle in one 

of the positions shown in figure 2.2a. Each image was orientated such that the long axis of 

reflectional symmetry (bilateral axis) was horizontal. (The global and local reflectional 

symmetries^ of a rectangle are shown in figure 2.2b.) The participants were asked to rate how 

good, stable and natural the position of each circle was within the rectangle on a scale of one 

(bad, unstable, unnatural) to seven (good, stable, natural). The results are displayed in figure 

2.2c. The highest ratings were given to the central position. The second highest ratings occurred 

along the vertical axis of global symmetry, followed by those along the horizontal axis. Next 

come the sub-symmetries - the bisectors of the four comers. These are only local regions of the 

figure but they are still perceived to be better than the remaining positions.

The fact that the vertically orientated symmetry was preferred to the horizontal 

symmetry confirms other studies concerning orientation effects in explicit symmetry detection 

[Palmer and Hemenway 1978]. It can be concluded fi*om Palmer’s experiments that goodness is 

systematically related to global and local symmetry within a shape. The relationship between the 

symmetry structure inside a rectangle as measured by goodness ratings and symmetry-based 

shape descriptors was noted by Brady [1983] and will be discussed in chapter 4.

 ̂ Local and global symmetry are defined in appendix 1.

13
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(a) o o o o o o oo o o o o o oo o o o o o oo o o o o o oo o o o o o o

(c)

0  @ 0  0  0  0  @
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

Global S y m m e tr ie s --------------------Local Symmetries

Figure 2,2 Sym metry structure inside a  rectangle as m easured by  goodness 
ratings (c) f o r  a  sm all circle p la c e d  a t any one o f  35 p osition s(a ) that l ie  along  
the g lo b a l o f  local sym m etry a x e s(b )f

2.1.3 Perceptual Organisation - Shape Equivalence

Another equally important aspect of perceptual organisation is Shape Equivalence.^ This is the 

ability to recognise that two objects have the same shape even though they might differ in 

position, orientation, size, sense (mirror-image reflection) or any combination of these four 

properties. In order to achieve this, the perceptual system must be able to identify and exclude 

(or account for) the effects of the set of transformations underlying these characteristics. This set 

of transformations includes translation, rotation dilatation, reflection and their composites. Two 

hypotheses have been posited which explain shape equivalency:

• The Invariant feature hypothesis [Palmer 1983; 1989] claims that two shapes are 

equivalent if certain geometric properties, which by definition do not change during a 

transformation, are the same in both objects. Transformation invariant features include: 

number of lines; angle size; relative length of lines; and number of angles.*

• The Reference frame hypothesis [Palmer 1983; 1989] states that equivalency is determined 

by eliminating the underlying transformations and associated effects that complicate 

recognition. This is accomplished by imposing an intrinsic frame o f reference on the stimuli 

concerned.

 ̂ Diagram taken from Palmer [1983 p 286].

’ Also know as shape constance [Palmer 1983].

For further discussion of the invariant feature hypothesis see Palmer [1983 pp. 275-277; 1989 125-127].
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2.1.3.1 The Reference Frame Hypothesis - An Example

The reference frame hypothesis is most relevant to the present discussion and is best explained in 

terms of a simple geometric analogy [Palmer 1983 pp. 275-277; 1989 125-127]. Consider three 

circles: a, b, and c (Figure 2.3a). It is obviously true that they have the same shape but differ 

from each other with respect to size and position. It is reasonable to assume that a frame of 

reference, similar to a Cartesian co-ordinate system, is required against which the properties of 

these objects are perceived and compared (Figure 2.3b). If these circles are described within a 

single extrinsic frame of reference common to them all, their mathematical shape descriptions 

(represented by the equations in Figure 2.3) would be different and equivalency would not be 

apparent. Alternatively, each circle can be described in terms of its own reference frame that 

captures its intrinsic structure. This is achieved by placing the origin of each frame at the centre 

of a circle and making the unit size of the frame equal to the radius of the circle it describes. In 

this situation each frame would optimally correspond to the structure of a circle (Figure 2.3c). 

All three descriptions would be the same and variations due to size and position are eliminated, 

leaving the shape descriptions invariant and obviously equivalent.^

a: X' + Y' = 1 

b: X' + Y' = 4 

c: (X -2 f + (Y -2 f = 1

F igure 2.3 A se t o f  circles (A) can be describ ed  in different reference fram es: equations 
f o r  c ircles can be g iven rela tive to the sam e reference system  (b) o r  different reference  
system s se lec ted  to  correspon d to  the sim plest description  (c).

This simple example demonstrates that an appropriately chosen intrinsic reference frame 

compensates for translation effects and enables shape equivalency to be determined. Much work

 ̂ Although it cannot be demonstrated in this simple example, because of the symmetrical nature of the example 
figures, intrinsic reference frames can compensate for differences in orientation and sense. For asymmetric figures, 
differences in orientation are compensated by reflecting the frame about its origin and difference in sense by 
reflecting it about its axis.

Diagram taken from Palmer [1983 p 276].
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has been carried out to support this view and to justify the general claim that reference frames 

have a fundamental role in shape perception and memory [Rock 1973; Wiser 1981]. It has also 

been shown that the reference frame hypothesis succeeds in accounting for certain perceptual 

anomalies that undermine other explanations of shape equivalency.^^

2.1.3.2 The Reference Frame Hypothesis and Symmetry

The reference frame hypothesis requires the selection of an intrinsic frame. In the 

majority of cases a choice of frames exists. It follows that a particular property of an object 

must cause the visual system to select one orientation as the intrinsic standard rather than 

another. Three properties are potential candidates for this role and have been tested 

experimentally [Palmer 1992]:

• The axis of elongation [Palmer 1975; Marr and Nishihara 1978], i.e., the longest axis 

of a figure, such as the major axis of an ellipse.

• The axis of reflectional symmetry [Palmer and Bucher 1982b; Palmer 1983; Palmer 

1985].

• Low spatial frequency power [Ginsburg 1971; Janez 1983]’̂

Palmer’s experimental scrutiny has shown that the axis of elongation is not a major 

factor in estabhshing perceptual reference frames and the symmetry based approach fares better 

than spatial frequency models. Symmetry alone does not appear to be entirely adequate either. 

Obviously there are unanswered questions concerning this point, and work remains to be done. 

However, it is unlikely that this doubt undermines the general role of symmetry in perceptual 

organisation.

2.1.4 The Nature of Symmetry

In an end-note to his work on reference frames Palmer makes an interesting point concerning the 

nature of symmetry that is worth considering [Palmer 1992]. From a geometric point of view, a 

figure either is or is not symmetrical. Perceptually this is not the case: few things in the world 

are perfectly symmetrical, yet is possible to recognise an approximation to symmetry. It is 

highly likely that the perceptual system works with a continuous representation of “degrees of 

symmetry”. At the time at which he made this point, the quantitative nature of continuous 

symmetry had not been determined. This is a principal objective of this work.

" An overview ean be found in Palmer’s work [Palmer 1983 pp. 275-277; 1989 125-127],

Articles not seen; cited by Palmer [1992 p 56]. This theory will not be discussed, for a review see Palmer [1992 pp 
56-62],
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There is little doubt that symmetry has a role in human visual perception. In the next 

chapter, the symmetry extraction techniques used in practical attempts to model the symmetry 

based grouping will be discussed

2.2 Summary

Assuming the validity of the Gestalt theory of perception, perceptual organisation has a central 

role in human vision. Three aspects of perceptual organisation have been discussed; each of 

them are dependent on the ability to isolated and detect symmetry. The simple experiments 

performed by Palmer and his associated arguments appear to give credence to claims that the 

principle of figurai goodness, which underpins the concept of perceptual organisation, is 

symmetry dependent. More specifically, the pictorial evidence (figure 2. Ih) for symmetry based 

grouping is very clear.

17



Chapter Three

Symmetry and Computer Vision

3. Overview
In the previous chapter, the importance of perceptual organisation (particularly symmetry based 

grouping) in human visual perception has been discussed. In this chapter these ideas will be 

developed further with the intention of explaining the symmetry extraction techniques that have 

been used in practical attempts to model the grouping processes.

A Gestalt based psychological approach, incorporating perceptual organisation, is one of 

a number of theoretical models underlying various computer vision methodologies. The truth or 

falsity of these doctrines will not be argued in this discussion. For present purposes it will be 

assumed that the symmetry extraction techniques incorporated in perceptual organisation based 

vision systems are significant in their own right, even though arguments may exist that counter 

the theoretical models in which they are intended to play a part.
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3.1 Perceptual Organisation and Machine Vision

David Marr was one of the first to acknowledge the role of perceptual organisation in machine 

vision. He proposed that grouping occurred on the basis of similarity between edge points and 

lines during the derivation of the full primal sketch. However, this was only a small aspect of 

his hierarchical explanation of the visual process and it is hardly discussed in his work [Marr 

1982]. The full significance of perceptual organisation in the development of machine vision 

was first recognised by Witkin and Tenenbaum [1983b], and Lowe [1985; 1987] They have 

suggested that models of vision which necessitate bottom-up depth reconstruction depend on 

information that is either often unavailable or expensive to obtain. In particular, Lowe has 

argued that the fundamental problem of computer vision consists in bridging the gap between 

2D images and knowledge of 3D objects, and it is not solved by the derivation of depth. The 

solution, according to Lowe, entails matching image structures made apparent by perceptual 

organisation to corresponding object structures through a knowledge-based matching process 

[Lowe 1987].

There has been a proliferation of research concerning the role of perceptual organisation 

in machine vision.’̂  Although the type of organisation most considered by the computer vision 

community is grouping, the nature and diversity of their work has given rise to inconsistencies in 

terminology and resulted in confusion. Specifically, ambiguities have arisen with regard to the 

meaning of the term “perceptual organisation”. Perceptual organisation based vision systems are 

necessarily recursive: features identified by grouping are themselves grouped [Mohan and 

Nevatia 1992]. It follows that various groupings are applicable to different types of image 

features at various stages in the vision process. Thus, the term “perceptual organisation” can 

refer to different groupings and image features at each level of grouping. In response to these 

difficulties Sarkar and Boyer [1993 pp 365-392] have proposed a standard nomenclature to 

discuss work in this area. It is with the aid of this framework that the role of perceptual 

organisation in computer vision will now be described.

3.2 Perceptual Organisation - A Classification System

Sakar and Boyer’s classification of perceptual organisation is based on the fact that perceptual 

groupings differ from one another with respect to the type of features they influence and the 

dimensions over which the organisation is sought. These two factors comprise the axes in a 

diagrammatic representation of their classification stmcture. One axis represents the feature 

types to be organised, the other represents the dimensions over which organisation is sought

For a detailed review see [Sarkar and Boyer 1993]
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(table 3.1). The complete classificatory structure covers dimensions ranging from 2D to 3D plus 

motion. For the purposes of the present discussion it is only necessary to consider 2D

organisation. 14

Assembly

Level

Stmctures found below.

Organisation of the structures. 

Arrangement of polygon.

Structural

Level

Edge and region primitives

ribbons, comers, merges, 

polygon, closed regions.

Primitive

Level

regions, edge chains.

region boundaries, 

contour segmentation.

Signal

Level

Dots, Interest points.

dot clusters, edge chains 

regions, textile analysis.

2D

T able 3.1 The Sakar and Boyer [1993] classificatory structure for perceptual 
organisation (2D  only). The first row o f  each box (above the dotted line) lists some 
o f  the typical features to be organised. The second row (below the dotted line) lists 
some typical output organisations.

The perceptual organisation of 2D data occurs in foiu* stages that are categorised 

according to the feature type. At the signal level, the raw data in the initial grey scale image is 

organised: pixels and interest points are arranged into extended regions, edge chains and dot 

clusters. This is achieved by edge detection [e.g. Canny 1986] and region segmentation [e.g., 

Pavlidis and Liow 1990]^ .̂ Edge detection organises points which are possible object 

boundaries by identifying those exhibiting certain photometric characteristics. Segmentation 

techniques group pixels together into regions on the bases of proximity and similarity.

The delineation of the primitive and the structural levels is based on the 

“dimensionality” of the identified features with respect to the domain of organisation. 

Dimentionality refers to the number of parameters that are needed to define a feature. At the

A  detailed account o f  this classification system, along with a review o f  the associated algorithms can be found in 
Sarkar and Boyer [1993]

Article not seen; cited by Sarkar and Boyer [1993 p 387]
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primitive level, the features extracted from the signal level are organised into higher level 

features of dimensionality one (e.g., region boundaries and contour segments). This is achieved 

by contour segmentation which finds edge pixels with similar curvature or contrast. These 

extracted features are then organised at the structural level into 2D shapes that encode structural 

relationships. These shapes, commonly called collated features [Mohan and Nevatia 1992], are 

obtained by grouping the features extracted at the primitive level according to the geometric 

relationships of continuity, proximity, closure and symmetry. The resulting collated features 

have a dimentionality of two and are curves, points, contours, ribbons and symmetries (pairs of 

mutually symmetric curves). It is the organisation that goes on at this level that is generally 

referred to by the term “perceptual organisation”. Finally, at the assembly level collated features 

are organised into segregated groups, e.g., groups of ribbons are isolated. This level is 

unbounded and can continue indefinitely.

3.3 Perceptual Organisation Based Vision Systems

One of the first general systems to incorporate perceptual organisation (SCERPO - Spatial 

Correspondence, Evidential Reasoning and Perceptual Organisation) was developed by Lowe 

[1985] for recognising 3D objects in monocular grey scale images. Although symmetry does 

not feature in his implementation, other grouping processes including collinearity, parallelism 

and proximity of line segment endpoints are central in the organisation of spatial information at 

the structural level. These same principles of grouping also feature in more task specific 

applications of perceptual organisation which involve the segmentation of specific types of 

objects with parallel or rectangular components represented in aerial photographs (e.g., buildings 

and runways [Huertas and Nevatia 1988; Mohan and Nevatia 1989; Denasi, Quaglia et al. 

1992]). Another general approach, developed by McCafferty[ 1990], involves the formulation of 

the grouping tasks as an energy minimisation problem that is solved by simulated annealing. 

Although McCafferty acknowledges the importance of symmetry, again it is not implemented.

Symmetry does not feature in the examples of computational perceptual organisation 

mentioned so far. It has been suggested that symmetry is rarely used because it is much harder 

to detect compared to other grouping properties [McCafferty 1990; Cham and Cipolla 1995]. 

However, it has been recognised that in order to handle a broader range of edge and region 

primitives at the structural level it is necessary to utilise the full range of grouping mechanisms 

in order to isolate the diversity of shapes and shape components. A successful implementation 

of such an approach is the CANC2 [Mohan and Nevatia 1992] vision system which uses most 

grouping principles to produce quality output for high-level analysis, e.g., shape extraction. The 

techniques employed in this system have been successfully applied in stereo vision systems used
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for object detection and recognition [Mohan and Nevatia 1989; Ylajaaski and Ade 1996]. As 

expected, according to the Sakar and Boyer classification system, the CANC2 process begins at 

the signal level with simple edge detection using a Canny edge detector [Canny 1986]. Edge 

contours are formed from the detected edge components on the basis of their neighbourhood 

connectivity. The next stage in the process (primitive level) entails segmentation of the contours 

into curves according to a technique developed by Saint-Marc & Medioni [1988]* .̂ These 

curves are grouped into contours based on cocurvilinearity, i.e., the continuity and proximity of 

similarly orientated curves. At the structural level, symmetries are sought between pairs of 

contours. If appropriate closures exist at both ends of the synunetrical contours, ribbons can be 

formed. A closure is either another contour, a set of multiple contours, or the end of other 

symmetries. After the selection of appropriate ribbons, segmentation of the scene into surfaces 

is possible'^.

3.3.1 CANC2 - Symmetry
Central to the CANC2 process is the detection and use of symmetries. Within the context of the 

Mohan and Nevatia schema, symmetries are considered to be pairs of mutually symmetric 

curves defined by a mapping between the points on the two curves, where the curves are 

infinitesimally divisible (Figure 3.1a). The axis of symmetry between the two curves is the locus 

of midpoints of the straight lines joining a point on one curve to its image on the other (Figure 

3.1b).

Curved
Segments

Axis of 
SymmetryPoint Pair 

(Local Symmetry)

= Mid-Point© = Boundary Point

Figure 3.1 The sym m etry between two curves can be defined as a  m apping between p o in ts  on 
the curves (a). The axis o f  sym m etry between the curves is the locus o f  the m id-points o f  the 

stra igh t lines jo in in g  a  p o in t on one curve to its im age on the other (b).

Article not seen; cited by Mohan & Nevatia [1989 p 620].
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3.3.2 CANC2 - Symmetry Detection

Detecting the axis of symmetry is necessary in the evaluation and selection of symmetries and 

the formation of ribbons. Axis detection is dependent on finding appropriate matches between 

points on the curves. The simplest way of doing this requires the consideration of all possible 

matches: a process that entails matching each point on one curve with every other point on the 

other curve, and then evaluating the match. Such an approach has a computational complexity 

of 0 ( n \  where n is the number of points on the boundary [Mohan and Nevatia 1989], and 

would therefore be computationally slow and expensive. The quantification of point-to-point 

matching can also be problematic since measures such as tangent direction tend not to vary much 

along smooth curves thus making the localisation of matches difficult.

Mohan and Nevatia avoid these difficulties by localising the positions along the curve at 

which matches are considered. They define the symmetry axis between two curves as “...the 

locus of the midpoints of the lines joining points at equal length ratios along the curves.” 

[Mohan and Nevatia 1992 pp 623]. Consider figure 3.2. Given that the length of curve is sj

and that of CD is S2, point x on AB can be mapped to a pointy on CD if and only if

o . i ;*9 , ^2

where a is the length of curve section AX  and b is the length of curve section CY. Using this 

method, matched pairs of points can be easily found. Determining the midpoint between each 

pair of points is a trivial task and it follows that the locus of midpoints, the axis of symmetry, 

can be determined.

c

Figure 3.2  The sym m etry axis between two curves is the locus 
o f  the m id-points o f  the lines jo in in g  p o in ts a t  equal length  
ra tios along curves.

The assembly level will not be discussed further, details can be found in [Mohan and Nevatia 1989 pp 628-629],
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3.3.3 CANC2 - The Use of Symmetry

Having discovered all possible symmetries, those with a high probability of correspondence with 

individual object parts are identified. Mohan and Nevatia achieve this with a constraint 

satisfaction Hopfield network [Mohan and Nevatia 1992 pp 624-626]. The selected symmetries,

i.e., pairs of symmetrical curves, can be considered to be two boundaries of a ribbon-like 2D 

planar shape. If these boundaries are closed by straight lines joining the ends of the curves, a 

ribbon is formed that can be described in terms of the symmetry axis between the two curves 

and a sweeping rule. The sweeping rule gives for each point on the axis the corresponding pair 

of symmetric points on the two curves. Shape description, however, is not the main purpose of 

ribbon formation in this procedure. The ribbons used in this process, in fact, defy description in 

this way because they are closed with edge contours detected in the image which are likely to be 

irregular. These cause edge effects which are not describable by the traditional sweeping rules 

(figure 3.3). The ribbons are used to segment the surfaces in the scene. They correspond to the 

surfaces of the objects in the scene; objects are inferred on the basis of the relationship between 

the ribbons.

Axis

Symmetrical
Curves

Straight
Line
Closure Edge

Contour
Closure

E n d /
Effect

Figure 3.3 A R ibbon‘d

3.4 Symmetry and Closed Contours

Extracting the axis of symmetry between two curves, as described above (section 3.4.1), is a 

matter of finding appropriate pairs of points - one point on each curve - and calculating the 

positions of the mid-points between them. Point selection on open curves is not a problem. The

Diagram taken from Mohan and Nevatia [1992 p 627],

24



Chapter 3 Symmetry and Machine Vision

end points of the open curves establish the beginning and end points of the axis. The rest of the 

point pairs lie at proportional lengths along the curves.

However, if closed curves (i.e., object boundaries) are considered, determining 

appropriate pairs of boundary points is not a trivial task as there are no obvious point pairs from 

which to start the symmetry calculation. This problem is not solved with a general all point 

comparison. Each point on the boundary can match with every other point on the boundary. 

This can give rise to numerous mid-points which could lie anywhere within the shape and do not 

necessarily contribute to the axis of symmetry.

Effective axis identification requires the selection of an appropriate subset of boundary 

points. However, the only property that distinguishes point pairs that give rise to symmetry from 

those that do not, is the fact that they give rise to local symmetry. Self reference of this kind 

defeats the object since what is being sought cannot be used to find itself. Therefore it is 

necessary to look elsewhere for a means of selecting appropriate boundary points.

The key to the Mohan and Nevatia approach is that large scale structures such as curves, 

that are symmetrically related, are identified before local symmetry detection occurs. Given this, 

the problem of point selection should be solvable by isolating boundary properties, such as 

comers or points of maximal curvature, which identify boundary segments between which local 

symmetries can be found in the manner described above (section 3.4.1). For example, the long 

axis of a rectangle can be found by identifying the comers and the boundary segments between 

them (figure 3.4a). Axis selection then becomes a matter of finding the local symmetries and 

their mid-points between the two longest segments. Similarly, the axis of a banana shape can be 

found by identifying the boundary components between the points of maximal curvature (figure 

3.4b).

® = comermaximum curvature

Figure 3.4  Exam ple shapes with p o ten tia l points, derived  from  boundary features, f o r  
determ ining the beginning a n d  end o f  curve segments.
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In individual cases this is a reasonable approach, but these rules tend to be shape 

specific and fail if  used generally and applied to a wide variety shapes. For example, the rule 

that enables the axis of a rectangle to be extracted will not work on the shape shown in figure 

3.4c. No two angles capture the complete edge from which the long axis of symmetry is 

derived. Similarly, selecting edge segments between points of maximal curvature does not 

enable the axis to be found in the shape shown in figure 3.4d. It is highly unlikely that a single 

rule exists which enables axis extraction of every shape.

3.5 Towards Axial Shape Description

The technique described in section 3.4.1 for extracting the axis of symmetry between curves 

serves its purpose within the perceptual organisation-based vision system in which it was 

designed to be used. However, the arguments presented in section 3.5 have shown that it is 

limited and cannot be applied to general closed shapes. The drive in the Mohan and Nevatia 

approach is to generate ribbon-like shapes fi"om pairs of symmetrical curves and the axis 

between them. It would seem reasonable to assume that this process can be reversed.

In the next chapter this possibility is explored. The discussion moves away fi’om 

perception and perceptual organisation based machine vision systems and considers techniques 

for axial representation of shape used in machine vision systems and image processing tasks.

3.6 Summary

Within the last decade the significance of perceptual organisation has been recognised and 

various machine vision systems have been developed that utilise perceptual grouping. Although 

it has been claimed that symmetry-based grouping is the hardest to model, it has been 

successfully used in some of the more recent systems, in particular the CANC2 system of 

Mohan and Nevatia. Central to the CANC2 system is a simple symmetry extraction technique 

that is able to isolate symmetrical curves and the axis between them. Although arguments have 

been presented that show that this particular approach is limited with regard to closed shapes it is 

closely related to other established axial shape description techniques. These will now be 

considered.
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Chapter Four

Ribbons and Axial Descriptions

4. Overview
In the previous discussion, symmetry detection and axis extraction in machine vision systems 

that exploit perceptual grouping have been discussed. In this chapter, the role of similar 

techniques in visual recognition systems that utilise depth reconstruction will be considered. 

According to this view, modelling perception involves the construction of a set of 

representations of the information available in an image. These are then interpreted in terms of 

existing knowledge structures [Brady 1983]. Possible modes of representation include the zero- 

crossing map [Marr and Hildreth 1980] and the primal sketch [Marr 1976]. Two symmetry 

specific means of representation have also been suggested: The medial or symmetric axis 

transform [Blum 1967; 1973; Blum and Nagel 1978] and smoothed local symmetries [Brady 

1982; 1983; Brady and Asada 1984].

These two techniques will be discussed in detail and their roles in extracting the axis of 

bilateral symmetry will be evaluated. As in the previous discussion, arguments supporting the 

general theory behind the machine vision system that incorporates these techniques will not be 

given. It shall be assumed that they are significant procedures in their own right, independent of 

the validity of the general use for which they were intended. The discussion begins with an 

examination of ribbons, a concept introduced in chapter three and common to both the grouping 

and depth reconstruction approaches to machine vision.
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4.1 Ribbons
A ribbon-like 2D planar shape can be described in terms of an axis and a geometric figure, 

usually a disk or a line segment, that “sweeps out” the shape by moving along the axis. If a 

unique reference point on the geometric figure is aligned with each point on the axis, the union 

of copies of the geometric figure, produced at each point along the axis, will generate a ribbon. 

The geometric figure, commonly called a generator, may differ in size as it moves along the axis 

[Rosenfeld 1986]. There are two important aspects to shape descriptors of this kind; the 

generation of the shape given the axis, and the recoverÿ^ of the axis given the shape.

There are three principal methods for deriving axis-based descriptions and each is 

identified by its generator type. The shapes they define are known as Blum ribbons [1967], 

Brooks ribbons [1981], and Brady ribbons [1984]. Blum ribbons are generated by sweeping a 

disc along the axis, its point of reference being its centre (figure 4.1a). Brooks ribbons are 

generated by line segments centred on the axis such that the angle between the line segments and 

the tangent to the axis is constant^°. Generally the angle between the axis and segment is taken 

to be a right angle (figure 4.1b). Brady ribbons are generated by line segments which make 

equal angles with the sides of the ribbon (figure 4.1c).

Axes

Figure 4.1 R ibbon Generation. A ribbon is the p lan e  shape gen era ted  by  sw eeping a genera tor
along an axis. The genera tor used to p rodu ce  a Blum ribbon (a) is a  disc. Both Brooks a n d  B rady  
ribbons are genera tor by  sw eeping line segm ents. For Brooks ribbons (b) the angle between line 
segm ent an d  the tangent to the curve is constant. B rady (c) ribbons are genera ted  by  line 
segm ents which make equal angles with the sides o f  the ribbon.

In simple cases where the axis is straight and the end conditions are ignored, every Blum 

ribbon is a Brooks ribbon and every Brooks ribbon (assuming the angle ^between the generator 

and the axis is a right angle) is a Brady ribbon. In more complicated situations where the axis is 

curved or the angle 6 is not a right angle, Blum ribbons are not, in general. Brooks ribbons and

The terms “generation” and “recovery” w ill be used in this sense ([Rosenfeld 1986]).

Brooks ribbons are 2D  versions o f  generalised cylinders introduced by Binford [1971] as a representation o f  3D  
volumes.
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Brooks ribbons are not in general Brady ribbons [Ponce 1990]^'. These differences are apparent 

in the respective axes obtained following recovery and will now be considered in detail.

4.2 Axis Recovery

In order to generate ribbons, an axis is required to guide the sweeping process. Axes are not 

only an important part of ribbon-based shape description, they also have a wider role in shape 

classification and representation. Axial representations, also known as skeletons, are stick-figure 

summaries that preserve salient global shape information that can be more readily assimilated 

than the large amounts of information in the original figure. They have uses in machine vision, 

biological shape analysis and many image processing tasks, e.g., optical character recognition^^.

Many axis-based representation schemes have been proposed. For example, it is 

possible to compute an axial representation of a shape in which every point is determined by 

local areas on the contour [Rom and Medioni 1993]. Alternatively, it is possible to capture an 

appropriate axial representation of a given shape in terms of a global function of all its boundary 

points (e.g., axis of inertia [Subirana-Vilanova 1990]^ )̂. The constructs produced by each 

approach may not necessarily be identical; they maybe linear, piecewise linear, or curvilinear 

abstractions of the original. However, the fact that they are invariant to rigid transformation and 

the topological features of the original shape are emphasised and preserved, makes them useful 

representations.

A recognised subtype of the local area approach generates an axis from local symmetries 

on the boundary: it is a process which amounts to the reverse of the mechanisms for ribbon 

formation described above. In the following discussion, the axial recovery techniques developed 

by Blum and Brady will be discussed in detail. Although Brooks’ definition is more flexible 

than Blum’s from a generative standpoint, it does not always give a unique recovery. For this 

reason it will not be discussed further.

4.2.1 Blum’s Axial Description - The Symmetry Axis Transform

Blum’s work is concerned with the representation of complex biological shape. Traditional 

methods including those based on affine. Euclidean and projective geometries, are not flexible 

enough to allow the comparison of fundamental shapes which are distorted by the growth and 

movement common to particular biological species [Blum and Nagel 1978]. Blum developed

A  detailed account o f  ribbons and their difference can be found in Rosenfeld [1986] and Ponce [1990]. 

^  Further examples can be found in Smith [1987] and Davies & Plummer [1981],

^  Article not seen; cited by Rom & Medioni [1993].
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the Symmetric Axis Transform '̂  ̂ (SAT) to give an axial representation and description, and 

provide a qualitative definition of shape necessary to tackle the many problems of biological 

shape analysis [Blum 1967; 1973; Blum and Nagel 1978].

A SAT description of a shape has two parts: the medial axis, which is a skeletal 

representation of the shape, and a radius fimction. The medial axis can be succinctly defined as 

“...the set of points (x) such that there are at least two points on the object’s contour that are 

equidistant from {x} and are closest to {x}” [Shapiro, Pisa et al. 1981]. Each of the points in 

(x) can be considered to be the centre of a disc that fits inside the object (but in no other disc 

inside the object)^  ̂ and is tangential to the boundary at two or more points. The medial axis is 

the locus of the midpoints of these discs (figure 4.2a). For each maximal disc that is bitangent to 

the circle, there exist an “infinitesimal axis of symmetry” [Giblin and Brassett 1985] which 

bisects the angle between the tangents to the boundary. The points of contact between boundary 

and circle will be locally symmetric about this (infinitesimal) axis (figure 4.2b) and the radius 

fimction is the length of the radius of each circle. The object contours can be reconstructed from 

the medial axis by taking the union of all circles, with a radius defined by the radius fimction, 

centred on each point on the axis. The reversibility of the SAT means that it is a true 

transformation rather than a summarisation of outline data.

Centre of 
Maximal DiscsMedial Axis

Infinitesimal 
Axis of 
SymmetryMaximal Discs

Figure 4.2  The sym m etric axis transform. The centre o f  each maximal d isc  defines one p o in t on the m edial 
axis. F or each bitangent circle an infinitesim al axis o f  sym m etry exists which b isects the angle between the 
tangents to the boundary a t p o in ts  A and B (b). The p o in ts  o f  contact between circle an d  boundary are  
refiectionally  sym m etric about this axis.

As well as describing the isolation of the medial axis in terms of the location of the 

centres of bitangent circles, medial axis recovery can be conceived of in a number of other ways. 

Blum has described the axis in terms of a brush fire. If the periphery of a grassy field is set 

alight and the fire is allowed to bum inward at a constant rate, the points where the fire fronts 

meet will be on the medial axis [Blum and Nagel 1978]. This process is similar to a collapse of 

the object boundary. If the boundary is allowed to cave in to itself at a constant velocity in a

Also know as the Medial A xis Transform (M AT) 

Commonly know as a maximal disc.
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direction which is perpendicular to the outline in all places, the points at which the outline meets 

are points on the medial axis [Desouza and Houghton 1977]. Axis recovery can also be 

considered to be a peeling process where the perimeter points are removed in a manner similar to 

peeling an onion [Castleman 1979]. If one point is encountered twice on the peeling excursion 

and the removal of that point splits the object, that point is on the medial axis.

These interpretations have motivated numerous implementations of the SAT appropriate 

to various data types and use a variety of mathematical and image processing tools. These tools 

include: Euclidean distance transforms [Montanari 1968; Danielsson 1980; Wright, Cipolla et al. 

1994] and Non-Euclidean distance transforms [Fischler and Barrett 1980; Niblack, Gibbons et 

al. 1992; Kimmel, Shaked et al. 1995], Voronoi diagrams, [Lee 1982; Brandt and Algazi 1992; 

Robinson, Colchester et al. 1992] and a combination of erosion and dilation (mathematical 

morphology) [Lantuejoul 1980; Liang and Wong 1993; Myler and Weeks 1993].

The SAT has proved to be effective at representing and describing biological shapes 

which are generally smoothly curved (figure 4.3). For example, it has successfully been used in 

the analysis of mandibular shape [Lavelle 1985; Daegling 1993]. It has a number of useful 

properties such as connectivity, branching and reproducibility. The medial axis has connectivity 

in the sense that, for any given object, the axis is a single, often branching, structure. The 

branches in the skeleton indicate sub-structures within the object. The original figure can be 

reproduced given the radius function for each point on the axis. On the basis of these properties, 

Blum and Nagel have suggested further applications in shape segmentation [Blum and Nagel 

1978].

Medial Axis

Figure 4.3 Two examples o f  the m edial axis taken from  Blum [1973, p 2 3 5 ]
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4.2.1.1 Problems
Although the SAT satisfies Blum’s initial objectives it does have a number of shortcomings 

when applied to a broader range of shapes. In particular, it is sensitive to noise and it is not the 

most obvious or simplest of the possible representative axes:

Sensitivity. The SAT is sensitive to small perturbations in the object boundary which 

can cause large axial changes and the creation of new branches. A slightly altered figure can 

radically change the corresponding skeletal representation [Agin 1972; Marshall 1989]. For 

example, figure 4.4a shows the medial axis of a rectangle, figure 4.4b & figure 4.4c show the 

effects on this axis of a hole and a dent in the boundary.

_ I-------------- 0 —

Normal point 
Branch point ©

Medlai Axes 
Bilaterai Axes

Figure 4.4 Axes o f  a  rectangle : The m edial axis o f  a  rectangle (a) p o o r ly  dep ic ts the p e rc e ive d  
axes o f  reflectional symmetry. The m edial axis is also  sensitive to  pertu rba tion s including holes 
(b) an d  boundary d istortions (c). M ed ia l axis p o in t types (d)

Many of the medial axis recovery techniques mentioned in section 4.2.1. have been 

designed specifically to avoid these difficulties. Noise sensitivity can be overcome with a 

modified contour thinning technique [Arcelli 1981] and distortions resulting fi'om boundary 

perturbations can be avoided with a labelled distance transform [Fischler and Barrett 1980]. 

Arguably the most important approach to the problem of over sensitivity entails an analysis of a 

hierarchy of axes over multiple scales of representation. This idea, suggested by Brady on the 

basis of the work of Marr & Hildreth [1980], Witkin [1981] and Terzopoulous [1982], has been 

taken up by various authors [Dill and Levine 1987; Pizer, Oliver et al. 1987; Pizer, Fritsch et al. 

1993; Morse, Pizer et al. 1994] and now has a significant role in shape description.

Scaling is achieved by progressive smoothing of the object boundary and generating the 

SAT at each scale. As smoothing is increased, the branches of the axis gradually change. 

Skeletal branches corresponding to boundary perturbations merge into other, more significant
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branches and disappear. Sub-objects are associated with each branch and the order of the 

importance of branches (sub-objects) is given by how they disappear in the hierarchy. The 

complete process defines a tree or hierarchy of limbs of the original SAT. The root corresponds 

to the final branch of the SAT remaining after all the branches have been annihilated. The 

various parent and child branches form nodes from the root providing a complete and robust 

description of the Medial axis at each scale. Multi-scale representation is an important idea and 

will be considered further in chapter 6.

Poor Representation. For some shapes, particularly those that are rectilinear, the 

medial axis is not the most appropriate axial representation. If it is accepted on the basis of 

simplicity and intuitive appeal that the best axial representation of a rectilinear shape is any one 

of it axes of reflectional symmetry, the failure of the medial axis to meet this criteria is obvious. 

For example, in the case of a rectangle (figure 4.4a), the medial axis is a complex forked 

structure comprising of a portion of the long axis of reflectional symmetry and four sub

symmetry axes that bisect the comers.

The unintuitive structure of a medial axis is inevitable given the limited nature of its 

component points [Blum and Nagel 1978, p i68]. Assuming axial recovery is described in terms 

of maximal discs, each point on an axis can be defined as being either; normal (a maximal disc 

touches the boundary at two separate contiguous sets of pointŝ *̂ ), branching (a maximal disc 

touches the boundary at three separate contiguous sets of pomts^^) or an end-point (the maximal 

disc touches the boundary at one contiguous set of points which only occurs if the boundary is 

curved). End-points only exist in shapes that have curve boundaries. At an end-point, the radius 

of curvature of the curved object boundary and the maximal disc are equal. The disc at this 

distance is the first to have one single contiguous contact with the boundary - albeit between a 

large number of boundary points. The axis does not extend beyond this point because discs 

cannot touch the boundary at two or more points if their radius is less than the radius of the arc 

which is being represented. It follows that, in certain cases, the axis will not intersect the 

boundary and there is a short distance between the boundary and the end-point where the axis 

cannot be determined^^.

In the case of a rectangle (figure 4.4d), the central potion of the axis is comprised of 

normal points (pi). The extent of this line is limited by the inevitable existence of two points at 

either end (p̂ , P ’2) about which maximal circles touch the boundary in three places rather than 

two. These give rise to branches comprised of normal points {p4\  hence the diagonal sub

symmetries. The axes of reflectional symmetry cannot be detected beyond these forks because 

the distance between any point (ps) on the axis beyond the branch point and the first point of

In m ost cases a single point o f  contact occurs at each touching o f  the boundary.

This point brings into question the accuracy o f  Blum ’s drawings shown in figure 4.3.
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contact with the shape boundary is less than the distance to any other boundary points. That is, 

the bitangent circles that define the missing portion of the axis of symmetry cannot exist in this 

region. The short axis of reflectional symmetry in a rectangle and the axes running through the 

mid-points of opposing sides of a square are not detected for the same reason; appropriate 

maximal discs do not exist. If the bilateral axis is to be obtained, the local geometry of the SAT 

has to be redefined to avoid these problems and the bilateral axis has to be distinguished from 

inappropriate sub-symmetries.^^ These variations are the bases of the second method of axial 

recovery to be considered: smooth local symmetries (SLS) [Brady 1982; 1983; 1984].

4.2.2 Brady’s Axial Description - Smooth Local Symmetries
A normal axial point, Bi (figure 4.5a), on a medial axis is the centre of a maximal disc that is 

bitangent to an object boundary. The points of contact, A & B, between boundary and circle are 

locally symmetric about an infinitesimal axis of symmetry I. Brady’s reworking of this 

relationship defines the axial point, Br (figure 4.5b), as the mid-point of the cord between points 

of contact, A & B. It follows that the boundary points A & B axQ not only symmetric about I, 

they are also symmetric about the axial point Br. a relationship that gives a rigorous meaning to 

the term “local symmetry” and it is in this sense that this phrase will be used in the remainder of 

this work.

— — ^ —

a  =

Figure 4.5 Geom etry o f  a  SLS: (a) The axial p o in t o f  a  smooth loca l sym m etry is taken to be the 
m id-point Br o f  the co rd  o f  contact between boundary p o in ts A & B  instead  o f  the m id-point o f  a  
maximal d isc  B i . (b) Two points, A and B, on a p la n a r  curve fo rm  a loca l sym m etry i f  the angle  
between the vec tor in the direction BA and the norm al to the curve a t p o in t A is equal to the 
angle between the norm al «5 to the curve a t p o in t B an d  the vector in the direction AB.

There is a second reworking o f  Blum’s idea called process-inferring symmetry analysis (PISA) [Leyton 1988]. This 
produces an axis that has a one-to-one correspondence with points on the medial axis and has the same 
characteristics as the SAT. For details see Leyton [1988] and Cho & Dunn [1991].
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Brady’s local symmetries can also be described in tenns of the angular relationship 

between the outward normals of points on a boundary and the lines joining them^^. Consider 

figure 4.5b; a local symmetry exists when the angle a  between the line and the nonnal ha at 

point A and the angle between the line AB and the normal rig at point B are equal. The axial 

representation is the locus of mid-points between boundaiy points when this condition is met. 

This fonnulation does not confine local symmetry detection to moving a template (maximal 

disc) around the contour, thus avoiding the associated difficulties and allowing the detection of 

each complete axis of symmetry.

This technique also generates sub-symmetiies similai to those generated by the SAT 

(figure 4.6a). Each sub-symmetry describes a portion o f the shape (known as the cover of the 

sub-symmetiy). The second stage of Brady’s axial recovery technique distinguishes the bilateral 

axis from the less significant sub-symmetries. The extraction o f the reflectional symmetries is 

dependant on the extent o f the cover o f each axis detected. If the cover o f an axis is subsumed 

by the cover of another axis, then it is d e l e t e d . T h e  local symmetries that survive subsumption 

conespond to perceived symmetiies between the smooth cuiwes that constitute the boundary, 

hence the name “smooth local symmetries”. If  in the final instance, the cover o f the remaining 

axes is the entire shape, then they coirespond to the global symmetries. Examples of SLS prior 

to subsumption are shown in figure 4.6b, figure 4.6c, & figure 4.6d along with the medial axes 

for the same shapes in figures figure 4.6e, figure 4.6f & figure 4.6g. Axis extraction 

(subsumption) is discussed further in section 4.5.

Sub-symmetry SLS SAT

Figure 4.6 Examples o f  SLS; The axes o f  reflection symmetry are both present in the SLS o f  a 
rectangle, along with the less significant sub-symmetries between the corners (a). Examples o f  SLS 
prio r to subsection are shown in figure (b), (c), and (d), along with the medial axes fo r  the same 
shapes in figures (e), (J), and (g).

A parametric description o f SLS can be found in Brady [1982, pp 631-632; 1983, pp 58-62; 1984, pp 41-44]

In a later account o f  SLS [Brady and Asada 1984] it is suggested that deletion is extreme rejection o f useful data. 
The sub-symmetries derived from the diagonals, although less important that the global axis, provided useful 
information, appropriate in a hierarchical representation of a shape.
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4.3 Smooth Local Symmetry Generation - Algorithm One.
Brady and Asada have suggested two algorithms for computing SLS. The first, and the simplest, 

involves testing every point against every other point on the boundary to find local symmetries 

[Brady and Asada 1984, pp 44-46]. Consider figure 4.7a. Each point n the boundary A is fixed 

and point B is tested to see if it forms a local symmetry with it. BA is taken to be a local co

ordinate frame and angles are measured anti-clockwise relative to it. The unit vector in the 

direction BA is denoted by u(t), where t denotes the arc length measured at B and the angle 

between u and the outward normal is denoted by p.

B forms a local symmetry with A if and only if:

n - p - a  ( 4 . 1 )

which is true if and only if:

+ / ? -  Æ = 0 ( 4 .2 )

and this defines the function:

f^{t) = a { t )  + p { t ) ~  TV ( 4 . 3 )

Finding local symmetries of A corresponds to finding zero-crossings off(t).

□ Boundary Interaction 
R anae

Figure 4.7 C alcu lating SLS. The geom etry f o r  determ ining loca l sym m etries (a) 
L ess im portant loca l sym m etries are elim inated by  restric ting the length of\A B \ to 
be no g rea ter than the radius o f  curvature a t A an d  B (b), an d  thresholding the 
angles between the norm als and  A and B (c).
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4.3.1 Algorithm One - Weaknesses
This approach has a number of shortcomings;

1. Boundary segments which have a low curvature give rise to tiny local symmetry axes 

(figure 4.7c) which accumulate along the boundary. Their eradication necessitates a 

thresholding process to limit the angle between the normals at A and B to be above a 

predetermined value [Brady and Asada 1984]. This, however, is not sufficient to find the 

appropriate axis in circular or near circular components of a boundary.

2. Consider figure 4.7b. The curvature at point B is large and so a small portion of the 

contour B gives rise to local symmetries along a relatively long portion of the contour at A. 

This is solved by limiting the length \AB\ to be less than the radius of curvature at points A 

and B [Brady and Asada 1984]. This constraint can only be tested when the contour is 

approximated by arcs.

3. This direct method is computationally expensive; recovering SLS yields an 0 (N f  

algorithm, where N  is the number of points in the boundary [Brady and Asada 1984].

4. SLS are as sensitive to noise as the SAT. Every perturbation of the boundary forms local 

symmetries and an associated axis [Rom and Medioni 1993, pp 974-976]. This results in 

many axes being present, most of which are ambiguous or irrelevant and makes grouping 

the axes and selection very difficult.

4.4 Smooth Local Symmetry Generation - Algorithm Two.
Brady’s second algorithm aims to solve the problems associated with noise and computational 

expense by finding the SLS between boundary regions (arcs and straight lines) as opposed to the 

SLS between boundary points. This is achieved by generating a curvature primal sketch [Asada 

and Brady 1986] which is a representation of significant curvature changes, referred to as knots, 

over a multitude of scales. A significant curvature change is either a “comer”, “end”, “smooth 

join”, “crank” and “bump” or “dent” (figure 4.8a - e). Piecewise smooth approximations to the 

boundary are constructed between these knots and used to compute the SLS.

Apart from the fact that sensitivity is reduced, the major advantage of this approach is 

that the complexity of this algorithm is 0(n^), where n is the number of boundary segments. 

Since n is likely to be considerably less than N, this algorithm is computationally cheap in this 

respect.
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Figure 4.8 Knots. The comer (a), end (b), smooth join (c), crank (d) and dent or bump (e) are all 
significant curvature changes (knots) in boundary approximation^^

4.4.1 Algorithm Two - Weaknesses
This approach also has a number of shortcomings:

1. The computational savings are countered by the fact that smoothing and curvature analysis 

are themselves expensive processes [Cho and Dunn 1991, p 345].

2. The fact that the generation of the axes is based on the approximation of the boimdary 

shape brings into question the accuracy of this method. This is particularly the case with 

regard to complicated boundaries which require numerous fragmented approximations [Cho 

and Dunn 1991] .

3. This technique does not allow the location of the complete axis through a near circular 

portion of a curved boundary.

4.5 Smooth Local Symmetry - Axis Extraction
Regardless of the algorithm used to generate SLS, irrelevant and ambiguous local axes are 

generated in complex shapes (figure 4.9a). A selection process is required to isolate appropriate 

axes for the purpose for which they are to be used. Most axis extraction techniques are used in 

shape description, consequently existing extraction techniques give axes appropriate to skeletal 

shape description which, in all but the simplest cases, do not correspond to the bilateral axis. 

This is particularly the case with regard to smooth local symmetry-based semantic network 

descriptions [Brady and Asada 1984; Connell and Brady 1987] which necessitate making 

subparts of an object explicit^ .̂ In some cases the global axis may be obvious because of a 

continuity between subparts, but global axis isolation is not the primary objective. Similarly,

Variation o f  a diagram in Asada and Brady [1986, p 2],

Brady’s initial account o f  the subsumption process given in his exposition o f  SLS [Brady and Asada 1984] is 
designed with subshape identification in mind. It is based on the work o f  Heide [1984] (paper unseen; cited by  
Brady and Asada) and modified in later works. For details see Connell and Brady [1987].
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hierarchical shape description using SLS [Rom and Medioni 1993] specifically involves object 

segmentation prior to axis extraction. It follows that the resulting skeletal description can only 

be a forked stiiicture comprised of local axes which describe the object as a collection of sub

parts, again in anything but the simplest shape (figure 4.9b). Although the bilateral axis is often 

present in axial descriptions generated from SLS, it is often obscured by sub-symmetiies. 

Existing techniques for axis extracting do not specifically identify the bilateral axis; a new 

approach is required.

(o ) (b)

Figure 4.9 SLS and Skeletons. The generation o f  SLS 
results in numerous irrelevant axes (a). Ihe simplest 
skeleton is inevitably forked (b)

4.6 Sym m etry Extraction - A New Approach
The task of finding any object, including the bilateral axis, depends on the ability to identify 

(describe) the desired object. Without a means o f identification, locating the axis would be as 

difficult as attempting to finding an individual in a vast crowd without a description of their 

physical characteristics. Ideally, the identification of the bilateral axis can achieved by 

comparing all axes with a rule based description that captures the distinguishing features of the 

desired axis. However, it seems highly unlikely that the formulation of such a general, all 

encompassing description of the bilateral axis is possible given the variety of fonns a bilateral 

axis can have and the number of possible sub-symmeti ies it might be connected to.

The identification of an object is dependent on knowing some of its characteristics. So 

far, a description of the geometrical chaiacteristics o f the object being sought have been 

considered to be the most relevant for identification. However, it seems likely that for variable 

fornis o f the same object all but most detailed description are likely to fail. If the idea o f
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identification by characteristic is extended to include relationships between the desired object 

and its surroundings, then detection becomes somewhat easier. For example, although nothing 

may be known about a particular individual’s appearance, he may still be located on the basis of 

his relationship to his environment. The unknown individual may be the first member of a 

crowd to appear during its formation. The person can be identified in terms of this relationship 

and therefore located at any stage during the crowd formation.

It is the idea that the bilateral axis can be identified it terms of a unique relationship that 

it has with the shape in which it lies, rather than characteristics of itself, that is used as the basis 

of a new symmetry extraction technique. It will be shown that there is a sequential structure to 

the development of any shape from a simple elliptical prototype to its final form (chapter 5 and 

6). Given this, it will be argued that the bilateral axis can be easily identified because of its 

unique relationship with the boundary curvature of the ellipse (chapter 7). Once identified, it can 

then be tracked through evolutionary stages of the shape in which other symmetries appear to its 

final form in the initial shape (chapter 7 and 8).

4.7 Summary
The background of axial shape description and representation has been discussed in detail with 

specific regard to SATs and SLS. It has been shown that, of the two, SLS does gives rise to the 

bilateral axis but only in the simple symmetrical shapes considered. However, the generality of 

the local symmetry identification process means that the global axis is not identified in isolation: 

sub-symmetries are always present. In the next chapter, the foundations of a new technique 

based on the relationship between bilateral symmetry and prototype boundaries are laid down 

which and this allow the basic idea of local symmetry to be applied to bilateral axis extraction.
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Chapter Five

Axis Location

5. Overview

The notion of a local symmetry as described in the previous chapter is suitable for the 

determination of the bilateral axes. However, its computation is not without difficulty and it 

cannot be calculated in isolation. Axis extraction techniques have been developed previously 

but they have been designed with shape description in mind; each sub-part of a shape is 

represented and branching is an accepted property of such descriptions.

In this chapter a new approach to axis extraction is developed with the aim of 

identifying only the bilateral axis. This method is based on the assumption that all shapes are 

modified forms of a fundamental prototype shape [Leyton 1985; 1986a; 1986b; 1987a; 1987b; 

1987c]. In the following discussion, the background to this theory is outlined and the links 

between prototypification and symmetry are established. On the basis of these ideas, an 

argument for a new methodology for symmetry extraction is developed and the approach taken 

in implementing this technique is outlined.
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5.1 Simple Prototypification

Global linear prototypification is the reduction of a complex figure to a simple fimdamental 

shape. It has been demonstrated in a series of converging psychological experiments that the 

cognition of shapes is dependent on cross reference to other simpler shapes. In particular, 

shapes are referred to simple but similar reference shapes in a linear sequence of steps which 

converge to a fimdamental prototype. [Leyton 1986a]. For example, a parallelogram rotated off 

the horizontal is referenced to a parallelogram sitting on the horizontal, this is referenced to a 

rectangle which, in turn, is referenced to a square (figure 5.1a). The final percept, in this case the 

square, is the ultimate prototype of the initial shape, the rotated parallelogram. The initial figure 

can be considered to be a deviation of the square under some linear transformation T (e.g. a 

rotation or a stretch). The sequencing suggests that the removal of T, necessary to achieve 

prototypification, is not performed in a single step. This view has been corroborated by 

experiments [Leyton 1986a pp 139-145] which have shown that decomposition involves 

successive stages of prototypification obtained by removing three linear transformations from T 

in the following order; rotation, shear and stretch (figure 5. lb).

(a3) (a4)(a2)(a1)

Remove T

Remove Remove Remove
StretchRotation Shear

(b3) (b4)(b2)(b1)

Figure 5.1 G lobal proto typification . The p ro cess o f  pro to typ ifica tion  entails the 
successive reference to sim ple shapes in a sequence which converges on a  
fundam ental p ro to typ e  (a). A para llelogram  (a l)  ro ta ted  o f f  the horizontal is 
referenced to a para llelogram  sitting  on the horizontal (a2), this is referenced to 
a rectangle (a3) which, in turn, is referenced to a  square(a4). Each stage o f  
pro to typ ifica tion  is ob ta in ed  by  rem oving rotation  (b l-b2 ), shear (b2-b2) and  
stretch  (b3-b 4).
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A linear tiansfomiation is a transfonnation in which straight subspaces are mapped to 

straight subspaces. For example, straight lines through the origin are mapped to straight lines 

through the origin. In some cases, a line will pass through the origin and not change position. 

Such a line is called an eigenspace-line [Leyton 1987a p 31]. The dimension spanned by such a 

line is called the eigenspace-dimension [Leyton 1987a]. Although an eigenspace-line does not 

change position, its component points move along the line during transfonnation. Thus the 

eigenspace-line is an indicator of flexibility along which the transfonnation occurs. Consider the 

triangle in figure 5.2a. If the figure is stretched in the direction S, although the eigenspace-line L 

does not move, the transfonnation occurs along the line (figure 5.2).

Figure 5.2 Eigenspace. An eigenspace-line is a fine o f  points which move along that line 
under a linear transformation hut does not change its position(a)(b). The eigenspace-lines fo r  
a shear(d) and a stretch(e) are shown in bold, they do not exist fo r  a  rotation (c).

Further experiments [Leyton 1987a] have revealed that the order of prototypiflcation is 

stratified according to levels of stability. The process starts with the removal of the less stable 

property o f the initial percept (rotation) progressing to the most stable (stretch). The stability 

attributed to a transfonnations directly correlates to its eigenspace-dimension. In the case of a 

rotation, which is considered to be the least stable, every line changes position, hence the 

eigenspace-dimension is zero (figure 5.2c). For a shear, every line thiough the origin except 

one has changed position (figure 5.2d). In this case the dimension is one. For a stretch, two 

lines through the origin have not changed position (figure 5.2d). Thus the dimension of the 

eigenspace is two.
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Prototypiflcation is stratified into levels of stability and the order of decomposition is 

dependent upon the degree of stability expressed in terms of eigenspace-dimension. An 

important point about this process is that each eigenspace-line corresponds to an axis of 

symmetry in the shape prior to (forward) transformation. For example, the axis of symmetry of 

a square becomes the eigenspace-line of a shear. In other words, the action of a transformation 

and the space upon which it acts are related by the fact that symmetry axes become eigenspace- 

lines. This relationship is formalised in Leyton’s Interaction Law [Leyton 1986b pp 277-280; 

Leyton 1987a pp 35-36; Leyton 1987c p 310].

It can be concluded from this that, if prototypiflcation aims to restore stability which is 

defined in terms of eigenspace, given the necessary link between symmetry and eigenspace, 

symmetry wül be restored during prototypiflcation and a fundamentally symmetrical shape will 

emerge.

5.2 Complex Prototypification

Prototypiflcation has been discussed so far with respect to its application to simple shapes. In 

such cases each transformation is applied to the whole shape. For example, in the 

prototypiflcation of a parallelogram to a rectangle, the shear acts on the whole shape. The 

prototypiflcation of complex shapes, although possible, is more complicated. A complex shape 

cannot be prototypified by the removal of a single global transformation. For example, it is not 

possible to prototypify the shape of a rabbit (figure 5.3a) with the removal of a single shear. 

Intuitively it would seem that different areas of a complex shape have to be processed 

individually. For example, the simplification of the rabbit’s ear requires a different process to 

the prototypiflcation of its front leg. If this is the case, it follows that the prototypiflcation of 

complex objects must be localised and occur in specific regions along local lines of maximal 

perceived flexibility (eigenspace-lines) corresponding to sub-symmetries rather than global 

symmetries. This has been experimentally tested and shown to be the case. [Leyton 1986b pp 

295-302].

The sub-symmetry structures can be generated using SLS. The shape and extent of these 

symmetry structures are determined by the curvature of the shape boundary. The relationship 

between boundary and axis has been formalised in the Symmetry-Curvature Duality Theorem 

[Leyton 1987a; Leyton 1987b] which states that:

“Any segment of smooth planar curve, bounded by two consecutive curvature extrema 
of the same type (either both maxima or minima) has a unique symmetry axis (SA T, SLS 
or PISA) and this axis terminates at the curvature extrema of the opposite type. ”
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This definition necessarily confines the region of prototypiflcation to be a codon, i.e. a segment 

of boundary where end points are curvature minima. Any curve can be described in its entirety 

as a sequence of codons. It follows that a new sub-symmetry axis appears each time a codon 

endpoint is passed and a new codon is entered. Thus each codon, not only has a unique 

symmetry axis, it is the maximal region with respect to which the uniqueness of the axis holds.

Figure 5.3 Complex prototypification. A complex shape that cannot be g lobally  reduced to 
prototype (a) can be locally prototypifited. A region o f  the complex shape that can be locally  
prototypified  (b). A jB /.h  and A jB j.f  are reference fram es at points on the sub-symm etry axis S.

Consider point Pi on the local symmetry axis S in figure 5.3b. At this point (and any 

other point on the axis) a local Caitesian ffame^  ̂can be formed comprising of;

I. The infinitesimal axis of symmetry through the point (f) about which the boundary 

points Al and Bi aie locally symmetric.

II. The cord of contact (S) between points A| and 8%. This can be considered to be a 

symmetry axis within the 3D cross section of the shape^^

If this frame is considered at each possible point along the axis, i.e. it is moved along the axis, it 

undergoes rotation, sheai and stietch. For example, as the frame represented by A jBfJi moves 

to the position A 2B2J 2 it undergoes stretch because the cross section between the boundaiy 

points widens. It also shears and rotates because the axis of symmetry is curved. If the 

interaction law is evoked at each point on the axis, the co-ordinate frame, since it is composed of 

axes of symmetry, can be converted into local eigenspaces. Thus they provide a co-ordinate 

system for the action of linear tiansfonnations and the local shape can be successively referenced

In fact, four possible co-ordinate systems are yielded by the SLS, see Levton [ 1987c p 312-314].

Justification o f  this claim can be found in Leyton [1987a p 42] and [Leyton 1984] (reference unseen; cited in
[Leyton 1987c p 3 12]).
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back to a prototype by removal of rotation, shear and stretch factors. Removal of rotations^^ 

causes the local area described by the given axis to straighten (figure 5.4a to b). The remaining 

protrusions disappear when stretch is removed resulting in a stable prototypical shape such as an 

ellipse (figure 5.4c)

Figure 5.4 Four stages in the pro totypification  o f  a  complex shape: the orig ina l shape (a) ; after rotation  
an d  sh ear have been rem oved(b); after stretch has been rem oved (c). The resu lting sim ple shape (c) can 
then be g loba lly  p ro to typ ified  (d). Example sym m etry axes are ind ica ted  b y  the d o tted  lines.

The disappearance of local curvature variations allows prototypification to become

global, i.e. symmetry axes now exist that represent the whole shape. This can be globally

prototypified still further and reduced to the more stable figure, the circle (figure 5.4d).

The process of local prototypiflcation can be summarised as follows:

• Local symmetry analysis is applied to produce curved symmetry structures.

• The interaction law is applied locally to convert local symmetry axes into local

eigenspaces

• Stretches, shears and rotations are removed locally. The removal of rotations and shears

straightens protrusions. The removal of stretches removes the protrusions.

• The reduction in curvature variations gives a globally symmetric structure which can then

be globally prototypified.

5.3 Reverse prototypification

If the validity of prototypiflcation is accepted, then the idea is potentially useful in the 

development of a symmetry extraction technique. Implicit in what has been discussed so far is

Due to mathematical constraints rotation and shear have to be removed at the same time. See Leyton [1986b p 301]. 

Diagram based on an original figure o f  Leyton’s [1986b p 301; 1987a p 49]
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the fact that the fate of an object’s symmetry, be it local or global, is closely tied to the 

prototypiflcation process. It has been shown that the symmetry axis of simple symmetrical 

objects will correspond to the symmetry axis of its prototype. For example, the axis of a 

rectangle corresponds to the axis in a prototypical square. It can be inferred fi'om this that the 

symmetry axis of a complicated symmetrical object will correspond to the symmetry axis of its 

prototype. If the symmetry axis of a symmetrical shape was to become distorted, it is reasonable 

to assume that the link between axes would still be maintained; the prototypiflcation would refer 

the distorted axis to the global axis of the prototype. That is, symmetry is contiguous with itself 

across shape change. Reversing this processing and moving from prototype to initial shape 

would mean that the prototype axis will become the axis of the initial shape, and this will be the 

case if the initial shape is symmetrical or not. Reverse prototypiflcation enables axis location. 

It is this idea that is the basis of the methodology developed in the rest of this work.

A major advantage with this approach is that at the prototype stage^  ̂only two axes exist 

and both are axes of symmetry. They can be easily identifled because the Symmetry-Curvature 

Duality theorem necessarily conflnes each one between curvature extrema of the same type. 

Having identifled these axes in the prototype and assuming that they can be tracked through each 

SLS generation at each stage in the reverse prototypiflcation, all sub-symmetries can be excluded 

thus avoiding all the problems previously associated with axis identification and extraction.

Central to the practical implementation of this approach is the ability to move from 

prototype to original and the capacity to track the axis at each stage in the process. In this work, 

the SLS at each stage in a multi-scale representation of the transition from original to prototype 

is interrogated using an active contour. These techniques and their implementation will be 

discussed in detail in the next two chapters.

5.4 Summary

Bilateral axes can be identifled using SLS. However, the general nature of this technique means 

that the desired axis is not identifled in isolation. In this chapter the notion of prototypiflcation 

was introduced, forming the basis for a new approach to axis extraction. This new approach 

involves tracking the bilateral axis backwards through the stages of prototypiflcation from the 

prototype to the initial shape. In the next chapter, a technique for modelling reverse 

prototypiflcation will be developed and its implementation discussed.

which for present purposes be considered to be an ellipse. This assumption will be considered fiuther in chapter 11.
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Chapter Six

Multi-Scale Boundary Representation

6. Overview
In the previous chapter it was proposed that the bilateral axis of a given shape can be tracked 

backwards from its prototype, through the stages of prototypiflcation, to its original form. The 

implementation of this idea requires knowledge of the intermediate boundary contours between 

the original and the prototype. It has been suggested that there are resemblances between the 

prototypical shape sequence and the multi-scale representation of the shape under consideration 

[Leyton 1988]. On the basis of these similarities it is assumed that a multi-scale approach can be 

used to generate the sequences of boundary images necessary for the proposed symmetry 

tracking process.

In the following discussion, the concept of multi-scale representation is introduced and 

two methods of producing hierarchical sequences of boundary images are explored. Given that 

scaled boundary sequences are produced by filtering the original boundary with a smoothing 

kernel of varying widths, the two techniques discussed differ with respect to the filters used. The 

first approach is based on the most popular linear smoothing technique that uses a Gaussian 

filter. The second incorporates a low pass filter [Ohensis 1993] which is intend to avoid some 

of the difficulties associate with Gaussian smoothing. The discussion begins with a justification 

of the assumption made above regarding the relationship between a prototypical shape sequence 

and a multi-scale representation.
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6.1 Process Grammar
Leyton [1988] and others (for example, Pentland [1983; 1986]^^) have suggested that shapes can 

be characterised in terms of the processes that form them. Given that a “process” is either the 

pushing in or the pushing out of an object boundary, a process-based description consists of the 

history of the processes that formed a shape and can be formalised in terms of a process- 

grammar [Leyton 1988]. Leyton’s process-grammar consists of six operations and two 

inference rules; it describes a shape as an extrapolation of processes inferred in an initial 

prototype shape (prototypiflcation). Not only are process-based descriptions applicable to the 

evolution of a final shape from a prototype, they can also be derived for variations in an object’s 

shape at successive stages in its existence.

Although the process-grammar is designed to give qualitative descriptions of what 

occurs in the intervening period of change, it does not quantitatively derive the later shape from 

the earlier one. Consequently the continuous lineage of intermediate shapes remains unspecified 

[Lin, Liang et al. 1989]. However, a heuristic employed in constraining the grammatical 

operations gives an indication as to how the desired shape sequence can be obtained.

The nature of the grammar is such that the sequence of grammatical operations is not 

necessarily unique for each history [Leyton 1988, p 231]. Leyton limits the possible sequences 

by requiring a correspondence between the developmental order and the equivalent sequence of 

shapes resulting from the repeated application of a smoothing process. Smoothing eliminates 

boundary perturbations and repeated smoothing eliminates small boundary perturbations before 

larger ones and the resulting series of boundary representations corresponds to a multi-scale 

description from fine to course scale. Although the correspondence between the grammatical 

operations and a multi-scale description is intended only as a heuristic control, the links between 

a multi-scale representation and prototypiflcation are very strong. Both processes eliminate 

perturbations and the resulting sequence of shapes in each case corresponds to a sequence of fine 

to course scale representations. On the basis of this, it shall be assumed that an appropriate 

sequence of shapes between prototype and original shape is equivalent to a multi-scale boundary 

representation. Before discussing methods for generating multi-scale boundary representations 

appropriate to the proposed method of symmetry extraction, it is necessary to look at the 

concepts of scale and multi-scale representation.

6.2 Scale
The ability to understand objects and events in the world is dependent on the scale at which they 

are perceived. For example, our comprehension of the world differs if we consider it at a large 

scale in terms of continents and oceans, or at a smaller scale in terms of rocks and minerals.

Papers not seen; cited by [Leyton 1988 p 213].
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Complete and meaningful understanding is achieved when the object is cognised over a range of 

scales. Similarly, perception of the world is scale dependent and data presented at the visual 

level can be interpreted over a range of scales. If it is assumed that the analysis of this 

information goes on in higher centi es of the brain beyond the retina, then it must follow that the 

reasoning-centres are presented with multi-scale representations of the world. In attempting to 

model such systems, members of the computer vision community have developed various 

methods of multi-scale representation.

In much of the literature the precise meanings of the tenns associated with multi-scale 

representation are not always clearly defined. To avoid confusion, the definitions and 

conventions of Lindeberg will be used in the following discussion [1984b; 1994a; 1996]. For 

reasons of clarity, the multi-scale representation of a ID wavefonn (a signal) rather than an 

image will be considered.*̂  ̂ Lindeberg describes multi-scale representations in the following 

way; “The basic idea behind a multi-scale representation is to embed the original signal in a one- 

parameter series of derived signals” [Lindeberg 1994a]. The resulting coaise scale structures 

constitute simplifications of corresponding structures at finer scales but together they fonn a 

hierarchical representation of the original signal. There aie a variety of possible ways to 

construct such a representation. Any one-parameter family for which the parameter has a clear 

interpretation in tenns of spatial scale is a “multi-scale representation”. Representations of this 

kind can be generated by the repeated application of a low-pass filter to a given signal to remove 

high frequency information, i.e. the fine scale detail. Multi-scale representation constructed 

specifically by convolution with Gaussian kernels of increasing width are seal e-space 

representations (figure 6.1) [Witkin 1983a]. The tenn “scale-space” is often used to denote any 

type of multi-scale representation, in this situation the Gaussian derived scale-space would be 

specifically referred to as (linear) diffusion scale-space.

Figure 6.1 Gaussian Smoothing: A ID  
signal (original O) that has been sm oothed  
with a Gaussian kerne! o f  increasing width^^.

Diagram taken from [Witkin and Tencnbaum 1983b, p. 1020]

A detail aeeount o f the history and mathematics o f  all multi-scale representations can be found in [Lindeberg 1984b]
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In many discussions of this subject, the terms “multi-resolution” and “multi-scale” are 

use interchangeably. Although the final signal sequences have similar apphcations, they are 

different. The term “Scale” refers to either the characteristic length over which spatial variations 

in the data take place or the characteristic length of the operators used for processing the data. A 

multi-scale representation is produced by smoothing and the same spatial sampling is preserved 

at all scales. The term “resolution” refers to sampling density in the signal representation. A 

multi-resolution representation is produced by successive sub-sampling of the original signal 

such that the number of samples decreases with a constant factor from one layer to the next 

[1984b; Lindeberg 1994a; 1996]. It follows that in multi-scale processing, the result is a filtered 

signal at different scales and the number of samples remains the same. In multi-resolution 

representations, the result is also a signal filtered at different scales but the number of samples 

decreases as the scale size increases.

6.2.1 Representation Selection
So far, there has been no suggestion that hierarchical representations are anything more than sets 

of unconnected signal descriptions. However, this is not sufficient for many of the tasks in 

which such representations are likely to be employed. In most instances of multi-scale analysis 

there is not an apriori reason to look for a certain data feature. It follows that there is no specific 

single scale at which to conduct the data analysis. Analysis in these situations requires the 

consideration of information at all scales - ideally at all levels simultaneously - and not as an 

unrelated set of derived representations [Koenderink 1984]. This requirement presupposes the 

existence of links between each scale or level of resolution.

One of the defining features of the scale space approach, in contrast to other multi-scale 

approaches, is the systematic way in which representations and structures relate and intercoimect 

at different scales. This is a consequence of the fact that significant features correspond to zero- 

crossings in the second derivative of the convolved signal. These zero-crossings give rise to 

continuous paths across the scales that can be tracked from scale to scale forming a scale-space 

image (figure 6.2). The Gaussian kernel has the unique property that, for an increasing filter 

size, no new zero-crossings appear and existing ones will only disappear by merging in pairs to 

form closed contours. Structures at course scales exist at fine scales and are related to each other 

in a well-behaved manner and fine scale features disappear monotonicaly with increasing scale. 

The points at which zero crossings merge define the largest scale at which that feature exists. 

The qualities of Gaussian convolution give rise to a unique scale-space representation enabling 

behaviour across scales to be studied. It is for this reason that scale-space representations are the 

multi-scale representation of choice in most image analysis and machine vision applications.
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Figure 6.2 Scale-space image. The zero  crossings o f  the secon d  derivative  
fo rm  p a th s across scales. The horizontal axis represents distance a long the 
signal an d  the vertica l axis corresponds to the increase in s ize  o f  the 
Gaussian f ilte r  (scale)

6.2.2 Scale and Shape
Given these basic ideas regarding multi-scale and scale-space representation, their role in shape 

representation can now be considered. Points of high curvature on the boundary of a planar 

object contain useful information about the object’s shape and are practical descriptive 

primitives [Attneave 1954]. Algorithms have been developed to detect and utilise dominant 

points in shape description and most of which work well given apriori knowledge about the 

shape and boundary features of similar size [Rattarangsi and Chin 1992]. However, single-scale, 

dominant, point-based shape descriptions tend to be inaccurate because objects rarely have a 

range of features of a single size. Shape features that are extremely fine or course are often 

missed in the final description. This problem is avoided by integrating dominant point 

information obtained at multiple-scales to give a unique description in the form of a scale-space 

image [Mokhtarian and Mackworth 1986a; 1986b]. The multi-scale characterisation of a shape 

in terms of its dominant points (curvature extrema) entails the determination of curvature 

extrema at each level of a multi-scale boundary representation. As a consequence of the unique 

properties of the Gaussian filter successful practical implementations of this idea have been 

made utilising scale-space representations [Mokhtarian and Mackworth 1986a; 1986b; 

Rattarangsi and Chin 1992]. The scale space representation of a 2D boundary function 

corresponding to hierarchical sequences of boundary images is generated by convolving a 

variable-scale Gaussian with the boundary function in both the x and y directions separately. 

This is considered in section 6.3.

Although the scale-based description of planar curves per se is not a primary concern of 

this thesis, the individual techniques (multi-scale boundary representation and dominant point 

selection) employed in achieving this end are relevant. It was suggested in section 6.1 that the 

sequence of shapes between prototype and original required for the proposed approach to
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symmetry tracking corresponds to multi-scale boundaiy representation. Given the success of 

scale space filtering in this area the Gaussian filter is used as the smoothing filter of choice for 

generating the image sequences for this project. However, this technique is not without its 

shortcomings so a second non-Gaussian high-pass filter is also considered. Dominant point 

detection has a role in seeding the tracking process and will be discussed in the next chapter.

6.3 Boundary Smoothing
The scale-space representations of a 2-D boundary function C are generated by convolution with 

a family of Gaussian kernels g(t, c) of different widths a.

Where a  is taken as the scale factor of the curve and where the larger <J the courser the scale. 

Conversely, the smaller a, the finer the scale. If the closed curve C is represented in its 

parametric form:

C = {x{t),y{t)} ( 6 .2 )

where x(t) and y(t) are the % and y  coordinates of the curve C at path length t. Smoothing the 

curve C with is equivalent to convolving g(i,o) with x(i) and y(t) respectively"**

[Mokhtarian and Mackworth 1986a, pp 35-36; Rattarangsi and Chin 1992, p 431].

X{t,o) =  x( t )® ^t , ( r )=  fx(w)— ^   ̂ du (6.3)i  (J d lT t

Y(t, o) = y{t) 0  cr) = j y{u)  ̂ du ( 6.4 )

X(t, q) and Y(t, q) are the and y coordinates of the smoothed closed curve C^ at path length t.

C = {X {t,a),Y{t,cr)} (6.5)

The effects of convolving the parameterised coordinates of a simple boundary with a varying 

scale Gaussian are shown in the graphs b - f  in figure 6.3. The resulting smoothed boundaries 

are shown to the right of the graphs.

<S> is the convolution operator.
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Object
Boundary

Scale
Factor Y ValuesX Values

Initial
Boundary

o = 05

o  = 20

a = 35

cr = 50

y(t)

Figure 6.3 Gaussian Smoothing. The param eterised coordinates x(t) and y(t) o f  the closed  curve C  can be represented 
graphically (a). The smooth equivalents o f  these values, X(t,a), Y(t,a) are the result o f  convolution with a Gaussian o f  
increasing width a  (b-f). The resulting smooth curves are shown on the right.
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6.3.1 Boundary Shrinkage
As a result of repeating the convolution process with Gaussian filters of increasing width, it is 

possible to generate the desired sequence of smoothed boundaries. The sequence culminates in a 

simple prototypical shape which is, in most cases, an ellipse'*  ̂ (figure 6.4a). However, an 

obvious side effect of this process is that smoothing with a large Gaussian function causes 

significant shrinkage in the resulting curve (figure 6.4b).

Increasing a

Figure 6.4 Gaussian shrinkage. Each boundary in a m ulti-scale representation(a) p ro d u ced  by  
convolution with a  Gaussian o f  increasing width o  undergoes shrinkage (b).

The reason for this becomes apparent when the curve is transformed to the frequency 

representation [Oliensis 1993; Wheeler and Ikeuchi 1996]. Applying the Fourier transform to 

the Gaussian function, the result is also a Gaussian G(o), c) :

oP'â
G(co, cr) = e  ̂ (6.6)

Consider the x component of a parameterised curve describing a circle of radius r.

x{t) = r c o S j  (6 .7)

The Fourier transform of this function is

= 7ir^S(^ô) ~  ) +  S {cl) + 7̂  ̂ (6 8 )

If this function is convolved with the Gaussian Ĝ r, the smoothed value of Xis

X=G^{^)7ir  a t 67 =  ± 4  (6 .9)

Exceptions to this are considered in chapter 11.
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This gives a smooth circle:

= '*5^08  7  w h e re  ;̂ = <^^(7)^ ( 6.10)

since the exponential kernel G(œ,c) is always <1 for û; ÿ̂ O. The effect of the convolution is to 

shrink the curve as the amplitudes of all frequency components are reduced in the smoothed 

curve. Ideally the high frequency components should be reduced to eliminate the fine structure 

of the curve and the low frequency should be preserved without change. The shrinkage is due to 

the reduction in desired low frequency components as well as high frequency components 

[Oliensis 1993; Wheeler and Ikeuchi 1996].

6.3.2 Alternative Filters
The line of reasoning pursued in the last chapter suggests that the bilateral axis can be tracked 

backwards through stages of prototypification to the original shape. Although shape change is 

explicit in this idea, size change (shrinkage) has no obvious role. It is therefore likely to be an 

unknown in any practical implementation that is, at worst, an inhibiting complication and, at 

best, a benign artefact. The possibility of size related difficulties gives sufficient reason to 

suggest the need to consider filters other than the Gaussian that at least hmit shrinkage.

The number of filters developed to avoid boundary shrinkage are limited. For example, 

Horn and Weldon [1986] have approached the problem by filtering boundary curves represented 

by their extended circular image. However, this approach is only applicable to convex shapes 

[Sapiro and Tannenbaum 1995]. Another solution, proposed by Lowe [1989b], depends on the 

computation of a correction factor that is added to the Gaussian smoothed curve. The extent of 

the revision is governed by the amount of smoothing and the boundary curvature [Sapiro and 

Tannenbaum 1995]. This technique works only if the rate of change of curvature is small.

6.3.2.1 The Oliensis Filter

A more robust solution to the shrinkage problem, which is not limited by these restrictions, is 

obtained by modification of the frequency representation (x(k), y(k)) given by the Fourier 

transform of the coordinate function (x(t),y(t)) of the object boundary. Shrinkage can be avoided 

by filtering the high frequency components from the frequency representation thus leaving the 

low frequencies unchanged. This is achieved by reducing the frequency representation to be:

= {x ,y\k)  for \t\ < y  a
(6  11)

= 0 for |A| > y < 7
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where (J is the smoothing scale. The smoothed version of the original curve is given by the 

inverse Fourier transform [Oliensis 1993]. This process is equivalent to filtering with a low-pass 

filter F(t, c), where F  has the Fourier transform F{k, a) = rect[ka  / 2] (graph a, figure 6.5). It

follows that F(t,cr) = sinc(t/o). A problem with this type of filter is that it is non-local, i.e., it 

falls off slowly with distance. Although this is ideal for the best separation of large scale 

structure from small scale, this approach is computationally expensive. A more efficient 

approach, suggested by Oliensis [1993], gives comparable results by localising the filter. This is 

achieved with a fimction G(k, a) similar to F(k, a) but with a smooth transition from 1 to zero in 

the frequency space followed by a transition region with a gradual roll off to zero (graph b, 

figure 6.5). G(k, a) has the form:

G{k, (t) = <

1

1 /

0

f  f
l + e

V V

C c
\k\ < K , ^  a '

K l <  |yt| <  K u  

\ k \ > K ^ ^ K , + S

( 6.12)

where Ki, Ku and C are adjustable constants that control the sharpness of the transition between 1 

and 0. The difference between G(k, a) and F(k, c) is illustrated in graph c. Figure 6.5.

The Oliensis filter, as with the majority of other smoothing techniques, is intended to 

eliminate noise corruption from a curve while leaving the underlying form smooth and 

unchanged. For example, the noisy closed curve shown in figure 6.6a can be smoothed with the 

Oliensis filter (figure 6.6b) without shrinkage (figure 6.6c). In this and similar cases, the higher 

frequency components are being filtered leaving the lower frequencies corresponding to the 

basic shape unchanged. However, the filtering required to achieve the smoothing necessary to 

derive a shape prototype is much more extreme. The change in the low frequencies that 

radically changes the shape inevitability effects size. This is illustrated in figure 6.6d; there is a 

considerable decrease in size J  between boundaries in the latter stages of the smoothing process.
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(a)
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■127 -96 -64 -32

r™ ,u .ncy

r 0.3

Low-Pass
Filter

Oliensis
Filter

Figure 6.5 The Oliensis filter. The Fourier transform o f  a hard low pass filtered  F(k,a) (a). The Oliensis 
equivalent G(k, o) (b). A comparison o f  F{k, a) and G(k, O) (c). The relationship between the Oliensis filter  
and the real frequency component o f  the Fourier transform o f  the y  coordinates o f  a closed curve (d).

20

Figure 6.6 The Oliensis filte r  and shrinking. A noisy boundary (a) can be 
smoothed with the Oliensis filter (b) without causing shrinkage (c). 
Extensive filtering causes size reduction j  in the most heavily smoothed  
boundaries (d).
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6.3.2.1 Modifying Oliensis Filtering
The Smoothing necessary to obtain the boundaiy sequence in figure 6.6d is achieved by 

applying the Oliensis filter to all the component frequencies. (A general graphical representation 

of the relationship between the Oliensis filter and the y coordinate frequency components is 

shown in figure 6.5d.). Detailed examination of the effects of the filtering process (figure 6.7) 

reveals that most of the shrinking occurs as a result of change in the fundamental (1st) frequency 

component (figure 6.7f & g). Given this, it is reasonable to assume that keeping this frequency 

component intact throughout the filtering process will prevent most of the shrinkage.'*^

Figure 6.8a. shows a boundary sequence produced by Oliensis filtering without change 

to the fundamental frequency. It is obvious from this example that the change in size across the 

range of boundaries is small. This approach, with respect to shrinkage, is a considerable 

improvement on Gaussian smoothing (figure 6.8b).

The 0* component is also left unchanged to prevent position change.
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Object
Boundary

Filter
Values X Component Y Component

30

No Filter

Ku= 9.00

Ku = 7.00

Ku = 5.00

Ku = 4.00

Oliensis Filter --------
Fundamental Frequency

Figure 6.7 Oliensis Smoothing The salient real components o f  the Fourier transform o f  the param eterised  
coordinates o f  the closed curve C can be represented graphically (a). The effects o f  applying the Oliensis filter at 
intervals across the frequency range are shown in the pairs o f  graphs (b-f). The resulting smooth curves are shown 
on the right. Significant shrinkage occurs as a result o f  change in the fundamental frequency component ( f  & g)
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(a) Modified Oliensis Smoothing
30

(b) Gaussian Smoothing

Figure 6.8 B oundary shrinkage. M odified  O liensis filte rin g  (a) causes m inim al shrinkage com pared with  
Gaussian filte rin g  (b).

6.3.3 Boundary Sequences
The practical implementation of both these boundary smoothing techniques require the 

extraction and resampling of the object boundary from the initial data presented in the form of a 

binary image. Boundary coordinate data was extracted using an eight-connected inner boundary 

tracing technique as described in appendix II, section 1. Resampling is necessary to ensure an 

appropriate number of points for the Oliensis filter and to give an even distribution of points in 

order to give even smoothing. This was achieved using the technique described in appendix II, 

section 2.

The use of either a Gaussian or an Oliensis filter makes possible the production of a 

sequence of boundaiy images that smoothly transform to a simple elliptical prototype (figure 

6.10). The control of sequence generation will be discussed in chapter 9. The concern regarding 

shrinkage is prompted by the possibility of size related problems arising from the practical 

implementation of a symmetry tracking process (section 6.3.2). Size related problems do occur 

and, although the Oliensis filter can be used to eradicate most shrinkage, complimentary 

modifications have to be considered. These will also be discussed in chapter 9.
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The types of boundary sequences generated by smoothing do not correspond to the type 

of prototypification sequences described in Leyton’s early work [Leyton 1986a]. For example, 

the early parallelogram sequence and its multi-scale equivalent are obviously different (figure 

6.9). However, the strength of the argument presented in section 6.1 and the fact that the 

elliptical prototypes produced by smoothing are more appropriate to bilateral axis location lead 

to the conclusion that multi-scale representations are suited to current purposes.

Figure 6.9 P rototypification sequences. The experim entally determ ined  
proto typ ifica tion  sequence o f  a  parallelogram  (a) differs fro m  the Gaussian sm oothed  
equivalen t (b).
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(a) Modified 
Oliensis 
Smoothing

(b) Gaussian 
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Original
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Kl= 7.00

Ku = 12.28 
Kl= 6.28

Ku = 11.57 
Ki = 5.57 o >

Ku = 10.85 
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KI = -2.28 C Z Z ) o :

Ku = 3.00 
KI = -3.00 0  = 60 o
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C = 10 in all cases.

Figure 6.10 Boundary sequences. Both Oliensis (a) and Gaussian (h) filtering  can be use to produce a sequence o f  smooth 
boundaries terminating in an elliptical prototype.
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6.4 Summary
If the bilateral axis of a shape is to be tracked backwards from its prototype through the stage of 

prototypification, knowledge of the intermediate boundary contours between the original and 

simplified shape is required. The generation of the intermediate boundaries has been considered 

in this chapter. It has been argued that the sequence of intermediate contours is equivalent to a 

multi-scale representation of the original shape. Two smoothing techniques for generating such 

sequences, Oliensis and Gaussian filtering, have been discussed with particular attention to the 

problems of shrinkage.

Although the resulting collection of boundaries differ from Leyton’s early descriptions 

of prototypification sequences, smoothing gives a contiguous hierarchy of boundary images. 

These sequences terminate in elliptical prototypes and appear to be suited to the proposed 

method of symmetry tracking.
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Chapter Seven

Symmetry T racking

7. Overview
The next stages in the proposed method of bilateral axis location involves isolating the desired 

axis in the image prototype and following it through all possible symmetries generated in the 

intermediary boundaries to its final location in the original shape. In the following chapter, both 

these steps are considered in detail and methods are proposed to perform them. Leyton’s 

curvature duality theorem [Leyton 1987a; Leyton 1987b] is used as the basis of a technique for 

locating the bilateral axis in the prototype and active contours are proposed as the method most 

appropriate for axis tracking. The discussion begins with an assessment of local symmetry 

generation in boundary sequences.
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7.1 Boundary Sequences and Symmetry
Given an appropriate sequenee of intermediary boundaries between the prototype and the 

original shape it is possible to generate the local symmetries for each one as defined in section 

4.2.2. Figure 7.1 shows all the symmetries generated for each stage in a boundary sequence 

derived from a rectangle. Although this is a simple example it is clear that the bilateral axis (in 

red) persists through the smoothing process as predicted in chapter 5. Before the tracking of the 

bilateral axis can commence, it is reasonable to assume that a starting position has to be 

determined, i.e. the desired axis has to be identified in the prototype.

Bilateral axis

Figure 7.1 Local Symmetries in a boundary sequence. For a given sequence o f  boundary 
images, the local symmetries can be generated fo r  each one. The bilateral axis exists at each 
stage.

7.1.1 Symmetry in the Prototype
At the stage when the initial shape has been reduced to an ellipse, the sub-symmetries have 

disappeared and only the axes of reflectional symmetry remain (figure 7.1a). According to 

Leyton’s curvature-duality theorem [Leyton 1987a; Leyton 1987b], each axis is confined 

between curvature extrema of the same type (section 5.2). Since the bilateral axis is the longest 

of the two, it is necessarily the case that it will begin and end at the points of maximum 

curvature on the boundary. It follows that the identification of the bilateral axis in the prototype 

entails the determination of the curvature maxima of the boundary. The axis will correspond to 

the straight line that joins them.
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If X(t,cf) and Y(t,o) are the x and y  coordinates of every point on a smoothed boundary, the 

curvature '̂* at every point K(t, o) can be expressed as

^  (40-) = 7:
X Y - Y X

(7.1 )

The graph in figure 7.2 shows the curvature (in blue) at each point on the boundary of 

an ellipse (figure 7.2b) calculated using a o equal to one tenth the number of points in the 

boundary . The correspondence between the curvature extrema, A and B, and the points of 

intersection between the bilateral axis and the boundary is quite clear. Locating the ends of the 

bilateral axis is a matter of determining the two points on the boundary at which the curvature is 

the highest. This is achieved by identifying the intersections (zero-crossings) of the derivative 

of the curvature (red) with the x-axis. These correspond to the points of inflection in the 

curvature (blue). The zero-crossings corresponding to positive curvature values indicate the 

points of maximal curvature in the ellipse (i.e., the end points of the bilateral axis).

This method for identifying curvature extrema is the basis of the multi-scale 

characterisation of shape previously mentioned in section 6.2.2. If, at each stage in the 

generation of the multi-scale representation, the points of inflection are determined and plotted 

in the x, c  plane'*  ̂ the resulting graph corresponds to a unique scale-space representation of the

236108

108

236

Point Number

Diffemtial of CurvatureCurvature Zero crossing

Figure 7.2 .Curvature o f  an ellipse. The curvature maxima, A and B, o f  an ellipse (a) 
corresponds to the ends o f  the bilateral axis (b). Zero crossings in the second derivative o f  
boundary curvature indicate curvature extrema (a).

A (detail explanation o f the curvature formula below is given in appendix III.

This is a coordinate system where the x-axis corresponds to value o f the path length {t) and the y-axis represents 
the Gaussian width ( o ) .
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Path Length (t)

Figure 7.3. Scale-space image. ITie boundary o f  an object C  can be uniquely represented  
in terms o f  its points o f  inflection at varying levels o f  scale (a). Scale-space images are 
invariant under rotation, resizing, and translation o f  the curve.

7.2 Selective Point Tracking
Having identified the bilateral axis in the prototype, the next stage in the process is to track the 

axis through the intennediate boundaiies. Early work on this problem was based on the 

assumption that the only requirement for isolating the bilateral axis was the location of the 

curvature extrema conesponding to the axis ends in the original boundary. These points divide 

the boundary into two curves thus making it possible to use a technique similar to that posited by 

Mohan and Nevatia [1992, p 623] to extract the axis (section 3.4.1). Given two distinct curves 

the axis of symmetiy between them is equivalent to the locus of the mid-points of the lines 

joining points at equal length ratio along both curves.

On the basis that the hierarchical boundary sequence is also a multi-scale representation, 

it can be argued that tracking the salient points is a matter of following the appropriate paths 

formed in the scale-space image of the original boundary. Consider the example of the rectangle 

shown in figure 7.4b. Distinct paths in the scale-space image exists between the curvature 

maxima of the ellipse (A and B) and points A' and B' which conespond to the end-points of the 

bilateral axis on the rectangular boundary (shown in red and blue in figure 7.4a). However, 

accurate identification of paths such as these is not an easy task. Tracking curvature maxima 

alone, often leads to an incorrect identification of the tenuinations of the bilateral axis in the 

original shape. Consider the shape in figure 7.4d. Although it is asymmetric about its long axis, 

an intuitively obvious bilateral axis terminates at points J" and K". The curvature maxima, J
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and K, of its prototypical ellipse track back to the points J' and K' (figure 7.4c) and not to the 

intuitive axis ends J" and K". The points of interest along the desired path change from being 

curvature maxima to curvature minima. It follows that path selection has to be made on the 

basis of criteria other than curvature extrema alone. It is highly unlikely that simple criteria 

exist which could give rise to a general rule for tracking the correct paths necessary to 

determine the end of the bilateral axis in all shapes. Thus, this line of investigation was not 

pursued further.

(a) (c)

I
I

Path length (t)

£

I
I

Path length (t)

(d)

F igure 7.4 Point tracking. D istinct p a th s (shown in red  and blue) exist between the curvature 
m axima o f  the ellipse (A & B) and the end po in ts (A ’ & B )  o f  the bila teral axis o f  the original shape  
(a & b). H owever, the correct p a th  cannot be tracked in term s o f  curvature maxima alone (c & d).

7.3 Whole Axis Tracking
It has been show above that locating the end points of the bilateral axis, if possible, is a 

complex task. If axis tracking is to work such difficulties should ideally be avoided. An 

alternative to end point tracking is to locate and track the bilateral axis in its entirety. This is an 

appropriate task for an active contour [Kass, Witkin et al. 1987], and will now be considered .

7.3.1 Active Contours - Introduction
Active contours (snakes) are deformable curves that can be used to delineate lines, edges and 

subjective contours in an image [Kass, Witkin et al. 1987]. They are implemented as control 

continuity splines [Terzopoulos 1986] which deform into alignment with salient features 

corresponding to local energy minima in a suitably processed image, whilst maintaining the 

lowest possible energy within themselves.
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Active contours are not autonomous with respect to finding salient features. They are 

dependent on some high level interaction to specify an appropriate shape and starting position 

neai the desired structuie. This initialisation may be caused by user interaction, a higher level 

image understanding process, or infonnation from data adjacent in time or space. Apriori 

infonnation including image data, the initial position estimate, desired contour properties and 

knowledge based constraints aie then used to push the snake toward an appropriate solution 

(figure 7.5) [Sonka, Hlavac et al. 1994]. Having located a salient feature, a contour will adhere 

to the same local minima in subsequent images even if the feature has moved (assuming the 

movement is not extreme). As a consequence of this behaviour, active contours have 

successfully been used in tiacking moving objects through a sequence of images [Kass, Witkin 

et al. 1987]. On the basis of this, it is reasonable to assume that active contours are well suited 

to the task of symmetry tiacking across a sequence of boundaiy representations.

Active ContourImage Contour

Figure 7.5 Active contour. The active contour is initially positioned near the contour to he 
detected (a) it moves towards the true contour in order to minimise its energy (b). Energy 
minimisation causes a  match between the true and active contour (c).

7.3.2 Active Contours - The Kass Algorithm
Numerous active contour algorithms exist, each with particular advantages and problems [Kass, 

Witkin et al. 1987; Amini, Weymouth et al. 1990; Williams and Shah 1992; Lobregt and 

Viergever 1995]. The Kass algorithm, although one of the oldest, was chosen for cunent 

purposes because it is well documented and software was readily available.

The movement o f an active contour is a response to potential energy derived from the 

data in the image being interrogated. Over a series of iterations (/), the forces generated by this 

energy gradient propel the contour toward features o f interest defined as either regions of 

minimal or maximal local energy. The general shape and behaviour o f a snake are constrained 

by internal and external forces. Internal forces (tension and stiffness) enforce smoothness and 

continuity. External forces (derived from manual or automatic intervention) give control of the 

contour to the user or a contiolling higher level process.

An adapted version o f an ANSI C implementation o f this type o f snake supplied bv Demetri Ter/.opoulos was used in 
these experiments.
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This interactive processes is governed by the need for the active contour to achieve a 

state of minimal energy. The energy minimising procedure used to achieve this in Kass 

algorithm is an 0(n) iterative technique which uses variational calculus and sparse matrix 

methods"̂  ̂ to manipulate the weighted combination of the total internal, external and image 

energies. If an active contour is represented parametrically as \(s) = (x(s),y(s)) where s varies 

from 0 to 1, the total energy E*sncàe is given by the sum of the energy of individual snake 

elements (snaxels)."*®

E \a ,e  = £  E ^ X ''{s))d s  ( 7.2 )

This equation can be rewritten in terms of three basic functionals correspondmg to the 

constraining forces described above. Each of these functionals will be considered below.

E '^ e  =  £  ( 7.3 )

7.3.2.1 Internal Energy (E'intem)
The internal energy (E'intem) of the snake and can be written as'*̂

= (  a (-5 ) |'',(s )r  + ) / 2 ( 7.4 )
' V V ' ' ' ^

Tension Stiffness

This representation of the internal energy contains a first-order term controlled by a(s) 

and a second-order term controlled by /3(s). The first-order term produces tension in the contour 

and the second-order term creates stiffness. In the absence of other constraints, these properties 

would cause the contour to collapse to a point. Changing the values of a(s) and p(s) controls the

relative importance of the tension and stiffiiess terms. For example, setting /3(s) = 0 in one

region allows the contour to become second-order discontinuous and develop a comer.

7.S.2.2 Image Energy (E’lmage)
The image energy (E’image) is derived from the image data over which the snakes lies. In their 

original description of active contours Kass ei al [1987] expressed the total image energy as a

The mathematical details of this process can be found in [Kass, Witkin et al. 1987; Hyche, Ezquerra et al. 1992; 
Ivins and Porril 1993].

The integral notation used in this section implies an open-ended snake. It is possible to join the first and last 
elements making the snake into a closed loop.

Subscripts are used to represent differentiation as per published literature [Ivins, 1993].
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weighted combination of three different functionals^® (Eune, Eedge, and Eterm) which attract the 

snake to lines, edges and terminations. Variation of the weights creates a wide range of active 

contour behaviour.

îmage ~ l̂ine'̂ line êdge-̂ edge t̂erm̂ term (7.5)

The line functional (£’iine) is usually the unprocessed image intensity. Changing the sign 

of specifies whether the active contour is attracted to light or dark lines. A gradient-based 

energy functional Eedge causes that active contour to be attracted to image contours with large 

gradients allowing the location of strong edges. An energy term Eterm based on the value of the 

curvature of lines in a slightly smoothed version of the image will influence the active contour’s 

responses to the terminations of line segments and comers.

7.3.2.3 External Energy (Econ)
The external energy constraint (Econ) is imposed by the user or some other high level process. It 

is a means of supervising the behaviour of the active contour by forcing it toward or away from 

a particular location. Kass [1987] describes these constraining forces as springs. Control is 

achieved by attaching springs to the snake and anchoring them at a fixed position, connecting 

them to another point on the snake, or by user induced relocation.

7.3.3 Controlling Parameters
The energy minimising procedure aims to find a state of equilibrium where the energy function 

E*snake is at a minimum. It is implicit in the description of the component energy functionals 

given above that the behaviour of the active contour during the energy minimising process is 

influenced by a set of user definable variables. These include a(s) and p(s) which control the 

material properties of the snake (i.e., tension and stiffiiess) and the weights attributed to each of 

the image energy functionals {Wu„e, Wedge, Wtemd- The accuracy of the interrogation process is 

likely to depend on the number of snake elements (N) considered in the calculation and the 

amount of time allowed for the interaction ( i.e., the number of iterations (7)). Kass et al also 

specify another parameter (not mentioned above) in the energy minimisation process: a damping 

constant (D). This determines the active contours resistance to motion and prevents contour 

oscillation around the equilibrium position. The selection of values for these parameters 

appropriate to the task of symmetry detection will be discussed further in chapter nine.

A fimctional is a function whose domain is itself a set of functions.
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7.3.4 Active Contours and Symmetry Tracking
Given a contiguous sequence of boundaries in which the local symmetries have been generated, 

it is reasonable to assume that the deviation of the axis in each boundary from its position in the 

previous boundary is likely to be small. Thus, consecutive placement of an active contour in a 

boundary in the same position in which it settled in the previous boundary would necessarily 

mean close proximity to the desired axis. It follows, that in the same way that active contours 

successfully tracks moving objects, an active contour initially aligned with the bilateral axis will 

continue to align itself with that axis in each of the subsequent boundaries it which it is placed, 

even though the shape of the axis may change.

The need to position the active contour near the object of interest implies prior 

knowledge of the location of the object being sought. This condition is arguably a limitation to 

the possible applications of active contours. However, as far as tracking the bilateral axis across 

a boundary sequence is concerned, this is precisely the type of information that is available. The 

starting position of the active contour corresponds exactly with the position of the bilateral axis 

in the prototype which can be accurately and automatically determined (see section 7.1.1).

7.3.5 Active Contours - Initial Implementation
The original active contour design by Kass[1987] was used in the implementation of this idea 

and experiments with the simplest energy constraints confirmed the validity of this approach. 

Figure 7.6 shows the bilateral axes as identified by an active contour at selected stages in a 

twenty boundary sequence for two simple shapes. In these examples, the internal energy 

parameters a  and P  were assumed to be equal and constant^ ,̂ and the external energy constraint 

was omitted since user interaction is unnecessary during the tracking procedure. The image data 

(hereafter referred to as the energy field) consisted of a discrete binary representation of the local 

symmetries generated for each boundary. An example for an ideal (i.e., symmetrical) shape is 

shown in figure 7.7. Given the relative simplicity of the domain being interrogated, it was only 

necessary to consider the image intensity, i.e., the functional weighted so as to attract the 

active contour to light regions.

An adapted version of an ANSI C implementation of this type of snake supplied by Demetri Terzopoulos was use in 
these experiments.

Kass et al do not offer any guidelines for determining the values. Variation of these parameters will be considered in 
the next chapter.
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Figure 7.6 Successful symmetry tracking. In these two examples the final position o f  an active 
contour is shown in each boundary after it has been passed forw ard from  its resting state in the 
previous boundary and interacted with the associated energy field.

Figure 7.7 A discrete symmetry based external energy field.
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7.3.6 Discrete Energy Field Generation
The local symmetries that constitute the energy field (image data) can be described in terms of a 

point-pair-specific angular relationship that can be determined in a number of ways (see section 

4.2.4). For current purposes it is assumed that the equality of the angles ^  and Oj (figure 7.8) 

between the tangents at two points P, and Pj and the line Lj that joins them is an indicator that the 

mid-point M, between P, and Pj, is on an axis of symmetry (section 4.3). A bivalent 

representation of all the symmetries within a boundary is obtained by scoring each mid-point 

that satisfies this criteria of angular equality with one of two possible values given by the 

fimction e(puPj) (equation 7.14).

Figure 7.8 L ocal symmetry. I f  6i=6j then po in ts  an d  Pk 
are loca lly  sym m etric about the m id-point M.

0 if(^ , ^  g ,)

if  (0 , =  g , )

( 7 6 )

max 1

The value of max, although arbitrary, was chosen to be 255 for display purposes. The angle ^  

between line L] and the line L2 tangential to P, is found from the directional cosines of the lines 

[Bower and Woodwark 1983].

Having identified the bilateral axis in the elliptical prototype, successful tracking with an 

active contour is largely dependant on the nature of the energy fields in which it is placed. 

Simple energy fields consisting of a discrete binary representation of the local symmetries give 

satisfactory results. In the next chapter, the nature of these energy fields is looked at in detail 

and arguments are given for a new type energy field for fast robust symmetry detection.
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7.4 Summary

The bilateral axis of a boundary prototype can be determined from curvature information in 

accordance with Leyton’s curvature-duality theorem. This can then be used as the starting 

position for an active contour which will align itself with the axis in the subsequent boundaries 

in which it is placed, given that all the local symmetries for each boundary have been 

determined.
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Symmetry Tracking - Energy Fields

8. Overview
Two axes of reflectional symmetry exist in the elliptical prototype. Having identified the axis of 

interest using curvature information, the purpose of the active contour is to follow this axis 

through the subsequent symmetry-based energy fields to its final position in the original shape. 

The success of this process is dependent on the nature of the energy field and the prominence of 

high energy ridges corresponding to the bilateral axis within it. In this chapter, the nature of the 

SLS based energy field will be examined in detail and variations are suggested that lead to a 

unique symmetry based energy field aptly suited for symmetry tracking.
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8.1 Energy Field Optimisation
Given the nature of the mechanism underlying the behaviour of active contours, it is reasonable 

to assume that their effectiveness is dependent on the quality of the energy fields with which 

they interact. Sharp discontinuities in the energy fields are likely to inhibit movement or prevent 

tracking across a series of images. A good quality energy field can be considered to be one in 

which the desired axis is distinct and continuous. Given that the component elements of an 

energy field that give rise to these desirable properties are directly related to the relationship 

between boundary points, it is reasonable to assume that the quality of the accumulated effect of 

these properties, e.g. the continuity of the axis, is dependent on the number of boundary points. 

If this is the case, the best energy fields are those generated from the most boundary points. 

However, to generate an energy field it is necessary to compare every boundary point with every 

other boundary point. This means that relatively small increases in point number cause a sharp 

increase in the number of calculations and a correspondmg increase in time taken to perform 

them. It follows that, for practical purposes, a compromise between quality and computation 

time is necessary.

The use of a binary representation of SLS (bivalent) as the image data for an active 

contour gave satisfactory results in the simple examples given in the section 7.3.5. However, 

given the need for optimisation and the possibility of improvement, the efficiency and 

effectiveness of the bivalent energy field generation process and associated fields have to be 

examined in detail. Specifically the measurement of angular equality, the extent of the 

quality/point number relationship and spurious artefacts or weaknesses have to be considered.

I. Angular Equalitv. The energy fields generated by the bivalent method are dependent 

on the identification of boundary point pairs exhibiting angular equality and attributing the same 

specific score to their associated mid-points. Early work with this technique revealed that 

perfect equality rarely exists between points on opposing boundary segments even though the 

segments may be densely sampled and symmetrically opposed. Consequently most of the 

symmetry information is lost (figure 8.1a). Significant results were only obtained when a 

margin of flexibility (+ 1°) was introduced in the comparison of the angles (figure 8.1b). An 

angular freedom greater than this causes symmetry features in the energy field to become 

indistinct (figure 8. Ic^ )̂. If no constraints are applied (i.e. all mid-points are scored) every mid

point is a valid contributor to the energy field and the result is an even symmetry field through

out the shape (figure 8. Id).

Although the sub-symmetries of a rectangle are not of interest in the current discussion they clearly demonstrate 
distortion caused by excessive angular fieedom in the determination of angular equality.
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Figure 8.1 Angular equality. As a criterion fo r identifying local symmetries exact angular 
equality is too stringent (a). A margin o f  flexibility is required to achieve appropriate energy  
fields(b) small enough to prevent the accumulative symmetries from  becoming indistinct (c ).lf  
this margin becomes too large every mid-point is a valid poin t o f  symmetry (d)

II. Energy Field Quality. Earlier in this section it was suggested that the quality of an 

energy field is dependant upon the number of boundary points taken into consideration during 

the generation process. This relationship is best explored by way of example: consider the 

simple shape shown in figure 8.2a. If this shape is resampled '̂* to giye a boundary of 128 points 

(figure 8.2b), the resulting bivalent energy field is sparse (figure 8.2e) and not suitable for 

active contour interrogation^^ A sample size of 256 points (figure 8.2c) leads to a better energy 

field (figure 8.2f) although it is far from complete. A contiguous bilateral axis (figure 8.2g) is 

generated with sample sizes of 512 points and larger (figure 8.2d). The need for a large number 

of boundary points to generate a useful energy field causes the predicted rapid increase in the 

energy field generation time O(P^), where P is the number of points on the boundary (table 8.1).

It is assumed that the Oliensis filter is the filter o f  choice for boundary smoothing. Therefore all resampling in the 
following examples is to the power o f  two as dictated by this technique.

It can be seen from this example that the energy fields extend beyond the boundary where concavities exist. This 
potentially useful information is not relevant to this discussion and will be omitted in further examples.
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Resampled Boundaries 

(b)

128

Energy Fields 

(e)

( h)

(a)

394

(c)

256 512

F ig u r e  8 .2  Bivalent Energy Fields. The quality o f  the bivalent energy fields ( e fg )  generated fo r  
the shape (a) is dependant on the number o f  points in the resampled boundary (b,c,d). In some 
cases energy plateauing B occurs (h) which obscures the desired axis A.

Number of 
Points

Time (s)

64 0.5

128 2.0

256
I  . . . . . . . . . .

3.0

512 11.0

1024 42.0
Number of Points

Table 8.1 Energy fie ld  generation rates.
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III. Energy Field Artefacts - Energy Plateaux. The example given in figure 8.2 also 

illustrates a potentially serious problem with this type of energy field. The energy contained 

within a portion of a boundary corresponding to an arc is necessarily high and dispersed, causing 

an energy (or symmetry) plateau^^. The reason for this becomes apparent if  the SLS of a circle 

is considered (figure 8.3). For any two points P, and Pj on the boundary of a circle, the angles 6} 

and 6j between the line joining them and the tangent at each point are equal. This is always the 

case because each of the angles is a mirror image of the other about the perpendicular bisector 

{b) of the line joining P, and Pj. It follows that for any chord across an arc, the criterion of 

angular equality will always be satisfied. Thus all the associated mid-points are legitimate points 

of symmetry and together they form a plateau. This phenomenon can also be considered to be 

an accumulation of sub-symmetries, where each sub-symmetry is an axis about which a portion 

of the circle is bilaterally symmetric. The small bilateral axis is not different to these sub

symmetries and is therefore consumed by the energy plateau. However, the loss of the small 

axis is not a limitation to the task of finding the bilateral axis.

Figure 8.3 A ngular equality in a  
circle. The angles ^ and 6j a t any two 
points, Pi and  Pj on the boundary o f  
circle are alw ays equal.

Energy plateauing can be clearly seen with respect to the boundary shown in figure 

8.2h taken from a typical sequence generated for the shape in figure 8.2a. A high energy 

plateau, B, exists across a large portion of the boundary and obscures a section of the desired 

axis A. For the majority of shapes, if a portion of the boundary corresponds to an arc it is 

usually small and the plateauing effect is perceived as benign background noise. However, in 

cases where a large portion of the boundary corresponds to an arc, energy plateauing is likely to 

obscure the desired axis and displace the active contour. Coupled with the fact that the bivalent 

approach requires relatively large numbers of boundary points to give an adequate energy field

This effect was noted by Brady; see section 4.3.
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and is therefore computationally expensive, it is reasonable to conclude on the basis of this 

information, that energy field generation has to be improved

8.1.1 Continuous Angular Equality
The bivalent approach to energy field generation produces either incomplete, flawed, or 

computationally expensive energy fields. The solution to at least one of these difficulties lies in 

adapting the way in which angular equality is used to score the mid-points about which the 

boundary point pairs are symmetric.

As it stands, all the mid-points generated by a bivalent point-to-point comparison are 

either candidates for identification as points of interest or they are not; approximate mid-points 

are not possible. Many mid-points may be on the bilateral axis and have a valid contribution, 

but fail to fall within the arbitrary range over which the criterion of point selection is apphed and 

therefore do not qualify for inclusion. As discussed above, broadening the range over which the 

criteria for mid-point selection is applied gives a continuous and complete, but less well defined 

axis. Eliminating the range over which the criterion for mid-point selection is applied means 

every mid-point is suitable for scoring and the result is an even symmetry field throughout the 

shape. Although energy field quality is affected by the extent of the range over which point 

selection is made, energy field quality is not beneficially changed by a large variation of these 

limits.

Energy field quality can be improved if, instead of using arbitrary limits within which 

points are bivalently scored, an approach is taken in which a symmetry dependent score is 

applied to all points. All mid-points are the local axis of symmetry for the two points from 

which they are derived, but only some of these points lie on the bilateral axis. It is reasonable to 

assume that of all the points that are not on the axis some are closer to being on the bilateral axis 

than others. It follows that the appropriate scoring of this “closeness” would give a continuous 

map of a given shape’s symmetry properties. In such a situation, the gaps that existed in the 

representation of a bilateral axis in an energy field generated from a small number of points 

using the bivalent method would now have a value. This value would not be as high as the point 

values on the axis but it would be significant enough to give a continuous, although potentially 

uneven representation of the bilateral axis. If this technique can effectively compensate for the 

gaps in the energy field shown in figure 8.2f the need for a large number of boundary points 

would be reduced. This, and the effect on energy plateauing, wiU be considered further in the 

examination of practical examples given below (section 8.1.1.2).
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8.1.1.1 Calculating the Energy Field (Continuous)
An approach based on a continuous mode of evaluation requires a function e/p^pj) by which a 

value indicating proximity to a point of symmetry can be attributed to every mid-point. Angular 

equality is still valid for this purpose. The angles 9j and 6j subtended by the line joining two 

points, Pi and Pj, on the boundary of an object and the tangent at either point (figure 7.9) can 

have values between 0 and Æ radians.

Figure 8.4  A  loca l syymmetry. I f  6  i= Oj then po in ts  A  an d  Pj are  
loca lly  sym m etric about the m id-point M.

At the point of angular equality dt = Oj, therefore:

and at the point of maximum angular difference (inequality)

\0. — 6  ,\ = K

( 8 . 1 )

( 8 2 )

Thus, angular equality can be expressed as a value between zero and K which can then be used 

to score the associated mid-point. For practical purposes these values are normalised over a 

range between 0 and 1 and scaled for display by multiplication with max (max was chosen to be 

255 for display purposes). To ensure values of high angular equality correspond to high values 

of e. the normalised values are subtracted from one.

r  f  
1 -  

V V

-  Oj
w

K
X max ( 8 3 )
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8.1.1.2 Examples of the Energy Field

The simple symmetrical nature of a rectangle means that it is aptly suited to demonstrate the 

desirable qualities of any energy field. An example of the continuous energy field of a 

rectangle produced using the method described above is shown in figure 8.5.

Figure 8.5 A continuous energy fie ld  fo r a rectangle (angular e q u a l i ty ) .T h e  function 
ĉ(p,<Pi) gives a continuous energy field in which the sub-symmetries and the refiectional 

axes o f  symmetry are distinct and o f  equal significance.

The smooth, continuous nature of this type of energy field can be clearly seen. Also, 

the axes of reflectional symmetry and comer derived sub-symmetries are discernible as distinct 

ridges. The fact that the sub-symmetries are as prominent as the axes of reflectional symmetry 

indicates that some of the local symmetries not on the bilateral axis are as significant as those 

that are. This is a problem; local symmetry based artefacts, e.g., energy plateaus, are likely to 

be as prominent as the bilateral axis. This is apparent in the continuous energy fields equivalent 

in shape and boundary point number to those generated to illustrate bivalent energy fields 

(8.5a,b,c). The plateauing effect is distinct in all three instances and masks a portion of the 

desired axis as well as the short axis of reflectional symmetry in the more detailed cases. In a 

worse case example (figure 8.6d) a high energy plateau B can be clearly seen across a large 

portion of the boundary, obscuring a section of desired axis A. It is arguable, on the basis of 

visual comparison, that the plateauing effect is stronger in continuous energy fields than it is in 

the equivalent bivalent energy fields (Figure 8.2e,f,g). The effect on the behaviour of active 

contours is detrimental, as shown in figure 8.7.

The symmetries generated along the shape boundary have been omitted in the 3D view to aid presentation.
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Figure 8.6 Continuous energy Fields (angular equality). The quality o f  the energy fields (a,b,c) is 
effected by the number o f  boundary points although the bilateral axis is distinct in all cases. Energy 
plateauing B is a dominant side effect oFscuring the desired axis A (d).

Figure 8.7 The effect o f  energy plateauing. The persistence o f  an energy plateau through a boundary 
sequence can cause an active contour to lose contact with the axis o f  interest^^.

The thickness o f the active contour in this example has be exaggerated for reasons o f clarity.
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Although this new approach to energy field generation does not solve the problem of 

energy plateauing, the bilateral axis is reasonably prominent in all three of the example energy 

fields. This suggests that a useful energy field can be generated from relatively fewer boundary 

points using this technique, thus reducing computation time and expense, assuming plateauing 

can be eliminated. If energy plateauing is to be avoided, it is necessary to distinguish local 

syimnetries that give rise to the axes of reflectionally symmetry from the equally valid local 

symmetries that constitute sub-symmetiies and plateaux.

8.1.2 Perpendicularlity
The continuous energy field discussed above is a map of symmetry scores attributed to all mid

points between boundary point pairs Pi r„,pj~„, based on the degree of angular equality that exists 

between the angles subtended by the tangents to Pi,„ and pj,„ and the line L„ joining

them (figure 8.8). Instances of high local symmetry are attiibuted a high score. This is the case 

regardless of the significance of any larger syimnetry to which the high scoring local symmetries 

may contribute. Thus, the local symmetries A,B,C, in the sub-syimnetry S2 derived at the comer 

of a rectangle are as valid as the a local symmetries D,E,F on the bilateral axis SI and are 

attributed the same score (figure 8.8). If the bilateral axis is to be attributed greater significance 

to distinguish it from other sub-symmetries and energy plateaus, a propeity unique to the local 

symmetries which cause the desired bilateral axis has to be taken into account in the scoring 

process.

P..5P..3

'i+3

'i+2

cc
S2

p

Pr.

B
P„3

D
p..
E

Figure 8.8 Local symmetries. To emphasise the axes o f  rejlectional 
symmetry it is necessary to distinguish the local symmetries D,E and F from  
A.B and C.
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Consider the six local symmetries, ^  to F, in figure 8.8. There are two properties of the 

local symmetries, D,E,F, that lie on the bilateral axis Sj that distinguish them from the others:

1. The perpendicular bisectors of the lines L„ connecting point pairs locally symmetric 

about the bilateral axis pass through the centroid CC of the rectangle. The equivalent 

lines connecting point pairs across the comers do not;

2. The angles 0i+n and 0j+n for local symmetries on the axes of reflectional symmetry are 

right angles.

It is reasonable to assume that a mode of scoring based on either or both of these 

properties could be used in conjunction with angular equality to highlight the desired axis. 

Experiments with a centroid based approached revealed fimdamental flaws. This property can 

be expressed as an continuous angular relationship similar to that described for angular equality. 

However, to avoid spurious and inappropriate scoring it is necessary to know the position of the 

centroid in the symmetrical form of the shape. For the banana shape it is necessary to know the 

location of the centroid in its symmetrical equivalent, i.e., a straight banana. The location of this 

presupposes knowledge of the bilateral axis before it is found. This is self defeating and 

therefore this approach was not considered fiuther. The second of these properties is potentially 

more useful for current purposes. However, before considering its use in conjunction with 

angular equality it is worth considering in its own right. Like equality, this is an angle related 

property and therefore it is reasonable to assume that it can be expressed as a continuous 

function ep(pi,pj) and described in as continuous energy field.

8.1.2.1 Calculating the Energy Field (Perpendicularity)

For any angle 6i(0 <9i<7t) the deviation d of ̂  from the perpendicular can be expressed as:

d = \e,~4, ( 8,4 )

The value of d will be between 0 and y  radians. Given the two angles ^  ,6j subtended by the 

tangents to the two points pi,pj and the line L joining them, the mid-point of L can be attributed a 

value given by the sum of the respective deviations. The resulting value will between 0 and k 

and will be a direct indication of the degree of symmetry between pi and pj. If both angles are 

equal to % the resulting score will be 0. Assuming the need for normalisation and scaling, etc. 

as discussed in section 8.1.1.1, equation 8.3 can be adapted so ep(0j,0j) is given by:
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1 - l ^ , - î | + k - î X max (8 5;
7 1 / /

8.1.2.2 Examples of the Energy Field
The axes of reflectional symmetry dominate and all sub-symmetries are absent in an energy 

field for a rectangle (figure 8.9) derived from continuous perpendicularity values. More 

specifically, in energy fields of this type generated for the banana shape, the axes of relational 

symmetry are clearly visible (figure S.10a,b,c), the short axis of reflectional symmetry is 

missing and no plateauing effects can be seen (figure S.lOd). This is the case regardless of the 

three boundary sample sizes considered.

Figure 8.9 A continuous energy fie ld  fo r  a rectangle (perpendicularity). The function Cp(pi,pf 
gives a continuous energy fie ld  in which the reflectional axes o f  symmetry are distinct and all 
sub-symmetries are absent.
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Figure 8.10 Continuous energy fields (p-type). The quality o f  continuous p-type energy fields is 
minimally affected by boundaiy point sample size (a,b,c)- Energy plateauing is not a problemfh) but 
axis terminations are indistinct..

It is conceivable that p-type^  ̂energy fields are superior to the energy fields discussed 

so far and the need for a combination of energy fields is unwarranted. However, two side- 

effects severely limit its use. P-type energy fields are fundamentally dependent on parallelism 

between the boundary elements (more specifically between the tangents at the points under 

consideration on the boundary). Angles 9, and 6j can only ever both be equal to ^  if the 

tangents at the points from which they are derived are parallel. In situations where this is not 

the case the resulting energy field is poor. Consider an equilateral triangle. Such a triangle has 

three axes of reflectional symmetry that are clearly seen in an e-type energy field (figure 8.1 la). 

However, the parallel dependant p-type energy field does not indicate this fact; distinct energy 

ridges corresponding to the axes of reflectional symmetry are not obvious (figure 8.11c). The 

dependence on boundary segment parallelism is a considerable weakness and the use of this 

type of energy field alone would limit its general application. This phenomenon accounts for 

the absence of the short axis in the p-type energy field of the banana shape. The portion of the 

short axis of the bilateral axis internal to the shape is derived from the points on the outer edge

For ease o f discussion angular equality based energy fields will be referred to as e-type energy fields and 
perpendicularity based energy fields will be referred to as p-type energy fields.
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of the shape. Sinee there are no points on this edge that have parallel tangents, the mid-points 

on the short axis will not get a significant vote and will not become visible.

The second limiting factor is concerned with the nature of the ends of the desired axis 

as it appears in the energy fields. The points of termination of the bilateral axis in the banana 

shape are less distinct in p-type energy fields compared with those in an e-type energy field. 

This can be clearly seen in the simple shape shown in figure 8.11. The termination of the 

bilateral axis as it appears in p-type energy field is dispersed and ill defined (figure 8.1 Id). 

This is not the case for the e-type energy field (figure 8.1 lb). The main disadvantage with this 

effect is an increased possibility of misalignment between the active contour and the point of 

axial intersection with the boundary.

Parallelism

(c)

Term ination Points 

(b)

Figure 8.11 Energy f ie ld  weaknesses. Axis termination is poor (d) and energy f ie ld  quality is affected when 
boundary segments are non parallel (c) in p-type energy fields. This is not the case fo r  e-type energy fields 
(a,h).
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8.1.3 Energy Field Combination
The inability to generate energy fields between non-parallel boundary point tangents and 

indistinct axial terminations are limiting weaknesses which prevent the use of perpendicularity as 

die sole criteria for energy field generation. However, energy fields based on this criterion 

reveal a majority of significant axial features, therefore the combination of p-type and e-type 

energy fields is still a valid option.

8.1.3.1 Calculating the Energy Field Combination
The purpose of combining the e-type and the p-type energy fields is to enhance the axes of 

reflectional symmetry which are present in both types of field and mdriimise the field specific 

disadvantages. If the axes of reflectional symmetry are to dominate, the symmetry information 

in both types of field has to be combined in such a way that high values can only be attributed to 

points in the new energy field where the values are high for the same point in both the 

component energy fields. Since only the axes of reflectional symmetry have high values in both 

field types, combination in this manner will mean that only the axes of reflectional symmetry 

will have the highest values in the new energy field. The following fimction, E(pi,pj), achieves 

this effect.’

1 -

vv I ^

r
1 -

K-îl+k-îIlT X m ax  ( 8.6 )

8.1.3.2 Examples of the Combined Energy Fields
Figure 8.12 shows the combined energy field for a rectangle where the reflectional axes and the 

comer derived sub-symmetries are present. However, the axes of reflectional symmetry clearly 

dominate all other symmetries. The combined energy fields for the banana shape (figure 

8.13a,b,c) are not subject to energy plateauing (figure 8.13d) and the bilateral axis is distinct, 

even when the boundary point sample size is small. The absence of the short axis in the banana 

shaped energy fields is due to the fact that it is missing in the p-type energy fields and obscured 

in the e-type energy fields^ .̂

The detrimental effects present in p-type energy fields are not present although the 

combined energy field generated between non parallel boundary segments (figure 8.14a) does 

not give an axis as strong as that generated in e-type energy fields alone (figure 8.11a). The 

quality of the axis boundary intersections is also compromised (figure 8.14b) compared with the 

e-type equivalent (figure 8.11b), but not in so far as the active contour activity is inhibited. The

^  The absence o f  the short axis in the banana shape energy field is perhaps ironic given that it is the only true 
(mathematical) axis o f  symmetry in the shape, but its presence is not relevant to the general goals o f  this project.
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energy fields for a complete boundary sequence generated for a banana shape resampled to give 

256 boundary points are shown in figure 8.15. The response of an active contour at each stage 

in this sequence is show in figure 8.16.

Figure 8.12 A continuous energy fie ld  fo r  a rectangle (angular equality and perpendicularity). 
The function E(p„Pj) gives a complete contnuous energy fie ld  in which the axes o f  reflectional 
symmetry dominate the sub-symmetries.
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Figure 8.13 Continuous energy fields (angular equality and perpendicularity). The quality o f  the combined 
energy fields is minimally affected by the boundary point sample size (a,b,c) and the clarity o f  the axis 
terminations is improved. Energy fie ld  plateauing is not a problem (d).

Parallelism Termination Points

(b)

Figure 8.14 Energy fie ld  improvements. The combined energy f ie ld  over comes the problems 
concerning non parallel boundary segments and axis termination apparent in p-type energy fields.
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Figure 8.15 Combined energy fie ld  sequence. A combination o f  e-type and p-type energy fields 
clearly reveals a high energy region corresponding to the bilateral axis at each stage in the 
boundary sequence o f  a banana shape.

A ctive C on tou r

Figure 8.16 Active contour response. An active contour adheres to the high energy region 
corresponding to the bilateral axis through out the boundary sequence.
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8.2 Summary
Four types of energy field have been considered based on bivalent angular equality, continuous 

angular equality, continuous perpendicularity, and a combination of angular equality and 

perpendicularity. It has been shown that the best general purpose energy fields with the most 

distinct energy ridges corresponding to the bilateral axis need not be generated with more than 

256 boundary points using the combined energy field technique. Only two simple shapes have 

been used to illustrate this discussion; examples of the energy fields for all nine test shapes can 

be found in appendix iv.
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Chapter Nine
Implementation

9. Overview
The proposed symmetry detection method is dependent on the consistent behaviour of an active 

contour in each energy field generated in the boundaries from an appropriate sequence. In this 

chapter, the practicalities of bringing together and controlling the multiple executions of these 

components to achieve accurate iterative bilateral axis detection will be explored. This 

discussion includes an examination of the choice of parameter values that control the behaviour 

of the active contour and the range over which repeated boundary smoothing is performed. The 

eradication of accumulative weakness resulting from the repetition of the interrogation process is 

also considered along with the optimisations and compromises that have been made in order to 

obtain optimal results.
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9.1 Implementation - An Outline
The software for implementing the proposed method of symmetry detection has two purposes. 

As well as being a general tool to generate and evaluate the bilateral axis in any given shape, it 

has been designed as an instrument to explore in detail the effectiveness and limitations of its 

own individual components. All the code used in the final implementation was written in 

Borland® C++ v4.5 to run under Microsoft® Windows™ v3.1 on a Pentium® based PC.

start

Binary Image 
No. boundary points P 
No. of boundaries N 

Field type

Locate Boundary

Resample Boundary

Loop

Smooth Boundary

Generate Energy Field

P=1 Calculate Curvature

Loop+1

Loop < N ;

Apply Active Contour

Loop+1

Image + Bilateral Axi^

-yes<^Loop < N

End

Figure 9.1 Outline o f  the symmetry detection algorithm.

The underlying algorithm is composed of six inter-dependent components (highlighted 

in grey in figure 9.1). The boundary, described as a set of %, y  coordinates, is extracted using an 

8-connected inner boundary tracing technique (appendix II). Boundary resampling is achieved 

using the simple method described in appendix II. The other four processes have been 

discussed in previous chapters. Although the structure of the overall algorithm is relatively
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simple, a working implementation requires sensible control of the multiple executions of the 

individual components. This is achieved by taking into account the following:

• The ability to determine an appropriate range over which repeated boundary smoothing 

and subsequently axis detection occurs.

• The identification of the parameter values that give optimal performances of both the 

smoothing and active contour processes.

• The eradication of weaknesses in the component processes that are potential sources of 

accumulative errors.

The first two of these requirements are concerned with selecting appropriate controlling 

parameters. The following discussion of the implementation of this algorithm focuses on this 

fact. Although the eradication of accumulative error is not a matter of parameter selection, there 

are links and will be considered in the discussion where appropriate. It is intended that this 

examination of the implementation at this level will give an adequate insight into the workings 

of complete symmetry detection process while avoiding recourse to the fine detail of the 

program code.

9.2 Parameter Value Selection
Table 9.1 lists the parameters that have to be assigned appropriate values for the complete 

symmetry detection process to work. Boundary point number has been discussed previously in 

chapter eight and a value of 256 was suggested as the optimal value. The remaining 12 

parameters control the smoothing process (Oliensis) and the behaviour of the active contour. 

The abihty to change the value of each of these parameters and observe the immediate effects is 

fimdamental to the development and improvement of each of the component processes and was 

included m the program design. However, the need for intensive user intervention and the use of 

knowledge gained through interaction is a severe limitation to efficient automatic bilateral axis 

location necessary for the general task of axis evaluation and comparison.

Ideally, automation would entail the calculation of the optimal value for each parameter 

as the associated process occurs on the basis of a recognised relationship between it and known 

information. This has been partially possible with regard to Oliensis filtering and will be 

discussed below. The automatic formulation of the relationships between other parameters (e.g., 

the number of intermediary boundaries) and the given shape information, although possible, has 

not been undertaken in the current implementation. However, a less robust automation has been 

achieved by assigning fixed, generally applicable, values to the variable parameters.

98



Chapter 9 Implementation

PROCESS PARAMETERS VALUE

Boundary Location n/a n/a

Boundary resampling Point number (?) 256

Boundary Smoothing K . 1 - start -2.0

Oliensis K 1 . end Calculated

K . u - start 2.0

K u  - end Calculated

Tuning (C) 2.0

Step number (N) 20

Energy field generation n/a n/a

Curvature calculation n/a n/a

Active contour Snaxel number (S) 50

Iteration (I) 150

Damping (D) 3.0

Tension (a) 0.0

Stiffiiess (p) 0.5

Image Force ( W u n e ) 0.01

T able 9.1 The optim al values o f  the variable  param eters used in the f in a l implementation o f  the 
sym m etry detection process.

Using the set of nine representative shapes discussed in chapter one (figure 9.2), manual 

manipulation revealed that the parameter values appropriate for symmetry detection in the more 

complex shapes (figure 9.2 g, h, i) are also applicable to less complex shapes. On the basis of 

this fact, the unknown parameters where assigned fixed values that were shown by experiment to 

give appropriate results in all the test shapes. Although this approach works and bilateral axis 

detection is possible without user intervention, it does have two drawbacks. The set of 

parameters that works for a given set of shapes is not optimal for the majority of shapes in that 

set and there is no guarantee of generality. That is, they may not necessarily be appropriate for 

shapes other than the test set.
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Figure 9.2 Test shapes. The nine test shapes w ere  
represented as 128 x 220  binary images.

9.2.1 Parameter Selection for Sequential Oliensis Filtering
The Oliensis filter is described by three parameters Ki, Ku and C. The filtering process is 

independently performed on each set of frequency values corresponding to the x and y  

coordinates of the boundary description. It entails the generation and application of the filter at 

specified intervals determined by the number of smooth boundaries required (N). The range of 

frequencies to which the filter is applied defines the initial { K u - s ta r u  K i - s t a r t )  and final values { K u .  

end, Ki.e„d) of the filter position, Kj and Ku. Thus, the automation of this process requires the 

computation of Ki„ and Kun for each instance the filter has to be generated over the specified 

range of frequencies describing each set of coordinates, between the limiting values of Ki and 

Ku. For each step n, Ki„ and Ku„ are calculated as shown below. However, before these values 

can be calculated the limiting values of Ki and Ku (Kustart, Kj.start, Ku-end, Ki.end) have to be 

determined.

( 9 . 1 )

( 9 2 )
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T7 (^3)N

9.2.1.1 The Limits of the Filter Range (K„.start9 K,_start» K„̂ nd> Kî nd)
In order to obtain an appropriate boundary sequence, each of the two ranges of frequencies to be

filtered have to include all those frequencies that adequately describe the given shape and

exclude those that affect size and position if changed (i.e., the zero frequency component and the

fimdamental frequency). Thus, K-start necessarily corresponds to the first harmonic (as discussed

in section 6.3.2.2).

Since each complete range of frequencies necessarily describes the data from which it is 

derived, it is reasonable to assume that the final value (Ki.e„d) corresponds to the highest 

frequency component in the range. However, significant (coarse) shape information is only 

contained in the lower frequencies. Filtering across the whole range, between the first harmonic 

and the highest frequency does not adequately sample the low frequency components, thus 

resulting in a large discontinuity at the coarse end of the boundary sequence.

This problem was avoided by filtering the equivalent of ninety five percent of the sum 

of the power spectra of both sets of transformed data. This excludes irrelevant high frequency 

information enabling appropriately detailed sequences to be generated. Although this approach 

means that the original shape boundary (which is necessary for the completion of the symmetry 

detection process) is never reconstructed, it can easily be included in the boundary sequence after 

the filtering process is finished, since it is known. Thus, for a specified number of boundaries N, 

only N-] have to be generated by smoothing.

The number of times the filter is applied is equivalent to the number of boundaries 

required in a sequence (N~I). Ideally, a large number of intermediate boundaries is desirable; as 

N  increases, the likelihood of sequence continuity is increased and the risk of active contour 

failure is reduced. However, practicalities (e.g., computation time and memory constraints) limit 

the maximum number of steps, in this implementation, to twenty.

The values of  Ki.start and Ku-end^^^Q determined by experiment using the nine test shapes 

(figure 9.2). Optimal boundary sequences were obtained when the filter width (w) (i.e., the 

difference between the pairs of upper and lower values) was equal to four.

Thus;

^1-skH  -  ^u-stcH  ~  ( ^ )  ( ^-4 )

= (9.5)
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The optimal value of C, which controls the fine tuning of the filter, was found to be two 

and an adequate series of boundaries for each of the test shapes was obtained in 20 steps (N- 

1=19). An example of a filter produced on the basis of these findings is shown in figure 9.3

0.855422

I
0.6

i 0.4

0.3

0.2 -
0 144578

0 1 5 62 3 4

Frequency

Figure 9.3 Optim al adapted  Oliensis f i lte r  used  in the 
boundary sequencing o f  the nine test shapes.

9.2.2 Parameter Selection for Sequencial Gaussian smoothing
The Automation of the Gaussian filtering process is also possible. Starting with the original 

boundary, smoothing can be performed at successive predetermined increments of sigma until 

the prototype is identified by the fact that it has only two points of maximal curvature. 

However, given the success of the Oliensis filter and the potentially detrimental complication of 

shrinkage, the task of automating Gaussian smoothing was not undertaken in this 

implementation.

9.2.3 Active Contour and Boundary Anomalies
Before considering the optimal values for the six parameters that control the behaviour of the 

Kass active contour, it is worth noting that the iterative use of this type of snake is not without 

issue. A number of factors that cause undesirable snaxel behaviour have to be avoided if this 

technique is to be of value in symmetry detection.

9.2.3.1 Snaxel Clustering and Active Contour Shrinkage
The desirable movement of a snaxel is generally perpendicular to the direction of the contour at 

the point of contour-snaxel intersection. However, snaxels can also move along the contour 

allowing them to cluster in segments where the image force is higher. This behaviour is 

exacerbated by the fact that in the combined energy fields there is a general decrease in the

A account of the strengths and weakness of the Kass Active contour can be found in [Williams and Shah 1992],
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energy values towaid the boundary along ridges which terminate at a point of maximal 

curvature. This can be seen in the representation of the side-on view of an elliptical energy field 

in figure 9.4. As a consequence of this an active contour orientated along the bilateral axis will 

tend to migrate inwaid from both ends.

Figure 9.4 A side-on view o f  an elliptical energy field. This illustrates the fact that the 
energy values tail o ff  toward the perim eter o f  the shape

This problem is compounded by shrinkage caused by an approximation in the 

calculation of internal overall energy of the snake. The internal energy of an active contour is 

described by equation 7.12. Kass et a! approximated the first derivative by finite differences.

(<76)

This is equivalent to minimising the distance between the points and has the effect of causing a 

general decrease in contour length.

Together these anomalies cause active contour shrinkage and a loss o f sensitivity to 

detail in regions of the energy field where snaxel distribution becomes sparse due to clumping 

elsewhere. A possible solution to these problems entails the inclusion of a hard constraint, such 

as a minimum distance between snaxels. However, the forces generated by the energy field and 

the internal constraints need to be differentiated in order to guarantee convergence. Thus the 

inclusion of hard constraints is not possible [Williams and Shah 1992].
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9.2.3.1 Boundary Size Change
The situation is further complicated by the fact that the size of the boimdaries in a sequence 

changes (smoothing causes shrinking). In moving from the prototype to the original shape, the 

intermediate boundaries increase in size. The use of an adapted Oliensis filter prevents the 

large changes in size which occur with Gaussian smoothing, but some size change is 

unavoidable regardless of the filtering process. Given the reality of snake shrinkage and shape 

expansion, it follows that the active contour can never be long enough to detect the entire 

bilateral axis. In all the test shapes, the snake lost contact with the boundary during the initial 

interaction with the energy field derived fi*om the prototype and did not regain contact during 

the remaining boundary interrogations. Only the central portion of the bilateral axis was 

identified (figure 9.5a.).

Figure 9.5 A ctive contour and boundary anomalies. The loss o f  contact between active contour and  
boundary (a) can be overcom e by extrapolating the contour and constraining it to  the boundary (b). 
This can cause a  non-problem atic lag  in the m ovement o f  the contour extrem ities (c). This technique 
also works in extreme cases o f  boundary shrinkage (d).
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9.2.4 Modifications
Active contour shrinkage was prevented by constraining the end snaxels to the perimeter of the 

energy field. This was achieved by changing the sign of the weight {Wu„  ̂ in the image energy 

functional for the end snaxels so that they were attracted to low energy values and therefore 

drawn towards the field limits (see section 1.322). The contact between end snaxels and the 

boundary was maintained throughout the interrogation of all the boundaries. Detachment 

resulting from the transfer between boundaries of differing shapes was remedied by 

extrapolating each end of the snake in a straight line relative to the last two snaxels until the 

contour and the boundary intersected. The end snaxels were then positioned on the boundary at 

these points. Snaxel clumping was not eliminated but its accumulated effects were avoided by 

evenly redistributing the snaxels between the new end points along the contour at the beginning 

of each new boundary interrogation.

These modifications adequately compensate for the effects of snake shrinkage and 

boundary expansion (figure 9.5b). In some situations the repositioning of the end snaxels by 

extrapolation does not place them as close as the other snaxels to the energy ridges, resulting in 

the delayed arrival of the end snaxels at the bilateral ridge. This is particularly the case in the 

early stages of the interrogation process when the differences in shape between the simple 

intermediate boundaries are large. However, in the test-shapes where this occurred the lag was 

not detrimentally perpetuated and was compensated for in subsequent iterations (figure 9.5c).

The investigation of an alternative to Gaussian smoothing was prompted by the possible 

damaging consequences of boundary shrinkage (section 6.3.1). This is a legitimate cause for 

concern. However, it is adequately compensated by the modified active contour behaviour 

described above. This technique is also robust enough to compensate the considerable size 

differences between boundaries generated using Gaussian smoothing as shown in figure 9.5d.^^

9.2.5 Active Contour Parameters
An active contour can be defined in terms of the number of snaxels (S) of which it is composed 

and a time period, specified in terms of iterations, during which it is animated (I). The 

behaviour of an active contour and ultimately its final shape relies on the minimisation of an 

energy function containing a combination of internal, external and image energy values for each 

individual contour element. The control of this behaviour is dependent on the values of six 

variable parameters: a(s), p(s). Wane, Wedge, Wterm and D (see chapter seven; section 7.3.1).

With the benefit o f  hindsight it can be argued that Gaussian smoothing is adequate for generating an appropriate 
boundary sequence. However, this was not obvious at the point when the possibility o f  detrimental effects caused by 
shrinking became apparent.
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Satisfactory results were obtained in all the test shapes with one hundred and fifty iteration per 

boundary interrogation (i).

9.2.5.1 Defining the Active Contour
The value of N  is not critical. However, selecting an optimal number of snaxels entails avoiding 

both unnecessarily large and small values. Large values increase running time and 

computational expense. Small values reduce the accuracy of the match between the contour and 

the energy ridge. This is particularly important if the ridge is steeply curved or has comers; two 

few snaxels results in the comer being cut. For the interrogation of the nine test shapes, an active 

contour composed of fifty snaxels was used and the complete curve was generated (for display 

purposes) by interpolation with an Overhauser spline [Burger and Gillies 1989 pp 273-280; 

Bower and Woodwark 1983 pp 77-82].

To ensure the best possible match between an active contour and an energy ridge, the 

duration of interaction between the contour and the energy field should, ideally, be self defining. 

That is, the motion of the contour should be allowed to converge to a state of stationary 

equilibrium. However, the inherent motion caused by snaxel clustering and emergent oscillatory 

effects rarely enable a stationary state to be achieved, even with damping. It was therefore 

necessary to define the period of interrogation arbitrarily. During a snaxel and energy field 

interaction, the energy status and displacement of each snaxel is calculated. If an iteration is 

defined as an event in which all the snaxels in the contour experience a single interaction with 

the energy field, the extent of an interrogation can be described in terms of a number of 

iterations and limited accordingly.

9.2.S.2 Defining the Behaviour o f the Active Contour
In this implementation, the control of the active contour was simplified by omitting the extemal 

energy constraint (£'co«) and two of the three functionals (£’edge and E,em) that constitute the image 

energy component. Extemal energies were not included because outside influences (e.g., user 

interactions) are not a necessary part of the symmetry detection process. Hence the total energy 

(previously defined in equation 7.11) of the active contour used for symmetry detection can be 

re-written as follows:
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The expression of the total image energy (Ei^gg) as a combination of three energy 

functions that attract the active contour to lines, edges and terminations (equation 7.5) is 

intended to give an active contour a wide range of appropriate behaviour necessary for the 

interrogation of complex grey-scale images [Kass, Witkin et al. 1987]. Symmetry based energy 

fields are comparatively simple representations in which the ridges of interest clearly correspond 

to areas of high intensity. Given that the simplest useful image functional is intensity [Kass, 

Witkin et al. 1987 p 325] it is assumed for current purposes that image forces corresponding 

solely to intensity (Eii„e) are sufficient for guiding an active contour, and the need to included 

edge information {Egdge) or line segment terminations internal to the energy field (Æ'/em) is 

unnecessary for the relatively simple task of extracting high energy ridges. Thus, ignoring the 

edge and termination terms in equation 7.5, the energy {Eu„e) for each point (x,y) in an energy 

field is equal to the symmetry value (Esym) at that point and the extent of the influence of this 

energy is controlled by the user defined variable Wu„e. Changing the sign of Wu„e specifies 

whether the active contour is attracted to light or dark lines. For the test shapes, the optimal 

value of the image force (Wu„e) proved to be 0.01.

■^image ~  ^ l in e ^ l in e  ( 9  8 )

where:

E„^ = E ^ { x ,y )  (9.9)

Contained within the internal energy function (Ei„tem) are two other user defined 

parameters: a(s) and fi(s). These dictate the simulated physical characteristics of the contour: 

a(s) controls the tension of the contour and /3(s) controls its rigidity.

Sin,». = ( « W K W f  + > 9 W K W r) ''2  (9,10)

The values of the non-negative functions cc(sj and J3{s) determine the extent to which the 

active contour can stretch or bend at any point s along its length. Kass ei al [1987] offer no 

guidelines for determining the values of a(s) or p(s). However, in the implementation supplied 

by Terzopoulos the default values for these variables were set to 0.0 and 0.5 respectively. These 

values were used in the all the initial experiments with the test shapes. (Variation of these values 

will be discussed in section 9.3.2.2.). Damping was necessary to prevent oscillation: D was 

assigned a value of 3.0

The eradication of the parameter selection process means that user interaction has been 

reduced to a minimum. However, the validity of these parameters and the success of the 

modified iterative process will be discussed in the next chapter.
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9.3 Summary
With respect to the nine test shapes, optimal values for eleven of the thirteen controlling 

parameters have been posited and a method for calculating the other two has been suggested. 

Problems associated with snaxel clustering, boundary shrinkage (expansion), and active contour 

shrinkage have also been considered. Where necessary, modifications to the implementation of 

the procedures involved have been suggested. The specific nature of the energy fields have 

made possible the omission of the extemal energy constraint and two of the fimctionals that 

constitute the image energy, thus simplifying the control of the active contour.
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Chapter Ten 
Symmetry Analysis

10. Overview
In the previous four chapters a technique for bilateral axis extraction which entails the 

interrogation of the local symmetries in a multiscale boundary description of a shape using 

active contours has been developed. In this chapter, the validity of axes extracted in this way 

will be examined and their role in analysis of symmetry will be considered. Techniques will be 

explored which enable asymmetry to be quantified in terms of the size of the deviation of the 

axis from its ideal form. A method for identifying the boundary distortions that cause 

asymmetry is also posited. The discussion begins with a detailed examination of the implicit 

assumption that the final position of the active contour corresponds to the bilateral axis of the 

shape being analysed
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10.1 Results
At first glance the results obtained by this approach to symmetry detection are as expected. The 

final forms of the active contours in the nine test shapes (figure 10.1) generated using the control 

parameters discussed above have a strong correspondence with the intuitive conception of a 

bilateral axis discussed in chapter one (figure 1.3). That is, they are smooth, continuous, they do 

not fork, and they intersect the boundary in two and only two places.

Two steps remain in the symmetry detection process; the quantification of the 

asymmetry as represented by the bilateral axis and the identification of its source. Before these 

are considered, the results obtained will be analysed with particular emphasis on the validation 

of the claim that the final position of the active contour and the bilateral axes correspond. As a 

precursor to this discussion, a means of classifying asymmetry will be posited based on the 

appearance of the axes extracted from the nine test shapes.

10.1.1 The Classification of Asymmetry
Given a correspondence between the final form of the active contour and the bilateral axis, an 

interesting new distinction can be made in the asymmetries of the test shapes on the basis of the 

appearance of their respective axes. Although the number of shapes used in these experiments is 

small, these distinctions are obvious and are worth making, particularly for descriptive purposes.

Asymmetrical changes in a shape results in distortions of its bilateral axis. It is apparent 

from figure 10. Id and ĝ  ̂that these distortions can be described in two general ways. Either the 

shape change results in a global, continuous distortion of the axis, or the change is focused 

causing localised distortions in the axis which remains generally linear. Although there is no 

absolute divide between these two states, nor an absolute definition of either, they are potentially 

useful as a simple means of broadly classifying asymmetrical change into four distinct 

categories. For current purposes, each of these four possible symmetry states will be attributed a 

two element name. The first of these elements refers to the global symmetry state and the 

second refers to the local symmetry state.

• Symmetric/Symmetric. A shape that can be described as symmetric/symmetric is 

reflectionally symmetric. Neither global or local asymmetries are present and the bilateral 

axis is straight. (Shapes a,b,and c.)

• Asymmetric/Symmetric. Shapes with this symmetry state are globally asymmetric and locally 

symmetric. The change in the bilateral axis is continuous along its length with no localised 

distortions. This is caused by an overall change in an object’s shape. (Shapes d,e and f.)

Hereafter the test shapes will be referred to by their respective letters alone and reference to the figure will be 
omitted.
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• Symmetric/Asymmetric. In this case global symmetry prevails although it is partially 

distorted by localised asymmetries. This is caused by local changes in shape (Shape g). A 

perfect instance of this kind of symmetry state is not possible as a shape cannot be 

reflectionally symmetric (global) and have local distortions. However, a conception of an 

approximation of this symmetry state is a useful tool.

• Asymmetric/Asymmetric. This is the most complex symmetry state where both global and 

local distortion in a shape’s symmetry exist. (Shapes h and i.)
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Figure 10.1 The bilateral axes o f  the nine test shapes. Each o f  these axes were extracted using the control 
param eters discussed in section 9.2.
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10.1.2 Axis Validity

If this symmetry extraction technique is to be of any practical use in the evaluation of symmetry, 

the size of the deviation of the axis from its symmetrical ideal must be quantifiable. Given that 

asymmetrical distortion of the axis of reflection symmetry, which by definition is straight, 

causes a change in the curvature of the axis, it is reasonable to assume that the asymmetry can be 

measured in terms of the deviation of the absolute curvature value of the axis fi'om zero. 

However, before the quantification of symmetry can be explored it is necessary to consider the 

validity of the implicit assumption that the final position of the active contour corresponds to the 

bilateral axis. Given the symmetry-based nature of the energy fields, this is a reasonable 

assumption. However, without significant justification, active contour based symmetry detection 

is of little merit.

10.1.2.1 Axis Evaluation
The bilateral axis of a symmetrical shape is an axis about which the shape is locally symmetric. 

The assumption that there is a direct correlation between the final position of the active contour 

and the bilateral axis can be validated by evaluating the extent that the shape is locally symmetric 

about the new found axis. This can be achieved by comparing the original shape with an 

equivalent shape known to be locally symmetrical about the axis in question. A match would be 

a clear indicator that the final position of the active contour and the bilateral axis of the shape 

under consideration are the same.

The generation of a second shape which is symmetrical about the final form of the active 

contour is a simple process dependant on the following facts. Any point on an axis of 

reflectional symmetry, and therefore a bilateral axis, is mid-way between a pair of points on the 

associated shape boundary. These can be joined by a line which is a perpendicular bisector of 

the axis. The perpendicular bisector at a point (p) on the bilateral axis of a given shape can be 

generated by extrapolating the normals (n, n ') either side of the axis at that point (figure 10.2a). 

Performing this extrapolation as a process in which the normals are transversed at a constant 

velocity will result in interactions with the boundary which reveal the symmetrical relationship 

between the axis point and the points of intersection. Simultaneous interactions indicate a local 

symmetry between the points at which the intersections occur relative to the initial axis point. A 

unilateral interaction is indicative of a local asymmetry. Although in the latter case the end point 

of the second normal is not on the shape boundary, it will correspond to a point on a different 

shape boundary that is symmetrical about the given axis.

It follows that the repetition of the extrapolation process for every point on the axis 

corresponding to the final position of the active contour will give a collection of boundary point 

pairs that constitute a second shape boundary that is symmetrical about the axis. In cases where
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the axis under consideration is the bilateral axis, the original and derived shapes will match. An 

axis that does not correspond to the bilateral axis, either completely or partially, will result in a 

poor correspondence between the old and the new boundaries. The match can easily be 

evaluated in terms of the percentage difference between the areas within the two boundaries; 

the smaller the difference the greater the match. A perfect match indicates that the axis under 

consideration is the bilateral axis for the given shape.

Figure 10.2 Symmetrical shape generation. Symmetrical boundary’ construction is 
achieved by generating local symmetries relative to the bilateral axis with respect to 
the original boundary (a). The area within a boundary can calculated and is shown 
here as red and blue patches either side o f  the axis.

The evaluation of the two shapes was achieved in the current implementation by a 

comparison of the number of pixels contained within the original shape boundary and the 

number of pixels under the extrapolated normals. In order to achieve this successfully it is 

necessary that the normals do not extend further than the distance between the axis point and 

the first point of contact with the boundary.^"* Also, the axis has to be sampled at a sufficiently 

small intervals to allow for complete coverage of the shape by the normals (Figure 10.2b).

The graph in figure 10.3 shows the percentage match (table 10.1) for the nine test 

shapes based on axes extracted using the parameter values determined above. Allowing for 

small quantisation errors which are inevitable when working in pixel space, the matches 

between original and derived symmetric/symmetric and asymmetric/symmetric shapes are 

satisfactory. However, the matches for the other categories of symmetrical shape are poor; they 

are less than expected after quantisation errors have been taken into account. Before they can 

be accepted as an indication of an optimal correspondence between the final position of the 

active contour and the bilateral axis, the possibility of other, more appropriate, axes have to be 

considered. This necessitates an investigation into the effects of changing the parameters that 

control the behaviour of the active contour.

Special consideration has to be taken when the normal extends across a concavity in a shape, e.g. between the 
body and wing o f  the aeroplane (shape c).
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Shape Area Match (%) Symmetry Classification
a 100.00 Symmetri c/Symmetii c
b 97.38 Symmetric/Symmetric
c 97.56 Symmetric/Symmetric

d 99.31 Asymmetric/Symmetric
e 99.40 Asymmetric/Symmetric
f 96.51 Asymmetric/Symmetric

8 91.21 Symmetric/Asymmetric

h 82.75 Asymmetric/Asymmetric
i 86.52 Asymmetiic/Asymmetric

Table 10.1 Area matching and symmetry classification. The accuracy o f  the area 
match (generated using default param eters) is rela ted  to the symmetry apparent in 
the shape under consideration.

( 1 )
Symmetric
Symmetric

100
>  95

2 90 
D

?  85
3
= 80 o
3  75

70

Asymmetric Symmetric Asymmetric
Symmetric Asymmetric Asymmetric

Shape

15 = 0.5

Figure 10.3 Area matching . This graph shows the extent o f  the 
area matches between the nine original test shapes and their 
derived symmetrical equivalents based on axes generated using 
the con trol param eters described in section 9.2.

10.1.2.2 Axis Variability
The behaviour o f an active contour is the result of a fine balance between internal and external 

forces. The internal forces minimise local curvature, while the external forces compel the active 

contour to follow general energy features. By varying the user definable parameters, it is 

possible to follow the image features either in a global sense, or very precisely, or in a way that 

gives an axis somewhere in between [Lobregt and Viergever 1995]. It follows that it is possible 

to generate more that one axis for a given energy field and, therefore, there is good reason to
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doubt the exact correlation between the final axis identified by the active contour and the actual 

bilateral axis.

Of all the parameter values previously discussed, the two most likely to influence the 

final shape of the active contour are those that control its tension and stiffness: a, and p  

respectively. Changing the values of a  has little effect because the resampling process 

necessary for this implementation eliminates its general effect. However, changing the values 

of p  clearly affects the final shape of the active contour (figure 10.4a) and consequently the 

quality of the matches between the original and derived shapes (figure 10.4b).

(a)

p = i p = 0.5 p = o.i i, ii and Hi 
superimposed

(b)

95.3% 96.5% 98.0%

Figure 10.4 Active contour flexibility. The final shape o f  the active contour (a) and the 
quality o f  the matches between the original and derived shapes (b) are effected by the value

of/%

The effects of varying p  were evaluated for the test figures. Table 10.2 shows the 

percentage area matches for each of the shapes calculated using symmetrical counterparts 

derived from axes generated using a range of P values between 0.1 and 1.0. The overall effect 

of a change in the values of p  can be seen if the extreme values (0.1, 1.0) are compared 

graphically with the default value of 0.5 (figure 10.5, 1 and 2). The quality of the match in 

asymmetric/symmetric, symmetric/asymmetric and asymmetric/asymmetric shapes is generally 

improved by decreasing the value of P (0.1) (figure 10.5, 1) and the match in

116



Chapter 10 Symmetry Analysis

symmetiic/symmetric shapes is improved with a higher value of (3 ( 1.0) (figure 10.5, 2). These 

results coiTespond with the eommon-sense view that a flexible snake (less stiff) is more effective 

at modelling curved features and a stiff active contour is better at representing straight features. 

The implications of this variability will now be considered.

Shape
a b c d e f 9 h 1

0.1 100.0 96.37 89.33 72.10 99.47 98.01 97.49 87.48 97.66
0.2 100.0 95.57 91.82 99.21 99.30 97.67 94.75 85.90 88.47
0.3 100.0 95.84 97.90 99.33 99.31 97.48 91.45 83.36 87.92
0.4 100.0 97.00 98.18 99.28 99.37 96.56 91.27 82.6 87.16
0.5 100.0 97.38 97.56 99.31 99.40 96.51 91.21 82.75 86.52
0.6 99.48 97.76 97.85 99.31 99.40 96.50 91.19 83.08 86.39
0.7 100.0 98.17 98.06 99.25 99.37 96.07 91.10 82.97 86.29
0.8 98.95 98.45 98.15 99.30 99.41 96.02 90.64 82.95 86.32
0.9 100.0 98.64 98.28 99.31 99.39 95.66 90.63 82.95 86.48
1 99.48 98.73 98.67 99.31 99.42 95.32 90.63 83.08 85.41

Table 10.2 The percentage area matches for each o f the test shapes calculated 
using symmetrical shapes derived from axes generated using a range of/5 
values between 0.1 and 1.0.

( 1 )
Asymmetric Symmetric Asymmetric
Symmetric Asymmetric Asymmetric

100 

>  95

2 90 
a
I  85

I
3  75

70

Symmetric
Symmetric

Shape
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■  p = 0.5
f—1 _ Improved 

‘ area match

(2 )
Asymmetric Symmetnc Asymmetric
Symmetric Asymmetric Asymmetric
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> 95
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3

80o
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Symmetnc
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Figure 10.5 The effects o f  changes in active contour flexibility. The quality» o f  the match 
between the shapes fg .h  and i and their derived symmetrical fortn is im proved with a 
flexible snake (fl -  O.l) (graph I). Similarly, the match between shapes b and c are 
improved with a s tiff  active contour (fl = I.O)(graph 2).
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10.1.2.3 An Explanation of Axis Variability
The validation of the claim that there is a direct correspondence between the bilateral axis and 

the final position of the active contour in the test shapes has required the development of a 

technique in which this relationship can be evaluated in terms of a locally symmetric ideal. 

Initial experiments using this technique revealed that the correspondence between the final 

positions of the active contour in the more complicated shapes (symmetric/asymmetric, 

asymmetric/asymmetric) corresponds poorly with the bilateral axis. Subsequent experiments in 

which the value of p  was varied showed that it is possible to generate more locally symmetric 

axes and improve these results. However, there is no single value of p  that gives an overall 

improvement in the correspondence obtained using the derived symmetrical shapes generated 

from axes produced using the default parameters.

If this state of affairs is accepted as an inevitable but benign complication, optimal 

results can be obtained by the incorporation of another stage in the axis detection process. This 

would entail the inclusion of a cycle of active contour interrogations over a range of P  values. 

The final position of the active contour in each case can then be assessed using the area match 

method and the interrogation process repeated until the best correspondence between the active 

contour and the bilateral axis is found. However, if the possibility of improved correspondence 

between the active contour and the bilateral axis is considered to be an indication of a weakness 

in the interrogation technique, further examination of the problem is required.

For the purposes of establishing the extent of any axial correspondence, it has been 

assumed that the bilateral axes that exist in each of the test shapes is smooth, continuous, does 

not fork and can be uniquely described in terms of local symmetries. For the most part this is a 

reasonable assumption, particularly with regard to symmetric/symmetric and 

asymmetric/symmetric shapes. Nevertheless it is possible that some sh^es do not have a 

bilateral axis that is both definable in terms of local symmetries and is smooth and continuous 

and in such cases axial forks or comers are evident. In situations where the axis is not smooth 

but angular in some respect, it follows that an active contour, prevented from forking or bending 

sharply by its internal constraints, will only approximate the non-smooth axis; hence poor 

correspondences.

It can be seen from the energy fields derived from the more complex shapes (figure 

10.6) that angularity can exist in the energy ridges that are likely to correspond to the bilateral 

axis. It is therefore reasonable to assume that the explanation for poor axial correspondences in 

asymmetric/symmetric, asymmetric/asymmetric shapes given above does apply in some of the 

test cases. In short, none of the test values of p  allow the flexibility required by the active 

contour to adhere to the symmetrically defined angular axial ridges. Allowing p  to be zero 

would theoretically solve this problem, but by permitting the active contour to become angular.
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the goal of detecting the smooth continuous bilateral axis that is intuitively perceived in most 

shapes is defeated.

Figure 10.6 Energy ridge angularity. In complex shapes 
corners can exist in the energy ridges.

It seems that inaccurate correspondences between the final position of the active 

contour and the bilateral axis is not as problematic as it might have first appeared, since 

accurate correspondence may not give what is being sought. However, given that a smooth 

equivalent to the angular axis is closer to the desired axis, a means of selecting the best 

approximation must now be considered.

10.1.2.4 Axis Selection
An automatic axis selection process, as described above, would generate all the possible axes 

and identify the appropriate axis using the area matching process. Selection, in this case is 

therefore local symmetry-based and would necessarily allow angular axes to be isolated. Any 

other stopping clause included to prevent this would have to respond to the appearance of non

specific comers and forks. The broadly defined nature of the desired axis means there is no 

specific property that would enable these to be recognised easily. Their identification would 

necessitate the inclusion of complicated ad hoc rules with no guarantee of general applicability.

Each value of P  gives rise to an active contour that in the majority of cases matches the 

bilateral axis (allowing for reasonable errors). In some cases, the shape of the axis and the 

extent of the matches vary considerably, depending on the value of p. The inability to isolate a 

perfect bilateral axis in any definable sense means there is no single absolute axis that can be 

found in all shapes. Within the broad definition of a bilateral axis many axes can fulfil the role 

and are therefore all acceptable for axial based tasks. Thus, the monitoring of symmetrical 

shape in terms of axial change in two variants of the same shape, can be legitimately assessed 

in terms of any of the possible axes as long as the axes in related shapes are isolated under the

119



Chapter 10__________________________________________ Symmetry Analysis

same conditions, i.e. the controlling parameters are the same. In short, where more than one 

possible axis exists choosing which one to use, within reason, is a r b i t r a r y F o r  current 

purposes the default parameters were used.

10.1.3 Axis quantification
The ability to measure the changes in a shape’s symmetry is a potentially simple and useful tool 

for monitoring ill-defined and complicated shape changes. A bilateral axis encapsulates the 

symmetry of the shape from which it is derived; asymmetrical properties of the shape manifest 

as distortions of the bilateral axis that in the ideal symmetrical state would be a straight line. The 

deviations in the bilateral axis, i.e., the distortions of the straight line, are simple representations 

of general shape changes and are relatively easy to evaluate.

A partial quantification of a shape’s symmetry can be achieved in terms of an area 

match as described above. Assuming the axis under consideration is the nearest equivalent to the 

bilateral axis, the percentage area match would be a measure of the extent that the given shape is 

locally symmetric about that axis. For example, the good area match in shape a (100%^) is 

indicative of general local symmetry and the poor area match for shape g  (96.5%^^) is suggestive 

of an asymmetric distortion caused by a local asymmetry. However, the existence of the 

obvious global asymmetries in asymmetric/symmetric shapes are not accounted for in this type 

of evaluation. Using this technique, both symmetric/symmetric and asymmetric/symmetric 

shapes would be evaluated as being locally symmetric about their respective axes and therefore 

symmetrically equivalent. For example, the area match of shapes a and e (100% and 99.4% 

respectively^^ ) verify that they are locally symmetric about their respective axes, but the value 

for shape e gives no indication of its global asymmetry.

The most obvious change in the bilateral axis that occurs as a result of either global and 

local symmetry shifts is a variation in axial curvature. It therefore seems reasonable to assume 

that the asymmetrical change in a shape can be quantified in terms of the changes in the absolute 

average curvature value of the axis from zero (straight). In order to explore this relationship, the 

curvatures at each snaxel in the active contour corresponding to the bilateral axis were calculated 

using a least squares curve fitting algorithm [Coombes 1993]^ .̂ A least squares quadratic is 

fitted about each point in the bilateral axis and the coefficients are used to calculate the partial 

derivative and hence the mean curvature of the axis. For ease of discussion, the points used in 

the fitting process are referred to as a strip, where each strip consists of the point of interest and

This is an important conclusion, particularly from a philosophical point o f  view. The commitment to the legitimacy 
o f  more than one possible axis (i.e., the rejection o f  monism) is a rejection o f  anti-realism and perpetuates a realist 
view  o f  the world.

^  Using the default parameter values.

^  This algorithm was used because it is an estabhshed tool used in surface analysis and is well understood. An outline 
o f  some o f  the other methods for calculating curvature in discrete curves can be found in [Williams and Shah 1992].
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an equal number of points either side of it. The accuracy of the fit is dependent on the number 

of neighbouring points in the strip. Figure 10.7 shows five plots of the absolute curvature values 

generated for each snaxel along the final axes for shape d. Each plot depicts the effects of 

increasing the strip widths (i.e., the number of points used in the fitting process). Although an 

underlying smooth change in the curvature can be seen, it is evident that curvature calculation 

based on small strips is susceptible to noise and larger strip widths have a smoothing effect. A 

strip width of fifteen was used for the calculation of the curvatures at each snaxel along the 

final axes in all the test examples. This selection was intended to exclude noise and capture the 

general curvature of the whole axis, yet prevent the loss of localised curvature changes caused 

by local asymmetry and also to minimised the extrapolation necessary to calculate the curvature 

at the ends of the curve.
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Figure 10.7 Axial Curvatures Each p lo t depicts the absolute curvature values fo r  each snaxel 
calculated at different strip widths, in the final axis fo r  shape d.

Curvature is the change of inclination of the tangent to a curve relative to the length of 

arc where the change per unit length measured as the limit as that length tends to zero. In the 

examples below a scaling between pixel and a standard unit of length has not been defined, 

therefore all the curvature values are per pixel (pw ‘). This is adequate for current purposes, i.e. 

to show the affects of asymmetrical shape change on axis curvature. However, comparisons 

between curvatures of axes extracted from images of varying resolution are not possible. In 

order to obtain consistent curvature values regardless of image size, a conversion from pixel to 

standard unit of length is required.
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10.1.3.1 Asymmetrical Shape Change and Curvature
Table 10.3 shows the average curvatures of the final axes extracted from each o f the test shapes 

calculated over a range of strip sizes. For the reasons given above, the values generated for a 

stiip size of 15 aie taken as optimal. An examination of these results shows that the average 

curvature values are higher for the axes in asymmetrically complex shapes (figure 10.8). This 

trend appears to support the claim that the relationship between average curvature and 

asymmetrical distortion is a valid basis for quantifying asymmetry.

Strip Size
3 5 7 11 15 19 23 27 31

a 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
b 0.0083 0.0041 0.0026 0.0016 0.0011 0.0008 0.0006 0.0006 0.0006
0 0.0076 0.0038 0.0023 0.0010 0.0006 0.0003 0.0002 0.0002 0.0002
d 0.0082 0.0072 0.0067 0 0066 0.0066 0.0067 0.0068 0.0069 0.0071
e 0.0138 0.0126 0.0120 0.0107 0.0098 0.0090 0.0083 0.0077 0.0071
f 0.0154 0.0128 0.0114 0.0112 0.0112 0.0109 0.0105 0.0100 0.0095
g 0.0146 0.0110 0.0083 0.0051 0.0037 0.0027 0.0020 0.0015 0.0012
h 0.0234 0.0199 0.0176 0.0145 0.0115 0.0089 0.0070 0.0059 0.0051
i 0.0242 0.0214 0.0192 0.0159 0.0137 0.0121 0,0104 0.0088 0.0078

Table 10.3 Average curvatures (pW^) o f  the fin a l axes extracted from  each o f  the test shapes calculated fo r  a range 
o f  strip  sizes. Optimal values are shaded.
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Figure 10.8 Test shape axial curvature. Axial curvature is higher in 
asymmetrically complex shapes.
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A primary purpose of evaluating symmetry is to be able to assess and analyse 

progressive asymmetrical distortions in a single shape. The examples in Figure 10.9 show 

successive stages in three types of asymmetrical change in four shapes:

Initial Shape Final shape Figure 10.9

Symmetric/Symmetric Symmetric/Asymmetric a,b

Symmetric/Symmetric => Asymmetric/Symmetric c

Symmetric/Asymmetric => Asymmetric/Asymmetric d

In each case the extent of the distortions are clearly reflected in the average curvature values 

regardless of the type of asymmetrical change. A curvature value of zero is indicative of a 

straight axis in a symmetrical object and the values obtained in each successive asymmetric 

distortion is an obvious and simple means of quantifying its asymmetry.

10.1.3.2 Symmetry Identification
The final stage of the symmetry analysis process involves identifying the asymmetry type and 

determining its source on the boundary. Given the average axial curvature values alone, little 

can be said about the type of asymmetrical distortions that occur. However, if curvature values 

are considered in conjunction with a measure of area match, which is an indicator of local 

distortions only, global asymmetries can be identified. A curvature change not associated with a 

change in area match (allowing for a small margin of error) is a positive indicator of a global 

asymmetry change (figure 10.9c). Although useful, it is not possible to identify local

asymmetries in isolation because an associated curvature variation is an inevitable 

accompaniment to localised change. However, a variation in both area match and curvature is a 

clear indication that the deviation is, in part, caused by a local asymmetry.

Arguably,^^ not only can a change in area match indicate the presence of local 

asymmetry in a shape, its rate of change is a potential indicator of the sharpness of the 

asymmetry. This is illustrated by the two examples of local asymmetry shown in figure 10.9a 

and b. The rapid decrease in the area match in figure 10.9a compared with that shown in figure 

10.9b is a consequence of a poor correspondence between the active contour and an angular 

ridge that results from small, sharp local distortions.

This is a speculative claim and has not been tested
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Figure 10.9 Sequential symmetry distortions is single shapes
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10.1.3.3 Identifying Sources of Asymmetry
The identification of the boundary distortions that give rise to an asymmetry is a relatively 

simple process. The curvature of an axis is directly related to the complexity of the asymmetry 

of the shape in which it lies. If large curvature values are indicative of significant asymmetries, 

it follows that curvature extrema correspond to points of highest asymmetrical distortion. Thus, 

the sources of asymmetry can be identified by isolating the points on the bilateral axis that lie 

on curvature extrema and tracing them back to the boundary points from which they were 

derived. The positions of the points that constitute a distorted bilateral axis are determined by 

pairs of locally symmetric points on the boundary. It follows that boundary points related to the 

points of maximal curvature can be found by regenerating their local symmetries from the axis 

outward. This can be achieved by extrapolating normals either side of the axis as described in 

section 10.1.2.1. Consider the axis found in shape g (figure 10.1 Ob): the two points of maximal 

curvature (C/ and Q ) highlight two axial points (P, and P2) (figure 10.10a). The points that 

constitute their parent local symmetries (F |,F f and F], F2’) lie in the region of maximal 

asymmetrical distortion.

(b)

£• 0.008

g §

F,

Y Value

Absolute Curvature Bilateral Axis

Figure 10.10 Locating boundary distortions. Curvature extrema (C/ C2)  correspond to significant axial 
points (Pi, P^) which can be related to symmetrical boundary disturbances(Fi,Fi ’ and

It is rare that asymmetric distortions are as well defined as they are in shape g. 

Generally they are indistinct and related to a series of axial points. Regions of asymmetry can 

be found by generating local symmetries along the length of the axis and scoring the boundary 

points relative to the curvature values at their parent axial points. In figure 10.11, each local 

symmetry is coloured according to its associated curvature value; lighter colours correspond to 

high curvatures. In these examples the major regions of asymmetry are highlighted by the fact 

that they fall within the violet region of the spectrum. This approach does not rigidly define
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asymmetrical regions but it is a useful tool for visualising and comparing the boundary 

distortions that cause asymmetries.

Max
Curvature

Min
Curvature

Figure 10.11 Regions o f  asymmetrical disturbance. Areas o f  asymmetrical 
distortion (R ,R’) can be identified by scoring boundary point pairs relative to the 
curvature values at their parent axial points.

Two boundary points (or regions) are identified for each axial point (or area of axial 

distortion), e.g., points F/ and F f  in figure 10.10b and regions R and R ’ in figure 10.11. It 

follows that in each case the distortion could have been caused by one of two possible events. 

In the case of shape g, either point Fi was pushed away from the general shape in the direction 

D/ or point Fj which was originally on the point of a protuberance, was pushed inward in the 

direction D2. Similar pushing or pulling could have taken place in both the shapes shown in 

figure 10.11. Without historical knowledge of the shape it is not possible, from the information 

given, to distinguish which movement caused the asymmetry.

10.2 Summary
The validity of the extracted axes has been discussed in detail and two methods of quantifying 

asymmetrical distortion based on axis deviation have been developed. A means of identifying 

the distorted boundary regions that cause asymmetry has also been posited. The proposed new 

approach to symmetry analysis is now fully developed.
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Chapter Eleven

Final Considerations

11. Overview
In the previous chapter, the multi-scale approach to bilateral axis extraction described in this 

work was shown to generate appropriate bilateral axes for the nine test shapes. However, this 

approach to symmetry extraction is not without its faults. In this, the final chapter in this work, 

the weaknesses encountered during the development of this technique will be discussed. 

Explanations are given and, where possible, practical solutions worthy of inclusion in any future 

implementation of this work are considered. Other aspects of future work, including the 

improvement of the technique itself and its applications to various practical tasks are also 

discussed. In conclusion a general summary is given.
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11.1 Anomalies
The purpose of this project has been to design a general tool for the extraction of the bilateral 

axis in as many different shapes as possible. It is rare that such a general aim is totally 

successful as exceptions and limitations generally arise. In the following discussion some of 

the more significant anomalies encountered during the development of this technique will be 

discussed and, where possible, solutions will be given.

11.1.1 Prototype Shape
It has been taken for granted that any shape can be reduced to an ellipse by boundary 

smoothing. This assumption is flawed. In some sequences the final shape is a circle (figure

11.1 a,b and c). Consequently it is impossible to select an appropriate starting position for the 

active contour. Although this is a serious problem, it is not insurmountable. The shapes that 

reduce to a circle have one property in common: they have at least two axes of reflectional 

symmetry which are of the same length, that is, a single unique bilateral axis does not exist̂  ̂

(figure 11.1 i, ii, and iii). Information other than that available from the boundary is required to 

identify a single axis of reflectional symmetry as the bilateral axis and to determine the position 

of the active contour relative to this axis in the prototype.

□ □□A.2

A,1 = A.3; A.2 = A.4

A.1 = A.2 = A.3 = A.4

A1 = A.2 = A3

Figure 11.1 Circular prototypes. Shapes with multiple axes o f  reflectional symmetry o f  equal length have circular 
prototypes.

There is no deductive proof that multiple identical reflectional axes are always the cause o f  circular prototypes but 
practical experience suggests that this is likely.
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It has been known for some time that bilateral symmetries are perceptually most 

prominent when aligned vertically [Mach 1897̂ °; Palmer and Hemenway 1978]. Thus, if a 

preference for the vertical axis is assumed and all shapes under test are orientated in a 

perceptually appealing manner, there is a high probability that an active contour vertically 

positioned in the prototype will align with the desired bilateral axis. Such an approach is 

orientation dependent and requires user intervention. However, it is likely to solve the 

problems associated with circular prototypes.

11.1.2 Concavities
Some shapes have concavities that span the bilateral divide (figure 11.2a). Although the 

bilateral axis dominates in the final energy fields of shapes of this type (figure 11.2b), 

prominent energ)/ ridges exist either side of the concavity in earlier energy fields. These cause 

the active contour to deviate away from the bilateral axis, (figure 11.2c).

In the axis tracking discussed so far, only the areas of energy fields contained within 

shape boundaries have been considered. The fact that energy fields extend beyond shape 

perimeters where concavities exist, these have been of no consequence (figure 11.2d). 

However, it seems reasonable that the exploitation of these external energy field regions offers 

a potential solution to the problems associated with boundary depressions.

'  B ilateral 
Divide

Figure 11.2 Boundary concavities. Some shapes have concavities that span the bilateral 
divide (a). These cause the active contour to deviate permanently from  the bilateral axis 
during the tracking process.

Reference unseen; cited by Palmer[1978].
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11.1.3 Intuitive axes
The final forms of the axes in the nine test shapes have a strong eorrespondence with the 

general intuitive conception of a bilateral axis. They are smooth, continuous, they do not fork, 

and they intersect the boundary in two and only two places. However, close examination of the 

ends of the axes in shapes /  and / (figure 11.3a and b) reveals subtle differences from the 

terminations that are likely to be anticipated intuitively. In each case the axes tracked by the 

active contour ends in an acute comer of the boundary (figure ll.Sai and bi) as opposed to a 

point midway along the short side of the shape as might be expected (figure ll.Saii and bii). 

The significance of this behaviour can be seen if the bilateral axis in a simple shape with 

acutely angled comers is considered (figure ll.Sci). The extracted axis in this case (figure 

11.3cii) is very different from the desired axis (figure 11.3ciii) .

Shape iShape f

F ig u r e  1 1 .3  Eccentric axial terminations. Acute boundary angularity gives rise to 
axial termination (ai,bi) contrary to the expected (aii, bii).
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The cause of this problem is the prevalence of inappropriate energy ridges throughout 

the energy field sequence (figure 11.4). Ridges corresponding to the desired axis do not appear 

until late in the succession of energy fields (figure 11.4 boundary 13) long after the active 

contour is likely to have aligned itself with the strong but anomalous ridges elsewhere.

r T  \

' T ~ \/ " T ' \  <"T"

Figure 11.4 A flaw ed  energy field. Energy ridges corresponding to the bilateral axis do not appear in the early  
energy fields in this sequence.

Although there is no obvious solution to this problem, the axes obtained still fall within 

the broad definition of an acceptable bilateral symmetry and are therefore legitimate. As long 

as this effect is consistent, the symmetry evaluations that are obtained based on these axes are 

valid and have a use in monitoring asymmetrical change. Even if this point of view is not 

accepted, this problem does not undermine this technique: it only means that this approach to 

symmetry analysis is limited with respect to the range of shapes to which it can be applied.

11.2 Future Work -Technique Development
A pressing concern throughout the development of this technique has been the need to keep 

computational expense to a minimum. Nevertheless, the costly task of comparing every point 

with every other point in the generation of the energy fields has been unavoidable. Further 

investigation of this process and the development of alternatives is a worthy consideration. 

This is particularly the case if this technique is to be adapted to work in 3D where the number 

of required comparisons will certainly be considerably higher. However, this problem is 

unlikely to be of lasting significance given the rapid advances in hardware development and the 

increase in computational capacities and speeds.

Beyond the obvious tasks of testing this symmetry analysis technique on a wider range 

of shapes and perfecting the symmetry analysis tools discussed in the last chapter, a number of 

additions to the current implementation would also be of value. The most obvious would be the
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development of the proposed solutions to the problems associated with circular prototypes and 

boundary concavities that cross the axial divide. However, there are two other modifications 

that are interesting fi'om a theoretical point of view and also have potential practical value.

Both the area match technique, and the identification of asymmetrical boundary 

distortions are dependent on the recovery of local symmetries by the extrapolation of normals 

either side of the bilateral axis (section 10.1.2.1). This procedure is equivalent to the method of 

ribbon generation developed by Brooks (section 4.1). This particular approach was used 

because of its simplicity. However, other methods of axis-based sh^e  generation exist, 

including the techniques developed by Blum and Brady (section 4.1). An exploration of the use 

of these other techniques in local symmetry recovery would be a valuable step towards 

evaluating the existing approach and possibly improving the processes in which boundary 

reconstruction is utilised.

The symmetry analysis described above is geared towards deterrniiiing the extent that a 

given shape has deviated from its symmetrical equivalent. In some instances it is likely that the 

nature of a symmetrical ideal is not known and would be useful information to have. This would 

be particularly helpful when assessing the outcome of symmetry restoration in structures when 

the symmetrical form can only be guessed, e.g. faces. Knowledge of the connections between a 

boundary and its bilateral axis is already utilised in this technique. Given this information, the 

restoration o f reflectional symmetry in a shape would involve maintaining these links during a 

forced strai^tening of the axis.

11.3 Future Work - Applications
Some of the arguments posited in this work, and many of the tools used in its implementation 

come from other areas of research in which symmetry detection has a important role. For 

example, shape representation, and the analysis of fluctuating asymmetry. It follows that 

possible applications for this new technique might also be within these areas.

This technique was designed as a precursor to the development o f a method o f 3D 

symmetry analysis. Moves are currently underway to adapt this technique to work with 3D range 

data descriptions of the face and head. The goal is to extract a plane o f symmetry which can be 

analysed in similar ways to those described above, in order to reveal the source and degree of 

asymmetry in facial surfaces. The success of this work depends on the generation o f an 

appropriate energy field and the development of a planar snake.

The axes extracted using this technique are not abstract mathematical objects. They 

corresponds to an intuitive property common, to some extent, in all shapes. They are easily
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comprehended and are clear indicators, at the simplest level of shape analysis, of asymmetrical 

change. It is hoped that the application of this technique will enable computer based facial 

analysis to be developed in a way that can be intuitively grasped, with out extensive expert 

knowledge, by all who use it

11.4 General Summary
The ahn of this thesis has been to explore in detail the arguments and techniques employed in the 

development of a new approach to the analysis of symmetry in 2D shapes. Based on ideas 

relating to the psychology of human perception, a line of argument has been followed which 

utilises theories and methods used in image analysis and computer vision. It has been shown that 

symmetry can be considered to be a continuous property of shape and the identification and 

quantification of asymmetry is possible in terms of the relationship between a shape’s bilateral 

axis and its boundary. Central to the practical implementation of these ideas is the ability to 

identify and extract the bilateral axis. The central goal o f this work has been the development o f 

a novel method of bilateral axis extraction that involves the interrogation of the local symmetries 

in each boundary in a multiscale description of a shape using active contours. The results 

obtained for the nine test shapes correspond with the intuitive notion of their respective bilateral 

axes. Methods for the quantification of asymmetrical deviation and the identification of 

boundary distortions that cause asymmetry have also been developed and shown to be viable.
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1. Symmetry
The following is a collection of definitions of symmetry and symmetry related properties 

pertaining to points within the Euclidean plane (i.e. 2D).'

1.1 Transformations and Isometrics

Consider several points in the Euclidean plane. If, for every point P, there is a point Q such that 

y(P) = Q, /  is said to be a mapping on the set of points. A mapping is said to be onto if, for 

every point P, there is a point Q such thatXQ) = P. A mapping/is said to be one-to-one ify(R) 

=y(S) implies R = S. A transformation is a mapping that is both onto and one-to-one, i.e., a 

transformation on the Euclidean plane is a one-to-one correspondence from the set of points in 

the plane onto itself [Martin 1982]. The trajectory of the set of points is not relevant, only the 

starting and end points are relevant to transformations.

An isometry is a transformation q) that sends each point X in the plane to a point cp(X) 

such that the distance between every pair of points A and B equals the distance between their 

images (p(A) and cp(B). An isometry is a rigid motion of the plane that does not change the 

distance between the points [Bix 1994]. There are five types of Isometries:

1. An identity isometry i is defined by i(P) = P for every point P, that is every
point is left unchanged;

2. A translation t  is a transformation that moves the plane such that all the points
are moved the same distance in the same direction;

3. A rotation p is the movement of the plane about a single invariant point P (or 
about a line through P perpendicular to the plane);

4. A reflection in m, where w is a line, is the transformation that fixes the points on m
and maps any point A not on m to the point s / (A) such that m is the perpendicular 
bisector of A and s ^  (A). That is the plane is "flipped" across the mirror m. Points 
on the mirror are not moved, and points not on m map to their "mirror images".

In this appendix points w ill be denoted by capital Rom an letters. L ines w ill b e  denoted by low ercase  
R om an letters. Transformations w ill be denoted by low ercase G reek letters.
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Reflection in line m is the mapping defined by

P, i f  p o in t P  is o n  w  ,

Q, i f f  is off/w  (Ai.i)

an d  m is th e  p erp en d icu lar b isec to r o f  PQ

5. A glide reflection is a combination of a reflection and a translation;

1.2 Symmetry and Reflection
Consider a set of points F in the Euclidean plane. The image of cp(F) under an isometry (p is the 

set of all points (p(A) where A is a point in F. If the isometry is such that (p(F) = F isometry cp is 

a symmetry for F. Thus, a symmetry of a set of points is an isometry that maps a set of points on 

to itself in such a way that it is a movement of points after which nothing appears to have 

changed. Symmetry, so defined, is a property of a set of points as a whole - it is a global 

property.

1.2.1 An Example
All isometries - including identity - produce global symmetries, although the identity 

symmetry is trivial. Consider a square-shaped object lying on a plane surface. The actions that 

change the square but leave it looking the same, include rotation about its centre through 90, 

180, 270, 360 degrees and reflection through a mirror planes perpendicular to the surface and 

running through any two comers of the square, or through the midpoints of any two opposing 

sides. To satisfy the definition of symmetry (i.e. leave the shape unchanged) it is necessarily the 

case that the line about which reflection occurs is straight. This line is known as the axis of 

reflectional symmetry. It is obvious from this example that a shape can have more than one type 

of symmetry and can display more than one instance of any one type. The square has eight 

symmetry operations: the identity, the horizontal reflection, the vertical reflection, both diagonal 

reflections and the three rotations [Martin 1982].
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1.3 Sub-Symmetry
Sub-symmetry is similar to global symmetry except that the mapping of points onto themselves 

is considered for only a small part of the object concerned. If a local region of a set of points 

(PT) in an object is isolated by an operator r, this region, in itself, can be symmetiical. Sub- 

symmeti ies exist, with respect to a transfonnation e, if and only if.

r {PT ) = r [ s  {FT )] 

where e(PT) is the entire object transfonned by e [Palmer 1983]. "

(A 1.2;

1.3.1 An Example
A rectangle has two global reflectional symmetries (figure A 1.1a). The local operator r can be 

considered to be the equivalent of a small window in an opaque surface covering the whole 

image. The exposed region is one of an infinite number of regional subsets of the original object 

of which some give rise to sub-symmetries between the exposed sub-parts. This example shows 

the sub-symmetry that is the bisector of the comer of the rectangle (figure A 1.1b). Four such 

sub-symmetries exist in a rectangle (figure Al .lc).

P2

Local
Symmetry

GloCial
SymmetriesGlobal Symmetries

Figure A1.1 G lobal symmetries, sub-symmetries and local symmetries.

1.4 Local Symmetry
The reflection isometiy that maps a set of points onto itself produces a global symmetry of the 

shape as a whole, i.e. the shape is preserved by reflection in the axis of symmetry. It follows 

that global symmetiy is the accumulation of local reflections between pairs of points about an 

infinitesimal axis of symmetry [Giblin and Brassett 1985], where the perpendicular bisectors

“ Palmer [ 1983] refers to this t\ pe o f symmetiy as a local symmetiy . However, to avoid confusion with the notion o f  
local symmetiy as defined by Brady 11982] and Giblin and Brassett ( 1985]it has been renamed.
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between them lie on the mirror. That is, they are orientated in a straight line (figure Al.ld). 

These local reflections can be considered to be local symmetries. It is important to note that, 

although a global axis of refiectional symmetry is an accumulation of local symmetries, it is not 

an accumulation of all the local symmetries that can exist in a given collection of points. Sub

symmetries are also composed of local symmetries. Local symmetries can be considered to be 

the fimdamental components of all refiectional symmetries.
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1. Boundary Finding (8-connectivity) [Sonka, Hlavac et al. 1994, pp 128-129]

a) Search image from top left until a pixel of value 225 is found. This is the starting

pixel Po of the region border.

Define a variable D which stores the direction of the previous move along the 

boarder from the previous border element to the current element. Where the 

directions are labelled as in figure A2.1

b)

2

4

Figure A2.1 D irection labels

c) Assign D = 7.

d) Search 3x3 neighbourhood of the current pixel in an anti-clockwise direction, 

beginning the search in the pixel positioned in the direction;

{D + 7) mod 8 if Z) is even.
{D + 6) mod 8 if D is odd.

e) The first pixel found with the same value as the current pixel is a new boundary 

element P„

f) Update D.

g) If current boundary element Pn is equal to the second border element Pj, and if the 

previous border element P„.j is equal to Po, stop. Otherwise repeat from 4.

h) The inner border is represented by pixels Pq... P„ .2
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1.1 Boundary Resampling(8-connectivity)
a) Assume that the x and y coordinates of each pixel that constitutes a boundary 

correspond to a point at the centre of each pixel (figure a2.2)

b) Sum the distance between each of these points to give the length of the boundary.

1 2  3 4 5

\
\

Figure A 2.2 Point equivalent to a  p ixel 

boundary.

c) Divide the length of boundary by the new number of points to give an incremental 

value between new boundary points.

d) Step along the boundary in incremental steps to determine the position of each new 

point.
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1. Curvature
In order to calculate curvature it is necessary to represent the curve parametrically by its 

coordinate functions x(t) ÿXiày(t), where fis a path length variable along the curve (figure A3.1).'“

Figure A3.1 Curvature. The Curvature k  a t p o in t P  
on a curve is defined as the instantaneous rate o f  
change o f  y/w ith respect to arc-length C

The curvature A: of a planar curve at point P on the curve is defined as the instantaneous rate of 

change of the slope angle ^ o f  the tangent at point P with respect to the arc length t.

k -
dy/
dt

(A3.1)

The curvature k  can be calculated if the curve is expressed in terms of the derivative of the 

functions 2ûiày(i).

Define

y dx
£ l
dx^

(A 3.2)

The following account is based on descriptions by [Mokhtarian and Mackworth 1986a; Pei and Lin 1992; 
Rattarangsi and Chin 1992].

Diagram taken from [Rattarangsi and Chin 1992].
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It is known that curvature k can be defined in terms of the derivative of the functions x(t) 2tnà.y(t) 
as

k = y (A3.3)

Given that the curve is a fimction of the path length t, y  ' and y  ’ ’ can be expressed in terms of the 

first and second derivatives oïx(t) mdy(t).

Denote

X  =
dx
dt

dy .. d^x
y  = (A3.4)

then

(A3.5)

the curvature k can be expressed as

k  =
x y - y x (A3.6)

If X(t,(j) and Y(t,c) are the x and y  coordinates of the smoothed curve (the prototype) the 

curvature of every point of the smoothed curve K(t, c) can be expressed as

K  (t,cr) = (A3.7)

X{t, <j), Ÿ{t, a), X{t, a), Ÿ{t, <7 ) can be calculated be convolving x(t) and y(t) with the first and 

second derivatives of a Gaussian.

( T ) = ®  f  m a
dt dt \  dt j

(A3.8)

# . o - )  = - ^  = 4 0 ®

Ÿ(t, <j), Ÿ(t, o )  are calculated in the same way.

(A3.9)
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4. Boundary, Energy Field and Interrogation Sequences
The following figures depict the energy field sequence and the position of the active contour 

after each stage in the interrogation process for each on the nine test shape shown below.

(at (b)

(e)
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