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Abstract

A hybrid circuit quantum electro-dynamics (circuit QED) setup consisting of helium
atoms in high-n Rydberg states and superconducting co-planar waveguide (CPW) mi-
crowave resonators has been developed with the goal of performing hybrid quantum
optics experiments with applications in quantum information processing. In this thesis
an overview of the field of cavity QED is introduced, and numerical methods to cal-
culate the atomic energy level structure and transition dipole moments in electric and
magnetic fields are described. Using this background information, a new method for
efficiently preparing high-n circular Rydberg states is presented. This was required to ac-
cess circular-state–to–circular-state transition frequencies in experiments which are com-
patible with superconducting CPW microwave resonators. Experimental and numeri-
cal results demonstrating the implementation of this method for the preparation of the
|n = 70, ℓ = 69, mℓ = +69⟩ circular state in helium are reported. The design and fabrica-
tion of λ/4 superconducting CPW microwave resonators, compatible with these high-n
circular Rydberg states of helium is then described. The effects of microwave driving
power, temperature and magnetic field on the characteristics of these resonators are pre-
sented. Finally, experiments in which helium Rydberg atoms have been coherently cou-
pled to the microwave field of a superconducting co-planar waveguide resonator are
reported.
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Impact Statement

The field of quantum information processing (QIP), promises to unlock a new computing
paradigm capable of addressing problems intractable using current classical computers.
Many different physical systems have been studied both theoretically and experimen-
tally in the hope of finding one whose characteristics are amenable to the demanding
range of requirements imposed by quantum physics. Significant progress has been made
using apparatus comprising of single quantum systems, for example the recent claim of
reaching quantum supremacy in [Arute et al., 2019], using a superconducting processor.
However many challenges still lie ahead, for example; conserving quantum information
for longer periods of time, or converting photons between the microwave and optical
domains to allow fibre optic connectivity. The consideration of quantum information
processors comprising of more than one quantum system allows setups to be designed
with complementary sets of characteristics, increasing the chances of finding a system
suitable for the more demanding quantum computing requirements of the future.

A promising combination of quantum systems for approaching some of these chal-
lenges is a hybrid system comprised of atoms and superconducting coplanar waveguide
(CPW) circuits. This was first demonstrated experimentally in [Hattermann et al., 2017].
using hyperfine ground-state transitions in rubidium atoms. However, hyperfine transi-
tions in ground-state atoms are driven by the magnetic component of the electromagnetic
field, which results in a weaker coupling than the one of typical electronic transitions to
the electric component, and therefore the rate of transfer of quantum information be-
tween these two systems is slow. This limitation can be overcome by utilising transitions
between highly excited Rydberg states which possess much larger electric dipole transi-
tion moments, and hence allow higher rates of quantum information transfer with CPW
resonators. Work in this direction started with the demonstration of driving Rydberg
state transitions in helium by a CPW transmission line in [Hogan et al., 2012]. However
prior to the work presented in this thesis coupling of Rydberg-Rydberg state transitions to
a CPW resonator had not been demonstrated. The primary achievement of this Ph.D has
been the demonstration of coherent driving of low-ℓ Rydberg state transitions in helium
using microwave fields in a superconducting CPW resonator. This breakthrough paves
the way for the use of Rydberg atoms as a medium for microwave-to-optical photon con-
version allowing for superconducting processors to be networked over long distances.

In addition, circular Rydberg states, which have longer lifetimes than low-ℓ Rydberg
states and whose available transitions have even larger electric dipole moments, could
act as excellent quantum memories. However to couple circular-state–to–circular-state
transitions to CPW resonators requires the preparation of circular Rydberg states with
a principle quantum number, n, larger than 70. Prior to the work demonstrated in this
thesis, there existed no widely applicable method for the preparation of such circular
Rydberg states. Therefore another achievement of this work has been the invention of
a method for preparing circular Rydberg states with, in principle, arbitrarily high n for
many atoms and molecules, and the demonstration of the use of this method for the
preparation of n = 70 circular Rydberg states in helium.
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Chapter 1

Introduction

Atoms in electronically excited states with high values of the principle quantum number,

n, are referred to as Rydberg atoms. In these states atoms can possess exaggerated proper-

ties such as; long radiative lifetimes, large electric dipole transition moments, and large

static electric dipole moments [Gallagher, 1994]. Rydberg atoms have played a central

role in the development of the field of cavity quantum electrodynamics (cavity QED),

in which their large electric dipole transition moments have allowed strong coupling to

three-dimensional free-space microwave cavities. In this thesis, the development of this

field is continued with the aim of coupling helium atoms in high-n circular Rydberg states

to chip-based superconducting co-planar waveguide (CPW) microwave resonators. This

work required the efficient preparation of Rydberg states in helium including circular

Rydberg states with maximal electron orbital angular momentum, as well as the design

and fabrication of appropriate superconducting CPW resonators.

In this chapter, a brief overview of the development of cavity QED, and the sub-

sequent development of circuit QED is provided together with more recent hybrid ap-

proaches to cavity QED. In Chapter 2 the theoretical background information required to

calculate shifts in atomic energy levels due to the presence of electric and magnetic fields
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in both parallel and perpendicular configurations is presented. These methods of calcu-

lation are then used in the analysis of the experimental data in Chapter 3. A new method

for efficiently preparing atoms in high-n Rydberg states is presented in Chapter 3, along

with experimental and numerical results arising from the application of this method to

the preparation of high-n circular states in helium. Following this, the theoretical back-

ground information relating to the design and characterisation of co-planar waveguides,

and superconducting CPW resonators is presented in Chapter 5, along with the design

and fabrication of superconducting CPW resonators for use in a hybrid cavity QED ex-

periments with circular Rydberg states in helium. Finally, in Chapter 6 the results of a set

of hybrid cavity QED experiments are described.

1.1 History of cavity QED

In physics, minimal physical models are a common theoretical tool used to interpret in-

teresting physical effects without having to account for experimental complications such

as noise, imperfect equipment, or larger Hilbert spaces (additional energy levels). One

such model system consists of an idealised two-level atom surrounded by two highly

reflective mirrors. These mirrors enforce boundary conditions on the electromagnetic

field, restricting the modes that can be supported. In turn this can affect the radiative

properties of the atom. In fact this simple model captures many quintessentially quan-

tum phenomena in the study of atom-photon interactions such as; modified spontaneous

emission rates, Rabi oscillations, and the Lamb shift. The physics associated with this

model has become known as cavity quantum electro-dynamics (cavity QED), and has

been paramount to the development of a range of platforms for quantum information

processing from the visible to the microwave region of the electromagnetic spectrum.
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The phenomena which can be observed in cavity QED are dependent on experimen-

tal parameters such as the quality factor, Q, of the cavity, i.e., the ratio of the resonator

frequency to the photon loss rate, or the coupling rate of the two-level system to the res-

onator mode of interest. Cavity QED experiments are generally characterised as being

in either the pertubative regime or the strong coupling regime. The criteria for the latter is

g ≫ Γ, κ, 1
ti

, where g is the atom-field coupling strength, Γ is the spontaneous emission

rate into off-resonant field modes, κ is the photon loss rate from the cavity, and ti is the

interaction time.

In the following, we review some of the early experiments which were confined to the

pertubative regime due to experimental limitations, and follow later progress towards

strong coupling. The subsequent use of these systems to demonstrate quantum phe-

nomena such as superposition and entanglement served as a test bed for early quantum

information experiments, which are then described.

1.1.1 Cavity QED in the pertubative regime

An excited atom isolated in free space will undergo the irreversible process of spontaneous

emission, whereby a photon is emitted in a random direction and with a random polari-

sation. The rate at which this occurs depends on the strength of the couplings between

the allowed atomic transitions and the resonant modes of the vacuum field. In free space

these vacuum field modes form a continuum, and the spontaneous emission rate Γ has a

well defined value which can be calculated. However, if one modifies the number of field

modes per unit volume and/or per unit frequency then the rate of spontaneous emission

can be either enhanced or inhibited. This is called the Purcell effect [Purcell, 1946] and

can be observed by surrounding the atom with highly reflective mirrors, thereby impos-

ing boundary conditions on the available field modes. A situation of this kind is shown
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κ
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FIGURE 1.1: Idealised two-level atom, referred to as a qubit, inside a free-
space cavity

in Fig. 1.1, where ωm is the frequency of the field mode, and ωq is the atomic transition

frequency in an idealised two-level quantum system, referred to as a quantum bit, or

qubit. The quality factor of the cavity is given by,

Q =
ωm

κ
. (1.1)

In the pertubative regime the coupling between the atom and the resonant field mode, g,

is smaller than the rate of dissipation, κ, or the reciprocal of the interaction time 1/ti. The

single-atom–empty-resonator coupling strength is given by,

g =
d · Fm(r)

h̄
(1.2)

=
d
h̄

√
h̄ωm

2ϵ0Vm
f (r) (1.3)

where d is the transition dipole moment in the atom, Fm(r) is the electric field associated

with mode m at position r, Vm is the mode volume, and f (r) is the modes normalised

spatial distribution function. The mode volume depends on the experimental setting.

This could be described by a Gaussian function centred between two mirrors or a dipolar

type of field distribution in a co-planar waveguide resonator.

An intuitive understanding of the Purcell effect can be obtained using Fermi’s golden
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rule, an expression describing the transition rate from a single eigenstate of a system to

a continuum of eigenstates, just as we have with the atom-cavity system. The basis of

this ’rule’ is as follows: If an atom is placed inside a cavity with moderately high quality

factor such that the cavity resonance width is wider than the spontaneous emission rate,

and if the atomic transition is resonant with the cavity mode then, from the point of view

of the atom, it couples to an effective continuum of field modes. However, under these

circumstances the mode density is higher than in free space. Because of this increase of

the mode density the spontaneous emission rate of the excited atom is increased by the

Purcell enhancement factor [Purcell, 1946],

η = 6π
Qc3

Vmω3
m

(1.4)

where c is the speed of light in a vacuum.

The Purcell enhancement of the spontaneous emission rate was first demonstrated in

the microwave domain using sodium atoms in high Rydberg states [Goy et al., 1983]. In

this work atoms prepared in the |n = 23, ℓ = 0⟩ state passed one by one through a Fabry-

Perot microwave cavity resonant with the |23s⟩ → |22p⟩ transition at 340 GHz and with

a free-space spontaneous emission rate of Γ = 150 s−1. The cavity had a quality factor

Q ≈ 106, and a mode volume of Vm = 70 mm3, resulting in a Purcell enhancement factor

of η ≈ 530. By adjusting the separation of the mirrors, an increase in the population of

the |22p⟩ state was observed as the cavity frequency became resonant with the atomic

transition, reflecting the Purcell enhancement of the spontaneous emission rate.

A further consequence of the interaction of the atom with its electromagnetic environ-

ment that gives rise to the Purcell effect is that if the mirror separation L is small enough
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FIGURE 1.2: Spontaneous emission rate Γcav relative to that in free-space
Γfree−space for a two-level atom surrounded by two highly reflective mir-
rors, as function of the mirror separation L given in terms of the atomic

transition wavelength λatom. [Dutra and Knight, 1996]

such that the wavelength of the fundamental mode, 2L, is smaller than the atomic tran-

sition wavelength, i.e., λatom > 2L, the effective mode density is zero. In this situation,

spontaneous emission is strongly inhibited [Kleppner, 1981]. By way of example of this

effect, Fig. 1.2 shows a calculated spontaneous emission rate relative to that in free-space

as a function of the separation between two mirrors [Dutra and Knight, 1996]. This in-

hibition of spontaneous emission was first demonstrated using caesium Rydberg atoms

[Hulet, Hilfer, and Kleppner, 1985]. In a similar setup to that used by Goy et al., the

atoms were prepared in the |n = 22, ℓ = 21, mℓ = +21⟩ ≡ |22c⟩ circular Rydberg state

and passed through a cavity with a resonance frequency close to that of the |22c⟩ → |21c⟩

transition (λ = 0.45 mm, ν = 0.67 THz). The lifetime of the |22c⟩ state in caesium, limited

by free-space spontaneous emission, is 460 µs, comparable to the flight time of the atoms

from the cavity to the detection region in the apparatus. The atomic transition frequency

was tuned using an electric field, through the Stark effect. When the condition λ > 2L

was met, a noticeable increase in the number of atoms in the |22c⟩ state was observed

as shown in Fig. 1.3 (b). This work demonstrated the inhibition and enhancement of the
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FIGURE 1.3: Caesium atom time-of-flight distributions demonstrating the
modification of spontaneous decay rates. Curve C, in (a), shows the calcu-
lated (dashed curve) and measured (continuous curve) data for free-space
radiative decay. Curves A and B show the calculated (dashed curve) and
measured (continuous curve) data for spontaneous emission enhancement
when λ/2L < 1, and spontaneous emission inhibition when λ/2L < 1,

respectively. [Hulet, Hilfer, and Kleppner, 1985]

|22c⟩ → |21c⟩ spontaneous decay rate.

1.1.2 Cavity QED in the strong coupling regime

The strong coupling regime of cavity QED is defined by the conditions that g ≫ Γ, κ, 1
ti

.

When these criteria are met the cavity not only alters the radiative properties of the atom,

but also introduces coherent quantum dynamics, e.g., Rabi oscillations of populations be-

tween states. Under these conditions quanta of energy oscillate between the atom and

cavity mode at a rate given by the Rabi frequency ΩR = 2g. These dynamics can be mod-

elled by assuming a stationary two-level atom or qubit in a perfectly reflective cavity. The

Hamiltonian of this solitary qubit is,

Hq =
1
2

h̄ωqσz (1.5)
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where h̄ωq is the qubit transition energy, and σz is the Pauli-Z operator. The Hamiltonian

representing the mode m of the electromagnetic field in the cavity is then,

Hm = h̄ωm

(
a†a +

1
2

)
(1.6)

where h̄ωm is the photon energy, a† and a are the photon creation and annihilation op-

erators (where the photon number n = a†a). The qubit and the cavity then interact

through an electric/magnetic dipole interaction represented by the Hamiltonian, Hint.

The strength of this dipole interaction is governed by the transition dipole moment in the

atom. Under these conditions the complete atom-cavity system can be described by the

Rabi model, where,

HRabi = Hm + Hq + Hint

= h̄ωm

(
a†a +

1
2

)
+ h̄

ωq

2
σz + h̄g(a† + a)(σ+ + σ−)

(1.7)

where σ+ and σ− represent operators associated with the absorption and emission of a

photon by the atom, respectively.

By applying the rotating wave approximation, in which terms associated with the evolu-

tion of the system at rates faster than ωm are neglected, this system, in the resonant limit

(∆ = ωq − ωm ≪ g) is described by the Jaynes-Cummings Hamiltonian,

HJC = h̄ωm

(
a†a +

1
2

)
+ h̄

ωq

2
σz + h̄g(a†σ− + aσ+). (1.8)

The third interaction term in Eq. 1.8 leads to the coherent transfer of excitations from

the cavity to the qubit and back at a rate given by the Rabi frequency, ΩR = 2g√nph,
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where nph is the number of photons within the cavity. This oscillatory transfer of popu-

lation is referred to as a Rabi oscillation. If an atom in the excited state enters an empty

cavity and ∆ = 0, then the state of the combined atom-cavity system will oscillate be-

tween its initial value of |e, 0⟩, and |g, 1⟩. This process is accompanied by the incoherent

decay processes discussed earlier, which causes the contrast of the oscillations to damp

out over time.

Atom-cavity interactions in the dispersive limit

In the so-called dispersive limit, when ∆ ≫ g, the Jaynes-Cummings Hamiltonian can be

rewritten in the form,

H ≈ h̄
(

ωm +
g2

∆
σz

)(
a†a +

1
2

)
+ h̄ωq

σz

2
, (1.9)

which highlights the effect of the atom on the cavity field, i.e., results in an atomic-state

dependent effective resonant frequency ω∗
m = ωm ± g2

∆ . However Eq. 1.9 can also be

expressed in the form,

H ≈ h̄ωm

(
a†a +

1
2

)
+ h̄

(
ωq +

2g2

∆
a†a +

2g2

∆

)
σz

2
(1.10)

which highlights the effect of the cavity on the atomic energy level structure.

A generalisation of the Jaynes-Cummings model for an ensemble of atoms is known

as the Tavis-Cummings model. In this case the dispersive shift of the field, χ, becomes,

χ1 =
g2

∆
σz → χn =

g2
n

∆
1

nat

nat

∑
i=1

σi
z =

g2
n

∆
Jz

nat/2
(1.11)

where Jz =
1
2 ∑nat

i=1 σi
z, and gn = g1

√
nat.
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1.1.3 Toward microwave cavity QED experiments in the strong coupling regime

All of the experiments described above involved single atoms coupled to cavities. They

were performed in the pertubative regime primarily because of technical limitations.

However, if instead of performing experiments with one atom at a time in the cavity,

if the cavity contains nat identical atoms, each equally coupled to the same resonant field

mode, then the ensemble of atoms interact with the cavity field simultaneously, leading

to an enhanced collective coupling given by gn = g
√

nat [Kaluzny et al., 1983]. The con-

dition for strong collective coupling is then gN ≫ Γ, κ, 1
ti

, which is in general easier to

achieve than the single atom strong coupling regime.

Rabi oscillations in microwave cavity QED with ensembles of atoms were first demon-

strated using sodium Rydberg atoms [Kaluzny et al., 1983]. In this work the atoms

were prepared in the |36s⟩ state and passed through a cavity, with a damping rate κ =

5 × 106 s−1, which was tuned to be resonant with the |36s⟩ → |35p⟩ transition at 82 GHz.

The single-atom Rabi frequency, ΩR/2π, was 20 kHz. The atom-cavity interaction time

was then varied by tuning the atoms in and out of resonance using the Stark effect, and

the population of the |36s⟩ state was measured as shown in Fig. 1.4. As can be seen from

these results, the larger the number of atoms in the cavity the faster the observed Rabi

oscillations. In the experiments performed with larger numbers of atoms the contrast of

the Rabi oscillations was also greater. This was because as the value of gN increased the

rates associated with the dissipative processes remained unchanged.

A further observable consequence of the strong coupling regime of cavity QED is the

vacuum Rabi level splitting of the atomic transition frequency. This can be understood by

considering a ground state atom, |g⟩, and an empty cavity mode, |0⟩, with resonance fre-

quencies, ωq and ωm, respectively. In the case that ωq = ωm then the first excited state of
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FIGURE 1.4: Sodium atoms prepared initially in the |36s⟩ Rydberg state
before travelling through a microwave cavity resonant with the |36s⟩ →
|35p⟩ transition at 82 GHz. The population in the |36s⟩ (upper) state was
measured as a function of the atom-cavity interaction time, which was con-
trolled using the Stark effect. The number of atoms in the cavity N = nph
in each experiment was varied, changing the observed Rabi frequency ΩR.

[Kaluzny et al., 1983]

the atom and the cavity would have the same energy. However if the atom and cavity are

strongly coupled then neither the atom nor the cavity can be considered independently,

and any excitation must be representative of the combined system. The excited states

of the atom-cavity system are therefore |±⟩ = 1√
2
(|g, 1⟩ ± |e, 0⟩). The energies of these

two superposition states are centred on the uncoupled excited state, but they are split by

the vacuum Rabi frequency ΩR. Vacuum Rabi splittings have been observed in the mi-

crowave domain in experiments with rubidium Rydberg atoms [Bernardot et al., 1992].

For increasing numbers of excitations in the system the collective coupling strength, and

hence the effective Rabi frequency, increases with
√

n forming the Jaynes-Cummings lad-

der shown in Fig. 1.5.

Subsequent breakthroughs in cavity QED followed from the development of very
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FIGURE 1.5: The blue and red lines represent the eigenenergies of the un-
coupled qubit and cavity Hamiltonians in Eq. 1.5 and 1.6, respectively.
When coupled (g > 0) the eigenstates of the combined atom-cavity system
represent a superposition of atom and cavity excitations, with energy split-
tings of 2g

√
n. This energy level structure in the strong coupling regime is

referred to as the Jaynes-Cummings ladder.

high-Q superconducting niobium cavities. These ∼ 10 cm sized 3D cavities allowed sin-

gle atom strong coupling to be achieved. The first demonstration of this was in the single

atom micromaser [Meschede, Walther, and Müller, 1985]. In these experiments rubid-

ium Rydberg atoms prepared in the |63p3/2⟩ state passed through a superconducting

niobium cavity with a quality factor Q = 8 × 108 that was tuned to be resonant with

the |63p3/2⟩ → |61d3/2⟩ transition at 21.5 GHz. Although Rabi oscillations could not be

observed directly because the interaction time was not controlled, multiple exchanges of

photons between the atoms and the cavity could be seen.

Other experiments in the single-atom strong-coupling regime followed, demonstrat-

ing; the collapse and revival of Rabi oscillations [Rempe, Walther, and Klein, 1987, Brune

et al., 1996], sub-Poissonian atomic statistics [Rempe and Walther, 1990], bistable be-

haviour [Benson, Raithel, and Walther, 1994], Fock state generation [Varcoe, Brattke, and

Walther, 2000], and a two-photon micromaser [Brune et al., 1987]. The latter is particu-

larly interesting because it relies on all three of the effects described above; spontaneous
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emission enhancement and inhibition, and Rabi oscillations. A two-photon transition

from the |40s⟩ → |39s⟩ state is allowed by the presence of the |39p3/2⟩ state detuned by

39 MHz from the midpoint energy. However this one-photon transition would dominate

if it weren’t for a cavity resonant with the |40s⟩ → |39s⟩ transition, which enhances the

two-photon transition rate but inhibits one-photon transitions.

1.1.4 Entanglement engineering

Quantum entanglement is a phenomena whereby the state of one component of the sys-

tem can become dependent on the actions performed on another component, without

requiring any direct interactions between them. As an example, one of the simplest en-

tangled states of 2 two-level atoms is 1√
2
(|g1, g2⟩+ |e1, e2⟩) where |g⟩ and |e⟩ represent

the ground and excited states, respectively, and the system is in a superposition of both

atoms being in the ground state, or both being in the excited state. If the state of one atom

is measured, then the superposition of the other atom will collapse to this same state, re-

gardless of the spatial separation between them. This phenomena underpins many of the

quantum technologies proposed to date, including those associated with quantum cryp-

tography, quantum simulation, and quantum computing.

Starting from the mid-1990’s, increased control over coherent atom-cavity interaction

times, and the arrival times and spatial separation of successive atoms entering a mi-

crowave cavity allowed entanglement between; successive atoms, different modes of the

cavity, and both the atoms and cavity to be realised. The generation of Einstein-Podolsky-

Rosen (EPR) pairs of atoms, otherwise known as a Bell state, was demonstrated by passing

pairs of atoms in circular Rydberg states through a superconducting niobium cavity [Ha-

gley et al., 1997]. The atoms were considered as two-level systems where the ground and

excited states were the |50c⟩ and |51c⟩ states, respectively. The first atom was prepared in
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the excited state |e⟩, and passed through the initially empty cavity in state |0⟩. The inter-

action time between the atom and the cavity was controlled so as to result in quarter of a

Rabi cycle, referred to as a π/2 interaction, leaving the system in the superposition state

1√
2
(|g1, 1⟩+ |e1, 0⟩). The second atom, prepared in the ground state then passed through

the cavity and underwent half a Rabi cycle, i.e., a π interaction. If a photon was in the

cavity then the second atom was excited, otherwise it stayed in the ground state. This left

the system in an entangled state with the excitation shared between the two atoms, i.e.,

1√
2
(|e1, g2⟩+ |g1, e2⟩) |0⟩.

A similar approach has allowed for the; preparation of three-particle entangled states,

referred to as a GHZ states between two atoms and a photon in a cavity [Rauschenbeutel

et al., 2000], entanglement between two different modes of a cavity [Rauschenbeutel et

al., 2001], and entanglement of two Rydberg atoms concurrently within a non-resonant

cavity [Osnaghi et al., 2001] [Raimond, Brune, and Haroche, 2001].

1.2 Circuit QED

The atom-cavity coupling strength, g, for a system consisting of Rydberg atoms in a 3D

superconducting microwave cavity is typically limited to ≈ 10 MHz [Thiele, 2016]. To

increase g it is necessary to either increase the transition dipole moment, d, in the atoms or

reduce the mode volume Vm of the cavity (Eq. 1.2). To reduce the cavity mode volume, 3D

microwave cavities can be replaced with co-planar waveguide (CPW) resonators [Blais

et al., 2004]. These resonators are based on the geometry of 2D co-axial transmission

lines, as illustrated in Fig. 1.6 (i), and allow the mode volume to be reduced by 10−6

when compared to typical centimetre scale 3D cavities. This approach to experiments

with CPW resonators was coined circuit QED. In such systems the electromagnetic field
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resides in the insulating gaps between the centre conductor and ground plane of the

waveguide, as well as above and below the centre conductor. The mode volume of a

CPW resonator is VCPW ≈ 10−6λ, in comparison to that of a free-space cavity Vfs ≈ λ.

This leads to a 103 increase in the coupling strength g, given that g ∝ 1√
Vm

.

The first circuit QED experiments involved a superconducting charge qubit placed in

the insulating gap of a CPW resonator [Wallraff et al., 2004], as shown in Fig. 1.6 (ii).

The superconducting qubit used in this work is an artificial atom with discrete energy lev-

els, and associated electric dipole moments for transitions between them. This physical

system is therefore directly analogous to an atom coupled to a large 3D cavity.

1.2.1 Hybrid circuit QED

Approaches to circuit-QED involving only solid-state superconducting components, such

as the one shown in Fig. 1.6, are appealing for quantum information processing (QIP)

applications for several reasons, e.g., they are scalable allowing easy expansion to in-

clude multiple qubits, and they allow strong coupling and hence fast gate operations.

However, being solid-state devices with surface-based components, they can have lim-

ited coherence times (on the order of 10-100 µs [Clarke and Wilhelm, 2008; Wu et al.,

2017]). Other physical systems considered for applications in QIP such as trapped ions

or ground-state atoms [Blatt and Wineland, 2008], NV-centres in diamond [Wrachtrup

and Jelezko, 2006], quantum dots [Loss and DiVincenzo, 1998], and impurity spins in

crystals [Kane, 1998], each have their own advantages and limitations. To optimise the

desired features of a platform for QIP, it is therefore a natural step to consider developing

hybrid systems which leverage the advantages of two or more systems.

Two of the main limitations of purely superconducting circuit-QED systems are that

(1) their energy relaxation times, T1, and coherence times, T2, are currently limited to
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(i)

(ii)

FIGURE 1.6: (i) Schematic diagram of a circuit QED setup consisting of a
superconducting CPW microwave resonator coupled to a superconducting
charge qubit placed at the electric field anti-node of the resonator [Blais
et al., 2004]. (ii) Experimental realisation of the schematic shown in (i).

[Wallraff et al., 2004]
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10-100-µs, restricting the length of any quantum algorithm, and (2) there is no way at

present to convert the superconducting qubit state to a free-space optical photon such

that it can be coupled to an optical fibre and sent to another quantum processor. This

latter capability would be required for future quantum information networks. Conse-

quently, proposals were put forward to overcome both of these limitations by coupling

CPW resonators to ensembles of cold polar molecules [Rabl et al., 2006]. In this setting

the molecules would act as long-lived quantum memories, and could serve as a medium

to allow microwave-to-optical photon conversion. In this way quantum states of the su-

perconducting qubits could be transferred by optical fibre to other spatially separated

qubits. Molecules are appealing for use in this hybrid system because the transitions

between rotational states can be in the microwave regime (∼1-10 GHz). However, the

electric dipole moments associated with these rotational transitions are small, ∼ 1 e a0

(e and a0 are the electron charge and Bohr radius, respectively), resulting in slow state

transfer, and molecules are difficult to cool which would be required to trap them above

a resonator, and minimise decoherence. Nevertheless, efforts are under way to develop

such hybrid systems [Blackmore et al., 2018].

Following the proposal of Rabl, et al. [Rabl et al., 2006] to develop hybrid quantum

processors with solid state superconducting circuits and gas-phase polar molecules, other

hybrid circuit-QED systems have been suggested and studied experimentally including;

spin ensembles [Kubo et al., 2011], NV-centres in diamond [Amsüss et al., 2011], nano-

mechanical resonators [O’Connell et al., 2010], and neutral ground-state atoms [Hatter-

mann et al., 2017]. These systems allow extended coherence times over those of super-

conducting qubits, and generally involve exploiting the
√

N collective interaction of an

ensemble of qubits with photons in the microwave resonator.

Atoms in Rydberg states with high principal quantum number, n, are also well suited
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to this approach to hybrid microwave cavity QED. The development of such hybrid

Rydberg-atom–superconducting-circuit systems would open access to a different range

of qubit-resonator couplings. Atoms in Rydberg states have transition electric dipole mo-

ments at microwave frequencies that are typically 103-104 times larger than ground-state

atoms or molecules. As a result, in these states strong-coupling between single atoms and

CPW resonators is expected to be achievable. This may have advantages for applications

in QIP as it is generally more straightforward to control stray electric fields and the cou-

pling to the resonator for a single atom that is well located in space, than for a spatially

extended ensemble.

Experiments directed towards coupling gas-phase Rydberg atoms to superconduct-

ing CPW resonators began with studies of coherent interactions of He Rydberg atoms

with microwave fields propagating in normal metal co-planar waveguides [Hogan et

al., 2012]. These studies were performed using helium (He) atoms to minimise adsorp-

tion, and associated time-dependent changes in stray electric fields emanating from the

surfaces. This work showed that coherent atom-microwave field interactions could be

observed at the vacuum–solid-state interface above CPW structures, but that the coher-

ence times achievable using single-photon transitions between Rydberg states with low

electron orbital angular momentum quantum numbers were strongly affected by stray

electric fields emanating from the surfaces. Subsequent studies in which the adsorption

of background gas on the cryogenic chip surfaces was carefully controlled demonstrated

that coherence times on the order of ∼1-10 µs could however be achieved. [Thiele et al.,

2014]

Following this work, several proposals were put forward to specifically use hybrid

systems composed of Rydberg atoms and superconducting circuits for applications in
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QIP. These include the implementation of 1) a single-qubit quantum gate between an in-

dividual atom trapped above a CPW resonator, and a mode of the resonator [Pritchard

et al., 2014], in which fidelities of > 0.99 were predicted using experimentally achievable

parameters, 2) a two-qubit quantum gate between spatially separated atoms coupled

via a mode of a CPW resonator, allowing for ultra-long-range interactions that would

be largely insensitive to the number of photons in the cavity [Sárkány, Fortágh, and

Petrosyan, 2015], and 3) quantum-state transfer demonstrating the SWAP operation be-

tween two spatially separated atoms mediated by a mode of a CPW resonator. [Sárkány,

Fortágh, and Petrosyan, 2018]. There have also been proposals for implementing microwave-

to-optical photon conversion between superconducting circuits and optical fibres using

Rydberg atoms as a non-linear medium, for example, using a single atom trapped inside

an optical cavity used to capture the emitted photon [Gard et al., 2017], and an ensemble

of atoms tailored to emit photons into a well defined temporal and spatial mode such

that the photon can be efficiently coupled directly into an optical fibre without the need

for a cavity [Petrosyan et al., 2019].

The work described in this thesis represents a crucial step towards realising these

proposed schemes. As will be described in the next chapters, a careful choice of atomic

system and CPW resonator design allows many of the challenges associated with devel-

oping hybrid Rydberg-atom–superconducting-circuit systems, particularly those associ-

ated with stray electric fields emanating from surfaces, to be overcome.
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Chapter 2

Theoretical background and

calculation of Stark structure of

Rydberg states in helium

Electric and magnetic fields are regularly used to manipulate the electronic states of

atoms. The effect that these fields have on atomic energy level structure is described

by the Stark and Zeeman effects for the electric and magnetic fields, respectively. The

energy level diagrams that display the effects of these energy level shifts as these fields

are varied are referred to in the following as Stark and Zeeman maps. I therefore describe

in the following how to calculate the energy level structure of Rydberg states in (a) a pure

electric field, (b) a pure magnetic field, (c) parallel electric and magnetic fields, and (d)

perpendicular electric and magnetic fields. In each of these cases the calculated energy

level structure in the hydrogen atom for states with n = 5 is presented and discussed so

that the origins of the features of importance in the experiments performed at high values

of n in Chapter 3 can be identified.
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in helium

2.1 Pure electric field

In the presence of an electric field F⃗ = (0, 0, Fz) the Hamiltonian associated with the

single excited electron in an atom in a Rydberg state has the form,

Ĥ = Ĥ0 + ĤS (2.1)

= Ĥ0 + e ˆ⃗F · ˆ⃗r (2.2)

= Ĥ0 + eFz ẑ (2.3)

where ĤS is the Hamiltonian describing the interaction with the electric field through

the Stark effect, ˆ⃗r is the radial position vector of the electron, and Ĥ0 is the field-free

Hamiltonian. Expressed in matrix form and using the |n, ℓ, mℓ⟩ basis, Ĥ0 is diagonal with

matrix elements given by the Rydberg formula,

ERy = hc RM
1

(n − δn,ℓ)2 (2.4)

= hc R∞

[
1

1 + (me/M)

]
1

(n − δn,ℓ)2 (2.5)

= hc
mee4

8ϵ2
0h3c

[
1

1 + (me/M)

]
1

(n − δn,ℓ)2 (2.6)

where R∞ is the Rydberg constant for a system with an infinitely heavy nucleus, RM is the

Rydberg constant for a system of finite mass M, h is Planck’s constant, n is the principle

quantum number, δn,ℓ is the quantum defect, c is the speed of light in a vacuum, me is the

mass of the electron, e is the electron charge, and ϵ0 is the permittivity of free space. The

quantum defect, δn,ℓ, accounts for the energy differences between the field-free energy

levels of non-hydrogenic atoms and those in hydrogen. These differences arises from the

fact that in non-hydrogenic atoms the wavefunction of the Rydberg electron in a low-ℓ
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state has significant amplitude close to the nucleus, within the charge distribution of the

other electron(s) and therefore experiences a potential which deviates from that arising

from the interaction with a single proton. The value of the quantum defect depends

strongly on ℓ. For ℓ ≥ 4, δn,ℓ ≈ 0. For 0 ≤ ℓ < 4 the most noticeable effect of the quantum

defect is to increase the binding energy of the low-ℓ states.

By transforming the Stark interaction Hamiltonian ĤS into spherical polar coordi-

nates,

ĤS = eFz ẑ (2.7)

= eFz r cos θ, (2.8)

the matrix elements in the |n, ℓ, mℓ⟩ basis can be separated into radial and angular com-

ponents,

⟨
n′, ℓ′, m′

ℓ

∣∣ ĤS |n, ℓ, mℓ⟩ = eFz
⟨
n′, ℓ′

∣∣ r |n, ℓ⟩
⟨
ℓ′, m′

ℓ

∣∣ cos θ |ℓ, mℓ⟩ . (2.9)

Then by expressing cos θ in terms of spherical harmonics Yℓ,mℓ
(θ, ϕ), i.e.,

cos θ =

√
4π

3
Y1,0(θ, ϕ) (2.10)

the angular component can be expressed in an analytical form [Zimmerman et al., 1979],

⟨ℓ+ 1, mℓ| cos θ |ℓ, mℓ⟩ =

√
(ℓ+ 1)2 − m2

ℓ

(2ℓ+ 3)(2ℓ+ 1)
(2.11)

⟨ℓ− 1, mℓ| cos θ |ℓ, mℓ⟩ =

√
ℓ2 − m2

ℓ

(2ℓ+ 1)(2ℓ− 1)
. (2.12)

This implies that the Stark interaction terms are zero unless ∆ℓ = ±1 and ∆mℓ = 0.
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in helium

The radial integral in Eq. 2.9 has an analytical form for hydrogen, however for other

atoms this needs to be calculated numerically. This is achieved by solving the radial

wave equation for the potential experienced by the Rydberg electron, at the correspond-

ing energy for each state determined from Eq. 2.4 and therefore including the effect of

the quantum defect. This is carried out in the work reported here using the Numerov

method.

2.1.1 Numerov method

The Numerov method is a numerical method that can be used to solve second-order ordi-

nary differential equations, such as the Schrödinger equation. The fourth-order Runge-

Kutta method (RK4) could in principle also be used, which can handle equations con-

taining both first- and second-order terms, however, the Numerov method is simpler to

implement and is computationally faster.

For a one-dimensional second-order differential equation of the form,

d2ψ

dx2 + k2(x)ψ(x) = 0 (2.13)

where,

k2(x) =
2m
h̄2 [E − V(x)] (2.14)

with E the energy, and V(x) the potential, the solution to the wave equation, ψ(x), is

defined recursively as,

ψi+1 =
2(1 − 5

12 h2k2
i )ψi − (1 + 1

12 h2k2
i−1)ψi−1

1 + 1
12 h2k2

i+1

(2.15)

where i is the integration step number, h is the integration step size, and ki ≡ k in Eq. 2.13.
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For the radial component of a three-dimensional potential, Rn,ℓ(r), the expression corre-

sponding to Eq. 2.15 is,

Ri+1
n,ℓ (r) =

2(1 − 5
12 h2gi)Ri

n,ℓ(r)− (1 + 1
12 h2gi−1)Ri−1

n,ℓ (r)

1 + 1
12 h2gi+1

(2.16)

where,

gi = 2r2
i

(
1
ri
+ E

)
+

(
ℓ+

1
2

)2

. (2.17)

The matrix element ⟨n′, ℓ′| r |n, ℓ⟩ in Eq. 2.9 is then determined by computing the nor-

malised overlap between Rn,ℓ(r) and Rn′,ℓ′(r), multiplied by r3
i , i.e.,

⟨
n′, ℓ′

∣∣ r |n, ℓ⟩ =
∑i Ri

n′,ℓ′(r)riRi
n,ℓ(r)r

2
i√

∑i Ri
n′,ℓ′(r)

2r2
i ∑j Rj

n,ℓ(r)
2r2

j

. (2.18)

The r2
i term results from the transformation from Cartesian to spherical polar co-ordinates,

i.e., dx dy dz → r2 sin θ dr dθ dϕ .

Finally, the atomic energy levels are determined by computing the eigenvalues of the

full Hamiltonian matrix associated with Eq. 2.1. Because the levels coupled by the electric

field all lie within the same |mℓ|-manifold, one needs only to diagonalise Hamiltonians

consisting of a set of basis states with a single value of mℓ. The energy levels of the n = 5

manifold of hydrogen, calculated using this procedure, in electric fields up to Fz = 100

kV/cm are shown in Fig. 2.1. The degeneracy, and |mℓ| value of each level are labelled. In

an electric field the potential experienced by the Rydberg electron is no longer spherically

symmetric which leads to ℓ not being a good quantum number. The levels are instead

labelled by an index k, the difference between the parabolic quantum numbers n1 − n2,

which ranges from −(n − |mℓ| − 1) ≤ k ≤ +(n − |mℓ| − 1). It is however possible to

express the wavefunction of a state with a well defined value of k as a weighted sum of
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FIGURE 2.1: Energy levels of the n = 5 manifold of Stark states in hydro-
gen as a function of electric field (Stark map), with no magnetic field. The
mℓ-degeneracy of each level is indicated at the right hand side of the figure

together with the level index k.

|n, ℓ, mℓ⟩ basis functions through the following transformation [Gallagher, 1994],

|n, k, mℓ⟩ = ∑
ℓ

|n, ℓ, mℓ⟩ ⟨n, k, mℓ|n, ℓ, mℓ⟩ , (2.19)

where the transformation coefficients ⟨n, k, mℓ|n, ℓ, mℓ⟩ are the coefficients of the eigen-

vectors of the full Hamiltonian. The use of this transformation allows the calculation of

the electric dipole transition moments in electric fields in the |n, ℓ, mℓ⟩ basis.



2.2. Pure magnetic field 27

2.2 Pure magnetic field

In the presence of a magnetic field B⃗ = (0, 0, Bz) the Hamiltonian matrix associated with

the single outer electron of an atom in a Rydberg state with zero spin has the form,

Ĥ = Ĥ0 + ĤZ (2.20)

= Ĥ0 +
µB

h̄
ˆ⃗B · ˆ⃗L (2.21)

= Ĥ0 +
µB

h̄
Bz L̂z, (2.22)

where Ĥ0 is a diagonal matrix with the field-free level energies as before, ĤZ is the Hamil-

tonian associated with the Zeeman interaction, ˆ⃗L is the electron orbital angular momen-

tum vector, and µ0 is the Bohr magneton. The matrix elements for the Zeeman interaction

term are diagonal in the |n, ℓ, mℓ⟩ basis and given by,

⟨n, ℓ, mℓ| ĤZ |n, ℓ, mℓ⟩ = mℓBzµB. (2.23)

The hydrogenic energy levels of the n = 5 manifold as a function of magnetic field up to

Bz = 68 T are shown in Fig. 2.2. In this case both ℓ and mℓ are good quantum numbers.

2.3 Parallel electric and magnetic fields

In the presence of parallel electric F⃗ = (0, 0, Fz) and magnetic B⃗ = (0, 0, Bz) fields the

Hamiltonian matrix associated with the single outer electron of an atom in a Rydberg
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FIGURE 2.2: Energy levels of the n = 5 manifold in hydrogen as a function
of magnetic field (Zeeman map), with no electric field. The ℓ-degeneracy

of each mℓ sublevel is indicated on the right hand side of the figure.

state with zero spin has the form,

Ĥ = Ĥ0 + ĤS + ĤZ (2.24)

= Ĥ0 + e ˆ⃗F · ˆ⃗r +
µB

h̄
ˆ⃗B · ˆ⃗L (2.25)

= Ĥ0 + eFz ẑ +
µB

h̄
Bz L̂z. (2.26)

The magnetic field lifts the mℓ degeneracy, as shown in Fig. 2.3. Notice that the ℓ and mℓ

character of the outermost states now depend on the relative strengths of the electric and

magnetic fields, i.e. they change sharply at the crossing point labelled (i). This feature of

the energy level structure in parallel electric and magnetic fields plays an important role

in the circular Rydberg state preparation and detection methods described in Chapter 3.



2.4. Perpendicular electric and magnetic fields 29

mℓ = 0
mℓ = +1
mℓ = +2
mℓ = +3
mℓ = +4

mℓ = -1
mℓ = -2
mℓ = -3
mℓ = -4

En
er

gy
/h

 (T
H

z)

-134

-133

-132

-131

-130

-129

-128

-135

Electric field (kV/cm)
0 20 40 60 80 100

n  = 5
Bz = 20 T

(i)

FIGURE 2.3: Energy levels of the n = 5 manifold in hydrogen as a
function of electric field (Stark map), with a parallel magnetic field of
B⃗ = (0, 0, 20) T. Note that the ℓ and mℓ character of the outermost states in

the manifold changes sharply at the crossing point labelled (i).

2.4 Perpendicular electric and magnetic fields

In the presence of perpendicularly crossed electric F⃗ = (Fx, 0, 0) and magnetic B⃗ =

(0, 0, Bz) fields, where the quantisation axis is defined by the magnetic field, the Hamil-

tonian matrix associated with the outer electron of an atom in a Rydberg state has the

form,

Ĥ = Ĥ0 + ĤS + ĤZ (2.27)

= Ĥ0 + e ˆ⃗F · ˆ⃗r +
µB

h̄
ˆ⃗B · ˆ⃗L (2.28)

= Ĥ0 + eFx x̂ +
µB

h̄
Bz L̂z. (2.29)
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As in the case of an electric field acting in the z direction, by transforming the Stark

Hamiltonian ĤS into spherical polar coordinates,

ĤS = eFx x̂ (2.30)

= eFx r sin θ cos ϕ, (2.31)

and the matrix elements in the |n, ℓ, mℓ⟩ basis can be separated into radial and angular

components, such that,

⟨
n′, ℓ′, m′

ℓ

∣∣ ĤS |n, ℓ, mℓ⟩ = eFx
⟨
n′, ℓ′

∣∣ r |n, ℓ⟩
⟨
ℓ′, m′

ℓ

∣∣ sin θ cos ϕ |ℓ, mℓ⟩ . (2.32)

By then expressing sin θ cos ϕ in terms of spherical harmonics Yℓ,mℓ
(θ, ϕ) where,

sin θ cos ϕ =

√
2π

3
[Y1,−1(θ, ϕ)− Y1,1(θ, ϕ)] (2.33)

the angular integrals can be reduced to an analytical form [Hogan, 2012],

⟨ℓ+ 1, mℓ + 1| sin θ cos ϕ |ℓ, mℓ⟩ =
1
2
(−1)mℓ−2ℓ

√
(ℓ+ mℓ + 1)(ℓ+ mℓ + 2)

(2ℓ+ 1)(2ℓ+ 3)
,(2.34)

⟨ℓ− 1, mℓ + 1| sin θ cos ϕ |ℓ, mℓ⟩ = −1
2
(−1)−mℓ+2ℓ

√
(ℓ− mℓ − 1)(ℓ− mℓ)

(2ℓ− 1)(2ℓ+ 1)
, (2.35)

⟨ℓ+ 1, mℓ − 1| sin θ cos ϕ |ℓ, mℓ⟩ =
1
2
(−1)mℓ−2ℓ

√
(ℓ− mℓ + 1)(ℓ− mℓ + 2)

(2ℓ+ 1)(2ℓ+ 3)
, (2.36)

⟨ℓ− 1, mℓ − 1| sin θ cos ϕ |ℓ, mℓ⟩ = −1
2
(−1)−mℓ+2ℓ

√
(ℓ+ mℓ − 1)(ℓ+ mℓ)

(2ℓ− 1)(2ℓ+ 1)
. (2.37)

This implies that the Stark interaction terms are zero unless ∆ℓ = ±1 and ∆mℓ = ±1. As

above, the radial integral is calculated using the Numerov method.
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In contrast to the case in which the electric and magnetic fields are parallel, in perpen-

dicular fields all levels interact with each other, not just with those with the same value of

mℓ. This means that the full Hamiltonian (Eq. 2.27) must be diagonalised using all levels,

as opposed to diagonalising several smaller Hamiltonians containing only levels with the

same value of mℓ, as could be done in the parallel fields case. The computational time

required for the exact diagonalisation routine in the LAPACK C++ library for symmetric

matrices of size n × n scales as O(n3). Therefore computing the atomic energy levels in

the presence of both electric and magnetic fields is significantly more computationally

intensive if the fields are not parallel. The energy level structure of the n = 5 manifold of

hydrogen in perpendicularly crossed fields is shown in Fig. 2.4 (c).

2.5 Electric and magnetic fields of arbitrary angles

Finally, the case in which the electric and magnetic fields are oriented at an arbitrary

angle, θ, can be described by the Hamiltonian,

Ĥ = Ĥ0 + e| ˆ⃗F| [sin(θ)ẑ + cos(θ)x̂] +
µB

h̄
Bz L̂z (2.38)

In this expression the electric field is considered to have a component in the z direction

(parallel field) and a component in the x direction (perpendicular field). To demonstrate

the changes in the energy level structure that occur as the fields are adjusted from parallel,

θ = 0◦, to perpendicular, θ = 90◦, the energy levels when θ = 0◦, θ = 10◦, and θ = 90◦

are shown in Fig. 2.4 (a), (b), and (c), respectively. It can be seen that the exact crossings

that occur in electric fields close to 30 kV/cm in Fig. 2.4 (a) become avoided when the

fields are not perfectly parallel. The size of these avoided crossings for a given value of

θ, i.e., misalignment of the fields, increases as the value of n is increased.
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FIGURE 2.4: Energy levels of the n = 5 manifold in hydrogen as a func-
tion of electric field (Stark map), with a background magnetic field of

B⃗ = (0, 0, 20) T at an angle of (a) 0◦, (b) 10◦, and (c) 90◦.

2.6 Electric dipole transition moments

The electric dipole transition moment, di,j, between two states, i and j determines the

strength of the transition between the states when driven by an electromagnetic field,

and is defined as,

dn′ℓ′m′
ℓ,nℓmℓ

=
⟨
n′, ℓ′, m′

ℓ

∣∣ ˆ⃗µ |n, ℓ, mℓ⟩ (2.39)

= −e
⟨
n′, ℓ′, m′

ℓ

∣∣ ˆ⃗r |n, ℓ, mℓ⟩ (2.40)

where e is the electron charge, and µ̂ = −er̂ is the electric dipole operator. The character-

istics of the transitions depend on the polarisation of the electromagnetic field.

For a field linearly polarised in the z-dimension, r̂ = (0, 0, ẑ), one can separate Eq. 2.40

into angular and radial components by transforming into spherical polar coordinates,

− e
⟨
n′, ℓ′, m′

ℓ

∣∣ ẑ |n, ℓ, mℓ⟩ = −e
⟨
n′, ℓ′

∣∣ r |n, ℓ⟩
⟨
ℓ′, m′

ℓ

∣∣ cos θ |ℓ, mℓ⟩ . (2.41)
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This leads to transitions which obey the selection rules ∆ℓ = ±1 and ∆mℓ = 0 (Eq. 2.11

and 2.12, derived in Section 2.1). As in the case of the static electric and magnetic fields,

the radial integrals required to determine dn′ℓ′m′
ℓ,nℓmℓ

can be calculated using the Numerov

method.

Circularly polarised light can be constructed as linear combinations of linearly po-

larised fields, r̂ = (x̂, iŷ, 0) and r̂ = (x̂,−iŷ, 0), for left- and right-handed polarisations,

respectively. These operators can be expressed in spherical polar coordinates as,

1√
2
(x̂ + iŷ) =

1√
2

r sin(θ)eiϕ, (2.42)

1√
2
(x̂ − iŷ) =

1√
2

r sin(θ)e−iϕ. (2.43)

Using these expressions to separate Eq. 2.41 into angular and radial parts leads to,

1√
2

⟨
n′, ℓ′, m′

ℓ

∣∣ x̂ + iŷ |n, ℓ, mℓ⟩ =
1√
2

⟨
n′, ℓ′

∣∣ r |n, ℓ⟩
⟨
ℓ′, m′

ℓ

∣∣ sin(θ)eiϕ |ℓ, mℓ⟩ , (2.44)

1√
2

⟨
n′, ℓ′, m′

ℓ

∣∣ x̂ − iŷ |n, ℓ, mℓ⟩ =
1√
2

⟨
n′, ℓ′

∣∣ r |n, ℓ⟩
⟨
ℓ′, m′

ℓ

∣∣ sin(θ)e−iϕ |ℓ, mℓ⟩ . (2.45)

Finally, expressing Eq. 2.42 and 2.43 in terms of spherical harmonic functions,

1√
2

sin(θ)eiϕ = −
√

4π

3
Y1,1(θ, ϕ), (2.46)

1√
2

sin(θ)e−iϕ =

√
4π

3
Y1,−1(θ, ϕ), (2.47)

yields to the analytic expressions,

−
√

4π

3
⟨ℓ+ 1, mℓ + 1|Y1,1(θ, ϕ) |ℓ, mℓ⟩ = −

√
(ℓ+ mℓ + 1)(ℓ+ mℓ + 2)

2(2ℓ+ 1)(2ℓ+ 3)
,(2.48)

−
√

4π

3
⟨ℓ− 1, mℓ + 1|Y1,1(θ, ϕ) |ℓ, mℓ⟩ = +

√
(ℓ− mℓ − 1)(ℓ− mℓ)

2(2ℓ− 1)(2ℓ+ 1)
, (2.49)
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and

√
4π

3
⟨ℓ+ 1, mℓ − 1|Y1,−1(θ, ϕ) |ℓ, mℓ⟩ = +

√
(ℓ− mℓ + 1)(ℓ− mℓ + 2)

2(2ℓ+ 1)(2ℓ+ 3)
,(2.50)√

4π

3
⟨ℓ− 1, mℓ − 1|Y1,−1(θ, ϕ) |ℓ, mℓ⟩ = −

√
(ℓ+ mℓ − 1)(ℓ+ mℓ)

2(2ℓ− 1)(2ℓ+ 1)
. (2.51)

The resulting transitions must therefore obey the selection rules ∆ℓ = ±1 and ∆mℓ = +1

(∆ℓ = ±1 and ∆mℓ = −1) for left (right) handed circular polarised light.

In an electric field, or parallel electric and magnetic fields, a state |i⟩ in the |n, k, mℓ⟩

basis can be constructed as a weighted sum of states in the |n, ℓ, mℓ⟩ basis using the trans-

formation (see Eq. 2.19),

|i⟩ = ∑
n,ℓ

|n, ℓ, mℓ⟩ ⟨i|n, ℓ, mℓ⟩ , (2.52)

= ∑
n,ℓ

αi
n,ℓ |n, ℓ, mℓ⟩ , (2.53)

where the weights αi
n,ℓ are the coefficients of the eigenvectors of the state |i⟩ determined

by diagonalising the Hamiltonian in the |n, ℓ, mℓ⟩ basis. The electric dipole moment as-

sociated with a transition between two states, i and j is then given by,

di,j = −e ⟨i| r̂ |j⟩ (2.54)

= −e ∑
n,ℓ

∑
n′,ℓ′

αi
n′,ℓ′ α

j
n,ℓ

⟨
n′, ℓ′, m′

ℓ

∣∣ r̂ |n, ℓ, mℓ⟩ . (2.55)

Stark maps of the 4 ≤ n ≤ 6 manifolds of triplet states in helium, containing only the

mℓ = 0,±1 sublevels are shown in Fig. 2.5 (a)-(c). The electric dipole transition moments

from the |5s⟩ state to all other states were computed and are represented by the shading of

each energy level. The transitions that occur in a linearly polarised electromagnetic field
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(∆ℓ = ±1 and ∆mℓ = 0) are shown in Fig. 2.5 (a). Notice that at Fz ≈ 0 kV/cm the only

states to which there is significant transition strength are those with ℓ = 1 and mℓ = 0,

i.e., the |4p⟩, |5p⟩, and |6p⟩ states. As the electric field is increased, the ℓ-character of the

states becomes mixed and all mℓ = 0 states gain transition strength. The electric dipole

transition moment is largest when the static electric dipole moment, i.e., the gradient of

the energy level in the static electric field, is most similar to that of the |5s⟩ state.

The transitions for radiation of both left and right circular polarisations (∆ℓ = ±1 and

∆mℓ = ±1) are shown in Fig. 2.5 (b). In these cases, when Fz ≈ 0 kV/cm only transitions

to the |4p⟩, |5p⟩, and |6p⟩ states are allowed. As the electric field is increased, transitions

to the mℓ = ±1 states increase in strength. Finally, when both linearly and circularly

polarised light is present, transition moments from the two previous cases are combined,

shown in Fig. 2.5 (c).
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Chapter 3

Preparation of high-n circular states

in He using a modified version of the

crossed-fields method

The text of this chapter is drawn from A. A. Morgan, V. Zhelyazkova, S. D.

Hogan - Phys. Rev. A 98, 043416 (October 2018), but adapted to fit within the

structure of this thesis

3.1 Introduction

Circular Rydberg states are excited electronic states of atoms or molecules which for any

given value of n have maximal electron orbital angular momentum and azimuthal quan-

tum numbers, i.e., ℓ = (n − 1) and |mℓ| = (n − 1), respectively [Hulet and Kleppner,

1983a]. For values of n larger than 50, ∆n = +1 single-photon transitions between cir-

cular Rydberg states occur at microwave frequencies below 50 GHz, and exhibit electric

dipole transition moments in excess of 1800 ea0. The selection rules for these transitions,

involving the single excited Rydberg electron, require that ∆ℓ = ±1 and ∆mℓ = 0,±1,
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and therefore only allow spontaneous emission from one circular Rydberg state to the

next-highest-lying circular state, i.e., by a ∆n = −1 transition. Because such sponta-

neous emission occurs in the microwave region of the electromagnetic spectrum, the

corresponding Einstein A coefficients are typically less than 30 s−1, and hence the flu-

orescence lifetimes of circular Rydberg states with n > 50 are greater than 30 ms. Pairs

of circular Rydberg states with values of n that differ by 1 can therefore be considered

quasi-two-level systems with strong electric dipole transitions at microwave frequencies.

Circular Rydberg states do not exhibit first-order Stark energy shifts, thus for each

value of n, they represent the sublevels with the lowest sensitivity to electric fields [Gal-

lagher, 1994]. The quadratic Stark energy shifts of these states are characterised by their

static electric dipole polarisabilities, which for a circular state with n = 50 [n = 70] is

2.69× 10−31 C m2/V ≡ 2.03 MHz/(V/cm)2 [2.00× 10−30 C m2/V ≡ 15.11 MHz/(V/cm)2].

These low static electric dipole polarisabilities contribute to long coherence times of su-

perpositions of circular states which differ in n by 1.

Recent developments in quantum enhanced electrometry [Facon et al., 2016], quan-

tum simulation with arrays of cold Rydberg atoms [Nguyen et al., 2018], and hybrid

quantum optics involving gas-phase Rydberg atoms and chip-based superconducting

microwave circuits [Rabl et al., 2006; Hogan et al., 2012; Pritchard et al., 2014; Calajó and

Rabl, 2017] benefit from the use of circular Rydberg states. However, the requirements of

these experiments place constraints on aspects of the circular state preparation process,

and on the values of n, which were not encountered in previous microwave cavity QED

experiments. For example, the use of circular Rydberg states for quantum enhanced elec-

tric field sensing [Facon et al., 2016] requires fast and accurate state preparation. This

has recently been addressed from the perspective of quantum optimal control theory for
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the case of the circular state with n = 51 in rubidium [Patsch et al., 2018]. In the devel-

opment of hybrid systems for quantum optics and quantum information processing, the

optimal operating frequencies of two-dimensional superconducting microwave circuits

and resonators lie below 20 GHz [Goppl et al., 2008]. To resonantly couple atoms in cir-

cular Rydberg states to these devices it is therefore desirable to prepare such states with

values of n ≥ 70 for which ∆n = +1 single-photon microwave transitions occur at below

20 GHz. In this setting, the large electric dipole transition moments of circular-to-circular

state transitions at these high values of n offer opportunities for strong coupling to single

microwave photons in the resonators, while the low static electric dipole polarisabili-

ties of the states minimise their sensitivity to stray electric fields emanating from the chip

surfaces. The desire to minimise time-dependent changes in these fields caused by adsor-

bates on cryogenic chip surfaces has motivated the use of helium atoms, rather than alkali

metal atoms, in several of these experiments [Hogan et al., 2012; Thiele et al., 2014]. The

smaller ground state static electric dipole polarisability of helium, αHe ∼ 1.38 au [Mitroy,

Safronova, and Clark, 2010] (1 au = 1.648 773 × 10−41 C m2/V), compared to those of the

alkali metal atoms, e.g., αRb ∼ 319 au [Holmgren et al., 2010], reduces adsorption, and

results in smaller changes in the stray surface electric fields if adsorption does occur.

The high orbital angular momentum of circular Rydberg states precludes direct laser

photoexcitation from an atomic or molecular ground state. However, these states can

be prepared by (1) adiabatic microwave transfer following laser photoexcitation of low-ℓ

Rydberg states [Hulet and Kleppner, 1983b; Liang et al., 1986; Cheng, Lee, and Gallagher,

1994], or (2) by laser photoexcitation in the presence of perpendicularly crossed electric

and magnetic fields, followed by adiabatic extraction from these fields [Delande and Gay,

1988; Hare, Gross, and Goy, 1988]. Both of these approaches are suited to the preparation

of circular Rydberg states with values of n up to ∼ 60. However, because of the increased
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sensitivity of the preparation process to uncancelled stray electric fields and to electric

field noise, they are more challenging to implement at higher values of n.

The standard crossed-fields method for preparing circular Rydberg states offers greater

flexibility in the range of values of n that can be addressed in one apparatus than the adi-

abatic microwave transfer method. It has been demonstrated in experiments with hydro-

gen [Lutwak et al., 1997], helium [Zhelyazkova and Hogan, 2016], lithium [Hare, Gross,

and Goy, 1988], rubidium [Brecha et al., 1993; Anderson et al., 2013] and barium [Cheret

et al., 1989], and forms the basis of the approach to the preparation of circular states with

values of n ≥ 70 presented here. This modified crossed-fields method developed as part

of this thesis can be implemented with higher efficiency and state selectivity at these high

values of n than the standard approach, and may in principle be applied to the prepara-

tion of circular Rydberg states with values of n in excess of 100 in atoms or molecules.

The high-n circular Rydberg states in helium prepared in the experiments described

here, are ideally suited for use in hybrid cavity QED when they are coupled to chip-

based superconducting microwave resonators, with applications as long-coherence-time

quantum memories [Rabl et al., 2006], and in studies of strong coupling to slow-light

Cherenkov photons [Calajó and Rabl, 2017]. They may also offer opportunities for sensi-

tive quantum non-demolition detection [Braginksy, Vorontsov, and Khalili, 1977; Unruh,

1978] of cold polar ground state molecules by Ramsey interferometry of dipole-dipole

interactions in the dispersive regime. This would be of particular relevance in the detec-

tion of single alkali-metal dimers prepared in optical tweezers [Liu et al., 2018] for which

pure rotational transitions between the lowest-lying rotational states occur at frequencies

below ∼ 25 GHz [Aymar and Dulieu, 2005]. Such methods of quantum non-demolition

detection go beyond other recently proposed schemes in which Rydberg atoms would be

exploited for the detection [Zeppenfeld, 2017] and interrogation [Kuznetsova et al., 2016]
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of cold polar molecules.

In the remainder of this chapter, the aspects of the apparatus specific to circular state

preparation experiments are first described, and the theoretical background to the calcu-

lations performed to optimise the circular state preparation process and aid in the analy-

sis of the experimental data is outlined, building on the content of Chapter 2. Next, the

modified crossed-field method for the preparation of high-n circular Rydberg states is

presented, before the experimental implementation of this approach to the preparation

of the n = 70 circular Rydberg state in helium is reported. The requirements for adiabatic

evolution of the excited states during the preparation process, and considerations relat-

ing to the appropriate magnetic field strengths for the implementation of this approach

to circular state preparation at other values of n and in other atoms and molecules are

discussed. Then the application of the high-n circular Rydberg states, prepared in the

experiments described here, in hybrid cavity QED is discussed before conclusions are

drawn.

3.2 Experiment

A schematic diagram of the apparatus used for circular state preparation is shown in

Fig. 3.2(a). The experiments were performed with helium atoms travelling in pulsed

supersonic beams. These beams of atoms prepared in the metastable 1s2s 3S1 level and

travelling with a mean longitudinal speed of ⟨vHe⟩ = 2000 m/s, were generated in a

DC electric discharge at the exit of a pulsed valve operated at a repetition rate of 50 Hz

[Halfmann, Koensgen, and Bergmann, 2000]. The discharge was seeded with electrons

from a heated tungsten filament. The energy difference between the ground state and

the metastable 1s2s 3S1 level is 19.820 eV (λ = 62.563 nm), while the ionisation energy
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is 24.587 eV. Therefore the electric discharge bridges most of the energy gap between

the ground and Rydberg states as illustrated in Fig. 3.1, allowing the Rydberg states to

become accessible with readily available laser wavelengths.
En
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FIGURE 3.1: Simplified representation of the energy level structure of he-
lium, highlighting the levels involved in exciting the outer electron from
the ground state to a low-ℓ Rydberg state. This constitutes the first step in

preparing circular Rydberg states.

After the beam of helium atoms passed through a skimmer with a 2 mm diameter

aperture, ions generated in the discharge were removed from the beam by electrostatic

deflection. The remaining neutral atoms then entered the region between the two parallel

metal plates labelled E1 and E2 in Fig. 3.2(a). These plates had dimensions of 70×100 mm

in the zy plane and were separated in the x dimension by 13.0 mm. In this part of the

apparatus a homogeneous magnetic field of |B⃗| = 16.154 G acting in the z direction was

generated by a pair of 160 mm diameter coils operated in a Helmholtz configuration and

located outside the vacuum chamber. Between plates E1 and E2, the beam of atoms was

intersected by the co-propagating ultraviolet (UV) and infrared (IR) laser beams. The
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UV laser was frequency stabilised to drive the 1s2s 3S1 → 1s3p 3P2 (∆MJ = +1) tran-

sition at a wavelength of λUV = 388.975 nm. The IR laser was set to lie resonant with

1s3p 3P2 → 1sns 3S1 transitions, which in this case for n = 73 occurs at a wavelength of

λIR = 785.834 nm. In the crossed-fields configuration used here the motional Stark ef-

fect, here an effective field of 32.3 mV/cm for a beam of atoms travelling at ∼ 2000 m/s

perpendicular to a 16.154 G magnetic field, can be cancelled by applying an equal but

opposite offset field between E1 and E2 [Elliott, Droungas, and Connerade, 1995]. Af-

ter laser photoexcitation, a sequence of electric field, F, and microwave, Iµ, pulses was

applied to transfer the atoms to the circular Rydberg states, as indicated in Fig. 3.2(b).

Upon completion of the circular state preparation process the atoms travelled 170 mm

down stream to the detection region of the apparatus between plates E3 and E4. The

excited atoms were detected by state-selective ionisation using time-dependent electric

fields, F⃗ion, orientated parallel to the background magnetic field. The ionised electrons

were then accelerated through a hole in the electrode labelled E4 and collected on a mi-

crochannel plate (MCP) detector.

3.3 Theoretical background and numerical calculations

To aid the interpretation of experimental results it was necessary to compare the data

to the results of calculations of the atomic energy-level structure in the crossed electric

and magnetic fields. The theoretical background for these calculations in hydrogen was

discussed in Chapter 2. The additional considerations required for dealing with non-

hydrogenic systems were presented. However they are reiterated here with a particular

emphasis on triplet states of helium-4. The challenges involved in numerically comput-

ing the energy-level structure of high-n Rydberg states in the presence of non-parallel
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Quantum defects, δn,ℓ

δ73,0 = 0.296 664
δ73,1 = 0.068 357
δ73,2 = 0.002 890
δ73,3 = 0.000 447
δ73,4 = 0.000 127
δ73,5 = 0.000 049

TABLE 3.1: Quantum defects of n = 73 triplet Rydberg states in helium.

electric and magnetic fields are also discussed.

The eigenenergies of the Rydberg states in hydrogen in the absence of external fields

are given by the Rydberg formula (Eq. 2.4). For non-hydrogenic systems, the difference

between the energy of the outer electron orbiting around the ion core compared with

that of hydrogen is accounted for by the quantum defects. The values of these quantum

defects cannot in general be determined ab initio. They must therefore be empirically

measured. In helium one can obtain precise values for arbitrary quantum defects by

extrapolating from a small subset of measurements. This has been performed for triplet

and singlet states of helium in [Drake, 1999]. The n-dependent quantum defects for the

triplet levels in helium with ℓ ≤ 5, which were employed in all calculations reported

here, are listed in Table 3.1 for n = 73.

When solving the Schrödinger equation for a hydrogen-like atom, it is convenient to

operate in the frame of reference associated with the centre of mass of the 2-body system.

The consequence of this is that the effective mass of the electron is reduced. For helium,

the reduced mass of the electron µHe
e (neglecting the energy defect of the nucleus) is given

by,
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µHe
e ≈ me M+

me + M+
(3.1)

≈
me(2mp + 2mn + me)

me + (2mp + 2mn + me)
(3.2)

where mp, mn, me, and M+ are the masses of the proton, neutron, electron, and effective

nucleus, respectively.

Taking these two modifications into account, a calculated energy level diagram of

the triplet 70 ≤ n ≤ 73 Rydberg states of helium in a magnetic field of 16.154 G and

perpendicular electric fields of up to 0.9 V/cm is shown in Fig. 3.3. For electric fields

below the Inglis-Teller limit, where manifolds which differ in n by 1 first cross, con-

vergence to ∼ 1 MHz in the calculated eigenvalues was achieved for bases containing

all |n, ℓ, mℓ⟩ sublevels within a frequency range of ±50 GHz around the energy of in-

terest. Consequently, to accurately calculate the energy level structure at the avoided

crossing where the |73s′⟩ state joins the n = 72 manifold of ℓ-mixed Stark states, i.e.,

the |72c′+⟩ state, a basis of states with 70 ≤ n ≤ 75 was used. Note: In the following

we denote the mℓ = ±(n − 1) circular state at each value of n as |nc±⟩. The ℓ-mixed

Stark states are distinguished from the pure-ℓ states into which they adiabatically evolve

in zero electric field with a prime, e.g., |nc′+⟩ for the outer-most low-field-seeking Stark

state in a non-zero electric field. As in the case of the |72c′+⟩ state, to accurately calculate

the energy level structure around the |70c′+⟩ state in this same range of electric fields a

basis with 68 ≤ n ≤ 73 was used. This resulted in Hamiltonian matrices of dimensions

31555× 31555 and 29839× 29839, respectively. The computing resources required to store

these matrices corresponded to ∼ 7 GB of RAM (using 64-bit floating point numbers). The

numerical computation of the eigenvalues required a further ∼ 30 GB of RAM.
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FIGURE 3.3: Energy level diagram of the triplet Rydberg states in helium
with 70 ≤ n ≤ 73 in a magnetic field Bz = 16.154 G and perpendicular
electric fields. The zero electric field |n = 73, ℓ = 0, mℓ = 0⟩ ≡ |73s⟩ and
|n = 70, ℓ = 69, mℓ = +69⟩ ≡ |70c+⟩ sublevels are highlighted in red. In
the presence of the electric field these states are denoted |73s′⟩ and |70c′+⟩,
respectively (see text for details). The red points, labelled 1− 4, correspond

to the steps of the circular state preparation process.
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The broad energy level distributions of the n-manifolds in zero electric field are a

consequence of the presence of the magnetic field. For a magnetic field of 16.154 G the

energy shift of each sublevel is mℓBzµB = mℓ × 22.61 MHz. The spectral extent of each

n-manifold is then [max(mℓ)−min(mℓ)]BzµB = 2(n − 1)× 22.61 MHz, which for n = 70

is 3.12 GHz. Notice that the quantum defect is largest for smaller values of ℓ, which for a

magnetic field of 16.154 G results in only the ℓ = 0 states lying outside the n-manifold of

mℓ sublevels.

One important parameter of the numerical calculations which strongly affected their

accuracy was the integration step size, h, used in the Numerov method, implemented to

calculate the radial integrals of the field-free wavefunctions. The error in these Numerov

calculations scales as O(h4). However as h decreases, not only does the computation

time increase but it was found that below a particular value of h the integrals did not

converge. The value of h for which this divergence occurred was dependent on the an-

gular momentum quantum number, ℓ. It was found that a value of h = 0.05 resulted in

integrals that converged to within 1 MHz. Other approaches to overcoming this problem,

such as using an ℓ-dependent step size, and dynamically increasing the step size when-

ever divergence was detected were investigated. However neither of these significantly

improved the accuracy of the calculations and they only added algorithmic complexity.

As a result, they were not implemented in the final calculations performed.

In the calculations the role of the diamagnetic interaction [Kash, 1977] was tested and

found to result in frequency shifts of less than 1 MHz. Since these shifts are smaller than

the spectral widths in the experimental data, this second order correction to the interac-

tion of the atoms with the magnetic field was not included in the calculated data pre-

sented. For the high values of n of interest, the largest zero-field fine-structure splittings,

i.e., those of the 1snp 3PJ levels, are ∼ 0.5 MHz. Therefore, in the calculations used to
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interpret and assign the measured microwave spectra, spin-orbit contributions were ne-

glected. However, their role in the excited state dynamics in the time-dependent electric

fields are discussed in Section 3.6.

3.4 Circular state preparation process

In previously demonstrated implementations of the crossed-fields method for the prepa-

ration of circular Rydberg states [Delande and Gay, 1988; Hare, Gross, and Goy, 1988;

Zhelyazkova and Hogan, 2016], the outermost low-field-seeking Stark state with mℓ = 0

defined with respect to the electric field quantisation axis, i.e., the |nc′+⟩ state, was di-

rectly laser photoexcited. Excitation was carried out at, or close to, the Inglis-Teller limit,

where in non-hydrogenic systems this state generally acquires significant low-ℓ charac-

ter. After photoexcitation, the electric field was adiabatically reduced to zero causing the

excited state to evolve into the |nc+⟩ circular state with maximal mℓ defined with respect

to the magnetic field quantisation axis.

Although this original version of the crossed-fields method is quite general, it presents

a significant challenge when used to prepare circular Rydberg states with very high val-

ues of n, i.e., n ≳ 60. The avoided crossings at the Inglis-Teller limit are sufficiently

large at low values of n that the individual Stark sublevels can be readily resolved in the

photoexcitation process. However, for high values of n these crossings reduce in size and

the relevant levels, which possess large static electric dipole moments on either side of

the avoided crossings, become increasingly sensitive to electric field noise [Zhelyazkova

and Hogan, 2015]. This makes it difficult to ensure complete state-selective preparation

of individual high-n sublevels in the laser photoexcitation process. Here, we present a
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FIGURE 3.4: Expanded views of the highlighted regions shown in Fig. 3.3.
The arrow joining panels (a) and (b) indicates the |73s′⟩ → |70c′+⟩ mi-

crowave transition at ν ≈ 37.2312 GHz (see text for details).

modified version of the crossed-fields method which overcomes this problem. This in-

volves first performing the initial laser photoexcitation to an isolated low-ℓ (in this case

|ns⟩) level in zero, or a weak electric field, where it can be efficiently excited and resolved.

Then, after polarisation of the atoms, efficient population transfer to an |nc′+⟩ state can be

achieved with high spectral resolution and the sensitivity electric field noise is reduced

by more than an order of magnitude over that associated with the standard crossed fields

method.

This modified crossed-fields method is implemented in 4 steps. In the case of the

preparation of the |70c+⟩ state in helium presented here, this involves:

1. Laser photoexcitation in a weak electric field of Fexcite = 0.1 V/cm from the 1s2s 3S1
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level to the 1s73s 3S1 level using the resonance-enhanced two-colour two-photon

excitation scheme described in Section 3.2 (red point 1 in Fig. 3.3).

2. Polarisation of the excited atoms by adiabatically increasing the electric field strength

in a time ∆ton = 1 µs to Fpol = 0.844 V/cm [red point 2 in Fig. 3.3 and 3.4(a)]. This

field is beyond the first avoided crossing between the |73s′⟩ and |72c′+⟩ states, and

results in the static electric dipole moment of the polarised |73s′⟩ state being orien-

tated anti-parallel to the electric field vector.

3. At position 2 in the Stark map the single-photon transition from the |73s′⟩ state to

the |70c′+⟩ state has a significant electric dipole transition moment because of the

large overlap between the wavefunctions of the two states which posses similar

static electric dipole moments [compare the energy level structure at red point 2 in

Fig. 3.4(a) with that at red point 3 in Fig. 3.4(b)]. Therefore a short, ∆tµ ∼ 80 ns

pulse of microwave radiation, resonant with the |73s′⟩ → |70c′+⟩ transition at ν =

37.2312 GHz when Fpol = 0.844 V/cm, can be applied to transfer population to

the |70c′+⟩ state. In this particular case, the difference between the static electric

dipole moments of the |73s′⟩ and |70c′+⟩ states is ∆µ = µ70c′+ − µ73s′ = 1072 D

[∆µ/h = −540 MHz/(V/cm)] and is almost constant over an electric field range of

∼ 0.02 V/cm, between the first and second avoided crossings encountered by the

|73s′⟩ state. Therefore the transition has a comparably low sensitivity to DC electric

field inhomogeneities and low-frequency electric field noise.

4. After preparation of the |70c′+⟩ state the electric field is switched off in a time ∆toff =

810 ns, corresponding to a rate of dF/dt = 1.03 (V/cm)/µs, to allow the atoms to

adiabatically evolve to the pure |70c+⟩ circular state in the magnetic field.
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3.5 Experimental implementation

To implement this modified crossed-fields method for the preparation of the |70c+⟩ cir-

cular state, it was first necessary to ensure that the avoided crossing between the |73s′⟩

and |72c′+⟩ states, at a field of Fac ≃ 0.825 V/cm, shown in Fig. 3.4(a), was traversed

adiabatically. This was checked experimentally by first increasing the electric field from

Fexcite = 0.1 V/cm to Fpol = 0.8 V/cm (just below Fac) in a time ∆ton = 1 µs. This electric

field was then switched off in a time ∆toff = 810 ns before the excited atoms were subse-

quently detected by state-selective ionisation in parallel electric and magnetic fields. The

resulting electron signal is shown as the continuous blue curve in Fig. 3.5(a). The x-axis

was obtained by recording the value of the voltage applied to E3 in Fig. 3.2 as a function

of time and matching this to the time at which the electron signal was observed from the

MCP. The flight time of the electrons was negligible on the time scales of the ramping ion-

isation electric field. The first feature that appears at an ionisation field of ∼ 21.4 V/cm

in this data set, corresponds to the adiabatic electric field ionisation signal from the |73s⟩

state. The other features, including the dominant one at ∼ 36.2 V/cm, represent distinct

non-adiabatic ionisation pathways of this same state. In this case the atoms were not sub-

jected to electric fields beyond the Inglis-Teller limit before they underwent electric field

ionisation. Therefore, reducing the switch-off time to ∆toff = 20 ns [dashed red curve in

Fig. 3.5(a)] did not affect the field ionisation signal observed.

This experiment was repeated with Fpol increased to 0.844 V/cm, between the first

and second avoided crossings encountered by the |73s′⟩ state. In this case a distinct dif-

ference was seen in a similar pair of measurements. When the field was switched off in

∆toff = 810 ns [continuous blue curve in Fig. 3.5(b)], the electron signal remained the

same as that in Fig. 3.5(a). However, when the field was switched off in ∆toff = 20 ns,
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FIGURE 3.5: Electron signals recorded upon electric field ionisation of
the Rydberg atoms in parallel electric and magnetic fields. (a) The po-
larisation electric field was adiabatically increased in a time ∆ton = 1µs to
Fpol = 0.80 V/cm, before the first avoided crossing of the |73s′⟩ state, and
subsequently switched off. (b) The polarisation electric field was adiabati-
cally increased to Fpol = 0.844 V/cm, after the first avoided crossing, and
subsequently switched off. (c) The polarisation electric field was adiabati-
cally increased to Fpol = 0.844 V/cm, then a microwave π-pulse, resonant
with the |73s′⟩ → |70c′+⟩ transition (ν ≈ 37.2312 GHz), was applied, be-
fore F was switched off. In each case, the electric field was switched off in a
time ∆toff = 810 ns (solid blue line), and ∆toff = 20 ns (dotted red line). The
green (left) and purple (right) windows are centred on the electric fields at

which the |73s⟩ and |70c+⟩ states ionise, respectively.
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significant differences were observed indicating the population of a broader range of hy-

drogenic Stark states [dashed red curve in Fig. 3.5(b)]. This demonstrates that switching

the field from Fexcite = 0.1 V/cm to Fpol = 0.844 V/cm in a time ∆ton = 1 µs, and sub-

sequently switching it off in a time ∆toff = 810 ns ensures adiabatic traversal of the first

avoided crossing between the |73s′⟩ and |72c′+⟩ states, but that a switch-off time of, e.g.,

∆toff = 20 ns results in diabatic traversal.

Having ensured the necessary conditions for adiabatic polarisation of the |73s⟩ state

such that it possessed a static electric dipole moment of similar magnitude and orienta-

tion to the target |70c′+⟩ state in the same electric field, the process of resonant single-

photon microwave transfer to this target state was characterised for different values of

Fpol. First, depletion spectra of the |73s′⟩ state were recorded by integrating the signal in

the window indicated by the green shaded region at ∼ 36.2 V/cm in Fig. 3.5. By driving

the |73s′⟩ → |71s′⟩ transition the field at which the first avoided crossing between the

|73s′⟩ and |72c′+⟩ states occurs was determined. This is signified by the reduction of the

transition strength to zero. Having identified the ionisation field of the |71s′⟩ state, spec-

tra corresponding to the appearance of the integrated |71s′⟩ signal were also recorded.

These two sets of spectra are shown in Fig. 3.6(a) as the dashed green and continuous

purple curves, respectively, positioned along the x-axis at the electric field value at which

they were collected and centred on their corresponding average off-resonant values. The

calculated |73s′⟩ → |71s′⟩ transition frequencies, obtained from the data in Fig. 3.4, are

shown as the continuous red curve and are in good quantitative agreement with the ex-

perimental data to within ∼ 10 MHz.

In the experimental data presented in Fig. 3.6(a), the spectral intensity of the |73s′⟩ →

|71s′⟩ transition tends towards zero immediately after the avoided crossing between the

|73s′⟩ and |72c′+⟩ states. This is because the sign of the static electric dipole moment of the
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|73s′⟩ state changes at the avoided crossing, reducing the overlap of the electronic wave-

function of this state with that of the |71s′⟩ state. On the other hand, this change in sign

of the dipole moment increases the overlap with the wavefunction of the |70c′+⟩ state.

The change in the spectral intensity of the |73s′⟩ → |70c′+⟩ transition around the avoided

crossing is seen in Fig. 3.6(b). The integration window used to monitor the signal from

the |70c′+⟩ state in these spectra is indicated by the shaded purple region at ∼ 39.4 V/cm

in Fig. 3.5. In parallel electric and magnetic fields, as used in the field ionisation step of

the experiments presented here, the electric field ionisation rate of the |70c′+⟩ state can be

determined from the hydrogenic ionisation rates corrected for the reduced mass of he-

lium [Damburg and Kolosov, 1979; Damburg and Kolosov, 1983]. For an ionisation rate

of 108 s−1 (109 s−1), the ionisation electric field of this state is expected to be 37.8 V/cm

(38.3 V/cm).

The calculated |73s′⟩ → |70c′+⟩ transition frequencies are shown in Fig. 3.6(b) as

the continuous red curve and agree with the experimental data to within ∼ 10 MHz.

The dashed red and blue curves indicate frequency intervals to other states below and

above the |73s′⟩ state, respectively. From the spectra in Fig. 3.6 the avoided crossing

between the |73s′⟩ and |72c′+⟩ states was identified to occur at a field of 0.825 V/cm.

In fields between 0.825 V/cm and 0.853 V/cm the similarity of the static electric dipole

moments of the |73s′⟩ and |70c′+⟩ states, −18984 D [9.56 GHz/(V/cm)] and −17912 D

[9.02 GHz/(V/cm)], respectively, gives rise to the comparatively small change in the

|73s′⟩ → |70c′+⟩ transition frequency over this range of fields. An electric field of 0.844 V/cm

was chosen for the implementation of the microwave transfer step (Step 3) of the circular

state preparation process. This was implemented using a pulse of microwave radiation

at a frequency of ν = 37.2312 GHz [green shaded vertical band in Fig. 3.6(b)]. The ef-

fect of an 80 ns π-pulse followed by a depolarisation time ∆toff = 810 ns in which the
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FIGURE 3.6: Microwave spectra showing (a) the depletion and increase
of the integrated electron signal corresponding to the |73s⟩ (dashed curve)
and |71s⟩ (continuous curve) ionisation windows, respectively. The con-
tinuous red curve represents the calculated |73s′⟩ → |71s′⟩ transition fre-
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tion (continuous red curve), along with frequency intervals to other lower
(dashed red curves) and higher (dashed blue curve) energy states, are

shown.
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excited atoms adiabatically evolved into the |70c+⟩ state, can be seen in the continuous

blue curve in Fig. 3.5(c). The field in which the |70c+⟩ state ionises is indicated in this

figure by the right-most purple shaded vertical band. To confirm that this evolution of

the |70c′+⟩ state into the |70c+⟩ circular state in the pure magnetic field occurred adiabati-

cally, the electric field was also switched off more rapidly, e.g., in a time ∆toff = 20 ns. As

in Fig. 3.5(b), this strongly modified the electron signal observed. However for switching

times greater than ∼ 500 ns the detected signal did not change significantly, confirming

the adiabatic evolution to the |70c+⟩ state. From the normalised amplitude of the feature

corresponding to the field ionisation of the |70c+⟩ state shown in Fig. 3.5(c), the efficiency

of transferring atoms from the initially excited |73s⟩ state to the target |70c+⟩ state using

this modified crossed-fields method was determined to be 80 %.

3.6 Landau-Zener dynamics

The rate at which atoms in circular Rydberg states can be prepared using this modified

crossed-fields method is limited by the times required for adiabatic polarisation of the

laser photoexcited low-ℓ Rydberg state and adiabatic de-polarisation of the |nc′+⟩ state.

If implementing this method for the preparation of circular states with higher values of

n, or in other systems, the criteria to ensure adiabatic evolution of these states must be

considered. The probability of adiabatic evolution through an avoided crossing involving

two isolated levels, |a⟩ and |b⟩, with energies that change linearly in time in the diabatic

basis, can be determined using Landau-Zener theory [Zener, 1932], where the probability
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of adiabatic passage is,

Padiabatic = 1 − exp

(
−

2π|Vij|2

h̄ (dE/dt)

)
(3.3)

= 1 − exp

(
−

2π|Vij|2

h̄ (dE/dF)(dF/dt)

)
(3.4)

with E the energy difference between the levels in the adiabatic basis, F the electric field

strength, and Vij = Emin/2 with Emin the minimum energy interval between the two

states.

In Fig. 3.7, an expanded view of the Stark map in Fig. 3.3 highlighting the energy

level structure in the vicinity of the first avoided crossing encountered by the |73s′⟩ state

is displayed. In a pure electric field, Fig. 3.7(a), i.e., when Bz = 0, mℓ is a good quan-

tum number and the interacting levels are only those which have the same values of mℓ.

For the |73s′⟩ state and the n = 72 Stark state with which it interacts, this leads to a

minimum energy interval between the levels at the avoided crossing corresponding to

70.7 MHz and electric dipole moments of the two states in the diabatic basis of 15355 D

[-7.73 GHz/(V/cm)] and −19268 D [9.70 GHz/(V/cm)], respectively. As pointed out re-

cently in [Zhang et al., 2018], the addition of the perpendicular magnetic field, in this

case a field of Bz = 16.154 G, breaks the symmetry of the Hamiltonian (Eq. 2.27), with the

result that the corresponding avoided crossing reduces in size to 17.9 MHz. This effect

can be seen in Fig. 3.7(b). In this case, encountered in the experiments described here,

the smaller avoided crossing is a consequence of the weaker coupling between the |73s′⟩

and |72c′+⟩ states in the electric field because of mℓ-mixing and additional interactions

with the outer Stark states of the n = 72 manifold. Therefore the conditions for adiabatic

traversal of this avoided crossing in the presence of the perpendicular magnetic field are

stricter than in a pure electric field.



3.6. Landau-Zener dynamics 59

|mℓ| = 0
|mℓ| = 1
|mℓ| = 2

Electric field (V/cm)
0.80 0.81 0.82 0.83 0.84 0.85 0.86 0.87 0.88

-626.7

-626.6

-626.5

-626.4

-626.3

-626.2

-626.1

-626.0
En

er
gy

/h
 (G

H
z)

70.7 MHz

17.9 MHz

-7.73 GHz/(V/cm)

9.70 GHz/(
V/cm

)

-7.73 GHz/(V/cm)

9.55 GHz/(
V/cm

)

(a)

(b)

-626.7

-626.6

-626.5

-626.4

-626.3

-626.2

-626.1

-626.0

En
er

gy
/h

 (G
H

z)

-625.9

-625.9

73s’

72c’+

73s’

72c’+

FIGURE 3.7: Calculated energy level diagrams of triplet Rydberg states of
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a perpendicular electric field. The red circle indicates the position from
which microwave transfer to the |70c′+⟩ state was carried out after adia-
batic passage through the avoided crossing between the |73s′⟩ and |72c′+⟩

states.
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From the data shown in Fig. 3.5(b), and additional experiments performed for switch-

off times, ∆toff, of 1010 ns, 510 ns, 100 ns, and 10 ns, probabilities for adiabatic traversal

of the avoided crossing in Fig. 3.7(b) were determined from the amplitude of the electron

signals. These probabilities, displayed with respect to the corresponding rate of change

of the applied electric field, are shown as red crosses in Fig. 3.8. A function with the

general form of that associated with the linear Landau-Zener probability in Eq. 3.4, fit to

the data and displayed as the dashed red curve, demonstrates that the dynamics at the

avoided crossing change exponentially from adiabatic to diabatic as the rate of change

of the electric field is increased. The convergence of the measured data for the slowest

electric field switching rates, i.e., those close to 1 (V/cm)/µs, demonstrates that adiabatic

evolution occurred in these cases. However, upon comparison of the measured data with

the results obtained using the linear Landau-Zener model and the calculated parameters

associated with the avoided crossing in Fig. 3.7(b) (continuous blue curve in Fig. 3.8), a

significant difference is observed. This behaviour can result from deviations of the char-

acteristics of this avoided crossing from those of an ideal two-level system with linear

Stark energy shifts in the diabatic basis, or that the Hamiltonian in Eq. 2.27 does not pro-

vide a sufficiently complete description of the atom under the experimental conditions.

As discussed previously, for the weak magnetic fields employed in the experiments

described here, the inclusion of the diamagnetic interaction in the calculations results in

relative shifts of the |73s′⟩ and |72c′+⟩ states of <1.0 MHz. Corrections on this scale do not

significantly modify the Landau-Zener dynamics at this avoided crossing in the time-

dependent fields employed in the experiments. On the other hand, contributions from

the spin-orbit interaction in these triplet Rydberg states can have a more pronounced

effect. To characterise the effects of the spin-orbit interaction in the experimental data,
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FIGURE 3.8: Probabilities of adiabatic passage through the avoided cross-
ing between the |73s′⟩ and |72c′+⟩ states in a magnetic field of 16.154 G.
The experimental data (red crosses), and results of the calculation in the

|n, ℓ, mℓ⟩ basis (continuous blue curve) are shown.

calculations were performed in the |n, L, S, J, MJ⟩ basis. Because of computational limita-

tions only the larger, diagonal spin-orbit matrix elements, and hence the basis states with

S = 1, were considered in these calculations. Under these conditions, including the same

range of values of n as in the calculation of the data shown in Fig. 3.3 would have resulted

in a basis size of 92073 which is beyond our computational capabilities. Therefore with

the aim of making a qualitative comparison of the characteristics of the avoided crossing

between the |73s′⟩ and |72c′+⟩ states, with and without the effects of the spin-orbit inter-

action, the energy level structure at the crossing was determined in the |n, L, S, J, MJ⟩ and

|n, ℓ, mℓ⟩ bases containing states for which 72 ≤ n ≤ 73. The size of these bases are 31539

and 10513, respectively. The results of these calculations are displayed in Fig. 3.9.

From this data, the minimum interval between the |73s′⟩ and |72c′+⟩ states in Fig. 3.9

corresponds to 21.64 MHz and 33.26 MHz, in the |n, ℓ, mℓ⟩ and |n, L, S, J, MJ⟩ bases, re-

spectively. The value obtained from the calculations in the |n, ℓ, mℓ⟩ basis is larger than
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lated in the |n, ℓ, mℓ⟩ (continuous blue curve) and |n, L, S, J, MJ⟩ (dashed

green curve) bases containing S = 1 levels with 72 ≤ n ≤ 73.

that in Fig. 3.7(b), and the crossing occurs at a higher field than that in Fig. 3.7(b) be-

cause of the reduced basis size. In this smaller basis the calculations have not fully con-

verged, however they do allow for a direct comparison to be made with the calculations

in the |n, L, S, J, MJ⟩ basis. The ratio of the minimum interval between the |73s′⟩ and

|72c′+⟩ states in the |n, ℓ, mℓ⟩ and |n, L, S, J, MJ⟩ bases in Fig. 3.9 is 1.54. Using this ratio,

it may be expected that the true size of the avoided crossing in the |n, L, S, J, MJ⟩ basis

can be determined by scaling the value obtained in the larger |n, ℓ, mℓ⟩ basis after con-

vergence [i.e., Fig. 3.7(b)] by this same factor. Following this reasoning, the minimum

interval between the |73s′⟩ and |72c′+⟩ states in the |n, L, S, J, MJ⟩ basis is expected to

be 17.9 MHz ×1.54 = 27.6 MHz, approximately 10 MHz larger than that in Fig. 3.7(b)

where the spin-orbit interaction was neglected. This accounts for some, but not all, of the

discrepancy between the linear Landau-Zener model and the experimental data.
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The linear Landau-Zener model assumes an ideal two-level system, in which the gra-

dients, i.e., the static electric dipole moments, of the states on either side of the avoided

crossing are constant in the diabatic basis. The avoided crossings shown in Fig. 3.9 do

not fulfill this criteria. This is emphasised by the dotted lines fit to the |73s′⟩ state in the

adiabatic basis before and after the avoided crossing in each case. Using these lines as

a guide, it can be seen that (1) the gradient of the |72c′+⟩ state on the high-field side of

the crossing is smaller than that of the |73s′⟩ state on the low-field side, (2) this gradient

is not constant within the range of electric fields in Fig. 3.9, (3) the electric field strength

at which the turning points of the adiabatic states, i.e., the points at which the electric

dipole moments are zero, is different for the |73s′⟩ and |72c′+⟩ states, and (4) there is a

displacement between the adiabatic states before and after the avoided crossing, as in-

dicated by the dotted lines in Fig. 3.9. Together, these features increase the adiabadicity

of the passage through the avoided crossing for an applied time-dependent field com-

pared to that expected from the linear Landau-Zener model. Further, these features are

more pronounced in the calculations in the |n, L, S, J, MJ⟩ basis, suggesting that the spin-

orbit interaction must be accounted for when accurately determining the probabilities for

adiabatic transfer.

It has been shown in Ref. [Jona-Lasinio et al., 2003] that an avoided crossing between

two energy levels with linear and quadratic dependencies, respectively, can lead to de-

viations from the linear Landau-Zener model, but maintains the exponential transition

from adiabatic to diabatic passage. To capture the quantum state dynamics at the avoided

crossings shown in Fig. 3.9, it would be necessary to extend this model to include all of the

features discussed above. Because of the challenges in accurately calculating the atomic

energy level structure in crossed electric and magnetic fields in the |n, L, S, J, MJ⟩ basis
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at the values of n employed in the experiments reported here, which are further exacer-

bated at higher values of n, we conclude that in implementing this modified crossed-field

method for the preparation of high-n circular states, calculations in the |n, ℓ, mℓ⟩ basis can

only be used as a guide when determining the parameters for adiabatic passage through

such avoided crossings. Accurate values must therefore ultimately be determined exper-

imentally as has been demonstrated here. This problem however may motivate future

theoretical investigations, in particular with regard to the effects of symmetry breaking

on the dynamics of quantum systems.

3.7 Range of applicability

The modified crossed-fields method presented here can be applied to the preparation of

circular Rydberg states in a wide range of atoms and molecules with minimal restrictions

on the spectral resolution required in the initial laser photoexcitation step. In addition

to being of importance in the preparation of circular Rydberg states with high values

of n, this aspect of the method is advantageous in general in the preparation of circu-

lar Rydberg states in species for which laser photoexcitation must be carried out using

pulsed laser radiation in the ultraviolet or vacuum ultraviolet region of the electromag-

netic spectrum where high spectral resolution is difficult to achieve because of laser pulse

length limitations and Doppler effects. The primary requirements for the implementa-

tion of this circular state preparation scheme are that appropriate low-ℓ states, i.e., s or

p Rydberg states, have (1) sufficiently large quantum defects that they can be resolved

from the manifold of degenerate higher-ℓ states and therefore selectively photoexcited,

(2) sufficiently long lifetimes, ≳ 100 ns, and (3) sufficiently large avoided crossings at the

Inglis-Teller limit such that they can be adiabatically polarised to acquire similar static
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electric dipole moments to the target circular states in the same electric field.

The minimum time required to implement circular state preparation at a particular

value of n using this scheme is ultimately set by the strength of the magnetic field em-

ployed. The upper limit on the magnitude of this field is imposed by the quantum defect

of the initially excited low-ℓ state, and its effect on the size of the avoided crossing en-

countered by this state at the Inglis-Teller limit. Because of its dependence on the linear

Zeeman splitting between mℓ sublevels in zero electric field, adiabatic evolution from the

|nc′+⟩ to |nc+⟩ state can be implemented most rapidly in the largest possible magnetic

field. In the case of interest here – the preparation of the |nc+⟩ state in helium – the mag-

netic field strength for which the |73c−⟩ state crosses the energy of the initially excited

|73s⟩ state in a zero electric field is ∼ 48 G. This therefore sets a first bound on the mag-

netic field that can be considered in implementing this scheme. Symmetry breaking in the

crossed electric and magnetic fields close to the Inglis-Teller limit results in a reduction

in the size of the avoided crossing between the |73s′⟩ and |72c′+⟩ states as the magnetic

field strength is increased. For example, this crossing exhibits a minimum interval corre-

sponding to 70.7 MHz for Bz = 0 G, which reduces to 17.9 MHz (∼ 27.6 MHz if spin-orbit

contributions are accounted for) for Bz = 16.154 G. This smaller avoided crossing must

be traversed more slowly to ensure adiabatic evolution. Based on the discussion in Sec-

tion 3.6, optimisation of the magnetic field strength to engineer the quantum states of

this avoided crossing such that it allows for more rapid circular state preparation must

be performed experimentally. In the experiments described here the linear Zeeman split-

ting between the mℓ sublevels with n = 70 in zero electric field correspond to 22.6 MHz.

Therefore these are of a similar order of magnitude as the 17.9 MHz avoided crossing be-

tween the |73s′⟩ and |72c′+⟩ states. The smaller static electric dipole moment of the |70c′+⟩

state near zero electric field than those of the |73s′⟩ and |72c′+⟩ states at their avoided



66
Chapter 3. Preparation of high-n circular states in He using a modified version of the

crossed-fields method

crossing ensures that a similar switching time of ∼ 1 µs leads to adiabatic evolution.

This method can be extended to the preparation of high-n circular Rydberg states in

other atoms and in molecules. For example, such states with values of n > 100, in al-

kali metal atoms are of interest in studies of Rydberg-electron interactions with ultracold

gases [Balewski et al., 2013]. In these settings new opportunities for imaging bound-state

electron probability density distributions are also expected [Karpiuk et al., 2015]. Circular

Rydberg states with high values of n are also of interest in studies of ion-neutral reactions

at low translational temperatures where the Rydberg electron can be exploited to shield

the reaction centre from stray electric fields and hence ensure that low collision energies

are maintained throughout the reaction process [Allmendinger et al., 2016; Schlagmüller

et al., 2016]. In the case of the H+
2 + H2 reaction, studied at low temperature through

collisions of Rydberg H2 with ground-state H2 [Allmendinger et al., 2016], the method

described here may be applied to the preparation of circular Rydberg states of H2 to open

new opportunities for investigating, and if necessary minimising, the contributions from

the Rydberg electron to the reaction dynamics.

3.8 Conclusion

In this chapter a modified version of the crossed-fields method has been presented. This

allows for the selective preparation of high-n circular Rydberg states in atoms and molecules.

By implementing microwave transfer from an initially excited, and subsequently strongly

polarised, low-ℓ Rydberg state to the target circular state with a similar static electric

dipole moment, the sensitivity of this circular state preparation scheme to DC electric

field inhomogeneities and low-frequency electric field noise is significantly reduced com-

pared to the standard crossed-fields method. The experimental results presented here
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demonstrated the implementation of this method for the preparation of the n = 70,

mℓ = +69 circular Rydberg state in helium. In this case the efficiency of converting

atoms from the laser photoexcited |73s⟩ state to this circular state was 80%. This could

be increased by improving the coherence of the microwave transfer by performing the

experiment in a single mode microwave waveguide.

The long radiative lifetimes of the high-n circular Rydberg states, prepared here, their

low sensitivity to stray electric fields resulting long coherence times, and their large elec-

tric dipole transition moments make them ideally suited for interfacing with supercon-

ducting circuits. The selective preparation of such states is an essential capability for

future hybrid quantum systems involving Rydberg atoms.
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Chapter 4

Measurement apparatus for hybrid

circuit QED experiments

A schematic diagram of the full experimental apparatus designed and developed for

hybrid cavity QED experiments involving helium atoms in Rydberg states and super-

conducting CPW resonators is shown in Fig. 4.1. In this chapter we describe the key

components of this measurement setup.

4.1 Helium beam

The helium beam used in the hybrid cavity QED experiments described in the remainder

of this thesis was generated and prepared in the same way as that described in Section 3.2.

After the ions generated in the discharge were removed from the beam by electrostatic

deflection, the remaining neutral atoms then entered through apertures of 4 and 3 mm di-

ameter in two heat shields, maintained at 30 K and < 4 K, respectively, and into the cryo-

genic environment in which the experiments were performed. Next the atoms passed

between the two parallel metal electrodes labelled E1 and E2 in Fig. 4.1. These electrodes

had dimensions of 30×30 mm in the xy plane and were separated in the z dimension by
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FIGURE 4.1: Schematic overview of the experimental apparatus developed
for coupling helium atoms in Rydberg states to superconducting CPW mi-

crowave resonators.

10.0 mm. In this part of the apparatus homogeneous magnetic fields, |B⃗|, acting in either

the x or z directions could be generated by two pairs of 200 mm diameter coils operated

in a Helmholtz configuration and wound on the outside the vacuum chamber. Between

E1 and E2, the beam of atoms was intersected by co-propagating, continuous wave (CW)

ultraviolet (UV) and infrared (IR) laser radiation. The UV laser was frequency stabilised

to drive the 1s2s 3S1 → 1s3p 3P2 transition at a wavelength of λUV = 388.975 nm. The ra-

diation for this transition was generated by frequency doubling the ∼ 80 mW output of

a 777.950 nm single mode diode laser in an enhancement cavity. At the entrance window

to the vacuum chamber this beam had a power of ∼ 5 mW and was focused to a FWHM

width of ∼ 100µm at the point where it crossed the metastable helium beam. The IR

laser was tuned to lie resonant with 1s3p 3P2 → 1sns 3S1 transitions, where the value of n

was selected based on the particular experiment to be performed. At the entrance to the

vacuum chamber this beam, obtained from a CW diode laser with a tapered amplifier,

had a power of up to ∼ 500 nW and was focused to a FWHM beam width of ∼ 100µm

in the Rydberg state photoexcitation region of the apparatus. A pulsed potential could

be applied to E1 and E2 to tune the atomic transitions in and out of resonance with the
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IR laser, thereby controlling the length of the subset of He atoms which were excited to

Rydberg states.

After photoexcitation to Rydberg states the atoms travelled 22.5 mm down stream be-

fore reaching the edge of the 10x10 mm superconducting chip. The separation between

the surface of the superconducting film and the atoms in Rydberg states was controlled

together by adjusting the x-position of the focal point of the lasers. The interactions be-

tween the atoms and CPW resonator then occurred as the atoms passed over the device.

A pair of electrodes, E3, which were electrically connected for all experiments described

in this thesis, were used to compensation stray electric fields in the volume above the

resonator.

Following their interaction with the superconducting resonator the atoms travelled a

further 16.5 mm down stream to the detection region of the apparatus between electrodes

E4 and E5. At this point the excited atoms were detected by state-selective ionization

using time-dependent electric fields, F⃗ion(t) applied to E4 whilst E5 was grounded. The

ionised electrons were then accelerated through a hole in electrode E5 and collected on a

microchannel plate (MCP) detector operated at room temperature and positioned outside

of the outer heat shield.

4.2 Cryogenic platform

A 3D computer-aided design (CAD) model of the cryogenic components of the experi-

mental setup is shown in Fig. 4.2. A cylindrical aluminium outer heat shield encasing

all other cryogenic components was attached to the 30 K stage of a Cryomech PT415RM

pulse tube cryocooler to reduce the background blackbody radiation. Small apertures

were included for microwave cables and wires near the top (5 mm diameter), and for the
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FIGURE 4.2: Diagram of the cryogenic components of the apparatus.

lasers, atomic beam, and electrons (3 mm diameter) in the rectangular lower section.

The atomic beam axis was 265 mm below the 3 K stage therefore it was necessary

to design a platform at this position that was suspended from, and well thermally con-

nected to the 3 K stage. This was achieved using two 16 mm diameter copper rods as

shown in Fig. 4.2. Indium was used at key interfaces to ensure good thermal contact. An

expanded view of the experiment platform in this lower 3 K region of the apparatus is

shown in Fig. 4.3. This consists of (1) a pair of electrodes used to define the electric fields



4.3. Microwave circuitry 73

required for the photoexcitation of the atoms into Rydberg states, referred to as the prepa-

ration electrodes, (2) a superconducting chip mounted on a PCB which itself is thermally

connected to a copper block, (3) a pair of L-shaped electrodes positioned over the PCB

and used to control the electric field in the vicinity of the chip, referred to as compensation

electrodes, (4) a final pair of electrodes used for state-selective electric field ionisation of

the Rydberg atoms, referred to as the ionisation electrodes, and (5) a heater and Cernox

temperature sensor used for controlling the temperature of the chip.

Where possible all copper parts in the apparatus were machined from C103 oxygen-

free copper to avoid oxygen outgassing. The block-type design was chosen to maximise

thermal contact with the 3 K stage. Virtual leaks from sealed volumes were avoided

by drilling small holes into the blocks. The electrodes were electrically insulated from

the base of the platform using alumina sheets, and the screws fixing the electrodes were

isolated using countersunk ceramic spacers. The electrodes were orientated in the way

shown in Fig. 4.1 so that magnetic fields could be applied in the x-direction, perpendic-

ular to the preparation electrodes, for circular state preparation (see Chapter 3). In this

crossed-fields configuration this magnetic field could then be parallel to the ionisation

field for state-selective circular state detection and electron extraction. Both the atomic

and laser beams pass through the heat shield surrounding the platform and out the other

side in order to minimise excess pressure and heat load, respectively.

4.3 Microwave circuitry

The microwave circuitry used to drive and readout the state of the resonator had several

key requirements which were that (1) it must operate up to a frequency of ∼ 25 GHz

to allow coupling of the resonator to circular-to-circular state transitions (|nc⟩ → |(n +
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FIGURE 4.3: CAD model of the 3 K platform where the atoms are photoex-
cited into Rydberg states, interact with the superconducting device, and

are state-selectively ionised.

1)c⟩) in helium with n ≥ 64, (2) it must minimise thermal conduction between the room

temperature vacuum chamber, 30 K stage, and 3 K stage in order to minimise the base

temperature of the chip, (3) it must minimise electrical noise on the microwave lines,

originating mostly from thermal fluctuations in the room temperature segments of the

circuitry, and (4) allow for amplification of the readout signal at the 3 K stage to maximise

the signal-to-noise ratio which is especially important in low drive-power experiments.

A schematic diagram of the microwave circuity designed to fulfil these requirements and

used in the experiments describe in this thesis is shown in Fig. 4.4. Three microwave lines

were installed. Two connecting the superconducting device, and one terminating inside

the inner shield acting as an antenna allowing for free-space microwave radiation to be

emitted in the vicinity of the chip.

To minimise thermal conduction between temperature stages, 2.2 mm-diameter semi-

rigid coaxial microwaves cables with a stainless steel outer conductor, PTFE dielectric
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and silver-plated Copperweld (SPCW) centre conductor (Micro-Coax UT-085-SS) were

used. These cables were thermally mounted on both the 30 K and 3 K stages using

mounted feedthroughs, and their lengths were maximised by introducing bends to min-

imise the temperature gradient and thermal load on the chip. Microwave attenuators

were installed in series (microRF 2782-6051-XX-CRYO, Rev D) to attenuate electrical noise

generated by thermal fluctuations from warmer stages. To improve the signal-to-noise

ratio when measuring higher frequency resonances, for some experiments a 15-29 GHz

low noise cryogenic amplifier (Low Noise Factory LNF-LNC15_29B) was installed on the

return line from the chip mounted on the 3 K stage.

A CAD model of the PCB used to mount the superconducting devices is shown in

Fig. 4.5. The substrate on which the PCB was fabricated was made of Arlon AD1000

with a thickness of 1.5 mm and the conductive surface was silver coated copper. An

array of metal plated vias connected the top and bottom ground planes to suppress par-

asitic microwaves modes. Co-planar waveguides with centre conductor and gap widths

of 300 µm and 190 µm, respectively, were connected at one end by a female MMPX
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microwave connector (Huber Suhner 92MMPXS-50-0-1/111NM), and at the other were

terminated such that they could be connected to the pads of the superconducting chip

through aluminium wire bonds. The central part of the PCB, where the chip was posi-

tioned, was extruded by 0.5 mm so that the chip surface was approximately level with

the surface of the PCB. The chip was secured and thermally connected to the PCB using

silver paste.
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Superconducting co-planar

waveguide resonators for hybrid

circuit QED

Superconducting coplanar waveguide resonators with a quarter-wave geometry and which

operated at frequencies close to 20 GHz were developed specifically for this project. In

this chapter, the theoretical background, design details, methods of fabrication, and char-

acterisation of these devices are described.

5.1 The co-planar waveguide

A coplanar waveguide (CPW) is a 2D transmission line consisting of a centre conductor

of width W separated from two semi-infinite ground planes by two insulating gaps of

widths s, as shown schematically in Fig. 5.1.
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FIGURE 5.1: Co-planar waveguide (CPW) geometry, with a centre con-
ductor of width W and insulating gaps of widths s, on top of a dielectric

substrate with relative permittivity ϵr.

Conformal mapping technique

The properties of a CPW can be understood in terms of components of an electronic

circuit through the use of the so-called conformal mapping technique [Simons, 2001; Gevor-

gian, Linner, and Kollberg, 1995]. The relevant electronic properties are the capacitance

per unit length Cl , inductance per unit length Ll , and the characteristic impedance Z0.

Analytic expressions for these quantities in an unshielded CPW on an infinitely thick

dielectric substrate with relative permittivity ϵr are presented below.

The total capacitance per unit length Cl can be calculated by considering the contri-

butions from the dielectric, Cd, and the vacuum, Cvacuum separately. The contribution to

the capacitance from the dielectric substrate is,

Cd = 2ϵ0(ϵr − 1)
K(k)
K(k′)

(5.1)



5.1. The co-planar waveguide 81

where ϵ0 is the permittivity of free space, ϵr is the relative permittivity of the dielectric,

K(...) is the complete elliptic integral of the first kind, and k and k′ are given by,

k =
W

W + 2s
(5.2)

and

k′ =
√

1 − k2. (5.3)

The contribution to the capacitance from the vacuum (ϵr = 1) is,

Cair = 4ϵ0
K(k)
K(k′)

. (5.4)

Therefore the total capacitance per unit length of the CPW is,

Cl = Cd + Cair = 2ϵ0(ϵr + 1)
K(k)
K(k′)

(5.5)

= 4ϵ0ϵeff
K(k)
K(k′)

, (5.6)

where in a quasi-static approximation, the effective permittivity ϵeff due to the dielectric

and the air is given by,

ϵeff = 1 + q(ϵr − 1) (5.7)

=
1 + ϵr

2
(5.8)

=
Cl

Cair
(5.9)

where q is the filling factor. For a semi-infinite substrate on one side of the conductor,

and vacuum on the other, the value of q in Eq. 5.7 is 0.5.
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The characteristic impedance of this CPW is,

Z0 =
1

Clvph
(5.10)

=
30π√

ϵeff

K(k′)
K(k)

(5.11)

where 4ϵ0c ≈ 1/(30π), and the phase velocity of an electromagnetic field propagating in

the waveguide is given by,

vph =
c√
ϵeff

(5.12)

=
c√

(1 + ϵr)/2
, (5.13)

where c is the speed of light in a vacuum. For a dielectric substrate of finite thickness the

difference between the phase velocity and the speed of light, c, is negligible provided the

widths of the centre conductor and insulating gaps are much smaller than the thickness

of the dielectric. In practical waveguide structures this is nearly always the case.

It is often useful to express the phase velocity, vph, of an electromagnetic field propa-

gating along the waveguide and the characteristic impedance, Z0 in terms of the induc-

tance and capacitance per unit length. In these terms [Goppl et al., 2008],

vph =
1√
LlCl

(5.14)

and

Z0 =

√
Rl + jωLl

Gl + jωCl
(5.15)

=

√
Ll

Cl
(for Rl = Gl = 0) (5.16)
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where Rl and Gl are the resistance and parasitic conductance per unit length, respectively,

and ω is the angular frequency of the electromagnetic field. Given that the waveguides

considered here are made from superconducting materials the assumption that Rl =

Gl = 0 is justified. It then follows from Eq. 5.7, 5.12 and 5.14 that the inductance per unit

length arises from the geometry of the CPW, i.e., the magnetic (or external) inductance is

given by, [Rauch et al., 1993]

Lm
l =

µ0

4
K(k′)
K(k)

, (5.17)

where µ0 is the permeability of free space, and k, k′ and K(...) are as defined above.

Kinetic inductance

In superconductors, the inductance is determined not only by the temperature indepen-

dent geometric (magnetic) inductance, Lm
l , but also by the temperature dependent kinetic

inductance, Lk
l (T), which originates from the inertia of moving Cooper pairs and can con-

tribute significantly since resistivity is negligible, and therefore charge carrier relaxation

times are long. Two common methods for predicting the value of Lk
l (T), using either

the Ginzburg-Landau (GL) or BCS theory, are described and experimentally compared

in [Annunziata et al., 2010] for Nb and NbN. The method derived from BCS theory is

accurate over a wider range of temperatures however it requires a more involved calcu-

lation. On the other hand the method derived from GL theory has an analytical solution

with a single fitting parameter, ρ(Tc), the normal state resistivity, and is sufficient for our

requirements. The resulting expression for the kinetic inductance is, [Watanabe et al.,

1994]

Lk
l (T) = µ0

λ2
L(T)
Wt

g(s, W, t), (5.18)
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where λL(T) is the London penetration depth which accounts for the temperature de-

pendence. In Eq. 5.18, g(s, W, t) is a geometric factor defined as,

g(s, W, t) =
1

2k2K(k)2×[
− ln

(
t

4W

)
− W

W + 2s
ln
(

t
4(W + 2s)

)
+

2(W + s)
W + 2s

ln
(

s
W + s

) ] (5.19)

where t is the thickness of the metal layer. The London penetration depth is given by,

[London and London, 1935; Thiele, 2016]

λL(T) = λL(0)

√
1

1 − (T/Tc)4 , (5.20)

where Tc is the critical temperature, and at a temperature T = 0K,

λL(0) = 1.05 × 10−3

√
ρ(Tc)

Tc
, (5.21)

with ρ(Tc) the normal state resistivity at T = Tc. To determine the kinetic inductance

of a co-planar waveguide the values of both Tc and ρ(Tc) are therefore required. The

former can be measured by recording the DC resistance of the material as a function

of temperature, whereas to measure the latter directly requires a specifically designed

four-point measurement apparatus. However, it is possible to indirectly extract the value

of ρ(Tc) from resonator measurements as will be discussed in Section 5.5.3. The total

inductance per unit length is the sum of the geometric and kinetic contributions, i.e.,

Ltot
l (T) = Lm

l + Lk
l (T) (5.22)
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Effect of finite metal thickness

The results presented above assumed an infinitely thin metal layer. In practice the finite

thickness of the metal layer of the waveguide can have a small effect on its properties. The

modifications given in [Gupta et al., 1996] are simple enough that it is worth providing

them here. The effective conductor and gap widths are modified as follows,

Weff = W + ∆

seff = s − ∆,

(5.23)

where,

∆ =
1.25t

π

[
1 + ln

(
4πW

t

)]
(5.24)

with t the thickness of the metal layer. The effects arising from this finite thickness of the

metal film change the total inductance by less than 1% for a conductor width greater than

0.5 µm, and by approximately 0.05% for a conductor width of 10 µm.

5.2 Co-planar waveguide resonators

A co-planar waveguide transmission line can be operated as a resonator by terminating

it at both ends, either to ground (short) or with an insulating gap (open). If both ends are

terminated in the same way then this forms a half-wave resonator, otherwise it forms a

quarter-wave resonator.
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Resonance frequency

The resonance frequency, fn, of a resonator is given by,

fn = vph
1
λ

(5.25)

= vph
1

ml
(5.26)

=
c√
ϵeff

1
ml

(5.27)

=
1√
LlCl

1
ml

, (5.28)

where l is the length of the resonator and m is a factor dependent on the boundary con-

ditions, i.e., m = 4
2n∗ for half-wave and m = 4

(2n∗−1) for quarter-wave resonators, where

n∗ is the harmonic order. In these situations vph is given by Eq. 5.12 and 5.14.

Internal quality factor

The quality factor of a resonator, Q, is a measure of the resonance width at a particular

resonance frequency,

Q =
fn

∆ fn
(5.29)

=
2π fn

κ
(5.30)

where κ is the photon decay rate from the resonator, and can be interpreted as the inverse

of the typical time a single photon remains in the cavity. An isolated resonator has an

internal quality factor, QI which is generally dependent only on the materials used in the

resonator construction and the fabrication process. The internal quality factor is given by,

[Goppl et al., 2008; Sears, 2013]

QI =
1
m

π

αl
(5.31)
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where α is the amplitude attenuation per unit length. Generally it is difficult to accurately

predict QI and it often varies between fabrication cycles. Measuring the resonance line

shape requires coupling the resonator to an appropriate electrical circuit in some way.

This adds an extra loss mechanism which is accounted for as an external quality factor,

QC.

Coupled CPW resonators

To control and read out the state of a CPW resonator it must be coupled in a control-

lable way to other microwave components. For a half-wave resonator this is generally

achieved by coupling the resonator in-line with a transmission line waveguide, as illus-

trated in Fig. 5.2(a). On the other hand a quarter-wave resonator is generally coupled to

a separate transmission line, referred to as a feedline as illustrated in Fig. 5.2(b). The cou-

pling capacitance is then determined from the length of the coupling section, referred to

as an elbow connector), and its spatial separation from the feedline. It is generally not pos-

sible to accuracy predict the capacitive coupling analytically. Finite element simulations

are usually required.

Coupling a resonator to other microwave components has a number of effects, in-

cluding modifying the resonance frequency, fn, and the quality factor, Q. The former is

given by, [Goppl et al., 2008]

f ∗n =
1

m
√

L(C + C∗)
, (5.32)

where L = Ll l, C = Cl l, and C∗ is the modification to the resonator capacitance arising

from the external coupling and is given by,

C∗ =
Cκ

1 + ( fnCκRLπ)2 , (5.33)



88 Chapter 5. Superconducting co-planar waveguide resonators for hybrid circuit QED

Top view

Center conductor
Gap
Ground plane

Half-wave resonator

Top view

Center conductor
Gap
Ground plane

Quarter-wave resonator

Elbow connector

(a)

(b)

FIGURE 5.2: Schematic illustration of (a) half- and (b) quarter-wave CPW
resonators. In (b), the uninterrupted transmission line (feedline) in the
lower part of the figure is used to couple the quarter-wave resonator to the

experimental apparatus.

where Cκ is the coupling capacitance, and RL is the load resistance, usually 50 Ω.

When coupled to other components, the quality factor of a coplanar waveguide res-

onator is determined not only by the internal quality factor, QI, but has a additional con-

tribution referred to as the coupling (or external) quality factor, QC. The external quality

factor is given by, [Schuster, 2007; Sears, 2013]

QC =
π

mq2
in

, (5.34)

where qin is given by,

qin = ωnCκZ0

= 2π fnCκZ0.

(5.35)
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The total, or loaded, quality factor is then, [Goppl et al., 2008]

1
QL

=
1

QI
+

1
QC

. (5.36)

The ratio of the internal and coupling quality factors, known as the Q-coupling ratio,

gQ =
QI

QC
(5.37)

determines whether the resonance width, ∆ fn is limited by internal (gQ ≪ 1) or external

(gQ ≫ 1) losses. These regimes are referred to as under-coupled and over-coupled, respec-

tively. The boundary between these, where gQ = 1 is known as critical coupling. An

example of the loaded quality factor, QL, as a function of coupling capacitance is shown

as the solid green curve in Fig. 5.3, where the dashed green lines represent the limits due

to the internal and external quality factors. Notice that the highest quality factors are

achieved in the under-coupled regime where the coupling capacitance, Cκ, is low, but

does not improve as Cκ is decreased.

As the coupling capacitance is reduced fewer photons are able to enter the resonator.

This is quantified as the insertion loss, L0, of a resonator defined as the deviation of peak

transmission from unity, and is given by,

L0 = −20 log
(

gQ

gQ + 1

)
dB. (5.38)

The dependence of the insertion loss on the coupling capacitance is illustrated as the solid

blue line in Fig. 5.3.
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FIGURE 5.3: Effect of the coupling capacitance on (green curve, right axis)
the loaded quality factor QL, and (blue curve, left axis) the insertion loss
L0. Low coupling capacitance (Cκ < 1 fF), where gQ < 1, represents the
under-coupled regime. High coupling capacitance (Cκ > 1 fF), where gQ >
1, represents the over-coupled regime. In this case the effective resonator
Q is limited by external losses which scale exponentially with coupling

capacitance. Critical coupling is achieved when gQ = 1.

Transmission profile

It is usual to discuss resonance profiles in terms of its scattering parameters (S-parameter),

S11, and S21 for the reflection and transmission measurements, respectively. The S21 trans-

mission profile for notch-type resonators can be modelling by,

Snotch
21 ( f ) = aeiαe−2πi f τ

[
1 − (QL)/|QC|)eiϕ

1 + 2iQL( f / fr − 1)

]
, (5.39)

where the terms within the square brackets describe an ideal resonator, and the remaining

terms represent contributions from the environment. In Eq. 5.39, QL and QC are the

loaded and external (coupling) quality factors, respectively, f and fr are the probe and

resonance frequencies, respectively, and ϕ quantifies the impedance mismatch between

the resonator and the waveguide. The parameters associated with the environment are

the amplitude, a, a phase shift α, and an electronic time delay, τ, caused by the finite
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length of the microwave cables.

To obtain accurate values of QL for the notch-type resonators, fitting to only the mag-

nitude obtained from S21 measurements to Eq. 5.39 is not sufficient, and it is necessary

to exploit both the magnitude and phase information. A common and robust method

for extracting the internal, QI, external, QC, and loaded, QL, quality factors using this

data is the circle fit method [Probst et al., 2015]. Plotting Re(S21) against Im(S21) forms

a circle, as illustrated in Fig. 5.4(c), where the diameter about the point where the circle

intersects the real axis corresponds to d = QL/|QC|, and the angle by which it is rotated

determines the impedance mismatch, ϕ. The core aim when implementing the circle fit

method is therefore to extract these two values, which in turn allows for the unique de-

termination of QI, QC, and QL by fitting Eq. 5.39 to the magnitude of S21, and using,

1
QL

=
1

QI
+

1
QC

. (5.40)

(a)

(b)

(c)

Φ

d

Φ = 0o

Φ = 45o

FIGURE 5.4: Illustrative plots of S21 transmission profiles described by
Eq. 5.39 for ϕ = 0o (solid blue curves) and ϕ = 45o (dashed orange curves).

There are multiple approaches to fitting a circle to noisy data, but the fastest and

most reliable is an algebraic approach, as described in [Probst et al., 2015], as opposed to

an iterative method which suffers from convergence issues in the presence of noise and
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requires accurate starting parameters.

Higher order resonator harmonics

It is often desirable to use higher order harmonics of a resonator (n∗ > 1) to achieve

higher resonance frequencies, fn, without reducing the length of the resonator. An exam-

ple of this is the case of interest here in which the aim is to couple microwave fields in a

resonator to atoms flying over the resonator. Although the required frequencies to match

an atomic transition may be relatively high, e.g., > 10 GHz, it is not particularly desirable

to reduce the length of the resonator too much because this would reduce the time that

the atoms had to interact with it. Therefore, in this situation it is more convenient to cou-

ple to a higher harmonic of the resonator than the fundamental. There are however trade

offs to be considered. For one the quality factor, QL, generally reduces with increasing

n∗.

Other sources of loss

Besides the sources of loss associated with the quality of the superconducting material,

other sources of loss in CPW resonators include radiative, resistive and dielectric losses.

Radiative losses are small in these devices [Browne, 1987]. Resistive losses are negligible

far below Tc and at frequencies well below the superconducting gap [Frunzio et al., 2005].

Dielectric losses however are likely to limit the internal quality factor, QI, as discussed in

[O’Connell et al., 2008; Martinis et al., 2005]
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5.3 Design of resonators for hybrid circuit QED

There were many design decisions to be made in the development of the resonators used

in the experiments reported in this thesis. These generally represented a trade-off be-

tween the different characteristics. In particular the requirements for easy preparation

and manipulation of atomic Rydberg states are often opposed to the requirements for

high quality factor superconducting resonators. Below we discuss these design consid-

erations, the associated options available, any trade-offs, and justifications for our deci-

sions.

1. Substrate material and thickness

• Discussion: In the devices used in the experiments here, the substrate is used

only as a medium to support the superconducting film, as opposed to hosting

a quantum system, e.g., a superconducting qubit. Therefore the ideal substrate

material is a good electric insulator and does not interact with the modes sup-

ported by the co-planar waveguide structure. The material should also be a

good thermal conductor and be convenient to fabricate a superconducting de-

vice on. The two most common options are silicon and sapphire. Sapphire is

transparent in the ultra-violet region of the electromagnetic spectrum which

can complicate the photo-lithography process because reflections can increase

the exposure power and create a shadow exposure pattern in the photoresist.

Sapphire is also a harder material which makes it more difficult to cut.

• Choice: We chose to use silicon for the substrate. It is important that the silicon

is undoped (intrinsic) because any impurities will have their own set of atomic

transitions which form another loss mechanism for the resonator modes, lead-

ing to low resonator Q-factors [Faoro and Ioffe, 2012]. In practice undoped
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silicon still has impurities therefore wafers are sold with a minimum resistiv-

ity rating. We used high resistivity ρ > 8, 000 Ω cm wafers.

The thickness of the substrate should be several times larger than the co-planar

waveguide gap widths such that the capacitance of the co-planar waveguide

is dominated by the ground plane and not by any electrically conductive ma-

terials below the substrate. Our substrates had a thickness of 525 µm, whereas

the largest co-planar waveguide gap in our design was 150 µm for the wire

bond pads, and 10 µm otherwise.

2. Superconducting material and thickness

• Discussion: Common superconducting materials used for co-planar waveg-

uide resonators include aluminium, niobium, niobium nitride, and niobium

titanium nitride. The critical temperature, Tc, of bulk aluminium is 1.2 K which

is below the base temperature of our cryostat (T ≈ 3 K,) and therefore is not

appropriate. Pure Niobium (Nb), a type-II superconductor, has a Tc = 9.2 K

[Peiniger and Piel, 1985]. Niobium Nitride (NbN), also a type-II superconduc-

tor, has a Tc which ranges from 5.9 K to 16.2 K (bulk) depending on the film

thickness [Beebe et al., 2016; Shiino et al., 2010] and nitrogen concentration

[Shiino et al., 2010; Polakovic et al., 2018]. Niobium Titanium Nitride (NiTiN)

has a Tc which ranges from 6.9 K to 13.2 K depending on the film composition

[Yemane et al., 2017] and thickness [Shiino et al., 2010]. The facilities in the

cleanroom at the London Centre for Nanotechnology (LCN) are not capable of

depositing NbTiN films, therefore this material was not considered.

• Choice: The decision was made to use NbN films because, (a) the Tc can be

higher, therefore the operating temperature relative to Tc is lower than Nb, (b)
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NbN oxidises much more slowly than Nb, a process which leads to the dete-

rioration of the internal quality factor, and (c) NbN films are less susceptible

to contamination as they are already a ’dirty’ superconductor. The thickness

of the NbN layer affects the kinetic inductance and critical temperature of the

film. All resonators fabricated for the work described in this thesis had a film

thickness of 100 nm. This held the kinetic inductance and critical temperature

constant, allowing us to study different aspects of the design.

3. Resonator type

• Discussion: The boundary conditions of a CPW resonator results in either a

λ/2 or λ/4 field distribution. The former is formed when the terminations

of the resonator are either both shorted (grounded) or both open, whereas the

latter is formed when the terminations at each end are different. An advantage

of λ/2 resonators is that they are twice as long for a given resonance frequency,

increasing the atom-resonator interaction time. However the centre conductor

of capacitively coupled λ/2 resonators are susceptible to charging through the

build up of ions or electrons.

• Choice: The build up of static charge, together with adsorption of atoms or

molecules from the background gas can be detrimental in hybrid cavity QED

experiments in which atoms in high-n Rydberg states are to be coupled to

superconducting circuits. Therefore we chose to use λ/4 resonators.

4. Co-planar waveguide structure dimensions

• Discussion: The characteristic impedance Z0 of a CPW is dependent on the

conductor-to-gap width ratio (Eq. 5.10). The characteristic impedance of the
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resonator and feedline should be matched to 50 Ω in order to minimise reflec-

tions with other connected electronics. This can be approximately achieved

with a 2-to-1 conductor-to-gap ratio. In terms of the absolute values, it is im-

portant to consider the electric field distribution which is generated. Smaller

structures will result in stronger but more concentrated electric fields, which

can lead to higher coupling strengths, g, but lower homogeneity over the

atomic beam.

• Choice: Values of 20 µm and 10 µm were chosen for the centre conductor and

gap widths, respectively. These provided a good trade-off between electric

field strength and homogeneity. As an example, the results of a finite element

simulation for the cross-section of a CPW with these dimensions (displayed in

terms of the vacuum coupling strength, g, for the |70c+⟩ → |71c+⟩ transition

in helium) is shown in Fig. 7.1. At a distance of 10 µm above the centre conduc-

tor the electric field strength, normalised for a single-photon, and determined

at an electric field maximum, is ∼0.1 V/cm, which for the |70c+⟩ → |71c+⟩

transition in helium, with a transition electric dipole moment of d = 3477ea0,

would yield a single photon Rabi frequency of ∼29 MHz.

5. Fundamental resonance frequency

• Discussion: Higher frequency resonators in general exhibit low Q-factors,

whereas lower frequencies require Rydberg states with a higher value of n,

which become more sensitive to stray electric fields.

• Choice: As a trade-off between these two requirements, we have chosen to
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design resonators that target two types of Rydberg-Rydberg transitions at fre-

quencies around 18-20 GHz, i.e., the single-photon |70c⟩ → |71c⟩ circular-to-

circular Rydberg transition with a transition frequency ν = 18.777 GHz, and

the two-photon |55s⟩ → |56s⟩ Rydberg transition with a transition frequency

ν = 19.5565 GHz. The resonators were designed such that the third harmonics

lie at these frequencies. The reason for using the third harmonic is two-fold.

First because the resonator length is 5 times longer than if operated in the

fundamental mode, hence increasing the atom-resonator interaction time, and

second so that there would be an electric field maximum in the region where

the atoms interact with the resonator, i.e., not only where it couples to the feed-

line. The total length of the resonator was therefore 6.7-7.2 mm (dependent on

the operating frequency), 4.5-5.0 mm of which is a straight section separated

from the feedline along which the atoms and resonator interact. For a pulsed

supersonic atom beam with a velocity of ∼2000 ms−1 [Hogan et al., 2012], a

resonator interaction length of 5 mm leads to an interaction time of 2.5 µs.

With a coupling strength of g ≈ 29 MHz, this could allow for the observation

of up to about 70 Rabi oscillations.

6. External coupling to waveguide

• Discussion: Two methods for coupling a resonator to a feedline are (a) to con-

struct the resonator as part of the feedline by either grounding or insulating

two points, and (b) to construct the resonator as a separated CPW coupled to

the continuous feedline.

• Choice: For our application method (b) is the most suitable because it allows
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for a longer section of the λ/4 resonator to be positioned away from the feed-

line. This is desirable because we want to minimise the interaction between

the atoms and the feedline, whilst maximising the atom-resonator interaction

time. The capacitive coupling and therefore the Q-coupling ratio, gQ, can be

engineered by changing the length and separation of the so-called elbow cou-

pler [see inset in Fig. 5.5]. We fabricated resonators with capacitive couplings

Cκ in the range of 6 − 10 fF.

A diagram illustrating a resonator conforming to the design criteria described above

is shown in Fig. 5.5. The key features include; the feedline along which microwaves

propagate from the output to input port of the microwave source, the two pads which

allow the feedline to be connected to a microwave source using wire bonds, and the λ/4

resonator which is capacitively coupled to the feedline. A varying gradient is overlaid

on top of the resonator illustrating the electric field distribution of the third harmonic

microwave field.

5.4 Device fabrication

In this section the steps undertaken in the fabrication of superconducting resonators

which fulfill the design requirements described in the previous section are described.

1. Silicon wafer preparation: Even new silicon wafers can have some containments

on the surface, therefore it is good practice to thoroughly clean new wafers before

starting the fabrication process. Our standard procedure was to use a Piranha so-

lution, a 3:1 mixture of sulphuric acid and hydrogen peroxide for 10 minutes. This



5.4. Device fabrication 99

10 mm

10
 m

m

C

100 μm

wg

12
0 μ

m

100 μm

wc

C

vHe

Waveguide

Resonator

y dimension

z d
im

en
si

on

FIGURE 5.5: Diagram of the 10×10 mm superconducting NbN chip con-
taining a U-shaped CPW and an L-shaped λ/4 CPW resonator along
which the atomic beam propagates. An expanded view of the coupling
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aggressive chemical mixture removes organic substances and is also a strong oxi-

dising agent. The wafer was then rinsed in di-ionised (DI) water and dried using a

nitrogen gun.

2. Sputtering: Throughout the work described in this thesis we used devices sput-

tered at both the London Centre for Nanotechnology (LCN), near UCL and the

University of Cambridge for reasons discussed in the next section.

At UCL, NbN was sputtered onto entire 4 inch wafers using a Scientific Vacu-

ums Systems (SVS) V6000 Mill & Sputter system. The process involved loading

the wafer into the sputter system’s vacuum chamber, evacuating the chamber to a

pressure of 4.5 × 10−7 mbar, introducing a controlled flow of both argon and nitro-

gen, both at 50 sccm, igniting the argon plasma above a Nb target, and accelerating

the charged argon ions into the Nb target. These charged particles knock off small

chucks of Nb from the target generating a cone-shaped beam. The wafer was posi-

tioned facing towards this beam and was rotated at 17 rpm to provide for a uniform

exposure. The presence of nitrogen leads to a chemical reaction with the Nb beam

forming NbN. The beam deposited NbN at a constant rate, typically 15 nm/min,

which allowed for fine control of the deposited film thickness. All devices used

in this thesis had a nominal film thickness of 100 nm. The nitrogen content of the

NbN film, which determines the kinetic inductance, is strongly dependent on many

parameters of the sputtering process and requires fine tuning. Fortunately a NbN

recipe was developed by a previous post-doc working in the LCN, Dr. J. Burnett,

and we therefore used a variant of his recipe.

The sputtering process at the University of Cambridge used custom-built apparatus

and a proprietary recipe, however this process will have been very similar to that

used at the LCN. The Cambridge setup was designed to mount many samples with
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individual dimensions of up to 10× 10 mm therefore the successive steps had to be

carried out on a chip-by-chip basis.

The devices which were sputtering at the University of Cambridge resulted in res-

onators capable of operating at frequencies up to 20 GHz, required for the exper-

iments described later in this chapter, whereas for devices sputtered at the LCN

the highest frequency resonances observed were at 12-15 GHz. For this reason all

the experiments presented in Chapter 6 used devices sputtered at the University of

Cambridge, however in this chapter, where we present results of the general char-

acterisation of NbN resonators, a range of devices were used.

3. Photo-lithography: To transfer the resonator design pattern onto the NbN film we

used a photo-lithography process. First we applied a 500 nm thick layer of S1805

positive photoresist onto the wafer by spin coating at 4000 rpm for 60 s followed by

baking at 115 oC for 60 s. We then used a direct write laser (DWL) system to direct

focused UV light to areas on which we would like the photoresist to be removed.

A developer, MF319, could then be used to remove the photoresist exposed to UV-

light resulting in the design patterned onto the photoresist. This pattern was then

be transferred to the NbN film by globally etching the wafer. We used a chemical

etch consisting of SF6 at 14 sccm and CHF3 at 35 sccm. The etch rates of the S1805

and NbN are comparable, however this does not cause any problems given that the

thickness of the S1805 was approximately 5 times that of the NbN film. The wafer

was over etched into the silicon by about 200 nm in order to ensure that all of the

NbN was etched, and also because this reduced the number of impurities in the

vicinity of the resonator leading to higher Q-factors.

4. Finishing steps: At this stage individual silicon wafers contained many chip de-

signs which needed to be separated. This was achieved using a dicing saw. The
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remaining photoresist was then removed and the chip surface cleaned using 1165

micro-posit remover heated to 65oC for 10 min.

5.5 Device characterisation

In this section the results of a series of experiments performed to characterise devices

conforming to the design criteria defined above are described. All of the results presented

in this section were obtained with a single resonator design whereby the resonator was

L-shaped with a length of 6.335 mm, and centre-conductor and insulating gap widths of

wc = 20 µm and wg = 10 µm, respectively [see inset in Fig. 5.5]. The characteristics which

were studied were the effects of; (1) input power, (2) temperature, (3) magnetic field, and

(4) resonator-waveguide coupling.

In describing the results presented below, whenever a value for the quality factor is

stated the method used to extract this value was implicitly the circle fit method described

in Section 5.2. As a demonstration Fig. 5.6 shows the circle fit method applied to the first

three harmonics of a NbN chip consisting of a single resonator.

5.5.1 Coupling capacitance

To determine the optimal waveguide-resonator coupling gap size (see Fig. 5.5) to achieve

high resonator quality factors over the range of operating frequencies of interest, a set of

four resonators was fabricated on a single 10x10 mm NbN chip. Each resonator in this set

was coupled to a single waveguide with a range of resonator-waveguide gap sizes, lgap,

and resonator lengths. The coupler section length, lcoupler, was set to 100 µm for all the

resonators. A summary of the coupler design parameters for these resonators is provided

in Table 5.1.



5.5. Device characterisation 103

1.02

1.03

1.04

M
ag

.(
dB

) (a)

3.8
9

3.9
0

3.9
1

3.9
2

3.9
3

Frequency (GHz)

0.0

0.5

1.0

Ph
as
e
(d
eg

)

(b)

1.0
15

1.0
20

1.0
25

1.0
30

1.0
35

1.0
40

Re(S 21)

0.000

0.005

0.010

0.015

0.020

Im
(S

21
)

(c)

0.875
0.900
0.925
0.950
0.975

M
ag

.(
dB

) (d)

11
.74

11
.75

11
.76

11
.77

11
.78

Frequency (GHz)

-4.0

-2.0

0.0

2.0

Ph
as
e
(d
eg

)

(e)

0.8
8
0.8
9
0.9
0
0.9
1
0.9
2
0.9
3
0.9
4
0.9
5

Re(S 21)

− 0.06
− 0.05
− 0.04
− 0.03
− 0.02
− 0.01
0.00
0.01

Im
(S

21
)

(f)

1.4

1.5

1.6

1.7

M
ag

.(
dB

) (g)

19
.55

19
.56

19
.57

19
.58

19
.59

Frequency (GHz)

0.0

5.0

10.0

Ph
as
e
(d
eg

)

(h)

1.4
0

1.4
5

1.5
0

1.5
5

1.6
0

1.6
5

1.7
0

Re(S 21)

− 0.05
0.00
0.05
0.10
0.15
0.20
0.25
0.30

Im
(S

21
)

(i)

d

Φ

FIGURE 5.6: Fundamental (a)-(c), second harmonic (d)-(f), and third
harmonic (g)-(i) of the resonator, showing the magnitude (|S21|), phase

(arg(|S21|)), and a real vs. imaginary plot forming a circle.

The measured S21 transmission data for the first three harmonics of each of the four

resonators is shown in Fig. 5.7. The two characteristics of interest are the insertion loss,

i.e., the deviation from peak transmission, and loaded quality factor as a function of

coupling capacitance, hence resonator-waveguide gap, whose expected relationship is
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# Length (µm) lgap (µm) lcoupler (µm)
1 7354 20 100
2 7154 30 100
3 6954 25 100
4 6754 35 100

TABLE 5.1: Design parameters for the frequency multiplexed resonators.

illustrated in Fig. 5.3. In the under-coupled regime we expect the relationship between

insertion loss and coupling capacitance to be linear and inversely proportional, and for

the loaded quality factor to remain constant. This relationship would be reversed in the

over-coupled regime. Near the critically-coupled regime we expect both characteristics

to vary non-linearly with coupling capacitance.

The insertion loss for the fundamental modes of the 4 resonators demonstrated a clear

positive, linear dependence on the resonator-waveguide gap, Cgap. On the other hand,

the corresponding loaded quality factors, presented in Table 5.2, were approximately

constant and not correlated with Cgap. This data provides compelling evidence that these

resonators were in the under-coupled regime.

n #1 #2 #3 #4
1 12713 ± 267 10718 ± 153 9202 ± 248 10272 ± 125
2 6950 ± 66 3255 ± 42 9897 ± 103 11692 ± 111
3 6696 ± 29 - 7823 ± 42 9881 ± 150

TABLE 5.2: Values of the loaded quality factor, QL, for the frequency mul-
tiplexed resonators, extracted using the circle fit method.

The relationships observed for the fundamental resonance frequencies were less ap-

parent in the higher order harmonics. For example the maximum peak transmission in

both the 2nd and 3rd harmonics were observed for the resonator with Cgap = 25 µm. We

believe that the reason for the disappearance of these correlations was a result of the spa-

tial position of the 90 degree bends in the resonators relative to the electric field distribu-

tion of the corresponding modes. At these bends the photon loss rates from the resonator
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FIGURE 5.7: S21 transmission of the 1st [(a)-(d)], 2nd [(e)-(h)], and 3rd [(i)-
(l)] harmonics of 4 resonators frequency-multiplexed onto a single chip.
Panel (j) is empty as the corresponding resonance was too weak to detect.

For all measurements the temperature was stabilised to 3.05 K.

are higher, therefore the magnitude of the microwave electric field at the position of the

bend determined the extent of this additional loss mechanism. To fit 4 resonators onto a

10x10 mm chip we had to lay them out in such a way that the location of the bend con-

necting the two longest sections of the resonator design varied between the 4 resonators.

For the fundamental resonance frequencies this had only a small effect as the electric

field of the mode varied slowly across the length of the resonator. However the higher

harmonics had nodes and anti-nodes between each end of the resonator and therefore

the associated loss rate at the bends was determined by their position relative to these
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nodes and anti-nodes. For these reasons we only considered the data from the funda-

mental modes in our optimisation of the resonator-waveguide gap. In order to maximise

the loaded quality factor and the microwave field strength in the resonator we chose a

resonator-waveguide gap of 20 µm. All of the results shown in the remainder of this

thesis are from devices consisting of a single resonator coupled to a waveguide with a

separation of 20 µm and a coupler length of 100 µm. Our justification for these values

was based on experimental data presented above.

5.5.2 Power dependence

The power dependence of a superconducting resonator can arise from a variety of phys-

ical mechanisms including heating effects, grain boundaries or weak links, vortex pene-

tration, or the non-linear nature of kinetic inductance [Swenson et al., 2013]. The latter

gives rise to a phenomena referred to a bifurcation, which occurs when a resonator is

driven beyond a particular threshold power. In this work we aim to avoid this regime,

however it is important to understand the mechanism and be able to model the measured

data.

In the low power regime, the resonance profile of the NbN superconducting res-

onators is well described by Eq. 5.39. However as the driving power is increased the

resonance profile shifts to lower frequency and begins to become strongly asymmetric.

Eventually the peak tilts so far that within some frequency range there exists more than

one resonator state representing different numbers of photons, referred to as the bistable

regime. To model this we first rewrite Eq. 5.39 (assuming α = τ = 0) using the substitution

x0 = f
fr
− 1 giving,
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Snotch
21 ( f ) = a

[
1 − (QL)/|QC|)eiϕ

1 + 2iQLx0
]

]
. (5.41)

We then replace the power-independent resonance frequency, x0, with a power-dependent

resonance frequency, x, given by,

x = x0 +
2QL2

QC

1
1 + Q2

Lx2

Pg

frE⋆
, (5.42)

where Pg is the generator (i.e., drive) power and E⋆ is a scaling factor for the energy

stored within the resonator. The derivation for this can be found in [Swenson et al., 2013].

Introducing the substitutions, y = QLx and y0 = QLx0, and defining a non-linearity

parameter,

a =
2Q3

L
QC

Pg

frE⋆
, (5.43)

we arrive at,

y = y0 +
a

1 + 4y2 (5.44)

which can be rearranged to form a cubic polynomial equation,

4y3 − 4y0y2 + y − (y0 + a) = 0. (5.45)

Calculating the roots of this equation for a range of values of the non-linearity param-

eter, a, and an impedance mismatch, ϕ = 0, results in the points in Fig. 5.8(a). Of course

physically the resonator can only be in one state at any given frequency. The profile ob-

served will depend on the direction, in terms of frequency, from which the resonance is

approached. If approached from the low frequency side then the state of the resonator

will jump when the first turning point is reached, illustrated as the dashed curves in
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Fig. 5.8(a). Evidently the first turning point when approaching from the high frequency

side is different, therefore the measured profile will be different.

FIGURE 5.8: Illustration of the non-linear resonator model for an over-
driven resonator with an impedance mismatch, ϕ, of (a) 0o, (b) -15o, (c)
-30o, and (d) -45o. The circles represent all the solutions to Eq. 5.45. The

dashed curve represents the lowest energy solution.

Due to fabrication imperfections the impedance of the waveguide and resonator may

not always match. This has significant effects on the measured S21 resonance profiles, as

illustrated in Fig. 5.8(a)-(d).

This model can be fit to experimental data by varying a global impedance mismatch,

ϕ, loaded quality factor, coupling quality factor, and the individual non-linearity param-

eters, a. Fig. 5.9 shows the model fit to experimental data of resonance profiles recorded

for a chip containing of a single resonator. The measurements were made at 4 different

values of the driving power output from the microwave source, -20 dB (used as a base-

line for the low-power regime), 0 dB, 5 dB, and 10 dB. The model fits the experimental

data extremely well, and allowed the impedance mismatch between the waveguide and

resonator for this particular device to be determined to be ϕ = −32.8o. We expect this
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impedance mismatch to vary between devices as it is a function of the geometry near the

resonator-waveguide coupling region, and this geometry subtly changes in each fabrica-

tion cycle.
R
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FIGURE 5.9: Example S21 transmission profiles of a resonator for a range
of values of the drive power. The non-linear resonator model was fit to the
data with a global impedance mismatch, ϕ, shown as the dashed curves.

5.5.3 Temperature dependence

There are many features in the broader S21 transmission profile which do not reflect prop-

erties of the resonator but instead originate from the microwave circuitry, i.e. semi-rigid

co-axial cables, attenuators, feedthroughs, connectors, and the PCB. Some of these fea-

tures have a temperature dependence because the materials expand/contract. Fig 5.10

shows a colour map of the magnitude of the S21 transmission in the frequency range

from 10 MHz - 25 GHz across a temperature range of (a) 8.0-12.0 K for a device sputtered

at at LCN, and (b) 10.0-14.0 K for a device sputtered at the University of Cambridge. This

data was collected using the full experimental setup including a superconducting chip

consisting of a waveguide and resonator. Both are qualitatively similar, sharing features

such as the dips around 9.5 GHz and 21.0 GHz, and a temperature-dependent cut-off
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frequency (or frequency-dependent cut-off temperature). The wave-like pattern, more

prominent in Fig 5.10(a), arises from reflections at interfaces with imperfect impedance

matching. These figures indicate that the maximum frequency resonance which could

be observed, at least with the CPW dimensions used, is around 23 GHz. This is suffi-

cient for the experiments planned in later work which require resonance frequencies up

to ∼20 GHz.
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FIGURE 5.10: Colour maps of the magnitude of the S21 transmission as a
function of both frequency and temperature for the chips sputtered in (a)

at the LCN, and (b) the University of Cambridge.

The temperature sensor used as a proxy for the chip temperature was placed as close

as possible to the chip, as shown in Fig 4.3. However because the cryogenic apparatus
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used in this work was a dry system inside a vacuum chamber, temperature gradients

across the platform were likely to have been present, leading to a temperature difference

between the chip and temperature sensor. In addition, the centre conductors of the mi-

crowave lines were inherently electrically isolated from the ground plane. This implies

that the thermal conduction was limited, hence there may have been non-negligible tem-

perature differences between the centre conductor and the ground plane. Attempts were

made to thermalise the centre conductor using feedthroughs and attenuators, however it

was still possible that the centre conductor was not fully thermalised.

To estimate the temperature differences between the temperature sensor and the chip

we measured the same device in both our dry cryogenic system as well as a wet helium

cryostat from 10.0 K to 14.0 K, and used the measured value of the critical temperature

for calibration. The network analyser used in our measurement setup had a lower-bound

frequency of 10 MHz, therefore we measured the S21 transmission in both cryogenic sys-

tems at 10 MHz, shown in Fig 5.11. The data for the dry cryostat was measured starting

at 10.0 K, whereas the data for the wet cryostat is an overlay of data collected by sweep-

ing in both directions. The data implies that the temperature sensor used as a proxy for

the device temperature was approximately 0.6 K warmer than the device. The tempera-

ture sensor was calibrated to a precision of < 0.1 K. This temperature difference of ∼0.6 K

is expected to arise from a combination of the limited thermal conduction between the

chip holder and the chip, and the heat load from the centre conductor of the CPW and

microwave lines.

In the discussion above we have made the assumption that the S21 transmission at

10 MHz provided a reasonable approximation for the DC S21 transmission, hence the

critical temperature, Tc. The network analyser used in the measurement setup for the

wet cryostat had a lower-bound frequency of 100 kHz. If the measured S21 transmission
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FIGURE 5.11: Magnitude of the S21 transmission as a function of temper-
ature at the frequencies indicated. Measurements were performed in both
wet and dry (main experimental apparatus) cryostats for the chips sput-

tered at the University of Cambridge.

for 10 MHz was very similar to that measured at 100 kHz, it was then assumed that it

would also hold for DC signals. Fig 5.11 shows the S21 transmission measured in the

wet cryostat at both 10 MHz (red circles) and 100 kHz (orange triangles), and indeed the

measured data was very similar therefore we validated our assumption that measuring

the S21 transmission at 10 MHz provided a reasonable representation of the DC critical

temperature to within 0.1 K. From this data we concluded that the critical temperature of

devices sputtered at the University of Cambridge was 12.1 ± 0.1 K, using the mid-point

of the slope as the superconducting transition.

Both the resonance frequency and quality factor of a superconducting resonator are

dependent on temperature. The dependence of the resonance frequency originates from

the kinetic inductance component of the inductance per unit length (Eq. 5.28, Eq. 5.22,

and Eq. 5.18). The ability to tune the resonance frequency by adjusting the temperature

is a valuable tool for coupling the resonator to atomic transitions, however this involves

a trade-off as the quality factor decreases quickly with increasing temperature. To study
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this temperature dependence we performed measurements of the 1st, 2nd, and 3rd har-

monics of a device consisting of a single resonator at temperature intervals of 0.05 K,

from 3.00 K to 7.20 K. A subset of the measured data is shown in Fig. 5.12.
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FIGURE 5.12: A subset of the resonance profiles for (a) the 1st, (b) the 2nd,
and (c) the 3rd harmonics as a function of temperature (continuous curves).

Ideal resonator profiles (Eq. 5.39) have been fit to each (dashed curves).

The resonance frequencies were extracted by fitting Eq. 5.39, shown as the dashed
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lines in Fig. 5.12. The absolute and relative frequency shifts are presented in Fig. 5.13 (a)

and Fig. 5.13 (b), respectively. The loaded quality factors were extracted using the circle

fit method and are presented in Fig. 5.13 (c). Notice that the loaded quality factors for

the 1st harmonic are lower than those of the 2nd and 3rd harmonics. This may be due

to the different distributions of electric field strength in each mode. The 1st harmonic

has significant electric field strength near the 90◦ bend in the vicinity of the interaction

region which exhibits greater losses, whereas the electric field distribution for the third

harmonic, illustrated in Fig. 5.5, has a field minimum near this point.

Using the value for the critical temperature determined above, and Eq. 5.21, Eq. 5.20,

Eq 5.18, Eq. 5.28, the shift in resonance frequencies as a function of temperature can be

fit to the data in Fig. 5.13 (b). The best value of ρ(Tc) was found to be 86 µΩ cm, in line

with values measured in [Thakoor et al., 1985]. This value is an essential input parameter

in refining the resonator design for operating at precisely selected frequencies. In fact

to have been able to fabricate a device with a resonance frequency within 5-10 MHz of

the required frequency, we had to perform a similar set of measurements on a previous

device which was fabricated for calibration purposes.

In the analysis of all resonance profiles presented in this chapter the background

signal was isolated and subtracted by taking a point-wise median across three traces

recorded at different temperatures such that the resonance frequency shifted by more

than its linewidth. The background signal level was not adversely affected by tempera-

ture changes of up to ∼ 5 K.

5.5.4 Magnetic field dependence

Operating a Type-II superconductor in a magnetic field between its lower and upper crit-

ical fields, Hc1 and Hc2, respectively, leads to the creation of Abrikosov vortices resulting
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FIGURE 5.13: (a) Absolute resonance frequency shifts (b) resonance fre-
quency shifts relative to the resonance frequency at base temperature, and
(b) loaded quality factors for the 1st (blue circles), 2nd (orange triangles),

and 3rd (green squares) order harmonics as a function of temperature.

in considerable energy dissipation due to vortex motion [Song et al., 2009]. This results in

lower quality factors, and shifts in the resonance frequency of resonators, and hysteresis.

Given that magnetic fields are required in the preparation of circular Rydberg states in

the experiments considered here, it is important to understand the impact of magnetic

fields on the NbN resonators.
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Using coils wrapped around the outside of the vacuum chamber in both the y and z

dimensions (see Fig. 4.1), magnetic fields could be applied both perpendicular and paral-

lel to the chip surface. In these studies experiments were performed using a chip cooled

to a base temperature of 3.0 K, for which a magnetic field acting in the direction perpen-

dicular to the chip surface was increased in steps of ∼0.03 Gauss to a particular turning

point before being reduced to zero in the same sized steps. While this process was im-

plemented, the fundamental resonance frequency was monitored, and the results for 7

equally spaced turning points is shown in Fig. 5.14.
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FIGURE 5.14: Resonance frequency of the fundamental mode of a device
consisting of a single resonator as a function of a magnetic field perpen-
dicular to the chip surface. The field was adjusted in steps of ∼0.03 Gauss
and the 7 different turning points are equidistant. Arrows show the order

of the measurements.

The measurements show significant but reproducible hysteresis. The linewidth of the

resonance in zero magnetic field was ∼ 300 kHz, shown in Fig. 5.9, which is more than

an order of magnitude smaller than the shift in resonance frequency due to an applied

perpendicular magnetic field of 1.0 Gauss, highlighting the importance of understanding

and controlling the magnetic field environment of the devices. Similar experiments were

performed with magnetic fields oriented parallel to the chip surface in which case no

shifts were observed. The cause of the hysteresis is due to trapped magnetic flux within
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normal-state vortices in the superconducting film, a consequence of the device operating

above the lower critical field.

To overcome these hysteresis effects, it is possible to heat the superconducting device

above its critical temperature before changing the value of the magnetic field. In essence,

the magnetic field is never changed when the device is in a superconducting state. A

similar experiment to that described above with a perpendicular magnetic field, but with

the device heated above Tc, to 17 K, for each change in magnetic field was performed.

In these experiments the device was stabilised back to the base temperature before the

resonance frequency was measured. Fig. 5.15 shows the measured data for a turning

point of ∼2.9 Gauss.

+1.695

Magnetic field (Gauss)

R
es

on
an

ce
 fr

eq
ue

nc
y 

(G
H

z)

FIGURE 5.15: Resonance frequency of the fundamental mode of a device
consisting of a single resonator as a function of a magnetic field perpendic-
ular to the chip surface, and with temperature increased above Tc between
each change of magnetic field strength. Arrows show the order the mea-

surements were performed.

When the experiments are performed in this manner, three features of interest are

seen; (1) the characteristic hysteresis patterns seen in Fig. 5.14 have disappeared, (2) the

maximum shift in resonance frequency is ∼15 kHz, much smaller than the resonance

width, and (3) there still exists some form of hysteresis. We believe that this residual

hysteresis is due to imperfect temperature stabilisation. A higher resonance frequency
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corresponds to a lower temperature, therefore it is possible that the croystat was still

gradually reaching its base temperature whilst these experiments were being conducted.

Soon after these measurements were made, the resonance frequency of the resonator was

monitored at its base temperature over a period of 2 hours and the observed shifts to-

wards higher frequency, of 15 kHz, as shown in Fig. 5.16, supports this hypothesis.
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FIGURE 5.16: Resonance frequency of the fundamental mode of a device
consisting of a single resonator as a function of time beginning 2-3 minutes

after the experiments in which the data for Fig. 5.15 was collected
.

This experiment was repeated this time monitoring the 1st, 2nd, and 3rd harmon-

ics of a single resonator on a chip, with maximum magnetic fields of ∼6.0 Gauss and

∼2.3 Gauss in the perpendicular and parallel orientations, respectively. The absolute

and relative shifts in resonance frequency for a magnetic field oriented perpendicular to

the chip surface are plotted in Fig. 5.17(a) and Fig. 5.17(c), respectively. Corresponding

measurements for a magnetic field oriented parallel to the chip surface are plotted in

Fig. 5.17(b) and Fig. 5.17(d), and resulted in no noticeable change in either the resonance

frequency nor the quality factor. The linewidth of the 3rd harmonic, shown in Fig. 5.12(c),

is ∼8 MHz, whereas the maximum shift in resonance frequency due to the perpendicu-

lar magnetic field is ∼ 1.18 MHz. This implies that as long as the magnetic field is not
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changed whilst a device is in a superconducting state, then the effect of a magnetic field

in any orientation of up to 6 Gauss is not sufficient to shift the resonance frequency more

that its linewidth, and therefore it is not critical to carefully control the magnetic environ-

ment of the experiment, at least from the perspective of the superconducting device.
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FIGURE 5.17: Resonance frequency responses of the first three harmonic
modes to an applied DC magnetic field orientated (a),(c) perpendicular

and (b),(d) parallel to the surface of the chip.

In this chapter a range of devices were studied. It was determined that devices sput-

tered at the University of Cambridge with microwave elements subsequently fabricated

at the LCN produced resonators ideal for operation at 18-20 GHz, as required for the

hybrid cavity QED experiments described here. In order to minimise insertion loss, and

hence maximise the microwave power in the resonator a resonator-coupler–waveguide

separation of 20 µm was chosen. It was demonstrated how over-driving the resonator

strongly effects the resonance line shape and therefore in all subsequent experiments the

resonance profile was monitored to ensure that it was not distorted by excessive power

from the network analyser. The experiments in which the magnetic field strength was

varied highlighted the complications arising from changing the magnetic field whilst
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the superconducting chip was below its critical temperature. Magnetic fields were not

required for any further experiments presented in this thesis, however future experi-

ments involving the preparation of circular Rydberg states will require magnetic fields

and therefore the result presented here will need to be taken into account.
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Chapter 6

Coupling Rydberg atoms to

microwave fields in a

superconducting coplanar waveguide

resonator

In this chapter we report the results of experiments in which helium atoms, initially pre-

pared in the 1s55s 3S1 (|55s⟩) Rydberg level, have been coupled to microwave fields in

quarter-wave (λ/4) superconducting CPW resonators of the design described in Chap-

ter 5. These fields, at frequencies close to 19.556 GHz, were resonant with the 1s55s 3S1 →1s56s 3S1

(|55s⟩ → |56s⟩) two-photon transition in the atoms. These |ns⟩ Rydberg states are appro-

priate for directly interfacing microwave photons in the superconducting circuit with

optical photons for long-distance information transfer [Gard et al., 2017; Petrosyan et al.,

2019]. However, the methods employed here can also be extended to long-lived circular

Rydberg states in helium [Morgan, Zhelyazkova, and Hogan, 2018] for use as quantum

memories. In addition to applications in quantum information processing, this hybrid
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cavity QED system is of interest for non-demolition detection [Gleyzes et al., 2007; Gar-

cia et al., 2019] of cold trapped Rydberg molecules [Hogan, Seiler, and Merkt, 2009], and

Rydberg positronium atoms [Wall et al., 2015].

6.1 Experiment

The general experimental apparatus used in the experiments described in this chapter

was presented in Chapter 4, where a schematic diagram and CAD model of the vacuum

system and interaction region are displayed in Fig. 4.1 and Fig. 4.3, respectively. In the

experiments described here the IR laser was tuned to a wavelength of 786.817 nm to lie

resonant with the 1s3p 3P2 → 1s55s 3S1 transition in an electric field of 0.3 V/cm. To

generate this excitation field, Fexcite, a pulsed potential was applied to electrode E1 (see

Fig. 4.1), whilst electrode E2 was held at 0 V, to bring the atoms into resonance with the

IR laser. This pulsed excitation field was switched on for 1.25 µs generating 2.5-mm-long

bunches of Rydberg atoms. After excitation the atoms travelled 25 mm to the grounded

end of the λ/4 niobium nitride (NbN) (critical temperature Tc = 12.1 K) superconducting

CPW microwave resonator described and characterised in Chapter 5, and illustrated in

Fig. 5.5. The NbN resonator was operated at temperatures close to TCPW = 3.65 K at

which its third-harmonic frequency was ν3 = 19.559 41 GHz, and its internal (loaded)

quality factor was 2900 (2300).

As the Rydberg atoms travelled along the 4.858-mm-long section of the resonator

aligned with the axis of propagation of the atomic beam (see Fig. 5.5) the resonant en-

hancement in the local microwave field was exploited to drive two-photon |55s⟩ → |56s⟩

transitions at ν55s,56s/2 = 19.556 499 GHz. 16 mm from the end of NbN chip, the excited
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Δtμ = 0 - 500 ns (Fig. 6.5)
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FIGURE 6.1: Pulse sequence for the experiments described in this chapter.
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atoms were detected by state-selective pulsed electric field ionisation. This was imple-

mented by applying a slowly-rising pulsed ionisation potential of -125 V to E4 while E5

was maintained at 0 V. Ionised electrons were accelerated through the 5-mm-diameter

aperture in E5 and out of the cryogenic region in the apparatus to a microchannel plate

(MCP) detector operated at room temperature (see Fig. 4.1). This complete pulse se-

quence of electric field and microwave pulses is illustrated in Fig. 6.1. The electron signals

from the MCP due to the ionisation of the |55s⟩ and |56s⟩ states were well separated. The

populations of these two states were inferred by fitting a function composed of a linear

background plus the sum of two Gaussian functions, one for each of the two states, with

a fixed mean and standard deviation. In the results presented below, the populations

referred to were determined from the amplitudes of these Gaussian functions.

6.2 Cancelling stray electric fields above the superconducting

chip surface

The triplet |55s⟩ and |56s⟩ Rydberg states in helium have quantum defects of 0.296 669 3

and 0.296 668 8, respectively [Drake, 1999]. As can be seen from the Stark map in Fig. 6.2(a)

they exhibit quadratic Stark shifts in weak electric fields, with static electric dipole polar-

isabilities of 1.955 45 GHz/(V/cm)2 and 2.202 11 GHz/(V/cm)2, respectively. The com-

paratively small difference between these polarisabilities means that the |55s⟩ → |56s⟩

transition has a low sensitivity to residual uncancelled stray electric fields, and electric

field inhomogeneities. This can be seen more clearly from the Stark shift of ν55s,56s/2 in

fields up to 120 mV/cm in Fig. 6.2(b).
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To couple the helium Rydberg atoms to the microwave field in the λ/4 superconduct-

ing CPW resonator the apparatus in Fig. 4.3 was cooled to cryogenic temperatures follow-

ing a procedure similar to that described in Ref. [Thiele et al., 2014] whereby throughout

the cooling process the NbN chip was maintained at a higher temperature than the other

parts of the apparatus to minimise adsorption. The temperature of the resonator was

then stabilised to TCPW = 3.65 K such that ν3 = 19.559 41 GHz. When the Rydberg atoms

passed over the first antinode of the microwave field in the resonator, 13.25 µs after pho-

toexcitation, a 500-ns-long pulse of microwave radiation at the frequency ν55s,56s/2, and

a CW output power at the source of Psource = 2 mW (the attenuation between the source

and the CPW on the NbN chip was ∼ −22.5 dB), was injected into the resonator to drive

the |55s⟩ → |56s⟩ transition. To compensate stray electric fields above the NbN chip,

the transfer of population from the |55s⟩ to the |56s⟩ state, driven by this resonator field,

was monitored while a pulsed potential, Vcomp, applied to E3 was adjusted (see Fig. 4.1).

The length of the pulse applied to E3 was such that it encapsulated the entire microwave

pulse. From the results of this measurement in Fig. 6.3 it is evident that maximal popula-

tion transfer occurred for Vcomp ≃ +1.45 V. With this potential applied to E3, the electric

field at the position of the atoms was therefore minimised. This compensation potential

was applied for all measurements described below.

6.3 Driving Rydberg-Rydberg transitions from a CPW resonator

The coupling of the atoms to the microwave field in the NbN CPW resonator was demon-

strated by recording microwave spectra for a range of detunings of ν3 from ν55s,56s/2.

The value of ν3 is strongly dependent on TCPW. This can be seen from the spectra of mi-

crowave transmission through the U-shaped CPW on the NbN chip in Fig. 6.4(a). The
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TCPW (K) ν3 (GHz) QI QL
3.65 19.559 41 2900 2300
3.90 19.551 11 2600 2150
4.10 19.542 61 2650 2200
4.30 19.533 99 2700 2400

TABLE 6.1: Temperature dependence of ν3, and the internal, QI, and
loaded, QL, quality factors of the CPW resonator determined from the data

in Fig. 6.4(a).

values of ν3, and the internal, QI, and loaded, QL, quality factors of the resonator de-

termined from these spectra using the circle-fit method [Probst et al., 2015] are listed in

Table 6.1.

For TCPW = 3.65 K, ν3 = 19.559 41 GHz and the resonance of the CPW resonator had

a FWHM spectral width of 8.5 MHz. A microwave spectrum of the |55s⟩ → |56s⟩ tran-

sition recorded under these conditions with 500-ns-long pulses of microwave radiation

injected into the resonator and Psource = 2 mW is displayed in Fig. 6.4(b-i). The centroid

of the observed spectral line lies at 19.556 30 GHz, and its width is ∆νFWHM = 1.39 MHz.

Comparing this measured transition frequency with ν55s,56s/2, and the data in Fig. 6.2(b),

indicates that the average stray electric field at the position of the atoms above the res-

onator was < 50 mV/cm. When ν3 was detuned from ν55s,56s/2 the enhancement in the

microwave field strength on resonance with the atomic transition at the position of the

atoms was reduced. This resulted in a corresponding reduction in the intensity of the

spectral features for TCPW = 3.9, 4.1 and 4.3 K in Figs. 6.4(b-ii) to (b-iv). For the strong

microwave pulses injected into the resonator in these experiments, even with the res-

onator detuned by -22.5 MHz from ν55s,56s/2, Fig. 6.4(b-iv), some population transfer to

the |56s⟩ state still occurred. However, the notable reduction in |56s⟩ signal as TCPW was

increased confirms that the atoms were coupled to the microwave field enhanced within

the CPW resonator.
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FIGURE 6.4: (a) Temperature dependence of ν3 of the λ/4 CPW resonator.
(b-i)–(b-iv) Spectra of the |55s⟩ → |56s⟩ two-photon transition in helium
recorded for Psource = 2 mW and values of TCPW between 3.65 K and
4.30 K as indicated. The measured transition frequency, ν, full-width-at-
half-maximum spectral width, ∆νFWHM, and signal amplitude are indi-

cated in each panel.
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6.4 Rabi oscillations between Rydberg atoms and a CPW res-

onator

The coherence times of the atom–resonator-field interaction were determined by driv-

ing Rabi oscillations between the |55s⟩ and |56s⟩ states with microwave fields injected

into the resonator that were resonant with, ∆ = 0 MHz, and detuned by ∆ = +2 MHz

from ν55s,56s/2. In performing these measurements, TCPW = 3.65 K, Psource = 15.8 mW

(12 dBm), and the |56s⟩ signal, normalised to the total Rydberg atom signal, was moni-

tored while the duration of the microwave pulse injected into the resonator was adjusted.

The resulting data are presented in Fig. 6.5. For ∆ = 0 MHz (open circles) up to 60%

population transfer to the |56s⟩ state was observed but the Rabi oscillation frequency of

∼ 3 MHz permitted the observation of only one complete Rabi cycle within the coherence

time of the atom–resonator-field interaction. The coherence time of ∼ 150 ns can be in-

ferred by comparison of the experimental data with the overlaid sinusoidal function with

an amplitude that decays exponentially with a time constant of 150 ns. To increase the

Rabi oscillation frequency and permit the observation of more than one complete Rabi

cycle within this coherence time, a further measurement was made for ∆ = +2 MHz.

The resulting data (filled circles in Fig. 6.5) exhibit an oscillation frequency of ∼ 8 MHz

and a similar coherence time of 150 ns indicated by the corresponding sinusoidal func-

tion. This higher oscillation frequency in this second measurement arises predominantly

as a result of the detuning of 2 × 2 MHz from the |55s⟩ → |56s⟩ transition. But also ex-

hibits a contribution arising from the resonant enhancement of the microwave field in

the resonator. For ∆ = 0 MHz the driving microwave field is resonant with the atomic

transition frequency, but is detuned by −3 MHz from ν3. For this detuning from ν3, the

enhancement in the microwave field in the resonator is ∼ 0.65 of that on resonance. For



130
Chapter 6. Coupling Rydberg atoms to microwave fields in a superconducting coplanar

waveguide resonator

N
or

m
al

iz
ed

 |5
6s

〉 
si

gn
al

 (a
rb

. u
ni

ts
)

 

Microwave pulse duration (ns)
0 100 200 300 400 500

0.0

0.2

0.4

0.6

0.8

1.0

Δ = 0 MHz 

Δ = +2 MHz 

Experiment
Calculation

FIGURE 6.5: Rabi oscillations in the population of the |56s⟩ state recorded
for Psource = 15.8 mW and the driving microwave field on resonance with,
and detuned by +2 MHz from ν55s,56s/2 as indicated. For both measure-

ments TCPW = 3.65 K.

∆ = +2 MHz, the driving microwave field is only detuned by 1 MHz from ν3 and the

enhancement in the microwave field in the resonator is ∼ 0.95 of that on resonance. The

microwave field strength in the resonator therefore changes by a factor of 1.46 between

these two different detunings. Because the two-photon Rabi frequency on resonance de-

pends on the square of the microwave field strength, the observed oscillation frequency

in the experiment when ∆ = +2 MHz is therefore expected to be,

Ω∆ =
√
(1.462 Ω0)2 + (2∆)2 (6.1)

= 7.5MHz, (6.2)

where Ω0 = 3 MHz as measured when ∆ = 0 MHz. This lies close to the 8 MHz oscil-

lation frequency observed in the data in Fig. 6.5, and provides additional evidence of the

coupling of the atoms to the resonator field. In the absence of this contribution from the
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resonator enhancement in the microwave field the oscillation frequency for ∆ = +2 MHz

would only be 5 MHz. The density of the atomic beam was low enough such that effects

of dephasing or increased Rabi frequencies due to dipole-dipole interactions could be

neglected.

From (1) the resonant Rabi frequency of 3 MHz, (2) the power of microwave source

of 15.8 mW, (3) the microwave attenuation between the source and the NbN chip of -

22.5 dB, (4) the average number of photons in the resonator determined from the data in

Fig. 6.4(a), i.e., the resonance depth of ∼ 2dB and the loaded quality factor of 2300, and

(5) the calculated microwave field distribution above the resonator for a given number of

photons [Morgan, Zhelyazkova, and Hogan, 2018], we estimate that the typical distance

of the atoms from the NbN surface in the experiments was ∼ 100 µm. Within the coher-

ence time of 150 ns, the beam of Rydberg atoms travelled 300 µm along the resonator.

Over this distance the microwave field strength and stray electric fields vary. These field

inhomogeneities and the exponential dependence of the microwave field strength on the

distance above the CPW structure represent the dominant causes of the observed deco-

herence.

6.5 Conclusion

In this chapter, we have demonstrated the coherent coupling of gas-phase helium Ry-

dberg atoms to microwave fields in a chip-based superconducting CPW resonator. By

driving two-photon transitions between the triplet |55s⟩ and |56s⟩ Rydberg states, which

exhibit similar static electric dipole polarisabilities, and using a λ/4 resonator geometry,

effects of charge build up and stray electric fields emanating from the superconducting

chip surfaces were minimised yielding spectral line widths of the atomic transitions of
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∼ 1 MHz. The coherence times of the atom–resonator-field interaction were limited to

∼ 150 ns by the motion of the atoms. These results pave the way for hybrid cavity

QED experiments with Rydberg atoms and superconducting circuits in the single-photon

strong-coupling regime with microwave-dressed helium atoms in |ns⟩ Rydberg states, or

atoms in circular Rydberg states.
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Outlook

The main achievements of the work presented in this thesis are 1) the implementation

of a new method for the preparation of high-n circular Rydberg states in atoms and

molecules, and consequently the preparation of helium atoms in the n = 70 circular

Rydberg state for the first time, 2) the fabrication of high frequency λ/4 superconducting

CPW resonators suitable for operation at temperatures close to 4 K in hybrid Rydberg-

atom–superconducting-circuit experiments, and 3) the first demonstration of coherent

driving of low-ℓ Rydberg-Rydberg state transitions by microwave fields in a supercon-

ducting CPW resonator. These results represent key developments required for achieving

the next milestone of accessing the single-photon strong atom-resonator coupling regime

in hybrid cavity QED experiments with Rydberg atoms and microwave cavities. It is

foreseen to access this regime by using circular Rydberg states, as described in Chap-

ter 3. These experiments will therefore require driving circular-state–to–circular-state

transitions from a CPW resonator. These transitions have larger electric dipole transi-

tion moments, and much longer longitudinal coherence times, T1, i.e., slow spontaneous

emission due to the selection rules associated with electric dipole transitions, than the

|ns⟩ Rydberg states used in the experiments described in Chapter 6. However they also

typically have higher sensitivity to inhomogeneous DC electric fields, but are still less
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sensitive than all other single-photon transitions between Rydberg states. These proper-

ties make circular Rydberg states an ideal candidate for demonstrating strong coupling

between atoms and superconducting CPW resonators, and for use as quantum memories.
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FIGURE 7.1: Coupling strength, g, between the vacuum field
of a two-dimensional superconducting microwave resonator and the
|70c+⟩ → |71c+⟩ circular-to-circular Rydberg state transition in helium.

In these future experiments, an important parameter to maximise will be the atom-

resonator coupling strength which is strongly affected by the spatial separation between

the atoms and the resonator. By way of example, a map of the vacuum coupling strength,

g, for the |70c+⟩ → |71c+⟩ circular-to-circular Rydberg state transition in helium and a

superconducting co-planar waveguide resonator is shown Figure 7.1. The correspond-

ing microwave field distribution was calculated using finite-element methods and nor-

malised for the vacuum field of the first harmonic mode of the resonator. In this cal-

culation the centre conductor was set to be 20 µm wide, with 10 µm gaps separating it

from the ground planes on either side, as in the devices described in Chapter 5. The

|70c+⟩ → |71c+⟩ transition in helium occurs at a frequency of 18.777 GHz in the absence

of electric and magnetic fields and has an electric dipole transition moment of 3477 ea0.

The |70c+⟩ and |71c+⟩ states have radiative lifetimes of 155 ms and 166 ms, respectively.

In this case, the amplitude of the vacuum field 10 µm above the centre conductor is
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0.104 V/cm, leading to a single-atom coupling strength, at this position, of 29.0 MHz.

As discussed in the context of the work described in Chapter 3, stray electric fields

from patch potentials across the surface, adsorbates, or charged particle build-up in the

insulating gaps can lead to variations in atomic transition frequencies, electric dipole

transition moments and static electric dipole moments across a cloud of atoms. This

can present a range of challenges to achieving strong single-photon atom-resonator cou-

pling by causing variations in the spectral detuning between resonance frequencies in

the atoms and the resonator. Such variations in detuning could complicate the atom-

resonator coupling and reduce the coherence across the cloud of atoms. It is therefore

important to consider ways to minimise the range of electric fields that arise in such a

setting.

To place bounds on the magnitude of these kinds of stray fields the work reported

in Ref. [Carter and Martin, 2011] described a model from which the root-mean-square,

Frms, and variance, σ2, of the distribution of stray electric fields emanating from a sur-

face exhibiting patch potentials could be calculated. Using the experimental data in

Ref. [Pu, Neufeld, and Dunning, 2010], the patch potentials across an atomically flat Au

surface, Frms, at distances of 5 µm, 10 µm, and 15 µm was extrapolated to be 200 mV/cm,

50 mV/cm, and 20 mV/cm, respectively. The standard deviation, σ, of the electric field in

these cases was 0.72 Frms. For a cloud of atoms with a diameter of 10 µm, centred 10 µm

above the centre conductor (white/black dashed circle in Figure 7.1), the values of Frms

cover a range of 180 mV/cm. This represents a lower limit on the magnitude and range

of the stray electric fields expected above any superconducting chip such as in Figure 7.1.

Direct experimental studies of electric fields generated by adsorbates on supercon-

ducting chip surfaces and charge build-up in the insulating gaps of CPW structures with

centre conductor and gap widths of 180 µm and 80 µm, respectively, have been reported
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in Ref. [Thiele et al., 2015]. However, the experiments described in Chapter 6 provide

a more accurate picture of the uncancelled stray electric fields above a chip with a λ/4

resonator and CPW dimensions of 20 µm and 10 µm for the centre conductor and gap

widths, respectively. From this data, after compensating the uncancelled stray electric

fields at a distance of ∼100 µm from the resonator, the residual electric fields were deter-

mined to be ≤ 50 mV/cm. By considering the 1/d2 distance dependence of the surface

fields, determined by Ref. [Carter and Martin, 2011], we expect that at an atom-surface

distance of 10 µm (20 µm) would correspond to residual stray electric fields of ≤ 5 V/cm

(≤ 1.2 V/cm). We expect that with complete three-dimensional control over the can-

cellation fields the residual fields could be reduced to ∼10 mV/cm at an atom-surface

distance of 100 µm, as in our current experiments. This would correspond to residual

fields at 10 µm (20 µm) of ≈ 1 V/cm (250 mV/cm).

To obtain a decoherence time, T2, of 10 µs for an ensemble of atoms coupled to a

resonator on a chip exhibiting stray electric fields, it is necessary that the range of tran-

sition frequencies across the ensemble, arising from variations in the electric field, is less

than 100 kHz. To maximise the magnitude of the stray electric fields which can be tol-

erated to achieve this coherence time, it is therefore desirable to minimise the sensitivity

of the circular-to-circular state transition frequencies to electric fields. Although these

transitions are already less sensitive than those of |∆ℓ| = 1 state transitions between

low-ℓ states, their sensitivity can be further reduced by minimising the magnetic field

because this removes the linear Stark shift, leaving the quadratic Stark shift as the domi-

nant term. For the |70c+⟩ → |71c+⟩ transition, in the absence of a magnetic field, electric

field distributions which result in a range of 100 kHz in the transition frequency are,

0 ± 274 mV/cm, 100 ± 137 mV/cm, and 200 ± 94mV/cm.

These fields are not far from those expected to be achievable with refinements in the
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apparatus used for the work in Chapter 6. However, if these resulting fields remain

a problem it would be possible to further reduce the sensitivity of the atoms to electric

fields through the use of non-resonant dressing fields to null the differential polarisability

of consecutive circular states, as has recently been proposed by Ni, et al. [Ni, Xu, and

Martin, 2015], leaving the quartic Stark shift as the dominant term.

The results of the work reported here provide an optimistic picture with regard to

accessing the single-photon strong Rydberg-atom–resonator coupling regime using cir-

cular Rydberg states, with the possibility of achieving single-photon coupling rates of

∼10 MHz. It is likely that to achieve longer atom-resonator interaction times for those

experiments slower atomic beams or a controlled ensemble of laser cooled helium atoms

will be required.
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