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A b stra c t
The recognition of foreign antigen by T cells is the foundation of the adaptive
inunune response, and this has been demonstrated experimentally to be an
extremely sensitive, specific and reliable process. In this thesis, models for T
cell signalling based on recent experimental data are constructed to understand
how these properties arise.
The thesis first reviews the biological and mathematical background neces
sary to model T cell activation. Next, a stochastic interpretation of the stan
dard model for TCR specificity (McKeithan’s kinetic proofreading model) is
made, which extends the analysis from TCR concentrations to individual TCR.
When stochastic figand dissociation is included, the analysis shows th at kinetic
proofreading alone fails to provide the necessary degree of specificity seen exper
imentally. Based on this analysis, a new model th at incorporates the essential
elements of proofreading (i.e., delay followed by activation) and is more consis
tent with known TCR signalling biology is constructed. This new model predicts
a role for the immune synapse and self ligands in amplifying and sustaining T
cell signalling, as well as a novel role for multiple ITAMs to decrease the variance
of the activation threshold. The next model moves from the level of individual
TCR to study interactions between a population of receptors. A Monte Carlo
simulation of a lattice of TCR interacting with ligands is constructed, which in
tegrates the most important models for T cell specificity (kinetic proofreading)
and sensitivity (serial ligation), and incorporates recent evidence for cross-talk
between neighbouring receptors. This simulation reveals th at the specificity of
T cell ligand discrimination can be significantly enhanced with receptor cooperativity. Finally, the model suggests a resolution to the paradox of positive
and negative selection on a similar set of figands, and uses this to explain the
surprising repertoire of transgenic mice that express the same peptide on all
MHC II molecules.
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Chapter 1

Introduction
“The immunocosmologies of the 1970s, based on creative interpreta
tion in the absence of reliable biochemistry or genetics, have largely
fallen into disfavor, taking with them the arcane circuitries of sup
pressor cells, helper factors, and antiidiotypic networks.”
- Christophe Benoist and Diane Mathis, Chapter 11 Page 398 (TLymphocyte Differentiation and Biology) of Fundamental Immunol
ogy, Fourth Edition (Lippincott-Raven, 1999)

1.1

Overview

The immune system is generally considered to have irmate and specific immune
responses (Paul, 1999). Innate immunity is more ancient in an evolutionary
sense, and provides the early lines of defence against pathogens. It comprises
physical and chemical barriers to pathogen entry, the complement system (and
other blood proteins involved in inflammation), phagocytic cells (neutrophils
and macrophages) and other leucocytes (e.g., natural killer cells). The responses
of innate immunity are stereotyped, and largely based on the recognition of
invariant pathogen associated molecular patterns (PAMPs) (Janeway, Jr., 2001).
In contrast, adaptive immunity is characterised by memory and specificity. The
adaptive immune response ‘remembers’ previously encountered pathogens, such
that subsequent encounters result in increasingly effective defence mechanisms
(memory). In addition, the nature of the adaptive immune response varies
according to the type of pathogen (e.g., intra- or extra-cellular), and is tailored
to eliminate it effectively (specificity).
The keystone of adaptive immunity is the interaction between the antigen
presenting cell (APC) and the T lymphocyte. An army of professional antigen
12

presenting cells, the dendritic cells (DCs), sit and wait at the interfaces be
tween the body and the environment. DCs constantly sample the environment,
and then migrate to the secondary lymphoid organs (lymph nodes and spleen)
where they present their captured antigens to the T cells. If the T cell receptor
(TCR) recognises the ligand presented by the DC, and the DC provides the right
costimulatory signals, the T cell then prohferates and mounts an appropriate
immune response.
One of the major discoveries in immimology was that the TCR only recog
nises ligand in the form of short peptides presented in the groove of a molecule
known as the major histocompatibility complex (MHC). There are two forms
of this molecule; MHC class II is only found on antigen presenting cells and is
recognised by a subclass of T cells known as CD4 T cells, while MHC class I
is found on aU nucleated cells and is recognised by CD8 T cells. The essential
difference between the MHC molecules is that class I presents peptides derived
from the cell interior, while class II presents peptides captured from the envi
ronment. Somewhat surprisingly, cells do not appear to distinguish between self
and pathogen protein when cleaving them up into peptide fragments suitable
for MHC presentation, and most of the peptides presented on the ceU surface
by MHC molecules are actually derived from self proteins.
T cells axe extremely sensitive to the presence of their cognate peptide pre
sented on MHC molecules. It is known, for example, th at CD4 T cells can
proliferate in response to as few as 10-100 MHC bearing foreign peptide, while
CD8 T cells appear to be even more sensitive (Harding and Unanue, 1990; Demotz et al., 1990; Sykulev et al., 1996). Since T cells can respond appropriately
even though self peptides outnumber the foreign peptides on the cell surface by
a factor of 1000 to 10000, there is little margin for error and the TCR must be
an exquisitely specific biosensor.
The aim of this thesis is to model some of the events occurring at the T
cell-.APC interface th at may be responsible for the amazing fidelity of the T
cell in the presence of a high signal to noise ratio (SNR). Obviously, these
properties of the T cell sensing system are critical for the proper functioning
of the immune system and indeed, the organism itself. Errors in one direction
would lead to failure to control pathogen, while errors in the other direction
result in auto-immunity, a condition where the immune system attacks self tissue
with consequent morbidity and sometimes mortality.
In the field of immunology, modelling is viewed with distrust if not disdain
by many experimentahsts. So modellers in this field have a particulax respon
sibility to explain the rationale for modelling, and how pencil and paper (and
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the computer in these modem times) can complement 96 multi-well plates (and
surface plasmon resonance biosensors in these modem times). The first bene
fit of modelling and computer simulation is that it enforces clarity of thought.
Assumptions used in any model must be explicitly formulated, and often this
allows one to see implications or make predictions which may not otherwise be
obvious. This is particularly tm e of nonlinear systems (just about everything in
immunology) which often have unexpected or even counter-intuitive behaviour.
A second benefit of modelling is that it is often not possible to isolate par
ticular biological subsystems of interest to analyse; this is usually trivial in a
mathematical model or computer simulation. Finally, it is sometimes possible
to model events beyond the resolution of current laboratory instruments, for
example, stochastic fluctuations of signalling components about a single T cell
receptor. In this case, modelling is the only recourse we have at present for
understanding the implications of the phenomenon.
In terms of basic science, a good model of the mechanisms underlying T
cell specificity and sensitivity would be of benefit simply because it provides
insight into the foundation of the adaptive immune response. Additionally, it
could help us understand T cell developmental biology and how the T cell can
respond to the same or a similar set of antigens with different responses (positive
and negative selection) during thymic development.
In terms of applications, understanding the characteristics of ligands that
excite T cells would clearly have the potential to lead to better therapeutics.
It would benefit rational vaccine design, since epitopes could be synthesised to
optimise T cell response to various infectious agents or tumours. On the other
hand, understanding the characteristics of ligands that result in them being
ignored by T cells would also be helpful. It could result in a better theoretical
understanding for how altered peptide figands (APL) work, which has important
clinical implications (Sloan-Lancaster and Allen, 1996). For example, APL have
been suggested as therapy to down-regulate unwanted specific immune responses
in the case of autoimmune disease. Another example of the clinical importance
of understanding how APL work is in the field of infectious disease, where HIV
often manages to subvert the immune response by expressing antigens similar
to antagonist APL. Finally, there is the possibility of applying the model for
sensitivity and specificity to the design of better biosensors, which would be of
commercial importance.
There are many varieties of mathematical and computational models in bi
ology and immunology; the models described in this thesis tend to be clearly
biologically motivated and fairly simple mathematically. There is little esoteric
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mathematical analysis; much of the analytical effort is in trying to relate the
model to the immunology, seeing if it can shed any hght on experimental puz
zles, or make testable predictions, or suggest therapeutic applications. There is
a deUberate effort to make the models comprehensible and relevant to immu
nologists, since they are obviously the only people qualified to test such models.
The thesis itself integrates a small number of themes - how stochastic events,
signal amplification, feedback control and cooperativity can result in the ‘emer
gent’ T ceU properties of sensitivity, specificity and robustness. While stochasticity, amplification and feedback are characteristic of networks at the level of
the gene, protein and cell, this thesis focuses mainly on protein interactions,
although the modelling issues are very similar for genetic and cellular networks
as well.
The first step in this analysis is to study the TCR as an autonomous unit,
subject to stochastic fiuctuations in both the external and internal environ
ment. The external environment refers to both the quality (mainly determined
by hgand t i ) and quantity (rate of encounter) of peptide-MHC complexes. The
internal environment refers to the signalling and adaptor molecules which inter
act with a TCR once it has engaged figand.
The widely accepted kinetic proofreading model (McKeithan, 1995) which is
typically presented in terms of equilibrium distributions of peptide-MHC:TCR
complexes is re-interpreted for a single TCR and the implications of this con
sidered. An alternative model for TCR figand discrimination based on feed
back control of signalling pathways is then proposed, and an analysis of this
model shows that it can have the same strengths in enhancing specificity as ki
netic proofreading. However, the analysis also shows clearly th a t in the face of
stochastic figand dissociation, TCR functioning as independent signalling units
cannot possibly account for the specificity seen experimentally.
The next step was then to consider a population of TCR on the cell-surface,
locally coupled to their neighbours via ‘horizontal’ positive and negative sig
nalling pathways. This was done by a Monte Carlo simulation, which showed
that the recently discovered ‘spreading signals’ (Dittel et al., 1999) could signif
icantly enhance specificity at a modest cost to sensitivity.
Modelling has shown us in this study the limitations of kinetic proofreading
as a mechanism for defining specificity (Chapter 4), the possible role of feedback
in creating a robust activation mechanism for the TCR (Chapter 5), and the role
of cooperativity among TCRs in enhancing specificity and preserving sensitivity
(Chapter 6). These results suggest that it is useful to augment the traditional
intuitive interpretation of immunological data with quantitative mathematical
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modelling and computer simulation. The advantages of such a combined ap
proach in generating new hypotheses and making experimental predictions will
be discussed in the concluding chapter.

1.2

Chapter outlines

C h a p te r 2 This is an introduction to T cell immunology, paying particular
attention to what happens at the T cell-APC interface and what happens
within the T cell after hgand engagement. T ceU development, activation
and differentiation will be covered here. Part of this introduction was
previously pubhshed (Yates et al., 2001).
C h a p te r 3 This is a review of previous modelling and computer simulation
of T cell recognition and activation. We start by looking at models for
how the TCR is actually ‘triggered’ by hgand engagement to give a signal,
then go on to discuss models for the critical T ceh properties of sensitivity,
specificity and rehabihty. Much of the analysis focuses on the two fundar
mental models for sensitivity and specificity th at are widely beheved to
be true, i.e., kinetic models and serial hgation. More recent theoretical
contributions will also be covered.
C h a p te r 4 This chapter considers the kinetic proofreading theory for T cells
in detail, and discusses several theoretical and practical problems with the
original model. A stochastic version of the kinetic proofreading model for
an individual TCR is constructed, and the imphcations examined.
C h a p te r 5 A new model for specificity of hgand discrimination at the level of
the individual TCR is described. The model is based on current under
standing of how signalling is initiated, as well as the proximal intracehular
signalling and feedback events. The model suggests a novel role for self
peptide-MHC in sustained signalling, and possible experimental tests of
the model are discussed. A stochastic version of the model suggests a
possible role for immunoreceptor tyrosine-based activation motifs (ITAM)
multiphcity in suppressing stochastic fluctuations.
C h a p te r 6 This chapter moves away from individual TCR to a population
perspective. By modehing each TCR as a finite state machine and the T
cell-APC interface as a lattice of receptors, the kinetic and serial hgation
models are integrated into a computer simulation. This reveals problems
of the combined models resulting from the stochastic nature of ligand
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dissociation. Recent experimental evidence for both positive and negative
cross-talk between TCR, when built into the model, result in improved
specificity at a modest cost to sensitivity. The implications of the model
for understanding APL and thymocyte development are also discussed.
Much of this chapter has been previously published (Chan et al., 2001).
C h a p te r 7 This final chapter reviews the results of the previous work, consid
ers their possible utility in basic, appUed and clinical science, and suggests
further work that could be done.
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Chapter 2

Biology of Antigen
Recognition and T Cell
Activation
2.1

Introduction

If there is a fundamental feature of adaptive immunology, it must be the recog
nition of ligand by the multichain immune recognition receptors (MIRR), since
this is the basis for specificity. The MIRR family includes the TCR, BCR, and
receptors for IgG (FcyRIII) and IgE (FccRI), but this thesis will just focus on
the T cell. However, it is likely that the members of the MIRR share most
of their functionality, and some of the models may be generalisable to other
MIRRs.
While many factors contribute to overall T cell signalling, the primacy of
TCR hgand recognition is acknowledged in the term signal 1 given to the in
tracellular signals resulting from the peptide-MHCiTCR interaction. For an
adaptive immune response in vivo, a signal 2 or costimulatory signal result
ing from the hgation of co-receptors (e.g., CD28) is also necessary. Signal 2
presumably, provides a context for the recognition of hgand by the TCR.
It now appears th at the duration of hgand binding to the TCR is the major
determinant of subsequent T ceh behaviour, such that hgands can be classified
as nuh (no effect), antagonist (inhibit activation by agonist presented simul
taneously), partial agonist (only a subset of effector responses; e.g., cytokine
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secretion without proliferation) and full agonist. A rough categorisation of hg
ands by their duration of binding can be made as follows:
Dissociation time Ligand
< 2s

Null

2 —5 s

Antagonist

5 —10 s

Partial agonist

> 10 s

Agonist

Models forhow and why this isso wiUbe presented

in the next chapter,

but this chapter will provide a summary of the biologyof antigen recognition
between T ceh and APC. An understanding of the specific type of response
resulting from TCR engagement will also require a description of the possible
micro-environmental contexts in which the antigen recognition event occurs.
This chapter does not aim to be a comprehensive survey of immunology, only
those parts necessary for understanding the biological basis of the models in the
thesis are included.

2.2

A n overview o f the immune system

The immune system consists of a wide range of distinct cell types, but the
lymphocytes have a central role because they confer specificity on the immune
system, and are therefore responsible for adaptive immunity. Two broad classes
of lymphocytes are the B lymphocytes which produce antibody, and the T lym
phocytes which have important regulatory and effector roles. One subset of T
lymphocytes is characterised by a cell surface marker known as CD4, and are
sometimes also known as helper T cells (Th). Helper T cells provide help to
B cells to prohferate and produce specific antibody and stimulate infiammar
tion. Another subset of T cells are characterised by expression of CD8, and are
also known as cytotoxic T cells (Tc). These serve to monitor somatic cells for
infection and tumours, and can kill their target cells by inducing apoptosis.
Another important class of immune cells are the antigen presenting cells
(APC), which present antigen to the T lymphocytes and mediate the immune
response. Examples of APC include monocytes/macrophages, dendritic cells
and the closely related Langerhans’ cells. Antigen is presented in the form of
short peptides held in the groove of a cell surface molecule known as the major
histocompatibility complex (MHC). The peptide-MHC complex is the ligand for
the TCR.
T cells are generated in the bone marrow, but ‘learn’ how to distinguish self
and foreign antigens in the thymus. T cells fresh from the thymus are known as
19

naive T cells, and naive T cells are responsible for the primary response to an
infection. After receiving stimulation from an APC expressing the appropriate
specific peptide-MHC, the naive T cells are activated, and proliferate to become
effector and memory T cells. The memory T cells proliferate more rapidly in
response to the same antigen, and are responsible for the secondary response
to an infection. Induction of immune memory is the basis for long-term im
munity to pathogens we have already encountered, either through infection or
vaccination.
Both the primary and secondary immune responses result in the production
of specific antibodies made by B lymphocytes and by the expansion and dif
ferentiation of effector and regulatory T lymphocytes. This response aimed at
clearing the infectious agent is coordinated by a network of highly specialised
cells th at communicate through cell surface molecular interactions and through
a complex set of intercellular communication molecules known as cytokines and
chemokines.
The adaptive immune response is highly specific, and antibodies and T cells
generated in response to one pathogen generally fail to respond to antigens from
unrelated pathogens. In addition, the immune system is able to discriminate
between self and foreign antigens. The processes involved in this tolerance to
self antigens include deletion, anergy and active regulation. Failure of these
safety mechanisms can result in autoimmunity, in which the immune response
is directed towards the host tissue.

2.2.1

The A natom y o f Activation

A specific immune response begins with the activation of a naive T cell by a
professional APC in the environment of a lymph node or the spleen (Manickasingham and e Sousa, 2001). Naive T cells are T cells which have not previously
been activated; they are made in the primary lymphoid tissues (i.e., bone mar
row), migrate to the thymus where they are ‘educated’ and subsequently are
mostly found in the secondary lymphoid tissues (i.e., lymph nodes and spleen),
where they proliferate and differentiate to memory and effector T cells following
activation. Between periods of antigen sampling in the lymph nodes, T lym
phocytes re-circulate in the bloodstream. Finally, tertiary lymphoid tissues are
the immune effector sites, and essentially consist of all the other tissues of the
body, though the most important sites are obviously tissues with direct contact
with the external environment (skin and mucosal surface of the gastrointestinal,
pulmonary and genitourinary tracts).
Lymph nodes are bean-shaped encapsulated structures th at cluster at vascu
lar junctions, and are tissues specialising in the activation of B and T lympho
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cytes. The lymph node has defined areas for naive T cells (the T zones in the
cortex), and the blood vessels there are specialised to recruit naive T lympho
cytes. In the T zone, the naive T lymphocytes encounter interdigitating cells
which present antigen, and if a particular naive T cell encounters its cognate
ligand in such a context, it then undergoes changes in its activation apparatus,
effector machinery and homing capabihties to become a memory or effector T
cell. Unlike B cells, T cells do not appear to change their antigen recognition
capability after activation.
The interdigitating cells th at present antigen to the naive T lymphocytes
in the lymph nodes are derived from dendritic cells in the tertiary lymphoid
tissues (Banchereau et al., 2000). Immature DCs collect and process antigen
from the skin, lungs, gut etc.

In response to signals from pathogens (e.g.,

LPS ,hpoproteins, peptidoglycans and nonmethylated DNA via toll-like recep
tors (TLR)), endogenous infiammatory stimuli (e.g., heat-shock proteins (HSP)
released by necrotic cells via CD91) or T cell feedback (e.g., TNF-a, type I in
terferons, and interleukin-1 (IL-1)), DCs then migrate to the lymph nodes where
they serve as professional APCs for sensitising naive T lymphocytes (Pulendran
et al., 2001; Lanzavecchia and Sallusto, 2001). En route, DCs increase their
expression of MHC, adhesion and costimulatory molecules and become more
potent at stimulating T-ceUs, a process known as maturation. The secondary
lymphoid tissues also contain resident DCs that are able to capture antigens
draining there passively (Manickasingham and e Sousa, 2001). Other APCs like
macrophages and B cells can stimulate effector and memory T cells, but do not
appear to be capable of stimulating naive T cells because they either lack or
are deficient in particular costimulatory molecules. So the dendritic cell serves a
critical role in the capture, transport and presentation of antigen. See Figure 2.1
for an illustration of how antigen finds its way to the T cell.

2.2.2

A ntigen Processing and Presentation

Since T cells do not recognise proteins or peptide firagments in isolation but only
peptides bound to an MHC molecule (Figure 2.2), it is crucial to understand
how and why antigens are processed in a form suitable for co-presentation with
MHC molecules (Germain, 1999). To complicate matters, there are two classes
of MHC molecules, class I and II, which are recognised by CDS and CD4 T cells
respectively. Each also has a different antigen processing pathway, as illustrated
in Figure 2.3.
Why did such a complicated method of presenting antigen evolve? In general,
the processing of proteins for antigen presentation involves unfolding of the
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Figure 2.1; Antigens arrive at secondary lymphoid tissues (SLTs) either actively
transported by dendritic cells (DCs) or by passive drainage where they may be
captured by resident SLT DCs. Such antigens are then presented on MHC class
II molecules for sampling by T cells. After (Manickasingham and e Sousa, 2001).
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Figure 2.2; Structures for the peptide-MHC:TCR complex from X-ray crystal
lography. The TCR complex shown here includes the ajS peptide recognition
module, and the 6e, j e and CC CD3 modules. Other stochiometries have been
proposed. The cytoplasmic domains of the 7 , S, e and ( subunits carry 1-3
copies of the immunoreceptor tyrosine-based activation motif (ITAM), depicted
as blue rectangles. The MHC molecule is a hetero-dimer consisting of the a and
/? chains. The presented peptide is held in a groove between the a and (3 chains
as shown. The combined presenting surface of MHC and peptide is the ligand
for the TCR. From (Cochran et al., 2001a).
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Figure 2.3: MHC Class I and II antigen processing pathways. (A) shows the en
dogenous pathway for MHC Class I. Cytosolic proteins are degraded in the proteasome and transported into the endoplasmic reticulum (ER) via TAP where
they are loaded onto MHC class I molecules for export to the cell surface. (B)
shows the exogenous pathway for MHC class II. Self or foreign proteins taken
up by endocytosis or phagocytosis are sequestered in endosomes where they
are degraded by proteases. Fusion of primary lysosomes bearing MHC class
II molecules results in the formation of the MHC class II compartment, where
specialised class II molecules known as HLA-DM molecules assist in the loading
of class II molecules by dislodging CLIP (not shown). After (Alberts et al.,
1994).
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protein, followed by protease cleavage into short peptides, which then associate
with MHC molecules and are transported to the cell surface. This allows the
T cell to recognise peptides irrespective of their original location in the native
folded protein, making it diflBcult for a pathogen to avoid immune detection by
mutating non-essential surface side-chains. The functional difference between
the MHC I and II systems is th at the former is specialised to present peptides
present in the cytosol, while the latter is specialised to present peptides captured
from outside the cell.
The class I pathway begins with the breakdown of cytosoUc proteins (typ
ically marked by ubiquitination) by a highly complex molecule known as the
proteasome. Peptide fragments resulting from this proteolysis are then trans
ported into the endoplasmic reticulum (ER) via a transport molecule known as
transporter associated with antigen processing (TAP). TAP preferentially allows
the entry of peptides of a length suitable for binding to MHC class I molecules
(i.e., less than or equal to 12 amino acids). These peptides are then transferred
with the help of a molecule known as tapasin to the newly synthesised MHC I
molecules in the ER. The peptide-MHC I complex then passes to the cell surface
via the usual cell secretory pathway. Binding to peptide stabilises MHC class I,
such th at MHC I which fail to bind to peptide are very short-Uved and do not
make it to the cell surface.
In contrast, the class II pathway begins with the pinocytosis or phagocytosis
of exogenous antigen and incorporation into early endosomes. Newly synthe
sised MHC II molecules are transported from the ER to these endosomes where
they bind to the protein fragments. Unlike the case of MHC I, it appears th at
protein cleavage by endosomal proteases probably occurs after binding to MHC
II, leaving only the peptide fragment protected by its association with MHC II.
There is also a recycling pathway where mature surface MHC II are internalised
into early endosomes, gain a new peptide and recycled to the cell surface. Since
both newly synthesised MHC I and II molecules are simultaneously present in
the ER, MHC II molecules are associated with a class of glycoprotein known as
invariant chain (li). A fragment of the li known as class Il-associated invari
ant chain-derived peptide (CLIP) physically sits in the peptide binding groove
preventing other peptides from binding. In the endosome, proteases degrade
li, leaving only CLIP in the binding groove of the MHC II molecule. Finally,
CLIP dissociation is facilitated by a class H-hke molecule called DM or peptide
exchange factor, finally allowing the exogenous proteins in the endosomes to
bind to MHC II. DM acts like a catalyst encouraging the dissociation of ligands
with low affinity, and therefore results in a bias for peptides th at bind strongly
to MHC II to be presented.
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In practice, dendritic cells also present phagocytosed antigens via MHC class
I, in a process known as cross-presentation. This appears to be necessary for a
cytotoxic immune response to allotransplants, tumour ceUs or viruses th at avoid
infecting APCs, since non-dendritic cells are unable to stimulate resting naive
T lymphocytes (Heath and Carbone, 2001).
It has recently been discovered that immature DCs (but not mature ones)
present a large proportion of empty MHC II molecules on their surface, which
can be loaded in vitro with antigenic peptides to stimulate T cells (Santambrogio
et al., 1999b). The physiological relevance of this is probably to allow the
presentation of labile peptides that would normally be degraded via the usual
endocytic pathway (Santambrogio et al., 1999a), but it has also been exploited
for its therapeutic potential. Monocyte derived immature DCs can be loaded in
vitro with antigen from synthetic peptides, dead tumour cells or infected cells,
induced to mature and then re-injected to patients to stimulate the desired
immune response (Théry and Amigorena, 2001).
Experimentally, it is now possible to produce homogeneously occupied class
I and II molecules, both in soluble forms and on Uving cells. For class I MHC,
refolding recombinant forms of the class I components in the presence of a spe
cific peptide will give high uncontaminated yields of a particular peptide-MHC
I complex. TAP deficient cells incubated with specific peptide and exogenous
/02-microglobulin wiU achieve the same effect in living cells. For class II MHC,
it is possible to produce peptide covalently tethered to the P chain, which will
re-assemble in the presence of wild type a chain to produce the desired class II
dimer. In hving cells, CLIP is often inserted instead of the tethered peptide in
the ER, leading to cleavage of the tethered peptide in the endosome and loading
of contaminating peptides upon CLIP removal. However, knocking out li pro
duction results in the expression of a single peptide-MHC II on the cell surface,
although at a lower density than wild-type cells. Similarly, knocking out DM
allows the generation of APCs where nearly all the surface MHC II molecules
present only CLIP, with MHC class II densities similar to wild-type cells. Such
simplified systems will be crucial for testing the predictions of any model of T
cell antigen recognition and activation.

2.2.3

T Cell Developm ent

The principle of MHC restriction is that T cells can only recognise antigen which
is presented on an MHC molecule, class I for CD8 T cells and class II for CD4
T cells. However, the MHC is in general unable to distinguish between self and
foreign peptides which are both processed in a random fashion. This raises the
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natural question - how then do T cells tell the difference between self peptideMHC and foreign peptide-MHC complexes? The key to understanding this lies
with the intricacies of T cell development (Benoist and Mathis, 1999).
T cells derive from stem cells in the foetal liver and adult bone marrow.
Subsequently, the immature thymocytes migrate to the thymus, where the gene
rearrangements that result in the synthesis of a huge number of both a and ^
chains through combinatorial recombination of the V, D, and J genes occurs.
More diversity is added by essentially random junctional nucleotide addition and
deletion during imprecise joining of the V, D and J genes. The control of this
process of gene rearrangement is extremely complex and poorly understood;
for our purposes, it is sufficient to know that a huge repertoire of TCRs is
potentially available. An added complication is th at although 95% of TCRs are
a/3, 5% of them are ')8. Since the role of 7(5 T cells is poorly understood, we
will only consider a/3 cells in this thesis.
The process of selecting a peripheral T cell repertoire from the immature
thymocytes also occvus in the thymus as illustrated in Figure 2.4. Here, T cells
leam to adapt to the variabihty presented by both MHC polymorphism and
TCR somatic diversity, and somehow a repertoire capable of distinguishing be
tween self and foreign antigens emerges. This education can be very crudely
divided into two stages - positive selection occurs first in the cortex, followed by
negative selection in the medulla (Sezbda et al., 1999). SimpUstically, thymo
cytes appear to follow a ‘Goldilocks’ principle - if the TCR signal is too weak,
die from failure of positive selection; if the TCR signal is too strong, die from
negative selection; if the TCR signal is just right, mature and be exported to
the periphery.
When they enter into the stage of positive selection, thymocytes express
both CD4 and CDS molecules and are known as double positive (DP) cells. If
they survive positive selection, they become committed to either the CD4 or
CDS Uneages, and are known as single positive (SP) cells. Essentially, it seems
that some minimal signal resulting from the TCR binding with peptide-MHC
is necessary for DP thymocytes to progress through positive selection - those
that fail to muster this minimal signal die by apoptosis (Sezbda et al., 1999).
The nature of the ligands that give such a minimal signal is not clear, beyond
the general agreement that peptide is required. Observations demonstrating a
specific influence of peptide sequence on selection efficiency suggests th at direct
recognition of both peptide and MHC are essential.
How do T cells know whether to commit to the CD4 or CDS lineages? The
first hypotheses suggested were that SP thymocytes whose TCR and coreceptor
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Figure 2.4: In the thymus, double positive thymocytes expressing both CD4
and CDS interact with peptide-MHC complexes on the cortical epithelial cells.
Successful interaction results in a survival signal and the thymocytes undergo
positive selection and become committed to either the CD4 or CDS lineage.
Thymocytes that fail to receive this signal undergo apoptosis. Subsequently,
thymocytes that express TCRs with high affinity for self peptide-MHC com
plexes on macrophages and dendritic cells in the thymic medulla are deleted in
the process of negative selection. It is believed that only 3-5% of thymocytes
survive both positive and negative selection and are exported to the periphery
as naive T cells. After (Delves and Roitt, 2000).
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have matching MHC specificities receive a survival signal (stochastic selection
model) (Chan et al., 1993; Davis and Littman, 1994) or th at CD4/CD8 binding
transduce lineage specific signals (instruction model) (Seong et al., 1992; Robey
and Fowlkes, 1994). However, the data suggesting th at the only difference in
signals in the presence of CD4 or CDS coreceptors is in signal strength (Lck
preferentially associates with CD4 in DP thymocytes) led to the model that
strong TCR signals induce differentiation into the CD4 lineage and vice-versa
(strength of signal model) (Itano et al., 1996). More recently, it was discov
ered that DP thymocytes appear to pass through an obligatory CD4“*"CD8“
intermediate stage, from which they differentiate into the CD4 lineage if TCR
signals persist, and CDS if not (kinetic signalling model) (Brugnera et al., 2000;
Bosselut et al., 2001).
The same DP thymocytes are also subject to negative selection. It is es
timated that approximately 2/3 of the thymocytes th at are positively selected
will subsequently be deleted by negative selection. While there appears to be a
temporal and spatial separation of positive and negative selection events, it is
still a paradox how essentially similar sets of antigens presented by the thymic
epithehal cells and therefore presumably generating similar signals do not cancel
each other out. The end result of this extremely wasteful process is th at only
3-5% of thymocytes successfully make the transition from DP to SP. Those th at
survive appear to undergo at least 6 cell divisions before export to the periphery,
therefore there are likely to be multiple copies of each specific naive T cell.
W hat is the purpose of thymic education? Negative selection seems straight
forward enough; it deletes cells that might otherwise cause autoimmunity. The
traditional explanation for positive selection is the deletion of ‘useless’ T cells (von
Boehmer et al., 1989); if this is so, then affinity for MHC alone should be a suf
ficient criteria for survival which would result in a larger T cell repertoire, and
it is not clear why positive selection requires affinity to the self peptide-MHC
complex. It is therefore at least plausible that selection of T cells with some
affinity for self ligands is important in its own right.

2.2.4

Peripheral Circulation of T Cells

After their export from the thymus, T cells recirculate via the bloodstream and
lymphatics between the secondary lymphoid organs. Antigens breaching mu
cosal barriers end up in the lymph nodes or Peyer’s patches, while blood-bome
antigens end up in the spleen. If naive T cells encounter dendritic cells present
ing the appropriate antigen in the lymphoid tissues, they are sequestered there
temporarily, and undergo an activation and proUferation phase lasting about
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1 week before re-emerging as effector/memory T cells. Unlike naive T cells,
these activated T cells can migrate across endothelia to reach extrarlymphoid
sites; in addition, this homing ability tends to correlate with the site of primary
activation.

2.2.5

T Cell A ctivation

W hat happens when a T cell meets an APC with a matching peptide-MHC and
becomes activated? The initial formation of the T cell-APC interface is probably
independent of the nature of the ligand, and comes about from non-specific cell
adhesion interactions. This creates an interface which probably excludes large
inflexible molecules like CD43, allowing the relatively short TCR and MHC
molecules to meet. If the TCR encounters its cognate ligand, the adhesion be
tween T cell and APC is strengthened, possibly by an ‘inside-out’ mechanism,
where signalling by the TCR results in ceU surface adhesion molecules having
increased affinity for their counterpart on the APC. If the TCR fails to meet its
cognate ligand, the T cell will separate from the APC and move on to sample
another one. The mechanisms underlying T cell activation are highly complex,
and involve a whole host of dynamic molecular events both on the plasma mem
brane as well as intracefiularly (Weiss, 1999).
Signal Transduction I - Events at th e P lasm a M em brane
In addition to the a and f3 chains which form the Ti dimer, the TCR com
plex includes the invariant CD3 molecule as well as the disulphide linked CC
homo-dimer or

hetero-dimer (Davis and Chien, 1999). CD3 typically con

sists of 7 e and eS hetero-dimers. It seems that the functionality of the TCR is
modular: the Ti dimer recognises antigen, while the CD3 and C chains serve
as independent signal transducers. Signal transduction appears to be mediated
by a common sequence motif known as the immunoreceptor tyrosine-based ac
tivation motif (ITAM), which can interact with further downstream signalling
molecules. ITAMs are not unique to the TCR, but are also associated with,
amongst others, the B ceU receptor (BCR), FceRl and Fc^RIII. Since the 5, e,
and

7

chains each have a single ITAM while each ( chain has three, the TCR

has a total of ten ITAM copies (See Figure 2.5). The reason for this ITAM
multiplicity is not clear, since the FceRl makes do with two, and the BCR with
four.
The issue of how ligand engagement by the Ti dimer is transm itted to the
CD3 and ( subunits is unresolved, and models for this will be covered in the
next chapter.
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(MIRR) family and number of immunoreceptor tyrosine-based activation motifs
(ITAMs). Among the MIRR family, the TCR complex has the most ITAMs.
After (Turner et al., 2000).
The initial TCR triggering leads to a complex re-distribution of cell sur
face molecules mediated by the actin cytoskeleton, resulting in the formation of
supramolecular activation clusters (SMACs) and the immune synapse (IS) (Monks
et al., 1998; Grakoui et al., 1999; Dustin and Cooper, 2000; Bromley et al., 2001).
The formation of the mature IS takes several minutes, and involves the sequen
tial stages of junction formation, peptide-MHC transport and stabilisation. The
mature IS has a central region (cSMAC) enriched in TCR, peptide-MHC, CD28,
CD80, and signalling molecules including Lck, Fyn and PKC-0. There is a ring
of molecules surrounding this called the peripheral SMAC (pSMAC), consisting
of LFA-1, ICAM-1 and talin. CD2 and its ligand CD48 appear to cluster at
the interface between the cSMAC and pSMAC. (Pictures of the IS shown in
Figure 2.6(a) with a schematic cross-sectional view in Figure 2.6(b)).
What is the function of the IS? Since TCRs can be triggered before the
synapse is formed, the IS cannot be the mechanism of initial TCR activation,
yet it appears to be required for full T cell activation. Two possible roles for the
IS are that it provides a unique signal (e.g. through PKC-0), or else is necessary
for the prolonged signalling required for full T cell activation. In addition, for
effector T cells, the polarisation could be necessary for targeted delivery of its
‘cargo’ either for cell killing or cell help (Delon and Germain, 2000a; Delon and
Germain, 2000b; Davis and van der Merwe, 2000).
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Figure 2.6; (a) The mature immune. Patterns of LFA- 1 (A), TCR (B), and
CD28 (C) interaction in a functional synapse between a T cell and a supported
planar bilayer containing the respective ligands (ICAM-1, MHC class I and
B7). Panel D is an overlay of all three markers with the cSMAC and pSMAC
labelled. From (Bromley et al., 2001). (b) Cross-section schematic of the ma
ture immune synapse, showing sorting of membrane proteins by size. Smaller
molecules like the TCR, CD4, CD28 and CD2 with their ligands cluster in the
cSMAC, while integrins such as LFA-1 and their ligand (ICAM-1) are found in
the pSMAC. Large glycoproteins like CD43 and CD45 appear to be excluded
from the immune synapse. From (Krawczyk and Penninger, 2001).
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S ignal T ra n sd u c tio n I I - E v en ts in th e Cell
The most proximal biochemical changes after the TCR engages its hgand are
the activation of the src kinases Lck and Fyn. Lck then tyrosine phosphorylates
the ITAMs in the C chains and CD3. Biphosphorylated ITAMs recruit the Syk
family kinase ZAP-70, and in turn, activated ZAP-70 phosphorylates the raft
associated molecule Linker of Activation for T cells (LAT), which is associated
with a diverse set of downstream signaUing and adaptor proteins, and may serve
as a scaffold protein integrating signals from several pathways. See Figure 2.7
for a schematic of the proximal signalling pathways.
More distal signalling events get extremely complex and are not well under
stood, but eventually get funnelled into the phosphatidylinositol (PI) pathway,
the Ras pathway, and regulation of the actin cytoskeleton. Activation of the PI
pathway results in release of Ca^+ from intracellular stores and this drives the
translocation of cytoplasmic nuclear factor of activated T cells (NFAT) into the
nucleus, where it regulates the transcription of many cytokine genes including
IL-2. The PI pathway also results in the activation of protein kinase C (PKC)
isoenzymes, which play an important role in T cell activation. The isoform
PKC-0 is particularly fascinating, since it appears to integrate TCR and CD28
co-stimulatory signals (Altman et al., 2000). It is the only isoform to localise
to the cSMAC, plays a key role in the activation of the transcription factors
activatmg-protein 1 (AP-1), and nuclear factor-K/) (NF-k/?), and therefore is
the leading candidate for the second TCR signal required for IL-2 induction.
Activation of the Ras pathway leads to the mitogen activated protein (MAP)
kinase cascade; this results in the induction of the Fos and Jun-related proteins
which together make up AP-1. Although both PKC-Ô and Ras play a role in
activating AP-1, the exact relationship between them is not known. Finally,
TCR triggering results in an association of the ^ chain and CD3e with the actin
cytoskeleton, which leads to T cell-APC conjugates and the formation of the IS.
R ole o f feedback

The above sections seem to imply an almost linear pathway

from TCR engagement at the cell membrane to gene transcription via a series
of second messengers, and indeed this is how TCR signal transduction is often
depicted in the textbooks. However, there is much evidence th at both positive
and negative feedback play a critical role in the regulation of signal transduction
by the TCR. Since the theme of feedback regulation will be critical to the models
presented in Chapters 5 and

6,

a brief review of feedback regulation of TCR

signalling is presented here.
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Figure 2.7: A likely sequence of events involved in proximal T cell signalling.
(1) Ligand somehow induces TCR clustering or cross-linking and/or association
with lipid rafts, which results in (2) ITAM phosphorylation by src-family kinases
(Lck and Fyn). (3) Phosphorylated ITAMs act as docking sites for ZAP-70,
which (4) activates other proteins such as the transmembrane adaptor LAT,
which triggers further downstream signals. After (Simons and Toomre, 2000).
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As an example of positive feedback, it is known that in addition to providing
SH2 docking sites for ZAP-70 by phosphorylating ITAMs, Lck also directly
activates ZAP-70 by phosphorylation of critical tyrosine residues and also by
binding via the SH2 domain (Chan et al., 1995; Yamasaki et al., 1996; Bartolo
et al., 1999; Visco et al., 2000; Acuto and Cantrell, 2000). Conversely, ZAP-70
also has a positive feedback eflFect on the recruitment (Thome et al., 1995) and
possibly catalytic activity of Lck (Couture et al., 1994).
There is also good evidence for the negative regulation of Lck and ZAP70. One possible candidate is the protein tyrosine phosphatase SHP-1, which
is activated by Lck (and possibly ZAP-70) and in turn dephosphorylates and
inactivates Lck and ZAP-70 (Lorenz et al., 1996; Plas et al., 1996; Raab and
Rudd, 1996; Mary et al., 1999). Interestingly, it appears th at the action of
SHP-1 is not confined to the engaged TCR, but affects neighbouring receptors
as well (Germain and Stefanova, 1999; Dittel et al., 1999; Chan et al., 2001).
Another documented negative feedback loop involved in TCR signalling is the
kinase-phosphatase complex of Csk-PEP, which is recruited by Lck and inacti
vates both Lck and ZAP-70 through a cooperative mechanism. Csk decreases
the catalytic activity of Lck by phosphorylating its negative regulatory tyro
sine (Bergman et al., 1992; Chow et al., 1993; Bougeret et al., 2000; Amrein
et al., 1998), while PEP dephosphorylates positive regulatory tyrosines on both
Lck and ZAP-70 (Cloutier and Veilette, 1999; Gjorloff-Wingren et al., 1999).
Cbl (Thien et al., 1999), CD148 (Tangye et al., 1998) and other protein tyro
sine phosphatases (Jin et al., 1998) may also be involved in negative feedback
on Lck/ZAP-70, but these are currently not well characterised.
Why does the T cell require sequential activation of kinases (i.e., Lck —» ZAP70)? Syk is expressed in T cells, able to phosphorylate ITAMs in the absence of
src kinases, as well as initiate the same downstream signals as ZAP-70, and is
more eflScient than ZAP-70, yet T cells have an absolute requirement for ZAP-70
for both positive and negative selection. In fact, overexpression of Syk in ZAP70“ /~ mice restores peripheral T cell numbers to normal, showing th at Syk can
in some sense replace ZAP-70 (Turner et al., 2000). One possibility is th at the
Lck/ZAP-70 mechanism allows additional feedback circuitry, which results in a
more flexible TCR signalling machinery, both in terms of the response threshold
and signal amplitude. This will be further discussed in Chapter 5.
R ole o f A d a p to r/S c a ffo ld P ro te in s

In addition to feedback, another means

of regulating intracellular signalling is via adaptor proteins. These are proteins
which express a variety of modular binding domains (e.g.,SH2, SH3, PTB, PH)
or tyrosine based signalling motif but lack enzymatic or transcriptional activ
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ity. Association with signalling molecules may be constitutive or inducible.
These proteins direct the appropriate localisation of enzymatic complexes, ampUfy signalling pathways and integrate the functions of distinct signalling com
plexes (Kelly and Chan, 2000). Scaffold proteins are adaptors th at serve to
assemble several components of a signalling complex. By coupling disparate el
ements together, scaffolds are beheved to increase effective substrate specificity
of the enzymes and minimise unwanted cross-talk (Pawson and Scott, 1997).
Adaptor and scaffold proteins are sometimes also known as linker proteins for
obvious reasons.
Linker proteins may enhance T cell signalling by bringing elements of a signal
cascade into close proximity and hence increasing the reaction rate (Levchenko
et al., 2000). The effect of binding to a linker protein may also induce a confor
mational change which results in catalytic activation of a signalling molecule.
However, linker proteins can also have negative regulatory effects. Examples
of how negative regulatory linker proteins can work include the recruitment
or activation of negative regulatory effector molecules (Kawabuchi et al., 2000;
Takeuchi et al., 2000; Brdicka et al., 2000), displacement of positive regulatory
effector molecules, elimination of essential components of the signalling machin
ery (e.g., by inducing degradation) (Joazeiro et al., 1999) and sequestration of
rate limiting signalling components (Boussiotis et al., 1997).

2.2.6

Ligand Q uantity and T C R Signalling

While the total number of peptide-MHC on the surface of an APC is about
10^-10®, the minimum number of specific peptide-MHC on the APC needed to
activate the T cell is about 100-200 for CD4 cells (Harding and Unanue, 1990;
Demotz et al., 1990), and possibly as low as 1 for CDS cells (Sykulev et al.,
1996). This suggests that each individual TCR must have a false positive rate
of lower than

1 /1 0 0 0

or

1 /1 0 0 0 0

if it is to avoid being swamped by signals from

self peptide-MHC molecules.
There are two conflicting sets of data regarding the minimum number of
TCRs in vivo that have to be triggered for a T cell response. While some
studies have suggested that 100-200 TCR are sufficient in vivo (Schodin et al.,
1996; Wei et al., 1999; Labrecque et al., 2001), this contrasts with the in vitro
experiments that show a 10^-fold drop in response when TCR numbers were
lowered from 25,000 to 8,000 (Viola and Lanzavecchia, 1996). The reasons for
this discrepancy are currently not clear.
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2.2.7

Ligand Quality and T C R Signalling

The discovery of altered peptide ligands (APL) added a new dimension of
complexity to the understanding of TCR signalling (Evavold and Allen, 1991;
Evavold et al., 1993; Sloan-Lancaster et al., 1993). Mutating a single amino
acid residue of a peptide known to activate a particular T cell could sometimes
convert it into a nuU hgand, an antagonist or a partial agonist. Nuh ligands, as
expected, basically do not appear to have any effect when bound to TCR. Par
tial agonists result in a subset of the changes seen on full activation, for example,
cytokine expression without proliferation. Antagonists inhibit T cell activation
when simultaneously presented with the wild-type peptide (agonist). A s im ilar
range of signaUing responses can be seen if the wild-type peptide was presented
by mutant MHC. BiochemicaUy, it was shown th at partial agonists caused a
pattern of C phosphorylation and defective CD3e and ZAP-70 phosphorylation
not seen with low concentrations of agonist, suggesting a quaUtative difference
in signalling at the individual TCR level (Itoh and Germain, 1997; Itoh et al.,
1999).
Further experiments with APL suggested th at there was a hierarchy of TCR
responses (Itoh and Germain, 1997). Cytotoxicity, cytokine expression, prolifer
ation and differentiation is the order of responses evoked by hgands of progres
sively increasing ‘quaUty’. Several experiments with soluble receptors at 25°C
suggest that the most important determinant of hgand ‘quaUty’ is simply the
duration of time that it remains engaged with the TCR (Matsui et al., 1994;
Corr et al., 1994; Sykulev et al., 1994; Alam et al., 1996). In general, the longer
the duration of binding, the more efficacious the hgand, although it has recently
been reported that there is an optimal binding time, and hgands which bind for
too long are not as effective (Hudrisier et al., 1998; Kalergis et al., 2001). Also,
it is possible that hgand rebinding has an effect, since the fcon can also affect
the quality of TCR signaUing (Garcia et al., 2001).
Obvious hmitations of these studies are that TCR-MHC interactions occur in
vivo at 37°C, on apposed plasma membranes, and in the context of co-receptors
and other co-stimulatory molecules. Other factors, including conformational
change may also determine the nature of the T ceU response, but it is generaUy
agreed that the dissociation rate or half-life of binding is probably the most
important.
So the TCR appears to be more than just a binary ‘on-off’ switch. Rather,
the duration of hgand binding is somehow transduced into different ceUular
responses. Even more surprisingly, TCRs appear to be able to distinguish be
tween hgands which differ in their t^ by as httle as 30% (Kersh et al., 1998;
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Kersh et al., 2001). This is quite remarkable, since ligand dissociation times are
stochastic events, and even for agonists, last only for seconds. Given th at the
typical number of specific peptide-MHC on an APC is vastly outnumbered by
self peptide-MHC which are positively selected to have a minimum afiinity for
the TCR, how can the T cell be so effective at Ugand discrimination?

2.3

Sum mary

We have seen that the T cell must respond to the presence of foreign ligand
on APCs with both sensitivity (since there may be very few such ligands) and
specificity (since the number of self peptide-MHC presented outnumbers the
number of specific peptide-MHC by a few orders of magnitude). Prom an en
gineering viewpoint, the TCR may be considered to be a biosensor capable of
picking out weak signals in the presence of a significant amount of noise. We will
consider models for achieving the happy result of prompt response to pathogen
while minimising the risk of autoimmunity, at both the level of the individual
TCR and the receptor population on a T cell.
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Chapter 3

M odelling T cell activation
and antigen recognition
This chapter reviews published models for the sensitivity and specificity of T
cell activation, and also discusses some of the concepts fundamental to this
enterprise. Since the purpose of a model is to provide a conceptual framework
for interpreting experimental results and making new predictions, not all the
models described are necessarily explicitly mathematical.
The first issue in modeUing T cell activation is to understand how ligand
engagement leads to TCR activation. Next, we need models to explain how the
T cell can amplify the signals from a few specific peptide-MHC molecules into
a robust cellular response (sensitivity). We also need to understand what the
TCR actually 'measures' during hgand engagement, and how it can use this
binding property to rehably discriminate between different hgands (specificity).
FinaUy, there is the issue of how the T ceh copes with both extrinsic and intrinsic
noise (reliability), where extrinsic noise refers to the variations in the antigenic
profile presented to the T ceh, and intrinsic noise refers to fluctuations in TCR
signalling due to low reactant numbers.
I have therefore decided to classify the models into four groups - TCR trig
gering, sensitivity, specificity and rehabihty. Such a classification is intuitively
appealing since these are the issues that intrigue immunologists, although there
is some overlap between the models for these categories.
By sensitivity, most immunologists mean simply that a T ceh can sense
the presence of a small number of cognate foreign peptide-MHC, perhaps even
just one in the case of CDS cehs (Sykulev et al., 1996). This is distinct from
biochemists’ usage of the term to refer to the slope of a dose-response curve.
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which are referred to as sub-sensitive, hyperboUc, or ultra-sensitive depending
on whether the slope is shallower, the same, or steeper than for a MichaelisMenten type reaction (Koshland, Jr. et al., 1982).
Specificity is another confusing term. It does not imply th at a single TCR
can only bind to a particular ligand, but rather th at any given peptide-MHC
is likely to trigger only a small number of T cell clonotypes. While TCRs are
highly cross-reactive (Mason, 1998), because the universe of peptides which can
be presented by MHC is so large, there is a very small probability th at a T
cell will cross-react with any one chosen at random. In terms of the binding
property measured during hgand engagement, each TCR is specific because it
has stringent requirements for that property before it wiU signal, but any hgand
that meets those criteria can trigger the TCR, hence the cross-reactivity.
Finally, rehabihty refers to the abUity of T cells to respond in a consistent
way to the same hgand under noisy conditions. For example, T cehs respond to
the presence of foreign antigen on an APC by activation and proliferation and
not do so in their absence, and they tend to be very good at this even though
the density of foreign antigen on an APC and the molecules involved in the
TCR signalling machinery are subject to stochastic fluctuations.

3.1

M odels for T C R triggering

There are several types of models for how hgand engagement results in TCR
signahing including conformational change, multimerisation, clustering and seg
regation models (van der Merwe et al., 2000; van der Merwe, 2001). These are
illustrated in Figure 3.1.

3.1.1

Conform ational change

Conformational change models are very simple in principle. They propose that
upon hgand engagement, the TCR undergoes a conformational change th at is
transm itted to the associated CDS signalling modules (Janeway Jr., 1995). The
theoretical problem with conformational change models is th at it is difiicult to
see how a consistent conformational change can be induced in TCRs in the
face of the immense variabihty in the peptide-MHCzTCR interface.

Simple

conformational change models have also been ruled out by structural studies
showing that conformational changes in the TCR upon hgand engagement are
confined to an induced local fit. No conformational change th at might signal
to the cytoplasm has been discovered (Garcia et al., 1999; Hennecke and Wiley,
2001 ).
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Figure 3.1: For all models, it is assumed that the key event in T cell triggering is
tyrosine phosphorylation of CDS chains. In multimerisation models, this results
from induced proximity or induced lipid raft association. In conformational
change models, this results from a conformational change or TCR rearrangement
propagated from ligand binding to the cytoplasmic domain. In the coreceptor
hetero-dimerisation model, CDS is tyrosine phosphorylated by an src family
kinase associated with a co-receptor. Finally, in the kinetic segregation model,
it is proposed that tyrosine phosphorylation of unengaged TCR/CDS in the
close-contact regions is transient because unligated TCR/CDS will soon diffuse
out of the close-contact region and be exposed to tyrosine phosphatases. In
contrast, engaged TCR/CDS is held within this region, enabling subsequent
triggering steps to proceed. After (van der Merwe, 2001).
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The dimer conformational change model suggests that simultaneous bind
ing of both q/3 chains on pre-formed (0 ^ ) 2 TCR dimers changes the relative
orientation of the two TCRS (Ding et al., 1999; Reth, 2001), and is consis
tent with the possibility that the cell surface TCR forms a complex of two a/9
units (Femandez-Miguel et ai., 1999). However, a recent report showed that
TCR activation was largely independent of the orientation of biochemically
coupled MHC dimers, which argues against the dimer conformational change
model (Cochran et al., 2001b).

3.1.2

M ultim erisation

The first crystallographic studies of the MHC II molecule suggested that it
formed a dimer of dimers (Stern et al., 1994), and generated interest in the
idea that TCR dimérisation or multimerisation was necessary for activation,
driven by the tendency for MHC to self dimerise (Schafer et al., 1995). There is
evidence for the formation of MHC II molecules in detergent lysates of im m u n e
cells, demonstrating an intrinsic ability of MHC II to assume the double dimer
conformation (Schafer et al., 1998). There is also evidence for spontaneous
clustering of a fraction of the MHC I and II molecules on the surface of APC,
determined using Fluorescence Resonance Energy Transfer (FRET) and longrange electron transfer (Jenei et al., 1997; Smith et al., 1999; Rezso Gâspâr et al.,
2001). Finally, recent evidence showing that mutations in the putative dimer of
dimers interface inhibited T cell proliferation and IL-2 secretion suggests that
MHC II driven TCR cross-hnking contributes to T cell activation (Lindstedt
et al.,

2 0 0 1 ).

However, the role of MHC self-dimerisation is complicated by the fact that
other MHC II structures crystallised do not form the same kind of dimer of
dimers in their crystals (Fremont et al., 1996), and neither do the MHC I crystals
studied so far. In addition, crystal structures of a half dozen peptide-MHC:TCR
structures also fail to show dimérisation (Garcia et al., 1999; Baker and Wiley,
2001). Even if MHC molecules do form dimer of dimers spontaneously in vivo,
the fact th at specific peptides are effective when present at a frequency of
in

10^

1

or less means that the probability of there being two specific peptides

within one such MHC dimer of dimers is in the range of

1

in 10®. Since there

are only about 10® MHC molecules on the surface of an APC, the relevance of
such dimer of dimers for T cell activation is questionable.
If, on the other hand, peptide-MHC on the cell surface exist as monomers,
the simultaneous binding of two adjacent TCRs seems improbable considering
the low density of specific peptide-MHC and the short half life of interaction.
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Thus most multimerisation models propose th at Ugand engagement results in
an affinity increase of one peptide-MHC:TCR for another, i.e.,

pMHC + TCR

#

pMHC-TCR
(pMHC-TCR )2 ^ 2TCR*

pMHC-TCR + pMHC-TCR
*3"

where fcon and kofi depict on- and oflF-rates, respectively, of the peptideMHC:TCR interaction, and kr is the rate constant at which the engaged TCR
is marked for downregulation. A:^” and k ^ depict the rate constants of the
monomer/dimer equiUbrium (Bachmann and Ohashi, 1999). Induced proximity
of signalling modules then triggers signalling. These models are supported by
experiments showing that soluble oUgomeric peptide-MHC oUgomers are more
effective at activating T cells than monomers (Boniface et al., 1998; Cochran
et al.,

2 0 0 0 ).

Using the principle of mass action, we can convert the above reactions into
first order ordinary differential equations (Bachmann and Ohashi, 1999):

^pM H C -T C R

=

AbnpMHC • TCR - AbffpMHC-TCR

^(pM H C -T C R )2

=

jfe2"(pMHC-TCR)2 - A:f (pMHC-TCR )2 - Av(pMHC-TCR)2

At steady state.
^pM H C -T C R = ^(pM H C -T C R )2 =

0

and the rate of downregulation of TCR is given by
2

dt

= 2 k r-^

(pMHC-TCR)2 =
TCR^
'
^ ^ \k o s J

So if the TCR dimérisation is necessary before downregulation, the rate
of downregulation should be proportional to the square of the TCR density.
Analysing one set of experimental data measuring the rate of TCR internalisa
tion under high Ugand densities, it was found that the data was most consistent
with a simple model in which peptide-MHC :TCR complexes form dimers or
trimers which were internalised after productive Ugand dissociation (Bachmann
et al., 1998).
However, using the same method of fitting data to a mass action nonlinear
ODE model of the rate of TCR downregulation but with a different data set.
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it was suggested that at least four mechanisms were necessary to produce a
good fit (Sousa and Cameiro, 2000). These were the presence of a significant
background rate of TCR turnover independent of hgand, th a t the rate of TCR
internalisation was much slower than that of triggering, a high kinetic order >
5 (a possible interpretation of which is the necessity of n-mers for triggering
where n > 5), and the existence of a pool of TCRs in dynamic equilibrium such
th at one pool had access to hgand but not the other. However, the vahdity
of inferring such mechanisms is questionable, given the paucity of experimental
data on which the model was fitted. For example, the data sets used in the
second study consisted of only six data points eeudi.
Such multimerisation models would require th at a highly variable peptideMHCrTCR interface lead to consistent binding-induced TCR association. A
second problem (which also apphes to the dimer conformational change model)
is that the requirement for multimerisation seems incompatible with the fact
that TCR triggering is most efiicient at very low peptide-MHC densities (Lan
zavecchia et al., 1999), in the sense that the number of TCRs down-regulated
per agonist peptide is highest. A recent report using kinetic, saturation bind
ing, and fight scattering techniques also found no evidence for dimérisation or
oligomerisation of human soluble peptide-MHC:TCR complexes (Baker and Wi
ley, 2001). Also, no dimers have been observed in any of the X-ray structures
of peptide-MHCia/JTCR complexes characterised so far (Garcia et al., 1999;
Baker and Wiley, 2001).
Co-receptor hetero-dim erisation
The co-receptors CD4 and CDS are associated with the src kinase Lck, and it
has been proposed that association of CD4 or CDS can trigger TCR activation
by bringing Lck into close proximity with the TCR ITAMs (Delon et al., 199S).
While this model overcomes the problems of multimerisation discussed above, it
is known that TCR triggering can occur in the absence of CD4/CDS (Abraham
et al., 1991), ruling it out as a general mechanism.

3.1.3

T C R clustering

Oligomerisation implies an increased afiinity by one TCR for another leading
to a physical association. However, TCRs can cluster for other reasons, e.g.,
localisation to particular lipid domains, cytoskeletal driving, ‘trapping’ by MHC
clusters. Whatever the mechanism, TCR clustering even without physical asso
ciation may lead to triggering via several mechanisms, including a mass action
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increase in local kinase conformation or changes in the local receptor environ
ment, e.g., hpid raft coalescence (Germain, 1997; Cochran et al., 2001a).
A novel proposal for how clustering can induce activation has recently been
reported, and is depicted in Figure 3.2, The ^ chain of the TCR assumes a folded
structure in the presence of acidic Upids which is refractory to phosphorylation.
In the pre-activation state, therefore, ^cyt is bound to the inner leaflet of the
membrane. TCR clustering may force the cytoplasmic domain to be released
from the membrane, either by physical competition for space or by local changes
in lipid composition. Once exposed to aqueous solution, the Ccyt ITAMs can
be phosphorylated. After phosphorylation, phospho-Ccyt remains free of the
membrane and can recruit phospho-ITAM binding proteins. The cytoplasmic
portion of CDS may also behave similarly (Aivazian and Stem, 2000).

3.1.4

Lipid rafts

Lipid rafts are small clusters of glycosphingoHpids, cholesterol and other hpids
in a liquid-ordered (lo) phase th at form discrete platforms in the plasma mem
brane (Simons and Ikonen, 1997). In resting cells, hpid rafts are very small
(estimated < 70 run in diameter) (Varma and Mayor, 1998; Priedrichson and
Kurzchaha, 1998; Simons and Toomre, 2000), but can be induced to coalesce by,
for example, antibody cross-linking of raft components. Lipid rafts appear to
concentrate several TCR signalling molecules (e.g. Lck, Fyn, LAT, CD4, CD 8 )
and exclude phosphatases (e.g. CD45, SHP-1, SHP-2). Recently, there has been
much experimental data suggesting th at these lipid rafts have a role to play in
T ceh triggering (Janes et al., 2000; Langlet et al., 2000; Miceh et al., 2001;
Cherukuri et al., 2001). It seems that at least some of the help provided by the
co-stimulatory molecules CD48 and CD28 comes from their abihty to recruit
hpid rafts to the site of TCR engagement (Viola et al., 1999; Yashir-Ohtani
et al., 2000; Miceh et al., 2001).
Direct aggregation of hpid rafts results in signalling events identical to TCR
signahing, while raft disruption inhibits signalling, suggesting th at hpid rafts
are key to T cell signal transduction. Raft aggregation results in tyrosine phos
phorylation of proteins including ZAP-70 and LAT within seconds (Montixi
et al., 1998), but it is unclear what process could drive raft aggregation under
physiological T ceh activation conditions. One suggestion is th at TCRs are constitutively associated with hpid rafts, and that multimerisation of TCRs results
in raft aggregation and coalescence, which results in sig n a llin g . This has the
same objections as any other multimerisation model. It has also been proposed
that hgand binding with a single TCR can somehow lead to the association of
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Figure 3.2: Model for how clustering results in T cell activation. In the preactivation state, the cytoplasmic portion of the ( chain is bound to the inner
leaflet of the membrane. TCR clustering forces the cytoplasmic domain to be
released from the membrane, either through competition for membrane space
or an alteration in the local lipid environment. This makes the ( chain ITAMs
accessible for phosphorylation, which stabilises the ( chain in its new position.
After (Aivazian and Stern, 2000).
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that TCR with hpid rafts (Lanzavecchia et al., 1999; Cherukuri et al., 2001),
but no plausible mechanism for this has been suggested yet.
However, some data casts doubt on the hypothesis th a t rafts are where ini
tial TCR activation occurs. For instance, the Lck available in rafts appears
to be in an inactive state due to lack of access to CD45 (Rodgers and Rose,
1996) and the presence of Csk (with PEP?) associated with the transmembrane
adaptor protein PAG/Cbp (Brdicka et al., 2000; Kawabuchi et al., 2000), which
together keep the negative regulatory tyrosine residue Y505 phosphorylated.
Also, there is evidence suggesting that TCR^ only accumulates in hpid rafts
after complete phosphorylation (i.e., only the 23 kDa isoform is found in the
hpid raft fraction) (Kosugi et al., 1999), which argues th at rafts are not in
volved in the earhest stages of TCR activation. There is also evidence th at the
transmembrane adaptor LAT and downstream molecules known to be associ
ated with LAT including ZAP-70, grb2 and PLC - 7 are accumulated in rafts
post-activation, but not other raft-associated molecules including Lck and Fyn.
This suggests th at LAT anchored to hpid rafts forms a structural scaffold for
TCR sig n a llin g transduction proteins (Harder and Kuhn, 2000). An alternative
model for hpid rafts has been proposed where they function to store inactive sig
nalling components, which have to be released from the raft for TCR sig n allin g
to occur (Germain, 2001). However, ah the data is consistent with the idea that
there is a tonic inhibition of TCRs, and that the barriers to overcoming this
could form the basis of a timing mechanism for enhancing TCR specificity, as
shown in Chapter 6 .

3.1.5

K inetic Segregation

The kinetic segregation model is based on the idea th at molecules at the T
ceh-APC interface will spontaneously segregate by molecular size (Davis and
van der Merwe, 1996; Shaw and Dustin, 1997; van der Merwe et al., 2000).
Membrane tyrosine phosphatases (CD45 and CD148) are large molecules and
would be excluded from zones of close contact between the APC and T ceh.
TCRs moving into this zone which fail to engage peptide-MHC will diffuse out
again without signalling. However, TCRs that move into close contact zones
and are subsequently tethered there by peptide-MHC wül be triggered.

In

support of this proposal, increasing the height of the accessory ligand-receptor
pair CD2/CD48 prevents TCR engagement (Wild et al., 1999) while shortening
CD45 inhibits TCR triggering (van der Merwe et al., 2000).
A recent mathematical model using reaction diffusion equations concluded
that such spontaneous self-assembly processes driven by protein size, elasticity
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of tethering to the membrane, and local separation of the APC and T ceU mem
branes resulted in the predicted segregation behaviour for realistic biophysical
parameters, as well as spatial patterns mimicking the formation of the immune
synapse (Qi et al., 2001).
Unfortunately, at present there is still no consensus on which model is most
Ukely to be correct. The situation seems likely to remain controversial until
technical hurdles in the study and visualisation of membrane-anchored fully
assembled TCRs are overcome.

3.2

M odels for T cell sensitivity

CD4 T cells can be activated by the presence of 100-200 foreign peptide-MHC on
the APC surface out of 10® to 10® total peptide-MHC complexes (Hardmg and
Unanue, 1990; Demotz et al., 1990; Reay et ai., 2000), while CDS T cells are even
more sensitive, and may even respond to the presence of a single foreign peptideMHC hgand (Sykulev et al., 1996). To account for this degree of sensitivity, it
seems likely that some mechanism for ampUfying the presence of foreign peptideMHC complexes exists.

3.2.1

Serial ligation

The most widely accepted model is that of serial hgation, where it is postulated
that a single peptide-MHC molecule can serially bind to and trigger multiple
TCRs (Valitutti et al., 1995; Valitutti and Lanzavecchia, 1997; Itoh et al., 1999).
This idea is supported by experiments showing that the ratio of triggered TCR
to specific peptide-MHC hgands was as high as 80~200, and th at this ratio
was highest when the density of specific peptide-MHC was very low. If there
is a threshold duration of hgand binding before TCR triggering (see kinetic
models below), then serial hgation predicts that an optimal 11 should exist since
peptide-MHC with longer t i than th at needed for triggering will not serially
ligate as many TCRs. This prediction has recently been confirmed (Hudrisier
et al., 1998; Kalergis et al., 2001). Hudrisier et al. tested altered peptide hgands
for a cytotoxic T lymphocyte (CTL) response, and found th at antagonists had
faster dissociation than the original peptide, but th at weak agonists had slower
dissociation rates. Kalergis et al. found that mutations in either the TCR
binding site as weU as peptide variants of an agonist which decreased or increased
the interaction t^ both impaired the efiiciency of T ceh activation. Both sets
of experiments support the serial hgation model in that there seems to be an
optimal dissociation rate for T cell activation efiiciency.
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The serial ligation model has been challenged by papers which raised the
possibility th at bystander TCR could also be internalised (Niedergang et al.,
1997; José et al., 2000), challenging the use of TCR down-modulation as a
useful marker of T cell activation. However, this effect was not observed in
the original experiments even when using dual specificity TCR (Valitutti et al.,
1995). Another challenge comes from experiments suggesting th at very low
numbers of TCR ( « 500) need to be engaged in vivo to activate the T cell (Wei
et al., 1999; Labrecque et al., 2001). This does not refute the possibility of seriaJ
ligation, but downplays its contribution to signal amplification.
The serial ligation hypothesis is supported by a biophysical model which
assumed that all peptide-MHC/TCR encounters occurred in a circular contact
area of size 5 x 10“ ^ cm and that the number of TCRs in there was con
stant over the period of interest (Wofey et al., 2001). The mean residence time
and encounter rate of a peptide-MHC diffusing into this area was then calcu
lated. Using diffusion coefficients, binding and dissociation rates characteristic
of peptide-MHCiTCR interactions, it was shown that substantial serial engage
ment would occur for agonists, partial agonists and antagonists, in the sense
th at for the calculated mean residence time, each TCR would encounter multiple
peptide-MHC molecules. Since this conclusion was arrived at for peptide-MHC
that were already in the contact area at the start of the experiment (which were
calculated to have a residence time of 100 to 700 s), it will hold even if TCR
are subsequently internalised.

3.2.2

Tunable activation threshold

Since the background (i.e., ‘self’) signals for any given T cell cannot be spec
ified a priori^ it seems reasonable that individual TCRs might adapt their ac
tivation thresholds contextually to enhance detection of statistically significant
deviations from this background. This is the main idea underlying the tunable
activation threshold model (Grossman and Paul, 1992; Grossman and Singer,
1996). Specifically, the model assumes that the T cell has an activation thresh
old which consists of a dynamically modulated activation index È{t) plus a fixed
critical value 6. É (t) is a time dependent weighted average of the cell’s past
excitation levels, and it is suggested the excitation index È{t) could be related
to the excitation E{t) by
dÈ{d)/dt = aE{t)[E{t) - È{t)]
where o is a constant (Grossman and Paul, 1992). Only if E{t) exceeds È(J') + 0
will the T cell be activated. In this way, the threshold can be set to ignore self
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Figure 3.3: Problems with definition of excitation index in tunable activation
threshold model. In (a), a linearly growing level of excitation fails to activate
the T cell. In (b), an exponentially growing level of excitation activates the
T cell initially, but then the T cell later becomes anergised. Excitation curves
given by E ( t ) where d E / d t = k ( t ) with k{ t) — 1 for (a) and k{t) = t for (b).
Threshold curves given by È { t ) + 10 where d È { d ) / d t = a E { t ) [ E { t ) - É{t)] with
a = 0.01 for both (a) and (b).
while detecting small deviations from the norm, thus increasing sensitivity to
foreign peptide-MHC complexes.
However, the original equation proposed gives the activation threshold the
property of perfect ada p ta tio n (Koshland, Jr. et al., 1982), which has a few
properties that do not appear to make much sense biologically in this context.
For example, even with a linear growth of the excitation level, the T cell can
fail to be activated. Also, when an exponentially growing signal is applied, the
T cell becomes activated but if it fails to clear the putative pathogen, eventu
ally it will become anergised to the pathogen, even though the excitation level
continues growing exponentially (See Figure 3.3). This does not imply that
the hypothesis itself is wrong, just that the relationship between È { t ) and E { t )
may need revision, perhaps by incorporating an upper limit on the activation
threshold, or by using a model with incom ple te adaptation. Indeed, there is
some experimental evidence that T cells tune their activation thresholds during
maturation (Wong et al., 2001) as well as in the periphery (Nicholson et al.,
2000 ).
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3.3

M odels for T cell specificity

There is general agreement that the binding property th at corresponds best to
the functional effect of the ligand on the T cell is the duration of engagement. In
general, with the caveat that measurements were made using soluble rather than
membrane bound TCR and mostly at 25°C, the t ^ o f a ligand predicts whether
it will be an agonist, partial agonist or antagonist (Matsui et al., 1994; Lyons
et al., 1996; Kersh et al., 1998), although the correlation is not perfect (Baker
et al., 2000; Baker and Wiley, 2001). The kinetic proofreading model explains
how T ceU specificity can arise firom the dependence on binding duration for
activation.

3.3.1

K inetic proofreading

Originally proposed as a mechanism for the high fidehty of DNA transcrip
tion (Hopfield, 1974), the proofreading model was adapted to explain T cell
specificity by McKeithan (McKeithan, 1995). The model assumes th at upon
binding to hgand, the TCR complex undergoes an obfigatory sequence of modi
fications, and signalling only occurs when the sequence of modifications is com
plete. If the ligand dissociates before the sequence is complete, no sig n allin g
results. This is illustrated in Figure 3.4.
The following calculations from McKeithan’s paper illustrate how this proof
reading process can result in specificity. Assume for simplicity th at all the kp
are identical. Let the probabUity of completing one forward modification step

TCR + pMHC

SIGNAL

Figure 3.4: The kinetic proofreading model. k\ is the association rate constant,
fc_i is the dissociation rate constant, and kp is the rate constant for each mod
ification in the proofreading chain. While pMHC remains engaged with the
TCR, the undergoes a series of modifications. Only when the final complex C n
is formed is there any signal from the TCR. Ligand dissociation at any stage
before C n is formed aborts the process. After Fig. 1 from (McKeithan, 1995).
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before the complex dissociates be a = kp/{kp + A_i). At steady state, the total
concentration
C 'xotal = C o ( l + ^

)

and the fraction of complexes in the active form (Cjv/CTotai) is simply

.

Suppose that the concentration of free TCR [T] is kp /ki, AT = 4, and
A-i = lOfcp for a non-specific hgand, and fc_i =

0 .1

fcp for a specific hgand.

At steady state, the fraction of active complexes generated by the specific hg
and is ( 1 / 1 .1 )^ =

0 .6 8 ,

while the fraction of active complexes generated by the

non-specific hgand is only (1/11)^ = 0.000068. A 100-fold difference in fc_i is
thus converted to a

1 0 ,0 0 0 -fold

difference in response.

Unfortunately, as pointed out by McKeithan (McKeithan, 1995), resolving
small differences in &_i leads to an unacceptably low level of activation from
specific stimuh. For example, using the same parameter values as above except
that k - i = 0.2 kp for the non-specific hgand, there is only a 1.4-fold difference
in response for IV = 4 and a 2.4-fold difference in response for N = 10. To
achieve a 100-fold difference in response, N must be approximately 53. Putting
aside the question of biological realism of an obhgatory modification chain of
over 50 steps, there is stih another problem. W ith N = 53, less than 0.6%
of the bound specific hgand wih ever activate the TCR, which is of course an
unacceptable level of sensitivity. The next chapter in the thesis explores whether
a reformulation of the kinetic proofreading model can resolve this quandary.
More sophisticated versions of the kinetic proofreading model have been de
scribed (Hlavacek et al., 2001), which take into account the possible differences
between intrinsic and extrinsic kinase, and ahow for hgand rebinding and re
ceptor downregulation. However, the basic features of the kinetic proofreading
model - i.e., specificity enhancement at the cost of sensitivity, remain the same.
The kinetic proofreading model predicts that the efilciency of generating
later signalling events from earher ones would be proportional to the half-hfe
of the ligand. There is some support for this prediction in the high affinity
IgE receptor system (Torigoe et al., 1998). However, recent studies in the same
system have shown that the transcription of the gene for MCP-1 is similar for
low and high affinity hgands (Liu et al., 2001), contrary to expectation. This
has been attributed to a possible ‘escape’ pathway th at is generated early in the
proofreading chain (Hlavacek et al., 2001), but this is pure conjecture at present.
In the T cell, the fact that early signals appear to be attenuated with partial
agonists (e.g., formation of p23 phospho-C, phosphorylation of CD3e, phosphorylated ZAP-70 (Sloan-Lancaster et al., 1994; Madrenas et al., 1995)) provides
some support for the proofreading model, but studies of calcium fiux (Wiilfing
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et al., 1997; Chen et al., 1998) and MAPK (Chau et al., 1998) clearly indi
cate that changes in hgand quaüty affect signal duration and not just inten
sity. For instance, the peak of MAPK intensity is not reproducibly lower for
partial agonists compared with agonists, but it is delayed and declines more
rapidly (Germain and Stefanova, 1999). This suggests th at feedback and not
just a proofreading process regulates T cell signalling, as will be discussed fur
ther in Chapters 5 and 6 .
It has also been found recently that a low affinity TCR hgand could stimulate
late events but appeared to be inefficient at inducing early events (Rosette et al.,
2001). However, this study is strange because the so-called poor affinity hgand
has a half-life of 77.0 s at 25°C and 69.3 s at 37°C, while the high affinity hgand
has a half-hfe of 38.5 s at 25°C and 577.6 s at 37°C! This reversal of binding times
for the high affinity hgand at 37°C has not been observed by other laboratories.
Also, the half-hves reported here are at least an order of magnitude larger than
those reported previously. This makes it extremely difficult to interpret their
findings in terms of ‘low’ and ‘high’ affinity hgands.

3.3.2

K inetic discrim ination and differentiation

Kinetic discrimination (Rabinowitz et al., 1996a) (Figure 3.5) is both a sim
plification and extension of the proofreading model in th at it only requires an
intermediate complex (C n ) and a final complex (Cp), such th at Cn dehvers a
negative signal and Cp dehvers a positive signal. It is clear th at for the same
percentage of hgand bound to receptor, a peptide-MHC with a short half-hfe
will dehver relatively more negative signals than one with a long half-hfe. By
relating biological response to the ratio of positive and negative signals, this
model can discriminate between antagonists and agonists in a single editing
step. However, Rabinowitz et al. point out that additional proofreading steps
wih decrease the overlap between positive and negative signals and thus result in
better discrimination at the cost of reducing signal amphtude, suggesting th at
it wih have the same specificity-sensitivity trade-off as kinetic proofreading.
The kinetic differentiation model (Lord et al., 1999) (Figure 3.6) assumes
th at hgand engagement to the TCR results in activation of two pathways, a
slow one that leads to product S, and a fast one that leads to product F. Again,
it is obvious that a hgand with a shorter half-hfe will lead to more F than S being
formed. By relating biological response to the ratio of the products S and F,
the T cell can again discriminate between antagonists and agonists. Again the
authors point out that by letting the S or F pathway have multiple steps (i.e.,
proofreading) and measuring the ratio of the final products only, disr.rim in a.tinn
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Figure 3.5: The kinetic discrimination model, (a) A ligand binds long enough
for LR?2 to form, which results in TCR activation, (b) A ligand binds only
long enough to form the intermediate complex LRPi, which acts to suppress
TCR signalling. After (Rabinowitz et al., 1996a).

p e p tid e
M HC

Figure 3.6: In the kinetic differentiation model, ligand binding to the TCR re
sults in the simultaneous activation of two pathways, which lead to final prod
ucts S n and

The rate constants of the two pathways are k{ and kg , where

ks < k{. The biological response is based on the ratio S n / F n , which will be low
for a ligand with a short t^ and high for one with a long 1 1. After (Lord et al.,
1999).
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can be improved. This obviously reduces sensitivity, since if the formation of S
is delayed sufficiently, the probability of forming S before dissociation even for
an agonist ligand will be low.
In fact, both models are really quite similar, since they both rely on the
differential formation of slow and fast signals. Kinetic discrimination does this
in serial, while kinetic differentiation does it in parallel, but the implications of
both models for T cell signalling appear to be identical.

3.4

M odels for T cell reliability

By reliability, I mean that the T cell does what is expected of it consistently activate in the presence of foreign antigen, and do not activate otherwise. There
are three barriers to achieving this. First, because the antigens on an APC are
generated randomly, the antigens presented will vary from APC to APC, even
if the APCs come from the same infected/ non-infected micro-environment (ex
trinsic noise). Second, due to low numbers of signalling molecules, especially
in the local vicinity of an individual TCR, it is likely th at random fluctuations
in molecule numbers may be significant (intrinsic noise). Finally, it seems im
probable th at different T cells in the same individual can have exactly the same
concentrations of the various signalling molecules (for example, cell division will
not lead to an exact redistribution of molecules to daughter cells), resulting in
different rates of reaction, yet it is reasonable to assume T cells have to respond
in the same way to the presence of pathogen (robustness).

3.4.1 Extrinsic noise
A recent paper reconsiders T cells from the viewpoint of optimal signal detection
theory, and makes a formal case for various features of T cell immunology (Noest,
2000). The argument is that a T cell must optimise signal detection in terms of
minimising the probability of ‘false alarms’ (Pj) while maximising the proba
bility of detecting foreign antigen (Pd)- This is done using the Neyman-Pearson
test which maximises Pa given some P /,

= pO({s‘}) >
where Or is some P / parameterised as a threshold, {sj} is the set of available
signals and p'*’({si}) and p°({si}) are their joint probability densities with and
without foreign antigen respectively. Using some simple assumptions about the
distribution of available signals, it is argued that
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. .. the formalism dictates clonal specificity, serial receptor triggering,
(grades of) anergy, negative and positive selection, co-stimulation,
high-zone tolerance, and clonal production of cytokines.
Since the Neyman-Pearson formalism is sufiiciently general to be apphcable
for any signal detection system, it follows that these predictions must come
from the nature of the signal to the T ceU alone (Otherwise, radar systems etc.,
would also require clonal specificity etc., to be optimal). However, Noest only
states th at the signal must be unknowable a priori, and come from a low rate
Poisson process. It is surprising that this rather general signalling distribution
can result in such detailed predictions for T cell properties.
In another recent paper, a formal model of the rate of TCR triggering for
any given T cell with any APC is created, and T cell activation is assumed to
occur when the triggering rate exceeds a certain threshold (van den Berg et al.,
2001). From the model, it emerges that a rehable (i.e., large Pd) and safe (i.e.,
small P f) T ceU repertoire mainly results fi’om thymic negative selection. As
far as specificity is concerned, the main insight firom the model is th at the T cell
is able to average out the triggering rate from the background of self antigens
on the APC, such that triggering rates higher than the ensemble mean due to
the presence of foreign antigen stand out, and can be detected once the foreign
antigen is present in sufficient density.
While the introduction of formal measures of detection efficacy is useful,
neither model really makes new predictions about T cell functionality th at is
easily testable. It is also not clear how much of the model predictions come from
built-in assumptions, since the predictions mostly correspond to well-known ex
perimental data. Finally, the formalism would be daunting to most experimen
talists, and is therefore unlikely to be critically analysed or verified by the people
who know the T cell best.

3.4.2

Intrinsic noise

The problem of intrinsic noise in TCR signalfing does not appear to have been
studied before. The problem is that for an individual TCR, the numbers of
kinases, phosphatases, adaptor molecules etc, that it interacts with will probably
be few in number and therefore likely to show significant statistical fluctuations.
On top of that, various reaction rates (e.g. phosphorylation) are likely to vary
between individuals due to out-breeding variation in the enzymes involved. How
can this be reconciled with the idea that individual TCRs show high specificity,
and can measure hgand binding durations accurately?
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The study of intrinsic noise in biological systems is best developed for gene
regulatory networks (McAdams and Arkin, 1998; McAdams and Arkin, 1999).
One obvious strategy to minimise the likelihood of failure of signal propagation
is simply to have redundant pathways in parallel (McAdams and Arkin, 1999),
since the probabiUty of n parallel pathways faiUng simultaneously is the product
of the individual probabUities. For example, if the probabihty of failure of a
component within a given time interval is

1 0 %,

the probability of two such

components in parallel simultaneously failing in the same time interval is only
1 %.

Intuitively, it seems obvious that an additional way to maintain a stable
concentration of a given protein with minimal fluctuations is to use an autoregulatory negative feedback system, which synthesises mRNA transcripts only
when required. This was first demonstrated by constructing such regulatory
gene circuits (Becskei and Serrano, 2000), and only recently shown to be true
analytically (Thattai and van Oudenaarden, 2001). In Chapter 5, it will be
shown that positive feedback can also serve to suppress fluctuations due to
intrinsic noise in our models for TCR activation.

3.4.3

R obustness

The concept that biological signalling systems evolve so as to preserve critical
system properties despite many biochemical changes was first suggested for a
model of perfect adaptation in bacterial chemotaxis (Barkai and Leibler, 1997).
This makes sense, since out-breeding heterogeneity is likely to result in many
biochemical parameter difierences between individuals, yet biological function
clearly has to be preserved (Hartwell, 1997). For precise control, a regulatory
mechanism must respond hypersensitively to specific changes (e.g., hgand bind
ing duration for TCR signalling). The robustness of such a process is clearly
important for T cell rehabifity, and will be further discussed in Chapters 4, 5
and 6 .

3.5

Summary

This has been a whirlwind tour of the models in T cell activation th at look at
the issues of triggering, sensitivity, specificity, and rehability. While these are
fundamental issues in T ceU sign allin g, there appear to have been very few exper
iments done to verify them. The ideal iterative loop of model/experiment/model
revision seen for example, in physics, does not appear to have taken off in im
munology, except perhaps for some of the current work on kinetic proofreading.
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P art of the problem may lie in the difficulty experimentalists have in under
standing the imphcations of the more formal models (assuming they even come
across them in the first place). Until the happy day arrives when experimental
biologists are cross-trained in both disciplines, the onus is on theoreticians to
make their models more transparent to the experimentalists, ideally by very
close collaboration right firom the start of the project.
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Chapter 4

An extended analysis of
kinetic proofreading in T
cells
4.1

Introduction

The kinetic proofreading model and its extensions have been described in Chap
ter 3, and it is the standard model in immunology for explaining T cell specificity.
However, experimental support for this model in T cell sign allin g is equivocal
and hmited, and it is still not clear if the model is correct. In this chapter, I
shall look at the biological justification for the kinetic proofreading model, and
re-examine the model from the perspective of an individual TCR. This prob
abilistic analysis clarifies the essential properties of the proofreading model,
and suggests the necessary conditions if the TCR is to be able to discriminate
between ligands reliably.

4.2

Biological plausibility o f kinetic proofread
ing

The kinetic proofreading model introduced by McKeithan to explain T cell
discrimination relies on the bound TCR undergoing a series of modifications
leading to a final signalling complex. If the hgand dissociates before this series
of modifications is complete, the TCR reverts to a basal state. This is illustrated
in Figure 4.1.
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The modifications are usually assumed to be phosphorylation of tyrosine
residues on ITAMs. A critical assumption of the kinetic proofreading model
is th at the reactions occur in sequence, i.e., the complex Co must be formed
before Ci, and so on. However, it is not clear that such a hnear chain occurs
physiologically. The best candidate for a linear chain of phosphorylations is
with the ITAMs on the ^-chain, which has been documented to occur in a
specific order when the TCR is stimulated with an agonist (Kersh et al., 1998).
However, the relevance of this to hgand discrimination has been cast in doubt
by experiments showing that crippling ( ITAMs does not qualitatively affect
T cell function response (Ardouin et al., 1999; van Oers et al., 2000), and
th at differential C phosphorylation is not required for altered peptide ligand
induced antagonism (Liu and VignaU, 1999). In addition, the B ceU receptor
(BCR) and high affinity IgE receptor (FceRI) can produce a diverse range of
response without relying on differential ITAM phosphorylation (Torigoe et al.,
1998; Kouskoff et al., 1998).
Another possibüity for the linear chain of modifications required by kinetic
proofreading is the association of the TCR with various scaffold, anchoring
and adaptor proteins (Pawson and Scott, 1997). The most prominent proximal
adaptor proteins in T ceU sig n allin g are LAT and SLP-76. Each has multiple
domains for binding other proteins. However, there is no evidence th at binding
occurs in a sequential fashion, and a simpler hypothesis would be th at binding to
these domains occurs independently, and probably in parallel. Another problem
with this scenario is that LAT and SLP-76 activation is downstream of ZAP70 activation (Kane et al., 2000), and it is well known th at antagonists fail to
activate ZAP-70 (Sloan-Lancaster and Allen, 1996). Thus, these events appear
to come too late to contribute to discriminating between antagonist and agonist
ligands.

TCR + pMHC

SIGNAL

Figure 4.1: The kinetic proofreading model. ki is the association rate con
stant, k - i is the dissociation rate constant, and kp is the rate constant for each
modification in the proofreading chain. After McKeithan (McKeithan, 1995).
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A final biological shortcoming of the proofreading model is th at it ignores
the feedback loops involved in regulation of phosphorylation/dephosphorylation,
and assumes that all the kp are constant. As discussed in the previous chapter,
this is not very realistic. A model incorporating such feedback pathways will be
considered in the next chapter of the thesis.

4.3

K inetic proofreading - a view from the T C R

At the level of individual TCRs, there appear to be only three responses it can
make to a hgand binding event: 1) nothing happens (null ligand), 2) the ITAMs
become partially phosphorylated without activating ZAP-70 (partial agonist
or antagonist), or 3) the ITAMs become fully phosphorylated and ZAP-70 is
activated (agonist) (Sloan-Lancaster et al., 1994; Madrenas et al., 1995).
In general, null hgands bind for a very short duration before dissociating from
the TCR. However, the disparity in binding times between antagonist/ partial
agonist and agonist may not be very large. In fact, it has been documented
that a difference in binding time of w 30% (equivalent to a 3 s decrease in t^ )
can result in a 1000-fold difference in biological potency of the hgand (Kersh
et al., 1998; Kersh et al., 2001). As we have seen in the previous chapter, ki
netic proofreading appears to have trouble accounting for such specificity unless
unrealisticaUy long proofreading chains are assumed, in which case sensitivity
is unacceptably low.

4.3.1

W aiting tim e and T C R activation

Suppose we have a hgand that binds forever, and a TCR th at undergoes a kinetic
proofireading process. For simphcity, we assume th at there are N steps in the
chain, and each step occurs with the same rate A. For the first N-1 steps in the
kinetic proofreading sequence, while the intermediate complexes C \ . . . C n -

i

are being formed, the TCR does not signal. Only when C n - \ is modified to
become

does the TCR signal. The N steps of the proofreading chain then

simply constitute a waiting time, during which the TCR does not signal.
W hat is the mean and standard deviation of the waiting time for a given
TCR which has engaged a ligand before it signals? For a single TCR, the rate
constant kp must translate into an average rate A of modifications occurring.
This means that the times at which modifications occur can be described as a
Poisson process, which is convenient since the properties of this random process
are well known. The waiting time to the iVth modification (T)v) with an average
rate A is given by the gamma density
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■>"
with mean and variance given by
E{T n ) =

j

,

Var(Tw) = ^

(Tuckwell, 1988)
So if the rate of (say) phosphorylation is 1

(A), and there are 10 steps

in the kinetic proofreading chain, the average duration of hgand binding before
the TCR signals is 10/1 = 10 s, and the standard deviation is y/N/X^ = \/ÏÔ s.
To filter out the background of self hgand-MHC complexes, most of which
have a low or moderate aSinity to any given TCR, the TCR needs a sufiiciently
long waiting time before activation. As pointed out by McKeithan, this can be
done by simply increasing N . To be able to rehably distinguish between antag
onists/partial agonists and agonists, it is necessary to decrease the variance of
the mean time to activation. However, since Var(Tyv) = N/X^, simply increas
ing N win increase the variance, and a longer proofreading chain per se results
in a decrease in the abhity to distinguish between antagonists/partial agonists
and agonists.
In order to filter out background ‘noise’ and yet be able to rehably discrim
inate between altered peptide hgands, it is clear th at the kinetic proofreading
model requires a long chain of fast reactions. For a given TCR activation thresh
old, increasing the number of steps while simultaneously increasing the rate A
reduces the variance of the waiting time (Figure 4.2). Just as importantly, this
does not reduce the sensitivity of the T cell, since this depends only on the mean
time to activation, and not on the length of the chain per se. W ith this analysis,
it is clear that the problem of low sensitivity in McKeithan’s original examples
were simply due to a failure to rescale kp with increasing N , and not due to
the size of AT as he implies. In reality, the resolution achievable will of course
be limited by physical limitations hke the energy cost of multiple modifications,
and bounds on the reaction rates possible. The effect of rescaling on restoring
sensitivity is shown in Figure 4.3.
Can kinetic proofreading be improved by adjusting the rate of individual
modification steps (i.e., not assuming constant kp)7 A simple thought experi
ment suggests that this is not possible. Assume that we are changing just one
of the kp in either direction to give

or kp°^. Since this is a Poisson process,

we can spUt the chain of modifications into two, one with length AT —1 and the
other of length 1 , and just add up the individual variances to give total variance.
Assume k ^ ^ is so large that the modification occurs instantaneously. This then
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Figure 4.3: By rescaling kp so that the mean time to activation is the same for
all chain lengths, there is no decrease in sensitivity with increasing N, but speci
ficity improves. The top row shows plots of activation probability against time
to illustrate the effect of rescaling, while the bottom row shows plots of activa
tion probability against t i to illustrate the additional effects due to stochastic
ligand dissociation. Figures (a) and (c) represent kinetic proofreading with ap
propriate rescaling, while (b) and (d) represent McKeithan’s original scheme
without rescaling. In (a), A is adjusted to keep E { T n ) fixed at 10, while in (b),
A is fixed at 1. In (c), kp is adjusted to keep ^ fixed at 10, while in (d), kp is
fixed at 1.
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contributes no variance at all, but we are left with a shorter chain to give the
same waiting time, which obviously increases the total variance. Conversely,
assume th at kp°'^ is so small th at this one step takes up all the waiting time.
Then the other N —1 steps must occur instantaneously and so contribute noth
ing to variance. However, we are now left with a chain of length 1 to give the
original waiting time, and the variance must again be higher. Since modifying
a single kp in either direction increases variance, this suggests that the best
kinetic proofreading chain must be when all the kp are equal. A more formal
argument confirms this result:
Consider a proofreading chain of length N with each modification having the
same rate A. Suppose we alter the rate of a single step to be Ap. To maintain
the same waiting time to activation, the other N — 1 steps must have rate A,
such that

N -1
An

2__N
An
A

Solving for A,, we get
An =

(—1 + N)XXp
NXp — A

The variance of the new proofreading chain is given by
N-1
A=

1

Substituting for A, gives us the new variance as
AT(A2 - 2AAp + NXl )
(A T -1 )A %
Consider the ratio
N{ X^ - 2 XXp + NXl ) ^ N
(JV-1)A2A2
/a 2
Simphfying, we get
A2 - 2AAp -h NXl
(iV -l)A 2

- 2AAp + A^ (AT - 1)A^
(N-l)Xl
'^{N-l)Xl

(A - Ap)^
^{N-l)Xl

Since N > 2, this ratio is always > 1, regardless of whether Ap > A or vice
versa. This implies that altering a single modification rate will always increase
variance.

4.3.2

The effect o f stochastic ligand dissociation

In real life, ligands never stay bound to a TCR forever, but will dissociate after
a random time interval determined by the dissociation constant fc_i. Following
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McKeithan, let a be the probability that a modification step occurs before hgand
dissociation,
-

-

fcp
kp + k—i

Then if we assume that only complex C n is capable of signalfing, the probability
of a ligand activating the TCR before dissociating is given by a ^ .
Using the identity fc_i = log(2)/t^^, we get
a^=
=

G
' fcp+fc—1 '
(

vfcp t^+log(2) /

We plot the probability of activation

)N

against t^ in Figure 4.4(a), using

increasingly long proofreading chains. Note that an infinitely long (N = oo)
chain has no variance, and is therefore simply a step function. Obviously, this
is the most precise a TCR can possibly be. The first interesting observation
firom the graph is that a moderate length kinetic proofireading chain (AT > 5)
approximates the curve of the infinite length chain quite closely, which means
that a short kinetic proofireading chain wifi probably sufiice in the presence of
stochastic ligand dissociation. The second observation is th at even the infinite
length chain gives an activation function that is quite bad at differentiating
ligands. To see this, suppose we have two ligands, a partial agonist with a t^
of 5 seconds, and a full agonist with a t i of 10 s. W ith all the proofreading
chains of length N > 5, the partial agonist has an approximately 20% chance of
activating the TCR, as compared with an approximately 50% chance for the full
agonist. This suggests that if the concentration of partial agonist is 2^ times
larger than the concentration of full agonist, the T cell should be activated to
the same extent, which is at odds with experiment. On the other hand, note
that with a long chain {N > 10), a ligand with a t^ of less than 1 s has a very
small probability of activating the TCR (Figure 4.4(b)). This suggests th at to
minimise inappropriate TCR activation, self ligands should have t i at least an
order of magnitude smaller than the TCR threshold. However, it is difficult to
see how the T cell can reliably distinguish between antagonists/ partial agonists
and agonists with fairly similar t i . In Chapter 6 , we will build a model that
restores the specificity of ligand discrimination, by allowing cross-talk between
TCRs.
^log is the natural logarithm, sometimes denoted In
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Figure 4.4: (a) A plot of the probability of activating a TCR against the t i of
the engaged ligand. All the curves have a ‘threshold’ of 10 s. If these curves
were plotted against t i me rather than t i , the curve marked N = oo would be a
step function at the threshold 10 s. This illustrates the loss of specificity due to
stochastic ligand dissociation, (b) Blow-up of the area marked in (a), to show
that a longer proofreading chain is able to filter out more low affinity ligands,
which may serve to remove ‘noise’ due to self peptide-MHC.

4.3.3

Sequential versus parallel modifications

What happens to the kinetic proofreading model if there isn’t an obligatory
sequence of modifications? For example, say there are ten phosphorylation sites
which can be phosphorylated in any order, and the TCR is only activated when
all ten are phosphorylated.

Assuming the rate of collisions between kinase

and potential phosphorylation site is constant, the likelihood of a productive
collision (resulting in phosphorylation) is obviously higher when there are many
empty sites than when there are fewer. All things being equal, one would expect
the first site to be phosphorylated ten times faster than the last site since the
concentration of empty sites is ten times higher when no site is phosphorylated
than when only one is unphosphorylated (See Figure 4.5). This suggests that
the lag introduced by kinetic proofreading would be significantly decreased.
Now the probability Qj of progressing to Ci before ligand dissociation is
{ { N - i -I-1) k p ) / { { N - 1-I-1) fcp -Hfc_i). Following the analysis in Chapter 3, the
fraction of complexes in the active form (Cyv/CTotai) is
KN

( A r - t + l)A:p
(jY

—i

l)kp + k - i

= n

Using McKeithan’s example again, assume the concentration of free TCR
is k p / k i , N — A, and A:_i = lOfcp for a non-specific ligand and k - i = 0.1 fcp
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TCR + pMHC
N*kp

(N -1 )‘ kp

(N -2)*kp

(N -i+ 1 )* k p (N -i)* k p

S IG N A L

Figure 4.5: Kinetic proofreading without an obligatory sequence of modificar
tions. Here the subscript %in Q simply represents the number of modifications
(e.g. sites phosphorylated).
for a specific ligand. In the original example with an obligatory sequence of
modification events, this

1 0 0 -fold

difiérence in A_i was converted to a

1 0 ,0 0 0 -

fold difference in response, a marked improvement in specificity. In the scenario
where modifications can occur in parallel, however, the same

1 0 0 -fold

difference

in fc_i now only results in a 136-fold difference in response.
Where the difference in

is small, proofreading without an obligatory

modification sequence fails totally. For example, when fc_i = 0.1 fcp for the first
hgand, and

=

0 .2

fcp for the second, a 2 -fold difference in

fc _ i

results in

a 1.10354-fold difference in response for N = 10. Increasing N to 100 has a
negUgible effect, resulting in only a 1.10501-fold difference in response.
Without an obligatory modification sequence, the abifity of kinetic proof
reading to provide good discrimination of f c _ i is lost, and increasing the number
of intermediate complexes has minimal effect on T cell specificity. For kinetic
proofreading to be fully accepted as a model therefore requires there to be ex
perimental evidence for such an obhgatory sequence of modifications.

4.3.4

Lack o f robustness to param eter variations

TCRs on a thymocyte may respond with fuh activation (e.g., fuU C phosphory
lation) to a hgand which is antagonistic for a mature T ceU bearing the same
TCR. This suggests that T cells may be able to adjust the TCR activation
threshold during maturation, as proposed in the tunable activation threshold
model (Grossman and Paul, 1992; Grossman and Singer, 1996). Such tuning
may also occur in T ceUs selected one one hgand, then subsequently expanded
with a second cross-reactive hgand (Nicholson et al., 2000).
There are only two ways to adjust the threshold in a kinetic proofreading
model - by changing the length of the proofreading chain iV, or by changing the
68

kinetic parameters kp. The kinetic proofreading model predicts th at increasing
N or decreasing kp wül delay the activation threshold, so th at a ‘stronger’ anti
genic stimulus is required to activate the TCR. Since A is proportional to kp, and
Var(Tjv) = N/>?, both these manipulations increase the variance of the waiting
time to activation. This means that the slope of the probability of activating
the TCR against duration of hgand binding is decreased, which translates to
poorer ligand discrimination (Figure 4.6 - top row). The effect is more marked
when A rather than N is changed since the variance varies with A^. However, it
seems a priori more likely that a biochemical rate parameter is adjusted during
threshold ‘tuning’ rather than the actual length of the proofreading chain, in
which case the decrease in discriminatory abUity will be more marked. When
the probabihty of activation is plotted against t ^ , this combines with the effect
of stochastic hgand dissociation to result in decreased sensitivity and slope of
the activation curve (discriminatory abihty) (Figure 4.6 - bottom row), which
imphes that mature T cells wih be less sensitive and less able to discriminate
between hgands. This seems extremely doubtful.
Furthermore, kp is likely to vary between individuals in outbred populations,
due to genetic variations in molecular species. Even within individual T cells,
the kp is likely to fluctuate in the vicinity of any given TCR, due to stochastic
fluctuations in the local concentration of substrate molecules. Since both the
waiting time to activation and slope of the TCR activation curve are not robust
with respect to kp, this raises the problem of how T cells can respond rehably
to a given hgand.
Again we suggest that a possible solution is cooperation between TCRs, a
topic we will explore in detail in Chapter 6 .

4.4

Conclusions

While kinetic proofreading is an ingenious mechanism for improving T ceh speci
ficity, this chapter suggests several reasons why the scenario of successive modi
fications postulated by McKeithan may not have strong biological foundations.
An alternative interpretation of kinetic proofreading based on events at the
level of individual TCR was modelled, which revealed th at the essential feature
of kinetic proofreading is that it introduces a waiting time before TCR activation
and signalling. The properties of this waiting time can be exphcitly calculated,
and it was shown that the TCR threshold could be made arbitrarily precise
without losing sensitivity. This is in contrast to the findings in McKeithan’s
original paper, where an increase in specificity was always gained at the expense
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Figure 4.6: (a) and (b) are plots of activation probability against duration of
ligand engagement. In (a), the activation threshold is delayed by increasing N ,
keeping A fixed at 1. In (b), N is fixed at 10, while A is varied. For both, the
slope is decreased with a longer threshold, (c) and (d) are plots of activation
probability against t i / 2- In (c), N is varied with kp fixed at 0.1. In (d), kp is
varied with N fixed at 10. Both result in decreased sensitivity and ability to
discriminate between altered peptide ligands.
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of lower sensitivity. The difference arises simply because McKeithan’s paper did
not rescale the forward rates of reaction with increasing chain length.
Is such a rescaling process evolutionarily plausible? The main problem is
th at increasing chain length always trades off higher specificity with lower sen
sitivity. The critical requirement is th at a TCR with higher specificity and
lower sensitivity (i.e., longer chain length) is as fit or fitter than one with lower
specificity and higher sensitivity and such mutations can accumulate in the pop
ulation. Then selection pressure can drive the sensitivity up again by increasing
the rates of individual reactions.
Unfortunately, the models also show th a t it is impossible to reliably dis
tinguish between related hgands in the presence of stochastic dissociation. In
Chapter 5, we wih show a model th a t reproduces the features of kinetic proof
reading, but is more biologicahy grounded, and in Chapter 6 , we construct a
model for cooperative TCR signalling th a t can overcome the problem of rehable
hgand discrimination.
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Chapter 5

Feedback in TC R signalling
5.1

Introduction

As has been discussed in Chapter 2, T cells can respond appropriately to
the presence of a few foreign peptide-MHC complexes even when greatly out
numbered by self peptide-MHC complexes. Several experiments suggest that
CD4 T cells can respond to «100 specific peptide;MHC on the surface of the
APC (Harding and Unanue, 1990; Demotz et al., 1990), while CDS T cells may
respond to the presence of possibly just a single specific peptide-MHC com
plex (Sykulev et al., 1996). Indeed, a T cell obviously responding to a single
peptide-MHC on the APC for a prolonged period has been captured on video
microscopy, although the measured calcium flux was very small (Davis, 2001).
T cell response correlates best with the half life (t i ) of the peptide-MHC (Mat
sui et al., 1994; Alam et al., 1996; Kersh et al., 1998), and experiments with
altered peptide ligands have suggested that T cells can distinguish ligands with
t^ differing by as little as 30% (Kersh et al., 1998). Since TCR affinity for
peptide-MHC is weak and typical dissociation times for good agonists are just
over 10 seconds at 25°C (and probably even faster at 37°C (Willcox et al., 1999)),
this implies that each TCR must have very sharp thresholds for discrimination
of binding times.
In fact, since ligand dissociation is inherently a stochastic process, there is
no way for a TCR to consistently distinguish between ligands with only slightly
different

11

all the time. In Chapter 6 , 1 argue that the specificity of the T cell

response arises in part because of local cooperativity among TCRs (Chan et al.,
2001). In this chapter, I want to consider the problem of ligand discrimination
at the level of the single receptor, which has to discriminate between closely
related ligands binding for only a very short time.
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Previous models focusing on the problem of ligand discrimination have de
scribed the problem on a cellular level, i.e., they deal with how a population
of TCR handles the problem. For example, the serial Hgation model (Vahtutti
et al., 1995; Vahtutti and Lanzavecchia, 1997) explains the sensitivity to some
extent by allowing repeated sampUng of antigens by TCR, therefore amplifying
the signal from the few specific peptide-MHC complexes present. In contrast,
the kinetic models of proofreading (McKeithan, 1995), discrimination (Rabi
nowitz et al., 1996a) and differentiation (Lord et al., 1999) suggest biochemical
processes at the level of the individual TCR, but only analyse the consequences
for a population of TCR.
In the previous chapter, it was argued th at specificity at the level of the indi
vidual TCR essentially means a 'hypersensitive' function (i.e., sigmoid function)
relating activation function to duration of ligand engagement. By analogy with
classical dose-response curves, the steeper the slope at the threshold, the better
the TCR will be at discriminating between hgands. It was shown th at kinetic
proofreading can give rise to such ‘hypersensitive’ curves for the TCR, but did
not have much supporting biological evidence. By incorporating positive and
negative feedback effects into an alternative model for TCR signalling, it can
be shown that an individual TCR can achieve a very sharp threshold for dis
tinguishing hgands based on duration of engagement. A stochastic simulation
of this model suggests that ITAM multiphcity may be necessary to ensure the
robustness of hgand discrimination in the face of stochastic fluctuations

lq the

local concentration of signalfing molecules. Finally, the model also suggests how
such transient signalfing interactions between peptide-MHC and TCR can sus
tain signalling over the several hours necessary for naive T cell activation and
proliferation, by recruiting the abundant self peptide-MHC molecules present.

5.2

Feedback in T C R signalling

Biochemically, what appears to govern the state of TCR activation and sig
nalling is the dynamic balance of active kinase versus phosphatase, which appear
to be locked in a futile cycle. Tyrosine kinases hke the Src kinase family Lck
and Fyn appear to have the potential to be activated constitutively (i.e., in the
absence of hgand binding to TCR), since a general phosphatase inhibitor will
result in tyrosine phosphorylation in isolated T ceh membrane in the absence
of antigenic stimulation (Jin et al., 1998).
Coupled with the observation that membrane tyrosine phosphatases hke
CD45 and CD148 are much larger than TCR or adhesion molecules fike ICAM-
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1, this has led to the proposal that TCR triggering results from the spontaneous
segregation of the T cell membrane into small domains where phosphatase is
excluded (Shaw and Dustin, 1997; van der Merwe et al., 2000). If TCR binding
to MHC contributes to the nucléation and maintenance of these close contact
regions, then it is clear the duration of hgand engagement can have an inti
mate relationship with the probabihty of TCR activation. A related experimen
tal finding is that hpid rafts bearing sig n allin g molecules are targeted to TCR
bound to peptide-MHC, while CD45 is excluded from lipid rafts (Montbd et al.,
1998; Moran and Miceli, 1998; Janes et al., 1999; Miceh et al., 2001). Some ev
idence indicates that raft association with the TCR does not require Src family
kinase activity (Janes et al., 1999), which suggests that raft aggregation due to
coalescence in the vicinity of a TCR cluster may initiate sig n allin g by increasing
the local concentration of signalling substrates.
As pointed out in Chapter 2, the immediate biochemical events fohowing
hgand engagement are not simply a hnear cascade but involve both positive
and negative feedback. Here we will review the TCR signalhng pathways acti
vated after hgand engagement, construct simplified models of these sign allin g
networks, and explore their consequences for TCR specificity and sensitivity.

5.2.1

Basic signalling pathways

There is general agreement that the first signalhng events after TCR engages
agonist hgand involve the recruitment of Lck. Lck then phosphorylates the
ITAM residues, resulting in the recruitment and activation of ZAP-70. Following
ZAP-70 binding to ITAM, it becomes tyrosine phoshorylated as a result of
both auto- and trans-phoshorylation by Lck (Neumeister et al., 1995; Chan
et al., 1995; Yamasaki et al., 1996). ZAP-70 then phosphorylates and activates
multiple downstream targets, resulting in the activation of the Ras-MAP kinase
cascade, the PI pathway and cytoskeletal reorganisation. This linear scenario is
widely accepted, and wih form the core of our model. Some particular aspects
of the signalling sequence made use of in the model are detailed below:
R equirem ent for m ultiple Lck
The model requires a critical level of Lck for TCR activation. It might be
objected that since Lck is associated with CD4, at most 2 molecules wih be
present in the activated TCR complex. This argument assumes th at CD4/CD8
associated Lck initiates the signalfing process, but there are several problems
with this scenario. For example, CD4/CD8 negative T cells can stih be acti
vated (Abraham et al., 1991), and a recent paper showed th at CD4 was only
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transiently co-located with CD3C in the immune synapse (Krtunmel et al.,

2 0 0 0 ),

even though signalling is known to be sustained. Also, there is evidence that
CD4/CD8-Lck is recruited to the ITAM by the SH2 site on ZAP-70 rather than
through its extracellular domain (Xu and Littman, 1993; Thome et al., 1995;
Thome et al., 1996; Wyer et al., 1999). Since ZAP-70 binding requires Lck, this
would argue that CD4-Lck induced phosphorylation is not the primary event.
Therefore TCR activation is likely to be induced by a separate pool of Lck which
is raft-associated.
Futile kinase-phosphatase cycle
Selective blockade of protein tyrosine phosphatase (PTP) activity results in
TCR activation (Secrist et al., 1993; Schieven et al., 1994; Hardwick and Sefton,
1995), strongly suggesting that the TCR ITAMs are constitutively engaged in
a phosphorylation-déphosphorylation futile cycle, with PTPs dominating in the
quiescent TCR. However, the identity of the PTP(s) is not yet known, although
it seems to be membrane-associated and distinct from CD45, SHP -1 and SHP2 (Jin et al., 1998).
It has been observed that the phosphatases CD45, SHP-1 and SHP -2 are all
excluded from lipid rafts, while significant tyrosine phosphorylation of CD3C,
Lck and LAT is only found in the fipid raft fraction and is minimal outside
of the rafts (Cherukuri et al., 2001). In fact, targeting SHP-1 to lipid rafts
using an Lck/SHP -1 chimaera profoundly inhibited TCR signalling (Su et al.,
2001). This suggests that phosphatase exclusion from lipid rafts is important
for initiating TCR activation. Lipid raft aggregation is a likely candidate for
phosphatase exclusion in the neighbourhood of the engaged TCR, allowing Lck
accumulation and activation.
N egative feedback effect o f Lck on Lck and ZAP-70
Activated Lck phosphorylates and recruits Csk, which is known to inhibit the
activity of the Src kinase family by phosphorylating the inhibitory tyrosine near
their carboxy terminus (Y505 for Lck and Y528 for FynT) (Chow et al., 1993).
In addition, Csk associates with all three members of the PEP family of protein
tyrosine phosphatases (PEP, PEP-PEST and PEP-HCSF), which synergistically
contributes to the inhibition of Src kinases by dephosphorylating the positive
regulatory tyrosine (Y394 for Lck and Y417 for FynT) (Cloutier and Veilette,
1999; Gjorloff-Wingren et al., 1999; Waing et al., 2001). In addition, tyrosine
phosphorylation of ZAP-70 leads to the recruitment and activation of SHP1,

which downregulates both ZAP-70 and Lck (Plas et al., 1996; Chiang and

Sefton, 2001).
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P ositive feedback o f Lck on Lck and ZAP-70
Both biochemical and structural evidence suggests th at Lck is activated by auto
phosphorylation on its tyrosine residues (Wang et al., 1994; Yamaguchi and
Hendrickson, 1996). Lck phosphorylates ITAMs, and binding of the SH2 do
mains of ZAP-70 to bi-phosphorylated ITAMs results in its activation (Lograsso
et al., 1996), and may also have a direct activating effect by phosphorylating
the regulatory tyrosine Y493 on ZAP-70 (Chan et al., 1995).
P ositive feedback o f ZA P-70 on Lck
There are two possible mechanisms. First, Lck is recruited to tyrosine phosphorylated ZAP-70 via its SH2 domains (Thome et al., 1995; Thome et al.,
1996). The second mechanism is more speculative since it is by analogy with
the related kinase Syk, which activates Lck through physical association and
N-terminal tyrosine phosphorylation (Couture et al., 1994).

5.3

Lck recruitm ent m odel

5.3.1 M odel assum ptions
The first problem in constructing a model for TCR signalling is th at it is not
known how ligand engagement at the TCR surface is translated into an in
tracellular signal, much less how the signal generated depends on the kinetics
of hgand dissociation. As reviewed in Chapter 3, models for how this occurs
include conformational change, ohgomerisation, clustering and kinetic segrega
tion. In our models, I will assume simply that the initial transduced signal is
directly proportional to the duration of ligand engagement. A plausible mech
anism based on the kinetic segregation model will be sketched, but the results
are independent of the actual mechanism, so long as the initial signal is a good
measure of the duration of ligand engagement.
For simphcity, we will only consider a single Src family kinase (assumed to be
Lck) and a single Syk family kinase (assumed to be ZAP-70) in the initial model.
Similarly, we will represent all the possible phosphatases by a single variable,
although it is clearly possible that membrane and cytoplasmic phosphatases
may play different roles. In the section on the hierarchy of signalling thresholds,
I will discuss the possible roles of the various kinases and phosphatases involved
in proximal TCR signalfing.
The basic assumption of the model is that the rate of Lck recruitment to
the TCR is directly proportional to the duration of ligand engagement. In a
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conformational change model for example, a structural alteration of the TCR
could result in lipid rafts being targeted to it. An oligomerisation model would
naturally result in raft aggregation and coalescence if lipid rafts are constitu
tively associated with the TCR, as suggested by some experiments. Similarly,
the segregation model could relate ligand binding to Lck recruitment if (say)
TCR-MHC interactions nucleated the spontaneous formation of close-contact
zones of membrane apposition from which phosphatases were excluded, and the
size of these zones depended on TCR being bound to peptide-MHC. A similar
set of models can be constructed in which the degree of phosphatase exclusion
rather than Lck recruitment is the critical factor.
Another assumption of the model is that the rate of catalysis (i.e., phospho
rylation and de-phosphorylation) is rapid relative to the rate of Lck recruitment
(or phosphatase exclusion) and clearance. This allows us to consider the to
tal amount of available Lck as a driving variable for the sign allin g reactions.
Prom the previous assumption, this implies that the duration of ligand binding
ultimately drives the sign allin g reactions immediately downstream.
Initially, we assume that the laws of mass action are applicable to the sig
nalling reactions. Since the numbers of molecules of each reactant is likely to
be fairly small in the vicinity of a single TCR, this assumption may not be fully
valid. Therefore, we will also construct stochastic versions of the same mod
els to check the model predictions for biologically realistic numbers of reactant
molecules.

5.3.2

M odel description

For this model, it is assumed th a t TCR engagement results in a gradual ac
cumulation of Lck to the vicinity of the receptor. The longer the TCR stays
engaged, the more Lck is recruited. The rate of Lck clearance is assumed to
be linearly proportional to its local concentration. This constitutes the slow
dynamics of the model. A model which incorporates exclusion of receptor tyro
sine phosphatase would probably behave similarly, since phosphatase effectively
decreases the total Lck pool available for activation and catalysis.
The fast dynamics of the model represent mainly phosphorylation and de
phosphorylation of the various signalling substrates, as illustrated in Figure 5.1.
For each forward reaction, it is assumed that there is both a basal rate, and a
feedback rate catalysed by an enzyme. For simplicity, I have not bothered to
separate the backward reactions into basal and feedback rates as well, assum
ing th at when feedback is present, it dominates the basal rate. The feedback
pathways are derived from the literature, as documented in Chapter 2. Each
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Lck

Lck'

Phosphatase* t

Phosphatase

ZAP-70

ZAP-70

Figure 5.1: Model 1 for TCR activation. Feedback interactions among Lck,
ZAP-70 and phosphatase. In reaction A, Lck* phosphorylates and activates
ZAP-70. In reaction B, Lck* phosphorylates and activates the phosphatase. In
reaction C, Lck* auto-phosphorylates itself. In reaction D, ZAP-70* activates
Lck. In reaction E, phosphatase inactivates Lck*. In reaction F, phosphatase
inactivates ZAP-70*.
individual feedback pathway is assumed to be linear, although feedback combi
nations may have a nonlinear effect.
D escription o f equation variables
X concentration of active Lck
y concentration of active phosphatase
z concentration of active ZAP-70
rtotai concentration of total Lck
î/totai concentration of total phosphatase
Ztotai concentration of total ZAP-70
To recruitment rate for total Lck
So clearance rate for total Lck
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kl base forward rate constant for Lck
m i feedback forward rate constant for Lck
Til backward rate constant for Lck
k 2 base forward rate constant for phosphatase
m 2 feedback forward rate constant for phosphatase
ri2 backward rate constant for phosphatase
k^ base forward rate constant for ZAP-70
m 3 feedback forward rate constant for ZAP-70
713

backward rate constant for ZAP-70
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5.3.3

M odel results

A ll or none activation and specificity
We start with a simple bifurcation analysis of the equihbrium state of the model,
details of which are provided in appendix A. Using the path following software
Content (Content 1.5, 1997), the steady state value of Lck* is followed as the
total Lck available is varied as a parameter. The linear stability of the steady
states for a given set of parameter values are usually obvious from the bifurca^
tion diagram, but can also be easily calculated from the Jacobian of the model
equations.
One prediction of the model is that TCR .signalling should be an ‘all or
none’ event. Mathematically, the model suggests that for a large parameter
range, hysteresis should be present. When the concentration of Lck available
to the TCR reaches a certain threshold, there will be a sudden jum p to a state
where most of the Lck and ZAP-70 are activated. Below this threshold, nearly
all the Lck and ZAP-70 present are in an inactive state. This is illustrated in
Figure 5.2. If Lck accumulation is directly related to the duration of ligand en
gagement, this suggests that ligand engagement for longer than a critical period
will result in TCR activation, which is consistent with experiments showing th at
the dissociation time is the best predictor of T cell response.
Intuitively, this is easy to understand. The total Lck available increases
when TCR is bound to ligand, eventually saturating if the ligand binds for long
enough. When the concentration of Lck is low, the surfeit of phosphatases results
in the rapid de-phosphorylation of any activated Lck, hence inactivating it.
However, when the Lck concentration achieves a critical mass, enough activated
Lck is present to phosphorylate other Lck and ZAP-70 before the phosphatase
can act, and the positive feedback then ensures th at the system rapidly converges
to a state where nearly all Lck and ZAP-70 is in an active state.
If we assume that the total Lck available in the absence of antigen is small
but not zero, this also explains why pharmacological phosphatase inhibition
results in T cell activation. In the quiescent T cell, although there may be some
Lck in the vicinity of the TCR, this is kept inactive by de-phosphorylation.
Inhibition of phosphorylation allows this Lck to become activated, resulting in
signalling from the TCR (Figure 5.3). Removal of the phosphatase inhibitor
results in rapid de-phosphorylation and inactivation of Lck again (Jin et al.,
1998).
In fact, phosphatase exclusion per se constitutes an alternative (though not
mutually exclusive) model for TCR activation. If the degree of phosphatase

80

o

40
35
30
25
20
15

Jump

10

5
0

Jump |\
down T

0

5

10 15 20 25 30 35 40 45

50

Total Lck (xtotai)
Figure 5.2: Hysteresis with Model 1. Xtotai is total Lck available and x* is
concentration of active Lck. It is assumed that Xtotai is a monotonie increasing
function of the duration of TCR ligand engagement for the reasons given in the
text. Model shows saddle node bifurcation and hysteresis with sudden jump to
activated state, thus allowing TCR to act as a molecular switch which measures
the accumulation of primed Lck and thus indirectly the duration of antigen en
gagement. Blue line represents stable steady state, red line represents unstable
steady state. Parameter values used: ki — 0.001, Ag = 1, fca = 1, m i - 1,
m 2 = 10, m 3 = 1, m = 1, U2 - l,ns : 1, Xtotai = variable, ytotai = 8, Ztotai - 1
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stopped at 20 units. The resulting drop in phosphatase activity leads to spon
taneous Lck activation. Before blocking the activity of phosphatase, the Lck
present is kept in an inactive state by the phosphatase. Upon removal of inhi
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exclusion is proportional to the duration of ligand engagement, then there will
be a critical level of phosphatase below which the available Lck will be acti
vated, and TCR signalling achieved. Of course, both Lck accumulation and
phosphatase depletion may occur simultaneously.
If we assume that the background rate of Lck activation in the absence of
TCR engagement is negligible, then the most important determinant of when
this threshold occurs is the background concentration of active phosphatase. By
altering either the background rate of activation or inactivation of phosphatase,
the T cell can set or ‘tune’ an appropriate threshold for TCR activation by
ligand (See Figure 5.4).
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Figure 5.4: By altering the background rate of phosphatase activation and thus
the background level of phosphatase, the threshold for TCR activation can be
‘tuned’. Since activation is a threshold phenomenon in this model due to feed
back effects, altering the threshold does not affect the TCRs ability to discrim
inate between fairly similar ligands, i.e., the property of ligand discrimination
is robust. Blue line represents stable steady state, red line represents unstable
steady state. Parameter values used: ki = 0.001, k 2 — 1, ks = 1, mi = 1,
m 3 = 1, m = 1, 712 = 1,»3 = 1, Ztotai = variable, 7/totai = 8, Ztotai = 1. The
threshold ‘jumps’ labelled (a), (b), and (c) are for m 2 = 5, m 2 = 10 and m 2 = 15
respectively.
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Figure 5.5: (Model 1) A ligand that binds for only 5 time units results in
negligible Lck activation (a), while one that binds only twice as long results
in significant Lck activation (b). The slow return of Lck to baseline is due to
hysteresis. Parameter values used: tq = 1.5, so = 0.05, ki = 0.001, k 2 — 1,
ks = 1, m i = 20, m 2 = 10, m 3 = 1, m = 1, ri2 = 1, ria = 1, Xtotai — variable,
1 /to ta l

= 15,

Z to ta i
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The presence of a threshold allows the TCR to discriminate between lig
ands with only small differences in dissociation times, i.e., it gives the T cell
high specificity. Figure 5.5 shows the dramatic difference in activation between
ligands that differ in binding time by only two-fold at the single receptor level.
R ebinding an d th e role of self in signal su stain ab ility
The model predicts that because of hysteresis, once the TCR is activated by a
ligand, it will remain in the active state for a short time even after the ligand
has dissociated. It can then be maintained in this activated state by successively
rebinding to a series of ligands which would not be able to activate the TCR
on their own. The length of this transition period where the TCR can be re
stimulated by non-specific ligands depends on the time it takes for lipid rafts
to de-aggregate and/or CD45 re-entry to the vicinity of the TCR. This effect is
shown in Figure 5.6.
This has very interesting implications for the role of self peptide-MHC com
plexes, which may play the role of the successive poor ligands in Figure 5.6.
Obviously, this depends on the balance between the duration of the ‘rebinding
window’ and the firequency of productive collisions between TCR and peptideMHC.
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Figure 5.6: (Model 1) The figure on the left shows that successive rebinding to
the TCR by a series of poor ligands is unable to activate the TCR on its own.
Once the TCR is activated however, the figure on the right shows that the same
series of poor ligands can now maintain the TCR in an activated state. Such
an effect might be important in sustaining signalling at the immune synapse.
Parameter values used: tq = 1.5, sq = 0.1, ki = 0.001, k 2 — I, k^ = 1, mi = 20,
m.2 = 10, m 3 = 1, m = 1, ri2 - l,na = 1, Xtotai = variable, ytotai - 15,
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It seems likely that extended signalling in concert is required for activar
tion (Lanzavecchia and SaUusto, 2000), and if foreign complexes are scarce,
signalling by self ligands would be an effective way to maintain a strong signal.
Obviously, a dense local concentration of TCR and MHC at the T cell-APC
interface will increase the likelihood of this happening, which could be why im
mune synapse formation is important for maintaining a sustained signal in T
cells (Monks et al., 1998; Grakoui et al., 1999). It is possible th at this pro
cess can sustain signalling even if the original agonist ligands are depleted, for
instance, by TCR capture and internalisation (Huang et al., 1999).
Another prediction of the model is that when a hgand binds for a duration
just below the threshold of signalling, rebinding by self peptide-MHC can con
vert this to a fuU signal. The serial Ugation model predicts th at an ideal agonist
has an average dissociation time near the threshold for TCR signalling (Valitu tti and Lanzavecchia, 1997), an idea which has supporting experimental evi
dence (Hudrisier et al., 1998; Kalergis et al., 2001). Since hgand dissociation is
stochastic, this means that a significant firaction of encounters wih be just below
this threshold. Self rebinding offers a means of rescuing these encounters, and
will therefore also increase sensitivity, as originahy suggested by Germain and
Stefanova (Germain and ètefanovâ, 1999).
In this regard, it has been observed that in the presence of an agonist hg
and, MHC complexes bearing putatively nuU altered peptide hgands are also
transported into the cSMAC (Davis, 2001). Even more surprising, these nuh
peptides can be present in the cSMAC at 100-fold greater numbers than the
agonist hgand. Our model may provide a role for the otherwise mysterious
presence of these nuh peptides. In vivo, self peptides may serve the same role
as these putatively null peptides, and also be concentrated in the cSMAC in the
presence of agonist hgand.
This suggests that one function of positive selection is to discover T cells
which can recognise abundant self peptides with the appropriate kinetic prop
erties (fcoff and kon)) such that this process of sustained signalhng through self
rebinding is possible.
Germain and Stafanova make the observation th a t addition of synthetic pep
tides which resemble known agonist but lack agonist or antagonist function to an
ARC bearing a fixed level of agonist results in an ultrasensitive response (Ger
main and Stefanova, 1999). Such signal amphfication by putative null hgands
can be explained by our model.
Note that this process for sustained signalhng by self hgands is unlikely to
result in autoimmunity, since the initial activation must always be by a hgand
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with a long binding time. Once the TCR has been activated by its specific
hgand however, this process allows self hgands to maintain a sustained signal,
which could be an important means of signal amplification especiahy when the
concentration of foreign hgands is low.
A surprising recent experimental finding showed that initial calcium fiux in
the T ceh coincided with the formation of smah CD4 and CD3C aggregates, but
unexpectedly, CD4 subsequently moved to the periphery of the synapse (Krummel et al., 2000). This suggests th at CD4’s primary purpose may be to facihtate
initial hgand recognition, and is not needed subsequently, a proposal th at fits
in weh with our model.
A possible test of this hypothesis would be to ahow the initiation of signalhng
and synapse formation using a mixture of specific and ‘self-like’ peptides, then
remove the specific peptides and see if signalhng is sustained. One experimental
scenario would be to present the mixed peptide-MHC on a hpid bilayer, then
saturate with monoclonal antibody for the specific peptide, and use calcium fiux
as a measure of TCR signalhng.
Functional avidity m aturation and T C R threshold ^tuning’
Recent information suggests th at hpid rafts are sequestered intracehularly in
naive T cells, but are abundant on the ceh membrane in activated T cehs (Tuosto et al., 2001). In addition, while the TCR does not undergo aflinity mat
uration like the BCR (which might lead to indiscriminate recognition of self
peptide-MHC complexes), it appears that ‘functional avidity’ (i.e., sensitivity
to low densities of hgand) is increased in activated versus naive CDS'*" T cells,
without a corresponding increase in TCR affinity or upregulation of adhesion
molecules (Slifka and Whitton, 2001; Fahmy et al., 2001). The mechanism
behind this is not clear, but may be due to a re-organisation of cell surface
molecules or hpid rafts on the ceh membrane or an increase in Lck expres
sion (Marguhes, 2001). It is not yet known if similar ‘functional avidity matu
ration’ occurs for CD4+ T cehs.
In the current model, Lck recruitment is rate-limiting. A factor th at affects
the rate of Lck recruitment wih therefore affect the TCR activation threshold,
while one th at affects the total quantity of Lck available for recruitment without
changing the rate wih affect the size of the TCR signal but not the activation
threshold. The latter seems preferable as it ahows an increase in sensitivity
without affecting specificity.
If the mechanisms underlying affinity maturation of the T ceh lead to an
increase in the amount of Lck available while only modestly affecting the rate
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of recruitment, the main effect would be to increase the ampUtude of the TCR
signal, with a moderate decrease in the individual TCR activation threshold. It
is likely th at the increase in signal ampUtude per TCR accounts for the observed
improvement in ‘functional avidity’, but the decrease in activation threshold may
also contribute, especially if the hgand is a weak agonist. However, if the rate
of Lck recruitment is significantly enhanced, TCR specificity would be lost and
even low affinity Ugands would trigger the TCR. Therefore the model would
predict that either the rate of Lck recruitment or the rate of formation of Lck*
is saturable, to prevent such a loss of specificity.
The idea that TCR sensitivity and specificity can be ‘tuned’ by the amount
and rate of Lck recruitment possible is also consistent with the recent reports
that CD28 (and other costimulatory molecules) does not provide a unique sig
nal to the T cell, but lowers the number of activated TCRs required for T cell
activation. The presence of CD28 was not obUgatory for T cell activation both
in vitro (Viola and Lanzavecchia, 1996) or in vivo (Bachmann et al., 1996).
Absence of CD28 in a physiological setting (i.e., ARC, MHC presentation) was
found to strongly diminish ^-phosphorylation and association with ZAP-70, sug
gesting that it affects proximal signalling (Tuosto and Acuto, 1998). It appears
th a t CD28 enhances the recruitment of lipid rafts to the TCR, which would
affect signalling in the manner suggested above (Viola et al., 1999; Viola, 2001;
Tuosto et al., 2001).
Other hypothetical mechanisms are available to modulate the TCR acti
vation threshold in the feedback model. For example, the rates of synthesis
or clearance of background phosphatase could be varied (as previously shown
in Figure 5.4), or the level of a phosphatase/kinase binder (e.g., an adaptor
protein) could be altered. The effect of varying the concentration of a critical
adaptor or scaffold protein is particularly interesting, since this may show an
optimal concentration, with signal amphtude falling off on either side (Bray and
Lay, 1997; Levchenko et al., 2000). This occurs because up to an optimal con
centration, adaptor/ scaffold molecules facilitate the formation of downstream
signals. At high concentrations, however, adaptor/scaffold molecules may se
quester proximal signalling molecules in non-productive intermediate complexes
and so decrease total signalling.
Since none of these mechanisms will affect the threshold switching property
of the TCR (i.e., the abrupt transition from a low to a high steady state con
centration of Lck*), ligand discrimination at any given threshold will still be
sharp, in contrast to the mechanisms available for threshold tuning in kinetic

proofreading. In other words, unlike the kinetic proofreading model, threshold
activation due to feedback provides a robust mechanism for hgand discrimina
tion.
Hierarchy o f signal thresholds
An apparent problem with the model is that the TCR clearly does not act
as a binary switch. Experiments with APL have revealed th at the T ceh has
a hierarchy of responses, with cytotoxicity, cytokine expression, prohferation
and effector generation in order of increasingly stringent antigen requirements.
There is further subdivision of the effector functions, such th at weak and strong
antigens preferentially stimulate expression of Th2 and T h l cytokines respec
tively (Tao et al., 1997; Boutin et al., 1997). At the level of the individual TCR,
weak antigens result in a different phosphorylation pattern from th at induced
by strong antigens (Sloan-Lancaster and Ahen, 1995; Germain and Madrenas,
1995; Rabinowitz et al., 1996b; Chau et al., 1998), strongly suggesting th at the
differences in responses are not due to quantitative differences in the number of
TCR activated alone.
A simple solution to this is to assume the existence of two distinct thresh
olds, a lower one which is crossed by both antagonists and agonists, and a higher
one which is only crossed by agonists. This can be implemented in the model by
adding a second kinase which has, for example, a different rate constant for de
phosphorylation, resulting in a different activation threshold (See Figure 5.7).
If both kinases were coupled downstream to different signalling pathways, the
above results can be explained. Experimentally, there is evidence th at the Src
kinase Fyn may play this role, since it appears to be selectively activated by
antagonists (Huang et al., 2000) and results in a distinct pattern of C phospho
rylation and lack of ZAP-70 activation (Denny et al., 2000). In turn, this is
postulated to result in differential activation of downstream pathways (Chau
and Madrenas, 1999). A model which assumes th at Fyn has the same slow
dynamics as Lck, but has a de-phosphorylation rate half th at of Lck, and in
addition, does not activate ZAP-70, is shown in Figure 5.8. Two variants are
shown, depending on whether it is assumed that ZAP-70 activates Fyn or not.
W ith this model, a high rebinding rate can convert a ligand th at would oth
erwise activate only Fyn into one that activates both Fyn and Lck (Figure 5.9).
A speculative hypothesis is th at such high rebinding rates can be achieved at the
immune synapse due to co-clustering of both peptide-MHC and TCR molecules.
If so, self peptide-MHC complexes that would otherwise behave as an antagonist
may instead have agonist properties when co-presented with cognate ligand for
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Figure 5.7: Two kinases with different rate constants for de-phosphorylation
have different activation thresholds. When n\ = 0.5, the TCR is activated
when hgand is bound for more than % 24 s; when rii = 1.0, the TCR is only
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Figure 5.8: Lck and Fyn are have different thresholds for activation, assuming
that the rate constant for Fyn de-phosphorylation is half that of Lck, and that
Fyn, unlike Lck, does not activate ZAP-70. In (a), ZAP-70 only has a positive
feedback effect on Lck, not Fyn. In (b), ZAP-70 has a positive feedback effect
on both Src kinases. Parameter values used: t-q = 2.5, ri = 2.5, sq = 0.05,
Si = 0.05, ki = 0.001, k2 = 1,
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the TCR. Thus the T cell would achieve the best of both worlds; by having a
few self-Ugands with antagonistic properties it minimises the risk of inappropri
ate activation, yet when its cognate ligand is present, these same self-peptides
contribute to signalling.
It is perhaps necessary to emphasise that such behaviour is not expected
prior to the formation of the immune synapse, since both the peptide-MHC
and TCR molecules will be dispersed and rebinding rates will be low. In addi
tion, the phenomenon of spreading inhibition discussed in Chapter

6

will also

prevent inadvertent activation in the absence of agonist hgand. Therefore, in
this scenario, T ceh specificity is determined at the level of individual peptideM HC/TCR encounters, which then drive the formation of the immune synapse.
The function of the immune synapse in this model is therefore simply to amplify
and sustain the TCR signalhng necessary for gene transcription, not to serve as
a ‘quality control checkpoint’.
A n tag o n ism by Lck c o m p e titio n
Since there is a threshold amount of total Lck that needs to be recruited before
the TCR wih be activated, there is potential for Lck competition if Lck is
hmiting. A hgand with an intermediate koS may antagonise the effects of one
with a low koff by effectively ‘stealing’ Lck away from it. Similarly, a hgand with
a short koff may antagonise the effects of one with an intermediate koff. There
is a limit to this, since hgands with a very short binding time wih not succeed
in recruiting any Lck before dissociation, so cannot act as antagonists. Such
a hierarchy of T ceh antagonism has been documented for APLs (Rflr.hma.nn
et al., 1998).
In mast cells, it has been reported that low affinity hgands in excess form IgE
clusters th at sequester hmiting Fyn, preventing activation and degranulation by
high affinity hgands simultaneously present (Torigoe et al., 1998). Since the high
affinity IgE receptor on mast cells also rehes on the same molecules to regulate
and initiate signalling (i.e., Src and Syk family kinases and membrane associated
phosphatases), a similar mechanism may be at work there too.

5.4

M odel variations

The first model rehes on a fairly complex network of feedback interactions, and
while it is based on documented signalling interactions, it is not clear what the
roles of particular feedback pathways are or even if they are necessary. In this
section, I shall attem pt a simplification of the model to better understand the
contribution of each feedback pathway to TCR signalhng.
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Figure 5.9: In the absence of rebinding, the ligand which binds for only 5 time
units is able to activate Fyn, but not Lck. With successive rebinding by ligands
that bind for only 1 time unit, however, both Fyn and Lck are now activated.
To preserve T cell specificity, it is proposed that such rapid successive rebinding
that effectively converts an antagonist to an agonist does not normally occur,
but may do so only after formation of the immune synapse, as discussed in
the text. Parameter values used: tq = 2.5, ri = 2.5,
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Figure 5.10: Model

2

for TCR activation. Signalling without negative feedback.

Pathway B in Fig. 5.1 has been removed.

5.4.1

N o negative feedback

Signalling in the mast cell secondary to clustering of IgE appears to be fairly
similar to that of T cells, but with different members of the Src kinase (Fyn)
and Syk kinase (Syk) family. However, in this system, there does not appear to
be enhanced phosphatase activity in activated cells (Mao and Metzger, 1997).
The first variation will therefore be to examine removal of the negative feedback
(Figure 5.10).
The results are shown in Figure 5.11. There are two main effects: the
threshold for activation is now lower (« 2 time units) and Lck activation persists
for longer after removal of the stimulus. The system still shows hysteresis. Now
it is clear that the threshold effect is essentially a result of positive feedback
alone, and negative feedback serves mainly to delay the onset as well as to
dampen the system upon removal of the antigen. If each Src kinase has its own
specific phosphatase, and Fyn has no negative feedback while Lck does, this
could be another way to achieve a hierarchy of signalling thresholds.

5.4.2

N o reciprocal activation of Lck by ZAP-70

The other variant we shall look at would be if Lck* activated ZAP-70, but not
vice versa. It is clear from Figure 5.12(a) that now ZAP-70 has no effect on
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Figure 5.11: A ligand that binds for only 2 time units results in a small amount
of Lck activation (a), while one that for 10 time units results in significant Lck
activation (b). When compared with Fig. 5.5, it is clear that the absence of
negative feedback results in a shortening of the activation threshold (from > 5
s to % 2 s), as well as increases in both the amplitude and duration of signalling
after activation. Parameter values used: tq = 1.5, sq = 0.05, k i — 0.001, k 2 — 1,
k s = 1, mi = 20, m 3 = 1, ni = 1, ug = 1, «3 = 1, Ztotai - variable, j/totai = 15,
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Figure 5.12: Model 3 for TCR activation. Both figures show signalling without
ZAP-70 positive feedback to Lck. In (a), pathway D in Fig. 5.1 has been re
moved. Since this decouples ZAP-70 from the Lck and phosphatase dynamics,
the equivalent reduced model where ZAP-70 and all its associated pathways
have been removed is shown in (b).
the dynamics of Lck or phosphatase, and as a result, we can simply study the
two-dimensional Lck-phosphatase system shown in Figure 5.12(b).
Using X and y to represent Lck and phosphatase respectively, we arrive at
the following equations:
dx
^

=

ki{xtota.i-x) + mi f{x){xtot Bi-x)-nixy

=

k 2 {ytot^i - y) + rri2 x{ytota.i - y) - ri2 y

where we have made the pseudo-steady state assumption that Xtotai and ytotai
are constant. For generality, we have also replaced the finear positive feedback
of Lck on itself with the general function f{x). Since the negative feedback loop
is not essential for a threshold effect, we leave them as linear functions.
P hase plane analysis
We can do some simple analysis of the system behaviour using phase plane
analysis. The equations of the x and y nuUchnes are found by simply setting
^ = 0 and ^ = 0 respectively. Where the nullclines cross, there is no change
in the concentrations of both x and y, and so crossings correspond to steady
states.
If the positive feedback function of Lck on itself is linear, i.e., f {x) = x,
simple algebra shows that the gradients of the x (Eqn. 5.1) and y (Eqn. 5.2)
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nullclines to be always monotonie decreasing and increasing respectively, and so
there must be a unique steady state and threshold behaviour is not possible.

dy
dx

^

mix'^ + kiXtotai
nix^

dy
dx

(5.1)

712 %/total

(^2

(5.2)

+ ri2 + r u ix y

For a threshold effect and hysteresis to occur in this model, the feedback
function f {x) needs to be nonlinear. Two of the simplest plausible non-linear
functions that can give threshold behaviour are f {x) = x^ (which imphes that
the effective Lck unit requires dimérisation), or /(x ) = x " /(x " + 0 " ), (a simple
Hill function representing typical sigmoid dose-response curves in biochemistry),
where n governs the steepness of the slope and 0 is the threshold value. Repre
sentative illustrations of the nullclines from these feedback functions are shown
in Figure 5.13, but a discussion of this will be deferred until the next section,
where a simpler model with similar dynamical behaviour is described.

5.4.3

N o reciprocal activation o f Lck by ZA P-70 and no
negative feedback

This is the simplest model that can produce the above threshold effects and
hysteresis. The only feedback present in this model is th at of Lck on itself.
Using

X

and

y

to represent Lck and phosphatase respectively, we arrive at

the following equations:
dx

—

=

Ai(xtotai - x ) -f- m i/(x )(x to ta i “ x ) -

=

^ 2 ( y to ta i — y ) + W l2 (î/to tal ~ y ) — »^2Î/

UiXy

Even though the kinetics are extremely simple, this model can also exhibit
both the threshold effect and hysteresis if /(x ) is nonlinear (e.g., if /(x ) = x^
or /(x ) = x^/(x^ -f 6^)).
P hase plane analysis
Because of its simplicity, this model will be used to illustrate how either phos
phatase exclusion or Lck accumulation can lead to threshold activation of the
TCR.
The phase plane diagram is shown in Figure 5.15. Since Lck* does not have
any feedback effect on phosphatase, the nullcline where the rate of change of
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Figure 5.13: Phase plane analysis for model shown in Figure 5.12(b). (a) Null
clines where f {x) = x. There is only one steady state and threshold behaviour
is not possible, (b) Nullclines where f {x) = x^. There are 3 intersections,
and threshold behaviour is possible. The left- and right-most steady states can
be calculated to be hnearly stable, while the middle steady state is a saddle,
(c) Nullclines where f {x) =

• Analysis similar to (b). Parameter values:

= 0.01, Aj2 — 1, m l — 1, 7712 — 1, Tlx “ 1? 712 — 1, ^ — 0.5, 3:total “ 10,
2/total ~ 10-

98

y Phosphatase*

Phosphatase ^

©
Lck*

Lck

©
Figure 5.14: Signalling without ZAP-70 positive feedback and without negative
feedback to Lck.
phosphatase* is nil is simply a horizontal line since it is independent of the level
of Lck*. Total phosphatase exclusion will simply shift the height of this nullcline
up or down.
In the quiescent TCR, the system starts off in the leftmost steady state
(Low SS in Figure 5.15) where phosphatase* is high and Lck* is very low. If
TCR engagement results in phosphatase exclusion from its neighbourhood, the
nuUchne for phosphatase* will shift down and the steady state moves smoothly
downwards at the intersection of the two nullclines. As the phosphatase level
keeps decreasing, there comes a point when this steady state vanishes as the
phosphatase* nullcline goes below the level of the local minimum of the Lck*
nullcline, and the system is forced to go to the only other steady state (High SS
in Figure 5.15) available. Since this other steady state is at a much higher level
of Lck* than the previous one, this manifests as a sudden increase in the level
of Lck*, i.e. the threshold jump.
Conversely, an actively signalling TCR starts in a state with low total
phosphatase*, i.e., the system begins on the high steady state. Upon hgand
dissociation, it is assumed that the excluded phosphatase will return. However,
what occurs is not simply a reversal of the previous scenario. As phosphatase
levels start increasing, the system does not return to the low steady state at
the same phosphatase* level as for the high —> low transition. Instead, it con
tinues on the high steady state until much higher levels of phosphatase*, when
the phosphatase* nullcline goes above the local m a x im u m of the Lck* nullcline
where the high steady state vanishes and it is forced to jum p to the low state
again. This hysteresis effectively gives the TCR a short term memory, which
may be relevant for the ligand rebinding effects discussed above.
99

Low SS

10
8

y-nullcline (high phosphatase)

6
4

2

y-nullcline (low phosphatase)
High SS
x-nullcline

1

2

3
Lck*

Figure 5.15: Nullclines where f ( x) =

4

5

6

There are two y-nullcUnes to

illustrate the movement from a system with 3 steady states to one with only one
steady state as total phosphatase level is decreased, one corresponding to ytotai =
10 and the other to y total = 5. The system starts off at the steady state formed
by the intersections of the two nullclines labelled ‘Low SS’, and finally ends
up in the steady state labelled ‘High SS’ as the y-nullcline moves downwards.
The reverse process as total phosphatase increases and the y-nullcline moves
upwards is not shown. Parameter values: ki = 0.01,
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= 1, m l = 1, m 2 = 1,

Til ~ 1> TI2 — 1 |0 —0.5, Ztotal ~ 10, ytotal ~ 10(/lî^/l)5(fotü).
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Figure 5.16: Both increasing total Lck and decreasing phosphatase can result in
threshold and hysteresis effects. Arrows show the abrupt transition from a low
Lck* steady state to a high one as phosphatase is excluded or Lck is accumulated
(and vice ve rsa ). Hysteresis giving the system a short term memory is obvious
in these bifurcation diagrams. Parameter values as in caption for Figure 5.15.
A similar process occurs when the total Lck available is increased, but is
harder to illustrate simply because the nullcline for Lck is not a straight line.
The threshold and hysteresis effects of decreasing total phosphatase or increasing
total Lck are shown in an alternative form in Figure 5.16, where the steady
state of the system is tracked as a single parameter (total Lck or phosphatase)
is varied. Therefore phosphatase exclusion or kinase accumulation need not
lead to progressive TCR activation, but can be an all-or-none event, which is
more consistent with the experimental evidence that the TCR appears to have
‘discrete’ states of phosphorylation.

5.5

Stochastic m odelling

5.5.1

Rationale

Since we are modelling the reactions at the level of a single TCR (or perhaps a
small local cluster of TCRs), it is clear that we are dealing only with the small
number of signalling molecules (e.g., kinases and phosphatases) which actually
interact with the TCR complex. Because of diffusion and random collisions
between molecules, the rates of each reaction will not be constant as assumed
in the mass action model, but will fluctuate as molecules diffuse in or out.
Such stochastic fluctuations in the number of molecules might have a signifi
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cant effect and lead to different behaviour from th a t predicted by a mass action
model (McAdams and Arkin, 1999). In order to test if our predictions based
on the ODE model were valid, we also did stochastic simulations of the Lck re
cruitment model, using an algorithm originally proposed by Gillespie (Gillespie,
1976; GiUespie, 1977).

5.5.2

D escription o f algorithm

The basic idea behind the algorithm is that for systems at thermal equihbrium,
the reaction probability per unit time is characterised by a stochastic reaction
constant which is equivalent (only rescaled by a constant factor) to the reaction
rate constant for mass action kinetics. Thus, when doing numerical simulations,
one can in principle take time steps so small that it is unlikely th a t more than
a single event occurs during that interval, and update the numbers of reactants
accordingly. However, using small time intervals for numerical simulation has
the obvious drawback that since only one event is assumed to occur in a time
shce, for complete accuracy, one needs infinitesimal time sUces to avoid missing
out events. This is especially problematic when doing simulations near a bifur
cation, where events occur very rapidly. To some extent, this can be overcome
using an adaptive time step algorithm, but this increases the complexity of the
program immensely, and is still not guaranteed to capture all events.
Gillespie’s insight was that the only requirements for a numerical simulation
are the answers to the question
When will the next reaction occur, and what kind of reaction will it
be?
W ith this insight, he is then able to derive from first principles the joint proba
bility distribution P (r, /i), the probabiUty that given the current state, the next
reaction will occur in the infinitesim al time interval {t + T,t + r + dr), and will
be a reaction of type fj,. Given this joint probability, it is then easy to devise
a simulation which updates the numbers of each reactant molecule species ac
cordingly. Details of the algorithm and a sample C-t—t- implementation can be
found in Appendix B.
Classically, the rigorous formulation for such stochastic chemical birth and
death processes is achieved using master equations. Master equations are timecontinuous equations that determine the evolution of probability distributions.
The derivation of such master equations is simple and comes from the basic idea
that when considering very small time steps A t, we can get n molecules of a
species at time t + A t only if
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• There were n —1 molecules at time t and a new one was gained in the
interval A t (birth process)
• There were n + 1 molecules at time t and one was lost in the interval At
(death process)
• There were n molecules at time f and neither of the above happened in
the interval At
The master equation for the probabiUty of there being n molecules at time
t is then found by su m m in g up these probabUities in the limit A t —* 0. The
main problem with master equations is that there is often no analytic solution
except for the simplest cases. A great advantage of the GiUespie algorithm is
that it is formally equivalent to the master equation formulation and therefore
mathematically rigorous.

5.5.3

Stochastic m odel results

The data described below from the stochastic simulations confirm th at the ODE
predictions are appUcable for the small numbers of molecules one might expect to
be present in the vicinity of a single TCR. In addition, the stochastic simulations
reveal a novel role for ITAM multiplicity in enhancing receptor discrimination.
T h re sh o ld signalling
In the stochastic simulations for Model 1 (model Ulustrated in Figure 5.1), ZAP70 plays a critical role in stabiUsing the all-or-none threshold behaviour. For
example, when the number of Lck and phosphatase molecules present is small,
threshold behaviour is only consistently seen above a certain m in im al number
of ZAP-70 (Figure 5.17). The main role of ZAP-70 in this model is to provide
positive feedback for the generation of Lck*. This positive feedback results in
faster rates of formation of Lck*. When the number of ZAP-70 molecules is low,
the formation of Lck* is slower and thus prone to be swamped by the negative
feedback of the phosphatase levels. Therefore, in the presence of stochastic
fiuctuations, sometimes the reaction goes in the direction Lck* —►Lck and
sometimes Lck —» Lck* occurs. The presence of multiple ZAP-70 ensures that
the reaction is nearly always in the direction Lck —> Lck* once enough Lck*
molecules have formed. Because of this, the probabihty of Lck* molecules being
formed rather than degraded is high, and most of the Lck molecules present
are in the activated state once the threshold is reached, accounting for the
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separation of the low and high ‘steady states’ which is necessary for a threshold
efféct.
An intuitive understanding of how the robustness of TCR activation depends
on the amount of hysteresis is shown in Figure 5.18. From the figure, it is imme
diately clear why a simple sigmoid activation curve is insufiicient, and hysteresis
is necessary to maintain activation in the presence of stochastic fiuctuations in
the numbers of signalling molecules. The need for such hysteretic loops may be
why feedback pathways are so prominent in TCR signalling.
R elationship o f feedback m odel to kinetic proofreading
The main reason for the waiting time to the threshold is th at Lck accumulation
is governed by the stochastic version of

from the equations for Model 1. We are assuming th at Lck ‘births’ (accu
mulation) and ‘deaths’ (loss) are independent events, and th at the probabil
ity that a Lck molecule is lost in a sufficiently short time interval A t is pro
portional to At, i.e., f (loss) = SoAt + o(At) « soAt.

For n independent

molecules, the probability that exactly one of them is lost in time A t is there
fore sonAt-l-o(At) w SouAt. If the accumulation rate is constant with rate r(Z),
then we can represent the above situation as a birth and death process with the
diagram:
r(0

n

-1

r(i)

# n #
n-t - 1
«0T» «o(n+l)

This leads to the following master equation:
= r { l ) p n ^ i -f- So(n -b l)P n + l ~ { f { l ) + S Q n ) p n

where p„ is the probability for having n molecules at time t. Separate equations
are, of course, necessary for the boundary conditions when n =

0

or n = riMax)

but these can easily be derived in the same way.
The dynamical analysis of Model 1 predicts that there is a threshold value
of Lck at which the bifurcation from a low steady state to a high one occurs. In
the simplest case where

sq

= 0 and we ignore any consumption of Lck to form

Lck* (which would be expected to be low below the threshold anyway), the
accumulation of Lck is a Poisson process and the waiting time to the required
number of Lck at threshold is a gamma distribution, as described in Chapter 4.
This process is therefore similar to a kinetic proofreading process in which the
accumulation of Lck are the ‘modifications’, and signalling occurs when the
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Figure 5.17: Stochastic simulation with 50 Lck molecules and 25 phosphatase
molecules.

Threshold behaviour only appears when the number of ZAP-70

molecules is 5 or greater.
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Total Lck
Figure 5.18: W ith increasing amounts of hysteresis from (a) to (c), the size of
the stochastic fluctuation in total Lck numbers (horizontal arrows) necessary
to switch the system back from a high steady state to a low steady state is
increased. For a given variance, there comes a point when the system is con
sistently maintained in the high steady state despite stochastic fluctuations.
The horizontal arrows illustrate the relative size of the fluctuations necessary to
switch the system from the activated to the quiescent steady state.
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requisite number of Lck molecules have been accumulated. An alternative model
in which phosphatase exclusion drives sig n allin g would be similar, with loss of
phosphatase molecules forming the ‘modification’ events. This analogy breaks
down for more complex recruitment/ exclusion dynamics, but in principle the
appropriate waiting time distribution can be analysed using similar birth-death
models.
In general, to achieve specificity with a stochastic model for the TCR, it
appears that both hysteresis (to prevent chatter) and a t im in g mechanism is
necessary. Both the kinetic proofreading and Lck recruitment model use a con
stant birth rate process (sequential phosphorylation and Lck accumulation re
spectively) to implement the timer mechanism. However, in principle, it should
be possible to use any process which leads to a ‘one humped’ CDF, prefer
ably one where the mean and spread of the hump can be tuned (e.g.. Gamma
distribution).
M ultiple ITA M s improve specificity
Another result is that increasing the number of ZAP-70 participating in the
simulation appears to decrease the threshold variabUity. In Figure 5.19, multi
ple simulation runs are shown to illustrate that the variability in the onset of
activation is greater when the number of ZAP-70 is small. Also, on average the
threshold for activation is lower in the presence of more ZAP-70.
In the mass action model, as the concentration of Lck is increased, there
comes a point when the rate of formation of Lck* is greater than the rate of
reversal, and the Lck* first appears. Positive feedback then kicks in to push
Lck* levels to a high steady state concentration. However, in the stochastic
model, since phosphatase* molecules are always present, any Lck* formed may
be converted back to Lck before it has had the opportunity to activate more Lck
or ZAP-70. W ith more ZAP-70 however, the probabihty of any Lck* formed
catalysing the reaction ZAP-70 —> ZAP-70* is high. Since ZAP-70* also drives
Lck

-4

Lck*, this means that once a few Lck* molecules are formed, the presence

of ZAP-70* is likely to drive the conversion of most Lck to the activated state,
and just as important, maintain the system in that state by making the prob
abihty for Lck —> Lck* high. Since ZAP-70 is recruited to bi-phosphorylated
ITAMs on the TCR complex, this suggests that multiple ITAMs are necessary
for reliable TCR ligand discrimination.
The TCR contains up to 10 ITAMs distributed among the various CD3
chains. It has been suggested by various authors th at ITAM multiplicity may 1)
facihtate signal amplification, 2 ) promote signal discrimination via difierential
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50 stochastic simulations with 5 ZAP-70

(a)

50 stochastic simulations with 10 ZAP-70

(b)
Figure 5.19: Stochastic simulation with 50 Lck molecules and 25 phosphatase
molecules. Both figures shows data from 50 stochastic simulations superim
posed. In (a), there are 5 ZAP-70 molecules, while in (b), there are 10 ZAP-70
molecules. It is clear that the variance in both the horizontal and vertical direc
tions is much less with 10 ZAP-70 than with 5. This suggests that the function
of ITAM multiplicity may be to decrease the effect of stochastic fiuctuations.
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coupling and/or 3) somehow negatively regulate signalling depending on the
pattern of phosphorylation (Love and Shores, 2000). Our simulations provide
an alternative hypothesis - we suggest that increasing the number of ITAMs
(and therefore ZAP-70 in the vicinity (Sloan-Lancaster et al., 1998)) improves
the specificity of ligand discrimination by individual TCRs, by decreasing the
spread in activation threshold due to stochastic effects.
This is consistent with the otherwise surprising observation th at (-ITAMs do
not appear to be essential for T cell activation and effector responses (Ardouin
et al., 1999). Since TCRs have the unusual requirement of recognising yet not
responding inappropriately to self peptide-MHC, they need to be more specific
than other antigen receptors, which may be why the T cell receptor complex
also has the largest number of ITAMs as compared to the other MIRRs.

5.6

Conclusions

In this chapter, I have suggested that the feedback loops documented in T cell
signalling may play a role in improving the specificity of the TCR response
by providing a triggering threshold and hysteresis. Such threshold behaviour
is present in a range of simple to complicated models for TCR signalling, and
appear to be fairly robust to changes in the signalling network topology. In
addition, such behaviour has recently been experimentally observed in the Jim
N-terminal kinase (JNK) cascade (Bagowski and Ferrell, Jr., 2001), suggesting
that such bistable dynamics may be a common way to implement switching
behaviour iu signalling networks.
The interpretation of Idnetic proofreading as a stochastic process occurring
at the level of individual TCR allows it to be linked with models of TCR trig
gering involving kinase recruitment or phosphatase exclusion. These triggering
models allow specificity to be built into the triggering process itself, rather than
as a series of following ad-hoc modification events. However, as pointed out
in Chapter 4, the abihty of individual TCR to accurately discriminate binding
times does not overcome the problem of stochastic figand dissociation.
The hysteresis effect present in these models also gives the TCR a short
term memory, allowing subsequent rebinding by the same or another figand to
infiuence the TCR signal. This introduces the possibility th at self peptide-MHC
may play a role in sustaining signalling at the immune synapse over prolonged
periods, which is otherwise hard to explain in the face of the rapid dissociation
times of even agonist peptide-MHC. This is consistent with the experimental
data that even ligands with very low aflinity are recruited to the synapse in
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large numbers, and that naive T cell proliferation only occurs after many hours
of sustained TCR signalling (lezzi et al., 1998).
Finally, a rigorous stochastic simulation suggests th at the model will still
be elective with the low molecule numbers expected in the vicinity of a TCR.
An unexpected result from the stochastic simulations is the prediction that
ITAM multiphcity may serve to make the onset of TCR triggering reUable in
the presence of stochastic fluctuations, thus improving overall T cell ligand
discrimination.
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Chapter 6

Cooperative enhancem ent
of TC R specificity
6.1

Introduction

In the previous two chapters, it was shown that while individual TCRs may be
able to minimise the variance of the activation threshold, the stochastic nature of
ligand dissociation makes it impossible to rehably discriminate between hgands
with fairly similar t^ . This implies that at high ligand densities, the response
of the T cell will be relatively non-specific. In this chapter, I suggest th at T
cells overcome this limitation through receptor cooperativity.
Recently, there has been experimental evidence for crosstalk between re
ceptors, involving both positive and negative signalling. Experiments on dual
specificity CD4+ T cell clones have shown that an antagonist ligand specific
for only one of the TCRs can show a dominant negative effect, inhibiting other
TCRs which it does not bind (Dittel et al., 1999; Robertson and Evavold, 1999).
So far, this result has not been replicated in CDS’*" T cells (Stotz et al., 1999;
Daniels et al., 1999).
It has been suggested that this spreading inhibition of neighbouring recep
tors is mediated by the recruitment of the phosphatase SHP-1, resulting in
dephosphorylation and inactivation of the Src family kinase Lck (Germain and
Stefanova, 1999). In keeping with this hypothesis, Germain and âtefanova have
demonstrated th at SHP-1 recruitment is highest for antagonist ligands, inter
mediate for partial agonists, and lowest for agonists. In addition, this inhibition
lasted for a significant duration, since the T cell remained inhibited when sub
sequently incubated with an APC bearing agonist figand. Similarly, they have
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documented a protection process which occurs when a receptor is fully activated
by agonist, mediated by the MAP kinase ERK-1, whose serine phosphorylation
of Lck prevents binding of tyrosine-phosphorylated SHP-1 to the Lck SH2 do
main, allowing prolonged TCR signalling.
In this chapter, I combine the kinetic and serial ligation models into a uni
fied simulation, and explore the impUcations of cooperative TCR signaUing for
sensitivity and specificity.

6.2

M odel

The basic model in this chapter is a Monte Carlo simulation of a population of
TCRs on a lattice structure, where individual TCRs are represented by prob
abilistic finite state machines, and the state of each TCR is updated asynchronously with each time step.
Individual TCRs in the model have four possible states (empty, occupied,
partially activated and fully activated), as shown in Figure 6 . 1 . TCRs start off
initially in the empty state, but become occupied when they bind to ligand. An
occupied TCR may become partially activated, and a partially activated TCR
may become fully activated. The probability of transition from the occupied
to partially activated, and firom partially to fully activated states is given as a
function of the duration of ligand binding. We model the transition probabihty
by a Hill function (i.e., f{t) = t” /( t ” + 0"), where t is the duration of binding,
$ is the threshold, and n is the HiU coefficient which determines the slope of the
function), approximating either an underlying kinetic proofreading or a feedback
threshold mechanism, both of which give approximately a sigmoid activation
probabihty as a function of time. The slope of this activation probabihty, which
determines how well individual TCR can discriminate binding times, is left as
a parameter.
In addition, TCRs can also be unmodified, inhibited or protected, by means
of the mechanism shown in Figure 6.2. Inhibited TCRs are incapable of fur
ther signalling, while protected TCRs behave hke unmodified TCRs except that
they cannot be inhibited. We use the simplest possible mechanism of spreading
inhibition and protection, assuming that it only affects the nearest neighbours
of the signalling TCR. This is shown in Figure 6.3. W hat signal a TCR sends
depends on its state when the figand dissociates. If the figand dissociates when
the TCR is in an occupied state, no signal is sent (null figand). If the figand
dissociates when the TCR is in a partially activated state, it generates an in
hibitory signal (antagonist). Finally, if the figand dissociates when the TCR is
in a fully activated state, it generates a protective signal (agonist).
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Full
Activation
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Figure 6.1: A TCR may exist in any of the states shown within circles, and
arrows between circles represent possible state transitions with probability p*.
In eeich simulation time step, a TCR has a probability of changing its state. An
empty TCR may bind to a hgand and become occupied with probabihty pi (0.1
s“ ^). An occupied TCR may become partially activated with probabihty P2 ,
and a partially activated TCR may become fuhy activated with probabihty pa.
The probabihty for these events is given by a sigmoid function of the duration of
hgand binding, with thresholds of 3 and 5 seconds respectively. Dissociation of
hgand occurs with probabihty p_i and depends only on the kos- Dissociation
before fuh activation results in the TCR reverting to the empty state, while
fully activated TCRs are downregulated. Partially activated and fuhy activated
TCRs send inhibition and protection signals respectively to their neighbours, as
Ulustrated in Figs. 6.2 and Figs 6.3. Figure taken from (Chan et al., 2001)
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Figure 6.2: TCR A first binds to an agonist which results in full downstream
signalling. At the same time, protective molecules (e.g. ERK-1) are recruited
to its neighbours (illustrated here by TCR C). Subsequently TCR B binds to an
antagonist which results in partial downstream signalling. This results in the
recruitment of inhibitory molecules (e.g. SHP-1) to its neighbours (illustrated
here by TCRs C and D). TCR C is protected by ERK-1 and so SHP-1 fails to
dock and has no effect, while TCR D is inhibited. Finally, both TCRs C and D
bind to an agonist. This results in full downstream signalling for TCR C, which
is protected, but there is no downstream signal generated by TCR D which is
inhibited. Figure taken from (Chan et al., 2001)
At the start of the simulation, all ligands are placed in a pool of free ligands.
Ligands that bind to TCRs are removed from this pool and are replaced when
they dissociate. Therefore, serial ligation is incorporated automatically into the
simulation. For most of the experiments, only two types of ligands are simulated.
One represents the specific ligand and has a lower A;off and is fewer in number
than the other, which represents self ligands.
Initially, all receptors are in the empty state, without any protection or
inhibition. The probability of encounter between ligand and TCR is set at
0.1 per second, assuming that diffusion in the cell membrane is limiting. The
threshold (defined as the time of ligand binding necessary for 50% of TCRs to
change from one state to another) for partial activation is set at 3 seconds after
ligand engagement, and the threshold for full activation is set at 5 seconds after
partial activation, using the durations suggested by experiments using soluble
receptors at 25°C (Matsui et al., 1994). The simulations reported here were
done with a neighbourhood size of 25 receptors for both spreading inhibition
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Figure 6.3: In our model, TCR are arrayed in a lattice, initially in an unmodi
fied state (grey circles). In Fig. a the example of TCR A binding to an agonist
is shown. This results in its neighbouring receptors being protected (yellow).
In Fig. b, TCR C subsequently binds to an antagonist, resulting in spreading
inhibition for its neighbours (red), except for receptors already protected. Bind
ing of an antagonist to protected receptor B has no effect. In Fig. c, binding of
an agonist to inhibited receptor E has no effect, while binding of an agonist to
protected receptor D succeeds in signalling and extending the neighbourhood of
protected receptors. Figure taken from (Chan et al., 2001)
and protection. A maximum of 1% of total initial receptor number can be in an
activated state at any one time, simulating some limiting resource or substrate
(e.g. a limiting kinase or spatial constraints). We take the percentage of TCRs
fully activated in 60 minutes as a measure of the strength of the signal received
by the T cell.
Most of the simulations were done with 2,500 receptors (50 by 50 matrix)
and 10,000 ligands. We have also done simulations with up to 25,000 TCRs and
1 0 0 .0 0 0

ligands, but scaling up does not qualitatively affect the results.

6.3

R esults

6.3.1

Poor specificity in absence of signal spread

Running the simulation in the absence of any cooperativity (either inhibition or
protection) allows us to test the predictions of a combined kinetic/serial ligation
model of T cell signalling.
Because our measure of the strength of the signal received by the T cell is
the total number of fully activated TCRs, there is an optimal koff (/^opt) which
results in the strongest signal to the T cell (Fig. 6.4). Ligands which are more
avid than this can fully activate TCRs, but fail to serially ligate many TCRs.
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Ligands less avid than this serially hgate multiple TCRs, but often fail to bind
long enough to result in full activation of the TCR. This is in agreement with
the prediction by Valitutti and Lanzavecchia (Valitutti and Lanzavecchia, 1997),
and is supported by recent data showing a unimodal distribution about some
optimum with a drop in TCR activation for deviations in TCR:peptide-MHC
stability in either direction from this kopt (Hudrisier et al., 1998; Kalergis et al.,
2001 ).

A striking result is that as the concentration of specific ligand increases,
the graph shows a broad plateau over a large range of kofi where signalling is
maximal (Fig. 6.4a). For example, a hgand with a kos of 0.5

which would

have fully activated only 3% of TCRs at a density of 0.1% will fuhy activate
close to 100% at a density of 10%. Obviously, in such a situation, specificity is
very poor and concentration dependent.
As discussed in Chapter 4, the problem arises because hgand dissociation
from the TCR is a stochastic process. Even for low afiinity hgands, there is a
smaU but finite probabihty that it wih bind for long enough to fuhy activate
a TCR. As a result, as hgand density increases, even low affinity hgands may
result in a significant number of TCRs dehvering a complete signal, limited
only by MHC availabihty on the APC. This suggests th at partial agonists and
possibly even antagonists can be converted to fuh agonists by increasing their
concentrations, which is not seen experimentahy (Bachmann et al., 1997).
This highlights a problem with the serial hgation and kinetic proofreading
models, which both assume that TCRs act independently. If this is true, even if
individual TCRs could time the duration of hgand binding exactly and without
error (which can be modehed using step functions for pa and pa in Fig. 6.1),
the stochastic nature of hgand dissociation wih mean th at the T ceh is stih
unable to discriminate between low concentrations of high affinity hgands and
high concentrations of low affinity ones.

6.3.2

Spreading inhibition improves recognition specificity

The T ceh can improve hgand discrimination if the response of individual TCRs
to ligand encounter is to some extent dependent on the previous responses of
other TCRs following engagement of hgands on the APC. Thus the problem of
poor specificity at high hgand density disappears when spreading inhibition is
introduced into the simulation. Fig. 6.4b shows that the peak of the graph is
narrow in the presence of spreading inhibition. This remains true even at ligand
densities as high as 10% of the total MHC-peptide presented.
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Figure 6.4: The figures show the percentage of TCRs fully activated by ligands
with different koff. Ligand density is expressed as a percentage of the total, with
the remainder being null ligands (A:off= 5 s“ ^). Fig. a, Fig. b, and Fig. c are for
simulations without receptor cross-talk, with spreading inhibition only, and with
both inhibition and protection respectively. Fig. a shows that in the absence of
inhibition or protection, there is a marked dependence on concentration, such
that poor quality ligands with high density can result in fully activating many
TCRs. In Fig. b, there is spreading inhibition, and now only ligands close to
the kopt can fully activate significant numbers of TCRs. Ligands with high fcoff
cannot fully activate many TCRs even at densities of 10% of the total. Fig. c
shows the trade-off between specificity and sensitivity in the presence of spread
ing protection. At kopt, more TCRs are fully activated at each concentration
level than in Fig. b, but the hump of the curve is slightly broader. Average of
10 experiments. Figure taken from (Chan et al., 2001)
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The reason for this is that ligands which have dissociation times faster than
the optimal (i.e., larger koft) will often result in a TCR only progressing to a state
of partial activation. Since inhibition is then spread to its nearest neighbours,
there is an amplification of this negative effect, accounting for the sharp drop
in efficacy of hgands with high kos.
In addition, there is a small shift of the peak of the curve to the left in the
presence of spreading inhibition. In the absence of inhibition, the figand th at
can serially ligate and result in full activation of the most TCRs is optimal.
W ith inhibition however, the figand must also bind slightly longer on average
to minimise the chance of dissociating when a TCR is in a partially activated
state.
It has been proposed that the spread of SHP-1 serves to shut down the
signalling response (Dittel et al., 1999). The data in Fig. 6.4 suggest th at it
may also serve to help the T cell discriminate between ligands with only slightly
different kos, thus improving its specificity.
To reiterate a point - to a large extent, the poor specificity of T cells at
high figand density is due to stochastic figand dissociation rather than poor
individual TCR resolution of binding times. In Figure 6.5, I have repeated
the simulations for probability functions with Hill coeflBcients firom 1 to oo (step
function), both with and without spreading inhibition^. It is clear th at even with
perfect resolution of figand binding times, spreading inhibition can significantly
enhance the overall T cell discrimination.

6.3.3

Spreading protection improves sensitivity

T cells are very sensitive, capable of responding to the presence of just 10-200
specific ligands on an APC. However, spreading inhibition results in a decrease
in the maximum number of TCRs delivering a full signal (Fig. 6.4b). This poses
the obvious problem that small densities of foreign antigen may not result in
enough TCRs giving a complete signal to activate the T cell.
One possible solution is to lower the threshold for T cell activation. Unfor
tunately this solution would also raise the frequency of false positives. A better
alternative, which takes into account the context in which a particular figand
is evaluated, is a system of positive cooperativity in the presence of agonist
ligands. This appears to be the purpose of the protection offered by ERK-1
kinase, which prevents SHP-1 firom inhibiting the src kinase Lck (Germain and
Stefanova, 1999).
^Figure 6.5 includes the effect from spreading protection, which improves sensitivity, and
is discussed in a later section
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Figure 6.5: In this figure, specific ligand is present at a density of 10% of the
total, with the remainder being null ligands to simulate high ligand density.
If the individual TCR has poor ligand discrimination (Hill coefficient n = 1),
then cooperative inhibition improves the overall T cell specificity immensely.
However, even if the individual TCR has perfect ligand discrimination (Hill
coefficient n = oo), specificity can still be poor at high ligand concentrations
due to the stochastic nature of ligand dissociation. Therefore, there is a need
for cooperativity between receptors to achieve high specificity even in this case.
An average of 10 experiments is shown.
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Simulations incorporating both spreading inhibition and protection show
th at such a passive protective effect can restore sensitivity (Fig. 6.4c). There is
a slight decrease in specificity but this effect is minimal.

6.3.4

Varying neighbourhood size reveals trade-off betw een
sensitivity and specificity

Varying the neighbourhood sizes for inhibition and protection indicates th at the
trade-off between sensitivity and specificity is a general principle (Figure 6 .6 ).
If the inhibition radius is larger than the protection radius, there is an increased
specificity but lower sensitivity, and vice versa.

6.3.5

R eliability o f signalling in presence of cooperativity

One criteria for a good sensor system is that it should consistently give the same
results for similar inputs. In the presence of cooperativity, small random differ
ences may be amplified, resulting in a system that gives inconsistent results. To
test this, we did multiple runs of the same simulation. The results summarised
in Fig. 6.7 highhght that there are two different sources of variabihty th at are
biologically relevant.
The first is that when loading APCs with a specific peptide, the actual
number of molecules of the specific peptide presented on the cell surface will be
normally distributed. This alone can account for significant variabihty in the
number of TCRs undergoing full activation, especially when the actual number
of specific peptide:MHC complexes presented is low.
The second source of variabihty comes from the process of serial hgation,
which introduces a random element to the number of productive encounters any
particular hgand wih have with TCRs. For hgands with a long dissociation time,
there wih be few opportunities to serially hgate TCRs and so this effect is smah.
Conversely, for hgands with very short dissociation times, serial hgations hardly
ever lead to the TCR dehvering a complete signal, so the effect on signalling is
again smah. It is for hgands with

close to kopt th at the effect wih be most

pronounced. The variabihty arising from serial hgation amplifies the differences
from initial specific hgand density, with the surprising result th at the T ceh wih
be most uncertain about its specific hgand near the koptHowever, even with both sources of variabihty, the T ceh is quite capable of
distinguishing kos as httle as three times larger than &opt (Fig. 6.7).
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Figure 6.6: The first column has a protection neighbourhood of 1 (i.e. only
local protection of activated TCR), while the second column has a protection
neighbourhood of 25. The inhibition neighbourhoods are 1, 9 and 25 respec
tively in rows 1, 2 and 3. It is clear that sensitivity improves with a larger
protection neighbourhood, while specificity improves with a larger inhibition
neighbourhood. Mean and standard deviation for 10 experiments is shown.
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Figure 6.7: There are two sources of variability in the number of TCRs fully
activated by ligand as discussed in the text. Runs of the same simulation with
different random number seeds were done to estimate the variability in numbers
of TCR which are fully activated. The results are expressed as the mean ±
standard deviation of 25 experiments, (a) shows variability due to serial ligation
alone while (b) shows variability due to both serial ligation and antigen loading.
For both figures, there is a clear demarcation between optimal and sub-optimal
ligands which depends on the T cell activation threshold. For example, if the
threshold for cell activation is set at a high value (e.g.

80% of TCR fully

activated) the T cell can distinguish its optimal ligand firom one whose kofi
varies by only a factor of 3. With less stringent thresholds (e.g. 40% of TCR
fully activated), the T cell may be activated with high concentrations of this
ligand, but never by a ligand with a fcoff of 10 x fcopt. Figure taken from (Chan
et al., 2001)
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6.3.6

Rebinding enhances sensitivity to weak ligands

After the initial TCR triggering which probably occurs either among individual
receptors or small clusters of receptors, the T cell forms an immune synapse,
which aggregates most of the TCR on the cell surface into a focused struc
ture known as the cSMAC (central supramolecular activation cluster). It also
appears that a significant fraction of the MHC molecules on the APC are ag
gregated on the facing membrane. Under such conditions, it seems likely that
hgand rebinding wih be accelerated, and may have some effect on overall T ceh
signalling.
The model was extended to allow hgand rebinding to contribute to TCR
signalling, simply by assu m in g that the receptor complex had a short half-life
after hgand dissociation, and if it subsequently re-engaged a hgand during this
interval, the TCR could be ‘rescued’ and continue its sig n allin g progress. This
extended model is ihustrated in Figure 6 .8 .
W ith this model, it is clear that the ratios p i/p _ 2 and p i/p _ 3 wih determine
the size of the effect of rebinding. If this ratio is very high, then even very poor
hgands (i.e. high koff) can trigger the TCR. Conversely, a very low ratio would
mean that rebinding contributes neghgibly to total sig n a llin g . Interesting results
are therefore likely to come from intermediate values. As pointed out earher, it
is possible that this ratio wih be low at the start of T ceh sig n a llin g , but become
higher as TCRs and MHCs are aggregated at the immune synapse.
The results of rebinding in the presence of background hgand with a koS of
5.0 s~^ («100-fold greater than the kopt) is shown in the top row of Figure 6.9.
In the absence of cooperative interactions, rebinding decreases specificity and
increases the response to hgands with a wide range of koff. W ith inhibition
(alone or with protection), the magnitude of the response is decreased at ah
koff. This largely arises because background hgands are more likely to partiahy
activate a TCR and thus lead to spreading inhibition in the presence of rebind
ing. While this effect can be reduced by decreasing the background koff (bottom
row of Figure 6.9), inhibition by background hgands may be a real effect (Santori et al., 2001) since it is known that self peptide-MHC have some affinity
for the TCR. In fact, such tonic inhibition has been proposed as a safeguard
against inadvertent activation of T cells in the absence of pathogen (Germain
and Stefanova, 1999).
If the interference of background hgands is minimised however, the main
effect of rebinding in the presence of inhibition is mainly to enhance sensitivity
to borderhne hgands. The intuitive explanation for this is th at rebinding can
occasionally push a partially activated TCR into the fully activated state, thus
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Figure 6 .8 : Extension of the model to allow rebinding to continue signalling is
achieved by allowing two more states O2 and P2 to represent TCRs which have
disengaged from hgand while in the occupied and partially activated states re
spectively. If ligand rebinds while the TCR is in either of these states, signalhng
resumes where it was last stopped. In the absence of hgand rebinding, these
states revert back to the empty state E with a constant rate.

and p - 3 are

the probabihties of decay to the empty state from O2 and P2 in one time step.
The transition probabihties are otherwise the same as for the original model
illustrated in Figure 6.1.
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Figure 6.9: Figures in the left column are in the absence of rebinding, while
those in the right column are in the presence of rebinding. [Top Row - (a) and
(b)] In the absence of cooperative signalling, rebinding always increases the total
TCR response. In the presence of inhibition however, the total TCR response
is decreased since the background ligands now occasionally act as antagonists.
[Bottom Row - (c) and (d)] When the effect of the background ligand is min
imised, it is clear that rebinding basically enhances the sensitivity, especially
for ‘borderline’ ligands. The rate of ligand encounter is 0.1 per s for the left
column and 1.0 per s for the right column. The k o s of the ‘background’ ligand
is 5.0 s“ ^ for the top row and 100.0 s~^ for the bottom row. Receptors with
recently dissociated ligands have a ‘rescue’ window with half-life of I s during
which rebinding to another ligand can resume signalling. The target ligand is
present at a density of 1% of all peptide-MHC. Average of 5 experiments shown.
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augmenting the signal from borderline ligands. On the other hand, strong ag
onists are capable of fully activating a TCR in the absence of rebinding, while
even rebinding fails to push very poor hgands over the activation threshold.
It is thus interesting to note that the model predicts that rebinding effects
can either increase or decrease the sensitivity of T cells, depending on the dis
tribution of kos for self peptide-MHC.

6.4
6.4.1

Discussion
A ltered ligands

In studies of altered peptide hgands for T cells, weak agonists which can trigger
a fuU set of effector responses if their concentration is increased are often distin
guished from partial agonists which only trigger a subset of responses regardless
of concentration. Spreading inhibition may explain the difference between these.
Specifically, it is proposed that weak agonists are those with a smaller kos than
the optimal, and therefore succeed in activating TCRs to give a complete signal
but fail to serially figate many receptors. Partial agonists however, are pro
posed to have kos intermediate between agonists and antagonists. Because of
spreading inhibition, partial agonists wih always result in fewer TCRs defivering a complete signal than fuU agonists. Therefore, based on the concept of
hierarchical T cell response thresholds, such ligands will only trigger a subset
of T cell effector functions even at saturating densities.
In the motheaten (me) and viable motheaten (me") mice, which have abso
lute or relative deficiency of active SHP-1 respectively, hyper-responsiveness to
TCR stimulation can be shown in both thymocytes and mature T cells (Pani
et al., 1996). While this is expected from our model, an additional prediction
is that high concentrations of peptides defined as partial agonists or even an
tagonists in wild type mice may function as full agonists for SHP-1 deficient
cells.

6.4.2

T hym ocyte developm ent

SHP -1 levels are low in thymocytes and increase during development (Germain
and Stefanova, 1999). Therefore, in thymocytes, the graph resembles th at in
Fig. 6.4a. Because high densities of hgands with fast off rates can now dehver
a significant signal, the T ceU wih recognise a broader range of peptide-MHC
complexes. So thymocytes can be positively selected by weak self hgands, re
sulting in a large T cell repertoire. As the T ceh matures and SHP-1 levels rise.
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the graph now resembles Fig. 6.4b. Now these same weak self ligands are in
the partial agonist or antagonist category, and can no longer fully activate the
T cell. However, T cells which have high affinity for self hgands are hkely to
be deleted by negative selection. Such a mechanism would allow for the bene
ficial effect of positive selection for a large T cell repertoire, while minimising
the potential for autoimmunity, since the thresholds for T cell activation in the
periphery and negative selection in the thymus are similar (Mitchison et al.,
2000).
It has been observed that the T ceh does not show a general decrease in
sensitivity to all hgands with maturation; rather, sensitivity to the stronger
hgand is maintained while the response to the weaker hgand decreases several
hundred-fold (Lucas et al., 1999). This can be explained by the change from a
fat to a narrow humped curve with maturation, since the peak of the hump stays
at approximately the same

thus maintaining sensitivity to strong hgands,

while weak hgands with higher fcoff rapidly fah off the peak as the curve becomes
narrower.
H2-M o£~/“ mice lack peptide exchange factor (HLA-DM), and as a result
T cehs from these animals are essentiahy selected on a single hgand (CLIP).
Somewhat surprisingly the animals have a reasonably diverse repertoire (Martin
et al., 1996; Ignatowicz et al., 1996). Our model demonstrates th at in the
absence of an inhibitory signal, high concentrations of a ‘poor’ hgand can signal
to the T ceh (Fig. 6.4a). Therefore it predicts that a significant T ceh repertoire
can be positively selected by a single hgand present at a very high density (see
Fig. 6.10). This is in agreement with data suggesting th at positive selection is
promiscuous at high hgand densities (Berg et al., 1999; Irion et al., 2000).

6.4.3

M odel lim itations

We have built our model on a kinetic interpretation of T ceh signalling since
most of the experimental data support the concept that koa is the best predictor
of hgand action (Matsui et al., 1994; Lyons et al., 1996; Alam et al., 1996).
However, not all data is supportive of the kinetic model (Lyons et al., 1996;
Sykulev et al., 1998; Baker et al., 2000), suggesting th at other factors, possibly
conformation, can be important. It might also be the case th at kog as measured
using soluble receptors may not always accurately refiect the dissociation rate
at the ceh surface, due, for example, to differences in the mechanical strength
of binding (van der Merwe, 2001). These factors are not directly addressed in
our model.
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Figure 6.10: In this figure we have modelled the signal th at would be seen if the
T cell encounters a single ligand presented at 100% density. This is analogous
to what is seen in H2-Ma“ /~ mutant mice where the majority of class II MHC
bear the CLIP peptide. As can be seen, in the absence of any inhibitory cross
talk between receptors (equivalent to positive selection occurring in the absence
of SHP-1), a wide range of T cells with a very high kos (up to 50 xkopt) for
the hgand wih receive a significant signal, suggesting th at positive selection
would be reasonably effective at selecting a T ceh repertoire. However, in the
presence of inhibitory signalling, the window of kos which would result in strong
signalling is much smaller. This represents the situation seen during negative
selection, suggesting that only a small proportion of the positively selected cells
wih be deleted. Average of 10 experiments shown. Figure taken from (Chan
et al.,

2001)
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We have treated TCR activation as a quantal event in our simulation, as
suming that each TCR gives the same signal following full activation. If TCR
signalling was actually proportional to the duration ligand stayed bound after
full activation, the longer a hgand binds the stronger the signal. In such a case
the failure of hgands with a low koS to serially hgate a large number of TCRs
would be compensated for by the increased signal strength (data not shown),
and a peak at some kopt would not be seen. Evidence for the quantal model
comes from the fact that the T ceh is activated at the same threshold number
of TCR regardless of the kos of the hgand (Viola and Lanzavecchia, 1996).
While we should ideaUy have used koft obtained at 37°C, most of the pubhshed data is for 25°C. However, the experimental data suggest th at dissocia^
tion times are faster at 37°C, and a re-scaling of the TCR activation thresholds
should achieve similar qualitative results. A report indicating an increase in
binding time only for agonists at 37°C (Alam et al., 1999) has not been rephcated and may be an experimental artifact (Wihcox et al., 1999; Baker and
Wiley, 2001). Similarly, a report suggesting increased binding times in the pres
ence of the co-receptor CDS (Luescher et al., 1995) has also failed to be repli
cated (Wyer et al., 1999), does not seem compatible with the extremely rapid
oflF-rates of CDS and is unsupported by structural data showing no conforma
tional changes being transm itted to the TCR binding surface upon CDS-MHC
contact (Gao and Jakobsen, 2000). It should also be noted th at the dissocia
tion time of a few minutes described at 37°C or in the presence of co-receptors
is not easily compatible with the activation of a large number of TCR by low
concentrations of ligand, as seen in experiments supporting the serial ligation
model.
I have also chosen to ignore the spatial and dynamic complexity of immune
synapse formation (Monks et al., 1998; Grakoui et al., 1999), which appears to
be essential for the maintenance of a sustained signal to the T cell. If cooperativity between receptors is a very local event confined to small TCR clusters,
then condensation of TCRs is unlikely to have much effect on cross-talk. How
ever, if the inhibitory and protective signals are more extensive in their potential
range, then their role will become more significant during synapse formation.
Simulations where the radius of spreading is much larger, or where the radius
of spreading for inhibition and protection differ, do not alter the qualitative re
sults we present here, except for the trade-off in sensitivity and specificity noted
earlier.
A particular deficiency of this model is the fact th at while the TCR have a
spatial representation, the ligands come from a global pool. This ignores the
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fact th a t ligands have a finite diffusion rate in the ceU membrane. For instance,
a ligand which is bound to and then dissociates from a TCR is more likely to
next bind another TCR in the same vicinity, which is not reflected in the simu
lations. This might have a significant effect, since now agonist ligands are more
hkely to bind to a protected TCR, and the overall T cell sensitivity may there
fore be enhanced. In addition, it is possible to envisage a ‘contagious’ effect of
protection, since agonist hgands are more hkely to land on a protected TCR,
and thus extend the boundary of protection, and so on in an ever-widening
protected neighbourhood. In contrast, in h ib ition is self-lim itin g to some extent,
since an antagonist is hkely to bind to an inhibited TCR in its immediate neigh
bourhood. Since inhibited TCRs do not further signal, there is no extension of
the neighbourhood of inhibition.

6.5

Conclusions

This chapter brings together the two predominant models for T ceh sensitiv
ity and specificity (serial hgation and kinetic proofireading), and rephcates the
recent experimental results that an optimal kog exists for T ceh hgands. In
addition, the model shows that a cooperative form of inhibition among TCRs
can lead to enhanced specificity. This allows T ceh hgand discrimination to be
fairly independent of hgand concentration effects, and overcomes some of the
problems due to stochastic hgand dissociation discussed in Chapter 4. This
process decreases the overaU T ceh sensitivity, which can be mostly restored by
a parallel process of spreading protection.
Such cooperative inhibition and protection effects suggest the underlying
reason for the phenomenon of peptide antagonism. Another useful application of
this model is th at it provides a possible solution to the ‘paradox’ of how positive
and negative selection on a similar set of hgands can have divergent results,
using the fact that SHP-1 levels rise progressively with thymocyte maturation.
The model is also found to explain the unusual phenotype of the H2-M û:“ / “
transgenic mice, which present the same peptide on nearly ah surface Class II
MHC.
Duke et al. (Duke and Bray, 1999) have recently proposed th at positive
cooperativity among chemosensory receptors may enhance the sensitivity of E.
Coli to attractants like aspartate across a wide range of concentration gradients,
using a similar sort of discrete Monte Carlo simulation. This bears obvious
resemblance to the spreading inhibition and protection discussed in this chapter.
An interesting possibihty is that similar mechanisms to enhance signalhng by
receptor cooperativity may actually be quite common in nature (Germain and
Stefanova, 1999).

130

Chapter 7

Conclusions
7.1

R eview

In this thesis, I have modelled how T cell sensitivity, specificity and reUability
can be achieved via a hierarchy of mechanisms. At the level of the individual
TCR, a stochastic interpretation of kinetic proofreading suggests how TCRs can
‘measure’ the duration of hgand engagement accurately and thus contribute to
specificity (Chapters 4 and 5). Feedback mechanisms in the signalling pathways
activated by hgand engagement of TCR define activation thresholds, and allow
the receptor to function as a multi-level switch, while hysteresis elim in a tes the
‘chatter’ due to stochastic fiuctuations in sign allin g molecule numbers, thus in
creasing rehabihty. Hysteresis also allows the possibihty of sustained sig n allin g
in the presence of a high rebinding rate, and suggests the hypothesis th at an
important role of the immune synapse is to concentrate peptide-MHC and TCR
molecules and thus amphfy and sustain TCR sign a llin g (Chapter 5). Finally,
it is shown th at cooperative signalhng between TCRs can reduce the uncer
tainty due to stochastic hgand dissociation, and lead to a more specific T ceh
response. By combining the processes of spreading inhibition and protection,
the T ceh can significantly enhance specificity with minimal degradation in sen
sitivity (Chapter 6 ).
I have also tried to ensure that the models remain close to the biology, such
that the models wih be fairly transparent and comprehensible to experimen
talists. On the other hand, a ‘kitchen sink’ approach where just about every
known immunological detail is incorporated was avoided, since the aim was not
to buhd a T ceh rephca in silico but to gain some insight into overah system
behaviour, and this is far more likely to be achieved with simple models. I wih
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now discuss how my models relate to and may contribute to our understanding
of immunology.
W ith the progress of the human genome and related projects, it is inevitable
th at new proteins with unknown functions will be characterised. While exper
imental biology is necessary for characterising the behaviour of such molecules
(e.g., binding interactions, cellular localisation, kinetics), modelling will have an
important role in understanding how they contribute to global cellular function.
For example, in Chapter

6

it was shown that an inhibitor molecule which was

recruited to the neighbourhood of a TCR-antagonist complex could result in
enhanced T cell specificity. This makes use of known data regarding the spread
of the phosphatase SHP-1, and suggests a novel function for the molecule.
In addition to identifying functions for molecules, modelling may provide
some insight into why the TCR signalling mechanisms are so complex. For ex
ample, in Chapter 5, the simplification that a single kinase and phosphatase
interacted with the TCR was shown to be sufficient for the system properties
of threshold behaviour and hysteresis. It was then shown how a second kinase
with different kinetics could result in a hierarchy of T cell responses, which may
explain the need for more than one kinase of the same family in T cell signalling.
This modelling fits in well with the experimental data th at at least two different
src kinases (Fyn and Lck) important in T cell signalling are differentially acti
vated by agonists and antagonists (Huang et al., 2000), and suggests a possible
function for this multiplicity.
Finally, the different perspective provided by modelling may give insights
th at are not obvious to the experimentalists. Since experiments with single
TCRs are technically very difficult, immunologists have generally not considered
the problems introduced by stochastic fluctuations when signalling molecules are
present at low copy number. An example of how this different perspective can
provide new insight is found in the novel hypothesis from Chapter 4 th at ITAM
multiplicity is necessary to minimise threshold variance and thus improve the
discriminatory ability of individual TCRs.

7.2

Future work

The mass action feedback models suggest that thresholds may be set by the
dynamic balance between active kinases and phosphatases. One possible ex
tension is to incorporate the concept of sensory adaptation to these models,
giving an explicit basis for the tunable adaptive threshold model. This could
be done, for example, by making the background concentration of active phos
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phatase depend on the prior T cell activation history, and investigating whether
it is possible to adaptively maintain the activation threshold to be optimally
sensitive to deviations from the ‘normal’ ligand distribution.
The stochastic feedback model of TCR signalling in Chapter 5 suggested
th at ITAM multiplicity was necessary for reducing the variance of the activa
tion threshold, based on the requirement for multiple ZAP-70. An interesting
formalism for modelling complex stochastic biochemical networks uses stochas
tic Petri nets, which can also be shown to be equivalent to the master equation
approach (Goss and Peccoud, 1998). The main advantage of this formalism is
th at it gives an intuitive graphical representation of the network which leads
to an automated procedure for simulations as well as transparent communi
cation of network models. This allows the easy simulation of large systems,
and automated structural and numerical analysis allows state classification and
derivation of steady-state and transient behaviour, while automatic measures of
the distribution of molecular species and frequency of a particular reaction are
simple to implement. Finally, the formalism allows the specification of input
and output gates, which give flexible control over the conditions under which
transitions are enabled and the effects of the transitions respectively. By us
ing this formalism, it should be possible to implement more detailed models
of the TCR signalling pathways, for example, including the role of ITAMs and
linker molecules. An analysis of how multiple substrates in a feedback regulated
stochastic signalling network can decrease variance also needs to be done.
Since the signalling mechanisms of all the multichain immune recognition
receptors (MIRR) family appear to be similar, it may also be fruitful to ap
ply the models to the BCR or high-affinity IgE receptor. It will be especially
interesting to note the differences between members of the MIRR family (e.g.,
ITAM number, nature of ligand) and see if the models can suggest functional
imphcations of these differences.
Much more work can also be done on the lattice Monte Carlo model. One ob
vious elaboration is to include spatial information about the simulated peptideMHC, possibly by embedding them in another lattice with some rules for dif
fusion between periods of TCR engagement. As suggested in Chapter 6 , this
might lead to a propagation of an ever-increasing neighbourhood of protected
receptors, and a corresponding enhancement of sensitivity to agonist ligands.
Another extension is to allow TCR recycling and synthesis instead of just
down-regulation. Since the activation of a naive T cell requires many hours of
sustained contact, and the rate of TCR downregulation reaches a steady state
after some time (Valitutti et al., 1995), some synthesis of new TCRs must occur
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to replace the downregulated ones. If newly synthesised TCRs are directed to
the immune synapse, it is likely that they will be ‘protected’, and therefore ideal
for sustained signalling.
The idea that antagonist hgands result in the recruitment of SHP-1 also
suggests that spreading inhibition may be the mechanism for T cell antagonism
by APL. However, while this is an excellent model for antagonism where ago
nist hgands are present in excess over antagonists, it does not seem to fit those
experiments which have reported th a t antagonists must be present in excess.
However, these experiments incubate agonist with APC before addition of an
tagonist to minimise MHC competition (Robertson and Evavold, 1999). As a
result, antagonist peptides can only bind to newly synthesised or freshly emp
tied MHC, and the number available may be very low. In other words, even
though antagonists are present in excess, the number actuahy bound to MHC
and thus capable of signalhng the TCR may not be (Robertson and Evavold,
1999). A situation that has not been experimentaUy tested yet but is easy to
model, is to systematically vary both the kos and the concentration of both
agonist and APL to see if the effect of the APL depends on the quahty of the
agonist.
It is also clear that the idea of homogeneous background hgand is a gross
over-simplification. As we have seen in the rebinding experiments, the distri
bution of the self hgands is hkely to play a critical role in determining whether
self hgands augment or suppress T ceh activation. If we consider each contact
between peptide and TCR to contribute a random binding energy (positive or
negative), the overall firee energy of the interaction wih approximate a Gaussian
distribution. Logically, the koflf should then fohow a lognormal distribution since
it varies as the exponential of the free energy of binding. Since the free energy
of binding to just the MHC in the absence of peptide has been estimated from
structural data, it is possible to derive a plausible distribution of self ligand koS
for the Monte Carlo simulations.
The T ceh signalling system has been modelled at the level of signalhng
mechanisms for the individual TCR, and cooperative effects in a population of
TCR. This is probably valid for the short intervals of time we are examining
for the purpose of our models. However, it is clear that these are not isolated
subsystems, and genetic and cehular controls obviously have an infiuence on T
ceh activation. One possible future avenue of research wih be looking at the
ways these regulatory systems are coupled together. For example, a model of
how different patterns of signalhng are coupled to gene activation may explain
how one hgand leads to T ceh proliferation and the effector phenotype, while
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another leads to T cell anergy. Another example would be a model of how signals
other than from the TCR (cytokines, chemokines, other cell-surface molecules,
‘danger’ signals) provide the context in which the T cell interprets the signal
from the TCR, which may explain phenomena like T h l versus Th 2 skewing in
different individuals in response to the same antigen. While integrating different
levels of description may be a monumental task, it is encouraging th at the
same principles of stochasticity, amplification and feedback control appear to
be critical in the regulation of genes, proteins and cells (Yates et al., 2001).
Finally, understanding T cell sensitivity and specificity requires moving on
from the individual T cell to T cell populations. One reason is simply th at there
are different T cell sub-classes (CD4 and CDS) and stages (naive, memory and a
transient effector pool) which appear to have different activation characteristics.
More importantly, whether an individual T cell is activated by a given ligand
depends on competition for access to APC by T cells (Smith et al., 2000), and
regulation by antigen-specific T regulator cells (MaJoy and Powrie, 2001). The
required extension to the model is therefore to consider populations of T cells
with the characteristics studied in this thesis, subject to the usual stochastic,
amplification and feedback control themes.
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Appendix A

Analysis and numerics for
nonlinear ODEs
We will use the simple model presented in Section 5.4.3 to illustrate typical
techniques for the analysis of nonlinear ODEs^. The equations for this model
are given by:

dt^c

—

=

A:i(a;totai - z ) + m i/(x )(x to tai - x ) - nixy

=

^2 (%/total —y ) + "^ 2 (%/total ~ V) ~

For simplicity, we will choose f{ x ) =

Convert to first order ODEs
In general, the first step in analysis is to convert the equations to a first order
form if necessary. Since these equations are already in the correct form, we can
skip this step.

N on-dim ensionalisation
While optional, non-dimensionalisation often results in a simpler system with
fewer parameters, which makes theoretical manipulation easier (Segel, 1984).
Dimensionless variables can be chosen by dividing by any suitable combination
of parameters. In this case, we make the following substitutions:
^This exposition is ju st a brief sketch to illustrate the techniques underlying the results of
Sections 5.3 and 5.4. Further details of these methods can be found in textbooks of nonlinear
dynamics, for example (Glendinning, 1994; Kuznetsov, 1995)
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T

=

k it
X

to ta l

y
y to ta l

to arrive at the following non-dimensional equations after application of the
chain rule:

/i = ^

(1 —u) -t- Au^{l —u) - B uv

=

where

A
B
C
D

"^l^total
ki
^^1ytotal
hi
k2 + 97%2
ki
»2

ki

are dimensionless parameters.

Finding fixed points
In principle, to find the fixed points, we simply set LHS=0, and solve the simul
taneous equations for it and u,

(1 —It) + A v^(\ —It) —B uv = 0
C(1 — v) —D v = 0
In practice, this usually cannot be done analytically for nonlinear ODEs, and
we have to find approximate solutions numerically using, for example, Newton’s
method.

N ew ton ’s m ethod
It is convenient to express the equations in vector form for numerical work. Let
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A

I

.

A

and the Jacobian matrix

Using an initial guess xq for where the fixed point is, we can iteratively improve
it by solving

J -Sk = -F{xk)
and updating
X k + l = X k + 0k

This procedure converges to the fixed point x* if the initial guess Xq is good
enough.

Linear Stability
If A 6 72. and v €

, and
A v = Xv

then A is an eigenvalue of the n x n matrix A and v is the corresponding
eigenvector. Eigenvectors are invariant directions on which A acts as a scaling,
and the eigenvalues are the growth or contraction rates along their respective
eigenvectors.
For our 2 x 2 Jacobian
J =

2Au —3i4it^ —B v + 1

—B u

0

-C -D

the eigenvalues are
-C -D

Ai

=

X2

— 2Au —3Au^ —B v

1

and their values at the fixed points can be found by substituting u = u* and
V — V*. If both eigenvalues are negative, then the fixed point is stable and forms

a sink. If one of the eigenvalues is positive, the fixed point is unstable and forms
a saddle. Since A, B , C and D are all positive, at least one of the eigenvalues
must be negative, and an unstable fixed point with two positive eigenvalues
(known as a source) cannot exist in our system.
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Saddle-N ode Bifurcation
The saddle node bifurcation is the basic mechanism for the creation and de
struction of fixed points. The simplest way to understand what the saddle node
bifurcation does in our model is to consider the nuUclines in the phase plane.
As discussed in Chapter 5, the intersection of the nuUclines gives the location
of the fixed points. Figure A .l iUustrates how two of the fixed points move as
the parameter B is varied. As B is decreased, the fixed points approach each
other and coUide at a critical value Be when the nuUclines become tangent to
each other. As B is decreased further, the nuUclines puU apart and the fixed
points disappear. The point at which the nuUclines becomes tangent is caUed
a saddle-node bifurcation. Before the bifurcation, the system had three fixed
points, after the bifurcation, the system only has one.
More formaUy, suppose F depended on a parameter //. To detect a saddle
node bifurcation numericaUy, we need to use the Newton method to find out
when the foUowing conditions are satisfied:
Ff^{x) =
Jfj,{x) - V — X =
V -V =

0(equUibrium condition)
0(eigenvalue condition)
O(normalisation condition)

P ath following
Suppose we have found a fixed point x* at some value of the parameter fi = n*.
How can we find the new value of this fixed point as /x is varied? In other
words, if there is a curve of persistent fixed points which can be written as a
graph

= x*, how do we find the value of

as /x is varied, where

g{ix) for /X = /X* -I- e?
Starting with the fixed point at (xjt, /x^), we want to find a value for Ô
such th at (xfe + J, /Xjt + e) is on the curve of persistent fixed points. This
can be done using the Newton method to find the solution for x — g(/x) =
0 when /x is incremented. In this way, the curve of persistent fixed points
g{g,) can be mapped out, a process known as path foUowing or continuation.
By simultaneously testing along this curve for the occurrence of conditions for
bifurcations, we can also detect saddle node or other bifurcations. When two
saddle node bifurcations occur along the same curve at different values of /x, we
have the phenomenon of hysteresis. Dynamical system software like Content or
Auto essentiaUy automate the above procedure for path foUowing and detection
of bifurcations.
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Figure A .l: In (a), the left fixed point is stable while the right is unstable. In (b),
the two fixed points colhde at a saddle node bifurcation as the nuUclines become
tangent to each other. In (c), both fixed points have vanished. Parameter values:
A = 10000, C = 100, D = 100 for all. In (a), B = 496. In (b), B = 396. In (c),
B = 296.
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Appendix B

G illespie’s algorithm
This appendix discusses how Gillespie’s algorithm for the simulation of stochas
tic reaction dynamics is derived (based on (Gillespie, 1976; Gillespie, 1977)),
and illustrates how to implement the algorithm for a simple system.

Derivation o f reaction probability density function
As discussed in Section 5.5.2, we want to find out the joint probability distri
bution

P(T,fj),

which is the probability that given the current state, the next

reaction will occur in the infinitesimal time interval

{t+T, t + T + d r ) ,

and will be

a reaction of type /x. P (r, //) is called the reaction probability density function.
Given that the system is in the state (A i, . .. ,X n ) at time
X i molecules of species 1 , Ag molecules of species
each reaction

2

t

(i.e, there are

and so on), we define for

the function

hfj, = number of distinct
For example, if

molecular reactant combinations available

has the form S \+ S 2 -^ anything, then /i^ = A i A 2 ; if

has the form 25'i —» anything, then

since the number of distinct

pairs of S\ molecules is
If

Cfj^dt

is the average probability that a particular combination of

tant molecules will react accordingly in the interval
ability that an

reaction will occur in the interval

{t,t

reac

-t- d t ) , then the prob

(t, t + d t )

given the state

( A i,... ,X n ) is
Qf^di ^ h ^ c ^ d i

The reaction probability density function P (t,h ) is the product of Po(t),
the probability at time

t

that no reaction occurs in the interval (t, t -I- t ) and
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a^dr, the subsequent probability that an

reaction occurs in the next interval

{t + T ,t + T + dr):
P {

,

t

h

) =

P o {T )-C L udT

To find Po{t ), we divide the interval ( t,t + r) into K subintervals of equal
length e = T jK . The probability that no reactions occur in each subinterval is
given by
M
JJ

[1

—hyCye + o(e)]

V—1
Af

=

1

—^ ^ hyCvf- + o(e)
U=1

where M is the total number of different reactions in the system (i.e., the reac
tions possible are {R\ , . . ., R m ))Since there are K such subintervals between t and t + r,
Pq{t ) =

1- ^

=

1

-f o(e)

K c^ t / K + o{K~^)

V

Taking the limit K —*• oo,

Po{t )

=

1

- ((J 2 hvCr,T + o ( K - ^ ) /K - ^ ) /K )
V
M

=

exp - y ] hvCvT

Therefore,

=

I üfj,exp(—oot)
0

if

0

< r <

00

and // =

otherwise

where

and

M

M
hyCy

<zo —
We can condition P (r, /x) such that

P(r,/x) = P i(r) • P 2 (/x|r)
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1,...,M

By the addition theorem for probabihties,
M
V =1

M

=

^ a ^ e x p (-o o r)

=

oo exp(-ooT)

V =1

(B.l)

We can also find
P M r)

=

=

a,;

^
Oo

(B.2)

If we now generate a random value r according to P i(r) in B .l and then
generate a random integer /x according to P 2 (/i|r) in B.2, the resulting random
pair (r,/i) will be distributed according to P(r,/x).
To generate a random value x according to a given density function P(x),
we can take a uniform random number r in the unit interval and take
X

= F~^{r)

where F~^ is the inverse of the distribution function corresponding to P (Press
et al., 1992).
For Pi = Oq exp(—Oqt ), the distribution function is
P (r) = 1 - exp(-oor)
Using the ‘inversion’ transformation with x = r , we get

In the discrete case, the transformation for generating a random integer i
according to the probabiUty density P (i) is to take a uniform random number
r in the unit interval and take i for the value which satisfies
P (i - 1) < r < F{i)
Since F{i) = Yl]=-oo

for Pz =

we choose // to be the integer for

which
J^ P (u ) < r< J^ P (u )

=

g,, < rap <
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a„

Sim ulation algorithm
W ith the above description, it is now fairly simple to describe the steps involved
in the simulation algorithm:
S te p 0 (in itialisatio n ) Set the time t and the reaction counter n to zero.
Set values for the reaction constants c i, . . . , c ^ and the initial molecular
population numbers X i ^ . . . , X n .
S te p

1

Calculate and store o i , . . . , om as well as

S te p 2 Generate two uniform random deviates

oq.

and rg from the unit interval,

and calculate r and /x.
S te p 3 Set t *— t + r and adjust the molecular population levels to take into
account the occurrence of one

reaction. Increment n. O utput the

vector X i , . .. , X n and time t to get snapshot of reaction. Return to
Step 1 unless termination condition reached (e.g., N = Nuax or no more
reactants remain).

C + + im plem entation exam ple
Finally, to make the above algorithm concrete, a C + + implementation of the
simulation for the Brusselator equations^ is shown:
// gillespie_brusselator.cpp
// Gillespie’s stochastic simulation algorithm
// Stochastic equations for the Brusselator reaction

/ / Y l' = cl*Xl - c2*X2*Yl + (c3/2)*Y l-2 - c4*Yl
/ / Y2’ = c2*X2*Yl - (c3/2)*Yl~2*Y2
// from:

/ / X [l]b a r -> Y [l] (c l)
/ / X [2]bar + Y [l] -> Y[2] + Z [l] (c2)
/ / 2*Y[1] + Y[2] -> 3*Y[1] (c3)
/ / Y [l] -> Z[2] (c4)
#include<iostream>
#include<cmath>
#include<cstdlib>
#include "random.h"
^The Brusselator equations model an abstract oscillatory reaction first studied in detail by
a group of scientists in Brussels (Lefever et al., 1967).
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u sin g namespace std ;

int m a i n O

{
/♦
Step 0
Set reaction constants c [1],...,c[M]
Set molecular population numbers X[l],...,X[N]
Set t = 0 and n = 0
Set seed for random number generator

*/
const int M = 4; // number of reaction constants
const int N = 2; // number of species of molecules
const unsigned long numRuns =
double c[M] =

1000000;

{5, 0.025, 0.00005, 5}; // rate constants

unsigned long x[N] =

{1000, 2000} ; // population numbers

const long zbeur [N] = {1000, 2000}; // fixed reactants
long double t = 0; // time
long s = 1; // seed for random number generator
long double time[numRuns];
unsigned long count[N][numRuns];

// start main loop
for (long k=0; k<numRuns; k++) {
// record data
time[k] = t;
for (int i=0; i<N; i++) {
count [i] [k] = x[i] ;

}
/♦
Step 1
Calculate and store a[i]=h[i]c[i] where
h[i] = number of distinct molecular reactant combinations for reaction i
Calculate and store a[0] where
a[0] = sum of the M a[i] values

*/
long double h[M] = {xbar [0] , xbar[1]*x[0] , (x[l]/2)*x[0]*(x[0]-l) , x [0]};
long double a[M];
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for (int 1=0; K M ;

i++)

a[i] = h[i]*c[i] ;
long double aO = 0;
for (int i=0; K M ;

i++)

aO += a[i];

/*
Step 2
Generate 2 random numbers rl and r2 and cailculate
tau = (l/aO)log(l/rl)
mu = the least n for which
Sum(a[i], i=l,.n) > r2*aO

♦/
double rl = ranl(s);
double r2 = rani(s);

long double tau = (l/aO)*log(l/rl);

long double sum = 0;
int i = 0;
do {
sum += a [i] ;
i++;
} while (sum < r2*aO);

int mu = i-1;

/♦
Step 3
Increase t by tau
Adjust population levels to reflect that an R[mu] reaction has occurred
Increase reaction counter n by 1
return to step 1

*/

t += tau;
switch(mu) {
case 0: x [0]++; break;
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case 1: x[0] — ; %[!]++; break;
case 2: x[0]++; x[l] — ; break;
case 3: x[0] — ; breadt;
default: cout «

"This should never happen ..." «

endl;

}
}
for (long k=0; k<numRuns; k++)
cout «

timeCk] «

" " «

count[0][k] «
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" " «

count[1][k] «

endl;
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