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Medium-strain dynamic behavior of fiber-reinforced sand subjected to stress 2 

anisotropy  3 

Haiwen Li1, Kostas Senetakis2 and Matthew Coop3 4 

A comprehensive database is established to investigate the behavior of polypropylene 5 

fiber reinforced sands under anisotropic stress state in a wide range of strain 6 

amplitudes from about 4×10-4% to 1.4×10-1%. A fixed-partly fixed Hardin-type 7 

resonant column which has a system that allows the specimen to be tested in 8 

resonance while maintaining an anisotropic loading path, is utilized. The results show 9 

important influence of the fiber content as well as the anisotropic stress state on the 10 

normalized modulus reduction and damping increase curves of the reinforced soils. 11 

Specifically, the increase of fiber content and stress ratio tend to increase the linearity 12 

in the normalized modulus reduction curves. On the other hand, the inclusion of fiber 13 

leads to the damping increase curves to shift to greater values, while the stress ratio 14 

has an opposite effect. An expression is proposed to predict the normalized shear 15 

modulus, as a function of mean effective confining pressure, stress ratio, coefficient of 16 

uniformity of the host sand and fiber content. The damping ratio, in a normalized 17 

form, is correlated with the normalized shear modulus reduction.  18 
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1. Introduction 26 

The application of synthetic fibers in ground improvement has been widely accepted 27 

in geotechnical engineering practice due to the increase of the shear strength (Al 28 

Refeai, 1991; Maher and Ho, 1994; Yetimoglu and Salbas, 2003; Tang et al., 2007; 29 

Diab et al., 2018; among others), and the liquefaction resistance of soils 30 

(Krishnaswamy and Isaac, 1994; Ibraim et al. 2010; Ye et al. 2017). This type of soil 31 

reinforcement can potentially apply in highway and railway embankments, retaining 32 

walls, pavements, as well as slope stability and the improvement of foundation 33 

bearing capacity (Zornberg and Kavazanjian 2002; Tutumluer et al. 2004; Park and 34 

Tan 2005; Hejazi et al. 2012).   35 

 36 

Although the mechanics of fiber-reinforced sand has been comprehensively studied in 37 

the past few decades, especially by means of large deformation behavior, the research 38 

work on their dynamic properties remains scarce in the literature. In specific, little 39 

attention has been paid on shear modulus (G) and damping ratio of fiber reinforced 40 

soils in the range of small to medium strains under dynamic loading, within a range of 41 

strains from about 10-4% to 10-1%. This range of behavior is very important to be 42 

investigated and modelled with applications in geotechnical and earthquake 43 

engineering problems. For example, dynamic soil properties can be extremely 44 

nonlinear when ground motions are caused by large amplitude vibrations (such as 45 

earthquakes). As a result, the change in shear modulus and material damping ratio 46 

with shearing strain amplitude must be accounted for in ground response analysis 47 

(Lee et al., 2004; Okur and Ansal 2007; Darendeli 2001). In the range of medium 48 

strains, shear modulus reduction and damping increase curves are needed for 49 

engineering analysis and design. These values comprise properties to be used as input 50 
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in variable computer programs which apply iteration processes in the study of ground 51 

shaking such as the codes SHAKE, EERA or QUAD4M (Richart et al., 1970, Kramer, 52 

1996, Ishihara, 1996). For synthetic glass fiber – soil mixtures, Maher and Woods 53 

(1990) found that the inclusion of fibers becomes more effective at medium strain 54 

amplitudes in terms of shear modulus increase. They also noticed that the presence of 55 

fibers results in an increase of damping. Li and Senetakis (2017) found that the small-56 

strain shear modulus of a silica crushed rock reinforced with polypropylene fibers 57 

decreased with the increase of fiber content, which observation is in agreement with 58 

the study by Clariá and Vettorelo (2015). They attributed this behavior, 59 

predominantly, to the possible negative contribution of the fibers in transferring the 60 

normal contact forces through the solid skeleton. Prior to these studies, Heineck et al. 61 

(2005) reported a negligible effect of fiber inclusion on the small-strain shear modulus 62 

of different types of soils, but it is acknowledged that the study by Heineck et al. 63 

focused on fiber percentages up to 0.5%. In the range of medium-strain amplitudes, Li 64 

and Senetakis (2018a) demonstrated that a well-graded crushed rock with irregularly 65 

shaped grains reinforced with polypropylene fibers exhibited greater linearity of the 66 

normalized modulus reduction curves in comparison to the unreinforced sand at 67 

medium strain levels.  68 

 69 

The dynamic behavior of fiber-reinforced soils under isotropic loading has only been 70 

examined in a limited number of research works (e.g. Maher and Woods, 1990; Li and 71 

Senetakis, 2017; Li et al., 2017). However, soils in earth structures, including soils 72 

beneath foundations or natural soils under K0 condition or slopes, are invariably 73 

subjected to anisotropic stress state (Bellotti et al., 1996; Zdravkovic and Jardine 74 

1997; Kuwano et al., 2000). Payan et al. (2016), Chen et al. (2016) and Li and 75 
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Senetakis (2018b) have demonstrated this important effect on the dynamic properties 76 

of sands at small and small-to-medium strain amplitudes, respectively. A few research 77 

works have illustrated the effect of fiber on the dynamic properties of fiber-soil 78 

mixture under anisotropic stress condition. Senetakis and Li (2017) reported that the 79 

inclusion of fibers tends to increase the sensitivity of the normalized small-strain 80 

shear modulus to the stress anisotropy. In that study, the normalized small-strain shear 81 

modulus was expressed as the ratio of the small-strain modulus under an anisotropic 82 

stress state over the corresponding modulus under an isotropic stress stage, at a given 83 

mean effective confining pressure (p'). Similarly, Li et al. (2017) studied the behavior 84 

of uniform recycled concrete aggregate reinforced with carbon fibers subjected to p' 85 

constant triaxial compression stress path. They found that the addition of fibers has 86 

positive effect on the increase rate of stiffness under an anisotropic stress state in 87 

comparison to the isotropic stress state. 88 

 89 

Even though laboratory experiments and practice indicate important contribution of 90 

fibers in the reinforcement of soils subjected to static or dynamic loading (Maher and 91 

Gray, 1990; Michalowski and Cermák, 2003; Ibraim et al., 2012; Li et al., 2017; 92 

Madhusudhan et al., 2017; Ye et al., 2017), to the authors’ best knowledge, there is 93 

relatively limited information in the literature on the medium-strain behavior of fiber-94 

reinforced soils, especially applying stress anisotropy. Therefore, the motivation 95 

behind this work was to fill this literature gap and provide a comprehensive database 96 

of experimental results covering a wide range of sand types reinforced with 97 

polypropylene fibers, which type of fibers has been examined extensively in the 98 

literature particularly in terms of reinforcing component against static behavior of 99 

soils. Based on this new database, an expression of normalized shear modulus 100 
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reduction for fiber reinforced sands is developed taking into account the effect of 101 

grain size characteristics of the host sand, the content of fiber, the mean effective 102 

confining pressure and the stress ratio. Additionally, a direct correlation between 103 

damping increase and normalized modulus reduction was implemented. The proposed 104 

expressions for normalized shear modulus reduction and damping increase curves are 105 

then verified independently using a separate set of experimental data.  106 

 107 

2. Materials and Methods 108 

2.1 Materials of major testing program  109 

The experiments were conducted on different fractions of a well-graded crushed rock, 110 

named as Blue sand 1 with origin from Sydney, which soil can be considered a typical 111 

fill-backfill material. Three different samples, which are derived from Blue sand 1, 112 

with different coefficients of uniformity (Cu) (from well-graded to uniform) but with 113 

the same mean grain size (d50) (approximately equal to 1.00 mm), were tested, 114 

denoted as BS1, BS2, BS3. Blue sand has a silica content (SiO2 > 98%), with 115 

irregularly shaped grains. A recent work by Li and Senetakis (2017) described the 116 

particle shape properties of the host soil; the sphericity (S) and roundness (R) were 117 

found to be equal to 0.54 and 0.28 respectively, based on visual observation of the 118 

grains and quantification of the particle shape descriptors adopting the empirical 119 

method proposed by Krumbein and Sloss (1963). The regularity, ρ, defined as the 120 

arithmetic mean of S and R (after Cho et al., 2006) is equal to 0.41. The specific 121 

gravity (Gs) of the blue sand is 2.65. The characteristics of the different samples used 122 

in the study are summarized in Table 1 and their grain-size distribution curves are 123 

presented in Figure 1. A representative scanning electron microscope (SEM) image of 124 

the blue sand is depicted in Figure 2. A set of thirty-three specimens from the samples 125 
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denoted as BS1 to BS3, were used for model development of normalized shear 126 

modulus reduction and damping increase curves of fiber-reinforced sands, denoted as 127 

the major testing program in the study and details are given in Table 2.  128 

 129 

A single fiber type, polypropylene fibers, denoted as PF, was used as the reinforcing 130 

material. These fibers have an average length of about 12 mm and a circular cross-131 

section with an average diameter of 0.03 mm, and their specific gravity is equal to 0.9 132 

(Li and Senetakis, 2017).   133 

 134 

2.2 Materials of minor testing program  135 

From the same host soil, two other types of sands were prepared in the laboratory 136 

named as Blue sand 4 (BS4) and Blue sand 5 (BS5) (Table 1). The sample denoted as 137 

BS4 has d50 =1.00 mm and Cu equal to 2.55 that was found between BS2 and BS3. 138 

The sample denoted as BS5 is relatively uniform (Cu≈1.41) but has different mean 139 

grain size in comparison to the rest samples of the study. From these two soils (BS4 140 

and BS5), four additional specimens as well as six specimens from BS2 with different 141 

fiber contents were prepared in the laboratory and tested under high amplitude 142 

resonant column test (HARCT), named the minor testing program, for verification 143 

purposes of the developed expressions. Details of these additional ten specimens are 144 

given in Table 3. Note that samples 11 and 12 in Table 3 were not designed to verify 145 

the newly developed expressions but only to verify the effect of fiber on Gmax, as 146 

discussed in section 3.2.  147 

 148 

2.3 Sample preparation methods and applied stress paths 149 
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A fixed-partly fixed Hardin-type resonant column which has a system that allows the 150 

specimen to be tested in resonance while maintaining an anisotropic load up to 2 KN, 151 

was used in this study. It is only Gvh (waves propagating in the vertical direction with 152 

the particles vibrating in the horizontal direction) in specific that was measured in the 153 

resonant column tests to investigate the role of stress anisotropy, whereas the study of 154 

stiffness anisotropy, i.e. measurement of Ghv (waves propagating in the horizontal 155 

direction with the particles vibrating in the vertical direction) and Ghh (waves 156 

propagating in the horizontal direction with the particles vibrating in the horizontal 157 

direction) was not considered in the current work. This resonant column was recently 158 

calibrated by Li et al. (2018). The schematic sketch of the Hardin-type resonant 159 

column is shown in Figure 3, which apparatus can accommodate cylindrical 160 

specimens of 140 mm in height and 70 mm in diameter with a solid cross-section. In 161 

total, thirty-three specimens were prepared for the major testing programme based on 162 

the host sands Blue sand 1 (BS1), Blue sand 2 (BS2) and Blue sand 3 (BS3), mixed 163 

with different percentages (FC) of polypropylene fibers, equal to 0, 1 and 2% (Table 164 

2).  165 

 166 

Before the specimen preparation, the parent sand was first washed through the sieve 167 

No.200 (0.075mm opening size) to remove the fine-grained particles. Clean sands 168 

were then oven-dried and sieved to reach target grading characteristics. 169 

Approximately 2% to 3% of water was first added to the sand before the mixing with 170 

polypropylene fibers (a procedure that has been described by Li and Senetakis, 2017).   171 

This preparation method led to the construction of relatively uniformly distributed 172 

fibers within the soil mass. Thereafter, the moist tamping technique was used to 173 

prepare fiber reinforced specimens into a split mold of appropriate dimensions on the 174 
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base pedestal of the resonant column. For unreinforced sands, the dry compaction 175 

method was used to prepare the specimens. It is noted that high amplitude resonant 176 

column tests conducted on specimens with different preparation methods (i.e. dry 177 

tamping or moist tamping) and different saturation states (i.e. dry or fully saturated) as 178 

well as different void ratios are expected to give the same stiffness degradation curves 179 

as long as pore water pressure build up is prevented during the tests on saturated 180 

specimens (Menq, 2003; Senetakis et al., 2013a; Senetakis et al., 2016). After the 181 

specimen preparation into the split mold, typical saturation processes were followed 182 

using the back-pressure technique.  183 

 184 

The experiments were conducted at constant mean effective confining stresses (p') of 185 

100, 300 and 500 kPa. After the first step of isotropic consolidation, the radial stress 186 

decreased and the deviatoric stress increased so that to keep a constant p' loading path. 187 

Based on this procedure, stress anisotropy effects were examined in the study (similar 188 

to Li and Senetakis, 2018b, on pure sands), but not fabric or stiffness anisotropy. At 189 

each level of (p'), high-amplitude resonant column tests (denoted as HARCT) were 190 

conducted varying the stress ratio (η=q/p') as: 0, 0.25, 0.5, 0.75 and 1. Thereafter, 191 

each given specimen at a given level of (p') was subjected to HARCT at different 192 

stress ratios. In specific, different vibration amplitudes and consequently different 193 

ranges of strain were applied on the top of the sample by increasing the amplitude of 194 

the torsional excitation. Based on this exercise, the small-strain shear modulus (Gmax) 195 

of the specimens was quantified as well as the strain-dependent shear modulus (G) 196 

above the elastic threshold as a function of shear strain amplitude. Material damping 197 

was measured from small strains (<10-3%) to medium strains (up to 10-1% of shear 198 

strain) using the free vibration decay method adopting three cycles (after Stokoe et al., 199 
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1999, ASTM, 2015). The axial strains of the specimens were measured with a 200 

vertically positioned displacement transducer (LVDT), and sample volume changes 201 

were recorded directly using a volume/pressure controller. It is worth to notice that 202 

the back-pressure valve was open during the resonant column measurements to 203 

dissipate the pore water pressure. Senetakis et al. (2016) reported, based on 204 

experiments on fully saturated sands, that the pore water pressure tends to increase at 205 

medium strain resonant column excitation if the tests are conducted in an undrained 206 

state (i.e. the back-pressure valve was kept as closed in that study). Therefore, the 207 

back-pressure valve was decided to remain open during the resonant column tests to 208 

avoid pore water pressure build-up during the experiments. Details of the complete 209 

sets of experiments for the major and minor testing programs are summarized in 210 

Tables 2 and 3, respectively. Note that the same sample preparation method, test 211 

procedures and stress paths have been applied on the major and minor testing 212 

programs.  213 

 214 

3. Results and discussion 215 

3.1 Summary of resonant column tests of major testing program 216 

A total number of thirty-three HARCT were conducted to develop expressions for 217 

normalized modulus reduction and damping increase curves. About twelve to thirteen 218 

resonant frequencies and damping values were recorded at a given effective pressure 219 

and stress ratio. Thus, within the set of five stress ratios (q/p') for each specimen, a 220 

total number of approximately sixty-five measurements of normalized shear modulus 221 

and sixty-five measurements of damping were collected for each specimen. The entire 222 

database of the major testing program included, approximately, 2,145 data points of 223 

shear modulus and 2,145 data points for damping, respectively. This total set of 224 



 10 

experimental data points are given in Figure 4, in terms of normalized shear modulus 225 

against shear strain amplitude and damping ratio against shear strain amplitude 226 

(termed as G/Gmax-γ and Ds-γ curves, respectively). Upper and lower bounds of 227 

normalized stiffness reduction and damping increase curves are also plotted in Figures 228 

4(a) and 4(b) respectively, to show some bounds of the data points herein. For 229 

simplicity, the hyperbolic model as presented by Hardin and Drnevich (1972a, 1972b) 230 

is used in Figure 4(a), which is given in Equation (1):  231 

max

r

G 1
=

G γ
1+

γ

 
 
   

(1) 

 232 

where the reference strain (γr) corresponded to G/Gmax equal to 0.5 (after Darendeli, 233 

2001, Menq, 2003). The uppermost and lowest fitting curves for G/Gmax-γ 234 

corresponded to γr values equal to 1.85×10-1% and 5.5×10-2%, respectively. The 235 

relatively wide distribution of reference strains (or, alternatively, the wide spectrum of 236 

G/Gmax values at a given shear strain amplitude) shown in Figure 4 could be attributed 237 

to the wide spectrum of grading characteristics of the host sands, the effect of the 238 

confining stress as well as the inclusion of fibers. Li and Senetakis (2018a) have 239 

illustrated the positive contribution of fibers in terms of increase in the reference 240 

strain under isotropic loading, which, as noticed by Li and Senetakis (2018a), depends 241 

upon the grain size characteristics and type of the host sand.  242 

 243 

In order to draw upper-lower boundary curves for damping ratio, as shown in Figure 244 

4(b), the maximum and minimum reference strain values mentioned in Figure 4(a) 245 

were used along with the simple two-order polynomial expression proposed by 246 
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Senetakis et al. (2013a) correlating damping increase and normalized modulus 247 

reduction for sands (Equation (2)):  248 

2

s s,min

max max

G G
D - D (%) = 7.22× - 25.25× +17.96

G G

   
   
   

 

(2) 

In Equation (2), a small-strain damping ratio (Ds,min) of 0.50% was decided to be used 249 

for simplicity here to draw the limiting curves in Figure 4(b). In the subsequent 250 

sections, a detailed step-by-step analysis is presented in order to isolate the important 251 

factors that contribute to the wide spectrum of normalized modulus and damping 252 

values at a given strain amplitude. This analysis will implement the recent 253 

modification of the hyperbolic model of Equation (1) by Oztoprak and Bolton (2013). 254 

 255 

3.2 Representative results under isotropic loading stress state 256 

Typical plots of shear modulus (G)–shear strain (γ) from the HARCT for BS1 with 257 

different fiber contents at an isotropic confining pressure of 300 kPa are given in 258 

Figure 5(a), and corresponding curves normalized with a widely accepted void ratio 259 

function f(e)= e-1.3 are given in Figure 5(b) to eliminate the effect of void ratio. It is 260 

noticed that the addition of fiber leads to a decrease of shear modulus, which is in 261 

agreement with the recent studies by Li and Senetakis (2017, 2018a). Even after 262 

decoupling the effect of void ratio, the stiffness drop is still apparent in Figure 5(b). 263 

Heineck et al. (2005) reported that the small strain shear modulus of a uniform Osorio 264 

sand reinforced with 0.5% polypropylene fibers is the same as the unreinforced 265 

specimens. However, the figure they have plotted was in logarithmic scale for both 266 

normalized effective stress and normalized Gmax with reference pressure as 1 kPa. 267 

Therefore, the difference of Gmax between reinforced and unreinforced specimens was 268 

minimized and Gmax seemed to be relatively close in log-log scale. In fact, a close 269 
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inspection of the data by Heineck et al. (2005) would reveal that many of the data 270 

points of the reinforced specimens were located below that of the unreinforced sand 271 

specimens, with a drop of stiffness of, approximately, 5% to 20%. Some other 272 

research works have also demonstrated the relatively unfavourable effect of fibers in 273 

term of Gmax (i.e. small-strain stiffness drops when polypropylene fibers are added to 274 

the sand).  Clariá and Vettorelo (2015) found that the presence of fibers (up to 2%) 275 

reduces the small-strain shear stiffness of the fiber reinforced soils. Michalowski and 276 

Čermák (2003) suggested that when the fiber content is greater than 0.5%, the 277 

stiffness of fiber-soil mixtures at small-strains is decreased. In addition, to directly 278 

eliminate the effect of void ratio, specimens reinforced with fibers were prepared with 279 

the same void ratio as the unreinforced one, rather than indirectly compare the 280 

normalized Gmax/f(e) values. Approximately a 30% of stiffness drop can be observed 281 

in Figure A1 between 1% fiber reinforced specimen and pure sand specimen with the 282 

same void ratio, which implies that the decrease of stiffness for the reinforced 283 

specimen is not because of the increase of void ratio. Even though there is a negative 284 

contribution of fiber content on the absolute value of shear modulus, it will be shown 285 

in the subsequent discussion that the presence of fibers leads to higher linearity of the 286 

normalized modulus reduction curves, which in turn, affects also the relationship 287 

between damping ratio and shear strain amplitude.  288 

 289 

3.3 Representative results under anisotropic loading stress state 290 

Figure 6 provides results of BS2 reinforced with 2% of fiber, in terms of shear 291 

modulus against shear strain at different stress ratios. These data show that the 292 

increase of stress ratio results in a greater value of shear modulus, which is in 293 

agreement with the study by Payan et al. (2016) with respect to the effect of stress 294 
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ratio on the shear modulus of sands with irregular in shape grains. Gu et al. (2017) 295 

demonstrated from DEM results that the distribution of particle contact number 296 

remains nearly the same in the vertical direction under anisotropic loading, and that 297 

the soil adjusts the distribution of contact forces first to resist the external anisotropic 298 

load which leads to the increases of Gvh. Similarly, Jardine et al. (1999) explained that 299 

the shear wave is far more probably to travel mainly through the network of most 300 

highly stressed contacts and therefore the stiffest force chains and the strongest force 301 

chains line up with the vertical direction under anisotropic stresses, which results in 302 

the increase of shear wave velocity Vs(vh) and in turn an increase of Gvh.  In the study 303 

from Payan et al. (2016), a well-graded crushed blue sand with angular particles was 304 

found to be more sensitive to the effect of stress anisotropy in comparison with a 305 

poor-graded Sydney sand with sub-rounded particles. In the current study, the 306 

increase of shear modulus by the change of stress ratio is more pronounced for the 307 

softer fiber reinforced specimens which have lower values of shear modulus than the 308 

stiffer unreinforced specimens, which is in agreement with the study by Senetakis and 309 

Li (2017). The structure stability and non-homogeneous distribution of contact normal 310 

forces among the particles of the tested sands due to shearing might be the reason for 311 

different sensitivities of different specimens under stress anisotropy (Payan et al. 312 

2016). 313 

 314 

3.4Model used for the normalized modulus reduction curves fitting 315 

Hyperbolic models first proposed by Hardin and Drnevich (1972a, 1972b) and 316 

modified by Darendelli (2001) have been widely used to describe the nonlinear soil 317 

behavior at medium strain amplitudes (e.g. Stokoe et al. 1999; Menq, 2003; Zhang et 318 

al., 2005, Senetakis et al., 2013a, 2013b; Oztoprak and Bolton, 2013; Li and Senetakis 319 
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2018a, 2018b). Recent examples of this application may refer to (Arup, 2015 and 320 

Pruiksmna, 2016). The hyperbolic model, in its latest version, proposed by Oztoprak 321 

and Bolton (2013) was adopted in the study to develop a new expression for modulus 322 

reduction curves of fiber-reinforced sands under anisotropic stress state, which is 323 

given in Equation (3):  324 

a

max
e

r

G 1
=

G γ - γ
1+

γ

 
 
   

(3) 

 325 

where (γe) is the elastic threshold taken as the strain at G/Gmax equal to 0.99 (after 326 

Vucetic, 1994). This means that for each set of normalized modulus reduction against 327 

shear strain amplitude (i.e. given specimen at given p' and stress ratio), fitting of 328 

Equation (3) was applied and the reference strain was defined based on this fitting, 329 

whilst the elastic threshold was taken based on the experimental data or with an 330 

interpolation process. It is noticed that the expression in Equation (3) is a modified 331 

version of the hyperbolic model proposed by Darendelli (2001) on that Oztoprak and 332 

Bolton (2013) proposed, on top of the fitting parameter (a) by Darendeli (2001), an 333 

additional fitting parameter named the elastic threshold strain (γe) into the formula. 334 

Originally, the model was given by Hardin and Drnevich (1972a, 1972b). A 335 

discussion on the different versions of the hyperbolic model within a probabilistic 336 

framework may be found in the recent study by Akeju et al. (2019). 337 

Figure 5(a) and Figure 6 are reproduced in Figures 7(a) and (b), respectively, by 338 

normalizing the vertical axis values with respect to the small strain shear modulus. In 339 

the data of Figure 7, fitting of the modified hyperbolic model of Equation (3) is also 340 

shown in order to draw some general view on the effect of fiber content and stress 341 

ratio on the normalized modulus reduction of the reinforced specimens. It is shown in 342 
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Figure 7(a) that the addition of fibers is effective in slightly increasing the reference 343 

strain, γr, ranging from 1.1×10-1% for the unreinforced sand (FC=0%) to 1.3×10-1% 344 

and 1.5×10-1% for FC = 1% and 2%, respectively. Figure 7(b) illustrates the effect of 345 

stress ratio on the normalized modulus reduction at a given level of p'. It is shown that 346 

at a given level of the shear strain amplitude, there is a shift of G/Gmax to greater 347 

values as the stress ratio increases.   348 

 349 

It is noticed that once a soil is characterized in terms of its normalized modulus 350 

reduction curve and small-strain shear modulus, it is possible to reproduce the shear 351 

stress-strain curve based on the hyperbolic fitting for G/Gmax-γ (Darendeli, 2001, 352 

Menq, 2003) as follows: 353 

= G× 

 

(4) 

 354 

where τ is the shear stress, G is the shear modulus (=Gmax×G/Gmax) and γ is the shear 355 

strain. G is computed based on the measured (or modelled) Gmax which corresponds to 356 

the small-strain shear modulus and the measured (or modelled) G/Gmax which is the 357 

normalized modulus at respected strain amplitude. It is acknowledged that Equation 358 

(4) provides a simplified way to re-produce the stress-strain curve of a soil without 359 

accounting for post-peak softening behavior, so that its application may be restricted 360 

to methods which adopt equivalent linear response analyses, for example the codes 361 

EERA, SHAKE or QUAD4M. Figure 8 gives typical examples of the effect of the 362 

reference strain (γr) on the shear modulus reduction curves (Figure 8(a)) and the 363 

stress-strain curves (Figure 8(b)). It is apparent that the increase of γr results in an 364 

increase of the linearity of the shape of the G/Gmax-γ curves and greater shear stresses 365 
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at respected strains. It is noticed that for the example in Figure 8, the stress-strain 366 

curves are scaled to Gmax = 300 MPa for illustration purposes.  367 

 368 

3.5 Model parameters for normalized modulus reduction curves 369 

3.5.1 Curvature coefficient (a) 370 

The curvature coefficient (a), which controls the rate of the normalized modulus 371 

reduction (Darendeli, 2001), is found to decrease with the increase of stress ratio but 372 

the results exhibited some scatter. Typical plots of the fitting parameter (a) (vertical 373 

axis) against the stress ratio expressed as (q/p'+1) (horizontal axis) are shown in 374 

Figure 9 for BS3 samples reinforced with fibers. Each sub-figure corresponded to a 375 

different mean effective confining pressure and the data were fitted based on the 376 

power-law type formula of Equation (5), where ka expresses the value of the fitting 377 

parameter (a) under an isotropic stress state and na expresses the rate of increase (or 378 

decrease) of (a) with the stress ratio.  379 

an

a

q
a = k × 1

p'

 
+ 

 

 

(5) 

 380 

As it can be seen from the results in Figure 9, which are representative of the whole 381 

database of the study, the addition of fibers seems to slow down the change of the 382 

curvature coefficient. At 300 kPa, the power na equalled to -0.27 for the unreinforced 383 

specimen, however, it was equal to -0.13 for BS3 with 2% fibers. Though the effect is 384 

less significant at 500 kPa in Figure 9 (b), the trend is still clear. It is concluded that 385 

the change of the curvature coefficient with stress ratio is more pronounced for 386 

unreinforced specimens than sand-fiber mixtures. From Figure 10, the curvature 387 

coefficient is relatively scattered for unreinforced sands at different confining 388 

pressures (Figure 10a), however, it is relatively close for fiber reinforced sands 389 
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(Figure 10b). It seems that fibers have minimized the effect of the effective confining 390 

pressure and the stress ratio on the curvature coefficient, homogenizing the behavior 391 

of the specimens. On the other hand, a slight increase of the curvature coefficient with 392 

the effective confining pressure was observed in Figure 10(a), which is in agreement 393 

with the findings by Menq (2003). For sands, the previous study by Oztoprak and 394 

Bolton (2013) reported on the strong dependency of the curvature coefficient on the 395 

coefficient of uniformity, however based on the data of this study, such a correlation 396 

was not clear (see Figure A2). Therefore, model parameters ka and na should be 397 

correlated to fiber content and confining pressure. Figure 11 shows the three-398 

dimensional plot of ka – fiber content – normalized confining pressure and Figure 12 399 

gives the correlation between the power na, the fiber content and the normalized 400 

confining pressure. Based on regression analysis of the results in Figures 11 and 12 401 

using the least square method, the expressions for ka and na are as follows: 402 

( )
0.01

0.04

a

a

p'
k = 0.86× FC +1 ×

p

 
 
   

(6) 

( )
-0.61

-0.74

a

a

p'
n = -0.47× FC +1 ×

p

 
 
 

 

(7) 

 403 

Note that in Figures 11 and 12, the axis representing the fiber content is expressed as 404 

(FC+1) for convenience, so that at a zero percentage of fiber Equations (6) to (7) turn 405 

to correspond to pure sand and the similar analysis is adopted in the subsequent 406 

sections.  407 

 408 

3.5.2 Elastic threshold strain 409 

Oztoprak and Bolton (2013) were the first to introduce the elastic threshold strain (γe) 410 

to the modified hyperbolic model for better fitting purposes. γe is taken as the strain at 411 
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G/Gmax equal to 0.99 (after Vucetic, 1994). A similar power-law expression was 412 

applied to γe in Equation (8): 413 

                                                 

en

e e

q
γ = k × 1

p'
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+ 
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 414 

where γe is expressed as percentage (%). ne was found to exhibit a very weak 415 

correlation with the content of fiber or the mean effective confining pressure. Within 416 

the scatter of the data, the average value of ne was equal to -0.51 (see Figure A3). ke 417 

was correlated reasonably well with the fiber content and the normalized confining 418 

pressure. This correlation is illustrated in Figure 13 and it is expressed analytically by 419 

Equation (9). 420 

( )
0.22

0.67

e

a

p'
k = 0.001× FC +1 ×

p

 
 
   

(9) 

 421 

where γe in Equation (8) and ke and FC in Equation (9) are expressed in percentage 422 

(%).   423 

 424 

3.5.3 Reference strain 425 

Figure 14 gives an example of representative results in terms of reference strain 426 

(vertical axis) against the stress ratio (expressed as q/p'+1) (horizontal axis) for BS1, 427 

BS2 and BS3 with a wide range of coefficients of uniformity. These data 428 

demonstrated that at a confining pressure (p') of 100 kPa, the increase of Cu leads to a 429 

more pronounced effect of the stress ratio on the reference strain. For example, for the 430 

uniformly graded sand BS3, the change of γr is of the order of 3.6% (increasing from 431 

0.083% at q/p'+1=1 to 0.086% at q/p'+1=2), whereas this change is much more 432 

significant, of the order of 25% (ascending from 0.06% at at q/p'+1=1 to 0.075% at 433 
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q/p'+1=2) for the well-graded sand BS1. Also, a relatively uniform soil exhibits 434 

greater linearity of the normalized modulus reduction curve in comparison to a well 435 

graded soil under isotropic loading stage at a given confining stress. These results, 436 

confirming the recent findings by Li and Senetakis (2018b) on pure sands, imply that 437 

the grading characteristics of the host soil in terms of coefficient of uniformity as well 438 

as the stress ratio play an important role on the modulus reduction curves. 439 

 440 

In Figure 15, the effect of the stress ratio on the reference strain of specimens with 441 

different fiber contents is illustrated, considering a mean effective confining pressure 442 

of 100 kPa in Figure 15(a) and 500 kPa in Figure 15(b) and a well-graded host sand 443 

(BS1). Similar plots are given in Figures 16(a) and 16(b) for a poorly graded host 444 

sand (BS3). There is observed an apparent effect of the level of FC on the reference 445 

strain – stress ratio curve for the well-graded sand BS1 in Figure 15. At a relatively 446 

lower effective confining pressure of 100 kPa, the fitting parameter of the power law 447 

type expression (as shown in Figure 15(a)) increased from 0.06 to 0.09 with the 448 

growth of FC from 0% to 2%. Similarly, at a relatively higher effective pressure of 449 

500 kPa, the constant fitting parameter equals to 0.11, 0.15 and 0.17 with FC = 450 

0%,1% and 2% respectively.  Similar qualitative conclusions can be drawn from the 451 

results in Figure 16. Figure 17, which shows plots of reference strain against the stress 452 

ratio for reinforced specimens of BS2, demonstrates a clear ascending relationship of 453 

the constant value with the increase in fiber content. However, the effectiveness of 454 

fiber on the power (indicating the rate of reduction of the reference strain with the 455 

increase of the stress ratio) is scattered. Note that the specimens with 0.5% and 1.5% 456 

FC in Figure 17 were only used for the verification of the developed expressions.  457 

 458 
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For the purpose of a straightforward data analysis and the development of simple but 459 

robust predictive tools, the reference strain was decided to be correlated to the stress 460 

ratio based on the following power-law expression: 461 

 462 
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(10) 

 463 

where (kr) is a model parameter that expresses the value of the reference strain at the 464 

isotropic stress state (i.e. q/p'=0) and (nr) is a power which expresses the sensitivity 465 

(or rate of increase) of the reference strain for increased stress ratios. Following the 466 

general trends shown in the literature, model parameter (kr) must be related with the 467 

coefficient of uniformity and the confining pressure for granular soils. Figure 18 gives 468 

one example of this correlation in terms of a three-dimensional plot with FC=1%. 469 

Based on regression analysis using the least square method, the following expression 470 

was derived for the model parameter (kr): 471 
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 472 

where A is a constant value, the power (n1) expresses the sensitivity of kr to confining 473 

pressure and the power (n2) expresses the sensitivity of kr to the coefficient of 474 

uniformity. As discussed in the previous section, the increase of Cu leads to a decrease 475 

of reference strain, which explains the negative sign of n2 in Equation (11). 476 

As can be seen in Figure 19, where A is plotted against the fiber content, a clear 477 

relationship cannot be established, so that for further analysis and model development, 478 

an average value of parameter A is used, which is equal to 0.095.  479 

 480 
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Figures 20 and 21 show the variation of the power values n1 and n2 against the fiber 481 

content, where the horizontal axis is expressed as (FC+1) due to the application of a 482 

power law fitting. The results show that the fitting parameter n1 is positively affected 483 

by the fiber content, whereas the fitting parameter n2 has a descending relationship 484 

with FC. These results imply that fiber has a homogenizing effect on the mixtures, i.e. 485 

the influence of the coefficient of uniformity becomes less important as the content of 486 

fiber increases. These observations agree qualitatively with the homogenizing 487 

influence of fiber inclusion on the static behavior of reinforced sands by 488 

Madhusudhan et al. (2017). Finally, n1 and n2 are expressed as a function of the 489 

content of fiber (FC) as follows: 490 

( )
0.28

1n = 0.32× FC +1

 

(12) 

( )
-1.25
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 491 

Similar to parameter (kr), based on regression analysis using the least square method, 492 

the following expression was derived for the model parameter (nr) (Figure 22): 493 
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 494 

3.6 Correlation between damping ratio increase and normalized stiffness reduction  495 

For the measurement of damping ratio (Ds) in a wide range of strains, the free 496 

vibration decay method was used adopting three cycles after the cut-off of the 497 

introduced voltage to the coils (after Stokoe et al.,1999). A typical plot of the free 498 

vibration exercise on BS2 at p'=300 kPa is given in Figure 23. One simple approach in 499 

modeling damping ratio in a wide range of strains is to correlate Ds with the 500 

normalized shear modulus G/Gmax. In this end, a second order polynomial expression 501 

is used to fit the experimental data (Equation (15)), which has been commonly used, 502 
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in its general form, in the literature (e.g. Zhang et al., 2005, Senetakis et al., 2013a, 503 

2013b). The coefficient of correlation is 0.94 for the second order polynomial 504 

expression. Alternatively, a linear expression is employed, with the coefficient of 505 

correlation to be equal to 0.93, which is shown in Equation (16). In Figure 24, the 506 

linear expression is illustrated in the fitting of damping ratio against normalized 507 

modulus reduction. Both approaches of second order polynomial and linear fitting are 508 

analytically shown in Equations (15) and (16), respectively. Note that in this analysis, 509 

damping ratio is expressed normalized as Ds-Ds,min, where Ds,min corresponds to the 510 

small-strain damping ratio.  511 
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 512 

3.7 Comparison between measured and estimated values  513 

Based on the modified hyperbolic model of Equation (3) and its model parameters as 514 

developed in Equations (4) -(14), Figure 25 gives a comparison between predicted and 515 

measured values of normalized shear modulus, where the measured modulus (G/Gmax) 516 

corresponded to the major testing program (specimens No.1 to No.33 from Table 2). 517 

The difference was found to be within ±10%, which demonstrates a very good 518 

prediction of the data.  519 

 520 

To verify the proposed new expressions, resonant column test results on three 521 

different sands with different gradations and fiber contents were considered 522 

(specimens with No.1 to No.10 in Table 3). Figure 26(a) shows that the predicted 523 

values are in excellent agreement with the measured ones (with the maximum error to 524 
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be less than 10% in the majority of the data), confirming the applicability of the 525 

proposed model for the prediction of the normalized shear modulus of sands under 526 

anisotropic loading conditions. A satisfactory comparison between the measured 527 

damping ratio values from these tests and the predicted values from the new 528 

expressions can also be observed in Figure 26(b). In general, the damping values were 529 

predicted within a range of ±20%. The linear expression (Equation (16)) is used to 530 

compare measured and predicted damping ratio values in the interest of simplicity. 531 

 532 

Based on the new expressions, design normalized modulus reduction and damping 533 

increase curves, assuming a Cu=6.0 for the host sand, at p' equal to 100 kPa and 500 534 

kPa, stress ratios equal to 0 and 1 with 0% or 2% contents of fiber are shown in Figure 535 

27, where in Figures 27(a) and (b) the curves are compared at an isotropic stress state 536 

and in Figures 27(c) and (d) the curves are compared at an anisotropic stress state. 537 

These curves, stemming from the data analysis and development of new expressions, 538 

highlight the important influence of fiber content (along with the important influence 539 

of the confining pressure) on the non-linear curves of fiber-reinforced sands.  540 

 541 

4. Conclusions 542 

The medium strain behavior of sands with different grading characteristics reinforced 543 

with polypropylene fibers subjected to stress anisotropy was studied.  High-amplitude 544 

resonant column tests (HARCT) were conducted using a Hardin-type resonant column 545 

which is an effective apparatus to capture the modulus reduction and damping ratio 546 

curves of sands subjected to anisotropic stress state. Based on the study and data 547 

analysis, it was found that the addition of fibers leads to an increase of the linearity of 548 

the modulus reduction curves of the sand-fiber mixtures. It was observed that the 549 
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effectiveness of fiber inclusion also depends on the grading properties of the host 550 

sand. A modified hyperbolic model was re-developed accounting for the important 551 

role of fiber content, stress ratio, coefficient of uniformity and effective confining 552 

pressure to predict normalized shear modulus for a silica sand of irregular shaped 553 

grains. For damping curves development, there was a direct correlation between 554 

damping increase and normalized modulus reduction through a linear expression. 555 

Independent experiments were conducted to verify the applicability of the newly 556 

developed expressions for polypropylene fiber-sand mixtures. 557 
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 775 

Table 1. Basic Properties of tested soils  776 

Sand Type Sand Code 
Grain Size Distribution 

d50(mm) Cu Cc* 

Blue Sand 1 BS 1 0.99 5.84 1.22 

Blue Sand 2 BS 2 0.96 2.98 0.88 

Blue Sand 3 BS 3 1.00 1.66 0.90 

Blue Sand 4 BS 4 1.00 2.55 1.02 

Blue Sand 5 BS 5 1.67 1.41 0.93 

*CC =(d30)2/(d10·d60)  777 

 778 

Table 2. Testing program and specimens’ details for model development 779 

Sample 

No. 

Sand 

type 

Sample 

preparation 

method 

FC 

(%) 

Initial dry 

density 

γd (kN/m3) 

Initial 

void 

ratio (e) 

Granular 

void 

ratio (egr) 

Pressure 

(kPa) 

Stress 

ratio 

(q/p’) 

1 BS 1 
Dry 

Compaction 
0 16.33 0.592 0.592 100 0-1 

2 BS 1 
Dry 

Compaction 
0 16.91 0.538 0.538 100 0-1 

3 BS 1 
Dry 

Compaction 
0 16.74 0.553 0.553 300 0-1 

4 BS 1 
Dry 

Compaction 
0 16.59 0.567 0.567 500 0-1 

5 BS 1 
Dry 

Compaction 
0 16.80 0.547 0.547 500 0-1 

6 BS 1 
Moist 

Compaction 
1 14.08 0.723 0.774 100 0-1 

7 BS 1 
Moist 

Compaction 
1 15.80 0.615 0.662 100 0-1 

8 BS 1 
Moist 

Compaction 
1 14.99 0.702 0.752 300 0-1 

9 BS 1 
Moist 

Compaction 
1 14.73 0.732 0.783 500 0-1 

10 BS 1 
Moist 

Compaction 
1 15.96 0.598 0.645 500 0-1 

11 BS 1 
Moist 

Compaction 
2 13.45 0.861 0.971 100 0-1 

12 BS 1 
Moist 

Compaction 
2 13.71 0.827 0.934 100 0-1 

13 BS 1 
Moist 

Compaction 
2 14.40 0.738 0.841 300 0-1 
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14 BS 1 
Moist 

Compaction 
2 13.90 0.908 1.417 500 0-1 

15 BS 1 
Moist 

Compaction 
2 14.47 0.731 0.833 500 0-1 

16 BS 2 
Dry 

Compaction 
0 17.12 0.519 0.519 100 0-1 

17 BS 2 
Dry 

Compaction 
0 16.96 0.533 0.533 300 0-1 

18 BS 2 
Dry 

Compaction 
0 16.89 0.539 0.539 500 0-1 

19 BS 2 
Moist 

Compaction 
1 14.70 0.735 0.787 100 0-1 

20 BS 2 
Moist 

Compaction 
1 15.17 0.682 0.731 300 0-1 

21 BS 2 
Moist 

Compaction 
1 14.86 0.716 0.767 500 0-1 

22 BS 2 
Moist 

Compaction 
2 13.94 0.796 0.902 100 0-1 

23 BS 2 
Moist 

Compaction 
2 14.08 0.779 0.883 300 0-1 

24 BS 2 
Moist 

Compaction 
2 13.92 0.799 0.905 500 0-1 

25 BS 3 
Dry 

Compaction 
0 15.52 0.675 0.675 100 0-1 

26 BS 3 
Dry 

Compaction 
0 15.38 0.690 0.690 300 0-1 

27 BS 3 
Dry 

Compaction 
0 15.45 0.682 0.682 500 0-1 

28 BS 3 
Moist 

Compaction 
1 14.65 0.741 0.793 100 0-1 

29 BS 3 
Moist 

Compaction 
1 14.25 0.790 0.842 300 0-1 

30 BS 3 
Moist 

Compaction 
1 13.97 0.826 0.880 500 0-1 

31 BS 3 
Moist 

Compaction 
2 13.09 0.913 1.025 100 0-1 

32 BS 3 
Moist 

Compaction 
2 12.93 0.937 1.051 300 0-1 

33 BS 3 
Moist 

Compaction 
2 13.53 0.959 1.380 500 0-1 

 780 

 781 

 782 

 783 

 784 

 785 

 786 
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 787 

Table 3. Testing program and specimens’ details for model verification 788 

Sample 

No. 

Sand 

type 

Sample 

preparation 

method 

FC 

(%) 

Initial dry 

density 

γd (kN/m3) 

Initial 

void 

ratio (e) 

Granular 

void 

ratio (egr) 

Pressure 

(kPa) 

Stress 

ratio 

(q/p') 

1 BS 2 
Moist 

Compaction 
0.5 16.38 0.572 0.595 100 0-1 

2 BS 2 
Moist 

Compaction 
0.5 15.98 0.611 0.635 300 0-1 

3 BS 2 
Moist 

Compaction 
0.5 15.84 0.626 0.650 500 0-1 

4 BS 2 
Moist 

Compaction 
1.5 15.01 0.683 0.757 100 0-1 

5 BS 2 
Moist 

Compaction 
1.5 14.90 0.696 0.770 300 0-1 

6 BS 2 
Moist 

Compaction 
1.5 14.80 0.708 0.783 500 0-1 

7 BS 4 
Moist 

Compaction 
1 14.54 0.754 0.806 100 0-1 

8 BS 4 
Moist 

Compaction 
2 13.74 0.823 0.930 300 0-1 

9 BS 5 
Moist 

Compaction 
1 14.35 0.778 0.830 100 0-1 

10 BS 5 
Moist 

Compaction 
2 13.74 0.823 0.930 300 0-1 

11* BS1 
Dry 

Compaction 
0 15.16 0.715 0.715 50-400 0 

12* BS1 
Moist 

Compaction 
1 14.90 0.711 0.762 50-300 0 

*Additional tests to verify the negative effect of fiber on Gmax 789 

 790 
 791 

 792 

 793 

 794 

 795 

 796 
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 797 

Figure 1. Particle size distribution curves of tested sands 798 

 799 

Figure 2. Scanning Electron Microscope (SEM) images of blue sand 800 
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 801 

Figure 3. Schematic sketch of Hardin-type Resonant Column 802 
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Figure 4. Normalized shear modulus G/Gmax (a) and damping ratio (b) against shear 815 

strain amplitude 816 

 817 

 818 
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819 

 820 

Figure 5. Typical plots of (a) shear modulus and (b) normalized shear modulus with 821 

respect to a void ratio function against the shear strain amplitude for BS1 with 0%,1% 822 

and 2% fiber content at p'=300 kPa and η+1=1  823 

 824 

 825 
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 826 

Figure 6. Typical plots of normalized shear modulus with respect to a void ratio 827 

function against the shear strain amplitude for BS1 with 2% fiber content at p'=100 828 

kPa and η+1=1, 1.25 and 2 829 

 830 

 831 

 832 

 833 

 834 
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Figure 7. Normalized shear modulus G/Gmax against shear strain amplitude for (a) 837 

BS1 with 0%,1% and 2% fiber content at p'=300 kPa and η+1=1 and (b) BS1 with 2% 838 

fiber content at p'=100 kPa and η+1=1, 1.25 and 2 839 
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Figure 8. (a) Normalized shear modulus against shear strain and (b) shear stress 842 

against shear strain: Ideal curves illustrating the effect of reference strain at a 843 

reference Gmax of 300 MPa 844 
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Figure 9. Fitting parameter (a) against stress ratio for BS3 with 0%,1% and 2% fiber 847 

content at (a) p'=300 kPa and (b) p'=500 kPa  848 
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 850 

Figure 10. Fitting parameter (a) against stress ratio for (a) BS3 with 0% fiber content 851 

at p'=100,300, 500 kPa and (b) BS2 with 2% fiber content at p'=100, 300 and 500 kPa 852 
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 853 

Figure 11. Variation of ka with normalized effective pressure and fiber content 854 

 855 

Figure 12. Variation of na with normalized effective pressure and fiber content 856 
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 857 

Figure 13. Variation of ke with normalized effective pressure and fiber content 858 
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Figure 14. Reference strain γr against stress ratio for BS1, BS2 and BS3 with 0% 860 

fiber content at p'= 100 kPa 861 
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Figure 15. Reference strain γr against stress ratio for BS1 with 0%,1%,2% fiber 864 

content at (a) p'=100 kPa (b) p'= 500 kPa 865 
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Figure 16. Reference strain γr against stress ratio for BS3 with 0%,1%,2% fiber 868 

content at (a) p'=100 kPa (b) p'= 500 kPa 869 
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Figure 17. Reference strain γr against stress ratio for BS2 with 0%, 0.5%,1%, 1.5% 871 

and 2% fiber content at p'= 500 kPa 872 

 873 

 Figure 18. Variation of kr with pressure and coefficient of uniformity at FC=1% 874 
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Figure 19. Variation of A with fiber content 876 
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Figure 20. Variation of n1 with fiber content 878 

 879 
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Figure 21. Variation of n2 with fiber content 881 
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Figure 22. Variation of nr with fiber content and normalized effective pressure 883 
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  884 

 Figure 23. Typical plot of free vibration decay response for BS2 at 300 kPa 885 
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Figure 24.  Damping ratio against normalized shear modulus (damping is expressed 887 

as the difference between medium strain and small-strain damping)  888 
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 889 

Figure 25. Normalized shear modulus G/Gmax predicted against measured (based on 890 

the major testing program data and the newly developed expressions) 891 
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 898 

 
 899 

Figure 26. Predicted against measured (a) normalized shear modulus G/Gmax (b) 900 

damping ratio for BS2, BS4 and BS5 based on the minor testing program data and the 901 

newly developed expressions 902 
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 906 

Figure 27. Design normalized modulus reduction and damping increase curves for 907 

Cu=6, for FC=0% (host sand) and FC=2% accounting for the effect of stress ratio 908 

(Figures (a) and (b) correspond to isotropic stress state and Figures (c) and (d) 909 

correspond to q/p'=1) 910 

 911 
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Appendix A 912 

 913 

Figure A1.  Gmax against normalized effective pressures for BS1 with 0% and 1% 914 

fiber content at a given void ratio 915 

 916 

Figure A2.  The variation of curvature coefficient a with Cu 917 
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 918 

Figure A3. The average value of ne 919 
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 921 


