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Abstract

The source separation problem involves the separation of unknown signals from

their mixture. This problem is relevant in a wide range of applications from audio

signal processing, communication, biomedical signal processing and art investiga-

tion to name a few. There is a vast literature on this problem which is based on

either making strong assumption on the source signals or availability of additional

data.

This thesis proposes new algorithms for source separation with side informa-

tion where one observes the linear superposition of two source signals plus two

additional signals that are correlated with the mixed ones. The first algorithm is

based on two ingredients: first, we learn a Gaussian mixture model (GMM) for the

joint distribution of a source signal and the corresponding correlated side informa-

tion signal; second, we separate the signals using standard computationally efficient

conditional mean estimators.

This also puts forth new recovery guarantees for this source separation algo-

rithm. In particular, under the assumption that the signals can be perfectly described

by a GMM model, we characterize necessary and sufficient conditions for reliable

source separation in the asymptotic regime of low-noise as a function of the geom-

etry of the underlying signals and their interaction. It is shown that if the subspaces

spanned by the innovation components of the source signals with respect to the

side information signals have zero intersection, provided that we observe a certain

number of linear measurements from the mixture, then we can reliably separate the

sources; otherwise we cannot.

The second algorithms is based on deep learning where we introduce a novel
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self-supervised algorithm for the source separation problem. Source separation

is intrinsically unsupervised and the lack of training data makes it a difficult task

for artificial intelligence to solve. The proposed framework takes advantage of the

available data and delivers near perfect separation results in real data scenarios.

Our proposed frameworks – which provide new ways to incorporate side in-

formation to aid the solution of the source separation problem – are also employed

in a real-world art investigation application involving the separation of mixtures of

X-Ray images. The simulation results showcase the superiority of our algorithm

against other state-of-the-art algorithms.



Impact Statement

This work has been focused on the source separation problem. This problem is

relevant in a wide variety of application and many researchers have attempted to

address this problem from various angles. In this work we have tackled the source

separation problem in a machine learning framework which takes full advantage

of all available data. While our proposed methods are general enough to be used

in other application, we apply our algorithms to the source separation problems

arising in the context of art investigation. These can have significant implications

for academic research and cultural heritage communities.

The domain of art investigation is experiencing a rapid development in the

availability and utilization of modern imaging techniques of extremely high reso-

lution and different modalities (e.g., Multispectral, X-Radiography, Spectroscopy).

This extensive and heterogeneous data presents far-reaching prospects as well as

new computational challenges to the domain. In the past decades, various other

disciplines, experiencing a similar data growth, have benefited greatly from recent

breakthroughs in artificial intelligence. The availability of cutting-edge machine

learning algorithms, as well as the enhanced computation power, necessary to deal

with massive datasets, have yielded outstanding results in computer vision, speech

recognition, speech translation, natural language processing, and more.

It is therefore natural to apply similar techniques to address challenging tasks

arising in art investigation, such as material identification within different strata of

paintings, analysis of brush stroke style, canvas thread counting, digital in-painting

of cracks, visualization of concealed design and underdrawings.

This thesis deals with an image processing task arising in the context of the
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well known Ghent Altarpiece polyptych. This altarpiece - currently undergoing a

major restoration campaign - has been examined using a wide range of imaging

modalities such as macro-photography, infrared macro-photography, infrared re-

flectography and X-radiography (X-ray). One of the major issues addressed by the

conservators was the identification of repainted areas as well as the reconstruction

of the original layers. In particular, the X-ray scans reveal information about the

inner structures of the painting, by penetrating through top layers and are thus very

useful in this process. However, the X-ray images associated with double-sided

painted panels correspond to a mixture of information from each individual side

of the panel, impairing the ability of conservators to ”read” them as they work on

restoring the original. The algorithms developed in this thesis address this problem

by proving near perfect solution for X-ray image separation.

Beyond this application, the research presented in this thesis makes strong im-

pact in the field of art investigation and cultural heritage. Our algorithms can be

further leveraged by art historians in preservation and investigation process of paint-

ings. For instance, our tools can be used to provide a visualization of concealed

paintings, which is of great interest to cultural heritage community.
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Chapter 1

Introduction

Source separation is a task that involves the decoupling of unknown signals which

have been mixed through some unknown function. This problem occurs in a wide

range of applications through science, engineering, finance and so on. Separating

data from a mixture is a very important yet a difficult task. Signals in nature are

commonly observed (measured) as a mixture by sensors, e.g., the speech signals

are often mixed with other environmental sounds, the objects in images are captured

along with other objects and the background. This phenomenon makes the source

separation problem an important topic of research.

Humans are extremely good at separating data coming from a mixture; the

most famous example is known as cocktail party. Consider a scenario where a

number of people present in a room, are involved in loud conversations in groups.

Each person is forced to listen to a mixture of speech sounds coming from various

directions plus some background noise, e.g, music, car noise from street, coffee

machine and etc. Each sound could come to one’s ear directly or from different

directions as a result of sounds reflection on different surfaces in the room. The

cocktail party problem is known as the problem of focusing one’s attention on one

particular conversion in this noisy room. The above scenario is a good example of

many scenarios which demand for a separation of mixed signals. Other examples

of source separation in various fields include [7]:

Image Separation : [6, 8, 9] involving the decomposition of a given image into dif-

ferent components, usually associated with different semantic meanings or different
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phenomena or sources. For example, in astronomical imaging one often wishes to

separate stars from filaments for further analysis [9].

Multi-user communication : Recently, modern communication systems have ex-

perienced a great improvement in service quality, spectrum management and ca-

pacity which led to the appearance of 3G and 4G generations of wireless systems.

Part of this success is due to the new advances in signal processing which perform

information recovery from different sources (users) at the same time.

In this system, in order to save bandwidth, multiple antennas are employed,

each of which receives a superposition of signals associated with various users con-

veyed over a communications channel simultaneously. In this scenario, source sep-

aration method are required to extract the message transmitted by each user from

the mixture [10–12].

Biomedical Signal Processing : There are different parts of the brain that emit

signals.These signals are mixed up in the sensor outside of the brain. In particular,

in electroencephalograms (EEG) and magnetoencephalograms (MEG), which are

recordings of electric and magnetic fields of signals emerging from neural currents

within the brain, the interference from muscle activity masks the desired signal from

brain activity. Source separation methods are used in this application to separate the

signals in order to acheive an accurate representation of brain activity [13, 14].

Audio Separation : Audio source separation originally motivated the source sepa-

ration problem and it is an active area of research to this date. Most audio signals

are a mixture of several audio sources such as speech, music and noise. There are

various applications that require the separation of the the audio mixtures such as

voice cancellation for karaoke; speech enhancement within hearing aids; 3D sound

rendering and musical sounds separation for electronic music composition, to name

a few [2, 15–17].

Stock Prediction : Due to its high return, stock market has been always a popular

investment. Yet, stock market prediction has remained a challenging task mainly be-

cause stock market is highly non-linear and volatile where the fluctuation rate may

depend on many factors including equity interest rate, securities, warrant merg-
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ers and so on [18]. Various algorithms have been developed to extract structure

from time series stock market data and predict the market. Financial time series

are known to be a mixture of some underlying factor like seasonal variations or

economic events that effect the time series simultaneously. These underlying fac-

tors are commonly assumed to be independent and source separation algorithms are

employed to extract these independent components as well as the mixing process

[18, 19].

Art investigation : There are various scenarios in art investigation where a separa-

tion of mixed signals is required. One example relates to the separation of X-ray

images corresponding to double sided painted panels. The X-ray scans reveal infor-

mation about the inner structures of the painting, by penetrating through top layers

and are thus very useful for art historians and conservators to study the painting.

However, the X-ray images associated with double-sided painted panels correspond

to a mixture of information from each individual side of the panel, impairing the

ability of conservators to ”read” them (see Figure 1.1). A separation algorithm is

required to separate the X-ray images corresponding to each side.

The other example relates to the visualization of concealed painting where

there is an underlying painting behind the visible one. It occurs frequently in various

art works where a canvas has been reused by the artist, e.g. in Francisco de Goya’s

Doña Isabel de Porcel, NG1473 [1], Vincent van Goghs Patch of Grass [20], and

Edgar Degas’ Portrait of a Woman [21]). From a cultural heritage perspective,

it is of great interest to provide a visualization of the hidden painting. This can

be achieved by employing a powerful separation algorithm operating on the X-ray

fluorescence (XRF) 1 or X-ray images of the panel. (See Figure 1.2 )

1XRF spectrometry is an elemental analysis technique with broad application in science and

industry. XRF is based on the principle that individual atoms, when excited by an external energy

source, emit X-ray photons of a characteristic energy or wavelength. The XRF instruments work by

exposing a sample to be measured to a beam of X-rays. The atoms of the sample absorb energy from

the X-rays, become temporarily excited and then emit secondary X-rays. Each chemical element

emits x-rays at a unique energy. This information can be used to identify different materials present

in the painting.
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Figure 1.1: The two double-sided panels from the Ghent Altarpiece: (left, before

conservation) interior view of shutters, (centre, after conservation) exterior view of

shutters, (right) corresponding X-ray images for each panel (acquired before con-

servation) which include the combined contributions from both sides of each panels.

Note: because X-ray imaging captures both sides by penetrating through the panel,

whereas the panel has to be turned over to photograph its backside in visible light,

the X-ray images superpose the mirror image of one side and the non-mirrored im-

age of the other side.

The current literature has been only partially successful in addressing these

problems.

1.1 Motivation

Due to the new advances in technology, the world has experienced a rapid growth in

the availability of data in various domains. The availability of data, the development

of cutting edge machine learning algorithms, as well as the enhanced computation

power, necessary to deal with massive datasets, have yielded outstanding results in
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Figure 1.2: Francisco de Goya’s Doña Isabel de Porcel, NG1473 [1]: (a) the RGB

image of the panel; (b) the X-ray image of the panel containing the X-ray of the

visible portrait and the hidden portrait; Infrared Reflectography (IRR) image which

again contains the elements of visible and hidden portraits.

Figure 1.3: Francisco de Goya’s Doña Isabel de Porcel, NG1473 [1]:14 different

XRF images corresponding to various elements.
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various domains such as computer vision, speech recognition, speech translation,

natural language processing, and more.

These domains of research and technology owe their progress not only to the

availability of data, but also to the novel and efficient design of the algorithms lever-

aging this data. Most of these algorithms have been designed in the machine learn-

ing framework, a paradigm whose aim is to build a computational model based on

the so called training in order to give predictions.

In the past two decades, the source separation problem has attracted the at-

tention of many researchers and various methods have been proposed to solve the

problem in general and specialized scenarios. However, they have been only par-

tially successful. The availability of data has still remained a serious issue in the

source separation problem. This is due to the fact that the source separation prob-

lem is intrinsically an ill-posed unsupervised problem. In real life applications of

this problem, the data is observed as a mixture without having ground truth for the

individual sources (signals). The lack of training data, makes it difficult for the

machine learning algorithms to perform the separation task.

However, there are various applications in source separation where additional

information can be leveraged to aid the separation task. This additional informa-

tion could be another signal correlated with the signal of interest, e.g, images in

other modalities. A concrete example relates to the X-ray image separation arising

in the context of art investigation where other image modalities such as RGB can

be exploited to aid the separation algorithm. This motivates the development of a

framework that can take full advantage of available data and bridge this gap.

1.2 Contribution

Motivated by the application of source separation in art investigation and the limi-

tations of the current source separation methods in the literature, we propose a new

framework for source separation where we assume, in addition to mixture, one has

access to two other signals, called side information, which are correlated with the

source signals, . In particular, our contribution includes:
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1. We propose a new approach to source separation with side information based

on GMM models of the source and side information signals. The choice of

this model is motivated by the fact that GMM’s are shown to deliver state-of-

the-art results in various applications [22].

2. We characterize the identifiability conditions associated with the source sep-

aration problem without and in the presence of side information – in the form

of necessary and sufficient conditions for reliable separation in the asymptotic

regime of low noise – as a function of the geometry of the source signals, the

side information signals, and their interaction. We prove analytically that

the presence of side information not only reduces the number of measure-

ments required for reliable separation of the source signals, but also alleviates

the limitations of the source separation problem in terms of the geometrical

properties of sources.

3. We provide a number of simulation results on synthetic data showcasing that

our numerical results are aligned with the theoretical identifiability condi-

tions. We show numerically that the presence of side information reduces the

required number of linear measurement for the reliable separation of source

signals. Our results also demonstrate how the interplay between the number

of linear measurements from the mixture and the properties of the individual

components of the mixture impacts on the quality of separation.

4. We propose a novel self-supervised deep learning algorithm for the source

separation problem which removes the need for annotated training data, yet

takes advantage of the available correlated data. We design a novel objective

function for the source separation with side information where our aim is to

find a mapping from the two side information signals to the source signals

so that the sum of two sources create the observed mixed signal. While our

framework is general enough to be applied to all relevant application, we

showcase the application of our framework to the separation of X-ray images

where we use the RGB images corresponding to the individual X-rays as side
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information.

5. Finally, we provide a number of results associated with a real-world problem

– involving the separation of mixed x-ray signals – demonstrating the superi-

ority of our algorithms to competing ones, in terms of performance and com-

plexity [5, 6]. In particular our results show that the proposed self-supervised

algorithm provides near perfect separtion results in this application.

1.3 Organization
The remainder of this thesis is organized as follows. Chapter 2 reviews the current

literature on source separation problem, including approaches to source separation

with and without side information. In particular, we divide the existing source sepa-

ration methods with side information in two categories: (i) signal processing meth-

ods and (ii) learning based methods. We then review the main algorithms in both

algorithms in details.

Chapter 3 introduces the source separation problem mathematically. We intro-

duces the Gaussian mixture models and motivate the use of this model in source

separation problem. Within this framework we study the identifiablity conditions of

the source separation problem which motivates the work presented in the chapter 4.

Chapter 4 proposes our approach to source separation with side information

based on GMM where we provide identifiability conditions associated with source

separation with side information. We present our numerical results which validates

our theory. Furthermore, based on GMM, an efficient practical algorithm for source

separation with side-information is proposed. We apply our algorithm to the X-ray

image separation in the context of art investigation where we show our algorithm

outperforms other state-of-the-art algorithms.

Chapter 5 proposes a deep learning based algorithm for source separation in

the presence of side-information. We design an objective function for the problem

and suggest a neural network structure that solves the source separation problem by

minimizing the objective function in a learning based framework. By showcasing

the application of our algorithm in the X-ray image separation, we explain how
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the proposed framework removes the need for availability of training data in the

source separation problem. The results presented in this chapter provide near perfect

separation of source images in this application.

Chapter 6 concludes the thesis and suggest future research directions. In par-

ticular we elaborate on how the current the proposed techniques in this thesis can

be generalized to address more problems in art investigation.The proofs of the main

results appear in the Appendices.
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Chapter 2

Source Separation

Source separation is the process of extracting a set of underlying source signals

from a set of their mixture. The Source separation problem is intrinsically under-

determined which requires an additional information about the individual sources or

constraints on the mixing process to be solved. Due to wide range of applications,

the source separation problem has attracted the attention of many researches in the

past two decades; hence there is a vast literature on the source separation algorithms

which we categorize in two main frameworks:

• Blind source separation (BSS) or unsupervised source separation, where the

sources are to be recovered from the mixture only.

• Informed Source separation (ISS) or Supervised source separation, where an

additional information is incorporated to aid the separation task.

In this chapter, we introduce the general source separation problem mathematically

and review the main algorithms for BSS and ISS.

2.1 Problem Statement
In this section we introduce the general source separation problem mathematically.

Consider the mixing function F :

V = F (X,N), (2.1)

mixing k source signals;

X =
[
x1 x2 · · · xk

]
, X ∈ Rn×k, xi ∈ Rn×1 ∀i ∈ {1, · · ·k}
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and j noise signals

N =
[
n1 n2 · · · n j

]
, N ∈ Rn× j ni ∈ Rn×1 ∀i ∈ {1, · · · j} (2.2)

with the (non-linear) mixing function F (·, ·), which results in the mixture:

V =
[
v1 v2 · · · vq

]
, V ∈ Rm×q vi ∈ Rm×1 ∀i ∈ {1, · · ·q}. (2.3)

The goal of source separation is to recover individual sources X or equivalently to

estimate the mixing function F . Both the mixing function and the source signals

are assumed to be unknown. If the algorithm estimates the source signals merely

based on observing V, it will fall under the BSS category; and if the algorithm

incorporates additional observation from the source signal or the mixing function in

order to deliver the separation task, it will fall under the ISS category.

Due to its relative simplicity and wide applicability, it is commonly assumed

in the literature that the mixing function is linear [7]. In this case the observation

(mixing) model in (2.1) can be written as:

V = HX+N, (2.4)

where V ∈ Rm×k is the mixture matrix, H ∈ Rm×n is the mixing matrix whose

columns are assumed to be orthonormal, and m represents the number of measure-

ment. If m > n the problem is over-determined and the separation can be achieved

by finding an un-mixing matrix W, where W = H−1. If m = k, the problem is even-

determined and the source signals can be estimated if H is non-singular. If m < k,

the problem is under-determined and the separation problem requires additional in-

formation to be solved.

2.2 Blind Source Separation
Many kinds of approaches have been developed to approach the BSS problem by

imposing different constraints on the source signals, e.g., sparsity [23, 24], indepen-

dence [25], low-rank [26]. In the following we will review the main BSS algorithms

considering different models in more details.
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2.2.1 Independent Component Analysis

Independent component analysis (ICA) is known as one of the main methods in

source separation. In fact, ICA is a general name for a variety of techniques that aim

to find the independent source signals from a set of observations that are composed

of linear mixtures of underlying sources.

Recall the observation model in (2.4) and for simplicity assume that the obser-

vation is noiseless, i.e., V = HX. The ICA algorithm attempts to find a demixing

matrix W such that:

Y = WV (2.5)

where W = (H)−1, an approximation of the inverse of mixing function and Y = X̂,

an approximation of the source signals. The ICA relies on two main assumptions:

• the source signals are assumed to be statistically independent, i.e:

p(x1,x2, . . . ,xk) = p(x1)p(x2) . . . p(xk) (2.6)

where p(xi) represents the pdf of xi and p(x1,x2, . . . ,xk) denotes the joint

distribution of x1, · · · ,xk.

• At most one of the independent components can have Gaussian statistics

The non-Gaussian constraint on the source signals is mainly because the mixing

function H is not identifiable if there exist more than one Gaussian sources. This

is due to the fact that multivariate normal distribution is rotationally invariant. So,

there is an arbitrary rotational component in the mixing matrix that cannot be deter-

mined from the observed data. Hence, we cannot recover the original sources.

With no loss of generality assume that E(X) = 0n×k and Cov(X) = I. Also

for simplicity assume that there is no observation noise, i.e, N = 0. If sources are

Gaussian, then V will be also Gaussian with zero mean and Cov(V) = HHT . Now

let R be any arbitrary orthogonal matrix where RRT = RT R = I, and H′ = HR.

If the data had been mixed with H′ instead of H, we would have instead observed

V′ = H′X. In this case the distribution of V′ is still Gaussian with zero mean and

Cov(V′) = HHT . Hence there is no way to identify whether the sources have been
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observed with H or H′. While the above argument is true when all the sources

are Gaussian, it also holds for the case where there are more than one Gaussian

sources; in which case there are components in H which cannot be determined from

the observation matrix.

The idea of ICA relies on applying an operation to the mixture function H, and

measuring the independence between the output to estimate the underlying sources.

This is related to the implication of central limit theorem which states that the sum of

any independent random variables asymptotically convergences to a Gaussian dis-

tribution. Hence the sum of two random variables is closer to a Gaussian distribution

than the the individual random variables. In other words, independence and non-

Gaussianity are closely related. Therefore, if we aim to find independent sources

we should find a demixing operator, W, that maximizes the non-Gaussianity. In

practice, this is usually done by an iterative method to maximize or minimize an

objective function. The objective function is based on different statistical measures

to separate source signals by imposing independence.

2.2.1.1 Algorithms for ICA

Many algorithms have been developed to implement the ICA problem which pro-

vide successful results over a wide range of applications. While the basic idea

behind all of these ICA algorithms is the same, the implementations can be formu-

lated considering different perspectives such as maximum likelihood [27], higher

order moments [28] and maximization of information transfer [29] to name a few.

All the above methods use separation metrics that are essentially equivalent to non-

Gaussinaity of the separated sources. Theoretically, [30] emphasizes on the equiv-

alence of most of ICA techniques to mutual information minimization processes.

Some efficient implementations of ICA include: JADE [31], NPICA [32] and

RADICAL[33]. JADE is based on the estimation of kurtosis via cumulants. NPICA

[32] uses a non-parametric model of the density functions, and RADICAL[33] uses

an approximation of the entropy of the densities based on order statistics. The

FastICA algorithm uses either kurtosis or other measures of non-Gaussianity in

entropy approximations in the form of suitable nonlinear functions [34].
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2.2.2 Sparse Source Separation

Another constraint that has been commonly used to address the source separation

problem is sparsity where it has been assumed that the source signals have a sparse

representation over a particular basis (dictionary), e.g., orthogonal wavelet basis;

Fourier basis. More mathematically, consider x ∈ Rn such that

x = Ψa (2.7)

where Ψ ∈ Rn×n is a dictionary or a set of basis functions. x is said to be sparse in

Ψ if ‖a‖0 = k� n. Here k represent the number of non-zero elements in a. In other

words, x is sparse in Ψ, if it can be represented by a few non-zero coefficients.

Sparsity constraint has been heavily exploited in various inverse problems in-

cluding compressed sensing [35], image inpainting [36], deconvolution [37] and so

on. In source separation problem, it has been shown that the sparsity enhances the

diversity between sources [38, 39]. Various algorithms based on sparsity assump-

tion have been developed to address the source separation problem which can be

divided in two main categories; morphological component analysis and Bayesian

sparse source separation. In the following we will explain these two categories in

more details.

2.2.2.1 Morphological Component Analysis

Morphological Component Analysis (MCA) was introduced to solve the source sep-

aration problem based on sparsity and morphological diversity of source signals

[5, 38, 40, 41]. This framework assumes that source signals are sparse in different

representations. For example a piece-wise smooth signal (a cartoon image) is sparse

in a curvelet tight frame while a warped globally oscillating source (e.g. a texture

image) is better sparsely represented in a discrete cosine framework [38].

More specifically, let v ∈Rn be a sum of k source signals v = ∑
k
i=0 xi, xi ∈Rn,

where xi’s have different morphologies; meaning that, there is a set of bases

{Φ1, · · · ,Φk} where Φi ∈ Rn×n, ∀i ∈ {1, · · · ,k}, such that, xi has a sparse repre-

sentation in Φi and is not sparse in Φ j, ∀ j 6= i:

xi = Φiαi, αi ∈ Rn×1, ‖αi‖0 = s� n. (2.8)
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Different Φi ’s can be seen as acting as discriminants between the different compo-

nents of the mixture signal v [42]. The solution to the source separation problem is

the solution to the following optimization problem:

min
{α1,···αk}

k

∑
i=0
‖αi‖0 such that v =

k

∑
i=1

Φiαi (2.9)

The above optimization problem is non-convex and cannot be solved in polyno-

mial time. This is due to the non-convexity of `0
1 norm. Instead, the following

optimization problem was proposed which substitutes `0 norm with `1
2;

min
{φ1,··· ,φk}

k

∑
i=0

λi‖αi‖1 +‖v−
k

∑
i=1

φi‖2
2, (2.10)

with φi = Φiαi [42]. For a set of orthonormal bases Φk, the solution to the above

equation is equivalent to the following set of coupled equations [42];

∀i, φi = ri−
λi

2
Φi sign(Φ−1

i φi) (2.11)

where, ri = v−∑i′ 6=i φ ′i . This can be solved using iterative Block coordinate relax-

ation method [43] with soft-thresholding of the decomposition of ri over Φk [42].

The steps for solving MCA problem in (2.9) is detailed in algorithm 1 where Ti and

Ri denote the forward and inverse transformation associated with Φi.

The MMCA framework was later extended to a more general case where it was

assumed that each source signal is a sum of several component, i.e., xi = ∑
K
k=1 ψk.

It was further assumed that each component is sparse in a given dictionary [38]. For

example a natural image can be considered as a sum of a piece-wise smooth part

(i.e., edges) and a texture [38]. Within this framework, known as generalized mor-

phological component analysis (GMCA), it has been shown that sparsity provides

enhancement and improves the robustness to noise [38].

2.2.2.2 Bayesian Sparse Source Separation

In another line of work the blind separation of sparse signals is tackled in a Bayesian

framework [24, 44–46]. The sparse source signals are often modeled by sparsity

1`0 is the number of non-zero values in a vectors
2`1 norm is the sum of absolute values of the vector entries
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Algorithm 1 MCA Algorithm
1: Set the number of iterations : Lmax

2: Set thresholds : δi = Lmax/2.λi

3: while δi ≥ λi/2 do

4: for i = 1, . . . ,k do

5: Update φi assuming φi′ 6=i are fixed

6: Compute the residual ri = v−∑i′ 6=i φi′

7: Compute αi = Tiri

8: Compute α̂i= Soft threshold αi with threshold δi

9: Reconstruct φi with vi = Riα̂i

10: end for

11: Lower the threshold δi = δi−λi/2

12: end while

promoting prior distributions which are concentrated around zero and present heavy

tails to model sparsity. These methods then contain two steps: the first one consists

in learning the mixing matrix from the data, the second one in inferring the sources

from the learnt mixing matrix and the data, with respect to the chosen prior on the

sources [24].

In [45, 46] the Laplacian distribution is considered as the prior distribution

of the sparse sources. In learning stage reference [46] employs clustering in the

mixture space and [45] employs a maximum likelihood approach. The inference

stage is performed by linear programming in [45] and by a byproduct of expectation

maximization algorithm in [46].

Reference [24] proposed a framework for undetermined source separation

based on the sparsity assumption. In this framework the sparse coefficients are

modeled with student-t distribution which can be expressed with a hierarchical dis-

tribution of two Gaussian distributions and leads to sparse modeling [24]. For the

inference, a Gibbs sampler, a standard Markov chain Monte Carlo (MCMC) sim-

ulation method, was employed which estimates the source signals along with the

mixing matrix, the input noise variance and the hyperparameters of the Student t



2.2. Blind Source Separation 34

priors.

Reference [44] addresses the blind source separation problem in a low-

dimensional measurement domain using compressed sensing framework. In com-

pressed sensing, the goal is to reconstruct a signal that is sparse or compressible

in some basis using very few measurements. It has been shown that this can be

achieved under certain conditions on the measurement matrix and the sparse signal

[47]. This property of Compressed sensing makes it a natural fit to Blind Source

Separation (BSS) where the aim is to separate a mixture of sources with little knowl-

edge of the source signals or the mixing process [44]. Using the compressed sensing

framework, [44] solves source separation problem directly from the compressed

mixtures obtained from compressive sensing measurements. More specifically. a

hidden Markov chain model was considered on the sparse wavelet coefficients and

a Markov chain Monte Carlo algorithm was employed in order to calculate the pos-

terior probability and recover the separated sources in the data domain.

2.2.3 Robust Principle Component Analysis

As explained earlier, blind source separation is an ill-defined problem which re-

quires additional assumption on the source signals or mixing functions to be solved.

Low-rank properties have also been used to enable source separation. For example,

reference [26] proposes a framework based on Robust Principle Component Analy-

sis (RPCA) for separating singing voices from background music accompaniment.

RPCA [48] is a matrix decomposition framework which has been proposed to re-

construct underlying low-rank and sparse components (matrices). Let M ∈ Rm×n

be observation matrix we wish to decompose, RPCA suggests solving the following

convex optimization problem:

min‖L‖∗+λ‖S‖1 (2.12)

subject to L+S = M. (2.13)

Here ‖.‖∗ denotes the nuclear norm, (sum of the singular values of the matrix)

and ‖.‖1 denotes `1 norm (sum of the absolute values of the matrix entries). In

this decomposition L ∈ Rm×n represents the low-rank component and S ∈ Rm×n
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represents the sparse component. The parameter λ > 0 is the trade off between

the rank of L and the sparsity of S. Reference [49] proposes an algorithm to solve

the above optimization problem based on an accelerated proximal gradient method

[50].

Source separation with RPCA is based on the idea that repetition, which is a

core principle in music, can be modeled using a low-rank assumption; also, since

the singing voice has more variation, it is relatively sparse within a song. Reference

[26] suggests a separation framework as follows: first, we compute the spectrogram

of music signals as matrix M, obtained using the Short-Time-Fourier Transform

(STFT); second, we solve the RPCA problem to find the L and S components such

that L+S=M. However, these two steps only gives us the amplitude of each music

and the voice components. Finally to fully reconstruct each signal, [26] suggest to

first record P = Phase(M), append the phase to matrix L and S and calculate the

inverse STFT (ISTFT).

This approach has been tailored to very specialized scenario in audio source

separation and cannot be applied in other applications.

2.3 Source Separation with Side Information

In turn, the ISS or supervised source separation aims to recover the source signals

from a mixture of them in the presence of some additional information which can

be incorporated to aid the task in hand. Broadly speaking, the ISS algorithms can

be divided into two main categories: signal processing based algorithms [2, 16, 51]

and learning based algorithms [52–54]. The signal processing based algorithms

assume that the source signals are known in the encoder; so they suggest to encode

some information about the source signals and send it along with the mixture to the

decoder. We will explain these algorithms in more details in the following.

The learning based algorithms approach the source separation problem

with different levels of supervision, including using semi-supervised and fully-

supervised algorithms. The semi-supervised algorithms assume that we have ac-

cess to a training set containing samples from the distribution of the unmixed source
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signals. These information is exploited to learn a generative model for the source

signals. However, the fully-supervised algorithms are based on the availability of a

training set comprising both the mixture and the individual signals allowing the al-

gorithm to learn a mapping from the mixture to the source signals. In the following

we will review these algorithms.

2.3.1 Informed Source Separation with Application in Audio

Source Separation

In this section, we will review ISS algorithms which are based on signal processing

techniques and have been mostly developed with the application in audio source

separation.

In audio source separation it is often assumed that the sources and the mix-

tures are known in the encoding stage while the decoder has only access to the

mixture. Based on this assumption a framework was proposed in [2] known as

infomed source separation.

The proposed framework in [2] is based on the original combination of source

separation with another major domain of signal processing, called watermarking.

Audio watermarking involves the embedding of extra information within a signal in

an inaudible manner [2, 55]. It is mainly used in digital right management where

for example, data identifying the designer or the owner of a digital media, can be

embedded by watermarking [55]. Another type of watermarking uses the signal as

a channel for data transmission while the watermark is fitted to the host signal to

optimize the data transmission rate while remaining inaudible [56].

The proposed configuration in [2] assumes that the source signals are available

at the mixing level (encoder). This framework is motivated by some key audio

applications where mixing and demixing can be processed separately by cooperative

users [2]. For instance, in a recording studio, different audio signals corresponding

to different instruments and singers are recorded separately and then mixed in a

controlled way. A user can only have access to the mixed signals available on

compact disk (cd) but the goal is to enable the separation of different elements of

the audio signal, e.g., the volume, the color and the specialization of an instrument
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Figure 2.1: watermarking based source separation [2]

.

can be modified [2].

The general principles of the method is shown in Fig.2.1. In the encoder the

source signals x1, x2 as well as the mixture signal v = x1 +x2 are available. There-

fore, the descriptors -which consist in the characteristic parameters of the source

signals- can be extracted from each source signal. These descriptors are then em-

bedded into the mix signal using a high capacity quantization-based watermarking

technique [2], where the inserted message is carried by a modification of quantiza-

tion levels of the host signal [2, 57].

The decoder only receives the watermarked signal vw. The descriptor are ex-

tracted from vw using quantization and decoding and then being used to separate

each source signal from the mixed signal. Since the source signals are highly over-

lapping in the time domain, the separation is done in time-frequency domain where

the signals have a sparse representation. This enables much less inter-source over-

lapping.

Most of underdetermined source separation of audio signals rely on time-

frequency representation of mixture where their goal is to determine the relative

contribution of each source in each time-frequency bin. More specifically, in each

localized region of the time-frequency plane, one single source is supposed to be

more active than the other sources. The sources are then estimated through a time-
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frequency binary [58] or soft [59] masking strategy. The soft masking can be un-

derstood as applying Wiener filter in each time frequency frame.

In a related work, [16] proposed a framework which targets underdetermined

source separation of music signals and allows overlapping in time-frequency do-

main. Most music mixtures are composed of more than two sources (more than

two instrument), while the number of observations (the number of microphones

in the room) are often very limited. In this case, the observed signals are less

than necessary to solve the underdetermined set of equations and the separation

cannot be achieved without incorporating some additional (prior) information [16].

In [16], the informed source separation problem is considered again as an encod-

ing/decoding framework where both source signals and mixture are known at the

encoder and the decoder has access to mixture, as well as some side-information

that has been generated by the encoder and transmitted along with the mixtures to

assist the separation process. The signals are modeled as independent and locally

stationary Gaussian processes.

The approach in [16] allows overlapping in time-frequency domain and the

source separation is performed via generalized Wiener filter provided that the power

spectrograms of the sources that are used to build those Wiener filters are available.

Since the mentioned spectograms are too large to be transmitted and directly used

as side-information, [16] proposed to use a high capacity data embedding technique

as such quantization index modulation (QIM) [57] applied to the timefrequency

coefficients of the mixtures and permits to reach embedding rates of about 250

kbps.

The algorithms described in this sections are developed for a very specialized

scenario and are tailored to the audio source separation. In most of other applica-

tions of source separation, the source signals are not known in the encoding stage

which renders this class of methods invalid in theory and practice.

2.3.2 Non-negative Matrix Factorization

Non-negative matrix factorization (NMF) has been widely applied in a great variety

of audio processing problems ranging from music information retrieval to speech
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processing [53, 60–62]. The goal of NMF is to decompose a nonnegative matrix

into the product of a feature matrix and a coefficient matrix both of which are non-

negative. More precisely, the goal of NMF is to decompose the observation matrix

A ∈ Rm×n
+ as:

A≈ Ã = CF (2.14)

where C ∈ Rm×k
+ , F ∈ Rk×n

+ and k is the rank of decomposition. The matrix C is

known as as ”dictionary” and the matrix F as expansion coefficient matrix. We will

explain how NMF has been used for source separation in a semi-supervised setting.

NMF methods for source separation comprises two main steps. First the signal

is represented in another domain (feature space) by a non-linear operator. In the

case of audio signals, the magnitude of a time-frequency representation such as the

STFT is commonly considered. Then a NMF algorithm is applied to perform the

separation task in the feature space. The reconstruction of source signals is obtained

by inverting these representations from feature space to time domian.

More mathematically, consider the following observation model;

v(t) = x1(t)+ x2(t) (2.15)

where x1(t) and x2(t) are source signals and t represents time. We denote by ϕ(v)∈

R j×`, a time frequency representation of v(t) comprising j frequency bins and `

temporal frames. The following statement holds :

ϕ(v(t))≈ ϕ(x1(t))+ϕ(x2(t)) (2.16)

for sufficiently distinct signals. The sum is approximate due to non-linear effects

of the phase [53]. The separation is then performed on ϕ(v(t)) by applying a NMF

algorithm.

Performing the separation in the feature space has various advantages. First,

the feature extractor ϕ is able to produce a sparse representation, e.g., magnitude

of the STFT is in general sparse, hence simplifying the separation process. Second,

the magnitude of STFT is invariant to phase which relieves NMF algorithm from

learning this irrelevant variablity; but since the estimated unmixed signals are in
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feature space a subsequent phase recovery stage in necessary. This is done using a

Wiener filter [63].

Here, NMF aims to find two expansion coefficients matrices Fi ∈Rk×`, i= 1,2

best representing the different components in two dictionaries Ci ∈ R j×k i = 1,2

through minimizing the following objective function:

min
Fi≥0 i=1,2

D(ϕ(v(t))| ∑
i=1,2

CiFi)+λ ∑
i=1,2

R(Fi). (2.17)

where D is a function measuring the dissimilarity between the input data and the

estimated signals. Common choices of D includes squared Euclidean distance, the

Kullback- Leibler divergence, and the Itakura-Saito divergence [63]. The second

term represents a regularization function which is included to promote some de-

sired structure of activations [53]. For instance, in certain applications such as hy-

perspectral imaging, a solution pair (C,F) must comply with constraints that make

it physically realizable. One such physical constraint requires mixing coefficients

Fi j to sum to one, i.e., ∑i Fi j = 1 for all j. Enforcing such a physical constraint can

significantly improve the determination of inherent features [64].

So far, we have assumed that the dictionary matrices are available for both

source signals. However in practice the dictionaries for each source are trained

independently from available training data. More specifically, it has been assumed

that we have access to a set of training data which contains samples of unmixed

signals for each source. The corresponding dictionaries are then learned through

the corresponding optimization problem:

min
Fi≥0Ci≥0

D(Xi|CiFi)+λR(Fi). (2.18)

Here, Xi is the training data containing samples from source signal xi(t), D is a

function measuring the dissimilarity between the input data and the estimated sig-

nals and R(.) is an appropriate regularizer. The learned dictionaries are then used

in the separation step as explained above.

While this framework takes advantage of the available data, as we explain in

more details in the following section, in some applications, in addition to samples

of source signals, there exist another set of observation correlated to source signals
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- for example images in other modalities- which can be further exploited to provide

more accurate separation results. The NMF framework for source separation is not

flexible enough to accommodate this side information data.

2.3.3 Multimodal Dictionary Learning for Source Separation

More recently, a generic novel framework for source separation problem in the pres-

ence of side information was introduced in [6]. The proposed framework which is

based on a parsimonious representation, captures the inherent similarities and the

discrepancies among heterogeneous correlated data. The main focus of [6] is on

separating two X-ray images using the RGB image as side information in a semi-

supervised framework.

The proposed model in [6] decomposes the data into a sparse component that is

common to the different modalities and a sparse component that uniquely describes

each data type. More specifically, consider the following measurement model where

we observe a mixture of two source signals x1 ∈ Rn×1 and x2 ∈ Rn×1:

v = x1 +x2. (2.19)

It has been assumed that we further observe two signals y1,y2 ∈ Rn which play the

role of side information. The source signals and the side information signals are

assumed to have a sparse representation in some dictionaries:

y1 = Ψ
cz1c (2.20)

y2 = Ψ
cz2c , (2.21)

and

x1 = Φ
cz1c +Φu1 (2.22)

x2 = Φ
cz2c +Φu2, (2.23)

where zic ∈ Rγ×1 with ‖zic‖0 = sz � γ and i = 1,2 denote the sparse component

that is common to the source signal and side information signal with respect to

dictionaries Ψc,Φc ∈ Rn×γ . Furthermore, ui ∈ Rd×1 denotes the sparse innovative
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component of source i with respect to the dictionary Φ∈Rn×d where ‖uic‖0 = su�

γ .

As mentioned earlier, this method falls under the semi-supervised category

where it has been assumed that we have access to samples from unmixed source

signals. This training data is used to learn the joint generative model -as described

above- for source signals and their corresponding side information. The separation

algorithm contains two main steps, coupled dictionary learning and the separation

algorithm which we will explain in the following.

2.3.3.1 Coupled Dictionary Learning

In the first step the coupled dictionaries Φ,φ c,Ψc are learned from the training data

by minimizing the following objective function;

min
Ψc,Z

Φ,Φc,U

1
2
‖Y−Ψ

cZ‖2
F +

1
2
‖X−Ψ

cZ−ΦU‖2
F (2.24)

s.t. ‖z j‖0 ≤ su

‖u j‖0 ≤ sz ∀ j = 1, ...,J

where Y= [y1,y2, . . . ,yJ] , X= [x1,x2, . . . ,xJ]∈Rn×J represent a set of J co-located

vectorized visual and X-ray patches with :

Y = Ψ
cZ,

X = Φ
cZ+ΦU,

where, the common components are collected in Z = [z1,z2, . . . ,zt ] ∈ Rγ×t and the

innovation components are collected in U = [u1,u2, . . . ,ut ] ∈ Rd×t

The problem (2.24) is bi-convex which is solved by alternating between sparse-

coding and a dictionary-updating steps [6]. In the sparse coding step, authors pro-

pose a greedy algorithm that constitutes a modification of the orthogonal matching

pursuit (OMP) method .
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2.3.3.2 Separation

In the separation step, it is assumed that the dictionaries are learned and the goal is

to separate x1 and x2 from v.This can be achieved by:

min
z1,z2,u

‖z1c‖1 +‖z2c‖1 +‖u‖1 (2.25)

s.t. v = Φ
cz1c +Φ

cz2c +2Φu

y1 = Ψ
cz1c

y2 = Ψ
cz2c

where due to identifiablity issues it has been assumed that u1 = u2 = u and the `1

norm is used as the convex relaxation of `0 norm. The problem in (2.25) boils down

to basis pursuit 3, for which many solvers are available, e.g., [66] [6].

The coupled dictionary learning for source separation is a powerful frame-

work that captures similarities and the discrepancies among heterogeneous corre-

lated data. However, the learning and separation steps of the algorithm involves

solving two optimization problems which could be computationally costly. These

optimization problems are usually solved using alternating algorithms and as we

show in following chapters tend to be very slow.

2.3.4 Deep Learning Based algorithms

With the new advances in deep learning, neural network based source separation has

become popular where often the neural network learn a regressor from the mixture

to the individual sources.This can be achieved in a synthetically supervised and

supervised setting [67].

In the synthetic full-supervised, it is assumed that, the learner does not have

access to pairs of mixed and unmixed signals but instead the individual sources

can be sampled in its pure form. For example, in audio separation application,

we can record a violin and piano separately in a studio and can thus obtain unmixed

samples of each of their distributions [67]. The training data (i.e., the pairs of mixed

3Basis Pursuit is a technique for decomposing a signal into an optimal superposition of dictionary

elements. The optimization criterion is the `1 norm of coefficients [65].
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Figure 2.2: The audio source separation framework proposed in [3]

and unmixed data) is then generated by sampling from the distribution of sources

and synthetically adding them to generate the mixture. In the supervised setting

on the other hand, it is assumed that we have access to a training set containing

samples from the mixture signal as well as the ground truth of the source signals.

The former scenario is more realistic than the latter. In the following we will review

the main source separation algorithms based on deep learning.

The use of Deep Neural Network (DNN) and the use of an Recurrent Neural

Network (RNN) for monaural speech separation in a supervised setting has been

studied in [3] where the network learns optimal hidden representations to recon-

struct the source spectra. More specifically, the input to the network is a concatena-

tion of the feature, e.g., short-time Fourier transform or log-mel filterbank features

from a mixture within a time window and the output predictions of the method are

the spectra of different source. In RNN, the hidden layers of the network, are being

updated based on the current input to the network at time t and the output of the

hidden activation from the previous time step t−1. The proposed framework in [3]

is shown in figure 2.2. The time frequency masking is used to enforce the constraint

that the sum of predicted sources is equal to the mixture.

In another line of work, generative adversarial source separation was intro-

duced to deal with the correlated sources; a scenario in which learning a regres-

sor on synthetic mixtures is less effective [67]. Generative Adversarial Networks

(GANs) [68] is a generative model learning framework, which does not require the

specification of an output distribution and learns the distribution of data directly.
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Figure 2.3: The audio source separation framework proposed in [4]

In GANs two networks are simultaneously and adversarially trained; a gener-

ative network which captures the distribution of data and a discriminator network

which estimates the probability that a sample came from the training data rather than

generative network. The training procedure can be cast as a minimax two players

game where the players are the generative and discriminators networks. The train-

ing process aims to train the generative network to produce samples close to training

data by maximizing the probability of discriminator network making a mistake [68].

Based on GANs, [4] proposes a semi-supervised framework for audio source

separation that takes advantage of both the availability of large amount of unlabeled

mixture data and the datasets of solo source instrument recordings . In particular a

separator network is trained to separate the mixture into sources where the output of

separator network is then judged by discriminator networks. One discriminator net-

work per source is continually trained to distinguish between the source estimates
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(output of separator network) and the unlabelled music from real samples taken

from the respective source dataset. This framework has been applied to singing

voice extraction (see Figure 2.3).

The goal of this algorithm is to separate a mixture to k different sources X =

{x1, · · ·xk} where xi ∈ Rn×1, ∀i ∈ {1, · · · ,k}. It has been assumed that a training

dataset containing m, input-output sample Dm = {(x1,v1),(x2,v2), · · · ,(xm,vm)}

is available where vi ∈ Rn×1 denotes the mixture signal i. Furthermore, it has

been assumed that we have access to u unlabelled dataset (u mixture signal only)

Du = {v1, · · ·vu} and a collection of samples Dk
x for each individual source signal

xk. Let p(x,v) be the probability of any source-mixture pair, then Dm is sampled

from p, Du from pm(m) - the marginal of p over X - and Dk
x from the pk

x(xk)

marginal of pk
x over X /xk. The framework proposed in [4] aims to find a separator

function fφ , characterized by a neural network which maps the input (mixture) to

its components. The network approximates the posterior distribution p(X |v) with

qφ (X |v) = δ ( fφ (v)−X ).

If the posterior distributions are the same, then qout
φ

(X ) = E(qφ (X |v)) and

px(X ) = E(p(X |v)) are the same. Hence the marginal distribution for all sources

are also the same:

qout, i
φ

= pi
x ∀i ∈ {1, · · ·k} (2.26)

To fulfil (2.26), a divergence measure, D[qout, i
φ
||pi

x], such as Jenson-Shanon or Kull-

bacl-Leiler is used and the network minimizes the following objective function;

L = ∑
i

D[qout, i
φ
||pi

x] (2.27)

This framework allows all the available unlabelled data efficiently in a semi-

supervised setting. Again, this framework has been designed to address the au-

dio source separation problem and cannot br applied to other applications, as the

availability of such training set is not guaranteed.

2.4 Summary
In this chapter we reviewed the main source separation algorithms which we have

divided into two main categories; BSS and ISS. The BSS algorithms attempt to re-
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construct the source signals merely from observing the mixture by imposing various

constraints on source signals. While these methods are well established and deliver

good results on some applications, they ignore some additional information which

are commonly available in many source separation scenarios.

Therefore, the ISS methods were developed to incorporate this additional avail-

able information to aid the source separation task. We reviewed the main ISS al-

gorithm in details along with their advantages and their disadvantages in various

applications. In the following chapters, we attempt to address the shortcomings of

the algorithms in current literature by proposing new frameworks for source sepa-

ration based on Gaussian Mixture model and deep learning.



Chapter 3

Source Separation Based on

Gaussian Mixture Model without

Side information

Source separation is an important problem with a wide range of application in signal

processing that has attracted a great deal of attention from researchers in this area.

The problem is intrinsically ill-defined, hence requires a structural assumption or

additional information to be solved. In this thesis we propose a new framework for

source separation problem in the presence of side information and based on Gaus-

sian mixture model (GMM). However, in this chapter, we start with formulating the

problem in a simpler case where we assume that we only observe a linear mixture

of source signals; then in chapter 4, we build on our results in here and solve the

source problem in the presence of side information.

In this chapter, we introduce the Gaussian mixture models mathematically and

explain the motivation behind adopting this model. Moving forward, we propose

a new source separation approach based on the GMM containing two main steps;

learning GMM signals and separating GMM signals. We describe each step in

details. Furthermore, by capitalizing on this model, we derive the identifiablity

conditions for the BSS problem. Our results in this section will be instrumental in

characterizing the identifiability conditions of the source separation problem in the

presence of side information (see chapter 4). Finally, we validate our theoretical
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findings with numerical results.

3.1 Source separation
In this section we propose a semi-supervised source separation method based on the

GMM. Consider the following measurement model:

v = Φ(x1 +x2)+n, (3.1)

where Φ ∈ Rm×nx represents a random linear mixing matrix (operator) drawn from

a rotationally invariant distribution1, n is a zero-mean white Gaussian noise, i.e.,

n ∼N (0,σ2Im), where σ2 > 0 represents the noise variance, v ∈ Rm is a vector

representing the noisy mixed signal, and x1,x2 ∈ Rnx are vectors representing the

signals of interest. It is assumed throughout that the number of measurements m

extracted from the linear mixture is such that m < nx. We propose a framework

to reconstruct x1 and x2 from v, assuming that the source signals are statistically

independent and follow a GMM model as follows:

p(x1) = ∑
j1∈C1

pC1(C1 = j1)p(x1|C1),

where C1 = {1, · · ·J1} is a set of labels associated to x1 and p(x1|C1) is a multivari-

ate Gaussian distribution:

p(x1|C1) = N (µ( j1)
x1

,Σ
( j1)
x1 ). (3.2)

with mean µ
( j1)
x1 and covariance matrix Σ̄

( j1)
x1 . Similarly, we model x2 with Gaussian

mixture distribution:

p(x2) = ∑
j2∈C2

pC2(C2 = j2)p(x2|C2), (3.3)

1Note that random projections have been shown to capture salient features of natural signals

in an efficient way and without requiring adaptation to the specific application [35? ]. Moreover,

rotationally invariant distributions guarantee inchoerence between the projections and the domain

where the signals of interest have a compact representation with high probability. This fact leads

to the possibility of guaranteeing stable recovery of the signal of interest from a reduced number of

projections.
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where C2 = {1, · · ·J2} is a set of labels associated to x2 and p(x2|C2) is a multivari-

ate Gaussian distribution:

p(x2|C2) = N (µ( j2)
x2

,Σ
( j2)
x2 ). (3.4)

with mean µ
( j2)
x2 and covariance matrix Σ̄

( j2)
x2 . This implies that the joint distribu-

tion, of the two source signals x =
[
xT

1 xT
2

]T
conditioned on labels (C1,C2) =

( j1, j2) ∈L = C1×C2, follows a Gaussian distribution N (µ
( j1 j2)
x ,Σ

( j1, j2)
x ), with

mean µ
( j1 j2)
x =

[
µ
( j1)
x1

T
µ
( j2)
x2

T]T
and covariance:

Σ
( j1 j2)
x =

Σ
( j1)
x1 0

0 Σ
( j2)
x2

 . (3.5)

Our proposed framework involves two main steps:

• Learning GMM priors

• Separating GMM signals.

In particular, we assume that we have access to a set of training data containing

samples from the source signals. This training set is used to learn the GMM priors,

i.e., the mean and covariance matrix of the Gaussian distributions associated with

each label, where learned model will be then used to separate the source signals

from linear mixture. We propose to use Expectation Maximization (EM) algorithm

for learning the GMM priors. In the following we will motivate the use of GMM

priors and then explain the EM algorithm in more details.

3.2 Gaussian Mixture Model
GMM is a well-studied structured model [22, 69, 70]. typically used in conjuction

with Bayesian framework which makes it amenable to the existence of efficient and

optimal inversion process. This leads to a closed form expression for signal recov-

ery. There are various other advantages associated to using GMM for modeling

signals:

• GMM can be seen as the Bayesian counterpart of the union of sub-spaces

model [71], an optimal structured model which results in further reduction
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of required number of measurements for perfect recovery [72–74]. In this

analogy, each subspace is associated with the translation of the image of the

(possibly low-rank) covariance matrix of each Gaussian component within

the GMM.

• GMM priors have been shown to deliver outstanding results in various ap-

plications such as image processing [75, 76], video compression [77] and

dictionary learning [69, 78]

• GMM distributions can approximate any distribution with arbitrary precision

(by adding further components to the mixture) [79].

• GMM models are amenable to mathematical analysis, enabling one to deter-

mine identifiability conditions for a wide range of problems [22, 69]. further-

more, one can learn a GMM model using very efficient algorithms such as

the expectation maximization (EM) algorithm [80] or the non-parametric ap-

proach described in [81] and also one can also ”invert” a GMM model using

a closed-form signal separation algorithm.

In the following we will describe learning GMM priors using EM algorithm.

3.3 Expectation Maximization for Gaussian Mixture
In this section, we introduce the EM model for Gaussian Mixture. As we de-

fined earlier, GMM is a mixture Gaussian components; more mathematically, let

D = {x1,x2, · · · ,xN} denote a set of samples drawn ,i.i.d from an underlying den-

sity p(x), where x ∈ Rn×1. We assume that p(x) follows a Gaussian mixture distri-

bution, hence it can be expressed as follows:

p(x) =
J

∑
j=1

α j p j(x|θ j,z j). (3.6)

Here, p j(x|θ j,z j) represents mixture components defined with parameters θ j. In

Gaussian mixture distribution θ j represents the mean and the covariance matrix of

each Gaussian Component, i.e., :

p(x|θ j,z j) = N (µ( j)
x , Σ̄

( j)
x ). (3.7)
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Furthermore, z = {z1, · · ·zJ} is a vector of binary variables whose entries are all

zero except from one. In fact, z represents the identity of the mixture component

that generated x. In (3.6), α j = p(z j) represents the probability that x was generated

by component j such that ∑
J
j=1 α j = 1. Hence, the complete set of parameters for a

mixture model with K components is;

Θ = {α1, · · ·αJ,θ1, · · · ,θJ} (3.8)

We also define membership weights, wi j which reflect our uncertainty about which

of J components generated data sample xi, given Θ and xi:

wi j =
p j(xi|θ j,z j)α j

∑
J
j=1 p j(xi|θ j,z j)α j

(3.9)

Note that here we are assuming that each xi has been generated by a single compo-

nent.

The EM algorithm is an iterative algorithm that starts from some initial esti-

mate of the parameters Θ and then proceeds to iteratively update Θ until conver-

gence is detected. Each iteration consists of two main steps; Expectation step and

Maximization step:

• Expectation:In this step, we assume that the set of parameters Θ is fixed

and we compute the membership weights wi j for all data points xi, ∀i ∈

{1, · · · ,N} and for all mixture components ∀ j ∈ {1, · · · ,J}. This results in

weight matrix W ∈ RN×J whose rows sum to 1.

• Maximization: In this step the calculated weight matrix is used to update the

estimate of parameter set Θ. Let N j denote the sum of membership weights

for component j defined as N j = ∑
N
i=1 wi j. This is the effective number of

data samples associated with component j. Using the calculated membership

weight, we update the mixture parameters as follows;

α
update
j = N j/N (3.10)

µ
update
j =

∑
N
i=1 wi jxi

N j
∀ j ∈ {1, · · · ,J} (3.11)

Σ
update
j =

∑
N
i=1 wi j(xi−µ

update
j )(xi−µ

update
j )T

N j
∀ j ∈ {1, · · · ,J} (3.12)
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The update for mean and covariance in (3.11) and (3.12), is calculated in a

manner similar to how we could compute a standard empirical average and

empirical covariance matrix.

Each pair of Expectation and maximization steps is considered to be one iteration.

The convergance is detected based on calculating the value of likelihood function.

The algorithm stops when the log-likelihood is not changing significantly from one

iteration ot the next. The log-likelihood is defined as follows:

log l(Θ) =
N

∑
i=1

log p(xi|Θ) =
N

∑
i=1

log

(
J

∑
j=1

α j p(xi|z j,θ j)

)
. (3.13)

In the next section, we will explain in details, how these parameters are ex-

ploited to separate the source signals from their linear mixture.

3.4 Separating GMM Signals
In this section we assume that the parameters of the GMM components are exactly

known. We adopt the conditional mean estimator to separate the source signals from

the linear mixture and we choose the minimum mean-squared error to measure the

discrepancy between the reconstructed source signals and the actual sources. In this

regard, we can formulate the reconstruction error associated to the recovery of two

source signals from their linear mixture as follows:

MMSEx|v(σ
2) = E

[
‖x− x̂(v)‖2] , (3.14)

where x̂(v) represent the conditional estimator x̂(v) = E[x|v] whose output is the

reconstructed source signals x1 and x2 given v. Conditional mean estimator delivers

optimal reconstruction in terms of minimum mean squared error.

We now consider both necessary and sufficient conditions for

lim
σ2→0

MMSEx|v(σ
2) = 0, (3.15)

characterizing reliable separation of both source signals in the sense that the MM-

SEs associated to the reconstructions of x1 and x2 approach zero in the asymptotic

regime where σ2 → 0. We also consider that the source signals follow the Gaus-

sian mixture distribution described in Section 3.1. The identifiability conditions are
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expressed in terms of the number of measurements m and quantities that are related

to the geometry of the signals and the measurement matrix. We will be using the

following quantities:

r( j1)
x1 = rank(Σ( j1)

x1 ) (3.16)

r( j2)
x2 = rank(Σ( j2)

x2 ) (3.17)

where rx1 represents the dimension of the subspace spanned by the source signal x1

identified by class labels C1 = j1 and rx2 represents the dimension of the subspace

spanned by the source signal x2 identified by class labels C2 = j2. In particular, we

consider a scenario where the covariance matrices Σ
( j1)
x1 , Σ

( j2)
x2 have low rank, smaller

than or equal to the ambient dimensions, and their associated images are subspaces

drawn from a continuous distribution defined over the corresponding Grassmann

manifold.

The identifiability conditions for GMM signals build upon the identifiability

conditions for Gaussian signals. Hence, we consider each case separately where we

denote the MMSE associated with the separation of Gaussian signals by MMSEG
x|v

and the MMSE associated with GMM signals by MMSEGM
x|v .

These conditions are expressed only in terms of the properties of source sig-

nal, obervation matrix and their interaction. The following theorem provides the

identifiability conditions for the reliable blind separation of Gaussian Signals.

Theorem 1. Consider the measurement model in (3.1), where x1 and x2 are drawn

from the joint Gaussian distributions described in (3.2) and (3.4), respectively, and

x1 and x2 are statistically independent. Then with probability 1, it holds:

lim
σ2→0

MMSEG
x|v(σ

2) = 0 ⇐⇒

m≥ rx1 + rx2 and Dx = 0, (3.18)

where, Dx = dim(Im(Σx1)∩ Im(Σx2)).

Proof. See Appendix A.

This theorem implies that, reliable blind separation of Gaussian source signals

is feasible only if the range spaces associated to the source signals have no overlap,
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i.e., Dx = dim(Im(Σx1)∩ Im(Σx2)) = 0. Under this condition, rx1 + rx2 measure-

ments are necessary and sufficient to drive the MMSE to zero in the low-noise

regime.

In the following we will use these results to provide the identifiablity condi-

tions for GMM signals. However, due to lack of closed form expression for the

MMSE associated with the separation of GMM signals we will work with an upper

bound on MMSE to derive the necessary conditions. This can be defined as follows:

MMSEGM
x|v (σ2) = E

[
‖x−E[x|v]‖2]=

∑
( j1, j2)∈L

pC1( j1)pC2( j2)E
[
‖x−E[x|v]‖2|C1 = j1,C2 = j2

]
≥ ∑

( j1, j2)∈L
pC1( j1)pC2( j2)MMSEG( j1, j2)

x|v (σ2) = MSELB
x|v(σ

2),

where MMSEG( j1, j2)
x|v (σ2) denotes the MMSE associated with the recovery of the

Gaussian component corresponding to the label ( j1, j2) of the GMM signals given

their linear mixture 2.This leads to the following theorem, providing necessary con-

ditions for reliable separation of source signals.

Theorem 2. Consider the measurement model in (3.1), where the source signals x1,

x2 are drawn from the joint GMM distribution described in Section 3.1. Then, with

probability 1, it holds:

lim
σ2→0

MMSEGM
x|v (σ2) = 0⇒

m≥ r( j1)
x1 + r( j2)

x2 and D
( j1 j2)
x = 0 ∀( j1, j2) ∈L , (3.19)

where D
( j1 j2)
x = dim(Im(Σ

( j1)
x1 )∩ Im(Σ

( j2)
x2 )).

Proof. See appendix B.

To derive the sufficient condition, we work with a suboptimal decoder, classify

and separate, which results in an upper bound on the MMSE associated to GMM

signals denoted by MSECS(σ2) . In particular, our decoder contains two main steps:

2The inequality is the consequence of the optimality of the MMSE estimator for the Gaussian

sources.
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• Classification: the maximum a posteriori (MAP) classifier provides an esti-

mation for the labels (Ĉ1,Ĉ2)

• Separation: a reconstruction for the source signals are obtained by using con-

ditional mean estimator for the Gaussian source associated to class labels

(Ĉ1,Ĉ2).

The analysis of sufficient condition is based on the analysis of the MAP clas-

sifier which is provided in Appendix C. This leads to the following theorem.

Theorem 3. Consider the measurement model in (3.1), where the source signals x1,

x2 are drawn from the joint GMM distribution described in Section 3.1. Then, with

probability 1, it holds:

m > r( j1)
x1 + r( j2)

x2 and D
( j1 j2)
x = 0 ∀( j1, j2) ∈L ,⇒

lim
σ2→0

MMSEGM
x|v (σ2) = 0 (3.20)

Proof. See appendix D.

Theorems 2 and 3 imply that, reliable separation of GMM sources is achievable

only if the spaces spanned by covariances matrices of the source signals, have no

intersection for all possible label pairs (C1,C2). Furthermore, the measurements

extracted from the mixture should be enough to capture the components of both

sources for all Gaussian components. In the following we will provide numerical

results to validate our theoretical findings.

3.5 Numerical Results
In this section, we validate our theory by conducting experiments on synthetic data.

The simulation results show how our theory is able to predict the required number of

measurements for reliable separation correctly. In our simulations, we use random

measurement matrices whose entries are i.i.d., Gaussian random variables with zero

mean and unit variance, which have been normalized so that it holds ΦΦT = I.

We first consider the case where both source signals are drawn from Gaus-

sian distribution as described in (3.2) and (3.4), where the covriainace matrices
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Figure 3.1: MMSE associated with the separation of two Gaussian sources vs. 1/σ2

for different number of random measurements m = 4 to m = 8.

Σx1 ∈Rnx×nx and Σx2 ∈Rnx×nx are generated randomly by Σx1 = P1PT
1 , Σx2 = P2PT

2

where the entries of P1 ∈Rnx×rx1 and P2 ∈Rnx×rx2 are drawn i.i.d from a zero mean

Gaussian distribution.

Fig 3.1 shows the MMSE vs. 1/σ2 for the separation of two Gaussian sources

with dimension nx = 10 and ranks rx1 = rx2 = 3. The number of measurements

varies from m = 4 to m = 8. We observe that the MMSE converges to zero for

m≥ 6 which is in line with our theoretical results stated in Theorem 1.

We now consider a more advanced case where both source signals are drawn

from Gaussian mixture distribution where the Gaussian components are all zero

mean. The covariance matrix of each Gaussian component is generated randomly

as described above where nx = 10. Furthermore, each Gaussian mixture contains

two labels, i.e., J1 = J2 = 2 where for each label rx1 = rx2 = 2.

Fig 3.2 shows the MMSE vs 1/σ2. We report the actual values of the sep-

aration error MMSEGM
x|w (σ2), the lower bound MSELB

x|w(σ
2) and the upper bound

MSECS(σ2) associated to the classify and separate decoder. The results show that
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Figure 3.2: MMSE associated with the separation of two GMM sources vs. 1/σ2

for different number of random measurements m = 3 to m = 6. The actual MMSE

is represented by dashed lines, the CS upper bound is represented by solid lines,

and the lower bound by circled lines.

MSELB
x|w converges to zero for m = 4, however the actual MMSE and the MMSE

associated to classify and separate decoder converge to zero for m = 5. This obser-

vation is in line with the theoretical findings in Theorem 2 and Theorem 3.

3.6 Summary

In this chapter we proposed a new framework for the source separation problem

based on Gaussian mixture model. In particular, we assume that each source signal

is drawn from a Gaussian mixture distribution. We described this model mathe-

matically and explained the motivations behind adopting GMM. Based on GMM

we proposed a practical semi-supervised framework where we proposed to learn

the parameters of model using EM algorithm from a training dataset containing the

samples of source signals.

Furthermore, by capitalizing on this model we characterized the necessary and
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sufficient conditions for reliable blind separation of source signals from observation

of linear mixture. In particular, we showed analytically where we can reconstruct

the source signals and where we cannot. We validated our theoretical results with a

set of simulation results on synthetic data.

By building on our results here, in the next chapter, we study a more advanced

scenario where we assume we have access to two additional signals -called side

information signals- which are correlated with the source signals. We show how

the presence of side information softens the identifiability of the source separation

problem, reduces the required number of measurements for reliable separation and

increases the quality of separation.



Chapter 4

Source Separation Based on GMM in

the Presence of Side Information

There are various scenarios in source separation where one can leverage additional

information often readily available to aid source separation. As introduced in chap-

ter 2, this framework is known as Informed Source Separation (ISS) and has been

the focus of recent works [2, 6, 16, 51]. This often involves leveraging other signals

correlated with the signal of interest to aid the separation process. A concrete recent

example relates to the use of RGB images associated with double sided panels to aid

the separation of the mixture of the X-ray images associated with each individual

panel, as illustrated in Fig. 1.1 [6].

The availability of side information in general inverse problems – beyond

source separation – is indeed known to bring about various benefits. For example,

in the reconstruction of high-dimensional signals from low-dimensional measure-

ments, it is now well-established that the availability of side information can lead

to improved reconstruction accuracy [22, 70, 82–84]. Likewise, in the separation

of mixed signals, it is also known that the availability of side information – again,

in the form of other signals correlated with the signals of interest– can also lead to

better separation accuracy [6]. However, current approaches to source separation

with side information also have various limitations [2, 6, 16, 51] including:

• Performance: Informed source separation approaches such as [5, 6] exhibit

poor separation performance, leading to significant cross-interference be-
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tween the separated sources.

• Complexity: Informed source separation approaches such as [6] also exhibit

high computational complexity, both during the training phase and the testing

phase.

• Guarantees: Current informed source separation approaches also lack sepa-

ration guarantees, i.e. conditions for identifiability of the individual sources

given the mixed one in terms of the underlying properties of the individual

and mixed signals.

• Of particular relevance, there are also various ISS methods that are specif-

ically tailored to concrete applications, such as audio source separation, so

cannot be easily generalized to a wide class of separation problems [2, 16, 51].

Motivated by these limitations, and building upon the approach in the previous

chapter, we propose a new approach to separate linearly mixed signals in the pres-

ence of side information, leveraging a joint Gaussian mixture model (GMM) for the

joint distribution of the source and side information signals.

Our proposed approach can address various limitations associated with previ-

ous approaches:

• First, our method outperforms existing ones such as [5, 6]. This is due in part

to the fact that GMM priors have been shown to deliver outstanding results

in various applications such as image processing [75, 76], video compression

[77] and dictionary learning [69, 78].1

• Second, our method is also less complex than existing ones such as [6]. This

is in turn due to the fact that (1) one can learn a GMM model using very

efficient algorithms such as the expectation maximization (EM) algorithm

[80] or the non-parametric approach described in [81] and (2) one can also

”invert” a GMM model using a closed-form signal separation algorithm.
1 The GMMs can be seen as the Bayesian counterpart of the union-of-subspaces model, where

each subspace corresponds to the image of the (possibly low rank) covariance matrix of each Gaus-

sian component within the GMM [22, 69, 70, 85].
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• Third, our approach is very flexible allowing one to model a wide range of

signals such as patches extracted from natural images and videos, portions

of hyperspectral data cubes, speech features and so on [22, 69, 75]. Note

also that GMM distributions can approximate any distribution with arbitrary

precision (by adding further components to the mixture) [79].

• Finally, GMM models are amenable to mathematical analysis, enabling one

to determine identifability conditions for a wide range of problems [22, 69].

4.1 Proposed Source Separation Approach
Our approach aims to decompose a linear mixture of two signals into its constituents

from a set of linear (possibly compressive) observations:

v = Φ(x1 +x2)+n, (4.1)

where Φ ∈ Rm×nx represents a random linear mixing matrix (operator) drawn from

a rotationally invariant distribution. Note that random projections, as those com-

puted via the observation matrix Φ, have been shown to capture salient features

of natural signals in an efficient way and without requiring adaptation to the spe-

cific application [35, 86]. Moreover, rotationally invariant distributions guarantee

incoherence between the projections and the domain where the signals of interest

have a sparse representation with high probability. This fact leads to the possibil-

ity of guaranteeing stable recovery of the signal of interest from a reduced num-

ber of projections [87]. The vector n is a zero-mean white Gaussian noise, i.e.,

n ∼N (0,σ2Im), where σ2 > 0 represents the noise variance, v ∈ Rm is a vector

representing the noisy mixed signal, and x1,x2 ∈ Rnx are vectors representing the

signals of interest. It is assumed throughout that the number of measurements m

extracted from the linear mixture is such that m < nx.

We also consider that the decoder has access to additional side information

signals

u1 = y1 +n1 (4.2)

u2 = y2 +n2, (4.3)
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where y1 ∈Rny1 is correlated with x1, y2 ∈Rny2 is correlated with x2, and n1 ∈Rny1

and n2 ∈ Rny2 represent zero-mean Gaussian noise, i.e., n1 ∼ N (0,σ2Iny1
) and

n2 ∼N (0,σ2Iny2
). We further assume that (x1,y1),(x2,y2),n1 and n2 are statisti-

cally independent. Note that, although the proposed analysis could be generalized

to the case when side information signals and the mixture are affected by noise with

different variances, in order to simplify the exposition, all noise variances are equal

to the same value σ2.

Given the model in (4.1), (4.2), and (4.3), we now propose a source separation

algorithm that is based on two main ingredients. The first ingredient in our sepa-

ration algorithm involves learning a joint GMM model connecting each individual

signal to the corresponding side information signal, given a number of pairs of sam-

ples of these signals. In particular, we consider the sets of labels I = {1, . . . ,α}

and J = {1, . . . ,β}, where I and J are associated with the pairs (x1,y1) and

(x2,y2), which are formed from the source signals and side information signals,

respectively. Then, we model x1 and y1 via a joint Gaussian mixture distribution,

i.e.,

p(x1,y1) = ∑
i∈I

pI(i)p(x1,y1|I = i), (4.4)

where pI(i), i ∈I is the probability distribution of the label I over the set of values

I and p(x1,y1|I = i) is a multivariate Gaussian distribution

p(x1,y1|I = i) = N (µ(i)
x1y1

, Σ̄
(i)
x1y1), (4.5)

with mean µ
(i)
x1y1 and covariance matrix:

Σ̄
(i)
x1y1 =

 Σ
(i)
x1 Σ

(i)
x1y1

Σ
(i)
y1x1 Σ

(i)
y1

 . (4.6)

Also, conditioned on a particular label value I = i, the vectors x1 and y1 are assumed

to be Gaussian distributed.

In the same way, we also model x2 and y2 via a Gaussian mixture distribution,

i.e.,

p(x2,y2) = ∑
j∈J

pJ( j)p(x2,y2|J = j), (4.7)
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where pJ( j), j ∈J is the probability distribution of the label J over the set of

values J and

p(x2,y2|J = j) = N (µ( j)
x2y2

, Σ̄
( j)
x2y2), (4.8)

with mean µ
( j)
x2y2 and covariance matrix:

Σ̄
( j)
x2y2 =

 Σ
( j)
x2 Σ

( j)
x2y2

Σ
( j)
y2x2 Σ

( j)
y2

 . (4.9)

Also, conditioned on a particular label value J = j, the vectors x2 and y2 are as-

sumed to be Gaussian distributed.

Conditioned on the component labels (I,J) = (i, j) ∈L = I ×J , the joint

distribution of the two source signals x =
[
xT

1 xT
2

]T
and of the two side information

signals y =
[
yT

1 yT
2

]T
follows a Gaussian distribution N (µ

(i j)
xy ,Σ

(i j)
xy ), with mean

µ
(i j)
xy =

[
µ
(i)
x1y1

T
µ
( j)
x2y2

T]T
(4.10)

and covariance:

Σ
(i j)
xy =


Σ
(i)
x1 0 Σ

(i)
x1y1 0

0 Σ
( j)
x2 0 Σ

( j)
x2y2

Σ
(i)
y1x1 0 Σ

(i)
y1 0

0 Σ
( j)
y2x2 0 Σ

( j)
y2

 . (4.11)

These joint GMM models can be easily learned using an EM algorithm.

The correlation between the source signals and the side information signals can

be expressed through the common and innovative components. More specifically,

the joint covariance matrix of the pair (x1,y1) is given by:

Σ̄x1y1 =

 Pcx1PT
cx1

+Pix1PT
ix1

Pcx1PT
cy1

Pcy1PT
cx1

Pcy1PT
cy1

+Piy1PT
iy1

 . (4.12)

where Pcx1 ∈ Rnx×rc1 ,Pix1 ∈ Rnx×rix1 ,Pcy1 ∈ Rny1×rc1 , and Piy1 ∈ Rny1×riy1 .

We denote the matrices modulating the common components of the signal of

interest and side information by Pix1,Piy1 , respectively, and we denote the matrices

modulating the corresponding innovation components by Pix1,Piy1 . The covariance

matrices of the signal of interest, the covariance matrix of the side information and
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the covariance matrix between the source signal and side information signal can be

written as:

Σx1 = Pcx1PT
cx1

+Pix1PT
ix1
, (4.13)

Σy1 = Pcy1PT
cy1

+Piy1PT
iy1
, (4.14)

Σx1y1 = Pcx1PT
cy1

, (4.15)

Σy1x1 = Pcy1PT
cy1

, (4.16)

respectively. Note also that these joint GMM models can be easily learnt using the

Eexpectation Maximization (EM) algorithm [88]. More specifically, on the pres-

ence of enough samples of pairs (x1,y1) and (x2,y2) the mean vectors µx1y1 , µx2y2

and the covariance matrices Σ̄x1y1 , Σ̄x2y2 can be learned for all class labels.

The second ingredient in our source separation algorithm involves leveraging

the GMM to separate the two source signals given the mixed signal and the asso-

ciated side information signals. In particular, we can write the mean-squared error

associated with the recovery of the two individual source signals as follows:

MSEx|v,u1,u2(σ
2) = E

[
‖x− f (v,u1,u2)‖2] , (4.17)

where f (v,u1,u2) represents an estimator delivering an estimate of x1 and x2 given

v,u1 and u2, and, likewise, we can also write the minimum mean-squared error

(MMSE) associated with the recovery of the two signals – where the minimum is

with respect to all possible estimators of x1 and x2 given v,u1 and u2 – as follows:

MMSEx|v,u1,u2(σ
2) = E

[
‖x−E[x|v,u1,u2]‖2] , (4.18)

where E[x|v,u1,u2] corresponds to the conditional mean estimator of x1 and x2

given v,u1 and u2 that can also be written in closed-form as in (4.19)-(4.20) [22, 78].

This conditional mean estimator – which we also adopt to reconstruct the orig-

inal source signals given the mixed signal and the associated side information sig-

nals – has various advantages. It exhibits a computational complexity increasing

linearly with the number of components associated with the joint GMM, involving

only computation of simple algebraic operations and matrix inversion operations
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E[x|v,u1,u2] = ∑
i∈I , j∈J

πI,J(i, j)

µ
(i)
x1

µ
( j)
x2

 +

Σ
(i)
x1 0 Σ

(i)
x1y1 0

0 Σ
( j)
x2 0 Σ

( j)
x2y2

Φ0
T

(Φ0Σ
(i j)
xy Φ

T
0 +σ

2I)−1(w−Φ0µ
(i j)
xy )
)
, (4.19)

where µ
(i)
x1y1 =

µ
(i)
x1

µ
(i)
y1

, µ
( j)
x2y2 =

µ
( j)
x2

µ
( j)
y2

, Φ0 =


Φ Φ 0 0

0 0 Iny1
0

0 0 0 Iny2

, w=


v

u1

u2

, and

πI,J(i, j) =
pI(i)pJ( j)N (w;Φ0µ

(i j)
xy ,Φ0Σ

(i j)
xy ΦT

0 +σ2I)

∑(i, j)∈L pI(i)pJ( j)N (w;Φ0µ
(i j)
xy ,Φ0Σ

(i j)
xy ΦT

0 +σ2I)
. (4.20)

(with the matrices dimensions scaling with m, nx, ny1 , and ny2 , so of moderate size

for standard patch sizes). A few tens of components were shown to be sufficient

to model patches extracted from images or frames of a video [22, 69]. In contrast,

competing approaches such as [6] can exhibit much higher computational complex-

ity.

In summary, our procedure to separate two mixed signals given side informa-

tion involves two main steps:

1. Learning a GMM model connecting each individual signal and the side in-

formation given a number of samples associated with the individual signals

and the side information. Once again, this can be done efficiently using a

well-known EM algorithm [80] or the non-parametric approach described in

[78].

2. Employing a simple conditional mean estimator to recover the two individual

signals given the linear mixture signal and the side information signals. This

can be done via the closed-form expression reported in (4.19)-(4.20).



4.1. Proposed Source Separation Approach 67

4.1.1 Learning a GMM model

In order to learn the GMM priors that will be leveraged to separate the signals of

interest from the observed mixture, we assume that we have access to Nθ samples

of the source signals x1,x2 and the associated side information signals y1,y2. From

these samples, 2Nθ vectors are generated as:

θ
q
1 =

[
(xq

1)
T ,(yq

1)
T
]T

, θ
q
2 =

[
(xq

2)
T ,(yq

2)
T
]T

,

for q = 1, . . . ,Nθ . Then, the vectors {θ q
1}

Nθ

q=1 are used to determine the parameters

of the GMM prior modeling x1 and y1, whereas the vectors {θ q
2}

Nθ

q=1 are used to

determine the parameters of the GMM prior modeling x2 and y2.

First, the number of Gaussian components in each GMM, i.e., the values α and

β , are fixed. Then, the GMM parameters are learned using an EM algorithm [80]

tailored to this problem. Namely, the EM algorithm is applied independently to the

sets of vectors {θ q
1}

Nθ

q=1, and {θ q
2}

Nθ

q=1. In the following, we will provide details of

the application of the EM algorithm to the training set {θ q
1}

Nθ

q=1. Similar steps can

be applied to the training set {θ q
2}

Nθ

q=1.

The EM is an iterative algorithm that starts from some initial estimate of the

parameters and then proceeds to iteratively update the parameters until convergence.

Each iteration consists of two main steps: the expectation step and maximization

step.

• Expectation step: In this step, we use the GMM parameters obtained as output

of the previous iteration of the EM to compute the membership weights cq
i for

all data points θ
q
1 , ∀q ∈ {1, · · · ,Nθ} and for all mixture components ∀i ∈

{1, · · · ,α} (see [80] for details).

• Maximization step: In this step, the calculated membership weights are used

to update the parameter estimates. Let Ni denote the sum of membership

weights for component i, defined as Ni =∑
Nθ

q=1 cq
i . This is the effective number

of data samples associated with component i.

Then, the parameters of the GMM are updated with the following expres-
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sions:

pI(i)←Ni/Nθ (4.21)

µ
(i)
x1y1
←

∑
Nθ

q=1 cq
i θ

q
1

Ni
(4.22)

Σ̄
(i)
x1y1
←

∑
Nθ

q=1 cq
i (θ

q
1 −µ

(i)
x1y1)(θ

q
1 −µ

(i)
x1y1)

T

Ni
. (4.23)

Then, expectation and maximization steps are applied alternatively until conver-

gence and the GMM parameters obtained from the last iteration are retained. The

details of the use of the EM algorithm in the estimation of the GMM models de-

scribing the vectors x1,y1 and x2,y2 are reported in Algorithm 2.

Algorithm 2 Learning Algorithm

Input:{θ q
1}

Nθ

q=1,{θ q
2}

Nθ

q=1, α , β , Niter

Output: Σ̄
(i)
x1y1 , Σ̄

( j)
x2y2,µ

(i)
x1y1,µ

( j)
x2y2, pI(i), pJ( j), ∀(i, j)

Initialization: Initialize pI(i), µ
(i)
x1y1 , Σ̄

(i)
x1y1

, pJ( j), µ
( j)
x2y2 , Σ̄

( j)
x2y2

with values

(pI(i))0, (µ(i)
x1y1)0, (Σ̄(i)

x1y1
)0, (pJ( j))0, (µ( j)

x2y2)0, (Σ̄( j)
x2y2

)0, ∀(i, j)

for n = 1, . . . ,Niter do

Expectation: compute the membership weights cq
i

of θ
q
1 and cq

j of θ
q
2 with the current parameters, ∀(i, j)

Maximization: Update pI(i), µ
(i)
x1y1 , Σ̄

(i)
x1y1

using

(4.21)-(4.23) and update pJ( j), µ
( j)
x2y2 , Σ̄

( j)
x2y2

with

equations akin to (4.21)-(4.23), ∀(i, j)

end for

4.1.2 Separating GMM Signals

The separation algorithm takes as input the observation vectors v,u1,u2, the pro-

jection matrix Φ, and the GMM parameters, which are assumed to be known by the

decoder. The algorithm gives as output the estimates of the signals of interest x1

and x2. The pseudo code of the separation algorithm is detailed in Algorithm 3.
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Algorithm 3 Separation Algorithm

Input: v,u1,u2,Φ,Σ
(i j)
xy ,µ

(i j)
xy , pI(i), pJ( j), ∀(i, j) ∈L

Output: E[x|v,u1,u2]

for ∀(i, j) ∈L do

Find the posterior probability of each component

label given the observation vector πI,J(i, j) from (4.20)

end for

Compute the estimate E[x|v,u1,u2] using (4.19)

4.2 Proposed Separation Approach: Identifiability

Conditions
Our proposed separation approach also comes with identifiability guarantees. In

particular, we now consider both necessary and sufficient conditions for

lim
σ2→0

MMSEx|v,u1,u2(σ
2) = 0, (4.24)

entailing reliable separation of both source signals in the sense that the individual

MMSEs associated with the reconstruction of x1 given v, u1, and u2 and the recon-

struction of x2 given v, u1, and u2 approach zero in the asymptotic regime where

σ2 → 0. This asymptotic regime is relevant in many practical signal and image

processing scenarios where the variance of noise can be considered to be −60 dB

or less [69]. We also consider that the relevant signals obey (exactly) the GMM

models in (4.4)-(4.6) and (4.7)-(4.9). Note that the analysis of the separation error

induced by the process of learning signal and side information distributions is not

considered in this work. In fact, when a sufficient number of training samples is

available, the adopted GMM distributions are shown to approximate any distribu-

tion with arbitrary precision, by adding the appropriate number of components to

each mixture [79].

The identifiability conditions are expressed in terms of the number of mea-

surements m and quantities that are related to the geometry of the signals and the

measurement matrix. In particular, we will be using the following quantities:
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• r(i)x1 = rank(Σ(i)
x1 ) represents the dimension of the subspace spanned by the

source signal x1 and r(i)y1 = rank(Σ(i)
y1 ) represents the dimension of the subspace

spanned by the side information signal y1, identified by component labels

I = i.

• r( j)
x2 = rank(Σ( j)

x2 ) represents the dimension of the subspace spanned by the

source signal x2 and r( j)
y2 = rank(Σ( j)

y2 ) represents the dimension of the sub-

space spanned by the side information signal y1, identified by component

labels J = j.

• r(i)x1y1 = rank(Σ̄(i)
x1y1) represents the dimension of the subspace spanned collec-

tively by the source signal x1 and the side information signal y1, identified by

the labels I = i.

• r( j)
x2y2 = rank(Σ̄( j)

x2y2) represents the dimension of the subspace spanned collec-

tively by the source signal x2 and the side information signal y2, identified by

the labels J = j.

• r(i j)
xy = rank(Σ(i j)

xy ) represents the dimension of the subspace spanned collec-

tively by the source signals and the side information signals identified by the

component labels (I,J) = (i, j). The superscripts are dropped when the re-

sults hold for all possible choice of labels or when the meaning is clear from

the context.

Such conditions are also provided for the scenario where the covariance ma-

trices Σ
(i)
x1 , Σ

(i)
y1 , Σ

(i)
x1y1 , Σ

( j)
x2 , Σ

( j)
y2 and Σ

( j)
x2y2 have low rank, smaller than or equal to

the ambient dimensions. Moreover, the images of the covariance matrices corre-

sponding to different Gaussian components are assumed to be drawn from random

ensembles. Namely, on recalling the definition of a Grassmann manifold as the

space of all k-dimensional linear subspaces of a given ambient linear space [89], we

assume that the ranges of the covariance matrices are subspaces drawn from a con-

tinuous distribution defined over the corresponding Grassmann manifold. Note that

the assumption on the subspaces associated with covariance matrices is plausible as
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it reflects well the behaviour of many real data ensembles for various applications

such as face recognition, digits classification, etc. [90]. Moreover, it simplifies the

statement of some of our theoretical results.

The identifiability conditions for GMM signals build upon identifiability con-

ditions for Gaussian signals. We therefore treat each case separately, denoting the

MMSE associated with the separation of Gaussian signals by MMSEG
x|v,u1,u2 and

the MMSE associated with GMM signals by MMSEGMM
x|v,u1,u2 .

The theoretical results in the next sections are based on the following Lemma,

which states the geometrical interplay between the measurement matrix Φ0 and the

covariance matrices of source and side information signals

Lemma 4.2.1. Consider the following compact notation for the measurement model

in (4.1)-(4.3):

w = Φ0s+n0, (4.25)

where n0 ∼N (0,σ2Im+ny1+ny2
) and,

Φ0 =


Φ Φ 0 0

0 0 Iny1
0

0 0 0 Iny2

 , s =

x

y

 , w =


v

u1

u2

 . (4.26)

Let Σxy be the matrix defined in (4.11), and Φ0 be the matrix defined in (4.26)

where Φ ∈ Rm×nx is a random matrix drawn from a rotationally invariant distribu-

tion. Then, with probability one, the rank of the matrix Φ0Σxy is given by:

r = min{rxy−Dx|y,m+ ry1 + ry2}, (4.27)

where

Dx|y = dim(Im(Σx1|y1)∩ Im(Σx2|y2)) (4.28)

.

Proof. See Appendix E.
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4.2.1 Gaussian Signals

We first consider conditions for reliable separation of Gaussian distributed signals

in the presence of side information.

Theorem 4. Consider the measurement model in (4.1)-(4.3), where (x1,y1) and

(x2,y2) are drawn from the joint Gaussian distributions described in (4.5) and (4.8),

respectively, and (x1,y1) and (x2,y2) are statistically independent. Then, with prob-

ability one, it holds:

lim
σ2→0

MMSEG
x|v,u1,u2

(σ2) = 0 ⇐⇒

m≥ rxy− ry1− ry2 and Dx|y = 0, (4.29)

where

Dx|y = dim(Im(Σx1|y1)∩ Im(Σx2|y2))

and

Σx1|y1 = Σx1−Σx1y1Σ
†
y1

Σy1x1 ,

Σx2|y2 = Σx2−Σx2y2Σ
†
y2

Σy2x2.

Proof. See Appendix F.

Remark 4.2.2. In the case where side information is not available, i.e., y1 = y2 = 0,

irrespective of the number of measurements, reliable separation of the source signals

is only feasible provided that the range spaces associated to the source signals have

no overlap, i.e.,

Dx = dim(Im(Σx1)∩ Im(Σx2)) = 0.

Under this condition, rx1 + rx2 measurements are necessary and sufficient to drive

the MMSE to zero in the low-noise regime.

Interestingly, Theorem 4 shows that the presence of side information not only

reduces the number of measurements, necessary and sufficient for reliable separa-

tion, but equally importantly also relaxes the condition on the interaction between
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the subspaces associated with the two source signals. More intuitively, given that

the dimension of the subspaces associated with the source signals conditioned on the

side information can shrink, we can still reliably separate the source signals given

the side information provided the “conditioned” subspaces do not overlap even if

the original ones do (as suggested by the conditions in (4.29)).

Moreover under condition Dx|y = 0, Theorem 4 shows that we can reliably

separate the source signals in the presence of the side information, provided that

we observe at least rxy− ry1 − ry2 measurements extracted from the mixture, i.e.,

the dimension of the projected mixture is equal to or greater than the sum of the

dimensions of two spaces spanned by components of the source signals which are

most uncorrelated with respect to side information signals.

In other terms, when side information is available to the decoder, this can be

effectively used to extract all information contained in such signals that is corre-

lated with the signals of interest. Therefore, reliable separation in the presence of

side information is achieved when the projections of the components of the source

signals which are most uncorrelated with the corresponding side information do not

overlap.

4.2.2 GMM Signals

We now consider conditions for reliable separation of GMM signals in the presence

of side information. In this case, the analysis challenge relates to the absence of

closed-form expressions for the MMSE in (4.18) associated with GMM sources.

Therefore, to derive necessary conditions, we will be working with the following

MMSE lower bound, which we denote by MMSELB
x|v,u1,u2

(σ2), which is given by:

MMSEGMM
x|v,u1,u2

(σ2) = E
[
‖x−E[x|v,u1,u2]‖2]

= ∑
(i, j)∈L

pI(i)pJ( j) E
[
‖x−E[x|v,u1,u2]‖2|I = i,J = j

]
≥ ∑

(i, j)∈L
pI(i)pJ( j) MMSEG(i, j)

x|v,u1,u2
(σ2)

= MMSELB
x|v,u1,u2

(σ2),
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where MMSEG(i, j)
x|v,u1,u2

(σ2) represents the MMSE associated with the recovery of

the Gaussian component corresponding to the label (i, j) of the GMM signal given

the measurements of the linear mixture and given the side information. The inequal-

ity is the consequence of the optimality of the MMSE estimator for the Gaussian

sources and side information. The analysis of the MMSE lower bound leads imme-

diately to the following theorem.

Theorem 5. Consider the measurement model in (4.1)-(4.3), where the source sig-

nals x1, x2 and the side information signals y1, y2 are drawn from the joint GMM

distribution described in Section 4.1. Then, with probability one, it holds:

lim
σ2→0

MMSEGMM
x|v,u1,u2

(σ2) = 0⇒

m≥ r(i j)
xy − r(i)y1 − r( j)

y2 (4.30)

and D
(i j)
x|y = 0 ∀(i, j) ∈L , (4.31)

where

D
(i j)
x|y = dim(Im(Σ

(i)
x1|y1

)∩ Im(Σ
( j)
x2|y2

))

and

Σ
(i)
x1|y1

= Σ
(i)
x1 −Σ

(i)
x1y1Σ

(i)
y1

†
Σ
(i)
y1x1,

Σ
( j)
x2|y2

= Σ
( j)
x2 −Σ

( j)
x2y2Σ

( j)
y2

†
Σ
( j)
y2x2.

Proof. See appendix G.

In turn, to derive sufficient conditions, we will be working with an MMSE

upper bound, MSECS(σ2), associated with a specific two-step classify and separate

(CS) decoder. The upper bound is due to the sub-optimality of the classify and

separate decoder, which means that, due to the definition of the MMSE, it holds

MMSEGMM
x|v,u1,u2

(σ2)≤MSECS(σ2).

The CS decoder operates in two main steps as follows:

1. Classification step: In the first step, an estimate (Î, Ĵ) of the component labels

associated to the source signals and side information signals is obtained via
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the maximum a posteriori classifier:

(Î, Ĵ) = arg max
(i, j)∈L

p(I = i,J = j|w)

= arg max
(i, j)∈L

pI,J(i, j) p(w|I = i,J = j).

2. Separation step: In the second step, an estimate x̂ of the vector x is obtained

using the Gaussian conditional mean estimator associated to the Gaussian

component with labels (Î, Ĵ):

x̂(ÎĴ)(w) = µ
(ÎĴ)
x +W(ÎĴ)

x (w−Φ0µ
(ÎĴ)
xy )

where

µ
(ÎĴ)
x =

[
µ
(Î)
x1

T
µ
(Ĵ)
x2

T]T

and

W(ÎĴ)
x =

Σ
(Î)
x1 0 Σ

(Î)
x1y1 0

0 Σ
(Ĵ)
x2 0 Σ

(Ĵ)
x2y2

Φ
T
0

· (σ2I+Φ0Σ
(ÎĴ)
xy Φ

T
0 )
−1.

The analysis of the MMSE upper bound leads to the following theorem.

Theorem 6. Consider the measurement model in (4.1)-(4.3), where the source sig-

nals x1, x2 and the side information signals y1, y2 are drawn from the the joint GMM

distribution described in Section 4.1. Then, with probability one, it holds:

m > r(i j)
xy − r(i)y1 − r( j)

y2 (4.32)

and D
(i j)
x|y = 0 ∀(i, j) ∈L ⇒ (4.33)

lim
σ2→0

MMSEGMM
x|v,u1,u2

(σ2) = 0

Proof. See appendix H.1.
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The results from Theorems 5 and 6 state that, in order to achieve reliable sep-

aration, the spaces spanned by conditional covariances, i.e., the space spanned by

signal components which are not correlated with the side informations, ought to

have no intersection for all possible label pairs (I,J). Moreover, the measurements

extracted from the mixture should be enough to capture the components of source

signals which are not correlated with the side informations for all Gaussian compo-

nents.

Notably, the provided conditions for reliable separations are tight, as the nec-

essary conditions are only one measurement away from the sufficient conditions. In

other terms, when using the proposed sufficient conditions for reliable separation to

gauge the number of measurements m used for a given separation problem, the pro-

vided analysis guarantees that such number differs at most one measurement from

the optimal solution.

4.3 Numerical Results

We now provide results with synthetic data showcasing the interplay between the

number of linear measurements from the mixture and the properties of the individ-

ual components of the mixture impact on the quality of separation. In particular,

these results also demonstrate that our theory is able to predict the number of linear

observations required for reliable separation.

In our simulations, we use random measurement matrices whose entries are

i.i.d., Gaussian random variables with zero mean and unit variance, which have

been normalized so that it holds ΦΦT = I.

We assume that the joint distribution of (x1,y1) and the joint distribution of

(x2,y2) are modeled via a zero-mean Gaussian mixture model. Conditioned on a

component labels i or j, the covariance matrices for the pairs source signal and side

information signal are generated according to the model adopted in [22], where the

correlation between any two Gaussian vectors is expressed in terms of a common

component and innovation components. In the following description, in order to

simplify notation, superscripts are dropped, as the covariance matrix construction
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is repeated similarly for all labels i. Then, on denoting by Pcx1,Pcy1 the matrices

modulating the common components of the signal of interest and side information,

respectively, and by Pix1 ,Piy1 the matrices modulating the corresponding innova-

tion components, the covariance matrices of the signal of interest and the side in-

formation can be written as Σx1 = Pcx1PT
cx1

+Pix1PT
ix1

and Σy1 = Pcy1PT
cy1

+Piy1PT
iy1

,

respectively. Moreover, the joint covariance matrix of the pair (x1,y1) is given by:

Σ̄x1y1 =

 Pcx1PT
cx1

+Pix1PT
ix1

Pcx1PT
cy1

Pcy1PT
cx1

Pcy1PT
cy1

+Piy1PT
iy1

 . (4.34)

The matrices Pcx1 ∈ Rnx×rc1 ,Pix1 ∈ Rnx×rix1 ,Pcy1 ∈ Rny1×rc1 , and Piy1 ∈ Rny1×riy1

have i.i.d., zero-mean, Gaussian entries. Therefore, the corresponding ranks are,

with probability one, rx1 = min{nx,rc1 + rix1},ry1 = min{ny1,rc1 + riy1}, and rx1y1 =

min{nx + ny1,rc1 + rix1 + riy1}. A similar construction is adopted to generate the

joint covariance matrices for (x2,y2).

We start with the case in which the joint distribution of (x1,y1) and the joint

distribution of (x2,y2) are modeled via a single, zero-mean Gaussian distribution,

i.e., α = β = 1.

Fig. 4.1 shows the MMSE vs. 1/σ2 for the separation of two Gaussian sources

with dimensions nx1 = nx2 = 10 and ranks rx1 = rx2 = 3, i) without side information

and ii) in the presence of side information signals with dimensions ny1 = ny2 = 10

and ranks ry1 = ry2 = 3, where rx1y1 = rx2y2 = 5. The number of measurements are

varied from m = 3 to m = 6. We observe that the MMSE converges to zero in the

low-noise regime when m ≥ 6 for Gaussian sources without side information. On

the other hand, in the presence of side information, reliable separation is achieved

when m≥ 4, as predicted by the theoretical results presented in Theorem 4.

Fig. 4.2 shows the MMSE associated with the separation of two-components

GMM signals, i.e., α = β = 2, with dimensions nx1 = nx2 = 10, in the pres-

ence of side information where rx1y1 = rx2y2 = 6, rx1 = rx2 = 4 and ry1 = ry2 = 4

for all component labels. We report the actual values of the separation error

MMSEGMM
x|v,u1,u2

(σ2), the lower bound MMSELB
x|v,u1,u2

(σ2) and the upper bound

MSECS(σ2) associated to the classify and separate decoder. We observe that reli-
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Figure 4.1: MMSE associated with the separation of two Gaussian sources vs. 1/σ2

for different number of random measurements m = 3 to m = 6. The MMSE for the

separation without side information is represented by dashed lines and the MMSE

for the separation with side information is represented by solid lines.

able separation is achieved with m = 4 for the lower bound, the upper bound and the

actual MMSE, although the curves offsets are slightly different. The fact that both

upper and lower bounds approach zero with the same number of measurements re-

lates to the performance of the MAP classifier in the presence of side information.

More specifically, when we fully observe the side information and the associated

subspaces are distinguishable, the classification can be reliably performed based

on the side information, regardless of m. In this case, the MMSE associated to the

classify and reconstruct decoder perfectly captures the features of the actual MMSE.

Then, it is possible to observe that the results reported in Fig. 4.2 indicate that the

theory presented in Section 4.2 allows to gauge the number of observation of the

linear mixture required to obtain reliable separation.
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Figure 4.2: MMSE associated with the separation of two GMM sources vs. 1/σ2

for different number of random measurements m= 2 to m= 6. The actual MMSE is

represented by solid lines, the CS upper bound is represented by circled solid lines,

and the lower bound by dashed lines. The lines corresponding to the actual MMSE,

the CS upper bound and the lower bound are almost completely overlapping over

the considered noise range.

Figure 4.3: Images from single sided panels of the Ghent Altarpiece. The first row

shows the visual images and the second row showsthe corresponding X-ray images.
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4.4 Application: Separation of Super-Imposed X-ray

Images Given RGB side information
We finally use our algorithm to address an image separation problem arising in the

context of the well-known Ghent Altarpiece [6]. We approach this problem using

our proposed method. In particular, our goal is to decompose a vector v representing

a patch of size 8×8 corresponding to the X-ray mixture image onto two vectors x1

and x2 representing patches of size 8× 8 corresponding to the X-ray images of

each side, given vectors u1 and u2 relating to the corresponding patches from the

RGB scans of each side. Note that, in this set of experiments, the mixture is fully

observed, i.e., Φ = I.

Concretely, we first learn a GMM model to describe the pairs of vectors (x1,y1)

and (x2,y2) with α = β = 15. This joint GMM model is learned from 8 image

pairs – each consisting of one X-ray scan and the corresponding visual scan – taken

from single-sided panels of the Ghent Altarpiece using an EM algorithm [88].

Samples of images taken from signle sided panels are shown in Fig.4.3. Stability

of the chosen EM procedure is guaranteed by forcing the covariance matrices in

the GMM to be approximately low rank with the introduction of a small diagonal

perturbation.2

We then use such GMM model to separate the mixed x1 and x2 from their

superposition given u1 and u2 using the conditional mean estimator appearing in

(4.19)-(4.20). This process is also repeated for every patch – where each two adja-

cent patches are overlapping by 4 pixels – enabling us to separate the mixed X-ray

image onto its constituents. It is important to mention that the images used as train-

ing and test sets have been registered (aligned) using multi-modal image registration

algorithms [92].

The results obtained with the proposed algorithm are depicted in Fig. 4.5 and

Fig. 4.4. We also compare the separation results of the proposed algorithm against

those achieved with a state-of-the-art algorithm in separating X-ray images which

2Note that the analysis carried out for exactly low-rank GMM models can be shown to provide

valuable information in determining the behavior of approximately low-rank data [85, 91].
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Table 4.1: Running time comparison.

Algorithm Train time Test time

CDL 1.5e+5s 1.1e+4s

GMM 1.65e+3s 5.03s

uses coupled dictionary learning [6] and MCA [5]. For both the proposed algorithm

and the method in [6], training data are obtained by extracting 8× 8 patches from

the same images.

We follow the setting in the original work on the same dataset [6], where we

set the number of sparse common component to 10, the number of sparse innovative

components to 8, and the number of each dictionary atoms to 256. We report the

best performing multi-scale approach which recursively decomposes the X-ray and

visual images into low and high pass bands. The high frequency component of the

mixed X-ray image at each scale is then separated patch-by-patch. It is worth men-

tioning that, as opposed to the results reported in [6], we do not remove the crack

patterns from the painting images for any of the algorithms. For MCA algorithms –

which do not take advantage of the availability of the RGB images associated with

each side of the panel – we use fixed curvelet and wavelet dictionaries.

Although a third-party evaluation has not been considered in the comparison,

a visual analysis of the results reported in Fig. 4.4 and Fig. 4.5 suggests that the

proposed algorithm outperforms the other two algorithms in capturing some fine

details of the images (e.g., eye lashes). Moreover, the proposed algorithm is not

affected by the smoothing effect which appears for the algorithms based on the

coupled dictionary learning and MCA.

It is also interesting to observe that the proposed method offers significant ad-

vantages in terms of computational complexity, both during the training and testing

phases. Table 4.1 displays the train and test time of the proposed algorithm (re-

ferred as GMM) in comparison to coupled dictionary learning algorithm (referred

as CDL), where one obtains over 100-fold improvements during the training phase

and over 1000-fold gain during the testing phase. This is due to the efficiency of the
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Figure 4.4: Comparison between the results generated with the proposed new algo-

rithm and the preceding state-of-the-art results for a detail of the Adam panel: (a) the

mixed X-ray; (b) the RGB images from each side of the panel (before conservation)

corresponding to the X-ray detail ; (c) reconstructed X-ray images produced by the

GMM algorithm; (d) reconstructed X-ray images produced by [5]; (e) reconstructed

X-ray images produced by Coupled Dictionary Learning [6].

EM algorithm in comparison to coupled dictionary learning in the training phase.

Also, in test phase the GMM algorithm exploits an efficient closed form expres-

sion as opposed to CDL which uses an iterative algorithm to solve a regularized

optimization problem. Both algorithms have been implemented in Matlab and have

been run on the same machine with 12 CPU cores. The reported test time is mea-

sured on separating a mixture of X-ray images of size 256×256.

Finally, due to the lack of ground truth data, it is also of interest to evaluate

the performance of our algorithm quantitatively. We have thus generated simulated

mixtures using the available training data taken from single sided panels. In par-

ticular, we extract 6 image patches of size 256× 256, from the X-ray images of

single sided panels, depicting content similar to the images in Fig. 4.3, i.e, 6 image

patches visualizing part of a face and 6 images patches visualizing a piece of fab-
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Figure 4.5: Comparison between the results generated with the proposed GMM al-

gorithm and the preceding state-of-the-art results for a detail of the Eve panel: (a)

the mixed X-ray; (b) the RGB images from each side of the panel (before conserva-

tion) corresponding to the X-ray detail ; (c) reconstructed X-ray images produced

by the GMM algorithm; (d) reconstructed X-ray images produced by [5]

ric. We then assessed the separation performance of the proposed algorithm against

the coupled dictionary algorithm [6] by measuring the peak-signal-to-noise-ratio

(PSNR) and structural similarity index metric (SSIM). The results are reported in

Table 4.2. Compared to the state-of-the-art coupled dictionary learning algorithm,

the proposed algorithm provides a considerably better separation quality both in

terms of PSNR and SSIM except for simulated Mixtures 5 and 6. This could be

due to the fact that the images in mixture 5 and mixture 6 have less high frequency

components.
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4.5 Summary
In this chapter, we have proposed a new approach to source separation with side

information. More specifically, We proposed a new framework to source separation

with side information leveraging GMM modelling of both the individual source

signals of interest and the side information signals.

By capitalizing on this model we provided a characterization of necessary and

sufficient conditions for reliable separation of source signals from a linear mixture

in the presence of side information. In particular, we analytically showed how the

presence of side information softens the identifiability of the source separation and

reduces the required number of measurements for reliable separation. We validate

our theoretical results with a set of numerical experiments on synthetic data.

Furthermore, we proposed an efficient practical algorithm for the source sepa-

ration problem which is based on closed form solution of the problem. We applied

our proposed algorithm to application of X-ray image separation in art investiga-

tion where we evaluated the performance of our proposed algorithm against other-

state-of-the-art algorithms. Our proposed approach exhibits various advantages in

relation to other source separation algorithms leveraging the availability of side in-

formation, including superior separation performance, training time, and testing

time.



Chapter 5

Deep Learning Algorithm for Source

Separation with Side Information

In this chapter, we propose a different approach to the X-ray image separation prob-

lem with side information arising in art investigation considered in the previous sec-

tion. In particular, we introduce a novel framework for source separation based on

deep learning which learns a mapping from the side information signals (RGB Im-

ages) to the source mixture (X-ray mixture image). This is achieved by designing a

new objective function for the source separation problem which removes the need

for annotated data.

We first introduce the X-ray image separation arising in the context of art in-

vestigation in more details. Then we explain the ethos of our algorithm and detail

its implementation for X-ray image separation. Finally, we show the results of our

algorithm and its comparison to other state-of-the-art algorithms in X-ray image

separation.

5.1 X-ray Image Separation in Art Investigation
This chapter deals with an image processing task arising in the context of the paint-

ing The Adoration of the Mystic Lamb, painted in 1432 by the brothers Hubert and

Jan Van Eyck, and more commonly known as the Ghent Altarpiece, shown in Figure

5.1. This piece is one of the most admired and influential paintings in the history of

art, showcasing the Van Eyck brothers’ unrivalled mastery of the oil painting tech-
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Figure 5.1: The Ghent Altarpiece closed (left, shown after conservation) and open

(right, shown before conservation; for these panels, conservation is ongoing and

images after conservation are not available yet). The bottom left panel of the open

left wing has been missing since its theft almost a century ago. (Image courtesy

of KIK-IRPA; copyright for these and other unprocessed Ghent Altarpiece (detail)

images: Ghent, Kathedrale Kerkfabriek, Lukasweb.)

nique [93, 94]. Over the centuries, the monumental polyptych (350×470 cm when

open) has been prized for its stunning rendering of different materials and textures

and its complex iconography. Originally, the polyptych consisted of four central

panels and then two wings each consisting of four panels painted on both sides so

that entirely different sets of images and iconography could be seen depending on

whether or not the wings were open (for example on Feast days). This paper fo-

cuses on two of the double-sided panels, depicting Adam and Eve on the interiors

(and with the Annunciation and interior scenes on the outside).

Since 2012, this world-famous masterpiece has been undergoing a painstaking

conservation and restoration campaign being undertaken by the Belgian Royal In-

stitute for Cultural Heritage (KIK-IRPA). This treatment is being supported by an

extensive research project employing a diverse range of imaging and analytical tech-

niques to inform and fully document the treatment as well as provide new insights

into the materials and techniques of the Van Eyck brothers and support art histor-

ical research. This on-going project and the majority of the reports and resources
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it is generating, including high-resolution images of each panel, acquired using a

range of different modalities (high-resolution visible images, high-resolution in-

frared photographs, infrared reflectographs, and X-radiographs), are fully accessible

via the Closer to Van Eyck website (http://closertovaneyck.kikirpa.

be/ghentaltarpiece/#home).

Of particular relevance, X-radiographs (X-ray images) are a valuable tool dur-

ing the examination and restoration of paintings, as they can help establish the con-

dition of a painting (e.g., whether there are losses and damages that may not be

apparent at the surface, perhaps because of obscuring varnish or overpaint layers

or structural issues or cracks in the paint) and the status of different paint passages

(e.g., help to identify retouchings or fills) [95]. X-ray images can also be valuable

in providing insights into an artist’s technique and working method and how they

have employed and built up different paint layers or about the painting support (e.g.

type of canvas or the construction of a canvas or panel). In some cases, it may also

be possible to get some idea of the materials used (e.g., distinguish pigments based

on elements of a high atomic number like lead from pigments like ochres or lake

pigments which contain elements of a low atomic number).

However, interpreting X-ray images can be problematic. The attenuation of X-

rays (and thus the brightness of the resulting region) depends not just on the atomic

number of the material but also its physical thickness. A further challenge is the

fact that X-ray images are 2D representations of 3D objects. Whilst paintings are

generally quite thin and flat, features at the front, back or even within the painting

will all appear in the radiograph. Thus, for example, the structure of the support (so

canvas weave, wood grain or fixings used) will be visible as will cradles or stretcher

bars [96, 97]. If the support is painted on both sides or if the design has been altered

by the artist or a support has been reused, all of the images (or stages of development

of an image) are visible overlaid or ‘blended’ together. In our case, the X-ray images

of the Adam and Eve double-sided panels present a mixture of information from

each individual side of the panels, impairing the ability of conservators to ”read”

them (see Figure 1.1).

http://closertovaneyck.kikirpa.be/ghentaltarpiece/#home
http://closertovaneyck.kikirpa.be/ghentaltarpiece/#home
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The challenge set forth in this chapter is the separation of the mixed X-ray

images from the double-sided panels into separate X-ray images of corresponding

(imagined) “one-sided” paintings. More generally, we propose an approach for the

source separation with side information. That is, we assume that we have some

prior knowledge (not necessarily accurate) regarding the individual mixed sources;

in this chapter, it is in the form of other images correlated with the mixed ones.

In contrast to the previous approaches, we propose a self-supervised frame-

work. This scheme posits access to a collection of signals, which are correlated

with the source signals, as well as the mixed signal. In our case, in order to separate

the mixed X-ray image into reconstructed X-ray images of each side, we train a

deep neural network, leveraging the availability of: (i) the visible RGB image asso-

ciated with the front of the panel as well as (ii) that associated with the rear of the

panel and (iii) the mixed X-ray image.

Unlike other studies that train neural networks on large annotated data-sets,

and then utilize the network to solve some specific task, here labeled training data is

not available, due to the nature of the problem at hand. Instead of having large sets

of labeled data to learn from, we use high-resolution images (allowing for the cre-

ation of a large number of input patches) and train the network based upon implicit

labeling; i.e. the mixed X-ray image. Explicitly, we fit a Convolutional Neural Net-

work (CNN) model, which takes the standard visual imagery (RGB images) as input

and generates two separated X-ray images as output. The learning process is done

through minimizing the differences between (a) the sum of the reconstructed X-ray

images and (b) the original mixed X-ray image; hence we call it self-supervised (for

more details please see the Materials and Methods section).

A number of approaches had already been explored in recent years to attempt

to separate mixed X-ray images, relying on RGB images associated with double-

sided paintings [6, 98]. These approaches – taking advantage of sparse signal and

image processing techniques – had some partial success, with the main features

from the front and rear sides appearing on the respective separated X-ray images.

However, in those earlier results, both proposed reconstructed X-ray images con-



5.2. Materials and Methods 90

tinued to contain elements that clearly belong to the other side (e.g., see Figure 5.5

columns d and e). It, therefore, appears that state-of-the-art approaches in signal

and image processing to date were unable to tackle satisfactorily this X-ray image

separation task.

5.2 Materials and Methods
In this section we detail our algorithm and its implementation as well as the dataset.

5.2.1 Data and definitions

In the experiments performed, we have attempted to separate mixed X-ray images

of two details taken from two-sided panels of Adam and Eve of the Ghent Altarpiece

(see Figure 1.1). We denote henceforth the details corresponding to Adam and Eve

as detail 1 and detail 2 respectively. The resolution of both the X-ray and RGB

images of detail 1 and 2 are 604× 331 and 852× 630 pixels (see Figures 5.3 and

5.4 column a) respectively. As a pre-processing step, we have performed histogram

stretching for the mixed X-ray images (this same procedure has been applied to all

of the results presented in the article so that we would have a common ground for

evaluation).

Let S denote a double-sided painting detail and let y1,y2 be two RGB images

portraying the two sides of S. Let x denote the X-ray image of the panel which

encompasses information of the drawing from both sides of S. Because of the at-

tenuation of X-rays as they pass through the support, x is a nonlinear combination

of both sides of the panel. However, the effect is slight since the paint layer is rather

thin and the panel almost transparent for the X-ray frequency used, and can, there-

fore, be neglected by using a first-order approximation (amounting to restricting to

the first term of the Taylor expansion). Accordingly, we model the observed X-ray

x as the direct sum of two X-ray images x1 and x2:

x = x1 +x2, (5.1)

where x1,x2 are the theoretical individual x-ray images corresponding to detail 1and

detail 2. Our overarching goal is to recover the individual x-ray images x1 and x2

given the mixed x-ray image x and the individual RGB images y1 and y2
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5.2.2 First approach – Self-supervised Neural Network

In our initial attempt, we designed a self-supervised Neural Network that learns

how to convert (approximately) an RGB image onto an X-ray image. Figure 5.2

depicts a high-level abstraction of this proposed approach. Explicitly, our approach

is based upon the following principles:

1. The function fx(·) : yk → xk maps the visual image associated with detail k

onto the corresponding x-ray image.

2. The function fx is implemented using a Convolutional Neural Network.

3. The function is being learned by minimizing

‖x− ( fx(y1)+ fx(y2))‖2
F (5.2)

so that conceptually the mapping fx(·) : yk→ xk is converting an RGB image

onto a corresponding X-ray in such a way that the linear superposition of the

generated X-ray images corresponds to the available mixed X-ray.

4. The input corresponds to patches taken from y1,y2 and the self-supervision is

achieved through optimizing fx with respect to the counterpart patch from x.

The original images y1,y2,x were taken as a collection of 64×64 patches with

an overlap of 52 pixels resulting overall in roughly 966 and 3168 patch-triplets for

detail 1 and 2 respectively.

That is, the input data is organized as RGB patches {(y j
1,y

j
2)}N

j=1 ⊂64×64×3

×64×64×3 with the corresponding target patches {x j}N
j=1 ⊂64×64×1. We then con-

structed a 7-layer Convolutional Neural Network along with batch normalization

and ReLU activation layers in between each of these layers. The structure of the

proposed network has been inspired by the structure of Pix2Pix, which is an accept-

able design for image-to-image translation using conditional adversarial network

[99]. Since, its release, the Pix2Pix network model has attracted the attention of

many internet users including artists 1. In our case, due to the lack of training data,

1https://ml4a.github.io/guides/Pix2Pix/

https://ml4a.github.io/guides/Pix2Pix/
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we were unable to perform supervised adversarial training. Hence, we utilized only

the generator network and after experimenting with various structures, we observed

that using only the encoder part of the generator provides the best reconstruction

for X-ray images. Furthermore, our model deliberately over-fits the data as we are

training and testing with the same dataset (i.e. a self-supervised learning). There-

fore, we avoid using any sort of regularizer in the network structure.

For each of the seven convolutional layers (denoted by l1, l2, . . . , l7) we perform

convolution with masks {Mk,i}Ni
k=1, where the size of each mask is 5× 5×Ni−1.

Accordingly, the output of each of these layers would be Ni patches of size 64×64.

We used N0 = 3, as the input layer comprises RGB color patches; for i = 1,2,3

we used Ni = 128 , and for i = 4,5,6 we used Ni = 256; finally in the final layer,

providing the reconstructed X-ray, N7 = 1, in order to achieve a single 64×64 patch

as the final outcome (see the network architecture on Figure 5.2). Explicitly, given

an input patch p ∈64×64×3 then the output of the layers is defined as

li,k = M1,k ∗ li−1 + ci,k , ∀k = 1, ...Ni, (5.3)

where li ∈64×64×Ni−1 comes from stacking the li,k after batch normalization and

activation, l0 = p, and ci,k is a bias scalar valued parameter.

The learning process of the Neural Network aims at finding the most fitting en-

tries of {Mk,i}Ni
k=1 as well as ci,k. The optimization of these parameters, with respect

to the cost function of Equation (5.2), has been done through random initialization

and performing 300 iterations of Stochastic Gradient Descent. A schematic drawing

of the Neural Network architecture is shown in Figure 5.2.

As a result of the network’s design, the resolution of the output images is the

same as that of the input images. As can be seen in Figures 5.3 and 5.4 column b,

the results yielded by this process gave a seemingly clean reconstruction of x1 and a

significantly worse reconstruction of x2. However, even this result already improved

upon other techniques designed to deal with the same problem (see for Figures 5.5

and 5.6). In order to check how faithful the reconstruction is to the mixed X-ray, we

have measured the mean squared error of the difference between the original mixed

X-ray image and the summation of the two reconstructed separate X-ray images.
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Figure 5.2: A diagram of the Neural Network architecture.

The reconstruction mean squared error achieved by this approach was 2.4033 and

1.3566 (for grayscale values ranging between 0 and 255) when applied to detail 1

and 2 respectively.

5.2.3 Second approach - reorder and combine

In order to test whether the order of the inputs mattered in the asymmetry of the

quality of reconstruction of x1 and x2, noted above, we tried feeding the Neural

Network described above with inputs in reversed order. Explicitly, instead of us-

ing the input data {(y j
1,y

j
2)}N

j=1, we used {(y j
2,y

j
1)}N

j=1. Since the cost function of

Equation (5.2) is symmetric, our expectation was that the results should be roughly

the same. However, as can be seen in Figures 5.3 and 5.4, the quality of the re-

constructions of this run were in reverse order as well: the reconstruction of x2 is

now far better than that of x1, and the mean squared error is now 6.2801 and 6.1680

when applied on detail 1 and 2 respectively, which is roughly the same as in the first

approach.

Using Voltaire’s words, seeing the two outcomes, we wanted to enjoy “the best

of all possible worlds”. That is, we wished to have a reconstruction comprising

x1 of the first approach and x2 of the second attempt as our final result. More ex-
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plicitly, adding another label to the outputs to indicate the order of inputs, so that

x[21]
i indicates the output i when the inputs are ordered (y2,y1,x), we posit our out-

put the pair (x[12]
1 ,x[21]

2 ). To our amazement, we found that the mean squared error

of this combination yields 0.4174 and 0.5181 when applied on detail 1 and 2 re-

spectively. In other words, this combined reconstruction yields an error which is

nearly an order of magnitude smaller than either of the first or second approaches,

even though it combines outputs of two separate optimization processes. As stated

in the Discussion section, this is an unexpected outcome that calls for further in-

vestigation, possibly into the nature itself of the Neural Network application – an

appealing prospect in its own right, since the singular effectiveness of Deep Neural

Networks is not well-understood, and any peculiar behavior, in any of its successful

implementations, can possibly be used to unlock new insights. Be that as it may,

the empirical results in our application, shown in two independent experiments (i.e.,

two different panels of the Ghent Altarpiece) in Figure 5.5, do not leave room for

doubt: this approach works and seems to give remarkable results.

5.3 Results

Our new self-supervised approach (see section 5.2) has been applied to two inde-

pendent test image sets; explicitly, details from the Adam and Eve panels presented

in Figure 1.1. As will be elaborated further below, our final procedure comprises the

training of two Neural Networks for each test case. The final results produced by

this approach appear to present a near-perfect separation of the mixed X-ray images

in both cases; they are obtained in several stages, as explained below.

Initially, we attempted to learn a conditioned mapping fx(·) : yk → xk from

the RGB images y1,y2 to separate X-ray images x1,x2, given the mixed X-ray x

(see section 5.2, subsection First approach). This approach already yielded better

results than other state-of-the-art methods designed to perform such separations (see

column b in Figures 5.3 and 5.4, showing the results from the first approach for the

Adam and Eve panels; in both cases the reconstructed X-ray for the interior side,

framed in red, is the better reconstruction of the two). The mean squared error
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(per pixel) of this first approach is 2.4033 for the Adam panel and 1.3566 for the

Eve panel (with grayscale values ranging from 0 to 255); this is the average mean-

square deviation, over the extent of the whole detail image, of the pixel value for the

mixture x1 +x2 of the two reconstructed X-ray images computed by the algorithm,

compared with the pixel value of the input (mixed) X-ray image x.

However, we noticed that the reconstruction of the X-ray image of the side

corresponding to the first input y1 (the interior side, with the eyes of the Adam and

Eve visible images) is much more faithful than that of the side corresponding to the

other input y2 (the exterior side, figuring portions of drapery) – see column b in

Figures 5.3 and 5.4. Upon switching the order of the inputs y1 and y2, we obtained

a better reconstruction of the X-ray image of the other side (see Figures 5.3 and 5.4

column c, which show the results from the second approach where the input order

is swapped and where the reconstructed X-ray for the exterior sides of the panels,

framed in red, is the better one, for each of the two examples). This indicated,

to our surprise, that our method was far from being indifferent to the ordering of

the input data. Even though we would expect such invariance for symmetric cost

functions such as the one we optimize for; see Equation (5.2) in the Materials and

Methods section. With this reversed order of inputs, the mean squared error was

6.2801 for the Adam panel and 6.1680 for the Eve panel. (It is noticeable that upon

swapping the input the error jumps by approximately a factor of three. This may

be explained by the fact that the X-ray data is more correlated with the faces’ sides

than that of the textiles’, maybe due to a possibly more pronounced presence of

X-ray-absorbing ingredients in the pigments used on the faces’ side.)

As at greater length in the Materials and Methods section, we thus proposed

combining the best of the two available X-ray image reconstructions (one for each

order of inputs) to build a combined X-ray reconstruction; this combined result

provides the most accurate reconstruction of the mixed X-ray not only on the basis

of visual inspection (see Figures 5.3 and 5.4 column d), but also on the basis of

the mean squared error, yielding 0.0016 for the Adam panel and 0.0392 for the Eve

panel.
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We have no good explanation why ”cutting and pasting together” pieces of

results obtained from two different optimization processes would lead to a more

optimal result for the same cost function (see Equation (5.2) in the Materials and

Methods section for the definition of the cost function). One possible surmise, that

may explain such behavior, is that the asymmetry is a result of the way the Ten-

sorFlow package’s optimization ([100]; this package was used in all of our experi-

ments) is being implemented internally. Nonetheless, the results shown in Figures

5.5 and 5.6 speak for themselves, as an empirical vindication for the method.

Visual evaluation of the results, achieved using our proposed approach, shows

a spectacularly improved separation of the individual X-ray images, while the re-

constructed mixture of X-ray images is nearly exact, as can be verified by checking

the error maps in Figures 5.3 and 5.4. In particular, the two separated images seem

to contain elements pertaining to just one side of each panel (the very bright feature

in the top left of the Eve panel is probably a fill with a very X-ray opaque material;

interestingly the algorithm puts it on the textile side of the panel). As can be seen in

Figures 5.5 and 5.6, this was not the case with former cutting-edge methods, such

as those presented in [5, 6]. Visual comparison with the earlier results shows clear

potential of the usefulness of our present algorithm for art historians, whereas the

former methodologies failed to yield a trustworthy separation. (Honesty compels

us to add that mean-square error per pixel of our new, visually superior, results is

larger by more than an order of magnitude than that for the approach illustrated in

column e of Figure 5.5. In the present case, we feel this is really one more illustra-

tion of the well-known shortcoming of mean-squared error per pixel as a measure

of quality of image reconstruction. In the earlier comparisons we made, using the

mean-squared error per pixel to compare x1+x2 with x among the first, second and

combined approaches, made a bit more sense because the images were more similar

in nature; to compare the approaches illustrated in columns c and e for of Figure 5.5

it doesn’t.)
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Figure 5.3: Results of the proposed algorithm applied to a detail from the Adam

panel: column (a) input data; (b-d) results from first (b), second (c) and combined

(d) approach – the latter takes the best of both first and second approaches. Top row:

interior (Adam) side RGB input (before conservation) and various reconstructed X-

ray images. Second row: exterior (drapery) side RGB input (image mirrored for

easier comparison with X-ray images) and the reconstructed X-ray images. Third

row: original mixed X-ray input image (left) and mixtures of the reconstructed X-

ray images in rows 1 and 2. Bottom row: visualization of the error map for each

approach.
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Figure 5.4: Results of the proposed algorithm applied to a detail from the Eve panel:

column (a) input data; (b-d) results from first (b), second (c) and combined (d) ap-

proach – the latter takes the best of both first and second approaches. Top row:

interior (Eve) side RGB input (before conservation) and various reconstructed X-

ray images. Second row down: exterior (drapery) side RGB input (image mirrored

for easier comparison with the X-ray images) and the reconstructed X-ray images.

Third row down: original mixed X-ray input image (left) and mixtures of the recon-

structed X-ray images in rows 1 and 2. Bottom row: visualization of the error map

for each approach.
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Figure 5.5: Comparison between the results generated with the proposed new algo-

rithm and the preceding state-of-the-art results for a detail of the Adam panel: (a)

the mixed X-ray; (b) the RGB images from each side of the panel (before conserva-

tion) corresponding to the X-ray detail (i.e. the algorithm inputs); (c) reconstructed

X-ray images produced by the proposed algorithm; (d) reconstructed X-ray images

produced by [5]; (e) reconstructed X-ray images produced by Coupled Dictionary

Learning [6].

5.4 Summary

In this chapter, we proposed a new self supervised algorithm for source separation

in the presence of side information. In particular, we addressed an image separation

problem with the application in art investigation, where one aims to separate a mix-

ture of X-ray images obtained from double sided panels. We used the visual images

of each side as a side information and trained a neural network to learn a mapping

from RGB images to the X-ray mixture. In the test stage, we used the learned model

to reconstruct individual X-rays.

In particular, we designed a new objective function for the source separation

problem which removes the need for annotated data, solving one of the challenges in
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Figure 5.6: Comparison between the results generated with the proposed new al-

gorithm and the preceding state-of-the-art results for a detail of the Eve panel: (a)

the mixed X-ray; (b) the RGB images from each side of the panel (before conserva-

tion) corresponding to the X-ray detail (i.e. the algorithm inputs); (c) reconstructed

X-ray images produced by the proposed algorithm; (d) reconstructed X-ray images

produced by [5]

this field. We evaluated the performance of our algorithms on X-ray image mixtures

obtained from double sided panels of the Ghent Altarpiece where we showed that

our algorithm provides near perfect reconstruction in this scenario.



Chapter 6

Conclusion and Future Work

Due to the lack of ground truth for individual sources, source separation has re-

mained a challenging yet a very important task in signal processing and machine

learning. The problem has been approached from various angles. In this thesis we

introduced a new framework for source separation in the presence of side informa-

tion.

In particular we proposed a framework based on GMM where we studied the

theoretical limitation of the problem without and in the presence of side informa-

tion. It has been shown analytically that leveraging side information relaxes the

identifiability conditions of the source separation and indeed reduces the required

number of observations for reliable separation. Furthermore, by capitalizing on

GMM, we proposed a practical algorithm which is based on mathematical closed

form solution of the problem, hence very efficient computationally.

While the mathematical analysis has been performed for a linear mixture of

two sources in the presence of two side information signals, our practical algorithm

is flexible to work with one side information signal or to accommodate as many side

information signals as available.

In a different line of work, we proposed a self-supervised algorithm for source

separation based on deep learning. Source separation has still remained a diffi-

cult task for artificial intelligence to solve; this is mainly due to the lack of ground

truth data for sources and hence the lack of training data to perform supervised

source separation. In this thesis we addressed this problem by introducing a new
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self-supervised algorithm which at training stage learns a mapping from side infor-

mation signal to source signal and at test stage, takes the side information signal

as input and generates the signals of interest (source signals). Our proposed self-

supervised training framework removes the need for the availability of the ground

truth for source signals.

We showed the applicability of our proposed framework by applying our al-

gorithms in to image separation problems arising in the context of art investiga-

tion. The problem related to the separation of a mixture of X-ray images obtained

from double sided paintings. In this scenario, we used the visual images of each

side as side information. Our results showed that the proposed algorithms exhibit

various advantages in relation to other source separation algorithms leveraging the

availability of side information, including superior separation performance, training

time, and testing time. More interestingly, our self-supervised algorithm shows to

provide near perfect separation for this application.

6.1 Discussion and Future Work
The work presented in this thesis motivates various future research directions1.

• The theoretical analysis of the problem based on the GMM model offers in-

teresting insight about how the use of side information alleviates the identifia-

bility conditions of the source separation problem. However, these conditions

have been derived under the assumption that the source signals are statistically

independent. It is of theoretical interest to obtain such conditions assuming

correlated sources, a more realistic practical scenarios .

• It would be interesting to consider the interplay between the learning and sep-

1 Also the research presented here motivates follow up steps. One immediate step relates to

the comprehension of why the combination of results produced by two different Neural Networks

provides us with the most convincing reconstruction; the remarkable results, reproduced in two

independent cases, hint that there should be a theoretical explanation behind it. Just as when an

experimental physicist conducts an experiment yielding exceptional results not yet explained by the-

ory, the reconstructions displayed above call for further exploration of the Neural Networks design

and the evolution of the various layers during the learning process.
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aration process. For example, in this thesis, we assumed that we can learn the

GMM priors accurately. It is of interest to work out the identifiability condi-

tions for the case where there is a mismatch between true GMM parameters

and the learned GMM parameters.

• In this thesis, our focus has been on the scenario where two side information

signals correlated with two source signals are available. However, it is of

practical interest to extend these algorithms for the case where only one side

information signal (associated to one of the source signals) is available. It is of

particular interest in the art investigation application. Examples, where super-

imposed images or features may contribute to mixed X-ray images, include

reused supports (e.g. reused canvases in two works from the British National

Gallery: Rembrandt’s Portrait of Frederik Rihel on Horseback, NG6300 [101]

and Karel du Jardin’s Portrait of a Young Man, NG1680 [102]). In all men-

tioned cases, one image is completely visually inaccessible and we only have

access to one RGB image (associated to to one X-ray source signal) and the

X-ray mixture.

• In addition, in various image separation applications, there may exist more

than one side information signal in the form of other image modalities. It is

important for the source separation algorithm to be flexible enough to accom-

modate all the available information. While the algorithm based on GMM is

flexible enough to use as many side infomration signals as available; the pro-

posed self-supervised deep learning algorithm requires further restructuring

to adjust to this scenarios. Again, this is of particular interest in art investi-

gation applications. In recent years there is a rapid growth in the availability

and utilization of additional imaging modalities (e.g. MA-XRF scanning, hy-

perspectral imaging, and spectroscopy) in the context of cultural heritage sci-

ence. Accordingly, cases of superimposed images where one image is com-

pletely visually inaccessible but a range of multi-modal images are available,

could potentially benefit from the development of similar approaches to the

one presented in this thesis (e.g. in Francisco de Goya’s Doña Isabel de Por-
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cel, NG1473 [1], Vincent van Goghs Patch of Grass [20], and Edgar Degas’

Portrait of a Woman [21]).

While the main focus of this thesis has been in addressing the fundamental

problems in source separation; the results of our algorithm in the art investigation

application admit a huge promise in the use of artificial intelligence and signal pro-

cessing in cultural heritage science. Also, all of the above-mentioned prospects

suggest the need for a new research effort in the area of artificial intelligence for art

investigation, an area presenting many unique challenges. For example, the data be-

ing collected is of immense complexity involving the use of a number of different

multi-dimensional modalities (such as hyperspectral imaging, X-ray fluorescence

scanning, X-ray diffraction scanning, infrared reflectography or spectroscopy, Ra-

man spectroscopy, and other methods). It is becoming clear that the utilization of

such complex imaging and analytical techniques is likely to intensify in the coming

years with the increasing availability, portability, and usability of instrumentation.

Therefore, the development of new algorithms capable of ingesting such complex

datasets, will not only have far-reaching implications for art investigation but can

open entirely new vistas both in computer and heritage science.



Appendix A

Proof of Theorem 1

Proof. The results from Theorem 1 in [103] implies that MMSEG
x|v(σ

2)→ 0 if and

only if r ≤ rx where r = rank(
[
Φ Φ

]
Σx), rx = rank(Σx) and

Σx =

Σx1 0

0 Σx2

 . (A.1)

With probability 1, r = min{m,rx−D}, which immediately implies that r ≤ rx if

and only if D = 0 and m > rx.



Appendix B

Proof of Theorem 2

Proof. This immediately follows from applying Theorem 1 on the lower bound

MSELB
x|v. In particular, Theorem 1 implies that if MMSEG

x|v → 0 for ∀( j1 j2) ∈ L

then the conditions (3.19) are verified for ∀( j1k1 j2k2) ∈L .



Appendix C

Classification from Mixture of

Signals

In this section we analyze the MAP classifier behaviour. The results presented in

this appendix are instrumental to the proof of the sufficient conditions for reliable

separation of GMM signals, which is reported in Appendix D. The following theo-

rem discusses the classification from super imposed measurements. In this context,

the classification problem involves identifying the label indices (C1,C2) from the

measurements v. The MAP classifier, which is the optimal estimator in terms of the

minimum average error, can be formulated as:

(Ĉ1,Ĉ2) = arg max
( j1, j2)∈L

p(C1 = j1,C2 = j2|v)

= arg max
( j1, j2)∈L

pC1,C2( j1, j2)p(v|C1 = j1,C2 = j2),

In the following we will analyze the behavior of an upper bound to the misclassi-

fication probability associated to the optimal MAP classifier in the limit σ2 → 0.

Consider the measurement model in (E.24), the upper bound is denoted by PUB
err and

a characterization of its behaviour is expressed in terms of the following quantities:

• r( j1 j2) = rank(Φ1Σ
( j1 j2)
x ΦT

1 ) that represents the dimension of the subspace

spanned collectively by the projections of the mixture of source signals iden-

tified by labels C1 = j1,C2 = j2.
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• r( j1 j2, j′1 j′2) = rank(Φ1(Σ
( j1 j2)
x +Σ

( j′1 j′2)
x )ΦT

1 ) that represents the dimension of

the subspace obtained by summing two subspaces: 1) the subspace spanned

by the projection of the mixture of the source signals identified by labels

C1 = j1,C2 = j2, 2) the subspace spanned by the projection of mixture of the

source signals identified by labels C1 = j′1,C2 = j′2

• r( j1 j2, j′1 j′2)
x = rank(Σ( j1 j2)

x +Σ
( j′1 j′2)
x ) that represents the dimension of the sub-

space obtained by summing two subspaces: 1) the subspace spanned by the

source signals identified by labels C1 = j1,C2 = j2, 2) the subspace spanned

by the source signals identified by labels C1 = j′1,C2 = j′2.

We also introduce the compact notation, Σ
( j1, j′1)
x1 = Σ

( j1)
x1 + Σ

( j′1)
x1 ,Σ( j2, j′2)

x2 = Σ
( j2)
x2 +

Σ
( j′2)
x2 ,D ( j1 j2, j′1 j2)

x = dim(Im(Σ
( j1, j′1)
x1 )∩ Im(Σ

( j2, j′2)
x2 )) , to be used in the sequel.

Theorem 7. Consider the measurement model in (3.1), where the source signals

x1, x2 are drawn from the GMM distribution described in Section 3.1. Then with

probability 1

lim
σ2→0

PUB
err = 0 (C.1)

if ∀( j1 j2),( j′1 j′2) ∈L , it holds:

r( j1, j′1)
x1 + r( j2, j′2)

x2 −D
( j1 j2, j′1 j′2)
x > r( j1)

x1 + r( j2)
x2 −D

( j1 j2)
x ,r( j′1)

x1 + r( j′2)
x2 −D

( j′1 j2)
x (C.2)

and

m > min{r( j1)
x1 + r( j2)

x2 −D
( j1 j2)
x ,r( j′1)

x1 + r( j′2)
x2 −D

( j′1 j′2)
x } (C.3)

Proof. Theorem 1, Theorem 2 and Theorem 3 in [104] imply that a sufficient con-

dition to guarantee that the upper bound goes to zero when σ2 → 0, is given by

d > 0, where

d = min
( j1, j2)∈L ( j′1, j

′
2)∈L

( j1, j2)6=( j′1, j
′
2)

d( j1 j2, j′1 j′2), (C.4)

and

d( j1 j2k2, j′1 j′2) =
1
2
(r( j1 j2, j′1 j′2)− r( j1 j2)+ r( j′1 j′2)

2
). (C.5)
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The upper bound on the misclassification probability yields an error floor, i.e., it

does not approach zero when σ2→ 0, if and only if d = 0, i.e., if there exist ( j1 j2)

and ( j′1 j′2) with ( j1 j2) 6= ( j′1, j′2) such that r( j1 j2, j′1 j2) = r( j1 j2) = r( j′1 j′2).

Applying the results from Corollary E.0.1, we have r( j1 j2, j′1 j′2)=min{m,r( j1 j′1)
x1 +

r( j2 j′2)
x2 − D

( j1 j2, j′1 j′2)
x }, r( j1 j2) = min{m,r( j1)

x1 + r( j2)
x2 − D

( j1 j2)
x } and r( j′1 j′2) =

min{m,r( j′1)
x1 + r( j′2)

x2 −D
( j′1 j′2)
x }. It is clear that under the condition stated in

(C.2) and (C.2), r( j1 j2, j′1 j′2) > r( j1 j2) = r( j′1 j′2). It concludes the proof.



Appendix D

Proof of Theorem 3

This proof is based on the proof in [69, Appendix C] where the upper bound to the

MMSE associated to the use of a classify and separate decoder described in Section

3.4 is used. Conditioned on the class labels (C1,C2) = ( j1, j2), the source signals

jointly follow a Gaussian distribution. The decoder separates the source signals by

using the Wiener filter associated to the estimated class -which is the output of the

MAP classifier- (Ĉ1 = j1,Ĉ2 = j2) as follows:

x̂( j1 j2)(v) = µ
( j1 j2)
x +W( j1 j2)

x (v−Φ1µ
( j1 j2)
x )

where µ
( j1 j2)
x =

[
µ
( j1)
x1

T
µ
( j2)
x2

T]T
and

W( j1 j2)
x =

Σ
( j1)
x1 0

0 Σ
( j2)
x2

Φ
T
1 · (σ2I+Φ1Σ

( j1 j2)
xy Φ

T
1 )
−1.

On using the law of total probability, we can write;

MSECS ≤ ∑
j1 j2

pC1C2( j1, j2)E[‖x− x̂( j1 j2)(v)‖2|C1 = j1,C2 = j2]

+ ∑
j1 j2

pC1C2( j1, j2) ∑
( j′1 j′2)6=( j1 j2)

p(Ĉ1 = j′1,Ĉ2 = j′2|C1 = j1,C2 = j2)

E[‖x− x̂( j′1 j′2)(v)‖2|C1 = j1,C2 = j2].

Under the conditions in (3.18), Theorem 1 implies that:

lim
σ2→0

E[‖x−x̂( j1 j2)(v)‖2|C1 = j1,C2 = j2] = 0.
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In the following, by leveraging the results from the analysis of MAP classifier pro-

vided in appendix C, we will prove that,

lim
σ2→0

p(Ĉ1 = j′1,Ĉ2 = j′2|C1 = j1,C2 = j2)

E[‖x− x̂( j′1 j′2)(v)‖2|Ĉ1 = j′1,Ĉ2 = j′2,C1 = j1,C2 = j2] = 0. (D.1)

We consider two differnt cases:

• Under the condition that r( j1, j′1)
x1 + r( j2, j′2)

x2 − D
( j1 j2, j′1 j′2)
x > r( j1)

x1 + r( j2)
x2 −

D
( j1 j2)
x ,r( j′1)

x1 +r( j′2)
x2 −D

( j′1 j2)
x and m>min{r( j1)

x1 +r( j2)
x2 −D

( j1 j2)
x ,r( j′1)

x1 +r( j′2)
x2 −

D
( j′1 j′2)
x }

Theorem 7 implies that

lim
σ2→0

p(Ĉ1 = j′1,Ĉ2 = j′2|C1 = j1C2 = j2) = 0

therefore (D.1) is verified, as the term that does not depend on the error prob-

ability can be upper bounded by a constant when, σ2→ 0.

• If r( j1 j′1)
x1 +r( j2 j′2)

x2 −D
( j1 j2, j′1 j′2)
x = r( j1)

x1 +r( j2)
x2 −D

( j1 j2)
x = r( j′1)

x1 +r( j′2)
x2 −D

( j′1 j2)
x ;

although in this case the classification probability is not guaranteed to con-

verge to zero, it is possible to observe that such conditions are not verified

with probability 1. The last statement follows from the fact that, under the

assumption that subspaces associated to the image of the covariance matrices

are drawn from continuous distributions defined over the Grassman mani-

fold, the subspaces associated to the Im(Σ
( j1)
x1 +Σ

( j2)
x2 ) and Im(Σ

( j′1)
z1 +Σ

( j′2)
z2 )

are random subspaces whose dimensions are defined and strictly smaller

than the ambient dimension nx. Since m > min{r( j1)
x1 + r( j2)

x2 −D ( j1 j2),r( j′1)
x1 +

r( j′2)
x2 −D ( j′1 j′2} and m≤ nx, these two subspaces will not be completely over-

lapping, i.e., with probability one, it holds., r( j1 j′1)
x1 + r( j2, j′2)

z2 −D
( j1 j2, j′1 j′2)
x >

r( j1)
x1 + r( j2)

z2 −D
( j1 j2)
x ,r( j′1)

x1 + r( j′2)
z2 −D

( j′1 j2)
x .

This concludes the proof.



Appendix E

Proof of Lemma 4.2.1

We start by considering the following rank:

rank(Φ0Σxy) = rank

Φ 0

0 Iny1+ny2




Σx1 Σx2 Σx1y1 Σx2y2

Σy1x1 0 Σy1 0

0 Σy2x2 0 Σy2


 . (E.1)

We define:

M =

E F

G H

 , (E.2)

with

E =
[
Σx1 Σx2

]
F =

[
Σx1y1 Σx2y2

]
G =

Σy1x1 0

0 Σy2x2

 H =

Σy1 0

0 Σy2

 .
Now, by applying the rule for the computation of the rank of the Schur complement

[105] we have:

rank(M) = rank(H)+ rank(M/H) (E.3)

rank(M/H) = rank(E−FH†G) (E.4)
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where M/H is the Schur complement of block H in matrix M and

E−FH†G =[
Σx1−Σx1y1Σ†

y1
Σy1x1 Σx2−Σx2y2Σ†

y2
Σy2x2

]
. (E.5)

On leveraging the rank equality for block matrices [106], one can write:

rank(E−FH†G) = rx1y1− ry1 + rx2y2− ry2−Dx|y. (E.6)

Then, by substituting rank(H) = ry1 + ry2 and the rank expression (E.6) in (E.3),

we have:

rank(M) = rx1y1 + rx2y2−Dx|y = rxy−Dx|y. (E.7)

Now we can apply similar techniques as those used in the proof of Lemma 5 in [22]

to calculate the rank in (E.1). Moreover, on defining the matrix Φ1 as:

Φ1 =

Φ 0

0 Iny1+ny2

 , (E.8)

and by applying the Sylvester’s rank equality [89], we can write:

r = rank(Φ1M) = rank(M)−dim(Im(M)∩Null(Φ1)). (E.9)

Now, we define matrix Ψ ∈ Rnx−m×nx as the matrix whose columns form the basis

for Null(Φ). Since Φ is randomly drawn from a rotationally invariant distribu-

tion, column range space of Ψ is drawn from a uniform distribution on the Grass-

mann manifold of (nx−m) dimensional subspaces in Rnx . One can also show that[
ΨT 0T

ny1+ny2×nx−m

]T
form the basis for the Null(Φ1) and:

r = rank(M)−dim

Im(M)∩ Im(

Ψ

0

)
 (E.10)

= rank

A Ψ

B 0

− (nx−m), (E.11)

where we have i) partitioned the matrix M to M =
[
AT BT

]T
where

A =
[
Σx1 Σx2 Σx1y1 Σx2y2

]
(E.12)

B =

Σy1x1 0 Σy1 0

0 Σy2x2 0 Σy2

 , (E.13)
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ii) used the fact that rCl rank

A Ψ

B 0

= rank(

A

B

)+ rank(

Ψ

0

)
−dim

Im(

A

B

)∩ Im(

Ψ

0

)
 , and iii) used the fact that rank(Ψ) = nx−m. In

order to compute the rank in (E.11), we apply the generalized singular value de-

composition (GSVD) [107] on the matrices A and B as defined above. The GSVD

implies that there exist two orthogonal matrices U ∈ Rnx×(2nx+ny1+ny2) and V ∈

R(ny1+ny2)×(2nx+ny1+ny2) and a non-singular matrix X ∈ R(2nx+ny1+ny2)×(2nx+ny1+ny2)

such that:

UT AX =
[
ΛA 0nx×(2nx+ny1+ny2−rAB)

]
, (E.14)

VT BX =
[
ΛB 0(ny1+ny2)×(2nx+ny1+ny2−rAB)

]
, (E.15)

where

ΛA =

rAB− rB sAB rAB− rA


I rAB− rB

DA sAB

0 n− rA

(E.16)

ΛB =

rAB− rB sAB rAB− rA


0 rAB− rB

DA sAB

I n− rA

(E.17)

(E.18)

and rA = rank(A), rB = rank(B), rAB = rank(M) = rank(
[
AT BT

]T
), sAB =

rA + rB − rAB. Furthermore DA and DB are diagonal matrices such that DA =

diag(α1, ...,αsAB), DB = diag(β1, ...,βsAB) and α2
i +β 2

i = 1, for i= 1, ...,sAB. Hence,
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we can write:

rΨ = rank

UT 0

0 VT

A Ψ

B 0

X 0

0 I

 (E.19)

= rank

ΛA 0 Ψ′

ΛB 0 0,

 , (E.20)

where the range of Ψ′=UT Ψ is uniformly distributed over the Grassmann manifold

of nx−m dimensional subspaces of Rnx . Now, by considering the first rAB− rB

columns of the matrix in (E.20) together with its last nx−m columns and by using

the fact that the columns of Ψ′ form a random subspace in Rnx , we can conclude

that, with probability one, we can select from such columns, min{rAB− rB + nx−

m,nx} independent columns which are also independent from the other rB non-zero

columns of the same matrix. Therefore, we obtain:

rΨ = min{rAB− rB +nx−m,nx}+ rB. (E.21)

By substituting rAB = rank(M) = rxy−Dx|y, rB = ry1 + ry2 in (E.21) and then sub-

stituting (E.21) in (E.11), we have:

r = min{rxy−Dx|y,m+ ry1 + ry2}. (E.22)

Note that the expression for rB follows from a column permutation in B and using

the fact that rank(
[
Σy1x1 Σy1

]
) = ry1 and rank(

[
Σy2x2 Σy2

]
) = ry2 .

�

Corollary E.0.1. Consider the following notation for the measurement model in

(3.1)

v = Φ1x+n, (E.23)

where n∼N (0,σ2Im) and,

Φ1 =
[
Φ Φ

]
, x =

x1

x2

 . (E.24)

Let Σx be the matrix defined in (3.5), and Φ0 be the matrix defined in (E.24)

where Φ ∈ Rm×nx is a random matrix drawn from a rotationally invariant distribu-

tion. Then, with probability 1, the rank of the matrix Φ1Σx is given by:

r = min{m,rx1 + rx1−Dx}, (E.25)
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where

Dx = dim(Im(Σx1)∩ Im(Σx2)) (E.26)

.

Proof. This immediately follows from Lamma 4.2.1 by setting to zero y1 and y2.



Appendix F

Proof of Theorem 4

The proof is based on reformulating the MMSE associated to the reconstruction of

source signals in terms of the MMSE associated to the reconstruction of the signals

conditioned on observing the side-information signals:

MMSEG
x|v,u1,u2

(σ2) = E
[
‖x−E[x|w]‖2]= (F.1)

MMSE(z1,z2|wz), (F.2)

where z1 ∼ p(x1|y1), z2 ∼ p(x2|y2) and wz = Φ(z1 + z2) + n. The equality in

(F.1) follows from taking the expectation of (F.1) with respect to the variables

(x1|y1),(x2|y2) and y1,y2, separately. Since (x1,y1) and (x2,y2) are jointly Gaus-

sian, then

z1 ∼ x1|y1 ∼N (µx1|y1
,Σx1|y1), z1 ∼N (µz1

,Σz1) (F.3)

z1 ∼ x2|y2 ∼N (µx2|y2
,Σx2|y2), z2 ∼N (µz2

,Σz2) (F.4)

where,

µz1
= µx1|y1

= µx1
+Σx1y1Σ

†
y1
(y1−µy1

) (F.5)

µz2
= µx2|y2

= µx2
+Σx2y2Σ

†
y2
(y2−µy2

) (F.6)

Σz1 = Σx1|y1 = Σz1 = Σx1−Σx1y1Σ
†
y1

Σy1x1 (F.7)

Σz2 = Σx2|y2 = Σz2 = Σx2−Σx2y2Σ
†
y2

Σy2x2. (F.8)

More specifically, Σx1|y1 and Σx2|y2 are the conditional covariances of the conditional

random variables x1|y1 and x2|y2, respectively. By applying the results in Appendix
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D [22], one can show that , rz1 = rank(Σz1) = rx1y1 − ry1 and rz2 = rank(Σz2) =

rx2y2− ry2 . We define the signal z =

z1

z2

 where z∼N (µz,Σz) and

µz =

µz1

µz2

 Σz =

Σz1 0

0 Σz2

 . (F.9)

Now, the problem can be formulated as recovering z from the observation in wz.

Our results on the separation of two Gaussian sources in Theorem 1 imply that we

can reliably reconstruct z from wz if and only if dim(Im(Σz2)∩ Im(Σz1)) = 0 and

m ≥ rz1 + rz2 . This directly leads to the necessary and sufficient conditions for the

reliable separation of x1 and x2 from w which are

• m > rx1y1 + rx2y2− ry1− ry2

• dim(Im(Σx1|y1)∩ Im(Σx2|y2)) = 0.
�



Appendix G

Proof of Theorem 5

This immediately follows from applying Theorem 2 on the lower bound

MMSELB
x|v,u1,u2

. In particular, Theorem 2 implies that if MMSEG
x|v,u1,u2

→ 0 for

∀(i, j) ∈L then the conditions (4.29) are verified for ∀(i, j) ∈L .
�



Appendix H

Classification from a mixture of

signals in the presence of

side-information

We now analyze the behavior of the MAP classifier. Such analysis follows closely

the lines of the results reported in [104] for the classification of GMM signals from

compressive measurements. These results are instrumental to the proof of the suf-

ficient conditions for reliable separation in the presence of side information for

GMM signals, which is reported in Appendix H.1. The following theorem dis-

cusses the classification from super imposed measurements in the presence of side-

information. In this context, the classification problem involves identifying the label

indices (I,J) from the measurements w. The MAP classifier, which is the optimal

estimator in terms of the minimum average error, can be formulated as:

(Î, Ĵ) = arg max
(i, j)∈L

p(I = i,J = j|w)

= arg max
(i, j)∈L

pI,J(i, j) p(w|I = i,J = j),

In the following we will analyze the behavior of an upper bound to the misclassifi-

cation probability associated to the optimal MAP classifier in the limit σ2→ 0. The

upper bound is denoted by PUB
err and a characterization of its behaviour is expressed

in terms of the following quantities:
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• r(i j) = rank(Φ0(Σ
(i j)
xy )ΦT

0 ) that represents the dimension of the subspace

spanned collectively by the projections of the mixture of source signals and

the subspaces spanned by the side information signals identified by labels

I = i,J = j.

• r(i j,i′ j′) = rank(Φ0(Σ
(i j)
xy +Σ

(i′ j′)
xy )ΦT

0 ) that represents the dimension of the sub-

space obtained by summing two subspaces: 1) the subspace spanned collec-

tively by the projection of the mixture of the source signals and the subspaces

spanned by the side information signals identified by labels I = i,J = j, 2)

the subspace spanned collectively by the projection of mixture of the source

signals and the subspaces spanned by the side information signals identified

by labels I = i′,J = j′

• r(i j,i′ j′)
xy = rank(Σ(i j)

xy +Σ
(i′ j′)
xy ) that represents the dimension of the subspace

obtained by summing two subspaces: 1) the subspace spanned collectively

by the source signals and the side information signals identified by labels

I = i,J = j, 2) the subspace spanned collectively by the source signals and

the side information signals identified by labels I = i′,J = j′.

• r(i,i
′)

y1 = rank(Σ(i)
y1 + Σ

(i′)
y1 ) that represents the dimension of the subspace ob-

tained by summing two subspaces: 1) the subspace spanned the side infor-

mation signal y1 identified by the labels I = i, 2) the subspace spanned the

side information signal y1 identified by the labels I = i′

• r( j, j′)
y2 = rank(Σ( j)

y2 +Σ
( j′)
y2 ) that represents the dimension of the subspace ob-

tained by summing two subspaces: 1) the subspace spanned the side informa-

tion signal y2 identified by the labels J = j, 2) the subspace spanned the side

information signal y2 identified by the label J = j′.

• r(i,i
′)

z1 = rank(Σ(i,i′)
x1|y1

) that represents the dimension of the subspace spanned by

the Schur complement of Σ
(i,i′)
y1 in Σ

(i,i′)
x1y1 .

• r( j, j′)
z2 = rank(Σ( j, j′)

x2|y2
) that represents the dimension of the subspace spanned

by the Schur complement of Σ
( j, j′)
y2 in Σ

( j, j′)
x2y2 .
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We also introduce the compact notation,

Σ
(i,i′)
x1 = Σ

(i)
x1 +Σ

(i′)
x1 ,

Σ
(i,i′)
y1 = Σ

(i)
y1 +Σ

(i′)
y1 ,

Σ
( j, j′)
x2 = Σ

( j)
x2 +Σ

( j′)
x2 ,

Σ
( j, j′)
y2 = Σ

( j)
y2 +Σ

( j′)
y2 ,

Σ
(i,i′)
x1y1 = Σ

(i)
x1y1 +Σ

(i′)
x1y1,

Σ
( j, j′)
x2y2 = Σ

( j)
x2y2 +Σ

( j′)
x2y2

and

D
(i j,i′ j′)
x|y = dim(Im(Σ

(i,i′)
z1 )∩ Im(Σ

( j, j′)
z2 ))

to be used in the sequel.

Theorem 8. Consider the measurement model in (4.1)-(4.3), where the source sig-

nals x1, x2 and the side-information signals y1, y2 are drawn from the joint GMM

distribution described in Section 4.1. Then with probability one

lim
σ2→0

PUB
err = 0 (H.1)

if ∀(i j, i′ j′) ∈L , it holds:

1.

r(i,i
′)

y1 + r( j, j′)
y2 > r(i)y1 + r( j)

y2 , r(i
′)

y1 + r( j′)
y2 ,

or

2.

r(i,i
′)

z1 + r( j, j′)
z2 −D

(i j,i′ j′)
x|y > r(i)z1 + r( j)

z2 −D
(i j)
x|y ,r(i

′)
z1 + r( j′)

z2 −D
(i′ j′)
x|y

and

m > min{r(i)z1 + r( j)
z2 −D

(i j)
x|y ,r(i

′)
z1 + r( j′)

z2 −D
(i′ j′)
x|y }.
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PUB
err = ∑

i, j
∑
i′ j′

C(i j,i′ j′)
0

∫ √
p(w|I = i,J = j)

√
p(w|I = i′,J = j′)dx1dx2dy1dy2

(H.2)

where C(i j,i′ j′)
0 =

√
PI,J(i, j)PI,J(i′, j′).

Perr =C0

∫ √
p(v,y1,y2|I = i,J = j)p(v,y1,y2|I = i′,J = j′)dx1dx2dy1dy2

=C0

∫ √
p(v|y1,y2, I = i,J = j)p(y1,y2|I = i,J = j)√
p(v|y1,y2, I = i′,J = j′)p(y1,y2|I = i′,J = j′)dx1dx2dy1dy2

=C0

∫ √
p(y1,y2|I = i,J = j)p(y1,y2|I = i′,J = j′)[∫ √

p(wz|I = i,J = j)p(wz|I = i′,J = j′)]dx1dx2y1y2 (H.3)

Proof. Using the the Bhattacharyya bound in conjunction with the union bound, the

upper bound on the misclassification can be expressed as in (H.11).

Theorem 1, Theorem 2 and Theorem 3 in [104] imply that a sufficient condition

to guarantee that the upper bound goes to zero when σ2 → 0, is given by d > 0,

where

d = min
(i j)∈L (i′ j′)∈L

(i j)6=(i′ j′)

d(i j, i′ j′), (H.4)

and

d(i j, i′ j′) =
1
2

(
r(i j,i′ j′)− r(i j)+ r(i

′ j′)

2

)
. (H.5)

The upper bound on the misclassification probability yields an error floor, i.e., it

does not approach zero when σ2→ 0, if and only if d = 0, i.e., if there exist (i, j)

and (i′, j′) with (i, j) 6= (i′, j′) such that r(i j,i′ j) = r(i j) = r(i
′ j′). We define:

r(i j,i′ j′)
M = rank




Σ
(i,i′)
x1 Σ

( j, j′)
x2 Σ

(i,i′)
x1y1 Σ

( j, j′)
x2y2

Σ
(i,i′)
y1x1 0 Σ

(i,i′)
y1 0

0 Σ
( j, j′)
y2x2 0 Σ

( j, j′)
y2 .
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and

r(i j)
M = rank




Σ
(i)
x1 Σ

( j)
x2 Σ

(i)
x1y1 Σ

( j)
x2y2

Σ
(i)
y1x1 0 Σ

(i)
y1 0

0 Σ
( j)
y2x2 0 Σ

( j)
y2


 .

By leveraging the results from Lemma 4.2.1, we can state that

r(i j,i′ j′) = min{r(i j,i′ j′)
M ,m+ r(i,i

′)
y1 + r( j, j′)

y2 }

and

r(i j) = min{r(i j)
M ,m+ r(i)y1 + r( j)

y2 }.

If

r(i,i
′)

y1 + r( j, j′)
y2 > r(i)y1 + r( j)

y2 , r(i
′)

y1 + r( j′)
y2 ,

then

r(i j,i′ j′) > min{r(i j),r(i
′ j′)},

then we can prove that by simply considering the trivial upper bound to the error

probability that is associated to the classifier that uses only the observations of y1

and y2 and discards the observations about the mixture.

To prove condition 2), we reformulate the integral term in (H.11) as in (H.12).

The results from [104] imply that the expression in the inner integral approaches

zero when σ2→ 0 for all possible values of y1 and y2, if the subspaces associated

to the Σz1 +Σz2 do not completely overlap, i.e.,

r(i,i
′)

z1 + r( j, j′)
z2 −D

(i j,i′ j′)
x|y > r(i)z1 + r( j)

z2 −D
(i j)
x|y ,r(i

′)
z1 + r( j′)

z2 −D
(i′ j)
x|y

and the number of measurements is large enough to capture the entire subspace.

i.e.,

m > min{r(i)z1 + r( j)
z2 −D

(i j)
x|y ,r(i

′)
z1 + r( j′)

z2 −D
(i′ j′)
x|y }.

This concludes the proof.

H.1 Proof of Theorem 6
This proof is based on the proof in [69, Appendix C] where the upper bound to the

MMSE associated to the use of a classify and separate decoder described in Section
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4.2.2 is used. Conditioned on the component labels (I,J) = (i, j), the source signals

and side information signals jointly follow a Gaussian distribution. The decoder

separates the source signals by using the Wiener filter associated to the estimated

component -which is the output of the MAP classifier- (Î = i, Ĵ = j) as follows:

x̂(i j)(w) = µ
(i j)
x +W(i j)

x (w−Φ0µ
(i j)
xy )

where

µ
(i j)
x =

[
µ
(i)
x1

T
µ
( j)
x2

T]T

and

W(i j)
x =

Σ
(i)
x1 0 Σ

(i)
x1y1 0

0 Σ
( j)
x2 0 Σ

( j)
x2y2

Φ
T
0

· (σ2I+Φ0Σ
(i j)
xy Φ

T
0 )
−1.

On using the law of total probability, we can write;

MSECS ≤∑
i j

pI,J(i, j)E[‖x− x̂(i j)(w)‖2|I = i,J = j]

+∑
i j

pI,J(i, j) ∑
(i′ j′)6=(i j)

p(Î = i′, Ĵ = j′|I = i,J = j)

E[‖x− x̂(i
′ j′)(w)‖2|I = i,J = j].

Under the conditions in (4.29), Theorem 4 implies that:

lim
σ2→0

E[‖x−x̂(i j)(w)‖2|I = i,J = j] = 0.

In the following, by leveraging an analysis of the MAP classifier akin to that pro-

vided in [104] (see supplementary material), we will prove that,

lim
σ2→0

p(Î = i′, Ĵ = j′|I = i,J = j)

E[‖x− x̂(i
′ j′)(w)‖2|Î1 = i′, Ĵ = j′, I = i,J = j] = 0. (H.6)

We consider two different cases:
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1.

r(i,i
′)

y1 + r( j, j′)
y2 > r(i)y1 + r( j)

y2 , r(i
′)

y1 + r( j′)
y2 ,

or

r(i,i
′)

z1 + r( j, j′)
z2 −D

(i j,i′ j′)
x|y >

r(i)z1 + r( j)
z2 −D

(i j)
x|y ,r(i

′)
z1 + r( j′)

z2 −D
(i′ j)
x|y . (H.7)

In this case, under the assumption that

m > min{r(i)z1 + r( j)
z2 −D

(i j)
x|y ,r(i

′)
z1 + r( j′)

z2 −D
(i′ j′)
x|y },

Theorem 9 implies that

lim
σ2→0

p(Î = i′, Ĵ = j′|I = i,J = j) = 0.

Therefore, (H.6) is verified, as the term that does not depend on the error

probability can be upper bounded by a constant when, σ2→ 0.

2.

r(i,i
′)

z1 + r( j, j′)
z2 −D

(i j,i′ j′)
x|y = r(i)z1 + r( j)

z2 −D
(i j)
x|y =

r(i
′)

z1 + r( j′)
z2 −D

(i′ j′)
x|y (H.8)

and

r(i,i
′)

y1 + r( j, j′)
y2 = r(i)y1 + r( j)

y2 = r(i
′)

y1 + r( j′)
y2 .

Although in this case the classification probability is not guaranteed to con-

verge to zero, it is possible to observe that such conditions are not verified

with probability one. The last statement follows from the fact that, under the

assumption that subspaces associated to the image of the covariance matrices

are drawn from continuous distributions defined over the Grassman manifold,

the subspaces associated to the Im(Σi
z1
+Σ

j
z2) and Im(Σi′

z1
+Σ

j′
z2) are random

subspaces whose dimensions are defined and strictly smaller than the ambient

dimension nx. Since

m > min{r(i)z1 + r( j)
z2 −D

(i j)
x|y ,r(i

′)
z1 + r( j′)

z2 −D
(i′ j′)
x|y }
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and m < nx, these two subspaces will not be completely overlapping, i.e.,

with probability one, it holds,

r(i,i
′)

z1 + r( j, j′)
z2 −D

(i j,i′ j′)
x|y >

r(i)z1 + r( j)
z2 −D

(i j)
x|y ,r(i

′)
z1 + r( j′)

z2 −D
(i′ j′)
x|y . (H.9)

This concludes the proof.
�
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tions for automatic transcription of polyphonic music: Nmf and k-svd on the

benchmark. 2007 IEEE International Conference on Acoustics, Speech and

Signal Processing - ICASSP ’07, 1:I–65–I–68, 2007.

[62] Marius Miron, Julio J. Carabias-Orti, Juan J. Bosch, Emilia G&#xf3;mez,

and Jordi Janer. Score-informed source separation for multichannel orches-

tral recordings. JECE, 2016:7–, December 2016.

[63] Joan Bruna, Pablo Sprechmann, and Yann Lecun. Source separation with

scattering non-negative matrix factorization. In 2015 IEEE International

Conference on Acoustics, Speech, and Signal Processing, ICASSP 2015 -

Proceedings, volume 2015-August, pages 1876–1880. Institute of Electrical

and Electronics Engineers Inc., 8 2015.

[64] Michael W. Berry, Murray Browne, Amy Nicole Langville, Victor Paúl
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Supplementary Material

Classification from a mixture of signals in the presence

of side-information
We now analyze the behavior of the MAP classifier. Such analysis follows closely

the lines of the results reported in [104] for the classification of GMM signals from

compressive measurements. These results are instrumental to the proof of the suf-

ficient conditions for reliable separation in the presence of side information for

GMM signals, which is reported in Appendix H.1. The following theorem dis-

cusses the classification from super imposed measurements in the presence of side-

information. In this context, the classification problem involves identifying the label

indices (I,J) from the measurements w. The MAP classifier, which is the optimal

estimator in terms of the minimum average error, can be formulated as:

(Î, Ĵ) = arg max
(i, j)∈L

p(I = i,J = j|w)

= arg max
(i, j)∈L

pI,J(i, j) p(w|I = i,J = j),

In the following we will analyze the behavior of an upper bound to the misclassifi-

cation probability associated to the optimal MAP classifier in the limit σ2→ 0. The

upper bound is denoted by PUB
err and a characterization of its behaviour is expressed

in terms of the following quantities:

• r(i j) = rank(Φ0(Σ
(i j)
xy )ΦT

0 ) that represents the dimension of the subspace

spanned collectively by the projections of the mixture of source signals and

the subspaces spanned by the side information signals identified by labels

I = i,J = j.

• r(i j,i′ j′) = rank(Φ0(Σ
(i j)
xy +Σ

(i′ j′)
xy )ΦT

0 ) that represents the dimension of the sub-

space obtained by summing two subspaces: 1) the subspace spanned collec-

tively by the projection of the mixture of the source signals and the subspaces

spanned by the side information signals identified by labels I = i,J = j, 2)



the subspace spanned collectively by the projection of mixture of the source

signals and the subspaces spanned by the side information signals identified

by labels I = i′,J = j′

• r(i j,i′ j′)
xy = rank(Σ(i j)

xy +Σ
(i′ j′)
xy ) that represents the dimension of the subspace

obtained by summing two subspaces: 1) the subspace spanned collectively

by the source signals and the side information signals identified by labels

I = i,J = j, 2) the subspace spanned collectively by the source signals and

the side information signals identified by labels I = i′,J = j′.

• r(i,i
′)

y1 = rank(Σ(i)
y1 + Σ

(i′)
y1 ) that represents the dimension of the subspace ob-

tained by summing two subspaces: 1) the subspace spanned the side infor-

mation signal y1 identified by the labels I = i, 2) the subspace spanned the

side information signal y1 identified by the labels I = i′

• r( j, j′)
y2 = rank(Σ( j)

y2 +Σ
( j′)
y2 ) that represents the dimension of the subspace ob-

tained by summing two subspaces: 1) the subspace spanned the side informa-

tion signal y2 identified by the labels J = j, 2) the subspace spanned the side

information signal y2 identified by the label J = j′.

• r(i,i
′)

z1 = rank(Σ(i,i′)
x1|y1

) that represents the dimension of the subspace spanned by

the Schur complement of Σ
(i,i′)
y1 in Σ

(i,i′)
x1y1 .

• r( j, j′)
z2 = rank(Σ( j, j′)

x2|y2
) that represents the dimension of the subspace spanned

by the Schur complement of Σ
( j, j′)
y2 in Σ

( j, j′)
x2y2 .

We also introduce the compact notation,

Σ
(i,i′)
x1 = Σ

(i)
x1 +Σ

(i′)
x1 ,

Σ
(i,i′)
y1 = Σ

(i)
y1 +Σ

(i′)
y1 ,

Σ
( j, j′)
x2 = Σ

( j)
x2 +Σ

( j′)
x2 ,

Σ
( j, j′)
y2 = Σ

( j)
y2 +Σ

( j′)
y2 ,

Σ
(i,i′)
x1y1 = Σ

(i)
x1y1 +Σ

(i′)
x1y1,



Σ
( j, j′)
x2y2 = Σ

( j)
x2y2 +Σ

( j′)
x2y2

and

D
(i j,i′ j′)
x|y = dim(Im(Σ

(i,i′)
z1 )∩ Im(Σ

( j, j′)
z2 ))

to be used in the sequel.

Theorem 9. Consider the measurement model in (4.1)-(4.3), where the source sig-

nals x1, x2 and the side-information signals y1, y2 are drawn from the joint GMM

distribution described in Section 4.1. Then with probability one

lim
σ2→0

PUB
err = 0 (H.10)

if ∀(i j, i′ j′) ∈L , it holds:

1.

r(i,i
′)

y1 + r( j, j′)
y2 > r(i)y1 + r( j)

y2 , r(i
′)

y1 + r( j′)
y2 ,

or

2.

r(i,i
′)

z1 + r( j, j′)
z2 −D

(i j,i′ j′)
x|y > r(i)z1 + r( j)

z2 −D
(i j)
x|y ,r(i

′)
z1 + r( j′)

z2 −D
(i′ j′)
x|y

and

m > min{r(i)z1 + r( j)
z2 −D

(i j)
x|y ,r(i

′)
z1 + r( j′)

z2 −D
(i′ j′)
x|y }.

Proof. Using the the Bhattacharyya bound in conjunction with the union bound, the

upper bound on the misclassification can be expressed as in (H.11).

Theorem 1, Theorem 2 and Theorem 3 in [104] imply that a sufficient condition

to guarantee that the upper bound goes to zero when σ2 → 0, is given by d > 0,

where

d = min
(i j)∈L (i′ j′)∈L

(i j)6=(i′ j′)

d(i j, i′ j′), (H.13)

and

d(i j, i′ j′) =
1
2

(
r(i j,i′ j′)− r(i j)+ r(i

′ j′)

2

)
. (H.14)



PUB
err = ∑

i, j
∑
i′ j′

C(i j,i′ j′)
0

∫ √
p(w|I = i,J = j)

√
p(w|I = i′,J = j′)dx1dx2dy1dy2

(H.11)

where C(i j,i′ j′)
0 =

√
PI,J(i, j)PI,J(i′, j′).

Perr =C0

∫ √
p(v,y1,y2|I = i,J = j)p(v,y1,y2|I = i′,J = j′)dx1dx2dy1dy2

=C0

∫ √
p(v|y1,y2, I = i,J = j)p(y1,y2|I = i,J = j)

√
p(v|y1,y2, I = i′,J = j′)p(y1,y2|I = i′,J = j′)dx1dx2dy1dy2

=C0

∫ √
p(y1,y2|I = i,J = j)p(y1,y2|I = i′,J = j′) [

∫ √
p(wz|I = i,J = j)p(wz|I = i′,J = j′) ]dx1dx2y1y2

(H.12)

The upper bound on the misclassification probability yields an error floor, i.e., it

does not approach zero when σ2→ 0, if and only if d = 0, i.e., if there exist (i, j)

and (i′, j′) with (i, j) 6= (i′, j′) such that r(i j,i′ j) = r(i j) = r(i
′ j′). We define:

r(i j,i′ j′)
M = rank




Σ
(i,i′)
x1 Σ

( j, j′)
x2 Σ

(i,i′)
x1y1 Σ

( j, j′)
x2y2

Σ
(i,i′)
y1x1 0 Σ

(i,i′)
y1 0

0 Σ
( j, j′)
y2x2 0 Σ

( j, j′)
y2 .




and

r(i j)
M = rank




Σ
(i)
x1 Σ

( j)
x2 Σ

(i)
x1y1 Σ

( j)
x2y2

Σ
(i)
y1x1 0 Σ

(i)
y1 0

0 Σ
( j)
y2x2 0 Σ

( j)
y2


 .

By leveraging the results from Lemma 4.2.1, we can state that

r(i j,i′ j′) = min{r(i j,i′ j′)
M ,m+ r(i,i

′)
y1 + r( j, j′)

y2 }

and

r(i j) = min{r(i j)
M ,m+ r(i)y1 + r( j)

y2 }.

If

r(i,i
′)

y1 + r( j, j′)
y2 > r(i)y1 + r( j)

y2 , r(i
′)

y1 + r( j′)
y2 ,

then

r(i j,i′ j′) > min{r(i j),r(i
′ j′)},



then we can prove that by simply considering the trivial upper bound to the error

probability that is associated to the classifier that uses only the observations of y1

and y2 and discards the observations about the mixture.

To prove condition 2), we reformulate the integral term in (H.11) as in (H.12).

The results from [104] imply that the expression in the inner integral approaches

zero when σ2→ 0 for all possible values of y1 and y2, if the subspaces associated

to the Σz1 +Σz2 do not completely overlap, i.e.,

r(i,i
′)

z1 + r( j, j′)
z2 −D

(i j,i′ j′)
x|y > r(i)z1 + r( j)

z2 −D
(i j)
x|y ,r(i

′)
z1 + r( j′)

z2 −D
(i′ j)
x|y

and the number of measurements is large enough to capture the entire subspace.

i.e.,

m > min{r(i)z1 + r( j)
z2 −D

(i j)
x|y ,r(i

′)
z1 + r( j′)

z2 −D
(i′ j′)
x|y }.

This concludes the proof.
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