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Horndeski gravity was highly constrained from the recent gravitational wave observations by the LIGO
Collaboration down to jcg =c − 1j ≳ 10−15 . In this paper, we study the propagation of gravitational waves in
a recently proposed model of Horndeski gravity in which its teleparallel gravity analog is formulated. As
usually done in these analyses, we consider a flat cosmological background in which curvature is replaced
by torsion as the expression of gravitation. It is found that in this approach, one can construct a more
general Horndeski theory satisfying cT ¼ cg =c ¼ 1 without eliminating the coupling functions G5 ðϕ; XÞ
and G4 ðϕ; XÞ that were highly constrained in standard Horndeski theory. Hence, in the teleparallel
approach one is able to restore these terms, creating an interesting way to revive Horndeski gravity. In this
way, we retain the original spirit of Horndeski gravity (unlike beyond Horndeski theories) while only
changing the form in which the geometry of gravitation is expressed.
DOI: 10.1103/PhysRevD.101.084060

I. INTRODUCTION
The binary neutron star merger events associated with
the gravitational wave (GW) GW170817 [1] and its
companion electromagnetic counterpart GRB170817A
[2] has tremendously constrained the GW speed of propagation to the speed of light to within deviations of at most
one part in 1015 . The birth of multimessenger GW
astronomy has thus placed a dramatic constraint on models
of gravity predicting deviations in this difference of
propagation speeds. One such theory is Horndeski gravity
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[3] which is the most general second-order theory of
gravity involving a single scalar field in four dimensions.
Horndeski gravity has been used in a diverse range of
settings but is particularly useful for constructing models of
inflation and dark energy [4–6] (and references therein).
Horndeski was able to write his theory of gravity in
closed form because of the appearance of Lovelock’s
theorem [7] which states that in four dimensions, the only
possible second-order theory of gravity is general relativity
(GR), up to an integration constant (satisfying also reasonable conditions such as diffeomorphism and Lorentz
invariance). Together with the finite contribution of the
scalar field, Horndeski gravity provides a concise general
framework on which to construct second-order theories of
gravity. However, the speed of propagation of GWs in
Horndeski gravity [8] has severely limited the potential
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models of the theory [9,10]. While the format of the theory
has not been narrowed to GR, its most cosmologically
interesting models have been eliminated or severely limited. Moreover, it is important to explore possible ways to
revive Horndeski gravity because the majority of modified
gravity theories feature as subclasses of the fuller
Horndeski theory [11]. This has prompted a resurgence
in work refining the central theme of Horndeski gravity and
has then led to beyond Horndeski gravity models [12], in
which the second-order field equation condition is relaxed
but where the Ostrogradski ghosts are removed. Another
possible avenue to revive Horndeski gravity is in the
context of effective field theories where Horndeski gravity
may exist as the classical limit within some larger UV
complete theory. This may allow for a frequency-dependent
speed of propagation for GWs such as in Ref. [13].
Horndeski gravity offers a platform on which to construct modified theories of gravity in which several general
results can be safely inherited. These range from the fact
that all subclasses of Horndeski gravity are ghost free and
observe the weak equivalence principle [5] to them having
only one extra propagating scalar degree of freedom in
addition to those that appear in GR. Also, Horndeski
gravity encapsulates the common features and behaviors
that adding one scalar field to a theory and demanding that
the ensuing field equations remain second-order in nature
result. An example of this comes from large-scale structure
in the Universe where the linear growth rate of structure is
systematically lower than its ΛCDM counterpart while this
is larger for higher redshifts [14]. Likewise, Horndeski
gravity offers a natural relationship between an early-time
inflationary epoch [12] and a late-time dark energy behavior [15]. The effect brought to the fore by Horndeski gravity
is also impactful at the galactic scale where the scalar field
acts dynamically by mimicking dark matter [16–18]. For
these reasons and others, Horndeski gravity can offer a
reasonable area from which to produce new cosmological
models. Our work is focused on reviving this approach to
cosmology while respecting recent multimessenger observations on the GW speed of propagation.
Horndeski’s theory of gravity assumes outright that
gravity is described by the Levi-Civita connection which
is the basis of GR and the vast majority of modified
gravity [15]. The Levi-Civita connection is torsionless,
satisfies the metric compatibility condition, and describes
gravitation by means of a curvatureful Riemann tensor [19].
On the other hand, teleparallel gravity (TG) formulated
on the Weitzenböck connection is curvatureless and torsionful [20] (and continues to satisfy the metric compatibility
condition). One benefit of TG is that its analog of Lovelock’s
theorem is not bounded in terms of Lagrangian contributions
[21]. This means that Lovelock’s theorem alone will produce
an infinite number of terms in the TG Lagrangian. The
consequence of this property is that the TG analog of
Horndeski gravity grants another route to producing an
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observationally consistent theory that retains the spirit of
Horndeski gravity.
In Ref. [22], Bahamonde–Dialektopoulos–Levi Said
(BDLS) developed the details of this theory under reasonably physical conditions (that will be explained later on).
The product is a new Lagrangian component in addition to
those that appear in the original version of Horndeski
gravity. BDLS theory opens a new possibility to revive
Horndeski gravity within the TG context. This will raise
previously eliminated models to subclasses of the newly
proposed theory where the new TG component will be
constrained through observational tests.
In this paper, we first review the newly proposed BDLS
theory in Sec. II and then show that the propagation of tensor
modes in BDLS theory can resurrect many of the disqualified
models of standard Horndeski gravity in Sec. III. This is done
by determining the speed of propagation of gravitational
waves. In Sec. IV, we present examples of how this can be
done for some interesting models that are inspired by
standard Horndeski theory. Finally, we close in Sec. V with
a summary and conclusions of the core results. Throughout
this work, we take units in which the speed of light is equal to
unity unless otherwise stated.
II. THE TELEPARALLEL GRAVITY ANALOG
OF HORNDESKI GRAVITY (BDLS THEORY)
GR expresses gravitation by means of the metric tensor
∘σ

gμν through the Levi-Civita connection Γμν (we use overcircles throughout to denote quantities determined by the
Levi-Civita connection). This is measured via the Riemann
tensor which gives a meaningful measure of curvature in
standard gravity (meaning theories based on the LeviCivita connection) and is used in the construction of many
extended theories of gravity. On the other hand, the
fundamental dynamical object of TG is the tetrad ea μ ,
which acts as a soldering agent between the local
Minkowski space (Latin indices) and the general manifold
(Greek indices).
The tetrads reproduce the metric through
gμν ¼ ea μ eb ν ηab

ð1Þ

and observe the inverse transformation relation
ηab ¼ ea μ eb ν gμν :

ð2Þ

Also, the tetrad is normalized by the orthogonality relations
ea μ eb μ ¼ δab ;

ð3Þ

ea μ ea ν ¼ δνμ :

ð4Þ

Consequently, there is an infinite set of tetrads that
satisfy these conditions. TG theories are based upon the
Weitzenböck connection, which is curvatureless and metric
compatible. The linear affine form of this connection can
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∘

be related to its spin connection counterpart through the
relation

R ¼ −T þ B;

Γσ μν ¼ ea σ ∂ μ ea ν þ ea σ ωa bμ eb ν :

where B is a boundary contribution. This is the so-called
teleparallel equivalent of general relativity and results in
identical field equations as GR, despite differing at the level
of the action.
The procedure to transform local Lorentz frames to the
general manifold in GR comprises of exchanging the
Minkowski metric for the general manifold metric tensor
and raising the partial derivative to the Levi-Civita covariant derivative. In TG, the Minkowski manifold is formed
by trivial tetrads. The coupling procedure for a general
scalar field, Ψ ¼ Ψðxa ðxμ ÞÞ, is then prescribed by elevating
these trivial tetrads to general tetrads, ea μ , and by mapping
the derivative operator through [23]

ð5Þ

As in GR, the spin connection ωa bμ accounts for the local
Lorentz transformation (LLT) degrees of freedom, but in
TG this plays an active role in the equations of motion of
the theory by offsetting inertial effects that arise from the
freedom in choosing the tetrad, i.e., solutions to Eq. (1). In
any setting, one can always choose the so-called purely
inertial gauge in which the spin connection vanishes
organically due to an appropriate choice of frame [23].
The purely inertial gauge can also be seen as the Lorentz
frame in which the spin connection components vanish.
By choosing the Weitzenböck connection, the Riemann
tensor identically vanishes, whereas the torsion tensor
defined by [20]
Ta

μν

≔

2Γa½μν

ð6Þ

quantifies the field strength of gravity in TG. This quantity
can be decomposed into irreducible axial, vector and purely
tensorial parts defined, respectively, as [24]
1
aμ ¼ ϵμνσρ T νσρ ;
6

ð7Þ

vμ ¼ T σ σμ ;

ð8Þ

1
1
1
tσμν ¼ ðT σμν þ T μσν Þ þ ðgνσ vμ þ gνμ vσ Þ − gσμ vν ; ð9Þ
2
6
3
where ϵμνσρ is the totally antisymmetric Levi-Civita symbol
in four dimensions. These are irreducible parts with respect
to the local Lorentz group and can be used to construct
scalar invariants
T ax ¼ aμ aμ ¼

1
ðT T σμν − 2T σμν T μσν Þ;
18 σμν

T vec ¼ vμ vμ ¼ T σ σμ T ρμ ρ ;
T ten ¼ tσμν t

σμν

ð10Þ

∘

∂ μ → ∇μ ;

ð15Þ

where the action of this operator retains the same form as in
GR which is a result of the close relationship the two
theories share.
Now that both the gravitational and scalar field sectors
have been adequately developed, we can lay the criteria on
which to construct the TG analog of Horndeski gravity in
four dimensions [22], which are
(i) the resulting field equations must, at most, be second
order in terms of tetrad derivatives;
(ii) the scalar invariants cannot be parity violating; and
(iii) contractions of the torsion tensor can be at most
quadratic.
The last condition acts to limit the potentially infinite
higher-order contractions that may appear in the theory.
This is a result of the weakened Lovelock theorem in TG
[21,22] which now produces a potential infinite number
of terms.
Observing these conditions leads directly to the scalar
invariants which are linear in the torsion tensor,

ð11Þ

1
1
¼ ðT σμν T σμν þ T σμν T μσν Þ − T σ σμ T ρ ρμ :
2
2
ð12Þ

ð14Þ

I 2 ¼ vμ ϕ;μ ;

ð16Þ

and quadratic in the torsion tensor,
J1 ¼ aμ aν ϕ;μ ϕ;ν ;

ð17Þ

J3 ¼ vσ tσμν ϕ;μ ϕ;ν ;

ð18Þ

J 5 ¼ tσμν tσ μ̄ ν ϕ;μ ϕ;μ̄ ;

ð19Þ

J6 ¼ tσμν tσ μ̄ ν̄ ϕ;μ ϕ;ν ϕ;μ̄ ϕ;ν̄ ;

ð20Þ

the resulting Lagrangian turns out to be equivalent to the

J 8 ¼ tσμν tσμ ν̄ ϕ;ν ϕ;ν̄ ;

ð21Þ

Ricci scalar R (computed with the Levi-Civita connection)
up to a total divergence term [26]

J10 ¼ ϵμ νσρ aν tαρσ ϕ;μ ϕ;α ;

ð22Þ

These three quantities form the most general secondorder Lagrangian density that is quadratic in the torsion
tensor and is parity preserving [25], which can be written
as fðT ax ; T vec ; T ten Þ. For the special choice of linear
coefficients
3
2
2
T ¼ T ax þ T ten − T vec ;
2
3
3

ð13Þ

∘
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where the semicolon represents the Levi-Civita covariant
derivative. While other permutations exist, they can be
shown to reduce to these terms when the symmetries of the
torsion tensor are taken into account.
Defining the kinetic term of the scalar field as X ≔
− 12 ∂ μ ϕ∂ μ ϕ results in the new Lagrangian component
Ltele ≔ Gtele ðϕ; X; T; T ax ; T vec ; I 2 ; J 1 ; J3 ; J5 ; J6 ; J8 ; J 10 Þ:
ð23Þ
By virtue of the TG coupling prescription, the Lagrangian
components of Horndeski’s theory in standard gravity
remain identical except that they are expressed in terms
of the tetrad. This means that the TG analog of Horndeski’s
theory can be written as [22]
S BDLS ¼

1
2κ 2

Z

d4 xeLtele þ

5
1 X
2κ 2 i¼2

Z

d4 xeLi ;

ð24Þ
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the metric tensor produces ten independent field equations
(after symmetries are taken into account). Similarly,
TG produces ten independent field equations from this
variation. However, due to the symmetry of the energymomentum tensor, it was noticed in Ref. [27] that an extra
six independent field equations are produced. These represent the field equations due to the invariance of the
theory under LLTs and correlate to the six Lorentz transformations. The extra six field equations are produced by
considering the antisymmetric operator on the two free
indices of the field equations (when considered transformed
to their general manifold expression). Since the energymomentum tensor is symmetric, these equations must
vanish for a consistent inertial structure of the dynamical
equations. By choosing appropriate the spin connection
components [20,28], these equations can always be satisfied
in the purely inertial gauge these components vanish due to
the choice in the particular form of the tetrad components.
III. THE GW PROPAGATION EQUATION

where
L2 ≔ G2 ðϕ; XÞ;

L3 ≔ G3 ðϕ; XÞ□ϕ;

ð25Þ

L4 ≔ G4 ðϕ; XÞð−T þ BÞ þ G4;X ðϕ; XÞ½ð□ϕÞ2 − ϕ;μν ϕ;μν ;
ð26Þ
1
L5 ≔ G5 ðϕ; XÞGμν ϕ;μν − G5;X ðϕ; XÞ½ð□ϕÞ3
6
ν
α
μ
þ 2ϕ;μ ϕ;ν ϕ;α − 3ϕ;μν ϕ;μν ð□ϕÞ;



 cg

 − 1 ≳ 10−15 :
c


ð27Þ

pﬃﬃﬃﬃﬃﬃ
¼ 8πG, e ≔
−g is the determiin which
μÞ ¼
nant of the tetrad, Gμν is the regular Einstein tensor,
commas denote differentiation and □ϕ ≔ ϕ;μ ;μ . Clearly,
for the choice of Gtele ¼ 0, standard Horndeski gravity is
recovered without exception. Due to the local Lorentz
invariance of the torsion tensor, the new BDLS formulation
of Horndeski gravity is covariant under both Lorentz
transformations and diffeomorphisms.
Given the lower-order nature of TG compounded by the
weakened realization of Lovelock’s theorem, the TG
analog of Horndeski’s original theory has a much larger
parameter space in TG [22]. As expected, we recover the
standard gravity Horndeski terms in Eqs. (25)–(27) which
are now complemented by the additional Lagrangian
contribution of Ltele which appears naturally as part of
the TG analog of Horndeski theory [3]. In this new TG
analog formulation of Horndeski gravity, we demonstrate
one possible approach to reviving Horndeski gravity without resorting to beyond Horndeski theories or other
considerations.
In the Appendix we present the field equations of the
action in Eq. (24) by taking variations with respect to the
tetrad and scalar field. In GR, a variation with respect to
κ2

One of the defining features of GR is that by taking
tensor perturbations, it leads directly to a wave equation
which can be related to how GWs propagate. In turn, this
GW propagation equation (GWPE) can be used to relate
various modifications to the gravity section against each
other [29], as well as against GR. Recent observations limit
the speed of propagation of GWs to that of light to within a
highly constrained margin [1]:

detðea

ð28Þ

In fact, in Ref. [30] this was used to set an upper bound of
the graviton mass to mg < 1.2 × 10−22 eV=c2 , which
leaves little room for a massive graviton. A much stronger
constraint exists from Solar System tests in which mg <
10−30 eV=c2 which means that GW170817 did not significantly alter our picture of the graviton [31]. For these
reasons, any modified theory of gravity must produce GWs
that propagate very close to c and predict, at most, a
minuscule mass for the associated graviton mass.
In GR, the GWPE emerges through taking tensor perturbations about a background cosmology through gμν →
gμν þ δgμν , where jδgμν j ≪ 1 and gμν represents the background cosmology. In this case, δgμν will carry the GW
degrees of freedom (DOFs) which in GR is exhibited as two
DOFs as part of a massless spin-2 field.
The perturbative approach that appears in theories which
are wholly based on the metric tensor gμν is easily transferable to tetrad-based theories of gravity. Naturally, we
take a perturbation of the background tetrad ea μ , where
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such that jδea μ j ≪ 1 represents the first-order perturbation
of the tetrad. As is well known [32], not all DOFs are
independent and by taking gauge choices, these superfluous DOFs can be extirpated in cosmological perturbation analyses. Again, this easily follows for tetrad
formulated theories in which the regular gauge choices
can be readily adapted for this setting. To see this, consider
a spatially flat cosmology ds2 ¼ −dt2 þ aðtÞ2 ðdx2 þ
dy2 þ dz2 Þ [19], which can be straightforwardly produced
by the tetrad choice ea μ ¼ diagð1; aðtÞ; aðtÞ; aðtÞÞ. This is
a perfect example of a situation where the inertial spin
connection components all vanish meaning that the tetrad is
the only actor in the ensuing analysis [33].
At the first-order perturbative level, the metric tensor
perturbations take on the form gμν ¼ a2 δiμ δjν hij for spatial
i, j. These tensor perturbations are transverse, traceless and
symmetric. Similar to the background scenario, we can
choose tetrad components that produce the identical metric
entries while also having a vanishing associated spin
connection [27,34]. This is achieved for the choice
1
δek μ ¼ aδiμ δkj hij ;
2

ð30Þ

where i, j, k are all spatial. It is through these tensor modes
that the GWPE for BDLS theory can be determined.
The most general parametrization of the GWPE on a flat
cosmological background in modified gravity takes the
form [35,36]
2

k
ḧ ij þ ð3 þ αM ÞHh_ ij − ð1 þ αT Þ 2 hij ¼ 0;
a

ð31Þ

where dots denote differentiation with respect to cosmic
1 dM2
_
time, H ¼ a=a
is the Hubble parameter, αM ¼ HM
2 dt is

2
Planck mass running rate, and αT ¼ cT − 1 is the tensor
excess speed. The GWPE in Eq. (31) is being considered in
its Fourier domain, along with a source-free scenario
[37,38].
The joint observations of GW170817 and its associated
electromagnetic counterpart GRB170817A put stringent
constraints on the upper bound of αT which are not
compatible with most major manifestations of standard
Horndeski theory. In most popular cosmologically interesting versions of this Horndeski theory, we find a propagation speed that varies significantly from the speed of light
[29]. While several well-motivated theories exist that
consider beyond Horndeski gravity (see [12]), the TG
analog of Horndeski theory offers an avenue that keeps to
the original spirit of the approach [3].
The values of the parameterization variables that appear
in Eq. (31) depend on the particular theory being investigated. In order to do this for BDLS theory, we must
consider the tetrad perturbation laid out through Eq. (29),
where the flat cosmological background is perturbed by the
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tensor modes that appear in Eq. (30). These are then
substituted into the field equations and the resulting form
is formulated to be comparable to Eq. (31). As field
equations we use the Euler-Lagrange equations in the
minisuperspace for the background variables (scale factor,
lapse function and scalar field) and the tensorial perturbation hij . We also consider LLT invariance by taking
transformations of our initial tetrad ansatz and confirm
that the antisymmetric field equations vanish, which
verifies that our tetrad is compatible with a vanishing spin
connection. While cumbersome, this procedure can be used
to probe the nature of GW propagation in any modified
theory of gravity (further details in Refs. [39–41], and
references therein). By taking this tensor perturbation
prescribed, we find values for the two parameters of the
GWPE where the excess tensor speed is given by

2X
̈ − ϕHÞ
_
αT ¼ 2 2G4;X − 2G5;ϕ − G5;X ðϕ
M

1
− 2Gtele;J8 − Gtele;J5 ;
ð32Þ
2
and the effective Planck mass is given by

2
_
M ¼ 2 G4 − 2XG4;X þ XG5;ϕ − ϕXHG
5;X

1
þ 2XGtele;J8 þ XGtele;J5 − Gtele;T ;
2

ð33Þ

where comas represent derivatives and the only nonvanishing contributing scalars to the Gtele term are T ¼ 6H2 =N 2 ,
_ 2 , while the other
T vec ¼ −9H2 =N 2 , and I 2 ¼ 3Hϕ=N
scalars all vanish up to perturbative order.
The appearance of the Gtele term in Eq. (31) directly
leads to a potentially revised speed of GWs as compared to
the standard Horndeski theory. This means that we may
revive interesting cosmological models from standard
gravity by way of solving for the scenario where GWs
propagate at the speed of light, i.e., αT ¼ 0. The result is
that each standard Horndeski model from standard gravity
now reemerges as a family of solutions of this new
constraint. Naturally, for the situation where Gtele ¼ 0
we recover the standard gravity results for the GWPE
[5]. The action of Eq. (32) will be to constrain standard
Horndeski gravity models (and new models) against the
multimessenger constraints on the propagation of GWs [1]
in the context of solving for the Gtele contribution. Other
phenomenological effects may produce further restrictions
involving the new contribution. Given the large number of
new scalars in this new framework, it is crucial to determine
whether these observational constraints can produce models that are consistent with current observations.
The impact of the modification parameters in Eq. (31) is
that the waveform will be altered both in amplitude and
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phase by the αM and αT parameters, respectively.
Expanding the waveform about its GR limit gives [42,43]
−12

R

ik

R qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 μ2
αT þ

dη

αM Hdη
k
hBDLS ∼ hGR e|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
e|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ
ﬄ};
amplitude

2

ð34Þ

phase

R

where η ¼ dt=a denotes conformal time, H ¼ a0 =a is the
conformal Hubble parameter, μ is an effective mass, and
primes represent derivatives with respect to conformal time.
A direct consequence of this modification to the GWPE is
that the GW luminosity distance will also be effected
[42,44]. BDLS theory generalized the standard gravity
Horndeski theory by considering the TG analog of the same
theory. However, the theory can be forced to produce no
tensor excess speed, i.e., αT ¼ 0. In these cases, the
luminosity distance for the GWs is related to their electromagnetic counterpart by [45]

 Z
dgL ðzÞ
1 z αM
0
;
dz
¼
exp
2 0 1 þ z0
dEM
L ðzÞ

IV. REVIVING HORNDESKI USING
TELEPARALLEL GRAVITY
From recent GW observations [1], it was found that the
speed of the gravitational waves is constrained to Eq. (28).
This equation effectively sets αT ≈ 0 in a flat cosmological
background. For the standard Horndeski case (Gtele ¼ 0),
from Eq. (32), one can notice that in order to achieve this
condition, one requires G4 ðϕ; XÞ ¼ G4 ðϕÞ and G5 ðϕ; XÞ ¼
const (trivial). In greater detail, quartic and quintic Galileon
models [46,47], de Sitter Horndeski [48], the Fab Four [37],
as well as purely kinetic coupled models [49] are severely
constrained due to Eq. (28). Indicatively, for example, the
theory that reads
S¼

for the scale factor as an inflationary scenario; once
inflation is over the Universe enters a matter-dominated
era and later on, because of the dominance of the
cosmological terms, it obtains a de Sitter behavior. The
change between the epochs happens naturally without any
fine-tuning potential. In greater detail, it is known that the
universe in the model (36), depending on the coupling
parameter, transits from one de Sitter solution to another
and one can obtain “a big bang, an expanding universe
without a beginning, a cosmological turnaround, an eternally contractive universe, a big crunch, a big rip avoidance
and a cosmological bounce” [56]. Furthermore, in [52]
dynamical analysis of (36) shows that there exist attractors
representing three accelerated regimes of the Universe
evolution, including de Sitter expansion and the little
and big rip scenarios.
Another example is the so-called quartic Galileon model.
Its action reads
Z

ð35Þ

from which the damping of GWs against z can be used to
constrain the frictional term αM . This can be done using
standard sirens which is one of the main aims of the next
generation of gravitational wave detectors.

Z
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∘

∘
pﬃﬃﬃﬃﬃﬃ R
d x −g 2 − ½ϵgμν þ ηGμν ϕ;μ ϕ;ν
κ
4

− 2VðϕÞ þ S matter ;

ð36Þ
∘

where ϵ and η are two coupling constants and Gμν is the
Einstein tensor, gives great phenomenology at different
cosmological epochs because of the presence of the nonminimal kinetic coupling. It was very well studied in the
literature [49–56] since it provides a realistic cosmological
scenario emanated from this higher-order coupling.
Namely, at early times it gives a quasi–de Sitter behavior

S¼


∘
4
pﬃﬃﬃﬃﬃﬃ R X
d x −g 2 þ
Li ;
κ
i¼1
4

ð37Þ

where Li are the known functions of the Horndeski theory
[22,51]. This model is very well studied as well; in
Ref. [57] the authors found self-accelerating solutions,
and they studied their stability, as well as spherically
symmetric solutions. In Ref. [58], they perform simulations
showing that the Vainshtein mechanism suppresses very
efficiently the spatial variations of the scalar field and in
addition, the simulations fit very well both CMB and BAO
data. In [59] they study the so-called parametrized postNewtonian-Vainshteinian (PPNV) formalism of the quartic
(37) and the quintic Galileon, that is an extension to the
known PPN formalism and it is aimed to theories that need
the Vainshtein mechanism to screen out the scalar field.
Furthermore, in [60] they show that the model (37) can be
supersymmetrized using the Galileon shift symmetry for
the scalar and an ordinary shift symmetry for the fermionic
sector.
However, after the observation of GW170817, such
nonminimal couplings Eq. (36) and also models like
Eq. (37) were eliminated by the constraint in Eq. (28),
predicting a higher than the speed of light speed for the
gravitational waves.
In BDLS theory, when one assumes Gtele ≠ 0, it is
possible to find a theory which satisfies αT ¼ 0. To find
a theory respecting that GWs must propagate at c, we need
impose that αT ¼ 0. Then, for the BDLS theory, we impose
that Eq. (32) is equal to zero and then find out the
corresponding functions Gtele , G4 and G5 which ensure
this condition. If one imposes this [αT ¼ 0 in (32)], one
finds that G5 ¼ G5 ðϕÞ and Gtele ¼ G̃tele ðϕ; X; T; T vec ;
T ax ; I 2 ; J1 ; J3 ; J6 ; J 8 − 4J5 ; J10 Þ, which effectively gives
that the BDLS Lagrangian satisfying the property that
the propagation of the GW is equal to the speed of light is
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L ¼ G̃tele ðϕ; X; T; T vec ; T ax ; I 2 ; J1 ; J 3 ; J6 ; J8 − 4J5 ; J10 Þ
þ G2 ðϕ; XÞ þ G3 ðϕ; XÞ□ϕ;
þ G4 ðϕ; XÞð−T þ BÞ þ G4;X ½ð□ϕÞ2
− ϕ;μν ϕ;μν þ 4J 5  þ G5 ðϕÞGμν ϕ;μν − 4J5 G5;ϕ :

ð38Þ

This is the most important result of this paper since the
above Lagrangian contains nontrivial coupling functions
G4 ðϕ; XÞ and G5 ðϕÞ that were previously ruled out for the
standard Horndeski case. One can notice that the
Lagrangians L4 and L5 are now corrected by a term
proportional to J5 ; otherwise, cT will not be one (or
αT ¼ 0). With these corrections, models that were eliminated in standard Horndeski will survive in this framework.
Specifically, as we can see from the last four terms in
Eq. (38), theories with G5 ðϕÞ and also G4 ðϕ; XÞ will give
the correct speed for the gravitational waves. This correction of course includes the models in Eqs. (36) and (37).
V. CONCLUSIONS
In Ref. [22], we introduced the teleparallel analog of
Horndeski, which relies upon the torsion tensor instead of
the curvature tensor. This theory was built using the same
conditions as in standard Horndeski, which are (i) field
equations must be at most second order in tetrad derivatives; (ii) the theory must be not parity violating. Due to the
mathematical nature of the torsion tensor, it is possible to
construct infinite scalars leading to second-order field
equations, so that we also added an additional condition:
(iii) we considered only contractions of the torsion tensor
only up to quadratic terms. As another implicit condition,
our theory is local Lorentz invariance. We saw that because
of the structure of the torsion tensor, there appears a new
function adding richer phenomenology to the theory.
Hence, this theory can be written as Horndeski theory
plus an additional term which comes from teleparallel
scalars.
Horndeski theory is the most general scalar-tensor theory
leading to second-order field equations. Most modified
theories of gravity can be mapped onto its action. However,
after the observation of GW170817, a significant part of the
theory was eliminated because they predict discrepancies
between the GW speed of propagation and the speed of
light. In this work, we study the tensor perturbations of the
tetrad in order to see whether there are models that revive
the GW observation. To do this, we took a flat FriedmannLemaître-Robertson-Walker metric with its corresponding
tetrad, and then we perform the tensorial cosmological
perturbations. Since the tetrads have six extra degrees of

δe S BDLS ¼ eLtele ea μ δea μ þ eδe Ltele þ e

5
X
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freedom than the metric, we also checked that after
considering local Lorentz transformations of our tetrad,
the antisymmetric field equations vanish, as expected.
Then, the tetrad used is compatible with a vanishing spin
connection, and then, standard cosmological perturbations
can be used for our BDLS theory.
The most important result of this paper is given in
Eq. (32) where the excess tensor speed is displayed. By
setting Gtele ¼ 0, we recover the standard result found in
Horndeski theory. Now, for Gtele ≠ 0, interestingly enough,
because Eq. (32) is modified, there appears a correction
term both in L4 and in L5 [see Eq. (38)], and thus many
significant models survive to the constraint cT ¼ 1 (or
αT ¼ 0). Explicitly, by setting this condition, one gets that
the Lagrangian (38) is compatible with the current GW
velocity. It may be noted that the terms G4 and G5 get
corrections coming from the invariant J 5 which is related to
contraction of derivatives of the scalar field and the
tensorial part of the torsion tensor. We also pointed out
some models that could be revived in the teleparallel analog
of Horndeski. These theories have attracted some attention
in the past in standard Horndeski, but they were almost
discarded before.
It would be interested to investigate large-scale structure
constraints [61,62] which may further refine physically
viable choices of the BDLS Lagrangian. It would be also
interesting to use standard sirens and also to use binary
coalescence to put bounds in BDLS theory, as it was done
in [63,64]. Similarly as in [65], as another important study
that could be done, is to analyze the polarization of
gravitational waves in BDLS theory. All of these studies
will be done later in the future.
ACKNOWLEDGMENTS
The authors would like to acknowledge networking
support by the COST Action GWverse CA16104. The
authors would like to acknowledge networking support by
the COST Action CA18108. This article is based upon
work from CANTATA COST (European Cooperation in
Science and Technology) action CA15117, EU Framework
Program Horizon 2020. S. B. is supported by Mobilitas
Pluss No. MOBJD423 by the Estonian government.

APPENDIX: THE BDLS FIELD EQUATIONS
As in Ref. [66], the field equations of the BDLS action in
Eq. (24) can be determined by first taking a variation of this
action with respect to the tetrad, which results in

Li ea μ δea μ þ eδe

i¼2
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i¼2

Li þ 2κ2 eΘa μ δea μ ¼ 0;

ðA1Þ
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where we have also included the standard minimally coupled matter Lagrangian Lm , which produced the energymomentum tensor through the definition
Θa μ ¼

1 δðeLm Þ
:
e δea μ

ðA2Þ

P
As one would expect, the variations of the standard Horndeski gravity contributions δe 5i¼2 Li gives the standard
Horndeski gravity field equations, whereas the variation of δe Ltele is related to the extra terms coming from TG. After doing
several computations, one finds that the field equations can be written as
4ð∂ λ Gtele;T ÞSa λμ þ 4e−1 ∂ λ ðeSa λμ ÞGtele;T − 4Gtele;T T σ λa Sσ μλ þ 4Gtele;T ωb aν Sb νμ
− ϕ;a ½Gtele;X ϕ;μ − Gtele;I2 vμ − 2Gtele;J1 aμ aj ϕ;j þ Gtele;J3 vi tk μi ϕ;k − 2Gtele;J5 tiμk tijk ϕ;j
þ 2Gtele;J6 tilk tμ M i ϕ;k ϕ;l ϕ;m − 2Gtele;J8 tijk tijμ ϕ;k − Gtele;J10 aj ϕ;i ðϵμjcd ti cd þ ϵijcd tμcd Þ
1
þ ½Mi ðϵib cd ec μ T b ad − ϵib cd ed μ ωb ac Þ þ e−1 ∂ ν ðeMi ϵia cd ec ν ed μ Þ
3
− N i ðei μ ωρ aρ − ωμ ai − T μ ai − va ei μ Þ þ e−1 ∂ ν ðeN i ðea ν ei μ − ea μ ei ν ÞÞ
− Oijk H ijka μ þ e−1 ∂ ν ðeOijk Lijka μν Þ − Ltele ea μ þ 2ea ν gμα

5
X

GðiÞ αν ¼ 2κ2 Θa μ ;

ðA3Þ

i¼2

where
M i ¼ 2Gtele;Tax ai þ 2Gtele;J1 ϕ;i ϕ;j aj þ Gtele;J10 ϵa i cd ϕ;a ϕ;j tj cd ;

ðA4Þ

N i ¼ 2Gtele;Tvec vi þ Gtele;I2 ϕ;i þ 2Gtele;J2 ϕ;i ϕ;j vj þ Gtele;J3 ϕ;k ϕ;j ti kj ;

ðA5Þ

Oijk ¼ Gtele;J3 ϕ;j ϕ;k vi þ 2Gtele;J5 ϕ;l ϕ;j ti l k þ 2Gtele;J6 ϕ;j ϕ;k ϕ;l ϕ;m ti lm þ 2Gtele;J8 ϕ;l ϕ;k tij l þ Gtele;J10 ϵab jk ϕ;a ϕ;b ϕ;i ;

ðA6Þ

and
Hijka μ ≔

∂tijk 1
¼ ½ω e μ − ωiak ej μ − T ija ek μ − T iak ej μ þ ωjai ek μ − ωjak ei μ − T jia ek μ − T jak ei μ 
∂ea μ 2 iaj k
1
þ ½ηki Cja μ − ηkj Cia μ − 2ηij Cka μ þ vj Dkia μ − vi Dkja μ − 2vk Dija μ ;
6

Lijka μν ≔

ðA7Þ

∂tijk
1
1
¼ ½ηai ðej ν ek μ − ej μ ek ν Þ þ ηaj ðei ν ek μ − ei μ ek ν Þ þ ½ηki ðea ν ej μ − ea μ ej ν Þ
a
6
∂e μ;ν 2
− ηkj ðea ν ei μ − ea μ ei ν Þ − 2ηij ðea ν ek μ − ea μ ek ν Þ;
∂vi
¼ ei μ ωρ aρ − ωμ ai − T μ ai − va ei μ ;
∂ea μ

ðA9Þ

∂ηki
¼ δbi ηab eμ k þ δbk ηab eμ i − ηai eμ k − ηka eμ i :
∂ea μ

ðA10Þ

Cia μ ≔
Dkia μ ≔

ðA8Þ

P
The terms GðiÞ αν 5i¼2 GðiÞ μν were explicitly found in [51] [see Eqs. (13a)–(13d) therein]. This constitutes the tetrad field
equations which produce the ten independent field equations as well as the six extra antisymmetric independent field
equations due to the invariance under LLTs as discussed in Sec. II.
On the other hand, the scalar field will also produce dynamical equations. By taking a variations of the action with respect
to the scalar field results in a modified Klein Gordon equation given by
∘μ

∇



5
5
X
X
Jμ−tele þ
Jiμ ¼ Pϕ−tele þ
Piϕ ;
i¼2

i¼2
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where Jμ−tele and Pϕ−tele are defined as
∘

∘

∘

J μ−tele ¼ −Gtele;X ð∇μ ϕÞ þ Gtele;I2 vμ þ 2Gtele;J1 aμ aν ∇ν ϕ − Gtele;J3 vα tμ να ð∇ν ϕÞ
∘

∘

∘

∘

∘

− 2Gtele;J5 tβνα tβμα ð∇ν ϕÞ þ 2Gtele;J8 tαν μ tαν β ð∇β ϕÞ − 2Gtele;J6 tναβ tμ σ ν ð∇α ϕÞð∇β ϕÞð∇σ ϕÞ
∘

− Gtele;J10 aν ð∇α ϕÞðϵμ νρσ tαρσ þ ϵα νρσ tμρσ Þ;

ðA12Þ

Pϕ−tele ¼ Gtele;ϕ :

ðA13Þ

Using the identity in Eq. (14), it follows that Piϕ is given by [51]
P2ϕ ¼ G2;ϕ ;

ðA14aÞ

∘

∘μ

P3ϕ ¼ ∇μ G3;ϕ ∇ ϕ;

ðA14bÞ
∘

∘

∘

P4ϕ ¼ G4;ϕ ð−T þ BÞ þ G4;ϕX ½ð□ϕÞ2 − ð∇μ ∇ν ϕÞ2 ;

ðA14cÞ

∘
∘ ∘
∘ ∘
∘ μν ∘
1
P5ϕ ¼ −∇μ G5;ϕ G ∇ν ϕ − G5;ϕX ½ð□ϕÞ3 − 3□ϕð∇μ ∇ν ϕÞ2 þ 2ð∇μ ∇ν ϕÞ3 ;
6

ðA14dÞ

whereas J iμ will be defined as
∘

J2μ ¼ −L2;X ∇μ ϕ;
∘

ðA15aÞ
∘

∘

J3μ ¼ −L3;X ∇μ ϕ þ G3;X ∇μ X þ 2G3;ϕ ∇μ ϕ;
∘

∘

∘ν

∘

∘

∘ν

ðA15bÞ
∘

∘

∘ν

∘

∘

∘

∘

∘

J4μ ¼ −L4;X ∇μ ϕ þ 2G4;X Rμν ∇ ϕ − 2G4;XX ð□ϕ∇μ X − ∇ X∇μ ∇ν ϕÞ − 2G4;ϕX ð□ϕ∇μ ϕ þ ∇μ XÞ;
∘

∘ν

∘

∘ν

∘

∘ν

∘λ∘

∘

∘ν

ðA15cÞ

∘α∘β

J5μ ¼ −L5;X ∇μ ϕ − 2G5;ϕ Gμν ∇ ϕ − G5;X ½Gμν ∇ X þ Rμν □ϕ∇ ϕ − Rνλ ∇ ϕ∇ ∇μ ϕ − Rαμβν ∇ ϕ∇ ∇ ϕ
þ G5;XX

∘ ∘
∘
∘ ∘ν
∘ ∘
∘α∘ν
∘
∘
1∘
∇μ X½ð□ϕÞ2 − ð∇α ∇β ϕÞ2  − ∇ν Xð□ϕ∇μ ∇ ϕ − ∇α ∇μ ϕ∇ ∇ ϕÞ
2

þ G5;ϕX

∘ ∘
∘
∘ν ∘ ∘
∘
∘
1∘
∇μ ϕ½ð□ϕÞ2 − ð∇α ∇β ϕÞ2  þ □ϕ∇μ X − ∇ X∇ν ∇μ ϕ :
2

ðA15dÞ

To fully express all terms in the above equations in terms only depending on teleparallel quantities, one can use the
following identities:
∘

∘λ

R

∘

μσν

∘

¼ ∇ν K σ λ μ − ∇σ K ν λ μ þ K σ ρ μ K ν λ ρ − K σ λ ρ K ν ρ μ ;
∘

∘

ðA16Þ

Rμν ¼ ∇ν K λ λ μ − ∇λ K ν λ μ þ K λ ρ μ K ν λ ρ − K λ λ ρ K ν ρ μ ;

ðA17Þ

∘
1
Gμν ¼ e−1 ea μ gνρ ∂ σ ðeSa ρσ Þ − Sb σ ν T b σμ þ Tgμν − ea μ ωb aσ Sbν σ :
4

ðA18Þ
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