CONSTRUCTING HYPERELLIPTIC CURVES WITH
SURJECTIVE GALOIS REPRESENTATIONS

SAMUELE ANNI AND VLADIMIR DOKCHITSER

ABSTRACT. In this paper we show how to explicitly write down equations of
hyperelliptic curves over Q such that for all odd primes ¢ the image of the
mod ¢ Galois representation is the general symplectic group. The proof relies
on understanding the action of inertia groups on the ¢-torsion of the Jacobian,
including at primes where the Jacobian has non-semistable reduction. We
also give a framework for systematically dealing with primitivity of symplectic
mod ¢ Galois representations.

The main result of the paper is the following. Suppose n = 2g 4+ 2 is an
even integer that can be written as a sum of two primes in two different ways,
with none of the primes being the largest primes less than n (this hypothesis is
expected to hold for all g # 0,1,2,3,4,5,7 and 13). Then there is an explicit
N € Z and an explicit monic polynomial fo(x) € Z[x] of degree n, such that
the Jacobian J of every curve of the form y? = f(z) has Gal(Q(J[¢])/Q) =
GSpy, (Fy) for all odd primes £ and Gal(Q(J[2])/Q) = S24+2, whenever f(z) €
Z|z] is monic with f(z) = fo(z) mod N and with no roots of multiplicity
greater than 2 in Fp for any p{ N.
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1. INTRODUCTION

A classical method for showing that the group GLy(Fy) is a Galois group over
Q is by realising it as the Galois group of the field generated by the ¢-torsion on
an elliptic curve. One can similarly try to construct the general symplectic group
GSpy, (F¢) as the Galois group associated to the {-torsion of a g-dimensional abelian
variety. The main difficulty is that it is much harder to write down explicit abelian
varieties and then verify that the Galois group obtained is not a proper subgroup
of GSpy,(F¢). This approach has been successfully used in a number of works,
including [Zar79], [SZ05], [Hal08], [Zar10], [Halll], [AVII], [AK13], [AAKT15],
which realise GSp,,(IF,) for every (odd) prime ¢ using Jacobians of hyperelliptic
curves, and show that one curve often realises GSp,,(Fy) for all sufficiently large
£. More recently [LSTX19] gave a non-constructive proof that many hyperelliptic
curves realise GSp,,(Fy) for all odd primes ¢, and [Die02], [Zyw15], [ALS16] who

exhibited explicit curves of genus 2 and 3 with this property. There has also been
numerical work [AAK™16], [ALS16] investigating the Galois images of Jacobians of
curves, and work on general abelian varieties [Lom15].

The main contribution of the present article to this topic is an explicit con-
struction of hyperelliptic curves, such that for every prime ¢ their Jacobian has
maximal mod ¢ Galois image; in other words hyperelliptic curves whose Jacobian
J has Gal(Q(J[{])/Q) = GSp,,(F,) for every odd prime ¢, and isomorphic to the
symmetric group Sgg4o for £ = 2.

The key new tool is a way of controlling the action of inertia groups on J[¢]

at places where J has non-semistable reduction. Our approach does, however,
require a rather unorthodox constraint on the dimension g: we need the even in-
teger 2g + 2 to satisfy Goldbach’s conjecture. In fact, we require it to satisfy the
following somewhat stronger statement, which appears to holcﬂ for every genus
g#0,1,2,3,4,5,7,13:
Conjecture (Double Goldbach). Every positive even integer n can be written as a
sum of two primes in two different ways with none of the primes being the largest
prime less than n, except forn =0,2,4,6,8,10,12,16, 28.

The result on Galois images of hyperelliptic curves that we obtain is the following;:

Theorem 1.1. Let g be a positive integer such that 29 +2 = q1 + g2 = q4 + g5
for some primes q;, with {q1,q92} # {q4,q5}, and that there is a further prime g3
with q1,q2,q4, 95 < g3 < 29 + 2. Then there exist an explicit N € Z and an explicit
fo € Z[x] monic of degree 2g 4+ 2 such that if f(x) € Z[z] satisfies:

(1) f(z) = fo mod N, and

(2) f(x) mod p has no roots of multiplicity greater than 2 for all primes pt N,

then Gal(Q(J[(])/Q) = {Gszg(Fe) for all primes £ # 2, where J=Jac(y?=f()).

Sagto for £ =2,

IWe have made a quick numerical check: the property holds for all other g < 107.
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See Theorem for the explicit description of N and fy(x), and Remark for
an explanation on how to find explicit curves satisfying hypothesis (2). An explicit
example for g = 6 is given in Section

For the exceptional genera g = 1,2, 3,4, 5,7, 13 our method still makes it possible
to construct hyperelliptic curves with maximal image at all but a small number of
primes, e.g. all primes except £ = 5,11,13 when g = 7 (see Remark .

It is worth noting that hypotheses (1) and (2) in the above theorem are sat-
isfied by a positive density of monic polynomials f(x), for example see [BSWI16
Theorem 1.5]. In particular, this shows that the hyperelliptic curves of genus g
with maximal mod ¢ Galois image for every prime ¢ have a positive (lower) density
among all hyperelliptic curves of genus g.

Throughout the paper we work with hyperelliptic curves
C:y* = f(x)
and write
J = Jac(C)

for their Jacobian. The layout is as follows.

In Section [2| we examine the Galois representations H},(C,Qy) and J[{] as rep-
resentations of local Galois groups. For the “¢ # p” theory we use the method of
clusters, recently introduced in [DDMMI§]. For “¢ = p” we restrict our attention
to primes p of semistable reduction, and use the description given by the theory of
fundamental characters. We also give a simple criterion guaranteeing that a local
Galois group contains a transvection in its action on J[¢].

In Section [3| we develop criteria for the representations H},(C,Qy) and J[{] to
be globally irreducible. This is the place where the “double Goldbach” hypothesis
enters. The reason for it is that we cannot always guarantee that the above repre-
sentations are locally irreducible. In fact, this appears to be a genuine obstruction:
for example, there is no 17-dimensional abelian variety A/Q, and primes p > 35
and ¢ # p, such that Ty(A) ® Q, is an irreducible Gal(Q,/ Qp)—modul However,
when 2¢ + 2 is a sum of two primes (other than ¢), we are able to force the local
representation to have at most two irreducible constituents. To guarantee global
irreducibility we then use conditions of this kind at several places. The reason that
we require “double Goldbach” rather than the classical Goldbach’s conjecture, is
so that we can treat the case when ¢ is one of the Goldbach prime summands of
2g + 2 by using the other pair of primes.

In Section [4| we develop criteria for the representations H},(C,Qy) and J[{] to
be primitive. The basic method essentially follows that of Serre (see e.g. [Maz78|
Theorem 4] or [AS15] §1]) or, more recently [ALSI6]: we ensure that every inertia
group acts trivially on every possible Galois stable partition of the representation
and then invoke the Hermite-Minkowski theorem to deduce that no such partition
exists. We formalise this approach by introducing “quasi-unramified” representa-
tions, and develop the necessary conditions on f(z) that make the argument work

2The hypotheses ensure that A has potentially good reduction and the inertia group at p acts
tamely and semisimply on T;(A), through a cyclic quotient of order k, say. Any element of the
inertia group must have rational trace on Tp(A) (as the trace is independent of £), so irreducibility
forces the eigenvalues of a generator of the image of inertia to be precisely the set of k-th roots of
unity. Hence 34 = dim T;(A) ® Q; = ¢(k), which is impossible.
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(“admissible” and “p-admissible” polynomials). Unlike [ALS16], it is important for
us to allow for curves with non-semistable reduction.

In Section We recall the classification of subgroups of GSp,, (IF,) of [Hal08] and
[ADW16] and rephrase it as a criterion for .J to have Gal(Q(J[(])/Q) = GSpa, (F).
As in many previous works, the basic rule is that if the action is irreducible, primi-
tive and contains a transvection, then the Galois representation has maximal image
(see Theorem [5.1)).

In Section |6| we tie everything together to give a list of (essentially local) con-
straints that guarantee that Gal(Q(J[¢])/Q) = GSp,,(F,) for every odd prime £,
and that Gal(Q(J[2])/Q) = Sag42; see Theorems and

In Section [7| we give explicit congruence conditions on the coeflicients of f(x)
that ensure that the above list of constraints is satisfied, and prove the precise
version of Theorem (see Theorem [7.1)).

We end in Section [§]by working through the conditions in Theorem [7.1]for g = 6,
and constructing a hyperelliptic curve satisfying all the hypotheses.
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1.1. Notation, t-Eisenstein polynomials and type t — {q¢1,...,qx}.

Local setting. For a finite extension F' of Q, we write:

7w for a fixed uniformizer of F;

Op for the ring of integers of F';

er for the ramification degree of F;

F for a fixed algebraic closure of F;

F™ for the maximal unramified extension of F’;

v for a valuation on F' normalized such that v(7r) = 1;

[ for the residue field of F;

G'r for the absolute Galois group Gal(F/F);

I for the inertia subgroup of Gp;

g(z) and @ for the reduction modulo 7 of every g(z) € Op|z] and o € OF.

Definition 1.2 (¢-Eisenstein polynomials). Let ¢ > 1 be an integer. We say that
a polynomial with Op-coeflicients

f(x) =™+ am—lxm71 +---+ag

is t-Eisenstein if v(a;) >t for all 4 > 0 and v(ag) = t.
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Definition 1.3 (Polynomials of type t —{q1,...,qx}). Let g1, ..., g be prime num-
bers and let ¢ > 1 be an integer. Let f(z) € Op[z] be a monic squarefree polyno-
mial. We say that f(z) is of type t — {q1,...,qx} if it can be factored as

k
7(@) = h@ [[o:( = )

over O[], for some o; € Op with@; # @; for all ¢ # j, where g, () is a t-Eisenstein
polynomial of degree ¢; and h(z) is separable with h(a;) # 0 for all 4.

In other words, the monic polynomial f(x) is a product of shifted ¢-Eisenstein
polynomials of degrees ¢;, . . . gx and linear polynomials, such that these polynomials

have no common roots in the residue field. See Section [§] for explicit examples.

Global setting. For a number field K we write:

Ok for the ring of integers of K;

F, for the residue field of K at a prime p of K;
K for a fixed algebraic closure of K

Gk for the absolute Galois group Gal(K /K);
I, = Ik, for the inertia subgroup at p.

Definition 1.4. Let ¢,...,q; be prime numbers. Let f(z) € Ok[z] be a monic
squarefree polynomial. We say that f is of type t —{q1,...,qx} at p if f(z) € Ok, []
is of type t — {q1, .., q }-

Roots of unity. Let ¢ be a positive integer, we will denote by (, a primitive g-th

root of unity. Throughout this article we will choose primitive roots of unity to

form compatible systems, i.e. if {; is a primitive g-th root of unity and ¢ = ¢'¢”

then Cg” = (4. In characteristic £ dividing g, we have (; = (,, where {"m = ¢, with
(4,m) =1.

2. INERTIA ACTION ON J[{]

The construction of hyperelliptic curves presented in this article will crucially rely
on understanding the action of the inertia groups on the ¢-torsion of the Jacobian
for every prime number ¢. In this section, F' will be a local field of odd residue
characteristic p. Let

C:y* = f(x)
be a genus g hyperelliptic curve over F with f(x) € Op[z] monic and squarefree,
and let J = Jac(C'). We will describe the inertia action on J[¢] in terms of f(z).

2.1. J[¢] when ¢ # p: clusters.

In this section we describe the inertia action on J[f] when ¢ # p. In particular, we
will prove the following theorem:

Theorem 2.1. Suppose that f(x) € Op|x] has type t — {q1,...,qx} for odd primes
¢; # p. Then for every { # p, the inertia group Ip acts tamely on H},(C/F,Qy)
and on J[{] through a quotient of order dividing 2], ¢;. Moreover, the non-trivial
eigenvalues (with multiplicity) of any generator T of tame inertia are either

2 q1—1 2 qa.—1 .
—Cars—Carr-or =G s =G =G+ =G if t is odd,
or
2 qlfl 2 qkfl N N
CarsCause 9 G oev s Caps Cgpne -5 Cgr if t is even.
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The main ingredient of the proof of Theorem [2.1]is the theory of clusters devel-
oped in [DDMMIS].
Definition 2.2. Let f(z) € Op|x] be a squarefree monic polynomial and let R be
its set of roots in F. A cluster s C R is a non-empty set of roots of f(z) of the
form s = RN D for a disc D C F with respect to the p-adic topology.

For a cluster s with |s| > 2 define:
ds = min{v(r —71') : r,7’ € 5};
50 to be the set of maximal subclusters of s of odd size;
I, = Staby,. (s), the stabiliser of s in I;
Hs =D _,cr\s V(1 — 7o) for any ro € 5;
As = %(ME + ds|s0]);

trivial character 1 of I;  if |s| is even and orda(us - |Ip/Is|) > 1

® ¢, = ¢ order two character of I, if |s| is even and ords(ps - [Ir/Is]) < 1

zero representation of I;  otherwise ;
e vs : Is — C* any character of order equal to the prime-to-p-part of the
denominator of |Ir/I| - As (with 5 = 1 if As = 0);
o V. =79,®(C[s0] ©1) O¢s, an Is-representation. (We write O for the “direct
difference” of representations, that is A© B = C' if and only if B&C = A).

Theorem 2.3 ([DDMMIS8|, Theorem 1.19]). Let £ be a prime different from p, then
H(C/F,Qq) = Hy, ® (H{ ©Sp(2))
as Ip-representations, with
Hy= @ Mmdj" v, H' = P (Ind]"e) O en,
seX/Ip seX/Ip
where X is the set of clusters that are neither singletons nor (proper) disjoint unions

of even size clusters, X/Ir is a set of Ip-orbit representatives, and where Sp(2)
denotes the 2-dimensional special £-adic Tepresentationﬁ

Remark 2.4. When J is semistable we will refer to the dimension of H} as the
toric dimension of J. If the dimension of H} is equal to the genus g, we say that
the reduction is totally toric.

Lemma 2.5. Let f(x) € Oplz] be a t-Fisenstein polynomial of degree n, with
(n,tp) = 1. Then Ip acts tamely on the roots of f(x) and permutes them cyclically
and transitively. Moreover, v(r — ') = L for any two roots r # 1" of f(x).

Proof. Let r be a root of f(x). The Newton polygon of f(x) has a unique slope
equal to f%, so all the roots of f(x) have valuation % In particular, f(x) is
irreducible and the field F™*(r) is a tamely ramified extension of degree n of F™.
By uniqueness, it is Galois and its Galois group is C,,. As f(z) is irreducible over
F™* the cyclic group C,, acts transitively on the roots of f(x).

3 Let £ and p be distinct prime numbers. The special representation Sp(2) over a local field
F/Qp is the (tame) 2-dimensional ¢-adic representation given by:

sp) = (5 “7). Sp<2>(FrobF/F>=<é 9>,
q

where 7 € Ip, the character ty(r) is an ¢-adic tame character, Frobf/F is a fixed Frobenius

element and g = #F.
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Since the extension F™(r)/F™ is tame, the standard homomorphism

Gal(F™(r)/F™) = F; o~ %’“)

is injective. In particular if o is non-trivial then U(:) # 0,1 in F, and hence
v(o(r) —r) = v(r) = L. As Ip acts transitively on the roots, this shows that

v(r — ') = L for any distinct pair of roots r,7’ of f(z). O

Lemma 2.6. Suppose that f(x) € Op[z] has type t — {q1, ..., qr} with (g;,tp) =1

for alli and let f(x) = h(x) Hle gi(z — ;) be the corresponding factorisation as in

Definition . Let B 1, ..., Biq be the roots of g;(x — ;) and let Bo1,. .., Bo,degh
be the roots of h(x).

(1) If i # j, then v(Bi,o — Bjp) =0 for all a,b.
(i1) If i # 0, then v(Biq — Bip) = é for all a # 0.
(#3) v(Bo,a — Bop) =0 for all a,b.
(iv) The clusters of f(z) are the whole set of roots R, sets {B;1,...,Biq | for every
i # 0 and singleton roots.
(v) For s = R, the inertia subgroup Ir acts trivially on Clsg] and vs = €5 = 1.
(vi) For s = {Bi1,...,Biq} with i # 0, the inertia subgroup Ir acts tamely on
Clso] and the eigenvalues of a generator T of tame inertia are precisely the
q;-th roots of unity. Moreover, s and €5 are also tame and

1 ift is even 0ifq #2
Vs(7) = . (1) =19, .
—1 if t is odd, 1ifq =2

Proof. (i) The roots of g;(x) all reduce to 0 in F, so those of g;(x — ;) all reduce
to ;. The result follows as oy # oy for i # j and o; # Bo,j for all 4, j.

(ii) This follows from Lemma

(iii) The statement follows from the definition of type t — {q1, ..., qx} and of h(x).
(iv) Clear from (i), (ii) and (iii).

(v) Ir acts trivially on the roots of h(x) and on {aq,...,ar}, and hence trivially
on Clsg]. Here s =ds = As = 0,50 75 = €5 = 1.

(vi) The result for Clsy] = C|s] follows from Lemma By (ii) ds = é, ts =0 so
As = %(Na + dslso|) = % Therefore v, is either trivial or it has order 2 depending
on the parity of t. Since pus; = 0, €; is tame and

0if q; #£2
es(T) = )
1if ¢, = 2.

O

Proof of Theorem[2.1. By Lemma (iv) the set X of clusters of f(x) which are
not singletons nor unions of even clusters consists of the whole set of roots R and
{Bi1,...,Biq} for every i # 0, with 3; ; as in Lemma

The inertia group Ir does not permute the clusters so by Theorem we have
H(C/F,Qp) = Hy, & (Hf ®Sp(2)) with Hy, = @y x Vs and Hy = (Dex €5) ©
er = 0, where the last equality follows from Lemma (vi) since ¢; # 2 for all i.

By Lemma [2.6] (v) and (vi), V5 is tame for each cluster s.

For s = R, by Lemma (v) inertia acts trivially on Vg.
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For 5 = {511,...,@ ats by Lemma (vi) the eigenvalues of 7 on V; are
Cair Cgi , Cg;' or —(Cg;, -2, s C‘h* dependmg on whether ¢ is even or odd re-
spectlvely. In particular, 7 acts semlslmply on Hg, (C /F,Qy) by an element of order
dividing 2], ¢;- This proves the claim about the action of inertia on H},(C/F,Qy).

As ¢ # p, H},(C/F,Qy) is the dual of T;(J) ® Q, as an Ip-representation. In
particular, the action of Ir on Ty(J) factors through the same tame quotient and
7 has the same set of eigenvalues. The result for J[¢] follows by reducing the
characteristic polynomial of 7 modulo /. (I

2.2. J[{] when ¢ = p: fundamental characters.

Given an abelian variety A/F with semistable reduction, a result due to Raynaud
allows us to recover the eigenvalues of a generator of the tame inertia group acting
on A[p]. Recall that for an integer d coprime to p, we write (4 for a primitive d-th
root of unity, chosen such that for all divisors d’ of d we have Cj/ = C%'

Theorem 2.7. Let A/F be an abelian variety with semistable reduction. Then the
eigenvalues of a generator of the tame inertia group on Alp] are all of the form

Z?;ol aipi

p"—1
for 1 <n < 2dim(A) and 0 < a; < ep, and where the {4 form some compatible
system of roots of unity.

For ease of reading, we will recall briefly the theory of fundamental characters.
For further details see [Ser72l §1].

Let I; denote the tame inertia quotient of Ir. A surjective homomorphism
Y, 2 It — Fp defined by

mod m,, where 7, = (WF)1/(p"—1)’

is a fundamental character of level n. The set of1 fundamental characters of level
n is the set of the n characters ¥,, ¥2,... ,wﬁn_ ; this set is independent of the
choice of (7z)'/ " =1, The fundamental characters of level n satisfy compatibility
relations with fundamental characters of level m for any integer m dividing n:
()T = (7). forall 7 € L.
Proof of Theorem[2.7]. Let V be a Jordan-Hoélder factor of dimension n over F)
of the I'p-module A[p]. Then, by [Ray74] Corollaire 3.4.4], V has the structure
of a 1-dimensional Fj,»-vector space with the action of I given by a character
w : Ip — F., where
w = 1/1;?;01 o’

with 0 < a; < Er.

Let 7 be a fixed generator of tame inertia. Then t, (1) = (pn 1 € F and w(7)

acts as multiplication by (= ZZ “ aip’ on Fpn.

Let ® be the minimal polynomial of {yn_1 over Fp,. Since Fp[(pn_1] = Fpn, the
minimal polynomial & has degree n and hence its roots are

C Cp p pn—l
p—1, p—156pn—15- s Spn_1-
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Therefore, by the Cayley-Hamilton theorem, these are precisely the eigenvalues of
multiplication by (p»_1 on V.
St i 0

Hence, the eigenvalues of w(r) are ('

2.3. Creating a transvection.

Finally, we will need a criterion to ensure that some element of Gal(Q(J[¢])/Q)
acts as a transvection on J[¢]. We again use inertia groups for achieving this.

Definition 2.8. Recall that a transvection in GSp,,(F¢) is a unipotent element o
such o — Idagx24 has rank 1.

Lemma 2.9. Suppose that p12¢ and f(x) € Oplx] has type 1 — {2}. Then some
element of Iy acts as a transvection on J [£].

Proof. The model of the curve consisting of the chart y? = f(x) and the usual
chart at infinity is a regular proper semistable model of C. The dual graph of the
special fibre is a vertex with a loop. The homology group of the dual graph is Z
with intersection pairing (1), so the Tamagawa number of the Jacobian over K™"
is ¢(J/K™) = det(1) = 1 (see e.g. |[Papl3] Theorem 3.5 and Theorem 3.8]).

On the other hand, for a principally polarised g-dimensional semistable abelian
variety A of toric dimension d, the inertia group acts on Ty(A) by block matrices
of the form

Idd 0 tg (O')N
o 0 Idzgfzd 0
0 0 Idy

where t; is the f-adic tame character and N is a d X d symmetric integer-valued
matrix that satisfies ¢(A/K™") = |coker(N)| (it is the matrix induced by the mon-
odromy pairing composed with the principal polarisation on A); see e.g. [GR72,
§ 9,8 10] or the summary in [DD09, § 3.5.1]. In our case d =1 and ¢(J/K"") =1,
so N is a 1 x 1 matrix with entry 1. In particular, picking o appropriately gives an
element of the inertia group that acts on J[{] as a transvection. O

3. IRREDUCIBILITY

The aim of this section is to provide explicit criteria on f(x) that force irre-
ducibility of the mod ¢ Galois representation. The key idea is to ensure that images
of local Galois groups are sufficiently large and can be patched together to guarantee
global irreducibility.

3.1. Local representations.

Proposition 3.1. Let C : y? = f(x) be a hyperelliptic curve over a local field
F of odd residue characteristic p, with f(x) € Oplx] monic and squarefree, and
let J = Jac(C). Suppose that f(x) has type t — {q1,...,qx} where q1,...,qr are
odd primes, coprime to t. Suppose moreover that the size of the residue field #F
is a primitive root modulo each of the q;. Then for every prime ¢ # p,q1,- -, qk,
the semisimple representation (J[] ®r, Fy)ss decomposes as a direct sum of one
(g1 —1)-dimensional, one (ga—1)-dimensional, . .., one (qx—1)-dimensional irreduci-
ble G p-subrepresentation, and all other irreducible constituents being 1-dimensional.
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Proof. By Theorem Gr acts tamely on J[¢] and the non-trivial eigenvalues of
a generator of tame inertia are +(; for r;5 = 1,...,¢;—1, where each sign is + if
t is even and — if ¢t is odd. We claim that the conclusion of the proposition holds
for any semisimple Fy-representation V with this property.

The action on V factors through a finite group G = (7, ¢), where (1) < G is the
(tame) inertia subgroup and ¢ is any lift of Frobenius.

Write V, for the z-eigenspace of 7 on V. Since ¢r¢~! = 7#F and hence
¢~ = ¢ 1r#F it follows that ¢~ maps V. to V.,xs. In particular, ¢~ (%1
is an endomorphism of Vaie,, -

Pick v € V¢, which is an eigenvector for the action of ¢~ (%=1 on Vic, and

consider the subspace W = (v, ¢~ 1w, ..., ¢*(Qi’2)v>. Since W is closed under 7 and
¢~ L, it is a Gp-submodule of V.

Moreover, as #IF is a primitive root modulo ¢;, it follows that the eigenvalues of
7 on (v),...,{¢~@=2y) are precisely the non-trivial ¢;-th roots of unity, or their
negatives. In particular, as these 7-eigenvalues are distinct, any G-submodule of W
must be a direct sum of some of the (¢7v)’s. As ¢~! permutes these T-eigenspaces
transitively, it therefore follows that W is irreducible.

Now the result follows by substituting V' by V/W and then proceeding by in-
duction on the dimension. |

3.2. Global representations.

Lemma 3.2. Let C : y?> = f(x) be a hyperelliptic curve over a number field K,
where f(x) € Oklz] is a monic squarefree polynomial of degree 2g + 2. Suppose
that f(z) has type t — {q1,q2} at po and type t' — {q3} at p3, where:
® q1, g2 and g3 are primes with q1 < g2 < q3 <29+ 2 and g1 + q2 = 29 + 2;
® p2,p312;
e t is coprime to qiq2, and t' is coprime to qs3;
o #IF,, is a primitive root modulo q; and q2;
#F,. is a primitive root modulo gs.

Then for every prime € { q1,q2,q3, #Fp,, #Fp,, the Gx-module J[{] is absolutely
irreducible, where J is the Jacobian of C'.

Proof. By Proposition the restriction of J[¢] ®r, F¢ to Gk, contains an irre-
ducible (g3 — 1)-dimensional subquotient. Also its restriction to Gk, has exactly
two Jordan-Holder factors and these have dimension (¢; — 1) and (g2 — 1). It
follows that, on the one hand, J[¢] ®, Fy can have at most two Jordan-Holder
factors, in which case they have dimensions (¢; — 1) and (g2 — 1), and, on the other
hand, J[{] ®r, F; has a Jordan-Holder factor of dimension at least (g3 — 1). Hence
J[{) ®r, Fy is irreducible. O

Theorem 3.3. Let C : y? = f(z) be a hyperelliptic curve over a number field K,
where f(x) € Oklz] is a monic squarefree polynomial of degree 2g + 2. Suppose

that f(x) has type t — {q1,q2} at pa, type t' — {qu,q5} at py, type t” — {q3} at p3,
and type t"" — {qs} at p§, where:

® ¢1,q2,93,q4 and qs are primes such that:
20+2=q1+q2=qs+gs s < q1 < q2 < g5 < q3 <29+ 2;

® Do, o, 03,051 2]]; i and they have distinct residue characteristics;
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t is coprime to qiqa; t' is coprime to quqs; t” is coprime to q3 and t"' is
coprime to qs;

#F,, is a primitive root modulo g1 and q2;

#Fy,, is a primitive root modulo q4 and qs;

#Fy, is a primitive Toot modulo qs;

o #IFy. is a primitive root modulo gs.

Then for every prime £, the Gg-module J[{] is absolutely irreducible, where J is
the Jacobian of C.

Proof. Applying Lemma [3.2] with g1, ¢, g3, P2, p3 proves the claim for all ¢ with
P2, P3,q1, 92,93 1 £. Applying the lemma again with g4, g5, g3, p5, p3 proves it for
all £ with p3,q3 1 ¢. By assumption g5 > qi,¢2, so applying the lemma with
1,92, 05, P2, Ps proves the result for ps, g3 | £. O

4. PRIMITIVITY

In this section K is a number field and C': y? = f(z) a hyperelliptic curve over
K, where f(x) € Oklz] is a monic squarefree polynomial of degree 2g + 2. As
before, J = Jac(C'). In this section moreover p will denote a prime of K.

Definition 4.1. Let V be a symplectic vector space over a field, and let G be a
subgroup of GSp(V). We say that {V1,...,Vi} is a non-trivial G-stable decom-
position of V into symplectic subspaces if the V; are proper symplectic subspaces
Vi C V, the symplectic pairing is non-degenerate on V;, and there is a homomor-
phism ¢ : G — Sy such that V = &%, V; and o(V;) = V(o)) for o € G.

Definition 4.2. Let V be a symplectic vector space over a field, and let G be a
subgroup of GSp(V'). Suppose that V has no proper G-stable subspace. Recall that
V is an imprimitive G-module if there is no non-trivial G-stable decomposition of
V into symplectic subspaces. If V' is not an imprimitive G-module, then it is a
primitive G-module.

4.1. Quasi-unramified representations.

Definition 4.3 (Quasi-unramified representation). We will say that a symplectic
Fy-representation V of Gk is quasi-unramified if for every G g-stable decomposi-
tion V = @k _,V; into symplectic F,-subspaces, the permutation action of G on
{V1,...,Vi} is unramified at every prime of K. We will say that V is strongly
quasi-unramified if the same condition holds for decompositions of V&g, F, into
symplectic Fy-subspaces.

Note that strongly quasi-unramified implies quasi-unramified.

Proposition 4.4. Let K be a number field which does not have everywhere unram-
ified extensions. If V' is an irreducible quasi-unramified symplectic representation
of Gk, then V is primitive.

Proof. Suppose V' admits a G g-stable decomposition into symplectic subspaces.
Since V is irreducible, the associated homomorphism ¢ is transitive and, in partic-
ular, non-trivial. By definition of quasi-unramified symplectic representation, the
kernel of ¢ cuts out a proper unramified extension of K. Hence, V is primitive. [J

Remark 4.5. By the Hermite-Minkowski theorem, Q satisfies the hypotheses of
Proposition Similarly, the same holds for Q((s).
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4.2. Criteria for being quasi-unramified.

Definition 4.6 (Admissible polynomials). We will say that f(z) € Oglz] is
(-admissible at p if for every G-stable decomposition J[¢] ® F, = @k ,V; into
symplectic Fy-subspaces, I, acts trivially on {Vi,...,Vj}.

We will say that f(z) € Ok|[z] is admissible at p if it is ¢-admissible at p for
every odd prime number ¢ not divisible by p.

Proposition 4.7. Let £ be an odd prime number and suppose that:

(1) f(x) is admissible at all p 1 ¢;
(2) f(x) is L-admissible at all p | £.

Then J[l] is strongly quasi-unramified.
Proof. Direct from the definition. ([

The following criterion is another way of ensuring that J[¢] is quasi-unramified
for certain primes ¢:

Proposition 4.8. If J[{] is irreducible and there exists a prime number q such that
e g+1<qg<29+2;
e ( is a primitive root modulo q;
o f has type t — {q} atp for some p{2Lqt;

then J[{] is quasi-unramified.

Proof. Suppose that J[¢] = @¥_,V; is a non-trivial Gx-stable decomposition into
symplectic Fy-subspaces. Since J[f] is irreducible and the V; are symplectic sub-
spaces, dim V; = dim V; > 2. In particular, k < g+1 < ¢q. By Theorem 1, acts
on J[{] through a cyclic quotient (1) 2 C, or Ca,, with 72 having eigenvalues all
the primitive g-th roots of unity, and all other eigenvalues 1. By hypothesis k < ¢,
so 72 has to preserve each of the V;. Without loss of generality 72 : V; — V; has
(q as an eigenvalue. The minimal polynomial of (; over IF, has degree ¢ — 1, so
%:dim%Zq—1>g7andsok=1. O

In the rest of this section we will give criteria for f(z) to satisfy the hypotheses
of Proposition 4.7}

4.3. Admissible polynomials.
Lemma 4.9. If J is semistable at p then f(x) is admissible at p.

Proof. Let ¢ be an odd prime with p { £. Suppose that J[{] @ F, = @F_,V; is a
non-trivial G g-stable decomposition of J[¢] ® F, into symplectic Fy-subspaces.

By [GR72, Corollaire 3.5.2], I, acts unipotently on J[¢] with (o —1)? = 0 for all
o € I,. By Lemma[4.16] every o € I, fixes each of the V; and so f(x) is -~admissible
at p. O

Lemma 4.10. Let p be a prime of odd residue characteristic p. If f(z) € Oklx]
has type t — {q1,q2} at p for t odd and odd primes qi,qa different from p, with
@1+ g2 = 29 + 2, then f(x) is admissible at p.

Proof. Let £ # 2,p be a prime. Suppose that J[(] ® Fy = @}_,V; is a non-trivial
G i-stable decomposition into symplectic Fy-subspaces. By Theorem I, acts
tamely on J[¢] through a cyclic quotient of order dividing 2¢1¢2. Let 7 be a fixed
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generator of tame inertia. We need to show that 7 acts trivially on {Vi,..., Vi}.
Again by Theorem 7 has eigenvalues —(g,, ..., —C¢0 71 —Cgpy oo, —CETE

If ¢ # g1, g2, then no subset of the eigenvalues is closed under multiplication by
either —1, (g, or {g,, and so by Lemma [£.15] 7 cannot permute {V4,...,V;}.

If £ = ¢1 # ¢2, then by the same argument 7 cannot have an orbit on {V1, ..., V;}
of length 2. Moreover, 7 does not have an eigenvalue of multiplicity g1, so by
Lemma [I.15] 7 cannot have an orbit of lenght divisible by ¢;. Furthermore, no set
of 2¢o eigenvalues is closed under multiplication by (4, and the V; are symplectic
(even dimension), so 7 cannot have an orbit of length divisible by g2 either.

Finally, if £ = q¢1 = ¢o = g + 1, then 7 cannot cyclically permute ¢; symplectic
subspaces since dimy, J[¢] = 29 < 2¢;. It also cannot have an orbit of length 2 as
no subset of the eigenvalues is closed under multiplication by —1. (|

Lemma 4.11. Let p be a prime of odd residue characteristic p. If f(z) € Oklx]
has type 2—{q} at p where q is an odd prime g +1 < q < 2g + 2, then f(x) is
admissible at p.

Proof. Let £ # 2,p be a prime. By Theorem I, acts tamely on J[¢] through a
cyclic quotient of order dividing 2¢, and with a generator of tame inertia 7 having
non-trivial eigenvalues (g, . .. ,(g‘l, each with multiplicity 1 (unless ¢ = ¢ in which
case all eigenvalues are +1).

Since £ # 2, the order of the image of I, is g or 1. Clearly, since ¢ > g+1, inertia
cannot permute ¢ symplectic blocks. ([

4.4. p-admissible polynomials.

Let us address condition (2) in Proposition
Proposition 4.12. If C/K is semistable at p of residue characteristic p, with
p > max(g,2eg, + 1),
where e, is the ramification degree of K, /Qy, then f(x) is p-admissible at p.

Proof. Suppose that J[p] ® F, = &, V; is a non-trivial G, -stable decomposition
into symplectic subspaces.

As p > g the wild inertia group cannot permute the subspaces, as each orbit
must have either size 1 or size divisible by p.

By Theorem the eigenvalues of a (fixed) generator 7 of the tame inertia

k—1 _ i
group are of the form Cgijlo “P for some 1 < k < 2dimJ and 0 < a; < €K, - In

particular, if ¢, is a root of unity such that ¢2"
eigenvalue is of the form

= (pr_1 for all k, then each

e 1

L for some 0<t< —2» < -

p—1 2
This set has no subset closed under multiplication by j-th roots of unity for any
j < g (as g <p). Thus by Lemma 7 cannot permute {V1,...,V,,}. O

Remark 4.13. The result and the proof of Proposition also hold for abelian
varieties. Let A be a g-dimensional semistable abelian variety over a local field
F/Q,. Suppose that A[p] ® F, = &7 ,V; is a Gp-stable decomposition into sym-
plectic subspaces. If p > max(g,2er + 1) then Ir does not permute {V1,...,V,,}.
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Proposition 4.14. Let p be a prime of odd residue characteristic p with

€Ky (Gp)/ Ky T 2
If J has totally toric reduction at p then f(x) is p-admissible at p.

Proof. Suppose that J[p| ® F, = &F_|V; is a G g-stable decomposition of J[p] into
symplectic F,-subspaces. The inertia group I, acts on T},(J) as

x(0)Idgx, ‘ *
~ ( 0 |Tdgey )

where x is the cyclotomic character (as follows from the Raynaud parametrization
J(Ky) & (F:)g/lattice, so that 0 — (upn)? — J(Kp)p"] = (Z/p™)? — 0). In
particular, the action of I, on J[p] factors through a group of the form G = W x H,
where W consists of unipotent matrices, and H = (1) is a cyclic group of order
€K, (¢,)/K,- Lhe eigenvalues of 7 are 1 and x(7), both with multiplicity g.

Since W is a p-group with all elements satisfying (M —1d)? = 0, by Lemmam
W acts trivially on {Vq,...,V%}. Since x(7) # —1, the eigenvalues of 7 have no
subset closed under multiplication by any root of unity. Thus, by Lemma T
cannot permute any of the V; either. Therefore, I, acts trivially on {V1,...,Vi},
as required.

O

4.5. Miscellaneous linear algebra.

Lemma 4.15. Let V = @F_|V; be a finite dimensional vector space over a field L.
Let T:V — V be an L-linear map such that T(V;) = Vi1 (the indices considered
modulo k). If the eigenvalues of T* on Vi are aq,...,aq (with multiplicity), then
the eigenvalues of T on V (with multiplicity) are

Gvai
fori=1,...,dand j=0,...,k—1.

Proof. Without loss of generality, suppose that L is algebraically closed. Pick v € V
such that Tv = Sv. Write v = Zle v; for v; € V;, so Tv; = Bui41.

On the subspace W = (vy,...,v;) the map T* acts as multiplication by 3*,
so TF — g = 0 on W. The minimal polynomial of T on W must have at least
degree k, so by the Cayley-Hamilton theorem the characteristic polynomial of T
on W is ¥ — g*. Hence its eigenvalues are (,ZB for 5 =0,...,k — 1. Now take
V' =V/W =@ _,Vi/(v;) and proceed by induction on the dimension. O

Lemma 4.16. Let £ be an odd prime and V an F-vector space. Suppose M : V—V
is a linear map and satisfies (M — 1d)? = 0. Then there is no set of linearly inde-
pendent subspaces Vi,..., Vi, of V (for k > 1) which are cyclically permuted by M.

Proof. Since 0 = (M — 1d)* = M* — 1d, either M = Id or M has order £. So,
if it permutes a set of linearly independent subspaces Vi,..., Vi cyclically, then
k=4¢>2. Nowif v € V;\ {0}, then

0= (M —1d)*v = M?*v — 2Mwv + v,
which gives a contradiction since v € V4 \ {0}, 2Mv € Vo and M?v € V3. O
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5. SURJECTIVITY

5.1. Generating symplectic groups.

We make use of the following classification of subgroups of GSp,, (F¢) containing
a transvection, due to Hall and Arias-de-Reyna, Dieulefait, Wiese.

Theorem 5.1 ([Hal08, Theorem 1.1]; [ADW16, Theorem 1.1]). Let £ > 5 be a
prime and let V' be a symplectic Fo-vector space. Let G be a subgroup of GSp(V')
such that:

(1) G contains a transvection;

(it) V is an Fy-irreducible G-module;
(791) V is a primitive G-module.
Then G contains the symplectic group Sp(V'). The same is true for { = 3, provided
that V @ F3 is an irreducible and primitive G-module.

Proposition 5.2. If £ > 5 and V is an irreducible quasi-unramified symplectic
representation of Gg, then the image of Gg contains Sp(V') provided that some
element of Gg acts as a transvection. The same holds for { = 3 provided that V is
also absolutely irreducible and strongly quasi-unramified.

Proof. By Lemma[4.4] the representation is primitive. The result follows from The-
orem [B.11 O

5.2. Symplectic representations and abelian varieties.

Theorem 5.3. Let £ > 5 be a prime and let A/K be a principally polarized abelian
variety of dimension g over a number field K. If the Gk-action on A[l] is ir-
reducible, primitive and contains a transvection, then the image of Gx contains
Spay(Fe). Moreover, the same holds for £ = 3 provided that A[3] ® F3 is also irre-
ducible.

Proof. The result follows directly from Theorem [5.1 O

Lemma 5.4. Let ¢ be a prime and let A/K be a principally polarized abelian
variety of dimension g over a number field K. Let G = Gal(K(A[{])/K). Then

(G : G N Spyy(Fe)] = [Q(Ce) : K NQ(C)]-

Proof. Let t : GSpy,(F;) — F, be the group homomorphism which maps an ele-
ment M € GSp,,(F¢) to the corresponding multiplier through the symplectic pair-
ing, that is the element m € F;* such that for all u,v € ]F?g, (Mu, Mv) = m(u,v).
The kernel of this homomorphism is Spy, (F¢).

Since the abelian variety is principally polarized, the symplectic pairing on
J[f] is the mod ¢ Weil pairing: for all ¢ € Gk and for all v,w € J[{] we have
(ov, ow) = x(0)(v,w). Therefore the homomorphism ¢ restricted to G is the cyclo-
tomic character and

[G : G N Spy,(Fy)] = [image of x on G| = [Q({r) : K NQ(Cr)]-
(]

Corollary 5.5. Let £ > 5 be a prime and let J/K be the Jacobian of a curve of
genus g over a number field K. If the Gi-action on J[f] is irreducible, primitive
and contains a transvection, then Gal(K(J[(])/K) contains Spy,(F,) with index
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[Q(¢) : K NQ(&)]. Moreover, the same holds for £ = 3 provided that J[3] @ F3 is
also irreducible.

Proof. Since J is principally polarized (see [Mil86, Summary 6.11]), Theorem [5.3
implies that the image of G'xc contains Spy,(IF). The result follows from Lemma
[l

Theorem 5.6. Let £ > 5 be a prime and let J/Q be the Jacobian of a curve of
genus g. If the Gg-action on J[{] is irreducible, quasi-unramified and contains
a transvection, then Gal(Q(J[{])/Q) = GSpy,(F¢). Moreover, the same holds for
¢ = 3 provided that J[3] is also absolutely irreducible and strongly quasi-unramified.

Proof. By Lemmal[4.4]the representation is primitive. The result follows from Corol-
lary ([l

6. MAXIMAL GALOIS IMAGES OVER Q

We now put together the results from § 2-§ 5 to produce hyperelliptic curves over
Q with maximal Galois images. In this section C': y? = f(z) denotes a hyperelliptic
curve over Q, where f(z) € Z[z] is a monic squarefree polynomial of degree 2g + 2.
As before, J = Jac(C).

For the rest of the section we will refer to the following hypotheses on the genus
and on f(x):

(G+¢€) There exist primes ¢1, g2 and g3 such that:
20+2=q+q @ <@<gqg<2g+2
(2G+¢€) There exist primes q1, g2, g3, 44, g5 such that:
29+2=q+@e=ut+e, @ <a<q@p<g<g<29+2

(2T) f(x) has type 1 — {2} at distinct primes p;,p; > g.
(TT) J has totally toric reduction at all odd primes £ < g.
(p2) f(x) has type 1 —{q1,q2} at a prime ps > 2¢g + 2, which is a primitive root
modulo ¢1, g2 and gs.
(ps) f(x) has type 2—{q3} at a prime p3 > 2¢ + 2, which is a primitive root
modulo g3.
(py) f(x) has type 1 —{q4,q5} at a prime p, > 2g + 2, which is a primitive root
modulo g3, g4 and gs.
(p5) f(z) has type 2—{¢5} at a prime p5 > 2¢ + 2, which is a primitive root
modulo g¢s.
) f(z) is admissible at all primes p (see Definition [4.6]).
) C is semistable at all primes p ¢ {p2, p5, p3, 5}
3) p2,p3 =1 mod 3.
) There exist two primes p;- and py;, such that f(x) modulo p;.,. is irre-
ducible, and f(z) modulo p;;, factors as an irreducible polynomial times a
linear factor.

Theorem requires the Goldbach conjecture like hypothesis (G + €) and pro-
duces curves with maximal mod ¢ Galois images at all but a small set of primes.
Theorem requires the stronger hypothesis (2G + ¢) but guarantees maximality
at all £ simultaneously.
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Remark 6.1. Note that hypothesis (adm) is automatically satisfied if hypotheses
(p2), (p3), (P5), (ps) and (ss) hold. The polynomial f(x) is admissible at all primes:
Lemma andensure admissibility at pa, ps, pj and p4, while hypothesis (ss)
and Lemma [.9] guarantee admissibility at all other primes.

Theorem 6.2. Suppose f(x) € Z[x] satisfies (G +€), (2T), (p2), (p3) and (adm).
Then Gal(Q(J[é])/Q) = GSpQg (]FZ) pmvided that ¢ 7& 2’ 37 q1,92,43,P2,P3 and either
(i) £ > g and J/Qq is semistable, or
(i1) J/Qq has totally toric reduction, or
(iii) £ is a primitive root modulo qs.
Proof. By Lemma Hypothesis (2T) ensures the existence of a transvection in
Gal(Q(J[1])/Q).
By (G +¢), (p2) and (p3), the hypotheses of Lemma [3.2] are satisfied, so J[¢] is
absolutely irreducible for every prime ¢ # g1, g2, g3, P2, P3-
In case (i), by Proposition and hypothesis (adm), the conditions of Propo-
sition are satisfied, so J[¢] is strongly quasi-unramified.
In case (i7), by Proposition and hypothesis (adm), the conditions of Propo-
sition are again satisfied, so J[¢] is strongly quasi-unramified.
In case (ii1), since J[¢] is irreducible and hypothesis (p3) holds, Proposition
shows that J[{] is quasi-unramified.
Therefore, Gal(Q(J[{])/Q) = GSp,,(F¢) by Theorem O

Remark 6.3. The theorem can be easily extended to include ¢ = ps and p3 by
requiring that there is a second pair of primes ry, r3 satisfying the same properties
as po and ps in hypotheses (p2) and (p3).

From Theorem [6.2] we have the following immediate corollary:

Corollary 6.4. If f(z) also satisfies (TT) then Gal(Q(J[€])/Q) = GSpy,(F,) for
every prime £, except possibly for

(7’) = 27 3a q1,42, 93, P2, P3, and
(i) € where J/Qy is not semistable that are not primitive generators modulo gs.

Theorem 6.5. Suppose f(x) € Z[x] satisfies (2G + €), (2T), (p2), (p3), (vh), (p5),
(TT) and (ss). Then Gal(Q(J[(])/Q) = GSpy,(F¢) for all primes £ # 2,3.

Moreover, if f(x) also satisfies (3) then Gal(Q(J[3])/Q) = GSp,,(F3), and if
f(x) satisfies (Sag42) then Gal(Q(J[2])/Q) = Sag4a.

Proof. Case ¢ > 5. The hypotheses of Theorem are satisfied by (2G + ¢€), (p2),
(p3), (ph) and (pj), so J[{] is absolutely irreducible for every prime /.

By hypothesis (2T), Lemma ensures that for every prime £ there exists a
transvection in Gal(Q(J[¢])/Q).

The polynomial f(z) is admissible at all primes: Lemmas [4.10] and [4.11] ensure
admissibility for ps, p3, ph and pj, while hypothesis (ss) and Lemma 4 guarantee
admissibility at all other primes.

If ¢ < g, then J has totally toric reduction by hypothesis (TT). Since £ > 5, we
have that eq,(¢,)/q, # 2. Therefore, by Proposition J[f] is ¢-admissible at .
If ¢ > g and £ & {p2, p3, ph, p5}, then J is semistable at £ by hypothesis (ss) and so
by Proposition J[€] is ¢-admissible at £.

If ¢ ¢ {p2,ps,ph, s}, then by Proposition J[¢] is strongly quasi-unramified.
If ¢ € {p2,p3,Ph, P4}, then Proposition with ¢ = ¢3 (or ¢5) and p = p3 (or p})
shows that J[{] is quasi-unramified.
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Therefore, by Theorem [5.6| we have that Gal(Q(J[{])/Q) = GSp,,(Fy).

Case £ = 3. We will show that Gal(K (J[3])/K) contains Spy, (F3) for K = Q((3)-
By Lemma [5.4] then we have Gal(Q(J[3])/Q) = GSpy,(F3).

Note that hypothesis (2G + ¢€) forces g > 6. Since p; > g > 6, it is unramified
in K/Q and f(z) has type 1 — {2} at all primes dividing p;. The existence of a
transvection in Gal(K(J[3])/K) is ensured by Lemma

Let po, p3 be primes of K above py and p3 respectively. By hypothesis (3), po and
ps split in K, so #F,, = ps and #F,, = p3, and f(z) has type 1 —{q1, g2} at p2 and
type 2—{qgs} at p3. Let us remark that p2,ps3, q1, 2,93 7 3 since ¢4 < ¢1 < ¢2 < g3
and po,p3 > g > 6. By Lemma the Gg-module J[3] is absolutely irreducible.

The hyperelliptic curve C/K is semistable at all primes p 1 p2, ph, p3, ps by hy-
pothesis (ss). As pa,ph, ps, ph are unramified in K/Q, f(z) has the same type above
these primes in K as over Q. In particular f(x) is admissible at all primes by Lem-
mas [4.10| and [4.11] By hypothesis (TT), J has totally toric reduction at A | 3
and so, by Proposition [4.14] J[3] is 3-admissible at A\. By Proposition J[l] is
strongly quasi-unramified. By Proposition J[3] ® F3 is primitive.

Theorem shows that Sp,,(IF3) C Gal(K(J[3])/K), as required.

Case £ = 2. Recalﬂ that Q(J[2]) is the splitting field of f(z). We just need to
ensure that the Galois group of f(z) is the full symmetric group Sa42.

Hypothesis (S2g+2) guarantees the existence of primes p;,. and pj;, such that
f(z) modulo p;,, is irreducible, and f(z) modulo p;;, factors as an irreducible
polynomial times a linear factor. These factorisations ensure the existence of a
2g + 2 cycle and a 2g + 1 cycle in the Galois group of f(z).

By hypothesis (2T), the inertia group at p; acts as a transposition on the roots
of f(x).

Since using 2¢g 4+ 2 and 2g + 1 cycles it is possible to conjugate a transposition to
any other transposition, and the symmetric group is generated by transpositions, we
deduce that the Galois group of the splitting field of f(x) is Sag42, as required. O

Remark 6.6. Hypothesis (2G + €) does not hold for g = 0,1,2,3,4,5,7 and 13,
but we expect it to hold for all other g, and have numerically verified it for g < 107.

For this exceptional list of small genera our method still makes it possible to
find hyperelliptic curves with Gal(Q(J[¢])/Q) = GSp,,(FF,) for all but a small set
of primes ¢ (see Theorem Remark hypothesis (S2g+2) and the proofs of
cases £ = 2,3 of Theorem [6.5)):

Genus | primes excluded
3,5

3,5,7

5,7

5,7,11

5,11,13

3 11,17,23.

= = Ot W N

4As in [Cor01], J[2] is generated by divisors D; = (t;,0) — (t1,0) for i = 2,...,2g+2 subject to
the unique relation ), D; = 0, where the t; are the roots of f(x). Clearly Q(J[2]) is contained in
the splitting field of f(z). Conversely, it is easy to see that if deg(f) > 4 and o € Gal(f) satisfies
o(D;) = D; for all ¢ then o is trivial.
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7. CONGRUENCE CONDITIONS

7.1. Main theorem: explicit curves.

The main result of this section is the following explicit version of Theorem [6.5

Theorem 7.1. Let g be a positive integer such that there exist primes q1, g2, q3, 44, g5
with2g+2=q +q =q1+qs and g4 < q1 < q2 < q5 < q3 <29 + 2. Let

fo(z) = 2?92 4 (129+1.Z‘29+1 +- -+ a1z + ag € Z[z]

be a polynomial such that

o ap = 229 mod 22912 and a; = 0 mod 2291277 for all i > 0;

o fo(x) has type 1 — {2} at distinct primes ps, py > g;

o fo(x) has g distinct double roots in Fy for every odd prime £ < g;

o fo(x) has type 1 —{q1,q2} at a prime ps > 29+ 2, which is a primitive root
modulo q1,q2 and q3, and ps = 1 mod 3;

o fo(x) has type 2—{q3} at a prime p3 > 2g + 2, which is a primitive root
modulo q3, and p3 = 1 mod 3;

o fo(x) has type 1 —{q4,q5} at a prime py > 2g+ 2, which is a primitive root
modulo qs,qs and qs;

o fo(x) has type 2—{qs} at a prime p§ > 2g + 2, which is a primitive root
modulo qs;

e fo(x) modulo a prime pi. is irreducible;

e fo(x) modulo a prime pyy, factors as an irreducible polynomial times a linear
factor.

Let C : y*> = f(z) be a hyperelliptic curve over Q with f(x) € Z[x] monic and
squarefree such that

(1) f(x) = fo mod N, where

N =pi - p? - puin - pirr P3P 0595227 ] p%
3<p<yg
prime
(2) f(z) mod p has no roots of multiplicity greater than 2 in F, for all primes
p not dividing N.

Then
GSpy, (F¢) for all primes £ # 2,

Gal(Q(I[)/Q) = { Sagea for (=2

where J = Jac(C).

Proof. Clearly hypothesis (2G + ¢€) of Theorem is satisfied.

Since f(z) = fo mod N then by Lemma f(z) € Z[z] satisfies hypotheses
(2T), (p2), (p3), (p3) and (p5) of Theorem

Hypotheses (TT) and (ss) are satisfied too by Lemma Corollary and
Lemma (ii).

Hypothesis (3) holds since ps, ps = 1 mod 3.

The existence of p;rr and py;, guarantees that (Sag42) is satisfied.

Therefore by Theorem We have that Gal(Q(J[{])/Q) = GSp,,(F,) for all odd
primes and Gal(Q(J[2])/Q) = Sag12. O
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Remark 7.2. Condition (2) can be made explicit, in the sense that one can con-
struct examples for (2) in a systematic way as follows.

Recall that f(x) mod p has a root of multiplicity greater than 2 if and only if
£, f's f”" mod p have a common root in F,. To construct a suitable polynomial, first
pick any f(x) satisfying (1) and such that f(z) mod p has no roots of multiplicity
greater than 2 for all primes p < 2¢g not dividing N. Let

N=N- H p.
p<2g ptN
prime
By changing the linear term of f(z) by a multiple of N, ensure that f’(x) and
f"(x) have no common roots in Q, so that for some polynomials a(x),b(x) € Z|[x]
we have a(x)f'(z) + b(z)f"(x) = M € Z \ {0}. This guarantees that f(z) mod p
does not have roots of multiplicity greater than 2 for all primes p { M.

If p | M with pt N then there exists ¢ € F,, such that f(z)+ ¢ mod p is non-zero
at the Fp-roots of f”(z), as p > 2g = deg f”. Thus, by the Chinese Remainder
Theorem, there exist z € Z such that f(z) + 2N mod p is non-zero at the F,-roots
of f"(x) for every p | M with p + N. Hence, f(z) + zN satisfies conditions (1)
and (2) as required.

We now turn to the proof of the congruence conditions used in the proof of
Theorem [l For the remainder of this section F' will be a local field of odd
residue characteristic p. Let C : 4> = f(x) be a hyperelliptic curve over F with
f(z) € Op[z] monic and squarefree and let J = Jac(C).

7.2. Congruences and type t — {q1,...,qx}.

The description of polynomials of type t — {q1,...,qr} in terms of congruences
follows from the following version of Hensel’s lemma for lifting factorisations (see
[Bou85l I11.4.3, Théoreme 1)):

Theorem 7.3 (Hensel’s Lemma for lifting factorisations). Let F' be a local field
and let f(z) € Oplz] be a monic polynomial. Let m > 1 and suppose that

flx) = H gi(z) mod 7,
0<i<k

where g;(x) € Op[z] are monic polynomials such that for every i # j the roots of
g;(z) are distinct from the roots of g;(x). Then there exist unique monic polyno-
mials Go(x), ..., gk (z) € Oplx] such that §;(z) = g;(x) mod 7 and

f@) = I .
0<i<k

Lemma 7.4. Let fo(x), f(z) € Oplz] be monic polynomials. If fo(x) has type
t—{q1,...,qx} and

f(x) = fo(z) mod 74,
then f(x) has type t — {q1,...,qxk}-

Proof. The result follows from Theorem [7.3] with m = ¢ + 1 by Definition [[.3] and
Definition [[.2] O
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7.3. Semistability at odd primes.

Lemma 7.5. Suppose p is an odd prime and f(x) € Op[z] is a monic polynomial.

(i) If all roots of f(z) in F, have multiplicity at most 2, then J is semistable.
Moreover, if there are d roots of multiplicity 2, then J has toric dimension
min(d, g).

(i) If f(z) is separable or f(z) € Op[z] has type t—{2,2,...,2}, where the number
of twos is between 1 and g+ 1, then J is semistable.

Proof. Clearly (it) follows from (7).

For simplicity we will use the results and notation of Section [2.1| to prove (i).

Let R be the set of roots of f(x), with a1,a],...,aq,a; the roots that reduce
to double roots in E,, i.e. @; = @,. The clusters are singleton roots, the set R and
s; = {ay,al} for i =1,...,d. We readily compute

dRZO, ,LLRZ)\RZO, GRZ’}/R:L and so VR=1€B(2972d);
and )
Isi = IF7 Hs; = 07 >\5i = dsi € iza €5, = 1)

1 if \s;, €7Z
Vsi = l o © & andso V;, =0.
order two  if A, € Z,

It follows from Theorem 2.3] that
— 19(29-2d) gy (194 @ Sp(2 ifd<g+1,
(/o) =11, (1 ese@) <o
199 @ Sp(2) ifd=g+1;
where £ is any prime ¢ # p. In particular, inertia acts unipotently on H (C/F,Qy),

so J is semistable (see [GR72, Proposition 3.5]) and has toric dimension min(d, g).
(I

Corollary 7.6. Let p be an odd prime and suppose that f(x) has g double roots
over Fy,. Then J is semistable and has totally toric reduction.

7.4. Good reduction at p = 2.
Lemma 7.7. Let F be a finite extension of Qo and let

f(z) = 2?92 4 a29+1x29+1 + -+ a1z +ag € Flz].
If either

(i) ap — % € Op,azg41 € O and a; € Op for 1 <i < 2g, or
(ii) ag = 229 mod 22972 ay,11 =2 mod 4 and a; = 0 mod 2291277 for 1 < i < 2g,

then C has good reduction. In particular Ir acts trivially on J[€] for every odd
prime L.

Proof. (ii) The substitution x = 2X, y = 2971Y shows that (i) implies (ii).
(i) The substitution y =Y +  transforms the model of C' into

Y2 4Y = f(r) - 3 € Opla]

All points on this affine chart are smooth since the partial derivative with respect
to Y is nowhere vanishing. The substitution V = 1/z, W = Y/z9%! gives the chart
at infinity W2 + WV9+t = V292(f(1/V) — 1). There is a unique point at infinity,
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corresponding to V' = 0, which is a smooth point since the partial derivative with
respect to V' is a unit: the linear term of the RHS is a2411V. Therefore, the curve
has good reduction at 2.

The last statement then follows from the theorem of Néron-Ogg-Shafarevich. [

8. AN EXAMPLE

In this section we construct an explicit hyperelliptic curve of genus 6 with maxi-
mal mod ¢ Galois representation for all primes ¢, following the recipe of Theorem[7.1]

First of all, 29 +2 =14 =747 =3 + 11, so we can take ¢ = g2 = 7, q4 = 3,
g5 = 11 and g3 = 13. Now pick primes that satisfy the appropriate congruence
conditions:

Dt = 7a P; - 117 DPiin = 23a Dirr = 295 P2 = 197 pl2 = 41a pP3 = 375 pé =17.

For example ps is a primitive root modulo 7 and 13 and it is congruent to 1 modulo
3, so the choice p; = 19 meets the requirements of Theorem [7.1] and similarly for
the other primes.

The theorem then gives the following requirements for

fo(x) =2 +ae™® + -+ a1z 4+ ap € Z[] :

fo(x) has type 1 — {2} at 7, fo(x) has type 1 — {2} at 11,

fo(z) has type 1 — {7,7} at 19, fo(z) has type 1 — {3,11} at 41,

fo(z) has type 2 — {13} at 37, fo(z) has type 2 — {11} at 17,

fo(z) is irreducible mod 23, fo(z) factors as linear - irreducible mod 29,
fo(z) has 6 distinct double roots over F3 and Fj,

ao = 212 mod 2, a13 = 2 mod 4 and a; = 0 mod 214~ for 1 < ¢ < 12.

By Definition [[.3] Lemma [7.4] and Corollary [7.6} it is enough to have:

fo(z) = (2'? + 228 + 527 + 32 + 22° + 4z? + 522 +3) - (2 - 7) mod 72,
fo(@) = (2'? + 8 + 27 + 42% + 22° + 52t + 52 + 622 + 52 + 2) - (22 — 11) mod 112,
fo(@) = (2" —19) - ((x —1)" — 19) mod 192
fo(z) = (2!t —41) - ((x — 1)3 — 41) mod 412
fo(x) = (2 = 37%) - (z +1) mod 373,
fo(z) = (2t —17%) - (23 + 2 + 14) mod 173,
fo(x) = z'* + 28 + 527 + 162° + 2° + 182* + 192° 4+ 22 + 222 + 5 mod 23,
fo(@) = (x+1)- (2 + 72+ 27) mod 29,
fo@)=(z—1) -z (a5 + 22* + 22 + 22 4 2)2 mod 32,
fo@)=(z—1) -z (% + 2* + 423 + 22 + 2)? mod 52,
fo(z) = a4 + 2213 4 212 mod 214

By the Chinese Remainder Theorem on the coefficients we obtain the following
polynomial for fy(x):

fo(z) = ' 4+ 1122976550518058592759939074 =13 +  10247323490706358348644352 =12 +
+ 1120184609916242124087443456 x'1 +  186398290364786000921886720 10 +
+ 1685990245699349559300014080 z° +  387529952672653585935499264 =°
+ 1422826957983635547417870336 27 +  585983998625429997308035072 26
+ 607434202225985243206107136 2° + 1820210247550502007557029888 z*
+ 533014336994715937945092096 =2 + 595803405154942945879752704 x2
+ 1276845913825955586899050496 =  + 1323672381818030813822668800.

++++
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The reduction modulo p of the polynomial fo(z) has no roots of multiplicity greater
than 2 for any prime p ¢ {19,41,37,17}, so by Theorem the Jacobian Jy of

has

Moreover,

Co:y* = fo(x)
GS Fy) for all primes ¢ # 2,
Gal(@(Jp[f) /@) = { EoPuatF) for all primes £7
S14 for ¢ = 2.
setting

N = p2 -2 -Prin - Pirr-D3- Py -py- Py -22972.32.5% = 2201590757511816436065484800,

the same conclusion holds for any curve C : y? = f(z) with f(x) = fo(z) mod N
such that f(z) mod p has no roots of multiplicity greater than 2 for all primes
p ¢ {19,41,37,17}.
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