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ABSTRACT

This dissertation applies linear algebra to the study of perturbation growth in 

atmospheriç flows. Maximally-growing perturbations are identified from 

singular vector analysis of the time-evolving flow.

Given a system characterized by a linear propagator L(tQ,t), which 

describes the time evolution of small perturbations x  between time tg and t 

around a time-evolving trajectory, an inner product on the tangent space 

of the perturbations defined by a matrix E  and its associated norm ||..||g, the 

problem can be stated as:

♦ Find the phase space directions x  for which is maximum,

where x(t)=L(tg,t)x(to).

Given the adjoint L*^ of the forward propagator L, perturbation growth 

is gauged by computing the eigenvectors of an operator including L  and L*^ 

as factors. The eigenvectors with the largest eigenvalues define the directions 

with maximum growth. They are called the singular vectors of the tangent 

forward propagator L.

First, the singular vector approach is described.

Second, a barotropic model of the atmospheric flow is considered. The 

impact of underlying orography on singular vectors growing over different 

time intervals, and the role of singular vectors in explaining the maintenance 

of blocked flows during winter, are analyzed.

Third, a 3-dimensional primitive equation model of the atmospheric 

flow is considered. Some aspects of the application of the singular vector 

technique to the study of perturbation growth in the whole atmosphere are 

analyzed. A physical interpretation of singular vector growth based on the 

application of the Eliassen-Palm theorem and on WKBJ theory is proposed.

Finally, two examples of operational use of singular vectors are 

presented. Results show how the adjoint technique is a suitable methodology 

for the identification of atmospheric instabilities, and how it can be used to 

investigate predictability problems.
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Chapter 1 

INTRODUCTION

This work focuses on the analysis of the growth of small perturbations in 

atmospheric flows during finite-time intervals. Considering a system described 

by a set of non-linear differential equations^ a methodology, based on the 

solution of an eigenvalue problem of the tangent forward and adjoint 

propagators of the system equations, is used to identify perturbations that can 

amplify during finite-time intervals. Although this work does not study 

whether systems can sustain growing instabilities as usually defined in 

literature (Sections 1.1 and 1.2), it can be considered as a stability analysis 

with attention focused to phenomena occurring on a finite time range.

The rationale for studying the problem of perturbation growth during 

finite time intervals is made clear by the discussion of the problem of 

numerical weather prediction (Section 1.3). The singular vector approach is 

different from the normal mode method which is usually applied in literature 

in dynamic stability analyses (Section 1.4), and shows that non-normal 

structures can grow over finite time intervals also in neutral or stable situations 

(Section 1.5).

1.1 Stability in hydrodynamic flows

Helmholtz, Kelvin, Rayleigh and Reynolds recognized the importance of 

hydrodynamic stability already in the nineteen century. As noted by Drazin 

and Reid (1981), stability problems are very clearly introduced by Reynolds' 

(1883) description of a series of experiments on the instability of flow in a 

pipe:

The ... experiments were made in three tubes ... The diameters of these were nearly 

1 inch, 1/2 inch and 1/4 inch. They were all ... fitted with trumpet mouthpieces, so that the 

water might enter without disturbance. The water was drawn through the tubes out of a large 

glass tank, in which the tubes were immersed, arrangements being made so that a streak or 

streaks of highly coloured water entered the tubes with the clear water.
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The general results were as follows;

(1) When the velocities were sufficiently low, the streak of colour extended in a 

beautiful straight line through the tube. Fig. 1.1a.

(2) If the water in the tank had not quite settled to rest, at sufficiently low velocities, 

the streak would shift about the tube, but there was no appearance of sinuosity.

(3) As the velocity was increased by small stages, at some point in the tube, always 

at considerable distance from the trumpet or intake, the colour band would all at once mix up 

with the surrounding water, and fill the rest o f the tube with a mass of coloured water, as*in 

Fig. 1.1b. Any increase in the velocity caused the point of break down to approach the 

trumpet, but with no velocities that were tried did it reached it. On viewing the tube by light 

of an electric spark, the mass of coloured resolved itself into a mass of more or less distinct 

curls, showing eddies, as in Fig. 1.1c.

Reynolds showed that the laminar flow described in paragraph (1) 

breaks down when the Reynolds number Re=Va/v exceeds a certain critical 

value, V being the maximum velocity of the water in the tube, a the radius of 

the tube, and v the kinematic viscosity of water at the appropriate temperature. 

Reynolds estimated that in his experimental set up, the critical value Re^ was 

~ 13,000. However,

... the critical velocity was very sensitive to disturbances in the water before entering the tubes 

... This at once suggested the idea that the condition might be one of instability for disturbance 

of a certain magnitude and stable for smaller disturbances.

At critical velocity

... another phenomenon ... was the intermittent character of the disturbance. The disturbance 

would suddenly come on through a certain length of tube and pass away and then come on 

again, giving the appearance of flashes, and these flashes would often commence successively 

at one point in the pipe. The appearance when the flashes succeeded each other rapidly was 

as shown ...

in Fig. 1.2. Such flashes are now called 'turbulent spots'.

Reynolds' description illustrates an example of a study of hydrodynamic
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Figure  1.1. (a): l am in a r  f low in a pipe; (b): t rans it ion  to  turbu len t flow in a p ipe; (c): 
t ran s i t ion  to tu rb u le n t  flow  as seen w h en  i l lu m in a te d  by a spark. (F ro m  R eyn o ld s .  
1883.)

F igure  1.2. T u rb u le n t  spo ts  in a pipe. (F ro m  R e y n o ld s .  1883.1
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stability. Following Drazin and Reid (1981), the transition from laminar flow 

to turbulence can be explained qualitatively as follows. Below the critical 

Reynolds number there is a laminar Poiseuille flow with a parabolic velocity 

profile, stable to infinitesimal disturbances. Some way below the observed 

critical Reynolds number a finite disturbance may grow if it is not too small. 

Above the critical Reynolds number, quite small disturbances grow rapidly 

with a sinuous motion. Soon they grow so much that non-linearity becomes 

strong and large eddies (Fig. 1.1c) or turbulent spots (Fig. 1.2) start to appear.

The importance of the study of the stability analysis of solutions of 

equation of motions is clearly stressed by Landau and Lifshitz (1951):

... In solving the equations of steady flow for a viscous fluid, it is often necessary to 

make certain approximations on account of mathematical difficulties. The validity of these 

approximate solutions is, of course, restricted ...

In principle, however, there must be an exact stationary solution of the equations of 

fluid dynamics for any given steady external conditions ...

Yet, not every solution of the equation of motion, even if it is exact, can actually 

occur in Nature. The flows that occur in Nature must not only obey to the equations o f fluid 

dynamics, but also be stable. For the flow to be stable it is necessary that small perturbations, 

if they arise, should decrease with time. If, on the contrary, the small perturbations which 

inevitably occur in the flow tend to increase with time, than the flow is absolutely unstable ...

1.2 Stability in mathematics

Consider an N  dimensional system, and suppose that the hnear differential 

equations describing the motion of small perturbations u' around a solution u 

have constant coefficients (this approximation is made only to simplify the 

formalism, but can be generalized to systems described by differential 

equations with non-constant coefficients). The N-th order linear differential 

equations can be written as

d t "  d t " ‘  ̂ d t

14



Following Birkhojf and Rota (1969), the homogeneous linear equation 

(1.1) is strictly stable when every solution tends to zero as /—><»; it is stable 

when every solution remains bounded as r—>0 0 ; when not stable, it is called 

unstable.

The homogeneous linear equation (1.1) is strictly stable if and only if 

it has a finite basis of solutions tending to zero, and stable if and only if it has 

a basis of bounded solutions [where a basis erf solutions is a set of n solutions 

such that the general solution of (1.1) can be expressed as a linear combination 

of them].

If the coefficients of Eq. (1.1) are real, it can be proved that Eq. (1.1) 

has a basis of solutions of the form t: t ^ e  ^ ^ s in v  t ,  t ^ e  ^^cosv t  ,

with r, ti, V real constants. Thus, a solution of this kind tends to zero if and 

only if }i<0, and it remains bounded as > 0 0  if and only if ji<0 or pi=r=0. 

(These results can be proved more generally for linear differential equations 

with constant complex coefficients.)

1.3 Perturbation growth in the atmosphere

The atmosphere constitutes an example of an intricate dynamical system with 

many degrees of freedom. The state of the atmosphere consists of the spatial 

distribution of wind, temperature, and other weather variables (e.g. specific 

humidity and surface pressure). The mathematical differential equations 

describing the system time evolution are an expression of the physical laws 

that describe the behaviour of the atmosphere. One of them is Newton's laws 

of motion used in the form "acceleration equals force divided by mass" 

{Lorenz, 1993), others include the laws of thermodynamics which describe the 

behaviour of temperature and the other weather variables. Thus, generally 

speaking, there is a set of differential equations which describe the weather 

evolution, at least in an approximate form.

Richardson (1922) can be considered the first one to have shown that 

the weather could be predicted numerically. In his work, Richardson 

approximated the differential equations governing the atmospheric motions
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with a set of algebraic difference equations for the tendencies of various field 

variables at a finite number of grid points in space. By extrapolating the 

computed tendencies ahead in time, he could predict the field variables in the 

future. Unfortunately, his results were very poor, both because of deficient 

initial data, and because of serious problems in his approach.

After World War II interest in numerical weather prediction revived, 

partly because of an expansion of the meteorological observation network, but 

also because of the development of digital computers.

Charney (1948) developed a model applying an essential filtering 

approximation of the Richardson's equations, based on the so-called 

geostrophic and hydrostatic equations. In 1950, an electronic computer 

(ENIAC) was installed at Princeton University, and Charney, Fjortoft and Von 

Neumann and Ritchmeyer (1950) made the first numerical prediction using the 

equivalent barotropic version of his model. This model provided forecasts of 

the geopotential height near 500 hPa, and could be used as an aid to provide 

explicit predictions of other variables as surface pressure and temperature 

distributions.

Chamey's results led to the developments of more complex models of 

the atmospheric circulations, the so-called global circulation models. An 

example of such models is the operational model implemented at the European 

Centre for Medium-Range Weather Forecasts (ECMWF). Its current 

formulation {Courtier et al., 1991; Simmons et a i ,  1995) is based on a 

horizontal spectral triangular truncation T213, it is characterized by 31 vertical 

levels, and it includes a parametrization of many physical processes such as 

surface and boundary layer processes {Viterbo and Beljaars, 1995) radiation 

{Mocrette, 1990), and moist processes {Tiedtke, 1993; Jacob, 1994).

Generally speaking, the current status and limitations of numerical 

weather prediction can be summarized as follows.

The status is that there are very sophisticated models that can describe 

many atmospheric processes, there are very powerful computers that can solve 

very large systems (i.e. systems with very many degrees of freedom), and there 

is an observational network that can provide the weather prediction centres

16



Figure 1.3. Meteosat image of  extra-tropical storm Lilly (26 O ctober 1996) crossing 
the Atlantic, superimposed to surface pressure (mb).
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with many data.

The limitations to weather forecasting are related to the incomplete 

description of all physical processes (model uncertainties or errors), and to the 

presence of uncertainties in the initial state due to the limited number of data 

available (initial conditions' uncertainties or errors). It should be stressed that, 

since each data is characterized by an error which depend on the instrumental 

accuracy, there will always be errors in the initial conditions. In other words, 

small uncertainties related to the characteristics of the atmospheric observing 

system will always characterize the initial conditions.

This was first pointed out in meteorology by Lorenz (1965), who noted 

that even if the system equations were well known, two initial states differing 

only slightly from each other could diverge very rapidly as time progresses. 

Subsequently, Somerville (1979) showed that observational errors, usually in 

the smaller scales, amplify and through non-linear interactions spread to longer 

scales, eventually affecting the whole flow field.

As shown by simple hydro-dynamical system (Section 1.1), small 

uncertainties introduced in a system can amplify and induce a drastic change 

of the system flow. In the case of numerical weather prediction, errors in the 

initial conditions could amplify and quickly deteriorate a weather forecast. 

This makes very difficult the prediction of severe storms, like the one which 

crossed Britain during the night between the 28th and the 29th of October 

1996 (Fig. 1.3).

1.4 The normal mode approach to instability analysis

The method more commonly applied to study the stability of particular 

solutions of a dynamical system is based on normal modes, whereby small 

disturbances are resolved into modes, which may be treated separately because 

each satisfies the linear system which describes the time evolution of the small 

disturbances themselves.

Following Birkhojf and Rota (1981), consider the N-th dimensional 

autonomous system

18



dx
—  =X{x) , (1-2)
at

and let a be a critical point (i.e. a point where all the functions X, are equal to 

zero).

■ DEFINITION L I . The critical point a is called

(i) stable when, given e>0, there exists a ô>0 so small that, i f

|x (0 )-a |< 0  , then \x(t)-a\< e fo r  all t>0;

(ii) asymptotically stable when, fo r  some 0>0,

|x (0 )-a |< 0  implies lim^ ^ |x (0 -a | =0 ;

(Hi) strictly stable when it is stable and asymptotically stable.

A stable critical point which is not asymptotically stable is called 

neutrally stable; a critical point which is not stable is called unstable.

In particular, suppose that X(x)=Ax  in Eq. (1.2), i.e. consider the constant- 

coefficient linear autonomous system x(t) =Ax . Define as a norm al mode

a solution of the form %(r) =e^^f . The following theorem on the stability of

the critical point 0 for this system can be proved.

■ THEOREM 1.1. The critical point 0 o f the constant-coefficient linear 

autonomous system x{i)= A x is asymptotically stable i f  and only i f

every eigenvalue o f A  has negative real part. In this case, the system 

is also strictly stable.

Theorem 1.1 shows that the study of the stability of the critical point

19



0 can be reduced to an eigenvalue problem, specifically to the analysis of the 

existence of eigenvectors of A  with positive real part.

Focusing on atmospheric flows, by considering an idealized basic state 

with vertical shear only and by applying a normal mode stability analysis, 

Chamey (1947) and Eady (1949) isolated the baroclinie instability mechanism, 

and showed that the zonal mean component of realistic mid-latitude 

tropospheric flow is unstable. The resulting exponentially growing structure 

proved to have length and time scales similar to observed atmospheric 

cyclogenesis. Normal modes were also used, for example, by Simmons et al. 

(1983) to examine the barotropic instability of a zonally varying time-mean 

state, and to show that their time behaviour was consistent with the most 

rapidly growing normal mode.

1.5 Perturbations growing during finite-time intervals: 

the singular vector approach

Farrell (1982) studied the growth of perturbations in baroclinie flows. He 

noted that the long time asymptotic behaviour is dominated by discrete 

exponentially growing normal modes. However, other physically realistic 

perturbations are possible, that amplify over a given finite time interval more 

than the most unstable normal mode.

... Perturbations to stationary solutions of the equations for baroclinie flows are able 

to extract energy from the mean state, whether exponentially growing instabilities are allowed 

or not. In cases with such exponential modes, the degree to which the mode is excited is 

dependent on the initial condition so that the initial set up of the instability may proceed much 

more rapidly than would be predicted for the pure normal mode initial condition. ...

Subsequently, Farrell (1988, 1989) showed that perturbations with the 

fastest growth over a finite time interval could be identified solving the 

eigenvalue problem of the product of the tangent forward and adjoint model 

propagators, supporting earlier conclusions by Lorenz (1965), who pointed out 

that perturbation growth in realistic models is related to the eigenvalues of the 

operator product.

20



The adjoint of a dynamical model was first used for sensitivity studies 

by Kontarev (1980) and Hall and Cacuci (1983). Later on, Le Dimet and 

Talagrand (1986) proposed an algorithm, based on an appropriate use of an 

adjoint dynamical equation, for solving constraint minimisation problems in the 

context of analysis and assimilation of meteorological observations. More 

recently, Lacarra and Talagrand (1988) applied the adjoint technique to 

determine optimal perturbations using a simple numerical model. Following 

Urban (1985) they used a Lanczos algorithm {Strang, 1986) in order to solve 

the related eigenvalue problem. For a bibliography in chronological order of 

published works in meteorology dealing with adjoints up to the end of 1992, 

the reader is referred to Courtier et al. (1993).

After Farrell and Lorenz, calculations of perturbations growing over 

finite-time intervals have been performed, for example, by Borges and 

Hartmann (1992) using a barotropic model, and by Molteni and Palmer (1993) 

using a barotropic and a 3-level quasi-geostrophic model at spectral triangular 

truncation T21. Buizza (1992) and Buizza et al. (1993) first identified singular 

vectors in a primitive equation model with a large number of degrees of 

freedom.
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Chapter 2 

MATHEMATICAL FORMALISM

The theoretical and numerical aspects of the computation of perturbations 

characterized by the fastest growth over a finite time interval are discussed in 

this chapter.

Given a set of non-linear differential equations describing the dynamics 

of a generic system, first the tangent equations are deduced and the tangent 

propagator is constructed, then an inner product is defined in the tangent space, 

and finally the adjoint propagator is defined (Sections 2.1). Projection 

operators used in the studies reported in Chapters 3-5 to address specific 

questions are also introduced (Section 2.2). The mathematical formalism and 

the definitions come essentially from linear algebra. The treatment is general, 

and can be applied to any system described by a set of differential equations.

As mentioned in Chapter 1, the computation of the fastest growing 

perturbations can be reduced to an eigenvalue problem. Due to the very large 

number of degrees of freedom that can characterize systems such as the 

atmosphere, the eigenvalue problem can be solved only by algorithms that do 

not need to access directly the matrix elements that define the problem. A 

Lanczos algorithm has been implemented for this purpose (Section 2.3).

2.1 Singular vector definition

Let X  be the state vector of a generic autonomous system, whose evolution 

equations can be formally written as

0Y
- f  =A(X) . (2.1)
ot

Denote by x(0  an integration of Eq. (2.1) from îq to t which generates 

a trajectory from an initial point Xo to

The time evolution of small perturbations x  around the time-evolving 

trajectory can be described, in a first approximation, by the linearized

23



model equations

dx

where A^= 6A(x)/6x\^^^^ is the tangent operator computed at the trajectory

point x(0-

Let L(t,to) be the integral forward propagator of the dynamical 

equations (2.2) linearized about a non-linear evolving trajectory x (0

x(t)=L(t,t^) x(t )̂ , (2.3)

that maps a perturbation x  at initial time Iq to its value at the optimisation time 

t. (Since L is a linear operator, it can be represented by a matrix, and we will 

use the same symbol for the operator and the matrix.) The tangent forward 

operator L  maps the tangent space %  the linear vector space of perturbations 

at to IIj, the linear vector space at Xr

Consider two perturbations jc and y, e.g. at Xô  ̂  positive definite

Hermitian matrix E, and define the inner product )g as

(x;y)  ̂= <x'JEy> (2.4)

on the tangent space I I q. Here is the canonical Euclidean scalar

product,

= . (2.5)

Let ||..|1e be the norm associated with the inner product )g,

\\xf = (x;x) = <x;Ex> . (2.6)

Let be the adjoint of L  with respect to the inner product )g.

24



= . (2.7)

The adjoint of L  with respect to the inner product defined by E  can be written

in terms of the adjoint V  defined with respect to the canonical Euclidean

scalar product as

. (2 .8)

From Eqs. (2.3) and (2.7), it follows that the squared norm of a 

perturbation x  at time t is given by

l|jc(f)l^=W f„);i’^ i x ( y ) ^  . (2.9)

Let us now recall the problem we want to address (see Abstract):

♦ Find the phase space directions x  for which lx(t)\^ / ||jr(fo)||g is maximum, 

where x(t)=L{to,t)x(ÎQ).

Equation (2.9) shows that this problem can be reduced to the search of 

the eigenvectors

L *^£v/ï^) = a^v,(i^) , (2.10)

with largest eigenvalues a f.

The square roots of the eigenvalues, a,, are called the singular values 

and the eigenvectors the (right) singular vectors of L  with respect to the 

inner product E  (see, e.g.. Noble and Daniel, 1977). The singular vectors with 

largest singular values identify the directions characterized by maximum 

growth. The time interval î-èq is called optimisation time interval.

Unlike L  itself, the operator L*^L is normal. Hence, its eigenvectors 

v / îq) can be chosen to form a complete orthonormal basis in the N-th

25



dimensional tangent space of the perturbations at Xo' Moreover, the 

eigenvalues are real, a^>0.

At optimisation time r, the singular vectors evolve to

, (2 . 11)

which in turn satisfy the eigenvector equation

= . (2. 12)

From Eqs. (2.9) and (2.12) it follows that

l|vX01  ̂= of . (2.13)

Since any perturbation %(f)/||%(f^)||  ̂ can be written as a linear combination

of the singular vectors v/r), it follows that

\ \x m ^

Thus, maximum growth as measured by the norm ||..||e is associated with the 

dominant singular vector v̂ .

Given the tangent forward propagator L, it is evident from Eq. (2.10) 

that singular vectors' characteristics depend strongly on the inner product 

definition and on the choice of the optimisation time interval (e.g., this means 

that the eigenvalues a /  depend on the optimisation time interval).

The problem can be generalized by the inner product at initial and 

optimisation time to be chosen different. Consider two inner products defined 

by the (positive definite Hermitian) matrices Eg and E, and re-state the 

problem as finding the phase space directions x for which

26



IWOIL < L x ( t \^ L x ( t>
(2.15)

0

is maximum. Applying the coordinate transformation the right

hand side of Eq. (2.15) can be transformed into

<LE^^%(t^y,ELE^^'^yiÇ>

(2.16)

Since

£ ' ’'* i * £ L £ ‘’“ = ( £ '‘'*LB "” )̂* (E~^'^LE~^'^ , (2.17)0 0 ^  0 0

the phase space directions which maximize the ratio in Eq. (2.16) are the 

singular vectors of the operator with respect to the canonical

Euclidean inner product. With this definition, the dependence of the singular 

vectors' characteristics on the inner products is made explicit.

2.2 Projection operators

The set of differential equations that defines the system evolution can 

be solved numerically with different methods. For example, they can be 

solved with spectral methods, by expanding a state vector onto a suitable basis 

of functions, or with finite-difference methods in which the derivatives in the 

differential equation of motions are replaced by finite difference 

approximations at a discrete set of grid points in space. The two numerical 

models of the atmospheric flow that are used in this work (a barotropic model.
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and the ECMWF primitive equation model) solve the system evolution 

equations partly in spectral space, and partly in grid point space.

Denote by Xg the grid point representation of the state vector jc, by 5 

the spectral-to-grid-point transformation operator, Xg^Sx, and by GXg the 

multiplication of the vector Xg, defined in grid point space, by the function 

g(s):

g(s) = l l / S 6 S  "
g ( î ) = O i / î î S ’

where s defines the coordinate of a grid point, and 27 is a geographical region.

Define the function w(n) in spectral space as

w(n) = l i f n e Q
w(n) =0 i f  ncQ  ’ t • ;

where n identify a wave number and D  is a sub-space of the spectral space, 

and by Wx the multiplication of the state vector x  by the function w(n).

Consider a vector x. The application of the local projection operator 

r ,  defined as T ^ ’̂ GS, to the vector x  sets the vector x  to have zero grid point 

values outside the geographical region 27. Similarly, the application of the 

spectral projection operator W  to the vector x  sets to zero its spectral 

components with wave number outside Û.

The projection operators T  and W  can be used at either the initial or the 

final time, or at both times. Their usefulness is evident, for example, from the 

formulation of the following problem: find perturbations with (i) fastest growth 

during the time interval (ii) unit Eg norm and wave components belonging 

to Qq initially, and (Hi) at the optimisation time, maximum E  norm measured 

inside the geographical region 27 and with wave components belonging to Qj. 

Such a problem can be solved by the computation of the singular vectors of 

the operator

K ^ E '^ '^ T S  L S  E '^ '^  . (2.20)1 0  0  ̂ ^
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2.3 Pseudo-inverse and sensitivity field

Following Buizza et al. (1997), consider the set of the first M  singular vectors 

of the N  dimensional space of a system with M<.N (for example, N -4 8 4  for a 

T21 barotropic model, and N ~l&  for a T21L19 primitive equation model of 

the atmosphere, and M~10-10^). During the optimisation time interval, this set 

of singular vectors define what we call the unstable sub-space of the system. 

It is convenient to introduce a normalized set of evolved singular vectors ii,- 

with unit norm, so that

v.(0
u = —  . (2.21)

* o

Denote by V=[Vj(îq), .., ViJtg)] the NxM  matrix with columns v /y ,  by U-[Uj,  

u^] the NxM  matrix with columns and by 27 the MxM  diagonal matrix 

with elements cr,. Then, applying Eq. (2.11), Eq. (2.21) can be written as

U '^ = L V  . (2.22)

Equation (2.22) can be used to estimate the tangent forward propagator L  in 

the unstable sub-space,

L ^ U H V "  . (2.23)

Consider an arbitrary [for example, x(t) can be the difference

between two solutions Xi and X2 of the non-linear model equations (2.1)]. The 

projection of x(t) onto the unstable sub-space spanned by the evolved singular 

vectors v /0  can be written as

. (2.24)

Suppose that the initial state is unknown. From Eq. (2.23), it follows that

an estimate of the inverse of the tangent forward propagator is given by

Ï  ' = , (2.25)
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and an estimate of the initial state x(tg) is given by

x (Ç  = L *(r) = V S ■* tA ’x(t) . (2.26)

Equation (2,26) is the analogue, in the unstable sub-space, of inverting the 

forward propagator L  to obtain the initial state. With respect to the full N

dimensional space, L  is the Moore-Penrose pseudo-inverse {Penrose,

1955; Golub and Van Loan, 1983) of L, in the approximation where all the 

singular values outside the unstable sub-space are small compared with those 

inside the unstable sub-space. So, in this approximation,

. (2.27)

Consider now the problem of finding a vector s(to)^s(t) that has the 

largest projection onto x(t), or in other words that maximizes the inner product

(s{t);x{t))^ . (2.28)

Since s(t)=Ls(to), and applying the adjoint definition, the inner product (2.28) 

is maximized when

s (f^ )~ £ * \(f)  . (2.29)

The vector s(to) is often referred to as a sensitivity field (following, for 

example, Marchuk, 1974, Cacuci, 1981). Since x(t)=Lx(to), it follows from 

Eq. (2.29) that

s ( t^ ~ L '^ L x { Ç  . (2.30)

Note that Eq. (2.10) can be written in matrix form as

£*®L = V S^V ' , (2.31)
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and thus Eq. (2.30) can be written as

. (2.32)

In the hypothesis that the initial vector x(to) is unknown and applying Eq. 

(2.26), the sensitivity field can be estimated by

s ( t ^ ~ V Z ,u ’x{t) . '  (2.33)

The comparison of Eqs. (2.26) and (2.33) shows that the estimated initial state x{t^

and the estimated sensitivity field differ only in the weighting of the

singular vectors used in the projection.

2.4 Singular vectors, normal modes and adjoint modes

(The following Section has been extracted from Buizza and Palmer, 1995.)

The notion of singular vector analysis can be considered as a generalization of 

the classical normal mode instability analysis. This can be made explicit by 

linearizing the set of non-linear differential equations (2.1) about a stationary 

solution, so that the linear operator does not depend on time.

Normalized eigenvectors ^  of Ay with eigenvalues pî

A Ç. = 1A.£. , (2.34)

give rise to normal mode solutions of Eq. (2.2),

n = l e ^  . (2.35)
j j

The integral operator can be written as

L( t , t ) =e  , (2.36)
0 '
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with eigenvectors ^  and eigenvalues e

In general, the linear operators associated with realistic stationary basic 

state flows are non-normal because of vertical and horizontal wind shear 

{Farrell and Moore, 1992). Because of this, the normal modes are not 

orthogonal to one another. However, irrespective of normality, norm ali^d 

eigenvectors rjj and eigenvalues dj of the adjoint operator L*^ must, from Eq. 

(2.7), satisfy the bi-orthogonality condition

(U -0 “ )(T1,;O =0 , (2.37)
J J J  J ^

where is the complex conjugate of dj. This condition ensures that the 

eigenvalues of an eigenvector/adjoint eigenvector pair that are not orthogonal 

must form a complex conjugate pair. The magnitude of the inner product 

( depends on the angle Yj the two eigenvectors subtend in phase space. 

Zhang (1988) defines

1 _ (2.38)
COSY

J J J ^

the projectibility of (j.

Let us suppose that the normal modes have a finite eigenvalue 

spectrum, and that they constitute a basis. Then, any vector x  can be written 

as

. (2.39)

where, from the bi-orthogonality condition (2.37),

32



From Eq. (2.39), the fastest growing normal mode will ultimately 

dominate the linear combination. Hence, for sufficiently long optimisation 

times, the dominant singular vector at optimisation time will correspond to the 

most unstable normal mode.

In order to maximize the contribution from the first normal mode at 

optimisation time, Cj in Eq. (2.39) should be as large as possible. If %(y=^y, 

then C;=7. By contrast, if  x(tQ)=r\j, then Cj is maximized {Zhang, 1988), with 

Ci=llcosYj in the hypothesis of the normal and adjoint modes being normalized 

to have unit norm at initial time. Hence, at initial time, the dominant singular 

vector will be determined by the first adjoint eigenvector, whilst at 

(indefinitely long) optimisation time the dominant singular vector is determined 

by the first normal mode itself.

This is illustrated schematically in Fig. 2.1 for an idealized 2- 

dimensional system with decaying normal modes. The singular value will 

depend on both the e-folding time of the dominant normal mode and its 

projectibility.

For finite optimisation times, the dominant singular vectors will no 

longer project onto individual normal modes and their adjoints, and the 

amplification rate of the singular vectors will not be bounded by properties 

of the dominant normal modes alone.

2.5 The Lanczos algorithm

Algorithms based on Lanczos theory are very valuable in solving an 

eigenvalue problem when only a few of the extreme eigenvectors are needed. 

They are particularly useful for problems characterized by large, sparse 

matrices. The algorithms do not access directly the matrix elements of the 

operator that defines the problem, but give an estimate of the eigenvectors 

through successive application of the operator.
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A --

Figure 2.1. This diagram illustrates schem atically the crucial difference between  
normal mode and singular vector growth, and the relationship between singular vectors 
and adjoint m odes. An idealized 2-D system  has two very non-orthogonal decaying  
modes and We take to have larger real eigenvalue component. The adjoint 
modes tJj and TJ2 are shown, with tJj, orthogonal to ^  and f / ,  respectively  
(according to the bi-orthogonahty condition (2.37)). A  normalized vector is shown  
parallel to 7 7 Its time evolution can be estimated by mapping the tip and tail o f  Vg 
along the and ^  directions (shown as dashed lines) using the modal decay rates. 
The sequence o f  vectors v„, n=l ,  2, .. giving the time evolution o f Vg increases in 
amplitude up to som e finite n-=N, and is aligned almost entirely with for large n. 
The projection o f  onto for large n is much larger than that associated with the 
evolution o f  a second normalized vector which is initially aligned along The 
sequence describes singular vector growth over a long time interval. (From Buizza 
and Palmer^ 1995.)
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Consider the eigenvalue problem

A x  = a ,x  , (2.41)

where A=ICK, and K  is the operator defined in Eq. (2.20). By definition, the 

matrix A  is NxN  dimensional, and symmetric. Without loss of generality, we 

can also suppose that it is real. ^

If A is a real, symmetric matrix, then there exists an orthogonal real 

matrix Q such that

q 'A Q = D (X ^,..,X ^  , (2.42)

where D(Àj, À2) is a diagonal matrix, and denotes the transpose of Q 

(Schur decomposition theorem).

The Lanczos algorithm does not directly compute the diagonal matrix 

D, but it first computes a partial transformation of the matrix A using a 

tridiagonal matrix T

q 'a q =t  , (2.43)

with

a P 0 .

h  “ 2  P3  °

0  P 3

T= ■ 0 0

P .-. 0

°  Py-I “ y-i P ; 

. 0  P , a .

(2.44)
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and with

0  = ■ (2.45)

where the vectors qj are column vectors, and where the number of iterations 

J  is much smaller than the dimensionality of the problem, J ^N . Then, the 

Lanczos algorithm finds the diagonal decomposition of T

T ^ s ' d S  . (2.46)

The elements of the diagonal matrix D  are an estimate of the eigenvalues of 

A, and an estimate of the eigenvectors are given by Y=[yj, y J , with

Y = Q S . (2.47)

The actual computation is performed by writing Eq. (2.43) as

A Q  = Q T  . (2.48)

Equating columns of Eq. (2.48), it follows that

for j= l, J. The orthogonality of the vectors qj implies that

OL_=q*Aq, . (2.50)

Moreover, if

r  = ( A - a . i ) 3 .-P ^  j (2.51)

is non-zero, then

r

J
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where P ~ ±  y/<rj;rp>. An iterative application of these equations, with a 

randomly chosen starting vector defines the Lanczos iterative procedure. 

The total number of iterations J  determines the accuracy of the computation. 

As this number increases, more eigenvalues/eigenvectors can be separated from 

the others, independently of the choice of starting vector q .̂ This separation 

starts from the extremes of the eigenvalue spectrum. The accuracy of the 

eigenvectors is less than the accuracy of the singular values, say to order e 

when the precision of the singular values is of order é .

The reader is referred to Golub and Van Loan (1983) for a theoretical 

description of the Lanczos algorithm. The Lanczos code used in this work is 

a pre-release of a code developed by the NAG Group (Numerical Algorithm 

Group Ltd, Oxford; see Simony 1984, for more details).
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Chapter 3 

THE IMPACT OF OROGRAPHIC FORCING 

ON BAROTROPIC UNSTABLE SINGULAR VECTORS

(The following Chapter is the text of Buizza, 1995b.)

The influence of topography on fluid instability has been studied in literature 

both in the beta channel approximation and on the sphere mainly using normal 

modes. A different approach recently proposed is based on the identification 

of unstable singular vectors, i.e. structures that have the fastest growth over 

finite time intervals. Systems characterized by neutral or damped normal 

modes have been shown to have singular vectors growing (e.g. in terms of 

kinetic energy) over finite time intervals. Singular vectors do not conserve 

their shape during time evolution as normal modes do. Various aspects related 

to the identification of singular vectors of a barotropic flow are analyzed in 

this paper with the final goal of studying the impact of the orography on these 

structures.

First, we focus on very idealized situations to verify if neutral and 

damped flows can sustain structures growing over finite time intervals. Then, 

we study singular vectors of basic states defined as the super-position of a 

super-rotation and a Rossby-Haurwitz wave forced by orographies that project 

onto one spectral component only, or forced by very simple orographies with 

longitudinally or latitudinally elongated shapes. This first part shows that 

orography can alter the unstable sub-space generated by the most unstable 

singular vectors, either directly through the action of the orographic term in the 

linear equation or indirectly by modifying the evolution of the basic state.

In the second part we consider a realistic basic state, defined as a mean 

winter flow computed from three months of observed vorticity field, forced by 

a realistic orography. We show that the orographic forcing can indirectly 

modify the singular vector structures. In fact "orographically induced" 

instabilities can be identified only when considering time-evolving basic states.

These results show that unstable stmctures related to physical processes
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can be captured by the adjoint technique.

3.1 Introduction

The impact of topographic forcing on the flow of a barotropic atmosphere has 

been widely recognized and studied in literature. Charney and DeVore (1979) 

showed that the occurrence of multiple stationary or oscillatory equilibrium 

states can be related to external forcing. They analyzed th e  impact of 

topographic and thermal forcing on equilibrium solutions of a highly truncated 

spectral model of the barotropic atmosphere, and were able to show how 

topographic forcing relates to equilibrium solution structures. One of the 

conclusions of their work was that topographic instability might be responsible 

for transitions between different meta-stable states.

Following Charney and DeVore (1979), Frederiksen and Bell (1987) 

showed that topography plays an important role in the formation of some 

large-scale teleconnection patterns. In later works, Frederiksen (1989) and 

Frederiksen and Bell (1990) examined the role of barotropic and topographic 

instability during periods of persistent blocking, and indicated that topographic 

instability plays little role in the mechanism of block formation.

The influence of underlying topography on the instability of a fluid has 

been studied both in the beta-channel approximation and on the sphere.

Fyfe and Derome (1986), studying the stability of free and forced 

planetary waves in a beta-channel with a barotropic model, analyzed the 

interaction of unstable (normal mode type) perturbations with the bottom 

orography. They demonstrated that a forced zonal wave can be stable or 

unstable depending on the amplitude of the topography, and they concluded by 

reporting the existence of travelling topographically unstable waves. 

Frederiksen and Frederiksen (1989) gave a review of published works and 

examined the instabilities of exact steady state solutions for a barotropic flow 

in a beta-plane channel. In a later work, Frederiksen and Frederiksen (1991) 

studied the instability of a flow in spherical geometry. They showed how 

orographic forcing can promote the growth of perturbations either through a 

form drag mechanism or acting as a catalyst for wave-wave interaction. They
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examined the instability properties of the fluid using a linearized version of a 

barotropic vorticity equation following the normal mode approach.

Hoskins (1973) studied the stability of Rossby-Haurwitz waves 

(hereafter RH waves) for a single planetary wave and a zonal flow in spherical 

geometry. Supported by some numerical integrations, he concluded that RH

waves with zonal wave m ^ 5  are stable whilst those with m>5 may be

unstable. However, his numerical procedure permitted only zonal wave 

numbers that are multiples of 4, so other types of disturbances were prohibited. 

Baines (1976) analyzed the stability of planetary waves to small disturbances 

as an eigenvalue problem deduced from the linearisation of the non-divergent 

barotropic vorticity equation, in spherical geometry and without topographic 

forcing. He showed that waves with total wave number n less than 3 are 

stable, whereas those with total wave number greater than 3 are unstable if the 

amplitude of the perturbation is large enough.

The consensus of these authors was that the barotropic approximation 

is sufficiently accurate to describe the basic mechanisms of topographic 

forcing, resonance and nonlinear interactions. In a work by Legras and Ghil 

(1985), it is suggested that a simple barotropic model is capable of simulating 

the actual behaviour of the large-scale mid-latitude atmospheric flow, whose 

spatial structure is known to be barotropic to a large extent (Blackmon et a i,  

1979). Baroclinie instabilities occur on scales smaller than the barotropic 

instabilities, and their characteristic time scales are shorter than those 

considered.

A different approach to the instability analysis has been used by Farrell 

(1982, 1988), who pointed out that normal modes are not the fastest growing 

perturbations over finite time intervals. By superimposing two Orr (1907) 

solutions with different initial tilts of the phase lines in the horizontal plane, 

Farrell ( 1982) showed that disturbances can grow before the inevitable decay. 

If the dynamical equations are truncated, then the continuous spectrum is 

approximated by the eigenspectrum of a finite dimensional evolution operator. 

These eigenvectors are generally linearly independent, so that any initial
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perturbation can be expressed in terms of the truncated operator's normal 

modes; however, they are not in general orthogonal. As a consequence, linear 

combinations of two or more modes can grow much faster than any individual 

mode. Unlike normal modes, these structures change over time since their 

growth is space dependent. They are called unstable singular vectors, and they 

are defined as the directions in the phase space of the system that give the 

largest growth of the norm of a state vector x  (see section 3.2 for more details)

over the optimisation time interval They can be computed using the 

tangent and the adjoint versions of the non-linear model describing the system 

evolution (Lacarra and Talagrand, 1988).

In a later work Boyd (1983), studying analytically a linear Couette 

flow, confirmed the results of Farrell (1982) and concluded that to understand 

the mechanism of finite time interval growth one should consider not only the 

discrete normal modes but also the continuous spectrum of singular neutral 

modes. [As shown by Pedlosky (1964) they form a complete set for the 

canonical Eady (1949) and Charney (1947) problems.] On a later work, 

studying small error dynamics, Farrell (1990) proved that the increase of the 

errors on synoptic time scales is controlled by stmctures that are not of normal 

mode form.

Borges and Hartmann (1992) studied the barotropic stability of 

observed 300 hPa non-zonal flows searching for singular vectors. They 

demonstrated that they are at least as important, for stability considerations, as 

the adjoint and eigenmode stmctures.

Molteni and Palmer (1993) calculated singular vectors in both a 

barotropic and a 3-level quasi-geostfophic model using a linear approximation 

to the model equations. They used as initial conditions for their models mean 

values computed from 6 years of ECMWF January-Febmary analyses. 

Considering time-invariant basic states, they showed that perturbations defined
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(at initial time) by unstable singular vectors have much larger growth rates 

than normal modes and possess a more localized spatial structure. Comparing 

the singular vectors computed using the two models, they showed that the 

baroclinie singular vectors are more localized in the meridional direction, with 

little amplitude in the tropics and with a maximum closer to the jet core than 

the barotropic singular vectors. They found barotropic singular vectors with 

amplification rates similar to the baroclinie vahies for optimisation times 

shorter than 2 days. However, for longer optimisation time intervals baroclinie 

singular vectors are characterized by larger amplification rates, since they grow 

as a result of both baroclinie and barotropic energy conversions. Considering 

smooth time-invariant basic states defined to identify two regimes of the 

northern hemisphere winter flow, they showed that barotropic singular vectors 

evolve in closer agreement to forecast errors than the baroclinie singular 

vectors. Finally, they concluded that barotropic singular vectors appear to be 

able to generate regime transitions.

Barotropic models and the adjoint technique have been used also in 

variational assimilation studies. Talagrand and Courtier (1987) and Courtier 

and Talagrand (1987) showed how the adjoint equation of a non-divergent 

barotropic vorticity model can be used in the problem of assimilation of 

meteorological observations.

The adjoint technique is applied throughout this study. A non-linear 

spectral barotropic model in spherical geometry, its tangent and adjoint 

versions have been coded. The model has been written so that the time 

integration of the tangent and the adjoint versions are performed following the 

trajectory described by the basic state.

This work concentrates on singular vector rather than on normal mode 

type instabilities. Our purpose is to study the impact of the topography on the 

singular vectors. Table 3.1 is a schematic of the work presented in the paper.

Section 3.2 describes the model equations and section 3.3 the adjoint 

technique. In section 3.4 we study the stability of idealized basic states. First, 

in sub-section 3.4.1, we compare normal modes and singular vectors of RH 

waves to determine whether neutral or damped flows can sustain structures
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growing over finite time intervals. Then, in sub-section 3.4.2, we analyze the 

impact of simple orographies projecting onto one spectral component only on 

the singular vectors of idealised basic states, defined as the superposition of 

a super-rotation and a RH wave. In section 3.5 we consider more localized 

but still idealized orographies, and we study their impact on the singular 

vectors of the same basic states considered in sub-section 3.4.2. Finally, in 

section 3.6, we study whether "orographically induced" perturbations csa be 

identified when considering a realistic basic state forced by a realistic 

topographic forcing. Conclusions are drawn in section 3.7.

Section Basic-state flow Orography Study

3.4.1 (n,m) RH wave --- normal modes vs sing. vect.
3.4.2 Srot + (n,m) RH wave (n,m) forcing orographic impact on sing. vect.
3.5.1 Srot 4- (n,m) RH wave idealized orographic impact on sing. vect.
3.6.2 Obs atmospheric flow real orographic impact on sing. vect.

Table 3.1. Schematic of the subjects analyzed in each Section.

3.2 The barotropic model

The numerical model used for this study has been derived from the vorticity 

equation in spherical geometry

■ ^ = / ( f + / ( i  + - ^ ) ; « - — C - — a ' c , (3.2)

where ijf is the stream function, the vorticity, A  the horizontal

Laplacian, j the Jacobian, /  the Coriolis parameter, h the topographic 

height and hg a reference height. The reference height parameter has been set 

to the realistic value hg=10000 m. The motion is retarded by a vorticity sink 

(Ekman pumping) governed by a characteristic dissipation time r^. A 

horizontal diffusion term with characteristic parameter r^^^and proportional 

to the horizontal Laplacian at the 1-th power (with 1=4) has been introduced 

to simulate the effect of the unresolved scales of motions and to control small 

scale instabilities. The characteristic time and the parameter of the
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diffusion processes have been set respectively to 10 day and to 10 day/m^.

The model is solved in the coordinate system defined by the longitude 

À and the sine of the latitude ii=sin(j). A non-dimensional equation has been 

deduced from Eq. (3.2), with the space coordinates scaled by the earth radius 

a and the time scaled by twice the earth angular velocity Ü

X  ^  _

X  — — , t  — 'ZÇit , (3.3)
a

where jc, t are the dimensional variables. The non-dimensional equation has

been discretized through a truncated expansion of spherical harmonics, at 

triangular truncation T21, and the equation for the time evolution of the 

vorticity expansion coefficients has been numerically integrated using a time 

filtered Leapfrog scheme.

The linearized equation for a perturbation C follows from Eq. (3.2) by

writing the vorticity as the sum of a mean value C and a perturbation C

■ ^ = 7 ( f ; i i ; )+ 7 (C + /( l+ -^ ) ;> |> ) -2 - f— J _ a 'C . (3.4)
K  &

The adjoint of Eq. (3.4) with respect to the canonical Euclidean norm

IlCf s <C;C> = /■ f ' rfS , (3.5)Jz

can be analytically computed from Eq. (3.4)

^ = y ( i : ; i P )  + A ' ‘y ( C + / ( i + - ^ ) ; C ) + 3 - c  + _ L A ' c . (3.6)
K  " w

The kinetic energy of a perturbation can be computed as
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K E = - j J  iliCrfS . (3.7)

Using Eq. (3.4) in Eq. (3.7), we can derive an equation for the perturbation 

kinetic energy evolution

■ ^  = r  + f  i | r ) r f S . (3.8)
ot J'L Jn h

0

The first term on the right hand side represents the advection of the 

perturbation kinetic energy by the basic state flow. The second term gives the 

exchange of energy between the perturbation and the basic state, the third term 

describes the orographic forcing and the fourth term represents all the 

dissipative processes of the model.

If we consider Eqs. (3.2) and (3.4) without any dissipation mechanism, 

both the stream function of the mean state and of the perturbation satisfy the 

following equation

where the left hand side of Eq. (3.9) is the area average of the angular 

momentum. Thus, in the absence of orography (and of dissipations) this 

quantity is conserved.

3«3 The adjoint technique

Let % be a state vector in the phase space of the system. The evolution 

equation (3.2) can be formally written as

^ ■ A W ,

(3.10)

where A is a non-linear operator.
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The most unstable singular vectors are the directions in the phase space 

of the system that guarantee the fastest growth of the norm of the perturbations 

over a finite time interval. For small time intervals and small initial 

amplitudes their behaviour is almost linear, and they can be computed using 

the linearized equation

dx
—  = A x  , ^ (3.11)

where A = — 1_ is the tangent operator that corresponds to the model 
I dx

operator A.

Let us denote the propagator of Eq. (3.11) by L=L(t,to). The

perturbation x(t) at time t is then given by

x{t)  = Lx{ t ^ )  . (3.12)

Let us define an inner product on the space of the perturbations

{r,y) = <x\Ey> , (3:13)

where E  defines some weighting factors, and is the canonical Euclidean

scalar product. Let us define the associated norm of a generic vector

\ \ x f  = (x;x) = <x;Ex>  , (3.14)

with the weights E defined so that the norm (3.14) of a perturbation is its 

kinetic energy. The norm of the perturbation at time t is given by

U U ) t  = {Lx-,Lx) . (3.15)

Let us denote by L*^ the adjoint of the operator L with respect to the inner 

product
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(L ^x;y) = (x;Ly)  . (3.16)

Then, using the definition (3.16) in (3.15), the norm of the state vector x(t) at 

time t  can be computed as

||* (f)f = ( i  x -̂,L x^) = (L ‘L x^,x^\ . (3.17)

The square roots of the eigenvalues o f  of the matrix L*^L are called the 

singular values of the matrix L, and the eigenvectors v, of the matrix L*^L are 

called the right singular vectors of L.

The singular vectors v, identify an orthogonal base in the phase space 

of the system (Buizza et al., 1993). They are orthogonal at time tg and at final 

time t .  The singular values a, give the amplification factors between t g  and t  

for each of them, and they are functions of the optimization time interval t - t g .  

As demonstrated by Farrell (1989) and Borges and Hartmann (1992), the 

singular vectors with the largest singular values identify the perturbations 

growing fastest over the optimisation time interval.

The method we implemented to solve this eigenvalue problem is based 

on a Lanczos algorithm (see Strang, 1986) developed by the Numerical 

Algorithm Group (NAG, Oxford).

To compare singular vector structures we can define the N-dim unstable 

sub-space relative to an experiment as the sub-space of the phase space of the 

system defined by the first N  singular vectors. We can compare unstable sub

spaces generated by the first N  singular vectors Vj of two experiments A and 

B using a projection matrix M(A,B;N) whose elements are

m ..(A ^)  = <vfA);E  v,(B)>^ . (3.18)

Each element of this matrix is the squared scalar product between the i-th 

singular vector of the A experiment and the j-th singular vector of the B 

experiment. It represents the amount of the energy of the i-th singular vector
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of the A experiment which is explained by the j-th singular vector of the B 

experiment. The sum of the matrix elements with a fixed first index represents 

how well the i-th singular vector of the A experiment can be reconstructed 

from a linear combination of the first N  singular vectors of the B experiment.

We can also define a "similarity index" of two experiments A and B, 

that measures the similarity of the unstable sub-spaces generated by the first 

N  singular vectors of each experiment

s(AyB;N) -  — m_{AJS) . (3.19)

Some reference values for the similarity index, obtained with the barotropic 

model, are reported hereafter:

a) singular vectors that identify the same unstable sub-space are 

characterized by s(A,B;N)=100%\

b) orthogonal unstable sub-spaces are characterized by s(A,B;N)=0;

c) the mean similarity index, averaged over winter '90-'91, computed 

between unstable sub-spaces of two consecutive days generated with a

48h optimisation time interval, is s(day;day+1;20) = 45% ;

d) the mean similarity index, averaged as in c), but computed between 

unstable sub-spaces generated by the singular vectors of day d  and of

day d+2, is s(day;day+2;20) = 30% .

3.4 Singular vectors of idealized basic states

In the first part of this section we verify that singular vectors can grow over 

finite time intervals in idealized basic states supporting only neutral or damped 

normal modes [as in Farrell (1985, 1989) for different systems]. This is 

presented in sub-section 3.4.1, where the stability of RH waves is studied with 

a version of the model described by Eq. (3.2) without orography and without 

the Ekman pumping term. The impact of idealized orography on the stability
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of the flow is analyzed in sub-section 3.4.2, where we consider orographic 

forcing that projects on the (n,m) spectral component only, and flows 

superposition of a super-rotation and a (n,m) RH wave.

We concentrate on RH waves with total and zonal wave numbers equal

to (2,1), (4,1) and (8,1). The choice m =l has been made so that in a

latitudinal belt there is a region of convergence (representing a jet stream) and 

a region of divergence. Other zonal wave numbers are not considered since 

we are more interested in changing the meridional than the zonal vorticity 

gradients. Starting from total wave number «=2, we study waves with 

increasing total wave number n=4 and n=8 to have more small scale features 

in the basic state characteristics.

3.4.1 Singular vectors o f  Rossby-Haurwitz waves 

Baines (1976) deduced from the results of Fjortoft (1953) an inequality 

concerning the spectral distribution of energy for a barotropic model without 

any dissipation term and with no orography in spherical geometry. He found 

that if the initial energy is in a mode or modes with total wave number n>2, 

then the RH wave can be unstable if the wave amplitude is sufficiently large. 

Thus, the (2,1) RH wave has stable normal modes, while the (4,1) and the

(8,1) RH waves can have unstable normal modes. For each wave, we analyzed 

the sensitivity of the unstable normal modes to the initial wave amplitude

if = if P  + c.c.
m /i m,n

= 2Rg(if )P  cos(wiA)- 27/n(if )P  sin(mA) . (3.20)
m,n m,n m,n

Let US define the e-folding time of a normal mode b y

1
T ^ , (3.21)

(0
r
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where o>̂ is the real part of the normal mode frequency.

Figure 3.1 shows the e-folding time of the most unstable normal mode 

as a function of the non-dimensional vorticity amplitude. The (4,1) and the

(8,1) RH waves are unstable if the wave amplitude is larger than a given 

threshold, while the (2,1) RH wave is stable independently of the basic state 

amplitude.

Singular vectors of the (2,1) ,̂ (4,1) and (8,1) RH waves have been 

computed for different optimisation time intervals keeping the basic state 

constant. A time-independent basic state was chosen because for unstable or 

damped systems the fastest growing singular vector computed with constant 

basic state approaches the most unstable normal mode in the limit /-^oo. Let 

us define the amplification factor X{t) and the parameter v{t) for a singular 

vector by

« .)  .  J g !  . (3.22,

" '>  ■ t o ® »  ■

where the norm has been computed using Eq. (3.14). r(rj gives the time 

required for the perturbation norm to increase by a factor e, precisely the 

definition of the e-folding time of a normal mode. Thus z{t) will be referred 

to as the e-folding time of the singular vector.

The basic state amplitude of the three RH waves, in terms of the non- 

dimensional vorticity field, has been fixed to the same value

Re(C )=0, 7m(C )=0.1 . (3.24)
m,n

For this basic state amplitude Fig. 3.1 shows that the (4,1) RH wave has stable 

normal modes, while the (8,1) RH wave has unstable normal modes with the 

most unstable mode characterized by an e-folding time of about 80 days.
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Figure 3.1. Ordinate: e-folding times 7=11 (day) o f the most unstable normal mode 
of the (4,1) RH waves (dashed line) and o f the (8,1) RH wave (dotted line). Abscissa: 
non-dimensional vorticity amplitude o f the RH wave. A  reference line corresponding 
to an e-folding time o f 1-day has been drawn. (From Buizza, 1995b.)
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Figure 3.2. Ordinate: e-folding times (day) o f  the 1st singular vector relative to the 
(2,1) RH wave (panel a)) and to the (8,1) RH wave (panel b)), computed with constant 
trajectory (solid line) and with a time evolving trajectory (dashed line). Abscissa: 
optimisation time interval. (From Buizza, 1995b.)
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Figures 3.2a and 3.2b show, respectively, the e-folding times of the 

fastest growing singular vector of the (2,1) and (8,1) RH waves (solid lines). 

[Since, for each optimisation time interval, the e-folding times of the singular 

vectors of the (4,1) RH waves are very similar to the (8,1) ones, they are not 

shown.] The singular vectors of all the three RH waves are slowly growing, 

with e-folding times longer than 7 days. We can see that the singular vectors 

relative to the (2,1) RH wave are unstable, and that for the (8,1) RH wave the 

e-folding time of the 1st singular vector computed with any of the considered 

optimisation time interval is lUO of the minimum normal mode e-folding 

time. Figure 3.2 shows that the e-folding time increases with the optimisation 

time interval. All these optimisation time intervals are too short for the fastest 

growing singular vector to approach the e-folding time of most unstable 

normal mode. [The increase of the singular vector e-folding time with the 

optimisation time interval is also partly due to a small horizontal diffusion 

term included in the numerical model to avoid numerical instabilities (see Eq. 

(3.2)) which decreases the singular vector energy.]

Unstable singular vectors computed with a constant basic state do not 

correctly represent structures that can grow over finite time intervals. In fact, 

the linearisation of the model equations should be done following the trajectory 

time evolution. Thus, a new set of experiments have been run to compute the 

singular vectors of time-evolving basic states. The dashed lines in Fig. 3.2 

show the amplification factors of the most unstable singular vectors of the

(2,1) and the (8,1) RH waves computed with this configuration. Changing the 

trajectory definition has a small impact on the amplification rate of the (8,1) 

RH wave singular vectors, more detectable for long optimisation time intervals. 

A similar result is given by the (4,1) case. Instead of this, for the (2,1) RH 

wave, apart for the singular vectors computed with optimisation time interval 

less than 2 days, the e-folding time of the fastest singular vector computed 

with a time evolving trajectory is 30% larger than the e-folding time computed 

with a constant trajectory. Moreover, the e-folding times of the 2nd, 3rd and 

4th singular vectors computed with optimisation time interval longer than 48h 

following an evolving basic state are at least 6 times larger than the one
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computed with a constant trajectory (not shown). This suggests that it is easier 

for the (2,1) RH wave singular vectors to extract energy from the basic state 

if the basic state flow is not changing in time.

3.4.2 Singular vector sensitivity to orographic forcing 

projecting onto a single spectral component 

Following Frederiksen and Camevale (1986) and Frederiksen and Frederiksen 

(1991), we added a wave-type orographic forcing

h = h P  + c.c.m/i

= 2Re{h ) P  cos(mX)-2Im(h )P  sin(mA) (3.25)
mji m,n mjn

to the non-linear, linear and adjoint versions of the barotropic vorticity 

equation.

Let us consider Eq. (3.2) with the orographic forcing (3.25) and without 

dissipation terms. It can be shown that there exists an exact steady-state 

solution {Frederiksen and Carnevale, 1986) superposition of a super-rotation 

plus a (n,m) RH wave

1 -

ip = -  —  U P  +

2Rg(ip )P  sin(/wX)-2/w(ip )P cos(7wA.) , (3.26)
m,n

where

U U
{,Re(^ );/»!($ )) = -=----- 'S -  {ReQi yjm (h  )) . (3.27)

( / — (/
res

with
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u  =  î   . (3.28)
n{n + 1) -  2

If we consider the time integration of the non-linear equation with 

initial condition (3.26), the solution propagates if the orographic forcing (3.25) 

is not included, while its inclusion gives a stationary solution equal to the 

initial condition itself. So, the first effect of the inclusion of the orographic 

forcing is a modification of the basic state characteristics (we will refer to it 

as the indirect effect), while the second effect is the presence of the orographic 

term in the linear and adjoint versions of the model used for the computation 

of the singular vectors (direct effect).

All the experiments of this sub-section have been run with an initial 

super-rotation defined by

Ü = 0.005 , (3.29)

corresponding to a dimensional wind speed of 5 mis. Note that this wind 

velocity is smaller than the resonant value [see Eq. (3.28)] for n=2, 4,

8. Figure 3.3 shows the stream function of the basic state initial conditions 

and the dimensional wind amplitude (note that the wind speeds become much 

larger than the super-rotation wind speed).

The orographic forcing (3.25) has been defined to have

ReQi ) =0, Im{h ) ;^0 : this gives a mountain with a zero amplitude line
m,n

centred on the Greenwich meridian. Experiments have been run with two 

different maximum orographic heights

Im{— ) = 0.05, 0.5 . (3.30)
K
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a)

c)

b)

e ) ^

Figure 3.3. Stream function (left panels) and wind module (right panels) of the basic 
state initial conditions. Panels a)-b), c)-d), and e)-f) refer, respectively, to the 
superposition of a super-rotation and a (2,1), (4,1) and (8,1) RH wave. Contour 
isolines every 5 10^ m 's ‘ for stream function. Contour intervals for wind module 1 
m s ' for panel b), 2 m s ' for panel d), and 8 ms ' for panel f). (From Buizza, 1995b.)
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Orographic 
term in Orographic 

I __ trajectory term in
Experiment \  com putation linear/adjoint

expA  0 .05  Eq. (27) 
expB 0.5  Eq. (27) 
expC —  as expB  
expD  0 .5  as expB

yes
yes
no
yes

yes
yes
no
no

Table 3.2. Characteristics o f the "expA", 
(From Buizza, 1995b)

"expB", "expC" and "expD" experiments.

Case/Case ( 2 , l ) - 1 2 h  (4,1)-12 h ( 8 ,0 - 1 2  h ( 8 ,0 -1 6  days

ex p B -ex p C  4 0  71 72 5
ex p B -ex p D  88 71 72 5
ex p C -ex p D  4 0  99 98 45

Table 3.3. Similarity indices computed between the first 20 singular vectors o f  some 
experiments. (From Buizza, \995h)

X, ; X . dr, d2 <7,; a2

HI 84; 41 90; 45 168; 22
N R  185; 41 11; 45 16; 90
RA 185; 3 11; 67 16; 135

Table 3.4. Characteristics o f  the simple orographies described in section 3.5, Eqs. 
(3.31), (3.32), (3.33) (in degrees). (From Buizza, 1995b)
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Figure 3.4. Solid line; e-folding times (day) o f the 1st singular vector computed  
following the trajectory evolution, for a basic state superposition o f a super-rotation 
and a (8,1) RH wave, with an orographic forcing projecting on spectral component 
(8,1) with maximum amplitude Im(h„ Jh(j)-0.05. Dashed line: as solid line but for 
Im(h„Jho)=0.5. (From Buizza, 1995b.)
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Experiments run with the smallest orographic forcing are named exp A 

experiments, while the expB configuration identifies experiments run with the 

largest forcing (see Table 3.2).

Figure 3.4 shows the e-folding times of the fastest growing exp A (solid 

line) and expB (dashed line) singular vector for one of the three orographic 

forcing [the (8,1) case]. For any optimisation time interval, the expB singular 

vector is more unstable than the analogous expA singular vector. Diagnostics 

studies and comparison with other numerical experiments seem to indicate that 

this is mainly related to the expB basic state being characterized by stronger 

local wind shears, rather than to an increased orographic forcing. This 

confirms the results of Boyd (1983), who studying a simpler system (a linear 

Couette flow) proved analytically that the rate of growth of structures 

amplifying over finite time intervals depends only upon the shear. An 

analogous impact of the orographic amplitude can be detected by comparing 

expA and expB results obtained with the other basic states (not shown).

The comparison among the amplification factors of singular vectors 

computed for the three different basic states indicates that the basic state wind 

field determines the location and the structure of the singular vectors, while the 

magnitude of the local wind shear determine the e-folding time of the singular 

vectors. The singular vectors of basic state super-position of a super-rotation 

and the (2,1) RH wave are the slowest growing, with e-folding times longer 

than 30 days compared to 1-2 days for the (8,1) singular vectors and to values 

of the order of 6-10 days for the (4,1) singular vectors.

As already mentioned, the impact of the orographic forcing on the 

singular vectors can be due to the modification of the basic state evolution 

(indirect effect) or to the inclusion of the orographic forcing in the linear 

equations (direct effect). Two more sets of experiments, expC and expD (see 

Table 3.2), have been run to try to determine the relative importance of the 

direct and the indirect effects. Hereafter experiments run in configuration 

expB are to be considered as reference. Note that each expC and expD 

experiment has the same initial condition for the non-linear model solution as 

the analogous expB experiment. The comparison between the expC and the
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expB experiments highlights both the direct and the indirect effect, since the 

basic state of each expC experiment is computed integrating the non-linear 

equation with the same initial condition as the analogous expB experiment. 

Instead of this, the only difference between an expD experiment and its 

analogous expB experiment is the expB inclusion of the orographic term in the 

linear and the adjoint versions of the model.

Apart from the expC (2,1) results, the e-folding timCs of the expB, 

expC and expD most unstable singular vectors are very similar. This indicates 

that linearizing the model equation around a time-independent or a time- 

evolving trajectory, or including the orographic forcing into the linear 

equations, has a negligible impact on the amplification factors of the singular 

vectors computed with the (4,1) and the (8,1) forcing. Instead of this, the case 

of the (2,1) forcing is different from the other two: the expB and the expD 

singular vectors are more unstable than the expC singular vectors, especially 

for long optimisation time interval. This difference is less evident than the one 

shown when considering basic states defined to be RH waves only (see sub

section 3.4.1), but it confirms that it is easier for perturbations computed with 

the (2,1) forcing to amplify if the basic state is not evolving.

Table 3.3 shows the similarity indices computed between unstable sub

spaces generated by the first 20 singular vectors of some of the experiments 

mn in configurations expB, expC and expD. The first three columns of Table 

3.3 refer to experiments run with a 12h optimisation time interval. First, let 

us consider the experiments run with the (8,1) forcing (3rd column of table

3.3). The expC and the expD unstable sub-spaces are very similar, with 

s(C,D;20)=98%. This suggests that only including the orographic forcing in 

the trajectory computation (indirect influence) has a very small impact on the 

definition of the unstable sub-space. On the contrary, the similarity index 

between the expB and the expD unstable sub-spaces has a smaller value, 

s(B,D;20)=72%. So, the direct influence of topography appears to be more 

important than the indirect influence. Similar conclusions can be drawn 

analysing the experiments run with the (4,1) forcing (2nd column of Table

3.3). Considering longer optimisation time intervals, the numerical results
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confirm that the direct effect is dominant, although the basic state 

characteristics become more important. This is shown, for example, by the 4th 

column of Table 3.3.

The analysis of the results relative to experiments run with a (2,1) 

forcing and with a 12h optimisation time interval (1st column of Table 3) 

gives an opposite indication. Table 3.3 shows that the structure of the slow- 

growing singular vectors of the basic state superposition of a super-rotation 

and a (2,1) RH wave is more sensitive to the basic state characteristics than to 

the inclusion of the orographic forcing in the linear and adjoint equations. In 

other words, it indicates that the indirect effect is dominant with respect to the 

direct effect. Thus, the relative importance of the direct and the indirect 

orographic effects depends upon the basic state characteristics and the 

orographic forcing.

To conclude this section, we want to investigate why the orographic 

forcing does not modify the singular vector amplification factors. Let us 

consider the first 3 terms of the right hand side of the kinetic energy Eq. (3.8). 

If we analyze the structure of the three Jacobians, the regions where the three 

fields have maxima coincide with the regions where the fastest growing 

perturbations are located (not shown). We can compare the contribution of the 

three terms to the kinetic energy tendency. The major contribution to the 

kinetic energy arises from the first term, while the other two terms always give 

a contribution which is some orders of magnitude smaller. The fact that the 

contribution of the orographic term to the kinetic energy tendency is always 

almost negligible explains why the impact of the orographic forcing on the 

singular vector e-folding times is very small. Nevertheless, the fact that the 

third Jacobian is different from zero in the regions where the singular vectors 

are located explains why the orographic forcing can have an impact on the 

singular vector structures (the three Jacobian fields have the same order of 

magnitude).

Although the impact of the orographic forcing on the kinetic energy 

tendency is almost null, its impact on the mean angular momentum tendency 

Eq. (3.9) is detectable. The mean angular momentum of the expC and expD
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Figure 3.5. Panel a): e-folding times (day) o f  the singular vectors of experiments run 
with simple orographic forcing with maximum height h ^ -3 0 0 0  m. Solid line refers 
to experiments run without orographic forcing, dashed line to experiments run with 
the HIS forcing, dotted line to experiments mn with the NR forcing, and chain-dashed 
line to experiments m n with the RA forcing (see section 3.5). Panel b): as panel a) 
but for simple orographic forcing with maximum height h ^ ~  10000 m. (From  
Buizza, 1995b.)

62



Case/Case HI3 HIIO NR3 NRIO RA3 , RAIO

NOORO 64 32 60 36 64 34
HI3 — 43 48 27 50 30
HIIO — 30 19 29 22
NR3 — 58 61 38
NRIO — 42 32
RA3 — 54

Table 3.5. Similarity indices computed between the unstable sub-spaces generated by 
the first 20 singular vectors o f the experiments run with simple orographic forcing (see 
section 3.5). (From Buizza, 1995b)

a

Case/Case O R O L O W .G  ORO H IG H _G

N O O R O -G  84 72
O R O L O W .G  —  84

b

Case/Case NOORO OROLOW  OROHIGH

_ G  vs _R  0 6 9
_ G  vs _H  28 28 30

Table 3.6. Similarity indices computed between the unstable sub-spaces generated by 
the first 20 singular vectors o f  the experiments run with real orography (see section  
3.6). Table 3.6a refers to the _G sub-spaces, and Table 3.6b refers to cross 
comparisons between the _G , _R  and _H sub-spaces. (From Buizza, 1995b)
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singular vectors remains constant, apart from the small dissipation effect due 

to the horizontal diffusion term. Instead of this, a variation can be detected 

in the mean angular momentum of the expB singular vectors. We analyzed in 

details the first 4 singular vectors of two expB experiments, run with a 12h 

optimisation time interval, and with the orographic forcing projecting onto the 

(2,1), or the (8,1) spectral component. For both the experiments, the variation 

of the mean singular vector angular momentum over a 12h period was »5f the 

order of 100%.

3.5 Singular vector sensitivity to simple orographies

In this section we investigate the impact of mountains with very simple but 

more realistic shapes than the orographies projecting onto one spectral 

component. The basic states are the same as the basic states of sub-section 

3.4.2, i.e. a super-position of a super-rotation and a RH wave with initial 

amplitude defined by Eq. (3.27) with Im(h„ Jho)=0.5. Three types of 

mountains have been designed to check whether results are shape dependent.

Each orography has been defined as

h(x,y) = h ^ f ^ ( x ) f p )  , (3.31)

where

(Of-x/

{ X - X ~ )  { X - X " )  o"

f i x )  = -  -----------   e ' i f  x '  < x < x *  ,

f  ix) = 0  i f x ^ x ,  or x ^ x  , (3.32)

with
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X. = x  -d., X* = x  +d,y 1 = 1,2 . (3.33)
I I I I  I I

The parameter determines the maximum height, x,, X2 the longitude and 

latitude coordinates (in degrees) of the maximum, and a,, d  ̂ for /=7,2 the 

shape of the mountain (in degrees). The characteristics of the three mountains 

are reported in Table 3.4. The mountains have been designed to represent the 

Himalayas (HI), the Rockies (NR), and a continuous Rockies/Andes chain 

(RA). For each basic state, experiments have been run with two maximum 

heights h„^=3000 m and 10000 m. Hereafter, experiments run without 

orographic forcing will be identified by NOORO, and experiments run with the 

Himalayas type of mountains with h ^= 10000  m by HIIO. The same naming 

convection will be applied to experiments run with the other orographies. The 

singular vectors have been computed with a time evolving trajectory, with the 

basic state initial condition given by Eq. (3.26) (see Fig. 3.3) and with a 12h 

optimisation time interval. Results relative to the (2,1) and on the (8,1) cases 

are discussed in sub-section 3.5.1.

3.5.1 Impact o f  simple orographies on singular vectors o f  a basic state 

super-position o f a super-rotation and a RH-wave 

Let us first consider a basic state super-position of a super-rotation and a (2,1) 

RH wave. Figure 3.5 shows the impact of the orographic forcing on the e- 

folding times of the singular vectors. If we consider experiments run with 

hmax=3000 m (panel a)) we can see that the action of the NR3 or the RA3 

orographies changes the amplification factors of the most unstable singular 

vectors, while the HI3 orography has the weakest effect on the e-folding times. 

If we consider experiments run with 10000 m, the NRIO orography has 

the strongest impact, followed by RAIO and then by HIIO (Fig. 3.5b).

The impact on the singular vector structures is more evident than on 

their amplification factors (see Table 3.5). Let us first consider the first row 

of Table 3.5, that compares the unstable sub-spaces generated including an 

orographic forcing with the unstable sub-space generated without orography.
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It shows that the higher is the mountain the stronger is the impact. Moreover, 

table 3.5 indicates that the similarity index is very weakly shape dependent.

Let us consider the HI3 and the NOOp.0 sub-spaces: their similarity 

index has a high value, s(HI3JSfOORO;20)=64%. Examination of the 

projection matrix between the HI3 and the NOORO sub-spaces (not shown) 

reveals that the first 4 HI3 singular vectors have more than 97% of their norms 

projecting onto the first 4 NOORO singular vectors. The 5th HI3 singular 

vector has instead only 13% of its norm explained by the first 20 NOORO 

singular vectors. The reason is that the 5th singular vector is the first among 

the HI3 singular vectors related to the presence of the orographic forcing, with 

its maximum amplitude located where the orography is higher. If we now 

consider the HIIO and the NOORO sub-spaces, the similarity index between 

them has a lower value s(HI10J^OORO;20)=32%. The first 8 HIIO singular 

vectors do not project onto the NOORO sub-space and are all located in the 

orographic region. It is only after the 9th singular vector that they start 

projecting onto the NOORO sub-space.

In section 3.4 we have seen that the presence of the orographic forcing 

induces a variation in the mean angular momentum. The mean angular 

momentum variation with respect to the initial value during a 12h period is 

less than 2% for the first 3 HI3 singular vectors, it is around 15% for the 4th 

singular vector, and it is around 50% for the 5th singular vector. Instead of 

this, it is larger than 150% for the first 4 HIIO singular vectors. Compared to 

the Himalayan type of orography, the impact of NR or RA orographies on the 

mean angular momentum is not so large also when h ^ = 10000 m (if we 

consider the first 4 NRIO and RAIO singular vectors, it is always smaller than 

100%).

It is worth comparing the impact of localized versus wave-type 

orographies, comparing the similarity indices reported, respectively, in Table 

5 and in the first row of Table 3 (note that the two tables refer to orographies 

with similar amplitude). The comparison between the two tables show that 

localized orographies have a stronger impact than wave-type orographies on 

the singular vector structures.
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Figure 3.6 shows the orography and the most unstable singular vector 

of the HIIO and RAIO experiments. The singular vectors are located in the 

regions of orographic forcing. On the contrary, the NOORO singular vectors 

are located close to the equator (not shown). For both cases, although there 

exists a strong dependence of the singular vector structures on the orographic 

forcing, the contribution to the energy tendency Eq. (3.8) of the orographic 

term remains almost negligible.

Let us now consider a basic state super-position of a super-rotation and 

a (8,1) RH wave. For this basic state the singular vectors are less sensitive to 

the simple orographic forcing (3.31), and the e-folding times of the singular 

vectors computed with the different orographic forcing are very similar (not 

shown). Moreover, the unstable sub-spaces generated by these experiments are 

all very similar, with similarity indices greater than 90% for all the cases apart 

from s(HI10,NOORO;20)=83%, indicating that the orography has a small 

impact on the singular vector stmctures as well.

3.6 Impact of a real orography on singular vectors 

of realistic basic states

In this section we analyze the impact of a realistic orography on a realistic 

basic state flow. The basic state initial condition is the mean winter value 

computed from the ECMWF analyzed vorticity field at 300hPa, averaged 

between 1 December 1990 and 15 March 1991. Figure 3.7 shows the basic 

state initial condition. Since we want the barotropic approximation given by 

Eq. (3.2) to be as accurate as possible, the barotropic vorticity equation has 

been integrated including both the dissipation terms. The trajectory has been 

computed integrating the non-linear Eq. (3.2) with a constant forcing term on 

the right hand side to keep waves with total wave number n<10 stationary, so 

that the basic state evolution is closer to reality. The orographic field h(Àj4) 

of Eqs. (3.2), (3.4) and (3.6) is the T21 truncation of the real orographic field 

used at ECMWF (see Fig. 3.8). Apart from when clearly stated, the 

optimisation time interval of all the experiments of this section has been fixed 

to 12h to have the basic state
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Figure 3.6. Top panels: orography (left panel) and most unstable singular vector 
(stream function, right panel) com puted for a basic state super-position of a super
rotation and a (2,1) RH wave, with the HIIO orography. Bottom panels: as top panels 
but with the NRIO orography. Contour isolines every 1000 m  for orography. The 
singular vectors are normalized to have unitary kinetic energy norm: stream function 
contour intervals every 1.5 10^ m 's '.  (From Buizza, 1995b.)

b)

Figure 3.7. Mean winter '90-'91 300 hPa stream function (panel a) and velocity 
module (panel b). Contour intervals every 10^ rrrs'^ for stream function and every 5 
ms ' for wind module. (From Buizza, 1995b.)

68



Figure 3.8. Real orographic field truncated at T21. Contour intervals every WOO m. 
(From Buizza, 1995b.)
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Figure .3.9. Realistic singular vectors. Ordinate: e-folding times (day) of the first 20 
singular vectors of the experiments OROLOW _G (solid line), OROLOW _R (dashed 
line), and OROLOW _H (dotted line). Abscissa: singular vector number (singular 
vectors have been sorted in decreasing order with respect to amplification factors). 
(From Buizza, 1995b.)
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time evolution as close as possible to the real time evolution. A new 

operator, the local projection operator, has been added to the system to study 

singular vectors growing in a particular region. Sub-section 3.6.1 describes 

the local projection operator and sub-section 3.6.2 analyses the impact of the 

orographic forcing on the transient instabilities.

3.6.1 The Local Projection Operator 

The concept of local growth has been introduced by Barkmeijer (1992) when 

studying error growth in a single position in the physical space. Instead of 

this, here we are interested in computing perturbations growing inside a region 

of the physical space. Suppose that the state vector of the system is defined 

in the spectral space, as it is the case for our model. We can define the local 

projection operator T  as

T = S' ^ G S  , (3.34)

where S represents the operator that transforms the spectral vorticity field into 

the wind field in the grid point space, represents the inverse transformation, 

and G the multiplication of the wind field in the physical space by a weight 

function g(xjpc2)y where Xj,X2 identify the longitude and the latitude coordinates. 

The weight function has been defined as

-  «((JCj) . (3.35)

where

Y
2

0g f x ^  = e for  x <x ,  ,

s i x )  = 1 for  x j ^ x . ^ x .
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2Og.{x) = e for  x >x, , (3.36)
I l  I I

where the coordinates are in degrees, and o=10°. Applying the operator T  

after the last time step of the linear integration we can constrain the state 

vector to grow over the defined local area

= <T Z, x ^ E  T L x >  . (3.37)

Note that the norm of a state vector at initial time and after the action of the 

operator TL is always computed in spectral space following the definition 

(3.14). Applying the definition of the adjoint (3.16), the norm can be 

computed as

w o n ' = <x^, L '  T '  E  T  L x >  , (3.38)

where L*, Ÿ  are the adjoints of the operators L, T. Equation (3.38) defines the 

problem to be solved to constrain the perturbations to be, at final time, very

large inside the local area defined by x  ;x ;x ;x . 
°  1 1 2  2

3.6.2 Impact o f a realistic orography on the singular vectors 

o f a mean winter state 

We ran a first set of experiments with and without the orographic forcing and 

with the local projection operator defined by two areas, "R" in the Rockies 

region and "H" in the Himalayas region

R\ 210^x ^300 ; O^JC^^SO

H: ^150 ; 0^% ^60 , (3.39)

71



where Xj and and represent the longitude and latitude coordinates.

Experiments have been run with the realistic orography shown in Fig. 

3.8 and with a 2-times higher orography to highlight the impact of the real 

orography on the singular vector structures. Hereafter the following naming 

convention is followed: NOORO_G identifies the experiment run without the 

orography and without the local projection operator, NOORO_R the 

experiment run without the orography and applying the local prejection 

operator defined by the "R" local area, NOORO_H the experiment run without 

the orography and applying the local projection operator defined by the "H" 

local area. The string OROLOW (low mountains) and OROHIGH (high 

mountains) identify experiments run with the two different orographies.

First, let us consider the experiments run with the global norm 

(NOORO_G, OROLOW_G and OROHIGH_G). The impact of the orographic 

term on the singular vector amplification factors is very small, with the 

singular vectors computed with the stronger forcing characterized by slightly 

smaller e-folding times (not shown). The first 10 singular vectors of all the 

experiments have e-folding times around 25-30 hours, going up to around 50 

hours for the 20th singular vector. The same result is given by the 

experiments run with the local projection operator defined by the "H" area 

(NOORO_H, OROLOW_H and OROHIGH_H). Instead of this, if we consider 

the experiments run with the "R" local area (NOORO_R, OROLOW_R and 

OROmGH_R), the OROLOW_R singular vectors have e-folding times similar 

to the NOORO_R singular vectors, while the OROHIGH_R singular vectors 

have e-folding times 20% smaller than the e-folding times of the NOORO_R 

singular vectors, indicating a destabilizing effect by the orographic forcing. 

This suggests that if the local projection operator is defined by an area within 

which the orographic forcing is large the orographic impact can be detected 

also on the singular vector e-folding times. Figure 3.9 shows the e-folding 

times of the most unstable singular vectors computed with the OROLOW 

orographies, without the action of the local projection operator and with the 

local projection operator applied to the areas defined in Eq. (3.39). (The 

application of the local projection operator reduces the dimension of the
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growing sub-space, and this can lead to smaller amplification factors with 

respect to the equivalent global calculation).

The results of sections 3.4 and 3.5 suggest that the unstable sub-spaces 

should be more sensitive than the amplification factors to the orographic 

forcing. Table 3.6a, which reports the similarity indices computed between the 

different unstable sub-spaces generated by the first 20 singular vectors of the 

experiments run with the global norm, confirms this conclusion. The analysis 

of the projection matrix M(NOORO_G,OROHIGH_G,20) shows that four 

OROHIGH_G singular vectors, the singular vectors number 12, 16, 17 and 18, 

have a very small projection onto the NOORO_G sub-space (6%, 2%, 10% 

and 39%, while all the others have values greater than 78%). Figure 3.10 

shows the 1st, the 12th and the 16th OROHIGH_G singular vectors at initial 

and final time. At initial time, the 1st singular vector is located at the entrance 

of the Asian-west Pacific jet stream, the 12th and the 16th singular vectors are 

located in the Rockies region, while the 17th and the 18th singular vectors are 

located in the Asian continent. The 12th and the 16th OROHIGH_G singular 

vectors identify instabilities induced by the underlying topography. This is less 

evident for the 17th and the 18th singular vectors, since they have structures 

more similar to the NOORO_G singular vectors (not shown).

The same comparison can be done between the unstable sub-spaces of 

the NOORO_G and OROLOW_G experiments. Three OROLOW_G singular 

vectors, the singular vectors number 15, 19 and 20, have only 44%, 72% and 

50% of their total energy norm explained by the first 20 NOORO_G singular 

vectors. The 15th and the 19th singular vectors are located in the region of the 

northern hemisphere Rockies, while the 20th singular vector has a very spread 

structure. The comparison of the OROHIGH_G and the OROLOW_G 

singular vectors confirms that there are similarities between the "orographically 

induced" singular vectors. The 12th OROHIGH_G singular vector has the 

largest projection of its norm (66%) onto the 15th OROLOW_G singular 

vector, and the 16th OROHIGH_G singular vector has its largest norm 

projection (21%) onto the 19th OROG_10 singular vector. The fact that the 

12th OROHIGH_G singular vector projects mainly onto the 15th OROLOW_G
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singular vector suggests that these two singular vectors identify the same type 

of instability. The same consideration can be made considering the 16th 

OROHIGH_G and the 19th OROLOW_G singular vectors.

To verify if singular vectors of different experiments are related to the 

same growing mechanism, we can compare, for example, the OROHIGH_G 

and the OROHIGH_R sub-spaces (see first line of Table 3.6b). The similarity 

index increases with the forcing. Only when the orography is present the two 

unstable sub-spaces show some similarity, since only in this case similar 

structures are excited. The projection matrix computed between these 

experiments confirms this: the 12th and the 16th OROHIGH_G singular 

vectors are the only two singular vectors projecting onto the OROHIGH_R 

sub-space more than 3% of their norm. They project, respectively, 90% on the 

1st OROHIGH_R singular vector and 95% on the 2nd OROHIGH_R singular 

vector. This is a very remarkable result that confirms that these structures are 

related to the action of the Rockies. If we consider experiments run with a 

smaller orographic forcing (OROLOW_G and OROLOW_R) the result is 

similar. The 15th is the OROLOW_G singular vector with the largest 

projection on the OROLOW_R sub-space with a value of 57%, entirely onto 

the 1st OROLOW_R singular vector. The 19th singular vector has the second 

largest projection with a total projection of 26%, with 22% projected onto the 

2nd OROLOW_R singular vector.

Now, let us consider the unstable sub-spaces computed by the 

experiments run with the global and with the "H" area (i.e. the OROHIGH_G 

and the OROHIGH_H sub-spaces, see second line of Table 3.6b). First, we 

can see that the similarity index is not sensitive to the orographic forcing. 

This indicates that the orographic forcing induced by the mountains of the "H" 

region has a smaller impact on the singular vectors. Secondly, we can see that 

for all the forcing the similarity indices computed between the global and the 

"H" sub-spaces are higher than the indices computed between the global and 

the "R" sub-spaces. This happens because the "H" region is in general more 

unstable than the "R" region, and thus many of the unstable structures located 

in this region are characterized by large amplification factors and they can be
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identified within the first 20 most unstable singular vectors also using a global 

norm.

We conclude this section with an analysis of the time evolution of the 

1st, the 12th and the 16th OROHIGH_G singular vectors. At initial time, the 

1st singular vector tilts opposite to the wind shear (see Fig. 3.10 for the 1st 

singular vector, and Fig. 3.7 for the basic state), so that the energy flows from 

the basic state to the perturbation (see HaltiriL*r and Williams, 1980). During 

its time evolution it changes shape, and at final time it has a weaker tilt 

opposite to the wind shear indicating that the energy flow towards the 

perturbation has been reduced. The first 7 OROHIGH_G singular vectors are 

all located in this area. Starting from the 8th until the 11th singular vector, 

they all have maximum amplitude over the Sahara region (not shown). The 

12th singular vector is located over the NH Rockies (see Figs. 3.10c and 

3.10d), as well as the 16th singular vector (see Figs. 3.10e and 3.1 Of). The 

singular vectors with numbers between 12 and 16 are less localized than the 

previous one, with maximum amplitude over the African and the Asian 

continents.

If we consider the kinetic energy Eq. (3.8), the impact of the 2nd and 

of the 3rd right hand side terms to its time evolution are almost negligible for 

the three considered singular vectors (i.e. singular vectors number 1, 12 and 

16). Considering the three Jacobian terms of Eq. (3.8), the ratio between the 

maximum value of the 2nd and the 3rd with respect to the 1st term are, 

respectively, 0.18 and 0.13 for the 1st singular vector, and 0.22 and 0.32 for 

the 12th singular vector. The mean angular momentum variation, with respect 

to the initial value over a 12h period, is 5% for the 1st singular vector, while 

for the 12th and the 16th singular vectors is 73% and 140%. If we analyze the 

angular momentum variation of all the first 20 singular vectors, we can see 

that not only the 12th and the 16th singular vectors are characterized by a 

large angular momentum variation. This is also the case of the 2nd or the 4th 

singular vector, for example. For all the singular vectors, the angular 

momentum variation is an indication of the fact that the orographic forcing has 

an impact on their structures.
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Figure 3.10. Realistic singular vectors. Panels a)-b); 1st OROHIGH_G singular 
vector (stream function) at initial and final time. Panels c)-d): as panels a)-b) but for 
the 12th OROHIGH_G singular vector. Panels e)-f): as panels a)-b) but for the 16th 
OROHIGH_G singular vector. The singular vectors are norm alized to have unitary 
kinetic energy norm; contour intervals every 3 10^ rrts ‘. (From Buizza, 1995b.)
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Figure 3.11 shows the energy spectra at initial and final time of the 1st, 

the 12th, and the 13th singular vector. The 13th singular vector has been 

chosen because it has an amplification factor similar to the 12th singular vector 

(the spectrum of the 16th singular vector, not shown, is very similar to the 

spectrum of the 12th singular vector). Note that, for each singular vector, the 

spectrum at final time is shifted towards smaller wave numbers than the 

spectrum at initial time, indicating an upscale energy transfer during the 

optimisation time interval {Buizza and Palmer, 1995). At initial time the three 

energy spectra are similar while they are different at final time, although all 

have maximum energy projection on spectral components with total wave 

number 6<n<15. The comparison of the singular vector spectra indicates that 

the orographic forcing does not have a sizeable impact on the singular vector 

spectra. These considerations are confirmed by the analysis of the spectra of 

the OROLOW_G singular vectors.

It is worth mentioning the results of two more sets of experiments. The 

experiments of the first set are analogous of the NOORO_G, OROLOW_G and 

OROHIGH_G, but were run with a constant basic state. The unstable sub

spaces generated by the first 20 singular vectors of these three experiments 

were very similar, with similarity indices greater than 96%. This indicates 

that, when considering realistic situations, the indirect influence of the 

orography is more important than the direct effect.

The second set of experiments was mn to study the impact of the 

orography on singular vectors computed with a longer optimisation time 

interval. Results obtained with a 4-day optimisation time interval show that 

the impact of the orography on the singular vectors e-folding times is very 

small: the NOORO_G singular vectors and the OROLOW_G singular vectors 

have very similar values, while the OROHIGH_G singular vectors have e- 

folding times 6 hours smaller. The singular vectors of all these experiments 

have a less localized structure than the singular vectors computed with a 12h 

optimisation time interval. The comparison of the unstable sub-spaces 

confirms the results obtained with a 12h optimisation time interval.
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Figure 3.11. Realistic singular vectors. Ordinate: kinetic energy spectra at initial 
(dashed line) and final (solid line) time o f the 1st (panel a), 12th (panel b) and 16th 
(panel c) OROHIGH_G singular -vectors (singular vectors have been normalized to 
have unitary kinetic energy norm). Abscissa: total wave number n. (From Buizza, 
1995b.)
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The similarity indices computed between these different experiments

are

4 n o o r o _ g , o r o l o w _ g ,2 o)= a i % .

s (N œ R O _ G ,O R O H IG H _ G ,2 0 )= 2 0 %  ,

s(O R O H IG H _G ,O R O L O W _G ,20) =4S% . (3.40)

Although the impact of the orography on the unstable sub-spaces is clear from 

the similarity indices, it is not possible to isolate singular vectors localized in 

the regions of maximum orographic forcing. Generally speaking, since all the 

singular vectors are less localized, lots of them have some structures in the 

regions where the orographic forcing is acting but none of them have 

structures similar to the OROHIGH_G singular vectors.

3.7 Conclusions

Following Farrell (1985, 1990) we have focused on perturbations of barotropic 

flows growing fastest over finite time intervals. They are the most unstable 

singular vectors of the operator L*^L, where L  is the propagator of the linear 

barotropic vorticity equation and L*^ is its adjoint with respect to the energy 

norm (3.14). They have been computed using the adjoint technique.

In the first part of this work we have considered basic states defined 

to be simple Rossby-Haurwitz (RH) waves, neglecting the orographic and the 

Ekman pumping terms of the vorticity equation. We have verified that flows 

characterized by neutral or damped normal modes can sustain growing singular 

vectors.

We have then considered orographic forcing projecting onto one 

spectral component only, and basic state consisting of a superposition of a 

super-rotation and a Rossby-Haurwitz wave with an initial amplitude defined 

so that, in the presence of the orographic forcing, the initial condition is a 

stationary solution of the non-linear barotropic equation. We have shown that 

the singular vector amplification factors are determined by the wind shear, and
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that different basic states with similar local shears can have singular vectors 

with similar amplification factors. Instead of this, the basic state wind field 

characteristics are essential in determining the singular vector structures.

The presence of an orographic forcing has two effects: first it changes 

the basic state characteristics (indirect effect), and secondly it introduces a 

forcing in the linear and adjoint model equations (direct effect). We have 

verified that in general both the effects are important in defining the singular 

vector characteristics, although in some situations one can be dominant. In 

fact, singular vectors of basic states defined adding a (4,1) or a (8,1) RH wave 

are more sensitive to the inclusion of the orographic term in the linear and 

adjoint model equations, while the singular vectors of basic state defined 

adding a (2,1) RH wave are more sensitive to the indirect effect.

Diagnostics of the singular vector time evolution have shown that the 

contribution to the singular vector kinetic energy tendency of the orographic 

forcing is almost negligible. This explains why orography has a little impact 

on singular vector e-folding times although it has an impact on their structures 

when the norm of a perturbation is defined as its kinetic energy. The 

importance of the orography in defining the singular vector structures has been 

confirmed by analyses of the singular vector angular momentum equation.

Considering more localized but still idealized orographies, we have 

shown that, in the case of a basic state super position of a super-rotation and 

a (2,1) RH wave, the orography can have a larger impact on the singular 

vector structures than wave-type orographies. For this particular basic state we 

were able to identify "orographically induced" singular vectors. This effect 

was not detectable when adding to the super-rotation a (4,1) or a (8,1) RH 

wave.

In the second part of this work we have analyzed the effect of a 

realistic topography on the singular vectors of a realistic basic state, defined 

as a winter average of the analysis of the 300hPa vorticity field. A powerful 

tool, the local projection operator, has been introduced to restrict attention to 

perturbations growing in a particular geographical region. Experiments run 

without introducing any constraint on the region of growth have confirmed that
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orography has a small impact on the singular vector amplification factors. 

However, experiments run with the local projection operator applied to the 

Rockies area have shown that, if the area that defines the local projection 

operator is characterized by a large orographic forcing, its impact can be 

detected also in the singular vector e-folding times. We have been able to 

identify "orographically induced" singular vectors growing in the Rockies 

region, whose presence is related to the action of the underlying orography.

The comparison between^experiments run with a constant trajectory and 

with an evolving trajectory have shown that in a realistic situation the indirect 

effect of the inclusion of the orographic forcing is more important than the 

direct effect. We have also verified that if optimisation time intervals longer 

than 12h are considered it is more difficult to isolate singular vectors with 

structures localized in the regions of maximum orographic forcing.
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Chapter 4

ON THE ROLE OF FINITE-TIME BAROTROPIC INSTABILITY 

DURING TRANSITION TO BLOCKING

(The following Chapter is the text of Buizza and Molteni, 1996.)

Linear instability analysis is applied to study the role barotropic dynamics 

in the evolution of blocking events during winter 1990-1991. Finite-time 

interval instabilities (i.e. non normal-mode structures defined as the singular 

vectors of the tangent propagator) growing over periods of 4 days have been 

computed using adjoint methods. Correlation between large values of the 

singular vector amplification rate and the occurrence of blocking onset in the 

real atmosphere is studied.

A correspondence is found between periods with the largest singular 

vector amplification rates and periods either leading to blocking formation or 

covering the mature phase of blocks. It is shown that at final time the singular 

vectors tend to have largest amplitude in the same regions of planetary wave 

ridging where blocks develop. On average, singular vectors developing on the 

Pacific have larger growth rates than those in the Euro-Atlantic region.

The analysis of some case studies indicate a qualitative similarity 

between observed tendencies and their projections onto the 5 leading singular 

vectors, although correlation coefficients between actual and projected fields 

are small. The cases with largest tendency correlation are associated with the 

formation of blocking dipoles from pre-existing planetary-scale ridges of larger 

meridional scale. Overall, our results indicate that barotropic instability is 

mostly driven by planetary-wave amplification rather than being the cause of 

it, and mainly contributes to a rather mature stage of blocking development.

Energetics of barotropic perturbations indicate that dipole structures 

similar to blocking patterns can efficiently gain energy from the planetary-scale 

flow provided that the longitudinal gradient of the basic-state zonal wind in 

the jet exit has a comparable magnitude to the meridional gradient of near 

the jet core. It is shown that an anomaly reinforcing the basic-state ridge on
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the eastern side of the Pacific and/or Atlantic ocean (therefore increasing the 

magnitude of the longitudinal wind gradient) is necessary for a dipole structure 

to emerge as the fastest growing perturbation.

4.1 Introduction

Blocking is a typical example of a persistent anomaly that can affect the 

atmospheric circulation. It is characterized by a splitting of the mid-latitude 

jet stream into two distinct currents. In its mature stage, it commonly has a 

dipole structure, with a high latitude anti-cyclone located to the north of a 

cyclonic region (e.g. Rex, 1950).

Understanding the dynamical processes that lead to the formation, 

maintenance and decay of blocking is a problem of considerable theoretical 

interest as well as practical relevance for numerical weather prediction and 

climate simulation. The studies of Tracton et al. (1989), Tibaldi and Molteni 

(1990) and Miyakoda and Sirutis (1990) showed that a significant number of 

failures in medium- and extended-range predictions resulted from the inability 

to predict the evolution of blocking events for longer than a few forecast days, 

and that under-prediction of blocking contributed to a large proportion of the 

perceived 'systematic' error of the model.

As noted by Pierrehumbert and Malguzzi (1984), theories to explain 

blocking-type persistent anomalies can be classified as global or local. In the 

global approach, highly persistent or recurrent anomalies of the atmospheric 

circulation are explained in terms of multiple stationary or oscillatory 

equilibrium states associated with planetary wave resonance in response to 

orographic and thermal forcing (e.g. Charney and DeVore, 1979; Mitchell and 

Derome, 1983). Charney and DeVore argued that in reality blocking 

corresponds to a metastable equilibrium state, and that the system instabilities 

act to drive it from the attractor basin of one equilibrium state into the basin 

of another. In theories of this type, the role of high-frequency transients is 

simply to generate transitions between different regimes.

Following the pioneering work by Green (1977), observational evidence 

has accumulated that synoptic-scale systems play a central role not only in the
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initiation, but also in the maintenance of blocks against dissipation (and 

advection in the upper troposphere) by the so-called eddy-straining mechanism 

(e.g. Illari and Marshall, 1983; Shutts, 1983; Illari, 1984; Hoskins et al., 1985; 

Hoskins and Sardeshmukh, 1987). These studies showed that decaying 

cyclones deposit in an irreversible way low potential vorticity air in the 

western flank of the anticyclone structure.

Consistent with this evidence, and with statistics showing that 

occurrences of blocking in the Euro-Atlantic and Pacific sectors are only 

weakly correlated with each other, 'local' theories have been developed which 

try to model blocking as a local non-linear equilibrium, resonantly excited and 

maintained by the 'forcing' due to synoptic-scale eddies.

Haines and Marshall (1987) adopted the equivalent barotropic modon 

as a 'zero-order' model of blocking, and investigated the role of synoptic-scale 

systems in maintaining this type of local coherent structure against dissipation. 

They studied the behaviour of eddies generated by a wave-maker impinging 

on the modon from the west, simulating conditions at the end of the 

atmospheric storm track, and demonstrated that the potential vorticity transfer 

of the eddies in a diffluent flow is in the sense to sustain the modon.

Vautard et al. (1988) and Vautard and Legras (1988) investigated the 

dynamics of a quasi-geostrophic flow in the presence of a localized baroclinie 

jet, using a very long integration of a two-layer model in a beta-channel. 

Their model was able to spontaneously generate baroclinie perturbations 

growing and decaying along a storm track. Moreover, their simulation showed 

a maximum of low-frequency variability at the end of the track, in agreement 

with atmospheric observations. Two zonal regimes and a blocked regime were 

defined by searching for quasi-stationary states of the equations for large-scale 

flow, in which the non-linear feedback of the smaller scales was expressed as 

a statistically-defined function of the large-scale flow itself. In particular, 

during the blocking regimes, the transients acted to maintain the large-scale 

anomaly against dissipation.

Though non-linearity appears to be a crucial element in either global 

or local theories of blocking maintenance, the problem of blocking onset (i.e.
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the generation of high-low vortex pairs in specific geographical locations) may 

be approached by linear instability analysis.

Frederiksen (1982) analyzed this problem using, a two-layer 

hemispheric quasi-geostrophic model. He considered the onset of blocking as 

a normal-mode instability of mixed baroclinic-barotropic type, which grows on 

the three-dimensional climatological flow. In a later paper, Frederiksen and 

Bell (1990) analyzed the role of baroclinie, barotropic, topographic and mixed 

instabilities (of normal-mode type) during a period of persistent blocking in the 

Euro-Atlantic region in January 1979, using a barotropic and a hemispheric 5- 

level quasi-geostrophic model. They found a similarity between the evolution 

of large-scale, equivalent barotropic dipole/multipole modes and the dynamical 

developments observed during the blocking episode, and concluded that 

barotropic instability appears to be the most important mechanism for the 

formation of what they called 'mature blocking modes'.

Instability studies indicate that normal-modes can have very large 

fmite-time local growth compared to their e-folding times. Simmons et al. 

(1983) computed the most unstable normal-mode of a barotropic model 

linearized around the 30 kPa climatological mean January flow. They found 

that although globally the mode had an e-folding time of about one week, 

locally it exhibited periods of instantaneous growth rates of a factor of 3 in 5 

days, alternating with periods of energy dispersion. Analysing the kinetic 

energy evolution of the fastest growing normal-mode by means of the E- 

vectors {Hoskins et a l,  1983), Simmons et a l  (1983) showed how the growth 

occurred mainly downstream of the je t maxima where the mode had a north- 

south dipole structure.

Considering linear instabilities, Lacarra and Talagrand (1988) and 

Farrell (1990) pointed out that in general normal-modes are not the fastest 

growing perturbations over a fmite-time interval. Using a technique pioneered 

in a meteorological context by Lorenz (1965), 'optimal' perturbations can be 

found, which are a combination of different normal-modes and exhibit a much 

larger growth rate than the most unstable normal-modes. 'Optimal' 

perturbations for actual atmospheric flow patterns were computed by Borges
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and Hartmann (1992) using a barotropic model and by Molteni and Palmer 

(1993) using both a barotropic and a 3-level quasi-geostrophic model.

There is general consensus of observational and theoretical studies that 

barotropic dynamics play a significant part in both the evolution and 

maintenance of blocking events [in addition to the papers quoted above, see 

the case studies by Tracton (1990) and Mak (1991)]. This study focuses on 

the dynamics of blocking onset, and investigates if finite-time barotropic 

instability occurring on a time-scale of a few days play an important role in 

this phenomenon. In this context we use a linear barotropic model as a 

diagnostic tool to analyze the importance of barotropic energy conversions in 

blocking versus non-blocking situations. Note that it is implicit in this choice 

that the non-linear self-interaction of the perturbation can be neglected; this 

hypothesis may not be fully justified, and may lead to an underestimation of 

the role of barotropic dynamics for large-amplitude anomalies.

We first ask whether there is a correlation between large values of the 

amplification rate of barotropic finite-time instabilities and the occurrence of 

blocking onset in the real atmosphere. We address this problem using data 

from the (northern hemisphere) winter 1990-91, a period characterized by an 

anomalously high frequency of blocks in both the Euro-Atlantic and the Pacific 

sector.

Given a portion of the phase-space trajectory of a dynamical system, 

the orthogonal axes of phase space associated with the most unstable finite

time perturbations identify the 'local' sub-space where finite-time instabilities 

develop. If barotropic finite-time instabilities explain the dynamics of blocking 

onset, then we should expect the observed tendency fields leading to blocking 

events to project significantly onto this unstable sub-space. This hypothesis 

is verified in our study.

Finite-time unstable perturbations are computed using the technique 

first proposed in a meteorological context by Lorenz (1965), which uses the 

tangent and adjoint linear models deduced from the non-linear equations of 

motion. The linearization is done following a trajectory defined by the 

observed time evolution of the large-scale flow at the 30 kPa level.
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Section 4.2 describes the model equations and the methodology applied 

in this study. Section 4.3 discusses the atmospheric situation during winter 

1990-91. Section 4.4 examines the intra-geasonal variability in the 

amplification rate and location of the fmite-time unstable perturbations. A few 

case studies are presented in Section 4.5, where maps of observed tendencies 

are compared with their projections onto the fastest-growing perturbations. 

Section 4.6 describes experiments performed with a time-invariant (instead of 

a time-evolving) basic state. Our results are summarized and discussed in 

Section 4.7.

4.2 Methodology

4.2.1 The barotropic model 

The numerical model used for our experiments has been derived from the 

vertically integrated vorticity equation in spherical geometry:

^  , (4.1)
dt h X ‘"ff

0 E

where ijf is the stream function, C=Aifr the relative vorticity, A and J(.!;..) 

respectively the Laplacian and the Jacobian of horizontal fields, /  the Coriolis 

parameter, h the topographic height and Hq a reference height. The motion is 

retarded by a vorticity sink (Ekman dissipation) governed by a characteristic 

dissipation time Tg . A horizontal diffusion term proportional to the fourth 

power of the Laplacian has been added to simulate the effect of the unresolved 

scales of motions, and to control small scale instabilities. A forcing term 

acting as an energy source for the model should be added on the right-hand- 

side of Eq. (4.1) in non-linear integrations. All the variables in Eq. (4.1) are 

non-dimensional, with the space coordinates scaled by the earth radius a, and 

time scaled by (2Ü)'^ , where Ü  is the Earth angular velocity.

Equation (4.1) is discretized through an expansion in spherical 

harmonics with triangular truncation at total wavenumber 21. The model is
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integrated numerically using a filtered leapfrog scheme for the advective terms 

and a forward scheme for the dissipative terms.

The orographic forcing term has been computed using the T21 

truncation of the real orography, and the reference height parameter has been 

set to h()=10000 m [we refer to Buizza (1995) for an analysis of the impact of 

the orographic forcing on barotropic singular vectors, and for a sensitivity 

study of the singular vectors definition to the height parameter hg ]. The 

Ekman dissipation time has been set to 10 days, and the horizontal 

diffusion coefficient is equivalent to a 10-day damping time for the 

highest wavenumber in the model. (We deliberately chose to have the smallest 

diffusion which effectively eliminated a spurious accumulation of energy in the 

smallest model scales).

4.2.2 Linearization and definition o f finite-time unstable perturbations 

The linearized time derivative of a perturbation C -  ̂  superimposed on a

(time-evolving) basic state C = A if is

^  = - 7 ( $  ■ (4 .2 )
dt A T

0 £

Define the linear propagator L(tj,tg) as the operator that integrates a

streamfunction perturbation from tg to tj according to Eq. (4.2), so that

. (4 .3 )

and let L* be the adjoint of L with respect to the energy inner product

( ; i|r’̂  > = -  ij;’̂  A d S  , (4.4)

where U  identifies the total sphere.

It can be shown {Lorenz, 1965; Lacarra and Talagrand, 1988; Farrell, 

1990) that the perturbations at tg that have the largest energy amplification

89



from îq to tj are the leading eigenvectors of L*L, or equivalently the (right) 

singular vectors (hereafter singular vectors) of L  with the largest singular 

values. Even with a time-independent basic state, the growth rate and spatial 

structure of these perturbations depend on the optimization time interval tj-tg. 

Moreover, the singular vectors chjaracteristics depend strongly on the norm 

definition, that in our case is the norm associated to the energy inner product 

defiJîed in Eq. (4.4).

To study the possible role of fmite-time barotropic instability in actual 

blocking episodes that occurred during winter 1990-91, the actual atmospheric 

trajectory defined by a series of ECMWF analyses of 30 kPa vorticity has been 

used as a time-evolving basic state. In particular, given a planetary-scale flow 

which defines the position of quasi-stationary ridges, it is of interest to verify 

whether fmite-time barotropic instability can originate blocking-type dipole 

structures within these ridges, increasing the local wave amplitude at high 

latitudes (this process may occur independently in the Euro-Atlantic and the 

Pacific sector).

Therefore, in the definition of the basic state, enough degrees of 

freedom should be retained to represent adequately the local wind gradients, 

but, on the other hand, the full blocking structure should not be included in the 

basic state itself. (If the full observed tendency is already incorporated in the 

basic state, in general there is no reason to expect the perturbations to grow 

along the same direction as the basic state). To satisfy this requirement, the 

basic-state fields (used when integrating the linear and adjoint equations) have 

been truncated at total wavenumber 10, so that to retain only the large-scale 

components which are supposed to have a slow time-evolution. Linear 

interpolation in time has been used to compute the basic-state trajectory for 

each time step of the model from analysis fields available at 6 hourly intervals.

42.3 Projection o f  tendency fields onto singular vectors 

For each day from 1 December 1990 to 28 February 1991, singular vectors 

evolving from 12 UTC of day i (i = 1,...,90) to 12 UTC of day i+n have been
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computed. Let us denote by v *(0) the j-th normalized singular vector at the

initial time of the trajectory started on the z-th day. These singular vectors are 

orthogonal with respect to the energy inner product defined above, and are 

normalized using the associated energy norm. They will be ordered with

respect to their amplification factor a, (i.e. their singular value), the first

one being the most unstable. At the final time (day i+n), each singular vector 

evolves into:

v'(«) = L(M+n)v'(0) . (4.5)

The singular vectors are also orthogonal at the final time, so that the 

normalized vectors

v'{n) v'(n)
v.‘(n) = — :----  = — — (4.6)
■' l.v,'(n)ll o'

constitute an orthonormal basis for perturbation fields at day i+n.

To investigate the dynamical role of barotropic finite-time unstable 

perturbations, we have to define the 'perturbation' fields we want to explain in 

terms of singular vectors. A first possibility is to consider anomalies, that is 

departures from a long-term mean. However, anomaly fields are likely to be 

dominated by slowly evolving large-scale features rather than by fast-growing 

instabilities. Indeed, from both a linear and a non-linear dynamical point of 

view, one can argue that quasi-stationary anomalies should project strongly 

onto a different class of singular vectors, namely those which possess the 

smallest time derivative {Marshall and Molteni, 1993; Navarra, 1993).

A better choice of 'perturbations' to be compared with unstable «-day 

singular vectors is therefore represented by tendency fields describing the time
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evolution of the observed vorticity fields over n days. If i|f' is the analyzed

30 kPa streamfunction on day /, the tendency between day i and day i+n is

■ ( 4. 7)

It should be noted that observed tendencies are not only representative of 

amplifying features of the atmospheric flow. Indeed, mature synoptic-scale 

systems which propagate along the mean flow, or are in a decaying phase, also 

contribute to the tendencies. Therefore, we are less interested in the average 

amount of variance explained by singular vectors, but more interested in the 

relationship between intra-seasonal variations of the explained tendency 

variance and variations of instability indices based on the singular vector 

amplification rates. In addition, we investigate whether in periods of blocking 

onset the leading singular vectors include dipole structures which are in phase 

with the tendency field in the blocking region.

In Section 4.4 we examine projections of tendencies onto the sub-space 

spanned by the first N^v singular vectors at final time. Since the singular 

vectors are orthogonal with respect to the (global) energy inner product defined 

by Eq. (4.4), the computation of the projections using this metric is 

straightforward. However, since we are primarily interested in describing the 

flow evolution in the middle and high latitudes of the northern hemisphere, we 

have computed the projections using a linear regression fit of the stream 

function fields form 25°N to 90°N only.

These projections can be written:

X = 5 ^  a 'v.'(«) ; (4.8)
" ;=1  ̂ J

the projected field can be seen as the «-day time evolution of the initial
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pattern

xl = E  «[".'(O) • (4.9)
;-l >>

360" 9Q'N
.2 . 2

The projection coefficients ol, are chosen to minimize the mean-

square difference:

360"

j  dX  j  sin^* cos*  (f*  , (4.10)
0" 25’N

where the term has been introduced so that Eq. (4.10) is approximately 

proportional to the mean-square difference of the geopotential fields which are 

geostrophically related to the stream function tendencies. An advantage of 

using this method is that, in Eq. (4.10), the integral in longitude can be easily 

restricted to a particular sector of the hemisphere. In Section 4.4 we use this 

option to evaluate the fraction of tendency variance explained by the leading 

singular vectors in the Pacific and Euro-Atlantic sectors separately.

4.3 Atmospheric circulation during winter 1990-91

In this Section we describe the variability in the northern hemisphere large- 

scale flow during the 1990-91 winter (defined as the period from 1 December 

1990 to 28 February 1991) using some simple diagnostic indices. This season 

was characterized by a number of strong blocking episodes lasting for several 

days in both the Euro-Atlantic sector and the Pacific-north American (hereafter 

Pacific, for brevity) sector. Figure 4.1 shows a Hovmoller diagram of high- 

latitude planetary waves, computed from analyses of 50 kPa height by 

averaging the field in the 50°N-65°N latitude belt and Fourier-filtering the 

longitudinal profile to retain only waves with zonal wave number l< m ^ .
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Figure 4.1. Hovm oller diagram of the 50 kPa height planetary-waves in winter 
1990/91 (90 days with starting date 01.12.90), constructed using spectral com ponents 
with zonal wave num ber 1 ^ ^ .  The m eridional average has been computed in the 
latitudinal belt 50°N<(p<65°N . Contour interval 60 m starting from 30 m, shading 
from 330 m. (From Buizza and M olteni, 1996.)
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In the Euro-Atlantic sector, the first half of December 1990 is 

characterized by a predominance of anticyclonic conditions at high latitudes. 

From the 10th of December, a strong ridge develops over the Atlantic, and by 

the 14th it has developed into a well defined blocking dipole over western 

Europe (Fig. 4.2a). The intense ridge centred on the Greenwich meridian 

corresponds to one of the three largest positive maxima in the Euro-Atlantic 

portion of the planetary wave Hovmoller diagram in the entire reason, and is 

also reflected in a relative maximum of hemispheric wave amplitude (Fig. 

4.3a).

Over the Pacific sector, the flow is fairly zonal at the beginning of 

December, and does not show any persistent features until the middle of the 

month, when a ridge starts to develop over the eastern side of the ocean. 

During the following 15 days the circulation over this sector is characterized 

by a persistent ridge, which reaches its largest amplitude towards the end of 

the month. The 50 kPa map for 26 December (Fig. 4.2b) shows that the 

marked Pacific ridge is accompanied by another ridge over eastern Europe, 

giving a strong wavenumber-2 signature to the planetary wave pattern, 

corresponding to the second maximum in the hemispheric wave amplitude 

(Fig. 4.3a, dashed line for daily values and solid line for the 5-day running 

mean).

During the first ten days of January 1991, a zonal circulation 

characterizes the Euro-Atlantic sector. On the 11th (winter day 42), a ridge 

starts to develop over the eastern Atlantic, ahead of a deep cut-off low. The 

rapid amplification of this system leads to a blocked flow over Europe within 

a few days (see the map for 16 January in Fig. 4.2c). After this development, 

the European region remains characterized by strong ridges and blocking 

structures for almost 25 days. Towards the middle of January, the flow over 

the eastern Pacific begins to evolve from zonal to blocked. The subsequent 

broadening and amplification of both the Atlantic ridge and the Pacific block 

leads to a hemispheric flow with exceptionally large wave amplitude by the 

25th of January (see the 50 kPa map in Fig. 4.2d and the absolute maximum 

in the time series of Fig. 4.3a for winter day 56).
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Figure 4.2. Observed 50 kPa geopotential height during strong blocking 
developments: a) 14.12.90 (winter day 14); b) 26.12.90 (w inter day 26): c) 16.01.91 
(winter day 47); d) 25.01.91 (winter day 56); e) 5.02.91 (w inter day 67); f) 26.02.91 
(winter day 88). Contour interval 160 m. (From Buizza and M olteni, 1996.)
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Figure 4.3. a); planetary wave rms amplitude {dam) computed using 50 kPa height 
spectral components with zonal wave number l<m <4. b): instability index
Dashed lines refer to day values and solid lines to 5 -day running means. (From 
Buizza and Molteni, 1996.)
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In the following week, the Pacific block weakens and evolves into a 

zonal flow by the end of January. In the Euro-Atlantic region the persistent 

anomalous ridge develops into yet another blocking dipole at the beginning of 

February, as seen in the map for the 5th of February (Fig. 4.2e).

This block decays about one week later, but the large-scale circulation 

remains moderately active throughout the rest of February, until another major 

amplification of planetary waves takes place in the Pacific in the last week of 

the month. A very intense ridge develops over the west coast of north 

America by the 26th of February (Fig. 4.2f). During the successive days, the 

ridge extends further to the north-west, and on the 28th a geopotential 

maximum is located over Alaska. In the meanwhile, a less conspicuous block 

has become established over eastern Europe.

From the Hovmoller diagram in Fig. 4.1, one can see that substantial 

changes in the large-scale flow occurred on a time scale of a few days. In the 

following Sections, we will analyze tendencies and singular vectors computed 

over time periods comparable to the typical duration of a transition to 

blocking. Specifically, optimization times of 4 and 6 days have been tested. 

The results we obtained with these two time intervals were quite similar; for 

brevity we will not discuss the sensitivity of our result to the time interval 

definition in further detail. Throughout the rest of the paper, results for a 4- 

day period will be presented, since a shorter optimization time is more 

consistent with the linear approximation adopted in our study.

4.4 Properties and representativeness of barotropic singular vectors

Three issues are discussed in this Section: the intra-seasonal variability of a 

barotropic instability index deduced from the singular vectors' amplification 

rates, the relation between the location of the fastest growing singular vectors 

and blocking, and the projection of tendency fields onto the most unstable 

singular vectors.

4.4.1 Intra-seasonal variability o f  a barotropic instability index 

An index of fmite-time barotropic instability I^J[i,n) can be defined for each
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winter day as the largest singular value of the «-day propagator. This 

corresponds to the largest amplification factor of a singular vector evolving 

from day i to day i+n. Since we wish to relate this index to aspects of the 

northern mid-latitude circulation, we have computed / ^ / , « j  selecting for each 

(i,n) the fastest-growing singular vectors which, at the optimization time, have 

their amplitude maxima between 45° and 70° N. (They coincide with the first 

singular vector in 80% of the cases, with the second singular vector in 10%). 

The instability index is plotted in Fig. 4.3b (dashed line) for an optimisation 

time interval of 4 days, together with its 5-day running mean (solid line). (A 

similar figure would have been obtained by considering the second fastest- 

growing singular vector instead of the first fastest-growing singular vector, 

while smaller fluctuations would have been seen if the instability index were 

defined by averaging the amplification factors of the first 5 fastest-growing 

singular vectors.) Four main peaks can be seen in the time-filtered 

instability index, with maxima respectively at days 10-12 (10-12 December 

1990), 22-26 (22-26 December), 55-57 (24-26 January 1991) and 85-86 (23-24 

February). The position of these maxima compares reasonably well with the 

position of the local maxima in the planetary wave amplitude curve shown in 

Fig. 4.3a, although the quantitative correlation between the two indices is very 

weak (24%). Two alternative explanations can be given to this result: the first 

possibility is that the increased barotropic instability is purely a result of the 

amplification of planetary waves (and consequently of the stronger horizontal 

vorticity gradients); the second one is that the high-latitude planetary wave 

index reflects the formation of blocking structures which are triggered by the 

stronger barotropic instability of the large-scale flow.

To decide which of the two explanations is more appropriate, it is 

useful to look in more detail at the relative timings of the wave-amplitude 

maxima and the instability maxima. If barotropic instability is simply driven 

by the wave amplitude, then the two maxima should be exactly in phase 

(remember that the index is plotted as a function of the initial time); if 

instead the planetary waves amplify because of the finite-time growth of 

barotropic singular vectors, then the wave amplitude maxima should lag the
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instability maxima by approximately the optimization time (4-days in this 

case). Comparing again Figs. 4.3a and 4.3b, a lag of about 3-4 days can indeed 

be seen for the first and the last of the four peaks mentiqned above, but not for 

the strongest planetary wave maximum around day 56 (25 January).

Composites of the flow according to the barotropic instability index 

may reveal which of the two situations is prevailing. For each date we 

considered the most unstable singular vector growing o v e r the Pacific half

hemisphere (between 90°E and 90°W) and over the Euro-Atlantic half

hemisphere (defined as the complementary region), and thus we constructed 

two 'local' instability indices and Figures 4.4a-b show two

composites of 30 kPa stream function, obtained by averaging the observed 

fields in the initial day of 4-day periods with larger-than-average values of 

(respectively) and (the average is taken over the 90-day period

analyzed here). The difference between the 'Pacific unstable' and the 'Pacific 

stable' composite (characterized by lower-than-average is shown in Fig.

4.4c in terms of stream function and in Fig. 4.4e in terms of zonal wind 

component. Analogously, Fig. 4.4d shows the difference between the 'Euro- 

Atlantic unstable' and 'Euro-Atlantic stable' composites in terms of stream 

function, and Fig. 4.4f in terms of zonal wind component.

Considering the 'Pacific unstable' composite, we can see that over the 

eastern Pacific the difference map (Fig. 4.4c) has a blocking-type dipole 

structure with a high-latitude maximum equivalent to approximately 140 m of 

geopotential height, which reinforces the planetary wave amplitude in this 

region. Associated to this dipole structure one can see in Fig. 4.4e an increase 

of the zonal wind component in the western Pacific (implying a strengthening 

of the jet-stream), and a decrease in the eastern Pacific where the jet difluence 

is increased.

Although the similarity with Wallace and Gutzleds (1981) PNA pattern 

is not very strong, still the composite difference projects onto the negative 

phase of that teleconnection pattern, confirming Palmer's (1988) claims of 

stronger barotropic instability of negative PNA flows. An association between 

strong barotropic instability and enhanced planetary wave amplitude in the
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Figure 4.4. a); 'Pacific unstable' composite (30 kPa stream function); b): as a) but for 
the 'Atlantic unstable' composite; c): difference between the 'Pacific unstable' and the 
'Pacific stable' composites (30 kPa stream function); d): as c) but for the difference 
between the Atlantic composites; e) difference between the 'Pacific unstable' and the 
'Pacific stable' composites in terms o f zonal wind component; f): as e) but for the 
difference between the Atlantic composites. Contour interval 15 10  ̂m's'‘ for a-b), 5 
10  ̂ nr s ’ for c-d), and 5 ms'’ for e-f). (From Buizza and Molteni, 1996.)
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PNA sector has also been reported by Betti and Navarra (1995).

The difference between the 'Euro-Atlantic unstable' and the 'Euro- 

Atlantic stable' composite (Fig. 4.4d) is characterized, over Europe, by a dipole 

similar to the Pacific one shown in Fig. 4.4c, but with a smaller meridional 

scale. The analysis of the difference in terms of zonal wind component reveals 

an increase over the United States and the north-western Atlantic and a 

decrease over the eastern Atlantic and Northern Europe. As was the case for 

the Pacific, this wind anomaly reinforces the jet stream on the western side of 

the Atlantic, and increases the magnitude of the longitudinal wind gradient 

across the ocean.

In summary, the composites suggest that, in both sectors, strong 

barotropic instability is preferentially associated with a rather mature stage of 

blocking development, when high-latitude anomalies have already increased the 

ridging on the eastern side of the oceans. Therefore, variations in barotropic 

instability appear to be driven by regional amplifications of planetary wave 

amplitude rather than being the cause of them.

4.4.2 Location of. the fastest growing singular vectors 

To investigate the relationship between finite-time barotropic instability and 

transition to blocking, we first ask whether the fastest growing singular vectors 

are indeed located in areas of blocking development. Figure 4.5 shows a 

Hovmoller diagram identical to that in Fig. 4.1, but with only positive contours 

(i.e. ridges) plotted. Superimposed on it, for a given day a square identifies 

the position (at final time) of the most unstable singular vector growing inside 

the latitudinal belt 45°-70° N. The square is located at the longitude 

corresponding to the stream function maximum or minimum, and its size is 

proportional to the singular vector amplification factor. The longitude 

corresponding to the maximum or minimum amplitude of the same singular 

vector at the initial time has also been identified, and is connected to the final 

position (i.e. the square) by a straight line. (In about 40% of the winter days, 

this simple visualization of the singular vector evolution did not provide 

meaningful results due to a rather delocalized structure of the most unstable
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Figure 4.5. Hovmoller diagram of the 50 kPa planetary-wave ridges in winter 1990/91 
(as Fig. 4.1 but only with positive contour intervals) and final time position o f  
localized singular vectors (see text). Each full square identifies the final time position 
and has size proportional to the singular vector amplification factor. Each line ending 
in a full square starts from the singular vector position at initial time (i.e. 4  days 
earlier). Contour interval as in Fig. 1. (From Buizza and Molteni, 1996.)
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singular vector; the singular vector location has not been plotted in these 

cases.)

Figure 4.5 shows that in most cases when the barotropic fastest growing 

singular vectors are well localized, they develop in areas corresponding to 

high-latitude ridges. Remembering that the shaded areas in the Hovmoller 

diagram have a good correspondence with the occurrence of blocking, one can 

see that the first and the last peaks in the instability index (Fig. 4.3b) are 

associated with singular vectors developing almost exactly in the location of 

the Atlantic and Pacific blocks illustrated respectively in Fig. 4.2a and 4.2f. 

In the case of the Pacific block at the end of December (Fig. 4.2b), and the 

simultaneous Atlantic/Pacific block around the 25th of January (Fig. 4.2d), the 

fastest growing singular vectors again develop in the blocking region, although 

their maximum amplitude at final time tends to occur about 30° downstream 

of the planetary wave maxima.

Considering the whole winter. Fig. 4.5 shows that the fastest-growing 

singular vectors are preferentially located in the Pacific rather than in the Euro- 

Atlantic sector (there are 34 squares in the former against 15 in the latter). 

The amplification factor, represented by the square size, also tends to be 

greater for the Pacific singular vectors. The stronger barotropic instability of 

the Pacific sector is most likely due to the stronger horizontal wind gradients 

in the Pacific than in the Atlantic jet.

4.4.3 Projections o f  tendency fields onto singular vectors 

We now investigate if the barotropic singular vector structures are 

representative of the tendency patterns associated with transition to blocking. 

As described in sub-Section 4.2.3, the tendency fields (truncated at the 

barotropic model's resolution) have been projected onto the sub-space spanned 

by the leading singular vectors at final time, and the projected fields have been 

compared with the actual ones.

We chose to project onto the first 5 singular vectors, since we thought 

that this number was a reasonable compromise between considering only the 

most unstable directions in phase space and having enough geographical
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coverage. This choice implies that the selected sub-space spans only 1/100 of 

the degrees of freedom of the model. Although the projected and the original 

tendencies must be positively correlated by definition, such correlation would 

be negligible if the leading singular vectors had no more dynamical 

significance than five randomly chosen axes. On the other hand, even in the 

hypothesis that the dynamics of tendencies is properly described by the 

singular vector evolution, the result at final time depends on the initial 

amplitudes of the singular vector projections as well as on the amplification 

factors. Therefore, the most unstable singular vectors should not be expected 

to explain a large proportion of variance in any individual situation if the 

initial amplitudes are subject to stochastic fluctuations.

As exemplified by the case studies described in the next Section, visual 

inspection often reveals a qualitative similarity between observed tendencies 

and singular vector structures in areas of blocking development. However, it 

is not easy to translate this impression into a quantitative index, because of the 

variable location and extension of individual blocks, and the fact that small 

phase shifts, which appear of little relevance in a visual comparison, may 

negatively affect an integrated measure of explained variance. Indeed, if one 

considers the whole northern hemisphere and averages the results over the 

entire winter season, the amount of variance in tendency fields which is 

explained by the leading singular vectors is fairly small. Nevertheless, it is 

interesting to investigate whether there is a correspondence between relative 

maxima in the instability index on one hand and in the proportion of explained 

variance on the other, and whether larger-than-average fractions of explained 

variance are associated with blocking episodes.

Figure 4.6a shows the time series of the hemispheric spatial correlation 

between observed 4-day tendencies and their projections onto the first 5 

singular vectors, computed according to Eq. (4.10); as in Fig. 4.3, values are 

plotted as a function of the initial date. The average correlation is rather low 

(39%); however, as discussed in sub-Section 4.2.3, we expect that on average 

unstable structures can only explain a fraction of the tendency variance. A 

first test on these figures can be made by comparing them with the correlations
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Figure 4.6. a): correlation coefficient between the observed tendency field  and the 
tendency reconstructed using the first 5 singular vectors (see Section 2c). The dashed 
line indicates daily values, the solid line 5-day running means, b) and c): com posite  
anomalies corresponding to the initial and final day (respectively) o f 4-day periods 
with tendency correlation >  5(9%. Contour interval in panels b-c 5 10  ̂ rn̂ s'̂ . (From  
Buizza and Molteni, 1996.)

106



obtained using less unstable singular vectors, namely the 6th to the 10th; in 

this case, the average correlation between the tendencies and their singular 

vector projection drops to 34%, a small decrease whose significance is hard to 

assess.

A comparison between the correlation time series (Fig. 4.6a) and the 

time series of the instability index (Fig. 4.3b) reveals some degree of 

correspondence between strongly* unstable periods and high tendency 

correlation, which is more evident in the second half of the winter. In the first 

month, the best 'predictor' for the variations in tendency correlation is probably 

the planetary wave amplitude plotted in Fig. 4.3a. A further comparison with 

the Hovmoller diagrams confirms that the maxima of tendency correlation 

occur during blocking episodes; these maxima are of the order of 60%, 

implying that no more than 40% of the hemispheric spatial variance is 

explained by the first 5 singular vectors.

Figures 4.6b and 4.6c show composites of 30 kPa anomalies (that is, 

deviations from the 90-day means) for all days (16 out of 90) in which the 

tendency correlation is at least 50%. In Fig. 4.6b, the composite is computed 

for the initial day of the 4-day period, while Fig. 4.6c refers to the final day. 

Large positive anomalies are present on the north-eastern side of the oceans 

already in the initial-day composite; their maxima move to the north in the 

final-day composite, while negative anomalies appear over the oceans at lower 

latitudes. The flow evolution best described by the first 5 barotropic singular 

vectors is therefore one of formation of blocking-type dipoles from broader 

planetary-wave ridges.

One can argue that, since unstable singular vectors primarily develop 

downstream of the Pacific and Atlantic jets (see Fig. 4.5), their ability to 

describe observed tendencies should only be checked over such areas. We 

computed the correlation between observed and projected tendencies in the 

sector 150°E-120°W, using projections optimized for that area [optimized in 

the sense of restricting the integral domain in Eq. (4.10) to the above 

mentioned sector]. Over this Pacific region, the average correlation rises 

substantially to 62%, with peaks of the order of 90% (not shown); on the other
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hand, the correspondence between correlation maxima and blocking episodes 

is less clear than in the hemispheric correlation. A similar 'regionalization' 

performed for the Euro-Atlantic sector has not provided correlations better than 

those for the hemispheric tendencies. This is probably due to the 

predominance of Pacific perturbations among the first 5 singular vectors.

On the basis of these figures, we certainly do not claim that barotropic 

instability alone can account for transition to blocking. Although the particular 

methodology we used may be partly to blame for the relatively small 

proportions of explained variance on the hemispheric domain, we do not want 

to deny the importance of baroclinie processes in the formation of blocks. As 

pointed out here and in sub-Section 4.4.1, barotropic singular vectors have 

larger amplification rates and explain more variance in situations when 

planetary-scale ridges are already anomalously large at the beginning of the 

optimization period. The results of previous diagnostic studies (see for 

example Hansen, 1986) indicate that this initial planetary-wave amplification 

cannot be described by purely barotropic processes. To confirm this, we have 

verified that the large increase in northem-hemisphere eddy kinetic energy 

associated with the episodes of planetary wave amplification described above 

is not compensated by a corresponding decrease in zonal kinetic energy 

(typically, the eddy kinetic energy variations are more than twice as large).

However, the composites in Figs. 4.6b-c suggest that the formation of 

dipole structures from large-scale ridges is reasonably well described by finite

time barotropic instability. We will further investigate this issue in the case 

studies described in the following Section.

4.5 Case studies

We now compare observed stream function tendencies at 30 kPa, projections 

of these tendencies onto the first 5 singular vectors [see Eqs. (4.9)-(4.10) in 

sub-Section 4.2.3], and singular vector structures at final time in five case 

studies. (As discussed above, the projection is restricted to the first 5 singular 

vectors to verify whether one can explain tendency structures using only a 

small percentage of the system's degrees of freedom). For each case, the first

108



r4 ^ i

Figure 4.7, a): observed stream function tendency between 10 and 14 December 1990. 
b): tendency reconstructed using the first 5 singular vectors from 10 December, c): 
singular vector 1 at final time (stream function), d): singular vector 3 at final time. 
Contour interval 10 I ( f  m^s' for observed tendency, and 5 10  ̂m~s‘ for reconstructed 
tendency and for singular vectors. (From Buizza and Molteni, 1996.)
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singular vector is always shown together with the most relevant among the 

first 5 singular vectors with respect to tendency reconstruction. Each case is 

representative of one of the main blocking episodes associated with,maxima 

in the instability index earlier described. The dates selected were the days 

when the observed tendency in the region of the block had the largest 

amplitude. Each case describes the atmospheric evolution over a 4-day period, 

corresponding to the optimization time of the singular vectors.

4.5.1 10-14 December 1990 (day 10-14)

The onset of the Euro-Atlantic block shown in Fig. 4.2a corresponds well to 

the first maximum in the time series. Figure 4.7a shows the observed 

stream function tendency between 10 and 14 December. The formation of the 

blocking dipole is reflected in the meridionally elongated positive maximum 

just west of the Greenwich meridian, and the negative feature centred over 

southern Italy.

The projection of this tendency onto the first 5 singular vectors (Fig. 

4.7b) captures the position of the blocking high reasonably well, although the 

positive area is confined to high latitudes and the negative area extends from 

the Atlantic to Eastern Europe instead of being split in two separate minima. 

In this case, the first five singular vectors occur in the Atlantic-Eurasian sector; 

the structure of singular vectors 1 and 3 are shown in Figs. 4.7c-d. They both 

have a tilted dipole structure over the north Atlantic and western Europe.

4.5.2 22-26 and 26-30 December 1990 (days 22-26 and 26-30)

The second case corresponds to the amplification of a planetary wavenumber-2 

pattern with strong ridges over the eastern Pacific and eastern Europe, 

illustrated in Fig. 4.2b. The observed tendency map (Fig, 4.8a) shows two 

strong maxima located respectively south of Alaska and north of the Black 

Sea, with a negative area to the south of the feature (although in the full 

geopotential map a dipole structure cannot be easily detected, unlike the 

previous case).

In this case, the projection of the observed tendency onto the first 5
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Figure 4.8. a); observed stream function tendency between 22 and 26 December 1990. 
b): tendency reconstructed using the first 5 singular vectors from 22 December, c); 
singular vector 1 at final time (stream function), d): singular vector 2 at final time, 
e-f): as a-b) but for the tendency between 26 and 30 December. Contour intervals as 
in Fig. 4.7. (From Buizza and M olteni, 1996.)
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singular vectors (Fig. 4.8b) gives a very poor representation of the observed 

tendency. Probably because of the presence of intense ridges in both the 

Pacific and the European sectors, the leading singular vectors have a more 

hemispheric structure than in case (a), as shown in Figs. 4.8c-d. The singular 

vector with the closest visual similarity to the observed tendency is the first 

one (Fig. 4.8c), which has a maximum over north-eastern Europe.

It is "worth mentioning that one of the largest values of the correlation 

coefficient between observed and reconstructed tendencies is achieved 4 days 

later, during the period 26-30 December 1990 (Fig. 4.5a). For this period, in 

the eastern Pacific-western America and in the European sectors the 

reconstructed tendency field is very similar to the observed field (Fig. 4.8e-f). 

In the Atlantic sector, on the contrary, the reconstructed tendency is 

characterized by a wrongly oriented (north-south instead of west-east) oriented 

dipole.

4.5.3 12-16 January 1991 (day 43-47)

The onset of the European block illustrated in Fig. 4.2c corresponds to a 

relatively weak local maximum in the index. However, as shown by the 

comparison of Figs. 4.9a and 4.9b, the projection onto the first 5 singular 

vectors captures a good deal of the observed tendency in the European sector 

(note the meridional alternation of positive-negative-positive tendency along 

20°E, starting from the intense maximum over Scandinavia). Again, over the 

north Pacific the projected tendency is in phase with the observed one. 

Although the fastest growing singular vector is located in the Pacific (Fig. 

4.9c), other singular vectors (e.g. the third one shown in Fig. 4.9d) present a 

dipole structure over Europe.

4.5.4 21-25 and 25-29 January 1991 (day 52-56 and 56-60)

This episode represents the culmination of the major amplification of the 

planetary waves which took place in the middle of the winter (Fig. 4.3a). As 

shown in Fig. 4.2d, on the 25th of January two broad ridges covered the north

eastern Pacific and Europe. In the Pacific area, a blocking high was located
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Figure 4.9. a): observed stream function tendency between 12 and 16 January 1991. 
b): tendency reconstructed using the first 5 singular vectors from 12 January, c): 
singular vector 1 at final time (stream function), d): singular vector 3  at final time. 
Contour interval as in Fig. 4.7. (From Buizza and Molteni, 1996.)
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over the Aleutian islands. The development of this feature is reflected in an 

intense north-south dipole structure in the observed tendency (Fig. 4.10a) just 

east of the dateline. A large-scale Pacific dipole is reproduced in the singular 

vector projection (Fig. 4.10b), which also shows a similar structure in the 

Atlantic (where, however, the correspondence with the observations is much 

weaker).

Despite the fact that the strongest development occurs in the Pacific 

sector, the first (Fig. 4.10c) and the second (not shown) singular vector are 

mainly confined to the Euro-Atlantic sector, with only the third one 

corresponding to a Pacific dipole (Fig. 4.10d); this may be explained by the 

fact that at the initial time (day 52) the Atlantic ridge was more intense than 

the Pacific one. Indeed, the two leading singular vectors shift to the Pacific 

sector if we consider the four-day period starting, rather than ending, on day 

56, when the Pacific ridge becomes dominant, and the instability index 

reaches its maximum (Fig. 4.10e-f). These results suggest that, during this 

episode, finite-time barotropic instability was driven by planetary wave 

amplification rather than being the cause of it.

4.5.5 22-26 February 1991 (day 84-88)

The last case study is the formation of a blocking ridge over the north-western 

coast of America, shown in Fig. 4.2f. Although a weaker block develops over 

Europe at the same time, the planetary wave amplitude is much larger in the 

Pacific than in the Euro-Atlantic sector. The first two singular vectors are 

localized in the Pacific-north American region (Fig. 4.11 c-d), and the next 

three also have their maximum amplitude there. The projected tendency 

compares well with the observed tendency over north America (Figs. 4.11 a-b), 

poorly over the ocean (although one should remember that low-latitude 

features have little or no weight in the projection).

Summarizing the results of these case studies, we can say that barotropic
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Figure 4.10. a): observed stream function tendency between 21 and 25 January 1991. 
b): tendency reconstructed using the first 5 singular vectors from 21 January, c): 
singular vector 1 at final time (stream function), d): singular vector 3 at final time, 
e): singular vector 1 from 25 January, at final time, f): singular vector 2 from 25 
January, at final time. Contour intervals as in Fig. 4.7. (From Buizza and Molteni, 
1996.)'

115



4. \

Figure 4.11. a); observed stream function tendency between 22 and 26,
February 1991. b): tendency reconstructed using the first 5 singular vectors 
from 22 February, c): singular vector 1 at final time (stream function), d): 
singular vector 2 at final time. Contour intervals as in Fig. 4.7. (From Buizza 
and Molteni, 1996.)
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finite-time instabilities seem to provide a better description of the observed 

atmospheric development in cases when blocking onset is confined to one 

sector of the hemisphere than during episodes of hçmispheric-scale 

amplification of planetary waves.

As discussed before, baroclinie energy conversion by the planetary 

waves is necessary to explain hemispheric-scale amplification (e.g. Hansen, 

1986). Although baroclinie processes cannot be ignored even in cases of 

'regional' blocking onset, finite-time barotropic instability at least provides an 

explanation for the formation of 'local' dipole structures from large-scale ridges 

with larger meridional scale. We will look for a confirmation of this statement 

in the following Section.

4.6 Experiments with time-invariant basic states

The case studies discussed above show that, during periods of transition to 

blocking, finite-time unstable barotropic perturbations tend to develop dipole 

structures which (with the appropriate sign) can resemble the tendency patterns 

associated with blocking onset. However, one must remember that part of the 

observed tendency (namely, its projection onto spherical harmonics with total 

wavenumber < 10) is already included in the time-evolving basic state. One 

may ask whether finite-time barotropic instability would generate such dipole 

structures even in the presence of a stationary basic state.

To verify this, we have constructed two composite basic states 

representative of flows preceding the onset of Pacific and Euro-Atlantic blocks, 

and we have computed barotropic singular vectors keeping these basic states 

constant during the optimization period. More precisely, using the planetary 

wave profile from the Hovmoller diagram in Fig. 4.1 we have selected the 18 

days (out of 90) with the largest positive wave amplitude in the sectors 180° 

to 140°W (for Pacific blocking) and 5°W to 35°E (for Euro-Atlantic blocking). 

The basic states for the computation of /z-day singular vectors have been 

defined as the averages of the 30 kPa vorticity fields occurring n days before 

the 18 selected dates. The computation has been performed for optimization 

times of 4 and 6 days; results are qualitatively similar, and those for the
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shorter time {n-4) will be discussed here.

For both the Pacific and the Euro-Atlantic sector, Fig. 4.12 shows the 

30 kPa stream function of the basic state defined above, together with the 

composite stream function 4 days later (when the maxima in wave amplitude 

are observed). In the Pacific basic state (Fig. 4.12a), a large-scale ridge is 

located on the north-eastern side of the ocean. Four days later (Fig. 4.12b), 

this feature evolves into a well-defined blocking pattern; around 170°W, the 

stream function gradient between 60° and 40°N is reversed, satisfying the 

Lejenas and Okland (1983) blocking criterion. In the Euro-Atlantic sector, the 

four-day development is even more pronounced: a strongly diffluent flow in 

the basic state (Fig. 4.12c) evolves into a blocking pattern four days later (Fig. 

4.12d), with reversed zonal flow around 20°E.

Figure 4.13 shows the structure of the first three singular vectors of the 

Pacific basic state at the initial and final time (note that the area shown in Fig. 

4.13 comprises the tropics to show the initial location of the singular vectors). 

All of them are confined to the Pacific-north American region; their 

amplification factors are 4.5, 3.7 and 3.6 respectively (compared with the 

values in Fig. 4.3b). As already noted by Molteni and Palmer (1993), using 

a composite, time-invariant basic state instead of actual, time evolving fields 

considerably reduces the growth rate of both barotropic and baroclinie singular 

vectors.

At final time, the first singular vector has indeed a dipole structure over 

the central Pacific, with zonally elongated features; however, because of its 

large meridional scale it resembles more Wallace and GutzlePs (1981) Pacific- 

north American teleconnection pattern than a typical blocking anomaly. In the 

second singular vector, the features over the north-east Pacific are again 

zonally elongated, with a more northerly position than in the first singular 

vector. The third singular vector also has a dipole structure between 60° and 

40°N, although its northern component is relatively weak.

At the initial time, all these singular vectors have a large component in 

the tropical regions around Indonesia and the Philippines, and in the first two 

singular vectors there is also considerable amplitude in the north-west Pacific
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Figure 4.12. Composite basic states, a): Pacific composite computed averaging the 
30 kPa stream function fields occurring 4 days before the selected dates (see text), 
b): Pacific com posite 4  days later, c): as a) but for the Atlantic com posite, d): 
Atlantic composite 4  days later. Contour internal 15 10  ̂ nds' .̂ (From Buizza and 
Molteni, 1996.)
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Figure 4.13. First 3 singular vectors (stream function) o f the Pacific com posite at 
initial (left panels) and final (right panels) time (note that the area shown in the figure 
has been extended to include the tropics), a-b): -singular vector 1 . c-d): singular 
vector 2. e-f): singular vector 3. Contour interval JÔ  m~s'̂  at initial time and 5 10^ 
m's ‘ at final time. (From Buizza and Molteni, 1996.)
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and eastern Siberia.

When the Atlantic basic state (Fig. 4.12c) is used, one finds that again 

the first three singular vectors are located in the Pacific region. It seems that 

the vorticity gradients in the Atlantic diffluent flow are not able to 'overcome' 

the strong meridional gradient in the region of the Pacific jet as a source of 

barotropic instability. However, as shown in Fig. 4.14a (note that the area 

shown in Fig. 4.14 comprises the tropics to show the initial location of the 

singular vectors), in the absence of strong difluence downstream, the structure 

of the first singular vector at final time is very different from the first singular 

vector obtained in the previous case: it consists of a meridionally elongated 

wave train propagating along 30°N, with no sign of a north-south dipole. Its 

amplification factor is also reduced to 3.7. The structure at initial time shows 

that this perturbation has primarily a tropical origin.

In order to find perturbations localized in the Euro-Atlantic sector, one 

has to consider the fourth and sixth singular vectors, which may be considered 

a rather disappointing result since the amplification factor reduces to 2.9 and 

2.8 respectively. On the other hand, at final time these two singular vectors 

(Figs. 4.14d-f) have a very well defined dipole structure with zonally elongated 

features, and their spatial scale is in good agreement with typical blocking 

anomalies.

At initial time, these singular vectors have most of their amplitude in 

the western Atlantic, although their pattern extends to the eastern part of the 

ocean in the tropics.

4.7 Discussions and conclusions

We now summarize the results presented so far, and present some additional 

diagnostics which will help us in drawing conclusions from our analyses. 

Before doing that, however, it is appropriate to remind the reader of the two 

main difficulties that we have faced in conducting this study, which should be 

taken into account when judging the significance of our results.

The first difficulty comes from the fact that we have compared results 

of linear calculations performed with a very simple, low-resolution model with
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Figure 4.14. Singular vectors number 1, 4  and 6  (stream function) o f the Atlantic 
composite at initial (left panels) and final (right panels) time (note that the area shown 
in the'figure has been extended to include the tropics), a-b): singular vector 1. c-d); 
4th singular vector, e-f): 6 th singular vector. Contour interval as in Fig. 4.13. (From 
Buizza and Molteni, 1996.)
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observed atmospheric tendencies, rather than with the output of non-linear 

integrations of the same model. It is clear that, even if a signature of finite- 

time barotropic instability exists in such fields, extracting this 'signal' from the 

'noise' due to all the other dynamical and physical processes is very hard. On 

the other hand, given the fact that even very sophisticated global circulation 

models have serious deficiencies in simulating blocks in long integrations (e.g. 

Tracton et al., 1989; Miyakoda and Sirutis 1990; Ferranti et at. 1994a-b), very 

little about blocking in the real atmosphere could have been leamt by taking 

a non-linear integration of a barotropic model as a reference. Therefore, a 

linear barotropic model has been used simply as a diagnostic tool to analyze 

the importance of barotropic energy conversions in blocking versus non- 

blocking situations.

The second problem regards the interpretation of tendencies in terms 

of finite-time perturbations. If the equations of motions are linearized around 

a time-invariant basic-state which is supposed to be a stationary solution, then 

the time evolution of the perturbation is representative of the time evolution 

of the full system. However, if the basic-state evolves with time, the 

perturbation simply describes a departure from the basic-state trajectory; 

therefore, if the full observed tendency is already incorporated in the basic 

state, in general there is no reason to expect the perturbations to grow along 

the same direction as the basic state.

We have tried to resolve this problem by spatially filtering the observed 

atmospheric trajectory, retaining only those large-scale components of the flow 

which may be expected to possess a slow time evolution. One may argue that 

our truncation (at total wavenumber 10) is not severe enough for this purpose; 

on the other hand, if the basic state is too smooth, then the (non-linear) wave 

interactions involved in barotropic energy conversion will not occur on the 

same spatial scales as in the real atmosphere (the same problem occurs in 

baroclinie models, as discussed in Molteni and Palmer, 1993). It is likely that 

the larger spatial scale of the dipole structures present in our singular vectors 

with respect to observed blocks is in fact due to insufficient interactions 

between basic state and perturbations on the synoptic scales; this problem
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cannot be solved by a higher resolution model as long as linearization around 

a planetary-scale basic state is used.

Despite these problems, our study has provided some useful indications 

on the role of barotropic instability in blocking events. We shall summarize 

our findings by answering (as much as allowed by our results) the questions 

put forward in the Introduction.

♦ Is there a relationship between the growth rate and preferred location 

o f barotropic finite-time unstable perturbations (singular vectors) and 

the time and location o f blocking events?

The material presented in section 4.4 suggests a positive answer. Using 

optimization periods comparable to the typical time-scale of blocking onset and 

maintenance, we showed that the largest singular vector amplification rates 

(that is, the largest singular values) occur during periods either leading to 

blocking formation or covering the blocks' mature phase. In addition, the 

singular vectors at final time (i.e. at the end of the optimization period) tend 

to have their largest amplitude in the same regions of planetary wave ridging 

where blocks develop. We have also shown that the intra-seasonal variations 

of the barotropic instability index (defined by the largest singular value for 

each initial date) reflect more the atmospheric variability in the Pacific than in 

the Euro-Atlantic sector.

♦ Are the periods with maximum barotropic instability preferentially 

associated with blocking onset {in which case it may be regarded as a 

factor contributing to the onset) or do they occur when the blocks have 

already developed, as a result o f  the stronger longitudinal wind 

gradient?

The results in section 4.4 are not unequivocal on this issue. For some blocks, 

such as the Atlantic block at the beginning of December 1990 and the Pacific 

block at the end of February 1991, the relative maximum in the index
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corresponds to periods leading to blocking onset; these are also the events in 

which the location of the amplitude maxima in the pattern of the leading 

singular vectors at final time agrees more clpsely with the location of the 

block. These particular blocks were confined to one sector of the northern 

hemisphere, making an explanation of their onset in terms of local instability 

processes more plausible. Vice versa, we noted that in episodes of 

simultaneous Euro-Atlantic and Pacific blocks variations in barotropic 

instability seem to be driven by those in planetary wave amplitude.

Composites of the flow according to the barotropic instability index 

have been computed to find out which of the two situations is prevailing. 

These composites suggest that, in both sectors, strong barotropic instability is 

preferentially associated with a rather mature stage of blocking development, 

when high-latitude anomalies have already increased the ridging on the eastern 

side of the oceans.

♦ Are the leading barotropic singular vectors capable o f  explaining the

spatial pattern o f tendency fields during blocking episodes?

On this issue, our results have contradictory aspects. On the one hand, the 

correlation coefficients between actual tendencies and their projections onto the 

five leading singular vectors are undoubtedly small when averaged over the 

whole northern hemisphere (although better results are obtained considering the 

Pacific sector only). On the other hand, the analysis of composite anomalies 

shows that cases of (relatively) large tendency correlation are associated with 

the formation of blocking dipoles from broader planetary-scale ridges.

The case studies have shown in most cases a qualitative similarity 

between actual and projected fields in the blocking areas. We use the word 

'qualitative' in the sense that dipole structures characteristic of blocking onset 

were usually reproduced in the projections, but often on a larger spatial scale. 

The consequence of this was a meridional phase shift between observed and 

reconstructed fields in middle and low latitudes, which had a detrimental effect 

on objective measures of similarity. We discussed above how this difference
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in spatial scale was probably the consequence of using a spatially filtered basic 

state.

The experiments described in section 4.6 confirm that, using basic 

states representative of conditions preceding the mature phase of Pacific and 

Euro-Atlantic blocks, finite-time barotropic instability leads to the development 

of dipole structures in the regions of the block. Such basic states, however, 

already include a strong difluence or a large-scale ridge on the eastern side of 

the ocean. The need for a diffluent basic state can be easily understood if one 

considers the energetics of a barotropic perturbation. As discussed in Hoskins 

et al. (1983) and Simmons et al. (1983), the growth of the kinetic energy KE' 

of such a perturbation is given to a good accuracy by

dKE^

where the horizontal pseudo-vector E  is defined as

= E'Vu^  , (4.11)

£  = , (4.12)

u' and v' are the zonal and meridional wind components of the perturbation, 

% is the basic-state zonal wind and the over-bar denotes a global average. ' As 

pointed out by Simmons et al. (1983), for dipole-shaped perturbations with 

zonally elongated features the longitudinal component of E  is negative, and 

often more important than the latitudinal component; consequently, must 

strongly decrease in the eastward direction to have a large perturbation growth.

Figure 4.15 shows E  vectors superimposed on contours, computed 

from three singular vectors (at final time) of the 'Pacific onset' and 'Euro- 

Atlantic onset' time-invariant basic states shown in Figs. 4.12a-c; Fig. 4.15a 

refers to the first singular vector of the 'Pacific onset' basic state (shown in 

Fig. 4.13b), Figs. 4.15b-c to the first and fourth singular vectors of the 'Euro- 

Atlantic onset' basic state (shown in Figs. 4.14b and 4.14d). As noted above, 

although the first singular vectors of the two basic states are both located in 

the Pacific, their structure at final time is very different. The E  vector maps
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Figure 4.15. a): Pacific composite basic state zonal wind component and final time 
E-vectors computed for singular vector 1. b): as a) but for Atlantic com posite basic 
state zonal wind and the associated singular vector 1. c): as b) but for the 4th singular 
vector o f the Atlantic composite. Contour interval for basic state zonal component 10 
m s' starting from 5 m s‘ (areas with values larger than 35 m s' have been shaded). 
(From Buizza and Molteni, 1996.)
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show that the dipole structure of the singular vector in Fig. 4.13b can extract 

energy by 'exploiting* the strong longitudinal gradient of between the 

western and the eastern Pacific, which is associated with the ridge in the latter 

region. In the 'Euro-Atlantic onset' basic state, the more zonal nature of the 

Pacific flow implies that the meridional wind gradient in the Pacific jet act as 

the energy source of the first singular vector throughout its evolution; however, 

at final time this perturbation feses energy in the eastern Pacific region. The 

fourth singular vector of this basic state, which is the fastest-growing 

perturbation in the Euro-Atlantic sector and has a dipole structure centred on 

the eastern Atlantic border, is able to extract energy from the longitudinal wind 

gradient across the north Atlantic.

It is interesting to note that, in the Atlantic region, the 'Euro-Atlantic 

onset' and the 'Pacific onset' basic states do not differ strongly as far as the 

longitudinal gradient of is concerned, and still the structure of the fastest- 

growing Atlantic perturbation is quite different. However, in the 'Euro-Atlantic 

onset' basic state, the meridional gradient of is weaker, so that the two 

components of the gradient have comparable strength. If substantial values of 

longitudinal gradients of m̂ ,

d u j d x  , (4,13)

is actually the necessary condition for the barotropic growth of dipole- 

structured perturbations, then (since \ d u j d x \  « \ d u j d y \  in the

climatological mean jet) one can easily understand why an anomaly which 

increases the difluence on the eastern side of the oceans (like those in Fig. 4c- 

d) may be needed as a 'pre-condition' for the barotropic amplification of 

blocking-type anomalies (Simmons et al, 1983).

If the onset of blocks is indeed strongly conditioned by the pre-existing 

planetary wave structure, then atmospheric global circulation models which 

underestimate the forcing of planetary waves should provide a very poor 

simulation of blocking. Evidence in this sense has recently been discussed by
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Ferranti et al. (1994b), who showed that (artificially) correcting the systematic 

error in tropical diabatic heating had a dramatic effect on the capability of the 

ECMWF model to simulate blocking in seasonal integrations. This effect was 

particularly strong in the Pacific sector; indeed, according to the observational 

study of Hansen and Sutera (1993), the association between planetary wave 

amplification and blocking onset is stronger in the Pacific than in the Atlantic 

region.

In conclusion, our results do not indicate that barotropic instability 

alone can explain transition to blocking. However, we have shown that dipole 

structures similar to blocking patterns can efficiently gain kinetic energy from 

the planetary-scale flow through barotropic conversion, provided that the 

longitudinal gradient of Uf, in the jet exit region has a comparable magnitude 

to the latitudinal gradient of near the jet core. An anomaly reinforcing the 

ridge on the eastern side of the ocean is needed to create such a condition in 

either the Pacific or the Atlantic region, and this can explain why periods of 

strong barotropic instability are preferentially associated with a rather mature 

stage of blocking development.

Although we realize that an analysis of one winter only cannot produce 

results with strong statistical significance, our findings provide a clue to 

understand the relationships of observed and modelled blocking with planetary 

wave anomalies, systematic modelling errors and sensitivity to large-scale 

forcing, which have been documented by a number of investigators. How 

valid our conclusions remain when the combined effects of barotropic and 

baroclinie instability are taken into account will be the subject of future 

investigations.
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Chapter 5

ASPECTS OF A 3-D SINGULAR VECTOR COMPUTATION 

FOR THE ATMOSPHERE

One of the main achievements of dynamical meteorology theory was the 

description of extra-tropical cyclones in terms of normal modes (Charney, 

1947; Eady, 1949). The horizontal scale, vertical structure, phase-speed and 

e-folding time associated with such solutions correspond well with 

observations of typical mid-latitude depressions. The existence of such 

unstable normal mode type of solutions arises from Chamey and Eady's choice 

of basic states to linearize the equations about. In both models, these basic 

states are stationary solutions of the equations of motion that describe highly 

idealized zonally symmetric flows.

Subsequently, studies of atmospheric and oceanic instability 

concentrated on normal mode type of instability of more complex basic states, 

including those with zonal asymmetries (Gill, 1982; Pedlosky, 1989). In some 

studies, such zonally asymmetric basic states were taken directly from analyses 

of the real atmosphere (see, e.g., Frederiksen, 1982; Simmons et al., 1983).

As Buizza and Palmer (1995) pointed out, one restriction of the normal 

mode approach when studying the instability of basic state flows derived from 

observations is that, typically, such flows are not themselves stationary 

solutions of the equation of motion (even when the basic state is itself a time- 

average of observed flows). A simple expedient might be to apply a fictitious 

forcing to the equation of motions to render the basis state a stationary 

solution. However, this expedient cannot be justified rigorously, and moreover 

its prescription is not unique (Andrews, 1984). Moreover, the time mean 

instability of the general circulation cannot be deduced from the instability of 

the time-mean flow.

The results reported in this Chapter have been obtained using the 

ECMWF (European Centre for Medium-Range Weather Forecasts) 3- 

dimensional primitive equation model and its tangent forward and adjoint
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model versions {Courtier et a l, 1991; Simmons et al., 1989). The tangent 

forward propagator L  is itself compounded from the individual operators 

Ldyny L̂ djvdy These denote, respectively, the action of the Non-linear

Normal Mode Initialisation (NNMI) procedure and, for each time step

ti from to to the action of the adiabatic part of the model equations 

of surface drag and vertical diffusion physical processes and of

horizontal difftisioîi {Lf^j^. More precisely, L(tj^to) on an initial state x(to) in 

Eq. (2,3) can be.decomposed as

’ (5.1)

where ôt=t[-ti_j is the model time step. Similarly, the application of the adjoint 

operator L*(to,t[) to the vector x ( t j  is given by

L  W  • (5-2)

It is worth mentioning that, in some cases, the linear propagator L  will 

be computed using an approximation of the tangent model equations. This is 

sometimes necessary when diabatic processes are considered, due to the 

difficulty of writing the tangent of very complicated physical parametrisation 

schemes.

Except when clearly mentioned, the inner product used to obtain the 

results discussed in this Chapter is based on total energy computed in spectral 

space,

ix-^) = - f ' f (VA‘‘C VA"'C +VA'*D VA"‘d
^  2 J o J s  X y  X y

+ R T h m  InTt * —  T T ) d Z — dr\ , (5.3)
r  X y  J  X y

with (Cx, In n J  being the vorticity, divergence, temperature and
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logarithm of surface pressure components of the state vector x.

The impact of the different operators on singular vector characteristics 

is described below.

5.1 Impact of Non-linear Normal Mode Initialisation

Primitive equation models, unlike quasi-geostrophic models, generally admit 

high frequency gravity wave solutions, as well as slower moving Rossby wave 

solutions. If the results of the analysis scheme are used directly as initial 

conditions for a forecast, subtle imbalances between the mass and the wind 

fields will contaminate the forecast with high-frequency gravity-wave 

oscillations of much larger amplitude than are observed in the real atmosphere. 

Although these oscillations tend to die away slowly due to various dissipation 

mechanisms in the model, they make the forecast noisy and they may be quite 

detrimental to the analysis cycle, in which the 6-hour forecast is used as a 

first-guess field for the next analysis. The synoptic changes over the 6-hour 

period may be swapped by spurious changes due to the oscillations, with the 

consequence that the next analysis time, good data may be rejected as being 

too different from the first-guess field. For this reason, an initialisation step 

is performed between the analysis and the forecast, with the object of 

eliminating the spurious oscillations (from Research manual part II: adiabatic 

part, ECMWF).

The principle of the Non-linear Normal Mode Initialisation (NNMI) 

implemented at ECMWF is to express the analysed field in terms of the 

normal modes of free oscillation of the model atmosphere, and to modify the 

coefficients of the fast moving gravity modes in such a way that their rate of 

change vanishes {Daley, 1981; Williamson and Temperton, 1981; Wergen, 

1987 and 1989).

Buizza et a i  (1993), in order to study the impact of the NNMI on 

unstable singular vectors, performed singular vector computations without 

initialisation, and with NNMI applied to only the gravest vertical modes. 

Their experiments were performed at horizontal spectral triangular truncation 

T21 with 19 vertical levels, and with 12, 24 and 36 hour time intervals.
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One of the effects of NNMI is that the imposition of a zero tendency 

on the gravitational part can alter the norm of a state vector. The norm can 

decrease or increase, since thç projection is made conserving the components 

of the state vector along the rotational directions, and modifying its 

components along the gravitational directions. For example, when only the 

first 5 modes are initialized the norm increase can be of the order of 1%, while 

initializing 13 modes can produce a norm increase of 80%. This large 

difference can be related to the divergence of NNMI when applied to the 

shallower vertical modes.

Figure 5.1 shows the impact of NNMI on singular vectors optimized 

for 12-hours. A large difference can be detected between experiments with up 

to 9 initialized modes and the experiment with 13 initialized modes. In 

contrast to the others, the stmcture of the singular vectors computed with 13 

initialized modes show maximum amplitude in the upper troposphere, and high 

zonal wave number horizontal features. The impact of NNMI on singular 

vectors optimized over 24 or 36 hours was shown to be smaller.

Buizza et al. (1993) suggested that the application of the NNMI 

procedure should be restricted to the first gravest modes. They showed that 

the time evolution of the fastest growing singular vectors computed with 5 

modes initialized, at T21L19, growing over a 24 hour time period, with initial 

amplitudes comparable to estimates of analysis error (i.e. wind of the order of 

1 m/s and temperature of the order of 0.5°), can be well described by the linear 

approximation.

These results were used to set the configuration of the ECMWF 

operational singular vector computation. They have been confirmed by 

subsequent studies at higher resolutions (not shown).

5.2 Impact of surface drag and vertical diffusion

Buizza et at. (1993) compared the linear and the non-linear time evolution of 

singular vectors, and concluded that a planetary boundary layer parametrisation 

is essential to eliminate non-meteorological low-level structures, which arise 

in the adiabatic computation but do not correspond to unstable perturbations
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Figure 5.1. Am plification factors for singular vectors optimized over a 12-h time 
interval, not using the NNM I procedure (solid), applying it to the first 5 (dash), 9 
(dotted) and 13 (chain-dash) vertical modes. (From Buizza er al., 1993.)

1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 1 4 1 5 1 6 1 7 1 8 1 9 2 0

1 9 9 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
2 1 0 9 8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 9 9
3 0 0 0 9 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 9 7
4 0 0 0 0 9 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 9 7
5 0 0 0 0 0 0 0 6 1 8 8 0 0 0 0 0 0 0 0 0 0 9 7
6 0 0 0 0 0 0 0 1 5 0 0 4 6 0 0 0 0 0 0 0 0 0 9 7
7 0 0 0 0 0 0 2 2 8 1 4 1 2 8 2 1 0 0 0 0 0 0 3 8 0
8 0 0 0 0 0 0 1 6 11 n 8 5 4 1 0 0 0 0 0 0 8 7
9 0 0 0 0 0 0 0 0 0 5 0 0 8 0 9 5 9 1 6 6 0 0 9 8

1 0 0 0 0 0 0 0 0 0 0 0 0 0 6 9 2 2 0 0 1 0 0 0 9 4
11 0 0 0 0 0 0 0 0 0 0 0 0 3 0 2 8 2 5 9 1 0 1 9 4
1 2 0 0 0 0 0 0 0 0 0 0 0 0 8 0 3 1 2 4 1 8 7 2 1 '  9 3
1 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 1 4 6 6 1 4 9 7
1 4 0 0 0 0 0 0 0 0 0 0 0 0 1 0 2 8 0 4 9 7 8 7 5
1 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 8 1 8 5 0 7 7
1 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 2 0 7 11
1 7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 Ô 1 0 2
1 8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 1 2 6
1 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2
2 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 2 0 3 7

1 0 0 0 9 9 9 7 9 6 1 4 4 4 7 6 9 1 8 3 5 8 9 2 2 9 3 9 6 96. 9 3 9 7 9 0

Table 5.1. Unstable sub-space projection matrix [see definition (5.10)]. The indices 
on the vertical axis refer to the singular vectors o f set A, the indices on the horizontal 
axis to the set B singular vectors. Each element m,y o f the matrix g ives the square 
scalar product between the i-th A singular vector and the j-th B singular vector (the 
value, in %, is approximated to the nearest integer). For each line, the last column  
gives the % of norm o f each o f the A singular vectors that is explained by the first 20 
B singular vectors. For each column, the last line gives the analogous information for 
the B singular vectors' norm. (From Buizza, 1994b.)
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of the real atmosphere. Following these results, Buizza (1994b) investigated 

the impact of a surface drag and vertical diffusion scheme in the tangent 

forward and adjoint model versions. The simple scheme introduced is based 

on the work of Troen and Mahrt (1986).

The vertical diffusion equation of any variable ifr=u, v, 5 , where 

s=CpT+ 0  is the dry static energy (Cp is the specific heat at constant pressure, 

0  is the geopotential height, T  is the temperature, and u and v are the 

horizontal wind components) reads

■

In the parametrisation of the flux, we distinguish between the surface layer and 

the upper layer.

The surface flux of dry static energy is zero, and the surface drag is

ku kv

s  0  s  0

where û  and are the velocity components at the lowest model level, Zs is the 

height above the surface of the lowest model level, k = 0 . 4  is the Von Kàrmàn 

constant, and pQ=l kglm^ is a reference density. The wind velocity scale 

factor M* and the roughness length Zo are functions of the land-sea contrast

u =u^l(x ) + u \ l - l ( x  ))
; '  J '  , (5 .6 )

where l(Xg)=l when the grid point Xg is a land poind, l ( X g ) = 0  otherwise, and 

the superscripts ' and ® refer to parameter values over land and sea.

The flux in the upper layer of any variable is
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’ (3.7)

where the mixing length is defined as

kz
— r  ’

with asymptotic mixing length hj=80m. The function/f^//ioj=ex/7(-z//ioj has 

been introduced to decrease the vertical diffusion smoothly.

Consider two sets of singular vectors, v f  and vf. The similarity of the 

unstable sub-spaces spanned by the first M  singular vectors can be measured 

by the matrix whose elements are the squared scalar products

m ^(.4,5)=(v.V ^)^ , (5.9)

where the scalar product is defined in Eq. (2.4). Each element of this matrix 

represents the percentage of the norm of the i-th singular vector of set A, that 

is explained by the j-th singular vector of set B. The overall similarity

between the two unstable sub-spaces can be quantified by the so-called

similarity index {Buizza, 1994b)

*S'(̂  ,5;A/) = — 5 ^ =  1 m {A ,B) . (5.10)
M

Table 5.1 gives the matrix of the squared scalar products miJA,B) for 

singular vectors computed with (set A) and without (set B) the scheme, at 

T21L19 resolution, and for a 24-hour optimisation time interval. Table 5.1 

shows that singular vectors number 2, 6 and 7 of set B are orthogonal to the 

first 20 singular vectors of set A. These B singular vectors have very large 

amplitude in the lower model levels: superimposed to the initial basic state
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X(to) and integrated in time using a non-linear model with the (non-linear 

version of the) physical processes included, they rapidly disappear owing to the 

action of the physics parametrisation.

Buizza (1994b) concluded that the scheme is capable of simulating the 

main turbulent transport and surface drag mechanisms. The introduction of the 

scheme in the ECMWF operational singular vector computation proved to be 

necessary to inhibit the growth of non-meteorological structures close to the 

surface. This result implies that the identification of realistic perturbations 

cannot be achieved by using only the adiabatic part of numerical weather 

prediction models.

5 3  Impact of horizontal diffusion

In numerical weather prediction, horizontal diffusion is a numerical artifact 

used to control the noise of the model, and to allow longer time steps to be 

used. It is a process which is revised continuously as models evolve. 

Horizontal diffusion damping times, on the smallest scales, are usually defined 

by experience, and for the ECMWF numerical weather prediction model for 

divergence, for example, they range from 45 minutes at T213 horizontal 

spectral resolution, to 48 hours at T63 resolution. By contrast, horizontal 

diffusion has an important role in the tangent forward and adjoint model 

versions, where only few diabatic processes are, up to now, parametrized (see 

Section 5.2).

Buizza (1997b) studied the impact of horizontal diffusion on singular 

vectors computed at different horizontal resolutions. The horizontal diffusion 

scheme implemented at ECMWF is a V  scheme, with damping times on 

vorticity and temperature 2.5 times longer than that applied to divergence. 

Given a certain damping time on the smallest scale with total wave

number iV̂ , the damping time applied to a scale with total wave number n is 

approximately

• ( 3 . 11)

n
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Buizza computed singular vectors with damping times ranging from

1.5 to 48 hours, and compared their characteristics.

Figure 5.2 shows the mean amplification factors (computed averaging 

the amplification factors relative to 11 consecutive initial dates) of the first 10 

most unstable singular vectors as a function of horizontal diffusion, for 

singular vectors computed at T21, T42 and T63 horizontal spectral resolution, 

with 19 vertical levels and growing over a 36 hour time interval. Results show 

that the impact, of horizontal diffusion is stronger when the resolution is higher. 

Considering, for example, T63 singular vectors, the mean amplification rate of 

the fastest growing singular vector increases from, say, 5 to 19 when the 

damping time is increased from 1.5 to 48 hours.

Figure 5.3 shows the impact of horizontal diffusion on mean total 

energy spectra. For any resolution, results indicate that the choice of the 

damping time affects the spectra at both initial and final time, and that this 

effect is stronger at lower resolution.

These two results indicate that horizontal diffusion can be used to 

control singular vectors' characteristics as the amplification rate and the energy 

spectrum.

One of the questions addressed by Buizza was whether there is a way 

to define, for any resolution, the damping time to be used when computing 

singular vectors. This question was addressed focusing on the use of the 

singular vectors in predictability studies, specifically to estimate the directions 

along which forecast error grows fastest. The study was performed projecting 

forecast errors onto singular vectors evolved up to optimisation time, using the 

formalism described in Section 2.

Results indicated that better agreement between the forecast error and 

singular vectors characteristics are obtained when the singular vectors are 

computed at T21, T42 and T63 with a damping time of, respectively, 12, 3 and 

3 hours.
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Figure 5.2. Mean amplification factor o f  the first 10 most unstable singular vectors 
computed at T21 (top panel), T42 (middle panel) and T63 (bottom panel) horizontal 
spectral resolution, and with a horizontal diffusion damping time on divergence o f 1.5 
(solid), 3 (dash), 6 (dot), 12 (chain-dash), 24 (thin solid) and 48 (thin dash) hours on 
the smallest scale. (From Buizza, 1997b.)
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Figure 5.3. Mean total energy spectrum (averaged using the first 10 most unstable 
singular vectors) o f T63, T42 and T21 singular vectors computed with horizontal 
diffusion damping times on divergence of 3, 12 and 48 hours. (From Buizza, 1997b.)
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5.4 Impact of resolution

5.4.1 Impact o f  horizontal resolution 

An interesting aspect of perturbation growth is its scale dependency. This was 

first investigated by Hartmann et a i  (1995) applying spectral projection 

operators [as defined in Section (2.2)] at initial and optimisation times when 

computing T21 and T42 singular vectors. The spectral projection operator 

used by Hartmann et al. is illustrated schematically in Fig. 5.4, which shows 

the wave-number diagram for a spherical harmonic representation with 

triangular truncation. The total wave-number spectrum can be cut at the 

intermediate wave-number so that the total field is divided into a low wave- 

number and a high wave-number region. Since the projection operator can be 

applied both at initial and optimisation time, a total of nine experiments, as 

indicated in Table 5.2, were performed. By investigating the growth rates and 

structures associated with these nine possible cases, Hartmann et al. studied 

which wave-numbers contain the greatest potential for growth, and how the 

structure changes when the total wave-number is constraint.

Figure 5.5 shows the average total wave-number spectra for the total 

energy at initial and at optimisation time for singular vectors for the case of 

9 January 1993, computed at T21 resolution, with 19 vertical levels, and 

growing over a 72-hour optimisation time interval. The intermediate wave- 

number cut was set to n{=10. These spectra show several things. The overall 

growth is largest when all wave-numbers are used in the initial perturbation, 

but limiting the initial perturbation to the upper half of the wave-number range 

does not reduce the energy growth very much. The energy spectrum at 

optimisation time can be shifted toward lower wave-numbers by optimising for 

the growth of low wave-numbers, but this does not increase the final state 

energy in the low wave-numbers by more than 10% or 20%. If the initial 

perturbation is constrained to total wave-numbers 0 to 10, the growth of energy 

is greatly reduced, and more than half of the final state energy is contained in 

total wave-numbers greater than 10.

Since the T21 calculations indicated a very important role for small
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Figure 5.4. Diagram showing the triangular truncation of the spherical harmonic 
expansion with maximum total wave-number and intermediate total wave-number 
ri:. (From Hartmann et al., 1995.)

Case
InidaJ wavenumber 

range
RnaJ wavenumber 

range Descripcion

1 0 —̂ mit 0-/2 all to all
T O-rZnuA /2,_|-/2m.. all to high
3 0 -n , all to low
4 rz,-l—rZroa 0-/2  ma. high to all
5 n,_ 1 —fZmn /2,* 1 —Hma, high to high
6 ZIr-l — 0 -n , high to low
7 0 -n , low  to all
8 0-/2, /2,*|-nma. low  to high
9 0-/2, 0 - n , low to low

Table 5.2. Nine possible cases with a single intermediate total wave-number cut at 
n=n., within a total wave-number ran se of 0<n<n (From Hartmann et a i ,  1995.)
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Figure 5.5. Total energy as a function o f spherical harmonic total wave-number for 
initial (dash) and final (solid) states o f  singular vectors calculated in a T21 m odel. 
The initial energy spectrum is multiplied by a factor of 100 in the top six panels and 
by 30 in the bottom three panels. The ordinate scale is also different for the bottom  
three panels. The nine panels are arranged as in Table 5.2. Top row: 0-21 present 
at initial time, middle row: 11-21 initial, bottom row: 0-10 initial. Left colunrn: 
energy in wave-numbers 0-21 optimized at final time, middle column: 11-21 final, 
right column: 0-10  final. (From Hartmann et al., 1995.)
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spatial scales in forming disturbances that will grow rapidly, Hartmann et al. 

investigated calculations at T42 resolution. Figure 5.6 shows that growth in 

a T42 calculation is about twice that in the T21 calculation for horizontal 

diffusion damping times of 5 and 1.25 days at, respectively, T21 and T42 

resolution. This result further corroborates the importance of small scales for 

producing energy growth.

Hartmann et al. concluded their study saying that

... It is of great fundamental interest for numerical weather prediction to determine 

whether linear growth rates continue to increase with resolution, and, if so, at what rate. ... 

If the growth rates continue to increase at smaller spatial scales, then this may imply very 

stringent requirements on the knowledge of fine spatial detail in initial fields in order to make 

accurate deterministic weather forecasts beyond a few days in time. If the growth rates or the 

rate at which energy is transferred from sub-synoptic to synoptic scales begin to decline 

significantly as the spatial scales become smaller and smaller, then the requirements may be 

less severe.

Following the conclusions of Hartmann et al., Buizza (1997b) compared 

singular vectors computed at T21, T42 and T63. Following the sensitivity of 

the singular vectors' characteristics to horizontal diffusion (Section 5.4), these 

computations were performed, respectively, with a 12, 3 and 3 hour horizontal 

diffusion damping time, 19 vertical levels and a 36-hour optimisation time 

interval.

Results indicate that the average amplification rate increases 

approximately by a factor of 1.5 when going from T21 to T42, and slightly 

more when further increasing the horizontal resolution to T63 (Fig. 5.7). 

Concerning the geographical distribution, T21, T42 and T63 singular vectors 

cover very similar areas (Fig. 5.8).

Buizza also assessed the contribution of different scales to the total 

energy growth by comparing the amplification rates of singular vectors 

computed applying or not applying a spectral projection operator (Section 2.2) 

on some components.

Results indicate that at T21 resolution the second half of the total
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Figure 5.6. Total wave-number energy spectra at initial and final time as in Fig. 5.5. 
The upper two panels show spectra for T21 singular vectors and the lower two panels 
for T42 singular vectors. The panels on the left show the spectra for the case in 
which no constraint is applied to the optimisation problem, and the panels on the right 
show cases in which the initial energy is confined to the upper half o f  the spectrum, 
11-21 for the T21 calculation (top) and 22-42 for the T42 calculation (bottom). The 
initial energies are multiplied by 100 so that they can be seen. (From Hartmann et 
a l ,  1995.)

1 2 2 4 3 6 4 8 6 0 7 2
1 2 — 2 8  ( 5 ) 9 ( 4 ) 5 ( 3 ) 4 ( 2 ) 3 ( 1 )
2 4 2 8  ( 5 ) ---- 5 9  ( 1 2 ) 3 2  ( 9 ) 2 1  ( 7 ) 1 6  ( 4 )
3 6 9 ( 4 ) 5 9  ( 1 2 ) ---- 7 0  ( 7 ) 4 6 ( 9 ) 3 4  ( 6 )
4 8 5  ( 3 ) 2 1  ( 7 ) 4 6  ( 9 ) ---- 7 9  ( 8 ) 6 0  ( 5 )
6 0 4  ( 2 ) 2 1  ( 7 ) 4 6  ( 9 ) 7 9  ( 8 ) — 8 2  ( 4 )
7 2 3 ( 1 ) 1 7  ( 5 ) 3 4  ( 6 ) 6 0 ( 5 ) 8 2  ( 5 ) —

Table 5.3. Mean similarity indices and standard deviations (in brackets), computed 
between unstable sub-spaces generated by the first 10 singular vectors computed with 
different optimisation time intervals. Values refer to averages computed considering 
four case studies. (From Buizza, 1994b.)

1 2 2 4 3 6 4 8 6 0 7 2
1 2 — 3 1  ( 5 ) 1 1  ( 3 ) 5 ( 2 ) 4 ( 2 ) 3 ( 1 )
2 4 3 1  ( 3 ) — 5 9  ( 2 ) 3 4 ( 3 ) 2 3 ( 2 ) 1 8 ( 1 )
3 6 1 1  ( 3 ) 5 9  ( 2 ) — 7 7  ( 3 ) 5 2  ( 2 ) 3 8 ( 1 )
4 8 5 ( 2 ) 3 4  ( 3 ) 7 7  ( 3 ) — 8 2  ( 1 ) 6 1  ( 1 )
6 0 4  ( 2 ) 2 3  ( 2 ) 5 2  ( 2 ) 8 2 ( 1 ) — 8 3  0 )
7 2 3 ( 1 ) 1 7 ( 1 ) 3 9 ( 1 ) 6 1  ( 1 ) 8 3  ( 1 ) —

Table 5.4. As Table 5.3, but for unstable sub-spaces generated using the first 20  
singular vectors. (From Buizza, 1994b.)
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Sensitivity to horizontal resolution
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Figure 5.7. Ratio between the average amplification factor of-T63 and T21 singular 
vectors (solid), T42 and T21 singular vectors (dash), and T63 and T42 singular vectors 
(dot). The T63, T42 and T21 singular vectors were computed with a horizontal 
diffusion damping time, on divergence, of, respectively, 3, 3 and 12 hours. (From  

1997b.)
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Figure 5.8. Geographical distribution, based on enstrophy, o f 121 (top panel), T42 
(middle panel) and T63 (bottom panel) singular vectors. For each singular vector, a 
square, whose size is proportional to the growth rate, identifies the position at 
optimisation time. The position at optimisation time is connected by a bar to the 
position at initial time. The T63, T42 and T21 singular vectors were computed with 
a horizontal diffusion damping time, on divergence, of. respectively, 3, 3 and 12 
hours. (From Buizza, 1997b.)
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wave-number space (i.e. from scales with total wave-number l l < n ^ l )  

contributes almost equally to the first half of the total wave-number space to 

the singular vector growth, that at T42 resolution the contribution coming from 

the second half of the total energy spectrum ( 2 7 ^ ^ 2 )  is half the contribution 

coming from the first half of the spectrum, and that at T63 resolution the 

scales with total wave-number 4 2 ^< 6 3  contribute only to 11% of the total 

growth. Considering T63 singular vectors, the contribution of scales with 

n>42 is definitely smaller than the contribution of scales with 2 1 < n ^2 .

Buizza also compared the unstable sub-spaces generated using the first 

10 singular vectors. Considering T42 singular vectors as reference, results 

indicate that the T63 singular vectors are much more similar than T21 singular 

vector to the T42 singular vectors.

The results obtained by Buizza suggest that, although the contribution 

of the smallest scales to the overall linear amplification rate does not seem to 

decrease with resolution, once scales with n ^ 2  are included singular vectors 

computed at difference resolutions are rather similar.

No further experimentation has been performed at higher horizontal 

resolution due to the large amount of computer resources needed to solve 

numerically the eigenvalue problem.

5.4.2 Impact o f  vertical resolution 

The impact of vertical resolution on the singular vectors' characteristics have 

been addressed only when increasing the number of vertical levels from 19 to 

31, at T42 horizontal spectral tmncation, and for an optimisation time of 48 

hours {Buizza et a i ,  1997b). Results indicate that the increase in the number 

of vertical levels from 19 to 31 has a positive but very small impact on their 

stmctures, either at initial or optimisation time. [Singular vectors can be used 

in predictability studies. For example, T42L19 singular vectors were used to 

generate perturbed initial perturbations for the ECMWF ensemble prediction 

system (Molteni et al., 1996), where the ensemble prediction system can be 

based on model integrations at any horizontal and vertical resolution (see 

Section 6.1). Ensemble prediction systems based either on T42L19 or T42L31

148



singular vectors have been compared. The comparison suggested that L31 

singular vectors were better optimized to grow during an L31 non-linear time 

integration.]

It is thought that the sensitivity could be higher if more physical 

processes are introduced in the tangent forward and adjoint model versions 

(see, e.g., Errico and Ehrendorfer, 1995, or Buizza et a l ,  1996, for the impact 

of moist processes on singular vectors), but no results are available "at the 

moment of writing.

5.5 Impact of initial time inner product

The problem of the computation of singular vectors is defined by the choice 

of the inner product(s), as it is explicitly shown by its mathematical 

formulation given by Eq. (2.17).

Palmer et al. (1997) discussed the impact of the choice of the initial 

time inner product on T42L19 singular vectors growing over a 48-hour time 

interval, and localized to have maximum final time norm inside a geographical 

domain D (30°-80°N, 301V-10°E). Specifically, Palmer et al. computed 

singular vectors with maximum total energy at final time, but constrained to 

have different initial time unit norm. Following the formalism of Chapter 2, 

they computed eigenvalues of the operator

K = E  TLE^  , (5.12)
ten 0 ^ '

where T  represents the local projection operator defined by the geographical 

domain D, Ê g„ denotes the total energy inner product weights, and E q denotes 

the initial time inner product weights. Hereafter in this Section, singular 

vectors will be named accordingly to the initial time inner product, i.e. 

enstrophy singular vectors will identify singular vectors computed with initial 

time enstrophy (and final time total energy) norm.

Denote two state vectors by x  and y. The metrics considered were 

enstrophy.
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’ (5.13.a)

total energy,

(ar̂ ) =-f(VA'‘C VA“‘C +VA“‘d VA *i) 
ten 2J * y * y

c
+ R T \m i  biTi + —  T  T ) d \  , (5.13.b)

r  X y  T  X y

kinetic energy,

(X-Jl 2 - f ( V A '‘i: VA“‘f  +VA'*/) VA 'i) )rfv , (5.13.c)
ken 2 J X y  x  y

rotational kinetic energy,

(VA 'C /A - 'C ^ )(fv  , (5.13.d)

or streamfunction variance,

' (5.13.e)

where ( Ĉ , T J  represent, respectively, the vorticity, divergence, surface

pressure and temperature components of the state vector jc, is a reference 

temperature, and the integration is taken over the whole volume of the 

atmosphere.

Figure 5.9 shows the streamfunction in the mid-troposphere (about 500 

hPa) of the dominant singular vector at initial time computed using an inner 

product based on (a) total energy, (b) kinetic energy, (c) enstrophy, and (d)
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Figure 5.9. Initial time stream function of dominant 48-hour singular vector on a 
model level near 500 hPa. optimised for energy growth in the area (30°-80°N, 30°\V- 
10°E), computed with initial date 5 December 1994. Initial time inner products used: 
(a) total energy, (b) kinetic energy, (cl enstrophy. and (d) stream  function variance. 
The singular vectors are optimized to have unit norm at initial time. (From Palmer 
gfaA,  19970
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Figure 5.10. As Fig. 5.9 but at optim isation time. For each panel, the contour 
interval is 20 times larger than in the corresponding panel of Fig. 5.9. (From Palmer 
f f aA,  1997J
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streamfunction variance. Figure 5.10 shows the same field at optimisation 

time. In all cases, the contour interval at optimisation time is 20 times larger 

than at initial time. For the total energy singular vector (Fig. 5.9a), the initial 

amplitude is fairly well localized over the west Atlantic, near the North- 

American seaboard. Restricting the inner product to kinetic energy (Fig. 5.9b) 

has little impact on the structure of the dominant singular vector in terms of 

the mid-troposphere streamfuntion, though growth rates are weaker. A t initial 

time, the streamfunction of the kinetic energy inner product singular vector is 

larger because unit kinetic energy norm is defined only in terms of the wind 

perturbations. The growth of the kinetic energy singular vector is weaker 

because the initial temperature perturbation associated with the total energy 

inner product play an important role in growth {Buizza and Palmer, 1995). 

However, the singular values of the dominant kinetic and total energy singular 

vectors, as measured in terms of their own inner product, differ only by a 

factor of about 1.5 smaller than would be inferred from Figs. 5.9 and 5.10 

alone.

By contrast to results with either energy inner products (singular 

vectors computed with rotational kinetic energy are very similar to the kinetic 

energy singular vectors), the structure of the dominant enstrophy singular 

vector (Fig. 5.9c) is fundamentally different, being dominated by planetary- 

scale perturbations. The structure of the dominant streamfunction singular 

vector (Fig. 5.9d), on the other hand, has particularly small scale structure. 

Notice that, notwithstanding differences in scale, the maxima of either 

enstrophy or streamfunction singular vectors do not coincide with those of the 

energy singular vectors.

The structure of the singular vectors at optimisation time show, by 

construction, amplification over the geographical domain D. The principal 

maximum of the total energy singular vector (Fig. 5.10a) is positioned close 

to the Greenwich meridian. Note that energy has propagated from the initial 

position at about 25-30 degrees per day, consistent with a typical Rossby wave 

group speed.

Despite its very different scale at initial time, the predominant scale of
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the enstrophy singular vector (Fig. 5.10c) is similar to that of the total energy 

singular vector. There are differences, however. For example, the centre over 

the eastern Atlantic is more prominent for the enstrophy singular vector, and, 

compared with the energy singular vector, there is no high latitude component. 

The streamfunction singular vector at optimisation time is similar to the total 

energy singular vector.

In Fig. 5.11 the average total energy spectrum of the first 16 singular 

vectors computed with the total energy, enstrophy and streamfunction inner 

products, is shown with respect to total wave-number. The dashed lines show 

the spectrum at initial time, the solid lines at optimisation time. The initial 

spectra have been scaled by a variable factor to make them visible in the 

figure.

The spectrum of the total energy singular vectors (Fig. 5.11a) is fairly 

broad at the higher wave-number half of the spectrum. The spectrum evolves 

with an inverse energy cascade peaking at cyclone scales. By contrast, the 

spectrum of the enstrophy inner product singular vectors peaks at low wave- 

numbers, and evolves by an energy cascade to cyclone scale and to higher 

wave-numbers (Fig. 5.11b). Note that there is no scaling between the initial 

and final time values in Fig. 5.1 lb, indicating that the enstrophy inner product 

singular vectors show virtually no energy growth, even though energy was 

being optimised at final time. This shows what a strong constraint the inner 

product has on growth rates. Finally, the spectrum of the streamfunction- 

variance singular vectors (Fig. 5.11c) is highly peaked towards very small 

scales. As with the total energy inner product, there is an inverse energy 

cascade to larger scales. However, the scaling factor between initial and final 

time is an order of magnitude smaller than using the total energy inner 

product. The spectrum of the kinetic energy singular vectors does not show 

any significant difference from the spectrum of the total energy singular 

vectors (not shown).

Figure 5.12 shows the vertical distribution of energy as a function of 

model level at initial (dash) and optimisation (solid) time, for the three choices 

of inner products (and with scaling parameters between initial and final time
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Figure 5.11. Energy spectrum of the first 16 singular vectors (as a function o f  total 
wave-number) computed using total energy inner product at optimisation, and (a) total 
energy, (b) enstrophy, and (c) stream function variance inner product at initial time. 
Dashed line show the spectrum at initial tim e, solid  line at optimisation time. The 
spectra at optimisation time have been reduced by the following factors (so that initial 
and final spectra can be plotted together): (a) 100, (b) 1, (c) 10. (From Palmer et a t,  
1997.)
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as in Fig. 5.11). For reference, model level 7 corresponds to about 200 hPa, 

and model level 13 to about 700 hPa. It can be seen that for all choices there 

is a tendency for an energy maximum in the mid to lower troposphere at 

initial, time, and for a maximum in the upper troposphere at final time.

These results show that there is a strong dependence of singular vector 

structure on the choice of the (initial time) inner product. The reader is 

referred to Palmer et at. (1997) for further discussion on the choice of inner 

product.

5.6 Impact of the optimisation time interval

The problem of the computation of singular vectors is strongly dependent on 

the choice of the optimisation time interval, since this sets the structure of the 

tangent forward and adjoint operators.

As an example, we discuss the results of Buizza (1994b), who 

compared hemispheric T21L19 singular vectors computed with optimisation 

time intervals ranging from 12 to 72 hours, for four different situations. 

Tables 5.3 and 5.4 show the mean similarity indices [defined as in Eq. (5.10)] 

and the standard deviations. The following conclusions can be drawn from 

these two Tables.

Consider four experiments, two computed with optimisation time 

intervals f, and /,+ A, and two with optimisation time intervals tj and tj+A. 

Tables 5.3 and 5.4 show that, if tj>tj then

s(tJ+ A ;N ) > s(tJ+ A ;N )  . (5.14)

These reflects the fact that the longer the time the longer the two trajectories 

X(to)-^X(ti) and % ( ( +  A ) are identical.

Analysis of the elements of the two matrices gives an indication of the 

time range A for which the unstable sub-space of an experiment with 

optimisation time interval /,• can approximate the unstable sub-space of the 

experiment with an optimisation time interval tj. For a threshold of the 

similarity index of 60%, Table 5.3 shows that the experiment with a 48-hour
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optimisation time interval can give an acceptable approximation of the unstable 

sub-spaces computed with an optimisation time interval ranging from 36 to 72 

hours.,

The unstable sub-space generated by the 12-hour singular vectors 

differs from the others, since all the values s(ti=12,tfN) are very small. 

Conversely, the unstable sub-spaces generated by the singular vectors 

computed with an optimisation time interval longer than 36-hour are very 

similar one to each other.

One consideration that can be drawn from the comparison of Table 5.3 

with Table 5.4 is that the similarity indices with N=20, i.e. relative to unstable 

sub-spaces defined by the first 20 singular vectors, are characterized by higher 

values and smaller standard deviations than the one relative to N=10. This 

indicates that the leading singular vectors depend on the atmospheric flow 

more than the less unstable ones.

Similar results can be obtained at higher resolution (not shown). It is 

worth to stress that these results were obtained for hemispheric singular 

vectors. Similarity indices could be much smaller if singular vectors are 

geographically confined at final time.

The definition of the optimisation time interval depends on the problem 

under investigation. For example, at ECMWF the singular vectors are used to 

compute small perturbations which are added to the analysis to generate 

perturbed initial conditions (see Section 7.1). As such, they are given an initial 

amplitude comparable to analysis error estimates. Thus, the optimisation time 

interval should be chosen so that the perturbations' time evolution can be 

described, to a good degree of accuracy, by the linear approximation. Buizza 

(1995a) demonstrated that, in this application, the linear approximation breaks 

down at about 3 days. This result set an upper bound to the choice of the 

optimisation time interval.

158



Chapter 6

A PHYSICAL INTERPRETATION 

OF SINGULAR VECTOR GROWTH

Buizza and Palmer (1995) suggested that the singular vector growth can be 

interpreted applying the Eliassen-Palm theorem and the WKBJ method (the 

letters WKBJ stand for G. Wentzel, H. A. Kramers, L. Brillouin, and H. 

Jeffreys, who more or less independently discovered the procedure in 

connection with the solution of different problems), in terms of wave-activity. 

In this Chapter, first, following Andrews et at. (1987), the Eliassen-Palm 

theorem is deduced in the quasi-geostrophic approximation on the beta-plane 

(Section 6.1). Then, the evolution of a wave disturbance in a zonally averaged 

basic state is analyzed applying WKBJ methods, and wave-activity concepts 

are introduced (Section 6.2). Finally, these concepts are used to interpret the 

evolution of singular vectors computed using the tangent forward and adjoint 

versions of the ECMWF primitive equation model.

6.1 The Eliassen-Palm theorem 

in the quasi-geostrophic approximation on the beta plane

Consider the equations of motion on the sphere for the atmospheric flow with 

a log-pressure coordinate system

z= -H \n .(p lp)  , (6.1)

where p  is the surface pressure, J / is a reference height (usually H=7000 m), 

and p^ is a standard reference surface pressure (usually p= 10^ Pa). These 

equations, in the vicinity of a point with coordinates (Àq, and in the beta-

plane formulation, take the form

du
— - / v + ^  =X , (6.2a)
dt ^
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dv  _
— + 0  = y  , (6.2b)

i? 0  -/fe/c H
^  =— e , (6.2c)

* M

’ (6.2d)

- r = Q  y (6.2e)
at

{Andrews et a i, 1987). 0  denotes the geopotential 0  = f ^ g d Z  where Z is
J o

Rt c
the geometrical height; d the potential temperature Q = T{p Ip)  ̂ where R is

the constant for dry air and is the specific heat at constant pressure; x  is the

eastward distance and y  the northward distance defined so that

(ôx,ôy)=([acos4>]ôÀ,aô(l)) with À being the longitude and <p the latitude;

/ = / q+ P 3' (6.3a)

is the Coriolis parameter with/o=2i[2 sincpo and P = 2üa 'cos(p(;,

 ̂ ^dx d y  dz^
( m ,v , w )  = (— , — , — ) ; (6.3b)

d t d t  d t

d  d d d d
— = — +M— + V + w —  ; (6.3c)
dt dt dx dy dz
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a is the earth radius; X, Y denote unspecified horizontal components of 

friction; Q is the diabating heating term; p d z ) - p f ^ ^  is a basic density with 

p=pJRT;, partial derivatives with respect to the coordinates are denoted by 

suffixes.

The Eqs. (6.2a-e) express momentum balance in the zonal and 

meridional directions, hydrostatic balance in the vertical, continuity of mass, 

and the thermodynamic relation between diabatic heating and rate of change 

of potential temperature.

Denote by Ug=(Ug, 0) the geostrophic wind,

( m , v  )  = ( - i j ;  ) , (6.4a)
8  g  y  X

where

t - / „ ' ( * (6. 4b)

is called the geostrophic stream function and Oj[z) is a suitable reference 

geopotential profile. Denote the ageostrophic velocity by v̂ , w j, and

decompose the velocity as the sum of the geostrophic and ageostrophic 

components,

u = u - u  , V = v - v ,  w =w . (6.5)
a  g o  g o

Suppose that is a typical order of magnitude of the geostrophic wind, and 

that L is a typical horizontal scale. The geostrophic wind is a solution of the

equations of motions under the hypotheses of small Rossby number

Ro=UlfJ^cl, dldt<.fo, pL<fo, and \X\,\Y\<fJJ. The geostrophic wind represents a first 

order solution of the primitive equations (6.2).

The quasi-geostrophic equations are the next approximation of the 

equations of motion. Substituting Eq. (6.5) into Eqs. (6.2), gives

D u - f  V “ P yv  =X , (6.6a)
g g 0 a g
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D V + f u - P y u  =Y , (6.6b)
g g 0 a g

’ (66c)

D Q + w Q z = Q ,  (6.6d)
g  e a  0 ^

where

0 0 6

,  Bzjc H
e ^ ^ d - Q j i z ) = H R y ^ e   ̂ I|f . (6.6f)

The quasi-geostrophic equations can be combined to deduce a single 

very useful equation, the quasi-geostrophic potential vorticity equation. Denote 

by Cg the quasi-geostrophic approximation to the beta-plane form of the 

vertical component of the absolute vorticity

■ (6-7)

and by qg the quasi-geostrophic potential vorticity

where

2  7  1  - 1  Rzjc H
e { z ) s Ç N \z ) ,  n \ z) ^ H  'RQ^(z)e '  . (6.9)

Eliminating the vertical ageostrophic wind component from the vorticity 

equation that can be deduced from the momentum equations, gives the quasi-
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geostrophic potential vorticity equation.

Consider now the problem of describing the evolution of a small 

disturbance of a zonal mean basic state. Denote with an overline zonally

averaged quantities, e.g. u = —  . Denote by « =(w,0,0)
2nJo

a geostrophic zonal basic state which satisfies the geostrophic equations

w = -ip^ , (6.11a)

0 - 0  { . z )=HR'^ f e  '  ip . (6.11b)
0  0  V

Rzjc H

By substituting u=u + u '  in the Eq. (6.10), the linearized version of the

quasi-geostrophic potential vorticity equation can be deduced:

D q ' ^ v ' q  =Z'  , (6.12a)

with

' (6 '2 b )

where

-  d _ 6
D = — +M—  (6.13)

dt dx

is the time derivative following the basic flow.
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is the disturbance potential vorticity, and

« , " P - \ - P o ' ( P o ^ “z \  (6.15)

is the basic state northward potential vorticity gradient.

Multiplying Eq. (6.12a) by 9qQ I ^  » taking p Jq through D

neglecting , and zonally averaging, the following equation can be obtained

a 1 z 'q
g ^ ( 2 p o T ^ " ^ ' '^ = p o - r  ’y y

where F  is the Eliassen-Palm flux. Equation (6.16) is also called the 

Eliassen-Palm theorem. In the quasi-geostrophic beta-plane approximation the 

Eliassen-Palm flux F  is given by

F = (0 ,-p ^ v  M ^,p^^vV/0^) , (6.17a)

or, since u v^ = i|f

and the divergence of the Eliassen-Palm flux can be written as

V*F = p^v^^^ . (6.17c)
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1
The term A = — p , proportional to the wave potential enstrophy

2  ̂ q
y

I - J 2
—q ,is called wave-activity density. In case of no diabatic heating and

zero non-conservative forcing, X=Y=Q=0, the time derivative of the wave- 

activity density depends on the divergence of the Eliassen-Palm flux.

6.2 Wave propagation under WKBJ theory

WKBJ or Liouville-Green methods suppose that each disturbance 

quantity, such as the disturbance zonal velocity u', can be written in the form

« ' = R e [ « ( ; r , O e , (6.18)

where x=(x,y,z) and the phase % is real. Define the local wave number vector 

k=(k,l,m) and the frequency o) as

/ = = w = • (6.19)
dx dy dz dt

2n  2ti
Denote by 1  =  , T  = —  the typical length and time scales of the

phase %, and by L, T  the typical length and time scales of u, k, /, m, (o .

WKBJ or Liouville-Green methods suppose that m, k, /, m, O) and the basic

state characteristics vary much more slowly in time and space than does the 

phase %, i.e. that
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-  L -  T
L = 0 ( — ), T =0 { — ) w h e r e  is  a  s m a l l  WKBJ p a r a m e t e r .  In o t h e r

w o r d s ,  M, ky /, m, co v a r y  o n  l e n g t h  a n d  t i m e  s c a l e s  m u c h  lo n g e r  t h a n  th e  

p h a s e .

By substituting Eq. (6.18) into the linearized equation of motion for the 

disturbance, a dispersion relation can be obtained.

(ù = A (k ;x , t )  . (6.20)

The wave group velocity is defined as

0A 6A 0A

Let us now consider the linearized quasi-geostrophic potential vorticity 

equation. Suppose that the buoyancy frequency N  and thus € defined in Eq. 

(6.9) are constant, that Z'=0 in Eq. (6.12b), and substitute the steady-wave 

form

(6.22)

in Eq. (6.12a). Then the following equation

V  + e T  + n ^ T = 0  (6.23)
yy zz k

is obtained, where

2 S  2 e
=   r  . (6.24)

{Dickinson, 1968). The quantity n^ is the refractive index for zonal wave
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number k and phase speed c, and Eq. (6.24) is identical to the equation for 2- 

dimensional sound, or light, waves in a medium of varying refractive index. 

Hence, from the theory of acoustics or optics, we expect the wave (6.22) to 

propagate in regions where n^>0  and to avoid regions where «/<(9.

Let us apply the WKBJ theory, and suppose that F  in Eq. (6.22) is 

given by

= . (6.25)

where the phase x  is real, and varies much more rapidly in y, z than do the 

basic-flow quantities m, , the refractive index w/, the amplitude 4  ̂ , or

the derivatives of %. Under these assumptions, substituting Eq. (6.25) into 

(6.23) leads to the dispersion relation

^  (y^)
(ù=ck=ku(yX) - — — :— ---------   • (6.26)

k *e{m *XIAH )

The meridional and vertical components of the wave group velocity [as defined 

in Eq. (6.21)] can be computed from Eq. (6.26),

2lkq lem kq
'  = (0. — r — > • (^.27)
* [it +( +6(m +1/4/7 )] [it +/ +e(m +1/4/7 )]

In the WKBJ approximation (since ----------    ~  ̂ ), the group
H  L

velocity can be approximated by

2lkq 2emkq
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Moreover, using Eqs. (6.22) and (6.25) into (6.17b), the Eliassen-Palm flux is 

given by

|Ÿ | ' ( 0 ,W  , (6.29a)
2 ^

and the wave-activity density by

.  / I  2 2 2.2 ̂ I . (6.2,b,
4  ̂ q

Hence, from Eqs. (6.29), F=Ac^ , and Eq. (6.16) can be written as

dA
—  + V- ( i 4 c ) = 0 .  (6.30)
dt f

Andrews and McIntyre (1976a,b, 1978), applying WKBJ methods, 

showed that for a zonal basic state u =(m,0,0) , the wave activity density is

related to the wave-energy density

by the equation

A = - k { - ^ )  . (6.31b)
( j i - k u

E
The quantity -------= is called wave-action density. Using Eqs. (6.31) in Eq.

(ù-ku
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(6.30), the wave-action equation

B E  E
- ( ------y^ )  +V'(------   c ) =0 (6.32)
dt (0 -ku  0) -ku s

for slowly varying waves can be deduced (Bretherton and Garrett, 1968; 

Andrews and McIntyre, 1978).

The wave-action equation indicates that the propagation of wave-

activity to a region of increasing intrinsic frequency (ù -kü  will be

associated with an increase in wave energy E.

Zeng (1983) applied this formalism to study the development of a 

disturbance in a three-dimensional baroclinie atmosphere. Figure 6.1 (from 

Zeng, 1983) shows the evolution of a dominant trough or ridge associated with 

a wave propagating on an idealized zonally symmetric westerly jet (Fig. 6.1a). 

Figure 6.1b illustrates an energetically-developing barotropic wave, Fig. 6.1c 

an energetically-developing barochnic wave. The phase lines are shown at two 

different times. The group velocity, shown by double-shafted arrows, points 

normally to the phase line axis. The zonal phase speed is shown by single

shafted arrows. At the earlier time, both developing solutions have phase 

surfaces tilted such that the group velocity is focused towards the jet core. 

The propagation of the wave packet into the jet leads to a decrease in the tilt 

of the dominant trough or ridge line at the later time. By Eq. (6.32), the 

focusing of wave-activity into the jet leads to an increase in intrinsic frequency 

and therefore to energy growth.

6.3 Characteristics of T21L19 singular vectors

(The following text has been extracted from Buizza and Palmer, 1995.)

Since the singular vectors are strongly localized, their time evolution can be 

thought of as the propagation of a wave packet on a locally zonally symmetric 

flow. Of course, as noted above, this approximation must be treated with 

caution; if the basic state has asymmetries with the same scale as the 

perturbations, singular vector evolution cannot be approximated by such a
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Y
b) c)

Y
Z

Figure 6 .1. Evolution o f an energetically-amplifying Rossby wave packet in a linear 
WKBJ approximation with conserved wave-activity, (a) idealized zonally symmetric 
jet; (b) evolution o f  a dominant w ave packet ridge or trough line associated with 
barotropic energy growth; (c) evolution o f  a dominant wave packet ridge or trough 
associated with baroclinie energy growth. The wave packet group velocity is shown  
as double arrows, the zonal phase speed as single arrows. (From Zeng, 1983.)
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solution; we give examples of this below.

In this section we describe the instability characteristics of singular 

vectors computed routinely at ECMWF during 1992-93 (the singular vector 

calculation is a fundamental step of the ECMWF Ensemble Prediction System, 

see Section 7). The singular vectors were computed at T21L19 resolution, 

with a 36 hour optimization time.

Figure 6.2a-c shows time series of a selection (1st, 5th and 10th) of 

singular values for three periods: winter (from 19 December 1992 to 19 March 

1993), spring (from 20 March to 18 June 1993), and summer (from 19 June 

to 17 September). The vertically-oriented arrows in Fig. 6.2a are marked 

against the dates of 3 specific case studies which will be discussed below. The 

drop in singular values between the end of the winter and beginning of spring 

periods is associated with the introduction of a local projection operator to 

confine the final time growth north of 30°N at this time {Buizza, 1994a). This 

was done to avoid including as perturbations for the ensemble prediction 

system, singular vectors e.g. from the southern hemisphere which had little 

impact on ensemble dispersion over Europe in the early medium range.

Apart from this sudden drop, the time variation of the singular vectors 

clearly shows evidence of the seasonal cycle, with largest growth rates in 

winter, smallest in summer. Moreover, intra-seasonal variations in singular 

values are also largest in winter and smallest in summer. This accords 

(respectively) with seasonal dependence on atmospheric high and low-pass 

transient variability of the northern extra-tropics.

In general, it can be seen that there is little case-to-case correlation 

between the time series for the selected singular values (except for exceptional 

periods such as around 13 February when all singular values were relatively 

large). This indicates that in general, the chosen singular values are associated 

with distinct patterns of instability. This contrasts with time series of 1st and 

2nd singular values, and to a lesser extent 3rd and 4th singular values, which 

were strongly correlated (not shown). Such correlations generally signal the 

existence of local structures in phase quadrature.

In winter, the dominant singular value Oj (maximum amplification
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Figure 6.2. Time series o f  the 1st (solid), 5th (dash) and 10th (dot) singular values 
from operational ECMW F archives for three periods: a) 19 December 1992 - 19 
March 1993 ("winter"), b) 20  March 1993 - 18 June 1993 ("spring"), c) 19 June - 17 
September ("sununer"). For the winter period, the singular vectors were calculated 
with a global optimization. For the spring and summer periods, they were calculated 
using a local projection operator for the extra-tropics north o f  30*N. The dates for 3 
specific case studies are shown by vertically-oriented arrows in panel a). (From  
Buizza and Palmer, 1995.)
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factor over 36 hours) varies from about 6 to about 10. This corresponds to an 

initial amplitude doubling time [36!( Oj-1 ) hours] of between 7 and 4 hours 

based on linear growth rates. By contrast, the 10th singular value is much less 

variable, around 5.5. Although the 10th singular values do not have strong 

intra-seasonal variabihty, it should not be concluded that the spatial structure 

of the higher-order singular ̂ vector also has little case-to-case variability (see 

below).

Figure 6.3 shows the mean spectrum for the first 35 singular values 

averaged over the winter, spring and summer cases. (Beyond the 35th singular 

value, the Lanczos algorithm, based on 100 iterations, was not deemed 

sufficiently accurate.) It can be seen that the spectra do not decay strongly 

with increasing singular value index. For example, in winter, the 35th singular 

value is equal to about 4 (an equivalent initial amplitude doubling time of 

about 12 hours). This can be compared with the growth of current forecast 

errors which typically double in amplitude in about 36 hours.

Figure 6.4 shows the distribution of the first 5 singular vectors (at 

initial time) for every case within each of the three seasons. Each square in 

this figure shows the location of vorticity maximum (at whatever vertical level 

this occurs) of one such singular vector.

For the winter grouping (Fig. 6.4a), it can be seen that the amplitude 

maxima are not distributed homogeneously. Rather, they tend to occur in three 

principal areas in the northern hemisphere: the east Asian/west Pacific region, 

the northeast American/west Atlantic region, and the northern subtropical 

African region. The tropics and southern hemisphere extra-tropics also appear 

in the northern winter statistics, though to a lesser extent. For the spring 

period (with northern extra-tropical local projection operator apphed), the east 

Asian/west Pacific region is further accentuated as an area of instability, whilst 

there are fewer singular vectors in the northeast American/west Atlantic region. 

Finally, for the summer period, the singular vectors are more uniformly 

distributed around the extra-tropical northern hemisphere than for either of the 

two previous seasons.

In order to be able to relate these distributions of singular vectors to the
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Figure 6.3. Mean singular spectrum for the first 35 singular vectors averaged over a) 
all winter cases, b) all spring cases, c) all summer cases. (From Buizza and Palmer, 
1995.)
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underlying basic state flow, we show in Fig. 6.5 the 'Eady index'

/  du
(6-33)

which is an expression for the growth rate of the most unstable Eady mode 

(see, for example, Hoskins and Valdes, 1990). In (6.33) the static stabihty N  

and vertical wind shear duldt have been estimated using 300 and 1000 hPa 

potential temperature and wind data from ECMWF archives.

Figure 6.5 shows this index for winter, spring and summer, based on 

3-month time-mean statistics of wind shear and static stability. Figure 6.5a, 

for winter, shows three principal regions where the Eady index is relatively 

large: over the western Pacific, over the north Atlantic, and over the middle 

east. These areas of local maxima are positioned just downstream of the three 

regions where the wintertime singular vectors are most populous (Fig. 6.4a). 

Figure 6.5b, for spring, indicates that the Eady index for the Atlantic is much 

weaker than for the East Asian/west Pacific region, or indeed for the 

subtropical African region. As noted above, this is consistent with the 

distribution of the spring singular vectors (Fig. 6.4b) for which the Atlantic 

sector is relatively unpopulated. Finally, Fig. 6.5c, for summer, shows that the 

Eady index is much more longitudinally symmetric than for either previous 

season. Clearly this is related to the relative weakness of the planetary waves 

in summer. Again, we noted above that the distribution o f dominant singular 

vectors (Fig. 6.4c) was most zonally uniform in summer.

In a broad sense, therefore, the Eady index is a qualitative diagnostic 

of the principal regions where singular vectors are located at different times 

of year. Clearly, the index is not specific to modal growth; its strong 

dependence on upper tropospheric jet strength makes it a simple measure of 

both barotropic and baroclinie energy growth. On the other hand, with 

maximum growth rates of about 1/day, implying ampUfication factors of about 

4.5 over 36 hours, the index (based on seasonal-mean circulation 

characteristics) underestimates the seasonal-mean growth of almost all the 

calculated singular vectors.
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Figure 6.4. Distribution of the first 5 singular vectors for a) all winter cases b) all 
spring cases, c) all summer cases. The position of each singular vector, marked by 
a square, is determined by its vorticity maximum (at whatever vertical level this 
occurs). (From Buizza and Palmer, 1995.)
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Figure 6.5. Distribution of the Eady index, defined by equation (2.31) and using 
seasonal-mean wind and potential temperature, a) winter 1992/93, b) spring 1993, c) 
summer 1993. Data from ECMWF operational analyses. Contour interval O.I I day. 
(From Buizza and Palmer^ 1995.)
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Returning to winter, the east Asian/west Pacific and northeast 

American/ west Atlantic regions are well known as areas of mid-latitude 

cyclogenesis, as exemplified by climatological maps of (high-pass) transient 

variance. In contrast, the subtropical African region is not generally thought 

of as a region of particularly strong instability, as it is not associated with high 

climatological transient variability (although desert depressions crossing north 

Africa have been documented in the literature; Pedgley, 1972).

One might postulate two reasons for this. The first is that the singular 

vector calculations are purely adiabatic. It is possible that in a moist tangent 

model, the relative importance of the instability of the African jet will be 

weakened. For example, Hoskins and Valdes (1990) have argued that diabatic 

heating anomalies associated with storm-track activity are necessary to 

maintain the zone of maximum baroclinicity.

However, a second reason is that there is relatively less upstream 

transience to excite the dominant singular vectors of the African jet. For 

example. Fig. 6.6 shows the upper tropospheric je t for the winter 1992/93. 

Imagine a Rossby wave source positioned at the je t entrance (defined by the 

30 mis contour) near the west Afiican coast, generating small-amplitude small- 

scale stochastic transient disturbances propagating downstream and trapped 

within this mean jet. Imagine also a Rossby wave sink at the jet exit near 

Scandinavia. According to the results above, the transient disturbances will be 

amplified in the three key regions of instability. Since there is a discontinuity 

in the latitude of the je t maximum over the eastern Atlantic, wave activity 

from the source region would not be channelled back into the subtropical jet 

over Africa. As a result, perturbation kinetic energy will be maximized over 

the two regions of storm track cyclogenesis, rather than in the African jet. 

This second possibility is consistent with Farrell and loannou's (1993) 

speculation that the mean extra-tropical general circulation should be 

considered a fairly broadband amplifier of stochastic noise, rather than an 

unstable oscillator.

Table 6.1 gives the initial date for each singular-vector calculation at 

initial time during the winter period. Against this date is shown the broad
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Figure 6 .6 . Seasonal-mean 250 hPa wind vectors and wind speed for winter 1992/93. 
Data from ECMWF operational analyses. (From Buizza and Palmer, 1995.)

1 9  D e c  1 9 9 2  N A 6  F e b  1 9 9 3  A
2 0  D e c  1 9 9 2  P 7  F e b  1 9 9 3  A
2 1  D e c  1 9 9 2  P 8  F e b  1 9 9 3  P

2 6  D e c  1 9 9 2  P 1 3  F e b  1 9 9 3  N A
2 7  D e c  1 9 9 2 1 4  F e b  1 9 9 3  P
2 8  D e c  1 9 9 2  A 1 5  F e b  1 9 9 3  N A

2  J a n  1 9 9 3  N A 2 0  F e b  1 9 9 3  N A
3  J a n  1 9 9 3  P 2 1  F e b  1 9 9 3  A
4  J a n  1 9 9 3  P 2 2  F e b  1 9 9 3  A

9  J a n  1 9 9 3  A 2 7  F e b  1 9 9 3  N A
1 0  J a n  1 9 9 3  A 2 8  F e b  1 9 9 3  N A
11  J a n  1 9 9 3  A 1 M a r  1 9 9 3  P

1 6  J a n  1 9 9 3  P 6  M a r  1 9 9 3  N A
1 7  J a n  1 9 9 3  P 7  M a r  1 9 9 3  N A
1 8  J a n  1 9 9 3  A 8  M a r  1 9 9 3  N A

2 3  J a n  1 9 9 3  P 1 3  M a r  1 9 9 3  A
2 4  J a n  1 9 9 3 1 4  M a r  1 9 9 3  A
2 5  J a n  1 9 9 3 1 5  M a r  1 9 9 3  A

3 0  J a n  1 9 9 3  A
3 1  J a n  1 9 9 3  A  

1 F e b  1 9 9 3  A

Table 6.1. Initial dates of singular vectors calculated with the ECMWF operational 
forecast system. A "P", "A", or "NA" against a date indicates that the dominant 
singular vector for that date was positioned over the east Asian/ west Pacific, north
east American/ west Atlantic, or north Africa region respectively. Where no svmbol 
is shown against a date, the dominant singular vector was located elsewhere. The 
position of a singular vector was determined by the its vorticity maximum at initial 
time. (From Buizza and Palmer, 1995.)
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location of the dominant singular vector as determined by the position of the 

initial vorticity maximum. Most of the cases can be categorized according to 

the three dpminant regions: a) over the east Asian/west Pacific region (denoted 

by P  in Table 6.1) b)' over the northeast American/west Atlantic region 

(denoted by A  in Table 6.1) and c) over the subtropical African region 

(denoted by NA in Table 6.1). According to this categorization, the dominant 

singular vector was positioned most often over the Atlantic region, though 

during the winter period as a whole, the position of this dominant singular 

vector varied considerably between the three key winter regions. W e

have computed composite 500 hPa height maps for dates in which the 

dominant singular vector was positioned in the 3 key regions. For the cases 

where the dominant singular vector is located in the Atlantic region, there is 

an enhanced jet over the west Atlantic, consistent with an increase in the Eady 

index there. For cases where the dominant singular vector is located in the 

North African region, the height field shows an anomalous ridge over western 

Europe, giving rise to enhanced flow over north Africa. On the other hand, 

for cases where the dominant singular vector is located over the Pacific sector, 

the composite flow does not appear particularly anomalous, especially over the 

west Pacific region itself. We have also studied the variability in the 

magnitude of the first singular value within each composite; this was largest 

for the Atlantic singular vector composite, and smallest for the Pacific singular 

vector composite.

These results suggest that the east-Asia/west Pacific region tend to 

support the dominant singular vector, unless the flow is particularly anomalous 

elsewhere. Over the north Atlantic, for the winter 1992/93, the jet over the 

north Atlantic was anomalously strong, and intra-seasonal variability was 

particularly large (E. Klinker, 1994, personal communication).

Three specific cases during the winter 1992/93 have been chosen to 

illustrate examples where the dominant singular vector (with global 

optimization) was positioned either in the Atlantic, Pacific and north African 

sectors. In order to study developing instabilities over periods closer to the 

natural timescale set by synoptic-scale disturbances, and yet within the linearity
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limit of analysis error growth, we have set the optimization time in these 

computations to 3 days. The calculations were made from time-evolving 

trajectories beginning on 9 January 1993, 8 February 1993 and 6 Marçh 1993 

respectively.

From Fig. 6.2a it can be seen that the first singular value was especially 

large for the first and third of these dates. The synoptic evolution across the 

north Atlantic during the period around 9th January included the development 

of an exceptionally severe depression in the north Atlantic, named the Braer 

Storm because of its unfortunate consequences for the stricken oil tanker Braer 

which ran aground on the Shetland Islands at this time {Mansfield, 1993). The 

period around the 6 March 1993 also proved to be exceptionally unsettled over 

the middle east. This was particularly noticeable from satellite cloud imagery 

(G. Kelly, 1994, personal communication). It is interesting to note that north 

African desert depressions are most common in the springtime {Pedgley, 

1972). By contrast, singular values for the third period were not exceptional 

(see Fig. 6.2a); in some approximate sense this case could be thought of as 

corresponding to the idealized time-averaged basic-state calculation.

Figures 6.T-6.9 show the stream function of the dominant singular 

vector at initial (left hand panels) and optimization time (right hand panels) for 

the three chosen dates. They are illustrated on model levels 7 , 1 3  and 15, 

which correspond approximately to 200, 700 and 850 hPa, respectively. Note 

that at optimization time, the contour interval is 20 times larger than at initial 

time.

At initial time, the singular vectors have greatest amplitude in the lower 

model levels, and are spatially localized to the three specific regions of 

interest. In all three cases there is evidence of barotropic tilt in the trough or 

ridge lines, particularly at the lower levels, similar to the WKBJ solution in 

Fig. 6.1b. Between model levels 13 and 15, these trough and ridge lines also 

show evidence of a westward tilt with height, consistent with an upward 

propagation of wave activity.

At optimization time, the structure of the singular vectors reflects their 

downstream propagation, upscale development and energy growth.
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Figure 6.7. Stream function associated with the dominant singular vector (with 3-day 
global energy optimization) for 9 January 1993, at initial time (left panels) and 
optimisation time (right panels). Top row, model level 7 (about 200 hPa). Middle 
row, model level 13 (about 700 hPa). Bottom row, model level 15 (about .850 hPa). 
Contour interval at optimization time is 20 times larger than at initial time. (From 
BuiTza and Palmer, 1995.)
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Figure 6 .8 . As Fig. 6.7 but for 8 February 1993 case. (From Buizza and Palmer, 
1995.)
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Figure 6.9. As Fig. 6.7 but for 6  March 1993 case. (From Buizza and Palmer, 1995.)
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Downstream propagation is largest for the 9 January case (Fig. 6.7) associated 

with the strong zonal winds throughout the depth of the troposphere across the 

Atlantic (see below). Upscale development can be ;seen clearly at the lower 

model levels where the relatively short horizontal wavelength at initial time 

evolves to a longer wavelength more typical of the upper-tropospheric singular 

vector perturbations. In all three cases, the final structure has lost most of the 

energy-amplifying barotropic tilt. On the other hand, the singular vectors 

exhibit evidence of continued wave-activity propagation in the vertical, 

particularly in the upper troposphere, where the amplitude is largest.

The growth in energy apparent in Figs. 6.7 6.9 is shown explicitly as 

a function of model level in Fig. 6.10a-c. The initial (dashed) energy profile 

has been multiplied by a factor of 20 in order to show it clearly in relation to 

the final (solid) energy profile. For the two mid-latitude singular vectors, 

perturbation energy is largest in the lower model levels at initial time, and is 

largest at the jet level at optimization time. This result is consistent with the 

WKBJ analysis reported above. In particular, the evolution in the amplitude 

distribution with height, and the westward phase tilt, can be interpreted in 

terms of wave-activity propagating from a region in the lower troposphere 

where the intrinsic wave frequency is small, to a region in the upper 

troposphere where the intrinsic wave frequency is large.

However, of the three cases illustrated, the amplification of energy is 

largest for 6 March where the dominant singular vector was located over north 

Africa, and energy was maximized in the lower troposphere. In fact this 

behaviour was not typical of north African singular vectors; more usually the 

energy at final time peaked in the upper troposphere, similar to that in Fig. 

6.10a,b. It can be seen from Fig. 6.2 that the large singular value for 6 March 

was not repeated on the two following days, despite the fact that the dominant 

singular vector for 7 and 8 March continued to be located in the north Afiican 

region (see Table 6.1). It is possible that the uniquely large singular value for 

6 March may have arisen, not only as a result of growth from the locally zonal 

flow, but also from quasi-resonant interaction between the singular vector 

perturbation, and similar scale zonal asymmetries in the basic state. Such
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Figure 6.10. Total energy of singular vector at initial time (dashed, with values 
multiplied by a factor of 20 to make them visible on the scale) and optimization time 
(solid), for a) 1st singular vector for 9 January case, b) 1st singular vector for 8 
February case, c) 1st singular vector for 6 March case d) 4th singular vector for 9 
January case. (From Buizza and Palmer, 1995.)
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Figure 6.11. Energy distribution of the dominant singular vector for 9 January case 
at a) T21 and b) T42 resolution, as a function of total wave-number, at initial (dash, 
values multiplied by 20) and optimisation (solid) time. (From Buizza and Palmer, 
1995.)

186



resonances may be more likely if downstream singular vector propagation is 

relatively small; of the 3 cases shown, such propagation was weakest for the 

6 March case. Further studies are required to clarify the irnportance of such 

a mechanism.

The non-modal character of the singular vectors has been demonstrated 

through the time evolution of the horizontal and vertical structure. One aspect 

of this structure, the upscale energy transfer, is shown explicitly in Fig. 6.11a. 

This shows, for the 9 January case, the initial and final energy of the dominant 

singular vector, as a function of the total (horizontal) wave-number. As in Fig. 

6.10, the solid line refer to values at optimisation time; the dashed line to 

values at initial time multiplied by a factor of 20 to make them visible. It can 

be seen that at optimisation time the energy peaks at about wave-number 10, 

well within the range of the synoptic scales. By contrast, at initial time the 

singular vector peaks at a wave-number close to the truncation limit of the 

model, and below the range of synoptic scales. Further calculations at higher 

resolution (T42, see Fig. 6.11b) suggest that the initial spectrum is fairly broad 

at sub-synoptic scales, but peaking at about wave-number 25.

The position of the vorticity maxima of the first 10 singular vectors is 

shown in Fig. 6.12 for each of the three cases. These maxima are marked by 

the index i of the singular value a,. In the 9 January and 6 March cases, the 

first two singular vector maxima are close together, indicative of a propagating 

phase-quadrature pair. For 8 February, the first and second singular vectors 

are located in distinct regions (the Pacific and Atlantic respectively). As noted 

above, this latter situation is unusual. Also, for two of the three cases, there 

are singular vectors in the tropics and in the southern hemisphere. Indeed, for 

the 9 January, the 3rd-9th singular vectors lie outside the northern extra

tropics. Whilst higher order singular values may not have substantial case-to- 

case variability (see Fig 5), Fig. 6.12 shows that the associated higher-order 

singular vectors do vary significantly in their physical location.

As discussed above, with 100 iterations, the Lanczos scheme is used 

to calculate reasonably accurately the first 35 singular vectors and singular 

values. The spectrum of singular values is shown in Fig. 6.13 for the three
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Figure 6.12. Position o f  the vorticity m aximum associated with the first 10 singular 
vectors for a) 9 January case b) 8 February case, c) 6  March case. (From Buizza and 
Palmer^ 1995.)
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Figure 6.13. Spectrum o f singular values for a) 9 January case b) 8 February case c) 
6  March case. (From Buizza and Palmer^ 1995.)
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0.2/day. (From Buizza and Palmer, 1995.)
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cases. Whilst the first and second dominant singular values are 

overwhelmingly the largest for the 6 March case, singular values further down 

the spectrum arc generally larger for the 9 January case. We can compare 

growth rates for the 72 and 36 hour optimization times by comparing the 

equivalent exponents ln (a jA t). On average, growth rates decrease with 

increasing optimization time, e.g. for the 9 January and 6 March cases, the 

exponent equals about 1.5 for 36 hour optimization, and about 1.0 for 72 hour 

optimization.

Figure 6.14 shows the Eady-index [see Eq. (6.33)] for the initial dates 

of the three cases under investigation. As above, this index is a good 

qualitative predictor of the regions where dominant singular vectors will be 

located. For example, over north Africa, the index is clearly largest for 6 

March, whilst over the Atlantic it is largest for 9 January. In general, 

comparing Figs. 6.12 and 6.14, it can be seen that there is a region of 

relatively large Eady index (exceeding 1/day) close to, or just downstream of, 

an extra-tropical singular vector maximum. On the other hand, there is no 

indication in Fig. 6.14 of why the dominant singular value was so large for the 

6 March case; also there are regions of large Eady index with no close singular 

vector maximum. As mentioned above, one must therefore treat this 

diagnostic with caution as it only partially describes the detailed singular- 

vector structure of the general circulation.

We conclude this section by noting that not all the higher order singular 

vectors correspond in structure to the examples illustrated above, and cannot 

be understood in terms of WKBJ concepts outlined above. For example, the 

4th singular vector for 9 January is essentially tropical (Fig. 6.15). At initial 

time it describes essentially north-south dipole disturbance in the upper 

tropospheric stream function over the tropical Atlantic. There is little 

amplitude in the lower troposphere. At optimization time, the dipole has an 

east-west orientation in the tropics, again with amplitude concentrated in the 

upper troposphere. Over Europe, the perturbation has some amplitude through 

the depth of the troposphere. We have replicated the linear evolution of this 

singular vector in identical-twin integrations of the full diabatic nonlinear
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Figure 6.15. A s Fig.6.7 but for the 4th singular vector for 9 January (m odel level 7  

only), at initial (top) and optimisation (bottom) time. (From Buizza and Palmer, 
1995.)
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Figure 6 .16 . A s Fig. 6.9 but for the 4th singular vector for 6  March (m odel level 7

only), at initial (top) and optimisation (bottom) time. (From Buizza and Palmer 
1995.)
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ECMWF model, and therefore believe it to be realistic.

Figure 6.16 shows the 4th singular vector for the 6 March case. Unlike 

other extra-tropical singular vectors shown, the initial structure shows 

significant amplitude in the upper troposphere, with a zonal perturbation over 

polar latitudes, and a secondary perturbation over Scandinavia and the north

east Atlantic. These features are relatively large scale, and have an equivalent 

barotropic structure in the vertical. At optimization time, the dominant region 

of amplification is over Europe, particularly in the upper troposphere. In all 

three cases studied we were able to find examples of this type within the first 

35 singular vectors.
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Chapter 7

TWO OPERATIONAL APPLICATIONS

OF THE SINGULAR VECTOR TECHNIQUE

The results presented in the Chapter 6 have shown that small perturbations 

characterized by very small spatial scales can amplify very quickly, eventually 

affecting larger scales. As mentioned in the Introduction, this is one of the 

two causes of errors in numerical weather prediction (initial condition error), 

the other being the incomplete description of all physical processes (model 

error). Whilst model errors are not the subject of this work, this Chapter 

describes two applications of the singular vectors' technique which try to 

overcome/alleviate the problem of the presence of errors in the initial 

conditions. Both applications are based on the hypothesis that singular vectors, 

i.e. phase space directions characterized by maximum finite-time growth, 

contains information which could be used to improve numerical weather 

prediction. In the first one, singular vectors are used in ensemble prediction 

to generate a set of perturbed initial conditions. In the second one, areas for 

targeted observations are defined using singular vectors.

7.1 The ECMWF Ensemble Prediction System

Simmons et al. (1995) analyzed in great detail the error growth of the 10-day 

forecast of the European Centre for Medium-Range (ECMWF) operational 

model from 1 December 1980 to 31 May 1994, and concluded that the 

accuracy has been improved substantially over the first half of the forecast 

range, but that there has been little reduction of error in the late forecast range. 

While this applies on average, it is also true that there has been improvement 

in the skill of the good forecasts. In other words, good forecasts have higher 

skill now than in the past. The problem is that it is still difficult to assess a- 

priori whether a forecast will be skilful or unskilful, using only deterministic 

prediction. By contrast, ensemble prediction has the capability of estimating 

the forecast skill of a deterministic forecast. This is because ensemble
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prediction can integrate a deterministic forecast with an estimate of the 

probabihty distribution function of atmospheric states.

Since December 1992, both the U. S. Natipnal Meteorological Centre 

(NMC) and ECMWF have integrated their deterministic high-resolution 

prediction with medium-range ensemble prediction (Tracton and Kalnay, 1993; 

Palmer et a i ,  1993). The development follows the theoretical and 

experimental work of Epstein (1969), Gleeson (1970), Fleming (1971a-b) and 

Leith (1974).

Both centres follow the same strategy of providing an ensemble of 

forecasts computed with the same model, one started with unperturbed initial 

conditions referred to as the 'control' forecast and the others with initial 

conditions defined adding small perturbations to the control initial condition. 

Apart from differences in the ensemble size and the fact that at NMC a 

combination of lagged forecasts is used, the NMC and the ECMWF 

approaches to ensemble prediction differ substantially in the definition of the 

perturbations added to the control initial conditions to generate the initial 

conditions of the perturbed forecast. We refer the reader to Toth and Kalnay 

(1993) for the description of the 'breeding' method applied at NMC, and to 

Buizza and Palmer (1995) for a thorough discussion of the singular vector 

approach followed at ECMWF.

The successful implementation of the ECMWF Ensemble Prediction 

System (EPS) follows early experiments by Hollingsworth (1980), who 

demonstrated that a sparse random sampling of phase space does not produce 

a realistic distribution of forecast states, and ensemble forecasting experiments 

in which unstable singular vectors computed from a 3-level quasi-geostrophic 

model were used to generate the initial perturbations (Mureau et al., 1993, 

Molteni and Palmer, 1993).

The ECMWF EPS comprises, at the moment of writing, 50 perturbed 

and one unperturbed (control) non-linear integrations of a Tl159L31 semi- 

lagrangian version of the ECMWF model {Simmons et a l ,  1989, and Courtier 

et al., 1991). The initial conditions of the 50 perturbed members are created 

by adding perturbations to the control initial conditions. The initial
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perturbations are defined using the singular vectors {Buizza and Palmer, 1995) 

of a linear approximation of the ECMWF model. A brief description of the 

EPS is reported hereafter, and a case study (95.11.05) is discussed to illustrate 

the main steps of the EPS performed daily. It should be pointed out that, at 

that time, the EPS was compounded of 32+1 T63L19 members, and the 

singular vectors were computed at T42L19 resolution. The reader is referred 

to Molteni et al. (1996) for a more detailed description of the EPS, and to 

Buizza et al. (1997b) for a report on the main reasons of the upgrading of the 

EPS configuration to 50+1 Tl159L31 integrations with T42L31 singular 

vectors.

Figure 7.1 shows the singular values computed for a randomly chosen 

case, 95.11.05 (the singular vectors are ranked with respect to the singular 

values). For this initial date, about 40 singular vectors have been computed 

numerically after performing 70 integrations of the forward/adjoint models, at 

T42L19 resolution, with a 48-hour optimisation time interval, initialising the 

5 gravest mode (Section 5.1), applying a simplified vertical diffusion and 

surface drag scheme (Section 5.2), with a horizontal diffusion damping time 

on divergence of 6 hours (Section 5.3).

Figure 7.2 shows three of the 95.11.05 singular vectors, at initial and 

optimisation time. The first singular vector (Fig. 7.1a-b) is growing across the 

eastern border of the Asian continent, a region characterized by a very intense 

and rapid development, as can be detected both at 500 and 1000 hPa (Fig. 7.3). 

By contrast, the third (Fig. 7.2c-d) and the sixth (Fig. 7.2e-f) singular vectors 

are amplifying in relatively less unstable regions, as reflected by their smaller 

singular values (Fig. 7.1). The different flow characteristics of the Asian, 

Pacific and European regions influence not only the singular values, but also 

the vertical structure of the singular vectors (Fig. 7.4), especially at 

optimisation time. In fact, while the total energy of the first singular vector 

(Fig. 7.4a) has double maxima in the vertical, with a predominant low-level 

growth, the third (Fig. 7.4b) and the sixth (Fig. 7.4c) singular vectors have a 

(more commonly detected) vertical profile peaking at optimisation time around 

model level 9.
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Figure 7.1. Singular values for 95.11.05.. (From Buizza, 1997a.)
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951105 PSI - SV= 1 951107 PSI-SV=1

9 5 1 1 0 5  P S I - S V = 3 9511 0 7  P S I - S V = 3

♦  o"

9 5 1 1 0 5  P S I - S V = 6 95 1 1 0 7  PSI - SV = 6

Figure 7.2. Singular vectors number 1 (top panels), 3 (middle panels) and 6 (bottom  
panels) at initial (left panels) and optimisation (right panels). Each panel show s the 
singular vector stream function at m odel level 11 (corresponding approximately 500 
hPa), superimposed to the atmospheric flow  (500 hPa geopotential height field).
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500HPA GEOP - DATE= 95110512 1000HPA GEOP - DATE= 95110512

500HPA GEOP - DATE= 95110712 1000HPA GEOP - DATE= 95110712

500HPA GEOP - DATE= 95110812 10OOHPA GEOP - DATE= 95110812

Figure 7.3. 500 hPa (left panels) and 1000 hPa (right panels) geopotential height (left 
panels) trajectory for the 5th, the 7th and the 8th o f Novem ber 1995. Contour 
intervals 80 m for left panels, and 40 m for right panels. (From Buizza, 1997a.)
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Figure 7.4. Total energy (mV^) vertical profile o f the (a) 1st, (b) 3rd and (c) 6th 
singular vector o f  95.11.05, at initial (dash line, values multiplied by 100) and 
optimisation (solid line) time. (Note that singular vectors are normalized to have unit 
initial total energy norm .). (From Buizza, 1997a.)
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These are three of the 16 singular vectors selected for the 95.11.05 

Cjase. The selection criteria are such that the first 4 singular vectors are always 

chosen, and each subsequent singular vector (from the 5th onwards) is selected 

only if half of its total energy lies outside the regions where the singular 

vectors already selected are localized.

Once the 16 singular vectors have been selected, an orthogonal rotation 

in phase-space and a final re-scaling are performed to construct the ensemble 

perturbations. The purpose of the phase-space rotation is to generate 

perturbations with the same globally-averaged energy as the singular vectors, 

but smaller local maxima and a more uniform spatial distribution. Moreover, 

unlike the singular vectors, the rotated singular vectors are characterized by 

similar amplification rates (at least up to 48 hours). Thus, the rotated singular 

vectors diverge, on average, equally from the control forecast. The rotation is 

defined to minimize the local ratio between the perturbation amplitude and the 

amplitude of an analysis error estimate. The effect of the phase-space rotation 

and re-scaling procedure can be seen by comparing the singular vectors of Fig.

7.2 with three initial perturbations shown in Fig. 7.5.

The 16 initial perturbations are specified in terms of the spectral 

coefficients of the 3-dimensional vorticity, divergence and temperature fields 

(no perturbations are defined for the specific humidity since the singular vector 

computation is performed with a dry linear forward/adjoint model), and of the 

2-dimensional surface pressure field. They are added and subtracted to the 

control initial conditions to define 16 perturbed initial conditions. Then, 32+1 

(control) 10-day T63L19 non-linear integrations are performed. (It is worth 

to point out that in December 1996 the EPS was upgrated to 50+1 10-day 

Tl159L31 non-linear integrations.)

A first way of verification of the EPS is the analysis of the spread and 

the skill ch^cteristics over different areas (see Fig. 7.6 for the 95.11.05 case 

over NH). The spread of a perturbed ensemble member is defined as the 

anomaly correlation or root-mean-square distance between the perturbed 

ensemble member and the control, and the skill of a forecast is defined as the
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951105 PSI

951105 PSI

951105 PSI

Figure 7,5, A s Fig, 7,2 but for three perturbations (stream function) generated 
applying a phase-space rotation to the selected singular vectors, superimposed to the 
trajectory 500 hPa geopotential height field. Contour interval 0.25 10'  ̂ m̂ s'̂  for 
stream function, and 80 m for geopotential height, (From Buizza, 1997a,)
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Figure 7.6. Spread (top panels) and skill (bottom panels), of the EPS run with starting 
date 95.11.05, computed for the 500 hPa geopotential height over NH. Left panels 
refers to acc and right panels to rms values. Bottom panels: dotted lines refer to 
perturbed members, bold-solid lines with dots refer to the control forecast, and bold- 
dashed with squares refer to the ensemble-mean. (From Buizza, 1997a.)
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anomaly correlation or the root-mean-square distance between the forecast and 

the analysis.

The reader is referred to Molteni et a l  (1996), Petroliagis et al. (1997), 

Buizza (1997a), Buizza et al. (1997a,b) for detailed reports on the performance 

of the ECMWF EPS.

7.2 Targeting observations using singular vectors

Motivated by the work of Rabier et al. (1996), who applied the adjoint method 

to calculate the sensitivity of short-range forecast error to initial conditions, 

Gelaro et al. (1996, 1997) compared the structure of pseudo-inverse and 

sensitivity perturbations (Section 2.3) with forecast errors, and demonstrated 

that an important component of the analysis error projects onto the dominant 

singular vectors. They compared two forecasts, one started from the analysis, 

and one from the analysis perturbed by subtracting pseudo-inverse or 

sensitivity perturbations, defined as in Eqs. (2.24) or (2.33) with 10-30 singular 

vectors at T42 resolution. They concluded that pseudo-inverse and sensitivity 

perturbations were able to reduce substantially the forecast error. This 

indicates that the growing part of analysis error projects onto the unstable sub

space defined by the singular vectors, and that this growing component is 

responsible, at least, for part of the forecast error. This result supports the 

rational of using singular vectors in ensemble prediction.

Imagine now to have the possibility of making extra observations at 

time /q in a very localized area A q s o  that the error in the initial conditions are 

reduced, and the skill of a forecast from time tg to t inside an area A, can be 

improved. The results of Rabier et al. (1996) and Gelaro et al. (1996, 1997) 

suggest that singular vectors, pseudo-inverse or sensitivity fields could be used 

to define the area Ag that should be observed to have the maximum positive 

impact on the forecast Moreover, these fields could indicate which stmctures 

should be observed, and with which accuracy.

Montani et al. (1996) presented preliminary results on targeting 

observations using singular vectors. Montani et al. considered 5 cases during 

winter 1995-96, a final area A, a ~20°x20° geographical region centred around
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Figure 7.7. Vorticity at model level 15 (approximately 850 hPa) of the most unstable 
singular vector growing between 6 and 8 January 1996, superimposed to the basic 
state flow (850 hPa geopotential height), at initial (top panel) and optimisation (bottom 
panel) time. Contour interval 4 10'^ s’’ for vorticity, and 60 m for geopotential. 
(From Montani et nZ., 1996.)

Z

UJ>
LU

1 6 :

ENERGY

Figure 7.8. Vertical profile of total energy (jn^s'^ of the most unstable singular vector 
growing between 6 and 8 January 1996 (see Fig. 7.7), at initial (dash, values are 
multiplied by 100) and optimisation (solid) time. (From Montani et al, 1996.)
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Britain, and computed singular vectors at T63L19 resolution with optimisation 

times of 24 and 48 hours.

As an example, Figure 7.7 shows the most unstable singular vector 

developing between 6 and 8 January, with maximum total energy, at 

optimisation time, confined in A=(30°-80°N;30l¥-I0°E). The singular vector 

vorticity peaks, at initial time, where a small trough is located, indicating this 

as the region Aq for extra-observations to be taken. In the following 48-hours, 

the small trough develops into a main cyclone, and the singular vector evolves 

following the system, and peaks at final time downstream of the pressure 

minimum. Figure 7.8 shows the singular vector total energy vertical profile, 

at initial (dash) and final (solid) time. The vertical profile suggests the low 

troposphere (model level 13 corresponds to approximately 700 hPa) as the 

region where observations should be targeted.

It is worth to mention that during January and February 1997, the 

Fronts and Atlantic Storm Track Experiment (FASTEX, Joly et a l ,  1994, 

Thorpe and Shapiro^ 1995) aims to perform targeted observations to improve 

the prediction of storms in the eastern Atlantic. Following the results of 

Montani et al., ECMWF implemented on 1 January 1997 two further singular 

vector computations either with 24 or 48 hour optimisation time interval, at 

T63L19 resolution, and with final time target area A,=(40°-d07V;20‘W-0°).
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Chapter 8 

CONCLUSIONS

This dissertation focused on the application of linear algebra to the study of 

perturbation growth during finite time intervals in the atmosphere.

Given a system ! described by a set of differential equations, a 

methodology based on the computation of singular vectors of the forward 

tangent propagator of the linearized version of the system equations was 

presented. The singular vectors were computed by solving an eigenvalue 

problem for an operator which includes the tangent forward and adjoint 

operators as factors. For this reason, in meteorological literature, the singular 

vector approach to dynamical instability is sometimes referred to as one 

application of the adjoint method in meteorology. (For example, two 

international workshops on Adjoint Applications in Dynamic Meteorology were 

held in the past, the first one in Asilomar, Monterey, California, from 23 to 28 

August 1992, and the second one in Visegrad, Hungary, from 2 to 6 May 

1994; a third workshop will be held in Canada in June 1997).

Compared to normal modes, singular vectors are not "modal", in the 

sense that they do change structure during the time evolution, and they can be 

computed (mostly numerically) following a time evolving trajectory. By 

definition, their structure depends, apart from the tangent forward and adjoint 

operators, on the inner products defined on the tangent space of the 

perturbations at initial and optimisation time, and on the optimisation time 

interval.

In this work, singular vectors were used to study different aspects of 

perturbation growth, first for a barotropic model of the atmospheric circulation, 

and then for a 3-dimensional primitive equation model. These studies implied 

the coding of a barotropic model, its tangent forward and adjoint versions, and 

the modification of the code of the ECMWF (European Centre for Medium- 

Range Weather Forecasts) operational model.

Considering a barotropic model with a spectral triangular truncation
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T21, first we verified that idealized flows characterized by neutral or damped 

normal modes can sustain growing singular vectors (Chapter 3, Section 3.4.1). 

Then, following the works of, e.g., Charney and DeVore (1979) and 

Frederiksen and Bell (1990), we analyzed the impact of topographic forcing 

on barotropic flows, by studying its impact on singular vectors growing around 

the barotropic flow itself (Chapter 3, Sections 3.4.2, 3.5 and 3.6). We showed 

that orographic forcing changes the basic state characteristics (indirect effect), 

and introduces a forcing in the linear and adjoint model equations (direct 

effect). Considering a realistic topography and an average 300 hPa winter 

circulation, we concluded that "orographically induced" singular vectors can 

be identified in the Rockies region, due mainly to the indirect effect by the 

orographic forcing. Finally, we analyzed the dynamics of blocking onset 

(Chapter 4), more specifically the importance of barotropic energy conversion 

in blocking versus non-blocking regime transitions. In this case, the non

linear, the tangent forward and the adjoint barotropic model versions were used 

more as diagnostic tools, rather than as models capable to describe the 

phenomena analyzed. The analysis confirmed that barotropic instability alone 

cannot explain transition to blocking, but it showed that dipole structures 

similar to blocking patterns can efficiently gain energy from the planetary-scale 

flow through barotropic conversion. Results also indicated that the largest 

amplification rates occur during periods either leading to blocking formation 

or covering the blocks' mature phase.

Then, we considered the ECMWF 3-dimensional model of the 

atmospheric circulation, and we discussed several aspects of a singular vector 

calculation (Chapter 5). In fact, the tangent forward and adjoint propagators 

are compounded by individual operators, each of them representing the 

parametrisation of a physical phenomenon. Specifically, we investigated the 

impact on singular vectors' structures of Non-linear Normal Mode 

Initialization, of surface drag and vertical diffusion of momentum, of the 

choice of the inner product and of the optimisation time interval. As a results 

of this sensitivity analysis, the best configuration for singular vectors 

computation was identified. A physical interpretation of singular vector
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growth in the atmosphere, based on the application of the Eliassen-Palm 

theorem and of the WKBJ method to the analysis of the propagation of a wave 

on a zonal basic flow, was proposed (Chapter 6). Cpnsidering a singular 

vector time evolution, the horizontal barotropic tilt was shown to be similar to 

the tilt of the WKBJ solution, and the upward amplitude propagation was 

explained in terms of wave-activity propagating from a region in the lower 

troposphere where the intrinsic wave frequency is small, to a region in the 

upper troposphere where the intrinsic frequency is large. Cases that cannot be 

interpreted in terms of wave-action concepts (due to the approximations onto 

which it is based) were also presented.

Finally, two operational applications of the singular vector technique 

were discussed. In the first one, singular vectors are used to generate the 

perturbed initial conditions for the ECMWF Ensemble Prediction System 

(Molteni et at., 1996). In the second one, singular vectors are used to target 

adaptive observations (Montani et a l ,  1996). Both these applications are based 

on the hypothesis that singular vectors identify the phase space directions more 

dynamically relevant for numerical weather prediction. The good performance 

of the ECMWF Ensemble Prediction System (Buizza, 1997a), and the 

preliminary results obtained by Montani et al. (1996), seems to support this 

hypothesis.

Concluding, this study has demonstrated that the application of linear 

algebra to meteorology can improve the theoretical understanding of weather 

phenomena, and can help in designing new ways to numerical weather 

prediction.
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