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A bstract

Cytokines are pleiotropic mediators of intercellular signaling. They interact with one 

other, their specific receptors and other mediators to form complex networks. This thesis 

employs results from nonlinear dynamics, cell engineering, pharmacology and immunol

ogy to develop a framework within which these networks can be understood. We begin by 

modelling kinetic and trafficking processes between a cytokine and its receptor using ordi

nary differential equations. Various forms of these equations under different assumptions 

are considered, and put in the context of existing cell signalling models.

This theory is used to investigate two situations with experimental and clinical relevance. 

The first is regulation by interleukin-1 (IL-1) of its receptor in fibroblasts. A model fitted 

to experimental data shows that up-regulation by IL-1 of its receptor is mediated by an 

intracellular eicosanoid which may not be prostaglandin E 2 as previously assumed. The 

second situation is the use of anti-tumour necrosis factor-a (TNF-a) drugs to combat 

rheumatoid arthritis. Kinetic parameters for two such drugs are used to simulate a model 

of their effect on TN F-a dynamics.

The single cytokine model is extended to relationships between several cytokines and 

their receptors. The ways in which cytokines combine to affect response are formalised 

using drug response theory. This is used to construct and compare models based on 

hypotheses in the literature about the cytokine network involved in inflammation. It is 

further generalised to examine the outcomes possible when a configuration of cytokines 

interact in general ways. We explore through analysis and simulation what a network’s 

dynamical behaviour says about its intrinsic structure.

Finally, we consider a stochastic model where cells in the same population produce cy

tokines at different rates due to time-dependent variation. Results are compared to exper

imental findings using flow cytometry to investigate IL-1 production in monocytes exposed 

to a lipopolysaccharide stimulus.
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Chapter 1

General introduction

1.1 Background to cytokines and cytokine networks

1.1.1 Cytokines

Cytokines are a group of small soluble proteins, glycoproteins and peptides which are 

produced by cells in response to a wide range of stimuli. They act as local intercellular 

messengers by binding to surface receptors on their target cells. This triggers a series of 

metabolic changes in the cell including membrane modulation, activation of intracellular 

effectors, gene transcription and protein synthesis. These changes can ultimately affect the 

cell’s behaviour, including its survival, growth, differentiation, proliferation, metabolism, 

direction of movement and effector function (Nicola, 1994, p. 1). In this way, cytokines 

play key roles in many major physiological processes including haematopoeisis, cell dif

ferentiation, immune response to infection and wound healing. It has been claimed that 

almost every known disease involves some sort of cytokine imbalance (Aggarwal and Puri, 

1995b).

1.1.2 D istinguishing properties of cytokines

Cytokines share many properties in common with endocrine hormones. However, they 

have a number of characteristic properties which distinguish them  from hormones:

a. On the whole, there is a one-to-one correspondence between hormones and the cells 

that produce them. Each hormone is produced by a specialised cell type anatomically 

organised into a single gland, such as the insulin-secreting (3 cells of the islets of
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Langerhans, which does not produce any other hormone. There are a few exceptions; 

for instance, the thyroid gland produces both thyroxine and tri-iodothyronine. In 

contrast, most cell types express multiple cytokines in response to stimuli, and each 

cytokine is usually produced by many cell types, as well as being able to signal 

several different target cell types. In fact, Aggarwal and Puri (1995a) suggest that 

cytokines are the means by which cells of different types can communicate with one 

another.

b. Unlike hormones, which usually act on distant sites, cytokines usually act locally, 

typically on the same cell tha t produced them (autocrine action), on neighbouring 

adherent cells (juxtacrine action) or on other cells in the same extracellular space 

(paracrine action). However, there are exceptions. For instance, interleukin-1 (IL- 

1 ) produced by cells at inflammatory sites may be carried in the bloodstream to 

signal endothelial cells of the blood-brain barrier (Ek et al.  ̂ 2001).

c. Cytokines are usually distinguished from other regulatory proteins on the basis of 

their biological pleiotropy (see for example, Vilcek, 1994 and Nicola, 1994). However, 

the term “pleiotropy” must be used with care. If it is used to mean having multiple 

effects under different conditions, then virtually every biological signalling molecule is 

pleiotropic in some sense. For example, insulin facilitates glucose entry into muscle 

cells, stimulates liver cells to synthesise fatty acids, and inhibits adipocytes from 

releasing fatty acids. The original use of the term “pleiotropy” was in the context 

of genes rather than signalling molecules, but as Edelman and Gaily (2 0 0 1 ) noted, 

every gene has the potential for pleiotropy.

We argue for a stronger definition of cytokine pleiotropy, placing it in the context 

of a particular cytokine network. A signalling molecule is pleiotropic only if its 

actions cannot be reduced to a single form of response within a particular physio

logical or biochemical system. In the context of the glucose/ glycogen/lipid home

ostasis network, insulin can be ascribed a single role, which is to promote fatty acid 

accumulation at the expense of oxidising carbohydrates. For cytokines, the most 

appropriate context to consider is a cytokine network. In order to make this def

inition rigorous, the concept of a cytokine network is defined in Section 1.1.3 and 

the concept of a response is defined mathematically in Section 5.2. Even within the 

same network, cytokines typically exhibit many apparently unrelated functions, or 

even effects which are the opposite of each other. For example, some growth factors
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are either stimulatory or inhibitory towards cell growth depending on the state of 

the cell (Sporn and Roberts, 1988).

1.1.3 C ytokine networks as the context o f cytokine action

Cellular production of cytokines is tightly regulated (Vilcek, 1994). This is unsurprising, 

since they mediate precisely orchestrated processes like growth, development, immune re

sponsiveness and wound healing. For instance, the immune response is a careful balance 

between eliminating pathogenic infectious agents and minimising harm to the host (Segel 

and Bar-Or, 1999; Alberts et al.  ̂ 2002, p. 1363). Cytokines are produced transiently 

in response to specific stimuli; production normally stops soon after the stimulus is re

moved, and constitutive production is low or non-existent. However, cells in the body 

are usually exposed to a cocktail of cytokine and non-cytokine mediators that combine to 

shape the cytokine production response. These include soluble receptors, receptor antago

nists, eicosanoids, antibodies, endocrine hormones, bacterial and viral products, proteases, 

macroglobulins, neuropeptides, neurotransm itters and immune complexes (Elias and Zit- 

nik, 1992; Licinio, 1997).

Cytokine receptor expression is similarly modulated by various mediators, although cells 

constitutively express receptors for many cytokines. This can affect a cell’s ability to 

respond to a particular cytokine. Hence cytokine and receptor expression depend on the 

state of the target cell, including its type, genetic variation, level of activation and state 

of differentiation or maturation.

A cell’s cytokine response can also be shaped by signalling molecules received from the 

extracellular matrix (Nathan and Sporn, 1991). In a sense, cells “interpret” the meaning 

of signals they receive from cytokines based on their own state and on the transient 

state of their microenvironment. Cytokines have been compared to words in a language 

of intercellular communication in which the state of the microenvironment provides the 

context (Sporn and Roberts, 1988; Nathan and Sporn, 1991; Elias and Zitnik, 1992).

The interactions between cytokines, their receptors and the microenvironment have given 

rise to the concept of a cytokine network (see, for example, Balkwill and Burke, 1989). 

We discuss the forms such interactions take in Section 5.1. A cytokine network consists 

of a number of interacting cell types (consisting of both producer and target cells), the 

cytokines they produce, cytokine receptors and other mediators. Cytokine interactions can 

be usefully viewed in terms of semi-autonomous networks regulating different physiological
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events such as immunoregulation, angiogenesis, haematopoeisis, wound healing and bone 

resorption, with many strong interactions between members of the same network. Cytokine 

pleiotropy, for example, can be more sensibly understood in the context of a particular 

network rather than the entire human body (see Section 1.1.2). However, it should also 

be remembered that most cytokines are involved in a number of physiological processes, 

so each of the individual networks is part of one large network encompassing the whole 

body.

1.1.4 Traditional approaches to investigating cytokine action

The traditional approach to understanding cytokine networks is fundamentally reduction

ist. Experiments are typically carried out to isolate the effect of a single cytokine or group 

of cytokines under specific conditions. Results from different experiments of the same kind 

are collected and used to extrapolate or predict outcomes in clinically relevant situations. 

These experiments can be broadly divided into two categories:

a. In  v itro  e x p e rim e n ts

In vitro experiments involve cells extracted from laboratory animals or humans. 

These cells may consist of monoclonal cell lines (cells generated from a single clone, 

and thus having identical genetic characteristics) or particular cell types extracted 

from whole blood. Cells are stimulated with cytokines or molecules that inactivate 

cytokines to investigate the effect of a cytokine or the lack of it. However, there 

are a number of problems in generalising the results of such experiments to whole 

organisms:

• Cells are usually stimulated with higher than physiological doses of cytokines. 

In fact, physiological concentrations of cytokines are often unknown.

• Stimulating a monoclonal cell line is a poor indicator of what happens in the 

body where there are many cell types and other associated regulatory mediators. 

These interact with the cytokine network in ways tha t can produce qualitatively 

different results (Balkwill and Burke, 1989).

• Monoclonal cells are usually cultured in fetal calf serum under conditions of cell 

adherence. As a result, they may be subject to effects tha t may not be present 

in the human body (see Section 5.3.3).
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• Some experiments are performed on extractions of whole blood preparation 

rather than monoclonal cell lines. This may give a better approximation to 

what happens in human circulation. But no m atter how good the extraction 

process is, the proportions of cellular and serum components in the preparation 

are highly variable and uncertain.

b. In  vivo  e x p e rim e n ts

In vivo experiments involve administering doses of cytokines or molecules that inacti

vate cytokines to live animals or humans. They often reveal results not predicted by 

cell culture stimulation experiments. The problem lies in pinpointing the mechanism 

of an observed effect when there are so many unknown cell types, signal mediators 

and physiological processes present. Also, cytokines can modulate production of 

other cytokines and thus have very far-reaching effects. Bailey (1999) asserts that it 

is not possible to do an experiment in vivo th a t alters the expression of one protein 

without affecting any others.

Another kind of in vivo experiment involves breeding cytokine “knock-in” or “knock

out” mice, that is, mice which have had genes for particular cytokines introduced or 

inactivated. However, introducing a novel cytokine (or removing one which would 

otherwise normally be present) will, by definition, disrupt the existing network in 

artificial ways, leading to results tha t may never be observed outside the laboratory 

(Aggarwal and Puri, 1995a). Another problem is tha t deleting genes may activate 

compensatory mechanisms which can take up the role of the missing factors, so that 

the importance of the deleted genes is overlooked (Vilcek, 1994). Hence there are 

many genes whose deletion has no apparent effect, but this does not mean that they 

have no function.

Despite their limitations, the last five decades of experimental work on cytokines and their 

interactions has enabled a large catalogue of data to be compiled about individual receptor- 

ligand pairs, associated cellular responses, mechanisms and interactions (see for example 

Burke et al, 1993; The Cytokine Handbook, 3rd ed. (ed: A. Thompson), 1998, Academic 

Press: San Diego). From this data and without the benefit of much theory, successful 

cytokine-based therapies have been developed for several diseases, such as rheumatoid 

arthritis (Feldmann and Maini, 2001) and multiple sclerosis (Jacobs et al,  1996). Unfor

tunately, in other cases, oversimplified attem pts to manipulate cytokine networks have led 

to unsuccessful or even deleterious outcomes. For instance, some cytokine-based therapies
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for multiple sclerosis (Panitch et ai, 1987) and sepsis (Quezado et al,  1995) have actually 

worsened the conditions they were meant to ameliorate. Tizard (1996, p. 10) has pointed 

out tha t many of the failed attem pts at therapy show tha t the true complexity of the 

immune system’s regulatory processes has been underestimated.

The very size of the cytokine data bank is indicative of the problems in trying to decipher 

these networks. We have little idea about how to integrate the components of the cytokine 

network in order to address questions about complex biological problems like autoimmune 

disease. Even if all the individual relationships and mechanisms involved were known, 

there are too many factors potentially involved to predict purely by intuition the way the 

network as a whole performs (Weng et ai, 1999). Consequently, as late as 1999 it could 

still be said tha t “practically nothing is known about the behaviour of the (cytokine) 

network as a whole” (Callard et al, 1999, p. 507).

Furthermore, several scientists believe that some of the higher-level phenomena of a com

plex system are in principle not predictable from its individual components (the philosoph

ical position of “anti-reductionism” ; see Nagel, 1998). Emergent properties are features 

of a complex system that only become apparent when the system is analysed as a whole, 

but do not exist on the level of the individual parts. Since cytokines are capable of pro

ducing order on a systemic level despite their staggering complexity (Vilcek, 1994), there 

is good evidence that cytokine networks have emergent properties. The abstracting and 

quantitising power of mathematical modelling may hold the key to understand them.

1.1.5 C ytokine networks in the context of the genom ics revolution

The present avalanche of information about cytokines and other intracellular and extra

cellular signalling mediators is part of a wider revolution in molecular biology. A parallel 

process is underway in DNA sequencing and mapping, which has revealed the complete 

genome of several organisms including Homo sapiens (reviewed in the February 16, 2001 

edition of Science). This effort is founded upon the doctrine of “genetic determinism” 

which at its most extreme states that all the complex behaviour of an organism can be 

understood from its genetic code (Strohman, 1997).

The methodology of the genomics revolution has been called discovery science. In con

trast with traditional biology, which advances by formulating and confirming or refuting 

hypotheses, discovery science simply gathers information about a system without hypoth

esising about how the system actually works (Aebersold et al,  2000). Similarly, much
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cytokine research - even when driven by very specific hypotheses like the role of a particu

lar cytokine in a certain situation - is conducted without any appeal to the way a cytokine 

network functions as a whole. As mentioned earlier, the result is tha t we have a lot of 

data about the effects of individual cytokines in isolation without much understanding of 

the network as a whole.

Discovery science (including cytokine research) has been remarkably successful at system

atically generating data at an astonishing rate. Unfortunately the data  in its raw state is 

fragmented, uninterpreted and error prone (see Brent, 2000, for a critique of the genomics 

revolution). Thousands of genes have been uncovered for which the function of the pro

tein they encode is unknown. In the same way, we may know what a cytokine does to 

a cell under artificial laboratory conditions, but fail to appreciate its true role in human 

physiology.

The problem is that the function of a gene or cytokine in an organism does not depend 

solely on its individual characteristics, but also in the way it interacts with other genes 

or cytokines, and with its environment. This interaction is nonlinear and two-way. A 

cell’s cytokine repertoire, and hence its behaviour, is determined by information in its 

DNA, but at the same time it can adapt to its environment by changing its pattern of 

gene or cytokine expression. Strohman (1997) suggests we think of a second informational 

system interposed between the level of genome and cellular behaviour, able to integrate 

information from different genes, proteins and their environment. He suggests that if we 

could develop a way to understand this informational system, it could herald a biological 

revolution of Kuhnian proportions. The work to develop a general theory of cytokine 

networks is part of this wider picture.

1.2 Review of approaches to modelling cytokines in the lit

erature

1.2.1 M athem atical m odelling

Modelling in biology is the process of constructing an abstract representation of a biological 

system which is hopefully more amenable to analysis and manipulation than the actual 

system (Endy and Brent, 2001). Mathematical modelling involves associating numerical 

quantities to components of the model.
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The process of modelling involves three steps:

a. D ata  collection  and analysis. Initially, empirical data is collected based on 

observation of a real-life system. This data is analysed in order to determine the 

kind of models that would be most suitable to represent the aspects of the real 

system that need to be explored.

b. H yp oth esis generation. This is the actual model building step. A model is 

essentially a set of hypotheses (assumptions) about a real system. Although it needs 

to accurately describe some observable aspect of the system (Casti, 1992, pp. 1-3), it 

is not meant to be (and cannot be) a perfect representation. Instead, it is an analogy 

tha t reproduces particular features of the real world under limited circumstances, 

but is inaccurate in others (Griffiths and Byrne, 1999). Hence it is useful to have 

different models of the same system which reproduce different features of the system. 

Besides the perspectives that different approaches bring, this helps us know which 

of the predictions are model-dependent (Noble et al.  ̂ 1999).

c. V alidation. The model’s hypotheses are tested against empirical observations. Dis

crepancies between model predictions and reality lead to an iterative model-refining 

process. Hence, the failure of a model is useful because it points out its limitations 

and how it can be subsequently refined. It also indicates inaccuracies in the biolog

ical data used to build the model. As Heinrich and Schuster (1996, p. 3) put it, “if 

we do not develop models, we do not learn why they are false” .

The purpose of a model must be stated from the start, and linked to the features of the 

real-life situation that the model is meant to describe. This will not be the same in every 

case because every model involves a different balance between realism (how accurately 

and completely it represents reality) and tract ability (how amenable it is to analysis, 

simulation and interpretation). Its success can only be judged against the stated intent 

of the modeller. Bailey (1998) has suggested that one reason mathematical modelling has 

not been well received by the bioscience community is because modellers often fail to make 

clear their reasons for making a model. In a similar fashion though, bioscientists can fail 

to make clear their reasons for collecting data.
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1.2.2 M odelling cytokines

Cytokines play key roles in many physiological and pathological processes. From the early 

1980s mathematical models of these processes began to incorporate cytokines. Today, 

there are hundreds of published models of cytokine function and interactions, with the 

majority having been published in the last five years. In this thesis, we employ techniques 

developed in models based on very different facets of cytokine biology, including receptor- 

ligand dynamics, pharmacokinetics, functional response, network structure and phenotypic 

variation.

It is no longer possible to exhaustively discuss every published mathematical model involv

ing cytokines, even in the most superficial way. Instead, we will interact with the relevant 

literature as we develop our models by comparing our methods and results with those of 

published models. In addition, some types of models tha t are especially relevant to our 

work will be reviewed in later chapters. This allows our subsequent reviews to be inte

grated with the theory developed in those chapters. The areas of cytokine modelling that 

will be subsequently reviewed are receptor-ligand trafficking (Section 2.3), representation 

of dose response (Section 5.2) and models of gene regulatory systems (Section 6.2). In this 

section, the broad categories of cytokine models are reviewed, and a few representative 

examples in each category are discussed.

One way to classify models of cytokines is according to the level of biological organisation 

they focus on. This kind of classification is useful because, as we have argued, cytokine 

networks are complex systems that have emergent properties at each level of organisation. 

We propose three levels of biological detail by means of which cytokine models can be 

classified:

a. Cellular. On a cellular level of detail, a cytokine is an intercellular signalling 

ligand which travels to a cell, binds to a receptor on its surface, and triggers certain 

biochemical changes within the cell.

b. Physiological. Instead of solely modelling the mechanics of cell signalling, we may 

focus on the effects that a cytokine has on aspects of an organism’s physiology. 

Hence, we model the average effect tha t cytokines have on cell populations, tissues, 

organs or entire systems.

c. Pharm acological. The most macroscopic level is to consider the effect of cytokines 

at the level of an entire organism. At this level, a cytokine is treated as a drug, which,
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when administered (endogenously or exogenously), is distributed to and cleared from 

various parts of the body.

A particular model may incorporate mechanisms from more than one level but the actual 

question it seeks to answer usually resides on a single level. For instance, Wearing and 

Sherratt (2000) construct a model of interaction between dermal and epidermal cells which 

considers the cellular mechanisms of cytokine interactions. However, the fundamental 

problem they tried to solve concerns wound healing, which is a physiological process.

1.2.3 Cellular models

After being secreted by a cell, cytokines travel via diffusion to a target cell. They then 

signal the target cell by binding to membrane-bound receptors, triggering a set of biochem

ical changes to the cell. The models with the highest level of detail look at the physical 

and chemical processes that affect these molecular events without directly modelling their 

implications on a larger scale in the body. There are three aspects of the cytokine-cell 

interaction which have been modelled;

a. M echanism s o f intercellular signalling

The first mechanism to consider is the process by which a cytokine molecule reaches 

its target receptor. This will be by either diffusion (in the case of autocrine and 

paracrine signalling) or contact (in the case of juxtacrine signalling). For instance, 

Francis and Palsson (1997) have used a diffusion equation to estimate the effective 

distance over which a secreted cytokine can propagate a signal. On a larger scale. 

Monk, Sherratt and their co-workers have published a series of papers showing how 

juxtacrine signalling may give rise to spatial patterns by propagating local signals 

across a closely packed cell population, such as in the epithelium (reviewed in Monk 

et a/., 2 0 0 0 ).

b. R eceptor-ligand trafficking

Once a cytokine binds to its receptor, both the cytokine and the receptor may 

be trafficked to various locations within the cell, or undergo various biochemical 

changes. These trafficking processes are discussed in depth in Chapter 2, and the 

relevant models are reviewed in Section 2.3.

c. Intracellular signal transduction and gene regulation
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Receptor binding triggers a set of biochemical changes involving cellular mediators 

tha t are distinct from the cytokine and its receptor. The purpose of these changes is 

to transduce a signal to the nucleus and cause protein synthesis. Our understanding 

of the biology of these events has advanced tremendously in the past five years. There 

are a number of theoretical models which deal with gene regulation (see Section 6.2). 

However, there is a pressing need for mathematical models of the signalling pathways 

tha t mediate the processes between receptor binding and gene transcription. The 

job should be made easier by the recent development of a number of databases which 

catalogue known protein interactions (Xenarios and Eisenberg, 2001).

Some of the issues involved were highlighted in a review by Asthagiri and Lauffen- 

burger (2000). Bhalla and Iyengar (1999) built a library of models for 15 intracellular 

pathways involved in signalling by a variety of cytokine and non-cytokine ligands. 

Interestingly, they found tha t combining several pathways caused features to emerge 

tha t were not present in the individual pathways. They proposed tha t intracellular 

signalling pathways should be modelled by functional modules tha t capture their 

essential behaviour on a systems level (Bhalla and Iyengar, 2001).

1.2.4 Physiological m odels

Models of physiological effects mediated by cytokines are very varied. Many of them centre 

around the cells of the immune system. This is not surprising since immunoregulation is 

the most well-researched aspect of cytokine biology. The literature concerning models of 

the immune system itself has been reviewed several times, most recently in Perelson and 

Weisbuch (1997) and Morel (1998). Many models focus on activation, proliferation, cross

regulation and the immune responses mediated by the two helper T-cell subsets, all of 

which are processes tha t are mediated by cytokines. Models have also explored the role of 

cytokines in pathological situations. These are often an extension of immunological models, 

as they explore the dynamics of immune response to both infectious and autoimmune 

disease. There have also been models of other physiological processes, such as wound 

healing, which involve cytokines.

These models can be subdivided into three categories, based on the level of detail with 

which they represent cytokine dynamics:

a. M odels w hich do not represent cytokine dynam ics explicitly.
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In many models, cytokines are not modelled dynamically. Instead, their effects 

are represented by constants or functions of the other variables. This can relegate 

cytokines to the position of mediators or messengers rather than players in their 

own right, despite the fact that they often play integral roles in the physiological 

processes modelled.

Insulin-dependent diabetes is caused by cytokine-mediated interactions between ac

tivated macrophages, T-helper cells and (3-cel\s in the islets of Langerhans. De Blasio 

et a/. (1999) constructed a model to describe the genetic and environmental factors 

which trigger the onset of this disease. The dynamic variables represented numbers 

of macrophages, activated macrophages and /?-cell antigenic proteins. The cytokine- 

mediated interactions between them were represented by first-order or pseudo-first- 

order processes. In effect, this assumed tha t (i) the responses to cytokines were 

linearly dependent on the cells producing the cytokines, and (ii) cytokine dynamics 

were on a much faster time scale than those of the cells and antigenic proteins, and 

hence could be considered to be at equilibrium. Since the parameters themselves 

could slowly alter over a lifetime (representing, for instance, gradual changes in the 

normal pattern of cytokines produced), the onset of insulin-dependent diabetes could 

be triggered by a bifurcation in the parameter space causing dynamical instability 

in the system.

A similar approach is taken in immune network theory. A parallel distributed pro

cessing network of the immune system consists of lymphocyte clones as their funda

mental units (Vertosick and Kelly, 1991). The connection weights between individual 

clones depends on clonal size. However, cytokines can alter these weights as they 

can expand clonal populations. Another possible role of cytokines is in network an

nealing. Altering the cytokine millieu has the effect of changing the shape of the 

activation curve of individual units. Nevertheless, both these approaches to the role 

of cytokines essentially consist of altering the parameters of the network by static 

effects of cytokines.

b. M odels which represent cytokine signalling phenom enologically.

Most models represent the dynamic effects of cytokines directly without explicitly 

modelling receptor binding and internalisation. The form of the dose response func

tion may give some idea of the underlying molecular basis for the response. For 

instance, Chan et a/. (1999) constructed a dose response model of TN F-a concen-
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tration subject to an external stimulus, an autocrine stimulus and an autocrine 

inhibitor. Only the concentrations of TN F-a and its inhibitor were dynamically 

modelled. The response took the form of saturable mathematical functions called 

median effect functions, with the rationale being tha t these functions could be de

rived from mass action kinetics. A more complex example also involving median 

effect functions is a model of immune response to tuberculosis by Wigginton and 

Kirschner (2001). This involved a nine-dimensional system of ordinary differential 

equations integrating the T lymphocyte, macrophage, cytokine and bacterial dy

namics. However, here (and in many other models), the authors do not state what 

considerations prompt their choice of response function, aside from the fact that it 

represents a process with a limiting rate. In Section 5.2, we discuss the biological 

basis for different kinds of response functions.

c. M odels w hich represent cytokine signalling m echanistically.

A small number of models integrate the cellular mechanism of cytokine signalling 

with its wider physiological effect. For instance, models of epidermal wound healing 

(Wearing and Sherratt, 2000), T  lymphocyte proliferation (Fallon and Lauffenburger, 

2000), helper T lymphocyte cross-regulation (Morel et al, 1996; Burke et al, 1997) 

and monocyte inflammatory response (Henderson et al, 1998; Seymour and Hender

son, 2001) have been published that include receptor-ligand dynamics. Owen and 

Sherratt (1998) have considered receptor-ligand binding in a spatial model in which 

cells propagate cytokine signals by juxtacrine action. These models are discussed 

when we develop our own receptor-ligand models in Chapter 2.

1.2.5 Pharm acological m odels

The effect of administering a cytokine or cytokine antibody to a live patient is very different 

from using it to stimulate an in vitro cell population. Pharmacokinetic and pharmacody

namic models of cytokines have been developed to describe these effects.

Pharmacokinetics studies the kinetics of drug absorption, distribution and elimination 

(Shargel and Yu, 1999, p. 41). Pharmacokinetic models fit time course data on the 

serum concentration of a cytokine to a set of differential equations representing cytokine 

levels in general regions of the body (such as the systemic and lymphatic circulation). 

Since cytokines are becoming im portant drugs in their own right, several of them have 

been subjected to this kind of analysis, including TN F-a, lL-6 , lL-10, IFN -a and G-CSF.
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For instance, Radwanski et a/. (1998) developed two- and three-compartmental models 

to describe the pharmacokinetics of intravenously and subcutaneously delivered IL-10 in 

humans. They used zero and first order processes to model drug delivery from the site of 

administration to the lymphatic and systemic circulation.

Pharmacodynamics studies the relationship between drug dose and response (Shargel and 

Yu, 1999, p. 41). Pharmacodynamic models relate cytokine levels to various physiological 

measures such as cell counts and production of other cytokines. For instance, Chakraborty 

et a/. (1999) mathematically related IL-10 and prednisone serum levels in subjects after 

drug administration to LPS-stimulated cytokine production, lymphocyte proliferation and 

leukocyte counts. Time courses of these measures were fitted to (uncoupled) differential 

equations containing dose response functions. The response function parameters were 

evaluated for single and joint drug administration, and compared statistically to determine 

the type of interaction between the two drugs.

1.3 Aims and approach of the thesis

1.3.1 R ationale for m athem atical m odelling

We have argued that meaning in cytokine networks lies not in the individual interactions 

themselves, but in the overall context in which these interactions take place, and to which 

the interactions contribute. To use the metaphor of Sporn and Roberts (1988), individual 

cytokines are symbols in a language. The meaning of a single word cannot be considered 

apart from the context in which it is spoken. The way to do this is not to exhaustively 

consider every possible combination of words, but to develop the rules of grammar and 

syntax for the language. Similarly, it appears tha t ultimately the most fruitful way to 

understand the impact of a single cytokine on a cell is to develop a set of conceptual 

“rules” by means of which we can understand the impact of the mediators and other 

factors tha t provide its context. In fact, if cytokine networks have emergent properties, 

then these rules are not just useful summaries, but are underlying principles which cannot 

be predicted by examining separate interactions in isolation.

Mathematical models, and especially dynamical systems, seem ideally suited for devel

oping such rules. In fact, several researchers believe tha t a shift in biology towards the 

quantitative is already taking place (see, for example, Weng et al, 1999; Bailey, 1999; 

Lauffenburger, 2000). There are several reasons for the use of quantitative models in
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cytokine research;

a. Much of the data involved (such as kinetic rates) is already in a quantitative form. 

Certainly, key features of the network would be lost if the quantitative aspect of the 

data were removed.

b. The language of mathematics forces the inherent assumptions of a theoretical frame

work to be made explicit. As this thesis shows, fundamental terms in cytokine biol

ogy, like pleiotropy and dose response, could benefit from being used more precisely.

c. Mathematics already has a rich set of concepts and metaphors that can be tapped in 

order to describe the behaviour of a complex system (of which the cytokine network 

certainly is one), such as attractors, bifurcations, scale invariance, phase transitions 

and chaotic behaviour.

d. A non-quantitative model is only useful when the range of factors tha t are involved 

is small enough to be conceptualised without recourse to mathematical analysis or 

computer simulation. In most cytokine networks, there are a large number of factors 

(such as levels of cytokines, their receptors, and other fluctuating environmental 

factors) that need to be taken into account.

1.3.2 O bjectives of the m odels

The aim of this thesis is to show tha t mathematical models can be used to make unique 

and significant contributions to our understanding of cytokine networks. This is done 

by constructing models of cytokine networks involved in specific physiological processes, 

testing them against experimental observations and employing them to make contributions 

towards current problems in biomedical research.

The work in this thesis makes contributions along two parallel tracks:

a. M aking specific applications.

The first track is to prove tha t modelling is a useful technique by applying it to 

specific areas of research. Having real applications in mind enables us to employ 

actual experimental data in simulations and to confirm our predictions.

The specific application of the models centre around networks involved in the inflam

matory response of the innate immune system. The innate immune system is one of
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the two arms of the immune system (see Table 1.1) which is activated immediately 

upon microbial invasion (reviewed in Janeway et al, 2001, pp. 35-91). Awareness 

of its importance has recently increased (Brown, 2001) but it has yet to receive the 

same degree of attention in mathematical modelling as the adaptive immune system.

The innate immune system is triggered when pattern recognition receptors (PRRs) 

on immune cells recognise microbial features called pathogen associated molecular 

patterns (PAMPs). PAMPs are molecular patterns tha t are essential for microbial 

survival (and hence are highly conserved in micro-organisms), bu t are absent in host 

cells. Hence the number of different PRRs can be kept small. One example of a 

PAMP is lipopolysaccharide (LPS), the principal outer membrane component of all 

Gram-negative bacteria (Westphal et al, 1983). In contrast, the adaptive immune 

system relies on recognising specific antigens using a huge number of receptors that 

are clonally distributed in lymphocytes. When a clone recognises its specific antigen, 

it proliferates and matures. However, this process takes time to develop into an 

effective response, so the adaptive immune system does not respond as swiftly as the 

innate immune system. Hence it is the body’s “second-line” of defence.

Ligation of PRRs on macrophages triggers a number of responses, one of which is the 

secretion of cytokines like IL- 1  and tumour necrosis factor alpha (TNF-a). These 

cytokines play a number of crucial roles that are collectively called the inflammatory 

response. These include recruiting other cells (such as neutrophils, monocytes and 

lymphocytes) to the site of infection and activating them, inducing blood clotting, 

stimulating the production of acute phase proteins tha t bind pathogens, and causing 

signs like fever, erythema, pain and swelling. These cytokines also trigger production 

of anti-inflammatory cytokines such as IL-10 which resolve the inflammation once 

the threat to the host has been dealt with.

The cytokines produced by macrophages and other cells of the innate immune system 

are vital in initiating and shaping the adaptive immune response. This is because 

they cue naive lymphocytes to differentiate into effector cells tha t can respond to 

antigen. The exact form of immune response that is induced depends on the network 

formed by cytokines produced by macrophages, monocytes, lymphocytes, fibroblasts 

and other cells (reviewed in Stenger and Rollinghoff, 2001). This enables the selection 

of the most appropriate mechanism to deal with the particular kind of pathogen that 

the body faces.

35



b. D raw ing out general principles.

The second track is to construct a framework that can be readily extrapolated to ar

eas of cytokine biology not directly covered by this thesis. Returning to the language 

metaphor, the second aim is to start developing grammatical rules for cytokine net

works, rather than to ask what particular combinations of words mean. The methods 

used to construct specific models are applicable to modelling cytokine networks in 

general, so their underlying principles and assumptions are explicitly drawn out. 

This is a unique contribution, since almost all existing models involving cytokines 

are attem pts to understand specific physiological situations (such £is the immune 

system or tumour growth) rather than cytokine networks per se.

Innate immune system Adaptive immune system

Involves macrophages, monocytes, 

dendritic cells, natural killer cells, 

inflammatory cytokines and anti

microbial peptides

Involves B and T lymphocytes

Immediate response Delayed response

Earliest barrier to infection Deals with antigens which breach in

nate immunity

Recognises PAMPs using a small num

ber of non-clonal PRRs

Recognises specific antigens using a 

large number of receptors distributed 

across different clones

Table 1 .1 : Differences between the innate and adaptive immune systems.

The purpose of each model will be stated from the outset, as we recommended earlier. 

Casti (1992, p. 2) suggests that the purpose of modelling is to organise our observations of 

the world, and to make specific predictions about particular aspects of the world. Hence, 

we propose two broad categories of goals for modelling cytokine networks:

a. D escription . As mentioned before, there is a vast bank of disparate information on 

cytokines and their interactions. Our models create structures th a t identify a subset 

of this data and organise it into a form that accurately describes cytokine network 

dynamics. This takes place on two levels:

• Our fundamental building block is the interaction between a cytokine and its re

ceptor. In Chapter 2, we propose several models tha t describe this interaction.
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These models specify a limited set of kinetic parameters and response functions 

that are sufficient to provide a reasonable description of receptor-cytokine dy

namics. The accuracy of such a description is verified by comparing the results 

of simulating these models with experimental evidence of IL-1 auto-induction in 

monocytes (Section 2.6), IL-1 up-regulation of its receptor in fibroblasts (Chap

ter 3) and the effect of TN F-a inhibitors in the rheumatoid arthritic synovium 

(Chapter 4).

• Each receptor-cytokine system is a module that can be linked with others to 

form a cytokine network. The links are made with joint response functions 

using quantitative information about the joint action of cytokines. This creates 

an annotated directed graph which represents a cytokine network (Chapter 5). 

However, our knowledge of the relevant kinetic parameters and response func

tions is often incomplete. The degree of information available can be stratified 

into several levels. Combined with the structure of the directed graph and re

sponse functions, this classification enables us to determine a range of possible 

types of behaviour that a network can show (Chapter 6 ).

b. Prediction . Ideally, models not only provide frameworks with which to view cy

tokine biology but also generate novel predictions. Our models are used to simulate 

hypotheses tha t can be subsequently confirmed by experiment. These predictions 

are interpreted in situations of particular biomedical interest, such as experimen

tal, physiological and pathological conditions. For instance, we make predictions 

about IL- 1  receptor expression in activated fibroblasts (Chapter 3), anti-TNF-a 

drugs (Chapter 4) and bacterial stimulation in monocytes (Chapter 5). We suggest 

how systems being modelled can be perturbed into a more propitious state, such 

as from a pathological to a healthy equilibrium. Since our models focus on inflam

matory response, this primarily concerns how dangerous levels of inflammation can 

be permanently reduced in pathological situations such as rheumatoid arthritis and 

sepsis. These show that our models can be used by researchers to suggest avenues 

for further exploration, and by clinicians to suggest potential therapies.

1.3.3 Types of m odels used

Several paradigms have emerged from theoretical work in cell and molecular biology. In 

this section, we discuss some of these overlapping but non-equivalent approaches, and their
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relevance to our work.

a. Tactical and strategic m odels

A crucial issue faced when modelling cytokines, in common with modelling other 

complex biological systems, is that the function of an individual cytokine or receptor 

is affected by an enormous number of variables. Theoretical population ecologists 

faced this dilemma in the 1960s and 1970s, leading to the classic distinction between 

tactical and strategic models proposed by Holling (1968) and May (1973, pp. 10-11):

• Tactical models are based on empirical data for a particular biological system. 

They aim to provide realistic numerical predictions for that system, and may 

not be more generally applicable.

• S trategic models are more abstract. They aim to provide more qualitative 

insight into the principles governing broad classes of observed phenomena. As 

a result, they may not actually correspond to any single case in reality.

In fact, both Holling (1968) and May (1973) saw serious limitations in a purely 

tactical or strategic approach to modelling in population ecology. Similarly, we use 

features of both approaches in our models, which we point out as we construct them.

b. M echanistic and phenom enological m odels

A similar distinction can be made between mechanistic/physiological and phenomeno

logical / empirical models (Lauffenburger and Linderman, 1993, p. 37, 236-237; Shargel 

and Yu, 1999, p. 36). However, unlike the tactical/ strategic distinction, these de

scribe the way a model is constructed rather than the limits of its ultimate applica

bility (although the two are closely related).

• M echanistic or physiological models represent a process based on its actual 

mechanisms, such as quantities of molecules and rates of processes governed by 

physical laws.

• Phenom enological or empirical models recreate essential features of a process 

without reference to an underlying mechanism. They may simply specify a 

form of response function to interpolate empirical data without reference to a 

mechanistic interpretation of the function.
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Our models represent processes downstream of receptor-ligand binding (such as 

intracellular messenger production and gene transcription; see Section 2.4.3) phe

nomenologically. Other processes (such as production of cytokines, receptors and 

extracellular inhibitors) are represented mechanistically.

c. M odular approaches

A m odular approach to modelling divides a complex system (such as a cell) into 

modules, each of which has an identifiable function tha t is not immediately obvi

ous from the molecular mechanisms that underlie its function (Hartwell et a/., 1999; 

Lauffenburger, 2000; Bhalla and Iyengar, 2001). This is based on the principle that 

biological systems are selected for a particular function or purpose (ultimately to 

maximise the survival and reproduction of an individual organism). This is analo

gous to circuit components in electronic engineering. An engineer treats each com

ponent as a “black box” with a particular input/output relationship, regardless of 

its internal circuitry. Similarly, a biological module can be modelled phenomenolog

ically, characterised by its input/output relationship tha t determines its function in 

the system. The modules could be further divided into sub-modules where neces

sary, and can be integrated with one another by either logical (Boolean or fuzzy) or 

numerical functions, into a network (Asthagiri and Lauffenburger, 2000).

Many molecular mechanisms, especially those downstream of receptor-ligand bind

ing, are treated as modules in this thesis. One example is the mitogen-activated 

protein kinase (MAPK) cascade, an example of an elaborate set of protein relation

ships that can be captured in the simple mathematical form of a threshold function 

(see Section 5.2). On a higher level, once models of a single cytokine are constructed, 

they are regarded as modules tha t can be integrated with models of other cytokines.

We will revisit these categories of models, as well as the two aims of modelling, in the 

general discussion (Chapter 8 ).

1.3.4 Techniques employed

The mathematical forms used in this thesis are continuous-time dynamical systems. Ini

tially, ordinary differential equations (ODEs) are employed; this assumes tha t concen

trations of interacting proteins do not show stochastic variation. Later in Chapter 7, the 

models of a single cytokine are extended to allow for such variation by the use of stochastic
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differential equations (SDEs).

The behaviour of the models is explored with a combination of qualitative analysis and 

numerical simulation, as is appropriate for the particular situation modelled. Qualitative 

analysis explores the entire range of possible types of behaviour of a system, and is useful 

when a model could potentially be applied in many different situations (such as in Chapter 

6  where it is used to analyse networks with unspecified regulatory relationships between 

the cytokines). Numerical simulation allows prediction of precise quantitative outcomes in 

a specific situation, such as the experimental and clinical situations discussed in Chapters 

3 and 4.

Only autocrine networks are considered. Sporn and Todaro (1980) coined the term “au

tocrine” to refer to signalling molecules tha t act upon the same cell th a t produced them. 

O ther authors have used the term simply to refer to action by cytokines on cells of the 

same type as those producing the cytokine (see for instance Michelson and Leith, 1991; 

Lauffenburger and Linderman, 1993, p. 239; Alberts et al, 2002, p. 835). In practice 

it is usually impossible to distinguish between the two mechanisms experimentally, and 

a cytokine which acts in an autocrine fashion by one definition but not the other has 

yet to be identified. The difference is anyway immaterial for the purposes of this thesis 

since cells are not modelled individually, but instead aggregates of cytokine concentration 

are taken over an entire cell population. Interactions between different cell types are not 

modelled explicitly, although we do consider how other cell types may influence the cell 

type modelled (such as the interactions between fibroblasts, macrophages and other cells 

considered in Chapters 3 and 4).

1.3.5 O rganisation of the thesis

Chapter 2 begins with the fundamental building block of the cytokine network, which is 

the interaction between a single cytokine and its receptor. We introduce various models 

of this with differing complexity and amenability to analysis. They are then justified 

by biological reasoning and numerical simulation. These models form the basis for all 

subsequent work.

The next two chapters do not develop the theory further, but use the concepts introduced 

in Chapter 2 to analyse two situations where the inflammatory cytokine network has been 

implicated. Chapter 3 models the interaction between IL-1 and the type I IL- 1  receptor 

in fibroblasts. The model is fitted to available experimental data in Takii et a/.(1992),
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and used to explore the validity of the hypothesis tha t the interaction is mediated by 

extracellular prostaglandin E2 (PGE 2 ).

Chapter 4 models the effects of recently developed drugs against rheumatoid arthritis 

which work by neutralising the pro-inflammatory cytokine TN F-a. Parameter estimates 

from the biomedical literature are used to compare the effect of soluble receptors to TNF-a 

with two anti-rheumatic drugs. The results indicate tha t these drugs have a number of 

effects on the TN F-a system, with the final outcome depending on the balance between 

the magnitude of the different effects.

In Chapter 5, the concepts of joint response functions and directed graph network repre

sentations are introduced in order to allow single cytokine models to be extended to the 

joint action of several cytokines. The model framework is used to analyse different network 

hypotheses for the interactions of TNF-a, IL-1 and IL-10 involved in the inflammatory 

response.

The model framework is generalised further in Chapter 6  to include situations where there 

is limited knowledge even about the individual components of the network. Quantitative 

upper bounds for the complexity of such networks are derived and the probability of 

different qualitative states in such networks is estimated in simple cases using computer 

simulations.

Chapter 7 uses SDEs to model the effect that phenotypic variation in temporal response 

within cells in the same population has on the outcomes of a model of IL-1. The results of 

this are compared to experimental data and found to be a more realistic description than 

deterministic models.

The final chapter is a general discussion that highlights the conclusions and contributions 

of this thesis in justifying the descriptive and predictive potential of mathematical models 

of cytokine networks.
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Chapter 2

M odelling receptor-ligand  

interactions for a single cytokine

2.1 Introduction

In this chapter, a mathematical model is constructed to represent the effect of a single 

cytokine acting on a homogeneous cell population by binding to its corresponding recep

tor. It is complicated by the fact that the receptor is simultaneously undergoing several 

dynamic processes collectively known as receptor trafficking processes.

The focal point of the study in this chapter will be the dynamics of the ligand, its re

ceptor and the resulting complex formed between the two molecules. The model that 

develops will be compared to similar receptor - cytokine models such as those by Morel et 

a/. (1996), Burke et a/. (1997), Owen and Sherratt (1998), Henderson et a/. (1998), Wearing 

and Sherratt (2000) and Seymour and Henderson (2001).

Initially, the present state of biological knowledge about receptor-ligand interactions is 

reviewed. Attention is paid particularly to studies done on cytokines and other signalling 

ligands. Next, we review the way these interactions have been modelled in the past. 

Based on these biological principles, we develop a very general model of receptor-ligand 

interactions consisting of three coupled ODEs. Under certain ranges for the parameters 

corresponding to most physiological situations involving cytokines, certain simplifying as

sumptions can be made. These assumptions can reduce the model to two dimensions 

or even one dimension. In order to verify the appropriateness of such assumptions, the 

different models are simulated using parameter values based on the receptor-ligand dy
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namics of interleukin-1 (IL-1) in monocytes. The results are compared to experimental 

data published by Dinarello et a/. (1987). Finally, the conditions under which a cell can 

sustain production of a cytokine in the absence of external stimulation are explored.

2.2 Review of biological background on receptor-ligand in

teractions in cells

2.2.1 Receptor-ligand binding

Cytokines exert their effects on target cells by binding to specialised proteins called recep

tors bound to their membranes. Cytokine receptors are highly specific, meaning that they 

only recognise and bind strongly to particular ligands. The tenacity by which they bind 

to their ligands is measured by a parameter called the equilibrium dissociation constant 

(defined in Section 2.4.1), and for cytokines this is in the range of 10-100 pM (Aggarwal 

and Puri, 1995a).

Binding between a free receptor R and a ligand molecule L to form a receptor-ligand 

complex C can be described by the following chemical reaction equation:

L + R ^ C

The dynamics of receptor-ligand binding are mathematically described by a model called 

the Law of Mass Action. This involves the following assumptions (Molutsky, 2001):

a. All receptors are equally accessible to their ligands, tha t is, concentration of receptor 

and ligand is homogeneous over the space considered.

b. Binding is fully reversible and does not alter the state of ligand or receptor.

c. Both ligand and receptor are monovalent, that is, they have only one binding site 

each.

d. Binding takes place in a single step with no partial states of binding.

If these assumptions are met, then the Law of Mass Action states that the rate of the 

reaction is proportional to the product of the concentrations of the reactants. Hence, 

the rate of the forward reaction is proportional to the product of ligand and receptor
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concentration, while the rate of the backward reaction is proportional to the receptor- 

ligand complex concentration.

2.2.2 R eceptor trafficking

The interaction between cytokines and their receptors is not adequately described purely 

as a receptor-ligand association/dissociation process. The concentration of cytokines and 

their receptors is also affected by dynamic receptor trafficking processes occurring si

multaneously, including synthesis, degradation, internalisation, recycling and shedding of 

receptors. Consequently, receptor-ligand binding is never at “mere chemical equilibrium” 

but is “part of a dynamic steady state involving all the rest of the trafficking steps” 

(Lauffenburger and Lindermann, 1993, p. 73).

Shedding, internalisation and de novo synthesis of receptors cause cells to lose their func

tional response as a result of persistent stimuli. Such processes are called adaptation or 

desensitisation mechanisms (Koshland et al, 1982; Ross, 1996; Alberts et al, 2002, p. 

851). Prolonged exposure to a medium deficient (or rich) in a particular cytokine or other 

stimuli can cause a cell to become more (or less) responsive to it. For instance. Van der 

Poll et a/. (1996) showed that whole blood in donors previously exposed to LPS produced 

less TN F-a, IL-1 and IL-10 compared to blood from a control group. Similarly, Takahashi 

et a/. (1994) found tha t mice exposed to low doses of TN F-a for several days developed 

tolerance to its effects.

Some cell processes that affect receptor concentration are endocytosis, recycling, shedding 

and synthesis of receptors. These are considered in the following sections.

2.2.3 Endocytosis

Free receptors, free ligand and receptor-ligand complexes can be internalised into the cell 

by a collection of processes occurring simultaneously to ligand binding. These processes 

are collectively known as endocytosis. Comprehensive reviews of endocytosis have been 

written by Mukherjee et a/. (1997) which gives an overview of the pathways taken by various 

ligands, and Mellman (1996) which focuses on the molecular mechanisms involved.

Endocytic processes fall into two broad categories. Phagocytosis or “cell eating” is the 

uptake and ingestion of micro-organisms and large insoluble particles by wrapping them 

around pseudopod extensions and engulfing them in large vesicles called phagosomes (re
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viewed in Rabinovitch, 1995). It occurs primarily in specialised cells such as macrophages, 

monocytes and neutrophils. Pinocytosis or “cell drinking” is the uptake of macromolecules 

and solutes (including cytokines) via tiny vesicles tha t form on the cell membrane and 

pinch off into the cell.

Pinocytosis is primarily mediated by vesicles called clathrin-coated pits. These are uni

formly distributed over cell membranes and facilitate endocytosis of ligand bound to re

ceptors. They contain two major structural components: polygonally latticed coats made 

up of the protein clathrin (Pearse, 1987), and adaptor protein complexes which recruit 

receptors by recognising signals that they generate (Pearse and Robinson, 1990).

A number of less well understood vesicles are also known to mediate pinocytosis, such as 

non-coated pits, caveolae and macropinosomes (reviewed in Lamaze and Schmid, 1995). 

They are thought to constitute a major portion of constitutive non-specific pinocytosis. 

For instance, Lamaze et a/. (2001) found tha t cells continued to endocytose IL-2 receptors 

even after the clathrin-mediated pathway was inhibited. Association of IL-2 receptors 

with non-coated pits occurred constitutively, although ligand binding increased the level 

of recruitment.

The rest of this section focuses on receptor-mediated endocytosis via coated pits, which 

is the primary and best understood way tha t high concentrations of cytokines are taken 

up into cells. This form of endocytosis requires receptors to localise into clathrin-coated 

pits, which then invaginate into cells together with their components and pinch off to form 

coated vesicles. The way this happens depends on the ligand involved:

a. Receptors that transport nutrients or inert cargo for subsequent use by cells, such as 

receptors for low-density lipoproteins or LDL (Anderson et a/., 1982) and transferrin 

(Watts, 1985), spontaneously cluster about coated pits. Endocytosis and recycling 

of these receptors is observed even in the absence of ligand binding.

b. Receptors for signalling ligands, such as epidermal growth factor or EGF (Dunn and 

Hubbard, 1984), need to bind ligand before they associate with coated pits. They 

have recognition signals for coated pit adaptors tha t are only exposed when ligand 

binding occurs.

Following internalisation, coated pits merge to form organelles called early endosomes. 

These are the first in an entire family of organelles which sort ligands and receptors into 

different routes. Different types of ligands undergo different pathways (Schwartz, 1995):
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a. Receptors for most nutrient ligands, such as LDL (Brown et al, 1983) and asialo- 

glycoproteins or ASGP (Schwartz et al, 1982), dissociate from their ligands in the 

endosome. The ligand is carried to the lysosome, where it is degraded to provide 

nutrients for the cell. The receptor is recycled to the surface, where it can participate 

in further rounds of endocytosis.

b. Signalling ligands such as EGF (Dunn and Hubbard, 1984; Felder et al, 1990) 

and cytokines like TN F-a (Mosselmans et ai, 1988) do not dissociate from their 

receptors in the endosome. Instead, the entire receptor-ligand complex is carried 

to lysosomes for degradation. This causes a decrease in surface receptor density 

over time. However, in some cells, a portion of receptor-ligand complexes escape 

degradation and recycle (Dunn and Hubbard, 1984; Wiley et al, 1991).

The rate of internalisation of many signalling receptors increases sharply following ligand 

binding (Sorkin, 1998). This is illustrated by the endocytic pathways taken by the EGF 

receptor. This is the classic model and source of much of our knowledge for endocytosis of 

signalling receptors. EGF is a receptor tyrosine kinase, one of the classes in the family of 

enzyme-linked receptors (Alberts et al, 2002, p. 871). The EGF receptor is endocytosed 

by two separate pathways. Unbound receptors are endocytosed at a low constitutive rate 

(Chen et al, 1989). The pathway they undergo is not specifically associated with coated 

pits, but probably occurs from nonspecific (random) association with structures in the cell 

membrane tha t undergo continual endocytosis (Lund et al, 1990). On the other hand, 

receptor occupancy increases the rate of endocytosis 8 -fold (Wiley et al, 1991). This 

has been linked to ligand activation of the receptor’s intrinsic tyrosine kinase, which is 

necessary for receptor accumulation in coated pits (Ghen et al, 1987; Lamaze and Schmid, 

1995). However, mathematical modelling of EGF receptor trafficking by Lund et a/. (1990) 

suggests that endocytosis by the induced pathway is a second order process tha t saturates 

at high receptor concentrations. This may be because EGF receptors compete for limited 

receptor-binding sites (or some other internalisation component) in coated pits (Ghen et 

al, 1989; Lund et al, 1990). When the induced pathway is saturated, EGF-occupied 

receptors revert to the slower pathway.

Most EGF receptors internalised under both pathways are recycled to the cell surface 

(Wiley et al, 1991, Felder et al, 1992). However, filled receptors recycle at a much slower 

rate than unfilled receptors (Felder et al, 1990; Herbst et al, 1994). This, together with 

the increased rate of internalisation, has the effect of causing a greater proportion of them
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Gonstitutive pathway Induced pathway

Slow rate of endocytosis 

Fast rate of recycling 

Not clathrin-associated 

Used by empty receptors only 

First order process 

Non-saturable

Faster rate of endocytosis 

Slower rate of recycling 

Glathrin-associated

Used by both empty and filled receptors

Second order process

Saturable

Table 2.1: Differences between the two pathways of EGF receptor endocytosis.

to be degraded in the lysosome, thereby reducing surface receptor levels.

Table 2.1 summarises the differences between the two pathways of EGF receptor endocy

tosis.

Post-ligand binding events in receptors without intrinsic tyrosine kinases differ from those 

observed in EGF. However, studies on other signalling receptors suggest that ligand- 

induced increase in the rate of endocytosis is a common phenomenon. An increased rate 

of endocytosis following ligand binding has been observed in studies on cytokines such as 

IL- 1  in EL4 cells (Mizel et al.  ̂ 1987), IL-2 in T lymphocytes (Duprez et aZ.1988; Smith, 

1988) and interferon-o;2 a in the human lung carcinoma cell line A549 (Myers et al, 1987). 

However, Zoon et a/. (1986) found only a marginal increase in the rate of IFN-Q2 receptor 

endocytosis following ligand binding in kidney cells.

2.2.4 R eceptor shedding

Both occupied and unoccupied receptors can be shed from the cell surface by proteolytic 

cleavage of their extracellular domain (Fernandez-Bortran et al, 1996). In some cases 

(such as for the 75 kDa TNF and IL-2 receptors), ligand binding increases the rate of 

shedding (Porteu and Hieblot, 1994). Apart from proteolytic cleavage, soluble receptors 

can also be generated by direct secretion of a truncated receptor formed from nuclear 

translation of an alternative transcript.

Suggestions for the immunoregulatory role of receptor shedding include the following (re

viewed in Fernandez-Bortran et al, 1996):

a. Receptor shedding could be an adaptation mechanism tha t prevents the cell from 

being overstimulated, since a cell’s receptor density determines its ability to respond
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to stimulus.

b. Soluble receptors suppress ligand activity by competing with their membrane-bound 

forms for ligands. They inactivate the ligand after they form a receptor-ligand 

complex.

c. In some cases soluble receptors at low concentrations actually enhance the bioactiv

ity of their ligands in vivo. This is because ligand bound to soluble receptors are only 

temporarily deactivated; in fact binding protects cytokines from proteolytic degra

dation and clearance (Fernandez-Bortran and Vitetta, 1991; Debets and Savelkoul, 

1994; Rehlaender and Cho, 1998). For instance, studies have found that TNF bioac

tivity is enhanced at low molar ratios of soluble TN F-a receptors to ligand (Aderka 

et a/., 1992; Mohler et a!., 1993).

d. Some soluble receptors bound to ligand can associate with membrane-bound proteins 

and activate nuclear gene expression (Taga et aZ., 1989).

2.2.5 R eceptor synthesis

Cells can create new receptors by de novo synthesis. This involves a process called the 

secretory pathway of protein sorting (see Lodish et aZ., 2000, pp. 691-696). It begins when 

proteins are synthesised on cytosolic ribosomes bound to the rough endoplasmic reticulum 

membrane based on information encoded on messenger RNA. Synthesised receptors are 

then translocated to the Golgi apparatus where they are sorted for delivery into two 

kinds of vesicles. Receptors that are secreted constitutively are taken up by transport 

vesicles which fuse with the plasma membrane and release their contents (a process called 

exocytosis). However, receptors that are synthesised in response to stimulus are carried by 

secretory vesicles that are stored inside the cell until they receive the appropriate stimulus 

(such as from signalling pathways caused by binding of signalling ligands).

Receptor synthesis causes surface receptor density to increase. The constitutive rate of 

receptor synthesis is usually low but can be significantly increased by stimulation. Some 

cytokines, such as IL-1, up-regulate synthesis of their own receptors when they stimulate a 

cell (Akahoshi et aZ., 1988). In other cases, receptors can be up-regulated by stimuli other 

than the receptor’s own ligand. For example, LPS can induce IL-10 receptor expression 

in fibroblasts (Weber-Nordt et aZ., 1994).
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2.3 Review of existing models of receptor trafficking

Ligand Representative models

Asialoglycoprotein Schwartz et a/. (1982), Beck (1988)

Choriogonadotropin Lloyd and Ascoli (1983)

EGF Wiley and Cunningham (1981, 1982), Gex-Fabry and Delisi 

(1984), Lloyd and Ascoli (1983), Myers et al.{19S7), Lund et 

a/.(1989), Yanai et a/.(1991)

FNLLP Zigmond et a/. (1982)

IFN-Q!2 Zoon et a/.(1985), Myers et a/.(1987), Bajzer et a/.(1989)

IL-1, IL-10 Henderson et a/. (1998), Seymour and Henderson (2001)

IL-2 Morel et a^ l996), Burke et a/.(1997), Fallon and Lauffenburger 

(2000)

KGF Wearing and Sherratt (2000)

TGF-a Owen and Sherratt (1998)

TNF-a Bajzer et aZ.(1989)

Transferrin Ciechanover et a/.(1983). Beck et aZ.(1988)

Table 2.2: Models of receptor trafficking for various receptor-ligand systems. Abbrevia

tions: EGF (epidermal growth factor), FNLLP (N-formylnorleucylleucylphenoylalanine), 

IFN - 0 2  (interferon-0 2 ), IL-1 (interleukin-1), IL-2 (interleukin-2), IL-10 (interleukin-10), 

KGF (keratinocyte growth factor), TNF-o (tumour necrosis factor-a).

As the mechanisms of receptor-mediated endocytosis were being discovered in the 1980s, 

several researchers tried fitting kinetic and equilibrium ligand binding data to various 

differential equation schemes. More recently, such schemes have been incorporated into 

wider models of cell response to cytokine binding (Owen and Sherratt, 1998; Fallon and 

Lauffenburger, 2000; Wearing and Sherratt, 2000) and of cytokine network interactions 

(Morel et al, 1996; Burke et al, 1997; Henderson et al.  ̂ 1998; Seymour and Henderson, 

2001).

In this section, several of these schemes are reviewed. Some of the receptor-ligand systems 

for which such schemes have been proposed are listed in Table 2.2. We do not compre

hensively list every single attem pt to fit data to a model of receptor trafficking. However, 

representatives of most major approaches that have been taken are discussed here.

Two approaches have been used to construct such models. The first approach uses dy
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namical systems to consider kinetic changes in the state and cellular location of receptor 

and ligand. The second approach assumes that such changes are at equilibrium. We will 

consider models using each approach in turn.

2 .3 .1  K in e tic  m o d e ls

Kinetic models of receptor trafficking are differential equation schemes tha t give the instan

taneous concentration or density of receptors and ligands in various compartments within 

a cell and its extracellular environment. A compartment is a concept from pharmacoki

netics which represents a group of tissues where drug concentration can be considered to 

be homogeneous (Shargel and Yu, 1999, p. 38). Hence the value of any variable (such as 

ligand and receptor concentration) is spatially homogenous within a compartment. In a 

model of a cell a compartment represents a group of cell organelles or structures rather 

than tissues.

Receptors and ligands can change form and be transferred from different compartments 

by binding and trafficking processes. The rate at which a species moves from one form or 

compartment to another is usually directly proportional to its concentration. Such a rate is 

called a first order rate. The rate is zero order if it is a constant regardless of concentration. 

A rate which involves the product of concentration of two species (such as the rate of 

receptor-ligand binding) or the square of one species is called second order. However, if 

one of the species of a second order rate process is greatly in excess, its concentration can 

be regarded as constant and absorbed into the constant of proportionality; the rate is then 

called pseudo-first order.

Most kinetic models have differential equations governing the rate of change of free ligand, 

surface receptors, surface receptor-ligand complexes and internalised receptors. In addi

tion some have compartments for coated receptor-ligand complex association with coated 

pit complexes (Gex-Fabry and Delisi, 1984) as well as features such as vesicles or deep 

compartments that complexes enter before being internalised (Zigmond et a/., 1982; Yanai 

et al, 1991). Beck (1988) suggested a model where internalisation only takes place after a 

threshold of complexes has been reached; hence the rate of internalisation is discontinuous.

The rate parameters for these processes are determined by fitting the model to experimen

tal data tha t gives the concentration of free, surface bound and internalised ligand. This 

data can be gathered by radio-iodinating the ligand and measuring radioactivity before 

and after receptor-bound ligand is washed off.
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Several papers (Beck, 1988; Bajzer et al, 1989; Yanai et al.  ̂ 1991) construct a number 

of different models side-by-side for the same system. The models are then compared to 

experimental data either by statistical goodness-of-fit tests or by examining the qualitative 

features of the time-courses each model generates. This enables insights to be drawn about 

the mechanisms of receptor trafficking present in the system.

2.3.2 Steady state m odels

A different approach is taken by a number of other authors including Wiley and Cun

ningham (1981), Lloyd and Ascoli (1983), part of Gex-Fabry and Delisi (1984), Zoon et 

a/. (1986) and Lund et a/. (1989). They model situations where cell trafficking processes 

are at steady state. This does not mean tha t the rates of these processes are zero, but 

rather tha t they exactly balance each other so tha t the net rates of change of the chemical 

species they affect are zero.

Scatchard (1949, quoted in Rubinow, 1980) related the steady state concentration of free 

and bound ligand in a system that involved binding of ligand to soluble proteins. Scatchard 

plots can also be used to approximate ligand binding to cells when receptor trafficking 

processes are dormant (for instance, at 0°C). A number of authors have extended this 

work to situations where receptor trafficking processes are active. Analysis by Wiley 

and Cunningham (1981) related the concentration of both surface and total (surface and 

internalised) receptor-ligand complexes to concentration of ligand. The equations were 

obtained by assuming that surface receptor insertion, free receptor turnover, receptor- 

ligand complex internalisation and degradation of internalised complex were at equilibrium 

with each other. They used their work to estimate the endocytotic rate constant for EOF. 

Their work has also been applied to other ligand systems (Lloyd and Ascoli, 1983; Zoon et 

a/., 1986). Several authors (Gex-Fabry and Delisi, 1984; Lund et al., 1989) have extended 

this work to systems where receptor-ligand complexes need to interact with coated pit 

complexes before being internalised.

Steady state models are less applicable to modelling cytokine networks because in most 

cases of cytokine regulation, the concentration of signalling ligands is constantly changing 

as a result of interactive cross-regulation. Hence the cell never reaches a steady state in 

terms of its receptor trafficking processes. However, in some cases it is possible to assume 

tha t some receptor trafficking processes occur on a much faster time-scale than ligand 

binding and signalling. Hence it can be assumed tha t these processes can rapidly reach a
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new steady state as soon as ligand concentration changes. In effect they are assumed to 

be at a “quasi-steady state” (see Section 2.5.4 and Murray, 1993, pp. 111-118).

2.4 The model

2.4.1 M ass-action kinetics

The simplest model of a cytokine network with any basis in biology is a homogeneous 

population of cells producing a single cytokine in response to a constant stimulus in the 

absence of any other factors tha t are able to influence the dynamics of the cytokine and 

its receptor. This corresponds to the conditions used in many in vitro cytokine studies. In 

these experiments, a particular cell type is separated from whole blood by centrifugation. 

The cells are then cultured in a flxed volume of animal serum, which contains factors neces

sary to sustain cell survival and function (such as nutrients and growth factors). However, 

serum content can be highly variable and may contain factors tha t have an indeterminate 

effect on cells. For instance, Schindler et a/.(1990) and Danis et uZ.(1991) found that serum 

factors can induce cytokine production. As a consequence, many experiments involving 

cytokines use serum-free conditions. These involve carefully controlled chemicals that are 

able to sustain cells without the uncertainty of serum.

Suppose that the receptor-ligand interactions in such a system obey the assumptions of 

the Law of Mass Action. For the moment we assume tha t intracellular and extracellular 

processes apart from mass-action kinetics have a negligible effect on ligand and receptor 

concentrations. Then the relationship between the molar concentration of extracellular 

ligand (L), unbound receptors (R) and receptor-ligand complexes (C) in the vicinity of 

the cells is described by the following system of ODEs (found in many textbooks, for 

instance, Rubinow and Segel, 1980):

— —kiRL -f- k—iC (2 .1 )

^  = -kiRL + k^iC (2.2)

^  =  k i R L - k ^ i C  (2.3)

Let the total concentration of cell surface receptors be i?o, so by mass conservation, 

R  = R q — C. If there are no production and consumption processes for receptors (such as
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endocytosis and receptor synthesis), then R q is a constant equivalent to initial concentra

tion of unbound surface receptors R{0). Furthermore, if ligands are also not produced or 

consumed then ligand concentration L is a function of C  given hy L — Lq — C, where Lq is 

the initial ligand concentration. This means that the equations for L  and R  in (2.1)-(2.3) 

need not be modelled explicitly, and the system reduces to a single equation:

=  ki{Ro — C){Lq — C) — k - i C  (2.4)

Note that R q, the concentration of cytokine receptors in the volume of medium considered, 

is the product of the number of receptors per cell, r  and the molar concentration of cells in 

the medium, d. The parameter r can be determined by equilibrium binding experiments 

and is well characterised for many receptor and cell types (for instance. Dower et a/., 1985, 

gives experimental values of r for IL-1 receptors in many cell types), while the parameter 

d is determined by the conditions of a particular experiment, and is generally published 

together with experimental results. For in vitro experiments, it is commonly of the order 

of 10  ̂ cells ml“  ̂ or M. Physiological concentrations of leukocytes (white blood

cells) in vivo range from about 400 cells for beisophils to about 4500 cells for 

granulocytes. Monocytes are present at about 300 cells pl~^,or about 10“ ®̂ M (Rapaport 

et aZ., 1990, Table 3.3, p. 340).

The simple mass-action kinetic model of cytokine binding described above is normally used 

to estimate r  and from experiments using radioactive ligands. The ratio is the 

equilibrium dissociation constant, and is represented as Kd (units M). These experiments 

measure specific radioligand binding at various concentrations of the radioligand when 

equation (2.4) is at equilibrium. Ligand concentration is high enough tha t ligand produc

tion and consumption processes have negligible effect. Under these conditions (Q  =  0 and 

L q — C L q), (2.4) can be arranged to become:

i  =  léh-o
This equation, called the Langmuir adsorption isotherm or Hill-Langmuir equation (Jenk- 

inson, 1996; Kenakin, 1997, p. 12-13), relates the proportion of receptors occupied by 

ligand to concentration of ligand by a rectangular hyperbola relationship.

Radioligand binding experiments reach saturation in a very short time (typically 1-2 h) 

and are carried out at 4°C to deactivate intracellular trafficking and signalling processes
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(Lauffenberger and Lindermann, 1993, p. 26-29). Under physiological conditions however, 

these latter processes play a vital role in the cytokine network and need to be taken into 

account in any realistic model.

2.4.2 R eceptor trafficking

We represent receptor trafficking processes such as endocytosis, shedding, recycling and de 

novo synthesis in the model (2 .6 )-(2 .8 ) with dose response functions which are discussed 

here.

a. E n d o cy to sis

Endocytosis of bound receptors (stimulated endocytosis) is represented by an increas

ing function E"a(C), while endocytosis of unbound receptors (unstimulated endocy

tosis) is represented by an increasing function E{R). Obviously E{0) =  Es{0) = 0 

since receptors cannot be endocytosed if they do not exist. We assume that lig

and binding increases (or at least does not decrease) the rate of endocytosis, so 

Es(C) > E(R)  whenever C = R.

b. R e c e p to r sh ed d in g

The rate of shedding of bound and unbound receptors respectively are represented 

by increasing functions Ss{C) and S{R)^ with 5(0) =  5^(0) =  0. Receptor shedding 

has the sole effect of reducing a cell’s ability to respond to stimulation. Hence, it is 

assumed that receptors and their associated ligands play no further role once they 

are shed. In Chapter 4 we explore the effect that soluble receptors have on cytokine 

levels.

c. R e c e p to r  u p -reg u la tio n

Receptors are inserted into the plasma membrane of cells following de novo synthesis 

in the rough endoplasmic reticulum. For some ligands there may also be an intracel

lular pool of receptors, distinct from the internalised receptors, and not immediately 

available for binding until a particular stimulus is received (Liao and Freer, 1980; 

Klausner et al.  ̂ 1983). In some systems, these receptors are recruited so rapidly 

following stimulus that the role of de novo synthesis appears to be ruled out.

Existing models take different approaches to receptor up-regulation. Wiley and Cun

ningham (1981) incorporate a constant rate of receptor insertion; models developed
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along the same lines as theirs (such as Zoon et al, 1986; Yanai et al, 1991) follow 

the same approach, as do the Myers et a/. (1987) and Burke et a7(1997). However, 

Yanai et a/. (1991) suggest that this is too simplistic, and tha t the rate should be 

dependent on the ligand-binding profile. Even receptors recruited from an existing 

pool are apparently only released upon ligand binding (Klauser et al, 1982). Sev

eral models (such as Owen and Sherratt, 1998; Wearing and Sherratt, 2000; Seymour 

and Henderson, 2001) use increasing functions of receptor-ligand complex density as 

up-regulatory terms. Finally, some models have a separate compartment for endocy

tosed receptors. Receptor up-regulation in these models is the sum of a constant rate 

of synthesis and the rate of receptor recycling represented by a first order function 

of the concentration of endocytosed receptors.

The approach we take is to model receptor up-regulation (via synthesis and possible re

cruitment from an intracellular pool) by an increasing function U{C) where U{C) > 0. 

Receptor recycling is taken into account by modifying the endocytosis function (see be

low). U{0) is the constitutive rate at which new receptors are recruited. In the absence 

of stimulation, we assume that new receptors are recruited at a rate which exactly bal

ances the loss of receptors due to constitutive receptor shedding and endocytosis. Hence 

U{0) = E{Rcon) +  S{Rcon), where Rcon is the steady state level of receptor concentration 

in the absence of any cytokine binding. Since E{Rcon) +  S{Rcon) > 0, this implies that 

C/(0) > 0.

Some models have separate compartments for endocytosed receptors and/or ligands. This 

approach is taken by Zigmond (1982), Gex-Fabry and Delisi (1984), Beck (1988), Bajzer 

et a/. (1989) and Lauffenburger and Lindermann (1993, p. 81). They model receptor 

up-regulation with a first order function of internalised receptor concentration. Zigmond 

et a/. (1982) found evidence to support this approach by demonstrating tha t the rate of 

peptide receptor recovery in polymorphonuclear leukocytes is a first order function of the 

number of receptors missing from the cell surface. However, this approach would cause our 

model to be prohibitively complex to analyse. For instance, Gex-Fabry and Delisi (1984)’s 

model required nine variables for a complete description. Furthermore, it is difficult to 

distinguish between receptors that are recycled and receptors which are inserted into the 

surface either from de novo synthesis or from an existing intracellular supply of receptors. 

No such data seems to exist in the case of IL-1, for instance. Gex-Fabry and Delisi (1984) 

get around this by fitting time-course data on receptor-bound and internalised ligand
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concentration to their model, so tha t none of the rate paramters need to be measured 

directly.

However, our model (2.6)-(2.8) below does not explicitly rule out receptor recycling. If 

recycling is significant, then the functions representing endocytosis (E(R)  and Es{C)) 

should be interpreted as the rate of receptor degradation in lysosomes. That is, they 

represent net receptor loss of internalised receptors minus recycled receptors. W hat we 

lose by not having a separate compartment for internalised receptors is the time lag for 

receptors to appear on the cell membrane. In effect, it means tha t recycling is at steady 

state. This seems justified since recycling is on average an order of magnitude faster than 

internalisation (for instance, see Herbst et al.  ̂ 1994 for EGF and Bajzer et al,  1989 for 

TNF-a).

The following receptor-cytokine equations take into account receptor trafficking, where 

the functions U, E, Eg, S  and Sg are all non-negative and non-decreasing.

— —k \R L  h ^ \C  (2.6)

^  =  U ( C ) - E { R ) - S ( R ) - k ^ R L  + k - i C  (2.7)

= —Es{C) — Ss{C) + k \ R L  — k—\C  (2.8)

In general, ligands and receptors are not conserved in this model. Hence R q (the total 

concentration of bound and unbound receptors) is a dynamic variable, not a constant:

^  =  U(C) -  E(R)  -  E,(C) -  S(R) -  S, (C)  (2.9)

2 .4 .3  L igan d  p r o d u c tio n  and  c o n su m p tio n  p ro cesse s

Equations (2.6)-(2.8) contain no ligand production terms. If initial ligand concentration 

L(0) is non-zero, then L  will decrease exponentially to zero. However, if L(0) is sufficiently 

large compared to its association rate, then L will be effectively constant at time-scales of 

interest.

However, cells are able to secrete cytokines in response to stimuli; this is what gives rise 

to cytokine networks. This stimulus could be exogeneous to the cell (such as cytokines or 

hormones secreted by other cells as well as external agents like antigens or bacteria) or 

endogenous to the cell (autocrine cytokines secreted by the cell itself). In our one-cytokine
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model, we assume tha t exogenous stimulation is maintained at a constant level. The cell’s 

ability to increase L  by secreting cytokines is represented by a production function P{C),  

with P(0) > 0. P(0) is the background rate of cytokine production, due to the cell’s 

constitutive production of the cytokine or an explicit constant stimulus.

By making the production function dependent on the concentration of receptor-ligand 

complexes, we have assumed that the magnitude of response depends on the proportion of 

receptors that cytokines occupy. In practice, there are a number of molecular events be

tween receptor occupancy and a cell’s ultimate functional response (Nelms, 2000; Alberts 

et al,  2002, pp. 841-842):

a. Receptor binding usually causes oligomerisation (cross-linking) of receptor subunits.

b. Oligomerisation activates enzymes associated to the receptor such as tyrosine ki

nases. These catalyse the phosphorylation of receptor and intracellular signalling 

molecules.

c. Phosphorylation allows the receptor to interact with intracellular signalling molecules. 

This triggers a cascade of molecular events that alters the concentration of intra

cellular signalling molecules, called second messengers to distinguish them from the 

first messenger, which is the ligand itself (Alberts et a/., 2002, p. 843-845).

d. Signalling pathways can cause several different cellular responses, including cell pro

liferation, death or activation of specific genes. Gene activation occurs if the sig

nalling cascade changes the concentration of proteins called transcription factors. 

These factors then translocate to the nucleus, where they bind to regulatory por

tions of genes in DNA. This activates or represses transcription of the relevant genes 

onto mRNA.

e. mRNA is translated into the right sequence of amino acids for protein synthesis.

f. Some proteins such as IL-1 may be expressed in a precursor form tha t needs further 

processing before it is bioactive (Black et al.  ̂ 1988).

Each step in the pathway can itself by mediated by various internal and external factors. 

So representing cytokine secretion in response to autocrine stimulation by a function of C 

is a simplification of a rather complicated series of processes.

In addition, free cytokines can degrade over time or be carried away from the vicinity of 

the cell by diffusion. They can also be taken up directly by the cell (without receptor
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binding) as part of the bulk fluid endocytosed by membrane vesicles such as coated pits 

and macropinosomes. This last process is called non-specific uptake, and eventually results 

in the cytokines being degraded. The process is usually negligible at low ligand concen

trations; Lauffenberger and Lindermann (1993, p. 82) claim tha t it can be ignored when 

ligand concentration is below 10“  ̂ M. On the other hand, Qwarnstrom et a/. (1988) found 

that non-specific uptake of IL-1/5 in gingival fibroblasts becomes significant after receptor- 

mediated endocytosis has saturated. Degradation, diffusion and non-specific uptake are 

collectively represented by a ligand consumption function P_(L).

Including these processes in the model (2.6)-(2.8) yields the following system:

^  =  P { C ) ~ P - { L ) - k i R L  + k ^ i C  (2.10)

^  =  U ( C ) - E ( R ) - S { R ) - h R L  + k - i C  (2.11)

^  =  -Es{C )  -  Ss(C) + k i R L  -  k . i C  (2.12)

2.5 M odel simplification and non-dim ensionalisation

2 .5 .1  M a x im u m  cell su rface recep to r  co n cen tra tio n

If the rate of stimulated receptor up-regulation U{C) obeys certain constraints, total 

surface receptor concentration R q has a maximum value R q. In this section, possible 

constraints on P (C ), their biological significance, and their consequences on the existence 

of R q are discussed.

First, define / ( P ,  C) by the following identity (see (2.9):

f ( R ,  C) = U(C) -  E{R) -  Es{C) -  S{R)  -  % (G) =  ^  (2.13)

The function f ( R , C )  has the following partial derivatives:

fR  = ^  = -  S'{R)  < 0 , f c ^ ~  = U’(C) -  B :(C ) -  S ;(C ) (2.14)

Recall that E(0) =  Eg(0) =  5(0) =  5^(0) =  0 since endocytosis and shedding cannot 

occur in the absence of receptors, so /(0 ,0 ) = U(0) > 0. If /  is continuous, then there
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exists a (non-unique) Cmax > 0 such tha t /(O, C) > 0 for all 0 < C < Cmax- Note that 

this does not imply /(O, C) > 0 for all C  > Cmax-, since it is possible to have /(O, C) < 0 

for all C > 0 .

The existence of R q depends on the biological assumptions made about receptor up- 

regulation. Three possible scenarios are discussed below.

a. R eceptor up-regulation is a weaker effect than endocytosis or shedding.

This is the case considered in Seymour and Henderson (2001), and is implicitly 

assumed in models such as Owen and Sherratt (1998) where endocytosis and receptor 

up-regulation balance out at saturating bound ligand concentrations. For many 

receptors, homologous ligand binding does not increase the rate of receptor synthesis, 

so the rate of receptor up-regulation (excluding recycled receptors) as a function of 

ligand stimulation may be low or even zero. Hence it is possible tha t U'{C) < 

Eg(C) -f- 5 '(C ), that is, stimulated up-regulation of receptors is a “weak” effect. In 

this case, f c  < 0, and there is a unique Cmax such tha t /(O, Cmax) = 0, /(O, C) > 0 

for all C < Cmax and /(O, C) > 0 for all C  > Cmax- Furthermore, since //? < 0, there 

is a continuous bijective curve of solutions R  = R{C)  to the equation f ( R , C )  = 0 

for all 0 < C < Cmax, such that /(R , C) < 0 for all R  > R{C)  and f{R ,  C) > 0 for 

all R  < R{C).  Note that (0) — Es{Rcon) ~  Rs{Rcon) =  0, so R(0) =  Rcon-

Now using the Chain Rule to differentiate /(R , C) =  0 and rearranging gives;

Hence R{C)  is a strictly decreasing curve connecting (i?con,0) and (0,Cmax)- Now 

R q = /(R ,C ) , so f{R^C) = 0 and hence this curve is a stable state for R q. Since 

R q = R  + C, we can define R q = max{R + C : R  = R{C)}  for the range 0 < 

C < Cmax- This means tha t the concentration of free receptors can never exceed its 

constitutional level Rcon-

b. R eceptor up-regulation is strong at low ligand concentrations but satu 

rates at high ligand concentrations.

If ligand binding has a strong up-regulatory effect on the rate of receptor synthesis 

(such as for the case of IL-1 in fibroblasts discussed in Chapter 3), then U'{C) < 

(C )-f 5 '(C ) does not hold in general. However, U{C) must saturate at sufficiently 

high values of C  since a cell has a limited capacity to synthesise receptors, constrained
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by the amount of amino acids available in its cytoplasm. Thus suppose that, initially, 

receptor up-regulation is stronger than endocytosis and shedding, but it eventually 

saturates. Then there is a C* > 0 such that U'(C) > E'^{C) S'^(C) for C < C*,

and for all C > C*.

If this scenario holds, then a unique Cmax as defined for the previous scenario can 

still be determined. The curve R  — R(C)  still connects (Rcon,0) but it will be 

initially increasing with a turning point at C =  C*. Hence it is only bijective for 

C* < C < Cmax- As before, Rq exists and is defined in the same manner.

c. R eceptor up-regulation, endocytosis and shedding are all saturable.

Receptor-mediated endocytosis and shedding of filled receptors are also saturable 

processes, limited respectively by the availability of internalisation components in 

coated pits (Lund et al, 1990) and proteases tha t can cleave receptors.

If endocytosis or shedding saturate quickly enough (compared to up-regulation), 

then for small values of R, / c  > 0 before /(i? , C) vanishes. Hence there is no Cmax 

such that /(O, Cmax) = 0, and R q can in principle grow indefinitely large. This cor

responds to a case of runaway receptor production, which is not biologically realistic, 

at least for membrane-bound receptors. For long time-scales, a realistic model will 

have to incorporate a variable representing some limiting factor to receptor synthe

sis (such as intracellular amino acid concentration or membrane surface available for 

receptor insertion). For shorter time-scales the model can still realistically describe 

the actual biological situation.

2 .5 .2  F orm  o f  resp o n se  fu n ctio n s

The model (2.10)-(2.12) is very general. Many published cytokine network models (in

cluding Morel et a/., 1996; Burke et a/., 1997; Henderson et al,  1998; Owen and Sherratt, 

1998; Wearing and Sherratt, 2000; Seymour and Henderson, 2001) have receptor-cytokine 

dynamics which are special cases of (2 .1 0 )-(2 .1 2 ), although effects such as spatial vari

ation (Owen and Sherratt, 1998; Wearing and Sherratt, 2000), diffusion (Wearing and 

Sherratt, 2000) and cell proliferation (Burke et al,  1997) are not considered. However, 

the model is not very useful in its full generality. In order to generate reliable predictions, 

published models incorporate constraints on the response functions in (2.10)-(2.12). The 

constraints they put on these functions and the inherent biological assumptions these im

ply are discussed below. Note tha t this discussion is restricted to the way they model
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receptor-cytokine binding and trafficking. Cytokine cross-regulation (important in Morel 

et al.  ̂ 1996; Burke et a/., 1997; Henderson et al, 1998; Seymour and Henderson, 2001) 

and effects such as cell proliferation are not considered here.

a. Ligand consum ption, P-{L)

Seymour and Henderson (2001) and Burke et a/. (1997) do not have ligand consump

tion terms, that is, P-{L) = 0. Hence, they are only valid over time scales and 

ligand concentrations for which degradation and non-specific ligand uptake is neg

ligible. This also rules out diffusion playing any significant role in reducing ligand 

concentration in the vicinity of the cell. This would hold in an in vitro situation, or 

one in which cytokine diffusion is very limited, such as bone or poorly vascularised 

tissue. Wearing and Sherratt (2 0 0 0 ) models ligand consumption with a linear de

cay term (presumably representing proteolytic degradation and non-specific uptake), 

and a Fickian diffusion term (representing dermal ligand diffusion).

b. Ligand production , P{C)

Morel et a/. (1996) and Burke et a/. (1997) have no ligand production term. In the 

analysis given in Morel et af.(1996), ligand concentration is assumed to be constant. 

In Burke et a/.(1997), free cytokine changes according to the balance of dissocia

tion and association to receptors, so it will gradually decrease due to endocytosis. 

Wearing and Sherratt (2000) use a Michaelis-Menten-type ligand production term 

(see 5.1). Seymour and Henderson (2001) separate ligand production into a constant 

term representing cytokine production due to stimulation from some external factor, 

and a function of C  representing cytokine production due to autocrine stimulation. 

For the autocrine function they suggest a form which is essentially a transformed 

Michaelis-Menten function.

c. E ndocytosis, E{R)  and Eg{C)

The rates of endocytosis {E{R) for free receptors and Es{C) for bound receptors) in 

the models reviewed are linear. Wearing and Sherratt (2000) have no endocytosis 

term  for free receptors, though their linear decay term could incorporate lysosomal 

degradation as part of the endocytotic cycle. This seems justified since linear recep

tor trafficking terms are extensively used in the literature and found to accurately 

describe experimental binding data. Examples are Zoon et a7(1986) and Bajzer 

et a/.(1989) for IFN-a, Morel et a/.(1996) for IL- 2  and IL-4, Zigmond et a/.(1982)
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for FNLLP peptides, Schwartz et a/. (1982) and Bridges et aZ.(1982) for asialoglyco- 

proteins, Ciechanover et a/. (1983) for transferrin as well as Wiley and Cunningham 

(1981, 1982) and Carpenter and Cohen (1976) for EGF. The concept of a receptor 

“half-life” which is ubiquitous in the literature (for example. Dower and Urdal, 1987; 

Smith, 1988) assumes that receptor trafficking processes are first order. The only 

exception is work by Lund et a/. (1990) which indicates tha t endocytosis of EGF re

ceptors is a second-order saturable process. However, saturation effects only become 

significant at high ligand concentrations, so linear endocytosis terms are likely to be 

good approximations at biologically realistic ligand concentrations.

Since these models do not have separate compartments for internalised receptors, 

the rate of endocytosis in the models should actually be interpreted as the rate of 

receptor degradation in lysosomes. This is not an issue for Henderson et a7(1998) 

and Seymour and Henderson (2001), as they did not try  to fit numerical parameters 

to their equations. However, Burke et a/.(1997) used parameters for the endocytosis 

rate constant in Duprez and Dautry-Varsat (1988) and Lowenthal et a/. (1988) di

rectly without taking recycling into account. For the IL-2 parameters this is not a 

problem since all internalised IL-2 receptors are known to be degraded (Duprez et 

al,  1986) but this is probably not justified in the case of IL-4 since there is a possi

bility tha t some receptors are rapidly recycled (Lowenthal et al,  1988). Wearing and 

Sherratt (2000) approximated the internalisation rate of KGF using data regarding 

basic fibroblast growth factor from Fannon and Nugent (1996) without making any 

adjustments for recycling. Fortunately, KGF, like other fibroblast growth factors, is 

believed to be degraded following internalisation (Marchese et al,  1998).

d. Shedding, S{R)  and Ss{R)

Seymour and Henderson (2001) has a linear term  for shedding of filled receptors, 

but none of the models have any terms for shedding of free receptors. However, 

if endocytosis and shedding are both linear terms, for the purposes of qualitative 

analysis they can be combined into a single rate of “receptor loss” , since receptors 

undergoing both processes are removed from the system in these models.

e. R eceptor up-regulation, U(C)

The three models make different suggestions regarding U{C). Morel et a7(1996) and 

Burke et a/. (1997) has a constant up-regulatory term, while Wearing and Sherratt

(2000) uses a Michaelis-Menten-type response function. Seymour and Henderson
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(2001) has a more general saturable function U(C) = r]Ue(C) with Ue(C) e [1,1 +m], 

Ue{0) = 1, U^{C) > 0, but later suggests a Michaelis-Menten function as a possible 

form (refer to the legend for Figure 2 in their paper). Under these constraints, the 

rate of receptor synthesis would increase monotonically from its baseline (constitu

tive) rate 77 to a maximum of 77(1 -f 777) as receptor occupancy increases.

Seymour and Henderson (2001), the most general of the models, is the basis for subsequent 

analysis. In our notation, the model is given by the equations below. Here, /?, (5s and % 

are the first order rate constants for constitutive endocytosis, stimulated endocytosis and 

shedding of bound receptors respectively.

^  =  P{C) -  k iR L  + k ^ i C  (2.16)

^  =  r i U e { C ) - l 3 R - k i R L  + k ^ i C  (2.17)

~  —{f3s + ^ s - ¥ k ^ \ ) C  + k \ R L  (2.18)

2 .5 .3  N o n -d im e n sio n a lisa tio n

Since receptor up-regulation in Seymour and Henderson (2001) is saturable, it is possible 

to find an upper limit R q for the total number of cell-surface receptors R q as discussed 

earlier. We can then convert the dynamic variables L, i?, C  and R q into ratios by dividing 

them by R q\

The corresponding derived variables I, r, c, tq are dimensionless since L, E, C, R q and 

R q are concentrations with units M. This also ensures that 7-, c, ro < 1. The purpose 

of non-dimensionalising is to transform the domain of response functions such as P{C)  

and Ue{C) to [0 , 1 ] so that when we consider the effect of several cytokines acting on each 

other (for example, in joint response functions in Chapters 5 and 6 ), the strengths of the 

various effects are more directly comparable.

Reparameterising the non-linear response functions in terms of the new variables gives:

0 (c) — - ^ P ( R qc), 0 (c) — ~ ^U q{Rqc) (2 .2 0 )
R q R q
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Realistically, 0(c) must have an upper bound since a cell cannot produce ligand at an 

indefinitely fast rate. Hence in principle it can be written as a; +  i/0a(c), where w, z/ > 0 

and 0a (c) is a function with range [0,1]. The constant cu represents baseline production of 

ligand, that is, constitutive production and production due to constant external stimuli 

which is not modelled dynamically. The function z/0a(c) represents ligand production due 

to autocrine signalling from the same ligand. Separating 0(c) into two additive components 

does not involve making any additional biological assumptions except th a t production of 

ligand cannot fall below its baseline production, tha t is, tha t there is no possibility of 

down-regulatory autocrine effect. This is because uj is simply the value of 0(0), and 

z/0 a(c) is simply 0 (c) -  lu.

We do not make the separation at this point, but we will use the fact later. Thus we have 

the following set of differential equations, in which cr = jSg + k - i .

— = 0 (c) — kiRoirQ — c)l k—ic (2 .2 1 )

— 7̂ 0 (c) — (3r — kiRo[rQ — c)l /c_ic (2.22)

— =  kiRQ(^TQ — c)l — (jc (2.23)

Since tq = r + c/ \ i  is possible to rewrite the system in terms of (/, c, ro) instead:

— — 0(c) — kiRoirQ — c)/ k—\c (2.24)

— =  kiRoivQ — c)/ — (JC (2.25)

^  =  770(c) -  /5(ro -  c) -  (3sC -  jsC (2.26)

2 .5 .4  T h e  tw o  d im en sio n a l m o d e l

Seymour and Henderson (2001) point out that (2.26) is a secondary adjustment process of 

the receptor-ligand interaction equations (2.24)-(2.25). If (2.26) is a “fast” equation (i.e. 

^  is at least an order of magnitude greater than ^  and ^ ) ,  as they argue for the case of 

IL- 1  in monocytes, then it can effectively be replaced by the quasi-steady state condition:

r]'ipe{c) -  p{ro -  c) -  f3sC -  = 0 (2.27)
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This means that total cell-surface receptor number quickly reaches a steady state level that 

responds immediately to changes in the level of filled receptors. In EGF, for example, 

Dunn and Hubbard (1984) found that surface EGF receptor levels reach steady state 

within 20 minutes of exposure to ligand. Duprez et a/. (1988) observed only slightly slower 

internalisation rate for IL-2 receptors in a T lymphocyte line (Duprez et ai,  1988). The 

rate of internalisation of IL-1 receptors is substantially slower (Qwarnstrom et aL, 1988; 

Grenfell et a/., 1989). However, Seymour and Henderson (2001) report (although they do 

not give details) tha t a parameter comparison of the time-scales of the equations (2.24)-

(2.26) does indicate tha t a quasi-steady state assumption is justified.

Making rg the subject of (2.27) gives the equivalent equation:

^0 — ^'0(c) +  ^1 — ^  1 c =  h{c) (2.28)

Note tha t due to the properties of V (̂c), h{c) satisfies h(c) > c (since rg > c) and h{0) = 

Substituting h(c) back into (2.24)-(2.26) gives:

— — (j6(c) — Ag(h(c) — c)/ -|- k—ic (2.29)

^  =  kiRo{h{c) — c)l — ac (2.30)

The next proposition gives the conditions for a fixed point of (2.29)-(2.30) to be locally

asymptotically stable. This is the equivalent of Proposition 1 in Seymour and Henderson

(2001).

P ro p o s itio n  2 . 1  Let (Z, c) =  (I, c) he a fixed point of (2.29)-(2.30). Then (7, c) is locally 

asymptotically stable if h'(c) < 1 and o — /c_i > </)'(c).

P ro o f  By taking the Jacobian of (2.29)-(2.30), the coefficient matrix of the linearised 

system at (I, c) is given by:

_  -kiRQ{h{c) — c) f  {c) -  kiRQ{h {c) -  1)1 + k - i  . .
)̂ — I - , , , , - , - I (2.31)

/ciPg(h(c) — c) kiRo(h (c) — 1)1 — a

This means that the trace, Tr J , and determinant, Det J , of J are:
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Tr J  — — — c) — ^i-Ro(l — — (7 (2.32)

Det J  =  k iR o {h {c )  — c ){a  — /c_i — (f)'{c)) (2.33)

If h'{c) < 1 and a  — k ^ i  > 0'(c), then Tr J  < 0 and Det J  > 0. These are the conditions 

for the equilibrium to be locally asymptotically stable. □

This is all we require for our subsequent analysis, but in fact the conditions for stability

can be made necessary as well as sufficient if they are tightened slightly.

Corollary 2 .1  L et  (/, c) =  (I, c) be a fixed poin t o f  (2 .2 9 )- (2 .3 0 ) .  Then  (I, c) is locally

asym pto tica lly  stable i f  and only i f  the fo llowing conditions hold:

h M h i c ) - _ c )  + a

P roof If (2.34) holds then certainly h'(c) < 1, so by (2.1) it is a sufficient condition 

for stability. To show necessity, observe that if the equilibrium is locally asymptotically 

stable, Tr J  < 0 and Det J  > 0. But since h{c) >  c, this can only happen when (2.34) 

holds. □

Note that by solving ^  =  ^  =  0, c =  c is  given by the roots of the equation:

0(c) = {a -  /c_i)c =  +  Js)c (2.35)

Seymour and Henderson (2001) show that the condition h'{c) < 1 ensures that (2.24)-

(2.26) and (2.29)-(2.30) are qualitatively equivalent (in the sense tha t there is a continuous 

bijection between their phase portraits preserving orientation, and hence they have locally 

asymptotically stable equilibria under the same parameter regimes). This condition is 

equivalent to rj'ip' {̂c) < /?s +  7 ,̂ i.e. receptor synthesis is a weaker process than stimulated 

endocytosis and shedding. As explained in Section 2.5.1, this means tha t free receptor 

concentration can never exceed its constitutional level.

Finally, there is the question of how im portant the function h(c) is in the first place. There 

are two situations in which it can be replaced with a constant. First of all, as Seymour and 

Henderson (2001) pointed out, if there is no stimulated up-regulation of receptors then 

h{c) = ^ — {1  — so h{c) — c =  ^ — Hence, for a suitable reparameterising

of R q and c in (2.29)-(2.30), we can take h{c) = 1.
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Secondly, even if there is stimulated up-regulation of receptors, changes to total receptor 

concentration are usually insignificant in physiological situations. Such changes are only 

significant when small concentrations of ligand are able to cause strong up-regulation of 

receptor levels, such as for IL-1 in fibroblasts (Akahoshi et al, 1988), or when super- 

physiological levels of ligand are being used. Endocytosis studies like those in Mizel 

et a/.(1987), Qwarnstrom et d.(1988) and Solari et aZ.(1994) which show surface recep

tor levels falling to well below half their constitutive levels are highly unrepresentative 

of physiological (and even many experimental) situations, because they use ligands at 

nanomolar or greater concentrations in order to achieve saturation binding of receptors. 

On the other hand, cytokines are generally able to exert significant effects at picomolar 

or smaller concentrations (Balkwill et al, 1989). For instance. Dower et a/.(1985) showed 

tha t 1 0 “ ^̂  M of IL-1 is sufficient to induce 50% of the maximum response from the T 

lymphoma cell line LBRM-33-1A5 after 24 h, but 10~® to 10“ °̂ M of IL-1 was necessary 

to produce 50% of maximum receptor occupancy. Physiological levels of cytokines also 

generally tend towards the picomolar range. For instance, Lettesjd et a/.(1998) found that 

the mean IL-1/3 concentrations in synovial fluid of rheumatoid arthritic patients was 14.4 

pg/m l (or well under 1 pM using a molecular weight of 17 kDa). This represents a case 

of pathologically raised IL- 1  concentration, so IL-1 concentrations in healthy individuals 

should be significantly lower. At this level of ligand concentration, surface IL-1 receptor 

levels are unlikely to show much variation. If the total receptor level ro is taken to be 

constant, this implies that h{c) = max{h : /i G [0 , 1 ]} =  1 .

2 .5 .5  O n e-d im en sio n a l m o d e l w ith  a n a ly tic a l so lu tio n

If we assume that h{c) =  1 as suggested earlier, then it is in some cases possible to simplify 

(2.29)-(2.30) even further. Suppose ^  is at least an order of magnitude higher than 

Then when h{c) =  1, a further quasi-steady state assumption can replace (2.29):

(2.36)
c r  - f  k iR o l

Using this and h{c) = 1, (2.29)-(2.30) can be reduced to a one-dimensional system:

|  =  (2,37)
dt ^ \c 7  +  k i m )  a +  kiRol

Note tha t the negative term on the right (representing cytokine down-regulation as a
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result of receptor binding) is a Michaelis-Menten function, which is what is expected since 

the equation was derived from mass action kinetics (see Section 5.2). The advantage of 

obtaining this equation from simplifying the full kinetic equations is the parameters of the 

dose response function can be ascribed biological meanings.

The one-dimensional system (2.37) appears to be reasonable for a model of an IL-1 

receptor-ligand system such as the one investigated by Dinarello et a7(1987) (see Sec

tion 2 .6 ). In a case where (2.29)-(2.30) has a unique equilibrium which is always locally 

asymptotically stable, the one-dimensional system will always have the same asymptotics.

If we rescale I and t  by using the substitutions x  = and r  =  ^ ^ ( c r  — A:_i)t, then

we get the following equation:

Ê (if )̂ ' ïf^
This can be simplified even further for a receptor-cytokine system where the cytokine 

does not up-regulate the cell’s production of itself, tha t is, 3— ( ï ^ )  ~  ^ constant.

Then we have the following equation:

T r = - - x k

P roposition  2.2 The asym pto tic  behaviour of  (2 .39)is:

1. x { t )  i f  0 <  LÜ <  1.

2 . x{t) 0 0  if  UJ > 1 .

P roof Let f{x )  = uj — For the case 0 < w < 1, f ( x )  has a zero at a: =

Furthermore, / ' ( y ^ )  < 0, so it is a stable fixed point. For the case cu > 1, / '(x )  > 0 for 

all X > 0 , so x(t) increases indefinitely with t. □

In fact (2.39) has a closed form solution. By separating the variables, integrating both

sides with respect to t  and rearranging we obtain the following equation with constant of

integration C:

ue~^ =  Be~^'^ (2.40)

where u =  { u j  — l)x  -F w, E =  (cj — 1)^, B  =  e~^ e~^ ^
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If the initial conditions L — L q and u = uq when t = 0 are incorporated, then B  = uqc 

so;

ue~^ = (2.41)

2.6 Param eter estim ation and numerical simulation for interleukin- 

1 in m onocytes

2 .6 .1  In tr o d u c tio n

In this section, we construct a model of IL-1 autocrine action and receptor trafficking in 

monocytes. The model consists of equations (2.24)-(2.26) prior to non-dimensionalisation, 

that is, the following equations:

^  =  P { C ) - k i { R o - C ) L - ^ k _ i C  (2.42)

= k\(RQ — C)L — [ f 3 s j s  k ^ i ) C  (2.43)

= U{C) — f3{Ro — C) — {Ps P 7 s)C (2.44)

Activated monocytes are known to be a major source of IL-1 in the body (Dinarello, 1991), 

but to have no constitutive production of IL-1 in their unstimulated state (Oppenheim et

a/., 1986). Also, monocytes are able to respond to IL-1 stimulation by producing IL-1 in

an autocrine mechanism (Dinarello et al, 1987; Manson et ai,  1989; Ikejima et ai,  1990).

The model (2.42)-(2.44) is fitted to parameters based on estimates from the biological liter

ature. Numerical simulations are conducted on various forms of the model corresponding 

to the simplifications described in this chapter. The reason for this is to illustrate the 

principles developed earlier, as well as to determine whether the simplifying assumptions 

are valid under physiological parameter regimes.

2 .6 .2  P a ra m e ter  e s t im a te s

Table 2.3 gives parameter estimates for the parameters in model equations (2.42)-(2.44) 

when applied to IL-1 in monocytes. Further explanation and detail is provided below.
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Symbol Biological meaning Estimate

h Association rate constant 2.5 X 10  ̂ M "i s - i

k - i Dissociation rate constant 2.7 X 10-^ s - i

P Constitutive rate of endocytosis 3.9 X IQ-^ s - i

Ps Stimulated rate of endocytosis 9.7 X IQ-^ s - i

Is Shedding rate of receptors 0

;zo(o) Resting receptor concentration 8.3 X 10-14 M

Table 2.3: Estimates for the parameters used in equations (2.42)-(2.44) describing IL-1 

receptor-ligand dynamics in monocytes.

a. A ssociation  and dissociation rates, k\  and /c_i

There are two IL-1 receptors, designated type I (IL-IRI) and type II (IL-IRII) 

respectively. However, IL-IRII is a “decoy” receptor which does not enable signal 

transduction (Colotta et al, 1994), and does not appear to internalise ligand (Lowen

thal and MacDonald, 1986). IL-IRII may have an effect in sequestering free IL-1 to 

prevent it from binding to IL-IRI, but in this model we assume tha t it plays no role.

To our knowledge, no binding experiments have been carried out to estimate the 

association and dissociation rate constants of IL-1/) in monocytes. However, Horuk 

and McCubrey (1989) carried out kinetic studies of IL-1/) binding to EL4 cells. This 

is a murine T lymphoma-like cell line that expresses mainly IL-IRI (Lowenthal and 

MacDonald, 1986). The studies gave an association rate k\ of 1.5 x 10  ̂ M~^ min~^ 

(or 2.5 X  10  ̂ M“  ̂ s~^) and a dissociation rate /c_i of 1.6 x 10“  ̂ min“  ̂ (or 2.7 x 10“  ̂

s“ ^). This gives an equilibrium dissociation constant, Kd = of about 1.1 x 10“ °̂ 

M which is similar in order of magnitude to a figure of 6  x 10“ °̂ M obtained from 

saturation binding experiments by Uhl et a/. (1989) using monocytes.

b. R ate o f con stitu tive and stim ulated  endocytosis, /) and /)g

Uhl et a/. (1989) estimated that after 2 h, monocytes internalised about 54% of cell- 

surface associated IL-1. This gives a first order half-life for stimulated endocytosis in 

monocytes of about 2 h, close to figures of 1.5 - 2 h in EL4 T lymphoma cells (Mizel 

et al, 1987; Grenfell et al,  1989) and 2 h in human diploid fibroblasts (Qwarnstrom 

et al,  1988). Hence the rate of stimulated endocytosis /)g is approximately =  

9.7 X 10 -^s-^

To our knowledge, there is no numerical data on the proportion of endocytosed IL-1
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receptors tha t are recycled or degraded. In fact, it appears tha t internalised IL-1 

complex is neither recycled nor degraded (Mizel et a/., 1987), but instead translo

cates to the nucleus without dissociating (Grenfell et al,  1989; Curtis et al, 1990). 

Translocated IL-1 may play an intracellular signalling role, since cell lines which were 

modified so that they only expressed IL-1 intracellularly continued to show signs of 

IL-1 stimulation (measured in terms of IL-2 production; Hofmeister et al, 1996). 

However, the details of this intracellular signalling mechanism is unclear; Hofmeister 

et a/. (1996) showed that it does not involve the nuclear factor acB normally activated 

by surface receptor-bound IL-1. Hence we do not model the signalling role of intra

cellular IL-1, but assume that all endocytosed receptors are permanently removed 

from the cell-surface and play no further role. We also assume tha t there is no 

correction in the endocytotic rate constant to account for recycling.

In addition, unoccupied receptors can undergo a process of internalisation. While 

IL-IRH appears to recycle to the surface, there is no evidence tha t IL-IRI recycles 

within the time scale of 6  h in experiments by Solari et a/. (1994). Horuk and Mc

Cubrey (1989) calculated that IL-1 receptors in EL4 cells have a half-life for constitu

tive internalisation of about 5 h, which gives a rate constant of =  3.9 x 10~^s~L

c. R a te  o f sh ed d in g , 7

There is no evidence that IL-IRI is shed in monocytes (Penton-Rol et al,  1999).

d. R e s tin g  re c e p to r  c o n c e n tra tio n , R q{0)

IL-1 receptor number estimates from saturation binding experiments have ranged 

from less than 10 per cell for the human monocytic cell line U937 (Dower et al, 

1985) to about 100 per cell for monocytes (Uhl et al,  1989). The differences are 

probably due to genetic variation and different states of activation in cells from 

different laboratories. However, 50 receptors/cell appears to be a reasonable order 

of magnitude estimate. Since most cytokine-stimulation experiments are carried out 

with cells at concentration of order of magnitude 1 0 ® cells ml”  ̂ or about 1 .6 6  x 

10“ ®̂ M, the maximum receptor concentration was taken to be 8.3 x 10~^^ M.

2 .6 .3  R e sp o n se  fu n ctio n s

Two non-linear response functions are used in equations (2.24)-(2.26):

a. P{C)  represents IL-1 production as a result of IL-1 autocrine stimulation. Monocytes
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are known to secrete IL-1 in response to IL-1 stimulus (Dinarello et al,  1987; Manson 

et al,  1989; Ikejima et ai,  1990). In principle, it also incorporates a constitutive 

rate of production or production due to an external stimulus (not IL-1).

b. U{C) represents IL-1 receptor synthesis as a result of IL-1 stimulation. Akahoshi et 

a/.(1988) found that PGE 2 can induce surface IL-IRI expression in PBMCs. Since 

IL-1 can up-regulate PGE 2 in monocytes, it is likely tha t IL-1 up-regulates its own 

receptor expression.

The two processes are modelled here using Michaelis-Menten functions. These functions 

are commonly used to represent cell response to stimulus such as cytokines because they 

provide a good fit to experimental data and because of mechanistic reasons related to 

signal transduction (discussed in Section 5.2). We use them here mainly because they 

are saturable functions with a simple form. We assume tha t processes involving de novo 

protein synthesis cannot occur at an indefinitely high rate, although they may saturate at 

higher than physiological concentrations of stimulus.

Hence the functions P{C)  and U(C) take the following forms:

f ( C )  =  (2.45)

U(C) =  U,„,„ +  - U r ^ n ) C  (2.46)
C/50  +  Cv

Two assumptions were made in choosing these forms. First, the constitutive rate of pro

duction of IL-1 is zero (confirmed by Oppenheim et al,  1986). Second, the constitutive 

rate of IL-1 receptor up-regulation is non-zero. The second assumption is required to pre

vent unstimulated monocytes from losing all their surface receptors as a result of ongoing 

turnover of unoccupied IL-1 receptors.

We determined the values of the parameters Pmax^ P 5 0 , Umaxi Umin and [ /5 0  by means 

of biological reasoning rather than by using a curve fitting algorithm. There were several 

reasons for this. First, we felt this method to be more biologically intuitive and to better 

illustrate the principles developed in this chapter. Second, we did not have a rich data 

source with which to simultaneously fit five unknown parameters with a great degree of 

confidence. Dinarello et a/. (1987) had dose response data about IL-1 auto-stimulation, but 

this contained only three data points (excluding one point representing the zero stimulus 

case) with no associated statistical data such as variances. Finally, the point of this simu-

72



Symbol Biological meaning Estimate

Pmax Maximum rate of IL-1 production 3.9 - 9.8 X 10-1® M s - i

P5O IL-1 dose giving half-maximum IL-1 production 2.08 X 10-13 M

Umax Maximum rate of IL-1 receptor up-regulation 6.7 X  10-11" ]y[ g-1

Umin Constitutive rate of IL-1 receptor up-regulation 3.2 X 10-13 ]y[ g-1

U50 IL- 1  dose giving half-maximum IL-1 receptor up-regulation 2.08 X 10-13 ]y[

Table 2.4 Estimates for the parameters of the dose response functions in (2.42)-(2.44).

lation was not to be highly accurate numerically. Rather, it was to validate the effect of the 

simplifications we introduced to our models within biologically realistic parameter ranges. 

The meaning of these parameter values could be better understood and communicated by 

using biological reasoning rather than a computational algorithm.

The values we used for the parameters are shown in Table 2.4. The reasoning behind them 

is described below:

a. IL-1 concentration  for half-m axim um  response, C/50 and P50 .

To our knowledge, there is no published response data directly relating IL-1 receptor 

up-regulation to IL-1 dose. However, Solari et a/. (1994) have studied biological 

response to IL-1 in EL4 cells, using a standard bioassay for IL-1. As previously 

mentioned, these cells have similar affinity to IL-1 as monocytes, so their ED^q 

value (the dose required to give half-maximum biological response) could be similar. 

The cells had an ED^o value of 208 fM (or 2.08 x 10“ ^̂  M), and we took this as 

our value of C /5 0  and P 5 0 ,  since both represent E D 50 values for different types of 

responses to IL-1.

b. C onstitu tive rate o f IL-1 receptor up-regulation, Umin-

In the absence of stimulation, the IL-1 receptor concentration is at equilibrium with 

C =  0, C =  0, Pq =  Pq(0) =  8.3 X 10“ ^̂  M. This means tha t receptor up-regulation 

exactly balances receptor loss due to turnover. Substituting this into equation (2.44) 

gives C/(0) =  /?Pq(0), and hence Umin = 3.2 x 10“ ^̂  M s~^

c. M axim um  rate o f IL-1 receptor up-regulation, Umax-

Akahoshi et a / (1988) found that stimulating PBMCs with 10~® M PG E 2 increased 

IL-IRI expression six-fold. However, this concentration of PG E 2 is far above phys

iological doses induced by IL-1. Manson et a/. (1989) found tha t mononuclear cells
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Figure 2.1: Graph of U{C) {solid line) and {/3s +  "yg)C {dashed line).

cultured for 2 0  h with 0.5 ng/m l IL- 1  produced only 4.5 ng/m l PG E 2 , or about 1.3 x 

10~^ M using a molecular weight of 0.352 kDa (Dawson et al,  1986, p. 346). Hence 

it seems reasonable to take a six-fold increase as the asymptotic limit of IL-l-induced 

IL-IRI expression.

As discussed in Section 2.5.1, the physiological limit of receptor expression is reached 

when the rate of receptor expression has reached equilibrium {R q = 0) and all 

receptors are occupied {C =  R q). Substituting this into (2.44) gives:

Urmn + = (A  +  Js)C (2.47)
U50 3 - c

By making the appropriate parameter substitutions, we obtain Umax =  6.5 x 10“ ^̂  

M s“ .̂ Figure 2.1 shows the functions U{C) and {(3s +  'Js)C. Observe tha t the 

receptor up-regulation function U{C) is still below its saturation value when the cell 

has reached its maximum physiological rate of receptor expression (that is, where 

the two curves meet in Figure 2.1).

d. M axim um  rate o f IL-1 production, Pmax-

Dinarello et al.{1987) stimulated mononuclear cells with 100 ng/m l IL -la . After 24 

h, the concentration of IL-1/) in the supernatant was about 0.41 ng/ml. This is not a 

perfect measure of IL- 1  concentration produced by auto-stimulation because it does 

not take IL -lo  production into account and some of the IL-1/) may have decayed or 

been endocytosed after 24 h. However, it appears to be the only data available, and 

should give a reasonable order of magnitude estimate of IL-1 produced in response 

to IL-1 auto-stimulation. A second data set in the same paper could not be used 

because it included intracellular IL-1/) in the totals.
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100 ng/m l (about 5.9 x 10~® M) is several orders of magnitude greater than the half

maximum dose for IL-1 auto-stimulation and receptor up-regulation (P50 and U50). 

Furthermore, when ligand concentration is at this level, the pseudo-first order rate 

for receptor-ligand binding (kiL)  has a half-life of only about 8  min. This means that 

the cell will be generating IL-1 protein and IL-IRI at its maximum rate within less 

than an hour of such a high level of stimulation. However, we cannot assume that 

receptor concentration will be at its physiological maximum ( 6  .Ro(O)) because Eg 

will take time to reach its maximum value. We may however assume tha t receptor 

concentration throughout the 24 h experiment will vary between i?o(0) and 6Eo(0), 

or 0.83 - 4.98 x 10“ ^̂  M. If we assume the rate of IL-1 production is at maximum 

throughout the course of the experiment, and tha t the rate of ligand binding to 

receptors is negligible in comparison, then L = valid for 0 < t < 24/i. But

Po(0) < Eg < 6Po(0), so by integrating, we get:

PmaxRoj^) 0  41 ng/m l Pmax^Ro /g
P50 +  Po(0) 24 h P50 +  6 P 0  ̂ ^

Solving gives Pmax — 3.9 - 9.8 x 10“ ^̂  M s“ .̂

2 .6 .4  N u m e r ica l s im u la tio n

Equations (2.42)-(2.44) were simulated using parameter values in Tables 2.3 and 2.4. Nu

merical integration of the equations was performed using the NDSolve routine in Mathe- 

matica 4.0 (Wolfram Software, Inc.) with the options PrecisionGoal —̂ 25, WorkingPre- 

cision —̂ 35.

A range of starting values for P(0), the initial free IL-1 concentration, covering several 

orders of magnitude, were used. Initially, the results were tested against experimental data 

from Dinarello et a/. (1987), who stimulted mononuclear cells with IL- 1  a  and measured IL- 

1/3 response after 24 h. Results showed a fair correspondence (see Figure 2.2), with all 

the experimental data points lying in or near the “envelope” between the results using 

the upper and lower estimates for Pmax- This indicates that parameters estimated were 

at least of the right order of magnitude. The point corresponding to L(0) =  1 ng/m l 

lay slightly beyond the predicted envelope. However, the error here probably arose from 

the method of calculating predicted IL-1/3 production by subtracting L(0) from the final 

value of L  given by the model. This assumes that free ligand depletion due to receptor 

binding and internalisation is negligible. For small values of L{0) the error caused by this
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Figure 2.2: Dose response data for model (2.42)-(2.44) in terms of IL-1/3 production for 

a range of values of L(0) (representing IL -la  stimulus). The model was simulated using 

Pmax =  3.9 X  ]V[ g - 1  (^dotted line) and Pmax = 9.8 x 10“ ®̂ M s"^ (solid line). Large

points indicate experimental results from Dinarello et a/. (1987) for comparison.

simplification is more significant. However, this is an inaccuracy in interpreting the results 

rather than in the model itself. On the whole, the actual model appears to successfully 

predict the results of Dinarello et aL(1987) over three orders of magnitude for L(0).

The same parameters were then used in two simplified versions of (2.42)-(2.44) to see what 

effect the simplifications had on the system’s behaviour. The first simplified model was a 

two-dimensional version with R q =  i?o(0) held constant (see Section 2.5.4) as given below:

— P(C) ~~ ki(Ro(0) — C)L  -f k—\C

— fci(i?o(0) ~  C')L — (/3s-H 7s + /c_i)C

(2.49)

(2.50)

The second simplified model was a one-dimensional system, equivalent to model (2.37). It 

is given below, with the usual substitution cr =  /3s +  7s +  /^-i:

_ /  fciJ^o(Q)L \
dt \ a k i R o ( 0 )L J

i ŝ T 7s)feii?o(0)L 
O’ k\RQ(0)L

(2.51)
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Figure 2.3: Time course results over 24 h using three dimensional model (2.42)-(2.44) 

{solid lines),  two dimensional model (constant R q) {dashed lines)  and one-dimensional 

model (2.51) {dotted lines).  Initial IL-1 concentration L(0) is O.I ng/ml (a),(b), I ng/ml 

(c),(d) or 10 ng/ml (e),(f)- Pmax value is 3.9 x 10“ ®̂ M s“  ̂ (a),(b),(c) or 9.8 x 10“ ®̂ M

(b),(d),(f).
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Time course results over 24 h from the three models were compared for a range of values 

of L(0). Representative results are shown in Figure 2.3. The results show that the two 

simplified models reproduced qualitative and quantitative features of the complete model 

fairly accurately. The one-dimensional model (2.51) did not perform significantly worse 

than the two-dimensional model (2.49)-(2.50), although reduction to one-dimension may 

result in loss of some qualitative features not seen here. The three-dimensional model 

(2.42)-(2.44) takes into account receptor np-regulation, so over long time scales it indi

cates a higher level of IL-1 concentration than the other two models. However, over very 

short time scales, the one dimensional-model, in which receptor occupancy reaches its 

ecpiilibrium level immediately, can give a higher value of IL-1 concentration.

Note that solving (2.42)-(2.44) at equilibrium {L = C = R q) gives possible equilibrium 

values for C of C =  0 and C = 3.9 x 10” ^̂  M, which is far greater than the physiological 

maximum value for i?o (5.0 x 10“ ^̂  M). Hence we expect to find runaway production of 

IL-1 when L{0) is sufficiently large, which is in fact what we get in our simulations. All 

three models will obviously reach the same steady-state level of IL-1 concentration if it 

exists, but we have shown that the simplified models are numerically similar even when 

there is no steady-state level.

Percentage

erroi

Percentage

error

01  0 . 1 1 0  1 0 0  1 0 0 0 ( p g / m l )

5

4

3

2

1
L(0)

1 0  1 0  0 1 0 0 0 ( p g / m l )

0

0

Figure 2.4: Percentage error after 24 h in using (2.49)-(2.50) (left graph) or (2.51) (right 

graph) as an approximation to (2.42)-(2.44). Pmax value used was 3.96 x 10“ ®̂ M s“  ̂

{dotted lines) or 9.78 x 10~̂ ® M s“  ̂ {solid lines). A negative error indicates that the 

approximation gives a higher value for IL-1 concentration than (2.42)-(2.44).

Figure 2.4 shows the percentage error incurred after 24 h when using the two-dimensional 

and one-dimensional simplifications to (2.42)-(2.44). The percentage error was defined as:
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Percentage error =  100 ^1 — (2.52)

where L\ = L(24 h) using model (2.49)-(2.50) or (2.51)

L 2 = L(24 h) using model (2.42)-(2.44)

This error shows a bell-shaped response to L(0) with mean between 1 and 10 ng/ml. Since

physiological concentrations of cytokines in vivo are generally below 1 ng/ml, the simplified

models provide a high degree of accuracy (below 2% error) in such situations. Even for 

concentrations between 1 and 10 ng/ml, the error is not excessive (between 2% and 5%). 

For greater concentrations, the proportional error decreases again as the function U{C) 

(which is not taken into account in the simplified models) becomes saturated. Observe 

that for very small L(0) values the model (2.51) can actually indicate a higher level of 

IL-1 concentration than the full three-dimensional model, because it assumes tha t receptor 

occupancy reaches its equilibrium value immediately.

2.7 Possibility of a self-sustaining autocrine stim ulatory loop

A steady state equilibrium (I, c) of (2.29)-(2.30) satisfies I = c = 0  which gives the following 

equilibrium defining equation for c =  c (here a* = a — k - i  = /?s +  7s):

^  =  c (2.53)

As explained in Section 2.5.3, 0(c) can be separated into two components to + i/(f)a{c). 

Then the equilibrium defining equation becomes:

=  Ô (2,54)
a*  ̂ ’

We now assume that 0a (c) is a threshold function with threshold c and range [0,1], so 

the maximum auto-stimulatory response is v. Possible biological mechanisms behind this 

form of response are discussed in Section 5.2. T hat means 0a(c) is defined according to 

the following:

0 if c < c
0 a ( c )  = { (2.55)

1 otherwise
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Then (2.54) admits up to two solutions: c =  ^  (the “non-autocrine” equilibrium) and 

c =  (the “autocrine” equilibrium). We say that any such equilibrium is finite if it 

satisfies h(c) > c. The corresponding steady state value of I for a finite equilibrium will 

satisfy I < oo. If an equilibrium is non-finite we say it is runaway, and in this case I 

evolves exponentially to infinity.

Figure 2.5 shows various graphs of /(c ) =  (a; -h u(j)a{c))/a* and /(c ) =  c corresponding to 

five qualitatively distinct asymptotic regimes as shown in Table 2.5. All such equilibria 

are locally asymptotically stable by Proposition 2.1.

jf(c)

u> u
CO c

c

ÜÜ ly

c

jf(c) jf(c)

c
c

(jj + ly

CJ

c
c

jF(c)

CÜ jy

CÜ

c
c

Figure 2.5: Graphs of /(c ) =  a; +  ^4>a{c) (step function) and /(c ) = a*c (straight line) 

corresponding to five possible qualitatively distinct asymptotic regimes as shown in Table 

2.5.

Figure 2.6 shows two graphs of the equilibrium value of c against the value of the u.  They 

indicate the existence of a hysteresis loop in the region a*c — ly < lo < a*c. If the external
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CASE CONDITIONS QUALITATIVE ASYMPTOTIC

FEATURES BEHAVIOUR

(a) cr*c > (jJ 1/ Finite non-autocrine equilibrium

(b) UJ < a*c < UJ + 1/  and a* > uj + u Two finite equilibria

(c) UJ < (7*c < UJ + V and a* < u j  + u Two equilibria, one finite

and one infinite

(d) a*c < UJ and a* > u j  + v Finite autocrine equilibrium c = ^

(e) a*c < UJ and a* < u j  +  v No finite equilibria c —̂ 1

Table 2.5: Qualitatively distinct asymptotic regimes for equations (2.29)-(2.30) and

asymptotic behaviour with initial conditions (I, c) =  (0,0).

U)
a*c — V a*c a*

UJ
(T*C a V

Figure 2.6: Asymptotic value of c against value of w in (2.29)-(2.30) with 0(c) =  cj +  z/0 q(c) 

for the case (a) c > ^ ,  (b) c < ^ .
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stimulus UJ is increased beyond cr*c, the asymptotic value of c will take the autocrine 

equilibrium value When the stimulus is then decreased below <j*c, the equilibrium

value of c does not immediately return to the non-autocrine value ^  but continues at the 

higher value until u j  falls below a*c — u.

In the case where c < ^  shown in Figure 2.6(b), the region in which the hysterisis loop 

holds includes the origin, so the asymptotic value of c can be non-zero even when the 

external stimulus is decreased to zero. In other words, cytokine production is sustained 

by autocrine production alone.

This feature suggests a possible means of experimentally verifying the existence of a self- 

sustaining auto-stimulatory loop in a cytokine network. This is a methodically problem

atical procedure because it is difficult to distinguish between the stimulatory cytokine 

and the cytokine produced as a consequence of stimulation. One traditional approach 

is to assay for a different form of the cytokine than the one being used as the stimulus 

(for example, Dinarello et a!., 1987, and Manson et a/., 1989, assayed for IL-1/1 in IL- 

l<a-stimulated mononuclear cells). However, if the cell can sustain its own production 

via an auto-stimulatory loop even when the external stimulus is turned off, then another 

procedure may be possible. In this case, the cells should be stimulated for a period of 

time, after which the stimulus is washed off. Under appropriate parameter regimes, if 

the auto-stimulatory loop actually exists, the cells will continue to produce the cytokine. 

This procedure was used by Philip and Epstein (1986) to prove the existence of TN F-a 

auto-induction.

Two objections may be raised to this approach from an experimental point of view:

a. A threshold response function may be an unrealistic approximation to a cell’s au

tocrine production of a cytokine.

In response to this objection, three things should be noted. Firstly, a threshold 

response is not integral to self-sustaining autocrine stimulation. Authors such as 

Chan et a/. (1999) and Seymour and Henderson (2001) have found non-zero equilibria 

driven by autocrine production functions using other types of functions. In fact we 

later show that in a 2-cytokine network with an inducer and a suppressor (such as 

IL-1 and IL-10 respectively), a auto-induction loop for the inducer is a precondition 

for the existence of multiple steady states (see Section 5.5.1). Secondly, a threshold 

function is a close approximation to a median effect function with a high slope 

coefficient. Finally, a threshold function has been found in many cases to be an
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accurate representation of a cell’s response to cytokine stimulation (see Section 5.2 

for some examples).

b. In practice, it may be impossible to remove the external stimulus completely because 

the stimulating molecules will have bound to their receptors.

The response is that the applicability of this method does not require the external 

stimulus to be removed instantly (that is, for u j  to fall to zero immediately). By ex

plicitly modelling the receptor-cytokine dynamics for the external stimulus, Seymour 

and Henderson (2001) showed tha t removing the stimulus causes an exponential de

crease of UJ to effectively zero (or a significantly lower level representing constitutive 

production only). As long as its dissociation rate is sufficiently large, the same effect 

can be observed on reasonable experimental time scales.

There is evidence tha t the cytokine network involved in chronic inflammatory conditions 

like rheumatoid arthritis may be self-sustaining, tha t is, maintained in the absence of ex

ternal stimulation (see Section 4.2.2). The auto-stimulatory loop described in this section 

may be one mechanism by which this may occur.

2.8 Discussion

In this chapter, we constructed a general three-dimensional differential equation model 

(2.10)-(2.12) of receptor-cytokine dynamics for a single cytokine. From this, various sim

plified versions of the model were derived depending on whether certain assumptions gov

erning receptor trafficking processes held. The various versions of the receptor-cytokine 

model will be used in subsequent chapters.

Like Seymour and Henderson (2001) and similar models, the receptor-ligand models pre

sented here are extremely simplified versions of the ones used to investigate receptor traf

ficking rates (reviewed in Section 2.3). All post-binding receptor events, including trapping 

of receptors in coated pits, internalisation of coated pit contents, endosomal sorting and 

receptor recycling, have been incorporated into the internalisation or recycling functions 

of bound or free receptors, rather than given separate rate constants and compartments 

of their own. Unlike more detailed models, the purpose of the models presented here is 

not to derive rate constants for these processes from ligand binding data, but to establish 

a building block for modelling networks involving more cytokines and mediators. The ad

ditional complexity would hinder subsequent analysis as the wider models are developed.
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Furthermore, additional complexity does not always result in a better description of the 

system being modelled. Bajzer et a/. (1989) found that three dimensional models fitted 

kinetic data for interferon-dga and TN F-a better than models with more variables.

Similarly, a model of IL-1 receptor-ligand dynamics in Section 2.6.2 fits experimental re

sults well. A number of assumptions were made in order to determine model parameter 

values and dose response forms. Being overly pedantic about their details is missing the 

point of this exercise. We were not trying to predict precise values for IL-1 production 

in monocytes. The model we proposed is highly unsuitable for such a purpose because 

it does not take into account many factors that are likely to be im portant. These in

clude type II receptors, cytokines such as IL-10 that down-regulate IL-1 production, IL-1 

receptor antagonist, soluble receptors and the IL-1 receptor accessory protein. A model 

that included all these factors would need far more than three differential equations and 

would contain many unknown parameters. Furthermore, the parameters we used were 

taken from heterogeneous sources representing different cell types, laboratories and ex

perimental conditions. W hat we were trying to do was to show tha t the simplifications 

made to equations (2.10)-(2.12) are justified in physiological situations. For the narrower 

purposes of the model, the assumptions we made about parameters and response functions 

appear to be realistic enough to support this conclusion. The order of magnitude for the 

parameter values we used is fairly consistent across cell-lines, laboratories, experimental 

conditions and even different cytokines.

One problem that this kind of work faces is the difficulty of experimentally determining 

the kinetics of receptor expression on a cellular level, as the receptors in question are 

constitutively present in tiny quantities. Receptor density is generally on the order of 10  ̂

- 10  ̂ per cell (Hamblin, 1993, p .11) with 10  ̂ per cell not infrequent (Dower et al, 1985). 

Even at these low levels, receptor binding is significant. Ten activated IL-1 receptors 

per cell can initiate a cellular response (Auron, 1998). Published data involves statistical 

averages of radiolabelled ligand binding experiments for entire cell populations. This 

approach inevitably assumes homogeneity of the cell population in terms of receptor class 

and density as well as cellular response. W ith such small numbers, stochastic variation 

between different cells (even if they are of the same type) is im portant. This issue is 

considered in Chapter 7.

In the next two chapters, the basic single cytokine-receptor model will be applied to 

situations tha t involve mediators. In Chapter 3 the role of prostaglandin E 2 in mediating
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the effects of IL-1 will be examined. In Chapter 4, TN F-a in the presence of an inhibitor 

will be modelled to explore the effect of anti-rheumatic drugs. Both these models expand 

the two-equation model (2.29)-(2.30). The basic models in this chapter may be inadequate 

to describe many situations involving cytokines, but they are flexible enough to be used 

to build more elaborate models.
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Chapter 3

M odelling the regulation by 

prostaglandin E2 of the fibroblast 

interleukin-1 receptor

3.1 Introduction

A key response function that determined the type of behaviour tha t the models in Chapter 

2  exhibited is the rate of receptor up-regulation in response to ligand binding, represented 

by the non-decreasing, positive function U{C). However, no details were given of the 

mechanism by which this could occur. Seymour and Henderson (2001), who incorporated 

such a function into their model of IL-1 and IL-10, did not specify the mechanisms by which 

these cytokines could modulate expression of their own receptors. In fact, the way this 

occurs is still unclear in the cell type they modelled (monocytes), although there is data 

indicating tha t IL-IRI expression is up-regulated by LPS, TN F-a and IL-1 (Penton-Rol et 

al,  1999). In fibroblasts, the mechanism of IL-IRI up-regulation is known to be via IL-1 

induced prostaglandin E 2 (PGE2 ) (Akahoshi et al,  1988). This chapter builds upon the 

framework in Chapter 2 to incorporate this mechanism, verifying the theoretical analysis 

with experimental data available in Takii et a/.(1992 and personal communication).

Fibroblasts are the most common member of the family of connective tissue cells, which 

are responsible for providing structural and metabolic support for the other cells in the 

body (Alberts et al,  2002, pp. 1300-1302). They are one of the first cells to migrate to 

a tissue wound. When they arrive, they are responsible for synthesising and remodelling

86



the extracellular matrix (the space between tissues that provides mechanical strength to 

support the organs). Recent research has revealed that they also play an im portant role 

in inflammatory response. They are activated by bacterial products such as LPS (Smith 

et al, 1997), as well as by the association of one of their membrane-bound proteins called 

CD40 with CD40 ligand presented by activated T lymptocytes (Zhang et al,  1998b). Once 

activated, they secrete chemokines tha t recruit leukocytes to the site of inflammation 

(Smith et al,  1997), and prostanoids such as PG E 2 tha t participate in inflammatory 

response (Zhang et al, 1998b). Fibroblasts also play a role in regulating the switch from 

innate to adaptive immunity (see Buckley et al, 2001).

There is growing awareness that fibroblasts play an im portant role in the pathogenesis 

of rheumatoid arthritis (reviewed in Firestein and Zvaifler, 2002; Pap et al,  2000). Al

though attention in this area has traditionally focused on the role of inflammatory and 

autoimmune processes mediated by macrophages and lymphocytes, it has become increas

ingly clear that synovial fibroblasts also participate in the cytokine networks that keep 

these cells in an activated state. For instance, fibroblasts produce factors that induce 

monocytes to secrete IL- 1  and to differentiate into bone resorbing osteoclast-like cells, as 

well as chemokines that attract T lymphocytes to the joint. They also contribute to joint 

destruction by releasing enzymes that degrade the synovial extracellular matrix. They 

may also play a role in osteoarthritis, since up-regulated levels of IL-IR  have been ob

served in synovial fibroblasts of osteoarthritic patients, and been linked to a factor in the 

osteoarthritic synovium (Sadouk et al, 1995).

This chapter is divided into several sections, which make use of different techniques in 

order to understand the role of PG E 2 in mediating up-regulation of IL-IRI by IL-1. In the 

first section, the biology of PG E 2 and other members of the family of lipid mediators that 

it is part of is reviewed. Next, we extend one of the receptor-ligand models (2.16)-(2.18) 

introduced in Ghapter 2 to incorporate the role of PG E 2 in IL-1 receptor up-regulation. 

The model we propose is analysed in order to determine the conditions for it to have a 

locally asymptotically stable equilibrium. It is then fitted to experimental data from Takii 

et a/. (1992). The biological implications of the results of both the analysis and the data 

fitting procedure are then discussed.
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3.2 Review of eicosanoid biology

In this section, the biology of eicosanoids will be reviewed, focusing on the role of PG E 2 

as a mediator of inflammatory response. This is currently an area of very active research, 

and more detail about recent developments can be found in reviews such as Dubois et 

a/. (1998) and Funk (2001).

3 .2 .1  M e ta b o lism  o f  e ico sa n o id s

Eicosanoids are a group of lipids, derived from C20 fatty acids, tha t play important roles 

in cellular function. The word is especially used for metabolites of arachidonic acid (AA), 

a fatty acid that is normally kept esterified in the cell membrane in the form of phospho

lipids (Herschman, 1996). This family of eicosanoids includes leukotrienes, prostaglandins, 

thromboxanes and prostacyclins.

Eicosanoids are not stored in the body but are immediately synthesised in response to 

stimuli such as cytokines. Synthesis of eicosanoids begins when the cell enzyme, phospho- 

lipase A2 , acts on the phospholipids in the cell membrane to release fatty acids, including 

AA (reviewed in Six and Dennis, 2000). A host of enzymes then act upon AA to convert 

it into various eicosanoids. Two pathways by which this occurs can be distinguished:

a. T he linear or lipoxygenase-dependent pathway.

This begins when the enzyme 5-lipoxygenase acts to convert AA into leukotriene 

A 4 , which is then rapidly acted upon by other enzymes to form various leukotrienes. 

Leukotrienes are produced mainly by inflammatory cells like macrophages rather 

than by fibroblasts; readers are referred to reviews by Samuelsson (1983) and May- 

atepek and Hoffman (1995) for more detail.

b. T he cyclic or cyclooxygenase-dependent pathway.

This time AA is the substrate for an enzyme called prostaglandin H synthase or 

cyclooxygenase. AA is metabolised into a hydroxy endoperoxide called PGH2 , 

which is a highly unstable intermediate with a half-life of seconds. PGH 2 is rapidly 

metabolised further by various enzymes (depending on the cell type in which this 

process occurs) into a group of eicosanoids called prostanoids. These prostanoids 

include:



• prostaglandins (PGs), such as PG E 2 , PG F 2Q and PGD 2 . (The enzyme that 

converts PGH 2 into PG E 2 is called PG E 2 synthase.)

• thromboxanes (TXs), such as TXA2 .

•  prostacyclins, such as PGI2 .

3 .2 .2  C y c lo o x y g e n a se  an d  its  in h ib ito rs

There are two genes encoding the cyclooxygenase enzyme, and their products are respec

tively called Gox-1 and Cox-2 (reviewed in Vane et al.  ̂ 1998). Both of them catalyse 

the same reaction (Smith et a/., 1996), but Gox-1 is known as the “housekeeping” isoform 

while Cox-2 is the “inducible” isoform. This is because Gox-1 is constitutively expressed in 

most cells and is involved in homeostatic regulation, while Gox-2 is transiently induced in 

response to stimuli such as inflammation. For instance, Gox-1 is produced constitutively 

in both monocytes and flbroblasts, and is marginally affected by inflammatory stimuli 

(Grofford, 1997; Smith et al,  1997). However, Gox-2 is sharply up-regulated in monocytes 

by cytokines such as IL-1 and TN F-a (Smith et al,  1997). Similarly several fibroblast 

types such as lung flbroblasts express Gox-2 in response to inflammatory stimuli such els 

CD40 ligand (Zhang et al,  1998b). However, there are exceptions to this classification; for 

example, Cox-2 is constitutively expressed in parts of the central nervous system (Vane et 

oZ., 1998).

PGs produce some of the cardinal signs of inflammation, such as fever, pain and erythema 

(Allison et al, 1995; Dinarello, 1996). A group of drugs have been developed tha t reduce 

these signs by blocking cyclooxygenasae activity and thus inhibiting PC  synthesis (Vane, 

1971; Simons, 1996). These drugs, called non-steroidal anti-inflammatory drugs (NSAIDs), 

include aspirin, ibuprofen and indomethacin. Most of them work by competing with AA 

for the active site on Gox enzymes, although aspirin works by acetylating the enzyme 

itself (Vane et al,  1998). NSAIDS are also used in researching the role of prostanoids 

(for instance by Takii et al, 1992). However, because there are so many cyclooxygenase 

metabolites, it is often difficult to interpret experiments using cyclooxygenase inhibitors.

3 .2 .3  T h e  ro le  o f  p ro sta g la n d in s  in  in fla m m a tio n

PGs produce the physiological signs of inflammation, but their role in the cytokine network 

involved in inflammation is not straightforward. For instance, PG E 2 has been found to
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suppress IL-1 and TN F-a production in LPS-activated monocytes (Knudsen et al, 1986; 

Hart et al, 1989) and macrophages (Kunkel et al,  1988). However, in low doses, PG E 2 

actually stimulates rather than inhibits TN F-a release by macrophages (Renz et ai, 1988). 

There have also been conflicting reports about its effect on IL-1. Several authors (Kassis 

et al,  1989; Sung and Walters, 1991) have claimed tha t PG E 2 increases monocyte IL-1 

production; it is still not entirely clear how the different results should be reconciled.

The role of PG E 2 may be too complicated to be classified as pro- or anti-inflammatory. 

In fact, the term “pro-inflammatory” itself can often be misleading, as Kushner (1998) re

cently pointed out. This is because inflammation is not a simple linear chain of events, but 

a more complicated process mediated by various factors (including cytokines, eicosanoids 

and other molecules), each of which play varying roles depending on the context in which 

they act.

PG E 2 is a good example of this. Weissmann (1993) has argued tha t PG E 2 (and prostanoids 

in general) actually have a range of anti-inflammatory properties. Hence they should be 

seen as agents that resolve rather than mediate inflammation. They play a role early on in 

the inflammatory process, eliciting the physiological signs of inflammation but also priming 

or inducing subsequent pathways which resolve inflammation (Levy et al,  2001). The net 

impact PG E 2 has on inflammation depends on the stage of the inflammatory response at 

which it acts, measured by a number of factors including prostanoid receptor expression, 

immune cell activation and the presence of other mediators (Tilley et al,  2001).

3 .2 .4  P r o sta g la n d in s  as s ig n a lin g  ligan d s

PG E 2 is an intracellular and intercellular signaling ligand. In fact, it has a number of 

properties normally associated with cytokines:

a. PG E 2 is synthesised by most cell types and acts in the nanomolar range (Dubois et 

al, 1998; Funk, 2001).

b. PG E 2 has a diverse range of physiological functions (it is pleiotropic in the gen

eral sense of the word). Besides modulating inflammation, it plays a role in sleep 

regulation, blood clotting, ovulation, bone metabolism, uterine contractions, wound 

repair, nerve development, renal function, blood vessel tone and immune response 

(Dubois et al,  1998).

c. PG E 2 is also pleiotropic in the strict sense defined in Section 1 .1 .2 . This is illustrated
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by its conflicting effects on monocyte production of IL-1 and TN F-a.

d. PG E 2 is rapidly degraded following synthesis, so it must act locally in autocrine 

and paracrine fashions (Dubois et al,  1998; Funk, 2001). It is actively transported 

through the plasma membrane by a protein called the prostaglandin transporter 

(Kanai et ai, 1995; reviewed in Schuster, 1998). It is presumably released in the 

extracellular space, where it can then bind to any one of four membrane-bound 

receptors (labelled E P l to EP4 respectively) in a class of receptors called G-protein 

coupled cytoplasmic receptors (reviewed in Narumiya et ai,  1999).

3.3 The model

The starting point is the model (2.16)-(2.18) of single cytokine receptor - ligand dynamics 

presented in Chapter 2. Replacing the equation for R  in tha t model with an equation for 

R q = R  + C  gives the following system;

- P l {C) ~ ki{Ro — C ) L k - i C  (3.1)

- —f3sC — 'jsC ki(Ro — C)L — k - i C  (3.2)

= U(C) — f3sC — — (3{Ro — C) — S(Ro — C) (3.3)

Here, as in Chapter 2, L, C  and R q represent the molar concentration of free ligands, 

receptor-ligand complexes and receptors (unoccupied and occupied) respectively. The 

receptors modelled here are the type I interleukin-1 receptors (IL-IRI). Fibroblasts appear 

to express exclusively IL-IRI, although IL-IRII mRNA (but not the membrane-bound 

protein) has been identified in synovial flbroblasts (Sadouk et al,  1995).

The kinetic parameters k\, k - i ,  (3, (3g and have the same definitions as before, repre

senting the first-order rate constants for receptor - ligand association, receptor - ligand 

dissociation, constitutive internalisation, stimulated internalisation and receptor shedding 

respectively. The other parameters and response functions are explained below.

Cytokine synthesis by the cell is represented by the term P l {C),  which encompasses IL- 

1 production due to both external stimulus and autocrine signalling via endogeneously 

produced IL-1. Although activated monocytes are the main source of IL-1 production 

(Dinarello, 1991), flbroblasts produce a membrane-bound form of IL-1/? in response to
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various forms of stimuli. These stimuli include LPS (Sporri et al,  1996) and TNF-<a (Le 

et a/., 1987). The stimulation can be synergistically increased by IL-1 itself (Huleihel et 

al.  ̂ 1990). Membrane-bound IL-1/3 in fibroblasts can then activate adherent T-cells by 

juxtacrine signalling (Sporri et aZ., 1996).

The U(C) term represents up-regulation of free IL-IRI by de novo synthesis in response to 

cytokine signalling. Qwarnstrom et a/. (1988) found tha t when human gingival fibroblasts 

were cultured in the presence of excess IL-1, they continued to internalise ligand over the 6  

h course of the experiment, even though the total surface-bound ligand remained constant. 

Hence there must have been additional receptors inserted into the membrane. A similar 

effect was found by Bird and Saklatvala (1987) in porcine synovial fibroblasts.

There have been several suggestions about the mechanism by which the IL-1 receptors are 

up-regulated:

a. Bird and Saklatvala (1987) found that adding cycloheximide to the supernatant 

did not affect the up-regulatory effect. Cycloheximide is an antibiotic tha t inhibits 

protein synthesis. It acts by blocking the translation of mRNA on ribosomes in cells, 

which is an essential step for the synthesis of protein (see Alberts et al., 2002, pp. 

348-350, 354). Hence they concluded that the newly recruited receptors must have 

been already present in the cell, and could not have been created through de novo 

protein synthesis.

b. However, Takii et aZ.(1994) found that IL-1 receptor binding can destabilise IL-IRI 

mRNA, and that this effect can be blocked by cycloheximide. This indicates that 

IL-1 induces expression of some intermediate intracellular protein which destabilises 

IL-IRI mRNA. So it may be possible that cycloheximide has two effects, which ap

proximately cancel each other, causing Bird and Saklatvala (1987) to fail to observe 

any result from addition of cycloheximide. The two effects may be (1 ) blocking de 

novo synthesis of IL-IRI protein, and (2) blocking destabilisation of IL-IRI mRNA.

c. Sadouk et aZ.(1995) found tha t synovial fibroblasts of osteoarthritic patients (which 

are exposed to higher concentrations of IL-1 in vivo) have increased levels of surface- 

bound IL-IRI protein compared to synovial fibroblasts in healthy individuals. How

ever, the level of IL-IRI mRNA is the same in both groups. Hence, the up-regulation 

of IL-IRI in the osteoarthritic group must have occurred at a post-translational level. 

For instance, there might be a normally inaccessible pool of receptors tha t are re
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cruited in response to IL-1 binding, as has been observed for some types of ligand 

(Liao and Freer, 1980; Klausner et al, 1983). Another possibility is that transla

tion of IL-1 mRNA into protein may have been stabilised or otherwise made more 

efficient.

d. Takii et al.(1992) concluded that the mechanism by which IL-1 can up-regulate 

expression of its own receptor in fibroblasts is via PG E 2 . IL-1 increases PGE 2 

synthesis in fibroblasts by up-regulating Gox-2 (Raz et nZ., 1988; Endo et aZ., 1995). 

The stimulated PGE 2 can then up-regulate type I IL- 1  receptor expression, IL-IRI 

(Akahoshi et aZ., 1988).

If the mediatory effect of PGE 2 on fibroblast IL-IRI expression is incorporated in the 

model (3.1)-(3.3), then we arrive at a four-dimensional system of dynamical equations:

dL
dt

æ
dt 

dRp
dt 
dC
dt

In the above equations, the substitutions ai = f3s + and (J2 = Ps + 7 s  have been

made.

Unlike the earlier model, the PG E 2 mediator by which IL-1 up-regulates its own receptor 

expression is explicitly modelled. The concentration of extracellular PG E 2 in the vicinity 

of the cell is represented by the dynamical variable G. This PG E 2 is produced and secreted 

at a rate Pg {C) in response to signal transduction from the IL-IRI receptor. It is assumed 

that Pg {C) is a non-negative increasing function that is bounded above. In the absence 

of stimulation, fibroblasts secrete negligible quantities of PG E 2 (Sadouk et aZ., 1995, and 

unpublished experiments by T. Takii), so Tb(0) =  0.

However, PG E 2 is cleared at a rate 7 ^. Once in the circulation, PG E 2 undergoes a series 

of very rapid reactions that convert it into a metabolite which is then excreted (Hamberg 

and Samuelsson, 1971). Here, we have assumed tha t PG E 2 clearance is first-order, as it is 

with many cytokines (see for example Poiesi et <zZ., 1993). However, Schuster (1998) has 

suggested that extracellular PGE 2 may be actively transported back across the plasma
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membrane by the prostaglandin transporter, there to be degraded by oxidation in the 

cytosol. By representing clearance using a first-order term, we have assumed that the 

active transport process is either non-saturable at physiological PG E 2 concentrations, 

or is negligible compared to proteolytic degradation outside the cell. This may not be 

unreasonable given the extremely high rate of PG E 2 decay (Hamberg and Samuelsson, 

1971).

Extracellular PG E 2 is able to signal the cell to up-regulate synthesis of IL-IRI. This up- 

regulated synthesis is represented by the G-dependence of the bivariate function t/(G , C). 

Hence U{G^ C) is an increasing function of G. Note tha t this is a function of free PGE 2 

concentration rather than PGE 2 bound to its receptors. Hence, we have in effect made a 

quasi-steady state assumption for the concentration of occupied PG E 2 receptors. The C- 

dependence of U{G,C)  represents the regulation (either up- or down-) of IL-IRI through 

the other effects discussed earlier such as de novo synthesis not involving PG E 2 , recruit

ment from an intracellular pool, and destabilisation of IL-IRI mRNA. Note that U(G, C) 

is bounded above due to the limitations placed on a cell’s capacity to synthesise new 

protein by its finite supply of raw materials (such as amino acids).

There is evidence that PGE 2 can directly suppress IL-1 expression in monocytes (see 

Section 3.2.3), but the situation for fibroblasts is more uncertain and so this suppressive 

effect will not be modelled here. In principle this could be done using an IL-1 synthesis 

function Pl {G,G) where < 0.

3.4 Equilibrium and stability analysis

3 .4 .1  E q u ilib r iu m  an a ly sis

Let (L ,C ,Ro ,G)  be an equilibrium of (3.4)-(3.7). Solving equations (3.4) - (3.5) at equi

librium for G yields the following equilibrium-defining equation:

r ( C )  : =  f z , ( G )  =  (TgC : =  7 ^ ( C )  (3 .8 )

The solution(s) G =  C (if they exist) of this equation determine unique equilibria of 

equations (3.4) - (3.7). The values of the other variables at equilibrium are determined by 

the value of G according to the following equations:
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G

R q

L

U [ ^ P a i C ) , C  

/3(TiC

— ( 7 2 C +  C

kl — (J2 C

(3.9)

(3.10)

(3.11)

Note that U y-^PG(C)^Cj — <72C — — C) > G s o  the denominator of (3.11) will

always be positive. To determine if the above solutions exist, first note tha t both C{C) 

and R{C)  are monotonically increasing functions and tha t £(0) =  T^(0) > 0 =  7^(0). Any 

solution C = C must lie in the range [0, R q] to be meaningful, where R q is the physiological 

maximum receptor concentration of the cell (see Section 2.5.1).

If P l(0) > 0 then a sufficient condition for the existence of a biologically feasible equilib

rium is C{Rq) < R{Ro),  i.e. cr2 .R0 > Pl{Ro)- However, if P l(0 ) =  0  (that is, there is no 

constitutive IL-1 production), then the condition is not generally sufficient, unless Pl {G) 

is concave for all L G [0, R q ) .

3 .4 .2  J a co b ia n  m a tr ix

The Jacobian matrix of the system (3.4) - (3.7) at a given equilibrium is:

where:

J  =

(  _—a b - / 0

a —d / 0

0 —e -/3 # ( G ,C )

0 0 ~1G

\

a = ki^Rç) — C) e = a 2 — (3 —

b = R^(C) 4- k \L  k—i f  =  k\L  

d = k \L

(3.12)

(3.13)

Note tha t the constants a, 6, d and /  are positive for a biologically feasible equilibrium. 

Here we also assume that e > 0. We know (J2 — P — {(̂ s — /̂ ) +  7 s  is always positive because 

/3s > /3 (that is, the rate of internalisation increases with ligand binding). So e > 0 occurs 

automatically when |^ (G , C) < 0. In fact, Takii et a/.(1994. Figure 2) has found that 

when endogenous PG E 2 production is blocked by indomethacin, then IL-IR mRNA shows
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a decreasing dose response to IL-1 /? stimulation over a range of IL-1/? concentrations (0.1 - 

10 U/ml). For concentrations higher or lower than this, there is a very gradual increasing 

dose response (although the 0.01 U /m l reading may simply be due to experimental error 

since it is very close to the 0.1 U /m l reading). However, for e > 0 we simply require that 

|^ (G , C) < (/?s —/?) -^7 5 , tha t is, the slope of the dose response of IL-IRI down-regulation 

due to signalling from IL-l/?-filled receptors is small compared to the rate of stimulated 

endocytosis and shedding. Since |^ (G , C) is usually negative and is very small when it 

is positive, it seems fairly reeusonable to assume tha t e > 0 almost all the time. This also 

has the advantage of making subsequent analysis much more straightforward.

3.4.3 Stability of the subsystem s

Let —Ti and A i be the trace and determinant of J i, the upper left 2x2 submatrix of the 

Jacobian matrix J . J\ represents the derivative of the dynamical system (L, C) when 

the total density of receptors R q is held constant. Let —T2 and A 2 be the trace and 

determinant of J 2 , the lower right 2x2 submatrix of J . J 2 represents the derivative of the 

dynamical system {Rq^G) when filled receptor concentration C  is held constant.

By inspection, T2 and A 2 are always positive, so any equilibrium of the (Rq, G) subsystem 

will always be stable when C  is held constant. In fact, by inspecting (3.6)-(3.7) we can 

see that the variables R q and G will always be bounded regardless of the behaviour of G. 

This is because the response functions U{G) and P g { C )  are bounded above. Since there 

are first-order consumption processes that reduce the concentration of R q and G, these 

variables can only increase up to a certain level before their consumption rate will match 

their rate of production given by U(G,G)  and P g { G ) .  This indicates tha t fibroblasts are 

unable to produce IL- 1  receptors or PG E 2 at an indefinitely high rate regardless of the 

level of stimulation they are under.

Also, Ti is positive but A i has an indefinite sign. In fact, the condition for A% to be 

positive (and thus an equilibrium of (L, G) to be locally asymptotically stable) can be 

reduced to C'{G) < R'{G),  where C and TZ are as defined in (3.8).

3.4.4 Stability of the entire system

Let 6  =  P ^ (C ) |^ (G , G). Then the characteristic polynomial chj(A) of the 4x4 matrix 

(3.12) can be written as:
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chj(A) — (A  ̂+  TiX +  Ai)(A^ +  T2 A +  A 2 ) +  A^/e +  Xf{ejQ — ô) (3.14) 

Writing chj(A) in the form chj(A) =  Â  +  aiA^ +  a 2 Â  +  asA +  0 4  gives:

ai = T 1 + T2 (3.15)

Û2 =  A i +  A 2 +  TiT2 +  e /  (3.16)

as =  AiT2 +  A 2T1 + /(e7G — ^) (3.17)

Ü4 =  A 1A 2 (3.18)

The Routh-Hurwitz conditions (Willems, 1970, pp. 66-67) give the necessary and sufficient 

conditions for an equilibrium of (3.4) - (3.7) to be locally asympotically stable. These 

conditions reduce to:

01 > 0 (3.19)

0102 — 03 > 0 (3.20)

03(0102 — 03) — 0^04 > 0 (3.21)

04 > 0 (3.22)

First, observe that ai =  Ti -f T2 is positive since Ti, T2 > 0- The sign of 0 4  =  A 1A 2 

depends on the sign of A i since A 2 is also always positive. As explained in Section 3.4.3, 

A i will be positive if and only if the (L, C) subsystem is stable.

Using (3.15)-(3.18) gives:

aiU2 — U3 =  A iT i A2T2 4- T 1 T 2  +  T 1T 2  +  e /(T i 4- T2 — 7g ) 4- (3.23)

Since T i T2 — j g  =  <̂ +  d  +  j3, this is always positive when A i > 0.

P ro p o s itio n  3.1 Suppose A i > 0. Then the expression 0 3 ( 0 1 0 2  — 0 3 ) — 0 ^ 0 4  > 0 if and 

only if  Ô < Ô2 for some <̂ 2 > 0.

Proof First define the following:
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M l =  A1T2 +  A2T1 +  e / 7G (3.24)

M2 =  A iT i+A 2T 2 +  TfT2 +  TiT^ +  e /(a  +  (f +  /)) (3.25)

Then as -- Mi — f S  and a iü 2 — as =  M 2 +  fô.  Hence a s(a ia 2 — as) — afa 4 =  (Mi — 

fô){M2 T fô) — a^a4 — —f ‘̂ô‘̂ +  (Mi — M2)fô  +  (M iM 2 — a^a4 ).

It can be shown tha t Mi M 2 — a ia 4 > 0. Hence the quadratic equation q{0) = —f ‘̂ô‘̂ +

(M2 — Ml) f  6 (M lM2 — afa^) has two real roots 6 1 ,6 2  with 61 <  0 <  6 2 . But 6  is always

positive, so it must satisfy 0 < 6  < 6 2 . □

Hence an equilibrium of (3.4)-(3.7) is locally asymptotically stable if and only if the fol

lowing conditions hold:

a. C'{C) < 7Z'{C) (that is, A i > 0). This means tha t the IL-1 receptor - ligand 

subsystem must itself be stable before taking into account PG E 2 mediated receptor 

up-regulation.

b. Pq { C ) ^ { G , C )  is sufficiently small. This means that IL-1 up-regulation of its re

ceptor expression via the PG E 2 mediator must not be a strong effect.

Finally, observe that the partial derivatives of (3.4)-(3.7), |£ ,  |0 ,  and |^ ,  are all 

negative. Hence the system has negative divergence and is dissipative. But Liouville’s 

Theorem states tha t the volume in phase space of a dissipative system shrinks as the 

system evolves in time (Thompson and Stewart, 1986, p. 221). So it never has any limit 

cycles.

3.5 Numerical data fitting and simulation

3.5.1 Param eter estim ation

This section describes how we fitted (3.4)-(3.7) to experimental data given in Takii et 

a/.(1992 and personal communication). We assumed tha t IL-IRI receptor regulation was 

mediated solely by de novo synthesis as a result of endogenous PG E 2 production (that is, 

U{G^C) — U(G)), as assumed by Takii et al(1992), since in their experiments the effect 

was eliminated by the addition of indomethacin. Of course indomethacin could block the 

production of another arachidonic acid metabolite which up-regulates IL-IRI, and we shall



Symbol Biological meaning Estimate

h Association rate 1.3 X  10® M”  ̂ s” ^

k - i Dissociation rate 8.4 X  10“ ® s” ^

(3 Constitutive rate of endocytosis 1.8 X  10” ® s” i

Stimulated rate of endocytosis 1.3 X  10-4 g - 1

I s Shedding rate of receptors 0

IG Clearance rate of PC E 2 2.3 X  10” 2 s ” i

Table 3.1: Estimates for the parameters in the model (3.4)-(3.7).

consider this possibility later. The intention was to determine whether Takii et a/. (1992)’s 

results could be reproduced using a model built upon the PG E 2-mediated mechanism of 

IL-IRI up-regulation they proposed.

Apart from the response functions themselves, the other parameter values used were de

termined from the literature and are shown in Table 3.1. An explanation of the way we 

determined these values is given below:

a. A ssociation  and d issocation  rate constants, k\ and A:_i

Qwarnstrom et a/. (1988) conducted association binding experiments on human gin

gival fibroblasts. These gave an association rate constant of 8  x 10^ min“  ̂ (or

1.3 X 10® s"^), and a dissociation rate constant of 5 x 10® min~^ (or 8.4 x 10” ®

s-i) .

b. C onstitu tive and stim ulated  endocytosis rate, /3 and j3s

Experiments by Qwarnstrom et aZ.(1988) showed tha t fibroblasts endocytose bound 

IL-1 receptors at a rate with a half-life of approximately 1.5 h, equivalent to a 

first-order reaction rate of 1.3 x 10”  ̂ s” .̂ The IL-1 ligand is degraded following en

docytosis, although the receptor appears to be recycled. Hence we assumed that we 

did not need to correct this rate constant for recycling since this would be indistin

guishable from de novo synthesis. In any event, it would be difficult to separate the 

effects of recycling, recruitment from an inaccessible receptor pool and de novo syn

thesis of receptors in a system such as this. The figures in Qwarnstrom et a/. (1988) 

are authenticated by a similar half-life figure of 1 h obtained by Mizel et aZ.(1987) in 

the murine embryo fibroblast cell line 3T3. For unstimulated cells (in the absence of 

ligand), the half-life for endocytosis was 1 1  h, giving a first-order rate of 1 .8  x 1 0 ” ®
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s  ̂ (Mizel et al, 1987).

c. R ate o f filled receptor shedding, %

To our knowledge, there have been no reports of IL-IRI being shed in fibroblasts. 

Experiments involving stimulating other cell types, including monocytes (Penton-Rol 

et al, 1999) and polymorphonuclear leukocytes (Colotta et al, 1995; Orlando et al, 

1997), have found that IL-IRI (unlike IL-IRII) is not shed in significant quantities, 

if at all. Hence we felt it was safe to assume tha t 7 s =  0.

d. C learance rate o f P G E 2

The half-life of extracellular PG E 2 in the circulation is approximately 30 s (Fitz

patrick et al,  1980), which gives a clearance rate of about 2.3 x 10~^ s“ .̂ We 

assumed tha t the clearance in vitro was approximately the same, and that this rate 

represented removal of extracellular PG E 2 due to both conversion to an inactive 

form as well as takeup into the cell by a prostaglandin transporter.

3.5.2 Experim ental data from Takii et  a l . (1992)

To determine the shape of the response curves Pg {C) and U{G), we fitted our model

(3.4)-(3.7) to data from experiments on the human lung fibroblast line TIG-1 obtained by 

Takii et a/. (1992). In these experiments, fibroblasts were cultured in a medium containing 

IL- 1  and no other cytokines. Huleihel et a7(1990) found when fibroblasts were primed 

with IL-1, they produced IL-1  in response to LPS stimulation. However, IL-1 on its own 

resulted in very low IL- 1  production. Furthermore, the little production that could be 

observed was not dose-dependent, indicating tha t it was most likely due to constitutive 

production or contamination by other stimulants (such as LPS) rather than IL-1 itself. 

Hence we assumed that in the experiments by Takii et a7(1992), the fibroblasts will not 

produce endogenous IL-1, so Pl {C) = 0. Note tha t by substituting this into (3.8) and 

(3.11) we obtain L =  0, C =  0 as the only equilibrium, which is always stable by the 

analysis of Section 3.4.4.

Takii et a/. (1992) conducted four independent experiments that yielded numerical data 

suitable for fitting the model functions Pg(C') and U{G)\

a. E xperim ent 1

The first experiment was a control in which TIG-1 cells were cultured in medium
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at 37°C in six-well plates until they reached confluence. Confluence refers to a 

state at which cells have stopped dividing because they have formed a continuous 

sheet over the dish. The concentration of unoccupied surface-bound receptors was 

then measured over the next two days, at 0, 6 , 12, 24 and 48 h, using radioligand 

binding measurements with triplicate fibroblast cultures. The experiment showed 

that unoccupied receptor concentration remained constant within an error range of 

one standard deviation throughout the experiment.

b. E x p e rim e n t 2

The second experiment was also a control. TIG - 1  cells were pretreated for 3 h by 

exposure to 100 U /m l of IL-1 a  (U/ml is a unit of cytokine concentration explained in 

Section 3.5.3 below) and 1 yug/ml of indomethacin. Indomethacin is an NSAID that 

inhibits biosynthesis of prostaglandins by competing with their substrate, arachi- 

donic acid, for active sites on cyclooxygenase enzymes (Vane, 1971). The cells were 

then washed to remove unbound IL -la  and cultured in a medium containing 1 /ag/ml 

of indomethacin at 37°C for 48 hours. As before, receptor concentration readings 

were taken at 0, 6 , 12, 24 and 48 hours, as well as prior to IL -la  pre-treatment. 

The experimental results recorded by Takii et a/.(1992) are shown in Figure 3.2 as 

points, with error bars representing the standard deviation of triplicate cultures.

c. E x p e rim e n t 3

In the third experiment, TIG-1 cells were pretreated for 3 h by exposure to 100 U/ml 

of IL -la , then washed to remove unbound IL -la  and cultured in a medium (without 

indomethacin) at 37°G for 48 hours. As before, receptor concentration readings 

were taken at 0, 6 , 12, 24 and 48 hours, as well as prior to IL -la  pre-treatment. 

The experimental results recorded by Takii et al.(1992) are shown in Figure 3.6(a) 

as points, with error bars representing the standard deviation of triplicate cultures.

d. E x p e rim e n t 4

In the fourth experiment, subconfluent TIG-1 cells were cultured for 24 h in a 

medium containing 100 U/m l of IL -la  at 37°G. The concentration of PG E 2 in the 

culture supernatant was measured at 0, 2, 4, 12 and 24 h. The experimental results 

recorded by Takii et a/.(1992) are shown in Figure 3.6(b) as points. Error bars rep

resent the range of duplicate cultures from figures supplied by T. Takii (personal 

communication).
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However, as mentioned earlier, PG E 2 is very rapidly metabolised in the supernatant. 

Because of that, the immunoassay used by Takii et a/. (1992) does not measure actual 

PG E 2 concentration. Instead, it rapidly converts all major PG E 2 metabolites into 

a single stable, non-bioactive derivative called bicyclo-PGE2 (Prostaglandin E2 EIA 

Kit - Monoclonal, Product Information, Gayman Chemical Company). Hence it 

was not realistic to represent the immunoassay readings in Takii et a/. (1992) by the 

variable G representing PG E 2 concentration. Instead, the readings were fitted to the 

total concentration of cleared PG E 2 since the start of the experiment, B(f), given 

by the equation:

B (^ )=  /  7cG(^)d^ (3.26)
Jo

This assumes that (1 ) the rate at which PG E 2 is converted into bicyclo-PGE2 is 

the same as the rate of decay of PG E 2 without the immunoassay, and (2 ) the end 

product measured by the immunoassay (bicyclo-PGE2 ) is stable over the 24 h time 

course of the experiment. In practice, both rates in (1) are so rapid and the rate 

of decay of bicyclo-PGE2 is so slow in comparison that the assumptions should not 

significantly affect our results.

3 .5 .3  U se  o f  ex p er im en ta l d a ta  from  co n tro l e x p e r im e n ts  1 and  2

In Experiment 1 above, receptor concentration remained approximately constant through

out the 48 h time-course. This is predicted by the model (3.4)-(3.7), since in the absence 

of IL-1 stimulus, the rate of receptor synthesis U(G) = U(0) which is constant. Hence 

equation (3.6) will achieve stable equilibrium R q = R q given by U{0) = (JRq.

The level of unoccupied receptor expression in Takii et aZ.(1992) was determined by binding 

of IL-1 Of radioligand with specific radioactivity 4.6 x 10^ cpm//ig, measured using a gamma 

counter. Hence 1 cpm of IL -la  is equivalent to 2.2 x 10~^ /ig, or about 1.28 x 10“ ^̂  

mol. Since the cells were cultured in 0.5 ml of binding medium, this gave a receptor 

concentration 2.56 x 10~^^ M. The six data points measured in Experiment 1 had a mean 

of about 4.45 x 10“  ̂ cpm and variance of about 8.67 x 10“  ̂ cpm, or 1.139±0.022 x 10~̂ ® 

M. If this is taken to be the equilibrium value of receptor expression R q, then it gives a 

value for (7(0) of 2.0 x 10“ ^̂  M s~L

The parameters of model equations (3.4)-(3.7) were thus completely determined apart
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from those relating to the response functions U(G) and Pg (C). Knowing [/(0) allowed 

us to completely characterise IL- 1  receptor - ligand dynamics in the absence of PG E 2 

influence. This was a situation corresponding to Experiment 2 in Section 3.5.2, in which 

the addition of indomethacin blocks the effect of PG E 2 . Hence we were able to compare 

simulation results against experimental findings as an independent test of how suitable 

our model and parameter estimates were up to this point. We assumed that the addition 

of cycloheximide reduced receptor recruitment to its constitutive rate U(0). This also 

assumes that receptor insertion due to recycling and/or recruitment from an intracellular 

pool is negligible, which is a hypothesis for which we are unable to find any experimental 

data to support or disprove.

Experiment 2 was simulated by initially using the initial conditions L(0) =  2.94 x 10“ *̂̂ 

M, i^(0) =  1.2 X  lO ^ ^ G  ]y[ and C(0) =  0. This represented the first 3 h of IL-1 a  pre

stimulation. We assumed that 100 U/m l of IL -la  in the preparation used by Takii et 

a/.(1992) was equal to 2.94 x 10~^° M, based on the given specific activity of 2 x 10  ̂

U /m g for the cytokine. Cytokines are usually measured according to their activity in a 

given biological assay. A unit (U) of biological activity is defined as the dosage required to 

achieve half-maximal stimulation (ED5 0 ) in the assay. For IL-1 , the original assay was to 

measure the induction of growth factor production by T lymphocytes. The secreted growth 

factors were assayed by their ability to augment lectin-induced, sub-optimal thymocyte 

proliferation (Gery et a/., 1972, quoted in Symons et al,  1987). However, IL -la  activity 

has now been calibrated to an international standard. This standard is a 1.17 ^g ampoule 

(code 86/680) with a defined potency of 117,000 international units (Poole and Gaines 

Das, 1991), hence 1 unit is 10 pg (or about 5.9 x 10“ ^̂  M). This means tha t the IL-a 

standard has a specific activity of 10“  ̂ U /pg or 10  ̂ U/mg. Commercial preparations such 

as the one used by Takii et a7(1992) differ and normally state the specific activity.

Results of the 3 h simulation are shown in Figure 3.1. After the simulation, R(3 h) and C(3 

h) values (0.60 x 10“ ^̂  M and 0.43 x 10~^® M respectively) were stored, and used as initial 

conditions in a follow-on simulation with the value of L(0) reset to 0. This represented 

the second stage of the experiment, when IL -la  was washed off. Simulation results over 

48 h were compared to experimental results for unoccupied receptor concentration. This 

is shown in Figure 3.2. Note tha t the initial conditions determined by the preliminary 

simulation give a value for R{0) — C(0) of 0.17 x 10“ ^̂  M, while data from Takii et 

a/.(1992) gives a very close corresponding value of 0.15 x 1 0 “ ®̂ M, so the two points 

almost overlap in Figure 3.2. This is due to the good fit that the preliminary simulation
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Parameter Experiment 3 Experiment 4

L{0) 0 2.94 X 10-1° ^

J?w(0) see below 1.2 X 10-1° y

(7(0) see below 0

(7(0) see below 0

Table 3.2: Initial conditions for simulations of experiments 3 and 4 in Section 3.5.2.

provided, and not because we arbitrarily took the first data point in Takii et a/.(1992) as 

our initial condition.

As the graph shows, the simulation curves reproduced the general form of the experimental 

data, and were fairly accurate even in their specific values, falling within one standard 

deviation of the mean for all but one of the data points. This is extremely strong evidence 

that (apart from the form of U{G) and P g {C )  which have yet to be determined) model

(3.4)-(3.7) is a good representation of the receptor - ligand dynamics in Takii et a/.(1992). 

Concentration/10“ '̂  cpm

2 31
t/h r

Figure 3.1: Simulation using equations (3.4)-(3.7) showing the effect of stimulating fibrob

lasts with 100 U/ml of IL-1. Time courses show concentration of all receptors Ro{t) {solid 

line), occupied receptors C{t) {dashed line) and unoccupied receptors Ro{t) — C{t) {dotted 

Une).
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Ro{t) — C{ t ) /10  ̂ cpm

t/h r
6 12 24 30 42 4818 36

Figure 3.2: Comparison of simulation and experimental results for Experiment 2 (see 

Section 3.5.2). The curve shows concentration of unoccupied receptors, Ro{t) — C'(i), 

given by the simulation. The dots give the mean of triplicate experimental values, and 

the error bars give the standard deviation.

3 .5 .4  U se  o f  d a ta  from  e x p e r im e n ts  3 an d  4

The remaining parameters were fitted by simulating experiments 3 and 4 in Section 3.5.2 

using the model (3.4)-(3.7). The initial conditions used in each simulation are given in 

Table 3.2.

In experiment 3, all IL-1 that was not receptor-bound was washed off at the start of the 

experiment, so L(0) =  0. The values of E(0), C(0) and G{0) were determined in the same 

way as for experiment 2 (see Section 3.5.3). Initially, a 3 h simulation with L(0) — 2.94 

X  M, R{0) = 1.2 X  1 0 "iG C(0) =  0 and G(0) =  0 was conducted. The values of

R{3h), C{3h) and G{3h) were stored and used as initial conditions for the subsequent 48 

h simulation.

In Experiment 4, the fibroblasts were cultured with 100 U /m l IL -la  (or 2.94 x 10“ *̂̂ M), 

which was taken to be the L(0) value. The initial receptor concentration R(0) was set 

to 1.2 X 10“ ®̂ M as before. This could be an overestimation since the cells were only 

grown to subconfluence, but no data about receptor concentration was recorded by Takii 

et a/. (1992). Since the cells were initially at a quiescent state with no exogenous PG E 2 

added, the other initial conditions used were C(0) =  G(0) =  0.
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3 .5 .5  D a ta  f it t in g  p ro ced u re  an d  resu lts

Form of 

[/(G)

Form of 

P g { C )

Optimum U (G) pa

rameters

Optimum P g { C )  pa

rameters

Minimum

S

Threshold Threshold U m a x  — 1.10 X  10"2i

M s“ ^

[/5 0  =  1 .4 8  X 1 0 - 2 6

P m a x  = 2.88 X 10-12 

M s - i

P 5 0  =  1.72 X  1 0 - 2 7  M

0.293

Threshold Michaelis-

Menten

U m a x  = 1.20 X  10-21

M s-1

[ /5 0  = 1.48 X  10-26 ^

Pm oT =  2 .8 7  X 1 0 -1 2

M s-1

P 5 0  =  1 .7 2  X 10-27

0.314

Michaelis-

Menten

Threshold U m a x  =  1.03 X 10-21 

M s - i

[ /5 0  =  5.00 X  10-25 M

P m a x  =  2.89 X 10-12 

M s-1

P 5 0  =  1.73 X  10-27

0.300

Michaelis-

Menten

Michaelis-

Menten

Umax =  1.12 X 10-21

M s - i

[ /5 0  =  6.35 X  10-26 ^

P m a x  =  4 .6 5  X 1 0 -1 2  

M s-1

P 5 0  =  1.49 X  10-17 y^

0 .3 3 8

Table 3.3: Minimum mean squared error S  obtained when fitting parameters for different 

forms of the response function U{G) and P g { C )  in (3.4)-(3.7).

In order to determine the form and parameters of the response functions Pg (C) and 

U{G), the model (3.4)-(3.7) was fitted to experimental values given for Experiments 3 

and 4 as described in Section 3.5.2. The parameters were determined by the criterion of 

minimising the mean squared error between experimental and simulation values. Details 

of the algorithm used are given in Appendix A.

Two different forms (threshold and Michaelis-Menten) for each response function were 

fitted. These are mathematical forms commonly used to measure response to signalling 

ligands (see Section 5.2), and they have the following forms:

threshold: U{G) —
Ur.

Michaelis-Menten : [/(G)

otherwise 

P g ( C )  =
Pr.

G +  Pf50

if G < P50

P m a x  otherwise
(3 .2 7 )

(3 .2 8 )

We did not try  fitting a linear function because this is well-approximated by a Michaelis- 

Menten function with a high U^q or P50 value. The minimum mean squared error (5) for
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t/(G )/10-2 i M s-1
3 .

2 . 5 

2 .

1 . 5  

1 .

0 . 5

Pg (C')/10-12 M s-1

2 . 5

2 .

1 . 5

1.

0 . 5

------- '--------'--------■--------'--------- C / 1 0 - 2 6  ^  . C/10-27 M
2 .  4 .  6 .  8 .  1 0 . 0 . 5  1 .  1 . 5  2 .  2 . 5  3 .

Figure 3.3: Response functions U{G) and P g { C )  as shown in (3.29)-(3.30). An alternative 

Michaelis-Menten form of C(C) which gives almost as good a fit is also shown as a dotted 

curve.

each combination of function was compared. These are given in Table 3.3.

From these results, it can be seen that the form giving the best fit is a threshold function 

for both U (C) and P g { C ) .  A Michaelis-Menten function for U{G) and a threshold function 

for Pg {C) gives the second best fit; the difference in the minimum S  value between the two 

forms for U[G) was small. The functions which provided the best fit were the following 

(shown in Figure 3.3):

P C )  =
0 if G < 1.48 X  10-26 M

1.10 X  10-21 M s-1 otherwise

0  if C  <  1 . 7 2  X  1 0 - 2 7  M

2 . 8 8  X 1 0 - 1 2  jy j- g-1 otherwise

( 3 . 2 9 )

( 3 . 3 0 )

Figure 3.4 (a)-(b) shows the experimental results and model predictions for the two sce

narios based on the parameter values above.

3 .5 .6  D a ta  refit w ith  P G E 2 c lea ra n ce  as a free p a ra m eter

Although the parameter values in Table 3.3 gave a reasonable fit to the data, the response 

functions they indicate appeared to be highly unrealistic. The response functions U[G) 

and P{C)  had half-maximal dose values (U50 and P 50 in the order of 10-27 _ iq-26 

which was well under a single molecule of PG E 2 or receptor - ligand complex. This 

would mean that the cells would be in a perpetual state of stimulation. Additionally, the 

fitted parameters indicate that bicyclo-PGE2 increases linearly with time in Experiment 

4, whereas the data in Takii et a/. (1992) would appear to indicate an exponential increase
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Ro{t) — C{t ) / lO  ̂ cpm

8 16 24 32 40 48
t/h

bicyclo-PGE2/10  ̂ M

2 .

1 .

0 .

4 8 12 16 20 24
t/h

Figure 3.4: Experimental results from (a) Experiment 3 and (b) Experiment 4 in Takii et 

a/.(1992) (lines with error bars) and model predictions from (3.4)-(3.7) using (3.29)-(3.30) 

as response functions (lines without error bars).
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(see Figure 3.4(b)).

In order to achieve a more realistic fit, we made 7 ^, the rate of clearance of PGEg, a 

free parameter. Of all the parameters assigned values in Table 3.1, 7 ^  was the one whose 

biological meaning we were the least certain of. Furthermore, the extremely high value of 

7 G was what was causing C/5 0  and P50 to be so low. Because PG E 2 was cleared so rapidly, 

the fibroblasts had to be able to respond to concentrations so small as to be physiologically 

meaningless in order to show a PG E 2-mediated increase in total receptor level.

Form of 

U ( G )

Form of 

P g ( C )

Optimum U[G) pa

rameters

Optimum P g ( C )  

parameters

Optimum

7G

Minimi)

S

Threshold Threshold U m a x  = 107 X

1 0 - 2 1  g - 1

C/5 0  =  4.50 X 10-14 

M

P m a x  =  9.89 X 

10-11 M s-1 

P 50 =  3.46 X 10-16 

M

8.62 X 1 0 - ?

s-1

0.207

Threshold Michaelis-

Menten

U m a x  ~  1.16 X

1 0 - 2 1  ]Y[ g - 1

C/5 0  =  3.10 X 10-6

M

P m a x  =  1.48 X 10-6 

M s-1

P50 -  3.19 X 10-16 

M

5.47 X 10-? 

s-1

0.106

Michaelis-

Menten

Threshold U m a x  = 138 X 

10-21 M s-1

c / 5 0  =  2.80 X 10-6

M

P m a x  = 8.02 X

1 0 - 1°  ] y [  g - 1

P50 =  5.46 X 10-1? 

M

8.74 X 10-? 

s-1

0.398

Michaelis-

Menten

Michaelis-

Menten

U m a x  = 103 X

1 0 - 2 1  g - 1

C/5 0  =  1-49 X 1 0 - 6  

M

P m a x  =  3.31 X 10-6 

M s-1

P50 =  1.18 X 10-12 

M

8.62 X  10-? 

s-1

0.208

m

Table 3.4: Minimum mean squared error S  obtained when fitting parameters for different 

forms of the response function U{G) and F^(C ), and PG E 2 clearance rate 7 ^, in (3.4)- 

(3.7).

When 7g was a free variable, the results of the fitting are as given in Table 3.4. These 

results showed that the forms giving the best fit (by a significant margin) are a threshold 

function for U{G) and a Michaelis-Menten function for Pg{G) .  The half-maximal dose 

levels of the threshold functions had physiologically more meaningful values with orders 

M and M respectively. The functions which provided the best fit are the
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following (shown in Figure 3.5):

[/(G)

PG(C)

0 if G < 3.10 X 1 0 -G M

1.16 X 10“ ^̂  M 8 “  ̂ otherwise 

1.48 X  1 0 - 6  M  g - i ^

G +  3.19 X 10-13

(3.31)

(3.32)

[/(G )/10-2 i M s-1
3 .

2 . 5 
2 .

1.5 
1 .

0.5

Pg (G )/10-6 M s-1

1 . 2  

1 .

0 . 8

0 . 6

0 . 4

0 . 2

0.5 1. 1.5 2. 2.5 3. 3.5 4.
G /10-6 M G/10-12 M

0.5 1.5 2.

Figure 3.5: Response functions U{G) and F^(G ) as shown in (3.31)-(3.32).

Figure (3.6)(a)-(b) shows the experimental results and model predictions for Experiments

3 and 4 based on the parameter values above. The model time-course for Experiment

4 is now exponential, which looks qualitatively much more like the experimental results 

compared to the previous fit where j g  was fixed at 2.3 x 10“  ̂ s - i .

3 .5 .7  S e n s it iv ity  to  ch an ges in  th e  free p a ra m eters

We investigated how robust the optimised model was to changes in the free parameters. 

To do this, we altered each of the fitted parameters {Umax, [/5 0 , Pmax, P50 and qc) by a 

given proportion to see what this effect would have on the mean squared error S. The 

results are shown by the solid lines in Figure 3.7.

As the graphs show, the optimised model was disturbingly sensitive to small changes 

in some of the free parameters, especially U50 , Pmax and P 5 0 . However, the sensitivity 

analysis graphs were highly asymmetrical: a perturbation in one direction can cause a 

large change in the goodness-of-fit, while a perturbation in the opposite direction often 

caused a change that was smaller by an order of magnitude. This is highlighted in Table 

3.5. The proportionate change in S, A 5, given a perturbation in a parameter P (with 

original value P*) of relative magnitude A P  is given by the following formula:
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Ro{t) — C { t ) / 10  ̂ cpm

8 16 24 32 40 48
t/h

bicyclo-PGE2/10  ̂ M

2 .

1 .

0 .

4 8 12 16 20 24
t/h

Figure 3.6: Experimental results from (a) Experiment 3 and (b) Experiment 4 in Takii et 

a/.(1992) (lines with error bars) and model predictions from (3.4)-(3.7) using (3.31)-(3.32) 

as response functions (lines without error bars).
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T n a i  Q 2 2

0 . 18
Ü.16
0 . 14
0 . 1 2

-0.1 -0.05 0.05 0.1
A P

(c

A P
0.1 -0.05 0.05 0 . 1

A P
-0.1 -0.05 0.05 0 . 1

A P
-0.1 -0.05 0.05 0 . 1

0 . 18

0.16

0 . 14

0 . 12

A P
-0.05

(f) all

A P
-0.1 -0.05 0.05 0 . 1

Figure 3.7: Mean squared error S  when fitted parameters (as indicated by the title of 

each individual graph) in (3.4)-(3.7) are perturbed by a given proportion AP. Solid lines 

show results with values as given in Table 3.4 (for a threshold U(G) and median response 

P(C)), while dotted lines show results with the same values except Uso which is set at 

2.50 X 10-G M.
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AS 1 -

S  when P  =  (1 +  A P )P '
S  when P  = P*

(3.33)

Perturbation to parameter, A P

Parameter -0 .1 -0 .0 1 0 .0 1 0 .1

U m a x 0.2114 0 . 0 0 1 0 0.0035 0.2362

U 50 0.3830 0.1167 1.603 22.04

P m a x 22.18 1.596 0.1205 0.5584

P5O 0.5832 0.1206 1.597 22.17

7G 0.1241 0 . 0 0 1 2 0.0013 0.7535

Table 3.5: Effect A S ,  on mean squared error S  of perturbating the fitted parameters in 

(3.4)-(3.7) by a given proportion A P .

Table 3.5 indicates that the model can achieve much greater robustness with only a slight 

decrease in the goodness-of-fit if the values for the parameters C/5 0  or P 50 are shifted by 

a small amount in the negative direction, or the value for the parameter Pmax is shifted 

by a small amount in the positive direction. In fact, Figure 3.7 indicates tha t the best 

fit values of these parameters lie just on the changeover point between a “shallow” region 

where the model is less sensitive to the parameters, and a “steep” region where the model 

is very sensitive to the parameters.

The reason for this can be seen in Figure 3.8. This shows PG E 2 concentration against 

time in a simulation of Experiment 3. The optimum value of the threshold for IL-IRI 

up-regulation in response to PGE 2 concentration, C/5 0 , was exactly high enough to ensure 

that IL-IRI is up-regulated for the duration of the experiment, except during the first 

3 hours. As a result, even a small increase in this threshold value (or a decrease in the 

level of PG E 2 production governed by the parameters Pmax and P 5 0 ) would cause IL-IRI 

up-regulation to be turned off for part of the experiment, contradicting the results in Takii 

et a/.(1992). On the other hand, a decreeise in C/5 0  would have a much less dramatic effect. 

It would only shorten the time in which PG E 2 levels rise at the start of the experiment to 

the level at which they begin up-regulating IL-IRI. For instance, setting C/5 0  to 2.50 x 10“ ® 

M (instead of 3.10 x 10“ ® M) did not yield a significantly worse fit (Q = 0.174 instead of 

Q — 0.106) but it made the model much less sensitive to changes in the parameters (see 

dotted lines in Figure 3.7). It is difficult to determine exactly where the trade-off between 

goodness of fit and robustness should be set; this would probably involve a consideration 

of biological factors not in our model (see Section 3.6 for some suggestions).
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PG E 2 /IO-® M
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2

2

t /h r
16 24 328 40 48

Figure 3.8; Model prediction of PGEg concentration, G{t) in a simulation of Experiment 

3. The dotted line shows the best fit value of the threshold U5 0 .

3.6 Discussion

In this chapter, we used the single cytokine receptor - ligand models introduced in Ghapter 

2 to investigate the effect of IL-1 regulation of its own receptors. A model of fibroblast 

production of IL-1 and expression of IL-1 receptors was constructed based on evidence in 

the biological literature, especially Takii et a/. (1992) which provided extensive numerical 

data. Stability analysis of the resulting four-dimensional dynamical system (3.4) - (3.7) 

indicated that the model had a locally asymptotically stable equilibrium provided that:

a. the equilibrium would be stable if total receptor density was held constant, and

b. PGEg up-regulation of receptors and PG E 2 production occured at rates which were 

not too rapid, that is, they are below a particular threshold determined by the other 

parameters.

This seems intuitively sensible. If a cell’s production is at steady-state in the absence of 

receptor up-regulation, then incorporating receptor up-regulation would only destabilise 

the system if the rate of up-regulation is rapid enough.

The model was then fitted to experimental data from Takii et a/. (1992) to determine 

the form and parameters of the response functions. The two functions tha t were fitted 

governed the cell’s production of PG E 2 in response to IL-1, and up-regulation of ILl-RI
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in response to PG E 2 . The model was very well-determined. The data consisted of a total 

of 12 pairs of values, and was used to fit 5 parameters. This lent a great deal of confidence 

that a good fit would indicate that the model realistically predicted experimental data.

The results of the fitting procedure indicated that, given the extremely rapid clearance 

rate of PG E 2 in vivo (with a half-life of about 30 s; Fitzpatrick et a/,, 1980), it was very 

unlikely that extracellular PGE 2 would be able to exert long-term effect on IL-IRI levels. 

This was significant for the experiments of Takii et al.{1992) on IL-1 receptor up-regulation 

(Experiment 3), because they found tha t the up-regulatory effect of IL-1 persisted long 

after most of the ligand had been washed off. The only way this could happen was if 

the response of the cell to PG E 2 concentrations took a physiologically highly improbable 

form.

When the parameter yc in the model (3.4)-(3.7), representing PG E 2 clearance, was op

timised for a best fit instead of being fixed to a value representing a half-life of 30 s, 

then the response functions U(G) and Pg {C) took more physiologically realistic forms. 

However, this begs the question of what yc actually represents, since its best fit value is 

five orders of magnitude smaller than the recorded rate of PG E 2 clearance in vivo. PG E 2 

deactivation may take longer in vitro due to the absence of passage through excretory 

organs such as lungs, kidneys and liver, but the increase in its half-life is unlikely to be 

so dramatic. The only way to make yc biologically meaningful is to conclude that the 

variable G does not actually represent extracellular PG E 2 . Instead it represents another 

autocrine mediator that is up-regulated by IL-1 and is capable of affecting IL-IRI levels. 

There are two possibilités:

a. G may represent intracellular PG E 2 (or a precursor of it). In this case, ycr is the 

rate at which the molecule (PGE2 or its precursor) is converted into PGE 2 and 

transported out of the cell.

b. G may represent a more stable signalling mediator tha t is up-regulated by IL-1. It 

must also be an arachidonic acid metabolite generated by the cyclooxygenase path

way, since the addition of indomethacin eliminates its effect. This still leaves a large 

number of possible candidates however (see Section 3.2.1). Since both this species 

and PG E 2 are up-regulated by IL-1 , there must be some functional relationship be

tween the rate of production of the two. In this case, y^ is the rate of clearance of 

this unknown species.
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If the first suggestion is correct, then PGEg up-regulates IL-IR  by signalling an intracel

lular structure. That is, it has an “intracrine” mode of action (Re, 1999). Hence it would 

not need to be secreted, but could travel directly from the cytoplasm to the nuclear or 

other intracellular signalling structure. Although the traditional view is tha t PGE2 acts 

by binding to G-protein coupled receptors in the cell membrane, there are a number of 

ways it could signal intracellularly:

a. Some prostanoids (PGD2 , P G J2 and PG F 2a have been found to signal a class of 

nuclear receptors called the peroxisome proliferator activated receptor (PPAR) class 

(Kliewer et al.  ̂ 1995; Hertz et al, 1996; reviewed in Forman et al, 1996). PG E 2 

may be up-regulating IL-IRI expression via a nuclear PPAR. This seems unlikely 

since a PPAR for PG E 2 has yet to be found. However, it may not actually be PG E 2 

causing the up-regulatory effect, but a precursor of it tha t is able to bind to a nuclear 

PPAR. It should be noted however that there is still controversy over whether or not 

prostanoid nuclear signalling via PPARs actually occurs at physiological concentra

tions of ligand (Narumiya and Fitzgerald, 2001).

b. A functional E P l receptor for PG E 2 has been found in the perinuclear region of 

3T3 fibroblasts (Bhattacharya et al, 1998). This may be the mechanism by which 

PG E 2 up-regulates IL-IR expression intracellularly. In fact, M orita et a/.(1995) has 

found that the Cox-2 enzyme is predominantly located in the perinuclear envelope. 

So according to this model, transient stimulus causes induction of Cox-2 which pro

duces PG E 2 in the perinuclear region. PG E 2 then immediately binds to the nuclear 

E P l receptor, causing an increase in calcium channels which regulates nuclear gene 

transcription (Bhattarcharya et al, 1998).

c. PG E 2 may be able to augment intracellular signalling cascades that up-regulate 

IL-IR expression without binding to a receptor. This kind of signalling has been 

observed in prostaglandins before. Rossi et al(2000) found th a t anti-inflammatory 

cyclopentone prostaglandins can directly inhibit the I/tB kinase (which is responsible 

for activating the pro-inflammatory NF-ztB cascade) without binding to receptors.

It is im portant to emphasise tha t any suggestion tha t PG E 2 induces IL-IRI synthesis in 

fibroblasts through an intracellular signalling mechanism is speculative at best. However, 

it may be interesting to block PG E 2 secretion and see if this has any effect on IL-IRI syn

thesis. If PG E 2 acts by a predominantly nuclear mechanism, then eliminating extracellular
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PG E 2 should have little effect. This could be done by using anion transport inhibitors 

that block the action of the prostaglandin transporter (Schuster, 1998). Another method 

may be to add anti-PGE2 monoclonal antibodies to the supernatant. The second method 

would be more specific to PG E 2 but possibly less efficient, since PG E 2 is cleared so rapidly. 

Hence if it actually exerts its effect in the tiny 30 s window before it is cleared, then the 

antibodies would have to sequester it in an even shorter period of time.

The second possibility is tha t the up-regulator of IL-IRI is neither P G E 2  nor a precursor of 

it. PG E 2 is only one of a group of downstream cyclooxygenase products tha t are produced 

when IL-1 up-regulates the Gox-2 enzyme. Takii et al.(1992) concluded tha t PG E 2 was the 

mediator for IL-IRI up-regulation by IL-1 . This conclusion was drawn by independently 

showing that P G E 2  stimulates IL-IRI mRNA expression, and indomethacin, a P G E 2  

inhibitor, suppressed IL- 1  up-regulation of IL-IRI. These two premises actually do not 

rule out the possibility of other IL-l-induced indomethacin-suppressed mediators of IL- 

IRI expression. In fact these other mediators may be dominant if the P G E 2  induced by 

IL-1 is normally at concentrations that are too low to have a significant effect (due, for 

instance, to the high rate of clearance of P G E 2 ) .

The fit was found to be highly sensitive to perturbations in the parameters involving the 

PG E 2 production function Pg(C) and the threshold for IL-IRI up-regulation in response 

to PG E 2 , U5 0 . This is because the value of C/5 0  was optimised to be exactly low enough to 

ensure tha t IL-IRI is up-regulated throughout the course of the simulation of Experiment 

3 in Takii et al.(1992). In reality, this is likely to be highly unrealistic, due to stochastic 

fluctuations in PG E 2 production and imprecision or experimental error in the results of 

Takii et a/. (1992). Apart from this, there are sound biological reasons for believing tha t 

cellular function is robust to perturbations in the cell’s parameters. Insensitivity to param

eter variations has been predicted to be a common feature of many biochemical networks 

(Hartwell, 1997). For instance, the motive response of bacteria to chemotactic gradients 

is controlled by a signalling network that has been shown to be robust to changes in the 

kinetic parameters of the signalling mediators (Barkai and Leibler, 1997). Robustness may 

be im portant for biological systems because it allows them to operate in noisy media (due 

to causes like environmental change and genetic polymorphisms). It also facilitates the 

phenomena of “graceful degradation”, whereby perturbations to a system as a result of 

damage cause gradual decrease in functionality rather than catastrophic failure (Kitano, 

2002). For instance, a robust model of PG E 2 up-regulation of IL-IRI implies that this 

phenomenon would continue to be exhibited even if synthesis of PG E 2 (or the eicosanoid
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responsible for this effect) was slightly impaired.

Hence, it is more likely that the threshold C/5 0  is somewhat lower than predicted by the 

best fit algorithm. This would provide a much more robust fit, at the expense of a 

slight increase in the mean squared error. The reason for a non-optimum solution being 

biologically more likely may simply be due to experimental error in some of the figures 

in Takii et a/. (1992). Or there may be an additional mechanism or effect involved that 

is not incorporated in the model (3.4) - (3.7). The only effect of a lower C/5 0  value is to 

hasten the onset of IL-IRI up-regulation, and hence cause PG E 2 values to be somewhat 

higher throughout the time-course of the experiment. However, the delay before IL-IRI 

begins is more likely to be accounted for by the time lag between the moment PGE 2 (or 

another eicosanoid) signals nuclear or membrane-bound receptors, and the actual time IL- 

IRI is inserted into the membrane. Several intermediate molecular events need to occur, 

including gene transcription, protein synthesis and transport to the membrane via the 

Golgi apparatus (see Section 2.2.5). However, the model as it exists is still reasonable 

because even if the parameters are shifted to more biologically realistic values, the fit to 

experimental data is still fairly good.

In conclusion, analysis of the numerical results in Takii et a/. (1992) using a mathematical 

model of receptor - ligand dynamics points to a role for an eicosanoid mediator of IL- 

IRI up-regulation, as suggested by Takii et aC(1992). However, the mechanism of this 

effect appears to be more complicated than autocrine signalling by extracellular PG E 2 as 

suggested by Takii et al.(1992).
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Chapter 4

M odelling the anti-T N F-o action  

of new disease m odifying  

anti-rheum atic drugs

4.1 Introduction

Rheumatoid arthritis (RA) is a chronic auto-immune disease for which there is no cure. 

However, one of the success stories in cytokine research in the last decade has been the 

development of anti-rheumatic drugs that act by sequestering TN F-a, a cytokine that has 

been identified as playing a central role in the pathogenesis of this disease. However, the 

anti-TNF-a drugs are unable to permanently cure the disease.

A similar inflammatory cascade with TN F-a at its apex has been identified as the driving 

force behind another pathological state called systemic inflammatory response syndrome 

or SIRS. This is a collective term for an uncontrolled inflammatory response to a variety 

of insults which can lead to shock, organ dysfunction and ultimately death. The difference 

is that anti-TNF-o; treatm ent has been unsuccessful against SIRS, a fact that has given 

rise to considerable consternation and debate in the biomedical literature.

This chapter models the effect that anti-TNF-o; therapy has on TN F-o bioactivity in the 

rheumatoid joint. It is essentially an application of the theory developed in Chapter 2. 

It consists of several parts. First, the biological background of anti-TNF-o treatm ent 

for RA is reviewed. This information is used to extend the single cytokine models of 

Chapter 2 to incorporate the effect of an inhibitor tha t can bind TNF-o. The situations
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where such an inhibitor can arise are discussed briefly. Next, the known pharmacokinetic 

and pharmacodynamic properties of these inhibitors are used to estimate parameters of 

the model and to simulate the effect that the inhibitors have. The chapter ends with a 

discussion of the significance of these results to anti-TNF-a therapy, and suggestions as 

to why this line of approach has not worked against SIRS.

4.2 Review of anti-TN F-o treatm ent for rheumatoid arthri

tis

A brief review is given here of information that is relevant to constructing a model of the 

role of TN F-a in RA and the drugs used to reduce its level. This topic has been reviewed 

several times by Feldmann, Maini and their co-workers who first pinpointed the key role 

of TN F-a in RA (Maini et a/., 1995a; Feldmann et ai, 1995, 1996a, 1996b, 1997; Brennan 

and Feldmann, 2000; Feldmann and Maini, 2001, 2002), as well as by others (Graninger 

and Smolen, 2001). Detailed features of the pathogenesis of RA will not be reviewed here 

but more information on this topic can be found in Albani and Carson (1997).

4 .2 .1  A e t io lo g y  o f  rh eu m a to id  a rth r itis

RA is characterised by chronic immunological stimulation of synovial joint cells (Janossy et 

al.  ̂ 1981), but the underlying cause of this inflammation is still uncertain. One possibility 

is that RA is triggered when a T  lymphocyte clone recognises a bacterial product. This 

hypothesis has been given credence by the fact tha t occurrence of RA has been genetically 

linked to alleles for HLA-DR that share a common amino acid sequence in their peptide 

binding groove (Gregersen et al, 1987). HLA-DR is a locus for the gene tha t encodes for 

the class II major histiocompatibility complex (MHC) molecule, which is a protein that 

binds antigen fragments and presents them to helper T lymphocytes to activate the cells 

(Alberts, 2002, pp. 1397-1399). Presumably, in genetically susceptible individuals T lym

phocytes are activated by certain antigens from antigen-presenting cells (B lymphocytes 

or macrophages) with HLA-DR and other class II MHG molecules (Janossy et al, 1981).

The problem with this hypothesis is that no antigen has ever been demonstrated to be re

sponsible for initiating RA. More recently, it has been proposed tha t RA is initiated by the 

innate immune system instead (Firestein and Zvaifler, 2002; Arend, 2001). In this model, 

synovial membrane cells (macrophages and fibroblasts) are activated first by an antigen-
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independent mechanism. This may be the result of frequent non-specific inflammatory 

reactions caused by trauma, infections, allergies or immune complex formation (Thomas 

and Lipsky, 1996). The cells respond by secreting chemokines tha t attract T lympho

cytes to the synovial joint. There, the T lymphocytes are presented with self-molecules 

from macrophages or dendritic cells. These auto-antigens would normally not be able to 

activate T  lymphocytes were it not for the stimulatory environment in the synovial joint.

If lymphocytes become activated, they stay in the joint, expand and recruit other cells 

such as macrophages, monocytes, B cells and fibroblasts. Macrophages and monocytes are 

activated by cytokines secreted by the T lymphocytes or even by direct contact with them 

(Lacraz et al, 1994; Arend and Dayer, 1995; Dayer and Burger, 1999). Once activated, 

macrophages and monocytes secrete pro-inflammatory cytokines like TN F-a, IL-1 and 

IL-6.

4.2.2 Perpetuation of inflammation

The cells of the RA synovial joint appear to be able to perpetuate their state of inflam

mation on their own. This was shown in several in vivo studies where mononuclear cells 

were taken from RA synovial membrane and cultured without external stimuli (Buchan 

et a/., 1988; Brennan et al, 1989). The cells continued to produce stable levels of pro- 

inflammatory cytokine mRNA and protein after several days, indicating tha t the stimulus 

for cytokine production lay with the cells themselves.

The traditional view is that RA is perpetuated because T lymphocytes are continually 

presented with antigens (either foreign or self), and hence keep macrophages in a state of 

constant activation (Janossy et al.  ̂ 1981; Thomas and Lipsky, 1996). However, T lym

phocyte cytokines are not abundant in the RA joint compared to cytokines produced by 

macrophages and monocytes (Firestein et a/., 1988; Feldmann et a/., 1996b; Burmester et 

a/., 1997). Firestein and Zvaifler (1990, 2002) have suggested tha t RA is not perpetuated 

by antigen-driven T lymphocyte responses. Instead, a self-sustaining cytokine network 

involving T lymphocytes, macrophages and fibroblasts maintains the chronic state of in

flammation. It is possible for cytokines to sustain their own production by autocrine and 

paracrine mechanisms without external stimulation, as we have demonstrated in Section 

2.7 for the single cytokine case. Seymour and Henderson (2001) also demonstrated the 

same effect for the case of three monocyte-related cytokines (IL-1, IL-10 and TN F-a).
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4 .2 .3  Role of T N F -a  in the cytokine network involved in rheum atoid  

arthritis

Increased levels of many cytokines are detected in the synovial membrane and fluid of 

RA patients (reviewed in Feldmann et al, 1996b). As mentioned before, most of these 

are associated with activated cells of the monocyte - macrophage lineage. These include 

pro-inflammatory cytokines like TN F-a (Di Giovine et al, 1988; Hopkins and Meager, 

1988; Saxne et al, 1988), GM-CSF (Xu et al, 1989), IL-1 (Miyasaka et al, 1988) and IL-6 

(Hirano et al, 1988). Surprisingly, anti-inflammatory cytokines and cytokine inhibitors 

like IL-10 (Katsikis et al, 1994), IL-1 receptor antagonist (IL-lRa) (Firestein et al, 1992; 

Malyak et al, 1993) and sTNFR (Gope et al, 1992; Roux-Lombard, 1993) are also up- 

regulated. Feldmann et a/. (1996a) have characterised the RA joint as being in a state of 

disequilibrium between the pro-inflammatory and anti-inflammatory arms of the cytokine 

network, with the balance tilted in favour of the pro-inflammatory arm.

W ith so many cytokines involved, there have been doubts about whether therapy targeting 

a single cytokine would be effective (Barthel and Burmester, 1995). However, Feldmann 

and his co-workers made the suggestion that the cytokine network in RA was arranged in a 

sequential cascade, with earlier cytokines in the cascade inducing production of later ones 

(Feldmann et al, 1995). Their crucial discovery was identifying TN F-a as being at the 

apex of the cascade. The first indication of this came from work by Brennan et a/. (1989), 

who discovered that adding TN F-a antibodies to mononuclear cells in synovial fluid taken 

from patients with RA significantly reduced IL-1 production. This was unexpected because 

many other cytokines present in the RA joint are capable of inducing IL-1 in mononuclear 

cells, including IFN-a (Gerrard et al, 1987), granulocyte-macrophage stimulating factor 

(GM-CSF) (Portillo et al, 1989) and IL-1 itself (Dinarello et al, 1987).

The authors concluded tha t TN F-a may be the dominant inducer of IL-1 in these cells, 

and tha t anti-TNF-a agents may be useful in treating RA patients. Further evidence 

that TN F-a is the initial inducer in the pro-inflammatory cytokine cascade in RA came 

when the same group found tha t blocking TN F-a also reduced the levels of other pro- 

inflammatory cytokines such as GM-CSF, IL-6 and IL-8 (Haworth et al, 1991; Maini et 

al, 1995a). Furthermore, blocking IL-1 reduced IL-6 and IL-8 but did not seem to reduce 

TN F-a (Butler et al, 1995). This concurred with the idea of a hierarchical cascade, with 

TN F-a inducing IL-1 which in turn induced IL-6 and IL-8.

TN F-a had also been shown to induce the radiological signs of RA, such as bone resorption
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by osteoclasts (Bertolini et al, 1986; Thomson et al.  ̂ 1987), collagenase production (Dayer 

et a/., 1985) and cartilage degradation (Saklatvala, 1986). For all these reasons, TN F-a 

became an attractive target for RA therapy.

4.2.4 Existing therapies for rheum atoid arthritis

Drugs prescribed for RA fall into two categories. The first group are the non-steroidal 

anti-inflammatory drugs or NSAIDs such as aspirin and indomethacin. These can improve 

the symptoms caused by pro-inflammatory cytokines produced during RA, such as pain 

and joint stiffness. However, they are unable to affect disease progression itself. Their 

mechanism of action is explained in Section 3.2.2.

The second class of drugs are called the slow-acting or disease-modifying anti-rheumatic 

drugs (DMARDs). If successful, they are able to affect the disease process itself, although 

they require several months before eliciting a response. A drug called methotrexate is 

increasingly becoming the first course of treatment, especially in severe cases, because of 

its superior long-term effectiveness and acceptable toxicity (Kremer, 1996; Maetzel et al,

1998).

Historically, RA patients were prescribed NSAIDs until evidence of joint damage became 

clear. Nowadays a more aggressive form of intervention is usually preferred, with early 

use of DMARDs in order to prevent long-term damage (Emery and Salmon, 1995; Pincus 

et al, 1999). These drugs are able to stabilise signs of radiological damage to joints if 

they are used earlier on in the course of the disease, but are less effective once joint func

tion has deteriorated. Once damage has occurred, complete remission is extremely rare. 

Further detail about anti-rheumatic drugs is available in the British National Formulary 

(September 2001, pp. 470-487).

4.2.5 A nti-T N F -a therapy

Traditional DMARDs exert their effects by acting non-specifically on several biological 

pathways involved in RA at the same time (Barthel and Burmester, 1995). As more is 

discovered about the pathways involved in the pathogenesis of RA, there have been a 

number of attem pts to target specific points in the network of pathways. Since TNF-a 

appears to occupy a crucial position in these pathways, a number of DMARDs have been 

designed on the principle of reducing TN F-a levels in the synovial joint. Two of these
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drugs (infliximab and etanercept) have been successful in clinical trials, and have been 

marketed in the USA and Europe as treatment for RA, with a number of other drugs 

currently being tested (reviewed in Feldmann and Maini, 2001). Both of them act by 

competitively binding to TN F-a with high specificity, preventing it from binding to its 

receptor and eventually clearing it from circulation (Mohler et a/., 1993; Siegel et a/., 

1995). We discuss the way the two drugs work below.

a. In flix im ab

Infliximab (Remicade(R)) is a chimeric monoclonal antibody. Monoclonal antibodies 

are produced by injecting antigen into a mouse, causing a single clone of B lympho

cytes to produce antibodies in response. Hence all the antibodies have exactly the 

same antigen-binding site (Alberts et a/., 2002, pp. 1368-1370). However, murine 

monoclonal antibodies are of limited use, because they provoke the human immune 

system to respond by producing its own antibodies against the foreign monoclonals 

(Ezzel, 2001). A solution was found with the invention of chimeric antibodies, which 

retain the murine antigen-binding (or variable) region, but replace the remainder of 

the antibody (the constant or tail region) with human components.

Used in combination with methotrexate, infliximab has been found to reduce the 

symptoms and progression of RA to a greater extent than the reduction associated 

with methotrexate alone (Maini et al.  ̂ 1999; Lipsky et aZ., 2000). The properties of 

the drug have been reviewed elsewhere (Markham and Lamb, 2000), as well as the 

studies leading to the development and approval of this drug (Feldmann and Maini, 

2002).

b. E ta n e rc e p t

Monocytes have two receptors for TN F-a with molecular weights of 55 kDA (TNFRl) 

and 75 kDA (TNFR2) respectively (Imamura et al, 1987). Etanercept (Enbrel(R)) 

is a fusion protein like a monoclonal antibody. However, instead of joining murine 

antigen-binding regions to a human antibody, it combines the extracellular portion 

of two TNFR2 molecules to the Fc portion (the non-antigen-binding part) of IgGl 

(a subclass of human antibodies).

Like etanercept, soluble TNFR2 (sTNFR2) consists of the extracellular portion of 

TNFR2. However, etanercept has superior kinetic properties to sTNFR2 that make 

it more effective for binding soluble TN F-a in the circulation. Firstly, it has higher
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affinity for TN F-a because it combines two TNFR2 extracellular portions to one 

IgGl molecule. Hence it can form a dimer with TN F-a (Mohler et al, 1993) which 

is more stable than the monomer formed between TN F-a and sTNFR2. Secondly, 

etanercept is cleared much more slowly in vivo than sTNFR2 and hence lower doses of 

it are required (Klein and Brailly, 1995; Jarvis and Faulds, 1999). For these reasons, 

etanercept has been found in clinical trials to produce rapid improvement to RA 

(Moreland et al, 1999). Jarvis and Faulds (1999) have reviewed the pharmacological 

and therapeutic properties of etanercept in RA.

4.2.6 U nresolved issues about anti-T N F-a therapy

Infliximab and etanercept have become im portant “second-line” drugs for patients who 

fail to respond, or who react adversely, to traditional DMARDs like methotrexate. Unlike 

other DMARDs, they are able to elicit signs of improvement in patients within weeks 

rather than months (Moreland et al, 1999, Maini et al, 1999). However, there are still a 

number of unresolved issues regarding their mechanism of action:

a. P otentia l carrier ability.

Aderka et a/.(1992) and Mohler et al{1993) found that at low concentrations, soluble 

TNF receptors (sTNFR) actually augment the bioactivity of TN F-a. This occurred 

because sTNFR acted as a carrier or reservoir for ligand tha t reduced its rate of 

clearance and released it slowly over a period of time. Since anti-cytokine drugs 

are cleared even more slowly than soluble receptors (Klein and Brailly, 1995) there 

appears to be the danger that they may be even more powerful carriers.

b. A bsence o f full rem ission.

While anti-TNF-a drugs have successfully alleviated symptoms of RA, they (like ev

ery other anti-rheumatic drug) are unable to elicit complete sustained remission of 

the disease (Feldmann and Maini, 2001). Complete remission should involve restor

ing a non-pathological equilibrium to the synovial joint, so tha t pro-inflammatory 

cytokines are suppressed even after therapy is terminated. Unfortunately, despite a 

significant improvement in symptoms, some inflammatory activity always remains 

in rheumatoid joints regardless of treatment. Improvement in disease activity is 

conditional on continued TN F-a suppression (Elliot et al, 1994; Maini et al, 1995b; 

Moreland et al, 1997). Since these treatments are costly (Choi et al, 2000) and
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sometimes associated with adverse side effects such as increased risk of infection 

(Moreland et al.  ̂ 1999; Maini et a/., 1999; Hanauer, 1999; Lipsky et al.  ̂ 2000), 

long-term administration of the drugs is not the ideal situation.

c. A pplicability  to SIRS

Like RA, SIRS seems to involve TNF-a-driven production of excess pro-inflammatory 

cytokines. However, anti-inflammatory agents have been found to have limited use 

against this condition, and even to be harmful in some cases. There is active debate 

in the biomedical literature about why successful therapies against RA have failed 

against SIRS.

4.3 The model

Modelling TN F-a receptor - cytokine dynamics in the presence of inhibitory drugs may 

help to shed light on some of the unresolved issues surrounding them. We modify the two- 

dimensional model of single cytokine dynamics given in (2.29)-(2.30) to incorporate the 

effect of a cytokine inhibitor. The equations we construct represent TN F-a production by 

activated monocytes and macrophages in the synovial tissue of patients with RA. These 

cells are by far the dominant producers of TN F-a in RA (Firestein et a/., 1990). Cells 

of the monocyte - macrophage lineage are also the primary TN F-a producer in other 

inflammatory situations (Vassalli, 1992). The equations below represent TN F-a dynamics 

in the receptor compartment, which we define as the region around synovial monocytes 

and macrophages over which TN F-a can bind to its receptors.

— — LÜ — /ciRo(l ~  c)/ -|- k—\c — ocilcL -h a_iCg — 5il (4.1)

— =  — c)l — (7 c (4.2)

da
—  - CJa — CXlla-\- a^iCa — OaCl (4.3)

dC(i
=  a\la  — a_iCa — ôcCa (4.4)

Here I and c are dynamic variables representing concentration of free TN F-a and propor

tion of receptors bound to ligand as described in Chapter 2. We define /ci, &_i, a  and R q 

in the same way as they are defined in (2.29)-(2.30). The constants ki, and a are the 

rates of receptor - ligand association, receptor - ligand dissociation and consumption of
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filled receptors respectively.

Total receptor density is represented by R q. We assumed it to be constant, as to our 

knowledge, there have been no reports of stimulated up-regulation of TN FR l by its ligand. 

Genetic studies by Rothe et a/. (1993) indicate tha t TN FR l gene expression is controlled 

by a “housekeeping” (i.e. non-inducible) promoter sequence which does not respond to 

TNF-q; stimulation.

The term cj represents the rate of TNF-o; production by synovial tissue cells. As mentioned 

in Section 4.2.2, this production appears to be driven by a self-sustaining endogenous 

cytokine network tha t does not require external stimulation. We do not model the other 

cytokines in the network, but assume that they maintain TN F-a production at a constant 

(equilibrium) rate. It is possible that TN F-a itself is involved in the mechanism driving its 

own production (that is, in a self-referential autocrine loop). We do not explicitly consider 

this in our model, but in Section 4.6, we discuss the effects of a c-dependent cu term, that 

is, a rate of production of TN F-a that may drop if TN F-a binding is sufficiently reduced.

The variables a and Cq represent concentration of inhibitor and inhibitor - ligand complex 

respectively. The inhibitor flows into the receptor compartment at a rate of u>a- It can 

reversibly bind to TN F-a with association rate constant a i ,  preventing it from binding to 

its receptor. The inhibitor - ligand complex dissociates at a rate a _ i.

Three possible forms of inhibitors are considered: etanercept, infliximab and the monomeric 

sTNFR2 molecule. Consideration of the first two provide a model for anti-TNF-a drug 

delivery as part of a regular treatm ent regimen. However, the model is also applicable 

(under appropriate time scales) for a single infusion of drug, since these drugs linger for 

a long time in the circulation. For instance, a single intravenous infliximab infusion of

5-20 mg/kg is detectable in serum 8-12 weeks later (Kavanaugh et a/., 2000), so it will be 

able to constantly replenish antibodies in synovial areas tha t are depleted as a result of 

antigen binding. sTNFR2 is modelled to provide a comparison with effects of the drug, 

and because it has been found to be significantly up-regulated in RA tissue (Cope et al, 

1992; Roux-Lombard, 1993).

The first-order clearance rates of TNF-a, free inhibitor and TN F-a - inhibitor complex are 

represented by Si, Sa and Sc respectively. Pharmacokinetic clearance is a total measure of 

the removal of a chemical species from the body (Shargel and Yu, 1999, p. 52), including 

removal via excretion (mostly through the kidneys), metabolism (mostly through the liver, 

and via endocytosis by cells in other organs) and decay. The half-life of elimination of a
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drug from plasma is called its terminal half-life.

4.4 Parameter estim ates

Symbol Biological meaning Estimate

LÜ Production rate 8 X  10“ ^̂  M s~^

ki Receptor association rate 1.7 X  10"̂  M -i s - i

k - i Receptor dissociation rate 5.5 X  10-4 g _ i

Ro Maximum total receptor concentration 1.5 X  IQ-io M

(3s Stimulated rate of endocytosis 6  X  IQ-4 g - i

7s Shedding rate of receptors 0

Si Clearance rate of TN F-a IQ-s s-^

Table 4.1: Estimates for the parameters of TN F-a and TNFR2 used in the model (4.1) 

(4.4)

Symbol Biological meaning STNFR2 Etanercept Infliximab

a i Ligand - inhibitor as

sociation rate

1.9 X 10”̂ M~^ s” ^ 7 X 10® M -i

s-^

1 0 6  M-^ s - i

a _ i Ligand - inhibitor dis

sociation rate

5.8 X 10-3 g-i 7 X 10-4 g -i 10-4 g -l

Clearance rate of in 2.3 X 10-5 g-i 0 - 1.7 X 10-6 0 - 8.5 X 10-7

hibitor s-^ 8-^

Clearance rate of lig

and - inhibitor com

plex

2.3 X 10-5 g-i 1.7 X 10-6 g -i 8.5 X 10-7 g -l

Table 4.2: Estimates for the parameters of TN F-a inhibitors used in the model (4.1) - 

(4.4)

4.4.1 R eceptor binding association and dissociation rate constants, k\ 

and k_i.

Even though the intracellular signalling mechanisms of the two TNF receptors are well- 

known (reviewed in Vandenabeele et a/., 1995; Papadakis and Targan, 2000b), the indi

vidual function of each of the two in vivo is still uncertain. Both receptors are functional

128



but TN FR l appears to have the dominant role in mediating the biological activities of 

TN F-a, including its role in the induction of several pathological states (reviewed in Kol- 

lias et ai, 1999). TNFR2 is capable of signal transduction, but does not appear to be 

significantly bioactive at physiological receptor densities (Vandenabeele et a/,, 1995; Zhang 

and Tracey, 1998a). A number of hypotheses have been suggested to account for this but 

it could simply be due to the fact that TNFR2 is unable to compete significantly with 

T N FR l for ligand due to its lower affinity for TN F-a (Grell et a/., 1998). In monocytes 

TNFR2 has affinity 36 times lower than that of TN FR l (calculated from figures in Grell 

et al, 1998; see paragraph below for details) and cell-surface density 17 times lower than 

that of TN FR l (Imamura et a/., 1987). That means tha t the ligand-binding capacity of 

TNFR2 will be initially 612 times lower than that of TN FR l. Hence, we felt tha t it was 

unnecessary to include TNFR2 in the model.

Several studies of the ligand binding properties of T N FR l have been conducted at 0-4° C 

(for example, Imamura et ai, 1987). However, Grell et a/.(1998) found tha t the kinetic 

rates of the receptor are several times greater at 37°. Hence the studies previous to theirs 

are not good representations of physiological conditions, and we will use figures from Grell 

et a7(1998) instead. These are based on experiments performed on the monocyte-like cell 

line U937 at 37°C. They yielded the results kobs = 0.33 m in " \  k_i = 0.033 min~^ for 

TN F-a binding to TN FR l. Here kobs is the observed (or net) association rate, which is 

the rate of the association reaction, but with concentration of ligand [L] held constant 

(since it is greatly in excess). Since the concentration of TN F-a used in the experiment 

was 300 pM, ki = {kobs — k-i)/[L] = 9.9 x 10  ̂ min“  ̂ =  1.7 x 10^ s“ .̂

4 .4 .2  R e c e p to r  co n cen tra tio n

Imamura et a/.(1987) used equilibrium binding studies to obtain a figure of 1.5 x 10“ °̂ M 

for the receptor concentration of TN FRl in peripheral blood mononuclear cells (PBMCs; 

see Section 5.3.1).

4 .4 .3  R e c e p to r  traffick ing

Porteu and Hieblot (1994) found that the two TNF receptors are down-regulated by dif

ferent mechanisms: TN FR l is internalised but TNFR2 is shed. Internalised T N FR l is 

degraded, with no evidence of receptor recycling (Tsujimoto et ai, 1985; Imamura et al, 

1987; Mosselmans et al, 1988; Porteu and Hieblot, 1994). Internalisation occurs very
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rapidly. The half-life of the first-order rate of internalisation is about 20 min“  ̂ (estimated 

from Figure 3 in Tsujimoto et al, 1985; Figure 6 in Mosselmans et al, 1988; Figure 5 in 

Imamura et al, 1987) or about 6 x 10~^ s~F

4 .4 .4  In h ib ito r  a sso c ia tio n  and  d is so c ia tio n  ra te  c o n sta n ts , o i  an d  a _ i

a. ST N F R 2

Using radioligand binding experiments, Pennica et a/. (1993) calculated the Kd value 

for sTNFR2 binding to TN F-a to be 3 x 10~^^ This is similar in order of

magnitude to a figure of 9.4 x 10“ °̂ obtained from a pharmacokinetic /  phar

macodynamic model by Ramanathan (1997). Moosmayer et a/. (1996) measured the 

dissociation rate constant k - i  of this reaction by immobilising TN F-a to a sensor 

chip. This was found to be 5.78 x 10”  ̂ s“ \  giving an association rate constant ki 

of 1.9 X 10  ̂ s“  ̂ (using the Kd rate given by Pennica et al, 1993).

b. E ta n e rc e p t

The affinity of etanercept for TN F-a has been found to be around 50 to 100 times 

greater than that of the monomeric sTNFR2 in competitive binding experiments 

with membrane-bound TNF receptors (Mohler et al, 1993; Moosmayer et al, 1996). 

Moosmayer et a/. (1996) found that a bivalent fusion protein of TNFR2 with human 

IgG l Fc region had a dissociation rate constant /c_i of 7 x 10“  ̂ s“ .̂ Assuming the 

Kd value is 10~^^, this gives an association rate constant fci of 7 x 10  ̂ M~^ s~F

c. In flix im ab

Infliximab has an equilibrium dissociation constant Kd in the order of 10“ °̂ M 

(Knight et al, 1993). Unfortunately, studies on antibodies rarely mention kinetic 

rate constants, even though the association rate constant of immune system anti

bodies has been correlated with disease resistance (Roost et al, 1995). Foote and 

Eisen (1995) used a kinetic model by Northrup and Erickson (1992) to derive a ceil

ing for the association rate constant of the reaction of a monomeric protein antigen 

to its antibody. Although TN F-a is a trimer (Wingfield et al, 1987), it can only 

form a single monovalent bond with one arm of the infliximab molecule (Scallon et 

al, 1995), although up to three infliximab molecules can form these bonds with one 

T N F-a molecule (Scallon et al, 2002). Here we assume tha t each of these bonds 

form with a kinetic rate constants equal to that of two monomers binding. Northrup
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and Erickson (1992) showed that if the two proteins achieve bond formation due to 

diffusion alone, with no special steering forces guiding them, then the maximum as

sociation rate constant of the reaction is about 10® s“ .̂ This figure is achieved

by many antigen - antibody interactions and seems to be an empirical ceiling for ob

served reactions, apart from those guided by special forces. Foote and Eisen (1995) 

go on to argue that antibody-antigen complexes are rapidly endocytosed by cells and 

hence a dissocation rate constant below 10“  ̂ s~^ would not confer any additional 

immunological advantage. This argument may be more tenuous when extended to 

antibodies which are engineered in the laboratory and hence not subject to natural 

selection. However, it does give a dissociation rate 7 times slower than tha t of etan

ercept, confirming findings by Scallon et a/. (2002) tha t infliximab dissociates much 

more slowly from its TN F-a ligand than etanercept.

4 .4 .5  C learan ce  ra tes , ôi, ôa an d  ôc

a. T N F -a

In normal circumstances, TN F-a is rapidly cleared from the circulation. Beutler et 

a/. (1985) and Bemelmans et a/. (1993) found that bioactive TN F-a has a half-life of

6-12 min in plasma following intravenous delivery into mice. This gives a first-order 

clearance rate of about 10"® s"^. However, Bemelmans et a7(1993) believe that 

this clearance represents binding to endogenously produced sTNFR2 rather than 

degradation or elimination. When human TN F-a (which does not bind to murine 

sTNFR2) was delivered to the mice, it had a half-life of 25 min, or a first-order 

clearance rate of 4.6 x 10"^ s"^, probably mostly representing excretion of TN F-a 

via the kidneys and liver. The figure in humans is likely to be lower.

TN F-a ligand and inhibitors can move between the receptor compartment and other 

compartments, such as plasma and the various organs of the body. For a protein in 

the synovial space to be excreted, it must first travel to the systemic circulation, be 

transported to one of the excretory organs (liver or kidneys) and then finally elimi

nated. This can be modelled on a whole-body level (see, for example, Keith et al, 

2000), but here we make the assumption that the flow rate of TN F-a between the 

various compartments are negligible compared to the production and consumption 

within the receptor compartment itself. This is justified because the receptor com

partment is located in the inflamed synovial joint where there is a strong production
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of TNF-O; protein by mononuclear cells. On the other hand, in terms of clear

ance, although both the normal and rheumatoid synovial joints are well-vascularised 

(Stevens et al, 1991), the fenestrae (tiny perforations) in the microvasculature are 

easily permeated only by small solutes (Simkin, 1995). There is poor diffusion of high 

molecular weight plasma proteins between the joint and the circulation, although the 

rheumatoid joint appears to be more permeable to large molecules (Levick, 1981). 

There will always be an outflow of TNF-o; from the synovial compartment to the 

systemic circulation, but this will occur at a very slow rate.

Smith et a/. (1990) found tha t TNF-o loses about half its activity when incubated in 

medium containing 10% fetal calf serum for 18 h, giving a decay rate of 1.1 x 10“  ̂

s~^. This is in good accordance with a first-order rate of 0.92 - 1.1 x 10~^ s~^ which 

Poiesi et a/. (1993) discovered for the rate at which the TNF-o oligomers dissociate 

into monomers, using both immunoassays and monitoring TN F-o immobilised on 

a sensor chip. This dissociation process has been linked to loss of bioactivity by 

Petersen et a/. (1989). It is not too different from the TN F-o decay rate of 4.5 

X 10~^ s“  ̂ that Ram anathan (1997) obtained by fitting experimental data about 

TNF-o activity from Aderka et a/. (1992) to a pharmacokinetic /  pharmacodynamic 

model. So 10“  ̂ seems a good estimate for the clearance rate of TN F-o in the synovial 

compartment where plasma renewal is severely limited.

b. STNFR2

The serum terminal half-life of intravenously administered sTNFR2 in mice has been 

variously given as 2.6 h (Jacobs et a/., 1993) and 4 h (Gascon et ai, 1992). Both 

figures give a serum clearance rate in the order of 10“  ̂ s“ .̂ This was calculated 

using a two compartment open model. In this type of model, drug distributes be

tween a central compartment representing the circulation and tissues that are highly 

perfused with blood, and a peripheral compartment representing tissues where blood 

equilibrates more slowly (Shargel and Yu, 1999, p. 69-84). Serum sTNFR2 shows 

a bi-exponential time course under this model (see Figure 4.1). sTNFR2 enters the 

central compartment first and instantly distributes over the highly perfused regions. 

It initially declines sharply as it flows into the peripheral compartment until the 

two compartments are in equilibrium (distribution phase). Then it declines more 

gradually as it is cleared through excretion (elimination phase).

There are several significant differences between the two-compartment open models
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CENTRAL
COMPARTMENT

PERIPHERAL
COMPARTMENT

Figure 4.1: Network diagram of a two compartment open model (adapted from Shargel and 

Yu, 1999, Figure 4-2A). The first-order rate constants are k \2  (drug transfer from central 

to peripheral compartment), /c2 i (drug transfer from peripheral to central compartment) 

and kiQ (drug clearance).

and our own conceptual representation of sTNFR2 clearance. Firstly, clearance is 

likely to be slower in humans than in mice due to greater body area. Secondly, we 

are measuring sTNFR2 concentration in the synovial joint rather than the central 

compartment. Even though the joint is well-vascularised, it cannot be accurately 

considered part of the central compartment because, as previously mentioned, there 

is poor perfusion of large proteins such as sTNFR2 into the circulation. Finally, like 

TNF-o, sTNFR2 is produced in the RA synovium (Cope et uL, 1992) and only slowly 

delivered to the central compartment via the lymphatic system (Simkin, 1995). The 

two compartment open model assumes that drug transfers instantly to the central 

compartment upon delivery.

Under these conditions, decay is likely to be the significant clearance process. Ra

m anathan (1997) obtained a first-order decay rate of 0.0014 h“  ̂ or 2.3 x 10“  ̂ s~^ 

for the TNF-o; - sTNFR2 complex. Figures were not given for free sTNFR2 (which 

was assumed not to decay in his model). Here we assume tha t both the inhibitor 

and the complex decay at the same rate. A study by Plotz et al.{1979) found that 

when antibodies bind with antigens to form monomers, they have similar clearance
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rates as their unreacted form. However, when they cross-link to form oligomers, the 

clearance rate increases dramatically. Since sTNFR2 is univalent, it can only form 

monomers with TNF-o;. Hence there is reason to believe tha t it is cleared at the 

same rate in bound and unbound form.

c. E tanercept and inflixim ab

Etanercept is delivered under the skin via subcutaneous injection, while infliximab is 

delivered directly to veins via intravenous infusion. They are then distributed around 

the circulation, although etanercept will take longer to reach this stage. They are 

subsequently cleared very slowly, because antibodies and soluble receptor fragments 

linked to Ig have much longer half-lives in vivo than naturally occurring soluble re

ceptors (Klein and Brailly, 1995). The serum concentration of infliximab in patients 

has a terminal half-life of 9.5 days for a median dose of 5 mg/kg (Wagner et uZ., 1998; 

Kavanaugh et aZ., 2000). The study was done on patients undergoing methotrexate 

therapy receiving a single intravenous infusion of infliximab. For etarnercept, the 

terminal half-life in patients given a subcutaneous dose of 10-25 mg was 115 h (from 

Immunex drug prescribing information for Enbrel(R); quoted in Jarvis and Faulds, 

1999). These give first order clearance rates of 8.5 x 10~^ s“  ̂ for infliximab and 1.7 

X  10“ ® s “  ̂ for etanercept.

There are two issues to consider here. The first is whether the terminal half-life 

of drug in serum is the same as its clearance from the receptor compartment. In 

fact, it has been empirically observed that the concentration of plasma proteins in 

the synovial joint and systemic circulation are in equilibrium with each other, with 

the joint concentration generally a fraction of tha t in the circulation (Levick, 1981; 

Simkin, 1995). Since the rates of clearance in vivo for infliximab and etanercept are 

1-2 orders of magnitude smaller than those of TN F-a and sTNFR2, the drug level 

in the serum compartment decreases very slowly. Consequently, we may assume a 

quasi-steady state equilibrium with the drug level in the synovial joint. It appears 

that, for the case of infliximab at least, most of the drug remains in the vascular 

compartment after equilibrium is reached (Wagner et aZ., 1998). Hence it seems 

reasonable to approximate the half-life of ligand in the receptor compartment with 

its serum half-life.

The second issue is whether the terminal half-life of the drug molecule and the 

ligand - inhibitor complex is the same. Binding proteins for multivalent antigens
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tend to be cleared more rapidly following ligand binding. This is because when 

they are bound to protein, they are unavailable to the excretion mechanisms of liver 

and kidney. However, upon binding they form large cross-linked complexes. These 

complexes can activate complement, causing them to be opsonised then transported 

by erythrocytes to the liver and spleen for phagocytosis (reviewed in Rehlaender 

and Cho, 1998). There has been no work done on the clearance of etanercept or 

infliximab in the absence of ligand binding. Because of that it is difficult to know 

what value to attach to (5̂  (the clearance rate of free inhibitor), except tha t it is 

likely to be less than ôc (the clearance rate of the ligand - inhibitor complex). Hence 

we will run the simulations twice, once with ôa = ôc and the second time with =  0 

to see if there is a significant difference.

4 .4 .6  P r o d u c tio n  ra tes , w and

a. T N F -o

We estimated the sustained endogenous rate of TN F-o production in vivo by RA 

synovial cells using data from Lettesjd et a/.(1998). The cells producing TN F-o will 

be predominantly macrophages and monocytes (Firestein et al, 1990). Synovial fluid 

from 22 RA patients had a mean TNF-o level of about 100 pg/m l, or about 6 x 10“ ^̂  

M since mature TNF-o has a molecular weight of 17 kDa. The monomeric weight 

was used since each trimer can potentially bind to several receptors. We assumed 

that this was the steady-state extracellular protein level of TNF-o at steady state,

I .

Solving (4.1)-(4.2) at steady state (i.e. / =  c =  0) in the absence of antibodies gives 

the following expression for uj in terms of I:

„  =  (4.5)
k iR o l  + cr

Since estimates for all the parameters on the right hand side of this equation are 

known, we can work out an estimate for to. This turns out to be about 8 x 10~^^ M 

s " i .

b. Inhibitor

An accurate estimate for Ua, the inflow rate of TNF-o inhibitor, will require consid

eration of the dosage, mechanism of delivery and pharmacokinetics of the drug in
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Inhibitor Steady state concentration Molar equivalent

Etanercept 3 mg/L 2 X 10-8 M 3.4 X 10-^^ M s-^

Infliximab (low dose) 1.5 mg/L 10-8 8.5 X 10-18 M g-l

Infliximab (high dose) 8.9 mg/L 5.9 X 10-8 7.5 X 10-1^ M s - i

Table 4.3: Steady-state serum concentration of etanercept and infliximab, and equivalent 

uja values.

the various body compartments. Since we have not chosen to model any other com

partm ents besides the receptor compartment of synovial joint monocytes, there does 

not seem to be enough justification to suggest a value for to a- Instead, we simulate 

(4.1)-(4.4) using various values of Wg.

We still require an order of magnitude upper bound for cUa to know what range of 

values to use for the simulation. To do this, we make use of the serum concentra

tion of inhibitor in patients receiving doses as close as possible to the recommended 

dosing regimen. Since infliximab was detected by immunoassay using a monoclonal 

antibody that did not interfere with TN F-a binding (Maini et aZ., 1998), we as

sumed tha t it detected both free inhibitor and bound inhibitor - ligand complexes. 

For etanercept, we used unpublished pharmacokinetic data owned by Immunex Cor

poration (REMICADE(R) (Infliximab) full prescribing information, February 2002) 

which did not give details of the assay used. However, similar studies on etaner

cept have used enzyme immunoassays from Immunex Corporation, which should be 

capable of detecting both bound and free inhibitor (Moreland et ai, 1996).

At equilibrium, substituting c =  c’a =  0 in (4.3)-(4.4) gives the equation uja = 

Sa(â + Ca) (assuming ôa =  ôc).

The dosing regimen for etanercept is 25 mg twice a week. RA patients given this 

dosage for 6 months had median steady-state serum concentration of 3 mg/L (from 

Immunex drug prescribing information for Enbrel(R); quoted in Jarvis and Faulds,

1999). In the case of infliximab, the recommended dose for the treatm ent of RA is 3 

mg/kg every 8 weeks (Markham and Lamb, 2000). However, patients who show in

complete response may be given increased doses of up to 10 mg/kg (REMICADE(R) 

(Infliximab) full prescribing information, February 2002). Patients receiving the rec

ommended dosing regimen had a mean serum concentration at 30 weeks of 1.5 mg/L 

for the 3 mg/kg dose and 8.9 mg/L for the 10 mg/kg dose (Maini et aZ., 1999).
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Using this formula, it can be seen that the rate of delivery of drug to the receptor 

compartment is roughly 10“ ^̂  — 10“ ^̂  M s~^. Etanercept and infliximab on the 

high dose regime are delivered about an order of magnitude faster than TN F-a is 

produced. Molar concentrations were calculated using a molecular weight of 150 

kDa for both drugs (Jarvis and Faulds, 1999; Markham and Lamb, 2000). We shall 

simulate the model with U a  = uj  and lOu to investigate the result of having drug 

delivered at the same order magnitude rate as TN F-a production.

The purpose of modelling sTNFR2 is to provide a comparison with anti-TNF-a 

drugs, so we shall simulate sTNFR2 delivery at the same rates. It should be pointed 

out tha t naturally occuring sTNFR2 levels in RA synovial tissue are much lower than 

this, and the rate of sTNFR production has been found to be inadequate in most 

cases to sufficiently neutralise the TN F-a in the RA joint (Brennan et a/., 1995). 

For instance. Cope et a/. (1992) found that the mean concentration of sTNFR2 in the 

synovial fluid of such patients was about 13 ng/ml. The molecular mass of sTNFR2 

is about 36 - 43 kDa (Porteu et al, 1991; Pennica et ai, 1993); using a figure of 

40 kDa gives a molar concentration of about 3.2 x 10“ °̂ M. This is two orders of 

magnitude lower than that of drug concentration during a treatm ent regime.

4.5 Results

The model (4.1)-(4.4) was simulated using parameter values given in Table 4.1 and 4.2. 

Numerical integration of the equations was performed using the NDSolve routine in Math- 

ematica 4.0 (Wolfram Software, Inc.) with the options PrecisionGoal 20, WorkingPre- 

cision 30.

4 .5 .1  B io a c tiv e  T N F -a  co n cen tra tio n  is red u ced  for a ll th r e e  in h ib ito r s

Figure 4.2(a),(c),(e) shows the effect of various concentrations of sTNFR2, etanercept and 

infliximab on the concentration of bioactive TN F-a (that is, TN F-a not bound to either 

inhibitor or receptor) in the receptor compartment. In all three cases, adding exogeneous 

inhibitor reduces the concentration of bioactive TN F-a to a new, lower equilibrium level. 

Etanercept had the most dramatic effect, and in the case of the highest rate of production 

modelled (etanercept being delivered at 10 times the rate of TN F-a production), the TNF- 

a  level could be reduced to 98% of its original value. In comparison, infliximab at the same
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Figure 4.2: Time course of TNF-q concentration when uJa = 0 {solid line), to {dashed line) 

or 10 w {dotted line). Inhibitor is sTNFR2 (a),(b), etanercept (c),(d) or infliximab (e),(f). 

The left column (a),(c),(e) shows graphs with bioactive TN F-q concentration as y-axis 

while the right column (b),(d),(f) shows graphs with total TN F-q concentration as y-axis.
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level of delivery only achieved 29% reduction. sTFNR2 did not have such a strong effect 

on TNF-CK as the drugs, with only 16% reduction at that rate of delivery. The proportion 

of receptors filled by ligand, c, showed the same dynamics as concentration of free ligand, 

I (results not shown), indicating that I is a good indicator of the bioactivity of TNF-a.

Note tha t in all three cases equilibrium is reached within 4 h. (Infliximab, with its low 

association rate constant, takes the longest to reach the new equilibrium.) However, 

this does not imply tha t the drugs take full effect within 4 h of administration. Drug 

distribution throughout the circulation and ultimately to the synovial joint, which is not 

modelled here, is a process that takes place on a longer time scale (Simkin et al, 1993). 

However, once the drug reaches the synovial joint the simulation shows tha t it acts on 

TN F-a to produce a new equilibrium very quickly.

4 .5 .2  T ota l T N F -a  c o n cen tra tio n  is in crea sed  for a ll th r e e  in h ib ito rs

Since TN F-a sequestered by inhibitor is not permanently cleared from the system but can 

be released in some cases, we wanted to investigate the effect of inhibitor on the total 

(bioactive and bound to inhibitor) concentration of TN F-a. Figure 4.2(b,d,f) shows the 

effect of various concentrations of sTNFR2, etanercept and infliximab on the concentra

tion of total TN F-a in the receptor compartment. All three inhibitors have a dramatic 

effect on the total concentration of TNF-a, causing it to rise several times above its equi

librium value. After 4 h, the total concentration of TN F-a was between 3 (sTNFR2) to 

20 (etanercept) times its equilibrium value when inhibitor was being generated at a rate 

10 times that of TNF-a. However, most of the TN F-a was not bioactive.

4 .5 .3  A  slow er ra te  o f  in h ib ito r  c lea ra n ce  has a m in or effect on  T N F -a  

lev e ls

Inhibitor l{t) when =  0 l{t) when ôa = ôc

STNFR2 4.83 X  10-12 M 5.03 X  10-12 M

Etanercept 1.27 X  10-13 M 1.49 X 10-13

Infliximab 4.26 X  10-12 M 4.47 X  10-12 ^

Table 4.4: Bioactive TN F-a level after 4 h, l(t), when inhibitor is produced at a rate 10 

UJ for two scenarios: (a) =  0 (no inhibitor decay), (b) ôa = ôc (inhibitor decays at the

same rate as complex).
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In Section 4.4.5 we mentioned that the rate of free inhibitor clearance was not known, 

except that it was likely to be lower than that of the ligand - inhibitor complex. In order 

to investigate what effect different values of inhibitor decay rate have on the system’s 

dynamics, the model was simulated using the two extremes of the range of possible values 

for inhibitor clearance, 6a =  6c and 6a — 0.

Reducing the rate of inhibitor clearance to zero had no discernible effect on the qualitative 

features of the time course (results not shown, as they are virtually identical to Figure 4.2). 

There was only a minor effect on the endpoints of the time course of TN F-a concentration 

(see Table 4.4). The value of I was reduced by between 4% (sTNFR2) - 14% (etanercept) 

by setting <5̂ =  0.

4 .5 .4  T N F  in h ib ito r s  o n ly  act as a  s lo w -re lea se  reserv o ir  if  en d o g en eo u s  

T N F -o  p r o d u c tio n  d rop s b e lo w  a cer ta in  lev e l

Aderka et a/. (1992) found that certain concentrations of soluble TNF receptors actually 

enhance TN F-a bioactivity by reducing its rate of clearance and acting as a slow-release 

ligand reservoir. The same effect has been observed for certain concentrations of etanercept 

(Mohler et oZ., 1993) and infliximab (Wagner et ai, 1998). However, we did not observe this 

in our initial simulations. Although the inhibitor increased total TN F-a concentrations, 

the level of bioactive TN F-a was always reduced (Figure 4.2).

However, the situation we simulated differed from Aderka et aZ.(1992)’s experiments. 

Aderka et aZ.(1992) added a fixed concentration of TN F-a to serum at the start of the 

experiment and then measured its bioactivity, whereas we assumed constant endogenous 

production of TN F-a rather than a one-off exogenous rise.

In order to model a situation like Aderka et a/. (1992)’s, we set w =  0 to investigate 

whether or not TNF inhibitors would be able to increase the long-term concentration of 

bioactive ligand. The initial concentration of bioactive TN F-a (Zq) was retained at 6.0 x 

10"12 M. Figure 4.3 shows the time course of TN F-a concentration (bioactive and total). 

All three inhibitors are seen to act as slow-release reservoirs. They decrease bioactive 

TN F-a concentrations at first, but once TN F-a levels have been reduced by clearance, 

they release the TN F-a that they have sequestered. The effect of this is to maintain 

an approximately constant level of ligand. This is consistent with results from Aderka 

et aZ.( 1992) and Ram anathan (1997) who found tha t sTNFR2 always reduced bioactive 

TN F-a concentrations initially, but showed mixed effects after prolonged exposure.
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The inhibitor always increased the total concentration of non-receptor bound TNF-o; con

centration (free and bound to inhibitor). In the case of etanercept (which has the slowest 

clearance rate), the total concentration of non-receptor bound TNF-o actually increases 

from its equilibrium level. This is because when free TNF-o decreases to a low level, 

etanercept is able to compete with the pool of receptor-bound TNF-o, an effect predicted 

by Mohler et a/. (1993).
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Figure 4.3: Time course of TNF-o concentration when uj = 0 and cJq = 0 {solid line), u* 

[dashed line) or lOuj* [dotted line), where oj* = 8 x 10“ ^̂  M s~^. Inhibitor is sTNFR2 

(a),(b), etanercept (c),(d) or infliximab (e),(f). The left column (a),(c),(e) shows graphs 

with log of bioactive TNF-o concentration as y-axis while the right column (b),(d),(f) 

shows graphs with total TNF-o concentration as y-axis.

Figure 4.4 shows the effect that varying the rate at which TNF-o and its inhibitor are 

produced has on TNF-o concentration after 4 h.

141



10

7

5

STNFR2 (a

2
1 .  5 

1

UJ
0 . 0 2 0 . 0 4 0 . 0 6  0 . 0 8 0 . 1

10
5

Etanercept (b

1
5

. 1
05

0 . 01
UJ

0 . 0 2 0 . 0 4 0 . 0 6 0 . 0 8 0 . 1

LL
10

Infliximab (c)
7

5

3

2
5

1

UJ
0 . 0 2 0 . 0 80 . 04 0 . 0 6 0 . 1

Figure 4.4: Ratio of TNF-n concentration at t = 4 h when =  cu {solid line) or = lOw 

{dashed Hue) {li) to when uja = 0 (/q), as uj is varied. Inhibitor is sTNFR2 (a), etanercept 

(b) or infhxiniab (c). Y-axis follows a logarithmic scale. The pale horizontal line is = 1, 

which is the point where adding inhibitor has no effect on TNF-n concentration.
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4.6 Discussion

In this chapter, a model was constructed of the action of TN F-a inhibitors which sequester 

TN F-a and prevent it from binding to its receptor. The model was used to predict the 

effect of three anti-TNF-a agents (sTNFR2, etanercept and infliximab) that have been 

used as therapy for RA.

Because the model we used is one where TN F-a is being constantly produced at a fixed 

rate rather than exogenously added at the beginning of an experiment, our results are 

not directly comparable with those from Aderka et aZ.(1992). However, there is good 

correspondence with the results of a clinical trial conducted by Suffredini et aL(1995), 

where endotoxin-challenged volunteers were administered etanercept. There are differences 

between our model and the situation Suffredini and co-workers studied, most notably 

the fact that Suffredini et a/. (1995) is a better model for runaway cytokine production 

characteristic of SIRS rather than chronic equilibrium production characteristic of RA. 

However, the most essential feature, which is that TN F-a is being constantly generated, 

is invariant between the two models. Suffredini et a/.(1995) found tha t administering 60 

mg/m^ etanercept infusion caused plasma free TN F-a levels to fall. However, when both 

free and receptor-associated TN F-a was measured, peak cytokine levels rose dramatically 

in the etanercept group to more than 25 times the peak for the placebo group. This is 

exactly the same effect that we found in our model (see Sections 4.5.1 and 4.5.2).

Our results differ from Aderka et a/.(1992) and Ram anathan (1997), but are probably 

more valid in modelling the effect of an inhibitory drug used in vivo. This is because 

Ram anathan (1997) used a simpler model which assumes tha t cytokine and inhibitor are 

in equilibrium, and does not consider receptor-bound TN F-a. As a result, increasing 

sTNFR2 concentration always up-regulates bioactive TN F-a in the model of Ramanathan 

(1997), while in our model the situation is more complex.

Our results show that the use of TN F-a inhibitors causes the accumulation of a large 

pool of non-bioactive TN F-a bound to inhibitors. This pool is only slowly cleared from 

the circulation. However, due to the low dissociation rate constant of drug molecules, the 

TN F-a bound to the inhibitor molecules remains sequestered until clearance and is not 

available for receptor binding. Hence these drugs do not appear to have the danger of 

being a slow release “reservoir” that can increase the bioactive concentration of TN F-a 

over time. Our results concur with studies by Brennan et al.(1996) which found that
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approximately half the TN F-a found in the RA synovial joint is not bioactive due to 

sequestering by naturally produced sTNFR2. This is despite the fact tha t sTNFR2 is 

generated in extremely low levels compared to the level of drug during a normal dosing 

regime of infliximab or etanercept. Although the sTNFR2 concentration is low, over time 

a large pool of non-bioactive TN F-a accumulates tha t is very slowly cleared.

The model (4.1)-(4.4) contained a number of simplifying assumptions which we felt justified 

in making:

a. Repeated exposure to antibodies or other drugs can cause the body to produce 

its own antibodies against the drug, and decrease its therapeutic potential over 

time. In the case of infusions of chimeric antibodies, this reaction is called the 

human anti-chimeric antibody (HACA) response. HACA response has been observed 

following repeated infliximab treatment. However, when infliximab is combined with 

methotrexate, the incidence of HACA response is reduced to levels tha t are extremely 

low, and in many cases undetectable (Maini et ai, 1998; Kavanaugh et al, 2000). 

Since infliximab must be prescribed together with methotrexate in the UK (British 

National Formulary, September 2001, p. 485) and USA (Markham and Lamb, 2000), 

the HACA response will not be significant and is not modelled. For etanercept, 

HACA response was only detected sporadically in a small number of patients, and 

has not been correlated to a clinical response (Moreland et ai, 1999).

b. The rate of inhibitor delivery cua is dependent on the difference in inhibitor con

centration in serum and the receptor compartment. This in turn  depends on the 

pharmacokinetics of the drug from the point it is delivered to the body. To be more 

accurate, uja should be modelled as a function of time or inhibitor concentration. 

However, as we mentioned earlier, we have chosen not to fully model the pharma

cokinetics of the inhibitor in the various compartments of the body. Instead, the 

model focuses on the dynamic interactions between receptor, ligand and inhibitor. 

Hence, we have assumed that uJa is a zero order rate constant.

c. A further complication is tha t monocytes themselves can shed TNFR2 in response 

to ligand binding (Lantz et al, 1990), which can contribute to the level of inhibitor. 

However, as noted earlier, the concentration of sTNFR2 in synovial fluid is two 

orders of magnitude lower than that of drug during therapy, so this should have a 

negligible effect. The inadequacy of naturally produced sTNFR2 to bind TN F-a 

in the RA synovial joint supports the thesis of Feldmann and his co-workers, that
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RA represents a state of imbalance between pro- and anti-inflammatory cytokines, 

with the balance heavily shifted towards the pro-inflammatory side (see for instance, 

Feldmann et aZ., 1996b).

One surprising result of the model is that infliximab, largely due to its lower affinity 

for TN F-a compared to etanercept, poorly inhibited TN F-a levels in comparison with 

etanercept. This conflicts with the excellent results infliximab has shown when used on 

RA patients in clinical trials. One reason could be due to the fact tha t TN F-a levels in the 

RA synovium show large inter-patient variations. For instance, an assay of the synovial 

fluid of RA patients by Saxne et a/. (1988) found tha t half (6 out of 12) had TN F-a levels 

below the detection limit of the assay (50 pg/ml), while one showed TN F-a concentration 

above 7000 pg/ml. Indeed, the general cytokine pattern in synovial fluid shows large inter

patient differences (Lettesjd, 1998). This may be related to the stage of the disease or 

may be caused by genetic variations within patients, as even healthy individuals show large 

variations in their TN F-a production (Yaqoob et aZ., 1999). Infliximab may be efficacious 

for patients with low to moderate levels of TNF-a. Evidence for this also comes from the 

reported responses to anti-TNF-a drugs which also show considerable heretogeneity. In 

multi-centre trials with infliximab (Lipsky et aZ., 2000), about half of patients failed to 

respond according to the American College of Rheumatology criteria for 20% or better 

improvement. On the other hand, about a third showed an excellent response according 

to a more stringent 50% or better improvement.

Another possibility is that infliximab may be able to inhibit TN F-a activity in other ways 

besides preventing receptor binding. For instance, infliximab is able to bind strongly to 

transmembrane TNF-a, a mechanism that results in the destruction of the TN F-a pro

ducing cell and thus ultimately a decrease in inflammation (Scallon et aZ., 1995; Feldmann 

et aZ., 1997). Results of the simulation suggest that this effect may be responsible for a 

greater portion of the therapeutic efficacy of infliximab than previously suspected. Al

though etanercept is also able to bind to transmembrane TN F-a, the resulting complex is 

much less stable. As a result Scallon et aZ. (2002) found tha t at saturating concentrations, 

infliximab bound four times as much transmembrane TN F-a as etanercept.

The challenge now is to develop DMARDs which can permanently restore non-pathological 

equilibrium to the cytokine network in the synovium. Our model suggests why infliximab 

and etanercept cannot bring about lasting effect when therapy is terminated. It does not 

seem to be due to lack of efficacy, because in the case of etanercept at least, a sufficient
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dose achieves near total suppression of TN F-a in the receptor compartment. Following 

this suppression, there are three possible outcomes depending on the mechanism driving 

TN F-a production in the synovial joint:

a. If TN F-a is being driven by a non-autonomous source of stimulation, like factors 

secreted by T  lymphocytes or fibroblasts, then anti-TN F-a inhibitors can only re

duce the equilibrium level of TN F-a if they are constantly delivered to the receptor 

compartment. The rate of TN F-a, cj, production, is unaffected. If treatm ent is ever 

terminated, TN F-a concentration will return to its original level.

b. A second possibility is that TN F-a inhibitors can actually affect the rate at which 

TN F-a is being produced. This may happen if TN F-a induces its own production 

in these cells. Ulfgren et al.(2000) has found that infliximab therapy reduces TNF-a 

synthesis in the synovium of RA patients. Hence cj is a function of c, and decreasing 

the TN F-a level will decrease the rate at which new TN F-a is produced. Even 

so, the simulation predicts that anti-TNF-a drugs may not be able to permanently 

suppress TNF-a. As Figure 4.4 shows, once cj drops sufficiently, the inhibitors will 

make up for the decreased production of TN F-a by releasing the ligand they have 

bound. This drives TN F-a autocrine stimulation again, so the cytokine network 

returns to its old levels of TN F-a production.

c. Lastly, inhibition of TN F-a may actually up-regulate cell production of TNF-a. 

This is because TN F-a causes an increase in levels of TN F-a inhibitors produced 

by monocytes and macrophages, such as IL-10 (Katsikis et aZ., 1994) and PG E 2 

(Bachwich et al, 1986; Kunkel et al, 1988). If this is the case, then there is a negative 

feedback mechanism that will always seek to return TN F-a to its equilibrium level. 

Of course the hope is that there is also a non-pathological equilibrium where TNF-a 

is being produced at a much lower level. In order to reach it however, the network 

would have to leave the basin of attraction of the pathological equilibrium. This 

could potentially be quite large since RA is able to perpetuate itself over a wide 

range of cytokine concentrations.

A nti-TNF-a therapy has been attem pted for a group of disorders involving excessive in

flammatory response called systemic inflammation response syndrome (SIRS). SIRS is an 

umbrella term covering occurrences of systemic inflammatory host response to a variety 

of conditions, including infection, traum a and burns (Members of the American College
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of Chest Physicians/Society of Critical Care Medicine Consensus Conference Committee, 

1992). SIRS is called sepsis when it is the response to infection from microbial pathogens 

such as bacteria. A local inflammatory response towards a focus of infection or injury 

results in the release of a cascade of cytokines and other mediators (such as eicosanoids, 

adhesion factors and complement molecules) in order to bring the insult under control. 

However, if it does not occur rapidly enough, some of the mediators may escape into the 

circulation and trigger a systemic response (Bone, 1991). Often the systemic response 

persists long after the initial trigger itself has cleared. The systemic response to the insult 

that triggers SIRS can lead to multiple organ dysfunction, and is an increasingly common 

cause of death due to factors such as the spread of AIDS, increased use of invasive devices 

in medicine, and prolonged survival of critically ill patients.

On the surface, the cytokine networks involved in RA and SIRS appear almost identical. 

TNF-O! is well-established as the key mediator and inducer of other mediators in SIRS, 

just as it has been in RA (see Zhang and Tracey, 1998a; Reinhart and Karzai, 2001 for 

reviews of the evidence). Just as in RA, a sequential cascade has been suggested, with 

TNF-o and IL-1 at its apex (Blackwell and Christman, 1996).

Yet anti-TNF-o therapy for human patients in SIRS has been pointedly unsuccessful 

compared to its results in RA. A recent survey of clinical studies utilising this therapy 

(Reinhart and Karzai, 2001) found that a number of studies reported positive improve

ments to mortality, but the benefits were relatively minor (none in excess of 4% decrease in 

mortality). On the other hand, there were a number of studies tha t actually reported dele

terious effects, including two that reported increases in mortality in excess of 10%. Trials 

of other anti-inflammatory agents in SIRS have been similarly unsuccessful; no therapy 

aimed at a single inflammatory mediator in SIRS has been safe and effective (reviewed in 

Natanson et al.  ̂ 1994; Zeni et uA, 1997).

A number of reasons have been suggested for the failure of TN F-a inhibitor and anti

inflammatory therapy in general to improve mortality in SIRS. TN F-a plays a role in 

mobilising host defense to infection (Echtenacher et al, 1990), so suppressing it in cases 

of infection may block both its harmful and protective effects (Quezado et uL, 1995). 

There have also been suggestions that intervention is unable to sufficiently suppress pro- 

inflammatory response because it only deals with one out of several mediators of inflam

mation with overlapping and compensatory functions (Suffredini et uL, 1995; Blackwell 

and Christman, 1996). Zanetti et a/. (1992) found that anti-TN F-a antibodies decreased
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IL-1 and IL-6 levels as well as mortality in LPS-challenged mice. However, in mice infected 

with Gram-negative bacterial peritonitis, a better model of sepsis in humans, anti-TNF-a 

antibodies neither decreased pro-inflammatory cytokine levels nor afforded any protection 

from lethality. This suggests tha t the cytokine cascade in sepsis at least does not have a 

sole cytokine (TNF-a) at its apex.

However, there may be a more mechanistic reason to do with the way anti-TN F-a works 

to sequester TNF-a. The dynamics of TN F-a concentration levels in the presence of 

an inhibitor in our model could help to explain the mixed results of anti-TN F-a ther

apy in sepsis. Both pro-inflammatory and anti-inflammatory cytokines are up-regulated 

during SIRS (Gogos et ai, 2000). Bone (1996) has suggested tha t it may be too sim

ple to characterise sepsis as runaway pro-inflammatory cytokine production. Instead, he 

sees two distinct phases in the systemic response to infection and other insults. The 

first is SIRS, involving a pro-inflammatory cytokine response. However, SIRS triggers 

an anti-inflammatory response in an attem pt by the body to restore a non-pathological 

equilibrium. This he termed the compensatory anti-inflammatory response syndrome or 

GARS, which may be inadequate, may overcompensate, or may (in the case of a recovery) 

successfully restore homeostasis. A further complication is tha t SIRS actually involves 

multiple sites of inflammation, which may be out of phase with each other in terms of the 

kind of response they are undergoing (Bone, 1991).

RA is a chronic disease that can be mathematically represented as a dynamical system in 

equilibrium, but SIRS appears to be characterised by rapidly varying cytokine levels. In 

RA, anti-TNF-a therapy succeeds in reducing TN F-a levels to a new, lower equilibrium, 

resulting in improvement to symptoms though not permanent cure. In SIRS however, the 

carrier effect of TN F-a inhibitors is much more uncertain and dangerous. When TN F-a 

levels decrease during the compensatory stage of GARS, the inhibitors may actually sab

otage the body’s own attem pt to restore homeostasis (equilibrium). This happens when 

they release TN F-a at the very point that the immune system is attem pting to suppress 

excessive TN F-a levels. In fact, as Figure 4.2 shows, even if the immune system succeeds 

in switching off TN F-a production altogether, the drug inhibitors would still ensure that 

TN F-a levels remain at a potentially dangerously high level. On the other hand, a lo

cal, well-measured and timed intervention could moderate both the peaks and troughs 

of TN F-a levels, preventing both runaway TN F-a production and overcompensation by 

GARS. This could account for the very mixed results during clinical trials of TN F-a in

hibitors, with some reports of improvement (albeit small ones) to mortality rates, and
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others reporting an adverse effect.

This underscores the fact that SIRS involves interactions between several cytokines, both 

pro- and anti-inflammatory (Dinarello, 1997; Seely and Christou, 2000). It is not well- 

characterised by a model of a single cytokine (TNF-a) in isolation from other factors. This 

is implicitly what most attem pts at anti-TNF-a therapy are based on. When such a model 

is explicitly represented in mathematical terms, as we have done here, the limitations of 

this approach become much more obvious. A successful therapy will need to take into 

account host anti-inflammatory reaction as well (Bone, 1996). To draw an accurate picture 

of what is happening during SIRS, and to predict the form, timing and duration of therapy 

that would be most helpful, we will need to take into account interactions between several 

cytokines. This is beyond the scope of the theory developed so far, but it is an issue that 

will be considered in Chapter 5.
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Chapter 5

M odelling network interactions 

betw een several cytokines

5.1 Introduction

Up to this stage, we have focused on the way a single cytokine interacts with its recep

tor. However, the models we have built have revealed tha t a single cytokine cannot be 

considered in isolation from other mediating factors.

In Chapter 4, we showed that the cytokine cascade in RA and SIRS is not adequately 

described by a single indicator (such as the level of TNF-a) subject to a pro-inflammatory 

positive feedback loop and an anti-inflammatory negative feedback loop. In RA, TNF- 

a  obviously plays a key role (see Section 4.2). However, there were early doubts about 

whether targeting a single mediator could successfully reverse the entire network of me

diators involved in RA (Barthel and Burmester, 1995). Although anti-TNF-a therapy 

has proven to be successful, there are several signs tha t indicate tha t the initial doubts 

were not totally unfounded. These include heterogeneous patient response to anti-TNF-a 

therapy, the failure of such therapy to produce complete remission, and the fact that such 

therapy is often more effective when used in combination with other more general drugs 

such as methotrexate. These may be signs tha t there is more to the cytokine network than 

a single cytokine at the apex of a cascade. In SIRS, the picture is even more complicated, 

involving multiple mediators that interact dynamically with each other. The cytokines 

involved play much more complex mediatory roles than merely amplifying or dampening 

the inflammatory response (Bone, 1996; Kushner, 1998; Seely and Christou, 2000).
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S i m i l a r l y ,  i n  t h e  m o d e l  o f  I L - 1  i n  f i b r o b l a s t s  c o n s i d e r e d  i n  C h a p t e r  3 ,  I L - 1  u p - r e g u l a t e d  i t s  

o w n  r e c e p t o r  v i a  a  P G E 2  m e d i a t o r .  P G E 2  f o r m a t i o n  i n  c e l l s  i s  i t s e l f  g o v e r n e d  b y  a  n e t w o r k  

o f  i n t e r a c t i o n s  i n v o l v i n g  d i f f e r e n t  e n z y m e s ,  s u b s t r a t e s  a n d  o t h e r  m e d i a t o r s  ( r e v i e w e d  i n  

F i t z p a t r i c k  a n d  S o b e r  m a n ,  2 0 0 1 ) .

T h e s e  a n d  o t h e r  e x a m p l e s  u n d e r s c o r e  t h e  f a c t  t h a t  c y t o k i n e s  a l w a y s  a c t  i n  t h e  c o n t e x t  o f  

a  n e t w o r k :  a  s e t  o f  i n t e r a c t i n g  u p - r e g u l a t o r y  a n d  d o w n - r e g u l a t o r y  r e l a t i o n s h i p s  b e t w e e n  

d i f f e r e n t  m e d i a t o r s  i n c l u d i n g  o t h e r  c y t o k i n e s  a n d  t h e i r  r e c e p t o r s .  B a l k  w i l l  a n d  B u r k e  

( 1 9 8 9 )  p r o p o s e d  t h r e e  c a t e g o r i e s  o f  w a y s  i n  w h i c h  c y t o k i n e s  i n t e r a c t  t o  f o r m  n e t w o r k s :

a .  Cascades. A  c y t o k i n e  c a n  i n d u c e  ( o r  i n h i b i t )  e x p r e s s i o n  o f  i t s e l f  o r  o t h e r  c y t o k i n e s  

w h e n  i t  s i g n a l s  a  c e l l .  F o r  e x a m p l e ,  t h e r e  i s  s o m e  e v i d e n c e  t h a t  I L - 1  m a y  i n d u c e  

p r o d u c t i o n  o f  i t s e l f  a s  w e l l  a s  T N F - a  i n  m o n o c y t e s  ( s e e  S e c t i o n  5 . 3 . 5 ,  5 . 3 . 6 ) .

b .  Interactive regulation. T w o  o r  m o r e  c y t o k i n e s  c a n  c o m b i n e  i n  s y n e r g i s t i c ,  a d d i 

t i v e  a n d  a n t a g o n i s t i c  w a y s  t o  r e g u l a t e  c e l l  f u n c t i o n .  S y n e r g y  i m p l i e s  t w o  o r  m o r e  

a g e n t s  t h a t ,  w h e n  a c t i n g  t o g e t h e r ,  p r o d u c e  a  r e s p o n s e  w h i c h  i s  g r e a t e r  t h a n  t h e  a d 

d i t i v e  r e s p o n s e  ( t h a t  p r o d u c e d  w h e n  t h e  a g e n t s  a c t  s e p a r a t e l y ) ;  a n t a g o n i s m  i m p l i e s  

a  r e s p o n s e  w h i c h  i s  l e s s  t h a n  t h e  a d d i t i v e  o n e  ( B e r e n b a u m ,  1 9 8 9 ) .  F o r  i n s t a n c e ,  b o t h  

i n t e r f e r o n - 7  i n d u c i n g  f a c t o r  a n d  I L - 1 2  c a n  u p - r e g u l a t e  I F N - 7  p r o d u c t i o n  i n  T  l y m 

p h o c y t e s .  W h e n  t h e  t w o  c y t o k i n e s  a r e  u s e d  t o g e t h e r ,  a  s y n e r g i s t i c  e f f e c t  r e s u l t s  i n  

m u c h  h i g h e r  t h a n  a d d i t i v e  p r o d u c t i o n  o f  I F N - 7  ( M i c a l l e f  et  a / . ,  1 9 9 6 ) .  S y n e r g y  a n d  

a n t a g o n i s m  m a y  t a k e  p l a c e  d u e  t o  c r o s s - t a l k  i n  t h e  i n t r a c e l l u l a r  s i g n a l l i n g  p a t h w a y s  

o f  t h e  r e c e p t o r s .  T h e s e  p a t h w a y s  a r e  g e n e r a l l y  n o t  a u t o n o m o u s  l i n e a r  s e q u e n c e s ,  

b u t  f o r m  c o m p l e x  i n t e r s e c t i n g  n e t w o r k s  w i t h  e a c h  o t h e r  ( C a s t e l l i n o  a n d  C h a o ,  1 9 9 6 ;  

H i l l ,  1 9 9 8 ;  B r u g g e  a n d  M c C o r m i c k ,  1 9 9 9 ) ,  w i t h  t h e  f i n a l  r e s p o n s e  d e p e n d i n g  o n  t h e  

i n t e r a c t i o n  b e t w e e n  t h e  d i f f e r e n t  p a t h w a y s  ( N e l m s ,  2 0 0 0 ) .

c .  R eceptor cross-talk. C y t o k i n e s  c a n  a l t e r  t h e  e x p r e s s i o n ,  d i s t r i b u t i o n ,  b i n d i n g  

a f f i n i t y  a n d  s i g n a l l i n g  p r o p e r t i e s  o f  i t s  o w n  o r  a n o t h e r  r e c e p t o r  ( S p o r n  a n d  R o b e r t s ,  

1 9 8 8 ) .  T h e s e  p r o c e s s e s  h a v e  b e e n  t e r m e d  h o m o l o g o u s  a n d  h e t e r o l o g o u s  r e g u l a t i o n  

r e s p e c t i v e l y  ( L l o y d  a n d  A s c o l i ,  1 9 8 3 ) .  T h i s  c a n  h a p p e n  o n  t w o  l e v e l s :

•  A  c y t o k i n e  c a n  a f f e c t  t h e  e x p r e s s i o n  o f  a  r e c e p t o r .  R e c e p t o r  u p - r e g u l a t i o n  r e 

s u l t s  i n  a m p l i f i c a t i o n  o f  t h e  r e s p o n s e ,  w h i l e  t h e  c o n v e r s e  i s  t r u e  f o r  r e c e p t o r  

d o w n - r e g u l a t i o n .  F o r  e x a m p l e ,  I F N - 7  s y n e r g i s e s  w i t h  T N F - c c  b y  u p - r e g u l a t i n g
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its receptor expression in a human cervical carcinoma cell line studied by Ag- 

garwal et a/. (1985).

• Cytokine receptors usually consist of two or more ligand-binding units, and in 

some cases one or more of these units is shared between different receptors. For 

instance, both IL-1 receptors (IL-IRI and IL-IRII) share secondary subunits 

(Malinowsky et ai, 1998), and five cytokines (IL-2, IL-4, IL-7, IL-9 and IL- 

15) share a common gamma chain (yc) as a receptor subunit (He and Malek, 

1998). Increased binding of one receptor can result in a reduction in signalling 

capacity for the other receptors sharing the same subunit. Morel et a/.(1996) 

has suggested that this effect accounts for the observed IL-2 down-regulation 

of IL-4 receptor “density” .

This chapter examines the influences that different kinds of cascade and interactive reg

ulatory effects have on cytokine network dynamics. The concepts used to describe these 

effects are made mathematically precise using the theory of joint dose response functions 

established in the pharmacological literature. The third kind of cytokine interaction, re

ceptor cross-talk, is incorporated in terms of single receptor-cytokine interactions discussed 

in Chapters 2 and 3. Receptor cross-talk involving ligands and receptors of more than 

one cytokine (heterologous regulation) adds a further level of complexity which is not 

considered here.

The first part of this chapter lays a mathematical framework which can be used to describe 

multiple cytokine interactions. We begin by defining dose response and discussing the 

biological mechanisms behind the forms of dose response used in this thesis. We then 

describe the effect of interaction between several cytokines using joint response functions. 

Finally, we integrate the theory of dose response functions with receptor-cytokine equations 

to lay down a general mathematical template for describing a cytokine network.

The second part of this chapter applies this template to the cytokine network involved in 

monocyte inflammatory response. The literature regarding the ways in which three of the 

main cytokines involved in this network (TNF-a, IL-1 and IL-10) regulate each other is 

reviewed. The review indicates that there are a number of possible ways this network can 

be constructed, and the various mathematical representations of each network possibility 

are compared.
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5.2 Dose response functions

5.2.1 M ath em atica l representation

When a cytokine binds to its receptor, it initiates a series of biochemical events in the target 

cell that ultimately causes a functional response like protein synthesis. This effect can be 

mathematically represented by a function E  : R+ [0, oo) which relates the cytokine 

dose to the degree of response it produces in its target. If the response has a finite upper 

bound, it can be normalised to a point in the interval [0,1]. The dose is usually measured 

as the quantity of ligand bound to receptors (for example, in Seymour and Henderson, 

2001) or simply the local ligand concentration (for example, in Schweitzer and Anderson, 

1992; Dale et a/., 1996; Chan et a/., 1999). Response must also be defined and can be 

any qiiantifiably observable effect of cytokine-receptor binding. This includes changes 

to levels of downstream proteins, enzymes or gene sequences activated by the receptor, 

changes to the levels of proteins synthesised as a result of the signal, and changes in the 

cell's level of activation (such as receptor density). The response may also be measured 

on a physiological or systemic (as opposed to molecular) level. For instance, Dinarello et 

a/. (1987) measured response to lL-1 in rabbits in terms of changes to body temperature.

Three forms of dose response commonly used to model biochemical systems are linear, 

median effect and threshold functions (see Figure 5.1). The biological mechanisms behind 

each function are discussed in turn.

E{c) Jg(c) E{c]

cc
( c )

Figure 5.1: Dose response curves for (a) linear, (b) median effect, and (c) threshold dose 

response function.
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5 .2 .2  L inear resp o n se

Consider a dose response function which relates the number of receptor binding events to 

the concentration of a protein secreted in response. In Section 2.4.3, we discussed how 

receptor binding events are carried downstream via a multi-step intracellular signalling 

cascade which ultimately results in protein synthesis. Normally, the original signal is am

plified at every step of the cascade, so one receptor binding event activates many enzyme 

molecules, which cause the production of even more second messengers and so forth. This 

phenomenon, known as magnitude amplification, allows one receptor binding event to 

cause many molecules of protein to be synthesised (Koshland et a/., 1982; Alberts et al, 

2002, p. 869-870). However, unless the signalling cascade feeds back upon itself, the num

ber of protein molecules produced will be proportional to the number of receptor binding 

events. Hence the dose response function is linear, although its constant of proportionality 

may be extremely large. Figure 5.1(a) shows a typical linear dose response function.

5 .2 .3  M ed ia n  effect resp o n se

The intracellular signalling cascade triggered by a receptor binding event is usually not a 

linear sequence. A receptor often contains several functional domains, each of which can 

trigger a separate signalling pathway. These pathways can form networks that interact 

with each other or feed back upon themselves (Brugge and McCormick, 1999). Such 

networks can be difficult to analyse mathematically, but a family of functions called median 

effect functions are often a good empirical fit to data. They have the following general 

form:

E m a x  E j

i + ( ^ ym  = (5.1)

where Emax and Emin are the responses to a maximal and minimal dose respectively. Also, 

E D 50 is the level of cytokine binding corresponding to a response halfway between Emax 

and Emin^ while s is the slope coefficient.

Note that Emax = =  0 gives a standardised dose response function with range

[0,1]. When s =  1, this is called a Michaelis-Menten function and it produces a rect

angular hyperbolic dose-response curve; hence the response is said to show hyperbolic 

sensitivity (Koshland et al, 1982). When the dose is transformed to a log scale, the graph 

is sigmoidal. This graph (with logarithmic dose and arithmetic response scale) is called a
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semi-logarithmic plot. As s increases above 1, the dose-response curve becomes increas

ingly switch-like or threshold. Initially, the stimulus produces little response, but once the 

dose passes the critical threshold ED^q the response reaches its maximum value rapidly. 

The response curve is sigmoidal, and steeply sigmoidal on a semi-logarithmic plot; the 

response is said to be ultrasensitive. See Figure 5.1(b) for an example of an ultrasensitive 

Michaelis-Menten function.

A median effect relationship can describe a mechanism tha t amplifies itself up to a point, 

after which the amplification process is curtailed by the shortage of a rate limiting species. 

For instance, as (2.5) shows, the relationship between ligand concentration and proportion 

of receptors bound to ligand at equilibrium is a Michaelis-Menten function. Since it is 

usually difficult to relate the ultimate effect of receptor action to proportion of receptors 

bound to ligand in a mechanistic way, an empirical model called the Occupation Theory 

of ligand-receptor interaction is often used (see Kenakin, 1997, pp. 12-17). This says that 

response to ligand binding is directly proportional to the proportion of receptors occupied 

by ligand. Since the proportion of occupied receptors is itself a hyperbolic function of 

local ligand concentration (see (2.5)), response will be a hyperbolic function of ligand 

concentration.

According to the original theory by Michaelis and Menten (1913, quoted in Rubinow and 

Segel, 1980), when an enzyme facilitates the conversion of a substrate to a product via 

the formation of an intermediate enzyme-substrate complex, the rate at which substrate 

is converted into product is a Michaelis-Menten function. Hence this form of response 

may be appropriate for a receptor with intrinsic enzyme activity (like receptor tyrosine 

kinases) or which is able to associate to enzymes which activate when the receptor binds to 

ligand (like receptors in the cytokine receptor superfamily) (Hill, 1998; Alberts et al, 2002, 

pp. 871-892). For instance, Bhalla and Iyengar (1999) used Michaelis-Menten kinetics to 

model enzymatic reactions in a range of intracellular signalling pathways.

5 .2 .4  T h resh o ld  resp o n se

A threshold response is the limit of a median effect response as the slope s becomes 

infinitely steep. A threshold response is undetectable below a critical threshold but jumps 

to its maximum value once the threshold is achieved (see Figure 5.1(c)).

A threshold response is biologically vital in cellular processes such as division, differen

tiation and repair. These require events to occur in sequence, so the next stage of the

155



process does not begin until the previous one has been completed. The cell must be able to 

ignore small perturbations due to stochastic effects but still respond decisively to a major 

stimulus (Ferrell, 1996). So it is unsurprising tha t several processes have been observed 

which show very steep threshold responses to stimulation. They include IL-2 directed T 

lymphocyte mitosis (Cantrell and Smith, 1984), T  lymphocyte production of IFN - 7  in 

response to occupation of T-lymphocyte receptors (Viola and Lanzavecchia, 1996) and 

IFN - 7  production in response to antigen by cytotoxic T  lymphocytes (Slifka et uA, 1999). 

Also, Wang et a/. (1994) observed that IL-1/? mRNA must exceed a threshold before IL-1  

protein synthesis occurs.

A median effect function with a very high slope coefficient s approximates a threshold 

function. Several signalling mechanisms have been proposed which give high values of 

s. They include substrates that are reversibly converted between two different forms 

by separate enzymes (Goldbeter and Koshland, 1981) and proteins which simultenously 

release an activator and an inhibitor that compete for absorption into the same type of 

binding site (Testorf et a/., 2001).

Another signalling mechanism that produces a steep response is the mitogen activated 

protein kinase (MAPK) family of signal transduction cascades, one of the major mecha

nisms that relays signals from cytokine receptors to the nucleus and cytoplasm (reviewed 

in Arbabi and Maier, 2002). For instance, a member of the MAPK family called p38 medi

ates production of monocyte cytokines in response to LPS and TN F-a (Foey et aL, 1998; 

Manthey et al, 1998). MAPKs have also been identified in many of the pathways stimu

lated by LPS (reviewed in Guha and Mackman, 2001), as well as the signalling pathways 

of inflammatory cytokines involved in RA (Schett et al, 2000).

A threshold response can also occur in certain types of kinetic systems that feed back 

upon themselves (Lewis et al, 1977). As dose is increased the system may undergo a 

bifurcation tha t creates a new stable equilibrium. Once that point is passed, the system 

quickly moves to the new equilibrium.

5 .2 .5  J o in t resp o n se  fu n ctio n s

Gells are usually exposed to a cocktail of different cytokines and other mediators. In fact, 

very few biological responses are mediated by a single cytokine (Nicola, 1994, p. 1). As a 

result, cytokines usually act in combination with other cytokines and mediators that can 

amplify or dampen the response.
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If n agents with dose levels ci, C2 , . . . ,  c„ act simultaneously, then the combined response 

is measured by a multivariate joint dose response function E (ci, C2 , . . . ,  c„). E  is a (usu

ally unknown) function of the marginal dose response functions for each individual agent 

E i(c i), £ 2 (0 2). The form of E  is ultimately governed by the way in which the signal 

transduction pathways of each agent interact. In practice, the form of E  has usually been 

determined phenomenologically (by its ability to predict experimental observations) al

though recently several mechanistic models of intracellular signal transduction networks 

have been published (for example, Bhalla and Iyengar, 1999, 2001). However, grouping 

together kinetic models for even a few of these pathways would produce a model that is 

prohibitively complicated. Hence several authors (Bhalla and Iyengar, 2001; Asthagiri and 

Lauffenburger, 2000) have suggested a modular approach. Once each signalling pathway 

has been kinetically modelled, the results of such a model can be captured in a response 

function or even a logic function (such as AND, OR, NAND) tha t can be combined with 

other pathways.

The effect an agent has can be classified according to the direction of its regulatory effect. 

Given a region A  C and two dose vectors c =  ( c i , . . . ,  c^_i, ĉ , c^_pi,. . . ,  c^}, c' =  

{ci , . . . ,  cj, Q+ i , . . . ,  Cn}, we say that agent i is:

1. o f zero  effect over A  if E{c) = E{c') for any c, c' G A.

2. u p -re g u la to ry  over A  if E{c) > E(c') whenever c > c' and c, c' G A.

3. d o w n -reg u la to ry  over A  if E{c) < E(c') whenever c > c' and c, c' G A.

Note tha t in principle an agent can exhibit both up-regulatory and down-regulatory effects, 

depending on the local concentration regime. For instance, TN F-a can cause neutrophilia 

at low doses and neutropenia at high doses (van der Poll et a/., 1992). Similarly, IL-10 

can have both suppressive and enhancing effects on the immune system depending on the 

timing, dose and location of its expression (Moore et al, 2001).

5.3 Review of literature about T N F-a, IL-1 and IL-10 in 

the m onocyte inflammatory network

5.3 .1  B io lo g ic a l b a c k g ro u n d

Monocytes stimulated with LPS produce a cascade of cytokines including TN F-a, IL- 

1 and IL-10 (Endres et al, 1989; de Waal Malefyt et al, 1991). This cascade may be
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Cytokine B

Cytokine A TN F-a IL-1 IL-10

TN F-a

IL-1

IL-10

T, 0 ^ 0

Î, 0 Î, i, 0 Î, 0 

Î, i  i  1 ,0

Table 5.1: Summary of results about network relationships in the monocyte inflammatory 

cytokine network. Symbols used are |  (evidence that cytokine A up-regulates cytokine 

B secretion), |  (evidence that cytokine A down-regulates cytokine B secretion) and 0 

(evidence that cytokine A has no effect on cytokine B secretion).

essentially self-regulating; that is, the cytokines involved are able to regulate one another 

in an autocrine fashion. These cytokines include both pro- and anti-inflammatory agents 

which regulate an inflammatory response to infection, including fever, increased antibody 

production, induction of acute-phase proteins and activation of helper T  lymphocyte clones 

(Dinarello, 1996). Since LPS is an integral part of Gram-negative bacteria, this response 

plays an im portant role in the innate immune response to a large class of pathogens. This 

cytokine network is also believed to be responsible for the pathogenesis of several diseases, 

including RA (Brennan and Feldmann, 2000), Crohn’s disease (Brynskov et al, 1994; 

Papadakis and Targan, 2000a) and SIRS (Blackwell and Christman, 1996).

Henderson, Seymour and Wilson (1998) and Seymour and Henderson (2001) suggested one 

possibility for the relationship between the three principal cytokines involved (TNF-a, IL- 

1 and IL-10). However, a survey of the literature reveals tha t the network they proposed 

is far from being the only possibility. In this section, the evidence for an up-regulatory 

or down-regulatory effect between every possible pairwise relationship between the three 

cytokines is reviewed. The evidence is summarised in Table 5.1.

The cell population used in each study is important. Studies of monocyte response can 

be conducted on purified monocytes or mononuclear cells (such as PBMCs). Mononuclear 

cells are a mixed population which also include lymphocytes and macrophages. For in

stance, PBMCs consist of about 15 - 30 % monocytes only (Wang et al, 1994). They are 

used to study the behaviour of monocytes in the context of inflammatory response since 

monocytes and macrophages are expected to be the major producer of pro-inflammatory 

cytokines in the mixture. However Danis et a/. (1991) has noted these studies should be 

interpreted carefully as the presence of other cells can result in different levels of cytokines
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compared to a pure monocyte population.

Studies on cells taken from synovial membrane or synovial fluid of RA patients are also 

discussed because the monocyte-macrophage cell lineage is believed to play a key role in 

driving the cytokine network involved (see Section 4.2).

5 .3 .2  E ffect o f  T N F -a  on  its  ow n  p ro d u ctio n

TN F-a may be able to augment its own production in an autocrine fashion. Philip and 

Epstein (1986) found tha t when monocytes were pre-treated with TN F-a, and then had 

the TN F-a washed off, they demonstrated cytotoxicity against tum our cells (which is a 

standard assay for TN F-a). Furthermore, the cytotoxicity could be abolished by adding 

antibodies to TNF-a. However, M. Stevens (unpublished) pointed out tha t the results 

by Philip and Epstein (1986) may have been caused by dissociation of TN F-a bound to 

receptors and hence not removed during the washing.

Later, Smith et a/. (1990) found direct evidence that adding exogeneous TN F-a up-regulates 

TN F-a mRNA and protein in monocytes. Interestingly, the effect could be partially sup

pressed by IL-1/?. The effect has been linked to the activity of lipoxygenase by Spriggs 

et a/. (1990) in the monocyte-like cell line HL-60, suggesting tha t it is mediated by a 

leukotriene (see Section 3.2.1). However, experiments performed in our laboratory by M. 

Stevens (unpublished) failed to find TN F-a up-regulation of its own mRNA or protein.

5 .3 .3  E ffect o f  T N F -a  on  IL-1 p r o d u ctio n

The discovery by Brennan et a/. (1989) that TN F-a induced IL-1 production in mononu

clear cells taken from synovial joint fluid of RA patients was pivotal to current anti

cytokine therapies for RA. This was shortly followed by a report from Fong et aZ.(1989) 

of a similar mechanism for bacterimia. They infected baboons with lethal amounts of E. 

Coli, and found that IL-1/3 appearing as a consequence could be inhibited by blocking 

TN F-a production using antibodies. These two reports put the TN F-a - IL-1 relationship 

at the heart of the mechanisms behind RA and SIRS.

Similarly, addition of TN F-a to mixed mononuclear cells (Dinarello et ai, 1986) or mono

cytes (Philip and Epstein, 1986) has been found to induce IL-1 secretion. However, Lorenz 

et a/. (1995) failed to demonstrate that TN F-a on its own could induce IL-1 protein se

cretion in PBMCs or promonocytic U937 cells. They found tha t TN F-a could synergise
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with other monocyte-macrophage products such as prostaglandins to cause IL-1 secretion. 

Results from our own laboratory by M. Stevens (unpublished) also failed to show TN F-a 

induction of IL-1 protein in adherence-enriched PBMCs.

Furthermore, Danis et a/. (1990, 1991) pointed out tha t the effect found by Dinarello et 

a/. (1986) and Philip and Epstein (1986) may be conditional on a number of factors:

a. A dherence. Previous work has shown that adherence alone can induce tran

scription of TN F-a and IL-1 mRNA in monocytes (Haskill et a/., 1988), PBMCs 

(Schindler et al.  ̂ 1990) and macrophages (Fuhlbrigge et al, 1987). It is possible 

that a second signal (LPS for instance) is required before the protein is secreted. 

This suggests that cells purified by adherence or cultured in adherent containers 

cannot be considered non-activated.

b. Serum. There may have been factors in the serum forming part of the medium of 

the cells that synergised with TNF-a. Schindler et a/.(1990) has pointed out that 

most commercial serum preparations contain sufficient LPS to stimulate cytokine 

production in PBMCs.

c. Intercellular interaction. Danis et a/. (1991) found tha t PBMC populations had a 

much higher constitutive rate of production of (mostly cell-associated) IL-1 compared 

to monocytes, possibly because of monocyte stimulation by other cells or production 

of cytokines by lymphocytes.

Experiments by Danis et a/. (1990, 1991) done on purified monocytes in non-adherent, 

serum-free conditions showed tha t TN F-a alone caused a marginal increase in secreted 

IL-1, although a sharp rise in intracellular IL-1 (a and /?) was noted.

5 .3 .4  E ffect o f  T N F -a  on  IL -10 p ro d u ctio n

TN F-a has been linked to IL-10 release in mixed cell cultures. Katsikis et a l (1994) found 

that antibodies to TN F-a reduced IL-10 production by cells from the synovial membrane 

of RA patients. Van der Poll et a/. (1994) found that injecting TN F-a intravenously into 

healthy humans caused a rise in their plasma IL-10 levels.

However, the effect of TN F-a in pure monocyte cell populations is less clear-cut. Although 

Wanidworanun and Strober (1993) found tha t TN F-a induced IL-10 secretion by mono

cytes, later studies by Platzer et a/. (1995) and Foey et a l (1998) were unable to reproduce
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this effect. The later studies found tha t TN F-a was only able to induce IL-10 production 

if the monocytes were previously primed with LPS.

Platzer et a/. (1995) found that TN F-a on its own induces IL-10 gene transcription, but not 

protein secretion. In fact, even the Wanidworanun and Strober (1993) study found that 

while TN F-a induced high levels of IL-10 mRNA compared to LPS, on the level of protein 

secretion, the effect of TN F-a was much less than that of LPS. Hence it is possible that 

TN F-a up-regulates IL-10 mRNA, but it requires LPS stimulus for subsequent translation 

and secretion. Platzer et a/. (1995) suggested that the Wanidworanun laboratory may have 

used preparations or cultures that pre-stimulated their monocytes. This is supported 

by the fact that the Wanidworanun monocytes produced IL-10 even without any added 

stimulus, whereas the Platzer monocytes did not.

5 .3 .5  E ffect o f  IL-1 on  T N F -a  p ro d u ctio n

There is mixed evidence about the effect of IL-1 on TN F-a. Smith et a l (1990) induced 

TN F-a mRNA and protein in PBMCs by stimulating them with IL-1. Ikejima et a l (1990) 

observed the same effect with purified monocytes. Subsequently Granowitz (1992) found 

that adding IL-1 receptor antagonist to LPS-stimulated PBMCs reduced TN F-a pro

duction in a dose-dependent manner. In our own laboratory, M. Stevens (unpublished) 

has shown that adding IL-1 a  or (3 to monocyte-enriched PBMCs caused up-regulation of 

TN F-a protein.

However, Butler et a l (1995) was unable to alter TN F-a production in RA synovial mem

brane cells by adding IL-1 receptor antagonist. RA joints are in a state of chronic in

flammation, and continually produce high levels of TN F-a even in the apparent absence 

of stimulating factors such as LPS (see Section 4.2.2). RA cells spontaneously produce 

inflammatory cytokines after being cultured outside the body for several days (Brennan et 

a l, 1989; Buchan et a l, 1988). It is not fully understood by what mechanism this occurs, 

but the work by Butler et a l (1995) indicates that the answer is not likely to be as simple 

as a straightforward TN F-a - IL-1 positive feedback loop, since it cannot be disrupted by 

blocking IL-1 production alone.
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5 .3 .6  E ffect o f  IL-1 on  its  ow n  p ro d u ctio n

Several studies have shown tha t IL-1 is able to induce its own production in an autocrine 

fashion in monocytes. The groundbreaking study was performed on mononuclear cells 

by Dinarello et a/. (1987). In order to distinguish between externally added and induced 

IL-1, they stimulated cells with IL-1 a  and assayed positively for IL-1/?. They also found 

that IL -la  induced both IL-1 a  and IL-1/? at the level of mRNA transcription. Since then, 

a similar auto-inductive effect has been detected by Ikejima et a/. (1990) in PBMCs as 

well as by M. Stevens (unpublished) and Danis et a/. (1990) in monocytes. Granowitz

(1992) showed the same thing when he found that IL-1 receptor antagonist inhibited LPS 

induction of IL-1 in monocytes. However, M. Stevens noted tha t secreted IL-1 was always 

a small proportion (under 7%) of the total IL-1/? recorded by him.

However, there is a twist in the tale. Manson et a/. (1989) carried out similar experiments 

to Dinarello et a/. (1987) and found that IL-1 a  induced IL-1/? protein (intracellular and se

creted) in mononuclear cells at high and low concentrations. However, for a certain range 

of intermediate IL -la  concentrations, not only was no stimulatory effect observed, but 

the IL-1 a  also suppressed background IL-1/? production. Similarly, Dinarello et a/.(1987) 

found that increasing IL-1 a  beyond a certain concentration actually resulted in less in

duction of IL-1/?. Crucially, they found that the effect disappeared with the addition of 

indomethacin. This suggests a possible mechanism for the effect. In monocytes, IL-1 

has been found to up-regulate the Cox-2 enzyme which catalyses the production of PG E 2 

(see Section 3.2.2). PG E 2 subsequently down-regulates IL-1 production in monocytes (see 

Section 3.2.3). The net rate of IL-1 production is a trade-off between direct up-regulation 

by IL-1 itself, and indirect down-regulation via a PG E 2 mediator. Manson et a/.(1989) 

may have found a range of concentrations at which IL-l-induced PG E 2 is sufficient to 

completely block cells from producing any further IL-1.

There is also a contradictory study. Experiments by Uhl et aZ.(1989) on monocytes com

pletely failed to detect induction of either IL-1 or PG E 2 in response to IL-1 binding to its 

receptor. However, these results do not appear to have been replicated more recently.

5 .3 .7  E ffect o f  IL-1 on  IL -10 p ro d u ctio n

Katsikis et a/. (1994) found that adding IL-1 receptor antagonist to synovial membrane cells 

from RA patients causes a reduction in IL-10 protein levels. However, the RA synovial joint
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is a system with a mixture of different interacting cell types and inflammatory mediators. 

Katsikis and co-workers themselves found that IL-10 was produced by both monocytes 

and T lymphocytes in this system. The results of Katsikis et a/. (1994) have not been 

reproduced in pure monocyte populations not subject to other inflammatory stimulus 

besides IL-1.

In fact there is evidence that IL-1 on its own is unable to cause IL-10 production, either 

at the mRNA or protein secretion level (Wanidworanun and Strober, 1993; Foey et al, 

1998). On the other hand, Foey et a/. (1998) found tha t IL-1 receptor antagonist could 

reduce IL-10 levels in LPS-primed monocytes. This suggests tha t one of the mechanism 

of LPS induction of IL-10 is by a pathway that involves up-regulating production of IL-1. 

However, the IL-1 produced is only able to induce IL-10 in monocytes tha t have already 

been activated by LPS. Wanidworanun and Strober (1993) were unable to reduce IL-10 

levels by separately adding anti-IL-lA or (3, but Foey et a/. (1998) suggested that this was 

because these antibodies would only have neutralised a portion of the IL-1 present (either 

a oi (3). Possibly IL-10 secretion showed a threshold or steep median effect response to 

IL-1 stimulus, so that removing a portion of the stimulating IL-1 had little effect on IL-10.

5 .3 .8  E ffect o f  IL -10 on  T N F -o  p ro d u ctio n

IL-10 is known as an anti-inflammatory cytokine and there is a great deal of evidence that it 

down-regulates TN F-a in activated monocytes. De Waal Malefyt et a/.(1991) stimulated 

monocytes with LPS and found that adding IL-10 reduced the level of TN F-a mRNA 

tha t was produced. PBMC studies by Wang et a l (1994) affirmed this by showing that 

IL-10 could inhibit LPS-stimulated accumulation of TN F-a mRNA, as well as cytokine 

synthesis. The two studies show that IL-10 down-regulation works on the level of mRNA 

transcription.

IL-10 inhibition of TN F-a has also been noted in whole blood (Radwanski et ai, 1998), 

RA synovial cells (Katsikis et al, 1994) and macrophages (Fiorentino et al, 1991; Bogdan 

et al, 1992).

Adib-Conquy et a/. (1999) found that adherence was necessary for IL-10 inhibition of TNF-

a. When monocytes were cultured in plastic dishes (to which they could adhere), IL-10 

priming resulted in a decrease in LPS-induced TNF-a. However, when they were cultured 

in Teflon (non-adherent) dishes or in whole blood assays (where sedimenting erythrocytes 

would prevent adherence), surprisingly IL-10 priming actually increased TN F-a produc
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tion in response to LPS. This is a caution that results from in vitro experiments cannot 

be automatically generalised to whole-body systems.

5 .3 .9  E ffect o f  IL -10 on  IL-1 p ro d u ctio n

The effect of IL-10 on IL-1 appears to be similar to its effect on TN F-a. There are two 

mechanisms by which this can occur. As with TN F-a, de Waal Malefyt et aL(1991) found 

th a t IL-10 inhibited IL-1 mRNA transcription in LPS-stimulated monocytes. A second 

mechanism was suggested by Jenkins et a/.(1994), who found tha t IL-10 increased IL- 

1 receptor antagonist release in monocytes. This would decrease IL-1 auto-induction of 

itself.

Wang et aZ.(1994) found that adding IL-10 to LPS-stimulated PBMCs inhibited the 

amount of IL-1/) produced at both the mRNA and the secreted protein level. Interest

ingly, partial inhibition of mRNA could give complete inhibition of mRNA transcription, 

suggesting tha t IL-1/) mRNA must reach a threshold level before it can be translated into 

protein. M. Stevens (unpublished) has also shown that IL-10 inhibits both LPS-induced 

and auto-induced IL-1/) in monocyte-enriched PBMCs.

IL-10 inhibition of IL-1 has also been observed in macrophages (Fiorentino et a/., 1991; 

Bogdan et al., 1992) and whole blood (Radwanski et al, 1998). The work of Radwanski 

et a/. (1998) suggests that IL-10 inhibition is probably not adherence-dependent, since 

sedimenting erythrocytes in whole blood would have blocked monocyte adherence.

5 .3 .1 0  E ffect o f  IL -10 on  its  ow n  p ro d u ctio n

Two groups (de Waal Malefyt, 1991; Brown et ai, 1996) have found tha t IL-10 destabilises 

IL-10 mRNA in monocytes. Based on this evidence, both groups concluded that IL-10 

down-regulates its own production in an autocrine manner. However, there is reason to 

doubt whether these experiments actually prove a direct down-regulatory effect, because 

the down-regulation of IL-10 mRNA took place only after several hours. In contrast, IL- 

10 was able to have immediate down-regulatory effect on the mRNA of other cytokines 

such as IL-6 and GM-CSF. Hence the effect noted may actually be due to IL-10 down- 

regulation of pro-inflammatory cytokines (such as IL-1 and TN F-a) tha t stabilise IL-10 

mRNA rather than a direct effect.
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5.4 Cytokine network modelling

5 .4 .1  D ir e c te d  grap h  r ep re se n ta tio n  o f  c y to k in e  n etw ork s

As discussed in Section (5.1), cytokine networks arise because one possible response to 

cytokine signalling is for a cell to alter its pattern of secretion of other cytokines. This 

effect can be summarised in the form of a directed graph using the following conventions:

a. Nodes represent different cytokines involved in the network.

b. A directed edge connecting two nodes indicates a regulatory relationship between 

the two cytokines. The source node represents the cytokine regulating the cytokine 

represented by the target node.

c. Each edge has an associated sign (+ or — ) to indicate whether it represents an 

up-regulatory or down-regulatory relationship. A zero effect relationship is not in

dicated.

d. An edge beginning and ending in the same node represents an auto-stimulatory or 

auto-suppresive cytokine, i.e. a cytokine that can up-regulate or down-regulate its 

own production. However, to our knowledge, firm evidence of a cytokine directly 

down-regulating its own production has yet to be produced.

See Figure 5.2 for some examples of directed graphs of cytokine networks.

A directed graph is a useful summary of known qualitative information about the inter

actions in a cytokine network. However, on its own it does not exhaustively capture all 

data needed to realistically model the network, such as the strength of the interactions 

indicated, the biological context in which they occur, synergistic or antagonistic effects 

of multiple cytokine actions, and the receptor dynamics. It also is not able to indicate 

(without additional annotations) cytokines which up-regulate production of a cytokine 

under certain concentration regimes, but down-regulate it under different concentrations. 

Finally, it is im portant to remember that the absence of an edge connecting two nodes 

may mean the absence of knowledge of the interaction between the two cytokines, rather 

than a zero effect relationship between them.
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5.4.2 Differential equation representation of cytokine networks

A directed graph and additional kinetic data associated with it must be converted to a 

differential equation model in order to generate numerical predictions. In Chapter 2, we 

constructed several models of single cytokine dynamics containing functions representing 

the rate of intracellular events such as endocytosis, secretion of newly synthesised cytokines 

and de novo receptor synthesis. These functions can be interpreted as dose response 

functions of the form EmaxE{c) where Emax is the maximal response and E{c) a dose 

response with range [0,1].

Model (2.29)-(2.30) can be generalised to represent an n-cytokine network. The dose 

response functions representing cytokine synthesis then becomes a joint response functions 

^>(ci, C2 , . . . ,  c„). However, as mentioned in Section 5.1, we will not consider cases of 

receptor cross-talk between ligands and receptors of more than one cytokine. Hence we 

assume tha t functions representing receptor trafficking events like synthesis, endocytosis 

and shedding are still of one cytokine only. As a result, there are some situations which are 

not accurately represented by the model. For instance, IL-1 and IL-10 cause monocytes 

to shed TNFR2 (Joyce et ai, 1994; Joyce and Steer, 1995).

The network can then be represented by generalising (2.29)-(2.30) to a set of 2n differential 

equations as follows:

. .On) -  kiRi(hi{ci) -  Ci)li-\-k_iCi (5.2)

^  =  kiRi{h^{ci) -  Ci)li -  (TiCi i l < i < n )  (5.3)

The symbols used in the above equations have the same meaning as those used in (2.29)- 

(2.30), except that they are generalised to refer to cytokine i. For legibility, Ri (instead of 

R q.) represents the biological maximum total surface receptor concentration, k{ (instead 

of k\.) the association constant and k-i  (instead of k^i.)  the dissociation constant for 

cytokine i. Note that hi, representing the total surface receptor concentration (see Section 

2.5.4), is a function of Ci only since we assume tha t heterologous regulation of receptors is 

negligible if it occurs at all.

We say that an equilibrium c =  (Ii, c i , . . .  ,7„, c^) of (5.2)-(5.3) is fin ite  if it satisfies 

h{ci) > Ci for all 1 < 2 < n. In particular, when h{c) =  1, c is finite if Ci < 1.

Mathematical modelling of a given cytokine network hence reduces to a problem of con
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structing a directed graph of the model, characterising the dose response functions and 

estimating the relevant kinetic and receptor trafficking rates.

5.5 Possible models of the m onocyte inflammatory network

5 .5 .1  S ey m o u r an d  H e n d er so n  (2001 ) m o d e l

Henderson, Seymour and Wilson (1998) and Seymour and Henderson (2001) proposed 

a network where a monocyte population stimulated with LPS or TN F-a responds by 

producing IL-1. IL-1 is capable of auto-stimulating its own production as well as inducing 

production of IL-10. IL-10 in turn  has a down-regulatory effect on IL-1 production. This 

network hypothesis is summarised by the directed graph in Figure 5.2(a) and is captured by 

the model (5.2)-(5.3) with variables (^i, ci) representing IL-1 ligand-receptor dynamics and 

( 1̂ 0 , cio) representing IL-10 ligand-receptor dynamics. Also the dose response functions 

take the following forms:

= e{cio){uji +Vi4)i{ci)), ^ io(ci) =  i îo</»io(ci) (5.4)

Here u> is the rate of IL-1 production in response to LPS or TN F-a. Also 0i and 0io are 

non-decreasing functions satisfying 0i(O) =  </>io(0) =  0, </>i(l) =  = 1, while ^ is a

non-increasing function satisfying ^(0) =  1, 0(1) > 0.

Seymour and Henderson (2001, Figure 1) suggest three possible forms each for 4>i, (pio 

and 0, depending on whether a convex, concave or convex/concave function is required. 

The convex/concave functions they suggest can be converted into a standard form median 

effect function by a suitable transformation.

The equilibria of the resulting system are given by the solutions c =  ci of the following 

equation:

£(c) := 0 f ^  (Aio(c)l =  (cTi -  k - i ) c  := TZ{c) (5.5)
\ (J io  — /C-io /

Since £(0) =  1 > 0 =  %(0), the system admits no finite equilibria if £(c) > 7i{c) for all 

c 6 [0,1). Seymour and Henderson (2001) also showed that an equilibrium of this system 

is stable provided 'JZ'{c) is sufficiently large compared to |£ '(c)| for a root c =  c of (5.5).

Seymour and Henderson (2001) found that the resulting system had richly varied dynam-
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TNF-a

IL-1 IL-10

TNF-a

IL-10IL-1

LPS

TNF-a
IL-10

:l-i

TNF-a

IL-1 IL-10

Figure 5.2: Network directed graphs for (a) Seymour and Henderson (2001) model, (b) 

Wanidworanun and Strober (1993) model, (c) model proposed by Foey et aZ.(1998), (d) 

Uhl et a/. (1989) model (e) second Wanidworanun and Strober (1993) model.
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ics, including stable and unstable fixed points, multiple steady states, stable limit cycles 

and quasi-periodic attractors.

5 .5 .2  W an id w oran u n  and  S tro b er  (1 9 9 3 ) m o d e l

Wanidworanun and Strober (1993) found tha t TN F-a can directly induce monocyte pro

duction of IL-10, although their results were disputed by Platzer et a/. (1995) and Foey et 

a/. (1998). In this model, IL- 1 0  is directly induced by the external stimulus (TNF-a) as well 

as by TNF-a-induced IL-1. This yields the directed graph representation in Figure 5.2(b), 

and, assuming Seymour and Henderson (2001)’s description of ligand-receptor dynamics, 

gives the dynamical system (5.2)-(5.3) with the following dose response functions:

= e{cio)(uJi +Vi4)i{ci)), $io(cio) =  (^10  +  f/io<^io(ci) (5.6)

Here cji and wio are the rate of IL-1 and IL-10 production respectively in response to 

TN F-a stimulus.

The original Seymour and Henderson (2001) model can be considered a subset of this 

with cuio =  0, and the qualitative analysis given in their paper still applies. We may let 

^10^ 1 0 (<̂) =  ^io +  i^io0io(c) to transform (5.6) to (5.4). However, note tha t î iq4>\q{c)  obeys 

slightly different constraints from î̂ io</>io, since î^io^Îo(O) =  ^lo, = ^lo +

The two systems admit the same kinds of qualitative behaviour, although with slightly 

different parameter ranges for each qualitative regime. The Wanidworanun and Strober

(1993) model can be considered a damped version of the Seymour and Henderson (2001) 

model because there is a stronger IL-10 effect, and hence the conditions for runaway 

IL-1 production are tighter. This can be seen by the equilibrium defining equation, the 

equivalent of (5.5):

Cuj{c) := 9 f  — (̂ 1 -  k - i ) c  := 7Z{c) (5.7)
\  <̂ 10 — ^-10 /

As in the Seymour and Henderson (2001) variant, runaway IL-1 production occurs if 

> 7^(c) for all c  € [0,1). However, jCu>(c) < vC (c ) ,  so runaway production in this 

case definitely implies runaway production in the case of the Seymour and Henderson 

(2001) model (but not the converse), given identical parameters. If cuio is sufficiently large 

then 9 (̂ aio^k^io^ =  0 so there will be no IL-1 production regardless how large cui is.
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5 .5 .3  F o ey  e t  aZ.(1998 ) m o d el

Foey et a/. (1998) conducted a series of experiments to investigate IL-10 synthesis in mono

cytes. They assumed that LPS stimulation caused the cytokines IL-1, TNF-o; and IL-10 

to be produced. However, since IL-10 was typically detected much later than IL-1 and 

TNF-a, they sought to determine whether its production was dependent on IL-1 or TN F-a 

mediation (or both).

Adding either the TN F-a antibody cA2 (infliximab) or IL-1 receptor antagonist to the 

cell culture medium reduced IL-10 production. However, adding either or both cytokine 

inhibitors could not completely abrogate IL-10 production, regardless of the dose. It is 

unlikely that this was simply a result of poor experimental design, causing some of the 

TN F-a or IL-1 in the supernatant to escape being sequestered, since they repeated the 

experiment for a range of doses of inhibitors. This suggests tha t LPS can induce IL-10 

on its own, but the effect is enhanced by LPS-induced IL-1 and TN F-a. On the other 

hand, TN F-a and IL-1, either alone or in combination, were unable to stimulate IL-10 

production in the absence of LPS, although they could augment LPS-stimulated IL-10. 

This demonstrates synergy between LPS and the cytokines.

Figure 5.2(c) summarises the modifications to Figure 5.2(a) taking into account Foey et 

a/.(1998)’s hypothesis. Since the paper did not describe any qualitative difference in the 

way tha t IL-1 and TN F-a affect IL-10, the two cytokines are represented by a single node. 

There is possible evidence that the two cytokines form an auto-stimulatory loop, and that 

both of them are down-regulated by IL-10 (see Section 5.3.1).

Figures 5.2(b) and 5.2(c) are isomorphic, although the nodes represent different cytokines 

in either graph. Hence, the analysis in Seymour and Henderson (2001) again holds. The 

difference between the Foey et aZ.(1998) and Wanidworanun and Strober (1993) variations 

lies in the synergy between LPS and IL-1 or TNF-a. This will affect the term governing 

the cell’s production of IL-10, which will not take the form ujiq -f- ^'io0io(ci) under Foey 

et a/.(1998)’s hypothesis since no IL-10 is produced in the absence of LPS. Instead we 

expect a joint response function of a more general form ^io((^io, ci) with <?!)io(0 ,c i) =  0  

and < / > i o ( ^ i o , 0 )  > 0 when cjiq ^  0 . Note though that we are assuming tha t the external 

stimulus (TNF-a in the case of Wanidworanun and Strober, 1993; LPS in the case of Foey 

et aZ., 1998) has a constant effect on the production of IL-10.

This is equivalent to other models previously discussed, depending on the value of ujiq:
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a. If cjio =  0, then (piQ =  0, so the model representation reduces to a one cytokine sys

tem whose stability has been discussed in Section 2.5.4. This represents a situation 

in which there is no LPS stimulus, but IL-1 and/or TN F-a are being up-regulated 

by another stimulus which does not directly cause IL-10 production.

b. If ujio is a non-zero constant, then the Foey variation shows the same qualitative 

behaviour as the Seymour and Henderson (2001) model, although the biological 

interpretation of the variables is different.

5 .5 .4  U h l e t  a / . (1989 ) h y p o th e s is  on  IL-1 a u to -s t im u la tio n

At least one group (Uhl et al.  ̂ 1989) has failed to detect an auto-stimulatory loop in IL- 

1 production. This is shown in Figure 5.2(d). Seymour and Henderson (2001)’s model 

without IL-1 auto-stimulatory action gives the following dose response functions:

^ i(c io )  =  ^(cio)wi, $ i o ( c i )  =  î^io0io(ci) (5.8)

P roposition  5.1 The system (5.2)-(5.3) with dose response functions (5.8) has an equi

librium, necessarily unique, if and only > 0  and

I -----^ ---- (Aio(l) ) < cn -  (5.9)CJio — K-io

Proof The following equilibrium-defining equation gives the values c =  ci of any equilib

rium (h, Cl,/lo, cio) of (5.2)-(5.3) with dose response functions (5.8):

£(c) := tüiô f  ^  (^io(c)l =  (cTi -  fc_i)c := TZ(c) (5.10)
\ C T l o - / C _ i o  J

Now we know that 0io(O) =  0 and 0(0) =  1 (see Section 5.5.1). Hence £(0) = uji > 

0 =  7^(0). So if £ ( 1 ) < 7^(1) then by the Intermediate Value Theorem (Binmore, 1982, 

pp. 88-89), £(c) =  7^(c) must have a root in the interval c G [0,1). But the condition 

£(1) < 7^(1) is identical to (5.9).

Furthermore 0io(c) > 0 and 9'{c) < 0 so £'(c) < 0 and TZ'{c) > 0. Hence if £(c) =  TZ(c) 

has a solution it must necessarily be unique.
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To show necessity, we simply note that for the system to have a finite equilibrium, the 

condition T (l) < 7^(1) implies that C{c) — %(c) must have a solution in the interval 

c e  [0,1). □

It follows from Proposition 5.1 that an auto-stimulatory function for IL-1 production is a 

necessary condition for the existence of multiple equilibria.

We now check whether the equilibrium is locally asymptotically stable. Instead of carrying 

this process out from first principles, we make use of the fact tha t Seymour and Henderson 

(2001, pp. 173-177) have published the details of the stability analysis for their dynamical 

system. The Uhl et a/. (1989) model is identical except for the fact tha t v\ = 0. This does 

not affect the sign of Ti, Tio, A i, Aio or 64 as described in their paper, so their bifurcation 

diagram (Figure 4 of Seymour and Henderson, 2001) is still valid. However Tt'(c) > 0 so 

only one kind of bifurcation is possible. This is a Hopf bifurcation tha t creates a stable 

limit cycle from the sole equilibrium when 77.'(c) is small in comparison to C'{c). Hence 

if the rate at which IL-1 is endogenously produced or the down-regulatory effect of IL-10 

is small compared to the rate at which bound IL-1 receptors are internalised, then the 

equilibrium will be locally asymptotically stable. However, as the term  wi^io(ci) gets 

steeper, the equilibrium undergoes a bifurcation and become a stable limit cycle.

5 .5 .5  W an id w oran u n  and  S tro b er  (1 9 9 3 ) m o d e l II

In this variation, we take Wanidworanun and Strober (1993)’s hypothesis tha t TNF-o; can 

directly induce monocytic IL-10 production. However, we also apply Foey et a/. (1998)’s 

finding that LPS priming is necessary for IL-1 induction of IL-10. If we assume tha t the 

external stimulus in the model by Seymour and Henderson (2001) is TNF-o (rather than 

their alternative suggestion of LPS), then the variant we analyse now is in effect the exact 

reverse of the Seymour and Henderson (2001) model. Their model assumed that IL-1 can 

induce IL-10 production but the external stimulus cannot on its own (that is, if IL-1 is 

blocked, then the external stimulus would not cause IL-10 production according to their 

assumption). Here we assume that IL-1 cannot induce IL-10 production but TN F-a can 

induce it directly.

A monocyte population stimulated with a constant TN F-a stimulus to produce IL-1 and 

IL-10, but with no IL-1 induction of IL-10 would give the following dose response functions:
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^ i ( c i , c i o )  =  6>(cio)(^i +  $ i o ( c i )  =  Wio (5.11)

The network is summarised in Figure 5.2(e). Here u i  and ujiq represent up-regulation by 

TNF-o of IL-1 and IL-10 respectively.

P roposition  5.2 Let (L, ci,Iio, cio) he a fixed point of (5.2)-(5.3) with dose response 

functions (5.11). Then (Ii, ci,Iio, cio) is finite and locally asymptotically stable provided 

h[(ci),h[Q(cio) < 1, (Ti -  /c_i > 0{cio)i^i(f)[(ci), (71 -  /c_i >  ^(cio)(wi -f- z/i(^i(l)) and 

(Jio — /c-io > <̂ 10-

P roof The (/io,cio) subsystem is independent of li and ci. Hence by Proposition 2.1, a 

fixed point (Iio,cio) of the subsystem is stable provided /lio(cio) < 1 and uio — k-io > 0 . 

Since cio =  l̂ô- f̂c-io ’ fixed point is finite provided cJio — A;_io > cuiq.

Since (^lo, cio) asymptotically finds a steady-state value under the conditions given in the 

proposition, we can treat cio as a constant when considering the asymptotic properties 

of the (/i,c i) subsystem. Hence this is stable provided h[{ci) < 1 and a\ — k - i  > 

^(cio)f/i<^i(ci).

The equilibrium value of c%, c = ci, satihes:

jC ( c )  0(cio)(cJi +  i^ifiic)) = ((7 i -  k - i ) c  := U{c) (5.12)

Since £ , IZ are both increasing functions of c, and £(0) =  cui^(cio) > 0 =  7^(0), there exists 

a c =  Cl in the range [0 , 1 ), provided £ ( 1 ) =  0{ciq){uji -f i/ i^ i(l))  < (Ji -  k_i = 1Z{1). □

Note that £ , IZ here do not correspond to £ , % as defined in Seymour and Henderson 

(2 0 0 1 ). Also note that £(c) =  %(c) may admit more than one root in [0 , 1 ), so the system

can have multiple equilibria, unlike Uhl et a/.(1989)’s variation.

Unlike the Seymour and Henderson (2001) model, it is possible to get runaway IL-10 pro

duction. This occurs if cJio — k-io < wio- Runaway IL-10 production does not necessarily

correspond to zero IL- 1  production, unless ^(1 ) =  0.

P roposition  5.3 I f  h[{ci),h[Q{cio) < 1, then (5.2)-(5.3) with dose response functions

(5.11) has no limit cycles.

P roof First, observe that the system has the following partial derivatives:
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dl 10
dl 10

— —kiRi{hi{ci) — Cl), 

— -fcio-Rio(^io(cio) -  cio),

dci
dci
dciQ
dcio

- k i R i [ l  — h ' i { c i ) ) l i  —  ( J i ,

—̂ 10-^10(1 — ^io(cio))^io ~  ctio(-5-13)

Hence the system haa negative divergence, tha t is, it is dissipative. But Liouville’s Theorem 

states tha t the volume in phase space of a dissipative system shrinks as the system evolves 

in time (Thompson and Stewart, 1986, p. 221). Hence it can have no limit cycles. □

It follows that IL-l-stimulated IL-10 production is necessary to admit cycles. This point 

was made in Seymour and Henderson (2001, p. 184). However multiple equilibria are 

possible since £(c) =  7^(c) can have more than one root in the interval c E [0,1).

5 .5 .6  C om p a r iso n  o f  th e  d ifferent m o d els

Model Missing edge Qualitative behaviour lost

Wanidworanun 

and Strober 

(1993)

None None

Seymour and 

Henderson (2001)

TN F-a —> IL-10 Complete suppression of IL-1 production 

Runaway IL-10 production

Uhl et aZ.(1989) TN F-a —> IL-10 

IL-1 IL-1

Complete suppression of IL-1 production 

Runaway IL-10 production 

Multiple steady states

Wanidworanun 

and Strober 

(1993) II

IL-1 IL-10 Limit cycles

Table 5.2: Comparison of four alternative models.

We have considered a number of alternatives to the network proposed by Seymour and 

Henderson (2001) regarding the interactions between TN F-a, IL-1 and IL-10 in activated 

monocytes. The qualitative behaviour they exhibit is summarised in Table 5.2.

Of the five models discussed, Wanidworanun and Strober (1993) is the most general from 

a graph theoretic perspective. That is, the other models (excluding Foey et al.  ̂ 1998, 

which is isomorphic) have network representations which are subgraphs of Figure 5.2(b),
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the network representation of Wanidworanun and Strober (1993). It also has the greatest 

range of qualitative behaviour, including:

a. constrained IL-1 and IL-10 production

b. runaway IL-1 or IL-10 production (or both)

c. production of IL-10 (constrained or runaway) but not IL-1

d. limit cycles

e. multiple stable steady states

The remaining three models have missing edges compared to Wanidworanun and Strober 

(1993). As a result, they lose some qualitative features (summarised in Table 5.2). This 

shows that particular qualitative features of a cytokine network can be directly ascribed 

to particular features in its network representation.

5.6 Discussion

LPS LPS

‘NF-a

Figure 5.3: Two possibilities suggested by Allison et a/.(1995) for the inflammatory net

work involved in SIRS.

In this chapter, we have proposed a general framework to model interactions between sev

eral cytokines. This framework was used to build a number of different systems based on 

various hypotheses about the cytokine network involved in monocyte response to inflam

mation. We have shown tha t systems based on different hypotheses can show qualitatively
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different behaviour such as limit cycles and multiple equilibria. This demonstrates the es

sential role of the regulatory relationships between cytokines. Changes in the pairwise 

relationships between cytokines can result in the loss or creation of forms of qualitative 

behaviour in a mathematical model. This is illustrated by the difference between the model 

in Seymour and Henderson (2001) and an alternative given in the second Wanidworanun 

and Strober (1993) model. On the surface, it might not appear very im portant whether 

IL-10 is directly induced by TN F-a or is induced via an IL-1 mediator. But if TN F-a is 

an external stimulus at a constant level, then IL-1 mediation is a necessary precondition 

for the existence of limit cycles.

This is not just im portant theoretically. The qualitatively different results tha t changes 

to network relationships and dose response functions produce are vital when considering 

cytokine-based therapies to diseases. A judicious therapeutic intervention based on prior 

understanding of network dynamics is likely to be more effective than larger-scale interven

tion without such knowledge, such as the use of massive anti-inflammatory intervention 

to treat sepsis (Seely and Christou, 2000). In fact, designing therapy before modelling 

network dynamics may actually worsen the situation.

For instance, some implications of the behaviour we observed for the network models 

considered in this chapter include the following:

a. The order in which cytokines induce each other is im portant in choosing targets 

for therapy. For instance, Allison et a/. (1995) suggest two network possibilities for 

the inflammatory network involved in SIRS (see Figure 5.3), depending on whether 

LPS up-regulates IL-1/? production directly or through a TN F-a mediator. If the 

former case is true, then inhibiting production of TN F-a alone should constitute an 

effective therapy for RA and SIRS. This appears not to be the case given the failure 

of anti-TNF-a therapy in SIRS, so it becomes necessary to inhibit or mitigate the 

effects of both TN F-a and IL-1 (and perhaps other cytokines as well).

b. The existence of multiple stable steady states is a precondition for the sustainability 

of anti-cytokine therapy. If a system only has one stable attractor (such as for the 

Uhl et a/.(1989) model), then once therapy is term inated it will return to its original, 

pre-treatment state. However, if there are several attractors (such as for the Seymour 

and Henderson (2001) model), it may be possible to permanently push the system 

into the basin of attraction of another attractor which may correspond to a lower 

rate of production of an undesirable cytokine.
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c. The existence of stable limit cycles is a caution against undiscerning attem pts to 

suppress a cytokine. This may knock a system from a locally stable fixed point to a 

limit cycle, causing the rate of production of the cytokine to oscillate. This is usually 

an undesirable outcome since the peaks of such oscillations may be dangerously high 

even if the mean value is lower than the original level of production.

Unfortunately, each individual response to a cytokine can combine with others in complex 

ways, so it is not immediately obvious how a cell will respond to a cocktail of cytokines 

even if the individual responses are well understood. This highlights the importance of 

mathematical modelling to understand a network whose behaviour cannot be understood 

by unaided intuition.

The number of possible pairwise relationships (edges in a directed graph) increases expo

nentially with the number of cytokines (nodes in a directed graph). As a result, it becomes 

increasingly difficult to analyse and decide between the conflicting predictions of models 

based on alternative network hypotheses. For instance, Feldmann et a/. (1996a) mention 

at least six cytokines (TNF-a, IL-1, IL-6, IL-8, GM-CSF and IL-10) involved in the RA 

cytokine cascade, excluding other cytokine-related mediators like soluble receptors. The 

number of network hypotheses that need to be explored (through experiment, mathe

matical analysis, computer simulation, or a combination of all three) in such networks is 

alarmingly large. Hence in Chapter 6, cytokine networks are analysed in the abstract, in 

order to investigate whether or not it is possible to predict network relationships using 

only data about the qualitative behaviour of the system.

Even so, it is im portant to realise tha t the cytokines represented in both the directed 

graph and the differential equation models of a cytokine network will always necessarily 

be a subset of all the cytokines involved in the network. Aside from those represented, 

there will always be a large number of known and unknown cytokines that have regulatory 

effects on the cytokines being modelled. Furthermore, directed graph representations 

based on results of in vitro experiments may not encompass the effect of serum factors, 

interaction with extracellular matrix and other confounding effects tha t may be present in 

vivo, especially in pathogenic states. Mathematical modelling necessarily involves selecting 

particular features of a biological system tha t are deemed to be im portant in drawing 

verifiable hypotheses. However, this limitation of a mathematical model should be a 

caution in interpreting the results of any analysis, though not a bar to making the attempt.
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Chapter 6

Analysis of abstract cytokine  

networks

6.1 Introduction

In Chapter 5, the framework for modelling a network of n  interacting cytokines was 

presented. In order to fully specify such a model, we need to be able to quantify the 

up-regulatory and down-regulatory relationships between the cytokines in the network. 

Often, such relationships are poorly understood. Experimentalists often face problems 

accounting for an observed effect when there are so many unknown influences and medi

ators tha t could be responsible alone or in combination. Hence even for a comparatively 

well-researched network, such as the one involved in monocyte response to inflammation, 

there are a number of hypotheses about the way the principal cytokines (IL-1, IL-10 and 

TNF-of) interact (see Section 5.3.1).

In this chapter, we take a different approach to cytokine network modelling. Previously, 

well-deflned models were presented to represent specific hypotheses about the way that 

cytokines in a particular network interact. Here, we explore instead the range of behaviour 

that a cytokine network model can exhibit, given certain constraints (as opposed to exact 

specifications) on the pairwise regulatory relations between the cytokines, and limited 

information about their kinetic parameters.

The framework for modelling a network of cytokines is developed within the context of 

models of genetic regulatory systems that have been studied over the last three decades, 

but especially in the last five years. Hence we begin by reviewing relevant features of
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these models. We then develop a very general framework using mathematical networks 

to represent cytokine interactions. The assumptions inherent in such a representation are 

stated, and their biological significance explained. Because they are based on cytokine 

biology, our models contain features not shared with gene network models, which we point 

out when they occur. Next we explore the range of qualitative behaviour tha t such network 

models exhibit. We find that even for a small number of cytokines there are a large number 

of equilibrium states that each network can potentially inhabit if its parameters are not 

comprehensively specified. Combinatorial bounds for the number of available equilibria are 

determined. We then carry out extensive random sampling for some of the simpler cases 

to determine the probability that a given number of equilibria is available to a network 

with fixed parameters but variable initial conditions. We conclude with a discussion of 

the possibility of solving the “inverse problem” of determining a network’s mathematical 

structure from its dynamical behaviour.

6.2 Review of models of genetic regulatory system s

6 .2 .1  B io lo g ica l b ack grou n d

A genetic regulatory system is a network of genes that regulate each other by synthesising 

proteins which act as transcription factors or signal transduction components for other 

genes in the network. In a sense, a cytokine network is a gene regulatory system in 

another guise, since cytokines ultimately regulate each other on the genetic level. The 

difference is that the empirical observations are usually made in terms of concentrations 

of cytokines rather than mRNA activity levels, although a growing amount of cytokine 

research is nowadays conducted on the genetic level.

Much raw data about genes and their regulatory proteins has recently been made avail

able through the use of high-throughput technologies such as DNA microarrays. These 

consist of arrays of oligonucleotides or complementary DNAs, which are able to measure 

spatio-temporal expression of tens of thousands of mRNA genes in parallel (Lockhart and 

Winzeler, 2000). Transcription of DNA onto mRNA is a highly dynamic step tha t precedes 

protein translation and secretion, so it gives a good indication of the state of a cell and 

its response to an external stimulus. However, such techniques do not immediately give 

insight about the function of the genes expressed. The field of functional genomics has 

recently emerged in order to develop methods of identifying the functions of proteins en
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coded by genes that have been sequenced. Existing efforts to determine such mechanisms 

have focused on identifying statistical correlations between genes with similar temporal 

expression patterns, based on measures like Euclidean norms (Eisen et aZ., 1998). For in

stance, certain gene combinations may be statistically linked to particular disease states. 

Unfortunately, the nature of this approach means tha t the biological mechanisms underly

ing the correlations often remain obscure. Also, statistical correlations can be misleading 

in predicting the role of a gene product within the context of an entire network of interact

ing products (Eisenberg et al, 2000). For instance, TN F-a and TNF-/3 bind to identical 

receptors, but only share about 30% of amino acids in their mRNA in common (Pennica 

et al, 1984). A number of leading biologists and bioengineers (including Strohman, 1997; 

Palsson, 1997; Bailey, 1998; Smaglik, 2000) have argued that the field is severely limited 

by the lack of a general theory tha t can organise sequence information into network models 

representing an entire cell or organism.

The rest of this section looks at different theoretical models that have been developed 

in order to understand the mechanisms of gene regulation. Later, we relate this to the 

framework we construct for modelling cytokine networks. Further detail is provided in 

reviews by de Jong (2002) (which focuses on the different kinds of network formalism 

used) and Smolen et a/. (2000) (which focuses on the biological implications of the different 

models).

6 .2 .2  B o o le a n  n etw o rk  m o d els

The simplest kind of model represents the state of a genetic regulatory system with a 

vector of Boolean variables {ci , . . . ,  c„}, where Ci G {0,1}. Each variable gives the state 

of a regulatory element in the network such as a gene or regulatory protein. Hence these 

elements are assumed to have only two states: either ON (active) or OFF (inactive). The 

state of the variables is updated in discrete time steps, so tha t the value of ci at time (t-f 1) 

is a function of the state of all variables c i , . . . ,  at time t. Boolean network models were 

pioneered by Kauffman (1969) long before the current genomics revolution. He considered 

a network of n elements each controlled by an average of k other elements. When k is 

small, he showed by simulation that the network has on average only ^/n attractors (fixed 

points and limit cycles), even though the number of possible states in its state space is 

much larger (2^). Furthermore, the attractors are usually stable when the state of a single 

gene is altered.
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6 .2 .3  M o d e ls  u sin g  ord in ary  d ifferen tia l eq u a tio n s

Continuous network models allow variables representing regulatory elements to take con

tinuous values, and relate different variables with ordinary differential equations. This 

allows a much higher level of resolution than Boolean models, since the quantity of a 

regulatory element can actually be followed numerically rather than just given a binary 

state value. Such models also exhibit a richer range of qualitative behaviour than Boolean 

systems (Glass and Kauffman, 1973). The disadvantage is tha t for all but the simplest 

cases, qualitative analysis is impossible, computation is prohibitively slow and the models 

contain many parameters which are difficult to specify numerically.

6 .2 .4  M o d e ls  u s in g  p iec ew ise  linear d ifferen tia l eq u a tio n s

Piecewise linear differential equations are a special case of ordinary differential equations 

that are more amenable to analysis. As before, they represent the state of a system 

with a set of continuous variables {ci , . . . ,  c^} representing regulatory elements. For each 

continuous variable Cj, they associate a set of Boolean variables {C ij , . . . ,  Cnj} using 

constant thresholds {ci j , . . . ,  c^j} in the following way:

1 if Cj > Cij

The Boolean variable Cij indicates whether or not element j  is regulating element i in 

some way. Alternately, they may assume that cn = ■ • • = Cin (that is, each element begins 

to regulate all other elements at the same level) so that only one Boolean variable Q  is 

needed for each variable Ci (see, for example, Edwards et al., 2001). The models then 

consist of a set of differential equations of the form:

Ci = Fi{Cii, . . . ,  Cin) -  (̂ iCi (I < i  < n )  (6.2)

The function F) is a logical function of Q i , . . . ,  Cin tha t can take up to 2^ distinct values 

(positive or negative). Alternately, it is possible to define a function / i ( c i , . . .  ,c„) which 

takes the same values as F ) ( Q i , . . . ,  Cin). Then f i  will necessarily be the result of sums 

and products of step functions. Decay of the Ci variable is represented by the constant 

ai > 0. It is also possible to replace cr̂  with a function cr^(C'i,. . . ,  C„), that is, a decay

181



rate dependent on the level of the other regulatory elements (see, for instance, Mestl et 

al, 1995).

By decomposing fi into step functions, the continuous nature of the variables is retained, 

but the equations are easier to analyse. Under these conditions, the phase space divides 

into orthants (the n-dimensional generalisation of quadrants), within which the system’s 

dynamics are governed by rate equations Q =  iii — aiCi for some constant Hi. Furthermore, 

in many cases replacing step functions with steep median effect functions does not change 

the qualitative behaviour of the system (Glass and Kauffman, 1973).

For the rate equation of each orthant, the point c* =  ^  is called a focal point. If the 

focal point of an orthant lies within the orthant itself, then it is automatically locally 

asymptotically stable, and the system will evolve towards it. Otherwise the system will 

eventually leave the orthant and a new focal point is determined based on the rate equation 

of the new orthant. Snoussi and Thomas (1993) defined a regular steady point as one which 

lies within an orthant, and a singular steady point as one which lies on the boundary of an 

orthant (and hence on the discontinuous part of a step function). Only a regular steady 

point will be a stable node.

6.3 Assum ptions and definitions

In the rest of this chapter, we construct our own mathematical framework for describing 

a network of cytokines. This is based on piecewise linear differential equations, but is 

more general than that described above. We begin with a number of assumptions and 

definitions.

6 .3 .1  A ssu m p tio n s

Consider a network of n cytokines, n =  {1,2 , . . . ,  rt}, with local receptor occupancy pro

portions Cl, C2 , . . . ,  Cn e [0,1). Suppose each cytokine is potentially capable of regulating 

cellular production of itself and some of the other cytokines in the network, subject to the 

following conditions:

HI. The effect of one cytokine on the production of another (or itself) cannot be both 

up-regulatory and down-regulatory under different concentrations of the various cy

tokines. Hence each cytokine can be unambiguously classified as up-regulatory.
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(^(1)

Figure 6.1: Effect of cytokine j  on rate of production of cytokine z as a function of its 

receptor occupancy Cj if cytokine j  is (a) up-regulatory with respect to cytokine z, (b) 

down-regulatory with respect to cytokine i.

down-regulatory or of zero effect (with respect to its effect on the production of 

any cytokine). This restricts the number of situations tha t can we can model, since 

actual cytokines can sometimes be both up-regulatory and down-regulatory under 

different conditions (see Section 5.2.5). However, within a fixed parameter and dose 

regimes, it is possible to confine each cytokine to one kind of regulatory effect only. 

In practice, this assumption is less restrictive than it may appear, since most exper

imental models assume that cytokines have one kind of regulatory effect each within 

the context of the experiment.

H2. Cytokine j  only has an effect on cytokine i if its receptor occupancy Cj strictly 

exceeds a fixed threshold p- (for up-regulatory cytokines; see Figure 6.1(a)) or ^  

(for down-regulatory cytokines; see Figure 6.1(b)). As mentioned in Section 5.2, a 

threshold response is a good representation of many cytokine signalling pathways. It 

also approximates other kinds of response (like ultrasensitive responses) with steep 

slopes well. A discussion of the effect of relaxing this assumption is given at the 

conclusion of this chapter.

H3. The up-regulatory and down-regulatory responses combine multiplicatively. That 

is, a given set of down-regulatory cytokines acting on cytokine i decreases its rate 

of production to a fixed proportion of the original rate (in the absence of down- 

regulation). This rules out more complicated mathematical forms of synergy and 

antagonism in the effect of combinations of cytokines (described in Berenbaum, 

1989). However, these effects are less im portant in our model because we have 

already restricted ourselves to threshold response. Hence the number of ways a set 

of cytokines can interact in producing an effect is limited. If we modelled response
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continuously then cytokines could combine in a theoretically unlimited number of 

ways.

6 .3 .2  A c tiv a tio n  m a tr ices

Define an n-cytokine network’s activation m atrix, A,  to be the n x  n matrix given by:

, +  if 7 up-regulates or has zero effect on i 
A i j  =  { (6.3)

— if j  down-regulates i

It is assumed that (A)i^i =  -h, that is, a cytokine cannot directly down-regulate itself. 

This is not unduly restrictive, because most experimental observations of a cytokine down- 

regulating itself can be ascribed to an intermediary (that is, a cytokine X up-regulates 

an intermediary Y which down-regulates X). See, for instance, the discussion on IL-10 

down-regulating itself in Section 5.3.10. All these cases can be modelled by incorporating 

the intermediary into the network representation.

Sometimes the intermediary is intracellular. For instance, many genes regulate themselves 

by inducing messengers that repress their own promoters. Another example is the family 

of nuclear factor /cB (NF-acB) transcription factors which are activated by various inflam

matory stimuli including IL-1 and TN F-a (reviewed in Makarov, 2000). Since NF-kB 

also controls the expression of these same cytokines, it is a part of an auto-stimulatory 

loop by which these cytokines induce their own production. However, NF-/tB controls its 

own expression by activating a repressor called I/tB, which prevents NF-/tB from translo

cating to the nucleus (Brown et al, 1993). Mechanisms such as auto-suppressing genes 

and auto-regulation of NF-ajB ensure that a brief external stimulus will only cause a 

transient increase in gene expression. It is still possible to represent such cases in our 

network template by incorporating additional mediatory “cytokines” . These “cytokines” 

actually represent downstream mediators of a down-regulatory effect (such as IkB), and 

their receptor-ligand dynamics should be interpreted in terms of binding to a transcription 

factor or other intracellular structure rather than to an actual surface-bound receptor.

The activation matrix A  incorporates exactly the information contained in the directed 

graph representation of a cytokine network (see Section 5.4.1). Some examples of directed 

graphs for a network are given in Figure 5.2. As an example, the activation matrix for the 

directed graph in Figure 5.2(a) is given below:
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■ 4 = 1 ^ ^ )  (6.4)

In the above matrix, cytokines 1 and 2 represent IL-1 and IL-10 respectively. TNF-o plays 

the role of an external stimulus, which is not modelled dynamically so it does not appear 

in A.

6 .3 .3  B in a ry  p a r tit io n s

Based on A, we can define a set of n binary partitions of n, namely n =  A f  U A ~ , where:

j  e A~l if and only if A i j  =  +  (that is, j  up-regulates or has zero effect on z)(6.5) 

j  e A~  if and only if A i j  = — (that is, j  down-regulates i) (6.6)

Note that A' '̂ and A~  are mutually exclusive, that is, Al~ D A~  =  0. Also, i 6 since a 

cytokine cannot down-regulate itself.

6 .3 .4  T h resh o ld  m a tr ices

Given an activation matrix A, it is possible to define up-regulatory and down-regulatory 

threshold m atrices P  = (p^) and Q = (ÿ ) .  These measure the minimum receptor 

occupancy of cytokine j  before it has an effect on cytokine i (see Figure 6.1). They exist 

as a consequence of hypothesis H2. If j  down-regulates i {j 6 A~) then ^  =  oo, and if 

j  up-regulates (or has zero effect on) i {j € A~) then qj = oo. Otherwise, 0 < < 1

since ci must also satisfy those bounds (see Section 2.5.3).

6 .3 .5  S e ts  o f  cy to k in es  reg u la tin g  a  g iv en  c y to k in e

We say that a cytokine j

a. poten tia lly  up-regulates (or down-regulates) cytokine z if j  € A f  (or j  G A~). This 

means tha t the activation matrix containing both cytokines allows the possibility of 

cytokine j  up-regulating (or down-regulating) cytokine i.
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b. actually  up-regulates (or down-regulates) cytokine i if Cj > (or Cj > ^ ) .  This 

means that the actual receptor occupancy level of cytokine j  is high enough for it 

to be up-regulating (or down-regulating) cytokine i.

Define c =  {ci, C2 , . . . ,  c„}, the vector of receptor occupancies for all cytokines in n. Based 

on the threshold matrices, we can define two subsets Xi{c) and Yi{c) of n:

a. The set of cytokines which are actually up-regulating cytokine z, Xi{c) = {j  | Cj >

f i )  Ç A t

b. The set of cytokines which are actually down-regulating cytokine z, Ti(c) =  [j  | Cj >

f i )  Ç A -

6 .3 .6  R e sp o n se  fu n ctio n s

Based on the threshold matrices, we can define up-regulatory and down-regulatory dis

crete response functions : V{n)  —> [0,1] and 6{ : V{n  — {z}) [0,1] (where V{ X)  is

the power set of a set X )  satisfying the following properties:

<Ai(n) =  1, ^i(0) =  1 (6.7)

4^(0) =  0, {%}) > 0  (6.8) 

(box') êi(;f) i fJ f  (: (6.9)

These two functions represent the effect cytokines tha t actively up-regulate or down- 

regulate cytokine z respectively have on its rate of production.

Condition (6.7) says that 4)i takes its maximum value 1 when all the cytokines that po

tentially up-regulate cytokine z are actually up-regulating it (when Xi  =  n). On the other 

hand, 9i takes its maximum value 1 when there are no cytokines actually down-regulating 

cytokine z (when Xi = 0). Condition (6.8) says tha t takes its minimum value 0 when 

there are no cytokines actually up-regulating cytokine z. Condition (6.9) says that each 

additional cytokine that actually up-regulates (or down-regulates) cytokine z causes its 

up-regulatory (or down-regulatory) response function to increase (or decrease). This is a 

generalisation of the definition of an increasing function (for ^i) or a decreasing function 

(for 9i) to domains which are not continuous.
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The response functions and 9i are discrete because they have as their domains the fi

nite sets Xi{c) and Yi{c). However, we can define the up-regulatory and down-regulatory 

piecew ise continuous response functions which are directly functions of the contin

uous vector c =  {c i , . . . ,  c„} by the following;

4%(c) =  4i(c) == (6.10)

This is equivalent to the relationship between the logical functions Fi and the continuous 

functions fi in piecewise linear differential equation models of gene regulatory networks 

(see Section 6.2.4)

6.4 Network decom position

Having laid down the definitions needed to construct a network representation of cytokine 

dynamics, we now relate them to the cytokine - receptor equations (5.2)-(5.3). The net

work dynamics are completely specified by the joint response functions 9i{c) and (j)i{c) 

along with a set of n-dimensional vectors {w, n, Â, &, fc_, (7, h{c)} representing various rate 

parameters. These dynamics are governed by the following 2n-dimensional system of 

differential equations, for 1 < z < n:

— (̂ % T 0%(c) kiRi{hi{ci^ c-ijli T k—iCi (6.11)

—  kiRi{hi[ci) — Ci)li — (JiCi (6 .12)

These are identical to (5.2)-(5.3) except that we have now completely specified the cytokine 

production term involving 0i (c i , . . .  Cn) and # i ( c i , . . . , c^) as defined in (6.10).

In a piecewise linear differential equation model, it is possible to decompose the state space 

into orthants over which the equations (6.2) reduce to c = ^i — cr%Q. In the same way, the 

system (6.11)-(6.12) can be decomposed into n non-coupled components of the form:

—  — Fi — kiRi(hi[ci) — Ci)li -\- k-iCi (6.13)

= kiRi{hi{ci) — Ci)li — GiCi (6.14)
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Here Fi — 9i{c){uJi +  Vicf)i{c)) is constant over a finite range of values of c; Fi changes only 

when Cj crosses one of the thresholds or qj, for some j .

An equilibrium (Ï, c) of this system corresponds to a focal point of a piecewise linear 

differential equation model. Such an equilibrium is said to be generic  if h[{ci) < 1 and 

Q 7̂  ^  or ^  for any i ot j .  A generic equilibrium is necessarily stable by Proposition 

2.1, and it corresponds to a regular steady point in models of gene regulatory networks. 

However, there is a fundamental difference between our model and standard models of gene 

regulatory systems using piecewise linear differential equations described in Section 6.2.4. 

In our model, we have a pair of nonlinear equations instead of a single linear equation for 

each regulatory element (in our case, a receptor-cytokine pair). As a result, our model 

allows richer dynamics, and hence an equilibrium of the decomposed system (6.13)-(6.14) 

is not necessarily locally asymptotically stable, unless it satisfies certain constraints on 

the kinetic parameters given by the genericity condition. In a standard gene regulatory 

network model using piecewise linear differential equations, a focal point is stable as long 

as it does not lie on the boundary of an orthant.

Note from (6.13)-(6.14) that Q =  is uniquely determined by Fi. Hence the number

of possible values of Fi determine the number of possible generic equilibria available to 

(6.13)-(6.14). Also note that Ci can never exceed 1 (see Section 2.5.3), so if Q > 1, then 

Ci will never achieve that equilibrium value, but will increase asymptotically to 1. This 

situation corresponds to runaway production of cytokine i.

6.5 The number of distinct potentially accessible equilibria

If we are given full information about a cytokine network and its parameters, then we can 

construct a model that can reproduce its dynamics. In practice, we almost never have 

exhaustive information about all the parameters of a given cytokine network. Very often 

we are even unsure of its activation matrix, that is, whether cytokines in the network 

have up-regulatory or down-regulatory effects on each other. A more difficult issue is the 

inverse  p rob lem . In models of genetic regulatory systems, this refers to the problem of 

determining the way the genes regulate each other solely from their observed dynamics 

(Edwards et uL, 2001). In the same way, we want to know what we can say about a cytokine 

network given information about its dynamics and some (very limited) information about 

the network parameters.

188



We can classify the degree of information we have about a given cytokine network into 

three categories:

a. Level 1. For this level of information, we know nothing for certain about a cytokine 

network except for n, the number of cytokines involved in the network. This is the 

minimum we need to know in order to be able to say anything about the network 

at all. To some extent, this level characterises our state of knowledge about SIRS. 

Although the principle mediators (cytokines, eicosanoids, complement molecules and 

other factors) are known, the way they are related to each other is incompletely 

understood. We may be able to speculate about this from in vitro and animal 

experiments, but these results are often not reproducible in the clinic (see Section 

4.6).

b. Level 2. For this level of information, we are given the activation m atrix A  of 

an n-cytokine network, but have no (or incorriplete) knowledge about its rate and 

threshold parameters. This may approximately characterise our state of knowledge 

about RA. The principal cytokines involved (TNF-a, IL-1, IL-6, GM-CSF, IL-10 

and others) have been linked in a cascade with earlier cytokines such as T N F-a and 

IL-1 up-regulating later ones (Feldmann et a/., 1995). However, the magnitude and 

duration of such regulation is still unknown.

c. Level 3. For this level of information, we are able to completely specify a network’s 

activation matrix A,  threshold matrices P , Q, response functions 9i and rate 

parameter vector {cu, i/, P , k, /c_, cr, h{c)}. Realistically, we do not have this degree of 

information about any actual non-trivial cytokine network.

Given Level 3 information about a network, we are able to completely characterise its 

quantitative dynamics using the principles developed in Chapters 2 and 5. In this section, 

we investigate what we can say about a network for which we only have Level 1 or 2 

information. In particular, we derive upper bounds for the number of equilibria tha t are 

possible given a certain state of information about the system.

6 .5 .1  C h a ra cter istic  se ts

Given the activation matrix M of a cytokine network, define a characteristic set of A  

to be a pair of sets {Xi^Yi} where Xi  Ç  A f  ,Yi Ç  A~  for some i. Each characteristic
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set {X i,Y i}  determines a potential value of Fi, namely Fi = 9i{c){uji +  Vi(f)i(c)), where 

9i(c) =  9i{Yi(c)) and 0i(c) =  ^i(Xi{c)). Given only Level 2 information about the network, 

we will not know which of the values defined by possible characteristic sets are the ones 

that Fi can actually take.

The next proposition gives the number of ways of choosing {X i,Y i} ,  given Level 2 infor

mation about a network.

P ro p o s itio n  6.1 Given an n-cytokine network with activation matrix A ,  the total number 

of distinct values that {X i,Y i}  can take for each i i s 2 ^ .

P ro o f  The possible values of Xi  are the elements of V{ Af ) ,  and the possible values of 

Yi are the elements of V{A~).  Hence the total number of possible values for {Xi ,Yi}  is 

2\nAt)\^2\^-V{At)\ = 2 " .  □

If we are only given Level 1 information about a network, then there are a number of 

possible activation matrices A  that the network can have. For instance, in the 2 cytokine 

case, there are 4 possible activation matrices:

(6.15)

According to Proposition 6.1, each of these activation matrices can have 2  ̂ =  4 possi

ble values of {X i,Y i]  for each i, or a total of 4  ̂ =  16 values over all i. However, some 

of these characteristic sets can arise in more than one Level 2 network. For legibility, 

we use an alternative notation to write down the characteristic sets of an equilibrium. If 

Xi =  {xii,X i2 , . . .  } and Yi = {yii,yi2 i • • • }, then we can write the characteristic set an equi

librium in an n-cytokine network as [a^n,. . .  \y n , . . .  ].[a:2i, • • • |z/2i, • •. • • • |?/ni, .. - Y-

Here I  is an identifier between 1 and 2^^. This is chosen such tha t every equilibrium of 

the same activation matrix has a unique identifier, but it does not have any significance 

besides that, as it is simply a way of identifying each equilibrium. Also, two equilibria 

belonging to different activation matrices may have the same identifier as long as the 

equilibria are not shared by the two activation matrices. Hence to uniquely identify an 

equilibrium both the identifier and the activation matrix must be known.

As an example, consider the equilibrium of a two-cytokine network where cytokine 1 is 

being up-regulated by cytokine 2 and cytokine 2 is being down-regulated by cytokine 1.
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Activation matrix Characteristic sets

I, II, HI and IV [0|0].[0|0]i, [0|0].[2|0]2, [1|0].[0|0]3, [1|0].[2|0]^

I and II [2|0].[0|0]5, [2|0].[2|0]G, [1,2;)].[0|0]?, [1,2|0].[2|0]8

HI and IV |0|2].[0|0]^ [0|2].[2|0]G, [1|2].[0|0]\ [1|2].[2|0]«

I and HI [0|0].[1|0]", [0|0].[1,2|0]“ , [l|0 ].[l|0 ]l\ [1|0].[1,2|0]'2

II and IV [0|0].[0|lf, [0|01.[2|1]W, [l|0 ].[0 |l]l\ [1|0].[2|1]12

I only |2 |0 ]4 1 M]^, [2|0].[1,2|0]1S [1,2|0].[1|0]15, [1,2|0].[1,2|0]‘«

II only [2|0].[0|1]'3, [2 |0].[2|l)i\ [1,2;)].[0|1]15, [l,2|0].[2|l]i<=

HI only [0|2].[1|0]‘3, [0|2].[1,2|0]'S [1|2].[1|0]'S, [l|2].[l,2|0]i<=

IV only [0|2].[0|1]13, [0|2].p^l]i4, [l|2].^im '5, [l|2].[2|l]ie

Table 6.1: Characteristic sets associated with equilibria of each activation matrix in the 

2-cytokine case.

The characteristic sets of this equilibrium are {{2},0} for cytokine 1 and {0, {1}} for 

cytokine 2. Hence in our notation this will be written as [2|0].[0|1]^^.

The characteristic sets associated with the equilibria of each activation m atrix in the 2- 

cytokine case is given in Table 6.1 and shown graphically in Figure 6.2. Figure 6.3 shows 

where each equilibrium is located in a typical random network.

The next proposition gives the number of distinct characteristic sets tha t can arise in any 

Level 2 network for a given n, that is, the number of distinct characteristic sets in a Level 

1 network.

P ro p o s itio n  6.2 In an n-cytokine network, the total number of distinct values that {X{, ¥{} 

can take for each i is 2 . .

P ro o f  Suppose that \A~\ =  j  < n — 1, so \A f\  — n — j.  Then there are a total of ^~^Cj 

possible values for A ~ . Each value of A~  defines a unique value for A f  since A f  = n —A” .

We want to determine the number of possible values {Xi, Yi} can take for \A~\ = j  which 

are not repeated when \A}^\ < j .  So by summing over all j  we can find the total number 

of possible values of {Xi,Yi}.

The values all have \Yi\ = j  since if \Yi\ < j  then that value can be taken when \A^\ < j  

also. Hence, we only count values for which Yi = A ~ . Then Xi C A f ,  tha t is, Xi e  V(A'l).  

Hence the number of possibilities tha t Xi can take for a given Yi is \V{A'l)\ = 2^^^^ = 

2 "-;.

191



I I [1|2).[1. 2 |0] [2 |0].[1|0]

[2 |0].[1, 2 |0]

[l|0].[l|0]ii
[1|0].[1, 2 |0]

0 |2] . [1, 2 |0] [1, 2 |0].[1 |0]

[1 |2].[2 |0] [2 |0].[0 |0;
10|2].[1|0] a,2|0].[l,2|0]

[1|0].[2|0]4 [0|0]-[0|0;
[1|2].[0|0: [2 |0].[2 |0]

[0 |2].[2 |0] [1, 2 |0].[0 |0;
[1 |0].[0 |0]" [0 |0]-[2 |0]

il|2].[2|l] [0 |2].[0 |0;

IV I I I[0 |2].[0 |1] [1, 2 |0].[2 |1]

Figure 6.2: Characteristic sets associated with equilibria of each activation matrix in the 

2-cytokine case. The outer circle shows equilibria which are unique to one activation 

matrix. The middle circle shows equilibria shared by two activation matrices. The inner 

circle shows equilibria shared by all four activation matrices.
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Figure 6.3: Location of equilibria for different activation matrices, for a particular set 

of parameters. This is ca = {0.76, 0.13}, a =  (1.1, 1.1}, /c_i = {0.1,0.1} and h{c) = 

{1,1}. Response functions are : {0, {1}, {2}, {1, 2}} —> {0,0.88,0.38,1.26}, i>2̂ 2 '■ 

{ 0 , { ! } , { 2 } , { 1 , 2 } }  { 0 , 0 . 1 3 , 0 . 0 8 5 , 0 . 2 1 5 } ,  : { 0 , ( 2 } }  ^  { 1 , 0 . 7 0 }  a n d  ^ 2  : { 0 , ( 1 } }  ^

{1,0.14}. Annotations refer to the identifier of the associated characteristic set (as in 

Table 6.1). Equilibria to the right of the dotted line have runaway production of cytokine 

1.
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Since we are only counting the cases with Yi = and there are ^ ^Cj values that A- 

can take, the total number of possible values of {X i,Y i}  when \A~\ = j  is

Summing over all possible values of j, the total number of distinct values for {Xi,Y i}  is 

E?=o =  2.3^-i. □

6 .5 .2  P o te n t ia l an d  a ccess ib le  eq u ilib r ia

Since Fi =  6i(Xi) (uji +  Vi^iÇYiŸj, each of the possible values for {Xi^Yi}  corresponds to 

a value of Fi. However, not all these values of Fi may be unique for a given value of

{ A t ,  A -} -

We define a network to be generic if, for every i, the values of Fi are distinct for all 

characteristic sets { X i , Y i } .  This is a non-degeneracy property of a network tha t says that 

different combinations of up-regulatory and down-regulatory cytokines cannot produce 

exactly the same rate of production of cytokine i. In practice, a network can only be de

generate (have two distinct combinations of cytokines result in the same rate of production 

of a cytokine) if cj =  0 or Oi{A~) = 0, that is, if production when there are no cytokines 

up-regulating i is zero, or if a combination of cytokines can completely suppress production 

of i. Other than this, a network will only be degenerate if ^i or 9i are not injective, that 

is, if there are two distinct sets X  and Y  such that ^ i ( X)  =  ^i{Y)  or 9i{X)  = 9i{Y).  Since 

4>i and 9i are real-valued, the probability of this occurring is vanishingly small. So for 

practical purposes, when we refer to a generic network we are ruling out this possibility. 

That is, we need uJi, 9i{A~)  > 0 for a generic network.

Let R  = (i?i, • • •, -Rn)- According to Proposition 6.1, in a generic network, given Level

2 information, there are a total of 2" possible values of Fi for each i. Hence there are a 

total of 2^  ̂ values of R. Each of these values of R  corresponds to a distinct equilibrium 

of the decomposed system (6.13)-(6.14), namely Ci =  . All such equilibria will be

stable as long as they are generic. A generic equilibrium of (6.13)-(6.14) for some possible 

value of R  is called a potentia l equilibrium  for the integrated system (6.11)-(6.12). 

The characteristic sets Yi}  of this value of R  are called the characteristic sets for the 

potential equilibrium.

However, a locally asymptotically stable equilibrium of (6.13)-(6.14) may not be locally 

asymptotically stable for (6.11)-(6.12). If it is also a locally asymptotically stable equilib

rium of (6.11)-(6.12), then it is called an accessible equilibrium . In equations (6.11)-
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(6.12), the values of Fi are not constants, but are functions of c. In order for a potential 

equilibrium c (determined by the characteristic sets {Xi^Yi}) to be accessible, it must 

satisfy the relationship Fi = 6i{c) {ooi +  r'i0i(c)) for the corresponding values of Fi. Thus, 

to determine which potential equilibria are accessible, we need to know the threshold ma

trices of the network. Hence, given Level 2 information about a network, it is not possible 

to determine which potential equilibria are accessible.

6 .5 .3  A c c e ss ib ility  o f  eq u ilib r ia

It is in general not straightforward to determine which potential equilibria are actually 

accessible for a given choice of threshold matrices (P,Q).  On the other hand, the next 

proposition shows that it is always possible to choose threshold matrices (P, Q) to ensure 

that any given potential equilibrium is accessible.

P ro p o s itio n  6.3 Suppose we are given a generic network with rate parameter vector {to, 

u, R, k, k - ,  (7, h{c)], discrete joint dose response functions {{4>i.,9i} : 1 < z <  n} and a 

generic equilibrium c = (ci, C2 , . . . ,  c„). Then c is accessible for some (P , Q).

P ro o f  Let Xi,Ÿ i  be the characteristic sets for c. Since the network is generic, they are 

uniquely determined.

Define the following sets:

^2 =  {j  : Cj = -  >  M}  (6.16)(7j K-j

^  =  { j  ' C j =  \  > ÿ }  (6.17)CTj k - j

By (6.10) for c to be accessible, we require Xi = Xi^Yi = Ÿi for each i.

Choose ^  G P  as follows:

a. If j  G Xi then pj =  ^Cj < cj.

If this gives pj > 1 (cj is a runaway equilibrium), then set p] =  ^.

b. If j  ^ X i  then pi — ^{1 + Cj) > Cj.

If this gives pj > 1 (cj is a runaway equilibrium), then set pi = oo.
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If qj is similarly chosen, then c will be accessible. □

Let c“ and be two distinct potential equilibria of a network with joint response functions 

6i and a fixed set of parameter vectors. We say tha t c°‘ and are s im u ltan eo u sly  

accessib le if they are both locally asymptotically stable equilibria of (6.11)-(6.12). The 

next proposition shows that it is only possible under certain conditions to choose threshold 

values (P, Q) to ensure that two potential equilibria are simultaneously accessible.

P ro p o s itio n  6.4 Suppose we are given a generic network with rate parameter vector {uj, 

V, R, k, k - ,  a, h(c)}, discrete joint dose response functions (fi, 9{ and two generic equi

libria cS, c^ . Let { X ^ b e  the corresponding characteristic sets fo r the two

equilibria. Then c^ are simultaneously accessible for some {P,Q)  if  and only if  the 

following conditions hold for each i:

i f j e x r j < ^ x f  (6.18)

Ç < c f . l  i f j ^ x ^ j e x f  (6.19)

c ° , l > c f  (6.20)

c“ < < f , l  i f j ^ Ÿ ^ J e Ÿ f  (6.21)

P ro o f  To show sufficiency, suppose that conditions (6.18)-(6.21) hold. Now define the

following sets:

(6.22)

(6.23)

(6.24)

(6.25)

-  {; : Cj = 3
— ^ —j

>

=  {j : cf = >Pi }
— ^ —j

=  {j : Cj = >g{}
— ^ —j

= {j : cf = > ÿ }(Ti — k - i

Then for and to be simultaneously accessible, we need X°‘ =  = Y f ^ , X f  =

=  fi)r(%LCh 2.

Choose pI e  P  as follows:

a. If j  G X f , X f  then p • =  ^ min {cJ, c^}, so pj < c“ ,
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b.

c.

d.

f this gives pj > 1 (both c" and Cj are runaway), then set pj = ^.

f j  e X f , j  ^  X f  then pP- = +  c^), so < pÎ < (since R f  > R^).

f this gives p{ > 1 (c“ is runaway), then set pj =  ^(1 +  ^ ) .

Î j  ^  X f , j  G X f  then pj =  ^(c“ +  c^), so c f < (since < Â^).

f this gives pj > 1 (c^ is runaway), then set pj =  ^(1 +  c p .

f j  i  X f , x f  then ÿ- =  ^(1 +  max {cf, c f}), so ^  > c f , cf. 

f this gives p\ > 1 (either or both c^ and cf are runaway), then set ^  =  oo.

If ^  G Q is similarly chosen, then c“ and will be simultaneously accessible.

To show necessity, suppose that there exists z, j  G n for which at least one of (6.18)-(6.21) 

does not hold.

1. C ase 1. Suppose j  G X f , j  ^ X f ,i? f  < R^. Then making ^  < cf makes p̂ - < c f , so 

j  G x f  (contradiction). But making ^  > cf makes j  ^ X f  (contradiction).

2. C ase 2. Suppose j  ^ X f , j  G X f ,i? f  < R ^ . Then making ^  < cf makes j  G X f 

(contradiction). But making ^  > cf makes ^  < c f , so j  ^ X f  (contradiction).

So either way, c“ and c^ cannot be simultaneously accessible. The argument for and 

Ÿ f  is similar. □

C o ro lla ry  6.1 Suppose we are given a generic network with rate parameter vector {cj, u, 

R, k, k - ,  cr, h{c)}, discrete joint dose response functions 6i, (fi and two generic equilib

ria c“ , c^. Let {Xf,!^-*^}, ( X f , be the corresponding characteristic sets for the two/I. , I - '*

equilibria. Then:

a. The equilibria c“ , are simultaneously accessible if  the following conditions hold:

X f D c if  j G X f i X f (6.26)

X f c X f , \Xa
^3 D h " if  j X f , j e X f (6.27)

X f D x p C i f  j G 1J i Ÿ f (6.28)

X f c X f , D Ÿ j Va 13 e Ÿ f (6.29)

Any one of each pair of strict inclusions above (but not both) may be relaxed to a 

non-strict inclusion without altering the conclusion.
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b. The equilibria are simultaneously accessible if Ç Ç y P for each i

P roof

a. By (6.9), X ^  D X^ implies tha t (f j{X^) > <pj{Xj) and C ŸP implies that 

9j{Y^) Pi But since the network is generic, we cannot have equality so

(pj{X^) > <fj{Xj) and ôj{Ÿ^) > 9j{Ÿ^). Hence R J  >  RP which satifies condition 

(6.18). If one of the strict inclusions in the condition X ^  D X P C is relaxed 

to a non-strict inclusion, then the corresponding strict inequalities will be relaxed 

also, but R ^  > R^  will still hold. The other conditions follow in the same way.

b. Since for each i, cf < cP̂  conditions (6.18), (6.20) are satisfied. Since j  6 X f 

whenever j  G X " and j  G Ÿ f  whenever j  G conditions (6.19), (6.21) are 

satisfied. □

6.6 Numerical simulation of two-, three- and four- cytokine 

random networks

The key feature of a cytokine network is its activation matrix, which gives qualitative 

information about how the cytokines regulate each other. However, it is not immediately 

obvious what we can tell about a network’s activation matrix from its dynamical behaviour. 

For instance, in the two-cytokine case, each activation matrix has 16 potential equilibria 

associated with it, of which 12 are shared with other activation matrices.

In order to investigate the relationship between a network’s activation m atrix and dynam

ical behaviour, we generated random networks with two, three and four cytokines. Once 

we had determined the kinds of behaviour tha t such networks could exhibit, we system

atically explored a large parameter space to determine which equilibria in each network 

were accessible. We then compiled statistics on accessible equilibria for different activa

tion matrices in the two-cytokine case. We also compiled statistics for the three- and four- 

cytokine cases, although these were more complex and computationally demanding due 

to the large number of potential equilibria that had to be explored.
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Figure 6.4: Equilibria graph (top) and time courses [bottom ) for a case of no accessible 

equilibria. The system cycles between two potential equilibria. Filled squares are potential 

equilibria for the system’s activation matrix (type III) while open squares are potential 

equilibria for other activation matrices, given same kinetic parameters. Squares to the right 

of the dotted line have runaway cytokine 1 production. Parameters are p = {{0.495, oo}, 

{0.347,0.126}}, q = {{-,0.336}, Aq = {1.0,1.0}, &_i =  {0.10,0.10}, {oo,-}} and u  = 

{0.643,0.020}, a =  {1.17,1.05}. Response functions are : {0, {1}, {2}, {1, 2}} 

{0,0.220,0.359,0.579}, : {0,{1},{2},{1,2}} ^  {0,0.401,0.237,0.638}, : {0,{2}}

^  {1,0.934} and ^2  : {0,{1}} ^  {1,0.703}.
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Figure 6.5: Equilibria graph (top) and time courses (bottom) for a case of three si

multaneously accessible equilibria, shown as stars in the top graph. Filled squares are 

potential equilibria for the system’s activation matrix (type IV) while open squares 

are potential equilibria for other activation matrices, given same kinetic parameters. 

Asymptotic behaviour is constrained cytokine production with (ci,C2 } {0.010,0.383}.

Parameters are p =  {{0.352,0 0 }, {0 0 ,0.987}}, q = {{-,0.196}, {0.100,-}}, ki = 

{0.50,0.50}, /c_i =  {0.05,0.05}, u = {0.271, 0.516} and a = {1.50,1.45}. Response func- 

tions are : {0,{1},{2},{1,2}} ^  {0,0.303,0.202,0.505}, : {0,{1},{2},{!,2}}

{0,0.491,0.126,0.617}, : {0,{2}} {1,0.949} and ^2  : {0,{1}} ^  {1,0.513}.
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Figure 6.6: Equilibria graph [top) and time courses [bottom) for a case of runaway pro

duction of cytokine 2. Filled squares are potential equilibria for the system’s activation 

matrix (type III) while open squares are potential equilibria for other activation matrices, 

given the same kinetic parameters. Squares above the dotted line have runaway cytokine 

2 production. The star is the accessible equilibria, which has C2 > 1. Asymptotic be

haviour is {ci,C2 } {0.145,1}. Parameters are p =  {{0.484, oo}, {0.629,0.745}}, q —

{{-,0.233}, {oo,-}}, All = {0.70,0.90}, Ai_i =  {0.05,0.05}, w =  {0.877,0.961} and a  =  

{1.69,1.09}. Response functions are : {0, {!}, {2}, {1, 2}} {0, 0.400,0.273, 0.673},

: {0,{1},{2},{1,2}} ^  {0,0.290,0.173,0.463}, ^i : {0,{2}} ^  {1,0.738} and 

2̂ : {0,{1}} -  {1,0.226}.
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Cytokines

n

Activation matrices
2 n (n —1)

Level 1 equilibria
(2 371-1)7,

Level 2 equilibria
27,2

1 1 2 2

2 4 36 16

3 6 4 5832 5 1 2

4 4  0 9 6 8 5 0 3  0 5 6 6 5  5 3 6

5 ~  1 .0 4  X  10® -  1 . 1 2  X  1 0 ^ 1 ~  3 .3 6  X 10^

6 -  1 .1  X  10^ -  1 .3 2  X  10^® -  6 .8 7  X  10^®

Table 6.2: Number of different activation matrices, equilibria given Level 1 information, 

and equilibria given Level 2 information, in the n-cytokine case. Figures for 5 and 6 

cytokines are rounded to 3 significant figures.

6.6.1 Kinds of behaviour possible

Table 6.2 shows the number of different activation matrices, equilibria given Level 1 infor

mation and equilibria given Level 2 information in an n-cytokine network. The number 

of possible activation matrices is because the leading diagonal of any such matrix

must be a -f so there are n(n  — 1) entries that can be either 4- or —. W hether the state 

of information is at Level 1 or Level 2, the number of potential equilibria increases as 

a function with order 0{a^^). As a result, even when n is small, the cytokine network 

rapidly becomes intractable because of the large number of possibilities.

However, once the state of information about a network reaches Level 3 (that is, infor

mation about the threshold and kinetic parameters), the number of equilibria to consider 

appears to shrink dramatically. This became apparent when we explored the n = 2 case us

ing computer simulations. Preliminary simulations of (6.11)-(6.12) in the case when n = 2 

revealed tha t the system could only admit a maximum of five simultaneously accessible 

equilibria (out of the 36 potential equilibria). In many cases, the number of simultaneously 

accessible equilibria was much lower than this.

The kinds of behaviour observed in our preliminary simulations could be divided into three 

groups:

a. C ycles. If none of the potential equilibria are accessible, then the system will cycle 

between a few of the inaccessible equilibria (see Figure 6.4).

b. C o n s tra in e d  p ro d u c tio n . If the system admits at least one accessible equilibrium
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satisfying Q < 1 for each z, then the concentration of every cytokine will evolve 

exponentially towards a constant finite level determined by one of the accessible 

equilibria (see Figure 6.5).

c. R unaw ay  p ro d u c tio n . If the system admits at least one accessible equilibrium 

but none of them lie in the region Q < 1 for each z, then the production of at least 

one cytokine will increase indefinitely (see Figure 6.6).

Representative graphs showing the (ci,C2 ) coordinates of all 36 potential equilibria (with 

the accessible ones marked) and the time course for each dynamic variable with initial 

conditions fi(0) =  ci(0) =  /2 (G) =  C2(0) =  0 are given in Figures 6.4 - 6.6.

6 .6 .2  G e n e ra tio n  o f  ran d om  n etw ork s

We define a ra n d o m  n e tw o rk  for a given activation m atrix A  to be one where the 

possible values of pj, q^, ^i (Xi)  (with Xi E A^ )  and 0i(Yi) (with Yi E A~) are selected 

randomly from a uniform distribution over the range [0,1] {U(0,1)), such that they satisfy 

the conditions (6.7)-(6.9).

2

1

2

1

Figure 6.7: PDFs used to select values of ^i{Xi)  and 6i(Yi) for four-cytokine networks, 

(a) PDF of 4>i{Xi) when |Xj| =  1 (solid line), \Xi\ = 2 (dotted line) and |Xi| =  3 (broken 

line), (b) PDF of 9i{Yi) when \Yi\ = 1 (broken line) and \Yi\ — 2 (solid line).

In the three- and four-cytokine cases, after generating each network we had to check to 

see if it satisfied (6.9), and discard any networks violating this rule. In practice, this was 

very expensive on computational time since most networks randomly generated would be 

discarded. Hence for the more time-consuming four-cytokine case, to reduce the time 

spent discarding networks, we generated the networks according to the following rule:

a. We selected 4>i{Xi) from distributions with PDF f {x )  =  2(1 — x) (when |% |̂ =  1),
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Figure 6.8: PDF of random Oi(Yi) values after the discarding process for the four-cytokine 

case when selecting them from a U(0,1) distribution: (a) PDF of 6i{Yi) when |Yî| =  2, 

superimposed on the line f {x)  =  2(1 — 2:), (b) PDF of 9i{Yi) when |lf  | =  1, superimposed 

on the line / (x)  =  2x. Values were generated from a sample of 10,000 random networks.

f ( x )  =  4x (0 < X < ^), 4(1 -  x) (^ < X < 1) (when |% |̂ =  3) and /(x )  =  x (when 

| %i | =4 ) .

b. We selected from distributions with PDF /(x )  =  2x (when |l i | =  1) and

/ (x)  =  2(1 -  x) (when |y^| =  2).

As usual we took < î(0) =  0 and 0i({l, 2,3,4}) = 0i{0) = 1. The PDFs of these distributions 

are shown in Figure 6.7. Using this method of generating random networks greatly reduced 

the number of discarded networks, and did not significantly distort the distribution of 

networks remaining after the discarding process. For comparison, figure 6.8 gives the 

distribution of values of 9i{Yi) after the discarding process when selecting them from a 

U(0,1) distribution.

6 .6 .3  S e le c t io n  o f  o th er  p a ra m eter  va lu es

Once the parameters ^ , qj, ^i{Xi)  and 6i{Yi) have been determined, we know from Propo

sition 6.3 that the accessibility of a potential equilibrium depends only on the coordinates 

of the equilibrium itself. Furthermore, the coordinate Ci of an equilibrium c =  {c i , . . . ,  c„} 

can be expressed as the following:

Ci —
di — k—i

(6.30)

The possible values of (f>i{c) are 9i(c) are given by the values tha t the corresponding discrete 

response functions ^i{Xi)  and 9i(Yi) take for all possible X i, Y{, which we have already
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determined. It follows then that for a given set of response functions ^i{c) and 9i{c), the 

accessibility of an equilibrium depends only on the parameters cr̂ , k - i  (we took

hi(ci) =  1). We can reduce the number of parameters to consider by defining a new 

up-regulatory response function 0*(c) by the following:

ÿl(c) =  (6,31)

Then we have

Q (6.32)

where v* = uji + Ui and a* =  cTf — k-i. Hence to determine whether or not an equilibrium 

is accessible, we only need to know the value of However, the up-regulatory functions 

0*(c) need to be redefined based on their old forms 0i(c) and values of uji representing 

cytokine production due to a constant external stimulus. In the absence of this external 

stimulus, uji represents constitutive production and is likely to be small. This is the case 

we are interested in because we want to explore the intrinsic dynamics of a network driven 

only by autocrine signals (represented by its activation matrix) and not external driving 

forces. An example of this is the self-sustaining cytokine network driving inflammation 

in the RA synovial joint (see Section 4.2.2). In order to model a situation with low but 

non-zero cytokine production, we want to be small in comparison with </>*(c), and hence 

we choose it from the distribution U(0,0.1).

The next proposition tells us what kind of distribution we should take ^  to have. We 

consider two cases (a) exponentially distributed u* and cr*, and (b) lognormally distributed 

V* and a*.

P ro p o s itio n  6.5 Let u* and a* be independent random variables.

a. I f  u* and a* are identically distributed, having exponential distribution with param

eter X ~  E xp{\)), then ^  has PDF given by:

(^) =  (0 < X < oo) (6.33)

We define this as the exponential quotient distribution, and say ^  ~  ExpQ.
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b. I f  u* and a* are lognormally distributed with mean fi and variances and Sg re

spectively (u* ~  LNip^s i ) ,  a* ~  LN{pi^ S2)), then ^  is lognormally distributed with 

mean 0 and variance 2s^ (where

P ro o f  The probability that ^  takes values in the interval [a, a +  5a) when 5a is small is 

fu*/a* {o)5a. Let fj,* and f^* be the PDFs of i/* and cr* respectively. Then f^* j^* {a)5a is 

given by:

P  ( a < ^  < a +  =  J  P (ax < i>* < (a +  5a)x)fa* {x)dx (6.34)

a. For exponentially distributed u* and a*, let fu*{x) = Xe~^^ and fa*(x) =

These are the PDFs of an exponential distribution with parameter A and p respec

tively. Then P{ax < i>* < {a-\-5a)x) is or Xxe~^°‘̂ [5a o{{5a)‘̂)].

Substituting this into (6.34) gives

P ( a < ^ < a  + 5a) - ^ - 4 ^  (6.35)

For identically distributed v* and cr*, take X = p to  get the required expression.

b. For lognormally distributed u* and cr*, let fu*{x) = { \ / ^ s ix )~ ^ e   ̂ ^  ̂ and

fa*(x) = {V2jTS2x)~^e  ̂ Making the same substitution in (6.34) and

simplifying in the same way gives the required answer. □

We are interested in the case where the ratio of production to consumption, has 

mean unity. If this is any larger, then runaway cytokine production will be assured in 

most cases. If it is any smaller, then none of the thresholds in or qj is likely to be 

passed, so there are likely to be no accessible equilibria except for the quiescent case with 

constitutive cytokine production. However, when z/* and cr* have identical means then 

cases of runaway production or no equilibria occur with equal frequency. In fact, from 

Proposition 6.5 shows that the probability distribution of ^  will be parameter-free if v* 

and cr* are independent and identically distributed exponential variables (or if they simply 

have the same mean, in the lognormal case). Hence the results of a simulation will not 

be affected by the parameter of the distributions of z/* and cr*. If they are lognormally 

distributed, then the distribution of ^  will depend only on the common variance of i/*

and cr*, but not on their common mean.
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Hence we assumed that z/* and a* are independent and identically distributed. We tried 

two kinds of sampling distributions for the parameters: an exponential quotient distribu

tion (corresponding to exponentially distributed u* and a* ) and a lognormal distribution 

with mean 0 and variance 2s^ (corresponding to lognormally distributed z/* and cr* with 

variance s^).

In our choice of parameters, we are defining what we mean by a random network, not 

claiming any biological realism for our choices. In fact our choices are highly unrealistic 

because in reality we are more likely to observe z/* < <  a*, so tha t is well below unity. 

For instance, in Section 2.6.2, we suggested tha t for a one cytokine IL-1 model, v (the 

maximum rate of IL-1 secretion) is about 11 orders of magnitude smaller than cr*. However, 

the thresholds fp- and are correspondingly tiny also, so even these small values of Q 

may exceed them. One way of looking at this is to assume tha t the model has been 

reparameterised to ensure that pj and gj are approximately evenly distributed over the 

entire range [0,1]. For instance, we may define c* =  so tha t 0 < c* < ^ ,  and

(6.11)-(6.12) (with hi{ci) = 1) becomes:

+ v'i4>^{c*)) Of{c*) ]^kiRi{—j  — c*)li H— ^-k-iC* (6.36)
at cr- z/. cr.

—  = k iR i{ -^  — c*)li — cr̂ c* (6.37)

where and are the same as (f)i and 6i except that their thresholds ^  and qj are ^

(or about 11 orders of magnitude) bigger. Then (6.32) becomes c* =  (j)f*{c*)6f{c*).

6 .6 .4  R e su lts  for tw o  cy to k in es

We randomly assigned parameters for a two-cytokine network with a given 2x2 activation 

matrix based on the distributions described in the previous section. Initially, we selected 

^  from the exponential quotient distribution. For each of the four possible 2x2 activation 

matrices, we generated 1000 random choices of ^*{Xi) and 6i(Yi). For each of these 

combinations, we generated 100 combinations of P  and Q. This gave a total of 100,000 

networks for each of the four activation matrices. The results of the sampling indicated 

that, for all four activation matrices, a maximum of five equilibria could be simultaneously 

accessible, of which no more than three could be runaway equilibria. Figure 6.9 shows the 

probability of getting a particular combination of constrained and runaway equilibria for 

a given activation matrix. The raw data is given in Appendix B, Table B .l.

207



Activation Matrix I Activation Matrix II

1 

0 .8

0.6

0.4

0.2

Activation Matrix III

0 1 2 3 4 5

Ail cases

0

0

0

0

0 2 3 4 51

1 

0 . 8 

0.6 

0.4 

0.2

1 1

0.8 0.8

0.6

0.4 /
r

\
0.6

0.4 /
0.2 1 * 0.2

0 1 2 3 4 5 0 1

* *

Activation Matrix IV

0 1 2 3 4 5

Number of runaway equilibria

2 +

Figure 6.9; Number of constrained and runaway equilibria for each activation matrix in 

the case ^  ~  ExpQ. The x-axis indicates the number of accessible constrained equilibria, 

while the length of the corresponding bar gives the proportion of random networks with 

that number. The different shades used to colour each bar indicate the number of accessible 

runaway equilibria for a particular number of accessible constrained equilibria. * indicates 

a non-zero value below 0.01. The curve shows the gamma distribution PDF that best 

approximates the histogram.

208



0 . 6 
0.5 

0 . 4 

0.3 

0.2 
0 .1

0.6 
0 . 5 
0.4 
0.3 
0.2 
0 .1

0 . 6 
0 . 5 
0.4 
0.3 
0.2 
0.1

0.7 
0 . 6 
0.5 
0.4 
0.3 
0.2 
0.1

Activation Matrix I
Constrained equilibria

ni Ln fin .
0 1 2 3 4 5 6 7 8 9  1011 12 13 141516 

Activation Matrix II 
Constrained equilibria

ni L n _ r i n ,
0 1 2 3 4 5 6 7 8  9 10 11 12 13 14 1516 

Activation Matrix III 
Constrained equilibria

ni I n n
0 1 2 3 4 5 6 7 8 9  10 11 12 13 14 15 16 

Activation Matrix IV 
Constrained equilibria

D D _ 0 .

0.6
0.5
0.4

0.3
0.2
0.1

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

Activation Matrix I 
Runaway equilibria

0 1 2 3 4 5 6 7 8 9  10 1112 13 14 1516 
Activation Matrix II 
Runaway equilibria

0 1 2 3 4 5 6 7 8 9  10 1112 13 14 1516 
Activation Matrix III 
Runaway equilibria

0.8

0.6

0.4

0.2

0 1 2 3 4 5 6 7 8 9  10 11 12 13 14 15 16 
Activation Matrix IV 
Runaway equilibria

0 1 2 3 4 5 6 7 8 9  10 11 12 13 14 15 16 0 1 2 3 4 5 6 7 8 9  10 11 12 13 14 15 16

Figure 6.10: Probability of a given equilibrium appearing as either a constrained or a 

runaway equilibrium for the case ^  ~  ExpQ. The numbers refer to the identifier of the 

associated characteristic set (see Table 6.1). Equilibrium 0 refers to the case where there 

are no accessible équilibra.
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Figure 6.10 shows that the probability of each equilibrium being accessible (the “cytokine 

spectrum”) is fairly similar between the activation matrices (raw data in Appendix B, Ta

ble B.2). In all cases, equilibrium 1 is the most commonly accessible by far. This represents 

the state with characteristic set [0|0].[0|0]^ in which both cytokines are being produced at 

a small constitutive rate only and neither of them having passed the thresholds beyond 

which they regulate each other. Of the remaining equilibria, the most commonly accessible 

are equilibria 2 - 6 ,  which represent states with very little regulatory effect between the 

cytokines. The cases most likely to become runaway are equilibria 6 (characteristic set 

[2|0].[2|0]^ or [0|2].[2|0]®), 11 (characteristic set [1|0].[1|0]^^ or [0|2].[0|1]^^) and 16 (charac

teristic set [1|2].[1,2|0]^^, [1,2|0].[1,2|0]^^, [1,2|0].[2|1]^® or [1|2].[2|1]^®) are most likely to 

become runaway. All these equilibria correspond to cases of a strong up-regulatory effect 

by either or both cytokines.

There are subtle differences in the cytokine spectra of the different activation matrices. 

Activation matrices II and III represent networks tha t are isomorphic, so there is a bijective 

map between their cytokine spectra, obtained by interchanging the numbers of cytokines 1 

and 2. The main difference between the three non-isomorphic networks is in the probability 

of runaway equilibria being accessible. For activation matrix IV, where both cytokines 

play a down-regulatory role on each other, there are no cases of runaway equilibria being 

accessible. For activation matrix II and its isomorphic partner III, runaway equilibria are 

more common. The equilibria where the cytokine tha t can up-regulate the other (cytokine 

2 for matrix II and cytokine 1 for matrix III) is exerting its up-regulatory effect, as well 

as up-regulating its own production, is the most likely to become accessible and runaway. 

Unsurprisingly, runaway equilibria are most common in the case of activation matrix I. 

The equilibria where there is up-regulation of one or both cytokines by the other are the 

most likely to become accessible and runaway. It is unsurprising tha t runaway production 

is easier to achieve in a mutually activating case (Activation M atrix I), rather than a 

case where the two cytokines inhibit each other’s production (Activation Matrix IV). The 

interesting result is tha t the probability of certain equilibria becoming runaway appears 

to be the best indicator of the kind of activation matrix tha t is driving the network.

6 .6 .5  F it t in g  th e  n u m b er o f  co n stra in ed  eq u ilib r ia  to  a  fu n c tio n

In order to determine whether or not it is possible to make statistical predictions about 

the number of constrained equilibria for a given activation matrix, we tried to fit this
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variable to the PDFs of both gamma and lognormal distributions. We also tried fitting 

the tail of the distribution (all probabilities including and after the maximum point) to a 

power law. The three functions that were fitted to the data are the following:

„ -x //3 „ a -l/3 -a

PDF(TjV(/,,s)) =  (6.39)

PowerLaw(a,/?) =  ax~^  (6.40)

Here the variable x  is one plus the number of constrained equilibria, the addition of one

being necessary because all these functions vanish at zero whereas our results show a

non-zero probability of no constrained equilibria occuring. The fitting function gives the 

probability that x  takes a particular value.

Fitting was performed using the NonLinearFit function in M athematica 4.0 (Wolfram 

Software, Inc.). This uses the Levenburg-Marquardt method to minimise the mean squared 

error S. On some occasions this failed to converge and the gradient descent method was 

used instead (see Appendix A). The results of this fit indicated tha t a gamma distribution 

gave the best fit in every case (details in Appendix B, Table B.9). The gamma function 

with optimised parameters is superimposed on the graphs in Figure 6.9.

The gamma distribution (as well as the other distributions we attem pted) were not able 

to fit the extreme tail of the sampling data well, tha t is, the probabilities of getting large 

numbers (over two) of simultaneously accessible constrained equilibria. Table 6.3 gives the 

predicted number of networks with a given number of simultaneously accessible constrained 

equilibria according to the best fit gamma distribution, and our actual results. The best 

fit function underestimates the probability of getting a high number of simultaneously 

accessible constrained equilibria. It also suggests tha t we may find a case of more than 

5 simultaneously accessible equilibria in a large enough sample set, which is not what 

our sampling indicates. The function suggests that there is only a 11% chance of finding 

such a case in a sample of 400,000 networks (which would be a significant underestimate 

if such a case were possible. However, we repeated this sampling for a further 1,200,000 

networks to test for the case where %/* and a* are selected from a lognormal distribution 

(see below). This would be likely to detect a case of 6 simultaneously accessible equilibria 

if it were possible. This suggests tha t there is a fundamental property of these networks 

that prevents more than 5 equilibria being simultaneously accessible. It would certainly
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be desirable to understand why this is so, if it is.

Number of equilibria Actual result Predicted result Percentage error

0 41 099 39 636 3.559

1 271 277 270 259 0.3753

2 105 153 104 858 0.28

3 3 711 6 169 63.60

4 4 073 240 94.11

5 82 6 92.73

6 + 0 0.110 -

Table 6.3: Number of cases in a sample of 400,000 networks (see Section 6.6.4) with a 

given number of simultaneously accessible constrained equilibria, and predictions using a 

best fit gamma distribution PDF.

6 .6 .6  R e su lts  w h e n  ^  is lo g n o rm a lly  d is tr ib u te d

We repeated the same procedure with ^  selected from a lognormal distribution with 

mean 0 and variance 2s^ for three different values of s (s= 0.1, 1, 10). We carried out 

100,000 simulations for each of the four activation matrices and three values of s as in the 

exponential case. This gave a total of 1,200,000 simulations over all activation matrices 

and values of s. The corresponding results of these simulations are shown in Figures

6.11, 6.13 and 6.15 (for the number of accessible constrained and runaway equilibria) and 

Figures 6.12, 6.14 and 6.16 (for the probability of each equilibria being accessible). The 

raw data is in Appendix B, Tables B.3 - B.8. In all these cases, the probability of a given 

number of simultaneously accessible constrained equilibria fitted a gamma distribution 

PDF best (details in Appendix B, Tables B.IO - B.12).

The distribution of simultaneously accessible equilibria when s=0.1 or s = l  is broadly 

similar to the exponential quotient case, although there is a greater probability of getting 

multiple simultaneous equilibria (both constrained and runaway). As before, equilibrium 1 

is most likely to become an accessible constrained equilibrium, followed by equilibria 2 - 6 .  

Similarly, equilibria 6, 11 and 16 are most likely to become accessible runaway equilibria. 

However, the LN(1,10) case looks quite different. Accessible constrained equilibria are 

much less likely, but accessible runaway equilibria are more likely. In fact, they dominate 

for Activation Matrix I.
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Figure 6.11: Number of constrained and runaway equilibria for each activation matrix in 

the case ^  ~  LN’(0, 0.1). The x-axis indicates the number of accessible constrained equi

libria, while the length of the corresponding bar gives the proportion of random networks 

with that number. The different shades used to colour each bar indicate the number of 

accessible runaway equilibria for a particular number of accessible constrained equilibria. 

* indicates a non-zero value below 0.01. The curve shows the gamma distribution PDF 

that best approximates the histogram.
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6 .6 .7  T h ree- and  four- cy to k in e  cases

Sampling the cases with three or four cytokines is considerably more computationally in

tensive, due to the exponential increase in the number of Level 1 equilibria that need to be 

checked for accessibility (see Table 6.2). For the three cytokine case, we generated 300,000 

random networks with ^  chosen from an exponential quotient distribution. For the four 

cytokine case, we were only able to generate 10,000 networks due to the prohibitive time 

that it took to check each network for compliance with (6.9). The activation matrices in 

both cases were chosen at random with equal probability for each activation matrix. Since 

this is little more than twice the number of possible activation matrices (4,096) the results 

should be treated with caution. In the three cytokine case, we found a maximum of 10 

simultaneously accessible equilibria, with up to 6 of them being runaway. Interestingly, 

every single network we generated had at least one accessible constrained equilibrium, un

like the two- and four-cytokine cases where there were cases with no accessible constrained 

equilibria. For the four-cytokine case, we were only able to detect up to 6 simultaneously 

accessible equilibria, with up to 3 of them runaway. However, it is very possible tha t more 

than 10 simultaneously accessible equilibria are possible in the four cytokine case, which 

we did not detect due to the limits of our sampling. The number of simultaneously acces

sible constrained and runaway equilibria for both cases is illustrated in Figure 6.17 and 

given in Appendix B, Table B.13. The three-cytokine distribution was well approximated 

by the PDF of a gamma distribution, but the four-cytokine distribution fitted a power 

law best (details in Appendix B, Table B.14). The best fit functions are shown in Figure

6.17.

6.7 Discussion

In this chapter, we have constructed a general framework for modelling a network of n 

cytokines. We have investigated what can be said about the behaviour of such a model 

when limited information is known about the relationships and parameters within the 

network. A key finding is that unless comprehensive information is known about the kinetic 

and other network parameters, the number of equilibrium states potentially available to the 

network increases very rapidly with n (see Table 6.2). However, only a very small number 

of the potential equilibrium states are actually accessible for any given set of parameters, 

at least in the cases we simulated (for n =  2,3,4). This means tha t our networks will settle
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proportion of random networks with that number. The different shades used to colour 
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approximates the histogram.

into a very small number of stable equilibria in comparison with the possibilities available 

to them. Interestingly, over three decades ago Kauffman (1969) showed that a similar 

effect was true for Boolean networks. In the Boolean case, a network with n regulatory 

elements with a low number of regulatory connections between each element only has a few 

stable attractors (approximately ydr). In our own networks, we only looked at the number 

of accessible stable equilibria and not limit cycles, so the numbers we found are not totally 

comparable, but we similarly hnd that the number of attractors appears to grow very 

slowly as n increases. Kauffman (1992) suggested that his results had wider implications 

in biology, constraining biological systems to a limited number of ordered states despite 

their enormous complexity. This appears to be supported, at least on a theoretical level, 

by our own results. In fact we find that overwhelmingly, in the absence of some kind of 

external stimulus, cytokine networks remain in a state of quiescence with minimal cytokine 

production, and most possible regulatory relationships between cytokines dormant.

The analysis in this chapter relies on a number of initial assumptions, one of which is that 

the rate of production of a cytokine shows a threshold response to the doses of regulating 

cytokines. This assumption is important because it enables the governing differential 

equations to be reduced to the decomposed system (6.13)-(6.14), which makes it easy to
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determine the potential equilibria. W ithout this assumption it would still be possible to 

determine these equilibria by solving (6.11)-(6.12) for li = Ci = 0. However, the locations 

and basins of attraction of the equilibria will have no simple closed form. On the whole, the 

system will display more complex qualitative behaviour which will be much more difficult 

to analyse.

There is a pressing need for some kind of solution to the cytokine equivalent of the “inverse 

problem” of predicting network structure from dynamical behaviour. For any network with 

more than two cytokines, it is not possible to exhaustively investigate each of the potential 

interactions to determine which combinations hold. Unfortunately, most cytokine networks 

will realistically involve more than two im portant cytokines. In fact some forms of stimuli 

have the ability to induce gene expression or protein secretion for many different cytokines 

simulateneously. For instance, LPS directly causes the gene expression of at least eight 

cytokines and chemokines in monocytes, many of which can cause autocrine production 

of further cytokines (Guha and Mackman, 2001).

Extensive sampling for the cases with a low number of cytokines suggests tha t there is 

unlikely to be a simple algorithm to solve the inverse problem. Even if we knew the steady 

state that a cytokine network eisymptotically occupied, the cytokine spectra for different 

activation matrices are so similar (at least for the 2 - 4  cytokine cases) tha t it would be 

difficult to tell which activation matrix governed network dynamics. On the other hand, 

if we had a sufficient quantity of data about a cytokine network under many different 

parameter regimes, then more subtle statistical differences (such as the probability density 

of equilibria 13-16) would start to become clear. For instance, we might have information 

about cytokine mRNA expression for a large group of patients. We would expect the 

kinetic parameters of the network to be slightly different in each case, but the activation 

matrix (representing the directed graph of the network) to remain the same.

Hence, it appears that we are looking for statistical techniques akin to those used to anal

yse gene microarray data, such as cluster analysis. It is unlikely tha t we will ever have 

a foolproof discrete computational algorithm that will work backwards and derive a net

work structure from a single time-course, but it may still be possible to make statistical 

inferences about the probability of various forms of network structure. This looks like 

the beginnings of a science of “functional cytomics” with its own methodology developing 

alongside the existing held of functional genomics. “Cytokine spectra” , the typical prob

ability distribution of accessible equilibria in a network, would appear to be an essential
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part of the toolkit of such a science, enabling some mechanistic insight to be drawn from 

overwhelming amounts of raw data on cytokine mRNA or protein levels.

To give a somewhat speculative example, the cytokine profile of patients suffering from im

munological disorders (including RA and SIRS) can be very diverse. A particular patient’s 

profile is often related to the stage of the disease, its aetiology, the underlying mechanism 

driving it (which may change at different points of the disease) and the genetic make-up 

of the patient. However, the exact relationships are often unclear. By accumulating re

sults from a combination of clinical data and computer simulations, medical researchers 

and practitioners could generate an archive of cytokine spectra against which the cytokine 

profile of a particular patient could be matched. Over time, information about disease 

outcomes and successful therapies could also be recorded against the cytokine spectra of 

the patient. Researchers could use this information to propose hypotheses about the way 

these kinds of therapy manipulate the cytokine network. The mathematical framework 

would help them to guess the structure and relationships of the cytokine network driving 

the particular stage of the disease, such as the most likely possibilities for its activation 

matrix or the strongest interactions in the network. Knowing such relationships would 

aid in selecting an appropriate therapy, such as blocking a mediator tha t is rate-limiting 

or that is at the top of a cascade. It would then dramatically reduce the number of 

hypotheses tha t needed to be tested in the laboratory or clinic for a given network.

Such an approach could also be made accessible to clinicians by means of a computer- 

based expert system. Such a system should be able to receive known information about 

a cytokine network, as well as rules about simplifying patterns tha t may be discovered. 

These would be used to simplify and analyse a cytokine network of a given complexity. 

By comparing these results to a database of clinical and experimental data, the system 

would be able to suggest possible disease mechanisms and therapies.

The cytokine networks that need to be studied are likely to involve more than four cy

tokines, and hence a very large number of potential equilibria. Simulating such systems 

would require computing resources far beyond what is available to us at present. How

ever, if there is real diagnostic potential in such an approach, the computing power would 

undoubtedly be found, just as it has been found for far more massive endeavours such 

as the Human Genome Project. The five and six cytokine cases could be exhaustively 

solved fairly rapidly on a supercomputer. Cases with more cytokines would require either 

some special analytical or numerical tricks (which we have yet to consider), or some major

222



simplifications based on what is already known about the relevant cytokine networks. For 

instance, in most situations there has never been a case where TNF-o; down-regulates IL-1 

directly, so it might be possible to rule this out as a m atter of course in many networks 

involving these two cytokines. This would immediately halve the number of potential equi

libria in a Level 1 network. In fact as more effort is expended to explore cytokine spectra 

in higher dimensions, simplifying patterns in the data may be identified. For instance, in 

the two cytokine case, the cytokine networks tend to gravitate towards a limited number 

of potential equilibria while the others are virtually ignored. On the other hand, patterns 

of expression that occur with low probability may indicate rare pathological cases, so it 

may be worth investigating the networks more thoroughly.
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Chapter 7

Stochastic cytokine production

7.1 Introduction

Previously we assumed that for practical purposes, when cultured cells recognise an exter

nal stimulus such as LPS, they produce IL-1/3 intracellularly and then immediately release 

it into the supernatant. In fact, this is a simplification because IL-1/? does not contain a 

secretory signal sequence, and is not released by the classic endoplasmic reticulum-to-Golgi 

secretory pathway described in Section 2.2.5 (Rubartelli et a/., 1990). As a result, IL-1/? 

production and release are regulated differently. For instance, LPS in low concentrations 

is a powerful stimulator of intracellular IL-1/? in monocytes and macrophages, but only a 

small portion of this protein is actually secreted (Hogquist et al,  1991, Chin and Kostura, 

1993, and unpublished work by M. Stevens). On the other hand, Chin and Kostura (1993) 

found that high LPS concentrations produce comparable levels of intracellular IL-1/? but 

also stimulate its release. In the latter case though, the authors did not examine the pos

sibility tha t IL-1/? was released as a result of cell lysis. Other stimuli, such as adenosine 

triphosphate (ATP), can also serve as a signal for IL-1/? secretion (Hogquist et a/., 1991), 

although on its own, ATP only causes small amounts of IL-1^ to be released (Ferrari et 

ai, 1997). ATP is a nucleotide which serves as an energy source for many intracellular 

processes.

M. Stevens (unpublished work) has conducted experiments in our own laboratory to inves

tigate the effect of LPS on intracellular IL-1 /? in monocytes. Unlike previous work (such 

as Hogquist et a/., 1991 and Ferrari et a/., 1997) which measured secreted IL-1/? using 

bioassays or immunoassays, this work involved fluorescent staining of cells with an anti-
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IL-1/3 antibody followed by streaming the cells through a flow cytometer that measures 

their fluorescence. This made it possible to observe the actual distribution of monocytes 

based on their expression of intracellular IL-1/3, rather than just absolute concentration 

of IL-1/3 for an entire population. M. Stevens observed LPS stimulation caused mono

cytes to split into two populations in terms of their intracellular IL-1/3 (see Figure 7.1). 

One population represented monocytes virtually unaffected by LPS addition, and another 

represented monocytes that produced large amounts of IL-1/3 in response.

Events

0 . 0 1 5

0 . 0 1 2 5

0 . 0 1

0 . 0 0 7 5

0 . 0 0 5

0 . 0 0 2 5

Flourescence
5 0 100 2 0 0 5 0 0

Figure 7.1: Frecpiency histograms, gated on the monocyte population, showing flow cytom

etry data for the number of cellular events in populations of unstimulated PBMCs [gray] 

and PBhlCs stimulated with 1 ng/ml LPS for 5 h {black). Absolute figures are arbitrary, 

but x-axis is a logarithmic scale. Data from experiments by M. Stevens (unpublished).

Interestingly, our own model of IL-1/3 dynamics given by (2.29)-(2.30) indicates that there 

can be two distinct levels of IL-1/3 production. This is because IL-1/3 can stimulate its 

own production by an autocrine mechanism (see Section 5.3.6 for a review of the biological 

evidence for this). Hence there is one equilibrium representing a steady-state level of 

production with autocrine IL-1/3 stimulation turned on (the “autocrine” equilibrium), and 

one representing steady-state production without autocrine action (the “non-autocrine” 

equilibrium). However, this deterministic model has no scope for predicting a situation 

where the cell population does not evolve towards one equilibrium or the other, but instead 

divides into two sub-populations.

On the other hand, a model that used stochastic differential equations (SDKs) would 

allow the possibility of different cell populations under identical conditions producing IL- 

1/3 at different rates. This kind of model incorporates the effect of statistical variation or
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“noise” into its parameters. Variation in the concentration of the various chemical species 

in a group of cells is inevitable, even for monoclonal cell populations in a homogeneous 

growth culture. This is because many regulatory molecules in a cell are present in tiny 

quantities. As a result, when a cell divides these molecules are randomly partitioned with 

high variation between its daughter cells (Spudich and Koshland, 1976; McAdams and 

Arkin, 1999). When a cell population is extracted from whole blood there will be even 

more heterogeneity due to genetic variation. For instance, several researchers (Wang et 

a/., 1992) have found considerable variation amongst freshly isolated monocytes in terms 

of their level of secretion of IL-1 and other cytokines, as well as their expression of cell- 

surface antigens (Khansari et al ,  1985; Elias et al ,  1985; Wang et ai,  1992). In fact, 

differences in IL-1 secretion became even more pronounced when the cells are stimulated 

with LPS (Wang et al,  1992).

This chapter looks at the effect of noisy kinetic parameters on single cytokine-receptor 

dynamics. The purpose is to investigate to what extent the difference in monocyte re

sponsiveness to LPS can be reproduced, and more broadly to consider the implications 

of stochastic parameters on single receptor-cytokine dynamics. We are particularly in

terested in the case where noise is extremely low, to see in what way this differs from 

the predictions of the completely deterministic model. Finally, we consider what effect 

a stochastic response to stimulus would have on the role of monocytes in the immune 

system.

7.2 Equilibria of the determ inistic model

The deterministic receptor-cytokine equations for a single cytokine take the following form 

as given in (2.16),(2.18):

^  =  E  + N P { C ) - k i ( R o ~ C ) L  + k - i C  (7.1)

^  =  k i ( R o - C ) L - a C  (7.2)

Here we have made two assumptions, both of which were discussed in Chapter 2: (1) total 

receptor concentration Rq is approximately constant (or is a linear function of C), so we 

can write R =  Rq — C as a. function of C  only, and (2) endogenous cytokine production 

is due to constant production as a result of an external stimulus (at a rate E)  and auto-
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stimulation (at a rate NP(C)) ,  with the two effects combining additively. The function 

P{C)  is non-decreasing with P(0) =  0 and P ( l)  =  1, so the maximum rate of cytokine 

production due to auto-stimulation is N.

We can non-dimensionalise these equations by introducing the substitutions I = c =Kq

UJ = u = ^  and 0(c) =  P{cR q) to get:

— — Oil n0(c) — ^ iP o (l — c)/ -f- k—\c (7.3)

— =  kiRoiX — c)l — G c (7.4)

We also assume tha t there is a threshold value, c G (0,1), such tha t 0(c) is convex for

c < c and concave for c > c. That is.

> 0 if c < c

0'Xc) < =  0 if c =  c (7.5)

< 0 if c > c

This means that the slope, 0'(c), has a unique, non-degenerate maximum at c. For exam

ple, all median effect functions with slope coefficient s 7  ̂ ±1 (see Section 5.2) satisfy this 

form. Linear and threshold functions are limiting cases as 0"(c) —> 0 for all c 7  ̂ c.

Equations (7.3)-(7.4) admit up to three equilibria, with at most two of them being asymp

totically stable. They are determined by the solutions of the following equations:

c =  Ü + v(j){c) (7.7)

Here Çt = ^  and v — (where a* =  cr — fc_i). To ensure tha t there are no runaway 

equilibria (defined in Section 2.7), we assume that

r i - h  V <: 1 (7 .8 )

Figure 7.2 shows the position of these equilibria determined by the equation (7.7). Clearly 

there can be only one equilibrium if the maximum slope of the right-hand function in

(7.7) is less than the maximum slope of the left-hand function, tha t is, if n0'(c) < 1. This
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equilibrium may be either “non-autocrine” (Figure 7.2(a)), or “autocrine” (Fig 7.2(b)). 

Furthermore, there is a smooth transition between these two cases as the external stimulus, 

represented by 1̂, is increased smoothly. This situation of only one equilibrium may persist 

even when u0'(c) > 1 (Figure 7.2 (c,d)). However, in this case, the transition between 

the “autocrine only” (Figure 7.2(c)) and the “non-autocrine only” (Figure 7.2(d)) cases, 

effected by a smooth increase in the external stimulus represented by Q, involves two 

bifurcations, through a transitional region in which both a (stable) non-autocrine and an 

(stable) autocrine equilibrium exist simultaneously, separated by an unstable equlibrium 

(Figure 7.2(e)).

c
cc

1

n
c

c

1
Ü  +  V

ÇI V

c
cc

Figure 7.2: Equilibria of the system (7.3)-(7.4) as determined by the roots c =  c of (7.7). 

The straight line is c, the curve is -h v(f)(c), and the roots are the points where they 

intersect. See Section 7.2 for further explanation.

Nevertheless, from a deterministic point of view, this transitional region behaves in practice
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as if there is only the non-autocrine equilibrium available. This is when we stimulate the 

cell from its quiescent initial state in which I = c = 0  ̂ only the non-autocrine equilibrium 

is attracting. To access the autocrine equilibrium, we must invoke stochastic perturbations 

which can take the system beyond the separating unstable equilibrium and into the basin 

of attraction of the autocrine equilibrium.

In this chapter, we investigate formally the operation of such stochastic perturbations via 

a stochastic extension of the deterministic model (7.3)-(7.4).

7.3 The stochastic model

We introduce stochastic effects into the model (7.1)-(7.2) by assuming tha t the determin

istic parameters E, T, ki, /c_i and a are in fact the mean values of noisy processes. We do 

not assume R q is stochastic because it is a theoretical parameter rather than a biological 

constant (see Section 2.5.1). Associated with a deterministic parameter a  (where a = E, 

A, ki, fc_i, cr), we assume an underlying stochastic process with mean a , represented by 

the ltd SDE (see, for example. Schuss, 1980, and Gard, 1988, for accounts of the theory 

of SDEs);

da = adt + dadWa{t) (7.9)

Here Wo,{t) is a standard Wiener process with mean zero and variance unity, and dWa{t) =

Wa{t -f dt) — Wa{t). Thus, a  is the mean and is the variance of the a(t) process. We

assume tha t the stochastic effects influencing each parameter are independent; i.e. each 

Wa{t) is an independent Wiener process.

Extending the deterministic model (7.1)-(7.2) by substituting from (7.9) yields the follow

ing ltd SDE model:

dL{t) = {E  + N P { C ) - k i ( R o - C ) L - ^ k - i C } d t

+dEdWE(t)  +  dNP(C)dWN{t) -h di(Ao -  C)LdWi{t)  +  d_iCdW _i(0.1O) 

dc{t) =  {k\{RQ — C)L — aC} dt

- h d i ( A )  -  C ) T d W i( ^ )  -h d ^ . C d W ; , . ( t )  -H d _ i C d W _ i ( t )  (7 .1 1 )

We build our stochastic model on equations (7.1)-(7.2) prior to non-dimensionalising so
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that the stochastic processes correspond to actual biological parameters and not the non- 

dimensionalised derived parameters. However, the equations can be non-dimensionalised 

using the same substitutions as were used for (7.3)-(7.4), as well as ^  and 

This gives:

dl{t) — Ŝ uj + i/(j){c) — kiRo(l  — c)l + k - i c ^  dt

+d^dW ^(t) +  diy(j){c)dW,y{t) +  diRo{l — c)ldWi{t) -f d_icdTT_i(t) (7.12) 

dc{t) = |/ci.Ro(l — c)Z — (jc | dt

Tdi Aq(l — c)/dlTi(t) +  dfj* cdW(x* (t^ T d_%cdlT_i (t) (7.13)

Recall that the sign of a process W{t)  is irrelevant, since if W{t)  is a standard Wiener 

process, so is —W{t).  In view of this, we can write (7.12) in the following form by 

substituting (7.13):

dl{t) =  {w +  u(f){c) — (7 *c} dt +  dü,dW^(t) +  dj^c}){c)dWj,{t) +  da* cdW^* (t) — dc{t) (7.14)

To simplify (7.14), we first review some basic stochastic theory. Recall tha t a standard

Wiener process (Brownian motion) satisfies the following (see, for example. Schuss, 1980, 

p. 43, 2.1.15, E  =  expectation):

W{0) = 0, E  [W{t) -  W(s)l =  0, and E  [W{s)W(t)] = min {s, t} (7.15)

From this it follows that, for dt > 0,

E [dW{tf]  = E [{W{t + dt) -  W( t ) f ]

= E[ W{ t  + d t f - 2 W { t  +  dt)W(t) +  W(t)' ]̂

— (t dt) — 2t T  t

=  dt (7.16)

If dt < 0, similar calculations show tha t E  [dW(t)^] =  —dt and E  [dW{s)dW(t)] =  0 for 

5 ^  t. We therefore have the “infinitesimal” version of (7.15),
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VF(0) = 0 , E  [dW(t)] =  0, and E  [dW{s)dW{t)] =
0 if s 7  ̂ t

(7.17)
\dt\ if s — t

Indeed, conditions (7.17) essentially characterise a standard Wiener process, which can be 

defined as the unique Gaussian process with mean zero satisfying (7.17) (see for example, 

Hida, 1980, p. 44, definition 2.1).

Now recall the following standard properties of ltd  stochastic integrals (for example, in 

Schuss, 1980, p. 64, 3.2.1 and 3.2.2). Suppose Wi{t) and W 2 {t) are Wiener processes, and 

f[ t)  and g{t) are predictable processes satisfying:

E { f i s f  +  9{s)^}ds < oo (7.18)

Then the following generalisations of (7.15) hold:

E

E

E

f{s)dWi{s)
Ut

= E g{s)dW2 {s)

/(s)dW i(s)

Ut
T

=  0 (7.19)

g{s)dW2{s)

/(g)dW (s)
T

g{s)dW{s)

=  0 if Wi  and W 2 are independ^üt20)

rT
E[f{s)g{s)]ds (7.21)

Taking T  = t + dt, these conditions reduce to generalisations of the infinitesimal conditions 

(7.17), namely, if E  [/(t)^  +  g(t)'^] < 0 0 , then the following hold:

E [/(t)dWi(t)] =  E b(t)dW2(^)] =  0 (7.22)

E  [f (t)g{t)dWi{t)dW2 {t)] = 0  if Wi and W2 are independent (7.23) 

E  l m g ( t ) d W { t f ]  = E  [f{t)g(t)] \dt\ (7.24)

Therefore, if Wi{t) and W 2 {t) are independent Wiener processes, X{t)  is a predictable 

stochastic process, and ai{x) ,a2 {x) are bounded, continuous functions with ai(x)^ + 

a2 {x)‘̂ = 1 for all T, then the process r](t) defined by the ltd  SDE

dr]{t) = ai{X{t))dWi(t)  +  a2 (X{t ))dW2 {t), 7/(0) =  0, (7.25)

defines a standard Wiener process. In fact, from (7.22), E[dr](t)] = 0, and from (7.23)- 

(7.24) the following is true:
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E  [drj{ty] = E  [ a i { X y d W ^ ] + E  [a2 (X y d W ^ ]  =  E  [ a i { X y  +  a2 {XŸ] \dt\ = \dt\ (7.26)

It now follows from (7.17) tha t r]{t) is a standard Wiener process.

Let T)(t) be the process defined by the following ltd  SDE:

=  {ai(X(i))^ +  a2{X{t)Ÿ}~'^ dr,(t), ï} (0) =  0  (7 .2 7 )

If we relax the constraint ni(z)^ +  a 2 (x)^ =  1, and merely require tha t ai(a:)^ 4- o,2 {x)'  ̂

be bounded away from zero, then the above theory shows tha t fj{t) is a standard Wiener 

process. Hence we can write the following (for a standard Wiener process W{t)):

drt{t) =  ai{X{t))dWi{t) +  a2{X(t))dW2(t) =  [ a i ( X( t ) f  +  a^iXit))^}'^ dW(t)  (7 .2 8 )  

We can now apply the above theory to equation (7.14) to obtain an equivalent equation:

dl{t) =  {cu +  iy(p{c) — a*c} dt +  d \ / l  +  +  b‘̂ (f)(cydW(t) — dc{t) (7.29)

In the above equation, d = d^, a = ^  and b = ^ .

Of course, (7.29) still involves the term dc(t), given by equation (7.13). We shall now use 

the quasi-steady state assumption introduced in Section 2.5.5 to eliminate this term, and 

reduce (7.29) further to a tractable single, autonomous SDE.

7.4 Quasi-steady state reduction

We consider a version of the above model in which the dominant stochastic effects arise 

from cytokine production, as expressed through the production-rate processes uj{t) and 

z/(^).

Of course, cytokine production is not the only noisy process involved. Trafficking processes 

such as receptor-ligand binding, dissociation of bound receptors, endocytosis and receptor 

shedding are also stochastic. All such effects are incorporated in equations (7.12)-(7.13). 

However, we believe that the main source of stochastic variability is likely to lie in the

instability of cytokine production in response to a noisy external stimulus. This production

variability has three principal components:
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a. Stochastic binding and dissociation of stimulating molecules to specific membrane 

receptors. For example, LPS signals monocytes via the Toll-like receptor TLR4 

(Beutler, 2000). The pathway for LPS stimulation relies on LPS binding to an LPS- 

binding protein in plasma (Schumann et al, 1990), followed by presentation to TLR4 

by a membrane-bound antigen called CD14 (Wright et al,  1990). This step could 

be very noisy since expression of CD 14 shows significant intercellular variation, even 

within a single population of freshly isolated monocytes (Wang et al,  1992).

b. Variation in the concentration of messengers in the intracellular signalling pathways 

activated by the stimulus. TLR4 and other pattern recognition receptors simultane

ously activate several intracellular pathways (reviewed in Guha and Mackman, 2001, 

for the case of LPS) which interact to form networks of significant complexity. How

ever, many of the messengers that make up these pathways can vary significantly in 

concentration between cells (McAdams and Arkin, 1999). Hence the strength of the 

signal reaching the nucleus can be highly variable.

c. Activation of cytokine genes by intracellular signalling mediators. This has been 

identified as a noisy process by McAdams and Arkin (1997), who found in simu

lations tha t short-term fiuctuations in intracellular cascade proteins can often be 

large enough to affect the expression of critical genes. There is substantial evidence 

tha t gene transcription occurs in erratic bursts with variable concentrations in each 

burst, rather than uniformly and continuously (Ross et al,  1994).

Taken together this variability is likely to be much greater in magnitude than the variabil

ity resulting simply from membrane receptor effects. Because of this, we will simplify the 

system essentially by factoring out membrane effects using a quasi-steady state assump

tion.

As in Section 2.5.5, we introduce a new variable x = which (like V) is dimensionless.

We also non-dimensionalise time using the substitution r  =  k\RQt. It follows from (7.17) 

that, for a time change, r  = kt  with A: > 0, we have W { t ) = k~^W {k t )  is a standard 

Wiener process with respect to r  if W (t) is a standard Wiener process with respect to t. 

Thus equations (7.29) and (7.13) take the form
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dx^r) — +  i/0(c) — (7*c|

+d]J \ / l  + o?c^ +  b‘̂(l){c)‘̂ dW (r) — dc{t) (7.30)

dc(r) =  j  (1 — c)x — c l

H— . 1 — (1 — (t) +  d(j* cdW(j* (/:) +  cZ_icdVF_i (t) \  (7.31)
y k i R o  I )

Using the substitutions uj =  ^^ù  =  ^,  a* =  ^ , d  =  d \ J  and e =  these equations 

can be written as

dx{r) = ju) +  i)^(c) — (7*c| +  J a / I  +  o?c^ +  IP'(f){cY d W  {r) — edc{t) (7.32) 

edc{r) -- j ( l  — c)z — c j

+ y/em {m i{ l  — c)xdWi(t)  +  cdWo-* (t) + m - ic d W - i{ t ) }  (7.33)

Also in the above equations, we have

7 \ /^  d(j* . .m m i -- d \ - — , m m _ i =  mma* =  (7.34)
/C i y/(7 a /c 7

with +  m ^ i  +  m^* — 1. That is,

m2 =  i - | d A ^ )  + d i i  +  4 . l  (7.35)
^  [ \^1 /

We assume that the dominant stochastic processes are those of cytokine production, so 

that d̂ j > >  di,d_i,c?cr*. We also assume that e < <  1, tha t is, the receptor dynamics 

occur on a much more rapid time-scale compared to the ligand dynamics. For instance, in 

the case of IL-1 in monocyte cell population at 10  ̂ cells ml~^, e is about order 10“ ^̂  (see 

Section 2.6.2). Thus, the process edc{r) in (7.33) has small variance and is dominated by 

the deterministic dynamics when m ~  1. In particular, it has expectation approximately 

zero. We can therefore make the following quasi-steady state approximations:

edc{r) % 0 (7.36)

( l - c ) æ  % c (7.37)
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Substituting (7.36)-(7.37) into (7.32), we finally obtain our approximate autonomous SDE:

dx{r) — ^  — â* — |  (ir +  1 +  Q̂  +  -h b'^'ip(xydW{T) (7.38)

Here ip{x) = (j){c) = Note that a* — ^  < 1 since cr =  cr* +  fc_i. Also a =

da*/duj «  1 under our approximating assumptions, so we could also reasonably neglect 

the term with coefficient a^. However, it will not be necessary to do this in the formal 

analysis of this equation given below.

We shall make one final simplification to (7.38) by rescaling time again. Thus, take t — a*r. 

Then (7.36)-(7.37) may be written as the following:

dx{t) =  +  v'ip(x) — I  dt +  d J  1 +  (^T+~x) b‘̂'ip{x)‘̂ d W (t) (7.39)

Here Q, =  Co/a* -  Similarly, v — and d - d \ j Note tha t O and v  are

the same as in (7.6)-(7.7), so that condition (7.8) will be assumed to hold.

It is equation (7.39) that we shall analyse in subsequent sections.

7.5 The forward Kolmogorov equation

Equation (7.39) has the following general form:

dx{f) — f{x{t))dt  +  f i^/g{x{t))dW{t),  z(0) =  0 (7.40)

Here f{x) ,  g{x) are bounded, continuous functions defined for x > 0, with g{x) > 1 for 

all X and g{0) =  1. In this section we analyse the solution of this equation at the level of 

transition probability densities.

The associated Kolmogorov forward equation for the transition probability density u (x ,t), 

is

The transition probability density u(x, t) represents the probability of transition from the 

initial condition of (7.41) to the state indicated by the density function. Here D =
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(see, for example, Schuss, 1980, chapter 5). We shall consider the stationary density u{x) 

obtained in the infinite-time limit, t ^  oo. This satisfies the following stationary equation:

=  0  (7 .4 2 )

We also require the boundary condition u{x) 0 as x  oo. We do not impose any 

particular boundary condition at a: =  0, though to obtain a probability density we require 

tha t u{x) > 0 for all rr > 0, and that the following normalisation condition holds:

rco
/ u(x)dx — 1 (7.43)

Jo

Set U = gu and integrate equation (7.42) once to obtain the following:

=  K  (7 .4 4 )
dx D g

Here K  is an arbitrary constant. The integrating factor for this equation is where

V{x) = ^ ^ d y .  Thus, integrating again gives the following:

[ / ( z ) e - n ^ ( " : )  =  [ /(O )  +  A : r  (7 .4 5 )
Jo

But p(0) =  1 so this is equivalent to:

u(x) =  +  K  r  (7 .4 6 )
g { ^ )  \  J o  J

To investigate whether the solution (7.46) can be normalised, we suppose tha t g{x) —> Poo 

and f [x )  —/oo as T ^  oo, where 0 <  /oo <  oo and 1 <  goo <  oo. Then, from 7.44, for 

large a;, u approximately satisfies the following equation with constant coefficients:

Hence,

4 -(u e ““') =  — 6““= (7.48)
dx goo

Here a = > 0. Integrating this from xq (large) to x  gives
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u{x) = +  —  ( l  -  (7,49)

It follows that u{x) as X oo. Clearly, a necessary condition for u(x)

to satisfy the normalisation condition (7.43) is u{x) 0 as x ^  oo. We conclude that, 

under the present assumptions, the only normalisable solutions (7.46) are the solutions 

with K  = 0. Thus, the unique normalised solution is the following:

1 1
u(x) =  — N =  — eD^^^'idx (7.50)

 ̂ Ng{x) Jo g{x) '

This exists provided N  < oo. However, we have just shown tha t u{x) ~  for large 

X, which is indeed integrable in a neighbourhood of infinity, and it therefore follows that 

N  < oo, as required.

It remains to check the asymptotic assumptions for equation (7.39), tha t is, with the 

forms:

f{x )  = n v i ) ( x )  -  (7.51)

g{x) = 1 ^^^'(a:)^ (7.52)

D = (7.53)

Since 'ip^x) — (j) ( i j y )  and 0(1) — 1, we have ijj{x) 1 as x oo. Thus, f ( x )  —> —/oo,

where /oo =  1 — {Q + v), and /oo > 0 by (7.8) (the no runaway production condition). 

Similarly g(x) 1 +  +  6̂  > 1 as x ^  oo. Thus, our assumptions are satisfied, and

we conclude that (7.50) is the unique normalised solution, with the following potential 

function:

V ( x ) = r  »  +  (7.54)
I + O? j  +

7.6 Stochastic switching

The deterministic equation associated with (7.40) is x  = f{x) .  We know tha t a trajectory 

of this system will asymptotically approach a locally stable equilibrium x* only if it begins 

in the basin of attraction of x*. However, the stochastic system (7.40) is more flexible,
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because stochastic fluctuations can push a trajectory between basins of attraction of dif

ferent deterministic equilibria. Which equilibrium a trajectory will eventually “prefer” 

is therefore no longer completely (if at all) determined by the initial condition. In this 

section we investigate which equilibrium of the deterministic system is “preferred”, and in 

what sense, in the low noise limit D ~  0. We show tha t even small stochastic effects can 

have a profound effect on the asymptotic configuration of the system when more than one 

deterministic equilibrium is available.

Suppose X* is an equilibrium of the deterministic system, tha t is, f{x*) — 0. Then x* is 

locally asymptotically stable if f '{x*) < 0 and is unstable if f '{x*) > 0. Now consider the 

potential V  {x) = f j  ^ j d y  associated with the normalised solution (7.50) of the stochastic 

model (7.40). Recall tha t g(x) is positive and bounded away from zero. Then V'{x) = 

and hence V'{x*) = 0. T hat is, x* is a turning point of V{x).  Also:

Hence V"(x*) = ĝ{x*) • Thus, if x* is locally asymptotically stable, then V"{x*) < 0, 

and so x* is a non-degenerate local maximum of V{x). Similarly, if x* is unstable, then 

V"{x*) > 0, so X* is a non-degenerate local minimum of V{x).

To determine what consequences these remarks have for the low noise solution of the 

Kolmogorov equation (7.42), we use a theorem of Pontryagin, Andronov and V itt (1933). 

This theorem concerns equilibrium selection in the low noise limit ~  0, and is stated 

below. We also include a proof in Appendix C.

T h eo re m  7.1 (PAV T h eo re m ) Consider the solution (7.50). Suppose g{x) is positive, 

continuous and bounded away from zero, and suppose that V(x)  is differentiable and has 

a unique global maximum at x  = x*. Then:

u{x) —> 5{x — X * )  as D 0. (7.56)

The theorem says that, in the low noise limit H —> 0, the probability density u{x) becomes 

concentrated at that equilibrium x* which defines the unique global maximum of the 

potential V(x).  If there is only one equilibrium of the deterministic system, then this is a 

local maximum of V{x)  if it is locally asymptotically stable. In this case, it must also be a 

global maximum of V(x),  and hence this equilibrium is selected in the low noise limit. This
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is unsurprising, and covers the situation in which there is either a single non-autocrine or 

a single autocrine equilibrium of the system (7.3)-(7.4) (Figure 7.2(a,b,c,d)).

More interesting is the case in which the non-autocrine, ZQ, and the autocrine, æ*, asymp

totically stable equilibria exist simultaneously, separated by an unstable equilibrium (Fig

ure 7.2(e)). In this case we have:

X q  <  X  <  X i , (7.57)

where x = corresponds to the threshold value c for the function 0(c), defining the 

point of maximum slope (see (7.36)-(7.37)).

Both of these equilibria define a local maximum of V{x).  However, which of them is 

selected in the low noise limit will depend on which is the global maximum. That is, x\  

is selected if the following inequality holds:

y(T;)-y(z;)>o f o r D - o (7.58)

Conversely, Xq is selected if the reverse inequality holds. In fact, the inequality in (7.58) 

does not depend on D, since V{x)  and X q ,  x  and x* are independent of D (see (7.54)). 

The integrand in (7.54) is plotted in Fig 7.3 between Xq and x^. Condition (7.58) says 

that X *  is selected if the (signed) area under this curve is positive, and Xg is selected if it 

is negative.

Figure 7.3: Integrand of (7.54) between Xg and x*. The (signed) area under this curve 

determines which of these equilibria is selected when > 0.

Now consider the effect of increasing the level of external stimulus. This increases the mean 

cytokine-production response w, and hence =  ^ .  It may also decrease the noisiness of 

this process; i.e. decrease D. From Figure 7.2(e), increasing Ü lifts the function ü-\-v(f){c)
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(without changing its shape) and hence increases Xq and x^. Since V'{x*) — 0 for any 

equilibrium, we have (using the Chain Rule for partial derivatives):

d
dû

(K (xî) -  y(x5)) =  -  V ' ( x l Ÿ ^  +  ^  (V{xl)  -  V(xD)

= m  -  I 'M ) )  (7.59)

From (7.54), we therefore have:

--------------- > _ ^ i _ ^ > 0  (7.60)

I 1+y j'5 1 +  a" ( i ^ )  +b^Hy)^ l  +  a2 +  fc2

Thus, V{xl)  — V ( xq) is strictly monotonically increasing in Q

There are now several possibilities. The allowable range o f f l i s O < f 7 < l —u (see

(7.8)). If V(xl )  — V{xq) > 0 for all Q, in the range for which both equilibria exist, then 

T* is always selected, and conversely Xq is always selected if V(x*) — V(xq) < 0. More 

interestingly, if V (z^) —y(zQ) changes sign els Q, increases, then there is a unique “switching 

value” , Q,ci such that V{x\)  — V{xq) < 0 for < flc, in which range Xq is selected, and 

V (x^) — V(xq)  > 0 for n  > He, in which range x^ is selected in the low noise limit. This is 

the phenomenon of stochastic sw itching. An illustration of how this can occur is given 

in Figure 7.4.

Of course, increasing Ü is not the only way in which stochastic switching can be brought 

about. In particular, V{xl)  — V{ xq) may change sign if there is a change of the mean 

autocrine activation level v. The argument is as for fl: 1/(z^) — R(a)o) is strictly mono

tonically increasing in v. More subtly, switching can also occur in response to a change 

in threshold value x associated with the autocrine response function ip{x)] equivalently, a 

change of threshold c associated with 0(c). Decreasing this threshold (without changing 

the shape of 0(c)) would make it easier for an autocrine response to be triggered. Such a 

change in c would imply a change in the intrinsic response properties of the cells.

We illustrate switching through a change in threshold in the next section for a threshold 

response function.
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Figure 7.4; Equilibrium diagrams showing stochastic switching when Q is increased. In 

(a), the equilibrium Xg =  is selected when Z) —>■ 0, while in (c), the equilibrium

XT =
1 - C Î

is selected. The crossover point occurs when Q = Qci which is shown in (b),
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7.7 Example: threshold autocrine production

In this section we illustrate the general discussion of the previous section in the special case 

in which 0(c) is a threshold response function: 0(c) =  0 for c < c, and 0(c) =  1 for c > c. 

Although this function is not smooth as we have assumed above, it can be approximated 

arbitrarily closely by smooth functions, and the results of the previous section can be 

obtained by taking a suitable limit.

The non-autocrine and autocrine equilibria are at Cg and c*, obtained as solutions of (7.7) 

with 0 =  0 and 0 = 1  respectively. That is, Cg =  H and c\ = Q. + v. The corresponding 

z-values are

The condition for the simultaneous existence of these equilibria is 0 < Cg < c < c* < 1. 

That is, 0 < n < c < n - f - ' L > < l ,  o r O <  < x < < 1.

Writing the potential (7.54) in terms of c =  gives the following:

" L  (l + aV)(l-?P‘''̂  Lc  (l + 62 + a2ç2)g_ç)2‘'« (7-62)

Here r  A s =  min{r, s}. Thus, we need only evaluate an integral of the form:

^ dg, (7.63)
J  ( 1 - t - A 2 g 2 ) ( l  _  g ) 2

where k = Q or Q + v, and or a ^ /( l 6^). An elementary calculation gives:

1(c) = t s  In (1 +  À^c^) + A (B  + C) ta n - l  (Ac) -  B  ln (l -  c) -  (7.64)

where

Note that assumption (7.8) implies tha t k < 1 . Also, the derivation of the quasi-steady 

state approximation (7.40) required tha t a be small, and so we may assume tha t < 1. 

It follows tha t B  and C  are both positive. Translating back into the x  variable gives:
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I{x) = B  In (1 + a:)Wl + Ax
l-\- X

— 0(1  +  a?) +  A(^B +  O) tan - 1

The solution (7.50) therefore has the form;

u{x) uq( 1 + x ) d 1 + ax 21

exp
D

1 + X

Cqx -  a{Bo +  Co) tan “ ^

Ax  
1 + X

(7.66)

ax 
1 + X

for X < X, where B q, Cq are B, C  in (7.65) taken with (A:, A) =  (fl, a), and

(7.67)

u{x) = Ui {1-{-x ) d +

exp-| —— Cix  — A { B i C l )  tan  ̂ ^^ _ j _  ^ (7.68)

for X > X, where 5 i ,  Ci are B / ( l  +  5^), C /( l  +  5^), with B, C  in (7.65) taken with (fc, A) = 

(n  +  u, a / \ / l  +  lA). The constants uq,ui are chosen so tha t the solution is continuous at 

z, and tha t it is normalised.

The explicit solution (7.67)-(7.68) is illustrated in Figure 7.5 for decreasing values of D, 

showing the convergence on a ^-function. Figure 7.6 shows stochastic switching from 

dominance of the non-autocrine equilibrium to dominance of the autocrine equilibrium as 

the threshold x is decreased, with ÇI and D  fixed.

7.8 Discussion

In this chapter, we have considered the effect of intracellular variation in cytokine produc

tion on single cytokine dynamics. We have shown tha t even a vanishingly small degree 

of stochastic variation permits a cell population to explore all its accessible equilibria, in 

contrast to a deterministic model where the entire population evolves to only one equilib

ria governed by the kinetic parameters. This kind of behaviour appears to better explain 

experimental studies using flow cytometry to distinguish between sub-populations of cells 

in terms of their response to LPS stimulus.
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Figure 7.5: Stationary density u{x) given by equations (7.67)-(7.68) for different values of 

D. The other parameters are fixed at Q =  0.5, v = 0.3 and x = 1.6. The two deterministic 

equilibria x^ = 1 and x\ = 4 are indicated by dotted vertical lines. The stationary density 

condenses onto a 0-function at the autocrine equilibrium as D ^  0.
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Figure 7.6: Stationary density u{x) given by equations (7.67)-(7.68) for different values of 

X .  Other parameters are fixed at =  0.5, v — 0.3 and D =  0.005. The two determin

istic equilibria Xg =  1 and x\ = 4 are indicated by dotted vertical lines. The preferred 

equilibrium switches from the non-autocrine equilibrium to the autocrine equilibrium as 

X decreases.
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A stochastic response to stimulation also makes sense from the point of view of the im

mune system. A deterministic model with threshold autocrine response, such as the one 

in Section 2.7, assumes an all-or-nothing response to infection. Under this assumption, 

monocytes show a low level of activation (represented in our model by their rate of IL-1 

secretion) until an antigenic stimulus is sufficiently large to cross a threshold that turns 

on the autocrine function. At this point the entire population switches to “danger mode” 

and begins secreting high levels of cytokines that recruit and activate other cells such as 

T lymphocytes. The problem with this kind of response is that in order to deal with 

infection, the entire monocyte population needs to be massively over-activated as long 

as they continue to recognise foreign antigen. In practice, this pattern  of secretion of 

pro-inflammatory cytokines would be hazardous to the host.

On the other hand, a stochastic response will allow a sub-population of monocytes to 

commit themselves to fighting infection and alerting other cells, while the majority of 

the monocytes remain largely quiescent. Thus the immune system is not over-stimulated, 

but is still able to respond effectively to localised or minor infection. The proportion 

of monocytes which are activated increases with the severity of infection (measured by 

the local concentration of molecules such as LPS). A stochastic response to pathogen- 

associated molecular patterns (PAMPs) such as LPS also allows for a much wider repertoire 

of antigens that are recognised. The innate immune system relies on recognising a small 

number of highly conserved features of pathogens, such as LPS, by a limited number of 

receptors. However, in a stochastic model, different cells will respond to different degrees 

of stimulation (represented in our model by their secretion rates uj and v to LPS and 

IL-1 respectively). As a result, some cells (with high response levels) will migrate to the 

autocrine equilibrium in response to a particular stimulus, while others will not. But the 

cells will show this kind of stochastic response not just to LPS but to  the whole range 

of PAMPs they have receptors for. Hence each cell responds to a different combination 

of stimuli at particular levels, thus enabling the immune system to recognise a much 

wider range of pathogens than the number of types of pattern recognition receptors would 

suggest.

A third alternative would be to allow monocytes to achieve an intermediate level of stimu

lation which is high enough to combat infection but not too high as to cause unacceptable 

damage to the host. For example, suppose tha t the rate of IL-1 production w is a gradually 

increasing function of local LPS concentration. During a localised transient infection, w 

would take an intermediate value tha t is high enough to activate the adaptive immune
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system but not high enough to turn on the autocrine production function. Measured 

in terms of total extracellular cytokine levels, this would be similar to a stochastic model 

with threshold response to an external stimulus. However, the smooth increase in cytokine 

levels as the stimulus is increased would be due to an increase in cytokine secretion per 

cell rather than an increase in the number of cells secreting cytokines.

However, there are two problems with this explanation. First of all, it makes the autocrine 

response function 4){c) worse than redundant; an autocrine equilibrium is actually to 

be avoided because it causes overproduction of IL-1. This autocrine response is well- 

documented so this begs the question of why it was developed in the first place.

The second problem is tha t this explanation does not accurately represent the way protein 

synthesis occurs on the level of a single cell. This model implies tha t when a stimulus is 

increased, every cell in the population uniformly increases its rate of gene transcription 

onto mRNA. But studies on gene expression involving a variety of cells (reviewed in Ross 

et uA, 1994; Hume, 2000) reveal tha t mRNA transcription is a rare event occurring in short 

pulses, with a long period of inactivity (on a time-scale of hours to days) between each 

pulse. At any given point in time a cell is either producing or not producing a particular 

protein. An increase in the rate of protein secretion for the entire population is due to an 

increase in the proportion of cells transcribing mRNA within an experimental time frame, 

rather than an increase in the “rate” of transcription (Ross et al,  1994). In fact it is much 

more meaningful to talk about the probability of an mRNA transcription pulse occurring, 

rather than the rate of transcription (Hume, 2000).

Hence it is biologically more accurate to make uj a threshold response to LPS concentration, 

but allow significant stochasticity between cells in its actual value. Of course, when protein 

secretion is averaged over an entire population, we obtain a continuous dose-response curve 

to LPS concentration. However, the response tha t we attribute to the entire cell population 

is really only being displayed by a sub-population of them. This effect is strong enough to 

be observed experimentally. For instance, a flow cytometry study by Hartmann and Kreig

(1999) showed that when human monocytes are stimulated by LPS, the increase in TN F-a 

secretion is caused by an increase in the number of TNF-a-positive cells rather than the 

quantity of TN F-a secreted per cell. This is exactly what our stochastic model predicts. 

Similarly, the results of M. Stevens discussed in Section 7.1 can only be reproduced by a 

stochastic model.

In fact, further verification of the model could be provided by the phenomenon of stochastic
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switching (Section 7.6), in which changes in parameter values can cause the preferred 

equilibrium of the model to shift abruptly. It would be interesting to vary the dose of LPS 

gradually from zero to an extremely high dose (such as tha t used by M. Stevens). At a 

particular dose of LPS, the preferred equilibrium may switch to the autocrine equilibrium, 

causing the appearance of a new peak of monocytes with high cell-associated IL-1/) levels.

In conclusion, we believe that a deterministic model of cell response is unable to reproduce 

results from studies using techniques such as flow cytometry which distinguish between 

the response of different cells in the same population. In such cases, for both mechanistic 

and empirical reasons, a stochastic model is more realistic.
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Chapter 8

General discussion

Cytokine networks are one of the least understood aspects of cytokine biology. This 

thesis offers a preliminary template by which different aspects of cytokine networks can 

be understood theoretically. It also demonstrates tha t cytokine network modelling can 

generate descriptive and predictive results tha t interact with concurrent experimental and 

clinical studies.

This chapter contains three parts. Firstly, we summarise the descriptive and prescriptive 

contributions of each chapter to cytokine biology. Secondly, we discuss some broad philo

sophical decisions that had to be made in constructing these models. Finally, we consider 

the wider implications of this work to modelling cytokine networks in general.

The starting point in our models is a mathematical description in Chapter 2 of receptor- 

cytokine dynamics using mass-action kinetics and receptor trafficking terms. This yields 

a set of three coupled ODEs with general functional responses, which is a template for 

describing the dynamics of any single receptor-cytokine pair. This single cytokine model, 

limited as it is by lack of consideration of other mediators, successfully predicted exper

imental data for IL-1 auto-stimulation from Dinarello et a/. (1987). The simulation also 

showed tha t under realistic parameter regimes, simplified versions of the model with two 

equations or even one equation could be used without seriously jeopardising accuracy. 

In other words, we successfully reproduced receptor-cytokine dynamics under physiolog

ical conditions using models with three or fewer equations, in contrast to kinetic models 

popular in the 1980s such as Gex-Fabry and Delisi (1984) which required many more equa

tions than that. Although the models we developed are similar to other low-dimensional 

receptor-cytokine models (such as Henderson et a/., 1998; Wearing and Sherratt, 2000;
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Seymour and Henderson, 2001; and others), none of these models except for Burke et 

a/. (1997) actually confirmed their predictions using experimental data. Interestingly, we 

found that even a simple two-dimensional model with only linear and threshold terms could 

show the phenomenon of hysteresis, similar to the effects found in models like Seymour 

and Henderson (2001) and Chan et a/. (1999) using more complicated response functions. 

This phenomenon allows cytokine production to sustain itself after an initial stimulus is 

removed.

In Chapter 3, the mechanism of receptor up-regulation was explored further by extending 

the basic equations to incorporate PG E 2 as a mediator of IL-l-induced homologous re

ceptor up-regulation. Fitting the equations to data from Takii et a/.(1992) and simulating 

them indicated that the data in Takii et a/. (1992) is not, as the authors hypothesised, 

well-described by supposing that the up-regulatory effect is mediated by an extracellular 

PG E 2 intermediary. Instead, a more stable arachidonic acid metabolite, possibly with in

tracellular action, is more likely to be responsible. Furthermore, the model tha t fitted the 

data best was highly sensitive to parameter variations. This suggested a time lag between 

ligand binding and receptor up-regulation, possibly caused by a mechanism downstream 

of ligand binding not explicitly modelled. In fact, there is presently some debate in the 

literature about the mechanisms and cellular locations of prostanoid signalling (see Sec

tion 3.6). We have shown that modelling can contribute to this debate by pointing out 

discrepancies in existing hypotheses as well as directions for experimental investigation.

A situation of current clinical interest is the use of anti-TNF-a inhibitors to treat rheuma

toid arthritis (RA). A model of this was developed in Chapter 4 by incorporating mass- 

action inhibitor binding terms into the single cytokine model. A key prediction of this 

model, borne out by clinical evidence, is tha t such inhibitors reduce serum levels of bioac

tive TN F-a but actually increase total TN F-a levels. Furthermore, the inactivated TNF-o; 

is released if endogenous production of TN F-a falls sufficiently. Hence the model success

fully predicts not only the clinical efficacy of such drugs against RA, but also their failure 

to achieve permanent remission of RA and to show benefits against systemic inflamma

tory response syndrome (SIRS). We suggested that the timing, dose and duration of any 

anti-inflammatory therapy against SIRS needs to take careful account of cytokine dynam

ics to prevent it from doing more harm than good. Another key finding was that, based 

on its kinetic properties, the efficacy of one of these drugs (infliximab) against RA could 

not be explained solely by its ability to sequester TNF-a. This is a point that several 

experimentalists (Feldmann et al,  1997; Scallon et al, 2002) have also raised. The ability
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of a fairly simple model to make realistic predictions suggests tha t modelling should be 

an integral part of drug testing, both to investigate drug mechanisms and to predict their 

efficacy. Currently, a new anti-TNF-a drug for RA developed by A bbott Laboratories Inc 

has just completed clinical trials (Woodman, 2002). It would be interesting to simulate 

the effect of this drug once its kinetic parameters are known.

Chapters 3 and 4 revealed that single cytokine models inadequately represent many phys

iological scenarios. In Chapter 5 we extended the two-dimensional version of the single 

cytokine model to incorporate cross-regulation between several cytokines. Much of the 

complexity of this interaction is well-described using dose response functions of several 

cytokines. In fact, we argued from the mechanics of signal transduction that simple forms 

such as linear, threshold and median effect functions are biologically plausible options for 

such response functions. Hence we were able to present a simple template that could 

realistically represent any number of cytokines in a network. Using this template and 

experimental data in the literature, we constructed several models of the network involved 

in monocyte inflammatory response, incorporating LPS as well as the cytokines IL-1, IL- 

10 and TNF-a. It is important to take such phenomena into account when constructing 

cytokine-based therapy.

Unfortunately, as the number of cytokines in a network increases, the number of different 

hypotheses that need to be tested experimentally or theoretically rapidly becomes un- 

feasable. In Chapter 6, we looked instead at the range of behaviour tha t a network could 

exhibit given limited information about its structure and kinetic parameters. To begin 

with, we abstracted our multiple cytokine model by creating a set of data  structures that 

stored regulatory and kinetic information on cytokines. We analysed these structures to 

make explicit what we could tell about a network given a certain level of information about 

the cytokines involved. By stratifying the availability of information into three levels, we 

found tha t the more information we knew, the fewer potential equilibria there were that 

needed to be checked for accessibility. In fact, the networks adm itted very few equilibria 

for a given set of parameters, even though when the parameter values were unknown, the 

number of potential equilibria was enormous. Interestingly, the same effect was shown to 

be true of the Boolean networks developed by Kauffman (1969). We also found tha t if 

we have very little information about a network, we can only guess its structure given a 

great deal of statistical information about its dynamical behaviour, and not just a single 

time-course. We developed the concept of a “cytokine profile” incorporating statistical in

formation about the occurrences of the different equilibria, which may have the potential
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to be helpful in making clinical assessments.

Finally, in Chapter 7 we considered the effect of stochastic variation in model parameters 

by analysing a single-cytokine model with added noise. We found tha t time-dependent 

stochastic variations in response between cells of the same type can give rise to multiple 

peaks in cytokine production, indicating that the cells can simultaneously explore all their 

accessible equilibria. Furthermore, we found that it was more realistic to describe an 

increase in cytokine production in terms of an increase in the number of cells producing 

the cytokine rather than in the rate of production per cell. This description was confirmed 

by results in the literature as well as parallel experiments using flow cytometry in our own 

laboratory. This has consequences on the way the innate immune system responds to 

antigen, and we argued tha t it actually allows a more flexible and diverse response to be 

made.

In constructing these models, a number of broad philosophical decisions had to be made. 

Firstly, we had to make a decision on Holling (1968)’s dichotomy between tactical and 

strategic modelling. As mentioned earlier, we built our models with the philosophy that 

features of both kinds of approach were required in cytokine network models.

To be biologically useful, cytokine models must be able to incorporate experimental data 

and to be a basis for testable hypotheses. Hence, our starting point was equations (2.1)- 

(2.3) representing the Law of Mass Action, a quantitative empirical law of chemistry. With 

this foundation, we built our single cytokine model by introducing functions representing 

actual physicochemical cell processes such as receptor endocytosis and shedding. The 

purpose of doing this was not to create perfectly realistic models, but to ensure that 

the model parameters corresponded to quantities tha t a laboratory researcher could in 

principle design an experiment to measure. In fact, we were subsequently able to assign 

values to all rate parameters in a model of IL-1 in monocytes based on direct experimental 

observations in the literature.

Most models of cytokine dynamics do not take receptor-ligand interactions into account, 

though there are notable exceptions (see Section 1.2). Instead, they relate local concen

tration of free cytokines (rather than receptor-ligand complexes) to the ultimate cellular 

response of interest such as cytokine secretion. Yet receptor expression has long been 

considered an integral part of the cytokine network (Balkwill and Burke, 1989). The ad

vantage of modelling receptor-ligand binding is tha t such models are much clearer about 

their biological meaning. For instance, Burke et a/.(1997, p. 50) point out tha t an im-
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portant feature of their mass-action model was that “all of the terms are firmly rooted 

in known biological phenomena” . This avoids the usual bio-mathematicians’ trap of con

structing elegant mathematical models with no relation to realistic biological phenomena 

or potential to address problems of actual biological significance.

However, we did not incorporate every known cellular process in the hope tha t a realis

tic picture would emerge from comprehensiveness and raw computing power. This is the 

philosophy behind a “virtual cell” approach tha t aims to simulate an entire living cell by 

modelling all its major processes (Tomita et al.  ̂ 1999; Normille, 1999). We felt that this 

approach was unsatisfactory for modelling cytokine networks because it does not explain 

the underlying principles or emergent behaviour of the networks. Instead, we considered 

the relative importance and strategic function of the essential elements of a cytokine net

work. For instance, when we were building the single cytokine model, we argued that it 

was not necessary to include post-binding receptor events such as association of receptors 

with coated pits and endosomal sorting. Similarly, we did not model signal transduction 

events downstream of receptor-ligand binding mechanistically. Instead, they were incorpo

rated into dose response functions whose parameters had no intrinsic mechanistic meaning, 

but were determined by fitting to experimental data. For example, the ligand-bound type 

I IL- 1  receptor needs to associate to an accessory protein before it can transduce signal 

(Korherr et a/., 1997). In fact, both type I and type II receptors compete for the same 

protein, so when IL- 1  binds to IL-IRII it seemingly down-regulates IL-IRI levels (Lang 

et a/., 1998). The concentration and association rate of this accessory protein is reflected 

in the parameters of the IL-1 auto-stimulation function P{C) in equation (2.45). In par

ticular, if the accessory protein’s concentration is rate-limiting, it will be reflected in the 

maximum rate of auto-stimulation, Pmax-

The same approach was taken by Morel et a/. (1996) and Burke et a/. (1997) to model 

competition between IL-2 and IL-4 receptors for 7  chains shared by both receptors. They 

did this by incorporating a function of IL-4 that down-regulated IL-2 receptor density, in 

effect assuming tha t IL-4 binding was at equilibrium. Using this technique, they were able 

to reproduce dose response and time-course experimental results for the system they mod

elled. Similarly, when Fallon and Lauffenburger (2000) modelled the interaction between 

the three chains of the IL-2 receptor, they concluded tha t the system’s essential features 

were captured by designating the receptor variable as the IL-2R^y complex.

The ability of models by Morel et a/.(1996), Burke et a/.(1997), Fallon and Lauffenburger
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(2 0 0 0 ) and ourselves to reproduce experimental data suggests tha t additional mechanistic 

detail of pathways downstream of receptor-ligand binding is not always essential. The 

essential features of these pathways are not the actual mechanisms but their functional 

properties. In fact, when several pathways interact the resulting behaviour is not always 

predictable from the mechanistic properties of the individual pathways (Bhalla and Iyen

gar, 1999). The mathematical forms which fit experimental data well are often simple 

compared to the complexity of the pathways themselves. For instance, the MAPK path

way is well-represented by a threshold function (see Section 5.2). Signalling pathways 

have evolved to perform specific physiological functions, and much of their biochemical 

complexity may simply be to ensure robustness under different conditions rather than to 

express a wide range of responses (Carlson and Doyle, 2002).

The disadvantage of using functions rather than dynamical variables to model intracellular 

signal transduction is that it assumes that these pathways are mere conduits of information 

from the receptor to the nucleus. In fact, the pathways themselves are part of the message. 

In many cases, it is possible to influence the nature of a signal by modulating its pathways 

(Nurse, 1998). Furthermore, this approach assumes that cells respond instantly to ligand 

binding. Unfortunately, this is often simply not the case. For instance, it takes about 

30 min before LPS-stimulated monocytes produce detectable amounts of intracellular IL- 

1, and 60 min before IL-1 is detected extracellularly (Matsushima et al., 1986). In fact 

this may be a shortcoming in our model of IL-1 receptor up-regulation in fibroblasts (see 

Section 3.5.7), which was revealed by sensitivity analysis of the optimal parameter solution. 

In many cases, the only way to know how essential mechanistic modelling of intracellular 

events is may be to actually try  different models and see if they produce the kinds of 

behaviour we expect at realistic parameter ranges. For this to work, there is an urgent 

need for kinetic data on such events.

Finally, we did not model cell concentration dynamically. This is significant because many 

published models involving cytokines are basically models of cell proliferation, recruitment 

and death, with cytokines acting as mediators of these processes. Examples include models 

where cytokines and growth factors mediate fibroblast proliferation (Dale at al, 1996), 

tumour cell growth (Michelson and Leith, 1991), T lymphocyte proliferation (Burke at 

al, 1997) and macrophage recruitment (Wigginton and Kirschner, 2001). In contrast, 

the work presented here studies cytokines not as markers or mediators of a physiological 

process, but as components of a network that are studied in their own right.
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Variable cell concentration would have a greater influence on a cytokine network which 

is perpetuated by several cell types, each of which produced its own cytokine repertoire. 

For example, macrophages recruited to the synovial joint in the early stages of RA may 

perpetuate the disease by producing cytokines that activate T  lymphocytes which initi

ate adaptive immunity (Firestein and Zvaifler, 1990, 2000). Hence the pathogenesis of 

RA depends on the interplay between cytokines produced by fluctuating populations of 

macrophages, lymphocytes and other cell types. However, in autocrine networks with no 

exogenous source of ligand, changes in cell numbers would not affect the cytokine reper

toire produced. More of the same type of cells would increase both cytokine production 

(via an increase in the slope of the rate of ligand production </>(c)) and cytokine consump

tion (via an increase in receptor concentration R q). The only unaffected rate is that of 

cytokine decay, which is a linear function of cytokine concentration only, but is usually 

not significant quantitatively. Hence changes in cell concentration would not have a quali

tative effect on cytokine dynamics, though obviously actual cytokine concentration would 

change proportionately. However, when there is an exogenous source of ligand (such as 

TNF-q inhibitors in our model of anti-rheumatic drugs in Chapter 4), this will be un

changed by an increase in cell concentration, and thus the model’s qualitative predictions 

may be affected. Consequently, a natural way to extend the model in Chapter 4 would be 

to model changes in cell concentration. This would allow the model to represent situations 

where, for example, macrophage recruitment is significant.

This thesis has shown that dynamical systems hold great promise in unravelling the com

plexity of cytokine networks. At present though, they are still some way from being able 

to provide precise detailed predictions. To some extent they are constrained by a ceiling 

on the level of detail they can incorporate before they become intractable to analysis. 

However, this problem can usually be overcome by numerical simulation. The real issue 

is a shortage of accurate data about numerical parameters and even qualitative details 

of biological mechanisms. The information explosion in cytokine biology can obscure the 

fact that much quantitative information (on cytokine concentrations, kinetic binding rates 

and bioactivities for example) is still lacking in many parts and is often inconsistent due 

to heterogeneous experimental protocols. For example, we had to make an educated guess 

about the kinetic rate constants of infliximab in our model of anti-rheumatic drugs due to 

the lack of published data (Chapter 4).

This can be seen as an opportunity rather than an obstacle. Numerical modelling can be 

the impetus tha t drives an ongoing effort to discover, organise and validate quantitative

254



biological data. Models can indicate which quantities would be the most helpful to mea

sure, and towards what purpose. The problem is that, as Endy and Brent (2001) aptly 

put it, “contemporary biologists have no shortage of hypotheses they find worth pursu

ing, virtually all generated without recourse to quantitative models.” Modellers may not 

find experimentalists very forthcoming in investing time to track down obscure quantities 

that are im portant for technical reasons without strong biological motivation for doing so. 

This highlights the importance of co-operation between experimentalists and modellers. 

Mathematical modelling needs to be based upon the requirements and knowledge limits of 

experimentalists, as well as be able to influence the direction of ongoing experiments. In 

turn, experimentalists can raise questions based on their results tha t open up new avenues 

for further theoretical investigation.

The other area where theoretical work may be useful is to provide a descriptive framework 

for cytokine data. Recently, many of the discoveries in protein-protein interaction have 

been collated into a number of databases (Xenarios and Eisenberg, 2001). However, inte

gration of different databases and even different entries within the same database has been 

hindered by the lack of homogenous protocols that can incorporate such diverse data. In

terestingly, the models we develop encapsulate and give form to some very heterogeneous 

data coming from quite separate fields, including molecular biology, pharmacokinetics, 

drug response and immunology. Models of this kind are themselves useful data structures 

for organising and understanding disparate data.

The advantage that mathematical models have over other bioinformatics data structures 

is that they are rooted in biology rather than in database structure. Hence they are not 

mere repositories of information, but add value to data in terms of biological insight. Once 

data is stored in a model, it can generate predictions tha t indicate patterns, relationships 

and inconsistencies in the data. The predictions can be compared to time-course and dose- 

response data to see if the data stored is actually correct. The quantitative rigour that 

mathematical models introduce can expose errors in logic or assumptions made about 

cytokine networks. For instance, many hypotheses have been suggested about the way 

IL-1, IL-10 and TN F-a regulate each other in activated monocytes. Since we found in 

Chapter 5 tha t each of these hypotheses give rise to qualitatively different predictions, the 

dynamical behaviour of this system can help to verify or refute the hypotheses.

In conclusion, mathematical modelling is an exciting new tool in cytokine research that 

holds great promise. This thesis has already made a number of biologically significant
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predictions, as well as providing a template by which such work can be extended to other 

areas of cytokine biology.
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A ppendix A

Algorithm  to find the best fit 

parameters of (3.4)-(3.7)

A .l Statem ent of the optim isation problem

In this section, a description of the nonlinear least squares problem of fitting unknown pa

rameters in model equations (3.4)-(3.7) to data is given. Further detail and more rigorous 

mathematical justification can be found in Cans (1992, pp. 20-87).

We are given a set of N  data points G representing experimental

observations from Takii et a/. (1992) of a biological process. The data points are indexed 

with reference to an independent variable i € T, which takes values t i , . . . , / : at- In our 

case, this represents time, so T  =  M+.

Furthermore, we can construct a theoretical model M  \ V  x T  R representing the 

process tha t has been empirically observed. By this we mean th a t we expect to find 

value(s) of p =  { p i,. . .  ,p^} G V  for which M(p, t i ) , . . . ,  M (p, tj^) is a good approximation 

to d{ti) , . . . ,  d(tAr). The domain of M  is the cross-product of time T  and an n-dimensional 

parameter space V  Ç representing the set of biologically allowable parameter values 

that M  can take. For our purposes, V  =  R+, the set of n-vectors in the positive reals, 

since our parameters can be any positive real number.

In our case, M is a solution to one of the variables of the set of ordinary differential 

equations (3.4)-(3.7) under initial conditions tha t represent the particular experiment be

ing modelled. The parameter vector p =  {UmaxjU^o, Pmax, Pso^^g } represents the model 

parameters to be fitted.
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Our problem is to find a value of p for which M(p, t i ) , . . . ,  M (p, t]v) is the “best fit” 

approximation to d{ti) , . . . ,  G “Best fit” is defined with respect to an objective 

function S  : V  ^  [0, oo). The best fit value of p is the value tha t minimises S{p).

One method is to use the criterion of least squares. This involves minimising mean of the 

squares of the residuals, that is, the vertical distances between M (p, U) and d{ti). In other 

words, the objective function S  is the mean squared error function;

1 ^

i = l

A .2 Gradient descent m ethod for minimising the objective

function

In general (and in our case), there is no analytical method for minimising S. One numerical 

method for minimising S  is called the gradient descent method, which is described here.

Suppose we have a starting parameter vector p^^\ Define the gradient of S with respect 

to p, V ‘S'(p) as the following:

(A.2)

For a real s > 0, define the gradient descent function /  by the following:

f{ s )  = S{p^ -  s V 'S'(Pq)) -  5(Pq) (A.3)

Observe that:

y"' /  oo  \  2
m  = -|lv5(2„)|P = -E (â^ (£ o )}  (A.4)

Hence f'{0) < 0  unless p^ is a local minimum of S. Since / ( O )  =  0 ,  there exists an interval

0  < s < So in which /( s )  is strictly decreasing. Let p^ ~  Pq ~  V  ^{Pq)} for some

0  <  S i  <  S o .  Then / ( s i )  <  / ( O )  =  0 ,  so S{p^) <  S{p^ )̂.

The procedure is iterated to produce a sequence of values . . .  , p ^ , . . .  such that

5(pq) >  S{p^) > ••• > S (p ^ )  >   When || v  is sufficiently close to 0, the

process is terminated and the minimising value is p^.
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In our case, it is not possible to find the derivatives ^  analytically. We numerically 

approximate r  using the following approximation:

.  %  +  W - ^ W  (A.5)
Opi h

Here eĵ  is the basis vector with 1 in the kth  coordinate and 0 in all other coordinates, h 

is a value satisfying 0 < < 1 tha t is chosen based on the possible values of p  so tha t the

approximation (A.5) has at most order 1.

A.3 Description of the approach to solving the problem

For the problem described in Section 3.5, we actually have two models Mi and M 2 tha t 

need to be simultaneously fitted to two sets of data (Di and D 2 ). M i is the model 

using initial conditions for Experiment 3 (as described in Section 3.5.4), and D i is the 

corresponding data from Takii et a/. (1992) for that experiment. M 2 and D 2 are respectively 

the model and data for Experiment 4.

The objective function to be minimised was defined to be the mean squared error function 

for Ml and D i added to the mean squared error function for M 2 and D 2 . However, the data 

sets for the two experiments were on very different orders of magnitude, so the solution 

would be heavily weighted in favour of the data set with the larger order of magnitude 

(in this case D 2 ). In order to alleviate this problem, the data sets were normalised by 

dividing each value by the order of magnitude of the highest value in tha t data set (10~^® 

for DI and 10“  ̂ for D2). We used the highest value to normalise rather than the mean 

value because the variance for both data sets was also very different (4.1 x 10“ ^̂  for DI 

and 1.2 x 10“ ^̂  for D2), so dividing by the mean would again give too much weight to 

D2. The solution we employed is not statistically perfect, but it is simple and does not 

distort the data distribution since each data point is divided by the same value.

We expected the parameters Umax: Pmax: P50 and ôq providing the best fit to be

very small and also to have very different orders of magnitude from each other. To re

duce round-off error in calculations, we normalised them as well. To do this, we divided 

each parameter pi by its initial value so tha t it had value unity. We needed to ad

just Ml and M 2 accordingly for the new parameters. This was done by taking the new 

model, M{(p2 , . . .  ,pg) =  M i(pJ°^pi,. . .  ,P5^^ps), where p[ , . . . ,  pg are the new normalised 

parameters to be fitted.
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Calculating the parameter h used for numerically estimating ^  required great care. If h 

was too high, the numerical approximation for ^  would be poor and the routine would 

fail to converge. On the other hand, if h was too low, then computer round-off error 

as a consequence of computing tiny numbers would become significant. This was a real 

problem since round-off errors were magnified by the routine for numerically integrating 

the differential equations. In order to determine the optimum value of h, the Euclidean 

norm of the numerical approximation of to V'S'(p), || V ‘S'(p)||/i, was calculated based on 

the following formula for different values of h:

II V ^(rtllfc =  where %  +  (A.G)

The value of || V ‘S'(p)||h was calculated for h = h i ,h 2 , . .  ■ where hi = 2 ~ \ until a value 

h = hi was reached for which || V'^'(p)lk,+i -  || V*5'(p)IUi > II ~  II V '^(p)ll/u_i-

The initial parameter vector was estimated by the method of simulation (Cans, 1992, 

pp. 64-67). This involved adjusting the orders of magnitude of each parameter, plotting 

model time-courses and comparing them to the data values by visual inspection until 

the two were almost superimposable. Subsequent values of were calculated using a 

gradient descent algorithm with s = 10“ .̂ When the algorithm failed to converge (which 

may have been on the first attem pt), meaning tha t > 5(p(^^), s was decreased

by a factor of 10. The numerical derivative stepsize h was recalculated every time this was 

done. This was repeated until each element of was unchanged to the second decimal 

place for two consecutive iterations.

The algorithm described was implemented using M athematica 4.0 (Wolfram Software, 

Inc.). Numerical integration of the ordinary differential equations was performed using 

the NDSolve routine with the options PrecisionGoal —>• 10, WorkingPrecision —>• 20.
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A ppendix B

Raw equilibrium data for Chapter 

6 .

Activation Constrained Runaway equilibria

Matrix Equilibria 0 1 2 3 4 5

I 0 0.00000 0.05167 0.01183 0.00000 0.00000 0.00000

1 0.46289 0.14931 0.03076 0.00046 0.00000 0.00000

2 0.21134 0.03256 0.0096 0.00029 0.00000 0.00000

3 0.02299 0.00206 0.00092 0.00000 0.00000 0.00000

4 0.01134 0.00116 0.00000 0.00000 0.00000 0.00000

5 0.00082 0.00000 0.00000 0.00000 0.00000 0.00000

II 0 0.09595 0.01675 0.00172 0.00000 0.00000 0.00000

1 0.61890 0.05272 0.00351 0.00000 0.00000 0.00000

2 0.18836 0.00387 0.00264 0.00000 0.00000 0.00000

3 0.00589 0.00000 0.00000 0.00000 0.00000 0.00000

4 0.00969 0.00000 0.00000 0.00000 0.00000 0.00000

5 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

III 0 0.09122 0.01513 0.00133 0.00000 0.00000 0.00000

1 0.62265 0.05264 0.00329 0.00000 0.00000 0.00000

2 0.19135 0.00375 0.00266 0.00000 0.00000 0.00000

3 0.00585 0.00000 0.00000 0.00000 0.00000 0.00000

4 0.01013 0.00000 0.00000 0.00000 0.00000 0.00000

5 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

IV 0 0.12539 0.00000 0.00000 0.00000 0.00000 0.00000

1 0.71564 0.00000 0.00000 0.00000 0.00000 0.00000

2 0.15056 0.00000 0.00000 0.00000 0.00000 0.00000

3 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

4 0.00841 0.00000 0.00000 0.00000 0.00000 0.00000

5 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

Table B.l: Probability of a given number of constrained and runaway equilibria in a 

two-cytokine network when ^  ~  ExpQ.
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Activation Type of Identifier of equilibrium

Matrix Equilibria 0 1 2 3 4 5 6 7 8

I Constrained 6350 84264 1939 9699 386 9532 4886 1099 976

Runaway 70938 0 0 0 0 0 6227 0 1174

Identifier of equilibrium

9 10 11 12 13 14 15 16

Constrained 2331 1084 6028 1486 424 1230 1219 1718

Runaway 0 0 7747 2997 0 2457 1498 12423

II Identifier of equilibrium

0 1 2 3 4 5 6 7 8

Constrained 11442 83507 1851 9306 398 9684 5263 1050 1071

Runaway 91879 0 0 0 0 0 7277 0 1631

Identifier of equilibrium

9 10 11 12 13 14 15 16

Constrained 0 0 0 0 0 0 0 0

Runaway 0 0 0 0 0 0 0 0

III Identifier of equilibrium

0 1 2 3 4 5 6 7 8

Constrained 10768 83879 0 9499 0 9994 0 1096 0

Runaway 92120 0 0 0 0 0 0 0 0

Identifier of equilibrium

9 10 11 12 13 14 15 16

Constrained 0 0 7052 0 0 0 1556 0

Runaway 0 0 0 0 0 0 0 0

IV Identifier of equilibrium

0 1 2 3 4 5 6 7 8

Constrained 12539 84986 0 9692 0 9226 0 1136 0

Runaway 100000 0 0 0 0 0 0 0 0

Identifier of equilibrium

9 10 11 12 13 14 15 16

Constrained 0 0 0 0 0 0 0 0

Runaway 0 0 0 0 0 0 0 0

Table B.2: Number of times each equilibrium became accessible in a sample of 100,000 

two-cytokine networks when ^  ~  ExpQ.
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Activation Constrained Runaway equilibria

Matrix Equilibria 0 1 2 3 4 5

I 0 0.00000 0.04494 0.02074 0.00000 0.00000 0.00000

1 0.06097 0.21929 0.10233 0.00367 0.00000 0.00000

2 0.11831 0.21589 0.03401 0.0052 0.00000 0.00000

3 0.09635 0.02238 0.00921 0.00000 0.00000 0.00000

4 0.02586 0.01251 0.00000 0.00000 0.00000 0.00000

5 0.00834 0.00000 0.00000 0.00000 0.00000 0.00000

II 0 0.11615 0.00136 0.00008 0.00000 0.00000 0.00000

1 0.53563 0.01529 0.00064 0.00000 0.00000 0.00000

2 0.28942 0.00251 0.00049 0.00000 0.00000 0.00000

3 0.01416 0.00000 0.00000 0.00000 0.00000 0.00000

4 0.02427 0.00000 0.00000 0.00000 0.00000 0.00000

5 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

III 0 0.12179 0.00154 0.00014 0.00000 0.00000 0.00000

1 0.53469 0.01604 0.00105 0.00000 0.00000 0.00000

2 0.28478 0.00289 0.00045 0.00000 0.00000 0.00000

3 0.01382 0.00000 0.00000 0.00000 0.00000 0.00000

4 0.02281 0.00000 0.00000 0.00000 0.00000 0.00000

5 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

IV 0 0.14258 0.00000 0.00000 0.00000 0.00000 0.00000

1 0.6118 0.00000 0.00000 0.00000 0.00000 0.00000

2 0.22439 0.00000 0.00000 0.00000 0.00000 0.00000

3 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

4 0.02123 0.00000 0.00000 0.00000 0.00000 0.00000

5 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

Table B.3; Probability of a given number of constrained and runaway equilibria in a 

two-cytokine network when ^  ~  LA/’(1,0.1).
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Activation Type of Identifier of equilibrium

Matrix Equilibria 0 1 2 3 4 5 6 7 8

I Constrained 6568 81707 1342 15685 204 15111 8550 2967 1251

Runaway 30983 0 0 0 0 0 2059 0 259

Identifier of equilibrium

9 10 11 12 13 14 15 16

Constrained 1408 3006 8979 7023 206 6606 1245 15918

Runaway 0 0 1192 8443 0 9252 139 66076

II Identifier of equilibrium

0 1 2 3 4 5 6 7 8

Constrained 11759 81648 1467 15668 214 15561 8810 2944 1284

Runaway 97963 0 0 0 0 0 1928 0 230

Identifier of equilibrium

9 10 11 12 13 14 15 16

Constrained 0 0 0 0 0 0 0 0

Runaway 0 0 0 0 0 0 0 0

III Identifier of equilibrium

0 1 2 3 4 5 6 7 8

Constrained 12347 81199 0 14856 0 15303 0 2861 0

Runaway 97789 0 0 0 0 0 0 0 0

Identifier of equilibrium

9 10 11 12 13 14 15 16

Constrained 1434 0 8946 0 196 0 1277 0

Runaway 0 0 2040 0 0 0 335 0

IV Identifier of equilibrium

0 1 2 3 4 5 6 7 8

Constrained 14258 81472 0 15343 0 14890 0 2845 0

Runaway 100000 0 0 0 0 0 0 0 0

Identifier of equilibrium

9 10 11 12 13 14 15 16

Constrained 0 0 0 0 0 0 0 0

Runaway 0 0 0 0 0 0 0 0

Table B.4: Number of times each equilibrium became accessible in a sample of 100,000 

two-cytokine networks when ^  ~  LA/’(1,0.1).
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Activation Constrained Runaway equilibria

Matrix Equilibria 0 1 2 3 4 5

I 0 0.00000 0.17219 0.03693 0.00000 0.00000 0.00000

1 0.22336 0.24208 0.0634 0.00172 0.00000 0.00000

2 0.13906 0.0651 0.01593 0.00084 0.00000 0.00000

3 0.02194 0.0029 0.00154 0.00000 0.00000 0.00000

4 0.00998 0.00232 0.00000 0.00000 0.00000 0.00000

5 0.00071 0.00000 0.00000 0.00000 0.00000 0.00000

II 0 0.22686 0.03004 0.00379 0.00000 0.00000 0.00000

1 0.47212 0.07978 0.00465 0.00000 0.00000 0.00000

2 0.15712 0.0067 0.00463 0.00000 0.00000 0.00000

3 0.00524 0.00000 0.00000 0.00000 0.00000 0.00000

4 0.00907 0.00000 0.00000 0.00000 0.00000 0.00000

5 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

III 0 0.2356 0.0288 0.00319 0.00000 0.00000 0.00000

1 0.47498 0.0743 0.00572 0.00000 0.00000 0.00000

2 0.15332 0.00621 0.0034 0.00000 0.00000 0.00000

3 0.00567 0.00000 0.00000 0.00000 0.00000 0.00000

4 0.00881 0.00000 0.00000 0.00000 0.00000 0.00000

5 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

IV 0 0.29284 0.00000 0.00000 0.00000 0.00000 0.00000

1 0.56732 0.00000 0.00000 0.00000 0.00000 0.00000

2 0.13253 0.00000 0.00000 0.00000 0.00000 0.00000

3 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

4 0.00731 0.00000 0.00000 0.00000 0.00000 0.00000

5 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

Table B.5: Probability of a given number of constrained and runaway equilibria in a 

two-cytokine network when ^  ~  L N {1 ,1).
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Activation Type of Identifier of equilibrium

Matrix Equilibria 0 1 2 3 4 5 6 7 8

I Constrained 20912 69030 2340 9183 565 8636 4449 1124 1132

Runaway 39505 0 0 0 0 0 10402 0 2477

Identifier of equilibrium

9 10 11 12 13 14 15 16

Constrained 2262 1142 4572 1495 477 1353 959 1712

Runaway 0 0 9190 5240 0 4890 1987 38601

II Identifier of equilibrium

0 1 2 3 4 5 6 7 8

Constrained 26069 68107 2417 8275 566 8590 4654 1032 904

Runaway 87041 0 0 0 0 0 11477 0 2789

Identifier of equilibrium

9 10 11 12 13 14 15 16

Constrained 0 0 0 0 0 0 0 0

Runaway 0 0 0 0 0 0 0 0

III Identifier of equilibrium

0 1 2 3 4 5 6 7 8

Constrained 26759 67620 0 8032 0 8763 0 1024 0

Runaway 87838 0 0 0 0 0 0 0 0

Identifier of equilibrium

9 10 11 12 13 14 15 16

Constrained 2181 0 4178 0 527 0 986 0

Runaway 0 0 10830 0 0 0 2563 0

IV Identifier of equilibrium

0 1 2 3 4 5 6 7 8

Constrained 29284 68160 0 8184 0 8789 0 1029 0

Runaway 100000 0 0 0 0 0 0 0 0

Identifier of equilibrium

9 10 11 12 13 14 15 16

Constrained 0 0 0 0 0 0 0 0

Runaway 0 0 0 0 0 0 0 0

Table B.6: Number of times each equilibrium became accessible in a sample of 100,000 

two-cytokine networks when ^  ~  L N {1 ,1).
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Activation Constrained Runaway equilibria

Matrix Equilibria 0 1 2 3 4 5

I 0 0.00000 0.66100 0.02106 0.00000 0.00000 0.00000

1 0.25156 0.03930 0.00211 0.00000 0.00000 0.00000

2 0.02286 0.00086 0.00052 0.00000 0.00000 0.00000

3 0.00039 0.00003 0.00000 0.00000 0.00000 0.00000

4 0.00027 0.00004 0.00000 0.00000 0.00000 0.00000

5 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

II 0 0.47197 0.22352 0.00457 0.00000 0.00000 0.00000

1 0.26033 0.02253 0.00017 0.00000 0.00000 0.00000

2 0.01612 0.00030 0.00013 0.00000 0.00000 0.00000

3 0.00014 0.00000 0.00000 0.00000 0.00000 0.00000

4 0.00022 0.00000 0.00000 0.00000 0.00000 0.00000

5 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

III 0 0.44975 0.21249 0.00295 0.00000 0.00000 0.00000

1 0.29792 0.01749 0.00000 0.00000 0.00000 0.00000

2 0.01920 0.00000 0.00000 0.00000 0.00000 0.00000

3 0.00002 0.00000 0.00000 0.00000 0.00000 0.00000

4 0.00018 0.00000 0.00000 0.00000 0.00000 0.00000

5 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

IV 0 0.6872 0.00000 0.00000 0.00000 0.00000 0.00000

1 0.29779 0.00000 0.00000 0.00000 0.00000 0.00000

2 0.01486 0.00000 0.00000 0.00000 0.00000 0.00000

3 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

4 0.00015 0.00000 0.00000 0.00000 0.00000 0.00000

5 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

Table B.7: Probability of a given number of constrained and runaway equilibria in a 

two-cytokine network when ^  ~  TA^(1,10).
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Activation Type of Identifier of equilibrium

Matrix Equilibria 0 1 2 3 4 5 6 7 8

I Constrained 68206 30020 784 771 25 876 636 33 42

Runaway 27508 0 0 0 0 0 23569 0 689

Identifier of equilibrium

9 10 11 12 13 14 15 16

Constrained 535 18 540 13 26 29 16 31

Runaway 0 0 20751 853 0 819 626 27554

II Identifier of equilibrium

0 1 2 3 4 5 6 7 8

Constrained 70006 29030 0 638 0 721 0 32 0

Runaway 74878 0 0 0 0 0 0 0 0

Identifier of equilibrium

9 10 11 12 13 14 15 16

Constrained 662 0 619 0 21 0 20 0

Runaway 0 0 24743 0 0 0 866 0

III Identifier of equilibrium

0 1 2 3 4 5 6 7 8

Constrained 66519 32508 542 865 14 866 621 13 30

Runaway 76707 0 0 0 0 0 23042 0 546

Identifier of equilibrium

9 10 11 12 13 14 15 16

Constrained 0 0 0 0 0 0 0 0

Runaway 0 0 0 0 0 0 0 0

IV Identifier of equilibrium

0 1 2 3 4 5 6 7 8

Constrained 68720 31009 0 890 0 893 0 19 0

Runaway 100000 0 0 0 0 0 0 0

Identifier of equilibrium

9 10 11 12 13 14 15 16

Constrained 0 0 0 0 0 0 0 0

Runaway 0 0 0 0 0 0 0 0

Table B.8; Number of times each equilibrium became accessible in a sample of 100,000 

two-cytokine networks when % ~  10).
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Activation

Matrix

r {a , /3 )  PDF L N { t i , s )  PDF C tX  ^

S Parameters S Parameters S Parameters

I 2.2 X 10-5 a  =  12.2 

13 -  0.183

8.0 X lO-'^ fj, — 0.870 

s =  0.141

1.6 X 10-3 a  =  5.25 

(3 =  3.01

II 4.1 X 10-5 a =  11.7 

(3 =  0.178

2.2 X 10-3 /i =  0.860

s =  0.131

8.6 X 10-4 a  =  8.32 

(3 =  3.62

III 4.1 X 10-5 a =  11.9 

p  =  0.176

2.0 X 10-3 /i =  0.860

s -  0.132

9.0 X 10-4 Q: =  8.28

(3 =  3.60

IV 4.6 X 10-5 Q  =  12.8

(3 =  0.157

2.6 X 10-3 H =  0.851 

s — 0.125

4.0 X 10-4 a  =  13.5 

(3 =  4.24

All 2.8 X 10-5 a =  12.0 

/? =  0.175

1.8 X 10-3 jj, - 0.860

s -- 0.132

8.5 X 10-4 a. — 8.07 

(3 — 3.56

Table B.9: Mean squared error S  and optimum parameters obtained in fitting the data in 

Figure 6.9 ~  ExpQ) to three two-parameter distributions. Note tha t only the tail of

the data is fitted to a power law function {ax~^).

Activation

Matrix

F(a,/3) PDF LN{ix, s) PDF a x  ^

S Parameters S Parameters S Parameters

I 9.2 X 10-5 a  =  8.18 

(3 -- 0.334
4.6 X 10-5 fjL =  0.983 

s =  0.358

6.4 X 10-3 a  =  1.28 

(3 =  1.57

II 3.7 X 10-4 a  - 9.15 

(3 =  0.249
7.9 X 10-4 fj. -- 0.779 

s =  0.351

3.5 X 10-3 a  =  3.45 

(3 =  2.60
III 3.5 X 10-4 a = 9.02 

(3 =  0.251

7.7 X 10-4 ^  0.772 

s =  0.497

3.3 X 10-3 a  =  3.51 

13 =  2.63
IV 2.0 X 10-4 a - 9.85 

/3 =  0.215

3.5 X 10-3 fjL =  0.870 

s  =  0.132

1.6 X 10-3 a - 5.71 

/3 =  3.21

All 1.7 X 10-4 a = 8.65 

13 = 0.269
4.5 X 10-4 /i -- 0.800

s =  0.363

3.0 X 10-3 a  =  2.91 

(3 =  2.42

Table B.IO: Mean squared error S  and optimum parameters obtained in fitting the data 

in Figure 6.11 (%  ~  LN(0,0.1)) to three two-parameter distributions.

Activation

Matrix

F(a,/3) PDF LN{i^, s) PDF a x  ^

S Parameters S Parameters S Parameters

I 5.0 X 10-5 a  — 7.43 

(3 =  0.285

2.0 X 10-4 /i =  0.690 

s -  0.285

1.3 X 10-3 a =  4.02 

f3 =  2.90

II 5.8 X 10-5 a  =  7.95 

f3 =  0.247

1.8 X 10-4 - 0.615 

s =  0.247

6.8 X 10-4 Q =  6.46 

/3 =  3.53

III 4.7 X 10-5 Q =  7.93 

(3 0.246

1.5 X 10-5 fj, — 0.609 

s 0.355

6.0 X 10-4 a  — 6.67 

(3 =  3.58

IV 3.7 X 10-5 a  =  8.49 

p  =  0.221

1.4 X 10-4 IX =  0.572 

s -  0.338

3.5 X 10-4 a  — 9.33 

(3 =  4.03

All 4.2 X 10-5 a  =  7.84 

(3 =  0.252

1.4 X 10-4 IX =  0.621

s =  0.252

6.5 X 10-4 a  =  6.12 

(3 =  3.46

Table B .ll: Mean squared error S  and optimum parameters obtained in fitting the data 

in Figure 6.13 ~  L N {0 ,1)) to three two-parameter distributions.
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Activation

Matrix

r(a,/3) PDF LN{^i,s)  PDF OLX ^

S Parameters S Parameters S Parameters

I 7.7 X 10-5 Q  =  14.2 
(3 -  0.100

3.6 X 10-4 =  0.296 
s - 0.470

3.2 X 10-3 a  =  0.695 
p  =  1.86

II 3.3 X 10-5 a  =  14.2 
P =  0.099

4.0 X 10-4 /i 0.273 
s =  0.473

3.0 X 10-3 a  -  0.711 
p  =  1.93

III 3.8 X 10-5 a  =  13.5 
P =  0.107

4.4 X 10-4 jj, =  0.346 
s =  0.399

4.3 X 10-3 a. —  0.681 
p  =  1.79

IV 2.2 X 10-5 a  -- 13.8 
p  =  0.103

4.6 X 10-4 11 =  0.308 
s =  0.447

3.6 X 10-3 a  - 0.700 
p  =  1.87

All 3.6 X 10-5 a  =  14.0 
P =  0.101

4.2 X 10-4 /Lx —  0.296 
s =  0.461

3.3 X 10-3 a  0.702 
p  =  1.88

Table B.12: Mean squared error S  

in Figure 6.15 ~  LA^(0,10)) to

and optimum parameters obtained in fitting the data 

three two-parameter distributions.

Number of 

Cytokines

Constrained

Equilibria 0 1

Runaway equilibria 

2 3 4 5 6

3 0 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

1 0.50160 0.10184 0.02114 0.00250 0.00069 0.00010 0.00001

2 0.25917 0.02854 0.01383 0.00104 0.00068 0.00005 0.00001

3 0.02859 0.00345 0.00141 0.00022 0.00008 0.00001 0.00001

4 0.02765 0.00185 0.00098 0.00011 0.00016 0.00001 0.00000

5 0.00177 0.00012 0.00008 0.00001 0.00001 0.00000 0.00000

6 0.00130 0.00010 0.00005 0.00001 0.00002 0.00000 0.00000

7 0.00015 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

8 0.00059 0.00002 0.00000 0.00000 0.00000 0.00000 0.00000

9 0.00002 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

10 0.00002 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

4 0 0.28188 0.00220 0.00060 0.00000 0.00000 0.00000 0.00000

1 0.63217 0.00240 0.00020 0.00010 0.00000 0.00000 0.00000

2 0.07683 0.00020 0.00040 0.00000 0.00000 0.00000 0.00000

3 0.00210 0.00010 0.00010 0.00000 0.00000 0.00000 0.00000

4 0.00050 0.00010 0.00000 0.00000 0.00000 0.00000 0.00000

5 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

6 0.00010 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

Table B.13; Probability of a given number of constrained and runaway equilibria in three- 

and four-cytokine networks when ^  ~  ExpQ.

Number of 

cytokines

F(a,/3) PDF LN{fi,  s) PDF OLX ^

S Parameters S Parameters S Parameters

3 cytokines 1.5 X 10-4 a  =  14.9 

p  =  0.158

1.8 X 10-4 H 0.877 

s =  0.152

1.5 X 10-3 a  =  4.22 

p  =  2.71

4 cytokines 4.0 X 10-5 a. — 11.4 

p  =  0.157

2.7 X 10-4 H — 0.538 

s =  0.294

2.2 X 10-5 a  =  26.3 

p  =  5.37

Table B.14: Mean squared error S  and optimum parameters obtained in fitting the data 

in Figure 6.17 to three two-parameter distributions.
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A ppendix C

P roof of the PAV Theorem

Let X *  be the global maximum of V{x)^ and write W(x)  = T(x*) — V{x).  Then W{x)  > 0  

for X  X *  and W{x*) = 0. The normalised solution (7.50) can then be written:

1 roo 1
u(x) = ■■ where M  =  /  ——-e~D^^^^dx  (C.l)

First consider the normalisation constant M.

M =  r  r  '  +  f  (C.2)
J o  J x * —e 9 \ ^ )  J x * + e 9 \ ^ )

Then M7(x) > (5 > 0 for 0 < a: < x* — e and x* +  e < a; < oo. Hence:

r x  —e 1 r o o  i

lim /  e~D^^^^dx - lim /  —-e~D^^^'>dx =  0 (C.3)
^ - 0  Vo PW  P(3:)

On the other hand,

r  =  f ‘ —-J:--- ^e-B»'(v+**)dy (C.4)
J x ' - e  9( x)  j - i 9 ( v  +  ^ ' )

Take e = D  and D z = y. Then

r  = D C  -------e -h W (0 ‘+^')dz (C.5)
J x ' - e  s W  J - i  9 { D ^  +  X * )

Also
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lim / '  — - i  =  r  =  M* (C.6)
D ^ o J _ ^ g { D z  + x-) J - i g l . x ”)  ̂ ’

a non-zero constant. Thus, M  ~  DM*  with M* >  0 as D  0. It follows from (C .l) and 

(0.3) that u{x*) ~  ^  > oo and u{x) ~  0 for T ^  x*, as D  —> 0. Since u{x)

is a normalised probability density, we conclude that u{x) 6{x — x*) as D —>• 0. □
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